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author guidelines as stipulated by the editor of each journal, and may appear in a different

format to what is presented in this thesis. The headings and original technical content of
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minor spelling and typographical errors were corrected. The bibliography (reference list)

was included at the end of the overall thesis.
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Executive Summary

The introduction of the credit derivatives in finance has facilitated the concept of credit risk

transfer, together with its analysis and management. The reason is obviously due to the

fact that these derivative instruments can be pre-defined and tailor-made to conform to the

needs of its investors, thereby expediting the hedging and diversification of credit risk. This

research focuses and gives a broader overview of the multi-name credit derivatives, which have

received less attention as compared to the single-name credit derivatives. The basket credit

default swaps, as multi-name derivatives have appealing features to the financial investors

owing to their substantial leveraging benefits, as well as their less expensive nature. Hence,

the overall theme of this thesis is to price the basket credit default swaps (BCDS) using

numerical and quasi-analytical techniques. These methods are targeted towards estimating

the joint default probability distributions or the joint dependent defaults which characterizes

the basket pricing concepts. This investigation was channelled into three major phases, as

evident in the main three-part chapters presented in this work.

Phase one of this thesis focused on pricing the BCDS using the stochastic default intensity

models. Here, we modelled the hazard rate or the intensity default process using the one-

factor Vasicek and the Cox-Ingersoll-Ross (CIR) models. Next, we approximated the joint

survival probability distribution functions which describes the intensity models under the

risk-neutral pricing measure, for both the homogeneous and the heterogeneous portfolios.

We next utilized the Monte-Carlo method, under the Gaussian copula model to numerically

approximate the default time distribution function. The nth-to-default basket credit swaps,

in which the spreads depend on the nth default time, were successfully priced using the

above methodologies, as well as the consideration of the effects of different swap parameters

to various nth-to-default swaps. Furthermore, this phase equally considered the estimation

of the survival probabilities, the swap spreads and the equal-weighted portfolio values defined

within the context of the Vasicek and the CIR model. Results obtained showed that the CIR

is more applicable in modelling the hazard rate process, and this, in turn, resulted in more

efficient pricing of the basket swaps, as compared to the Vasicek counterpart. Also, from

the results, we observed that the nth-to-default swap prices behave differently with respect

to varying in the intensity rate and the default correlation, as the rank of default protection

increases. Hence, we can recommend that investors who wish to trade first-to-default swaps

with highest swap premium should sell protections on entities with low correlations.

viii



Phase two of the thesis estimated the valuation of the portfolio of credit derivatives (specif-

ically the nth-to-default basket swap), as well as the comparative analysis on the effect of

using the one-factor elliptical and the Archimedean copula models to swap pricing. Here, we

used the Gaussian and the Student-t as elliptical models, as well as the Clayton, the Frank,

and the Gumbel as Archimedean copulas, to model the corresponding default times. For

the numerical computation, we employed the Monte-Carlo simulations as the benchmark of

the estimation process. The break-even swap premium valuation was made viable through

the estimation of the default times and the payment leg streams of the contingent claims.

Finally, from our results, we investigated the choice of copula models from existing works of

literature, and then made our appropriate choice of copulas for BCDS pricing based on their

computation time. Furthermore, the corresponding numerical experiments which were pre-

sented clearly showed that the selection of the copula model hugely affects the quantitative

risk analysis of the portfolio.

Finally, the quasi-analytic techniques were employed in Phase three of the thesis to the

valuation of the BCDS premiums. Here, the main focus was on the one-factor copula model,

which was applied to minimize the dimensionality issues resulting from the basket default

swap pricing. The one-factor Gaussian, student-t and the Clayton copula models were used

to estimate the conditional default probability. Furthermore, the conditional characteristic

function for the corresponding portfolio loss distribution using the Fast Fourier transform

was obtained, and then, we retrieved the unconditional characteristic function with the aid

of the inverse fast Fourier transform using numerical integration. Hence, the quasi-analytical

expressions for the computation of the premium payment leg, the default payment leg and

then the nth-to-default swap formulas were derived by incorporating the concept of the

Fourier transform, together with the distribution function of a counting process. From our

findings, we observed that in the absence of the trending simulation method, a semi-analytic

method which involves the applications of the discrete Fourier transform could be utilized

to price the basket credit default swaps effectively.

Keywords:

Archimedean Copulas, Basket Default Swaps, Characteristics Function, CIR Model, Convo-

lution, Copulas, Default Times, Discrete Fourier Transform, Elliptical Copulas, Fast Fourier

Transform, Gaussian Copula, Hazard Rate, Joint Survival Probability Distribution, Monte-

Carlo Simulations, Portfolio Credit Derivatives, Probability Distributions, Stochastic Inten-

sity Modelling, Sensitivity Analysis, Vasicek Model.

ix



List of Acronyms

AIC - Akaike Information Criterion

AL - Accrued Leg

BCDS - Basket Credit Default Swaps

BIC - Bayesian Information Criterion

CDF - Cumulative Density Function

CDO - Collateralized Debt Obligations

CDS - Credit Default Swaps

CEV - Constant Elasticity of Variance

CKLS - Chan, Karolyi, Longstaff and Sanders

CIR - Cox-Ingersoll-Ross

DFT - Discrete Fourier Transform

DIFT - Discrete Inverse Fourier Transform

DL - Default Leg

F2D - First-to-Default

FT - Fourier Transform

FFT - Fast Fourier Transform

x



Fo2D - Fourth-to-Default

IFFT - Inverse Fast Fourier Transform

IFT - Inverse Fourier Transform

ISDA - International Swap Derivatives Association

JSPD - Joint Survival Probability Distribution

MCS - Monte-Carlo Simulation

MLE - Maximum Likelihood Estimation

n2D - nth-to-Default

OAS - Option-Adjusted Spread

OTC - Over-the-Counter

PCD - Portfolio Credit Derivatives

PDF - Probability Density Function

PL - Premium Leg

PRNG - Pseudo-Random Number Generator

S2D - Second-to-Default

T2D - Third-to-Default

xi



Contents

Dedication i

Declaration ii

Preface iii

Authorship/ Letter of Consent iv

List of Publications v

Acknowledgements vii

Executive Summary viii

List of Acronyms x

List of Figures xix

List of Tables xx

1 General Introduction 1

1.1 Background Information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Aim and objectives of the study . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.5 Method of Investigation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

xii



1.6 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Mathematical Methods 17

2.1 Numerical Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.1 Techniques of the Monte-Carlo Simulations . . . . . . . . . . . . . . . 17

2.1.2 Fourier Transform Techniques . . . . . . . . . . . . . . . . . . . . . . 20

2.1.2.1 Discrete Fourier transform . . . . . . . . . . . . . . . . . . . 20

2.1.2.2 Fast Fourier transform . . . . . . . . . . . . . . . . . . . . . 21

2.2 Statistical Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1 Copula Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1.1 Gaussian copula . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1.2 Student-t copula . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1.3 Clayton copula . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.1.4 Gumbel copula . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.1.5 Frank copula . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2.1.6 Joe copula . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2.1.7 Ali–Mikhail–Haq copula . . . . . . . . . . . . . . . . . . . . 28

2.2.1.8 Independence copula . . . . . . . . . . . . . . . . . . . . . . 28

3 Valuation of Basket Credit Default Swaps under Stochastic Default Inten-

sity Models 29

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 Model Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

xiii



3.2.1 Default intensity model describing a heterogeneous portfolio . . . . . 36

3.2.2 Default intensity model describing a homogeneous portfolio . . . . . . 40

3.2.3 Bond Valuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.3.1 Demerits on the use of the Vasicek model for intensity process 43

3.3 Pricing basket credit default swaps . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.1 Modelling the default time . . . . . . . . . . . . . . . . . . . . . . . . 47

3.4 Parameter Analysis and Numerical Experiments . . . . . . . . . . . . . . . . 50

3.4.1 Heterogeneous Portfolio . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4.2 Homogeneous Portfolio . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4 Elliptical and Archimedean copula models: An Application to the Price

Estimation of Portfolio Credit Derivatives 60

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2 Literature Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.3 Model Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3.1 Introduction to Copula Models . . . . . . . . . . . . . . . . . . . . . 66

4.3.1.1 Elliptical copula . . . . . . . . . . . . . . . . . . . . . . . . 66

4.3.1.2 Archimedean copula . . . . . . . . . . . . . . . . . . . . . . 68

4.3.1.3 Concordance structures . . . . . . . . . . . . . . . . . . . . 71

4.4 Pricing Basket Credit Default Swaps . . . . . . . . . . . . . . . . . . . . . . 72

4.4.1 Basket Credit Default Swaps . . . . . . . . . . . . . . . . . . . . . . . 72

4.4.2 Default Time Modelling . . . . . . . . . . . . . . . . . . . . . . . . . 74

xiv



4.5 Numerical Experiments and Sensitivity Analysis . . . . . . . . . . . . . . . . 77

4.5.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.5.2 Sensitivity Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5.2.1 Sensitivity Analysis (w.r.t. concordance parameters) . . . . 83

4.5.2.2 Sensitivity Analysis (w.r.t. hazard rate) . . . . . . . . . . . 84

4.5.2.3 Sensitivity Analysis (w.r.t. time to expiration) . . . . . . . . 85

4.5.3 Choice of Copula Model . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5 Pricing Basket Default Swaps Using Quasi-Analytic Techniques 89

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.2 Literature Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.3 Basket Default Swaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.3.1 Pricing Basket Default Swap . . . . . . . . . . . . . . . . . . . . . . . 95

5.3.2 Dependence Structure via Copula Models . . . . . . . . . . . . . . . . 96

5.4 Discrete and Fast Fourier Transform . . . . . . . . . . . . . . . . . . . . . . 99

5.4.1 Portfolio Loss Distribution . . . . . . . . . . . . . . . . . . . . . . . . 100

5.4.2 Derivation of Main Theorem . . . . . . . . . . . . . . . . . . . . . . . 102

5.4.3 Probability of having n Minimum Defaults . . . . . . . . . . . . . . . 104

5.5 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.5.1 Data Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.5.2 Swap Premiums using DFT . . . . . . . . . . . . . . . . . . . . . . . 110

xv



5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6 Conclusion and Future Works 119

6.1 Concluding Summary and Recommendations . . . . . . . . . . . . . . . . . . 119

6.2 Scope for Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

Bibliography 132

A Algorithm for default time modelling 133

xvi



List of Figures

1.1 Participants of credit derivatives (Source: Bomfim (2015)) . . . . . . . . . . 1

1.2 Percentage of market shares (Source: Bomfim (2015)) . . . . . . . . . . . . . 2

1.3 Introduction to swaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.4 Credit default swaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Basket credit default swaps . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.6 A flow chart of the problem statement . . . . . . . . . . . . . . . . . . . . . 12

2.1 Random numbers simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 PDF of the Vasicek and the CIR model versus the parameters α, β and σ. . . 35

3.2 Joint survival probability distribution for homogenized portfolio . . . . . . . 41

3.3 Survival distribution function with respect to reference entities. . . . . . . . 44

3.4 Swap spreads of entities modelled using stochastic hazard rates . . . . . . . . 55

4.1 Gaussian random variables with tail structure . . . . . . . . . . . . . . . . . 67

4.2 Student-t random variables with tail structure . . . . . . . . . . . . . . . . . 67

4.3 Clayton random variables with tail structure . . . . . . . . . . . . . . . . . . 69

4.4 Gumbel random variables with tail structure . . . . . . . . . . . . . . . . . . 70

4.5 Frank random variables with tail structure . . . . . . . . . . . . . . . . . . . 70

4.6 Elliptical copula: n2D swap prices versus the parameters ρ, λ and T respectively. 82

4.7 Archimedean copula: n2D swap prices versus the parameters θ, λ and T

respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

xvii



5.1 Time series for the 5-Year monthly CDS spreads for ten entities . . . . . . . 106

5.2 Probability of Survival . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.3 Gaussian - Probability of having n defaults against time T and N entities . . 113

5.4 Clayton - Probability of having n defaults against time T and N entities . . 117

xviii



List of Tables

3.1 Entities with their credit ratings . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 Parameter estimation, first & second moments forN entities under the Vasicek

model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.3 Parameter estimation, first & second moments of N entities under CIR model 52

3.4 JSPD of the entities in Table 3.1 with different maturity time . . . . . . . . 53

3.5 Spread and portfolio values using the Vasicek and the CIR intensity-based

models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.6 Correlation coefficient of entities using Kendall’s tau method . . . . . . . . . 54

3.7 Default leg, premium leg, and accrued premium values for increasing rank of

the default protection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.8 Effects of default intensities and default correlations on basket default swap

prices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.1 Scherer and Mai (2017), Vose (2008): Concordance structure of different cop-

ula models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2 Simulation of default times corresponding from the copula models . . . . . . 78

4.3 Parameters for the valuation of n2D swap using the same Kendall’s τ . . . . 79

4.4 Premium legs (PL) & Survival probabilities (SP) for n2D swap using different

copulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.5 Premiums for n2D swap using different copula models . . . . . . . . . . . . . 80

4.6 Parameters for the sensitivity analysis of the n2D swap using same Kendall’s τ 81

4.7 Computational time on different copula models (seconds) . . . . . . . . . . . 86

5.1 Summary statistics defining the 5-year monthly CDS spreads for ten entities 108

xix



5.2 Kendall’s τ correlation matrix for pairs of entities . . . . . . . . . . . . . . . 110

5.3 Gaussian - Convolution of probabilities with varying time . . . . . . . . . . . 111

5.4 Gaussian - Unconditional probabilities of defaults with varying time . . . . . 112

5.5 Comparison of n2D BDS prices using FT under the one-factor Gaussian copula114

5.6 Clayton - Convolution of probabilities with varying time . . . . . . . . . . . 115

5.7 Clayton - Unconditional probabilities of defaults with varying time . . . . . 116

5.8 Comparison of n2D BDS prices using FT under the one-factor Clayton copula 117

xx



1. General Introduction

This introductory chapter is partitioned into six subsections: background information, prob-

lem statement, aim and objectives of the thesis, motivation, method of investigation, and

the overview of the thesis.

1.1 Background Information

Without a doubt, the introduction of credit derivatives in the financial and industrial sectors

have revolutionized the act of credit risk trade and its management. This is due to the fact

that these derivative tools can be modified to suit the risk-return profile which is made

specifically for its investors, and financial institutions as well can have their credit risk

effectively hedged and diversified. In the credit derivative market, the participants or the

major dealers and in the mid-2013 are given in Figure 1.1 below:

Figure 1.1: Participants of credit derivatives (Source: Bomfim (2015))

1
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The banks are seen to be the most significant dealer in the market of credit derivatives, and

as such, have tremendous trading activities. They provide liquidity by their willingness to

assume the risk responsibility on their trading booklets, which they, in turn, seek to hedge.

Hedge funds account for a little bigger than one-fifth of the total notional amounts, and they

have grown significantly in terms of their trading activities in the market of credit derivatives

measured over the past few years. In 2013, the notional amounts resulting from the contracts

of the hedge funds with dealers increased tremendously from $395 billion in 2007 to about

$1.1 trillion (Bomfim 2015). Furthermore, other financial customers, such as the mutual

funds account for a little less than 20% of the outstanding notional, and their values were

almost close to the hedge funds percentage in 2013. The non-financial customers, special

purpose vehicle and the pension funds perform insignificant trading activities in the market,

and often times, they are restricted with regards to the composition of assets which they are

allowed to hold, and this mostly excludes credit derivatives.

Furthermore, with regards to the percentages of the market shares for the credit derivatives

instrument, Figure 1.2 gives the statistics.

Figure 1.2: Percentage of market shares (Source: Bomfim (2015))

It is observed that the single-names derivative obviously constituted the vast majority. The

index products, such as the full index trade, follow next with an increment from 24% market

share in the mid-2010, to about 41% after 3 years, as conducted by the Bank for Interna-
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tional Settlement in 2013. The third was the multi-name credit default swaps (CDS) without

the index products, and this category contained the synthetic collateralized debt obligations

(CDO), basket default swaps, mortgage-backed and asset-backed securities. The last com-

ponents involve the forward contracts, options and other swaps, thereby making up roughly

2% of the whole market shares.

The simplest and the most crucial credit derivative, as stated above, refers to the CDS, which

is a bilateral contract designed to alleviate the investor against potential losses in the event

of a credit default. Schönbucher (2003) defined credit event with reference to repudiation,

restructuring, bankruptcy, failure to pay, credit spread change, obligatory default and a

downgrade by rating agencies.

Swaps

Swaps are derivative contracts whereby two counterparties agree to trade-off streams of

cash flows or liabilities which are based on particular notional amount over a specified time

period. There is always a risk of default in swaps, that is, a situation where one party fails

to meet up with the obligatory requirements, and this can be regarded as counterparty risk.

These financial instruments are generally not traded on exchanges but are over-the-counter

derivatives, designed to suit the needs of the parties involved. One of the legs of the swap

cash flow is fixed, and the other is floating. The floating leg changes and can be based on

interest rates (interest rate swaps), currency (currency swaps), stock or equity index (equity

swaps), default (credit default swaps) and commodity prices (commodity swaps).

Figure 1.3: Introduction to swaps

Figure 1.3 shows the general classification of swaps. Interest rate swaps and currency swaps
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are closely related, the difference being that the former exchanges typically interest payments.

In contrast, the latter is a foreign exchange agreement of cash amounts in two different

currencies. According to the end-June 2010 report by von Kleist et al. (2010), the amount of

the interest rate swaps dominate the other component swaps, with 367,541 for the interest

rate swaps, 31,331 for the CDS, 18,890 for the currency swaps, 1,854 for the equity swaps,

and 1,686 for the commodity swaps (all in billions of US $). Often times, laws or investment

policies prohibit certain portfolios from trading swaps; others are prohibited as a result of

credit reasons. This is due to the fact that there is a high potential for credit risk since no

clearing house is involved. Hence, the market of swap trading is presided over by the standard

International Swap Derivatives Association (ISDA)1 contract, which has to be endorsed by

the counterparties prior to the swap trading. Adopting this systematic documentation for

the CDS contracts by the ISDA has resulted in the significant liquidity, as well as rapid

evolution pertinent in the CDS market.

The first swap agreements were developed and negotiated four decades ago, and now, swaps

are among the most crucial and practical derivative instruments used in the debt capital

trade. The vast majority of institutions, ranging from banks, corporates, mortgage banks,

local authorities, etc., make effective use of swaps. As a result, the demand for swaps has

grown exponentially and has gained more extensive acceptance in the debt capital markets.

In fact, with regards to their applicability, Flavell (2010) explained that swap markets were

designed to facilitate and raise cheap funds, as well as efficiently manage risk through the

mechanism of comparative advantage. For the scheme of this research, we will limit our

discussion to the credit default swaps, and more precisely, the basket credit default swaps.

Credit Default Swaps

The market of CDS contracts evolved originally from the customized agreements that existed

between the banks and their respective clients, and as such, no exact date can be ascribed to

these derivatives’ origin. Hirsa and Neftci (2013) explained that commercial banks which are

the largest provider and net buyers of CDS, use the contract to aid in the diversification of

their portfolios, which often concentrate in certain geographical areas. One of the remarkable

attraction of using the CDS is the fact that zero capital is required to validate the contract,

and this makes it easy for investors to leverage their positions. Also, in the absence of the

reference entity’s cash bonds, one can still trade the CDS, and by buying the contract, one can

take a ‘short position’ on the underlying credit risk. With regards to the identification of the

1https://www.isda.org/

https://www.isda.org/
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CDS, Schönbucher (2003) explained that the following features have to be noted: reference

entity, credit event (either downgrading, restructuring, failure to pay, etc.), notional CDS

amount, start and the contract’s maturity period, frequency of swap spread payment, as well

as the default payment.

Figure 1.4: Credit default swaps

The CDS mechanism is normally undertaken by two counterparties A and B who are fully

involved in this financial agreement, and it costs nothing to enter this swap contract. In this

context, we refer the CDS contract as the single-entity CDS contract, since it is in connection

with one reference entity, as shown in Figure 1.4. Party A, also known as the protection

seller, agrees to make a default payment to party B, also known as the protection buyer if

a credit event happens prior to the contract’s expiration time. The payments collectively

made by B to A make up the swap premium leg, whereas the contingent payment that A will

make is known as the protection leg. The structure of this default payment replaces the loss

which an ordinary lender would experience should the reference entity defaults. In the event

of zero default till maturity, party A makes no payment; however, the counterparty B makes

regular payments at intervals or an upfront lump-sum for default protection. Furthermore,

suppose the accrued premium is included in the contract, and if the credit event happens

in between the two payment dates, party B will have to make a payment that is normally a

small portion of the subsequent payment which has accrued till the default time.

The payments in the premium legs of the CDS, referred to as spreads, are often quoted

in basis points (1 bp = 0.01%) per year of the notional amount of the contract, and they

are mostly settled quarter-annually. The CDS quarter payments usually are based on the

‘actual/360 basis’, meaning that there is an assumption of 360 days per annum and ‘actual’

refers to the actual number of days which exists in a quarter. These spread values are not

quoted on any interest rate or even a risk-free bond; rather, they are based on the contract’s

notional value. Hirsa and Neftci (2013) further explained that the CDS spread works like

a premium which is defined on a put option because the buyer will have to deliver the face
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value of the defaulted bond, or still get the difference between the par value of the bond

and its recovery value when a credit event happens. Concerning the settlement of CDS

contracts, these can be done via cash payment or physical delivery. For the former, A pays

to B a cash amount which is equal to the difference existing between the underlying asset’s

value and the corresponding recovery value. If the settlement is done in a physical sense,

counterparty B supplies A with the reference obligation, thereby getting an exchange for

a face value payment. Figure 1.5 can equally be used to describe the payment streams of

the CDS contract; the only difference being that CDS being considered here refers to the

one-reference-entity agreement.

Mathematically, suppose that the expiration of the CDS contract is at time T , such that

the payment schedule is (T1, T2, · · · , TN = T ), and let ∆i be the day-count fractions or the

frequency of swap premium payment. Also, let β be the swap premium; f(0, t) be the risk-

neutral discount factor at time t; τ be the entity’s default time; R, the recovery rate and A,

the notional amount of the entity.

Then the present value of the protection leg Vpro can be given as (Elouerkhaoui 2017):

Vpro = E
[
A

∫ T

0

f(0, t)(1−R)dλt

]
,

where λT = I{τ≤T} refers to the default indicator.

The present value describing the premium leg Vpre can also be written as (Elouerkhaoui 2017):

Vpre = E

[
A

N∑
i=1

f(0, Ti)(1− λTi)β∆i

]
.

Thus, we solve for β : Vpro = Vpre, that is, we equate the two streams of payment legs to

obtain the value of the CDS premium.

If the accrued premium is being considered, then this can be obtained by solving for the

probability of default at each time period which exists between two different premium dates.

The effect of this accrued premium on the swap spread is significantly small, even though

the values are not negligible. Hence, the present value of the accrual premium leg Vapre can

be approximated using the following expression shown in O’Kane and Turnbull (2003):

Vapre = E

[
A

N∑
i=1

f(0, Ti)(λTi−1 − λTi)
β

2
∆i

]
.
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Hence, we solve for the swap spread β : Vpre + Vapre = Vpro.

Basket Credit Default Swaps

BCDS are financial contracts whereby the protection seller agrees to compensate the pro-

tection buyer if the basket of reference entities experiences a specified credit event. Focardi

and Fabozzi (2004) classified the BCDS as subordinate BCDS, the senior BCDS and the

nth-to-default (n2D). In the subordinate BCDS, a maximum payout is allocated for each of

the defaulted entity, as well as a maximum cumulative payout which is distributed out over

the contract’s tenor for the entities in the given portfolio. In a senior BCDS, each reference

entity has a maximum payout, and this payout is triggered when a certain threshold is at-

tained. For the n2D basket swaps, there is usually a payoff by the seller in case the nth

reference entity defaults, and for the first n− 1 entities’ default, no payment will be made.

Figure 1.5 shows a typical n2D basket swap, and it will be the benchmark of this thesis.

For n = 1, we have the first-to-default (F2D) basket swap, and this is triggered if only one

of the entities defaults. For n = 2, we have the second-to-default (S2D) basket swap which

comes into effect when the second entity defaults. Thus, the contract continues in existence

even if there is just one default amongst the reference entities, and ceases to exists if there

is s second default. There are yet other classes of the basket default which are not highly

liquid, that is, the n-out-of-m-to-default, which payoff when there exist a first n defaults in

an m-entity portfolio. Then, the all-to-default, whereby the whole reference entities in the

basket defaults before the contract will be void.

Figure 1.5: Basket credit default swaps

The number of obligors or reference entities in the basket or portfolio (typically between 5
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and 10), the default correlation amongst the entities, the credit quality of the entities, as

well as their corresponding recover rates hugely determine the payment that the buyer will

make. Amongst these parameters, the default correlation assumes a considerable role in the

BCDS pricing, and that made some investors to categorize these financial instruments as

default correlation products (Bomfim 2015). If the default correlation is higher in a given

basket, then there will be a greater likelihood that default on one entity would result to

a simultaneous default on another entity, and this can equally result to default correlation

risk. The key associated to the modelling of the BCDS involves the estimation of the joint

probability distribution function describing the default times τi, which in turn can affect

the correlation degree of default risk in the portfolio. Duffie and Singleton (2012) explained

that to model the correlated default in a basket, one can use the following methods in the

estimation: copulas, CreditMetrics, correlated default intensities which follow the doubly

stochastic models, and finally, the intensity-based models having joint default events. Thus,

this thesis mostly utilized the copula models in the estimation of the joint probabilities of

default times.

Although the single-name CDS are hugely traded on the credit derivatives market, the multi-

name CDS, which includes the basket CDS (BCDS) or the CDS index have equally received

much attention over the past few years. O’Kane (2011) explained that the emergence of

default baskets began in the late 1900s, and they initially dominated other correlated credit

derivative products, though the synthetic CDO instruments have replaced this position. In

spite of this, default basket products continue to appeal to credit investors owing to the

attractive features these contracts possess, and one of those advantages is described in the

subsequent example below.

Example 1.1. Assume that there seven entities in a given basket and let the notional amount

of each reference entities is $5 million. Also, let the basket premium be quoted at 100 bp per

annum, with zero recovery rates, then the buyer will make an annual payment of

100

1002
× $5 million = $50000 ,

or equivalently, $12,500 for quarter-annual payment.

From Example 1.1 above, the total worth of the portfolio is $35 million, but $5 million was

taken into perspective in the computation of the buyer’s payment. This is essentially because

the seller only has to cover for the first default (F2D swaps), and the worth for each default

only is quoted at $5 million. The buyer thus pays less to cover this portfolio, instead of
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purchasing individual protections which are obtainable in the single-name CDS contracts.

On the other end, the protection seller will be opportune to experience limited downside

risk, as well as offer substantial leverage on its credit exposure (Bomfim 2015).

Mathematically, assume that there are N basket CDS contracts which mature at time T , such

that, the payment schedule is (T1, T2, · · · , TN = T ), and let ∆i be the day-count fractions

or the frequency of swap premium payment. Also, let f(0, t) be the risk-free discount factor

at time t; β be the swap premium; Ri, the recovery rates of each entity; Ai, the notional

amounts of each entity; τi, the default times where i = 1, 2, · · · , N ; and λiT = I{τi≤T}, the

indicator functions of each of the reference entities. Furthermore, define the nth ordered

statistic of default times, such that τ 1 < τ 2 < · · · < τN , where τ 1 refers to the time when

the F2D credit event occurred (Choe and Jang 2011a), and let the default indicator functions

of the nth ordered default times be λτ
n

T = I{τn≤T}, where 1 ≤ n ≤ N .

Then the present value of the protection leg V n
pro can be written as follows (Elouerkhaoui

2017):

V n
pro =

N∑
i=1

E
[
Ai

∫ T

0

f(0, t)(1−Ri)(1− λτ
n

t )dλit

]
.

The present value of the premium leg V n
pre can also be written as (Elouerkhaoui 2017):

V n
pre =

N∑
i=1

E

[
Ai

N∑
j=1

f(0, Tj)(1− λτ
n

Tj
)β∆j

]
.

Thus, we solve for β : V n
pro = V n

pre, that is, we equate the two streams of payment legs to

obtain the value of the basket CDS premium.

1.2 Problem Statement

The values for credit derivatives are hugely influenced by certain underlying assets or entities

which are credit-sensitive. They are used by market participants as tools, not for transfer-

ring legal ownership, but for shifting credit risks from one party to the other. Weistroffer

(2009) further gave a quick review on the theoretical underpinnings surrounding the usage

of the CDS, thereby explained that the CDS is a useful tool for risk management, a trading

instrument, a means to measure credit risk, an efficient risk allocation, and as a tool used

by banks to manage their loan portfolios. These appealing concepts have made the market
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of credit derivatives to be increasingly flexible, thereby resulting in their rapid utilization

by investors and their enormous growth over the past years (Choe and Jang 2011a). When

compared with the other over-the-counter (OTC)2 credit derivatives traded in the markets,

von Kleist et al. (2010) stated that the CDS (on a single entity) accounted for about 99%

of positions amongst other credit derivatives. This end-June 2010 survey was in contrast to

the 88% of positions during the end-June 2007 report, and this accelerated growth reflects

an immense interest in the use of these instruments.

On the other hand, the multi-name credit derivatives3, with much emphasis on the basket

CDS, have equally attracted some attention over the last few years (O’Kane 2011). These

multi-name derivatives contracts are advantageous because they offer the investors some

appealing opportunities of leveraging the spread premium, and of using one single contract

to hedge a portfolio of contingent claims, such as bonds or loans. Thus, the need for obtaining

a series of contracts for single securities has been averted, and also, the improvement of the

relative risk-return account as compared to other equivalent credit investment tools will be

made viable. These credit derivatives are connected with multiple defaults which trigger

some remedial payments from the protection seller down to the protection buyer, in the

case of credit events; else, these contracts remain valid till the expiration date upon which

they expire. The premium paid by the protection buyer in a basket CDS contract is duly

affected by several factors such as the number of entities or obligors in a given portfolio,

default correlations amongst entities, the credit quality of each portfolio component, as well

as their expected recovery rates. With regards to default correlations, they are fully evident

in the joint probability of the default times, and as such, measures the tendency of entities

in a portfolio to default together. Since defaults are rare occurrences, empirical studies

which focus on default correlations seem difficult. However, models such as copula models,

conditional independence models and the contagion model have been developed and widely

investigated in works of literature.

One of the major issues pertaining to the pricing of the BCDS involves the computation of

the joint survival or the joint default probability distributions, and also the joint dependent

defaults. In fact, Bomfim (2015) explained that modelling defaults is quite problematic due to

the fact that they are regarded as exogenous events which occur at random times. As a result,

some researchers have employed different techniques to handle these default probabilities and

2This refers to an off-exchange trade that is done exclusively between two counterparties, and often times
without keen supervision.

3These include basket CDS, the CDOs, the CDS indices, the CDO-squared tranches, leveraged super-
senior (LSS) tranche, etc.
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dependent defaults evident in the valuation of credit derivatives. For instance, Cifuentes and

O’Connor (1996) in Moody’s Investors Service introduced the binomial expansion method to

model independent default; Andersen et al. (2003) used the recursion techniques; Zhou (2001)

employed the idea of the first-passage-time model for multiple default modelling. Hull and

White (2004) introduced the concept of ‘probability bucketing’ numerical approach; Laurent

and Gregory (2005) and Gregory and Laurent (2003) employed a semi-analytic scheme for

the computation of the default distributions.

Furthermore, when the contagion effects are introduced in the process, that is, when the cor-

relation or even the recovery rates becomes loss dependent, then Bush et al. (2011) explained

that the loss distribution functions would become more skewed, thereby resulting to more

flexibility of data alignment. Hence, incorporating the infectious default or the default con-

tagion model, Haworth and Reisinger (2007), Davis and Lo (2001) and Herbertsson (2008)

were able to model dependent and correlated defaults under different specified approaches.

Additionally, Lin et al. (2011) focused on the primary-subsidiary heterogeneous case which

is defined in a framework of interacting intensity; Duffie and Garleanu (2001) applied the

idea of correlated default intensities but with default times which are conditionally inde-

pendent, to compute the default distributions. Whereas, others equally incorporated the

copula model to aid in the estimation of multiple default risks associated in the portfolio

(Aas (2004); Ackerer and Vatter (2017); Embrechts et al. (2001); Embrechts et al. (2002)

and Frey and McNeil (2003)).

With regards to the numerical implementation of the basket CDS, several simulation tech-

niques and semi-analytical schemes have been developed. Muroi (2006) applied the concept

of asymptotic expansion approach to obtain the closed-form approximation equations for the

pricing of contingent claims such as the basket CDS and the swaptions equivalent. In this

approach, the interest rate and the default hazard rates were first modelled via the Gaussian,

the Cox-Ingersoll-Ross (CIR) and the Constant Elasticity of Variance (CEV) models, and

the corresponding values were compared to the Monte-Carlo simulated values. The results

obtained showed that the asymptotic expansion approach is more applicable and suitable

for the price valuations of various credit derivatives. Furthermore, Bastide et al. (2008) em-

ployed the Stein numerical approach, which was introduced by El Karoui, Jiao and Kurtz4,

to price the basket CDS and the CDO tranches. They also compared their results to the

values obtained by the use of the probability generating function approach, the Monte-Carlo

simulations, the recursive method which was put forward by Hull and White (2004), and

4This work later appeared both in El Karoui and Jiao (2009) and Jiao et al. (2008).
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discovered that the Stein method outperforms other methods in terms of its accuracy and its

speed. Other numerical approaches to basket CDS can be found in Zheng (2006), Schröter

and Heider (2013a), Schröter and Heider (2013b), Fadel (2010) and Chen and Glasserman

(2008).

Generally, the valuation of the BCDS involves the computation of the default legs, accrued

premium legs and the premium legs, which in turn, are used to obtain the fair swap prices.

The joint probability of default is the crucial element utilized in the estimation of these

payment streams, and the thesis gives a broader viewpoint on this issue. Hence, this thesis

will tackle the BCDS valuation problem in two folds, as shown in the flowchart in Figure 1.6.

First, through the numerical approach which involves the implementation of the Monte-Carlo

simulation method and second, the quasi-analytical scheme which will be carried out via the

implementation of the discrete Fourier transform. In the first two phases of the thesis, we

will only focus on the pricing of the BCDS using the Monte-Carlo simulation method and

the copula models. In contrast, the last part of the thesis will focus on the application of the

discrete Fourier transform and the copula model in the estimation of the swap premiums.

Figure 1.6: A flow chart of the problem statement
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1.3 Aim and objectives of the study

The main aim of this thesis is to obtain the valuation of the basket credit default swaps

(nth-to-default) prices using numerical and quasi-analytical methods.

The specific objectives of this research include:

• Incorporating the combination of the stochastic default intensity models (Vasicek and

the CIR, for instance) and the Monte-Carlo simulations in the valuation of hazard rates

and default times, thereby valuing the n2D basket swaps.

• Incorporating the combination of the elliptical and the Archimedean copula models,

together with the Monte-Carlo simulations in the estimation of the default times,

thereby valuing the n2D basket swaps.

• Applying the combination of the discrete Fourier transform and copula models (as a

quasi-analytic scheme) in the approximation of the joint probability of defaults, thereby

valuing the n2D basket swaps.

1.4 Motivation

Notwithstanding the financial crisis which existed in 2008, the importance of valuing credit

default swaps and their basket equivalence remains unmatchable, as investors, commercial

and financial practitioners continuously aim at transferring or redistributing credit risk using

these portfolio credit derivatives while ensuring liquidity in the financial markets. Thus, the

emergence of such market has attracted traders such as speculators, hedgers, arbitrageurs,

and it has given them a chain of innovative investment strategies. The impact of this

research work is to obtain the fair prices of credit default swaps (CDS), of the basket type,

using copula models. The following are seen to be the motivation, as well as the potential

impact of this thesis:

To the theoretical framework, this work will contribute scientifically to research and academia.

To our knowledge, this research topic has received little or no attention in the Financial Math-

ematics and Quantitative Finance sector and thus, we seek to make an immense contribution

to the existing knowledge. Therefore, the knowledge will be fully evident in the scientific

communication of our research in terms of scientific presentations and articles publishing.
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This thesis, together with the mathematical theory and the computational techniques, will

give financial researchers a broader perspective in the proper understanding of credit deriva-

tives, as multiple sources of risks are inherent in the modelling of these derivatives. The

knowledge and the incorporation of copulas to default time modelling can help in the ef-

ficient analysis and management of credit risks, thereby resulting in profitable portfolio

decisions in the financial markets. The quasi-analytic techniques employed in the estimation

of the likelihood of default amongst a portfolio of entities will provide a more accurate and

efficient method on how credit derivatives can be valued, without the random simulation of

basket default times.

1.5 Method of Investigation

The method of the investigation which will be conducted in this thesis includes:

• Mathematical Modelling and Analysis: To model the joint survival probability

distribution of the homogenized portfolio under both the Vasicek and the CIR model.

To model the hazard rate process using stochastic default intensity models. To model

the distribution functions of the default time using the Monte-Carlo simulations, under

the one-factor elliptical and the Archimedean copula models. To conduct some sensi-

tivity studies of the n2D basket swaps with respect to the time of expiration T , the

hazard rates λ and the concordance parameters (such as ρ- for the elliptical copulas,

and θ- for the Archimedean copulas).

• Data Analysis: To employ the concept of the Maximum Likelihood Estimation

(MLE) in the estimation of the default intensity parameters for each of the entities,

using the option-adjusted spread (OAS) bid values of corporate entities, and it will

be applicable to the Vasicek model. To employ the approximate optimal estimating

function approach which describes the CIR model in estimating the parameters of the

CIR model. To conduct some empirical and statistical analysis of 5-year monthly CDS

spread data of some randomly selected firms which range from the higher-rated to the

lower-rated firms.

• Pricing: To obtain the values of the hazard rates, swap spreads as well as the corre-

sponding equal-weighted portfolio values under the heterogeneous portfolios. To obtain

the values of the default legs, accrued premium legs, the premium legs and the swap
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prices, under both the elliptical and the Archimedean copulas, via the Monte-Carlo

simulations. To estimate the prices of the default legs, the premium legs and the

fair swap spreads using a combination of the copula models and the discrete Fourier

transform.

• Numerical Implementation: All the numerical experiments in this thesis, which

will be conducted via the Monte-Carlo simulations, the Fast Fourier transform and

the Inverse Fourier transform will be implemented in the jupyter notebook, version

python 3.6.1.

1.6 Thesis Overview

Chapter 1: This chapter will focus on the general introduction of the thesis. This prelude

will include an extensive background statement, the problem statement, the principal aim

and specific objectives of the study. The motivation for the research and the method of

investigating the research problem will also be projected. Finally, the chapter will conclude

by providing a specific outline or the scope of the overall thesis.

Chapter 2: This chapter will explain more about the thesis’ conceptual overview, and this

will involve introducing the mathematical methods, such as the Monte-Carlo simulations

and the Fourier transform techniques. These mathematical approaches will serve as the

framework methods utilized in the thesis. Further details on the financial and the statistical

concepts, inclusive of the CDS, the CDS of the basket type, elliptical and the Archimedean

copula modelling will also be discussed.

Chapter 3: This chapter will provide an investigative study on the concept of basket default

swap pricing. Here, we will model the hazard rate or the intensity default process using the

one-factor Vasicek and CIR models. The survival probability distribution of the underlying

entities will be obtained, and the Monte-Carlo simulations will be employed to model the

default time, hence, leading to the valuation of the n2D basket swaps. The pricing done

in this chapter will equally be applicable to both the homogeneous and the heterogeneous

basket. Note: This chapter will be entirely linked to the article titled, ‘Valuation of basket

credit default swaps under stochastic default intensity models’, which has been accepted to

be published by Advances in Applied Mathematics and Mechanics.

Chapter 4: An overview of the copula models, which are essential quantitative methods,
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will be discussed in this chapter. This chapter will conduct a comparative analysis of the

effect of pricing portfolio credit derivatives using various copula models, including both the

elliptical models and the Archimedean models. They will be incorporated to model the

corresponding default times, using the Monte-Carlo simulations as the benchmark in the

estimation of the corresponding prices of the swap premiums. This chapter will be entirely

linked to the article titled, ‘Elliptical and Archimedean copula models: an application to the

price estimation of portfolio credit derivatives’, which has been published by Risk Journal.

Chapter 5: In order to overcome the issues of huge simulation number encountered via

the simulation method and to accelerate the convergence analysis, this chapter will intro-

duce the discrete Fourier transform as an alternative to the computation of the semi-explicit

premiums of the basket default swaps. This numerical method will be utilized to reduce

the computational complexity, as well as the difficulties of the dimensionality problems en-

countered during the approximation procedures. This chapter will be entirely linked to the

article titled, ‘Pricing basket default swaps using quasi-analytic techniques’, which has been

submitted to the Decisions in Economics and Finance for publication.

Chapter 6: This chapter will highlight and discuss the main significance of the thesis,

thereby providing the conclusion and some appropriate recommendations of the study. Fu-

ture research will also be suggested.



2. Mathematical Methods

This chapter will explain in detail the numerical and statistical methodologies employed in

this thesis.

2.1 Numerical Techniques

With regards to the numerical approaches, the Monte-Carlo simulations (MCS) and the

Fourier transform (FT) techniques are the main mathematical methods applied in this re-

search. The following subsections give the overview.

2.1.1 Techniques of the Monte-Carlo Simulations

MCS is a class of numerical algorithm that depend on statistical analysis and continuous

random sampling in order to output their results. They provide a more flexible method of

approximating the average µ of random variables X with explicitly unknown distribution.

For instance, in finance, the variable X could be the discounted payoff of a contingent claim,

whose values depend on the subsequent performance of the entities or assets which follow

a stochastic model. As such, the µ assumes the fair option price. The key idea to this

technique is that the mean of random samples, X1, X2, · · · , XK , tends to µ as K goes to

infinity, and the strong law of large numbers (Theorem 2.1) ensures that this convergence

occurs almost surely.

Theorem 2.1. (Strong Law of Large Numbers, (Kroese et al. 2013)).

Define the integrable sequence [xk]K∈N as independent identically distributed random variables

on a given probability space (Ω,F ,P). Let µ = E[xK ] for all η ∈ Ω, then

1

K

K∑
k=1

xk(η)
a.s−→ µ, K →∞ .

In finance and according to Jäckel (2002), the most frequent implementation of the MCS is

obtainable during the computation of the expected value of a given function f(z) which is

17
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defined in a particular probability density function ψ(z), over z ∈ Rp,

Eψ(z)[f(z)] =

∫
f(z)ψ(z)dzp . (2.1.1)

Normally, the standard MCS suffers from two primary sources of estimation errors which

span from the 1√
K

factor and the standard error σ resulting from the output. If the variance,

as well as the standard deviation, become smaller, then there will be a high likelihood of

obtaining a more accurate result. Some variance reduction, such as antithetic variates,

importance sampling, control variate and the stratification techniques have been designed

to reduce the error estimate of the MCS method. Following the techniques of the random

numbers generation, the MCS method can be classified into the standard MCS and the Quasi

MCS. The essence of using both the standard and the quasi MCS involves approximating

the integral of a given function f defined over a p-dimensional unit interval, as the mean of

f evaluated at discrete points x1, x2, · · · , xK , as

∫
[0,1]p

f(z)dz =
1

K

K∑
k=1

f(xk) ,

where z represents the uniform random variables which are independently distributed on

[0, 1]p. The standard MCS are defined based on the generation of their random points,

and these come from the pseudo-random sequences, whereas the quasi MCS uses the low

discrepancy sequences such as the Sobol, Koborov, Faure and Halton sequences to choose

these random points deterministically and systematically. Figure 2.1 shows the nature of

the 400 random points for p = 2.

(a) Standard MCS (b) Quasi MCS

Figure 2.1: Random numbers simulation
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The pseudo-random sequences are generated by Pseudo-Random Number Generator (PRNG),

and a good example is the linear congruential method (Kroese et al. 2013). They have a

slower convergence rate O
(

1√
K

)
in terms of the K number of nodes, with probabilistic error

bound of (Glasserman 2013):∣∣∣∣∣ 1

K

K∑
k=1

f(xk)−
∫

[0,1]p
f(z)dz

∣∣∣∣∣ ≤ Z1−α
2

σ√
K
.

Definition 2.2. (Discrepancy, (Glasserman 2013)).

Let R be a collection of Lebesgue measurable subsets R defined on [0, 1)p, the discrepancy of

the points {x1, · · · , xK} relative to R is defined as:

D(x1, · · · , xK ;R) = Sup
R∈R

∣∣∣∣#(xk ∈ R)

K
− vol(R)

∣∣∣∣ , (2.1.2)

where #(xk ∈ R) refers to the number of points xk which are contained in set R; and vol(R)

refers to the measure or the volume of R.

Thus, the discrepancy level measures the supremum over all the errors encountered during

the integration of the indicator function of the set R using xk points. The quasi-random

points, on the other hand, have a higher degree of uniformity which are mostly reflected

in their discrepancy levels, as compared to the pseudorandom points. They have faster

convergence rate O
(

(logK)p

K

)
in terms of the K number of nodes, and the deterministic error

bound is given as (Glasserman 2013):∣∣∣∣∣ 1

K

K∑
k=1

f(xk)−
∫

[0,1]p
f(z)dz

∣∣∣∣∣ ≤ V (f)×D∗(xk) ,

where D∗ refers to the star discrepancy. Given Definition 2.2, the star discrepancy also

denoted by D∗(x1, · · · , xK ;R) exists if R consists of the collection of every rectangular

subsets in [0, 1)p which has the form R =
∏p

i=1[0, ui), where 0 ≤ ui ≤ 1 for 1 ≤ i ≤ p. Also,

the term V (f) is a constant function which depends only on f . Thus, these discrepancy

measures are essential in the convergence rate analysis of multi-dimensional integration.

In the pricing of BCDS, we employed the MCS to numerically simulate mostly the default

times via different distribution functions, which in turn were used to compute the default

and the survival probabilities. These simulations were used in the thesis in connection with
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the copula models. For instance, we generated uniformly distributed random variables,

and then random numbers from the normal distribution (Gaussian copula) gamma distri-

bution (Clayton copula), exponential distribution (Gumbel copula), chi-square distribution

(student-t copula) and the logarithmic distribution (Frank copula). Finally, we utilized these

probability distributions to estimate the swap payment legs and the break-even swap prices.

2.1.2 Fourier Transform Techniques

The FT approach is mode efficient, reliable, and it presents many benefits compared to the

MCS method. It is very fast in its computation, avoids the convergence problems which

are typically associated with the MCS approach, and it is easily implementable in certain

computing software such as Python, Microsoft Excel, etc. One motive of the FT techniques

emanated from studying Fourier series, as FT aims at extending Fourier series limit to ap-

proach infinity. The periodic functions associated with the Fourier series can be decomposed

into sine and cosine functions or in its discrete exponential forms, whereas the FT is mostly

for non-periodic functions. The Fourier transform (FT) technique has remained an increas-

ingly common and significant tool in finance and economics. According to O’Kane (2011),

the idea of the FT approach spanned from mapping a specific problem into another space

which renders the problem analytically tractable. Next, the problem will be solved in that

space, after which the solution will be transformed back to the original space.

2.1.2.1 Discrete Fourier transform

The discrete Fourier transform (DFT) converts one function into another referred to as the

frequency domain representation, and it is an ideal technique for processing information

which are stored in the computers. They are mostly applied in the field of digital signal

processing and other related fields to perform convolution operations, to solve PDEs, as

well as in time-frequency analysis and signal spectral analysis (Cherubini et al. 2010). The

techniques of the DFT focus on evenly distributed points which are defined in a circle, and

mathematically, these evenly spaced points are mostly described by complex numbers. Černỳ

(2004) gives a more geometrical representation of the concept of DFT.

Definition 2.3. (DFT, Debuysscher et al. (2003)).

Let zk = e
2πi
K be a Kth root of unity; {xk} := x0, x1, · · · , xK−1 and {Xm} := X0, X1, · · · , XK−1
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be sequences of K complex numbers. The DFT of {xk} is {Xm} such that

Xm = x0(zmk )0 + x1(zmk )1 + · · ·+ xK−1(zmk )K−1 =
K−1∑
k=0

xkz
mk
k .

The only differences between the DFT and the discrete inverse Fourier transform (DIFT)

are their opposite exponent signs, together with the presence of the 1
K

coefficient for the

DIFT. Thus, this implies that the methodology for solving the DFT is equally applicable

for the inverse counterpart, but only with a minor modification. From Definition 2.3, the

vectors of xk’s are multiplied by a matrix that has (m, k)th element to be the constant z

raised to the power of m × k. This matrix multiplication results in the vector components

of the Xm. Thus, in practice, estimating xk from Xk, or vice versa with K data size requires

K2 multiplications which will be made of complex quantities, together with an addition of

K(K − 1) complex sums. These numerical computations are generally independent and

highly computationally intensive. Thus, the introduction of an efficient algorithm (Fast

Fourier Transform) with only K log2(K) computer operations made such computation easier

(Fusai and Roncoroni 2007). The larger the data size or the Fourier resolution K, the higher

the ‘resolution’ which means higher accuracy.

2.1.2.2 Fast Fourier transform

The Fast Fourier Transform (FFT) was originally developed by Cooley and Tukey (1965),

as a fast and efficient computer algorithm used to estimate the values of the DFT of a

given sequence. Generally, by performing binary decimation, it converts a sampled signal

in space or time to the same signal which is sampled in frequency, and this technique is

widely employed in science, engineering, music, information science and mathematics. This

technique is referred to as ‘divide-and-conquer’, as it aims at recursive disintegration of large-

sized DFT into many minute DFTs, together with series of O(K) multiplications by roots

of unity which are complex (Cherubini et al. 2010). According to Press et al. (2002), the

computing time for the implementation of the FFT is entirely considerable. For instance, if

K = 106, the FFT method will take about 30 secs of the CPU time to output its results. This

is in contrast to the standard microsecond cycle time computer which will take an estimated

number of 2 weeks for its implementation, and the major drawback for using the FFT is that

the data size K must be in powers of 2, that is, K = 2x. The inverse fast Fourier transform

(IFFT), on the other hand, is a fast implementation of estimating the DIFT values which
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describe a given sequence of points.

One of the earliest significant breakthroughs in derivative pricing using the FT techniques

was done by Carr and Madan (1999), where they efficiently employed the FFT to obtain

the price valuation of options. To efficiently price these derivatives, they assumed a known

analytical value of the characteristic function which defines the risk-free density function, and

this numerical concept was later applied by Fusai (2004) to Asian options. Hirsa and Neftci

(2013) further explained that the probability distribution function of asset or entity prices

can be recovered from their characteristic function via the method of the Fourier inversion

method, and this concept is essentially crucial for many models whose characteristics function

could be represented in their analytical forms or even semi-analytically. Abate and Whitt

(1992) equally employed the FT approach to approximate the values of the probability mass

functions and the cumulative distribution functions, by the numerical inversion of their

characteristic functions, generating functions and Laplace functions. Whereas, Debuysscher

et al. (2003) explained that the FT approach is applicable in determining the market value

distribution, return distribution and the loss distribution of portfolios of entities in a specified

time horizon.

In this thesis, we investigated the Fourier transform techniques in order to estimate the

default distribution or the portfolio loss distribution over a given time period. This ap-

proach, in turn, was used in connection with the copula models to semi-analytically price

the BCDS. Here, we employed the concept of O’Kane (2011) who used the FT, together with

the conditional independence of basket entities, to calculate the conditional loss distribution

function. Here, the characteristic function of the aggregate portfolio loss distribution, which

is conditional on a common factor, is first defined. Next, we estimate the unconditional

characteristic function for the total loss written in terms of the conditional characteristic

function. This can be done via numerical integration over the market’s common factor,

and techniques such as Gaussian approximation (Shelton 2004); Gauss-Hermite quadrature

(Press et al. 1992); trapezoidal rule, binomial and the adjusted binomial approximations

(O’Kane 2011) can be applied to it. Finally, the FFT techniques are applied to invert these

unconditional characteristics functions in order to output the final probability loss distri-

bution function. These probability distributions are in turn used to obtain the payment

streams of the BCDS premium values.
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2.2 Statistical Techniques

In this section, we introduce and describe the statistical techniques employed in this thesis,

and this is predominantly the copula models.

2.2.1 Copula Models

A copula function generally links the univariate distributions, thereby generates the cor-

responding multivariate distribution functions. The concept of copula makes the issue of

modelling joint stochastic processes of a basket of entities less complicated. This is because

the marginal distribution functions can be separately estimated from the corresponding joint

distribution functions, instead of simultaneously obtaining the estimate of all the parameters

of the distribution. Thus, in the analysis of credit risks using copula models, it will be easier

to allocate each primary issuer to various marginal distributions given a copula. Hence, it

will be possible to investigate how each default in a credit basket affects the behaviour of

multiple defaults of many credit portfolio issuers.

Furthermore, with the marginal distributions, one can vary the structure of the correlations

by selecting different copulas, or even the same copula model that has various parameter

values. As such, it will be possible to numerically measure the impacts of default correlations

in a credit risk portfolio. Copulas have become paramount tools in multivariate modelling,

which are employed by diverse fields. For instance, actuarial science use the copula models

to estimate dependent losses and credibility (Frees and Wang 2005); Finance use copulas in

risk, as well as in portfolio management (Embrechts et al. 2001), asset return and allocation

(Bouyé et al. 2000); Econometrics employ the copulas for modelling joint parametric distri-

butions (Trivedi and Zimmer 2007); as well as in the field of civil engineering to estimate

the joint probability flow at stream confluences (Kilgore and Thompson 2011).

Definition 2.4. (Copula, Trivedi and Zimmer (2007)).

A copula C = C(v1, v2, · · · , vd) is a multivariate probability distribution, possessing uniform

marginals in a unit interval. Mathematically, it is defined by C : [0, 1]d → [0, 1], having the

following properties:

• C(v1, v2, · · · , vd) = 0 if vj = 0, for any j ≤ d.

• C(1, 1, · · · , 1, vj, 1, · · · , 1) = vj, for every j ≤ d and for all vj ∈ [0, 1];
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• C(v1, v2, · · · , vd) is d-increasing, that is ∀M = M1×M2×· · ·×Md where Mj = [aj, bj] ⊂
[0, 1] for j = 1, 2, · · · , d. Then we have

VC(M) =

∫
M

dC(v1, v2, · · · , vd) =
∑
α∈M

sign (α)C(α) ≥ 0 ,

where the summation is over all the vertices α = (α1, α2, · · · , αd) of the hyper-rectangle

M , that is, αj = aj or αj = bj and

sign (α) =

1 if αl = al for l-even number

1 if αl = al for −l-odd number .

Thus, we can assert that a d-copula is a d-dimensional function on [0, 1]d having standard

marginals which are uniformly distributed. A very crucial statistical theory with regards

to the copula models is the Sklar’s theorem, and this theorem asserts the disintegration of

any multivariate probability distribution into its copula components and their respective

univariate margins.

Theorem 2.5. (Sklar’s Theorem, Rüschendorf (2013)).

Let F = (F1, F2, · · · , Fd) be a d-dimensional probability distribution function having marginals

F1, F2, · · · , Fd. Then, there exists a d-copula function C, with uniform marginals such that

for every v ∈ Rd,

F(v1, v2, · · · , vd) = C
(
F1(v1), F2(v2), · · · , Fd(vd)

)
. (2.2.1)

Suppose F1, F2, · · · , Fd are all continuous functions, then C is unique. Else, C is uniquely

determined on Range F1×Range F2×· · ·×Range Fd. Conversely, if C is a given copula and

F1, F2, · · · , Fd are marginal distribution functions, then, the function F defined in equation

(2.2.1) is a jointly distributed function with F1, F2, · · · , Fd margins.

Copulas are generally classified into the elliptical and the Archimedean class. The former

includes the Gaussian and the Student-t copula, whereas the Archimedean family are mostly

defined by a parameter called ‘generator function’ which is convex and decreasing on [0, 1]

and whose pseudo-inverse exists. Some prominent examples include the Clayton copula,

Joe copula, Gumbel copula, Frank copula and, others are the independence Copula and the

Ali–Mikhail–Haq copula models. See Section 4.3.1 for more illustrative pictures on some of

the prominent examples of these copula model.
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2.2.1.1 Gaussian copula

This is a symmetric copula and easily implementable for simulation purposes. It is not

suitable for modelling tail dependency events, and can easily be generalized to dimension

higher than 2. Let Φ−1 be the inverse of Φ, which is the standard normal distribution

function and let Σ be a symmetric correlation matrix which is positive definite. Thus,

according to Cherubini et al. (2004), the CDF of the d-dimensional Gaussian copula, with

v = (v1, v2, · · · , vd) is:

CGa(v; Σ) = Φd
Σ

(
Φ−1(v1),Φ−1(v2), · · · ,Φ−1(vd)

)
.

Correspondingly, the density function is given as:

C̃Ga(v; Σ) =
1√
|Σ|

exp

(
−1

2
rT (Σ−1 − I)r

)
,

where I ∈ Rd×d is an identity matrix, |Σ| ∈ Rd×d is the determinant of the Σ which triggers

the dependency and varies between -1 and 1, r = (r1, r2, · · · , rd)T with the normal scores

ri = Φ−1(vi) for i = 1, 2, · · · , d.

2.2.1.2 Student-t copula

Let t−1
β be the inverse of tβ, which is the univariate Student-t distribution function with β

degrees of freedom, and let Σ be a symmetric correlation matrix which is positive definite.

Thus, according to Cherubini et al. (2004), the CDF of the d-dimensional Student-t copula,

with v = v1, v2, · · · , vd is:

CS(v; Σ) = td,Σβ
(
t−1
β (v1), t−1

β (v2), · · · , t−1
β (vd)

)
.

Correspondingly, the density function is given as:

C̃S(v; Σ) =
Γ
(
β+d

2

)√
|Σ|Γ

(
β
2

) ( Γ
(
β
2

)
Γ
(
β+1

2

))d
λ

−β+d
2

η
−β+1

2

,

where

λ =

(
1 +

1

β
rTΣ−1r

)
, η =

d∏
i=1

(
1 +

r2
i

β

)
,
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|Σ| ∈ Rd×d is the determinant of the Σ which triggers the dependency and varies between -1

and 1, and r = (r1, r2, · · · , rd)T with the normal scores ri = t−1
β (vi) for i = 1, 2, · · · , d. As

β → ∞, the student-t distribution function tends to the normal distribution function, and

equally, the copula correspondents. The student-t copula has non-zero tail structure as a

result of extreme clustered values, and their tails which are heavier compared to the normal

distribution show the same characteristics like the Pareto laws (See Beirlant et al. (2004)).

2.2.1.3 Clayton copula

This is an asymmetric copula whose weight is more concentrated on the left tail. According

to Gunawan et al. (2017), the CDF of a d-dimensional Clayton copula, with θ > 0 and

v = v1, v2, · · · , vd, is given by:

CC(v; θ) =

[
d∑
j=1

v−θj − d+ 1

]−1
θ

.

Correspondingly, the density function is given as:

C̃C(v; θ) =
d−1∏
λ=0

(θλ+ 1)×

(
d∏
l=1

vl

)−(1+θ)

×

[
d∑
j=1

v−θj − d+ 1

]−(d+ 1
θ )

.

2.2.1.4 Gumbel copula

This is an asymmetric copula whose weight is more concentrated on the right tail. It is also

referred to as logistic or extreme value copula. According to Gunawan et al. (2017), the

CDF of a d-dimensional Gumbel copula, with θ ∈ [1,∞) and v = v1, v2, · · · , vd, is given by:

CG(v; θ) = exp


[

d∑
j=1

(− log(vj))
θ

] 1
θ

 .

Correspondingly, the density function is given as:

C̃G(v; θ) = θdCG(v; θ)×
∏d

l=1(− log(vl))
θ−1(∑d

l=1(− log(vl))θ
)d∏d

l=1 vl

× PG
d,θ

[ d∑
j=1

(− log(vi))
θ

] 1
θ

 ,
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where PG
d,θ(z) =

d∑
k=1

sGdk(θ)z
k and sGdk(θ) =

d!

k!

k∑
l=1

(
k

l

)(
θl

d

)
(−1)d−l .

2.2.1.5 Frank copula

This is a symmetric copula which is often used to model codependency. According to Hofert

et al. (2012), the CDF of a d-dimensional Frank copula, with θ ∈ (−∞,∞) \ {0} and

v = v1, v2, · · · , vd, is given by:

CF (v; θ) =
−1

θ
log

{
1 +

∏d
i=1

(
e−θvi − 1

)
(e−θ − 1)d−1

}
.

Correspondingly, the density function is given as:

C̃F (v; θ) =

(
θ

1− e−θ

)d−1

× Lid−1f
F (v; θ)× exp(−θ

∑d
l=1 vl)

fF (v; θ)
,

where

fF (v; θ) = (1− e−θ)1−d
d∏
i=1

{1− e−θvi} .

2.2.1.6 Joe copula

According to Joe (1997), the CDF of a d-dimensional Joe copula, with θ ∈ [1,∞), v =

v1, v2, · · · , vd and v̄ = 1− v, is given by:

CJ(v; θ) = 1−

(
d∑
i=1

v̄θi −
d∏
i=1

v̄θi

)
.

Correspondingly, the density function is given as (Hofert et al. 2012):

C̃J(v; θ) = θd−1

∏d
l=1(1− log(vl))

θ−1

[1− fJ(v; θ)]1−
1
θ

× P J
d,θ

(
fJ(v; θ)

1− fJ(v; θ)

)
,

where

fJ(v; θ) =
d∏
i=1

{1− (1− vi)θ}, P J
d,θ(z) =

d−1∑
k=0

sJdk(θ)z
k, sJdk(θ) = S(d, k + 1)

Γ
(
k + 1− 1

θ

)
Γ
(
1− 1

θ

) ,
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with S(a, b) to be the Stirling partition numbers or the Stirling numbers of the second kind.

2.2.1.7 Ali–Mikhail–Haq copula

This class of copula was derived by employing the probability transform and the algebraic

transform on the joint probability distribution functions of the Gumbel’s bivariate distribu-

tion (Kumar 2010). It is the only copula present in the Archimedean family which measures

both the positive and negative dependence. According to Hofert et al. (2012), the CDF of a

d-dimensional Ali–Mikhail–Haq copula, with θ ∈ [−1, 1] and v = v1, v2, · · · , vd, is given by:

CA(v; θ) =
d∏
i=1

vi
1− θ(1− vi)

.

Correspondingly, the density function is given as:

C̃A(v; θ) =
(1− θ)d+1

θ
× CA(v; θ)∏d

l=1 v
2
l

× Li−d(θC
A(v; θ)) ,

where Lip(x) =
∑∞

k=1
xk

kp
refers to the polylogarithm of p-order and x-argument.

2.2.1.8 Independence copula

This copula model has no upper and lower tail dependency, and the CDF for this class of

copula can be obtained by setting θ = 0 from the CDF of the Ali–Mikhail–Haq copula.

Thus, for v = v1, v2, · · · , vd and according to Nelsen (2007), the CDF of the d-dimensional

independence or the product copula is given by:

CI(v; θ) =
d∏
i=1

vi .

Correspondingly, the density function of the independence copula is simply a constant. Thus,

following the Sklar’s theorem, if there exists independent random variables, then the copula

describing them is an independence copula and vice versa (Schmidt 2007).
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Abstract

Portfolio credit derivatives, including the basket credit default swaps, are designed to fa-

cilitate the transfer of credit risk amongst market participants. Investors consider them as

cheap tools to hedge a portfolio of credits, instead of individual hedging of the credits. The

prime aim of this work is to model the hazard rate process using stochastic default intensity

models, as well as extend the results to the pricing of basket default swaps. We focused on

the nth-to-default swaps whereby the spreads are dependent on the nth default time, and we

estimated the joint survival probability distribution functions of the intensity models under

the risk-neutral pricing measure, for both the homogeneous and the heterogeneous portfolio.

This work further employed the Monte-Carlo method, under the one-factor Gaussian copula

model to numerically approximate the distribution function of the default time, and thus,

the numerical experiments for pricing the nth default swaps were made viable under the

two portfolio types. Finally, we compared the effects of different swap parameters to various

nth-to-default swaps.

AMS subject classifications: 91G20, 91G30, 91G40, 91G60, 91G70, 62P05, 65C05

Keywords

Portfolio credit derivatives, basket default swaps, Gaussian copula, Monte-Carlo simulations,

stochastic intensity modelling, hazard rate, joint survival probability distribution, Vasicek

model, CIR model.
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3.1 Introduction

Basket default swaps (BDS) are financial contracts that payoff whenever there is a default or

multiple defaults among a portfolio of entities or obligors. BDS are generally classified into

first-to-default (F2D), nth-to-default (n2D), n-out-of-m-to-default and then, all-to-default.

From the investor’s point of view, BDS are still preferable because they limit the credit

portfolio that an investor can easily monitor compared to the large portfolio obtainable in a

typical synthetic collateralized debt obligation (CDO)1(O’Kane 2011). The protection buyer

finds the BDS attractive because the cost of purchasing protection on a portfolio of entities

is less expensive compared to the purchase of individual protection. Considering the n2D,

the protection seller enjoys a limited downside risk, and this stems from the fact that at most

one default is expected for the seller to cover (Bomfim 2015). After the payments pending

default and contract finalized, the loss incurred resulting from further default is borne only

by the protection buyer. The recovery rate, the number of entities in the portfolio, the

entity’s credit ratings, as well as the default correlations are some of the major factors that

affect the BDS spread.

Several research works have been carried out in the area of basket default swaps. Li (2000)

first implemented the copula functions to model credit derivatives, and this was extended

by several authors. For instance, Laurent and Gregory (2005) considered the valuation of

BDS and the CDO. They obtained semi-analytic values for the above contingent claims

under the assumption of independent default times conditioned on a low dimensional factor,

and based their valuation on mean-variance mixture models and frailty models. Kijima

and Muromachi (2000) priced BDS using a stochastic intensity-based model by assuming

conditional independence. Using the joint survival probability, they further provided closed

form values when the hazard rate process is defined within the extended Vasicek model.

Liang et al. (2011) provided the limitation of using the Vasicek model in modelling the

intensity process. They explained using some numerical examples that the Vasicek model can

be efficient when the portfolio has relatively few correlated risky assets and their valuations

are extended to the prices of BDS, credit default swap (CDS) index and CDOs. Fathi and

Nader (2007a) provided Monte-Carlo methods and semi-explicit expressions which improves

the cost-effectiveness of the Monte-Carlo approach to price multi-named credit derivatives

like the basket default swaps and the CDO tranches. They further calibrated the prices

of BDS to the Japanese financial markets (Fathi and Nader 2007a). Iscoe and Kreinin

1Small scale portfolio size includes 5-10 credits, and large portfolio scale ranges from 100-150 credits.
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(2006) proposed a recursive algorithm to value BDS based on a continuous-time model in

the conditional independence framework. They employed the concept of the order statistics

of the default times of the entities in a portfolio, and then applied it in the estimation of the

F2D swaps and the second-to-default (S2D) swap contracts.

Regardless of whether the reduced form method or the structural approach in modelling the

joint default events in portfolio credit derivatives, there is always the problem of the joint

probability distribution of the default times, and many researchers have employed Copula

models. Frey and McNeil (2003) explored the roles of the copula functions in latent variable

models and used the modified Gaussian copula method to model the dependent defaults

evident in a portfolio credit risk. Mashal and Naldi (2002) used the student t-copulas, which

possess the non-trivial tail dependency structure, as well as the ability for more joint extreme

events. They applied it to the price estimations of the multi-name instruments, like the n2D

baskets and CDOs. Schönbucher and Schubert (2001) used the Archimedean copulas in

general, and in particular, employed the Gumbel and Clayton copulas in the modelling of

the default dependency structure in the intensity models. Li et al. (2015) focused on the

use of the single-factor Gaussian-NIG-copula model in the simulation of the distribution

functions, as well as to obtain the structure of the correlation existing between the assets

and further applied the concepts to the valuation of BDS.

Choe and Jang (2011a) included the one-factor Gaussian copula model to derive the proba-

bility distribution function of the nth default time explicitly and thus, valued the n2D and

n-out-of-m-to-default. Bluhm et al. (2002) defined the nth default time as an order statistic

for n ≤ N , where N refers the number of reference entities and thus, they obtained the

distribution of the time τnth of the nth default. The Joshi-Kainth algorithm (Joshi and

Kainth 2004) is an innovative importance sampling technique also employed in modelling

the default time of the process. Chen and Glasserman (2008) proposed a modification of the

technique and ensured that there exist variance reduction even when the defaults does not

seem to occur. Usually, in the pricing of n2D swaps, as the size of the entities increase, the

pricing becomes computationally intense. Schröter and Heider (2013a) derived the default

time distribution and simplified the valuation issues from an n-dimensional quadrature into

a one-dimensional quadrature, thereby breaking its curse of dimensionality. Jouanin et al.

(2002) incorporated the modelling of correlated default events in the intensity-based frame-

work. They estimated the marginal probability distribution functions for each default and

then, modelled the joint distribution with the aid of a copula function.

In this work, however, we modelled the intensity process using the Vasicek model and Cox-
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Ingersoll-Ross (CIR) model, owing to their analytical tractability. The joint survival proba-

bility distributions (JSPD) for the homogeneous portfolio under both models and the JSPD

for the heterogeneous portfolio under the Vasicek model are obtained. For a heterogeneous

portfolio, we consider one which consists of five entities from the corporate sector (with

different credit ratings), obtained the default intensity (hazard rates), estimated the pa-

rameters of the default intensity framework and solved for their JSPD. Furthermore, the

survival probabilities and the swap spreads of each firm were equally estimated from both

the Vasicek and the CIR model, and the portfolio value of the basket was obtained from the

equal-weighted assumption. Next, we considered a homogenized portfolio and employed the

Monte-Carlo method to simulate their default time distribution function and thus, obtained

the prices for different categories of n2D.

The organization of the work is as follows: Section 3.1 introduces the topic and highlights

some of the recent work done on the pricing of BDS. Section 3.2 discusses the model structure,

outlines the density functions of both the Vasicek and the CIR model. It further introduces

the model for intensity default and highlights the model for bond valuation under both

Vasicek and the CIR processes. Section 3.3 focuses on the pricing of BDS and explains

how the swap spread can be obtained. It further introduces the concept of default time

modelling. Section 3.4 outputs results on the parameter estimation of the heterogeneous

portfolios, hazard rates, swap spreads as well as the corresponding portfolio values. It also

gives some numerical experiments on the BDS valuations defined on both homogeneous and

heterogeneous baskets, as well as some sensitivity analysis on the swap spreads. Section 3.5

concludes our research study.

3.2 Model Structure

In modelling the intensity process, we consider the ‘economically viable’ property of mean-

reverting and Ornstein–Uhlenbeck process. This process ensures that the hazard rate does

not explode and hence tends to infinity. Consider the given stochastic differential equation

(SDE)

dλ(t) = α
(
β − λ(t)

)
dt+ σ

(
λ(t)

)γ
dW (t) , (3.2.1)

where α denotes the speed of reversion, β is the long term mean, σ is volatility and W (t)

denotes the standard Brownian motion. The parameters α, β, σ are all positive constants.
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The drift term which is of the form α(β − λ(t)) is linear and captures the full rate of mean

reversion. The volatility term defined by σ(λ(t))γ is non-linear and the term γ parametrizes

the extent to which the process λ(t) depends on its level (Choi and Wirjanto 2007). The

above SDE in equation (3.2.1) follows the model proposed by Chan, Karolyi, Longstaff and

Sanders (CKLS) in which many one-factor and multi-factor stochastic interest rate models

are nested together (Chan et al. 1992). They compared the models to obtain, which best

fits the short-term interest rate process. From their findings, the best fit models possess the

characteristics that their conditional volatility of interest rate changes fully depend on the

interest rate level. For γ = 0, we have the Vasicek model, γ = 1/2 gives the CIR model,

γ = 1 gives the Brennan-Schwartz model, etc. Let the given process λ(t) which is being

considered to be the hazard rate function or the default process. This function refers to

the probability of default for a given time interval which is conditioned on no prior default.

These defaults, also known as credit events, could be as a result of failure to pay, bankruptcy,

downgrade, restructuring, etc (O’Kane 2011). In this work, our focus shall be on the Vasicek

and CIR models.

Under the risk-neutral measure Q, the stochastic process λ defined by the Vasicek model

follows a normal distribution with mean and variance given respectively as:

EQ
[
λ(T )|F(t)

]
= λ(t)e−α(T−t) + β(1− e−α(T−t)) ,

VarQ
[
λ(T )

]
=
σ2

2α
(1− e−2α(T−t)) .

For the CIR model, the process λ(t) follows the non-central chi-squared distribution χ2
v,η

with v and η denoting the degree of freedom and the non-centrality parameter, respectively.

Under the risk-neutral pricing measure, the probability density function is defined as (Brigo

and Mercurio 2007):

f
[
λ(T )|λ(t)

]
:= c · χ2

v,η

[
cλ(t)

]
,

where

c =
4α

σ2(1− e−α(T−t))
, v =

4αβ

σ2
, η = cλ(T )e−α(T−t) .

The following plots in Figure 3.1a till 3.1f depict the probability density functions (PDF) of

both the Vasicek and the CIR models2. We plot the PDF with respect to various parameters

of each of the model.

2See the link https://github.com/NnekaU/Codes/blob/master/BDS%20codes.ipynb for the ipython

notebook codes of all the plots and tables obtained in this chapter.

https://github.com/NnekaU/Codes/blob/master/BDS%20codes.ipynb
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(a) PDF of Vasicek vs α (b) PDF of Vasicek vs β

(c) PDF of Vasicek vs σ (d) PDF of CIR vs α

(e) PDF of CIR vs β (f) PDF of CIR vs σ

Figure 3.1: PDF of the Vasicek and the CIR model versus the parameters α, β and σ.
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For both models, the speed reversion parameter α identifies the velocity at which the process

revolves around the long term mean β. Increasing α reduces the variance, and the process

attains to β faster. The size of the distribution is not affected when β is increased, though

the mean of the distribution is affected. Larger volatility σ results to a more flatter surface

and thus greater randomness of the process is observed. Additional observations from the

CIR model are the presence of the non-negative values of the hazard rate function, resulting

from σ
√
λ(t), which is the standard deviation factor, as well as an adjustment in the shape

and structure of the density function owing to the β increment.

3.2.1 Default intensity model describing a heterogeneous portfolio

CIR Model: Let the default process λi(t) be modelled by the following SDE:

dλi(t) = αi(βi − λi(t))dt+ σi
√
λi(t)dWi(t) , (3.2.2)

where t ≥ 0, αi, βi, σi are all positive constants, with the condition 2αiβi > σ2
i and i =

0, 1, · · · , n. The correlation of the standard Brownian motion Wi(t) and Wj(t), where i, j =

0, 1, · · · , n, under the risk-neutral probability measure P reads:

dWi(t)dWj(t) =

{
ρijdt for i 6= j

dt for i = j .

The stochastic process of the CIR model belongs to one of the many classes of SDE’s which

is not analytically solvable. However, explicit forms of its mean and variance are obtainable,

and can be extracted from the corresponding integral form. Thus, the integral representation

of the model in (3.2.2) using the Ito’s lemma can be given as:

λi(t) = λi(0)e−αit +

∫ t

0

αiβie
−αi(t−s)ds+ σi

∫ t

0

e−αi(t−s)
√
λi(s)dWi(s) . (3.2.3)

According to Brigo and Mercurio (2007), the first two moments associated with the CIR

process in equation (3.2.2) can be obtained as:

EP
[
λi(t)

]
= λi(0)e−αit + βi

(
1− e−αit

)
, (3.2.4)

VarP
[
λi(t)

]
=
σ2
i λi(0)

αi
(e−αit − e−2ait) +

σ2
i βi

2αi
(1− e−αit)2 . (3.2.5)
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Let A = (Ω,F , {Ft}t≥0,P) be a given probability space, where Ω a sample space is a set

consisting of all possible events which are defined in a given time horizon; F is the σ-

field which represents the collection of all events; {Ft}t≥0 refers to filtration which carries

information with specific times; and P is the risk-neutral probability measure since the no-

arbitrage assumption is taken into consideration. Furthermore, A is equipped with filtration

F = H∨F, where H contains the information which describes the evolutions of credit events

and F refers to some reference filtration (Bielecki et al. 2007).

This work will first aim at obtaining the joint probability distribution of default in order

to price basket derivatives under intensity process. Consider first a credit event of n values

whose default times are denoted by τi, for i = 1, 2, · · · , n, and also let the corresponding

default intensity processes be denoted by λi(t), where i = 0, 1, · · · , n. For P being the ap-

propriate probability measure of the pricing problem, let the marginal survival and marginal

default probability function of each ith entity be defined respectively by:

Si(ti) = P(τi > ti) and Fi(ti) = P(τi ≤ ti) .

Also, let the joint survival probability distribution (JSPD) and the joint default probability

distribution functions be defined respectively by:

S(t0, t1, · · · , tn) = P(τ0 > t0, τ1 > t1, · · · , τn > tn) and

F (t0, t1, · · · , tn) = P(τ0 ≤ t0, τ1 ≤ t1, · · · , τn ≤ tn) .

Then Kijima (2000) defined the JSPD of default times under the intensity process by:

S(t0, t1, · · · , tn) = P(τ0 > t0, τ1 > t1, · · · , τn > tn) := E

[
exp

(
−

n∑
i=0

Hi(ti)

)]
, (3.2.6)

where Hi(t) =
∫ t

0
λi(s)ds. Thus, we have

S(t0, t1, · · · , tn) = E

[
exp

(
−

n∑
i=0

[∫ ti

0

(
λi(0)e−αit +

∫ t

0

αiβie
−αi(t−s)ds+

σi

∫ t

0

e−ai(t−s)
√
λi(s)dWi(s)

)
dt

])]
= E

[
exp

(
−

n∑
i=0

Bi(ti)−
n∑
i=0

σiIi(ti)

)]
,
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where

Bi(ti) =

∫ ti

0

(
λi(0)e−αit +

∫ t

0

αiβie
−αi(t−s)ds

)
dt =

λi(0)

αi
(1− e−αiti) +

∫ ti

0

βi(1− e−αi(ti−s))ds

(3.2.7)

and

Ii(ti) =

∫ ti

0

∫ t

0

e−αi(t−s)
√
λi(s)dWi(s)dt =

1

αi

∫ ti

0

(1− e−αi(t−s))
√
λi(s)dWi(s) .

We seek for the covariance.

Cov(Ii(ti), Ij(tj)) = E
[
Ii(ti) · Ij(tj)

]
− E

[
Ii(ti)

]
· E
[
Ij(tj)

]
Denote the covariance for the ith and jth counterparties as cij(ti, tj). Then

cij(ti, tj) =E
[∫ ti

0

∫ tj

0

1

αiαj
(1− e−αi(ti−s))(1− e−αj(tj−s)) ·

√
λi(s)dWi(s)

√
λj(s)dWj(s)

]
=

1

αiαj

∫ ti

0

∫ tj

0

(1− e−αi(ti−s))(1− e−αj(tj−s)) · E
[√

λi(s)λj(s)dWi(s)dWj(s)

]
=
ρij
αiαj

∫ ti∧tj

0

(1− e−αi(ti−s))(1− e−αj(tj−s)) · E
[√

λi(s)λj(s)

]
ds (3.2.8)

from the correlation properties of standard Brownian motion. Also, define ti ∧ tj as the

minimum of ti and tj.

Denote the quantity I =
∑n

i=0 σiIi(ti). We note that I follows a normal distribution

I ∼ N

(
0,

n∑
j=0

n∑
i=0

σiσjcij(ti, tj)

)
.

That is,

Var(I) = Var

[
n∑
i=0

σiIi(ti)

]
= Var

[
n∑
i=0

σi
1

αi

∫ ti

0

(1− e−αi(t−s))
√
λi(s)dWi(s)

]
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Var(I) = E

[
n∑
i=0

σi
1

αi

∫ ti

0

(1− e−αi(t−s))
√
λi(s)dWi(s) ·

n∑
j=0

σj
1

αj

∫ tj

0

(1− e−αj(t−s))
√
λj(s)dWj(s)

]

=
n∑
j=0

n∑
i=0

σiσj.
ρij
αiαj

∫ ti∧tj

0

(1− e−αi(ti−s))(1− e−αj(tj−s)) · E
[√

λi(s)λj(s)

]
ds

=
n∑
j=0

n∑
i=0

σiσjcij(ti, tj) .

From the moment generating function of I, we have that

E
[
e−I
]

= e
1
2

Var(I) . (3.2.9)

Summing up equations (3.2.6) and (3.2.9), the JSPD function of the default times τi for the

heterogeneous portfolio, under the CIR model is given as

S(t0, · · · , tn) = exp

(
−

n∑
i=0

Bi(ti) +
1

2

n∑
i=0

n∑
j=0

σiσjcij(ti, tj)

)
. (3.2.10)

For the Vasicek Model, the same process is obtainable with the CIR model above, and

the difference is the nature of the diffusion process which is of the form σidWi. That is, the

default process λi(t) is modelled by the following SDE:

dλi(t) = αi(βi − λi(t))dt+ σidWi(t) , (3.2.11)

where t ≥ 0, αi, βi, σi are all positive constants for i = 0, 1, · · · , n, with βi long term mean

and long term variance of
σ2
i

2αi
. The model is analytical tractable with the same or slightly

differing expectation value as that of the CIR model, but with different variance structure.

The JSPD function of the default times τi for the heterogeneous portfolio, under the Vasicek

model is given by (Kijima 2000):

S(t0, t1, · · · , tn) = exp

(
−

n∑
i=0

Bi(ti) +
1

2

n∑
i=0

n∑
j=0

σiσjcij(ti, tj)

)
, (3.2.12)
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where Bi(ti) is the same as in equation (3.2.7) and cij is defined as

cij(ti, tj) = E
[∫ ti

0

∫ tj

0

1

αiaj
(1− e−αi(ti−s))(1− e−αj(tj−s)) · dWi(s)dWj(s)

]
=

1

αiαj

∫ ti

0

∫ tj

0

(1− e−αi(ti−s))(1− e−αj(tj−s)) · E [dWi(s)dWj(s)]

=
ρij
αiαj

∫ ti∧tj

0

(1− e−αi(ti−s))(1− e−αj(tj−s))ds (3.2.13)

=
ρij
αiαj

[
s− e−αi(ti−s)

αi
− e−αj(tj−s)

αj
+
e−αi(ti−s)−αj(tj−s)

αi + αj

]s=ti∧tj
s=0

. (3.2.14)

3.2.2 Default intensity model describing a homogeneous portfolio

Consider homogenized risky assets in the basket portfolio, where the parameters of each

entity are assumed to be the same, and the default intensities of all ith and jth firms are

identical. This is in contrast to the heterogeneous portfolio explained in section 3.2.1, in

which the intensity dynamics describing each entity are assumed to be different. Thus, we

have that for αi = αj = α, βi = βj = β, σi = σj = σ, ρij = ρ and λi = λj = λ (where

1 ≤ i, j,≤ N), the JSPD function under this identical portfolio can be written as:

S(t0, · · · , tn) = exp

(
−B(t) +

1

2
σ2c(t, t)

)
,

where B(t) for both the Vasicek and CIR is

B(t) =
λ(0)(1− e−at)

a
+ b

(
t− 1

a
(1− e−at)

)
,

and c(t, t) for the Vasicek is

c(t, t) =
ρ(2at− 3 + 4e−at − e−2at)

2a3
,

and for the CIR model, we have

c(t, t) = ρ

[
e−2at(b− 2λ(0) + 4eat(b+ a(b− λ(0))t) + e2at(2λ(0) + b(2at− 5))

2a3

]
.

The plots of the above homogenized process for both the Vasicek and the CIR are given

below in Figure 5.2. The parameters considered are σ = 0.05, α = 0.1, β = 0.03, λ(0) =
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0.05, T = 10, t = 0 and ρ = 0.5. From the plots, we observed that the survival probabilities

are declining with increase in time, which in turn, increases the probability of default.

(a) Vasicek Model (b) CIR Model

Figure 3.2: Joint survival probability distribution for homogenized portfolio

3.2.3 Bond Valuation

Let C(λ̄, t, T ) be the value of a defaultable zero coupon bond having a face value of 1, with

no recovery rate. Let λ̄ = (λ1, λ2, · · · , λN), where λi is the default intensity or default hazard

rate defined in (3.2.11). Define the pre-first-default bond value as Ĉ(λ̄, t, T ) and according

to Liang et al. (2011), the price at time t of the bond can be written as:

C(λ̄, t, T ) := e−r(T−t)P{τ1 > T, · · · , τN > T |Ft} ,

following the Markov process of λ̄. Here, P is the survival probability and Ft is the filtration

available at the current time t. Next assume that the conditional probability that default

occurs between an infinitesimal period [t, t+ dt], provided that the survival was up to time t

is λdt, and
∑N

i=1 λi(t)dt, for the first-to-default case. Then, under the risk-neutral measure,

E[dĈ] = rĈdt and applying Itô’s formula, the following pre-default pricing PDE for Ĉ(λ̄, t, T )

is satisfied (Bielecki et al. (2004), Liang et al. (2011)):

∂Ĉ

∂t
+

N∑
i=1

αi(βi − λi)
∂Ĉ

∂λi
+

1

2

N∑
i,j=1

∂2Ĉ

∂λiλj

[
λ2γ
i σiσjρij

]
=

(
r +

N∑
i=1

λi

)
Ĉ . (3.2.15)
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The affine term structure of the bond is given below:

Ĉ = exp

{
A(t, r;T )−

N∑
i=1

Bi(t;T )λi

}
, (3.2.16)

The parameters for the Vasicek model are obtained from the solution of the ODE:
∂A(t, r;T )

∂t
−

N∑
i=1

αiβiBi(t, T ) +
1

2

N∑
i,j=1

Bi(t;T )Bj(t;T )σiσjρij − r = 0

∂Bi(t;T )

∂t
− αiBi(t;T ) + 1 = 0,

(3.2.17)

which is solved using the following conditions: A(T, r;T ) = 0 and Bi(T ;T ) = 0.

The solution to equation (3.2.17) has the following parameters:

Bi(t;T ) =
1

αi
(1− e−αi(T−t))

and

A(t, r;T ) =
1

2

N∑
i,j=1

ρijσiσj
αiαj

[
(T − t)−Bi(t;T )−Bj(t;T ) +

1− e−(αi+αj)(T−t)

αi + αj

]

−
N∑
i=1

βi[(T − t)−Bi(t;T )]− r(T − t)

Thus, the bond price is

Ĉ(λ̄, t, T ) = exp

{
A(t;T )−

N∑
i=1

Bi(t;T )λi

}
. (3.2.18)

The parameters for the CIR model are obtained from the solution of the ODE:
∂A(t, r;T )

∂t
−

N∑
i=1

αiβiBi(t, T )− r = 0

∂Bi(t;T )

∂t
− αiBi(t;T )− 1

2

N∑
i,j=1

Bi(t;T )Bj(t;T )σiσjρij + 1 = 0,

(3.2.19)

which is solved using the following conditions: A(T, r;T ) = 0 and Bi(T ;T ) = 0.
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For homogeneous portfolio basket derivatives, the ODE reduces to
∂A(t, r;T )

∂t
− αβB(t;T )− r = 0

∂B(t;T )

∂t
− αB(t;T )− 1

2
B2(t;T )σ2ρ+ 1 = 0,

(3.2.20)

Remark 3.1. The second part of (3.2.20) takes a Ricatti form, with solution

B(t;T ) =
2(eh(T−t) − 1)

2h+ (αβ + h)(eh(T−t) − 1)
, (3.2.21)

where h =
√

(αβ)2 + 2σ2ρ.

Furthermore,

A(t, r;T ) = A(T, r;T )−
∫ T

t

∂sA(s, r, T )ds+ r(T − t)− αβ
∫ T

t

B(s;T )ds− r(T − t)

=
−2(αβ)2[ζ(T − t) + log 4− α log eh(T−t)ζ + 2 logαβ]

ζ(αβ − h)
− r(T − t) ,

with ζ = αβ+h. Thus, we have the bond price Ĉ under the CIR model for the homogeneous

basket portfolio with parameters A(t, r;T ) and B(t;T ).

3.2.3.1 Demerits on the use of the Vasicek model for intensity process

The JSPD of default time τi is given by

P = P (τ1 > T, τ2 > T, · · · , τN > T |Ft) = er(T−t)Ĉ(λ̄, t, T ) , (3.2.22)

where Ĉ(λ̄, t, T ) is already defined in equation (3.2.18). Liang et al. (2011) defined the JSPD

function, in connection with the number of reference entities N as:

P (N) = exp

{
σ2ρKN2

2α2
− σ2(ρ− 1)KN

2α2
+ ZN

}
, (3.2.23)
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where

K = (T − t)− 3

2α
+

2e−α(T−t)

α
− e−2α(T−t)

2α
and

Z =
(β − λ(t))(1− e−α(T−t))

α
− β(T − t) .

To illustrate the demerits, consider a homogenized basket portfolio of N = 40 reference

obligors, with other parameters3 α = 0.3, β = 0.03, ρ = 0.5, λ(0) = 0.05, σ = 0.035, t =

0, T = 5. The JSPD for the portfolio under the Vasicek is given below:

Figure 3.3: Survival distribution function with respect to reference entities.

From Figure 3.3, we observed that the survival curve decreased from P (1) = 0.8255 with

an increase in the number of reference entities; attained minimum at P (20) = 0.14652, and

then went up to P (40) = 1.2068. It is also seen that the probability P (N) > 1 after N > 39.

The Vasicek model produced a negative default intensity, and as a result, the corresponding

JSPD function exceeded 1 at some points. Such characteristics makes it non-feasible to

completely model the intensity process using the Vasicek model. An exception is to place a

restriction on the use of the model, such as limiting the number of risky assets in the given

portfolio (Kijima (2000), Kijima (2000) and Liang et al. (2011)).

3These parameters are purely be assumption.
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3.3 Pricing basket credit default swaps

Consider an n2D swap which is a bilateral swap contract whose payoff is dependent on

the specified cumulative credit default event of a given portfolio of reference entities. The

reference entities mentioned here could be bonds, loans, corporations, etc. The pricing of the

above contingent claim needs the knowledge of the joint probability distribution functions

of the default times. The default leg (DL) which is the payment by the protection seller in

case of a credit event and premium leg (PL) which is paid by the protection buyer prior to

default must be calculated. Under the risk-neutral probability measure, the fair swap spread

is obtained as the ratio between the default payments and the premium payments.

Let the price of a bond with t maturity be

B(0, t) = exp

(
−
∫ t

0

f(0, x)dx

)
,

where f(0, x) is the instantaneous forward rate at initial time t = 0. Let the discrete premium

dates be 0 = t0 < t1 < t2 < · · · < tN = T and the frequency payment dates be δi = ti − ti−1

(in units of years). Furthermore, denote Sn = swap spread; τn = the time of the nth default

in the basket; n = the seniority of the basket (for instance, n = 1 means the first-to-default

basket); M =
∑N

i=1 Mi = total face value of the portfolio where Mi is the face value of the

ith entity; R =
∑N

i=1Ri = constant recovery rate where Ri is the recovery rate of the ith

entity; I{τn>t} = indicator function of the credit event; and T = maturity. If the nth asset

defaults on or before maturity, the protection seller has to pay Mi(1−Ri) to the protection

buyer at time τn or at maturity. On the other hand, suppose no default occurs, the buyer

continues to pay Snδ at time ti.

The present value for the default leg is given by

DL = M(1−R)B(0, τn)I{τn≤T} . (3.3.1)
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Taking its expectation value, we have

E[DL] = E[M(1−R)B(0, τn)I{τn≤T}]

= M(1−R)

∫ T

0

B(0, τn)dF n(t)

= M(1−R)

∫ T

0

exp

(
−
∫ t

0

f(0, x)dx

)
dF n(t)

= M(1−R)

[
B(0, T )F n(T ) +

∫ T

0

f(0, t)B(0, t)F n(t)dt

]
. (3.3.2)

The present value of the premium leg is given by

PL = SnM
N∑
i=1

δB(0, ti)I{τn>t} . (3.3.3)

Taking its expectation, we have

E[PL] =
N∑
i=1

SnMδB(0, ti)[1− F n(ti)] . (3.3.4)

Under the risk-neutral measure, the value of the fair swap spread is solved by equating the

expected value for the discounted premium leg (PL) with that of the default leg (DL) and

solving for Sn. Theorem 3.2 and Theorem 3.3 give the values of the n2D swaps in the absence

and the presence of accrued premium respectively.

Theorem 3.2. (n2D Swaps, Fathi and Nader (2007b), Choe and Jang (2011a)).

Assume that there is no accrued premium, and let F n(t) = P(τn ≤ t) is the distribution

function of the default time τn. Then, the risk neutral pricing measure for the annualized

n2D swap is given below:

Sn =
(1−R)

[
B(0, T )F n(T ) +

∫ T
0
f(0, t)B(0, t)F n(t)dt

]
∑N

i=1 δB(0, ti)[1− F n(ti)]
.

In the presence of accrued premium, suppose a credit event occurs at the commencement of

a premium period, then there will be no premium which must have accrued. Suppose the

default occurred at the end of the time period, then a complete premium payment will have

to be sorted out. But if however, any of the entities default within the two premium time
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period (ti−1, ti), then the protection buyer is under obligation to pay an extra amount of the

accrued premium of Snδ(ti−1, τi). The calculation follows the same basic convention used to

pay the other premium.

Thus, the present value of the Accrued leg due to a default in the nth premium period is

given by

AP = SnM
N∑
i=1

δ

(
τn − ti−1

ti − ti−1

)
B(0, τn)I{ti−1<τn≤ti} . (3.3.5)

Taking its expectation, we have

E[AP ] = SnM
N∑
i=1

∫ ti

ti−1

(q − ti−1)δB(0, q)Fndq . (3.3.6)

Theorem 3.3. (n2D Swaps with Accrued Premium, (Fathi and Nader 2007b)).

In the presence of accrued premium, and let F n(t) = P(τn ≤ t) is the distribution function

of the default time τn. Then, the risk neutral pricing measure for the annualized n2D swap

is given as

Sn =
(1−R)

[
B(0, T )F n(T ) +

∫ T
0
f(0, t)B(0, t)F n(t)dt

]
∑N

i=1 δB(0, ti)[1− F n(ti)] +
∑N

i=1

∫ ti
ti−1

(q − ti−1)B(0, q)Fndq
.

3.3.1 Modelling the default time

The expectation values in the pricing of an n2D basket swap are over the joint distribution

of default times, and thus, it is vital to know the joint probability distribution of the default

times of the entities in the given portfolio. This probability can be modelled via a copula

function, which connects the marginal default probability to their joint probability. Market

information relating to that entity can provide the corresponding marginal probability dis-

tribution of each of the entities (Chen and Glasserman 2008). This information is essential

in the approximation of the instantaneous intensity rate λi for each entity i, and then we

can define the probability distribution (Kijima and Muromachi 2000):

Fτi(ti) = P(τi ≤ ti) := E
[
1− exp

(
−
∫ ti

0

λi(u)du

)]
. (3.3.7)
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The corresponding probability density function fτi(ti), which can be obtained from the

derivative of Fτi(ti) exists provided that the expectation and the differentiation of the given

functions are interchangeable. According to Bartle (1976), a sufficient condition which en-

sures the existence of this interchangeability is that: For Q(ti) = 1− exp
(
−
∫ ti

0
λi(u)du

)
in

equation (3.3.7), Q(ti) and ∂
∂ti
Q(ti) are continuous in ti, E[Q(ti)] exists, and E

[
∂
∂ti
Q(ti)

]
is

uniformly convergent in ti. Thus, we have that

fτi(ti) :=
∂

∂ti
P(τi ≤ ti) := E

[
λi(t) exp

(
−
∫ ti

0

λi(u)du

)]
. (3.3.8)

Using the bond market data and CDS spread data, one can calibrate the distribution function

Fτi(t) to the market data. Thus, in the analysis of the default time modelling, the joint

distribution function is decomposed into univariate marginals and the dependency structure

of default time (as described by the suitable copula), and they are made evident in the

following theorem.

Theorem 3.4. (Sklar’s Theorem, Schönbucher (2003)).

Denote τ1, τ2, · · · , τN as random variables having marginal distribution functions Fτi and

joint distribution function Fτ1,τ2,··· ,τN . Then, there exists an N-dimensional copula function

C : [0, 1]N → [0, 1], such that ∀ τi ∈ RN , we have:

Fτ1,τ2,··· ,τN (t) = P(τ1 ≤ t1, τ2 ≤ t2, · · · , τN ≤ tN) = C(Fτ1(t1), Fτ2(t2), · · · , FτN (tN)) .

If Fτ1 , Fτ2 · · · , FτN are continuous, then C is unique. Else, C is uniquely determined on

RanFτ1×RanFτ2×· · ·×RanFτN , where RanFτi denotes the range of Fτi, for i = 1, 2, · · · , N .

Thus, the copula function C is significant in the modelling of joint default time distribution,

and it reflects the dependency amongst the default times in the pricing of BDS and CDO

tranches.

In this work, we focus on implementing the one-factor Gaussian copula given by Laurent

and Gregory (2005) and Choe and Jang (2011a). The Gaussian copula model is defined

by C(t1, · · · , tn) = ΦΣ(Φ−1(t1), · · · ,Φ−1(tn)), where Φ is the cumulative standard normal

distribution function and ΦΣ is the joint distribution function for a multivariate random

normal vector, having a covariance matrix Σ and zero mean. Define the correlated standard
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Gaussian random variables Yi as:

Yi = ρiZ +
√

1− ρ2
i εi = Φ−1

(
Fi(τi)

)
,

where Z is a common factor (systematic risk) for all the entities and εi is the error term (or

entity-specific risk). Both the random variables Z and εi are independent standard normally

distributed, so that for i 6= j, Cov(Yi, Yj) = ρ and Var(Yi) = 1. We seek to obtain the joint

probability distribution function for the correlated default times:

P(τ1 ≤ t1, τ2 ≤ t2, · · · , τN ≤ tN) = P
(
F−1

1

(
Φ(Y1)

)
≤ t1, · · · , F−1

N

(
Φ(YN) ≤ tN

))
.

Taking expectations of both sides with respect to Z, we have

EZ [P(τ1 ≤ t1, τ2 ≤ t2, · · · , τN ≤ tN)|Z] = EZ [P(F−1
1 (Φ(Y1) ≤ t1, · · · , F−1

N (Φ(YN) ≤ tN)|Z]

= EZ [P(F−1
1 (Φ(Y1) ≤ t1|Z)× · · · × P(F−1

N (Φ(YN) ≤ tN |Z)] .

Since

P(F−1
i (Φ(Yi) ≤ ti|Z) = Φ

(
Φ−1(Fi(ti))− ρiZ√

1− ρ2
i

)
,

and since the default times conditional on Z are independent, the joint probability of default

times reads

P(τ1 ≤ t1, τ2 ≤ t2, · · · , τN ≤ tN) =

∫ ∞
−∞

N∏
i=1

Φ

(
Φ−1(Fi(ti))− ρiz√

1− ρ2
i

)
ψ(z)dz .

On the other hand, the joint probability of the survival time is

P(τ1 > t1, τ2 > t2, · · · , τN > tN) =

∫ ∞
−∞

N∏
i=1

Φ

(
ρiz − Φ−1(Fi(ti))√

1− ρ2
i

)
ψ(z)dz ,

where ψ(z) = 1√
2π

e
−z2
2 denotes the standard normal density function of Z.

For the simulation of the default time, we employ the MCS method. In the numerical

experiment for section 3.4, we used the default times to calculate the expectation of each leg

by averaging over the discounted payoff for each the protection legs and premium. When the

default boundary is a deterministic function, then each of the default time τi, for random
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variables Yi can be defined as (Laurent and Gregory 2005):

τi := inf

{
t ≥ 0 :

∫ t

0

λi(q)dq ≥ − ln(Yi)

}
.

Thus, by mapping the cumulative normal distribution between the Gaussian variable Yi and

the default time τi, the default time of the reference entity i can be simulated using

τi =
− ln(1− Φ(Yi))

λi
. (3.3.9)

3.4 Parameter Analysis and Numerical Experiments

In this section, we investigate the concept of n2D basket swap pricing under both the ho-

mogeneous and the heterogeneous portfolios.

3.4.1 Heterogeneous Portfolio

This section will consider a portfolio of five corporate entities with different credit ratings

given by Standard & Poor’s as of 28-02-2017. The entities have the grades4 AAA, AA, A,

BBB and BB. For the data, we used the OAS spread bid of the entities from the periods of

30-10-2015 till 28-02-2017, monitored monthly with a dollar ($) denomination.

Table 3.1: Entities with their credit ratings

Entities Microsoft Apple Pepsi General Motors Free Port Inc.

Ratings AAA AA A BBB BB

For the parameters of the default intensities for each of the entities, we employ the Maximum

Likelihood Estimation (MLE) under the Vasicek model, using the historical bond spread

data. The MLE maximizes the log-likelihood function which spans over the given parameter

space, and this estimation process was conducted via the excel software. Let S be a random

variable having f(S; θ), as the frequency function or the probability density function of S

which is dependent on the parameters θ = {α, β, σ}. Here, we used the individual OAS

4Here, AA+ is viewed as AA; AA− as A+; A− as A; BBB+ as BBB; BBB− as BB+; and BB− as BB
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spread bids as our sample {S1, S2, · · · , Sn} where n is the number of the spread values, and

in which the log-likelihood function5 could be described as:

logL(θ;S) = log

(
n∏
i=1

f(Si; θ)

)
=

n∑
i=1

log (f(Si; θ)) .

Thus, the maximum likelihood estimator is defined below as:

θ̂ = arg max
θ

logL(θ;S) = arg max
θ

n∑
i=1

log (f(Si; θ)) .

For the CIR model, we used the explicit estimator functions of the α, β and σ parameters of

the historical N -observed market spreads (for N = 5 in this context), which are described by

Bibby et al. (2010). These estimators were obtained from the construction of an approximate

optimal estimating function which describes the CIR model.

Applying the MLE to the Vasicek model, we modelled the intensity process λi(t) for each

of the entity using equation (3.2.11), by setting the initial intensity process at time t = 0,

to be λi(0) = 0.02, and the initial parameters αi = 0.2, βi = 0.02, σi = 0.002 and swap

maturity time, T = 5 years. Table 3.2 gives the calibrated parameters, the first and second

moments6 for each of the entities using the Vasicek model, together with the default intensity

for each entity. In the CIR model, we estimated the intensity process λi(t), as well as the

corresponding parameters using equation (3.2.2), and we equally assumed a swap maturity

of t = 5 years. The first and the second moments under the CIR model which were obtained

from equation (3.2.4) and equation (3.2.5) respectively, were equally presented in Table 3.3.

5The solution of the log-likelihood function can be done either analytically or numerically. For conve-
nience, we employed the MLE – Solver Add-Inn in the Microsoft Excel to obtain the estimated parameters.

6Note that AE−a = A× 10−a.
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Table 3.2: Parameter estimation, first & second moments for N entities under the Vasicek
model

Entities i DI Parameters E[λi(t)] Var[λi(t)]

(α, β, σ)

AAA 1 42 (0.66196, 0.00263, 0.00064) 32.64413 3.08972E−3

AA 2 69 (0.95874, 0.00421, 0.00059) 43.40769 1.81528E−3

A 3 128 (0.38473, 0.00834, 0.00088) 100.43209 9.84946E−3

BBB 4 266 (0.26734, 0.01816, 0.00248) 186.43389 1.07091E−1

BB 5 1019 (0.25302, 0.06547, 0.01482) 526.37863 3.99455E0

Table 3.3: Parameter estimation, first & second moments of N entities under CIR model

Entities i DI Parameters E[λi(t)] Var[λi(t)]

(α, β, σ)

AAA 1 42 (0.67433, 0.00235, 0.00044) 29.55976 5.04947E−6

AA 2 69 (0.43228, 0.00410, 0.00022) 59.31104 4.07891E−6

A 3 128 (0.71303, 0.00766, 0.00021) 80.09132 2.57674E−6

BBB 4 266 (1.22805, 0.01566, 0.00149) 156.69350 1.42483E−4

BB 5 1019 (1.42376, 0.05759, 0.01401) 575.59562 3.96555E−2

From Tables 3.2 and 3.3, we observed that firms with higher credit ratings have lesser

default intensity (i.e., their conditional probabilities of no earlier default per year) compared

to lower-rated entities. These highly rated firms have a strong capacity of meeting up to their

financial obligations, and their corresponding low bond yield serves as a security and high

repayment probability. The lower-rated firms, on the other hand, have higher bond spreads,

and this follows from their vulnerability and a higher risk of default. We further observe that

as the entity gradually transits to a lower credit rating, the expected values of their hazard

rates increase, together with their probabilities of default7. Using a constant recovery rate

Ri = R = 40%, we obtain the average default intensity of each firm from the given historical

data, using the formula Si(1 − R)−1, where Si is the spread of each entity. This recovery

rate is a common assumption of market participants (Hull et al. 2005). The expectation

values of the hazard rates differ slightly in both the Vasicek and the CIR model, whereas

7This probability can be obtained from CDS spreads, Merton’s structural model, bond prices, or historical
data.
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huge discrepancies between their variances exist. The result is evident because in the CIR

model, the volatility parameter contains an extra
√
λi(t) term and this function reduces the

effect of the volatility change. We observed that as a fixed change in the volatility affect

the intensity rate of the CIR more than the Vasicek, thus, leading to a smaller variance, as

shown in Table 3.3.

Furthermore, when the portfolio of the 5 entities are observed, the marginal survival distri-

bution is smooth and strictly decreasing. These survival functions give the probability that

the portfolio will attain at a specific time, and using equation (3.2.12), their JSPD values

are shown in Table 3.4:

Table 3.4: JSPD of the entities in Table 3.1 with different maturity time

T 1 2 3 4 5 6 7 8 9

JSPD 0.91022 0.83490 0.76703 0.70416 0.64547 0.59071 0.53978 0.49261 0.44909

In Table 3.5, we output the values of the estimated hazard rates, survival probabilities,

break-even swap spreads and the weighted-portfolio values of the given entities using both

the Vasicek and the CIR model. We assumed that the portfolio is equal-weighted, that is,

Vp =
∑N

i=1 xiSi, where Vp is the portfolio value, Si is the spread of each ith entity, and

x1 = x2 = · · · = xN are the equal weights, with N = 5. For the hazard rates of each entity,

we used the Euler-Maruyama scheme which discretizes the CIR and the Vasicek models given

in equations (3.2.2) and (3.2.11) into the following equations respectively:

λi(t+ dt) = λi(t) + αi(βi − λi(t))∆t+ σi
√

∆t|λi(t)|εi and (3.4.1)

λi(t+ dt) = λi(t) + αi(βi − λi(t))∆t+ σi
√

∆tεi , (3.4.2)

where εi ∼ N (0, 1) and i = 1, · · · , 5. In the estimation of the hazard rates λi(t), we

considered the zero initial hazard rate, time T = 5 years, K = 1000 time points such that

∆t = T
K

time steps. The estimated parameters αi, βi and σi explicitly given in Table 3.2

(Vasicek model) and Table 3.3 (CIR model) were equally incorporated in equations (3.4.2)

and (3.4.1) respectively.
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Table 3.5: Spread and portfolio values using the Vasicek and the CIR intensity-based models

Model Entity Hazard Rates Survival Probability Swap Spreads Portfolio Value (Vp)

Vasicek

AAA 0.00176 0.96198 47.09089

AA 0.00356 0.92683 92.79046

A 0.00616 0.88097 155.02713 351.41831

BBB 0.01340 0.76706 325.54832

BB 0.05081 0.39897 1136.63477

CIR

AAA 0.00168 0.96396 44.76380

AA 0.00243 0.94803 65.10054

A 0.00557 0.89.80 141.44050 333.00992

BBB 0.01305 0.77250 316.85286

BB 0.04886 0.41219 1096.89188

From Table 3.5, we observed that the hazard rates increased drastically as the higher-rated

firms transcend to lower-rated firms, and these characteristics, in turn, led to larger spread

values. The survival probabilities which measure the likelihood of the firms not to experience

any prescribed credit event equally reduced as the firms get downgraded to lower-rated

entities. For the computation of the default times, we utilized the one-factor Gaussian

copula model together with the Monte-Carlo method. Random samples were drawn from

the multivariate normal distribution with the incorporation of the entities’ correlation matrix

(Table 3.6), which was calculated using Kendall’s tau correlation method. Finally, the default

times were estimated using equation (3.3.9).

Table 3.6: Correlation coefficient of entities using Kendall’s tau method

Correlation (ρ) AAA AA A BBB BB

AAA 1.00000 0.42647 0.08824 -0.04412 -0.20588

AA 0.42647 1.00000 0.45588 0.32353 -0.07353

A 0.08824 0.45588 1.00000 0.66177 0.38235

BBB -0.04412 0.32353 0.66177 1.00000 0.60294

BB -0.20588 -0.07353 0.38235 0.60294 1.00000

Furthermore, from Table 3.5, it was shown that the combination of the higher hazard rates

and lower survival probabilities gave rise to the larger probability of default, which in turn,
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resulted to larger spreads. Other parameters which were assumed in computing the swap

spreads includes: r = 0.05, R = 0.4, frequency of payment δ = 0.5, 500000 Monte-Carlo

simulated points, N = 5 and T = 5. Generally, we estimated the hazard rates of the firms and

priced the corresponding basket swaps using both the Vasicek and the CIR models. Results

from the model comparison showed that the CIR model outperformed the Vasicek model

in the pricing problem, even though the discrepancies are not significantly well-pronounced.

This is because the values obtained from the CIR model are relatively close to the observed

market spread depicted by “DI” in Tables 3.2 and 3.3 above. Graphically, the error estimates

are shown in Figure 3.4 below:

Figure 3.4: Swap spreads of entities modelled using stochastic hazard rates

3.4.2 Homogeneous Portfolio

Consider the valuation of the basket default swap for a homogeneous portfolio of N = 10

entities. They have the same notional value M , recovery rate R = 0.5. The maturity of

the swap is T = 5 years, the payment frequency is δ = 0.25 (quarterly payment), r=0.04,

λ = 0.07 and ρ = 0.45. With 10000 number of simulations, we estimate the values for the

default leg, premium leg and accrued premium leg for different nth basket or rank of the

default protection, by using the formulas in equations (3.3.2), (3.3.4) and (3.3.6) respectively.

The results are displayed in Table 3.7 below.
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Table 3.7: Default leg, premium leg, and accrued premium values for increasing rank of the
default protection

Rank Default leg Premium leg Accrued premium leg

1 0.36126 2.14996 0.08695

2 0.27968 2.92183 0.07028

3 0.21665 3.40114 0.05442

4 0.16368 3.73715 0.04011

5 0.12217 3.96857 0.03058

6 0.08657 4.14992 0.02157

7 0.05925 4.27591 0.01476

8 0.03720 4.37210 0.00953

9 0.01951 4.44181 0.00496

10 0.00721 4.44864 0.00188

Table 3.7 shows that as the rank level (n = 1 for F2D, n = 2 for S2D, etc.) increases,

the default leg and the accrued premium legs decrease, whereas, the premium leg increases.

This result, in turn, leads to a decrease in the value of the n2D basket spread and the lower

the rank level, the less risky. The accrued premium is a fraction of the premium which has

accrued starting from the date the previous payment was made, till the time when a default

occurs. It is the smallest in comparison with the other legs, and its effect can be ignored since

it is very insignificant. Considering the same 10 entities-portfolio, the probability of having

a fewer number of entities to default is more than having many entities to default. The

protection seller experiences loss when there is more than one default. Thus, the payment

from the default leg in case of a default reduces as the number of entities to default increases.

Furthermore, since the probability of default decreases as the rank level increases, and since

there is less likelihood for many entities to default in the portfolio, the protection buyer has

to pay more premium at regular intervals.

Table 3.8 below considers the same parameters as in Table 3.7, but we vary and increase

the hazard rate (λ) and the default correlation (ρ) for the valuations of the first to fourth-

default swap. Here, we considered the case where the accrued premium was paid, and using

the Theorem 3.3, we output the following values displayed in Table 3.8 below:
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Table 3.8: Effects of default intensities and default correlations on basket default swap prices

F2D

λ / ρ 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99

0.01 487 453 416 367 324 289 258 216 172 129 66

0.02 1008 879 770 675 588 512 427 354 295 220 133

0.03 1517 1306 1115 973 831 729 620 530 409 310 193

0.04 2003 1738 1474 1273 1100 944 780 663 540 423 260

0.05 2519 2119 1781 1564 1312 1126 956 794 636 498 318

S2D

λ / ρ 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99

0.01 86 100 111 119 124 120 110 107 97 84 61

0.02 275 281 263 262 259 254 226 219 192 169 120

0.03 494 467 461 418 407 376 342 316 273 245 183

0.04 743 684 636 595 551 505 458 419 376 310 236

0.05 1002 897 822 762 683 615 564 521 467 387 298

T2D

λ / ρ 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99

0.01 11 22 36 45 54 61 70 71 75 64 62

0.02 59 92 108 127 139 143 148 145 148 139 117

0.03 154 194 217 224 226 241 233 224 216 200 174

0.04 277 310 326 321 325 333 325 310 295 267 229

0.05 421 433 439 440 434 425 401 396 378 368 264

Fo2D

λ / ρ 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99

0.01 1 5 10 20 28 33 42 45 52 55 51

0.02 9 27 42 57 79 84 96 107 110 117 106

0.03 39 66 95 115 132 148 153 169 175 178 156

0.04 88 127 163 181 199 216 225 231 237 228 208

0.05 164 204 235 259 281 285 289 292 294 288 266
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Table 3.8 gives the valuations of the premium prices for the F2D, second-to-default (S2D),

third-to-default (T2D), and fourth-to-default (Fo2D) values, together with the effects of the

default correlations and hazard rate. The prices for the S2D and T2D swaps are generally

lesser compared to the F2D swaps, and Fo2D swaps are the cheapest among the others

because the payoff is paid when the entity defaults four times, notwithstanding prior defaults.

The protection buyer is entitled to a net loss on the entity which has defaulted, and not on

the cumulative loss. The hazard rate is a significant factor in the pricing of n2D swaps.

A positive correlation exists between the hazard rate and the premium, with every other

parameter kept constant, and this evident in the following relation S = λ(1 − R), for a

constant recovery rate R. For example, when λ = 0.02 for an F2D swap, the swap spread

becomes 1008 basis point(bp), but the spread increases to 2519 bp when the hazard rate

increases to 0.05. Furthermore, we observe that the intensity for the probability of default

is entirely dependent on the hazard rate value. Thus, from the perspective of the protection

seller, lesser spread has lower default probability and more likelihood to offset its debt.

A negative correlation exists between the BDS spread values (in this case, F2D) and the

default correlation, as the spread decreases with an increase in the default correlation. Lower

default correlation implies that fewer losses are more likely to occur, and this strengthens

the effects of risk diversification, thereby lowering the BDS spreads8. The more entities stay

correlated, the higher the chances of the portfolio to exhibit characteristics of a single-named

entity. Furthermore, zero correlation implies no relationship among the portfolio entities and

selling protection on non-correlated entities (for F2D swaps) is the same as selling individual

credit protections; thus; this accounts for their large spread. Hence, investors seeking to

achieve the highest swap premium should sell protection on a portfolio of entities with low

correlation or zero correlation, like over a portfolio of many unrelated industries.

As we gradually move away from the valuation of the F2D swaps, we noticed that mono-

tonicity is no longer applicable. The result is evident from Table 3.8 because for a fixed

hazard rate and increasing default correlation, the spread values started to fluctuate; that

is, increasing and decreasing at some points. For example: consider the S2D swap, where

λ ≥ 0.03 in Table 3.8, we notice a consistent decrease in the spread value as the default

correlation increases. But the reverse is the case for lower hazard rate λ < 0.03. Also, we

observe the non-linearity of the BDS spread for a fixed correlation in the valuation of the

T2D and Fo2D swaps. The primary reason behind this phenomena was given explicitly by

8This might be different for a portfolio which consists of sufficiently large entities, or when higher-order
swaps are considered.
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Jabbour et al. (2009).

3.5 Conclusion

Basket default swaps are financial credit derivatives which are linked to an underlying basket

of entities, bonds, loans or assets. The pricing is dependent on the joint distribution of

the corresponding default times of the entities in question. We modelled the dependency

structure of the default time, defined under the one-factor Gaussian copula method, with the

Monte-Carlo method. Furthermore, this work focused on the valuation of n2D swaps, which

are based on homogeneous and heterogeneous portfolios of entities. Under the stochastic

intensity models, we modelled the hazard rate and estimated the model parameters of five

corporate entities, having different credit ratings. We further obtained the JSPD of the same

entities, and we observed that an increase in the maturity time T leads to a decrease in the

survival probability. We also considered and estimated the survival probabilities, the swap

spreads and the equal-weighted portfolio values defined within the frameworks of the Vasicek

and the CIR model. Results obtained showed that the CIR is more applicable in modelling

the hazard rate process, and this, in turn, led to more efficient pricing of the basket swaps,

as compared to the Vasicek counterpart.

Hedging portfolio credit derivatives involve an appropriate calculation of the sensitivities

of the swap value with respect to the associated parameters. Thus, this work conducted a

sensitivity analysis for the prices of the n2D basket, in connection to the rank of the default

protection, the intensity rate and the default correlation. We observed that the value of the

n2D swaps behaves differently with regards to changes in the intensity rate and the default

correlation, as the rank of default protection increases. Finally, we observed that investors

that want to trade F2D swaps with highest swap premium should sell protections on entities

with low correlations.



4. Elliptical and Archimedean copula

models: An Application to the Price

Estimation of Portfolio Credit

Derivatives

This chapter has been submitted and accepted to be published by Risk Journals (submission

ID: MS 2025) as

Umeorah N., Mashele P. & Ehrhardt M. (2020). Elliptical and Archimedean copula models:

an application to the price estimation of portfolio credit derivatives.

60



Page 61

Abstract

This work explores the impact of elliptical and Archimedean copula models on the valuation

of the basket default swaps. To achieve this aim, we employ the Monte-Carlo simulation, in

connection with the copula models, to estimate the default times, and to calculate the swap

payment legs and the cumulative swap premium. The numerical experiments also reveal

some sensitivity analysis on the impact of swap parameters on the fair prices of the nth-

to-default swaps. Finally, from the results presented, an appropriate choice of the copula

model can be made based on the computation time of the valuation process, and such choice

hugely affects the quantitative risk analysis of the portfolio.

Keywords

Copulas, Elliptical Copulas, Archimedean Copulas, Basket Default Swaps, Monte-Carlo Sim-

ulations, Default Times, Sensitivity Analysis.



Section 4.1. Introduction Page 62

4.1 Introduction

Portfolio credit derivatives (PCD) are financial instruments whose payoffs are dependent

on the default times evident in a given portfolio of defaultable or risky assets, and these

instruments include the Collateralized Debt Obligations (CDOs) and the Basket Credit De-

fault Swaps (BCDS). The payoffs are normally due to credit events, such as restructuring,

downgrade, bankruptcy, or any situation which affects the creditworthiness of an entity,

in a portfolio of several entities. Depending on the seniority or the rank of the default

protection, BCDS can be classified into first-to-default (F2D), second-to-default (S2D), or

generally, the nth-to-default (n2D) basket swaps. Investors that trade the BCDS encounter

correlation risk, or the likelihood of simultaneous defaults in the basket of entities, and these

credit securities help in the transfer of credit risks amongst the participants, as well as in

hedging and speculation (Umeorah, Ehrhardt and Mashele 2019). Their prices are depen-

dent on the default correlations of the entities in the portfolio. Furthermore, the valuation

of these credit derivatives entails the knowledge of the joint distribution of the default times,

which poses a problem during the modelling, but the introduction of copulas had made it

feasible.

This research work is prompted by the interplay of various copula models and the default

time modelling with regards to their tangible applications in PCD valuations. It is vital

to have substantial knowledge of the effects of different copula modelling to the pricing of

the BCDS. Hence, our objectives in this research include conducting a comparative study

on the pricing of BCDS, investigating the impact of modelling the default time parameter

using both elliptical and Archimedean copula methods, as well as recommending a proper

choice of copula models in BCDS pricing. This study will model default times using the five

copula models listed in the introductory part of this work. The key to the choice of these

copula models lies on their familiarities, simplicities and their widespread usage in terms of

modelling defaults and incorporating them to the pricing mechanics of BCDS.

Under the elliptical copulas, the Gaussian model was chosen because of its analytical tractabil-

ity, as well as its easy calibration benefit. The Gaussian copula focuses more on the mul-

tivariate normal distribution in the analysis of credit risks, and during financial crises, it

fails to take into consideration the default clustering. Most corporate entities defaults often

happen in clusters, and one entity defaulting increases typically the likelihood of the other

defaulting within a short time frame. Hence, our incorporation of other alternative copulas

with the tail dependency structures, like the student t-copula. This property is essential
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for risk management because the student t-copula tends to the Gaussian as their degrees of

freedom increases. The Frank, Clayton, and the Gumbel are prominent copula models in

the Archimedean family, with the Clayton and Gumbel modelling extreme lower and upper

dependences respectively. The Frank copula, on the other hand, are symmetric and can

permit a maximum interval of dependency. Thus, these copulas were chosen for illustrative

purposes.

To ensure clarity and simplicity in the comparative study, we will consider a homogeneous

basket, and further assume that the pricing parameters such as the hazard rate, concordance

measures (ρ and θ), time to expiration, etc., are all kept constant irrespective of the copula

models employed. The main results of the study will feature some numerical experiments,

in accordance with the same Kendall’s tau (τ) concordance structure in the estimation of

the n2D swaps prices. We will equally apply the concept of ordered statistic employed by

Choe and Jang (2011a), to numerically compute the corresponding payment legs associated

with the swap pricing. Some findings on the estimation of the n2D swaps prices based

on the Monte-Carlo methods will be presented, together with some comparative sensitivity

studies with regards to the default swap parameters. Finally, inference will be made on the

appropriate choice of the copula model from their computation time.

The remaining structure of this study is as follows: Section 4.2 will present some related

literature studies on the pricing techniques of basket credit derivatives. Section 4.3 describes

the structure of the model, which is the copula model and highlights its applicability in the

derivatives pricing. Section 4.4 introduces the concept of the valuation of BCDS, explains

how default time can be modelled via different copula methods and outlines how the swap

premium can be obtained. It further introduces the payment legs associated with swap

spread, and then discussed the Monte-Carlo method, as the simulation technique employed

in the research. Section 4.5 focuses on results obtained in the numerical experiments of the

BCDS pricing, some sensitivity analysis on the default swap spreads and the tabulating of

the CPU time for the whole pricing process. Section 4.6 concludes our research study.

4.2 Literature Study

In the analysis of financial, economic and insurance risks, the concept of quantifying depen-

dence has been a significant issue, and this sparked the interest of developing copula models.

With regards to their significance, Peng and Qi (2017) stated that the copula models and
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their corresponding survival copula models had been recommended in Basel III and Solvency

II, for both the banking sectors and the insurance industries, respectively. Patton (2012)

further explained that copula models had been employed in the field of risk management; to

effectively value derivatives contracts such as the CDS and the CDOs; in portfolio decision

problems which involves utility maximization; as well as in other financial and economic time

series. To ensure efficient and effective risk management profile, Kolev et al. (2006) noted

that the concept of extreme value techniques needs to be introduced, with much emphasis

on the tail dependency copula models. The authors further explained that ignoring such de-

pendency effects could possibly lead to the underestimation of suitable risk measures. Other

intensive review on the copula models, their key characteristics and their implementations

can be found in Venter (2002), Charpentier (2003) and Kolev et al. (2006).

Copulas have equally been introduced to mitigate the inconsistencies, inefficiencies and the

computational costliness of the widespread structural models, as well as the reduced form

models, which are typically employed in the valuation of multi-name PCD. The default cor-

relation factor, which is a crucial parameter in the PCD modelling, has motivated market

participants to model credit events using the factor copula techniques. This default corre-

lation estimates the likelihood of two entities to experience a simultaneous default. In the

financial and insurance sector, copula models have been fully utilized in ensuring efficient

and flexible modelling of dependence structures. There are lots of copula models, but not

all of them are applicable in modelling PCDs. As one significant drawback, Watts (2016)

explained that for independent variables with a correlation of +1 or -1, the corresponding

copula used to model the variables are inherently inappropriate for real-life applications.

An increased amount of research has been channelled to the valuation of financial credit

derivatives, primarily the CDOs and the BCDS, in the field of copula models. The first

implementation of copula functions in the modelling of financial credit derivatives was inves-

tigated by Li (2000), who used the market prices of CDS to model the default dependency

structures. Practically, he focused on pricing the CDS and the F2D swaps using the Gaus-

sian copula model. Fathi and Nader (2007b) further focused on the impact of dependency

structure and the choice of simulation methodology to value the n2D swap and CDO. Mashal

and Naldi (2002) considered the n2D and the CDOs pricing using a hybrid of the structural

and the reduced form techniques as default models. They further studied the student-t

copula, which is a class of elliptical copulas with larger tail dependency structure. In the

presence of stochastic recovery rates, the student-t copula has been employed by Goegebeur

et al. (2007) in the modelling of default time dependencies and thus, they applied the con-
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cept to the valuation of the synthetic CDOs. Hull and White (2004) and Andersen et al.

(2003) both developed analytical methodologies which are based on copula functions, to

value credit derivatives. The former incorporated a recursion method to value n2D swaps,

and the latter introduced an improved recursion-based technique which derives the portfolio

loss distribution.

Furthermore, Choe and Jang (2011b) proposed an importance sampling algorithm, in con-

nection with the nested Gumbel copula and the exchangeable Archimedean copulas, to value

the BDS. To achieve this, they established a multi-level dependence structure using nested

copulas to model the credit risks of a portfolio which consists of sub-portfolios. Importance

sampling techniques were also employed by Schröter and Heider (2013b) to quantify the

credit model risk of a given portfolio, and they further presented an analytical formula to

value the n2D swaps (Schröter and Heider 2013a). Burtschell et al. (2005) compared dif-

ferent copula functions such as, Gaussian, student-t, double-t, Clayton and Marshall-Olkin

copulas, to model the structure of the joint default of default times which is based on the

factor model. They compared the concept of semi-analytical pricing to the approximation

techniques associated with large portfolio securities and subsequently estimated the premi-

ums of the BCDS and CDOs. However, the appropriate choice of the copula model remains

an unavoidable question in financial modelling, as Durrleman et al. (2000) presented few

methodologies for the right choice within the family of the Archimedean copulas. In each

family, they considered the parametric estimation, like the maximum likelihood, information

matrix systems, dependence measures for the parametric families; together with the non-

parametric estimation, which are all rooted on the empirical copula models, and they further

proposed appropriate selection criteria for the optimal copula.

4.3 Model Structure

In this section, we introduce the Gaussian copula, the student-t copula, Archimedean (Clay-

ton, Gumbel and Frank) copula, as well as describe their effects in analysing the tail depen-

dency structures of random variables. The tail dependency is noteworthy because they are

significant factors in measuring the probability of simultaneous extreme losses, specifying

the quantity of joint dependency in the tails of their distribution functions, and ignoring

them will underestimate the default risk premium (Naifar 2011).
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4.3.1 Introduction to Copula Models

A copula function essentially joins the univariate distributions and thus, generates multi-

variate distribution functions (Trivedi and Zimmer 2007). A crucial mathematical theory

in connection with the copula models is the Sklar’s theorem, which essentially explains that

any multivariate probability distribution functions can be disintegrated into the components

of a copula and its univariate margins. Conversely, a combination of some given margins

together with a corresponding copula can be integrated back into a multivariate distribution

(Rüschendorf 2013). A consequence of this is that copulas enable multivariate distribution

to be expressed in form of their marginal distributions, and it has contributed immensely in

capturing correlation structures.

4.3.1.1 Elliptical copula

Definition 4.1. (Elliptical copula, Elouerkhaoui (2017)).

A d-variate family of copula is referred to as elliptical if it is written in the form

C(v1, v2, . . . , vd; Σ) = Ψd
Σ

(
Ψ−1(v1),Ψ−1(v2), . . . ,Ψ−1(vd)

)
,

where Ψd
Σ is a d-dimensional multivariate ζ distribution with Σ as the correlation matrix;

and Ψ−1 denotes an inverse of the univariate ζ distribution. The distribution ζ corresponds

to either standard normal distribution or the Student-t distribution (tβ), having β degrees of

freedom (df). The elliptical copulas are also known as inversion-method copulas.

Gaussian copula: Figure 4.1 depicts 5000 random numbers which were simulated using

the Gaussian copula model with 0.8 correlation. For any correlation parameter, the tail

dependency is zero (Scherer and Mai 2017, p. 176), as can be observed in the zoomed part

of the corresponding Figure 4.1.

By definition, the Gaussian copula is given as

CΣ
ρ (v) =

1

2π
√
|Σ|

∫ Φ−1(v1)

−∞

∫ Φ−1(v2)

−∞

(
−x

2
1 − 2ρx1x2 + x2

2

2|Σ|

)
dx ,

where v = (v1, v2), x = (x1, x2), ρ ∈ (−1, 1) refers to the correlation parameter in the 2× 2
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matrix Σ, and then, Φ−1 refers to the inverse of a univariate standard normal distribution

(Trivedi and Zimmer (2007), O’Kane (2011)).

Figure 4.1: Gaussian random variables with tail structure

Student-t copula: Figure 4.2 depicts 5000 random numbers which were simulated using

the Student-t copula model with 0.8 correlation and 1 degree of freedom. It equally outputs

the structure of the tails at both ends. Thus, the upper and lower tail dependency are

symmetric, given by 2tβ+1

(
−
√

(β + 1)
(

1−ρ
1+ρ

))
, as can be seen in the corresponding figure

below.

Figure 4.2: Student-t random variables with tail structure
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By definition, the student-t copula is given as

CΣ
ρ,β(v) =

1

2π
√
|Σ|

∫ t−1
β (v1)

−∞

∫ t−1
β (v2)

−∞

(
1 +

x2
1 − 2ρx1x2 + x2

2

β|Σ|

)−β+2
2

dx ,

where v = (v1, v2), x = (x1, x2), ρ ∈ (−1, 1) is the correlation parameter in the 2× 2 matrix

Σ, and t−1
β is the inverse of a univariate tβ with β df (Trivedi and Zimmer (2007), O’Kane

(2011)).

4.3.1.2 Archimedean copula

Definition 4.2. (Archimedean copula, O’Kane (2011)).

A d-variate copula is said to be in the Archimedean family if it is written in the form

C(u1, u2, · · · , ud) = ψ−1
(
ψ(u1) + ψ(u2) + · · ·+ ψ(ud)

)
,

having ψ(x) as the generator of the copula function, satisfying the following conditions:

ψ(0) =∞ and ψ(1) = 0; the inverse function ψ−1(x) corresponds to a probability, such that

ψ−1 : [0,∞)→ [0, 1]; and the function ψ(x) is convex and decreasing, such that x ∈ [0,∞).

Clayton copula: Figure 4.3 depicts 5000 random numbers which were simulated using the

Clayton copula model with θ = 2.8820 dependence parameter. Clayton copula is known

for its strong dependency at its lower tails, as can be seen in the zoomed part of the corre-

sponding figure. Thus, the upper and the lower tail dependencies are λU = 0 and λL = 2−
1
θ

respectively. The Clayton model is beneficial for modelling data points, which are strongly

correlated at the lower values and weakly correlated at the upper values.
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Figure 4.3: Clayton random variables with tail structure

Denote the generator function as ψ(c) = θ−1(c−θ − 1), where θ ∈ [−1,∞) \ {0}, then the

bivariate Clayton copula is defined as

Cθ(v1, v2) = max{[v−θ1 + v−θ2 − 1]−
1
θ , 0} ;

and for θ > 0, we have

Cθ(v1, v2) = [v−θ1 + v−θ2 − 1]−
1
θ .

Gumbel copula: Figure 4.4 depicts 5000 random numbers which were simulated using

the Gumbel copula model with θ = 2.4410 dependence parameter. The figure also shows

the strong correlation and dependency evident in the upper tails, which are apparent in the

enlarged section of the graph. Thus, the upper tail dependency and lower tail dependency are

given as λU = 2− 2
1
θ and λL = 0 respectively. The Gumbel model is beneficial for modelling

data points, which are strongly correlated at the upper values and weakly correlated at the

lower values.



Section 4.3. Model Structure Page 70

Figure 4.4: Gumbel random variables with tail structure

Denote the generator function as ψ(c) = (− log c)θ, where θ ≥ 1, then the bivariate Gumbel

copula is defined as

Cθ(v1, v2) = exp{−[(− log v1)θ + (− log v2)θ]
1
θ }, for θ > 0.

Frank copula: Figure 4.5 depicts 5000 random numbers which were simulated using the

Frank copula model with θ = 7.6762 dependence parameter. The figure also shows the

structure of the tail dependency of these random variables modelled via the Frank copula,

and this is much evident in the zoomed part of the figure. Thus, the upper and lower tail

dependencies are zero, and hence, they are the only strict Archimedean copula with the

so-called radial symmetry (Embrechts et al. 2001). For further details on Frank copula as

radially symmetric we refer the reader to (Genest and Nešlehová 2014).

Figure 4.5: Frank random variables with tail structure
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Denote the generator function as ψ(c) = − log[(e−θc − 1)(e−θ − 1)−1], where θ ∈ R \ {0},
then the bivariate Frank copula is given as

Cθ(v1, v2) = −1

θ
log

(
1 +

(e−θv1 − 1)(e−θv2 − 1)

(e−θ − 1)

)
.

4.3.1.3 Concordance structures

The measures of dependency, such as the Kendall’s τ, the Spearman’s rho, and the tail

dependence coefficients are all bivariate concordance measures which are copula-based (Aas

2004). We employed the Kendall’s τ concordance measure to describe the correlation among

the portfolio entities, and this is because they are flexible for non-linear correlations. The

Kendall’s τ and their corresponding domains are given in Table 4.1, and the parameter ρ

for both the Gaussian and the Student-t copulas are the correlation coefficients. The θ

parameter in the models influences the dependency structures, as an increase in θ results to

the increment of the dependence. Furthermore, it is possible to have the same concordance

measure for different copula models, and subsequently different n2D basket prices. In all the

numerical results of this study, we used the Kendall’s τ concept to estimate the θ-parameters

of the Archimedean copulas, which in turn, are employed in valuing the n2D swaps.

Table 4.1: Scherer and Mai (2017), Vose (2008): Concordance structure of different copula
models

S/N Copula type (elliptical) τ = g(ρ) Domain τ ∈ Ω

1 Gaussian 2
π

sin−1(ρ) [−1, 1]

2 Student-t 2
π

sin−1(ρ) [−1, 1]

Copula type (Archimedean) τ = g(θ) Domain τ ∈ Ω

3 Clayton θ
θ+2

(0, 1]

4 Gumbel 1− 1
θ

[0, 1]

5 Frank 1− 4
θ

(
1− 1

θ

∫ θ
0

q
eq−1

dq
)

[−1, 1] \ {0}

Table 4.1, via the Kendall’s τ can also be used to express the relation between the ρ-parameter
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of the elliptical copula and the θ-parameter of the Archimedean copula models. Below, we

provide the equivalent expressions:

ρ = sin

(
πθ

2θ + 4

)
; ρ = sin

(
π(θ − 1)

2θ

)
; and ρ = sin

(
π

2
− 2π

θ2

∫ θ

0

q

eq − 1
dq +

2π

θ

)
,

for the Clayton, Gumbel and the Frank copula respectively. Having the ρ-parameter, one

can solve for the parameters of the corresponding Archimedean copula. Thus, for ρ = 0.35,

we have θ = 0.5895 (Clayton), θ = 1.2947 (Gumbel) and θ = 2.1393 (Frank).

4.4 Pricing Basket Credit Default Swaps

This section will introduce and discuss the concept of the BCDS and default time modelling,

as well as the Monte-Carlo methods used in the result section of this study.

4.4.1 Basket Credit Default Swaps

Basket default swap is a financial derivative contract existing between the protection buyer

and the seller which promises a payoff in the case a credit default happens among the given

portfolio of entities. This contractual agreement ensures the transfer of credit exposure of

securities from one person to another. A periodic payment (spread) is made at specified

regular intervals to the protection seller till a credit event occurs, or till the contract’s

expiration. Basket default swaps are generally classified into all-to-default, n2D, and n-

out-of-m-to-default. This study will focus on n2D basket swaps. The intuition behind the

construction of BCDS can be linked with the approach of redistributing the financial credit

risk of a basket of CDS. The mechanism of both CDS and BCDS are essentially the same,

but the difference lies in the trigger of the credit event. Consider for example the F2D

swaps, a contingent payment made by the protection seller to the buyer, which is triggered

only when a basket of underlying credit experiences a first credit event, and in this way, the

buyer is only protected against the first default.

In the valuation of the spread for the BCDS, defined in a given homogeneous portfolio, the

following notations will be used: The portfolio consists ofN number of reference entities, with

A as the notional value of the contract. Let the time to maturity of the contract be T = tk,

with current time t0 = 0, and define the deterministic discount factor by f(t) = e−r(t−t0), with
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r as the risk-free interest rate. R = R(j), for j = 1, 2, . . . , N is the homogenized recovery rate,

and the rank of the swap or the seniority level is defined by n, such that upon nth default

at time τ(n) with τ(1) < · · · , < τ(n) < · · · < τ(N), a default payment will be received by the

protection buyer. Let DL be the default leg, which is the payment made by the protection

seller in case of a default. This payment leg is calculated by the difference between the

default payment (DP) and the accrued premium AP1. The frequency of the payment dates2,

payable in units of years is denoted by ∆ = ti − ti−1, where i = 1, 2, . . . , N , and the time

interval in which the nth default happened in the case of AP is given by S = ti−1 < τ(n) ≤ ti.

Furthermore, let PL be the premium leg which involves the series of cash flows paid by the

protection buyer until maturity or before maturity, in the case of a credit event, and finally

define γ(n) as the fair price of the n2D swap.

Hence, according to Galiani (2003), the fair price under the risk-neutral pricing measure of

the n2D swap is calculated by solving for γ(n) in the expression E[DL]=E[PL].

The present value and the expected present value for the PL are given respectively by:

PL = γ(n)A
N∑
i=1

∆f(ti)1{τ(n)>ti} and E[PL] =
N∑
i=1

γ(n)A∆f(ti)[1− F(n)(ti)] .

The present value and the expected present value for the DP are given respectively by:

DP = A
N∑
j=1

(1−R)f(τ(n))1{τ(n)≤T} and E[DP] = A
N∑
j=1

(1−R)

∫ >
0

f(t)F nth=j
(n) dt .

The present value and the expected present value for the AP are given respectively by:

AP =
N∑
i=1

Aγ(n)

(
τ(n) − ti−1

)
f(τ(n))1{S} and E[AP] =

N∑
i=1

Aγ(n)

∫ ti

ti−1

(a− ti−1)f(a)F(n)(da) .

Under the assumptions that credit events occur at discrete dates and the outstanding debts

resulting from the DP are cleared promptly upon default, then Theorem 4.3 below gives the

price of the n2D swap premium:

Theorem 4.3. (Galiani (2003), Fathi and Nader (2007b), Choe and Jang (2011a)).

1The accrued premium is payable from the last date the payment was made prior to default, till the time
τ(n) of the nth default.

2The frequency ∆ = 1 corresponds to an annual frequency, ∆ = 1
2 for semi-annual frequency payment,

etc, assuming we are considering a 30
360 day count convention.
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The risk neutral pricing measure for the fair price of the annualized n2D swap, in the presence

of accrued premium, is given below:

γ(n) =

∑N
j=1(1−R)

∫ >
0
f(t)F nth=j

(n) dt∑N
i=1 ∆f(ti)[1− F(n)(ti)] +

∑N
i=1

∫ ti
ti−1

(a− ti−1)f(a)F(n)(da)
,

where F(n)(t) = P(τ(n) ≤ t) is the cumulative distribution function (CDF) of τ(n), and

F nth=j
(n) (t) is the CDF of the nth basket of default times which is relative to the jth default.

It is, however, pertinent to model the probabilities of these default times, and the next

subsection will introduce the various concepts of copula models in the generation of the

default times.

4.4.2 Default Time Modelling

In pricing portfolio derivatives, copulas are essential tools in modelling entities defaults,

which in turn facilitates the BCDS valuation. Define (Ω,F ,P) denotes the given probability

space, where Ω is the sample space of all feasible events defined in a horizon of finite time,

F is the σ-algebra consisting of a set of events, and P is the probability measure, which

under the no-arbitrage principle, becomes risk-neutral (Bielecki et al. 2007). Assume that

τi, the default time, is the time at which each entity i experiences a credit event. Let Fi(t)

be the risk-neutral cumulative probability distribution that each i entity will default before

a given time t, that is, Fi(t) = P(τi ≤ t), and let Si(t) = 1−Fi(t) = P(τi > t) be the survival

probability of the ith entity. According to Kijima (2000), the CDF of default times is given

by:

Fi(t) := P(τi ≤ t) = 1− e−
∫ t
0 λi(u)du ,

where λi is the instantaneous intensity rate for each entity. Laurent and Gregory (2005)

simulated the default time of each reference entities by using the following expression:

τi = − 1

λi
ln(1−Xi) , (4.4.1)

where Xi arises from the corresponding copula model. We refer to Appendix A for the series

of algorithm employed in modelling the default time. First, Li (2000) considered the case of

the Gaussian copula, and he noted that the survival probability or the default probability

can be employed to estimate the default times, provided that the copulas are symmetric
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(Gaussian and student t). Furthermore, the default times for the Gaussian copula model

are calculated as follows:

τi = F−1
i

(
Φ(si)

)
,

where Φ is defined as the cumulative distribution function of a standard Gaussian random

variable si, which in turn, is given by si = ρiV +
√

1− ρ2
i ηi. The correlation term ρi ∈ [−1, 1],

and the independent random variables V and ηi are the single common factor and the error

term respectively, which are obtained from the standard Gaussian distribution.

The corresponding default time for the student-t copula model, alternatively, follows a

dual-factor copula model, and it is given by (Bastide et al. 2008)

τi = F−1
i

(
tβ(si)

)
,

where tβ is the CDF of a student random variables si, which in turn, is given by si =
√
V2(ρiV1 +

√
1− ρ2

i ηi), having β degrees of freedom. The factors V1 and V2 are independent

random variables, together with the error term ηi. The variable V1 follows a normal distri-

bution and V2 follows an inverse gamma distribution, with equal scale and shape parameters

of β/2.

The default times modelled under the Archimedean copulas are quite different from those

modelled under the elliptical copulas. The general form for obtaining their corresponding

random variables Xi, is shown in the works of (Bluhm and Overbeck (2006), Hyrš and

Schwarz (2015), Melchiori (2006)) as:

Xi = ψ−1
(− ln(ki)

M

)
, (4.4.2)

where the uniform random variables ki are independent and identically distributed, i.e. ki ∼
U([0, 1]), and the function ψ−1(.) refers to the inverse generator associated with each copula

models. The random variable M is dependent on the copula model being considered. For

instance, M is simulated from the gamma distribution if we are considering the Clayton

copula model. Also, the variable M is derived from logarithmic series distribution and

stable distribution for the Frank and the Gumbel copula respectively.

Consider the Clayton copula model, with θ > 0 parameter, as example, the random

variable Xi returns a uniformly distributed random variables. The positive random variable

M is obtained from the standard gamma distribution having a unit scale parameter and 1/θ

shape parameter. In other words, M ∼ Γ(1/θ, 1), and finally, the inverse generator ψ−1(c)
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for the Clayton model is calculated as

ψ−1(c) = (1 + c)−1/θ, θ > 0 .

For the Frank copula model, with parameter θ, the random variable M follows a Log-

arithmic series on N+ having a parametric value of α = 1 − e−θ ∈ (0, 1). In other words,

M ∼ Logarithmic(1− e−θ). The corresponding PDF can be defined discretely as

P(q) =
−αq

q ln(1− α)
, for q ∈ N .

Furthermore, the inverse generator ψ−1(c) for the Frank model is calculated as

ψ−1(c) = −1

θ
log
(
1 + e−c(e−θ − 1)

)
, θ ∈ R \ {0} .

On the other hand, the random variable M for the Gumbel copula model follows an

α − stable distribution, that is, M ∼ Stable(α, β, γ, δ). The distribution function is also

referred to as the Lévy alpha-stable distribution, with parameters α ∈ (0, 2], as the stability

parameter; the skewness parameter β ∈ [−1, 1]; the scale parameter γ ∈ (0,∞); and finally,

δ ∈ R, as the location parameter. Specifically, the random variables follow

M ∼ Stable
(1

θ
, 1, cos

( π
2θ

)θ
, 0
)
.

The inverse generator ψ−1(c) for the Gumbel model is calculated as

ψ−1(c) = e−c
1
θ , θ ≥ 1 .

Generally, this study employed the MCS method in the generation of the random numbers

and the default times, which correspond to different copula models. The present value of

an n2D swap depends on the time in which the nth entity defaults, and so, obtaining the

nth default time suffices to obtain the default times of all the entities in a given portfolio.

We implemented the concept of order statistic (See Definition 4.4) to the unordered default

times of the individual entities. The implementation was achieved by categorising the B-

dimensional vector of the default times in their increasing sequence of order, and this sorting

is in connection to their rank of default. For instance, for the F2D swap pricing, we selected

the first coordinate. Using this ordered statistic, the corresponding values for the PL, DP,

AP, and finally, the fair spreads of the n2D were all computed.
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Definition 4.4. (nth order statistic, Choe and Jang (2011a)).

Denote τ1, τ2, . . . , τn as independent and identically distributed (i.i.d.) random variables of

sample size n from a continuous distribution. If τ1, τ2, . . . , τn are rearranged in ascending

order of magnitude, with the minimum τ1 = min
i

(τi) and the maximum τn = max
i

(τi), then

the nth order statistic is given as τ1 < τ2 < · · · < τN .

4.5 Numerical Experiments and Sensitivity Analysis

In this section, we explain the results obtained in the course of the numerical simulations,

as well as some sensitivity studies on the research.

4.5.1 Results

This chapter used the ipython notebook in all the numerical computations related to the

prices of the n2D swaps, as well as, with respect to their varied parameters. The full code can

be assessed at https://github.com/NnekaU/Codes/blob/master/BDS%20pricing%20using%

20Elliptical%20and%20Archimedean%20copulas.ipynb.

Let N be the number of entities; R, the recovery rate of entities; r, the deterministic risk-free

interest rate; dt, the frequency payment dates; df, the degree of freedom; M , the Monte-

Carlo simulation points; mm, the number of sub-time steps within each dt for integration;

ρ, the correlation coefficient; θC , the theta parameter for the Clayton model; θF , the theta

parameter for the Frank model; θG, the theta parameter for the Gumbel model; and λ, the

intensity rate. For more consistent result, we used Kendall’s τ to get a rho-theta equivalent

in terms of the model parameters.

We first generate 50000 data points of default times which correspond to the applicable

models used in this work, and the results were obtained using the algorithms in Appendix A.

We consider the other parameters: λ = 0.04, df = 1, ρ = 0.7, θC = 1.9497, θF = 5.6212,

and θG = 1.9749. Displayed in Table 4.2 are the outputs of the first 5 simulations, for the

first-to-default BCDS consisting of 10 reference entities in each models. The results of the

simulated default times for each of the five models are in the form of an (M,N) matrix.

https://github.com/NnekaU/Codes/blob/master/BDS%20pricing%20using%20Elliptical%20and%20Archimedean%20copulas.ipynb
https://github.com/NnekaU/Codes/blob/master/BDS%20pricing%20using%20Elliptical%20and%20Archimedean%20copulas.ipynb
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Table 4.2: Simulation of default times corresponding from the copula models

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]

G
a
u
ss

ia
n

[1, ] 23.10 7.96 16.34 9.92 4.63 21.21 16.32 33.61 3.96 17.25

[2, ] 31.92 16.16 11.03 27.22 21.47 24.88 26.95 42.79 17.74 79.85

[3, ] 74.10 25.75 8.49 12.13 14.82 33.24 15.22 9.80 20.46 22.05

[4, ] 85.77 56.25 46.85 48.93 101.04 32.29 33.28 89.99 56.65 36.64

[5, ] 38.37 41.06 95.49 38.03 82.34 28.16 53.00 72.06 23.36 95.13

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]

S
tu

d
e
n
t-

t

[1, ] 8.34 3.33 2.89 16.02 4.96 4.03 0.81 2.24 0.60 4.28

[2, ] 18.47 5.26 16.21 14.81 10.45 5.73 0.60 35.43 1.32 8.89

[3, ] 16.05 26.23 34.99 40.35 32.36 31.75 83.85 26.34 75.26 35.62

[4, ] 42.73 44.37 50.13 42.55 35.64 40.09 50.97 66.74 101.81 15.58

[5, ] 9.48 5.35 5.61 5.02 6.75 6.68 1.19 3.18 0.37 4.04

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]

C
la

y
to

n

[1, ] 15.85 11.48 18.98 14.65 6.37 16.47 12.44 43.91 18.75 22.73

[2, ] 86.01 40.70 64.92 48.02 118.37 35.74 80.50 80.37 60.87 49.09

[3, ] 6.83 0.64 6.32 0.95 1.26 2.97 2.76 1.58 3.34 0.89

[4, ] 0.23 1.66 0.36 1.64 0.55 0.80 1.79 0.88 0.55 2.59

[5, ] 4.33 6.77 12.43 23.87 4.41 5.49 3.42 6.85 6.74 6.59

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]

G
u

m
b

e
l

[1, ] 55.87 39.76 30.02 53.88 54.85 48.49 39.11 50.29 41.25 41.15

[2, ] 23.50 9.18 34.41 4.43 11.62 12.57 4.26 22.16 16.55 8.53

[3, ] 8.86 6.01 12.80 7.53 1.32 9.68 1.66 27.56 10.66 12.50

[4, ] 15.04 17.19 6.18 17.29 9.30 11.66 11.12 8.93 26.62 16.78

[5, ] 26.09 29.51 44.83 38.42 28.11 65.95 66.55 45.22 39.59 54.65

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]

F
ra

n
k

[1, ] 1.54 15.53 21.24 1.94 0.82 9.36 1.61 1.79 2.31 0.89

[2, ] 16.39 26.54 14.63 2.54 11.37 13.60 7.04 14.84 5.25 18.51

[3, ] 7.75 4.81 5.93 30.32 7.59 9.21 30.80 9.25 14.21 16.49

[4, ] 37.90 66.18 8.12 10.91 10.48 23.09 11.02 20.73 11.02 8.62

[5, ] 14.92 21.95 12.56 32.10 20.22 22.75 19.91 66.28 9.97 25.32
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One of the major objectives achieved in this study is to model default times using different

copula models, and Table 4.2 above shows the discrepancies in the results obtained. Default

times are first estimated, and then incorporated in the valuation of the n2D swaps.

The parameters in Table 4.3 below will be used to output the values of the premium legs,

survival probabilities, as well as the actual premiums for different ranks of n2D swaps. For

the recovery rate, we use the market standard value of 40%, the other parameters are purely

by assumption, and the dependence parameters were chosen to harmonise with the Kendall’s

τ3.

Table 4.3: Parameters for the valuation of n2D swap using the same Kendall’s τ

N T R r dt df M mm λ θC θG θF ρ

10 5 40% 5% 0.5 4 50000 10 5% 0.5895 1.2947 2.1393 0.35

Table 4.4: Premium legs (PL) & Survival probabilities (SP) for n2D swap using different
copulas

Rank Gaussian Student-t Clayton Gumbel Frank

SP PL SP PL SP PL SP PL SP PL

1 0.2698 2.1940 0.2653 2.1177 0.3575 2.6446 0.2884 2.1666 0.3422 2.2992

2 0.4792 3.0821 0.4887 3.0853 0.5307 3.2160 0.4479 2.9724 0.4733 2.9655

3 0.6361 3.5792 0.5843 3.4343 0.6551 3.5660 0.5897 3.5058 0.5858 3.4620

4 0.7548 3.8857 0.7501 3.8681 0.7434 3.7953 0.7280 3.8888 0.6985 3.8315

5 0.8445 4.0908 0.8240 4.0614 0.8127 3.9614 0.8453 4.1362 0.8177 4.1064

6 0.9026 4.2069 0.8943 4.2083 0.8707 4.0920 0.9253 4.2714 0.9088 4.2614

7 0.9446 4.2834 0.9481 4.2983 0.9114 4.1807 0.9726 4.3369 0.9674 4.3348

8 0.9715 4.3287 0.9791 4.3441 0.9471 4.2588 0.9923 4.3613 0.9925 4.3626

9 0.9888 4.3527 0.9946 4.3635 0.9737 4.3147 0.9981 4.3670 0.9987 4.3679

10 0.9968 4.3646 0.9978 4.3669 0.9905 4.3501 0.9998 4.3688 0.9999 4.3689

Table 4.4 shows the increasing sequence in terms of the ranks of the n2D swaps. Here, we

used five copula models to output the premium legs and the survival probabilities of each

of the n2D swaps. Notwithstanding the distinct values that all the models’ outputs, they

generally exhibit similar characteristics with regards to the observed values. With an increase

3The same is applicable to Table 4.6
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in the ranks, the survival probabilities become negatively correlated with the premium legs.

The survival probability is the likelihood of each entity or entities in a portfolio to survive a

credit event before a given time t. Considering the portfolio of 10 entities, for instance, the

probability of having one entity out of the whole portfolio to default is highly significant, and

this, in turn, implies that the survival probability of other non-defaulting entities becomes

very slim. Thus, as the rank increases, there is a higher chance for a few of the entities to

survive, and hence, the protection buyer will be entitled to pay higher premiums. Finally,

we output the n2D swap premiums using the parameters in Table 4.3, and the results will

be displayed in Table 4.5 below:

Table 4.5: Premiums for n2D swap using different copula models

Rank Gaussian copula Student-t copula Clayton copula Gumbel copula Frank copula

1 1649.8 1686.7 1251.1 1623.6 1417.0

2 885.5 866.2 762.9 977.9 944.6

3 532.2 638.2 507.5 611.8 630.0

4 327.8 336.5 354.4 359.6 405.2

5 195.6 222.7 247.8 189.4 224.0

6 118.4 123.9 165.7 87.5 106.3

7 65.7 60.7 111.0 31.4 37.0

8 33.1 23.9 65.1 8.7 8.4

9 13.0 6.1 31.9 2.1 1.5

10 3.7 2.4 11.4 0.2 0.0

In Table 4.5, we observe a sharp decline in the premiums of the n2D swaps using different

copula models, as the rank of the n2D swaps increases. For the F2D swap price, the Clayton

copula model outputs a significantly least value in comparison with other models. However,

the Clayton values far exceed the others when the rank moves from fifth till tenth-to-default.

In Burtschell et al. (2005), it can still be argued that for a specific value of θ, the outputs

from the Clayton copula model are almost similar to the values of the Gaussian copula,

but the reverse is the case when the Kendall’s τ equivalent is being used. The degree of

freedom (df) used in the student-t copula significantly affects the swap prices, but when

there is an increase of the df, the student-t copula values tend to the Gaussian copula values.

Consider for instance, when the df increased from 4 to 15, the student-t n2D swap premiums

became 1650.7, 872.3, 534.9, 322.7, 191.5, 117.1, 66.3, 33.8, 15.1 and 3.7, as the rank equally

increased.
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Furthermore, we observe from Table 4.5, that the choice of the copula model has a consid-

erable effect on the value of the n2D swap. The swap prices differ using different copula

models, even if the modelling assumes the same concordance structure. We note that in our

case, we used the same Kendall’s τ equivalent. The θ parameters of the Archimedean copula

are equivalent to the ρ value in the elliptical copula. Thus, in connection to this, Schröter

and Heider (2013b) asserted that the choice of the copula function should be considered as

part of the modelling since the function plays a critical role in the risk profile of the BDS,

and they should be chosen wisely in connection to the regulatory requirements.

4.5.2 Sensitivity Studies

Sensitivity analysis plays a huge role in any model of derivative pricing, as they specify which

trading strategy hedges the security effectively. Several model factors affect the riskiness of

the portfolio and consider the F2D as an example. However, we note that the following

analysis depends on the rank to default in the portfolio. That is, whether it is F2D, second-

to-default (S2D), etc. The model factors include: concordance structure (ρ and θ) - the

higher the concordance rate, the lower the probability of default; hazard rates - the lesser

the rates, the smaller the likelihood of default; time to maturity - the longer the maturity

time, the lesser the probability of default; recovery rate - higher rate of recovery results

to lower default probability; and number of entities - the bigger the basket, the more the

chances of default. In this work, we shall numerically consider the variations of the F2D

till tenth-to-default swap premiums against their respective concordance structures, default

rates and the times to expiration. Table 4.6 lists the parameters used in the results:

Table 4.6: Parameters for the sensitivity analysis of the n2D swap using same Kendall’s τ

N T R r dt df M mm λ θC θF θG ρ

10 5 45% 3% 0.25 7 50000 10 3% 1.0000 3.3057 1.5000 0.50

The graphical description of the sensitivity analysis are depicted in Figures 4.6 and 4.7.

Rows I and II of Figure 4.6 give results obtained using the Gaussian and the Student-

t copula models respectively. Columns I, II and III respectively show different values of

the n2D swaps against ρ, λ and T . Similarly, Rows I, II and III of Figure 4.7 are results

obtained using the Clayton, Gumbel and Frank copulas respectively. The corresponding

columns I, II and III show different swap values as plotted against θ, λ and T . The analysis
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are conducted with different default times arising from the corresponding models been used,

and the explanations follow subsequently in Sections 4.5.2.1, 4.5.2.2, and 4.5.2.3.

Figure 4.6: Elliptical copula: n2D swap prices versus the parameters ρ, λ and T
respectively.

Generally, from Figure 4.6, the Student-t copula displayed fairly different results when com-

pared with the Gaussian copula, and the equivalence of both results is dependent on the

degree of freedom (df) value chosen for the Student-t copula. It is further observed that

some form of non-monotonicity was seen in the case of the Student-t copula results, espe-

cially for higher-order basket form (where n ≥ 3, with n been the rank of default protection).

This behaviour is attributed to the fact that the Student-t takes into account extreme joint

events, such that, when the dependence in the tail is increased, then the joint default prob-

ability will be simultaneously increased. For instance, when the df is increased from 7 to 20,

we observed that the non-monotonic property of the Student-t results varnished, as the re-

sults became as close to that of the Gaussian copula as possible. Thus, the df plays a pivotal

role in the monotone/non-monotone characteristics displayed by the results of the Student-t

copula. Hence, this extra parameter, df, is crucial in modelling and in describing the ex-

treme co-movements associated with financial variables in the valuation of default-sensitive

securities.
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Figure 4.7: Archimedean copula: n2D swap prices versus the parameters θ, λ and T
respectively.

From Figure 4.7, under the Archimedean family, it was observed that the Frank and the

Gumbel copula displayed fairly similar results, with the Clayton slightly different. This be-

haviour could be as a result of the non-parametric dependence measure, such as the Kendall’s

τ, which was used throughout the research to ensure uniformity of results. Thus, different

Kendall’s τ leading up to different θ parameters could result in the n2D premium similarities

amongst both families of copula models. For instance, Gaussian copula and Clayton copula

gave rise to similar premium values under different Kendall’s τ (See Burtschell, Gregory and

Laurent (2005)).

4.5.2.1 Sensitivity Analysis (w.r.t. concordance parameters)

The concordance structure is one of the essential parameters which affect the sensitivity of

the n2D swap prices. For the correlation factor, we observe that higher correlation results

in decline in the swap spread, and this is evident for the F2D and the S2D spread. It
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could be said that if an investor takes a position of a short protection, then it will be a long

correlation; which obviously implies that the investor will stand to gain from an equivalent

increase in the probability of no default. Furthermore, as the rank of the default increases

(as from the third-to-default (T2D)), we observe that an increase in the correlation factor

subsequently led to an increase in the swap premium.

The θ-parameters of the Archimedean copulas measure the tail dependency, as both the

parameters and the tail dependencies are positively correlated. When the default time is

modelled using the Clayton copula, we observe that as from the fourth-to-default (Fo2D)

upwards, the swap prices are increased owing to a consistent rise in the θ-parameters. Similar

results are seen from the T2D swap spreads when the default times are modelled using

both Frank and Gumbel copulas. However, as we increase the rank further on, the swap

spreads coincide at the tenth-to-default, since we considered a portfolio of 10 entities. Hence,

increasing the dependency structures in the tail of the distribution, that is θ, leads to a

remarkable increase in the probability of joint defaults, and in turn, the default correlation.

In general, the concordance structures affect the tail dependencies of the models, and hence,

investors seeking to gain from this derivative security must choose the basket swap type and

the position strategically. For instance, the correlation sensitivity has resulted in speculating

the direction of the correlation in the credit derivatives market. If the investor perceives that

the default correlation of entities in a portfolio will rise, then the investor can sell F2D default

protection with the sole aim of making a profit should default correlation eventually increase.

4.5.2.2 Sensitivity Analysis (w.r.t. hazard rate)

We observed similar trends in all the models, as default time values are estimated using

various copula models. A steep decline in the rank of default is observed with respect to the

n2D swap prices, and the swap prices are seen to coincide if the rank is increased further

to 10. There is a consistent increase in the swap spread as the default intensities of all the

copula models increase. Thus, this is intuitively right because the default intensities measure

the loss expectation for a greater specified dependency structure, and this requires a higher

premium (Jabbour et al. 2009). Furthermore, as the hazard rate increases, the chances of

the entities to default become more likely, and this accounts to a more substantial premium.

The behaviour of the hazard rate and the correlation coefficient are in sharp contrast because

increasing both parameters result to a monotone decrease and monotone increase of the swap

spreads respectively when the F2D swaps are considered.
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In general, when the default intensity is high, the likelihood of joint defaults become ex-

ceedingly vast, resulting in larger spreads. On the other hand, at low default intensity or

as the limit of default intensity tends to zero, the dependency structure becomes irrelevant,

the spreads gradually decline, and no default will be experienced in the given portfolio.

4.5.2.3 Sensitivity Analysis (w.r.t. time to expiration)

We finally showed the dependence of the n2D swap spread on time to maturity of the basket.

While the time to expiration of the contract increases, we observe a gradual reduction in the

quarter-annual swap premium payments. This observation is evident for the F2D basket

swap only, and the reverse becomes the case when the seniority of the default payment

increases. Thus, for each of the models, the payments made by the protection seller upon

default and the regular premium payments by the protection buyer are seen to increase

simultaneously, with an increase in the contract’s expiration time. This increment, in turn,

lowers the cumulative swap value.

From the S2D swap and above, there will be more likelihood of joint defaults by the entities

in the portfolio, provided the time horizon is extended further. The results obtained from the

copula models equally showed some discrepancies, especially with regards to the swap prices

when the rank of default is between 2 and 6. For a year n2D swap, the student-t copula, the

Gumbel copula and the Frank copula exhibited a sharp decline in the swap premium prices,

whereas, the Gaussian and the Clayton copula showed a steady decrease in the swap prices.

4.5.3 Choice of Copula Model

Despite the significant benefits of using copula models in the dependent default modelling,

it, however, remains challenging to propose a suitable copula for a specific problem, and

this is because of how the weights are allocated amongst the dependency structures. The

selection of the best bit copula model can be made descriptively via the scatter plot diagrams

of their dataset, as their unique shapes can be attributed to each of the copula functions.

For instance, with regards to their tail structure, some copulas focus more on lower tails

(Clayton), others on upper tails (Gumbel), others with zero tail dependency (Gaussian and

Frank), and finally, others on both the upper and lower tails (student-t). For significant

losses, in which high correlation exists in the right tail of the distribution, the extreme
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copula such as the Gumbel copula will be the best fit for the default time modelling. For

negative dependence of the variables in the dataset, the Gaussian copula will be applicable.

There does not exist any strong relationship between large losses in both the Gaussian

copula and the Frank copula, even though the variable relationship in the Gaussian copula

is slightly stronger than the Frank copula. The Clayton, on the other hand, depicts large

concentration on its lower tails, and thus, is suitable for strongly correlated variables which

exist there. Hence, the appropriate choice of the copula model can be made by examining

the distribution functions of the associated dataset.

Furthermore, some statistical models rooted in information theory, such as the Akaike infor-

mation criterion (AIC), and the Bayesian information criterion (BIC) have been developed

to aid in the practical choice of the copula model (Grønneberg and Hjort 2014). These

statistical procedures aim at employing the concept of maximum likelihood, or even the

pseudo-likelihood estimation methods to fit individual copula models to a given data. Fang

et al. (2014) equally performed some simulation tests to ensure that the AIC method was

far more effective than the goodness-of-fit method, which seems to be the most common

procedures. Other selection criteria for the copula models can be found in the works of

Charpentier (2003), Durrleman et al. (2000), and Venter (2002).

From our study, however, we analyzed the choice of copula models from the computational

time taken to output the results. Table 4.7 below shows the discrepancies:

Table 4.7: Computational time on different copula models (seconds)

Entities Elliptical copulas Archimedean copulas

Gaussian Student-t Clayton Gumbel Frank

1 0.3386 0.5288 3.4777 3.2934 6.3981

2 0.5954 0.9929 3.7357 3.6405 6.9158

3 0.7227 1.3367 3.8918 3.8392 6.9292

4 0.8355 1.6494 4.1035 3.9364 7.1784

5 1.0318 2.1319 4.1858 4.0372 7.2623

6 1.1885 2.3389 4.4469 4.2474 7.4078

7 1.2709 2.6831 4.5217 4.3804 7.5739

8 1.5100 2.8710 4.6123 4.4396 7.6673

9 1.6923 3.4578 4.6868 4.6347 7.7088

10 1.7782 3.6804 4.8522 4.7212 7.7412
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In Table 4.7, we compared the effectiveness and the efficiency of the copula models by investi-

gating the CPU time taken to output the final break-even swap spreads. The computer that

was used to compute and analyze the results comprises of Windows 7 operating system and

Intel(R) Core(TM)i5-3210M CPU @2.50GHz processor. Here, we used the same parameters

found in Table 4.3 for the F2D swap in different portfolio sizes, that is, N , and observed that

the computation time for the swap spreads using all the copula models increased with an

increase in the basket size. Furthermore, we classified the performances of the copula models

based on their type, that is, whether elliptical or Archimedean, and this classification was

as a result of how they are being generated. From our results in BCDS valuation, we found

out that the student-t copula is much more computationally expensive as compared to the

Gaussian copula, and as such, Gaussian copula is recommended in the class of these copula

models. For the Archimedean class, the discrepancies of the CPU time between the Clayton

copula and the Gumbel copula are not much. However, the Gumbel copula performs best

in comparison to Frank and Clayton. The Frank copula was least recommended because of

the significant computation time, and this could be as a result of the concept of its radial

symmetry and non-bounded θ-dependence structure.

4.6 Conclusion

In this chapter, we considered a comprehensive analysis of the effect of valuing portfolio credit

derivatives, primarily the n2D basket swaps, using both elliptical and Archimedean copula

models. We employed the Monte-Carlo simulation in connection to the swap premium prices

using the Gaussian, student-t, Clayton, Gumbel, and the Frank copula models to estimate

the default times first. Most credit default events are captured as tail events by nature; we

further compared the results obtained using both non-tail distributions (Gaussian and Frank)

and fat tail distributions (Gumbel, Clayton, and student-t). The study summed up analysing

the inherent model risks, and this was achieved graphically by conducting some sensitivity

analysis, with regards to the concordance structures, hazard rates and time to expiration

of the contract. From the analysis of the copula models via their computation times, we

recommend the Gumbel copula under the Archimedean class, as well as the Gaussian copula

under the elliptical class in the pricing of n2D basket swaps. Thus, having an in-depth

knowledge of these studies can assist investors and financial participants in hedging and

speculating the direction of the market.
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Furthermore, to ensure efficient comparative statics, we introduced Kendall’s τ concordance

measures to model the dependency structures of the underlying entities, even though the

corresponding results produced different swap values for the models used. The concordance

measures of the portfolio should be utilized to determine the risk associated with the choice

of a specific copula, as this ensures the dependency or the joint dependencies associated with

the portfolio. To conclude, we can infer that the choice of copula used to model default time

contributes immensely in the riskiness of a credit portfolio of multiple entities.

In terms of the theoretical implications, this research broadens the overview of copula mod-

elling in connection to the pricing of BCDS premiums existing in the financial risk analysis

sectors. The practical significance of this study lies in comparative statics on the estimation

of n2D swap prices, using various copula models. The incorporation of default correlations

of entities is beneficial for the financial institutions and enterprises to monitor and control

their exposure to default risk arising from the trading of BCDS.



5. Pricing Basket Default Swaps

Using Quasi-Analytic Techniques

This chapter has been submitted to Decisions in Economics and Finance, with Manuscript

ID: DEAF-D-20-00080) as

Umeorah N., Mashele P. & Ehrhardt M. (2020). Pricing Basket Default Swaps Using Quasi-

Analytic Techniques.

89



Page 90

Abstract

This chapter is based on the concept of the one-factor copula model, which is applied to

reduce the dimensionality problems associated with the basket default swap pricing. We

employ the Gaussian, the student-t and the Clayton one-factor copula to estimate the con-

ditional probability of default. Incorporating the Fourier transform together with the distri-

bution function of a counting process, we derive the quasi-analytical expression for the com-

putation of the swap payment legs. We compute the conditional characteristic function for

the corresponding portfolio loss distribution using the Fast Fourier transform. Then, employ

numerical integration with the aid of the Inverse Fast Fourier transform to retrieve the distri-

bution function or the unconditional characteristic function. Our results show that in the ab-

sence of the trending simulation method, a semi-analytic method which involves the applica-

tions of the discrete Fourier transform can be utilized to price the basket credit default swaps.

Keywords

Discrete Fourier Transform, Fast Fourier Transform, Copulas, Convolution, Basket default

swaps, Characteristics Function, Probability Distributions.
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5.1 Introduction

Originally, the credit default swaps (CDS) market was created to equip financial institutions,

such as banks, with the avenue of allocating, reducing, diversifying their credit risk exposure

beyond customer base, as well as freeing up regulatory capital efficiently and effectively.

Nowadays, CDS trading has become an indispensable tool which propels the market of

credit derivatives, and as such, its market has been described as one of the most tremendous

innovations in the financial markets over the past two decades. The banks, with their

tremendous trading activities, are seen to be the largest dealer in the market of credit

derivatives. They provide liquidity by their willingness to assume the risk responsibility on

their trading booklets, which they, in turn, seek to hedge. The CDS have been existing as

early as the 1990s, and its usage climaxed in the early 2000s prior to the 2007-2008 financial

crises. Despite the huge difference between its gross notional amount mostly before the crises,

the CDS trade continues to assume a crucial avenue and platform for trading credit risk.

CDS are contracts that allow the seller to make a compensation payment to the buyer in the

event of a default or any other stipulated credit events in the contract such as bankruptcy,

payment failure, restructuring, obligation default, repudiation or obligation acceleration.

Rule (2001) defined a CDS as “‘state-dependent’ but ‘outcome-independent’” contract, im-

plying that CDS fully depends on whether or not credit events have occurred and not nec-

essarily on whether the buyer suffers loss or not. The common reference entities which exist

in a CDS market ranges from single firms to a portfolio of firms, or even to a large collec-

tion of firms which comprises an index. The CDS focus on a single entity’s credit risk, and

basket default swaps, on the other hand, are bilateral financial contracts that payoff upon

default or multiple defaults amongst a portfolio of entities. These multi-name derivatives

contracts are advantageous because they offer the investors some appealing opportunities

of leveraging the spread premium, and of using one single contract to hedge a portfolio of

contingent claims, such as bonds or loans. Thus, the need for obtaining a series of contracts

for single securities has been averted, and also, the improvement of the relative risk-return

account as compared to other equivalent credit investment tools will be made viable. They

are aimed at transferring credit risk of multiple reference entities and are generally classified

into first-to-default (F2D), n2D, n-out-of-m-to-default and finally, all-to-default.

Generally, valuing the nth-to-default (n2D) basket swaps involves computing the probability

of default associated with the default times. This approach can be done in two folds: First,

the Monte-Carlo simulations of random scenarios from the corresponding joint probability
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distribution functions. Our recent paper focused on this concept, and we were able to model

the default times using copula models such as Clayton, Gumbel, Frank, Gaussian and the

student-t copulas, in connection with the Monte-Carlo simulation techniques (Umeorah,

Mashele and Ehrhardt 2019). These simulated values were in turn used in the valuation of

the n2D basket swaps. The next fold is the quasi-analytic techniques, which is the main

highlight of this article. As an objective of this research, we will use the concept of the

discrete Fourier transform (DFT) to obtain the probability distribution of default times

analytically. Thus, we will utilize the one-factor model, in conjunction with the concept of

DFT to obtain semi-analytic computation, and in turn, directly apply to value the swaps.

Most of the research works which deal with semi-tractable methods of pricing PCDs have

been channelled to the CDO tranches and fewer attentions for the n2D basket swaps (Laurent

and Gregory 2005). Thus, the contributions presented in this chapter are as follows:

• Empirical and statistical analysis of CDS spread data of some selected highly rated

firms.

• Estimating the dependent defaults without simulations and pricing BCDS under the

Gaussian and Clayton copula via the FFT and DFT.

The structure of this chapter is as follows: Section 5.1 introduces the topic, and in section

5.2, we offer some literature studies on the financial applications of the Fourier transform,

as well as in the valuation of basket default swaps. Section 5.3 explains the idea of pricing

BDS and the concept of dependency on the use of copula models. Section 5.4 investigates

the notion of the discrete and fast Fourier transform and then links the applications of the

discrete Fourier transform (DFT) to the evaluation of the premium legs and the default legs

of the BDS valuation. Section 5.5 discusses the numerical results obtained in the course of

the valuation, whereas section 5.6 concludes the study.

5.2 Literature Study

In the field of quantitative risk analysis, insurance and financial engineering, one of the

significant challenges lies in how dependent default events can be modelled and equally

analyzed over a specified period of time. Factor models are often used to describe correlated

and dependent defaults, arising from some common systematic factors, which exist among

a set of financial entities. However, when the dependence is conditioned on these latent
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factors, the corresponding defaults are fully independent. The factor model, in conjunction

to the copula function, is fully utilized in the analytical formulation of the joint distribution

function of the default times. This is because the copula function allows for statistical

inference to be decoupled into inference from their dependence and inference from their

marginals owing to the scanty information which exists on dependence in the area of credit

risk (Cossin et al. 2010).

The copula models have been extensively used in finance, especially in contingent claims

pricing owing to their indispensable applications. For instance, Li (2000) focused on the

issue relating to default correlation and introduced the copula function to model the joint

distribution functions of the survival times. He equally proved the equivalence of the typical

normal CreditMetrics methods to the use of the copula function and then illustrated numer-

ically with the pricing of CDS, as well as the first-to-default contingent claims. Using the

US market as a case study, Das and Geng (2003) were able to utilize the copula models in

the simulation of correlated default risk and to assess the corresponding joint distribution

of default times. Schönbucher and Schubert (2001) incorporated the dynamic default de-

pendency in the context of default risk models which are intensity-based in order to obtain

the survival probabilities and thus, the price values of credit spreads. These concepts were

connected to the copula models such as the Gumbel, the Clayton and the Gaussian models.

Under interacting default intensities, the pricing and hedging of the portfolio credit deriva-

tives (PCDs), such as the basket credit default swaps (BCDS) and the collateralized debt

obligations (CDOs) were also considered by Frey and Backhaus (2008). Here, they explic-

itly modelled the default contagion ,which is evident among interacting portfolios and thus,

they analyzed the corresponding models through the Markov processes. Ackerer and Vatter

(2017) modelled joint dependent defaults, joint dependent losses with the aid of factor copula

models, and thus fitted the models to the valuation of credit index tranches. To estimate the

loss distribution functions of these contingent claims, they computed the individual losses,

discretely fitted on some finite grids and then calibrated some specific models to the tranche

prices (Ackerer and Vatter 2017). The concept of correlations and copula dependence mod-

elling can be found further in the works of (Burtschell et al. (2005), Embrechts et al. (2001),

Embrechts et al. (2002)).

On the other hand, the Monte-Carlo simulations have attracted much attention in the PCD

valuations because they are easily implemented to model some dependent and correlated

default risks, as well as in the estimation of the expected loss. However, several analyti-

cal approximation techniques like the Parametric approximations, Fast Fourier transform
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(FFT), the recursion method and “probability bucketing”(Hull and White 2004) have been

introduced as alternatives to this random simulations because the former thrives best when

the tail risk is being considered (Merino and Nyfeler 2002). The Fourier transform method

(FTM) has been described as a numerical technique that offered high computational speed

and accuracy in estimating the loss distribution functions of a specified PCDs over a certain

period of time. The DFT and its natural algorithm, the FFT, are essential tools employed

in the computation of the characteristic functions which are utilized in the pricing of such

PCDs.

Fusai and Roncoroni (2007) conducted a comparative study on the BCDS pricing using the

Monte-Carlo methods and two semi-analytic methods, that is, the Hull-White recursive algo-

rithm and the FFT. They found out that the Monte-Carlo method requires an exceptionally

high number of simulations to ensure convergence, and the simulation method is equally

not feasible when modelling a basket of more than 100 entities. For a small heterogeneous

set of portfolios, the probability generating function and the FFT were equally utilized by

Gregory and Laurent to compute the distribution function of the cumulative defaults (Gre-

gory and Laurent (2003), Laurent and Gregory (2005)). Whereas, Zheng (2006) employed a

two-hybrid algorithm in the pricing of BCDS and CDOs by combining an analytical approx-

imation of the loss distribution function and Monte-Carlo simulation, with more reference

on large heterogeneous portfolios.

More numerical approaches are seen in the works of Bastide et al. (2008) where they con-

ducted a comparative analysis on the pricing of basket default swaps by the application

of the Stein method in connection to the factor copula models. They further incorporated

the Monte-Carlo techniques, probability generating function method and the recursive-based

method proposed by (Hull and White 2004), to the valuation of the basket default swaps

and the CDO tranches. Bielecki et al. (2007) equally estimated the dependent defaults and

credit migrations under the Markovian model which describes the financial market, and thus

were able to price the BCDS, together with credits/loans portfolios. Debuysscher et al.

(2003) employed the FTM to estimate the default or the loss distribution function by first

modelling the risk exposure and the default correlation of the entities. Furthermore, the

authors used a factor copula to obtain the Fourier transform of the basket’s aggregate loss

distribution, and then, inverting the corresponding portfolio Fourier transform to obtain the

needed distribution function (Debuysscher et al. 2003). Merino and Nyfeler (2002) focused

on the numerical computation of portfolio losses experienced by credit portfolios like the

CDOs. Here, they used the Poisson approximation techniques, the FFT, and the numerical
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integrations of the quasi MCS methods to decrease the computational complexity, which is

paramount in price estimations.

5.3 Basket Default Swaps

This section focuses on the concept of BDS pricing, with particular attention on the n2D

swaps because they are more liquid when compared to the other BDS types. BDS offers

considerable advantages to credit investors, even though their liquidity cannot be compared

to the highly-traded synthetic CDOs. The former permits the financial practitioners to

select, manage and easily monitor smaller credit portfolios (say about 5-10) than the broader

portfolio of about 100-150 which are evident in synthetic CDOs. In this context, we shall

consider a homogeneous loss portfolio for ease on convenience since they are the framework

of the BDS pricing. Such portfolio implies that each entity incurs a similar amount of loss

in the event of a credit default, even though they might possess different values for their

correlations and their default swaps spread curves.

5.3.1 Pricing Basket Default Swap

Consider a portfolio with N reference entities or obligors, having A, as the face value of

the contract. Let T be the maturity time of the contract, B(0, ti) be the discount factor

supposing ti maturity and f(t) the instantaneous forward rate at time t. Define n as the

seniority of the basket, such that for n = 1, we have the F2D, and let the portfolio pay a

spread of β at dates {t1, · · · , tN}. These periodic payments made by the protection buyer

to the protection seller are known as the Premium Legs. The swap premium is paid at a

frequency of ∆i = ti − ti−1, which could be annually for ∆ = 1, quarter-annual for ∆ = 1
4
.

On the other hand, suppose a default occurs before the maturity time T , the seller will pay

A(1−R) to the buyer at maturity, or at the default time τn. Thus, the risk-neutral pricing

measure for obtaining the value of the spread, having zero accrued premium, is solved by

equating the expected values of the premium leg and the default leg. The theorem below

gives the fair spread value:

Theorem 5.1. (n2D swap spread, Fusai and Roncoroni (2007)).

Let F n(t) be the probability distribution function of τn, the risk-neutral pricing for the an-
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nualized equilibrium spread of n2D swap is given below as:

β =
(1−R)

[
B(0, T )F n(T ) +

∫ T
0
f(0, t)B(0, t)F n(t)dt

]
∑N

i=1 ∆B(0, ti)[1− F n(ti)]
,

where f(0, t) = r if the instantaneous forward rate equals a constant interest rate.

For proof, see (Fusai and Roncoroni 2007).

Furthermore, in the event of an accrued premium, the buyer pays off an amount of β∆(ti−1−
ti) to the seller, and this payment stream is made viable when a credit event occurs between

two premium time, that is, between ti−1 and ti.

5.3.2 Dependence Structure via Copula Models

In this subsection, we focus on the one-factor Gaussian, Clayton and the Student-t Copula

models to estimate the joint probability of default based on the assumption of conditionally

independent default times.

Gaussian copula:

Let the dynamics of an entity value i, for i = 1, · · · , N be denoted by

Yi = ρiZ +
√

1− ρ2
i εi , (5.3.1)

where ρi ∈ [0, 1] and Cov(εi, εj) = ρiρj. Here, εi denote the idiosyncratic factors and Z

the latent factor, with both Z and εi from a standard normal distribution. Let τ1, · · · , τN
denote the default times, such that τi = F−1

i (Yi) and let F1(t1), · · · , FN(tN) = P(τ1 ≤
t1), · · · ,P(τN ≤ tN) be defined as the set of marginal distributions of default times. Then,

we can have the function Fi(ti) = P(Yi ≤ ui) and F (t1, · · · , tN) = P(Y1 ≤ u1, · · · , YN ≤ uN),

where the parameter ui refers to certain threshold at which the creditworthiness of the entity

i falls below when the i-th asset defaults. Suppose the value of Z is known, then the (risk-

neutral) joint conditional probability, P(Yi ≤ ui|Z) that the ith entity defaults before the
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given time t can be computed as:

P(Yi ≤ ui|Z) = P

(
εi <

Φ−1(Fi(ti))− ρiZ√
1− ρ2

i

∣∣∣∣∣Z
)
, (5.3.2)

and since εi are standard normally distributed, the joint conditional probability of default is

finally given below as:

p
i|Z
ti = Φ

(
Φ−1(Fi(ti))− ρiZ√

1− ρ2
i

)
. (5.3.3)

Integrating out the dependency structure evident on the conditional variable Z gives the

unconditional probability of default, which can be denoted by F (t1, · · · , tN). Thus, the joint

probability distribution is given below as:

F (t1, · · · , tN) =

∫ ∞
−∞

[
N∏
i=1

Φ

(
Φ−1(Fi(ti))− ρiz√

1− ρ2
i

)]
φ(z)dz , (5.3.4)

where φ(z) = 1√
2π

e
−z2
2 is the standard normal density function.

Clayton copula:

Suppose the single factor Z follows a Gamma distribution with 1
θ

parameter, for θ > 0. The

conditional default probability can be defined as follows:

P(Yi ≤ ui|Z) = exp
[
−zψ−1(Fi(ti))

]
for all t1, · · · , tN , (5.3.5)

where ψ defined as the generator function describing the Clayton copula with ψ−1(k) =

k−θ − 1 and ψ(k) = (1 + k)
−1
θ . Integrating out the dependency structure over the Gamma

distributed random variable z yields the unconditional probability of default, and thus, the

joint probability distribution is given below as (Laurent and Gregory 2005):

F (t1, · · · , tN) =

∫ ∞
0

[
N∏
i=1

exp
(
−zψ−1(Fi(ti))

)]
φ(z)dz , (5.3.6)

where φ(z) = 1

Γ( 1
θ )

e−zz
(1−θ)
θ is the PDF of the Gamma function.
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Student-t copula:

The student-t copula has a non-zero structure of tail dependence, and thus, it is more

efficient in capturing the extreme joint events which might likely occur, especially in equity

data (O’Kane 2011). Let R denote a χ2 distribution random variable having η as the degree

of freedom. Also, let Z and εi be standard normally distributed random variables such that

R,Z and εi are all independent. Then, we can define the latent variable to be given by:

Yi =

√
η

R

(
ρiZ +

√
1− ρ2

i εi

)
. (5.3.7)

Furthermore, let ui = t−1
η (Fi(ti)) be the same threshold in which the default occurs before

time t. The joint conditional probability of default p
i|Z,R
ti of the ith entity prior to time ti is

given below as

P(Yi ≤ ui|Z,R) = P

εi ≤ ui
√

R
η
− ρiZ√

1− ρ2
i

∣∣∣∣∣Z,R
 .

Thus, we have that

p
i|Z,R
ti = Φ


√

R
η
t−1
η (Fi(ti))− ρiZ√

1− ρ2
i

 . (5.3.8)

Obtaining the unconditional probability of default using the student-t copula involves a

double integration of the conditional loss distribution over two distributions, that is, the

Gaussian and the Chi-square1. Thus, the joint probability distribution can be written as:

F (t1, · · · , tN) =

∫ ∞
0

∫ ∞
−∞

 N∏
i=1

Φ


√

r
η
t−1
η (Fi(ti))− ρiZ√

1− ρ2
i

φ(z)φη(r)dzdr , (5.3.9)

where φη(r) = r
η
2−1e

−r
2

2
η
2 Γ( η2 )

is the PDF of the χ2 distribution (O’Kane 2011).

This double integral is quite computationally intensive and this possess a notable disadvan-

tage of implementing the student-t copula over the Gaussian copula. Thus, pricing problems

and risk management of large baskets are quite impractical when the student-t copula is

being utilized.

1The χ2 distribution function is only valid for r ≥ 0, having first and second moments as E[r] = η and
E[r2] = 2η
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5.4 Discrete and Fast Fourier Transform

The Fourier transform approach or the spectral method is another technique, apart from the

usual recursion method, employed in the generation of the conditional and the unconditional

loss distribution functions. According to Parodi (2014), the FTM works by mapping the

original distribution function into another space in which the convolution operation becomes

more analytically tractable, and then transferred back to its original space after the problem

has been solved. In a nutshell, the FTM approach is entirely dependent on the successful

implementation of the FFT.

Definition 5.2. (Characteristic Function, Hirsa and Neftci (2013)).

Let X be a continuous random variable, the characteristic function Ψ of X referred to as the

expected value eitX where i =
√
−1 and t ∈ R (the argument of Ψ), is defined as

ΨX(t) = E
[
eitX

]
=

∫ ∞
−∞

eitXfX(x)dx ,

where fX(x) is the probability density function of X.

Note that if X has a probability density of fX , the characteristic function is equivalent to

its Fourier transform having a sign reversal in its complex exponential.

Definition 5.3. (Convolution, Fusai and Roncoroni (2007)).

Let f and g be measurable functions, the convolution of both f and g is defined as

(f ⊗ g)(x) ,
∫ ∞
−∞

f(y)g(x− y)dy ≡
∫ ∞
−∞

f(x− y)g(y)dy .

Definition 5.4. (Fourier and Inverse Fourier Transform, Hirsa and Neftci (2013)):

Define X as a continuous random variable and let f be an integrable function such that

f̂ : R→ C and i =
√
−1, the FT and the IFT are defined respectively as

f̂(t) =

∫ ∞
−∞

eitXf(x)dx and f(x) =
1√
2π

∫ ∞
−∞

e−itkf̂(k)dk .

Definition 5.5. (Discrete Fourier and inverse discrete Fourier Transform, Debuysscher

et al. (2003)).
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Let f be a discrete function such that f : {xn} → {Xk}, then the DFT and the IDFT are

defined respectively as:

Xk =
N−1∑
n=0

xne
−2πink
N and xn =

1

N

N−1∑
k=0

Xke
2πink
N ,

where n, k = 0, 1, · · · , N − 1.

The Fast Fourier transform, however, is the algorithm for executing the DFT of a sequence

of variables. The FFT lowers the computational complexity of the DFT from O(N2) to

O(N log2N), and this is so noticeable when computing a vast dataset. With regards to the

immense difference between the two order of complexity, Press et al. (2002) stated that for

an N = 106 points, it is roughly the difference between 30 seconds (CPU time) and about

two weeks (CPU time) which are measured on a microsecond cycle time computer.

5.4.1 Portfolio Loss Distribution

For simplicity, we link this subsection to the Gaussian copula defined in a one-factor model,

and the corresponding estimated default probabilities can be used if another copula is being

used. Let Z(t) be the cumulative portfolio loss at a specified time t with a discrete distribu-

tion, and Mi the notional on each of the entity i = 1, · · · , N . The conditional probability of

default p
j|x
t for the jth name up to time t, which we have conditioned on a specified Gaussian

random variable X = x follows from equation (5.3.3). For the Clayton and the student-t

copula models, the conditional probabilities are given in equations (5.3.5) and (5.3.8) respec-

tively. Define the indicator function of the default time counting process for each ith entity

as Qi(t) = I{τi≤t}, and let Ri be the ith recovery rate, then

Z(t) =
N∑
i=1

(1−Ri)MiQi(t) .

For the valuation of multi-name PCDs like the CDOs and n2D basket swaps, it is pertinent

to either simulate the default times or perform an estimate for the loss distribution over a

time range [0, T ]. To calculate the distribution function of Z(t), we first need to estimate

the characteristic function ΨZ(t)(s) of the portfolio loss, and a natural choice to this would

be the implementation of the FFT.



Section 5.4. Discrete and Fast Fourier Transform Page 101

Furthermore, suppose the σ-algebras σ(R) and σ(X, τ1, · · · , τN) are independent functions,

we calculate the characteristic function of the aggregate loss as follows:

ΨZ(t)(s) = E[eisZ(t)] .

Proposition 5.6. Let (Ft)t≥0 be a given filtration. If Y is a stochastic random variable and

s < t, then the law of iterated expectation states that:

E[E[Y |Ft]|Fs] = E[Y |Fs] .

For proof, see (Björk 2009).

Conditioning on the common factor X, and from the properties of iterated expectations in

Proposition 5.6, we have that

ΨZ(t)(s) = E[E[eisZ(t)|X = x]] = E

[
E

[
N∏
j=1

exp{is(1−Rj)MjI{τi≤t}}

∣∣∣∣∣X = x

]]
.

Since τj is conditionally independent on X and from the assumption of independent Rj

recovery rates2, the inner expected value can be written as

=E

[
N∏
j=1

exp{is(1−R)I{τj≤t}}

∣∣∣∣∣X = x

]
=

N∏
j=1

E

[
exp{is(1−R)I{τj≤t}}

∣∣∣∣∣X = x

]

=
N∏
j=1

[
(1− pj|Xt ) + p

j|X
t eis(1−R)

]
=

N∏
j=1

[
1 + p

j|X
t

(
eis(1−R) − 1

)]
.

The unconditional FT can thus be computed by integrating out the common factor over the

Gaussian density as shown below:

ΨZ(t)(s) = E

[
N∏
j=1

[
1 + p

j|X
t

(
eis(1−R) − 1

)]]
=

∫ ∞
−∞

N∏
j=1

[
1 + p

j|X
t

(
eis(1−R) − 1

)]
φ(x)dx .

Finally, the actual portfolio loss distribution describing Z(t) can be obtained by inverting

the characteristic function with the use of a more suitable Fourier transform function, such

as the inverse form of the FFT 3, and this is more efficient when non-homogeneous portfolios

2The rateRj is considered constant here and further assumption of a constant unit notional, i.e.,
∑
Mi = 1

3From jupyter notebook, ifft imported from scipy.fftpack package



Section 5.4. Discrete and Fast Fourier Transform Page 102

are being considered (Press et al. 2002).

5.4.2 Derivation of Main Theorem

This section will give the main highlight of this research work, which involves the derivation

of the basket swap premium legs, thereby presenting the quasi-analytic expression for the

computation of the swap pricing premium.

Theorem 5.7. (Main Theorem).

The fair value for the n2D swap, with zero accrued premium, is given as:

β =
(1−R)

[
B(0, tN)

∑N
j=n P(Z(t) = j) +

∑N
i=1 f(0, ti)B(0, ti)

(∑N
j=n P(Z(ti) = j)

)]
∑N

i=1 ∆iB(0, ti)
∑n−1

j=0 P(Z(t) = j)
.

Proof :

Let λi(t), also known as hazard rates or the default intensity, be the intensity of the Poisson

process. Then, the marginal density function Fi of default times τi is given below as

Fi(t) := P(τi < t) := 1− exp

(
−
∫ t

0

λi(s)ds

)
, where i = 1, · · · , N.

For τn been the time of the nth default, the survival and the default probability distribution

functions for the nth default are given respectively as:

Sn(t) := P(τn > t) = P(Z(t) < n) =
n−1∑
j=0

P(Z(t) = j) (5.4.1)

F n(t) := P(τn ≤ t) = P(Z(t) ≥ n) =
N∑
j=n

P(Z(t) = j) . (5.4.2)

The value for the premium leg (PL) for the n2D basket swap can be defined as:

PL = A
N∑
i=1

β∆iB(0, ti)I{τn>ti} .



Section 5.4. Discrete and Fast Fourier Transform Page 103

Taking the expectation values, we have

PL = Aβ

N∑
i=1

∆iB(0, ti)E[I{τn>ti}] = Aβ

N∑
i=1

∆iB(0, ti)P[Z(ti) < n] ,

where P[Z(ti) < n] is referred to as the probability of having lower than n defaults.

Thus, the final discounted expected value for the PL is given below as

PL = Aβ

N∑
i=1

∆iB(0, ti)
n−1∑
j=0

P(Z(t) = j) . (5.4.3)

Suppose there exists one or multiple credit events before the expiration time T , then the

swap seller will be obligated to offset the difference of the nominal value and the recovery

rate value for the defaulted reference entity. The default leg (DL) value can be expressed as:

DL = A(1−R)B(0, τn)I{τn≤T} .

Taking the expectation values, we have

DL = A(1−R)B(0, τn)E[I{τn≤T}] = A(1−R)

∫ T

0

B(0, t)dF n(t) .

Integration by parts yields

DL = A(1−R)

[
F n(T )B(0, T ) +

∫ T

0

f(0, t)B(0, t)F n(t)dt

]
.

Next, we convert the functions to discrete functions by substituting the distribution functions

F n(t) with the probabilities of the counting processes as shown in equation (5.4.2). Thus,

we have

DL = A(1−R)

[
B(0, tN)P(Z(T ) ≥ n) +

N∑
i=1

f(0, ti)B(0, ti)P(Z(ti) ≥ n)

]
.

Hence, the value of the DL reduces to

DL = A(1−R)

[
B(0, tN)

N∑
j=n

P(Z(t) = j) +
N∑
i=1

f(0, ti)B(0, ti)

(
N∑
j=n

P(Z(ti) = j)

)]
.

(5.4.4)
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Equations (5.4.3) and (5.4.4) give the discrete forms of the premium legs and the default

legs respectively. Hence, the fair spread value (in the absence of the accrued premium) for

the n2D swap is such that β =⇒ E[PL] = E[DL] = 0, so that we have

β =
(1−R)

[
B(0, tN)

∑N
j=n P(Z(t) = j) +

∑N
i=1 f(0, ti)B(0, ti)

(∑N
j=n P(Z(ti) = j)

)]
∑N

i=1 ∆iB(0, ti)
∑n−1

j=0 P(Z(t) = j)
.

(5.4.5)

Equation (5.4.5) gives the equilibrium price (quasi-analytic expression) of the fair n2D swap

spread, and the calculation is straightforward following from the estimation of the probabili-

ties P(Z(t) = j). Our approach in this technique first uses the convolution concept to output

vectors of probabilities which are conditioned on the given X as a common latent variable4.

Next, we import the fft function from the scipy.stats library in jupyter notebook to

obtain the product of the probability vectors, and the corresponding values are finally in-

verted back using the ifft function. Sub-section 5.4.3 further describes the methodology of

obtaining the distribution function using the FT method.

5.4.3 Probability of having n Minimum Defaults

Let Zi(T ) denote the indicator function that an ith entity defaults before maturity T , that

is, Zi(T ) = I{τi≤T}, and let qi = (1−pi) = P(τi ≤ T ) be the corresponding probability. If the

number of defaults existing before T or the counting process in connection with the number

of default is denoted by L(T ) =
∑N

i=1 Zi(t), then the probability of having a minimum of n

defaults can be written as

P(Z(T ) ≥ n) =
N∑
k=n

P(Z(T ) = k) .

The distribution function of Z(T ) can be viewed as a convolution of the distribution functions

of the Zi(T ), which can be solved via the Fourier approach(Fusai and Roncoroni 2007). Let

4For now; we only consider the Gaussian copula. This approach is equally obtainable when the distribution
functions are changed to reflect the copula model being considered.
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the probability vectors of Bernoulli random variables Zi(T ) be defined as follows:

γij =


1− qi if j = 0

qi if j = 1

0 otherwise ,

as well as its DFT as

ηij =
M−1∑
k=0

γij exp

(
2π
√
−1kj

M

)
for j = 1, · · · ,M .

Then the corresponding P(Z(T ) = j) is obtained by taking the inverse of the DFT of the

product of the FFT values ηij. That is

P(Z(T ) = j) =
1

M

M−1∑
k=0

[
exp

(
−2π
√
−1kj

M

) N∏
i=1

γij

]
.

After this step, it suffices to calculate the unconditional loss distribution and this can be

done by integrating the results over the Gaussian factor distribution. Finally, this value is

fixed into the n2D basket credit analytics to solve for the premium legs, the default legs and

then the corresponding break-even spread.

5.5 Results and Discussions

This section focuses on the numerical experiments obtained in the course of the BDS valua-

tion. First, we consider some empirical and statistical analysis of some selected CDS spread

data and then secondly, we employed the concept of the Gaussian and the Clayton copula,

in conjunction with the DFT to obtain the fair spread values.

5.5.1 Data Analysis

Our dataset consists of a 5-year monthly CDS spread quotes emanating from the following ten

companies: Xerox, Coca Cola, Boeing, IBM, Johnson & Johnson, Oracle, Pepsi, McDonald,

Walmart and AT & T, and these shall be denoted by Xe, Co, Bo, IB, JJ, Or, Pe, Mc, Wa,

and AT respectively. We conduct some empirical and statistical analysis based on these
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spread values, with values in the units of basis points (bp). The sample comprises of 132

monthly observations from January 31, 2008, till December 31, 2018, which spans across

different credit ratings (from AAA to BB rating) and tailored around the Corporate Sector.

In Figure 5.1 below, we made a plot of the corresponding time series, and each of the lines

in this plot represents the spread of different entities.

Figure 5.1: Time series for the 5-Year monthly CDS spreads for ten entities

For each of the monthly CDS spread spanning through 11 year time period, we output the

yearly observances by calculating the average combined quotes in each year. Based on this,

we obtain the mean, the standard deviation, the skewness and the kurtosis for each obligor or

reference entity, and this is shown in Table 5.1 below. Consider the lower rate firm, the Xerox

Holdings Corporation for instance; it is observed that both its mean and the corresponding

standard deviation spreads are significantly higher when compared to other less-risky firms

in this chapter. Throughout the time period for this CDS swap analysis, the Xerox firm

achieved high swap spread in October, November, December 2008 and then, March 2009,

with values 499 bp, 503 bp, 420 bp and 473 bp, respectively. This increment in spread values

might be the after-effect of the global financial crises of 2007-2008, which rendered many
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entities downgraded as a result of some perceived credit risks. Furthermore, the firm was

able to recuperate during the last eight months of 2014 till the first quarter of 2015, where

it became accountable for smaller spread values with the lowest in December 2014 at 69 bp.

As for the skewness and the kurtosis, the values are generally small for all the reference

entities. Skewness ascertains the symmetric structure of the distribution about its mean.

From Table 5.1, we observed that fewer reference entities like the Xerox, Coca-Cola, Boeing

and AT & T had a majority of their dataset to be positively skewed, whereas the other ref-

erence entities had many of their data skewed to the left. Thus, negatively skewed datasets

are mostly associated with lower credit spreads, and this was in line with the explanations

reported by Cremers et al. (2008). Kurtosis, on the other hand, measures how light-tailed or

heavy-tailed a distribution is in connection to the normal distribution. As can be observed

from Table 5.1, we noticed that the majority of the entities dataset had lighter tails in com-

parison to their normal distribution tails, especially the Pepsi Corporation, which assumed

the highest. Whereas, the distribution functions for firms such as Oracle and McDonald had

much heavier tails.

Under the risk-neutral pricing measure Q, consider a model of exponential default which

have intensity λ. The CDS spread is directly proportional to (1 − R), with λ as constant,

and we further assume a standard recovery rate R = 40%. The survival probability of the

set of data frames can be obtained using the expression exp(−s ∗ t/(1− R)). In Figure 5.2

below, we made plots for the probability of survival of the first five and last five entities,

respectively.

(a) Survival Probabilities of First 5 Entities (b) Survival Probabilities of Last 5 Entities

Figure 5.2: Probability of Survival
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As time increased, the probability of survival declined as observed in the plots above. Gen-

erally, the firms considered in this research are highly-rated entities by the credit agencies,

and as such, the probability that each of them survives still remained high. However, this

was in contrast to the Xerox firm, denoted by Xe, as a sharp descent was seen in its tendency

to survive as time goes beyond 2018.

Next, we output the correlation matrix for the reference entity pairs on our dataset using

Kendall’s τ, a rank correlation measure which is based on the concept of concordance and the

discordance measures. For B = (m− m̃)(n− ñ) and according to Agresti (2010), Kendall’s

τ is given by

τ = P(B > 0)− P(B < 0) ,

where the pairs (m, m̃) and (n, ñ) following from the joint distribution function F (m,n) are

concordant supposing m > m̃ and n > ñ. Furthermore, for each pairs (mi, ni) and (mj, nj),

let mij = sgn(mi −mj) and nij = sgn(ni − nj), then the Kendall’s τ is5

τ =
2

N(N − 1)

N∑
i=1

N∑
i<j

i 6=j

mijnij .

We thus implemented data.corr(method =‘kendall’) in ipython notebook, where data is

the file, in order to output the correlations with respect to any two data sets. Using Kendall’s

τ, we presented the summary of the Kendall’s τ for our reference entities in Table 5.2 below:

5The sign or the signum function, also referred to as sgn(m) is defined as

sgn(m) =
d

dm
|m|, m 6= 0 OR sgn(m) =


1 if m > 0

−1 if m < 1

0 if m = 0 .
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Table 5.2: Kendall’s τ correlation matrix for pairs of entities

Kendall’s

Tau (τ)

Xe Co Bo IB JJ Or Pe Mc Wa AT

Xe 1.0000 0.4237 0.3986 0.2284 0.3680 0.4428 0.1793 0.1522 0.4645 0.2738

Co 0.4237 1.0000 0.6193 0.1047 0.6395 0.4772 0.4641 0.2490 0.5742 0.0407

Bo 0.3986 0.6193 1.0000 0.0862 0.6430 0.4867 0.4756 0.1760 0.6026 -0.0703

IB 0.2284 0.1047 0.0862 1.0000 0.0780 0.1411 0.2625 0.3698 0.1466 0.2466

JJ 0.3680 0.6395 0.6430 0.0780 1.0000 0.3569 0.3764 0.2766 0.6460 0.0322

Or 0.4428 0.4772 0.4867 0.1411 0.3568 1.0000 0.3322 0.0708 0.4147 0.2160

Pe 0.1793 0.4641 0.4756 0.2625 0.3764 0.3322 1.0000 0.2530 0.4046 -0.0466

Mc 0.1522 0.2490 0.1760 0.3698 0.2766 0.0708 0.2530 1.0000 0.3135 0.1788

Wa 0.4645 0.5742 0.6026 0.1466 0.6460 0.41470 0.4046 0.3135 1.0000 0.1257

AT 0.2738 0.0407 -0.0703 0.2466 0.0322 0.2160 -0.0466 0.1788 0.1257 1.0000

As can be observed, there are strong positive correlations which exist between firms Co, Bo,

JJ and Wa. There also exist weak negative correlations between firms Bo, Pe versus AT,

whereas the remaining are mostly weak positive correlations.

5.5.2 Swap Premiums using DFT

Gaussian Copula and DFT: In the computation of the n2D basket swap, we first compute

the convolution of the corresponding vectors using the DFT techniques, the unconditional

probabilities of default, the probabilities of having at least n defaults, and finally, the esti-

mated swap prices. The following parameters λ = 0.01, ρ = 0.35, N = 10, T = 1, · · · , 5 are

utilized for Tables 5.3, 5.4 and Figure 5.3. Also, additional parameters of R = 0.4,∆t = 1

(that is, the frequency of the swap premium payment and ∆t = 1 implies annual payment),

r = 0.06 for Table 5.5, and the following results were obtained:
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Table 5.3: Gaussian - Convolution of probabilities with varying time

t = 1 t = 2 t = 3 t = 4 t = 5

5.3660E−2 5.3122E−2 5.2460E−2 5.1704E−2 5.0871E−2

3.2922E−4 8.6175E−4 1.5108E−3 2.2430E−3 3.0368E−3

9.0895E−7 6.2907E−6 1.9580E−5 4.3789E−5 8.1580E−5

1.4897E−9 2.7212E−8 1.5037E−7 5.0658E−7 1.2987E−6

1.5967E−12 7.7251E−11 2.6191E−10 3.8459E−9 1.3567E−8

1.1866E−15 1.5038E−13 2.6191E−12 2.0021E−11 9.7188E−11

1.1686E−17 2.0605E−16 6.2899E−15 7.2382E−14 4.8348E−13

−6.2582E−18 −6.4455E−18 1.0328E−17 1.8424E−16 1.6484E−15

−1.8498E−18 7.8333E−19 3.0567E−18 −3.0652E−18 9.5703E−18

−8.7018E−18 −6.0027E−19 8.2505E−18 −7.3395E−18 −4.6489E−18

5.3130E−18 −3.8145E−18 −5.1768E−18 9.8087E−18 8.1739E−19

Table 5.3 outputs the probability vectors of obtaining α-defaults, such that α = 0, 1, · · · , N ,

which were conditioned on the latent variable X. Note that AE−a = A × 10−a. The FT

approach played a unique role in this result outputs, as both the FFT and the IFFT were

employed in the solution of the DFT problem set. Generally, on the positive probability scale,

we observed from the table that the conditional probability vectors reduced as N increased,

and this monotone decrease was altered when the negative scale was reached. For instance,

the conditional probability of one default is normally larger when compared to having more

than one defaults. Concerning time, the conditional probability vectors decreased with an

increase in time if no default was considered, whereas, for defaults greater than 0 and up to

7, the probability values increased steadily with respect to time. For defaults greater than

7, we observed a haphazard movement of the probability vectors which could be as a result

of the Gaussian model and from the fact that the latent variable was drawn from the whole

real line R.

Next, we seek to compute the corresponding unconditional probabilities of default or the

marginal probabilities, and these are obtained by numerical integration over the factors

distribution, thereby integrating out the dependency property on the conditional variable.

In this instance, we truncate the domain of the normal distribution to be [−7, 7], and the

following values give the probabilities:



Section 5.5. Results and Discussions Page 112

Table 5.4: Gaussian - Unconditional probabilities of defaults with varying time

t = 1 t = 2 t = 3 t = 4 t = 5

9.0940E−1 8.3114E−1 7.6194E−1 7.0009E−1 6.4445E−1

8.2542E−2 1.4388E−1 1.9103E−1 2.2750E−1 2.5560E−1

7.3046E−3 2.1390E−2 3.8378E−2 5.6549E−2 7.4922E−2

6.8320E−4 3.0885E−3 7.1520E−3 1.2642E−2 1.9307E−2

6.6161E−5 4.3551E−4 1.2609E−3 2.6173E−3 4.5344E−3

6.3904E−6 5.8752E−5 2.0788E−4 4.9902E−4 9.6970E−4

5.8942E−7 7.3413E−6 3.1224E−5 8.5716E−5 1.8529E−4

4.9250E−8 8.1241E−7 4.1028E−6 1.2776E−5 3.0535E−5

3.4646E−9 7.4428E−8 4.4232E−7 1.5530E−6 4.0864E−6

1.8130E−10 5.0100E−9 3.4811E−8 1.3724E−7 3.9641E−7

5.2713E−12 1.8581E−10 1.5029E−9 6.6358E−9 2.1003E−8

Table 5.4 outputs the unconditional probability of having n defaults using numerical inte-

gration, and we used the integrate.quad function found in the scipy library to execute

the integral. The probabilities became more uniform upon the removal of the dependency

structure. For zero defaults, the unconditional probabilities decreased with an increase in

time and increased with an increase in time when the defaults were bigger than zero. Also,

a negative correlation between the number of defaults and the probabilities was observed,

notwithstanding the time value.

Furthermore, we applied the concept of the counting process to estimate the probabilities

of having less than n entities defaulting at a specified time ti in a given portfolio. This is

denoted by P(Z(ti) < n) and the following Figure 5.3 showed the probabilities when the

n = 1, 2, 3, 4, 5, 6 out of 10 entities. We observed that the probability of having a minimum

of n defaults was generally greater than that of the n + 1 defaults. This was due to the

fact that it took more time for n+ 1 reference entities to default in comparison to n entities

defaulting. The default probability equally increased with an increase in time since there

was a greater likelihood of credit events amongst the entities in a given basket.
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(a) P(Z(t) = 1) (b) P(Z(t) = 2) (c) P(Z(t) = 3)

(d) P(Z(t) = 4) (e) P(Z(t) = 5) (f) P(Z(t) = 6)

Figure 5.3: Gaussian - Probability of having n defaults against time T and N entities

Having computed the above steps, that is, the conditional probabilities of default with re-

spect to the Gaussian density function, the unconditional probabilities of default, and the

probabilities of having at least n entities defaulting, it suffices to incorporate all these in the

valuation of the n2D basket swaps.



Section 5.5. Results and Discussions Page 114

Table 5.5: Comparison of n2D BDS prices using FT under the one-factor Gaussian copula

Rank n2D swap premium via Fourier Transform

λ = 0.01 λ = 0.015 λ = 0.02 λ = 0.025 λ = 0.03 λ = 0.035 λ = 0.04

1 553.1536 826.3604 1105.7815 1393.6095 1691.2408 1999.6699 2319.6655

2 164.6480 285.4171 415.1819 550.7922 690.7409 834.2651 980.9814

3 54.3331 112.7715 183.2751 262.0463 346.6463 435.4700 527.4395

4 17.0634 42.9693 79.2484 123.9775 175.4164 232.1254 292.9536

5 4.8727 14.9355 31.5276 54.5161 83.3601 117.3604 155.7923

6 1.2279 4.5737 11.0928 21.3393 35.5340 53.6560 75.5247

7 0.2632 1.1874 3.3139 7.1201 12.9823 21.1591 31.7966

8 0.0452 0.2466 0.7921 1.9056 3.8195 6.7525 10.8946

9 0.0056 0.0367 0.1357 0.3663 0.8079 1.5590 2.7135

10 0.0004 0.0030 0.0126 0.0383 0.0937 0.1972 0.3719

In Table 5.5, we output the fair spread values under the Gaussian copula model solved via the

DFT approach, and we varied both the default intensity and the seniority of the portfolio.

The hazard rates or the intensity defaults are indispensable variables in the valuation of

n2D basket swap, as they measure the conditional probabilities of having no earlier default

in any given year. The hazard rate increase led to a corresponding decrease in the probability

of survival, and when the survival probability was significantly low, the chances of the

portfolio having no default became extremely low. Hence this behaviour accounted for

the presence of larger spread values and thus, both the spreads and the hazard rates were

directly proportional in confirmation with the results of Jabbour et al. (2009). The rank, on

the other hand, measures the seniority of the defaulting entity, as rank = 1 means the first

entity to default in a portfolio of N = 10 entities. Thus, as the rank increased, the likelihood

of experiencing a default became slimmer and thus giving rise to smaller swap spread.

Clayton Copula and DFT: We compared results using the Clayton copula in connection

with the DFT techniques. This copula model arises from an asymmetric Archimedean family,

with much dependence clustered in its negative tail than in their positive tail, and very useful

for modelling correlated defaults. We employ the same techniques as used in the Gaussian

copula model, but we now use the main probability distribution (Gamma Distribution)

which describes the Clayton copula model. Contrary to the Gaussian correlation structure,

here, we use the Clayton copula parameter θ ∈ (0,∞) which measures the dependency level
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between the given variables. Using a parameter of θ = 0.193, we output the probability

vectors defined under the Clayton copula and the following results are given in Table 5.6:

Table 5.6: Clayton - Convolution of probabilities with varying time

t = 1 t = 2 t = 3 t = 4 t = 5

6.4801E−3 3.8768E−3 2.4990E−3 1.6756E−3 1.1661E−3

3.8987E−3 4.4991E−3 4.1476E−3 3.5809E−3 3.0145E−3

1.0555E−3 2.3496E−3 3.1090E−3 3.4437E−3 3.5068E−3

1.6935E−4 7.2712E−4 1.3810E−3 1.9625E−3 2.4175E−3

1.7830E−5 1.4767E−4 4.0257E−4 7.3396E−4 1.0937E−3

1.2873E−6 2.0565E−5 8.0469E−5 1.8822E−4 3.3927E−4

6.4541E−8 1.9888E−6 1.1170E−5 3.3520E−5 7.3088E−5

2.2189E−9 1.3189E−7 1.0632E−6 4.0935E−6 1.0797E−5

5.0062E−11 5.7398E−9 6.6414E−8 3.2805E−7 1.0467E−6

6.6932E−13 1.4803E−10 2.4584E−9 1.5579E−8 6.0128E−8

4.0270E−15 1.7179E−12 4.0951E−11 3.3294E−10 1.5544E−9

From Table 5.6, when there was no default, we observed a steady decrease in the values of

the conditional probability vectors across time. This monotone decrease was altered when

the default increased to one, and for 2 defaults up till 10, the probability vectors increased

monotonically. These altered movements were as a result of the random component in the

Gamma distribution function of the Clayton copula model. Additionally, the convolution

of vectors reduced at time = 1 for all the number of defaults. From time = 2 till 5, we

observed that the probability vectors increased at n = 1, and then reduced gradually when

the number of defaults became greater than one.

Next, the corresponding unconditional probabilities of default or the marginal probabilities

were obtained by numerical integration over the factors distribution (Gamma distribution),

thereby integrating out the dependency property on the conditional variable. From equation

(5.3.6), the joint probability distribution function which served as our unconditional proba-

bility of default in this instance was obtained by integrating over the positive real line, that

is, R>0 = (0,∞), and the following values give the probabilities:
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Table 5.7: Clayton - Unconditional probabilities of defaults with varying time

t = 1 t = 2 t = 3 t = 4 t = 5

9.7835E−1 9.4475E−1 9.0761E−1 8.6921E−1 8.3062E−1

1.9830E−2 4.8995E−2 7.6774E−2 1.0440E−1 1.3019E−1

1.6222E−3 6.1101E−3 1.2613E−2 2.0569E−2 2.9577E−2

1.7854E−4 9.6272E−4 2.4317E−3 4.5705E−3 7.3400E−3

2.0347E−5 1.5406E−4 4.6942E−4 1.0050E−3 1.7839E−3

2.1372E−6 2.2716E−5 8.3362E−5 2.0285E−4 3.9715E−4

1.9194E−7 2.8810E−6 1.2777E−5 3.5414E−5 7.6567E−5

1.3785E−8 2.9456E−7 1.5869E−6 5.0285E−6 1.2040E−5

7.3106E−10 2.2416E−8 1.4751E−7 5.3669E−7 1.4281E−7

2.5210E−11 1.1175E−9 9.0305E−9 3.7882E−8 1.1241E−7

4.2145E−13 2.7192E−11 2.7113E−10 1.3164E−9 4.3706E−9

In Table 5.7, we output the unconditional probability of defaults. The observed values

decreased with an increase in time when there was no default but increased steadily when

defaults occurred in the basket of the entities. Also, the values obtained for the Clayton

copula were generally lesser when compared to the Gaussian copula, but only with the

exception of the zero default values.

Next, we apply the concept of counting process in connection with the Clayton copula, to

compute the probabilities of having less than n entities defaulting at a specified time ti

in a given portfolio. This is denoted by P(Z(ti) < n) and the following figures give the

probabilities when the n = 1, 2, 3, 4, 5, 6 out of 10 entities.
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(a) P(Z(t) = 1) (b) P(Z(t) = 2) (c) P(Z(t) = 3)

(d) P(Z(t) = 4)
(e) P(Z(t) = 5) (f) P(Z(t) = 6)

Figure 5.4: Clayton - Probability of having n defaults against time T and N entities

Figure 5.4 showed the results obtained, and we observed that the probabilities became ex-

tremely small in comparison with the Gaussian probabilities. This further asserts that as the

number of at least n defaults goes up, the corresponding probabilities declines drastically.

Table 5.8: Comparison of n2D BDS prices using FT under the one-factor Clayton copula

Rank n2D swap premium via Fourier Transform (θ = 0.1938)

λ = 0.01 λ = 0.015 λ = 0.02 λ = 0.025 λ = 0.03 λ = 0.035 λ = 0.04

1 256.9671 417.5711 587.0253 763.7078 946.7921 1135.8055 1330.4752

2 74.0353 143.4878 225.2093 315.9714 413.6235 516.6302 623.8508

3 23.6040 54.1627 95.1930 145.0698 202.3589 265.8131 334.3513

4 7.2595 19.6489 38.7389 64.4075 96.2804 133.8511 176.5486

5 2.0313 6.4822 14.3657 26.1523 42.0887 62.2469 86.5653

6 0.4933 1.8606 4.6480 9.2969 16.1731 25.5603 37.6588

7 0.0986 0.4416 1.2483 2.7534 5.1971 8.8124 13.8145

8 0.0151 0.0806 0.2591 0.6329 1.3012 2.3762 3.9787

9 0.0016 0.0100 0.0367 0.0998 0.2245 0.4432 0.7955

10 0.0001 0.0006 0.0027 0.0081 0.0200 0.0427 0.0824
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Table 5.8 gives the corresponding swap values with regards to varying intensity default and

the rank of the portfolio default. The same characteristics were exhibited by the swap

values in comparison with the Gaussian copula, but we observed that the Clayton swap

values were significantly lesser than that of the Gaussian swap. This could result from the

choice of the discrepancies between the θ-Clayton dependency and the ρ-Gaussian correlation

structure. Furthermore, it could result from the the fact that the Clayton aims at modelling

the extreme values for tail dependency which makes the values to be restricted in some sense,

and finally the varied distribution functions of both copula families could equally account

for the different spread values. However, the question still remains on which copula seems

to be the best?, and the answer lies in the category of default events we are modelling.

For instance, the Clayton copula remains the best in comparison to the Gaussian copula,

especially the modelling of some extreme joint events in systematic risk, in the joint tail or the

fat-tailed functions. For modelling events in the low tailed distributions or operational risk,

or high-stress forecasting under credit risk scenarios, the Gaussian copula model outperforms

the Clayton (Staudt (2010), Demarta and McNeil (2005), Koziol et al. (2015)).

5.6 Conclusion

The price estimation of the BCDS is linked directly to the computation of the joint proba-

bility of default, and this research successfully obtained such probability without simulation.

Here, we employed the quasi-analytic techniques which involved a combination of the cop-

ula modelling and discrete Fourier transform to compute the probabilities of default, thereby

connecting it to the price estimation of the swap payment stream. We introduced the concept

of one-factor Gaussian copula, the student-t copula and the Clayton copula in describing the

probability distribution functions. This concept further led to some semi-analytic expres-

sions for the conditional and the unconditional portfolio loss distribution functions, and the

corresponding expressions were solved efficiently with numerical integration via the discrete

Fourier transform approach and its inverse. Data analysis with the inclusion of statistical

and empirical analysis were equally conducted on the CDS spread quotes of 10 entities in

order to estimate the correlation structures and the chances of survival of the basket entities.



6. Conclusion and Future Works

The overall theme of this research lies in the pricing of financial derivative instruments,

especially the basket credit default swaps, which are financial contracts that payoff upon

pre-defined default/s in a portfolio of credit assets. This thesis aims at computing the values

of swaps which are written and defined on a portfolio of entities whose probability of default

is estimated using copulas in incorporation with the Monte-Carlo simulation techniques

and the discrete Fourier transform. The paramount issue connected in the pricing of these

derivatives and modelling the level of their risk has to deal with the computation of the joint

probability of default or their correlated default times. Thus, this thesis has investigated the

valuations of these financial contracts in a numerical scheme, as well as in a quasi-analytical

approach.

6.1 Concluding Summary and Recommendations

The major findings from this thesis, as presented in Chapters 3, 4 and 5 include the following:

• In the first part of Chapter 3, we conducted an investigative study into the idea of

the BCDS valuation using the stochastic default intensity models. The hazard rate

process, which is a function that measures the default probability for a given time

interval conditioned on no prior default, was modelled using the one-factor Vasicek

and the one-factor CIR models. The explicit formulas for the corresponding JSPD

functions of both the homogeneous and the heterogeneous portfolios were derived.

Applying the concept of the Monte-Carlo simulations and the one-factor Gaussian

copula models, we estimated the default time for asset i in a basket of N entities.

Furthermore, these default times were utilized in the estimation of the default legs,

accrued premium legs, the premium legs, and finally the n-to-default basket prices.

We equally considered and estimated the survival probabilities, the swap spreads and

the equal-weighted portfolio values defined in the frameworks of the Vasicek model and

the CIR model. The chapter ended by investigating the impacts of default intensities

and default correlations on basket default swap prices.

From the results section, it was observed that as the seniority of the default protection

increased, a direct proportionality existed between the swap premium prices and the
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hazard rates. However, this was not the case with the default correlation, which played

a huge role in the pricing, as we observed a non-uniform pattern in the n2D basket

prices. Only for the F2D basket price did we observe a trend of inverse proportionality

with regards to the correlation and the swap spread, and a non-convex trend for higher-

order basket defaults with the exception of bigger intensity default for the second-to-

default basket swap.

Secondly, from the data analysis part of this chapter, we employed the MLE concept to

numerically estimate the default intensities of some selected corporate entities, using

their OAS bid values. It was observed that firms that have higher credit ratings have a

lesser intensity default in comparison with the lower-rated firms. The lower-rated firms

accounted for higher bond spreads, which in turn, increased their likelihood of defaults.

We further observed that as the higher-rated entities gradually become downgraded

to lower credit ratings, the expected values of their hazard rates, together with their

probabilities of default increased, thereby rendering them as high-risk entities.

Overall, we recommend the use of the CIR model in modelling the default intensities,

as compared to the Vasicek counterpart because the former resulted in a more efficient

basket pricing technique. Furthermore, we suggest that appropriate calculations for

the swap spread sensitivities with respect to the corresponding parameters should be

ensured in order to effectively hedge the credit risks evident in the basket default

swaps. Lastly, financial investors who are interested in trading F2D basket swap with

the highest premium amount should focus on selling protections on entities having low

correlations, and vice versa.

• In Chapter 4, we reviewed different copula models which are important quantitative

methods in finance. Here, we presented different algorithms for the computation of the

default times, using elliptical (Gaussian and the Student-t) and some Archimedean

copula models (Clayton, Frank and Gumbel), and then applied them to the price

valuation of the basket credit default swaps. The MCS method was the criterion

for the simulation of the random components associated with these copula models.

Thus, the final swap premium, computed from the values of the swap payment legs,

were ideally estimated, and this was followed by comparative sensitivity studies with

regards to the default swap parameters.

Furthermore, in order to ensure less ambiguous comparative studies, we considered a

homogeneous portfolio and ensured that the swap pricing parameters are all constant,

notwithstanding the type of copula models being used in the pricing process. The study
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equally assumed that the dependence structures, in accordance with the equivalent

Kendall’s tau, remain unchanged throughout the course of the n2D basket valuation.

From our results, we inferred that the Gaussian copula (under the elliptical family) and

the Gumbel copula (under the Archimedean family) performed best during the pricing

process when their computation times are being used as the basis for the selection

criteria.

To a large extent, the corresponding numerical experiments were conducted and results

presented clearly depicted that the choice of a relevant copula model tremendously

affected the portfolio’s risk profile, and appropriate care must be ensured during the

valuation process in order to avoid under- or over-pricing of these financial contracts.

Thus, having a keen understanding of these studies can equip financial participants to

hedge and speculate the direction of the credit derivatives market.

• In Chapter 5, we introduced the semi-analytic technique, which comprises of the com-

bination of the copula models and the Fourier transform, in the valuation of the basket

credit derivatives. The discrete Fourier transform was introduced in this pricing pro-

cess because it has the capacity of overcoming the problems of the huge Monte-Carlo

simulation numbers, as well as the ability to speed up the convergence analysis re-

sults. The first part of this chapter focused on some empirical and statistical analysis

of the CDS data for some randomly selected firms from highly-rated to lower-rated

categories. We computed the survival probabilities of all the entities in our dataset, as

well as estimated the correlation coefficients pertinent in the portfolio of those entities.

The latter aspect of the chapter focused on estimating the conditional probabilities of

default, as well as the dependent defaults associated with the one-factor Clayton and

one-factor Gaussian copula models, under the discrete Fourier transform approach.

Here, we first employed the approach of the Fourier transform to estimate the condi-

tional characteristic function of the loss distribution. Next, the unconditional char-

acteristic function was retrieved from the conditional characteristic function via the

techniques of the inverse fast Fourier transform using numerical integration. As a re-

sult, we derived a semi-analytic expression for the estimation of the default and the

premium payment legs, as well as the pricing formula for the n2D basket swap pre-

mium. These formulas were tested numerically to get the explicit fair value of the n2D

swap premium under both the Gaussian and the Clayton copula models.

From the study, we observed that a quasi-analytic technique which comprises of the

Fourier transform and the copula models could be utilized in modelling the default
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times, and the swap premiums correspondingly. Thus, in the absence of the random

default time simulations, a technique involving the concept of the counting process

and the portfolio loss distribution can be employed in effectively pricing of the basket

credit derivatives.

6.2 Scope for Future Work

Future work under the BCDS valuation will be broadly classified into three components:

• In this current research, we considered the concept of credit risk, and in the future

work, we shall focus on the case of counterparty risk on the BCDS pricing. Normally,

when a counterparty A decides to buy a BCDS contract from counterparty B in order

to protect the bonds issued on a basket of reference entities (say companies 1 to N)

from credit events; credit risk, as referred to in this research, reflects the possibility

that the companies will not be able to reimburse the bond values or their equivalent

fully. The counterparty risk here reflects the financial risk that the counterparty B will

be unable to repay the values of the bonds if the companies become bankrupt. Thus,

future investigation could be carried out on the valuation of the BCDS following this

assumption.

• Furthermore, more studies can be done on the extension of the semi-analytic techniques

of BCDS pricing to other copula models, with much focus on the Archimedean class. In

this work, we only considered the cases of the Gaussian copula and the Clayton copula

model, in connection to the DFT techniques to obtain the quasi-analytic expressions

of the swap price. This concept can be extended to other Archimedean copula families,

and appropriate generalizations could be made based on this methodology.

• Part of this research modelled the intensity process and estimated the portfolio value

under the CIR and the Vasicek model, and here, we assumed an equally-weighted

portfolio value. More research can be focused on the optimal portfolio computation of

the BCDS pricing, whilst maintaining the stochastic hazard rate modelling.
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Appendix A. Algorithm for default

time modelling

In this section which is fully applicable to Chapter 4, we describe the algorithms employed

in the generation of the default times for all the copula models applied in this study. The

Gaussian and the student-t copula models for generating the default times involve the use

of the Cholesky decomposition of the specified correlation matrix Σ, so as to obtain a lower

triangular matrix L, such that Σ = LL>. We employ the techniques of (Scherer and Mai

2017). For the generation of an α-stable distribution used in the Gumbel copula, we employ

the methodologies proposed in both Melchiori (2006) and Nolan (2003). For generating

random Logarithmic series utilized in the Frank copula, we used the ipython numpy inbuilt

function logseries(p), with the parameter p = 1 − e−θ. Otherwise, consider the full

algorithm proposed by Melchiori (2006). Here, random variables, which are logarithmically

distributed were obtained from Kemp’s second generator with acceleration. For further

details, we refer to (Devroye 2006).

Algorithm 1 Pseudocode for simulating default time using Gaussian copula model

1: Obtain the Cholesky decomposition L of Σ, such that Σ = LL>.

2: Generate independent random variates Z ∼ N (0, 1), where Z = (z1, z2, . . . , zn)>.

3: Compute si = LZ, where si ∼ N (0,Σ).

4: Return the vector Xi =
(
ψ(si)

)>
, with ψ denoting the distribution function associated

with univariate standard normal distribution.

5: Finally compute τi = F−1
i (Φ(si)) with Xi = ψ(si) in equation (4.4.1).

Algorithm 2 Pseudocode for simulating default time using Student-t copula model

1: Obtain the Cholesky decomposition L of Σ, such that Σ = LL>.

2: Generate independent random variates Z ∼ N (0, 1), where Z = (z1, z2, . . . , zn)>.

3: Simulate an independent random variate ri ∼ χ2(β), where β is the degrees of freedom.

4: Compute si =
√

β
ri
LZ.

5: Return the vector Xi =
(
tβ(si)

)>
, with tβ denoting the distribution function associated

with univariate t-distribution, with zero mean.

6: Finally compute τi = F−1
i (Φ(si)) with Xi = ψ(si) in equation (4.4.1).
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Algorithm 3 Pseudocode for simulating default time using Clayton copula model

1: Simulate a uniform random variable ki ∼ U([0, 1]).

2: Generate gamma random variables M ∼ Γ
(

1
θ
, 1
)
.

3: Calculate Xi from the equation (4.4.2) and then, the default time from equation (4.4.1).

Algorithm 4 Pseudocode for simulating default time using Gumbel copula model

1: Set α = 1/θ, β = 1, γ = (cos(π/2θ))θ and δ = 0.

2: Simulate a uniform random variable p ∼ U
(
−π

2
, π

2

)
.

3: Simulate Q from an exponential distribution, with mean 1. Both Q and p must be

independent.

4: Set Ψ = 1/α(arctan(β tan(πα)/2)).

5: Compute M ∼ Stable(α, β, γ, δ). Here, M = γY + δ, where

Y =
sinα(Ψ + p)

(cosαΨ cos p)
1
α

[
cos(αΨ + (α− 1)p

Q

] 1−α
α

, since α 6= 1 .

6: Finally, calculate the random variables Xi from equation (4.4.2) and then the default

time τi follows from equations (4.4.1).

Algorithm 5 Pseudocode for simulating default time using Frank copula model

1: Simulate a uniform random variable ki ∼ U([0, 1]).

2: Generate log-series random variables M ∼ Logarithmic(1 − e−θ). Both M and ki must

be independent.

3: Calculate Xi from the equation (4.4.2) and then, the default time from equation (4.4.1).
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