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Summary 

Thc cxponcntial density is probably one of thc most widely used distributions in practicc. 

Due to its importance, rria~iy goodness-of-fit tests for cxponcntidity have been proposed in thc 

literature. 

The objcctives of this rcscarch are as follow: 

0 to study the importance of the exponcntial distribution in practical problcms, 

0 to investigatc alternative classcs of distributions to the exponential distribution, 

0 to present an ovcrvicw of existing charactcrizations of thc cxponential distribution, 

0 to evaluate existing goodness-of-fit tests for exponentiality, 

0 to develop new goodness-of-fit tests for exponentiality, and 

0 to compare the proposed goodness-of-fit tests to existing tests by means of relative effi- 

cicncies and simulation studies of thc powcr of the tests. 

To achieve thcsc objectives, we bcgin with a brief discussion of the exponcntial distribution 

and other paramctric families of life distributions, followed by a summary of six well-known 

nonparametric classcs of alternativc distributions. 

A comprchcnsivc literature study of cxisting charactcrizations of the cxponcntial distribution 

and cxisting goodness-of fit tests for exponentiality are prcscntcd. 

Wc then proposc and prove two new charactcrizations of thc cxponential distribution in the 

class of NBUE life distributions based on propcrtics of order statistics. These charactcrizations 

are used to develop a new class of goodness-of-fit tests for exponentiality. The tests are shown 

to bc consistent and thc limiting distributions under thc null and alternativc hypotheses arc 

dcrived. 

We show that thc ncw class of test statistics includes two statistics which arc cquivalent to 

the well-known Gini test statistic (Gail and Gastwirth 1978a) and the coefficient of variation 

test statistic (Borges, Proschan and Rodrigucs 1984). 



The newly proposed tests are compared to existing goodness-of-fit tests by means of Pitman 

and approximate Bahadur relative efficiencies. Monte Carlo studies are conducted to compare 

the various tests with regard to power for small and moderate sample sizes against a wide range 

of alternative distributions. 

We recornmend three merrlbers of the class of test statistics as being very effective testing 

procedures for exponentiality. 

In conclusion, practical examples based on real-life data are presented. 



Opsomming 

Titel: Passingstoctse gebaseer op nuwc karaktcriserings van die cksponcnsiele verdeling. 

Die eksponcnsiele verdeling is sckcrlik ccn van die mees algcmeen gcbruikte verdelings in dic 

praktyk. As gevolg van sy bclangrikheid is daar baie passingstoetse vir eksponcnsialiteit in die 

litcratuur voorgestel. 

Die doclwitte van hierdie navorsing is as volg: 

om die bclangrikhcid van die eksponcnsielc vcrdeling in prakticsc probleme te ondersock, 

0 om alternaticwe klasse van vcrdclings tot die eksponensielc verdcling te bestudeer, 

0 om 'n oorsig tc  bied van bestaande karaktcriserings van dic eksponcnsiele verdeling, 

om bcstaandc passingstoetse vir cksponensialiteit te evalueer, 

0 om nuwc passingstoetse vir cksponensialiteit te ontwikkel, en 

0 om die voorgesteldc passingstoetse met bestaandc toctsc te vergelyk op grond van re- 

latiewe doeltreffendhede en simulasiestudies ten opsigte van die onderskeidingsvermoe 

van dic toetsc. 

Om hierdie doelwittc te bereik, begin ons mct 'n kort bespreking van dic eksponensiele 

verdeling en andcr parametriese verdelings, gevolg deur 'n opsomming van ses bekende nic- 

parametricsc klassc van alternatiewe vcrdclings. 

'n Uitgebrcidc litcratuurstudie van bcstaandc karakteriserings van dic cksponensiele vcrdcling 

en bestaandc passingstoetse vir eksponensialitcit word gegee. 

Twee nuwe karakteriserings van dic eksponcnsiele verdeling in dic klas van NBUEverdclings, 

gebaseer op eienskappc van orde-statistieke, word bcwys. Hierdie karaktcriserings word gebruik 

om 'n klas van nuwc passingstoetse vir eksponcnsialitcit voor te  stel. Dit word bcwys dat 

hierdie toetse konsekwcnt is en die limietvcrdclings onder die nul- cn altcrnaticwe hipoteses 

word afgclci. 



Daar word aangetoon dat dic nuwe klas van passingstoetsc twee toetsstatistieke insluit wat 

ekwivalent is aan die bekende Gini toetsstatistiek (Gail and Gastwirth 1978a) en die koeffisient 

van variasie toetsstatistiek (Borges et al. 1984). 

Dic nuwe toetsc word vergelyk met bestaande passingstoetsc deur middcl van Pitman cn 

benaderde Bahadur doeltreffendhede. Morite-Carlo studies is uitgevoer om die verskillende 

toetsc tc vcrgelyk ten opsigtc van ondcrskcidingsvermoc vir klein en matige steekprocfgroottes 

teen 'n wyc verskeidenhcid van alternaticwc verdelings. 

Ons beveel drie lede van die klas van toetsstatistieke aan as baie effektiewe toetsingsprose- 

durcs vir eksponensialiteit. 

Ten slotte word praktiese voorbeelde gebaseer op werklike data bespreek. 
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Chapter 1 

Introduction: Reliability theory and 
the exponential distribution 

1.1 Introduction 

Thc cxponential density is probably onc of the most widely used distributions in practicc. Im- 

portant application arcas of thc cxponential distribution include survival analysis and rcliability 

theory. 

Thc dcmand for accuracy and rcliability of elcctronic cquipment is continuously incrcasing, 

providing a reason for thc dcvcloprnent of the theory of reliability. It involves thc problem of 

studying the failure timcs of items and components and calculating thc reliability of instruments 

in an effort to increase efficiency and reduce operational costs. 

Due to thc importancc of the exponcntial distribution in statistical analysis, many goodness-of- 

fit tests for exponentiality have been proposed in the literature. Spurrier (1984), Ascher (1990) 

and more recently Hcnze and Mcintanis (2005) discuss and compare a wide selcction of classical 

and rccent tests for cxponentiality. 

The objcctives of this rcsearch arc to study thc importance of thc exponential distribution in 

practical problems, to investigate altcrnative classcs of distributions to the exponcntial distribu- 

tion, to evaluate existing goodness-of-fit tests for exponentiality, to develop new goodness-of-fit 

tests for exponentiality theoretically and to compare the proposed goodness-of-fit tests to ex- 

isting tests by mcarls of simulatiori studies on thr power and relative cfficicncy of the tests. 

In Chaptcr 1 a short introduction to rcliability thcory is givcn, followed by a disclission on 

general characteristics of life distributions. The chapter is concluded with definitions and 

propcrtics of the cxponcntial distribution as wcll as other panmctric familics of life distribu- 

tions (c.g. the gamma, Weibull and Makeham distributions), which can be uscd as alternativcs 

when tcsting for exponentiality. 



Since it is usually difficult to determine which specific parametric family of densities is appropri- 

ate to use as alternative, nonparametric classes of life distributions are more often considered as 

alternatives. Well-known classcs are thc increasing failure ratc (IFR), the increasing failure ratc 

avcragc (IFRA), the new better than uscd (NBU), the decreasing mean residual life (DMRL) 

and the new better than uscd in expectation (NBUE) classcs, together with their respective 

dual classes (Hollander and Proschan (1975)). These classes and their properties arc discussed 

in Chapter 2. 

Chapters 3 and 4 present an overview of existing characterizations of the exponential distribu- 

tion and good~icss-of-fit tests for exponentiality. 

We propose new characterizations of the exponential distribution in the class of NBUE life 

distributions based on properties of order statistics in Chaptcr 5.Thesc characterizations are 

used to develop new goodness-of-fit tests for exponentiality, of which properties will be discussed. 

Simulation results are also presented. 

1.2 Reliability theory, life distributions and the concept of aging 

Since the 1940's and 1950's' the theory of rcliability was developed due to a steadily increasing 

demand for accuracy and reliability of electronic cquiprnent. It began with the problem of 

calculating the reliability of instruments and the development of measures to increase efficiency 

and reduce operational costs in connection with the unreliability of elcctro-vacuum instruments 

uscd in aviation (Azlarov and Volodin 1986, p. 1). 

Thc term reliability is used in general to express a certain degree of assurance that a component 

or a system will operate successfully in a specified environment during a certain time period. 

In short, rcliability deals with the study of the proper functioning of components and systems 

(Lawless 1982, p. 20). 

However, if a component or systcm fails, this docs not necessarily imply that it is unreliable - 

every piece of mechanical or electronic equipment fails eventually. The question to  address is 

how frequently failures occur in specified time periods. 

A kcy problem in rcliability theory is to detcrmine the rcliability of a complex systcm from 

the knowledge of the rcliability of its components. When aiming at the improvement of systcm 

reliability, the relative importance of each component to the rcliability of the system needs to 

be determined. Thc reason is twofold: it allows the analyst to determine which components 

merit the most additional research and development to improve overall system rcliability at 



minimum cost or effort, and it may suggest the most efficient way to diagnose system failure 

by generating a repair "check-list" . 

Consider a systcm consisting of n components. Each component (and the systcm itself) operates 

until it fails at some time. Assume that no repair is performed. To indicate the state of the 

i-th component at time t, define 

1, if component i is functioning at time t 
0, if component i has failed at time t 

for i = 1, .  . . , n. Similarly, the binary variable w indicates the state of the systcm at time t: 

1, if the system is functioning at time t 
w(t)  = 

0, if the system has failed at time t 

The syst,cm can havc different struct~ires, for cxarnplc: 

1. A series structure functions if and only if each component functions. 

2. A parallel structure functions if and only if at lcast one component functions. 

3. A k-out-of-n structure functions if and only if at lcast k of the 7~ components function, 

for 15 k < n. 

Clearly, the state of the system is determined completely by the state of its components, so 

The function w(y( t ) )  is called the structure function of the system. Barlow and Campo (1975) 

defined a coherent  sys tem as a system of components for which its structure function w(t)  

is increasing and each component is relevant (i.e. for each component i ,  w(t) is not constant in 

~ i ( t ) ) .  

Now, suppose the state Y,(t) of the i-th component at time t is random with 

P[Y, (t) = 11 = pi(t) = E [Y,(t)]. 

The probability that component i functions at time t ,  pi(t), is referred to as the reliability of 

component i. Similarly, the reliability of the system at  time t is given by 

When discussing statistical problems in reliability, two main types of situations arc considered 

(Lawless 1982, p. 20): 



those where the emphasis is on thc lifetimc (or failure-free operating time) of a system or 

cornponcnt , and 

those where thc emphasis is on broader aspects of a system's performance, the possibility 

of repeated failure and repair, or of varying levels of performance bcing allowed for. 

In the sccond casc, statistical methods rclated to  stochastic processes such as renewal and 

Markov processes are important. The first case involves statistical methods related to the 

modcling and cstimation of lifetirnc distributions, which leads us t o  thc study of life dzstributions 

and their properties. 

1.2.1 General characteristics of life distributions 

Consider a nonnegative continuous random variable X ,  with distribution F, representing a 

lifctime of some component or system. Suppose a random sample X I , .  . . , X, of lifctimes from 

F is obscrved and let XI:, 5 X2:, 5 - .  . 5 X,:, denote thc order statistics. 

Thc distribution function of thc lifetimc X is the probability that the lifctime docs not excecd 

t, i.e., 

F ( t )  := P ( X  I t ) ,  0 < t < oo. 

A lifc distribution F is a distribution satisfying F ( t )  = 0 for t < 0. 

Thc survival function (or rcliability function) of a componcnt/system having distribution F is: 

F ( t )  := 1 - F( t )  = P ( X  > t) ,  0 < t < m. 

This is the probability that the lifetimc of the component/systcm will cxcecd t. 

The conditional probability of failurc during thc ncxt intcrval of duration x of a unit of age t 

is: 

Similarly, thc corresponding conditional survival probability of a unit of age t is 

From (1.1) the failurc rate (hazard rate) function at timc t is obtaincd: 

1 F ( t  + X)  - F( t )  
~ ( t )  := lim - 

a t )  
1 

x-0 x 



i.e., if F is absolutely continuous, 

The cumulative failure rate, 
f t 

is also referred to as the hazard function. The survival function can be expressed in terms of 

the hazard function as follows: 

F( t )  = e-R(t) ,  

which gives 

R(t) = - log F( t )  

The average failure rate is defined as 

The mean time to failure (expected lifetime) is the average length of time until failure, 

while the mean residual life function at  time t is defined as 

Note that p = ~ ~ ( 0 ) .  The i-th spacing, D:, between the order statistics is defined as 

where Xo,,, r 0. The normalized spacings are defined as 

1.2.2 Total time on test 

An important concept in reliability and life testing is the total time on test (TTT) concept. 

It features in many goodness-of-fit tests for exponentiality, as discussed in Chapter 4. 

The TTT-transform of a life distribution F is defined as 



whcre F-l(t)  = inf {z : F(z )  2 t). 

There is a one-to-one correspondence between life distributions and their TTT-transforms. 

Further, H;' is continuous if and only if F is strictly increasing for 0 5 z 5 ~ - ' ( l )  and HF' 

is strictly increasing if and only if F is continuous (Bcrgman 1979). 

Sincc the mcan of F is given by 

the transform 
H F ~  ( t )  - H; l (t) 

pF(t) := --- - --- , o l t L 1 ,  
H ; ~  ( 1 )  P 

is scalc invariant and is called thc scalcd TTT-transform. 

A natural estimator of the scaled TTT-transform defined in (1.12) is the empirical scaled TTT- 

transform defined as 
H,-I ( t )  H,-l ( t )  

- cpn(t) := ------ - x , O I t 1 1 ,  
K1 (1) 

. ~ ~ l ( t )  - whcre ~ ; l ( t )  = jo Fn(u)du, 0 5  t 2 1 

Suppose n independent componer~ts with lifc distribution F are put on test at the samc time. 

Lct XI:, < . . . < Xn:, denote their ordered failure timcs. At time Xi:,, the total time that the 

n items havc spent on test is 

whcrc Dj arc thc normalized spacings in (1.10). To = 0 and Tn = xy=l Dj = x y = l  Xj:,. Thus, 

Ti is called thc total timc on test at Xi:,. 

Define 

where Ti is the total time on test at Xi,,, dcfined in (1.14). Calculations show that 

(Basu and Ebrahimi 1985). 



1.3 The exponential distribution: Definitions and properties 

A random variablc X has an exponcntial distribution with rate 6, where 6 is a positivc scalc 

paramctcr, if X has distribution function 

The probability dcnsity function of X is given by 

f (t) = 6ePet, t 2 0, 

and the survival function is 

F ( t )  = ePet, t 2 O. 

The moment gcncrating function of X is M(t)  = 6/(6 - t ) ,  which givcs 

and 

It is easy to see that the coefficient of variation of the exponential distribution is 1. In fact, this 

is a characterization of thc cxponential distribution which will be discussed in Chaptcr 3, pagc 

42. 

In general, for r > -1, the r-th moment of the exponential distribution is given by 

so that 
1 

Pr = @F(r + 1) 

In particular, for integer values n = 1,2,  

The most wcll-known property of thc exponcntial distribution is thc lack-of-mcmory propcrty: 

If X dcnotes thc lifctime of a ccrtain component, then this property means that the probability 

that thc componcnt survives for at least t + x timc units, givcn that it has already survived 

for t timc units, is thc same as thc probability that the component survives for a t  least x timc 

units, i.e., 



P ( X  > t -k x ( X  > t )  = P ( X  > 2) for all t ,  s > 0. (1.18) 

It is easy to  show that if X is exponential, then it has this property. I t  can also be shown that 

thc solution of (1.17) is of the form 

which is the exponential survival function. Thus, property (1.17) characterizes the exponcntial 

distribution. 

In rcliability thcory, the lifetimes of components are often assumed to  be exponentially dis- 

tributed and therefore exhibit the lack-of-mcmory property. This may hold if thc componcnts 

under consideration do not have any moving parts, c.g. fuses and air monitors. In thesc cases, 

failure is caused by random shocks and not by wear, and the exponential assumption is equiv- 

alent to  the assumption that these shocks occur according to a Poisson proccss. 

This has important practical and theoretical consequences. If it is assumed that lifetimes are 

exponentially distributcd, thcn it follows that: 

1. Sincc a used component is as good as new, there is no advantage in following a policy of 

planned replacement of used componcnts known to be still functioning; 

2. In statistical estimation of mean life, percentiles, reliability, etc., data may be collected 

consisting only of the numbcr of hours of obscrved life and of thc number of obscrved 

failures; the agcs of components under obscrvation are irrclcvant. 

The lack-of-memory propcrty of thc exponential distribution is further illustrated by the fact 

that the failure rate function is constant, which is easy to  prove: 

f ( t )  wet r ( t )  = -=-- = - = 8. 
F ( t )  C-el 

Conversely, a distribution with constant failurc rate has thc exponcntial survival function 

Therefore, the failure rate r ( t )  of a distribution F is constant if and only if F is exponcntial. 

Azlarov and Volodin (1986) stated that if F is a distribution function with a monotone failure 

rate, thc relation 

f(0) = r ( 0 )  = 8 = 1 / p  



holds if and only if F is exponential with mean p.  

The scaled TTT-transform defined in (1.12) of the exponential distribution is easily determined 

as (~*( t )  = t r  O <  t 5 1. 

Anothcr property of thc cxponcntial distribution is that if X I ,  X 2 , .  . . , X ,  arc independent 

identically distributed (i.i.d.) cxponcntial random variablcs with mean 118, then thc sum of 

these random variablcs, X 1  + X2 + . . . + X,, has a gamma distribution with parameters n and 

8. 

It is also easy to  calculate the probability that one cxponential random variable is smaller than 

another onc. That is, suppose X 1  and X2 arc independent exponential random variables with 

mcans 1/01 and 1/02 respectively, then PIXl < X2]  = &. 
Further, if X I ,  Xp, . . . , X ,  are independcnt exponcntial random variablcs and X j  has mcan 

l / B j ,  j = 1, . . . , n, thcn the minimum of thc Xi's arc cxponcntially distributed with mean 

11 C j  8 j  

Barlow and Campo (1975) proved thc following properties of the spacings Di ,  DL,. . . , Dk defined 

in (1.9) from thc cxponential distribution with mcan 118: 

2. D i ,  Db, . . . ,DL arc mutually independcnt. 

3. E[DL] = A, and Var[D;]  = 1 , k = 1 , . . . ,  n. 
[ ( n - k f l ) ~ ] ~  

4. The normalized spacings, Di, defined in (1.10), from the exponential distribution are 

independently distributed with common exponcntial distribution F ( t )  = 1 - e-Ot. 

Since Xk:,  - Di + DL + . . . + DL, thc expression for E[D;]  can bc used to dcrive that thc 

exponcntial ordcr statistics havc expected value 

and variance 

for k =  1, . . . ,  n .  



1.4 Other parametric families of life distributions 

In this scction somc othcr paramctric families of lifc distributions that appcar in reliability 

applications are discussed. These distributions arc oftcn used as alternativcs when testing for 

exponcntiality. For dctailed dcscriptions of thesc distributions see e.g. Cox and Lcwis (1966), 

Barlow and Campo (1975) and Zacks (1992). 

In Figurc 1 the distribution function, density function and failure rate function for thc most 

important of these distributions are illustrated, for different parameter values. 

1.4.1 Erlang, Rayleigh, Chi-square and gamma distributions 

Considcr a system which consists of k similar units, conncctcd sequcntially. Whcn unit 1 fails, 

unit 2 starts operating automatically, and so on, until all k units fail. Suppose furthcr that 

each one of thc units has an exponential life distribution with mean 110 and that thc units 

operatc independcntly. Thcn thc life length of the dcvicc, XD, is thc sum of thc k life lcngths 

X I , .  . . , Xk of its component units. That is, XD = X1 + . . . + Xk . 

The distribution of XD is callcd the Erlang distribution, which is a special casc of the gamma 

distribution. The probability dcnsity function of the Erlang distribution is 

0 is a scalc parameter, 0 < 0 < oo and k is a shape parameter, k = 1,2 , .  . . . Notc that thc 

cxponential distribution is a special casc of the Erlang for k = 1. 

The mean of an Erlang (k, 0) life distribution is p~ = k/0 and thc variance is a; = k/(02). 

The failure rate function of an Erlang (k, 0) lifc distribution is 

whcrc p(j ,  A) = e - y 7  j = 1 ,2 , . .  . and F(j, A) = ~ : = ~ p ( i ,  A) arc the probability mass function 

and the cumulativc distribution functions of a Poisson random variable. 

By considering any positivc rcal number v as shape parameter, thc Erlang family of lifc distri- 

butions is extended to the gamma family with probability density function 

and distribution function 



where the gamma function r(cu), N > 0 is defined as T(m) = x"-'e-"dz. 

For v = 1, this is the exponential distribution. For v greater than one, fG(t) is zero a t  the 

origin and has a single maximum at t = 8(v - 1)/(v2), the failure rate function increasing 

monotonically from zero to 8 as t goes from zero to infinity. When 0 < v < 1, fG(t) is infinite 

at the origin and the failure rate decreases monotonically from infinity to 8 (Cox and Lewis 

1966, p. 136). 

An important characterization of the gamma distribution is the following: XI  and X2 are 

indcpendcnt gamma variables, if and only if the random variables XI /(XI + X2) and XI  + X2 

are independent. 

A variation of the Erlang distribution is obtaincd when the shape parameter k is allowed to 

assume values which are multiples of i, i.e. if k = m/2, m = 1,2,  . . . and the scale parameter 

8 is fixed at 8 = 112. 

The distributions obtained in this way are called Chi-square distributions,  denoted by )i2(m), 

where m is a shape parameter (degrees of freedom). The probability density function of )i2(m,) 

is 

The mean of X2(m,) is p X 2  = m and the variance is a2 - 2nr. x2 - 

If X has the Erlang distribution with parameters 8 = 112 and k = 1, then the distribution 

of Y = (x)ll2 is called the Rayleigh distribution. The probability density function of the 

Rayleigh distribution is given by fR(t)  = te-t2/2, t > 0. 

1 A.2  Weibull distributions 

The Weibull family of life distributions has been found to provide good models in many empirical 

studies. Barlow and Campo (1975) mentioned the following areas where it has been used: 

fatigue failure, vacuum tube failure and ball bearing failure. The probability density function 

of a Weibull (v, 8) distribution is 

where v is a shape parameter and 8 is a scale parameter. 

Note that if v = 1, the Weibull distribution reduces to the exponential distribution. For v 

greater than one, fw(t)  is zero at  the origin, while for 0 < v < 1, fw(t)  is infinite at the origin. 



1 The distribution function is 

~ ~ ( t )  = 1 - ~ ~ ~ ( - ( e t ) " ) ,  t 2 0. 

1 The mean and variance of a Weibull (v, 8) distribution is 

An important property of the Weibull distribution is that the minimum of n i.i.d. Weibull (v, 8) 

random variables has the Weibull (v, &) distribution. That is, if n independent devices stmt 

to operate at the samc time, and if the life distributions of these devices are the samc Weibull 

(v, 8) , then tjhs time liritil the first failure has the Weibull (v, &) distribution (Zacks 1992, pp. 

25-26). This property makes the Weibull family an attractive one for modelling the rcliability 

1 of systems of similar components connected in series, or for mechanical systems where the 

weakest link" model is appropriate. 

'he failure rate of the Weibull distribution is 

~ ~ ( t )  = veVtV-l, t > o 

'bus, if v = 1, then rw (t) is constant, which corresponds to  the exponential distribution. For / 
2 1 the Weibull distribution has increasing failurc rate, and for 0 < v 5 1 the Weibull 

listribution has decreasing failure rate. 

Fhc following relationship exists between random variables with Weibull and exponential dis- 

ributions: If X is Weibull (v, 8), then X u  is exponentially distributed with paramctcr 8" (Cox 1 
md Lewis 1966, p. 139). 
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Figure 1: Distribution, density and failure rate functions of the exponential, gamma and Welbulldistributions
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Figure 1 (contd.): Distribution, density and failure rate functions of the lognonnal, linear failure rate and Makeham distributions



1.4.3 Normal, truncated normal and lognormal distributions 

A random variable has a normal distribution if its probability dcnsity function is 

The location paramcter p is the mean, and the scale parameter a is the standard dcviation. 

A truncated version of thc normal distribution with paramctcrs p ,  a and a has probability 

dcnsity function 

where @ ( z )  is the distribution function of a standard normal random variablc. 

If a > 0, the truncated normal distribution can be uscd as a model for a life distribution. 

The introduction of (1 - @ (?))-' in (1.25) cnsures that Jp f (x)dx = 1, so that fTN(x) is 

the density of a (non-negativc) life lcngth. Thc truncated normal distribution has bcen uscd t o  

modcl c.g. the distribution of matcrial strength (Zacks 1992, p. 30). 

Thc failurc rate function is 

A random variable X has a lognormal distribution with parameters p and a2 if Y = ln(X) 

has the normal distribution. Thc probability density function of X is 

I t  is clcar from Figure 1 that the lognormal distribution is highly skewed to the right, and 

thcrefore has been widcly applicd to  modcl the distribution of e.g. matcrial strcngth, air and 

water pollution, and othcr phenomena with highly skcwed distributions (Zacks 1992, p. 33). 

The mcan and thc variance of a lognormal random variable X is given by 

and 



1.4.4 Linear failure rate, Makeham, Pareto and Beta distributions 

The linear failure rate distribution has distribution function 

For 8 = 0  this is thc exponcntial distribution. Thc failurc rate function of thc linear failure rate 

distribution is givcn by 

T L F ~ ( X )  = 1 + O X ,  (1.28) 

which is a linear function in x. 

The Makeham distribution has been widcly applicd in actuarial science and has distribution 

function 

F M ( x )  = 1 - ,-Px+:(eK"-l)l, z 2 0 ,  K, # 0 ,  (1.29) 

which is often writtcn in thc form 

For 8  = 0  (or X = 1  and y = 0 ) ,  this is the exponential distribution. The failurc rate function 

of the Makcham distribution is givcn by 

or in alternativc form 

r M ( x )  = 1 i- O(1 - c-") 

The distribution function of thc Pareto distribution is 

with density function 

11s + x ) - ' l + w @ .  f ~ ( x ) = ~ X  ( 

Consider the casc where X = 118, then: 

so that the failurc rate function of a Pareto random variable is 



The density function of a beta distribution with positive parameters n and p,  is given by 

Provided that ry > 1 and ,fl > 1, the density function is unimodal and falls to zero at the end 

points 0 and 1. If a and ,Ll have similar values, the density function is roughly symmetrical. 

When p =  1, the failure rate function of the beta distribution is cqual to 

and when a = 1 it is equal to 
P 

T B ~ ( X )  = G. (1.37) 

1.5 Summary of mat hematical notation 

In this section a summary of the mathcmatical notation introduced in this chapter is presented, 

to serve as a quick reference for the reader while reading the rest of the dissertation. 

a X1, Xz, . . . , Xn are independent copies of a nonnegative random variable X with distri- 

bution F. 

a XI:,, 5 XZcn < . . . < Xn:n denotes the order statistics of XI,  X2, . . . , Xn. 

a F(t)  := P ( X  5 t), t > 0 is the distribution function. 

F( t)  := 1 - F(t) ,  t 2 0 is the survival function 

a r(t) := t > 0 is thc failure rate function. 
F(t) ' 

R(t) := r(u)du, t 2 0 is the cumulative failure ratc function. 

a q(t) := T ( u ) ~ u ,  t 2 0 is thc average hilure ratc function. 

a p : =  E(X)  = Jr ~ ( u ) d u  is the mean of X.  

a p, := E(Xs) = [ ~ u S d F ( u ) ,  s = 2 ,3 , .  . . is the S-th moment of X 

m - 

~ ~ ( t )  := St F(")du, t > 0 is the mean residual life function. 
F(t) 

a D: := Xi:, - X(i-l):n, i = 1,2 , .  . . , n is the i-th spacing between thc ordcr statistics. 

Di := (n. - 'L + 1) - X(i-l):n) , i = 1.2,. . . ,n  is the normalized spacings. 

H,' (t) := J[-~(') P(u)du, 0 < t 5 1 is the total time on test (TTT) transform of F. 

(PF(t) := HF1(t), 0 < t < 1 is the scaled 11.T-transform. 
P 



Chapter 2 

Alternative classes of distributions 

2.1 Introduction 

In Section 1.4 sevcral parametric families of distributions were discusscd. Thcse distribution 

can be used as alternatives when testing for exponentiality. However, it is usually difficult t 

determine which specific parametric family of densities is appropriate to  use as alternative. 

For this rcason, nonparametric classes of distributions are more often considered as alternatives.' 
These classes of distributions are defined in terms of the monotonicity properties of the failure 

rate, defined in (1.3), the average failure rate, defined in (1.7), and the mean residual life 

function, defined in (1.8). They arise naturally from physical considerations like aging and 

wcar. 

Well-known classes are the increasing failure rate (IFR), the incrcasing failure rate average 

(IFRA), thc new better than used (NBU), the dccreasing mean residual life (DMRL), the new 

better than used in cxpectation (NBUE) and the harmonic ncw better than used in expcctation 

(HNBUE) classes. Thcse classcs, t,ogcthcr with their respcctive dual classcs, are dcfincd and 

discussed in Sections 2.2 to  2.4. From thcse discussions it will be clear that these classcs of lifc 

distributions play a central role in the application of reliability theory. 

2.2 IFR and IFRA classes of life distributions 

Considcr a componcnt that does not age stochastically, i.e. its survival function over an addi- 

tional period of duration x is thc same regardless of its present age t .  Thus, 

or equivalently, 

F ( t  + x) = F( t )F(x) ,  v t ,  z 2 0. 



This is the memoryless property (1.17) of the exponential distribution. 

Suppose now that the component ages adverscly in the scnsc that the conditional survival 

probability given in (1.2) is a decreasing function of age, LC., F(x( t )  is decreasing in -co < t < co 

for each x 2 0. This leads to a class of distributions corresponding to adverse aging, known as 

thc increasing failurc rate (IFR) class. The failure timcs of items with moving parts are usually 

modellcd to have an increasing failurc ratc distribution, since friction would increase the ratc 

of failure. Examples includc rubber tyres, human beings after somc initial period, and many 

mechanical parts which gradually wcar out (Block and Savits 1981). 

Formally, the increasing failure rate class is defined as follows: 

Definition 2.1 A distribution F is IFR if is decreasing in t for x > 0. 
F ( t )  

The first systematic treatment of the IFR class appeared in Barlow, Marshall and Proschan 

(1975). 

If F is absolutely continuous and has density f ,  then F is IFR if thc failurc rate, r ( t ) ,  defined 

in (1.3), is increasing fur 0 5 t < oo. Alternatively, F is IFR if the cumulative failure rate, 

R(t) = -log F(1), defined in (1.6), is convex. 

In analogy with IFR distributions there exists decreasing failurc rate (DFR) distributions, when 

the component has increasing conditional survival probability as a function of age. This type 

of behaviour is often cncountercd in the initial phase of a lifetime where work hardening or de- 

bugging takes place. Examples includc certain metals, certain complcx systems like motorcars, 

and human beings in childhood (Block and Savits 1981). 

The dual class is thns defined by reversing the direction of monotonicity, to describe situations 

where lifetimcs of itcms improvc with age. Thcreforc, F is in the DFR class if the failure ratc, 

r ( t )  is decreasing for 0 5 t < co. 

An interesting way in which DFR lifetimes can occur is as mixtures of exponential lifetimcs. 

Block and Savits (1981) discussed an example given by Proschan in 1963, where it was shown 

that thc times of sncccssive failures of air conditioning systems of a flect of jet airplanes is DFR. 

even though the failurc times of the individual air conditioning units arc cxponential. 

The boundwy member of both these classes are the exponcntial distribution, which modcls 

lifetimes that neither improvc nor decline with agc. 

In tcrms of the scaled TTT-transform given in (1.12), Klcfsjo (1982b) stated the following 

thcorem: 



Theorem 2.1 A life distribution F is IFR (DFR)  i f  and only i f  the scaled TTT-transform 

(PF( t )  is concave (convex) for 0 < t 5 1. 

Langberg, Leon and Proschan (1980) considered the following characterizations of thc 

IFR  class of life distributions: 

Theorem 2.2 Let F be a lift: distribution and Di be the normalized spacings (1.10). 

1. F is IFR  (DFR)  if and only i f  F has a finite mean and E[Dk] is decreasing (increasing) 

i n  k ( k  = 2, .  . . , n) for infinitely many n. 

2. Let F have a finite mean. Then F is IFR  (DFR)  if and only i f  for infinitely many n 2 N 

and some 1 ( 1  5 1 5 N ) ,  E [ c ~ $  Di] is decreasing (increasing) in k ( 1  5 k 5 n - 1 ) .  

3. Let F be continuous. Then F is IFR(DFR) i f  and only i f  for some fixed n and m, 

(2  5 m + 1 5 n.) and all u 2 0, 

is decreasing (increasing) i n  x. 

2.2.1 IFRA distributions and coherent systems 

Barlow and Campo (1975, p. 83) argued that it would seem rcasonablc to suppose that if each 

component of a coherent system has an IFR  distribution, thcn the system itself would also havc 

an I F R  distribution, but they could prove with a countercxarnple that this is not ncccssarily 

truc. However, the failure ratc of the system was still increasing on  average. 

Birnbaum, Esary and Marshall (1966) introduced the increasing failure ratc averagc ( I F R A )  

class of life distributions as the class of life distributions of coherent systems of IFR  components: 

Definition 2.2 The distribution F is IFRA i f  - $ log F ( t )  is increasing in  t > 0. 

Similarly, F is in the decreasing failure ratc average ( D F R A )  class if - log F ( t )  is decreasing 

in t > 0. 

Recall from (1.7) that -+  log F ( t )  is thc average failurc rate of thc distribution. 

Following Barlow and Canlpo (1975, p. 84) it is easy to see that an I F R A  distribution F is 

charactcrised by F1l t ( t )  dccrcasing on [0, cu). I t  is then obvious that F is IFRA if and only if 



for all 0 < cr < 1 and t > 0. 

Similarly, a DFRA distribution F is characterised by F1lt(t) increasing on 0 5 t < CQ, so that 

F is DFRA if and only if F (a t )  5 Fa( t )  for all 0 < cr < 1 and t 2 0. 

Deshpande (1983) developed a test for exponcntiality against IFRA alternatives based on (2.1) 

- the test statistic is given in (4.103). 

Barlow and Campo (1975, p. 85) proved that a coherent system of indcpcndent IFRA com- 

ponents itself has an IFRA distribution (i.e. the IFRA class is closcd undcr the formation 

of coherent systems). As two spccial cascs, it follows that a coherent system of independcnt 

IFR componcnts has an IFRA distribution, and a coherent system of indcpendent cxponcntial 

components is also IFRA. Thus, IFRA distributions arise naturally when coherent systcms of 

independent IFR distributions arc formed. Further, the IFRA class of distributions is thc small- 

est class containing the exponcntial distributions which is closed under formation of cohcrent 

systems (Barlow and Campo 1975, pp. 86-69). 

Klcfsjo (1982b) studied properties of the IFRA class of distributions in terms of the scaled 

TTT-transform defined in (1.12). Hc stated the following t,heorcm: 

Theorem 2.3 If F is a life distribution which is IFRA (DFRA), then pF(t)/t is decreasing 

(increasing) for 0 < t < 1. 

However, Klefsjo (1982b) referrcd to an F from Barlow (1979) for which pF(t)/ t  is decreasing, 

but which is not IFRA. 

This section is concluded with two basic propcrties of IFRA distributions from Barlow and 

Campo (1975, p. 89). But first the concept of a star-shaped function is defined: 

Definition 2.3 A function h(x) defined on [0, CQ) such that h(x)/z is increasing on [0, CQ) is 

called a star-shaped function. 

Alternativcly, h(x) is callcd star-shaped if h(crx) I ah(x) for 0 I cr 5 1, x 2 0 (Hollander and 

Proschan 1984, p. 618). 

F'rom Definition 2.2 and the definition of the hazard function (1.4), it then follows that if F is 

an IFRA distribution, then its hazard function, R(x), is a star-shaped function. 

Further, a distribution F is IFRA (DFRA) if and only if for cach 6' > 0, ~ ( x )  - ePox has at 

most onc change of sign, and if one change of sign actually occurs, it occurs from + to - (- to 

+>. 
Now, the first derivative of the hazard function R(x),  is just thc failure rate function (1.3), 

which is increasing if F is IFR. Thereforc R(x) is convcx. Further, a convex function passing 

through the origin is star-shapcd and following Barlow and Campo (1975, p. go), thc IFR 

distribution F is IFRA. Thus. IFR c IFRA. 



2.2.2 Preservation of IFR and IFRA classes under reliability operations 

In Section 2.2.1 it was stated that the IFRA class of distributions is closed under the formation 

of coherent systems. Two othcr reliability operations are considered in this section: 

Addition of life lengths - Thc addition of life lengths is an important reliability operation 

in the study of maintenance policies. For example, when a failed component is replaced 

by a new componcnt, the total life accumulated is obtained by the addition of the two 

life lengths. The question is whether the sum of the life lengths is in the same class of 

distributions as the life lengths of the respective components. 

Mixture of distributions - Mixtures of distributions arise naturally in a number of reliabil- 

ity situations. For example, suppose a manufacturer produces 60% of a certain product 

in Assembly Line 1 and 40% in Assembly Line 2. Because of differences in machines, per- 

sonnel, etc., the life length of a component produced in Assembly Line 1 has distribution 

Fl, while the life length of a component produccd in Assembly Line 2 has distribution 

F2 # Fl. After production, components from both assembly lines flow into a common 

shipping room, so that outgoing lots consist of a random mixture of the output of the 

two lines. It is clear that a componcnt selected at  random from a lot would have a life 

distribution F = 0.6F1 + 0.4F2, which is a mixture of the two underlying distributions 

(Barlow and Campo 1975, p. 101). 

We present a summary of the results concerning preservation of the IFR and IFRA classes under 

these reliability operations in Tablc 2.1. For a detailed discussion, see Barlow and Campo (1975, 

pp. 98-104). 

Table 2.1: Prcscrvation of IFR and IFRA classes. 

Class of life 
distributions 

IFR 
IFRA 
DFR 
DFRA 

Formation 
of coherent 
systems 
Not preserved 
Preserved 
Not preserved 
Not preserved 

Addition of 
life lengths 

Prcscrved 
No proof 
Not preserved 
Not preserved 

Mixture of 
distributions 

Not prcservcd 
Not preserved 
Preserved 
Preserved 



2.2.3 Distributions in the IFR and IFRA classes 

Table 2.2 indicates for each of thc parametric distributions from Section 1.4, for which valuc(s) 

of the parameter(s) the specific distribution is a member of the IFR(DFR) class (and therefore 

also a membcr of the IFRA(DFRA) class). 

Table 2.2: Parametric distributions in the IFR(DFR) classes of life distributions. 

Distribution 
Linear failure 
rate 
Weibull 
Gamma 
Makeham 

f (x)  

I I I I I 

DFR 

1.22 
1.21 

Pareto 
Beta 

Truncated 
normal 
Lognormal 

Not DFR (0 < a < 1) 

F ( x )  
1.27 

Not DFR 

1.23 

1.30 
1 1.33 1 1.34 1 8 - 0  

1.35 

1.25 

1.26 Not DFR 

T(X) 

1.28 

Not IFR 

Borgcs et al. (1984) uscd the IFR distribution 

1.24 

1.31 

1.36; 
1.37 

-u ln(1-u+8) whcre xo = u-8 , a1 = 1 -:, an = 1 +  &-, and 0 5 8 < u ,  for afixednumber u such 

that 0 < 11 < 1. For B = 0, this is the exponential distribution. 

Klcfsjo (1983a) considered the life distribution 

Exponential 
a = O  

a L 1 ,  P = l o r a = l  
Not IFR (0 < a < 1)) 

a > O  

Not IFR 

which is IFRA but not IFR. In gcneral, the distribution 

IFR 
a > 0 

u = l  
u = l  
6 = 0 

is IFRA but not IFR, provided that c # d. 

v 2 l  
u 2 l  
6 > 0  

2.3 NBU, DMRL and NBUE classes of life distributions 

In this section we discuss classes of life distributions that are especially applicable in main- 

tcnancc theory, namely the ncw bettcr than uscd (NBU) and thc new better than used in 

expectation (NBUE) classes. Their fundamental roles in rnaintcnance analysis were shown by 

Marshall and Proschan (1972). 



( 2.3.1 Classes of distributions applicable in replacement 

1 The new better than used (NBU) class is defined as follows: 

1 Definition 2.4 The distribution F is NBU if 

This is equivalent to stating that F ( z ) ,  the probability that a new unit will survive to age z, i 

greater than ~ ( t  + x) /F( t ) ,  the probability that a unit of age t will survive an additional tim 

limilarly, the distribution F is new worse than used (NWU) if 

'he boundary member of cach of these classes is the cxponential distribution. This is clcar fror 

he fact that when equality holds in (2.2), thc memoryless property (1.17) of the exponcntia 

istribution is obtained. 

Jangberg et al. (1980) considered thc following characterizations of the NBU class of lif 

istributions: 

Cheorem 2.4 Let F be a continuous life distribution. 

I .  Then F is NBU(NWU) if and only zf 

P(X1:n-m > 21) 2 (<)P(xm+l:n - Xm:n > ulXm:n = 2) 

for some fixed n and m, (1 5 m 5 n) and all u >_ 0 and x 2 0. 

2. Let F have a finite mean. Then F is NBU(NWU) if and only i f ,  for every t ,  s E (0, I ) ,  

E (X[nt]+[n(l-t)s]:n - X[nt]:n) 5a.s. (?a.s.)E (X[n(l-t)s]:(n-[nt])) 

for infinitely many n. 

n cach case equality holds if and only if F is cxponcntial. 

Iollander and Proschan (1984, p. 618) gave the following characterization of NBU distributions: 

f a life distribution F has cumulative failure rate R(x) given in (1.4), then F is NBU if and 

mly if R(z) is snperaddit,ive, where a superadditive function is defined as follows: 
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Definition 2.5 A function h(z) 2 0 defined on [0, cc) is superadditive if and o d y  i f  

for all x, y 2 0. 

In contrast with the IFR and IFRA classes, it is interesting to note that no relationship seems 

to bc known bctween the NBU class of life distributions and the scaled TTT-transform ipF(t) 

(Klefsjo 1982b). 

The decreasing mean residual life class (DMRL) is defined as follows: 

Definition 2.6 The distribution F is DMRL i f ,  for all 0 5 s 5 t, 

where E~ ( s )  defined i n  (1.8) is the mean residual life at time s .  

That is, the mean of a cornponcnt's rcmaining life, givcn that it has survived to time s ,  is no 

less than the mean of the component's remaining life given that it has survived to time t .  

Thc DMRL class is espccially important in medical rcsearch, where thc mean residual lifc of a 

patient is often used as a measure of effectiveness of treatment. In general, the mean residual 

lifc is also an important measure in demography, life insurance, and comparison of diseases 

(Hollander and Proschan 1984). 

The new better than used in expectation class (NBUE) is defined as follows: 

Definition 2.7 The distribution F is NBUE if 

p = ~ ~ ( 0 )  > E F ( ~ )  for all t 2 0. (2.4) 

This implies that a used componcnt of age t has smaller mean residual life than a new conipw 

nent . 

Similarly, the distribution F is ncw worse than uscd in cxpectation (NWUE) if ~ ~ ( 0 )  < cF(t) 

for all t 2 0. 

It is easy to prove that the NBUE property can also be written as: 

F i s  N B u E  ++ lt E ( U ) ~ U  2 p ~ ( t )  f o r  t 2 0. 

(Barlow and Campo 1975, p. 151, cx. 3). 

The different classes of life distributions discussed up to now are related in the following manner: 



IFR c I F R A  c NBU c NBUE 

and IFR  c DMRL c NBUE, 

DFR c D F R A  c NWU c NWUE 

and DFR c IMRL c NWUE. 

For detailed proofs of these relations the reader is rcferred to Bryson and Siddiqui (1969). 

Langberg et al. (1980) considered the following charactcrizations of the NBUE class of lifc 

distributions: 

Theorem 2.5 Let F be a continuous life distribution with finite mean. 

1. F is NBUE(NWUE) i j  and only ij, jor every t E (0 ,  l ) ,  

1 
---- n - [nt] c ' E (Xb4+k:n - X[nt]:nIX[nt]:n) 5 a . s  (>a,s.)E (Xi) 

k=l 

for infinitely many n .  

2. F is NBUE(NWUE) i j  and only i f ,  

for some fixed n 2 2. 

In cach case equality holds if and only if F is exponential. 

For n = 2, thc second characterization in Thcorem 2.5 givcs 

and cquality holds if and only if F is cxponcntial. 

Klefsjo (1982b) gave the following characterizations of thc DMRL ( I M R L )  and NBUE (NWUE) 

classcs in tcrms of the scaled TTT-transform (1.12): 

0 A life distribution F is DMRL ( I M R L )  if and only if Q ( t )  = ( 1  - p F ( t ) )  / ( 1  - t )  is 

dccreasing (increasing) for 0 < t < 1. 

0 A lifc distribution F is NBUE (NWUE) if and only if ( P F ( ~ )  2 (<)t for 0 5 t 5 1. 

The NBUE characterization was first noted by Bergman (1979) and was used in connection 

with replaccment policics. 



2.3.2 Preservation of NBU and NBUE classes under reliability operations 

In Section 2.2.2 the preservation of the IFR (DFR) and IFRA (DFRA) classes under certain 

reliability operations (formation of coherent systems, addition of life lengths and mixture of 

distributions) were discussed. 

The results from Barlow and Campo (1975, pp. 182-187) for the NBU (NWU) and NBUE 

(NWUE) classcs are summarised in Table 2.3. 

Table 2.3: Prcscrvation of NBU and NBUE classes. 

1 Class of life 1 Formation 1 Addition of ( Mixture of 1 
1 distributions 1 of coherent 1 life lengths I distributions ( 

Preserved Preserved 

Note that the proof for mixtures of NWUE distributions was only recently presented indepen- 

dently by Bondesson and Mehrotra (Klefsjo 1982a). 

2.3.3 Distributions in the NBU and NBUE classes 

All the distributions in Section 2.2.3 are IFR and/or IFRA, and thus also NBU and NBUE 

(refer to p. 25). 

Hollander and Proschan (1972) considered the following class of NBU alternatives: Let Fa,b 

denote the class of distributions with support [a, b] where b < 2a. The class contains 

distributions which are NBU but not IFR. Koul (1977) observed that 34 is at an extreme of 

the NBU class, since an F in is an NBU which is as far away from being an exponential as 

possible. 

Koul (1978) also constructed a family of life distributions which are NBUE, but not IFR, IFRA 

or NBU, and which are a t  a fixed distance A from the exponential distribution: 

Let 0 < A < 1 bc a given xiumbrr. Choose A 5 u such that u - H(u)  = A,  whcrr H is a 

distribution on [O,1] which is used to construct the NBUE distribution. Choose 0 < p, q < 1 

and u < v < w < 1. Then there arc positive numbers a l ,  aa, ag and as such that 



(,w - v)a3 = w - v + A(p  - q ) ;  (1 - w)n4 = 1 - w + Aq. 

Define bl = alu, bz = alu + a2 (v - u ) ,  bg = alu + a2(v - u) + ag(u~ - v). Then thc distribution 

definctl as 

is neither IFRA nor NBU, but NBUE, sincc a2 > max(al, as) .  

Klefsjo (1982b) gavc the following distribution from Barlow (1979) as an cxamplc of a distribu- 

tion that is NBUE, but not NBU: 

1 whcre c =  In2 - 3 

2.3.4 Generalisations of the NBU and NBUE classes 

The NBU (NWU) and NBUE (NWUE) classes of life distributions arc restricted to one type 

of application, since thcy reprcsent positivc (negative) aging throughout the life span of an 

cxperimcntal componcnt. In many situations there cxists a particular age to at (from) which 

deterioration sets in. For example, thc performance of an airplane cnginc may dcteriorate after 

to hours of flight, making repair of the aircraft aftcr to hours essential. 

For this reason various classcs of lifc distributions have becn creatcd to dcscribc such situations, 

e.g. thc "NBU(NBUE) with rcspect to the sct [to, m)"-class, the "NBU(NBUE) of agc ton-class 

and the "NBU of order kto"-class, k = 1,2,.  . . . For definitions and discussions see e.g. Bergman 

(1979), Hollander, Park and Proschan (1986), Ebrahimi and Habibullah (1990), and Rcneau, 

Samaniego and Boylcs (1991). 

2.4 HNBUE class of life distributions 

The harmonic new better than used in expectation (HNBUE) class of life distributions was 

introduccd by Rolski (1975). He considercd the mean rcsidual life function (1.8) of a distribution 

and investigated rclationships between various kinds of classcs of distribution functions based 

on E F ( ~ ) .  



The definition of the HNBUE class is based on the following order relation in the set of distri- 

bution functions which is used in reliability theory: 

Further, F  <c G if and only if for every increasing convex function h! 

provided the integrals exist. 

Rolski (1975) gave the following characterization of thc class {F : F  <C M,,), whcre Mp = 

1 - epxllL, z > 0: 

The relation F <c Mu holds if and only if 

This inequality means that for every x > 0 the integral harmonic mean of e~ in the interval (0: x) 

is less than the mean of F. Thus Rolski called the class of distribution functions { F  : F  <c M p )  

the HNBUE class. 

The different classes of life distributions are now related as follows: 

IFR c IFRA c NBU c NBUE c HNBUE 

(see Klefsjo (l982a) .) 

Klefsjo (1981) stated that F  is HNBUE if 

F  is HNWUE if the rcverscd inequality is truc and a life distribution which is both HNBUE 

and HNWUE is an  cxponential distribution. 

Several authors have studied propertics of thc HNBUE class of distributions. These include 

Klefsjo (1981), Klefsjo (1982a)) Klefsjo (1983a), Basu and Ebrahimi (1984), and Basu and 

Ebrahimi (198.5). 

Klefsjo (1982b) proved the following theorem bascd on the scalcd TTT-transform (1.12): 

Theorem 2.6 A strictly incrcasing life distribution F  is HNBUE if and only i f  



However, he showed that this does not hold for life distributions in general, by giving an example 

of a life distribution that is not HNBUE, but for which this inequality holds. 

Klefsjo (1982a) presented further properties of the HNBUE class in terms of the equilibrium 

distribution, which is defined as follows: 

Definition 2.8 T h e  equilibrium distribution of F ,  denoted by TF,  i s  defined as 

Then the HNBUE property can be writt'en as 

where G ( t )  = e-tlp,  t > - 0. 

2.4.1 Preservation of HNBUE properties under reliability operations 

Table 2.4 provides a summary from Klefsjo (1982a) regarding the preservation of the HNBUE 

and HNWUE classes under reliability operations. 

Table 2.4: Preservation of HNBUE class. 

I Class of life I Formation 1 Addition of ( Mixture of I 
/ distributions 1 of coherent 1 life lengths 1 distributions I 
I I systems I I I 

Note that a mixture of HNWUE life distributions is HNWUE, while the NWUE class is not 

closed undcr mixtures, as was mentioned in Section 2.3.2. Klefsjo (1982a) also mentioned that 

a mixture of HNBUE life distributions, all of which have the same mean, is HNBUE. 

HNBUE 
HNWUE 

2.4.2 HNBUE distributions of higher order 

Basu and Ebrahi~ni (1984) proposed a more general class of life distributions which they called 

the Ic-order harmonic new better than  used i n  expectation (Ic-HNBUE) class. The motivation 

for proposing this class was twofold: Firstly, in testing for cxponentiality there was now a 

larger class of available alternatives, since it was proved that the k-HNBUE class is the largest 

available class of distributions with the aging property. Secondly, analytical properties for as 

large a class as possible con~prising of all known standard classes of distributions with aging 

properties could now be developed. 

The Ic-HNBUE class is defined as follows: 

Not preserved 
Not preserved 

Preserved I Not preserved 
Not preserved I Preserved 



Definition 2.9 T h e  non-negative random variable X is  said t o  have a Ic-order harmonic  n e w  

better t h a n  used in expectation distribution if 

1 
I P vx>o ,  

k d t  f So'- 
where E ~ ( s )  i s  the mean  residual life of a device a t  t i m e  s and Ic > 1.  

Thc Ic-HNWUE is the dual class for which thc rcvcrsed inequality holds. I t  is clear that if F is 

cxponcntial, then F is both Ic-HNBUE and k-HNWUE. 

For Ic = 1 this definition is equivalent to the definition of HNBUE given by Rolski (1975). 

Note that as Ic increases, thc k-HNBUE class increascs. Therefore HNBUE is thc smallest class 

among thc k-HNBUE classcs. Conversely, by increasing Ic, thc Ic-HNWUE class dccrcascs, so 

that thc HNWUE class is the largest among the Ic-HNWUE classes. 

Basu and Ebrahimi (1984) statcd and proved various closurc properties of the Ic-HNBUE (Ic- 

HNWUE) class. 

2.5 Multivariate classes of life distributions 

The concepts of univariate aging and classes of life distributions as discussed here have also 

been cxtcnded to thc multivariate case. A survcy is prcscntcd in Block and Savits (1981). 

Basu, Ebrahimi and Klefsjo (1983) introduccd and studied some multivariate versions of the 

HNBUE class and the reader is rcfcrrcd to  thc rcfcrences in Basu et al. (1983) for literature on 

the multivariate versions of other classes of life distributions. 



Chapter 3 

Characterizations of the exponential 
distribution 

3.1 Introduction 

In this chapter we present a summary of characterizations of the exponential distribution as 

they appear in the literature from the early 1960's. Many of these characterizations have been 

used to construct goodness-of-fit tests for exponentiality, which are discussed in Chapter 4. 

The characterizations are divided into the following categories: 

c Characterizations based on the lack-of-memory property; 

0 Characterizations bascd on identically distributed random variables; 

c Characterizations based on the independence of random variables; 

c Characterizations based on uniform random variables and normalized spacings; 

0 Characterizations based on moments of order statistics; 

0 Characterizations bascd on moment inequalities; 

0 Characterizations bascd on the mean residual life function; 

0 Other characterizations. 

3.2 Characterizations based on the lack-of-memory property 

The lack-of-memory property (1.17) of the exponential distribution was defined and discussed in 

Section 1.3, p. 7. We now formally present this as our first characterization of the exponential 

distribution: 



Theorem 3.1 If X is a non-negative random variable from a n  unknown continuous probability 

distribution with distribution function F ,  then 

P ( X  > t + xlX > t )  = P ( X  > x) for all t ,  x > 0 (3.1) 

zf and only i f  F is  exponential. 

Azlarov and Volodin (1986, pp. 9-10) discussed several generalizations of Theorem 3.1. 

Angus (1982) presented the following characterization of the exponential distribution which 

can be obtained from the lack-of-memory property by letting t = x in (1.17): 

Theorem 3.2 Let X be a random variable with right-continuous distribution function F ,  sat- 

Then  F(2x) = F2(x)  Vx > 0 i f  and only if either ~ ( z )  = e-'", x > 0 for some 8 € (0, GO) or 

P ( X  =O) = 1. 

Theorem 3.2 is actually an order statistic characterization, since 1 - F2(s) is the cumulativc 

distribution function of (where X l l  X2 arc i.i.d. F), and 1 - F(2x) is the cumulativc 

distribution function of X1 12. 

Restated in this context, Theorem 3.2 becomes: 

Theorem 3.3 For right-continuous F, 2X1:2 has the same distribution as X1 if and only i f  

~ ( x )  = e-Ox, x > 0 for some 8 E (0, GO) or P ( X  = 0) = 1. 

(Also see the discussion on Theorem 3.5, p. 34). 

Angus (1982) based three goodness-of-fit tests for exponentiality on Theorem 3.2: (4.16), (4.17) 

and (4.18) in Section 4.2.3, p. 52. 

3.3 Characterizations based on identically distributed random 
variables 

Puri and Rubin (1970) considered characterizations of distributions based on the absolute 

difference of two i.i.d. random variables, X1 and X2, whose common distribution is the same 

as that of a random variable X .  The question they addressed was to characterise all possible 

distributions of X for which the distribution of 1x1 - XzI and X is identical. 

They considered three different cases: the distribution of X is either discrete, or absolutcly 

continuous, or singular. For the absolutcly continuous case they proved the following theorem: 



Theorem 3.4 Let XI and X2 be two independent copies of a random variable X with probability 

density function f ( z ) .  Then X and IX1 - X21 have the same distribution if and only .if, for 

some d > 0, 

f (x) = { ;;-ex z > o  
elsewhere 

Theorem 3.4 was used by Nikitin and Tchirina (1996) to  explain the high efficiency properties 

of the Gini test defined in (4.65). 

Desu (1971) gave the following characterization of the cxponential distribution: 

Theorem 3.5 If F is a non-degenerate distribution function, then for each positive integer 71, 

nX1,, and X are identically distributed zf and only .if F(x )  = 1 - e-", x 2 0. 

Gupta (1973) proved that undcr the conditions that F is non-degenerate, with a continuous 
d 

derivative a t  0 and F(0)  = 0, the identity nX1,, = X for one specific n > 2 characterises F to  

bc cxponcntial. 

Gather (1989) provcd the following theorem: 

Theorem 3.6 Let F be a continuous distribution function and let F(x )  be strictly increasing 

for all x > 0. Then F is exponential if and only if 

holds true for a sample from F with two distinct values jl and j2 of j and some i ,  n, 1 I i < 

jl < j2 1 n, n 2 3. 

This result was first proven by Ahsanullah (1975), where an implicit assumption was made in 

the proof that an absolutely continuous F is NBU or NWU. 

In the special casc that (3.2) holds for the one value j = i + 1, for somc 1 < i I n, n > 2, this 

charactcrises the cxponcntial distribution in the class of all continuous distributions without 

further assumptions (Rossberg 1 972b). 

If F is absolutely continuous and IFR, and (3.2) holds for one arbitrary j, i ,  n, 1 5 i < j < n,  

then it is a characteristic property of the cxponcntial distribution (Ahsanullah 1984). 

Yeo and Milne (1989) proved the following thcorcm, which contains a result of Kotz and 

Steutel (1988): 



Theorem 3.7 Suppose that X1 and X2 are i.i.d. non-negative random variables which are 

independent of another random variable U ,  and that Z = U(X1 + X2). 

Then  any two of the following three conditions imply the third: 

1. Z has the same distribution as X1 and X Z ;  

2. U has a uniform distribution o n  (0 , l ) ;  

3. Z is  exponentially distributed. 

The theorem also holds if the first condition is replaced by 

1. XI and X2 are each exponentially distributed. 

Yeo and Milne discussed multivariate extensions of Thcorem 3.7, while Alamatsaz (1993) intcr- 

preted a general characterization concerning a-unimodal distributions to yield several charac- 

terizations of exponential and gamma distributions which also contain Thcorem 3.7. 

3.4 Characterizations based on the independence of random 
variables 

The previous section dealt with characterizations based on X1 and 1x1 - X21 being identically 

distributed, where XI ,  X2 are i.i.d. random variablcs. Ferguson (1964), Basu (1965) and Craw- 

ford (1966) considered the problem of characterising distributions with the property that XlL2 

and 1x1 - X2I are independent. 

Ferguson (1964) proved the following theorem: 

Theorem 3.8 Suppose that the random variables X1 and X2 are independent and have abso- 

lutely continuous distributions. Then, in order that XlL2 and V = JX1 - X21 be independent, 

i t  is  nece.s.sa.ry a71d .su&cier~t that both X1 and X2 have exponential distributions with the same 

location parameter. 

Basu (1965) proved the same result (assuming F(0) = 0), while Crawford (1966) proved the 

theorem without the assumption of absolute continuity. 

Govindarajulu (1966) proved the following two theorems, also based on the independence of 

random variablcs: 



Theorem 3.9 The vector of random variables (Uz, U3,. . . , U,) and U1 are stochastically in- 

dependent if and only if F(x )  = 1 - exp(-Ox) for  some 8 > 0 where U1 = XI:, and Ui = 

Xi:, - XI:,, i = 2,3, .  . . , n .  

Theorem 3.10 The random variables X(j+l):n - Xj:,, 1 5 j 5 n - 1 and Xi:,, i 5 j are 

stochastically independent i f  and only if F(x )  = 1 - exp(-Ox) for some 0 > 0. 

When n = 2, both Theorem 3.9 and Theorem 3.10 state exactly the result of Theorem 3.8, also 

without the assumption of absolute continuity. 

For the remainder of this section, define Z := npl  Cy=l(Xi:n - XI:,). The following corollary 

follows from Theorem 3.9: 

Corollary 3.1 Z and XI:, are stochastically independent if and only if F (x )  = 1 - exp(-Ox) 

for some 8 > 0. 

The result of Corollary 3.1 was proved by Tanis (1964) for the absolutely continuous case. This 

result is also a special case of a much more general theorem developed later by Rossberg (1972a). 

Dallas (1973) showed that, among all continuous distributions having finite first moment ,  the 

exponential distribution is the only distribution satisfying E[ZIXp,] = E ( Z )  almost surely. 

This characterization is weaker than Corollary 3.1 using the independence of Z and XI:,. 

Generalisations of Dallas's result were studied by Wang and Srivastava (1980) amongst others. 

Swanepoel (1991) presented a characterization of the exponential distribution based on the 

covariance of XI:, and Z by defining a class of continuous distributions 6 consisting of all 

SDO(l-F(!/))d!/ continuous distribution functions F such that Jrrn x 2 d ~ ( x )  < cc and E ~ ( x )  := is 

a monotone function of x: 

Theorem 3.11 The following two conditions are equivalent: 

1. F i s  exponential. 

2. Cov(X1:,,Z) = 0 and F E 6 



3.5 Characterizations based on uniformly distributed random 
variables and normalized spacings 

Patil and Seshadri (1964) derived a characterization of the exponential distribution for the 

case when the conditional distribution of X1 given X1 + X2 is known to be uniform. 

Theorem 3.12 If the conditional distribution of XI given X1 +X2 = Z is  the uniform density 

over (0, Z), where X1 and Xg are independent non-negative random variables, then both X1 

and X2 have the exponential distribution with the same scale parameter. 

Wang and Chang (1977) proposed the transformation 

- - 
Under one parameter exponcntiality, Z1, . . . ,Zn-l  are i.i.d. uniform (0 , l )  random variables, 

which is a characterization of the exponential distribution for n 2 3. A goodness-of-fit test for 

exponentiality based on this characterization is defined in (4.35). 

Another commonly used transformation in the development of goodness-of-fit tests for e x p e  

ncntiality is the transformation to normalizcd spacings Di, as defined in (1.10). Goodness-of-fit 

tests for exponentiality based on normalizcd spacings are discussed in Section 4.2.5. 

Under one parameter exponcntiality the normalizcd spacings are i.i.d. as one parameter expo- 

nential random variables with the same parameter as the original sample. This property was 

first proved by Epstein and Sobel (1954), while Seshadri, Csorgo and Stephens (1969) proved 

the following theorem which states that the exponential distribution is the only non-negative 

distribution having this property: 

Theorem 3.13 Let X1> . . . , X, be a random sample from an  unknown non-negative continuous 

distribution F .  The normalized spacings Di are exponentially distributed with density f ( z )  = 

tWeX i f  and only if the Xi are exponentially distributed with density f (x) = 8 c e X .  

The tests (4.44) and (4.45) developed by Jammalamadaka and Taufer (2003) arc based on 

Theorem 3.13. 

Theorems 3.14 to 3.16 by Ahsanullah (l976), Ahsanullah (1977) and Ahsanullah (1978) 

state characterizations of the exponential distribution that require the identical distributions of 

Di and Dl ,  Di and X ,  and Di and Dj, respectively. Note that all three these characterizations 

make assumptions regarding the class of distributions in which the characterization holds: 



Theorem 3.14 Let X be a non-negative random variable with absolutely continuous, strictly 

increasing distribution function F ( J )  for all x > 0 ,  and F ( x )  < 1 for all x. Then  the following 

properties are equivalent: 

I .  X has an  exponential distribution. 

2. X has a monotone hazard rate and for one i and one 71 with 2 5 i 5 n, the statistics Di 

and Dl = nX1,,, are identically distributed. 

For the case i = n = 2, this becomes 

d 
where = indicates equal distributions. 

Theorem 3.15 Let X be a non-negative random variable with absolutely continuous distri- 

bution function F ( x )  that i s  strictly increasing on  [O, m). Then the following properties are 

equivalent: 

I .  X has an  exponential distribution. 

2. For some i and n with 1 < i < n, the statistics Di and X are identically distributed and 

F is either NBU or NWU.  

Note that if i = 1,  then 
d Dl = nX1:,, = X 

Thc rcadcr is rcfcrrcd to Thcorcm 3.5 and thc subscqucnt result from Gupta (1973) on p. 34. 

d Further, if i = n = 2, then D2 = X2:2 - = X .  This is similar to the result in Theorem 3.4, 

p. 34 from Puri and Rubin (1970). 

Theorem 3.16 Let X be a non-negative random variable with absolutely continuous distri- 

bution function F ( x )  that is strictly increasing on  [0, m). Then the following properties are 

equivalent: 

I .  X has an  exponential distribution. 

2. For some i ,  j and n with 1 I i < j < n, the statistics Di and D j  are identically distributed 

and F is either IFR or DFR. 



3.6 Characterizations based on moments of order statistics 

The expected valuc of thc k-th order statistic from an exponential distribution with mean 118 

is given in (1.20) as 

This property was used by Patwardhan (1988) to develop a goodness-of-fit test (4.56). 

Thc following recurrence relation for thc moments of order statistics also appears in the litera- 

ture often: 

( n  - ~)E[x;;]  + k E [ ~ f ! , : ~ ]  = ~E[x;;- ,] ,  (3.6) 

for k = 1 , 2 , .  . . , n = k + 1,  k + 2 , .  . . and j = 1 , 2 , .  . . (see e.g. Govindarajulu (1975),  Azlarov 

and Volodin (1986, p. 28)) .  

Based on (3 .6) ,  Govindarajulu (1975) proved many charactcrizations of thc cxponential distri- 

bution in terms of thc moments, variance and covariancc of ordcr statistics. His rcsults are 

prcsentcd in Theorems 3.17 to  3.19: 

Theorem 3.17 1. For i = 0 , l , .  

n = i + 1, i + 2 , .  . . if and only if F ( z )  = 1 - e-Ox. 

2. F o r i = 1 , 2 ,  . . .  
2 

n (E[x:n1 - E[X( i - I ) : (n - l ) I )  = BEIXi:nI.  

n, = i ,  i + 1 , .  . . if and only if F ( x )  = 1 - e-Ox. 

Theorem 3.18 1. For i = 0 , 1 ,  

n = i + 1 ,  i + 2 , .  . . if and only if F ( x )  = 1 - e-Ox. 

TL = i , i  + 1 , .  . . if and only if F ( z )  = 1 - e-Ox 



n = i , i  + 1 , .  . . if and only if F ( z )  = 1  - e-'". 

2. Fori  = 0 , 1 ,  . . .  
n 

n = i + 1, i + 2 , .  . . if and only i f  F ( x )  = 1  - e-'". 

n = k ,  k  + 1 , .  . . if and only i f  F ( x )  = 1  - e P e x .  

4. Let EIXI 

n = i , z $  

= 1/13. For i = 1 , 2 , .  . 

1 , .  . . if and only if F ( x )  = 1  - e-Ox. 

Characterizations of the exponential distribution bascd on moments and product moments of 

order statistics and defined in terms of a sequence of integers {nj)z l  satisfying 0  < nl < n 2  < 

. . . and xgl  $ = cc are discussed by Galambos and Kotz (1978, pp. 55-57), Lin (1988) and 

Lin (1989). 

3.7 Characterizations based on moment inequalities 

Ahmad (2001) derived several moment inequalities for the IFR, NBU, NBUE and HNBUE 

classcs of lifc distributions, which lcad to characterizations of the exponential distribution. 

These moment incqualitics and charactcrizations are presented in this section. 

Theorem 3.20 If F  is IFR, then for all integers rl , . . . , rk 2 0 ,  k  2 2,  

where C ( z ;  k:) = ( k :  + 2 ) ( k  - 1) /2  + x f = l  iri - rk. 



Notc that if rl = . . . = rk = 0 ,  then for all k > 2, 

2(k+2)0("-1)12 E[X[:,] > k! E [ X ]  k .  

Notc also that if k = 2 and rl = 7-2 = r ,  a characterization of the exponential distribution 

follows: 

Corollary 3.2 If F is IFR then 

and equality holds if and only if F is exponential. 

Ahmad (2001) used (3.7) to define a measure of deviation in developing a goodness-of-fit test 

for exponentiality against IFR alternatives (4.110). 

Theorem 3.21 If F is NBU, and i f  7 -1 , .  . . , rk 2 0 ,  k 2 2 are integers, then 

If rl = . . . = rk = 0 ,  then for all k > 2, the following is a characterization of the exponential 

distribution: 

Corollary 3.3 If F is NBU then 

and equality holds if and only if F is exponential. 

Theorem 3.22 If F is NBUE, then for all integers r 2 0 ,  

p ~ [ ~ ( r + ' ) ]  2 E[x( '+~)]  / ( r  + 2).  

The last theorem of Ahmad (2001) is: 

Theorem 3.23 If F is HNBUE, then for all integers r 2 0 ,  



In both Theorcms 3.22 and 3.23 equality holds if and only if F is exponential. 

Ahmad (2001) used (3.8) and (3.9) to define measures of deviation in developing goodness-of-fit) 

tcsts for exponentiality against NBU and NBUE alternatives (see (4.119) and (4.137)). 

Notc that whcn k = 2 in (3.8) and r = 0 in (3.9) and (3.10) respcctivcly, all three expressions 

givc 

~ ( E [ x ] ) ~  2 E[x2]. 

For a distribution F with a monotone failurc rate dcnsity (i.e. IFR or DFR), Azlarov and 

Volodin (1986, p. ) statcd that thc rclation 

holds if and only if F is exponent,ial. Since cquality holds in (3.11) if and only if F is cxponcntial, 

thc rclation (3.12) is a characterization of thc cxponcntial distribution in the larger HNBUE 

class of distributions. 

Using thc wcll-known rclation u2 := Var(X) = E[x2] - (E[x])~ = E[x~] - p2, (3.11) can 

bc writtcn as p2 > u2. Thus, for all F in thc HNBUE class of lifc distributions we have that 

p2 _> u2 and equality holds if and only if F is exponential. This of course implies that for all 

F E HNBUE, u /p  I 1. 

Borges et al. (1984) havc alrcady provcn that if F is NBUE, a necessary and sufficient 

condition in ordcr that F is cxponcntial, is that CV(F)  = 1, where CV(F)  = u/p  dcnotcs 

the coefficient of variation of F .  They used this property to base a goodness-of-fit test for 

expouentiality on t,he sample coefficient of variation (p. 92). 

The characterization regarding the exponential coefficient of variation can also be derived from 

bounds on the moments of distributions from different classes of life distributions, imsu~r~ing 

thc mcan is known (Barlow and Campo 1975, p. 118): 

Let F be IFRA (DFRA) with known mean p. Bounds for thc r-th momcnt arc givcn by: 

For r = 2, if F is IFRA, then (3.14) bccomcs (3.11). 

For F E NBU or NBUE, thc following incqualities then hold: 



E XP+1 

If F is NBUE (NWUE) thcn < ( > ) ~ E [ x ]  for all r > 0. 

Note that with r = 1, if F is NBUE (NWUE), thcn a / p  < (>)I .  

Another result containing the coefficient of variation characterization was proved by Basu and 

Ebrahimi (1984): 

Lemma 3.1 Let F be HNBUE with mean p. I n  order that F is exponential i t  is necessary and 

holds for some positive r # 1. 

Taking r = 2, then F E HNBUE is exponential if and only if its coefficient of variation 1. 

Al-Ruzaiza, Hendi and Abu-Youssef (2003) followed thc samc approach as Ahmad (2001) to 

dcrivc moment inequalities for the class of HNBUET (harmonic new bctter than uscd in cxpcc- 

tation upper tail) distributions. Ahmad and Mugdadi (2004) proved momcnt incqualities 

for three classes of life distributions that were not considcrcd by Ahmad (2001). Thcse are the 

IFRA, NBUC (ncw bcttcr than uscd in convex ordering) and DMRL classes. 

Theorem 3.24 If F is IFRA,  then for all integers r 2 0 and any 0 < a < 1, 

where X1 and X2 are two non-negative independent copies of random variables with distribution 

F .  

From Theorem 3.24, Ahmad and Mugdadi (2004) stated the following result: 

Corollary 3.4 Let r = 0, then p 2 E {min (X1/u, X2/(1 - u))}. 

For thc NBUC class, Ahmad and Mugdadi (2004) proved thc following thcorcm: 

Theorem 3.25 If F is NBUC, then for all integers r and s > 0, 

From Theorem 3.25 Ahmad and Mugdadi (2004) stated the following thrcc results: 

Corollary 3.5 Let r = 0, then 2 ( ( s  + ~)!E[x'+~]) < ( s  + ~ ) ! E [ x ~ ] E [ x ~ + ~ ]  . 

Corollary 3.6 Lct s = 0, thcn ( r  + ~ ) ! E [ x ~ + ~ ]  < ( r  + ~ ) ! E [ X ] E [ X ~ + ~ ]  . 

Corollary 3.7 Let r = s = 0, thcn E[x3] < 3E[X]E[x2]  

The last theorem of Ahmad and Mugdadi (2004) is for the DMRL class: 

Theorem 3.26 If F is DMRL,  then for all integers r 2 0, 

Corollary 3.8 Let r = 0, thcn p 2 2E[Xl,2]. 



3.8 Characterizations based on the mean residual life function 

Consider the random lifc length X of a system or component. Two different kinds of residual 

lifetimes are considcrcd in the literature (Lin 2003): 

1. the truncated lifc from below, ( X  - x)+ = max {X - x,  0); 

2. the remaining life at  age t ,  Xt = ( X  - t)lX > t ;  

Baringhaus and Henze (2000) stated the following characterization, which they used to 

develop two goodness-of-fit tests ((4.57) and (4.58)): 

Theorem 3.27 If X has finite positive mean, the distribution of X is exponential if and only 

if the mean residual life function is constant, i.e. 

Theorem 3.27 is contained in the following more general theorem from Azlarov and Volodin 

(1986, p. 36): 

Theorem 3.28 Assume that X is a non-degenerate,non-negative random variable and that 

E[Xa] < oo for some a > 0. Then 

holds for all t 2 0 if and only if X is exponential. 

Characterizations of the exponential distribution based on the truncated life from below were 

considered by Chong (1977) and Lin (2003). 

We present only one result and one remark from Lin (2003): 

Theorem 3.29 Let X be a non-negative random variable with finite moments of all orders, 

and let E ( X )  > 0. Then the relation 

holds if and only if X is exponentially distributed. 

Similar to the relation in (2.1), Lin (2003) considered the following question: 

"If r is a positive constant not equal to one and if X is a positive random variable with 

distribution F satisfying 

p ( t )  = ~ ( r t )  for t 2 0, (3.15) 

is it true that F is exponential?" 

Lin (2003) showed that the answer to this question is in general negative. However, if relation 

(3.15) holds for some positive r # 1 and if F'(Of) - lim,,o+ F(x) /x  > 0, then F is exponential. 



3.9 Other characterizations 

We conclude this chapter with a discussion on characterizations of the exponential distribution 

based on the Laplace transform, the equilibrium distribution, the entropy and the characteristic 

function of a random variable. For characterizations of the exponential distribution based on 

record valucs the rcadcr is referred to Ahsanullah (1978), Ahsanullah (1979), Azlarov and 

Volodin (1986, p. 53), Too and Lin (1989) and Balakrishnan and Stcpanov (2004). 

For characterizations using the gcomctric distribution or geometric compounding, see e.g. 

Arnold (1973), Azlarov and Volodin (1986, p. 79-81), Lin and Hu (2001) and Hu and Lin 

(2003). 

Baringhaus and Henze (1991) stated the following characterization on which they also 

based a goodness-of-fit test: 

Theorem 3.30 If the distribution of X is exponential with parameter 6 > 0, then the Laplace 

transform of X is 
6 

$(t) := ~ [ e - ~ ~ ]  = - t > O  e +  t 7  

and thus satisfies the difjerential equation 

subject to the boundary condition $(0) = 1. 

This is a characterization of the exponential distribution, sincc thc distribution of a non-negative 

random variablc is determined by its Laplace transform. 

Recall that the cquilibrium distribution of a distribution F is TF = ff E(r)dx,  defined in 

(2.8). 

Now, for TF, since EF(O) = p, 

From this it follows that 

TF(t)/F(t) = E F ( ~ ) / E F ( ~ ) .  

Rccall from Section 2.3.1, p. 25 that F is NBUE if and only if ~ ~ ( t )  < ~ ~ ( 0 )  with strict 

incquality for at least one t; thus the following theorem holds: 



Theorem 3.31 Let TF be the equilibrium distribution corresponding to F ,  then G ( t )  5 ~ ( t )  

if and only if F is NBUE, and G ( t )  = F ( t )  i f  and only if F is exponential. 

Kanjo (1993) uscd Thcorern 3.31 to devclop a tcst for exponentiality against NBUE alternatives 

defined in (4.135). 

Grzegorzewski and Wieczorkowski (1999) used thc following characterization in devclop- 

ing a goodness-of-fit test for exponentiality: 

Theorem 3.32 If X is a random variable with P ( X  > 0 )  = 1 and its mean E ( X )  = 11 is 

given, then 

H ( f )  l 1 + logp, 

where H ( f )  := - J-MM f ( x )  log f ( x ) d x  is the entropy of X .  And among all random variables with 

densities concentrated on  (0 ,  +cm) the exponential distribution ,with mean p maximises H (  f )  to 

1 + log p .  

Henze and Meintanis (2002a) proposcd a new class of consistent tests for exponcntiality 

defined in (4.77) based on the characteristic function 

of a non-negative random variable X ,  whcrc C ( t )  = E [ c o s ( t X ) ]  denotes the real part and 

S ( t )  = E [ s i n ( t X ) ]  dcnotes thc imaginary part of q5(t). They used the following charactcrization 

of the exponential distribution, which was also proved by Meintanis and Iliopoulos (2003): 

Theorem 3.33 Among all distributions of continuous non-negative random variables that pos- 

sess a continuously differentiable density with finite limit as x + 0+ and absolutely integrable 

derivatives, the exponential distribution with mean 1/0 is the only one that satisfies the equation 

Another characterization of thc cxponential distribution proved by Meintanis and Iliopoulos 

(2003) and used by Henze and Meintanis (2005) to develop a goodness-of-fit test given in (4.80) 

is prcsentcd in thc following theorem: 

Theorem 3.34 Let Iq5(t)l = J c ( ~ ) ~  + S ( t ) 2  be the modulus of the characteristic function of 

X .  Then the distribution of X is exponential i f  and only if q5(t) satisfies 



Chapter 4 

A discussion of existing goodness-of- 
fit tests for exponentiality 

4.1 Introduction 

Consider a non-negative continuous random variable X with distribution F, representing the 

lifctirnc of somc component or systcm. Supposc a random sample X i , .  . . , X, of lifetimes from 

F is observed and lct XI:,, . . . , X,:, denotc thc ordcr statistics. Considerable attcntion has been 

given in literaturc to the problem of testing the hypothesis that X I , .  . . , X, are independent 

identically distributed (i.i.d.) cxponcntial random variables. 

Thc composite null hypothesis to be tested is 

The hypothcsis can also be generaliscd in tcrms of a two parameter cxponential distribution, 

i.e., 

H~ : F(X) = I - ep0("-~) ,  x > 7, e > o. 

Spurricr (1984) discussed a transformation which allows one to use many tests designed for 

testing onc parameter exponentiality to test for two paramctcr exponentiality. 

In this chapter we summarize and discuss existing goodness-of-fit tests for exponentiality, many 

of thcm based on thc charactcrizations prcscntcd in Chapter 3. Omnibus tcsts are discusscd 

in Section 4.2, while tests for exponentiality against the different nonparamet,ric classes of 

distributions defined in Chapter 2 are discussed in Section 4.3 to Section 4.7. 



4.2 Omnibus tests for exponentiality 

4.2.1 Introduction 

Tests for exponentiality which aim at detecting all distributional departures from cxponcntiality 

are of great importance, since the alternatives to the exponential distribution are often not 

known in practice. These types of tcsts arc called omnibus tcsts. 

Let Fo(x) = 1 - e-Ox, 0 > 0. The omnibus test considers the hypothesis 

against one of three different alternatives: 

Hja' : F(5) # Fo (x) (4.3) 

Hib) : F(z) >_ Fo(z) and F(x) # Fo(x) for some x (4.4) 

HiC) : F(z) < Fo(x) and F(x) # Fo (x) for some x (4.5) 

The many omnibus tests for exponentiality available in literature arc discussed under the fol- 

lowing categories: 

0 Omnibus tests bascd on the empirical distribution function; 

Omnibus tests based on the lack-of-memory property; 

Omnibus tests based on transformations to uniformity; 

0 Omnibus tests based on normalized spacings; 

Omnibus tests based on order statistics; 

Omnibus tests based on the mean residual life function; 

0 Omnibus tests bascd on the sample Lorcnz curve and Gini statistic; 

0 Omnibus tcsts bascd on the sample entropy, sample redundancy and other information 

theoretic measures: 

0 Omnibus tcsts based on the empirical Laplace transform and characteristic function. 



4.2.2 Omnibus tests based on the empirical distribution function 

One of the earliest approaches in defining goodness-of-fit tests was to use statistics based on 

the distance between a completely specified distribution function Fo(x) and the empirical dis- 

tribution function 
n 

These tests have the property of being distribution-free, in the sense that under the null hy- 

pothesis the distribution of the tcst statistic does not depend on any unknown parameters. 

Tests of this form include the well-known Kolmogorov-Smirnov statistic, the Cram&-von Mises 

statistic, and the Anderson-Darling statistic. 

Kolmogorov-Smirnov statistics 

The one- and twc~sided Kolmogorov-Smirnov statistics arc 

D i  = sup {Fo(z) - 
-crojx<cro 

Dn= sup ~ F n ( x ) - F o ( x ) ~ = m a x { ~ ~ , ~ ~ ) .  
-oojx<m 

Large values of D, lead to rejection of Ho. 

Darling (1957) considered the distributions of these statistics, which are not asymptotically 

normal. Tables of percentiles of Dn for various values of n are given by e.g. Birnbaurn (1952) 

and Miller (1956). 

The Kolmogorov-Smirriov statistics ((4.7)-(4.9)) can however only be used to test whether a set 

of observations are from some completely specified continuous distribution. Lilliefors (1969) 

presented a procedure with a table of critical values for the Kolmogorov-Smirnov statistic when 

testing that a set of observations is from an exponential distribution with the population mean 

unspecified. According to Durbin (1975), much more extensive Monte Carlo experiments s u p  

plcmcntcd by sophisticated smoothing and other devices were carried out by M.A. Stephens 

and thc resulting critical values were presented in Table 54 of Pcarson and Hartley (1972). 

Other authors who considered Kolmogorov-Smirriov type statistics were Srinavasan (1970), 

Finkelstein and Schafer (1971) and Stephens (1974). 



Cram&-von-Mises statistic 

The Cram&-von-Mises test statistic is defined as 

with its computational formula given by 

This statistic gives a consistent test of the two-sided hypothcsis givcn in (4.3). The asymptotic 

null distribution is non-normal and was discusscd by Andcrson and Darling (1952). 

Van Soest (1969) used the CramCr-von-Mises statistic 

where F* (2) = 1 - e-"IX. 

Exponcntiality is rejectcd if Cn is significantly large. Tables of critical values were given. Power 

comparisons showed that the test based on Cn is better than the tests WEo givcn in (4.51) and 

W E  given in (4.52) (Hahn and Shapiro 1967) and two tests discussed by Epstcin (1960). 

For unspecified or only vaguely specified alternatives the tests based on D, defined in (4.9) and 

w: defined in (4.10) will on the average have good power (Cox and Lewis 1966). However, for 

very specific alternatives to the null hypothesis it will often be possible to derive more powerful 

tests than thcsc two tests. 

Anderson-Darling statistic 

Cox and Lewis (1966) argucd that thc tcsts bascd on D, given in (4.9) and w: given in (4.10) 

are most sensitive to departures in thc middlc of thc range of values. To prevent this, D, or 

the kernel of the integral in w; can bc multiplied by a non-negative weight function K {Fo(z)}: 

The most wcll-known wcight function ~ ( t )  = was proposed by Anderson and Darling 

(1952) . 



Integrated empirical distribution function 

The distribution of a positive random variable X ,  with E ( X )  < oo, is uniqucly dctcrmined by 

its integrated distribution function (idf), defined as 

An omnibus tcst for the distribution may therefore be bascd on an L2-difference between the 

idf and its empirical counterpart. Klar (2001) studied tests based on the idf for both the 

cxponential and thc normal distributions. 

The integratcd distribution function of thc exponcntial distribution with mean 118 is given by 

with its cmpirical counterpart given by 

1 
b(t) := Jm ( 1  - F , ( x ) ) ~ x  = - C(xj - ~ ) I ( x ~  > t ) .  

t n .  J = I  

Lct Tn be thc L2-distance measure betwccn en( t ) ,  givcn in (4.14), and <(t ) ,  then we have that 

where ? = xj/Xn. 

Tn is scale-invariant and consistent against each alternative distribution with finite positive 

expectation. Klar (2001) also derivcd the asymptotic null distribution of Tn. 

Adding a weight function ePat, with a > 0,  to his first test statistic, Klar (2001) obtained the 

modified test statistic which can be written as 

Ho is rcjcctcd for large values of Tn,, and a test based on Tnja is consistent against all alternative 

distributions with finite positive expectation. 

Power calculations showed that the power of the test depevds hcavily on a. For different 

values of a,  there exists alternatives for which the test is most powerful. Klar (2001) therefore 

considered combinations of two or more test statistics Tn,a3 and rejected Ho if at least one of the 



tests based on TnYaj rejects the hypothesis. Klar (2001) recommended rejecting Ho if at  least 

one of the tests based on T,,J and T,,J~ rejects Ho. The performance of this test was similar 

to  that of the Cramkr-von-Mises test given in (4.10) and the Anderson-Darling test given in 

(4.12). 

Klar (2001) stated that the power of the idf test could be improved by an adaptive choice of 

the weight function. 

4.2.3 Omnibus tests based on the lack-of-memory property 

Angus (1982) developed goodness-of-fit tests for exponentiality based on the order statistic 

characterization presented in Theorem 3.2, p. 33 which is closely related to the lack-of-memory 

property (3.1). Recall that F(2x) = F2(x)  Vx > O if and only if F is exponential. 

Based on this, Angus (1982) defined the following three measures of deviation: 

and 

By replacing F with the empirical distribution function F,, three distribution-free tests for 

exponentiality were obtained, denoted by TI (F,) , T2 (F,) and T3 (F,) respectively. The power 

of these tests was compared to the power of the following tests: 

Gail and Gastwirth's (1978a) Lorenz curve test given in (4.61)' 

0 Durbin's (1961) modified Kolmogorov-Smirnov test given in (4.32)' 

0 Proschan and Pyke's (1967) IFR test given in (4.86)) 

0 Lilliefors's (1969) adapted Kolmogorov-Smirnov test (p. 49)' 

0 Van Soest's (1969) adapted Cramilr-von-Mises test given in (4.11)' 

0 Moran's (1951) test given in (4.46)' 

The F-tests of Gnedenko given in (4.40), Harris given in (4.41) and Lin and Mudholkar 

given in (4.42). 



Angus's new tests compared well with all these tests, and in some cases outpcrformcd several of 

the tests. The new tests have the advantage of not having parameters such as degrees of freedom 

with the F-tests and p in the Lorcnz curve-test. The tests based on T2(Fn) and T3(Fn) seemed 

to be the bcst of the three tests, with the tcst bascd on T3(Fn) slightly superior. However, the 

tcst based on T2(Fn) is computationally the simplest. The asymptotic null distribution and the 

Bahadur asymptotic efficiency of Tl(Fn) were considered by Nikitin (1996). 

Ahmad and Alwasel (1999) also proposed a test for cxponentiality based on Theorem 3.2. 

They defined a measure of deviation similar to (4.17), namely 

and used the empirical distribution function to obtain the test statistic 

Although this is a distribution-free and scale invariant statistic, its limiting null distribution is 

not normal. Therefore Ahmad and Alwasel (1999) proposed another estimatc of (4.19) bascd 

on the following perturbed estimatc of F(x) :  

where {Ci,n(y))T=l, n L 1 is a triangular array of real numbers depending on a parameter 

0 < y 5 1 and satisfying C:=l C i , n ( ~ )  -+ 1 and C:=l C&(y) -+ C2(y) > 1 as n -+ GO for 

a 1 1 0 < y < l .  

With the equation F(2x) = F2(x) ,  Vx 2 0, extended to F( rx)  = Fr(x) ,  Vx 2 0, for any integer 

r 2 2, the measure of deviation becomes 

Ahmad and Alwasel (1999) estimated Ar(F)  by 

which, for r = 2, can be written as 

= n-3 I(X, > 2Xl)I(Xk > 2x1) 
j k l  

- 2 K 4  ci,n(7)cj,n(7)Ck~(7)~l.n(7) 
i j k l  



A~(F,,,) is asymptotically normal under both the null and the alternative hypotheses. 

A simple choicc for Citn(y) is to  take it equal to  1 + y if i is odd, and 1 - y if i is even. Ahmad 

and Alwasel found that values of y E [0.3,0.8] is highly satisfactory for most usable levels of 

significance. 

Comparing the power of this test to  the powers of the tests considered by Ebrahimi, Habibullah 

and Soofi (1992) (p. 66), Ahmad and Alwasel found that their test is more powerful than most 

others for gamma and log-normal alternatives. For Weibull alternatives, their tcst is better 

than most tests reported by Ebrahimi et al. (1992). Since the tcst by Ahmad and Alwasel has 

limiting normal distributions under the null and the alternative hypotheses, they believed their 

tcst to be better 

Alwasel (2001) generalized the work of Ahmad and Alwasel (1999) by considering the lack- 

of-memory property (3.1) in its full form. Thus, he considered the measure of deviation 

which is similar to  the distance measure used by Hollander and Proschan (1972) in developing 

a tcst for exponentiality against NBU alternatives (Section 2.3.1). 

In order to  obtain asymptotic normality under both the null and the alternative hypothesis, 

Alwasel considered the same perturbed estimate of F(x)  given in (4.21) as was done by Ahmad 

and Alwasel (1999), instead of using the ordinary empirical distribution function. Thus, (4.25) 

was estimated by 

i j k l m  

1 
x I (Xi  > Xl)I(Xj > Xm)I(Xk > X1 + Xm) + - 

9 

The same recommendations regarding the choicc of CiIn(y) and y were made as in Ahmad and 

Alwasel (1999). Monte Carlo methods were used to obtain critical values for various values of 

y. The power of the new test based on (4.26) was found to be much higher than the power of 

the test by Ebrahimi et al. (1992) (p. 66) and as good as the power of the test by Ahmad and 

Alwasel (1999) given in (4.24) in most cases considered and slightly better in other cases. 



4.2.4 Omnibus tests based on transformat ions to uniformity 

The well-known probability integral transformation states that if the random variable X has 

distribution F(x) ,  then the random variable U = F ( X )  is uniformly distributed over (0 , l ) .  

Thc problem of tcsting for exponentiality, i.e. Ho : F = Fo, whcrc Fo is a standard cxponcntial 

distribution function, can thus be reduced to onc of tcsting for uniformity. 

Let Gn(u) denote the empirical distribution derived from Ui:, = Fo(Xizn), i = 1 , .  . . , n. The 

Kolmogorov-Smirnov, Cram&-von-Mises and Anderson-Darling statistics discussed in Section 

4.2.2 then become 

D: = sup {Gn(u) - u} = max 
O<u<l l<i<n 

D, = SUP {IL - Gn(1L)} = max 
O<u<l l<i<n 

and 

- 
1 

- -71. - - x [(2i - 1) log Ui:, + {2(n - i) + 1) log(1 - Ui:n)] . (4.30) 
i=1 

Durbin (1961) considcrcd thc following further transformation of the order statistics Ui:,: 

His modificd Kolmogorov tt:st statistic 

which is to be used as a one-sided test, proved to be more powerful than the unmodified 

Kolmogorov tcst. 

For anothcr tcst for cxponentiality based on the probability integral transformation, the reader 

is rcfcrrcd to Gombay and Horvath (1992) . 



Other transformations to uniformity 

Seshadri et al. (1969) considered two techniques of first transforming the observations and 

then testing for exponentiality. The first transformation is called the J transformation: 

The Zi are uniformly distributed on (0 , l )  if and only if X I , .  . . , X n  are exponential. The 

Kolmogorov-Smirnov test in (4.27) and Cram&-von-Mises test in (4.29) can then be used to 

test for uniformity. 

The second transformation is called the K transformation: 

where D j  are the normalized spacings defined in (1.10). Note that Wi was already introduced 

in (1.15) in connection with the total time on tcst concept. 

Like Zi, the Wi are also uniformly distributed on (0 , l )  if and only if X I , .  . . , Xn arc exponential. 

Note that Ck1 X j  = Ckl Dj, SO that the only difference between (4.33) and (4.34) is in the 

numerators. 

These two transformations were also discussed by Epstein (1960) amongst others. It was found 

that the K transformation should always be preferred to the J transformation, since it will 

generally give greater power. 

Based on the transformation (3.3) and the subsequent characterization of the exponential dis- 

tribution discussed in Section 3.3, Wang and Chang (1977) proposed the statistic 

where 

Under one parameter exponentiality the statistic has a chi-square distribution with 2(n - 1) 

degrees of freedom. A Monte Carlo power study illustrated that a two sided tcst based on X ;  

generally outperforms the Kolmogorov-Smirnov-Lilliefors test (p. 49) for Weibull and gamma 

alternatives. 



4.2.5 Omnibus tests based on normalized spacings 

Transforming thc data bcfore testing for exponcntiality can have many purposes, c.g. increasing 

thc power of a test for ccrtain alternatives. Following the probability integral transformation 

discussed in the prcvious scction, one of the most commonly used transformations is thc trans- 

formation to normalized spacings Di , defined in (1.10.) 

The first test based on normalized spacings is attributed to Epstein (1960) and is a direct 

consequence of Bartlett's tcst for homogcneity of varianccs. With Di representing thc good 

time between failurcs of Ic obscrvations, the test statistic is defined as 

2k {ln zfZl D, - zfZl ln Di) 

which is approximately distributed undcr thc null hypothesis as a chi-squarc variablc with (Ic- 1) 

dcgrccs of frcedom. 

When the ordered failurc times arc considered as Ic groups of sizc r ,  the j-th group has a grouped 

good time between failurcs of 
?T 

and thc test statistic, also due to Epstein (1960) is 

Hartley's F max-test (Aschcr 1990) also resulted from a test for homogcncity of varianccs. 

Thc failurc timcs are grouped in the same Ic groups of sizc r ,  with V, defined in (4.37). Then 

thc test statistic is 

which is distributed under the null hypothcsis as thc F-distribution with 2r and Ic degrees of 

freedom. 

Anothcr groupcd failurc time tcst was dcveloped by Gnedenko in 1960. Let and zr=T+l 
denote the sums of the first r and the last n - r spacings respectively. Then Gnedenko's 

F-test (Lin and Mudholkar 1980) is based on the ratio 

which has an F-distribution with 2r and 2(n - r )  degrees of freedom under the null hypothcsis. 

Fcrcho and Ringcr (1972) found that Gncdenko's test in (4.40) is superior to Epstcin's tcst 



given in (4.36) and Hartley's F max-test given in (4.39). They recommendcd using r = n/2. 

Harris (1976) proposed a t w ~ t a i l e d  version of Q by considering the sum of the (n  - 2r) middle 

which has an F-distribution with 4r and 2(n - 2r) degrees of freedom under the null hypothcsis. 

Lin and Mudholkar (1980) found that a tcst based on Q' is powerful against the lognormal 

distribution (which has a U-shaped hazard) but inferior for monotone hazards. Harris (1976) 

recommendcd using r = n/4. 

Lin and Mudholkar (1980) proposed an alternative method by separately comparing the 

upper and lower sums of spacings to  the middle sum. They defined 

Fl and F, jointly follow a bivariate F-distribution under the null hypothesis. Lin and Mudholkar 

(1980) proposed accepting the null hypothesis if neither of the two statistics is too large or too 

small, i.e. rejecting exponentiality if either Fl or F, is not within some interval which is 

determined by using a theorem from Hcwctt and Bulgrcn (1971). They recommended using 

T = n/10. 

For 7~ independent items put on test a t  the same time, the total timc on test at  Xi:, was defined 

in (1.14), with the K-transformation Wi in (4.34) being discussed in Section 4.2.4, p. 56. The 

total timc on test statistic (TTT-statistic), based on Wi, is defined as 

Under the null hypothcsis, V is distributed as the sum of uniform variables, which is very close 

to the normal distribution (Doksum and Yandcll 1984, p. 590). 

Recall from Theorem 3.13, p. 37, that the normalized spacings from the exponential distribution 

arc i.i.d. exponential random variables with the same parameter as the original sample. Now, 

let Gn(t) denote the empirical distribution function of the normalized spacings. Clearly, under 

the hypothesis of exponentiality, Fn(t) and Gn(t) should be close. Jammalamadaka and 

Taufer (2003) constructed new goodness-of-fit tests for exponentiality by measuring the dis- 

tance between Fn(t) and Gn(t), using the classical Kolmogorov-Smirnov and Cram&-von-Mises 

type distances. Their tcst statistics are 
7 



and 

T 2 ,  = 1 J (Fn(t) - ~ ~ ( t ) ) ~  e-llPdt. (4.45) 
2X 

The null hypothesis is rejected for large values of the statistics. These tests are consistent and 

scale-free. 

Comparing results on Monte Carlo power calculations, the tests based on TI,, and T2,, seemed 

to compare well with the Kolmogorov-Smirnov statistic in (4.9), the Cramkr-von-Mises statistic 

in (4.10), Gail and Gastwirth's Gini statistic in (4.65), Angus' tcsts in (4.16) and (4.17) based 

on the mcmoryless-property, Baringhaus and Hcnzc's tests in (4.57) and (4.58) bascd on a char- 

acterization via the mean residual life, and the test of Ebrahimi et al. (1992) (p. 66) based 

on the sample entropy. Jammalamadaka and Taufer (2003) found that the statistics bascd on 

mean residual life and entropy show good power for most alternatives. 

4.2.6 Omnibus tests based on 

Bartholomew (1957) calculated the 

of a test introduced by Moran (1951), 

n 

order statistics 

asymptotic relative efficiencies and compared the power 

and two other tests for exponcntiality: 

and 

The statistic S was proposed by Greenwood (1946) and w was proposed by Sherman (1950). 

Bartholomew (1957) pointed out that the form of the alternative has a pronounced effect on 

the relative power of the tcsts. For certain altcrnativcs M ( n  - 1) is the bcst tcst to use, while 

for other alternatives S is the bcst to use. Under circumstances where no information regarding 

the alternative distribution is known, he recommended w, because the maximum loss in power 

which might be incurred by a wrong choice of tcst, is minimiscd. 

The main drawback of the tcst bascd on (4.46) is its sensitivity to recording errors in small 

observations (Cox and Lewis 1966, Bartholomew 1957). However, Moran did show that his tcst 

is asymptotically most powerful against gamma altcrnativcs (see also Shorack (1972)). 



Many of the distribution-free statistics discussed previously involve a great deal of computation, 

cspccially when using the transformed data as proposed by Durbin (1961) in Section 4.2.4, p. 

55. Lewis (1965) proposed a modified mean test,which is based on a statistic that is much 

simplcr to calculate, given by 

Note that if Uk = x;_, Dj/  xy=l  Dj, thcn St can be written in terms of the normalized 

spacings defined in (1.10) as follows: 
n-I 

(Hcnzc and Mcintanis 2005). Thus, Uk is cqual to Wi defined in (1.15), and thus St is equivalent 

to thc total time on test statistic given in (4.43). 

When testing exponentiality against gamma alternatives, the asymptotic relative efficiency of 

a test bascd on St with respect to Moran's asymptotically most powerful test in (4.46) can be 

calculated. Combining this with the results of Bartholomew (1957), it follows that a test bascd 

on St is not as good as a tcst based on Moran's test, but that it is slightly bctter than the test 

of Sherman (1950) defined in (4.48). 

Jackson (1967) proposed a tcst statistic based on a direct comparison between the ordered 

observations and the corresponding cxpccted values of the order statistics. The statistic is 

C;=,(n - j + ')-'Xi:, 
T, = CfZl xi:, 

An empirical comparison of thc powers of T, and St in (4.49) indicated that T, is bcttcr than 

St for n up to about 35. Also taking into account the previously mentioned disadvantage of the 

statistic M (n - I ) ,  Jackson recommended thc use of T,. 

Hahn and Shapiro (1967, pp. 298-300) discusscd two twesided tests for cxponcntiality: 

and 

Tables of critical values arc given by Hahri and Shapiro (1967, pp.334-335). 

Shapiro and Wilk (1972) devcloped tcst procedurcs for exponentiality based on thc same 

principles that they used in defining and extcnding test statistics for normality in the 1960's. 



The statistic is defined as the ratio of the square of an appropriate linear combination of the 

sample order statistics to the usual sample variance: 

n (X - ~ 1 : ~ )  
JV = 

( 7  - 1) ( i n  - 8) 

As an omnibus procedure, W is to be used as a two-tailed statistic. However, if one can specify 

the class of alternatives, one may improve sensitivity by employing one or the other tail. 

W is scale and origin invariant. The null distribution was studied by empirical sampling and 

Shapiro and Wilk presented tables of upper and lower tail percentile points for samplc sizes 

from 3 to 100. 

Sarkadi (1975) presented the analog of a tcst for normality developed by Shapiro and Francia 

in 1972 for testing two parameter exponentiality and showed that the test is consistent for 

omnibus alternatives. The test rejects exponentiality for small values of 

Cox and Oakes (1984, pp. 43-45) introduccd thc score test 

which was based on a first partial derivative of the log likelihood function and which they claimed 

to be a useful test against alternative hypotheses which specify monotone hazard functions. 

The statistic in (4.55) can also be written in simpler form as 

where 5 = x j / X  (Henze and Meintanis 2005). 

Ascher (1990) found that the score test of Cox and Oakes appeared to be the bcst of all the 

procedures he compared. The test also did well in rejecting cxponentiality for alternative distri- 

butions which are nearly exponential in shape. It is easy to calculatc and can also accommodate 

censored data. 

Patwardhan (1988) used the idea of measuring the departure of data by a plot of observed 

observations against thcir expectations to develop tests for exponentiality. He used the well 

known expression in (1.20) regarding the expected value of exponential order statistics from 

Section 3.6, p. 9. 



1 1  i n ( 1 . 2 0 ) , ~ O t h a t E [ X ~ : ~ ] = ; 6 ~ .  L c t b k : = ; + ; ; = i + . . . + m  

Hence, a plot of Zk = Xk:,/x's vcrsus bk's should be a straight linc with slope 1. Thc proposcd 

statistic is written in simplified form in terms of the norrrialized spacings as 

Patwardhan also developed similar tests for thc two paramctcr cxponcntial distribution and the 

onc paramctcr cxponcntial distribution with right censoring. 

4.2.7 Omnibus tests based on the mean residual life function 

Using Theorem 3.27, Baringhaus and Henze (2000) proposed two new omnibus tests for 

exponentiality, taking a different approach based on the mean residual life function. 

For large n, the random variables Yl, . . . , Y,, with 5 = xj /X,  behave approximatcly like 

n independent exponential variables with mean 1. This motivated Baringhaus and Hcnzc's 

proposal of the Kolmogorov-Smirnov type statistic 

and the Cram&-von-Mises type statistic 

as tests for exponentiality. 

From Hcnzc and Meintanis (2005), it follows that L, can also be written as 

where 

and 

while G, can be written as 

Ho is rejected for largc values of L, or G,. 

The limiting null distributions of the test statistics are the same as thc limiting null distributions 

of the classical Kolmogorov-Smirnov and Cram&-von-Mises test statistics (Section 4.2.2) when 

testing for uniformity in the unit interval. The tests based on L, or G, are consistent against 

each fixed altcrnative distribution having positive, possibly infinitc, mcan. 



4.2.8 Omnibus tests based on the sample Lorenz curve and Gini statistic 

Gail and Gastwirth (1978b) used the scalcfrcc character of the Lorenz curve, which 

economists use to measure income inequality, to develop a goodness-of-fit test for exponen- 

tiality. Let p be the mean of the underlying population with distribution F which is strictly 

increasing on its support. The population Lorcnz curve is defined as 

If F(x)  = 1 - eCeX, x L: 0, thcn 

Let r = [np] denote the greatest integer less than or equal to np, thcn the sample Lorenz curvc 

is defined as 

where 0 < p  < 1. 

The scale-free tcst bascd on L,(p) was proven to be consistent and p = 0.5 was recommended. 

The power of Ln(0.5) was compared to the powers of the following tcsts for cxponentiality: 

The Kolmogorov-Smirnov tcsts D, in (4.9), D$ in (4.7) and D; in (4.8), Proschan and Pyke's 

(1967) IFR test in (4.86), Lilliefors' (1969) two-sided Kolmogorov-Smirnov test (Section 4.2.2, 

p. 49), Durbin's (1975) modified Kolmogorov-Smirnov test in (4.32), Shapiro and Wilk's (1972) 

test in (4.53), and Moran's (1951) tcst in (4.46). 

The L,(0.5)-test compared favourably with the Durbin Kolmogorov-Smirnov tcst against all 

alternatives except the Pareto. The Moran statistic is more powerful than Ln(0.5) against 

gamma, Weibull and shifted exponential altcrnatives, and less powerful against uniform, Pareto 

and shifted Pareto alternatives; however, the differences are not great. 

The Lorcnz tcst substantially outperformed the IFR tcst against all alternatives, and it outpcr- 

formed D,, DL and D, against all but uniform, Pareto and shifted Pareto alternatives. The 

Lorcnz test also outperformed the Shapiro-Wilk test against all but uniform and shifted Pareto 

alternatives. 

Gail and Gastwirth (1978a) developed another idea bascd on the sample Lorcnz curvc by 

studying the Gini and Pietra statistics, based on the Gini index and the Pietra ratio. The Gini 

index was introduced by Gini (1921) and is defined to be twice the area betweeri the cquiangulax 



line and the population Lorenz curve. The Pietra ratio is defined to  be twice the area of the 

largest triangle which can be inscribed in the area bounded by the equiangular line and the 

population Lorenz curve. 

The Gini statistic is: 

and thc Pietra statistic is: 

They also considered the scale-frec statistic 

which is similar to  the test of Shapiro and Wilk (1972) defined in (4.53). 

Note that the Gini statistic in (4.65) can also be written as 

Monte Carlo simulations showed that GzO had greater power than Pzo, Lzo(0.5) in (4.61) and Rzo 

against most alternatives. The Gini statistic shares many advantages of Ln(0.5) including ease 

of computation, the scale-free property, availability of exact distribution theory and robustness 

to  truncation and rounding measurement error. 

Gail and Gastwirth (1978a) noted a surprising connection between the Gini statistic and the 

total time on test statistic, V defined in (4.43), namely that Gn = 1 - (n - 1 ) ~ l ~ .  

In a paper by Chandra and Singpurwalla (1981), some interesting relationships between the 

sample Lorenz curve, the Gini statistic and the cumulative total time on test statistic (n,-l)-'v 

are proven. 

Spurrier (1984) noted that the test based on Gn is not consistent for the beta distribution with 

parameters 0.5 and 1, and Henze and Mcintanis (2005) also gave an example to illustrate that 

the Gini-test is not universally consistent. 

Nikitin and Tchirina (1996) calculated a general expression for the local Bahadur efficiency 

of the two-sided test based on Gn for a very broad class of alternatives. They found that the 



Gini test is locally asymptotically optimal in the Bahadur sense for the alternative with the 

Makcham density. They also considered a test based on large values of the two-sided statistic 

They related the Gini statistic in (4.65) with the characterization of the exponential distribution 

presented by Puri and Rubin (1970) (Theorem 3.4, p. 34) which explains the high efficiency 

properties of the Gini test. 

They also proposed the more gcncral Gini statistic of ordcr T > 0, defined as 

as a statistic for testing cxponcntiality. Howcvcr, thc properties of thc gcncraliscd Gini statistic 

for T > 2 are still unknown. 

4.2.9 Omnibus tests based on the sample entropy, the sample redundancy 
and other information theoretic measures 

The concept of entropy was introduced by C.E. Shannon in 1948 and is onc of thc fundamcn- 

tal notions of information theory, communication, pattern recognition, etc. For a continuous 

random variable X with density function f and mean p, Shannon's entropy is defined as 

while the redundancy of X is defined as 

Now, the sample entropy of Yl , . . . , Y,, whcrc Y ,  = Xi/ Cgl Xj,  is defined as 

Note that H,(Y) attains its maximum value logn when Y ,  = l / n  V i. The difference between 

Hn(Y) and its maximum valuc is called the sample redundancy R,, i.e. 

R, := log n - H,(Y), 

which can be written as 
n 



Chandra, de Wet and Singpurwalla (1982) proposed the sample redundancy as a scale- 

free test for exponentiality and presented a table of quantiles. They concluded that a test for 

exponentiality based on the sample redundancy defined in (4.71) performs as well as the test 

based on the Gini index in (4.65) for gamma, Weibull, uniform and Pareto alternatives. Due 

to  ease of computation and the slight advantage of power, they recommended the test based on 

redundancy over other tests available at that time. 

For more tests based on entropy, redundancy and other information theoretic measures ( e g  Kullback- 

Leibler information) the reader is referred to Ebrahimi et al. (1992), Grzegorzewski and Wiec- 

zorkowski (1999), Taufer (2002) and Choi, Kim and Song (2004). 

4.2.10 Omnibus tests based on the empirical Laplace transform and the 
characteristic function 

Recall that the Laplace transform of a random variable X is defined as $ ( t )  = ~ [ e - ~ ~ ] .  Baring- 

haus and Henze (1991) based their test for exponentiality on the characterization regarding 

the Laplace transform presented in Theorem 3.30, p. 45. Their ideas were extended by Bar- 

inghaus and Henze (1992), while Henze (1993) proposed another test statistic based on the 

empirical Laplace transform, defined as 

Connections between these tests were studied by Baringhaus, Gurtler and Henze (2000). 

Henze and Meintanis (2002b) used the Laplace transform of the unit exponential distribu- 

tion, 1/(1 + t ) ,  to  define the statistic 

This can be written as 

which differs from the statistic of Henze (1993) only by a weight function, which is (1 + t)2e-at 

instead of e-at. This leads to the more general statistic 

where w(t) = O(tk) as t -4 oo. 



The tcst based on Wn,, is consistent against any alternative distribution not degenerate at zero, 

provided that w(t) > 0 for each t. 

The tcst statistics Ln,0.75 and LTr,l .a were suggested as computationally simple, yet powerful, 

omnibus tests for exponentiality. 

The characteristic function of a non-negative random variable X was defined in Section 3.9 as 

with real part C(t)  = E[cos(tX)] and imaginary part S(t)  = E[sin(tX)]. The empirical charac- 

teristic function of the scaled data Yl, . . . , Yn, where q = x~/x,  is defined as 

where Cn(t) = n.-' CGl C O S ( ~ ~ )  and Sn(t) = n-' Cyzl sin(tkj ) are the real and the imaginary 

parts of &(t) respectively. 

The empirical characteristic function has been used widely in goodness-of-fit tests for symmetric 

random variables (see e.g. Csorgo and Heathcote (1987)) as well as in testing for independence 

of random variables (see e.g. Csorgo (1985)). 

Henze and Meintanis (2002a) proposed a new class of consistent omnibus tests for exponcn- 

tiality based on the characterization of the exponential distribution in terms of the characteristic 

function stated in Theorem 3.33, p. 46. 

Their test rejects exponentiality for large values of the statistic 

00 

Wn = n Jo [Sn (t) - ten (t)] w (t)dt, 

where w(.) denotes a non-negative weight function satisfying Jr t2w(t)dt < 00. 

A test based on Wn is consistent against all alternatives. 

Henze and Meintanis (2002a) considered two weight functions, wl(t) = exp(-at) and w2(t) = 

exp(-at2) (where a is a positive parameter), for which the integral in the equation of Wn can 

be written in a simple closed form. These weight functions produce the following two statistics: 



and 

2a - (Y,  - yk)2) (-(q4; YX)~) 
Dn,a = 4a2 cXP 

2~ - (5 + Y ~ ) ~  5 + yk 
- -- - 1) exp ( 

a 
-(5 + yk)2)] . (4.79) 

4a 

The parameter a offers some flexibility with respect to the power of the tests based on (4.78) 

and (4.79). A small valuc of a means that the weight function decays slowly, whereas choosing a 

larger value of a spccds up the ratc at which the weight functions dccay. Baringhaus and Henzc 

(1991) noted that a small valuc of thc weight parameter should rcndcr the tcsts more powerful 

against alternatives having a point mass or an infinite density at x = 0, while a large valuc of 

a should result in powerful tests against distributions with markedly different tail behaviour 

comparcd to thc cxponential distribution. 

The power of the tests based on (4.78) and (4.79) (for a E {0.5,0.75,1.0,1.5,2.5) ) were com- 

pared to the power of the following tcsts for exponentiality: 

The tests of Baringhaus and Henze (1991) and Hcnze (1993) (p. 66) based on the empirical 

Laplace transform; 

The test given in (4.108) of Epps and Pulley (1986) against IFR alternatives bascd on the 

empirical characteristic function; 

The Cram6r-von-Mises test in (4.10); 

The Kolmogorov-Smirnov and Cram&-von-Mises type statistics in (4.57) and (4.58) of 

Baringhaus and Henze (2000). 

The main conclusions wcre as follows: 

Against Weibull and gamma alternatives the tests based on (4.78) and (4.79) are infcrior 

to the tests of Baringhaus and Henzc (1991) and Henze (1993). 

Thc tcst based on (4.78) outperformed all its competitors for a small valuc of a under 

thc lognormal alternative with parameter 6 = 0.8, while a larger valuc of a is required to 

make this test comparable to the othcr tcst procedures under the lognormal distribution 

with 6 = 1.5; 

For a 2 1, the test bascd on Dn,, is the most powerful; 



0 Under a power distribution with parameter 6 = 1.0 all tests performs satisfactorily, with 

Dn,, bcing the most powerful. And Dn,, is also the most powerful test against modified 

extreme valuc alternatives. 

Henze and Meintanis (2005) also proposed a test for cxponentiality based on the empirical 

characteristic function, &(t)  defined in (4.76). They used Theorem 3.34, p. 46 by Meintanis 

and Iliopoulos (2003) to  define the statistic 

where w( . )  is a nonnegative weight function. The limiting null distribution of Tn is given, under 

thc condition Sr t4w ( t )dt  < 00. 

For the weight functions w l ( t )  and w2( t )  (p. 67) the resulting statistics are: 

and 

A tcst for cxponcntiality against IFR alternatives based on the empirical charactcristic function 

was proposed by Epps and Pullcy (1986) and is discussed in Section 4.3. 



4.3 Goodness-of-fit tests for exponentiality against IFR or IFRA 
alternatives 

In this section, the null hypothesis is still 

Ho : F (x) = 1 - e-ex, 

with 6 > 0 unspecified, while the alternative hypothesis is either 

H : F is IFR, but not cxponcntial (4.84) 

or 

Hi2) : F is IFRA, but not exponential. 

The IFR and IFRA classes of life distributions were defined and discussed in Section 2.2 of 

Chapter 2. Recall that: 

A distribution F is IFR if F ( t  + x)/F( t )  is decreasing in t for x > 0. Or, if F has density 

f ,  thcn F is IFR if the failure ratc r(t)  = f ( t ) /F( t )  is increasing for 0 5 t < oo; and 

0 The distribution F is IFRA if - ( l / t )  log F ( t )  is increasing in t > 0. Or, if F has dcnsity f ,  

then F is IFRA if thc average failure rate q(t) = Sot r(u)du is increasing for 0 5 t < oo. 

From Section 2.2 it was clcar that thc IFRA class plays an especially important role in reliability 

theory, since it is thc smallest class of probability distributions containing the exponential 

distribution that is closed under the formation of coherent systems. 

Thc litcraturc contains many tests for exponcntiality against IFR and IFRA altcrnativcs. These 

tcsts arc summariscd and discussed here in chronological order. One-sided tests for IFR or IFRA 

altcrnatives wcrc dcvcloped by Proschan and Pykc (1967), Barlow (1968), Bickel and Doksum 

(1969), Ahmad (1975), Barlow and Campo (1975), Dcshpande (1983), Klcfsjo (1983a), Kochar 

(1985) and Ahmad (2001), while two-sidcd tcsts for IFR/DFR or IFRA/DFRA altcrnatives 

wcrc dcvcloped by Lee, Locke and Spurricr (1980), Epps and Pulley (1986) and Link (1989) 

Proschan and Pyke (1967) developed the first test statistic for exponentiality against IFR 

altcrnatives, based on the ranks of the normalizcd spacings D l ,  . . . , Dn, defined in (1.10). The 

tcst statistic is 
n 



where 

...? { 1 i f D i > D j ,  i , j = 1 , 2  , . . . ,  n v. . = 
O otherwise 

Thc null hypothcsis is rejected in favour of Hi1) for large values of Vn. The distribution of Vn 

is asymptotically normal under the null hypothcsis. 

Soon aftcrwards, Barlow (1968) developed likelihood ratio tests for testing exponcntiality 

against IFR and IFRA altcrnatives. Bascd on a generalisation of thc maximum likclihood 

estimate concept, he defined the following likelihood ratio statistic for testing exponentiality 

against IFR distributions: 

The tcst d* rejects exponcntiality in favour of Hi1) when A,(X) is small. This statistic is 

csscntially the same a s  a conditional maximum likclihood ratio test developed in 1966 by M. 

Boswell, who also dcrivcd the asymptotic distribution. Barlow (1968) prcscntcd a table of 

critical valucs for small samples, obtaincd by using Monte Carlo methods. 

A statistic related to  A,(X) and which rejects exponentiality in favour of Hi1) for sufficiently 

large values, was given by Barlow (1968) as 

This test is related to  (4.46), thc tcst of Moran (1951). Further, note that 

is exactly the test of Epstcin (1960). 

For testing against IFRA alternativcs, Barlow (1968) considcrcd: 

The test $** rcjccts cxponcntiality in favour of Hi2) when An(X) is large. Although the test d** 

is not a likelihood ratio test, it is based on An(X), which is csscntially the maximum likclihood 

undcr thc IFRA assumption. This may be the reason that fl* performs bcttcr than thc tcst 

d*. 
Power comparisons indicated that fl* has slightly greater power than thc tcst bascd on thc 

TTT-statistic (4.43). The test 4' is distinctly inferior to thc lattcr two tcsts, whilc thc tcst Vn 

defined in (4.86) was seen to  be distinctly infcrior to  $*. 



Bickel and Doksum (1969) considered five rank tests of the form 

where Ri denotes the ranks of the normalized spacings Di defined in (1.10), -cn(i) and Jn ( i )  
1 are nondecrcasing functions in i = 1,2 ,  . . . , and = n- CyZl c, ( i )  

With the weights cn(i) of the form cn( i )  = c (i(n + I ) - ' )  for some function c on (0, I ) ,  these 

test statistics are: 

with g ( t )  = ( 1  - t)-' $-yog(l-t) x-l -Xdx e 

They also proposed four statistics which are linear in the Dls: 

i= 1 
n 

S3 = c - {log [- log ( 1  - i / ( n  + I ) ) ] }  Di; 
i=l 

( 1 )  Large values of the statistics are significant for rejecting Ho in favour of H1 . 

Wo is asymptotically equivalent to the statistic Vn (4.86) of Proschan and Pykc (1967), and is 

uniformly improved by Wl asymptotically. 

In general, the rank tests were uniformly less powerful than the corresponding studcntiscd linear 

spacings tests, S,t = Si /  Cy=l  D j ,  i = 1 ,2 ,3 ,4  



On the basis of Monte Carlo power studies and asymptotic efficiency studies, the statistics 

ST = Sl / z:', Dj ,  with S1 defined in (4.91), and Si = S3/ Cbl Dj , with S3 defined in (4.93), 

generally performed the bcst. It was also seen that the power of Si is about the same as 

Barlow's (1968) bcst test d**, the likelihood ratio tcst for IFRA alternatives based on (4.87). 

Barlow and Doksum (1972) considered the class F of absolutely continuous distributions 

functions F such that F(0)  = 0 with positive and right (or left) continuous density f on the 

interval where 0 < F < 1. Then, for F and G E F, with respective densities f and g, they 

introduced the transformation 

which was estimated by substituting the empirical distribution function F,, for F .  Then 

That is, H;' is just n-l times T,, the total time on tcst until the 2-th observation (1.14). 

To make the tcst scale invariant, Barlow and Doksum (1972) used the scalcd total time on tcst 

which is just the empirical scalcd TTT-transform (1.16). 

Barlow and Doksum (1972) considered three classes of tcst statistics: 

1. General scores statistics of the form 

where J is an increasing function on [0, 11. 

The tcst corresponding to J (x )  = x is called the uniform scores tcst and n-I ELl Wi:,, 
is the cumulative TTT-statistic (4.43). 

Other general scores tests arc Fisher's test with J (x )  = log x,  the Pearson or exponential 

scores tcst with J (x )  = - log(1 - a), and the normal scorcs tcst with J(z) = (t), 

where @(t) is the standard normal distribution function. 

Barlow and Doksum (1972) showed that the statistics T, (J) are asymptotically equivalent 

to the classes of statistics considered by Bickel and Doksum (1969) (p. 72). Consequently, 

for a given parametric family of IFR alternatives, it is possible to find a J = JF, such 

that the test that rejects cxponcntiality for large values of T,(J) is asymptotically most 

powerful. 



2. Systematic statistics of the form 

where L(u) 2 0. When L (i) = 1, it is the cumulative TTT-statistic in (4.43). Bickel 

and Doksum (1969) considered selected types of such statistics for exponentiality (p. 72). 

3. The one-sided Kolmogorov statistic in (4.28) suggested the distance function 

D = sup 
- k] , l l i l n  

which is the same as the one-sided Kolmogorov statistic based on the K-transformation 

considered by Scshadri et al. (1969) (p. 56). 

Ahmad (1975) presented a non-parametric test for cxponentiality against monotone IFR 

alternatives based on U-statistics. His test statistic was based on a lemma which he used to 

show that F is IFR if and only if, for x, y 2 0, 

f 2  [(x + y)/2] > f (x)f(y) .  

Ahmad (1975) defined his measure of deviation from exponentiality as 

and then his test statistic is 

An equivalent form of hFn is the following U-statistic: 

where Cc extends over all combinations 1 < ai I n,  i = 1, .  . . , 4  such that a1 # a z ,  a1 # 

nq, a 2  # 03 ,  a 2  # 04, a1 < a 2  and n3 < a 4 ,  with g(z, y) = 1 if x > y and 0 otherwise. 

Ho is rejected in favour of H~(') for large values of Un. 

The Un-test is consistent and unbiased against all IFR alternatives. Also, Un is asymptotically 

normal under Ho. A study of thc asymptotic rclativc efficiency of the Un-test rclativc to the 



tests Vn in (4.86), Wl in (4.88) and Jn in (4.113) of respectively Proschan and Pyke (1967), 

Bickel and Doksum (1969), Hollander and Proschan (1972) and the total timc on tcst statistic 

V in (4.43), showed that the Un-test pcrforms wcll. 

Barlow and Campo (1975) developed tcsts for exponentiality against IFRA alternativaes 

bascd on the total time on test plot, which is a plot of the points ( i ln ,  Wi), i = 1,. . . , n, where 

Wi is as in (1.15). 

Barlow and Campo (1975) proposed using L,, the number of crossings bctwccn the TTT-plot 
(2) and the 45 "-line, as a tcst statistic, rejecting the hypothesis of exponentiality in favour of Hl 

when Ln is small. 

Bcrgman (1977) derived the exact and asymptotic distributions of L,, but showed that a test 

based on the TTT-statistic given in (4.43) is uniformly more powerful than thc tcst bascd on 

Ln for the class of Weibull alternativcs and suspected it to bc truc in thc more gcncral IFRA 

class. 

Lee et al. (1980) considered the class of statistics 

which were first suggested by Kimball (1947) and also considered by Darling (1953), where they 

havc been considcrcd as omnibus tests using two-sided rejection regions. However, Lee et al. 

(1980) proved that tests based on T, arc inconsistent against ccrtain kinds of non-exponential 

distributions and should therefore not be used as omnibus tests. 

They proved further that, for a < 1, lower-tail tcsts bascd on T, are consistent for DFRA 

alternativcs, whilc uppcr-tail tcsts are consistcnt for IFRA alternatives. On the other hand, for 

a > 1, lower-tail tcsts arc consistcnt for IFRA alternatives, and upper-tail tests are consistcnt 

for DFRA alternatives. 

Based on a Monte Carlo powcr study, Lee et al. (1980) recommendcd a lowcr-tail tcst bascd on 

TIl2 for DFRA alternatives. If the altcrnativc hypothesis is that the distribution is IFRA, thcn 

a lowcr-tail test based on T2 was recommended. 

Thesc two statistics, Tl12 and T2, outperformed the following tcst statistics: Sf in (4.91) and 

Si in (4.93) of Bickel and Doksum (1969). T, in (4.50) of Jackson (1967), X: in (4.35) of Wang 

and Chang (1977), as well as the one-sided Kolmogorov-Smirnov statistics in (4.7) and (4.8). 

Deshpande (1983) developed a test for exponcntiality agaiwt IFRA alternatives based on 

property (2.1) of IFRA distributions. Recall that F is IFRA if and only if F ( a t )  >_ F m ( t )  for 

all 0 < a < 1 and t > 0. 



He defined the parameter M ( F )  = SF F ( b x ) d F ( ~ ) ,  so that M ( F )  = (b  + 1)-l if F belongs to 

Ho, and M ( F )  > (b  + 1)-I for all F belonging to H!~). Thus, 

is a measure of deviation of F from Ho. 

Deshpande (1983) then defined the function 

1, XI > bX2 
0, otherwise, 

where b is a fixed number from (0, l ) ,  which was used as kernel to  define the U-statistic J b ,  i.e. 

where C* denotes summation over 1 5 i 5 n,  1 5 j 5 n such that i # j .  

The value of the statistic ranges from 112 to 1, and Ho is rejected in favour of H!~) for large 

values of Jb. 

The statistic Jb has the advantage that it can easily be calculated as follows: Multiply each ob- 

servation by b. Arrange Xi ,  . . . , Xn and bX1, . . . , bXn together in increasing order of magnitude. 

Let Ri be the rank of Xi in the combined order. Then 

is the number of pairs of (Xi, bXj) for i # j, such that Xi is larger than bXj, and 

Deshpande (1983) proved that a test based on Jb is unbiased, and since Jb is a U-statistic, the 

asymptotic distribution of n1I2[~b - M ( F ) ]  is normal. A test based on Jb is consistent against 

continuous IFRA distributions, and for b = k-', k = 2,3, . . . , the .Ib-test is also consistent 

against continuous NBU distributions. 

Following calculations regarding the Pitman asymptotic relative efficiency, the test Jo ,g  was 

recommended whcn the alternative is the IFRA class, and J0.5 was recommended whcn the al- 

ternative is the larger NBU class. The tests based on J0.g and J0.5 outperformed the cumulative 

total time test in (4.91) of Bickel and Doksum (1969), as well as the NBU test in (4.113) of 

Hollander and Proschan (1972). 

Bandyopadyay and Basu (1990) studied the efficiency properties of Jb and recommended b = 

0.44 as the optimal value for b. 



Klefsjo (1983a) defined tests for exponentiality against IFR and IFRA alternatives by using 

the fact that the TTT-plot (also considcred by Barlow and Campo (1975), p. 75) convcrgcs to 

the scaled TTT-transform in (1.12) , togcthcr with Theorcm 2.1, p. 20 and Thcorcm 2.3, p. 

Hc proposed two tests against IFR alternatives: A positivc (negative) value of 

with Wi defined in (1.15), indicates that F is IFR (DFR) but not cxponential. However, a tcst 

based on A1 is not consistent against the wholc IFR class. 

The second test statistic is 

which is positivc (negative) if F is IFR (DFR) but not cxponcntial. 

A2 can bc written as 
n 

where Dj are the normalized spacings, Tn is thc total timc on tcst at Xn:, defined in (1.14) and 

Klefsjo (1983a) proposed 
n-1 n 

for testing exponentiality against IFRA alternativcs. A positivc (negative) value of B indicates 

that F is IFRA (DFRA). 

Similar to Az, B can be written as 

whcrc Pj = [2j3 - 3j2 + j (1 - 3n - 3n2) + 2n + 3n2 + n3] . 

Both A2 and B were proven to be asymptotically normal, under general assumptions on thc 

distribution F. A2 is consistent against the class of IFR distributions and B is consistcnt against 

the class of IFRA distributions. 

Kochar (1985) used the definition of an IFRA distribution (Def. 2.2, p. 20) to define 



Under Ho, h(s, t) = 0, but under H!'), h(s, t) > 0 for all s > t > 0. Thus, a measure of 

deviation between Ho and H!') was defined as 

W )  = / " " 2 1  h ( ~ ,  t ) d W d W ) .  

Using the empirical distribution function, Fn, the following asymptotically equivalent statistic 

was obtained: 

where J ( u )  = 2(1 - u)[1 - log(1 - ? A ) ]  - 1. 

In order to make the statistic scale invariant, Kochar (1985) proposed Tn = Tn/xn .  The test 

rejects Ho in favour of H,(') for large values of Tn. 

According to calcnlatio~ls on the Pitman asympt,otic: rclative efficiency, the test based 0 1 1  Tn 

compares well to the B-test (p. 77) of Klefsjo (1983a), the tests Jo.9 and J0..5 in (4.103) of 

Deshpandc (1983) and the TTT-test in (4.43). 

Comparing the powers of these tests for small sample sizes ( n  < 7) against Weibull alternatives, 

Kochar (1985) found that the Tn-test outperformed the B-test and the Jo.5-test. However, for 

large sample sizes the Tn-test had slightly smaller power than the B-test. When testing against 

linear IFR distributions, the new Tn-test was clearly superior to its competitors. 

Epps and Pulley (1986) presented a test for exponentiality against IFR distributions, which 

they derived as a weighted integral of the difference between the empirical characteristic function 

&(t) given in (4.76) and the exponential characteristic function @o(t) = eitXdFo(z). They 

defined 

as a class of statistics for testing exponentiality. D{.) is an appropriate distance function and 

W (t) is a complex-valued weighting function which smoothcs the oscillations in 4, (t) . 

Epps and Pulley (1986) used D{&, 4o) = 4, - & and dW(t) = (2~)-'4o(-t)dt to obtain the 

following scale-invariant test statistic: 

which is asymptotically standard normally distributed under Ho. 

Ho is rejected for large values of 1 EPnI, where large positive values indicate an IFR alternative, 

while large negative values indicate a DFR alternative. The test based on EPn is consistent 



against all alternative distributions with monotone hazard rate, provided that F is absolutely 

continuous, F(0) = 0 and 0 < p < oo. 

Monte Carlo power estimates showed that the test based on EPn performes similar to the 

Gini-test in (4.65) of Gail and Gastwirth (1978a), and usually better than the S3+-test given 

in (4.93) of Bickel and Doksum (1969) as  well as the NBU test in (4.113) of Hollander and 

Proschan (1972). Comparing the convenience of the test based on EPn and the Gini-test, Epps 

and Pulley (1986) found that, although their test has a computational advantage, the Gini-test 

rapidly converges to normality and therefore has a smaller need for special tables. 

Link (1989) developed a test for exponentiality against monotone failure rate alternatives that 

is related to the test Jb defined in (4.103). Following Deshpande (1983) (p. 76), he noted that 

E[Jb] is equal to, less than, or greater than (b  + I)-', for F exponential, F DFRA but not 

exponential, and F IFRA but not exponential, respectively. Thus large (small) values of Jb 

indicate that the average failure rate is increasing (decreasing). 

Link (1989) then rewrote the statistic Jb in the form 

and proposed the statistic 

which is scale invariant and can be expressed in the simple form 

The statistic is a U-statistic estimate of 2 4 F )  - 1, where 

The parameter p (F )  can be considered as a measure of departure from exponentiality in the 

class of monotone failure rate average distributions, since p(F)  = log 2 for F exponential, and 

is larger (smaller) for F IFRA (DFRA) but not exponential. 

A Monte Carlo study of the small sample power of the new test r, the tests J0,5 and defined 

in (4.103) of Deshpande (1983), and the Tn-test in (4.107) of Kochar (1985), against Weibull 

alternatives with Y = 112 (DFRA) and v = 2 (IFRA) showed that clearly outperformed J0.5 



in both cases, and that I' is superior to T, for v = 112. For the case v = 2 there was little 

difference in the power of I' and T,. 

Similar studies against chi-square alternatives showed that I' outperformed T, for IFRA and 

DFRA alternatives. The statistic I' also has the advantage of being much simpler to compute 

than its compctitors. 

Ahmad (2001) introduced a test statistic for testing exponentiality against IFR alternatives 

based on sample moments. Using Corollary 3.2, he defined 

as a measure of deviation from exponentiality in favour of IFR distributions. 

To make the test scale invariant, Ahmad (2001) used A!:);= b!:)2/112'+2, which was estimated 

whcrc 

Ho is rejected in favour of H I ' )  for significantly large values. The test performs basically as 

well as the Wl-test in (4.88) of Bickel and Doksum (1969). 

The value of r can be chosen small enough to keep calculations simple, or in cases when the 

alternative is known, r can be chosen to maximize the asymptotic efficiency. For the Weibull 

case, with r = 4,  thc ncw test hm greater efficiency than thc Wl-test in (4.88). 

Ahmad (2004) developed a test for exponentiality against IFR alternatives based on the 

mcasure of deviation from Ho 

6 g )  = /dm lrn p2 (7) dxdy - Lrn /dm P ( x ) ~ ( ~ ) d x d ~ ,  

which can be rewritten as 

Note that 6;) is similar to (4.98), except that the integration is with respect to dxdy and not 

d F ( x ) d F ( y ) .  

Undcr Ho, 6;) = 0. If X I  and X2 are independent copies of the variable X with distribution 

F ,  then 

6;) = 2,73[xlL2)I2 - p2, 



with unbiased estimate 

To make the test scale invariant, Ahmad (2004) considered A$: = ;F~/)/B~. The statistic is 

asymptotically normal, and Ho is rejected for large values. 

4.4 Goodness-of-fit tests for exponentiality against NBU alter- 
natives 

One-sided tests for exponentiality against NBU alternatives have been developed by Hollander 

and Proschan (1972), Koul (1977), Deshpande (1983), Kumazawa (1983) and Ahmad (2001). 

The hypothesis to be tested is: 

against 

H ! ~ )  : F is NBU and not exponential. 

Hollander and Proschan (1972) used the definition of the NBU class (Def. 2.4, p. 24) to  

define the following measure of deviation between Ho and H ! ~ ) :  

T ( F )  := // { ~ ( t ) f  ( s )  - f ( t  + s ) }  d F ( t ) d F ( s )  

By replacing F with the empirical distribution function Fn, they proposed to reject Ho in favour 

of H ! ~ )  for small values of ss fn ( t  + s)dFn (s)dFn ( t )  , with asymptotically equivalent U-statistic 

where 

and the summation is over all n ( n  - l ) ( n  - 2) /2  triples of ( a l ,  a2, as) of three integers such 

that 1 1  ai 1 n, a1 # a2, a1 # a s  and a2 < as .  

The test that rejects Ho for small values of Jn is unbiased and consistent against NBU altcrna- 

tivcs. The asymptotic normality of Jn follows directly from the U-statistic theory of Hoeffding 

(1948). 



The test based on J, was compared to the following tests for IFR alternatives, since no other 

tests for NBU existed at  that timc: Vn in (4.86) of Proschan and Pyke (1967), the total time 

on tcst statistic in (4.43) and Wl in (4.88) of Bickel and Doksum (1969). 

When the underlying distribution was IFR, the IFR tests in gcncral performed better, as was 

to be cxpected. However, the NBU test performed distinctly better than the IFR tests when 

the underlying distribution was NBU but not IFR. 

Koul (1977) developed a test against NBU alternatives by defining 

so that under Ho, D(F )  = 0, and under H!~), D(F )  < 0. The test statistic was defined as 

Dn = D(F,) = inf [Fn(s + t) - F,(s)F,(t)] . 
s,t>O 

A statistic which is easier to compute is 

Tn := n2 D, = min [nSij - (n - i ) (n  - j ) ]  , 
l<i<j<n 

(4.114) 

The tcst was shown to be unbiased and consistent, however the asymptotic null distribution is 

not normal. 

Deshpande (1983) developed a test against NBU alternatives which turned out to be a linear 

combination of Jn in (4.113) from Hollander and Proschan (1972) and U in (4.100) from Ahmad 

(1975). By substituting t and x in (2.2) with (x+ y)/2, he defined D(F )  as measure of deviation 

between Ha and H?): 

where XI ,  X2, Xg, X4 are i.i.d. random variables with distribution function F .  

The U-statistic with expectation D(F) ,  is S = U - J, , which is asymptotically normal. The 

t a t  rejects Ho in favour of ~ 1 ~ )  if S is significantly large. 

The Pitman asymptotic relative efficiency of the new S-test was calculated relative to V, in 

(4.86) of Proschan and Pykc (1967), as well as to the two statistics of which it is a linear 

combination. The new tcst was often a considerable improvcmcnt. 



Kumazawa (1983) derived his tcst statistic by noting that the NBU property (2.2) implies 

that F(m1~) < F ( X ) ~  for all x > 0 and every integer ~n > 1. He defined the measure of deviation 

where J is a non-decreasing, right continuous function such that J : [O, 1) --+ 10, m ) ,  ((0) = 0 

and F(x2)dx < m .  Note that J; F(xm)dx 5 J; F(x2)dx < m for m 2 2. 

Kumazawa (1983) proposed rejecting Ho in favour of H!~) for small values of 

which can be written as 

where sim) = C;=l IIXj:, > mXi:,] for 1 5 i < n. 

A tcst based on Ln(& m) is consistent and unbiased for m > 2. With [(u) = u, Ln(<, m) reduces 

to a U-statistic, and is thus asymptotically normal. 

In calculating the Pitman asymptotic relative efficiency, Kumazawa (1983) considered [(u) = 

u", a >. 112, and found that the Ln (I, m)-test with a = 112 and m = 3 is asymptotically more 

efficient than the tests Jn in (4.113) and Tn in (4.114) of Hollander and Proschan (1972) and 

Koul (1978) respectively, except for gamma alternatives. Ln(& m) with a = 1 and m = 6 has 

higher efficiency for gamma alternatives. 

Ahmad (1994) introduced a test which can be used to test exponentiality against either IFRA 

or NBU alternatives. He proved and used the following extended definitions of the IFRA and 

NBU classes: 

Definition 4.1 F is IFRA if and only if for all non-negative real numbers X I , .  . . , xk, k > 1 

and all 0 < n < 1, 

Definition 4.2 F is NBU if and only if for all integers k > 2, 



From these definitions, Ahmad (1994) derived 

and 

which are generalisations of a tcsting measure considered by Ahmad (in 1974) in an unpublished 

article and the testing measure defined in (4.112) considered by Hollander and Proschan (1972). 

The S-test of Deshpandc (1983) (p. 82) was also based on a spccial casc of thc measure h k ( F ) .  

Thcsc gcneralisations, b k ( F )  and qk(F) ,  arc both spccial cases of the following functional: 

for 0 < a  5 1 and k 2 1. 

Note that b k ( F )  = J ( F ;  a, k), 0 < a < 1, k > 1 and qk(F)  = J(F; 1, k), k > 2. 

Under IFRA alternatives, J ( F ;  a, k) > 0, 0 < a < 1, k > 1 and under NBU alternatives, 

J ( F ;  1, k) > 0, k 2 2. An estimatc of J(F; a, k) can thus be used to test against IFRA 

alternatives for 0 < a < 1, k 2 1 and to tcst against NBU alternatives for a = 1, k > 2. 

By using the empirical distribution function, thc tcst statistic has the following U-statistic 

version: 

where xc extends over all indices ij such that 1 5 i2 < . . . < i k + l  5 n and il # ij, j = 

2, . . . ,  k + l .  

Note that E [ j ( ~ , ;  a, k)] = J(F; a,  k) , and if F is exponential, then J ( F ;  a, k) = 0. Thus, large 

values of j(&; a, k) is an indicator of dcparturc from Ho in favour of Hi2) or Hi3), dcpcnding 

on the values of k and a. 

The case 0 < u < 1, k > 1 is used if the alternative is suspected to be IFRA, and the case 

a = 1, k > 2 is used if the alternative is suspected to be NBU. Note that if k = 1, j(Fn; a ,  k) 

is a test statistic developed by Ahmad (in 1974), and it is equivalent to the test of Deshpande 

(1983). Whcn a = 1 and k = 2, j(Fn; Q, k) is thc J,-tcst in (4.113) of Hollandcr and Proschan 

(1972). 

The tcst based on j(Fn; a,  k) was shown to be unbiased and consistent for all continuous 

IFRA (0 < a < 1) or NBU (a = 1) alternatives. Also, ,.hi ( J (F~ ;  a, k) - J ( F n ; a ,  k)) is 

asymptotically normal. 



Thc valucs of rr and k can be chosen to maximise the asymptotic Pitman efficiency of the 

test against a specified alternative, or to maximise the power function for a specific alternative. 

Ahmad (1994)  recommended k 5 4 and a = 0.4 for testing against IFRA and k = 3 or k = 4 for 

testing against NBU. The computations also showed that thc convergcnce to normality speeds 

up as k incrcascs. 

Ahmad (2001) uscd equation ( 3 . 8 )  with k = T + 2 to define the measure of deviation 

For tcsting exponerltiality against NBU alternatives, hc thcn proposed the scale invariant statis- 

tic 

i q 2  = ;$2/x~+2, (4.119) 

whcre C,  extends over all indiccs 1 <_ il < . . . < iT+2 = n. 

The test based on (4 .119)  has higher efficiency than the J,-test given in (4 .113)  of Hollander 

and Proschan (1972) .  Again, just as wit,h Ahmad's test against IFR alternatives defined in 

(4.110), the value of T can be chosen to  maximize the asymptotic efficiency. 

I t  will be seen in Section 4.7 that A:), can also be used to test against HNBUE alternatives. 

Ahmad (2004) developed a test for exponentiality against NBU alternatives bascd on thc 

following measure of deviation: 

which is 

The test statistic is 

where 

$2) = 
Fn n ( n  - 1 )  

Notc that A$! is cquivalcnt to 



where X and s2 are the sample mean and variance respectively. 

The test statistic in (4.122) is equivalent to the coefficient of variation test of Borges et al. (1984) 

(p. 92). The measure of deviation (4.120) can also be considered as a measure of deviation 

for the NBUE and the HNBUE classes, and a test based on (4.122) is therefore also consistent 

against these classes. 

4.5 Goodness-of-fit tests for exponentiality against DMRL al- 
t ernat ives 

The literature contains only a few tests for exponentiality against the decreasing mean residual 

life (DMRL) class of alternatives. The alternative hypothesis in this case is: 

Hi4) : F is DMRL and not exponential. (4.123) 

Recall from Section 2.3.1 that a distribution F is DMRL if, for all 0 < s < t ,  

where EF(S) dcfincd in (1.8) is thc mcan rcsidual life at time s. 

A oncsided test for DMRL alternatives was developed by Bandyopadyay and Basu (1990), 

while two-sided tests for DMRLIIMRL alternatives were developed by Hollander and Proschan 

(1975) and Bergman and Klefsjo (1989). 

Hollander and Proschan (1975) considered the following measure of deviation from Ho to 

~ 1 " )  : 

By using the empirical distribution function Fn to estimate A(F) ,  they obtained a test statistic 

which they called T. However, they also obtained a statistic V, asymptotically equivalent to 

T ,  defined as 

where Aij = np2 [(n - j )  (Tn - Ti) - (n - i) (Tn - Tj)] and Tj in (1.14) denotes the total time 

on test at Xpn. 

The statistic in (4.124) can be rewritten as 



where qn = $i" 4ni2 + 3n2i - i n 3  + i n 2  - &i2 + i i ,  which is easier to computc. 

The scale invariant statistic V* = V/X, was proposed for testing exponentiality against DMRL 

alternatives. Largc valucs of V* indicate that F is DMRL, whilc small valucs of V* indicate 

that F is IMRL. 

Klefsjo (1983a) used thc scaled TTT-transform cPF(t) defined in (1.12) to derive the following 

test statistic for tcsting cxponentiality against DMRL altcrnativcs: 

M = x x {(n - j ) ( l  - Wi) - ( n -  i ) ( l  - Wj)}, 

with Wj defined in (1.15). He noted that M is proportional to the test statistic V* in (4.125) 

proposcd by Hollander and Proschan (1975). 

Bergman and Klefsjo (1989) presented and studicd a family of statistics for testing expo- 

nentiality against DMRL altcrnativcs, which includes the test statistic in (4.125) proposcd by 

Hollander and Proschan (1975). Thcy gcncraliscd the idea of Hollander and Proschan by using 

thc wcights F j ( s )Fk ( t ) ,  with positive intcgcrs j and k, to define the distance measure 

By substituting thc empirical distribution function thcy dcrivcd thc statistic 

1 1 
where a1 = - k(r+l)( j+k+l) ,  a2 = and a3 = - ( . j+k+2 

~+l)(k+l)(j+k+l) ' 

Thc statistic %k = A j k ( ~ n ) / X n  was proposcd as a scalefree test for exponentiality. A largc 

positivc (ncgativc) valuc indicates that F is DMRL (IMRL). 

For j = k = 1, the tcst statistic Vll is cqual to the test statistic V* givcn in (p. 86) of Hollander 

and Proschan (1975). The choicc of j and k was seen to influence the power of the test in 

different situations. For linear failure rate and Pareto distributions, the statistic Vll pcrformcd 

better than its compctitors, while for Weibull and gamma distributions the statistic V55 was 

the best. 

The test was also gcncraliscd to bc uscd with censored samplcs. 

Bandyopadyay and Basu (1990) devclopcd a tcst bascd on the following characterization 

of the DMRL class of lifc distributions: 



Theorem 4.1 F is DMRL if and only if EF(KX) > EF(X) for all 0 < r < 1 and all x 2 0. 

They defined 

(4) as a measure of deviation from Ho to Hi , where 

for 0 < r < 1. 

Thus, under Ho, 6(F; r )  = 0, and under H!'), 6(F;  r )  > 0. 

By substituting the empirical distribution function Fn for F, they obtained the following U- 

statistic: 

v*(r, n) = - l ) ( n  - 2)I-' Cp3 4, (x i l ,  xi2. Xi3), 

where the sum Cp3 is taken over all permutations i l ,  i2, i3 of 3 distinct integers chosen from 

(1,2, .  . . , n) ,  n > 3 with 4,(xl, x2, x3) = 4 1 ( ~ 1 , ~ 2 ,  x3; r )  - 4 2 ( ~ 1 , ~ 2 , ~ 3 ;  r ) ,  where 

In order to make the test scale invariant, Bandyopadyay and Basu (1990) proposed Vn(r) = 

V* (r, n ) /xn .  Ho is rejected in favour of H!') for significantly large values of Vn ( r ) .  

By calculating Pitman's asyrnptdi: relative efficiency and conducting Monte Carlo power stud- 

ies, Bandyopadyay and Basu (1990) concluded that the Vn(O.OOOOO1)-test performed uniformly 

better than the family of tests in (4.127) of Bergman and Klefsjo (1989) and the V*-test in 

(4.125) of Hollander and Proschan (1975), for all alternatives except linear failure rate distri- 

butions for large samples. 

For the special case where r = 0, Vn(0) turns out to be the U-statistic version of Hollander and 

Proschan's (1975) test defined in (4.131) for NBUE alternatives. 



4.6 Goodness-of-fit tests for exponentiality against NBUE al- 
t ernat ives 

Recall from Section 2.3.1 that a distribution F is NBUE if p = ~ ~ ( 0 )  >. E F ( ~ )  for all t > 0, 

whcre EF(S) defined in (1.8) is the mean residual life at time s. Thus, F is NBUE if, for all 

t 2 0, the mean residual lifc a t  timc t is not greater than the mean residual lifc at  timc 0 

(i.e. the mean life of a ncw item). 

The hypothesis to be tested in this scction is: 

against 

H:~) : F is NBUE and not exponential. 

Oncsided tests for NBUE alternatives were developcd by Koul (1978) and Ahmad (2001), 

while two-sided tests for NBUEINWUE altcrnativcs wcrc dcvclopcd by Hollandcr and Proschan 

(1975), Borgcs et al. (1984) and Kanjo (1993). 

Hollander and Proschan (1975) defined the following rneasure of deviation of F from Ho: 

Replacing F by the empirical distribution function Fn givcs 

In order to make K scale invariant, Hollander and Proschan (1975) proposed K* = KIX, which 

turns out to be just a linear function of the TTT-statistic in (4.43), of which the asymptotic 

normality is wcll-known. Hollandcr and Proschan (1975) showed that a test based on K* is 

consistent against the NBUE class. Significantly large values of K *  suggest NBUE alternatives, 

whilc significantly small values suggest NWUE a1ternat)ives. 

Koul (1978) obscrvcd that two classcs of tests statistics, givcn in (4.95) and (4.97), suggested 

by Barlow and Doksum (1972) for testing exponentiality against IFR altcrnativcs, arc also 

consistent for tcsting cxponcntiality against NBUE alternatives. 



It is easy to show that 

which is equivalent to 

Let Hkl( t )  in (1.11) denote the TTT-transform of F .  Then, if F is continuous, F is NBUE e 

~ $ ( t )  2 ~ ; l ( i ) t ,  o 5 t I 1. 

Now, let J be a non-decreasing continuous function on [O,1]  with 

where L(y) = Jl ~ ( x ) d x .  Then F E NBUE implies that 

and equality implies that F is exponential. A class of test statistics follows by substituting F 

by Fn to obtain 
n 

bn(J) = n-l C J[Wi:n] 1 

i=l 

with Wi:, defined as in (4.94). 

Koul (1978) considered the following distance measure: 

D = sup [p-I  lY F(x)dx - ~ ( y ) ]  , 
o<y<rn 

with D = 0 if F is exponential. From (4.133), he derived the statistic 

Dn = sup [w,:, - 
1 <i<n 

These two test statistics, bn(J) and D,, are the same as the statistics given in (4.95) and (4.97), 

derived by Barlow and Doksunl (1972) as tests for exponentiality against IFR alternatives. Ho 

is rejected in favour of Hi5) in (4.129) for largc values of bn(J) and Dn. 

If J (u)  = u, the statistic Wn = bn(J) is the same as K* (p. 89) of Hollander and Proschan 

(1975), which was equivalent to the TTT-statistic in (4.43). 

By calculating the Bahadur efficiency, Koul (1978) showed that the Wn-test consistently gives 

a small level of significance at Weibull alternatives more cheaply than the Dn-test in (4.134), 

and at the same time the Wn-test has power equal to that of the Dn-test. However, for life 



distributions which arc only NBUE, the Dn-test has much higher Bahadur efficiency than the 

W,-test. 

Bergman (1979) considered the TTT-plot (p. 75) to derive a tcst for cxponentiality against 

NBUE alternatives, in the same way he did for the IFR-class (p. 75). Recall from Section 2.3.1, 

p. 26 that a life distribution F is NBUE if and only if pF(t) > t ,  0 < t 5 1, where pF(t) is the 

scaled TTT-transform defined in (1.12). 

Bergman (1979) also considered two classes he called "New Better than Some Used in Expec- 

tation" and "New Better than Old in Expectation", and used the TTT-plot to construct tests 

for exponentiality in each of these classes. 

The TTT-transform and TTT-plot were also used by Klefsjo (1983a) to find tests for expo- 

ncntiality against IFR, IFRA (p. 77), DMRL (p. 87) and NBUE alternatives. He proposed 

as a tcst statistic, with Wj defined in (1.15). 

However, Klefsja (1983a) noted that C = V - = nK*,  where V is the TTT-statistic given 

in (4.43) and K* (p. 89) was introduced by Hollander and Proschan (1975). Thus, C ,  V and 

K* are equivalent tcst statistics. 

Borges et al. (1984) followed a different approach to that of Hollander and Proschan (1975) 

and Koul (1978). Instead of replacing F by the empirical distribution function F,, they first 

developed a measure of exponcntiality based on the moments of F and then replaced the 

moments by sample moments to obtain a test statistic. 

Their measure of deviation was defined as 

where E F ( ~ )  is the mean residual life at  time t defined in (1.8) and 1 1  = ~ ~ ( 0 ) .  

Borges et al. (1984) observed that if F is NBUE and has positive finite ruearl p,  then F has 

finite p t h  moment for all p 2 1. 

Note that the difference between this measure of deviation and the one in (4.130) defined by 

Hollander and Proschan (1975), is that dt is integrated and not dF(t) .  

Borges et al. (1984) then proved that if F is NBUE, a necessary and sufficient condition in order 

that F is exponential, is that CV(F)  = 1, where CV(F)  denotes the coefficient of variat,ion 



of F. This suggested using the sample coefficient of variation SIX as a test for cxponentiality 

against NBUE alternativcs. 

Under Ho, SIX is asymptotically normal with mean I and variance l l n .  

The test rejects Ho for large values of 1fi (SIX - 1) 1 . In particular, large negative val- 

ues of fi (SIX - I )  is evidence towards the NBUE property, while large positive values of 

6 (SIX - 1) is evidence towards the NWUE property. 

On the basis of Pitman asymptotic relative efficiency, the SIX-statistic was found to perform 

better than the K*-statistic in (4.131) of Hollander and Proschan (1975) in some cases, and 

in other cases the reverse held. When considering Bahadur efficiency, the SIX-statistic is 

more efficient than K* as the distribution gets closer to exponcntiality. The SIX-test has the 

advantage of being much simpler in structure than its predecessors. 

Kanjo (1993) gave an exact test for testing exponentiality against NBUE alternativcs based 

on the characterization in Theorem 3.31, p. 46 regarding the equilibrium distribution. He 

defined the following measure of deviation: 

so that A' > 0 favours Hi5). Equivalently, 0 < A := JF F ( t ) d T F ( t )  < i favours Hi5). Also, 

4 < A < co implies that F is NWUE. Thus, small values of A support NBUE alternatives, 

while large values support NWUE alternatives. 

The hypothesis of cxponcntiality is thus equivalent to  Ho: A = i against HIf': A # 9, which 

is a two-sided test where the left side corresponds to F in NBUE and the right side corresponds 

to F in NWUE. If F in NWUE is not feasible, then the required tcst is Ho: A = 4 against 

HIJff :  A < 4. 

Thc sample anitloglie of A is takcn as thc tcst statistic: 

where Dj is the normalized spacings defined in (1.10) and Tn = n ~ ,  = Di. 

Tables of critical values for testing cxponcntiality against both the two-sided and one-sided 

alternative hypotheses, HIff and HIfff , were given. 



Thc tcst is consistent against NBUE alternativcs and asymptotically normal, but the convcr- 

gence to normality seems to be very slow. 

For tcsting exponentiality against NBUE alternatives, Ahmad (2001) used Thcorem 3.22 to 

define the measure of deviation 

Hc then proposed the scale invariant test 

* (3) = / X T + ~ ,  
AT+2 T+2 

where 

Y 3 )  When T = 0, 6T+2 is equal to a?) in (4.119). Ahmad's test for NBU altemativcs. Ahmad (2001) 

claims that the tcst based on (4.137) performs better than the test in (4.131) of Hollandcr and 

Proschan (1975) on the basis of Pitman asymptotic efficiency. 

4.7 Goodness-of-fit tests for exponentiality against HNBUE al- 
ternatives 

Recall from Section 2.4 that a distribution F is HNBUE if 

where ~ ~ ( t )  is thc mean residual life at  time t defined in (1.8). 

The hypothesis to bc tcsted is: 

against 

~ 1 ~ )  : F is HNBUE and not cxponential. (4.138) 

One-sided tcsts for HNBUE alternatives were developed by Kochar and Deshpande (1985) and 

Aly (1992), while two-sided tests for HNBUEIHNWUE alternatives were developed by Klefsjo 

(198313)' Basu and Ebrahimi (1985). Singh and Kochar (1986), Hendi, Al-Nachawati and Alwasel 

(1998) and Klar (2000). 



Klefsjo (1983b) firstly proved that V, the TTT-statistic in (4.43), is consistent against the 

larger class of HNBUE alternatives. Hollander and Proschan (1975) have already proven that 

the TTT-statistic is consistent against NBUE alternativcs, and not only against IFR altcrna- 

t ives. 

Klefsjo (1983b) then used the following properties of the HNBUE class to derive two tests for 

exponentiality against HNBUE alternatives: 

Corollary 4.1 If a life distribution F with mean p is HNBUE (HNWUE),  then 

P Lrn ~ " ( ~ ) d ~  2 (5)- ,  fo r  v = 2,3 ,4 , .  
v 

Corollary 4.2 If a life distribution F with mean p is HNBUE (HNWUE),  then 

03 " 1 
{I - ~ ( x ) j  dx 5 ( 2 ) p ~  -, for  v = 2,3,4, .  . . 

j=1 3 

With 

J l (u)  = - l /v  + v(1 - u)"-l, 

and 

Klefsjo (1983b) used Corollary 4.1 to prove that a tcst based on Q1 is, indcpcndcntly of v > 2, 

a consistcnt test against continuous HNBUE (HNWUE) life distributions. He proposed v = 3, 

thus J1(u) = -113 + 3(1 - u ) ~ .  

Similarly, based on Corollary 4.2, with 

Klefsjo (1983b) proposed 

as a tcst statistic against continuous HNBUE (HNWUE) distributions, again with v = 3. 

The exact null distributions of both Q1 and Q2 were given. 

The tcst statistic Q2 has larger asymptotic efficiency than Q1 f-r  linear failurc rate distributions 

and the Pareto distribution, but smaller efficiency values for Weibull and gamma distributions. 



Klefsjo (1983b) proposed that a test statistic Q3 based on a linear combination of .Jl(u) and 

J2 (u), i.e. J3(u) = J1 (u) + u J2(u) for a suitable u > 0, could be a reasonable compromise 

between Q1 and Q2. 

Power simulations were done to compare the new tests against the following test statistics: 

A1 in (4.104), A2 in (4.105) and B in (4.106) introduced by Klefsjo (1983a) for IFR and 

IFRA alternatives, the cumulative TTT-statistic in (4.43), the V-test in (4.124) of Hollander 

and Proschan (1975) for DMRL alternatives, and the L-test in (4.61) of Gail and Gastwirth 

(1978b). Klefsjo (1983b) recommended Q1 as a good statistic. 

Basu and Ebrahimi (1985) also proposed two tests for testing exponentiality against HNBUE 

(HNWUE) alternatives, both constructed by using the definitions of the TTT-transform in 

(1.11) and the scaled TTT-transform in (1.12). These definitions were also used by Klefsjo 

(1983a) for testing against IFR or IFRA alternatives (Section 4.3, p. 77). 

The first statistic of Basu and Ebrahirni (1985) was based on the fact that F is HNBUE 

(HNWUE) if and only if 

They estimated the left hand side of this inequality for the specified times XI:,, . . . , Xn:, and 

the subsequent test statistic was given by 

where D j  is the normalized spacings defined in (1.10), Tj is the total time on test in (1.14) at 

Xj,, and Wj = Tj/Tn in (1.15). 

The second test statistic of Basu and Ebrahimi (1985) was based on the fact that F is HNBUE 

(HNWUE) if and only if 
t 

1. (1 - cp~(F( t ) ) )  I ( 2 )  - -, 
P 

for all t 2 0. The left hand side of this inequality was again estimated for the specified times 

XI:,, . . . , X,:, and the subsequent test statistic was given as 



The distribution of A, under Ho could be found only for n = 2, and it was shown that the com- 

plexity of the distribution of A, increases very rapidly as the number of observations increases. 

However, the distribution of B, undcr Ho was derived, and a tcst based on B, is unbiased and 

consistcnt for tcsting cxponentiality against HNBUE alternatives. 

For both A, and B,, large positive (negative) valucs indicate that F is HNBUE (HNWUE). 

On the basis of Pitman asymptotic relative efficiency, a test based on B, was found to be 

more efficient than the L,(m,()-test given in (4.116) with a = 112 and m = 3 proposed by 

Kumazawa (1983). 

Kochar and Deshpande (1985) proved that the exponential scores statistics 

suggested by Barlow and Doksurn (1972) (p. 73) for testing exponentiality against IFR altcr- 

natives, is also consistent against the HNBUE class of distributions. Ho is rejected in favour of 

(6) 
H1 for small values of T,. 

Singh and Kochar (1986) used the following measure of deviation: 

Then a necessary and sufficient condition that F is exponential is that A(F)  = 0. 

They proved that a tcst based on the statistic 

is consistent against HNBUE (HNWUE) alternatives. Large positive (negative) valucs indicate 

that F is HNBUE (HNWUE) 

T, was proven to be asymptotically normal under Ho. 

Doksum and Yandell (1984) have proven that a test based on (4.143) is asymptotically most 

powerful in the class of all similar tests for testing cxponentiality against the Makeham distri- 

bution. 

Kochar and Gupta (1988) performed a Monte Carlo study to compare the powers of the 

following tests for cxponentiality : 

A test based on the sample coefficient of variation, SIX, which has been shown to be 

consistcnt against IFR and IFRA distributions (Doksum and Yandcll 1984), as well as 

against NBUE distributions (Borges et al. 1984) (p. 92). Kochar and Gupta (1988) 

claimed it to be consistent against HNBUE distributions as well. 



a A test based on the scaled total time on test up to the i-th failure, 

which was suggested by Barlow and Doksum (1972) (p. 73) for testing against IFR 

alternatives and proven by Kochar (1985) to be consistent against HNBUE alternatives 

a The tests S2 in (4.92) and W2 in (4.89) from Bickel and Doksum (1969). 

Kochar and Gupta (1988) found that the test based on the sample coefficient of variation 

performed the best, followed by S2. 

Aly (1992) introduced a non-parametric graphical technique based on a HNBUE-plot, as 

an exploratory data analysis tool for testing cxponentiality against HNBUE alternatives. He 

considered both the full sample and the randomly right censored sample case. The test is based 

on Theorem 2.6, p. 29 which is equivalent to 

where A(t)  = p(t)  + e-F-l(t)lg - 1, 0 5 t I 1, is the so-called HNBUE-plot function, with 

corresponding sample HNBUEplot function defined by 

If Ho is true, the plot of An(t) should closely evolve around the horizontal axis. 

Further, based on the measure of deviation 

Aly (1992) proposed the test statistic 

for testing exponentiality against H!~). Ho is rejected for large values of tn. 

This test was shown to  be equally efficient and cqnally powerful to the K*-test in (4.131) of 

Hollander and Proschan (1975). 

Hendi et al. (1998) used the definition of the HNBUE class in (2.6) to  note that if F <c Mg, 

then 



which suggested thc measure of deviation 

where AF = som xF(x)dF(x).  

This compares to the measure of Hollander and Proschan (1975) defined as 

with J ( u )  = 312 - 2.u + (1/271) for testing against NBUE (p. 89). 

Note that A& > 0 favours Hi6), or cquivalcntly, 0 < AF < a favours Hi6). Also, 4 < AF < m 

favours HI(": F is HNWUE Thus, small values of AF support HNBUE alternatives, while 

largc valucs support HNWUE altcrnativcs. 

Similar to thc casc of Kanjo (1993) (p. 92), thc hypothcsis of cxponcntiality is thus equivalent 

to Ho: AF = : against HI1': AF # i, which is a two-sided test whcrc thc lcft side corrcsponds 

to F in HNBUE and the right side corresponds to F in HNWUE. If F in HNWUE is not 

3 feasible, then the required test is Ho: AF = $ against Hll": AF < a .  

The sample analogue of AF gives the scale invariant and consistent test statistic 

which can also bc written in terms of the normalized spacings: 

n n 

where ejn = (112) ( ( j l n )  + 1). 

Tables of critical values for tcsting cxponcntiality against both the two-sided and onc-sidcd 

altcrnative hypotheses, Hl" and Hll" , were givcn. The asymptotic distribution of V* converges 

vcry slowly to normality. 

The test was also extendcd to handlc thc casc of right censored data. 

Klar (2000) reformulated the definition of the HNBUE class in (2.6) by using the integrated 

distribution function (idf) <(t) defined in (4.13). Note that <(t) is rclatcd to the TTT-transform 

in (1.11) by 

H i1@)  + < F  ( F 1 ( t ) )  = p ,  0 < t < 1. 

Then F is HNBUE if 



whcrc <(t, 6) = exp(-6t)/6 is the integrated distribution function of the exponential distribution 

with mean 116. 

Let &(t) be the empirical idf, then Klar (2000) proposed the weighted integral 

whcrc 6, = l /Xn  and a 2 0 is a non-negative constant, as a test statistic for testing cxponcn- 

tiality against HNBUE alternatives. 

Ho is rejected in favour of H { ~ )  for large negative values of T,,,, while a test for HNWUE 

alternatives uses an upper rejection region. 

It was shown that the choice of a has a definite influence on the power of the test. The case 

a = 1 gives 

where = x j / x n .  Doksum and Yandcll (1984) have shown that the test bascd on T,,J is 

asymptotically most powerful for testing Ho against the Makeham distribution. 

Singh and Kochar (1986) established consistency of Tntl against continuous HNBUE altcrnatives 

and T,J was also considered by Jammalamadaka and Lee in 1998. 

Also note that, up to one-to-one transformations, Tn,o coincides with the statistic of Greenwood 

(1946) and with the sample coefficient of variation, SIX. Doksum and Yandell (1984) proved 

that a test bascd on fiTn,0 is asymptotically most powerful for testing exponentiality against 

linear failure rate distributions, and Kochar and Gupta (1988) remarked that a test based on 

s/X is consistent against continuous HNBUE alternatives. 

T,,, is scale-invariant, asymptotically normal, and consistent against each HNBUE alternative. 

It is important to note that the consistency result holds without the usual assumption of an 

absolutely continuous alternative distribution as in Aly (1992) (p. 97), Klefsjo (1983b) (p. 94), 

Kochar (1985) (p. 96) and Singh and Kochar (1986) (p. 96). 

Simulation studies were done to compare T,,, to the following tests: 

Q1,3 in (4.139) and Q2,3 in (4.140) recommended by K l ~ ~ s j o  (1983b); 

The total time on test statistic V in (4.43). 



TTbV1 performed the best amongst the T,,,,-tests against Weibull altcrnativcs, whilc the linear 

combination T, outpcrformcd all the tests in this case. Against linear failurc rate distributions, 

Tn,o pcrformed the best, whilc T,,J and Tn,5 were the most powerful against gamma alternatives. 

The test T, was recommended when nothing was known about the HNBUE altcrnativc, since 

it distributed its power more evenly over the range of alternatives. 

Ahrnad (2001) proposed the test A:,!~ in (4.119) for NBU alternatives, but noted that it can 

also be used to test against HNBUE alternatives. This test has higher efficiency than the tests 

defined in (4.139) and (4.140) of Klefsjo (198310) and those defined in (4.141) and (4.142) of 

Basu and Ebrahimi (1985). 



Chapter 5 

New characterizations and 
goodness-of-fit tests 

5.1 Introduction 

Throughout the discussion below the cxponential distribution function (df) will be denoted by 

Fo, i.e., 

for some unknown constant A, 0 < X < oo. 

Lct 'FI denote the class consisting of all almost everywhere (with rcspcct to Lcbesgue measure) 

continuous df's F such that F ( 0 )  = 0, F ( x )  < 1  for all x  E (0,  oo), 0  < p := x d F ( x )  < oo 

and F E NBUE. Recall that F E NBUE if and only if E F ( O )  2 E F ( ~ )  for all t  2 0, where E F ( ~ )  

is thc mean residual life at time t ,  defined in (1.8). 

Also recall that if F E NBUE and has positive finite mean p, then F has finite p t h  moment 

for all p 2 1 (p. 91). 

Suppose XI and X 2  are two independent copies of a nonnegative random variable X with some 

df F E 'l-t. 

In Section 5.2 two new characterizations of thc cxponential distribution arc prcscntetl. In 

Section 5.3 two new goodness-of-fit tests based on these characterizations are developed and 

discusscd. 

5.2 New characterizations 

Thc two new characterizations of thc cxponential distribution are presented and proved in two 

thcorcms: 



Theorem 5.1 The following two ~tat~ements are equivalent: 

2.  u2 = p E  (X2,2 - Xl,z) and F E 'H, 

where p := E(X)  and a2 := Var(X).  

Proof. It is well known that g2 can be written as 

Also, it follows from David (1981) that 

Hcncc, from (5.2) and (5.3) and the fact that 11. = ~ ~ ( 0 )  we obtain 

so that A l (F )  2 0 for all F E 'H. 

Obviously, if F = Fo then Al(Fo) = 0 and Fo E 'H. Conversely, if A l (F )  = 0 and F E 'H, the 

continuity of F and the fact that F E NBUE immediately imply that 

A well-known characterization thcorem of Dallas (1973) states that the exponential distribution 

Fo is the only distribution for which (5.5) holds. Hence, F = Fo which completes the proof of 

the theorem. 

Remark. It is clear from thc proof of Theorem 5.1 that, if F E 'H and F # Fo, then the 

continuity of F implies (see (5.4)) that A1 ( F )  > 0. Furthermore, since E(X1,2) = 2p - E(X2,2), 

it easily follows that Al(F)  = 0 is equivalent to 



Theorem 5.2 The following two statements are equivalent: 

2. F  E 7-l and 

for any constants a  2 0 ,  b  _> 0 ,  c 2 0 ,  such that a +  b + c  > 0.  

Proof. Consider the following measure of the deviation of F  from Fo, 

- 2 1 r n  { ( a y  + b)f ( Y )  + CI Lrn ( 1  - F ( t ) )  dtdy 

Note that A 2 ( F )  2 0  for all F  E 7-l, with A 2 ( F o )  = 0. 

From David (1981) it follows that 

Interchanging the order of integration and using expressions (5.8) and (5.10), it easily follows 

that 

t 
-2bp Jdm (1 - F ( t ) )  S f  d F ( y ) d t  - 2c Lrn ( 1  - ~ ( t ) )  1 dydt.  (5.12) 

0 0 

Note that by applying partial integration and the expression given in (5.1 1) we obtain 

03 

= -2 1 t (1  - ~ ( t ) ) ~  dt + 2  ( 1  - F ( t ) )  St ( 1  - F ( y ) )  dydt 
0 



Furthermore, 

so that 

2 = / I  
2 

Also, from (5.3) we deducc that 

and from (5.9) it follows that 

Hence, substituting (5.13)-(5.16) into (5.12) we find that 

by using the fact that E(X2:2) = 2p - E(X1:2). 

Obviously, if F = Fo then A2(Fo) = 0 and Fo E 'Fl. Conversely, if A2(F)  = 0 and F E IFI for 

some constants a L 0, b 2 0 and c 2 0, such that a + b + c > 0, thc continuity of F and thc 

fact that F E NBUE immediately imply that 

eF(x) = eF(0) a.e. (w.r.t. Lebesguc measure). (5.18) 

Again using the characterization theorcm of Dallas (1973) we conclude that F = Fo and thc 

proof is completcd. 



Remarks. 

1. It is clear from the proof of Theorem 5.2 that, if F E 7l and F # Fo, then the continuity 

of F implies (see first line of (5.7)) that A2(F) > 0. 

2. Some interesting comments can be made rcgarding thc equality in Theorcm 5.2 (which is 

satisfied by only F o  in 7l) for ccrtain choices of thc constants a ,  b and c. A fcw special 

cases are discussed hcrc: 

(a) For a = I ,  b = 0 and c = 0, the cquality bccomes 

(b) For a = 0, b = 0 and c = 1, the equality becomes 

which is equivalent to the characterization on which the coefficient of variation test 

(p. 92) proposcd by Borgcs et al. (1984) is bascd. 

(c) Letting a = 0, b > 0 and c = 0, wc obtain 

which is equivalent to thc characterization on which the well-known Gini tcst statistic 

(p. 64) is bascd. 

(d) For a = 0, b = 2c and c # 0, the equation simplifies to 

(c) By choosing c = q, wc obtain 

In particular, for a = 1 and b = $, this reduces to 

( f )  For thc casc a = b = c # 0, the equality becomes 



5.3 The proposed new goodness-of-fit test statistics 

Consider a nonnegative continuous random variable X ,  with df F ,  representing a lifetime of somc 

component or system. Suppose a random sample X I , .  . . , X ,  of lifctimes from F is observed 

and we wish to test Ho: F = Fo against H I :  F E NBUE and not cxponcntial. 

Suppose for the moment that p is known. 

From (5.6) define 
2 1 

y l ( F )  := - E ( X a C 2 )  - ,E ( x2)  - 1. 
P P 

Note that y l ( F )  = 0 undcr Ho and y l ( F )  > 0 for all F E NBUE but F # Fo. An unbiased 

estimator of y l ( F )  is the U-statistic 

with 

Ho will be rejected for large values of T,. 

Similarly, from (5.17), define 

Note that y 2 ( F )  = 0 undcr Ho and y 2 ( F )  > 0 for all F E NBUE but F # Fo. An unbiased 

estimator of y 2 ( F )  is the U-statistic 

with 

a 2 ( a + W  c 
hz(x1, x2) = - {min(x i ,  ~ 2 ) )  + min(x l ,  x 2 )  - ---(x: + x i )  - ( a  + b - 2c). (5.29) 

P2 P 2P2 

Ho will be rejected for large values of S, 

5.3.1 Consistency and Limiting Distributions 

with hl defined in (5.26). It easily follows that y l ( F )  can be written as 



(See Serfling (1980, pp. 46-47)). 

Consider 

Using some algebra, it easily follows that 

If F = Fo, thcn gl(z) becomes 

Also, define 

u;, := vclr (gl (X))  . 

Sincc E (gi (X)) = 0, it follows that for gl defined in (5.31) we have that 

We are now able to establish the asymptotic distribution of Tn. 

Theorem 5.3 If E ( x 4 )  < m and a& > 0, then as n -+ m, 

Proof. Note that E(x4) < m implies that EF (h:(X1, x2)) < m. Since Tn is a U-statistic, 

the proof of the theorem follows directly from Theorem A, p. 192 of Serfling (1980). 

Remarks. 

1. Under Ho, we have that yl(Fo) = 0 and a:, bccomes u&, = i .  We concludc that undcr 

2. The condition E ( x 4 )  < m is automatically satisfied if F E NBUE. 

3. Thc test which rcjccts Ho for largc values of T, is consistcnt against NBUE altcrnatives. 

This follows easily from Theorem 5.3 and the fact that yl(F)  > 0 for F E NBUE and not 

exponential. 



Similarly, note that 

72(F) = EF {h2(X11 X2)) r 

with h2 defined in (5.29). It then follows that y2(F) can be written as 

Define 

After tedious algebra, it follows that 

If F = Fo, then 92(x) becomes 

Also, definc 

oz2 := Var  (g2(X)) 

Since E (g2(X)) = 0, it follows that for g2 defined in (5.35) we have that 

Again following standard U-statistics theory, we obtain the asymptotic distribution of S,: 

Theorem 5.4 If E ( x ~ )  < oo and oi2 > 0, then as n + w, 

Proof. The proof is si~nilar to that of Theorem 5.3. 



Remarks.  

1. Undcr Ho, wc havc that y2(Fo) = 0 and o:2 becomes 

Hencc, under Ho , 

2. The test which rejects Ho for largc values of Sn is consistent against NBUE altcrnatives. 

This follows easily from Thcorem 5.4 and the fact that y2(F) > 0 for F E NBUE and not 

exponcntial. 

3. For the casc where thc parameter p is unknown, p can be cstimated by jl = X, the 

sample mean. Lct T,' and Si be defined as Tn in (5.25) and Sn in (5.28), respcctively, 

with p replaccd by X in (5.26) and (5.29). Hence, T,* and Si are scale-free statistics. 

By applying a result of Randlcs (1982) regarding U-statistics with estimatcd parameters, 

as was done by Janssen, Swanepoel and Veraverbeke (2005), it can casily be proved, 

undcr conditions similar to those stated in Theorems 1 and 2 of the latter authors, that 

J;; (T,' - y1(F)) 5 N(O, 7:) and fi (Si - y2(F)) 5 N(O, r i ) ,  where 

gi (Xi )(Xi - p) 

and 

Undcr Ho, we have that yl(Fo) = 0, and after somc algebra, 3 becomes 

7 
T:~ = 46;1,0 - 1 = - 

3 .  
(5.40) 

d Thus, undcr Ho, J;;T: + N(0, $). 

Similarly, undcr Ho, wc havc that y2(Fo) = 0, and aftcr tedious calculations, 7; becomes 

Thus, under Ho, 



Hence, we suggcst the following procedures for testing exponentiality against NBUE al- 

ternatives: Let 

and 

bc the standardized test statistics. Then Ho is rejected if Tn > C T ( ~ ) .  Similarly, a test 

based on 2, rejects Ho if ST, > Cs(a).  CT(a) and CS(a) arc thc critical values for T, 

and 5, respectively, with significance level a .  

4. Table 5.1 contains possiblc choiccs of a,  b  and c, togcther with the corresponding valucs 

of T ; , ~ .  

The tcst statistic sil) was obtaincd by setting a = c = 0, and since a + b  + c > 0, 

- ( 2 )  we havc that b  > 0. Without loss of generality we can usc b  = 1. Similarly, for Sn 

we choosc a = b  = 0 and c = 1, and for 5;) we choose b  = c = 0 and a = 1. Notc 

from rcmark 2(c) on p. 105 that 5;') is equivalcnt to  the Gini test statistic of Gail 

and Gastwirth (1978a) and from rcmark 2(b) on p. 105 that SL2) is equivalcnt to  the 

coefficient of variation test statistic of Borges et al. (1984). 

The test statistics g4) and 3i4)  wcrc obtained by setting a = c and partially differ- 

entiating the first term of T ; , ~  to b  and c respectively. Setting the partial derivatives 

-(4) equal to zero and solving for c in tcrms of b, we obtain a = c = 3, b  > 0 for Sn 

12b and a = c = K, b  > 0 for $ 1 4 )  Without loss of generality we can again takc b  = 1. 

Similarly, for 3L5) and d?5) we set b  = c to obtain b  = c = s, a > 0 and 

b  = c = s, a > 0, rcspcctively. Wc takc a = 1. For SF6) and 5F7) wc sct 

a = b  toobtain a =  b =  2, c > 0and  a = b =  ?f, c > 0, respectively. We use c =  1. 

Tho test statistics ,!?A6) and 3i7) were obtaincd by setting a -- 0, partially diffcrcn- 

tiating the first term of ~ 2 2 , ~  to b  and c rcspectively, and solving for c in tcrms of b. 

- ( 6 )  For Sn we havc that c = g, b  > 0, and for Si7) wc havc that c = $, b  > 0. We use 

b =  1. 

Similarly, s?) and sLg) wcre obtained by sctting b = 0, giving c = f ,  a > 0 and 

c = s, a > 0, respectively. Wc take a = 1. . Thc valucs of (L, b and c for ,!$lo) to  5;" were obtained by sctting c = 0 and choosing 

a and b  such that a + b  = 1. 



Finally, the statistics &I8) to 5i20) were obtained from remarks 2(d) to 2(f) on p. 
- (20) 105. We use c = 1 for ~ 2 ~ )  and a = b = c = 1 for S, . 

In further discussions below we will consider &l) to SC3), and disregard ~ 2 ~ )  to Sp) 
due to their large variances under Ho. 

Table 5.1: Valuc of ~ 2 2 , ~  for diffcrcnt choices of a. b and c. 

Statistic 



5.3.2 Pitman and approximate Bahadur asymptotic efficiency 

In this section we consider both the Pitman and approximate Bahadur asymptotic efficiencies 

(see, e.g., Serfling (1980)) of our test statistics, compared to  that of the following tests for 

exponentiality against NBUE alternatives: the coefficient of variation test S / X  of Borgcs et al. 

(1984), as discussed on p. 92, the test bascd on K* defined by Hollander and Proschan (1975) 

and discussed on p. 89, and the test based on ~ ! 3 ! ~  of Ahmad (2001) (see p. 93). with r = 0. 

Consider a sequencc of altcrnative distribution functions indcxed by the parameter On, where 

On = Oo + cn- i ,  c is an arbitrary positive constant, and Oo corrcsponds to the exponcntial 

distribution Fo. The Pitman asymptotic efficiency of a test statistic V, is defined for a given 

altcrnative df Fo as 

where 17(Fe) is thc asymptotic expected valuc of Vn, q1(Fe0) = $q(F@)~s-+e,,  and 002 := 

limn+mVmeo (fivn). 
We know that !fn is an asymptotically unbiased estimator of Y~(F )  in (5.24) and that T;,~ = i. 

(r;(~s,)) '  Therefore, e(Tn) = 7. 
3 

After tedious algebra, using Fe0 (x) = Fo = epx (choosc X = 1 in (5.1) without loss of gencrality, 

00 -1 since all thc test statistics are scale-free) and the fact that ,u'(Feo) = So Feo(x)dx, whcrc 

Fi, (x) = $Fe(x)ls+eo, we obtain 

Similarly, Sn is an asymptotically unbiased estimator of y2(F) given in (5.34) and 

= J(lm Fio(x) [4axePx + 2(a + 2b)ePx - 2cx - - + b - 4c dx. (5.45) (: 11 
Table 5.2 contains the Pitman asymptotic efficiencies of the test statistics for the following 

alternative distributions: 



Thc Weibull distribution: F1(z) = 1 - KXs,  z 2 0, 6' 2 1, 

8 2 

Thc lincar failure rate (LFR) distribution: F2(z) = 1 - e-"-2" , z 2 0, 6 > 0, 

The Makeham distribution: F3(z) = 1 - e-x-e(x+e-z-l), s > 0, 6 > 0. 

All three thcse distributions arc IFR and hence NBUE. 

For the Weibull and Makeham distributions, the highest Pitman efficiencies are associated with 

-(4) -(6) the tcst statistics sp), Sn , Sn , silo) and K*, all of which are of similar magnitude. For 

- ( 5 )  - (7)  lincar failure rate alternativcs, Sn , Sn , Sn and 3;') hiwe efficiencies closc to 1, which is the 

efficiency of 3i2) and ,912 

Tablc 5.2: Pitman efficiencies. 

Test statistic 
- 

Weibull Linear Failure Makeham 

Rate 



Definition 5.1 For a sequence {V,) of real-valued statistics based o n  a random sample of size 

n jrom the distribution Po, 0 E R, and such that 

Pe(Vn 5 x )  + G(x) if n + m for all 8 E Ro c R and all x E R, where G is a proper 

absolutely continuous distribution; 

0 log (1 - G(T)) = - ( y )  (1 + o(1)) if x + m; 

J& + m(0) i n  probability for all 0 E R - Ro, where m(8) is a real-valued function with J5i 
0 < m(0) < m; 

the approximate Bahadur slope of Vn is defined as h(0) = k.m2(0) (Barges et  al. 1984). 

Now, under Ho, T, + N(0, l ) .  Therefore, G in Definition 5.1 is the standard normal df @(z), 

and it is known that as x + m, 

so that k = 1. Further, for 0 # 00, 

Therefore, the approximatc Bahadur slopc of Tn is given by (see (5.24) and (5.40)), 

Similarly, for Sn7 we find that 

In Table 5.3 we present the approximate Bahadur slopes for the different test statistics. The 

samc distributions as in Tablc 5.2 arc considered, together with the gamma distribution, 

For Weibull alternatives, K* is outperformed by s?) and st0) to ,!?c3). However, for gamma 

alternatives, K* has the largest approximate Bahadur slopc. For linear failure ratc altcrnatives, 

all the tests based on S, havc a much larger approximatc Bahadur slope than K*. For Makeham 

altcrnativcs, thc tcst statistics Tn, sL2), s / X ,  K* and A?) are outperformed by the remaining 

tcst statistics, which have almost identical Bahadur slopes. 



Tablc 5.3: Approximate Bahadur slopcs. 

Weibull Weibull Weibull Weibull 

0.19 0.50 0.79 1.07 

0.18 0.49 0.77 1.06 

0.18 0.48 0.76 1.04 

0.10 0.23 0.33 0.40 

0.17 0.41 0.63 0.84 

0.05 0.08 0.10 0.12 

Gamma Gamma Gamma Gamma 

0.07 0.19 0.30 0.42 

0.03 0.06 0.09 0.11 

0.04 0.13 0.22 0.32 

0.06 0.15 0.25 0.34 

0.04 0.11 0.18 0.24 

0.06 0.15 0.23 0.31 

0.04 0.11 0.17 0.22 

0.04 0.10 0.15 0.21 

0.03 0.08 0.13 0.17 

0.06 0.18 0.29 0.40 

0.06 0.16 0.27 0.38 

0.05 0.15 0.26 0.36 

0.05 0.15 0.25 0.35 

0.03 0.08 0.14 0.18 

0.15 0.74 1.90 3.76 

0.14 0.98 3.58 9.06 

Continucd on ncxt page 



Test statistic 

Test statistic r-- 

Table 5.3: continucd 

LFR LFR LFR LFR 
.e = 0.5) (0 = 1) (0 = 1.5) ( O  = 2) 

1.02 0.03 0.03 0.04 

1.04 0.07 0.10 0.12 

1.02 0.04 0.05 0.07 

1.04 0.07 0.09 0.10 

1.04 0.07 0.09 0.11 

1.04 0.06 0.08 0.09 

1.04 0.06 0.08 0.11 

3.03 0.05 0.07 0.09 

3.03 0.06 0.07 0.08 

3.03 0.05 0.07 0.08 

3.04 0.07 0.10 0.12 

D.04 0.08 0.10 0.11 

0.04 0.08 0.10 0.11 

0.04 0.07 0.10 0.11 

0.03 0.05 0.07 0.09 

0.02 0.03 0.03 0.04 

0.01 0.01 0.01 0.01 

Makeham Makeham Makeham Makeham 



Remark. Notc that the test bascd on SF) which rcjccts Ho for largc positive values is equivalent 

to the coefficient of variation test of Borges et al. (1984) which rejects Ho for largc negative 

values of fi ($ - I),  as well as thc test based on i\Z2 of Ahmad (2001) with r = 0, which 

also rcjccts Ho for largc positive values. 

Surely the power of these tests will be the same and from Table 5.2 the Pitman efficiencies 

are also the samc. However, thc approximate Baliatlur efficiencies for these three tcsts diffcr 

slightly, which can bc seen as follows: 

From Borges et al. (1984) it follows that the approximate Bahadur efficiency of the coefficient 
2 

of variation test is givcn by (E - 1) . By setting a = b = 0 and r = 1 in equation (5.47), wc 

obtain that the approximate Bahadur efficiency of 3:) is equal to 

since in the NBUEclass of alternative distributions 5 1 (see p. 42), with equality if and only 

F = Fo. 

This is an example that shows that the approximate Bahadur efficiency is not a convincing 

measure of efficiency, except for alternatives close to  the null distribution (for the example 

abovc this is distributions for which is close to 1). This agrees with a rcsult obtained by 

Vcrbeke (1989, pp. 54-56). 

Similarly, the approximate Bahadur slopc of A?) is found to  bc 

2 
If p 5 1, then h <_ (E - 1) . This is also clear from Table 5.3, since for thc Wcibull, 

A 2  

lincar failure rate and Makeham distributions for which p < 1, the Bahadur slope of AP) is 

much smaller than that  of S / X  



5.3.3 Power comparisons 

In this section we present the results of Monte Carlo studies conducted to determine the power 

of tcsts based on Tn and sn, the K*-statistic of Hollander and Proschan (1975) (p. 89) and the 

Vn-test of Kanjo (1993) (p. 92). All calculations were done using double precision arithmetic 

in FORTRAN and routines from the IMSL library. 

Recall that Ho is rejected if Tn > CT(cr). Similarly, a test based on Sn rejects Ho if Sn > 

Cs(a). From Hollander and Proschan (1975) we know that, under Ho, f i K *  3 N (0, &) 

and Ho is rejected if GK* > CK*(cu). For Vn of Kanjo (1993) we have that, under Ho, 
d fi (vn - i) -t N (0, i). However, Kanjo (1993) remarked that the asymptotic tcst performs 

very poor compared to the exact test due to slow convergence to normality. We therefore use 

the exact test which rejects Ho if Vn < CVn(cr). 

The critical values used for the simulations are given in Table 5.4. For the right-sided tcsts, the 

critical values were obtained as the 95-th percentiles of 200,000 simulated test statistics from 

the exponential distribution. For the left-sided tcst of Kanjo (1993), the 5-th percentile was 

obtained. All standard errors of the estimated critical values were found to be negligibly small 

-(I) -(4) - ( lo)  and are therefore not reported in Table 5.4. The estimated critical values of Sn , Sn , Sn 

and ~ 2 ' )  are quite close to the asymptotic critical value of 1.645. 

Power estimates were calculated as the proportion of 20,000 Monte Carlo samples that resulted 

in rejection of Ho at significance level cr = 0.05 for the four alternative distributions considered 

in the previous section. 

We also consider the following two distributions, which are NBUE: 

with 0 < 9 < 1, 1 < and < e-', and 

with 8 > 0. 

In Tables 5.5 - 5.10 we present power comparisons for sample sizes n = 20,30, . . . ,100 for 

different parameter choices of each of the alternative distributions. The standard errors of thc 

estimated probabilities in these tables are no greater than J0.25/20,000 = 0.0035. 



Table 5.4: Estimated critical values based on 200,000 trials. 

From these tables we can conclude the following: 

For the Weibull distribution, all the tests perform rather well, except Tn. 

- ( I )  -(4) 
0 Thc bcst tcsts against Wcibull and gamma alternatives are Sn , Sn and Si6), followed 

by s ~ O )  and st). 
0 Against linear failure rate alternatives all the tests yield approximately the same power. 

Against Makeham alternatives, all the tcsts except Tn have almost the same power, the 

latter performing slightly worse. 

0 For F;(x) the test based on 2) outperforms all the other tests based on G. 
- ( I )  -(4) Against F6(x) alternatives it is again Sn , Sn and (with almost identical power), 

followed by s?') and sL7),  which pcrform the bcst. 

0 For all the alternatives, the best tests based on Sn pcrform similar to the tcsts based on 

Vn and K*. 



Table 5.5: Estimated power functions for Weibull alternatives based on 
20,000 trials. 
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Table 5.6: Estimated power functions for gamma alternatives based on 
20,000 trials. 

Gamma (0 = 1.5): 
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n 
- 
20 

30 

40 

50 

60 

70 

80 

90 

100 
- - 
Gam - 
n 
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CT; (a )  CSp) ( a )  CSp ( a )  C3i3) (a )  CSi4) ( a )  C3i5) ( a )  CSi6) ( a )  CS;) ( a )  

0.26 0.62 0.55 0.48 0.60 0.51 0.61 0.59 



Table 5.7: Estimated power functions for LFR alternatives based on 
20,000 trials. 

I 

Linear failure rate (0 = 1): - 
CT; (a) c3!1) (a) c3?) (a) Csc) (a) Csg) C3L5) C3i6) c3i7) ( 0 1  

0.24 0.29 0.30 0.28 0.29 0.28 0.29 0.29 

0.40 0.40 0.39 

0.52 0.50 0.50 

0.61 0.59 0.59 

0.69 0.67 0.67 

0.76 0.73 0.73 

0.81 0.79 0.79 

0.85 0.83 0.83 

0.89 0.87 0.87 

Continued on next pagc 



Table 5.7: continued 
Linear failure rate (6' = 1.5): 

Table 5.8: Estimated power functions for Makeham alternatives based 
on 20,000 trials. 

Makeham (0 = 0.5): 
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c ~ ; ~ )  ( a )  Csi9) ( a )  Cspw ( a )  CSpl) ( a )  C S p  ( a )  Csp3) ( a )  Cvn ( a )  CK* (a )  

0.16 0.16 0.17 0.17 0.17 0.16 0.17 0.17 

ham (0 = 1.5): 
CT; ( a )  CSL1) ( a )  CSi2) ( a )  CSip (a )  CSi4) ( a )  CSp ( a )  CSp ( a )  C3;7) ( a )  

0.18 0.24 0.23 0.21 0.23 0.22 0.24 0.23 



Table 5.9: Estimated power functions for F5(2) alternatives based on 
20,000 trials. 

CSA8) ( a )  CSp) (a)  Cspv (a )  Cspx (a )  C s y )  ("1 3 (a )  Cvn ( a )  CK* (a )  

0.26 0.25 0.37 0.34 0.31 0.30 0.39 0.39 

Continued on next page 



Table 5.9: continued 
(0 = 3, 0 = 0.8): 

CT; (a) Cgg) (a) Cg.;2j (a) CSp (a) Cgi4) (a) C3i5) (a) Cgp (a) Cg.p (a) 

0.00 0.84 0.42 0.57 0.78 0.59 0.78 0.69 

Table 5.10: Estimated powcr functions for F~(x) alternatives based on 
20,000 trials. 

Continued on next page 
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Tablc 5.10: continucd 

10 = 1): 

Csi8) (a) CsL9) ( a )  csi1" (4 cCsc') (") C s c ~  ((') cS,(,13) 'vn 'K* 

0.36 0.36 0.39 0.38 0.38 0.37 0.39 0.39 



5.3.4 Conclusions and recommendations 

In this section we summarize our main conclusions: 

,!?A1), ,!?id), sL6), silo) and K* have the highest Pitman efficiencies against Weibull and 

Makcham distributions. Howcvcr, sL4) and sL6) have much larger Pitman efficiencies than 

s?) and K* against lincar failure rate alternativcs. 

si2), ,!?A5), sL7), sf) and ,!?kg) have the largest Pitman efficiencies against linear failure 

ratc alternatives. 

-(lo) Based on the approximate Bahadur slopes against Weibull alternatives, 3:) and Sn 

to st3) outperform all the other tests. Except for Tn, the coefficient, of variation tcst 

performs the worst. The following test statistics all pcrform similar or better than thc 

- ( I )  -(3) -(4) -(lo) to 3;s) test based on K*: Sn , Sn , Sn and Sn 

Against gamma alternatives, K* clcarly outpcrforms the othcr test statistics based on 

approximate Bahadur efficiency. For the test statistics based on k, 3) and silo) perform 

thc bcst. 

For linear failure rate alternatives all thc tcsts bascd on 3, have a much higher approxi- 

mate Bahadur slope than K*. 

For Makcham altcrnativcs, thc test statistics Tn, s;~), s/X, K* and A?) are outperformed 

by thc rcmaining test statistics, which have almost idcntical Bahadur slopes. 

Based on the powcr comparisons against Weibull, gamma and F6(x) alternatives, the best 

tcsts are those based on ,!?il), sL4) and sL6). Against linear failurc ratc and Makcham 

altcrnativcs, all the tcsts have similar powcr. 

From thc powcr comparisons wc concludc that the tcsts bascd on ,!?A1), 5L4) and sL6) 
perform similar to the tests based on Vn and K*. Howcver, as was seen earlier, the 

test based on K t  is often outperformed in terms of Pitxnan and approximate Bahadur 

efficiency. 

-(I) Recommendation: Based o n  its overall good performance, we propose the test statistics Sn , 
sL4) and si6) as effective procedures for  testing czponentiality against NBUE alternatives. 



5.4 Applications to real data 

In this section we apply our best test statistics to three examples from the literature. 

Example 1. Hollandcr and Proschan (1975) and Kanjo (1993) used data  from Bryson and 

Siddiqui (1969) which are survival times, in days from diagnosis, of patients suffering from 

chronic granulocytic leukemia. The data set contains 43 observations: 

We calculated the values of 3:): *A4) and sf) as 1.681, 1.661 and 1.645, respectively, with 

critical values 1.672, 1.609 and 1.584. All three tests thus reject the null hypothesis in favour 

of an NBUE distribution a t  a 5% significance level. This corresponds with the conclusions of 

both Hollandcr and Proschan (1975) and Kanjo (1993). 

Example 2. Lee et al. (1980) used an example from Lieblcin and Zelen (1956) regarding 

fatigue life of deep groove ball bearings where the data set consists of the number of revolutions 

(in millions) before failure of 23 bearings: 

They rejected exponentiality a t  a 1% significance level, in favour of an IFRA distribution. 

The value of sil) for this data set is 3.511 and the values of s?) and si6) arc 3.144 and 

3.011, respectively. Comparing these values to the critical values 1.675, 1.601 and 1.568 at  a 

5% significance level, the null hypothesis is rejected in favour of an NBUE distribution. The 

critical values at a 1% significance level are 2.367, 2.203 and 2.125 respectively, resulting in Ho 

being rejected in all three cases. 

Example 3. Kochar (1985) considered an experiment from Florida State University in which 

the effect of mcthylmcrcury poisor~ing on t,he life lengths of fish were studied. At one dosage 

level, the ordered times to  death (in days) of goldfish subjected to  methylmercury were 



He rejected exponentiality in favour of the IFRA property, at a 1% significance level. 

The value of 3:) is 3.945, which is larger than the critical value of 2.389, the value of sL4) is 

3.452, which is larger than the critical value of 2.159, and the value of 32) is 3.207, which is 

larger than the critical value of 2.075. Thus in all three cases, Ho is rejected in favour of an 

NBUE alternative at a 1% significance level. 
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