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Abstract

The work of this thesis is motivated by the study and classification of finite groups in Group
Theory. Finite simple groups were studied and classified in the recent past. The character
tables of these finite simple groups were published in the ATLAS [16] about three decades
ago. Character tables contain vital information about a group. After that, a process to study
and construct the character tables of maximal subgroups of these finite simple groups was
initiated. Currently these character tables are known except for some maximal subgroups of
the Monster M and the Baby Monster B. This then brings the challenge to study and classify
the finite groups that have normal subgroups. Our contribution in this thesis is the study
and the discussion of the computation of the Fischer matrices and eventually the construction
of the character tables of the affine subgroups of the classical linear groups. Classical linear
groups comprise the general linear groups, symplectic groups, orthogonal groups and unitary
groups. Our approach in this thesis is to express these affine subgroups as group extensions of
the form G = N.G, where N < G and G is isomorphic to the complement of N in G. It turns
out that all these affine subgroups are split extensions of the form G = N:G. We construct
the character tables of these affine subgroups using the Clifford-Fischer Theory which is due
to Fischer [23] and is based on Clifford’s Theorem. The whole of Chapter 3 is dedicated to
the study of the Clifford-Fischer Theory. A necessary condition for this technique is that
the irreducible characters of N are extendable to the inertia groups of G. Moreover, to use
this technique we need to have the Fischer matrices of G, the conjugacy classes of G, the
character tables of the inertia factor groups and the fusion maps of the inertia factor groups
into the group G. When this has been achieved then it becomes relatively easy to compute
and construct the character table of a group extension. The coset analysis technique, which
was developed by Moori [45], is utilized to compute the conjugacy classes of G. The affine
subgroups that are studied in this thesis are of the form 5*:GL(2,5), 2°:Sp(8,2), 26:Sp(2,4),

210:5p(4,4), 33:GO(3,3) and 217:GU(2,4). We prove a few results regarding the centre Z(G)
of the affine subgroup G = 22"71:Sp(2n — 2,2) of Sp(2n,2) and show that the quotient group
G/Z(G) = 2"=2.Sp(2n—2, 2) is a split extension. We extend these results to the affine subgroup
of the form 222"=1:Sp(2n — 2,22) of Sp(2n,2%). Since the symplectic group is generated by
symplectic transvections, we study these transvections in great detail and prove a few results
on them. We also have a discussion, in a general context, on the character degrees of the affine

subgroups of the classical linear groups.
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Introduction

In this thesis we compute the Clifford-Fischer matrices, commonly known as Fischer matrices,
of affine subgroups of classical linear groups, namely: the general linear group, the symplectic
group, the general orthogonal group and the general unitary group. Fischer matrices play a
crucial role in the construction of character tables of group extensions G = N.G through the
Clifford-Fischer Theory. This technique of constructing character tables of group extensions
is due to Fischer [23]. There are other methods of constructing character tables, namely:
the Schreier-Sims algorithm, Todd-Coxeter coset enumeration method, the Burnside-Dixon
algorithm and others. It is believed that the Clifford-Fischer Theory is more efficient, powerful
and systematic. This theory is discussed in detail in Chapter 3. The Clifford-Fischer Theory
entails having, first, the conjugacy classes of a group extension, fusion maps of the inertia factor
groups into the group G, Fischer matrices of G and the character tables of the inertia factor
groups. We employ the coset analysis technique, which is due to Moori [45], to determine
all the conjugacy classes of G. More details about this technique are found in Section 2.3.
The interest in the character table of a group is because these tables contain vital information
about a group. The above-mentioned affine subgroups are in fact split extensions of the form
G = N:G, where N < G and G is isomorphic to the complement of N in G. The specific affine
subgroups we study in this work are of the form

e 52:GL(2,5) < GL(3,5),
o 29:5p(8,2) < Sp(10,2),
2:5p(2,4) < Sp(4, 4.

219:Sp(4,4) < Sp(6,4),

33:GO(3,3) < GO(5,3) and
e 21MGU(2,4) < GU(4,4).

Since the symplectic groups are generated by symplectic transvections we look deeper into the
theory of symplectic transvections and prove a few new results on them in Section 4.2.1. In

Section 4.2.6 we also prove some new results regarding the centre Z (G) of the affine subgroup
G = 22""1:Sp(2n — 2,2). We show that the quotient group G/Z(G) = 22" 72:Sp(2n — 2,2) is a



split extension. We extend these results to the affine subgroup of the form 22(2"=1:Sp(2n —2, 22)
of Sp(2n,2%). We further discuss in a general context how to derive the Fischer matrices and
the character table of G/Z(G) directly from the Fischer matrices and the character table of G.

In Chapter 2 we discuss background theory on group extensions, group representations and
group characters. We first define, in Section 2.1, group extensions G = N.G in terms of short
exact sequences, where N < G and G = G/N. Then in Section 2.2 we distinguish split
extensions from non-split extensions. We concentrate more on the split extensions since the
affine subgroups we are dealing with in this work are split extensions. We relate split extensions
and semidirect products. One of the key components of this chapter is the determination of the
conjugacy classes of group extensions. In Section 2.3 we discuss in detail a technique referred
to as the coset analysis. This technique is used to determine the conjugacy classes of both split
and non-split extensions. Thereafter, we discuss a method of determining the orders of elements
of the split extensions G = N:G, with N a normal elementary abelian p-subgroup, p a prime.
We then consider the representation and the character theory of finite groups in Section 2.4.
We discuss the orthogonality relations and the notion of a character table in Section 2.5. Then
in Section 2.6 we define and discuss the concept of a permutation character. This character
plays an important role in the computation of the conjugacy classes of group extensions of
an elementary abelian group by a finite group. We also consider the notion of a rank of a
permutation group.

Chapter 3 is about the Theory of Fischer matrices. We follow a method presented by Fischer in
[23] on how to construct character tables of group extensions G = N.G using Clifford’s Theory.
This technique entails using the character tables of inertia factor groups together with the
Fischer matrices. This method requires that the irreducible characters of N be extendable to
the inertia groups. Section 3.1 is about Clifford’s Theorem and extension theorems, including
Mackey’s Theorem. We also have Gallagher’s Theorem that employs Clifford’s Theory and
the extension theorems to describe the irreducible characters of G. Due to these results the
character table of G is divided into blocks of rows corresponding to the inertia factor groups.
The definition and the construction of a Fischer matrix is dealt with in Section 3.2. For
each class representative g of a conjugacy class [g] of G, we construct a Fischer matrix M(g).
Section 3.3 deals with the properties and the orthogonality relations of a Fischer matrix. These
properties and orthogonality relations are then used to compute the entries of a Fischer matrix.
In Section 3.4 we provide details on how to construct a Fischer matrix when N is a normal
non-abelian extra special 2-subgroup of a split extension G = N:G. Then in Section 3.5 we
look at the application of the Clifford-Fischer Theory in constructing the character tables of
group extensions.

General theory of affine subgroups of classical linear groups is dealt with in Chapter 4. This
chapter also deals with the description of the irreducible characters of these affine subgroups.
The Clifford-Fischer Theory, discussed in Chapter 3, is utilized to describe and determine the
irreducible characters of these subgroups. By definition, affine subgroups are subgroups that
fix a non-zero vector of an underlying vector space. We prove that these affine subgroups are
split extensions. This then means that these subgroups are of the form G = N:G, where G is
isomorphic to one of the classical linear groups. Another key consideration of this chapter is
the analysis of the actions of G on N and on the irreducible characters of N, for each of the




classical linear groups. The first action will yield the point stabilizers and the latter will yield
the inertia factor groups. The structures of these point stabilizers and inertia factor groups are
discussed. In Section 4.1, we consider the affine subgroups of the general linear groups. We
discuss the affine subgroups of symplectic groups in Section 4.2. Since symplectic groups are
generated by symplectic transvections, we dedicate Section 4.2.1 to the discussion on symplectic
transvections. We consider a number of results involving symplectic transvections relevant in
this thesis. We provide alternative proofs of the following already established theorems: that
an inverse of a transvection is also a transvection, a conjugate of a transvection is also a
transvection, and when two transvections are equal. We also prove some new results which are
given in Proposition 4.2.10, Corollary 4.2.11, Proposition 4.2.14, Proposition 4.2.15, Proposition
4.2.17, Proposition 4.2.18 and Proposition 4.2.19. For further reading on symplectic groups,
readers may consult [11], [14], [21], [49], [55], [62] and [64]. We also determine in this section the
centre, Z(@), of the affine subgroup G of Sp(2n,q). We further prove some new results given
in Proposition 4.2.37, Corollary 4.2.38, Proposition 4.2.39, Corollary 4.2.40, Proposition 4.2.41
and Proposition 4.2.42. In Remark 4.2.43 we establish a method of determining the Fischer
matrices of the quotient group G/Z(G) directly from the Fischer matrices of G. In Remark
4.2.44 we outline a similar process to determine the character table of G/Z(G) directly from
the character table of G. The latter remark is due to Isaacs [37]. In Section 4.3 we study the
affine subgroups of orthogonal groups. Then in Section 4.4 we deal with the affine subgroups of
unitary groups. We refer the reader to [1], [18], [19], [30], [35], [48] and [49] for further reading
on affine subgroups of classical linear groups.

The affine subgroup G' = D(3):GL(2,5) = N:G of the general linear group GL(3,5) is studied
in Chapter 5, where NN is an elementary abelian 5-group of order 25. This subgroup is of order
12000 and of index 124 in GL(3,5). In Section 5.1 we obtain, using GAP, generators of N and
G, respectively. We then express these generators as non-singular 3 x 3 matrices with entries
in F = GF(5) since G sits in GL(3,5). In Section 5.2 we consider the action of G on N. This
action fixes the zero and is transitive on the non-zero elements of N. Thus we obtain two orbits
of lengths 1 and 24. The corresponding point stabilizers are isomorphic to G' and the affine
subgroup 5:GL(1,5) of G, where GL(1,5) = F*. We also compute the permutation character
of G on the holomorph 5:4. We use the coset analysis technique to determine the conjugacy
classes of G in Section 5.3. From the 24 conjugacy classes of G we obtain 29 conjugacy classes
of G. In Section 5.4 we compute the 24 Fischer matrices of G, corresponding to each conjugacy
class representative of G. We utilize the Clifford-Fischer Theory in Section 5.5 to construct the
character table of G. In Section 5.6 we deal with the fusion of G into GL(3,5).

In Chapter 6 we consider the affine subgroup G = 2°:9p(8,2) = N:G of the symplectic group
Sp(10,2), where N is an elementary abelian 2-group of order 512. The index of G in Sp(10, 2) is
1023. Section 6.1 deals with the transvections of G. Let I be the Galois field of two elements.
We note that there are 255 transvections in GG. The order of each transvection is 2 since
Char(IF) = 2. There are 6 conjugacy classes of elements of order 2 in G. Since |F| = 2, G has
one conjugacy class of transvections. The class 2A of GG has 255 elements and this coincides with
number of transvetions in G. Thus we conclude that 2A is the class of transvections. We further
note that the centralizer of a transvection is isomorphic to the affine subgroup 27:Sp(6, 2) of G.
In Section 6.2 we express the generators of N and G in terms of 10 x 10 symplectic matrices
over I since G sits in Sp(10,2). The action of G on N, in Section 6.3, yields 4 orbits of lengths




1, 1, 255 and 255, with the respective corresponding point stabilizers being isomorphic to G,
G, 27:Sp(6,2) and 27:Sp(6,2). In the same section we apply the coset analysis technique to
determine all the 322 conjugacy classes of G from the 81 conjugacy classes of G. The action of
G on the Irr(N), in Section 6.4, yields 4 orbits of lengths 1, 120, 136 and 255. We determine
4 corresponding inertia factor groups isomorphic to G, GO~ (8,2), GO*(8,2) and 27:Sp(6, 2),
respectively. Then we compute the fusion maps of these inertia factor groups into GG. In Section
6.5 we discuss the computation of the Fischer matrices of G using the theory outlined in Chapter
3. In Section 6.6 we use the Clifford-Fischer Theory to discuss the construction of the character
table of G. The centre Z(G), which is isomorphic to Z,, is determined in Section 6.7. We also
determine the quotient group G/Z(G) which is isomorphic to the split extension 2%:Sp(8,2).
We then show how to derive the Fischer matrices of the split extension 2%:5p(8,2) directly from
the Fischer matrices of G.

In Chapter 7 we work on the affine subgroup G = 26:5p(2,4) = N:G of the symplectic group
Sp(4,4). This chapter is in preparation of Chapter 8, where we will consider the affine subgroup
210:Sp(4, 4) of the symplectic group Sp(6,4). It turns out that the group G is a point stabilizer
when Sp(4,4) acts on 2!° and is also one of the inertia factor groups when the group Sp(4, 4)
acts on the irreducible characters of 2'°. This then means that we will need the character table
of G in Chapter 8. Let F = GF(4) be the Galois field of 4 elements. The normal subgroup
N is elementary abelian 2-group of order 64. This affine subgroup is a split extension of index
255 in Sp(4,4). In Section 7.1 we deal with the transvections of G. We observe that there are
15 transvections in G. Since Char(F) = 2, the order of each transvection is 2. There is one
conjugacy class of transvections in G since |F| = 22. The class 2A in G is therefore the class
of transvections. The centralizer of a transvection is isomorphic to the affine subgroup D, of
G, which is isomorphic to the Klein four-group. In Section 7.2 we derive the generators of N
and G as 4 x 4 symplectic matrices since G is a subgroup of Sp(4,4). The generators of G are
expressed in terms of transvections since GG is generated by transvections. In Section 7.3 we
compute the permutation character of G on D, using the fusion of conjugacy classes of D, into
GG. This permutation character is then used in Section 7.4, together with the coset analysis
technique, to obtain 30 conjugacy classes of G from the 5 conjugacy classes of G. The action of
G on N yields orbits of lengths 1,1,1,1,15,15,15 and 15. The corresponding point stabilizers are,
respectively, G, G, G, G, D4, Dy, Dy and D,. In Section 7.5 we obtain 8 orbits of lengths 1, 15,
6, 6, 6, 10, 10 and 10, respectively, from the action of G on Irr(N). The corresponding inertia
factor groups are isomorphic to G, Dy, Dyg, D1, D1g, S3, S3 and Ss, respectively. At the end
of this section we compute the fusion maps of these inertia factor groups into G. We use these
fusion maps and the Clifford-Fischer Theory to compute the 5 Fischer matrices of G in Section
7.6. Since G is a split extension and N is elementary abelian, then the Irr(N) are extendable to
the inertia groups. This then enables us to utilize the Clifford-Fischer Theory to construct the
character table of G in Section 7.7. The fusion of the conjugacy classes of G into the conjugacy
classes of Sp(4,4) is done in Section 7.8. We conclude this chapter by considering the quotient
group G/Z(G) in Section 7.9. The centre Z(G) is isomorphic to Z4 and the quotient group
G/Z(@) is isomorphic to the split extension 24:5p(2,4). We demonstrate how to obtain the
Fischer matrices and the character table of G/Z(G) directly from the Fischer matrices and the
character table of G.

We study the affine subgroup G = 2'%:Sp(4,4) = N:G of the symplectic group Sp(6,4) in




Chapter 8. This affine subgroup is of order 1002700800 and of index 4095 in Sp(6,4). The
normal subgroup N is an elementary abelian 2-group of order 1024. Let F = GF'(4). In Section
8.1 we have that G has 255 transvections. All these are of order 2 since Char(F) = 2. Because
|F| = 22, then there is one conjugacy class of transvections in G. According to the character
table of G in the ATLAS there are three conjugacy classes of elements of order 2 in G. However,
either the class 2A or 2B is the class of transvections. We use GAP to analyse the elements of
these two classes. We observe that the elements of 2A satisfy the conditions of the definition of
a transvection. We thus conclude that the class 2A is the class of transvections. We note that
the centralizer of a transvection is isomorphic to the affine subgroup 2%:Sp(2,4) of G. In Section
8.2 we express the generators of N and G as 6 x 6 symplectic matrices since G is a subgroup of
Sp(6,4). In Section 8.3 we have that the action of G on N has 8 orbits. The orbit lengths are
1,1, 1, 1, 255, 255, 255 and 255 and the corresponding point stabilizers are isomorphic to G, G,
G, G, 25:Sp(2,4), 26:Sp(2,4), 26:Sp(2,4) and 2°:Sp(2,4), respectively. We then determine all
the 165 conjugacy classes of G using the coset analysis technique. In Section 8.4 we have that
the action of G on Irr(N) yields 8 orbits of lengths 1, 255, 136, 136, 136, 120, 120 and 120. The
corresponding inertia factor groups are isomorphic to H, = G, Hy = 25:5p(2,4), Hs, Hy, Hs
being isomorphic to the full orthogonal group GO™(4,4) and Hg, H;, Hy being isomorphic to
the full orthogonal group GO~ (4,4). The fusion maps of these inertia factor groups are also
computed in this section. In Section 8.5 we determine all the 27 Fischer matrices of G. We
discuss the construction of the character table of G in Section 8.6 using the Clifford-Fischer
Theory. In Section 8.7 we note that the centre Z(G) is isomorphic to Z, and that the quotient
group G/Z(G) is isomorphic to the split extension 2%:Sp(4,4). We then show how to obtain
the Fischer matrices of 2%:5p(4, 4) directly from the Fischer matrices of 219:Sp(4, 4).

The analysis of the affine subgroup G = 3%:GO(3,3) = N:G of the general orthogonal group
GO(5,3) is considered in Chapter 9. The order of this affine subgroup is 1296 and is of index 80
in GO(5,3). The group G is a semidirect product of the normal elementary abelian 3-group N
of order 27 by the group G of order 48. In Section 9.1 we express the generators of the groups
N and G in terms of the 5 x 5 invertible matrices with entries in the Galois field of 3 elements
since G is contained in GO(5, 3). This process entails analysing in GAP the subgroups of index
80 in GO(5,3). Using the ATLAS we note that GO(5, 3) is isomorphic to 2 x (O(5, 3):2) where
0O(5,3) is the simple orthogonal group isomorphic to the simple symplectic group S4(3). The
affine subgroup G sits maximally in O(5, 3):2. The affine subgroup of the full symplectic group
Sp(4,3) is 3%:5,. Our G sits maximally in Sp(4, 3) containing the affine subgroup of Sp(4,3). In
Section 9.2 we deal with the action of G on N. This action yields 4 orbits of lengths 1, 8, 12 and
6. The corresponding point stabilizers are isomorphic to G, 3:GO(1,3) = Dg, GOT(2,3) = D,
and GO~ (2,3) = Dg, where 3:GO(1, 3) is the affine subgroup of G. We determine the fusion
maps of these point stabilizers into G. Then we compute the respective permutation characters.
Thereafter we express these permutation characters in terms of the irreducible characters of G.
This process is in aid of the determination of the permutation character x(G|N). In Section 9.3
we use the coset analysis to obtain 22 conjugacy classes of G from the 10 conjugacy classes of
G. The action of G on Irr(N) is dealt with in Section 9.4. This action yields 4 orbits of lengths
1, 8, 12 and 6. The corresponding inertia factor groups coincide with the point stabilizers,
and so are isomorphic to G, Dg, D4 and Dsg, respectively. We also list the character tables of
these inertia factor groups in this section. In Section 9.5 we employ an alternative method of
constructing the Fischer matrices of G. This technique is due to List and it is briefly discussed




towards the end of Section 3.3. It is used among others by Almestady [2], [3], Almestady and
Morris [4], Chileshe [15], Darafsheh and Iranmanesh [19], Iranmanesh [35], Mpono [49], Whitley
[63] and Zimba [65]. The fusion maps of the inertia factor groups into G' together with some
properties of character tables are also used to construct these Fischer matrices. The affine
subgroup G has 10 Fischer matrices corresponding to each class representative of the conjugacy
classes of G. These Fischer matrices together with the character tables of the inertia factor
groups are then used to construct the character table of G in Section 9.6. We conclude this
chapter by considering the fusion of the conjugacy classes of G into the conjugacy classes of
GO(5,3) in Section 9.7. This section is also vital in ensuring the correctness of the Fischer
matrices and the character table of G.

The last chapter, Chapter 10, is about the affine subgroup G' = 21*%:GU(2,4) = N:G of the
general unitary group GU(4,4). This subgroup is of order 576 and of index 135 in GU(4,4).
We show that IV is an extra special 2-group of order 32 and that the quadratic form associated
with N is of type +. We analyse in Section 10.1, using GAP, the subgroups of index 135 in
GU(4,4) to ultimately find the generators of N and G in terms of 4 x 4 invertible matrices
with entries in the Galois field of 4 elements since G sits in GU(4,4). In Section 10.2 we look
at the structure of the 17 conjugacy classes of V. We note that N has 1 central involution, 9
classes of non-central involutions and 6 classes of elements of order 4. Each of the latter classes
is of cardinality of 2. We remark that, unlike in the previous chapters, the normal subgroup
N is not abelian. In Section 10.3 we first consider the action G on N. This action produces
4 orbits of lengths 1, 1, 18 and 12. The corresponding point stabilizers are isomorphic to G,
G, 2%:Cy and 2%:Cs, respectively. We then utilize the coset analysis to determine 23 conjugacy
classes of G from the 9 conjugacy classes of G. In Section 10.4 we consider the action of
G on Irr(N). By Brauer’s Theorem this action must also yield 4 orbits. We show that N
has 17 irreducible characters of which 16 are linear characters and one is the unique faithful
irreducible character of degree 4. The orbits on the linear characters are of lengths 1, 9 and 6.
The corresponding inertia factor groups are Hy = G, Hy = C5 and Hs = (3. The inertia factor
group corresponding to the faithful character is isomorphic to Hy = G. The full inertia groups
are then N:Hy, N:H,, N:H; and N:Hy. The computations of the 9 Fischer matrices of G are
done in Section 10.5. Since N is not abelian we use a different approach than in the previous
chapters to construct these Fischer matrices. In fact, we use Lemma 3.4.1 and Lemma 3.4.2,
due to Pahlings [52], to construct the first two columns and the second row of a Fischer matrix.
We then use Remark 3.4.3 (c), due to Basheer [8], and the orthogonality relations of a Fischer
matrix to calculate the rest of the entries. In Section 10.6 we construct the character table of
G using the Clifford-Fischer Theory. We require that the Irr(N) be extendable to the inertia
groups. The 16 linear characters of N are extendable by Theorem 3.1.15. Since the Schur
multiplier of G is trivial, the faithful character is also extendable. Then we use the Fischer
matrices of G and the character tables of the inertia factor groups to construct the character
table of G. Lastly, in Section 10.7 we deal with the fusion of the conjugacy classes of G into
the conjugacy classes of GU(4,4). This section played a critical role in the construction of the
character table of G, in particular on the choices of the entries of the first two columns in the
second row of the Fischer matrices of G.




Group extensions and group characters

In this thesis we construct the character tables of affine subgroups of classical linear groups,
namely the general linear groups, the symplectic groups, the general orthogonal groups and
the general unitary groups. It turns out that these affine subgroups are split extensions. The
first part of this section is dedicated to the theory of group extensions, in particular split
extensions. Thereafter we deal with the representation and the character theory of finite groups.
In Section 2.1 we define group extensions G of a group N by a group G in terms of short exact

sequences {1} — N 505G {1}. Then in Section 2.2 we define split extensions, non-split
extensions and semidirect products. Section 2.3 is about the determination of the conjugacy
classes of group extensions G = N.G, where N is a normal subgroup of G. We discuss in
detail a technique known as the coset analysis which was developed by Moori [45] to compute
these conjugacy classes. After that we discuss ways of determining the orders of elements of
split extensions G = N:G with the normal subgroup N an elementary abelian p-group. We
then proceed to discuss some representation and character theories relevant in this work. We
will use some of these theories in Chapter 3 when we deal with the theory of Clifford-Fischer
matrices and the construction of character tables of finite groups. In Section 2.4 we deal with
group representations and group characters. Section 2.5 is about the orthogonality relations
of characters and the character table of a finite group G. Lastly in Section 2.6 we discuss the
notion of a permutation character. This character plays an important role when computing
the conjugacy classes of group extensions of an elementary abelian group by a finite group.
We also define the rank of a transitive permutation group to be the number of orbits of a
point stabilizer. The reader may consult Humphreys [32], Robinson [54], Rose [56] and Rotman
[57] for further reading on group extensions. For further reading on group representations and
group characters, the reader may consult Alperin and Bell [5], Aschbacher [6], Gorenstein [29],
Huppert [33], Isaacs [37], James and Liebeck [39], Kleidman and Liebeck [42], Lux and Pahlings
[44] and Moori [47].



2.1 Group extensions

Let {--+,Bn_1,Bn,Bnt1,---} and {--- ,au_1,an, @yy1, - - } be sets of groups and homomor-
phisms respectively. A sequence of groups and homomorphisms of the form

Oy — n Qn
- B, 4 e Bna—>Bn+1 G

is called an exact sequence if Ker(a,)=Im(a,_1) for every successive pair (a,_1,,). A
group extension G of N by G is a short exact sequence

M ->N3G56- {1 (2.1)

with Ker(m)=Im(f). In Equation 2.1, § is an inclusion monomorphism and 7 a projection
epimorphism. If N and G are arbitrary groups, then an extension of N by G is a group G
possessing a normal subgroup N such that G/N = G. An extension of N by G is denoted by
N.G. The group G is referred to as the complement of N in G and the group N the kernel of
the extension. We further note that Ker(7m)=Im(f) = N. This isomorphism becomes equality
since N < G. We remark that complements of N, if they exist, need not be unique. However,
if complements of N in G exist then they are unique up to isomorphism since they are all
isomorphic to G/N.

/
Definition 2.1.1 Extensions {1} = N 5 G 5 G - {1} and {1} > N 5 @ &' ¢ > {1}
are said to be equivalent if there exists a homomorphism 0 : G — G such that the following

diagram is commutative:

G

l1— N 0 G——— 1>

that is@o B =" and 7’ 00 = 7.

The homomorphism 6 is in fact an isomorphism by five lemma.

2.2 Semidirect products and split extensions

Definition 2.2.1 Let G be a group. If N < G and G < G such that
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(i) N2G,
(ii)) G = NG and
(iii)) NNG = {1},

then G is referred to as a semidirect product of N by G. A semidirect product G of N by G
is denoted by G = N:G.

If N < G and G < G then G is a direct product of N and G. Let Aut(N) be the group
of automorphisms of N. The function § : G — Aut(NN) defined by 6(g) = 6, is a group
homomorphism, where 6,(n) = gng™'V g € G andn € N.

Remark 2.2.2 IfG is a semidirect product of N by G then every element in G can be expressed
uniquely in the form ng, where n € N and g € G. The multiplication of elements of G is given

by
(mgl)(nzgz) = 711”%19192,

where n9 = gng~' = 0,(n). This defines an action of G on N.

Proposition 2.2.3 A semidirect product N:G for arbitrary finite groups N and G ezxists if and
only if there exists a homomorphism 0 : G — Aut(N).

Proof See [8]. O

If G is a semidirect product of N by G then G is isomorphic to the semidirect product N:yG
realized by 6 : G — Aut(/N). Hence, most often we omit the homomorphism 6 when dealing
with a specific semidirect product N:¢oG as we know how G acts on V.

Definition 2.2.4 Let G = N.G and {1} — N 5C5G6— {1} be the corresponding short
exact sequence. Let g € G and g € G such that w(g) = g. Then G is called a lifting of g in G.

Suppose that G is an extension of N by G. Then there exists an epimorphism 7 : G — G
such that Ker(n) = N since G/N = G. If we choose a lifting for each g € G then we obtain
the set {g : g € G}. This set is referred to as the transversal for N in G. From this we
obtain a transversal function n : G — G. Now if § € G, the coset representative of NG is
n(m(g)) = (nom)(g). In general n is not a homomorphism. However, n always satisfies the
following relation:

nomw=1. (2.2)

The converse is that any function, say 7, that satisfies the Equation 2.2 defines a transversal of
N in G, namely {n(g) | g € G}.

Definition 2.2.5 An extension {1} — N 505G - {1} is said to be
(a) abelian if G is abelian,
(b) central if Im(B) = B(N) C Z(G),




(c) cyclic if G is cyclic,

(d) split if there is a monomorphism ¢ : G — G such that 7o ( = 1.
An extension G of N by G is said to be non-split if it is not a split extension. Non-split
extensions are denoted by N'G.
Theorem 2.2.6 If an extension splits then so does any equivalent extension.

Proof Suppose the split extension {1} — N 5G5G— {1} is equivalent to the extension

/ —
{1} = N 575 6o {1}. Let 6 be the homomorphism that yields the equivalence. Then
there is a monomorphism ¢ : G — G such that 7¢ = 1¢. Let ¢/ = 0¢. Then ¢ : G — G is a
monomorphism such that 7#'¢/ = 7'0¢ = w¢ = 15. [

The following result relates split extensions and semidirect products.

Theorem 2.2.7 Every split extension {1} — N 565G {1} is equivalent to a semidirect
product N:G.

Proof See [54]. O

Theorem 2.2.8 (Schur-Zassenhaus) An extension {1} — N 565G > {1} splits if the
orders |N| and |G| are finite and are relatively prime.

Proof See [29] and [57]. O
Remark 2.2.9 If G is a split extension of N by G then G = NG = UgeG Ng.

In the following result we show when G is a non-split extension of N by G and N is abelian,
then G acts on N.

Lemma 2.2.10 Let G be an extension of N by G with N abelian. Then there exists a homo-
morphism 0 : G — Aut(N) such that 6,(n) =gng~', n € N, and 0 is independent of the choice
of the liftings {g : g € G}.

Proof See [15] and [57]. O

2.3 Conjugacy classes of group extensions

We consider in this section the determination of conjugacy classes of group extensions G = N.G,
where N is a normal subgroup of G. The conjugacy classes of elements of a group provide
vital information about the structure of the group. We discuss in detail the coset analysis
technique which we use to compute the conjugacy classes. We note the crucial role played by
the centralizers in the determination of these conjugacy classes. We conclude this section with
a method of determining the orders of split extensions G = N:G, where N is an elementary

abelian p-group, with p a prime. More on conjugacy classes of group extensions may also be
found in [12] and [13].
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2.3.1 Coset analysis

We use the coset analysis technique to determine the conjugacy classes of elements of group
extensions G = N.G, where N is a normal abelian subgroup of GG. This technique was designed
and developed by Moori [45]. Tt can be used for both the split and non-split extensions.

For each conjugacy class [g] in G with representative g € G, we analyse the coset Ng where g
is a lifting of ¢ in G and
G=]Jng
geG

To each class representative g € G with lifting g € G we define the centralizer of Ng in G under
the action by conjugation of G on Ng as

Cy= {a € G| a(Ng) = (Ng)a}.

It then follows that (5 < G and N < (5.

Lemma 2.3.1 C5/N = Cg,n(Ng).

Proof See [49]. O

Corollary 2.3.2 If G = N:G, then C, = N:C¢(g).
Proof See [49]. O

In general, the conjugacy classes of G = N.G, where N is abelian, will be determined by the
action by conjugation of Cj for each conjugacy class [g] of G on the elements of Ng. To act Cy
on the elements of Ng, we first act N and then act {h | h € Cg(g)}, where h is a lifting of h
in G. This process is carried out in the following two steps:

Step 1 - the action of N on Ng: [49] Let Cx(g) be the stabilizer of g in N. Then for any
n € N we have

r € COn(ng) & x(ng)z~ ' =ng
= xnx_lxgx_l =ng
& n(zgr ) =ng
& xﬁx’l =g

=T E CN(?)

This means Cy(g) fixes every element on Ng. So under this action of N, Ng splits into k orbits

le QQa e 7Qk where
[N

|Qi| = [N:Cn(7)] = T

11



for i € {1,2,--- , k}.

Step 2 - The action of {h | h € Cq(g)} on Ng: We now need only act {h | h € Cq(g)} on
the orbits @1, Qs, -+ , Qk since the elements of Ng are in these k orbits. Suppose that under
this action f; of these k orbits fuse together to form one orbit A, then the f;’s obtained in this

way must satisfy
D fi=k
J

and we have I
|1A;] = fj % 7

Thus for = d;g € A; we have that

|[zlel = 144 < [[glal

_ e IV G
= o]
P (<
=i 0a)
and therefore Tel k|Calg)l  k|Calg)]
Ca(z)| = — |G At
|Ca ()| 2]zl |G| x fj|G| i

This means that to compute the conjugacy classes of a group extension G = N.G, we need to
obtain the values k and f; for each class representative g € G. Mpono [49] developed CAYLEY
programmes for the coset analysis to calculate the k and f values. Ali [1] wrote MAGMA
versions to compute the k£ and f values. In this thesis we use GAP programmes that were
designed by Chileshe [15].

Remark 2.3.3 [/9] In the case of a split extension G = N:G we have that G < G and thus
we analyse the coset Ng instead of Ng. Under the action of N on Ng we always assume that
g € Q1. Again we just act Cg(g) on the orbits Q1, Qs, - - , Qx instead of acting {h | h € Cq(g)}
on these k orbits. Since g € Q1 then Cg(g) always fives Q1 and thus we will always have f; = 1.

Hence
k=) fi=1+) fu
i m

where the sum is taken over all m such that g & Q.
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2.3.2 Orders of the elements of G = N:G

In this subsection we discuss the theory that is used to determine the orders of the elements of
G = N:G, where N is an elementary p-group for some prime p.

Theorem 2.3.4 Let G = N:G and dg € G where d € N and g € G such that o(g) = m and
o(dg) = k. Then m|k.

Proof See [49]. O

Theorem 2.3.5 Let G = N:G such that N is an elementary abelian p-group where p is prime.
Let dg € G where d € N and g € G such that o(g) = m and o(dg) = k. Then either k =m or
k = pm.

Proof See [49]. O

Remark 2.3.6 [49] Let G = N:G such that N is elementary abelian p-group where p is prime.
Let dg € G where d € N and g € G such that o(g) = m and o(dg) = k. Then we observe that

(dg)" =d-d?-d? ---d9" " g™
Since g™ = 1, we obtain that (dg)™ = w, where w € N and it is given by
m—1

w=d-d-d---df

By Theorem 2.3.5 we have that if w = 1y then k = m and if w # 1y then k = pm.

2.4 Representations and characters

The rest of this chapter is about the representation and the character theory of finite groups.
The results that are presented here will prove useful, in particular, in Chapter 3 where we will
discuss the computation of Fischer matrices and the construction of character tables of finite
groups using the Clifford-Fischer Theory. The reader may consult the following for further
reading, Alperin and Bell [5], Aschbacher [6], Gorenstein [29], Huppert [33], Isaacs [37], James
and Liebeck [39], Kleidman and Liebeck [42], Lux and Pahlings [44] and Moori [47]. In this
section we deal with group representations and group characters.

Definition 2.4.1 Let IF, be the Galois field of q elements and n € N. The general linear
group s the group of all invertible n X n matrices whose entries are in F,. This group is
denoted by GL(n,q) and

n

IGL(n,q)| = [[(¢" = ¢").

i=1
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Definition 2.4.2 A representation of G over a field F is a homomorphism
p: G — GL(n,F)

forn € N. In this setup n is referred to as the degree of p. In the case F = C, we say p is an
ordinary representation of G. Two representations p : G — GL(n,F) and p : G — GL(m,TF)
are said to be equivalent if n =m and 3 T € GL(n,F) such that 3(g) = T *(p(g)) T.

Definition 2.4.3 Letp: G — GL(n,C) forn € N be a representation. The function x : G — F
defined by x(g) = Trace(p(g)) induced by p is the character of G afforded by the representation
p. The degree of x is the same as the degree of p.

A representation p of G is said to be reducible if it is equivalent to a representation a which is

given by
Blg) ()

for all ¢ € G and where 5, v and ¢ are representations of G. If p is not reducible then it is
called an irreducible representation. The character afforded by an irreducible representation is
called an irreducible character. Similar matrices have the same trace.

Theorem 2.4.4 Schur’s Lemma Let p; : G — GL(n,F) and p : G — GL(m,F) be two
wrreducible representations of a group G over a field F. Suppose that there exists a matriz P
such that Ppy(g) = p2(g)P ¥ g € G. Then either P is the zero matriz or P is invertible so that

pi(g) = P~ p2(g) P
Proof See [47]. O

Corollary 2.4.5 If p : G — GL(n,F) is an irreducible representation of a group G over an
algebraically closed field F, then the only matrices which commute with all matrices p(g) are
scalar matrices al,, where g € G, a € F and I,, is the n X n identity matriz,

Proof See [47]. O

Theorem 2.4.6 Mascheke’s theorem Let G be a finite group. Let ¢ be a representation of
G over the field F such that the characteristic Char(F) is either O or is a prime p which does
not divide the order of |G|. Then the representation ¢ can be expressed as a sum of irreducible
representations of G.

Proof See [47]. O

Definition 2.4.7 A function f : G — F is called a class function if it is constant on the
congugacy classes of G. This means f(gzg™') = f(x) for all g € G.

Any character of a group G is a class function. In this work we will consider ordinary repre-
sentations and ordinary characters of a finite group G, that is representations and characters
over the complex field C. Every class function ¢ of G can be uniquely expressed in the form

o= erhr(@) byx, where b, € C.
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Remark 2.4.8 The set of all ordinary irreducible characters of G is denoted by Irr(G).
Remark 2.4.9 The characters of a finite group G have the following properties:

(i) A character of G is constant on the conjugacy classes of G.
(ii) Equivalent representations afford the same character.
(111) x(1) is the degree of x for all x.
(iv) The sum of two characters of G is also a character of G.
(v) Any character of G can be written as a sum of irreducible characters.

(vi) The number of irreducible characters of G is equal to the number of conjugacy classes of

G.
If x(1) = 1 then we say that x is a linear character.

Definition 2.4.10 The inner product of two class functions ¥ and vy is given by

ﬁ S 0i(9)8(9),

geG

<¢1,¢2> =

where y(g) is a complex conjugate of 1(g)

Corollary 2.4.11 The set Irr(G) forms a basis of the class functions of G. Let 1) be a class
function and x; € Irr(G). Then

k
Y= Z i Xi (2.3)
i=1
where n; = (1, x;) and 1 <1 < k.
Proof See [39]. O

Remark 2.4.12 We remark that the class function i in FEquation 2.3 is a character if and
only if n; > 0 for every 1 <i < k.

We define addition and multiplication, respectively, of class functions ¢, and 5 by

(V1 +12)(g) = ¥1(g) +4a(g) Vg€ G

and

V1a(g) = i(g)a(g) V g € G.

We note that ¢ 4 15 and 11, are also class functions. If & € C and 7 is a class function
then a1 is again a class function. The set of all class functions forms an algebra. This set is
denoted by ((G). The set of all characters of G is a subalgebra of ((G).
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Definition 2.4.13 Let G be a group, x be a character of G and Irr(G) = {x1, X2, " , Xr} Such
that x = > nixi, ni € ZTU{0}. Then the x;,s for which n; # 0 are called the irreducible
constituents of x. In general, if 1 is a character of G such that x — 1 is a character or zero
then v is a constituent of x.

Remark 2.4.14 The inner product in Corollary 2.4.11 is used to compute the coefficients n;
in Definition 2.4.13 and thus determine the constituents of a character of a group G.

Lemma 2.4.15 Let x be a character of a group G. Then x € Irr(G) if and only if (x, x) = 1.

Proof Let G be a group, x; € Irr(G) and x = Zle nixi. I x € Irr(G) then (x,x) = 1.

Conversely, assume that 1 = (x, x) = Zle n?. Since n; € NU {0} then it follows that one of

the n{ must be one and the rest equal to zero. Thus x must be irreducible. U

2.5 Character tables

Due to Remark 2.4.9, the Irr(G) are presented in a square matrix referred to as the character
table. In this section we focus on the orthogonality relations of the characters and the character
table of a group G.

Definition 2.5.1 Let G be a group, Irr(G) = {x1, X2, - , Xm} be a set of irreducible charac-
ters of G. Let {g1,92, - ,gm} be the class representatives of the conjugacy classes of G. Let
i,7 € {1,2,---,m}. Then the character table of G is an m X m matriz whose entries are the
values xi(g;). The rows of this table are indexed by x; and the columns by g;.

The class representative g; is always the identity 14 of G and the character y; is always the
trivial character. The character table is an invertible matrix. The character table contains very
important details about a group . This table can be used for instance to

a

(
(b

decide the commutativity of G,
determine the normal subgroups, the centre and the commutator subgroups of G,

)
)
(c) determine the simplicity of G,
(d) determine the degrees of all the representations of G,
(e) determine the conjugacy class sizes of G.
Proposition 2.5.2 Some properties of characters.
(¢) x(le) [ |G|V g € G,
() =5 0a16))? = 16,
(¢) If x € Irr(G) then X € Irr(G), where X(g) = x(9) ¥V g € G,

(d) x(¢g7') = x(g) ¥ g € G. In particular if g~' € [g] then x(g9) ERV x.
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Proof See [39] and [47]. O
In the next theorem we state the row and column relations of a character table of a group G.

Theorem 2.5.3 Let Irr(G) = {x1,X2, ", Xm} ond {g1,92, -+ ,gm} be a collection of class
representatives of the conjugacy classes of G. Let Cg(gx) be the centralizer of gx in G for
1 <i<m. Then for any r,s € {1,2,--- ,m} we have:

1. The row orthogonality relations

Xr gz Xs z
Z ’CG <Xr7 Xs) = 57"5

2. The column orthogonality relations

D xi(g:)xi(gs) = 6rs|Calgy)|

i=1

Proof See [8] and [39]. O

2.6 Permutation characters

In this section we deal with the concept of a permutation character. This character plays an
important role when computing the conjugacy classes of group extensions, in particular, of an
elementary abelian group by a finite group.

If there exists a homomorphism ¢ : G — Sx then we say that G acts on the set X. We assume
in this section that X is a finite set and |X| = n. If ¢ is a monomorphism then we say that the
action is faithful. Then G can be identified with a subgroup of Sx and G is referred to as the
permutation group on X.

Definition 2.6.1 Letx € X and G be a group acting on the set X. The set X = {29 | g € G}
is the orbit of G which contains x.

Definition 2.6.2 Let x € X and G be a group acting on the set X. The set G, = {g €
G | 9 =z} is the stabilizer of x in G.

Theorem 2.6.3 Let X be a finite set and G be a group acting on the set X.
(a) G, <G,
(b) |XC] = |G:Gyl.

Proof See [47]. O
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Definition 2.6.4 Let G be a group acting on a set X such that for any two k-tuples (xy, xo,- - , xk)
and (y1,Y2, -+ ,Yr), the x; and y; are pairwise distinct, and there exists g € G such that

(1,517’1,52)’. o 755%) = (ylay2>"' ayk:)a

then we say that G is k-transitive on X.

If G is 1-transitive on a set X then we say that the action of G on X is transitive. That is, G
has only one orbit on the set X.

Definition 2.6.5 Consider an action of G on a finite set X = {x1,x9, - ,x,} and the rep-
resentation p : G — GL(n,C). Suppose for each g € G the n x n matriz p, = (a;;) has
entries

S 1 if 2] =u
) 0 if af # .
Then the matriz py is called the permutation matrix of the action of g. The representation

p defined by p(g) = p, is the permutation representation of G corresponding to the action
of G on X.

The values of the induced character of G from y, x“, can be computed by using Theorem 2.6.6
below.

Theorem 2.6.6 Let H < G, x be a character of H, [g]¢ be a conjugacy class of G and
{1, 29, -+ , 2.} be a set of representatives of the conjugacy classes of H that fuse to [g]lg. Then

):{ Calg >|z,”c;§;>)\ it HNgle#0

“(
if HNgla=0

X \g

Proof See [46]. O

Definition 2.6.7 Let G be a group acting on a set X. The character afforded by the permuta-
tion representation p is called the permutation character of G associated with the action of
G on X. This character is denoted by x(G|X). Then we have that

X(GIX) =z e X [ 27 =z},
which is the number of points of X fized by g.

The degree of this permutation character is | X|. Suppose that G acts transitively on X and
that G, is a stabilizer of x € X. Then the action of G on X is the same as the action of G on
the cosets of H = G,. This then means that for every g € G, x(G|H)(g) yields the number of
cosets of H which are fixed by g¢. Since for all g € G, the number y(G|X) is the same as the
number of cosets of H = GG, which are fixed by ¢ then x(G|H) = x(G|X).
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Theorem 2.6.8 Let G be a group acting transitively on a set X. Let x € X, H = G, and
X(G|H) be the permutation character of this action. Then

X(GIH) = (1n)“.
Proof See [37] and [49]. O

The above theorem implies that the permutation character is in fact the trivial character 15 of
H induced to G. Let x(G|H) = >_ A\ix; be a permutation character of G, where \; € NU {0}
and x; € Irr(G). If A\; € {0,1} then x(G|H) is said to be multiplicity-free.

Corollary 2.6.9 If G acts on X and has k orbits on X with the permutation character x, then
<X, 1g> = k.

Proof See [37]. O

Corollary 2.6.10 Let G act transitively on X with the permutation character x. Suppose that
x € X. If G, has exactly r orbits on X then (x,x) =r.

Proof See [37]. O

Lemma 2.6.11 Let x € X. If G acts transitively on X then all subgroups G, of G are
conjugate in G.

Proof See [63]. O

Theorem 2.6.12 below will be very useful for the determination of conjugacy class fusions of
subgroups of G.

Theorem 2.6.12 Let H < G with x = (1x)%. Let g € G and let xy,79,-- ,x,, be the
representatives of the conjugacy classes of H that fuse to [g]. Then

If HN [g] = 0 then x(g) = 0.
Proof Follows from Theorem 2.6.6. [

Below we list a number of necessary conditions that (1) must satisfy since it is a transitive
permutation character.

Theorem 2.6.13 Let H < G and x = (15)¢. Then
(i) x(1) divides the order of G,
(i) (x,¥) <¢(1) V¢ € Irr(G),
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(iv) x(g9) €{0}UZT V geG,
(v) x(9) < x(¢™) V g € G and m € {0} UZ™,

) x(@) =0 vide 11
(vi) x(g) = 0 if the order of g does not divide L

(vit) X(g)% is an integer for all g € G.

Proof See [37]. O

Definition 2.6.14 Let X be a set and x € X. The number of orbits of a point stabilizer G, is
called the rank of a transitive permutation group.

In Corollary 2.6.10 we have that when G acts transitively on X with permutation character x
and has rank r then (x, x) = r. For a doubly transitive (2-transitive) group G' we have that G,
is transitive on X — {z} and (x, x) = 2.

Corollary 2.6.15 Let G act on X with permutation character x. Then the action is 2-
transitive if and only if x = 1g + ¢ where ¥ € Irr(G) and 1) # 1¢.

Proof Using the fact that (x,x) = 2 and x = 1lg + > \ixs, @ # 1, xi € Irr(G), we get
2=1+) . 0O

Remark 2.6.16 [61] [6] Let G be a transitive permutation group acting on a finite set X and
let G, be the stabilizer of a point x € X. Then

(a) G is said to be primitive on X if and only if G, is mazimal in G,

(b) G is said to be primitive rank 3 on X if G, is mazimal in G and G, has exactly three
orbits on X.

Remark 2.6.17 [61] Let x be a permutation character of G on X. If G is primitive rank 3
then x has a decomposition

X=14+xs+ Xt

where 1 is a trivial character and xs, x¢ € Irr(G).
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Theory of Clifford-Fischer matrices

In [23] Fischer presents an interesting method of constructing the character tables of group
extensions G = N.G. His method entails using Clifford’s Theory, the characters of inertia
factor groups and Clifford-Fischer matrices, commonly known as Fischer matrices. A necessary
condition for this method is that the irreducible characters of N must be extendable to the
inertia groups. We discuss in Section 3.1 Clifford’s Theorem 3.1.3 and some extension theorems,
including Mackey’s Theorem 3.1.12. At the end of this section we have Gallagher’s Theorem
3.1.19 that utilizes Clifford’s Theory and the extension theorems to describe the characters of
G. It turns out that the characters of G are arranged in blocks of rows that correspond to the
inertia factor groups. In Section 3.2 we define the notion of a Fischer matrix. As mentioned
earlier these matrices are vital in the construction of a character table of a group extension.
For each class representative, say g, of a conjugacy class [g] of G, we construct a Fischer matrix
M(g). Then in Section 3.3 we discuss the properties and the orthogonality relations of Fischer
matrices. These properties and orthogonality relations are then used to compute the entries of
a Fischer matrix. In Section 3.4 we briefly discuss a method to construct the Fischer matrices
of a group extension where N is a normal extra special 2-subgroup of G. We then discuss the
application of the Clifford-Fischer Theory in Section 3.5 to construct the character table of
G. The technique of using the Clifford-Fischer Theory to construct character tables of group
extensions is used, among others, by [1], [2], [4], [8], [15], [19], [23], [35], [43], [48], [49], [52],
[53], [58], [63] and [65].

3.1 The Clifford Theory

Definition 3.1.1 Let G = N.G and 0 € Trr(N), where N < G with N not necessarily abelian.
The function 69 defined by 69(n) = 6(gng™'), g € G and n € N, is a character of N. This
character is said to be a conjugate character of 6.

Remark 3.1.2 We note from Definition 3.1.1 that 69 € Irr(N) if and only if 0 € Irr(N).
We also note that G acts on Irr(N) by conjugation and since N acts trivially on Irr(N) then
Irr(N) is permuted by G/N, by NG : 0 — 69.

21



Theorem 3.1.3 [39] Clifford’s Theorem Let N < G and x € Irr(G). Let 6 be an irreducible
constituent of x| and suppose that @ = 01,05, --- ,0; are distinct conjugates of 8 in G. Then

Xdn = ez;l 0;, where e =< xly,0 > .
Proof See [39] and [63]. O

Clifford’s Theorem asserts that for N < G, x € Irr(G) and 6 € Irr(N) an irreducible con-
stituent of x|, then every G-conjugate of 8 will also be an irreducible constituent of x{ .

Theorem 3.1.4 Let G be a group and K, H < G such that K < H < G and x be a character
of K. Then for all g € G we have

(i) (X")7 = (xo)e 9,
(i) (X)) = x°.
Proof See [40]. O

Theorem 3.1.5 [29/ Brauer’s Theorem Let G be a group and K be a group of automor-
phisms of G. Then the number of orbits of K as a group of permutations on the Irr(G) is the
same as the number of orbits of K as a group of permutations on the conjugacy classes of G.

Proof See [29] and [49]. O

Remark 3.1.6 (a) From Brauer’s Theorem we have that the action of G on the conjugacy
classes of N and on the Irr(N) yields the same number of orbits, however the orbit lengths
need not be the same.

(b) If N is non-abelian, then

Y

S [0E| = 11 £ 1N = S

where

(i) t is the number of orbits of the action of G on Irr(N) or on the conjugacy classes

of N,

(ii) ny is a class representative of a conjugacy class of N and 0y is a representative
character,

(iii) 6S and [ng|S are, respectively, orbits of N containing 0y and ny, for the action of G
on Irr(N) and on the conjugacy classes of N, respectively.

Definition 3.1.7 Let G be a group and K < G. Then for a character x of K, we define

Io(x) = {9 € Na(K) | x* = x},

where x9 is defined similarly to Definition 3.1.1. We call I(x) the inertia group of x in G.
If K Q @G, then
Ie(x) ={9€ G | x? = x}.
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Remark 3.1.8 Let N 4G, 0 € Irr(N) and H = I5(0) = {g € G | 09 = 0} be the inertia group
of 0 in G. It is clear that H is the stabilizer of 0 in the action of G on Irr(N). It can be shown

that N 9 H < G. We note as well that [@F] 1s orbit length of the orbit containing 6. Thus

in the formula x|y = 62::1 0;, in Clifford’s Theorem 3.1.3, t = [GF} The quotient group

H = H/N is called the inertia factor group. The group H can be regarded as the inertia
group of 6 in the factor group G/N = G. That is H={g € G | 89 =0} = 15(0).

Remark 3.1.9 If G = N:G and H = I5(0), then H = N:H.

Next, we define the notion of an extendable character. This notion plays a vital role in the
construction of character tables of finite groups using the Clifford Theory. We also discuss the
conditions for a character to be extendable. More theory on the extension of characters can be
found in the following, Curtis and Reiner [17], Gagola [25], Gallagher [26], Huppert [33], Isaacs
[37] and Karpilovsky [41], among other relevant items.

Definition 3.1.10 Let N < G, 0 € Irr(N) and x E_Irr(ﬁ) such that x{x = 0. Then 6 is
said to be extendable to an irreducible character of G.

Theorem 3.1.11 [40] Let G = N.G, where N < G and G < G such that NN G C N'. If 0 is
an irreducible G-invariant character of N such that (deg(0),|G|) = 1, then 6 can be extended
to G.

Proof See [40]. O

Theorem 3.1.12 [17] Mackey’s Theorem Let N < G and 0 be an irreducible G-invariant
character of N. If N is abelian and G splits over N, then 6 can be extended to G.

Proof See [17]. O

Remark 3.1.13 An alternative proof of Mackey’s Theorem is by applying Theorem 3.1.11.
Suppose that G = N:G and 0 € Irr(N). If N is abelian, then N' = {1} and deg(f) = 1. Since
G is a split extension then NN G = {1}. Thus NNG C N’ and (deg(8),|G|) = 1. Therefore 6
is extendable to G.

Theorem 3.1.14 Let N < G and 6 € Irr(N) which is invariant in G. If <[§:N] , dl%&) =1,
then 0 is extendable to a character of G.

Proof See [25]. O

Theorem 3.1.15 Suppose G = N:G. If0 € Irr(N) and deg(0) = 1, then 6 can be extended to
the inertia group I(0) of 6 in G.

Proof [49] Suppose G = N:G, 6 € Irr(N) and deg(f) = 1. Let H = I(6). Then by Remark
3.1.9, H = N:H, where H = I¢(0). Since H is a split extension, then N N H = {1} C N'. We
also note that (deg(f),|H|) = 1 and that 0 is H-invariant. Therefore 6 can be extended to H

by Theorem 3.1.11. [J
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Remark 3.1.16 The above theorem reinforces Mackey’s Theorem since for N abelian, all 6 €
Irr(N) are linear and hence extendable to their inertia groups.

Suppose once more that G = N.G, N < G, 0 € Irr(N) and H = Iz(#). The latter part of this

section is devoted to the description of the Ir7(G) using Clifford’s Theorem and the notion of

the extension of characters. Theorem 3.1.18 shows that to obtain the Irr(G) that contain 6 in

their restriction to N, it is sufficient to find the Irr(H) that contain 6 in their restriction. If
0 can be extended to Irr(H), then the relevant characters of H can be determined by using
Gallagher’s Theorem, Theorem 3.1.19. But first we state the following result from Isaacs [37].

Theorem 3.1.17 [37] Let N < G, 0 € Irr(N) and H = Iz(0). Suppose

A={yelrr(H) | ($ly,0) # 0}

and

B={xeIrr(G | {x{n,0) #0}.
Then

(a) If Y € A, then v° e Irr(G).
(b) The function ¢ — VO is a bijection of A to B.

(c) If 1/16 = x and Y € A, then v is the unique irreducible constituent of xd7 which sits in
A.

(d) [f wé =X and w € A: then <w¢N7 6) = <X\LN7 9>
Proof See [37]. O

Theorem 3.1.18 Let G = NG, N <G, 0 € Irr(N) and H = I5(0). Then induction to
G maps the Irr(H) that contain 0 in their restriction to N faithfully onto the Irr(G) which
contain 6 in their restriction to N.

Proof See [63]. O

Theorem 3.1.19 /26] Gallagher’s Theorem Let N I G, 0 € Irr(0) and H = I5(0). If 6

can be extended to ¢ € Irr(H), then as  ranges over all Irr(H) which contain N in their

kernels, 51 ranges over all the Irr(H) which contain 0 in their restriction to N.

Proof See [26]. O

Remark 3.1.20 IfG = N.G and every Irr(N) can be extended to its inertia group z'n_@, then
the application of Theorem 5.1.18 and Gallagher’s Theorem gives the characters of G in the
Jollowing manner. Let 01,05 - - - ,0; be representatives of the orbits of G on ]TT(N)._FOT each 1,
let H; = I5(0;) and o; € Irr(H;) with ¢y = 0;. By Clifford’s Theorem, each Irr(G) contains
some 0; in its restriction. Then by Gallagher’s Theorem and Theorem 3.1.18 we have
t
Irr(G) = U {(B@DZ)G | B € Irr(H;) and N C Ker(ﬁ)}.

i=1
This then means that the characters of G are arranged into blocks, with each block corresponding
to an inertia group.
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3.2 Fischer matrices

In Remark 3.1.20, let §; = 1y so that H; = G and H, = G. Consider a conjugacy class [g] of
G with ¢ a class representative. Let § € G be a lifting of g under the natural homomorphism
G — G. Let c(g) be the number of the conjugacy classes of elements of G which correspond
to the coset Ng. Set X(g) = {w1, %2, -+ ,Tcq} be representatives of G-conjugacy classes of
elements of the coset Ng such that the images under the natural homomorphism G — G are in
lg]. Put 1 =G. Set y1,9s,- -+ , ¥y, to be the representatives of the conjugacy classes of elements
of H; which fuse to [g] in G. Let y;,, € H; such that y;, ranges over all the representatives of
the conjugacy classes of elements H; which map v, under the homomorphism H; — H; whose
kernel is N. Let 8 € Irr(H;) such that N C Ker(3). This means 3 is a lifting of 3 € Irr(H;)
such that 5(y,) = B(y) for any lifting y, € H; of y, € H;. Using the formula for induced
characters, Theorem 2.6.6, we have

(B;) é IJ Z Z ||CG x] i3y,

1<k<r 1
= Z Z| )| i(Y1,,) B(y,,)
1<k<r 1
ICG =
= 1<Zk:< Xl: o (g V) Bwn)

where Z; is the sum over all [ for which y;, is conjugate to z; in G.

Definition 3.2.1 Let us define a matriz M;(g) = (aw), 1 <u<r and 1 <v <c(g), where

Z ||CG lk)

Then we have

(51/}2 Z auvﬁ yk
<k<
Doing this for all 1 <1i <t such that H; contains an element in [g] to obtain
M (g)
Ms(g)
M(g) = R
My(g)

where M;(g) is the submatriz corresponding to the inertia group H; and its inertia factor group
H;. Nowif H;N[g] = 0, then M;(g) will not exist and M(g) will not have M;(g). The size of the
matriz M(g) is p x c¢(g), where p is the number of conjugacy classes of elements of the inertia
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factor groups H; for 1 < i <t which fuse into [g] € G, and c(g) is the number of conjugacy
classes of elements of G which correspond to the coset Ng. The matriz M(g) is referred to as
a Clifford-Fischer matriz of G corresponding to the coset N§g.

Most often Clifford-Fischer matrices are simply referred to as Fischer matrices. Let R(g) =
{Gyyr) | 1 < i < t, HiN[g] # 0,1 < k < r}, where y, runs over the representatives of
the conjugacy classes of elements of H; which fuse into [¢g] in G. Now let’s write M(g) as
M(g) = (a{"*)), where

J
Ca( x]
(Z Yk) Z | ¢’ ylk)

with columns indexed by X (g) and rows by R(g).

3.3 Properties of Fischer matrices

Lemma 3.3.1 Let A = Aut(K). Then A acts on Irr(K) and on the conjugacy classes of
K with the same number of orbits on each by Brauer’s Theorem 3.1.5. Suppose we have the
following matriz describing these actions:

I=0 Iy Iy - I - 1
Sq 1 1 1 1 1
52 21 Q29 G23 -+ dgj ~-- Ay
)
Si ;1 Qi2 Q53 5 At
St g1 Qg A3z = Qg - Ay

where
ajj =1 forj e {1,2,--- ,t},
l; 's are lengths of orbits of A on the conjugacy classes of K,
s; 's are lengths of orbits of A on the Irr(K),
a;j 15 the sum of s; irreducible characters of K on the
element x;, where x; is an element of the orbit of length l;.
Then the following relation holds for i,i' € {1,--- | t}:

t

Zaij m lj = |K|Sz(5u’

J=1

Proof See [63]. O
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Remark 3.3.2 Let z; € X(g), m; = [C5:Cq(z;)] and M(g) be the Fischer matriz of G. The
m; are referred to as weights. The columns of M(g) are indexed by X(g). At the top of the
columns we have the centralizer orders |Cg(x;)| and at the bottom we have the weights m; for
each x; € X(g). The rows of M(g) are indexzed by R(g). On the left of M(g) we have |Cy,(y)|

next to each row, where [yi] is the class of H; that fuses into [g] € G. If we let M(g) = <a{i ¥

be the Fischer matriz of G = N.G at g € G, then the general form of M(g) is presented as
follows:

|Ca(z1)| |Cqla2)] [Ca(zs)] |Ca(Teg))|
Calg)l {1 1 T
) c(9)
‘CHQ (yl)| G%Q,yl) a%27y1) a?27y1) T a(%‘?@il)
Cr ()l | ) 3, 4) Qs ) @2ry)
c(9)
Crs ()l | sy Als ) Usyy 0 Oy,
1 2 3 C(:f])
1Crr, (1) Qi) Qi) Aligy)y "7 Qi)
my Mo ms Me(g)

The horizontal lines indicate the blocks corresponding to the inertia factor groups H;. In the

coset analysis, m; is given by m; = [C’;C’g(xj)} = @

Proposition 3.3.3

Z ‘CHZ (y)’a%i,y) a{i,y) - jj"cé(xj)"
(4,y)

Proof [63] The partial character table of G at classes x1, 2, - , Te(g) 18

Ti(g) - Mi(g)
T5(g) - M(g)

Ti(g) - Mig)

where M;(g) is the submatrix corresponding to H; and T;(g) is the partial character table of
H; consisting of columns corresponding to the classes of H; that fuse into [g] in G. By column
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orthogonality of the character table of G, we have

Cal@)lr => > ( > afi,y)ﬁz(y)( > a{;y/)ﬁi(y/)))
(

i=1 g;elrr(H;) \ y:(i,y)€R(g) y':(4,y" ) ER(9)
t
-3 5 (Sl 00 + Xl 077
i=1 g;clrr(H;) Yy vy YAy
t —_ .
3 (Sl X B0 + X il X a6A0)
i=1 Yy BieIrr(H;) Yy YAy BLEITT(H'L')

t S
= (Z al, @ o 1Cr (9| + o)
i=1 y
= > ;.| Crr (W)

(i,y)€R(g)

O

Theorem 3.3.4
ajl,g =1 V] S {1’ 70(9)}

Proof [49] If y;, ~ x;, then |Cx (y,)| = |Cg(z;)|. It then follows that
|Cal(;)]
A i) = 1
Z Car, ()"
O

Proposition 3.3.5 [{3] At the identity of G, the matriz M (1) is the matriz with rows equal
to orbit sums of the action of G on Irr(N) with duplicate columns discarded. For this matriv
we have a(z » [G:HZ-], and an orthogonality relation for rows:

t
> dl, ) 1Cala)| Tt = 0| Cr, (16) |7 = i Hi| .
j=1

Proof [63] The (i, 1g), 7" entry of M(1¢) is

Z ’ ) 7/)1 ylk)

where we sum over representatives of conjugacy classes of H; that fuse to [z;] in G. Therefore
azl y = % (x;). By Theorem 3.1.18, ¥ € Ir7(G), and (S|, 0;)) = (ily,0;) = 1. It then

follows by Clifford’s Theorem 3.1.3, that ¢G$N Z Xa, Where we sum over all y, € Irr(N)
in the orbit containing #;. Then z; € N and a (i) = 2_a Xa(®;). The orthogonality relation
follows by Lemma 3.3.1. [

Due to the results we proved in this section and the work of Fischer in [23], we summarize some
of the properties of Fischer matrices in the following remark.
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Remark 3.3.6 For a Fischer matriz M(g) = (a‘gi y)) of G = N.G, the following relations apply:

(Z) a{Lg) =1 v.] S {17 ' 76(9)}7

s/

(1) 3 per) |CrWlag,y ag.,y = 0;|Calz;)l,
(iii)

ol = |OG(9)|
@) O, (y)]

3

(iv)

—~

c(9)
. ‘ )
mja%l',y)azi’,y’) - 5(i7y)(i’,y’)a(i,y)|N|7
1

J
(v) |X(g9)| = |R(g)l,
(vi) M(g) is square and singular,
(vii) laj, | > lal, |.

Note that (iii) and (iv) apply if NV is elementary abelian.
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Remark 3.3.7 [/9]

(1) Let x be a character of a group G and g € G. Then we have |x(g)| < x(1g), where 1¢ is
the identity element of G.

(ii) Let x be a character of a group G and g a p-singular element of G, where p is a prime.
Then we have x(g) = x(g”) mod p.

The rest of the theory we discuss on Fischer matrices is due to List [43]. This theory can be
seen somehow as an alternative way of computing the entries of a Fischer matrix. It is used,
among others, by Chileshe [15], Darafsheh and Iranmanesh [19], Iranmanesh [35], Mpono [49],
Almestady [2], Almestady and Morris [4], Whitley [63] and Zimba [65].

Proposition 3.3.8 Let G = N.G with N an elementary abelian p-group. Let g € G. The map
lz: N — N defined by lz(n) = ngn='g ! is an endomorphism of N.

Proof See [15]. O

Remark 3.3.9 Listin [43] proves that if N is a vector space which is invariant under the action
of G, then Im(ly) and Ker(l) are Cg-modules. In Corollary 2.3.2 we proved that Cg = N:Cg/(g)
for G = N:G.

Remark 3.3.10 Let Im(ly;) = M. The quotient group N/M plays a vital role in the com-
putation of the entries of a Fischer matrixz. The group N acts on Ng by conjugation and M
acts on Ng by left multiplication such that the resulting orbits of the two actions are the same.
This then means the action of Cz on the orbits of N acting on Ng is the same as the action
of C5 on the module N/M. Therefore the orbits of the action of M on Ng can be identified
with the elements of N/M. Let 6; € Irr(N), 1; € H; and v; be an extension of 0; in H;.
Then 1; is constant on the orbits of N acting on Ng. We define a class function pu on N/M
by u(Mn;g) = i(n;g), where n; € N and n;g € Q; is a representative of the j-th orbit of N
acting on Ng, and ny = 1y. Then u(Mg) = ¢;(g). Let i be an extension of i to the inertia
group of p in Cgz. Then induction of [i to G evaluated on the elements of NG is equivalent to the
induction of ft to C5/M evaluated on the elements of N/M. From [/3] we have that if G is a
split extension, then the Fischer matriz at a non-identity coset of N in G is the matriz of orbit
sums of Cg acting on the rows of the character table of N/M with duplicate columns discarded.
If G is a non-split extension, then it may happen that i may not be a character of N/M. Then
& will be a character of N/M, where & is an appropriate p-th root of unity. Therefore when G
is a non-split extension, the Fischer matriz is the matriz of orbit sums of Cg acting on the rows
of the character table of N/M with duplicate columns discarded and with each row multiplied by
an appropriate p-th root of unity. It may happen that the p-th root of unity for each row is 1.

Proposition 3.3.11 Let N be an elementary abelian subgroup of G = N.G such that G /N =
G. Let M = {ngn~'g™' | n € N}. Then [N:M] = k, where k is the number of elements of N
fixed by a class representative g € G.
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Proof [49] We have that the orbits Qq,Q2, - ,Q) of N acting on Ng are the same as the
orbits Dy, D, - -+, Dy of M acting on Ng by left multiplication. Also the orbits Dy, Dy, -, Dj,
can be identified with the elements of N/M. Then it follows that |[N/M| = [N:M] = k. O

Remark 3.3.12 Let N be an elementary abelian p-group such that |N| = p™. From the coset
analysis of the extension G = N.G, we have that k = p™ for 0 < m < n, where k is the number
of elements of N fized by a class representative g € G. Suppose that QQ1,Qs,--- ,Qr are the
orbits from the action of N on Ng and that the action of Cyz on the listed orbits results into
fi=1Vie{1,2,--- k}. This then means that the action of Cy on Irr(N/M) is trivial. In
this case the Fischer matriz M(g) coincides with the character table of an abelian group N/M
of order k. We also note that for G = N:G, the set stabilizer C, = N:Cq(g) and the action of
C, on the character table of N/M is the same as that of Ce(g).

3.4 Fischer matrices where N is an extra special 2-group

Let G = N:G, with N a normal non-abelian extra special 2-subgroup of G. We adopt the
notation in Sections 3.2 and 3.3.

Lemma 3.4.1 For every c(g;) x c(g;) Fischer matriz M(g;), the sum of the 15,37 ... ¢(g;)t"
rows equal (component wise) to the square of the modulus of the 2™ row.

Proof See [52]. O

Lemma 3.4.2 For each Fischer matriz M(g;), we can order the x;;, 1 < j < ¢(g;), so that

the second row of M(g;) is of the form [g;, —¢;,0,- - ,0] and we may choose x;s = zx; 1, where
z 18 the central involution in Hy. Furthermore,
1 2 1Ca(gi)]
Ukym) = Hhym) = 7C :
(kyym) (kyym) 1Cr, ()|

where k # 2, the indices i, k and m correspond to the number of conjugacy classes of G, the
number of inertia factor groups of G and the number of classes of the inertia factor group Hj
that fuse to [g;], respectively.

Proof The proof follows from the proof of Lemma 7 by Pahlings [52]. O

Remark 3.4.3 We then compute the entries of M(g;) as follows:
(a) The first row comes from Theorem 3.5.4.
(b) Lemma 3.4.1 and Lemma 3.4.2 provide the second row and the first two columns.

(¢) In Note 10.5.2 in [8] by Basheer, we have that at this point the Fischer matriz M(g;)
has c(g;)* — 4c(g;) + 4 unknowns. These unknowns are calculated using the orthogonality
properties of Fischer matrices discussed in Section 3.3.
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3.5 Character table of G = N:G

At this stage we are able to construct the character table of a group extension using the Clifford-
Fischer Theory. In this thesis we confine our discussion to character tables of split extensions.
Character tables of non-split extensions are discussed by Ali [1], Basheer [8] and Pahlings [52],
among others. The Clifford-Fischer Theory for character tables of split extensions G = N:G
entails having first the following:

a) conjugacy classes of G,

(
(b

character tables of the inertia factor groups,

)
)
(c) fusion maps of the inertia factor groups into G,
(d) the Fischer matrices of G.

We know that the rows of a Fischer matrix M (g) can be divided into blocks with each block
corresponding to the inertia factor group H;. Let us denote the submatrix corresponding to
H; by M;(g), and the partial character table of H; consisting of columns corresponding to the
classes of H; that fuse into [g] in G by T;(G). The character table of G is then obtained by
multiplying the relevant characters of H; by rows of M(g). Thus the partial character table on
the classes {@1, 22, -+ , e} is via matrix multiplication as follows:

Ti(g) - Mi(g)
Ty(g) - Ma(g)

Ti(g) - Mi(g)

This then means that a character table of G will also be divided into blocks corresponding to
the inertia factor groups H;. We note as well that

\Irr(G)| = Z \Irr(H;)|.

Examples of character tables of split extensions are found in Chapters 5 to 10. In the latter
chapter our NV is non-abelian.
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Affine subgroups of classical linear groups

This chapter is dedicated to the description of the irreducible characters of affine subgroups of
classical linear groups, namely the general linear group, the symplectic group, the orthogonal
group and the unitary group. We use the Clifford-Fischer Theory discussed in Chapter 3 to
determine the irreducible characters of these affine subgroups. Affine subgroups are subgroups
that fix a non-zero vector of an underlying vector space. In each classical linear group, we prove
that these affine subgroups are split extensions. We adopt the notation we used in Chapter 2
for split extensions. Therefore these affine subgroups are of the form G = N:G, where N < G,
G/N = G and G is one of the classical linear groups. We recall that the description of Irr(G)
via the Clifford-Fischer Theory entails having the conjugacy classes of G, the character tables
of the inertia factor groups, the fusion maps of these inertia factor groups into G and lastly the
Fischer matrices of G. Conjugacy classes of G are determined by utilizing the coset analysis
technique discussed in Subsection 2.3.1. Therefore, one of the key considerations of this chapter
is to analyse the actions of G on N and on Irr(N), for each of the above-mentioned classical
linear groups. The first action will yield the point stabilizers and the latter will yield the
inertia factor groups. The structures of these point stabilizers and inertia factor groups are
discussed. In Section 4.1 we deal with the affine subgroups of the general linear groups. In
Section 4.2 we discuss affine subgroups of symplectic groups. Symplectic groups, including
symplectic forms and symplectic spaces are discussed in detail by Mpono [49] and Rodrigues in
[49] and [55], respectively, among others. We first discuss symplectic transvections and prove a
number of results involving symplectic transvections relevant in this thesis. We give alternative
proofs of the following already established theorems: that an inverse of a transvection is also a
transvection, a conjugate of a transvection is also a transvection, and when two transvections are
equal. We also prove some new results which are given in Proposition 4.2.10, Corollary 4.2.11,
Proposition 4.2.14, Proposition 4.2.15, Proposition 4.2.17, Proposition 4.2.18 and Proposition
4.2.19. Readers may consult the following for further reading on symplectic groups, [14], [21],
[49], [55], [62] and [64]. In this section we also determine the centre, Z(G), of the affine
subgroup G of Sp(2n,q). We further prove some new results given in Proposition 4.2.37,
Corollary 4.2.38, Proposition 4.2.39, Corollay 4.2.40, Proposition 4.2.41 and Proposition 4.2.42.
In Remark 4.2.43 we establish a method of determining the Fischer matrices of the quotient
group G/Z(G) directly from the Fischer matrices of Gi. A similar process is outlined in Remark
4.2.44 to determine the character table of G'/Z(G) directly from the character table of G. The
latter remark is due to Isaacs [37]. We continue with the discussion of affine subgroups of
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orthogonal groups in Section 4.3. Then in Section 4.4 we deal with the affine subgroups of
unitary groups. For further reading on affine subgroups of classical groups, we refer the reader
to [1], [18], [19], [30], [35], [45] and [49].

4.1 Affine subgroup of the general linear group GL(n, q)

Let G(n) = GL(n,q) be a general linear group of dimension n over the GF(q) = F, where
q = p*, for k € N and p a prime. We consider the affine subgroup A(n) of G(n). We use the
following lemma due to Gow in [30] to show that A(n) is a split extension.

Lemma 4.1.1 [30] The affine subgroup A(n) of G(n) is a split extension of an elementary
abelian p-group D(n) of order "' by a subgroup isomorphic to G(n—1) which acts transitively
by conjugation on the non-identity elements of D(n).

Proof See [30]. O

Let us denote the normal elementary abelian p-subgroup D(n), the subgroup G(n — 1) and
the affine subgroup A(n) in Lemma 4.1.1 by N, G and G, respectively. Then G = N:G =
¢":GL(n — 1,q). Thus |G| = ¢"'|GL(n — 1,¢)| = ¢" " - T2 (¢" " — ¢'").

Remark 4.1.2 We observe that [G(n):@] =q" -1

4.1.1 Elements of N and G in terms of n X n matrices

Since the affine subgroup G = N:G sits in GL(n, ¢), we express the elements of N and G in
terms of n X n matrices with entries in F. We use the discussion by Darafsheh and Iranmanesh
in [35] to achieve this. The group GL(n,q) acts transitively on the non-zero vectors of the
n-dimensional vector space V'(n, q) over the field F. Let

1
0

Vo = .

0

be a vector in V'(n, q). The stabilizer of vy in GL(n, ¢) is the subgroup

Gy = A'is an n x n non — singular matrix over F and v = (a,b,--- ,¢) € F"~*

Since
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1w 1| vA™ 1[0 0
0 | 0

A || I A
0 0 0

and

) [

Aisann—1xn— 1 non — singular matrix over [F

0
The group M = {ngn~'g~! | n € N, g € G}, defined in Remark 3.3.10, has elements of the
form

v(l —A)

1|
0
TItn—1)x(n-1)

M < N.
4.1.2 The actions of G on N and on Irr(N)

The action of G on N is by conjugation and is given by

-1

10 -0 1| v 10 -0

0 0 0 B
: A : I : A B
0 0 0

This action yields two orbits. The orbit lengths are 1 and ¢®~! — 1. Thus we have two point
stabilizers, one isomorphic to G' and the other to the affine subgroup of GG. The affine subgroup
of G is the split extension ¢"2:GL(n — 2, ¢). By Brauer’s Theorem the action of G on Irr(N)
will again yield two orbits. The latter action is given by
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Xg

where x € Irr(N) and

A

The orbit lengths of this action are also 1 and ¢" ! — 1. This then means that we have two

inertia factor groups H; = G and H, = ¢"%:GL(n — 2,q).

4.1.3 Holomorph of C,

In this subsection we discuss the character table of the holomorph of C),, where p is prime, which
we will use in Chapter 5 where we will deal with the affine subgroup 5%:GL(2,5) of GL(3,5).

Definition 4.1.3 The holomorph of a group M s the split extension M:Aut(M), where Aut(M)
acts naturally on M.

Lemma 4.1.4 If C, is the cyclic group of order a prime p, then Aut(C,) = Cp_y.
Proof See [63]. O

In [63] Whitley shows that the character table of the holomorph of C,, is always of the following
form:

Table 4.1: Character Table of C,:C,_;

Class rep 1] p] CL Cly -+ Cly
|Centralizer| | p(p—1) p p—1 p—1 -+ p—1
X1 1 1
X2 1 1
: : : X
Xp—1 1 1
Xp p—1 -1 0 0 XX 0
where
o Cly,Cly,---,Cl,_o are class representatives of non-identity elements of C,_1,

e X denotes the character table of C),_;.
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4.1.4 Character degrees of G

Let G = ¢" 1:GL(n—1,¢q) = N:G be the affine subgroup of GL(n, q), where ¢ is a prime power.

By Lemma 4.1.1, GG is a split extension and N is abelian. Then by Mackey’s Theorem 3.1.12,
the Irr(N) are extendable to the inertia groups of G. This then means that the Clifford-Fischer
Theory can be used to construct the character table of G. According to Gallagher’s Theorem
3.1.19, the characters of G are given by

t

(@) = {(ﬁwi)@ | 8 € Irr(H,) and N C Ker(ﬁ)}.

i=1

Lemma 4.1.5 The degrees of the Irr(G) are the degrees of the Irr(G) and the degrees of the
irreducible characters of the affine subgroup of G multiplied by ¢"~' — 1.

Proof See [20]. O

Corollary 4.1.6 |Ir7(G)| is equal to Y7~ r;(q), where ri(q) is the number of the Irr(GLi(q))
with ro(q) = 1.

Proof See [20]. O

Remark 4.1.7 In [19] we have that the number of irreducible characters of an affine subgroup
G = A(n) of G(n) = GL(n,q) can be computed by using the following polynomials:

(i) ¢ +q—1 forn=3,
(ii) ¢ +q>—1 forn =4,
(iii) ¢* + @ +q*> —q—1 forn=>5.

Theorem 4.1.8 G has q — 1 irreducible characters of degree (¢"* —1)(¢" 2 —1)---(¢" " — 1)
for each 1 < i <n—2 and a unique character of degree (¢" ' —1)(¢" 2 —=1)--- (¢ —1).

Proof See [20]. O

4.1.5 Fischer matrices of G generalized

In [19] and [35] Darafsheh and Iranmanesh generalized the Fischer matrices of the affine sub-
group of the general linear group GL(n, q). We take a closer look at the generalizations of 2 x 2
and 3 x 3 Fischer matrices.

Theorem 4.1.9 Let G = ¢" “:GL(n — 1,q) be the affine subgroup of GL(n,q) and let [g] be a
conjugacy class of G. Then the 2 x 2 Fischer matrices of G are of the form

M(g)z{qml_1 _111

where 1 <m <n—1.
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Proof See [35]. O

Remark 4.1.10 From Subsection 4.1.2 we have that the action of G on Irr(N) yields two
orbits of lengths 1 and ¢"~' — 1. It then follows from Theorem 4.1.9 that the Fischer matriz at
the identity class of G is of the form

1 1
Theorem 4.1.11 [35] Let G = ¢"1:GL(n — 1, q) be the affine subgroup of GL(n,q) and let [g]

be a conjugacy class of G. Then the 3 x 3 Fischer matrices of G are of the form

1 1 1
M(g)=|q¢—-1 ¢g—1 —1],
¢—-q —q O
where 2 <t <n — 2.

Proof See [35]. O

4.2 Affine subgroup of the symplectic group Sp(2n,q)

We discuss in this section the affine subgroup of the symplectic group Sp(2n,q), where ¢ is a
prime power. We start the discussion on symplectic transvections. Thereafter we look at the
general theory regarding the affine subgroup of the symplectic group Sp(2n, q).

Theorem 4.2.1 [21] Let (V, f) be a non-degenerate symplectic space of dimension 2n over
GF(q). Then

1Sp(2n, q)| = ¢* [ (¢*
i=1
Proof See [21] and [49]. O

4.2.1 Symplectic transvections

Definition 4.2.2 If V' is a vector space of finite dimension n and W s a subspace of V' of
dimension n — 1, then W is referred to as a hyperplane of V. If F = GF(q) and W is a
hyperplane of V, then |W| = ¢~ 1.

Definition 4.2.3 Let V' be a non-degenerate symplectic space over a field F and T € Sp(2n,F)
and T # I, such that for some hyperplane W of V', we have

(i) T(w) =w for allw e W,
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(1) T(u) —u e W forallueV —W.
In this case T is referred as the symplectic transvection of V.

Theorem 4.2.4 [3]] Let T be a symplectic transvection with hyperplane W. Then there is a
non-zero v € V such that W = (v)* and for all x € V we have T(x) = z+ \f(x,v)v for A € F.
Conversely, for 0 v €V and 0 £ X € F define T : V — V by T(x) = x + Af(x,v)v for all
x € V. Then T is a symplectic transvection with hyperplane (v)*.

Proof See [34] and [49]. O

Theorem 4.2.5 [3/] The symplectic group Sp(2n,F) is generated by the set of all symplectic
transvections.

Proof See [34] and [49]. O
Corollary 4.2.6 The symplectic group Sp(2n,TF) is transitive on V*.

Proof See [49]. O

Theorem 4.2.7 Let q be a power of an odd prime p. Then Sp(2n,TF) has irreducible characters
Y1 and s of degrees % and qn% respectively. Moreover

Y1 () + () * = [Cy ()]
for all x € Sp(2n,q) and V =V (2n,q) is the natural module of Sp(2n,F).

Proof See [36]. O

Theorem 4.2.8 The inverse of a transvection T, , is also a transvection T, .
Proof Claim T,Uj =T, _x. Let T;l =Typ ThenVz eV
(T o Tus)(@) = 2
= Tya(Tus(a)) = o
= Toa(z+ Bf(z,w)w) =2
=z + Bf(z,w)w + Az + Bf(z, w)w,v]v =z
= Bf(x,w)w + Af(z,v)v+ ABf(z,w)f(w,v)v = 0.
If = —X and w = v, then the sum on the left equals to zero. Hence TUT){ =T, as claimed.

We show that the two composite functions 75, , o T, _» and T}, _) o T},  are identity functions.
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Let z € V, v e V¥, X € F* and g € Sp(2n,q). Then
Tor(Ty-a(2)) = Tyx(x — Af(z,0)v)
=z — Af(z,0)v+ Af(x = Af(z,v)v,v)v
=T — )\f(.’K,’U)U + )\f(a:,v)v - )\Zf(x,v)f(v,v)v

=X.

And

Ty A(Ton(x)) = Ty -a(x + A f(2,0)0)
=z + Af(z,0)v = Af(z+ Af(x,v)v,v)v
=z + A(z,v)v — Af(z,v)v — N2 f(2,0) f(v,v)v

O
Theorem 4.2.9 The conjugate of a transvection is also a transvection.
Proof Let x € V, v € V*, A € F* and g € Sp(2n,q). Then
(gTv,)\g_l)( ) (gTU )(g ( ))
=g(g7 (x) + M (g7 (x), v)v)
=g(g7(x)) + Mf(g7"(x),v)g(v)
=z +Af(g7(2). 97" (9(v))g(v)
=z + Af(z,9(v))g(v)
= T )\(1')
O

Proposition 4.2.10 Let p be a prime. If Char(F) = p, then order of the transvection T,y is
p.

Proof By definition T,,z(z) = x + Af(z,v)v. It can be shown that T7,(z) = = + 2\ f(z,v)v
and T3\ (z) = = + 3\ f(z,v)v, etc. Assume that T7,(z) = = + kA f(x,v)v, for k € Z*. Now

X (@) = (T o T,))(x)
(Tf,\( T, \(2))
— Th (5 + A, 0)0)
=z + ANf(z,0)v + kXf(x + Af(z,v)v,v)v
=2+ Af(z,0)v + EXf(z,0)v + kN2 f(2,0) f (v, v)v
=x+ (k+ DAf(z,v)v.

Therefore T}, (z) = z +nAf(z,v)v, Vn € Z*. If Char(F) = p, then T, (v) = z + pAf(z,v)v =
xz, Vo eV. Thus o(T, x\(x)) =p. O
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Corollary 4.2.11 If the characteristic is 2, then order of a transvection is 2. This implies that
these transvections are involutions in Sp(2n,q), q = 2~.

Remark 4.2.12 Theorem 4.2.5 and Corollary 4.2.11 imply that the symplectic group Sp(2n, 2)
is generated by a set of involutions. It can also be shown that Sp(2n,2) is a 3-transposition
group. For details on 3-transposition groups see [24] and [7].

Lemma 4.2.13 [51]

(a) Two transvections are equal, Ty, = T, x, if and only if 3 a € F* such that w = av and
a?\N =\

(b) Tav,)\ = Tv,oﬂ)\'

Proof (a)

Topr=Twx e Yz eVo+A(z,v)v =0+ Nf(z,w)w
e VaeeV A \f(x,v)v=Nf(z,w)w.

Since f is non-degenerate, 3 x € V* such that f(z,v) # 0. Then using the above, we must also

have f(z,w) # 0 and hence w = /\’\,]}((zz}))v Let a = % Then w = av. Now

A(z,v) _ A (z,v) _ A
aXf(z,v) aX’

“= Nf(x,av)

Hence A\ = o?).
(b) Towr(z) = x4+ Af(z,av)av =z + A f(z,0)v = T, g2 (x). O
Proposition 4.2.14 If [F| = 2, then there is one conjugacy class of transvections in Sp(2n,2).

Proof If |F| = 2, then A = 1. The group Sp(2n,2) is transitive on V* by Corollary 4.2.6. This
implies that 3 g € G such that g(v) = v € V*. By Theorem 4.2.9, ¢(T,1)9™" = Tyw)1 = T 1-
Hence there is only one conjugacy class of transvection in Sp(2n,2). O

Proposition 4.2.15 If|F| = 2%, then there is one conjugacy class of transvections in Sp(2n, 2%).

Proof Let ¢ = 2™, m € Z*. Consider F* = {1,a,0?,---,a%?} with a?"! = 1, that is
o(a) = g—1. By Theorem 4.2.9, there are at most |F*| possible conjugacy classes of transvections
in Sp(2n, q). The representatives of these possible conjugacy classes are

Tv,17 T’U,Ou Tv,a27 e 7Tv,a‘1*2‘

We have that Ti,,1 = T} o2 by Lemma 4.2.13(b). If we square each element of F*, then we must
have T, yor = Tyky 1, k € Z7 U {0}. This means that T, ,2r € [T3,1].

Now if 8 € F* such that 8 = a?**!, then § = a?*t1. q2" "1 = o2:+2"71) — 42 for some K.

That is T, gort1 = T, yorr = Ty, ;- This implies that T, ,ex41 is also an element of [T,,;]. Thus

for every a € F*, T, , € [T,1]. Hence there is one conjugacy class of transvections in Sp(2n, 2¥).

O

41



Proposition 4.2.16 The cardinality of the set of symplectic transvections in Sp(2n,2%) is
|V*| = 2% — 1.

Proof By Proposition 4.2.15 the conjugacy class of transvection is [T, ;] and hence
Toa) = {9Tung™ | g € Sp(2n. 2} = Ty | 9 € Sp(2n,2")} = {Ts | w e V'),

since Sp(2n, 2%) is transitive on V*. Hence |[T, ]| = |[V*|. O

Proposition 4.2.17 For0 #v eV, G, < Cq(T, ) V X € F*.

Proof Let ¢ € G,. Then g(v) = v. Then V X\ € F*, ¢T,,g7' = Ty = T Hence
g < Cg(Tvy,\). ]

Proposition 4.2.18 If Char(F) =2, then G, = Ca(T,\) V X € F*.

Proof By Proposition 4.2.17 G, < Cg(T,,5). Conversely let g € Cg(T),,,). Claim g(v) = v.
Now

g€ CG(T’U,)\) <~ gTv,)\g_l = Lo

<~ Tg(v))\ = Tv,)\

& 3 a € F* such that g(v) = av,a?X = )

& 3 a € F* such that g(v) = av,a? = 1.

Since Char(F) = 2, 1 = —1, and hence a = 1 is the only solution. In this case g € Cq(T;2)
implies g(v) = v. Hence g € G,. O

Proposition 4.2.19 If Char(F) # 2, then Cq(T,2) ={g | g(v) = v or g(v) = —v}.
Proof From the proof of Proposition 4.2.18 we have
Co(Ton) ={g | 9(v) = av, o* =1}.
If Char(F) # 2, then o> =1=a =1 or « = —1. Thus
Ca(Ton) ={g | g(v) =vor g(v) = —v} 2 G,.
O

4.2.2 Affine subgroup of Sp(2n,q)

Let (V, f) be a non-degenerate symplectic space over F = GF(q). Let B = {ej,ea,--- ,ea,} be
a basis for V and f: V x V — I defined by f(e;,e;) = 6(i,2n+m — j), where ¢ < j. Let T be
an isometry of (V, f) and

G(n) = Sp(2n,q) ={T | f(T'(x),T(y)) = f(z,y) Vz,y € V}.

By Corollary 4.2.6, the symplectic group G(n) is transitive on V*. Let a« € V*. The affine
subgroup of a symplectic group is the point stabilizer A(n) = {T € G(n) | T(a) = a}. Then
by Theorem 2.6.3 A(n) < G(n).
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Remark 4.2.20 Since A(n) is the stabilizer of « € V* in G(n), then
[G(n):A(n)] = V7| = ¢ — 1.

Lemma 4.2.21 Let a € F = GF(q), with Char(F) = p and (n,p) = 1, n € N. Then there
exists b € ' such that nb = a.

Proof See [48]. O

As G(n) acts transitively on V*, then let A(n) be the stabilizer in G(n) of the non-zero vector
ep € V*. That is A(n) ={T € G(n) | T'(e1) = e1}.

Remark 4.2.22 We define P(n) to be the subgroup of A(n) consisting of elements T € G(n)
such that
T(el) = €1

T(ei):aiel—i-ei, 2<:1<2n-1

and
2n
T(€2n) = Zﬁiei
i=1
with Ban, =1 and

o — —Bont1-j 2<j<n
J ﬁ2n+lfj n<j< 2n — 1.

If T € P(n), then T is represented by the following matriz with respect to the basis given in
introduction of this section:

1 _627171 _527172 62 61

0 1 0 -0 5o
0 0 0 1 Bon—1
0 0 0 0 1

We describe P(n) as an abstract group P as follows: Let (V, f) be a non-degenerate symplectic
space of dimension 2n — 2 over F and consider the pairs [v,a], where v € V and a € F. Define
multiplication on such pairs by

[v, a][u,b] = [u+v,a+b+ f(u,v)].
It is clear that |P| = ¢*" 2 x ¢ = ¢*" 1.

Definition 4.2.23 Let G be a group. The Frattini subgroup ®(G) of G is the intersection
of all maximal subgroups of G.
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Definition 4.2.24 Let p be a prime and G a p-group. If Z(G) = G' = ®(G) are elementary
abelian, then G is referred to as a special p-group.

We refer to P(n) and P in Remark 4.2.22 in the following lemma.

Lemma 4.2.25 If Char(F) = p, where p is an odd prime, then the group P is a non-abelian
special p-group of order ¢*"~' isomorphic to P(n).

Proof See [48]. O

Remark 4.2.26 Let T € P, then T = [v,a], where v € V and a € F. If p = 2, then we
have T? = [v,a]* = [2v,2a] = [0y,0] = 1p. Thus P is an elementary abelian 2-group. Since
P(n) = P, then P(n) is also an elementary abelian 2-group.

Lemma 4.2.27 Let G < A(n) which fizes es,. Then G fizes both e; and e, and acts on
W = (ea,e3, -+ ,e9,-1) as G(n —1). Moreover, G = G(n —1) = Sp(2n — 2,q).

Proof See [55]. O

In [48], Moori and Rodrigues prove that P(n) < A(n), P(n)NG = {14} and P(n)-G = A(n).

These results are then used to prove the following result.

Theorem 4.2.28 Let q be a power of an odd prime p. Then A(n) is a split extension of P(n)
by G where G = G(n — 1) = Sp(2n — 2, q).

Proof See [48]. O

That is, A(n) = ¢*"~1:Sp(2n — 2,9), hence [A(n)| = ¢*"~* - ¢V T[S (g% — 1).

4.2.3 Elements of P(n) and Sp(2n — 2) in terms of 2n x 2n matrices

We express the elements of P(n) and Sp(2n — 2,¢) in Theorem 4.2.28 as 2n X 2n matrices
with entries in GF'(q) since A(n) is the subgroup of the symplectic group Sp(2n,q). We use
Remark 4.2.22 to express the elements of P(n) in terms of 2n x 2n matrices. An element
g € Sp(2n — 2,q) can be expressed in Sp(2n, q) as follows:

1o - o]0
0

. .

0 0
0[0 01
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4.2.4 Character degrees of A(n)

Since P(n) is abelian and A(n) is a split extension, then by Mackey’s Theorem, the characters
of P(n) are extendable to their inertia groups in A(n). Thus the characters of A(n) can be
described using Gallagher’s Theorem and Remark 3.1.20. Furthermore, the character table of
A(n) can be constructed using the Clifford-Fischer Theory. We concentrate in this subsection
on the character degrees of A(n).

Theorem 4.2.29 Let G(n) = Sp(2n,q), q a power of an odd prime. Let A(n) be the stabilizer
of a non-zero vector. The degrees of some of the Irr(A(n)) are as follows: the degrees of
Irr(Sp(n — 2)), the degrees of the Irr(A(n — 1)) multiplied by ¢**~* — 1.

Proof See [18]. O

Remark 4.2.30 The corollary of Theorem 4.2.29 in [18] is that the affine subgroup A(n) has
some irreducible characters of degree (¢**=2 —1)(¢** 2 —1)---(¢> % — 1), where k < n.

Theorem 4.2.31 The affine subgroup A(n) has non-faithful irreducible characters of degree
(@2 =1)(¢* 3 —=1)---(¢* % = 1), fori € N satisfying 1 <i<n—1, . The kernel of these
characters is the centre of P(n). The characters remain irreducible modulo any prime distinct
from p.

Proof See [30]. O

Next we consider the case where ¢ is a power of 2. If the dimension of a vector space V' is even,
q even, then there are two non-equivalent quadratic forms defined over V' which are denoted by
Qt and Q. If V = V(2n, q), then the subgroups of GL(2n, q), leaving these forms invariant are
the orthogonal groups O™ (2n,q) and O~ (2n, q), respectively. Orthogonal groups are discussed
in Section 4.3.

Theorem 4.2.32 [18] Let G(n) = Sp(2n,q), q even. Let A(n) be the stabilizer of a non-zero
vector. The degrees of some of the Irr(A(n)) are as follows: the degrees of Irr(Sp(n —2)), the
degrees of the Irr(A(n—1)) multiplied by ¢°" 2 — 1, the degrees of the Irr(OT(2n,q)) multiplied
by %q”fl(qnfl—kl) and the degrees of the Irr(O~(2n, q)) multiplied by %q”fl(qnfl—l). Moreover,
the number of characters in each of the last two cases is ¢ — 1.

Proof [18] Let A(n) = P(n):Sp(2n — 2,q), where ¢ is a power of 2. By Remark 4.2.26, P(n)
is an elementary abelian 2-group and |P(n)| = ¢**~!. The 2-group P(n) is isomorphic to the
group P = {[v,a] | v € V and a € GF(q)}. The group P and the multiplication on the elements
of P are defined and described in Remark 4.2.22, respectively. The action of A(n) on P(n) is
defined in the following manner:

[, a)"" = [A7 v, ],

where A € Sp(2n — 2,q) and [v,al, [u,b] € P(n). Therefore A(n) has 2¢ orbits on P(n). Due
to Brauer’s Theorem the action of A(n) on Irr(P(n)) has 2¢q orbits as well. We describe the
latter orbits. For every vector u € V(2n — 2,q), the function x, : P(n) — C defined by
Xu([v,a]) = (—=1)"F @YD) is an irreducible character of P(n). The tr is the trace map of GF(q)
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onto GF(2). The group G(n — 1) = Sp(2n — 2, q) acting on the set of characters of this type
produces two orbits of size 1 and ¢*"~2 — 1, with corresponding inertia factor groups G(n — 1)
and A(n — 1), respectively. Let ¢, where ¢ = £, be the representatives of the two classes
of quadratic forms with associated bilinear form f. Then for any b € GF(q), the function
Xo : P(n) — C defined by x([v, a]) = (—1)*@Q@+0) s 4 linear character of P(n). If b and ¢
are distinct elements of GF(q), then y;, and x. lie in different orbits under G(n — 1). Because if
Xt = x. for some A € G(n—1), then xi([0,a]) = x.([0, a]) for all a € GF(q) which implies that
tr((b—c)a) = 0 and since b # ¢ this implies that the trace function is identically zero. Therefore
if b runs through the ¢ — 1 non-zero elements of GF(q) we have 2(q¢ — 1) orbit representatives x
for the orbits of G(n—1) on Irr(P(n)). The orbit sizes are 1¢"'(¢" ' +¢), where ¢ = £1. The
stabilizer of x, in G(n—1), 0 # b € GF(q), is a group isomorphic to Q°(2n — 2, q) if x; is taken
from an orbit of length 2¢"*(¢"* +€). Recall that the character degrees of A(n) are from the
partial character table of A(n) corresponding to the Fischer matrix M (e) on the identity class e
of Sp(2n —2,q). Since P(n) is abelian, by Remark 3.3.6, the first column of the Fischer matrix
M (e) is given by the indices of the respective inertia factor groups in Sp(2n — 2, q), which are
the orbit lengths of the action of Sp(2n — 2,¢q) on Irr(P(n)), as given above. The result now
follows from the discussion in Section 3.5 and Remark 2.4.9 (iii). O

Remark 4.2.33 The corollary of Theorem 4.2.32 in [18] is that the affine subgroup A(n) has
q — 1 wrreducible characters of degree %q"‘l(qn_1 +¢€) and for each k € N;1 < k <n—2 it has
q — 1 irreducible characters of degree 3¢" " H(q" "+ e)(¢* 2= 1)(¢*" 3 —1) -+ (P —1)
where € = +1.

)

Theorem 4.2.34 Let q be a power of 2. Let A(n) be the affine subgroup of Sp(2n,q). Then
A(n) has non-faithful irreducible characters of degree (¢*"2 — 1)(¢**™* — 1)+ (¢*"% — 1),
1 <@ < n—1, which are realisable in the rational field and remain irreducible as modular
characters for any odd prime.

Proof See [30]. O

Other characters of A(n) are obtained from the Steinberg characters of the groups Ot (2n—2, q)
and O~ (2n — 2, q) of degree ¢"~V("=2)_ The characters of A(n) from the Steinberg characters
are of degrees %q("*l)Q(q”*1 +1).

4.2.5 The action of A(n) on P(n) and on Irr(P(n)), ¢ even

In this subsection we consider the action of A(n) on P(n) and the action of A(n) on Irr(N).
We discuss the orbit lengths, point stabilizers and inertia factor groups of these actions.

Remark 4.2.35 Let ¢ = 2%, k € N. Let A(n) = P(n):G(n — 1) = ¢**1:Sp(2n — 2, q) be the
affine subgroup of the symplectic group Sp(2n,q). From the proof of Theorem 4.2.32, we have
that the action of A(n) on P(n) has 2q orbits Ay, Ao, -+, Aoy. The respective orbit lengths are

[Ar] =8| =--- = [A,[ =1

and
|Agi1] = [Agqa| = - = |Agy| = @1,
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by Remark 4.4.7 in [49]. The corresponding point stabilizers are of indices 1 and ¢*" 2 — 1
in Sp(2n — 2,q). These are isomorphic to Sp(2n — 2,q) and A(n — 1), the affine subgroup of
Sp(2n — 2), respectively.

Remark 4.2.36 Let q = 2, k € N. Let A(n) = P(n):G(n —1) = ¢ %:Sp(2n — 2,q) be the
affine subgroup of the symplectic group Sp(2n,q). The action of A(n) on Irr(P(n)) has 2q
orbits I'y, 'y, -+ ,I'yg. The respective orbit lengths are

|F1| =1,

|F2| :q2n72_17
1 . e

Ta| = |Taf =+ =[Tga| = 54" g+ 1),
1 n—1/ n—

by Theorem 4.2.32. The corresponding point stabilizers are of indices 1, ¢>" 2 —1, %q"‘l(qn_1 +
1) (¢ —1 copies) and %q”‘l(q”_1 —1) (g —1 copies) in Sp(2n — 2,q). These are isomorphic to
the inertia factor groups Sp(2n—2,q), A(n—1), O (2n—2,q) (q—1 copies) and O~ (2n—2,q)
(q — 1 copies), respectively.

4.2.6 The centre of A(n) and the quotient group A(n)/Z(A(n)), ¢ even

In the following, Proposition 4.2.37 and Corollary 4.2.38 are for any split extension of the form
G = N:G. We start this section by showing that Z(G) is contained in the split extension
M:Z(G), where M = {m € N | gmg™' = m V g € G}. In the case that Z(G) = {e} then we
show that Z(G) = M. We use these results to show that if G = 22"~1:Sp(2n — 2,2) is an affine
subgroup of Sp(2n,2), then Z(G) is isomorphic to Z,, and we then consider the quotient of G
by its centre. We prove that this quotient group is a split extension 22"72:Sp(2n — 2,2). We
then show how to derive the Fischer matrices of this quotient group directly from the Fischer

matrices of G.
Proposition 4.2.37 Let G = N:G and N be elementary abelian. If

Fizg(N) = Fizg(N) =M ={m €N | gmg ' =m V g € G}

then Z(G) < M:Z(G).

Proof Since Z(G) < G and M < N then M N Z(G) = {e} and M < M.Z(G). This means
that M.Z(G) is a split extension. Let 7 € Z(G). Then Z = nz, n € N and z € G. For all
G € G wehave gz g ' =2z Then (gng1)(gzg~!) = nz. This means (gng=')(gzg™!) = nz,
since G < G. But then gng~! =7’ € N and gz¢g~' = 2/ € G. Thus n/2’ = nz. Since N:G is a
split extension we must have n’ = n and 2/ = z. Then gng~! = n and hence n € M. Therefore

zZ=nz € M:Z(G). Thus Z(G) < M:Z(G). O

Corollary 4.2.38 Let G = N:G and N be elementary abelian. If Z(G) = {e}, then Z(G) =
M.
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Proof By the definition of M, M < Z(@). From Proposition 4.2.37 we have that Z(@Q) <
M:Z(G). This implies that Z(G) < M. Thus Z(G) = M. O

Proposition 4.2.39 If G is an affine subgroup of Sp(2n,2), then Z(G) = {e,a} = Z,.

Proof By Theorem 4.2.28, G is a split extension with N = 2?*~! and G = Sp(2n — 2,2). By
Remark 4.2.35, G has 4 orbits on N such that their respective orbit lengths are |A;| = [Ay] =1
and |Asz] = |Ay] =2?"2 —1. Let e € Ay and o € Ay. This then means M = {e, a}. Now since
Z(G) = {e} then the result follows by Corollary 4.2.38. O

Corollary 4.2.40 If G = 22Cn=D:8p(2n — 2,22) is an affine subgroup of Sp(2n,2?), then
Z(G) ={e,a,a* o’} 2 7.

Proof The result follows by Remark 4.2.35 and Corollary 4.2.38. [J

Proposition 4.2.41 The factor group G/Z(G), where G is an affine subgroup of Sp(2n,2), is
a split extension 22" ~2:Sp(2n — 2,2).

Proof We know that the split extension G
G = Sp(2n — 2,2). By Proposition 4.2.39, Z
G — G/{a). Since N < G then N/{a) < G/
Since G is a split extension, we have

G/{a)/N/{a) = G/N = Sp(2n — 2,2).

We show that G/{a) = N/{(a):K, where K = Sp(2n—2,2). Now G/{a) = {ng{a) |n € N, g €
G} ={nla)g|n €N, g G} ={ng|n € N/{a), g€ Sp(2n—2,2)}. Then G/{a) = N/{a).K
where K 2 Sp(2n —2,2). Then we must have |G /{a)| = |[N/{a).K| = 22""2 x |Sp(2n — 2, 2)| =
|IN/{a)| x |K|/|N/{a) N K|. This then means |N/(a) N K| = 1 and N/{(a) N K = {e}. Therefore
22n=2:Sp(2n — 2,2) is a split extension. O

22n—1. Sp(_n -2, 2), where N = 2271 and
() = Z(G) < G. Consider the epimorphism
a). But N/{a) = 222 Thus 2*"7% < G/(a).

=R IR

Proposition 4.2.42 Il@ = 22n=1):8p(2n — 2,22) is an affine subgroup of Sp(2n,22), then
the factor group G/Z(G) is a split extension of the form 22?"=2):Sp(2n — 2,22).

Proof The proof is similar to the proof of Proposition 4.2.41. [
Remark 4.2.43 The Fischer matrices of G/Z(G) from the Fischer matrices of G.

In this remark we refer to the general form of a Fischer matriz M(g) given in Remark 3.3.2.
Let k € {1,2}. If G is the affine subgroup of Sp(2n,2%), then the quotient G/Z(G) is the
split extension 2F2"=2):8p(2n — 2,2%). The group Sp(2n — 2,2*) acts transitively on the set
V* of non-zero vectors. Thus the natural action of Sp(2n — 2,2%) on 28C"=2) produces two
orbits. By Brauer’s Theorem, the action of Sp(2n — 2,2F) on Irr(2¥®"=2)) will again produce
2 orbits. This then means that we have two inertia factor groups for 2F2"=2):9p(2n — 2,2F)
instead of the original 2q = 251 for 2FCr=1.8p(2n — 2,2%). In fact, the inertia factor groups
are Hy = Sp(2n — 2, 2%) and the affine subgroup Hy = 2FC?n=3):Sp(2n — 4, 2%) of Sp(2n — 2,2F).
If M(g) is a Fischer matriz of G corresponding to g, then to find the corresponding Fischer
matriz of G/Z(G) we delete the rows (blocks) corresponding to the inertia factor groups that do
not contribute in 2°"=2):Sp(2n — 2,2%). The repeated columns are then discarded.
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Remark 4.2.44 The character table of G/Z(G) from the character table of G.

The character table of G/Z(G) can be constructed directly from the character table of G. To
achieve this, we follow the process outlined in Remark 4.2.46.

Lemma 4.2.45 [37] Let N < G.

(i) If x is a character of G and N C Ker(x), then x is constant on the cosets of N in G.
The mapping x on G/N defined by X(Ng) = x(g) is a character of G/N.

(ii) If X is a character of G/N, then the mapping x defined by x(g) = X(Ng) is a character
of G.

(i1i) x € Irr(G) & x € Irr(G/N).

Proof See [37]. O

Remark 4.2.46 [37] The character table of G/N from the character table of G.
(1) X € Irr(G/N) = {x € Irr(G) | N € Ker(x)},

(i) identify the classes of G that are contained in N and utilize the definition of the Ker(x)
to determine the characters of G/N,

(111) step (ii) will yield a table with repeated columns. But since in G/N, Na and Nb are
conjugate if and only if x(a) = x(b), for x € Irr(G), we can delete the repeated columns.
This in turn provides the conjugacy classes of G/N.

4.3 Affine subgroups of the orthogonal groups O(2n + 1, q)
and O(2n,q)

Let V be an n-dimensional vector space over a field F. Let # be an automorphism of F. A
sesquilinear form on V with respect to # is a function f : V x V — F such that for all
u,v,w €V and all a € F:

f(u+v7w) :f(u7w)+f(v7w)’ f(au7v) :af(u,v),

flu,v+w) = flu,0) + flu,w),  flu,av) = a’f(u,v).
The form is said to be bilinear if # = 1. Assume o(f) < 2.

Definition 4.3.1 We say f is symmetric if f is bilinear and f(u,v) = f(v,u) ¥V u,v € V.
On the other hand, f is said to be skew symmetric if f is bilinear and f(u,v) = —f(v,u).
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Definition 4.3.2 If f(u,v) = 0, then we say that u and v are orthogonal, and we write
u L wv.

Remark 4.3.3 For X CV define
Xt={veV]zloVze X}

Then V* is called the radical of V' and is denoted by Rad(V). If Rad(V) =0, then f is said
to be non-degenerate.

Remark 4.3.4 The form f is said to be orthogonal if f is non-degenerate and symmetric,
and if in addition, when Char(F) =2, f(v,v) =0V v e V.

Definition 4.3.5 Consider a vectorv € V. Thenv is called as isotropic vector if f(v,v) = 0.
That is, by Definition 4.3.2, v is isotropic if v is perpendicular to itself.

If f is skew symmetric and Char(F) # 2, then every vector is isotropic.

Definition 4.3.6 Suppose that f is symmetric. A quadratic form on V associated to f is a
function Q : V' — T such that, for allu,v € V and a € F, Q(au) = a*Q(u) and

Qu+v) = Qu) + Q(v) + f(u, v).

Remark 4.3.7 Note that if Char(F) # 2, then Definition 4.5.6 forces Q(u) = 1 f(u,u). This
then means that the quadratic form is uniquely determined by f, and hence adds no new infor-
mation. On the other hand, if Char(F) = 2, then there are many quadratic forms associated to

f. Note as well that f is uniquely determined by @), since
flu,0) = Q(u+v) = Qu) — Q(v).

Definition 4.3.8 An orthogonal space is a pair (V,Q) where Q is a quadratic form on V
with associated bilinear form f.

We recall, with regard to symplectic groups in Chapter 4 in [49], that if f is a form on a vector
space V, then an isometry of f, (or V), is a linear map ¢ : V' — V which preserves the form,
in the sense that f(u%,v9) = f(u,v) for all u,v € V. Similarly, an isometry of a quadratic
form @ is a linear map ¢ such that Q(v?) = Q(v), for all v € V. We recall as well that the set
of all isometries of V', Isom(V f), forms a group. Since, in symplectic groups, the alternating
bilinear forms are always equivalent, then we had Isom(V, f) = Sp(2n, q), the symplectic group
of dimension 2n with entries in GF'(q). Similarly, with regard to orthogonal spaces, the group
Isom(V, @) is an orthogonal group. However, since the symmetric bilinear forms are not equiv-
alent, Isom(V, Q) yield non-isomorphic orthogonal groups. In odd dimensions over a finite field
of odd characteristic, there is only one orthogonal group O(V'). However, in even dimensions
over finite fields of any characteristic, there are two orthogonal groups, denoted by O™ (V') and
O~ (V) respectively. The forms associated with the latter orthogonal groups are denoted, re-
spectively, by fT and f~. The bases of the respective vector spaces will be dealt with when
we discuss the affine subgroups of a specific type of the orthogonal group in Subsections 4.3.1,
4.3.2 and 4.3.3. The orthogonal group of odd dimension over a field of even characteristic is not
considered, since this group is isomorphic to a symplectic group. Detailed theory on orthogonal
groups may be found in [6], [57] and [64].
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4.3.1 The affine subgroup of O(2n + 1, ¢), where ¢ is odd

Let V =V (2n + 1, q) with the basis {ej,es.- -+ ,e2,11}. Define the non-degenerate symmetric
bilinear form f on V' by

f(eiv ej) = 5(Za 2n+2 — j)a
1 <i<j<2n+ 1. The matrix of f relative to this basis is

€1 - € € Gl
er /0 - 0 | 0
€; 0 O 1
Jont1 = e[ 1 0 |0
€on+1 0 to 1 O o O

The order of the orthogonal group O(m,q), m odd, is given by

m—1

m=12 T, o
O(m,q)l =20+ [ -D.

i=1

Let G(n) = O(2n + 1,q) be the group of invertible linear transformations of V' leaving f

1

invariant. Then Q(v) = 5 f(v,v) defines a quadratic form and the group G(n) acts transitively

on the set of all the non-zero isotropic vectors. Denote the affine subgroup of G(n) by A(n).
This subgroup is the stabilizer of a non-zero isotropic vector, say, e;.

Remark 4.3.9 We observe that [G(n):A(n)] = ¢** — 1.

Lemma 4.3.10 [18] The affine subgroup A(n) is the semidirect product of an abelian group of
order ¢*"~1 and a group isomorphic to G(n —1).

Proof See [18]. O
Remark 4.3.11 The action of A(n) on P(n)

We observed in the introduction of this section that when q is odd, then Q(v) = %f(v, v) defines
a quadratic form on V(2n + 1,q). Thus P(n) can be expressed as P(n) = {[v,—Qv)] | v €
V(2n+1,q)}. Define multiplication on the elements of P(n) as follows: [v, —Q(v)][u, —Q(u)] =
v+ u,—Q(v+u)]. The action of A(n) on P(n) is given by

[0, =Q(v))* =@M = [A71, —Q(v)),

where A is identified with the matrix

o O -
o o
==




and u,v € V(2n — 1,q). The number of vectors v for which Q(v) = 0 is ¢**~% and A(n)
has two orbits on the set of these vectors. These two orbits are the zero vector and the set
of mon-zero isotropic vectors with stabilizers isomorphic, respectively, to P(n) - G(n — 1) and
P(n)-A(n—1). From this action it is also observed that for the vectors v, where Q(v) = a is a
fized non-zero element of GF(q), the set {[v,—Q(v)] | v € V(2n—1,q)} is an orbit of A(n). Ifa
runs through the square elements of GF(q), then we obtain q;—l orbits each of size ¢*"~ Y 4 ¢!
with stabilizers isomorphic to P(n) - O%(2n — 2,q). If a runs through the non-square elements
of GF(q), then we obtain 5 orbits each of size ¢*"~Y — g™~ with stabilizers isomorphic to
P(n)-O~(2n —2,q). This then means that the action of A(n) on P(n) produces q + 1 orbits.

Theorem 4.3.12 [18] Let G(n) = O(2n+1, q), where q is odd. Let A(n) be the affine subgroup
of G(n), that is the stabilizer of a non-zero isotropic vector. Then the degrees of Irr(A(n)) are
as follows: the degrees of the Irr(G(n—1)) = Irr(O(2n—1,q)), the degrees of the Irr(A(n—1))
multiplied by ¢*"~2 — 1, the degrees of the Irr(O*(2n — 2, q)) multiplied by ¢" ' (¢" ' + 1) and
the degrees of the Irr(O~(2n — 1,q)) multiplied by ¢"*(¢"~* — 1). Furthermore, there are %
wrreducible characters for each of the latter two families.

Proof See [18]. O

Remark 4.3.13 The corollary of Theorem 4.5.12 in [18], is that for each k € N, 1 <k <n-—1,
the subgroup A(n) has characters of degree (¢**~2 — 1)(¢*** —1)---(¢*"%* —1). There are
also 51 character degrees as follows: ¢"~'(¢" ™ + €) and (¢*"2 — 1)(¢>* = 1)--- (¢*"% —
g (g1 +€), where 1 <k <n—2 and e = £1.

Remark 4.3.14 The action of A(n) on Irr(A(n)

The action of A(n) on P(n) in Remark 4.3.11 produced q + 1 orbits. Therefore the action of
A(n) on Irr(P(n)) must also have q + 1 orbits, I'1,T'y,--- ,I'y11. We deduce the respective
orbits lengths from Theorem 4.3.12, to have

‘Fl‘ =1,
|F2| — q2n—2 o 17

copies each of length || = ¢" (¢" ' + 1),

copies each of length |T;| = ¢"'(¢" " —1).

These yield corresponding inertia factor groups isomorphic to O(2n—1,q), A(n—1), O (2n —

2,q) (% copies) and O~ (2n — 2,q) (‘1;21 copies), respectively.

4.3.2 The affine subgroup of O*(2n, q), where ¢ is odd

Let ¢ be a power of an odd prime and V' = V(2n, ¢q) with basis {e1, ea, -+ , €9, }. There are two
equivalence classes of symmetric bilinear forms f* and f~ defined on V. Let G(n) = O*(2n, q)
be a group of invertible 2n x 2n matrices that leave f* invariant. Let A(n) be the affine subgroup

52



of G(n) that stabilizes a non-zero isotropic vector, say e;. Since G(n) acts transitively on the
non-zero isotropic vectors then we have [G(n):A(n)] = (¢" — €)(¢" ' + €), where ¢ = +1. The
order of O*(m, q), where m is even, is given by

m—2
2
m(m—2) m i
OF(m,q)| =247 (¢% =) [ (¢* — 1)

i=1

Remark 4.3.15 [18] The affine subgroup A(n) is a semidirect product of an abelian group of
order ¢*"=2 by a group isomorphic to G(n—1). That is A(n) = P(n):G(n—1) = ¢**20*(2n—
2,q). Let P(n) = {[v,—Q*(v)] | v € V(2n — 2,q)}, where Q*(v) = 3 f*(v,v) is the quadratic
form associated with f*. Multiplication of the elements of P(n) is the same as in the odd

dimension and q odd case in Subsection 4.5.1.

Remark 4.3.16 [18] Let A(n) be the affine subgroup of G(n) = O*(2n,q) with q odd. Then
the degrees of the Irr(A(n)) are as follows: the degrees of Irr(G(n — 1)) = OF(2n — 2,q),
the degrees of A(n — 1) multiplied by (¢"* — €)(¢" 2 + ¢€), the degrees of the Irr(O(2n — 3,q)
multiplied by ¢"2(¢" ' — €), where ¢ = +1. Furthermore, there are ¢ — 1 characters of the
mentioned latter degrees.

Remark 4.3.17 [18] Action of A(n) on P(n) and on Irr(P(n))

The action of A(n) on P(n) is the same as in the odd dimension and q odd case in Subsection
4.3.1. Thus this action and the action on Irr(P(n)) produce q + 1 orbits. The inertia factor
groups, from the latter action, are deduced from Remark 4.3.16. These are isomorphic to
G(n—1), A(n—1) and ¢ — 1 copies of O(2n — 3,q).

4.3.3 Affine subgroup of O*(2n,q), where ¢ is even

Let g be even and V' = V(2n,q) with a basis {ej,es, -+ ,e2,}. Let @ be a quadratic form
defined on V' and f be the bilinear form associated with ). The form f is symmetric and non-
degenerate. There are two equivalence classes of non-degenerate quadratic forms Q% defined
on V. Let G(n) = O%(2n,q) be a group of invertible 2n x 2n matrices that fix Q*. In this
case an isotropic vector v is such that Q*(v) = 0. Let A(n) be the affine subgroup of G(n)
that stabilizes a non-zero isotropic vector, say e;. Since G(n) acts transitively on the non-zero
isotropic vectors then we have [G(n):A(n)] = (¢" — €)(¢" ' + ¢€), where ¢ = +1.

Remark 4.3.18 [18] Let ¢ = 2 k € N. The affine subgroup A(n) is a semidirect product of an
abelian group of order ¢*"~2 by a group isomorphic to G(n—1). That is, A(n) = P(n):G(n—1) =
" 20%(2n —2,q). Let P(n) = {[v,Q*(v)] | v € V(2n —2,q)}. Multiplication of the elements
of P(n) is defined as:

[0, @ (W)][u, @ (w)] = [v+u, Q*(v +u)].

Remark 4.3.19 [18/ Action of A(n) on P(n) and on Irr(P(n))

The action of A(n) on P(n) is as follows:

[0, Q*(0)] 9 = [A710, Q*(v)],
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where A is defined in a similar way as in Remark 4.3.11. This action produces q + 1 orbits,
{0}, {v e V(2n—2,q) | Q*(v) =0} and q — 1 orbits of the form

{veV(2n—2,q) | Q*(v) is a fixed non — zero element of GF(q)}. The corresponding orbit
lengths are 1, (¢" 2 +¢€)(q" ' —€) and q— 1 orbits of lengths ¢*" (¢~ —€), respectively, where
€ = £1. There are also q + 1 orbits of the action of A(n) on Irr(P(n)). The corresponding
inertia factor groups are isomorphic to G(n — 1), A(n — 1) and q — 1 groups isomorphic to

O(2n — 3,q).

The character degrees of A(n) are determined the same way described in Remark 4.3.16.

4.4 Affine subgroups of the unitary groups U(2n,¢?) and
U(2n+1,q°%)

Let V be an n-dimensional vector space over a field F. Let # be an automorphism of F. A
sesquilinear form on V' with respect to 6 is a function f : V x V — F such that for all
u,v,w €V and all a € F:

f(u—l—’u,w) :f(uvw)+f(v7w>7 f(au,v) :af(u,v),

flusv+w) = fu,v) + flu,w),  flu,av) = a’ f(u,0).
The form is said to be bilinear if # = 1. Assume o(f) < 2.

Definition 4.4.1 A bilinear form f is hermitian symmetric if 0 is an involution and f(u,v) =
(f(v,u)? Vu,veV.

Theorem 4.4.2 If p is a prime, then the group Aut(GF(p™)) of all field automorphisms of
GF(p") is cyclic of order n.

Proof See [57]. O

Remark 4.4.3 If T is a finite field, then it has an automorphism 0 of order 2 if and only if
F = GF(q*) for some prime power q, in which case a’ = a9. The latter is a consequence of
Theorem 4.4.2.

Definition 4.4.4 If f is non-degenerate and hermitian symmetric, then it is said to be unitary
and the pair (V, f) is referred to as a unitary space.

Lemma 4.4.5 Let (V, f) be a non-degenerate space, let A be the inner product matriz of f
relative to an ordered basis {e1, ez, ,e,} of V, and let T' be a linear transformation on V.

(1) If f is bilinear, then T is an isometry if and only if its matriz M = [my;] relative to the
ordered basis satisfies

M'AM = A,
with det M = =+1.
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(i1) If f is hermitian, then T is an isometry if and only if
MAMY® = A,
where M? = [(m;;)?]. In this case (det M)(detM’) = 1.
Proof See [57]. O

Remark 4.4.6 Since all hermitian forms are equivalent, then the group Isom(V, f) is unique
and is called the unitary group. This group is denoted by U(V') or U(n,F) or U(n,q*), when
F = GF(q¢?).

General theory on unitary groups may be found in [6], [57] and [64], among other relevant
materials. Before we deal with the analysis of the affine subgroups of unitary groups, we
discuss a few basics regarding extra special p-groups, since these affine subgroups, as it will be
shown later, are split extensions of extra special p-subgroups.

4.4.1 Extra special p-groups

In Definition 4.2.24, we defined a special p-group as follows. Let p be a prime and G a p-group.
If Z(G) = G' = &(G) are elementary abelian, then G is called a special p-group. We extend
this definition to define an extra special p-group.

Definition 4.4.7 Let p be a prime and G a p-group. If Z(G) = G' = ®(G) are elementary
abelian, then G is referred to as a special p-group. If moreover, the quotient G/Z(G) is an
elementary abelian p-group, then G is said to be an extra special p-group. This also means

|Z(G)| = p and therefore Z(G) is cyclic.

Remark 4.4.8 [6}] For every g in an extra special p-group G, g ¢ ®(G), there exists h € G
such that the commutator [g,h] # 1. Also for any g € G we have g* € Z(G). It then follows
that

(gh)? = g?[h 1, g7 19" ' [h2, g7 " [h Pt g R
= g"hPlg,h] " - [g, h]PH!

p(p—1)

= g’hPlh,g] 2

This is reduced to (gh)? = g?h*h,g|, when p = 2, which is just the multiplicative version of
the definition of a quadratic form, so the squaring map G/Z(G) — Z(G) is a quadratic form.
However, if p is odd then we have (gh)? = gPh?. Then all elements have order p, or the elements
of order 1 or p form a characteristic subgroup of index p. The classification of non-singular
quadratic forms implies that there are exactly two isomorphism types of extra special p-groups
of each order. We denote extra special groups of order 2'72" whose associated quadratic form
is of type € by 22" where e = &. If p is odd, then we write pf% for the extra special group

of exponent p, and we have p ™" for the extra special group of exponent p.

Remark 4.4.9 According to Pahlings in [52], the extra special p-group P(n) of + type has
¢*" — q" elements of order 4.
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Lemma 4.4.10 Let G be an extra special p-group of order p'™*. Then G has
(i) p™ +p — 1 conjugacy classes,
(ii) p*™ + p — 1 irreducible characters,

(111) p*" linear characters,

(iv) p— 1 faithful irreducible characters of degree p™,

Proof See [6]. O

4.4.2 Affine subgroup of U(2n, ¢°)
Let V =V (2n,q?). The set {e1,es, -+ ,ea,} is the basis for V satisfying

flei,ej) = 0(i,2n + 1 = j),

i < j, where f is a non-degenerate hermitian form. Let G(n) = U(2n, ¢*) be the unitary group
defined on V. The order of G(n) is

G| = ¢ % T](d - (~1)").

=1

Define the affine subgroup A(n) of G(n) to be the stabilizer of a non-zero isotropic vector, say
e1, under the action of G(n). Since G(n) acts transitively on the non-zero isotropic vectors,
then [G(n):A(n)] = (¢*" — 1)(¢** ! + 1), the number of isotropic vectors.

Remark 4.4.11 Let P = {[v,a] | v € V(2n — 2,¢%), a € GF(¢%), tr(a) + f(v,v) = 0}, where
tr is the trace function GF(q*) — GF(q) and |P| = ¢*"~3. Multiplication in P is defined as
follows:

[v,al[u,b] = [v+u,a+b— f(v,u)].

Lemma 4.4.12 The affine subgroup A(n) is the semidirect product of a special p-group P(n)
of order ¢*" and a subgroup isomorphic to G(n — 1). That is A(n) = P(n):G(n — 1) =
"3 U(2n — 2, ¢?).

Proof See [30]. O

Lemma 4.4.13 Let w be an isotropic non-zero vector of V(2n — 2,¢%). If T is the trace
map GF(q?) — GF(q) and ¢ is a primitive p-th root of unity in C, then the map defined by
Mv, a] = ') is a linear character of P(n). The subgroup of G(n — 1) that fives w also fives
A, and this subgroup is isomorphic to A(n — 1).

Proof See [30]. O
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Theorem 4.4.14 [18] Let A(n) be the affine subgroup of G(n) = U(2n,q?). Then the degrees
of some of the Irr(A(n)) are the degrees of the Irr(U(2n—2,q%)), the degrees of the Irr(A(n —
1)) multiplied by (¢**~2 — 1)(¢*"2 + 1), the degrees of the Irr(U(2n — 3,q*)) multiplied by
¢*"3(¢*"% —1). There are ¢ — 1 irreducible characters of the latter type.

Proof From the proof of Lemma 4.4.12, we have that the centre of P(n) is Z(P(n)) =
{[0,a] | tr(a) = 0}. This then means that P(n) has p'"~* linear characters. These linear
characters are described as in Lemma 4.4.13. If y, is fixed by some A € G(n—1), then Au = w.
If w = 0, then there is one orbit of length one. The corresponding inertia factor group is iso-
morphic to G(n — 1). If u # 0 and f(u,u) = 0, then since G(n — 1) is transitive on the set of
non-zero isotropic of V(2n — 2, ¢?), we obtain one orbit of length (¢*"~2 — 1)(¢*" 3 + 1), with
the corresponding inertia factor group isomorphic to A(n — 1). For 0 # ¢ € GF(q), the action
of the group G(n — 1) on the set of u € V(2n — 3, ¢?) is transitive such that f(u,u) = c. This
then yields ¢ — 1 orbits each of length ¢*"~3(¢*"~2 —1). The inertia factor groups in this case are
isomorphic to GU(2n — 3). This process yields g+ 1 orbits of G(n — 1) on the linear characters
of P(n). The other degrees are obtained from the ¢ — 1 faithful characters of P(n) of degree
"2 by Lemma 4.4.10 . The application of the Clifford-Fischer Theory completes the proof.
O

Remark 4.4.15 [30] Let A(n) be the affine subgroup of U(2n,q?). For i € Z satisfying 1 <
i <n—1, A(n) has non-faithful irreducible characters of degree

(@2 1)@ 3+ 1) - (% — 1) (g 21 4 1)
which remain irreducible as modular characters for any prime different from p.
Remark 4.4.16 Action of A(n) on P(n) and on Irr(P(n))
The action of A(n) on P(n) is given by
[0, " = [A™ 0,0 + fu,0) = flu,0)],

where the bar denotes the involuntary automorphism of GF(q?) sending each element to its
¢ power and A is identified with G(n — 1). This action of A(n) on P(n) therefore produces
2q orbits. The orbits of this action are determined through the coset analysis technique. In
particular, the analysis of the identity coset which is P(n). Since P(n) is an extra special
p-group, it has p** + p — 1 conjugacy classes, by Lemma 4.4.10.

The action of A(n) on the Irr(P(n)) also has 2q orbits. The orbit lengths are deduced from
Theorem 4.4.14. We note that there are q + 1 orbits from the action of A(n) on the linear
characters of P(n). By Lemma 4.4.10, P(n) has p** linear characters. The corresponding
orbit lengths on the linear characters are 1, (¢*"2 — 1)(¢** 3 + 1) and q — 1 orbits of lengths
¢*"3(¢*" % —1). This process, so far, accounts for ¢+ 1 orbits of the 2q orbits. The other q—1
orbits are due to the p — 1 faithful characters of P(n). These characters are of degree p™.

4.4.3 Affine subgroup of U(2n + 1, ¢?)

The description and analysis of the affine subgroups of the odd dimensional unitary groups are
the same as that of the even dimensional case in Subsection 4.4.2.
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The affine subgroup 5°:GL(2,5) of the general linear group
GL(3,5)

In this chapter we consider the affine subgroup G = D(3):GL(2,5) of the general linear group
GL(3,5). Let F = GF(5) be the Galois field of 5 elements and G = GL(2,5), the general
linear group of 2 x 2 invertible matrices with entries in IF. This affine subgroup fixes a non-zero
vector of the underlying space V' of dimension 3 with entries in F. It is of order 12000 and index
|GL(3,5):G| = 5% —1 = 124 in GL(3,5) by Remark 4.1.2. The subgroup D(3), by Lemma 4.1.1,
is an elementary abelian 5-group of order 52. Let us denote this subgroup D(3) of G by N. In
Lemma 4.1.1, it is proved that G is a split extension of N by G. Darafsheh and Iranmanesh,
[19] and [35], have made a lot of contributions in the study of the characters and Fischer
matrices of affine subgroups of general linear groups. The characters of these affine subgroups
have also been studied by D.K. Faddeev [22], S.I. Gel'’fand [28] and E.A. Siegel [59] among
others. In Section 5.1 we express the generators of N and G as non-singular 3 x 3 matrices
with entries in F since G is a subgroup of GL(3,5). We compute the permutation character of
G on the holomorph 5:4 in Section 5.2. The conjugacy classes of G are determined in Section
5.3 using the coset analysis technique. In Section 5.4 we compute the Fischer matrices of G
using the method discussed in Subsection 4.1.5. In Section 5.5 we construct the character table
of G utilizing the Clifford-Fischer Theory. Lastly in Section 5.6 we consider the fusion of the
conjugacy classes of G into the conjugacy classes of GL(3,5).

5.1 The generators of the groups 5 and GL(2,5)

We construct the elements of N and G as 3 x 3 invertible matrices with entries in F since G sits
in GL(3,5). Let n =3 and F, N, V and G be as defined in the introduction above. The general
structure of G = N:G is described and discussed in Subsection 4.1.1 in terms of elements of N
and GG as matrices of the form
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and

respectively, where v = (eq,e3), e; € F, I the 2 x 2 identity matrix and A a non-singular 2 x 2
matrix over F. We use GAP [27] to obtain all 25 elements, 2 generators of N and 2 generators

of G. The generators of N are

0
0
1

ny =

O O =
O ==

and

—_
—
jeopy

Ng —

The generators of GG are

and

with o(a) = 4 and o(b) = 3.

5.2 The permutation character of G on 54

The action of G on N fixes the zero vector and is transitive on the non-zero elements N* =
N —{0}. This yields two orbits of lengths 1 and 24 due to Subsection 4.1.2. These correspond
to the point stabilizers G and a group H of order 20. In fact this group H is an affine subgroup
of G. Thus H = 5:GL(1,5) and GL(1,5) = F*, the group of invertible non-zero elements of
the field F. This group is isomorphic to a cyclic group of order 4. Let C), be a cyclic group of
order a natural number m. Then H is the split extension C5:Cy = 5:4. In Subsection 4.1.3 we
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define the holomorph of a group M to be the semidirect product M:Aut(M), where Aut(M)
acts naturally on M. In Lemma 4.1.4 we have that when m is a prime then Aut(C,,) = C,—;1.
Thus the split extension C5:Cy is a holomorph of C5. In Subsection 4.1.3 we further discuss
the construction of the character table of the holomorph C,,:C,,_1. We adopt this method to
construct the character table of the holomorph H = 5:4 below.

Table 5.1: Character Table of 5:4
ICelT20 5 4 4 4
o(g) | la ba 2a 4a 4b
i | 1 1 1 1 1
Yo | 1 1 1 -1 -1
X3 1 1 -1 A —-A
Ya | 1 1 -1 —A A
X5 4 -1 0 0 0

where A = /—1.

We use GAP to generate the character table of G.
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Table 5.2: Character Table of GL(2,5)

OA111111111111110000111111
25 L e e e I e e e |

<t

<t

CHT T2 000000 7~ 220000
<t 1 1 ~ ! ~

1

CACTTACOOO0OO0O0O00O0O0O F A4 OO0V OD

4 ] 1 / _/
I

<t

CMHT T OO0 H A O2220DDO
<t 1 | I~~~

1

Ca|" 7T OO0 T~ 220D

<t 1 | ~ !
1

o

OB111144444444445555666666

%2 LI | | I e | | I N |
(&N

%A111144444444445555666666

41

R G R IS R R TG T = T T R - = R R T < B~ A Bl

OISR X R XXX X 222 2 2 X 2 2 == = = < % =
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Table 5.2: Character Table of GL(2,5) - continued

[l LR SCoxappoAQ— T oooo
~H 1 o~~~ ! 1
a 1
o 7= SCoxapQAQTTaoo 000
<t ! [N [ 1
(e} 1
~ !
a 1
Sl 7 <= SR el alaNal R
<t ! 1 1~~~ )
a 1
mn0D11‘I_:I_A A.nAllAmA.nAAOOOOlJAmAAA.n
N
= alalriiri B R A laE R R R i e
&\
M%ll‘d& n_DBJJAAAAmA_mJJllOOOOOO
—
—
Ol [ = = oA A A A H A O O OO~~~
20 [ | [ R |
—
o0 1 1 1
Sl<|— 7 << SCOMMOOCO O~ "4 4000 OO0
o0 1 1 I
|t [~ —~ — AN A A A A A A A A~ OO
26 L e e I e B |
OScasssrses®wes2228 382258383
UF|m """ =2==2=2x=22 22222222228

where

1—i, D =—E(24)
and F =6 x E(4

1—+—1

A=—-E@)=—y/~1=-iB

1- E(4)
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Next we consider the fusion of the conjugacy classes of H into the conjugacy classes of GG. Since
there is one class of orders 1 and 5 in G then it follows that the classes [1a] and [5a] of H fuse
to the classes [1A] and [5A] of G respectively. Now either the class [2a]y of H fuses to [24]q
or [2B]¢ of G. Let us consider the elements

1 00
h= 0 3| €2,
0 20
100
y=10 3 2 | €[24]g and
01 2
1 00
g=1001|ea
0 11
with o(g) = 20. We note that
1 00
ghg!=10 3 2| =uy.
01 2

That is h is conjugate to y in G. Thus the class [2a] g fuses to the class [2A]q since the conjugacy
classes [2A4]¢ and [2B]q are disjoint in G. In a similar fashion we note that the classes [4a]y
and [4b]y fuse respectively to the classes [4B]s and [4F]g. These fusion maps are given in
Table 5.3 below.

Table 5.3: Fusion of 5:4 into GL(2,5)

|Cq| 480 16 480 24 16 16 16 16 16 480 480 20
o(g) 1A 2A 2B 3A 4A 4B 4C 4D 4E 4F 4G 5A

[Cu|  o(h)

la 20 24

2a, 4 4

4a, 4 4

4b 4 4

oa 5 4
X(GIH) | 24 4 0 0 0 4 0 0 4 0 0 4

63



Table 5.3: Fusion of 5:4 into GL(2,5) - continued

|Cq| 24 24 24 20 24 24 20 20 24 24 24 24
o(g) 6A 8A 8B 10A 12A 12B 20A 20B 24A 24B 24C 24D

la 20
2a 4
4a 4
4b 4
oa 5)

XGH)|0 o0 0 0 0o o0 0 0 0 0 o0 o0

In Theorem 2.6.12 we have that for g € G and y1, ys, - - - , y,m representatives of conjugacy classes
of H that fuse to a class [g], then a permutation character is given by

If HN[g] =0 then x(¢9) = 0. Now in Table 5.3 above the values of the permutation character
of G on H, x(G|H), are given in the last row. In the latter part of this section we proceed to
express this permutation character in terms of the irreducible characters of G. We recall that
H is of index 24 in G. Thus the permutation character x(G|H) of the action of G on H is of
degree 24. We use the values of x; € Irr(G) together with the above permutation character
values to determine ¢ = x(G|H) in terms of Irr(G). Let ¢ € {1,2,3,---,24}, then for each i
we compute the inner products (x;,1). The values of these inner products are listed in Table
5.4 below.

Table 5.4: Values of the inner products (x;, 1)

X1 X2 X3 X4 X5 Xe X7 X8 X9 Xio Xi1 Xi12
<XM/)>100000000000

Table 5.4: Values of the inner products (x;, ) - continued

X13  X14 Xi15 Xi16  X17  X18 X19 X20 X21  X22 X23 X24
(Xi,w) 0 0 0 1 0 0 0 1 0 0 1 1

We now use the output in Table 5.4 to express x(G|H) in terms of Irr(G). In cases where
(xi, V) # 0, the corresponding y; is referred to as the constituent of x(G|H). Thus

X(G|H) = x1 + X16 + X20 + X23 + X24-

The characters of G are given in Table 5.2.
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5.3 The conjugacy classes of G

The character table of G will be constructed using the Clifford-Fischer Theory. But before
we construct the character table, we need to compute the conjugacy classes of G. We utilize
the coset analysis technique to compute these conjugacy classes. Complete details of this
technique are discussed in Subsection 2.3.1. Due to Remark 2.2.9, since G is a split extension,
we analyse the coset Ng, where g is a class representative of G, and G = |J gec Vg, This
also entails computing the centralizer sizes and orders of these new conjugacy classes. We use
|Ca(z)| = w to compute the centralizer sizes of the new classes, where k is the number of
fixed points when g € G acts on N. And where f; of the £ blocks of the coset Ng have fuse
together to form a new orbit €2;. We have that |Q;]| = % This enables us to calculate the
fi-values for each class representative g € G'. In Section 5.2 we have that the action of G on N
yields 2 orbits of lengths 1 and 24. The corresponding point stabilizers are G = GL(2,5) and
H = 5:4. By Definition 2.6.7, x(G|N) is the permutation character of the action of G on N.

Then x(G|N) =1+ x(G|H). That is
X(GIN) = x1 4+ X1+ X16 + X20 + X23 + X24

=2 X1+ X16 T+ X20 + X23 + X24,

where x; € Irr(G). We use this permutation character together with the character table of G,
Table 5.2, to compute the values of k and we list them in Table 5.5 below.

Table 5.5: Fixed points of the action of GL(2,5) on 5
|Ce| | 480 16 480 24 16 16 16 16 16 480 480 20
o(g) | IA 2A 2B 3A 4A 4B 4C 4D 4E 4F 4G A
k 25 5 1 1 1 5 1 1 5 1 1 5

Table 5.5: Fixed points of the action of GL(2,5) on 5% - continued
ICql | 24 24 24 20 24 24 20 20 24 24 24 24
o(g) | 6A 8A 8B 10A 12A 12B 20A 20B 24A 24B 24C 24D
k 1 1 1 1 1 1 1 1 1 1 1 1

Let us use the class [24] of G to demonstrate the formation of a conjugacy class of G. A class
representative of [2A4] is

and the respective centralizer is

N OO
o O =
_= N O

N — O
\/




with |Ce(g)] = 16. The permutation character value when g € 2A is k = 5, in Table 5.5.
This means that under the action of g on N we have 5 fixed points. It also means that after
the action of N, by conjugation, the coset Ng splits into 5 orbits. Each orbit is of length
|N| = 2 = 5. The action of the centralizer C(g) on these orblts yields 2 orbits of lengths
|Ql| =5 and || = 20. The corresponding f values are f; = 22 =1 and f, = %2 = 4. That
is, 4 of the original 5 orbits have fused together to form one orblt Qs. These f- Values satisfy
Z?:l f; = k. This means that this class of G produces 2 classes of G. The centralizer sizes of

these new classes are

k|C 5-16
|C§(I1)‘ — | G(g)| _ — 80
fi 1

and

KCs(g)| 516
Coten) = A 22,
Next we calculate the orders of the class representatives of the conjugacy classes of G. We
reconsider the class 2A for demonstration. Let g € 2A, then o(g) = 2 = m. Recall that
Char(F) =5 =p. Let t € G, d € Nand w = d-d?-d” ---d*" . Since N is elementary
abelian we are able to use the method outlined in Subsection 2.3.2. This method implies that
o(z) = m = 2 if w = 1y, otherwise o(z) = pm = 5-2 = 10. For z; we have d; = (0,0)
and w = (0,0) which means that o(z;) = 2. For z9, do = (1,0) and w = (1, 1) and thus

o(zy) = 10. The size of each conjugacy class of G is determined by |[z;]| = ‘G‘ . A full list

of the conjugacy classes of G is contained in Table 5.6 below.

The number of conjugacy classes of G turns out to be 29. We accept this number as it coincides
with |Irr(G)| = Y27, |[Irr(H;)| = 24 +5 = 29, the number of irreducible characters of G,
according to Section 3.5.
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Table 5.6: The conjugacy classes of 52:GL(2,5)
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5.4 Fischer matrices of G

We will follow the method used by Fischer in [23] to construct the character table of G. This
method entails utilizing the character tables of the inertia factor groups and Fischer matrices of
G. The Clifford-Fischer Theory requires that the irreducible characters of the normal subgroup
N < G be extendable to the inertia groups. Due to Mackey’s Theorem, since N is elementary
abelian and G is a split extension of N by G, then the irreducible characters of N are extendable
to its inertia group. The consequence of Brauer’s Theorem is that the action of G on Irr(N)
will produce 2 orbits since the action of G on N yielded 2 orbits. The orbit lengths are again 1
and 24, and the inertia factor groups are H; = G and Hy = H = 5:4 as in Section 5.2. In the
same section we dealt with the fusion of the inertia factor group H into G.

We can therefore proceed to consider the construction of the Fischer matrices of G. Since G
has 24 conjugacy classes then G will have 24 Fischer matrices corresponding to each class of
G. Considering the general structure of the Fischer matrix in Remark 3.3.2 and that Fischer
matrices are square matrices, by Remark 3.3.6, we are able to deduce the sizes of these matrices
from Table 5.6 of the conjugacy classes of G. Thus the Fischer matrices in this example will be
1 x 1 and 2 x 2 square matrices. In Section 4.1.5 the Fischer matrices of G are generalized based
on a method developed by List in [43]. We demonstrate the computation of the Fischer matrices
starting with the identity class of G. We recall that G = ¢""L:GL(n—1,q) = 5>:GL(2,5). Since
the action of G on N yields 2 orbits then the Fischer matrix corresponding to the identity class
is always a 2 x 2 matrix. The entries of the first column are 1 and ¢" ! —1 = 25 — 1 = 24,
corresponding to the orbit lengths of the action. The remaining entry is determined from the
orthogonality relations of a Fischer matrix in Remark 3.3.6. Thus the Fischer matrix from the
identity class of G is

M(1A)={qn_11_1 H:[lel _11}

The following discussion is based on Remarks 3.3.10 and 3.3.12. The Fischer matrices from
non-identity classes can be deduced from the character table of the quotient N/M, where
M ={mgm~tg™':m € N} < N and [N:M] = k. Here k has the same meaning as in the coset
analysis, that is, k is number of fixed points when g € GG acts on N. These Fischer matrices
are square matrices with rows equal to the orbit sums of the action of the centralizer C'z on
Irr(N/M). This action is equivalent to the action of Cg on Vo(5)/M = N/M = V;(5). For the
class [g] = 2A we have |M| = 5. From the coset analysis, Table 5.6, we note that the Fischer
matrix corresponding to g € 24 is a 2 X 2 matrix, that is the class [2A] produces 2 classes of
G. We also note from this table that we initially had 5 orbits under the action of N on Ng
(by conjugation). We further note that f; = 1 and f, = 4, meaning that 4 of these orbits have
fused together to form 1 orbit, and ultimately to have 2 orbits. The action of C¢ on Irr(N/M)
yields

1 1 1
4 -1 -1

Deleting the repeated columns we obtain the Fischer matrix

68



M(24) = H _11}

corresponding to g € 2A. Now let us consider the class 2B in GG. From the coset analysis, Table
5.6, we note that this class produces 1 class of G. Following the notation in [60], since the
class 2B is of type A; with the diagonal entries not equal to 1, then |M| = |N| which implies
N/M = 1. This means after the action of Ci on Irr(N/M) we obtain a 1 x 1 character table.
Therefore the Fischer matrix from this class is

M@2B)=[1].

We remark that in the event that there is no fusion of classes during the coset analysis, that is,
Cg fixes the character table of N/M, then the required Fischer matrix is exactly the character
table of N/M. Programmes C and D in [15] are utilized to compute all the Fischer matrices of
G in Table 5.7 below.

Table 5.7: Fischer matrices of 5*:GL(2,5)

Fy = M(1A) Tl T12 Fy = M(2A) To1 Taa
o(ﬂflj) 1 5 0(332],) 5 10
[Cal1))] 12000 500 O ()] 030
(k,m) ICh, (T1km)| (e, m) Cor (@ao)]
(171) 480 1 1 (171) 16 1 1
2.1 20 2l 21 1 4
miy 1 24 ma; 5 20
IFS - M(QB) .Z'3’1 IF4 — M(3A) 1‘471
o) 2 o(w4;) 3
(k,m) |Ch, (%3km)| (k, m) Co @arm)]
(171) 480 1 (1,1) Y 1
= 2 maj 25
Fs = M(4A) T51 Fg = M(4B) Te1  T6,2
o(ws;) 4 o(we;) 4 20
|Ca(ze;) 80 20

|Ca(ws;)] 16 clT6;
(k,m) |, (w5km)] (k, m) Cr, (w6km)|

] 1,1) 16 11
(17 1) 16 1 ( )
oo %5 (2,1) 4 4 -1
B mej ) 20
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Table 5.7: Fischer matrices of 52:G'L(2,5) - continued

F7 = M(4C) T71
o(x7j) 4
[Calar))] 16
(k,m) |Chy (#78m)|

(1,1) 16 1

mr; 25

Fg = M(4E) x9,1 €92
O(l’gj) 4 20
[Ca(y;)| 80 20
(k7 m) ‘CHk (x9km>‘

(1,1) 16 11
(2,1) 4 4 -1
’rTng 5) 20
FU = M(4G) 11,1
O(l’llj) 4
|Ca(z11)| 480

(k7 m) ’CHk (xllkm)|

(1,1) 480 1
mllj 25
Fi3 = M(64) T13,1
O(l’lgj) 6
[Calz1s))] 24
(k,m) |CHk (T13km)|

(1,1) 24 1
mi3s; 25
Fi5 = M(8B) T15,1
O($15j) 8
|Ca(®155)| 24

(k> m) |CHk (xlf)km)|

(1,1) 24 1
misj 25

Fs = M(4D) g1
o(zs;) 4
[Calas;)] 16
(k,m) ‘CHIC (zskm)|
(1,1) 16 1
ms; 25
Fi9 = M(4F) 10,1
O(I'loj) 4
[Ca(@105)] 480
(k,m) |C, (T10km) |
(1,1) 480 1
mioj 25
Fio = M(5A) T12,1 %122
0(5(512]') 9 )
|C§(£L‘12j)| 100 25
(k,m) Cr (T12km) |
(1,1) 20 1 1
(2,1) 5 4 -1
mi2j 5} 20
FM = M(8A) x1471
O($14j) 8
|Ca(z14j)] 24
(k,m) |CHk (T14km)|
(1,1) 24 1
mi4; 25
IF16 == M(]_OA) Z16,1
O(x16j) 10
1Ca(@165)] 20
(kv m) |CHk ($16kzm)‘
(1,1) 20 1
miej 25
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Table 5.7: Fischer matrices of 52:GL(2,5) - continued

F17 = M(lQA) .1‘17’1 Flg = M(12B) 1'18’1
0(1‘17j) 12 O(xlgj) 12
[Ca(@17))] 24 Cal15))] 24
(k,m) |Chy (2178 (k,m) |Ch (T18km)|

(1,1) 24 1 (1,1) 24 1
mizg 25 migj 25
Flg = M(QOC) 2191 FQO = M(20D) JI2071
o(z195) 20 o(z205) 20
|Ca(z195)] 20 |Cal®a0;)] 20
(k,m) ‘CH]C (Z19%m)| (k,m) |CHk (T20km) |

(1,1) 20 1 (1,1) 20 1
migj 25 m20; 25
Fgl = M(24A) CL‘2171 ]F22 = M(24B) {L‘2271
O(IQU) 24 O(IL‘sz) 24
|Ca(@21;)| 24 |Ca(@22;)] 24
(k>m) ’CHk (x21km)| (k7m) |CHk ($22k:m)‘

(1,1) 24 1 (1,1) 24 1
mglj 25 mggj 25
Fzg = M(24C> €231 F24 = M(24D) X241
O(l‘ng) 24 0(x24j) 24
[Ca(@as;)| 24 [Ca(@24))| 24
(k,m) [Cirr, @z30m) (k, m) [Crr, (@31m)|

(1,1) 24 1 (1,1) 24 1
ma3; 25 ma4; 25
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The values of |Cg(z;;)| are obtained from Table 5.6 of the conjugacy classes of G, the values of

|Cr,, (%igm)| are obtained from the character tables 5.1 and 5.2 of H and G, respectively, and
m; = % These values play a crucial role when a Fischer matrix is constructed using the

orthogonality relations and the Fischer matrix properties as will be seen in subsequent chapters.

5.5 The character table of G

We construct the character table of G using the Clifford-Fischer Theory. We follow the method
used by Fischer. This method entails utilizing the character tables of the inertia factor groups
and Fischer matrices of G. The Clifford-Fischer Theory requires that the irreducible characters
of the normal subgroup N <I G be extendable to the inertia groups. Due to Mackey’s Theorem,
since N is elementary abelian and G is a split extension of N by GL(2,5), then the irreducible
characters of N are extendable to its inertia group. Recall that |Irr(G)| is the same as the
number of the conjugacy classes of G. According to Table 5.6 G has 29 irreducible characters.
According to Remark 4.1.7, the polynomial ¢ + ¢ — 1, which gives 52 +5 — 1 = 29, can also be
used to determine the number of Ir7(G). In Corollary 4.1.6 we have that the number of Irr(G)
can also be computed using 1 + Irr(GL(1,5)) + Irr(GL(2,5)) which gives us 1 + 4 + 24 = 29.

Due to Gallagher’s Theorem and Remark 3.1.20 the irreducible characters of G are given by

t

Irr(@) = J1(B6)7 | B € Irr(Hy), N € ker(8)},

=1

where H; is an inertia group and H; = H; /N is an inertia factor group. This then means that
the character table of G will be divided into blocks corresponding to the inertia factor groups
H; for ¢ € {1,2}. Full details of this process can be seen in Chapter 3. Then H; = GL(2,5)
and Hy = 5:4. Thus the character table of G will be of the form

Biy Bip Big -+ DBin
By Bis Bz --+ DBao

where B; ; are blocks corresponding to the inertia factor groups and the 24 conjugacy classes of
GL(2,5), {1 <i <2} and {1 <j <24}. The block B, ; is formed by multiplying the relevant
columns of the character table of H; by the rows of the Fischer matrix M (g) corresponding to
the classes of H; that fuse to the class [g] € G. If H; does not contribute to M(g) then the
block B;; will have zeroes. The character tables and fusion maps of the inertia factor groups
are given in Tables 5.1, 5.2 and 5.3 respectively.

The full character table of G is given by Table 5.8. First we demonstrate how to compute the
entries of this character table. Let us consider the class 14 of G. The class 1a of Hy fuses to
the class 1A of H; = G. Thus we multiply the column corresponding to 1A in Table 5.2 by the
first row of matrix M(1A) in Table 5.7. Then we multiply the column corresponding to la in
Table 5.1 by the second row of matrix M(1A) in Table 5.7 corresponding to the inertia factor
group Hs to have the following entries from the class 1A of G.
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Table 5.8: Character Table of 52:GL(2,5)

4G
4G

2B
4F
4G

-5
-5

D

D
D
-D

4F
4F

2B
4G
4F

-4

-5
-5

D

-D
-D
D

4E

4E  20B

80
2A

20 | 480 | 480

10A

4B  20A
4E

4E

-A

-A

-A

_/B
-B
B

-/B
-B
B

/B

/B

4D
4D

16
2A
4A
4D

-A

/B

B
-B
_/B

4C

16

o

o O O

4B

4B 20A | 4C

80
2A

20
10A | 2B

4E  20B | 4C

4B | 4C

4B

A

-A

-A

-B

_/B
/B
B

_/B
/B
B

4A
4A

16
2A
4D
4A

-A

/B
/B
-B

24

1A

-1

0
0
0

2B | 3A
2B | 3A

1A | 3A

2B

2B | 3A

-6
-6
-6

2A

10A

20 | 480

5A
10A

80

1A

2A

1A
1A

12000 500

5A | 2A

5A

1A
1A
1A

5A | 2A
1A | 2A

24
24
24
24
96

[z]

(e

2P
3P
5P
X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

X11

X12

X13

X14

X15

X16

X17

X18

X19

X20

X21

X22
X23
X24

X25

X26

X27

X28

X29
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Table 5.8: Character Table of 52:GL(2,5)

24
12B

8A

-1

JF

JF

24
12B

8A

-1

JF

/F

F
F
1

24
12A
8B

-F
F

/F
_/F
1

24
12A
8B

F

JF
/F
1

20
10B

20C

4G | 24A | 24B | 24C | 24D

A
A
0

20
10B

4F

A
A
0

12B | 20C | 20D | 24A | 24B | 24C | 24D
12B | 20C | 20D | 24A | 24B | 24C | 24D

24

6A

4F | 20D

12B

12A
12A

24
6A
4G

12A

10B

10B

20
5B
10B

2B

0

24

A

24

A

6A | 8A | 8B

24

-1

5A

5B 5C | 6A | 8A | 8B

25

100

5B 5C | 3A | 4F | 4G
5B 5C | 2B | 8B | 8A

1A

1A | 6A | 8A | 8B

(]

|Czl

2P
3P
5P
X1

X2

X3

X4
X5
X6
X7
X8

X9

X10

X11

X12

X13
X14
X15

X16
X17

X18

X19

X20

X21
X22
X23
X24
X25
X26
X27

X28

X29
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The consistency and accuracy of this character table was checked using Programme E in [15].
The power maps were calculated using Programmes A and B in [15]. These are listed in rows 4,
5 and 6 in Table 5.8 above. We use Lemma 4.1.5 and Theorem 4.1.8 to determine the character
degrees of G. This affine subgroup G has 4 irreducible characters of degree 1, 10 irreducible
characters of degree 4, 4 irreducible characters of degree 5, 6 irreducible characters of degree 6,
4 irreducible characters of degree 24 and 1 irreducible character of degree 96.

5.6 The fusion of G into GL(3,5)

Finally in this chapter we consider the fusion of G into the general linear group GL(3,5). Let

[y] and [z] be the conjugacy classes of GL(3,5) and G respectively. We follow the method used
in Section 5.2. That is we consider the divisibility of the respective centralizer sizes !gg;‘l,
y is the class representative of GL(3,5) and @ the class representative of G with o(y) = o(x).
We also use the permutation character of GL(3,5) on the cosets of G in GL(3,5) together with
the respective power maps to construct the partial fusion of G into GL(3,5). The permutation
character x(GL(3,5)|G) is computed using GAP. We follow a method similar to the one we
used in Section 5.2 to express this permutation character in terms of Irr(GL(3,5). This method

yields the following permutaion character

where

X(GL(3,5)|G) = ¥ + Y5 + V1o + Y13 + Yua,

in terms of the irreducible characters of GL(3,5). The values of this permutation character are
listed in the last row of Table 5.10 . The partial fusion is Table 5.10 but without considering the
square boxes around the entries. With regard to power maps we recall the following. Suppose
that [1] and [x] are conjugacy classes of G such that 2% € [z,] for some prime p. And suppose
that [y;] and [yo] are conjugacy classes of GL(3,5) such that y} € [yz]. Now if [25] fuses to
[yo] then it must follow that [z;] fuses to [y;]. The irreducible characters and power maps of
GL(3,5) are found in Table A.1 in the Appendix.

In the partial fusion we note that the classes 24, 2B and 3A of G fuse into the classes 2b, 2¢ and
3a of GL(3,5) respectively. We also note in the partial fusion that there are instances where
there is more than one candidate for a fusion. That is, for an example, there exists more than
one class [y] in GL(3,5) such that o(y) = o(z) and the quotient :gg)‘ corresponds to the value
of the permutation character. In such instances we utilize the metfqod discussed by Moori in
[45], used by Chileshe [15], Mpono [49] and Prince [53] among others. This method is about set
intersections for characters which entails restricting the characters of GL(3,5) to the characters

of G. We describe briefly this method.

Let p be the character afforded by the regular representation of GL(2,5). It follows that
p =32 eip; where ¢; € Irr(GL(2,5)) and ¢; = deg(¢;). This then means that p can be seen
as the character of 5:GL(2,5) which contains 5? in its kernel such that

0 otherwise.

p(g):{ IGL(2,5)] g €5
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Now if ¢ is a character of GL(3,5) then

(0, )G = |—g,{p<1Aw<m> T 24p(5A)(54))

L {|GL(2.5)[¢(14) + 24|GL(2, 5)|(5A)}

~ [52[|GL(2,5)]
= o [(A) + 200(54)
= <77Z)\LNa 7_1>

where 1] is the restriction of ¢ to 5% and 7y is the identity character of 5. We also note that
for ¢ we have that

Yl = a101 + a0,
where for i € {1,2}, 6; are the sums of the irreducible characters of 5% which are in one orbit
under the action of GL(2,5) on Irr(5%), and a; € {0} UN. For j € {1,2,3,---,25}, let
7; € Irr(5%). Recall that under the action of GL(2,5) on Irr(5%) we have orbits of lengths 1
and 24. Then we have that

01 =T and deg(@l) = ]_,

25

b= 7, and deg(fy) = 24.

=2
Then
25
Yly = a1m +ay ZTj
j=2
and

(Vly, Yly) = af + 24a3.
We note firstly that a1 = (¢}, 1) = (p,¥)z and secondly that

(o Yh) = £ [D(LAVS(1A) + 206 (5A)(54)].

Let us consider the application of this technique. Suppose that ¥3 = 1¢, 1 = 30b, 15 = 31g
and g5 = 124y, the irreducible characters of GL(3,5) of degrees 1, 30, 31 and 124 respectively.
In the case of 13 we have that

o = (p, ) = 2—15[1 +24(1)] = 1.

Since the degree of 13 is 1 then
ay + 24a, = 1.

But since a; = 1 then it follows that a; = 0. This means that the restriction (¢3)g is expressible
as a character of degree 1 from the first block of the character table of G corresponding to the
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first inertia factor group H; :GL(2,5l. Considering the predetermined partial fusion of G into
GL(3,5) and the character tables of G and GL(3,5), we deduce that

(%03)@ = X3-

The values of y; are listed in Table 5.8 and the character values of GL(3,5) can be found in
Table A.1 in the Appendix.

On the other hand for 15 we have

Since the degree of 15 is 30 then
ay + 24@2 = 30.

Because a; = 6 then we have as = 1. This then implies that the restriction (is)g can be
expressed as a sum of a character of degree 6 from the first block of the character table of
G corresponding to the first inertia factor group H; and a character of degree 24 from the
second block corresponding to the second inertia factor group Hs = 5:4. Again considering the
predetermined partial fusion of G into GL(3,5) and the character tables of G and GL(3,5), we
deduce that

(Y6)g = X2 + X15 + X26-

For 115 we have
1
a1 = {p,Y15)g = 2—5[31 +24(6)] =T7.

Since the degree of 115 is 31 then
a1 + 24a, = 31.

This yields a; = 1 since a; = 7. This implies that the restriction (¢15)g can be expressed as a
sum of a character of degree 7 from the first block of the character table of G corresponding to
the first inertia factor group H; and a character of degree 24 from the second block corresponding
to the second inertia factor group H,. Considering the predetermined partial fusion of G into
GL(3,5) and the character tables of G and GL(3,5), we deduce that

(Y15)a = X2 + X21 + X26-

LaStly fOI‘ w85 we have
1
ay = (p,Vss)g = 2—5[124 +24(—1)] = 4.

As the degree of g5 is 124, then
ay + 24ay = 124.

This gives az = 5. Again this implies that the restriction (¢g5) is expressible as a sum of a
character of degree 4 from the first block of the character table of G corresponding to the first
inertia factor group H; and a character of degree 120 from the second block corresponding to
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the second inertia factor group Hs. From the respective character tables and the partial fusion

we deduce that
(Ys5)e = X11 + Xa5 + X29-

In the partial fusion we observe that the class 44 of G can either fuse to the class 4m or 4o
or 4p of GL(3,5). We apply the above method to choose the correct class for 4A. From the
character table of GL(3,5), 13, g, 115 and g5 yield the following values.

Table 5.9: Values of v; in GL(3,5)
[y] | 4m 4o 4dp

Degree ;
1c ’gbg A —A
30b g | -2 -2
3lg ¢ | A A
124y g5 | O 0

O = N

where A = —v/—1 = —i.

In the character table of G the values of the restrictions are:

(¥3)5(44) = A,
(V6)5(44) = =2,
(Y15)z(44) = A

and

(V85)5(44) = 0.

Comparing these values we conclude that the class 44 of G fuses into the class 4m of GL(3,5).

The values of 3, 9, Y15 and g5 on the classes of EL(?), 5) and the values of the restrictions
(V3)g (Y6)a: (¥15)g and (1gs)g on the classes of G together with the predetermined fusion
enable us to complete the fusion of G into GL(3,5). The complete fusion results are contained

in Table 5.10 below.
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Table 5.10: The fusion of 5*:GL(2,5) into GL(3,5)

[] la 2a 2b 2¢  3a da 4b 4c 4d de
[Ca(y)] 1488000 1488000 1920 1920 96 1488000 1488000 1920 1920 1920
[] [Cal2)]
14 12000 [124]
24 80 24
2B 480 4
3A 24
I [ x(GLB,5)G) | 124 0 24 4 4 0 0 0 0 0 |
Table 5.10: The fusion of 5*:GL(2,5) into GL(3,5)
[y] 4f 4q 4h 41 45 4k 4  4m 4n 4o 4p
[Ca ()] 1920 1920 1920 1920 1920 1920 1920 64 64 64 64
[z] [Ca(2)]
4A 16 120 120 120 120 4 4
4B 80 24 24 24
4C 16 120 120 120 120 4 4
4D 16 120 120 120 120 4 4
AR 80 24 24 24
4F 480 4 4 4
AG 480 4 4 4
I | X(GL(3,5)[G) | 24 0 4 4 0 0 24 4 0 4 4]
Table 5.10: The fusion of 5*:GL(2,5) into GL(3,5)
[y] 5a 50 6a 6b 6¢c 8 8 8 8 8 8f 8g 8h
[Ca(y)] 2000 100 96 96 96 96 96 96 96 96 96 96 96
[z] [Ca(2)]
54 500
5B 100 1
5C 25 80
6A 24
8A 24 4
8B 24 4
I [x(GLB5B)IG) | 24 4 0 0 4 0 0 0 0 4 4 0 0]
Table 5.10: The fusion of 5*:GL(2,5) into GL(3,5)
] 10c 10d 12f 12g 12h 120 12j 12k 12
[Ca(y)] 80 80 96 96 96 96 96 96 96
[z] |Ca(2)]
104 20 4
108 20 4
124 24 4 4
12B 24 4 4
I I X(GLB5)G [ 4 4 0 4 4 0 0 0 0]
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Table 5.10: The fusion of 5:GL(2,5) into GL(3,5)

(] 20h 205 20k 20n  24i 24 24k 24l
[Ca(y)] 80 80 80 80 96 96 96 96
[] [Ca(@)]
204 20 4 4 4
208 20 4 4 4
20C 20 4 4 4
20D 20 4 4 4
24A 24 4 4 4
24B 24 4 4 4
24C 24 4 4 4
24D 24 4 4 4
I | X(GL(3,5)|G) | 4 4 4 4 4 4 4 4]

Table 5.11 below contains the summary of the fusion results of Table 5.10 above.

Table 5.11: The fusion of 5*:GL(2,5) into GL(3,5)

52:GL(2,5) — GL(3,5) || 52:GL(2,5) — GL(3,5)
1A la 2A 2b
2B 2c 3A 3a
4A 4m 4B 41
4C 4p 4D 4o
4F 4f 4F 4h
4G 4i 5A 5a
5B
5C 5b 6A 6c
8A 8e 8B 8f
10A 10c¢ 10B 10d
12A 12h 12B 12¢g
20A 20n 20B 20h
20C 205 20D 20k
24A 244 24B 245
24C 24k 24D 241
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The affine subgroup 2°:Sp(8,2) of the symplectic group
Sp(10,2)

In this chapter the affine subgroup A(5) = P(5):5p(8,2) of the symplectic group Sp(10,2) is
considered. Let us denote this affine subgroup by G. Let F = GF(2) be the Galois field of
two elements. Let V' be a non-degenerate symplectic space of dimension 2n=10 over the field
F. By Theorem 4.2.28 the affine subgroup G is a split extension. The normal subgroup P(5)
is as defined in Remark 4.2.22. It is an elementary abelian 2-group, since Char(F) = 2, by
Remark 4.2.26. Throughout this chapter the subgroup P(5) will be denoted by N and the
subgroup Sp(8,2) by G. In Section 6.1 we deal with the transvections of G. We express the
generators of N and G in Section 6.2 in terms of 10 x 10 symplectic matrices over F since G
sits in Sp(10,2), the symplectic group of 10 x 10 symplectic matrices with entries in F. We
compute the conjugacy classes of G using the coset analysis technique in Section 6.3. In Section
6.4 we consider the action of G on the Irr(N) and determine the inertia factor groups. We also
deal with the fusion maps of these inertia factor groups into G. In Section 6.5 we discuss the
computation of the Fischer matrices of G. Then in Section 6.6 we discuss the construction of the
character table of G using the Clifford-Fischer Theory. We use the discussion in Subsection 4.2.6
to determine the centre of G in Section 6.7. We note that the quotient G/Z(G) is isomorphic
to the split extension 28:5p(8,2). We demonstrate how to obtain the Fischer matrices of this
quotient directly from the Fischer matrices of G.

6.1 Transvections of Sp(8,2)

We recall that the symplectic group G is generated by the set of all symplectic transvections.
This section is based on the results we proved in Section 4.2.1 on symplectic transvections.
Let G, F, N and V be as defined in the above introduction. There are |V*| = 2% — 1 = 255
transvections in G' by Proposition 4.2.16. According to Proposition 4.2.10 since the Char(F) =
2, then the order of these transvections is 2. In G there are 6 conjugacy classes of elements of
order 2. However, by Proposition 4.2.14 there is one class of transvections in G, since |F| = 2.
According to the ATLAS [16] the class 24 in G has 255 elements. This number coincides with
the cardinality of transvections in G. Therefore we conclude that the class 2A is the class
of transvections in G. By Proposition 4.2.18 the centralizer of a transvection of Sp(8,2) is
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isomorphic to the affine subgroup 27:Sp(6, 2).

6.2 The generators of the groups N and G

Since G is an the affine subgroup of Sp(10,2), we express the elements of N and G in terms of
10 x 10 symplectic matrices with entries in F. We follow the process outlined in Remark 4.2.22.
Since n = 5, then we have

T(el) = €1
T(ez) = ;e + €, 2 S 1 S 9
T(eg) = ey + €9

T(eg) = aze; + e3

T(eg) = ager + €g

and

10
T(€2n) = T(Gm) = Z Biei
i=1

with 510 =1 and

o — —Bonr1—j 2<j<5

Bons1—j 5<j<09.
This implies ay = —fy, a3 = —fs, au = —fr, a5 = —f, ag = B5, ay = B4, ag = B3 and
g = (5. Then the elements T of N are of the form

(1 —By —Bs —Br —Ps B5 Bs Bz B2 i

Ba
B
Ba
Bs
Bs|
Br
Bs
Bo
1

)
)
)
o
)

S OO OO o oo
DO DD DD DO OO
S OO OO oo~ Oo
DO DD OO o OO
SO OO o+ OO
OO oo+ OO o
SO O OO oo
SO R OO o oo
O R O OO oo oo

0]
w



where 3; € F. The 9 generators of N are:

Y

Y

9

Y

1 0 000000 1 1]

01 00O0O0O0O0O01

001 0O0O0O0OO0OTO0O®O
00010O0O0O0O0OO0
000O01O0O0O0O0O®O

000O0O0OT1TTO0O0O0O®O0

000O0O0OO0OT1O0TO0®O

000O0O0OO0OO0OT1TTO0®O0

0000O0O0OO0OO0OT1PQ0

000O0O0OO0OO0OO0O 01

1 0 000 01 1 1 17

01 000O0OO0O0OO0OT1

001 0O0O0O0O0O01

0001O00O0O0O01

000O01O0O0O0OTO0O®O

000O0O0OT1TO0O0®O0O®O

0000O0O0OT1TO0O0O@O0

000O0O0O0OO0OT1TO0O®O0

000O0O0OO0OO0OO0OT1®O0

000O0O0O0OO0OO0®O 01

1 0 0 01 1 1 1 1 17

01 00O0O0O0O0O01

001 0O0O0O0O0TO01

0001O0O0O0O0O01

00001O0O0O0OO0OT1
0000O0O1O0O0O0T1

000O0O0OO0OT1O0TO0O®O0

000O0O0OO0OO0OT1T 0O

000O0O0OO0OO0OO0OT1®O0

0000O0O0O0OO0O0O®OTI1

1 01 1 11111 1]

01 00O0O0O0O0O01

00100O0O0O0O0TI

0001O00O0O0O01

000O01O0O0O0O01
000O0O0OT1TO0O0O01

000O0O0OO0OT1O0TO01

0000O0O0OO0T1TO0TI1

0000O0O0OO0O0OT1P@0

000O0O0O0OO0OO0O 01

2:

P

bl

4

P,

)

6:

F

)l

8:

P

Y

1 0 00 00 0 0 0 17
010000O0O0O0O0
001 0O0O0O0OO0OO0OO©O
0001O0O0O0O0OO0O
000010O0O0O0O0

000O0O0OT1TO0O0O0O0

000O0O0OO0OT1QO0O00®O0

000O0O0OO0OO0OT1O00®O0

0000O0OO0OO0OO0OT1®O0

000O0O0OO0OO0OO0OTO01

1 0 00000 1 1 17

01 000O0O0O0OO0T1
001 0O0O0O0O0OTO01
0001O0O0O0O0O0O0
000O01O0O0O0O00©O0

000O0O0OT1TO0O0O0O0

0000O0OO0OTO0OO0O

0000O0OO0OO0OT1O00®O0

000O0O0OO0OOO0OTO0

000O0O0OO0OO0OO0OTO01

1 0 0001 1 1 1 17

01 00O0O0O0O0O01
001 0O0O0O0OO0DTO01
0001O0O0O0O0TO01
00001O0O0O0O0T1

000O0O0OT1TO0O0O00O0

000O0O0OO0OT1QO0O0O0

000O0O0OO0OO0OT1O00®O0

000O0O0OO0OOO0OT1OQO0

0000O0OO0OO0OO0O®O0T1

1 0 01 11111 1]

01 000O0O0O0O01
00100O0O0O0O0T1
0001O00O0O0O01
000O01O0O0O0TO01

000O0O0OT1TTO0O0®O01

000O0O0OO0OT1O0TO01

0000O0OO0OO0T1O0®O

000O0O0OO0OO0OO0OTO0

000O0O0OO0OO0OO0OTO01

5

P.
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1
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]

oSO oo o oo o =
S OO R OO oo o -
SO R OO O o oo -
O R OO OO o oo

[l eNoNololoNell
OO DD DO OO oo O
SO OO DO OO OO =
OO DD OO OO O =

OO DD DO oo oo
e e e

Using GAP we obtain two generators a and b of G as 8 x 8 matrices. We employ the method
outlined in Subsection 4.2.3 to convert these to be 10 x 10 symplectic matrices.

1
—_
e}

1

SO DO O OO o O
S OO OO OO o O
SO OO OoOOoOo o O
[l N e el eoNeRel )

N eBeolNeoBeoleoBeoNel =
SO OO OO O+ O O
SO oo oo, OO O
DO OO O OO+ O

S OO OO oo oo
_ o O OO oo oo

1
—_
e}

1

SO DO OO oo oo

SO O oo oo o O
SO OO OO O O O
O—R OO O OO o O
S OO OO OO oo O
S OO OO OO o+ O
DO OO OO o O
DO O OO oo O
SO R OO OO o O
_ o OO o oo oo

where o(a) = 2 and o(b) = 8.

6.3 Conjugacy classes of G

When G acts on N we get four orbits of lengths 1, 1,255 and 255, by Remark 4.2.35. These
correspond with the point stabilizers Sp(8,2), Sp(8,2), 27:5p(6,2) and 27:Sp(6, 2), respectively,

85



also by Remark 4.2.35. In Definition 2.6.14 we define the rank of a group to be the number of
orbits of a point stabilizer. We note that GG, which is of even order, is a transitive permutation
group of rank 3. According to Remark 2.6.16, since 27:Sp(6,2) is maximal in G, then G is
primitive of rank 3 and thus the permutation character of the action has a decomposition of
the form 1+ x, + x¢, where 1 is a trivial character, s and x; are irreducible characters of G.
From the ATLAS this permutation character is given by la + 119a + 135a. Let x(G|N) be the
permuation character when G acts on N. Then

X(G|N) =1+1+ I;:Sp(6,2) + IQC;V:Sp(GQ)

=la+1la+1la+119a + 135a + la + 119a + 13ba
= 4(1a) + 2(119a) + 2(135a)

where ]2G7:Sp(6’2) is the identity character of 27:Sp(6,2) induced to G and expressed in terms of

the Irr(G). The coset analysis technique is used to determine the conjugacy classes of G. We
use the above permutation character to calculate the values of k in the coset analysis, where k
is the number of fixed points of g € GG acting on N. These values are listed in Table 6.1.

Table 6.1: Fixed points of the action of G on N
1A 2A 2B 2C 2D 2E 2F 3A 3B 3C 3D 4A 4B 4C
512 256 128 128 32 64 32 1280 2 32 8 64 64 32

=
;?‘Q
N—

Table 6.1: Fixed points of the action of G on N
o(g) || 4D 4E 4F 4G 4H 41 4J 4K 4L 5A 5B 6A 6B 6C
k 32 16 16 16 32 16 8 8 8 32 2 64 32 32

Table 6.1: Fixed points of the action of G on N

o(g) || 6D 6E 6F 6G 6H 61 6J 6K 6L 6M 6N 60 6P T7A
k 32 2 4 16 16 8 8 2 & 8 16 4 8 8

Table 6.1: Fixed points of the action of G on N

o(g) | 8A 8B 8C 8D 8E 8F 9A 9B 10A 10B 10C 10D 12A 12B
k 6 16 8 &8 4 4 8 2 16 8 8 2 3 16

Table 6.1: Fixed points of the action of G on N

o(g) || 12C 12D 12E 12F 12G 12H 121 12J 12K 12L 12M 14A 15A 15B
k 16 8 2 4 4 8 8 4 4 4 2 4 8 2
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Table 6.1: Fixed points of the action of G on N

o(g) || 15C 17A 17B 18A 20A 20B 21A 24A 24B 30A 30B
k 2 2 2 4 4 4 2 4 4 4 2

As an example, when g € 2A we note from Table 6.1 that £ = 256. This means Ng under the

action of N produces 256 orbits, each of length % = % = 2. After the action of the centralizer

Cq(g), using GAP, on these orbits some merge and we end up with 5 orbits, with || = 2,
Q| = 2, |Q3] = 128, |Q4] = 128 and |Q5| = 252. To obtain the corresponding f-values we

use f; = ﬁ'ﬁ‘” toget fi =1, fo =1, f3 =64, fy = 64 and f5 = 126. These values satisfy

Z?Zl fi = k. The GAP Programme A in [15] is used to compute the rest of the f-values for
each conjugacy class [g] of G. This implies that the conjugacy class 2A produces 5 conjugacy
classes of G. We compute the centralizer sizes of each by

k|Ca(g)]
o) = HlCe)]
fi
k 256 x 185794
|Cala1)| = |CJf(g) |_ 256 ﬁmg 20U _ 47563407360,
1
k|C 256 x 185794560
()| = MGl _ 256 % — 47563407360,
fo 1
k|C, 256 x 185794560
|Ca(3)| = [Calg)l _ 256 = 743178240,
I3 64
k|C, 256 x 185794560
|Ca(4)| = [Calg)l _ 256 = 743178240,

fa 64

klC 956 x 185794560
|Ce(s)| = [Calg)l _ 256 x — 377487360.
f5 126

We proceed to compute the orders of class representatives of the new conjugacy classes of G.
We once more use the class 2A for demonstration. Let g € 2A, that is o(9) = 2 = m. Let
d € N. Recall Char(F) =2 =p. Let

m—1

w=dxd«d” % xd

Now if w is the identity of N, then the order of € G is m = 2 in this case. Otherwise, if w is
not the identity of N, then o(x) = pm = 2 x 2 = 4. Since we have represented the elements of
N as matrices [n;;]10x10 with the zero vector represented by the identity matrix I;px19, We are
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able to use the multiplication operation to compute our w’s. From the class of 2A we have five
conjugacy classes of G. Since ¢ is always in the first conjugacy class, then

wle

and hence
o(ry) = 2.

For the second class,
d=(0,0,0,0,0,0,0,0,1) and w = d x d? = (0,0,0,0,0,0,0,0,0)

and therefore
o(zy) = 2.

For the third class,
d=1(0,0,1,1,0,0,1,0,0) and w = (0,0,1,1,0,1,1,0,1) # 1y,

it then follows that
o(xs) = 4.

For the fourth class,
d=(0,0,1,1,0,0,1,0,1) and w = (0,0,1,1,0,1,1,0,1) # 1y,
it then follows that
o(zy) = 4.
For the fifth class,

d = (0,0,0,0,0,0,0,1,0) and w = (0,0,0,0,0,0,0,0,0) = 1y,

thus
o(xs) = 2.

Since we already had 3 conjugacy classes of order 2 from 1A and there were no elements of
order 4, we label these five conjugacy classes as [z1] = 2D, [z3] = 2F, [v5] = 2F, [x3] = 4A
and [z4] = 4B. The size of each is computed via
G|
|[z:]] = :
|Cal:)]

The full conjugacy classes of G are listed in Table 6.2 below.
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Table 6.2: The conjugacy classes of G
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Table 6.2: The conjugacy classes of G
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Table 6.2: The conjugacy classes of GG
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Table 6.2: The conjugacy classes of G
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Table 6.2: The conjugacy classes of G

ZOoOACERHD > XKAN<<ROARHRDIEZ <2 A< aa] A<D S PR K| <m0
00 3 90 3 00 |P 60 W 888AAAAAAAA%6AA69 > ONOOOON mOOO%mWAAA
o0 00 |00 o0 O O o0 |0 1881 — N AN —~ | — N AN =l N~

— o

—~— e~~~ —~ —~ —~ ~~ —~ —~ —~ |~ —~ —~ =~~~ —~ —~ ~ =~~~ —~ —~ ~ ~ ]~ ~ ~~ —~ —~ —~ |~~~ =~
oo o ocolcoccococlococooc o c|loc o ococlooc oo oo w0l lcoco "= cocloococlococ oo dlocooclooc o
e i e Bl Bl e Bl e i o e o B Bl i e Bl S o Bl e Bl Bl B e Bl e e Bl SR R P i o P i e SRS i e e i i e P i e SR R e e Bl e Bl e i
e I Sl e Sl s B e S o B B B B s S0 o B o B B o e i e Sl i B e e SR Y e B SR e i SR S Fe s S P Bl o SR B B e i o i o e e SR RS RS Y P i e B B
S|l oo ccc ool Al "l - 8l dcc Al 00 |8 d|looc o
o s S o Sl s Bl e Bl Rl S o s o B Bl S s Bl S i Bl e Bl Bl Bl Sl e Bl i o B o P i o P i o B Bl i e i SR N P i e i e Bl s B e Bl e e i S
Scodo gl gl oSS Hc S Al Ao ool oS |dco S oSSl o
e I I e Sl B P i S o Bl o il B e S B e i o Sl e Bl S o B e i e B SR e S o S B P B Bl B e i o e Bl i i o i B e i o R P Sl e i e i e B o e B e P W e W
oo gl ool c oo o gl o o|lc o~ —~0|lcod|ldcod o oo o
Scododldcc ool c oS doc o g oo dlco oo oo ol oSS~ - g8 oS
NINININININININI NININI NINININI NI NININININI NININH NI INIINIINII N INH NN TN

1
1
3
3
8
1

1
3
3

1
1

1
1

1
1
1
1

1
1

1
1

1
1
6

16

16

8

16

8

8

2

8A

8B

8C

8D

SE

8F

9A

9B

10A

10B

10C

10D

12A | 8

93




Table 6.2: The conjugacy classes of GG
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Table 6.2: The conjugacy classes of GG

< moloa<<maEm<mo = < <|= = =S Ml
3 R RN NI EE 8RR SNSRI AFZREIRREER
NN N N TN N Y P NN N N N NN N N — \) N TN N N
o —~coclo-lo-lcrloco~lco =" —~lcococlocooolc-|lcococlooco oo = =loo
=) [ e o i [ Rl e i P Bl e i B s e B e B e F e B e B e P S e P B e Bl o P S e B ol P ==
e = R N Fe S el P S e P S e P S e e i s S B P Ol i e Bl B e Bl Bl i e s i e i o P S e RS e Bl
Sco ool gl S|~ H|ES S Ao Al S| dlc sl So Sle s
e S R Fe S el P S e P S e P i e e i e i o Bl P Bl e Bl e B B e Bl e Bl i e S e Bl i o P i e o Bl e Bl
o Pl S R P e i R S e s P i o e i o SRS RV e s SR B e Bl o Bl o e i B P Bl e el P i o Bl o e i S o M e
== N Fe S el P S e P S e P S e e i s S B P s i e Bl Bl e Bl e i i e s i e i o P i e M o Bl o e Bl
oo ool ool g oSS Ao Al S|l dldc oS - |8 S
Sccgieglegieglegleceglecdiecsdlegiecglecsgiesssles
Y~ NN N N NN\ | NN N N
oo -l lcrlcorloco= o -lc=0oclo=olc-dlco~clo=cocloao=o ==
[ I B R e B e P Bl P i e i P Sl SRS B e S B e s SR P Bl P i i P Bl i o P i SRS Y P Bl
oo oo~~~ oo "o oo d|lod oS oSS
[ i = I S N e B e P il P Sl e i P e i o Bl B e S e R e s SRS P i B P i i P i S o e i SRR P
SO " Al d|logc Sl - - Al d|log|l S Al ool
So ool dlogc Sl - |83 Al Sloo|lS S|l Sl - |l
Y S N F S el P S e P S P i o e i o i o Bl P Bl e B e Bl Bl e Bl s i SR e i i P B e RS e Bl
oo oo gl S d|co s S Al oSS Al S S H|lS S
scSddegiegiegiegiecseeieesgiecdiegiesdieedessSelese
o oo == o I~ I~ =)

Q % BIR KRB &R Hlee &S g8 =2 S 33

1

1

1

1

1
1
1
1
1

1

1

1

1

8

2

2

2

2

2

2

15A

15B

15C

17A

17B

20A | 4

20B | 4

21A

24A | 4

24B | 4

30A | 4

30B

95




6.4 Fusion of inertia factor groups into Sp(8,2)

The action of G on N yielded 4 orbits. It follows by Brauer’s theorem that when G acts on the
irreducible characters of N, Irr(N), we again obtain 4 orbits. The orbit lengths of the latter
action are 1, 120, 136 and 255 by Remark 4.2.36. From the same result, we determine the
inertia factor groups as H; = Sp(8,2), Hy = O~(8,2):2, H3 = O7(8,2):2 and H, = 2":Sp(6,2).
The dual of a vector space can also be used for the action of G on Irr(N). In the ATLAS we
have that Hy, = GO~ (8,2) and Hz = GO™(8,2) are respectively the full orthogonal groups.
All three are maximal subgroups of G. The character table of H; and the fusion of the classes
of H, into the classes of G were done by Ali in [1]. We do the fusions of Hy and Hj into G
by using the divisibility of the respective centralizer sizes. That is ”gg((?)",
representative of a conjugacy class of G and b a class representative of a conjugacy class of
H;, with ¢ € {2,3} and o(a) = o(b). To ensure correct results we employ for each fusion a
permutation character x(G|H;). The degree of x(G|H,) is 255, degree of x(G|Hj) is 136 and
degree of x(G|Hz) is 120. From the ATLAS we have

where a is a class

X(G|Hs) = la + 119a

X(G|H3) = la + 135a

and

X(G|H4) = 1la + 119a + 135a.

In the event that the method outlined above provides more than one candidate for a fusion, we
use the following remark.

Remark 6.4.1 Let H < G, [h| and [g] be the conjugacy classes of H and G respectively.

ICc(9)]
|Cr (h)]

corresponds to the permutation character x(G|H), then we consider the pairwise intersections
lg;] N [R]. Since [g:] N [gj] = O, then only one intersection [g;] N [h] will be non-empty. This
intersection provides the suitable candidate for the fusion.

If there exists more than one class [g] in G such that o(g) = o(h) and the dividend

The fusion maps of GO~ (8,2) into G are given in Table 6.3 and the fusion maps of GO™(8,2)
into G are given in Table 6.4. In Table 6.5 we provide the summary of these fusion maps.
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Table 6.3: The fusion of GO~ (8,2) into Sp(8,2)

4] 14 24 2B 2C 2D 2E 2F 34
[Ca(g)] 47377612800 185794560 8847360 2949120 737280 147456 49152 4354560

[z:] | |Cg(=)]

1A | 394813440 1120

24 | 2903040

2B | 368640 504 8 2

20 | 92160 2016 96 8

2D | 9216 20160 960 320 80

2F | 6144 30240 1440 480 120 24

3A | 120960 36

| x(G]H2) | 120 64 24 32 0 16 8 36 |

Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8,2)

9] 34 3B 3C 3D 4A 4B aC 4D 4E  4F 4G
[Ca(g)] | 4354560 77760 12960 3888 92160 92160 36864 12288 6144 6144 3072
[zi] | |Ca(@)|
3A | 120960
3B | 2160 2016 36
3C | 1296 3360 60 10
44 | 7680 12
4B | 4608 20 8
AC | 3072 30 30 12 2 2 1
4D | 3072 30 30 4 2 2 1
4E | 768 120 120 48 16 8 8
4F | 768 120 120 48 16 8 4
iG | 334 240 240 96 32 16 16 8
AH | 256 360 360 144 48 24 24 12
4T | 128 720 720 288 96 48 48 24
I | x(GIHy) [ 36 0 6 3 1220 12 4 8 0 4 ]

97



Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8, 2)

4] AH 4 4] 4K 4L 5A 5B 6A 6B 6C 6D 6E 6F
[Cc(g)] | 3072 1024 768 512 512 3600 300 69120 13824 4608 4320 1728 1296
[z:] | |Cq(@)]
4A [ 7680
4B | 4608
AC [ 3072 1
4D | 3072 1
iE | 768 4 1
AF | 768 4 1
4G | 384 2
AH | 256 12 3 2
AT | 128 24 8 6
5A | 360 10
6A | 4320 1
6B | 1296
6C | 1152 60 4
6D | 720 96
6E | 576 120 24 3
6F | 288 240 48 16 15 6
6G | 216 320 64 20 8
I | x(GIHy) | 8 4 0 4 10 12 16 12 8 6 0 |
Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8,2)
4] 6A 6B 6C 6D 6E 6F 6G 6H 61 6J 6K 6L G6M
[Cc(g)] | 69120 13824 4608 4320 1728 1296 1152 864 864 432 288 288 288
[zi] | [Cg(2)]
6A | 4320 16 1
68 | 1296 1
6C | 1152 60 12 4 1
6D | 720 96 6
6E | 576 120 24 8 3 2
6F | 288 240 48 16 15 6 3 3 0 1 11
6G | 216 320 64 20 8 6 4 2
GH | 144 480 96 32 30 12 9 8 6 6 2 2 2
61 | 144 480 96 32 30 12 9 8 6 6 3 2 2 2
6J | 144 480 96 32 30 12 9 8 6 6 3 2 2
6K | 72 960 192 64 60 24 18 16 12 12 6 4 i 4
6L | 48 1440 288 96 90 36 27 24 18 18 9 6 6 6
I | x(GHy) | 16 12 8 6 0 1 4 4 0 3.0 2 0 |
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Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8,2)

9] 6N 60 6P 7A 8A 8B 8C 8D SE 8F 9A 9B 104
[Cc(g)] [ 288 144 96 42 384 384 128 128 32 32 54 27 240

[zi] | [Cg(2)]

6A | 4320

6B | 1296

6C | 1152

6D | 720

GE | 576

GF | 288 1

6G | 216

GH | 144 2 1

61 | 144 2

6J | 144 2 1

6K | 72 2

6L | 48 6 3

TA | 42

8A | 192 2

8B | 64 (6] 6 2 2

8C | 64 6 6 2

8D | 64 6 6 2

8E | 16 24 24 8 8

I | X(G[Hy) | 4 12 1 6 2 2 2 2 |

Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8,2)

4] 94 9B 104 10B 10C 10D 124 12B 12C 12D 12E 12F 12G
[Ca(g)] | 54 27 240 240 80 20 1152 576 576 384 144 144 144
[zi] | |Cg(@)|
94 |18
104 | 60 4
108 | 60 4
10C | 40 6 6
124 | 288 4 2
128 | 96 12 [6] 6 4
12C | 96 12 6 6
12D | 72 16 8 8 2 2
12E | 48 24 12 12 8 3 3 3
12F | 24 48 24 24 16 6 6 6
12G | 24 48 24 24 16 6 6 6
12H | 24 48 24 24 16 6 6 6
[(x(GIH) [ 3 0 14 4 2 0 0 6 2 i 0 0 2
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Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8, 2)

(4] 124 12B 12C 12D 12E 12F 12G 12H 121 12J 12K 12L 12M
[Ca(g)] | 1152 576 576 384 144 144 144 96 72 48 48 24 24
[zi] | [Cq(=)]
124 | 288
12B | 96 1
12C | 96 1
12D | 72 1
12F | 48 11
12F | 24 4 2 2 11
12G | 24 4 3 2 2 1
12H | 24 4 3 2 11
I | x(GIH2) | 0 6 2 4 0 0 2 2 3 2 0 10 |
Table 6.3: Continued - The fusion of GO~ (8,2) into Sp(8,2)
4] 14A 154 15B 17A 17B 18A 20A 20B 21A 24A 24B 304 30B
Ca(g)] | 14 90 90 17 17 18 40 40 21 48 48 30 30
[zi] | |Ca()]|
144 | 14
154 | 90 1
158 | 90 1
17A | 17 1
17B | 17 1
184 | 18
204 | 20 2
214 | 21
24A | 24 2
304 | 30 1
30B | 30 1
[ [x(G[Hy) | 1 I 1 1 I 1 2 0 1 0 2 I 1 ]
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Table 6.4: The fusion of GO™(8,2) into Sp(8,2)

9] 14 24 2B 20 2D 2FE 2F
1Ca(9)] 47377612800 185794560 8847360 2949120 737280 147456 49152

[zi] | |Ca(2)|

1A | 348364800 1136 |

24 | 2903040

2B | 221184 840

20 | 92160 2016 96 8

2D | 46080 4032 192 64

2E | 9216 20160 960 320 80

2F | 6144 30240 1440 480 120 24

[ [ x(G[Hs) | 136 64 40 32 16 16 8 |
Table 6.4: Continued - The fusion of GO*(8,2) into Sp(8,2)

9] 3A 3B 3C 3D 4A 4B AC 4D 4E  4F 4@

[Ca(g)] | 4354560 77760 12960 3888 92160 92160 36364 12288 6144 6144 3072
[z:] | |Cq(@)]
34 | 155520
3B | 77760 56
3C | 3888 1120 20
3D | 1296 3360 60 3
4A | 9216 10 10
4B | 7680 12
4C | 4608 20 8
AD | 1024 90 90 36 6 6 3
AE | 768 120 120 48 16 8 4
4F | 768 120 120 48 16 8 8
4G | 384 240 240 96 32 16 16 8
4H | 256 360 360 144 48 24 24 12
4 [ 192 480 480 192 64 32 32 16
47 | 128 720 720 288 96 48 48 24

[ [ x(GHs) [ 28 1 10 1 20 12 4 12 0 8 4 |

101



Table 6.4: Continued - The fusion of GO™(8,2) into Sp(8,2)

[g] 4H 41 4J 4K 4L 5A 5B 6A 6B 6C 6D 6E G6F

|Ca(g)] 3072 1024 768 512 512 3600 300 69120 13824 4608 4320 1728 1296

—_

=]

W

oo

i~
N = =
=l [ Y

@Eww»—*»—l

co

3456 20

1728 0 8

576 120 24

432 160 32

3

432 160 32 10 4 3
4
1

Table 6.4: Continued - The fusion of GO (8,2) into Sp(8,2)

4] 6A 6B 6C 6D 6E 6F 6G 6H 61 6J 6K 6L 6M

|Ca(9)] 69120 13824 4608 4320 1728 1296 1152 864 864 432 288 288 288

[Ca(2)]

4320

3456

1728

1296

5976 2

432

=
-

432

288 I!I

=]~
_
_

288 4

216

216

144 8

NI oN »»IEI W oW NN
W~ oaIEI AW W NN

W N N

| x(G|H3) | 16 4 8 10 11
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Table 6.4: Continued - The fusion of GO™(8,2) into Sp(8, 2)

(9] 6M 6N 60 6P 7A 8A 8B 8C 8D S8E SF 9A 9B
[Ca(g)] [ 288 288 144 96 42 384 384 128 128 32 32 54 27

[z:] | |Cglo)]

GH | 288 1 1

61 | 288 1 1

6J | 216

6K | 216

6L | 144 2 2 1

6M | 144 2 2

6N | 72 4 2

60 | 72 4 2

6P [ 48 6 6 3

7A |14

8A [ 192 2

8B | 64 6 [6] 2 2

8C | 64 6 6 2

8D | 64 6 6 2

8E | 16 24 24 8 8 2

9A | 54

9B | 27 2

[ [ x(G[H;) | 4 41 2 3 2 6 2 2 0 1 1
Table 6.4: Continued - The fusion of GO™(8,2) into Sp(8,2)

4] 10A 10B 10C 10D 124 12B 12C 12D 12E 12F 12G 12H 121

[Ca(g)] | 240 240 80 20 1152 576 576 384 144 144 144 96 72
[z:] | |C&(=)|
104 | 60 4
10B | 40 6 6
10C | 20 12 12 4
124 | 288 2 2
128 | 288 4 2
12C | 144 8 4 4 11
12D | 96 12 6 [6] 4 1
12F | 72 16 8 8 2 2 2
12F | 72 16 8 8 2 2 1
12G | 48 24 12 12 8 3 3 3
120 | 24 48 24 24 16 6 6 6 i 3
127 |24 48 24 24 16 6 6 6 4 3
127 |24 48 24 24 16 6 6 6 4 3

I | x(G]H3) | 4 0 2 1 4 2 6 0 1 2 0 2 1]
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Table 6.4: Continued - The fusion of GO*(8,2) into Sp(8,2)

] 12J 12K 120 12M 14A 154 15B 15C 18A 20A 20B 24A 30A
[Calg)] | 48 48 24 24 14 90 90 15 18 40 40 48 30

[zi] | [Cq(z)]

124 | 288

12B | 288

120 | 144

12D | 96

12F | 72

12F | 72

12G | 48 1 1

12H | 24 2 1 1

121 | 24 2 2 1

12J | 24 2 2 1

144 | 14

154 | 30 3

158 | 15 6 6

184 [ 18

204 | 20 2

24A | 24

304 | 30

| x(GlH3) | © 2 1 1 1 3 0 11 0 2 2 1
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Table 6.5: The summary of the fusion maps

GO~(8,2) GO*(8,2) 27:Sp(6,2) — Sp(8,2) || GO~(8,2) GO*(8,2) 27:Sp(6,2) — Sp(8,2)
1A 1A 1A 1A 2A 2A 2A 2A
2E
2B 2B 2B 2B 2C 2C 2C 2C
2G 2D
2K
2D 2J 2D 2D 2E 2F 2E
2H
2L
2E 2F 21 2F 3A 3A 3A 3A
2M
2N
3B 3B 3B 3D 3C 3C
3C 3C 3B 3D 1A 4C 1B 1A
48
iB 4B 1A 4B 1D 4A 4D 4C
40 4K
4C 1D 4C 1D AF 4G AE
AE 4P
4V
4E 41 AF iE AF AT 4G
4U 4L
AW
4G 4G iF 1H 1H 4H 4] AT
4N 4Q
4R AT
47 4AA
AT 1Y 47 AT AM iK
4AB
47 IX AL 5A 5A 5A 5A
4AC
5B 5B 6A 6A 6A 6A
61
6C 6B 6B 6B 6E 6E 6C 6C
6K 6H
60
6D 6G 6Q 6D 6C 6E
6B 6D 6D 6F 6F 6H 6J 6G
6L
6P
6G 6J 6E 6H 6K 6F 61
6V
6 6F 6M 6J 61 6K
6J 6L 6G 6L 6N 6S 6M
6U
6K 60 6R 6N 61 6M 6N 60
6X
6L 6P 6T 6P TA TA TA TA
6W
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Table 6.5: Summary of fusion maps

GO—(8,2) GO*+(8,2) 27:5p(6,2) — Sp(8,2) || GO~(8,2) GO*(8,2) 27:Sp(6,2) — Sp(8,2)
8B 8A 8A 8A SA 8B SB 8B
81 8F
8C 8C 8C 8C 8D 8D 8D 8D
8H 8E
8B 8J 8E 8E 8G 8F
9A 9A 9A 9A 9B 9B
10A 10A 10A 10A 10B 10C 10B
10E
10C 10B 10B 10C 10C 10D
10D
12A 12D 12A 12B 2B 12A 12B
12N
12A 12D 2B 12C 12C 12C 12D
12L 12E
12C 12E 12F 120 12F
12D 12G 12G 12E 12G 12F 12H
12K
12M
12F 12E 120 121 12H 121 12]
120 12J 12K 12G 121 12P 2L
12] 12M 14A 14A 14A 14A
15A 15A 15A 15A 15B 15B
15B 15C 17A 17A
17B 17B 18A 18A 18A 18A
20A 20A 20A 20A 20B 20B
21A 21A 24A 24A 24A 24A
24A 24B 24B 30A 30A 30A 30A
30B 30B
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6.5 Fischer matrices of G

The character table of G will be constructed using the Clifford-Fischer Theory. This theory
entails utilizing the character tables of inertia factor groups together with the Fischer matrices
of G. The Clifford-Fischer Theory requires that the I77(N) be extendable to the inertia groups.
Since G = N:G is a split extension and N elementary abelian, then by Mackey’s Theorem the
Irr(N) are extendable. The affine subgroup G has 81 Fischer matrices since G has 81 conjugacy
classes. The size of each Fischer matrix can be deduced from Table 6.2. Let us consider the
construction of the Fischer matrix corresponding to the class 2A of GG. For this demonstration
we consider the general form of the Fischer matrix. The Fischer matrix corresponding to this
class is a 5 x 5 matrix. The fusion maps of the inertia factor groups H; into G are given in
Section 6.4. We note from Table 6.5 that there is one class of H,, one class of Hs and two
classes of H, that fuse into the class 2A4. Thus the Fischer matrix from 2A is of the form

Table 6.6: Fischer matrix from 2A

[y = M(2A) T21 T22 T23 T4 T25
|Ca(1;)] Ca(an)| [Cqlwae)| [Cqlwes)| |Cgl(was)| |Calwos)]
(k,m) |C, (g2km)|

(1,1) |Cr, (g211)] 1 1 1 1 1
(2,1) |C'h,(g201)] w a b c d
(3,1) |Cr; (g231)| Z € / g h
(4,1) |Cr,(g241)| Y t J k l
(4,2) |Crr,(go42)| Z m n 0 P
Mg, ma1 Mmoo ma3 Moy mas

The values |Cg(xy;)| are from Table 6.2 and the values |Cy, (goxm)| are obtained from the
character tables of Hy, H3 and Hy or from the respective fusion tables 6.3 and 6.4. From
Moj = f"|kN|, we have mag; = 2 = magg, Moz = 128 = myy and meos = 252. Since N is elementary

abelian, we have w = x = 64, y = 1 and z = 126. This process yields
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Table 6.7: Fischer matrix from 2A4

Fy = M(QA) T21 x22 T3 T4 T25
|Ca(z15)] 47563407360 47563407360 743178240 743178240 377487360
(k7 m) ’CHIC (g2km)|

(1,1) 185794560 1 1 1 1 1
(2,1) 2903040 64 a b c d
(3,1) 2903040 64 e f g h
(4,1) 185794560 1 i j k l
(4,2) 1474560 126 m n 0 D
Mo, 2 2 128 128 252

We use the orthogonality relations and properties of a Fischer matrix to compute the rest of
entries. Ultimately we obtain the following Fischer matrix from the class 2A.

Table 6.8: Fischer matrix from 24

Fy = M(ZA) T21 x22 T3 T4 T25
|Ca(z1,)] 47563407360 47563407360 743178240 743178240 377487360
(k7 m) ’CHIC (g2km)|

(1,1) 185794560 1 1 1 1 1
(2,1) 2903040 64 —64 8 -8 0
(3,1) 2903040 64 —64 -8 8 0
(4,1) 185794560 1 1 ~1 —1 1
(4, 2) 1474560 126 126 0 0 —2
Mo, 2 2 128 128 252

We used Programmes C and D in [15] to compute the rest of the Fischer matrices of G. These

are listed in Table 6.9 below.
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Table 6.9: Fischer matrices of G

F, = M(lA) T1,1 T1,2 T1,3 T1,4
O(ili'u) 1 2 2 2
]C’g(xlj)] 24257337753600 24257337753600 95126814720 95126814720
(k> m) |CHk (glkm)|
(1, 1) 47377612800 1 1 1 1
(2, 1) 394813440 120 -120 -8 8
(3, 1) 348364800 136 -136 8 -8
(4, 1) 185794560 255 255 -1 -1
my;j 1 1 255 255
Fy, = M(QA) T21 €22 T3 T34 T2 5
O(LCQj) 2 2 4 4 2
]C’é(:vgj) ] 47563407360 47563407360 743178240 743178240 377487360
(k,m) [Ciry (g20m)]
(1, 1) 185794560 1 1 1 1 1
(2, 1) 2903040 64 -64 8 -8 0
(3, 1) 2903040 64 -64 -8 8 0
(4,1) 185794560 1 1 -1 -1 1
(4, 2) 1474560 126 126 0 0 -2
Ma; 2 2 128 128 252

F; = M(2B) T31 T32 733 T34 T35

O(l‘gj) 2 2 2 2 4

|Ca(zs))| 1132462080 1132462080 75497472 75497472 11796480

(kv m) |CHk (g3km)‘

(1, 1) 8847360 1 1 1 1 1

(2,1) 368640 24 -24 8 -8 0

(3, 1) 221184 40 -40 -8 8 0

(4, 1) 2949120 3 3 3 3 -1

(4, 2) 147456 60 60 -4 -4 0

mg; 4 4 60 60 384
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Table 6.9: Fischer matrices of G

F, = M(QC) Ty41 T4,2 T4,3 Ty44 Ty45 T46
0(x4j) 2 2 4 4 2 4
|Ce(z45)] 377487360 377487360 23592960 23592960 12582912 5898240
(k7m) |CHk (g4km)|
(1, 1) 2949120 1 1 1 1 1 1
(2, 1) 92160 8 -8 2 -2 0 0
(3,1) 92160 8 -8 -2 2 0 0
(4,1) 2949120 1 1 1 1 1 -1
(4,2) 1474560 2 2 -2 -2 2 0
(4, 3) 49152 12 12 0 0 -1 0
Myj 4 4 64 64 120 256

F5 = M(QD) T41 X492 T43

O(IL’5j) 2 2 4

|C(s5)]| 23592960 23592960 786432

(1, 1) 737280 1 1 1

(3,1) 46080 16 -16 0

(4, 1) 49152 15 15 -1
Fg = M(QE) Te,1 Tg,2 Te3 Te 4 Te 5 Te6 Ze 7
|Calze))| 9437184 9437184 2359296 2359296 1572864 393216 393216
(k7 m) |CHk (g6km)|
(1, 1) 147456 1 1 1 1 1 1 1
(2,1) 9216 16 -16 8 -8 0 0 0
(3,1) 9216 16 -16 -8 8 0 0 0
(4, 1) 147456 1 1 -1 -1 1 1 -1
(4,2) 49152 3 3 3 3 3 -1 -1
(4,3) 49152 3 3 -3 -3 3 -1 1
(4, 4) 6144 24 24 0 0 -8 0 0
Mg 8 8 32 32 48 192 192
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Table 6.9: Fischer matrices of G

e
I
S
©
3

Z71 Z7.2 X733 T7.4 X775 T7.6
o(x7;) 2 2 4 4 4 4
|Ce(z7;)] 1572864 1572864 1572864 1572864 131072 98304
(k7 m) |CHk <g7km)|
(1, 1) 49152 1 1 1 1 1 1
(2,1) 6144 8 8 -8 -8 0 0
(3,1) 6144 8 -8 -8 8 0 0
(4, 1) 49152 1 1 1 1 1 -1
(4,2) 8192 6 6 6 6 -2 0
(4,3) 6144 8 -8 8 -8 0 0
my; 16 16 16 16 192 256
Fg = M(3A) 81 g2 83 T84
O(l’gj) 3 6 6 6
|Ca(zs))] 557383680 557383680 8847360 8847360
(k,m) Cr (9skm)|
(1, 1) 4354560 1 1 1 1
(2,1) 120960 36 -36 4 -4
(3,1) 155520 28 -28 -4 4
(4,1) 69120 63 63 -1 -1
Fg = M(?)B) Z91 X992
O(Igj) 3 6
|C (o) 155520 155520
<k7 m) |CHk (Qka)|
(1,1) 77760 1 1
(3,1) 77760 1 -1
mo; 256 256
Fg = M(3C) Z10,1 Z10,2 10,3 L10,4
0(13103') 3 6 6 6
|C’§(x10J)] 414720 414720 27648 27648
(k,m) |CH;v (G10km) |
(1, 1) 12960 1 1 1 1
(2, 1) 2160 6 -6 -2 2
(3, 1) 1296 10 -10 2 -2
(4, 1) 864 15 15 -1 -1
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Table 6.9: Fischer matrices of G

Fi = M(SD) T11,1 T11,2 L11,3 T11,4

O(xllj) 3 6 6 6

|Cx(11)] 31104 31104 10368 10368

(k,m) 1Crr, (9118m)|

(1, 1) 3888 1 1 1 1

(2, 1) 1296 3 3 -1 -1

(3,1) 3888 1 -1 -1 1

(4,1) 1296 3 -3 1 -1

mi; 64 64 192 192
Fip = M(4A) T12,1 T12,2 T12,3 L12,4 Ti125
O(.Z‘mj) 4 4 4 4 8
|Ce(19)] 5898240 5898240 393216 393216 184320
(kv m ’CHk (912km)’
(1, 1) 92160 1 1 1 1 1
(2, 1) 7680 12 -12 4 -4 0
(3,1) 4608 20 -20 -4 4 0
(4, 1) 92160 1 1 1 1 -1
(4,2) 3072 30 30 -2 -2 0
i3 = M(4B) T13,1 T13,2 T133 T134 T135
0(1’13]‘) 4 4 4 4 8
|Ca(z135)] 5898240 5898240 393216 393216 184320
(k7 m |CHk <913km)|
(1,1) 92160 1 1 1 1 1
(2, 1) 4608 20 -20 -4 4 0
(3,1) 7680 12 -12 4 -4 0
(4, 1) 92160 1 1 1 1 -1
(4,2) 3072 30 30 -2 -2 0
mi3; 8 8 120 120 256
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Table 6.9: Fischer matrices of G

Fia = M(4C) T14,1 L14,2 T14,3 T14.4 L14,5
O(.T14j) 4 4 4 4 4
\Cg(xw)] 1179648 1179648 393216 393216 49152
(k,m) |Ch, (g145m)|
(1,1) 36864 1 1 1 1 1
(2, 1) 3072 12 12 -4 -4 0
(3, 1) 9216 4 -4 4 -4 0
(4, 1) 12288 3 3 3 3 -1
(4, 2) 3072 12 -12 -4 4 0
M 14; 16 16 48 48 384
Fi5 = M(4D) T15,1 T152 T153 Ti54  Ti55  T156
O($15j) 4 4 4 4 4 4
|Ca(z155)] 393216 393216 131072 131072 49152 24576
(ka m) |CHk <g15km)|
(1, 1) 12288 1 1 1 1 1 1
(2,1) 3072 8 8 -8 -8 0 0
(3,1) 1024 8 -8 -8 8 0 0
(4,1) 12288 1 1 1 1 1 -1
(4,2) 6144 6 6 6 6 -2 0
(4, 3) 1024 8 -8 8 -8 0 0
Fi6 M(4E) T16,1 T16,2 T16,3 L16,4
0($16j> 4 4 4 8
|C§(9316]) | 98304 98304 16384 12288
(kv m) |CHk (916km)|
(1, 6144 1 1 1 1
(2, 768 8 -8 0 0
(4, 6144 1 1 1 -1
(4, 1024 6 6 -2 0
Mg 32 32 192 256
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Table 6.9: Fischer matrices of G

Fi7 = M(4F) Tir1  Tire  Tirz 174
0(1’17]') 4 4 4 8
|Ca(175)| 98304 98304 16384 12288
(k’ m) |CHk (gl7km)|
1.1 6144 1 1 1 1
3,1) 768 8 -8 0 0
(4, 1) 6144 1 1 1 -1
(1.2) 1024 6 6 -2 0
M 32 32 102 256
Fis = M(4G) Tig1  Tig2  T183  Tiga T185  T186
0(x18j> 4 4 4 4 4 4
|Ca(21s))| 49152 49152 49152 49152 8192 8192
(kvm) |CHk(gl8km)|
(1,1) 3072 1 1 1 T 1 1
2.1) 768 4 4 4 40 0
3,1) 768 4 4 4 4 0 0
1) 3072 1 a1 a1 1 A
(4,2) 1024 3 3 3 3 1 1
(4,3) 1024 3 3 3 3 11
mig; 32 32 32 32 192 192
Fig = M(4H) Ti91  Ti92  T193  Ti94  Tios Tl  Li97
O(lL‘lgj) 4 4 4 4 4 8 8
[C(197)] 03304 08304 24576 24576 16384 12288 12288
<k7 m) |CHk (glgkm)|
(1, 1) 3072 1 1 1 1 1 1 1
2,1) 384 8 8 -4 4 0 0 0
3,1) 334 8 -8 4 4 0 0 0
1) 3072 | 1 a1 - 1 1
(4, 2) 3072 1 1 1 1 1 -1 -1
4.3) 3072 | I B | 1 -1
(4,4) 256 12 12 0 0 -4 0 0
Mig;j 16 16 64 64 96 128 128
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Table 6.9: Fischer matrices of G

onZM(4]) £20,1 L20,2 T20,3 T20,4 T205 206 L20,7
O(ZL‘QOJ‘) 4 4 4 4 8 4 8
|Cx(205)] 16384 16384 16384 16384 4096 4096 4096
(kvm) |CHk(g20km)|
(1,1) 1024 1 1 1 1 1 1 1
(2,1) 256 4 -4 4 -4 0 0 0
(3,1) 256 4 -4 -4 4 0 0 0
(4,1) 1024 1 1 1 1 -1 -1 1
(4,2) 1024 1 1 1 1 -1 1 -1
(4,3) 1024 1 1 1 1 1 -1 -
(4,4) 256 4 4 -4 -4 0 0 0
M0, 32 32 32 32 128 128 128
Foy = M(4J) To1,1 X212 T21,3
O(ZEQU) 4 4 8
|Ca(za1;)] 6144 6144 1024
(kv m) |0Hk (g2lkm)’
(1,1) 768 1 1 1
(3,1) 192 4 -4 0
(4,1) 256 3 3 -1
mai; 64 64 384
Foo = M(4K) To21 X222 X223 T224
0(3322]') 4 4 8 8
|C(225)] 4096 4096 2048 1024
(kam) ’CHk(g22km)’
(1,1) 512 1 1 1 1
(2,1) 128 4 -4 0 0
(4,1) 512 1 1 1 -1
(4,2) 256 2 2 22 0
Fos3 = M(4L) To31 X232 X233 T234
0((1323]') 4 4 8 8
|Ce (93] 4096 4096 2048 1024
(kvm) |CHk(g23km)|
(1,1) 512 1 1 1 1
(3,1) 128 4 -4 0 0
(4,1) 512 1 1 |
(4,2) 256 2 2 22 0
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Table 6.9: Fischer matrices of G

F24 = M(5A>

T24,1 Toa2 X243 T244
O($Q4j) 5 10 10 10
|Ca(245)| 115200 115200 7680 7680
(k’ m) |CHk (924km)|
(1,1) 3600 1 1 1 1
(2,1) 360 10 -10 2 -2
(3,1) 600 6 -6 -2 2
(4,1) 240 15 15 -1 -1
Mo4j 16 16 240 240
Fo5 = M(5B) Tos51  T25.2
0(1’25j> 5 10
|C(255)] 600 600
(k,m) |Crr, (g258m) |
(1,1) 300 1 1
(3,1) 300 1 -1
Moy 256 256
Fos = M(6A) To6,1 T96,2 26,3 96,4 T65
o(226;) 6 6 12 12 6
|Ca(965)| 4423680 4423680 276480 276480 147456
(k,m) |Cr, (9268m) |
(1,1) 69120 1 1 1 1 1
(2,1) 4320 16 -16 4 -4 0
(3,1) 4320 16 -16 -4 4 0
(4,1) 69120 1 1 -1 -1 1
(4,2) 2304 30 30 0 0 -2
Fo7 = M(6B) T26,1 T262 T263 Toga L2635
0($Q7j> 6 6 6 6 12
|Ca(wa75)] 442368 442368 147456 147456 18432
(kv m) |CHk (927km>|
(1,1) 13824 1 1 1 1 1
(2,1) 1152 12 12 -4 -4 0
(3,1) 3456 4 -4 4 -4 0
(4,1) 4608 3 3 3 3 -1
(4,2) 1152 12 -12 -4 4 0
Marj 16 16 48 48 384
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Table 6.9: Fischer matrices of G

Fog = M(6C) T28,1 T28,2 L9283 T28 4 Togs X286
0(;1:28]-) 6 6 12 12 6 12
|Co (o)) 147456 147456 36864 36864 24576 9216
(k’ m) |CHk (928km)|
(1, 1) 4608 1 1 1 1 1 1
(2,1) 576 8 -8 2 -2 0 0
(3,1) 576 8 -8 -2 2 0 0
(4, 1) 4608 1 1 1 1 1 -1
(4,2) 2304 2 2 -2 -2 2 0
(4,3) 384 12 12 0 0 -1 0
Mg 16 16 64 64 96 256
Fog = M(GD) T29,1 T292 T293 T294
0(1329]') 6 6 6 6
|C(20)] 138240 138240 9216 9216
(k,m) |Cr, (g29km) |
(1, 1) 4320 1 1 1 1
(2, 1) 720 6 -6 -2 2
(3,1) 432 10 -10 2 -2
(4, 1) 288 15 15 -1 -1
Mag; 16 16 240 240
F30 = M(6F) 301 1302
O(Z)’J30j) 6 6
(ka m) ‘CHk <930km)‘
(1, 1) 1728 1 1
(3,1) 1728 1 -1
m3o; 256 256
I3 = M(6F) Z31,1  T31,2 T31,3 X314
O(I31j) 6 6 12 12
|Ce(31)] 5184 5184 5184 5184
(kv m) ’CHk (931km)’
(1, 1) 1296 1 1 1 1
(2, 1) 1296 1 -1 -1 1
(3, 1) 1296 1 1 -1 -1
(4,1) 1296 1 -1 1 -1
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Table 6.9: Fischer matrices of G

Fso = M(6G) T32,1 €322 L3233 T324 X325 T326
O(Zlfggj) 6 6 12 12 12 12
|Cz(230;)] 18432 18432 18432 18432 3072 3072
<k7 m) |OHk (932km)|
(1,1) 1152 1 1 1 1 1 1
(2,1) 288 4 -4 -4 4 0 0
(3, 1) 288 4 -4 4 -4 0 0
(4, 1) 1152 1 1 -1 -1 1 -1
(4,2) 384 3 3 -3 3 -1 1
(4,3) 384 3 3 3 3 -1 1
M3z, 32 32 32 32 192 192
F33 = M(GH) T33,1 T332 X333 T334 X335
O(I33j) 6 6 12 12 6
|C(2335)] 13824 13824 3456 3456 2304
(k,m) |CHk (933kzm)|
(1, 1) 864 1 1 1 1 1
(2, 1) 216 4 -4 2 -2 0
(3, 1) 216 4 -4 -2 2 0
(4,1) 864 1 1 -1 A 1
(4,2) 144 6 6 0 0o -2
m33; 32 32 128 128 192
Fsy = M(6]) T341 X342 L343
O(ZL’34j) 6 6 12
|C(345)] 6912 6912 1152
(kv TTL) |CHk (g34km>|
(1, 1) 864 1 1 1
(3,1) 216 4 -4 0
(4,1) 288 3 3 -1
M34; 64 64 384
Fs5 = M(6J) T351  T352 T353 T3sa
O(J]35j) 6 6 6 6
|Ca(z35;)] 3456 3456 1152 1152
(k7 m) ‘CHJC <935km)‘
(1, 1) 432 1 1 1 1
(2, 1) 144 3 -3 1 -1
(3,1) 432 S I | 1
(4, 1) 144 3 3 -1 -1
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Table 6.9: Fischer matrices of G
Fs = M(6K) T361 36,2
0({1336]‘) 6 6
‘05(2736]” 576 576
(kv m) |CHk <g36km)|
(1,1) 288 1 1
(3,1) 288 1 -1
mse; 256 256
Fs7 = M(GL) T3r1 X372 X373 T3r4 L3715
o(xg,?j) 6 6 12 12 12
|C’§(x37])| 2304 2304 2304 2304 576
(k7 m) |CHk (937km>|
(1, 1) 288 1 1 1 1 1
(2, 1) 144 2 -2 -2 2 0
(3,1) 144 2 -2 2 -2 0
(4, 1) 288 1 1 1 1 -1
(4, 2) 144 2 2 -2 -2 0
mar; 64 64 64 64 256
Fag = M(6M) T381 T382 T383
O(Z'ggj) 6 6 12
|C§(9:38j)| 2304 2304 384
(k’ m) |CHk (938km)|
(1,1) 288 1 1 1
(3,1) 72 4 -4 0
(4, 1) 96 3 3 -1
mss; 64 64 384
F39 = M(6N) T391 392 X393 T394 L395
0($39j) 6 6 12 12 6
|C§(:1539])| 4608 4608 1152 1152 768
(kv m) |CHk <g39km)|
(1,1) 288 1 1 1 1 1
(2,1) 72 4 -4 2 -2 0
(3,1) 72 4 -4 -2 2 0
(4, 1) 288 1 1 -1 -1 1
(4,2) 48 6 6 0 0 -2
mgzg; 32 32 128 128 192
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Table 6.9: Fischer matrices of G

Fyo = M(GO) T40,1 T40,2 T40,3 T404

O($4Qj) § 6 12 12

|Cg(x4oj) | 576 576 576 576

(k,m) |Crr, (aokm) |

(1, 1) 144 1 1 1 1

(2, 1) 144 1 -1 -1 1

(3, 1) 144 1 1 -1 -1

(4, 1) 144 1 -1 1 -1

Myo; 128 128 128 128
Fy = M(6P) Ta11 Tarp Tary Taia Tars
0(3541j) 6 6 12 12 12
|C@(x41j) | 768 768 768 768 192
(kv m) ‘OHk (g41km)|
(1, 1) 96 1 1 1 1 1
(2, 1) 48 2 -2 -2 2 0
(3, 1) 48 2 -2 2 -2 0
(4, 1) 96 1 1 1 1 -1
(4, 2) 48 2 2 -2 -2 0
My 64 64 64 64 256

Fyo = M(7A) Tg21 L4292 T423 T424

O(CC42j) 7 14 14 14

|Cq(2ag;)] 336 336 112 112

(kv m) |CHk (942km>|

(1, 1) 42 1 1 1 1

(2, 1) 42 1 -1 -1 1

(3, 1) 14 3 3 -1 -1

(4, 1) 14 3 -3 1 -1

My2j 64 64 192 192
Fy3 = M(8A> T431 L432 T43,3 T434 T435
O(CL’43J‘) 8 8 8 8 8
|C§(x43]) ] 6144 6144 2048 2048 768
(k,m) ’CHk (Ga3km)|
(1, 1) 384 1 1 1 1 1
(2, 1) 64 6 6 -2 -2 0
(3, 1) 192 2 -2 2 -2 0
(4, 1) 384 1 1 1 1 -1
(4, 2) 64 6 -6 -2 2 0
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Table 6.9: Fischer matrices of G

Fay = M(8B) Ta41 X442 T443 Ta44 T445
O(l’44j) 8 8 8 8 8
|Ca(Ta45)| 6144 6144 2048 2048 768
(k’, m) |0Hk (944km)|
(1,1) 384 1 1 1 1 1
(2,1) 192 2 -2 2 -2 0
(3,1) 64 6 6 -2 -2 0
(4,1) 384 1 1 1 1 -1
(4,2) 64 6 -6 -2 2 0
Myaj 32 32 96 96 256
Fu5 = M(8C) Tas51  Tas2  Tas3  Tasa Tass
0(.1’45]‘) 8 8 8 8 8
|Cq(as;)| 1024 1024 1024 1024 256
(kv m) |CHk (945km)|
(1,1) 128 1 1 1 1 1
(2,1) 64 2 -2 -2 2 0
(3,1) 64 2 -2 2 -2 0
(4,1) 128 1 1 1 1 -1
(4,2) 64 2 2 -2 -2 0
M5, 64 64 64 64 256
F4 = M(8D) Ta61  Ta62  Ta63  Tae 4 T465
O(ZI}46J') 8 8 8 8 8
|Ca(2465)] 1024 1024 1024 1024 256
(k,m) |Chy (ga61m) |
(1,1) 128 1 1 1 1 1
(2,1) 64 2 -2 -2 2 0
(3,1) 64 2 -2 2 -2 0
(4,1) 128 1 1 1 1 -1
(4,2) 64 2 2 -2 -2 0
M6, 64 64 64 64 256

Fy; = M(8E) Ta71  Tar2 Ta73

O($47j) 8 8 16

(k7 m) |CHk <g47km)|

(1,1) 1 1 1

(2,1) 2 -2 0

(4,1) 1 1 -1
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Table 6.9: Fischer matrices of G

Fus = M(8F) Tyg1  Tag2  Tag3
0(1'48]') 8 8 16
]Cg(x48j)| 128 128 64
(k’ m) |CHk (948km)|
(1, 1) 32 1 1 1
(3, 1) 16 2 -2 0
(4, 1) 32 1 1 -1
Mg 128 128 256
Fyo = M(QA) Tg91 T492 T49,3 T494
0($4gj) 9 18 18 18
|C§(a:49j) | 432 432 144 144
(kv m) |CHk (949k:m)|
(1, 1) 54 1 1 1 1
(2, 1) 18 3 3 -1 -1
(3, 1) 54 1 -1 -1 1
(4, 1) 18 3 -3 1 -1
My, 64 64 192 192
F50 = M(9B) T50,1  T50,2
0(1’50j> 9 18
|Ca(s505)| 54 54
(kv m) |CHk (950k’m)|
(1, 1) 27 1 1
(3, 1) 27 1 -1
M504 256 256
Fs1 = M(lOA) Ts51,1  Ts1,2 L5133 Ts14 Tslp
0(3:51]-) 10 10 20 20 10
|C’§(x51j)| 3840 3840 960 960 640
(k7 m) |OHk (g5lkm>|
(1, 1) 240 1 1 1 1 1
(2, 1) 60 4 -4 2 -2 0
(3, 1) 60 4 -4 -2 2 0
(4, 1) 240 1 1 -1 -1 1
(4, 2) 40 6 6 0 0 -2
ms1j 32 32 128 128 192
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Table 6.9: Fischer matrices of G

Fso = M(10B) Ts21 Tr22 T523
o(x52j) 10 10 20
]Cg(xggj)‘ 1920 1920 320
(k,m) |Cr, (g520m) |
(1,1) 240 T 1 1
(2,1) 60 4 40
(4,1) 80 3 3 -
M52, 64 64 384
Fs3 = M(10C) T531 X532 X533 X534 T535
|Cq(wss;)] 640 640 640 640 160
(ka m) |CHk (953km)|
(1,1) 80 1 1 1 1
(2,1) 10 2 2 2 2 0
(3,1) 40 2 -2 2 -2 0
(4,1) 80 1 1 1 1 -1
(4,2) 10 2 2 2 2 0
Fsy = M(10D) Ts4,1  Ts4,2
0(;(:54]-) 10 10
|Ca(@s45)] 40 40
(k7 m) |0Hk (954km>|
(1,1) 20 1
(3,1) 20 1 -1
M) 956 256
Fss5 = M(12A) Tss1 X552 Tss3
o(zs5;) 12 12 12
[Cx(ws5;)] 0216 9216 1536
(k,m) |Crr, (g556m) |
(1,1) 1152 11 1
(3.1) 283 4 40
(4,1) 334 3 3 -l
r— 64 64 384
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Table 6.9: Fischer matrices of G

Fsg = M(12B) Ts6,1  Tse2 56,3 Ls56,4  Ls6,5
o(Z565) 12 12 12 12 24
|Ce(565) | 9216 9216 3072 3072 1152
(kv m) |CHk (956km>|
(1,1) 576 1 1 1 1 1
(2,1) 96 6 6 -2 -2 0
(3,1) 288 2 -2 2 -2 0
(4,1) 576 1 1 1 1 -1
(4,2) 96 6 -6 -2 2 0
M6, 32 32 96 96 256
Fs; = M(12C) Ts71  Tsr2  Tsr3 Tsta XsTs
o(x57;) 12 12 12 12 24
|Ca(z57;)] 9216 9216 3072 3072 1152
(k,m) |Crr,, (g57km) |
(1,1) 576 1 1 1 1 1
(2,1) 288 2 -2 2 -2 0
(3,1) 96 6 -2 -2 0
(4,1) 576 1 1 1 1 -1
(4,2) 96 6 -6 -2 2 0
M7, 32 32 96 96 256
Fss = M(12D) Tsg1  Tsg2 T3 Tsga
o(Tss;) 12 12 12 12
|Ca(xss;)] 3072 3072 1536 768
(kv m) |CHk <g58km)|
(1,1) 384 1 1 1 1
(2,1) 96 4 -4 0 0
(4,1) 384 1 1 1 -1
(4,2) 192 2 2 -2 0
Mg, 64 64 128 256
Fs9 = M(12F) T591  L592
O($59j) 12 12
|C§(I59j>| 288 288
(k7 m) |CHk (959km)|
(1,1) 144 1 1
(3,1) 144 1 -1
ms9; 256 256
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Table 6.9: Fischer matrices of G

Feo = M(12F) T60,1  T60,2 T60,3
0(3360]') 12 12 24
(kv m) |CHk (QGOkm)|
(1, 1) 144 1 1 1
(3,1) 72 2 -2 0
(4,1) 144 1 1 -1
F¢1 = M(12G) Te11  Tel2 Te1,3
0(37613') 12 12 24
(kv m) |0Hk (gﬁlkzm)|
(1, 1) 144 1 1 1
(2,1) 72 2 -2 0
(4,1) 144 1 1 -1
Feo = M(12H) Te2,1 Te22 Te23 Te2d Te25  T62,6
0(:7062]- 12 12 12 12 24 24
|C’§(x62])| 768 768 768 768 384 384
(k7 m |OHk (962km)‘
(17 1) 96 1 1 1 1 1 1
(2, 1) 48 2 -2 -2 2 0 0
(3,1) 48 2 -2 2 -2 0 0
(4, 1) 96 1 1 -1 -1 1 -1
(4, 2) 96 1 1 -1 -1 -1 1
(4, 3) 96 1 1 1 1 -1 1
Me2; 64 64 64 64 128 128
Fe3 = M(12]) Te3,1  Te3,2 Te3,3 Le34
O<xﬁ3j) 12 12 12 12
]Cg(%g])\ 076 576 192 192
(k,m) |C,, (g63km) |
(1,1) 72 1 1 1 1
(2, 1) 24 3 -3 1 -1
(3, 1) 72 1 -1 -1 1
(4, 1) 24 3 3 -1 -1
Me3; 64 64 192 192
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Table 6.9: Fischer matrices of G

Fey = M(12J) Tea1  Tea2 Te43
o(zor) 12 12 2
UQ m) ’CHk (964km)’
(1, 1) 18 I 1 1
(2, 1) 24 2 -2 0
(4,1) I8 11 -
——yy 128 128 256
Fes = M(12K) Tes1  Te52  Le53
0($65j) 12 12 24
|C’§(x65j)| 192 192 96
(ka m) ‘CHk <g65km)‘
(1, 1) 18 I 1 1
(3, 1) 24 2 -2 0
(4, 1) 48 1 1 -1
— 128 128 256
Feg = M (12L) Te6,1  Te62 L6633 L66,4
0(3766]') 12 12 12 12
[Ca(2e6;)] 96 96 96 96
(k,m) |CH, (g66km)|
(1, 1) 24 1 1 1 1
(2, 1) 24 1 -1 -1 1
(3, 1) 24 1 1 -1 -1
(4, 1) 24 1 -1 1 -1
Moo 128 128 128 128
Fer = M(12M) Te7,1  Ter2
0($67j) 12 12
|Ca(we7))] 48 48
(k,m) ‘CH;C (G67km) |
) 21 I 1
(3,1) 2 1
Mo, 256 256
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Table 6.9: Fischer matrices of G

Fes = M(14A) Tes,1 Tes2 Tes3  Tesa

o(z6s;) 14 14 28 28

|Ce(wes; )| 56 56 56 56

<k> m) |CHk (QGSkm)’

(1,1) 14 1 1 1 1

(2,1) 14 1 -1 -1 1

(3,1) 14 (S RS R |

41 14 111 A

Mes; 128 128 128 128

Feog = M(15A) Teo1 Te92 L6933 T694

O(.%'ng) 15 30 30 30

|C(269)] 720 720 240 240

(kv m) |OHk (gﬁ9km>|

(1,1) 90 1 1 1 1

(2,1) 90 1 -1 -1 1

(3,1) 30 3 -3 1 -1

(4,1) 30 3 3 -1 -1

Meo; 64 64 192 192
Fro = M(15B) T701 L7022 F71 = M(15C) 711 71,2
o(2705) 15 30 o(x71;) 15 30
|C§<I70J)| 180 180 |C§($71J)’ 30 30
(k,m) |Ch, (G70km) | (k,m) 1Crr, (g71km) |
(1,1) 90 11 (1,1) 15 1 1
(2,1) 90 1 -1 (3,1) 15 1 -1
M70; 256 256 mrj 256 256
Fry = M(17A) Tro1  Tr2p F73 = M(17B) T131 X732
0(3772j> 17 34 0(:1773j) 17 34
|Ca(z7s;)] 34 34 |Calws;)| 34 34
(k7 m) ’CHk (g72km)’ (ka m) ’CHk (973km)’
(1,1) 17 1 1 (1,1) 17 1 1
2,1) 17 1 A (2,1) 17 1 -
Mir2; 256 256 e 256 256
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Table 6.9: Fischer matrices of G

Frq = M(184) Tra1  Tra2 T743  T744
O(l’74j> 18 18 36 36
|Ca(z745)] 72 72 72 72
<k> m) |CHk (974km)’
(1,1) 18 1 1 1 1
(2,1) 18 1 -1 -1 1
(37 1) 18 1 1 -1 -1
(47 1) 18 1 -1 1 -1
M74j 128 128 128 128
Frs = M(204) Trs1 Tr52 T753
o(75;) 20 20 40
|Ca(@rs;))] 160 160 80
(kv m) ‘CH/@ <g75km)|
(1,1) 40 1 1 1
(2,1) 20 2 -2 0
(4,1) 40 1 1 A
M5, 128 128 256
Fz6 = M(20B) Tr6,1  Tre2 L76,3
o(765) 20 20 40
|Ca(2765)| 160 160 80
(k,m) |C,, (g761m)|
(1,1) 40 1 1 1
(3,1) 20 2 -2 0
(4,1) 40 1 1 -1
M76; 128 128 256
Frr = M(21A) Trr1 T77.2
o(x77;) 21 42
|Cg(z77;)] 2 42
(k,m) \Cr, (977km) |
(1,1) 21 1 1
(2,1) 21 1 -1
M77; 256 256
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Table 6.9: Fischer matrices of G

Frs = M(24A) Trg1  T7g2  T783
o(zs)) 20 24 24
|Ca(x7s;)] 192 192 96
(k,m) Cr, (g7skm)|
(1,1) 48 1 1 1
(3,1) 24 2 -2 0
1) 13 11 -1
p—" 128 128 256
Fr9 = M(24B) T791  Tr92  T793
() 24 24 24
Ce(are))] 192 192 96
(k,m) |Cr, (grokm)|
(1, 1) 48 T 1 1
2.1) 24 2 2 0
4,1) 13 11
p— 128 128 256
Fso = M(30A) Tg01 Tso2 803 Ts04
o(xso;) 30 30 60 60
|Ca(@so;)| 120 120 120 120
(k> m) |CHk (QSOkm)|
(T,1) 30 [ R R
2.1) 30 TS B
(3, 1) 30 I S B
1) 30 1 1 1 A
msog 128 128 128 128
Fs; = M(30B) 81,1  Ts12
o(zs1;) 30 30
Calwsy)| 60 60
(k> m) ’CHk (981km>’
(1,1) 30 T 1
2,1) 30 1 -1
r—— 256 256
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6.6 The character table of G

Since G = N:G is a split extension and N elementary abelian, then the Irr(N) are extendable
to the inertia groups. This then enables us to construct the character table of G' using the

Clifford-Fischer Theory. According to Gallagher’s Theorem, the Irr(G) are given by

Irr(G) = U{(ﬁ@)é | 8. € Irr(H;), N € ker(8)},

where H; is an inertia group and H; = H; /N is an inertia factor group. This then means
that the character table of G will be divided into blocks corresponding to the inertia factor
groups H;, for i € {1,2,3,4}. Full details of this process are discussed in Chapter 3. Thus the
character table of G will be of the form

By Bip Biz -+ Bigi
By Bya Bz -+ DBagi
B3y DBsy Bsz -+ Bsg |’
By1 Bss Bsyz -+ Bug

where B, ; are blocks corresponding to the 4 inertia factor groups and the 81 conjugacy classes
of G, {1 <i <4} and {1 < j < 81}. The block B;; is formed by multiplying the relevant
columns of the character table of H; by the rows of the Fischer matrix M(g) corresponding
to the classes of H; that fuse to the class [g] € G. If H; does not contribute to M (g) then
the block B;; will have zeroes. The fusion maps of the inertia factor groups into G' are given
in Section 6.4. The character table of GG is available in the ATLAS. The character tables of
H, and Hj can be deduced from the character tables of O~(8,2) and O™ (8,2) in the ATLAS,
respectively. The one for H; was computed by Ali in [1]. We demonstrate how to compute
the entries of the character table of G. Let us consider the class 14 of G. It is clear that the
identity classes of each inertia factor group H; fuse to the class 14 of H; = G. We multiply
the column corresponding to 1A € G by the first row of the Fischer matrix M (1A) in Table
6.9. Then we multiply the column corresponding to la € Hs by the second row of M(1A)
corresponding to the inertia factor group H,. Similarly, we multiply the column corresponding
to la € Hj by the third row of M(1A) corresponding to the inertia factor group Hj. Lastly,
we multiply the column corresponding to la € Hy by the fourth row of M(1A) corresponding
to the inertia factor group Hjy.
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35
51
85
119
135
238
510
595
595
918
1190
1275
1512
1785
1785
2295
2856
2856
2975
2975
3213
3213
3400
3570
3570
3570
3808
4200
4760
2712
2950
9950
7140
8160
8925
8925
8960
9639
10200

| 11900

(111 1]=

[ 1
35
51
85

119
135
238
510
995
995
918
1190
1275
1512
1785
1785
2295
2856
2856
2975
2975
3213
3213
3400
3570
3570
3570
3808
4200
4760
5712
2950
2950
7140
8160
8925
8925
8960
9639
10200

| 11900

1

35
o1
85
119
135
238
510
595
295
918
1190
1275
1512
1785
1785
2295
2856
2856
2975
2975
3213
3213
3400
3570
3570
3570
3808
4200
4760
5712
5950
5950
7140
8160
8925
8925
8960
9639
10200
11900

1

35
51
85
119
135
238
510
995
995
918
1190
1275
1512
1785
1785
2295
2856
2856
2975
2975
3213
3213
3400
3570
3570
3570
3808
4200
4760
5712
2950
2950
7140
8160
8925
8925
8960
9639
10200
11900

35
51
85
119
135
238
510
595
995
918
1190
1275
1512
1785
1785
2295
2856
2856
2975
2975
3213
3213
3400
3570
3570
3570
3808
4200
4760
o712
5950
5950
7140
8160
8925
8925
8960
9639
10200
11900
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[ 11900 7]
13056
13600
14280
14280
14688
16065
16065
16065
16065
16065
17850
17850
18360
19040
23800
23800
26775
26775
28560
28917
30464
32130
32130
32130
34425
34425
34560
38080
38556
42525
42525
43520
47600
48195
51408
53550
57120
65536

68850

(111 1]=

[ 11900
13056
13600
14280
14280
14688
16065
16065
16065
16065
16065
17850
17850
18360
19040
23800
23800
26775
26775
28560
28917
30464
32130
32130
32130
34425
34425
34560
38080
38556
42525
42525
43520
47600
48195
51408
53550
57120
65536

68850

11900
13056
13600
14280
14280
14688
16065
16065
16065
16065
16065
17850
17850
18360
19040
23800
23800
26775
26775
28560
28917
30464
32130
32130
32130
34425
34425
34560
38080
38556
42525
42525
43520
47600
48195
51408
23550
27120
65536
68850

11900
13056
13600
14280
14280
14688
16065
16065
16065
16065
16065
17850
17850
18360
19040
23800
23800
26775
26775
28560
28917
30464
32130
32130
32130
34425
34425
34560
38080
38556
42525
42525
43520
47600
48195
51408
53550
57120
65536
68850

11900 7
13056
13600
14280
14280
14688
16065
16065
16065
16065
16065
17850
17850
18360
19040
23800
23800
26775
26775
28560
28917
30464
32130
32130
32130
34425
34425
34560
38080
38556
42525
42525
43520
47600
48195
51408
23550
27120
65536
68850
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34
34
ol
o1
84
84
204
204
204
204
357
357
476
476
476
476
995
995
714
714
714
714
1020
1020
1071
1071
1071
1071
1190
1190
1344
1344
1428
1428
2142
2176
2176

2295

[ 120 —120 —8 8]

120
120
4080
4080
6120
6120
10080
10080
24480
24480
24480
24480
42840
42840
57120
57120
57120
57120
71400
71400
85680
85680
85680
85680
122400
122400
128520
128520
128520
128520
142800
142800
161280
161280
171360
171360
257040
261120
261120
275400

—120
—120
—4080
—4080
—6120
—6120
—10080
—10080
—24480
—24480
—24480
—24480
—42840
—42840
—57120
—57120
—57120
—57120
—71400
—71400
—85680
—85680
—85680
—85680
—122400
—122400
—128520
—128520
—128520
—128520
—142800
—142800
—161280
—161280
—171360
—171360
—257040
—261120
—261120
—275400

272
272
408
408
672
672
1632
1632
1632
1632
2856
2856
3808
3808
3808
3808
4760
4760
2712
2712
D712
9712
8160
8160
8568
8568
8568
8568
9520
9520
10752
10752
11424
11424
17136
17408
17408
18360
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2295
2856
2856
2856
2856
3264
3264
4096
4096
4284
4284
4284
4284
4590
4760
4760
59395
5355
5670
5670

[120 —120 —8 8] =

275400
342720
342720
342720
342720
391680
391680
491520
491520
514080
514080
514080
514080
550800
571200
571200
642600
642600
680400
680400

—275400
—342720
—342720
—342720
—342720
—391680
—391680
—491520
—491520
—514080
—514080
—514080
—514080
—550800
—571200
—571200
—642600
—642600
—680400
—680400

—18360
—22848
—22848
—22848
—22848
—26112
—26112
—32768
—32768
—34272
—34272
—34272
—34272
—36720
—38080
—38080
—42840
—42840
—45360
—45360

18360
22848
22848
22848
22848
26112
26112
32768
32768
34272
34272
34272
34272
36720
38080
38080
42840
42840
45360
45360
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17 [ 136 —136 8

1 136 —136 8

28 3808 —3808 224
28 3808 —3808 224
35 4760 —4760 280
35 4760 —4760 280
50 6800 —6800 400
50 6800 —6800 400
70 9520 —9520 560
84 11424 —11424 672
84 11424  —11424 672
168 22848  —22848 1344
175 23800  —23800 1400
175 23800  —23800 1400
210 28560  —28560 1680
210 28560  —28560 1680
300 40800  —40800 2400
300 40800  —40800 2400
350 47600  —47600 2800
350 47600  —47600 2800
420 [ 136 —136 8 =8 } N 57120  —57120 3360
925 71400  —71400 4200
925 71400  —71400 4200
567 77112 77112 4536
567 77112 —=77112 4536
700 95200  —95200 5600
700 95200  —95200 5600
700 95200  —95200 5600
700 95200 —95200 5600
840 114240 —114240 6720
840 114240 —114240 6720
972 132192 —132192 7776
972 132192 —132192 7776
1050 142800 —142800 8400
1050 142800 —142800 8400
1134 154224 —154224 9072
1344 182784 —182784 10752
1344 182784 —182784 10752
1400 190400 —190400 11200
1400 190400 —190400 11200
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1400 190400 —190400 11200 —11200
1575 214200 —214200 12600 —12600
1575 214200 —214200 12600 —12600
1680 228480 —228480 13440 —13440
2100 285600 —285600 16800 —16800
2100 285600 —285600 16800 —16800
2100 285600 —285600 16800 —16800
2240 304640 —304640 17920 —17920
2240 304640 —304640 17920 —17920
2268 308448 —308448 18144 —18144
2268 308448 —308448 18144 —18144
2688 365568 —365568 21504 —21504
2835 385560 —385560 22680 —22680
2835 [ 136 —136 8 —8 } = | 385560 —385560 22680 —22680
3150 428400 —428400 25200 —25200
3200 435200 —435200 25600 —25600
3200 435200 —435200 25600 —25600
4096 257056 —557056 32768 —32768
4096 557056 —557056 32768 —32768
4200 571200 —571200 33600 —33600
4200 571200 —571200 33600 —33600
4200 571200 —571200 33600 —33600
4480 609280 —609280 35840 —35840
4536 616896 —616896 36288 —36288
5670 771120 —771120 45360 —45360
6075 826200 —826200 48600 —48600
6075 | | 826200 —826200 48600 —48600
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15
21
21
27
28
28
35
35
36
36
56
63
63
70
84
105
105
105
120
168
168
168
189
189
189
210
210
216
252
252
280
280
280
315
315
315
315

315

[255 255 —1 —1 |

255
1785
3825
5355
9355
6885
7140
7140
8925
8925
9180
9180

14280
16065
16065
17850
21420
26775
26775
26775
30600
42840
42840
42840
48195
48195
48195
53550
53550
55080
64260
64260
71400
71400
71400
80325
80325
80325
80325
80325

255
1785
3825
9355
5355
6885
7140
7140
8925
8925
9180
9180

14280
16065
16065
17850
21420
26775
26775
26775
30600
42840
42840
42840
48195
48195
48195
53550
53550
55080
64260
64260
71400
71400
71400
80325
80325
80325
80325
80325

—36

—36

—56

—63

—63

—70

—84
—105
—105
—105
—120
—168
—168
—168
—189
—189
—189
—210
—210
—216
—252
—252
—280
—280
—280
—315
—315
—315
—315
—315
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336 [ 85680 85680 —336 —336 7

378 96390 96390 —378 —378
378 96390 96390 —378 —378
378 96390 96390 —378 —378
405 103275 103275 —405 —405
420 107100 107100 —420 —420
420 107100 107100 —420 —420
420 107100 107100 —420 —420
420 107100 107100 —420 —420
420 107100 107100 —420 —420
504 128520 128520 —504 —504
504 128520 128520 —504 —504
512 130560 130560 —512 —512
560 142800 142800 —560 —560
560 142800 142800 —560 —560
560 142800 142800 —560 —560
567 144585 144585 —567 —567
567 144585 144585 —567 —567
630 160650 160650 —630 —630
630 160650 160650 —630 —630
630 [255 255 —1 —1]= 160650 160650 —630 —630
630 160650 160650 —630 —630
630 160650 160650 —630 —630
630 160650 160650 —630 —630
672 171360 171360 —672 —672
672 171360 171360 —672 —672
720 183600 183600 —720 —T720
720 183600 183600 —720 —720
756 192780 192780 —756 —T756
756 192780 192780 —756 —T756
840 214200 214200 —840 —840
840 214200 214200 —840 —840
945 240975 240975 —945 —945
945 240975 240975 —945 —945
945 240975 240975 —945 —945
945 240975 240975 —945 —945
1008 257040 257040 —1008 —1008
1008 257040 257040 —1008 —1008
1008 257040 257040 —1008 —1008
1260 321300 321300 —1260 —1260
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[ 1260 ] [ 321300 321300 —1260 —1260 T

1260 321300 321300 —1260 —1260
1512 385560 385560 —1512 —1512
1512 385560 385560 —1512 —1512
1512 385560 385560 —1512 —1512
1680 428400 428400 —1680 —1680
1680 428400 428400 —1680 —1680
1680 428400 428400 —1680 —1680
1792 456960 456960 —1792 —1792
1792 456960 456960 —1792 —1792
1890 481950 481950 —1890 —1890
1890 481950 481950 —1890 —1890
1890 481950 481950 —1890 —1890
1890 481950 481950 —1890 —1890
2016 514080 514080 —2016 —2016
2016 514080 514080 —2016 —2016
2240 571200 571200 —2240 —2240
2268 [255 255 -1 —1]= 578340 578340 —2268 —2268
2268 578340 578340 —2268 —2268
2268 578340 578340 —2268 —2268
2304 587520 587520 —2304 —2304
2304 587520 587520 —2304 —2304
2520 642600 642600 —2520 —2520
2520 642600 642600 —2520 —2520
2520 642600 642600 —2520 —2520
2520 642600 642600 —2520 —2520
2520 642600 642600 —2520 —2520
2520 642600 642600 —2520 —2520
2520 642600 642600 —2520 —2520
2835 722025 722925 —2835 —2835
2835 722025 722925 —2835 —2835
2835 722025 722925 —2835 —2835
2835 722025 722925 —2835 —2835
3240 826200 826200 —3240 —3240

This process yields the partial character table of G corresponding to the class 14 of G and the
four inertia factor groups. The full 322 x 322 character table of G is not included in this thesis
due to its size. The character degrees of this affine subgroup are given in the first column of
this partial character table given by Table 6.10 below. These character degrees can also be
computed by using Theorem 4.2.32, Remark 4.2.33 and Theorem 4.2.34 in Section 4.2.4.
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Table 6.10: Partial character table of G corresponding to 14

9] 1A

[C=(9) | 24257337753600 24257337753600 95126814720 95126814720
] 1A 2A 2B 2C
Y1 1 1 1 1
Yo 35 35 35 35
Ys 51 51 51 51
Ya 85 85 85 85
Ys 119 119 119 119
Yo 135 135 135 135
Y 238 238 238 238
Ys 510 510 510 510
Yo 595 595 595 595
Y10 595 595 595 595
Y11 918 918 918 918
Y12 1190 1190 1190 1190
X13 1275 1275 1275 1275
X4 1512 1512 1512 1512
X15 1785 1785 1785 1785
X16 1785 1785 1785 1785
Xi7 2295 2295 2295 2295
Yis 2856 2856 2856 2856
X19 2856 2856 2856 2856
X20 2975 2975 2975 2975
Yor 2975 2975 2975 2975
Yoo 3213 3213 3213 3213
Yo3 3213 3213 3213 3213
X24 3400 3400 3400 3400
X25 3570 3570 3570 3570
Ya6 3570 3570 3570 3570
Yor 3570 3570 3570 3570
Yos 3808 3808 3808 3808
X29 4200 4200 4200 4200
X30 4760 4760 4760 4760
Y31 5712 5712 5712 5712
Ya2 5950 5950 5950 5950
X33 5950 5950 5950 5950
Y4 7140 7140 7140 7140
Y35 8160 8160 8160 8160
X36 8925 8925 8925 8925
X7 8925 8925 8925 8925
X8 8960 8960 8960 8960
X39 9639 9639 9639 9639
X40 10200 10200 10200 10200
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Table 6.10: Partial character table of G corresponding to 14

9] 1A

[C(g) | 24257337753600 24257337753600 95126814720 95126814720
4l 1A 2A 2B 2C
Xa1 11900 11900 11900 11900
Xa2 11900 11900 11900 11900
X13 13056 13056 13056 13056
X4 13600 13600 13600 13600
X15 14280 14280 14280 14280
X16 14280 14280 14280 14280
Xa7 14688 14688 14688 14688
X 16065 16065 16065 16065
X49 16065 16065 16065 16065
X50 16065 16065 16065 16065
X51 16065 16065 16065 16065
X2 16065 16065 16065 16065
X3 17850 17850 17850 17850
X4 17850 17850 17850 17850
X5 18360 18360 18360 18360
Xs56 19040 19040 19040 19040
X7 23800 23800 23800 23800
Xs8 23800 23800 23800 23800
X59 26775 26775 26775 26775
X60 26775 26775 26775 26775
X6t 28560 28560 28560 28560
X2 28917 28917 28917 28917
Xe63 30464 30464 30464 30464
X4 32130 32130 32130 32130
X5 32130 32130 32130 32130
X6 32130 32130 32130 32130
X7 34425 34425 34425 34425
Xes 34425 34425 34425 34425
X69 34560 34560 34560 34560
X70 38080 38080 38080 38080
X1 38556 38556 38556 38556
X72 42525 42525 42525 42525
X73 42525 42525 42525 42525
X74 43520 43520 43520 43520
X75 47600 47600 47600 47600
X76 48195 48195 48195 48195
X77 51408 51408 51408 51408
X7 53550 53550 53550 53550
X79 57120 57120 57120 57120
X80 65536 65536 65536 65536
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Table 6.10: Partial character table of G corresponding to 14

9] 1A
|Ce(g) | 24257337753600 24257337753600 95126814720 95126814720

] 1A 2A 2B 2C
X381 63850 63850 63850 63850
X82 120 -120 -8 8
X83 120 -120 -8 8
X84 4080 -4080 -272 272
X85 4080 -4080 -272 272
X86 6120 -6120 -408 408
Xs7 6120 -6120 -408 408
X8 10080 -10080 -672 672
X89 10080 -10080 -672 672
X90 24480 -24480 -1632 1632
Xo1 24480 -24480 -1632 1632
X92 24480 -24480 -1632 1632
X93 24480 -24480 -1632 1632
X94 42840 -42840 -2856 2856
X95 42840 -42840 -2856 2856
X96 57120 -57120 -3808 3808
Xo7 57120 -57120 -3808 3808
X98 57120 -57120 -3808 3808
X99 97120 -57120 -3808 3808
X100 71400 -71400 -4760 4760
X101 71400 -71400 -4760 4760
X102 85630 -85680 -5712 5712
X103 85680 -85680 -5712 5712
X104 85680 -85680 -5712 5712
X105 85680 -85680 -0712 o712
X106 122400 -122400 -8160 8160
X107 122400 -122400 -8160 8160
X108 128520 -128520 -8568 8568
X109 128520 -128520 -8568 8568
X110 128520 -128520 -8568 8568
X111 128520 -128520 -8568 8568
X112 142800 -142800 -9520 9520
X113 142800 -142800 -9520 9520
X114 161280 -161280 -10752 10752
X115 161280 -161280 -10752 10752
X116 171360 171360 11424 11424
X117 171360 -171360 -11424 11424
X118 257040 -257040 -17136 17136
X119 261120 -261120 -17408 17408
X120 261120 -261120 -17408 17408
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Table 6.10: Partial character table of G corresponding to 14

9] 1A
|Ce(g) | 24257337753600 24257337753600 95126814720 95126814720

7] 1A 2A 2B 2C
X121 275400 -275400 -18360 18360
X122 275400 -275400 -18360 18360
X123 342720 -342720 -22848 22848
X124 342720 -342720 -22848 22848
X125 342720 -342720 -22848 22848
X126 342720 -342720 -22848 22848
X127 391680 -391680 -26112 26112
X128 391680 -391680 -26112 26112
X129 491520 -491520 -32768 32768
X130 491520 -491520 -32768 32768
X131 514080 -514080 -34272 34272
X132 514080 -514080 -34272 34272
X133 514080 -514080 -34272 34272
X134 514080 -514080 -34272 34272
X135 550800 -550800 -36720 36720
X136 271200 -571200 -38080 38080
X137 571200 -571200 -38080 38080
X138 642600 -642600 -42840 42840
X139 642600 -642600 -42840 42840
X140 680400 -680400 -45360 45360
X141 680400 -680400 -45360 45360
X142 136 -136 8 -8
X143 136 -136 8 -8
X144 3808 -3808 224 -224
X145 3808 -3808 224 -224
X146 4760 -4760 280 -280
X147 4760 -4760 280 -280
X148 6800 -6800 400 -400
X149 6800 -6800 400 -400
X150 9520 -9520 560 -560
X151 11424 11424 672 672
X152 11424 -11424 672 -672
X153 22848 22848 1344 1344
X154 23800 -23800 1400 -1400
X155 23800 -23800 1400 -1400
X156 28560 -28560 1680 -1680
X157 28560 -28560 1680 -1680
X158 40800 -40800 2400 -2400
X159 40800 -40800 2400 -2400
X160 47600 -47600 2800 -2800
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Table 6.10: Partial character table of G corresponding to 14

9] 1A

[C(g) | 24257337753600 24257337753600 95126814720 95126814720
4] 1A 2A 2B 2C
X161 47600 ~47600 2800 ~2800
X162 57120 -57120 3360 -3360
X163 71400 ~71400 4200 -4200
X164 71400 ~71400 4200 ~4200
X165 77112 77112 4536 ~4536
X166 77112 77112 4536 ~4536
X167 95200 -95200 5600 -5600
X168 95200 -95200 5600 -5600
X169 95200 -95200 5600 -5600
X170 95200 -95200 5600 -5600
X171 114240 -114240 6720 -6720
X172 114240 -114240 6720 -6720
X173 132192 -132192 7776 7776
X174 132192 -132192 7776 7776
X175 142800 ~142800 8400 -8400
X176 142800 ~142800 8400 -8400
X177 154224 -154224 9072 -9072
X178 182784 -182784 10752 -10752
X179 182784 -182784 10752 -10752
X180 190400 ~190400 11200 ~11200
X181 190400 ~190400 11200 ~11200
X182 190400 ~190400 11200 -11200
X183 214200 -214200 12600 ~12600
X184 214200 -214200 12600 ~12600
X185 228480 ~228480 13440 ~13440
X186 285600 ~285600 16800 -16800
X187 285600 ~285600 16800 ~16800
Xiss 285600 ~285600 16800 ~16800
X189 304640 -304640 17920 -17920
X190 304640 -304640 17920 -17920
X191 308448 -308448 18144 -18144
X192 308448 -308448 18144 -18144
X193 365568 -365568 21504 -21504
X194 385560 -385560 22680 ~22680
X195 385560 -385560 22680 ~22680
X196 428400 ~428400 25200 ~25200
X197 435200 ~435200 25600 -25600
X198 435200 -435200 25600 ~25600
X199 557056 -557056 32768 -32768
X200 557056 -557056 32768 -32768
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Table 6.10: Partial character table of G corresponding to 14

9] 1A
|Ce(g) | 24257337753600 24257337753600 95126814720 95126814720

[q] 1A 2A 2B 2C
X201 571200 -571200 33600 -33600
X202 571200 -571200 33600 -33600
X203 571200 -571200 33600 -33600
X204 609280 -609280 35840 -35840
X205 616896 -616896 36288 -36288
X206 771120 -771120 45360 -45360
X207 826200 -826200 48600 -48600
X208 826200 -826200 48600 -48600
X209 255 255 -1 -1
X210 1785 1785 -7 -7
X211 3825 3825 -15 -15
X212 5355 5355 -21 -21
X213 5355 5355 -21 -21
X214 6885 6885 =27 -27
X215 7140 7140 -28 -28
X216 7140 7140 -28 -28
X217 8925 8925 -35 -35
X218 8925 8925 -35 -35
X219 9180 9180 -36 -36
X220 9180 9180 -36 -36
X221 14280 14280 -56 -56
X222 16065 16065 -63 -63
X223 16065 16065 -63 -63
X224 17850 17850 -70 -70
X225 21420 21420 -84 -84
X226 26775 26775 -105 -105
X227 26775 26775 -105 -105
X228 26775 26775 -105 -105
X229 30600 30600 -120 -120
X230 42840 42840 -168 -168
X231 42840 42840 -168 -168
X232 42840 42840 -168 -168
X233 48195 48195 -189 -189
X234 48195 48195 -189 -189
X235 48195 48195 -189 -189
X236 53550 53550 -210 -210
X237 53550 53550 -210 -210
X238 55080 55080 -216 -216
X239 64260 64260 -252 -252
X240 64260 64260 -252 -252
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Table 6.10: Partial character table of G corresponding to 14

9] 1A

[C=(9) | 24257337753600 24257337753600 95126814720 95126814720
] 1A 2A 2B 2C
X241 71400 71400 ~280 ~280
X242 71400 71400 -280 -280
X243 71400 71400 -280 -280
X244 80325 80325 315 315
X245 80325 80325 315 315
X246 80325 80325 315 315
X247 80325 80325 315 315
X248 80325 80325 315 315
X249 85680 85680 -336 -336
X250 96390 96390 378 378
X251 96390 96390 378 378
X252 96390 96390 -378 -378
X253 103275 103275 -405 -405
X254 107100 107100 -420 -420
X255 107100 107100 -420 -420
X256 107100 107100 -420 -420
X257 107100 107100 -420 -420
X258 107100 107100 -420 -420
X259 128520 128520 504 504
X260 128520 128520 504 504
X261 130560 130560 512 512
X262 142800 142800 -560 -560
X263 142800 142800 -560 -560
X264 142800 142800 -560 -560
X265 144585 144585 567 567
X266 144585 144585 567 567
X267 160650 160650 -630 -630
X268 160650 160650 -630 -630
X269 160650 160650 -630 -630
X270 160650 160650 -630 -630
Xom 160650 160650 630 630
X272 160650 160650 -630 -630
Xo73 171360 171360 672 672
X274 171360 171360 672 672
X275 183600 183600 720 720
X276 183600 183600 720 720
X277 192780 192780 756 756
Xo78 192780 192780 756 756
X279 214200 214200 -840 -840
X280 214200 214200 -840 -840
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Table 6.10: Partial character table of G corresponding to 14

9] 1A
|C(g) | 24257337753600 24257337753600 95126814720 95126814720
] 1A 2A 2B 2C
X281 240975 240975 ~945 ~945
X282 240975 240975 -945 945
X283 240975 240975 ~945 -945
X284 240975 240975 -945 ~945
X285 257040 257040 -1008 -1008
Y586 257040 257040 1008 1008
X287 257040 257040 -1008 -1008
X288 321300 321300 1260 -1260
X289 321300 321300 1260 -1260
X290 321300 321300 -1260 -1260
X291 385560 385560 1512 1512
X292 385560 385560 1512 1512
X293 385560 385560 1512 1512
X294 428400 428400 -1680 -1680
X295 428400 428400 -1680 -1680
X296 428400 428400 -1680 -1680
Y297 456960 456960 1792 1792
X298 456960 456960 1792 1792
Y299 481950 481950 -1890 -1890
X300 481950 481950 -1890 -1890
X301 481950 481950 -1890 ~1890
X302 481950 481950 1890 -1890
X303 514080 514080 2016 2016
X304 514080 514080 2016 2016
X305 571200 571200 -2240 -2240
X306 578340 578340 2268 2268
X307 578340 578340 2268 -2268
X308 578340 578340 2268 2268
X309 587520 587520 -2304 -2304
X310 587520 587520 -2304 -2304
X311 642600 642600 2520 -2520
X312 642600 642600 -2520 -2520
X313 642600 642600 2520 -2520
X314 642600 642600 -2520 -2520
X315 642600 642600 2520 -2520
X316 642600 642600 -2520 -2520
X317 642600 642600 2520 -2520
X318 722925 722925 2835 -2835
X319 722925 722925 2835 -2835
X320 722925 722925 -2835 -2835
X321 722925 722925 2835 2835
X322 826200 826200 -3240 -3240
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6.7 The quotient group G/Z(G)

The centre of the affine subgroup G of the symplectic group Sp(10,2) is isomorphic to Z,, by
Proposition 4.2.39. According to Proposition 4.2.41 the quotient group G/Z(G) is isomorphic
to the split extension 2%:5p(8,2). In Remark 4.2.43 we outlined a method of determining the
Fischer matrices of G/Z(G) directly from the Fischer matrices of G. In Section 6.5 we computed
all the 81 Fischer matrices of G. The action of Sp(8,2) on Irr(2®) yields two inertia factor
groups, namely Sp(8,2) and the affine subgroup of Sp(8,2), which is 27:Sp(6,2). These are
labelled H; and Hy, respectively, in Section 6.4. This then means that the inertia factor groups
Hy = GO=(8,2) and H3 = GO"(8,2) do not play a role in G/Z(G). Then, to obtain the
Fischer matrices of G/Z(G) from those of G, we delete the rows corresponding to H, and Hj
in each Fischer matrix of G. Thereafter, we discard the repeated columns. In Table 6.9, let us
consider the Fischer matrices M (1A) and M (2A) for demonstration. From M (1A) we obtain

M(14) = [25;) —1 ]

and from M (2A) we get

1 1 1
M@RA) =] 1 -1 1
126 0 —2

This process will yield 81 Fischer matrices of G/Z(G). These deduced Fischer matrices can
then be used to construct the character table of G/Z(G), using the Clifford-Fischer Theory,
since G/Z(G) is a split extension. The character table and the Fischer matrices of the non-split
extension 2% Sp(8,2) are done by Basheer in [8]. He remarks that the character tables of the
non-split extension 2% Sp(8,2) and the split extension 2%:5p(8,2) are the same.

In [1] Ali computed the Fischer matrices and the character table of the affine subgroup A(4) =
27:Sp(6,2) of the symplectic group Sp(8,2). The centre of A(4) is isomorphic to Z,. The
quotient group A(4)/Z(A(4)) is isomorphic to the split extension 26:Sp(6,2). The method
discussed in the first paragraph of this section can be used to determine the Fischer matrices
of A(4)/Z(A(4)). Mpono in [49] dealt with the Fischer matrices and the character table of
the split extension 2°:Sp(6,2). Basheer in [8] computed the Fischer matrices and the character
table of the non-split extension 25-Sp(6,2). Tt turns out that the character tables of the split
extension and the non-split extension coincide.
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The affine subgroup 2°:Sp(2,4) of the symplectic group
Sp(4,4)

We consider the affine subgroup G = P(2):5p(2,4) of the symplectic group Sp(4,4). Let
F = GF(4) be the Galois field of 4 elements and V' be a non-degenerate symplectic space
of dimension 2n=4 over the field F. The group P(2) is the subgroup of G which satisfies
the conditions outlined in Remark 4.2.22. Since the Char(F) = 2, the subgroup P(2) is an
elementary abelian 2-group of order 4% = 25, Recall that this affine subgroup is in fact a split
extension. In this section we shall denote this normal subgroup P(2) = 25 of G by N. This
chapter is in preparation of the next chapter, Chapter 8, where we will consider the affine
subgroup 2'%:Sp(4, 4) of the symplectic group Sp(6,4). It turns out that the group G is a point
stabilizer when Sp(4,4) acts on 2! and is also one of the inertia factor groups when the group
Sp(4,4) acts on the irreducible characters of 2% I'rr(2'°). This then means that we will need
the character table of G in Chapter 8. In Section 7.1 we look at the transvections of Sp(2,4).
In Section 7.2 we derive the generators of N and G = Sp(2,4) as 4 x 4 symplectic matrices since
G sits in Sp(4,4), a symplectic group of 4 x 4 symplectic matrices with entries in the Galois
field F. In Section 7.3 we have that the affine subgroup of G is isomorphic to the dihedral
group of order 4, Ds. We compute the permutation character of G on D, using the fusion of
the conjugacy classes of D, into G. The computation of the conjugacy classes of G is dealt
with in Section 7.4. In Section 7.5 we consider the action of G on the Irr(N) and thus the
fusion of the respective inertia factor groups into G. This section is in preparation of Section
7.6 where we construct the Fischer matrices of G. The character table of G is then constructed
in Section 7.7. In Section 7.8 we consider the fusion of the group G into Sp(4,4). Section 7.9
is about the centre, Z(G), of G and the quotient group G/Z(G). We observe that the quotient
G/Z(@) is isomorphic to the split extension 24:5p(2,4). We demonstrate how to obtain the
Fischer matrices and the character table of this quotient directly from the Fischer matrices and
the character table of G.
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7.1 Transvections of Sp(2,4)

In this section we look at the transvections of the symplectic group Sp(2,4) and the results
we proved in Section 4.2.1. Background theory on transvections of symplectic groups is dealt
with by Mpono, O’Meara, Rodrigues and Wilson in [49], [51], [55] and [64], respectively, among
others. Let G, G, F, N and V be as defined in the above introduction. We know that G is
generated by the set of transvections. We have |V*| = 2% — 1 = 15 transvections in G. Since
the Char(F) = 2, the order of each of these transvections is 2. By Proposition 4.2.15 we have
one conjugacy class of transvections in G since |F| = 22. Now there is one conjugacy class of
elements of order 2 in GG, the class 2A with the order of the centralizer equal to H&" = % =4
We observe that the centralizer of a transvection of G is isomorphic to the affine subgroup of
G, which is isomorphic to the dihedral group D, of order 4. We note that D, is isomorphic to

the Klein four-group.

7.2 The generators of the groups N and Sp(2,4)

The affine subgroup G sits inside the symplectic group Sp(4,4) of 4 x 4 symplectic matrices
with entries in the Galois field F. For this reason we express the elements of Sp(2,4), which are
2 x 2 symplectic matrices with entries in [F, and elements of N as 4 x 4 symplectic matrices. We
follow the method outlined in Remark 4.2.22. We start with the elements of N. Take n = 2,
then we have

T(er) =e

T(ei):oziel—i—ei QSZS?)
T(eg) = (g€ + €9

T(eg) = (¥3€1 + €3
4
T(egn) =T(es) = Zﬁiei
i=1
with 8, = 1 and

{ —Bong1—j, if 2<5<2

A Bonyi1—j, i 2<j <37
This means ay = —f3 and a3z = 5 and the elements T of N are of the form
1 =f5 B2 B
S
0 0 0 1

with 3; € F. We use GAP to generate all 4*> = 20 = 64 elements of N and also compute the 6
generators of N. We list these generators:
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1001
0100

F= 0010/
000 1

1 0 0 2t
010 0

P = 001 0|
000 1
1010
010 1

Py = 0010/
000 1

1 0 28 0
01 0 2t

P = 00 1 0|
00 0 1
1100
0100

P = 0011
000 1

and

1 21 0 0
01 0 0
L
00 0 1

where z = Z(4) is a primitive root of F. Again from GAP we obtain the generators of G as

0
0
z

S O O =
O O n O
o
_ o O O

0

and

b:

P )

1
0
0

O = O
_— o O O

0 00

with o(a) = 3 and o(b) = 3. Since symplectic groups are generated by transvections we express
a and b as products of transvections:
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1 0 00 1 0 00
0 0 0 20 0010
10 2200 01 00
|00 01 0 0 01
and
1. 0 0 0 1 0 00
b 0110 0010
10010 01 00
| 00 01 0001

7.3 Permutation character of G on D,

When G acts on N we have 2 x ¢ = 2 x4 = 8 orbits of lengths 1,1,1,1,15,15, 15 and 15. These
correspond to the point stabilizers G, G, G, G, D4, Dy, Dy and D, respectively, where Dy is
isomorphic to the affine subgroup of G. In the ATLAS they provide permutation characters
of maximal subgroups and so the permutation character of D, is not given in the ATLAS.
To compute the permutation character of Dy we use the Theorem 2.6.12 which states that if
H < G,g € G with y = (1), then

— [Caly)]
x(g) = : (4)
; |Cr ()]
where x4, -+ , 2, are representatives of conjugacy classes of H that fuse to [g]. If H N [g] =0

then x(g) = 0. We consider the fusion of the conjugacy classes of D, in G.

Table 7.1: Conjugacy classes of G

Cqlll60 4 3 5 5
o(g) || 1A 2A 3A 5A 5B

Table 7.2: Conjugacy classes of Dy

Cul | 4 4 4 4
o(h) | 1A 2A 2B 2C

We note that H = D, has three conjugacy classes of order 2 and that there is only one conjugacy
class of order 2 in G. This then means all three will fuse to the class 24 in G. We use the
following table and formula (A) above to compute the permutation character (15)¢.
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Table 7.3: Permutation character of Dy on G

Col |60 4 3 5 5
o(g) || 1A 2A 3A 5A 5B

o(h) |Chl
1A 4 | [15]
20 4

[\
oS
e~
e |=[=]=]

(1) ] 15

Due to the Frobenius reciprocity, we are able to express (1) in terms of the irreducible
characters of G. We use the character table of G in the ATLAS to deduce that (15)¢ =

la + 4a + 2 - 5a, where la, 4a and ba are irreducible characters of G.

7.4 Conjugacy classes of G

Earlier, in Section 7.3, we noted that when G acts on IV we get 8 orbits of lengths 1,1, 1,1, 15,15, 15
and 15. These corresponding to the point stabilizers G, G, G, G, D4, D4, Dy and D, respec-
tively. Let x(G|N) be the permutation character when G acts on N. Then

X(GIN)=1+1+1+1+1F +I5 + 15 + 15,
=la+1la+la+la+4(la+4a+2-5a)

=8-la+4-4a+ 8- 5Ha

where I is the identity character of Dy induced to G and expressed as the irreducible characters
of GG. The above permutation character is then used, together with the character table of GG in
the ATLAS, to compute the values of k, where k is the number of fixed points when g € G is
acting on N. We list these k-values in Table 7.4.

Table 7.4: Fixed points of the action of G on N

o/l 60 4 3 5 5
o(g) || 1A 2A 3A 5A 5B
k 64 16 4 4 4

Next is to compute the conjugacy classes of G by using the coset analysis technique. For
each conjugacy class of G we compute the centralizer sizes |Cg(z;)| = @ for z; € G and
conjugacy class [g] € G. Let us use g € 34 € G to demonstrate how to obtain the conjugacy
classes of G from a conjugacy class of G. From Table 7.4 we have that & = 4, meaning that
Ng under the action of N produces 4 orbits, each of length ‘—],Z' = % = 16. Using GAP,
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we note that after the action of the centralizer C(g) on these orbits we still have 4 orbits

with || = 16 = |Q| = Q3] = |4|. We compute the f-values f; using f; = klﬁ'l to have
fi=1= fo = f3 = fi. The GAP programme A in [15] is used to compute the rest of the f-
values for each conjugacy class [g] € G. This then means that this conjugacy class 3A produces

4 conjugacy classes of G. The centralizer sizes of these conjugacy classes is calculated as follows

k|C

Cate] = 1t

k|C, 4x3
(Calan)| = M 231y

k|C. 4x3
(Calany| = HEEN 231y

k|C, 4x3
(Calay| = AN 231y

k|C, 4 x3
Cate| = A _2X3_p

We proceed to calculate the orders of the class representatives of these new conjugacy classes
of G. Since N is an elementary abelian 2-group, we utilize the following method to compute
these orders. We again use the class 3A € G for demonstration. Let g € 34 and let d € N.
Then o(g) = 3 = m. Recall that Char(F) =2 = p. Let

m—1

w=dxd «d’ % xd’

Now if w is the identity of N, then the order of € G is m = 3 in this case. Otherwise, if w
is not the identity of N, then o(x) = pm = 2 x 3 = 6. Since we have represented the elements
of N as matrices [n;;]sxs with the zero vector represented by the identity matrix I.4, we are
able to use the multiplication operation to compute our w’s. From the class of 3A we have four
conjugacy classes of G. Since g¢ is always in the first conjugacy class, then

w = 1N
and hence
o(ry) = 3.
For the second class,
d=(0,0,1) and w = (0,0, 1) # 1y,
it then follows that
o(zg) =pm =2x3=6.

For the third class,

d=(0,0,2") and w = (0,0, z") # 1y,

it then follows that
o(x3) =pm =2 x 3 =6.
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And for the fourth class,
d=(0,0,2%) and w = (0,0, 2%) # 1y,

it then follows that
o(xy) = pm =2 x 3 =6.

Note again that z is the primitive root of GF(4). Since these are the first elements of orders
3 and 6 respectively, we label these four conjugacy classes as [x;] = 3A, [z2] = 64, [z3] = 6B
and [z4] = 6C. The size of each class is
[
[zl = =7

|Ca ()|

The full list of conjugacy classes of G is given in Table 7.5.

Table 7.5: The conjugacy classes of elements of G

ldle | k | fi | |Cq(@)| d; w [zl
IA [ 64| 1 | 3840 | (0,0,0) | (0,0,0) | 1A
1| 3840 | (0,0,1) | (0,0,1) |24

1| 3840 |(0,0,2) | (0,0,21) | 2B

1| 3810 |(0,0,22) | (0,0,22) | 2C

15| 256 | (0,1,0) | (0,1,0) | 2D

15| 256 | (0,1,1) | (0,1,1) |2E

15| 256 | (0,1,21) | (0,1,2Y) | 2F

15| 256 | (0,1,22) | (0,1,22) | 2@

9A | 16 | 1 | 64 | (0,0,0) | (0,0,0) |20
1 64 (0,0,1) | (0,0,0) |21

1 64 | (0,0,2) | (0,0,0) |27

1] 64 |(0,022) ] (0,00 |2K

2 | 32 (1,0,0) | (1,1,1) | 4A

2 | 32 | (1,02 | (1,1,1) |4B

2 32 (21,0,0) | (2%, 2%, 22) | 4C

2 32 (2%,0,1) | (2%,2%,2%) | 4D

2 32 (22,0,0) | (22,22, 2Y) | 4E

2 32 (22,0,0) | (22,22,2Y) | 4F

3A | 4 | 1 12 (0,0,0) | (0,0,0) |3A
1 12 (0,0,1) | (0,0,1) | 6A

1 12| (0,0,29) | (0,0,21) | 6B

1 12 (0,0,2%) | (0,0,2%) | 6C

5A | 4 | 1 20 (0,0,0) | (0,0,0) |5A
1 20 (0,0,1) | (0,0,1) | 10A

1 20 | (0,0,29) | (0,0,21) | 10B

1 20 (0,0,2%) | (0,0,2%) | 10C

5B | 4 | 1 20 (0,0,0) | (0,0,0) | 5B
1 20 (0,0,1) | (0,0,1) | 10D

1 20 | (0,0,2) | (0,0,21) | 10E

1 20 (0,0,2%) | (0,0,2%) | 10F

Since G has 30 conjugacy classes it then follows that G will have 30 irreducible characters.
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7.5 Fusion of inertia factor groups into Sp(2,4)

In Section 7.3 we had that the action of G on N yielded 8 orbits. By Brauer’s Theorem, when GG
acts on the Irr(N), we will again have 8 orbits. The orbit lengths of the latter action are 1, 15,
6, 6, 6, 10, 10 and 10. We determine the inertia factor groups as H; = G, Hy = Dy, Hs, Hy, Hs
being isomorphic to D¢ and Hg, H7, Hg isomorphic to S3. The dual of a vector space can also
be used for the action of G on Irr(N). The main aim of this section is to consider the fusion
of these inertia factor groups into the group G. The fusion of H, into G was dealt with in
Section 7.3. We do the fusions of Dyg and S3 into G by using the divisibility of the respective
centralizer sizes. That is ||g§(&))|" where a is a class representative of a conjugacy class of G and
b a class representative of azconjugacy class of H;, with i € {2,3,4,5,6,7,8} and o(a) = o(b).
We also employ for each fusion a respective permutation character x(G|H;). Since the degree
of x(G|H,) is 15, the degree of x(G|Dsg) is 6 and the degree of x(G|S3) is 10, we have

X(G|Dy) =la+4a+2-5a

X(G[Dyo) = la + 5a

and

X(G|Ss) = la + 4a + ba,

where la, 4a and ba are irreducible characters of G.

In the event that the method outlined above provides more than one candidate for a fusion, we
use Remark 6.4.1 to obtain the suitable candidate for the fusion.

Table 7.6: The fusion of Dy, into Sp(2,4)

4] 1A 24 34 A 5B
ICale)] |60 4 3 5 5
[zi] | [Cu(h)]

14 [ 10 [6]
24 | 2

54 | 5 1
5B | 5 1
I [xX(GDw) [ 6 2 0 1 1 ]
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Table 7.7: The fusion of S3 into Sp(2,4)

[q] 1A 24 34 5A 5B
ICa) | 60 4 3 5 5
[:] | [Cr(h)]

4] 6
24 | 2
34 [ 3

We summarize the fusions of the inertia factor groups into Sp(2,4) in Table 7.8.

Table 7.8: The fusions of S3, Do and Dy into Sp(2,4)
Sy Dy Dy — Sp(2,4)
1A 1A 1A — 1A
24 2A 2A — 24

2B

2C
3A — 34
5B — bHA
H5A — 5B

7.6 The Fischer matrices of G

We will construct the character table of G using the Clifford-Fischer Theory. We follow the
method used by Fischer. This method entails utilizing the character tables of the inertia factor
groups and Fischer matrices of G. The Clifford-Fischer Theory requires that the irreducible
characters of the normal subgroup N < G be extendable to the inertia groups. Due to Mackey’s
Theorem, since N is elementary abelian and G is a split extension of N by G, then the irreducible
characters of N are extendable to its inertia group. Let us consider the construction of the
Fischer matrices of G. Since G has five conjugacy classes then G has five Fischer matrices
corresponding to each class of G. From Table 7.5 of the conjugacy classes of G we are able
to deduce the sizes of these matrices. We use the general form of the Fischer matrix in our
demonstration. For demonstration we again consider the class [g3] = 3A. The Fischer matrix
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corresponding to this class is a 4 X 4 matrix. From Table 7.8 we note that only the class 3A of
S; that fuses into the class [g3] = 34 of G. However, according to Remark 4.2.36 and Section
7.5, when G acts on Irr(N) we have 3 copies of the group S3. This then means that the classes
of order 3 in Hg, H7 and Hg fuse to the class 34 in Sp(2,4). Hence we have the Fischer matrix
in Table 7.9 below.

Table 7.9: Fischer matrix from 3A

[Ca(@s)| | |Cq(xa1)|  |Calzse)| |Cglass)|  [Cg(wad)]
|CH1 (g3ll)| 1 1 1 1
|Chig (g361)] x a b ¢
|Ch, (g371)] Y d € /
|Crs(g3s1)] Z g h v
mai1 m32 m33 M3y

We then use the orthogonality relations to compute the entries of this matrix. Referring to
Table 7.5 and since m; = % then mg; = 16 = mgy = mgz = mgy. Also according to Table
7.5 we have that |Cg(zs1)| = 3, |Ca(s2)| = 6, |Cq(zss)| = 6 and |Cg(x34)| = 6. From Table
7.7 we have that |Cp, (gs11)] = 3 and |Crg(gs61)| = 3 = |C, (g371)| = |Crg(gss1)]- Since N is

elementary abelian we have that + =1 =y = 2. Thus

Table 7.10: Fischer matrix from 3A

|Ca(zs))| 3 6 6 6
’OHk (g3km) |
3 1 1 1
3 1 a b ¢
3 1 d e f
3 1 g h 2
16 16 16 16

Using the column orthogonality relations we have the following equations:
34+3a+3d+39g=0, 3+3a®>+3d>+3¢°=12,

34+3b+3e+3h=0, 3+3b%>+3e*>+3h%=12,
343¢+3f+3i=0, 34+32+3f2+3i*¥=12.

From row orthogonality relations we have:
16 + 16a 4+ 16b + 16¢ = 0, 16 + 16a> + 16b* + 16¢* = 64,

16 + 16d + 16e + 16f =0, 16 + 16d°> + 16€* + 162 = 64,
16 + 16g + 16h + 16i = 0, 16 + 16¢° + 16h? + 16i* = 64.
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The solution for each unknown turns out to be £1. Meaning that we have more than one
matrix to choose a suitable Fischer matrix. We utilize the additional Fischer matrix properties
in Remark 3.3.7 to choose the correct entries for the Fischer matrix for the class 3A, in particular
Remark (ii) which relates the power maps of . The power maps of G are computed using
Programmes A and B in [15]. These power maps are listed in rows 5, 6 and 7 of the character
table of G, Table 7.18. For demonstration, in G we have (34)% = 14, (6A4)% = 24, (6B)* = 2B
and (6C)* = 2C. Remark 3.3.7 (ii) implies that the congruency relations y(3A) = x(14) mod 3,
X(6A) = x(2A) mod 3, x(6B) = x(2B) mod 3 and x(6C) = x(2C) mod 3 must be satisfied.
Eventually, using the orthogonality relations and the guidelines in Remark 3.3.7, we conclude
that the Fischer matrix from 3A is

Table 7.11: Fischer matrix from 3A

F3 = M(3A) T3l 32 T3z T3a
O(.Z‘gj) 3 6 6 6
[C(s;)] 12 12 12 12
(kv m) ‘CHk (QSkm)‘
(1,1) 3 1 1 1 1
(6,1) 3 1 -1 -1 1
(7,1) 3 1 -1 1 -1
(8,1) 3 1 1 -1 -1

If we had chosen for instance

Table 7.12: wrong matrix from 3A

F3 = M(3A) T31 T32 X33 T34

o(ws;) 3 6 6 6

|Ce(zs,)] 12 12 12 12
(k,m)  |Cu,(g3km)|

1) 3 1 1 1 1

6,1) 3 1 -1 -1 1

(7,1) 3 11 1 -

8,1) 3 1 1 1 -

3 16 16 16 16

as our Fischer matrix from 34, then the above-mentioned congruency relations are not satisfied.
In this case refer to rows of o5, x26 and Y27 and columns of 2A and 6A in Table 7.18. The
rest of the Fischer matrices are constructed using Programmes C and D in [15] and are listed
in Table 7.13.
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Table 7.13: Fischer matrices of G

(2l R=) — AN NN AN
— Y o oo -
IS (]
~ AN (O N = A AN NN AN AN
— 10O 1 1 1 [ -
= [a\]
k=] (ol Ne — = AN AN AN AN AN AN
— Yo 1 [ R | —
1) [}
I=] [a\jj Ne) N = A AN NN AN
—_ Yo [ D D | —
= (o}
<A | O — 10 O© O O O O O
— <f — [ e
1S o0 [
[xp]
NN O — 10 O© O O O O O
— <t — ! [ B
3 o0 1 1
[xp]
[ [\ ] 10 O O O O O O
— <t — — =
S o0 [}
[xp]
= I OO OO0 O
- ¥ — — o~ —
= o0
[ap]
—
g
=
) oo O
w64111666
&3
S
===~~~ ==}~ o
< U\ﬂmllllllll ~
8|S i PN P g e el T B B S
= &
s
—
B

T2 T23 X244 T2 Tae T27 T28 T29 X210

2,1

32

32

32

32

32

32

64

64

64

64

Fy = M(2A)

o(z2;)

|Cq(x25)]

‘CHk (926m.)]

(k,m)

(1,1)
(2,1)

(2,2)

(3,1)

(4,1)

(5,1)

2
2

(6,1)

(7,1)

8,1)

mgj
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Table 7.13: Fischer matrices of G

Fs = M(34) 3,1 %32 T33 T34
o(z3;) 3 6 6 6
|C§($3J)| 12 12 12 12
(kv m) ‘CHIC (QSkm)l
(1,1) 3 T 1 1 1
6,1) 3 1 1 a1 1
(7,1) 3 1o 1 A
(8,1) 3 11 a1
ms; 16 16 16 16
Fy = M(5A) T4l T4z Ta3  T4s
o(z)) 5 10 10 10
|Co(z4;)] 20 20 20 20
(ka m) ‘CHIC (g4km)|
(1,1) 5 1 1 1
(3,1) 5 S B T
(4,1) 5 11 1 4
(5,1) 5 1 1 -1 -1
ma; 16 16 16 16
F; = M(5B) T51 T2 Ts3  Tsa
o(xs5;) 5 10 10 10
[Ca(as;)] 20 20 20 20
(k,m) |CH,, (95km)]
(T 1) 5 1 1 1
(3.1) 5 1o
(4,1) 5 I
(5.1) 5 11 - A
ms; 16 16 16 16
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7.7 The character table of G

Due to Gallagher’s Theorem the irreducible characters of G are given by
t
Irr(G U (B:)C | B € Irr(H;), N € ker(8)},

where H; is an inertia group and H; = H;/N is an inertia factor group. This then means that
the character table of G will be divided into blocks corresponding to the inertia factor groups
H;, for i € {1,2,3,4,5,6,7,8}. Details of this process are discussed in Chapter 3. In this case
H1 = G, H2 D4, Hg, H4, H5 D10 and Hﬁ, H7, Hg Sg Thus the character table of G will
be of the form

where B, ; are blocks corresponding to the inertia factor groups and the five conjugacy classes
of G, {1 <4 <8} and {1 < j <5} The block B;; is formed by multiplying the relevant
columns of the character table of H; by the rows of the Fischer matrix M (g) corresponding to
the classes of H; that fuse to the class [g] € G. If H; does not contribute to M(g) then the
block B; ; will have zeroes. The fusion maps of the inertia factor groups are given in Table 7.8.

We list below the character tables of the inertia factor groups.

Table 7.14: The character table of Sp(2,4)

Cal@) | 60] 4] 3] 5] 5
[o] | 1A | 2A | 3A | 5A | 5B
X1 T 1] 1] 1] 1

X2 3 -1 0 A | A*
X3 3 -1 0| A* A
X4 4 0 1 -1 -1
X5 5 1 -1 0 0
where
1—
A= \/5
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Table 7.15: The character table of Dy
Clo) | 4] 4] 4] 4
[o] | 1A | 2A | 2B | 2C
x1 | 1] 1] 1] 1

X2 1 1 -1 1
X3 1 1 1 1
X4 1 1] -1 1

Table 7.16: The character table of Dy
Cl@ | 10] 2] 5] 5
o] | 1A | 2A | 5A | 5B
x1 | 1| 1] 1] 1

X2 1 -1 1 1
X3 2 0 A | A*
X4 2 0| A* A
where
_—1-v5

A=

2

Table 7.17: The character table of S3

Clg)| 6] 2] 3
[o] | 1A | 2A | 3A
X1 1] 1 1
X2 1] 1] 1
xs | 2] 0] -1

We use the class 34 of G for demonstration.

1 1 1
0 0 0
Bis=| 0|[1111]=| 0 0
1 1 1
—1 -1 -1 —
B23—[0]4><4
Bs 3 = [0]ax4
B43—[0]4><4
Bss = [0]axa
1 1 -1
Bz = 1{[1 -1 -1 1]= 1 —1
—1 -1 1

-0 O =

-1
-1
1

—_ -0 O

—1
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[ 1] 1 -1 1 -1
Brs=| 1|[1 -11-1]=] 1 -1 1 -1
-1 ] | -1 1 -1 1
[ 1] [ 1 1 -1 -1
Bgs=| 1|[11 -1 -1]=] 1 1 -1 -1
= -1 -1 1 1

The full character table of G is given in Table 7.18. Power maps are computed using Pro-
grammes A and B in [15]. These are listed in rows 5, 6 and 7 of Table 7.18. We used Programme
E in [15] to check the accuracy and the consistency of this character table.
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Table 7.18: The character table of 2°:Sp(2,4)

l9] 1A 2A
@ | 1A 2A 2B 2C 2D 2B 2F 2G |20 21 2J 2K 4A 4B 4C
Position 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
|C=(g)] | 3840 3840 3840 3840 256 256 256 256 | 64 64 64 64 32 32 32
2P 1A 1A 1A 1A 1A 1A 1A 1A | 1A 1A 1A 1A 2F 2F 2G
3P 1A 2A 2B 2C 2D 2E 2F 2G| 2H 2 2J 2K 4A 4B 4C
5P 1A 2A 2B 2C 2D 2 2F 2G| 2H 21 2J 2K 4A 4B 4C
X1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X2 3 3 3 3 3 3 3 3| -1+ -1 -1 -1 -1 -1 -1
X3 3 3 3 3 3 3 3 3| -1 -1 -1 -1 -1 -1 -1
X4 4 4 4 4 4 4 4 4 0 0 0 0 0 0 0
X5 5 ) ) ) ) ) ) ) 1 1 1 1 1 1 1
X6 15 15 15 15 -1 -1 -1 -1 3 3 3 3 -1 -1 -1
X7 15 15 15 15 -1 -1 -1 -1} -1 -1 -1 -1 3 3 -1
X8 15 15 15 15 -1 -1 -1 -1} -1 -1 -1 -1 -1 -1 3
X9 15 15 15 15 -1 -1 -1 -1} -1 -1 -1 -1 -1 -1 -1
X10 6 -6 -6 6 -2 2 2 -2 2 -2 -2 2 0 0 -2
X11 6 -6 -6 6 -2 2 2 -2 -2 2 2 -2 0 0 2
X12 12 -12 -12 12 -4 4 4 -4 0 0 0 0 0 0 0
X13 12 -12 -12 12 -4 4 4 -4 0 0 0 0 0 0 0
X14 6 -6 6 -6 -2 2 -2 2 2 -2 2 -2 0 0 0
X15 6 -6 6 -6 -2 2 -2 2| -2 2 -2 2 0 0 0
X16 12 -12 12 -12 -4 4 -4 4 0 0 0 0 0 0 0
yir| 12 12 12 12 4 4 4 4/ 0 0 0O 0O 0O 0 0
X18 6 6 -6 -6 -2 -2 2 2 2 2 -2 -2 -2 2 0
X19 6 6 -6 -6 -2 -2 2 2| -2 -2 2 2 2 -2 0
X20 12 12 -12 -12 -4 -4 4 4 0 0 0 0 0 0 0
X21 12 12 -12 -12 -4 -4 4 4 0 0 0 0 0 0 0
X22 10 -10 -10 10 2 -2 -2 2 2 -2 -2 2 0 0 2
X23 10 -10 -10 10 2 -2 -2 2| -2 2 2 -2 0 0 -2
X24 20 -20 -20 20 4 -4 -4 4 0 0 0 0 0 0 0
X25 10 -10 10 -10 2 -2 2 -2 2 -2 2 -2 0 0 0
X26 10 -10 10 -10 2 -2 2 -2 -2 2 -2 2 0 0 0
X27 20 -20 20 -20 4 -4 4 -4 0 0 0 0 0 0 0
X28 10 10 -10 -10 2 2 -2 -2 2 2 -2 -2 2 -2 0
X29 10 10 -10 -10 2 2 -2 2] -2 -2 2 2 -2 2 0
Yso| 20 20 20 20 4 4 4 4| 0 0 0 0 0 0 0
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Table 7.18: The character table of 2°:Sp(2,4)
- continued

5B
10D

10F

10E

5B
27
20
5A
5A
1A

30
20
5A

10C

29
20
5A

10B

28
20
5A
10A

2B 2C

2A

1
1

*A
A

1

-1
EN
-A

*A
A

1

KA
A

-1
-1

*A
A

-1
-1

*A
A

1

KA
-A

1

KA
-A

5A
10A

10C

10B

5A

26
20
5B
10F

25
20
5B
10E

24
20
5B
10D

23
20
5B
5B
1A

2B 2C

2A

-1

1

-1

1

A -A A
A KA *A

-A
KA

-1

-1

1

1

-A A A
KA KA KA

-A
N

3A

22
12

20 21

12

19
12

12

3A 3A 3A 3A
1A 2A 2B

2C

2A
4D 4E 4F | 3A 6A 6B 6C

16

18
32

17
32

2E 2E

2G

0
0

(9]

Position

2P

3P | 4D 4E 4F

5P | 4D 4E 4F | 3A 6A 6B 6C

X10
X11
X12
X13
X14

X15

X16
X17

X18

X19

X20
X21

X22
X23
X24
X25
X26
X27

X28

X29
X30

where
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The degrees of the irreducible characters of the affine subgroup A(2) = 2%:5p(2,4) of Sp(4,4)
are the degrees of Irr(Sp(2,4)), the degrees of Irr(A(1)) = Irr(D4) multiplied by ¢*" 2 — 1 =
4?2 — 1 = 15, the degrees of Irr(Dyp) multiplied by 3¢" *(¢"* —1) = 3 x 4 x (3) = 6 and
the degrees of Irr(S3) multiplied by $¢"*(¢"* + 1) =

x4 x (5) = 10, by Theorem 4.2.32,
Remark 4.2.33 and Theorem 4.2.34.

7.8 The fusion of G into Sp(4,4)

The penultimate section of this chapter is about the fusion of ? into the symplectic group
Sp(4,4). Let [y] and [z] be the conjugacy classes of Sp(4,4) and G respectively. We follow the

method used in Section 7.5 to determine the partial fusion of G into Sp(4, 4). That is we consider

IC(y)|
|C@)]’

Sp(4,4) and z the class representative of G with o(y) = o(z). We also use the permutation
character x(Sp(4,4)|G) of Sp(4,4) on the cosets of G in Sp(4,4) together with the respective
power maps to construct this partial fusion. This partial fusion is given by Table 7.20 but
without considering the squares around the entries. We use GAP to compute the permutation
character ¢ = x(Sp(4,4)|G). We then express this permutation character in terms of ¢; €
Irr(Sp(4,4)). To determine the constituents of ¢, we compute the respective inner products
(¢, ;). This method yields the following permutation character

X(Sp(4,4)|G) = 1 + Y3 + U5 + 2o,

in terms of the irreducible characters of Sp(4,4). The values of this permutation character
are listed in the last row of Table 7.20. With regard to power maps we recall the following.
Suppose that [z;] and [25] are conjugacy classes of G such that 2% € [x5] for some prime p. And
suppose that [y1] and [ys] are conjugacy classes of Sp(4,4) such that y¥ € [y2]. Now if [x1] fuses
to [y1] then it must follow that [z5] fuses to [ys]. The irreducible characters and power maps of

Sp(4,4) are found in the ATLAS.

the divisibility of the respective centralizer sizes where y is the class representative of

In the partial fusion we note that the classes 24, 2B and 2C of G either fuse into the class 24
or the class 2B of Sp(4,4). The power maps of G in Table 7.18 yield the following: (6A4)3 = 2A,
(6B)*> = 2B and (6C)* = 2C. In the partial fusion we have that the classes 64, 6B and 6C
fuse to the class 6A of Sp(4,4). From the character table of Sp(4,4) in the ATLAS we have
(6A)° = 2A and (6B)* = 2B. This means that the classes 24, 2B and 2C of G must fuse to the
class 24 of Sp(4,4). There are no power maps involving the class 2D of G. In the character
table of G we have (44)? = 2F, (4B)? = 2F, (4C)? = 2G, (4D)? = 2G, (4E)? = 2F and
(4F)%* = 2E. According to the partial fusion, these classes of order 4 either fuse to 4A or 4B
in Sp(4,4). However in Sp(4,4) we have (44)? = 2C and (4B)?> = 2C. Thus the classes 2F,
2F and 2G of G fuse to the class 2C of Sp(4,4). Going back to the class 2D, we note from
the partial fusion that now the only suitable candidate for this class is 2B. To complete the
fusion we utilize the method of set intersections for characters we used in earlier chapters. This
method entails the following.

Let p be the character afforded by the regular representation of GG. It follows that p = Z?Zl eiPi
where ¢; € Irr(G) and e; = deg(¢;). This then means that p can be seen as the character of G
which contains 2° in its kernel such that

167



og) = { Sp(2,4)]  ge2

0 otherwise.

Now if ¢ is a character of Sp(4,4) then

{0, V) = |—é|{p(114)¢(1f1) +p(2A)P(24) + p(2B)¢(2B) + p(2C)y(2C)

+15p(2D)(2D) + 15p(2E))(2E) + 15p(2F)(2F) + 15p(2G)1(2G)}
1
= WUSP(?A)W(M) + [Sp(2, )9 (24) 4 [Sp(2,4)[¢(2B) + [Sp(2,4)[4(2C)
+15|5p(2,4)[9(2D) + 15[5p(2,4)[¢ (2E) + 15|5p(2, 4)[¢ (2F) + 15|5p(2, 4)[¢(2G) }
= 6i4{¢(1f4) +9(24) +9(2B) + ¢(20) + 150(2D) + 15¢:(2E) + 15¢(2F) + 15¢(2G) }.

We rearrange the last part of this equation so that it aligns with the discussion in the intro-
duction of this section and the character table of GG, Table 7.18, to have

(p, V) = 6i4{w(1A) + 159(2D) + ¥ (2A) + ¥ (2B) + ¢ (2C) + 159(2E) + 15¢(2F) + 15¢(2G) }

= <1/)\I/N7 Tl>

where 9| is the restriction of 1) to N and 7; is the identity character of N. We note that for
1 we have that

iy = a101 + agls + azlz + asly + as0s + agbs + a707 + agls,

where for i € {1,2,3,4,5,6,7,8}, 0; are the sums of the irreducible characters of N which are
in one orbit under the action of G on Irr(N), and a; € {0} UN. For j € {1,2,3,---,64}, let
7; € Irr(N). Recall that under the action of G' on Irr(NN) we have orbits of lengths 1, 15, 6, 6,
6, 10, 10 and 10. Then we have that

0, =7 and deg(#) =1,

16
Oy = ZT]- and deg(fy) = 15,

j=2

05 = Z 7; and deg(f3) =6,

j=17

0, = Z 7; and deg(fy) =6,

=23
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05 =Y 7, and deg(f;) =6,
05 =Y 7, and deg(fs) = 10
6:=> 7, and deg(6;) = 10,

6y => 7, and deg(fs) = 10.

7j=55
Then
wiN—alTﬁ—azg T]+a3§ T]+a4§ TJ+G5E T]+a6§ T]+CL7E Tj and+a8§ T;
j=17 7=23 7=29 j=35 j=45 j=55
and

(Yly,bly) = a} + 15a3 + 6a3 + 6a] + 642 + 10ag + 10a2 + 10a3.
We note firstly that a1 = (¢}, 1) = (p, ¢)z and secondly that

(WdnsPdy) = 6—2{@&(114)1#(114) + 159 (2D)0(2D) + (2A4)Y(24) + ¢ (2B)y(2B)
1 (20)1(2C) + 150 (2E ) (2E) + 150(2F ) (2F) + 150(2G)(2G) }.

Suppose that 1)y = 18a and 1g = 51a, the irreducible characters of Sp(4,4) of degrees 18 and
51 respectively. In the case of ¢, we have

- 614[18+15( 6) + (—6) + (—6) + (—6) + 15(2) + 15(2) + 15(2)] = 0.

Since the degree of 15 is 18 then
aq —+ 15@2 + 6&3 + 6(14 + 6@5 + 10(16 + 10@7 + ]_OCLS = ]_8

This gives as = 0 = ag = a7 = ag and a3 = a4 = a; = 1. This means that the restriction
ol is expressible as a sum of characters of degree 6 from the 3rd, 4th and 5th blocks of the
character table of G corresponding to the inertia factor groups Hs, H, and Hs. Considering
the predetermined partial fusion and the character tables of G and Sp(4, 4), we deduce that

Yola = X11 + X5 + X19-

The values of x; are listed in the character table of G, Table 7.18. The character table of
Sp(4,4) is available in the ATLAS. We denote the characters of Sp(4,4) by t; instead of x; as
in the ATLAS. This is meant to distinguish the characters of G from those of Sp(4,4).
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On the other hand for 14 we have

ar = (p,Ye)g = 6—14[51 +15(3) + (—13) + (—13) + (—13) 4+ 15(3) + 15(3) + 15(3)] = 3.

Since the degree of 15 is 51 then

ay + 15as + 6az + 6ay4 + 6as + 10ag + 10a7 + 10ag = 51.

One of the suitable solutions is a; = 0 and a3 = a4 = a5 = ag = a; = ag = 1. This then implies
that the restriction 6]z can be expressed as a sum of a character of degree 3 from the 1st
block, three characters of degree 6 from the 3rd, 4th and 5th blocks, and three characters of
degree 10 from the 6th, 7th and 8th blocks of the character table of G. Again considering the
predetermined partial fusion and the character tables of G and Sp(4, 4), we deduce that

Yol = X3+ X11 + X15 + X19 + X23 + X26 + X29-

In the partial fusion we note that the class 2H of G can either fuse to the class 24 or 2B or 2C
of Sp(4,4). We apply the above technique to choose the right class for 2H. From the character
table of Sp(4,4), 1y and v yield the following values.

Table 7.19: Values of ¢; in Sp(4,4)
W] [ 2A 2B 2C

Degree
18 4| 6 -6 2
5la s |-13 3 3

In the character table of G the values of the restrictions are:

and

bela(2H) = —13.

Comparing these values we conclude that the class 2H of G fuses into the class 24 of Sp(4, 4).

The values of 5 and 1 on the classes of Sp(4,4) and the values of the restrictions 1»]g and
Yedg on the classes of G together with the predetermined fusion enable us to complete the
fusion of G into Sp(4,4). The complete fusion results are contained in Table 7.20 below.
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Table 7.20: The fusion of 2%:Sp(2,4) into Sp(4,4)

9] 1A 24 2B 2C 3A 3B 4A 4B
[Copaa(g)] | 979200 3840 3840 256 180 180 32 32
[i] [Ca(@)]
14 3840 255 |
2A 3840 1
2B 3840 1
2C 3840 1
2D 256 15 1
2F 256 15 15 [1]
2F 256 15 15 [1]
2G 256 15 15  |1]
2H 64 60 4
21 64 60 60 [4]
2] 64 60 60 4]
2K 64 60 60 (4]
34 12 15
44 32 1
4B 32 1
4C 32 1
4D 32 1
4E 32 1
4F 32 1
I | x(Sp(4,4)|G) | 255 63 15 15 15 0 3 3 |
Table 7.20: The fusion of 2°:Sp(2,4) into Sp(4, 4)
4] 54 5B 5C 5D 5E 6A 6B 104 10B 10C 10D
[Copaay(9)] | 300 300 300 300 25 12 12 20 20 20 20
[i] [Ca(=)]
54 20 15 15 15
5B 20 15 15 15
6A 12 1
6B 12 1
6C 12 1
104 20 1 1 1
10B 20 1 1 1
10C 20 1 1 1
10D 20 1 1 1
105 20 1 1 1
10F 20 1 1 1
I | x(Sp4,49/G)] 15 15 0 0 0 3 0 3 3 0 0 |
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The fusion results from Table 7.20 are summarized in Table 7.21 below.

Table 7.21: The fusion of 2%:Sp(2,4) into Sp(4,4)

26:9p(2,4) Sp(4,4) || 25:Sp(2,4) Sp(4,4)
14 1A 2A 24
2B
2C
2H
2D 2B 2F 2C
2F
2G
21
2J
2K
3A 3A 4B 4A
4D
4F
4A 4B 5A 5A
4C
4FE
5B 5B 6A 6A
6B
6C
10A 10A 10D 10B
10B 10E
10C 10F

7.9 The quotient group G/Z(G)

The centre of the affine subgroup G of the symplectic group Sp(4, 4) is isomorphic to Z,. The
quotient group G /Z(G) is isomorphic to the split extension 2*:Sp(2, 4). The Fischer matrices of
G/Z(G) can be determined directly from the Fischer matrices of G. All the 5 Fischer matrices
of G were computed in Section 7.6. The action of Sp(2,4) on Irr(2*) yields two inertia factor
groups, namely Sp(2,4) and Dy, the affine subgroup of Sp(2,4). The two are labelled H; and
Hj, respectively, in Section 7.5. This then means that the inertia factor groups Hs, Hy, - - - , Hg
do not play a role in G/Z(G). Then, to obtain the Fischer matrices of G/Z(G) from those of G,
we delete the rows corresponding to Hs, Hy, - -- , Hg in each Fischer matrix of G. Thereafter,
we discard the repeated columns. This process yields the following five Fischer matrices.

M(1A):[ ! 1],

15 —1
1 1 1 1
1 -1 -1 1

M(24) = 1 -1 1 —1|°
1 1 -1 —1
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MGBA) =[1],

MGBB)=[1].

The deduced Fischer matrices can then be used to construct the character table of G/Z(Q),
using the Clifford-Fischer Theory, since G/Z(G) is a split extension.

On the other hand, the character table of G/Z(G) can be obtained directly from the character
table of G. The character table of G is given by Table 7.18. The process, using Remark
4.2.46, entails deleting the blocks corresponding to the inertia factor groups Hs, Hy,--- , Hs.
Thereafter, deleting the repeated columns. The resulting character table is the character table
of G/Z(G). This character table is given by Table 7.22 below.

Table 7.22: The character table of G/Z(G)

[g] | 1A 2A 3A | 5A | 5B
9] | 1A 2A | 2B 2C 2D 2E|3A |5A | 5B
xi] 1 1] 1 1 1 1] 1] 1] 1
x2| 3 3| -1 -1 -1 -1| 0| A| A
xs| 3 3| -1 -1 -1 -1| 0] A| A
xa| 4 4/ 0 0 0 0| 1] -1] -1
xs| 5 5] 1 1 1 1| -1] 0] 0
xe | 15 -1] 3 -1 -1 -1 0] 0] 0
xr| 15 -1 -1 3 -1 -1 0] 0] 0
xs| 15 -1 -1 -1 3 -1 0] 0] 0
Xo| 15 -1 -1 -1 -1 3| 0] 0] 0

where

A=15
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The affine subgroup 2'%:Sp(4,4) of the symplectic group
Sp(6,4)

In this chapter the affine subgroup G = P(3):Sp(4,4) of the symplectic group Sp(6,4) is
considered. The group P(3) is the subgroup of G which satisfies the conditions outlined in
Remark 4.2.22. Let F = GF(4) be the Galois field of 4 elements and V' be a non-degenerate
symplectic space of dimension 2n = 6 over the field F. In Section 4.2 we deal with G and V in
a general context and, more significantly, it is proven that G is a split extension. This implies
that P(3) is normal in G. Since the Char(F) = 2, the subgroup P(3) is an elementary 2-group
of order 45 = 2%, Once more, in this chapter we shall denote this normal subgroup P(3) = 21°
of G by N. In Section 8.1 we deal with the transvections of the symplectic group Sp(4,4). In
Section 8.2 we express the generators of N and Sp(4, 4) as 6 x 6 symplectic matrices since G sits
in Sp(6,4), a symplectic group of 6 x 6 symplectic matrices with entries in F. We compute the
conjugacy classes of G in Section 8.3 using the coset analysis technique. We first express the
permutation character that was computed in Section 7.8 in terms of the irreducible characters of
Sp(4,4). The action of Sp(4,4) on Irr(N) is dealt with in Section 8.4. Thereafter we consider
the fusion of the inertia factor groups into the group Sp(4,4). The Fischer matrices of G are
computed in Section 8.5. We discuss how to construct the character table of G in Section
8.6 using the Clifford-Fischer Theory. In Section 8.7, we conclude this chapter by considering
the quotient group G/Z(G), where Z(G) is isomorphic to Z,. We show that this quotient is
isomorphic to the split extension 2%:Sp(4,4). We then demonstrate how to obtain the Fischer
matrices of G/Z(G) directly from the Fischer matrices of G

8.1 Transvections of Sp(4,4)

This section is about the transvections of the symplectic group Sp(4,4). Let G = Sp(4,4) and
G,F, N and V be as defined in the above introduction. The symplectic group G is generated by
a set of symplectic transvections. There are |[V*| = 28 — 1 = 255 transvections in G. The order
of each of these transvections is 2 as the Char(F) = 2. Since |F| = 22, we have one conjugacy
class of transvections in G. There are three conjugacy classes of elements of order 2 in G
according to the character table of G in the ATLAS. However, since the order of the centralizer

174



is equal to ||‘i|‘ = 972952500 = 3840, then either the class 2A or 2B is the class of transvections.
GAP is used to analyse the elements of these two classes. We observe that the elements of 2A
satisfy the conditions of the definition of a transvection. We therefore conclude that the class
2A is the class of transvections. We note that the centralizer of a transvection is isomorphic to

the affine subgroup 2°:Sp(2,4) of G.

8.2 The generators of the groups N and Sp(4,4)

Since the affine subgroup G sits inside the symplectic group Sp(6, 4) of 6 x 6 symplectic matrices
with entries in F, we express the elements of Sp(4,4) and N as 6 x 6 symplectic matrices. We
utilize the method outlined in Remark 4.2.22. We start with the elements of N. Take m = 3,
then we have

T(e1) = e
T(e;) = cer + e 2<:<5
T(ez) = azer + €9
T(e3) = azer + e3
T(e4) = cuer + €4
T(e5) = aser + e

with g = 1 and

o — —Bom+1-j; if2<;<3
! Bomt1—j; if 3<j<5.

This means ag = — 5, az = — 4, ay = P3 and as = (5 and the elements T of N are of the form

1 _65 _54 B?: 62 61
0 1 0 0 0 B
0 0 1 0 0 B4
0 0 0 1 0 B
0 0 0 0 1 B
0O 0 0 0 0 1

where 3; € GF(4). We compute all 4° = 20 = 1024 elements of N and the 10 generators of N
by using GAP. The 10 generators are:

Py

[l ool
[N eNoNoll )
O OO = OO
OO O OO
O R OO oo
_ o O O o
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)

9

b

9

b

9

bl

1 0000 2
010000
001000

0001O00O0

000010

000O0O0T1

1 00010

01 0001
001000

000100

000O0T12@0

000O0O0°1

1 000 20

01000 =2
001000

000100

000O0T1@0

000O0O0T1

100100

010000
001001
0001O00O0

000O0T1F@ 0

000O0O0T1

1 00200

010000

00100 2

00 01O00O0

000O0T1@0

000O0O0T1

101000
010000
001000

000101

000O0T1F@0

00 0O0O0T1

010000
001000

00010 =z

000O0T1@0

000O0O0T1

Py =

Py =

P, =

P, =

Fs =

Py =

Py =
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110000
010000
00100O0O0

0001O0O0

000O0T1T71

000O0O0T1

Py =

and

1 20000
010000
001000

000100

00001 =%

000001

P

where z is a primitive root of GF'(4). We also obtain from GAP the generators of Sp(4,4) as

0
0

0
0

1 00 O
0 20 0

000 0

and

100000
011100
010000

001010

001000

00 0O0O01

5. We then express these generators in terms of symplectic transvec-

=3 and o(b) =

with o(a)

tions since G is generated by symplectic transvections.

0 0 000

0

1
0

0

0 0 0 0 2z O

220 00 0
22

0
0

000

0

100 0 0 0
0002200
22

000 O

0

0 0
0 0
0

0 20 0

0

z

0
000 0

oo oo
oo oW h o
N
co oy~ o
oW hooo
oW~ ooo
— o oo oo

]
1
oo oo
o = - no
o —HOoO RO O
O NO O
o NOo nNo o
— oo o oo
]

Il

=
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1 0 0 0 0 O]J[1 0 0 O O O]
0 22 1 22 0 0 0 0 z 2z 00
0 0 22 0 220 0 220 0 2 0
01 0 22 1 0 0O 0 00 =20
00 1 0 220 0 0 0 2200
(0000 01[][00O0TO0TO0HT1]|

8.3 Conjugacy classes of G

The action of G on N yields 8 orbits. These are of lengths 1, 1, 1, 1, 255, 255, 255 and 255
and correspond to the point stabilizers G, G, G, G, 25:Sp(2,4), 25:5p(2,4), 25:Sp(2,4) and
26:Sp(2,4), respectively. The latter is the affine subgroup of G' dealt with in Chapter 7. The

permutation character of G on 2°:5p(2,4) was computed in Section 7.8. Let us denote this

permutation character by 1256’:’ 5941;2 1) We express this permutation character in terms of the

Irr(G). We deduce, from the character table of G in the ATLAS, that I;ngi;g gy =3-la+3-
34a + 3 - 50a, where la, 34a and 50a are Irr(G).

Now let x(G|N) be the permutation character when G acts on N. Then

X(GIN) =1+ 1+ 1+ 141§ g 04 + I5sp0.0) + Isbespa.a) T Isiespran

=la+1la+1la+1la+4(3-1a+3-34a+ 3-50a)

=16-1a+12-34a + 12 - 50a

where 1la, 34a and 50a are irreducible characters of G. This permutation character is then used
to compute the number of fixed points when g € G is acting on N. We refer to these as the
k-values and are listed in Table 8.1 below.

Table 8.1: Fixed points of the action of G on N

ICa| || 979200 3840 3840 256 180 180 32 32 300 300 300 300 25 12
o(9) IA 2A 2B 2C 3A 3B 4A 4B 5A 5B 5C 5D 5E  6A
k 1024 256 64 64 64 4 16 16 64 64 4 4 4 16

Table 8.1: Fixed points of the action of G on N

|Cql 12 20 20 20 20 15 15 15 15 17 17 17 17
o(g) 6B 10A 10B 10C 10D 15A 15B 15C 15D 17A 17vB 17C 17D
k 4 16 16 4 4 4 4 4 4 4 4 4 4
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The conjugacy classes of G are computed using the coset analysis technique. For each conjugacy
class of G we calculate the centralizer sizes |Cz(z;)| = Mcf#l@l, x; € G and g € G. We consider

the class [g] = 2A € G to demonstrate the determination of the conjugacy classes of G from a
conjugacy class of G. The permutation character in Table 8.1 has k = 256 for this class. This
then means that after the action of N, by conjugation, NN, splits into 256 orbits, each of length
% = % = 4. Utilizing GAP, we note that after the action of the centralizer C(g) on these
orbits that some of them fuse together to ultimately have 11 orbits. We further note that the
lengths of these new orbits to have || =4, || =4, [Qs] =4, || =4, |Q5] = 128, |Q] = 128,
Q27| = 128, |Qs| = 128, || = 128, || = 128 and |€21;] = 240. We compute the respective f-
values f; using f; = {5l to have fy = 1= fo = fs = fu. fs =32 = fy = fr = fs = fo = fio and
fi1 = 60. These f-values satisfy the condition leil fi = k. This means that in the analysis
of the coset Ng, f; of the original & = 256 orbits have fused together to form a conjugacy
class [z;] of G. The GAP Programme A in [15] is used to calculate the rest of the f-values
for each conjugacy class of G. This demonstration implies that this class 24 produces 11

conjugacy classes of G. The centralizer sizes of these conjugacy classes are determined by using
()] — klCc(g)l
|Ca(wi)| = ==7%. Then

 k[Ca(g)] 256 x 3840

_ — — 4
|Ca(@)] A 1 983040,
k|C. 256 x 3840
|Cg(s)| = Calg)| _ 256 x — 983040,
fa 1
k 2 4
(Coa)| = MOl _ 256 %3840 oeq)
fs 1
k|C, 256 x 3840
|Cq(z4)| = Calg)| _ 256 x = 983040,
fa 1

k|Calg)] 256 x 3840
3 p— p— p— 2
|Ca(zs)] a ™ 30720,
k|Ca(g)| 256 x 3840
= pr— pu— pr— 2
|Ca(ws)] 7o 39 30720,
. k[Calg)] 256 x 3840
|Ca(w7)| = 2 = 39 = 30720,
. K|Ca(g)] 256 x 3840
. k[Calg)] 256 x 3840
|Ca(wo)| = 7o = 39 = 30720,
k|C, 256 x 3840
|Ca(z10)| = Calg)l _ 256 = 30720,
fio 32

and
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k|Calg)] 256 x 3840

= 163&84.
fun 60

|Calzn)l =

We proceed to calculate the orders of the class representatives of the conjugacy classes of G.
Let us reconsider the class 2A of G for demonstration. Let g € 24, then o(g) = 2 = m. We
recall that Char(F) =2 =p. Let d € N and

m—1

w=d-d-d%---df

Now if w is the identity of N, then in this case the order of z € G is m = 2. Otherwise, if w is
not the identity of N, then o(x) = pm = 2 x 2 = 4. Recall that we have 11 conjugacy classes
of G from the class 2A.

Since g is always in the first conjugacy class, then w = 1y and hence o(x;) = 2. In the second,
third and fourth classes we have d = (0,0,0,0,1), d = (0,0,0,0,z') and d = (0,0,0,0, 2?)
respectively and in each case w = (0,0,0,0,0) = 1y thus o(x2) = 2 = o(x3) = o(z4).

In the fifth class we have d = (z,2,1,0,0) and w = (z,2,1,1,2) # 1x and therefore o(zs5) = 4.
In the sixth class we have d = (z,2,1,0,1) and w = (z, 2,1, 1, 2z) and thus o(xg) = 4.

In the seventh class d = (22,22, 2,0,0) and w = (22, 22, 2, 2, 1) and therefore o(x;) = 4.

The eighth class has d = (22,22, 2,0, 2) and w = (22,22, 2, 2,1) and it follows that o(zg) = 4.
The ninth class has d = (1,1, 2%,0,0) and w = (1, 1, 2%, 2%, 22) and it then follows that o(zy) = 4.
While the tenth class has d = (1,1,2%,0,1) and w = (1, 1, 2%, 2%, 2?) and hence o(x0) = 4.

Lastly the eleventh class has d = (0,0,1,1,0) and w = (0,0,0,0,0) and therefore o(x1) = 2.

The size of each class is determined by |[x;]| = ‘CL;G(%' All 165 conjugacy classes of G are listed
G(z;

in Table 8.2 below. It then follows that G will have 165 irreducible characters.
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Table 8.2: The conjugacy classes of elements of G
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Table 8.2: The conjugacy classes of elements of G
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Table 8.2: The conjugacy classes of elements of G
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8.4 Inertia factor groups into the symplectic group Sp(4,4)

We saw in Section 8.3 that the action the action of G on N yielded 8 orbits. Now the action of G
on Irr(N) will again yield 8 orbits. The lengths of these new orbits are 1, 255, 136, 136, 136, 120,
120 and 120. We have that the inertia factor groups are H; = G, Hy = 2°:5p(2,4), Hs, Hy, Hs
being isomorphic to the full orthogonal group GO*(4,4) and Hg, H;, Hg being isomorphic to
the full orthogonal group GO~(4,4). Mainly in this section we consider the fusion of these
inertia factor groups into the symplectic group G. The subgroups GO (4,4) and GO~ (4,4) are
maximal in G according to the ATLAS and are of orders 7200 and 8160 respectively. We use
GAP to compute their generators and eventually to generate their respective character tables.
The fusion of 25:Sp(2,4) into G was done in Section 7.8. And so we deal with the fusions
of GO (4,4) and GO~ (4,4) using the divisibility of the respective centralizer sizes |Cg(g)|
and |Cy,(h;)|, where g and h; are the class representatives of conjugacy classes of G and H;
respectively, with o(g) = o(h;) and ¢ € {2,3,4,5,6,7,8}. Respective permutation characters
X(G|H;) are used in aid of each fusion. Since the degree of x(G|Hz) is 255, the degree of
X(G|GOT(4,4)) is 136 and x(G|GO~(4,4)) is 120, we have

x(G|Hy) =3-1la+3-34a+ 3 - 50a,

xX(G|GO™(4,4)) = 1a + 50a + 85a

and
X(G|GO™(4,4)) = 1a + 34a + 85a,

where la, 34a, 50a and 85a are irreducible characters of GG. If there is more than one conjugacy
class [g] and / or [h;] such that o(g) = o(h) and the quotient ||CCHGE2|)| corresponds with the
permutation character x(G|H;), then we consider the pairwise intersections [g] N [h;]. Since
the conjugacy classes are disjoint, then only one intersection will be non-empty. From this

intersection we obtain the suitable candidate for the fusion.

184



Table 8.3: The fusion of GO™(4,4) into G

(9] 1A 24 2B 2C 3A 3B 4A 4B 5A 5B 5C

[Copan)(9)] 979200 3840 3340 256 180 180 32 32 300 300 300
(4] 1Co0+(a.9)(2)]
1A 7200 1136 ]
2A 32 120 120
2B 240 16
20 120 32
34 18 10
3B 180 1
4A 8 4
5A 50 6 [6] 6
5B 50 6] 6 6
5C 300 11
5D 300 111
5E 25 12 12 12

[ [x(Sp(4,9)][GOT(4,4) [ 136 32 16 8 10 1 0 4 6 6 1 |

Table 8.3: The fusion of GO™(4,4) into G

4] 5D 5E 6A 6B 10A 10B 10C 10D 1564 15B 15C 15D
[Cc(9)] 300 25 12 12 20 20 20 20 15 15 15 15
[zi] |CGO+(4,4)($)|
5D 300
5E 25 12
6A 12 1
6B 6 2
104 20 1 1 1
10B 20 11 1
10C 10 2 2 2
10D 10 2 2 2
154 15 1 1 1
158 15 1
| x(Sp(4,4)|[GOT(4,4)) | 1 12 1 2 2 1 1 0 0 1 1
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Table 8.4: The fusion of GO~ (4,4) into G

9] 1A 24 2B 2C 3A 3B 4A 4B 5A 5B 5C
[Copian (9)] 979200 3840 3840 256 180 180 32 32 300 300 300
[i] |Cco-(4.4)(7)]
14 8160 1120 |
2A 32 120 120
2B 120 32
3A 30 6
4A 8 4
5A 30 10 10
5B 30 10 10
[ [x(Sp(4,4)[GO~(4,4) | 120 32 0 8 6 0 4 0 10 10 0 |
Table 8.4: The fusion of GO~ (4,4) into G
(9] 5D 5E 6A 6B 10A 10B 10C 10D 15A 15B 15C 15D
[Ca(9)] 300 25 12 12 20 20 20 20 15 15 15 15
[24] |CGo—(4,4)(l')|
6A 6 2
104 10 2 2 2
108 10 2 2 2
154 15 1 1 1
158 15 1 1 1
I | x(Sp(4,H)IGO~(4,4) ] 0 0 2 0 2 2 0 0 1 1 0 0 |

Table 8.4: The fusion of GO~ (4,4) into G

9] I7TA 17B 17C 17D
[Ca(9)] 17 17 17 17
4] |CG07(4,4)(50)|
174 17 1 1 1
178 17 1 1 1
17C 17 1 1 1
17D 17 111
I | x(Sp(4,49)[GO~(4,4)) | 1 1 1 1]
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Table 8.5: The fusion of 2°:5p(2,4), GO*(4,4) and GO~ (4,4) into G

26:5p(2,4) GO+ (4,4) GO~ (4,4) — Sp(4,4) 20:5p(2,4) GO+ (4,4) GO~ (4,4) — Sp(4,4)
14 14 14 14 24 2C 2B 2A
2B
20
21
2D 2B 2B 2F 2A 2A 2C
2F
2G
2H
2J
2K
3A 34 34 34 3B 3B
1A 1A 1A 4B 1A iB
4D 4C
AE AF
5A 5B 5A 5A 5B 5A 5B 5B
5C 5C 5D 5D
5E 5E 6A 6B 6A 6A
6B
6C
6A 6B 104 10D 10A 10A
10B
10C
10D 10C 10B 10B 10B 10C
10E
10F
104 10D 158 154
15A 158 158 15C
154 15D 174 174
17B 17B 17C 17C
17D 17D

8.5 Fischer matrices of G

In this section we compute the Fischer matrices of G. Since N is elementary abelian and G
is a split extension of N by G, then by Mackey’s Theorem the Irr(N) are extendable to the
inertia factor groups. Now due to the Clifford-Fischer Theory these Fischer matrices, together
with the character tables of the inertia factor groups, will enable us to construct the character
table of G in Section 8.6. Since G has 27 conjugacy classes, then G has 27 Fischer matrices
corresponding to each class representative g of G. Each Fischer matrix M(g) is divided into
blocks corresponding to an inertia factor group. These Fischer matrices satisfy the column and
row orthogonality relations. We use the general form of a Fischer matrix to construct these
matrices. Let us consider the class 2A of G to demonstrate the construction and computation
of a Fischer matrix. From Table 8.2 we are able to deduce the size of each Fischer matrix. The
Fischer matrix corresponding to this class is a 11 x 11 matrix. The fusion maps computed in
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Section 8.4 play a vital role in the construction of a Fischer matrix. We note that the classes
2A, 2B, 2C, 2H of H,, the class 2C of GO™ (4, 4) and the class 2B of GO~ (4, 4) fuse to the class
2A of G. We, however, recall that the action of G on Irr(N) yielded 3 copies of GOT(4,4) and
GO~ (4,4) respectively. This then implies that the classes 2C in Hs, Hy, Hs and the classes 2B
in Hg, H; and Hg fuse into the 2A of G, respectively. The Fischer matrix from the class 2A is
then of the form:

Table 8.6: Fischer matrix from 2A

|C§(a:2j)\ 983040 983040 983040 983040 30720 30720 30720 30720 30720 30720 16384
ICH, (T2km)]

3840 1 1 1 1 1 1 1 1 1 1 1
3840 1 az2 az 3 az 4 az;s a6 az,7 az;s azg az,10 az,11
3840 1 as,2 as,3 as,4 as,s as,e as,7 as,s as,g as,10 as,11
3840 1 a4,2 as,3 aq,4 a4,5 a4,6 aq,7 aq,8 a4,9 a4,10 a4,11
64 60 as,2 as,3 as,4 as,s as,6 as,7 as,g as,9 as,10 as,11
120 32 ag,2 ag,3 ae,4 ae,s a6,6 ae,7 ag,s ag,9 a6,10 ae,11
120 32 ar2 ar,3 ar4 ars a6 ar7 ars ar,9 ar,10 ar,11
120 32 ag,2 as,s ag,4 ag,s ag,6 as,7 ag,s as,9 ag,10 ag,11
120 32 ag,2 a9,3 ag 4 ag,s ag,6 ag,7 ag,s ag,9 ag,10 ag,11
120 32 a10,2 a10,3 a10,4 a10,5 a10,6 a10,7 a10,8 10,9  @10,10  G10,11
120 32 aii,2 a11,3 aii4 aiis aii,6 aii,7 aii,g aii,9  ai1,10  a11,11
maj 4 4 4 4 128 128 128 128 128 128 240

The centralizer orders in the first row are from the coset analysis process in Section 8.3. The
values of the centralizer orders of the first column are from the fusion tables in Section 8.4.
Then, since N is elementary abelian, the second column values are the respective indices in
Ch, (24), where |Cg, (2A4)| = 3840. The weights my; are obtained from m;; = % = %,
for f; € {1,1,1,1,32,32,32,32,32,32,60} from Table 8.2. To compute the entries a;; we use
the orthogonality relations of a Fischer matrix. The column orthogonality relations yield the
following 22 equations:

11
> 3840 - a;5 =0,
=2
4 11
3840 + Z 3840 - (a;2)* + 64 - (asz2)* + Z 120 - (a;2)* = 983040,
1=2 =6
11
> 3840 - a;5 =0,
=2

11

4
3840 + Z 3840 - (a;3)* + 64 - (as3)® + Z 120 - (a;3)* = 983040,
=2 =6

11
> 3840 - a;4 = 0,
=2

4 11
3840 + Z 3840 - (a;4)* + 64 - (as4)® + Z 120 - (a;4)* = 983040,
=2 =6
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11

> 3840 - a;5 =0,
=2

4 11
3840 + ) 3840 - (a;5)° + 64+ (a55)> + > _ 120 (a;5)* = 30720,
1=2 =6

11
> 3840 - a;6 = 0,
=2

4 11
3840 + Z 3840 - (a;6)* + 64 - (asg)* + Z 120 - (a;6)* = 30720,
1=2 =6
11
> 3840 - a;7 =0,
=2
4 11
3840 + Z 3840 - (a;7)® + 64 - (asz)* + Z 120 - (a;7)* = 30720,
1=2 =6

11
> 3840 - a;5 = 0,
=2

4 11
3840 + Z 3840 - (a;8)° + 64 - (asg)® + Z 120 - (a;8)* = 30720,
=2 =6

11
> 3840 - a;0 = 0,
=2

4 11
3840 + > 3840 - (aio)® + 64+ (as9)” + Y _ 120 (a;0)* = 30720,
=2 =6
11
> 3840 - a;10 =0,
1=2
4 11
3840 + Z 3840 - (ai10)* + 64 - (as10)” + Z 120 - (a;,10)* = 30720,
=2 =6

11
Z 3840 - ;11 = 0,
=2

4 11
3840 + ) 3840 - (a;11)* + 64+ (a511)> + » 120+ (a;11)* = 16384,
=2 =6

From the row orthogonality relations we obtain the following 22 equations:
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4 10
4 + 42 asj + 128 Z as; +240 - as 11 = 0,

=2 7=5

4 10
444 (a25)* + 128 (az;)* +240 - (az11)” = 1024,

Jj=2 Jj=5

4 10
4 + 42 as; + 128 Z as; +240 - az 11 =0,

=2 7=5

4 10
4+4 Z(agjjf + 128 Z(ag,j)2 + 240 - (CL3711)2 = 1024,

=2 j=5
4 10
4 + 42 as; + 128 Z ay; + 240 - ag11 = 0,
=2 =5

4 10
4 + 4 Z(CMJ)Q + 128 Z(a47j)2 + 240 - (a4711)2 == 1024,

7j=2 7j=5

4 10
444 a5;+ 128 a5+ 240 - asy1 =0,

J=2 J=5

4 10
444 (a5,)* + 128 (a5;)* +240 - (a511)* = 61440,

j=2 J=5

4 10
444> ag; + 128 ag;+ 240 - agy1 =0,

j=2 j=5

4 10
4+4) (ag;)? +128 (ag;)? + 240 - (ag11)* = 32768,

j=2 J=5
4 10
444 ar; +128) ar;+ 240 - a7y =0,
j=2 J=5

4 10
444 (ar;)* + 128 (az;)* +240 - (a711)* = 32768,

j=2 J=5
4 10
444 ag;+128) ag;+240-agy =0,
j=2 J=5

4 10
444 (as;)* + 128 (as;)* +240 - (ag11)* = 32768,

=2 j=5
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4 10
4 + 42 ag; + 128 Z ag; + 240 - ag11 = 0,

j=2 Jj=>5

4 10
444 (ag;)* + 128 (ag;)* +240 - (a911)* = 32768,

Jj=2 J=5

4 10
4+ 42 ao; + 128 Z a10,; + 240 - a1p11 = 0,

7j=2 7j=5

4 10
444 (a10;)* + 128 (a10,)* + 240 - (arp11)* = 32768,

j=2 J=5
4 10
4 + 42 ar1,; + 128 Z ari; +240 - a1 = 0,

7j=2 7j=5

4 10
444 (ar1;)* + 128 (an;)* + 240 - (ar111)* = 32768,

j=2 7j=5

We utilize GAP or the Maxima Algebraic software to solve these equations. Suitable entries are
then chosen together with Remark 3.3.7. This process eventually yields the following Fischer

matrix from the class 2A.

Table 8.7: Fischer matrix from 2A

|Ce(w2;)] 983040 983040 983040 983040 30720 30720 30720 30720 30720 30720 16384
|0Hk (x2k7rt)|
3840 1 1 1 1 1 1 1 1 1 1 1
3840 1 1 1 1 -1 -1 -1 -1 1 1 1
3840 1 1 1 1 -1 -1 1 1 -1 -1 1
3840 1 1 1 1 1 1 -1 -1 -1 -1 1
64 60 60 60 60 0 0 0 0 0 0 -4
120 32 -32 -32 32 0 0 0 0 -8 8 0
120 32 -32 32 -32 -8 8 0 0 0 0 0
120 32 32 -32 -32 0 0 -8 8 0 0 0
120 32 -32 -32 32 0 0 0 0 8 -8 0
120 32 -32 32 -32 8 -8 0 0 0 0 0
120 32 32 -32 -32 0 0 8 -8 0 0 0
ma; 4 4 4 4 128 128 128 128 128 128 240
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The rest of the Fischer matrices are computed by using Programmes A and B in [15]. These
are listed in Table 8.8 below.

Table 8.8: Fischer matrices of G

F1 = M(1A) 1,1 *1,2 1,3 1,4 1,5 1,6 1,7 r1,8

o(z1;) 1 2 2 2 2 2 2 2

|C§(1'1]')| 1002700800 1002700800 1002700800 1002700800 3932160 3932160 3932160 3932160
ICHy (Z1m)]

979200 1 1 1 1 1 1 1 1
3840 255 255 255 255 -1 -1 -1 -1
7200 136 -136 -136 136 8 -8 -8 8
7200 136 -136 136 -136 8 -8 8 -8
7200 136 136 -136 -136 8 8 -8 -8
8160 120 -120 -120 120 -8 8 8 -8
8160 120 -120 120 -120 -8 8 -8 8
8160 120 120 -120 -120 -8 -8 8 8
mi; 1 1 1 1 255 255 255 255

Fy = M(2A) x2,1 Z2,2 2,3 x2,4 x2.5 x2,6 x2,7 T2.8 29  T210  Z2,11

0($2j) 2 2 2 2 4 4 4 4 4 4 2

|C§(x2j )| 983040 983040 983040 983040 30720 30720 30720 30720 30720 30720 16384
|Cry, (T2rm)|

3840 1 1 1 1 1 1 1 1 1 1

3840 1 1 1 1 -1 -1 -1 -1 1 1 1

3840 1 1 1 1 -1 -1 1 1 -1 -1 1

3840 1 1 1 1 1 1 -1 -1 -1 -1 1

64 60 60 60 60 0 0 0 0 0 0 -4

120 32 -32 -32 32 0 0 0 0 -8 8 0

120 32 -32 32 -32 -8 8 0 0 0 0 0

120 32 32 -32 -32 0 0 -8 8 0 0 0

120 32 -32 -32 32 0 0 0 0 8 -8 0

120 32 -32 32 -32 8 -8 0 0 0 0 0

120 32 32 -32 -32 0 0 8 -8 0 0 0

maj 4 4 4 4 128 128 128 128 128 128 240
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Table 8.8: Fischer matrices of G

F3 = M(2B) 3,1 x3,2 3,3 T34 T35
o(x1;) 2 2 2 2 4
[C(a1,)] | 245760 245760 245760 245760 4096
[Crry (T1km)]
3840 1 1 1 1 1
256 15 15 15 15 -1
240 16 -16 -16 16 0
240 16 -16 16 -16 0
240 ] 16 16 -16 -16 0
m3; 16 16 16 16 960
Fqs = M(2C) T4,1 T4,2 4,3 T44  T45  T46  T47  T48  T49 T410 T4,11 T412 T413
o(@2;) 2 2 2 2 1 4 ) 1 4 4 4 1 1
‘Ca(mzjﬂ 16384 16384 16384 16384 1024 1024 1024 8192 8192 8192 8192 8192 8192
|CHy (T28m)]
256 1 1 1 1 1 1 1 1 1 1 1 1 1
256 1 1 1 1 -1 -1 1 1 1 1 1 1 1
256 1 1 1 1 -1 1 -1 1 1 1 1 1 1
256 1 1 1 1 1 -1 -1 1 1 1 1 1 1
64 4 4 4 4 0 0 0 -4 -4 4 4 -4 -4
64 4 4 4 4 0 0 0 -4 -4 -4 -4 4 4
64 4 4 4 4 0 0 0 4 4 -4 -4 -4 -4
32 8 -8 -8 8 0 0 0 -8 8 0 0 0 0
32 8 -8 8 -8 0 0 0 0 0 -8 8 0 0
32 8 8 -8 -8 0 0 0 0 0 0 0 -8 8
32 8 -8 -8 8 0 0 0 8 -8 0 0 0 0
32 8 -8 8 -8 0 0 0 0 0 8 -8 0 0
32 8 8 -8 -8 0 0 0 0 0 0 0 8 -8
My, 16 16 16 16 256 256 256 32 32 32 32 32 32
Fs = M(3A) x5,1 Z5,2 5,3 T54 X55 X56 T57  T5,8
o(zs;) 3 6 6 6 6 6 6 6
|C§(1‘5j)‘ 11520 11520 11520 11520 768 768 768 768
|C (T5km)]
180 1 1 1 1 1 1 1 1
12 15 15 15 15 -1 -1 -1 -1
18 10 -10 -10 10 2 -2 -2 2
18 10 -10 10 -10 2 -2 2 -2
18 10 10 -10 -10 2 2 -2 -2
30 6 -6 -6 6 -2 2 2 -2
30 6 -6 6 -6 -2 2 -2 2
30 6 6 -6 -6 -2 -2 2 2
ms; 16 16 16 16 240 240 240 240
Fe = M(3B) | w61 6,2 6,3 T6,4
o(ze;) 3 6 6 6
|C§(wﬁj )| 720 720 720 720
|CH,, (Tokm)]
180 1 1 1 1
180 1 -1 -1 1
180 1 -1 1 -1
180 1 1 -1 -1
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Table 8.8: Fischer matrices of G

Fr=M(4A) | z71 w72 ®73 ®74 XTrs  Tre  TT.7
o(@r;) 1 4 4 4 8 8 8
[Co(zr)] | 512 512 5l2 512 128 128 128
IChy (F7k1)]
32 1 1 1 1 1 1 1
32 1 1 1 1 -1 -1 1
32 1 1 1 1 -1 1 -1
32 1 1 1 1 1 -1 -1
8 4 -4 -4 4 0 0 0
8 4 -4 4 -4 0 0 0
8 4 4 -4 -4 0 0 0
mr; 64 64 64 64 256 256 256
Fg = M(4B) | ©8,1 ®s2 ®83 X84 T85 8,6 8,7
o(xg;) 4 4 4 4 8 8 8
[Co(zs)] | 512 512 512 512 128 128 128
IChy (T8km)]
32 1 1 1 1 1 1 1
32 1 1 1 1 -1 -1 1
32 1 1 1 1 -1 1 -1
32 1 1 1 1 1 -1 -1
8 4 -4 -4 4 0 0 0
8 4 -4 4 -4 0 0 0
8 4 4 -4 -4 0 0 0
mg; 64 64 64 64 256 256 256
Fo = M(5A) x9,1 x9,2 x93 Tg4 T95 T9e  T97  T9,8
O(Igj) 5 10 10 10 10 10 10 10
‘Ca(xgj” 19200 19200 19200 19200 1280 1280 1280 1280
ICHk (Ika)I
300 1 1 1 1 1 1 1 1
20 15 15 15 15 -1 -1 -1 -1
50 6 -6 -6 6 2 -2 -2 2
50 6 -6 6 -6 -2 2 -2 2
50 6 6 -6 -6 2 2 -2 -2
30 10 -10 -10 10 -2 2 2 -2
30 10 -10 10 -10 2 -2 2 -2
30 10 10 -10 -10 -2 -2 2 2
mo; 16 16 16 16 240 240 240 240
Fio = M(5B) 10,1 10,2 10,3 %10,4 10,5 10,6 10,7 10,8
o(710;) 5 10 10 10 10 10 10 10
|Cé(x10j)| 19200 19200 19200 19200 1280 1280 1280 1280
[CH, (%10km)]
300 1 1 1 1 1 1 1 1
20 15 15 15 15 -1 -1 -1 -1
50 6 -6 -6 6 2 -2 -2 2
50 6 -6 6 -6 -2 2 -2 2
50 6 6 -6 -6 2 2 -2 -2
30 10 -10 -10 10 -2 2 2 -2
30 10 -10 10 -10 2 -2 2 -2
30 10 10 -10 -10 -2 -2 2 2
mio; 16 16 16 16 240 240 240 240
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Table 8.8:

Fischer matrices of G

Fi11=M(GBC) | ®11,1 11,2 ®11,3  T11,4 Fio = M(5D) | x121 12,2 %123 T12,4
o(r115) 5 10 10 10 o(x125) 5 10 10 10
[C(z11,)] | 1200 1200 1200 1200 [C(z12)] | 1200 1200 1200 1200
ICH, (Z118m)] |CH, (T128m)]
300 1 1 1 1 300 1 1 1 1
300 1 -1 -1 1 300 1 -1 -1 1
300 1 -1 1 -1 300 1 -1 1 -1
300 1 1 -1 -1 300 1 1 -1 -1
miij 256 256 256 256 mig; 256 256 256 256
Fi3 = M(5E) | z13,1 132 13,3 13,4
o(x135) 5 10 10 10
[Co@1s,)] 100 100 100 100
|CH,, (T13km)|
25 1 1 1 1
25 1 -1 -1 1
25 1 -1 1 -1
25 1 1 -1 -1
mi3; 256 256 256 256
F14 = M(2A) 2,1 2,2 23 24 25 2.6 2,7 28 2,9 2,10 2,11
o(z2;) 2 2 2 2 4 4 4 1 4 1 2
|C§(:L“2j )| 983040 983040 983040 983040 30720 30720 30720 30720 30720 30720 16384
[Cy (T2km)]
3840 1 1 1 1 1 1 1 1 1 1 1
3840 1 1 1 1 -1 -1 -1 -1 1 1 1
3840 1 1 1 1 -1 -1 1 1 -1 -1 1
3840 1 1 1 1 1 1 -1 -1 -1 -1 1
64 60 60 60 60 0 0 0 0 0 0 -4
120 32 -32 -32 32 0 0 0 0 -8 8 0
120 32 -32 32 -32 -8 8 0 0 0 0 0
120 32 32 -32 -32 0 0 -8 8 0 0 0
120 32 -32 -32 32 0 0 0 0 8 -8 0
120 32 -32 32 -32 8 -8 0 0 0 0 0
120 32 32 -32 -32 0 0 8 -8 0 0 0
ma; 4 4 4 4 128 128 128 128 128 128 240
Fi5 =M(6B) | 151 152 %153 154
o(x155) 6 6 6 6
[Co(@1s,)] 8 48 48 48
|CH,, (T15Km)|
12 1 1 1 1
12 1 -1 -1 1
12 1 -1 1 -1
12 1 1 -1 -1
mis; 256 256 256 256
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Table 8.8: Fischer matrices of G

Fi16 = M(2A) 2,1 2,2 23 24 25 2.6 2,7 28 2.9 2,10 2,11
o(z2;) 2 2 2 2 4 4 4 1 4 4 2
|C§(:B2j )| 983040 983040 983040 983040 30720 30720 30720 30720 30720 30720 16384
|C, (T2km)]
3840 1 1 1 1 1 1 1 1 1 1 1
3840 1 1 1 1 -1 -1 -1 -1 1 1 1
3840 1 1 1 1 -1 -1 1 1 -1 -1 1
3840 1 1 1 1 1 1 -1 -1 -1 -1 1
64 60 60 60 60 0 0 0 0 0 0 -4
120 32 -32 -32 32 0 0 0 0 -8 8 0
120 32 -32 32 -32 -8 8 0 0 0 0 0
120 32 32 -32 -32 0 0 -8 8 0 0 0
120 32 -32 -32 32 0 0 0 0 8 -8 0
120 32 -32 32 -32 8 -8 0 0 0 0 0
120 32 32 -32 -32 0 0 8 -8 0 0 0
ma; 4 4 4 4 128 128 128 128 128 128 240
Fi7 = M(24) 2,1 2,2 2.3 2,4 2,5 2,6 2,7 2.8 T2,9  T210  T211
O(Z'Qj) 2 2 2 2 4 4 4 4 4 4 2
|C§(1’2j )| 983040 983040 983040 983040 30720 30720 30720 30720 30720 30720 16384
[TRET]
3840 1 1 1 1 1 1 1 1 1 1
3840 1 1 1 1 -1 -1 -1 -1 1 1 1
3840 1 1 1 1 -1 -1 1 1 -1 -1 1
3840 1 1 1 1 1 1 -1 -1 -1 -1 1
64 60 60 60 60 0 0 0 0 0 0 -4
120 32 -32 -32 32 0 0 0 0 -8 8 0
120 32 -32 32 -32 -8 8 0 0 0 0 0
120 32 32 -32 -32 0 0 -8 8 0 0 0
120 32 -32 -32 32 0 0 0 0 8 -8 0
120 32 -32 32 -32 8 -8 0 0 0 0 0
120 32 32 -32 -32 0 0 8 -8 0 0 0
maj 4 4 4 4 128 128 128 128 128 128 240
Fig = M(10C) | 18,1 18,2 18,3 184 Fi9 = M(10D) | w19,1 192 19,3 *19,4
o(z15;) 10 10 10 10 o(z19;) 10 10 10 10
[C(@1s))] 80 80 80 80 [C(@19))] 80 80 80 80
ICH, (T18km)| ICH, (Z19km)]
20 1 1 1 1 20 1 1 1 1
20 1 -1 -1 1 20 1 -1 -1 1
20 1 -1 1 -1 20 1 -1 1 -1
20 1 1 -1 -1 20 1 1 -1 -1
mig; 256 256 256 256 migj 256 256 256 256
Fog = M(15A) | ®20,1 20,2 20,3 20,4 Fo1 = M(15B) | 21,1 21,2 21,3 X214
o(Z20;) 15 30 30 30 o(z217) 15 30 30 30
[C(@20,)] 60 60 60 60 [C(@a1))] 60 60 60 60
|CH, (2208m)] ICH, (z218m)]
15 1 1 1 1 15 1 1 1 1
15 1 -1 -1 1 15 1 -1 -1 1
15 1 -1 1 -1 15 1 -1 1 -1
15 1 1 -1 -1 15 1 1 -1 -1
m20; 256 256 256 256 ma1; 256 256 256 256
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Table 8.8:

Fischer matrices of G

Fao = M(15C) | x221 @222 ®223 T224 Fo3 = M(15D) | w23,1 232 23,3 234
o(222;) 15 30 30 30 o(z23;) 15 30 30 30
[C(@a2))] 60 60 60 60 [C(@as))| 60 60 60 60
ICH, (z228m)| |CH, (2238m)]
15 1 1 1 1 15 1 1 1 1
15 1 -1 -1 1 15 1 -1 -1 1
15 1 -1 1 -1 15 1 -1 1 -1
15 1 1 -1 -1 15 1 1 -1 -1
mogj 256 256 256 256 mo3; 256 256 256 256
Foy = M(17A) | z24,1 @242 X243 T24,4
0(21‘24]') 17 34 34 34
[C(@aa))] 68 68 68 68
ICH, (T24km)]
17 1 1 1 1
17 1 -1 -1 1
17 1 -1 1 -1
17 1 1 -1 -1
mag; 256 256 256 256
Fo5 = M(17B) | x25,1 @252 @253 X254
O(.Z‘25j) 17 34 34 34
[Cr(was,)] 68 68 63 68
‘CHk (125km)‘
17 1 1 1 1
17 1 -1 -1 1
17 1 -1 1 -1
17 1 1 -1 -1
mas; 256 256 256 256
Fog = M(17C) | x26,1 26,2 ®26,3 26,4
o(x26;) 17 34 34 34
|C§(:E26j)| 68 68 68 68
ICH, (z26km)]
17 1 1 1 1
17 1 -1 -1 1
17 1 -1 1 -1
17 1 1 -1 -1
mog; 256 256 256 256
For = M(17D) | x271 w272 X273 274
O(:I?27]') 17 34 34 34
[C(@ar))] 68 68 68 68
|Cy (T27hm )|
17 1 1 1 1
17 1 -1 -1 1
17 1 -1 1 -1
17 1 1 -1 -1
mar; 256 256 256 256
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8.6 The character table of G

In this section we discuss the construction of the character table of G = N:G using the Clifford-
Fischer Theory. This theory requires that the Irr(N) be extendable to the inertia groups. Since
N is elementary abelian and that G is a split extension then, by Mackey’s Theorem, the Irr(N)
are extendable to the inertia groups. Due to Gallagher’s Theorem the irreducible characters of

G are given by
t

Irr(G) = | J{(Be:)? | B € Irr(H,), N € ker(B)},

=1

where H; is an inertia group and H; = H; /N is an inertia factor group. This then means that
the character table of G will be divided into blocks corresponding to the inertia factor groups Hj,
for i € {1,2,3,4,5,6,7,8}. In this affine subgroup G we have that H, = G, H, = 25:5p(2,4),
Hs, Hy, Hy = GO*(4,4) and Hg, H7, Hy = GO~ (4,4). Therefore the character table of G will
be of the form

[ Biy Bip Big -+ DBior ]|
By By Baojg Bs a7
Bs1 Bsa Bsg B3 97
By1 Biz Bz By a7
Bs1 Bss Bsg3 Bsar |7
Bs1 Bs2 Bsgs B 27
B71 Bras Bgz -+ Brog

| Bsy Bgo Bgz -+ DBgor |

where B, ; are blocks corresponding to the inertia factor groups and the 27 conjugacy classes
of G, {1 <i <8} and {1 < j <27} The block B;; is formed by multiplying the relevant
columns of the character table of H; by the rows of the Fischer matrix M (g) corresponding to
the classes of H; that fuse to the class [g] € G. If H; does not contribute to M(g) then the
block B, ; will have zeroes. The fusion maps of the inertia factor groups into G' are given in
Table 8.5 in Section 8.4.

We list below the character tables of the inertia factor groups. The character table of Hs is
given by Table 7.18 in Section 7.7 of Chapter 7.
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Table 8.9: The character table of Sp(4,4)

r%EKQu19..1.:401111003441..1..00000000100
Ye)

e [

EREITPF TR Tm e PRALLESSS S 2QR TN

e [

SRECFP T IR IRQAYSNOURR ISR TR

) (.

P [
bB2122221111111000011111111000
443 || | R I | | I I I |
aA2122221111111000011111111000
443 1 | R I R A | | I I I |
331
31
CC6122223333557444411111111044
225 | T IR R | [ R |

o
bBO166003333519224455555577004
NS|g) T A A

(ap]
aAO160603333159442255557755040
22%0 _1_11_.1_. (@] __111_.4444411 (@

™
aAO184401111553444455555555600
— 52 — M M IO O 1O 10O 1O 00 01O O O O O AN AN AN AN IO IO IO 1O 10O < <H

% S AN AN AN AN AN NN AN NN

D~

D
Sogsfs LS g2 EnRnTeEEsRr2R8sNRIRBEER
Nw(g\ R XXX XX XXX XXX

G}

AALnC
GT|
<
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Table 8.9: The character table of Sp(4,4)

6b 10a 10b 10c 10d 15a 15b 15¢ 15d 17a 17b 17c 17d
17C 17D

6a

6A 6B 10A 10B 10D 10C 15C 15D 15B 15A 17A 17B

12

17

17

17

17

15

15

15

15

20

20

20

20

12

SmScoSoSSmE eSS
SReSSSSon™e S
SockmeSSS oS uk
Sccmmecocc oM
TR oSS c o o/mE
TR SO0 0o onK
T RReooony S o

GAP [g]
ATLAS [¢]

[Calg)|

X10
X11

X12
X13
X14
X15
X16
X17
X18
X19
X20
X21
X22
X23
X24

X25
X26
X27
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Table 8.10: The character table of GO*(4,4)

218 SO0 PARARPY T TP RR @K
™
Mm 11A7AQBiBBiBO.IAlQ*A_uA_UOOOOO
O~ OO OO A 4 OO0 OO H—-HO OO
< ] T :
<t
M MW MO OO OO HFFHFFOM MO IOMN M —
3w LI I B |
VA1 OO NOO OO AT 10000 O
— 1 ]
(2]
QI = O DO MMM MO IFTFO OO INDnO OO
O
2nu 1 L 1 1
m |2 HH AN ANFMNH NN M OO0 F F oo N H
2% LI Y R | [ | L]
AN AN AN A " NOONOO-A—-AON NO
A3 [ [
o
AO = © ©W OO OOV HFLW O OO
1% == AN NN <
~
SHlssssLssessggesnIzsissgszer
— | HERERRRRR =X
©)
QO

Table 8.10: The character table of GO™(4,4)

Bmlu 11GiG000001_.1_f|_.0iGG00GiG1
0 (| (.

AKlu 11iGG000001_..I_:I_.0GiGOOiGG1
o [ [

Dm IJOOOGiGGiGOI_I_.OOOOOOOO
= [

nme A oo HPOeT oo 000000
S [

ART BTV e = =02
S Il
<IQIT T ORFR/BRV Y "7 = 72250+
=] [
B614000000004100014000
Ne]

<N =~ == OO0 O0O0O0COOO = =~ ~ —
I= T
E511112111101131100000
2lS AU T

glgllm "R OPRARQE T T PREC Ok &P
[Pl

= S88ILLeLEeEscEETagE R 2R
) XX XX R RXR R XX

|Ca(g)
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Table 8.11: The character table of GO~ (4,4)

lg 1A~ 2A 2B 3A 4A 5A 5B 6A

[Ca(g)] | 8160 32 120 30 8 30 30 6

X1 1 1 1 1 1 1 1

X2 1 1 -1 1 -1 1 1 -

X3 16 0 -4 1 0 1 1 -1

X4 16 0 4 1 0 1 1 1

X5 17 1 5 -1 1 2 2 -1

X6 17 1 S T | 2 2 1

X7 17 1 3 2 -1 A A 0

X8 17 1 3 2 1 A A 0

X9 17 1 -3 2 1 A A 0

X10 17 1 -3 2 1 A A 0

X11 30 -2 0 0 0 0 0 0

X12 30 -2 0 0 0 0 0 0

X13 30 -2 0 0 0 0 0 0

X14 30 -2 0 0 0 0 0 0

X15 34 2 0 -2 0 B B 0

X16 34 2 0 -2 0 B B 0

Table 8.11: The character table of GO~ (4,4)
[g] [ I0A 10B 15A 15B 17A 17B 17C 17D
ICq(g) 10 10 15 15 17 17 17 17
X1 1 1 1 1 1 1 1 1
X2 -1 -1 1 1 1 1 1 1
X3 1 1 1 1 -1 -1 -1 -1
X4 -1 -1 1 1 -1 -1 -1 -1
X5 0 0 -1 -1 0 0 0 0
X6 0 0 -1 -1 0 0 0 0
x| —A —A A A 0 0 0 0
xs | —A A A A 0 0 0 0
X9 A A A A 0 0 0 0
X10 A A A A 0 0 0 0
X11 0 0 0 0 C D F E
X12 0 0 0 0 D C E F
X13 0 0 0 0 E F c D
X14 0 0 0 0 F E D C
X15 0 0 -A -A 0 0 0 0
X16 0 0 -A -A 0 0 0 0

A==150 B= 15,

C=-E17% - EQ7" - EQTN'Y — EQ17)!,

D= —-E(17)3 - E(17)5 — E(17)'2 — E(17)™4,

E=—-E(17) - EQ17)* - EQ17)13 — E(17)1S,

F=-EQ17)2 - E17)8 - E(17)° — E(17)15.

202




We use the class 1A of G to demonstrate the construction of the character table of G.

18
34
34
20
o1
o1
ol
ol
85
85
153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

(111 11111]=

1
18
34
34
20
51
ol
ol
o1
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
20
51
o1
51
51
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
20
o1
o1
o1
o1
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
20
o1
51
ol
o1
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
20
51
o1
51
51
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
20
o1
o1
ol
o1
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
50
51
ol
ol
o1
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340

1
18
34
34
20
51
o1
51
51
85
85

153
204
204
204
204
225
225
225
225
255
255
255
255
256
340
340
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255

765

765
1020
1275
3825
3825
3825
3825
1530
1530
3060
3060
1530
1530
3060
3060
1530
1530
3060
3060
2550
2550
5100
2550
2550
5100
2550
2550
5100

255

765

765
1020
1275
3825
3825
3825
3825
1530
1530
3060
3060
1530
1530
3060
3060
1530
1530
3060
3060
2550
2550
5100
2550
2550
5100
2550
2550
5100

255

765

765
1020
1275
3825
3825
3825
3825
1530
1530
3060
3060
1530
1530
3060
3060
1530
1530
3060
3060
2550
2550
5100
2550
2550
5100
2550
2550
5100

255

765

765
1020
1275
3825
3825
3825
3825
1530
1530
3060
3060
1530
1530
3060
3060
1530
1530
3060
3060
2550
2550
5100
2550
2550
5100
2550
2550
5100

-1
-3
-3
—4
-5
—15
—15
—15
—15
-6
—6
—12
—12
—6
-6
—12
—12
—6
-6
—12
—12
—10
—10
—20
—10
—10
—20
—10
—10
—20

-1
-3
-3
—4
-5
—15
—-15
—15
—15
—6
—6
—12
—12
—6
—6
—12
—12
—6
—6
—12
—12
—10
—10
—20
—10
—10
—20
—10
—10
—-20

-1
-3
-3
—4
-5
—15
—15
—15
—15
—6
—6
—12
—12
—6
—6
—12
—12
—6
—6
—12
—-12
—10
—10
—20
—10
—10
—20
—10
—10
—20

[255 255 255 255 —1 —1 —1 —1]

-1
-3
-3
—4
-5
—15
—15
—15
—15
—6
—6
—12
—12
—6
—6
—12
—12
—6
-6
—12
—12
—10
—10
—20
—10
—10
—20
—10
—10
—20
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136

136

816

816
1088
1224
1224
1224
1224
1360
2176
2176
2448
3264
3264
3400
3400
4080
4080
0440

O © © 0O O = =

—136

—136

—816

—816
—1088
—1224
—1224
—1224
—1224
—1360
—2176
—2176
—2448
—3264
—3264
—3400
—3400
—4080
—4080
—5440

—136

—136

—816

—3816
—1088
—1224
—1224
—1224
—1224
—1360
—2176
—2176
—2448
—3264
—3264
—3400
—3400
—4080
—4080
—5440

136

136

816

816
1088
1224
1224
1224
1224
1360
2176
2176
2448
3264
3264
3400
3400
4080
4080
5440

48
48
64
72
72
72
72
80
128
128
144
192
192
200
200
240
240
320

[136 —136 —136 136 8 —8 -8 8]

48
48
64
72
72
72
72
80
128
128
144
192
192
200
200
240
240
320
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136

136

816

816
1088
1224
1224
1224
1224
1360
2176
2176
2448
3264
3264
3400
3400
4080
4080
2440

O © © 0O O = =

—136

—136

—816

—816
—1088
—1224
—1224
—1224
—1224
—1360
—2176
—2176
—2448
—3264
—3264
—3400
—3400
—4080
—4080
—5440

136

136

816

816
1088
1224
1224
1224
1224
1360
2176
2176
2448
3264
3264
3400
3400
4080
4080
5440

—136

—136

—816

—816
—1088
—1224
—1224
—1224
—1224
—1360
—2176
—2176
—2448
—3264
—3264
—3400
—3400
—4080
—4080
—5440

48
48
64
72
72
72
72
80
128
128
144
192
192
200
200
240
240
320

48
48
64
72

72

72

80
128
128
144
192
192
200
200
240
240
320

[136 —-136 136 —136 8 -8 8 —8}

206




136

136

816

816
1088
1224
1224
1224
1224
1360
2176
2176
2448
3264
3264
3400
3400
4080
4080
2440

O © © 0O O = =

136

136

816

816
1088
1224
1224
1224
1224
1360
2176
2176
2448
3264
3264
3400
3400
4080
4080
2440

[ 136 136 —136 —136 8 8 —8 —8]

—136

—136

—816

—816
—1088
—1224
—1224
—1224
—1224
—1360
—2176
—2176
—2448
—3264
—3264
—3400
—3400
—4080
—4080
—5440

—136

—136

—816

—816
—1088
—1224
—1224
—1224
—1224
—1360
—2176
—2176
—2448
—3264
—3264
—3400
—3400
—4080
—4080
—5440

48
48
64
72
72
72
72
80
128
128
144
192
192
200
200
240
240
320

128
128

192
192
200
200
240
240
320
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120

120
1920
1920
2040
2040
2040
2040
2040
2040
3600
3600
3600
3600
4080
4080

16
16
17
17
17
17
17
17
30
30
30
30
34
34

—120

—120
—1920
—1920
—2040
—2040
—2040
—2040
—2040
—2040
—3600
—3600
—3600
—3600
—4080
—4080

—120

—120
—1920
—1920
—2040
—2040
—2040
—2040
—2040
—2040
—3600
—3600
—3600
—3600
—4080
—4080

120

120
1920
1920
2040
2040
2040
2040
2040
2040
3600
3600
3600
3600
4080
4080

-8

-8
—128
—128
—136
—136
—136
—136
—136
—136
—240
—240
—240
—240
—272
—272

8

8
128
128
136
136
136
136
136
136
240
240
240
240
272
272

8

8
128
128
136
136
136
136
136
136
240
240
240
240
272
272

[ 120 —120 —120 120 —8 8 8 —8 |

-8

-8
—128
—128
—136
—136
—136
—136
—136
—136
—240
—240
—240
—240
—272
—272

208




120

120
1920
1920
2040
2040
2040
2040
2040
2040
3600
3600
3600
3600
4080
4080

16
16
17
17
17
17
17
17
30
30
30
30
34
34

—120

—120
—1920
—1920
—2040
—2040
—2040
—2040
—2040
—2040
—3600
—3600
—3600
—3600
—4080
—4080

120

120
1920
1920
2040
2040
2040
2040
2040
2040
3600
3600
3600
3600
4080
4080

—120

—120
—1920
—1920
—2040
—2040
—2040
—2040
—2040
—2040
—3600
—3600
—3600
—3600
—4080
—4080

-8

-8
—128
—128
—136
—136
—136
—136
—136
—136
—240
—240
—240
—240
—272
—272

8

8
128
128
136
136
136
136
136
136
240
240
240
240
272
272

-8

-8
—128
—128
—136
—136
—136
—136
—136
—136
—240
—240
—240
—240
—272
—272

[ 120 —120 120 —120 —8 8 —8 8|

128
128
136
136
136
136
136
136
240
240
240
240
272
272
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16
16
17
17
17
17
17
17
30
30
30
30
34
34

[ 120 120 —120 —120 —8 —8 8 8|

120 120 —120 —120 -8 -8 8 8

120 120 —-120 —120 -8 -8 8 8
1920 1920 -1920 —-1920 —128 —128 128 128
1920 1920 —-1920 -1920 —-128 —128 128 128
2040 2040 —-2040 —-2040 —-136 —136 136 136
2040 2040 —-2040 —-2040 —-136 —136 136 136
2040 2040 -2040 -2040 —136 —136 136 136
2040 2040 —-2040 -2040 —136 —136 136 136
2040 2040 -2040 -2040 —-136 —136 136 136
2040 2040 —-2040 —-2040 —-136 —136 136 136
3600 3600 —3600 —3600 —240 —240 240 240
3600 3600 —3600 —3600 —240 -—240 240 240
3600 3600 —3600 —3600 —240 -—240 240 240
3600 3600 —3600 —3600 —240 -—-240 240 240
4080 4080 —4080 —4080 -—272 =272 272 272
4080 4080 —4080 —4080 —272 =272 272 272

The above process yields the partial character table of G corresponding to the class 1A of G
and the 8 inertia factor groups. The full 165 x 165 character table of G was completed using
the above-mentioned process but it is not included in this thesis due to its size. The character
degrees of this affine subgroup are given in the first column of this partial character table given
by Table 8.12 below. These character degrees can also be computed by using Theorem 4.2.32,
Remark 4.2.33 and Theorem 4.2.34 in Section 4.2.
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Table 8.12: Partial character table of G corresponding to 1A

9] 1A
[C(g] | 1002700800 1002700800 1002700800 1002700800 3932160 3932160 3932160 3932160
] 1A 2A 2B 2C 2D 28 2F 2G
X1 1 1 1 1 1 1 1 1
X2 18 18 18 18 18 18 18 18
X3 34 34 34 34 34 34 34 34
X4 34 34 34 34 34 34 34 34
X5 50 50 50 50 50 50 50 50
X6 51 51 51 51 51 51 51 51
X7 51 51 51 51 51 51 51 51
Xs 51 51 51 51 51 51 51 51
Xo 51 51 51 51 51 51 51 51
X10 85 85 85 85 85 85 85 85
X11 85 85 85 85 85 85 85 85
X12 153 153 153 153 153 153 153 153
X13 204 204 204 204 204 204 204 204
X14 204 204 204 204 204 204 204 204
X15 204 204 204 204 204 204 204 204
X16 204 204 204 204 204 204 204 204
X17 225 225 225 225 225 225 225 225
X1s 225 225 225 225 225 225 225 225
X19 225 225 225 225 225 225 225 225
X20 225 225 225 225 225 225 225 225
X21 255 255 255 255 255 255 255 255
X22 255 255 255 255 255 255 255 255
X23 255 255 255 255 255 255 255 255
Xa4 255 255 255 255 255 255 255 255
X25 256 256 256 256 256 256 256 256
X26 340 340 340 340 340 340 340 340
Xa7 340 340 340 340 340 340 340 340
X28 255 255 255 255 -1 -1 -1 1
X29 765 765 765 765 -3 -3 -3 -3
X30 765 765 765 765 -3 -3 -3 -3
Xs1 1020 1020 1020 1020 -4 -4 -4 -4
X2 1275 1275 1275 1275 -5 -5 -5 -5
X33 3825 3825 3825 3825 15 -15 -15 -15
X34 3825 3825 3825 3825 -15 -15 -15 -15
X35 3825 3825 3825 3825 -15 -15 -15 -15
X36 3825 3825 3825 3825 -15 -15 -15 -15
X37 1530 1530 1530 1530 -6 -6 -6 -6
X38 1530 1530 1530 1530 -6 -6 -6 -6
X39 3060 3060 3060 3060 -12 -12 -12 -12
X40 3060 3060 3060 3060 -12 -12 -12 -12
X1 1530 1530 1530 1530 -6 -6 -6 -6
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Table 8.12: Partial character table of G corresponding to 1A

9] 1A

[C(gl | 1002700800 1002700800 1002700800 1002700800 3932160 3932160 3932160 3932160
7] 1A 2A 2B 2C 2D PID) oF 2G
Y12 1530 1530 1530 1530 6 6 6 6
X43 3060 3060 3060 3060 12 12 12 -12
Ya4 3060 3060 3060 3060 -12 12 12 12
Ya5 1530 1530 1530 1530 6 6 6 6
Y45 1530 1530 1530 1530 6 6 6 6
a7 3060 3060 3060 3060 12 12 12 12
Xas 3060 3060 3060 3060 12 12 12 12
Y9 2550 2550 2550 2550 -10 -10 -10 -10
Y30 2550 2550 2550 2550 -10 -10 -10 -10
Y1 5100 5100 5100 5100 -20 -20 -20 -20
Y52 2550 2550 2550 2550 -10 -10 -10 -10
X53 2550 2550 2550 2550 -10 -10 -10 -10
Y4 5100 5100 5100 5100 20 -20 20 -20
Y5 2550 2550 2550 2550 -10 -10 -10 -10
Y36 2550 2550 2550 2550 -10 -10 -10 -10
Y57 5100 5100 5100 5100 -20 -20 -20 -20
Y8 136 136 136 136 g 3 3 8
Y30 136 -136 -136 136 8 -8 -8 8
Y60 816 816 816 816 48 48 48 48
Yo 816 816 816 816 48 48 48 48
Yoo 1088 -1088 -1088 1088 64 64 64 64
Y3 1224 1224 1224 1224 72 72 72 72
You 1224 1224 1224 1224 72 72 72 72
Y65 1224 1224 1224 1224 72 72 72 72
X66 1224 1224 1224 1224 72 72 72 72
X67 1360 -1360 ~1360 1360 80 -80 -80 80
Xes 2176 2176 2176 2176 128 128 128 128
Yoo 2176 2176 2176 2176 128 -128 -128 128
Y70 2448 2448 -2448 2448 144 144 144 144
Y 3264 -3264 -3264 3264 192 192 192 192
Y72 3264 -3264 -3264 3264 192 192 192 192
X73 3400 -3400 -3400 3400 200 -200 -200 200
Y74 3400 -3400 -3400 3400 200 -200 -200 200
Y75 4080 -4080 -4080 4080 240 240 240 240
X76 4080 -4080 ~4080 4080 240 -240 240 240
Y77 5440 -5440 -5440 5440 320 -320 -320 320
Y78 136 136 136 136 8 8 8 8
Y79 136 -136 136 -136 8 8 8 8
Y80 816 816 816 816 48 48 48 48
Ys1 816 816 816 816 48 48 48 48
Ys2 1088 -1088 1088 -1088 64 64 64 64
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Table 8.12: Partial character table of G corresponding to 1A

9] 1A
[C(gl | 1002700800 1002700800 1002700800 1002700800 3932160 3932160 3932160 3932160
7] 1A 2A 2B 2C 2D PID) oF 2G
Xs3 1224 1224 1224 1224 72 72 72 72
Ys4 1224 1224 1224 1224 72 72 72 72
Ys5 1224 1224 1224 1224 72 72 72 72
Y86 1224 1224 1224 1224 72 72 72 72
Xs7 1360 -1360 1360 -1360 80 -80 80 -80
Xss 2176 2176 2176 2176 128 128 128 128
Xs9 2176 2176 2176 2176 128 128 128 128
Yoo 2448 2448 2448 2448 144 144 144 144
Yo 3264 -3264 3264 -3264 192 192 192 -192
Y92 3264 -3264 3264 -3264 192 192 192 -192
Yo3 3400 -3400 3400 -3400 200 -200 200 -200
You 3400 -3400 3400 -3400 200 -200 200 -200
Xo5 4080 -4080 4080 -4080 240 240 240 240
X96 4080 -4080 4080 -4080 240 -240 240 -240
Yor 5440 -5440 5440 -5440 320 -320 320 -320
Xos 136 136 136 136 8 8 3 3
Yoo 136 136 -136 -136 8 8 8 8
X100 816 816 816 816 48 48 48 48
Yio1 816 816 816 816 48 48 48 48
X102 1088 1088 -1088 -1088 64 64 64 64
X103 1224 1224 1224 1224 72 72 72 72
X104 1224 1224 1224 1224 72 72 72 72
X105 1224 1224 -1224 1224 72 72 72 72
X106 1224 1224 1224 1224 72 72 72 72
X107 1360 1360 -1360 -1360 80 80 -80 -80
X108 2176 2176 2176 2176 128 128 128 128
X109 2176 2176 2176 2176 128 128 128 128
X110 2448 2448 -2448 2448 144 144 144 144
X111 3264 3264 -3264 -3264 192 192 192 -192
Yi12 3264 3264 -3264 -3264 192 192 192 192
X113 3400 3400 -3400 -3400 200 200 -200 -200
X114 3400 3400 -3400 -3400 200 200 -200 -200
X115 4080 4080 ~4080 -4080 240 240 240 240
X116 4080 4080 -4080 -4080 240 240 240 240
X117 5440 5440 -5440 -5440 320 320 -320 -320
X118 120 120 120 120 3 8 8 )
X119 120 -120 120 120 -8 8 8 -8
X120 1920 1920 -1920 1920 128 128 128 128
Yi21 1920 1920 1920 1920 128 128 128 128
X122 2040 2040 -2040 2040 -136 136 136 -136
X123 2040 -2040 -2040 2040 -136 136 136 -136
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Table 8.12: Partial character table of G corresponding to 1A

9] 1A

[C(gl | 1002700800 1002700800 1002700800 1002700800 3932160 3932160 3932160 3932160
@l 1A 2A 2B 2C 2D 28 2F 2G
X124 2040 -2040 ~2040 2040 “136 136 136 -136
X125 2040 -2040 -2040 2040 -136 136 136 -136
X126 2040 -2040 -2040 2040 -136 136 136 -136
X127 2040 -2040 -2040 2040 -136 136 136 -136
X128 3600 -3600 -3600 3600 -240 240 240 -240
X129 3600 -3600 -3600 3600 -240 240 240 -240
X130 3600 -3600 -3600 3600 -240 240 240 -240
X131 3600 -3600 -3600 3600 -240 240 240 -240
X132 4080 -4080 -4080 4080 -272 272 272 272
X133 4080 -4080 ~4080 4080 -272 272 272 -272
X134 120 -120 120 “120 -8 8 -8 8
X135 120 -120 120 -120 -8 8 -8 8
X136 1920 -1920 1920 -1920 -128 128 -128 128
X137 1920 -1920 1920 -1920 -128 128 -128 128
X138 2040 -2040 2040 -2040 -136 136 -136 136
X139 2040 -2040 2040 -2040 -136 136 -136 136
X140 2040 -2040 2040 -2040 -136 136 -136 136
X141 2040 -2040 2040 -2040 -136 136 -136 136
X142 2040 -2040 2040 -2040 -136 136 -136 136
X143 2040 -2040 2040 -2040 -136 136 -136 136
X144 3600 -3600 3600 -3600 -240 240 -240 240
X145 3600 -3600 3600 -3600 -240 240 -240 240
X146 3600 -3600 3600 -3600 -240 240 -240 240
X147 3600 -3600 3600 -3600 -240 240 -240 240
X148 4080 -4080 4080 -4080 -272 272 -272 272
X149 4080 -4080 4080 -4080 -272 272 -272 272
X150 120 120 -120 -120 -8 -8 8 8
X151 120 120 -120 -120 -8 -8 8 8
X152 1920 1920 -1920 -1920 -128 -128 128 128
X153 1920 1920 -1920 -1920 -128 -128 128 128
X154 2040 2040 -2040 -2040 -136 -136 136 136
X155 2040 2040 -2040 -2040 -136 -136 136 136
X156 2040 2040 -2040 -2040 -136 -136 136 136
X157 2040 2040 -2040 -2040 -136 -136 136 136
X158 2040 2040 -2040 -2040 -136 -136 136 136
X159 2040 2040 -2040 -2040 -136 -136 136 136
X160 3600 3600 -3600 -3600 -240 -240 240 240
X161 3600 3600 -3600 -3600 -240 -240 240 240
X162 3600 3600 -3600 -3600 -240 -240 240 240
X163 3600 3600 -3600 -3600 -240 -240 240 240
X164 4080 4080 ~4080 -4080 -272 -272 272 272
X165 4080 4080 ~4080 -4080 -272 -272 272 272
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8.7 The quotient group G/Z(G)

The centre of the affine subgroup G of the symplectic group Sp(6,4) is isomorphic to Z,. The
quotient group G/Z(G) is isomorphic to the split extension 28:Sp(4,4). The Fischer matrices
of G/Z(G) can be determined directly from the Fischer matrices of G. In Section 8.5 we
computed all the 27 Fischer matrices of G. The action of Sp(4,4) on Irr(2®) yields two inertia
factor groups, namely Sp(4,4) and 2°:Sp(2,4), the affine subgroup of Sp(4,4). The latter was
dealt with in the previous chapter, Chapter 7. In Section 8.4 we labelled these two inertia
factor groups by H; and H,, respectively. This then means that the inertia factor groups
Hj, Hy, -+ , Hg do not play a role in G/Z(G). Then, to obtain the Fischer matrices of G/Z(G)
from those of G, we delete the rows corresponding to Hs, Hy, - - - , Hg in each Fischer matrix of
G. Thereafter, we discard the repeated columns. We use the Fischer matrices corresponding
to the identity and the class 2A of Sp(4,4), from Table 8.8, to demonstrate this process. From
M(1A) we get

M(14) = [25;) —1 ]

and from M (2A) we get

1 1 1 1 1
1 -1 -1 1 1
M@A) =] 1 -1 1 -1 1
1 1 -1 -1 1
60 0 0 0 —4

The above-mentioned process is used to determine all the 27 Fischer matrices of 6_/2 (@_) These
deduced Fischer matrices can then be used to construct the character table of G/Z(G), using
the Clifford-Fischer Theory, since G/Z(G) is a split extension.
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The affine subgroup 3°:GO(3,3) of the general orthogonal
group GO(5,3)

This chapter is about the affine subgroup G = ¢*":GO(2n — 1,q) = 3%:GO(3,3) of the full
orthogonal group GO(5,3). Let F be the Galois field, GF'(3), of three elements and G =
GO(3,3) be the full orthogonal group of invertible 3 x 3 matrices with entries in F. Let V
be a 5-dimensional vector space over F with basis {e1, es, - ,e5}. This affine subgroup A(2)
is a stabilizer of a non-zero isotropic vector in V. The order of A(2) is 1296 and is of index
|GO(5,3):A(2)| = 3*? —1 = 80 in GO(5, 3) by Remark 4.3.9. In Lemma 4.3.10 it is proved that
the affine subgroup A(2) = 3%:GO(3,3) is a semidirect product and that the group 3 is abelian.
Let us denote this normal abelian subgroup 3% of G by N. In Section 9.1 we construct the groups
N and G inside G and eventually determine their respective generators as 5 x 5 matrices. We
determine the point stabilizers of the action of G on N in Section 9.2. We then determine
the fusion maps of these point stabilizers into G. Their respective permutation characters are
also computed. At the end of this section we express these permutation characters in terms
of Irr(G). In Section 9.3 we compute the conjugacy classes of G using the coset analysis
technique. The permutation characters determined in Section 9.2 are used to compute the
permutation character x(G|N). Section 9.4 is about the inertia factor groups of the action of
G on Irr(N). We make a note here that these inertia factor groups are in fact isomorphic to
the point stabilizers determined in Section 9.2. The Fischer matrices of G are computed in
Section 9.5. We then construct the character table of G in Section 9.6. Lastly, in Section 9.7,
we consider the fusion of the affine subgroup G into the full orthogonal group GO(5, 3).

9.1 The construction of 3° and GO(3,3) in GO(5,3)

Since the affine subgroup G' = N:G sits in GO(5,3), we construct the groups N and G inside
GO(5,3). The order of G is 1296. Using GAP, we analyze subgroups of order 1296 in GO(5, 3).
We note that there are 13 of these subgroups. Next we obtain that there are 10 that have normal
subgroups of order 27. Seven of these normal subgroups are abelian and 3 are non-abelian. We
exclude the latter 3 since N must be abelian by Lemma 4.3.10. We note further that the abelian
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normal subgroups are in fact elementary abelian. We then proceed to construct a complement
of N in G. We require that this complement be isomorphic to G. According to GAP, the
structure description of GG is Cy x S; and has 10 conjugacy classes. The complement of one
of the elementary abelian groups is of order 48 but has 16 conjugacy classes and its structure
description is Cy x Cy x Ay. Therefore it is not isomorphic to G. According to Remark 4.3.14,
G has 4 inertia factor groups, H; = G, Hy = 3:GO(1,3), Hy = GO*(2,3) and Hy = GO~ (2,3),
where H, is the affine subgroup of GO(3,3). Also we have |Irr(Hy)| = 10, |Irr(Hs)| = 3,
|Irr(H3)| = 4 and |Irr(H,)| = 5. Thus G has 22 conjugacy classes. The complements of the
last 6 candidates for N are isomorphic to G. However, two of these produce semidirect products
N:G have 28 and 34 conjugacy classes, respectively. The number of conjugacy classes of the
semidirect products from the other 4 are 22 as required. We further note that from the latter
4 candidates that the respective semidirect products are in fact isomorphic. We then select the
normal abelian group N and its complement G from one of these 4. The generators of N are

20 2 2 2
00211
e=]2212 2],
12110
12101

20 2 2 2
00121
=112 110
2 2 21 2
12011
and
00111
02 2 21
es= 12110 2
2101 2
1 1111
The generators of G are
(21 2 0 0]
12200
a=|1110 0 0],
00010
|00 0 0 1
1.0 0 0 0]
012 2 2
b=12 00 0 1],
20100
[ 2 001 0
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012 21
2 0211
c=111 2 2 2|,
21 2 01
2 2 2 1 2
1 1101
110 21
d=10 2 0 0 2
100 0 1
2 2 21 2
and
011 2 2
101 2 2
e=1(12 2111
1111 2
11121

Using the ATLAS we can see that GO(5, 3) is isomorphic to 2 x (O(5, 3):2) where O(5, 3) is the
simple orthogonal group isomorphic to the simple symplectic group S4(3). Our group G sits
maximally in O(5,3):2. The affine subgroup of the full symplectic group Sp(4, 3) is 33:5;. Our
G sits maximally in Sp(4, 3) containing the affine subgroup of Sp(4, 3).

9.2 The point stabilizers of the action of G on N

According to Remark 4.3.11, the action of G on N yields ¢ + 1 = 3 + 1 = 4 orbits. The orbit
lengths are 1, 322~D —32-1 =6 322721 = 8 and 3*>~V 432! = 12. We note that these orbit
lengths coincide with the indices in G of the inertia factor groups G, GO*(2,3), GO~ (2,3)
and 3:GO(1,3), the affine subgroup of G. Thus we conclude that the point stabilizers are
isomorphic to G, GO*(2,3), GO~ (2,3) and 3:GO(1, 3). We note further that GO"(2,3) = Dy,
GO7(2,3) = Dg and 3:GO(1,3) = Dg. We use GAP to compute the permutation characters
and fusion maps of these point stabilizers into G. The permutation character values are given
in the last rows of the fusion tables below.
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Table 9.1: Fusion of Dg into G

Col [4 8 16 16 8 48 6 8 8 6
o(g) |1A 2A 2B 2C 2D 2E 3A 4A 4B 6A
oh)  |CHl
la 6
2a 2 8 8 4 24
3a 3
xXGDg)| 8 4 0 0 0 0 2 0 0 0
Table 9.2: Fusion of D, into G
1Cq 48 8 16 16 8 48 6 8 8 6
o(g) 1A 2A 2B 2C 2D 2E 3A 4A 4B 6A
o(h)  |CH]
la 4 [12]
2a 4 4 4 2 12
2b 4 2 4 2 12
2c 4 2 4 4 12
xGDy| 12 2 0 4 2 0 0 0 0 0
Table 9.3: Fusion of Dg into GG
ICol [4 8 16 16 8 48 6 8 8 6
o(g) |1A 2A 2B 2C 2D 2E 3A 4A 4B 6A
o(h)  |CH]
la 8 @
2a 4 4 4 12
2b 8 1 2 1 6
2 4 2 4 2 12
4a 4 2
xXGDg)y[ 6 2 2 4 2 0 0 0 2 0
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We proceed to express these permutation characters in terms of the irreducible characters of
G. Let x; € Irr(G). We restrict the characters of G to the characters of D,, and then compute
the respective inner products. The values of these inner products will in turn enable us to
determine the constituents of the respective permutation characters.

Table 9.4: Values of the inner product (x;, [rr(D,)

X1 X2 X3 X4 Xs Xe X7 X8 X9 Xi0
Oaodrr(Dg)y | T 1 0 0 0 0 0 1 1 0
(xo, Irr(Dy))| 10 0 0 0 1 0 1 1 1
(xo,Irr(Dg)) | 10 0 0 O 1 0 0 1 0
xo,x(GINY[ 3 1 0 0 0 2 0 2 3 1

Thus the respective permutation characters in terms of Irr(G) are

X(G|Dg) = x1 + X2 + X8 + Xo

X(G|Dy) = x1+ X6 + X5 + Xo + X10
and

X(G|Ds) = x1 + X6 + Xo-

The character tables of Dy, Dg, Dg and G are in Section 9.4.

9.3 The conjugacy classes of G

In Section 9.2 we had that the action of G on N yields orbits of lengths 1, 8, 12 and 6. These
corresponding to the point stabilizers G, Dg, Dy and Dy respectively. Let Ign be the identity
character of D,, induced to G and expressed in terms of Ir7(G). Let x(G|N) be the permutation
character when G acts on N. Then

X(GIN) =1+ I, + If, +If,
=x1+(x1+x2+xs+x0)+ (xa+ X6+ xs+ xo+ X10) + (X1 + X6 + Xo)

=4x1 + X2 + 2x6 + 2x8 + 3X9 + X10

where x; € Irr(G). Alternatively, we can obtain x(G|N) directly from the last row of Table 9.4
above. This permutation character is then used to compute the number of fixed points, the k
values, when ¢ € G is acting on N.
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Table 9.5: Fixed points of the action of G on N
ICql | 48 8 16 16 8 48 6 8 8 6
o(g) | 1A 2A 2B 2C 2D 2E 3A 4A 4B 6A
k 2r 9 3 9 3 1 3 1 3 1

We proceed to compute the conjugacy classes of G using the coset analysis. Since G is a
semidirect product, we analyse the coset Ng, where g is a class representative of G and G =
U sec Vg. This also entails computing the centralizer sizes and orders of the new classes. We use

|Ca(z)| = w for the centralizer sizes, where f; of the k blocks of the coset Ng have fused

together to form a new orbit €2;. The orbit lengths are given by |2;| = % This enables us to
calculate the f;-values for each class representative g € G. Let us consider the class 24 € G.
From Table 9.5 above, the permutation character value for this class is k = 9. Meaning that
under the action of g on N we have 9 fixed points. It also means that after the action of /V,
by conjugation, the coset Ng splits into 9 orbits. Each orbit length is % = %7 = 3. We note,
using GAP, that the action of the centralizer C(g) on these orbits yields 4 orbits of lengths
1] = 3, |Qa] = 12, |Q3] = 6 and |Q4] = 6. The corresponding f-values are f; = 1, fo = 4,
f3 =2 and f; = 2. This means that 4, 2 and 2 of the original 9 orbits have fused together to
form the orbits {25, 23 and €14, respectively. These f-values satisfy Zj‘zl fi = k. So this class
produces 4 classes of G. Programme A in [15] is used to calculate the rest of the f-values and

the orders of the new classes of G. For this class we have

k[Calg)l _9-8

|Ca(z1)| = I =72 [z1] = 24

Calen) = LB 2805 oy~ 64
2

Coleg) = N0 55 - on
3

(Catan)| = AN 98 g6 04 = 60
Ja 2

The complete list of the conjugacy classes of G is contained in Table 9.6 below. This table also
contains the m; = % values to aid with the construction of the Fischer matrices in Section

9.5.
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Table 9.6: The conjugacy classes of G

Yle | k| fi | mi||Ca(9)l | |Ca()] | |l2]] | [2lg
A (27 1 [ 1] 48 1296 | 1 | 1A
8 |8 162 | 8 | 3A
12 | 12 108 | 12 | 3B
6| 6 216 | 6 | 3C
2A [ 913 8 72 |18 | 2A
416 18 | 72 | 6A
2 |12 36 | 36 | 6B
2 | 6 36 | 36 | 6C
2B [ 3 [ 1] 9] 16 48 | 27 | 2B
2 |18 24 | 54 | 6D
2C [ 9 [ 1] 3] 16 144 | 9 |20
4112 36 | 36 | 6E
4] 12 36 | 36 | 6F
2D [ 3| 1| 9 8 24 | 54 | 2D
2 | 18 12 | 108 | 6G
O | 1| 1 |27| 48 48 | 27 | 2E
3A [ 319 6 18 | 723D
2 |18 9 | 144 | 9A
AN 11 27| 8 8 | 162 | 4A
B3]1]9 8 24 | 54 | 4B
2 |18 12 | 108 | 12A
6A [ 1] 1]27| 6 6 | 216 | 6H
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9.4 Inertia factor groups of G

In Section 9.2 we had that the action of G on N yielded 4 orbits. In turn, due to Brauer’s
Theorem, when G acts on Irr(N) we again have 4 orbits. From Remark 4.3.14 we have that
the inertia factor groups of the latter action are isomorphic to Hy = G, Hy = 3:GO(1,3),
H; = GO'(2,3) and Hy = GO~ (2,3). We mentioned in Section 9.2 that these inertia factor
groups are isomorphic to the point stabilizers of the action of G on N. In that section we also
dealt with the fusions of these inertia factor groups into G and their respective permutation
characters. These fusion maps will play a crucial role in the computation of the Fischer matrices
in Section 9.5 and the construction of the character table of G in Section 9.6.

We list below the character tables of the inertia factor groups.

Table 9.7: Character Table of Dg

Co ] 6 2 3
o(j) | la 2a 3a
vl 1 1 1
Yo | 1 -1 1
s | 2 0 -1

Table 9.8: Character Table of D,

ICp| 4 4 4 4
o(k) | la 2a 2b 2c
i |1 1 1 1
Yo |1 -1 1 -
s | 1 1 -1 -1
Ya |1 -1 -1 1

Table 9.9: Character Table of Dg

ICol] 8 4 8 4 4
o(l) |la 2a 2b 2c¢ 4a
Y1 1 1 1 1 1

Yo | 1 -1 1 -1 1
yvs |1 1 1 -1 -1
ya |1 -1 1 1 4
vs | 2 0 2 0 0
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Table 9.10: Character Table of G

ICo[ 48 8 16 16 8 48 6 8 8 6
o(g) | la 2a 2b 2c 2d 2 3a 4a 4b 6a
X1 11 1 1 1 1 1 1 1 1
X2 111 1 -1 -1 -1 1 1 -1 -1
X3 1 -1r 1 -1 1 -1 1 -1 1 -1
X4 1 -r 1 1 -1 1 1 -1 -1 1
X5 2 0 2 -2 0 -2 -1 0 0 1
X6 2 0 2 2 0 2 -1 0 0 -1
X7 3 -1 -1 -1 -1 3 0 1 1 0
X8 3 1 -1 -1 1 3 0 -1 -1 0
X9 3 1 -1 1 -1 -3 0 -1 1 0
X10 3 -1 -1 1 1 -3 0 1 -1 0

9.5 Fischer matrices of G

In this section we compute the Fischer matrices of G. We recall that the Fischer matrix at the
identity class 1A is the matrix with rows equal to orbit sums of the action of G on Irr(N) with
duplicate columns discarded. This action yields

1 1r 1 1 1 1 1 1 1 1 1 1
2 3 3 -3 -3 -3 0O O o0 3 3 3
s -1 -1 2 2 2 -4 -4 -4 -1 -1 -1
6 -3 -3 0 O o0 3 3 3 -3 -3 -3

4x27

After discarding the repeated columns we rearrange the columns such that they align with the
f-values and the orders of centralizers in Table 9.6 above. We also arrange the rows in blocks
such that they coincide with the fusions of the classes of the inertia factor groups into the
classes of G. According to the fusion maps in Section 9.2, the Fischer matrix M (1A) will have
4 blocks and 4 rows. Ultimately we have the following Fischer matrix at the identity class.

Table 9.11: Fischer matrix at 1A

F; = M(1A) Ti1 T2 T13 T4
o xlj) 1 3 3 3
=Em] 1206 168 108 216
(k,m) |(2Hk(x1knﬂ|

1,1 18 T 1 1 1
2.1) 6 8 -1 2 -4
3.1 1 2 3 3 0
1) 8 6 -3 0 3
mi; 1 8 12 6
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The Fischer matrices from non-identity classes can be deduced from the character table of the
quotient N/M, where M = {mgm~'g~' : m € N} and [N:M] = k. Here k has the same
meaning as in the coset analysis. That is k is the number of fixed points when g € G acts on
N. These Fischer matrices are square matrices with rows equal to the orbit sums of the action
of the centralizer C¢ on Irr(N/M). This action is equivalent to the action of Cg on the orbits
of the action of N on Ng. Let us consider the class 2A for demonstration. For this class k =9
and thus |M| = 3. The class representatives in the character table of N/M are

la, 3a, 3b, 3¢, 3d, 3e, 3f, 3g, 3h.

From the coset analysis process, Table 9.6, we note that this class produces 4 classes of G. In
the same table we note that the action of N on Ng produced 9 orbits. Since f; = 1, fy = 4,
f3 =2 and f4 = 2, this means that after the action of C on these orbits some fused together
to ultimately have 4 orbits. This then means that the size of the Fischer matrix corresponding
to this class will be a 4 x 4 matrix. The action of Cg on Irr(N/M) yields the following table
with entries which are orbit sums of the irreducible characters,

1 > 1r1 1 1 1 1 1 1 1 1
1 24 1 1 -2 -2 =2 1 =2 =2
-1 22 -1 -1 -1 -1 2 -1 2 2
-1 -12 -1 -1 2 2 -1 -1 -1 -1

N DN =~ —

4Ax27

We then delete repeated columns to have the following table,

1 1 1 1

, e 1 —2 =2
M=19 1 o
2 —1 -1 2

Thereafter we rearrange the remaining columns such that they align with the f-values and
centralizer orders in Table 9.6 above. According to the properties of Fischer matrices, the
entries of the first column must satisfy |Cy, (24):Cy,(2a)|, i € {1,2,3,4}, since N is elementary
abelian. This means the first column of M’ above will be the first column of the desired Fischer
matrix M (2A) from this class. It is also clear that the second column of M’ corresponds to the
class 6A and thus forms the second column of M (2A). There is a dispute regarding columns
3 and 4 of M'. To resolve this dispute we utilize the congruency relation x(g) = x(g*) mod p
and the power maps of G. The power maps of G are listed in Table 9.14, the character table
of G. In that table we have (6B)? = 3C meaning x(3C) = x(6B) mod 2. Now if we suppose
that column 3 of M’ corresponds to the class 6C then the above congruency relation yields
0 = +1 mod 2 and 3 = £2 mod 2 in the blocks corresponding to the inertia factor groups Hj
and H, respectively, in Table 9.14. This is a contradiction. Thus we conclude that columns 3
and 4 correspond to the classes 6B and 6C respectively. Lastly we arrange the rows in blocks
such that they coincide with the fusions of the classes of the inertia factor groups into the
classes of G. According to the fusion maps in Section 9.2, the Fischer matrix M (2A) will have
4 blocks and 4 rows. Ultimately for this class we have the following Fischer matrix.
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Table 9.12: Fischer matrix at 2A

Fy = M(2A) T21 T22 T23 X24
o(x2;) 2 6 6 6
|Ca(x2;)] 72 18 36 36
(k,m) \Crr,, (T2km)]

(1,1) 8 11 1 1
(2,1) 2 4 1 2 =2
(3.1) 4 2 -1 2 -1
(4,1) 1 2 -1 -1 2
ma; 3 12 6 6

Table 9.13: Fischer matrices of G

We note that for this class the Fischer matrix M (2A) coincides with M’ above. In general this
is not always the case. We remark that in cases where there is no fusion of classes during the
coset analysis, that is, Cg fixes the character table of N/M, then the resulting Fischer matrix
will be exactly the character table of N/M. In the event that |M| = |N| then the corresponding
Fischer matrix will be the 1 x 1 matrix [1]. We use Programmes C and D in [15] to compute
all the Fischer matrices of G in Table 9.13 below.

Fy=M(1A) T11 T12 13 Ti4
o(z1) 1 3 3 3
|Ca(x1;)] 1296 168 108 216
(k,m) Chy, (% 1km) |

(1,1) 48 11 1 1
2,1) 6 8 -1 2 4
(3,1) 4 12 3 -3 0
(4,1) 8 6 -3 0 3
my; 1 8 12 6
Fy = M(2A) T21  T22 T23 T24
o(x2;) 2 6 6 6
|Co(wa,)] 72 18 36 36
(kv m) ‘CHk (.%'kaﬂ

(1,1) 8 T 1 1 1
2,1) 2 4 1 2 2
(3,1 1 2 -1 2 -1
(4,1) 1 2 1 1 2
My, 3 12 6 6
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Table 9.13: Fischer matrices of G

Fs = M(2B) xr31  T32
o(x3;) 2 6
|C§(l‘3j)| 48 24
(k,m) |Cu,, (238m)|

(1, 1) 16 1 1
(4,1) 4 4 -1
ms; 9 18
Fs = M(2D) T51 T52
0(1’5]‘) 2 6
[Cales))| 24 12
(k,m) |Cr,, (T58m)|

(1, 1) 8 1 1
(3, 1) 4 2 -1
m5j 9 18
F; = M(3A) T71  X72
o(z7;) 3 9
|Calzr))| 18 9
(k,m) |Ch, (27|

(1,1) 6 1 1
(2, 1) 3 2 -1
my; 9 18
Fg = M (4B) T91 92
o(x9;) 4 12
[Ca(zo)) 24 12
(k,m) |Cu,, (T9km)|

(1,1) 8 1 1
(4,1) 4 2 -1
moj 9 18

Fy = M(20) T4l Ta2 T43
0(x4j) 2 6 6
[Cq(4))] 144 36 36
(k, m) [Crty @arom)|
(1,1) 16 1 1 1
(3,1) 4 41 =2
(4,1) 1 4 2 1
my; 3 12 12
Fg = M(2FE) T6.1
o(ze;) 2
|Cq(6;)| 48
(ka m) ‘CH]C (:L'ka”
(1,1) 48 1
me; 27
Fg = M(4A) €8 1
O(l'gj) 4
[Calxs))| 8
(k,m) [Cir, (@siom)|
(1,1) 8 1
mej 27
FlO - M(GA) Z10,1
O(CL‘loj) 6
|Ca(w105)] 6
(k,m) |Cr (T108m) |
(1,1) 6 1
mioj 27
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9.6 The character table of G

The character table of G is constructed using the Clifford-Fischer Theory. This technique
entails utilizing the Fischer matrices of G together with the character tables of the inertia factor
groups. This technique also requires that the irreducible characters of N < G be extendable
to the inertia groups. Now since N is elementary abelian and G is a semidirect product of N

by G, then the Irr(N) are extendable to the inertia groups. We also know that the Irr(G) are
given by

t

Irr(G) = U{(ﬂ@)a | B € Irr(H;), N € ker(B)},

=1

where H; is an inertia group and H; = H,;/N is an inertia factor group. This implies that the
character table of G will be divided into blocks B, ; corresponding to the 4 inertia factor groups
H; and the 10 conjugacy classes of G. That is 1 < ¢ < 4 and 1 < j < 10. The block B, ;
is formed by multiplying the relevant columns of the character table of H; by the rows of the
Fischer matrix M (g) corresponding to the classes of H; that fuse to the class [¢] € G. If H;
does not contribute to M (g) then the block B;; will have zeroes. The character tables of the
inertia factor groups are given in Section 9.4. The fusion maps are discussed in Section 9.2.

Table 9.14 below is the full character table of G. Its consistency and accuracy were tested
using Programme E. This table also contains power maps of G which were computed using
Programmes A and B. The above-mentioned programmes can be found in [15].
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Table 9.14: Character Table of G

2B

24
1A 3C

48

2A

18 36 36
3A 3C 3B

72

1A

2A | 2B 2B

2A

1A
3A

3C|2A 6A 6B 6C | 2B 6D

3B

1A

1296 162 108 216

1A
1A

3B 3C
1A

3A
1A

1A | 2A 2A

16
12
12
12
12

12

[]

Cal)]

2P
3P
X1

X2
X3
X4
X5
X6
X7
X8
X9
X10
X11
X12

X13

X14

X15

X16

X17
X18
X19
X20
X21

X22
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Table 9.14: Character Table of GG - continued

a A H OO A A O OO0 OO |H A —A—AO
A /M
2164 1 1 1 1 [
—
(@] oA A A H O O OO H A0 O OO OO oo
| I | | I |
D S N
—
o9 MmAlVN " oo -~ d400Oo|H - H0 OO0 OO
6132 | 1 | 1 | |
L OlOIIF—~ " " N A - 4000 AN N[ — — — O
6332 [ I | I [ I | || [ |
QEgERI" T T AT T e eS| m g A A q o
(@] (@]
C4AC1111221111000444444440
2412 [ | I [ | [ | LI |
—
o
— | R Ol 4/ N M F O © I~ 0 oo O —H O
> /I\PP1234567891111111111222
[h&c23 Kxxmx=x=x=x=xDLD LD RRRRRRR R R
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According to Theorem 4.3.12, the degrees of the Irr(G) are the degrees of Irr(G), the degrees
of I'rr(Hy) multiplied by 32272 —1 = 8, the degrees of Irr(Hz) multiplied by 3*271(3271 +1) = 12
and the degrees of Irr(H;) multiplied by 3*71(3*! — 1) = 6.

9.7 Fusion of G into GO(5,3)

We conclude this chapter with the fusion of the affine subgroup G into the full orthogonal group

GO(5,3). Let [z] and [y] be the conjugacy classes of G and GO(5, 3) respectively. We construct

IC(y)|
|C ()|

with o(z) = o(y). In this process we also employ the permutation character of GO(5,3) on the
cosets of G in GO(5,3) together with the respective power maps. We use GAP to compute
the permutation character v = x(GO(5,3)|G). The values of 7 are listed in the last row of the
partial fusion table. This is Table 9.16 but without considering the boxes around the entries.
We use the values of v and v¢; € Irr(GO(5,3)) to express v in terms of Irr(GO(5,3)). We
compute the inner products (¢;,7), for 1 < i < 50, to determine the constituents of v. This
method yields

the partial fusion table by considering the divisibility of the respective centralizer sizes

x(GO(5, 3)\6) = 1 + V1o + Y14 + og + U,
in terms of the Irr(GO(5,3)).

The power maps aid in the fusion process in the following manner. Suppose that [z1] and [z2]
are conjugacy classes of G such that 2} € [x,] for some prime p. And suppose that [y;] and [ys]
are conjugacy classes of GO(5,3) such that y} € [y2]. Now [z2] fuses to [ye] if and only if [x]
fuses to [y1]. The irreducible characters and power maps of GO(5,3) are found in Table A.2,
the character table of GO(5, 3), in the appendix.

It is clear from the partial fusion that the classes 34, 3B, 3C and 3D of G fuse, respectively,
to the classes 3¢, 3b, 3a and 3b in GO(5, 3). We note that the class 2B, and likewise the class
2F, of G fuse either into the class 2b or 2f of GO(5,3). In Table 9.14, the character table of
G, the power maps yield the following: (4B)? = 2B, (6D)* = 2B and (6H)? = 2E. In the
partial fusion we note that the classes 4B, 6D and 6H fuse to the classes 4a, 6¢ and 6h in
GO(5, 3) respectively. We further note that the power maps in the character table of GO(5, 3),
yvield the following: (4a)? = 2b, (6¢)® = 2b and (6h)> = 2f. Thus the classes 2B and 2F fuse
to the classes 2b and 2f respectively in GO(5,3). However, this method of using indices, the
permutation character and power maps does not give us the suitable candidate for the class 6B
in G. According to the partial fusion, the class 6B either fuses to the class 6f or 6/ or 60 or
6p in GO(5,3). Therefore to complete the fusion we employ the method of set intersections for
characters which we outline below.

Let p be the character afforded by the regular representation of G'. It then follows p = 2_321 e;;
where ¢; € Irr(G) and e; = deg(¢;). That is p can be viewed as the character of G which
contains 3% in its kernel such that

p(g)z{ l)G| g €3

otherwise
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If ¢ is a character of GO(5, 3) then

(o, 1) = |—g|{p<m>w<m> T 8p(3A4)6(34) + 12p(3B)y/(3B) + 6p(3C)%(30)}

- é{IGI@D(lA) + 8|GI(34) + 12|G1(3B) + 6|GI(3C)}

_ 217{¢(1A) +81(34) + 120(3B) + 6v(3C)}

= <w\LN7 7-1>

where 1)) 5 is the restriction of 1 to 3% and 7; is the identity character of 33. We note that for
1) we have that
’QD\LN = a191 + a202 + CL393 + &494

where for i € {1,2,3,4}, 6; are sums of the Irr(3%) which are in one orbit under the action of
G on Irr(3?*), and a; € {0} UN. Let 7; € Irr(3?®) for j € {1,2,3,---,27}. We know that under
the action of G on Irr(3%) we have orbits of lengths 1, 8, 12 and 6. We have that

01 =T and deg(@l) = 1,

9
0y = ZTJ' and  deg(fy) = 8,
j=2

21
05 = Z 7; and deg(fs) = 12,

j=10

27
0, = Z 7; and  deg(fy) = 6.

j=22
Then
9 21 27
wiN:mﬁ%—ag E Tj+a3 E Tj+a4 E T;
=2 =10 j=22
and

(¥, dly) = af + 8a3 + 1243 + 6aj.
It follows that a; = (Y, 71) = (p, V) and that

iy, vly) = 2—17 P(1A)P(1A) + 89 (3A)Y(34) + 12¢(3B)¢(3B) + 6¢(3C)(3C) |-

Now consider v, 15 and 1)y, the Irr(GO(5,3)) of degrees 1, 6 and 10 respectively. The values
of 1; and y; are in Table A.2 in the appendix and Table 9.14, respectively. For 1)y we have

o = (p, o) = 217 (1480 + 1200) + 6(1)] = 1.
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As the degree of 15 is 1 we have
ay + 8&2 + 12&3 + 6&4 =1.

This implies ay = 0 = a3 = a4. Thus the restriction (1)2)5 is expressible as a character of degree
1 from the first block of the character table of G corresponding to the first inertia factor group
H,. Considering the predetermined partial fusion of G into GO(5,3) and the character tables
of G and GO(5,3), we deduce that

(V2)5 = x4

For v¢5 we have

a1 = (p, Y5)g = 2—17 6 +8(—3) +12(0) + 6(3)| = 0.

As the degree of 15 is 6 we have
a; + 8@2 + 12@3 + 6CL4 = 0.

This implies ay = 0 = a3 and a4 = 1. Thus the restriction (¢5)z is expressible as a character of
degree 6 from the fourth block of the character table of G corresponding to the fourth inertia
factor group H,. Considering the predetermined partial fusion of G into GO(5,3) and the

character tables of G and GO(5, 3), we deduce that

(%)é = X19-

For 19 we have

ar = (p, o) = 2i7 10+ 8(1) + 12(4) + 6(~2) = 2.

Since the degree of ¥g is 10 we have
ay + 8as + 12a3 + 6a4 = 10.

This implies as = 1 and a3 = a4 = 0. Thus the restriction (9)g is expressible as a sum of
characters of degree 2 from the first block and of degree 8 from the second block of the character
table of G corresponding to the first and second inertia factor groups H; and H,. Once more,
considering the predetermined partial fusion of G into GO(5,3) and the character tables of G
and GO(5,3), we deduce that

(Y9)z = x3 + X4 + Xa2-

We mentioned earlier that the class 6B of G either fuses to the class 6f or 61 or 60 or 6p in
GO(5,3). We now apply the above method to choose the suitable candidate for 6 B. In Table
9.15 below we list the values of 19, 15 and 19 from the character table of GO(5, 3).
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Table 9.15: Values of ¢; in GO(5, 3)
6f 61 6o O6p

Degree ;
1 Yo | -1 1 1 -1
6 vs | -2 -1 2 1
10 P9 | O 0 O

In the character table of G’ we obtain the following values for the restrictions (1;)a:

(V2)q(6B) = —1,

(¢5)g(6B) =1

and
(9)g(6B) = 0.

Comparing the values of ¢; and (¢;)z above, we conclude that the class 6B of G fuses into the
class 6p of GO(5,3).

The values of 1, ¥5 and 1y on the classes of GO(5,3) and the values of the restrictions (),
(15)z and (1g)z on the classes of G together with the predetermined fusion enables us to
complete the fusion of G into GO(5, 3). The complete fusion results are contained in Table 9.16
below. In Table 9.17 we provide the summary of these fusion results.

Table 9.16: The fusion of G into GO(5, 3)

[y] la 2a 2b 2c 2d 2e 2f 29  2h 2i
[Cao.s(y)] | 103680 103680 384 384 2304 2304 192 192 2880 2880
[z] |Ca()]
1A 1296
24 72 1440 32 40 40
2B 48 2160 8§ 48 48 4 4 60 60
20 144 720 16 16 20
2D 24 4320 16 16 96 96 8 120 120
2F 48 2160 8 8 48 48 4 60 60
I | X(GO(5,3)|G) | 80 0 8 0 32 0 4 8 20 0 |
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Table 9.16: The fusion of G into GO(5,3) - continued

[y] 3a  3b 3c 4da 4b  4c  4d  de Af 49 4k
[Caoss ()] | 432 216 1296 192 192 192 192 32 32 64 64
[] [Ca(@)]
34 162
3B 108 4 12
3C 216 16
3D 18 24 72
4A 8 24
AB 24
I | X(GO(,3)G) | 2 14 8 8 0 0 0 4 0 0 0]
Table 9.16: The fusion of G into GO(5, 3) - continued
[y] 6c 6f 69 6h 6k 61 60 6p 9a 12a
[Coons W) | 48 72 24 24 144 72 72 72 18 24
[] [Ca(2)]
6A 18 4 4 4 4
6B 36 2 4 2 2
6C 36 4 2 2 2
6D 24 3 1 1 6 3 3 3
6E 36 2 4 2 2
6F 36 2 4 2 2
6G 12 4 6 2 12 6 6 6
6H 6 8§ 12 4 24 12 12 12
9A 9
124 12
I [ x(GOG,3)G) [ 2 2 2 4 8 2 2 2 2 2 |

Table 9.17: The fusion of G into GO(5, 3)

G — GOKB3Y || G — GO(5,3)
1A la 4B 4a
24 2d 6A 6k
2B 2b 6B 6p
2C 2h 6C 6f
2D 29 6D 6c
2F 2f 6F 60
3A 3c 6F 61
3B 3B 6G 6g
3C 3A 6H 6h
3D 3b 9A 9a
4A 4e 12A 12a
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10

The affine subgroup 2.™:GU(2,4) of the general unitary
group GU (4,4)

The affine subgroup of the general unitary group GU(2n, ¢*) has the form N:GU(2n — 2, ¢?),
where N is a group of order ¢**~3. In this chapter we consider the case n=¢=2 with G =
N:GU(2,4) as the affine subgroup of GU (4, 4), where N is a non-abelian group of order 2°. Let
V' be the 4-dimensional unitary space over [F with basis {e1, e, €3, €4} which satisfies (e;, €;) =
d(i,2n + 1 —j) for i < j. The group GU(4,4) acts transitively on the set of non-zero isotropic
vectors of V. The order of GU(4,4) is 77760. The affine subgroup G is a stabilizer of a non-zero
isotropic vector in V. The order of G is 576 and is of index |GU (4,4):G| = (2%2—1)(22271+1) =
135 in GU(4,4). That is there are 135 non-zero isotropic vectors in V. The non-abelian group
N = 21" is a special 2-group since the centre Z(N), the derived subgroup N’ and the Frattini
subgroup ®(N) coincide and are elementary abelian by Definition 4.4.7. In Lemma 4.4.12 it
is proved that G is a semidirect product of a special 2-group N and a group isomorphic to
G = GU(2,4). We note that |Z(N)| = 2. Moreover, the quotient N/Z(N) is an elementary
abelian 2-group of order 2* = 16. This quotient can also be regarded as a vector space over F.
This implies that N is an extra special 2-group, by Definition 4.4.7. We further determine, by
Remark 4.4.8 and using GAP, that the quadratic form associated with N is of type +. Thus
N = 217 and therefore G = 21t*:GU (2, 4). In Section 10.1 we use GAP to construct the groups
N and G inside G and then determine their respective generators in terms of 4 x 4 matrices with
entries in F. We discuss the structure of the 17 conjugacy classes of N in Section 10.2. The coset
analysis technique is used in Section 10.3 to determine the conjugacy classes of G. In Section
10.4 we consider the action of G on Irr(NN). This action yields 4 orbits of lengths 1, 1, 9 and 6
with corresponding inertia factor groups isomorphic to G, GG, Cy and C5. We include also the
full inertia groups. The Fischer matrices of G are computed in Section 10.5. A slightly different
method from previous groups is used since in this group NV is not elementary abelian. We then
construct the character table of G in Section 10.6. Again here a slightly different approach is
used, based on Theorem 3.1.15 and the fact that the Schur multiplier of G is trivial, to show
that the Irr(N) are extendable to the inertia groups. This is a necessary condition to employ
the Clifford-Fischer Theory to construct the character tables of group extensions. We conclude
this chapter with the fusion of the affine subgroup G into the general unitary group GU (4, 4)
in Section 10.7.
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10.1 The construction of N and G in GU(4,4)

We construct the groups N and G in terms of 4 X 4 matrices with entries in F inside GU (4, 4)
since the affine subgroup G=N:G sits in GU(4,4). In the introduction we have that |GU (4, 4):G| =
135. We use GAP to analyse the subgroups of index 135 in GU(4,4). We observe that there
are 5 of these subgroups. Each of these has one normal subgroup of order 32. We further note
that all these normal subgroups are non-abelian. We require by Lemma 4.4.12 that the normal
subgroup N be a special 2-group. Our investigations show that all the above normal subgroups
are in fact extra special 2-groups. We then proceed to compute their respective complements
in G. We require that the complement be isomorphic to G. We know that G has 9 conjugacy
classes, |G| = 18 and that the structure description of G is C5 x S3. One of the 5 candidates has
a complement that has 18 conjugacy classes and a structure description Cg x C3 and thus not
isomorphic to G. The complements of the other 4 candidates are isomorphic to GG. In Section
10.4 we have that G has 4 inertia factor groups, H, = G, Hy = G, H3 = Cy and Hy = C5. And
also in Section 10.6 we have that |Irr(Hy)| =9, |Irr(Hs)| = 9, |Irr(Hs)| = 2 and |Irr(Hy)| = 3.
This implies that G has 23 conjugacy classes. We note that one of the last 4 candidates yields
a semidirect product that has 48 conjugacy classes. The last three candidates yield semidirect
products that have 23 conjugacy classes as required. We further note that latter semidirect
products are isomorphic. We therefore choose the groups N and G from one of these semidirect
products. Let z be a generator of F*. The generators of N are

1 z 2 0
220 1 22
dy = 221 0 22|

0 z 2z 1

z 221 1

2 9z 1 1

dp = 0 0 22 z |’

0 0 2z 22
0100
1 000

B=10001]
0010
0001
0010
=101 0 0
1 000
and
0111
1 011
=111 01"

1 110

237



The generators of GG are

1 22 22 0
0= 1 z 0 22
10 0 =z 22 |°

0 0 0 1

1 011
b— 01 11

0010

0 0 01

and

1101

01 11
CcC =

01 00

KO 0 0 1

with o(a) = 3, o(b) = 2 and o(c) = 3.

10.2 Conjugacy classes of N

The group N has 2* +2 — 1 = 17 conjugacy classes by Lemma 4.4.10. It has elements of
orders 1,2 and 4 since its exponent is 4. It has 1 central involution ¢ and several non-central
involutions. For n € N, the conjugacy class [n] is contained in the coset nN’. This implies
[[n]] < InN'| = |N’| = 2. It then follows that |[n]| = 1 or |[n]| = 2 for all n € N. We note that
0 € Z(N) and therefore the order of its centralizer |Cy(d)| = |N| = 32. This then means that
|[6]] = 1. Let ¢ and d be class representatives of a conjugacy class of a non-central involution
and an element of order 4 in N, respectively. We note that |Cy(c)| = 2* = |Cy(d)|. Tt then
follows that |[c]| = 2 = |[d]]. Since N is of the type 21", it has 2* — 22 = 12 elements of order
4 by Remark 4.4.9. This means N has 6 conjugacy classes of elements of order 4. Therefore N
must have 9 conjugacy classes of non-central involutions. We summarize these details in Table
10.1 below. Thereafter we provide the character table of N in Table 10.2.

Table 10.1: Conjugacy Classes of N

[n] | o(n) | |[n]| | Number of conjugacy classes [n| | Number of elements
] | I | 1 1 1

o] | 2 | 1 1 1

] 2 2 9 18

d | 4 | 2 6 12
Total 17 32
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Table 10.2: Character Table of NV

16
Af

2c

16

2c

16

4d | 4e
2c

16

2c

16

2c

16

4a | 4b | 4c

2c

16
2

la

16

21
la

16

la

16

la

16

2f | 2g | 2h

la

16

la

16

2d | 2e
la

la

16 | 32

la

16

la

32

la | 2a | 2b | 2¢

la

[Cn(n)]

o(n)

2P
X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

X11

X12

X13

X14

X15

X16

X17
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10.3 Conjugacy classes of G

We employ the coset analysis technique to determine the conjugacy classes of G. We first
analyse the identity coset N1g. The action of N on this coset produces 17 conjugacy classes of
N. The conjugacy classes of N are discussed in Section 10.2 above. We then act the centralizer
Cs(1g) on these classes. This action fuses the non-central involutions into a single orbit of
length 18. Likewise, the elements of order 4 fuse together to form a single orbit of length 12.
The identity and the central involution classes are left invariant, respectively. This means the
action of G on N yields 4 orbits. That is, the class 1¢ produces 4 classes of G of sizes 1, 1,
18 and 12. The point stabilizers in G are G, G, 2*:Cy and 2*:Cs, respectively. We apply this
process to the rest of the 8 class representatives of G to obtain 23 conjugacy classes of G.

Table 10.3: The conjugacy classes of G

[gle [ 1Ce()] [ 1]l | [Ca@)l | 2l
1A 18 1 576 1A
1 576 2A
18 32 2B
12 48 4A
2A 6 12 48 2C
12 48 2D
72 8 4B
3A 9 32 18 3A
32 18 6A
3B 9 8 72 3B
8 72 6B
48 12 12A
3C 9 8 72 3C
8 72 6C
48 12 12B
3D 18 16 36 3D
16 36 6D
3E 18 16 36 3FE
16 36 6F
6A 6 48 12 6F
48 12 6G
6B 6 48 12 6H
48 12 61
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10.4 Inertia factor groups of G

In Section 10.3 we have that the action of G on N has 4 orbits. Thus due to Brauer’s Theorem
the action of G on Irr(N) will also have 4 orbits. By Lemma 4.4.10 the normal subgroup N
has 2* +2 —1 = 17 irreducible characters. It has 2* = 16 linear characters and 2 —1 = 1 unique
faithful irreducible character of degree 22 = 4. From Remark 4.4.16 we have that the orbits on
the set of linear characters of NV are of lengths 1, 9 and 6. There is 2 — 1 = 1 orbit of length
6. These orbits correspond to the inertia factor groups G, Cy and GU(1,4) = Cs, where C5 is
isomorphic to the affine subgroup of G. Let 6 be the unique faithful character. In Table 10.2,
6 = x17. We note that the values of § are 0(1y) = 4, 6(6) = 0(2¢) = —4 and 6(r) = 0 for all
r € N —{ly,0}. The action of G on Irr(N) leaves the faithful character 6 invariant. That is
the resulting orbit is of length 1. Hence the corresponding inertia factor group is isomorphic
to G. Therefore G has 4 inertia factor groups H; = G, Hy = G, Hy = Cy and Hy = C5. We
provide below the fusions of these inertia factor groups into G' and thereafter their character
tables. Note that the full inertia groups are N:Hy, N:Hy, N:H3 and N:Hy, respectively.

Table 10.4: Fusion of Cy into G
|Cql ¥ 6 9 9 9 18 18 6 6
o(g) 1A 2A 3A 3B 3C 3D 3E 6A 6B
o(h)  |CHl
la 2 9]
2a 2
3

X(G|Ca) | 9

Table 10.5: Fusion of C3 into G

Cel 18 6 9 9 9 18 18 6 6
o(g) 1A 2A 3A 3B 3C 3D 3E GA 6B

o(h)  |CHl

la 3 6]

3a 3 3 3 6 6

3b 3 3 3 6 6
xGCy 6 0 0 3 3 0 0 0 0
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Table 10.6: Character table of Cy

Table 10.7: Character table of Cs

Table 10.8: Character table of G

Cel | 2] 2
o(g) | la | 2a
2P | la | la
X1 11
X2 1] -1

ICql | 3] 3] 3
o(g) | la| 3a | 3b
3P | la| la| la
i | 1] 1] 1
X2 1| A| A
X3 1| A| A

ICa(g)| |18 6] 9| 9| 918 18| 6| 6
o(g) |la|2a|3a|3b| 3c|3d| 3e| 6a|6b
2P la|la|3a| 3c|3b| 3e|3d| 3e | 3d
3P la|2a|la|la| la| la| la| 2a| 2a
X1 1 1) 1} 1 1| 1 1| 1] 1
X2 (-1 1} 1| 1| 1| 1| -1] -1
X3 1|-1] 1|-A|-A|-A|-A| A| A
X4 1-1] 1|-A|-A|-A|-A| A]| A
X5 1| 1] 1|-A[-A|-A|-A|-A]|-A
X6 1| 1] 1|-A|-A|-A|-A|-A]-A
X7 20 0] -1 -1-1 2 2| 0] O
Xs 2| 0|-1| A| A| B| B| 0] 0
X9 2| 0|-1| A| A| B| B| 0] 0

\7vhereA:1_‘2/?3

and B = —1 — /=3.
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10.5 Fischer matrices of G

In this section we consider the computation of the Fischer matrices of G. Since G has 9
conjugacy classes then G will have 9 Fischer matrices corresponding to each class of G. The
size of each matrix can be deduced from the table of conjugacy classes of G, Table 10.3. The
class 1A produces 4 classes of G. Thus the Fischer matrix corresponding to this class is a 4 x 4
matrix. The identity classes of the inertia factor groups H,, H3z and Hy obviously fuse to the
class 1A of G. The fusion maps of these inertia factor groups are given in Section 10.4. Then
the general form of the Fischer matrix yields the following matrix:

Table 10.9: Fischer matrix from 1A

Fiy = M(1A) Ti1 T12 T13  T14
o(z15) 1 2 2 4
[C(as))] 576 576 32 48
(k,m) ‘CHk (T1%m)|

(L,1) 18 T 1 1 1
(2,1) 18 a d g J
3.1) 5 boe h k
(4,1) 3 c f i l

We remark that, since N is not elementary abelian, not all the properties and the orthogonality
relations are applicable in the computation of the Fischer matrices of G. For instance, the first
column does not come directly from the indices of the inertia factor groups in GG, which is the
case when N is elementary abelian. Instead we employ Lemma 3.4.1, Lemma 3.4.2 and Remark
3.4.3 to compute the first two columns and the second row of a Fischer matrix. By Lemma
3.4.2 the Fischer matrix from 14 will have b = e = 9 and ¢ = f = 6. According to Lemma
3.4.1, a is the square root of the modulus of the sum 149+6=16. That is, a € {+4, +4i}. We
know from Table 10.3 that this class produces 4 classes 14, 24, 2B and 4A of G. Since the
second and the third are classes of involutions, the inverses of the elements of 2A and 2B are
contained in 24 and 2B, respectively. We also note that the inverses of the elements of 44 lie in
4A. Then by Proposition 2.5.2, the entries of the portion of the character table corresponding
to this class will be real numbers. The character table of G is Table 10.13. This then means
that a € {—4,4}. The final choice a = 4 is chosen such that the fusion of the conjugacy classes
of G into GU(4,4) works. This fusion is discussed in Section 10.7. Now by Lemma 3.4.2 the
second row is given by [4 —4 0 0], that is, d = —4 and g = j = 0. This process yields the
following matrix:
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Table 10.10: Fischer matrix from 14

Fy = M(1A) r11 T1,2 1,3 T14
o(715) 1 2 2 4
|Ca(z1;)] 576 576 32 48
(kvm) ‘CH;C (xlkm)|

(1,1) 18 1 1 1 1
(2,1) 18 4 A4 0 0
(3,1) 2 9 9 h k
(4,1) 3 6 6 i I

At this stage, according to Remark 3.4.3, the number of unknowns of every m x m Fischer
matrix is reduced to m? —4m +4 = 4> — 4 -4+ 4 = 4 unknowns. We then use the column
orthogonality relations to compute the rest of the entries. The column orthogonality relations
of columns 1 and 3 yield:

18-1-1+18-4-04+2-9-h+3-6-i=0

and
18- 1240+2-h2+3-42=32
that is
1840+ 18h + 181 =0
and

18 4 0+ 2h% + 3i* = 32.
This gives h = 1 and 1 = —2.

Similarly, for columns 1 and 4 we have

184+ 0418k + 18l =0

and

18 4+ 04 2k* + 31° = 48
which give £ = —3 and [ = 2. Therefore the Fischer matrix from 1A is
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Table 10.11: Fischer matrix from 14

F; = M(1A) Ti,1 T12 P13 T14
o(z1;) I 2 2 4
[C(1)] 576 576 32 43
(k,m) \Cr,, (T1km)]

(1,1) 18 11 1 1
2.1) 18 4 4 0 0
(3,1) 2 9 9 1 -3
(4,1) 3 6 6 -2 2

We apply this technique to compute the rest of the Fischer matrices of G. These Fischer
matrices are listed in Table 10.12 below.

Table 10.12: Fischer matrices of G

Fl - M(1A> x1,1 €1,2 x1,3 T14

o(z1;) 1 2 2 4

|Ca(z1y)] 576 576 32 48

(k,m) Cr, (€ 11m)]

(1,1) 18 1 1 1 1

(2,1) 18 4 4 0 0

(3,1) 2 9 9 1 -3

(4,1) 3 6 6 -2 2
Fy = M(2A
0(21'21') - :E?’; xQ,; 5”2,2 Fs = M(34) 31 32
ol e s s
(k7m) ‘CH,C (chkm)| G\"9)
(1,1) 6 1 1 1 (k,m) 1Cry, (738m) |
(27 1) 6 9 (1,1) 9 11
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Table 10.12: Fischer matrices of G

Fy = M(3B) Ta1l T4 T3 Fs = M(3C) T51 Ts2 53
i 3 6 12 0 x5j) 3 6 12
72 72 12 |C§(aj5j)] 72 72 12
|CHk (x4km)| (ka m) ‘CHk ($5km)|
9 1 1 1 (1,1) 9 1 1 1
9 -2 (2,1) 9 -2 2
3 3 3 -1 4,1 3 3 3 -1
Fe¢ = M(3D) 6,1 T62 F; = M(3E) Tr1 T
; 3 6 o(x7j) 3 6
36 36 |C§(:L“7j)| 36 36
|Ch, (T6km)| (k,m) 1Cr (Z71m)|
18 1 1 (1,1) 18 1 1
18 1 -1 2.1) 18 1 -1
Fg = M(GA) rg1 T82 Fg = M(GB) 9,1 T92
6 6 o xgj) 6 6
12 12 =] 12 12
|Ch, (T8km) | (k,m) |Chy, (T9km) |
6 11 (1,1) 6 11
6 11 2,1) 6 11
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10.6 Character table of G

We construct the character table of G using the Clifford-Fischer Theory. This technique requires
that the Irr(N) be extendable to the inertia groups. In Section 10.4 we determined that N
has 16 linear irreducible characters and 1 faithful irreducible character 6 of degree 4. We know
that the identity character of N is extendable. By Theorem 3.1.15, the linear characters of N
are extendable to the ordinary characters of the inertia groups. We use GAP to determine that
the Schur multiplier of G is trivial. This then means that the character # is extendable as well.
Thus all Irr(N) are extendable to the inertia groups. The character table of G will be divided
into 4 blocks that correspond to the 4 inertia factor groups of G since, due to Gallagher’s
theorem, the irreducible characters of G are given by

t

1r0(@) = \ (867 | 8 € Irr(H), N € ker(8)},

=1

where H = N:H is an inertia group and H = H/N is an inertia factor group. The number of
irreducible characters of G is |Irr(G)| = Y5, |[Irr(H;)| = 9+9+2+3 =23. For 1 <i < 4 and
1 <37 <9, let B;; be the i, j-th block, in the character table of G, corresponding to the i-th
inertia factor group and the j-th conjugacy class of G. The Clifford-Fischer Theory technique
entails utilizing the character tables of the inertia factor groups and the Fischer matrices of G.
The block B; ; is formed by multiplying the relevant columns of the inertia factor group H; by
the rows of the Fischer matrix M(g) corresponding to the classes of H; that fuse to the class
lg] € G. If H; does not contribute to M (g) then the block B; ; will have zeroes. The character
tables of the inertia factor groups H; together with their respective fusion maps into G are
given in Section 10.4.

The full character table of G is given by Table 10.13 below. The consistency and accuracy of
this table were checked by using Programme E in [15]. The power maps of G were computed
using GAP and are included in this character table.
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Table 10.13: Character Table of G

C
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el O e e N N N SRR I SR RS
40 |d | " A A A A A A A A A A A O OO OO
6132 LI R A L R R B B |
M\muﬂnomﬂnum11111144411111144400000
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an) Mm M
4 24 oo 1
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61
12

2D

6B
12

12
2D | 2C

12

6A

36 36
2A | 2C

3E
1A

ST T QR S T agRe ol oo

e e el e e T R E R

2A

36

3D
1A

36

11A_AA_A2_BBJJA_A_A_AA_A_A_AQ_BBOOOOO

il o L e RN R

12
6B|3E 3E|3D 3D | 3E 3E|3D 3D

Table 10.13: Character Table of G
4A

3C
3C 6C 12B | 3D 6D | 3E 6E | 6F 6G | 6H

3B 3B
1A 2A

1
A
A

i e e e R IS Ll SR

S T T TN R QR N QR[S S0

2P
3P

—~ N M < m ©
e et et et

X7
X8
X9
X10
X11
X12
X13
X14
X15
X16
X17
X18
X19
X20
X21
X22
X23

where
-1++v-3
3x A
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We use Theorem 4.4.14 to compute the character degrees of Irr(G). The degrees of the Irr(G)
are the degrees of Irr(Hy), the degrees of Irr(Hj) multiplied by (2472 —1)(2473 + 1) = 9,
the degrees of Irr(Hy) multiplied by 2473(2%72 — (=1)*) = 6. We observe, following the above
pattern, that the other degrees are obtained by multiplying the degrees of Irr(H;) by the degree
of the faithful character #. In Section 10.4, we determined that the degree of 0 is 4.

10.7 Fusion of G into GU(4,4)

This chapter concludes with the fusion of the affine subgroup G into the general unitary group
GU(4,4). Let [2] and [y] be the conjugacy classes of G and GU(4,4) respectively. We first
construct the partial fusion table by considering the divisibility of the respective centralizer
sizes !ggg;" with o(x) = o(y). This is Table 10.15 but without considering the boxes around
the entries. This process entails employing the permutation character of GU(4,4) on the
cosets of G in GU(4,4) together with the respective power maps. The permutation charac-
ter v = x(GU(4,4)|G) is computed using GAP. The values of ~ are listed in the last row of
the partial fusion table. We use the values of v and v; € Irr(GU(4,4)) to express v in terms
of Irr(GU(4,4)). We compute the inner products (¢;,7), for 1 < i < 60, to determine the

constituents of . This method yields

v = Y1+ Yoz + Pas + o5 + og + P3g + P37,
in terms of the Irr(GU(4,4)).

The power maps also play a critical role in the fusion process in the following manner. Suppose
that [x1] and [x,] are conjugacy classes of G such that 2% € [x,] for some prime p. Suppose also
that [y;] and [ys] are conjugacy classes of GU(4,4) such that y} € [ys]. Now [z5] fuses to [ys] if
and only if [z;] fuses to [y1]. The irreducible characters and power maps of GU (4, 4) are found
in the character table of GU(4,4), Table A.3, in the appendix.

We note in the partial fusion that the classes 2A, 2B and 4 A fuse, respectively, into the classes
2a, 2b and 4a of GU(4,4). The class 2C, likewise 2D, may fuse either to 2a or 2b. The power
maps of G in Table 10.13 yield (6F)® = 2C = (6H)? and (6G)* = 2D = (6/)®. From the
character table of GU(4,4) we have (65)* = 2a = (6m)® and (6r)® = 2b = (6s)®. Now since
6F and 6H fuse into 65 and 6m respectively, we conclude that 2C fuses to 2a. Similarly, since
6G and 6/ fuse respectively to 6r and 6s, then the class 2D fuses into the class 2b. This
method, however, does not adequately complete the fusion. For instance, for the class 6D we
cannot choose a suitable fusion candidate using the power maps and the permutation character.
According to the partial fusion, the class 6D either fuses into the class 6k or 6/ in GU(4,4).
We therefore employ the method of set intersections for characters to complete the fusion. We
give a brief outline of this technique below.

Let p be the character afforded by the regular representation of G. It then follows p = z_:?zl e i
where ¢; € Irr(G) and e; = deg(¢;). That is p can be viewed as the character of G which
contains NV in its kernel such that
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otherwise

p(g):{‘OG’ 9N

If ¢ is a character of GU(4,4) then

{p,0) = |:é|{p(114)¢(114) +p(2A)P(24) + 18p(2B)(2B) + 12p(4A)p(4A) }

1
[d

{IG¥(1A) + |G|¥(2A) + 18|G|v(2B) + 12|G|y(4A)}
_ %{w(m) +(24) + 180(2B) + 120:(44)}

= <w\LN7 7-1>

where 1] is the restriction of ¢ to N and 7 is the identity character of N. We note that for
1) we have that
Yy = a1t + axlsy + azls + as04

where for i € {1,2,3,4}, 6; are sums of the Irr(/N) which are in one orbit under the action of
G on Irr(N), and a; € {0} UN. Let 7; € Irr(N) for j € {1,2,3,---,17}. In Section 10.4 we
have that the action of G on Irr(N) yields orbits of lengths 1, 1, 9 and 6. We have

b =7 and deg(h) =1,

0y =7 and deg(h2) =1,
11
05 = ZTj and  deg(fs) =9,
=3

17
64 = Z T and deg(94) = 6.

j=12
Then
11 17
Yy = 1T + asme + as E Tj + ay E T;
=3 j=12
and

(0, ¥ly) = ai + a3 + 9a5 + Gaj.
It follows that a; = (Y, 71) = (p, V) and that
oy bhoe) = 53 [BOLAV(LA) + H(2AW(2A4) + 00(2B)0(2B) + 66(1A)6(44)]

Now consider g, 14, 110, Y13 and yg, the Irr(GU(4,4)) of degrees 1, 5, 6, 10 and 15 respec-
tively. We find the values of ¢); and x; in Table A.3 in the appendix and the character table of
G, Table 10.13, respectively. For 1, we have
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a1 = (p,a)z = 3% [1 + (1) + 18(1) + 12(1)] = 1.

Since the degree of ¥, is 1 we have
a1+a2+9a3+6a4 =1.

This implies as = 0 = a3 = a4. Thus the restriction ;| is expressible as a character of degree
1 from the first block of the character table of G corresponding to the first inertia factor group
H,. Considering the predetermined partial fusion of G into GU (4, 4) and the character tables
of G and GU(4,4), we deduce that

Vala = Xe-
For 1), we have

ar = (p, ) = 3i2 54 (—3) + 18(1) + 12(1)] = 1.

Since the degree of ¢4 is 5 we have
a1+a2—|—9a3—|—6a4 = 5.

This implies a; = 4 and ag = a4 = 0. Thus the restriction 4]z is expressible as a sum of
characters of degree 1 from the first block and of degree 4 from the second block of the character
table of G corresponding to the first and second inertia factor groups H; and H,. Considering
the predetermined partial fusion of G into GU (4, 4) and the character tables of G and GU (4, 4),
we deduce that

Yalg = X3 + x5

For 119 we have
1

% 6+ (—2) +18(2) + 12(2)| = 2.

ay = <Pa ¢10>§ =

Since the degree of 11y is 6 we have
a1+a2—|—9a3—|—6a4 = 0.

This implies a; = 4 and a3 = a4 = 0. Therefore the restriction 19l is expressible as a sum
of characters of degree 2 from the first block and of degree 4 from the second block of the
character table of G corresponding to the inertia factor groups H; and H,. Considering the
predetermined partial fusion of G into GU(4,4) and the character tables of G and GU(4,4),
we deduce that

Y1ode = X7 + X1o-
For 113 we have

oy = (p, trg)g = 312 10+ (2) + 18(=2) + 12(2)] = 0.
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Since the degree of ;3 is 10 we have
aq + a9 + 9(13 + 6@4 = 10

This implies ay = 4, a3 = 0 and ay = 1. The choice of as = 1, a3 = 1 and a4 = 0 we exclude
since there is no character of degree 1 of G corresponding to H,. It then follows that the
restriction ¢13] is expressible as a sum of characters of degree 4 from the second block and of
degree 6 from the fourth block of the character table of G corresponding to the inertia factor
groups Hy and H,. Considering the predetermined partial fusion of G into GU(4,4) and the
character tables of G and GU(4,4), we deduce that

Yisdg = X11 + Xos-

For 119 we have

Since the degree of ¥19 is 15 we have
a; + as + 9(13 + 6@4 = 15.

Either as = 8, a3 =0 and ay =1 or as = 5, a3 = 1 and a4, = 0. We exclude the latter since
there is no character of degree 5 of G corresponding to Hy. It then follows that the restriction
Y19d = is expressible as a sum of characters of degree 1 from the first block, of degree 8 from the
second block and of degree 6 from the fourth block of the character table of G corresponding
to the inertia factor groups Hy, Hy and H,. Once more considering the predetermined partial
fusion of G into GU (4, 4) and the character tables of G and GU (4, 4), we deduce that

Yioda = X2 + X6 + X1

Earlier we mentioned that the class 6D of G may fuse into either the class 6k or 61 in GU (4, 4).
We use the above technique to choose a suitable fusion candidate for 6D. We list the values of
o, Uy, 10, Y13 and g9 from the character table of GU(4,4) below.

Table 10.14: The values of ¢; in GU(4,4)

[v] 6k 61
Degree
1 Vs 71+2\/T3 —1—/=3

5 4| —v=3 =3

6 1o 1 1
10 s 1 ~1
15 P19 -1 -1
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The values of the restrictions ;& from the character table of G are as follows:

s lg(6D) = —1—7\/—_3

Vilg(6D) = V=3
Y10lg(6D) =1
VY13lg(6D) = —1

U19dg(6D) = —1

Comparing the values of v; and 1;}& above, we conclude that the class 6D of G fuses into the
class 61 of GU(4,4).

The values of 19, ¥4, 110, Y13 and 119 on the classes of GU (4, 4) and the values of the restrictions
Yola, Yala, Vioda, Yisde and ¥i9le on the classes of G together with the predetermined fusion
enable us to complete the fusion of G into GU (4, 4). The complete fusion results are contained
in Table 10.15 below. In Table 10.16 we summarize these fusion results.

Table 10.15: The fusion of G into GU (4, 4)

[] la 2a 2b 3a 3b 3c 3d 3f 3i 3k 3m 4da 4b
[Covwa (W) | 77760 1728 288 77760 77760 1944 1944 1944 324 324 162 144 24
[] [Cal2)]
14 576 [135]
2A 576
2B 32 54
20 48 6
2D 48 36
34 18 108 108 18 18
3B 72 27
3C 72 27
3D 36 54 54 9 [9]
3E 36 54 54 [9] 9
4A 48
AB 8 18
I | X(GU4,4)|G) | 135 39 15 0 0 210 20 9 9 9 3 3]
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Table 10.15: The fusion of G into GU (4, 4)

[y] 6e 6f 65 6k 6l 6m 6r 65 6Gv 12d 12f
[Covwa (W) | 216 216 108 108 108 108 36 36 54 36 36
[] [Ca(2)]
6A 18 2 12 6 6 6 6 2 2
6B 72 3
6C 72 3
6D 36 6 6 3 3 31 1
6E 36 6 6 3 3 3 1 1
6F 12 18 18 [9] 9 9 9 3 3
6G 12 18 18 9 9 9 9 3
6H 12 18 18 9 9 9 [9] 3 3
61 12 18 18 9 9 9 9 3
124 12 3
12B 12 3
I [ xGUA4HG ][ 3 3 9 3 3 9 3 3 3 3 3|

Table 10.16: The fusion of G into GU (4, 4)

G — GU44) || G —  GU4,4)
1A la 6A 6v
2A 2a 6B Ge
2B 2 6C 6f
2C 2a 6D 61
2D 2b 6F 6k
34 3m 6F 6;
3B 3f 6G 6r
3C 3c 6H 6m
3D 3k 61 6s
3E 3 124 127
4A 4a 12B 12d
4B 4b

255



Appendix

A.1 Character table of GL(3,5)
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Table A.1: Character

Table of GL(3,5)

Cq(y) | 1488000 | 1488000 | 1920 [ 1920 | 96 | 1488000 | 1488000 | 1920 | 1920 | 1920 | 1920 | 1920 | 1920
o(y) la 2a 2b 2¢ | 3a 4a, 4b 4c 4d 4e 4f 4g 4h
2P la la la la | 3a 2a 2a 2c 2c 2b 2b 2a 2c
3P 1a 2a 2b 2 | la 4b 4a 4d 4c 4j 41 4k 4i
5P la 2a 2b 2c | 3a 4a 4b 4c 4d de 4f 4g 4h
31P la 2a 2b 2c | 3a 4b 4a 4d 4c 4j 41 4k 4i
U1 1 1 1 1 1 1 1 1 1 1 1 1 1
o 1 1 1 1 1 -1 -1 1 1 -1 -1 -1 1
3 1 -1 -1 1 1 A -A 1 1 -A -A A -1
o 1 -1 -1 1 1 -A A 1 1 A A -A -1
»5 30 30 6 6] 0 30 30 6 6 6 6 6 6
D6 30 30 6 6] 0 -30 -30 6 6 -6 -6 -6 6
W7 30 -30 -6 6] 0 B -B 6 6 -J -J J -6
g 30 -30 -6 6] 0 -B B 6 6 J J -J -6
o 31 31 7 7 1 31 31 -5 -5 -5 -5 7 -5
Y10 31 31 7 7 1 -31 -31 -5 -5 5 5 -7 -5
P11 31 -31 -7 7 1 ¢ -C -5 -5 1 1 AB 5
Y12 31 -31 -7 7 1 -C C -5 -5 -1 -1 | -AB 5
P13 31 -31 5 -5 1 C -C w | /W 7 -/Z 1| /W
P14 31 -31 5 -5 1 -C c| /W w /7 -Z I -W
P15 31 -31 5 -5 1 C -c| /W W | -/Z 7 -1 -W
16 31 -31 5 -5 1 -C ¢ w | /W -Z /Z I| -/W
17 31 31 -5 -5 1 -31 -31 w | /W | /W -W 51 /W
18 31 31 -5 -5 1 -31 -31 JW W W | -/ W 5 W
P19 31 31 -5 -5 1 31 31 /W w W | /W -5 w
a0 31 31 -5 -5 1 31 31 W /W | /W W 5 /W
P21 96 96 0 0| O 96 96 0 0 0 0 0 0
oo 96 96 0 0] o0 96 96 0 0 0 0 0 0
a3 96 96 0 0] O 96 96 0 0 0 0 0 0
o 96 96 0 0] 0 96 96 0 0 0 0 0 0
P25 96 96 0 0 0 96 96 0 0 0 0 0 0
26 96 96 0 0| O 96 96 0 0 0 0 0 0
Yot 96 96 0 0| O 96 96 0 0 0 0 0 0
has 96 96 0 0| O 96 96 0 0 0 0 0 0
29 96 96 0 0| 0 96 96 0 0 0 0 0 0
%30 96 96 0 0| O 96 96 0 0 0 0 0 0
31 96 96 0 0] 0 -96 -96 0 0 0 0 0 0
)32 96 96 0 0] o -96 -96 0 0 0 0 0 0
Y33 96 96 0 0| O -96 -96 0 0 0 0 0 0
34 96 96 0 0] o -96 -96 0 0 0 0 0 0
35 96 96 0 0| O -96 -96 0 0 0 0 0 0
Y36 96 96 0 0 0 -96 -96 0 0 0 0 0 0
Y37 96 96 0 0| O -96 -96 0 0 0 0 0 0
P38 96 96 0 0] 0 -96 -96 0 0 0 0 0 0
P39 96 96 0 0 0 -96 -96 0 0 0 0 0 0
a0 96 96 0 0] 0 -96 -96 0 0 0 0 0 0
a1 96 -96 0 0] o D -D 0 0 0 0 0 0
a2 96 -96 0 0] 0 D -D 0 0 0 0 0 0
hag 96 -96 0 0| 0 D -D 0 0 0 0 0 0
haa 96 -96 0 0| O D -D 0 0 0 0 0 0
a5 96 -96 0 0] 0 D -D 0 0 0 0 0 0
Va6 96 -96 0 0| O D -D 0 0 0 0 0 0
bt 96 -96 0 0] 0 D -D 0 0 0 0 0 0
pag 96 -96 0 0 0 D -D 0 0 0 0 0 0
hag 96 -96 0 0] 0 D -D 0 0 0 0 0 0
¥50 96 -96 0 0 0 D -D 0 0 0 0 0 0
Y51 96 -96 0 0] O -D D 0 0 0 0 0 0
P52 96 -96 0 0] 0 -D D 0 0 0 0 0 0
Y53 96 -96 0 0] O -D D 0 0 0 0 0 0
e 96 -96 0 0] 0 -D D 0 0 0 0 0 0
P55 96 -96 0 0 0 -D D 0 0 0 0 0 0
Y56 96 -96 0 0] 0 -D D 0 0 0 0 0 0
Y57 96 -96 0 0 0 -D D 0 0 0 0 0 0
P58 96 -96 0 0] 0 -D D 0 0 0 0 0 0
P59 96 -96 0 0 0 -D D 0 0 0 0 0 0
Y60 96 -96 0 0| O -D D 0 0 0 0 0 0
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Table A.1: Character Table of GL(3,5)

Cc(y) 9 | 96 | 96 96 [ 96 | 96 | 96 | 124 | 124 | 124 | 124 [ 124 [ 124 | 124 | 124 | 124
o(y) 24j | 24k | 241 | 24m | 24n | 240 | 24p | 31a | 31b | 31c | 31d | 3le | 31f | 31g | 31h | 31i
2P 12h | 12g | 12g | 12b | 12b | 12a | 12a | 31j | 31d | 3le | 31i | 31b | 31h | 31a | 31g | 3lc
3P 8f | 8 | 8e 8d | 8d | 8¢ 8 | 31i | 31j | 31g | 31f | 3la | 3le | 31d | 31b | 31h
5P 24j | 24k | 241 | 24m | 24n | 240 | 24p | 31a | 31b | 31c | 31d | 3le | 31f | 31g | 31h | 31i
31P 241 24i 24j 24g | 24h | 24e 24f la la la la la la la la la
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
W -1 -1 -1 1 1 1 1 1 1 1 1 1 1 1 1 1
P3 Al -A| -A -1 -1 1 1 1 1 1 1 1 1 1 1 1
g -A A A -1 -1 1 1 1 1 1 1 1 1 1 1 1
s 0 0 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1
g 0 0 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1
7 0 0 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1
s 0 0 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1
g -1 -1 -1 -1 -1 -1 -1 0 0 0 0 0 0 0 0 0
10 1 1 1 -1 -1 -1 -1 0 0 0 0 0 0 0 0 0
P11 -A A A 1 1 -1 -1 0 0 0 0 0 0 0 0 0
P12 Al -A| -A 1 1 -1 -1 0 0 0 0 0 0 0 0 0
P13 1 1 1 Al A A A 0 0 0 0 0 0 0 0 0
P14 1 1 1 A A A A 0 0 0 0 0 0 0 0 0
P15 -1 -1 -1 A A A A 0 0 0 0 0 0 0 0 0
Y16 -1 -1 -1 -A A -A -A 0 0 0 0 0 0 0 0 0
P17 Al -A| -A A A -A| -A 0 0 0 0 0 0 0 0 0
Pis -A A A -A -A A A 0 0 0 0 0 0 0 0 0
P19 Al -A| -A Al -A A A 0 0 0 0 0 0 0 0 0
20 -A A A A Al -A| -A 0 0 0 0 0 0 0 0 0
21 0 0 0 0 0 0 o M| /O | /M P N 0 Q| /P | /Q
oo 0 0 0 0 0 0 0 N| /P | /N Q 0 P| /M| /Q M
a3 0 0 0 0 0 0 0 ol /Q| /O] /M P Q| /N M N
o4 0 0 0 0 0 0 0| /M ¢} M| /P| /N| /O| /Q P Q
bas 0 0 0 0 0 0 0 P M| /P| /N Q| /M| /O N 0]
a6 0 0 0 0 0 0 0| /O Q 0 M| /P | /Q N| /M| /N
a7 0 0 0 0 0 0 0 Q N|/Q| /JO| /M| /N| /P 0 P
pos 0 0 0 0 0 0 o| /P | /M P N | /Q M o| /N| /O
a9 0 0 0 0 0 0 ol /Q| /N Q 0 M N P| /O| /P
%30 0 0 0 0 0 0 0| /N P N|/Q| /O| /P M Q| /M
P31 0 0 0 0 0 0 o M| /O | /M P N 0 Q| /P | /Q
32 0 0 0 0 0 0 0 N| /P | /N Q 0 P| /M| /Q M
P33 0 0 0 0 0 0 0 ol /Q| /O] /M P Q| /N M N
34 0 0 0 0 0 0 0| /M 0 M| /P| /N| /JO| /Q P Q
Y35 0 0 0 0 0 0 0 P M| /P| /N Q| /M| /O N 0
P36 0 0 0 0 0 0 01| /O Q (0] M| /P | /Q N| /M| /N
P37 0 0 0 0 0 0 0 Q N|/Q| /O /M| /N| /P 0 P
b3 0 0 0 0 0 0 o| /P | /M P N | /Q M o| /N| /O
39 0 0 0 0 0 0 ol /Q| /N Q o) M N P| /O| /P
a0 0 0 0 0 0 0 0| /N P N| /Q| /O| /P M Q| /M
a1 0 0 0 0 0 0 0| M| /O | /M P N (0] Q| /P | /Q
hao 0 0 0 0 0 0 0 N| /P | /N Q 0 P| /M| /Q M
a3 0 0 0 0 0 0 0 ol /Q| /O | /M P Q| /N M N
Yhaq 0 0 0 0 0 0 0| /M ¢} M| /P| /N| /JO| /Q P Q
has 0 0 0 0 0 0 0 P M| /P| /N Q| /M| /O N o)
a6 0 0 0 0 0 0 0| /O Q 0] M| /P | /Q N| /M| /N
har 0 0 0 0 0 0 0 Q N|/Q| /O /M| /N| /P 0 P
bas 0 0 0 0 0 0 o /P | /M P N | /Q M o| /N| /O
hag 0 0 0 0 0 0 0| /Q| /N Q ¢} M N P| /O| /P
50 0 0 0 0 0 0 0| /N P N| /Q| /O| /P M Q| /M
P51 0 0 0 0 0 0 o M| /O | /M P N 0 Q| /P | /Q
P52 0 0 0 0 0 0 0 N| /P | /N Q 0 P| /M| /Q M
P53 0 0 0 0 0 0 0 ol /Q| /O] /M P Q| /N M N
P54 0 0 0 0 0 0 0| /M 0 M| /P| /N| /O| /Q P Q
55 0 0 0 0 0 0 0 P M| /P| /N Q| /M| /O N 0]
P56 0 0 0 0 0 0 0| /O Q 0 M| /P | /Q N| /M| /N
Y57 0 0 0 0 0 0 0 Q N|/Q| /JO| /M| /N| /P ) P
Y58 0 0 0 0 0 0 o| /P | /M P N | /Q M o| /N| /O
P59 0 0 0 0 0 0 0| /Q| /N Q o) M N P| /O| /P
Y60 0 0 0 0 0 0 0| /N P N|/Q| /O| /P M Q| /M
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Table A.1: Character Table of GL(3,5)

Coly) [ 124 [ 124 [ 124 [ 124 [ 124 [ 124 [ 124 | 124 | 124 | 124 [ 124 [ 124 124 [ 124 124 124
o(y) 31j | 62a | 62b | 62c | 62d | 62 | 62f | 62g | 62h | 62i | 62j | 124a | 124b | 124c | 124d | 124e
2P 31f | 315 | 31d | 3le | 31i | 31b | 31h | 31g | 31a | 31f | 31c | 62d 621 | 62a | 62h 62c
3P 3lc | 62j | 62i | 62h | 62f | 62a | 62e | 62b | 62d | 62c | 62g | 1240 | 124p | 124s | 1241 | 124n
5P 31j | 62a | 62b | 62c | 62d | 62 | 62f | 62g | 62h | 62i | 62j | 124a | 124b | 124c | 124d | 124e
31P la 2a 2a 2a 2a, 2a, 2a 2a 2a 2a, 2a 4a 4a 4a 4a 4a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
o 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1
3 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -A -A -A -A -A
o 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 A A A A A
s -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
g -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 1
W -1 1 1 1 1 1 1 1 1 1 1 A A A A A
g -1 1 1 1 1 1 1 1 1 1 1 -A -A -A -A -A
g 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
W10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
W12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Y16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Pis 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
W19 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
a1 /N M| /O] /M p N O /P Q| /N | /Q /O M Q /P /Q
oo /O N /P | /N Q ¢) P| /Q| /M| /O M /P N /M /Q M
Y23 | /P| O| /Q| /O| /M| P| Q| M| /N| /p| N| /Q| Of /N| M N
a4 N | /M O M /P /N | /O Pl /Q N Q Y /M /Q p Q
a5 /Q P M /P | /N Q| /M N| /O] /Q 0 M P /O N o)
¥as Pl /0l Q| Oof M| /p| /Q| /M| N| P| /N| Q| /O| N| /M| /N
ot M Q N| /Q| /JO| /M| /N 0] /P M P N Q /P ) P
has Q /P /M P N | /Q M| /N ) Q| /O /M /P O /N /0
Y29 | /M| /Q| /N| Q| O| M| N| /JO| P| /M| /P| /N| /Q| P| JO| /P
%30 o | /N P N| /Q| /O /P Q M o | /M p /N M Q /M
Y1 | /N| M| /0o /M| P| N| O| /p| Q| /N| /Q| -/O| M| -Q| -/P| -/Q
32 /O N /P | /N Q o Pl /Q| /M| /O M| -/P N | /M| -/Q -M
¢ss | /P| O| /Q| /O| /M| P| Q| M| /N| /| N|-/Q| O /N| -M| N
34 N | /M o) M /P | /N| /O P| /Q N Q O | -/M | -/Q -P -Q
Y35 /Q p M /P | /N Q| /M N| /O | /Q Y -M P | -/0 -N -0
P36 P| /O Q 0 M| /P| /Q| /M N P| /N Q| -/0 N| -/M| -/N
37 M Q N| /Q| /O| /M| /N o) /P M P -N Q| -/P -0 -P
38 Q /P /M p N | /Q M| /N O Q| /O -/M | -/P 0| -/N| -/O
vso | /M| /Q| /N| Q| O| M| N| /O| P| /M| /P| N| -/Q| -P| -/O| -/P
a0 o | /N p N| /Q| /O /P Q M o | /M P -/N -M Q| -/M
a1 JN| -M | -/O0 | -/M -P -N -0 | -/P Q| -/N | -/Q R U | -/T S T
a2 /O -N| -/P| -/N -Q -0 P|-/Q|-/M]| -/O0O| -M S V| -/U T U
a3 /P 0| -/Q| -/0 | -/M -P Q| -M| -/N| -/P -N T| -/R| -/V U \Y%
haa N | -/M 0| -M| -/P| -/N|-/O -P | -/Q -N Q| -/R| -/U T -/S | /T
has /Q P -M| -/P| -/N -Q | -/M -N | -/O0 | -/Q -0 U -/8 R v | -/R
a6 P | -/O -Q O] -M| -/P| -/Q | -/M -N P | -/N| -/T R v| -/U| -/V
har M -Q N|-/Q|-/O0]|-/M| -N 0| -/P| -M -P V| -/T S| -/R -/S
bas Q| -/P| M| P| N|-/Q| M| N| -O| -Qf|-/0] -/U S| -/R| -/V| R
a9 /M | -/Q | -/N -Q 0| -M -N | -/O P|-/M| -/P| -V T | -/8 R S
¥s0 O|-/N| | N|-/Q|-O|-/p| Q| M| O|-/M| -S| -/V| U| -T| -/U
51 JN| -M | -/0 | -/M -P -N -0 | -/P Q| -/N | -/Q -R -U /T -S -T
P52 /O N| -/P|-/N| Q| -O P|-/Q|-/M| -/O| -M -S -V /U -T -U
53 /P 0| -/Q| -/0 | -/M -P Q| M| -/N| -/P -N -T /R YAY% -U -V
54 N | -/M O| M| -/P| -/N| -/O P | -/Q -N -Q /R /U -T /S /T
¥ss | /Q| P| M| -P|N| Q|- /M| N|-/O|-/Q| -O| -U| /S| -R| -V| /R
V56 P | -/O -Q O| -M| -/P| -/Q | -/M -N -P | -/N /T R -V /U /v
57 M -Q N|-/Q| -/O0|-/M]| -/N O | -/P| -M -P -V /T -S /R /S
P58 Q| -/P|-/M -pP -N|-/Q| -M| -/N -0 -Q | -/O /U -S /R /v R
59 /M | -/Q | -/N -Q 0| -M -N | -/O P | -/M | -/P /V -T /S -R -S
60 o | -/N -P N|-/Q]-/O ]| -/P Q| -M -0 | -/M /S /V -U /T /U




Table A.1: Character Table of GL(3,5)

Ca(y) 124 124 124 | 124 [ 124 [ 124 [ 124 124 124 | 124 124 [ 124 124 | 124 [ 124
o(y) 124f | 124g | 124h | 124i | 124j | 124k | 1241 | 124m | 124n | 1240 | 124p | 124q | 124r | 124s | 124t
2P 62f 62e 62j | 62b | 62g 62i | 62d 62a | 62h 62f | 62c | 62e | 62b 62j | 62g
3P 124q | 124m | 124t | 124k | 124r | 124e | 124f | 124h | 124a | 124g | 124d | 124c | 124b | 124j | 124i
5P 124f | 124g | 124h | 124i | 124j | 124k | 1241 | 124m | 124n | 1240 | 124p | 124q | 124r | 124s | 124t
31P 4a 4a 4a 4a 4a 4b 4b 4b 4b 4b 4b 4b 4b 4b 4b
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
o -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
b3 -A -A -A -A -A A A A A A A A A A A
s A A A A A -A -A -A -A -A -A -A -A -A -A
s -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
e 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
by A A A A A -A -A -A -A -A -A -A -A -A -A
s -A -A -A -A -A A A A A A A A A A A
g 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Y16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Pis 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P19 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o1 /N /M P N 0 M| /O Q /P /N /Q /M N P 0]
oo /O /N Q (o) P N /P /M /Q /O M /N 0 Q P
o3 /Pl /0| /M P| Q| of /| /N| M| /P N | /O Pl /M| Q
$oa N M| /P /N| JO| /M| O] /Q P| N| Q| M| /N| /p| /O
P25 /Q /P /N Q| /M p M /0 N /Q o /P Q /N | /M
P26 p o M /P /Q /0 Q N /M p /N O /P M /Q
oz M| /Q| /o /M| /N| Q| N| /| O] M P| /Q| /M| /0| )N
P2g Q p N /Q M /Pl /M o /N Q /O p /Q N M
29 /M Q o) M N /Q /N P /O /M /P Q M o) N
30 0 N| /Q| /0 /| /N| P M| Q| Of /M| N| /o| /Q| /P
P31 -/N | -/M -P -N -0 -M | -/O Q| -/P| -/N| -/Q| -/M -N -P -0
P32 -/0 -/N -Q -0 -P N| -/P| -/M| -/Q| -/O -M | -/N -0 -Q -P
P33 -/P -/O | -/M -P -Q -0 | -/Q -/N -M | -/P -N | -/O P -/M -Q
P34 -N M| -/P| -/N| -/O | -/M -0 -/Q -P -N -Q M| -/N| -/P | -/O
P35 -/Q -/P | -/N -Q | -/M P -M -/0 -N | -/Q -0 | -/P Q| /N | -/M
36 | 0| M| -P|-/Q| -O| Q| N[ M| -P| N| O -/P| M| -Q
a7 M| -/Q| /0| /M| N| Q| N| | O M| -P|-/Q| /M| -/O]| N
3g -Q -P N -/Q Mo /P /M -0 | -/N Q| -/0 Pl o-/Q -N -M
P39 -/M -Q -0 -M -N| -/Q| -/N k| -/0| /M| -/P -Q -M -0 -N
P40 -0 -N| -/Q| -/O | -/P | /N -P -M -Q -0 | -/M -N | -/O | -/Q| -/P
ba1 Y -/U -/S V| -/R -U R /T -S YAY -T /U -V /S /R
a2 R V| /T | -/R| -/S -V -S /U -T R -U YAY% /R /T /S
a3 S R | -/U -/S | -/T /R -T YAY -U -S -V R /S /U /T
o Y U S| -/V R /U /R -T /S -V /T -U YAY% -S R
a5 T S| -/v| -/T | -/U /S -U R -V -T /R -S /T /v /U
a6 -/S -/R U S T -R| /T -V /U /S /v /R -S -U -T
ar U T R| -/U| -/V /T -V -S /R -U /S -T /U R /V
Pag -/T -/S Y T U -S /U /R YAY /T R /S -T -V -U
a9 -/U -/T | -/R U A% -T YAY% /S R /U -S /T -U /R -V
P50 -/R A T R S YAY /S -U /T /R /U -V R -T -S
P51 /V /U /S -V /R U R -/T S| -/v T | -/U V| -/S| -/R
P52 R /V /T /R /S A S -/U T R ul| -/v| -/R| -/T| -/S
P53 -S R /U /S /T | -/R T -/V U S Y R -/S| -/u | -/T
P54 -V -U -S /V R| -/U| -/R T -/S v | -/T U | -/v S R
P55 -T -S /v /T /U -/S U R Y T | -/R S| -/T| -/v | -/U
P56 /S /R -U -S -T R | -/T V| -/U -/S| -/vV| -/R S U T
Y57 -U -T -R /U /V | /T Y S| -/R U -/S T | -/U R | -/V
58 /T /S -V -T -U S| -/U -/R| -/V | -/T R| -/S T Y U
P59 /U /T /R -U -V T | -/V -/S R | -/U S| -/T U | -/R A%
P60 /R -V -T R S| -/V| -/8 ul| -/T| -/R| -/U A% R T S




Table A.1: Character Table of GL(3,5)

Co(y) | 1488000 | 1488000 | 1920 | 1920 [ 96 | 1488000 | 1488000 | 1920 | 1920 | 1920 | 1920 [ 1920 [ 1920
o(y) la 2a 2b 2¢ | 3a 4a 4b 4c 4d 4e 4f 4g 4h
2P la la la la | 3a 2a 2a 2c 2c 2b 2b 2a 2c
3P 1a 2a 2b 2¢ | 1a 4b 4a, 4d 4c 4j 41 4k 4
5P la 2a 2b 2c | 3a 4a 4b 4c 4d de 4f 4g 4h
31P 1la 2a 2b 2¢ | 3a 4b 4a, 4d 4c 4j 41 4k 4i
61 124 124 4 4] 1 -124 -124 4 4 -4 -4 -4 4
g2 124 124 4 41 1 -124 -124 4 4 -4 -4 -4 4
63 124 124 4 41 1 124 124 4 4 4 4 4 4
64 124 124 4 41 1 124 124 4 4 4 4 4 4
65 124 -124 -4 41 1 E -E -4 -4 -K -K -K 4
Y66 124 -124 -4 4 1 -E E -4 -4 K K K 4
Y67 124 -124 -4 4 1 E -E -4 -4 -K -K -K 4
68 124 -124 -4 41 1 -E E -4 -4 K K K 4
69 124 -124 -4 41 1 E -E 4 4 K K -K -4
70 124 -124 -4 41 1 -E E 4 4 -K -K K -4
b1 124 -124 -4 41 1 E -E 4 4 K K -K -4
o 124 -124 -4 41 1 -E E 4 4 -K -K K -4
73 124 124 4 41 1 -124 -124 -4 -4 4 4 -4 -4
b4 124 124 4 41 1 -124 -124 -4 -4 4 4 -4 -4
s 124 124 4 41 1 124 124 -4 -4 -4 -4 4 -4
76 124 124 4 41 1 124 124 -4 -4 -4 -4 4 -4
b7 124 124 -4 -4 | -2 124 124 -K K K -K -4 K
hrs 124 124 -4 -4 | -2 124 124 K -K -K K -4 -K
79 124 124 -4 -4 | -2 -124 -124 K -K K -K 4 -K
80 124 124 -4 -4 | -2 -124 -124 -K K -K K 4 K
g1 124 -124 4 -4 | -2 E -E -K K -4 4 K -K
g2 124 -124 4 -4 | -2 -E E K -K -4 4 -K K
83 124 -124 4 -4 | -2 E -E K -K 4 -4 K K
g4 124 -124 4 -4 | -2 -E E -K K 4 -4 -K -K
85 124 -124 4 41 E -E -K K -4 4 K -K
36 124 -124 4 4] 1 E -E -K K -4 4 K -K
ps7 124 -124 4 -4 1 -E E K -K -4 4 -K K
bss 124 -124 4 41 -E E K -K -4 4 -K K
89 124 -124 4 41 E -E K -K 4 4 K K
90 124 -124 4 41 E -E K -K 4 -4 K K
ho1 124 -124 4 41 -E E -K K 4 -4 -K -K
o2 124 -124 4 4 1 -E E -K K 4 -4 -K -K
1bo3 124 124 -4 4 1 -124 -124 -K K -K K 4 K
o4 124 124 -4 41 -124 -124 -K K -K K 4 K
bos 124 124 -4 41 -124 -124 K -K K -K 4 -K
o6 124 124 -4 4] 1 124 124 K -K K K 4 K
o7 124 124 -4 41 124 124 K -K -K K -4 -K
1hosg 124 124 -4 41 124 124 K -K -K K -4 -K
o9 124 124 -4 41 124 124 -K K K -K -4 K
P100 124 124 -4 -4 1 124 124 -K K K -K -4 K
101 125 125 5 51 -1 125 125 5 5 5 5 5 5
102 125 125 5 5 | -1 -125 -125 5 5 -5 -5 -5 5
103 125 -125 -5 5| -1 F -F 5 5 -1 -1 I -5
Y104 125 -125 -5 5| -1 -F F 5 5 1 I -1 -5
105 155 155 11 11 | -1 155 155 -1 -1 -1 -1 11 -1
Y106 155 155 11 11 | -1 -155 -155 -1 -1 1 1 -11 -1
Pio7 155 -155 -11 1 | -1 G -G -1 -1 A A L 1
Y108 155 -155 -11 11 | -1 -G G -1 -1 -A -A -L 1
Y109 155 -155 1 1] G -G X /X AA | -/AA A | -/X
P110 155 -155 1 -1 -1 -G G /X X | JAA | -AA A -X
P11 155 -155 1 1] A1 G -G /X X | -/AA AA -A -X
P12 155 -155 1 -1 -1 -G G X /X | -AA | /AA A | -/X
Y113 155 155 -1 1] -1 -155 -155 X /X -/X -X 1 /X
114 155 155 -1 -1 -1 -155 -155 /X X -X -/X 1 X
Y115 155 155 -1 -1 -1 155 155 /X X X /X -1 X
Y116 155 155 -1 1] 155 155 X /X /X X -1 /X
P17 186 186 -6 6| 0 186 186 6 6 6 6 -6 6
P11s 186 186 -6 6] 0 -186 -186 6 6 -6 -6 6 6
119 186 -186 6 6| 0 H -H 6 6 -J -J -J -6
Y120 186 -186 6 -6 0 -H H 6 6 J J J -6
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Table A.1: Character Table of GL(3,5)
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Table A.1: Character Table of GL(3,5)
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Table A.1: Character Table of GL(3,5)
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Table A.1: Character Table of GL(3,5)

Ca(y) 80| 80 [ 80 [ 80 80 [ 80 96 96 96 96 96 96 96 96 96
o(y) 20i | 20j | 20k | 201 | 20m | 20n 24a 24b 24c 24d 24e 24f 24g 24h 24i
2P 10a | 10d | 10d | 10c | 10a | 10c 12h 12h 12g 12g 12b 12b 12a 12a 12h
3P 20m | 20k | 20j | 20g | 20i | 20h 8b 8b 8a, 8a. 8h 8h 8g 8g 8f
5P 4g | 4h 4 4 4k 41 24a 24b 24c 24d 24e 24f 24g 24h 24i
31P | 20m | 20k | 20j | 20g | 20i | 20h 24c 24d 24a 24b 240 24p | 24m 24n 24k
61 1 -1 -1 1 1 1 1 1 1 1 -1 -1 -1 -1 1
g2 1 -1 -1 1 1 1 -1 -1 -1 -1 1 1 1 1 -1
63 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 1 1 1
Y -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
65 -A -1 -1 A A A 1 1 1 1 -A -A -A -A -1
Y66 A -1 -1 -A A | A 1 1 1 1 A A A A -1
Y67 -A -1 -1 A A A -1 -1 -1 -1 A A A A 1
68 A -1 -1 -A A | O-A -1 -1 -1 -1 -A -A -A -A 1
Y69 -A 1 1] -A Al -A -A -A A A 1 1 -1 -1 A
70 A 1 1 A -A A A A -A -A 1 1 -1 -1 -A
P71 -A 1 1] -A Al -A A A -A -A -1 -1 1 1 -A
o A 1 1 A -A A -A -A A A -1 -1 1 1 A
P73 1 1 1 -1 1 -1 -A -A A A -A -A A A -A
4 1 1 1 -1 1 -1 A A -A -A A A -A -A A
s -1 1 1 1 -1 1 -A -A A A A A -A -A -A
Y76 -1 1 1 1 -1 1 A A -A -A -A -A A A A
Y77 1 A -A| -A 1 A 0 0 0 0 0 0 0 0 0
P78 1 -A A A 1 -A 0 0 0 0 0 0 0 0 0
79 1| -A A -A -1 A 0 0 0 0 0 0 0 0 0
P80 -1 Al -A A -1 -A 0 0 0 0 0 0 0 0 0
Ps1 A -A A 1 -A -1 0 0 0 0 0 0 0 0 0
P82 -A A -A 1 A -1 0 0 0 0 0 0 0 0 0
183 A Al -A -1 -A 1 0 0 0 0 0 0 0 0 0
P84 Al -A A -1 A 1 0 0 0 0 0 0 0 0 0
g5 Al -A A 1 -A -1 AD | -AD | -/AD | /AD AD | -AD | -/AD | /AD AD
186 Al -A A 1 -A -1 | -AD AD | /AD | -/AD | -AD AD | /AD | -/AD | -AD
g7 -A Al -A 1 A -1 | -/AD | /AD AD | -AD | -/AD | /AD AD | -AD | -/AD
ss -A Al -A 1 A -1 | /AD | -/AD | -AD AD | /AD | -/AD | -AD AD | /AD
hgo A Al -A -1 -A 1| /AD | -/AD | -AD AD | -/AD | /AD AD | -AD | /AD
90 A Al -A -1 -A 1| -/AD | /AD AD | -AD | /AD | -/AD | -AD AD | -/AD
o1 A | -A A -1 A 1| -AD AD | /AD | -/AD AD | -AD | -/AD | /AD | -AD
92 A | -A A -1 A 1 AD | -AD | -/AD | /AD | -AD AD | /AD | -/AD AD
o3 -1 Al -A A -1| -A| /AD | -/AD | -AD AD | -AD AD | -/AD | /AD | -/AD
[N -1 Al -A A -1| -A|-/AD | /AD AD | -AD AD | -AD | /AD | -/AD | /AD
o5 1| -A A -A -1 A | -AD AD | /AD | -/AD | /AD | -/AD AD | -AD AD
o6 1| -A Al -A -1 A AD | -AD | -/AD | /AD | -/AD | /AD | -AD AD | -AD
o7 1] -A A A 1| -A AD | -AD | -/AD | /AD | /AD | -/AD AD | -AD | -AD
o8 1| -A A A 1| -A| -AD AD | /AD | -/AD | -/AD | /AD | -AD AD AD
o9 1 Al -A| -A 1 A | -/AD | /AD AD | -AD | -AD AD | -/AD | /AD | /AD
%100 1 Al -A| -A 1 A | /AD | -/AD | -AD AD AD | -AD | /AD | -/AD | -/AD
Y101 0 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1
P1o2 0 0 0 0 0 0 1 1 1 1 -1 -1 -1 -1 1
%103 0 0 0 0 0 0 A A -A -A -1 -1 1 1 -A
P104 0 0 0 0 0 0 -A -A A A -1 -1 1 1 A
105 1 -1 -1 -1 1 -1 1 1 1 1 1 1 1 1 1
Y106 -1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1 -1
Y107 A 1 1| -A Al -A -A -A A A 1 1 -1 -1 A
Y108 -A 1 1 A A A A A -A -A 1 1 -1 -1 -A
Y109 -A A -A -1 A 1 1 1 1 1 -A -A -A -A -1
Y110 A -A A -1 -A 1 1 1 1 1 A A A A -1
Y111 A | A A 1 A -1 -1 -1 -1 -1 A A A A 1
Pi12 A Al -A 1 -A -1 -1 -1 -1 -1 -A -A -A -A 1
Y113 1] -A A -A 1 A -A -A A A -A -A A A -A
P114 1 A -A A 1] -A A A -A -A A A -A -A A
Y115 -1 Al -A| -A -1 A -A -A A A A A -A -A -A
P16 -1 -A A A -1 -A A A -A -A -A -A A A A
Y117 -1 1 1 1 -1 1 0 0 0 0 0 0 0 0 0
Y118 1 1 1 -1 1 -1 0 0 0 0 0 0 0 0 0
Y119 -A -1 -1 A A A 0 0 0 0 0 0 0 0 0
Y120 A -1 -1 -A A | -A 0 0 0 0 0 0 0 0 0
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where

E(4)=—y/—1=—i, B=—-30 x E(4) = =30 x /—1 = —30i,
C=-31xE4)=-31x+/-1=-31i, D=-96 x E(4) = —96 x v/—1 = —96i,
E=—124x E(4) = —124 x /=1 = —124i, F = —125 x E(4) = —125 x \/—1 = —125i ,
G=-155x E(4) = =155 x /=1 = —155i , H = —186 x E(4) = —186 x v/—1 = —1861,

I=-5xE4)=-5x+y—1==5i,J=—6x E(4) = —6 x y/—1 = —6i,
K=4xE4)=4x+y—-1=4i, L =11 x BE(4) = —11 x /—1 = —111,
M = E(31) + E(31)° + E(31)%®, N = E(31)12 + E(31)* + E(31)%,
O=E@31)*+ E(B31)"+ E(31)%, P = E(31)'7 + E(31)2 + E(31)%,
Q= E(31)' + EGB1)® + E(31)%, R = E(124)® + E(124) + E(124)™,

S = FE(124)% + E(124)57 + E(124)%, T = E(124)* + E(124)% + E(124)"*,
U=FE124)"+ E(124)% + E(124)°1, V = E(124)® + E(124)™ + E(124)"5,
W=-1-6xFE#4)=-1-6x+-1=-1-6i,
X=-5-6xFE4)=-5-6x+-1=-5—6i,
Y=-1-E4)=-1—/-1=-1-4i,Z=-6—-FE4)=-6—+—-1=—-6—1,
AA=—6-5xFE(4)=—-6—-5x/-1=—-6-5i, AB=-Tx E(4)=-Tx+y-1=—

AC = -2 x E(4) = =2 x /=1 = —2i and AD = —E(24) + E(24)"".

A= _F
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A.2 Character table of GO(5,3)

Table A.2: Character Table of GO(5, 3)

[Ca(y)] | 103680 | 103680 | 384 | 384 [ 2304 | 2304 | 192 [ 192 | 2880 | 2880 | 432
o(y) 1la 2a | 2b| 2¢ 2d 2¢ of | 2g 2h 2 | 3a
2P la la la la la la la la la la 3a
3P la 2a 2b 2c 2d 2e 2f 2g 2h 2i la
5P la 2a 2b 2c 2d 2e 2f 2g 2h 2i 3a
U1 1 1 1 1 1 1 1 1 1 1 1
o 1 -1 1 -1 -1 1 1 -1 1 -1 1
3 1 -1 1 -1 -1 1 -1 1 -1 1 1
1y 1 1 1 1 1 1 -1 -1 -1 -1 1
P5 6 6 2 2 -2 -2 0 0 -4 -4 3
e 6 6 2 2 -2 -2 0 0 4 4 3
Y7 6 -6 2 -2 2 -2 0 0 -4 4 3
g 6 -6 2 -2 2 -2 0 0 4 -4 3
o 10 10 2 2 -6 -6 0 0 0 0 -2
P10 10 -10 2 -2 6 -6 0 0 0 0 -2
W11 15 15 -1 -1 -1 -1 3 3 -5 -5 3
12 15 15 3 3 7 7 -1 -1 -5 -5 0
P13 15 15 -1 -1 -1 -1 -3 -3 5 5 3
V14 15 15 3 3 7 7 1 1 5 5 0
U3 15 -15 3 -3 -7 7 -1 1 -5 5 0
Y16 15 -15 -1 1 1 -1 3 -3 -5 5 3
17 15 -15 3 -3 -7 7 1 -1 5 -5 0
P18 15 -15 -1 1 1 -1 -3 3 5 -5 3
19 20 20 4 4 4 4 -2 -2 -10 -10 5
P20 20 20 4 4 4 4 2 2 10 10 5
o1 20 -20 4 -4 -4 4 -2 2 -10 10 5
oo 20 -20 4 -4 -4 4 2 -2 10 -10 5
a3 20 -20 -4 4 -4 4 0 0 0 0 2
o 20 20 -4 -4 4 4 0 0 0 0 2
Y25 24 -24 0 0 -8 8 -4 4 -4 4 0
hag 24 -24 0 0 -8 8 4 -4 4 -4 0
par 24 24 0 0 8 8 -4 -4 -4 -4 0
hog 24 24 0 0 8 8 4 4 4 4 0
%) 30 30 2 2 -10 -10 2 2 -10 -10 3
Y30 30 30 2 2 -10 -10 -2 -2 10 10 3
31 30 -30 2 -2 10 -10 2 -2 -10 10 3
P32 30 -30 2 -2 10 -10 -2 2 10 -10 3
P33 60 -60 4 -4 4 -4 -2 2 -10 10 -3
)34 60 -60 4 -4 4 -4 2 -2 10 -10 -3
35 60 60 4 4 -4 -4 2 2 10 10 -3
Y36 60 60 4 4 -4 -4 -2 -2 -10 -10 -3
P37 60 -60 4 -4 -12 12 0 0 0 0 -6
p3s 60 60 4 4 12 12 0 0 0 0 -6
Y39 64 64 0 0 0 0 0 0 -16 -16 4
a0 64 64 0 0 0 0 0 0 16 16 4
a1 64 -64 0 0 0 0 0 0 -16 16 4
42 64 -64 0 0 0 0 0 0 16 -16 4
a3 80 80 0 0 -16 -16 0 0 0 0 -4
o 80 -80 0 0 16 -16 0 0 0 0 -4
a5 81 81 -3 -3 9 9 -3 -3 9 9 0
a6 81 81 -3 -3 9 9 3 3 -9 -9 0
Yar 81 -81 -3 3 -9 9 -3 3 9 -9 0
pas 81 -81 -3 3 -9 9 3 -3 -9 9 0
a9 90 90 -6 -6 -6 -6 0 0 0 0 0
Y50 90 -90 -6 6 6 -6 0 0 0 0 0
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Table A.2: Character Table of GO(5,3) - continued
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Table A.2: Character Table of GO(5,3) - continued
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Table A.2: Character Table of GO(5,3) - continued
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A.3 Character table of GU(4,4)

Table A.3: Character table of GU (4, 4)

|CGU(4,4)(y)| 77760 1728 288 77760 77760 1944 1944 1944 1944 1944
o(y) la 2a 2b 3a 3b 3c 3d 3e 3f 3g
2P la la la 3b 3a 3f 3h 3g 3c 3e
3P la 2a 2b la la la la la la la
5P la 2a 2b 3b 3a 3f 3h 3g 3c 3e
Py 1 1 1 1 1 1 1 1 1 1
Po 1 1 1 A /A /A 1 A A /A
P3 1 1 1 /A A A 1 /A /A A
Pa 5 -3 1 5 5 T T T /T /T
s 5 -3 1 5 5 /T /T /T T T
Ye 5 -3 1 B /B 18] T /V /U v
Y7 5 -3 1 /B B /U /T v 18] /v
Pg 5 -3 1 B /B \' /T /U /V 18)
Pg 5 -3 1 /B B /V T U A\ /U
P10 6 -2 2 6 6 -3 -3 -3 -3 -3
P11 6 -2 2 C /C N -3 /N /N N
P12 6 -2 2 /C C /N -3 N N /N
P13 10 2 -2 10 10 w w w /W /W
P14 10 2 -2 10 10 /W /W /W W w
P15 10 2 -2 D /D X w /Y /X Y
Y16 10 2 -2 /D D /X /W Y X /Y
P17 10 2 -2 D /D Y /W /X /Y X
Y1 10 2 -2 /D D /Y w X Y /X
P19 15 -1 -1 15 15 6 6 6 6 6
P2 15 7 3 15 15 -3 -3 -3 -3 -3
Pa1 15 -1 -1 E /E /C 6 C C /C
Yoo 15 -1 -1 /E E (¢] 6 /C /C C
Pas3 15 7 3 E /E N -3 /N /N N
oy 15 7 3 /E E /N -3 N N /N
Pas 20 4 4 20 20 2 2 2 2 2
Yo 20 4 4 F /F -0 2 -/0 -/O -0
Yo7 20 4 4 /F F -/0O 2 -0 -0 -/O
Pag 24 8 0 24 24 6 6 6 6 6
Pag 24 8 0 G /G /C 6 C C /C
P30 24 8 0 /G G C 6 /C /C C
P31 30 -10 2 30 30 3 3 3 3 3
P32 30 6 2 30 30 VA Z Z /Z /Z
P33 30 6 2 30 30 /Z /Z /Z Z Z
P34 30 6 2 H /H AA z /AB JAA AB
P35 30 6 2 /H H JAA /z AB AA /AB
P36 30 6 2 H /H AB /Z JAA /AB AA
P37 30 6 2 /H H /AB z AA AB JAA
P38 30 -10 2 H /H -N 3 -/N -/N -N
P39 30 -10 2 /H H -/N 3 -N -N -/N
Y40 40 -8 0 40 40 AC AC AC JAC /AC
Pa1 40 -8 0 40 40 /AC /AC /AC AC AC
Pao 40 -8 0 1 /1 AD /AC /AE /AD AE
P43 40 -8 0 /1 I /AD AC AE AD /AE
Paa 40 -8 0 1 /1 AE AC /AD /AE AD
Pas 40 -8 0 /I I /AE J/AC AD AE /AD
Y6 45 -3 -3 45 45 -/S -/S -/S -S -S
par 45 -3 -3 45 45 -S -S -S -/S -/S
Pag 45 -3 -3 J /J -/S -S -9 -S -9
Pag 45 -3 -3 /J J -S -/S -9 -/S -9
P50 45 -3 -3 J /J -9 -/S -S -9 -/S
P51 45 -3 -3 /J J -9 -S -/S -9 -S
Y52 60 -4 4 60 60 6 6 6 6 6
P53 60 -4 4 K /K /C 6 C C /C
P54 60 -4 4 /K K C 6 /C /C C
P55 64 0 0 64 64 -8 -8 -8 -8 -8
P56 64 0 0 L /L -R -8 -/R -/R -R
P57 64 0 0 /L L -/R -8 -R -R -/R
P58 81 9 -3 81 81 0 0 0 0 0
P59 81 9 -3 M /M 0 0 0 0 0
Y0 81 9 -3 /M M 0 0 0 0 0
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Table A.3: Character table of GU(4,4)
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Table A.3: Character table of GU(4,4)

[Cou,a@)| | 1728 | 1728 216 | 216 216 216 | 216 216 | 108 108
o(y) 6a, 6b 6c 6d 6e 6f 6g 6h 6i 6j
2P 3a 3b 3e 3d 3c 3f 3h 3g 3j 3i
3P 2a 2a 2a 2a 2a 2a 2a 2a 2a 2a
5P 6b 6a 6h 6g 6f 6e 6d 6c 6n 6m
1 1 1 1 1 1 1 1 1 1 1
o /A A /A 1 A /A 1 A 1 A
3 A /A A 1 JA A 1 /A 1 /A
o -3 -3 AF | AF AF | /AF | /AF | /AF | AG AG
U5 -3 -3 | JAF | /AF | /AF AF | AF AF | -AG | -AG
e N /N | -/AF | AF | -AG AG | /AF | -AF | AG | /AF
Y7 /N N | -AF | /AF AG | -AG | AF | -/AF | -AG AF
g N /N AG | /AF | -AF | -/AF | AF | -AG | -AG | -/AF
o /N N | -AG | AF | -/JAF | -AF | /AF AG | AG | -AF
P10 -2 -2 1 1 1 1 1 1 1 1
P11 0] /O /A 1 A /A 1 A 1 A
P12 /0 0 A 1 JA A 1 /A 1 /A
13 2 2 T T T /T /T /T -1 -1
P14 2 2 /T /T /T T T T -1 -1
P15 -0 | -/0 U T /v \Y% /T /U -1 -A
P16 -/O -0 /U /T \Y /v T U -1 -/A
17 -0 | -/0 \Y% /T /U U T YAY -1 -A
18 -/O -0 YAY% T U /U /T \Y% -1 -/A
P19 -1 -1 2 2 2 2 2 2 -1 -1
P20 7 7 1 1 1 1 1 1 -2 -2
a1 -/A -A -0 2 -/O -0 2 -/O -1 -A
a2 A | -/A -/0 2 -0 -/0 2 -0 -1 -/A
23 p /P /A 1 A /A 1 A -2 /O
o /P P A 1 /A A 1 /A -2 0
P25 4 4 -2 -2 -2 -2 -2 -2 1 1
26 Q /Q O -2 /O O -2 /O 1 A
a7 /Q Q /O -2 o /O -2 9] 1 /A
o 8 8 2 2 2 2 2 2 2 2
g R /R -0 2 -/O -0 2 -/O 2 -/O
¥30 /R R -/0 2 -0 -/O 2 -0 2 -0
P31 -10 -10 -1 -1 -1 -1 -1 -1 -1 -1
)32 6 6 AF | AF AF | /AF | /AF | /AF | AG AG
33 6 6 | /AF | /AF | /AF AF | AF AF | -AG | -AG
)34 /C C | -/AF | AF | -AG AG | /AF | -AF | AG | /AF
b35 C /C | -AF | /AF AG | -AG | AF | -/AF | -AG AF
136 /C C AG | /AF | -AF | -/AF AF | -AG | -AG | -/AF
Y37 C /C | -AG | AF | -/AF | -AF | /AF AG | AG | -AF
h3g -/D -D -/A -1 -A -/A -1 -A -1 -A
Y39 -D | -/D -A -1 -/A -A -1 -/A -1 -/A
a0 -8 -8 /O /0 /O 0 o) 0] 0 o)
a1 -8 -8 0] 0 o) /O /O /O /0 /O
P42 -R | -/R /O 0 -2 -2 /O 0O /0 o)
a3 -/R R 0] /0 -2 -2 ) /O o) /O
o -R | -/R -2 /0 ) /O ) -2 0 -2
a5 -/R R -2 0 /O 0] /O -2 /O -2
a6 -3 -3 -N -N -N -/N | -/N -/N 0 0
har -3 -3 -/N | -/N -/N -N -N -N 0 0
a8 N /N 3| -/N -N -/N -N 3 0 0
a9 /N N 3 -N -/N -N | -/N 3 0 0
P50 N /N -/N -N 3 3| -/N -N 0 0
P51 /N N -N | -/N 3 3 -N -/N 0 0
P52 -4 -4 2 2 2 2 2 2 -1 -1
V53 Q| -/Q -0 2 -/O -0 2 -/O -1 -A
e -/Q -Q -/O 2 -0 -/0 2 -0 -1 -/A
P55 0 0 0 0 0 0 0 0 0 0
V56 0 0 0 0 0 0 0 0 0 0
Y57 0 0 0 0 0 0 0 0 0 0
V58 9 9 0 0 0 0 0 0 0 0
P59 S /S 0 0 0 0 0 0 0 0
Y60 /S S 0 0 0 0 0 0 0 0
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[Cau(a.a) W)l 108 | 108 108 | 108 | 288 | 288 | 36 | 36 | 36 | 54
o(y) 6k 61 6m 6n 60 6p | 6q 6r 6s 6t
2P 3k 3i 3k 3 | 3b | 3a]| 3 3i | 3k 31
3P 2a 2a 2a 2a 2b 2b | 2b 2b 2b 2a
5P 61 6k 6j 6i| 6p| 60| 6q | 65| 6r | 6u
b1 1 1 1 1 1 I] 1 i 1 1
g /A A /A 1 Al /a1 Al /A A
s A /A A 1] /A Al 1] /A Al /A
Wy AG | -AG | -AG | -AC 1 1] 1 1 1 0
s -AG | AG | AG | AG 1 1] 1 1 1 0
e -AF | -/AF AF | -AG Al /a1 Al /A 0
o7 -JAF | -AF | JAF | AG | /A Al 1] /A A 0
s AF | JAF | -AF | AG Al /Al 1 Al /A 0
o /AF AF | -/AF | -AG | /A Al 1] /A A 0
D10 1 1 1 1 2 2| 1| | a| -2
P11 /A A /A 1|-/0] -0| -1| -A|-/A] /O
P1a A /A A 1| o|-/0| 1|-/A| -A 0
P13 -1 -1 -1 -1 -2 -2 1 1 1 -1
P14 1 1 1 a1 2| 2] 1 1 1]
D15 -/A A /A 1| /0O ol 1 Al /A| -A
V16 Al /A A -1 ol /ol 1] /A Al -/A
b7 -/A Al /A -1| /0O ol 1 Al /A | A
Y1s Al /A -A -1 ol /ol 1] /A Al -/A
1o 1 1 1 Q| a1 aa]al a1l o 2
P20 -2 -2 -2 -2 3 3 0 0 0 1
o1 -/A Al -/A 1| -A|l-/A| 1] -A|-/A|-/O
o A -/A A 1 |-/A| -A| 1]-/A| -A| -O
o3 e} /O ¢} 2| -/N| -N| o 0 0 A
Py /O 0 /0 2| N|-/N| o0 0 0| /A
Vo5 1 1 1 1 4 41 1 1 1 1
26 /A A /A 1] /Q Q 1 A /A A
o7 A /A A 1 Q| /Q| 1| /A Al /A
thos 2 2 2 2 0 0| o 0 0] -1
Pag 0| -/O -0 2 0 ol o 0 0| -A
V30 -/O -0 | -/O 2 0 ol o 0 0 -/A
b1 1 -1 -1 1 2 2 1| | 1]
V32 AG | -AG | -AG | -AG 2 2 1| | - 0
a3 -AG | AG | AG | AG 2 2| 1| | 2 0
P4 -AF | -/AF AF | -AG | -/O| -O| -1| -A]|-/A 0
. JAF | -AF | JAF | AG| -O|-/O| 1| -/A| -A 0
V36 AF | /AF| -AF | AG|-jO| -O| 1| -A|-/A 0
P37 /AF AF | -JAF | -AG| -O|-/O0| -1|-/A| -A 0
bss -/A A /A 1|-/j0] 0| 1| -A|-/JA| -A
V39 Al /A A 1| 0of|-jo| 1] -/A| -A|-/A
a0 e} /O /O | /O 0 ol o 0 0 1
Va1 /0 0 o e} 0 ol o 0 0 1
Pan -2 -2 /0O e} 0 ol o 0 0 A
a3 -2 ) ol| /o 0 ol o 0 0| /A
Py /0 0 2| /O 0 ol o 0 0 A
Pas o /O -2 e} 0 ol o 0 0| /A
Va6 0 0 0 o] 3| 3] 0 0 0 0
Par 0 0 0 o] 3| -3] o0 0 0 0
Yas 0 0 0 0| /N N| o 0 0 0
a0 0 0 0 0 N| /N| o 0 0 0
P50 0 0 0 0| /N N 0 0 0 0
P51 0 0 0 0 N| /N| o 0 0 0
52 -1 -1 -1 -1 4 4] 1 1 1] -1
P53 -/A Al /A -1 /Q Q| 1 Al /A A
P54 A /A -A -1 Q| /Q| 1| /A A | -/A
V35 0 0 0 0 0 0| o 0 0 0
P56 0 0 0 0 0 ol o 0 0 0
Y57 0 0 0 0 0 0 0 0 0 0
Pss 0 0 0 ol 3| -3] o0 0 0 0
P59 0 0 0 0| /N N 0 0 0 0
Peo 0 0 0 0 N| /N| o 0 0 0
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Table A.3: Character table of GU (4, 4)

[Caua,a) Wl 36 36 36 36 36 36 24 24 15 15
o(y) 12¢ | 12d 12e 12f | 12g | 12h 12i 12j 15a | 15b
2P 6c 6e 6d 6f 6h 6g 6p 60 | 15b 15a
3P 4a 4a 4a 4a 4a 4a 4b 4b 5a 5a
5P 12g 12f | 12h | 12d 12¢ 12e 12j 12i 3b 3a
D1 1 1 1 1 1 1 1 1 1 1
Do A /A 1 A /A 1 A /A A /A
V3 /A A 1 /A A 1 /A A /A A
Py A A A /A /A /A -1 -1 0 0
Ps /A /A /A A A A -1 -1 0 0
Ve /A 1 A 1 A /A -A | -/A 0 0
Pr A 1 /A 1 /A A | -/A -A 0 0
Pg 1 A /A /A 1 A -A | -/A 0 0
Po 1 /A A A 1 /A | -/A -A 0 0
P10 -1 -1 -1 -1 -1 -1 0 0 1 1
P11 A | -/A -1 A | -/A -1 0 A /A
P12 -/A -A -1 | -/A -A -1 0 0 /A A
P13 /A | -/A | -/A -A -A -A 0 0 0 0
P14 -A -A A | -/A | -/A | -/A 0 0 0 0
P15 -1 A | -/A | -/A -1 -A 0 0 0 0
P16 -1 | -/A -A -A -1 | -/A 0 0 0 0
W17 -/A -1 -A -1 -A | -/A 0 0 0 0
P18 -A -1 | -/A -1 | -/A -A 0 0 0 0
P19 0 0 0 0 0 0 -1 -1 0 0
P20 -1 -1 -1 -1 -1 -1 1 1 0 0
Yo 0 0 0 0 0 0 A | -/A 0 0
Yoo 0 0 0 0 0 0| -/A -A 0 0
o3 A | -/A -1 A | -/A -1 A /A 0 0
oy -/A -A -1 | -/A -A -1 /A A 0 0
Pos 0 0 0 0 0 0 0 0 0 0
Poe 0 0 0 0 0 0 0 0
Yo7 0 0 0 0 0 0 0 0 0 0
Pag 0 0 0 0 0 0 0 0 -1 -1
Pog 0 0 0 0 0 0 0 0 -A | -/A
P30 0 0 0 0 0 0 0 0| -/A -A
P31 1 1 1 1 1 1 0 0 0 0
P32 -A -A A | -/A | -/A | -/A 0 0 0 0
P33 /A | /A | -/A -A -A -A 0 0 0 0
34 -/A -1 -A -1 -A | -/A 0 0 0 0
V35 -A -1 | -/A -1 | -/A -A 0 0 0 0
V36 -1 A | -/A | -/A -1 -A 0 0 0 0
P37 -1 | -/A -A -A -1 | -/A 0 0 0 0
P38 A /A 1 A /A 1 0 0 0 0
P39 /A A 1 /A A 1 0 0 0 0
P40 0 0 0 0 0 0 0 0 0 0
a1 0 0 0 0 0 0 0 0 0 0
a2 0 0 0 0 0 0 0 0 0 0
P43 0 0 0 0 0 0 0 0 0 0
a4 0 0 0 0 0 0 0 0 0 0
a5 0 0 0 0 0 0 0 0 0 0
Va6 A A A /A /A /A 1 1 0 0
a7 /A /A /A A A A 1 1 0 0
as 1 A /A /A 1 A A /A 0 0
a9 1 /A A A 1 /A /A A 0 0
V50 /A 1 A 1 A /A A /A 0 0
P51 A 1 /A 1 /A A /A A 0 0
P52 0 0 0 0 0 0 0 0 0 0
P53 0 0 0 0 0 0 0 0 0 0
P54 0 0 0 0 0 0 0 0 0 0
P55 0 0 0 0 0 0 0 0 -1 -1
P56 0 0 0 0 0 0 0 0 -A | -/A
P57 0 0 0 0 0 0 0 0| -/A -A
V58 0 0 0 0 0 0 -1 -1 1 1
V59 0 0 0 0 0 0 -A | -/A A /A
P60 0 0 0 0 0 0| -/A -A /A A

A= Z15V=3 g=578VE3 0= —3 - 3,/=3, D= -5 — 5v/—3, BE= =13=15V=3 p= 10 - 10¢/=3, G= —12 — 12y/=3, H= —15 — 15v/=3,
I= —20 — 20/=3, J= =25=25V=8 'k 30 - 30y/~3, L= —32 — 32¢/—3, M= “81=81V=8 N 823VE3 g1 /73, p= ZTHTVE3,

Q= —2+2v/=3, R= —4 +4y/=3, 5= =28IV=38 o 18Y8 y= 9 /=3, va 58 we STHERVES xo S1o8VES vy /73,
z= =3EIV=3 AA= —6 - 3y/=3, AB= 12E3V3 AC= —5 - 3,/=3, AD= -2 — 4y=3, AE=7 — /=3, AF= —3—=3 AG= —/=3.
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