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Abstract

Feature selection is crucial for increasing the performance of predictive models in both
classification accuracy and model training time. For high-dimensional data, feature
selection becomes ever more necessary to select adequate features which complement the
predictive model of choice. Filter, wrapper and embedded feature selection techniques
are among the most popular algorithms to solve the feature selection conundrum of
irrelevant and redundant features reducing the performance of classification models. It
is also common to find hybrid techniques which combines filter, wrapper and embedded
techniques to construct more robust feature selection algorithms. This study is dedicated
to reveal the ongoing improvement in the field of feature selection and to dissect six
different feature selection algorithms for a detailed insight into their success for high-
dimensional data, specifically gene expression microarrays. The six algorithms for this
study are: (i) three filter methods mRMR (min-Redundancy Max-Relevance), FCBF+#
(Fast Correlation Based Filter) and ORFS (Orthogonal Relevance Feature Selection),
(ii) two wrapper methods FRBPSO (Fuzzy Rule Based Particle Swarm Optimisation)
and SVM-RFE (Support Vector Machine-Recursive Feature Elimination), and (iii) one
embedded method SBMLR (Sparse Multinomial Logistic Regression via Bayesian L
regularisation). The three filter methods are adapted into suitable hybrid techniques
and multiple associative measures are explored to determine the best performance per
algorithm. All algorithms include the pre-processing techniques MDL discretisation and
SIS to explore their improvements and shortcomings. The performance per algorithm
is based on their ability to improve classification accuracy with the least amount of
features possible and compared to one another. After comparison, the algorithms best
suited for classification improvement, computation speed advantage and feature removal
capability are revealed. Thereafter, a case study involving plant foliage features where
the amount of features greatly outnumber the number of samples, denoted by p >> n,

is used to compliment the findings. The use of pre-processing techniques proved to be




crucial regarding improved classification accuracy and reduced computation time. Out

of all six algorithms, mRMR, and SVM-RFE proved the most promising.
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Chapter 1

Introduction

This section describes the motivation to the study of feature selection algorithms for
large datasets. A brief background is given followed by the problem statement. Relevant

studies are then explored in the literature review and finally the proposed study is defined.

1.1 Background

A classifier can only perform as well as the data it is given. In the ideal case, the features
given to a model are non-redundant, have perfect synergy among each other and show
a clear relationship or correlation to the class variable, be it linear or non-linear. In
many large datasets such as biological gene expression microarrays [1], these perfect
features are unknown or difficult to detect by hand even with domain knowledge. Instead,
all possible features regardless of redundancy or correlation strength to the class are
extracted to be used by the predictive model. Even though the perfect features lie among
the irrelevant mess of the rest, the irrelevant features throw off the predictive accuracy
of the classification model. This effect is only further exaggerated in cases where the
amount of features are far greater than the amount of samples, denoted as p»n, and is
commonly referred to as the curse of dimensionality . Intuitively, a handful of strong
features are easier to evaluate by predictive models due to their strong correlations, but
the individual strength of a feature to the class, albeit non-redundant, does not always

prove useful to a predictive model [2].

!The difficulty to generalise high-dimensional data with an increase of features
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Synergy (the compliment which two or more features have to the class variable) is also
important. Refer to Table 1.1 below. Features A and B alone do not provide a clear class
variable distinction as the feature to class variable relation is not one-to-one. The joint
combination of A and B, however, does give a one-to-one synergy to the class variable.
Another advantage of better feature selection for a predictive model is that it reduces the
amount of features required by a model which in turn reduces computational complexity

and memory usage for applications with limited resources.

Table 1.1: Importance of synergy

‘A B‘Class‘
1 0 1

1 0 1

1 1 2

0 0 2

1.2 Literature review

1.2.1 Main approaches

There are three general models of feature selection algorithms: filter, wrapper and em-
bedded [3]. Filter methods are unsupervised methods which search for high correlations
between features and the class variable while keeping the redundancy among selected
features low. The correlations use statistical measures to score the features into a ranking.
Depending on the search strategy, features are either discarded or kept according to the
statistical score. Filter methods are advantageous for the following reasons: they are
computationally efficient and have no problem with high dimensional data; they remove
both irrelevant and redundant features and they tolerate inconsistencies in training data
[4]. The main disadvantage of filter methods being the need to specify the number of
features k to keep beforehand. The imprecise selection of k can lead to inconsistent
performance because it is unknown whether the current best subset of selected features
has a greater information gain to the class variable with or without the new candidate

feature x..

Wrapper methods are supervised and use search strategies where a predictive model is
used to evaluate the model accuracy of the currently selected features. The predictive
model should be kept simple to avoid computational burden. The selection or search

strategy of features can include a stochastic approach, the use of heuristics, a greedy
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best-first search or just a simple forward addition or backwards elimination of features.
The main disadvantage of wrapper methods is the bias introduced by the predictive

model used to evaluate the model accuracy.

Embedded methods select features which best fit a classification or regressive model
while the model is being created. A good example of this is the use of regression
algorithms which deliberately optimises a model by reducing its complexity, in this
case, unwanted features. Again, embedded methods are also effected by model biases

such as the penalisation parameter in regression.

1.2.2 Recent focus

Recently there has been a focus in feature selection for high dimensional data, specifically
in the biomedical field due to large datasets comprised of gene expression data regarding
cancers. The review study for high dimensional data proposed by [5] shows the broad
solutions available for feature selection with high dimensional datasets for all types of
feature selection algorithms, even hybrid methods which incorporate the advantages of
multiple types of feature selection techniques. The paper also reveals the constant im-
provements and novel algorithms from researchers which overcome challenges introduced

by the work of others.

The paper proposed by [6] mentions the recent advances of feature selection. The work
classified the filter and wrapper feature selection models into two different types of
frameworks for, namely correlation and search-based feature selection. The search-based
feature selection framework is a supervised framework and generates subsets of selected
features which are evaluated and compared to one another with the goal to generate the
best subset. If the next generation’s subset is better than the previous, the new subset

will become the best. The best subset continues to evolve until a stopping criteria is met.

The correlation-based framework is an unsupervised framework which considers inter-
feature correlations as well as feature-class correlations. The goal is to reduce redundancy
and eradicate weak relevance features, while improving maintaining strong relevant fea-
tures to the class. This framework is more attractive over the search-based framework
due to its effectiveness and efficiency. When working with large datasets, the filter meth-
ods pose the most attractive solutions due to their lack of predictive model bias, their

simplicity and their fast computation speeds for large datasets [6].

Another framework worth mentioning is predictive model optimisation. Embedded feature
selection falls under this framework. Embedded methods automatically remove unwanted

features whilst optimising a predictive classifier during training. Embedded strategies
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are useful as no search strategy needs to be employed to find the most relevant features.

Feature selection models can also be used in unison to create hybrid methods. The fast
computation of filter methods can make for a good pre-processor to more complex feature
selection methods. Different search strategies and evaluation measures from each method
can also be combined or used interchangeably. Figure 1.1 below shows a summary of all

three frameworks.

Frameworks

Search-based Predictive model Correlation based
optimisation based

Wrapper methods Embedded methods FiIter'r_r]ethods
Hybrid methods
Figure 1.1: Feature selection frameworks

Besides the feature selection models, the search strategy used by filter and wrapper
methods also plays an important role. The search strategies comprises of complete,
sequential and random models. The complete search strategy guarantees an optimal
solution based on the evaluation criteria due to the evaluation of each feature. The
sequential strategy either removes or adds a feature to the best subset depending on
the evaluation criteria. Lastly, the random search strategy introduces randomness when

selecting the next subset of features.

1.2.3 Exploring the common methods

The most common methods of the correlation-based framework includes mRMR (min-
Redundancy max-relevance), CFS (Correlation based Feature selection), FCBF (Fast
Correlation Based Filter) and Mitra’s [7]. The FCBF method is among the fastest and
was first introduced in [8] and tested on gene expression datasets. The FCBF algorithm
is ideal as it returns a subset of best features without selecting a pre-defined amount,
but it can easily be modified to accommodate the need to select a pre-defined amount
of features. FCBF uses Symmetrical Uncertainty (SU) as a normalised MI (Mutual
Information) measure to select predominant features. If the SU of a feature to the
class variable is above a pre-defined threshold then the feature is accepted as possibly

predominant. The feature is only accepted as predominant if all of its redundant peers are
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removed. A comparison between FCBF and three other common filter methods showed
FCBF to select fewer features and perform similarly or better regarding classification
accuracy. The work in [9] revised FCBF with a different search strategy. Their extension
to the algorithm provides greater stability and performs better than FCBF only when a

specific number of features are requested.

Even though FCBF is among the fastest filter methods, mRMR has gained more interest
in feature selection. mRMR was first introduced in [10, 11] and applied to gene expression
data with feature counts in the thousands. The mRMR framework is based on MI to
obtain relevance and redundancy measures between feature-feature and feature-class
relationships. The work in [12] improved the original mRMR algorithm by introducing a
different associative measure to replace MI, namely distance correlation (dCorr) which
proved to outperform the MI measure. The change in associative measure for mRMR is
not uncommon and has also been proposed in [13] which used the Pearson Correlation (PC)
coefficient as an associative measure and introduced a semi-supervised technique where
not all samples are used to calculate feature-class dependencies with the aim to improve
computation speed and maintain performance. The worked proposed in [14, 15] addresses
the problem with mRMR which is unable to distinguish between relevant and irrelevant
redundancy. The basic mRMR optimisation criteria will punish features which show
high relevance to one another even though they might contribute different information
towards the class variable. This is addressed using Kernel Canonical Correlation Analysis
(KCCA) which maps the features into a higher dimensional space to determine nonlinear
correlations, also known as the “kernel trick”. The work in [14] proved that the KCCA
transformation of features can avoid irrelevant redundancy when using mRMR. Their
proposed method is called KCCAmRMR.

Another method proposed by [15] approaches the problem from a different perspective.
The use of Gram-Schmidt Orthogonolisation (GSO) between features creates a new
orthogonolised variable to avoid irrelevant redundancies. The orthogonolised variable
is then compared the class variable using a fairly new statistical measure Maximal
Information Coefficient (MIC). Their proposed method is called Orthogonolised Maximal
Information Coefficient Feature Selection (OMICFS).

1.2.4 Introducing hybrids

Many improvements or alterations to the mRMR, algorithm have been explored to find
suitable or better performing algorithms using different approaches. One such example
of a suitable replacement is the algorithm proposed in [16] which proved to be a valid

and feasible new approach approach to mRMR where fuzzy entropy is used to calculate
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feature-feature and feature-class dependencies. The mRMR algorithm has also been
hybridised to include techniques from wrapper feature selection algorithms to deal with

large gene expression datasets.

The paper presented in [17] proposed a two-stage algorithm which combines mRMR with
a Genetic algorithm (GA). The mRMR algorithm is simply used as a pre-processing filter
to remove noisy and redundant features. Highly discriminant features are then selected
by a genetic algorithm which uses Leave One Out Cross Validation (LOOCYV) predictive
model accuracies as a fitness function. The GA contains a number of different subsets of
selected features (chromosomes). The population of chromosomes are initially randomly
created. The chromosomes with the highest fitness are kept and a new better population
is created through mutation and crossover between the best chromosomes. The proposed
method is named mRMR-GA and proved to be a combination which outperforms mRMR
and GA when used individually. The paper in [18] did a similar hybridisation to mRMR
for gene selection. The addition of another pre-processing filter is added, namely ReliefF
(an effective filter for feature subset selection) to obtain a candidate gene set, thereafter
mRMR is used to filter out redundancy and then a GA is used in the same manner to

obtain the best subset of genes. The name of the method goes by R-m-GA.

The paper presented in [19] takes it one step further and compares three different meta-
heuristic approaches to aid mRMR, namely Particle Swarm optimisation (PSO), Cuckoo
Search (CS) and Artificial Bee Colony (ABC). The performance for each is evaluated
using k-nearest-Neighbour (k-NN) and Support Vector Machine (SVM) classifiers. Once
again, the mRMR method is just used as a pre-processing filter to reduce noise and re-
dundancy. The three different metaheuristic algorithms are then used to obtain the best
subset of features and compared to one another. The mRMR filter makes metaheuristic
approaches much more efficient and the combination of mRMR-CS showed the most

promising results.

The use of the ABC algorithm was also used in [20] alongside mRMR. The ABC algorithm
suffers in computational speed with high dimensional gene data therefore mRMR is an
appropriate filter pre-processor. The mRMR filter once more reduces the amount of
features by removing noisy and redundant features. An SVM is used to to provide a
classification accuracy as a fitness value for the gene selection phase of the ABC algorithm.
when compared to mRMR-GA or mRMR-PSO, the ABC algorithm performed the best

when using similar initialisation parameters on gene expression data.
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1.2.5 Metaheuristic optimisation

Metaheuristic algorithms and GAs have also been individually explored in feature selec-
tion application. The work presented in [21] proposed hybrid feature selection using a
correlation measure in association with PSO for gene expression data. CFS based on the
Pearson Product Moment Correlation (PPMC) measure is used as the fitness evaluator
for a PSO algorithm. When using PSO as a feature selection algorithm for large datasets,
the PSO algorithm has the possibility of falling in a local minima. This problem is
addressed in [22] where a PSO algorithm was developed to reset the personal and global
best solutions during the PSO search strategy, denoted as PSO with local searching
and a global best particle resetting mechanism (PSO-LSRG). For the local search, each
particle has the chance to update its personal best fitness during the PSO optimisation.
The local search involves randomly selecting/deselecting features within the particle for
numerous attempts to improve its personal best fitness. The global best particle is also
reset when no new global best solution occurs for k iterations or generations. PSO-LSRG
outperforms traditional PSO and shows promising results when selecting appropriate

feature for gene expression datasets.

PSO has also gained attention in [23|. A Fuzzy Rule based Binary PSO (FRBPSO)
algorithm is proposed where a Fuzzy Inference System (FIS) is used to update particle
positions. In most PSO feature selection algorithm, the real value numbers within a
particle refers to the probability of that feature being included. If the probability is above
a predefined value, then the feature is accepted. The same is applicable for BPSO, except
that the particles always take on discrete values. For FRBPSO, the fitness value per
particle is calculated using LOOCYV on a 1-NN predictive model. The particle position
updates, however, is controlled via a FIS which has particle velocities as an input. The
FRBPSO algorithm was tested on gene expression datasets and proves to outperform other
Binary PSO (BPSO) methods. Another interesting PSO-based feature selection method
is proposed in [24]. Their work improves the performance for PSO in multi-label feature
selection by using multiple objectives in the fitness evaluation of PSO. The proposed
method is named Multi-objective PSO Feature Selection (MPSOFS). The fitness of a
particle is determined not only by the classification error rate defined by Hamming Loss
(Hloss), it is also defined by the amount of features selected by the particle. Some particles
will show similar Hloss values, but the particle with the least amount of features takes
preference. Besides the dual fitness function, the explorative behaviour of the swarm is
improved through a mutation of particles throughout optimisation. Furthermore, a local
learning strategy based on differential learning is employed to explore areas of sparse

solutions within the PSO search space. The MPSOFS algorithm is compared to PSO
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without the mutations and local search strategy and proved to be beneficial in both

classification accuracy and convergence time.

1.2.6 Feature selection stability

Depending on application, stability in a feature selection algorithm might also be required.
In this context stability can be explained as follows: when studying features which are
crucial for explaining behaviours or mechanisms to a system, the subset of selected
features must show low variance when variations are introduced to the training data. If
stability is of importance, ensemble method feature selection is suggested [6] which uses
a split and aggregate approach. An example of an ensemble feature selection approach is
proposed in 25| which uses linear Support Vector Machine Recursive Feature Elimination
(SVM-RFE) combined with bootstrap sub-sampling. RFE is applied to each bootstrap
sample to obtain a diversity in ranked features. The different rankings per bootstrap
sample are then aggregated comparing Complete Linear aggregation (CLA) and Complete
Weighted linear Aggregation (CWA) to the baseline. The ensemble method was testing
on gene expression data with large feature sizes with few samples. Results show the

tested ensemble method to outperform traditional linear SVM-RFE.

1.2.7 SVM feature selection and hybridisation

The use of SVM’s has been used widely in feature selection applications. The work in
[26] compares their own Backward Feature Elimination (BFE) SVM ranking algorithms
to other well known SVM feature ranking algorithms, including linear and non-linear
SVM-RFE, Ly-norm approximated SVM and Li-norm SVM variants. The performance
for each method was tested on gene expression datasets and compared to one another.
The proposed BFE-SVM methods simply trains the SVM on all training data. Thereafter,
subsequent features are removed and ranked according to a loss function. The worst 10
% of ranked features are then removed and the SVM is retrained. The loss functions used
includes the standard 0-1 loss function and a balanced loss function. Further modifications
were made to the BFE algorithm to includes a holdout strategy and is denoted HO-BFE.
The strategy involves splitting the training data into a training and validation set. The
loss functions are then computed from the validation set only. The HO-BFE strategies
proposed outperforms other feature ranking methods and is also flexible with regards
to using different kernel functions. The work in [27] also seeked to improve SVM-RFE
by introducing a new method called multiple SVM-RFE (MSVM-RFE). The approach

involves a similar technique to bootstrapping. Multiple linear SVMs are trained on smaller
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sub-samples of the dataset. For each trained SVM, the weight vectors are normalised
and a ranking score, ¢;, is computed for each feature. The ranking score is computed by
calculating the column mean of each weight vector and then dividing by their respective
standard deviations. The feature which shows the lowest score is then removed and the
process is repeated until all features are ranked. The MSVM-RFE algorithm was tested
on gene expression datasets and showed a minor improvement of traditional SVM-RFE.
Similarly, the work in [28] also focuses on SVM-RFE for gene expression datasets. The
method employs Fuzzy C-means (FCM) clustering and is named FCM-SVM-RFE. FCM
is used to cluster the dataset into small functional groups. A linear SVM is then modelled
for each functional group and the features are ranked according to their respective squared
weights. The higher ranking genes in each group are classified as the surviving features
which are then combined to form the new dataset. This process is repeated until the new
dataset consists of a feature count less or equal to that of a pre-defined value. Finally,
the entire new dataset undergoes SVM-RFE for a final ranking. The FCM allows lower
ranked features in each cluster to be removed before the final SVM-RFE selects the
most informative features. FCM-SVM-RFE is more balanced when selecting positive and
negative-related features than SVM-RFE and proved to be more accurate when predicting
new samples in gene expression datasets. The traditional SVM-RFE algorithm simply

uses the weight vector of the trained SVM to rank features.

Some studies using SVM-RFE prefer using pre-processing filters before RFE, and others
simply use SVM-RFE as a comparison to new work as in [29]. Their novel perturbation
feature selection algorithm is comparable to that of SVM-RFE performance. The mo-
tivation for feature perturbation is that the least important feature will have the least
influence to the class variable when subjected to noise. Initially, a SVM classifier is
trained on the entire training set and its 10-fold cross validated accuracy is stored. For
each feature within the training set, uniform noise is added to all samples and the new
accuracy to the training set is computed. The difference in accuracy before and after the
feature is permuted determines the ranking score. The feature with the lowest ranking
score is then removed and the process is repeated until no more features remain. The
perturbation method was compared to traditional linear SVM-RFE. Diverse noise levels
were applied to the new method which resulted in an improvement over the linear SVM-
RFE method, however, SVM-RFE performs better when the amount of features selected
are less than 14. As for the addition of pre-processors, the work in [30] modifies SVM-
RFE to incorporate the mRMR filter metrics. When the SVM is trained, the weights
for each feature are calculated. The ranking score is then computed as a combination of
the absolute weight values per feature and the ratio of relevance to redundancy of the

feature obtained by the mRMR metrics. If one would like either the SVM weight metric
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or mRMR metric to be more dominant, a trade-off parameter can also be set. The feature
showing the lowest ranking score is then eliminated and the process repeated. The new
method outperformed traditional mRMR and SVM-RFE on most datasets with classifi-
cation accuracy, and was consistently able to select fewer features. The disadvantage of
the new method, however, is its increased computation time. A different hybrid approach
is proposed in [31]. The FCBF filter method is modified to create groups of predominant
features with their respective complimentary features to the class variable. Predominant
features are obtained through the normalised MI metric SU. Candidate features are
added to each predominant feature as a complimentary feature if the Conditional MI
(CMI) between then predominant feature and candidate feature with respect to the class
label is greater than zero. These groups of predominant and complimentary features
are then aggregated into a single feature subset to be ranked using SVM-RFE with a
polynomial kernel. The hybrid method showed improved performance when compared

to four other state-of-the-art feature selection methods.

Besides the implementation of hybrid methods using SVM-RFE, some studies try to
directly optimise SVMs to incorporate embedded feature selection as in [32]. The goal is
to improve classification accuracy through direct penalisation of the kernel function. The
Gaussian kernel is modified so that its shape is determined by numerous width updates
per feature. The importance of a feature is directly linked to the contribution is has to
the Gaussian kernel function. Besides the penalised kernel, a Lg-norm approximation
penalisation is added for each feature in the dual representation of SVM. The method is

known as Kernel Penalised SVM (KP-SVM).

The different combinations of feature selection techniques using SVMs is astounding. The
work in [33| compares and formulates different SVM based approaches to feature selection,
including variations of different L-norms, different kernels and also direct penalisation of
features even in the transformed kernel space. Each method is compared to one another

in experiments with various artificial and real-world datasets.

For further insight, Figure 1.2 below illustrates the trade-offs between different L-norms.

Ly — L —— L

More sparse Less sparse
Less stable (convergence difficulties) Most stable
More complex Least complex

Figure 1.2: Trade-offs between norms
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1.2.8 Sparsity and regression

For large datasets, a sparse feature selection solution is well suited to select discrimi-
nate features and reduce the amount of selected features. The Li-norm penalty is a
good implementation to incorporate sparsity. In SVMs, however, the Lo-norm provides
better classification accuracy, but variations of L; and L approximation norms select
fewer features [33]. Sparse feature selection solutions are extensively used in embedded
regressive feature selection models. In [34], the mRMR algorithm was used to filter
irrelevant features from gene expression datasets. After the mRMR filter, an improved
Lasso regressive model is used to remove redundant features. Before Lasso regression
is applied, features are grouped into subsets. Each subset is merged with the current
best subset of features (initially empty). The Lasso method is then used on the merged
subset to determine the best features which are added to the list of best of features. This
process is repeated for each subset of features to determine the final list of best features.
The algorithm is knows as Feature Selection based on Mutual Information and Lasso
(FSMIL). The use of grouped subsets was tested on six binary class gene expression

datasets and showed improved results over the traditional Lasso method.

Modified regressive models can also be applied to feature selection. The work in [35]
proposed a Linear Regression (LR) feature selection algorithm for microarray datasets.
As a pre-processor, two different subtypes of the training dataset are compared to one
another. The mean and differences between the features in the subtypes are compared
and redundant features are removed. Thereafter, LR is applied on the dataset where each
feature is considered as an output variable with all other features as inputs, therefore each
value within a feature vector has an assigned weight to be optimised by the regressive
model. Regression is computed on all features to produce a matrix of feature weights.
The divergences of weight values are then calculated and sorted in descending order,
allowing the top n features to be selected. When compared to other filter methods, the

proposed LR model selected fewer features with better performance.

When working with datasets with nominal classes and high feature counts, LR is usually
adopted as a sparse regressive model. The paper in [36] introduced a novel ensemble logis-
tic feature selection technique for high dimensional gene expression microarray datasets.
The proposed method relies on LR models built on small subsets of features sampled
randomly from the full dataset. Initially, all features are ranked through the t-test. These
initial ranks of features are refined and improved in an iterative fashion through the per-
formance of the regularised LR models. Iterations stop until classification performance
converges. The Ls-norm LR model is used instead of the Li-norm sparse model. The

reasoning behind this choice is that features are limited in subsets for each model. From
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the t-test rankings, a subset of features are selected where 80 % is used as training data
and the remainder for validation. The training data for the selected subset is evaluated
through the Lo-norm LR model and its performance evaluated on the validation set. The
fitness of the model is then compared to previously trained models and the rankings
are updated accordingly. This process continues until no significant improvement occurs.

Results show improvement over LR using Elastic Net regularisation.

In [37], Sparse Multinomial LR (SMLR) is proposed which is multiclass compatible,
produces sparse solutions, is scalable in both number of samples and features, and was
the first work to perform multinomial regression which enforces sparsity. The sparsity
is introduced with Li-norm Laplacian prior as with Lasso regression, except that a
reasonable regularisation parameter is obtained through simple line search. SMLR was
compared to Lo-norm Ridge Multinomial LR (RMLR) and showed better performance
with better sparsity. In [38], SMLR was revisited by introducing Bayesian regularisation
using the Li-norm Laplacian prior and was given the name Sparse Multinomial LR via
L; Bayesian regularisation (SBMLR). When compared to SMLR on gene expression
datasets, both models show equal performance with regards to classification results.
SBMLR does however produce slightly higher degrees of sparsity and dominates with
regards to computation time and is up to 100 times faster than SMLR. [39] noticed
a growing interest in Li-norm Lasso regression applied to gene expression data. An
improvement over Lasso was introduced with an L;-norm LR model where 0.5 < ¢ < 1.
The selectable ¢ parameter is set to 0.5 which lead to more sparse solutions than traditional
Li-norm Lasso and Elastic Net regressive models. The motivation for Lgs-norm was
derived from the study in [39] where different g values were tested and compared to one
another. Values for ¢ > 0.5 has good convergence, provides more sparse solutions than

Li-norm and is also simpler than Lg-norm approximation.

1.3 Research question

With datasets becoming larger and more complex, are feature selection techniques becom-

ing a necessity to improve predictive model accuracies and save computational resources?

1.4 Method

A total of six algorithms are explored:

¢ mRMR

12
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FCBF#

OMICFS
FRBPSO

SVM-RFE

SBMLR.

Each algorithm is decomposed into its fundamentals and reformulated to grasp the under-
standing as to why they work well for large feature selection applications, specifically gene
expression datasets. The algorithms will also incorporate their own set of optimisation

parameters, hybridisation and pre-processing where applicable.

The mRMR, FCBF and OMICEFS algorithms are filter techniques which will be explored.
The mRMR method has been used extensively alone and in conjunction with many
other feature selection techniques. The individual use of mRMR is studied to view its
performance. A supervised addition to mRMR is also explored to form a hybrid feature
selection algorithm. FCBF will also be studied. It has not received as much attention as
mRMR as a pre-processor, and therefore its performance is questioned. As with mRMR,
a supervised hybrid method is also explored. OMICFS is explored as it tackles the
shortcomings of mRMR and uses a recently new statistical measure for feature selection.

Its effectiveness will be evaluated and a supervised hybrid approach is also implemented.

For the wrapper and embedded techniques, FRBPSO, SVM-RFE and SBMLR are the
algorithms of interest. FRBPSO will be evaluated using numerous PSO improvement
techniques to determine its effectiveness and stability. SVM-RFE will include a fast
converging algorithm applicable for large datasets and three different kernels are explored.
Finally, SBMLR is the most promising fast and stable multiclass regressive model to
be evaluated and is also the only algorithm which does not incorporate any parameter

optimisation in this study.

The tested performance on numerous large datasets of each algorithm, based on classifi-
cation accuracy and feature removal capability, is explored and compared to one another
and scenarios are derived where each algorithm will be more applicable. The performance
of the algorithms is subject to datasets assumed to have no prior domain knowledge. This
approach reduces the dependence on domain experts and focuses on the classification
improvement of datasets without prior domain knowledge. This study will therefore test
the ability of the feature selection algorithms to obtain a rich feature set irrespective of
how the features were obtained. Lastly, a case study is tested for a dataset containing
plant foliage information to assist the findings. The dataset is not excessively large, but

does adhere to p >> n.

13
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1.5 Subsequent structure
The remainder of this dissertation contains the following chapters:

2 Formulation of main feature selection algorithms
This chapter describes in detail a total of six different feature selection algorithms
appropriate for datasets with p >> n. The first three algorithms are filter methods

which are explained separately from the wrapper and embedded methods to follow.

3 Numerical experiments
This chapter deals with the simulations of each feature selection algorithm explained
in Chapter 2. A total of 12 medically related datasets are used for testing. All
datasets adhere to p >> n. After each simulation, a brief discussion on the
performance of the algorithm is presented. Thereafter, the performance of all
algorithm are compared to one another, and scenarios best suited for each algorithm

discussed.

4 Case study
This chapter applies the six reviewed feature selection algorithms on potato plant
foliage data where p >> n. An explanation to obtaining the data is given and
thereafter the results from each feature selection algorithm is recorded and used to

reinforce the findings in Chapter 3.

5 Conclusion
This chapter concludes the findings in Chapters 3 and 4 for each algorithm. A
recommendation per algorithm is provided regarding classification accuracy, feature

removal capability and computation time.

14
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Formulation of main feature

selection algorithms

This chapter describes in detail a total of six different feature selection algorithms appro-
priate for datasets with p >> n. The first three algorithms are filter methods which are
explained separately from the wrapper and embedded methods to follow. The shortcom-

ings and possible improvements for each algorithm are also discussed.

Part I - Relevance and redundancy filter methods

When selecting suitable features in a dataset, the goal is to eliminate irrelevant features
which do not contribute to classification accuracy of the labelled data. Features which
are redundant also need to be removed in order to reduce the dimensions of the dataset.
Three filter methods are explored, namely mRMR, FCBF and OMICFS. These methods
are among the old and new which uses the trade-offs between relevance and redundancy
in order to select the best subset of features. As discussed in 1.2, the main disadvantage of
the filter methods, namely the lack of synergy, is later overcome by adding the advantage
of supervision from wrapper methods. The bias of wrapper methods is reduced by using
a 1-NN classifier as the predictive model. The use of 1-NN optimises on only 1-nearest
point, making the model sensitive to noise in the data, but it comes at the necessary
advantage of a low bias [40]. This attractive property of using a 1-NN classifier motivates

the choice for its use to determine dataset classification accuracy for all algorithms in
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this study.

2.1 Minimum Redundancy Maximum Relevance

An intuitive manner to approach a feature selection problem is to determine the relevance
and redundancy of each feature using an associative measure such as MI. In this context,
an associative measure is a statistical measure which can be used to determine feature-
class and feature-feature dependencies. The paper in [10] defines the relevance of a subset

of features as

1
Rel = 7=y I(xiY) (2.1.1)
151 i
where S is a subset of features, | - | denotes cardinality, x; is feature 7 in subset S, Y is

the class label vector and I(-) is the associative measure for MI'. Refer to (2.1.1), the
mean value of all MI values for all features in subset S are calculated. The subset with
the maximum relevance is the best subset of features, but the features could still have

rich redundancy. The redundancy of a set of features is given as

Red = SL I(z;25) (2.1.2)

If two features are highly dependent (redundant), removing only one redundant feature
would not change the class-discriminative power by much, if at all. Combining (2.1.1)
and (2.1.2) is called mRMR. An optimal subset of features can be obtained by combining

the relevance and redundancy, defined by operator ®, given as

® = Rel — Red (2.1.3)

An incremental search method is used to find the best subset of features of ®(-). Suppose
dataset X contains n features, then the goal is to traverse through all n features in dataset
X and append the best feature which maximises ® to subset S, therefore S = [S Zpest]

after each iteration. The m!” best feature is selected from the dataset {X = X — S,,,_1},

!The mutual dependence between two variable
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which excludes the previous best feature already appended to S. The iterative selection

process for selecting the mt" best feature is given as

asY) =g 30 T 2.14
ﬂfié&l—a;{mfl) (253 Y) m—1 Z (35 25) ( )
CBJ€S7,L71

Recall that I(-) is the MI association measure which measures the similarity or mutual
dependency between two variables based on their joint probabilities p(z1, z2), as well as
their marginal probabilities p(z1) and p(z2). MI can be directly linked to a measure of
entropy (amount of information) which two variables quantify. Shannon’s entropy is a

common measure of entropy given as

H(A) == p(a)logap(a), (2.1.5)

acA

where p(a) is the probability of instance a occurring in set A. Entropy can be used to
define MI. Figure 2.1 below illustrates the relationship of MI between two variables A
and B using their entropy values. The discrete MI of A and B is denoted by the purple
area I(A; B). Note that there are multiple ways to define I(A; B) so that

=
=+
=
T 3
=
3 =
=
oW
® =
=

where H(A|B) and H(B|A) are conditional entropies given by
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H(A) H(B)

H(A;B)
Figure 2.1: Mutual Information between variables A and B

H(A|B) => p(b)H(A|B =) (2.1.10)
beB
=~ 3" p0) S plalb)logap(alb) (2.1.11)
beB a€A
Recall p(alb) = p](DC(LI,)f) (2.1.12)
=— Z Zp(a, b)logap(alb) (2.1.13)
beBacA
=— Z p(a, b)logs pla.b) (2.1.14)
a€AbEB ( )
= a,b)lo p(b)
_a€§€3p( ,b)l ggp(a7b) (2.1.15)

Note that if I(A, B) = 0, then the variables A and B are completely independent, but if
I(A, B) =1 then variables A and B are said to be completely dependent. Substituting
(2.1.5) and (2.1.15) into (2.1.6) gives the MI of two variables A and B as

=) Zlog p(a,b) (2.1.16)

acAbeB

The continuous case for MI is not suitable for feature selection as the features are not
continuous functions, therefore the features need to be discretised (X — > X ) by grouping
the values into spaced intervals (the size of the intervals are not necessarily equi-spaced,
but are determined by the discretisation algorithm used). The discrete version therefore

takes the form
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) .
ﬁp(a,b) (2.1.17)

2.1.1 Alternative associative measures

MI is the original association measure for mRMR, but there are several other methods
which can be used as an alternative. The work presented in [12| compares MI to ordinary
correlation, Fisher-Correlation (FC), Distance Covariance (dCov) and Distance Correla-
tion (dCorr) methods as alternative associative measures. Using dCorr proved to show
better results than MI and will be explored in experiments to determine its potential as

a competing measure?.

Suppose there are two vectors X and Y with n observations. In order to calculate
dCorr(X,Y) |41], the sample distance covariance of samples X and Y need to be calcu-

lated as follows

n

1
dCov(X,Y) = — Z . (2.1.18)

where A;;, and B;; are doubly centered distance matrices of vectors X and Y respectively.

A and Bj, is denoted by

Ajp=ajk—a;—ay+a (2.1.19)
Bjx = bjj, — bj — b + b, (2.1.20)

where a;j, is a n x n distance matrix® of vector X, a; is jth row mean of a;y, ay is kth
column mean a;y, and @ is the grand mean of a;;. The same notation is followed for

Bj . Next, the distance variance of X and Y are calculated using

dVar(X)=dCov(X, X) (2.1.21)
1 2
= EZAM (2.1.22)
7.k

20ne measure will not necessarily always be better than another
3A square matrix containing pairwise distances between vector elements
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Finally, the distance correlation between X and Y is calculated by dividing the distance
covariance of X and Y by the product of their distance standard deviations as shown

below.

B dCov(X,Y)
dCorr(X,Y) = JiVar(X)dVar () (2.1.23)

Some attractive properties of dCorr [41] include

1. 0 <dCorr(X,Y) <1

2. If dCorr(X,Y) =0 then X and Y are independent. Similarly, if dCorr(X,Y) =1

then X and Y are almost surely similar.

3. dCorr(X,Y) shows high statistical power? if X and Y have a non-linear relation-

ship.
4. X and Y can be any arbitrary dimensions.

5. dCorr has properties of a true dependence measure and is considered a good

empirical measure of dependence.

6. dCorr is easy to compute.

2.1.2 Implementation of mRMR

Suppose dataset X consists of ¢ rows and j columns. Each row, X;, represents a data
sample with j features. Let Y represent the class label vector for each sample z;. Recall
that I(-) represents the associative measure. Algorithm 1 below shows the pseudo code

for mRMR.

4In [42], statistical power between variables X and Y refers to “the probability that a statistic, when
evaluated on data exhibiting a true dependence between X and Y, will yield a value that is significantly
different from that for data in which X and Y are independent"
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Algorithm 1 mRMR
e Initialise:
Size of best feature subset Maxlte
F, = () - Subset of best features
F, = X (:,:) - Subset of remaining features

Precompute the relevance of each feature Rel(i) = I(z;;Y) V;
Find the first best feature Fpes; = max Rel(1)
for k = 2,3,..,MaxIte do

Fs = [Fs Fbest]

F, :Fa_{Fbest}

if isempty(Fa) then

‘ break

end

| Fhest = maxycp, [I(xi§ Y) — fngthirs) 2oaer, (i afj))
end

._.
@

The mRMR algorithm selects the first best feature which shows the highest Rel(-) value
in lines 1 - 2. The remaining best features are selected in an iterative fashion in lines 3
- 10. The previously selected feature is appended to the best subset of features Fs and
removed from the remaining features in F,,. The next best feature is then determined in
line 9. The algorithm terminates when the target feature size is reached, or if no more

features in F, remain.

2.1.3 A possible improvement using semi-mRMR

The mRMR algorithm is a filter method for feature selection which shows a time com-

plexity [13] of

O(n(m +1)?), (2.1.24)

where n is the amount of samples, and m is the amount of features. The expression
(m + 1) stems from the fact that the class label vector Y acts as an additional feature
during computation. Taking a closer look at Algorithm 1, the pre-computation of I(X;;Y)
removes Y as an additional feature, reducing the time complexity of the mRMR algorithm

to

O(nm?) (2.1.25)
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A paper presented by [13] suggests a revision of mRMR into a semi-supervised filter
algorithm for an improved time complexity with similar or better performance. The
method was given the name ‘max-relevance min-redundancy criterion based on the Pear-
son Correlation (RRPC) coefficient’. Instead of using all labelled data of size n, the
datasets were split into labelled data X of size [, and unlabelled data Xy of size wu,
where [ + v = n. The relevance criteria from (2.1.1) only needs to be computed [ times.
If pre-computation of I(x;;Yr) is not considered, then the new time complexity of RRPC

is given by

O((m + 1) + um?) (2.1.26)

Besides the reduced time complexity, the results of their RRPC algorithm boasts com-
parable and better performance than mRMR, even though the associative measures are
different. At the time of comparison, mRMR used MI as its original associative measure
[10]. RRPC makes use of PC as its associative measure, PC is a good measure for linear
data, but lacks the ability to capture non-linear correlations which is common in real
world data. The Pearson Correlation coefficient r between variable pair (X, V') is given
by

Vi w)A i — ) (2.1.27)

r

where Z; and ¢; is the mean of X and Y respectively. PC is a symmetrical measure which
lies in [-1, 1|. Taking the absolute of r changes the range of r to [0, 1], where 0 suggests
X and Y are completely linearly independent and a value of 1 suggests the latter. As
for the RRPC algorithm, it shows no difference in the mRMR algorithm except that
the relevance of features are computed from less samples. RRPC is recreated by simply

changing line 9 in Algorithm 1 to

1
Fbest — ;flea}%i I(I’Z,YL) — m Z I(Jij]) N (2128)

where Y7, suggests that only the labelled data is used, and I(-) refers to the PC associative
measure. To date, a more suitable name for RRPC would be ‘semi-mRMR using PC

as an associative measure’. The remark of better performance than mRMR cannot be
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justified with their comparison, but the use of PC as the associative measure is where

the claimed improvement over traditional MI as an associative measure lies.

2.1.4 Limitations of mRMR

The subtraction of redundancy terms in the objective function of mRMR in (2.1.3) is
known to include irrelevant redundancy when selecting features [14, 15, 43|. Ideally, the
irrelevant redundancy should not be taken into account as it is completely independent
from the class variable. Figure 2.2 below illustrates the relation between three variables
namely, the class variable C, a previously selected variable A, and the next candidate
feature B. The class variable C' in this context is a vector containing class labels for each

instance in a dataset. The regions r; denotes the different information regions.

>

ANV

Figure 2.2: Relation between two variables A and B with class variable C'

According to (2.1.3), the score of candidate feature xo with regards to feature 1 is given

by

¢ = [(22,C) — I(x2,21) (2.1.29)
= (rg+r4) — (r3+16) (2.1.30)
=r4—76 (2.1.31)

As mentioned in [15], the relevant and irrelevant redundancy is denoted by r3 and rg
respectively. The irrelevant redundancy, rg, is completely independent from the class,

and should not be considered in the mRMR score as in (2.1.29). Ideally, r¢ should be
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removed, leaving only r4 which carries only the information between candidate feature
B and class C.

2.2 Orthogonal Relevance Feature Selection

The removal of features containing irrelevant redundancy has been thoroughly studied by
[14, 43|, of which the latest to date being [15], which presents a novel filter feature selection
method called Orthogonal Maximal Information Coefficient Feature Selection (OMICFS).
The algorithm is based on the Maximal Information Coefficient (MIC) and Gram-Schmidt
Orthogonolisation (GSO) to deal with the aforementioned irrelevant redundancy problem.
OMICEFES shows promise as it makes use of a relatively new statistical measure, the MIC
statistic, which is used as the associative measure instead of MI. GSO is a variation of
Principle Component Analysis (PCA) and is used to obtain an orthogonolised variable
between the candidate feature and all previously selected features in order to remove the
redundancy between them. MIC is used on the variable obtained by GSO and the class
variable in order to indirectly optimise (2.1.3). The score given by OMICFS between A

and B in Figure 2.2 is given as

OMICy 4 = MIC(GSO(B, A),C) (2.2.1)
= (ra+r7) =17 (2.2.2)
= 14, (2.2.3)

where GSO(B, A) is the orthogonolised variable between the candidate feature B and the
previously selected feature A, and MIC(GSO(B, A), C) represents the relevance measure
between the orthogonal variable and the class variable C. This new score eliminates
the irrelevant redundancy seen in the original mRMR strategy. To support the OMIC
score visually, GSO(B, A) is denoted by 74 + r7 in Figure 2.2. The GSO measure is
the essential metric which eliminates the irrelevant redundancy in rg. The MIC score
determines the degree of relevance between a variable z; and the the class variable C,
which will be denoted as MIC(x;,C) for the remainder of this chapter. The value of
MIC(z;,C) is given by

MI(z;
MIC(z;,C) = Z(J\ZCC) (2.2.4)
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where Z ¢ = loga(min(ng,, nc)) and MI(z;,C) is the binning schemed mutual informa-
tion between x; and C' calculated using (2.1.17). The parameters n,, and nc represents

the amount of bins imposed on z; and C respectively.

The binning scheme is an iterative process where the best number of bins are determined
so that (i) ng,nc do not exceed a user defined value B and (ii) the value of MIC(x;,C)
is maximised. The value of B is typically between N and N6 where N is the sample
size. The MIC statistic is essentially MI calculated by selecting an appropriate grid
search binning scheme and normalised by Zj;;c. As with MI; MIC also falls in range |0,
1]. It is interesting to note that MIC is identical to MI if two bins are assigned to either
x; or C, as Zyo = 1. MIC, being a relatively new statistic, received scrutiny in [42]
which shows that MIC lacks mathematical reinforcement and has a very low statistical
power in linear, parabolic, circular and checkerboard relationship data types with added
noise. Comparing MIC to dCorr, the work in [42] mentioned dCorr to be more powerful
than the MIC statistic. In addition, a MI estimator proposed by [44], which uses a k-NN
approach to estimate MI based on the distance between k neighbour data points, was
also analysed in [42] which found competing results to dCorr and an improvement over
MIC with regards to statistical power. When using the k-NN estimator, the value of k
is essentially a smoothing parameter. Although there is no guideline for selecting the
appropriate value for k, smaller values of k£ provides high variance but low bias estimations,

whereas high values of k£ provides the latter.

In conclusion to [42], MIC is computationally expensive due to the exhaustive search for
an appropriate binning scheme, it shows a bias in estimation when increasing the number
of features, and traditional MI is shown to be computationally faster and have a higher
statistical power than its MIC counterpart. These findings motivate the need to explore

associative measures dCorr, MIC, and MI to the feature selection algorithm OMICFS.

GSO is where the strength in OMICFS lies, and the estimators simply act as an associative
measure between the output of GSO and the class label. For the purpose of naming
convention, it seems fit to revise the name of OMICFS to Orthogonal Relevance Feature
Selection (ORFS), where the term Relevance refers to the associative measure used to

calculate the relevance between GSO and the class label.

2.2.1 Orthogonolisation

The ORFS score between candidate feature x; and all previously selected features S =

{z1,x2... 2, } is given as

25



Chapter 2 — Formulation of main algorithms ORFS

ORFS(z;;5) = R(GSO(;, S)), (2.2.5)

where R is the relevance associative measure and GSO(z;, S) is the orthogonalised
variable between x; and all the previously selected features within S. GSO allows a
candidate feature vector to be represented as an orthogonal contribution vector of other

feature vectors through projections of one vector onto another.

Assume the basis F' = {f1, f2,...., ft}, where F' is not orthonormal and contains all
feature vectors. GSO constructs an orthonormal basis for F' to benefit from the elegant
mathematics to calculate the projection of previously selected features fy...f; onto can-
didate feature f.. An orthonormal basis contains basis vectors which are orthogonal to
one another (dot product between the vectors are 0), and each vector is also normalised
to a unit vector. For simplicity, a one dimensional subspace F} = span(f1) contains only
one vector fi, which is orthogonal because it is the only member in the set therefore also

making f; the only basis vector, denoted as uy. To create the orthonormal basis, all

u1
[[ua]l”

that is needed is to normalise w7 to a unit vector q; = The vector qq is said to be

an orthonormal basis for subspace F;.

This orthogonalisation process can be expanded to two dimensions with subspace F» =
span(f1, f2). Because f1 is a linear combination of w1, subspace Fy can be rewritten
as Fy = span(qi, f2). Currently, fa cannot be represented as a linear combination of
g1 or fi. The subspace F5 needs to be an orthonormal basis, which requires fa to be
replaced by a new vector which is orthogonal to f; and still be able to reconstruct fa.
Refer to Figure 2.3 below. It can be seen that vector fa can be reconstructed through
the addition of some multiple of z to us, therefore us can be calculated by subtracting

z from fo.

fi=wm
L_/ql/‘{”/

X

Figure 2.3: Vector diagram of feature f; and candidate feature f

By definition, x is the projection of fa onto subspace Fi, therefore ua given as
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uz = fz — projy: (2.2.6)
The orthonormal vector gg is thus H%H The benefit of having an orthonormal basis is

the simplicity to calculate the projection of any vector f onto any subspace Fr by using

the basis vectors of F as shown in (2.2.7) below.

proj}{:R = Z(f - qi)qi, (2.2.7)

7

where q; are the basis vectors within subspace Fr. In this example, the projection of fo

onto subspace F} will therefore be

pTOjIJ;f =(f2-q1)qn (2.2.8)

Notice that there is only one basis vector u; as Fj is only a one dimensional subspace.

The orthonormal basis vector g2 in Figure 2.3 above is therefore

u
g2 = —— uy = fa— (f2-q1)qu, (2.2.9)
|[uz]]

Subspace F» can now be rewritten as Fy = span(qi,qz). The above process describes
the Gram-Schmidt process for orthonormalising a subspace to calculate its basis vectors.

The general term for calculating the basis vector for any subspace Fg is given as

k-1
U
qr = Tl ug = fr — E (fr - ai)a, (2.2.10)
=1

where ug is the orthogonal basis vector and qg is the orthonormal basis vector.

ORFS uses GSO to determine the basis vector qx according to all previously selected
features. Refer to Figure 2.3 once again. On one extreme, if both vectors f1 and fa lie
on top of each other then g2 would be a vector of zeros indicating that the vector fo is

completely relevant to f1. A good way to visualise this occurrence is to think of features
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f1 and fo2 in a Venn diagram where f; encloses fo completely as shown in Figure 2.4a
below. As for the other extreme, if the vectors are completely orthonormal to one another,
g2 would simply be f2 normalised, which can be represented in a Venn diagram as fy
being mutually exclusive from fa2 as shown in Figure 2.4b below. Values inbetween these
extremes justifies the reasoning as to why GSO(B, A) is denoted by r4 + r7 in Figure
2.2.

bt fi
2 2

(a) Complete relevance (b) Mutually exclusive
Figure 2.4: Graphical illustration of GSO extremes

2.2.2 ORFS implementation

In ORFS, the candidate feature x; with the greatest ORFS score is the most promising.
Let S = {s1,s2..., S, } denote the best subset of features already selected from dataset
X. When any promising feature s; is selected to form part of the best subset of features,
it is appended to S and removed from X. Initially, the best feature to start with is the
feature which shows the highest relevance to the class labels calculated by the associative

measure. The best feature is selected using

s1 = arg max R(z;, (), (2.2.11)
z,€X

where s is the first promising feature, C' is the class label and R is the chosen associative

measure. The next promising feature, s,,, is selected by maximising (2.2.5):

sm = argmax R(GSO(x;, S),C), (2.2.12)
r,eX—S

The iterative process of finding the next promising feature is terminated until a total of
T features are selected, defined by the user. In [15], the theory of Sure Independence

Screening (SIS) is used to create a speedup by reducing the amount of features in high

28



Chapter 2 — Formulation of main algorithms FCBF

dimensional datasets. In the event of p >> n, candidate features can be ranked in
descending order using a correlative relevance measure between normalised features and
the class label [45]. Only the top %, A > 1 features which show the highest relevance
to the class labels are screened for further processing. The parameter A is user defined.

The pseudo code implementation of ORFS is given in Algorithm 2 below.

Algorithm 2 ORFS

e Initialise:

S = () - Subset of best features

C - Class vector

T - Target number of features

R(-) - Associative measure

X ={x1,x9,...,x,} - Feature dataset with n features

1: 81 = argmax,, cy R(z;, C)

2. 5= [S 51]

3: for k = 2,3,..,Tdo

4: ‘ sm = argmax, cx_g R(GSO(x;, S),C)
5: S = [S Sm]

6: X=X- {Sm}

7. end

The features remaining in S are the best features

The ORFS algorithm starts by selecting the first best feature in line 1. The iterative
process of selecting the next best feature is given in lines 3 - 7. Once the next best
feature is chosen, it is appended into the best subset of features S and removed from the
remaining features in dataset X. The algorithm terminates once the target variable T' is

reached.

2.3 Fast Correlation Based Filter

Recall that filter models for feature selection algorithms has the advantage of computa-
tional efficiency, which makes them suitable for high dimensional datasets. The paper
presented by [8] proposed a filter method feature selection algorithm (FCBF) for high
dimensional data. This section will touch on how FCBF achieves fast and effective feature
selection, while remaining scalable for large datasets. Furthermore, an improved search

strategy for FCBF will be discussed.
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2.3.1 Correlation measure

As the name of FCBF suggests, a feature is considered suitable based on a correlation
measure. The use of a correlation measure is used to determine the relevance and redun-
dancy of a feature according to its class labels and other relevant features respectively.
For a feature to be suitable, it requires a high relevance (predictability) to its class labels
while ensuring that no other relevant feature has a better or equivalent capability of do-
ing the same prediction. FCBF makes use of entropy and MI as its correlation measure.

Recall that the MI between discrete variable pairs (X, Y') is defined in (2.1.17) as

MI alone can be used as a suitable correlation, but MI is biased in favour of variable
pair (X,Y’) with more values. To avoid this bias, Symmetrical Uncertainty (SU) is used,

which normalises MI by the sum of entropy for each vector such that

2 x MI(X,Y)

SRR STy (5}

(2.3.1)
where SU is the Symmetrical Uncertainty measure, H(X) is the entropy of variable X
and H(Y') is the entropy of variable Y. The values of SU are in the range [0,1|, where 0
indicates that X and Y are completely independent and 1 indicates that X and Y can

completely predict one another.

SU makes use of MI which requires nominal® features to be predicted, therefore real valued
data needs to be discretised into nominal values. FCBF uses the discretisation method
proposed by [46] which employs the Minimum Description Length (MDL) principle to
determine optimal cut points in real valued data. The cut points, if any, are then used

to bin the real valued data into their nominal values.

Many different discretisation algorithms exist, each with their own advantage. The paper
presented in [47| suggests if the outcome is to simply discretise the data, then MDL
should be the first choice. There are, however, different methods to consider when dealing
with feature selection algorithms. The Chi2 merging discretisation method uses the x?
statistic and is able to remove redundant and irrelevant features during discretisation

and stands as a feature removal algorithm on its own. Chi2 could prove to be a suitable

SDiscrete, multi-valued data. Also commonly referred to as categorical data
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pre-processing filter to remove additional irrelevant /redundant features before applying
the FCBF algorithm but will not be considered as it is already a standalone feature
removal technique. Furthermore, the removal of irrelevant /redundant features can also
be partially applied to the method proposed by [46]. After dicretisation, a feature may be
removed if no cut point exists, or if the nominal values assigned to a feature are repeated

in other features.

2.3.2 FCBF methodology

Suppose a dataset S consists of feature vectors such that S = [f1, fa...fn]. SU is used as
a ‘goodness’ measure. SU; . denotes the correlation between f; and class label vector C,
whereas SU; ; denotes the correlation between features f; and f;. A subset of relevant
features S’ can be obtained when SU; . of any feature exceeds a certain threshold ¢ such

that Vf; € S,, 1< <n, SUi,c > 9.

A correlation is said to be predominant if SU; . > ¢ and Vf; € S’ (j # ), such that no
f; exists where SU; ; > SU; .. If such a feature f; exists, it is a redundant peer to f; and
appended to the redundant peer set P;. If P; # (), then it is split into two subsets, namely
PZ.Jr and P, where Pf = {fjlf; € Pi,SUj. > SU; .} and P, = {fj|fj € P;,SUj. <
SU; . }. A feature is said to be predominant if it adheres to the predominant correlation

before or after removing redundant peers, if any.

Predominant features are identified using three separate heuristics which also removes
redundant features without the need to identify all redundant peers for Vf; € S’. The

three heuristics are as follows

1. If P;r = (), then f; is a predominant feature. Keep f; and remove all features from
P

)

2. If Pi+ # (), process all features in Pi+ first. If any of the features within Pi+
become predominant, follow Heuristic 1, else remove f; and remove P, based on

the remaining features in S’

3. The starting point is the feature with the greatest SU; . value and is considered as

a predominant feature.

2.3.3 FCBF algorithm

The algorithm for FCBF is given below in algorithm 3. A brief explanation of the

algorithm follows.
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Algorithm 3 FCBF

e Initialise:

S = |f1, f2---fn] - Data set

C - Class vector

Threshold § = 0.3

Fy, =Vf;,SU(i,c) > ¢ - Subset of best features in descending order

1: Find the first best feature f, = firstElement(Fs)
2: while (f, !'= NULL) do

3: fq = nextElement(Fs — {fp})

4: if (f; !'= NULL) then

5: while (f, != NULL) do

6 SUp,g = SU(fp, [q)

7 SUqe=SU(fy,C)

8 if (SU,,> SU,.) then

9

: Fy = Fo - {fq}
10: fq = nextElement(Fy)
11: else
12: ‘ fq = nextElement(F})
13: end
14: end
15: fp = nextElement(Fy)
16: end
17: end

The features remaining in F, are the best features

All features with a SU; . value greater than § are selected as possible candidates for the
final subset of features (Fy). The candidates are sorted in descending order, starting with
the most promising feature first (line 1 - Heuristic 3). In an iterative fashion (line 2),
each candidate feature (f, in F) is compared to all other possible candidates f; in Fj
for redundancy according to Heuristics 1 and 2 (lines 5 - 14). The search for redundancy
starts from the index of the feature adjacent from f, in Fj, i.e the index at {f,} + 1.
Once all redundant features, if any, within Fy are removed (line 9) then the next feature
in Fy is selected as f, (line 15) and once again tested for redundancies with the remaining
features in Fy (lines 5 - 14). The algorithm terminates when all features within F, have

been tested.

The calculation of Fy in the beginning has a linear time complexity of N, where N is the
number of features. During the elimination process, the best case results in all features
being eliminated, while the worst case being no features are eliminated. The assumption
is made that at least half of the features are eliminated each iteration [8|, which results
in a time complexity of logIN. The calculation of SU is linear with regards to the amount

of features M, therefore the overall combined time complexity is O(M NlogNV).

32



Chapter 2 — Formulation of main algorithms FCBF

2.3.4 Implementing an alternate search strategy (FCBF#)

A method proposed by [9] considered FCBF with a different search strategy. Their
motivation stems from the fact that FCBF may eliminate too many features when inputs
are highly correlated. The new search algorithm (FCBF#) involves a different feature
elimination strategy to perform better when selecting a specific amount of features k,
instead of the best subset. In each iteration of FCBF, all features which show a higher
correlation to the predominant feature than the class label is removed. This effect is
desirable to determine the best subset, but may cause highly correlated features to the

class to be eliminated very early in the algorithm.

This early elimination of correlated features to the class is not ideal when choosing k best
features, but instead these features need to be eliminated last. FCBF+# achieves this by
assigning a temporary predominance to each feature in the elimination process which is
used to eliminate features with the least correlation to the class. Unlike FCBF, FCBF#
allows each feature to eliminate only one feature in each step of iteration, creating a
more balanced elimination process. Once each feature had a chance to remove possible
redundancies, the elimination process repeats for the remaining features and continues
until £ has been reached, or if no further eliminations are possible. The FCBF# algorithm

is given below in Algorithm 4. A brief explanation to the algorithm follows.

As with FCBF, Fj starts off as a descending list of best candidate features. Once again
in an iterative fashion (line 1), each feature f, in Fy is compared to all other possible
candidates f; in F for redundancy according to Heuristics 1 and 2 (lines 5 - 14), except
that the new search strategy for redundancy requires f, to start at the end of the list
F, and make its way towards f,. If f, reaches f, in the search strategy, the search is
terminated (lines 8 - 10). If a feature is removed, flags pass and rem are set to ‘1’ (lines
13 - 20). Setting pass = 1 terminates the search for redundancy at line 7, which prevents
further elimination of features (therefore only the first redundant feature is removed)
and f, is assigned to the next feature in F (line 24). Once all f, in Fy are tested (lines

)

4 - 25), rem is either remains ‘0’ or is set to ‘1’, where ‘1’ indicates that features were
removed and allows the algorithm to re-search through Fs to eliminate the possibility
more new redundant features. Notice f,, once again starts at the beginning of F (line 2).
If rem remains 0 for the entirety of the removal procedure, then no more features can
be removed and the algorithm terminates at line 1. If the number of remaining features
amounts to k, then a termination flag is set (line 18) which terminates the algorithm at
lines 4 and 1. After the algorithm terminates, the best subset of features remain in the

list F.
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Algorithm 4 FCBF#

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

e Initialise:

S = |f1, f2---fn] - Data set

C - Class vector

Threshold § = 0.3

Fs =Vf;,SU(i,c) > 6 - Subset of best features in descending order

k - Target size

rem = 1 - Variable indicating a feature was removed

flag = 0 - Stop criteria when £ is met

pass = 0 - Variable preventing multiple features from being deleted at once

while (rem == 1 AND flag '= 1) do
fp = firstElement(F})
rem = 0
while (flag '= 1 AND f, !'= NULL) do
fq = lastElement(F)
pass = 0
while (f, != NULL AND pass != 1) do
if (f, == fp) then
|  BREAK
end
SUpq = SU(fp, f4)
SUye = SU(f;: C)
if (SUp4 > SU,.) then
Fy = Fo - {fq}
pass = 1
rem = 1
if (|Fs| == k) then
‘ flag =1
end
else
‘ fq = prevElement(Fy)
end
end
fp = nextElement(Fy)
end
end

The features remaining in F; are the best features

A comparison between FCBF and FCBF+# in |9] shows FCBF to be slightly computation-
ally quicker. When the best subset of features are determined (without k), FCBF+# selects
fewer features than FCBF, but FCBF outperforms FCBF# with regards to classification

accuracy. Selecting the best subset of features without choosing a value for k favours

the traditional FCBF search strategy, but FCBF# shows dominance over the traditional

search strategy with improved accuracy when a feature subset of size k is selected. Only

FCBF+# will be the considered in experiments.
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For an in depth analysis, different associative measures, search strategies, pre-processing,
SIS manipulation and supervised additions to mRMR, FCBF and ORFS will be tested
and compared to one another where applicable. The addition of supervision® for each
algorithm is an attempt to include a test for feature synergy by comparing the predictive

model’s accuracy before and after the addition of the next best feature.

Part IT - Wrapper and embedded techniques

The next three algorithms include two wrapper methods and one embedded method. The
Particle Swarm Optimisation (PSO) and SVM (Support Vector Machine) algorithms are
the wrapper methods, while logistic regression is used for the embedded method. The
predictive model used for the wrapper methods is once again a 1-NN predictor to reduce
predictor bias. The background for all three aforementioned methods are explained in

detail and their possible improvement and optimisation discussed.

2.4 Particle Swarm Optimisation

The paper presented in [23| proposed the FRBPSO algorithm suitable for high-dimensional
data. FRBPSO is combined with techniques from B-BPSO as well as Linearly-Decreasing
Inertia Weights (LDIW) to find an effective feature selection method using PSO. The
Fuzzy component adds an additional layer of intelligence in order to avoid the PSO
algorithm getting stuck in a local optimum. The behaviour of PSO, FRBPSO, B-BPSO
and LDIW is explained in detail, thereafter an implementation of the FRBPSO feature
selection algorithm is provided. For this section, note that vectors in text and equations

are specified in bold unless otherwise stated.

2.4.1 Defining PSO

PSO is a meta-heuristic algorithm which optimises a problem according to an objective
function (usually a minimisation or maximisation) by swarming the solution space with
candidate solutions (particles). Each particle is assigned a fitness value through the
objective function, which indicates the quality of that particle’s current solution. Each
particle traverses the solution space in an iterative fashion. PSO is an attractive optimis-
ing algorithm as it can search through very large spaces of candidate solutions without

needing to calculate the gradient of the function which needs optimisation. This allows

S A predictive model is incorporated to test classification accuracy during the feature selection process
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PSO to be applied to extremely complex or non-differentiable functions which would
otherwise be very difficult to solve using methods such as Stochastic Gradient Descent
(SGD).

The PSO algorithm starts with a random initialisation of particles. All particles, X,
are assigned a position where x; = [2;1, ...2;4] represents the position of particle i with
d dimensions. All particles are also assigned a velocity V, where v; = [v;1,...v;4] 18
associated with each particle. The position of a particle represents a possible solution,

whereas the velocity indicates the movement of the particle. The new velocity of a particle

new

v is determined by the difference between the particle’s positions at its previous best

solution pb;y and its current position :U;.’Clld, denoted as vp;q, as well as the difference
between the position of the current particle and global best particle gb;q, denoted as vg;q.

Mathematically, the updated velocity of a particle proposed by [48] is given by

v = vi + vpia + vgid, (2.4.1)
where vfclld is the previous velocity of particle i, feature d. The velocities vp;q and vg;q

are defined as

vpia = c171(pbig — 255 (2.4.2)
vgia = cara(gba — 2), (2.4.3)

where pb;y is particle ¢’s personal best position, gby is the particle which holds the
global best position, ¢; and ¢y are constants, and r; and 7y are random numbers € [0, 1].
Choosing the correct values for cl1 and ¢z is an optimisation problem in itself. The velocity

is then used to update the position of the particle such that

new __ old new
xid = wid + vid (244)

The optimisation is terminated when the fitness value of a particle falls within a user
defined tolerance, or when the maximum iterations allowed are met. To balance between
exploration and exploitation of possible solutions, an inertial weight w is multiplied with

v, Equation (2.4.1) becomes
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i = w x vf + vpia + vgia (2.4.5)

Selecting the appropriate w is also an optimisation problem in itself. The study in [49, 50|
describes the formulation and advantages of LDIW as a method to vary the value of w

in each iteration. Using LDIW is a simple approach which updates w with

Maxite — t
Maxite

Wnew = (Wmaz — Wmin) + Winins (2.4.6)
where M axite is the maximum allowable iterations for the PSO algorithm, ¢ is the current
iteration number, wy,q; 1S the maximum allowable inertia, and wy,;, is the minimum
allowable inertia. The value of w will vary between wy,q,; and wy,;, depending on the
iteration. The inertial weight will start at wy,qz:, Wwhich improves the initial global search
for the optimal solution. As the iterations continue, w will tend to wy,;n, which improves
the local search for the optimal solution at later iterations of the algorithm. The paper
presented in [49] shows a value of 0.9 and 0.4 for wya; and wiy, respectively provides

the most promising convergence rates.

2.4.2 Binary PSO

The particles for PSO can be a vector of any length d, but the values within the vector are

not limited to real numbers. A vector of binary bits can also be used to define particles,

as used in BPSO [48] which can be used to solve discrete problems and is especially useful

in the case for feature selection. Because the particles are defined by a binary vector,
new

the new position of a particle 2" cannot be updated using (2.4.4), instead, an if-else

statement is used to determine x77* such that

1 if F < S
2o = (vid™) (2.4.7)
0 otherwise,

where F' is the choice between a random number generator or a constant of 0.5, and S
is a sigmoid function to map the values of v}, between 0-1 which acts as a probability
value. The paper presented in [51] improved BPSO by avoiding local minima by means
of a Boolean and(-) operator to ‘and’ each bit of pb for all particles in order to create

a new global best particle gb. The creation of a new global best particle only occurs if
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the fitness value for gb is identical after three generations or iterations. An iteration is
complete once all particles have been fully updated, including global and personal best
positions.

A further improvement to PSO was proposed in the study of FRBPSO [23] which re-
evaluated equations (2.4.2) and (2.4.3). They argue that assigning the difference of
position to a velocity requires some re-thinking. To create a true sense of velocity,
equations (2.4.2) and (2.4.3) are divided by a unit time steps Diimestep and Grimestep
respectively, which are the time (iteration) differences between obtaining the previous
personal best and global best fitness values and the current time (iteration) respectively.

The new equations for vp;q and vg;q are given by

UPid = €171 (pbid - xzqclld)/ptimestep (248)

VGid = C2T2 (gbd - xgglld)/gtimestep (249>

This change for vp;q and vg;q is more intuitive and claims to provide faster convergence.

2.4.3 Including fuzzy logic

PSO, being a meta-heuristic algorithm, suffers from the disadvantage that the solution
might be suboptimal if any particle fails to converge to the optimal solution, in which
case the PSO algorithm is repeated multiple times in order to find the optimal solution.
It is possible for a particle to miss the optimal solution if the particle traverses past the
optimal point due to an excessively large particle update, or if the particle gets stuck
in a local minima or maxima. Having a look at (2.4.2), the randomness of parameter r
also adds uncertainty as part of the solution, which contributes to the possibility of PSO
finding suboptimal solutions. To avoid suboptimal solutions, the work in [23] proposed
an extra layer of intelligence using fuzzy logic to help avoid suboptimal solutions by

updating each particle based on their velocities.

Suppose a car has an automated system which starts applying the brakes fully when the
car is closer than ‘X’ m from an object. The system therefore has a binary output of ‘0’
(do not apply brakes) or ‘1’ (apply the brakes) depending on the distance to an object.
The system will assist the driver to avoid collision if the car is at a low speed, but what
if the car is travelling at a higher speed, it would make sense for the brakes to be applied
earlier. The system lacks the intelligence to make better predictions when and how hard

to apply the brakes in such situations. This is where a Fuzzy Inference System (FIS) can
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be useful. Using the speed of the car, as well as the distance to the object in front of
the car, a FIS will use these inputs to determine when and how hard the brakes should
be applied according to a set of predefined rules. This effectively changes the discrete
output system into an continuous analog output system.

The work in [23] uses the fuzzy nature of FIS in conjunction with BPSO in order to update
2%, The inputs to the FIS are v2% (memory of velocity), vp;q (cognitive component)
and vg;q (social component) in the ranges [-6,6], [-2,2] and [-2,2] respectively. The reason
of choice for these ranges were not specified and therefore the performance influence
to the FIS induced by changing these ranges can be studied, but is not within scope
of this study. Each input is mapped to two Gaussian membership functions (High(H)
and Low(L)), therefore there are eight possible input combinations which determine the
output of the Fuzzy system by predefined rules. The output of the Fuzzy system is x'7*,
which takes on singleton values of 0.2 (L - reject the feature) and 0.8 (H - accept the

feature) depending on the input. The parameters for each Gaussian membership function

and all eight Fuzzy rules are in given below in Tables 2.1 and 2.2 respectively.

Table 2.1: Gaussian membership function parameters

Mean Variance
vpia(L) -2 1.5
vgia(L) -2 1.5
(L) | -6 -2.5
vpia(H) 2 -1.5
vg;q(H) 2 -1.5
v9(MH) | 6 2.5

Table 2.2: Fuzzy Rules

’ UPid ‘ Vdid ‘ v%d H Tig "

mn] |l ol Huni B aul Hunil oul fusi N o
mnjjusiBust B oul o oal Henl e

an] Busifan]Nasilenllonl Nenl e
an] Busillenl N oul BusifastRenl oy

Refer to Table 2.2 above. A feature is accepted (zy* = H) when both the social and

cognitive component are high, but a feature is rejected (z)f* = L) when both the social
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and cognitive component are low. If the social and cognitive components are opposite
(one is high and the other is low), then the output is determined by the previous velocity
of the feature. The fuzzification and defuzzification specifications are given in Table 2.3

new

below. The new feature vector x; is obtained by rounding the output of the FIS to

the nearest integer.

Table 2.3: Fuzzy methods

Fuzzification H Defuzzification
‘And’ method Product
Implication Minimum Centroid
Aggregation | Summation

2.4.4 Implementing FRBPSO

The feature selection algorithm FRBPSO is combined with the methods LDIW and
B-BPSO in order to evaluate the effectiveness to select appropriate features in large
datasets. Algorithm 5 below describes the algorithm in detail. Recall that the fitness

function used is a 1-NN classifier represented as

k-NN model = 1-NN(z, D, y), (2.4.10)

where D is a dataset with ¢ samples and m features, x is a binary vector of size m which
determines whether a feature in dataset D is kept (‘1’) or discarded (‘0’), and y is the
class label vector of size t. The fitness value of a particle is calculated using Leave One
Out Cross Validation (LOOCYV) as follows

fi = LOOCV (1-NN(z;, D, y)), (2.4.11)

where f; is the fitness value for particle ;. In feature selection, it is also important to
try keep the minimum amount of necessary features, therefore if the fitness value of two
particles are identical, the particle with the least amount of features is chosen as the best
particle. The feature size is applicable when updating pb; and gb. The feature size of a
particle can also be considered within the fitness function by contributing to the fitness

value, for example

sum(x;)

fi = LOOCV (1-NN(;, D, y)) + A———,

(2.4.12)

where A is a loss factor variable, and M is defined by the user as the maximum allowable

features. For testing purposes, (2.4.11) is used in Algorithm 5 below which shows the
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pseudo code implementation of FRBPSO. In this implementation, a new global best
particle gb is created if there is no change in gb within five iterations. One must be
careful in choosing the amount of iterations, as a value too low can cause no features to

be retained due to the initial inconsistency of selected features in all particles.

Algorithm 5 Boolean FRBPSO with LDIW

e Initialise:

Maximum allowable iterations MaxIte

n = #particles, m = #features

c1 =2 =2, Wmaz = 0.9, Wnin = 0.4, Vyae = C

Ufgi”al in rand(€ [—vmaz; Vmaz)) Vid

zinitial in rand(€ {0,1}) Vi

pbid = Tiq

D is the dataset with ¢t rows and m columns

y is the class label vector of size t

e Find initial fitness values f; = LOOCV (1-NN(x;, D, y)) ¥;
e Find the global best particle gb = x; where f; = min;(f)

1: while (f, > tolerance) and (iterations < MaxIte) do
9. ‘ W = (Wma:c _ Wmin) Maxit]\c;;l'gz;ations + Winin
3: for 1 =1,2,3,..,ndo
4: vp; = C1T1 (Pbi - inZd) / Ptimestep
5: vg; = cor2(gb — ;%) / Gtimestep
6: (viOld > Umaz) = Umazx
7 ('UiOld < _Umax) = —Umazx
8: x;"" = round(FI1S(vp;,vgi, v;°%))
9: vt = w ok vffld + UPig + VGid
10: end
11: Evaluate new fitness values f =1-NN(z;"",y) V;
12: for i =1,2,3,..,ndo
13: if (fi < f™) or (fi = f*" and sum(w;"") < sum(pb;)) then
14: ‘ pbi = x;"v
15: end
16: end
17: if (min;(f) < fg) or (min;(f) = f; and sum(x;) < sum(gb)) then
18: gb = x;"V
19: fg = fi
20: else if (gb unchanged for past 5 iterations) then
21: Create new gb = pb;
22: for k =2,...n do
23: | gb= AND(gb,pby)
24: end
25: fq =1-NN(gb,y)
26: end
27: iteration = iteration + 1
28: end

The FRBPSO algorithm only terminates if the tolerance of the fitness function is met or
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if the maximum allowable iterations met (line 1). The LDIW update takes place at the
beginning of each iteration (line 2). Each particle is then updated in lines 3 - 10. For each

new

particle, their new velocities v; and positions ;" are updated in lines 4 - 9. Recall

that the velocities are bound within the values of v,,4,. Notice the calculation for x;™¢%"
is based on a Fuzzy Inference System. The fitness values for all updated particles are then
calculated and the new personal best positions and global best particle is then evaluated
(lines 11 - 19). If the new fitness value outperforms its previous best fitness then the
particle’s personal best position is updated. Likewise, if the new fitness outperforms the
global best particle, the current particle becomes the new global best. Notice that the
amount of features within each particle is also compared to its previous best only if the
fitness values are identical. This test for feature length is necessary to award particles
which show similar fitness values but contain less features. If a new global best particle

has not been assigned in the last five iterations (line 20), a new global best particle is

created in lines 21 - 25 and its new fitness value calculated.

2.5 Support Vector Machines

SVMs are common predictive models used for classification. The fundamentals behind
SVMs is to solve an optimisation problem which involves finding an optimal hyperplane
to separate data which belongs to different class labels. In order to find the optimal
hyperplane, a loss function is optimised, which can be further applied to feature selection.
To accommodate large datasets, it is recommended to use a fast converging algorithm
such as SGD for hyperplane optimisation. In the following section, all formulations were
achieved with the help of [52]. Subsections 2.5.1 to 2.5.3 explains how an SVM functions

as a classifier. The use of SVMs for feature selection is then discussed in subsection 2.5.4.

2.5.1 Formulation of a linearly separable Hard Margin SVM

For clarity, the naming convention used for this section is as follows: given a dataset with
sample-label pairs (x;, y;), i = 1,..,n, ; represents a sample such that x; € R™, y; is
the class label for sample x; such that y € {—1,1}. The optimisation problem of an SVM
is to determine the optimal separating hyperplane (also known as a decision boundary)
given a set of instance-label pairs. Figure 2.5 below illustrates a binary example of an
optimal linear separating hyperplane. The ‘X’s represent positive examples, and ‘O’s the
latter. The solution is optimal when the distance between the hyperplane (blue dotted

line) and features of each class are maximum, defined by a margin (red lines).

Refer to Figure 2.5 below. It is crucial to determine whether the decision boundary is
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Figure 2.5: SVM optimisation problem

optimal. A decision rule needs to be formulated to use the decision boundary. Let vector
w represent a vector of arbitrary length constrained to be perpendicular to the decision
boundary. Let u represent an unknown vector pointing to an unknown point u in the
feature space. The unknown point belongs to an unknown class, and can be classified
by checking which side of the boundary decision it lies on. If vector u is projected onto
vector w, the proportional distance in the direction of w is known, and if this projected
value is greater than some constant C, the side which point w lies on can be determined.

A positive example is illustrated by (2.5.1) below.

w-u>C (2.5.1)

Rearranging (2.5.1) gives
w-u+b>0, (2.5.2)
where b = —C'. The decision rule is now formed, but w and b are still unknown, therefore

there is a need for more constraints in order to solve for w and b. The decision rule
given by (2.5.2) insists that an unknown point belongs to a positive sample if it lies on
the right hand side of the decision boundary. Thus far, the margins do not determine

whether an unknown belongs to a specific class. To enforce this, let
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w-xTy+b>1, (2.5.3)
where o is a known positive sample and w and b are chosen to provide a margin of 1
relative to the size of b. This constraint forces the distance between the decision boundary
and any margin to be |1|. Likewise,

w-xr_+b< -1, (2.5.4)

where x_ is a known positive sample. Introducing a new variable y; merges (2.5.3) and

(2.5.4) for mathematical convenience, where

1, for + samples
Yi =
—1, for - samples

The decision rule can then be written as

yi(w - x; +b) > 1, (2.5.5)

where x; is any sample. Rearranging (2.5.5) gives

yi(w-x; +0)—1>0 (2.5.6)

Because this constraint is based on the margins, we know that any point that satisfies

yi(w-x; +b) —1=0 (2.5.7)

will lie on the margin. Recall that the optimisation problem is to find the optimal decision
boundary. This can be achieved by finding the largest margin. An expression is therefore
required to express the distance between the two margins. Figure 2.6 illustrates how the

distance can be calculated.
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SVM

A

fi

f

Figure 2.6: Distance between the margins

Refer to Figure 2.6 above. Using basic vector algebra, the distance between the two

margins can be calculated by as follows

Width = (x1 — x2) - n,

(2.5.8)

where n is a normal vector to the margins. The normal vector n can be determined

through w as it is already perpendicular to the margins. Equation (2.5.8) can be simplified

to

Width = (21 — @2) - ———

| w ||
Width:ml'ifmz-i
[ w | | w |

1
Width = ——(x1 - w — T2 - W)
[ w |

Substituting (2.5.7) into (2.5.9), given y;, gives

(2.5.9)

(2.5.10)
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The optimisation is to maximise the width of the margins in (2.5.10), shown in (2.5.11)

below.

2
max
[w ||
1
~ max
| w ||
~min || w ||
1
~min o | w 12 (2.5.11)

The format for (2.5.11) is for mathematical convenience, and also illustrates the primal
form of the optimisation problem. In order to solve an optimisation problem with a set
number of constraints, Lagrange mathematics is applied. The Lagrange equation with

the SVM optimisation problem described above is given as follows

1
L=5lhwl? = ailyi(w:- s +) - 1], (2.5.12)

where «; > 0 € R. Notice the first half of (2.5.12) represents the parameter to optimise,
and the second half of the equation represents the constraint to the optimisation parameter.
To find the extrema of (2.5.12), the partial derivative of each parameter that has to be
solved needs to be taken and set to 0. The partial derivative with respect to vector w is
given in (2.5.13) below. Keep in mind that the derivative of a vector follows the same

convention as taking the derivative of a scalar.

oL
F Z QY4
i

dw
0=w-— Z QYT
i
w = Zaiyiazi (2.5.13)
i

Notice that w is a linear sum of scalars. The partial derivative with respect to b is given
in (2.5.14) below.
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oL
b = - 21: QY
0=- Z ;Y
0="> o (2.5.14)

Substitution of (2.5.13) into (2.5.12) gives

L :;(Z cayimi) - (3 ogyeg) = (Q_oaviws) - (Y ajy;;)
TS o (2.5.15)

Notice the similarity between (2.5.14) and the bold section in (2.5.15). Simplifying
(2.5.15) yields

L= Z o + %Z Z QG Y YT - Tj — Z Z QO Yi YT - X
i T g T g
L= Z o — %Z Z GO Y Y TG - X (2.5.16)

L)

Equation (2.5.16) is also referred to as the dual representation of the optimisation problem
which needs to be maximised. Notice the optimisation depends only on the dot product
of the pairs of samples. Substituting (2.5.13) into the original decision rule in (2.5) which

yields the new decision rule for a positive sample as

Y iy u+b>0 (2.5.17)

(2

In summary, the primal form for the the Hard margin SVM is as follows

1
min o]

s.t yi(wai +b)>1
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The classification test for a new z : w’a; +b > 0. The dual form for the the Hard

margin SVM is as follows

M 1 M M
max g o — = E E Oéjakyjyk<xj793k>
a1...pf £ 1 2 -

1=

Jj=1k=1
sta; >0
M
> i =0
i=1

The classification test for a new  : >, ay;(x, ;) + b > 0.

2.5.2 Formulation of a linearly separable Soft Margin SVM

Suppose the data is not entirely linearly separable, but an error margin in the classification
is acceptable, therefore some points are allowed to violate the decision rule. Figure 2.7

below shows an example of such a case.

Figure 2.7: Not linearly separable

In Figure 2.7 above, there are two points which violate the decision rule given in (2.5.5)
by the amount of e (the distance which the point violates the margin). If the decision

rule changed to

yi(w-x; +b) > 1—¢, (2.5.18)
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then points which violate the original decision rule by € will still be chosen as support
vectors’. The addition of € are known as slack variables. The new optimisation problem
is to still maximise the margin, but with the addition of minimising the error margin (€)
allowed for all data points, scaled by some factor C'. The primal form of the optimisation

can therefore be written as

1 2
IqI}]l?iH’wH + CZGZ‘ (2.5.19)
(2

s.t yi('wTa:i + b) >1-— €;

e >0

Refer to (2.5.19) above. It is intuitive for ¢; > 0, as a data point either violates the
decision rule, or it does not. Note that if C' is large, then the error contribution is
very large, and therefore a very small error margin is allowed. If C tends to oo, then
the optimisation simply becomes the Hard margin case. Similarly, if C is very small,
then the optimisation allows for large error margins, allowing many points to violate the
decision boundary. It is important to notice that the addition of € is a loss term, and
in this specific case, an Li-norm loss case. To formulate the new dual problem, the new
Lagrange multipliers needs to be accounted for. Equation (2.5.19) is re-written in vector

notation for ease of use.

T

ww

min +CTe (2.5.20)

st Aw—yb+e—1>0

€ >0,

where A = (yX)? and X is a the dataset matrix with all samples x;. Due to the extra

variable €, another Lagrange multiplier (¢) is needed. The Lagrange equation is as follows

w

L= +CTe—al(Aw—yb+e—1)—tle (2.5.21)

2
a>0

t>0

"The vectors of samples chosen to maximise the margin
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The objective is to minimise (2.5.21) with respect to «, b and €. The partial derivatives
for each variable need to be taken and set to 0. The partial derivative for w is given

below.

w = A« (2.5.22)

The partial derivative for b is given below.

5L o
oY

0=aly (2.5.23)

The partial derivative for € is given below.

5L
S =C-a-t

0=C—-a—t (2.5.24)

Substitution of (2.5.22) to (2.5.24) yields

TAAT
I = % —aTAATa+e(C’—a—t) +aTyb+aT
1
L::—iaTAATa+1Ta
1
L=1Ta - §aTQa, (2.5.25)

where Q = AAT and 17 is a diagonal matrix consisting of the value ‘1’ to ensure matrix
form compatibility. Equation (2.5.25) only needs to optimise a;, which now has a new

constraint. From (2.5.24),
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0=C—-a-—t
a=C-t, (2.5.26)

therefore it will always hold that o < C. The complete dual for the Soft margin Li-norm

SVM in vector form is given below.

1
maxL =1Ta - Za’ Qa
a 2

1
minL = o’ Qa — 1T« (2.5.27)
a 2
st0<a<(C

afy=0

The formulation for Le-norm SVM can be found at [53|. Lo-norm SVM is similar to
Li-norm SVM, except that « is not bounded, and a factor of % is added to the diagonal

of matrix Q.

2.5.3 Solving a SVM using the dual formulation

Suppose a dataset X consists of n samples, with m features per sample : z; = {1,....,m} €
R™. With regards to the primal form and solution of the optimisation problem, m + 1
variables required for w and b respectively, and there also exists n constraints, one for
each variable. With respect to the dual formulation, only n variables are needed, and only
one equality exists. Also, the variable Q) can be pre-computed. The dual formulation
is therefore more suited for datasets with large feature sizes, as it is independent of
the amount of features. A fast, efficient method for solving the dual formulation is to
use a SGD algorithm. The work presented in [54, 55| solves the dual using the dual
Coordinate Descent (DCD) method. The approach to this solution is described below.
Refer to (2.5.27). After optimising «, the weights can be calculated using (2.5.13). To

accommodate the bias parameter, an extra sample is appended to each x; so that

x; = [x4,1] (2.5.28)
s.tw = [w, ] (2.5.29)

51



Chapter 2 — Formulation of main algorithms SVM

Initially, the o vector is set to 0. The procedure consists of an outer iteration where o

k+1

is updated to « in each outer iteration, and therefore generates a sequence of vectors

{aF 122 »- The coordinate descent algorithm therefore needs to individually update af to

ozf " 1- The one-variable sub-problem to be solved for each outer iteration k is then:

min f(ex + de;)

st0<a;+d<C, (2.5.30)

where e;, ¢ = 1,...,m is a zeros column vector, but element ¢ in e = 1. As an example,

es = [0,1,0,....,0]T.

The coordinate descent algorithm solves for ming<,<c f(e), which requires a one variable
sub problem update. The basic principle of the algorithm [56] is shown Algorithm 6

below.

Algorithm 6 DCD algorithm

1: procedure COORDDESCENT(«)

2: for k = random(1,2,3...) do

3 for «;...crp, do

4: ming f(o; + de;) >such that 0 < a; +6 < C
5: o =i +0

6 end

7 end

8: end

Expanding f(a* 4 de;) for each outer loop k into (2.5.27) yields:

flak +6e) = (0¥ +e)TQ(ak +de) — Y (@) =5
= %(a’“)TQa’“ + ;(ak)TQéei + (;Jei)TQak
+ (%561‘)TQ5€1' - Z(a’“) -9 (2.5.31)
= (@hTQ+ (@) Qo+ L5~ Y ()~ 5
= 5@+ G0t 5@ Qe ~ 1) - )
= L@@+ L5 45 (@) - 1) ~ Y

7
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= %(ak)TQ + %52 +Vif(a*)s =) (o) (2.5.32)

Recall that matrix @ is a symmetric matrix, therefore the bold red parameters in (2.5.31)
are equivalent and can therefore be added. In order to minimise (2.5.32), the derivative

with regards to § is calculated and set to 0.

0= Af(aF + de;)
N Ad
0= Qiid + Vif(c¥)
—Vif(ah)
§= Y =7 2.5.33
Qi (2:5.89)
However, it is required that 0 < oz? + §; < C, therefore
k
0<ak— m <C, (2.5.34)
thus the update for af is
k
of = min [max [af — vg?‘i),o] ,C] (2.5.35)

One last constraint is to project the gradient into a feasible region. If af is very small or
close to zero, then there is no need to update af. On the other hand if af is close to or
lies on the upper bound, there is only the need to improve af by minimising its value,
eliminating the need to do an update on af if the calculated gradient is negative. The

projected gradient rule is given as follows:

V£(ak), if0<af<C

VP f(af) = { min(0, VF(ak)), ifab~0 (2.5.36)
max(0, Vf(ak)), if af ~C,

where V' f(aF) is the projected gradient. An update will therefore only occur on «; if

the VP f(a¥) # 0. Finally, the weights for the support vectors can be updated using
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Wit = wh + (oF, — aF)yx; (2.5.37)

The full algorithm for DCD for a linear SVM is given below [54].

Algorithm 7 DCD Linear SVM

e Initially @ = 0, w = 0,
e G = Gradient, PG = Projected Gradient
: while a not optimised do

[

2: for i = random(1,2,3,..,m) do
3 | G=(a"Q); -1
G, fo<a;<C
4| | PG={min(0,G), ifa;~0
max(0,G), ifa;~C
5: if |PG|# 0 then
6: ‘ o =
7: ‘ ‘ ‘ ; = min [max (af—gS,O) ,C]
8: | w=wAt (- o))y
9: end
10: end
11: end

Algorithm 7 has an iteration cost (a® to a®**1) of O(mn), where 7 is the average amount

of non zero elements per instance. The convergence of Algorithm 7 is also proved in [54].

The training speed of the DCD method creates a suitable environment for fast recursive
feature selection, namely SVM-RFE. SVM-RFE is a backwards feature elimination
method which is able to remove irrelevant features. Furthermore, the DCD algorithm
can be adapted to accommodate non linear data as well. Thus far only linearly separable
datasets have been considered, but what if the data cannot be separated linearly. To
overcome this problem, the kernel trick [57] is introduced. Because the dual formulation
only depends on the dot product of the sample space, it is possible to map the sample
space into a higher dimensional space, and apply the same mathematics. Consider the

following non-linearly separable data shown in Figure 2.8 below.

It is impossible to separate the data in Figure 2.8 in a linear fashion. Suppose the data
is transformed into a non-linear feature space with a higher dimension. Consider the

transform from a 2-dimensional input space to a 3-dimensional feature space given by

®(x) = {2}, V2z129, 23}, (2.5.38)
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Non linearly separable data

LACR

Feature 2

Feature 1

Figure 2.8: Non-linearly separable data example

where ®(x) is the transformed feature space. Applying (2.5.38) to the non-linearly
separable data shown in Figure 2.8 creates a scenario where the data is once again

linearly separable through a plane, as shown in Figure 2.9 below.

Linearly separable data

®(2) -1 0 1 2 3 4
&(1)

Figure 2.9: Transformed data which is now linearly separable
Recall that the Lagrangian dual in (2.5.27) is given by

1
mnl = -a’Qa - 1T«
a 2

(2.5.39)

Expanding (2.5.27) gives
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1
minL = —a’AATa — 1T«
a 2

1
min L = §aT(yX)TyXa —1Ta

a

1
min L = iaTyT(XTX)ya —1Ta (2.5.40)
[0 4

If the input space is mapped to a higher dimension (2.5.40) becomes

1
min L = §aTyT(<D(X)T<I>(X))ya —1Tq, (2.5.41)
o7

where ®(X) is the transformation of dataset X containing all samples «; into a higher
feature space. Assume X is a dataset with 2-dimensional features, therefore X = {x1, 2},
then ¢(X) = {22, V22129, 22}. Assume Z is also a dataset with 2-dimensional features,
therefore ¢(Z) = {2?,1/22129, 23 }. Refer to (2.5.41), notice that the optimisation depends
solely on the dot product in the feature space. Taking the dot product between X and
Z gives

O(X)TD(Z) = (22, V2w 129, 23)T (22, V221 20, 22)
222 4 2m 2o 2n + T323)
xr121 + 3322’2)2

= (
= (
= (
= (

XT7)? (2.5.42)
Using (2.5.42) above,
(X)) Te(X) = (XxTX)?, (2.5.43)
and formally,
KX, XT) = (xTX)?, (2.5.44)

where K is referred to as the kernel. Equation (2.5.41) can be formally written as
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(o7

1
min L = 5aTYTK(X, Xya-1Ta, (2.5.45)

Notice the optimisation problem can be solved using a transformed feature space without
having to ever calculate, or know how to calculate the transformation ®(X). Only the
kernel needs to be calculated, which simply involves the dot product of the original feature
space X . This trick is referred to as the kernel trick. Equation (2.5.44) is an example of

a homogeneous polynomial kernel. Table 2.4 shows other popular pre-defined kernels.

Table 2.4: Two common kernels widely used

H kernel type Inner product H
polynomial K(X,XT) = (XTX i C)d
Gaussian (RBF) K(X,XT) = o 22 IX=XTTP

Choosing the correct kernel in practice is mostly done via experimentation with different
kernels, adjusting their parameters until the classification error of the test set is optimal.
A kernel is a similarity metric between the inputs, and therefore has to adhere to some
properties in order to be a kernel function. A kernel function requires the following
properties

e The kernel K (x1,x2) must be symmetrical.

e The kernel must satisfy the Cauchy-Schwarz inequality.

e The kernel must satisfy Mercer’s Theorem.

For a short summary on the explanation of the above properties, refer to [57].

2.5.4 Implementing SVM feature selection

Returning to the feature selection problem, refer back to Algorithm 7, considering linearly
separable data once again. The weight vector w is a linear combination of x; and «;
as shown in (2.5.13). After a has been solved, a ranking score [58| for feature p can be
defined as:

(2.5.46)
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Equation (2.5.46) is intuitive, as the weight with the lowest value will contribute the
least towards a classification. The feature corresponding to the lowest ranking point is
then removed and appended to a feature ranking list. The SVM is retrained with the
remaining features, and once again the feature with the lowest ranking score is removed
and appended to a feature ranking list. This is repeated until no more features remain.

Algorithm 8 shows how SVM-RFE ranks features for a linearly separable dataset.

Algorithm 8 Linear SVM-RFE

o Initially the selected feature subset S = {1,....,m}
e The ranked feature list R = ()
e Dataset X = {@1,...xm }
e Class labels y = {y1,...um}

1: while S #( do

2 X=X(09)

3 a =TrainSVM(X, y)

4 w = Z;n QYiq

5 C; = wf Vi=1,..,m

6 f=argminC

| R=[5(/) R]

8 §=5-{5(N}

9: end

Refer to Algorithm 8 above. All features are ranked individually until no more features
remain to be ranked (line 1). To rank the next feature, an SVM is trained on the
remaining features in X (lines 2 - 3). The weights for each «; is then calculated to create
a score for each feature, of which the lowest scoring feature is ranked as the weakest and

removed from the list of features which still require ranking (lines 3 - 8).

SVM-RFE can also be used for non-linear datasets using general kernels. The work
presented in [59] used SVM-RFE for fault diagnosis, but instead of using a Linear kernel,
the Gaussian kernel was used to train the SVM. The o parameter for the Gaussian
distribution was selected using the median method proposed in [60], which showed the
most promising results between a 5-fold cross validation iterative search and the novel

method proposed in [61]. Using the median method, the optimal o is selected using

o = median(\/||x; — Z||?), i =1,....,n, (2.5.47)

where & is the mean of all training samples.

Given the cost function as in (2.5.27), the change in L caused by removing a feature 4

can be computed as
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C; = L — L(—i)

Ci = %aQa — %a@(—i)a, (2.5.48)

The cost C; requires a SVM classifier to retrain for each candidate feature to be removed.
The work in [62] shows that this can be avoided by assuming no change in alpha, and
therefore a re-computation of only matrix () is necessary to obtain the rank of the least

relevant feature. SVM-RFE for the general kernel case is shown in Algorithm 9.

Algorithm 9 General SVM-RFE

Initially the selected feature subset S = {1,....,m}
The ranked feature list R = ()

Dataset X = {@1,....2m }

Class labels y = {y1, ....um }

1: while S # () do

2:

3:

4: Ci=1aQa - jaQ(-i)aVi=1,..,m
5: f=argminC

6:

7

8:

9: end

Lines 4 - 5 in Algorithm 9 replaces lines 4 - 6 in Algorithm 8. Notice that there is no
need to calculate w anymore, which is especially useful for the kernel space as ®(x;) is
not required. For further speed-up considerations, matrix ¢ V ¢ does not have to be
recomputed for each iteration, instead, the new @ matrix (Q(—i)) can be calculated by
subtracting @; from (). This means that the full matrix () can be calculated beforehand
and saved in memory. Furthermore, the previously calculated «; can be the new initial

values when solving for a;11 in the next iteration.

Thus far, all SVM algorithms implemented are only applied to binary class datasets. For
multi-class datasets, a variety of methods can be considered. The most popular being
the one-against-one and one-against-all methods. There are, however, methods which
involve solving a multi-class SVM in one step, called all-together methods. The work is
[63] shows that the one-against-one outperforms the other methods in computation time
and classification accuracy for large problems. The one-against-one method constructs
@ classifiers, where k is the number of classes. Each classifier is trained on the the

data with two classes. A simple voting strategy can be used to determine which class a
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sample belongs to:

sign((w?)Tx + b)), (2.5.49)

where @ is the sample. If & belongs to the i class, then a vote for class ¢ is incremented
by one, and vice versa for class j. The class belonging to x is predicted by the class
with the majority of the votes. The strategy is called “Max Wins” and can be used to

determine the importance of features with a new ranking score of

O = Y (Gen@Quon — LonQu(~i)a) (25.50)
k

where n is the amount of classifiers required.

For feature selection, a Gaussian RFE-SVM with Ls-norm is proposed using the DCD
algorithm to solve the SVM. The median method is used to calculate o for the Gaussian

kernel, and the “one-vs-one” method is used for datasets with more than two classes.

2.6 Regression

When a dataset contains many noisy samples of data points with complex relationships
in R™ dimensions, it is useful to approximate a model for the given data in order to
predict new or unseen data. The approximation is essentially the line of best fit which is
an estimate over the real data. The line will approximate the data points by assigning
weight values to each dimension so that the total error with regards to the original data

points are a minimum.

2.6.1 OLS regression

Ordinary Least Squares (OLS) regression is among the most basic types of regression
which is only suitable for linearly dependent data. The fundamentals of OLS need to
be understood as it is the foundation to other, more complicated regression techniques
used for data with higher dimensions and non-linear dependencies. Assume dataset D
consists of two variable wy and we. Figure 2.10 below shows an example of random data
within X, which shows a linear dependency between the variables z and y. The green

line is a candidate line of best fit. The error ¢; between a single data point d; and the
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line is the difference in the y axis. Extending this error onto the x axis creates a square

shape where each side is equivalent to the error ¢;, as shown in Figure 2.10.

€3

dy

€3

ds
dy

N

Figure 2.10: Ordinary Least Squares regression on two dimensions

A\ 4

X

The area of the square is known as the square error, hence the name of OLS regression.
The sum of all square errors need to be minimised in order to find the line of best fit.

The estimation of a data point using the line of best fit is given as

yi = Bo + Brzi + €, (2.6.1)

where y; is simply a straight line equation and e; is the square error between the real
data point and the estimation of y;. The parameters 5y and S; are the y intercept and
gradient parameters respectively, which need to be determined in order to create the line

of best fit. Rearranging (2.6.1) to make ¢; the subject yields

€ =Y — ﬁo — ﬁll’i. (262)

To get the sum of all square errors, the Lo-norm of all €; needs to be squared, therefore
(2.6.2) becomes
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el = (yi — Bo — Pr:)* (2.6.3)

7

The parameter ||¢||3 will be denoted by E for simplicity. Recall that the sum of all square
errors need to be minimised to obtain the line of best fit, therefore the optimisation

problem is given as

min £ = min - — By — Bri)? 2.6.4
BosB mmiw fo = Hri) (2:6:4)

The vector notation of (2.6.4) for any given dimension is given as

Y1 1 x| |Bo
minE =minl| | | - | Ik 2.6.5
u BH. o | |12 ( )

min £ = min |y — X8I, (2.6.6)

where y is the output, X is the data input matrix and 3 is the coefficients matrix. To
minimise (2.6.4), the partial derivatives of 5y and /1 are obtained and set to 0 in (2.6.7)
and (2.6.8) below.

oE

e -2 zi:(yz‘ — fBo— Prxi) =0 (2.6.7)
1)
(551 = -2 Ei:(yz‘ — Bo — Bixi)(zi) =0 (2.6.8)

Expanding (2.6.7) and simplifying yields

=20y = > fo— D i) =0 (2.6.9)
Zyi —nPo — Zﬁm‘ =0 (2.6.10)
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ny —nfy —nfrx =0 (2.6.11)
Yy — BO - Blib =0 (2612)
fo =y — pix (2.6.13)

Expanding (2.6.8) and simplifying yields

=203 “yiwi =Y Bowi— > i) =0 (2.6.14)
Zyil‘i — Ponx — S Z z? =0 (2.6.15)

Substitute (2.6.13) in (2.6.15) and re-arranging:

0= Z yix; — (y — frx)ne — By Z z? (2.6.16)

Bi(d_wl —na®) = yiw; — nyx (2.6.17)

S a2 — na?

7;_

(2.6.18)

The beta coefficients can now easily be calculated to give the line of best fit.

2.6.2 Ridge regression

According to the Gauss-Markov Theorem, OLS is a Best Linear Unbiased Estimator
(BLUE) which means that it shows low variance, and does not show bias in the calculated
values for 3 coeflicients when repeating a solution multiple times. When more dimensions
are added to a problem, say three or more 3 coefficients which are highly correlated, OLS
regression tends to give large values to its 3 coefficients and also shows a high variance
in coefficient values. Ideally, a low variance is wanted so that results can be replicated
and a stable answer is returned for the same problem. To overcome this high variance, a
low variance is enforced by constraining the 3 coefficients to bounded values subject to

some constant C' so that

18113 < €2 (2.6.19)
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Recall that the Ls-norm of a coordinate vector is the distance from the origin to the

point defined by the coordinate vector such that

18llz = /53 + B2 + ..+ 82 (2.6.20)

Bl =6248E+ ...+ 32 (2.6.21)

Figure 2.11 below illustrates the bound by C graphically using a two dimensional coordi-
nate system, where C' is essentially the allowable length of the Ls-norm vector. It is clear
to see that the bounded values for 3 lie within a circle, whereby any solution outside the

circle is unacceptable.

A
Y

Po

A\ 4
Figure 2.11: Lo-norm constraint on 3 coefficients in two dimensions

The acceptable coefficient values to the circle in Figure 2.11 is given as

gs + 87 < C? (2.6.22)

The addition of the Lo-norm bound on the 3 coefficients is called Ridge regression, and
is defined by

mﬁinE:mﬁinHy—Xﬁﬂg (2.6.23)

st [18]3 < C?

Figure 2.12 below illustrates how ridge regression restricts the solution of the 3 coefficients
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according to an elliptic level curve solution space, where the center of the ellipse is the
optimal solution for the 3 coefficients. The optimal solution cannot be reached due to
the bounding circle of C2, therefore the best solution lies on the level curve closest to
the optimal solution. In this case, the optimal solution is where the level curve meets
the ridge of the bounding circle denoted by the red dot. The bounding circle avoids
large differences in 3 and also allows for solutions with low variance. It can be seen that
coefficient By contributes more to the solution than coefficient 81, which emphasises Sy is
of greater importance. This interpretation of coefficient weights can be used for feature
selection, but a sparse solution is more suitable which drives a coefficient towards zero

instead of a real value.

ﬁlj

A 4

Figure 2.12: Lo-norm constraint and its effect on the optimal solution

2.6.3 Lasso regression

To create a sparse solution, Li-norm can be used instead of Lo-norm. Lj-norm works by

summing the the absolute value of the coefficients such that

1Bl11 = [Bol + |B1] + ... + [Bnl (2.6.24)

For clarity, the two dimensional representation of Li-norm bounded by C' is given by

[Bol + |B1] < C (2.6.25)
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Figure 2.13 below illustrates the difference between norms L; and Ls both bounded by
C.

A ﬁl A ﬁl

c? c

v

A
v
A

bo Po

Y v

(a) La-norm (b) Li-norm
Figure 2.13: Differences between Lo and Li-norms

The use of Li-norm instead of Ls-norm is called Lasso regression and is defined by

mgnE :m&nlly—X,BHg (2.6.26)

st |18l < C

Figure 2.14 below shows how a sparse solution can be determined using Lasso regression.
The sharp corners of the diamond shape are most likely to cross the solution space first,
driving the other coefficient to 0, which is ideal for feature selection because all coefficients

with a value of 0 can be removed without further consideration.

A

Y

Figure 2.14: Li-norm constraint and its effect on the optimal solution

The sparse contribution of Li-norm is ideal, but it comes at a cost of stability. Figure

2.15 below illustrates this instability by comparing two scenarios. Small perturbations in

66



Chapter 2 — Formulation of main algorithms Regression

data can have a drastic effect on the coefficient weights and ultimately lead to a different

solution.

A

A4

(b) Solution to a small change in the

(a) Original solution original data
Figure 2.15: Instability of L;i-norm

2.6.4 Elastic Net regression

To overcome this instability, a combination of Li-norm and Ls-norm is necessary. The
addition of both norms is called Elastic Net regression. Figure 2.16 below shows a

graphical illustration of the solution space when combining both norms.

A ﬁ 1
20
15
e e
// h
S
S
rd / C
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\
\\\
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. )
Y

Figure 2.16: A combination of L; and Lo-norms on the solution space in two dimen-
sions

Notice that there is still the possibility for a sparse solution, and that small perturbations

in data now gives a more stable result due to the bulges included by Ls-norm.The equation

for Elastic Net regression is therefore given as

ngnE:mﬂinHy—XBH% (2.6.27)
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st [l <C
st [18]3 < ¢

Whenever dealing with a minimisation problem subject to a constraint, the Lagrangian

expansion is always helpful. The Lagrangian expansion of (2.6.27) is given as

L(B, M1, ) = |ly = ABII3 + M (1Bl — C) + X183 - C?) (2.6.28)

Equation (2.6.28) needs to be minimised in order to find the best 8 values, as well as
the values for lambda. Notice that the minimisation of L does not include parameter C.
The current convention for solving this equation is to try a random X value to find the

best 3 coefficients, therefore the minimisation problem can be re-written as

min £ = min [y = XBI13 + Aul|B]l + del| I3 (2.6.29)

Typically Ay + A2 = 1 so that the contribution of the L and Ls-norms can be specified,
i.e if A; = 1 then A9 = 0 which is the same as Lasso regression. Similarly, if A\; = 0.5
then Ay = 0.5 which suggests that both L; and Lo-norms are considered equally. The

simplified Elastic Net equation can therefore be written as

min B = i [y — XB] + N8Il + (1 X181 (2:6.30)
Thus far, all regression techniques discussed provide the best linear solution. Fortunately
there is a way to perform non-linear regression by introducing the kernel trick once
more. Before applying the kernel trick, Ridge regression can be reformulated into its dual

representation [64]. The minimisation for Ridge regression follows (2.6.30) but without

the Li-norm term, so that

win B = min |y - X85+ AlIBl3,

which can be re-expressed as
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mlnz — Bx;)? + \||BI]3 (2.6.31)
HgnZ&?Jr)\IIﬁH%, (2.6.32)
=1

such that & = y; — Bx;. Treating & as a constraint, the Lagrange equation to (2.6.32)
is given as
L(B.¢ o Zgz +MIBI15 + Zaz yi — Bri — &) (2.6.33)

B £ Zgz + )‘||/6||2 + Z QY — Z a;Bx; — Z a;&;, (2'6'34)

where the « coefficients are the Lagrange multipliers. Because the problem is a minimi-
sation problem, the partial derivatives of 3, £ and a need to be calculated and set to 0.

The partial derivative of 3 is given as

58 .
ST =28 Z x; (2.6.35)

k
0=208-) s (2.6.36)

k
1
=2 Z T (2.6.37)

Substituting 3 into (2.6.34) gives

k
/8757 Zfz +>‘|| Zalw’LHZ—i_Zalyl Zaz 2)\ Zaza:z '_Zaifi
=1

(2.6.38)
k L X | . )
— ;@2 + o ;aiay‘(wi i) + ;Oéiyi - 2)\(; ;) - (; T;) — ;aifi
(2.6.39)
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k k k k
1
=~ Z ajog(x; - xj) + Z{f + Z ;Y — Z ;& (2.6.40)
&3 =1 i=1 i=1

Taking the partial derivative of &; in (2.6.40) yields

55 k k
5= 222;@» — zi:ai (2.6.41)

k k
0=2> &-> a (2.6.42)

k 1 Zk l
Z& = §Zaz~ (2.6.43)

Notice that a; and &; are proportional, therefore

1
& = S (2.6.44)

Substituting &; into (2.6.40) gives

k k k k
1 1 1
L(B.& ) = 15 Z o (@ aj) + 4 Z af + Z Qi — 5 Z o? (2.6.45)
@, =1 =1 =1
1 k k 1 k
2
= ; oo (x; - ) + ; i = ; Qg (2.6.46)

Finally, differentiating with respect to a yields

ge! 1 1
1 1
O——ﬁ(mz mj)a—§a+y
1 1
—y = ﬁ(azZ xTj)o — e
1 1
y = alyy (@ z5) + )

2y = a(@i - ) + )
a=2\((z; - xj) + M) 'y
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a = 2\(K(zi, z;) + M) 'y, (2.6.48)

where K (x;, ;) is a kernel function which maps X to a higher dimensional feature
space. The RBF or polynomial kernels can be used to do kernelised Ridge regression for
non-linear datasets. Recall that 3 can now be easily computed by using (2.6.37) defined
by

1 k
ﬂ:ﬁzaimi

Kernelised regression can also be expanded to Lasso and Elastic Net [65] for the advantage
of a sparse solution, though the mathematics are not as elegant due to the addition of

Li-norm, therefore closed-form expressions such as (2.6.48) are not as simple.

2.6.5 Logistic regression

Thus far, the regression techniques discussed assumes real-valued data. For feature
selection to be effective for categorical classes, a different regression technique is necessary,
namely Logistic regression. Logistic regression calculates the probability of an outcome
based on specific inputs. Suppose dataset X consists of n features and m samples,
where subscripts denote the sample and superscripts denote the feature such that X =
{x}, 22, 23..2}. Given X with predictor Y = {0;1}, predicting the probability of the

outcome of sample x; is

p(xs) = P(Y = 1|X = a;) (2.6.49)

The probability can be re-written as a linear combination of 8 - x; such that

p(®i) = Bo + Sz} + Box} + oo + Bl (2.6.50)

Notice that the linear combination is unbounded, therefore values outside the range of
[0, 1] does not agree with using the bounded probability of p(x;), i.e the linear sum of
B - x; values which tend to [—oo, 00| have no meaning. In order to make p(x;) a bounded

probability model, some manipulation with in(-) is used to create the model

71



Chapter 2 — Formulation of main algorithms Regression

p(xi)

ln[il (D)

| = Bo+ Brx} + Boxl + ... + Bl (2.6.51)
It can be seen that if p(x;) = 0, then the model on the left tends towards —oo and when
p(x;) = 1 then it tends towards oo, therefore the model on the left is now also unbounded
and can be used in conjunction with the linear combination of 8 - x;. Solving for p(x;)

yields

1

Notice that the form of p(x;) has the shape of a sigmoid function, which is bounded
between (0, 1). Recall that the above equation is a prediction of (2.6.49) where ¥ = 1.
In order to determine the optimal 3 coefficients, the probability for Y = 1 to occur needs
to be maximised and the probability for Y = 0 to occur needs to be minimised. A cost
function according to the probabilities given a specific 3 is used to adhere to the above

criteria and is given as

—In r;)), ify=1
Costpp(zi), Y) = (pp(i))
—ln(l —plg(wi)), ifYy =0

The summation of both cases provides the cost function for a single sample x;. Just
like ordinary regression, the cost function needs to be minimised for all samples of x;,

therefore the complete cost function including a Le-norm regularisation parameter is

CB) = % > ( = W)in(pa(w:)) — (1 = yi)In(1 — p;s(tm-))) - % DB (2653)
- _% Z(yi)ln@ﬁ(wi)) + (1 —yi)In(1 — pg(zx;)) + %HBH% (2.6.54)

The optimal 3 coefficients can be calculated by using a SGD algorithm. Other methods
such as Newton-Raphson can also be used, but for datasets where p >> n, the Hessian
matrix becomes too large and computationally expensive, therefore SGD is the method
of choice. The 3 coefficient updates requires the gradient of 3 with regards to the cost

function to be calculated. The derivative of 8; according to the sigmoid function is
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Sin(p(x))  O[in(1) — In(1 + e~ P%4)]

o 5 (2.6.55)
xfe_ﬁmi

= g (2.6.56)

(1 — p(a;)) (2.6.57)

The derivative to In(1 — p(x;)) can be obtained through the answer of (2.6.57), therefore

Sin(1 —p(x;))  8[—Bx; — In(1 + e=P%)]

= 2.6.58
0p; 53 ( )
= —ad 420 (1 - p(a;)) (2.6.59)
= —p(a;)] (2.6.60)
The derivative to ; for the entire cost function C' is then derived as
ﬁ = Zyz ;) — (1 —yi)zlp(xi) + 6] (2.6.61)
J
1
= Z(p( i) — YT + BJ (2.6.62)
ma
1, — .
= Z(p(wz’) — i)z} + AB)) (2.6.63)
E 27|
A= (2.6.64)
Ty T

The simplified vector notation of (2.6.62) which calculates the gradient V 3 is given as

f;g = —%AT(p(X) ~y) (2.6.65)
vpC = AT (p(X) — y), (2.6.66)
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where VgC' is the gradient of the cost function according to 3. When using SGD, the

learning rate o captures —% when using the update equation of

IBnew = ﬁold - OCVBC (2667)

The SGD algorithm to solve for binary linear logistic regression is given below in Algorithm

10.

Algorithm 10 Binary logistic regression

e Initialise:

X - Dataset with m samples and n features

Y - Class label vector

Mazxlte - Maximum number of gradient updates
« - Learning rate

A - Lo-norm regression coefficient

tol - Early termination tolerance

B ={Bo,P1..., Bn} - Randomly initialised at first

preCost =0

1: for k = 1,2,..,MaxIte do
2: ‘ for each 3; € 3 do '
3: VB =21 (p(®s) — yi)x] + \B;
4: end

. _ VB
5: | veg=28
6: | B=B-avp
7: ‘ if abs(cosct,;gecosﬂ < tol then
8: ‘ break
9: end
10: preCost = Cost
11: end

Algorithm 10 terminates if the the cost function tolerance is met, or if the maximum
iterations for SGD is met (line 1). For each iteration, the gradient for each 3 coefficient
is calculated in lines 2 - 5 and the coeflicients are then updated in line 6. The cost for
the updated 3 coefficients are then calculated and compared to the previous cost. If the
difference in cost percentage is below a user defined threshold then the optimisation is
complete and SGD is terminated (lines 7 - 9). If the difference in cost is unsuitable, the
previous cost is assigned to the current cost and the next iteration for SGD starts (line

10 - 11).

The SGD algorithm for binary logistic regression is computationally efficient for large

datasets. The disadvantage of the above algorithm is that it solves the regression for
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linear relationships. To avoid this, the features in X can be extended to higher dimensions
using kernel functions, but then the advantage of using regression is forfeited as the new 3
coefficients calculated for the new higher dimension features are no longer linked towards
the original features. This forces a recursive search for the best subset of features instead

of just examining the 3 coefficients.

Furthermore, if the linear relationship is kept then a sparse solution is ideal, but the
above implementation is not based on the Li-norm. Lastly, the above implementation
is binary and can therefore only be applied on binary datasets. A multinomial sparse

logistic regression solution is therefore required for an ideal feature selection technique.

For completeness, the method Sparse Multinomial Logistic Regression via Bayesian L
Regularisation (SBMLR) proposed by [38] will be used for feature selection. To justify the
choice of SBMLR, ordinary Sparse Multinomial Logistic Regression (SMLR) optimises
the L; regularisation parameter with a simple line search method [37] while SBMLR
uses Bayesian regularisation based on Laplacian prior. SBMLR performs just as well
as conventional SMLR, except that it provides a slightly higher degree of sparsity and
is orders of magnitude faster regarding computation speed. SBMLR is well suited for
datasets where p >> n and is the embedded feature selection technique of choice for this

study.

2.7 Brief chapter summary

Three filter methods mRMR, FCBF and OMICS were reformulated and explored. All
three methods require associative measures to determine feature-class and feature-feature

relevance.

For mRMR, dCorr seems the most promising. mRMR simply extracts features which
exhibits the most relevance to the class label but least redundancy to the features al-
ready selected. The main disadvantage of mRMR is its inability to remove irrelevant

redundancy.

FCBEF tries to isolate predominant features using SU as its the main associative measure.
A new search strategy is adopted to find more suitable predominant features when a

predefined amount of features are wanted, and is called FCBF+#.

OMICFS makes use of orthogonalisation to remove features which exhibit irrelevant
redundancy. The associative measure used is a more recent statistical measure called
MIC, but its performance is questioned. OMICFS is renamed to ORFS to incorporate

additional associative measures for testing.
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Two wrapper methods FRBPSO and SVM-RFE are also explored. FRBPSO is essentially
BPSO feature selection with an additional layer of fuzzy intelligence to avoid local minima.
Further improvements such as convergence speed, LDIW and global particle resetting is

also implemented.

SVM-RFE is a recursive feature elimination method which trains multiple Lo-norm SVMs
using a fast SGD algorithm to converge to a solution. The use of different kernels is
explored and the ability to accompany multi-class datasets is accomplished through a

“one-vs-one” approach.

For a logistic regressive feature selection algorithm, SBMLR is the embedded method of
choice due to its sparse properties and ability to accompany multi-class datasets. SBMLR

is however limited to a Linear kernel.
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Chapter 3

Numerical experiments

This chapter deals with the simulations of each feature selection algorithm explained
in Chapter 2. A total of 12 medically related datasets selected while exploring [1, 66]
are used for testing. All datasets adhere to p >> n and are assumed to have no prior
knowledge. After each simulation, a brief discussion on the performance of the algorithm
is presented. Thereafter, the performance of all algorithms are compared to one another,

and scenarios best suited for each algorithm discussed.

Table 3.1 below summarises all 12 medically related gene expression datasets. All exper-
iments are done on a workbench running on Windows 10 with 8 GB of RAM using an

Intel® Core™ i7-3610QM CPU @2.3 GHz. The program of choice is Matlab™ 2016b.
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Table 3.1: Datasets used in this study

Dataset name Number of features | Number of samples ‘ Classes ‘
9 Tumors o727 60 4
11 Tumors 12534 174 5
Brain _Tumorl 5921 90 9
Brain Tumor2 10368 50 11
DLBCL 5470 7 4
GLI-85 22283 85 2
Leukemial 5328 72 3
Leukemia?2 11226 72 3
Lung Cancer 12601 203 3
Prostate_ Tumor 10510 102 2
SMK-CAN-187 19993 187 2
SRBCT 2309 83 2

The original classification accuracy per dataset using 1-NN LOOCYV is given in Table
3.2 below. Each feature is pre-processed to their respective z-scores! before classification.
The overall average accuracy and amount of features are compared with the results for

each feature selection algorithm to determine their improvement.

Table 3.2: Original 1-NN LOOCV accuracies

Dataset Accuracy (%) \ # features
9 Tumors 41.67 5727
11 _Tumors 74.71 12534
Brain _Tumorl 85.56 5921
Brain Tumor2 60 10368
DLBCL 84.42 5470
GLI-85 88.24 22283
Leukemial 83.33 5328
Leukemia?2 86.11 11226
Lung Cancer 87.68 12601
Prostate Tumor 82.35 10510
SMK-CAN-187 63.64 19993
SRBCT 85.54 2309
Average 76.94 10356

3.1 Filter methods

The mRMR, FCBF and ORFS methods each have their own specialised experiments but

share a few experiments in common. Each algorithm has the following choices:

LConversion to a common scale with a mean of 0 and standard deviation of 1
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e Incorporate an appropriate use of supervision
e Pre-processing data using SIS

e Pre-processing data using a discretisation filter

The SIS pre-processing method reduces the amount of features to the top 20 % according
to dCorr scores obtained between each feature and the class variable. Calculating MI
and using the discretisation filter makes use of Irani’s MDL discretisation method. Each
dataset adheres to p >> n, therefore there is a good chance that the discretisation result
of any feature is repeated in other features, and all repeated features can be removed.
There is also a chance that an entire feature is discretised into one single interval, and
can thus be removed as well. To discretise data, WEKA™ v3.8 was used in conjunction
with Matlab™. As for the supervision method, a 1-NN classifier using LOOCYV from the
Matlab™ Machine Learning toolbox is used to obtain classification accuracy. The use of
supervision for each algorithm is discussed individually. Recall that the use of supervision

is an attempt to include synergy with selected features.

From the aforementioned choices, a total of eight combinational choices exist and each
combination is applied to 12 datasets which generates a minimum of 96 experiments
per algorithm. Some algorithms include more experiments due to the use of additional
associative measures. Due to the large number of experiments, each algorithm is optimised
to make use of parallel processing on all four cores of the CPU. In each experiment, the
computation time, best classification accuracy and accuracy gain per ranked feature is
recorded. All features are normalised to their respective z-scores before further processing
and only the top 100 ranked features are considered after the feature selection process.
After a brief explanation of the results for each respective algorithm, their results are

compared to one another and discussed.

3.1.1 mRMR

The common associative measure of MI will be compared to dCorr. Each associative
measure contains its own 96 experiments, giving a total of 192 experiments. The super-
vised method of mRMR includes an additional test before accepting a feature. Once the
next best feature is selected by the algorithm, the classification accuracy of all previously
selected features including the currently selected feature is tested. If there is no improve-
ment in classification accuracy, the feature is discarded from the list of best features,
which also influences the selection of the next best feature in the mRMR algorithm.
The pseudo code to mRMR including supervision and pre-processing is summarised in

Algorithm 11 below.
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Algorithm 11 Supervised mRMR

e Initialise:

Size of best feature subset MaxIte

F, = () - Subset of best features

F, = X(:,:) - Subset of remaining features

sy = {0,1} - Enable or disable supervision assistance
acc = 0 - Classifier accuracy when using supervision
Y - Class label vector

Pre-process F, according to SIS and discretisation choices

Select relevance method

Pre-compute the relevance of each feature Rel(i) = I(X(:,7);Y) V;
Find the first best feature Fpes; = max Rel(i)

maxAcc =0

Fs = Fbest

for k = 2,3,..,MaxIte do
Fa:Fa_{Fbest}

if isempty(Fa) then

10: ‘ break

11: end

Fpest = maxg,er, [I(I“ Y) - m ijgFS I(wi; $]))
13: if s, == 1 then

14: acc = 1-NN([Fs Fpest],Y)
15: if acc > maxAcc then
16: mazxAcec = acc

17: F, = [Fs Fbest]

18: end

19: else

20: | Fy = [Fy Fpest]

21: end

22: end

12:

The results for mRMR on all 12 datasets are given below. Figures 3.1 to 3.12 show the
best performance for associative measures MI and dCorr for each dataset. For readability,
the results for unsupervised and supervised mRMR are given in the figures to the left
and right of the page respectively. The figures are followed by Tables 3.3 to 3.6 which
summarise the best outcome for each dataset, preferred associative measure, preferred
filter method, overall average accuracy across all datasets and computation time for each

best scenario.
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Table 3.3: Summary of the best mRMR results

Dataset Supervised Unsupervised # Supervised # Unsupervised
accuracy (%) accuracy (%) features features

11 Tumors 88.51 86.78 20 69
9 Tumors 81.67 78.33 13 54
Brain Tumor 1 96.67 95.56 10 10
Brain Tumor 2 98 96 10 16
DLBCL 100 100 6 12
GLI-85 100 98.82 9 23
Leukemia 1 100 100 5 5
Leukemia 2 100 100 7 53
Lung Cancer 99.01 96.55 15 83
Prostate Tumor 98.04 97.06 7 21
SMK-CAN-187 80.75 79.68 8 28
SRBCT 100 100 8 11
Average 95.22 94.07 9.83 32.08

Table 3.4: Summary of the preferred? associative measure

Dataset Best supervised Best unsupervised
associative measure associative measure
11 Tumors MI MI
9 Tumors dCorr dCorr
Brain Tumor 1 dCorr dCorr
Brain Tumor 2 dCorr dCorr
DLBCL MI/dCorr dCorr
GLI-85 MI dCorr
Leukemia 1 MI MI
Leukemia 2 MI dCorr
Lung Cancer MI MI
Prostate Tumor MI dCorr
SMK-CAN-187 MI dCorr
SRBCT dCorr MI

2The preferred associative measure is chosen according to highest classification accuracy attainable
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Table 3.5: Summary of the preferred?® filter methods

Dataset Best supervised filter Best unsupervised filter
combinations combinations
11 Tumors Discretised SIS
SIS + Discretised
9 Tumors Discretised SIS + Discretised
Brain Tumor 1 Discretised Any combination
Brain Tumor 2 Discretised SIS

DLBCL

Any combination

Any combination

Any combination

SIS
SIS + Discretised

Leukemia 1

Discretised

Discretised

Leukemia 2

Any combination

Any combination

Lung Cancer

Discretised

Discretised

Prostate Tumor

Any combination

Any combination

SMK-CAN-187

Any combination

SIS

|
|
|
|
GLI-85
|
|
|
|
|
|

SRBCT

Any combination

Any combination

Table 3.6: Summary of computation time for the best results

Dataset Time (s)
11 Tumors 273.60
9 Tumors 103.25
Brain Tumor 1 358.21
Brain Tumor 2 407.40
DLBCL 23.40
GLI-85 94.32
Leukemia 1 4.23
Leukemia 2 53.44
Lung Cancer 391.27
Prostate Tumor 148.81
SMK-CAN-187 259.83
SRBCT 71.40
Average ‘ 182.43

Recall that the unsupervised approach is simply the standard mRMR algorithm. Table

3.4 shows dCorr to be the more promising associative measure with regards to the

3The preferred pre-processing filter method is chosen according to highest classification accuracy
attainable
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unsupervised technique, however, MI shows to perform better in the supervised case.
Notice that the supervised Figures 3.1b to 3.12b are ever increasing due to the approval
strategy of supervision which only accepts a feature upon an improvement to classification
accuracy. Not only did the supervised method outperform the traditional unsupervised
mRMR algorithm by more than 1 % as shown in Table 3.3, it was able to select fewer
features as well with an average of 9.93 as opposed to 32.08 with the unsupervised
technique. The supervised technique in essence will perform better than the traditional

unsupervised technique.

Filter and wrapper methods will find the possible best m features, but those features
are not necessarily the m best features to be used by a classifier as shown in the results
given in Table 3.3. The supervised technique overcomes this issue by only searching
for improvement and therefore features which provide the same or lower classification
accuracy are also deemed redundant and will influence the selection of the next feature.
The amount of selected features obtained by the supervised technique are limited and
do not adhere to the target feature size. Instead, the target feature size indicates the
amount of iterations in order to find all the suitable features which increase classification

accuracy.

The supervised strategy also provides a computational advantage because the list of best
features I will not increase in size unless the the next best feature improves classification
accuracy. The reduced size of Fs reduces the iterations needed to compute the relevance
between the remaining features and the features within F;. The time saved by reducing
the size of F is greater than the time it takes to recompute classification accuracy. The
supervised mRMR algorithm performs very well with an overall average classification

improvement of 18.28 % from the baseline of 76.94 %.

Table 3.5 shows the advantage of using a pre-processing filter to decrease the dimensions
of features for improved computation speed and accuracy. Using pre-processing filters
provided equivalent or better results as opposed to using all features. For the supervised
case, the discretisation filter is recommended as it remained the only filter to provide
the optimal results for each dataset provided discretisation is the combinational choice
for “any combination”. As for the unsupervised case, the use of SIS alone or alongside
discretisation is recommended which is still computationally advantageous with less

features. Notice that there is no advantage in trying to use all features for any dataset.
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3.1.2 FCBF#

As with mRMR, the combinational pre-processing options remain the same. The asso-
ciative measures of interest includes SU and dCorr which yields 192 experiments once
again. The addition of supervision to FCBF# takes a different approach. The FCBF#
algorithm is capable of selecting the best subset of features without having to select
a predefined amount of features to remain. In the current implementation of FCBF#,
each remaining feature is tested for predominance or made predominant by removing
all irrelevant features regarding the feature in question. When a feature is, or has be-
come, predominant then it remains in the list of best features. Introducing supervision
first tests the newly selected predominant feature and checks to see if it has a positive
influence on classification accuracy, and if so it will remain in the list of best features,
else it is also removed along with all its redundant peers. The use of supervision allows
predominant features to be removed as well, which further reduces the size of the best
subset of features. Once again the target feature size is set to 100 and the best subset of
features along with its accuracy is also calculated. The pseudo code to FCBF# including

supervision and pre-processing is summarised in Algorithm 12 below.

Due to lack of space, the code within the 3"% while loop is omitted, but can be found
in Algorithm 4 in Section 2.3.4. Recall that each algorithm is optimised for parallel
processing, but FCBF# is an exception due to the lack of for loops. Fortunately
FCBF# is a filter method and does not require excessive computational power. The
addition of supervision is given in lines 14 - 20. Notice that there is the possibility for
predominant features to be removed as well. To determine the best subset of features,
target size k must be set to 0. As for the threshold value ¢, it is not used in this study,
instead the first 200 features with the highest relevance scores are chosen for further

processing for consistency.
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Algorithm 12 Supervised FCBF+#

e Initialise:

S = |f1, f2---fn] - Data set

C - Class vector

k - Target size

rem = 1 - Variable indicating a feature was removed

flag = 0 - Stop criteria when £ is met

pass = 0 - Variable preventing multiple features from being deleted at once
sy = {0,1} - Enable or disable supervision assistance

: Pre-process S according to SIS and discretisation choices

: Rel(-) - Selected relevance method

: Threshold §

Fys =Vfi, Rel(i,c) > ¢ - Subset of best features in descending order
maxAcc =0

: while (rem == 1 AND flag '= 1) do

6

7: fp = firstElement(F)

8: rem = 0

9: while (flag '= 1 AND f, !'= NULL) do

10: fq = lastElement(F)

11: pass = 0

12: while (f, != NULL AND pass !'= 1) do
Remove redundant peers

13: end

14: if s, == 1 then

15: accWithFp = 1-NN(F,Y)

16: accWithoutFp = 1-NN(Fs — {f,},Y)

17: if accWithoutFp >= accWithFp then

18: | Fe=F,—{f}

19: end

20: end

21: fp = nextElement(Fy)

22: end

23: end

The features remaining in F; are the best features

The results for FCBF+# on all 12 datasets are given below. Figures 3.13 to 3.18 show
the best performance when k = 100 for associative measures SU and dCorr for each
dataset. The omission of figures related to specific datasets indicates that the result for
the best subset of features outperformed the selection process and is summarised in Table
3.9 below the figures. Thereafter, a summary of the best results, preferred associative

measure and pre-processing combinations are given in Tables 3.7, 3.8 and 3.9 respectively.
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Table 3.7: Summary of the best FCBF# results

Dataset Best strategy Accuracy (%) +# features Time (s)
11 Tumors Best supervised subset 91.95 35 554.585
9 Tumors Unsupervised 75 43 0.032
Brain Tumor 1 | Best supervised subset 93.33 23 303.366
Brain Tumor 2 | Best supervised subset 92 26 136.633
DLBCL Best supervised subset 100 48 163.061
GLI-85 Best supervised subset 97.65 22 309.158
Leukemia 1 Unsupervised 100 46 0.187
Leukemia 2 Best supervised subset 98.61 14 216.389
Lung Cancer Unsupervised 97.04 78 0.432
Prostate Tumor | Unsupervised 96.08 12 0.096
SMK-CAN-187 | Unsupervised 81.28 17 0.094
SRBCT Supervised 100 12 2.367
Average ‘ - 93.58 31.33 140.533

Table 3.8: Summary of the preferred associative measure for each best result

Dataset Best associative
measure

11 Tumors SU

9 Tumors SU
Brain Tumor 1 SU
Brain Tumor 2 SU
DLBCL SU
GLI-85 SuU
Leukemia 1 SU
Leukemia 2 SU
Lung Cancer SU
Prostate Tumor dCorr
SMK-CAN-187 SU
SRBCT SU
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Table 3.9: Summary of the preferred filter methods for each best result

Dataset Best filter combinations
11 Tumors SIS + Discretised

9 Tumors SIS

Brain Tumor 1 None

Brain Tumor 2 SIS + Discretised

DLBCL None

Leukemia 1 Discretised
Leukemia 2 Discretised
Lung Cancer Discretised

Prostate Tumor Any combination

SMK-CAN-187
SRBCT

SIS -+ Discretised

|
|
|
|
|
|
GLI-85 ‘ Discretised
|
|
|
|
|
|

Any combination

Refer to Table 3.7 which shows the summary of the best results. The majority of
best results are determined by a supervised strategy, mainly the best subset of features
obtained by the supervised strategy. Some datasets do however prefer the use of the
ordinary unsupervised FCBF+# algorithm but only with the addition of a pre-processing
filter as seen in Table 3.9. Table 3.9 also shows the dominant pre-processing techniques to
be discretisation or a combination between discretisation and SIS. As for the associative
measure, the originally proposed SU measure outperforms dCorr regardless of any specific
technique used as shown in Table 3.8. Overall, the FCBF# algorithm perform adequately
and shows an overall average classification improvement of 16.64 % from the baseline of
76.94 %, with its main advantage being its computation speed without the use or need
for parallel processing. Table 3.7 shows the computation time in seconds for each best
result. The supervised methods take substantially longer than the unsupervised method
due to the addition of the 1-NN classifier in each iteration. The unsupervised method is
able to complete in under one second, while the supervised method can take up to ten
minutes, which is still fast with regards to feature selection as it is only required to run

once.

Recall that the threshold value is not used in these experiments, instead the top 200
features are used for further processing. In future, it might be meaningful to determine
whether each dataset has a preferred threshold according to the amount of features instead

of using a predefined amount.
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3.1.3 ORFS

The ORFS method compares three different associative measures:

e MIC
e MI

e dCorr.

The investigation of Kraskov’s MI estimator (KMI) is not in the scope of this study but
instead provides the doubt necessary to compare the boasted power of MIC to its MI

roots as well as dCorr. In future, KMI along with other MI estimators can also be tested.

The MIC measure is calculated using the code provided in the paper of [15] with default
parameters. The same combinational choices are also used for ORFS, which yields a
total of 288 experiments. The addition of supervision resembles the same technique used
in supervised mRMR, where the next best candidate feature is checked to see whether it
increases classification accuracy. If there is no improvement, the feature is discarded from
the list of best and remaining features. This supervised feature removal influences the
choice for the next best feature due to the possible absence of features when calculating
GSO on the set of previously selected best features. ORFS is attractive due to the removal
of irrelevant redundancy even though the search strategy remains simple. The pseudo
code to ORFS including supervision and pre-processing is summarised in Algorithm 13

below.
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Algorithm 13 Supervised ORFS

e Initialise:

S = () - Subset of best features

C - Class vector

T - Target number of features

X ={x1,29,...,x,} - Feature dataset with n features
sy ={0,1} - Enable or disable supervision assistance

1: Pre-process X according to SIS and discretisation choices

N

11:
12:
13:
14:
15:
16:
17:
18:

Rel(-) - Selected relevance method

maxAcc =0

51 = argmax, x Rel(z;,C)

S = [S Sl]

for k = 2,3,..,Tdo

| sm = argmax, ¢ x_g Rel(GSO(a;,S), C)

S =[S sm)

X =X-{sm}

if s, == 1 then
acc = 1-NN(S, C)
if acc > maxAcc then
‘ maxAcc = acc
end

else

| S =5~ {sm}

end

end
The features remaining in S are the best features

Parallel processing is used to calculate the variable s,,. The amount of features to select

T is set to 100. The results for ORFS on all 12 datasets are given below. Figures 3.19a to

3.30b show the best performance for all associative measures on all datasets. A summary

of the best results, preferred associative measure, preferred pre-processing method and

computation times follow the figures in Tables 3.10, 3.11, 3.12 and 3.13 respectively.
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Table 3.10: Summary of the best ORFS results

Dataset Supervised Unsupervised # Supervised # Unsupervised
accuracy (%) accuracy (%) features features
11 Tumors 90.80 87.36 19 90
9 Tumors 86.67 73.33 15 30
Brain Tumor 1 94.44 91.11 11 52
Brain Tumor 2 96 84 12 25
DLBCL 100 98.7 6 22
GLI-85 96.47 94.12 7 26
Leukemia 1 100 98.61 4 8
Leukemia 2 100 100 5 89
Lung Cancer 97.04 94.09 24 20
Prostate Tumor 97.06 95.10 4 13
SMK-CAN-187 81.82 79.14 11 49
SRBCT 100 100 8 20
Average 95.03 91.30 10.5 37

Table 3.11: Summary of the preferred associative measure

Dataset Best supervised Best unsupervised
associative measure associative measure

11 Tumors MI dCorr

9 Tumors MI MIC

Brain Tumor 1 dCorr MIC

Brain Tumor 2 dCorr dCorr

DLBCL MI MIC

GLI-85 dCorr dCorr

Leukemia 1 MI MIC

Leukemia 2 MI MIC

Lung Cancer dCorr MIC

Prostate Tumor dCorr dCorr

SMK-CAN-187 dCorr dCorr

SRBCT MI MIC
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Table 3.12: Summary of the preferred filter methods

Dataset Best supervised filter Best unsupervised
combinations filter combinations

11 Tumors SIS Discretised

SIS + Discretised
9 Tumors Discretised SIS + Discretised
Brain Tumor 1 SIS SIS

Discretised

Brain Tumor 2 Discretised Discretised
DLBCL Any combination Discretised
GLI-85 Discretised Discretised
Leukemia 1 Discretised Discretised
Leukemia 2 SIS None

SIS + Discretised
Lung Cancer SIS SIS

SIS + Discretised

SIS + Discretised

Prostate Tumor Discretised Discretised
SMK-CAN-187 None SIS + Discretised
SRBCT SIS SIS

SIS + Discretised

Table 3.13: Summary of computation time for the best results

Dataset Time (s)
11 Tumors 318.62
9 Tumors 82.80
Brain Tumor 1 172.29
Brain Tumor 2 221.41
DLBCL 66.63
GLI-85 245.42
Leukemia 1 11.40
Leukemia 2 42.66
Lung Cancer 831.62
Prostate Tumor 193.23
SMK-CAN-187 2477.45
SRBCT 17.40
Average 390.08

Refer to Table 3.10. As with mRMR, the supervised method outperforms the unsuper-

vised method on average by 3.73 % accuracy and also yields a lower average of selected
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features of 10.5 instead of 37. Table 3.11 shows that the MIC and MI associative measures
seem to favour specific methods. For the supervised method, MI and dCorr are equally
prevalent but MIC does not make an appearance. As for the unsupervised method, MIC
and dCorr are preferred with MIC showing a slight advantage with seven out of the 12
datasets. Notice that MI does not make an appearance for the unsupervised case. As
for the boasted performance of MIC, it does outperform MI in the unsupervised case
and shows similar performance to dCorr, but does not show any significance with the
introduction of supervision. From the aforementioned results, it can be said that MIC
performs better than MI when having to select the most relevant feature to the class
without any assistance in ORFS. Overall, dCorr remains the most stable associative

measure to use for ORFS regardless of supervision.

As for the preferred pre-processing filters, Table 3.12 shows no sure pattern for using a
specific pre-processing filter, it only shows that using a filter does improve performance
with regards to using all available features. The same elegance cannot be said for
the unsupervised case, where there is no sure pattern for selecting the appropriate
filter. Thankfully the results from Table 3.10 and 3.12 determines the best approach for
ORFS, being supervised with a discretisation preprocessor and using dCorr or MI as an
associative measure. In future, MIC can be applied as an associative measure for other
feature selection algorithms to determine its true strength, but unfortunately for ORFS

it did not yield the best performance.

Refer to Table 3.13. The computation times are based on the best results. For those
results which provide similar performance with different pre-processing filters, the lowest
computation time is taken. The average computation time for ORFS is 6.50 minutes.
The addition of supervision provides a computational advantage as well. Recall that
GSO is calculated on the list of best features. The larger the list becomes, the more
computationally expensive calculation GSO becomes. When using supervision, many
features will not be added to the best list of features because they do not increase
classification accuracy. GSO will therefore compute on a smaller list of features in each
iteration, unlike the unsupervised case where GSO is calculated on an ever growing feature
list with each iteration. Notice the large computation time for dataset SMK-CAN-187.
This is the result of not using any pre-processing filter on the dataset to reduce the
amount of features before further processing. It is also the only dataset which showed a
better result when using all features. Overall, ORFS provides an average classification

accuracy improvement of 18.09 % from the baseline of 76.94 %.

101



Chapter 3 — Numerical experiments Wrapper and embedded methods

3.2 Wrapper and embedded methods

The methods FRBPSO, SVM-RFE and SBMLR each have their own separate experiments
which explores their effectiveness. The pre-processing choices, however, remains the same
throughout the experiments except for the choice of supervision. Previous experiments
have shown that the use of all features in X is not advantageous, therefore only SIS
and /or Irani MDL discretisation methods will be applied for the remainder of the feature
selection algorithms. This gives a total of three combinations instead of eight for testing
each algorithm. The supervised methods also do not require associative measures. Given
12 datasets, a minimum of 36 experiments per method exists. Some methods will have

more experiments when exploring different optimisation techniques.

3.2.1 FRBPSO

The core PSO algorithm consists of the following parameters:

Particle size n is set to 40

Acceleration factors ¢; = 2 and ¢y = 2

e The velocities are within [-6;6]

Wynin = 0.4 and wyee = 0.9

e Maximum iterations £ = 100

The upper and lower bound values are determined by the FIS

Recall that the inertial weights w are updated using LDIW. The objective function
consists of a 1-NN classifier using LOOCV as its objective score. If more than one
particle shows the same objective score, the particle with the least amount of features
wins. Local minima are avoided by choosing a new global best particle by using an ‘AND’
operation on the personal best particles, but only if no change to the previous global best
particle is made within 10 iterations. The PSO algorithm also makes use of personal best
and global best time steps for faster convergence. Each experiment is repeated 10 times

for consistency and the average and best results are determined.

The optimisation of the FRBPSO algorithm lies within the initialisation of random
particles and the objective function. The best objective score for the particle with the
least amount of features needs to be determined. For initialisation, the particles are split

into four groups of 10. Each pair is set to have an initial amount of selected features
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of 10%, 20%, 30% and 40% respectively. This initialisation strategy is used to avoid
the particles starting with the same amount of features, which encourages solutions with
less features. The strategy is also more computationally feasible than testing individual
initialisations of 10%, 20%, 30% and 40% for all particles. If all particles are randomly
initialised using a normal distribution, then 50% of features on average will always be
initialised.

In total, there are only three initialisation parameters, namely the three pre-processing
options which are carried out on 12 datasets, therefore a total of 36 experiments are
needed and repeated 10 times. recall that FRBPSO is a meta-heuristic algorithm which
contains some randomness and therefore each experiment is repeated 10 times to obtain

the best and average results.

Additional tuning parameters for particle size n, acceleration factors ¢; and ¢y, length
penalty factor A and other initialisation techniques can also be implemented but is beyond
the scope of this study. Currently the objective score is only determined by classification
accuracy. If the particles get stuck in a local optima where a high accuracy is obtained but
many features are still retained there is no certainty that a similar or better classification
accuracy is achievable with less features. For future work the objective score can have an
added feature length penalty, where the percentage of selected features to total features
are taken into account and added to the objective score. The objective score for particle

p; and class variable C' is given as follows:

# features(p;)

g L 1'NN i7 ’
ofun 00CV ( (P, €)) + A #Total Features

(3.2.1)

where ) is a tuneable parameter. The best convergence characteristic for each dataset is
given in Figures3.31 to 3.42 below. A summary of the best and average results, as well
as the preferred filter method is given below the figures in Tables 3.14 to 3.16. Note that
the best method is defined by the highest accuracy with the least amount of features.
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Table 3.14: Summary of the best FRBPSO results

Dataset Accuracy (%) # features Time (h)
11 Tumors 95.40 801 30.45
9 Tumors 88.33 34 2.71

Brain Tumor 1
Brain Tumor 2

95.56
92

255
191

4.63
2.63

DLBCL
GLI-85
Leukemia 1
Leukemia 2

100
97.65
100
97.22

114
263
101
192

2.66
5.40
2.36
3.89

Lung Cancer
Prostate Tumor
SMK-CAN-187
SRBCT

97.54

98.04

80.21
100

19.99
5.28
19.11
0.08

260
106

409
96

Average

95.16

235.17 8.27
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Table 3.15: Summary of the preferred filter methods per best result

Dataset Best filter combinations
11 Tumors Discretised
9 Tumors Discretised + SIS

Brain Tumor 1
Brain Tumor 2

Discretised + SIS
Discretised + SIS

DLBCL
GLI-85
Leukemia 1
Leukemia 2

Discretised + SIS

Discretised + SIS

Discretised + SIS
SIS

Lung Cancer
Prostate Tumor
SMK-CAN-187

SRBCT

Discretised + SIS
Discretised + SIS
Discretised
Discretised + SIS

Table 3.16: Average results over all 10 runs for the best pre-processing combination

Dataset Average accuracy (%) Average # features
11 Tumors 92.53  £0.98 1178.90 £200.25
9 Tumors 82.33  £2.26 35.80 £4.59
Brain Tumor 1 94.56  £0.67 240.40 +53.72
Brain Tumor 2 88 +3.77 440.70 £215.50
DLBCL 99.09 £0.88 191 +50.87
GLI-85 96.71 £0.74 534.50 +245.73
Leukemia 1 99.17  +£0.72 157.10 £67.74
Leukemia 2 96.39 £0.97 383.40 +183.42
Lung Cancer 96.90 £0.47 798 +303.82
Prostate Tumor 96.37 £0.93 339.80 +£135.81
SMK-CAN-187 77.54  £1.87 676.10 +£177.66
SRBCT 100 +0 151.50 +20.23
Average ‘ 93.30 427.27

Refer to Table 3.14 and 3.15. The average accuracy for all 10 runs are given in Table
3.16 for the pre-processing method which resulted in the best overall score. In the best
case scenario FRBPSO provides an average classification accuracy improvement of 18.22
% from the baseline of 76.94 %.

improvement is only 16.36 % but standard deviation for all runs are particularly low with

When taking the average of all runs, though, the

less than 1 % for most datasets. The computation time in Table 3.14 is calculated over
all 10 runs with the help of parallel processing but still has an average computation time

of over eight hours. Notice the difference in computation time for the datasets which used
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a combination including SIS such as 11 Tumors and Lung Cancer which have a similar
amount of features. SIS greatly reduces computation time for FRBPSO as it removes
80 % of all features prior to FRBPSO, reducing the computational burden of the 1-NN
fitness function. Overall FRBPSO performs best when both SIS and discretisation filters

are applied to a dataset.

FRBPSO has no problem in improving classification accuracy, but it lacks the ability to
select a stable amount of features as shown by the large standard deviations in Table
3.16. The algorithm also lacks to ability to select the least amount of features when
comparing the average amount of features selected between the best results and all 10

runs in Tables 3.14 and 3.16.

In future, the inclusion of a length penalty and better initialisation strategies can be
explored to find a trade-off between feature size and classification accuracy. It is better
understood when looking at Figure 3.42. For each run, the classification accuracy was
already found to be 100% with the average amount of features being approximately 152
as shown in table 3.16. The random initialisation of particles found a sweet spot for
dataset SRBCT. This is a disadvantage for the current FRBPSO algorithm. The fact
that 100 % accuracy was achieved so early prevents the optimisation from finding a better

solution with less amount of features.

3.2.2 SVM-RFE

The following parameters are set for the SVM:

e Maximum SGD iterations is set to 1000
e The early termination tolerance for the SGD algorithm is 10 x 1075,
e The Lo-norm SVM is used, therefore there is no upper bound to the alpha values

e The box constraint parameter C is set to 5

As for the kernels, the polynomial kernel is of degree 3 and has a polynomial constant
of 1. The RBF kernel can be represented as an infinite sum over polynomial kernels by
using the Taylor expansion. The proof can be found in [67]. For testing purposes and
computational efficiency, the first 20 terms of the Taylor series is used. The Taylor series

expansion of the RBF kernel for a single feature is given as

2 2 3
O(z)=e" (1,\/2?!)/&\/(2;!) :1:2,\/(2;!) z3..), (3.2.2)
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where v = ﬁ Using the first 20 terms for each feature expands the feature size of the

dataset by a factor of 20 as well.

The RFE algorithm requires each and every feature to be ranked in a backwards fashion
starting by ranking the least favourable feature. The “one-vs-one” method is used and

the required amount of SVMs are created. The amount of SVMs requires for any amount

of classes is given as

k(k—1)

) (3.2.3)

SVMs =

where k is the amount of classes. Dataset ‘Brain _ Tumor2’ contains the most amount of
classes, namely 11, which results in the need for 55 different SVMs. Each dataset will
undergo SVM-RFE a total of three times with Linear, Polynomial and RBF kernels as
options. As before, the three pre-processing choices remain. In total, 108 experiments
are conducted and the results for the top 100 features in each experiment is recorded.
Figure 3.43 to 3.54 show the best results per dataset. Tables 3.17 and 3.18 summarises

the results and shows the preferred pre-processing filters respectively.
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Table 3.17: Summary of the best SVM-RFE results
Dataset Accuracy (%) +# features Time (h) Kernel
11 Tumors 93.68 69 3.52 RBF
9 Tumors 91.67 73 0.19 Linear
Brain Tumor 1 96.67 57 0.85 RBF
Brain Tumor 2 100 23 0.20 Linear
DLBCL 100 5 0.09 RBF
GLI-85 100 8 0.29 Linear
Leukemia 1 100 7 0.05 Linear
Leukemia 2 100 6 0.22 Linear
Lung Cancer 98.52 20 12.08 Linear
Prostate Tumor 99.02 7 0.09 Linear
SMK-CAN-187 84.49 27 1.92 RBF
SRBCT 100 9 0.12 RBF
Average 97 25.92 1.64 -
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Table 3.18: Summary of the preferred filter methods

Dataset Best filter combinations
11 Tumors Discretised + SIS
9 Tumors SIS
Brain Tumor 1 Discretised
Brain Tumor 2 SIS
DLBCL Discretised + SIS
GLI-85 SIS
Discretised + SIS
Leukemia 1 Discretised
Leukemia 2 SIS
Lung Cancer Discretised
Prostate Tumor Discretised + SIS
SMK-CAN-187 SIS
SRBCT Discretised
SIS

Refer to Table 3.17. The “one-vs-one” approach performed very well for all datasets and
an overall classification accuracy improvement of 20.06 % from the baseline of 76.94 %
was achieved. Out of all three kernels tested, the 3" order polynomial did not manage
to perform as well as the Linear or RBF kernels. Other polynomial orders can also be
tested but is not within the scope of this study. When it comes to deciding whether a
Linear or RBF kernel is recommended, they perform almost identically with the Linear
kernel being preferred 58.33 % of the time. It is recommended to test a dataset with
both Linear and RBF kernels to determine which is best suited for that specific dataset.

Notice the large computation time of over 12 hours for dataset Lung Cancer. This is
because Lung Cancer is one of the largest datasets available and SIS was not the filter
of choice. The dataset also showed little redundancy after discretisation which led to
few features being removed through the discretisation filter. As for the preferred filter
combinations shown in Table 3.18, SIS is the more popular choice, but there is no sure
pattern as to which combination to use. It is still recommended that one be used to reduce
the size of the datasets to improve computation speed, which is especially necessary for

a feature elimination strategy.

3.2.3 SBMLR

For multinomial regression, only the linear solution is considered. Currently, there is

no formal or mathematical convenient use of a Gram matrix K(-,-) to avoid having to
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work with ®(-) as with SVMSs, therefore a higher dimensional feature map on datasets
with p >> n is computationally infeasible for the testing platform. To give insight, the

dimensionality of ®(z;) for a polynomial kernel [68] is given as

n+d(n+d—1)..(n+1)
d! ’

S(n+d,d) = ( (3.2.4)
where n is the original feature size, d is the polynomial degree and S is the dimensionality
of the mapped feature. For this study, a polynomial of degree three is used for testing
SVM-RFE. Suppose dataset X = {22, z%...2"} consists of n samples and m features.
If, for example, n = 50 and m = 1000, then each sample will have a mapped feature
size of approximately 167 668 501, therefore ®(X) is a dataset with over 8.38 x 10°
entries. Removing a feature from X eliminates at most m features from ®(X), which
is a negligible amount at the start of feature elimination. Eliminating the first worst
feature results in solving the SBMLR cost n times on a dataset ®(X) with approximately
8.38 x 10? entries. For the RBF kernel, the first 30 Taylor coefficients increases the size
of each feature 30 fold. Using the same example as before with m = 1000, the maximum
dimensionality of the mapped feature is 30 000. Due to the nature of feature elimination
each feature needs to be removed and tested to find the minimum cost associated with a

specific removed feature. The total amount of tests for all features is given as

#Tests=(n—1)+(n—2)+...+1 (3.2.5)
#Tests =n(n—1)/2, (3.2.6)

where #Tests in this scenario with m = 1000 would amount to 499 500 tests. Recall that
a new feature map will have to be created for each test, but for each feature removed, the
amount of mapped features are reduced by 30. This still amounts to a total of 499 500*30
= 14 985 000 newly mapped features for the entirety of the elimination algorithm with
a generous size for m. Furthermore, the advantage of regression on features is forfeited
because the regression on the higher dimensional feature map does not pose any useful

regression results on the original unmapped features.

The three pre-processing choices are the only choices for SBMLR on each dataset, which
results in a total of 35 experiments. The best results for each dataset are given in Figures
3.55 to 3.66 below. A summary of the best results and preferred pre-processing filter is
given in Tables 3.19 and 3.20 respectively.
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Table 3.19: Summary of the best SBMLR results

Dataset Accuracy (%) +# features Time (s)
11 Tumors 98.28 94 4.30
9 Tumors 83.33 41 0.41
Brain Tumor 1 96.67 33 0.51
Brain Tumor 2 100 15 0.44
DLBCL 97.40 7 142.61
GLI-85 88.24 3 0.03
Leukemia 1 100 12 0.10
Leukemia 2 100 14 0.18
Lung Cancer 98.03 59 8.66
Prostate Tumor 91.18 2 0.03
SMK-CAN-187 73.80 10 0.08
SRBCT 100 8 0.07
Average 93.91 24.83 13.12

Table 3.20: Summary of the preferred filter methods

Dataset Best filter combinations
11 Tumors Discretised

9 Tumors SIS

Brain Tumor 1 Discretised
Brain Tumor 2 Discretised + SIS
DLBCL Discretised
GLI-85 Any combination
Leukemia 1 Discretised
Leukemia 2 Any combination
Lung Cancer Discretised
Prostate Tumor Any combination
SMK-CAN-187 Any combination
SRBCT Discretised

Recall that SBMLR does not make use of any elimination process and is also limited to
the use of linear relationships. Refer to Table 3.19. SBMLR can be used as an effective
feature removal algorithm and provides an overall classification accuracy improvement of
16.97 % from the baseline of 76.94 %, and is also advantageous regarding computation
speeds with the majority being under one second after applying the pre-processing filters.
Notice the large computation time on dataset DLBCL. It is one of the smallest datasets
yet it shows an excessively large computation time with respect to the other datasets.

Because the SBMLR algorithm is implemented as in [38] (all copyright to the SBMLR
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algorithm goes to Dr. Gavin Cawley), it is possible there exists an optimisation problem
within the code. As for the preferred filter combinations, the discretisation filter is the
most popular choice when considering it can also be selected in the “any combination”

option.

3.3 Summary of simulation results

A summary of all the best results from each aforementioned algorithm are compared in
Table 3.21 below. A discussion for the scenarios which best suit each algorithm is then

discussed where applicable.

Table 3.21: Summary of best results for each algorithm

Algorithm | Average Average # Average Time
accuracy (%)  features (hh:mm:ss)
mRMR 95.22 9.93 00:03:02
FCBF+# 93.58 31.33 00:02:19
ORFS 95.03 10.50 00:06:30
FRBPSO 95.16 235.17 08:16:12
SVM-RFE 97 25.92 01:38:23
SBMLR 93.91 24.83 00:00:13

Table 3.22 below summarises the overall average improvement over the original average

results in Table 3.2.

Table 3.22: Summary of improvement for each algorithm

Algorithm | Average accuracy Average # features
improvement (%) improvement (%)*
mRMR 18.28 99.99915
FCBF# 16.64 99.99697
ORFS 18.09 99.99899
FRBPSO 18.22 99.97729
SVM-RFE 20.06 99.99749
SBMLR 16.97 99.99760

Refer to Tables 3.21 and 3.22 above. SVM-RFE provides the best results with an overall
classification accuracy improvement of 20.06 % and was able to obtain accuracies of 100 %

for half of the datasets. Unfortunately there is no recommended kernel or pre-processing

#Removed features % 100

4Calculated as follows: FTotal foatures
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filter which showed dominance, other than the polynomial kernel which failed to produce
usable results. Even though the average computation time allows results in under two
hours, it is necessary to test both Linear and RBF kernels with all combinations of
pre-processing filters to find the optimal result for new datasets. This amounts to six
experiments each scaling differently regarding computation time. If all experiments were
to complete within the same amount of time, the worst case scenario computation time

would be sixfold, which is worth the wait if optimal results are crucial.

SVM-RFE can also be changed to discard more than one of the lowest ranking features
in each iteration, which will reduce computation time but will possibly have a negative
influence on performance. Note that more to date workbenches will drastically reduce
the computation time as well. SVM-RFE also reduces the amount of features to an
average of 25.92, which is a 99.99749 % average reduction in features. If, however, the

least amount of features obtainable is crucial, it is recommended that mRMR is used.

mRMR is able to reduce the average amount of features by an astounding 99.99915 %
and is also the runner up for classification accuracy with an overall improvement of 18.28
%. Unlike SVM-RFE, the recommendation for mRMR is to use the supervised method
with a discretisation pre-processing filter which will lead to results within an average of
three minutes. The supervised case in mRMR does show that MI is the likely candidate
for an associative measure, but testing both dCorr and MI is recommended to get the
best results for new datasets, which also doubles computation time. If testing multiple
new datasets of similar feature sizes are necessary where the lowest amount of features

are required, mRMR should be the algorithm of choice.

Taking a look at the third contender regarding classification accuracy, FRBPSO. This
algorithm provides similar improvements to that of mRMR, but requires an excessive
amount of computation time. FRBPSO also has too many tunable parameters to ensure
optimal results. The amount of maximum particle update iterations, runs, amount of par-
ticles, initialisation techniques, weight adjustment techniques, choices for the acceleration
parameters ¢; and co, FIS optimisation and also being a metaheuristic algorithm with
some randomness can create different results for each run. There is a good chance that
a single run produces great classification accuracies, but at the expense of computation

time, especially if more runs are necessary.

FRBPSO, though, lacks the ability to select the least possible amount of features per
dataset. As mentioned earlier, the exploration of a length penalty parameter to penalise
the objective score for high feature counts is the best place to start the optimisation for
FRBPSO as it shows the worst feature reduction performance of 99.97729 %. As with
mRMR, FRBPSO also shows preference to a specific pre-processing filter, namely the
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combination of SIS and discretisation. FRBPSO also shows the longest average compu-
tation time of over eight hours for all 10 runs. If time and exploration for optimisation
is not of interest to an application, it is best to prefer mRMR, which will produce better

classification improvements and the lowest possible amount of features.

The fourth contender with regards to classification improvement is ORFS with an im-
provement of 18.09 %. With the use of GSO one would imagine classification results
which outperforms mRMR, but this is not the case in neither the supervised or unsu-
pervised case. ORFS might not be the top competitor for classification accuracy but it
is the runner up with regards to feature reduction with an average of 99.99899 %. De-
spite its best efforts, mRMR outperforms ORFS in every regard including computation
speed. Nevertheless, if ORFS is to be used on new datasets, it is recommended to use
the supervised method with either choice of MI or dCorr and avoid using MIC for the
supervised case. Even though the discretisation filter is popular 58.33 % of the time for
the supervised case, it will be necessary to test all combinations to determine the best
results. Having to test both MI and dCorr as well as each pre-processing combination
requires six experiments (the case for testing ORFS using all features is not valid), which
will increase the computation time sixfold for the worst case scenario. Note that the
actual computation time is most likely to be less due to each combination of associative

measure and pre-processing filter having different computational complexity.

The fifth and second last contender is SBMLR which gives an average classification
accuracy improvement of 16.97 %. Due to the nature of SBMLR explained in subsection
3.2.3, there are no comparative experiments which were made, instead the algorithm was
only run once per pre-processing combination. Nonetheless it performed third best with
regards to feature removal with an average of 99.976 % and also proved to be the fastest
algorithm out of the six with an average computation time of 13 seconds. Note that
most datasets completed in under 1 second but the average computation time for dataset

DLBCL is high due to a possible optimisation issue.

SBMLR is ideal for a feature selection scenario with datasets with similar or larger
feature sizes than was tested. SBMLR is especially useful if a feature removal solution
is immediately necessary, or if multiple datasets with many pre-processing combinations
need to be tested in quick succession. As for the suggested pre-processing filter, the

discretisation filter is recommended.

The last contender is FCBF# which shows the second best computation time of ap-
proximately two minutes. FCBF# gives an average classification improvement of 16.64
% which is the worst out of all results. FCBF# shows that the supervised method is

preferred an unconvincing 58.33 % of the time, with the supervised subset being the most
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popular supervised strategy. As for the associative measure, the originally suggested SU
measure is well suited for FCBF# in both the unsupervised and supervised case. The
best pre-processing filter, though, remains an uncertainty. To get the best results for
FCBF# in new datasets, all supervised and unsupervised cases with all pre-processing
filters need to be tested with the only constant being the SU associative measure. Once
again, a pre-processing filter is mandatory and testing FCBF+# on all features is not
applicable. This totals to 6 experiments (note that the best subset is calculated in unison
with the supervised and unsupervised strategies to spare the amount of experiments
needed). The additional experiments increases computation time sixfold for the worst
case scenario. Once again actual computation time will differ from the average due to
each combination of pre-processing filter and supervised /unsupervised methods having
different computational complexities. The inclusion of six experiments forfeits FCBF#’s
second place for computation time to mRMR which only has two, therefore making

mRMR the most versatile algorithm.

Tables 3.23 and 3.24 below shows a summary of the recommended combinations to use per
algorithm as previously discussed. The tests needed indicates the amount of combinations

to test per algorithm to determine the best result.

Table 3.23: Summary of best combination per filter algorithm

Algorithm ‘ Associative measure Pre-processor Supervised? Tests needed

mRMR MI/dCorr Discretise Yes 2
FCBF+# SU Inconclusive  Inconclusive 6
ORFS MI/dCorr Inconclusive Yes 6

Table 3.24: Summary of best combination per wrapper and embedded algorithm

Algorithm | Specific preference  Pre-processor  Tests needed

FRBPSO N/A SIS + discretise 1
SVM-RFE Linear/RBF Inconclusive 6
SBMLR N/A Discretise 1

In a nutshell, Table 3.25 below summarises the advantages of each algorithm in a rudi-
mentary manner. Note that computation time is rated based on average computation
time and the amount of tests needed to obtain the optimal results as discussed in the

aforementioned paragraph.
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Table 3.25: Summary of advantages for each algorithm

Algorithm | Average accuracy Average # features Computation time
improvement removed

mRMR ++ —F ++
FCBF# + ++ -
ORFS + +++ ++
FRBPSO +-+ + +
SVM-RFE e ++ -
SBMLR + ++ +++

From Table 3.25 above, the appropriate algorithm can be selected for different scenarios.
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Case study

This chapter applies the six reviewed feature selection algorithms on potato plant foliage
data where p >> n. An explanation to obtaining the data is given and thereafter the
results from each feature selection algorithm is recorded and used to reinforce the findings

in Section 3.3.

4.1 Context

The diagnosis of ailments which show symptoms on the leaves of potato plants take part
in this case study. Only four ailments are considered, namely Brown Spot, Verticillium
Wilt, Potato Virus Y (PVY) and late Blight. The sample images were obtained by a
simple Google search for the ailments in question and only a total of 29 samples are
considered. For each sample, a total of 356 features are extracted and includes colour,
texture, size, location and shape characteristics of the diseased leaf. In order to isolate
the diseased leaf in an image, a watershed background subtraction algorithm is used.

Table 4.1 below summarises the dataset of ailments.
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Table 4.1: Samples for each ailment

Ailment ‘ # samples
Brown spot 6
Late blight 5
PVY 11
Verticillium wilt 7
Total 29

Figure 4.1 below demonstrates the process of feature extraction and classification on
an example image of Brown spot. The same process is followed to extract features for
all samples. Only a brief explanation of the process is provided due to a confidentiality

agreement.

Original image

Extract features

Y
| Merge features |—)| Classify
A

Contrast enhance
+
De-noise

Extract features

i@ Background
subtraction

Figure 4.1: Feature extraction process

Refer to Figure 4.1 above. A sample image is first resized to a resolution of 640x480 to
improve computational burden. The image is then contrast enhanced and a slight blur is
added to reduce image noise. For background subtraction, a user interactive watershed
algorithm is used to extract the required leaf. Numerous enhancement and noise reduction
filters are used to assist with the subtraction process which are not mentioned. The leaf is
then split between different shade clusters and each cluster undergoes feature extraction.

These features are then merged to give a total of 356 features.
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Simulation results

4.2 Simulation results

For each feature selection algorithm, the ideal combinations suggested in Table 3.23 and

3.24 are explored to determine the best subset of features within the ailment dataset.

Note that computation time is calculated by adding the computation time of all necessary

combinational tests per algorithm if applicable. Each feature is normalised to its respective

z-score before further processing. The same LOOCV 1-NN classifier is used to verify

classification accuracy and the initial accuracy with all features inclusive is 79.31 %.

Figures 4.2 and 4.3 below show the best results for all algorithms. FRBPSO is given a

separate figure to show its convergence.
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Figure 4.2: Best results excluding Figure 4.3: Best convergence run
FRBPSO for FRBPSO

Table 4.2 below summarises the above results neatly. The FRBPSO results are taken from

the best run, but the computation time considers all 10 runs. Recall that the computation

time is calculated by adding the computation time of all necessary combinational tests

per algorithm where applicable.

Table 4.2: Summary of case study results for each algorithm

Algorithm | Accuracy (%) # features  Computation time
(mm:ss)
mRMR 100 3 01:09
#FCBF 100 4 02:25
ORFS 100 4 02:39
FRBPSO 100 8 29:24
SVM-RFE 100 3 01:36
SBMLR 100 4 <00:01

Tables 4.3 and 4.4 below shows the combinations which provided the best results for each

algorithm.
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Table 4.3: Preference for the filter algorithms

Algorithm | Associative measure Pre-processor Supervised?

mRMR dCorr Discretise Yes
#FCBF SU SIS Yes
ORFS dCorr Discretise Yes

Table 4.4: Preference for the wrapper and embedded algorithms

Algorithm | Specific preference  Pre-processor

FRBPSO N/A SIS + discretise
SVM-RFE Linear SIS -+ discretise
SBMLR N/A Discretise

Refer to Table 4.2. Each algorithm was able to give an accuracy of 100 % and therefore
only a comparison to the amount of selected features and computation time can be made.
As the results in section 3.3 shows, mRMR provides the least amount of features and
FRBPSO provides the most amount of features. As with mRMR, SVM-RFE was also
able to select the fewest amount of features. With regards to computation time, SBMLR
is faster than any algorithm by many orders of magnitude as expected, and performs
just as well as #FCBF and ORFS with regards to the amount of selected features. As
discussed in section 3.3, #FCBF indeed took longer to compute than mRMR because of
the extra experiments needed, therefore mRMR is the second fastest algorithm out of
the lot. #FCBF also shows similar results to that of ORFS, being only slightly faster.
FRBPSO, as expected, took much longer to compute and did the poorest when selecting

the least amount of features.

Refer to Tables 4.3 and 4.4. MI did not perform as well as dCorr as an associative measure
for neither mRMR nor ORFS for this dataset. With #FCBF, the supervised strategy (not
supervised best subset) showed the most promise instead of the unsupervised approach.
As for the inconclusive pre-processing filters, SIS was preferred for #FCBF, discretisation
for ORFS and a combination of SIS and discretisation for SVM-RFE. Overall, mRMR
or SVM-RFE is recommended for this dataset as they provide maximum classification

accuracy with the least amount of features in under two minutes.

124



Chapter 5

Conclusion

This study decomposes and reviews six different types of feature selection algorithms,
each with their own optimisation and pre-processing standards where applicable. It is
observed that the three filter methods mRMR, FCBF# and ORFS perform equivalent
or better when implemented as hybrid methods with the addition of supervision in
both performance and computation time. In testing the filter methods with supervision,
the associative measure best used for mRMR is MI or dCorr. For FCBF#, the SU
measure is still preferred regardless of supervision and for ORFS, the MIC statistic is not
recommended and either MI or dCorr should be used instead. As for the preferred pre-
processing filter assuming supervision, mRMR prefers MDL discretisation, while FCBF#
and ORFS does not favour any specific combination. Nevertheless, a pre-processing filter
still provides better results than if it were not used. To obtain the optimal solution for
mRMR, FCBF and ORFS, the amount of tests or individual experiments needed is two,
six and six respectfully. This places mRMR in favour for the fastest algorithm to iterate
through all experiments to obtain the best subset of features in the least amount of time.
mRMR also shows the best classification accuracy performance over FCBF# and ORFS,
making it the filter algorithm of choice.

For the two wrapper and one embedded methods SVM-RFE, FRBPSO and SBMLR,
each except SBMLR has a variety of parameters for optimisation, and the parameters
used in this study proved useful for gene expression microarray datasets. It is observed
that FRBPSO favours a pre-processor including both of SIS and MDL discretisation,
SVM-RFE does not show any preference and SBMLR, favours MDL discretisation. When
considering kernels for SVM-RFE and SBMLR, SVM-RFE swings in favour of Linear or
RBF with neither being dominant and the use of kernels with SBMLR was not compu-
tationally feasible in this study. For the best results of SVM-RFE, six experiments are
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needed to accompany all combinations of kernels and pre-processors, but is still much
more computationally efficient than FRBPSO which shows the worst computation time
of all the algorithms. As for SBMLR, it proved the fastest algorithm of them in orders

of magnitude.

When comparing the algorithms to one another, SVM-RFE showed the best performance
regarding classification accuracy with mRMR following close behind. FCBF# shows
the worst performance, followed closely by SBMLR. The fastest algorithm as stated
previously is SBMLR, with the slowest being FRBPSO. The algorithm which produced
the best classification accuracy with the least amount of features is mnRMR. ORFS showed
similar performance to that of mRMR but was unable to improve upon it, while FRBPSO
shows the worst performance with regards to removing the most features. The results
from the case study also supports the results obtained from the gene expression datasets.

Following the tests recommended for each algorithm will provide optimal results.

This study sheds light on the possible improvement over existing feature selection algo-
rithms for high-dimensional data through pre-processing techniques, algorithm hybridisa-
tion and optimisation without prior domain knowledge of the datasets. The possibilities
and combinations of such techniques are only hindered by the creativity of researchers
in the field and further improvements in the field of feature selection can be expected in
future. As a recommendation, using the hybrid mRMR as a standalone feature selection
technique is feasible, but will greatly improve upon other more complicated feature se-
lection methods as a filter pre-processor. If time is of importance and feature selection
is required while training a predictive model, SBMLR will provide the fastest results.
ORFS is not recommended over mRMR, but other feature selection algorithms which also
avoid irrelevant redundancy might prove more successful. FRBPSO is not recommended
due to its inability to select the fewest features and also the sheer amount of parameter
optimisation possibilities. As for SVM-RFE; it proved the best classification accuracy in

this study with fast computation time and high feature removal.

Although prior knowledge to the datasets are unknown, having some prior knowledge or
indication of which features to extract is always a good point of departure. The feature
selection algorithms can then be used to determine the most promising features within
the initial prior knowledge. To elaborate, the case study focuses on ailments visible on
plant foliage. A good point of departure would be to extract features such as colour
and texture, of which the most important is unknown without expert domain knowledge.
Therefore, even with a lack of expert domain knowledge regarding the best colour and
texture features, all types of colour and texture features can be extracted, and the most

important ones determined by the feature selection algorithms.
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