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Abstract

Modeling most financial assets, including exchange rates, proves to be a rather difficult task.
One cause of this difficulty is the occasional unpredictable and large price movements that occur,
known as jumps. Thus, including a jump component into a model may improve the accuracy of a
model for financial assets. In order to do this jumps need to be identified. The question is whether
this is possible or not?

Different tests have been developed to identify jumps, many of which are based upon the theory
of bipower variation.

In this dissertation we will be studying the concepts of quadratic variation and bipower variation
in order to study various tests based on bipower variation. We will additionally be applying one of
the tests to identify the jumps in the Rand to United States Dollar exchange rate.

Having found the dates of jumps we assess potential causes and find that most jumps in the
exchange rate are caused by political instability, most of which occurs in South Africa.
Keywords: Rand; US Dollar; currency jumps; bipower variation; quadratic variation; jump de-

tection; jump diffusion model.
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Opsomming

Modellering van finansiéle bates, insluitend wisselkoerse, is 'n taamlike moeilike taak. Een
rede daarvoor is die onvoorspelbare en groot bewegings in die pryse wat plaasvind, ook bekend as
spronge. Dus, kan die akkuraatheid van 'n model verbeter word wanneer, deur 'n sprongkomponent
in 'n model ingesluit word. Om die taak uit te rig moet spronge geidentifeer word. Die vraag is of
dit moontlik is of nie?

Verskillende toetse is ontwikkel om spronge te identifiseer, waarvan 'n klomp gebaseer is op die
teorie van dubbelmagvariasie.

In hierdie verhandeling bestudeer ons die konsepte van kwadratiese variasie en dubbelmagvari-
asie om sodoende verskeie toetse gebaseer op dubbelmagvariasie te bestudeer. Ons pas ook een van
die toetse toe om spronge in die Rand tot Amerikaanse Dollar wisselkoers te identifiseer.

Deur die datums van spronge te identifiseer, word die moontlike oorsake van die spronge be-
oordeel. Ons bevind die dat meeste spronge as gevolg van politieke onstabiliteit is, waarvan die
meeste van hierdie gebeurtenisse in Suid Afrika plaasgevind het.

Sleutelwoorde: Rand; Amerikaanse Dollar; wisselkoersspronge; dubbelmagvariasie;

kwadraatiese variasie; sprongopsporing; sprong-diffusie-model.
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CHAPTER 1

Introduction

In this thesis we will be looking at testing for jumps. Specifically the testing for jumps in
high-frequency data. A basic knowledge of stochastic processes may be required.

In recent years there has been an increase in the availability of data and data processing and
as such the field of identifying jumps in high-frequency data has been increasing in popularity with
many studies using intraday data, often at 5-minute intervals.

Baum and Zerilli (2016) modelled crude oil future prices (using high-frequency intraday data)
with a stochastic volatility model, which included jumps of the prices. More specifically, the authors
used bipower variation (a non-parametric method) to model the futures prices using a stochastic
model with jumps by identifying the periods when these extreme events might have occurred.
Furthermore, they identified extreme events, or jumps, by employing the standard Tukey formula
to identify outliers. They also showed that accurately modelling jumps in a return series, leads to
accuracy of volatility forecasts.

Laurent, Lecourt and Palm (2014) proposed a new semi-parametric test for additive jumps
(similar to Lee and Mykland (2008)) in conditionally Gaussian ARMA-GARCH models with an
additive jump component. Laurent, Lecourt and Palm (2014) applied their test to daily returns
and found that less than 1% of movements in the data were jumps for the three exchange rates
and between 1% and 3% of movements were jumps for all the stocks considered in the application
(about 50 large capitalization stocks from the New York Stock Exchange or NYSE). The authors
found that if they filtered their series (i.e. removed identified jumps) then they failed to reject
the null hypothesis of conditional normality. Therefore, jumps may be the cause of deviation from
normality after taking the effect of volatility clustering into account.

Patton and Sheppard (2015) assessed the effects of including the positive or negative signs of the
high-frequency returns of stock prices (Standard and Poor 500 or S&P 500 index of 105 individual
stocks) in forecasting volatility. The authors affirm that negative realized semivariance is much
more important than positive semivariance for future volatility and extracting the effects of each
of these leads to better forecasts, and also found that positive jumps lead to lower volatility while
negative jumps lead to higher volatility.

When considering the subject of the identification of jumps and the effects macroeconomic news
has on these jumps in financial data we found that there have been numerous studies over many
years. Bajgrowicz and Scaillet (2011) proposed a new technique to identify spurious detection of
jumps (using explicit thresholding on available test statistics). By application of this new technique,
it is found that most of the jumps detected in the 30 Dow Jones stocks studied are spurious detec-
tions. Having removed the erroneously detected jumps Bajgrowicz and Scaillet studied the impact

of news on jumps and found that a large portion of jumps occurs without any clear connection to
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news stories. However, Chatrath et al (2014) studied the impact of macroeconomic news on jumps
in exchange rates. They looked at the exchange rate of the United States Dollar (USD) to four
currencies and found that a disproportionate amount of jumps are associated with United States
(US) news releases. Hence, jumps are a good proxy for news arrival in currency markets; there is
a systematic reaction of currency prices to economic surprises and prices respond within 5 minutes
of news releases. Ficura and Witzany (2015) estimated the stochastic volatility and jumps (in the
Euro to USD exchange) using two different estimation methods, a non-parametric (power-variation)
approach using 15-minute returns and Bayesian methods using daily returns. The results regarding
the continuous stochastic volatility were very similar for the two methods. These two approaches,
however, gave significantly different results for the jump estimation, the non-parametric approach
resulted in significantly more jumps than the Bayesian method and the jumps identified with each
method was on different days.

Now briefly reviewing the exchange rate models we see that Balaban (2004) in comparing the
forecast performance of various models concluded that the exponential generalized autoregressive
conditional heteroscedastic (EGARCH) model performs the best of the considered models. Ding
and Vo (2012) who studied the volatility interactions between oil and exchange rate markets found
that multivariate stochastic volatility models perform better than GARCH models when forecasting
exchange rate volatility.

According to Hanousek et al (2011) researchers disagree about what causes jumps. Dewachter
et al (2014) examined the impact of verbal announcements on the exchange rate markets, they
made the claim that news releases significantly trigger large jumps or extreme events for up to an
hour after the initial news release.

From the above studies, it follows that it is possible to identify jumps in economic data: Ficura
and Witzany (2015) compared different methods of testing, Laurent, Lecourt and Palm (2014)
recommended a new test for conditionally Gaussian ARMA-GARCH models and Bajgrowicz and
Scaillet (2011) suggested a method of testing for spurious detections. The tests above, however,
were based on bipower variation proposed by Barndorf-Nielsen and Shephard (2004) as well as the
test by Lee and Mykland (2008) thus it becomes clear when studying the literature that the work
by these authors is important in the field.

Barndorff-Nielsen and Shephard (2004) introduced a new method of assessing data in the form
of the realised bipower variation and found that this new estimate can be used to estimate the
instantaneous volatility of a process. This estimate is robust in the presence of jumps and thus can
be used together with realised power variation to separate the quadratic variation into continuous
and discontinuous, that is jump, components. Bearing in mind the importance of this work we will
define these concepts in more detail later. Lee and Mykland (2008) then based on the results above
of Barndorff-Nielsen and Shephard (2004) proposed a nonparametric test to detect jump times at
the intraday level. So as previously stated since these two studies were important to the field they
will be given special attention in our study.

Detection of jumps in financial data has some important applications. Some reasons pointed out
by Lee and Mykland (2008) include that firstly when jumps are detected it helps us to assess what

events may have lead to this jump occurring and thus testing for jumps may help in understanding
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financial market movements. Chatrath et al (2014) assessed jumps to gain an understanding of
how news affects financial variables. Secondly testing for jumps helps in derivative hedging. Baum
and Zerilli (2016) found that jumps in return series add to the accuracy of predicting the volatility.

This dissertation aims to:

(1) Assess some important tests to identify jumps and in practical applications we will be
using daily data to apply one of these tests.

(2) Study how news affects jumps in the foreign exchange markets, specifically for the Rand-
Dollar exchange rate. Since South Africa is a developing country rather than a developed
country we believe this may produce new results.

(3) Discuss the work of Barndorff-Nielsen and Shephard (2004) and Lee and Mykland (2008)
in full detail. This work forms the backbone of the detection of spurious jumps in this
dissertation.

(4) Present a monograph that is easily accessible to students in the relevant research field.
Hence, as much detail as required will be given in the discussions of proofs.

In the next chapter a literature study into tests for jumps based on power and bipower variation
will be done. In Chapter 3 one of these tests will be applied to the Rand-Dollar exchange rate to
identify news events that lead to the jumps identified. In Chapter 4 we conclude.



CHAPTER 2

Literature Study

Let (Q, F,{Fi>0},P) be a filtered probability space, where F; : ¢t € [0,T] is a right continuous
filtration on its c—algebra F. We define a stochastic process S; on this probability space as well
as the process X; = log.S;, where S; is the asset price at time ¢ or in our application .S; will be
the Rand-Dollar exchange rate at time ¢. In this study we assume X; to be represented by a jump

diffusion process given by

Xt:/Ota(s)ds+/0ta(s)dW5+ZZi, 2.1)

where W is an Fs—adapted standard Brownian motion, a(s) and o(s) are J;—measurable functions,
Ny is a Poisson process with jump intensity A(¢) and (Z;);>1 is a sequence of jumps independent of
Ny as well as W;. This model is a nonparametric model in the sense that no specific structure is
imposed on the functions a(s), o(s) and A(¢) or the jump distribution of (Z;);>1.

Suppose we have observations of S; at discrete times
O=to<ti<..<t,=T.

The objective of the test for jumps we are interested in is to test the hypothesis that no jump in
S, or equivalently in log S, occurred from time ¢;_1 to time t; for any fixed ¢ = 1,2,...,n. This is
called testing for individual jumps. Therefore, under the null hypothesis we assume that from time
t;—1 to time t; our observations are a realisation of a diffusion process given by
t; t;
X=X+ [ a(s)ds + /t“ o (s)dW,. (2.2)
We will apply the test by Lee and Mykland (2008), in which the instantaneous volatility oy, ,,

where

2 i,
T4, :/t o“(s)ds,

1—2
is estimated using a series of observations before the testing period of time ¢;_1 to time ¢;. If our
observations up to time ¢;_; were a realisation of the pure diffusion process in (2.2) then a measure
for the instantaneous volatility can be derived from an estimate of the quadratic variation of the
process. However, in the presence of jumps, using an estimate of quadratic variation will lead to
overestimation of oy, ,. To obtain a consistent! and unbiased estimate for oy, , in the presence
of jumps, realised bipower variation, developed by Barndorff-Nielsen and Shephard (2004), will be

used.

Un this dissertation we will use the term “consistent estimator” loosely. When o is constant or deterministic,
then our estimator we refer to will be a consistent estimator. However when o is random, then our estimator is a

consistent estimator of the expected value of instantaneous volatility.

4
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In this chapter special attention will be given to the concepts of quadratic variation and bipower
variation of a jump diffusion process. Therefore, in Section 2.1 jump diffusion processes will be
discussed, with emphasis on compound Poisson processes. In Section 2.2 we will define various
forms of variation, where we will also derive the bipower variation for some special cases of the
more general jump diffusion process defined in (2.1). Several tests for jumps based on bipower
variation will be considered in Section 2.3, where the test of Lee and Mykland (2008) will be

discussed in detail.

2.1. Jump diffusion process

2.1.1. Diffusion processes. Our discussion on diffusion processes will begin with the defini-
tion of a Brownian motion W;. Occasionally we will use the notation W (t,w) when emphasizing

that the process W; is a function of time t and w € Q.

DEFINITION 2.1. [Kuo (2006) page 7] A stochastic process W (t,w) is called a Brownian motion

when the following conditions are met:

o Plwe Q;W(0,w) = 0] =1, that is the process W; at time ¢ = 0 almost surely takes on
the value of 0.
e For any 0 < s < t, the random variable W; — Wy is normally distributed with mean 0 and

variance (t — s), that is for any a < b

1 b 42
Pla<W,— W, <b| = 7/ ¢ T d
\/ 27T(t — S) a
e W, has independent increments, i.e. for any 0 < t¢; < t9 < ... < t,, the random variables

tha Wtz - thv ceey th - th—l

are independent.

e Almost all sample paths of W (¢,w) are continuous, i.e.
Plw € Q; W (-,w) is continuous| = 1.

Now having defined a Brownian motion process we can state some simple statistical properties.
Since W; is normally distributed with mean zero and variance t, the following properties can easily
be derived:

e the covariance of W; and Wj is given by
Cov(Wy, W) = min(s, t);

e the moment generating function is given by

in this case X = W;.

Using Brownian motion we can define several types of stochastic integrals of the form

X(t,w) = /Ot f(s,w)dW (s,w). (2.3)
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These integrals are also stochastic processes, since they are functions of time t as well as w € (.
Therefore we are interested in the distributional properties of X;. These properties will depend on
the characteristics of the function f. For the case where f is a function of time (s), and not w, the
function f is not random and is called a deterministic function. In this case the stochastic integral

X; in (2.3) is called a Wiener integral.

DEFINITION 2.2 (Kuo (2006) page 11). The Wiener integral is defined as the stochastic process

X, = /0 f(s)dW., (2.4)

where f is a deterministic function of time t.

One may see from this definition that this integral is a random variable for fixed ¢, thus we find
it necessary to discuss statistical properties of the Wiener integral. The most important properties

of which are as follows:

e the mean of X; is
E(Xy) =0;
e the variance of Xy is given by
t
Var(X;) = / F2(s)ds;
0
e the covariance of two Wiener integrals X; and X is given by
min (¢,s)
Cov(Xy, X,) = / £2(u)du.
0
This is a special case of the more general result that
min (¢,s)
Cov(X,,Y2) = [ Fwpg(u)du, (25)

where X; = [5 f(u)dW, and Y = [ g(u)dW,,.
It can also be proven that the Wiener integral X; is a Gaussian random variable; for this proof
and the derivations of the properties above see Kuo (2006). Specifically in Kuo (2006) page 12 the

covariance of X; and Y}, given by

Cov(Xy, ;) = /Ot f(w)g(u)du,

is derived. We will now extend this result to the result stated in (2.5).

Using X; and Y as above for s < ¢t we find

Cov(Xy,Ys) = Cov ( /0 " Fuyaw, /0 | g(u)qu)
= Cov (/08 f(u)dW,, /Os g(u)qu> + Cov (/st fuw)dW,, /OS g(u)qu>

= Cov(X,,Ys) 4+ 0,

having used independence of Brownian motion increments above. Using the result in Kuo (2006)
for Cov(Xs, Ys) we find that

Cov(X.. ) = [ " f(w)g(u)du
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and that this result similarly holds for ¢ < s resulting in

Cov(X,,¥0) = [ F)g(u)du

which proves the result in (2.5).

Since the Wiener integral is also a normally distributed random variable we can also easily
realise that the moment generating function is simply a special case of the moment generating
function of the normal distribution where the mean is 0 and the variance is Var(Xy),

My, (z) = G

In the special case when f is a constant o, then the Wiener integral X;, given in equation (2.4),
will become the more general Brownian motion. In this case X; will be normally distributed with
mean 0 and variance o2t.

For now we move on to another type of diffusion process we need to discuss. In the case of the
Wiener integral we used a deterministic function in our definition and discussion. This is however
not always the case hence the need to discuss the case when the integrand (in our case volatility)
is a random variable.

The reason why volatility should not necessarily be treated as fixed or a deterministic function
is that Alizadeh et al (2001) found that the volatility of exchange rates is approximately Gaussian,
that is it is a random variable and thus must be treated as such. Thus we continue by saying the
volatility is a stochastic process in most practical examples, specifically in exchange rates.

Thus we consider the following integral, sometimes called an It integral

X, = /0 " fs)am,

where f € L?([0,t] x ). We use L?([0,t] x Q) to refer to the space of all stochastic processes
f(s,w), 0 < s <t,w e Q satisfying:
e f(s,w) is Fs measurable, which implies that f(s,w) can be a deterministic function or a
random variable for each s and is therefore a stochastic process.
o LE(IF()]?) ds < .
Bearing in mind these conditions we can now state various important properties:

e the mean of X; is

e the variance of X; is given by

Var(X0) = [ E(5()P)ds;

e for two Ito6 integrals X; = f(f f(u)dW, and Yy = [ g(u)dW,, the covariance is given by
min (t,s)

Cov(Xe, Yo = [ E(f(w)g(w)) du.

0
For the derivations of these properties see Kuo (2006).
Since the function f in this case is a random variable, this makes it more difficult to define
the moment generating function of the integral without knowing the distribution of f. For our

purposes, as previously stated, this function f will be the volatility o € L([0,#] x ).
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In Barndorff-Nielsen and Shephard (2004) the stochastic volatility is defined in an even more general
setting than above. In their setting f € £ (2, L?[0,]), where the notation . (2, L?[0,t]) refers to

the space of all stochastic processes f such that

P<wEQ:/Otf(s,w)|ds<oo> =1. (2.6)

A key difference between this space of stochastic processes and the previous one is that f in this
case is not necessarily integrable, that is if E(f(t)) = oo, then f ¢ L?([a,b] x ) but is included
in the space .Z (Q, L?[0,t]) if (2.6) is true, we can make a similar observation for Var (f(t)). We
may wish to define the mean and variance for this stochastic process as in the previous cases. This
is however difficult because we cannot say for certain that E[f(¢)] < oo is necessarily true. Thus
since in the previous case we used E[WW;] = 0 this will not help us for this larger class of stochastic
processes .Z (€, L?[a, b]), since the mean in this case is heavily dependent on the function f.

Now having done a basic overview of various types of diffusion processes which we will use to model

the volatility, we can move on to briefly assessing the types of processes used to model the jumps.

2.1.2. Compound Poisson processes. In this study we will be using the compound Poisson
process to model the jump process, that is the discontinuous part of the jump diffusion process as
defined in equation (2.1). In order to understand and discuss compound Poisson processes we need

to first define and discuss Poisson processes.

DEFINITION 2.3 (Kuo (2006) page 76). A Poisson process with parameter A > 0 is a stochastic
process N (t,w) satisfying the following:
P{we Q;NO,w) =0} = 1.
For any 0 < s < t the random variable N;— N is a Poisson random variable with parameter
A(t — s), that is

. k
P[N;— N, =k] = e—Mt—S)(A(tms)),k =0,1,2,..,n, ...

Ny has independent increments, that is for any 0 < ¢ < t9 < ... < t,, the random variables

Nty Nty — Nty ooy Ny, — Ny,

are independent.

Almost all sample paths are right continuous with left-hand limits, or cadlag, that is
P{w € Q; N(-,w) is right continuous with left-hand limits} = 1.

Now using this definition we can discuss similar statistical properties as with the diffusion
processes. We start by stating the expected value and variance for this type of process:
e the mean of NV, is given by
E(Ny) = At;

e the variance of V; is given by

Var(N;) = At;
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e the covariance of IV; and Nj is given by
Cov (Nt, Ng) = Amin (s,t).
We shall now derive the covariance stated above. We start by letting V; and N both be Poisson
random processes at time t and s respectively. If we assume s < t then,
Cov (N, Ns) = E(N:Ng) — E(Vy) E(I)
= E(N;Ns — N2 + N2) — M)\s
= B (N, (N = Ny) + NZ) = Ads
= E(Ns) E(N; — N) + E(N2) — Mt )s (2.7)
= AsA(t — 8) + As + A%s? — AtAs
= AsAt — A% + As + A%s® — AsAt
= As.
Similarly for ¢ < s we will obtain
Cov(Ny, Ng) = At.
Thus we obtain the result,
Cov(Ng, Ng) = Amin(t, s).

If we want an easier way to calculate the higher moments we can use the moment generating
function. The moment generating function for a Poisson distribution with parameter At is as
follows:

MNt (33) — e()\t)(ezfl) '

One can use the Poisson distribution to define another important distribution which is essential in
modeling jumps, the compound Poisson distribution.

When assessing jumps one finds that the jumps can occur at any time and can be of any size.
For this reason we cannot use simply the Poisson distribution. For a Poisson distribution the time
and size of the jumps will be integers, and for the jump size we would want, a continuous random

variable.

DEFINITION 2.4 (Ait-Sahalia and Jacod (2014) page 21). A compound Poisson process is a

stochastic process that can be written in the form

Nt
Y, => X,
i=1
where NV, is a Poisson process and each X; for 1 < ¢ < N; are independent and identically distributed

random variables.

This distribution is particularly noteworthy since we can use Ny to denote the jump times and
X; the jump sizes. Using this definition for the compound Poisson distribution we can state the

expected value and variance of such a stochastic process:

e the mean of Y; is given by

B(Y;) = ME(X));
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e the variance of Y; is given by
Var(Y;) = M E(X7);
e the covariance of Y; and Y is given by
Cov(Y;,Ys) = Amin(t, s) E(X?).

Before we proceed to derive the covariance result we will state Wald’s equation since this will be

used in this derivation. This is
E(Xi+..+Xy)=E(N)E(Xy) (2.8)

as found in Khoshnevisan (2007) where the X;’s are independent and identically distributed. Now

for two compound Poisson processes Y; and Y;, assuming s < t we get,

Cov(Y:, ¥s) = E(Y;Y) — E(Y:) E(Y;)
Ny N Ny N
=E ZXZ-ZX]-) -E (ZX,) E (ij)
=1 =1 i=1 =1
N Ns
=E [ZX+ Z X]ZX) (ZXZ)E(ZX]-)
i=Ng+1 7j=1 i=1 j=1

N N N
—E (ZXz) IR X]) — NtsE(X1)?
=1 =1

]:Ns+1

S S N
=E ZX2+ZZXXk+ZX f: X; | = NtsE(X1)?

j=1k=1 i=1  j=Ng+1
J#k
= BE(N,) E(X?) + E(N2 — N,)E(X1)? + E(N4(N; — Ny))E(X1)? — N2tsE(X,)?
= AsE(X?) + (E(N,N;) — E(N,)) E(X1)? — NtsE(X,)?
= AsE(X?) + E(N:Ns — No) E(X1)? — NtsE(X1)?
= AsE(X?) + (As + A2ts — \s) E(X1)? — M tsE(X1)?
= AsE(X7),

where we have used Wald’s equation as in (2.8) and our previous result in (2.7). We similarly find
for t < s that

Cov(Y;,Y,) = ME(X?).

Thus the result follows.
For an easier way to determine the higher moments we can use the moment generating function.
If we don’t assume any specific distribution for the random variables X; then we cannot know the

exact moment generating function but we can derive the following expression:
My (z) = e(Mx(w)—l)M’

where Mx (z) represents the moment generating function of the random variables X;.
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A special case that we will be interested in is when we let the random variables X; be given by
Z; which are normally distributed with mean 0 and some variance %. This allows us to determine

the mean, variance and moment generating function more precisely than above, given by
N
E (Z Zi> =0
i=1
N¢
Var (Z Zl-> = o\t
i=1

) = e(exp () _1>M

Another result which we will find useful later on is that of the absolute value of the normal distri-
bution which is sometimes called the half-normal distribution. We find that the expected value of

this random variable is as follows:

PROPOSITION 2.5. For some normally distributed random variable X with mean 0 and variance
0%, the expected value of |X| is found to be E|X| = UX\/g

PrOOF. We use the definition of the expected value and double the positive part since we are

looking at the absolute value. This gives

E|X| 2/00 ———
= e
0 \/203(7
2
2 __z
=\ [—03(6 20%
\/ oxT
\/7
=ox\/—.
m

In our discussion of the jump process we will be assuming that the jumps are normal with mean

2
2<TX dl'

o0
r=

0

O

Now having assessed the types of random processes that we will use to model the jumps and
volatility, we can discuss some basic properties of the jump diffusion process as in (2.1), which
combines these two. Since the drift component is deterministic, which is not random, there is not
much we can say about the statistical properties thereof. Using X; as in (2.1) we can state some

of the basic properties of the jump diffusion model:

e the mean of X; is given by
B(X;) = /Ot a(s)ds + M E(Z1);
e the variance of X; is given by
Var(X;) = /0 B0 (3))ds + ME(Z2); (2.9)
e the covariance of X; and some X is given by

min(t,s)
Cov(Xy, Xs) = / E(|o(s)|?)ds + Amin(t, s) E(Z2),
0
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where we assume A is constant, the results however can be extended for A(?).

The results above are true if ¢ € L?. However if o € ., then the variance of X; may not exist.
In this case, we will have to define the quadratic variation in order to define a quantity that will
describe the deviation of the sample paths of X;. This will be the topic of the next section as well

as the concepts of bipower and quadratic variation.

2.2. Quadratic and bipower variation

In testing for jumps it is common to use the instantaneous volatility, that is the volatility o at
some time ¢t. This is the method we will be employing in our practical application. This may sound
simple but there is significant theory to discuss before we can do it, since as previously noted for
o € £ the variance of the jump-diffusion process X; may not exist.

In order to resolve this issue we require a statistic that will describe the variation of X; that
will still be defined in the general case when o € Z. For this we define the quadratic variation.
As will be seen later in this section we find that in the presence of jumps the quadratic variation
will include both the continuous and jump components. This will not be the end of our discussion
however since our goal is to isolate the instantaneous volatility.

Another quantity which will help us achieve this goal is the bipower variation, which will also
help to describe the deviation of sample paths except that it is unaffected by jumps, as we will
see shortly. These two quantities of quadratic variation and bipower variation can then be used to
estimate the volatility at each point. Thus we will proceed to discuss these concepts in more detail,
starting with more formal definitions.

For the following definition, as well as in the sequel, we let A, = {0 =1ty < t1 < ... < t, =t}
be a partition of [0,t], we use ||A,| = maxi<;<n(t; — ti—1) and finally note that we will use the

notation X, L XorX= plim,, ., X, for convergence in probability.

DEFINITION 2.6 (Barndorff-Nielsen and Shephard (2004) page 5). The quadratic variation for

a process X; is defined to be:

n

X, =p li X, — X, 1%
(X pAirfio;[ t; — Xt;4]

For a compound Poisson process this can be stated more simply without the limit as

(X =Y (AX.)?, (2.10)

0<s<t

where A X, are the jump sizes defined by AXy = X, — lim;_, .- X;.

Quadratic variation is a special case of the more general power variation defined on page 8 of
Barndorff-Nielsen and Shephard (2004).

Using this definition for quadratic variation we can now determine the quadratic variation for
each of the types of processes discussed in the previous section. We will start with the diffusion

process.
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THEOREM 2.7. Suppose o € £. The quadratic variation of a stochastic volatility process, of

the form Y; = fg o(s)dWs where o is the volatility process and Wy is a Brownian motion, is

Y] = /Ot o?(s)ds

A method that can be used to derive the quadratic variation of a process is to form a sequence

of random variables
n

Xn =Y (Xp; = Xi,,)%,
i=1

and to show that X,, converges to [X]; in L?, denoted X, z, [X]:. However, if X; is an It6
integral with o € £ then this approach is difficult to apply. In this dissertation we will supply
proofs for some special cases of the function o. For the case where o is constant the proof for
the quadratic variation can be found on page 38 of Kuo (2006). For the more general proof see
Barndorff-Nielsen and Shepard (2004). We will supply the proof for the special case where o is a
deterministic function of time ¢ (see Appendix A.1).

We now move on to the results for the compound Poisson process, using normally distributed

Z;. The quadratic variation is as follows:

THEOREM 2.8. The quadratic variation for a compound Poisson process Y is
N
Y, =Yz
i=1

PROOF. Using the alternate definition given by equation (2.10), we see that AXj in that equa-
tion will be AY; here and for 0 < s < t each jump size will be given by Zy, thus leading us to
find,

AY; =Y, — lim Y}

t—s—
= Zn,l{aNn,=1}
L (AYS)? = Z5 AN, =1}
(AY:) = 7 ZR,Lan-1

0<s<t 0<s<t
Nt
_ 2
=) 7
i=1
A more rigorous proof can be seen in Appendix A.2 O

Finally we can look at a jump diffusion process X; as in (2.1).

THEOREM 2.9. The quadratic variation of a jump diffusion process of the form

t t
X = / a(s)ds+ [ o(s)dW, + Z Zi,
0 0 i=1

s given by
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This result is a consequence of the independence of N; and W, as well as the fact that, for in-
stance fti-i_1 a(s)ds — a(s)ds. One can then use the table provided on page 103 of Kuo (2006) to show
) 2 ) ) ) N
that [fttiil a(s)ds} — 0, fttiil a(s)ds ft?q o(s)dW?2 — 0, and finally that ftt; a(s)ds Z SV Zi—
0, as At — 0. A noteworthy detail is that the Var(X}), as in (2.9), will be equal to E([X]t) as above
if o € L?. For now though having calculated the quadratic variation we can move on to discuss the

bipower variation.

DEFINITION 2.10 (Barndorff-Nielsen and Shephard (2004) page 9). The bipower variation for

a process X; is defined to be:

[X HA H Z |Xt th71 ||th+1 - th‘

This definition is a special case which can be extended to a more general form which can be seen
in Barndorff-Nielsen and Shephard (2004). Similar to above we will look at the bipower variation

for the diffusion process first.

THEOREM 2.11. The bipower variation of a stochastic volatility process, of the form

fo s)dWs where o is the volatility process and Wy is a Brownian motion, is
9 ot
Y] = f/ o2 (s)ds
™ Jo

PRrOOF. We will assess the case where o is a fixed constant. Let
2 4
Xi= ‘A}/tzHAY%H,—l’ - ;U At;

where AY;, = ftiil o(s)dWs and At; = t; — t;—1 , since this will allow us to prove that

n—1

2
S IAY A, | D Zot

=1

by showing that 7, X 2,0, To show convergence in probability we will show that
E (E? 11 Xi) — 0. We will be demonstrating that E (Z?:ll XZ) — 0 and

(2

E(Z HD I itk Xin> — 0. To do this we proceed by calculating E(X?), E(X;X;+1) and
E(X;X;) for j ¢ {i —1,7,i+ 1}. Since E(|]AY;,|) = m/%, we have that

E(XP) = |(AVA)* (AYi.,)’ - JoPAG|AY;[|AY: | + 5o'Af)

/2A 20 (24t
= o At At — —0 b b “At + —U4At2

= oAt At — —0 AL/ AL Atit1 + fG4At2
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and that

B(XiXi) = B| |V, [AYi s | = 20286 ) (|8Y;0 [|AY: | - Zo?Atis )

=E |:|AYt¢|(AY;5i+1)2‘AY2i+2| - *UQAti|AYti+1 HA}/ti-‘—Z’

- —0 2At AV [IAY;, |+ Spot At Atm}

= ;U4Ati+1\/AtiAti+2 - ﬁU4Atm/Ati+1Ati+2
4 4
- pa‘lAtiH\/At Atip1 + —0 AL AL

Note that X; and X are independent for j # ¢ — 1 and j # 7 since AY;, AY; 1, AY;, AY; ;1 are
independent for i < j — 1 and 4 > j + 1. Thus we have that

E(X;X;) = B(X;) E(X;)
=0,

since E(X;) =0 and E(X;) = 0.
Finally we have that

. 9 n—1ln—1
2(Ex) ~ErnaTrwrae| £F
i=1 =1 j#k j];].gljl:jl;ékfl

n—1
4
< Z <04At,~Ati+1 + 7r204At’2>

4
+2 Z ( o Atz_:,_l\/AtiAti-f—Q + 7_‘_20'4AtiAti+1>
4 4 4 4 4
< l—i—ﬁ t| Al +2( =0||An Ht—l—fa 1AL
—0

as ||A,|| — 0.
As mentioned above this is for the case when the volatility is a fixed constant, which will not

usually be the case. Hence we look at more general cases in Appendix A.3. U

We now assess the bipower variation for the compound Poisson process given as follows;
THEOREM 2.12. The bipower variation for a compound Poisson process is 0.

2
PROOF. Let X; = [Y;, — Y3, |[Y:,,, — Y4|. In this proof we assess E (Z?:_ll XZ-> in order to
prove convergence in probability. Let AY; =Y, =Y, ,, At; =t; —t;_1 and AN; = Ny, — Ny, .

We now turn our attention to E|AY;|. Using the triangle inequality and Wald’s equation we have
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the following:

Ny,
E|AYj] SE( > |Zj|)

J=Nt;_y

—E(AN)E|Z;|

/2
= /\AtiO'Z .
T

This makes estimating E (X;) easier, for which we also use the fact that a compound Poisson process

has independent increments:

E(X;) = E(|AYi|[AYi])

2
< N2 AL At 105 =
™

We now calculate E (X?) using the fact that |AY;|? = (AY;)*:

)

E(X?) = B (|AY||AYi|[AYi[|AYia])
= B |(AY)’ (AYip1)’]

= U%)\2AtiAti+1.
Finally we require the following two results before we can proceed. We firstly have that

E(XiXi11) = E(|AY[|AYi11[|AYi11[|AYG10])
= B (|AYi[|AYi41[?|AYiy])

/2 /2
< ()\Atmz > (0%)\Ati+1> ()\AtH_QJZ >
T T

2
= ASU%;AtiAti_;,_lAti_;_z.
We calculate the following for ¢ £ j, i # j+ 1 and i # j — 1:

E (X,X;) = E (JAY;||AY;41]|AY; || A4 )
— B|AY)|E|AY; 1| EJAY}| EJAY |

4
< )\4U%ﬁAtiAti+1AtjAtj+1.
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Let ||A,|| = maxi<i<p (At;) be as above. We then have that

n—1 2 n—1 n—2 n—1n—1
E <Z XZ-> =E (Z Xf) +2E (Z XZ»XZ»H) +E NN XX
i=1

i=1 i=1 j=1 k=1
j#Fk j#Ek+1 j#k—1
n—1 n—2 n—1n—1
=Y B(XP)+2Y B(XXi)+ DY B(X;X)
i=1 i=1 j=1 k=1
J#k jFk+1 j#£k—1
n—1 n—2 2
<y (o“ZVAtiAtHI) +2Y) (/\304Z7rAtiAti+1Ati+2)
=1 =1
n—1n—1 4
+ Z Z <)\4U%7[_2AtiAti+1AtjAtj+1)
=1 k=1
J#k jJ;ékJrkl jFk—1
n—1 92 n—2
< oG N An]l Y Atipr + 2)\3042;\@”\\2 > At
=1 =1

4 n n
+ )\40'4ZPHA71H2 Z Z AtiAtj
i=1 =1

2
< oL N ALt 4+ 20305 2| APt
T
4
+ >\404Z—2||An||2t2
v
—0

as ||An] — 0. O

Finally we look at the bipower variation of the jump diffusion process X; as in (2.1).

THEOREM 2.13. The bipower variation for a jump-diffusion process of the form

t t
X = / a(s)ds+ [ o(s)dW, + Z Zi,
0 0 i=1

s given by

This result follows similarly to Theorem 2.9.
We require these results to eventually attempt to estimate the variance at a specific point in

time, that is the instantaneous variance.

DEFINITION 2.14. The instantaneous variance for a volatility process o at a time ¢; is given by

2 1 by
o} 7/ o“(s)ds.

oty — i1 Ji,

The instantaneous volatility is the square root of the instantaneous variance 0,521_. The objective
is to find a measure of instantaneous volatility in the presence of jumps from our data. When testing
for jumps the daily exchange rate movement will be scaled with the reciprocal of this measure of

instantaneous volatility.
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Please note that since o can be random the instantaneous volatility can also be random. Thus
we will need to state the expected value as we have done in the previous section. If the process o(s)
is assumed to be stationary then Barndorff-Nielsen and Shephard (2001; 2002) state the expected
value as

Bo?) = [ B(oX(s))ds

1
ti—1

=&(t — tiz),

where ¢ refers to the constant mean of o2(s). Stationarity, which ensures that the mean is constant,
will however not always hold. Therefore measuring the instantaneous variance will not be as easy
as finding a constant £&. We require a means of measuring the variance and as such we will assess
the quadratic variance and bipower variation.

We start by assessing an estimate of the quadratic variation, the estimate is referred to as the

realised variance.

DEFINITION 2.15 (Barndorff-Nielsen and Shephard (2004) page 4). The realised variance is
defined to be

n
[X]t = Z | Xt — Xti71|2'
=1

We can restate the above to help us define instantaneous realised variance rather than simply

realised variance as follows,

[X]ti7K+2ati = [X]tz o [X]ti—K+2
Q i— K42
=N |Xy, — X, P X — Xi. ]2
jXZ:l | t] t]fll jzzjl | t] t]fll (2‘11)

i

= Z |th - th71’27
j=i—K+3

where K will refer to the window size that is being assessed in the bipower case (i.e. the number
of data points from time ¢;_g 1 to time ¢;), for now we will use K — 1 data points. As with the
quadratic variation this is again a special case of the more general realised power variation found
in Barndorff-Niesen and Shephard (2004).

The window size K will refer to the number of data points used in the bipower variation later
and not the number of intervals assessed. The example in table (2.1) helps us see that since for the
realised variance K — 1 data points are used this means that only K — 2 intervals can be used for
the sum. This is the reason we use t;_ o rather than simply ¢;_x in equation (2.11) and why we
will use ﬁ in equation (2.13) when we attempt to define a measure of the instantaneous variance.

By the definition of quadratic variation (2.6) we can easily see that the realised variance will

converge in probability to the quadratic variation, that is,
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TABLE 2.1. Window size example

Example K value 5
Example Data points: { X4, Xty Xy, Xy, Xt}
Realised variance: (Xpy — X1, 2+ (X, — Xty)2 4+ (Xyy, — Xy,)?

|Xt2 - Xt1 Hth - Xt2‘ + ‘Xt3 - Xt2HXt4 -

Realised bipower variation:
Xt's’ + |Xt4 B XtSHth B Xt4|

e for the case where there are no jumps we have,

v

[X]ti

|

t;
ti
i—K

[X]e

i— K42

(s)ds — /OtiK+2 o?(s)ds

[X]ti—K+27ti

o?(s)ds;

2
t +2
e for the case where there are jumps we have,

7 P

[X]ti—K+27ti — [X]tz - [X]ti—K+2
t; Nti
:/ UQ(S)dS + Z ZJZ_
ti— K2 j:Nti7K+2

Since the drift process will have a quadratic variation of 0 we ignore it. Now having stated the
limit in probability of the realised variance we also need to assess the expected value of the realised

variance. We can calculate the expected value as follows:

E (mt) =E (i |Xt¢ - Xti1|2>
=1

= ZE (|th - Xy, ’2)
i=1
n t; N,

= ZE (/ o(s)dWs + Z Zj\2>
; ti—1

J=Nt;_4

¢, Ny, ” Ny,
E </ti_1 0(3)2d5> +E ( > Z?) +2E (/ti_l U(s)dWsj:%tz Zj>)

J=Nt;_4 —1

ti—1

/ti E (0'(3)2) ds +E (NtFl — Nti) E (Z%))

= ; E (0(5)2) ds + \to.

Thus if we state the expected value for the two cases we find,

e for the case when there are no jumps we have,

E ([3(1/) = /Ot E (0(3)2) ds;
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e for the case when there are jumps we have,

E([x],) = /Ot E (o(s)?) ds + Mo (2.12)

We can now try to use the realised variance to define a measure for the instantaneous variance.

We can use the form given in equation (2.11) and let,

].~2 1 P

—d; = ———[X],. ,
At BT AK —2) 7 ikt (2.13)
P
— 0
We will first assess this measure to ensure that it is unbiased.

PROPOSITION 2.16. The measure based on the realised variance

—~ 1 —
% = oM s

is an unbiased measure of the instantaneous variance if no jumps occur.

) (At) = (ar =g e veae)

1 b
= At(K—2)/ o?(s)ds.

ti— K42

PROOF. Observe that

If we work with the case when o is a constant and when each At; is constant we can further simplify

the above expression as follows:

1 ti 2 1 2
— ds = ————02(t; — t;_
At(K — 2) /ti_m 7T AR —2)° ( K+2)
_ o?AH(K - 2)
 AHK - 2)
= 0'2.

To see that this will not be the case when jumps are involved we note the result in equation
(2.12). O

Additionally, we will need this to be a consistent measure for the instantaneous variance, thus
for that we check the limit in probability as ||A,[| — 0 where A, = maxi<;<;(t; —t;j—1). Therefore
we have the following results:

e for the case where there are no jumps,

01521' = K —92 [X]ti7K+27ti
1 7 ) i—K+2 )
7 Z ‘th - th—l‘ - Z ‘th - th—l‘
K 2 7=1 7j=1

ti ti—
i/ o(s)%ds —/ A o(s)%ds
0 0

! /ti (s)%ds
g — o ;
K -2 ti— K42
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e for the case where there are jumps,

N_ 1 —

K —92 [X] i—K+2,ti
1

i t
5/“
K -2 J;

i—

t; — tifK+2)\ 9

o(s)%ds + 7.
K+2 K -2 d

For certain special cases when o is stationary we could simplify the above expressions. However
this is unnecessary since it is already clear from the above that we cannot estimate instantaneous
variance in this way since in the case where there are jumps, the discontinuous jump component
will not be zero. For this reason we will turn our attention to the bipower variation.

When estimating the bipower variation for a stochastic process we use what is known as the

realised bipower variation.

DEFINITION 2.17. The realised bipower variation is given by
N n—1
[X]t = Z ‘Xti - Xti—lHXti+1 - Xti"
i=1

As with the realised variance we can restate the realised bipower variation in terms of a window

size K in order to help estimate the instantaneous variance. This yields
—x —~— % ——

[X]ti,K+2,ti = [X]tz - [X]ti7K+2

i—1 i—K+1
= Z ’th - th—1‘|th+1 - th‘ - Z ’th - th—l“th-‘t-l - th‘
= = (2.14)
i1
= Z ’th - th—1‘|th+1 - th‘
j=i—K+2

The above is again a special case, and thus can be extended to a more general form, of realised
bipower variation, found in Barndorff-Nielsen and Shephard (2004).

Once again we need to iron out some of the details of what exactly K refers to. As previously
stated K refers to the number of data points and not the number of intervals, and so to see what
this means for bipower variation we refer to the example in Table 2.1 on page 19. In the example
we see that only using K data points means we only have K — 2 elements in the sum in equation
(2.14). Again this is the reason why we use t;_ g9, t; and why we will use ﬁ as part of equation
(2.17). Furthermore we will want the Kth data value we use to be equal to ¢;, meaning the first
one will need to be t;_x11 and for that we need the summation in equation (2.14) to be from
j=t—K+2uptoj=i—1.

We can see by the definition of bipower variation that the realised bipower variation will con-
verge in probability to the bipower variation as ||A,|| — 0. We can state this more clearly for the

two cases as follows:

e for the case when there are no jumps we have,

x], & 1x);

/Ot o(s)?ds;
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e for the case when there are jumps we have,

x], & 1x);
(2.15)

_2 /Otcr(s)st.

™

Since the above two cases are the same we immediately begin to suspect it may prove to be
a superior estimate for the required instantaneous variance than the estimate based on realised

variance. We move on to assess the expected value of the realised bipower variation, and see that

B ([x];) = B(1X];) -
¢ 2.16
= 2/0 E (0(8)2) ds.

s

The above follows by using equation (2.15) and then using Theorem 2.13.
Consequently if we attempt to define a measure of the instantaneous variance we may use the

following,
1 —=
*2
St; = K —9 [X]ti—K+27ti
1 i—1 (2.17)
K — Z |th - thfl HthJrl - th ’
j=i—K+2

We now need to make certain this estimate will be consistent where the previous one was not.

THEOREM 2.18. The following estimator is a consistent estimator for o in the presence of jumps

T g2k 1 /ti o(s)2ds (2.18)
2At" (K —2)At Ji; yys ‘
PROOF. For the following we take the limit in probability as ||A,| — 0. Observe that
o1
At AHK —2) 7 hioxeh
i—K+1
Z ’th - th71‘|th+1 - th|

1 i—1
T MK -2) (Z [ Xey = Xy 1|1 X0 = Xl =
i=1 i=1
2 ti ti— K42
L (/ o?(s)ds 7/ ' 02(5)ds)
t t

TAE — 27 \ Uy, .

2 ti
/ o?(s)ds.
t

i— K42

AHK - 2)7
From this we can already see that only the continuous component will affect this estimate and thus

it will be consistent given the appropriate constant coefficient. However we use the simple case
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where o is constant to show this more precisely,

*2 t

St' P 2 /'L 2
T S— d

At MK =7 Sy s

_ 2 2(25' t: )
— 2 2

= AHK = 2)710 At(K —2)
= g0'2’

O

The coefficient % above will be used as part of the variance of the test that we will define in the
next section. Note that 7 x 8?1_2 as in equation (2.17) will converge to the same value as 5,521_ as in
equation (2.13) when there are no jumps. Having found a satisfactory measure for instantaneous
variance we end this section with a table summarising the theoretical and estimated values above

given in Table 2.2.

TABLE 2.2. Summary of estimated vs theoretical parameters

Theoretical value Estimation
Quadratic variation: Realised variance:
(X]e = plimyoe Yt [Xe, — | 2
2 e ! [X]t =2 (Xti - Xti—l)
thfl] N
e
Ut2i - K—2[X]ti—K+2,ti
Bipower Variation: Realised bipower Variation:
. . ] ey ~1
[X]t = plims_y Z]Lijl |th - [X]t = ?:1 |Xti - XtileXtiJrl -
th71||X7fj+1 - th‘ th|
S*2ti - ﬁ[X]ti—K-kati

In the following section we discuss more specifically how we might use the above estimates to

test for jumps in various ways.

2.3. Tests for jumps

2.3.1. Tests based on bipower variation. As can be seen in the previous sections for a
jump process Y; the quadratic variation, [Y]; = Zf\il Z?2, does not reduce to zero, but the bipower
variation, [Y]; — 0, reduces to 0. In contrast to this, for the stochastic volatility process without
jumps we find that for quadratic variation and bipower variation that [Y]; = 2[Y];. We can thus
use the difference between the quadratic variation and bipower variation to test for jumps.

Barndorff-Nielsen and Shephard (2006) used these results regarding the quadratic variation and
bipower variation in two ways; in terms of the linear difference between the quadratic variation and

bipower variation or in terms of the ratio of the quadratic variation and bipower variation. They
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define test statistics in terms of the difference as,

(e (sl — [Vl
\/fé(”% + 71 —5)o(u)tdu

where § is the length of the time intervals used, Y is a stochastic volatility plus drift model and
W1 = \/% . The second test statistic in terms of the ratio is defined by

_L (uTys):
0% (ul[mf T 1)

(G0

(fot U(s)2ds)

as d — 0. Corsi et al (2010) built on the above idea by introducing threshold bipower estimation,

G — N(0,1)

— N (0,1)

that is combining the ideas of bipower variation estimation and threshold estimation.

Baum and Zerilli (2016) in their research into crude oil simply used the realized variance and
realized bipower variation as estimates for the quadratic variation and integrated volatility and
used the standard Tukey formula to identify outliers. Ficura and Witzany (2015) similarly used
the realized variance and bipower variation to estimate the jump component, but there is often
noise in the data and thus only the significant jumps should be considered using this method.

Huang and Tauchen (2005) rather than just testing for jumps proposed a measure for how much

a jump has affected returns, the relative jump measure, namely

— %

2K

X ot~ miey X et
RJt it = tZ_KHJLV (K-1) tl—K+17tz‘

[X]ti—K-H Jti

Even while using these tests above, jumps are inherently difficult to identify since only discrete
data will be available. Hence it is usually necessary to take the data at as high a frequency as
possible; usually 10 or 15 minute interval data since any more than this and the data will be prone
to noise.

We can additionally use the bipower variation to define various estimators for the volatility, as
we have done at the end of the previous section. One such estimator based on the bipower variation

which will be useful to us later is s*? as defined in equation (2.17).

2.3.2. A test for individual jumps. The tests discussed above are all very useful in testing
for jumps, but in general the difference between quadratic and bipower variation, and by extension
the tests that are based thereupon, usually identify whether or not jumps have occurred within a
period of time. It is therefore more difficult to use the above tests to identify individual jumps.
For this we turn to the test of Lee and Mykland (2008). This test is shown to outperform the test
by Barndorff-Nielsen and Shephard (2006) in terms of size and power.

Before we move on to discuss the test as it is in Lee and Mykland’s (2008) original derivation
we may first want to get a feel for the logic and intuition behind the test. We start by looking at

a simplified test statistic T,
. log Sti - log StFl

T ;
v Ato
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where we start with the case where ¢ is constant and known. In this rather unrealistic case when o
is a known constant we have that the null distribution for this test statistic T will be the standard
normal distribution, under the null hypothesis of no jumps.

Using the estimator defined by equation (2.17) we can generalize the test statistic 7.

THEOREM 2.19. The test statistic T™,

T* . log Sti — log Sfi—l
VALs;, | ’

converges in distribution to the standard normal distribution, N (0,1) under the null hypothesis of

no jumps.

PRrROOF. Using the simple case when ¢ is constant we find that

T log S, — log Sy, |

*
s;

_ log Sy, —log St,_, VAto
VAto sy,
T vV Ata.

We also have

from equation (2.18) on page 22 and as such by the continuous mapping theorem we can say

m 1 . P
— 35 ag.
V2 AL "

Therefore, ‘/SAT':" il \/g and since ' — N(0, 1), we have according to Slutsky’s theorem that

T*i>N<O,72T).

O

Lee and Mykland (2008) do not use the test statistic 7* defined above, but this simplification
helps to understand the intuition and logic behind how the test works. We will now discuss Lee
and Mykland’s form of the test in more detail.

A potentially important feature of Lee and Mykland’s (2008) test is that it makes no assumption
as to whether or not jumps have occured before or after the time being tested. The logic behind
this test is to estimate what Lee and Mykland refer to as “instantaneous volatility” and compare
that to the asset return, or in our case log return of the exchange rate. This instananeous volatility
is commonly calculated using the quadratic variation, that is the sum of squared returns or log
returns plim, 0o >oio(log Sy, — log S, _,)?.

The quadratic variation, however, as previously discussed, is not robust with respect to jumps
and as such the bipower variation will need to be used, that is the product of consecutive absolute

log-returns,
n—1
pnh_>n(r>1o Z; |log St; —log S,_, ||log St,,, —log Sy, |.
1=
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The reason for this is that as previously discussed and proven by Barndorff-Nielsen and Shephard
(2004) the bipower variation estimator is consistent in the presence of jumps.

For the test by Lee and Mykland (2008) we use a fixed value for At = %, where T is the
time horizon and n is the number of observations that occur within [0,77]. We assess a movement
of the process within a window size of K, that is we use the previous K returns when testing a
given observation for jumps. The instantaneous volatility is then estimated using these previous K
observations. Finally the test statistic, denoted L, is defined in terms of this estimation of bipower

variation and the next return. Written more formally the test statistic £ is defined as follows:

DEFINITION 2.20 (Lee and Mykland (2008) page 8). The test statistic £; used to test at time

t; if a jump occurred from ¢;_1 to t; is defined as

Ei = log S(tZ) — log S(ti_l) ~ N (07 ﬂ-) )

st 2
under the null hypothesis, where we have
*2 1 =
ST Z |log S, —1og Sy,_, [|log Sy, — log Sy, |.
j=i—K+1

Since the test looks at high-frequency data, the effect of the drift is negligible. Note that in

this definition the indices in s*2

are different from our original definition in the previous section.

The window size K is chosen in such a way as to eliminate the effects of jumps on the volatility
estimation, that is it must be large enough so that the effect of jumps disappears but must clearly
be smaller than the total number of observations n. It is clear that the choice of frequency At
will affect the necessary choice of K. A rule of thumb for choosing the window size K is that the
choice of K should be between /252 X n4qy and 252 X ngqy where ngqy refers to the number of
observations in a day. Since higher values for K within range do not add much to the accuracy of
results, it is better to use smaller values for K that are within the range.

When using the above test statistic for the null hypothesis of there being no jumps when
selecting a rejection region, we need to bear the following in mind:

max1&i| — n |§;' —Cn (2.19)

as At — 0 when there are no jumps and ¢ has a cumulative distribution function P(¢ < x) = e™¢ ",

where
2logn  logm +loglogn

\/g 2,/2(2logn) 7
1

with n the number of observations. Thus this value n will usually be the same as K. Now we look

at choosing a rejection region, or put more simply choosing a significance level «. For %%C" let

Cp =

the threshold be *. Then since P(§ > (%) = e_efﬁ* = « we can say the critical value will then

be —log (—log (1 — «)). So for a = 5% we will have CV = —log (—log (0.95)) = 2.9702 and so if

%720" > 2.9702, we can reject the null hypothesis that there are no jumps.
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Note that in equation (2.19) above we use the standard Gumbel distribution to choose a rejection
region. One may begin to wonder why this is the case and why we have used max £; rather than
simply £;, for that we note the following,

T _ |Li| — Cy
in Sn

o Inax |Li| — Cy,

=75,

— &.
If we use n = K = 20 we find S,, = 0.5120 and C,, = 2.4938. As a result using the Gumbel
distribution will have an effect on the rejection region since we will expect the 95th percentile of
the Gumbel distribution to be greater than the 95th percentile of TZ(L) as we have defined it here.

We can calculate the theoretical expected value of Ti(ﬂll), since we know that |£;| is half normally
distributed, thus

in

= —2.9176.

We find the theoretical expected value of the standard Gumbel distribution to be approximately
E(¢) = —0.5772. These results give us an indication that the two distribution will drastically differ.
However, since we are more interested in the 95th percentiles of the two distributions we can

use Monte Carlo simulation to approximate the 95th percentile of TZ(,? as follows:

e begin by simulating a value Z; ~ N (0, 1);

Y
il =1/ =14il;
|l \/2| |

T _ |Li| — Cn
,Mn Sn ?
where C,, = 2.4938 and S,, = 0.5120;
e repeat the above M C = 100 000 times to obtain TZ(;) fori=1,2,3,...,MC;

e calculate the order statistics T; ((il)?n, where T((ll)),n < 7 <. < T((;/}C)’n;

(2):n

e using Z; we calculate |£;| using

e determine T(l)

in using

e the 95th percentile is then given by T((Ol.)95 MC)

The result obtained this way is that the critical value for a = 5% is CV = —0.0538. Since this
critical value is lower than the original value, C'V = 2.9702, it is reasonable to say that using
TSL) would increase the likelihood of spurious detection of jumps. Thus the test proposed by Lee
and Mykland (2008) is a conservative test. The question now arises of which method of choosing
a rejection region better serves our purposes. For this we first need to discuss the likelihood of
misclassification of jumps in Lee and Mykland’s (2008) original test.

In their development of the above test, Lee and Mykland (2008), noted that the likelihood of

misclassification becomes negligible when using high-frequency data. For our purposes, however,
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we will be using this test with daily data which may impact this likelihood of misclassification.
We assess the sensitivity and specificity of the test by assessing various types of misclassification
errors. According to Lee and Mykland (2008), there are four types of misclassification errors, which
are failure to detect an individual jump, global failure to detect jumps, spurious detection of an
individual jump and global spurious detection of jumps. The failure to detect an individual jump
is when a jump occurs within the time interval (¢;_1;¢;] and the test fails to detect it. Spurious
detection of an individual jump is when a jump does not occur within the time interval (¢;_1;;]
but the test detects a jump. The global variations of the types of misclassification are simply, the
failure to detect any jump in the whole time horizon [0; T, or similarly the spurious detection of
one or more jumps in the whole time horizon.

In their development of this test Lee and Mykland (2008) performed a Monte Carlo study for
which they have results on the probability of spurious detections and failure to detect jumps, for
individual jumps. These results will be very useful for us. Table 2.3 summarises the probability of

the various errors using the original critical value of —log(—log(a)).

TABLE 2.3. Summary of the probability of various errors for stochastic volatility

Frequency: 24 hours 15 minutes
Probability of individual spuri-

ous detections: 3.9110e—03 8.9449e—05
Probability of failure to detect

individual jumps of size:

30 0.053 0.003

20 0.067 0.001

o 0.146 0.002

0.50 0.428 0.008
0.250 0.750 0.039

0.1 0.968 0.190

Source: Lee and Mykland (2008)

As seen in Table 2.3 the probability of spurious detection of jumps is low, even for 24 hour
data.
The results for the failure to detect jumps depend on the size of the jump. These results are for
the stochastic volatility model case. For jumps three times the size of the volatility the probability
of detection at a frequency of 24 hours is 0.9470 and for smaller jumps this value decreases. For
jumps twice the volatility it is 0.9330, while for jumps the same size as the volatility 0.8540 and
for jumps half the size of the volatility it is 0.5720. This value gets significantly smaller for smaller
jumps. The probabilities of detecting jumps increases as the frequency increases.
Bearing these probabilities in mind we see that as far as spurious detection is concerned using a
frequency of 24 hours is good enough. For a failure to detect jumps it is simply not feasible to use
a frequency of 24 hours to try to detect jumps about half the size of the volatility or smaller. Our

goal is however not to detect small jumps, since we will be focusing on extreme events in the data.
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Thus we can with reasonable certainty say that for our purposes using daily data is good enough.
Similarly we can also conclude that it would not be better to use the standard normal distribution
to choose a rejection region. That is we will be using Lee and Mykland’s (2008) method of choosing

a rejection region, the original critical value of —log(—log(a)).

2.3.3. Other tests. The previous two tests discussed, the one by Barndorff-Nielsen and Shep-
hard (2004) and the one by Lee and Mykland (2008), are by no means the only tests in the literature.
The purpose of this section is to give a brief overview and comparison of various other tests in the
literature.

The first test we will be discussing is that of Jiang and Oomen (2008). They proposed a new test
based on what they refer to as swap variance. Various types of tests are built upon this newly de-
veloped swap variance, that is a difference test, a logarithm test and a ratio test. The logic behind
this type of test is similar to the bipower variation test except that bipower variation is robust to
the presence of jumps and swap variance is sensitive to the presence of jumps. In calculating the
test statistics defined by Jiang and Oomen (2008) the bipower variation is used as an estimate for
the variance and as such this test is based on bipower variation. This test performs better with
a larger sample size and thus it is more difficult to test for individual jumps. Rather the whole
sample is tested for jumps. This test performs well using high-frequency data as it can be modified
to correct for market microstructure noise. This is not a requirement however and the test can
likely be used with daily data.

The test suggested by Corsi et al (2010) is one based on the bipower variation. This test is built
by using threshold bipower (or multipower) variation, rather than simply using bipower (or mul-
tipower) variation. The test is used to examine a fixed time period for jumps and as such it is in
all likelihood not useful in detecting individual jumps within the same time period, such as on the
same day. This test can be used with daily data with a sufficiently large time window, such as a
month.

The test by Bajgrowicz and Scaillet (2011) does not actually test for jumps. It is however worth
mentioning as it helps to test for spurious detections of jumps. This test is used on daily test sta-
tistics and uses a thresholding technique. The test is built around thresholding daily test statistics,
and as such this test is not an individual test but rather tests for any spurious detections within
each day. This also means that this test more than likely cannot be used in its current form on daily
data and needs to be altered in order to be used on daily data. Using the proposed thresholding
technique it is seen that testing for jumps produces significantly less spurious detection of jumps.
However a drawback is that for smaller jumps there are also significantly fewer true jumps detected.
This technique can therefore be used to test for spurious detections among extreme events.

The next test we will be discussing is that of Laurent, Lecourt and Palm (2014). This test is
similar to that of Lee and Mykland (2008). This test uses a test statistic defined in terms of robust
estimates for the mean and variance, in other words this test is not based on bipower variation.
This test is not significantly weaker when many jumps are present and as such it can be useful in
not just testing whether there are jumps in the whole sample but also in testing for specific jumps,

that is it is an individual jump test. In the example given, Laurent, Lecourt and Palm (2014) used
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daily exchange rate data, and thus the test clearly works for daily data. As can be expected, the
proportion of correct jump detections increases as the size of the jumps increase.

Having given a brief overview of these tests we can see that each has its strengths and weaknesses.
Now in the following chapter we will look at an application of the test by Lee and Mykland (2008)
to test for jumps in the Rand to US Dollar exchange rate.



CHAPTER 3

Application: Rand-Dollar exchange rate

3.1. Data

We will be assessing the data for the Rand-Dollar exchange rate for the period from January
2012 to March 2020, since this period is between two recent major financial crises. Figure 3.1
contains the raw data and Figure 3.2 contains the daily log returns of the Rand-Dollar exchange

rate.
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FIGURE 3.1. Data for the Rand-Dollar exchange rate from January 2012 to Decem-
ber 2020

Source: Data obtained from the South African Reserve Bank

Upon inspection of the data we have reason to suspect that there may be a break in the data
which would be noteworthy to investigate. We will specifically take a closer look at January 2013
to December 2017. It seems that the log returns for the period after the 9th of December 2015
may have a higher variance than those before. So now we look at some more detailed statistics
and basic tests, using the skewness and kurtosis, with the null hypothesis being that the data is
normally distributed before and after 9th December 2015.

The test we will use in Table 3.1 is the Jarque-Bera (JB) test found on page 10 of Tsay (2010).
This test involves two other test statistics which can each be used to test for the normal distribution
in their own right.

31
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FIGURE 3.2. Log returns for the exchange rate data

Source: Own construction from exchange rate data

The first test which we will refer to as ¢; uses the skewness of the data to calculate a test
statistic R
S
V6/n’

where S is the skewness of the sample data and n is the number of observations within the sample.

t1 =

This test statistic has a standard normal distribution, under the null hypothesis of no skewness
and normaility.
The second test statistic which we will refer to as to uses the excess kurtosis of the sample data

to calculate the test statistic R
K-3
V24/n’

where K refers to the kurtosis and as such we subtract 3 in order to calculate the excess kurtosis

ty =

and n is again the number of observations in the sample. This test statistic has a standard normal
distribution as well, under the null hypothesis of no excess kurtosis and normaility.

Finally the combination of these two test statistics is the Jarque-Bera test,

JB = (2 +12)
_ 8 (K32
6/n 24/n

This test statistic has a chi-squared distribution with two degrees of freedom, under the null hy-
pothesis of normality.

We begin our assessment of Table 3.1 by assessing the data before the 9th of December 2015.

When using the #; test statistic we find that for a significance level of 1% we would get the result
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TABLE 3.1. Statistics showing a possible break in the data on the 9th of December 2015

Log Returns Before After Entire Set
Number of observa-
tions (n): 735 513 1248
Mean: 7.3261e-04 -3.2654e-04 2.9724e-04
Skewness (9): 0.1789 0.5950 0.4110
t = ﬁz 1.98 5.50 5.93
p-value for |t 0.0477 3.7979e-07 3.0293-09
Kurtosis (K): 4.0162 5.1101 5.1656
ty = fﬁz 5.62 9.76 15.62
p-value for |t - | 90960-08 Less than 2.2e- | Less  than
16 2.2e-16
JB test (t2 +13): 497.90 588.44 1422.67
povalue for JB-test: Less than 2.2e- | Less than 2.2e- | Less  than
16 16 2.2e-16
Standard deviation: 0.0087 0.0118 0.0101
Max: 0.0412 0.0625 0.0625
99th percentile: 0.0216 0.0375 0.0289
95th percentile: 0.0141 0.0177 0.0157
90th percentile: 0.0114 0.0133 0.0121
10th percentile: -0.0099 -0.0146 -0.0118
5th percentile: -0.0125 -0.0190 -0.0161
1st percentile: -0.0206 -0.0269 -0.0242
Min: -0.0277 -0.0338 -0.0338

that the data is symmetric. The t9 test statistic on the other hand is extremely significant meaning
the data is unlikely to have no excess kurtosis. When combining these two tests in the JB-test we
find that the p-value is extremely small making it unlikely that the data is normally distributed.
Bearing in mind that the kurtosis test gave us much more significant results we may conclude that
these heavier tails may be caused by jumps.

We move on to assess the data after the 9th of December 2015. In this case we find that in all
three test statistics, that is in ¢1, f2 and the JB-test, the p-values are small enough that the data
is skew, the kurtosis differs from the normal distribution and therefore the data is not normally
distributed. We can very confidently reject the null hypotheses of all three tests. It is noteworthy
that the test using skewness had much less significant results for the period before when compared
to after, we may conclude then that the events of the 9th of December 2015 may have had a great

effect on the data’s skewness.
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Finally we assess the entire data set including both before and after. We find that once again
all three of the test statistics produce such minuscule p-values that we can again reject the null
hypotheses with extreme confidence.

We may begin to wonder now whether these results may be affected by jumps that we have not
been taken into account. To counter this we now move forward in the next section to analyse the

power and bipower variation so that we can test for jumps.

3.2. Analysis of bipower and quadratic variation

We can test the data using the test of Lee and Mykland (2008) which allows us to test the
data using a window size K for which we use 20. That is we are testing for jumps by assessing the
previous 20 observations. Before we test for jumps we first need to look at the quadratic variation

and bipower variation, since these will be our indicators of whether there is a jump or not.
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Source: Own construction from exchange rate data

We see in Figure 3.3 the difference squared has distinct spikes in value on certain dates and it

is these dates that we are interested in.

3.3. Detection of jumps

Starting with a confidence level of 90% and a window size of K = 20 we finally test for jumps

and obtain results as in Figure 3.4. The exact dates of the detected jumps are 31 May 2013, 30
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FIGURE 3.4. Exchange rate data with jumps for a confidence level of 90%

Source: Own construction from exchange rate data

January 2014, 11 September 2014, 12 September 2014, 10 December 2015, 11 December 2015, 14
December 2015, 11 November 2016, 26 October 2017, 10 August 2018, 13 August 2018, 14 February
2019 and 31 October 2019. In Figure 3.5 we test for jumps using a confidence level of 95%.

Now having moved on to a higher confidence level we have fewer jumps than before. The exact
dates for the detected jumps are 31 May 2013, 11 September 2014, 10 December 2015, 11 December
2015, 14 December 2015, 11 November 2016, 26 October 2017, 10 August 2018, 13 August 2018
and 31 October 2019. Finally in Figure 3.6 we will test the data for jumps at a confidence level of
99%.

We see that for this higher confidence level jumps are only detected on the dates, 10 December
2015, 11 December 2015, 26 October 2017, 10 August 2018 and 13 August 2018. Table 3.2 compiles
the above jump dates and possible reasons for the jump. The significance level is indicated by ,
that is 10% is denoted by *, 5% by *x and 1% by * x *, where we use S,, = 0.5120 and C,, = 2.4938.

Table 3.2 uses the price of a US Dollar in rands. Thus a jump up refers to a relative strengthening
of the Dollar and weakening of the Rand and a jump down refers to a relative strengthening of the
Rand and weakening of the Dollar. Some of the jumps have more obvious economic causes than
others. The majority of the jumps however seem to be caused by events within South Africa. It is
worth noting that the maximum movement we had in Table 3.1 which corresponds to the jump on

11 November 2016 does not have the highest value of the test statistic %7;6% The reason for this
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FIGURE 3.5. Exchange rate data with jumps for a confidence level of 95%

Source: Own construction from exchange rate data

is that although the movement on this date was the largest in the data set the movements before
this jump caused the test statistic to be lower than one might expect for the largest movement in
the data set since the instantaneous variance would have been higher than in other cases.

When assessing Table 3.2 one can immediately see that most of the jumps are upward move-
ments, that is a relative weakening of the Rand and strengthening of the Dollar. To begin to
understand the reason behind this we need to assess what types of events most likely caused each
jump.

We see that jumps occurred on the 10th, the 11th and 14th of December, all three of these
likely stemmed from the same event, that is the removal of the South African finance minister. It
is worth noting that the initial jump on the 10th of December was the second largest jump.

In order to make any reasonable conclusions however we need to discuss more than just one
event. We find that most of the jumps are caused by political instability, most of which is in South
Africa. The next prominent factor is related to interest rates in South Africa and the US. Finally
various other economic factors also caused several jumps. Overall one may thus find that regardless
of the specific types of factors that caused a jump, that is political instability, interest rates or other
economic factors, it is clear that the majority of the jumps identified can be linked to occurrences
in South Africa rather than in the US.
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FIGURE 3.6. Exchange rate data with jumps for a confidence level of 99%

Source: Own construction from exchange rate data
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TABLE 3.2. Jump dates and possible causes

Test
Jump Up or | P-
statis- Possible causes
Date Down | Values e
tic =—=
Overall economic factors, mining labour
31 May )
5013 Up 0.0454 * % 3.0698 issues and a speech by the president of
South Africa (SAPA, 2013)
30 January South African surprise interest rate hike
Up 0.0707 %x2.6128
2014 (Zacks, 2014)
11 Septem-
Down | 0.0472 * * 3.0294 US interest rate climb (Anon, 2014)
ber 2014
12 Septem- Peugeot choose not to manufacture in
Up 0.0823 %2.4541 )
ber 2014 South Africa (Cokayne, 2014)
10 Decem- Removal of South African finance minister
Up 0.0008 * % x7.1220
ber 2015 (Hirsch, 2015)
11 Decem- Address by the new South African finance
Up 0.0020 * % %6.2214
ber 2015 minister (SA News, 2015)
14 Decem- Another new South African finance min-
Down | 0.0304 * % 3.4771
ber 2015 ister appointed (Areff, 2015)
Overall South African political struggles
11 Novem- (Anon, 2016). Dow Jones at record
Up 0.0049 x x x5.3157 . )
ber 2016 high following Trump’s victory (Farrell &
Wearden, 2016).
26 October Gupta deals (Anon, 2017) and South
Up 0.0020 * % %06.2260 ) o
2017 Africa’s mini-budget (Muller, 2017)
10 August Various economic factors (Anon, 2018a),
Up 0.0003 % % x8.0515 | )
2018 including Turkey rout (Anon, 2018b)
13 August Dow Jones jumps up as Turkish Lira re-
Up 0.0018 * % %6.3155 )
2018 bounds (Imbert & Gibbs, 2018)
14 February
5019 Up 0.0790 x2.4971 Eskom split (Toyana & Roelf, 2019)
31 October South African mini-budget (Muller, 2019).
Up 0.0244 * % 3.7008
2019 No US rate hike (Imbert, 2019).
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CHAPTER 4

Conclusion

In order to test for jumps one must assess certain estimators of the instantaneous volatility.
The more well known estimators are realised quadratic variation and realised bipower variation,
first introduced by Barndorff-Nielsen and Shephard (2004). An interesting and very useful property
of these two estimators is that realised bipower variation is robust to the presence of jumps, but
realised quadratic variation is not. Thus this allows us to use these estimations to determine the
jump component of a diffusion process.

This property of the quadratic variation and bipower variation can be used to test for the
presence of jumps. In the literature there are many papers on tests for jumps based on the bipower
variation but two that were important in this study were the test by Barndorff-Nielsen and Shephard
(2006), which is heavily based on the work from Barndorff-Nielsen and Shephard (2004), and the
test by Lee and Mykland (2008). Although the test by Lee and Mykland (2008) incorporates
bipower variation it can be used to test for individual jumps rather than testing for the presence
of jumps within a certain time interval.

We were able to present the techincal work of these authors in an understandable manner
for any interested researcher in the field of mathematical statistics without neglecting any crucial
concepts.

As an application of the test by Lee and Mykland we tested for large jumps using daily Rand to
US Dollar exchange rate data. Once identified we attempted to find possible events that may have
caused the jumps. In their study Chatrath et al (2014) make the claim that when studying the
exchange rate of the US Dollar to British pound, Euro, Japanese yen and Swiss franc, most of the
jumps are caused by events in the US. Having assessed this for the Rand to US Dollar exchange rate
we see that we cannot extend their claim to hold true for this additional case. Many of the jumps
identified were as a result of political instability, which might be the reason for this contradicting
result.

However, further research using higher frequency data and more rigorous assessment of events
in the world may be needed to understand why the claim that most jumps are caused by US
events does not hold true for the Rand to US Dollar exchange rate. Additionally such research
would benefit from including more currencies from developing countries or countries with unstable
economies. I suspect the outcome would be that jumps are caused by unexpected events and as

such countries with unstable economies, with more unexpected events, will cause more jumps.
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APPENDIX A

Omitted proofs

A.1. Quadratic variation of diffusion processes

In this section we intend to prove that for the stochastic volatility process

t
Yt:/ o(s)dWs,
0

the quadratic variation is given by

Vie= [ o)
where o is the volatility process and W; is a Br(;)vvnian motion.
Now as previously mentioned we will look at the case when o is a continuous deterministic
function of time. Let Y; = fg o(s)dWs and let AY;, = ftiil o(s)dWs. Immediately we can say

by Kuo (2006) Theorem 2.3.4 that féa(s)dWs ~ N (0,Var(o)) where Varo = fot o%(s)ds. Let
X; = AY? - ﬁii_l o(s)?ds. We start by calculating E (X;) and E (X;X;):

( /tt a(s)dWs>4 2 ( /tt a<s>2d5> ( / t a(s)dWs)Q
+ (/tt; 0(8)2d8> 2]

E(X?)=E

We calculate the following for ¢ # j:

ts ti
E(X;X;) = E|AYZAY? — AYY (/ J g(s)2ds> — A (/t 10(3)%]8)

ti—1

- </t,~ti1 a(s)2d5> (/ttj o(s)%ds

j—1
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Let f (t) = [y o(s)?ds thus by our assumptions regarding o in this case we find that this function

f is continuous with finite variation and thus the quadratic variation of f will be 0.

n 2 n n n
E (ZX) = ZE (Xf) +> ) E(XiX))

=1 I’—l
n (

i
2

t; 2
/ 2ds
ti—1

o(s)
|f(t:) = f (tic1) 2= 0

7
n
1=

1
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A.2. Compound Poisson quadratic variation
In this section we intend to prove that for a compound Poisson process
Ny
=%
i=1
the quadratic variation is given by
N
V=Y 2
i=1
where we assume that Z; ~ N(0,0%).
Let Y; be a compound Poisson process with intensity A and normally distributed jump sizes.

Using the moment generating function we can derive the first four moments of the compound

Poisson distribution which we will need later. These moments can be shown, for s < ¢, to be
E(Y;-Y,)=0

E(Y, —Y)" = oA (t — )

E(Y, - Y)’ =

E (Y, )4_3JZ(A2(75—3) +/\(t—s))

Let X; = (Y, =Y, )* = (Y], = [Y]s,_,), where [Y],, = Z] | Z3. In order to prove the required

result we will need to show that } ;" ; X; converges to 0 in probability and to do this it is sufficient
to show E (327, X;)? converges to 0. Observe that

E <2:;X> ZE(X2> +;kzlE X;Xp)
jk

In order to calculate the above we need to know E (X?) and E (X;X}). Thus we continue by first

(A1)

calculating these values for some 1 < i < n.
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Let AY; = Y;, — Vi, , =¥, Z; and AN; = Ny, — N,_,. Then

N, Ny, 2
E(X?)=E AV —20Y? 3T 75+ (j 3 Zf)

i—1

Ny, N, Ni, Ny,
—E|AY -2 Y Z2+ > > 4z | >, Z}
aZNti71 bZNti71 CZNti j:Nti
b#c

-1 -1

Nti Nti Nti
+ > Zi+ Y. > Ziz

j=Nt; d=N¢; | e=Ny,
d#e

-1 -1

Ny Ny, Ny,
=30y (VAL +2A4) 28| Y Zi+ Y Y 727

G,:Nt.

i—1 a=Ne¢;_, j=N,

aj

—1

Ny Ny, Ny
+ Y ¥ Zch( 3 Z}) +E(ANZ~)E(Z;)

b=N¢;_y e=Ne;_, J=N;

b#c

—1

Ny, N,
| Y iz
d=Ny,_, e=N,

d#e

=304 (AL + AAL) — 2B (AN) B (Z)) - 204 02A8

—1

+ 0 + 305 \AL; + 0 F A2 AL

— 2NALe,
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In the above we used the following two results: firstly

Ni; Ny, N, Ny,
E| Y Y Zzp|=E|E| > > ZiZ}|AN;
k’ZNt l Ntz 1 kZNt l Ntz 1
Icyél k;él

o0 n n

=Y E|Y > Z}Z} | P(AN; =n)
n=0 k=11=1

k£l

o n n

=Y > > E(2222) P(AN; =)
n:()k:kl;éZIZI

_ ij:o n(n—1)ohP (AN; = n)
b B (an?) —E(an)]
=03 (Var),

which follows using the tower property and the independence of N; and Z;, and secondly

Ny, Ne, Ny
El Y Y Zch( > ZJ?) =0

bZNt _1¢= Nt ,] Nt
b#c
which follows since b # c¢. We see that for any given b and ¢ one or both of Z; and Z, will be

i—1 i—1

independent from the other random variables and since E (Z;) = 0 for any valid b the sum reduces
to 0 as above. We now need the value E (X; X)) for i # j. It will be useful to calculate E (X;) first:

N,
E(Xi):E(AYf > Z})

J Ntzl

= 0}\AL — E(AN) E (22)
= 04 AL — 03 AAL; = 0.
Now we look at E (X;Xj):

)= (B (x5,
" ausn)
=E(X;E(X;))
=E(0)=0
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where we have used the fact that X; is independent of F;; | since Y; has independent increments.

1

Now we can finally look at E (3%, X;)?. Let ||A,| = maxj<i<, (At;). Then

n 2 n n n
E <ZXZ> =Y B(X2)+ DY B(X;Xk)
i=1 i=1 J=1k=1
J#k
= ZQAQAt?U%
i=1
< 2X20%n||An)2 — 0

as ||Ap|| — 0. This proves the result.
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A.3. Diffusion processes bipower variation

In this section we intend to prove that for the stochastic volatility process

t
Yt:/ o(s)dWs,
0

the bipower variation is given by

i =2 [ os)as,

™Jo
where o is the volatility process and W; is a Brownian motion.

We turn our attention to the case where ¢ is a continuous deterministic function, this will
allow us to use theorem 2.3.4 on page 11 of Kuo (2006). As before we proceed by estimating
E (XZZ), E (X;Xi41) and E (X;X;). An important difference though is that we will define X; slightly
differently than in the proof of Theorem 2.11, first we let f(t;) = fti’i—l o(s)%ds, now we let

Xi = AV, A = 2 /F0Flti).

Here we have AY;, = ft s)dWs and we know that |AY;,| will follow a half-normal distribution.
Bearing all this in mind we ﬁnd that,

B(x?) = E[AY&AY&H — A |AYi| (2P + (\/f<ti>\/f<ti+1>)2]

4
< (14 5 ) ST )
and that

2
B(XiXi1) = B ||AV,] (Vi) [V | = AV AV | (1Tt () )

A [8Yi ] (VI FE) ) + 25 i) (VT 0t )

< % </ti1 o(s)%ds /;:2 <7(,<5)2ds>é (/t;; a(s)2d3>

+ 2 tan) (VT (b))

= (i - ;12) f(tiv1) ( f(ti)f(ti+2)) :

We find that X; and X are independent for j # i — 1 and j # @ since AY;, AY; 1, AY;, AY; 14
are independent for ¢ < j — 1 and ¢ > j —|— 1. Thus we have that

E(XZ) (’AK% |AYtz+1‘ \/ \/ z+1 >
= E(|AY,) B (|AY,,,]) F V(i)

= 7?_\//:i1 U(s)zds\//;+1 o(s)%ds — W\//tiil J(S)st\//:+1 o(s)?ds

this follows since |AY;, | follows the half-normal distribution, thus we now easily see the following:
E (X:X;) = E(X;) E(X;)

=0.
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Finally we observe that
n—1 n—2 n—1n—1
E(sz) ZE(X2)+ZZE (XiXit1) + B Y3 XX
i=1

i=1 =1 7j=1k=1
J#k jAk+1 j#AkR—1

< Tf (1 i ;é) Ft) f(tia) + 2§ <72T + ;é) f(tiv1) ( f)f(t z+2)) +0

i=1
< (1 + 42> max f(ti)/t o?(s)ds + 2 (2 + 42> / max f(ti)z/t o?
e ) 1<i<n 0 ™ ™ 1<i<n 0
— 0
as ||Ap|| = max (t; — t;—1) — 0 and the above follows since maxi<j<y, f(t;) — 0. Thus our desired
final result will follow since as ||A,|| = max (¢t; — ti—1) — 0 we have

t; tit1 i
s)ds / 3:— / o
\// 1 \/ ™ Zz::l ti—1
t
:/ o?(s)ds.
0

In the above case we have heavily used the fact that a deterministic function o(s) will allow
us to treat the stochastic integral fg o(s)dW, as a Gaussian random variable. Unfortunately for
the case when o(s) is itself a random variable as well this fact does not hold anymore. As such
our method of proof will not work thus for the proof of the most general case, that is when o(s) is
random, see Barndorff-Nielsen and Shephard (2004).
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