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Abstract 

A two dimensional hydrodynamic model describing the solar wind interaction with the local 
interstellar medium, which surrounds the solar system, is used to study the heliosphere both 
as a steady-state- and dynamic structure. The finite volume method used to solve the associ­
ated system of hydrodynamic equations numerically is discussed in detail. Subsequently the 
steady state heliosphere is studied for both the case where the solar wind and the interstellar 
medium are assumed to consist of protons only, as well as the case where the neutral hydrogen 
population in the interstellar medium is taken into account. It is shown that the heliosphere 
forms as three waves, propagating away from the initial point of contact between the solar 
wind and interstellar matter, become stationary. Two of these waves become stationary at 
sonic points, forming the termination shock and bow shock respectively. The third wave be­
comes stationary as a contact discontinuity, called the heliopause. It is shown that the position 
and geometry of the termination shock, heliopause and bow shock as well as the plasma flow 
characteristics of the heliosphere largely depend on the dynamic pressure of either the solar 
wind or interstellar matter. The heliosphere is modelled as a dynamic structure, including both 
the effects of the solar cycle and short term variations in the solar wind observed by a range of 
spacecraft over the past ~ 30 years. The dynamic model allows the calculation of an accurate 
record of the heliosphere state over the past ~ 30 years. This record is used to predict the time 
at which the Voyager 2 spacecraft will cross the termination shock. Voyager 1 observations of 
10 MeV cosmic ray electrons are then used in conjunction with a cosmic ray modulation model 
to constrain the record of the heliosphere further. It is shown that the dynamic hydrodynamic 
model describes the heliosphere accurately within a margin of error of ±0.7 years and ±3 AU. 
The model predicts that Voyager 2 crossed the termination shock in 2007, corresponding to 
preliminary results from observations indicating that the crossing occurred in August 2007. 

Keywords: hydrodynamic, heliosphere, termination shock, solar wind, 
local interstellar medium, Voyager, finite volume method 
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Opsomming 

'n Twee dimensionele hidrodinamiese model wat die interaksie tussen die sonwind en in­
terstellere medium beskryf word gebruik om die heliosfeer te bestudeer, beide as 'n tydson-
afhanklike en 'n tydsafhanklike struktuur. Die eindige volume metode wat gebruik word om 
die stelsel van hidrodinamiese vergelykings numeries op te los word noukeurig bespreek. 
Gevolglik word die heliosfeer ondersoek vir beide die geval waar dit aangeneem word dat 
die sonwind en interstellere medium slegs protone bevat, en die geval waar die effek van neu-
trale waterstof deeltjies in die interstellere medium ook bygereken word. Dit word gewys dat 
die struktuur van die heliosfeer uit drie staande golwe bestaan. Die staande golwe vorm so-
dra golwe wat vanaf die aanvanklike kontakpunt tussen die sonwind en interstellere medium 
wegbeweeg, tot stilstand kom. Dit word getoon dat twee van hierdie golwe in staande golwe 
ontaard by posisies waar die vloeisnelheid van die sonwind en interstellere medium oorgaan 
van supersoniese na subsoniese snelhede. Laasgenoemde golwe vorm onderskeidelik die ter-
minasieskok en boegskok. Die derde staande golf vorm as 'n kontakdiskontinuiteit. Weldra 
word dit getoon dat die plasma vloei sowel as die posisie en geometrie van die terminasieskok, 
kontakdiskontinuiteit en boegskok beinvloed word deur die dinamiese druk van beide die 
sonwind en die interstellere medium. Beide die sonsiklus en korttermyn veranderings in die 
sonwind toestand, soos waargeneem deur verskeie ruimtetuie oor die afgelope ~ 30 jaar, word 
gebruik om die heliosfeer as'n dinamiese struktuur te modelleer. 'n Akkurate rekord van die 
heliosfeer word uit die dinamiese model bereken en gebruik om te voorspel wanneer Voyager 
2 oor die terminasieskok sal beweeg. Die resultate toon dat Voyager 2 gedurende 2007 oor die 
terminasieskok beweeg het. Dit stem ooreen met waarnemings wat toon dat Voyager 2 die 
terminasieskok moontlik in Augustus 2007 teegekom het. Waarnemings van 10 MeV kosmiese 
straal elektrone deur Voyager 1, tesame met 'n kosmiese straal modulasie model, word gebruik 
om die akkuraatheid van die rekord van die heliosfeer vas te stel. Dit word getoon dat die he­
liosfeer akkuraat beskryf word deur die dinamiese hidrodinamiese model binne 'n foutgrens 
van ±0.7 jaar en ±3 AU. 

Sleutelwoorde: hidrodinamies, heliosfeer, terminasie skok, sonwind, 
interstellere medium, Voyager, eindige volume metode 
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Nomenclature 

ACR anomolous cosmic ray 
AU astronomical unit 
BS bow shock 
CLIC cluster of local interstellar clouds 
CR cosmic ray 
GCR galactic cosmic ray 
HMF heliospheric magnetic field 
HD hydrodynamic 
HP heliopause 
HS heliosphere 
LIC local interstellar cloud 
LISM local interstellar medium 
MHD magneto-hydrodynamic 
PUI pick-up ion 
SW solar wind 
TS termination shock 
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Chapter 1 

Introduction 

Broadly speaking, the heliosphere refers to the influence sphere of the Sun ('helios' referring 
to the ancient Greek god of the Sun). The heliosphere has its origins in the solar wind (SW) 
which is a highly ionized plasma of solar origin expanding away from the Sun at supersonic 
velocities. The heliosphere forms due to the interaction between the SW and interstellar matter 
(here referred to as the local interstellar medium or LISM) surrounding the solar system, where 
the SW blows a low density bubble in the surrounding interstellar matter. 

Early examples of studies modelling the heliosphere can be found in Parker (1961); Axford et al. 
(1963) and Holzer (1972). By 1970 the hydrodynamic treatment of expanding stellar winds 
(such as the SW) was well established (see for example the review by Holzer and Axford, 1970). 
These studies formulated the SW-LISM interaction problem to consist of several parts which 
had to be solved self-consistently: firstly the interaction between ionized particles in the SW 
and LISM needed to be calculated. Secondly the effect of neutral particles in the LISM on this 
interaction had to be taken into account. Due to the ionized nature of the SW and LISM both 
these plasmas carry magnetic fields. Therefore, in addition to the various mutual interactions 
between ionized and neutral particles a solution to the electrodynamic equations describing 
the interaction between the magnetic field and the plasma in which it is embedded has to be 
calculated self-consistently. 

As computing power increased solutions to the SW-LISM interaction could be calculated with 
progressively greater detail. Most of the initial numerical calculations neglected the magnetic 
field in the SW-LISM interaction. In this regard a model was formulated by Baranov and Malama 
(1993) which treated the interaction between ionized particles in the SW and LISM hydrody-
namically. The interaction with the neutral particle population in the LISM is treated kinet-
ically In 1995 Pauls et al. (1995) simplified the formulation of Baranov and Malama (1993) by 
treating the neutral component in the LISM hydrodynamically. While this approach has cer­
tain limitations regarding the state of the neutral species, it was successful in capturing the 
major characteristics of the heliosphere. Subsequent hydrodynamic formulations of the SW-
LISM interaction were used in the studies presented by Pauls and Zank (1996); Zank et al. (1996); 
Izmodenov (1997); Pauls and Zank (1997); Kausch (1998) and Fahr et al. (2000) among others. A 
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hydrodynamic formulation including a self consistent solution to the magnetic field equations 
1 was also developed by Pogorelov and Semenov (1997); Pogorelov and Matsuda (1998); Ratkiewicz 
et al. (1998); Pogorelov et al. (2004) and Opher et al. (2006). Recently it has been noted by Pogorelov 
et al. (2007) that these models may over-estimate the effect of the heliospheric and interstellar 
magnetic fields on the heliospheric geometry 

In this regard the aim of this work is to model the heliosphere realistically and dynamically. 
Such an exercise has importance both with regard to the heliosphere and astrospheres forming 
around distant stars. Regarding the latter, hydrodynamical models such as the one discussed 
and used in this work can be applied to these astrospheres in order to infer properties of the 
stellar winds forming these structures. 

Regarding the heliosphere it will be shown that an accurate record of the heliospheric state 
over the past 30 years can be obtained by using spacecraft observations of the SW state in con­
junction with a purely hydrodynamic model (similar to the model developed by Fahr et ah, 
2000). The availability of such a record may prove useful in the field of cosmic ray (CR) modu­
lation studies, as is discussed in the next few paragraphs. Furthermore, in researching the link 
between CR's and the terrestrial climate, knowing the dynamics of the heliosphere may prove 
to be important (see for example Scherer et al, 2006). 

The heliospheric modulation of galactic cosmic rays (GCR's) refers to processes in the he­
liosphere that act to alter the GCR distribution (the number of particles of a specific energy at a 
point in space and time) from its value outside the heliosphere to a modulated value inside it. 
As GCR's encounter the heliosphere modulation processes (dependent on the expanding SW 
and the heliospheric magnetic field embedded in it) occur. In this regard cosmic ray modula­
tion models depend on the SW flow and the heliospheric geometry. Subsequently cosmic ray 
modulation models have been developed to include these two effects with increasing detail, 
as is discussed next. 

Due to the relative motion between the Sun and the interstellar matter surrounding the solar 
system the heliospheric structure is not spherically symmetric. The non-spherical geometry 
of the heliosphere was included in the cosmic ray modulation models of Fichtner et al. (1996b) 
and Haasbroek and Potgieter (1998) amongst others. These studies focused on solving CR trans­
port equations for a region in which the heliospheric geometry is pre-defined. This led to the 
development of so called 'hybrid' models (see Kausch, 1998; Fahr et al, 2000; Florinski et al, 
2003; Ferreira et al, 2004a; Scherer and Ferreira, 2005; Ferreira and Scherer, 2006; Ferreira et al, 
2007). In these models a self consistent solution of the SW-LISM interaction is calculated ei­
ther hydrodynamically or magneto-hydrodynamically The calculated state of the heliosphere 
is then used as input to a numerical cosmic ray modulation model. The benefits of the latter 
approach become evident in the context of time dependent CR modulation studies. In using a 
time dependent heliospheric model the response of CR's to time dependent variations in the 

1The set of hydrodynamic equations coupled with the set electrodynamic equations used to solve the magnetic field are referred 
to as the magneto-hydrodynamic (MHD) equations. 
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heliosphere can be modelled accurately, as illustrated by the results from Scherer and Ferreira 
(2005) and Ferreira and Scherer (2006). 

In this dissertation a detailed discussion regarding hydrodynamic modelling of the heliosphere 
will be given. Emphasis will be placed on the SW flow and the geometry of the heliosphere, as 
these are important parameters within the context of cosmic ray modulation. The aim is to dis­
cuss the different aspects involved in modelling the hydrodynamic heliosphere systematically. 
To this end the numerical scheme used in solving systems of hydrodynamical equations is dis­
cussed, whereafter increasingly complicated descriptions of the SW interaction with the LISM 
are presented (starting from a 'protons only' description building towards a time dependent, 
multi-particle model). In this regard parts of this dissertation summarises previous works by 
Holzer (1972,1989); Baranov and Malama (1993); Pauls et al. (1995); Pauls and Zank (1996); Zank 
et al. (1996); Izmodenov (1997); Pauls and Zank (1997); Pogorelov and Semenov (1997); Kausch (1998) 
and Fahr et al. (2000). 

Following this discussion, parameter studies will be presented in order to gauge the response 
of the heliosphere to different assumed states of the SW and interstellar matter. Secondly a 
brief discussion will be presented on the inclusion of the solar cycle dependent SW in the hy­
drodynamical model, corresponding to earlier works by Belcher et al. (1993); Whang and Burlaga 
(1993); Karmesin et al. (1995); Koyama et al. (1995); Pauls and Zank (1997); Wang and Belcher (1999); 
Scherer and Fahr (2003a,b); Scherer and Ferreira (2005) and Ferreira and Scherer (2006). It will be 
shown how these studies can be extended to include short term variations in the SW state, 
which can then be used to calculate an accurate record of the heliosphere over the past ~ 30 
years. Regarding the accuracy of this calculated record an estimate will be made as to when the 
Voyager 2 spacecraft will cross the TS. The correlation between such an estimation and the ac­
tual crossing will provide a test of the accuracy of the calculated heliospheric record. Lastly, as 
an application of cosmic ray modulation models, the calculated record of the heliosphere will 
be further constrained by using an electron modulation model (similar to the model discussed 
by Ferreira et ah, 2007) in conjunction with 10 MeV cosmic ray electron observations from both 
the Voyager 1 and 2 spacecraft. 

The dissertation will be structured as follows: 

In Chapter 2 a review of the numerical method used to solve a system of hydrodynamic equa­
tions is given. This numerical method is used to model the SW interaction with the interstellar 
medium. The aim of this section is to illuminate the workings of hydrodynamical systems and 
subsequently provide a theoretical basis for later discussions in this work. It will be shown 
how a system of linear, constant coefficient hyperbolic partial differential equations can be 
decoupled into a set of linearly independent advection equations which are easily solvable. 
Advection implies the transport of a quantity without the quantity affecting the medium. 

It will be shown that information propagates via advected quantities in a constant coefficient 
linear hyperbolic system of equations. This property will be used to solve the more complex 



4 

nonlinear, variable coefficient set of Euler equations. It will be shown how the Euler equations 
can be approximated as a constant coefficient linear hyperbolic system through the procedure 
of volume averaging. Boundaries between volumes are resolved by calculating the quasi-linear 
form of the Euler equations, which yields the flux Jacobian. The flux Jacobian is linearised at 
each cell interface and the system is subsequently evolved in time by calculating fluxes at 
each cell interface from the advection equations associated with the system. It is shown how 
the numerical scheme can be applied in a way consistent with physical entropy conditions. 
The chapter concludes with a discussion on corrections applied to the numerical scheme to 
improve its accuracy. This is done by applying an alternative solution technique (called the 
HLLE-solver) for cases where the numerical calculation may produce non-physical results. 
Secondly it is shown how the numerical scheme can be extended to be second order accurate. 

Chapter 3 begins by reviewing observational evidence constraining the states of SW and in­
terstellar matter surrounding the solar system (the latter is referred to as the local interstellar 
medium, or LISM). The numerical scheme from Chapter 2 is then applied to the SW-LISM in­
teraction for the simplified case where it is assumed that both the SW and LISM consist solely 
of protons. Using the properties of the solution scheme in Chapter 2 it can be shown that the 
heliospheric structure necessarily contains two transonic shocks and a contact discontinuity 
in a steady state. Subsequently the main characteristics of the plasma flow in the heliosphere 
are discussed as it develops from the numerical solution to the SW-LISM interaction problem. 
The chapter concludes with a parameter study gauging the sensitivity if the 'protons only' he­
liospheric geometry and resulting SW plasma flow to different assumed initial states of the SW 
and LISM. 

A more complete description of the SW-LISM interaction includes the effect of neutral atoms 
in the LISM on the SW-LISM interaction. In Chapter 4 it is shown how this effect can be in­
cluded within a hydrodynamical context. A comparison is presented between the heliosphere 
resulting from the multi-species interaction and results from Chapter 3. In doing so the effect 
of neutral atoms (and subsequently pick-up ions created through the interaction between SW 
protons and LISM neutrals) on the heliospheric structure and SW plasma flow can be shown 
explicitly. The chapter concludes with a parameter study investigating the response of the 
multi species heliosphere to different assumed initial SW and LISM states (the latter now con­
taining an additional variable describing the neutral atom abundance). 

The results presented in Chapters 3 and 4 describe the heliosphere as a steady state structure. 
In Chapter 5 the heliosphere is investigated as a dynamic structure. It is shown how the solar 
cycle dependent SW can be included in the hydrodynamical model describing the SW-LISM 
interaction. Subsequently the effect of the time dependent SW on the heliosphere is presented. 
The study is then extended to include short term variations in the SW, as observed by a range 
of spacecraft. The inclusion of these short term variations as time dependent boundary con­
ditions in the numerical scheme allows for the calculation of a record giving the heliospheric 
state at different times over the past ~ 30 years. From this record a prediction can be made 
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as to when Voyager 2 will cross the TS. The correlation between Voyager 2's eventual crossing 
and its actual crossing will then provide an important test for the accuracy of the calculated 
heliospheric record. The chapter concludes with an application in cosmic ray modulation. A 
cosmic ray modulation model, together with 10 MeV electron observations from Voyager 1 
and 2 are used to further constrain the heliospheric record calculated in this chapter. 

A summary of the results presented in this work is given in Chapter 6. 

Results from this study have appeared in poster presentations made at the 30 International 
Cosmic Ray Conference in Mexico and the 36 COSPAR scientific assembly in China (see 
Snyman et ah, 2006). Results were also presented at two annual conferences of the South African 
Institute of Physics held at the University of the Western Cape in 2006 and the University of 
the Witwatersrand in 2007. 
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Chapter 2 

Numerics 

2.1 Introduction 

Systems of non-linear, partial differential equations describing real phenomena seldom present 
easily obtainable analytical solutions except in the very simplest of cases. Therefore, to obtain 
useful results numerical algorithms are used to obtain approximate solutions. The aim of this 
chapter is twofold. The first is to describe in necessary detail the numerical scheme used to 
calculate the results discussed in later chapters of this work. The second is to provide greater 
insight into the workings of hydrodynamic systems which are illustrated well through the con­
siderations and physical constraints employed in the development of the numerical scheme. 

This chapter starts out by investigating the simplest form of transport in a fluid called one-
dimensional advection. It will be shown that ever more complicated systems can be simplified 
and reduced to a series of one-dimensional advection equations which are easily solvable. 
Specifically a numerical method using the fact that any linear, constant coefficient hyperbolic 
system may be decoupled into a set of independent one-dimensional advection equations will 
be developed. It will then be shown that for the specific case of the Euler equations it is possi­
ble to approximate the system as being linear with constant coefficients within some localized 
volume. The numerical scheme applying to constant coefficient linear systems may then be 
used to solve the Euler equations in each local volume. Lastly, details specific to the numerical 
scheme used in this work will be discussed, such as the extension to plane geometry, high res­
olution methods and entropy fixes. This chapter summarises from Kausch (1998) and LeVeque 
(2002). 

2.2 The advection equation and linear hyperbolic systems 

The study of hydrodynamics begins with the consideration of conserved quantities. Informally 
the conservation of mass, momentum and energy in a fluid implies that for a certain fluid 
volume (containing enough particles for the volume to still be considered a fluid) the mass, 
momentum and energy associated with such a volume may only change due to positive or 
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negative fluxes at the boundary surface enclosing the volume, or due to sources present within 
that volume. Formally this may be expressed (borrowing the notation from LeVeque, 2002) for 
some quantity q in one spatial dimension as 

d_ fX2 

dijXl ' q(x,t)dx = f(q(x!,t)) - f(q(x2,t)) (2.1) 

here x is the position, t the time and / the flux function dependent on the quantity q at a 
particular point in space and time. Since Eq.(2.1) states the conservation of q in one dimension, 
the points xi and x2 constitute the boundary of this one-dimensional volume. If one assumes 
q to be continuous everywhere Eq.(2.1) reduces to 

dq(x,t) t df(q(x,t)) =Q 

dt dx 
(2.2) 

A simple form of Eq.(2.2) is found for a flux function / = vq. v is the velocity, assumed to be 
constant everywhere (for all times) and independent of q. Inserting / = vq into Eq.(2.2) yields 
the one-dimensional advection equation 

Qt +vqx=0 (2.3) 

where the convention is used that subscripts indicate partial differentiation. Eq.(2.3) permits 
solutions of the form q(x, t) = q(x — vt). Therefore, along any trajectory for which x — vt — C, 
where C is a constant, the quantity q(x — vt) remains constant. From x — vt = C it follows that 
the velocity with which q(x — vt) propagates is given by 

dx 
v. (2.4) 

t = 0s 
2.0 

1.5 

o- 1.0 

0.5 

0.0 

t = 1s 
2.0 

1.5 

cr 1.0 . 

0.5 
■ 

0.5 . 

0.0 
: : 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

Figure 2.1: The solution to the advection equation. For a specified initial state q(0,0) the state g(0, t) at 
some later time t is merely the initial state propagated a distance vt from its initial position. 
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In terms of fluid dynamics this would imply some quantity being transported through the 
fluid without being changed by the fluid itself. Therefore, knowing the state of such a quantity 
at one time (say t — 0) over a certain domain (say q(x, 0) = qo) implies that at some later time 
t — 1 the whole initial state merely propagated in the direction of the bulk fluid velocity v over 
a distance vAt, where At is the elapsed time between the two instants as illustrated in Fig.(2.1). 

The simplicity of the advection equation makes it a useful tool in finding solutions to more 
complex problems. For the case of a linear system of m hyperbolic partial differential equations 
the system can be decoupled into a set of m independent advection equations, where each 
independent equation can then be solved separately. From definition a constant coefficient 
linear system of m equations 

qt + Aqx = 0 (2.5) 

where 

9i 

92 

A = 

An A12 

Ai\ A22 

% i i m 2 

-Aim 

Aim 

(2.6) 

is hyperbolic if the mxm matrix A has real eigenvalues and is diagonalizable. Diagonalizabil-
ity implies that there exists an invertible matrix R so that R~1AR is a diagonal matrix. Real 
eigenvalues imply that a set of m eigenvectors rp exist together with m real eigenvalues \p so 
that 

AT9 = A V for p = 1,2,..., m. (2.7) 

Subsequently A is diagonalised by 

R-XAR = A (2.8) 

where 

A 

A1 0 
0 A2 

0 0 

0 
0 

(2.9) 
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and R is the mx m matrix 

R=[r1\r2\...\rm] (2.10) 

with the set of m eigenvectors rp,p = 1,2,..., m of A as its columns. i2 _ 1 denotes the inverse 
of R. Eq.(2.5) can now be decoupled into m advection equations by multiplying with R~x and 
noting that RR'1 = I, where I is the identity matrix. This yields 

R^qt + R~1ARR~1qx = 0. (2.11) 

By letting w = R~1q,m independent advection equations 

wt + Awx = 0 (2.12) 

are obtained as long as R does not explicitly depend on either x or t. The p'th equation may be 
written as 

u£ + ApioP = O f o r p = l J 2 , . . . , m (2.13) 

where the p'th flux is given by fp — XP-uP analogous to Eq.(2.3). 

Decoupling linear hyperbolic equations into independent advection equations provides a hint 
at developing methods for nonlinear hydrodynamics: if one can define some local fluid vol­
ume as approximately linear, a finite set of advection equations will approximately describe 
the dynamics within that volume. By resolving the boundaries between these volumes the 
problem may be solved to an arbitrary accuracy. Key to this approach is the Riemann problem, 
which is considered next. 

2.3 The Riemann problem 

The Riemann problem for a linear system consists of a hyperbolic equation such as Eq.(2.5) 
and initial data that is piecewise constant, separated by a jump discontinuity 

J qi i f x < 0 , 
[ qr if x > 0. 

From 
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q(x,t) = Rw(x,t) = 

w 
w 

w" 

(2.15) 

it follows that q(x, t) can be viewed as a superposition of the eigenvectors rp, each weighed by 
the corresponding value of wp(x, t). This yields 

q(x,t) = Y^wp(x,t)rp 

p = l 
(2.16) 

expressing q(x, t) as a superposition of m simple waves. Due to the hyperbolicity of the linear 
system (the fact that A in Eq.2.5 is diagonalizable) these simple waves are independent of each 
other. The data to the left and right of x — 0 in Eq.(2.14) can be decoupled analogously to 
Eq.(2.16) as 

<B = E ™ i < ^ and qr = ^=1wPrp (2.17) 

The only true difference between the initial states to the left and right of x = 0 is in the values 
of the wf's and wp's since it is assumed that the eigenvectors rp have no spatial dependence. 
Term for term comparison regarding the summations in Eq.(2.17) allow for the Riemann data 
in Eq.(2.14) to be expressed compactly as a difference in each of the wp's as 

wp(x) 

For an advection equation of the form 

wf if x < 0, 
wP if x > 0. 

(2.18) 

wt + Xwx = 0 (2.19) 

with the initial condition w(x, 0) = w(x), the quantity w(x) merely advects along x with a 
velocity A. For the Riemann problem this implies that the p'th discontinuity in Eq.(2.18) simply 
advects along x with a velocity given by the p'th eigenvalue Ap of A. Therefore, 

wp(x,t) 
wp iix-Xpt<0, 
w? i(x- \pt > 0. 

(2.20) 

Subsequently the time dependent state q(x, t) of the system initially described by Eq.(2.14) is 
given by 
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q(x,t)= Yl w?rP+ Y^ Wlrf 

p:\P<x/t p:\P>x/t 
(2.21) 

where the summation subscripts p : Xp > x/t and p : Ap < x/t indicate values of p such that 
x/t is positive or negative respectively. The p'th discontinuity entails a jump in q given by 

« - n )rp = apr (2.22) 

q1* 

<w 
/ ,4 

/ / ■/■■ 

Si 
/ :/ -̂  

/ ;,* 
/ 

, \ 

\k s 

Figure 2.2: In two dimensional phase space two states (qi and qr) can be connected to some other state 
by a single propagating discontinuity if the state lies on a line parallel to either of the eigenvectors r1 or 
r2. In the case illustrated above an intermediate state is needed to connect qi and qr. The intermediate 
state lies at the intersection of two lines parallel to r2 and r1 drawn from qi and qr respectively. 

This implies that all the ii^T states that can be connected by a single discontinuity lie on a 
loci parallel to the p'th eigenvector rp. This has important implications for how an initially 
discontinuous state evolves -with time. 

Consider the Riemann data in Eq.(2.14). For a system where q = (q1, q2) each state (qi and qT) 
may be expressed as points in a phase space defined by q1 and q2 as shown in Fig.(2.2). From 
Eq.(2.17) qi and qr may be written as 

qi = wjr1 + wfr2 qT = u^r 1 + w2r2 (2.23) 

■where 

J2 = a2. (2.24) 
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Momentarily consider the case where o? = 0. For such a case the discontinuity between qi and 
qT is described completely by a discontinuity in the wx's. Since all the u^-values that can be 
connected by a single discontinuity lie on a line in phase space parallel to r1 it implies that q\ 
and qT can be connected by a single discontinuity and that qi and qT lie on the same line parallel 
to r1. The solution to the Riemann problem for such a case will contain a single discontinuity 
connecting two different states similar to qi and qr at all times. 

For the case shown in Fig.(2.2) a1, a2 ^ 0. The system evolves with time through quantities 
propagating parallel to the eigenvectors r1 and r2 in phase space. In configuration space this 
implies that waves propagate away from the initial discontinuity at x = 0 changing the states 
to the left and right of x = 0. Since these quantities propagate at finite velocities a solution at 
any time will contain undisturbed regions along x which resemble the initial states qi and qr. 
Between these undisturbed states an intermediate state forms due to the waves propagating 
away from x = 0. In phase space this implies that an intermediate state qm forms at the 
intersection of the loci parallel to r2 and r1 (from qi and qT respectively) as shown in Fig.(2.2). 

In m-dimensional phase space multiple intersections are possible and subsequently the time 
evolution of a system initially described by Eq.(2.14) may contain up to m — 1 intermediate 
states. Using the above mentioned analyses it is, therefore, possible to determine the structure 
of the solution to the Riemann problem at different times. In section 3.3 the above analyses 
will be used to show that in the context of hydrodynamics the solution to the Riemann prob­
lem consists of two transonic waves and a contact discontinuity. However, before such an 
application can be considered a numerical method using linear advection equations to obtain 
a solution to a set linear hyperbolic equations is described. 

2.4 Finite volume methods for linear systems 

In many nonlinear hyperbolic differential problems, even though initial data may be contin­
uous, shock waves and contact discontinuities may form at later times. If this is the case, 
the conservation equation (Eq.2.2) cannot hold since it assumes a continuous state q(x, t) for 
all x and t. However, the integral form of this conservation equation (Eq.2.1) makes no such 
assumption regarding continuity. Therefore, in developing numerical methods using finite 
volumes (based on Eq.2.1) issues of continuity are sidestepped. 

The first step in implementing finite volume methods is to subdivide the domain over which 
the initial data extends into several cells (or volumes) and average the data within each cell. In 
one dimension the i'th cell Ci is centred around Xi with boundaries at Xi — \ and Xi + \. In the 
lowest order approximation the state q(x, tn) at time t = tn in each cell is averaged according 
to 

Q? = lt- I Q{x,tn)dx (2.25) 
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(A) (B) 

1 

N5 iv5 
+ 

is5 

i-1 i i + 1 i -1 i i + 1 

Figure 2.3: Continuous initial data (A) and volume averaged discrete data (B). 

where Ax is the cell dimension and integration over the volume Ci implies integration over 
the range Ax. In the limit Ax —> 0, Qf —> q(x{, tn). The process of cell-averaging is illustrated 
in Fig.(2.3) where some quantity in (A) is averaged according to Eq.(2.25) to obtain piecewise 
constant data (B). This effectively reduces the problem to finding solutions to the various Rie-
mann problems at each cell interface. For constant coefficient linear problems (such as Eq.2.5) 
the Riemann problem is easily solvable using the formalism developed in sections 2.2 and 2.3. 
Substituting Qf and <5F_i for q(x, t) in Eq.(2.16) and using Eq.(2.22) the difference between Q; 
and Qi-i may be expressed as 

Q? - QU = £ K - < i K = X X 1/2' (2.26) 
P = i P = I 

The j ' t h discontinuity o^i_1,2r^ propagates with a velocity of magnitude AJ, which is the eigen­
value of A (in Eq.2.5) corresponding to the j ' t h eigenvector rJ of A. Implicit to Eq.(2.26) is that 
a form of A defined over a domain containing the discontinuity between Qi and Qi-i is used. 
In section 2.6 it will be shown how this form is obtained for the specific case of the Euler-
equations. For the rest of this section it is assumed that AJ (and therefore 4̂) exists. Assume 
that AJ is positive. Therefore, during a time step At it propagates a distance AtAJ into cell Q 
and affects the average Q" by the amount 

AtA^ 
-a' Ax i-1'2 (2.27) 

Note that if w3
{_x < wl one would expect the cell average Q" to decrease due to a flux from 

Ci into Cj_i. This is the reason for the minus in Eq.(2.27). It is also noted that Q" is affected 
by all right going quantities from the boundary at i — | and all left going quantities from the 
boundary at i + \. Defining (A?)+ = max(0, A*) and (A^)- = min(0, Xp) (from Kausch, 1998) the 
effect over one time step on Qf may be written as 
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gn+l = Qn_^_ 
^l Wl Ax E ( A P ) + < i / 2 ^ + E ( A P ) X + i / 2 ^ 

p = l p = l 

(2.28) 

The integral form of the conservation equation (Eq.2.1) states that a quantity within some vol­
ume (in this case the averaged quantity in Ci) may only change due to fluxes at the volume 
boundary, or sources being present within the volume. Therefore, the second term on the right 
side of Eq.(2.28) should be an approximation of the fluxes affecting cell C,;. In the context of 
Eq.(2.25) the fluxes at the boundaries at i — \ and i + \ are given by 

jtQ? = -^jt I q(x,tn)dx = /(g(^_1/2,i)) - f(q(xi+1/2,t)). (2.29) 

By integrating over one time step (tn+i = tn + At) one obtains 

At 
Q?+1 = Qi~ T^(*7+I /2 - *tm) (2-3°) 

where 

FT±i/2 = ^ r f " 1 f(Q(xi±i/2, t))dt. (2.31) 

Comparing Eq.(2.31) with Eq.(2.28) it is seen that 

*7+i/2 = ^7=1^)-°?+^ F£1/2 = - E ; = i ( A p ) + < _ 1 / 2 ^ . (2.32) 

Explicitly this relation can be shown to hold for constant coefficient linear systems by noting 
the following: in decoupling a specific Riemann problem at some interface i — \ into a set of 
advection equations the dynamics of the system are reduced to a set of discontinuities advect-
ing to the left and right of the interface at i — \. This implies that the value immediately to the 
left of the boundary at i — \ after some small time increase £ < < At is given by 

Qi-iw = Q*-i + E < i / 2 r P (2-33) 
p:\P<0 

where the summation subscript indicates summation over all values of p for which Xp is nega­
tive (therefore taking into account all the discontinuities that propagate into cell Cj_i from the 
interface i — | ) . For constant coefficient linear systems the flux function at some point x and 
time t is (from Eq.2.5) Aq(x, t). Using average quantities the flux at i — \ is approximately 

5r_1/2 = ^Qi_i/2)1 = ^ g i _ i + ^ E < 1 / 2 r p = ^ - i + E < i / 2 ^ p - (2-34) 
p:\p<0 p:\P<0 
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Since Arp = Xprp 

m 

P=I 

Alternatively using values immediately to the right of i — \ 

m 

iT-1/2 = AQi ~ I > P ) + < i / 2 r P - (2-36) 
P=I 

Similarly the flux at i + \ is found to be 

m 

iT+1/2 = ^ + E ( A P ) " < i / 2 ^ (2-37) i+1/2 
p=l 

and 

J£1 / 2 = ^Qi+1 - E( A P ) + <i /2 r P - (2-38) i+ l /2 
p=l 

By substituting Eqs.(2.36) and (2.37) into Eq.(2.30) an expression identical to Eq.(2.28) is ob­
tained. A useful expression for the flux at a specific boundary is obtained by combining 
Eqs.(2.35) and (2.36) as 

^ - 1 / 2 - 2 AQi-i+AQi-Y^WcP^j* 1/2' 
p=l 

(2.39) 

By using Eq.(2.39) in Eq.(2.30) a time marching algorithm is obtained. Initial data are made 
piecewise constant through the cell averaging procedure in Eq.(2.25) which yields a series of 
Riemann problems at each cell interface. The Riemann problem is then solved at each interface 
for a time step At small enough so that 

\ max A + 
^ < 1 <2-«> 

where Xmax is the largest eigenvalue of A over all x during a specific time step. This en­
sures that information cannot propogate further than one cell dimension within each timestep. 
Therefore, information from cell Cj can only affect cells Cj_i and Ci+1 during each timestep. 
This is known as the CFL-condition (see LeVeque, 2002). 

The method described above is valid for linear, constant coefficient systems. However, the 
problems discussed in this work will deal primarily with nonlinear systems such as the Euler 
equations (discussed next). It will be shown in section 2.6 that it is possible to approximate 
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such a system as being a constant coefficient, linear system within some local volume and in 
doing so the formalism developed in this section can be applied to obtain numerical solutions. 

2.5 The one-dimensional Euler equations 

Generally the one-dimensional Euler equations are expressed as 

p 
pv + 
E 

t 

pv 
pv2 + P 

(E + P)v 

= 0 (2.41) 

where p is the density, v the bulk velocity, P the pressure and E the energy associated with 
the fluid at a point in space and time. Subscripts indicate partial differentiation as before. The 
system is nonlinear since the quantities p, v, P and E are interdependent. However, a few 
simplifications may be made considering an equation of state that links the above mentioned 
quantities in some way. For an ideal gas the equation of state is 

P = RpT (2.42) 

where R is the universal gas constant divided by the molecular weight of the gas. If it is 
assumed that the internal energy of the fluid is only dependent on the fluid temperature (im­
plying that the fluid is polytropic), the relation 

e = o»T (2.43) 

holds where e is the internal energy of the fluid and c„ the specific heat at constant volume. If 
it is assumed that the fluid is also monatomic, i.e. the particles that constitute the fluid have 
only three translational degrees of freedom, then from the equipartition of energy it follows 
that 

With nk = R it follows that 

e = -nkT. 
2 

(2.44) 

C--R. (2.45) 

Since the relation between the specific heats at constant volume and at constant pressure is 

Cp Cy — XL (2.46) 
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it follows that 

^ = 2 K (2.47) 

The ratio of specific heats are 

— SE - ^ 

From Eq.(2.43) using T = P/Rp the internal energy is expressed as 

e = 
CyP _ P 
Rp ( 7 - l ) / 9 

(2.48) 

(2.49) 

The total energy of the fluid is given by the sum of the internal energy of each particle and the 
kinetic energy of the fluid. Therefore, 

1 P I E = pe+ -pv2 = + -pv2. 
2 7 — 1 2 (2.50) 

The equation of state allows for the expression of the total energy in terms of p and P. Using 
this expression for the total energy the Euler equations for a polytropic, monatomic, ideal gas 
are (from LeVeque, 2002) 

p pv 
pv + pv2 + P 
E _j 

t . (^+»_ 
- 0 . (2.51) 

Regarding the discussion in section 2.4 it is preferable to obtain a form of the Euler equations 
similar to Eq.(2.5). In general a nonlinear system such as q(x, t)t + f{q(x, t))x can be written in 
the so called quasi-linear form given by 

Qt + f'(q)qx = 0 (2.52) 

where the notation ^ = f'(q) is used. f'(q) is called the flux Jacobian of the system. For 

Q = 

P 
pv 
E 

(2.53) 

f{q) is computed as (from LeVeque, 2002) 
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f'(l) i(7 -sy (3 - f)v 
±(l-l)v3-vH H-(i-l)v2 

0 
7 - 1 (2.54) 

where H = ^ ± ^ is the total specific enthalpy (the calculation of f'(q) for a two dimensional 
system is explicitly shown in section 2.7). The eigenvalues of f'(q) are (see LeVeque, 2002) 

A1 =v — c A2 =v \3 —v + > (2.55) 

where c is the local speed of sound, defined as 

The three eigenvalues in Eq.(2.55) correspond to three eigenvectors 

1 1 1 
v — c ; rA = V ■ r* = V + c 

H — vc ±v2 
2 H + vc 

(2.56) 

(2.57) 

Using the eigenvalues and eigenvectors of the flux Jacobian allows for a numerical solution to 
the Euler equations based on the finite volume method discussed in the previous section. By 
subdividing initial data into cell averaged quantities it is ensured that the values of p, pv and 
E are constant within each cell during a time step At. Therefore, the flux within each cell is 
also constant over the same interval implying that the Euler equations within each cell may 
be approximated as a constant coefficient, linear system. All that remains is finding a suitable 
form of the flux Jacobian at each cell interface. This is done in the next section. 

2.6 Godunov's method for one-dimensional nonlinear systems 

Using the integral form of a conservation equation (as shown in Eq.2.1) implies that the quan­
tity within a certain volume can only change due to fluxes at the edges of such a volume. 
Determining these fluxes for piecewise constant data requires determining the value of A in 
Eq.(2.5) at each cell interface i±\. Comparing Eqs.(2.5) and (2.52) shows that the flux Jacobian 
calculated for the Euler-equations has the same role as the A in Eq.(2.5). This implies that the 
flux Jacobian must be known at each cell interface for the system to be evolved in time. In 
order to obtain an approximate solution the flux Jacobian is linearised around the cell interface 
at i ± \. The advantage of this method is that it yields linearised eigenvalues and eigenvectors 
at each cell interface which can be used in Eq.(2.39). 
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In order for such a method to be consistent with the original nonlinear problem the linearised 
matrix at i ± \ should be diagonalisable with real eigenvalues and approximate f'(q) as the 
cell averages Qi,Qi-i -*q. 

The matrix f'(q) is linearised by integrating along a path in phase space connecting Qi and 
Qi-i. The specific details of this integration was proposed by Roe (see LeVeque, 2002, p.319 for 
reference). An invertible parameter vector z(q) is introduced mapping the cell averages Qi and 
Qi-i to new quantities Zi and Zi-\. Integration is done along a path parameterised by 

z(0 = Zi-! + (Zi - Zi_^ (2.58) 

where 0 < £ < 1. Therefore, the resulting flux between Qi and Qi-\ for some interval At can 
be written as 

fm-n^) = j ; * ^ = £5y®'<m. (2.59) 

Since Qi and Qi-i are constant over the interval At it implies that Zi — Zj_! is also constant 
over this interval. Since z'(£) = Zi — Zj_i it follows that 

f(Qi) - f(Qi-i) = [£ ^p-dt; (Zi - Zi.!). (2.60) 

For Qi - Qi-i this yields 

(2.61) 

and as before this leads to 

«-Mf^: (Zi - Zi_{). (2.62) 

Let 

^ - j f 4 ^ 
and 

^-IT^ 
This implies that 
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f(Qi) ~ f(Qi-i) = Ci.1/2B-\/2(Qi - Qi-i) (2.65) 

For C,i-i/2-B~1
1/2

 = A - i / 2 m e matrix ^ _ i / 2 from Eq.(2.65) defines a linear matrix approxi­
mating /'(<?) since Eq.(2.65) divided by Qi - Qi-i reduces to /'(<?) as Ax —>■ 0. For the one-
dimensional Euler equations an appropriate choice of z is z — p_1^2q (see LeVeque, 2002). This 
implies that for 

p 91 
pv = 92 
E 93 

and f(q) = 
pv 

pv2 + P 

z may be expressed as 

z = 
' yfP ' Zl 

Vpv 
E 

. VP . 

Z-2. 

Z3 

q and f(q) are written in terms of z as 

q(z) = 
*l 1 ziz2 

ZlZl and f(q(z)) = \z\ + (7 - 1)«1«3 
Z1Z3 , 1 7-2 2? 

^ 3 + 5 T 3 T 3 7 

Subsequently 

dq 
dz 

2zi 

Z2 

Z3 

0 
Zl 

0 

0 
0 

Zl 

^ d 1 = 
22 zi 0 

(7 - 1)23 z2 . (7 - l )z i 
1 7-2 2| „ , 3 7-2 A „ 

_ _ 2 7 ^ T i f Z 3 + 2 7 3 T i 7 Z2 

Setting 

z = Z{_i + (Zt - Zi-i)£ = 
Zl 

Z2 

zz 

\JPi-\ - (y/pl - y/Pi-l)£, 
y/Pi-lVi_l - (y/piVi - y/p~~[Vi-l)Z, 

■ Ej ■Ej-i _ tEk_ _ gj-i \tr 
V^-i ^v^* s/Pi-l'^ 

(2.66) 

(2.67) 

(2.68) 

(2.69) 

(2.70) 

each element in Eq.(2.69) can be integrated to obtain Ci_i/2 and Bt_ij2 in Eq.(2.65). By invert­
ing Bi-1/2 it is found (from LeVeque, 2002) that for the Euler equations 

H-1/2 \{l -3)£ 2 

1 0 
(3 — 7)1) 7 — 1 

| ( 7 - l ) « 3 - « f l " tf-(7-l)£2 
jv 

(2.71) 
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where the Roe averages v and H are (from LeVeque, 2002) 

v = ^ zz— tl — 
y/Pi-l + \fP~i 

The eigenvalues in Eq.(2.55) become 

y/Pi-l + \J~Pi 
(2.72) 

A1 = v - c A2 = v A3 = 6 + 1 (2.73) 

where the Roe average of the local sound speed is 

c = \j(n-i)[H--& 

The eigenvectors from Eq.(2.57) are now given by 

?i -
1 1 1 

V — c r2 = V f3 = V + c 
H — vc LH H + vc 

(2.74) 

(2.75) 

Using the Roe averaged values and the fact that the fluxes within each cell are constant Eq.(2.39) 
becomes 

rpn 
Pi-l/2 ~ 2 

/(Qr-i) + /(Q?)-£|Ap |ai1 /2rp 

P = i 
(2.76) 

where 

f(Q?) 
Pi"? 

Pm?+p? (2.77) 

and p™, vf and i^n are cell averaged quantities during time interval tn. All that remains is 
calculating the values of the o^_1,2 in Eq.(2.76). From Eq.(2.15) it follows that 

w(x,t)1 q\x,t) 
w(x,t)2 ^R'1 q2(x,t) 
w(x,t)3 _ q3(x,t) _ 

(2.78) 

where R 1 is the inverse of the matrix R and R has the three eigenvectors r1, r2 and r 3 as its 
column vectors. Since i ? _ 1 has no explicit time or spatial dependence within each cell over 

file:///fP~i
file:///J~Pi
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the time step Ai the above can be used to express the difference between two states within 
adjacent cells as 

(2.79) 
w] - «£_! a i - l / 2 Pi-P?-i 

9 9 
wf - wf^ = a L l / 2 = R~1 

PW - Pi-i*>i-i 
wf - wf^ _ . atl/2 . E? - E?_, 

here 

0? - QU = 
Pi Pi-1 
P>i Pi-lVi-l 
p n rpri 

(2.80) 

and p?, v? and E™ are the cell averaged density, velocity and energy in cell Ci at time tn. Since 
the value of R (and subsequently i?_1) must be constant for the two adjacent cells Ci and Ci_i, 
an appropriate form to use for R is obtained from the Roe averaged eigenvectors in Eq.(2.75) 
as 

R = 

The inverse of R is calculated to be 

R~1 = 

1 1 1 

v — c V V + c 
H-vc w H + vc 

(2.81) 

f 1 fi H(-y-l) 
2 "•" 2c "T 2c2 

1 v(i-\) 
2c 2c? 

(7-D 
2c2 

o H ( 7 - l ) 
c2 

£(7-1) 
c2 (7-1) 

c2 

1 i> , H ( 7 - l ) 
L 2 2c "T 2c2 

1 0(7-1) 
2c 2c2 (7-1) 

2c2 

(2.82) 

Eq.(2.79) is now used to calculated the af_1/2 values. For the differences p,- —p8_i, p8t>;—pi_it>j_i 
and £* — J S ^ I (dropping the n-superscripts) it is assumed that 

pi ~ Pi-i = Ap 
Vi - Vi-i - Av 
PiVi - pi-iVi-i = piAv + u i + iAp « pAv + tiAp 
Pi - Pi_! = A P 
2* - Ei-! = ^ + i^2Ap + ^ _ i A ( « 2 ) » ^ + ±*>Ap + I p A ( ^ ) 
A(u2) « 26A?; 

(2.83) 

with 

P = y/PiPi-l- (2.84) 
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Substituting the values from Eq.(2.83) and R~l from Eq.(2.82) into Eq.(2.79) yields for the a£_1/2 

&i -1/2 
Ap—pcAu 

2c2 or. -1/2 
Ape—Ap 

<X i - 1 / 2 
Ap+pcAu 

2£3 • (2.85) 

Knowing the values of the oP_l/2's the flux at a specific boundary (Eq.2.76) can be calculated 
and used in Eq.(2.30) to complete the time marching algorithm. The above method applies to 
one-dimensional systems. However, for the results discussed in this work the Euler equations 
are solved in two dimensions using plane polar geometry. The extension of the above method 
to two dimensional systems in plane polar geometry is discussed next. 

2.7 Extension to plane geometry and source terms 

Figure 2.4: The Euler equations are solved in a plane polar grid, f denotes a unit vector in the radial 
direction at an angle 9 to the positive z-axis. 9 extends over the range [0, TT] ■ 9 denotes a unit vector in 
the tangential direction. 

The extension to plane polar geometry implies that at each cell (shown in Fig.2.4) fluxes in both 
the radial and tangential directions (the directions being indicated by f and 9 respectively) 
may change the magnitude of some quantity in the cell. This implies that Eqs.(2.30) and (2.31) 
should be rewritten as 
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Q^ = Ql - At ( 1 ( J ^ W - Ft1/2J) + ^ r a + i / 2 - ^ - 1 / 2 ) ) (2-86) 

where 

*S=i/2j = ^ r + 1 / ( ^ i ± i / 2 , *i,t))«ft (2.87) 

defines the flux through interface i ± 1/2 in the radial direction at a tangential position j . 
Similarly 

^•±1/2 = xt I'"1 /(<?(ri' 6*v*t))dt (2-88) 

defines the flux through the j ± 1/2 interfaces at a radial position i. The cell average Q™^1 is cal­
culated in three steps (see Kausch, 1998). An intermediate cell average is calculated according 
to 

Q - + 1 = Ql - At±-(F^1/2d - FT_1/2J). (2.89) 

The next intermediate state is calculated by incorporating the flux along 9 through 

Q*r+1=Qr1 - A i d ^ ( i ^ + i / 2 - F^y (2-90) 

Lastly any source terms appearing to the right of Eq.(2.2) are taken into account in the third 
step as 

Q£+ 1 = Q*iP+1 + AtS^-. (2.91) 

The first two steps each reduces to solving the Riemann problem for nonlinear systems at 
each cell interface and the method discussed in sections 2.6 and 2.4 may be used. However, 
it should be noted that the Euler equations in two or more dimensions are different from the 
simple one-dimensional case discussed previously. The three dimensional Euler equations for 
a monatomic, polytropic, ideal gas are given by 

^ + V-(pv) = 0 (2.92) 

-Qt (pv) + V ■ (pv <g> v) + V P = 0 (2.93) 

« + v . ( , (^ + ^))-o 
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where all symbols have the same meanings as before. In plane polar geometry ,however, v is 
now the velocity vector expressible as the sum of radial and tangential components 

v = vrf + VQ6. (2.95) 

Since the method developed for nonlinear equations assumes that the system, consists of scalar 
quantities being transported along one direction it is necessary to split the system of Euler 
equations into two parts when plane polar geometry is assumed with each part describing 
transport along a separate direction. The method developed in the previous section may then 
be used to calculate solutions along these separate directions respectively. 

The flux functions for Eqs.(2.92), (2.93) and (2.94) are described by the terms in parenthesis 
to the right of the divergence operator. Using Eq.(2.95) the flux functions from Eqs.(2.92) and 
(2.94) can be easily split into radial and tangential parts. For the flux function in Eq.(2.93) it 
follows that 

pv ( 
pv; pvrve 

pvrv6 pvj 
(2.96) 

Eq.(2.96) implies that two quantities are being transported in a particular direction at any one 
time. These are the momenta pvr and pvg. For transport in the radial direction both these 
quantities are transported at the radial velocity vr yielding the two radial flux terms pv% and 
pvgvr. In the tangential direction these quantities are transported with the tangential velocity VQ 
yielding the two tangential fluxes pvj and pvrvg. From the above it follows that a natural choice 
of two flux tensors describing transport along the radial and tangential directions respectively 

are 

pvr 

pv? + P 
Fe = 

pV0Ur 

vr(E + P) _ 

pve 
pv2

e+P 
pvrve 

_ve(E + P) 

(2.97) 

Using Fr and Fg for 

p 9i 

pvr 92 

pve 93 

E . 94 . 

(2.98) 

the Euler equations are rewritten as 
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dt dr r dB 
(2.99) 

The form of Eq.(2.99) allows for the separate treatment of transport along the radial and tan­
gential directions. S in Eq.(2.99) takes into account geometrical source terms that arises as a 
consequence of the divergence taken in Eqs.(2.92), (2.93) and (2.94) and writing the subsequent 
equations in the form of Eq.(2.99). From Kausch (1998) the geometrical source term S acquired 
in Eq.(2.99) is given by 

S = -
2vr + cot 6ve 

P 
pvr 

pve 
(E + P) 

0 
1 

+ -
r 

P4 
-pvrve 

0 

(2.100) 

The array element fa of the flux Jacobian F^ (q) is given by 

Jij — 
m 
dqj 

(2.101) 

where Ft is the z'th element of Fr and qj is the j ' t h element of q. Rewriting Fr as 

Fr = 

Q2 

<l3<}2 

9294 I g2 p 

and noting that |2t = Q if % ^ j F^.(q) is calculated to be 

(2.102) 

F'M = 

0 1 0 0 
^ (v? + vj) -v? vr - (7 - 2) vr - (7 - 1) vo 7 - I 

-vevr ve vr 0 
^ [vl + vj) vr - Hvr H - (7 - 1) v2

r - (7 - l)vrve -yvr 

(2.103) 

where P = (7 - l)g4 - ^ 2^-2a is used. Similarly the flux Jacobian F'e{q) is calculated to be 

F'M = 

0 

-vrve 

*T & + $)-$ 

0 1 0 
ve vr 0 

- (7 - 1) vr ve - (7 - 2) ue 7 - 1 

- (7 - 1) urU0 # - (7 - 1) ve 1VQ 

(2.104) 

From Kausch (1998) the eigenvalues of F^.{q) are 
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A1 = vr — c A2 = vT A3 = vT A4 = vT + c. (2.105) 

By substituting ve for vr in the above yields the eigenvalues for F^q). Subsequently the eigen­
vectors of FHq) are 

1 0 1 1 
VT ~ C 

ve 
T2 = 
' T 

0 
1 

r3 = 
' r 

vr 

ve 
r? = 

tV + c 

H — vrc . v0 . Utf + ̂ J .ff + vrc 

(2.106) 

Similarly the eigenvectors of F'e{q) are 

- i _ 

1 0 1 1 

Ufl + C 
r 2 = 

1 
0 

r 3 = 
' r ve 

r4 = ' r t^ + c 
i f — VgC . ^ . Ln«ra+«g). _ H + v9c 

(2.107) 

To diagonalise F/(g) the inverse of the matrix 

R = 

1 0 1 
Vr — C 0 <V 

ve 1 ve 

Vr + C 

ve 
H - vTc ve \ (ty2 + vj) H + vrc 

(2.108) 

is calculated to be 

R'' = 

1c 
( 7 - l ) g 

2c2 

"Ufl 
o (T f - l )g 

_I _ En -JllziH 
2 2c "1 2c5 

1 (7~l)Ur 
2c 2c2 

(7 - l )«« 
2c2 ^ 

0 1 0 
( 7 - l ) i V 

c2 

1 ( 7 - l ) T r 
2c 2c2 

( 7 - l > a 
c2 

(7- l ) l )8 
2c2 

(2.109) 

For the three dimensional Euler equations Eq.(2.79) becomes 

wh - w}_ ■ l j 
a1 

7 -

< 3 
- -1,3 a2 

I -wh — w3_ ■ l j 4 
4 , A 4 

Wij ~" 7 — -lj J ai-

- 1 / 2 J 

- 1 / 2 J 

X * - 1 / 2 J 
L»-i/2,i 

= JR-- l 

A ' - l j 

PijVr,ij ~ Pi-l,jVr,i-l,j 

pi,jve,i,j Pi-i,jve,i-i,j 
jpn pin 

*,J - l j 

(2.110) 
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where .R -1 denotes R~1 where all quantities are replaced by their Roe averages. Substituting 
-R-1 from Eq.(2.109) into Eq.(2.110) the values for the o?_1,2's needed to solve the Riemann 
problem along the radial direction are obtained as 

a 
a. 

AP—pAvrc 
'i-l/2,j ~ 2& 
3 _ c?Ap-AP 
'i-l/2,3 ~ £2 a4 

al-i/2tj = PAve 
AP+pAvrc 

-l/2,j ~ 1& 
(2.111) 

By interchanging vr and VQ in Eq.(2.111) the values for of ■_1i2's needed to solve the Riemann 
problem along the tangential direction are obtained. This implies that Eqs.(2.87) and (2.88) can 
be rewritten analogously to Eq.(2.76) as 

F] i+l/2,j 

»,J+l/2 

1 
' 2 

1 
2 

/(Q?-IJ) + / ( Q & ) - £ | A , K -
P = i 

1/2 j ' 

/(^-l)+/(^)-El^l<-l/2^ 
p = l 

(2.112) 

(2.113) 

The method discussed above uses the solution to the Riemann problem together with Roe 
linearisation to calculate the state of a hydrodyamical system numerically. In the next section 
it is shown that using Roe linearisation to solve the Riemann problem may lead to a violation of 
physical entropy conditions. It is shown how this problem can easily be overcome by ensuring 
that the amount of numerical viscosity implicit to the method never drops below a certain 
threshold. 

2.8 Entropy 

From Eq.(2.65) it is seen that in applying Roe linearisation the approximated flux Jacobian 
Ai-i/2,j between two cells Cij and C;_i j can be expressed as 

A-l/2,j 
f(Qi,j) - f(Qi-i,j) (2.114) 

which is also the expression for the speed of a shock (or discontinuity) connecting two states 
given by Qi j and Qi-ij (see LeVeque, 2002, p.213). This implies that in using Roe linearisation 
to approximate the flux at a certain boundary the subsequent solution to the Riemann problem 
will correspond to a case where all the waves propagating away from a certain interface will 
be shock-like discontinuities. It can be shown that the true solution to the Riemann problem 
for the Euler equations always consists of a contact discontinuity and two other waves which 
may both be shocks, rarefactions or a combination of the two (see LeVeque, 2002). All these 
possibilities define a set of weak solutions to a specific Riemann problem (see LeVeque, 2002, 
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for more details on weak solutions). However, Eq.(2.114) implies that using Roe linearisation 
to solve the Riemann problem produces a solution in which all the waves travelling away from 
a certain interface propagate as if they are shocks. Roe linearisation, therefore, automatically 
leads to using the all-shock weak solution to the Riemann problem, which may violate physical 
constraints on the entropy of the system. 

The entropy s of a fluid is defined as 

s = cv\n(^)+C (2.115) 

where Cy is the specific heat at constant volume and C is a constant. In any real hydrodynamic 
system it is expected that s must be non-decreasing with time. Furthermore, for a fluid that 
contains no discontinuities it can be shown that the entropy is constant (see LeVeque, 2002, 
p.296). Now consider two fluid states q\ and qr separated by a single shock wave where 

Pi > Pr 

1 (2.116) 
Vl < Cl 

Vr > Cp. 

Both velocities v\ and vT are taken to be positive from left to right, Q and cv are the sonic veloci­
ties associated with the states qi and qr respectively. From the assumed state in Eq.(2.116) it can 
be seen that if the system evolves with time the shock will rarefy the region of higher density to 
its left. The one-dimensional steady state Rankine-Hugoniot relations (see for example Holzer 
and Axford, 1970) describing mass and momentum conservation across a stationary shock in a 
polytropic monatomic ideal gas are 

pivi = prvr 

(2.117) 

pivf +Pl= PrV2
r + Pr. 

In the rest frame of the shock the Rankine-Hugoniot relations relate the states either side of the 
shock as 

Pr _ ( 7 + l ) ^ 2 

pi 2 + ( 7 - l ) M 2 (j -i -i o \ 

Pi 7 + 1 

where M is the upstream Mach number. 

The shock acts to rarefy the region to its left. In a reference frame in which the shock is not in 
rest it, therefore, moves into the region to its left 'converting' qi to qr in that region. For such a 
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case it is required that si < sr for the entropy to be non-decreasing with time. Subsequently it 
must hold for the density and pressure either side of the shock that 

Using Eq.(2.118) in Eq.(2.119) non-decreasing entropy implies 

/ 6 + 2 M 2 V 1 0 M 2 - 2 ^ , ,„.,„„, 
{-M^) ~ " 8 " ^ ( 2 - 1 2 0 ) 

where it was assumed that 7 = | . Eq.(2.120) is greater than or equal to one if M > 1. However, 
from Eq.(2.116) pi > pr- This implies that M < 1 in Eq.(2.118) which in turn implies that 
Eq.(2.120) is less than one, violating the condition that entropy must be non-decreasing. The 
true solution to the Riemann problem described by the state in Eq.(2.116) corresponds to a 
transonic rarefaction. In using Roe linearisation this rarefaction is approximated as a shock 
which leads to the entropy condition being violated. 

(A) (B) 

^ 

^ 

^ 

^ 

i i+1 i i+1 
Figure 2.5: Piecewise constant data (A) and smoothed out data (B). 

The violation of the entropy condition can be solved by recalling that for smooth flows the 
entropy is constant in time and, therefore, the entropy condition is automatically satisfied. 
Assume that the interface at i + \ in Fig.(2.5) is at x. The Taylor expansion of some general flux 
/(g) about a point just to the left of x (say x — Sx) is 

f(q(x, t)) = f(q(x - Sx, t)) + f'(q(x - Sx, t))(q(x, t) - q(x - Sx)) + ... (2.121) 

so that 

f(q(x, t)) « f(q(x - Sx, t)) + f(q(x - Sx, t))(q(x, t) - q(x - Sx, t)). (2.122) 
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Similarly at a point x + 5x the flux f(q) may be approximated as 

f{q{x,t)) » f{q{x + 5x,t)) + f{q{x + 5x,t)){q{x,t) - q{x + 5x,t)). (2.123) 

Using Eqs.(2.122 and 2.123) yields 

f(q)*^tf(x + 5x) + f(x-5x)) + ^(f'(x + 5x)(q(x)-q(x + 5x)) + f(x-5x)(q(x)-q(x-5x))) 
(2.124) 

Regarding the piecewise constant case (illustrated in the panel labelled (A) in Fig.2.5), for 
Ax- > > 8x > 0 (where A i is the cell dimension) the terms containing the first derivatives 
in Eq.(2.124) are exactly zero and the approximated flux is just the average of the fluxes to the 
left and right of the cell interface. Regarding the smooth data (illustrated in the panel labelled 
(B) in Fig.2.5), if Ax > > 5x > 0 arbitrarily close to x the terms containing first derivatives 
are non-zero. Alternatively it follows that for a flux f(q(r, 9, t)) the average flux (in the radial 
direction denoted by the i indexes) at the interface between cells Citj and Ci+i j is given by 

/(g) = \(f(Qij) + f(Qi+u)) (2.125) 

where Qij indicates a cell averaged quantity. If f(q) is modified by a correction term rj(r, 9) so 
that 

f'(Q) = \u\Qij) + HQi+ij)) + V(r, 9), (2.126) 

it can be seen from Eq.(2.124) that f(q) now describes the flux for the smoothed out case (illus­
trated in panel (B) in Fig.2.5) approximating the piecewise constant case shown in panel (A) of 
Fig.(2.5). Comparison between Eqs.(2.39) and (2.126) show that Eqs.(2.39) is just the average 
flux between two cells with the summation term having the same effect as rj{r, 9) in Eq.(2.126). 
Therefore, Eq.(2.39) describes the approximated flux for 'smoothed out' data, which in turn 
approximates the piecewise constant data to the left and right of some cell interface. Since 
Eq.(2.39) approximates the flux for smoothed out data it will automatically satisfy the entropy 
condition provided that the summation term never falls below a certain threshold. 

This is achieved by modifying the Roe averaged eigenvalues A^+1,2 . according to the ansatz 
of Leer et al. (see Kausch, 1998, for reference). 

A threshold is defined as 

A = 4 (A?+lj. - AJ.) . (2.127) 

file:///u/Qij
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If A?+1 • > A? • the Roe averaged eigenvalues A?+1/2 . are replaced by modified values A ^ ,2 

which are calculated as 

( A i + l / 2 , j ) , A f I \ P I <-- 4 
Af;*1/2j = <j A + 4 lAi+i/2jl < 2 (2.128) 

^r+i/2ji otherwise. 

Using Eq.(2.128) ensures that the method of Roe linearisation produces solutions to the Rie-
mann problem at any interface that will always satisfy physical entropy constraints. However, 
Roe linearisation may lead to other non-physical solutions such as states leading to negative 
densities or pressures. To ensure that this does not happen an alternative solution to the Rie-
mann problem is presented in the next section which ensures positive densities and pressures. 

2.9 The HLLE-solver 

Recall from Fig.(2.2) that for two initial states qi and qr that cannot be connected by a single dis­
continuity an intermediate state forms as the system evolves with time. This intermediate state 
is described by the point of intersection in phase space between lines parallel to the eigenvec­
tors r1 and r2 respectively. Fig. (2.2) shows the case for a linear system. Since the eigenvectors 
r 1 and r2 do not depend on the local value of q their orientation in phase space is the same at 
every point in phase space. For nonlinear systems, however, the eigenvectors do depend on 
the local state of q and subsequently the orientation of a specific eigenvector changes through 
phase space depending on the state of q at a specific point in phase space. Where the loci par­
allel to the eigenvectors are straight lines in the linear case, these loci now become curves in 
the nonlinear case as shown by the dashed lines in Fig. (2.6). 

Fig.(2.6) shows the case for two states qi and qr in phase space for a system governed by the 
Euler equations where it is assumed that qi and qr have the same energy. Analogous to the 
discussion in section 2.3 it can be seen that as the system evolves in time an intermediate state 
q'm forms between qi and qr at the intersection of the loci parallel to the eigenvectors r1 and r2. 
For the nonlinear case shown in Fig. (2.6) these loci are now curves (as shown by the dashed 
lines) with the property that at any point on the curve the curve is parallel to the eigenvector 
defined at that point (as indicated by the short arrows in Fig.2.6). 

Recall from section 2.6 that the Roe averaged flux Jacobian Ai_1/2 is obtained by integrating 
along a path in phase space (connecting qt and qr) traced out as £ in Eq.(2.58) varies between 0 
and 1. Since the trajectory is linear in £ Roe averaging, therefore, approximates the transition 
between qi and qr by calculating an intermediate state qm at the intersection of two straight lines 
from qi and qr parallel to the Roe averaged eigenvectors defined in terms of qi and qr as shown 
by the dotted lines in Fig. (2.6). As shown in Fig. (2.6) this may lead to unphysical solutions as 
the state qm at the intersection of the dotted lines corresponds to a state with negative density. 
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Figure 2.6: The Hugoniot loci (dashed curves) in phase space through two initial states qi and qr. At a 
point in phase space on the Hugoniot locus associated with eigenvector r1 the eigenvector r1 is parallel 
to the locus at that point. In the exact solution to the Riemann problem between qi and qr an inter­
mediate state q'm is formed at the intersection of the Hugoniot loci. In using Roe averages to obtain 
an approximate solution an intermediate state qm is calculated at the intersection of two straight lines 
shown by the dotted lines, each parallel to a Roe averaged eigenvector denned in terms of qi and qr. 
This may lead to unphysical results such as negative densities and pressures characterising the state qm. 

This problem is overcome by using an alternative solution to the Riemann problem where 
negative density and pressure values are expected to occur. For such a case the flux at the 
interface (say at i + 1/2, j) between two cells is replaced an alternative flux (from Kausch, 1998) 

■pHLLE ri+l/2 
bti/2f(Q?) - K+i/2f(Q?+i) | K+i/2b»i/2(Qj+i ~ Qi) 

h+l/2 + K+l/2 fci+l/2 + fti+l/2 
(2.129) 

where the j subscript is dropped. br\x,2 is calculated as 

bi+i/2 = min(&i+i/2> 0) and K+i/2 = max(6I+i/2> °) (2.130) 

where 

b\+l/2 = m i n (^ i+l /2> Vr,i ~ ci) a n d fti+l/2 = m a x (^ i+ l /2> vr,t+l + Ci+l) (2.131) 

with 

A i + l / 2 c and \j+1/2 = vr + c. (2.132) 
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In Eq.(2.132) vr and c are defined according to the Roe averaging formulas in section 2.6. /(Q™) 
in Eq.(2.129) is given in terms of the cell averaged density pi,cell averaged radial and tangential 
momenta {pivr^ and PiVgti) and cell averaged energy Ei (where the n superscript is neglected 
as in section 2.6) as 

no?) 
PiVr,i 

PiV^i + Pi 
PiV9,iVr,i 

Vr^Ei + Pi) 

(2.133) 

The numerical method using either the Roe or HLLE solutions to the Riemann problem is 
only first order accurate, as can be seen from the cell averaging in Eq.(2.25). Furthermore, the 
entropy fix from section 2.8 ensures that a certain amount of non-vanishing artificial viscosity 
is always present in the system which leads to increased dissipanve effects. Since the Euler-
equations are non-dissipative excessive 'numerical dissipation' may lead to poor results. This 
problem is overcome by using a higher order method discussed in the next section. 

2.10 Higher order corrections 

The cell-averaging procedure in Eq.(2.25) implies that a certain quantity q(x, t) is approximated 
to be constant within a certain volume Ax (over a certain time step At) and is, therefore, the 
lowest order approximation that can be made. The advantage of such a lowest order approx­
imation is that no assumptions regarding the continuity of q{x,t) within the volume Ax is 
made. Alternatively if it is assumed that q(x, t) is continuous over a certain range Ax, a Taylor 
expansion of q(x, t) can be made around a certain point and any number of higher order terms 
can be used in the approximation. Therefore, for some initial state qo it is preferable to use a 
higher order approximation for regions in which q0 is smooth while the first order accurate 
method from Eq.(2.25) is retained close to discontinuities. 

In the context of the method described in section 2.6 this implies that higher order terms are 
taken into account in the calculation of the flux at a certain interface if the data is approximately 
smooth, while the first order accurate method is used if the data is approximately discontinu­
ous. This is done by using the function (see Kausch, 1998, for reference) 

$(x,y) = (x2 + e2)y + {y2 + e2)x 
x2 + y2 + 2e2 (2.134) 

where e is a small number. Usually e m 0 (depending on the problem considered). $(x, y) has 
the properties that for xy > 0 
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$ ~ y if x » y 
$ ~ X if y » x 

-Ux + y) if x ~ y. 
(2.135) 

$ 

Assume that the cell averaged quantities Qi-ij — Qfj — Q?+ij- Th e gradients in the radial 
direction (associated with the i indexes) at the cell interfaces i ± 1/2 are approximated as 

dq 
dr 

dq 
dr 

Wl'J V l " l j (2.136) 
i - l /2 

Wi+lj Wi,j (2.137) 
i+1/2 rJ+l,J rJ,j 

where ritj is the radial position associated with the centre of cell Cij. The cell averages to the 
left and right of the interface at i + 1/2 are now adjusted according to 

Q i + i / 2 ^ - <?*,, + 2 * ^ r . . _ ^ > r i + l j . _ r . . J Ar (2.139) 

where Ar is the radial cell dimension. If either of the approximated gradients in Eqs.(2.136) and 
(2.137) are large (as would be expected close to a discontinuity) it can be seen from Eq.(2.135) 
that $ will approach the value of the smaller approximate gradient (if both approximate gra­
dients have the same sign). This in turn leads to 

Qn ^ Qn - n J Qn ~ O n • 
Vi+l/2j,L - Vij a n Q Vi+1/2J,R ~ V , + i j (2.140) 

yielding a first order accurate approximation. Similarly if both approximate gradients in 
Eqs.(2.136) and (2.137) are of the same order but with opposite signs Eq.(2.141) is again ob­
tained. If Eqs.(2.136) and (2.137) yield approximate gradients of the same order and sign it im­
plies that the data are approximately continuous over the interface at i + 1/2. From Eq.(2.135) 
a second order accurate approximation is now obtained as 

Qn ~ O n 1 dQj.i A r and On ~ Dn I 1 d®i<j A r 
^i+l/2,j,L - Vij 2 dr A r a n Q ^ i+1/2 j,R ~ ^i+1,3 + 2 dr ^T (2.141) 

where 

dr 2\ ri+1j - rid 

is the approximated cell averaged radial gradient of cell Cij 

dQij _ 1 (Qi+i,j Q?,j Qi,j Qi-ij 1 , 2 1 4 2 ) 
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2.11 Summary 

Using the solution to the one-dimensional advection equation a numerical method for solving 
the multi-dimensional Euler-equations (Eqs.2.92,2.93 and 2.94) can be obtained. This method 
depends on subdividing the initial state of a specific problem into finite volumes and approxi­
mating the state of the system within each volume as an average calculated over the extent of 
that volume. The system can now be approximated as a constant coefficient linear hyperbolic 
system. This is done by rewriting the Euler-equations as a quasi-linear system (Eq.2.52) and 
linearising the resulting flux Jacobian at the border of each volume (each cell interface). Since 
an m-dimensional constant coefficient linear hyperbolic system can be described in terms of m 
independent advection equations the properties of the advection equation can now be used to 
solve the Euler-equations numerically by providing fluxes at each cell interface which affects 
the averaged quantity within each volume (cell). 

The method described in this chapter is now applied to the specific problem of the solar wind 
(SW) and local interstellar medium (LISM) interaction. The SW-LISM interaction problem is 
the topic of the next (and subsequent) chapters. 
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Chapter 3 

The heliosphere I 

3.1 Introduction 

The immediate interstellar volume around the Sun is not empty. Instead the Sun is immersed 
in a cloud cluster called the cluster of local interstellar clouds (CLIC). The CLIC consists of 
several cloudlets. The Sun is currently moving through one such cloudlet called the local 
interstellar cloud (LIC). The CLIC itself is immersed in a low density region (on the scale of 
~ 100 pc) called the Local Bubble (see Frisch and Slavin, 2006; Frisch, 2007; Slavin and Frisch, 
2007). In the heliocentric rest frame the motion between the Sun and LIC can be modelled as 
an interstellar wind (LIC particles) 'blowing over' the heliocentric system. In this work the 
interstellar wind will be referred to as the local interstellar medium (LISM). 

The Sun also adds particles to the heliocentric system. These particles, known as the solar 
wind (SW), originate in the solar corona and propagate away from the Sun into interplanetary 
space. At some distance away from the Sun the SW and LISM interact with each other. Fol­
lowing Baranov and Malama (1993); Pauls et al. (1995); Pogorelov (1995); Pauls and Zank (1996); 
Zank et al. (1996); Izmodenov (1997); Pauls and Zank (1997); Pogorelov and Semenov (1997); Kausch 
(1998); Zank (1999) and Fahr et al. (2000) it will be assumed that this interaction can be de­
scribed (at least in part) hydrodynamically implying that the SW-LISM interaction can be de­
scribed as a relaxation towards a steady state connecting two distinct fluids. This implies that 
as the SW-LISM interaction reaches a steady state, standing waves form which separates re­
gions with different flow characteristics. These standing waves give rise to a structure called 
the heliosphere. 

Understanding the heliosphere is important considering that it affects particle intensities (such 
as cosmic rays) at Earth through various means, broadly called the modulation of cosmic rays 
(CR's). Modulation of CR's depends on, among other things, the position and geometry of 
two interfaces called the termination shock (TS) and heliopause (HP) (see Ferreira et al, 2004a; 
Potgieter and Langner, 2004; Langner and Potgieter, 2005; Potgieter and Langner, 2005) which form 
as a consequence of the SW-LISM interaction relaxing towards pressure equilibrium. Histor­
ically the HP serves as a modulation boundary, implying that the heliospheric modulation of 
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galactic cosmic rays is confined to the region between the Sun and HP. In a steady state, the TS 
is a stationary shock at which the SW undergoes a transition from a supersonic to a subsonic 
flow. It is, therefore, essential to understand the heliosphere in order to understand the greater 
cosmic medium outside the immediate solar vicinity. Understanding the heliosphere as it is 
affected by different processes inherent to the SW and LISM is the focus of this and the next 
chapter. 

In this chapter it will be assumed that the SW and LISM contain only protons. The proton 
interaction between the SW and LISM is the dominant effect in establishing the characteristic 
structure of the heliosphere and provides a useful foundation from which to analyse the basic 
properties of the heliosphere. In the next chapter the mutual effects of other particle species 
on the heliosphere will be discussed and compared to the 'protons only' case presented here 
in order to illuminate the effect these other particle species have on the heliospheric structure. 

In this chapter the numerical formalism described in the previous chapter will be used as a 
foundation to analyse the formation of the heliosphere and its subsequent geometry in a steady 
state. However, for this to be possible the state of the two mediums causing the formation 
of the heliosphere (namely the SW and LISM) needs to be established since the state of the 
SW (close to the Sun) and the LISM (at large heliocentric distances) provide the necessary 
boundary conditions from which the SW-LISM interaction is calculated. A brief review of the 
state and composition of the SW and LISM follows after which the formation of the heliosphere 
and its subsequent characteristics in a steady state will be examined for the 'protons only' case. 

3.2 The solar wind and local interstellar medium 

The realisation that the SW exists can be traced back to the study of ionic comet tails as comets 
come close to the Sun. Biermann (1951,1957) suggested that the orientation of these tails is due 
to the interaction with 'solar corpuscular radiation'. Building on this initial work, Parker (1958) 
investigated the dynamics of the solar corona (the solar atmosphere) and concluded that it was 
impossible for the corona to be in hydrostatic equilibrium with the surrounding interstellar 
matter. Rather particles are continuously escaping from the corona into interplanetary space. 
These particles came to be known as the SW. 

Observations of the SW have been made by several spacecraft and of special use are those 
observations from the Ulysses spacecraft because it provides SW observations over a range of 
solar latitudes as shown in Fig.(3.1). Implicit to describing the SW in terms of a bulk velocity 
magnitude v, density n and temperature T is the assumption that the SW may be treated hy-
drodynamically. This implies that the SW velocity distribution is Maxwellian. Observations 
of the SW velocity distribution verifies this assumption for the bulk of the SW particles, al­
though the presence of a high energy tail in the SW velocity distribution may be dynamically 
important (see Gloeckler et al., 1992; Fisk and Gloeckler, 2006). 
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Figure 3.1: The heliocentric radial (r, dotted line) and latitudinal (4>, solid black line) position of the 
Ulysses spacecraft with time (top panel) and the corresponding observed values of the SW velocity v 
(second panel from top) , density n (third panel from top) and temperature T (bottom panel). Shown in 
the third panel from the top is the SW proton density (black data points) together with the alpha particle 
(He2+) density (grey data points). The density is normalized to 1 AU by assuming n oc r~2. The bottom 
showing the SW temperature has two data sets (black and grey) describing the SW temperature. Data 
provided courtesy of http://cohoweb.gsfc.nasa.gov. See this website for further details regarding the 
difference between the two temperature data sets. 

http://cohoweb.gsfc.nasa.gov
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From Fig.(3.1) the SW properties can be summarized as follows: the SW consists mainly of pro­
tons and alpha particles (He2+). Trace amounts of heavier ions are also present (see Gloeckler 
et al, 1992). At low latitudes the SW is a slow, dense plasma stream (called the slow SW) char­
acterised by a bulk velocity and proton density in the range of 300 — 450 km.s _ 1 and 2.5 — 7.5 
c m - 3 (here and in the rest of this work c m - 3 implies particles per cubic centimetre). The tem­
perature is of the order of 105 K. 

The SW is affected by a 11-year solar cycle in which solar activity, characterised by sunspots 
and solar magnetic field activity (see for example the introduction by Ngobeni, 2006), period­
ically changes from minimal activity to a period in which solar activity is greatly increased, 
and back again. Periods in which the Sun exhibits the least activity are called solar minirnum 
periods while periods during which the Sun is most active are referred to as solar maximum 
periods. At higher latitudes during solar minimum conditions the SW is characterised by high 
velocities and low densities. This plasma stream is referred to as the fast SW, and characterised 
by a bulk velocity in the range of 750 — 800 km. s - 1 and a proton density close to 2.5 cm - 3 . The 
fast SW disappears as solar activity progresses to solar maximum. During solar maximum the 
SW exhibits (to a good approximation) the characteristics of the slow SW over all latitudes. 

The parameters describing the LISM are less well constrained since no direct measurement 
of LISM properties is currently possible. All known properties of the LISM, therefore, need 
to be inferred either from line of sight measurements over several parsecs or by using local 
measurements in conjunction with a theoretical understanding of the processes that might 
attenuate whatever property is being measured and thereby compensate for them. 

A method illustrating the latter is the use of particle properties from anomalous cosmic rays 
(ACR's) and pick-up ions (PUI's). A certain amount of neutral particles can propagate into the 
heliosphere unhindered. Some of these neutrals are ionized and 'picked up ' by the ionized 
solar wind (hence the name 'pick-up' ions). See Holzer (1989); Zank (1999) and Fichtner (2001) 
for comprehensive reviews on the interaction between protons, hydrogen and subsequently 
pick-up ions in the SW and LISM. At the TS these PUI's are accelerated to higher energies to 
form the anomalous component observed in the cosmic ray energy spectrum (see for example 
Fisk et al, 1974; Dworsky and Fahr, 2000; Fichtner, 2001; Scherer and Ferreira, 2005; Ferreira and 
Scherer, 2006). Therefore, the characteristics of ACR's and PUI's are tied up with the abundance 
of neutral atoms and the ionization state of the LISM and can be used to infer the properties of 
these regions. 

Line of sight measurements provide a more direct way of calculating characteristics like parti­
cle abundances, temperature and ionization fractions but also require a lot of assumptions to be 
made as to what is happening in a region of space usually extending over several parsecs. Fur­
thermore, since line of sight observations supply information integrated along a certain path it 
is useful to obtain average values over large distances but insufficient when information about 
matter directly outside the heliosphere (within a couple of hundred AU) is needed. 
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Using observations of backscattered radiation from neutral Helium in the outer heliosphere 
together with direct measurements of inflowing He atoms and PUI data Frisch (1998) calculates 
the relative velocity (in a heliocentric frame of reference) between the Sun and the LISM to be ~ 
26 km.s - 1 . Although these measurements are all taken inside the heliosphere they show good 
correlation between values inferred from line of sight measurements to nearby stars yielding 
a relative velocity of the same magnitude. This value also corresponds to values found by 
Piskunov et al. (1997) and more recently Mobius et al. (2004) who used a range of spacecraft data 
to establish a mean value of 26.24 ± 0.45 km.s _ 1 . Most recently Miiller et al. (2006) and Slavin 
and Frisch (2007) established the magnitude of the relative velocity between the Sun and LISM 
as28 .1±4 .6km.s _ 1 . 

Using the line-of-sight approach Anderson et al. (1978) inferred a mean neutral hydrogen den­
sity ri}j ~ 0.1 c m - 3 by investigating the Lynman-o; emission line of cooler type stars within 
about 10 parsecs of the Sun. Recent discussions (see Miiller et ah, 2006; Slavin and Frisch, 2007) 
propose a neutral hydrogen density immediately outside the heliosphere of 0.19 — 0.21 cm - 3 . 
Gry and Jenkins (2001), following the line-of-sight approach, found that the neutral hydrogen 
density of the LISM is approximately 0.1 cm - 3 . Using a model based on cosmic ray trans­
port and comparing the model results with Voyager and Wind spacecraft data, Cummings et al. 
(2002) calculated the neutral hydrogen density to be 0.097 ± 0.015 cm - 3 . A lower bound on 
the neutral density was calculated by Chassefiere et al. (1986) who found the neutral hydrogen 
density at large heliocentric distances to be n # = 0.051 ± 0.017 cm - 3 . 

The results from Chassefiere et al. (1986) depend on observations made by the Venera 11 and 
12 spacecraft which are processed by taking into account several variables altering the particle 
counts picked up by instruments on these two spacecraft. By assuming that not all the neutrals 
converging on the heliosphere pass into it, the conclusion is reached that the total hydrogen 
density outside the heliosphere is 0.05 — 0.15 cm - 3 . Taking all these results into consideration 
a realistic range for the hydrogen density in the LISM is 0.05 — 0.20 cm - 3 . 

From radiative transfer models (see Miiller et al, 2006; Slavin and Frisch, 2007) it is suggested 
that the proton density at the heliospheric boundary is ~ 0.1 cm"3 . This is consistent with 
earlier estimates (see Frisch, 1994) that the LISM has particle densities of the order of ~ 0.1 c m - 3 

and that neutral hydrogen and proton densities are of the same order in the LISM. Therefore, 
it will be assumed that the proton density in the LISM has the same possible range as the 
hydrogen density mentioned above. 

The temperature of the LISM can be calculated from the width of Lynman-o; line spectra. This 
is done by Gry and Jenkins (2001) who find the LISM temperature to be between 5700 K and 
8200 K. This corresponds to work done by previous authors (see Chassefiere et al, 1986; Frisch, 
1994; Piskunov et al, 1997; Frisch, 1998) where the temperature was found to be essentially in 
the same range with the exception of Chassefiere et al. (1986) establishing the upper limit of the 
temperature at 9000 K. 
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Parameter Value 

SW proton density (low latitudes) np,sw 2.5 - 7.5 c m - 3 

SW proton velocity (low latitudes) vPisw 300 - 450 km-s-1 

SW proton temperature (all latitudes) TPtsw ~ 1 x 105 K 
LISM proton density np,LisM 0.05 - 0.20 c i r r 3 

LISM hydrogen density UH,LISM 0.05 - 0.20 cm" 3 

LISM proton velocity vPtusM 2 3 - 3 3 k m . s - 1 

LISM hydrogen velocity VH,LISM 23 - 33 k m . s - 1 

LISM proton temperature TPjL]SM 5000 - 9000 K 
LISM hydrogen temperature THJLISM 5000-9000 K 

Table 3.1: Possible ranges in parameters describing the bulk SW and LISM states. 

In the rest of this work it will be assumed that the LISM state is the same in all directions 
and constant on timescales relevant to the results presented. For the rest of this chapter it 
will be assumed that the LISM protons may be treated hydrodynamically. This assumption 
forms the basis of most numerical models describing the SW-LISM interaction (see Baranov and 
Malama, 1993; Pauls et ah, 1995; Pogorelov, 1995; Pauls and Zank, 1996; Zank et ah, 1996; Izmodenov, 
1997; Pogorelov and Semenov, 1997; Pauls and Zank, 1997; Kausch, 1998; Zank, 1999; Fahr et ah, 
2000). It needs to be noted though that as soon as the SW-LISM interaction is extended to 
include other particles (such as neutral hydrogen and PLTI's) subtle differences exist between 
the pure hydrodynamic approach where all particle species are modelled hydrodynamically 
(see Fahr et al., 2000) and where additional particle species are treated kinetically (see Baranov 
and Malama, 1993). 

To summarise, possible ranges in different SW and LISM parameters are taken from the above 
mentioned results and shown in Table 3.1. In a later section a parameter study is presented 
which gauges the sensitivity of the SW-LISM interaction to different assumed SW and LISM 
states (within the ranges noted in Table 3.1) at the respective boundaries close to the Sun and 
at large heliocentric distances. 

3.3 The formation of the heliosphere in one dimension 

In order to examine the formation of the heliosphere the following assumptions are made 
regarding the SW-LISM interaction: the interaction is limited to one dimension corresponding 
to a radial path assumed to be anti-parallel to the inflow direction of the LISM in a heliocentric 
frame of reference. Both the SW and LISM are assumed to consist of protons alone. These 
assumptions represent the simplest possible case of the SW-LISM interaction (more complex 
descriptions of the SW-LISM interaction will be discussed in later sections) but are useful in 
determining the expected structure of the heliosphere. In order to set up an initial state the 
SW is allowed to expand radially and adiabatically away from the Sun until it encounters the 
LISM at some distance r^. Adiabatic expansion implies that 
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PV* = constant (3.1) 

where 7 is the ratio of specific heats defined in Eq.(2.48) and that the expansion is isentropic. 
Here V denotes volume. From the definition of entropy s in Eq.(2.115) it follows that the 
pressure P can be expressed in terms of the density p as 

P = Cspi (3.2) 

where is Cs is constant since the expansion is isentropic. This implies that Eq.(3.1) may be 
expressed as 

pV = constant. (3.3) 

Note that the density p may also be expressed in terms of the number density n as p = mn 
where m is the mass of a single particle. Imagine that some density pi is associated with thin, 
spherical shell like volume dVi with thickness dr where 

dVi = Airrldr. (3.4) 

If the system expands adiabatically at some later time the density p2 will be associated with 
the volume dV<i given by 

dV2 = Airridr. (3.5) 

From Eq.(3.3) it follows that 

P2 = ?4 (3-6) 
r2 

which implies that for an adiabatic expansion p oc r - 2 . From the conservation of mass equation 

^ + V-(pv) = 0 (3.7) 

it follows for a steady state that 

where v is the radial component of the velocity v since the analyses is restricted to one (radial) 
dimension. For p ex r~2 it follows that v is constant. Lastly from Eq.(3.2) it follows that P oc 
r- io/3 for a n adiabatic expansion with 7 = 5/3. 
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Using these relations the initial condition for the SW-LISM interaction is calculated, as shown 
in the top panel of Fig.(3.2). The initial condition consists of a discontinuous interface between 
the undisturbed LISM (flowing in from 400 AU towards the point at 0 AU in Fig.3.2) and the 
outward flowing SW (flowing away from the point at 0 AU in Fig.3.2). Arbitrarily close to this 
discontinuity the initial condition may be viewed as a single Riemann problem for the system 
of Euler equations, the solution of which is calculated using the discussion from section 2.6. 
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Figure 3.2: The formation of the heliosphere. Left panels show the proton density while right panels 
show the proton pressure, both along a one-dimensional radial path aligned anti-parallel to the LISM 
inflow direction. Initially the SW is allowed to expand adiabatically to a position r<* (indicated by the 
vertical dashed line) where the LISM is encountered. This encounter creates an interface over which 
density, velocity and pressure are discontinuous. The subsequent time evolution of the system results 
in three waves propagating away from rj . The waves propagating furthest to the left and right (visible 
as jumps in density and pressure) are both shock waves (denoted by TS and BS) while the middle wave 
(denoted by HP, visible as a jump in density only) forms a contact discontinuity. 

Recall from section 2.6 that the solution to the one-dimensional Riemann problem consisted of 
three simple waves propagating away from an initial discontinuity with velocities 

A1 = v - X3=v + c. (3.9) 
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The states qi and qr immediately to the left and right of the discontinuous interface at r = r& in 
the top panel of Fig.(3.2) are now approximated by a function 

q(r) = qi + r,(r) (3.10) 

where 77 (r) is a continuous function subject to the condition that 

r]{rd -Sr) = 0 and r](rd + Sr) = qr - qt. (3.11) 

Two points rd — Sr and rd + Sr arbitrarily close to rd are now chosen and the Roe-averaged 
velocity (from section 2.6) is defined in terms of vi = v(r — Sr) and vr = v(r + Sr) as 

v = ^ m + ^ V r (3.12) 

where pi = p(r — Sr) and pr = p(r + Sr). Because of the approximation in Eq.(3.10) the limit 
where Sr —> 0 exists. In theory the approximation in Eq.(3.10) can be made to an arbitrary 
degree of accuracy. From section 2.8 it follows that using a continuous function to approxi­
mate a discontinuity implies that a certain amount of artificial viscosity will be present in any 
subsequent solution. However, since the approximation can be made to an arbitrary degree of 
accuracy the amount of artificial viscosity will decrease for increased accuracy. With no further 
limitations on r](r) in Eq.(3.11) it is, therefore, possible to make the amount of artificial viscosity 
go to zero. This property is used in the approximations that follow to define points arbitrarily 
close to rd. 

In section 2.4 the Riemann problem at a certain interface was solved by decoupling the set of 
nonlinear Euler equations into a set of independent linear advection equations. This method 
implies that a set of waves advect away from the initial discontinuity into the adjacent cells. 
The velocity with which these quantities are advected are the respective eigenvalues in Eq.(3.9) 
which depend on the bulk and sound velocities within each cell (both of which are constant 
over one cell dimension and one time step). However, if the piece wise constant data is approx­
imated by a function such as Eq.(3.10), and the values to the left and right of some point rd 

(corresponding to the position of the initial discontinuity) are arbitrarily close it follows for the 
Roe-averaged velocity v that 

v w v(rd). (3.13) 

Therefore, if a wave propagates away from the position of the initial discontinuity at a velocity 
A2 = v « v from Eq.(3.12) its velocity will be zero if 

y/plvi — y/frVr (3.14) 
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which implies that a steady state is reached for 

Vl=vr = 0 or 1 = ^ . 

However, for a steady state pv oc r - 2 . Therefore, at a point r — 5r it follows that 

(3.15) 

pivi oc (r - Sr) - 2 (3.16) 

and similarly at r + Sr 

prvr oc (r + <$r) - 2 (3.17) 

In the limit Sr —> 0 

PM = Pr^r (3.18) 

which implies that the second possibility in Eq.(3.15) can only hold for trivial case where pi = 
pr and vi — vT. The steady state corresponding to vi = vr = 0 defines a contact discontinuity. 
This can be seen from 

a M + i | : [ r 2 (p^ + P)]=o 
dt r2 dr 

which implies for a steady state with vt — vr = 0 that 

(3.19) 

Pi oc (r — £r) 2 and PT oc (r + ^r) - 2 (3.20) 

which yields Pj = PT if fr —> 0. Therefore, P is continuous across the wave propagating with 
velocity v ~ v. Since vi = t>r = 0 and Pj = P r either side of this wave there can be no mass 
transfer across it which implies that it has to be a contact discontinuity. In the middle panel 
of Fig.(3.2) the contact discontinuity (denoted by HP) can be seen to correspond to a jump in 
density while pressure remains continuous. 

The use of Roe averages to resolve discontinuities, therefore, naturally leads to a contact dis­
continuity being associated with A2 in Eq.(3.9). It can be shown that this is not a unique charac­
teristic of using Roe averages but rather a natural occurrence in any hydrodynamical system. 
The phase space gradient of A2 is given by 

VA2 = 

dv 
dp 
dv 

dv 
dE 

(3.21) 
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Since p, pv and E are rectangular axis in phase space the partial derivatives 4 ^ = 4 ^ 
| § = 0. Therefore 

dv 1 d(pv) v _ v 
dp p dp p p 

_ 1 1 dp _ 1 
P p2 a(H p 

1 <9(pt>) f <9p 

dv d pv 
d(pv) d(pv) _p. 

dv d 
dE~d~E 

pv 
.P 

= 

(3.22) 

(3.23) 

p de pdE = 0 (3.24) 

Using r2 from Eq.(2.57) it follows that 

VA2 • r2 = 0. (3.25) 

Recall from sections 2.3 and 2.9 that r2 maps out the phase space trajectory of the wave travel­
ling with velocity A2. In the general nonlinear case this trajectory is not a straight line. How­
ever, any two points along this trajectory can be connected by a single wave travelling at veloc­
ity A2. Eq.(3.25) implies that VA2 is perpendicular to r2 everywhere in phase space. Therefore, 
it follows that any adjacent points on the trajectory mapped out by r2 will have the same value 
for A2 which in turn implies that v is continuous across such a wave. From Eqs.(3.18) and (3.19) 
it then follows (taking the limit 5r —» 0) that P must be continuous across any wave associated 
with A2. Therefore, the wave travelling at a velocity equal to A2 must be a contact discontinuity. 

The two other waves propagating away from the initial discontinuity at r — r& in Fig.(3.2) 
(denoted by TS and BS) have velocities given by 

A1 = v - c and A3 = v + c (3.26) 

where the Roe averaged sound speed c has been defined analogously to Eqs.(2.74) and (3.12) 
in terms of quantities at arbitrarily close points. From Eq.(3.26) it follows that a steady state is 
reached for 

v = ±c (3.27) 

which defines a sonic point. Therefore, each of the two waves with velocities A1/3 = v ± c 
propagating away from the initial discontinuity are either a shock or a transonic rarefaction. 
Since the assumed SW and LISM initial states are supersonic, the above implies that at some 
time two stationary shocks will form at the sonic point. In this case a transonic rarefaction is 
not possible as a steady state solution since it is clear from Fig.(3.2) that in transiting the TS 
and BS both the SW and LISM density increases. 
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From the above analyses it can be seen that the structure of the heliosphere will consist of three 
interfaces. The first is a shockwave where the initially supersonic SW makes the transition to 
a subsonic flow. This shockwave is called the termination shock (TS). Secondly the incoming 
LISM (which is also supersonic) undergoes the same transition at the outer shockwave known 
as the bow shock (BS). Lastly a contact discontinuity known as the heliopause (HP) separates 
the two subsonic flow regions. 

This structure describes the one-dimensional case exactly. A more general description of the 
SW-LISM interaction is to assume axial symmetry which necessitates that the interaction be 
described in two dimensions. 

3.4 The one particle species heliosphere 

The interaction between SW and LISM protons dominates the geometry of the heliosphere. 
This statement will be justified in later sections but first the heliosphere as it forms from the 
interaction between the SW and LISM where both mediums are still assumed to consist only of 
protons is discussed. The focus of this section will be on the geometry and structure of the he­
liosphere in two dimensions. However, it is insightful to examine the simple one-dimensional 
case from the previous section in order to gain insight into the numerical results that will be 
presented. 

In the previous section it was shown that three waves propagate away from the initial point 
of contact between the LISM and SW along the radial path on which the directions of the SW 
and LISM velocities are exactly opposed. The two outermost waves form standing waves (the 
TS and BS) at sonic points. Because these waves become stationary they propagate a finite 
distance into the SW and LISM respectively. Therefore, it is expected that any steady state 
solution obtained for the SW-LISM interaction will contain a region in which the SW expands 
adiabaticaHy between the Sun and the TS and a region where the LISM is undisturbed (outside 
the BS). 

Since both the TS and BS become stationary at sonic points it is expected that the region be­
tween the TS and BS will be characterised by subsonic flow velocities. Furthermore, it was 
shown in the previous section that a contact discontinuity forms between the TS and BS called 
the HP. The HP becomes stationary where the velocity either side of it goes to zero. Therefore, 
if the proton velocity just after the TS is subsonic and greater than zero it has to decrease as the 
HP is approached. Similarly if the protons just inside of the BS have a finite, non zero subsonic 
velocity it too must decrease as the HP is approached. 

Therefore, for the one-dimensional case it is expected that 

-^- < 0 for rTS <r < rHP (3.28) 
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— > 0 for rHp < r < rBS (3.29) 

where vr now denotes the radial component of the velocity v and rxs, rHP and TBS are the 
radial distances from the Sun to the TS, HP and BS respectively. The radial direction away 
from the Sun is taken as positive. 

Furthermore, if the region between the TS and BS is largely characterised by subsonic flow it 
is expected that the density and pressure should both be approximately constant over short 
radial distances in the steady state solution. If the contrary applies it would imply pressure 
waves propagating through the subsonic region. Since these waves cannot become stationary 
(there is no sonic point so long as the perturbed fluid remains subsonic) these waves cannot 
exist in a steady state solution. 

If the density is assumed to be constant over some range [r, r + 5r] where rxs < r + Sr < rHP 
and TTS < r < rHP it follows from the conservation of mass that 

V - v = 0 (3.30) 

for a steady state. Furthermore, 

1 £1 
(3.31) 

Figure 3.3: Heliocentric coordinate system for the SW-LISM interaction. The x-axis is aligned anti-
parallel to the LISM inflow direction. The SW expands radially away from the origin. Along a particular 
radial line (denned by the angle 9 with the positive x-axis) the interaction produces a tangential velocity 
component vt perpendicular to the radial velocity component vr. 

Therefore, if the density is constant over some range [r, r+5r] then vr oc r~2 which is consistent 
with the arguments leading up to Eq.(3.28). A heliocentric coordinate system is now defined 
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in such a way that the x-axis lies in the solar equatorial plane directed anti-parallel to the LISM 
inflow as shown in Fig.(3.3). Assume that the velocity may also possess a tangential component 
but that the analyses is restricted to a radial path at some small angle 9 to the positive x-axis 
extending away from the Sun. If 9 is sufficiently small the initial LISM and SW velocities are to 
a good approximation oppositely directed. The analyses for small angles 9 limited to a single 
radial path constitute a quasi-one-dimensional state. 

From Eq.(3.31) it follows that 

1 d , 2 ^ 1 
dr rsm9d9 

(sin 9vt) = 0 (3.32) 

where vt denotes the tangential component of the velocity v. The tangential direction is taken 
to be perpendicular to the radial direction pointing towards increasing values of 9 as shown in 
Fig.(3.3). Expanding Eq.(3.32) yields 

2vr dvT vt cot 9 
—- H + — 

r dr r 
= 0 (3.33) 

where it was assumed that 

dvt 

39 
= 0 (3.34) 

which is consistent with analysing the SW-LISM interaction along a single radial path. Eq.(3.33) 
can be rewritten as 

dvT 

dr 
vt cot 9 2vr 

r r 
(3.35) 

If the left side of Eq.(3.35) is less than zero (as is expected from Eq.3.28) it implies that the right 
hand side of Eq.3.35 must be greater than zero. If it is further assumed that 

dvr 

dr 
„ „, , dvT 

——- = constant and —— < 0 dr 
(3.36) 

over some infinitesimal range [r, r + Sr] it follows that 

vt cot 9 2vr + — 
r r 

v% cot 9 
r + 8r r + 8r + 

2v* 
(3.37) 

where v% and v* denote values taken at r + Sr. vt and vr denote values at r. However, since 
Eq.(3.28) implies v* < vT it follows that v\ > vt. Therefore, as the radial velocity decreases 
between the TS and the HP the tangential velocity increases which in turn implies that the 
protons obtain non-zero tangential velocities between the TS and HP. The same applies for the 
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region between the HP and BS. The simplified analyses presented above provides a context 
within which to examine the fully two dimensional results shown next. 

The fully two dimensional solution to the SW-LISM interaction is calculated numerically. The 
solution is calculated on a grid similar to the one shown in Fig.(2.4) describing a plane with the 
Sun at the origin. The x-axis is directed anti-parallel to the LISM inflow intersecting the solar 
equator similar to the case shown in Fig.(3.3). A plane polar coordinate system is defined by 
the heliocentric radial position r and the angle B with the positive x-axis, the former measured 
counter-clockwise from the positive x-direction. It is further assumed that the SW velocity 
close to the Sun is the same for all 9. The state of the SW at the grid points (i,j) — (0,j) is 
specified and constitutes an inner boundary condition. Here cell index i = 0 referes to all 
cells bordering the origin (for any index of j). The state of the LISM at grid points (i,j) = 
{imaxij) (where im a x is the largest possible radial cell index) is also specified and constitutes 
an outer boundary condition. The numerical scheme used is based on the algorithm discussed 
in Chapter 2 and developed into a numerical model by Fahr et al. (2000). 

The SW-LISM interaction is calculated in terms of three hydrodynamic quantities. Shown in 
Fig.(3.4) is the number density (top) and pressure (bottom) of the proton particle species in 
the plane defined above. It is assumed that the interaction is symmetric about the x-axis in 
Fig.(2.4). Fig.(3.5) shows the radial velocity (top) and tangential velocity (bottom) in the same 
plane. Note that in the bottom halves of Figs.(3.4) and (3.5) the angle $ is measured clockwise 
from the positive x-direction while in the top halves 9 is measured counter clockwise from the 
positive x-direction. Fig.(3.6) shows the same quantities as in Figs.(3.4) and (3.5) along different 
radial paths. 

Immediately visible in all three figures is that the TS encloses a region in which the SW expands 
radially and adiabatically as is expected from the analyses in section 3.3. The geometry of this 
region differs from the spherical symmetry implicit in the one-dimensional cases discussed 
previously. Figs.(3.4) and (3.5) clearly show that the heliocentric position of the TS exhibits a 
definite dependence on 8. Beyond the TS and most visible in the nose region of the heliosphere 
(here defined to be the region 0 < 6 < §) is the HP. While the HP is still visible in the polar 
regions (here taken to be the region in the sector | < 6 < ^f) as a smooth transition it com­
pletely disappears in the tail (taken to be the region ^ < 9 < TT). Lastly the BS is visible as the 
outermost discontinuity only in the nose and lower polar regions. The radial position of both 
the HP and BS also exhibit a dependence on the angle 6. 

The region between the TS and the BS is called the heliosheath, subdivided into the inner 
heliosheath (between the TS and HP) and the outer heliosheath (between the HP and BS). As 
shown in Fig.(3.7) the heliosheath is primarily a region of subsonic flow except for areas in the 
polar region. From Figs.(3.4) and (3.6) it can be seen that the radial component of the pressure 
gradient throughout the heliosheath is almost zero (justifying the previous assumption that 
the respective densities in the inner and outer heliosheath should be approximately constant 
along a radial path). However, along the three different radial paths shown in Fig.(3.6) the 
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Figure 3.4: The proton particle number density (top) and pressure (bottom) in a plane parallel to the 
LISM inflow containing the Sun at the origin. Clearly visible are the three interfaces that form as a 
consequence of the SW-LISM interaction. These are the TS, HP and BS. The TS is vissible as the bullet 
shaped structure above corresponding to a jump in the density and pressure of the SW protons. The 
HP forms beyond the TS as a contact discontinuity between the SW and USM and is only visible in 
density. The BS is the interface forming furthest away from the Sun corresponding to a jump in density 
and pressure of the LISM protons. 

pressure has a different radially constant value. This implies that the pressure has a definite 
tangential gradient. 

A tangential pressure gradient is consistent with a non-zero tangential velocity (the latter ex­
pected from the analyses shown previously in this section). The proton velocity acquires a 
tangential component in the heliosheath causing the subsonic SW and LISM proton species to 
flow around the inner heliosphere either side of the HP. It can be shown that this would also 
imply acceleration. 

Assume that 

dp 
<o (3.38) 

and that over an irifinitesirnal interval (0, 6 + 56) 

dp ~— ~ constant. d8 
(3.39) 
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Figure 3.5: The proton radial (top) and tangential velocity (bottom) in a heliocentric plane parallel to the 
LISM inflow. The TS is vissible as the bullet shaped structure at which the SW radial velocity decreases 
almost discontiniously. The region between the TS and HP is clearly defined as a region in which the 
tangential velocity increases appreciably. The BS is faintly vissible as a decrease in the incomming LISM 
velocity. 

This restricts the analyses to regions where the density decreases gradually with increasing 6. 
From Fig. (3.4) it can be seen that this assumption approximates conditions in the nose region 
fairly well. Furthermore, assume that 

vr{9) & Vr(6 + 59) (3.40) 

which is also consistent with conditions in the nose region. From the conservation of mass it 
follows for a steady state that 

V ■ (pv) = 0 (3.41) 

which is expanded to 

v ■ Vp + pV ■ v = 0 (3.42) 

which leads to 
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Figure 3.6: The proton particle density (top left), pressure (bottom left), radial velocity (top right) and 
tangential velocity (bottom right) along radial paths in the nose (solid black line), polar (blue dashed 
line) and tail (yellow dash-dotted line) regions. 

dp vtdp 1 ° i i \ 1 ° / . „ \ 
rz or v ' rsm.8 88 = 0. (3.43) 

Restricting the analyses to a path of constant radius (implying that |£ = 0 and ^ = 0) yields dvr 

vtdp 
7d8+P 

2vr vt cot 8 1 dvt 
—- + — 1 -

r r r 88 
= 0 (3.44) 

which can be rewritten as 

dp 
88 

pr 
vt 

2vr vt cot 8 1 8vt 
— + — 1 
r r r 88 

(3.45) 

If vt > 0 the above implies that 

2vr vt cot 8 1 8vt 

— + - + - ^ > o -
r r r 88 

(3.46) 

For the range 8 G (0, TT) it follows that 

dvt 

~88 > 0 (3-47) 
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Figure 3.7: Regions of supersonic (black) and subsonic (white) flow in the heliosphere. The inner he-
liosphere and undisturbed LISM are characterised by supersonic velocities. The flow between the TS 
and BS in the nose the region (and beyond the TS in the tail) is subsonic while a region of supersonic 
flow exists between the TS and HP in the polar region. Beyond the HP in the polar region the flow is 
again supersonic. 

which implies that not only is the SW 'turned' to flow around the inner heliosphere but that 
it accelerates in the tangential direction. From Fig.(3.7) it can be seen that this acceleration 
is effective enough to produce supersonic velocities in the polar regions of the heliosheath, 
and that the supersonic region in the heliosheath is not spatially distinct from the supersonic 
flow region between the Sun and TS. This result corresponds to earlier work by Pauls and 
Zank (1996) where it is noted that the negative pressure gradient in the heliosheath (called the 
-VP-force) accelerates the SW to supersonic velocities in the heliosheath. The authors noted 
the existence of a triple point at the confluence of the two supersonic regions (between the Sun 
and TS and in the heliosheath) and the subsonic flow region in the tail (beyond the TS) causing 
the 'bullet-shaped' geometry observed in Figs.(3.4) and (3.5). 

Another feature that is visible in Figs.(3.4), (3.5) and (3.6) is that the HP, while being clearly 
visible as a discontinuity in the nose, becomes 'smoothed out' for 0 > 0. Therefore, at regions 
above the radial path defined by 0 = 0 the HP stops existing as a contact discontinuity but 
becomes a narrow transition region between the SW and LISM. The reason for this can be seen 
from the following argument: 

Recall from section 3.3 that the heliosphere forms due to waves travelling away from the initial 
point of contact between the SW and LISM. In two dimensions this implies waves travelling 
in both the tangential and radial directions. A characteristic time rr oc X^^nQX is defined where 
K,max is the velocity of the fastest wave travelling along the radial direction. rr is an indication 
of the time it takes for all radial waves arising from the initial point of contact between the 
SW and LISM to slow down significantly or dissipate. Let the characteristic time for all waves 
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forming along the tangential direction be defined similarly as rt oc \ ]nax where Xt 
max is the 

velocity of the fastest wave travelling along the tangential direction at any given time. 

Assume that r r < < r t for short times after initial contact between the SW and LISM. This 
implies that some intermediate state is reached before the formation of a complete steady state 
within which the radial waves have slowed down significantly (forming a quasi-steady state) 
but in which the tangential waves are still present moving very slowly compared to typical 
radial velocities. 

To a good approximation this quasi-steady state should resemble the one-dimensional case 
discussed in the previous section i.e. initial adiabatic expansion towards the TS, vr oc r~2 

between the TS and the HP and vt assumed to be zero everywhere. Therefore, arbitrarily close 
to the HP at some radial position THP, vt =vr = 0 and P{THP — Sr) — P ( r y p + Sr). 

At some later time the developing tangential velocity component will have a noticeable influ­
ence on this quasi-steady state changing the state close to the HP as vt ^ 0 and vr = 0. If 
it is assumed that the tangential velocity acquired on the solar side of the HP is much larger 
than the tangential velocity acquired by the LISM on the other side it implies that the density 
decreases (due to the net tangential flux outward) causing P{THP — Sr) < P{THP + Sr). There­
fore, where the HP existed as a contact discontinuity in the quasi-steady state there now exists 
a pressure gradient across it causing mass flow across the position where the HP once was. 
Subsequently this mass flow reestablishes pressure equilibrium. 

The influence of the tangential component acquired by SW and LISM protons either side of 
the HP causes the contact discontinuity to devolve into a transition region. The thickness of 
this transition region increases with increasing 9 with a true contact discontinuity existing only 
along the radial path 6 = 0 as seen in Figs.(3.4), (3.5) and (3.6). 

The structure of the heliosphere as it forms due to the interaction between the SW and LISM 
can, therefore, be summarised as consisting of three interfaces called the TS, HP and BS. The 
TS encloses a region in which the SW expands supersonically, adiabatically and radially. At 
the TS the SW undergoes a transition to a subsonic flow. Similarly the BS separates a region of 
unperturbed supersonic LISM protons from a region in which the LISM is subsonic. The region 
between the TS and BS contains a third interface (called the HP) which separates the subsonic 
SW and LISM protons. In the heliosheath the SW and LISM protons obtain pronounced tan­
gential velocities causing the two species to flow around the 'supersonic bubble' encapsulated 
by the TS. 

Having established the basic structure and characteristics of the heliosphere the sensitivity of 
this structure and its characteristics to different boundary conditions are investigated in the 
next section. 
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Model np,SW VP,SW Tp,sw np%LISM Vp,LISM TP,LISM 
(cm-3) (km-s-1) (K) (cm-3) (km.s-1) (K) 

1 5.0 400.0 105 0.10 26.0 8000 
2 2.5 400.0 105 0.10 26.0 8000 
3 7.5 400.0 105 0.10 26.0 8000 
4 5.0 300.0 105 0.10 26.0 8000 
5 5.0 450.0 105 0.10 26.0 8000 
6 5.0 400.0 5 x 104 0.10 26.0 8000 
7 5.0 400.0 2 x 105 0.10 26.0 8000 
8 5.0 400.0 105 0.05 26.0 8000 
9 5.0 400.0 105 0.20 26.0 8000 
10 5.0 400.0 105 0.10 25.0 8000 
11 5.0 400.0 105 0.10 27.0 8000 
12 5.0 400.0 105 0.10 26.0 6000 
13 5.0 400.0 105 0.10 26.0 9000 

Table 3.2: Parameters used to calculate different instances of the SW-LISM interaction. 

3.5 Heliospheric sensitivity to SW and LISM parameters 

In section 3.4 the structure and characteristics of the heliosphere are investigated assuming a 
certain state for the SW and LISM at the inner and outer boundaries of the grid in Fig.(2.4) 
respectively. In this section the dependence of the heliospheric structure and its associated 
characteristics on the assumed state of both the SW and LISM at the aforementioned bound­
aries are investigated. As mentioned in section 3.2 the state of both the SW close to the Sun and 
LISM at large heliocentric distances are not defined in absolute terms. Rather a plausible range 
of parameters exist describing the aforementioned states. In this section a parameter study is 
presented to gauge the sensitivity of the heliosphere to different plausible states assumed for 
the SW and LISM. The SW and LISM are still assumed to consist of protons alone. It is impor­
tant to note that the inclusion of neutral atoms and PUI's in the SW interaction will influence 
the results presented here. A parameter study including these effects is presented in the next 
chapter. 

Listed in Table 3.2 are the different boundary conditions for which the heliosphere is calculated. 
Model 1 is taken as a reference model. It is assumed that the SW has the same velocity, density 
and temperature for all angles 9 in Fig.(3.3) and that the y-axis in Fig.(3.3) correspond to the 
solar axis of rotation. 

Shown in Fig.(3.8) are the radial position of the TS, HP and BS for 9 e [0°, 180°] calculated for 
the different models listed in Table 3.2. 9 is taken as the angle between a radial line and the 
positive x-axis, as shown in Fig.(3.3). From Fig.(3.8) it is immediately visible that the position 
of the TS, HP and BS is sensitive to the dynamic pressure (defined as pv2 where v is the magni­
tude of the total velocity) of the SW and LISM. Increasing either the density or the velocity of 
the SW (or LISM) causes the TS, HP and BS to form at larger (or smaller in the case of LISM in­
creases) heliocentric distances compared to the reference model. Decreasing either the density 
or velocity of the SW (or LISM) causes the opposite effect. 
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Figure 3.8: The heliocentric radial position of the TS (solid line), HP (dashed line) and BS (dotted line) 
for 9 e [0°, 180°] calculated from different boundary conditions, as listed in Table 3.2. Numbers 1-13 in 
the graphs correspond to the same numbers in Table 3.2. 
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Specifically it is seen that a 50% reduction in the SW density (from 5.0 c m - 3 to 2.5 cm - 3 ) at 
the inner boundary causes the TS, HP and BS to form at radial distances in the nose which 
are ~ 28% less than the same positions for the reference model. A 50% increase in the same 
parameter (from 5.0 c m - 3 to 7.5 cm - 3 ) causes the radial positions of the TS, HP and BS in the 
nose to increase by ~ 24%. Reducing the SW velocity by 25% (from 400 km.s - 1 to 300 km.s - 1) 
leads to the TS, HP and BS being ~ 25% closer in the nose while increasing the SW velocity by 
12.5% (from 400 km.s - 1 to 450 km.s - 1) causes the radial positions of the same three interfaces 
to increase by ~ 15% in the nose. 

From Fig.(3.8) it can be seen that altering the SW temperature by 50% (from 105 K to both 
5 x 104 K and 2 x 105 K) does not affect the formation of either the TS, HP or BS visibly. Due 
to the supersonic nature of the SW between the Sun and the TS its dynamics are dominated 
by the pv2 contribution to the amount of energy per unit volume. For a typical SW velocity of 
~ 400 km.s - 1 and a SW density of ~ 5 c m - 3 the energy associated with the pv2 term is ~ 10 - 9 

erg.cm -3 . The thermal contribution (for an assumed temperature of ~ 105K and typical density 
of 5 cm - 3 ) is of the order ~ 10 - 1 2 erg.cm - 3 . Furthermore, due to the adiabatic expansion of 
the SW between the Sun and the TS, the thermal pressure (which is a measure of the amount 
of thermal energy per unit volume) decreases more with increasing radial distance than does 
the pv2 contribution. 

From Fig.(3.6) it is visible that the TS corresponds to a discontinuous increase in density and 
thermal pressure, while velocity decreases discontinuously Since the thermal pressure is a 
measure of the amount of thermal energy per unit volume this implies that some of the kinetic 
energy of the SW (associated with pv2) has been converted to thermal energy. The thermal en­
ergy of the SW, therefore, plays a larger role in the heliosheath (where the velocity is subsonic). 

However, from Fig. (3.8) it can be seen that increasing the temperature of the SW at the inner 
boundary does not alter the volume of the inner heliosheath at all, even though the volume of 
the inner heliosheath should be in part dependent on the thermal properties of the SW. This 
apparent contradiction can be resolved by noting that the thermal energy of the SW in the 
heliosheath depends on the amount of kinetic energy that is converted to thermal energy at 
the TS. Since the amount of kinetic energy of the supersonic SW before the TS is dominated by 
the pv2 term, it implies that the thermal energy (and subsequent temperature) of the SW in the 
heliosheath does not depend on the SW temperature at the inner boundary (as long as the SW 
is supersonic at this boundary). 

Evident from Fig.(3.8) is that an increase in the density or heliocentric velocity of the LISM 
causes the TS, HP and BS to form at distances closer to the Sun. The opposite applies for 
decreases in the density or velocity associated with the LISM. Specifically a 50% increase in the 
LISM density (from 0.1 c m - 3 to 0.2 cm - 3 ) leads to the TS, HP and BS forming ~ 30% closer to 
the Sun in the nose region. Decreasing the LISM density by 50% (from 0.1 c m - 3 to 0.05 cm - 3 ) 
causes the same three interfaces to form at distances ~ 43% farther away from the Sun in the 
nose. A 4% increase in the LISM heliocentric velocity (from 26 km.s - 1 to 27 km.s - 1) leads to 
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the TS, HP and BS forming ~ 4% closer to the Sun while a 4% decrease in the same parameter 
(from 26 km. s - 1 to 25 km.s - 1) causes the three interfaces to form at positions which are ~ 4% 
further out in the nose region. 

From Fig.(3.8) it can be seen that the position of the TS, HP and BS depend slightly on the 
assumed LISM temperature at the outer boundary. Specifically a 12.5% increase in the LISM 
temperature (from 8000 K to 9000 K) leads to the TS and HP forming slightly closer to the 
Sun, with the effect only being truly visible in the polar and tail regions. The same increase, 
however, causes the BS to form ~ 4% further away from the Sun in the nose than was the case 
for the reference model. This implies that an increase in the LISM temperature acts to increase 
the volume of the outer heliosheath slightly. 

Lastly it can be seen that decreasing the LISM temperature at the outer boundary by 25% 
(from 8000 K to 6000 K) causes the BS to move inward by ~ 10% while the HP and TS form at 
slightly larger heliocentric distances. Interestingly such a reduction of the LISM temperature 
at the outer boundary significantly influences the TS geometry in the tail regions, where it is 
seen that the TS becomes spherical for 0 > 120°. 

3.6 Summary 

The numerical scheme discussed in Chapter 2 is used in this chapter to show how the he-
liosphere forms, what its characteristic structure and properties are and how sensitive it is to 
assumed boundary conditions for a case where only protons are considered. 

Specifically it is shown that the heliosphere forms as three waves propagate away from the 
initial point of contact between the SW and LISM. As these waves become stationary (forming 
two stationary transonic shocks and a contact discontinuity) the heliosphere forms. The he­
liosphere is characterised by three regions, two being the unperturbed SW and LISM plasmas 
and the third (called the heliosheath) forming where the former two supersonic fluids undergo 
transitions to subsonic flows. The heliosheath is characterised by high densities, high thermal 
pressures, radial deceleration and tangential acceleration. The positions of the two stationary 
shocks and the contact discontinuity depend on the assumed states of the SW (close to the Sun) 
and the LISM (at large heliocentric distances). Specifically the dynamic pressure of either the 
SW or the LISM influences the structure of the heliosphere greatly. In the next chapter this will 
be shown to hold for the case where other particles (such as hydrogen and pick-up ions) are 
considered. In the penultimate chapter of this work this result will be used in determining the 
time dependent state of the heliosphere from a range of spacecraft data. 

The 'protons only' case discussed in this chapter dominates the structure of the heliosphere 
in the sense that, even as more particle species are considered the heliosphere retains its two 
shock structure (as long as the SW and LISM remain supersonic). The influence of other parti­
cles (such as hydrogen and PUI's) are important though and is the topic of the next chapter. 



Chapter 4 

The heliosphere II 

4.1 Introduction 

In Chapter 3 the SW-LISM interaction is described for the simplified case where it is assumed 
that the SW and LISM consist solely of protons. Apart from protons, the LISM also contains a 
significant number of neutral hydrogen atoms, the abundance of which is roughly of the same 
order as the LISM proton component. In this chapter it will be shown that the addition of neu­
tral atoms to the SW-LISM interaction requires that the neutral atom population be treated sep­
arately (due to the differences in the proton-proton, proton-hydrogen and hydrogen-hydrogen 
interaction cross sections). Specifically the separate hydrodynamical treatment of the neutral 
hydrogen population is formulated and the subsequent effect on the SW-LISM interaction is 
studied. 

In order to understand the effect of neutral atoms on the SW-LISM interaction the various 
mutual interactions between hydrogen atoms and protons are investigated and different theo­
retical approaches to modelling these interactions are briefly discussed. Of specific interest is 
the hydrodynamical approach, where it is assumed that the dynamics of the neutral hydrogen 
species is described by a set of Euler equations. This approach couples the neutral hydrogen 
and proton species through various source terms describing the exchange of mass, momentum 
and energy. These source terms are listed explicitly in this chapter. 

Results from a hydrodynamical model that include the effect of neutral hydrogen atoms on 
the SW-LISM interaction are presented. These results are then compared to similar results 
calculated for the 'protons only' case. The chapter concludes with a parameter study which 
is compared to the results from section 3.5 explicitly showing the effect neutral atoms have 
on the heliosphere forming from different assumed SW and LISM states. The results from 
the parameter study are also compared to calculations from Miiller et al. (2006), who used an 
alternative hydrodynamical formulation describing the SW-LISM interaction. 

63 
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4.2 Hydrogen and PUI's in the heliosphere 

The presence of neutral atoms in the LISM (see section 3.2) necessitates that different types of 
particle interactions must be considered in any description of the SW-LISM interaction. Im­
plicit to the 'protons only' case discussed in Chapter 3 is that protons interact via long range 
electromagnetic fields in such a way that the proton velocity distributions of both the SW and 
LISM relax towards Maxwellian distributions centred on their respective bulk velocities. In 
the context of hydrodynamics the distribution function of an ordinary isolated fluid relaxes 
to a Maxwellian distribution if left to itself, through collisions between particles in the fluid. 
The dynamics of such a fluid can be calculated from the Euler-equations (given in Chapter 2), 
which contains no information about specific particles or the collisions between them. For the 
SW and LISM a Maxwellian distribution implies that the electromagnetic interactions between 
protons can be approximated as collisions between 'ordinary' particles, where the long range 
Coulomb interaction between two protons is contained in an appropriate collision cross sec­
tion. Subsequently the SW-LISM proton interaction can be calculated from the Euler-equations. 
Modelling the proton population hydrodynamically therefore, implies that these Coulomb in­
teractions are efficient enough to keep the proton velocity distribution Maxwellian. 

The presence of neutral atoms in the LISM increases the number of interactions that may occur. 
A complete list of such interactions is given by Zank (1999). Of these the most important 
are the Coulomb interactions between protons (acting to keep the respective proton species 
in equilibrium), collisions between hydrogen atoms themselves, charge exchange interactions 
between hydrogen atoms and protons, electron impact ionisation between hydrogen atoms 
and sufficiently energetic electrons, and photoionisation. 

Collisions between similar particles (Coulomb collisions in the case of protons and collisions 
between different hydrogen atoms) act to produce a Maxwellian velocity distribution. Alterna­
tively interactions between dissimilar particle species may induce departures from a Maxwellian 
velocity distribution in either (or both) of the respective particle velocity distributions. This is 
illustrated best by considering charge exchange. Charge exchange between a proton and hy­
drogen atom implies that after the interaction the two particles swap charge without transfer­
ring momentum (see Holzer, 1989; Zank, 1999). Therefore, a proton created in a charge exchange 
interaction retains the kinetic properties of its parent hydrogen atom. 

Now assume that some volume contains a number of protons and hydrogen atoms that interact 
via charge exchange and that the proton and hydrogen species can be described by separate 
Maxwellian distributions centred on different bulk velocities (for the sake of argument assume 
that the hydrogen bulk velocity is less than the proton bulk velocity). 

The number of collisions r\ occurring per unit time per unit volume is proportional to the 
relevant collision cross section a, the relative velocity vrei between the two particle species and 
the densities ni and n^ of both species. Therefore, 
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r) oc avrelniri2. (4.1) 

In general a depends on vrei. Assume that some optimal relative velocity exists (say for VH = x 
m.s _ 1 and vp = y m.s_1) so that r) is maximal. This implies that charge exchange between 
protons and hydrogen atoms adds appreciable numbers of protons with velocity x m . s - 1 to 
the proton velocity distribution, while removing the same number of protons with velocity y 
m.s _ 1 from it (the opposite happens for the hydrogen species). If collisions between protons 
themselves do not occur with sufficient frequency (approximately equal to the frequency of 
charge exchange) the net effect of charge exchange interactions is to cause an asymmetric de­
parture from the initial Maxwellian proton velocity distribution function. The same goes for 
the hydrogen distribution function. 

Similar asymmetries occur for electron impact and photoionisation. For electron impact or 
photoionisation to occur an electron or photon (possessing enough energy to ionise a hydrogen 
atom) collides with a neutral hydrogen atom stripping it of one electron. Electron impact 
and photoionisation, therefore, act to increase the number of protons with a certain velocity 
(while decreasing the number of hydrogen atoms) which may cause departures from an initial 
Maxwellian velocity distribution if proton-proton (and hydrogen-hydrogen) collisions do not 
occur at a sufficient rate. 

In the context of a purely hydrodynamical formulation these interactions can be problem­
atic since such a formulation requires that all the particle species velocity distributions are 
Maxwellian. It will be shown, however, that in the context of the heliosphere a purely hy­
drodynamical formulation of the SW-LISM interaction (with the latter containing both protons 
and hydrogen atoms) is possible and yields accurate results. 

The first assumption made is that the proton interaction in the SW and LISM can still be de­
scribed hydrodynamically, similar to the case in Chapter 3. Secondly it is assumed that the 
heliosphere still forms with approximately the same characteristics as shown in Figs.(3.4) and 
(3.5) even if neutral atoms affect the SW-LISM interaction. This implies that proton-proton 
collisions remain the dominant process characterising the heliosphere. This will be shown to 
hold in section 4.4 where the SW-LISM interaction is calculated self-consistenfly. From these 
assumptions it follows that neutrals from the LISM enter the heliosphere by propogating ac-
cross the BS. 

From the results in section 3.4 it follows that LISM protons (in nose region of the heliosphere) 
traversing the BS experience deceleration as the HP is approached and acquire appreciable 
tangential velocities as the proton species is forced by the SW to flow around the HP. As this 
is a result of the proton-proton interaction between the SW and LISM the hydrogen atoms do 
not experience a similar change in state. Outside the BS it is expected that the relative velocity 
between the LISM protons and neutral atoms is small. Since it is assumed that the bulk motion 
of the LISM protons and hydrogen atoms is aligned, the relative velocity between a proton 
and hydrogen atom is entirely due to thermal motion. Beyond the BS the proton component is 
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heated, compressed, decelerated and 'turned'. This implies that both the relative thermal and 
bulk velocities between protons and hydrogen atoms should increase as the BS is traversed. 

0.01 0.10 1.00 10.00 100.00 1000.00 10000.00 
energy [eV] 

Figure 4.1: Charge exchange (CE), photoionisation (PI) and electron-impact ionization (El) cross sections 
for different interaction energies. The cross sections are taken from File et al. (1962); Allen (1973) and Lotz 
(1967) respectively. Also shown are the hydrogen-hydrogen (H-H) collision cross section (see Zank, 
1999, for reference), and the Coulomb cross section (p-p) for protons (from Chen, 1974). The filled areas 
represent the energy ranges of LISM particles (both outside the BS and inside the outer heliosheath) and 
SW particles (both in the inner heliosphere and inner heliosheath). More recent TDest fit' cross section 
data is obtained by Lindsay and Stebbings (2005). See also Fahr et al. (2007). 

To quantify this change the relevant cross sections are shown in Fig.(4.1). From Fig.(4.1) it can 
be seen that particle energies in the LISM and outer heliosphere are not sufficient to induce 
electron impact ionisation (El) and due to the large distance from the Sun photoionisation (PI) 
can be neglected in this region (see Zank, 1999; Fahr et al, 2000). For the range of particle ener­
gies that characterise the LISM and outer heliosheath the charge exchange (CE) cross section is 
approximately constant. The change in state that the LISM protons incur as the BS is traversed 
acts to increase the number of collisions in Eq.(4.1) since the proton density increases, as well 
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as the relative velocity taken from Holzer (1972) as 

(Tp + TH) + (vp - wH) • (vp - wH). (4.2) 

It is, therefore, expected that charge exchange will play a significant role in the outer he­
liosheath (it will be argued below that this is the region where most charge exchange collisions 
occur). If it is assumed that the proton and hydrogen distributions in the undisturbed LISM are 
Maxwellian it follows that significant departures from these distributions may be incurred in 
the outer heliosheath. However, from Fig.(4.1) it can be seen that the proton-proton cross sec­
tion is the largest cross section close to lower energies in the heliosheath. These lower energies 
correspond to the slow, hot protons that populate the outer heliosheath. Fig.(4.1), therefore, 
suggests that proton-proton collisions will act to restore the Maxwellian proton distribution in 
the outer heliosheath and that any departure from a Maxwellian distribution should be mar­
ginal for protons. This is supported by the results of Fahr and Bzoioski (2004). 

Regarding the hydrogen species in the outer heliosheath it can be seen that the hydrogen-
hydrogen cross section is almost ~ 50% less than the charge exchange cross section (for all 
particle energies encountered in the LISM and outer heliosheath). This implies that charge 
exchange induced departures from an initial Maxwellian distribution are not effectively coun­
teracted by collisions among hydrogen atoms (see also Fahr and Bzoioski, 2004). This implies 
that a hydrodynamical description of hydrogen atoms may incur the largest errors in the outer 
heliosheath (as found by Heerikhuisen et ah, 2006). In a later section it will be shown that while 
such errors are incurred, the hydrodynamical approach captures the state of SW protons (mod­
ified through their interaction with neutral atoms) and the characteristics of the hydrogen pop­
ulation accurately. 

Recall from section 3.4 that the HP formed as a contact discontinuity (or transitional region) 
between the SW and LISM protons in the inner and outer heliosheath across which little or 
no mass transport takes place. Since this is a consequence of proton-proton interactions neu­
tral hydrogen atoms are free to propagate across the HP (barring any effects occurring in the 
outer heliosphere that may impede such a crossing). Compared to the LISM proton density 
in the outer heliosheath the inner heliosheath is approximately 103 times less dense (as can be 
seen from Fig.3.6). Furthermore, from Fig.(4.1) it can be seen that the charge exchange cross 
section is significantly reduced at these energies (compared to particle energies in the outer he­
liosheath). This implies that charge exchange will occur less frequently in this region than was 
the case for the outer heliosheath. Since the inner heliosheath is the only region where elec­
trons may acquire sufficient thermal energies to ionize neutral hydrogen atoms electron impact 
ionisation may also occur in this region, although at an even lesser rate than charge exchange 
interactions due to the comparatively small electron impact cross section (see Fig.4.1). 

In the inner heliosphere most of the SW proton species energy is associated with its supersonic 
velocity, while in the inner heliosheath the largest contribution to the energy is thermal. There-

Vrel = 
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fore, electron impact ionisation can be neglected in the former region. As hydrogen atoms 
propagate toward the Sun increasing numbers of protons are encountered due to the adiabatic 
expansion of the SW. The proton number density at ~ 5 AU is of the same order as the LISM 
proton density in the outer heliosheath. However, due to the reduced value of the charge ex­
change cross section in this region (due to its energy dependence, shown in Fig.4.1) it can be 
expected that this close to the Sun charge exchange interactions will occur at a significantly 
lesser rate than in the outer heliosheath. 

Charge exchange in the inner heliosphere implies that relatively slow hydrogen atoms (charac­
terised by the relative velocity between the Sun and LISM) exchange charge with relatively fast 
SW protons. The result is slow protons created in the SW and fast hydrogen atoms added to 
the neutral species. From Fig.(4.1) and Eq.(4.1) it can be seen that such a fast hydrogen atom is 
unlikely to have any subsequent interactions with SW protons. Since the newly created hydro­
gen atom has a velocity comparable to that of a SW proton, vrei in Eq.(4.1) is greatly reduced 
allowing these fast neutral atoms to escape into the outer heliosheath without encountering an­
other proton. In the outer heliosheath the probability of interacting with a proton is increased 
slightly. However, since the charge exchange cross section for an interaction between a fast 
moving neutral atom and a slow moving proton is still ~ 80% less than the charge exchange 
cross section for the interaction between a slow hydrogen atom and a slow proton the former 
interaction is completely dominated by the latter in the outer heliosheath. Regarding the dy­
namics of the proton species these fast neutrals are, therefore, dynamically unimportant (see 
Zank et al, 1996; Fahr et al, 2000). 

Slow protons created in the SW through charge exchange are, however, important. Due to 
the extremely small proton-proton cross section at SW energies it is unlikely that these newly 
created protons will interact with the bulk SW in such a way to produce a single Maxwellian 
distribution. These newly created protons constitute a third, separate particle species called 
pick-up ions (PUI's). The dynamics of PUI's in the heliosphere are extremely important. As 
stated in section 3.2, PUI's provide a seed population for anomalous cosmic rays (ACR's). PUI 
production also influences the SW dynamically, as will be shown later in this section. Due to 
their importance, a brief summary of PUI's in the heliosphere follows. 

Although the SW can be modelled hydrodynamically, in reality it is a fully ionised plasma. 
Embedded in the SW plasma is the interplanetary magnetic field. In the hydrodynamical for­
mulation information regarding the magnetic field is lost. However, in describing the dyn-
maics of PUI's it is momentarily necesary to examine the effect of the embedded magnetic 
field on the motion of PUI's in the SW. It will be shown that the end result still allows for the 
hydrodynamic formulation of the SW-LISM interactrion. As PUI's are created in the SW they 
immediately respond to the interplanetary magnetic field so that (see Fahr, 1973) 

mp— = q [(v - v s w ) x B] (4.3) 
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where mp is the proton mass, v is the velocity of a single PUI, vsw is the SW bulk velocity 
and B is the interplanetary magnetic field vector, q is the proton charge. Eq.(4.3) describes 
the gyration of PUI's around interplanetary magnetic field lines. Apart from gyration PUI's 
are scattered (and their distribution subsequently isotropised) by ambient fluctuations in the 
interplanetary magnetic field (such as turbulence) and through self generated low frequency 
fluctuations (see Wu and Davidson, 1972; Lee and Ip, 1987). These effects are discussed in great 
detail by Zank (1999). As can be seen from Eq.(4.3) the PUI velocity becomes constant as v = 
VSVJ/- The net effect of gyration and scattering of PUI's (ignoring other transport effects such as 
diffusion and drift. See Fichtner et al, 1996a) is a radially symmetric PUI velocity distribution, 
given as (from Fahr et al, 2000) 

f constant v < vsw(r) 
fpui{r,v) = i (4.4) 

^ 0 v > vsw(r). 

Compared to charge exchange, PUI-PUI and PUI-SW interactions are negligible. This results 
in the non-Maxwellian PUI distribution function (Eq.4.4) and PUI's forming a distinct parti­
cle population separate from the SW protons. Regarding the SW velocity distribution, charge 
exchange with slow neutrals induces a net loss of fast protons (exchanged for slow PUI's sub­
sequently accelerated by electromagnetic forces) and should cause a deviation from an initial 
Maxwellian velocity distribution for SW protons. If the number of PUI's created are signif­
icantly less than the SW proton number density at a specific point in space and time these 
deviations should be negligible, allowing for the hydrodynamic description of SW protons. 

From the above arguments a fully hydrodynamical description of the SW-LISM should accu­
rately capture the SW proton state and the subsequent heliosphere forming due to its interac­
tion with the LISM (which together with accurate PUI densities are exactly the requirements 
that such a model should satisfy within the context of cosmic ray modulation). If a hydrody­
namical approach is not followed, the SW-LISM interaction needs to be calculated kinetically 
This is the approach followed by Baranov and Malatna (1993) and involves calculating a solution 
to the full Boltzmann equation together with the relevant collision integrals. An alternative ap­
proach is followed by Zank et al. (1996) where the neutral hydrogen species is divided into three 
distinct populations, each described by a separate set of hydrodynamical equations. 

In this work a simpler hydrodynamical formulation will be used, similar to the model devel­
oped by Pauls et al. (1995). The model used here derives from the model developed by Fahr 
et al. (2000) which uses different source terms coupling the different particle species (specifi­
cally regarding the energy transfer between hydrogen atoms and protons). The model by Fahr 
et al. (2000) also uses a different numerical algorithm (based on the formalism in Chapter 2) 
to solve the set of coupled hydrodynamical equations. Lastly the mass conservation equation 
for PUI's is solved in the Fahr et al. (2000) model, providing results explicitly showing their 
abundance throughout the heliosphere. 
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In the next section the source terms coupling the different particle species in a hydrodynami­
cal context are listed. Using these source terms numerical results will be obtained showing the 
influence of neutral atoms on the heliospheric structure. In a later section a parameter study 
will be presented to study the effect different assumed SW and LISM states have on the he-
liosphere. These results will also be compared to a similar study by Mutter et al. (2006) where 
the model developed by Zank et al. (1996) is used. It will be shown that the results from the 
hydrodynamical approach followed in this work correspond to the results derived from the 
Zank et al. (1996) model and that these results describe the heliosphere with sufficient accuracy 
to be useful in the context of cosmic ray modulation. 

4.3 Hydrodynamical modelling of the multi species heliosphere 

In the framework of hydrodynamics both the SW-LISM protons and the LISM neutral hydro­
gen population are described by a set of Euler-equations similar to Eqs.(2.92), (2.93) and (2.94) 
with the addition of source terms affecting the coupling between the different particle species. 
Therefore, each species is described by 

d^ + V-{PiVi) = Si,p (4.5) 

-Qt (jH-Vi) + V • (piVi ® Vi) + VPi = SiiV (4.6) 

aE,+V-M^ + \**))=*j (4.7) 
dt V V 7 - 1 2 

where i = p denotes the proton species and i = H denotes the neutral hydrogen species. 
Since the PUI velocity distribution is not Maxwellian (see Eq.4.4) only the mass conservation 
equation will be solved for PUI's, together with an appropriate source term Spuj,p- The source 
functions Sip, Sj)U and ,%£ are calculated by taking into account the production and loss rates 
of particles due to charge exchange, photoionisation and electron impact ionisation and the 
subsequent gains or losses in mass, momentum and energy. These rates are listed below and 
taken from Kausch (1998) and Fahr et al. (2000). 

For charge exchange the frequency with which new protons are created (or hydrogen atoms 
are lost) is given by 

VCEP = <?CEVreinp (4.8) 

while the production frequency for hydrogen atoms (equal to the loss rate of protons) is given 
by 
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"CE H = VCEVreinH (4.9) 

where the charge exchange cross section is taken from Fite et al. (1962) as 

aCE = (2.1 x 10~7 - 9.2 x 1(T9 In (i; re i))2cm2. (4.10) 

This is the charge exchange cross section shown in Fig. (4.1). The relative velocity vrei is taken 
from Holzer (1972) as 

Vrel = j ^ ~ (TP + TH) + (VP " VH) ■ (Vp - Vff) (4.11) 

where Tp and TH are the temperatures of the proton and hydrogen species respectively. 

Photoionisation occurs as a neutral atom is ionized by sufficiently energetic incident radiation. 
In the context of the heliosphere it is assumed that the only source of sufficiently energetic radi­
ation is the Sun. The photoionisation frequency (resulting in a loss of neutrals and a production 
of protons) is given by 

r2 

r2 »$rP = A (4.12) 

where r is the radial heliocentric position, a = 8x 10 - 8 s~l is constant and ro = 1 AU. Since the 
photoionisation frequency is inversely proportional to r2 it is expected that it will only have 
significance close to the Sun. 

Electron impact ionisation leads to the production of protons from neutral hydrogen atoms 
(provided that the incident electron has an energy larger than the ionisation energy of hydro­
gen) at a frequency of 

VETP — VEive,reine (4-13) 

where it is assumed that the number of electrons and protons in the SW or LISM is approxi­
mately the same so that ne « np. The relative velocity between the electrons and the neutral 
species is taken from Fahr et al. (2000) as 

Ve,rel ~ \ —Vrel (4.14) 
V 

where vrei is given in Eq.(4.2). The relevant cross section is taken from Fahr et al. (2000) as 

aEi = lx U P " fl+^ T for \mev^e > 13.6 eV (4.15) 
1 + Vrel,e (C + dvrdfi) 1 
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with 

a = -16.708177 
6=1.232277 
c = 6.8078 x 10~2 

d = 9.5x 10~4. 

OEI is shown in Fig.(4.1). From the above production and loss rates the source terms in 
Eqs.(4.5), (4.6) and (4.7) can be calculated. 

For SPiP and SH,P it is noted that for charge exchange the number of protons lost by the proton 
species is exactly equal to the number of protons gained from the neutral population. Simi­
larly the neutral population does not experience a decrease in number density due to charge 
exchange interactions. Photoionisation and electron impact ionisation do, however, result in a 
net loss of hydrogen atoms and a net gain of protons. Therefore, the 5P)P and SH,P source terms 
may be written as 

v = (^rp+»%rp) PH sH,p = - {y§r
p+»%rp) PH. <4.IT) 

In Chapter 2 it was shown that the numerical calculation used to update the system between 
timesteps is done in three phases. During the first two phases the change in a volume averaged 
quantity due fluxes into and out of a certain volume is calculated. During the third step contri­
butions from source or loss terms are taken into account. Therefore, during this last phase, the 
total change in a certain cell averaged quantity is given by the total production or loss rate of 
that quantity. This allows for the hydrogen mass conservation equation to be written in terms 
of the total time derivitave as 

dPH _ (,H-+P , ,,H-+P\ „ (A ta\ 
—— = - [ypi + vm j pH. (4.18) 

The amount of hydrogen Ap# lost in a time At = t\ — to is obtained by integrating over time 
so that 

„H^P' PH = PHfie-^" +,Ji< ^ (4.19) 

where PH,O is the hydrogen density at time t — to- Since the number of neutrals lost due to 
photoionisation and electron impact ionisation is equal to the number of protons gained it 
follows that 

App = PH,O - PH,oe-^P+v"rF)At. (4.20) 
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If it is assumed that pjj and pp are cell averaged quantities (in the context of Chapter 2) 
Eqs.(4.19) and (4.20) give the cell averaged gain or loss in p# and pp during a single time 
step and are readilly implemented in Eq.(2.91). 

Charge exchange between a neutral atom with velocity v # and a proton with velocity vp re­
sults in the proton species acquiring momentum proportional to v # and losing momentum 
proportional to vp . If protons are added to the proton fluid at a rate of VQEP anc^ r e m o v e d at 
a rate of UQ^H ^ follows that the momentum gain or loss due to charge exchange is given by 

Sp,v,CE = VCEPVH ~ VCEHVP = -^PpPHVrel (Vtf - Vp) . (4.21) 
Trip 

In the context of Chapter 2, Eq.(4.21) needs to be rewritten as a gain or loss of a cell averaged 
quantity (in this case pvp) over a time interval At. By noting that 

| (ppvp) = Sp>v,C£ ^ ^ p 2 (4.22) 

it follows that 

A (ppXp) ~ -pppHVrel (VH - vp) At (4.23) 
Trip 

which is readilly useable in Eq.(2.91) as the gain or loss in momentum as a result of charge 
exchange. Regarding photoionisation and electron impact ionisation it is assumed that the 
newly created protons are immediately convected with the proton bulk velocity and, therefore, 
yield the momentum source function 

sPiv,P7,£7=vpPH (^rp+^rp) (4.24) 

which is just the number of protons produced per unit volume per unit time (through pho­
toionisation and electron impact ionisation) multiplied by their velocity. Similar to the pro­
cedure used to obtain Eq.(4.23) the gain in momentum during a time step At due to electron 
impact and photoionisation is 

A (ppvp) = WpPH {v$fP + UETP) At. (4.25) 

For the energy source term SPJE resulting from charge exchange the result from McNutt et al. 
(1998) is used (the momentum source term derived therein is identical to the one in Eq.4.21). In 
McNutt et al. (1998) the momentum and energy source terms are calculated from the Boltzmann 
collision integrals resulting from charge exchange between protons and neutral atoms, where 
both species can be initially described by Maxwellian distribution functions with different bulk 
characteristics. The energy source term SPJE is 
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o &CE 2Kel (PPPH ~ PliPp) + -PpPHVrel {vH ~ ul) (4.26) 

where OCE is evaluated at vTe\ and 

Kei = J^~p {TP + TH) + (vp - VH) • (vp - VH) . (4.27) 

Similar to the procedure used to obtain Eq.(4.23) the gain or loss of energy experienced by the 
proton fluid during a time interval At is 

AEc?™ 2vrel (PPPH ~ PHPP) + ^PpPHVrel {vH ~ Ul) At. (4.28) 

The momentum and energy source terms for the neutral hydrogen population are listed from 
Kausch (1998) and Fahr et al. (2000) as 

Stf.v = ~ {vprP + 7 y f r P ) PHVH ~ ^PpPHVrel {^H - Vp) 
(4.29) 

SH,E = - {y$rP + »%rP) PHEH - ^fPp (EH - %E,) . 

Lastly the PUI density can be calculated from the conservation of mass. Using Eq.(4.3) it is 
assumed that all PUI's are eventually accelerated to the bulk SW velocity. This allows for the 
mass conservation equation 

d-~^- + V • (ppuivP) = SPUI,p (4.30) 

to be solved where SPUI,P is given by 

SPUI,P = {vprP + »ETP + »CEP) PH. (4.31) 

By separating the contributions from charge exchange and photoionisation together with elec­
tron impact ionisation it follows that the gain in PUI's from charge exchange is 

&PPUI,CE = vcEPPH^t. (4.32) 

The gain in PUI's due to photoionisation and electron impact ionisation is given by 

Appui,pi,Ei = ppui,0eWrp+»grp)±t ( 4 3 3 ) 

The source terms listed above are used to calculate the SW-LISM interaction numerically. The 
results of this calculation are given in the next section. For the rest of this work the effects of 
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Parameter Value 
^T>,LJSM 0.1 cm- 3 

r>-H,LlSM 0.1 c m - 3 

vp,LJSM (-26km.s^1)x 
VH,L1SM ( -26km.s _ 1 )x 
TpJ_lSM 8000 K 
TH,LISM 8000 K 
np,SW 5.0 cm- 3 

vp,SW (400 km.s-Of 
Tp.sw 105K 

Table 4.1: The assumed initial states of the SW and LISM. 

photoionisation will only be taken into account in the inner heliosphere since vppp decreases 
rapidly with increasing heliocentric distance. Electron impact ionisation will only be taken into 
account in the inner heliosheath since it is the only region where electrons may obtain sufficient 
thermal energies to ionize neutral hydrogen (see Zank, 1999; Fahr et al., 2000). Between the HP 
and BS only charge exchange interactions will be taken into account since this region is too 
far away from the Sun for photoionisation to be significant and to cold for electron impact 
ionisation to play any significant role (as can be seen from Fig.4.1). 

4.4 The three species heliosphere 

Using the source terms from the previous section together with the numerical formulation in 
Chapter 2 the heliosphere is calculated by including the mutual effects of LISM neutrals on 
the proton populations in the SW and LISM. An initial condition is calculated using the grid 
shown in Fig.(2.4). Initially each cell in Fig.(2.4) is assigned the same value for the neutral 
hydrogen density, velocity and pressure. It is assumed that the neutral hydrogen velocity in 
each cell is parallel to the negative x-dixection. All cells within a certain radius r^ are assigned 
a proton density, velocity and pressure consistent with adiabatic expansion of the SW. It is 
assumed that this initial expansion of the SW is purely radial. All the cells outside this radius 
are assigned the same proton density, velocity and pressure consistent with the LISM hlowing 
over' the Sun-centred system. This implies that in each cell outside r^ the proton velocity is 
assumed to be parallel to the negative x-direction. 

The values used are listed in Table 4.1, where x and f are unit vectors in the x and r directions 
(shown in Fig.2.4) respectively. This initial state is evolved in time according to the numerical 
scheme discussed in Chapter 2 until a steady state is reached. 

Fig.(4.2) shows the total proton density (the sum of original SW protons and newly created 
PUl's) in the plane defined by Fig.(2.4). This plane corresponds to any plane axially symmetric 
about the LISM flow direction also containing the Sun. Comparison with Fig.(3.4) shows that 
much of the heliospheric structure is similar to the 'protons only' case from Chapter 3. For 
the initial values in Table 4.1 (comparable to the reference model from section 3.5) the SW-
LISM interaction still produces three interfaces, namely the TS, HP and BS. It can be seen 
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Figure 4.2: The proton number density (top) and pressure (bottom) in a plane parallel to the LISM inflow 
direction, containing the Sun at the origin. Results are calculated from a model taking into account the 
mutual interaction between protons, neutral hydrogen and PUI's. In the inner heliosphere and inner 
heliosheath the proton species consists of both SW protons and PUI's. 

that the HP expands from a discontinuous separation between the shocked SW and LISM in 
the nose (where the separation is well defined) to a transition region as the polar regions are 
approached (where the region of separation becomes broader). As with the 'protons only' case 
these interfaces define four distinct regions. These are the inner heliosphere between the Sun 
and TS, the inner heliosheath between the TS and HP, the outer heliosheath between the HP 
and BS and the undisturbed LISM beyond the BS. Similar to the 'protons only' case Fig.(4.2) 
suggests that as the SW expands its density decreases with increasing heliocentric distance 
even though photoionisation causes a gain in protons in this region. As before the TS and BS 
correspond to jumps in density as the SW and LISM axe compressed by the converging flows, 

Shown in Fig.(4.3) is the radial and tangential velocity of the total proton species in the plane 
of Fig.(2.4). Comparing Fig.(4.3) with Fig.(3-5) shows that much of the characteristics of the 
'protons only' heliosphere are retained even though neutral atoms interact with SW and LISM 
protons. The SW expansion in the inner heliosphere is still primarily radial. At the termina­
tion shock the radial density decreases immediately while significant tangential velocities are 
acquired as the HP is approached. As with the 'protons only' case the - V - P force acts to ac­
celerate the protons between the TS and HP in the tangential direction. In the inner heliosheath 
this results in larger tangential velocities in the polar regions (compared to tangential velocities 
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Figure 4.3: The proton radial (top) and tangential (bottom) velocity components (vr and vt) in a plane 
parallel to the LISM inflow direction, containing the Sun at the origin. Results are calculated from a 
numerical model taking into account the mutual interaction between protons, neutral hydrogen and 
PUI's. In the inner heliosphere and inner heiiosheath the proton species consists of both SW protons 
and PUI's. 

in the nose). The above results justify previous assertions that the proton-proton interaction 
between the SW and LISM dominates the characteristics of the heliosphere. 

Fig.(4.4) shows regions of supersonic and subsonic proton flow calculated from the multi-
species model in the plane of Fig.(2.4). Similar to the 'protons only' results the inner he­
liosphere is characterised by supersonic bulk velocities with the proton species transiting to 
a subsonic flow at the TS. Similarly the supersonic incoming LISM protons transit to subsonic 
velocities at the BS. The inner and outer heiiosheath is primarily a region of subsonic flow ex­
cept in the polar regions. As with the 'protons only' case the — VP-force is effective enough to 
accelerate protons to supersonic velocities over the polar regions. Beyond the HP this implies 
that the shocked LISM proton velocity approaches the supersonic LISM inflow velocity close 
to the radial line defined by 9 = 90°. Comparing Fig.(4.4) with Fig.(3.7) shows that for the 
multi-species case the supersonic region in the inner heiiosheath is spatially distinct from the 
inner heliosphere which differs from the results calculated for the 'protons only' case. 

Fig.(4.5) shows the hydrogen and PUI densities obtained for a steady state in the plane of 
Fig.(2.4). From Fig.(4.5) it can be seen that the hydrogen density is greatly enhanced in the 
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Figure 4.4: Regions of supersonic (black) and subsonic (white) proton flow as calculated from a model 
taking into account the mutual interaction between protons, neutral hydrogen and PUI's. In the inner 
heliosphere and inner heliosheath the proton species consists of both SW protons and PUI's. 

outer heliosheath. This is the so-called hydrogen wall (see for example Baranov and Malama, 
1993) forming as a consequence of charge exchange between slow moving subsonic protons 
and fast hydrogen atoms characterised by velocities similar to that of the undisturbed LISM. 
This interaction produces large quantities of slow moving hydrogen atoms to build up between 
the BS and HP. Although the description of the neutral hydrogen atoms are hydrodynamic 
Fig.(4.5) shows that this essential characteristic (hydrogen density enhancement between the 
HP and BS) of the hydrogen species is captured here. 

In the inner heliosheath protons are decelerated radially as the HP is approached. These slow 
protons offer good targets for charge exchange interactions with incoming neutral atoms. Al­
though the neutral atom density reaching the inner heliosheath is fairly lower than the LISM 
neutral density there are still enough neutrals present in the inner heliosheath to produce a 
significant amount of PUI's in the post-TS SW as shown in Fig.(4.5). It needs to be noted that 
PUI's are by definition ions picked-up by the SW. Since SW particles do not propagate past 
the HP in any appreciable quantity the mention of PUI's only makes sense between the Sun 
and TS, and in the inner hetiosheath. In the outer heliosheath no distinction is made between 
protons initially from the LISM and those created through charge exchange. 

In the inner heliosphere it can be seen that most PUI's are produced close to the Sun due 
to a combination of factors. Close to the Sun the proton density is highest which increases 
the number of charge exchange collisions per unit time per unit volume. Furthermore, the 
photoionisation rate (Eq.4.12) decreases proportional to r~2 which implies that close to the 
Sun photoionisation is most effective, further enhancing PUI production in this region. This is 
consistent with the discussion in section 4.2. 
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Figure 4.5: The neutral hydrogen (top) and PUI (bottom) number density at different heliocentric po­
sitions as calculated from a model taking into account the mutual interaction between protons, neutral 
hydrogen and PUI's. 

The differences between the 'protons only' and multi-species heliospheres are best illustrated 
in Fig.(4.6). Shown in Fig.(4.6) are the density, pressure, radial and tangential velocity along 
different radial paths calculated for the total proton species for both the 'protons only' and 
multi-species cases. Also shown in the density plot are the hydrogen and PUI densities along 
the same radial paths. Immediately visible from Fig.(4.6) is that the TS, HP and BS form closer 
to the Sun if neutrals are included in the SW-LISM interaction, compared to the 'protons only' 
case calculated from similar initial SW and LISM states. This can be explained by using the 
parameter study from section 3.5 as a guide. In section 3.5 it is shown that decreasing the 
dynamic pressure (ppV^) associated with the SW causes the TS, HP and BS to form closer to 
the Sun. Visible in Fig.(4.6) is that the SW velocity decreases between the Sun and TS. This is 
in contrast to the 'protons only' case where the SW velocity is constant over this region. The 
decrease in SW velocity causes the dynamic pressure associated with the SW to drop. The 
reduced dynamic pressure in the SW subsequentiy causes the TS, HP and BS to form closer to 
the Sun. 

The decrease in SW velocity between the Sun and TS can be attributed to charge exchange 
between slow moving hydrogen atoms (propagating into the inner heliosphere) and the faster 
moving SW protons. From Eq.(4.21) it can be seen that if the neutral hydrogen velocity is less 
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Figure 4.6: Radial profiles along the nose (solid lines) poles (dashed lines) and tail (dash-dotted lines) 
showing the total proton (black), hydrogen (blue) and PUI (green) number densities (top left panel), the 
proton radial and tangential velocities (top and bottom right panels) and the proton pressure (bottom 
left panel). The same proton profiles for the one fluid case from Chapter 3 are shown in yellow. Between 
the Sun and the TS and in the inner heliosheath the proton species consists of both SW protons and 
PUI's. 

than the proton velocity charge exchange results in a net loss of momentum by the proton 
species. Furthermore, it can be seen from Eq.(4.21) that if the proton and hydrogen velocities 
are not parallel charge exchange can induce small deviations in the flow direction of the proton 
species. In Fig.(4.6) it can be seen that in the polar and tail regions the SW proton species 
obtains small tangential velocity components between the Sun and TS due to charge exchange 
with incoming neutral hydrogen atoms. 

Shown in Fig.(4.6) are profiles of the total proton density, the PUI density and hydrogen density 
along different radial paths in the nose, polar region and tail. In the nose and polar regions it 
can be seen that the total proton density remains approximately proportional to r~2 between 
the Sun and TS, similar to the 'protons only' case. This implies that throughout the heliosphere 
the proton density is dominated by the contribution from SW protons since the number of 
newly created PUI's are not sufficient to enhance the density significantly. 

In the inner heliosheath the proton density profiles in the nose and tail differ remarkably from 
the same profiles for the 'protons only' case. Whereas for the latter the proton density remained 
approximately constant beyond the TS it can be seen in Fig.(4.6) that the inclusion of neutral 
atoms causes a significant enhancement of in the proton density in this region. Furthermore, 
looking at the velocity profiles in Fig.(4.6) it can be seen that the inclusion of neutral atoms in 
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the SW-LISM interaction act to enhance the deceleration of protons beyond the TS. From the 
conservation of mass in one dimension, where the SW and LISM flows are parallel or anti-
parallel (so that tangential components can be ignored), and no source terms are present it 
follows that 

TS 

ppvp = -2 (4.34) 

where vp is the magnitude of the one-dimensional radial velocity and K is a constant. From 
the discussion in section 3.4 it is expected for a subsonic flow that pp will be constant and 
Vp oc r~2. If it is assumed that the density is not enhanced due to photoionisation or electron 
impact ionisation (as seems to be the case from Fig.4.1) the momentum loss experienced by the 
proton species can be implicitly included in Eq.(4.34) by letting 

vp = —%■ - CM for rTS < r < rHP (4.35) 

where CM approximates the velocity lost due to charge exchange between fast protons and 
slow hydrogen atoms and Kv is a constant. Since charge exchange enhances the deceleration of 
protons between the TS and HP it follows that CM > 0 and that Q(r) increases with increasing 
radial distance. Substitution into Eq.(4.34) yields 

p? = 1? 27T\ f o r rTS <r < rHP. (4.36) 

For CM ~~* 0 Eq.(4.36) reduces to Eq.(4.34). The velocity in the inner heliosheath is positive 
everywhere. This implies that 

-j ~ CM > 0 f o r rTS <r < rHP (4.37) 

where rxs and TUP are the radial positions of the TS and HP respectively. In the tail it is 
assumed that rnp approaches infinity. Subsequently Kv > r2Q{r) for rxs < r < I~HP- Since 
C(r) increases with increasing radial distance and has to be less than Kv for rxs < r < THP 
the denominator in Eq.(4.36) becomes progressively smaller with increasing radial distance 
between the TS and HP. This in turn causes pv to increase and accounts for the enhancement 
in pv as the HP is approached in the nose (where the SW and LISM flow is approximately 
anti-parallel) and beyond the TS in the tail (where the SW and LISM flows are approximately 
parallel). Similar density enhancements are to a lesser extent visible in the polar regions of the 
inner heliosheath. 

Recall from section 3.4 that for the protons only case the pressure in the inner heliosphere 
is proportional to r~10/3 since the inner heliosphere (where only SW and LISM protons are 
considered) is characterised by adiabatic expansion of the SW. Regarding the pressure profiles 
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shown in Fig.(4.6) it can be seen that the proton pressure in the inner heliosphere calculated 
for the multi-species model is proportional to r~a where a < 10/3 beyond approximately 10 
AU. Therefore, the inclusion of neutral atoms acts to 'flatten' the pressure gradient between 
the Sun and TS. It will be shown that this flattening of the pressure gradient is consistent with 
heating of the SW due to the production of PUI's. For the 'protons only' case P a r - 1 0^3 leads 
to a temperature decrease (using the ideal gas law) of T oc r~^3. The inclusion of neutral 
atoms, however, causes the proton pressure to decrease proportional to r~a where a < 10/3. 
For regions where a < 2 it follows from the ideal gas law that the temperature will increase 
with radial distance, as shown in Fig.(4.7). 

102 -

10' I . . _ _ _ _ _ J ^ _ _ _ ^ _ 
10 100 

heliocentric distance [AU] 

Figure 4.7: Radial profiles along the nose (solid lines), poles (dashed lines) and tail (dash-dotted lines) 
showing the temperature of the total proton species (consisting of both the SW protons and PUI's). The 
corresponding proton profiles for the one fluid case from Chapter 3 are shown in yellow. 

Hearing of the SW can be shown to occur using alternative approaches to the one presented 
here. It can be shown (see for example Isenberg, 2005) that heating of the SW occurs due to 
turbulence resulting from PUI production. Fig.(4.7) shows that this important consequence 
of PUT production is captured by the purely hydrodynamical formulation considered in this 
chapter. It should be noted however that the amount of heating is overestimated by the hy­
drodynamical model presented here (as can be seen from a direct comparison with the results 
from Isenberg, 2005). 

From the results presented above the effect of neutral atoms on the SW-LISM interface can be 
summarised as follows: charge exchange with slower neutral atoms causes the bulk velocity of 
the SW proton species to decrease in the inner heliosphere and inner heliosheath. The proton 
density throughout most of the inner heliosphere remains unchanged since the number of 
PUI's created through photoionisation and electron impact ionisation (producing a net increase 
in density) is several orders smaller than the SW proton density. In the inner heliosheath, 
however, the proton deceleration induced by charge exchange with slow neutrals causes the 
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protons in this region to 'build-up' which in turn produces noticeable enhancements in the SW 
proton density beyond the TS. In the inner heliosphere the interaction between SW protons 
and incoming neutral atoms causes the pressure to decrease less with increasing radial distance 
(compared to the results where only protons are considered). Because the density in this region 
remains primarily unaltered this corresponds to heating of the SW as a consequence of PUI 
production. 

Regarding the effect of neutral atoms on the SW-LISM interaction a parameter study is now 
presented along the same lines as in section 3.5. The purpose of this study is to gauge how 
the inclusion of neutral atoms affects the results from section 3.5, how the heliosphere reacts to 
different assumed states of the hydrogen carrying LISM and to compare the hydrodynamical 
treatment of neutral atoms as presented in section 4.3 with the different approach implicit in 
the results of Miiller et al. (2006). 

4.5 Response of the multi-species heliosphere to different boundary 
conditions 

In this section a parameter study is presented to gauge the effect of neutral atoms on the geom­
etry of, and plasma flow in the heliosphere as well as the response of the neutral modulated 
heliosphere to different boundary conditions. The results presented here will be compared to 
those already presented in section 3.5. The effect of different LISM neutral atom states on the 
heliosphere is also investigated. The chapter concludes by comparing results from this model 
with results calculated by Miiller et al. (2006) using the model from Zank et al. (1996). 

Regarding the discussion in section 3.2 it follows that a plausible range of parameters exist 
describing the SW and LISM proton states, as well as the state of the LISM neutral hydrogen 
atom population. Using the same method as discussed in the beginning of section 4.4 an initial 
condition is set up for a particular state of the SW and LISM (the latter now containing neutral 
atoms) and evolved in time until a steady state is reached. The parameters describing these 
different states are listed in Table 4.2 where model 1 will again be referred to as the 'standard 
model' and used as reference. The parameters in Table 4.2 follow from the discussion in section 
3.2, analogous to the values listed in Table 3.2. 

Shown in Figs.(4.8) and (4.9) are the radial positions of the TS, HP and BS for 9 e [0°, 180°] as 
calculated for all the models listed in Table 4.2. Figs.(4.10), (4.11), (4.12) and (4.13) show the 
proton (including PUI's), hydrogen and PUI densities as well as the magnitude of the radial 
proton (including PUI's) velocity and temperature along a radial path in the nose for each of 
the models listed in Table 4.2. Figs.(4.8) and (4.9) also show the geometry of the TS, HP and BS 
(in the sense that a position which is constant with respect to 8 implies spherical symmetry) 
for the different models listed in Table 4.2. 

Comparing Figs.(4.8) and (4.9) with Fig.(3.8) reveal that the inclusion of neutral atoms act to 
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Figure 4.8: The radial position of the TS, HP and BS for 0 e[0°, 180°) for models 1 - 13 listed in Table.4.2. 
All of the results are calculated with the inclusion of neutral atoms and PUl's in the SW-LISM interaction. 


