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A B S T R A C T

The validity of Solid Rocket Motor (SRM) stability calculations critically depends on the sufficiently detailed
and physically correct representation of propellant velocity flow-field, which leads to well behaved flow.
A theoretical analysis of propellant flow and heat distribution is presented to study the thermal effects on
propellant velocity flow-field to understand rocket stability dynamics better. Analysis based on Lie symmetry
and perturbation technique is used to construct semi-analytical propellant flow and heat distribution solutions.
Effects of various non-dimensional parameters arising from the Solid Rocket Motor design are graphically
represented, analysed and parameter values leading to unstable and stable propellant flow are quantified. The
study mainly gives an insight of thermal parameters affects rocket momentum. Among other findings, the study
found that for Prandtl number values 𝑃𝑟 > 0.1 while sucking propellant out of the combustion chamber leads
to instabilities on the propellant velocity flow field. In contrast, same 𝑃𝑟 values lead to stable operation during
injection. Also, the results show that for Grashof number values 𝐺𝑟 > 0.1 while injecting propellant into the
combustion leads to unstable propellant velocity field but stable flow velocity during suction. The obtained
temperature profiles agree with the experimental and theoretical results from the literature.
1. Introduction

In the past and recently, the topic of fluid flow, driven by injection
through porous pipes, has received significant attention due to the wide
industrial importance and technical applications covered by this topic.
Such industrial importance and technical applications are boundary
layer control, surface transpiration and modelling of Solid Rocket Mo-
tor (SRM) propellant grain. Focusing the attention of the subject at
hand to modelling SRM propellant grain, stability prediction methods
play a crucial role in the steady state operation of SRM. Culick in [1,2]
set the groundwork for predicting the steady state operation of SRM
by adopting three assumptions. Firstly, perturbation representation of
internal velocity can be used for small propellant velocity amplitude.
Secondly, a simple boundary condition imposed at the chamber surface
can represent all surface reactions. Lastly, all physical parameters that
lead to rotational flow effects have negligible influence on combustion
stability, as mentioned in [3]. The studies discussed above undertaken
by Culick indicate the advantage of semi-analytical techniques such
as the perturbation method, which is the technique that linearises the
governing equations by using the parameters that affect the system flow
and heat distribution as perturbation quantities.

From various unstable motions observed in SRM chambers, cur-
rently the most challenging are those involving oscillatory motions
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parallel to the flow axis. SRM instabilities are due to velocity fluctua-
tions parallel to the combustion chamber surface. This phenomenon is
known as velocity coupling, and these instabilities can be understood
by studying the axial velocity as in [4]. Motivated by the studies
mentioned above, theoretical injection-driven flow studies have been
initiated to further understand these instabilities in an SRM using
porous pipes. The instabilities of such aeroacoustic solutions of porous
pipe flow driven by fluid injection, which later served as a reasonable
approximation for analysis of propellant inside a combustion chamber,
were firstly done by Taylor and Culick, as mentioned in [5]. The need
to gain more insight into propellant flow dynamics led to more research
to model and solve such flow. The first research work to reduce a
system of equations representing fluid flow inside a chamber to a single
ordinary equation using similarity transformation was done by Berman
in [6] as stated in works [7,8]. The work done in [9] found that
such similarity solutions do not always give acceptable results towards
the chamber wall and that instability occurs when no-slip condition is
violated.

Similarity transformation was used by [7] to obtain dual solutions of
laminar flow inside a non-deformable porous pipe, and that instability
of SRM is parameter value-dependent since instability can occur for
specific values of parameters affecting the flow. The obtained dual
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Nomenclature

Dimensional Variables

2𝑎 Rocket diameter, m
𝑎̇ Chamber dilation rate, m/s
𝑡 Time, s
𝑢̄ Velocity along the axial, m/s
𝑣̄ Velocity along the radial, m/s
𝑧̄ Axial-coordinate, m
𝑟̄ Radial-coordinate, m
𝑝̄ Flow pressure, Pa
𝜈 Kinematic viscosity, m2∕s
𝜌 Fluid density, kg/m3

𝛹̄ Stream function m2∕s
𝑇̄ Fluid temperature, K
𝑇̄𝑠 Temperature at the chamber wall, K
𝑔 Gravitational Acceleration, m/s2

Non-dimensional Variables

𝑡 Non-dimensional time
𝑢 Non-dimensional velocity along the axial
𝑣 Non-dimensional velocity along the radial
𝑧 Non-dimensional axial-coordinate
𝑟 Non-dimensional radial-coordinate
𝐴 Wall permeation (injection coefficient)
𝛹 Non-dimensional stream function
𝛼 Non-dimensional chamber wall dilation rate
𝑝 Non-dimensional fluid pressure
𝛩 Non-dimensional fluid temperature
𝛩𝑠 Non-dimensional temperature at the cham-

ber wall
𝑅𝑒 Reynolds number
𝑃𝑟 Prandtl number
𝛼 Chamber dilation
𝑅 Radiation number
𝐺𝑟 Grashof number

solutions were found to exist everywhere beside in the domain 2.3 <
𝑅𝑒 < 9.1. In the domain 0 < 𝑅𝑒 < 2.3, the study found that permeation
rate 𝐾 = 1∕𝑅𝑒 becomes high such that the system permits at a higher
rate, thus resulting reverse flow (instability). On the other hand, when
9.1 < 𝑅𝑒 < ∞ the study found that the system permits at a lower
rate, hence leads to well behaved flow. Theoretical and experimental
analysis of laminar flow inside a non-deformable porous pipe due to
constant injection or suction was done in [10]. In their study, authors
found that both analyses gave good results when there is no transverse
pressure inside the pipe and the axial pressure increases in the direction
of flow for 𝑅𝑒 > 1.25. The findings in [7,10] revealed that it is not ideal
to suck fluid through a non-deformable pipe porous surface at higher
rate. These findings in a non-deformable pipe led to an investigation of
deformable pipes since deformable pipes have direct application to flow
dynamics such as of propellant flow inside the combustion chamber.

The investigation of deformable channels led to the study of im-
portant effects such as contraction and expansion. Authors in [11]
studied the effects of contraction and expansion on a laminar flow
inside a deformable channel and found that the wall shear stress and
pressure decrease in the direction of the flow. Saad and Majdalani [12]
used perturbation technique to investigate flow inside a deformable
channel analytically. The investigation of improved mean-flow inside
a deformable pipe to understand rocket motor dynamics was done
2

o

by [13]. In their study, authors found that the mean flow correlates
with the findings in [5] when 𝑅𝑒 = 1000. The study [14] used Lie
ymmetry method along with perturbation method to understand how
he flow inside a deformable pipe changes with time. The study found
hat sucking fluid out of the pipe whilst the pipe expands is not
esirable since these lead to reverse flow.

The burning of propellant grain to transform the propellant grain
o gaseous form introduces heat effects which arise from temperature
ifference in the system. To understand effects of heat transfer during
olid rocket motor operation, a lot of work has been done to gain insight
n the influence of parameters that arise from temperature difference
uch as buoyancy effects, Prandtl number, thermal radiation and con-
ection heat transfer on propellant flow. To know more about the
ffects of heat transfer during solid rocket motor operation Pearce [15]
tudied effects of radiation inside rocket combustion chamber. The
ork in [16] further investigated the effects of radiation on a laminar

low inside a pipe and found that minimal radiation effects weakens
luid convection. Viskanta [17] numerically studied heat convection,
luid heat conduction and radiation effects on a laminar flow.

Furthermore, the effects of interaction between fluid radiation and
orced convection on a laminar flow were studied by [18]. The work
n [17,18] found that effects of radiation in the axial direction be-
ome more when conduction-to-radiation effect is small at the instant
emperature is high. Temperature gradient between collection of fluid
articles within the fluid bulk leads to variant density, thus introduces
vital parameter of study, namely buoyancy force due to gravity. The
ropellant burning rate of five percent due to effects of buoyancy force
hen propellant grain burning surface regression acts against gravity
as experimentally obtained by [19]. The influence of buoyancy force
nd heat on a flow between a pipe which is a rest and circulating pipe
as done by [20] numerically.

The SRM propellant sensitivity simulation was conducted on an
luminium particle burn in a gap created between the downward facing
ombusting and an upward facing inert surface [21]. Authors found
hat increasing or decreasing the velocity of the propellant surface
nd propellant surface temperature plume temperature showed greater
ensitivity. The study also found that the propellant velocity increases
nd surface temperature decrease from maximum while the surface gas
emperature increases. The authors Griego at el. [21] further studied
RM propellant sensitivity in an upward burning propellant on an
luminium particle combustion simulation using computational fluid
ynamics code [22]. The authors found that the propellant velocity
ncreases while surface temperature decreases from maximum while the
urface gas temperature increases.

Lie symmetry approach was used by [14] to study the influence
f pipe deformation on an unsteady flow inside the pipe without
tudying thermal parameter effects. In this above mentioned study,
olid-propellant rocket stability model and its respective solution ac-
ount only for velocity (momentum) dynamics, however, this does
ot represent more realistic Solid Rocket Motor dynamics since the
emperature effects play a critical role during rocket operation. There-
ore, it is important to have studies that incorporate thermal effects
o understand the dynamics of Solid Rocket Motor better. For more
ealistic rocket dynamics, the current study addresses the impacts of
eat distribution during rocket operation to understand the effects of
hermal parameters that arise from heat distribution. Incorporating
uch heat effects has been proposed to address the above shortcoming,
hus expand understanding of Solid Rocket Motor operation. The cur-
ent work aims to deal with the shortcoming in [14], which is to study
eat effects since the work in [14] assumed that temperature is constant
hroughout the chamber during SRM operation. The reason for studying
his shortcoming arises from the fact that after SRM ignition, the wall
emperature heats propellant inside the SRM chamber, thus diffusion of
nergy from the wall to the propellant due to temperature difference
uring operation needs in-depth understanding to understand SRM

peration better.
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Fig. 1. Flow and heat transfer schematic representation.
𝑢

𝑢

Inspired by the work mentioned above, the motivation behind the
current study is to improve the work done in [14] by introducing heat,
radiation and buoyancy effects on flow the model representing the
propellant flow. The current paper aims to find solutions that depend
on thermal parameter of the improved flow [14] and heat transfer
model representing the propellant flow and heat distribution using Lie
symmetry method and perturbation technique. Also, the study seeks
to investigate the influence of Reynolds number, chamber expansion,
Grashof number, radiation and Prandtl number on a propellant ve-
locity and heat distribution. To obtain optimal steady state operation
and a well behaved propellant flow (stable), results are represented
graphically, analysed and discussed. The main aim of the study is to
highlight thermal parameters values that lead to reverse flow (unstable
behaviour) and the ones that lead to stable operation. The study also
seeks to give insights of parameters that yields optimal thrust during
solid rocket motor operation and well behaved velocity.

2. Mathematical formulation

A two-dimensional unsteady incompressible viscous fluid flow [14]
and heat transfer inside a circular semi-infinite pipe is considered. The
influence of the heat distribution on the flow studied in [14] is such
that thermal effects do not result in any force that leads to momentum
change along the transversal direction, hence the current case study is
two-dimensional. The pipe wall (chamber wall) is considered porous
and its temperature 𝑇̄ = 𝑇̄𝑠 is kept constant. The pipe radius 𝑟 = 𝑎(𝑡)
also changes over time, thus the chamber wall expands or contracts
equally in the radial direction at a speed of 𝑎̇(𝑡). Due to the parabolic
behaviour of flow and temperature distribution, the coordinate system
is chosen to be symmetric. Fluid is uniformly sucked or injected through
the chamber wall, and kinematic viscosity is taken to be constant. In
the transverse direction, the internal flow and temperature do not vary,
the reader is referred to [1,2] for more information on why it is viable
to study two-dimensional flow.

The flow and heat transfer mentioned above is defined by the
subsequent cylindrical configuration, as given in Fig. 1

Mathematical representation of the internal flow and heat distribu-
tion inside solid rocket motor, is given by
𝜕(𝑟̄𝑢̄)
𝜕𝑧̄

+
𝜕(𝑟̄𝑣̄)
𝜕𝑟̄

= 0, (2.1)

𝜕𝑢̄
𝜕𝑡

+ 𝑢̄ 𝜕𝑢̄
𝜕𝑧̄

+ 𝑣̄ 𝜕𝑢̄
𝜕𝑟̄

= −1
𝜌
𝜕𝑝̄
𝜕𝑧̄

+ 𝜈
[

𝜕2𝑢̄
𝜕𝑧̄2

+ 1
𝑟̄
𝜕
𝜕𝑟̄

(

𝑟̄ 𝜕𝑢̄
𝜕𝑟̄

)]

, (2.2)

𝜕𝑣̄
𝜕𝑡

+ 𝑢̄ 𝜕𝑣̄
𝜕𝑧̄

+ 𝑣̄ 𝜕𝑣̄
𝜕𝑟̄

= −1
𝜌
𝜕𝑝̄
𝜕𝑟̄

+ 𝜈
[

𝜕2𝑣̄
𝜕𝑧̄2

+ 𝜕
𝜕𝑟̄

(

1
𝑟̄
𝜕(𝑟̄𝑣̄)
𝜕𝑟̄

)]

+ 𝑔𝛽(𝑇̄ − 𝑇̄𝑠), (2.3)

𝜕𝑇̄ + 𝑢̄ 𝜕𝑇̄ + 𝑣̄ 𝜕𝑇̄ = 𝜆
[

𝜕2𝑇̄ + 1 𝜕
(

𝑟̄ 𝜕𝑇̄
)]

− 1 𝜕𝑞𝑟 , (2.4)
3

𝜕𝑡 𝜕𝑧̄ 𝜕𝑟̄ 𝜕𝑧2 𝑟̄ 𝜕𝑟̄ 𝜕𝑟̄ 𝜌𝑐𝑝 𝜕𝑟̄
where 𝑢̄ and 𝑣̄ are axial 𝑧̄ and radial 𝑟̄ velocity components respectively,
𝑇̄ is the fluid temperature and 𝑇̄𝑠 is wall temperature. Here, 𝜌 is the
density, 𝜈 is the kinematic viscosity, 𝑔 is gravitational acceleration, 𝛽
is thermal expansion coefficient, 𝜆 = 𝑘

𝜌𝑐𝑝
is thermal diffusivity, where

𝑘 is the conductivity of the fluid, 𝑐𝑝 is the specific heat, 𝑝̄ is the fluid
pressure, 𝑡 is time and 𝑞𝑟 = −4

3
𝜎
𝑘𝑟

𝜕𝑇̄ 4

𝜕𝑟̄ is the Roseland approximation,
where 𝜎 is the Stefan Boltzmann constant and 𝑘𝑟 is the Roseland mean
absorption coefficient.

According to the design of solid rocket motor, the sufficient bound-
ary conditions are:

(i) 𝑢̄ = 0, 𝑣̄ = −𝑣̄𝑠 = −𝑉 = −𝑎̇𝐴, 𝑇̄ = 𝑇̄𝑠 when 𝑟̄ = 𝑎(𝑡),

(ii) 𝜕𝑢̄
𝜕𝑟̄

= 0, 𝑣̄ = 0, 𝜕𝑇̄
𝜕𝑟̄

= 0 when 𝑟̄ = 0,

(iii) 𝑢̄ = 0 at 𝑧̄ = 0. (2.5)

In terms of stream function, the components of velocity in the axial and
radial directions are

̄ = 1
𝑟̄
𝜕𝛹̄
𝜕𝑟̄

and 𝑣̄ = −1
𝑟̄
𝜕𝛹̄
𝜕𝑧̄

. (2.6)

Introducing non-dimensional radial component 𝑟 = 𝑟̄∕𝑎(𝑡) into the
components (2.6) yields

̄ = 1
𝑎2𝑟

𝜕𝛹̄
𝜕𝑟

, 𝑣̄ = − 1
𝑎𝑟

𝜕𝛹̄
𝜕𝑧̄

. (2.7)

Substituting (2.7) into Eqs. (2.2), (2.3) and (2.4) along with the
following non-dimensional parameters

𝑢 = 𝑢̄
𝑉
, 𝑣 = 𝑣̄

𝑉
, 𝑧 = 𝑧̄

𝑎(𝑡)
, 𝑡 = 𝑡𝑉

𝑎
, (2.8)

𝛹 = 𝛹̄
𝑎2𝑉

, 𝑝 =
𝑝̄

𝜌𝑉 2
, 𝛼 = 𝑎𝑎̇

𝜈
, 𝛩 =

𝑇̄ − 𝑇̄𝑠
𝑇𝑎 − 𝑇𝑠

yields equations of velocity and equation of energy respectively as

𝑟2𝛹𝑟𝑡 + 𝑟𝛹𝑟𝛹𝑟𝑧 + 𝛹𝑧[𝛹𝑟 − 𝑟𝛹𝑟𝑟] + 𝑟3𝑝𝑧 +
1
𝑅𝑒

[

(𝑟 − 𝛼𝑟3)𝛹𝑟𝑟 − 𝑟2𝛹𝑟𝑟𝑟 − 𝑟2𝛹𝑟𝑧𝑧

− (1 + 𝛼𝑟2)𝛹𝑟

]

= 0, (2.9)

𝑟2𝛹𝑧𝑡 + 𝑟𝛹𝑟𝛹𝑧𝑧 + 𝛹𝑧[𝛹𝑧 − 𝑟𝛹𝑟𝑧] − 𝑟3𝑝𝑟 +
1
𝑅𝑒

[

(𝑟 − 𝛼𝑟3)𝛹𝑟𝑧 − 𝑟2𝛹𝑧𝑟𝑟

− 𝑟2𝛹𝑧𝑧𝑧

]

+ 𝑟3𝐺𝑟𝛩 = 0, (2.10)

𝛩𝑡 +
1
𝑟
𝛹𝑟𝛩𝑧 −

1
𝑟
𝛹𝑧𝛩𝑟 −

1
𝑃𝑟𝑅𝑒

[

𝛩𝑧𝑧 +
𝛩𝑟
𝑟

+ (1 + 4𝑅)𝛩𝑟𝑟

]

= 0, (2.11)

where 𝛼 = 𝑎𝑎̇
𝜈 is the chamber wall dilation rate, 𝑅𝑒 =

𝑎𝑉𝑠
𝜈 is the Reynolds

number, 𝐺𝑟 =
𝑎3𝑔𝛽(𝑇𝑎 − 𝑇𝑠)

𝜈2
is the Grashof number, 𝑃𝑟 = 𝜈𝜌𝑐𝑝

𝑘 is the

Prandtl number and 𝑅 = 4𝜎𝑇 3
𝑠 is the radiation number.
3𝑘𝑟𝑘
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𝛷
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𝑁
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𝛹
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T
v

T

𝑟

Similarly, boundary conditions (2.5) become

(i) 𝛹𝑟 = 0, 𝛹𝑧 = 1, 𝛩 = 1, when 𝑟 = 1,

(ii)
(

𝛹𝑟
𝑟

)

𝑟
= 0, 𝛹𝑧 = 0, 𝛩𝑟 = 0, when 𝑟 = 0,

iii) 𝛹𝑟 = 0 at 𝑧 = 0. (2.12)

he use of (2.8) yields non-dimensional velocity components (2.7) as

= 1
𝑟
𝜕𝛹
𝜕𝑟

and 𝑣 = −1
𝑟
𝜕𝛹
𝜕𝑧

. (2.13)

3. Solution procedure

This section uses Lie symmetry analysis [23–27] to find similarity
transformation and use them to transform Eqs. (2.9)–(2.12) to ordi-
nary differential equations. Perturbation method is further used to
obtain semi-analytical solutions representing the internal velocity and
temperature distribution during steady operation.

3.1. Lie symmetry analysis

The dimensionless system (2.9)–(2.11) representing solid rocket
motor operation admits the following five symmetries:

𝑋1 = 𝑧
(

2𝐾𝛼𝑒′5(𝑡) − 𝑒′′5 (𝑡)
) 𝜕
𝜕𝑝

+ 𝑟2

2
𝑒′5(𝑡)

𝜕
𝜕𝛹

− 𝑧 𝜕
𝜕𝑧

, 𝑋2 =
𝜕
𝜕𝑡
,

3 = 𝑎7(𝑡)
𝜕
𝜕𝛹

, 𝑋4 = 𝑏4(𝑡)
𝜕
𝜕𝑝

, 𝑋5 = 𝑟𝐺𝑟
𝜕
𝜕𝑝

+ 𝜕
𝜕𝛩

.

The operator 𝑋2 is the only Lie symmetry that maintains the steady
tate dynamics of the system if

𝛹 = 𝑋(𝛹 ) = 0, where 𝛹 = 𝛹 (𝑧, 𝑟, 𝑡), (3.14)

𝛷𝑃 = 𝑋(𝑝) = 0, where 𝑝 = 𝑝(𝑧, 𝑟, 𝑡) (3.15)

and

𝛷𝛩 = 𝑋(𝛩) = 0, where 𝛩 = 𝛩(𝑧, 𝑟, 𝑡), (3.16)

where 𝑋 is Lie symmetry operator. It follows from this symmetry that

𝛷𝛹 = −𝛹𝑡, 𝛷𝑝 = −𝑝𝑡, 𝛷𝛩 = −𝛩𝑡 (3.17)

are invariant under 𝑋2.
Thus, according to (3.17), the steady state solutions for velocity,

pressure and temperature are respectively

𝛹 = ℎ(𝑟)𝑁(𝑧, 𝑟), 𝑝 = 𝛤 (𝑧, 𝑟) and 𝛩 = 𝜔(𝑧, 𝑟). (3.18)

Using steady state solutions (3.18) into (2.9) and taking

𝐾1 = 𝑁𝑧, 𝐾2 =
𝑁𝑟
𝑁

, 𝐾3 =
𝑁𝑧𝑁𝑟
𝑁

, 𝐾4 =
𝑁𝑧𝑧
𝑁

,

𝐾5 =
𝑁𝑟𝑟
𝑁

, 𝐾6 =
𝑁𝑟𝑧𝑧
𝑁

,

𝐾7 =
𝑁𝑟𝑟𝑟
𝑁

, 𝐾8 = 𝑁𝑟𝑧, 𝐾9 =
𝑁𝑟𝑁𝑟𝑧
𝑁

,

𝐾10 =
𝑁𝑧𝑁𝑟𝑟
𝑁

, 𝐾 = 1
𝑅𝑒

, (3.19)

yields

−𝑟2𝐾 𝑑3ℎ
𝑑𝑟3

+
[

−𝑟ℎ𝐾1 +𝐾𝑟 − 𝛼𝐾𝑟3 − 3𝐾𝑟2𝐾2

]

𝑑2ℎ
𝑑𝑟2

[

ℎ𝐾1 − 𝑟ℎ𝐾3 + 2𝐾(𝑟 − 𝛼𝑟3)𝐾2 − 3𝐾𝑟2𝐾5 −𝐾𝑟2𝐾4

𝐾 − 𝛼𝐾𝑟2 + 𝑟ℎ𝐾8

]

𝑑ℎ
𝑑𝑟

𝑟𝐾1

(

𝑑ℎ
𝑑𝑟

)2
+
[

𝐾(𝑟 − 𝛼𝑟3)𝐾5 −𝐾𝑟2𝐾7 −𝐾𝑟2𝐾6 −𝐾(1 + 𝛼𝑟2)𝐾2

]

ℎ

+
[

𝑟𝐾9 +𝐾3 + 𝑟𝐾10

]

ℎ2 + 𝑟3 𝜕𝛤 = 0. (3.20)
4

𝑁 𝜕𝑧
Integrating the first equation of system (3.19) with respect to 𝑧, yields

(𝑧, 𝑟) = 𝑧𝐾1(𝑟) +𝐾11(𝑟). (3.21)

he stream function (3.18) in terms of the above value of 𝑁(𝑧, 𝑟)
ecomes

=
[

𝑧𝐾1(𝑟) +𝐾11(𝑟)
]

ℎ(𝑟). (3.22)

ifferentiating the above Eq. (3.22) with respect to 𝑟 and thereafter
using the stream function condition from (2.12) (iii), gives

𝐾11(𝑟)ℎ(𝑟) = 𝐾12, (3.23)

where 𝐾12 is a constant of integration.
Invoking 𝐾12 given by (3.23) into stream function (3.22) gives

𝛹 = 𝑧𝐺(𝑟) +𝐾12, (3.24)

here 𝐺(𝑟) = 𝐾1(𝑟)ℎ(𝑟).
Using pressure 𝑝 = 𝛤 (𝑟, 𝑧) from (3.18) for state operation and

non-dimensional stream function (3.24) into (2.9), yields

𝑟3 𝜕𝛤
𝜕𝑧

= 𝑧
[{

(1 + 𝛼𝑟2)𝐾 − 𝐺
}

𝑑𝐺
𝑑𝑟

+
{

𝑟𝐺 − (𝑟 − 𝛼𝑟3)𝐾
}

𝑑2𝐺
𝑑𝑟2

− 𝑟
(

𝑑𝐺
𝑑𝑟

)2
+ 𝑟2𝐾 𝑑3𝐺

𝑑𝑟3

]

. (3.25)

The use of (3.21) and (3.25) into (3.20) yields

𝐾11 = 0, (3.26)

thus, the velocity (3.21) becomes

𝛹 (𝑧, 𝑟) = 𝑧𝐾1(𝑟). (3.27)

Since 𝐾11 is zero, 𝐾12 is also zero from (3.23), thus Eq. (3.24) becomes

𝛹 = 𝑧𝐺(𝑟). (3.28)

Substituting (3.28) into (2.13) gives the following propellant velocity
components
𝑢
𝑧
= 1

𝑟
𝑑𝐺
𝑑𝑟

and 𝑣 = −𝐺
𝑟
. (3.29)

he results above indicate that the flow is laminar since both the radial
elocity and the axial velocity per length 𝑧 depend on 𝑟 only.

Using the steady state temperature (3.18) and stream function
(3.28) into (2.10) and differentiating the resulting equation with re-
spect to 𝑧, yields pressure variation as

𝑝𝑟𝑧 = 𝐺𝑟𝜔𝑧. (3.30)

Differentiating the axial momentum equation obtained from using
(3.28) with respect to 𝑟 and thereafter substituting pressure from (3.30)
yields

𝐾
[

𝑟2 𝑑
4𝐺
𝑑𝑟4

+ (𝛼𝑟3 − 2𝑟)𝑑
3𝐺
𝑑𝑟3

+ (𝛼𝑟2 + 3)𝑑
2𝐺
𝑑𝑟2

−
(

𝛼𝑟 + 3
𝑟

)

𝑑𝐺
𝑑𝑟

]

− 𝑟 𝑑𝐺
𝑑𝑟

𝑑2𝐺
𝑑𝑟2

+
(

𝑑𝐺
𝑑𝑟

)2
− 3𝐺𝑑2𝐺

𝑑𝑟2
+ 3

𝑟
𝐺 𝑑𝐺

𝑑𝑟
+ 𝑟𝐺 𝑑3𝐺

𝑑𝑟3
−

𝑟3𝐺𝑟𝜔𝑧
𝑧

= 0. (3.31)

he above Eq. (3.31) gives third derivative of temperature as
3𝐺𝑟𝜔𝑧𝑧𝑧 = 0. (3.32)

There are effects of buoyancy force, thus based on the dynamics of
the propellant, 𝐺𝑟 is a non-zero parameter and radius is also not zero,
consequently, 𝜔𝑧𝑧𝑧 = 0, which yields

𝜔𝑧𝑧 = 𝐹1(𝑟), (3.33)

where the function 𝐹1(𝑟) depends on 𝑟. Integrating (3.33) with
respect to 𝑧 gives
𝜔𝑧 = 𝑧𝐹1(𝑟) + 𝐹2(𝑟), (3.34)
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where the function 𝐹2(𝑟) depends on 𝑟. The headwall is insulated
according to the design, thus at the headwall, there is no transfer of
heat, hence 𝜔𝑧 = 0 at 𝑧 = 0, so (3.34) yields 𝐹2(𝑟) = 0. It follows that
temperature variation per length is such that
𝜔𝑧
𝑧

= 𝐹1(𝑟), (3.35)

which is evident that the temperature from the rocket chamber wall
only influences the propellant along the radial direction, so there is no
heat diffusion along the axial direction. Thus Eq. (3.35), yields 𝜔𝑧𝑧

𝑧 = 0.
Since there is no axial heat diffusion according to the design, by

sing components (3.29) and temperature (3.35) into (3.31) and (2.11)
espectively while letting temperature variation 𝐹1(𝑟) = 𝐻(𝑟) from
3.35), yields velocity and energy equations as
[

2𝛽 𝑑
4𝐺
𝑑𝛽4

+ (2𝛼𝛽 + 4)𝑑
3𝐺
𝑑𝛽3

+ 4𝛼 𝑑
2𝐺
𝑑𝛽2

]

+ 𝐺𝑑3𝐺
𝑑𝛽3

−𝑑𝐺
𝑑𝛽

𝑑2𝐺
𝑑𝛽2

−
𝐻𝐺𝑟
√

2𝛽
= 0, (3.36)

𝑑𝐺
𝑑𝛽

𝐻 − 𝐺
2
𝑑𝐻
𝑑𝛽

− 𝐾
𝑃𝑟

[

𝑑𝐻
𝑑𝛽

+ 𝛽 𝑑𝐻
2

𝑑𝛽2

]

− 2𝑅𝐾
𝑃𝑟

[

𝑑𝐻
𝑑𝛽

+2𝛽 𝑑𝐻
2

𝑑𝛽2

]

= 0, (3.37)

where 𝑟2

2 = 𝛽. Similarly, the conditions at the boundary yields

i) 𝑑𝐺(1∕2)
𝑑𝛽

= 0, (ii) 𝐺(1∕2) = 1, (iii) 𝐺(0) = 0,

iv) lim
𝛽→0

√

2𝛽 𝑑2𝐺
𝑑𝛽2

= 0, (v) 𝐻(1∕2) = 1, (vi) 𝑑𝐻(0)
𝑑𝛽

= 0. (3.38)

3.2. Analytical solutions

This section uses perturbation method [14], to solve the fourth-
order differential Eq. (3.36) representing the flow and the second-order
differential Eq. (3.37) representing heat distribution inside a rocket
chamber. Since the current study investigates the effects of thermal
parameters on the propellant flow velocity, the perturbation method
allows one to choose thermal parameters as perturbation quantities
that yield solutions that depend on those thermal parameters. Also,
this method linearise coupled system of equations representing the case
study.

The rocket is designed in such a way that it allows weak propellant
injection through the surface wall, thus that 𝐾 = 1

𝑅𝑒
is minimal and the

fluid density variation is such that the 𝐺𝑟 effects are minimal. Thus, the
flow velocity 𝐺 and internal temperature 𝐻 can be expressed in a series
form in terms of those small parameters as

𝐺 = 𝐺1 +𝐾𝐺2 + 𝑂(𝐾2), 𝐻 = 𝐻1 +𝐾𝐻2 + 𝑂(𝐾2), (3.39)

where the zero-th order terms 𝐺1,𝐻1 and first order terms 𝐺2,𝐻2 of 𝐾
are given by equations

𝐺1 = 𝐺10 + 𝐺𝑟𝐺11 + 𝑂(𝐺2
𝑟 ), 𝐻1 = 𝐻10 + 𝐺𝑟𝐻11 + 𝑂(𝐺2

𝑟 ),

𝐺2 = 𝐺20 + 𝐺𝑟𝐺21 + 𝑂(𝐺2
𝑟 ), 𝐻2 = 𝐻20 + 𝐺𝑟𝐻21 + 𝑂(𝐺2

𝑟 ) (3.40)

respectively.
Substituting the velocity 𝐺, temperature 𝐻 from (3.39), zero-th

order and first order terms (3.40) into Eqs. (3.36) and (3.37) yield
a system of eight equations and appropriate boundary conditions by
equating powers of the perturbation quantities 𝐾 and 𝐺𝑟. The solu-
tions of the resulting system of equations yield two solutions repre-
senting momentum variation and temperature distribution inside the
combustion chamber as follows:

𝐺 = sin 𝜃 + 𝐺𝑟

[

0.02
√

𝜃
[

sin 𝜃 − 𝜃 cos 𝜃
]

+ 𝐼1 sin 𝜃

+cos 𝜃
[

𝜃𝐼2 + 𝐼3 + 𝐼4 + 𝐼5
]

+ 𝑎1 sin 𝜃 + 𝑎2𝜃 cos 𝜃 + 𝑎3 cos 𝜃
]

5

+𝐾
[

𝛼
𝜋
[

3 ln tan(𝜃∕2)(sin 𝜃 − 𝜃 cos 𝜃) − 2𝜃
]

− 3 + (𝜃 cos 𝜃 − sin 𝜃)𝐼6

+
(3𝛼
𝜋
𝐼6 − 𝐼7

)

cos 𝜃 + 𝑏1 sin 𝜃 + 𝑏2𝜃 cos 𝜃 + 𝑏3 cos 𝜃

+𝐺𝑟

{

sin 𝜃
[

− 1.7348 × 10−18𝛼
(

cos 𝜃 − ln[cos(𝜃∕2)]

+ ln[sin(𝜃2)]
)

+ 𝐴1

+4.3368 × 10−18
(

cos 𝜃 − ln[cos(𝜃∕2)] + ln[sin(𝜃∕2)]
)

+ 𝑗1

]

+𝜃 cos 𝜃
[

− 1.7348 × 10−18𝛼
(

cos 𝜃 − ln[cos(𝜃∕2)] + ln[sin(𝜃∕2)]
)

+𝐴2 − 4.3368 × 10−18𝛼
(

cos 𝜃 − ln[cos(𝜃∕2)] + ln[sin(𝜃∕2)]
)

+ 𝑗2

]

+ cos 𝜃(𝐴3 + 𝑗3)
}]

(3.41)

nd

= −cos 2𝜃
2

+ 1
2
+ 𝐺𝑟

[

3.49232 × 1017
(

𝜃2 − 0.059607𝜃
5
2 − 0.128479𝜃

7
2
)]

+𝐾
{

2
𝜋𝑃𝑟

(

4𝜋𝜃 + 12𝜋𝑅𝜃 − 8𝜃2 − 24𝑅𝜃2 + 𝜋2𝜃2𝑃𝑟 − 2𝜋𝜃3𝑃𝑟

)

+𝐺𝑟

[

2.77556 × 10−16

𝑃𝑟𝜃3

(

3.96584 × 1014𝜃4 + 1.18975 × 1015𝑅𝜃4

+0.725𝜃4.5 + 4.8𝑅𝜃4.5

−2.52473 × 1014𝜃5 − 7.57419 × 1014𝑅𝜃5 + 16.6568𝜃5.5

+7.10985𝑅 × 105.5 + 2𝜃6 − 0.4𝑅𝜃6

+0.0823318𝜃6.5 + 0.4𝜃5 ln 𝜃 + 7.80626 × 10−19𝜃3.5𝑃𝑟

+0.125𝜃4𝑃𝑟 + 0.246995𝑅𝜃6.5 (3.42)
+3.11476 × 105𝑃𝑟 − 2.38917𝜃5.5𝑃𝑟 − 1.98292 × 1014𝜃6𝑃𝑟

+0.0661165𝜃6.5𝑃𝑟

+0.0323316𝜃7.5𝑃𝑟 − 1.249 × 10−17 × 𝜃3.5𝛼𝑃𝑟 − 1.96906𝜃5.5𝛼𝑃𝑟

−0.5𝜃6𝛼𝑃𝑟 + 0.00666862𝜃6.5𝛼𝑃𝑟

+1.50303 × 10−16𝜃5 ln 𝜃𝑃𝑟 + 2.22045 × 10−17𝜃5.5 ln 𝜃𝑃𝑟

−3.75759 × 10−17𝜃5𝛼 ln 𝜃𝑃𝑟

)]}

.

When Grashof number becomes minimal the velocity solution (3.41)
turn to the one obtained in [14], which should be the case since the
current study is an extension of [14].

See the appendix for values 𝐼1,… , 𝐼41, which arise when solving ve-
locity (3.41). The series forms of non-integrable functions 𝐼1,… , 𝐼41 are
given in Appendix A, and integration constants 𝑎1, 𝑎2, 𝑎3, 𝑏1, 𝑏2, 𝑏3, 𝑗1, 𝑗2
and 𝑗3 are given in Appendices B and C respectively.

The velocity components (3.29) can be rewritten as 𝛽

𝑢∕𝑧 = 𝐺𝛽 and 𝑣 = −𝐺∕
√

2𝛽. (3.43)

ubstituting (3.28) into (2.10) yields pressure drop in the radial direc-
ion as

𝛽 =
[

− 𝐺2

(2𝛽)2
−

𝐺𝐺𝛽

2𝛽
− 𝛼𝐾𝐺𝛽 −𝐾𝐺𝛽𝛽

]

+
𝐺𝑟𝐻
√

2𝛽
. (3.44)

The distribution of pressure in the radial direction is obtained by
integrating (3.44) together with (3.38) and while taking 𝑝𝑐 to be the
centreline and 𝑝𝛽 surface pressure respectively, thus

∫

𝑝𝛽

𝑝𝑐
𝑑𝑝 = −∫

𝛽

0

[

− 𝐺2

(2𝛽)2
−

𝐺𝐺𝛽

2𝛽
− 𝛼𝐾𝐺𝛽 (3.45)

− 𝐾𝐺𝛽𝛽

]

𝑑𝛽 + ∫

𝛽

0

𝐺𝑟𝐻
√

2𝛽
𝑑𝛽.

Thus, the axial pressure drop is

𝛥𝑝𝑟 = 𝑝𝛽 − 𝑝𝑐 , (3.46)

= 𝐾𝐺𝛽 (0) −
[

1
(

𝐺
)2

+ 𝛼𝐾𝐺 +𝐾𝐺𝛽

]

+ 𝜒,

𝛽 2
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Fig. 2. Influence of 𝛼 on velocity when 𝐾 = 0.01, 𝑃𝑟 = 6, 𝑅 = 10 and 𝐺𝑟 = 0.02.

Fig. 3. Influence of 𝛼 on velocity when 𝐾 = −0.01, 𝑃𝑟 = 6, 𝑅 = 10 and 𝐺𝑟 = 0.02.

here 𝜒 = ∫ 𝛽
0

𝐺𝑟𝐻
√

2𝛽
𝑑𝛽. This component indicates the buoyancy force

ontribution to the system radial pressure inside the combustion cham-
er.

. Results and discussion

Graphical representations of flow velocity per length 𝑢∕𝑧 and in-
ternal temperature 𝐻 are given in this section. Analysis of various
parameters which influence flow velocity and internal temperature re-
spectively is carried out to better understand the steady state operation
of solid rocket motor.

4.1. Velocity profiles under the influence of dimensionless parameters that
affect velocity and heat distribution

In this subsection, the impact of different parameters on propellant
flow velocity are analysed.

4.1.1. Influence of chamber dilation 𝛼 on the velocity
Fig. 2 shows the influence of chamber dilation on velocity for in-

jection 𝐾 = 0.01. When combustion chamber volume increases (𝛼 > 0),
ropellant (fluid) velocity increases close to the middle of the chamber
centre) while it decreases close to the chamber wall. This finding is
ttributed to the additional volume created by expansion while fluid
njected through the chamber wall fill up the additional chamber space,
hus net work done leads to positive work within the chamber. The
ecrease in chamber volume (𝛼 < 0), results in positive work performed

by chamber wall and fluid injection, such that the internal net work
done is more towards the chamber wall and low towards the centre.
Thus, the internal flow velocity increases towards the chamber wall
and decreases towards the middle of the chamber due to this net work
done.
6

d

Fig. 4. Influence of 𝐾 on velocity when 𝛼 = 10, 𝑃𝑟 = 6, 𝑅 = 10 and 𝐺𝑟 = 0.02.

Fig. 5. Influence of 𝐾 on velocity when 𝛼 = −10, 𝑃𝑟 = 6, 𝑅 = 10 and 𝐺𝑟 = 0.02.

In the case of wall contraction and fluid suction, it is found that the
ecrease in chamber space contributes to a higher fluid velocity at the
entre and lower towards the chamber wall. The high fluid velocity is
ue to the reduction in volume, which increases pressure in the outflow
irection, as shown in Fig. 3. According to Fig. 2 and the velocity is
ore for flow injection than for flow suction.

.1.2. Influence of Reynolds number 𝐾 on the velocity
For fluid injection (𝐾 > 0), Fig. 4 shows that the velocity inside

he combustion chamber becomes high at the centre and low toward
he chamber wall while the chamber volume increases. Also, Fig. 4
hows that sucking fluid through the surface (𝐾 < 0), while cham-
er volume increase leads to negative work done, thus flow velocity
ecrease towards the centre and increase towards the chamber wall.
his observation is caused by the additional space that increases flow
owards the wall, thus decrease the flow towards the rockets nozzle,
eading to the decrease in thrust.

In the case of fluid injection, when (𝐾 > 0) while the chamber
nternal space decreases (𝛼 < 0), Fig. 5 shows that the flow velocity
ecreases towards the centre and increases towards the chamber wall.
his behaviour is caused by the decrease in volume, which increases

nternal friction such that particles free movement decreases inside the
hamber, thus reducing thrust during solid rocket motor operation.
ig. 5 indicates that sucking fluid out of the combustion chamber while
he chamber volume decreases lead to an increase in velocity towards
he centre and velocity decrease towards the chamber wall. This be-
aviour is caused by a decrease in particles closed to the chamber wall

ue to sucking.
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Fig. 6. Influence of 𝑃𝑟 on velocity when 𝛼 = 10, 𝐺𝑟 = 0.02, 𝑅 = 10 and 𝐾 = 0.01.

Fig. 7. Influence of 𝑃𝑟 on velocity when 𝛼 = 10, 𝐺𝑟 = 0.02, 𝑅 = 10 and 𝐾 = −0.01.

Fig. 8. Influence of 𝑅 on velocity when 𝛼 = 10, 𝐺𝑟 = 0.02, 𝐾 = 0.01 and 𝑃𝑟 = 6.

4.1.3. Influence of Prandtl number on the velocity
Fig. 6 shows that the increase in Prandtl number 𝑃𝑟 when fluid is

njected inside the chamber leads to an increase in velocity towards the
entre and a decrease in velocity towards the chamber wall. However,
ig. 7 illustrates that the increase in Prandtl number decreases flow
elocity towards the chamber centre and increase flow velocity toward
he chamber wall. These behaviours are caused by a decrease in fluid
ensity due to heat diffusion, allowing fluid to flow easily. Hence, fluid
njection or fluid suction (in or out of the chamber) happens quicker
hen fluid is less dense.

.1.4. Influence of radiation on velocity
Fig. 8 shows that increasing radiation 𝑅 when fluid is injected inside

he chamber, leads to a decrease in velocity towards the centre and an
ncrease in velocity towards the wall. This phenomenon arises from the
ominance of momentum diffusivity 𝑃𝑟 = 6 over thermal diffusivity,
hus the fluid injected inside the chamber creates internal friction
7

Fig. 9. Influence of 𝑅 on when 𝛼 = 10, 𝐺𝑟 = 0.02, 𝐾 = −0.01 and 𝑃𝑟 = 6.

Fig. 10. Influence of 𝐺𝑟 on velocity when 𝐾 = 0.01, 𝑃𝑟 = 2, 𝑅 = 10 and 𝛼 = 50.

Fig. 11. Influence of 𝐺𝑟 on velocity when 𝐾 = −0.01, 𝑃𝑟 = 2, 𝑅 = 10 and 𝛼 = 50.

which results in more fluid particles absorbing radiation. However,
Fig. 9 illustrates that radiation increases flow velocity towards the
chamber centre and decreases flow velocity toward the chamber wall.
This behaviour is caused by the fact that more radiative particles will
be sucked and decrease the number of particles inside the chamber,
thus decreasing friction.

4.1.5. Influence of Grashof number on the velocity
Fig. 10 shows that the increase in Grashof number when fluid is

injected inside the chamber increases the flow velocity towards the cen-
tre and decrease the flow velocity towards the wall. This phenomenon
is caused by gravity, which causes more dense fluid particles to move
to the bottom and the less dense fluid particles sideways in the axial
direction. Thus this movement of particles towards the bottom causes
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Fig. 12. Influence of 𝑃𝑟 on temperature when 𝐾 = 0.002, 𝑅 = 10, 𝛼 = 5 and 𝐺𝑟 = 0.02.

Fig. 13. Influence of 𝑃𝑟 on temperature when 𝐾 = −0.002, 𝑅 = 10, 𝛼 = 5 and 𝐺𝑟 = 0.02.

everse flow at the wall which lead to instability. However, Fig. 11
llustrates that the increase in Grashof number when fluid is sucked
ecreases flow velocity towards the chamber centre and increase flow
elocity towards the chamber wall. The velocity decrease is due to
ravitational force, which causes dense fluid particles to move towards
entre and less dense particles to move towards the chamber wall.

.2. Effects of dimensionless parameters on temperature distribution

In this subsection, the impact of various parameters on propel-
ant temperature distribution are analysed during solid rocket motor
peration.

.2.1. Influence of Prandtl number on temperature
Fig. 12 shows that the decrease in Prandtl number 𝑃𝑟 increases

emperature when fluid is injected inside the chamber. The rise in
emperature during injection is because when the Prandtl number
ecreases, momentum diffusivity (velocity) decreases while thermal
iffusivity increases (heat conduction), thus heat conduction and tem-
erature inside the chamber increase. The slight energy increment close
o the chamber wall gives the propellant energy to move towards the
entre. Fig. 13, on the other hand, shows that the increase in Prandtl
eads to a temperature rise when fluid is sucked out of the chamber.
ucking fluid out of the chamber increasing thermal diffusivity, thus
ncreasing heat conduction. This indicates that internal temperature
ncreases more for high Prandtl number when fluid is sucked.
8

Fig. 14. Influence of 𝑅 on temperature when 𝐾 = 0.002, 𝛼 = 5, 𝑃𝑟 = 6 and 𝐺𝑟 = 0.02.

Fig. 15. Influence of 𝑅 on temperature when 𝐾 = −0.002, 𝛼 = 5, 𝑃𝑟 = 6 and 𝐺𝑟 = 0.02.

4.2.2. Influence of radiation on temperature
Fig. 14 shows that the internal temperature increases with radiation

when fluid is injected inside the chamber. This observation is caused by
additional temperature in the form of radiation which increases inter-
nal temperature. Also, the internal temperature decreases towards the
centre, since the rocket loses energy in the form of thrust at the centre
during operation. Fig. 15 indicates that the temperature decreases with
an increase in radiation, since the particles sucked through the surface
out of the chamber leads to a decrease in internal temperature when
energy is sucked out in the form of radiation.

4.2.3. Influence of Reynolds number on temperature
Figs. 16 and 17 show that temperature increases with fluid injection

for both contracting and expanding chambers. The increase in temper-
ature is caused by increased in momentum when more particles are
injected inside the chamber. Also, during suction, momentum decreases
with the decrease in fluid particles, thus decreasing the temperature
inside the chamber.

4.2.4. Influence of Grashof number on temperature
Fig. 18 shows that the internal temperature increases with the

increase in Grashof number when fluid is injected inside the cham-
bers. This increase in temperature is due to the high Grashof number,
which results from high heat diffusion, thus increasing heat transfer
and internal temperature. Fig. 19 indicates that when fluid is sucked
through the surface out of the chamber, temperature decreases with
the increase in Grashof number. The decrease in temperature during

suction arises because the fluid particles sucked through the surface
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Fig. 16. Influence of 𝐾 on temperature when 𝑅 = 10, 𝛼 = 5, 𝑃𝑟 = 6 and 𝐺𝑟 = 0.02.

Fig. 17. Influence of 𝐾 on temperature when 𝑅 = 10, 𝛼 = −5, 𝑃𝑟 = 6 and 𝐺𝑟 = 0.02.

Fig. 18. Influence of 𝐺𝑟 on temperature when 𝐾 = 0.002, 𝑅 = 10, 𝛼 = 5, 𝑃𝑟 = 6.

Fig. 19. Influence of 𝐺𝑟 when 𝐾 = −0.002, 𝑅 = 10, 𝛼 = 5, 𝑃𝑟 = 6.
9

i

ossess high temperatures for high Grashof, thus removing heat from
he chamber.

. Conclusion and remarks

To better explain the dynamics of SRM stability, this paper further
dvance the subject of viscous incompressible fluid flow in a cylindrical
eformable porous pipe by further studying the work in [14]. Lie
ymmetry analysis was used in combination with the double pertur-
ation expansion approach to obtain semi-analytical solutions to the
roblem at hand. The study mainly shows that internal temperature and
hermal parameters arising from the system affects the momentum, thus
nfluence thrust during operation. The study indicates that for Prandtl
umber values 𝑃𝑟 > 0.1, sucking propellant out of the combustion
hamber leads to propellant velocity flow field instabilities, but leads to
table operation during injection. The study also shows Grashof number
alues 𝐺𝑟 > 0.1 while injecting propellant into the combustion leads
o unstable propellant velocity field but stable flow velocity during
uction. Also, injecting fluid inside the chamber increases internal
nergy, thus increasing work done. The flow velocity solution [14]
as also retrieved by letting the Grashof number to be zero in the

olution obtained for momentum, which should be the case since the
urrent study is an extension of [14]. The obtained flow velocity and
nternal temperature profiles are similar to those in the literature. The
btained parabolic velocity profiles which can be attributed to no-slip
onditions are similar to the ones obtained in [28,29]. The marginally

formed internal temperature profile attributed to intense convective
otion similar to the results in [30–32], which brings hot combustion
roducts in a circular pipe closer to the pipe centre, were obtained. The
urrent work offers further insight into the dynamics that contributes to
table operation of SRM studied in [14] by illustrating that temperature
ust be configured in such a way that the effects of buoyancy must be
inimal since high temperature contributes to greater buoyancy force

ffect, which is not desirable for SRM as it results in reverse flow, thus
ecrease propulsion. For a system to obtain the steady state regime
peration, the following results are critical:

• Wall Dilation: The volume chamber needs to decrease during
operation to crate effective pressure while the system injects fluid
to obtain optimal solid rocket motor thrust.

• Reynolds number: Fluid injection is ideal, while suction is not
ideal, so propellant injection inside the rocket chamber is required
to optimise thrust during operation.

• Prandtl number: The internal temperature rise resulting from the
increase in the Prandtl number is ideal during operation as the
temperature increase leads to an increase in the system’s internal
energy and the work done to propel, thus maximise the thrust.

• Radiation Number: Increasing radiation in the system increases
in internal energy, thus increase the work done to propel and
this increase in radiation is needed to improve thrust during
operation.

• Grashof number: The work performed by the buoyancy effect
needs to raise the system’s internal energy such that the work
done internally leads to an increase thrust.

o understand the dynamics of solid rocket motor operation better, in
uture one can study the transition from steady-state regime to unsteady
tate regime and study the dynamics of Solid Rocket Motor in three-
imension by including the analysis of momentum variation in the
ransverse direction. Also, the vorticity effects on the flow and heat
istribution can be investigated.
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Appendix A. Non-integrable functions

𝐼1 = ∫

𝜃

0

−0.01 cos2 𝜃 cos 2𝜃
√

𝜃
𝑑𝜃

𝐼2 = ∫

𝜃

0

0.01 cos 2𝜃
√

𝜃
𝑑𝜃, 𝐼3 = ∫

𝜃

0
−0.01

√

𝜃 cos 2𝜃𝑑𝜃

𝐼4 = ∫

𝜃

0

0.01 sin 𝜃 cos 2𝜃 cos 𝜃
√

𝜃
𝑑𝜃

5 = ∫

𝜃

0

−0.01 sin 𝜃 cos 𝜃
√

𝜃
𝑑𝜃

6 = ∫

𝜃

0
𝜃cosec𝜃 𝑑𝜃, 𝐼7 = ∫

𝜃

0
𝜃2cosec𝜃 𝑑𝜃

8 = ∫

𝜃

0

−cos2 𝜃
2 sin 𝜃

0.9709𝑅

𝑃𝑟
√

𝜃
𝑑𝜃

9 = ∫

𝜃

0

1.1654 × 10−17 cos2 𝜃

2 sin 𝜃
√

𝜃
𝑑𝜃

𝐼10 = ∫

𝜃

0

−cos2 𝜃
2 sin 𝜃

0.32337

𝑃𝑟
√

𝜃
𝑑𝜃, 𝐼11 = ∫

𝜃

0

−0.7875 cos2 𝜃

2 sin 𝜃
√

𝜃
𝑑𝜃

𝐼12 = ∫

𝜃

0

3.0791 × 10−18𝛼 cos2

2 sin 𝜃𝜃
3
2

𝑑𝜃

𝐼13 = ∫

𝜃

0

−2.8112 × 10−19 cos2

2 sin 𝜃𝜃
3
2

𝑑𝜃

14 = ∫

𝜃

0

−2.2446 × 10−34𝛼𝜃 cos2 𝜃
2 sin 𝜃

𝑑𝜃

15 = ∫

𝜃

0

−0.2556𝛼
√

𝜃 cos2 𝜃
2 sin 𝜃

𝑑𝜃

𝐼16 = ∫

𝜃

0

0.6176𝑅
√

𝜃 cos2 𝜃
2 sin 𝜃𝑃𝑟

𝑑𝜃

17 = ∫

𝜃

0

−1.8498 × 10−17
√

𝜃 ln 𝜃
2 sin 𝜃

𝑑𝜃

𝐼18 = ∫

𝜃

0

2.0586
√

𝜃 cos2 𝜃
2 sin 𝜃𝑃𝑟

𝑑𝜃

𝐼19 = ∫

𝜃

0

−0.3114
√

𝜃 cos2 𝜃
2 sin 𝜃

𝑑𝜃

20 = ∫

𝜃

0

0.97091𝑅

2𝑃𝑟 sin 𝜃
√

𝜃
𝑑𝜃

𝐼21 = ∫

𝜃

0

−1.1654 × 10−17

2 sin 𝜃
√

𝜃
𝑑𝜃

22 = ∫

𝜃

0

0.32337

2𝑃𝑟 sin 𝜃
√

𝜃
𝑑𝜃

𝐼23 = ∫

𝜃

0

0.7875

2 sin 𝜃
√

𝜃
𝑑𝜃

24 = ∫

𝜃

0

−3.079 × 10−18𝛼

2 sin 𝜃𝜃
3
2

𝑑𝜃

25 = ∫

𝜃

0

2.8112 × 10−19

2 sin 𝜃𝜃
3
2

𝑑𝜃

𝐼26 = ∫

𝜃

0

2.2446 × 10−34𝛼𝜃
2 sin 𝜃

𝑑𝜃

𝐼27 =
𝜃 −6.9389 × 10−18𝜃 𝑑𝜃
10

∫0 2 sin 𝜃
𝐼28 = ∫

𝜃

0

0.2556
√

𝜃𝛼
2 sin 𝜃

𝑑𝜃

29 = ∫

𝜃

0

−0.6176𝑅
√

𝜃
2𝑃𝑟 sin 𝜃

𝑑𝜃

𝐼30 = ∫

𝜃

0

1.8498 × 10−17
√

𝜃 ln 𝜃
2𝑃𝑟 sin 𝜃

𝑑𝜃

𝐼31 = ∫

𝜃

0

−2.0586
√

𝜃
2𝑃𝑟 sin 𝜃

𝑑𝜃

32 = ∫

𝜃

0

0.3114
√

𝜃
2 sin 𝜃

𝑑𝜃

𝐼33 = ∫

𝜃

0

3.4696 × 10−18𝛼(𝜃 − sin 𝜃 cos 𝜃)
2 sin 𝜃

𝑑𝜃

𝐼34 = ∫

𝜃

0

0.97091𝑅(𝜃 − sin 𝜃 cos 𝜃)

2𝑃𝑟 sin 𝜃
√

𝜃
𝑑𝜃

𝐼35 = ∫

𝜃

0

−1.1654 × 10−17(𝜃 − sin 𝜃 cos 𝜃)

2 sin 𝜃
√

𝜃
𝑑𝜃

𝐼36 = ∫

6

0

0.32337(𝜃 − sin 𝜃 cos 𝜃)

2𝑃𝑟 sin 𝜃
√

𝜃
𝑑𝜃

𝐼37 = ∫

𝜃

0

0.7875(𝜃 − sin 𝜃 cos 𝜃)

2 sin 𝜃
√

𝜃
𝑑𝜃

𝐼38 =
−3.0791 × 10−18𝛼(𝜃 − sin 𝜃 cos 𝜃)

2 sin 𝜃𝜃
3
2

𝑑𝜃

𝐼39 = ∫

𝜃

0

2.8112 × 10−19(𝜃 − sin 𝜃 cos 𝜃)

2 sin 𝜃𝜃
3
2

𝑑𝜃

𝐼40 = ∫

𝜃

0

−8.6736 × 10−18(𝜃 − sin 𝜃 cos 𝜃)
2 sin 𝜃

𝑑𝜃

𝐼41 = ∫

𝜃

0

6.9389 × 10−18 cos2 𝜃
2 sin 𝜃

𝑑𝜃

ppendix B. Non-integrable functions in series form

1 ≊
√

𝜃
(

− 0.02 − 2.24346 × 10−18𝜃 + 0.012𝜃2 − 1.66533 + 10−18𝜃3

−0.00666667𝜃4
)

+⋯

𝐼2 ≊
√

𝜃
(

0.02 − 0.008𝜃2 + 0.00148148𝜃4
)

+⋯

𝐼3 ≊ 𝜃
3
2
(

−0.0066666 + 0.00571429𝜃2 − 0.0066666𝜃
9
2
)

+⋯

4 ≊ 𝜃
3
2
(

0.00666667 − 1.25673 × 103𝜃2 − 1.09176 × 10−18𝜃3

+0.00387879𝜃4
)

+⋯

𝐼5 ≊ 𝜃
3
2
(

− 0.006667 + 6.48634 × 10−19𝜃 + 0.00190476𝜃2

+1.31582 × 10−19𝜃3 − 0.0002424𝜃4
)

+⋯

𝐼6 ≊ 𝜃 + 𝜃3

6
+ 7𝜃5

360
+⋯ , 𝐼7 ≊

𝜃2

2
+ 𝜃4

24
+ 7𝜃6

2160
+⋯ ,

𝐼8 ≊
0.97091𝑅

𝑃𝑟
√

𝜃
+ 0.26967𝑅𝜃

3
2

𝑃𝑟
+⋯

𝐼9 ≊
−1.1654 × 10−17

√

𝜃
− 3.23722 × 10−18𝜃

3
2 +⋯

𝐼10 ≊
0.32337

𝑃𝑟
√

𝜃
+ 0.089825𝜃

3
2

𝑃𝑟
+⋯

𝐼11 ≊
0.7875
√

𝜃
+ 0.21875𝜃

3
2 +⋯ 𝐼12 ≊

−1.02637 × 10−18𝛼

𝜃
3
2

−1.56482 × 10−33𝜃

𝜃
3
2

− 2.56592 × 10−18𝜃2𝛼

𝜃
3
2

+ 6.561 × 10−35𝜃3𝛼

𝜃
3
2

+ 1.14611 × 10−19𝜃4𝛼

𝜃
3
2

+⋯

𝐼13 ≊
9.3707 × 10−20

3
+ 1.5423 × 10−34𝜃

3
+ 2.3427 × 10−19𝜃2

3

𝜃 2 𝜃 2 𝜃 2



Thermal Science and Engineering Progress 32 (2022) 101237K. Modise and G. Magalakwe

𝐼

+

𝐼

𝐼

𝐼

−

𝐼

𝐼

𝐼

𝐼

𝐼

𝐼

A

𝑎

𝑎

𝑎

−7.5028 × 10−36𝜃3

𝜃
3
2

+ 1.0464 × 10−20𝜃4

𝜃
3
2

+⋯ 𝐼14 ≊ −1.1223 × 10−34𝛼𝜃

+3.1175 × 10−35𝛼𝜃3 +⋯ ,

𝐼15 ≊ −0.2556𝛼
√

𝜃 + 0.0426𝜃
5
2 +⋯

𝐼16 ≊
0.6176𝑅

√

𝜃
𝑃𝑟

− 0.102933𝑅𝜃
5
2

𝑃𝑟
+⋯

17 ≊ 3.6996 × 10−17
√

𝜃 − 1.2332 × 10−18𝜃
5
2 − 1.8498 × 10−17

√

𝜃 ln 𝜃

3.083 × 10−18𝜃
5
2 ln 𝜃 +⋯ 𝐼18 ≊

2.0586
√

𝜃
𝑃𝑟

− 0.3431𝜃
5
2

𝑃𝑟
+⋯

𝐼19 ≊ −0.3114
√

𝜃 + 0.0519𝜃
5
2 +⋯

20 ≊ −0.97091𝑅

𝑃𝑟
√

𝜃
+ 0.0539394𝑅𝜃

3
2

𝑃𝑟
+⋯

𝐼21 ≊
1.1654 × 10−17

√

𝜃
− 6.7444 × 10−19𝜃

3
2 +⋯

𝐼22 ≊
−0.32337

𝑃𝑟
√

𝜃
+ 0.089825𝜃

3
2

𝑃𝑟
+⋯

23 ≊
−0.7875
√

𝜃
+ 0.21875𝜃

3
2 +⋯

𝐼24 ≊
1.02637 × 10−18𝛼

𝜃
3
2

− 5.77779 × 10−34𝛼𝜃

𝜃
3
2

−5.13183 × 10−19𝛼𝜃2

𝜃
3
2

+ 1.77255 × 10−35𝛼𝜃3

𝜃
3
2

− 1.19743 × 10−20𝛼𝜃4

𝜃
3
2

+⋯

25 ≊
9.37067 × 10−20

𝜃
3
2

+ 9.62965 × 10−35𝜃

𝜃
3
2

+ 4.68533 × 10−20𝜃2

𝜃
3
2

1.61833 × 10−36𝜃3

𝜃
3
2

+ 1.09324 × 10−21𝜃4

𝜃
3
2

+⋯

𝐼26 ≊ 1.223 × 10−34𝛼𝜃 + 6.235 × 10−36𝛼𝜃3 +⋯

𝐼27 ≊ −3.46945 × 10−18 − 1.92747 × 10−19𝜃3 +⋯

𝐼28 ≊ 0.2556𝛼
√

𝜃 + 0.00852𝛼𝜃
5
2 +⋯

29 ≊
−0.6176𝑅

√

𝜃
𝑃𝑟

− 0.0205867𝑅𝜃
5
2

𝑃𝑟
+⋯

30 ≊ −3.6996 × 10−17
√

𝜃 − 2.4664 × 10−19𝜃
5
2 + 1.8498 × 10−17

√

𝜃 ln 𝜃

+6.166 × 10−19𝜃
5
2 ln 𝜃 +⋯

31 ≊
−2.0586

√

𝜃
𝑃𝑟

− 0.06862𝜃
5
2

𝑃𝑟
+⋯ 𝐼32 ≊ 0.3114

√

𝜃 + 0.01038𝜃
5
2 +⋯

33 ≊ 3.85511 × 10−19𝜃3𝛼 +⋯ 𝐼34 ≊
0.129455𝑅𝜃

5
2

𝑃𝑟
+⋯

𝐼35 ≊ −1.55387 × 10−18𝜃
5
2 +⋯ 𝐼36 ≊ −1.55387 × 10−18𝜃

5
2 +⋯

37 ≊
0.043116𝜃

5
2

𝑃𝑟
+⋯

𝐼38 ≊ 0.105𝜃
5
2 +⋯ 𝐼39 ≊ −6.84244 × 10−19𝜃

3
2 𝛼 +⋯

𝐼40 ≊ 6.24711 × 10−20𝜃
3
2 +⋯

41 ≊ −9.63733 × 10−19𝜃3 +⋯

ppendix C. Integration constant

1 = 0.0137593

2 =
−0.118586
1.9687

= 0.
11

3

𝑏1 = 𝛼 + 3 + 𝜋
2
+ 𝜋3

144
+ 7𝜋5

57600

𝑏2 =
−16𝜋

(

43200 + 1800𝜋2 + 45𝜋4
2 + 7𝜋6

45

)

86400𝜋2

+172800𝛼𝜋
86400𝜋2

−
144𝜋𝛼

(

1800 + 25𝜋2 + 7𝜋4
16

)

86400𝜋2

𝑏3 = 3

𝑗1 = 0.18861𝛼 − 0.829203 − 1
𝑃𝑟

[

1.95391 + 1.76136𝑅
]

𝑗2 = −0.63662
[

− 0.205958 + 0.43689𝛼 − 1 × 10−21
(

2.98817 × 1012𝛼 +

1.02259 × 1010
𝑃𝑟

+ 3.07029 × 1010𝑅
𝑃𝑟

)

− 3.82184
𝑃𝑟

− 1.9658
𝑃𝑟

]

𝑗3 = 0
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