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ABSTRACT

The linear regression model is a highly versatile tool with which one can model a response vari-

able in terms of one or more predictor variables. The classical linear model is based on six

primary theoretical assumptions. In this study the main focus is on the assumption of “ho-

moskedasticity” and the violation thereof, called “heteroskedasticity”. Heteroskedasticity refers

to the property where the error terms in the linear model do not all have the same variance. This

text explores methods for conducting hypothesis tests of regression coefficients in the presence of

heteroskedasticity. Various approaches for performing inference in the presence of heteroskedas-

ticity are investigated, including tests that incorporate heteroskedasticity consistent covariance

matrix estimators (HCCMEs), the wild bootstrap, and a newly proposed method based on a

modification of the bootstrap residuals approach. A simulation study was conducted to compare

the proposed new modified bootstrap residuals approach to the wild bootstrap in terms of size

and power to determine if the new approach had any merit. The impact on the wild bootstrap’s

size and power was also investigated when using different residual transformations, HCCMEs

and ancillary distributions. It was found that when large leverage values were present in small

homoskedastic samples, the sizes of the tests were highly elevated (tending to over-reject); the

sizes of the test decreased to the specified significance level when the heteroskedasticity increased.

The power of tests based on data with one or more large leverage values were more powerful

than those based on data with small to moderate leverages. From the result in the study it is

clear that the newly proposed modified bootstrap residuals approach is competitive compared

to the wild bootstrap approach. We thus recommend that this new method be studied in more

(theoretical) detail as a possible future research project.
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OPSOMMING

Die lineêre regressiemodel is ’n veelsydige tegniek waarmee ’n responsveranderlike in terme

van een of meer voorspellerveranderlikes gemodelleer kan word. Die klassieke lineêre model

is gebasseer op ses hoof teoretiese aannames. Die primêre fokus in hierdie studie sal op die aan-

name van “homoskedastisiteit” wees, en meer spesifiek op die afwyking vanaf hierdie aanname,

naamlik “heteroskedastisiteit.” Heteroskedastisiteit verwys na die eienskap waar die foutterme

in die lineêre model nie almal dieselfde variansie het nie. In hierdie studie word metodes verken

vir die uitvoering van hipotesetoetse vir regressiekoëffisiënte in die teenwoordigheid van het-

eroskedastisiteit. Verskillende benaderings vir die uitvoering van inferensie in die teenwoordigheid

van heteroskedastisiteit word ondersoek, insluitend toetse wat heteroskedastiese konsekwente ko-

variansiematriksberamers (HKKMB’s) inkorporeer, die wildeskoenlus, en ’n nuwe voorgestelde

metode wat gebaseer is op ’n gewysigde weergawe van die skoenlusresidue benadering. ’n Simu-

lasiestudie is uitgevoer om die voorgestelde nuwe gewysigde skoenlusresidue benadering te verge-

lyk met die wildeskoenlus in terme van toetsgrootte en onderskeidingsvermoë om sodanig te

bepaal of die nuwe benadering enige meriete het. Die impak van verskillende transformasies

op die residue, HKKMB’s, en aanvullende verdelings op die toetsgrootte en onderskeidingsver-

moë van die wildeskoenlus toetse is ook ondersoek. Daar is gevind dat, wanneer groothefboom

waardes in klein homoskedastiese steekproewe teenwoordig is, die toetsgrootte baie liberaal is

(die tendens was om te maklik te verwerp), maar met ’n toename in heteroskedastisiteit, het

die toetsgrootte afgeneem tot by die gespesifiseerde betekenispeil. Die onderskeidingsvermoë

van toetse wat gebaseer is op datastelle waarin daar daar groot hefboomwaardes voorkom, het

’n groter onderskeidingsvermoë gehad as dié wat gebaseer is op data met klein tot matige hef-

boomwaardes. Uit die resultate in die studie blyk dit dat die skoenlus residubenadering goed

meeding met die wildeskoenlus benadering. Ons stel dus voor dat die nuwe metode in meer

(teoretiese) detail bestudeer word as ’n toekomstige navorsingsprojek.
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Chapter 1

Introduction

The linear regression model is a highly versatile and practical statistical model which can be

used to model and predict a response variable using one or more predictors variables (see e.g.,

Greene, 2003; Kutner, Nacththeim, Neter and Li, 2005). The model is fitted using a method

known as ordinary least squares (OLS), which minimises the squared residuals to ensure the

best fit. In order to confirm if the fitted linear model is appropriate some statistical inference

regarding the regression coefficients are needed. However, in order to conduct these tests model

assumptions are required.

There are six primary assumptions to the classical linear regression model, but the one that is

most central to this text is known as “homoskedasticity”. Homoskedasticity refers to the property

where all the error terms in the linear model have the same variance across observations. On

the other hand, when the variance of the error terms are not the same we get what is known as

“heteroskedasticity”1.

The presence of heteroskedasticity is of concern because the majority of the statistical theory

related to inference for linear models was developed for the homoskedastic case. Homoskedasticity

is assumed because it ensures that the Gauss-Markov theorem is satisfied. Specifically, the Gauss-

Markov theorem states that the OLS estimator for the regression coefficients is the minimum

variance linear unbiased estimator under the classical model assumptions. If the data exhibits

heteroskedasticity the OLS estimator may not retain the minimum variance property and the

estimates may be inconsistent (Greene, 2003; Davidson and MacKinnon, 2004). A modification to

the linear model is required to retain this property, however it requires making more assumptions

which are generally not feasible. White (1980) showed that the OLS estimator for the regression

1The etymology of the two words are derived from the Greek words homo and hetero, which mean the same
and different, respectively, and the word skedastikos which means able to disperse, which has its root in the words
skedannynai or skedannumi, meaning to disperse (Merriam-Webster Dictionary, 2015). Throughout the text we
used the spelling convention suggested by McCullough (1985), i.e., by using a “k” rather than a “c”.
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coefficients remains unbiased and consistent under heteroskedasticity, and also proved that the

regression coefficients estimator’s variance/covariance matrix could be consistently estimated. It

was shown that a consistent estimator could be obtained by simply consistently estimating a low

dimensional matrix quantity which appears within the variance/covariance matrix expression.

The problem of estimating the variance/covariance matrix of the estimators thus reduced to

estimating a matrix of a much lower dimension than what was originally thought required. These

consistent estimates became known as heteroskedastic consistent covariance matrix estimators

(HCCMEs). Simulation evidence (MacKinnon and White, 1985; Long and Ervin, 1998) for these

estimators suggest that they do not work well for small sample sizes and so bootstrap techniques

were considered as a potential solution for alleviating these distortions associated with small

sample sizes.

The bootstrap is a modifiable tool that allows one to study distributional properties of statistics

and test statistics by approximating these properties with a Monte Carlo simulation approach

(Efron and Tibshirani, 1993). This approach can be employed with the HCCMEs to construct

tests for regression coefficients in the presence of heteroskedasticity. The first regression bootstrap

approach was the residuals based approach (Efron, 1979), however this approach requires the

assumption of homoskedasticity to hold in order for it to function correctly. Another approach,

called the pairs bootstrap (Freedman, 1981), was suggested for dealing with heteroskedasticity,

but simulation evidence suggested that it did not fare as well as another approach called the wild

bootstrap. The wild bootstrap approach is a heteroskedasticity robust approach that preserves

the heteroskedastic structure of the original data (Wu, 1986; Liu, 1988; Mammen, 1993).

In this text we shall explore and also measure the performance of these bootstrap approaches,

specifically in the context of hypothesis tests for regression coefficients. Attention will be given to

tests that combine the wild bootstrap approach and HCCMEs. In addition, these tests will serve

as a benchmark against which a newly proposed bootstrap test will be compared. The new test

is a modification of the bootstrap residuals approach and was created to remedy the shortcoming

of the residual approach by modelling the heteroskedasticity with a simple model. The rationale

is to maintain the original structure in the bootstrap samples and correct for it by means of

a suitable HCCME. This can be achieved by modelling the heteroskedastic structure using the

squared OLS residuals, the fitted values of which serve as estimators for the variances. Using

2



these estimators one can remove the heteroskedastic structure from the residuals, resample these

residuals to form bootstrap samples, and then correct the bootstrap samples by reintroducing

the heteroskedastic structure back into them. Finally, test statistics can be calculated and used

to conduct inference.

The performance of these tests were measured by conducting an extensive simulation study

whereby the size and power of the tests were compared to one another.

The remainder of this text is distributed as follows: Chapter 2 introduces and develops the the-

ory for linear models and hypothesis testing, and the quandary of heteroskedasticity as well as

its effect on hypothesis testing is discussed. The chapter is concluded with a few suggestions

on how heteroskedastic robust inference might be achieved. In Chapter 3 the highly versatile

method known as the bootstrap is introduced and the application thereof to hypothesis testing

is illustrated by means of considering a simple example. The different bootstrap approaches for

linear regression models are covered and the way in which they can be applied to hypothesis

testing for regression coefficients are presented, along with appropriate algorithms. The new

modified bootstrap residuals approach is proposed in Chapter 4 and wraps up with a few sug-

gestions from the literature on how to model heteroskedastic structures. Chapter 5 discusses the

details around the simulation study and presents the results thereof with a few remarks. The

final chapter, Chapter 6, provides final comments on the simulation study and concludes with a

few considerations for future research.
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Chapter 2

Linear regression models

2.1 Introduction

A linear regression model is a statistical model for the linear relationship between a single re-

sponse 1 variable, denoted by Y and one or more predictor 2 variables denoted by X. The linear

relationship that is modelled is useful for predicting the response variable using specific values

of the predictor variables. There exists two types of relationships: functional and statistical.

Functional relationships are, in general, of the form Y = f(X), where f(·) denotes some known

mathematical function. A statistical relationship has the form Y = f(X) + ε, where ε represents

some stochastic error term and f(·) again denotes some known mathematical function. Figure

2.1, illustrates these two types of relationships using a linear form for f(·).
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Fig. 2.1: Functional relationship (left) and statistical relationship (right) in two dimensions -
single response and predictor variable.

On the left side we see the functional or “perfect” relationship between X and Y, i.e., the observed

values (orange points) are perfectly located on the blue line. On the right, the points still follow

1Also known as either an outcome or dependent variable.
2Also known as an independent variable.
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the same general tendency as the functional relationship, but one sees that the points are now

“noisy”, i.e., the red points are scattered around the fitted dashed blue line. The reason for the

scattering can potentially be explained by considering a higher dimensional problem as shown in

Figure 2.2.
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Fig. 2.2: Functional relationship in three dimensions shifted to a statistical relationship in two
dimensions.

On the left of Figure 2.2 we see that, in three dimensions, the points lie perfectly on the plane

X1 + 2X2. The graph on the right shows the projection of these same points onto the (X1,Y )

plane where we again see that the relationship is “noisy” since the information in X2 is no

longer considered. This example illustrates how the two concepts of functional and statistical

relationships can be linked together in order to provide a basic motivation for the use of linear

regression models. However, the motivation, which is dependent on three assumptions (Pratt and

Schlaifer, 1985), is somewhat simplistic and serves only as an illustration rather than a rigorous

theory. The three assumptions are:

• the combined effect of the predictor variables that have been omitted is independent of the

predictor variables already included in the model,

• the combined effect of the predictor variables that have been omitted is independent across
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observations, and

• the combined effect of the predictor variables that have been omitted has expectation zero.

Returning then to the points shown in Figure 2.2, we see that the graph on the left is a functional

relationship of the form Y = f(X1, X2) = 1X1 +2X2. We notice that all the data points (orange

dots) lie on this surface and are thus representative of the previously mentioned “perfect” fit.

When we set out to model a response variable using a linear regression model, we hope to

model that perfect fit and thus explain how it is influenced by the predictor variables completely.

However, that is not possible due to the experimenter not knowing beforehand which predictors

are required to provide such a fit and/or due to other nuances such as measurement error. To

better understand a statistical relationship, suppose the experimenter excluded the predictor X2

from their model, this is represented by projecting the orange points onto the (X1,Y ) space, where

the red dots now represent the data. The graph on the right is a two dimensional representation

of this projection, and shows the “true” line, Y = f(X1) = X1, given by the dashed blue line

versus the fitted regression line given by the solid blue line. By excluding the predictor X2, the

hope of a perfect fit is not possible any more, and it is clear that some kind of “noise” has been

introduced into the data. The noise in this example clearly stems from the fact that X2 was

omitted and needs to be accounted for by including an error term such that the relationship

is now represented by Y = 1X1 + ε. Therefore, the noise represents the information lost by

excluding the predictor X2 from the linear model.

A linear regression or statistical model is useful for investigating two important components of

a statistical relationship (Kutner et al., 2005).

1. How the response variable Y varies with the predictor variable/s X in a systematic manner.

2. The scattering of observations around the statistical relation curve.

These components manifest in a regression model as:

1. A probability distribution of the response Y for each value of the predictor X.

2. The mean values of the response probability distribution varies in a systematic manner

with the predictors.

6



The most basic linear regression model with one predictor variable called a “simple linear regres-

sion” model, will now be more formally defined as:

Yi = f(Xi,1) + εi (2.1)

= β0 + β1Xi,1 + εi, ∀ i = 1, 2, . . . , n.

Equation (2.1) consists of both a functional f(Xi,1) and random/stochastic εi component, to-

gether they form the statistical relation. Since εi is random, Yi will also be random as a result.

The basic linear regression model and the concept of correlation was the inspiration of Francis

Galton (Stanton, 2001), although the mathematical theory was developed by Karl Pearson. Gal-

ton’s interest in genetics and heredity led to the development of his theory of regression to the

mean that he formalised as the simple linear regression model. The question around heredity, i.e.,

the transmission of genetic characteristics from one generation to the next, prompted his initial

investigation by considering the cress plant and due to the nonlinear nature of the regression

did not make any progress in discovering the new statistical tool (Pearson, 1930). He then chose

the sweet pea because it was a self-fertilising organism and so the characteristics from mother to

daughter plant could be studied without the contribution from another parent. This was done

by distributing packets of seeds to nine friends who were then asked to germinate them. Each

packet contained seven different sized sweet pea seeds (ten of each size). Unfortunately, two crops

failed and he only received seven batches of new seeds which totalled 7×7×10 = 490 seeds. The

connection was made after the diameters of the mother and daughter seeds were plotted against

each other, see Figure 2.3. He also stumbled upon what is known as homoskedasticity when he

reported “I was certainly astonished to find the family variability of the produce of the little seeds

to be equal to that of the big ones; but so it was, and I thankfully accept the fact; for if it had

been otherwise, I cannot imagine, from theoretical considerations, how the typical problem could

be solved.” The seemingly simple idea of regression grew to encompass multiple predictors and

a host of other modifications.

In this Chapter we begin by introducing the basics behind the classical linear regression model

in Section 2.2 by formally defining the model and stating the model assumptions thereof. We

then consider estimating the classical linear regression models’ regression coefficients by using the
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Fig. 2.3: First ever regression curve from Galton’s sweet pea data, adapted from Pearson (1930).

method known as ordinary least squares (OLS) and discuss the finite and asymptotic properties

thereof in Section 2.3. In order to relax some of the model assumptions, the generalised linear

model is introduced in Section 2.6 as an intuitive extension of the classical model, followed by

estimation using generalised least squares (GLS) in Section 2.7. In order to try and remedy the

problems associated with heteroskedasticity when conducting inference the Sections 2.8.1 , 2.8.2

and 2.8.3 will provide an overview of different methods.

2.2 Classical linear model

Our investigation into linear regression models starts with the most commonly defined linear

regression model known as the classical linear regression model. The classical multiple linear

regression model (see for instance Greene, 2003; Kutner et al., 2005) based on k − 1 predictor

variables is defined as:

Yi = β0 + β1Xi,1 + β2Xi,2 + · · ·+ βk−1Xi,k−1 + εi ; i = 1, 2, . . . , n

8



or in vector and matrix notation,

Y = X β + ε,
(n× 1) (n× k) (k × 1) (n× 1)

(2.2)

which translates into



Y1

Y2
...

Yn


=



1 X1,1 X1,2 · · · X1,k−1

1 X2,1 X2,2 · · · X2,k−1
...

...
...

. . .
...

1 Xn,1 Xn,2 · · · Xn,k−1





β0

β1
...

βk−1


+



ε1

ε2
...

εn


,

where

Y is an (n× 1) random response vector,

X is an (n × k) matrix with k independent variable column vectors, where k − 1 denotes the

number predictor variables in the model,

β is a (k × 1) vector of unknown regression coefficients, assumed to be nonrandom, and

ε is an (n × 1) random error term vector, with E(εi) = 0, V ar(εi) = σ2, ∀ i = 1, 2, . . . , n and

Cov(εi, εj) = 0, ∀ i 6= j ; i, j = 1, 2, . . . , n. The error terms are typically assumed to be multi-

variate normally distributed, i.e., ε ∼ Nn(0, σ2In), where In is an (n× n) identity matrix.

This model may be regarded as the most “simple” model, but it is widely used in practice

because of the convenience when making inferences. However, the convenience comes at a price:

a range of model assumptions are required to hold true for finite and asymptotic results, these

will be presented in Sections 2.4 and 2.5, respectively. Next the classical model assumptions will

be introduced, followed by the method of least squares estimation for the regression coefficients

(Section 2.3).

2.2.1 Assumptions of the classical linear model

The assumptions in the classical linear regression model include the following:
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Assumption 1: Linearity

Linearity of the regression model (2.2) specifies a linear relationship between the response

variable Y and the predictor variables X1, X2, . . . , Xk−1.

Assumption 2: The design matrix is a full rank matrix

The design matrix X must have full column rank to ensure that the predictor variables are

not linearly dependent; a condition which is pertinent to the estimation of the regression

coefficients and is required for the existence of the solution.

Assumption 3: Exogeneity of the predictor variables

The predictors do not contain any useful information for predicting the error terms, i.e.

E(ε|X) = 0.

Assumption 4: Homoskedasticity and uncorrelated errors

Each of the error terms εi has finite variance σ2 and is uncorrelated with the other error

terms εj , i 6= j; i, j = 1, 2, . . . , n; i.e., V ar(ε) = σ2In. Therefore, V ar(ε) contains σ2 on

the diagonal and 0 on the off-diagonal entries of the variance/covariance matrix. Note that

the term “homoskedasticity” refers to the property where all the error terms have the same

variance; this is in contrast with “heteroskedasticity” where the variances of the errors may

not necessarily all be the same.

Assumption 5: The types of predictor variables

The design matrix X may be fixed or random/stochastic, however it is generated by some

mechanism which is unrelated to the errors ε. When the values of predictor variables are

chosen by the experimenter, the design matrix will be fixed and as a result viewed as a

known constant in the probability distribution of the response variable Yi. On the other
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hand if the predictors are observed and thus random, the joint distribution of Xi and Yi is

of concern when considering assumptions (1)–(4).

Assumption 6: Normality

The error terms have a multivariate normal distribution, ε|X i.i.d.∼ Nn(0, σ2In). This as-

sumption is not necessary for estimation, but serves as a convenience when deriving the

distributions of test statistics for inferential purposes.

2.3 Ordinary least squares (OLS)

Now that the classical linear model and its assumptions have been defined, we turn our attention

to estimation of the unknown regression coefficients for the classical model in Equation (2.2).

The most commonly used method to estimate the unknown quantities in the regression coefficient

vector β is the method of least squares, but other methods such as maximum likelihood, method

of moments, Gauss-Newton, lasso, elastic net, ridge regression, least angle regression, orthog-

onal matching pursuit and others exist in the literature (Hoerl and Kennard, 1970; Davidson

and MacKinnon, 1993; Tibshirani, 1996; Greene, 2003; Efron, Hastie, Johnstone and Tibshi-

rani, 2004; Davidson and MacKinnon, 2004; Kutner et al., 2005; Zou and Hastie, 2005; Johnson

and Wichern, 2007).

To begin the discussion around estimation using the method of least squares, an important

distinction should be made between the unknown regression quantities β and εi and their sam-

ple estimates denoted by β̂ and ei, respectively. The unknown population regression function is

given by

E[Y|X] = Xβ

whereas its estimate is denoted by,

Ŷ = Xβ̂.
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The random error term of the ith data point is given by

εi = Yi −Xiβ,

with Xi the ith row of the design matrix X. The sample version of εi is denoted by

ei = Yi −Xiβ̂,

and is known as the ith residual. The method of ordinary least squares estimates the unknown

regression coefficient values β in the classical linear regression model (2.2) by minimising the

sum of the squared residuals. The squared sum of the residuals can be written as follows to solve

for β such that an expression for its estimator can be found,

Q(β) = ε′ε = (Y −Xβ)
′
(Y −Xβ)

= Y
′
Y −Y

′
Xβ − β′X′Y + β

′
X
′
Xβ

= Y
′
Y − 2β

′
X
′
Y + β

′
X
′
Xβ,

since Y
′
Xβ = (Y

′
Xβ)′ = β

′
X
′
Y, i.e. the transpose of a scalar is again the scalar.

To obtain the values of β that minimise Q(β), we first need to determine the derivative of Q(β)

with respect to β,

∂Q(β)

∂β
= −2X

′
Y + 2X

′
Xβ.

Setting the derivative equal to 0 and assuming X satisfies the full column rank assumption, we

obtain:

−2X
′
Y + 2X

′
Xβ̂ = 0

⇒ β̂ = (X
′
X)−1X

′
Y. (2.3)

This estimator is known as the ordinary least squares estimator, which is unique and minimises

the sum of squared residuals.
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2.4 Finite sample properties of the ordinary least squares esti-

mator

In this section we consider the statistical properties of the classical linear regression model that

are valid for any sample size n. We start by proving that the OLS estimator given in Equation

(2.3) is unbiased, and then derive an expression for its variance/covariance matrix. The OLS

estimator is then shown to be the minimum variance linear unbiased estimator by means of the

well known Gauss-Markov theorem. Finally, we derive an estimator for the variance/covariance

matrix of the OLS estimator, and conclude the section with hypothesis testing using the finite

sample properties and the normality assumption.

2.4.1 The OLS estimator β̂ is unbiased for β

The regression coefficients estimator, β̂ = (X′X)−1X′Y exists if and only if the design matrix

X has full column rank, i.e. X′X is invertible. The OLS estimator can be rewritten as:

β̂ = (X′X)−1X′Y

= (X′X)−1X′(Xβ + ε)

= β + (X′X)−1X′ε. (2.4)

Taking the expectation on both sides, yields:

E(β̂) = E(β + (X′X)−1X′ε)

= β + E((X′X)−1X′ε) (2.5)

= β,

since the expectation in (2.5) is zero due to E(ε) = 0 if the Xs are fixed. In the case where the

Xs are random, we can use the exogeneity assumption from Section 2.2.1, and note that β̂ is

conditionally unbiased given X, i.e., E(ε|X) = 0.
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2.4.2 The variance/covariance matrix of β̂

The expression for the variance/covariance matrix of the OLS estimator is given by:

V ar(β̂) = E((β̂ − β)(β̂ − β)′)

= E[((X′X)−1X′ε)((X′X)−1X′ε)′]

= E[(X′X)−1X′εε′X(X′X)−1]

= (X′X)−1X′E(εε′)X(X′X)−1

= (X′X)−1X′σ2InX(X′X)−1

= σ2(X′X)−1. (2.6)

The unbiased estimator for this quantity will be derived in Section 2.4.4.

2.4.3 Gauss Markov theorem

The Gauss Markov theorem states that the ordinary least squares estimator β̂ is efficient in

the sense that its variance/covariance matrix V ar(β̂) is smaller than or equal to the vari-

ance/covariance class of linear unbiased estimators for β, i.e., V ar(β̃) ≥ V ar(β̂), where β̃ is

some other unbiased linear estimator for β.

Proof. Because β̃ was defined to be an unbiased linear estimator it may be expressed as the

linear combination β̃ = CY. For β̃ to be unbiased, E(β̃) must equal β. However, we know that

E(Cε) = 0 (since, by assumption E(ε) = 0, and therefore E(Cε) = 0), so it is required that

CX = Ik in the expression β̃ = CY = C(Xβ + ε) = CXβ + Cε for β̃ to be unbiased. Now,

if we define C as C = (X′X)−1X′ + D, then in order for CX = Ik we must have DX = 0, as

shown below:

C = (X′X)−1X′ + D

⇐⇒ D = C− (X′X)−1X′.
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Therefore it follows that,

DX = CX− (X′X)−1X′X

= CX− Ik, but CX = Ik if β̃ is unbiased

= 0.

We also note that Dε = β̃ − β̂:

Dε = (C− (X′X)−1X′)(Y −Xβ)

= CY −CXβ − (X′X)−1X′Y + Ikβ, since CX = Ik

= β̃ − β − β̂ + β

= β̃ − β̂. (2.7)

Next we shall derive an expression for the covariance between (β̂ − β) and (β̃ − β̂) which will

be used to prove the final result:

E((β̂ − β)(β̃ − β̂)′) = E((X′X)−1X′Y − β)(β̃ − β̂)′)

= E((X′X)−1X′Xβ + (X′X)−1X′ε− β)(β̃ − β̂)′)

= E((X′X)−1X′ε)(β̃ − β̂)′)

= E((X′X)−1X′ε)(Dε)′), from (2.7) above

= E(X′X)−1X′εε′D′)

= (X′X)−1X′E(εε′)D′

= σ2(X′X)−1X′D′ = 0, because DX = X′D′ = (DX)′ = 0. (2.8)

Note that this result also implies that the covariance between β̂ and (β̃ − β̂) is 0. The term β̃

can be written as:

β̃ = CY =
(
(X′X)−1X′ + D

)
Y = β̂ + DY,

and so it follows that the variance/covariance matrix of β̃ − β is given by:
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V ar(β̃ − β) = V ar(β̃ − β + β̂ − β̂)

= V ar((β̂ − β) + (β̃ − β̂))

= V ar((β̂ − β)) + V ar((β̃ − β̂)), by (2.8)

= V ar(β̂) + V ar(DY)

= V ar(β̂) + V ar(Dε).

Finally, we have that the difference between the variance/covariance matrix of β̂ and β̃ can be

expressed as:

V ar(β̃)− V ar(β̂) = V ar(Dε) = DV ar(ε)D′

= σ2DD′,

which is a variance/covariance matrix, and implies that it is a positive semi-definite matrix.

Therefore, V ar(β̃) ≥ V ar(β̂), and the ordinary least squares estimator β̂ for the classical model

(2.2) is the minimum variance linear unbiased estimator for β in the class of linear unbiased

estimators.

2.4.4 Estimator for V ar(β̂)

Before we are able to tests hypotheses around the regression coefficients an estimator for the

variance of the ordinary least squares estimator β̂ is required. Thus we would like to obtain an

estimator for V ar(β̂) = σ2(X′X)−1. Since σ2 is the only unknown and is the expected value of

ε2i , and ei serves as an estimate of εi, it may seem natural to estimate σ2 by:

σ̂2 =
1

n

n∑
i=1

e2i .

However it is not that simple: consider the residuals vector,
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e = Y −Xβ̂

= Y −X(X′X)−1X′Y

= (In −X(X′X)−1X′)Y

= (In −X(X′X)−1X′)(Xβ + ε)

= Xβ −X(X′X)−1X′Xβ + ε−X(X′X)−1X′ε

= Xβ −Xβ + (In −X(X′X)−1X′)ε

= (In −H)ε,

where In denotes (n×n) identity matrices, and H is the idempotent hat/projection matrix. The

sum of squared residuals now become,

e′e = ε′(In −H)′(In −H)ε = ε′(In −H)ε, (2.9)

and has expectation,

E(e′e) = E(ε′(In −H)ε)

= trE(ε′(In −H)ε) = E(trε′(In −H)ε)

= E(tr(In −H)εε′) = tr(In −H)E(εε′)

= σ2tr(In −X(X′X)−1X′)

= σ2
[
tr(In)− tr(X(X′X)−1X′)

]
= σ2

[
tr(In)− tr((X′X)−1X′X)

]
= σ2 [tr(In)− tr(Ik)]

= σ2(n− k).

Thus the unbiased estimator for σ2 is given by:

σ̂2 =
1

n− k

n∑
i=1

e2i =
e′e

n− k
.
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Finally the estimator for V ar(β̂) is given by:

V̂ ar(β̂) = σ̂2(X′X)−1,

where the jth diagonal element is the variance of the jth estimated regression coefficient β̂j ,

denoted by V̂ ar(β̂j) = σ̂2(X′X)−1jj .

2.4.5 Hypothesis testing

For the first time the normality assumption of the error terms will be invoked and is necessary

for deriving the distribution of test statistics which will be used for inference concerning the

regression coefficients. The normality of β̂ follows from the fact that these estimators are a

linear function of the normally distributed errors, see Equation (2.4). Throughout this text we

would like to test hypotheses of the form:

H0 : βj = βj0 vs. HA : βj 6= βj0 , j = 1, 2, . . . , k − 1,

where βj0 is the hypothesised value of the regression coefficient for βj , but we typically would

choose βj0 = 0. This hypothesis can be tested using the pivotal test statistic,

zj =
β̂j − βj0√
σ2(X′X)−1jj

∼ N(0, 1), (2.10)

which will have a normal distribution with mean zero and variance one under the null hypothesis,

having satisfied all the assumptions stipulated for the classical linear model (2.2). Note that

(X′X)−1jj denotes the jth diagonal element of the matrix (X′X)−1. Since σ2 will rarely be

known, it needs to be estimated using σ̂2. The test statistic then becomes:

tj =
β̂j − βj0√
σ̂2(X′X)−1jj

∼ tn−k (2.11)
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which has a t distribution with n − k degrees of freedom under the null hypothesis. To derive

the distribution of the test statistic (2.11) first consider,

(n− k)σ̂2

σ2
=

e′e(n− k)

σ2(n− k)
=

e′e

σ2
=

(
ε

σ

)′
(In −H)

(
ε

σ

)
∼ χ2

n−k. (2.12)

The quantity in (2.12) is an idempotent quadratic form in a standard normal vector (ε/σ), and

since ε is normally distributed this quantity follows a chi-squared distribution with rank(In −

H) = tr(In −H) = n− k degrees of freedom (see Theorem B.8 of Greene, 2003). Therefore,

tj =
β̂j − βj0√
σ̂2(X′X)−1jj

=
β̂j − βj0√
σ2(X′X)−1jj

/√
(n− k)σ̂2

σ2
/(n− k).

The quantity tj thus follows a tn−k distribution under the null hypothesis because, from (2.10),

the numerator follows a standard normal distribution and, from (2.12), the denominator is the

square root of a chi-squared random variable divided by its own degrees of freedom.

2.5 Large sample properties of the ordinary least squares estima-

tor

In the finite sample properties section we derived the exact mean, variance and distributions

for test statistics of the ordinary least squares estimator under the assumption of normally

distributed errors and independent observations. However, the classical linear regression model

in Equation (2.2) with normally distributed errors and independent observations is a special case.

This section will focus on relaxing these two assumptions and deriving the asymptotic properties

of the ordinary least squares estimator when the errors are not necessarily normally distributed.

To begin, we shall show that the OLS estimator is consistent and then derive its asymptotic

distribution.

2.5.1 β̂ is a consistent estimator for β

We shall show that the OLS estimator is consistent for β by using only the first four assumptions

in Section 2.2.1.
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Proof. We find that by rewriting the OLS estimator as:

β̂ = (X′X)−1X′Y

= (X′X)−1X′(Xβ + ε)

= (X′X)−1X′Xβ + (X′X)−1X′ε

= β + (X′X)−1X′ε

= β +

(
X′X

n

)−1(X′ε

n

)
,

and then introducing the probability limit 3 we obtain the following result:

plim
n→∞

β̂ = β + plim
n→∞

(
X′X

n

)−1
plim
n→∞

(
X′ε

n

)
. (2.13)

To proceed we are required to make the following assumption:

Assumption 7: Consistency of X′X/n

plim
n→∞

(
X′X

n

)
= Q,

where Q is a finite, deterministic, positive definite matrix.

Theorem: Slutsky’s theorem

Let Xn, X and Yn be random vectors and c a vector of constants. If Xn
d→ X and Yn

p→ c

and g(Xn) is a continuous function, then:

1.

Xn + Yn
d→ X + c

XnYn
d→ Xc

XnY
−1
n

d→ Xc−1,

3The notation plim is used to denote the probability limit. That is, if {An} denotes a sequence of random
variables, and A denotes a random variable, then for every ε > 0, we have that An converges in probability to A
if plimn→∞An = A or, equivalently, limn→∞ P (|An −A| ≥ ε) = 0.
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provided c is invertible. It is also true for Yn and c constants and matrices.

2.

g(Xn)
d→ g(X)

Now, if Q−1 exists by Slutsky’s theorem, i.e. the inverse of a nonsingular matrix is a continuous

function of the elements of the matrix, then Equation (2.13) becomes,

plim
n→∞

β̂ = β + Q−1plim
n→∞

(
X′ε

n

)
.

If we could prove that plim
n→∞

(
X′ε
n

)
= 0, then we can conclude consistency of the estimator. The

proof of this result involves recalling the exogeneity assumption and by using the law of iterative

expectations to obtain:

E

[
1

n
X′ε

]
=

1

n
E[E[X′ε|X]]

=
1

n
E[X′E[ε|X]] =

1

n
· 0 = 0.

Now, the variance of the quantity X′ε
n is:

V ar

[
1

n
X′ε

]
= V ar

[
E

[
1

n
X′ε|X

]]
+ E

[
V ar

[
1

n
X′ε|X

]]
= V ar[0] + E

[
E

[
1

n2
X′εε′X|X

]]
= E

[
1

n2
X′E

[
εε′|X

]
X

]
= E

[
1

n2
X′σ2InX

]
=
σ2

n
E

[
X′X

n

]
.

Now, using Assumption 7:

lim
n→∞

V ar

[
1

n
X′ε

]
= lim

n→∞

σ2

n
E

[
X′X

n

]
= 0 ·Q = 0.

Since the mean is equal to zero and the variance converges to zero, the quantity 1
nX′ε converges
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in mean square to zero, which in turn implies convergence in probability to zero. This result

concludes the proof for consistency of the OLS estimator, i.e.,

plim
n→∞

β̂ = β + plim
n→∞

(
X′X

n

)−1
plim
n→∞

(
X′ε

n

)
= β + Q−1 · 0 = β.

Thus the ordinary least squares estimator under only the first four assumptions combined with

Assumption 7 provides a consistent estimator for β in the classical linear regression model (2.2).

2.5.2 Asymptotic distribution of the ordinary least squares estimator

Next we would like to derive the asymptotic distribution of β̂.

Proof. The asymptotic distribution of β̂ can be obtained by first considering the limiting distri-

bution of:

√
n(β̂ − β) =

(
X′X

n

)−1(X′ε√
n

)
. (2.14)

If Assumption 7 is valid and the limiting distribution of the random vector ε exists, then the

limiting distribution on the right hand side of Equation (2.14) is equivalent to the distribution

of:

[
plim
n→∞

(
X′X

n

)−1](X′ε√
n

)
= Q−1

(
X′ε√
n

)
.

Thus to find the limiting distribution of
√
n(β̂ − β), we now only need to find the limiting

distribution of:

(
X′ε√
n

)
=
√
n

(
1

n
X′ε− 1

n
E[X′ε]

)
, (2.15)

where E[X′ε] = 0.
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Theorem: Multivariate Lindberg-Feller central limit theorem

Suppose that X1,X2, . . . ,Xn are a sample of random vectors such that E(Xi) = µi,

V ar(Xi) = Qi, and all mixed third moments of the multivariate distribution are finite.

Let

µn =
1

n

n∑
i=1

µi,

and

Qn =
1

n

n∑
i=1

Qi.

If we assume that

lim
n→∞

Qn = Q,

where Q is a finite, positive definite matrix, and that for all i,

lim
n→∞

(nQn)−1Qi = lim
n→∞

(
n∑
i=1

Qi

)−1
Qi,

then
√
n
(
Xn − µn

) d→ N(0,Q),

where Xn = 1
n

∑n
i=1 Xi.

In order to obtain a limiting distribution for Equation (2.15) the multivariate Lindberg-Feller

central limit theorem will be employed. Since 1
nX′ε = 1

n

n∑
i=1

Xiεi is an average of n independent

random vectors Xiεi, with mean vector 0 and variance/covariance matrix,

V ar[Xiεi] = E[Xiεiε
′
iX
′
i] = σ2E[XiX

′
i] = σ2Qi, i = 1, 2, . . . , n,

where Qi = E(XiX
′
i) and Xi is the ith row vector in the design matrix X. The variance/covariance

matrix of 1√
n
X′ε will then be given by:

V ar

[
1√
n

X′ε

]
= σ2

1

n
[Q1 + Q2 + · · ·+ Qn] = σ2Qn.

If Assumption 7 holds, i.e., the predictors are well behaved and the sum is not dominated by
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any particular term, then:

lim
n→∞

Qn = lim
n→∞

1

n

n∑
i=1

E(XiX
′
i) = lim

n→∞
E

(
X′X

n

)
= Q,

and we obtain:

lim
n→∞

σ2Qn = σ2Q.

The multivariate Lindberg-Feller central limit may be applied to the vectors Xiεi since they

are independent, have mean vectors 0 and variance/covariance matrices σ2Qi < ∞, and thus

converges in distribution to a multivariate normal distribution:

(
X′ε√
n

)
d→ N(0, σ2Q),

then multiplying by Q−1 to obtain:

Q−1
(

X′ε√
n

)
d→ N(Q−10,Q−1σ2QQ−1)

and
√
n(β̂ − β)

d→ N(0, σ2Q−1).

The asymptotic distribution of β̂ with independent observations is given by:

β̂ ∼ N
(
β,
σ2

n
Q−1

)
.

In practice one would estimate 1
nQ−1 with (X′X)−1, and σ2 with σ̂2 = e′e

n−k . If the errors ε are

normally distributed as in the classical linear regression model (2.2), then the exact distribution

of β̂ is N
[
β, σ2(X′X)−1

]
for every sample, and holds asymptotically as well. The results that

we have proved in this section only requires that the predictors are well behaved (as stated

in Assumption 7) and that the observations are independent for the OLS estimator to have

an asymptotic normal distribution having applied the multivariate Lindberg-Feller central limit

theorem.
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2.6 Generalised linear model

We now consider relaxing the homoskedasticity assumption (Assumption 4 in Section 2.2.1),

resulting in errors that may or may not be heteroskedastic and/or correlated with each other

(autocorrelation). The generalised linear model with k − 1 predictor variables allows for these

different occurrences and is defined as:

Y = X β + ε,
(n× 1) (n× k) (k × 1) (n× 1)

(2.16)

where

Y is a random response vector,

X is a matrix with columns corresponding to the k − 1 predictor variable vectors, and typically

the first column vector is a vector of ones to accommodate the intercept term,

β is a vector of unknown regression coefficients, assumed to be nonrandom,

ε is a random error term vector, with E(ε) = 0 and V ar(ε) = E(εε′) = σ2Ω = Σ, and is a

normally distributed error vector, i.e., ε ∼ Nn(0, σ2Ω). Ω is assumed to be a real symmetric

positive definite matrix.

The general nature of the generalised linear regression model allows for variance/covariance

structures such as:

Heteroskedastic and independent As with the classical linear model’s covariance structure,

this next covariance matrix has uncorrelated error terms, but the variances are now allowed to

differ:

σ2Ω = σ2



ω11 0 · · · 0

0 ω22 · · · 0

...
...

. . .
...

0 0 · · · ωnn


=



σ21 0 · · · 0

0 σ22 · · · 0

...
...

. . .
...

0 0 · · · σ2n


.

Here the variances of the individual errors εi are not necessarily all equal to one another, but their

covariances are zero, i.e., V ar(εi) = σ2i = σ2ωii and Cov(εi, εj) = 0 ∀ i 6= j; i, j = 1, 2, . . . , n.
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Homoskedastic and dependent–autocorrelation An example where the error terms are

both homoskedastic and dependent is when there is an autocorrelation structure in the covariance

matrix such as in the one defined below:

σ2Ω = σ2



1 ρ1 · · · ρn−1

ρ1 1 · · · ρn−2
...

...
. . .

...

ρn−1 ρn−2 · · · 1


.

Here we find that the individual errors εi are all the same, but their covariances differ, i.e.,

V ar(εi) = σ2 and Cov(εi, εj) = σ2ρ|i−j| ∀ i 6= j; i, j = 1, 2, . . . , n.

Heteroskedastic and dependent–unstructured covariances Finally, the case where the

covariances and variances of the error terms are allowed to differ is also accommodated by this

model:

σ2Ω = σ2



ω11 ω12 · · · ω1n

ω21 ω22 · · · ω2n

...
...

. . .
...

ωn1 ωn2 · · · ωnn


=



σ211 σ212 · · · σ21n

σ221 σ222 · · · σ22n
...

...
. . .

...

σ2n1 σ2n2 · · · σ2nn


.

Here we find that the variance of the individual errors εi differ, but the covariances also differ,

i.e., V ar(εi) = σ2ii and Cov(εi, εj) = σ2ij ∀ i 6= j; i, j = 1, 2, . . . , n.

If the regression coefficients are to be estimated efficiently by means of OLS, the error terms

must be uncorrelated and have the exact same variance. These assumptions were also required

to prove the Gauss-Markov theorem in Section 2.4.3.

As stated in the Introduction, one of the aims of this text is to investigate the theoretical implica-

tions heteroskedasticity has on the regression coefficient estimators. In the previous sections we

proved that the OLS estimator β̂, is unbiased, consistent, has minimum variance among all other

unbiased estimators (efficient), is normally distributed if the errors are normally distributed, and
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is asymptotically normally distributed. We therefore know that the OLS estimator is best in its

class when the assumptions hold, but what happens if they are not satisfied as is the case in the

generalised linear model in Equation (2.16)? The properties that do hold include the following:

• The OLS estimator remains unbiased if the exogeneity assumption from the classical model

is maintained.

• The OLS estimator remains consistent if the matrices X′X
n and X′ΩX

n are finite positive

definite matrices as n→∞.

• The OLS estimator retains its normal distribution,

β̂ ∼ N(0, σ2(X′X)−1X′ΩX(X′X)−1),

if the errors are normally distributed, ε ∼ N(0, σ2Ω).

• The OLS estimator retains its asymptotic normal distribution,

β̂ ∼ N(0, σ2(X′X)−1X′ΩX(X′X)−1),

the proof in Section 2.5.2 was general enough to encompass the heteroskedastic error case.

However, it turns out that when the homoskedasticity assumption is violated, the OLS estimator

of the variance/covariance of the regression coefficient estimates will either be too large or too

small. Unfortunately no clear rules exist on which of these two situations might occur in practice

(Hayes and Cai, 2007). The solution to this particular problem lies in using the Generalised

Least Squares (GLS) estimator to obtain efficient estimates and is achieved by transforming

the regression model (2.16) in order to satisfy the Gauss Markov theorem — this is done by

ensuring that σ2Ω in the generalised model reduces to σ2In after transforming it. The OLS

theory developed for the classical linear model can then be applied to the transformed model.
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2.7 Generalised least squares (GLS)

In the classic linear regression model the OLS procedure was sufficient for estimating the regres-

sion coefficients because the assumptions of homoskedasticity and independence were satisfied,

however the generalised linear model does not satisfy these conditions, so now a generalised least

squares procedure will be introduced. The estimator will be derived and the properties thereof

discussed.

To begin the discussion on the derivation of the GLS estimator we note that the variance/covariance

matrix Ω of the errors was defined to be a known real symmetric positive definite matrix in

the generalised linear model (2.16), and so it may be decomposed using Cholesky’s decom-

position (see, for example, Davidson and MacKinnon, 2004), Crout’s decomposition (see, for

example, Davidson and MacKinnon, 2004) or singular value decomposition (see, for example,

Greene, 2003; Johnson and Wichern, 2007). The decomposition allows one to determine a trans-

formation that, after transformation, the response has the property that the variance can be

expressed as σ2Ω = σ2In; this is done so that one may exploit the efficiency of OLS estimators

(as stated in the Gauss Markov theorem) for the GLS estimator. The singular value method is

discussed here, but the theoretical results are also valid for Cholesky’s and Crout’s decomposition.

2.7.1 Singular value decomposition and the generalised least squares estima-

tor

The singular value decomposition (see, for example, Greene, 2003; Johnson and Wichern, 2007)

of some symmetric positive definite matrix, say, Ω is given by:

Ω = CΛC′,

where C is an orthonormal matrix 4 of eigenvalues (columns) of Ω, and Λ is a diagonal matrix

containing eigenvalues, λi, of the matrix Ω. Note that Λ
1
2 will denote a diagonal matrix with

diagonal elements
√
λi and Λ−

1
2 will be a diagonal matrix with diagonal elements

√
1
λi
.

4Note that an orthonormal matrix C has the property: C−1 = C′.
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The matrix Ω can now be written as Ω = CΛC′ = CΛ
1
2 Λ

1
2 C′, and then it follows that

Ω−1 = (CΛC′)−1 = CΛ−1C′ = CΛ−
1
2 Λ−

1
2 C′ = CΛ−

1
2 Λ−

1
2

′
C′ = P′P,

where P′ := CΛ−
1
2 . By premultiplying the generalised linear model (2.16) by P, we obtain a

linear regression model that satisfies the conditions required to satisfy the Gauss Markov theorem,

PY = PXβ + Pε = Y∗ = X∗β + ε∗, (2.17)

where Y∗ = PY, X∗ = PX, and ε∗ = Pε. This model has the following properties:

• The expected value of the error terms is zero:

E(ε∗) = E(Pε) = PE(ε) = 0.

• The variance/covariance of the error terms has the form σ2In:

V ar(ε∗) = E(ε∗ε
′
∗) = E(Pεε′P′) = PE(εε′)P′

= Pσ2ΩP′

= σ2PCΛC′P′

= σ2Λ−
1
2

′
C′CΛC′CΛ−

1
2

= σ2Λ−
1
2 Λ

1
2 Λ

1
2 Λ−

1
2 = σ2In.

Since the premultiplied model in Equation (2.17) now has the same properties as the classical

model in Equation (2.2), the OLS estimator for β may be used to determine an expression for

the generalised least squares estimator β̂GLS . By substituting the transformed model into the

OLS estimator β̂ we find the expression for β̂GLS , i.e.,

β̂GLS = (X′∗X∗)
−1X′∗Y∗ = (X′P′PX)−1X′P′PY = (X′Ω−1X)−1X′Ω−1Y. (2.18)
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This estimator is known as the generalised least squares estimator or Aitken’s (1935) estimator

for β.

As mentioned earlier, the results in this section could have been derived using either Cholesky’s

decomposition or Crout’s decomposition (Davidson and MacKinnon, 2004), since both methods

decompose the inverse of the symmetric positive definite matrix Ω into the product of compo-

nent matrices, i.e., Ω−1 = Ψ′Ψ, where Ψ is defined to be a triangular matrix for these two

decompositions. The classical linear model is then premultiplied to yield Ψ′Y = Ψ′Xβ+Ψ′ε or

Y∗ = X∗β+ε∗, and the same theoretical results follow using different mathematical arguments.

Next we turn our attention towards the finite sample and asymptotic properties of the GLS

estimator (2.18) and show that it has the same properties as the OLS estimator.

2.7.2 Properties of the generalised least squares estimator

The GLS estimator β̂GLS shares a number of good properties with the OLS estimator β̂. In

the sections below we shall highlight the similarities between these estimators in terms of their

properties and assumptions required.

Expected value of the generalised least squares estimator

In order to prove that the GLS estimator β̂GLS is unbiased we require the assumption of ex-

ogeneity for the transformed predictors, i.e., E(ε∗|X∗) = 0. This assumption is similar to the

one we made for the classical linear model, except now using the transformed design matrix and

errors.

E(β̂GLS |X∗) = E[(X′∗X∗)
−1X′∗Y∗|X∗]

= E[(X′∗X∗)
−1X′∗(X∗β + ε∗)|X∗]

= E[(X′∗X∗)
−1(X′∗X∗)β + (X′∗X∗)

−1X′∗ε∗|X∗]

= β + E[(X′∗X∗)
−1X′∗ε∗|X∗]

= β + (X′∗X∗)
−1X′∗E[ε∗|X∗] = β.
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By making the exogeneity assumption for the transformed model, i.e., the transformed predictors

and errors are uncorrelated, we notice that the GLS estimator remains unbiased and is not

affected by the violation of the homoskedasticity assumption.

Estimator for V ar(β̂GLS)

To find an expression for the variance/covariance matrix of the GLS estimator we substitute

the transformed model into the expression for the OLS variance/covariance matrix defined in

Equation (2.6):

V ar(β̂GLS |X∗) = σ2(X′∗X∗)
−1 = σ2(X′P′PX)−1 = σ2(X′Ω−1X)−1.

The only difference between the GLS and OLS variance/covariance expression is Ω−1 between

the two design matrices. Analogous to the OLS case, the unbiased estimator for σ2 is given by:

σ̂2 =
1

n− k

n∑
i=1

e2∗i =
e′∗e∗
n− k

.

The estimator for V ar(β̂GLS) is then given by:

V̂ ar(β̂GLS) = σ̂2(X′∗X∗)
−1 = σ̂2(X′Ω−1X)−1,

where the jth diagonal element is the variance of the jth estimated regression coefficient. Note

that the quantity Ω−1 in the expression above is assumed to be known and that we shall be

able to calculate V̂ ar(β̂GLS) using sample data. However, Ω−1 will rarely be known and so the

estimation of this quantity will need to be addressed. A brief discussion of how to estimate this

quantity is presented in Section 2.8.2.

Gauss Markov theorem

The GLS estimator β̂GLS is the minimum variance linear unbiased estimator of β in the gener-

alised linear regression model (2.16); this result is obtained by direct application of the Gauss

Markov theorem.
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Consistency

The GLS estimator is consistent if we assume X∗ and ε∗ to be uncorrelated, and if plim
n→∞

1
nX′∗X∗ =

plim
n→∞

1
nX′Ω−1X = Q∗, where Q∗ is a positive definite matrix. The proof of this result is analogous

to the one stated for the OLS case in Section 2.5.1.

2.8 Heteroskedasticity and remedial measures

One of the main assumptions in the classical linear model (2.2) is that of homoskedasticity, i.e.,

V ar(εi) = σ2 ∀ i = 1, 2, . . . , n, which is in contrast with heteroskedasticity, when the variances

differ across observation, i.e., V ar(εi) = σ2i , i = 1, 2, . . . , n. Heteroskedasticity, which commonly

occurs in cross-sectional and time-series data (Greene, 2003), does not affect estimation of the

regression coefficients, but it does influence the estimation of the variance/covariance matrix of

the regression coefficient estimates. The ultimate result is that inference related to the regression

coefficients suffers.

Throughout the rest of the dissertation we shall consider techniques for remedying the prob-

lems associated with inference for regression coefficients in the presence of heteroskedasticity.

These techniques rely on suitable estimates of the variance/covariance matrix of the estimated

regression coefficients. To facilitate exposition, the following generalised linear model with het-

eroskedastic and independent errors will be considered:

Y = X β + ε,
(n× 1) (n× k) (k × 1) (n× 1)

(2.19)

where the errors ε have the properties E(ε) = 0 and V ar(ε) = E(εε′) = σ2Ω = Σ defined as:

Σ = σ2Ω = σ2



ω1 0 · · · 0

0 ω2 · · · 0

...
...

. . .
...

0 0 · · · ωn


=



σ21 0 · · · 0

0 σ22 · · · 0

...
...

. . .
...

0 0 · · · σ2n


.
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2.8.1 Weighted least squares (WLS)

In the previous sections we have shown that the OLS estimator for the generalised linear model

remains unbiased and consistent, however the Gauss Markov theorem is no longer satisfied and

as a result will no longer have minimum variance. The estimator for the variance of the GLS

estimator contains n variance components, for each of the n observations. To ensure that the

estimator has minimum variance, we would need to assign more weight to observation that have a

smaller variance component and less weight to observations with higher variances. The rationale

is that observation with less variance provide more reliable information about the regression

function and vice versa (Kutner et al., 2005). Weighted least squares builds on the generalised

linear model by assuming that Ω−1 = W−1 contained inside the GLS estimator (2.18) is a

diagonal matrix, where the ith diagonal element is 1
ωi
, i.e. V ar(εi) = σ2i = σ2ωi. Let W be

defined to be the diagonal matrix,

W =



ω1 0 · · · 0

0 ω2 · · · 0

...
...

. . .
...

0 0 · · · ωn


and its inverse W−1 =



1
ω1

0 · · · 0

0 1
ω2
· · · 0

...
...

. . .
...

0 0 · · · 1
ωn


.

Premultiply the generalised linear model (2.16) by P = W− 1
2 to obtain:

PY = PXβ + Pε = Yw = Xwβ + εw. (2.20)

Now use OLS estimation on the transformed model (2.20), to obtain the weighted least squares

estimator:

β̂WLS = (X′wXw)−1X′wYw = (X′P′PX)−1X′P′PY = (X′W−1X)−1X′W−1Y.

Weighted least squares is naive in the sense that the weights are assumed to be known, which

will rarely if ever be the case, but it illustrates a useful means to correct for heteroskedasticity.

Next we shall look at a few cases were the known weights assumption will be relaxed to correct

for heteroskedasticity.
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2.8.2 Feasible generalised least squares (FGLS)

In order to use generalised least squares and weighted least squares, the Ω in the model given

by Equation (2.19) needs to be known — this is however rarely, if ever, the case. Feasible least

squares addresses this issue by making the assumption that Ω depends in a known way on a

vector of unknown parameters θ, i.e., Ω = Ω(θ). Then, if θ can be consistently estimated by

θ̂, the estimator for the variance/covariance matrix is given by Ω̂ = Ω(θ̂). This estimator can

be shown to be asymptotically efficient if we assume that a consistent estimator for θ (but not

necessarily an efficient one) is used (Greene, 2003). However the efficiency of Ω̂ may not be

present when used with small samples and the OLS variance/covariance matrix could provide a

better results if the heteroskedasticity is not too severe.

Feasible generalised least squares may be used to find a solution for the weighted least squares ap-

proach by modelling the weights ωi in the variance covariance matrix Ω = W. The steps required

for calculating this feasible weighted least squares estimate (Davidson and MacKinnon, 2004) is

summarised:

1. Based on the parametrisation of Ω(θ) define a consistent estimator for θ.

2. Calculate Ω̂ = Ω(θ̂,X).

3. Decompose the matrix Ω̂ into the form Ω̂−1 = P̂P̂′.

4. Transform the model using P̂Y = P̂Xβ + P̂ε.

5. Calculate OLS estimates using the transformed model to obtain the feasible generalised

least squares estimator

β̂FGLS = (X′Ω̂−1X)−1X′Ω̂−1Y.

Feasible generalised least squares may be used to find a solution for the weighted least squares

approach by modelling the weights ωi in the variance/covariance matrix Ω = W. The steps

required for calculating this feasible weighted least squares estimate (Davidson and MacKinnon,

2004) is summarised by considering the following example of a linear regression model Yi =

Xiβ+ εi, where the variance of the errors have the following functional form E(ε2i ) = eZiθ. The
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regression coefficient vector β still has dimension k and the unknown parameter vector θ has

dimension l, where l ≤ k. The design matrices X and Z both have the same row dimension n,

but Z is comprised of a subset or all of the predictors contained in X to produce a matrix of

dimension (n× l).

1. Based on the parametrisation of Ω(θ) = W(θ) define a consistent estimator Ŵ = W(θ̂,Z),

i.e., ω̂i = eZiθ̂, where log(e2i ) = Ziθ + vi is used to find θ̂ by means of OLS.

2. Transform the model into the form P̂Y = P̂Xβ+ P̂ε, where P̂ = Ŵ− 1
2 is a square matrix

with 1√
ω̂i

on the diagonal and zeros on the off diagonal.

3. Calculate OLS estimates of β using the transformed model in the previous step to obtain

the feasible weighted least squares regression coefficient estimates,

β̂FWLS = (X′Ŵ−1X)−1X′Ŵ−1Y.

It can be shown that, under some suitable regularity conditions pertaining to the predictor

variables and the errors, the feasible generalised least squares estimator β̂FGLS is consistent

and is asymptotically equivalent to the generalised least squares estimator β̂GLS (Davidson and

MacKinnon, 2004; Amemiya, 1973).

2.8.3 Heteroskedastic consistent covariance matrix estimators (HCCMEs)

Up to now methods for dealing with heteroskedasticity have assumed that the structure is known

or can be modelled, allowing one to correct for heteroskedasticity when conducting inference. If

the structure and element values of Σ are completely unknown, all the previous methods will

not suffice for correct inference (even for feasible generalised least squares). We now assume

the structure is of a completely unknown form. To begin the discussion on finding a solution

we consider the generalised linear model (2.19) with unknown heteroskedastic errors. The vari-

ance/covariance matrix of β̂ − β, where β̂ is the OLS estimator is then given by:

V ar(β̂ − β) = E[(β̂ − β)(β̂ − β)′]

= E[(X ′X)−1X′εε′X(X′X)−1]
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= (X′X)−1X′E(εε′)X(X′X)−1

= (X′X)−1X′ΣX(X′X)−1,

this matrix is known as a sandwich covariance matrix, since X′ΣX is “sandwiched” between the

two matrices (X′X)−1. This sandwich covariance matrix form is commonly associated with inef-

ficient least squares estimators (Davidson and MacKinnon, 2004), since observations with lower

variance convey more information regarding the regression coefficients than those with higher

variances. Ideally, observations with lower variance should be assigned more weight and those

with higher variance less weight, to obtain a more efficient estimator. If the diagonal elements

σ2i of the variance/covariance matrix Σ were known we could solve the sandwich covariance ma-

trix and proceed with inference using generalised least squares. However, the diagonal elements

are unknown and form a total of n variance components, this characteristic makes estimation

difficult since only one data point is available to estimate each variance component. If we re-

call in the OLS case n observations were used to estimate the single variance component σ2 so

this problem was not of concern. Fortunately, White (1980) found a solution for the sandwich

covariance matrices by proving that estimating the k variance components in the matrix X′ΣX

was sufficient to consistently estimate the variance of β̂, rather than the n elements in Σ.

An outline of this important result is presented, and starts by considering the required as-

sumptions:

Assumption 1: The linear regression model is defined as in (2.19), where the elements in

the sequence {Xi, εi}ni=1 are independent but not identically distributed, uncorrelated and satisfy

E(X′iεi) = 0. Yi and Xi are observable and εi is unobservable.

The assumptions allow for heteroskedasticity of the form E(ε2i |Xi) = g(Xi), where g is a known

function, possibly parametric in nature. Moreover, the predictors may be of a stochastic or fixed

nature.

Assumption 2: There exist finite positive constants δ and ψ, such that E(|ε2i |1+δ) < ψ and

E(|XijXil|1+δ) < ψ ∀ i = 1, 2, . . . , n and j, l = 1, 2, . . . , k. In addition, the average covariance
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matrix of the predictors Mn = 1
n

∑n
i=1E(X′iXi) is nonsingular, such that Mn > δ > 0, as n→

∞. Thus the error variances and the elements of Mn are uniformly bounded. If the predictors are

fixed, then the additional assumption is made that they are also uniformly bounded. Moreover,

Mn is not required to converge to any particular limit.

Assumption 3: There exist finite positive constants δ and ψ, such that E(|ε2iXijXil|1+δ) < ψ

∀ i = 1, 2, . . . , n and j, l = 1, 2, . . . , k. In addition, the average covariance matrix

Vn =
1

n

n∑
i=1

E(ε2iX
′
iXi)

is nonsingular, such that Vn > δ > 0, as n → ∞. The assumptions ensure that the inverse of

Vn is uniformly bounded.

Assumption 4: There exist finite positive constants δ and ψ, such that E(|X2
ipXijXil|1+δ) < ψ

∀ i = 1, 2, . . . , n and p, j, l = 1, 2, . . . , k.

Given the first two assumptions, it can be proved that the OLS estimator β̂ exists almost surely

by ensuring that all inverted matrices exist in the expression of the estimator and β̂ a.s.→ β, as

n→∞. 5

Next, consider finding a consistent estimator for the unknown quantity M−1
n VnM

−1
n , which

is plagued by the uncertainly around estimating the quantity Vn. By considering the fixed pre-

dictor case Vn = 1
nX′ΣX, we return to the problem of estimating n variance components in Σ

with only one observation for each. By rewriting the unknown quantity

Vn =
1

n

n∑
i=1

σ2iX
′
iXi =

1

n

n∑
i=1

E
(
ε2iX

′
iXi

)
,

one notices that it is an average of expected values. MacKinnon (2013) stated that econome-

tricians were perplexed with the issue due to them assuming that each expectation required

5The notation a.s.→ is used to denote almost sure convergence. That is, if {An} denotes a sequence of random
variables, and A denotes a random variable, then An converges almost surely to A if P (limn→∞An = A) = 1.
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estimation before the average could be calculated despite early hints in the literature by Eicker

(1963), Eicker (1967) and Hinkley (1977) that it might be possible to simply estimate the entire

average rather than the individual components. This is where White’s (1980) great breakthrough

made headway by showing that estimation of the individual elements was not required for het-

eroskedastic consistent covariance matrix estimation.

Since β̂ is consistent for β, ei will be consistent for εi and e2i will then also be consistent for ε2i .

As a result,

V̂n =
1

n

n∑
i=1

E
(
e2iX

′
iXi

)
is a natural estimator for Vn, and White (1980) proves under the four assumptions that,

|V̂n −Vn|
a.s.→ 0 and |(X′X/n)−1V̂n(X′X/n)−1 −M−1

n VnM
−1
n |

a.s.→ 0.

Thus V̂n is shown to consistently estimate Vn despite the concerns discussed.

The second part concludes by presenting the expression for the HCCME and the consistency

thereof. After White (1980) formally proved the consistency of his estimator, various other esti-

mators for V̂n have been suggested and are summarised in Table 2.1 along with their respective

shorthand notations.

Different HCCMEs

White’s (1980) estimator is commonly defined as HC0 in the literature. Later three new modified

versions were proposed by MacKinnon and White (1985). The first modification, denoted HC1,

tries to correct for the small values that would result from squaring the residuals; it corrects

the squared residuals similarly to the variance/covariance OLS estimator (Hinkley, 1977) in that

they are multiplied by n/(n− k) degrees of freedom. The second modification inspired by Horn,

Horn and Duncan (1975), involves dividing each squared residuals by (1 − hi), where hi is the

ith diagonal element in the hat/projection matrix H. This estimator is commonly known as

HC2, and has the property that it will be unbiased under homoskedasticity where HC1 only
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has this property for balanced design cases, i.e., when hi = k/n (MacKinnon, 2013). The third

modification was based on the jackknife and is biased upwards when the errors are homoskedastic

and will be denoted by HC3. Two other HCCMEs for dealing with high and low leverage value

data were suggested years later and involve increasing (decreasing) the ith residual when hi is

large (small) relative to the mean of leverages, k/n. The two methods can be found in Cribari-

Neto (2004) and Cribari-Neto, Souza and Vasconcellos (2007), and are denoted by HC4 and HC5,

respectively.

Which HCCME is best suited for heteroskedastic robust inference?

Simulation evidence by MacKinnon and White (1985) showed that the standard error for the

quasi t–statistics based on HC1 exceeded that of HC2, and HC3 exceeded that of HC2. Another

important result from that simulation study was that HC3 had similar performance to OLS

when the data was homoskedastic (n = 100), however, tests based on HC0 and HC1 tended

to over-reject severely when the sample size was small and homoskedastic. Even though HC3

did well compared to HC0, HC1 and HC2, it suffered from small sample distortions when n ≤

50. Later simulation evidence by Long and Ervin (1998) again confirmed that HC3 was the

best HCCME to use for moderate to extreme heteroskedasticity, and even functions well in the

presence of homoskedasticity. The authors highly recommend that if a researcher suspects that

heteroskedasticity may be present, they should correct for it using a suitable HCCME, specifically

HC3. It was suggested that for a sample size n ≤ 250 HC3 should be used, and for n ≥ 500

HC1 and HC2 may also be considered. However, it should be noted that HCCMEs are sensitive

to large leverage values (Chesher and Austin, 1991; Long and Ervin, 1998) and was one of the

features considered in the simulation study in Chapter 5 of this text.
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Table 2.1: Proposed estimators for Vn.

Type Estimator (V̂n)

HC0 (White, 1980)
1

n

n∑
i=1

e2iXiX
′
i

HC1 (MacKinnon and White, 1985)
1

n

n∑
i=1

(
n

n− k

)
e2iXiX

′
i

HC2 (MacKinnon and White, 1985)
1

n

n∑
i=1

e2i
1− hi

XiX
′
i

HC3 (MacKinnon and White, 1985)
1

n

n∑
i=1

e2i
(1− hi)2

XiX
′
i

HC4 (Cribari-Neto, 2004)

1

n

n∑
i=1

e2i
(1− hi)δi

XiX
′
i,

δi = min(4, nhip−1)

HC5 (Cribari-Neto et al., 2007)

1

n

n∑
i=1

e2i√
(1− hi)δi

XiX
′
i,

δi = min( nhip−1 ,max(4, 0.7nhmax
p−1 )),

where hmax = max(hi) ∀ i = 1, 2, . . . , n.
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Chapter 3

The Bootstrap

The following two sections introduce the method known as the bootstrap, this method is shown

to be highly versatile for the estimation of distributional properties for statistics (e.g. standard

errors). The bootstrap’s versatility is then expanded to the sampling distribution of test statis-

tics, which play a central role in this text for the testing of hypotheses around the validity of

model parameters (e.g. regression coefficients).

As discussed in the previous chapter, when the assumption of homoskedasticity is violated the

estimated regression coefficients remain consistent and unbiased (White, 1980), however the es-

timated standard errors of the regression coefficients will be inconsistent in that they are either

too large or small. Consequently, the ordinary least squares estimator is no longer the best in

the class of linear unbiased estimators (Greene, 2003). This is an inconvenience when inference

around the regression coefficients needs to be conducted due to the test statistics under the clas-

sical model (2.2) not having their familiar t or F asymptotic distributions; this ultimately leads

to over-rejection or under-rejection of the null hypothesis. In Chapter 2 the following solutions

were presented for dealing with heteroskedasticity for inference,

1. weighted least squares,

2. feasible generalised least squares, and

3. heteroskedasticity consistent covariance matrix estimators (HCCMEs).

The first two methods require the structure of heteroskedasticity to be known or to be able to be

modelled, which is rarely if ever the case. The HCCMEs, on the other hand, do not function well

when the sample size is small — see Section 2.8.3. HCCMEs do not make any assumptions about

the structure of the heteroskedasticity, but suffer from sample size distortions (MacKinnon and
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White, 1985), a possible solution could be to consider combining it with the bootstrap to try and

limit these concerns when conducting inference. Since bootstrap methods work via simulation,

it may prove handy in alleviating sample size distortions caused by small samples in inference

combined with the desirable properties of HCCMEs.

Chapter 3 starts by introducing the concepts behind the bootstrap method in Section 3.1, and

applies these concepts to a simple hypothesis testing example in Section 3.2. Section 3.3 intro-

duces the different approaches available in the literature for bootstrap regression and Section 3.4

concludes the chapter by applying the bootstrap regression to test hypotheses concerning the

regression coefficient and corresponding algorithms.

3.1 An introduction to the Bootstrap

In 1979, Efron published a landmark article where he suggested a general method known as the

“Bootstrap”. To understand the rationale behind the bootstrap consider a prespecified random

variable θ̂ := θ(X, F ), where X = [X1, X2, . . . , Xn] denotes a random sample from an unknown

probability distribution F . Since F is unknown, the distributional properties of θ̂ will conse-

quently also be unknown. The bootstrap enables one to estimate these distributional properties

by replacing the unknown distribution F with an empirical estimator F̂ . There are various es-

timators for F to choose from, but the most common is the empirical distribution function Fn,

which assigns an equal weight (1/n) on each observation in the random sample X,

Fn(x) =
1

n

n∑
i=1

I(Xi ≤ x),

where

I(X ≤ x) =

 0, if X > x

1, if X ≤ x.

Samples drawn with replacement from the random sample X are denoted X∗ = [X∗1 , X
∗
2 , . . . , X

∗
n]

and are referred to as the bootstrap samples from Fn. One can then use the bootstrap samples to

calculate what is known as the bootstrap statistic, θ̂∗ := θ(X∗, Fn). The distributional properties
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of θ̂ can then be estimated using the bootstrap distributional properties of θ̂∗ (Efron, 1979). In

practice, the distributional properties of θ̂∗ are often approximated via Monte Carlo simulation;

the procedure involves repeatedly and independently sampling from Fn, say B times, and cal-

culating the statistic each time to obtain θ̂∗1, θ̂∗2, . . . , θ̂∗B. In essence the bootstrap involves seeing

the original sample data as a “population” from which samples may be drawn. The Monte Carlo

procedure then exploits this by repeatedly drawing from this “real” world sample and calculating

statistics of interest from the “bootstrap” world sample data. The sampling distribution of the

“bootstrap” world statistic, which is an estimator for the sampling distribution of the “real” world

statistic, is then approximated by using this Monte Carlo approach. Figure 3.1 illustrates the

concept, by representing the original sample in the “real” world with its corresponding statistic

θ̂. The bootstrap then manifests as the expansion into B bootstrap samples from the original

and the corresponding statistics θ̂∗1, θ̂∗2, . . . , θ̂∗B in the bootstrap world, which are ultimately used

to approximate the distributional properties of θ̂.

X
∗ 1,B

X
∗ 2,B

...
X
∗ n,B

. . .
. . .

. . .
. . .

X
∗ 1,3

X
∗ 2,3

...
X
∗ n,3

X
∗ 1,2

X
∗ 2,2

...
X
∗ n,2

X
∗ 1,1

X
∗ 2,1

...
X
∗ n,1

X 1
X 2

...
X n

Bootstrap World (Bootstrap samples)

Real World (Original sample)

Fig. 3.1: Different “worlds”.

The most common distributional properties of interest calculated for the statistic θ̂ using the

bootstrap is that of bias (accuracy) and standard error or variance (precision) (Efron and Tib-

shirani, 1993). To illustrate the concepts of accuracy and precision, consider the performance of

a sport shooter during a stage where he needs to engage three targets, T1-T3 in the chest area

with five shots each. The shooter draws his firearm at the sound of the buzzer and engages T1,

from Figure (3.2) we notice his shots are both accurate and precise. The shooter then performs
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a reload and engages T2, however due to bad trigger control his shots are low left, which is still

precise but no longer accurate. The shooter then performs another reload and engages T3, due

to the distance and his poor grip his shots are no longer accurate or precise.

T1 T2 T3

Fig. 3.2: Accuracy and precision illustration.

Consider the simple example of approximating the standard error (precision) of the statistic

θ̂, given the sample X = [X1, X2, . . . , Xn]
i.i.d.∼ F . Let the standard error of θ̂ be denoted by

σSE =

√
V ar(θ̂). The statistic θ̂ does not need to have an explicit form for the bootstrap

to be applied, this is a major advantage of the bootstrap when faced with complex statistics

which may not have explicit standard error expressions. Denote the ideal bootstrap estimate

of the standard error by σ̂SE =

√
V ar∗(θ̂∗), where the operator V ar∗ denotes the conditional

variance given the sample data {Xi}ni=1. The ideal bootstrap estimate is difficult to obtain

using simulation since it would require the number of bootstrap replications to approach infinity

(B → ∞). Since an infinite number of replications would be impossible to calculate using

a computer, the ideal bootstrap estimate of the standard error is approximated using a large,

finite number of replications and will be denoted by σ̂SEB
. This Monte Carlo result approximates

the ideal bootstrap estimate and converges to the bootstrap estimate as B approaches infinity.

A possible algorithm for approximating the ideal bootstrap estimate σ̂SE is.

Algorithm: Algorithm for approximating the ideal bootstrap estimate for stan-

dard error

1. Given the random sample X = [X1, X2, . . . , Xn]
i.i.d.∼ F , generate the bootstrap sample

X∗ = [X∗1 , X
∗
2 , . . . , X

∗
n] from the empirical distribution function (Fn) by sampling with

replacement from X.
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2. Calculate the statistic θ̂∗ = θ(X∗, Fn) using the bootstrap sample from step (1).

3. Repeat steps (1) and (2) independently B-times to obtain θ̂∗1, θ̂∗2, . . . , θ̂∗B.

4. Finally calculate the Monte Carlo approximation:

σ̂SEB
=

√√√√ 1

B

B∑
b=1

(
θ̂∗b − θ̂∗•

)2, where θ̂∗• =
1

B

B∑
b=1

θ̂∗b .

The algorithm serves as an illustration of how Monte Carlo simulations can be employed to

obtain approximations for the ideal bootstrap estimates. Similarly one can also use this type of

bootstrap Monte Carlo method to approximate estimators for bias and even confidence intervals

— see Efron and Tibshirani (1993).

When conducting inference via hypothesis testing, the bootstrap can also be used to estimate the

sampling distribution of a test statistic under the null hypothesis. The next section introduces

these concepts in the context of a single sample hypothesis test, and the concept will be expanded

to inference for linear regression model in the section thereafter.

3.2 Bootstrap hypothesis testing

In this section we shall consider composite hypotheses for some parameter θ of the form,

H0 : θ = θ0 vs. HA : θ 6= θ0.

Suppose that we use a test statistic denoted T := T (X, θ0), where the null distribution of T is

potentially unknown. Hypothesis tests are conducted by comparing the value of a test statistic

calculated from observed data to that of the quantities of the distribution of the test statistic

if the null hypothesis were true (i.e. the null distribution). We reject the null hypothesis if the

calculated test statistic lies within the extreme regions (tails) of the null distribution of the test

statistic. In most cases the null distribution will only be known under certain model assumptions

such as normality and/or independence of the observations. If the null distribution of the test

statistic is unknown, parametric hypothesis testing of this kind will not be possible. To overcome
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this problem, the bootstrap can be used to estimate the null distribution of the test statistic,

but this cannot be done naively and a few considerations should be made as discussed in Hall

and Wilson (1991) and Horowitz (1995).

1. The first of these considerations is that resampling should be done from a sample (real

world sample) that reflects the null hypothesis,

2. secondly, the test statistic should be appropriately scaled using what is known as “bootstrap

pivoting”.

Failing to comply with consideration 1 reduces the power of the test whereas not adhering

to consideration 2 negatively affects coverage accuracy, i.e., does not provide the higher order

asymptotic refinement the bootstrap possess for asymptotic test statistics.

To continue the discussion on hypothesis testing using the bootstrap we shall consider the ex-

ample of testing for a single population mean, µ. The specific hypothesis we are now interested

in testing is:

H0 : µ = µ0 vs. HA : µ 6= µ0. (3.1)

Application of the bootstrap for testing this hypothesis has been considered by a number of

authors, Young (1988), Hall and Wilson (1991) and Efron and Tibshirani (1993). The classic

test statistic that one normally uses to test this hypothesis is the standard t test statistic, given

by:

T =

√
n(X − µ0)
SX

, (3.2)

where

X =
1

n

n∑
i=1

Xi and S2
X =

1

n− 1

n∑
i=1

(Xi −X)2.

If one assumes the data are i.i.d. from a normal distribution with mean µ and variance σ2, then

this test statistic follows a t-distribution with n− 1 degrees of freedom. Denote the value of the

test statistic calculated from the sample data by t, then the null hypothesis is rejected

if t ≤ c
(α

2

)
or, if t ≥ d

(α
2

)
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where c
(
α
2

)
and d

(
α
2

)
are quantiles from the null distribution of T defined as

P
(
T ≤ c

(α
2

) ∣∣∣ H0

)
≈ α

2
and P

(
T ≥ d

(α
2

) ∣∣∣ H0

)
≈ α

2
.

Alternatively the null hypothesis is rejected if the p -value is less than the specified significance

level α, where the p -value is defined as:

p -value = 2 min {P (T ≥ t | H0) , P (T ≤ t | H0)} .

In order to use the bootstrap for this test, we shall consider two approaches: one based on

transforming the data and the other based on a model.

Transformation based approach for hypothesis testing Apply the following transforma-

tion to the data, {Xi}ni=1:

Yi = Xi −X + µ0, i = 1, 2, . . . , n.

Note that the sample mean for {Yi}ni=1 is equal to µ0. This transformation is done to ensure that

the sample conforms to the statement made in the null hypothesis and is a direct application of

the first consideration from Hall and Wilson (1991). The bootstrap procedure then proceeds by

sampling with replacement from this new transformed variable to obtain the bootstrap sample

{Y ∗i }ni=1, defined as

Y ∗i = X∗i −X + µ0, i = 1, 2, . . . , n. (3.3)

The null distribution of the test statistic T can then be estimated by considering the sampling

distribution of the following bootstrap statistic

T ∗ =

√
n(Y

∗ − µ0)
SY ∗

,

where

Y
∗

=
1

n

n∑
i=1

Y ∗i and S2
Y ∗ =

1

n− 1

n∑
i=1

(Y ∗i − Y
∗
)2.
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If we substitute Equation (3.3) in the above expressions and note that S2
X∗ is equal to S2

Y ∗ , we

get the following equivalent definition of T ∗

T ∗ =

√
n(X

∗ −X)

SX∗
.

To test the hypothesis we simply have to estimate the critical values c(α/2) and d(α/2) from the

null distribution of the test statistic. These estimators, denoted ĉ(α/2) and d̂(α/2) are obtained

by solving the following expressions:

P ∗
(
T ∗ ≤ ĉ

(α
2

) ∣∣∣ H0

)
≈ α

2
and P ∗

(
T ∗ ≥ d̂

(α
2

) ∣∣∣ H0

)
≈ α

2
,

where P ∗ is the conditional probability operator given the sample data {Xi}ni=1.

Alternatively, one can also make use of the bootstrap p -value to test the hypothesis. This p -value

is defined as:

p∗ -value = 2 min {P ∗ (T ∗ > t | H0) , P
∗ (T ∗ ≤ t | H0)} .

The Monte Carlo approximation of these bootstrap critical values and bootstrap p -value is then

given by the following algorithm.

Algorithm: Bootstrap hypothesis test for the hypothesis in (3.1) using the trans-

formation based approach.

1. Given the sample data {Xi}ni=1 apply the transformation Yi = Xi −X + µ0.

2. Sample with replacement from the transformed data {Yi}ni=1 to obtain the bootstrap

sample {Y ∗i }ni=1, and then calculate the bootstrap test statistic T ∗ using this data.

3. Repeat step (2) independently B times to obtain the bootstrap replications T ∗1 , T ∗2 ,

. . . , T ∗B.

4. Determine the order statistics of the bootstrap replications, i.e., T ∗(1) ≤ T ∗(2) ≤ · · · ≤

T ∗(B).
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5. The approximation for the bootstrap critical value estimators are given by,

ĉB

(α
2

)
= T ∗(bB(α/2)c) and d̂B

(α
2

)
= T ∗(bB(1−α/2)c),

where b · c denotes the “floor” operator, i.e., bxc is the largest integer value less than x. The

algorithm for the Monte Carlo approximation of the bootstrap p -value is identical to the

algorithm for the critical values described above, except that steps (4) and (5) are replaced

with:

4. Approximate the p -value with:

p∗B -value = 2 min

{
1

B

B∑
b=1

I(T ∗b > t),
1

B

B∑
b=1

I(T ∗b ≤ t)

}
.

Model based approach for hypothesis testing The transformation approach discussed in

the previous subsection was done to ensure that the transformed data satisfied the null hypothesis

by directly manipulating the sample data. We shall now consider a different approach that also

attempts to enforce the conditions stated in the null hypothesis by assuming that the data

generating process follows a known model. For the example of testing the hypothesis given in

Equation (3.1) suppose that the data {Xi}ni=1 has mean µ and variance σ2 and was generated

from the following location/scale model:

Xi = µ+ σεi, i = 1, 2, . . . , n, (3.4)

where {εi}ni=1 are random i.i.d. errors with E(εi) = 0 and V ar(εi) = 1, for all i = 1, 2, . . . , n.

The first step then in the model based bootstrap approach is to estimate the parameter µ and

σ2 using X and S2
X , respectively. The estimated error terms can then be expressed as:

ε̂i =
Xi −X
SX

, i = 1, 2, . . . , n.

The goal of this approach is, once again, to ensure that the bootstrap samples are drawn from

a data generating process that satisfies the null hypothesis. The model based approach achieves
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this by only resampling the estimated error terms (residuals) and using the estimated version of

the model in Equation (3.4), where the null hypothesis has been enforced to generate bootstrap

samples. If the resampled residuals, obtained by sampling with replacement from {ε̂i}ni=1, are

denoted by {ε̂∗i }ni=1, then the bootstrap sample that would be generated under the null hypothesis

is given by:

Y ∗i = µ0 + SX ε̂
∗
i , i = 1, 2, . . . , n. (3.5)

Testing the hypothesis in Equation (3.1) continues as it did in the transformation based section,

except that the definition of Y ∗i in Equation (3.5) is used instead of the one defined in Equation

(3.3). The Monte Carlo approximation of these bootstrap critical values and bootstrap p -value

is then similarly given by the following algorithm.

Algorithm: Bootstrap hypothesis test for the hypothesis in (3.1) using the model

based approach.

1. Given the sample data {Xi}ni=1 estimate the parameters µ and σ2 using X and S2
X ,

respectively.

2. Calculate the residuals using the formula:

ε̂i =
Xi −X
SX

, i = 1, 2, . . . , n.

3. Sample with replacement from the residuals {ε̂i}ni=1 to obtain the bootstrap residuals

denoted {ε̂∗i }ni=1.

4. Calculate

Y ∗i = µ0 + SX ε̂
∗
i , i = 1, 2, . . . , n,

and then calculate the bootstrap test statistic T ∗ using this data.

5. Repeat steps (3) and (4) independently B times to obtain the bootstrap replications

T ∗1 , T
∗
2 , . . . , T

∗
B.

6. Determine the order statistics of the bootstrap replications, i.e., T ∗(1) ≤ T ∗(2) ≤ · · · ≤
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T ∗(B).

7. The approximations for the bootstrap critical value estimators are given by,

ĉB

(α
2

)
= T ∗(bB(α/2)c) and d̂B

(α
2

)
= T ∗(bB(1−α/2)c).

Once again, the bootstrap p -value calculation is identical to the one used for the critical

values above, except that steps (6) and (7) are replaced with:

6. Approximate the p -value with:

p∗B -value = 2 min

{
1

B

B∑
b=1

I(T ∗b > t),
1

B

B∑
b=1

I(T ∗b ≤ t)

}
.

The concepts introduced here were used to demonstrate the application of the bootstrap to

hypothesis testing for a single population mean. Next we shall further expand on the application

by testing hypotheses for the regression coefficients of linear regression models.

3.3 Bootstrap regression

In Section 2.4.5 we noted that the distribution of the test statistic for testing the statistical signif-

icance of a regression coefficient followed a t distribution with n−k degrees of freedom under the

null hypothesis, if all of the OLS assumptions were valid. As previously noted, by violating the

homoskedasticity assumption the OLS estimator of the variance/covariance of the regression co-

efficient estimates will either be too large or too small and, even though the normality assumption

still remains valid, the inferences made will tend to over or under reject due to the distribution

now being an approximation rather than an exact distribution. HCCMEs in Section 2.8.3 allowed

us to correct for this inefficiency and to conduct inferences using the “exact” approach once more

by substitution of a suitable HCCME in the place of the variance/covariance matrix derived in

Section 2.4.4. Unfortunately, even though the variance/covariance can be estimated consistently,

the distribution of these test statistics will still be unknown if the model assumptions are violated.

In these cases, the bootstrap can be used to estimate the sampling distribution of these statistics.
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The bootstrap applied to regression models mainly focusses on the approximation of stan-

dard errors, or rather the variance/covariance matrices of the estimated regression coefficients

(MacKinnon, 2013), but can also be used to estimate the probability distributions of regression

test statistics. Bootstrap standard errors of regression coefficient estimators are obtained by

calculating the variation among estimated regression coefficients from the bootstrap samples.

However, some of these approximations provide similar results and expressions for finite samples

as those generated by HCCMEs, e.g., using the pairs bootstrap approach (discussed in Section

3.3.2) it can be shown using a delta method approximation that the bootstrap estimator for the

variance/covariance estimator for the estimated regression coefficients β̂∗ is given by the same

expression as White’s estimator – HC0 (Lancaster, 2006). MacKinnon (2013) states that when

B is large enough the bootstrap variance estimate may possibly be better than HC0, however

HC2 or HC3 should still outperform it. However, the method would be useful in cases where

complex nonlinear models or complex nonlinear functions of the estimated regression coefficients

are used, for which there exists no equivalent HCCME expressions.

In the context of hypothesis testing, bootstrapping regression models is perhaps more sensi-

ble. Since one can use the bootstrap to estimate the null distribution of test statistics, and

thereby use it to test hypotheses around the significance of the regression coefficients. Bootstrap

hypothesis testing is typically achieved by creating a data generating process (bootstrap DGP)

from which a test can be constructed. Inference can then be conducted using a p -value which

was calculated using the bootstrap null distribution of the test statistic under the bootstrap

DGP.

In the next subsections we shall consider various approaches of applying the bootstrap to lin-

ear regression models in order to ultimately test hypothesis statements made concerning the

regression coefficients. The first is known as the bootstrap residuals approach and is similar to

the model based approach previously discussed in Section 3.2 for testing the population mean.

A shortcoming of the bootstrap residuals approach is that it requires the assumption of ho-

moskedasticity, and so two other approaches, namely the bootstrap pairs approach and the wild

bootstrap approach, are introduced to remedy this shortcoming.
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3.3.1 Bootstrap residuals approach

The first regression bootstrap approach was suggested by Efron (1979), and it may perhaps be

considered the most intuitive bootstrap regression method since its basis is closely related to

bootstrapping single sample problems. It is important to note that this bootstrap method does

not allow for the errors to be heteroskedastic.

The classic linear regression model (2.2) can be written as:

Yi = X′iβ + εi, i = 1, . . . , n,

where the error terms εi
i.i.d.∼ F , i = 1, . . . , n. The only assumption made is that the distribution

F is centred around zero, e.g. around the mean or median. Since the response and predictors

variables have been observed, the regression coefficients can be estimated using OLS,

β̂ = (X′X)−1X′Y.

The bootstrap sample is then generated using the following DGP,

Y ∗i = X′iβ̂ + e∗i , i = 1, . . . , n, (3.6)

where {e∗i }ni=1 is vector of resampled residuals obtain by sampling with replacement from the

OLS residuals {ei}ni=1. The resampling may be done using the original residuals ei or, if one

suspects that the assumption of them being centred around zero is violated, it may be enforced

by rather using the centred residuals ĕi = ei − 1
n

∑n
i=1 ei. Using Y∗ = [Y ∗1 , Y

∗
2 , . . . , Y

∗
n ]′ the

bootstrap sample regression coefficients can be estimated using OLS,

β̂∗ = (X′X)−1X′Y∗. (3.7)

The approximate bootstrap distribution of the bootstrap statistics β̂∗ can be obtained via a

Monte Carlo simulation. This would entail independently repeating the above process, say B

times, to obtain the bootstrap replicates β̂∗1, β̂∗2, . . . , β̂∗B, which can then be used in the usual
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way to approximate distributional properties of the bootstrap statistic.

The bootstrap estimates β̂∗ have the following properties:

E∗(β̂
∗) = β̂ since E∗(e∗i ) = 0 ∀ i = 1, 2, . . . , n,

and

V ar∗(β̂
∗) = (X′X)−1X′V ar∗(Y

∗)X(X′X)−1 = σ̂2(X′X)−1. (3.8)

Although the expression for the variance σ̂2 in Equation (3.8) has a familiar form it should not

be confused with the OLS sample version (which is typically expressed as 1
n−k

∑n
i=1 e

2
i ), but is

instead given by

σ̂2 = V ar∗(e
∗
i ) =

1

n

n∑
i=1

(ei − e)2, (3.9)

and is downwardly biased (Chesher and Jewitt, 1987; Shao and Tu, 1995), since

E(σ̂2) =
(

1− pn
n

)
σ2,

where pn = k+ 1− 1
n

∑n
i=1

∑n
j=1 X′i(X

′X)−1Xj ≥ k > 0. Efron (1982) suggested by resampling

from ei−e√
(n−k)/n

the downward bias can be reduced, however it remains biased since pn > k if

e 6= 0. It is suggested in Shao and Tu (1995) that if resampling is done by using ei−e√
(n−pn)/n

, then

σ̂2 =
1

n− pn

n∑
i=1

(ei − e)2, (3.10)

and if e = 0 (i.e. if the intercept term is included in the linear regression model) then pn = k

and the bootstrap variance estimator (3.10) is equal to the OLS sample version.

If the errors were found to be heteroskedastic the residuals bootstrap cannot be used and other

approaches are required. The next approach, known as the pairs bootstrap, allows for this type

of scenario and is the first of the heteroskedasticity robust bootstrap regression approaches.
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3.3.2 Bootstrap pairs approach

The second bootstrap approach was suggested by Freedman (1981) to specifically deal with

heteroskedastic errors by allowing the errors to have different variances of an unknown form

unlike the residuals bootstrap. To overcome the problem of heteroskedasticity of unknown

form he suggested to resample directly from the observed data Y = [Y1, Y2, . . . , Yn]′ and X =

[X1,X2, . . . ,Xn]′. This can be done by forming the pairs Ui = (Xi, Yi), and assuming that

these pairs have a multivariate distribution F (i.e. Ui
i.i.d.∼ F ), one would then create bootstrap

samples by resampling the pairs {Ui}ni=1 to get {U∗i }ni=1, and the bootstrap DGP is thus given

by:

U∗i = (X∗i , Y
∗
i ), i = 1, . . . , n. (3.11)

The bootstrap sample regression coefficients are then calculated by using the OLS estimator,

β̂∗ = (X∗′X∗)−1X∗′Y∗.

An important theoretical consideration with the pairs bootstrap is that, even if the design matrix

X has full column rank, it does not necessarily imply that it would be so for the bootstrap

design matrix X∗. If the bootstrap design matrix is found to not have full column rank, either a

generalised inverse of X∗′X∗ must be used in calculating β̂∗, e.g. Moore-Penrose pseudoinverse.

Alternatively, one could adopt the more computationally efficient method suggested by Shao and

Tu (1995):

β̂∗ =

 (X∗′X∗)−1X∗′Y∗ if λ∗ ≥ λ
2

β̂ otherwise,

where λ and λ∗ are equal to the smallest eigenvalues of X′X and X∗′X∗, respectively. Because

P ∗
(
λ∗ < λ

2

)
→ 0 at an exponential rate, the modification to the calculation of β̂∗ is very minor

and can be shown to have the properties,

E∗(β̂
∗) ≈ β̂
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and

V ar∗(β̂
∗) ≈ (X′X)−1V ar∗

(
n∑
i=1

X∗i (Y
∗
i −X∗′i β̂)

)
(X′X)−1 =

n∑
i=1

ZiZ
′
ie

2
i ,

whereE∗ denotes the conditional expectation given the sample data {Xi}ni=1 and Zi = (X′X)−1Xi.

The pairs bootstrap has been shown to be inferior in performance in various Monte Carlo simula-

tions by Freedman (1981), Horowitz (1995), MacKinnon (2002), Flachaire (2005), Davidson and

Flachaire (2008), and, additionally, is only valid if both the response and predictor variables are

random which limits this approach to a smaller class of applications. The next heteroskedasticity

consistent method for bootstrap regression is the wild bootstrap approach, and has improved

performance over the pairs bootstrap approach.

3.3.3 Wild bootstrap/External bootstrap

The rationale behind the wild bootstrap was first proposed by Wu (1986) for dealing with het-

eroskedastic errors in regression models, and was based on the jackknife method in that the ith

fitted value was paired with the ith residual, in contrast to the residuals based bootstrap where

they do not necessarily have to correspond. The heteroskedastic linear regression model (2.19)

can be written as:

Yi = X′iβ + εi, i = 1, . . . , n.

The wild bootstrap approach is similar to the residuals bootstrap in that bootstrap resampling

mechanism is applied through the residuals rather than the original data as was the case with the

pairs bootstrap. However, the wild bootstrap DGP differs from the residuals based bootstrap

in that it attempts to retain the heteroskedastic structure present within the data. The wild

bootstrap DGP is then given by,

Y ∗i = X′iβ̂ +
ei√

1− hi
t∗i , i = 1, . . . , n, (3.12)

56



where ei is the ith residual from OLS, β̂ is the OLS estimates of the regression coefficients, hi

is the ith leverage value (i.e. the ith diagonal element in the matrix H = X(X′X)−1X′), and

t∗ = {t∗i }ni=1 are i.i.d. realisations from an ancillary distribution which satisfies the following

assumptions:

E∗(t
∗
i ) = 0 , V ar∗(t∗i ) = E∗[(t

∗
i )

2] = 1 ∀ i and Cov∗(t∗i , t∗j ) = 0 ∀ i 6= j. (3.13)

The bootstrap regression coefficients are then estimated using OLS,

β̂∗ = (X′X)−1X′Y∗.

This estimator has the following properties:

E∗(β̂
∗) = β̂ which follows as a consequence from assumptions (3.13),

and

V ar∗(β̂
∗) = (X′X)−1

n∑
i=1

e2i
1− hi

V ar∗(t
∗
i )XiX

′
i(X

′X)−1 = (X′X)−1
n∑
i=1

e2i
1− hi

XiX
′
i(X

′X)−1.

(3.14)

These estimators could then be used in hypothesis testing when constructing pivotal statistics.

In fact, the bootstrap variance estimator (3.14) is equal to the heteroskedasticity robust weighted

jackknife variance estimator proposed by Wu (1986), thus sharing the same desirable robustness

property. Liu (1988) showed that by adding the additional assumption E∗[(t∗i )
3] = 1 to assump-

tions (3.13) the bootstrap estimators would benefit from second order accuracy.

Moving forward we can now define a more general version of the wild bootstrap DGP as,

Y ∗i = X′iβ̂ + f(ei)t
∗
i , i = 1, . . . , n, (3.15)

where f(ei) is the ith transformed residual, β̂ is the OLS estimates of the regression coefficients

and t∗ = {t∗i }ni=1 are once again i.i.d. realisations from an ancillary distribution which satisfies
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the conditions given in (3.13). Higher order accuracy can be obtained by the inclusion of the

third moment condition suggested by Liu (1988), however the next subsection will consider the

limitations of imposing additional constraints on the moments of the ancillary distribution.

A note regarding the higher order accuracy of the wild bootstrap DGP

To ensure that the wild bootstrap works well, the residuals need to provide good approximations

to the unknown error terms (Webb, 2014). A possible solution is to transform the residuals

to ensure that the approximation is better. If the approximations are considered good, the

bootstrap DGP’s error terms should have mean zero and higher moments that are similar to

that of the residuals.

MacKinnon (2013) noted a dilemma related to enforcing the first four moments of t∗i ’s distribu-

tion. This dilemma can be illustrated by attempting to impose the following moment conditions:

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 1, E(t∗4i ) = 1. (3.16)

It is impossible for any distribution to satisfy these conditions, since the outer product of the

vector [1 t∗ t∗2]′ for the random variable t∗ with expected value 0 and variance 1 yields a 3× 3

second moment matrix:

E




1

t∗

t∗2


[
1 t∗ t∗2

] = E


1 t∗ t∗2

t∗ t∗2 t∗3

t∗2 t∗3 t∗4

 =


1 0 1

0 1 µ3

1 µ3 µ4

 , (3.17)

where µ3 and µ4 denote the third and fourth moments of t∗ respectively. The second moment

matrix (3.17) 1 is positive semidefinite (Lindsay, 1989a; Lindsay, 1989b), i.e., the determinant

should be nonnegative. If we only impose restriction on the first two moments, i.e., E(t∗i ) = 0

1The pth moment matrix of the random variable X with distribution F is defined as:

M =


1 E(X) E(X2) . . . E(Xp)

E(X) E(X2) E(X3) . . . E(Xp+1)
E(X2) E(X3) E(X4) . . . E(Xp+2)

...
...

...
. . .

...
E(Xp) E(Xp+1) E(Xp+2) . . . E(X2p)

 .

58



and E(t∗2i ) = 1, then the determinant of the second moment matrix is given by µ4− µ23− 1 ≥ 0.

Now, if we would like to impose the third moment condition that µ3 = 1, then it necessarily

implies that µ4 ≥ 2. On the other hand, if we impose the fourth moment condition µ4 = 1, then

it implies that µ3 = 0. Thus it is impossible for the distribution of t∗ to satisfy all the conditions

in (3.16), and so a trade-off must be made between having µ3 = 1, but µ4 ≥ 2, or having µ4 = 1,

but µ3 = 0.

Different ancillary distributions for t∗i

Choosing a distribution to satisfy all four of the moment conditions stated in (3.16) was shown

to be impossible and so a compromise needs to be made. In this subsection we shall encounter

the different ancillary distributions suggested in the literature from which to generate t∗i . The

ancillary distributions range from simple discrete two point distributions to more complex con-

tinuous distributions, all of which attempt to roughly comply with the third and fourth moment

conditions. To facilitate referencing of each ancillary distribution in the remainder of the text,

the distributions will be designated by F1-F6.

Rademacher distribution (F1) The first distribution we consider is the simple Rademacher

two point distribution, which has equal mass at each of the two points −1 and 1. However, since

the third moment of the distribution is zero, symmetry is enforced on the bootstrap error terms,

and so it is suggested that one only uses this particular choice when the underlying distribution

might be suspected of being symmetric in nature. The Rademacher distribution is:

t∗i =

 −1 w.p. 1
2

1 w.p. 1
2

The moments of this distribution are given by,

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 0 and E(t∗4i ) = 1.

Note that the third moment indicates that the distribution is symmetric, which violates the third

moment condition required for the second order accuracy enhancement (Liu, 1988).
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Mammen (1993) two-point distribution (F2) This distribution satisfies all three moment

conditions suggested by Liu (1988) and has the smallest possible fourth moment given the limita-

tions on the distribution of t∗i . Because this distribution satisfies the third moment condition the

skewness of the bootstrap error terms is the same as the skewness of the residuals. Mammen’s

(1993) distribution is:

t∗i =


−(
√
5−1)
2 w.p. (

√
5+1)

2
√
5

(
√
5+1)
2 w.p. (

√
5−1)
2
√
5

The moments of this distribution are,

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 1 and E(t∗4i ) = 2.

This distribution manages to satisfy the third moment condition, and achieves the minimum

permissible value for the fourth moment.

Mammen (1993) continuous 1 distribution (F3) The next two distribution were suggested

by Mammen (1993) and attempt to satisfy the four moment conditions by using a continuous

distribution approach. However, we note that these distributions have rather large fourth mo-

ments relative to his two point distribution, but still satisfy the first three moment conditions.

This distribution is defined as:

t∗i =
ui√

2
+

1

2
(w2

i − 1),

where ui and wi are independent standard normal random variables. The first continuous dis-

tribution we consider has moments given by,

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 1 and E(t∗4i ) = 6.

Note that the first three moments are satisfied, but the fourth is quite large.
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Mammen (1993) continuous 2 distribution (F4) Mammen’s (1993) second continuous

distribution is defined as:

t∗i =
(
δ1 +

ui√
2

)(
δ2 +

wi√
2

)
− δ1δ2,

where ui and wi are independent standard normal random variables, δ1 =
(
3
4 +

√
17
12

)
and δ2 =(

3
4 −

√
17
12

)
. The second continuous distribution discussed by Mammen (1993) also satisfies the

first three conditions and attempts to reduce the large fourth moment encountered above,

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 1 and E(t∗4i ) = 5.625.

Webb’s (2014) distribution (F5) The following 6 point distribution was advocated for

use in clustered wild bootstrap methods, and was shown to have an advantage over two point

distributions in a Monte Carlo study by Webb (2014). The distribution is defined as:

t∗i =



−
√

1.5 w.p. 1
6

−1 w.p. 1
6

−
√

0.5 w.p. 1
6

√
0.5 w.p. 1

6

1 w.p. 1
6

√
1.5 w.p. 1

6

.

This 6 point distribution has the following moments,

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 0 and E(t∗4i ) =
7

6
.

The distribution again imposes symmetry and has a slightly larger fourth moment to that of the

Rademacher distribution.
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Standard normal distribution (F6) Webb (2014) also suggested the use of the standard

normal distribution for the clustered wild bootstrap, i.e.,

t∗i ∼ N(0, 1).

The standard normal distribution has the following well known four moments,

E(t∗i ) = 0, E(t∗2i ) = 1, E(t∗3i ) = 0 and E(t∗4i ) = 3.

Due to the plethora of distributions that can be used to generate values for {t∗i }ni=1, choosing

which distribution to use may seem overwhelming. The Rademacher and Mammen two point

distributions are the most suggested and are extensively studied in the literature (Mammen,

1993; Flachaire, 2005; Davidson and Flachaire, 2008; MacKinnon, 2013). Their popularity is

possibly due to their simplicity and desirable moments. A simulation study will be conducted in

Chapter 5 using all of the different choices to determine if the use of more complex distributions

provide any refinement over the simpler ones.

Different transformations (f(·)) of the residuals (ei)

We now consider three different forms of the transformations f(·) of the residuals ei which can

be used in the DGP described in Equation (3.15). To facilitate referencing in the remainder of

the text, the three transformations will be designated by f1-f3.

• Transformation f1: The transformation is given by

f1 := f(ei) =

√
n

n− k
ei.

This method of transformation produces a variance/covariance matrix of the estimated

regression coefficients similar to HC1.

• Transformation f2: The second transformation is related to the studentised residuals,

and is given by:

f2 := f(ei) =
ei√

1− hi
.
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This transformations produces a variance/covariance matrix similar to HC2.

• Transformation f3: The final transformation is a variation of the second transformation

f2, and produces a variance/covariance matrix similar to HC3:

f3 := f(ei) =
ei

1− hi
.

It is interesting to note that the Monte Carlo approximation of the bootstrap covariance matrix

estimator for β̂ converges to an HCCME, i.e., the following quantity is equivalent to an HCCME

for a given choice of the transformation f1, f2, or f3:

V ar∗(β̂)B =
1

B − 1

B∑
b=1

(β̂∗b − β
∗
)(β̂∗b − β

∗
)′,

where β̂∗ is the OLS estimate of the regression coefficients using a wild bootstrap sample and β∗

is the average of the estimated bootstrap regression coefficients. If the transformations f1, f2 or

f3 are used, the covariance matrix V ar∗(β̂)B will converge to the HC1, HC2 or HC3 covariance

matrices, respectively, as B →∞.

3.4 Bootstrap regression hypothesis testing

This subsection will deal with the application of the bootstrap to regression hypothesis testing

for testing the significance of a linear regression model’s coefficients. To apply the bootstrap

to linear regression hypothesis testing via Monte Carlo simulation, start by applying a DGP to

obtain appropriate bootstrap samples. These samples are then used to calculate B test statistics

which can be used to approximate the sampling distribution of the test statistic. Finally, we are

able to draw conclusions by comparing the observed sample test statistic to that of the critical

values obtained from the sampling distribution generated by the bootstrap.
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3.4.1 Hypothesis testing with homoskedastic errors: Residuals approach

In order to construct a test for one of the regression coefficients we consider the classical linear

regression model with homoskedastic errors given by Equation (2.2),

Y
(n×1)

= X
(n×k)

β
(k×1)

+ ε
(n×1)

,

where V ar(εi) = σ2 and Cov(εi, εj) = 0 ∀ i 6= j; i, j = 1, 2, . . . , n. To test the significance for

one of the linear regression coefficients, say βj , define the hypothesis:

H0 : βj = β0j vs. HA : βj 6= β0j , (3.18)

for any j = 0, 1, 2, . . . , k − 1.

A way in which one would test this hypothesis using the residuals based bootstrap is to start

by estimating the regression coefficients for the classical model by means of OLS. The residuals

{ei}ni=1 are also obtained through the OLS procedure, and these will be resampled to get {e∗i }ni=1.

The most important part of this procedure is to ensure that the null hypothesis is enforced in

the bootstrap samples. This is accomplished by substituting the resampled residuals into a DGP

that enforces the null hypothesis. The DGP will have the form:

Y0∗ = Xβ̂0 + e∗,

where Y0∗ = [Y 0∗
1 , Y 0∗

2 , . . . , Y 0∗
n ]′ is the bootstrap sample generated under the null hypothesis, X

is the original sample design matrix, β̂0 is the vector of estimated regression coefficients where the

jth estimator is replaced by the hypothesised value β0j , i.e., β̂
0 = [β̂0, β̂1, . . . , β̂j−1, β

0
j , β̂j+1, . . . , β̂k−1]

′,

j = 1, 2, . . . , k − 1, and e∗ = [e∗1, e
∗
2, . . . , e

∗
n]′. The test then follows by estimating the null distri-

bution of the test statistic:

Tj =
β̂j − β0j√

Sjj
, (3.19)

where Sjj is the jth diagonal element of the matrix S = V̂ ar(β̂) = e′e
n−k (X′X)−1. The bootstrap
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estimator of this test statistic is given by:

T ∗j =
β̂0∗j − β0j√

S0∗
jj

, (3.20)

where β̂0∗j is the jth OLS estimate for the regression coefficient using the bootstrap sample Y0∗,

i.e., the jth element of β̂0∗ = (X′X)−1X′Y0∗ and S0∗
jj is the jth diagonal element of the matrix

S0∗ =
ε0∗′ε0∗

n− k
(X′X)−1,

with ε0∗ = Y0∗ −Xβ̂0∗. If the assumption of homoskedasticity is deemed valid, the following

algorithm could be used to test the hypothesis given in (3.18) with respect to the jth regression

coefficient.

Algorithm: Bootstrap residuals algorithm

1. Given the sample data Y and X, estimate the regression coefficients (β) using OLS:

β̂ = (X′X)−1X′Y.

Next, compute the residuals e = [e1, e2, . . . , en]′ using:

e = Y − Ŷ = Y −Xβ̂ = (I−H)Y.

2. Centre the residuals to ensure the bootstrap residuals will reflect the model assumption

of being centred around zero:

ĕ = e− 1e,

where e = 1
n

∑n
i=1 ei and 1

(n×1)
is a vector of ones.

3. Sample with replacement from ĕ = [ĕ1, ĕ2, . . . , ĕn]′ to obtain the bootstrap residuals

ĕ∗ = [ĕ∗1, ĕ
∗
2, . . . , ĕ

∗
n]′.

4. Compute the bootstrap sample Y0∗ = [Y 0∗
1 , Y 0∗

2 , . . . , Y 0∗
n ]′ by substitution of the boot-
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strap residuals ĕ∗ into the DGP:

Y0∗ = Xβ̂0 + ĕ∗,

where β̂0 is the vector of estimated regression coefficient where the jth estimator is

replaced by the hypothesised value β0j , i.e., β̂
0 = [β̂0, β̂1, . . . , β̂j−1, β

0
j , β̂j+1, . . . , β̂k−1]

′.

5. Compute the OLS estimates for the bootstrap regression coefficients using the boot-

strap sample Y0∗, i.e., β̂0∗ = (X′X)−1X′Y0∗ = [β̂0∗0 , β̂
0∗
1 , . . . , β̂

0∗
k−1].

6. Repeat steps (3)–(5) B times to get the bootstrap samples Y0∗
1 ,Y

0∗
2 , . . . ,Y

0∗
B and the

corresponding bootstrap regression coefficient estimates β̂0∗
1 , β̂

0∗
2 , . . . , β̂

0∗
B .

7. For each of the B replication, calculate the bootstrap test statistic:

T ∗j (b) =
β̂0∗jb − β̂0j√

S0∗
jj (b)

,

where S0∗
jj (b) is the jth diagonal element in the matrix

S0∗(b) =
ε0∗′b ε

0∗
b

n− k
(X′X)−1,

with ε0∗b = Y0∗
b −Xβ̂0∗

b , to get T ∗j (1), T ∗j (2), . . . , T ∗j (B).

8. Compute the equal-tail bootstrap p -value by:

p∗B -value = 2 min

(
1

B

B∑
b=1

I(T ∗j (b) ≤ Tj),
1

B

B∑
b=1

I(T ∗j (b) > Tj)

)
,

where Tj is defined as the sample test statistic in Equation (3.19).

Remark: Note that the numerator in the test statistic (3.20), β̂0∗j − β0j , requires the use of the

bootstrap estimator β̂0∗ which was obtained by enforcing the null hypothesis in the bootstrap

sample Y0∗. However, it can be shown that this numerator is equivalent to β̂∗j − β̂j , which does

not require a bootstrap sample that needs to be constructed under the null hypothesis. The

following proof shows that this is indeed the case.

Proof. First note that the jth element in β̂0∗− β̂0 is β̂0∗j −β0j and that the jth element in β̂∗− β̂
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is β̂∗j − β̂j . Therefore, we need to show that β̂0∗ − β̂0 = β̂∗ − β̂. We define the quantities that

appear in these expressions as follows:

• Define β̂ as:

β̂ = (X′X)−1X′Y,

i.e., β̂ is the OLS estimate using the original sample.

• Define β̂0 as:

β̂0 = [β̂0, β̂1, . . . , β̂j−1, β
0
j , β̂j+1, . . . , β̂k−1]

′,

where β0j is the value of the coefficient specified in the hypothesis (3.18) and β̂l, l =

0, 1, . . . , j − 1, j + 1, . . . , k − 1 are estimators for the corresponding regression coefficients.

Note that for the purposes of hypothesis testing the way in which the estimators β̂l, l =

0, 1, . . . , j− 1, j+ 1, . . . , k− 1 are obtained is completely arbitrary (as will be shown below)

but typical choices include using the OLS estimators, β̂, of the model Y = Xβ + ε,

or by using the OLS estimators based on a model that conforms to the null hypothesis,

i.e.,Ỹ = Xβ0 + ε̃, where

β0 = [β0, β1, . . . , βj−1, β
0
j , βj+1, . . . , βk−1]

′.

• Define β̂0∗ as:

β̂0∗ = (X′X)−1X′Y0∗,

a (k×1) vector of the estimated OLS regression coefficients using the the bootstrap sample

Y0∗ = Xβ̂0 + e∗ forced under the null hypothesis, where the bootstrap residuals vector e∗

is generated by resampling from the unrestricted OLS residuals vector e = Y −Xβ̂.

• Define β̂∗ as:

β̂∗ = (X′X)−1X′Y∗,

where Ŷ∗ = Xβ̂ + e∗ and bootstrap residuals vector e∗ is generated by resampling from

the OLS residuals vector e = Y −Xβ̂.

By expansion of β̂0∗ − β̂0 and substitution of the defined quantities above, we can prove the
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difference vector is equal to β̂∗ − β̂:

β̂0∗ − β̂0 = (X′X)−1X′Y0∗ − β̂0

= (X′X)−1X′[Xβ̂0 + e∗]− β̂0

= β̂0 + (X′X)−1X′e∗ − β̂0

= (X′X)−1X′e∗ (3.21)

Similarly, we can show that β̂∗ − β̂ has the same form as (3.21).

β̂∗ − β̂ = (X′X)−1X′Y∗ − β̂

= (X′X)−1X′[Xβ̂ + e∗]− β̂

= (X′X)−1X′Xβ̂ + (X′X)−1X′e∗ − β̂

= β̂ + (X′X)−1X′e∗ − β̂

= (X′X)−1X′e∗ (3.22)

It is clear from (3.21) and (3.22) that β̂∗ − β̂ = β̂0∗ − β̂0.

This result has a number of implications:

• From (3.21), note that the choice of β̂0 is arbitrary since the term falls away entirely in

the final expression.

• The “null model” used to generate the bootstrap samples when conducting bootstrap hy-

pothesis testing must contain values that enforce the null hypothesis, but all other coeffi-

cients can be estimated arbitrarily. Also, the only strict requirement is that the bootstrap

residuals used in the DGP must be drawn from the residuals from the original unrestricted

model. In Shao and Tu (1995) a null model that is suggested for generating the boot-

strap samples uses coefficient estimates from the reduced/null model but in de Beer and

Swanepoel (1989), Paparoditis and Politis (2005) and Martin (2007) the estimated coef-

ficients used in the DGP to generate the bootstrap samples are estimated using the full

model. The question around which one of the null models should be used is often asked
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but never really addressed. However, it turns out that it is unimportant, e.g., one may use

β̂, of the model Y = Xβ + ε, or one may use the OLS estimators, β̃, based on a model

that conforms to the null hypothesis, i.e.,Ỹ = Xβ0 + ε̃, where

β0 = [β0, β1, . . . , βj−1, β
0
j , βj+1, . . . , βk−1]

′.

• The bootstrap variance of the terms β̂∗ − β̂ and β̂0∗ − β̂0 are identical and given by:

V ar∗(β̂
∗ − β̂) = V ar∗(β̂

0∗ − β̂0) = V ar∗(β̂
∗)

= V ar∗((X
′X)−1X′Y∗)

= (X′X)−1X′V ar∗(Y
∗)X(X′X)−1

= (X′X)−1X′V ar∗(Xβ̂ + e∗)X(X′X)−1

= (X′X)−1X′V ar∗(e
∗)X(X′X)−1.

3.4.2 Hypothesis testing with homoskedastic or heteroskedastic errors: Pairs

approach

To conduct a test for one of the regression coefficients using the bootstrap pairs approach we

will define the following linear regression model:

Yi = X′iβ + εi, ∀ i = 1, 2, . . . , n,

where V ar(εi) = σ2i and Cov(εi, εj) = 0 ∀ i 6= j; i, j = 1, 2, . . . , n, however the case where

V ar(εi) = σ2i = σ2, ∀ i = 1, 2, . . . , n is also accommodated. The additional assumption that

the pairs (Xi, Yi) were generated from some unknown multivariate distribution F is also made,

which limits the application of the pairs bootstrap to the class of models with random design

matrices.

To test the hypothesis statement given by Equation (3.18), the pairs {(Xi, Yi)}ni=1 are resampled

to obtain the bootstrap pairs {(X∗i , Y ∗i )}ni=1. The following algorithm describes the process of

testing the hypothesis using Monte Carlo.
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Algorithm: Bootstrap pairs algorithm

1. Sample with replacement from the pairs (X1, Y1), (X2, Y2), . . . , (Xn, Yn) to obtain

the bootstrap pairs sample (X∗1, Y
∗
1 ), (X∗2, Y

∗
2 ), . . . , (X∗n, Y

∗
n ). Construct the boot-

strap response vector Y∗ = [Y ∗1 , Y
∗
2 , . . . , Y

∗
n ]′ and bootstrap design matrix X∗ =

[X∗1,X
∗
2, . . . ,X

∗
n]′

2. Estimate the bootstrap regression coefficients and variances using OLS:

β̂∗ = (X∗
′
X∗)−1X∗

′
Y∗ and S∗ = V̂ ar(β̂∗) =

ε∗′ε∗

n− k
(X∗′X∗)−1,

where ε∗ = Y∗ −X∗β̂∗.

3. Repeat steps (1) and (2) B times to obtain:

β̂∗1, β̂
∗
2, . . . , β̂

∗
B and S∗(1),S∗(2), . . . ,S∗(B).

4. Calculate the B test statistics for the jth regression coefficient T ∗j (1), T ∗j (2), . . . , T ∗j (B),

where

T ∗j (b) =
β̂∗jb − β̂j√

S∗jj(b)
,

and S∗jj(b) denotes the jth diagonal element in S∗(b).

5. Compute the equal-tail bootstrap p -value by:

p∗B -value = 2 min

(
1

B

B∑
b=1

I(T ∗j (b) ≤ Tj),
1

B

B∑
b=1

I(T ∗j (b) > Tj)

)
.

Another way by which the bootstrap pairs approach can be applied was suggested by Flachaire

(1999), since the original pairs bootstrap DGP (3.11) does not explicitly enforce the null hypoth-

esis. The specific hypothesis being tested here is

H0 : βj = 0 vs. HA : βj 6= 0.
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He proposed to modify the original bootstrap pairs DGP in order to ensure the null distribution

is enforced. The modified DGP is defined as,

Y ∗i = X∗i β̃
0 + ẽ∗i , (3.23)

where β̃0 denotes estimated regression coefficients where the null hypothesis was enforced. In

order to construct β̃0, we first need to estimate regression coefficients by means of OLS using a

design matrix from which the jth predictor has been omitted, X(j), to obtain:

β̃(j) =
(
X′(j)X(j)

)−1
X′(j)Y = [β̃0, β̃1, . . . , β̃j−1, β̃j+1, . . . , β̃k−1]

′.

We can then construct β̃0 by including the hypothesised value β0j in the jth position to get,

β̃0 = [β̃0, β̃1, . . . , β̃j−1, β
0
j , β̃j+1, . . . , β̃k−1]

′.

Now, obtain the residuals and leverage values under the alternative using OLS, i.e.,

e = Y −Xβ̂ = [e1, e2, . . . , en]′ and hi = Xi(X
′X)−1X′i,

and then calculate

ẽi =
ei√

1− hi
− 1

n

n∑
s=1

es√
1− hs

, i = 1, . . . , n.

Next, resample from the pairs {(Xi, ẽi)}ni=1 to obtain the pairs {(X∗i , ẽ∗i )}ni=1. Finally, sub-

stitute {(X∗i , ẽ∗i )}ni=1 into the modified DGP given by (3.23) to obtain the bootstrap sample,

{(X∗i , Y ∗i )}ni=1.

3.4.3 Hypothesis testing with heteroskedastic errors: Wild bootstrap ap-

proach

In order to construct a test for one of the regression coefficients using the wild bootstrap, we

again consider the heteroskedastic linear regression model with heteroskedastic errors given by
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Equation (2.19), where V ar(εi) = σ2i and Cov(εi, εj) = 0 ∀ i 6= j; i, j = 1, 2, . . . , n. To test the

hypothesis in (3.18) will require the following heteroskedastic robust test statistic,

Tj =
β̂j − β0j√[

(X′X)−1V̂n(X′X)−1
]
jj

, (3.24)

where β̂j denotes the OLS estimate for the regression coefficient βj ;
[
(X′X)−1V̂n(X′X)−1

]
jj

denotes the jth diagonal element of the heteroskedastic consistent covariance matrix estimator

for V ar(β̂), and β0j is the hypothesised value as stated in the hypothesis statement in (3.18).

Table 2.1 summarises the different HCCMEs which could be used for the estimator V̂n = X′Σ̂X.

The bootstrap test statistic is similarly defined to that of Equation (3.24) and is given by,

T ∗j =
β̂0∗j − β0j√[

(X′X)−1V̂∗n(X′X)−1
]
jj

, (3.25)

where β̂0∗j is the OLS estimate of the regression coefficient using the bootstrap sample Y0∗

generated from the DGP

Y 0∗
i = X′iβ̂

0 + f(ei)t
∗
i , i = 1, . . . , n,

where f(·) and t∗i are defined as in Section 3.3.3, on pages 59 and 62 , V̂∗n = X′Σ̂∗X is calculated

using a HCCME based on the bootstrap residuals ε0∗ = Y0∗−Xβ̂0∗ and β0j is the hypothesised

value as stated in the hypothesis statement in (3.18). Recall that β̂0 was defined as:

β̂0 = [β̂0, β̂1, . . . , β̂j−1, β
0
j , β̂j+1, . . . , β̂k−1]

′,

where β̂l, l = 0, 1, . . . , j− 1, j+ 1, . . . , k− 1 are arbitrary estimators for the remaining regression

coefficients.

An algorithm to test the hypothesis stated in (3.18) using the wild bootstrap approach is given

below and concludes this chapter.
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Algorithm: Algorithm for the wild bootstrap

1. Given the sample data Y and X, estimate the regression coefficients (β) using OLS:

β̂ = (X′X)−1X′Y,

and compute the residuals e = [e1, e2, . . . , en]′ using:

e = Y − Ŷ = Y −Xβ̂ = (I−H)Y.

Also, calculate the sample test statistic Tj as defined in (3.24).

2. The wild bootstrap residuals e∗ = [e∗1, e
∗
2, . . . , e

∗
n]′ are generated by:

e∗i = t∗i f(ei),

where {t∗i }ni=1 is an i.i.d. sequence that is independent of {Yi,Xi}ni=1 and is generated

from one of the ancillary distributions and f(·) is one of the residual transformations

as defined in Section 3.3.3. Calculate the wild bootstrap sample Y0∗ by using the wild

bootstrap DGP,

Y 0∗
i = X′iβ̂

0 + e∗i , i = 1, 2, . . . , n.

3. Estimate the wild bootstrap regression coefficients and heteroskedastic consistent es-

timates using OLS:

β̂0∗ = (X
′
X)−1X

′
Y0∗ and V̂∗n = X′Σ̂∗X,

where ε0∗ = Y0∗ −Xβ̂0∗ are the residuals used to estimate the heteroskedastic con-

sistent estimate chosen from Table 2.1.

4. Repeat steps (2) and (3) B times to obtain:

β̂0∗
1 , β̂

0∗
2 , . . . , β̂

0∗
B and V̂∗n,1, V̂

∗
n,2, . . . , V̂

∗
n,B.
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5. Calculate the wild bootstrap test statistic using the bootstrap sample and original

design matrix X:

T ∗j =
β̂0∗jb − β0j√[

(X′X)−1V̂∗n,b(X
′X)−1

]
jj

,

where β̂0∗jb is the jth wild bootstrap OLS regression coefficient estimate, and the de-

nominator is the jth diagonal element of the heteroskedastic consistent covariance

estimate, whereby V̂∗n,b was calculated using the same form of the HCCME in step

(3).

6. Repeat steps (2) – (5) B times to obtain T ∗j (1), T ∗j (2), . . . , T ∗j (B).

7. Compute the equal-tail bootstrap p -value by:

p∗B -value = 2 min

(
1

B

B∑
b=1

I(T ∗j (b) ≤ Tj),
1

B

B∑
b=1

I(T ∗j (b) > Tj)

)
.

74



Chapter 4

Proposed new bootstrap approach for dealing
with heteroskedasticity

In addition to using HCCMEs, and the wild bootstrap to conduct hypothesis tests in the presence

of heteroskedasticity, this chapter will propose a modification of the residuals approach whereby

the heteroskedastic structure is estimated using a linear approximation. This approach may

seem trivial but it is new to the literature and the aim is to investigate the performance thereof

relative to established methods via a Monte Carlo study in order to determine if the approach

has any merit.

4.1 Modified bootstrap residuals approach for dealing with het-

eroskedasticity

A new approach is suggested to overcome the limitations associated with using the bootstrap

residuals approach in a heteroskedastic errors setting. The reason for the modification of the

bootstrap residuals approach is to ensure that when the residuals are resampled that the original

heteroskedastic structure is still present. The problem with resampling from the OLS residuals

is that the original heteroskedastic structure is not retained within the bootstrap samples.

The proposed procedure consists of two separate stages:

1. Estimate the heteroskedastic structure by fitting a linear regression model using the original

predictors and with the squared OLS residuals as the response variable. The idea is to

estimate the individual variances using this model and then rescale the OLS residuals to

have unit variance; in so doing we remove the heteroskedastic structure from the sample

residuals.
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2. Next, resample from the scaled residuals and then reintroduce the heteroskedastic structure.

The resulting bootstrap samples will retain the heteroskedastic structure of the original

data and will also possess sufficient randomness.

We begin by defining the heteroskedastic linear regression model (2.19) as:

Yi = X′iβ + εi, i = 1, . . . , n,

where the error terms εi are heteroskedastic, i.e., V ar(εi) = σ2i ∀ i = 1, 2, . . . , n, and Cov(εi, εj) =

0, ∀ i 6= j. We shall assume that the heteroskedastic structure is defined to be of the general

form:

σ2i = m(Xi,γ), (4.1)

where m(·) denotes some function of the original predictors Xi and unknown parameters γ.

However, since σ2i is unknown it requires an estimator. In Section 2.4.4 we noted that σ2 is the

expected value of ε2i , and argued that since ei serves as an estimate for εi, e2i could naturally

serve as an estimate for ε2i . Similarly, e2i will now act as a rough estimate for σ2i in order to

model the heteroskedastic structure.

Estimate the linear regression model using OLS to obtain the residuals ei,

ei = Yi −X′iβ̂, i = 1, . . . , n.

Then proceed to square the OLS residuals {e2i }ni=1 and use them as a proxy for the variances in

the heteroskedasticity expression given by (4.1). The parameters γ in the heteroskedastic model

are then estimated by a suitable procedure, and the resulting estimators S2
i are obtained:

S2
i ≡ ê2i = m(Xi, γ̂), i = 1, . . . , n, (4.2)
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specifically we shall only consider the following linear model:

S2
i = X′iγ̂.

After modelling the heteroskedastic structure we would like to perform a residual based bootstrap,

however as noted in Section 3.3.1 this is not possible if the errors are not homoskedastic. The

structure modelled in Equation (4.2) will now be used to “remove” the heteroskedasticity structure

by calculating,

ěi =
ei√
Si

2
=
ei
Si

, i = 1, . . . , n.

Sampling with replacement from the scaled “homoskedastic” sample {ěi}ni=1, we obtain the sample

{ě∗i }ni=1. Now the heteroskedastic structure is reintroduced into the resampled homoskedastic

sample {ě∗i }ni=1 by calculating,

ε̌∗i = ě∗iSi, i = 1, . . . , n.

We now finally have the bootstrap residuals for this approach. The bootstrap sample can then

be calculated using the DGP,

Y ∗i = X′iβ̂ + ε̌∗i , i = 1, . . . , n, (4.3)

from which we can calculate the bootstrap regression coefficients β̂∗ = (X′X)−1X′Y∗. A typ-

ical Monte Carlo procedure would then entail independently repeating the above process, say

B times, to obtain the bootstrap replicates β̂∗1, β̂∗2, . . . , β̂∗B, which can be used to approximate

distributional properties of the bootstrap statistic.

On the other hand, if one would like to test the hypothesis:

H0 : βj = β0j vs. HA : βj 6= β0j ,
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for any j = 0, 1, 2, . . . , k−1. The way in which to proceed using the modified residuals bootstrap

approach would be to use the DGP:

Y ∗i = X′iβ̂
0 + ε̌∗i , i = 1, . . . , n,

where β̂0 = [β̂0, β̂1, . . . , β̂j−1, β
0
j , β̂j+1, . . . , β̂k−1]

′. The Monte Carlo algorithm for testing this

hypothesis is given below.

Algorithm: Modified bootstrap residual algorithm

1. Fit the linear regression model using OLS to obtain the regression coefficients esti-

mates,

β̂ = (X′X)−1X′Y

and the resulting residuals

e = Y −Xβ̂ = [e1, e2, . . . , en]′.

Also calculate the test statistic

Tj =
β̂j − β0j√[

(X′X)−1V̂n(X′X)−1
]
jj

,

where V̂n = X′Σ̂X was calculated using one of the HCCMEs in Table 2.1 with the

OLS residuals {ei}ni=1.

2. Model the heteroskedastic structure by using the squared residuals,

S2
i ≡ ê2i = γ̂0 + γ̂1Xi1 + γ̂2Xi2 + · · ·+ γ̂k−1Xik−1,

then “remove” the heteroskedasticity from the residuals using the square root of the
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fitted values via the equation:

ěi =
ei√
S2
i

=
ei
Si

, i = 1, 2, . . . , n.

3. Sample with replacement from the homoskedastic residuals {ěi}ni=1 to obtain the sam-

ple {ě∗i }ni=1. Then reintroduce the heteroskedasticity:

ε̌∗i = ě∗i Ŝi, i = 1, . . . , n,

to obtain the bootstrap residuals. The bootstrap sample under the null hypothesis

was then calculated using the DGP:

Y 0∗
i = β̂0 + β̂1Xi1 + · · ·+ β̂j−1Xij−1 + β0jXij + β̂j+1Xij+1 + · · ·+ β̂k−1Xik−1 + ε̌∗i ,

for i = 1, . . . , n.

4. Compute the OLS estimates for the bootstrap regression coefficients using the boot-

strap sample Y0∗, i.e., β̂0∗ = (X′X)−1X′Y0∗ = [β̂0∗0 , β̂
0∗
1 , . . . , β̂

0∗
k−1].

5. Repeat steps (3) and (4) B times to get the bootstrap samples Y0∗
1 ,Y

0∗
2 , . . . ,Y

0∗
B and

the corresponding bootstrap regression coefficient estimates β̂0∗
1 , β̂

0∗
2 , . . . , β̂

0∗
B .

6. Calculate the bootstrap test statistic:

T ∗j (b) =
β̂0∗j,b − β0j√[

(X′X)−1V̂∗n,b(X
′X)−1

]
jj

,

where V̂∗n,b = X′Σ̂∗bX was calculated using one of the HCCMEs in Table 2.1 with the

residuals ε̌0∗ = Y0∗ −Xβ̂0∗ to obtain T ∗j (1), T ∗j (2), . . . , T ∗j (B).

7. Compute the equal-tail bootstrap p -value

p∗B -value = 2 min

(
1

B

B∑
b=1

I(T ∗j (b) ≤ Tj),
1

B

B∑
b=1

I(T ∗j (b) > Tj)

)
.
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Remark: For the purposes for this text, we shall only consider a linear model for the function

m(·) in Equation (4.2) due to the following reasons:

• Simplicity of implementation since a user merely applies an additional linear model,

• a linear approximation can serve as a good approximation to more complex functions e.g.

Taylor series expansion, and

• if a simple linear model can be shown to work well then other more complex methods may

be considered for future research.

Other approaches for estimating the heteroskedastic structures in the Equation (4.2) are com-

monly found in the literature as tests for heteroskedasticity, and in the next section we will briefly

discuss these models.

4.2 Other models for the heteroskedastic structure

In many tests for heteroskedasticity a model based approach is employed to test for the sig-

nificance of model parameters to determine if a heteroskedastic structure is possibly present.

In this section a few different models used in tests for heteroskedasticity are introduced which

might prove useful for future research when applied to the modified bootstrap residuals approach

discussed in the previous section.

4.2.1 Park test

The Park test (1966) proposes that heteroskedasticity may be modelled using the functional

form:

σ2i = σ2Xγ
i exp(vi)

or

ln(σ2i ) = ln(σ2) + γ ln(Xi) + vi,

where ln(σ2) denotes a constant term, γ ln(Xi) is the functional form of the heteroskedasticity

and vi denotes an error term. The squared residuals e2i are used as a substitute for the error
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variance for estimation. Note that since one applies the natural logarithm, the predictors are

required to be positive.

4.2.2 Glejser test

Glejser (1969) suggested that heteroskedasticity may be modelled by a number of different forms,

but uses the absolute value of the residuals |ei| rather than the squared residuals as substitute

for estimation of the following models:

σ2i = γ0 + γ1Xi + vi,

σ2i = γ0 + γ1
√
Xi + vi,

σ2i = γ0 + γ1
1

Xi
+ vi,

σ2i = γ0 + γ1
1√
Xi

+ vi,

σ2i =
√
γ0 + γ1Xi + vi, and

σ2i =
√
γ0 + γ1X2

i + vi.

Again we notice that most of these models require nonnegative or nonzero predictors, with the

exception of the first.

4.2.3 Goldfeld-Quandt test

The Goldfeld-Quandt test (1965) assumes that the error variances are positively related to one

of the predictor variables and are modelled by:

σ2i = σ2X2
i ,

where σ2 is a constant. The Goldfeld-Quandt test therefore assumes that the error variances σ2i

are proportional to the square of a predictor variable X. This methods does not use a substitute

for the error variances σ2i but rather a ranking approach to test if the proposed model is true –

see Gujarati (2004) for more details.
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4.2.4 Breusch-Pagan-Godfrey test

The Breusch-Pagan-Godfrey test (1979) models the error variances as:

σ2i = f(γ0 + γ1Zi1 + · · ·+ γk−1Zik−1),

where Zj denotes fixed predictors, which may include all or some of the predictors depending

on their nature and f(·) denotes some function. Note that the modified bootstrap residuals

approach described in this Chapter uses this approach and chooses f(·) as the identity function.

The substitute for the error variances σ2i is given by:

ui =
e2i

1

n

n∑
i=1

e2i

.

4.2.5 White’s general test

White’s (1980) test involves modelling the error variances σ2i by employing the original predictors,

their squared values and cross products thereof. If we consider a two predictor model the errors

variance are defined to be:

σ2i = γ0 + γ1Xi1 + γ2Xi2 + γ3X
2
i1 + γ4X

2
i2 + γ5Xi1Xi2 + vi.

Again the squared residuals are used as a proxy for the error variance σ2i , and proceeds by

estimating the model above by means of OLS.

4.2.6 Koenker-Bassett test

The Koenker-Bassett test (1982) is different from all the other tests in that it does not use the

predictor to model the error variances σ2i , but rather uses the squared fitted values Ŷ from the

fitted OLS model, i.e.,

σ2i = γ0 + γ1Ŷ
2
i + vi.

The model can then be estimated using OLS and the squared residuals as the proxy for σ2i .
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Chapter 5

Simulation study

In order to compare the performance of the tests described in Chapters 3 and 4, a Monte Carlo

simulation study was conducted where data was generated under structured heteroskedasticity.

A multiple linear regression model was fitted to the generated data and a hypothesis test was

conducted for a regression coefficient parameter. Each of the various bootstrap tests introduced

in Chapters 3 and 4 for testing hypotheses relating to the regression coefficients in the presence

of heteroskedasticity were compared, and their performance in terms of size and power were

evaluated.

The chapter starts with Section 5.1 which introduces the heteroskedastic data generating process

and specific settings for the simulation study. Section 5.2 consists of defining the hypothesis of

interest and corresponding test statistic calculated for this simulation study. Next, in Section 5.3

algorithms that outline how size and power were approximated for the various bootstrap tests

are introduced. Finally, Section 5.4 presents the simulation results from the extended simulation

study with a brief overview of the noteworthy features from the size and power output.

5.1 Heteroskedastic data generation procedure

The Monte Carlo simulations for this study involved the generation of stochastic and indepen-

dent predictor variables which, when combined with a generated heteroskedastic error structure,

formed a response variable. The error structure was generated according to the convention

proposed by MacKinnon (2002) and used by others (Hausman and Palmer, 2012; MacKin-

non, 2013; Politis and Poulis, 2014). This model for the heteroskedastic structure contains a

parameter which allowed for adjustment of the level of heteroskedasticity present in the errors.

After the heteroskedastic data were generated, each wild bootstrap approach from Chapter 3
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and the modified bootstrap residuals approach from Chapter 4 were applied to the same array

of heteroskedastic data for the purpose of comparison. This design allowed for the study of

statistical significance across a range of differing heteroskedasticity levels. Further, it allowed

one to pinpoint a specific heteroskedasticity level where a subset of tests achieved the specified

significance level (α = 0.05) under the null hypothesis, thus allowing for a fair comparison of the

power of these tests. Comparing power among test that do not achieve the same significance

level under the null hypothesis would typically distort the comparison.

The data generation model can be formally represented by:

Yi = β0 +

p∑
j=1

βjXij + ui, ui = σiεi, εi ∼ N(0, 1), (5.1)

where p denotes the number of predictor variables, each of which are independent standard

lognormal random variables. The standard deviations of the errors ui are given by

σi = z(λ)

β0 +

p∑
j=1

βjXij

λ

,

where z(λ) denotes a scaling factor that ensures that the average variance of ui is equal to one.

The parameter λ is used to adjust the level of heteroskedasticity and does not, on average, change

the variance of ui (MacKinnon, 2013). The suggested range for λ is 0 ≤ λ ≤ 2, where λ = 0

represents homoskedasticity and λ� 1 represents extreme heteroskedasticity.

Unfortunately, the specifics around constructing or choosing the scaling factor z(λ) was not

included in any of the articles consulted (MacKinnon, 2002; Hausman and Palmer, 2012; MacK-

innon, 2013; Politis and Poulis, 2014), and so, to ensure that the condition would be met, the

following scaling factor was devised:

z(λ) =

√√√√√ 1

1
n

n∑
i=1

S2
i

, where Si =

β0 +
3∑
j=1

βjXij

λ

. (5.2)
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Each of the predictor variables in Equation (5.1) is independently generated either from a stan-

dard lognormal distribution (to ensure that heteroskedastic robust inference is as challenging

as possible — since most HCCMEs are sensitive to large leverage values), or from a uniform

distribution (a less challenging situation). Generation from the standard lognormal distribution

will produce predictors containing a few high leverage values (hi) when the sample size is small,

and the highest leverage value1 hmax will decrease slowly only as n→∞.

5.1.1 Data generation design for this simulation study

A three predictor variable data generation model was chosen for investigation due to the computa-

tional costs incurred when attempting all possible combinations of wild bootstrap test approaches

and HCCMEs that can appear in the test statistic. The model is then:

Yi = β0 + β1Xi1 + β2Xi2 + β3Xi3 + ui, i = 1, 2, . . . , n, (5.3)

where the errors were defined as ui = σiεi, with

σi = z(λ)(β0 + β1Xi1 + β2Xi2 + β3Xi3)
λ,

where εi ∼ N(0, 1), and the fixed regression coefficients β0, β1, β2, β3 specified as constants in

the simulation study. The scaling factor z(λ) that was used in the simulation is given by,

z(λ) =

√√√√√ 1

1
n

n∑
i=1

S2
i

, where Si = (β0 + β1Xi1 + β2Xi2 + β3Xi3)
λ.

The predictor variables that were used in this simulation study were independently generated

from either a standard lognormal or standard uniform distribution. As previously noted the

motivation for using lognormal predictors is that when the sample size is small the maximum

leverage value hmax will typically be fairly large, thus the sensitivity of the HCCMEs to these

1The term hmax is defined as hmax = max(hi) ∀ i = 1, 2, . . . , n.
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values could be investigated. The standard uniform predictors were included as well to investigate

the performance of the bootstrap approaches without any extreme leverage values.

Figure 5.1 is a simple illustration of the form of the heteroskedasticity that one can expect by

varying the parameter λ in the data generation model (5.1) for a simple linear regression model.

The predictor variable was generated from both a standard lognormal and standard uniform

distribution. Note that for λ = 0 we obtain a homoskedastic structure and for λ = 1 we start to

see a distinct heteroskedastic structure. The most extreme heteroskedastic structures possible is

present when λ = 2. In addition, note that the data using the lognormal predictor produced a

small number of extreme values (high leverages), whereas these kinds of extreme values did not

appear for the uniform predictor.
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Fig. 5.1: Examples of homoskedasticity and heteroskedasticity produced using model (5.1) with
a sample size of n = 160.

Data generation settings To generate heteroskedastic data in each of the iterations of the

Monte Carlo simulations discussed in the next section, the model in (5.3) was used with different
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combinations of the following specifications:

• Set the regression coefficients to {β0, β1, β2, β3} = {1, 1, 1, 0},

• choose sample sizes of n = {20, 40, 80, 160, 320, 640, 1 280},

• independently generate all three predictor variables (Xi1, Xi2, Xi3) from either a standard

lognormal distribution or standard uniform distribution,

• choose the heteroskedasticity parameter λ on the grid of values λ = {0, 0.25, 0.5, 0.75, 1,

1.25, 1.5, 1.75, 2}, and

• the number of Monte Carlo replications was set to MC = 10 000.

The data used in the Monte Carlo simulations will be generated by the specific settings stated

above. In the next section we shall discuss the specifics around bootstrap tests and the various

bootstrap approaches which used this heteroskedastic data to test a hypothesis concerning one

of the regression coefficients.

5.2 Hypothesis used and test statistics for this simulation study

This section will deal with the various procedures that were conducted in the simulation study

for testing a hypothesis for one of the regression coefficients. We begin by first defining the

hypothesis statement that was tested by all the bootstrap approaches, and then providing the

corresponding test statistics which were used.

All the different bootstrap approaches considered in this simulation study tested the following

hypothesis around the regression coefficient associated with X3,

H0 : β3 = 0 vs. HA : β3 6= 0, (5.4)

for the multiple linear regression model given by,

Yi = β0 + β1Xi1 + β2Xi2 + β3Xi3 + ui, i = 1, 2, . . . , n.
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Note that this simulation set-up had two parts, the first was used to approximate the size of the

test and so we generated the data by setting β3 = 0; the null hypothesis in (5.4) should thus

not be rejected. The second part involved the calculation of power, and there we generated the

value of β3 according to a small set of possible “alternative” values, e.g. for n = 80 and uni-

form predictors, β3 was chosen on a grid of values starting at -2.2 in increments of 0.275 up to 2.2.

The wild bootstrap approach in Chapter 3 and the modified bootstrap residuals approach from

Chapter 4 were implemented to test the hypothesis in (5.4). This involved first calculating the

following sample test statistic using the generated sample data:

T3 =
β̂3 − β03√[

(X′X)−1V̂n(X′X)−1
]
33

,

where β̂3 is the regression coefficient that was estimated using OLS, V̂n is a heteroskedasticity

consistent estimate using a HCCME with the OLS residuals e = Y − Xβ̂, and β03 = 0. The

corresponding bootstrap test statistics were then defined as:

T ∗3 =
β̂0∗3 − β03√[

(X′X)−1V̂∗n(X′X)−1
]
33

,

where β̂0∗3 is the regression coefficient estimated using OLS with the bootstrap sample Y0∗ that

was generated under the null distribution, V̂∗n is a heteroskedasticity consistent estimate using

a HCCME with the OLS residuals ε0∗ = Y0∗ −Xβ̂0∗, and β03 = 0.

In the next subsection the algorithms for conducting the hypothesis test using the wild bootstrap

approaches and modified bootstrap residuals approach will be presented.

5.2.1 Algorithms used for this simulation study

The wild bootstrap test statistics and corresponding p -value were calculated using the following

algorithm.
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Algorithm: Implemented wild bootstrap algorithm

1. Fit the linear regression model using OLS to obtain the regression coefficients esti-

mates,

β̂ =
[
β̂0, β̂1, β̂2, β̂3

]′
,

and the resulting residuals,

e = Y −Xβ̂ = [e1, e2, . . . , en]′.

Also calculate the sample test statistic

T3 =
β̂3√[

(X′X)−1V̂n(X′X)−1
]
33

,

where V̂n = X′Σ̂X was calculated using one of the HCCMEs in Table 5.1 with the

OLS residuals e.

2. Generate the wild bootstrap sample Y0∗ using the wild bootstrap DGP that enforces

the null hypothesis:

Y 0∗
i = β̂0 + β̂1Xi1 + β̂2Xi2 + f(ei)t

∗
i , i = 1, . . . , n.

The various transformations f(·) and ancillary distributions t∗i used are summarised

in Table 5.1.

3. Calculate the wild bootstrap test statistic by estimating the regression coefficients

using OLS with the wild bootstrap sample Y0∗ and the original design matrix X,

T ∗3 =
β̂0∗3√[

(X′X)−1V̂∗n(X′X)−1
]
33

,

where V̂∗n = X′Σ̂∗X was calculated using one of the HCCMEs in Table 5.1 with the
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OLS residuals ε0∗ = Y0∗ −Xβ̂0∗.

4. Repeat steps (2) and (3) B times to obtain: T ∗3 (1), T ∗3 (2), . . . , T ∗3 (B).

5. Compute the equal-tail bootstrap p -value:

p∗B -value = 2 min

(
1

B

B∑
b=1

I(T ∗3 (b) ≤ T3),
1

B

B∑
b=1

I(T ∗3 (b) > T3)

)
.

The modified bootstrap residuals approach was applied using the algorithm.

Algorithm: Newly proposed modified bootstrap residuals approach algorithm

1. Fit the linear regression model using OLS to obtain the regression coefficients esti-

mates,

β̂ =
[
β̂0, β̂1, β̂2, β̂3

]′
and the resulting residuals

e = Y −Xβ̂ = [e1, e2, . . . , en]′.

Also calculate the test statistic

T3 =
β̂3√[

(X′X)−1V̂n(X′X)−1
]
33

,

where V̂n = X′Σ̂X was calculated using one of the HCCMEs in Table 5.1 with the

OLS residuals e.

2. Model the heteroskedastic structure by using the squared residuals,

S2
i ≡ e2i = γ̂0 + γ̂1Xi1 + γ̂2Xi2 + γ̂3Xi3,

then “remove” the heteroskedasticity from the OLS residuals using the square root of
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the fitted values via the equation:

ěi =
ei√
S2
i

=
ei
Si

, i = 1, 2, . . . , n.

3. Sample with replacement from the homoskedastic residuals {ěi}ni=1 to obtain the sam-

ple {ě∗i }ni=1. Then reintroduce the heteroskedasticity:

ε̌∗i = ě∗iSi, i = 1, . . . , n,

to obtain the bootstrap residuals. The bootstrap sample under the null hypothesis

was then calculated using the DGP:

Y 0∗
i = β̂0 + β̂1Xi1 + β̂2Xi2 + ε̌∗i , i = 1, . . . , n.

4. Calculate the bootstrap test statistic by again estimating the regression coefficients

using OLS using the bootstrap sample Y0∗ and the original design matrix X,

T ∗3 =
β̂0∗3√[

(X′X)−1V̂∗n(X′X)−1
]
33

,

where V̂∗n = X′Σ̂∗X was calculated using one of the HCCMEs in Table 5.1 with the

OLS residuals ε0∗ = Y0∗ −Xβ̂0∗.

5. Repeat steps (3) and (4) B times to obtain T ∗3 (1), T ∗3 (2), . . . , T ∗3 (B).

6. Compute the equal-tail bootstrap p -value

p∗B -value = 2 min

(
1

B

B∑
b=1

I(T ∗3 (b) ≤ T3),
1

B

B∑
b=1

I(T ∗3 (b) > T3)

)
.

5.3 Monte Carlo approximation of size and power of a test

In order to evaluate the performance of the different bootstrap approaches that were used in the

Monte Carlo study, the size and the power of a test was investigated. The size and power of a
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test are defined as the following two probabilities:

• The size of a test: The probability of rejecting the null hypothesis when the null hy-

pothesis is true, i.e., the probability of a type I error, given by

P (reject H0 | H0 is true).

• The power of a test: The probability of rejecting the null hypothesis when the alternative

is true, i.e., the probability of not obtaining a type II error, given by

P (reject H0 | HA is true).

The Monte Carlo approximation of these two quantities involves generating multiple samples

from a theoretical distribution, and then evaluating the test for each of these replications. The

way in which the data should be generated will differ depending on whether you are trying to

approximate the size or the power of a test.

• For the case of approximating the size of the test the data are generated in each Monte

Carlo replication such that it satisfies the null hypothesis.

• When approximating the power of a test the data are generated in such a way that it

satisfies a specific setting of the alternative hypothesis.

The procedure follows by calculating the test statistic from these data, evaluating the validity

of the null hypothesis (i.e., either rejecting or not rejecting the null hypothesis), and then deter-

mining the proportion of the Monte Carlo replications that resulted in the rejection of the null

hypothesis.

An ideal test would produce a size of the test that is equal to the specified significance level

α = 0.05, and also provide a level of power which is high across different settings of the alternative

hypothesis.

The criteria for selecting the “best” test in the presence of heteroskedasticity followed the guide-

line above by investigating the size of the different bootstrap tests (the number of bootstrap
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replications was set to B = 500) and identifying a point where a subset of the tests achieved the

same significance level. Since these tests all had similar rejection frequencies at the specific point

of λ they could be compared in a fair manner. The test with the highest power across alternative

settings was then considered the “best” for heteroskedasticity robust inference. All simulations

were conducted using the number of Monte Carlos set to MC = 10 000 with R (2015) statistical

software on an Intel® Core™ i7-4790 CPU @3.60GHz and 16 gigabytes of system memory, with

additional packages lmtest (Zeileis and Hothorn, 2002), sandwich (Zeileis, 2004) and snowfall

(Knaus, 2013).
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Table 5.1: Different wild bootstrap residual transformations, HCCMEs and ancillary distribu-
tions used with corresponding shorthand notation.

Name Formula Shorthand
notation

Choice of transformation
HC2 transformation f2(ui) = ui√

1−hi
f2

HC3 transformation f3(ui) = ui
1−hi f3

Choice of HCCME

HC2 V̂n =
1

n

n∑
i=1

u2i
1− hi

XiX
′
i HC2

HC3 V̂n =
1

n

n∑
i=1

u2i
(1− hi)2

XiX
′
i HC3

Choice of ancillary distribution

Rademacher t∗i =

{
−1 w.p. 1

2
1 w.p. 1

2

F1

Mammen’s two-point t∗i =


−(
√
5−1)
2 w.p. (

√
5+1)

2
√
5

(
√
5+1)
2 w.p. (

√
5−1)
2
√
5

F2

Mammen’s continuous 1
t∗i = ui√

2
+ 1

2(w2
i − 1)

ui and wi independent standard normals
F3

Mammen’s continuous 2

t∗i =
(
δ1 + ui√

2

)(
δ2 + wi√

2

)
− δ1δ2,

δ1 =

(
3
4 +

√
17
12

)
and δ2 =

(
3
4 −

√
17
12

)
ui and wi independent standard normals

F4

Webb t∗i =



−
√

1.5 w.p. 1
6

−1 w.p. 1
6

−
√

0.5 w.p. 1
6√

0.5 w.p. 1
6

1 w.p. 1
6√

1.5 w.p. 1
6

F5

Standard normal t∗i ∼ N(0, 1) F6
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5.4 Simulation results – Sizes of the tests

Figures 5.2 – 5.15 illustrate the size of the tests for the different bootstrap approaches across a

grid of heteroskedasticity levels λ. The figures include a legend at the top right corner which

represents a shorthand notation of the form “f•HC•F•” and is used to indicate the type of residual

transformation (f•) applied , the HCCME used (HC•) and the ancillary distribution (F•) used

to generate the wild bootstrap samples. The different options are given in Table 5.1, and for the

purpose of the simulation study made use of the following combinations:

• f2 HC2 F1–6

• f2 HC3 F1–6

• f3 HC2 F1–6

• f3 HC3 F1–6

No article could be found that had used all the ancillary distributions in a simulation study,

typically articles only make use of the two point distributions by Rademacher and Mammen

(MacKinnon, 2002; Flachaire, 2005; Davidson and Flachaire, 2008; Cribari-Neto and Lima, 2009;

Hausman and Palmer, 2012; MacKinnon, 2013; Politis and Poulis, 2014). For this reason a few

extra ancillary distribution were incorporated into this simulation study in order to determine if

any of the others may outperform the established two distributions in the literature.

Previous simulation evidence by Davidson and Flachaire (2008), suggest that the performance

of asymptotic tests based on HC3 performed best relative to the other HCCMEs. Also, Haus-

man and Palmer (2012) indicated that using HC2 and HC3 with a wild bootstrap test statistic

performs well relative to other HCCMEs especially in small samples (the two methods provide

similar results). For this reason HC3 was used as a benchmark to test the performance of the

modified bootstrap residuals approach against. HC2 was also included since HC3 is a slightly

modified version of it.

The transformations that were used in this simulation study, i.e., f2 and f3, were chosen on the

basis of the suggestion that the transformations f(·) should be paired with their corresponding
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HCCME for best results (Davidson and Flachaire, 2008), and supported by previous simulation

studies (see, e.g., MacKinnon, 2013).

Thus for this simulation study the two established HCCMEs, HC2 and HC3 were chosen to

correct for heteroskedasticity with their corresponding transformations f2 and f3. Combinations

of the HCCMEs and residuals transformations were also investigated.

Finally, the results for tests based on the modified bootstrap residuals are also presented so that

they can be compared to the other wild bootstrap tests. The next subsection will highlight a few

remarks around the size of the test for this simulation study. The subsection will be split into

two parts, the first part will discuss the results relating to lognormal predictors, i.e., models with

a few large leverage values, and the second part will discuss the models with uniform predictors,

i.e., models with small to moderate leverage values.

5.4.1 Remarks on the sizes of tests using lognormal predictors

In the lognormal case we noticed that for the sample sizes n = 20, 40, 80, 160 (Figures 5.2, 5.4,

5.6 and 5.8) the tests always over-rejected, attaining sizes of 10% and upwards, when the data

was homoskedastic (λ = 0). This over-rejection was most pronounced for the transformation

f2 in smaller samples, and which only achieved the significance level for n = 40, 80 at the most

extreme heteroskedasticity setting λ = 2.

All the rejection frequencies in these lognormal predictor graphs (Figures 5.2, 5.4, 5.6, 5.8,

5.10, 5.12 and 5.14) follow a similar trend: for values of λ close to zero (homoskedasticity) the

tests tended to wildly over-reject, but as the heteroskedasticity was increased, by incrementally

increasing the value of λ, the rejection frequencies decreased towards the specified significance

level of α = 0.05. Each test eventually achieved the specified significance level at a particular

value of λ > 0, but tended to continue decreasing for increasing values of λ and thus under-reject

for these more extreme heteroskedastic structures.

Simulations involving the residuals transformation f3 appeared to produce lower sizes of the

test when compared to simulations involving the residual transformation f2. This lowering of

the rejection frequency trend curve became less pronounced from the sample size n = 80 and

upward.
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Concerning the ancillary distributions, it was noted that F1, F5 and F6 produced similar rejection

frequency curves, but were always lower relative to those produced by the other distributions. As

the sample size increased these curves became flatter and shifted towards the specified significance

level. The worst performer was F2, even though it had a similar trend to the other distributions it

always tended to over-reject relative to the others. Also, in Figure 5.14, as the heteroskedasticity

became extreme we found that the tests based on F2 started to over-reject again.

As with the wild bootstrap approaches discussed above, the rejection frequency graphs of the

tests based on the modified bootstrap residuals also had the same general trend of over-rejecting

when the data was homoskedastic (λ = 0), but started to approach the specified significance

level as the heteroskedasticity increased. It was interesting to note that the modified approach

showed an improvement over the wild bootstrap approaches by not over-rejecting as severely for

n ≥ 40. In addition, the same phenomena of the rejection probability flatting out observed for

the wild bootstrap approaches was also observed for the modified approach, but at a faster rate.

For smaller sample sizes it appeared that the modified bootstrap residuals approach employing

the HC3 estimator performed the best, but as the sample size increased the performance of HC1

tended be better by not under-rejecting as the heteroskedasticity became extreme.

5.4.2 Remarks on the sizes of tests using uniform predictors

In the case of uniform predictors we considered a data generation model that did not produce

large leverage values. The lack of extreme leverages means that the HCCMEs (and the associated

test statistics) calculated would not be unduly distorted. This had a profound effect on the

trend of the rejection frequencies; it produced a trend that was constant over the whole range

of heteroskedasticity levels, see Figures 5.3, 5.5, 5.7, 5.9, 5.11, 5.13 and 5.15. This was in stark

contrast to the lognormal case where tests tended to over-reject, decrease towards the desired

significance level, and then ultimately under-reject for the most extreme heteroskedasticity levels.

For the wild bootstrap tests we noticed that the ancillary distributions F1 and F5 produced sizes

of the test closest to the specified significance level for all the sample sizes. For sample sizes

n ≥ 80, all the tests began to produce similar results, i.e., the sizes of the tests all began to

migrate towards each other and also to the specified significance level. From sample size n = 160
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onwards, all the wild bootstrap tests performed equally well and appeared to have achieved the

desired significance level. Note that the ancillary distribution F6 (standard normal distribution)

converged to the size values of the two best ancillary distributions (F1 and F5) slightly faster

than the distributions F2, F3 and F4, as the sample size increased.

The modified bootstrap residuals approach worked well for all sample sizes and achieved the

desired significance level for each of the sample sizes considered. Indeed, the modified approach

outperformed all other wild bootstrap approaches for samples n ≤ 40, but the distinction grew

less pronounced as the sample sizes were increased (since all the tests approximately achieved

the desired significance level for large sample sizes). The excellent performance of this mod-

ified bootstrap residuals approach could possibly be attributed to the manner in which the

data was generated: the modified bootstrap residuals approach would logically favour a struc-

tured heteroskedastic data set whereas the other approaches were designed for unstructured

heteroskedastic data sets.

The choice of which HCCME to use is inconsequential for both the modified bootstrap resid-

uals approach and wild bootstrap when the uniform predictors were used, since the rejection

frequencies were found not to be affected by the choice for any sample size.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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Fig. 5.2: Size of the test for lognormal predictors and a sample size of n = 20.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.3: Size of the test for uniform predictors and a sample size of n = 20.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.4: Size of the test for lognormal predictors and a sample size of n = 40.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.

0.0 0.5 1.0 1.5 2.0

0.
00

0.
05

0.
10

0.
15

n=40, Uniform

λ

R
ej

ec
tio

n 
fr

eq
ue

nc
ie

s

f3HC2F1
f3HC2F2
f3HC2F3
f3HC2F4
f3HC2F5
f3HC2F6

(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.

0.0 0.5 1.0 1.5 2.0

0.
00

0.
05

0.
10

0.
15

n=40, Uniform

λ

R
ej

ec
tio

n 
fr

eq
ue

nc
ie

s

HC1
HC2
HC3

(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.5: Size of the test for uniform predictors and a sample size of n = 40.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.6: Size of the test for lognormal predictors and a sample size of n = 80.

103



0.0 0.5 1.0 1.5 2.0

0.
00

0.
05

0.
10

0.
15

n=80, Uniform

λ

R
ej

ec
tio

n 
fr

eq
ue

nc
ie

s

f2HC2F1
f2HC2F2
f2HC2F3
f2HC2F4
f2HC2F5
f2HC2F6

(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.7: Size of the test for uniform predictors and a sample size of n = 80.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.8: Size of the test for lognormal predictors and a sample size of n = 160.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.9: Size of the test for uniform predictors and a sample size of n = 160.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.10: Size of the test for lognormal predictors and a sample size of n = 320.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.11: Size of the test for uniform predictors and a sample size of n = 320.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.12: Size of the test for lognormal predictors and a sample size of n = 640.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.13: Size of the test for uniform predictors and a sample size of n = 640.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.14: Size of the test for lognormal predictors and a sample size of n = 1 280.
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(a) Wild bootstrap HC2 t-test rejection frequencies
with f2 residuals.
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(b) Wild bootstrap HC3 t-test rejection frequencies
with f2 residuals.
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(c) Wild bootstrap HC2 t-test rejection frequencies
with f3 residuals.
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(d) Wild bootstrap HC3 t-test rejection frequencies
with f3 residuals.
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(e) Modified bootstrap residuals approach t-test rejection fre-
quencies

Fig. 5.15: Size of the test for uniform predictors and a sample size of n = 1 280.
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5.5 Simulation results – Powers of selected tests

Figures 5.16 – 5.23 illustrate the powers for a subset of bootstrap tests over a range of values

within the set of values described by the alternative hypothesis, i.e., for a range of values β3 6= 0.

Due to the computational costs involved with the calculation of each alternative, only a subset

of the many possible combinations of settings used in the size calculations was used, specifically

we used those settings where the bootstrap tests achieved the specified significance level. The

heteroskedasticity setting that most commonly produced significance level close to α = 0.05 was

where λ = 1.25, and so all power calculation presented here were calculated with this level of

heteroskedasticity. This was done to ensure that, at the very least, a fair comparison could be

made between the power curves for the subset of bootstrap tests considered. Below is the list of

bootstrap tests that were investigated in terms of their power performance, along with a short

motivation for each one:

• f3HC3F1 and f3HC3F5: As was noted in the previous subsection, the wild bootstrap

approach with ancillary distributions F1 and F5 performed the best when combined with

the heteroskedasticity consistent covariance matrix estimator HC3 and residuals transfor-

mation f3 in small samples.

• f3HC3F2: Additionally, the wild bootstrap approach using F2 was included for the sake

of interest since it is a skew distribution and the worst performer in terms of size.

• Modified bootstrap residuals using HC3 (newHC3): For the modified bootstrap

residuals approach HC3 was selected because it had reasonable size performance for small

sample sizes and is of primary interest in this study.

It was decided that the smaller sample sizes would be investigated because, specifically for the

case where lognormal predictors are created, the data would contain a small number of very

large leverage values. By generating the data in this fashion it would ensure that inference was

as difficult as possible. All power simulations were conducted with MC = 10 000 and B = 500.
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5.5.1 Remarks on the power of the test for this simulation study

It is interesting to note that the lognormal predictors had much higher power relative to that of

the uniform predictors for all the sample sizes. Naturally, the power curves (for both types of

predictors) become steeper as the sample size increases.

For the sample size n = 20 the modified bootstrap residuals test (newHC3) did not achieve

the specified significance level in the case of lognormal predictors (Figure 5.16), but the wild

bootstrap approaches with the distributions F1 and F5 did. Moreover, for the uniform predic-

tors the modified approach achieved the specified significance level, whereas the wild bootstrap

approaches did not (Figure 5.17).

In the case of the uniform predictors with n ≥ 40 (Figures 5.19, 5.21, and 5.23), all the tests

performed equally well by achieving the specified significance level and having the same power.

However, the wild bootstrap approach with ancillary distribution F2 only had these features

for n ≥ 80 onwards, and still did not achieve the specified significance level for n = 40. The

remainder of the remarks will focus on aspects relating to the lognormal predictors.

For n = 40 in Figures 5.18 and 5.19, the modified bootstrap residuals approach almost achieved

the specified significance level and, interestingly, had a similar power curve to that of the wild

bootstrap with ancillary distribution F2. The wild bootstrap approaches with F1 and F5 achieved

the specified significance level and had slightly less power compared to the previously mentioned

approaches, however due to the other methods not attaining the same significance level the

comparison would not be fair.

In Figures 5.20 and 5.21, where n = 80, the modified bootstrap residuals approach achieved the

significance level and had a slightly better power curve to that of the wild bootstrap approaches

with ancillary distributions F1 and F5. Again the wild bootstrap approach with ancillary distri-

bution F2 did not achieve the significance level and so it was disregarded.

For n = 160, the wild bootstrap approach with ancillary distribution F2 did not achieve the

significance level and so it was again disregarded. The other approaches attained the specified

significance level with the modified bootstrap residuals approach still retaining the slightly better

power curve overall, see Figures 5.22 and 5.23.
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Fig. 5.16: Power for HC3 bootstrap methods, n = 20 and lognormal predictors.
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Fig. 5.17: Power for HC3 bootstrap methods, n = 20 and uniform predictors.
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Fig. 5.18: Power for HC3 bootstrap methods, n = 40 and lognormal predictors.
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Fig. 5.19: Power for HC3 bootstrap methods, n = 40 and uniform predictors.
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Fig. 5.20: Power for HC3 bootstrap methods, n = 80 and lognormal predictors.
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Fig. 5.21: Power for HC3 bootstrap methods, n = 80 and uniform predictors.
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Fig. 5.22: Power for HC3 bootstrap methods, n = 160 and lognormal predictors.
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Fig. 5.23: Power for HC3 bootstrap methods, n = 160 and uniform predictors.
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Chapter 6

Conclusion and future considerations

Throughout this text remedial measures were presented for tests that related to hypothesis tests

concerning the regression coefficients when the data exhibited heteroskedasticity. Heteroskedas-

ticity was shown to have an impact on the distribution of a test’s test statistic, in that the

regression coefficient’s variance/covariance estimate may not have been consistent, thus possibly

leading to under-rejection or over-rejection of the null hypothesis. Tests involving HCCMEs

were the first methods that showed promise as a remedial measure for heteroskedasticity by not

requiring the structure of the heteroskedasticity to be known. Unfortunately, HCCMEs do not

fare well when the sample sizes are too small. In order to alleviate this problem the bootstrap

was considered as a possible means to correct for these size distortions. The wild bootstrap is

regarded as the best bootstrap based heteroskedasticity robust inference method for regression

in the literature.

In the study presented here the wild bootstrap served as the benchmark against which a proposed

new modified bootstrap residuals approach could be compared to determine if it had any merit.

Size and power of the test were used as measures of performance to determine the following: What

impact the different residual transformations f•, HCCMEs HC• and ancillary distributions F•

had on the size and power of the tests and, moreover, if the performance of the proposed modified

bootstrap residuals approach had comparable performance to the wild bootstrap approach. The

next two sections will conclude this text by providing an analysis of the simulation results and

a few suggestions for future research.
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6.1 Conclusions from the simulation study

The most striking results from the simulation study were:

• When large leverage values were present (small samples and lognormal predictors), the

sizes of the tests were extremely distorted (in most cases they over-rejected by 5 percent or

more than the specified significance level) when the data was homoskedastic, but these sizes

eventually decreased monotonically towards the specified significance level as increasing

heteroskedasticity was introduced. The implication is that the practitioner would need to

exercise caution in cases where data had large leverages and was also homoskedastic. They

will need to perform detailed diagnostics before attempting to use these tests.

• The two transformations used for the residuals, f2 and f3, did not seem to have a significant

impact on the size results when used with either HC2 or HC3.

• When considering the new modified bootstrap residuals approach using small samples and

lognormal predictors, HC3 provided rejection frequencies closest to the specified significance

level, but as the sample size increased it turned out that HC1 showed better results. It is

recommended that HC1 is used for large samples and HC3 for small samples.

• The modified bootstrap residuals approach showed promising results versus the wild boot-

strap methods by using the structured heteroskedastic data, but this may be attributed to

the way in which the data was generated. A quick diagnostic test to check if the method is

suitable in practice might be to fit a linear model to the squared residuals and determine

goodness–of–fit measures like adjusted R2. If the model fits well then the approach would

conceivably also work well.

• If the practitioner would like to achieve the specified significance level in the case of lognor-

mal predictors using small sample sizes, then he/she is confronted by an array of options

for implementing the wild bootstrap approach, i.e., the choice of HCCME, residual trans-

formation and ancillary distribution. This forces the practitioner to identify the level of

heteroskedasticity and leverage values present which is unnecessarily complex and may

discourage its use in practice. However, on the bright side, these tests were more powerful

than the tests that used the uniform predictors.
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6.2 Future considerations

The study presented here gave some valuable insight into the wild bootstrap tests using HCCMEs,

but it also opened up a host of new questions that could serve as future topics of research. We

discuss a few of these below.

• The performance of the modified bootstrap residuals approach with unstructured het-

eroskedasticity using the linear approximation was shown to be excellent in this study, but

better insight into the practicality of the approach could be achieved if additional settings

for the heteroskedasticity structure were considered. Since the errors were generated from

a normal distribution, the ancillary distributions which took symmetry into account could

have been the reason for their excellent performance. Generating for asymmetric distribu-

tions might reveal interesting results. This would provide further insight on which ancillary

distribution to use with the wild bootstrap.

• Other means of modelling the heteroskedastic structures when applying the modified boot-

strap residuals approach, as suggested in Chapter 4, may provide a better refinement over

the linear approximation. However, this would limit the usefulness of the approach to a

smaller audience.

• If more comprehensive simulation study evidence suggests that the modified method may

have merit, the asymptotic properties and theory of this approach can be developed.
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