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ABSTRACT 
The thermal importance of nanoparticles in different fields of engineering is 
still a developing issue that necessitates additional focused consideration. 
The suspension of non-Newtonian fluids with nonmaterials has various appli
cations in areas such as enhanced thermal systems, energy processes, aero
space engineering, and chemical industries. Following such motivations, this 
work aims to analyze the heat and mass transfer flow of Walters-B nanofluid 
in the presence of microorganisms. The fluid motion is presumed to be non
steady over a surface that undergoes periodic acceleration. The motivations 
for studying nanofluid’s oscillating flow are its use in effective mixing proc
esses, combustion stability, and process efficiency. The text provides a 
detailed explanation of the saturation of porous media. A modified theory 
for heat and mass fluxes, known as the Cattaneo–Christov approach, sug
gests an extension in heat equations. Moreover, it supports the interaction of 
radiation phenomena for enhancing heat transfer. It is noteworthy that the 
entire problem is represented using extremely nonlinear partial differential 
equations (PDEs). The CFD study utilizing the renowned implicit finite differ
ence method (FDM) has been effectively employed to propose a numerical 
solution for the problem. The numerical results are deemed valid and con
firmed within certain limiting cases, based on the available data. The evalu
ation of velocity, skin friction coefficient, Nusselt number, and Sherwood 
number as a function of time has been demonstrated for various parameters. 
It is asserted that the wall shear force exhibited an oscillating pattern with a 
greater magnitude as a result of the viscoelastic parameter. The Nusselt num
ber and Sherwood number exhibit slight acceleration as a result of changes 
in the Prandtl number and Schmidt number, respectively. The proposed 
model is specifically designed for use in heat exchangers, vibrational systems, 
compact designs, and vibration control.
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1. Introduction

Nanomaterials are colloidal suspensions consisting of nanoparticles dispersed in a base fluid. 
Nanoparticles, such as carbides, metals, carbon nanotubes, and oxides, have a significant impact 
on the thermal characteristics of base liquids. The enhanced thermal properties can be attributed 
to the increased surface area of the nanoparticles and the improved stability of the colloid. 
Multiple eras of engineering have involved the utilization of nanofluids in automotive engines, 
chemical reactors, electronic devices, and other applications. Nanofluids have been found to have 
promising applications in the biomedical field, particularly in medication delivery and hyperther
mia cancer therapies. The employment of nanoparticles allows for the effective observation of 
thermal energy and the increase of heat transport on the nanoscale. Nanofluids play a crucial 
function in solar systems and energy devices. Heat exchangers, nuclear reactors, automotive cool
ing, solar radiation, lubricants, and other systems also rely on nanofluids for their significance. In 
biomedical sciences, the significance of nanoparticles is attributed to medical imaging, the treat
ment of cancer, hyperthermia, etc. In recent times, there has been a wide range of literature dedi
cated to the examination of nanofluids. Wang et al. [1] provided a comprehensive analysis of the 
progress and durability of nanofluids. Mondal et al. [2] emphasized the potential benefits of using 
nanofluids for transporting fluids across porous materials, particularly in relation to the effects of 
uneven heating. Oudina et al. [3] proposed enhancing heat transmission by utilizing the inter
action of magnetite nanoparticles. The analysis was conducted using the Buongiorno model. 
Nadeem et al. [4] used the Reynolds nanofluid model to predict the thermal consequences of 
Casson nanofluid on a slandering surface. Basit et al. [5] quantitatively investigate the Lorentz 
force in the nanofluid problem. Acharya et al. [6] conducted an experiment on the effects of iron 
oxide nanoparticles on chamber flow and obtained the findings. Irfan and Bhatti [7] anticipated 
the limitations on slip in order to investigate the reduction in heat transmission caused by nano
fluid truncation. Khan et al. [8] conducted an investigation on the flow of Powell–Eyring nano
fluid in an axisymmetric channel. Abdelsalam et al. [9] addressed the implementation of Sutterby 
nanofluid in hyperthermia therapeutic applications. Raza et al. [10] examined the utilization of 
Jeffrey nanofluid in a porous channel using fractional calculations. Kumar et al. [11] conducted 
an investigation of entropy and the significance of Bejan theory in relation to the flow of nano
fluids. Sheikholeslami et al. [12] addressed the enhancement of heat transfer in thermoelectric 
generators with the use of nanoparticles. Bakar et al. [13] developed a slip model for nanofluid 
that accounts for the bioconvective phenomenon. Yaari et al. [14] made predictions on the use of 
nanomaterials in oil recovery in the presence of heterogeneous porous spaces. Gholizadeh et al. 
[15] conducted an experimental investigation on the importance of heat exchangers using nano
fluids. Shahlaei et al. [16] examined the augmentation of heat transfer caused by the presence of 
nanofluid in the presence of Joule heating effects. Ghadikolaei et al. [17] indicated that they 
examined the thermal efficiency of an environmentally friendly nanofluid using a combination of 
passive methods. Bhatti et al. [18] investigated the electromagnetohydrodynamic (EMHD) con
vective transport of a reactive, dissipative Carreau fluid with thermal ignition in a non-Darcian 
vertical duct and presented numerical solutions. Bilal et al. [19] reported a study on the flow of 
nanofluid on a Riga surface, considering the effects of heat source and activation energy. Issakhov 
et al., [20] assessed the natural convective flow in a cubic container that was filled with 
nanofluid.

Non-Newtonian materials are anticipated to have a pivotal impact on various fields including 
pharmaceuticals, cosmetics, food processing, polymers, and engineering. The intriguing character
istic of non-Newtonian materials is their varied change in viscosity when subjected to shear rate. 
Essentially, the varied characteristics of non-Newtonian fluids have been considered. Due to the 
unique characteristics of these materials, other types and categories have been suggested, such as 
shear thinning, dilatant, Bingham plastic, and viscoelastic materials. Non-Newtonian materials, 
like blood, are used in diagnostic and research applications in the medical industry. The Walters- 
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B model is a type of viscoelastic fluid that describes the relationship between shear force and 
deformation rate. The Walters-B model accurately characterizes the polymer-like properties of a 
fluid, in which the presence of long chain molecules imparts distinct rheological characteristics. 
These polymeric liquids are commonly used in the fields of biotechnology and chemical engineer
ing. The original model for Walters-B fluid is attributed to the work of Bear and Walters [21], in 
which the governing equations were effectively established.

Pasha et al. [22] employed a computational method to study the behavior of Walters-B nano
fluid in the presence of chemically reactive species. Rai et al. [23] applied the thermal instability 
framework to study the behavior of Walters-B viscoelastic nanofluid in Hele–Shaw cells. 
Vyakaranam et al. [24] examined the combined rheology of Walters-B nanofluid and tangent 
hypobaric fluid in the presence of thermos-diffusion phenomena. Smida et al. [25] investigated 
the use of Walters-B nanofluid for heat transmission in lubricated space. Sandeep et al. [26] con
ducted a study on slip flow using Walters-B nanofluid flow with heat transfer. Wang et al. [27] 
conducted a 3D investigation of the Walters-B nanofluid by introducing minuscule nanoparticles. 
Saini et al. [28] highlighted the significance of radiative phenomenon in relation to Walters-B 
fluid with porous space.

The Cattaneo–Christov (CC) heat flow model is a contemporary method used to alter the heat 
equation in the analysis of heat transport problems. The CC hypothesis is essentially an expan
sion of Fourier’s law. Essentially, Fourier’s model is linked to the concept of heat propagating at 
an unlimited speed, which frequently leads to predictions that are not in line with physical reality. 
Incorporating thermal relaxation time elements enhances the realism of the execution of the CC 
technique. The CC model is commonly used in engineering, geophysics, and other fields to 
address various thermal issues and optimize thermal management. References [29–32] contain 
several papers that have utilized the CC model for implementation.

According to purported scientific discoveries, it has been observed that several investigations 
on nanofluids have been carried out in various flow configurations. However, the unstable and 
periodically fluctuating bioconvective flow of Walter’s B nanofluid, with the implementation of 
the modified CC model, has not been asserted or proven. The research endeavor seeks to study 
the thermally saturated flow of Walters-B nanofluid with a suspension of microorganisms under 
regularly oscillating conditions. This study investigates the examination of heat and mass trans
mission phenomena for a bioconvective Walters-B nanofluid across a porous, oscillating stretched 
surface. The examination of heat and mass transmission is associated with the use of the CC 
method. The inclusion of thermal radiation and heat sources is accounted for. The subject matter 
is exclusively approached via the use of partial differential equations (PDEs) instead of ordinary 
differential equations (ODEs). An implicit finite difference technique is used to find the numer
ical solution of these PDEs. The tangible components of the issue have been determined based on 
the given criteria. The reported findings of each flow parameter have been used to support claims 
of industrial and technical applications.

2. Statement of problem

Consider an unsteady two-dimensional (2-D) flow of Walters-B nanofluid with microbe suspen
sion caused by a stretched surface that oscillates uniformly. The sheet endorsed the flow with vel
ocity u ¼ ux ¼ bx sin -t for which b and - provides the illustration of stretching rate and 
angular frequency, respectively. The convective boundary conditions are used to evaluate the flow 
of heat and mass transfer. Porous space is maintained permeability by its oscillating surface. The 
flow problem is modeled in coordinate system where x is taken along the stretching surface while 
y is oriented in normal to surface. The focus is on the assumptions made about the normal mag
netic field. Using a modified approach, the heat equation is updated with the CC method. In 
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addition, the potential effects of radiation and heat sources are being considered. The velocity 
component u is along horizontal axis while v is taken in vertical direction to the plate. The prob
lem has been formulated based on the following equations [33–35]:
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where t is the time, � exposes the dynamic viscosity, C is viscoelastic coefficient, r electrical con
ducting, u porous medium, X permeability of porous space, B0 magnetic force strength, AT is the 
coefficient of thermal relaxation time, BC is for concentration relaxation coefficient, T is for tem
perature, K be thermal diffusivity, Q external heat source, DT is thermophoresis factor, Tf con
vective heat transfer, C is concentration, ! is ratio of capacitance of nanofluid to base fluid 
particles, DB be Brownian diffusion, DB is Brownian factor, w microbe’s density, e denotes the 
Boltzmann constant, ka is for mean absorption coefficient, # chemotaxis coefficient, w defining 
the speed associated to swimming cells, and Dm microorganisms diffusion constant.
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The problem is being considered in the light of the following conditions [35]:

u ¼ ux ¼ bx sin -t, v ¼ 0, − k
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>>;

(6) 

where hf is heat transfer coefficient while kf reflects the coefficient of mass transfer. Since the 
flow induced in unbounded domain therefore, the augmented constraints @u

@y ! 0 is implemented. 
Let the suggesting new variables for simplifying the problem [34, 35]:

v ¼ −
ffiffiffiffiffi
�b
p

f n, sð Þ, n ¼
ffiffiffi
b
�

r

y, u ¼ bxfn n, sð Þ, s ¼ tx,

h n, sð Þ ¼
T − T1
Tf − T1

, / n, sð Þ ¼
C − C1
Cf − C1

, J n, sð Þ ¼
w − w1
ww − w1

:

9
>>=

>>;

(7) 

In view of above transforms, the simplified system is:
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In order to suggests the applications of sin fraction Cf , Nusselt number Nu, Sherwood num
ber Sh, and motile density number Nn, following relations are imposed [34, 35]:
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3. Numerical computations by finite difference method (FDM)

The equations given in (8–11) are complex PDEs. Due to the intricate nature of modeled PDEs, 
numerical calculation presents an intriguing challenge. The equations have been solved using the impli
cit finite difference method (FDM). In order to initiate the simulations, first the physical problem is 
truncated from semi-infinite interval n 2 ½0,1Þ into finite boundary f 2 ½0, 1� as follows [36–39]:
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The boundary conditions are transformed into:

ff ¼ − sin s, f ¼ 0, hf ¼ cað1 − hÞ, /f ¼ cbð1 − /Þ, J ¼ 0 at f ¼ 1,

ff ¼ 0, fff ¼ 0, h ¼ 0, / ¼ 0, J ¼ 0 at f ¼ 0:

)

(19) 

Now discretization of system of Eqs. (15–19) for M are series of nodes f ¼ ðf1; f2, ::::::; fMÞ 2

ð0, 1Þ: The step size is selected as Df ¼ 1
Mþ1 : The time level s ¼ ðs1, s2, ::::Þ: The proposed 

initial conditions are:

f f, s ¼ 0ð Þ ¼ 0, h f, s ¼ 0ð Þ ¼ 0, / f, s ¼ 0ð Þ ¼ 0, J f, s ¼ 0ð Þ ¼ 0: (20) 

The semi-implicit time differentiation scheme is developed for f , h, /, and J to guarantee 
the solving the linear equations for new step ðnþ 1Þ is solved.

Table 1. Comparison of results for fnnð0, sÞ with analysis of Zheng et al. [40] by keeping 
c ¼ 1, M ¼ 12 and kp ¼ b ¼ 0:

s Zheng et al. [40] Current results

s ¼ 1:5p 11.678656 11.6786585
s ¼ 5:5p 11.678706 11.6787065
s ¼ 9:5p 11.678656 11.6786592

Figure 1. (a, b) Profile of velocity fn with time s due to (a) b (b) kp:
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4. Validation of numerical results

To analyze the numerical data, we compare the findings in Table 1 with the research conducted 
by Zheng et al. [40]. A remarkable correlation between both outputs has been witnessed.

5. Physical analysis of results

The study of the physical features of a problem involving variations of parameters is both inter
esting and significant in order to propose diverse applications. The modeled flow issue corre
sponds to the theoretical flow assumptions, which need graphical analysis of parameters within 
an established parameter range such as: 0:2 � b � 1:6, 0:5 � kp � 3:5, 0:5 � M � 6:0, 
0:1 � Pr � 0:4, 0:2 � Sc � 2:0, 0:5 � dT � 2:0, 0:5 � c � 2:0, 0:5 � R � 2:0, 0:1 � Nt � 1:3, 
0:1 � Lb � 1:3 and 0:1 � Pe � 1:0: Figure 1a examines the variation in velocity fn against time s 
subject to distinct values of viscoelastic parameter b: The oscillating variation in fn are predicted 
under the leading values of b: The magnitude of velocity declined against increasing impact of b:
The viscoelastic fluid parameter characterizes the behavior of viscoelastic fluids, which exhibit 
both elastic and viscous effects in response to deformation rates. Higher values of the viscoelastic 
parameter indicate a greater dominance of elastic effects, resulting in an increase in fluid velocity. 
Additionally, periodic oscillations in velocity occur due to the flow over a periodically stretching 
surface. Figure 1b conveying the illustration of fn due to increasing influence of porosity 

Figure 2. (a, b) Profile of skin friction Rex Cf with time s due to (a) M (b) b:

8 S. U. KHAN ET AL.



parameter kp: The velocity accelerates uniformly with reducing of magnitude. This reduction in 
velocity is caused by the permeability of the porous region. These findings play a crucial role in 
vibrational and control systems. The results illustrated in Figure 2a,b presents the significance of 
skin friction coefficient Re−1=2

x Cf as a function of time s under the dominant role of Hartmann 
number M and viscoelastic parameter b: An oscillation has been preserved in both figures with 
uniform magnitude. The magnitude of oscillation enhances when large numerical impact is 
assigned to M and b: The wall shear force is the resistance exerted by fluid particles against a 
moving plate. Skin friction forces play a crucial part in several technical operations such as pipe
lines, airplanes, and vehicles. Figure 3a–3d has been prepared in order to judge the velocity trun
cation due to viscoelastic constant b at various time instants. The observations are inspected at 
four time instant s ¼ 8:5p, s ¼ 9p, s ¼ 9:5p and s ¼ 10p: Here, an oscillations in fn are predicted 
at s ¼ 9p and s ¼ 10p: The velocity periodically acceleration at both instants and fluctuation in 
velocity reaches to 1 asymptotically. However, a linear velocity profile is exhibited at s ¼ 8:5p 

and s ¼ 9:5p:

In order to evaluate the variation of Nusselt number Nu by considering the impact of Prandtl num
ber Pr, Figure 4a is prepared. The Nusselt number increases with minor oscillations when Pr get var
ied. The magnitude of oscillations is very small. Figure 4b concentrates to determination of Sherwood 
number Sh against Schmidt number Sc: Subject to increasing Sc, an enhancement in Sh is revealed.

Figure 5a–c disclosing the analysis for temperature profile h subject to porosity constant kp, 
viscoelastic parameter b, thermal relaxation parameter dT , ratio parameter c, Prandtl number 

Figure 3. (a–d) Profile of velocity fn due to b at (a) kp s ¼ 8:5p, s ¼ 9p, s ¼ 9:5p and s ¼ 10p.
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Pr and radiation constant R: Here the analysis is performed at fixed time instant s ¼ p=2: Figure 
5a addressing the insight of porosity constant kp and viscoelastic parameter b: Both parameters 
lead to growing change in h: Physically, the improvement in h due to kp is associated to permeabil
ity of porous space. Heat transport in porous medium has an essential purpose in the fields of pet
roleum engineering and thermal insulation. Figure 5b contributing to observe the change in h for 
thermal relaxation parameter dT and ratio parameter c: The temperature profile reduces for dT 
while increasing observations are noticed for c: The increasing change in c leads to improvement 
in the angular frequency due to which temperature increases. Figure 5c aims to report the change 
in h for Prandtl number Pr and radiative constant R: Low temperature profile has resulted due to 
increment in the Pr: Such decrement in h is results due to slow truncation in thermal diffusivity.

In order to claim the effective role of involved parameters on concentration profile /, Figure 
6a,b is reported. The concentration profile gets lower for concentration relaxation number dC and 
Schmidt number Sc and explained via Figure 6a. The reduction in / due to Sc is referred to lower 
mass diffusivity. Figure 6b announcing the physical prospective of concentration profile / in view 
of thermophoresis parameter Nt and viscoelastic parameter b: The concentration gets boosted 
when the major role of both parameters has been utilized. The thermophoresis parameter is directly 
related to the thermophoretic phenomena, which quantifies the movement of nanoparticles in a hot 
area to a cooler zone. This migration results in an improvement in the concentration profile.

Figure 7a,b has been proposed to specify the novel impact of Peclet number Pe, bioconvective 
parameter Lb, porosity constant kp, and viscoelastic coefficient b on microbes density profile J:
It has been noted that J declined for Pe, Lb and referred to Figure 7a. Slow microbes’ density 

Figure 4. (a, b) (a) Profile of Nusselt number with time s for Pr (b) profile of S herwood number for Sc:
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Figure 5. (a–c) Profile of temperature h due to (a) kp & b, (b) dT & c, (c) Pr & R:

Figure 6. (a, b) Profile of concentration / due to (a) dC & Sc, (b) Nt & b:
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profile for Pe: Such outcomes are physically justified due to low motile diffusivity. The bioconvec
tive parameter Lb presents the convective flow of collection of microbes like bacteria in the fluid 
like water. The role of Lb is important in inspecting the behavior of bioconvection phenomenon. 
Figure 7b shows that microbes’ density profile get peaked change for porosity parameter kp and 
viscoelastic parameter b:

6. Conclusion

A study has been conducted on the bioconvective flow of Walters-B nanofluid in the presence of 
radiative effects caused by an oscillating stretching surface. The CC hypothesis is used to analyze 
heat and mass transport. The problem is formulated using nonlinear highly ordered PDEs, and 
the solution is obtained using an implicit finite difference approach. Through graphical analysis, 
the following observations are derived:

i. A reduction in magnitude of velocity profile is observed due to porosity parameter and 
viscoelastic constant.

ii. The skin friction coefficient exhibits periodic increases with respect to the Hartmann 
number.

iii. The Nusselt number increases over time as the Prandtl number varies.
iv. A periodic change in velocity is noted against various of viscoelastic parameter at two dif

ferent time instants (s ¼ 9p and s ¼ 10p).
v. The heat transport decreases as a result of the Prandtl number and thermal relaxation 

parameter.
vi. An increasing shift in the temperature field is seen when the ratio of the oscillating fre

quency to the stretched rate parameter increases.
vii. Control of concentration field is revealed for concentration relaxation parameter while 

improvement in concentration is subject to variation of viscoelastic parameter.
viii. The microbe’s density profile enhances the presence of porous media and viscoelastic 

parameters.
ix. Further improvements to the existing model may be made by including other thermal phe

nomena such as entropy production, viscous dissipation, slip effects, and thermos-diffusion 
applications. Moreover, these findings may be examined for hybrid nanofluid by using vari
ous nanoparticles.

Figure 7. (a, b) Profile of microbes density J due to (a) Pe & b, (b) kp & b:
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