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Abstract

In this work, we study three nonlinear partial differential equations that are used to simulate a
variety of physical processes in science. As an example of what will be done in this dissertation,
we start off by looking at the second order nonlinear Boltzmann equation. The key equations
that we examine in this dissertation are the potential Kadomtsev-Petviashvili and Korteweg-
de Vries-like equation. Lie symmetry analysis is employed to obtain commutation relations,
one-parameter group of transformations and exact solution for the equations under study.
Moreover, for more physical illustration of the extracted solutions, three and two dimensional
plots for the solutions are presented. We further explore methods like Noether’s approach,
multiplier method and the conservation theorem due to Ibragimov to derive their conservation

laws where they may apply.

Keywords: Boltzmann equation; potential Kadomtsev-Petviashvili equation; Korteweg-de
Vries-like equation; Lie symmetry analysis; Kudryashov’s method; conservation laws; Noether’s

theorem; Ibragimov’s theorem; multiplier method.



Introduction

It is a known fact that almost all physical phenomena of physics and other fields obey math-
ematical laws and hence nonlinear partial differential equations (NLPDEs) can be used to
describe such phenomena [1]. This makes the theory of NLPDESs to be one of the most im-
portant fields in mathematics. Considering the foregoing, a number of important methods for
generating exact solutions to NLPDEs have been developed by noteworthy scientists. These
methods include the bifurcation method [2], the Bécklund transformation [3], Hirota bilin-
ear method [4], Kudryashov’s method [5], the (G’/G)-expansion method [6] and Lie group
method [7-10].

With the use of Galois’ theory, Sophus Lie (1842-1899), a Norwegian mathematician, estab-
lished the symmetry method and demonstrated that many of the known ad hoc methods of
integration of ordinary differential equations (ODEs) could be obtained in a systematic man-
ner [11]. ODEs and partial differential equations (PDEs) have both been studied using Lie
group theory. See for example [12-17]. The approach has evolved into a helpful tool for solving
differential equations (DEs), classifying them, and preserving the solution set in the DEs.
Furthermore, it has been observed that conservation laws are established and entrenched nat-
ural laws that have been studied by many researchers in various scientific fields. Conservation
laws that are commonly used in this context include, conservation of linear momentum in
an isolated system, conservation of electric charge, conservation of energy, conservation of

mechanical energy in the absence of dissipative forces, and many others [12,17].

One of the fundamental principles in the formulation and investigation of models in mathe-
matics is conservation laws. The existence of a large number of conservation laws of NLPDEs,

for example, is sometimes a strong indicator of their integrability [18]. They also help in



development of numerical schemes, and theory of non-classical transformations [19]. Hence
many methods have been developed to compute conservation laws. These include, Noether’s

theorem [20], the multiplier approach [8], and conservation theorem due to Ibragimov [21].
The outline of this dissertation can simply be stated as follows:

In Chapter 1 we present preliminaries on Lie symmetry analysis, that is, definitions, theorems
and various methods for obtaining conservation laws of PDEs. Also a brief description of
Kudryashov’s method for finding exact solutions of DEs is given that will be needed in our

study.

In Chapter 2 we give an illustrative example to demonstrate how the methods, theorems and
definitions stated in Chapter one will be used throughout this dissertation. We investigate the
second-order nonlinear Boltzmann equation and using Lie group theory to obtain its group-
invariant solutions. Thereafter, we employ the multiplier method, Noether’s theorem and the

conservation theorem due to Ibragimov to derive its conserved vectors.

In Chapter 3 we compute Lie point symmetries for the potential Kadomtsev-Petviashvili equa-
tion. We then determine its commutator table and one-parameter group of transformations.
Moreover, we use its Lie point symmetries to perform reductions. Travelling wave solutions
are obtained by applying Kudryashov’s method. Finally, conservation laws are derived using

Ibragimov’s approach, multiplier method and Noether’s theorem.

Chapter 4 deals with the Korteweg-de Vries-like equation We obtain its Lie point symmetries,
present the commutator table and compute the one-parameter group of transformations. Re-
ductions are performed using the obtained symmetries. We then provide conservation laws of

the Korteweg-de Vries-like equation using the theorem due to Ibragimov.

In the final chapter, a summary of the results obtained in the dissertation is given and future

work is discussed.

Bibliography is given at the end.
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Chapter 1

Symmetries of PDEs

In this chapter we give some basic concepts, definitions and theorems of the Lie group theory
that will be used throughout this dissertation. Moreover, we provide methods of obtaining

conservation laws and closed-form solutions of PDEs.

1.1 Introduction

Marius Sophus Lie, a Norwegian mathematician, born in Nordfjordeid in 1842 realized more
than a century ago that through group theory many of the approaches for solving DEs could be
unified [12]. Through his study on continuous groups he devised a method for obtaining closed-
form solutions to DEs based on symmetry. Nearly all known approaches for solving DEs are
particular cases of Lie’s theory. Many books and articles have been published demonstrating
the power of this method. This includes Ovsiannikov [7], Olver [8], Bluman and Kumei [9],
Stephani [10], Ibragimov [22,23], Hydon [24]. The definitions, theorems and conclusions offered

in this chapter are based on the aforementioned publications.
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1.2 Local one-parameter Lie group

Definition 1.1 Suppose H is a set of transformations
U, : 20 =4I (2,a), a=1,...,n, (1.1)
where a is a real parameter that ranges in values from the neighbourhood D C R of a = 0 and
Y’ are differentiable functions, then the set H is said to be a continuous one-parameter (local)
Lie group of transformations if it satisfies the properties:
(i) Closure: For ¥,, ¥, € H and a,b € D' C D, then ¥,W, = V. € H,c = p(a,b) € D.
(ii) Identity: ¥y € H such that oW, =V, Vg =V, foranya € D) CDand ¥V € H.

(iii) Inverse: For any ¥, € H,a € D' C D, there exists ¥, ! = ¥,1 € H,a™' € D such that
U U1 =g =V,1U,.

1.3 Infinitesimal transformations

According to Lie group theory construction of the symmetry group H is equivalent to the

determination of the corresponding infinitesimal transformations:
T~ 1! 4 all () (1.2)

by the Taylor series expansion in a of (1.1) about a = 0 and also taking into account the initial

conditions
1/}] ‘a:O =’
Consequently,
L Yi,a)
J — ’ 1.3
¢ (x) a0 |, (1.3)
elements of the vector field v = (aw;((f’a), a¢23(;’“), e 81[’7;(5’“)) at local coordinates (z*, 22, ..., 2").
By introducing the operator
, 0 0
ngj('rau)_+77a(x7u)_ (14)

oxJ ou™

12



we note that equation (1.2) can now be written in the form
¥ (14+aX)2l

The operator X is known as the infinitesimal operator of the group H.

1.4 Group invariants

Definition 1.2 A function P(xz,u) is the invariant of the group of transformations (1.1) if
P(z,u) = P(z,u), (1.5)

for all x, u and the parameter a € D C D.

Theorem 1.1 (Infinitesimal criterion of invariance) The function ['(z,u) is an invari-
ant of group H if

: or or
XTI = fj(x,u)%—l-na(x,u)% = 0. (1.6)

The aforementioned theorem suggests that every one-parameter group of point transformations
(1.1) has functionally independent invariants. The linear equation (1.6) is solvable by the
method of characteristics giving invariant curves that are tangent to the vector (£7,n*) for
j=1,...,nand a =1,...,m which can be regarded as the left-hand side of any first integrals
Jl(ZE, U,) =C,y..., Jm—&-n—l(xa U,) = Cm+n-—1,
of the characteristic equations
dat da™ du? du™

ru)  (wu) o) (@, )
Theorem 1.2 If the infinitesimal transformation (1.2) or its generator X is given, the corre-

sponding one-parameter group H is then obtained by solving the Lie equations

dz’ : du®
=& (z,u =ni(z,u =1,...,1 1.7
dCLs fs (.’L’,U), das 775 (l’,U), S 9 3 Uy ( )
subject to the initial conditions
jj a=0 == x‘j7 aa|a:0 = U/a‘

13



1.5 Construction of a symmetry group

The algorithm for determining a symmetry group for a given PDE is described below, but first

some definitions are provided.

1.5.1 Prolongation of point transformations

Consider a second-order PDE
E(t7x7u7ut7u;wuthuzwaut;B) = 07 (18)
where t and z are two independent variables and u is a dependent variable. Let

+ n(t,%U)ﬁ (1.9)

0
—Ff(t,l‘,U)— ou

X =171(t,x, u)2 5

ot

be the infinitesimal generator of the one-parameter group G of transformation (1.1). The

second prolongation of X, denoted by X?! is given by

0 0 0 0 0
2]
X=X+ Ct ‘|' C:c + Gt D + Gz Dur + Cowr D’ (1.10)
where,
G = Di(n) —uDy(7) — uzDi(§),
G = Du(n) —uDy(1) — uz Do (€),
Cee = Dt(Ct) tDt( ) Utth(§)7
Ctx = Dm(Ct) up Dy ( ) utﬂcDr(é)a
and the total derivatives D; and D, are given by
0 0 0 0
Dt = at +Ut8 +Ut$8 +Utta_ut+ (]_]_1)

ox ou (9_ux ouy

Applying the definitions of D, and D, given above we obtain the respective values of (s to be

G = M+ Wy — Wt — UfTu — Up&t — Uz, (1-13)

14



Co
Cut

<tz

Caa

M+ Ualhy = WTy — Uty Ty — Uy — U,

Nt + 20Ny + Uy, + (Ut)277uu — 2UyuTy — WTy — 2(Ut)27'tu
—UgUpy Ty, — (ut)STuu - 2Utmft - Uxftt - 2Utuzftu - (Ut)zuxfuu
—(UgU + 2ustiyg )&,

New + UeMtw + UtNpu + Utz + Welp Ny — g (T + &2) — WiTow — Uge Ty
Uy (T + Eau) = Ui Taw — (2Utite + U)o — () U T — Ui
g€t — () €t — (2Utisy + Utiae ) — s () *Es

Mex + 2UaNou + Uaah + (Ue) N, — 2zae — Uaaa — 2(Ua)*Epu
—BUg Uz — (Us) Eun — 2UtaTe — UrTagw — (Upllag + 2Ugliyy) Ty

_2utum7—xu — Uy (u:p)zTuu-

1.5.2 Group admitted by a PDE

Counsider the PDE of second-order

The vector-field

E(t7 Ty U, Uty Ugy Utty Uty u$$> - O

0 0 0
X = T(tvxau)a + f(t,l’,u>£ + n(taxfu’)%

is an infinitesimal symmetry of (1.18) if the Lie condition

b E|l,_,=0

holds, where the symbol |,_, means evaluated on the equation £ = 0.

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

Equation (1.20) is said to be the determining equation of (1.18) since it determines all the

infinitesimal symmetries of (1.18).

Theorem 1.3 A symmetry of (1.18) transforms any solution of (1.18) into another solution

of the same equation.

The aforementioned theorem implies that we can construct more solutions of (1.18) from known

ones.

15



1.6 Lie algebras
Suppose we have the operators, X; = &8%1 and X; = nla%l,i,j =1,...;,randl=1,...,n

Definition 1.3 (Commutator) The commutator of X; and X is defined by

" on o9&\ o
] m m m

Definition 1.4 (Lie algebra) A Lie algebra is a vector space L (over the field of real num-

bers) of operators with the property: For all X;, X; € L, the commutator [X;, X;] € L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.4 The set of all solutions of any determining equation forms a Lie algebra.

1.7 Solution methods for differential equations

A few approaches for finding exact solutions to DEs are presented in this section.

1.7.1 Kudryashov’s method to obtain travelling wave solutions

Consider the nonlinear evolution equation (NLEE)
F(u, ug, Uy, Uy, Uy, Uy, Ugt, Uggs, -..) = 0. (1.21)

Here, F' is a polynomial in u(z,y, z,t) and its various partial derivatives involving the highest
order derivatives and nonlinear terms. The Kudryashov’s method can be described by the

following fundamental steps [25]:
First step

We transform equation (1.21) from PDE to ODE by using the travelling wave transformation
E=k(x+y+2z—Vit), u(x,y,zt) =u() in the form

16



Pu,u/;u" u"”..) = 0. (1.22)

d
Here, P is a function of u(&), prime denotes 7 and V' is the speed of travelling wave.
Second step

Assume that the solution of equation (1.22) has the following form

U(§) = > aid'(©): (1.23)

Here, a;(i = 0,1,2,..., N) are constants to be investigated afterwards such that ax # 0.

Consider the ODE

d
d—gq(é’) = ¢*(&) — q() (1.24)
whose solution is
1
1(8) = T Ao (1.25)

where A is an integrating constant.
Third step

The positive integer N in equation (1.23) will be determined by using the homogeneous bal-
ance between the highest order linear term and the highest order nonlinear term occurring in

equation (1.22).
Fourth step

Using equations (1.23) and (1.24) into equation (1.22), we obtain a polynomial in ¢, where
(1 =0,1,2,...). Allocating all terms of same power and equating them to zero, we obtain a
system of algebraic equations for this polynomial. These equations can be solved by Maple or
Mathematica to find the values of a; and V' and using these values we can obtain the desired
solutions. Implementing these solutions then into equations (1.21) and (1.22), we can justify

whether the solutions are exact or not.

17



1.8 Conservation laws

1.8.1 Fundamental operators and their relationship

Consider a pth-order system of PDEs of n independent variables z = (z!,22,...,2") and m
dependent variables u = (u',u?,...,u™), given by
Eo(z,u,uaqy, .. up) =0, a=1,...,m. (1.26)

Definition 1.5 (Euler-Lagrange operator) The Euler-Lagrange operator, for each «, is

defined by

) 0 s 0
e + Z(_l) D;, . ~~Disaua—, a=1,...,m. (1.27)

=1 i1d2.0s

out 0

Definition 1.6 (Lagrangian) If there exists a function

L = L(x,u,uny, U@, .-, Us) , s < p, p being the order of equation (1.26), such that

)
%:O, a=1,...,m, (1.28)

then £ is called a Lagrangian of equation (1.26). Equation (1.28) is known as the Euler-

Lagrange equation.

Definition 1.7 (Lie-Bicklund operator) The Lie-Bécklund operator is given by

o .0
ozt n ou®’

X=¢ En* e A, (1.29)

where A is the space of differential functions. The operator (1.29) is an abbreviated form of
infinite formal sum
.0 0 0
X=¢—+n1"— e 1.30
¢ ox’ i ou® * ; i oug, 7 (1.30)

where the additional coefficients are determined uniquely by the prolongation formulae

¢ = Dy(W) + &uf

5

= Dy ...Di (W) + &u? s> 1, (1.31)

11...15 jil...i57

18



in which W is the Lie characteristic function given by

W =n™ — . (1.32)

J

One can write the Lie-Bécklund operator (1.30) in characteristic form as

. 0 0
X =¢D; ¢— D;, ...D; N
§D+ W ou +Z " (W )8u°‘

=1 i182...0s

(1.33)

Definition 1.8 (Conservation law) The n-tuple vector 7' = (T, 7?,...,T"), T' € A, j =

1,...,n,is a conserved vector of (1.26) if T* satisfies

The equation (1.34) defines a local conservation law of system (1.26).

1.8.2 Multiplier method

The algorithm of finding the conservation laws for DEs is given in [26]. The advantage of this
approach is that it does not require the use or existence of a variational principle and reduces
the calculation of conservation laws to solving a system of linear determining equations similar

to that for finding symmetries.

A multiplier Ay (2, u, u(),...) has the property that
A E, = D;T" (1.35)

holds identically.
The right hand side of (1.35) is a divergence expression. The determining equation for the
multiplier A, is

d(ALEL)

p— . 1-
o 0 (1.36)

When the multipliers are found, then the conserved vectors are constructed by invoking the

homotopy operator [26].

19



1.8.3 Noether’s theorem

Consider the pth-order system of PDEs of n independent and N dependent variables

Ea (:E,U,U(l),U(Q),.‘.,U(p)) :0, a:1,2,...N. (137)
Definition 1.9 If there exists a function £ (x,u,u(l),u(g), e ,u(s)) € A,s < p, such that
(1.37) are equivalent to
0L
= —0, a=1,2,...,N, 1.38
0o a (1.38)

then L is called a Lagrangian of (1.37) and (1.38) are the corresponding Euler-Lagrange DEs.

Definition 1.10 A Lie-Backlund operator X is a Noether symmetry generator associated

with a Lagrangian £ of (1.37) if there exists a vector B = (B!, B,..., B") such that

X(L)+LD; (&) =D; (B') . (1.39)

Theorem 1.5 For each Noether symmetry generator X associated with a given Lagrangian
L corresponding to the Euler-Lagrange DEs, there corresponds a vector T' = (T*, T2 ..., T")
with 7% defined by

T'=B'—-N'L
3L

:Bz_z o a "~ D w «a
§L-Woge =D Divess (W)

oL

fe% ?
s>1 5u’i1"'is

(1.40)

which is a conservation law for the Euler-Lagrange DEs (1.38). In Noether’s method we find
L (x, Uy ... ,u(p,l)) and then equation (1.39) is used for the construction of Noether symme-
tries. Moreover, equation (1.40) yields the corresponding Noether conservation laws. The Lie
characteristics W of the Noether symmetry generator are the characteristics of the conserved

vectors.

1.8.4 A conservation theorem due to Ibragimov

A new conservation theorem due to Ibragimov [21] provides the procedure for computing the

conserved vectors associated with all symmetries of the system of pth-order PDEs, that is

20



Fo(z,u,uqy, ., upy) =0, a=1,...,m. (1.41)

Definition 1.11 (Adjoint equations) Consider a system of pth-order PDEs given by (1.41).
Let

S(PF,
Fi(z,u,0, ..., up), vp) = (g B>, a=1,....m, (1.42)
uOé
where v = (v!,...,v™) are new dependent variables, v = v(z), and define the system of adjoint
equations to system (1.41) by
Fi(z,u,v, ..., u@p),vp) =0, a=1,...,m. (1.43)

Theorem 1.6 Any system of PDEs (1.41) considered together with its adjoint system (1.43)

has a Lagrangian

ﬁIUBFE(.T,u,U,...,U(p)). (1.44)

Theorem 1.7 Consider the system of PDEs (1.41). The adjoint system given by (1.43) in-
herits the symmetries of system (1.41). If system (1.41) admits a point transformation group
with a generator (1.29), then the adjoint system (1.43) admits the operator (1.29) extended

to the variables v by the formula

0
ovt’

yzgii

-+ n¢
oxt g

+ g (1.45)

ou’
with
e =1l (z,u,v, ) = = { XG0 + 0" Di(€") } (1.46)

in which (1.45) and (1.46) are extensions of (1.29) to the variable v* and A§ and are obtained

from

X (F,) = \3F}. (1.47)

Theorem 1.8 Any infinitesimal symmetry (Lie point, Lie-Backlund, nonlocal) given by (1.29)
of system (1.41) leads to a conservation law D;(T") = 0 for the system (1.41) and (1.43). The

components of the conserved vector are given by the formula
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A A WY oL oL
Tz — €Z£+WOC a_D_ a+DDk—a_]
_Gui / ug ’ dugsy,
oL oL oL
+D;(W?) | 5 = Dy oo | + DD(W) | o = | (1.48)

where, W is the Lie characteristic function given by (1.32) and £ is the Lagrangian (1.44) [23].
The functions & and 7 are the coefficient functions of the generator (1.29). The conserved
vectors (1.48) involve the arbitrary solutions v of the system of adjoint equations (1.43) and

hence one obtains an infinite number of conservation laws for (1.41) by specifying v.

1.9 Conclusion

We discussed some basic concepts and definitions of Lie group analysis in this chapter. More-
over methods to obtain exact solutions and conservation laws of PDEs were presented. These
methods were Kudryashov’s method (to obtain exact solutions), Noether’s theorem, multiplier
method and the conservation theorem due to Ibragimov. All the aforementioned methods will

be used throughout this dissertation.
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Chapter 2

Symmetries and conservation laws of
the Boltzmann differential equation:

an illustrative example

The generalized (p + 1)th Boltzmann equation in (1 + 1)—dimensions has the form [27]

(% + 1) (—%)pu(t,x) = %ﬁ(t, ), (2.1)

where p is a positive integer. When p = 1, equation (2.1) reduces to
Upe + Uy + u? = 0. (2.2)

In this chapter we study equation (2.2). We calculate Lie point symmetries, group invariant
solutions and its conservation laws. The nonlinear Boltzmann equation was derived in [28] by
Krook and Wu, and arises in the formation of Maxwellian tails in gas dynamics [29,30]. In
kinetic theory, Boltzmann equation provides a statistical description of a gas of interacting

particles [31].
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2.1 Lie point symmetries of (2.2)

Equation (2.2) admits the one-parameter Lie group of transformations with infinitesimal gen-

erator
0 0 0
X :T(t,x,u)a—kf(t,m,u)%—i—n(t,x,u)% (23)
provided
X (ugy + up + u2)|(2_2) = 0. (2.4)
Using the definition of X, where X2 is the second prolongation defined by
0 0 0
X[Q] =5 T T
n@u 6 Oy TG Oy
we obtain
n(2u) + (1) + Ctx(l)’(zz) = 0. (2.5)

Substituting the values of ¢, and (;, in equation (2.5) and replacing u;, by —(u, + u?) we get

2U77 + Nz + UgMy — WTy — Uy Ty — umf:c - uifu + Ntz + Uz Nt + UMz
—anu - U277u + utuxnuu + (0 (Tt _I_ gx) + u2(7—t + 5:(:) — UtTey — Ut Ty
2

—UtUy (Ttx + Eazu) - ut Tzu + 2(utua} + utu2)7—u — Ug U Ty — u?u:vTuu

Since 7, £ and n depend only on ¢, x and u one can split on the derivatives of v to obtain an

over determined system of linear PDEs:

Uy T =0, (2.7)
Ugllyy : Ty =0, (2.8)
Uy : &u =0, (2.9)

Ugy = & =0, (2.10)

Uty © My = 0, (2.11)

Up : Npy =0, (2.12)
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Ug & Tp+ N =0, (2.13)

1 2un+ 0y 4+ e — uPn, + v, —u?é, = 0. (2.14)
From equations (2.7) and (2.8) we have
T =alt), (2.15)
where a(t) is an arbitrary function of t. Equations (2.9) and (2.10) imply that
§ = b(x), (2.16)

where b(z) is an arbitrary function of x. Integrating equation (2.11) twice with respect to u,

we get
n=c(t,x)u+d(t, x), (2.17)

where ¢(t,z) and d(t,z) are arbitrary functions of ¢ and x. Substituting this value of 7 in

(2.12), we obtain c¢,(t,z) = 0, which gives
c=c(t). (2.18)
Thus, from equation (2.17), we have
n=c(t)u+dt, ). (2.19)
Substituting the values of 7, £ and 7 in equations (2.13) and (2.14), we obtain
a(t)+d(t)=0 (2.20)

and

u?c(t) + 2ud(t, ) + d, + dyy + u?a (t) + u?b (z) = 0,

respectively. Separating the above equation with respect to u, we obtain

uw? oc(t) +d(t) +V(x) =0, (2.21)
u : d(t,x) =0, (2.22)
rest : d,+dy, =0. (2.23)
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Using equation (2.22) in (2.19) gives
n = c(t)u. (2.24)
Using (2.20) and replacing a/(t) by —c/(t) in (2.21) we get
d(t) — c(t) = V(). (2.25)

Since the left-hand side of (2.25) is a function of ¢ only and the right-hand side is a function

of z only, both must be equal to a constant, say A;. Hence

W (z) = A, (2.26)
d(t) —c(t) = A;. (2.27)

Clearly equation (2.26) gives
b(z) = Ajx + As, (2.28)

where A, is an arbitrary constant of integration. Solving equation (2.27) for ¢(t), we have
c(t) = Aze' — Ay,
where Aj is an arbitrary constant. We now use equation (2.20) to find the value of a(t).
d(t) = —c(t) = —Aze'. (2.29)
Integrating the above equation with respect to ¢, we get
a(t) = —Ase’ + Ay, (2.30)

where A4 is an arbitrary constant. Thus,

T = —Aze’ + Ay, (2.31)
§ = A1z + Ay, (2.32)
n = Asue’ — Ayu, (2.33)

and so, the Lie point symmetries of (2.2) are

X, = %, (2.34)
X, = %, (2.35)
X = xa% - u(%, (2.36)
Xy = —et% + etua%. (2.37)
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2.1.1 Commutator table for the symmetries of (2.2)

We now calculate the commutation relations for all the symmetry generators of (2.2) obtained

above. Firstly we compute [X5, X3]. By the definition of Lie bracket we have

[Xo, X3] = XoX5 — X35X,

In the same way, one can compute all the remaining commutation relations using the above

procedure. The table below shows the commutation relations in table form.

Table 2.1: Commutator table of Lie algebra of the differential equation (2.2)

(X, X5l Xa | Xo | X5 | Xy
X1 0 0 0 | X4
Xo 0 0 Xo| O
X3 0 |-Xo| 010
Xy -Xs0 0 01]0

2.1.2 One-parameter groups of (2.2)

We now employ the Lie equations with the initial conditions

dt _ _ dx _ du _
d_ :T(t7j7a)7 t|a=0:t7 _w :£<t7'f7a)7 j|a:0:x7 _u :77(7571_57@)7 ﬂ|a:0:u
a

da da
to compute the one-parameter group of transformations. For each X;, let G,, be the corre-
sponding group. We first compute one-parameter group corresponding to infinitesimal gener-

ator X3, namely



Using Lie equations, we have

Thus, the one-parameter group G,, corresponding to the operator Xj is given by
Gos @ (6, T,0) — (t,xe™ ue™").

If we continue in the same manner as above, we get the following one-parameter groups for all

the operators:

as ¢ (6T, 0) — (t,xe®™ ue™ "),

w o (LT, 0) — (—ln’a4+et o u(l —|—a4et)>.

Since each group G, is a symmetry group, if v = f(¢,z) is a solution of (2.2) so are the

functions

Uy :f(t—a,x),
'LLQIf(t,ZU—CL),

ug =e “f(t,e “z),

1 t
u4:<1_aet>f(—ln|e_ —a|,a:).

2.1.3 Constructing group-invariant solutions of (2.2)

We now utilize the generators obtained in the previous subsection and find symmetry reduc-

tions and group invariant solutions for equation (4.1).

Case 1.
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We firstly, consider the Lie point symmetry X; = 0/0t. The characteristic equations associated

with the operator X; are
dt dr du

1 0 0’

which give two invariants J; = = and J; = u. Thus, the group-invariant solution is given by
Jy = f(J1). This gives u = f(x), where f is an arbitrary function. Substituting this value of
w into (2.2), we obtain the first-order nonlinear ordinary differential equation (NLODE)

f'(z) + f*(z) = 0.

Integrating with respect to x, we obtain the solution to the ODE to be

1
f(z) = T (2.38)

where C' is an arbitrary constant of integration. Thus, the group-invariant solution of (2.2)

under the Lie point symmetry X; is

u(t,z) = (2.39)

x+C’

Remark. Note that the above invariant solution does not depend on the time variable ¢, and
hence this is the stationary solution of (2.2). We now present a dynamical profile picture of

solution (2.39) in Figure (2.1) by assigning the value C' = 1.

4

Figure 2.1: 3D and 2D profile of solution of (2.39).
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Case 2.

Next, we consider the symmetry operator Xy = 0/0dx. The characteristic equations for the
operator X, are
dt dr du

o 1 0’
which lead to two invariants J; = ¢ and Jy = u. Thus, u = f(t), where f is an arbitrary

function of ¢. Substituting this value of u into (2.2), we obtain

flt)=0
and hence the group-invariant solution of (2.2) under X, is just the trivial solution wu(t, z) = 0.

Case 3.

We now consider the Lie point symmetry X3 = x0/0x — ud/0u. The characteristic equations

associated with the above operator are

dt da:_%

0 z —u
that leads to two invariants J; =t and Jy = uz. The two invariants imply that u = (1/z) f(t),

where f is an arbitrary function of ¢. Substituting this value of u into (2.2), we obtain the

first-order NLODE
F'@) + f(t) = f2(t) = 0.

Solving the above equation, we get

1
T0=1reer

where C} is an arbitrary constant. Hence the group-invariant solution of (2.2) under Xj is

1

u(t,x) = 0T O

(2.40)

A dynamical profile picture to the solution (2.40) is shown in Figure (2.2) obtained by assigning
the value C; = 1.
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Figure 2.2: 3D and 2D graphics of solution (2.40).

Case 4.

We consider the Lie point symmetry generator X; = —e'd/0t + ue'd/0u. The associated
characteristic equations to X, are

dt dx B du

0 uet’

o
The characteristic equations yield the two invariants .J; = x and .J, = ue!. Hence the group-

invariant solution is given by Jo = f(J;), where f is an arbitrary function of z. This implies

u(t,z) = e ' f(x).

Substituting the above value of u into (2.2), we obtain

f(z) =0.
Thus, the group-invariant solution of (2.2) under X is also just the trivial solution

u(t,x) = 0.

Case 5.

We consider the linear combination X7 + uXy = (1 — pe')d/0t + pue'd/Ou in order to obtain

an exact solution.

The associated characteristic equations to X; + uX, are

dt dx du

1—pet 0 puet
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The characteristic equations yield the two invariants J; = x and Jp = u(1 — pet). Hence the
group-invariant solution is given by Jo = f(J;), where f is an arbitrary function of x. This
implies

f(z)
1 — pet

u(t,z) =

Substituting the above value of u into (2.2), we obtain the NLODE f’(x) + f%(z) = 0. Solving
the NLODE we get

1

R — 2.41
.T—FCl’ ( )

/()

where C is an arbitrary constant of integration. Thus, the group-invariant solution of (2.2)

under the linear combination X7 + puX}y is

1
(Cr+ ) (1 — pet)

u(t,z) = (2.42)

Figure (2.3) depicts a dynamical picture of the above solution by assigning values C; = 1 =

w=1

Figure 2.3: 3D and 2D profile solution of (2.42).
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Case 6. (Traveling wave solutions): X, + cXy = 0/0t + c0/0x.

From the above linear combination the characteristic equations are

X:2+cﬁ.

We consider the linear combination X of the translation operators X; and X5, namely X =

X1 + cXs, where ¢ is an arbitrary constant. Thus,

The associated characteristic equations to X are

1 c 0"

dt dr du

Thus, one invariant is J; = u. The other invariant is obtained from

dt  du

1 c

which gives us Jy = x — ct. Hence the group-invariant solution is given by J; = f(.J;), where

f is an arbitrary function. This implies that

u(t,z) = f(§), E=x —ct.

Substituting this value of u into (2.2), we obtain

—cf"(&) + (&) + f2(§) = 0. (2.43)

Thus, the solution of (2.2) under X is u = f(&), where f satisfies

—cf"(&) + (&) + (&) =0.

2.2 Numerical simulations

In this section, we present some three and two dimensional figures for the obtained solutions
presented in this chapter. The construction of the figures is carried out with the aid of the

mathematical software Mathematica by taking suitable values of the parameters under some
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limit in order to see the mechanism of the equation (2.2) under investigation. From Figs.

2.1-2.3, one can see that the obtained solutions possess singular solutions.

In Figure 2.1, 3D and 2D graphs of the singular solution (2.39) with parameter C' = 1 recorded
with interval —5 < ¢t < 5 and —5 < x < 5. Figure 2.2,3D and 2D graphs of singular solution
(2.40) with parameter C' = 1 recorded on the interval —5 < ¢ < 5 and —5 < = < 5. Figure
2.3,3D and 2D graphs of singular solution (2.42) with parameters C' = u = 1 recorded under

the limit —5 <t < b and —5 <z < 5.

2.3 Conservation laws for the Boltzmann equation

In this section we derive conservation laws of the Boltzmann equation (2.2) by invoking three

approaches.

2.3.1 Conservation laws using the theorem due to Ibragimov

In this subsection we construct conservation laws of (2.2) using Ibragimov’s theorem [32]. From

(1.30), we get the Euler-Lagrange operator as

4] 0 9] 0
@:%—Dma—%‘FDtDm%‘i‘"" (2.44)

The adjoint equation for (2.2) from (1.43) is given by

J
F*(t,x,u,v,...,v4) = 50 [v(u + ug +u?)] =0, (2.45)

where v = v(t, z) is the new introduced dependent variable. Equation (2.45) yields
Vg — Vg + 2uv = 0. (2.46)

Since the Boltzmann equation (2.2) is not the same as equation (2.46) we conclude that the
Boltzmann equation is not self-adjoint. Consider equation (2.2) and its adjoint equation (2.46)

as a system. The Lagrangian for this system from (1.44) is

L = (U + uy + u?), (2.47)
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since
6L, oL _
ou | v

on the system. Now, equation (2.47) admits all the symmetries (2.34), (2.35), (2.36) and (2.37)

0 (2.48)

extended to the new variable v(¢,z). That is, the infinitesimal generator becomes

o 0 0 0
Y:ra+§%+n%+n% (2.49)
with
n=n"tz,u,v) = —{A+ Dy(7) + D(§)} v. (2.50)

We determine the parameter A by using
XE(F)=\F, (2.51)

where F' = uyy + u, + u? and X is the second prolongation of X, given by

0 0
xXP=x4¢ o=+ C“W‘ (2.52)
x tx

The conserved vectors of the system of equations (2.2) and (2.46), associated with a symmetry

can be obtained from a modified version of (1.48) as

oL
t_
T' =1L+ D, (W) (8um> : (2.53)
- oL oL
T _§£+W[8uz—Dt<8uw)1, (2.54)
where
W =n—1u — Euy, (2.55)

since we have one cross term uy, in our equation (2.2). For details see [33].

Case 1. For the translation symmetry X; = 0/0t we have 7 = 1, £ = n = 0. Thus,
(o = (o = 0. We then get, X{Q}F = 0F, that is, A = 0. From (2.50) we obtain n* = 0, whereby
the new generator retains the form of X;. That is, Y; = 9/0t. To compute the conservation
laws for X; we utilize the formulas (2.53), (2.54) and (2.55). From (2.55) the Lie characteristic
function is W7 = —u;. Thus, the conserved vector (77, T¥) from (2.53) and (2.54) is

t 2
1) = uzv + uv,
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TV = vy — .

Case 2. For Xy, = 9/0x we note that just like X; the generator coefficient is a constant,
hence it is easy to see that ¢ = 1l and 7 =n = (, = (; = n* = XA = 0. Similarly, the new

generator coincides with X,. That is, Yo = 0/0z. The Lie characteristic function is then given

by Wy = —u,. Thus, the conserved vector is
Ty = — Uy, (2.56)
TS = uyvy + UV + Uy (2.57)

Case 3. For the scaling symmetry X3 = x0d/0x — ud/du we have, £ =z, 7 = 0, n = —u,
(z = —2u,, and (4 = —2uy,. Then, X??]F = —2F, which implies A = —2. It follows that
n* = v, whereby the new generator is Y3 = 20/0z — ud/0u + v0/0v and the Lie characteristic

function is W3 = —(u + xu,). Thus, the conserved vector is

Th = — 20 — TULLY, (2.58)

2

T = 2uv + 2u™v — UV + TULVE + UV (2.59)

Case 4. For the symmetry X, = —e'0/0t+ue'd/0u, we obtain, £ =0, 7 = —e', n = e'u, (, =
—2Ug, (o = —2Usz, A = 2€', whereby the new generator is Y, = —e'0/0t + e'ud/0u — e'vd /v,
and W, = efu + e'u,. Hence

Ti = — e'u’v, (2.60)

Tf = — etUtUt + etU/tU - etuvt + etuv. (261)

Remark. The conserved vectors involve solutions v of the adjoint equation (2.46) and solu-
tions u of the Boltzmann equation (2.2) and hence yields an infinite number of conservation
laws. Additionally, the corresponding vectors obtained from case 1, 2, and 3 represent the

conservation laws of energy, momentum and mass respectively.

2.3.2 Conservation laws using the multiplier method

In this subsection we employ the multiplier method [8] to construct conservation laws of (2.2).

Firstly, we look for the zeroth-order multipliers A = A(¢, z,u). The determining equation for
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the multiplier is given by
0 2
50 {A(t,x,u) (um + Uy, +u )} = 0.

Here §/du is the Euler operator and is defined as

) 0 0 0
—=——-D,— +D,D,—— +--- .
ou  Ou T Ou, + D o . *

Expanding equation (2.62) gives

Ay (g + tg +u?) + DyDy(A) — Dy(A) + 2ul = 0.

Applying the total derivatives

D—2+u£+u i_|_u i.}.
POt Tou T T ou, Oy ’
0 0 0 0

© Ox ou Oou, Oouy

to equation (2.64) gives

(2.62)

(2.63)

(2.64)

Ay (U + up + u2) + Ay + U Ny + Wy + Wt Ny, + Ui Ny — Ay — ug Ay, + 20N = 0.

Splitting the above equation on the derivatives of u we obtain

rest : Ay — A, +2uA = 0.
Equations (2.65) gives

A=At x),

(2.65)
(2.66)

(2.67)

where A(t, x) is an arbitrary function of ¢ and . Now substituting this value of A into equation

(2.66) we get

Ay — Ay +20A = 0.

Since A is independent of u, we can split the above equation on u and get

u : A(t,z) =0,
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u’ o A, — A, =0. (2.69)

Equation (2.68) implies that the multiplier is given by A = 0. Thus, we conclude that we
do not have a zeroth-order multiplier A(¢, z,u). Let us now consider the first-order multiplier

A(t, x,u, us, u,) and likewise the determining equation for the first-order multiplier is

% [A<t7$7 U, U, um) {utm + Uy + u2}} =0.

Following the same procedure as we did for the zeroth-order multiplier we get the first-order

multiplier to be
A = csue® + cque® + coue + couie® + csruge? + cruge®, (2.70)

where ¢y, ¢ and c3 are arbitrary constants. Thus, we have three first-order multipliers, viz.,

Ay = ugze?,
AQ = (U + ut) €3t7
Az = (u+u + zuy,) e

The conservation laws are now obtained by using the divergence identity
D, T'+ D, T* = [A(t, T, U, Ug, Uy {um + uy; + u2}] )

where T" is the conserved density, and 7% is the spatial flux.
Case 1.

We first compute conservation law of (2.2) associated with the multiplier A; = u,e*. Therefore

we have

DT" + D, T* = uze® (u + up + u?), (2.71)

where T" and T* are defined as T* = T*(¢t, z,u,u,) and T*(t,x,u,u;). Equation (2.71) then
becomes

T + u T + uthqu + T 4 u, TF = uge® (um + Uy + u2) )

By splitting the above equation on second order derivatives of u we get

Uy 2 Ty = uze™, (2.72)
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vest : T} + w T, + T¢ + u, T = uge™ (uy + u?). (2.73)
Integrating equation (2.72) with respect to u, yields
PR T
T = 3¢ Ua + A(t, z,u), (2.74)

where A is an arbitrary function of ¢, x and w. Substituting the value of T* into (2.73) we
obtain

A+ wAy + T, +u, Ty = e ulu,.

Splitting the above equation on derivatives of u gives

Uy :T* = e*'u?, (2.75)

rest : Ay +u A, + T = 0. (2.76)
Integrating equation (2.75) with respect to u we get

1
T = -

3u362t + B(t,x), (2.77)

where B is an arbitrary function of ¢ and x. Substituting the new value of T into equation
(2.76) we get
At + utAu + Bm = 0.

Splitting the above equation on u; we get

w2 Ay =0, (2.78)
rest : A, + B, = 0. (2.79)

From equation (2.78) we get A = A(t,x) and hence

1
T = 562%@ + A(t, z). (2.80)

We set A(t,x) = B(t,xz) = 0 since they contribute to the trivial part of the conservation law.
Therefore, for the first multiplier A; = wu,e* the corresponding conserved vector is (17}, T¥)
whose components are given by

1
T = —thui,
2

1
T = —e?ly3.
13
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Likewise, after some calculations, conserved vectors corresponding to the remaining two mul-

tipliers Ay and As are given below.

Case 2.
For the second multiplier Ay = (u + u;)€* the corresponding conserved vector is (T4, T5),
where )
Ty = —e*u® + ey,
e CLla o a0
y =5e U — et
Case 3.

Finally for the multiplier Az = (u + us + xu,) €** we get the corresponding conserved vector

(T3, Ty) as

1 1

1; = —3 eztu?’ + —2 62tl’ui + e2tuux,
1 1 1

jéc = —3 €2tl’U3 — §e2tu2 + §e2tu?.

2.3.3 Conservation laws using Noether’s theorem

In this subsection we use Noether’s theorem [20] to compute conversation laws for the Boltz-
mann equation (2.2). It can readily be verified that the first-order Lagrangian for equation
(2.2) is given by [30]

1
L= §e2t (wrug + u’uy) (2.81)

because 6L/6u = 0 on (2.2). Here §/du is the Euler-Lagrange operator defined as

4] 0 0 0
e Dige = Dag e (2.82)

Consider the vector field

X = vt u) o+ €t 2) 2 ()

By o (2.83)

%7
where 7, £ and 1 depend on ¢,  and u. The Noether symmetry determining equation in our

case 18

XWL + £(Dyr + D,¢) = DB + D, B*, (2.84)
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where Bt = B*(t,z,u) and B* = B*(t,z,u) are the gauge terms and X! is the first prolonga-

tion of X defined by

XU = X+ Gt G

Ou,
with ¢; and (, given in (1.13) and (1.14), respectively. Equation (2.84) becomes
9t 9 1 1 1
7 (e ugu, + e uPuy) + 1 (e®uwy) + ¢ —e ux+26 ) + ¢, —6 fug ) +

1
(56% (uru, + UQUt)> (7 + wi Ty + & + unbu) = By +w, B, + BS +u, By,

which gives

1 1 1 1
(e%utuz + Xty ) T+ (e uut) n+ (56 Uy + = 2 e ) e+ (56 tut% + 562% U > Ny
1 1 1 1 1 1
- (562 Uty + 262tu2ut) T — (562tufu;c - 562tu2uf) Ty — (§€2tui + 26 "u Uw) &

1 1 1 1 1

- (262% ul + 262tu2utux> £+ (—e ut) Ne + (562tutux> N — (Qeztut?>
1 1 1 1,

— (262%?%) Ty — (562tutux) & — (—e Uy, ) Eu + < (utum +u ut))

X (T + wTy + & + us€y) = By + w B, + BY + u,Bj.

Splitting the above equation on derivatives of u, we obtain

2

Uty - Ty =0, (2.85)

wu? &, =0, (2.86)

w, : T+mn, =0, (2.87)

u; 1, =0, (2.88)

u? o & =0, (2.89)

wp o ureT +uen + %uQthnu + ;e Ne + u 2e2¢ = (2.90)

Uy %e%nt = By, (2.91)

rest %uge%m = B; + BY. (2.92)

The solution of equations (2.85), (2.88) together with (2.86) and (2.89) yields

T =A(t), £ = B(x), (2.93)
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where A(t) and B(z) are arbitrary functions of their arguments. Integrating (2.87) with respect
to u we get

n = —uA(t) + C(t, x), (2.94)

where C(t, x) is an arbitrary function of ¢ and z. Equations (2.90) and (2.91) after integrating

with respect to u, give

1 1 1

B' = §u262t0(t, T) — gu?’thA(t) - EB/(DC) + D(t, x), (2.95)
1 1

B = Zuc”Cy(t,x) — Jue* A'(t) + B(t, ). (2.96)

Substituting the values of B and B® from equations (2.95) and (2.96) into equation (2.92)

gives

1 1 1
w?e*C(t, x) — §U362t14(t) + §U3€2tA,(t) + §u3€2tB/<I) +ue* Oy (t, ) + ue* Cip(t, x)

+ Dy(t,z) + E.(t,x) = 0.

Separating the above equation on u, we obtain

ud o At — A(t) + B'(z) =0, (2.97)
u* . Ot,z) =0, (2.98)
u : Cult,m) + Crlt,z) =0, (2.99)
rest : Dy(t, ) + Ey(t,z) = 0. (2.100)

We rewrite equation (2.97) as A'(t) — A(t) = B'(z). Since the left-hand side is a function of ¢
only and the right-hand side is a function of x only, we conclude that both sides must be equal

to a constant. Thus,

A'(t) — A(t) = Cy,
B/(ZL') = CQ,

where (5 is an arbitrary constant. Integrating the above equations we get

A(t) = Clet + CQ,
B(l‘) = CQZE + 03,
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where €] and (3 are arbitrary constants. Therefore

T = 01€t+02,
52 CQ$ + 03,

n = —Chue’ — Chu.

Thus, from the above we obtain the following Noether symmetry generators:

X = %, (2.101)
X, = et% — uet%, (2.102)
X3 = % + x% - u(,% (2.103)
and the gauge functions
B'= — %u?’e&&-g + D(t, ), (2.104)
B = — }Lu%%ﬂ + E(t, z), (2.105)
where 6;; is the Knocker delta function defined as
) Lif i=y,
v 0, if @#j.
The first prolongation of the Noether symmetries X;, X, and X3 are
X1 = %, (2.106)
Xy = et% - uet% — (ue' + 2etut)8_ut - etuxaiux, (2.107)
X3 = %jtx% —u%—utaiut —QUI%. (2.108)

Now, we use the above results to compute the conserved vectors of the Boltzmann equation

(2.2). We use the following formulae [34] for the conserved vector T' = (T* T*):

oL
t _ pt
T'=7L+W <_8ut) B, (2.109)
. oL -
T =L+ W <8%) — B (2.110)
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We choose D = E = 0 since they contribute to the trivial part of the conserved vector. Thus,
we obtain the following conserved vectors associated with the Noether symmetries X;, X5 and

Xgi

Tlt 12t2 12t2

= —56 U, — 56 U Uy,
x 1 2t, 2
17 = 5€ uU;
1 1
T = ——e*u® — —eMuu,,
3 2
1 1 1
Ty = —§e3tuf — iegtuut + Ze3tu2;
Tt_ 1 2t 1 2t, 2
5= —(u+azuy) | e u, + —e*u” |,
2 2
1 1 1
15 = §xe2tu2ut — ée%uut — §e2tuf.

Remark. We note that the conserved vector given by 7' = (1}, TF) and T = (T%,T5) corre-

spond to the conservation law of momentum and mass respectively.

2.4 Conclusion

In this chapter, we studied the Boltzmann equation (2.2), which is one of the nonlinear partial
differential equations that arises in gas dynamics. Lie symmetries were computed and then
used to perform symmetry reductions and obtain group-invariant solutions of the Boltzmann
equation (2.2). Moreover, we constructed the commutator table and corresponding groups of
transformations for these Lie point symmetries. Conservation laws were derived using three
methods; Noether’s theorem, the conservation theorem due to Ibragimov and the multiplier

method. Finally, graphical representations of each solution were presented.
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Chapter 3

Conserved vectors and solutions of the

two-dimensional potential KP equation

The potential Kadomtsev-Petviashvili (pKP) equation which came as a natural generalization
of the celebrated Korteweg-de Vries (KdV) equation was derived by Kadomtsev and Petvi-
ashvili in 1970 in the (2 + 1)—dimensional form

Uty + QUL Uz + 5uxzmx + YUyy = 07

where «, § and v are non-zero arbitrary constants [35]. The pKP equation has many applica-
tions in fields such as plasma physics, adaptive optics, phase imaging and nonlinear mechanics,
hence various communities of researchers have employed a variety of effective methods to de-
rive its closed-form solutions. See for example [36-38]. Several forms of the pKP equation

have been studied extensively.

Gupta and Bansal [39] in their work investigated the (2 + 1)—dimensional pKP equation with
variable coefficients (VCPKP) in the form

Uy + () UpUyy + B(E)Ugzzs + Z(t)uyy = 0,

where «a(t), 5(t) and Z(t) are arbitrary functions. In fact, the VCPKP was reduced into a
(1+1)—dimensional partial differential equation using Lie group methods, and exact solutions

were derived using other methods including the extended (G'/G)—expansion method.
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Moreover, in [40] the authors examined the (3 + 1)—dimensional KP equation
Utx + 3(uny)gg —'I_ uxxxy _I_ uty - uzz = 07

where several soliton solutions were obtained using the simplified Hirota’s technique. Igbal
and Naeem [41] studied the fourth-order nonlinear generalized Kadomtsev-Petviashvili (KP)
equation
(au + B(f(W)™)e +Y(9(W) " )aws)e + oty =0,
whereby for various choices of m, n, f(u) and g(u) transformed the equation into several forms
of KP-like equations. Using the multiplier method they obtained conservation laws for un-
known functions f(u) and g(u). The obtained generalized conservation laws were then used
to construct conservation laws for certain variants of KP-like equations by choosing values of
f(u) and g(u). Moreover, implicit and explicit closed-form solutions were obtained for the
various KP-like equations through utilization of the derived conservation laws. Ma et al. [42]
studied the (2 4+ 1)—dimensional combined fourth-order nonlinear equation
(6Uatos + Uszaz) + 0 [3 (Ugtty) , + Ugaar] + B [3 (Uatty), + Usgay]
+ YUyt + Volgr + V3Ugt + Vallgy + V5Uyy + Yoty = 0,

which possesses diverse lump solutions. For the above equation when o = = 0,73 = —v5 = 1
and the other 4 are zero, the potential KP equation in (2 + 1)—dimensional form is obtained,
namely

6Uy Uy + Upas + Utx — Uyy = 0, (3.1)
which also possess lump solutions. Thus, in this chapter we investigate the pKP equation (3.1)
which is a nonlinear partial differential equation with two spatial and one temporal coordinate
that explains the evolution of nonlinear long waves of small-amplitude with slow transverse

coordinate dependence [43].

The contents of this chapter have been submitted for publication [44]

3.1 Exact solutions of (3.1)

In this section we first obtain point symmetries of the pKp equation (3.1) and then use them

to construct group invariant solutions, including the travelling wave solutions.
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3.1.1 Lie point symmetries of (3.1)

Equation (3.1) admits the one-parameter Lie group of transformations with infinitesimal gen-

erator
X = rltgu) g+ €l )5+ 0o 0+ () (3.2
if and only if
XY (6upttpy + Uggas + Utw — Uyy)| 51 =0 (3.3)

Using the definition of X, where X is the fourth prolongation defined by

6 8 6 8
M _ - =
we obtain
Co(Btae) + G (6112) + Cia(1) + Gy (—1) + Come (D] 5.0y = O, (3.4)

where (3, Cozy Cizs Cyy and (zaa. can be obtained using the prolongation formulas given by

Co = De(n) = Dy (€) — ua Do (1) — uy Do (¢)
Gy = Dy(n) = wDy (§) — ux Dy (1) — uy Dy (¢)
Gto = D (Ct) — Dy (§) — e Dz () — ey D ()
Cyy = Dy (Gy) = tay Dy (§) — uty Dy (1) = tyy Dy (¢) (3.5)
Caw = Da (Ca) = Ut D (§) — Uaw D (T) — tay Do (¢)
Carz = Da (Caa) = Utaa Dz (§) = Usaw Dz (T) = Uawy D= () ,
Corze = Do (Cowa) = Uazae Dz (§) — ttawe Do (T) = Usaay Da ()

Dt Q—i—utg—l—utti—kut 0 + Uy 0 +

ot ou Ouy T Oy YOu, ’
D—2+u£+u 0 —i—uti—i—u 0 + - (3.6)
T Oz ou " Ouy ¥ Ouy “ou, ’
D—g—l—ui—l—u 0 +u iJru 0 +
Yooy You T "ou,  Mou M ou,
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Using equation (3.5) and (3.6) we get (s in the expanded forms as

¢
Co
Cy
Caa

Ctz

ny

CIE(ITCC.’E

=M + Th U — TeUy — Tuut gtux fuutux - wuutuy - wtuyv

2
=Nz + Uy — TgpUt — Ty UtUg — guum - éﬂcux - ¢xuy - 7vbuuzuyﬁ
=1y + Nully — Tylp — TuUply — Uy — §ylly — Yyt — zﬁuu;,

2 2
- nxcp + nuux;t + znxuu:ﬁ + nuuux - ZTxutm — TrxzUt — Ty UtUgpy — Tuuutug;

- 2Tuuzutx - 27—xuutua: - gx:cux - 2690“:01‘ - guuu 2€xuu 3§uu:cuxx

- 2¢xua:y - ¢xwuy - ¢uuyuasx - 2¢uuxu:ﬂy - 2¢$uuxuy - ¢uuuiuy7

= ntm + ntuuz + nuutz + nxuut + nuuutu:p — TiUty — TpUgt — T Uy — Tip Uy

- Txuu? — TyUzg Uy — 2Tuututx - Tuuu?ux - ftuxz - ét;tua: - gasutx - ftuui
2
- gxuutux - guutuxz - guuutugg - 2€zuuzuta: - wzuty - ¢tmuy - ¢tuwy

- wuuyum - ¢uuzuty - ¢uutua§y - ¢tuuaxuy - wuuutuzuy - wzuutuw

_ 2
= Nyy + Nulyy + 20y, Uy + Tty — 2Ty Uy — TuUglyy — 2Ty Uy Uy — TyylUt

— 2Ty Uty — Tuuutu — 28 Ugy — EulgUyy — 28 Uylgy — EyylUy — 28Uz Uy

2 3
Suuux 277Z)yuyy 3¢uuyuyy - 7vbyyuy - 2¢yuuy - 7»Duuuya

+ 6autias + 6Nty + 120 untialan + $punntly + Tuanly — 12700 Ug Urgo

- 47—xxxutx - 47—:r:uutumcx — TezaxzUt — 47—uuxutmcx - 12ux7—uuutxua::1: - 47—uuutuxux:c:r;

- 127—1‘uuutuazums - GTuuuutuiuccm - 127—Jzuut1‘uxa: - 6Tuuazxut:ca: — Ty UtUgzzs

- 6Tmmuutuzm - 6Tmzutmm - 127—mzuumutw - 4Tzutmmm - 4Tmmmuutuz - 4Tuutrurzm

- 6Tuuu§ut:mc - 4Tuuuuiutm - 12Tzuuuiutz - BTuuutuix - 4Tzuuuutui - Tuuuuutui

- 4wuuxux:rxy - 4wzux:m:y - 4wuuzyuasxx - 12wxuuxu:vxy - wa:ruxxy

- 4¢uuuxuyux1‘x - 6uxxwuux:cy 3¢uuuy Tz 12wxuu:c:(;uxy 477Dacuuyuxxz
6¢uuu U zUzzy — 12¢xuuuxuyua:x - 6wuuuuyuiuacac - 4wmxwuuxuy - 12¢zxuuzuaxy

2 3,3 2
- 6wzxuuyuxa: - ¢xwxmuy - 4¢x:p:pumy - 12wmuuuxuxy - 4¢muuuu ugguy - 6¢x:puuuzuy
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- wuuuuuiuy - 4wuuuuiumy - wuuyumxa}x - 12wuuuxumcuxy
Substituting the respective s in (3.4) and replacing gz by Uy — Uy — 6y Uy, We obtain

677xuxx + 677uuacumc - GTxutu:c:L‘ - 67—uutuxu:r:x - 6€uug25ux:c - 65xuxu:ca} - Gwacuyu:mc

— 6@/}uuxuyum + 6Nty + 67U Ugy + 12nwu + 677uuu 127, U Uy — OTpp Uz Ut

— BTy U Ug Uy — 6Tyt — 12702 Uy — 12752 — 6,02 — 128, U0y — 6Eus

— 12£wui — 18£uufcum — 120U Uy — OV Uptly — 61y Up Uy Uy — 12wuuiuxy

- 12wxuuiuy - ¢uuuiuy + Nt + Nt Uy + T Uts + NxuUt + Nuu WUy — TeUgy — TopUgt

— Tt UtUy — TigpUp — Tmuu? — Ty Uz Ut — 2Tuututw - Tuuufuz - gtua:a: - é.tmu:c - gacutac - gtuui

- é-muutum - éuutumx guuutu nguumutm wxuty - ¢tmuy - lptumy - wuuyutx - wuuxuty

- wuutuxy - wtuuazuy - wuuutuxuy - 7wbxuutuy - nyy - nuuyy - 277yuuy - nuuuz + 2Tyuty

+ Ty Uty + 2T, Uy Uty + TyyUs + 2Ty Ustly + Tuuutuz + 28Uy + EulagUyy + 28Uy Ugy + Eyytis

+ 2§yuuxuy + fuuuxui + 2wyuyy + Swuuyuyy + ¢yyuy + 2¢yuu§ + ¢uuu2 + Nzzax + 4nxuuzx:v

+ 677mcuuu + 1277xuuuxumx + 477xuuuu + nuuuuu 12Txuuxutmy 47—a:xxut:1: - 4Tmuutux:1:x

— TrgzzUt — 47—uumutxx:c - 12ux7-uuut:cuxz - 47—uuutuxumxw - 127—xuuutuzuxcc - GTuuuutuiumx

- 12T$uutzu:v:v - GTuuwxutw:c - Tuutuyy + Ty UtUty: + GTuutuzuw:c - 6Taxwuutu:cx - 6Tw:vutzax

- 127—mxuumutac - 47—:1:“15213: - 4szzuutux - 4Tuut2ux:px - 6Tuuuiutzm - 4Tuuuuiuta§ - 127—wuuug2§utw
- BTuuutuix - 4Txuuuutu3 Tuuuuutu 67—xxuuutu 4£xuyy + 4£xuta: + 2451“9:“961

- 1O§uuu U, zUzzr — 6€czzxuzxx - 16€xuuxu:ca:a: - 18§xzuuxuxx - 5§uuccuyy + 5§uu:cutz + 30€uu;2yuzx
— Ay — 68 ppuntly — 158Ut — Eunun W — Py Uy + Dty + 6y Uy Uy

- 4wuuxux:r:a:y - 4wxu:c:r:a:y - 4wuuxyum:x — 12w:r:uuxua:xy - 6wx:cua:xy - 12wuuuxu1‘xuzy

- 4¢uuuazuyuaz$$ - 6uxxwuuxacy - 3wuuuyui1 - IQ@Z)muuxmuJ:y - 4¢xuuyua:x1’ - 6¢uuu2uium¢y

- 12¢muuuruyumr - 6¢uuuuyuiumm - 4wrzmuuzuy - 12¢x:cuuxumy - 6¢zmuuyuxm - ¢mmmmuy

- 4wzx:ruxy - 12wxuuu§u:py - 4wxuuuu3u3uy Gwzxuuuiuy 2ﬂuuuuu uy 4wuuuu uwy = 0.

Since 7, &, ¢ and n depend only on ¢, x, y and u we can split the above equation on the
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derivatives of u and obtain the following linear homogeneous PDEs:

UgpUtgzr - Tu = O; (37
Utggw * Tax = 07 (38
uty Ty - 07 (3 9
Uylzy & =0, 3.10
y=ry
UpUggay - wu = 07 3.11
Uylpy - Yp =0,
Y

w0
—
w

u, : 3, +1=0,
Upe © 2§ — Uy =0,

Upllye - 6mp — & =0,

w
—_
ot

w0
—_
D

UgUgy - 351: — Tt = Oa
Uyy @ 3y — 21 =0,

1 . 6nyy — €tt = 0

w
—_
~

w w

— — >

oo [\

N— S— SN— N— N— S— SN— N— N— S— SN— N—

~~ ~ I~ N N /o~ N
w
—_
IS

From equations (3.7), (3.8) and (3.9) we have
T =a(t), (3.19)
where a is an arbitrary function of ¢. Equation (3.10) implies that
E=0b(t,x,y), (3.20)

where b is an arbitrary function of ¢, z and y. Similarly, equation (3.11) and equation (3.12)
gives

Y =c(t,y), (3.21)
where ¢ is an arbitrary function of ¢ and y. Substituting the value of 7 into equation (3.13)

and integrating once with respect to u, we get
L,
0= —gua (t) + d(t,z,y), (3.22)
where d is an arbitrary functions of ¢, x and y. From equation (3.16) we get that

3ba(t, z,y) —d'(t) = 0,
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which by integrating once with respect to x gives
1 /
b= P (t) +elt,y)
where e is a function of ¢ and z. Moreover, equation (3.17) implies that
3¢ (t,y) — 2d/(t) = 0,
whereby when we integrate once with respect to y we get

c= 2yd(0)+ 1(0),

where f is an arbitrary function of £. We now obtain the value of e by substituting the value
of b into equation (3.14) such that

ey(t9) = 3y () + (0.

Integrating the above equation once with respect to y we obtain

e = (1) + 5(0) + ),

where ¢ is an arbitrary function of . The above results imply that

b= gwa(t) + o2 (0)+ 5 (0) + g(0).

When we substitute the values of b and ¢ into equation (3.15) we obtain

1

Ly + Sg().

o 1 " 1 2 1
do(t,2,y) = g’ (t) + g2y a" (1) + 1 5

18 36

Integrating the above equation once with respect to x we get

1 1 1 1
d= —2%a"(t) + %nga”(t) + Ea:yf”(t) + Exg’(t) + h(t,y),

where h is a function of ¢ and y. Finally, equation (3.18) implies that

1 1

Syl"(t) + 4" (1),

1
huy(t ) = 3P0 (0) + - 6

36

which on integrating twice with respect to y leads to

L) + = yPg" (1) + yilt) + 5(1)),

1 1
h:—4/mt -
yra™(t) + 5

432 72
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where ¢ and j are arbitrary functions of t. Thus,

T =a(t),

£ = gud(6) + yd"(0) + 5 (1) + (1)

v =Sy (1) + S0)

n= 316x2a"(t) % a'(t)+%xyga"’(t)—kéxg'(t)+$y4a""(t)
VR0 + 55 (0) + yilt) + (),

and hence the Lie algebra of point symmetries of equation (3.1) is given as follows:

X, =) (3.23)

X, = yilt) 5 (3.24)
a a " 3 e a

X3 = 36yf()—+72f()—y+(6:cyf()—l—yf (1)) 5 (3.25)

X, = 12g(t)% + (224’ (1) + y°4"(t)) a%’ (3.26)

X5 = 432a(t)2 + (144zd’(t) + 72y%a" (1)) g + 288ya’(t)2 (3.27)

ot ox dy
+ (122%a"(t) — 144ud'(t) + 12zy°a" (t) + y*a" (1)) 8%’

which generates an infinite dimensional Lie algebra.

3.1.2 Commutator table for the symmetries of (3.1)

We now calculate the commutation relations for all the symmetry generators of (3.1) obtained

above. Firstly, we compute [X5, X3]. By the definition of Lie bracket we have

(X0, X3] = XoX5 — X3 X,
= yi(t )a‘9 (36 F(t )£+72f( t) ay (6zyf"(t) + v f" (1)) %)
(36yf (t )ﬁ + 721 (¢ ) 0 + (6zyf"(t) +y° " () a%) yi(lf)2
— i)
- X,
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if we let
() = —T2f(1)ile).

Similarly, we compute all the remaining commutation relations using the above procedure.
The table below shows the commutation relations in table form where for [ X7, X;5], [Xa, X5,

(X3, X5], [X4, X5], and [X7, X4], the following substitutions were made

J(t) = — (1445 ()a’(t) + 4325 (t)a(t)) ,

i(t) = — (432i(t)a’(t) +i'(t)a(t)) ,

f(t) =288 f(t)a'(t) — 432f (t)a(t),

g(t) =144g(t)a'(t) — 432g'(t)a(t),

i(t) =72f(t)g'(t) + 144f ()" (t) — T2f"(t)g(t),

respectively.

Table 3.1: Commutator table of Lie algebra of the pKP equation (3.1)

XX X0 | X | X5 | Xy | X5
X 0| o | o 0 | X
X, 0| 0 | X | 0 |X,
X; 0 |=X1| 0 | Xo | X;
X, 0| 0 |=X,| 0 |Xy
Xs | =X1|-Xo| =X3| X4 | 0

3.1.3 One-parameter groups of transformations of (3.1)

We now employ the Lie equations along with the initial conditions

dt _ dzT _ dzx _

- =T afvia toc _t -5 = t7i‘777ﬂ7i‘a: =T, - = t?‘fvi?avioc: =Y,
7o = TE2,9,@), tla=o 7 = §(6,2,5.4), Tlao (T, 5,1), Yla=o =y
du

% )7 a|o¢:0 = u,

I
=
S
&
<

I
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to compute the one-parameter group of transformations. For each X;, let G,, be the corre-
sponding group. We first compute one-parameter group corresponding to infinitesimal gener-

ator Xo, namely

0
Xo =yi(t)=—.
2 yl< )au
Using Lie equations, we have
dt _ dz _ dy _ du  _. _
_:07 t‘a:():t, 5207 I‘|a:0:aj’ :07 y|a:0:y7 —:y@(f% u|a:0:u'

do da do

Solving the above equations, we obtain
t=t, =z, y=y, u=u+ ayi(t).

Thus, the one-parameter group G,, corresponding to the operator Xy is given by
Goy © (7, 9,u) — (8, 2,y u+ ayi(t)).

If we continue in the same manner as above, we get the following one-parameter groups for all

the operators:

Goy © (1,2,5,0) — (2,9, u + aj(t)),

Gaz : (f, ) — (tax7y7u + Oéy’l(t)),

&I
I

7g7

Gos @ (L, 7,7,u0) — (t, x + 36y f(t) + 129603 f (t) f'(t), u + 6asay f”(t) + 21603z f(t) £ (t)
+108azy™ f'(t) f"(t) + TT76a3y f(1) /(1) " () + 1399683 f*(1) f'(1) /" (t) + asy® ()
+108azy™ f(4) /(1) + 518403 f (t) " () + 93312Oé§f3(t)f'"(t)> ,

Go, @ (t,7,79,u) — <t, x4+ 12049(t), y, u 4 204’ (t) + 12a39() g (t) + auy? ”(t))).

Using the aforementioned groups, we may find the corresponding new solutions. Since each
group G, is a symmetry group, if u = f(¢,z,y) is a solution of (3.1) then the corresponding

new solutions u; are obtained as follows:

Uy :f(tvxay) + O{j(t),
Ug = f(t,&?, y) + Ozyl(t),

ug = f (t, x — 36ayf'(t) + 12962 f () f'(t),y — 72af(t)> + 6azy f(t) — 2160”2 f(t) f'(t)
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— 108a%y” ' (6)" (1) + TTT6ay (1) /(1) " (£) — 139968 £(1) f'(1) 1" (1) + o[ (1)
— 108y f () f(t) + 5184a’y f2(t) f (t) — 93312 £2(1) £ (1),

ug = f (t,x — 1209(t), y) + 2axg (t) — 12a2g(t)g'(t) + ay?q” (t).

3.1.4 Constructing group-invariant solutions of (3.1)

We derive multiple group-invariant solutions of (3.1) in this section by applying Lie symmetry

reductions via the characteristic equations.

Case 1. Firstly, we consider the Lie point symmetry X; = j(¢)0/0u. The characteristic

equations associated with the operator X; are

dt d_ac dy du

0 0 0 4
which give three invariants J; = ¢, Jo = x and J3 = y. Thus, there is no group-invariant

solution for Xj.

Case 2. Next we consider the symmetry operator X, = yi(t)0/0u. The characteristic equa-

tions for the operator X, are
dt dr dy du

00 0 wi)
which lead to three invariants J; = t, Jo, = x and J3 = y. Thus, X, also does not have a

group-invariant solution.
Case 3. We now consider the Lie point symmetry X3 = 36y [f'(t)0/0x + T2f(t)0/0y +
(6xy f"(t) +vy3f"(t)) 0/Ou. The characteristic equations associated with X3 are

@ _dr o dy du
0~ 36yf7(0)  T2f(t)  Gayf (D) + g F(D)

that leads to the invariants

J=t, J —y_Q_M J _u_3x2f//(t)+2;p2f(t)f///(t) _CUnym(t)
1 =0 2 — 2 3 =

f1(@) 36./(t) 36./72(t) 36/'(t)

The above invariants imply that the group invariant solution is given by

W= (1) + B2 () 20 f()f" () | wy’ () . y; 2z f(t)

3670 36/2() | 36F(0) |
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where ® is an arbitrary function of ¢ and . Substituting this value of u into (3.1), we obtain

the nonlinear PDE

8641 (1) Poppp — 20 () f () f" (1) — 108 £ (1) f(£) Py, — 259212 (1) f' (1) P, P,
+ 722 f' () f" (8) Py + T2 L2 () [ () Py + 3 () f (1) — 162/ ()P,
— 108 f"*(t)®,,, = 0. (3.28)

Consequently, the general group invariant solution of equation (3.1) is

320 2RO (1) | a0
B/ 620 36/

where ® is any solution of the nonlinear PDE (3.28).

u=o(t )+

Particular case f(t) =t
We consider the particular case f(t) = ¢ which transforms the nonlinear PDE (3.28) into

2
161 Py — 2t Dy, — 487D, D, — 3D, — 20Dy, = 0, © = % — 2tx. (3.29)

The Lie algebra of infinitesimal symmetries of the above equation is spanned by the vector

fields

9 ) ) ) ) ) )
0 0 0
— 3/2_ I —5/2 . -
vs = 192¢ 5t 288/t 9% + (w 96<1>\/Z> 5

We perform reductions using the last Lie point symmetry +5. This gives us two invariants
I, = t=3/2 and I, = ®v/t — ©?/96t>/? and consequently we get the group invariant solution

2

Q:%G<ﬁ%>+%.

Substituting this value of ® into equation (3.29) we get the fourth-order NLODE

¥
G"(€) =3¢ () =0, § = -
Integrating the above equation once with respect to & we get

G"(€) = 3/2G"™(€) + k1 =0,
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where ki is a constant of integration. Multiplying the above equation with the integrating

factor G”(€) and integrating the resulting equation we get the NLODE
1 12 1 13 /
5G7(E) = 5GP + R (§) + ke =0

with ks a constant. Solving the above NLODE with the help of Maple and reverting to the

original variables ¢, x, y and u we get our solution of equation (3.1) as

- 3
(y2 — 4tZL') {(27k§2 + 3\/ 81]6% — 24kf) + k?l} .\ (y2 B 4t$)2
3 4¢3
612 (27k2 +3,/S1KT — 24k{>) ’ 58

where k3 is a constant. A dynamical picture of the solution (3.30) with k; = 0.4, ko = 0.6, k3 =
0.8, at y = 180, is shown in Figure (3.1)

u(t, z,y) = + ks, (3.30)

200000 |-

100000 |

-100000 |-

200000 |-

Figure 3.1: 3D and 2D profile of solution (3.30)

Case 4. We now consider the symmetry X, = 12¢(t)0/0x + (2x¢'(t) + y*¢"(t)) 9/0u. The

associated Lagrange system

dt dx dy du

0 129(¢)

0 = 2xg’(t)+y2g”(t)'

The above system yields the three invariants

2?g (t) + xy’g" (1)
129(t)

Ji=t, o=y, Js=u—

and hence the group-invariant solution is given by

2?9’ (t) + xy2g" (1)
12¢(t) ’

u=®(t,y) +
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where @ is an arbitrary function of ¢ and y. Substituting the above value of u into (3.1) we

obtain
12¢(t)®,, — y*g" (t) =0,

whose solution is
4 _1m

y'g"(t)
O(t,y) = kE(t) +1(t
where k and [ are arbitrary functions of t. Hence the group-invariant solution under Xy is
V), ) e
1449(t)  12¢() 12¢(t)
A dynamical picture of the solution (3.31) with g(¢) = sin(¢), y = 20, k(t) = [(t) = 1 is shown

in Figure (3.2).

+yk(t) + (D). (3.31)

u(t, z,y)

400+

-200}f

—400+

Figure 3.2: 3D and 2D profile of solution (3.31)

Case 5. We consider the symmetry operator

X :432@@)% + (144zd(t) + T2y%a" (1)) (,% + 288ya’(t)§y

9]
+ (122%a”(t) — 144ud’(t) 4+ 12zy*a” (t) + y*a"(t)) PR
u

The associated characteristic equations to X5 are

e dx B dy
432a(t)  144xa’(t) + 72y2a”"(t)  288ya’(t)
B du
12220 (t) — 144ua’(t) + 12zy2a” (t) + yra™ (t)

Solving the above equations, we obtain the invariants

Y
Jl = (L(t)2/3’ JQ = xa(t)

-1/3 y*a'(t)
Ga(t)/3’
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a?d'(t)  ayla”(t)  wyta’(t)  Syla®(t)  yla”(t) | yla'(t)a"(t)
36a(t) = 54a2(t)  36a(t)  1944a3(t) 432a(t) = 2116a2(¢)

Js =ua(t)/? —

Hence the group-invariant solution is given by J; = ®(.Jy, J3), where ® is an arbitrary function.

This implies

Y 1 (I)(g )+ £L‘2a/(t) B xy2a/2<t) myQa”(t) 5y4a/3(t) y4a///(t> B y4a’(t)a”(t)
Ca(t)3 7 36a(t)  54a?(t) 36a(t) — 1944a®(t)  432a(t)  2116a3(t)
2./
. Y _ -1/3_Yya (t)
with o= POEER ¢ = za(t) 6a ()15

Substituting this value of u into (3.1), we obtain
By — 6D,D 0, — Doy = 0. (3.32)

By finding Lie point symmetries of the above equation the PDE can be reduced to an ODE.
The symmetry group of equation (3.32) is spanned by

0 0 0 0 0 0 0
6_0'7 XQ—%J X3_a_q)7 X4_0-a_¢); X5_S0_g0+20-_0'_¢_

X =
The linear combination X = X; + cX,, where c is a constant yields the two invariants J; = ®
and Jy = ¢ — co and consequently we have ® = x(§), £ = ¢ — co. Substituting the value of ®

into (3.32) we get the nonlinear ODE
X//// + 6X/X// o CQX// =0. (333)

We can now use Kudryashov’s method, which has been fully outlined in Chapter one, to find
the exact solution of (3.33). To utilize Kudryashov’s method we begin by assuming the solution

of equation (3.33) to be of the form

X(€) =) BYE), (3.34)
i=0
where ) satisfies
V(&) =Y — V() (3.35)
whose solution is given by
1
V() = T exp(@)’ (3.36)

Using the balancing procedure, equation (3.33) gives n = 1 and hence

X(&) = B, + B1Y(§). (3.37)
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Substituting the above values of x(§) and its derivatives into equation (3.33) and using (3.35)

we get

2B1*Y° (€) = 3B1?YV? (€) + Bic®Y (€) — 12 By*Y° (€) + 30B,°Y* (€) — 24 By *V° (€)
+6B1°Y? (&) — 24B1Y° (€) + 60B,Y* (&) — 50B1Y° (€) + 1581 Y% (&) — BV (§) . (3.38)

Splitting equation (3.38) on powers of ), we get the

5(€) : B? +2B, =0,
3

(
(
°(¢
(
(

<

4

<

B? +2B; =0,

<

2(¢) : ¢*By — 2B} — 5B, = 0,

V(€

<

) :
)
): By — 12B} — 25B; = 0,
) :
) :

C2B1 - Bl =0.

Solving the above equations, we get B; = —2 and ¢® = 1 and hence equation (3.37) becomes

2z
1+exp(§)

Reverting to the original variables, the exact solutions of (3.1) are

ult, z,y) = m <K —2 [1 + exp {xa(t)l/z _ Gy:é')(f/)g + a(%/iﬂ H _1>

an’(t) B nyCL/Q (t) xy2a//<t) 5y4a/3 (t) y4a”’(t) B y4a’(t)a”(t)
36a(t)  54a?(t) 36a(t) — 1944a®(t)  432a(t)  2116a3(t) ’

x(§) = Bo — (3.39)

(3.40)

where K = By is an arbitrary constant and ¢ = +1. The solution profile of (3.40) for a(t) =
sin(t),c=1and K =1 at y = 10 is presented in Figure (3.3).

oF . . . .
600 -
4 i
sH 400 |
7 710 200
o} N

// L L L L L t

15 10 -5 - 5 10
4 N
4 200 -
Sl -
/ 400 -
1o} _
ko s 0 g o

-600 -

Figure 3.3: 3D and 2D profile of solution (3.40).
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3.1.5 Exact solutions of (3.33) using direct integration

Integrating (3.33) with respect to £ we get
X/” + 3X CQX/ _I_ kl — 07
where k; is an arbitrary constant. Moreover, multiplying the above equation by x” () yields

1 1
§X”2 S — 562)(/2 Lk 4Ky =0, (3.41)

where ko is a constant of integration. By letting v = y’ equation (3.41) becomes
v+ 20% — 20 4 2kv + 2k, = 0,

which is a NLODE. If the algebraic equation

02
v = S0? kvt =0

has the real roots aq, as, a3 such that a; > as > a3, then the NLODE becomes

v? =2 —ay) (v—a) (v—as)

whose solution is [45,46]

v(f):ag—(al—a2)0n2{ al_o@f’]\/ﬁ} M? = (3.42)

a1 — 0437
where cn denotes the cosine elliptic function. Since v = x’ we integrate the above expression

with respect to £&. Thereafter reverting back to the original variables we obtain

1 . ) ) 1 — M4
u(t, z,y) = Py (731 [ EllipticE {sn (7325 | M ) M }] + {a2 — (o1 — @) }§+ k3)

a(t) M*
T I AT N A NP
36a(t)  54a?(t) 36a(t)  1944a®(t)  432a(t)  2116a2(t) ’ '
2d/(t) cy al—oz2 (1/1—a3
here & = za(t) 13 — L0 _ - k
where & = za(t) 6a(t)*3  a(t)23 7! (o — as) ]\487 2 3 8
constant and
1 —w?m?

EllipticE _—
ipticE [¢, w T

is the incomplete elliptic integral [47]. Figure (3.4) depicts the wave profile of the periodic
solution by assigning the parametric values ay = 10,0 = 5,a3 = 2,k3 = 0,a(t) = c =1 at

y = 180.
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20 —20

Figure 3.4: 3D and 2D profile of solution (3.43)

Special Case ky = ko =0

We consider the special case of (3.41) where k; = ko = 0, which upon solving yields the solution

x(&) = ctanh {%c({ + Al)} + A,

where A; and A, are constants of integration. Reverting to the original variables we get

ult,z,y) = ﬁ (ctanh {%c <xa(t)_1/3 _ g:g)(f/)?, - - (;’é _— A1> } 4 A2>

P nfa(t) | afa(t) | syt |yt yhl@a
36a(t)  54a?(t) 36a(t) 1944a3(t)  432a(t)  2116a2(t)

(3.44)

The solution profile of (3.44) for a(t) = sinh(t), c =1, A; = Ay =1 at y = 180 is presented in
Figure (3.5).

w IS

~

-4 -2 0 2 4

Figure 3.5: 3D and 2D profile of solution (3.44)
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3.1.6 Travelling wave solution

In this section we construct travelling wave solutions of (3.1) by considering special values of
the functions f(t), g(t) and a(t) in the symmetries X3, X4 and X3, respectively. By taking
f(t)=1/72, g(t) = 1/12 and a(t) = 1/432 in (3.25), (3.26) and (3.27) we obtain

0 0 0
We now take the linear combination
0 0 0
X X4 +bX3=— — +b—
5+ aXy+ 0X3 8t+aax+ oy

whose associated Lagrange system is

This gives invariants

p=x—at,q=y—bt,u=0O(p,q) (3.45)

and using these invariants equation (3.1) transforms into the following nonlinear partial dif-

ferential equation in two independent variables:
@pppp + 6@p6pp - agpp - b@pq - 6qq =0. (3-46)

The above equation has five point symmetries, namely

0 0 0 0
51—a—p,52—8—q733—%734—p%,
Ss = (6bg + 12 )3+ 3—( b2—4a+12@)i

The symmetry § = &1 + ¢S; gives two invariants [y = ¢ — ¢p and I, = © and consequently
the invariant solution is © = F'(¢ — ¢p). Substituting this value of © into (3.46), we get the
fourth-order NLODE

(be —ac® —1)F"(2) — 6 F'(2)F"(2) + ' F""(2) = 0, (3.47)
which we rewrite as

AF"(z) = BF'(2)F"(2) + CF"(2) =0 (3.48)
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with A =bc—ac® — 1, B=6¢*, C =c' and z = (ac — b)t — cx + y.

Integrating equation (3.48) with respect to z once gives a third-order ODE

1
AF' — 5BF’2 +CF" 4+ k =0, (3.49)

where k; is a constant of integration. Multiplying equation (3.49) by F”, integrating and
simplifying the resulting equation, we have the second-order NLODE

1 1 1
§A(F’)2 — 6B(F/)3 + 5C(F”)2 +kF + k=0 (3.50)

with ko an integration constant. Equation (3.50) can be rewritten as

B A 2k 2k
N2 — N3 _ AV B n A 2' ‘
() SC(F) C’<F) CF C (8:51)
Let F' = G. Equation (3.51) becomes
B A 2k 2k
n_ D 3 Ao 2R 2R2
G"* = 3CG C’G - G ok (3.52)

We consider the cubic equation

34 6k 6k
e — §G2 - f(; - ﬁ =0 (3.53)

and assume that the roots of this equation are 71,7y and r3 such that r3 < ro < r;. Then

equation (3.52) becomes
B

~3C

and solution to (3.52) can be expressed in terms of Jacobi elliptic function

GIQ (G — Tl)(G — T’Q)(G — 7’3) (354)

B(T’l — TQ) rL—7T2
_ _ 2 2 2 _
G(z) =ry+ (r; —ry)en { TTel S }, S° = — (3.55)

with cn denoting the cosine elliptic function. Integrating equation (3.55) and then returning

to the original variables ¢, x,y and u, the pKP equation (3.1) possesses a periodic solution

_[12C(ry = 13)? _y B(ri—r3) o 2
u(t, z,y) = \/—B(rl YT {ElhptICE [sn ( TTeEa S%),S

-5t
+ <19 — (7’1 — TQ)T Z 4+ k’3, (356)
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where z = (ac — b)t — cx + y, k3 is an integration constant and EllipticE[q, v] denotes the

incomplete elliptic integral given by [47]

1T —v2n?
EllipticE = \| ———dn.
ipticE|q, v] /0 Ty dn

Figure (3.6) depicts the wave profile of the periodic solution by assigning the values r; =

10,79 = 5,13 =3,k3 = c=1 at t = 1 to view the dynamics of solution (3.56) graphically.

Figure 3.6: 3D and 2D profile of solution (3.56)

3.2 Graphical and physical explanation of the obtained

solutions

In this section, we give more details on the obtained group-invariant solutions to the pKP equa-
tion (3.1) by discussing their geometrical representation. 3D, 2D and corresponding contour
plots in Figs. 3.1 — 3.6 are constructed by utilizing the mathematical software tool Mathemat-
ica. This involves taking acceptable values of the parameters under certain limits in order to
visualize the mechanism of the equation under study. We note that from Figs. 3.1 — 3.6 the
achieved solutions of the pKP equation comprise of various solutions such as singular, singu-
lar periodic, singular periodic soliton, periodic soliton, singular soliton and periodic soliton,

respectively.

In Figure 3.1,3D and 2D graphs of the singular solution (3.30) with parameters k; = 0.4, ko =
0.6, k3 = 0.8, at y = 180, recorded with interval —10 < ¢ < 10 and —10 < = < 10. Figure
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3.2,3D and 2D graphs of singular periodic solution (3.31) with parameters k(t) = I(t) = 1
when ¢(t) = sin(t), y = 20, recorded on the interval —5 < ¢t < 5 and —5 < x < 5. Figure
3.3,3D and 2D graphs of singular periodic soliton solution (3.40) corresponding to the values
K = ¢ =1 when a(t) = sin(t), y = 10 recorded under the limit =5 <t < 5 and —5 < z < 5.
Figure 3.4,3D and 2D graphs of periodic soliton solution (3.43) assigned the values oy =
10, a9 = 5,3 = 2, k3 = 0, when a(t) = ¢ = 1, y = 180 recorded under the limit —20 < ¢ < 20
and —20 < = < 20. Figure 3.5,3D and 2D graphs of singular soliton solution (3.44) for the
parameters ¢ = A; = Ay = 1, when a(t) = sinh(¢), y = 180 on the interval —5 < ¢ < 5 and
0 < z < 5. Figure 3.6,3D and 2D graphs of periodic soliton solution (3.56) for the values
ry = 10,79 = 5,73 = 3, when k3 = ¢ = 1 and ¢t = 1 recorded with interval —5 < y < 10 and

-5 < x < 10.

3.3 Conservation laws for the pKP equation (3.1)

In this section, we derive the conserved vectors of the pKP equation (3.1) by using three
approaches: the conservation theorem due to Ibragimov, the multiplier method and Noether’s

theorem.

3.3.1 Conservation laws for (3.1) using Ibragimov’s theorem

In this subsection, we invoke the conservation theorem of Ibragimov, which has been outlined
in chapter one, to find conserved vectors for the pKP equation (3.1). In this case the Euler-

Lagrange operator is defined as

5 ) ) ) ) )
—=—_——-D,— +D,D,— + D? D? D? 3.57
ou  Ou Oy + 5 Oy + T OUgy * Y Ouy, * oL TI— * ’ ( )

where Dy, D, and D, are given in (3.6). The adjoint equation for (3.1) can be obtained from

the formula

)
S0 [V(Utg + 6U Uy + Upgzg — Uyy)] = 0, (3.58)

where v = v(t, z,y). Equation (3.58) yields

F*(t, 2, u, 0, .o, V) =

F* = vty + 604Uz + 06Uy V0 + Vaggw — Vyy = 0. (3.59)
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If we consider equation (3.1) and the adjoint equation (3.59) as a system, the Lagrangian for

this system from (1.44) is
L = v(Upy + 6UzUzy + Uy — Uyy)- (3.60)

Now, extending all the symmetries of (3.1) to the new variable v(t, z,y) yields the generator

0 0 0 0 0
y=rZ el Ll 61
"ot o Ty T T By (361)
with
77* - 77*(757%%%1}) = - {)‘ + Dt(T) + Dw(&) + Dy(qu))}v (362)

and the parameter \ is determined by using
XUW(F)=\F, (3.63)

where F' = g + 6UypUgy + Uppee — Uyy and X [ is the fourth prolongation of X, given by

0 0 0 0 0
x x T Yy TTTT

The conservation laws of the system of equations (3.1) and (3.59), associated with a symmetry
can be obtained from [33]

8Ut

- oL oL oL oL
=8y w {8% ~Ds (émm) + Das (émm) = Dase <0uxm) }

oL oL oL ar
oL oL oL
+ W { Bu. D, < (9umm) } + Wiz .
oL oL oL
Yy — =
Tv=y9L+W {(9uy D, (—auyy) } + Wy—auyy, (3.65)

where W = n — 1u; — {u, — Yu,,.

Case 1. For the symmetry X; = j(t)0/0u we have n = j(t), £ = n = ¢ = 0. Thus,
Co = Gz = Gz = Cyy = Cuaza = 0. We then get X{AHF = 0F, that is, A = 0. From (3.62) we
obtain n* = 0, whereby the new generator retains the form of X;. That is, Y} = j(t)0/0u. The
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Lie characteristic function is Wy = j(¢). Thus, the conserved vector (T}, T, TY) using (3.65)
is
Tlt = - j(t)vrv
TY =j'(t)v = 6j(t)vatic — j(t)Vraa,
TV = j(t)vy.
Following the above procedure, we obtain the rest of the conserved vectors associated with
other symmetries.
Case 2. For X, = yi(t)0/0u we get Ya = yi(t)0/0u. The Lie characteristic function is then
given by Wy = yi(t). Thus, the conserved vector is
T2t = - ?/W)Uxa
Ty =yi'(t)v — 6yi(t) vty — Yi(t)Vose,
Ty =yi(t)v, —i(t)v.

Case 3. For the symmetry

X5 = 36y f’(t)(% + 72 f(t)a% + (6zyf" () + ¥ f(1)) a%

the adjoint operator is
Yo = 8607 (1) o + T2f(0) o + (Baf”(0) + (1)) o
ox Jy ou
and the Lie characteristic function is
Wy = 6y f"(t) +y° f"(t) — 36y f'(t)us — T2f (t)u,.
Thus, the conserved vector is
Ty =36y f (t)usve — y° " (t)ve — 62y f" (t)ve + T2f () uyvs,
T3 =y’ f" () — 6y° f" () uzve — y° f" (1) vswe + 62y f" (t)0 — 362y f" (t)usv,
+ 6y f" (1) Ve — 62y £ ()Vaee + 216y f () u2ve — 36y f () UaeVes + 36y f (1) UpeaVe

+ 36y ' () ugVpne — 36y f (E)uyyv — T2f (H)uyv + 432 f () uyuyvy — T2 () Uiy Vs

+ T2f () Uy Vs + T2f (1) UyVgzy — 432 f (£)uztiyyv — T2f () Upgayv — T2 (£)ugyv,
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=T2f ()vug + 36 () vu, — T2f (t)vyu, — 62 f"(t)v — 3y° £ (t)v + 62y f" (t)v,

+y° " (t)vy — 36y f (t)vyus + 36y f (£) vty + 4321 (L) vugtize + T2f (£)VUrre

Case 4. For the symmetry

Xo = 126(0) 2+ (209 (1) +479"(1) -

the new generator Y} is
2 1

n=12g(t)a%+(2x9( t)+yg ())%,

and
29" (t) — 12g(t)u,

Wiy =2zg(t)+y°g

Hence

— 29" (t)v, — 2xg' (t)v,,

— 629" (1) upvy — Y29 (D)Vsae + 229" ()v — 1229 () upvy + 29 () Ve
— 12g(t)uy,v,

Ty =12g9(t)vauy + g' () v,

T:): _y2g///( )

— 2xg () Vpze + T29(¢ )u Vp — 129(8) Uz Vis + 129(8) UzzzVe + 129(8) UpVpra

T =12¢g(t)vug, — 2yg" (t)v + 2x¢'(t)v, — 129(t)v,u,.

Case 5. Finally for the symmetry
X; :432a(t)2 + (144zd(t) + 72y%a" (1)) 9 + 288ya’(zs)2
ot ox dy
0

+ (122%a”(t) — 144ud’(t) + 12zy*a” (t) + y*a" (1))

the generator with the new variable v is

_ 0 2 N 0
Y5 = 432a(t)a + (144zd/(t) + T2y%a" (1)) i 288ya’ (t )
+ (122%a"(t) — 144ud’(t) + 12zy°a” (t) + y*a"™ (t)) aﬁ 144va (t) aa
v

and the Lie characteristic function is

Ws = 122%a" (t) — 144ud’(t) + 12zy%a” (t) + y*a”" (t)432a(t)u,

— (144zd/(t) + 72y°a" (1)) u, — 288yd’(t)u,
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Consequently, the associated conserved vector is

TE =7202a" (t)upv, — yta” (t)v, — 12292 (t)v, — 122%a" (t)v, + 288ya’ (t)u, v,
+ 144za’ (t)uzv, + 144’ (t)uv, + 432a(t)uv, — 432a(t)uy,v + 2592a(t) uytiy,v
+ 432a(t) Uz + 432a(t)us v,
TE =y*va® (t) — 6y a” () ugv, — y*a”" () Ve + 1225700 (t) — T25%va" (t)uy,
+432y2a” (H)uv, — T22y°a” () ugv, + 1292a" (1) Vee — T20°0" () Upn Vs
+ 72120" (1)VpUpar — 120Y% 0" () Vge + T20°0" () UpVpne — 288yva” (t)uy
+ 1728ya’ () uyu, vy — 1728yva’ (1) uztiyy — 288ya’ ()t ey + 288ya’ (£)Vytiyey
+ 288y a’ ()t Vpzw — 288y0a () gy — 288yva’ (t)uy, — 1728va’ (t)u2 — 144uva” (t)
+ 122%va” (t) — 144avd (t)uy, + 864xad’ (t)uiv, — 24a” (t)v, + 864ua’ (t)u,v,
— 722%0" (t)uvy + 4320 (1) vptgs + 2470 (1) Vg — 2880’ () UpVpy — 14430 (1) Upp Vs
— 57600 (1) Ugge + 14420’ () VpUpee + 144a’ () Vpee — 122%0" () Vgae + 14420 (1) UgVsss
— 576va’ (t)us + 2592a(t)uzvrus + 432a(t)Vapptty — 2592a(t)vugty, — 432a(t)Vpptisy
+ 432a(t) vy thzr — 432a()VUpgrr — 432a(t) vy,
TY =122%a" (t)v, + 432d (t)vu, — 24zya” (t)v — dy*a” (t)v — 144d’ (t)v,u + 12zy%a” (t)v,
+ yta" (t)v, — 288yd’ (t)v,u, + 144ya” (t)vu, — 144xd (t)v,u, — 72y%a" (t)v,u,
+ 144xd’ () vy, + 207" () vy, + 1728yd’ () v, — 432a(t) v u; + 432a(t)vuy,
+ 288ya’ (t)vuy, + 288ya’ (t) Vg
Remark. The conserved vectors 1" involve solutions u of the pKP equation and solutions v of
the adjoint equation (3.59) and hence give an infinite number of conservation laws. Moreover,
we observe that when f(t) = g(t) = 1 the conserved vectors from case 3 and 4 represent

the conservation law momentum, while when a(t) = 1, case 5 represents conservation law of

energy.

3.3.2 Conservation laws for (3.1) using the Multiplier method

We now derive the conserved vectors of the pKP equation (3.1) by employing the multiplier
method. We seek zeroth-order multipliers @ = Q(t, z,y,u). The multipliers are determined
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by using the determining equation

0
5u {9 (utg + 6UL ULy + Uggzy — Uyy)} = 0, (3.66)
where 6 /0u is the Euler operator, given in our case as
) 0 0 0 0 0 0
— == Dyp—+ DDy — + D] D} D}
Su  Ou ou, + 5 Oy, + T Mgy + Y Oy, + Y Ngpws

with Dy, D,, D, as total differential operators. Expanding (3.66) and splitting on derivatives

of u yields the system of multiplier determining equations:
Quy=0,Q,=0, Q,=0.
The solution of the above PDEs gives
Q= f(t) +yg(t),

where f and g are arbitrary functions of ¢t. The conservation laws of equation (3.1) are then

derived by invoking the divergence identity
D,T" + D, T* + D,TY = Q (usz + OUplipy + Upgrz — Uyy) (3.67)

with T being conserved density and T, TY spatial fluxes. Thus, using (3.67) we obtain the

following conserved vectors corresponding to the two multipliers:

Case 1. For Q; = f(t) we have the corresponding conserved vector as

T = f(t)ua,
T =3f(t)ug + f()tteae — f' ()1,
TV = — f(t)u,,

Case 2. For Q, = yg(t), we have the conserved vector given by

T; = g(t)yus,

T3 =3g()yuz + yg' () taee — g(t)yu,

Ty =ug(t) — yg(t)uy.
Remark. Due to the presence of the arbitrary functions f(¢) and g(¢) in the multiplier, one can
obtain infinitely many conservation laws. In fact, if we consider the special cases, f(t) =t and

g(t) = t, the conserved vectors represent conservation laws of energy and angular momentum

respectively.
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3.3.3 Conservation laws for (3.1) using Noether’s theorem

In this subsection, we utilize the classical Noether’s theorem to construct conservation laws

for the pKP equation (3.1). It can be easily verified that equation (3.1) has the second-order

Lagrangian
1 1 1
L= 5“3@ — Gl + 51@ —ul. (3.68)
Employing the Lagrangian (3.68) on the determining equation
XL+ L{Dy(1) + D.(&) + D,(4))} — D,(B") — D,(B*) — D,(BY) = 0, (3.69)

where B' = B'(t,x,y,u), B* = B*(t,z,y,u) and BY = BY(t,z,y,u) are gauge functions and

X[ is the second-order prolongation of the generator

0
+€(tax7y7u)_

X = T(iﬁ,x,y,u)2 5
x

0 0
ot +w(taxvy7u)a_y+n(taxvy7u)%

given by

0 0 0 0
2] _ —
X X+G Ouy tG Ou,, G duy, oo gy

(3.70)
Expanding equation (3.69) we get

2
T Ugg Ut Tyg Uy — u:m:uy,lvz)uwux = Uggp Uty Ty Uy + §utux¢uuy - uzxuxy¢uuw - uxa:fxuux

1
2
— Uy Uy — =UpUgy — Ny UgUp — Uy Uy Ty — umuzylﬁx + iuxuyT + 3w T UL, — Upg Uty To

2
1 1

+ §uywxut + 3uywx Quyuxfu

+1u27$+1u7+1 Tt—i-l
2 t 2 Yy 2 va 2 ZB

1 1 L1
inxut + Uy77u - §ux77t - 3nuui - Ui% - Bguy - Buux - iuzwy

— Blu, — BY — B — B! = 0

guut fuur ‘I' u2£x 5:0 + 2u3§x

1
ft - u Tt + UgaNzz — §u2¢u + 2u;p§u - 3nzu2

+ UyTly — %

QCCI

and splitting on different derivatives of u, we obtain the system of partial differential equations

7, =0, (3.72)
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7u =0, (3.73)

£ =0, (3.74)

Y, =0, (3.75)

Yy =0, (3.76)

ez = 0, (3.77)

Yy + 2n, =0, (3.78)

Eaw — Naw = 0, (3.79)

Yy — 28 =0, (3.80)

& — 61, = 0, (3.81)

T — &+, =0, (3.82)

7o+ & — Wy + 21, =0, (3.83)
26, — Ty — by — 3, = 0, (3.84)
n, — BY =0, (3.85)

n: +2B% =0, (3.86)

n. + 2B =0, (3.87)

By + By + BY = 0. (3.88)

Now we can obtain the Noether symmetries and guage functions by solving the above system
of PDEs. We start by solving for 7, £, and n by considering equations (3.71) — (3.77) to get
T =a(t), = b(t,z,y),v = c(t,y) and n = xd(t,y,u) + e(t,y,u), where a, b, ¢, d and e are
arbitrary functions of their arguments. Substituting the above values of ¥ and 71 in equation
(3.78) we get

cy(t,y) + 2zd,(t, y,u) + 2e,(t,y,u) = 0.

Since ¢, d and e does not depend on x, we split the above equation on x and get

x:dy(t,y,u) =0,

rest : ¢, (t,y) + 2e,(t,y,u) = 0.

1
Solving the above equations we get d = d(t,y) and e = —§ucy(t,y) + f(t,y), where f is
an arbitrary function of ¢ and y. Equation (3.79) gives b = xg(t,y) + h(t,y), where g and
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h are arbitrary functions of ¢ and y. These results imply that & = zg(t,y) + h(t,y) and
1

n=xd(t,y) — §ucy(t, y) + f(t,y). Substituting these values of 1) and ¢ in equation (3.80) we

get ¢(t,y) — 2xg,(t,y) — 2hy(t,y) = 0. Because ¢, g and h do not depend on z, we can split

the equation on x so that

z:gy(t,y) =0, (3.89)

rest : ¢(t,y) — 2hy(t,y) = 0. (3.90)

By equation (3.89) we see that g = ¢g(t) and so £ = zg(t) + h(t,y). Taking the new value of &
and 1 and substituting them in equation (3.81) gives xg'(t) + hi(t,y) — 6d(t,y) = 0. We split

this equation on x since g, h and d do not depend on x and obtain

r:4(t) =0, (3.91)

rest : he(t,y) — 6d(t,y) = 0. (3.92)

Integrating equation (3.91) with respect to ¢ we get g = Cy, where (' is a constant of integra-
tion. Moreover, from equation (3.82) we have ¢,(t,y) = C; — a'(t). Integrating this equation
once with respect to y gives c(t,y) = C1y — ya'(t) +i(t), where i is an arbitrary function of t.
Therefore by equation (3.90) we see that h,(t,y) = —lya”(t) + 1z”(t). To obtain the value of

2 2
h we integrate the equation once with respect to y to get

ht,y) = 90" (0) + Su9(0) + (),

where j is an arbitrary function of t. We can then find the value of d from equation (3.92),

which is
d(t,y) = — 2" (1) + = yi" (1) + ~7'(1)
’ 24 12 ¢/ \V
This implies that
1 2 1 1 -/ .
§=Chx — va (t) + Sy (t) +4(t),
= — P (0) (1) + g (1) — 5 Crut sud (1) + (1)
g 24 12 6 R 9

1
From equation (3.83) we get a(t) = §C'1t+ Cy, where Cy is a arbitrary constant of integration.

This means

1
T = §Clt + CQ,
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€= Cir+ Lyi(t) 1 j(2),

2
2 .
b =3Cuy+ilt)
= Ly + 2y - Lewr £ty
77—123592 633] 3 1U yY).

Substituting the above values in equation (3.84) we obtain Cy = 0. Therefore

T:CQ,

€= 5ui'(6) + j(0)

1= g5ai" () + 52 (1) + S(60)

We can now obtain the gauge functions by solving equations (3.85) — (3.87) and obtain

1 1
B'= — ﬂyui”(t) - Eu]/(t) + k(L 2,y),
1 1 1
BY = — —24q;yui/"(t) — El’uj//(t) - §Uft(t>y) +(t,z.y),
1
BY = Eazui"(t) +ufy(t.y) + m(t, z,y),

where k, [ and m are arbitrary functions of ¢, x and y. Equation (3.88) becomes

1 1

Splitting the above equation on u since the variables ¢, 7, f, k, [ and m do not depend on it we

obtain
L (¢ ! " (t t,y) =0 3.93
e (1)~ (1) + it 0) = 0. (3.98)
rest : ki(t, x,y) + L (¢, z,y) + my(t,z,y) = 0. (3.94)

Integrating equation (3.93) twice with respect to y we obtain

F(t,5) = a5y™"(0) + 575" (1) + yn(t) + o(0)

where n and o are arbitrary functions of . Thus,

T:Cg,

75



2
@Z) = i(t)a
n= ia:y'i”(t) + le’(t) + iy?’i’”(t) + iyzj”(t) +yn(t) + o(t)
12 6 72 12 ’
1 1
B' = = gpyui’(t) — 5ui’ (t) + k(t, 2, y),
B = — oy (1) — —au(6) — g (6) — 5wy (E) — Suy (1)
24 12 144 24 2
1
— —ud (t) + U(t, z,y),
2
1 1 1
BY = ol () + ruy*i" (1) + Gud"(t) +un(t) +m(t,z,y).

Using all the above values and letting £ = [ = m = 0 since they contribute to the trivial part of
the conservation laws, we obtain the following Noether symmetries and their respective gauge

functions as

8 €T
Xi=o. Bi=0Bi=0B=0
1 0 B 1 1 0
X:_-/t_ (1) — i -//t _3~///t .
= g O3 i)+ (S0 + ) o
1 o1 1, i 1,
Bl = —ﬂyuz”(t), Bi = —ﬁxym”’(t) — muy?’z"”(t), Bj = Exuz”(t) + ﬁuy%”’(t),
0 1 1 0
X:t_ _~/t _2’//t .
1= it + (o) + 500 5
Bl — — (), BE = — - auj"(t) — —uy?f"(), BY = uyi”(t)
3 12 s 12 24 G ’
0
Xy = yn<t)a_7 Bfl = 07 BZ = ——uyn’(t), Bzzl/ - un(ﬂa
Uu
0
X5 = o(t)a—, Bl =0, B = —-ud'(t), B! =0

The conserved vectors corresponding to the above obtained Noether point symmetries, using

the formulae [34]

T' =1L + W% - B,
8ut
. oL oL 0 .
m=L+w (8% —Da (EMM)) +Wm8um -5
v
Ou,

are given, respectively, by (with W =n — w7 — u,& — uy))

1 1
t_ L2 2 3
1) = §uy + §um — U,
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1
x 2 2
T1 - 3uzut + _ut + UggzUs — Upz Uiz,

2
TV = — wuy;
Tt = — (s — i (e + —yi” () + ~yi (O + ~i(E)uyu
2 144 Y DY 4 9 v
1, 1, 1, 1, 1
T2 — my?’z"”(t)u - ﬂyglm(t)ui o iyglm(t)umﬁw - myB@/!/@)ut + ﬂxyzl//(t)u
1 1 1 1
— Za:yz'”(t)ui - Eyi”(t)um — Exyi”(t)umx — ﬁmyi"(t)ut + i’ ()
1 1 1
+ Zyz’(t)uz — Zy@’(t)uim + §yz"(zf)ugcu$mC + 30 () uyu2 — i(1) Uy Uy + 1() Uy gy
1,
+ 3 (t)uyuy,
TY = iysi'"(t)u — iyQi’”(t)u = i:13(1;2'”(15)u - i:102'"(15)u — 1yi’(t)u Uy — i(t)u’
272 DY 12 Y12 2 vi @
1 1 1
— Eii(t)ztz + Eii(t)ztix — Eii(t)ltxltt;
1 1 1 1
Tt:__Q'//t = — '/t - _‘/t _t 2
1 1 1 1 1
Tx:_Z-///t __2»//t 2__2-//t m:x__2-//t i -//t
5 =5y 0" Ou— 27" Oz — 5y (Hu 53V 7 (O + g (Hu
1 . 1. 1 . 1 ) .
— §$]'(t)ui + 6]’(t)um, — éxj'(t)umx — Exj’(t)ut + 25 ()ud 4 5 (1) Yo tle
1. 1.
+ i - Lo,
Y 1 21 1 -1 1 ./ .
T =—vy 7" (Ouy, — zyj" (t)u + =zj (H)u, — 7(t)uyus;
12 6 6
" 1
T, = — §yn(t)u$,
1
Ty = §yn’(t)u — 3yn(t)uz — yn(t)teee yn(t)uy,
T = yn(t)u, — n(t)u
1
Tt = — —o(t T
5 20()u
T 1 / 2 1
1Y = 20 (H)u — 3o(t)u; — o(t)Ugys o(t)uy,
T =o(t)u,
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Remark. Due to arbitrary functions appearing in the conserved vectors, infinitely many
conservation currents can be obtained. Moreover, in terms of physical representation of the
obtained conserved vectors, we note that T = (T}, T{,T}) represent the conservation law of

energy.

3.4 Conclusion

In this chapter, we studied the potential Kadomtsev-Petviashvili equation (3.1). Using Lie
symmetry methods, its Lie point symmetries were computed and then used to obtain exact so-
lutions through symmetry reductions and with the aid of Kudryashov’s method. Moreover, its
one-parameter groups of transformations and commutator table were given. We later presented
3D, 2D and contour plots to help analyze the diverse nature of each obtained solution. Finally,
since the pKP equation has a Lagrangian and zeroth multiplier, we derived its conservation
laws using the conservation theorem due to Ibragimov, multiplier method and Noether’s the-
orem. The results obtained in this study are very helpful for characterizing real-world events

that the pKP equation models in engineering and applied sciences.
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Chapter 4

A study of the Korteweg-de Vries-like

equation

In this paper, we study the Korteweg-de Vries-like ( KdV-like) nonlinear differential equation
of the form

Uty — 2usty, + 6uZ, =0 (4.1)

taken from [48]. Zhang and Ma [48] considered the nonlinear differential equation (NLDE)

3 3 3

induced from the bilinear KdV-like equation (4.1). By symbolic computation with Maple, they
found 29 classes of polynomial solutions to the equation (4.1) and thus constructed two classes
of rational solutions of the NLDE (4.2). Liu et al. [49] derived a new NLDE by also considering
the generalized bilinear derivative with prime number p = 3. In their case [49] the bilinear

KdV-like equation is of the form
Qe — 2ty + C(2utlye — 2ut) + 6u, =0 (4.3)
and is transformed to the NLDE
3 9, 3 9 3 4
= = —u* = 0. 4.4
ut+cux+2u$+2uux~l—8u 0 (4.4)
Similarly, the authors found rational polynomial solutions to the bilinear KdV-like equation

(4.3) and as a result obtained three classes of unequal rational solutions to the new derived
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NLDE (4.4). The nonlinear KdV-like equation is a significant mathematical model that has

numerous applications in quantum mechanics and nonlinear optics and is employed to model

traveling waves in shallow water and harmonic crystal. We compute the KdV-like equation’s

Lie point symmetries first. The commutator table for the Lie point symmetries is then gener-

ated, and we use Lie equations to produce one-parameter groups of transformations. Moreover,

group-invariant solutions are obtained under each symmetry. Following that, we use the Ibrag-

imov’s theorem to derive the conservation laws for the KdV-like equation (4.1).

The contents of this chapter have been prepared as a paper which has been submitted for

publication [50]

4.1 Lie point symmetries of (4.1)

The vector field

X = itz )2+ et )2+ n(t,w,u)

ot ox ou
is a Lie point symmetry of (4.1) whenever
XP2uu, — 2upu, + 6ul,)| =0,
where X P is the second prolongation defined as
0 0 0 0 0
X[2] == [ ~ Tx T .
n@u +G Ouy +G ouy +¢ OUgy +G OUy

Expanding (4.6) we obtain

N(2us) + Co(—2up) + G(—2uz) + Cuar(120s,) + Ctﬂc(2u)’(4.1) =0.

Substituting the values of (,, (;, (z» and (;, in equation (4.7) and replacing wu, by (uu,

we obtain

2 6
— Uy — —uixn — 22Uy + 2uu, T + QufuxTu + 2ui§x + 4utuifu
U U

—2Uyn)y — 22Uy + Quffx + 22Uy Ty + 20 Ey + 12UpeMpr + 24U Ugy M
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72
2 3 3
—36u,u;, 0y — 12U & — ;utuxum@ + Eumm — 12U Uy T

24 72
— 24U U Ui T, — 12utu§x7'u — ;utuiumm + Eumu3

oaTu — 12utuium7'uu
+2UNy + 2UN), + 20UN gy + 22Uty — 6u§$77u + 20U Uy Ny, — 2UpUy Ty
+6ui$7'x — 2uu &, + 6ui$§x — 2UUsTey — 20Ut aUL — 2UUUL Ty,

—2UU Uy — 2uut27'm — 4ufux7'u 4+ 12Uy Ty, — 2UUp U Ty, — 2uufuz7'w
—2uu &y — 2uug & — 2uui§tu — 4utuifu + 12uzuix§u — 22Uty Ey

—2u sy, = 0. (4.8)

Since 7, £ and 1 depend only on ¢, x and u we split on the derivatives of v to obtain a system

of linear homogeneous PDEs:

Uy : Tp =0, (4.9)
UpUpp  + Ty = O, (410)
Uy : & =0, (4.11)
u? o & =0, (4.12)
u o one =0, (4.13)
wgy - 2ur, —3n =0, (4.14)
uZ, 1 2ué, —n =0, (4.15)
1 : un,—n=0. (4.16)

The above system is now solved for 7, £ and 7. From equations (4.9) and (4.10) we have
T =a(t), (4.17)

where a is an arbitrary function of ¢. Equation (4.11) and (4.12) implies that

£ =b(x), (4.18)

where b is an arbitrary function of z. Substituting the values of 7 and ¢ in equation (4.14)

and (4.15) we get, respectively

2ua'(t) — 3n =0,
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2ub' () —n =0.

The above equations imply that
3V (x) =d'(t)

and since the left-hand side of the above equation is a function of x only and right-hand side

is a function of ¢ only, then both must be equal to some constant, say C. Thus,

3b/<l’> = Cl,
G/(t> = Cl-

Solving the above equations we obtain

1
b(x) = gClx + Oy,

a(t) = Clt —|— 03,
where Cy and Cj are arbitrary constants of integration. Now from equation (4.16) we get
n = uc(t, ),

where ¢ is an arbitrary function of ¢ and x. Finally, substituting the value of n into equation

(4.13) leads to ¢, = 0 which implies that ¢ = ¢(t). Thus,

T = Clt + 03, (419)
n = uc(t), (4.21)

and so the Lie point symmetries of the KdV-like equation (4.1) are

X, = %, (4.22)
&:%, (4.23)
X; = uc(t)a%, (4.24)
X, = 3% + x%, (4.25)

which form an infinite dimensional Lie algebra. For simplicity we let ¢(t) = 1.
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4.1.1 Commutator table for the symmetries of (4.1)

We now calculate the commutation relations for all the symmetry generators of (2.2) obtained

above. Firstly, we compute [X3, X,]. By the definition of Lie bracket we have
(X3, Xu] = X3Xy — Xy X3

L L VL W (VA VL W O

5 \Tor T Yor T )" o
9

= _3X37

Likewise, we obtain the commutation relations between other Lie point symmetries.

Table 4.1: Commutator table of Lie algebra of the KdV-like equation (4.1)

X, X | X0 | X | X3 | Xy
X, 0 0 | 0 | 3x
X, 0 0 | X3 | X
X; 0 0 | 0 |—-3X;,
X |-3X,|-X2|3X;] 0

4.1.2 One-parameter groups of transformations

We now employ the Lie equations together with initial conditions

dt - dz L du S
i T(t,l’,U), t|a:0 - 757 - = g(t7x7u)7 $|a:0 =T, - = n(t)xuu)7 u|a:0 =Uu

da da

to compute the one-parameter group of transformations. For each X;, let G,, be the corre-
sponding group. We first compute one-parameter group corresponding to infinitesimal gener-

ator X3, namely

0 0
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Using Lie equations, we have

Thus, the one-parameter group G,, corresponding to the operator X, is given by
Gos @ (6, T,0) — (t,xe™ ue™").

If we continue in the same manner as above, we get the following one-parameter groups for all

the operators:

Go, : (6, 7,0) — (t,x + ag,u),
Go, : (6, T,0) — (t+ a1, 2, u),
Gos : (6, T, 0) — (t, z,ue™),

Ga, : (t,z,0) — t63“4,xe“4,u>.

Since each group Gj is a symmetry group, if u = f(t, z) is a solution of (4.1) so are the functions

Uy :f(t,ZL'—(I),
UQZf(t—CL,ZE),
ug =€ f(t,x),

uy = f (te_3“, xe_a) .

Constructing group-invariant solutions of (4.1)

We now utilize the optimal system of one-dimensional subalgebras obtained in the previous

subsection and find symmetry reductions and group invariant solutions for equation (4.1).
Case 1. X, =0/0t

Firstly, we consider the symmetry operator X; = 0/0t. The characteristic equations for the

operator X are



which lead to two invariants J; = x and Jy = u. Thus, u = f(x), where f is the invariant

solution. Substituting this value of u into (4.1), we obtain the ODE
f(z) =0
Integrating the above equation twice with respect to = we get
f(x) = Ciz + Cy,

where C} and Cy are arbitrary constants of integration. Thus, the group-invariant solution
under X; is

u(t,z) = Cix + Cs. (4.26)

We present the solution profile of (4.26) for the parameters C; = Cy = 1, in Figure (4.1).

-2 0 2 4

Figure 4.1: 3D and 2D profile of solution (4.26)

Case 2. Xy, =0/0x

Next, we consider the Lie point symmetry X, = 0/0z. The characteristic equations associated

with the operator X, are
dt dr du

0 1 0’

which give two invariants J; = = and J; = uw. Thus, the group-invariant solution is given by
Jo = f(J1). This gives u = f(t), where f is an arbitrary function. Substituting this value of

u into (4.1), leads to the conclusion that the group-invariant solution of (4.1) under X, is

u(t,z) = C.
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Case 3. We now consider the Lie point symmetry X3 = utd/0u. The characteristic equations
associated with the above operator are

dt dzx B du

0 0 ut’
that leads to two invariants J; = ¢t and J = . Thus, under X3 (4.1) does not have an invariant

solution.
Case 4. X, = 3t0/0t + x0/0x.

We consider the Lie point symmetry generator X, = 3t0/0t + x0/0x. The associated charac-

teristic equations to X, are

dt dr du
3t x 0
The characteristic equations yield the two invariants J; = m/tl/ 3 and J, = u. Hence the

group-invariant solution is given by Jo = f(J;), where f is an arbitrary function. This implies

u(t,x) = f(¥), ¥ = Ve

Substituting this value of u into (2.2), we obtain
9f" — ff —Uff +Wf?=0. (4.27)
Consequently, the solution of (4.1) under X is u = f(¥), where f satisfies

9f”2—ff,—\11ff”+\11f/2:0-

Case 5. (Traveling wave solutions): X; + cXy = 0/0t + ¢0/0x

We consider the linear combination I' = X; + ¢Xj5, to obtain traveling wave solutions i.e.,

ng-l—cg.

The associated characteristic equations to X are

dt_dx du
1 ¢ 0

Thus, one invariant is J; = u. The other invariant is obtained by taking

dt_dx
1 ¢

86



which gives us Jo = z — ct. Hence the group-invariant solution is given by J; = f(J2), where

f is an arbitrary function. This implies
u(t,z) = f(§), { =z —ct.
Substituting this value of u into (4.1), we obtain
3f +cf? —cff" =0. (4.28)
Thus, the solution of (4.1) under X is u = f(&), where f satisfies
3f"? +cf? —cff’ =0.

Case 6. X + X3 = 0/0t +0/0u.

From the obtained Lie point symmetries, we take the following linear combination I = X;+ecX3

to obtain an exact solution for (4.1). The above linear combination gives the invariants

Jl = I,

Jy = ue
and thus, the invariant solution

u=e"F(z).

Substituting this value of u into (4.1), we obtain
F"=0.
Solving the above equation, we get
F(z) = Cix + Cs,

where (' and Cy are arbitrary constants of integration. Thus, the invariant solution of (4.1)

under [ is
u = e (Crx + Cy), (4.29)
The solution profile of (4.29) under the parameters ¢ = €} = Cy = 1, is presented in Figure

(4.2).
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Figure 4.2: 3D and 2D profile of solution (4.29)

4.2 Conservation laws for (4.1)

In this section, we compute the conserved vectors of the KdV-like equation (4.1). Unlike the
pKP equation (3.1), the KdV-like equation does not have a Lagrangian and multiplier, hence

we apply the conservation theorem due to Ibragimov which has been outlined in Chapter 1.

For the KdV-like equation (4.1) the Euler-Lagrange operator is

o 0 0 0 0 0

—=—-Dy—+Dy— + D;Dy—— + D? 4.30
ou  Ou Oy, + t(‘?ut T Oty + T OUgy + ( )
The adjoint equation for (4.1) can be obtained from the formula
— 2
F* = 50 [0(2uty, — 2upu, + 6ul,)] =0, (4.31)
u
where v = v(t, z), and this yields
F* = 120U, + 2400500 + 120000, + 400 + 400y, + S8VU, + 204 = 0. (4.32)

Consider equation (4.1) and the adjoint equation (4.32) as a system, the Lagrangian for this
system from (1.44) is,
L = v(2uu, — 2usu, + 6uZ,). (4.33)

Now, equation (4.33) admits all the symmetries of (4.1) extended to the new variable v(¢, z).

That is, the generators become

0 0

0

% +n % (434)
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with
n*=n"(t,z,u,v) = —{ A+ Dy(7) + D,() } v. (4.35)

For this particular problem we determine the parameter A by using
XB(F) = \F, (4.36)

where F' = 2uuy, — 2ugu, + 6u?, and X 2 is the second prolongation of X, given by

0 0

2] _
X =X+ Cz + Q C“a "™ + Coo=— T (4.37)

The conservation laws of the system of equations (4.1) and (4.32), associated with a symmetry

can be obtained by applying the following rules given by [33] due to the existence of the cross

term wgy:
oL oL
t__ -
T _Tuw{@ut D, (au)}
oL oL oL oL
=L+ W {auw - D, <—8um) } + W, (8%90) + Wt%, (4.38)
where
W =n—r1u — u,. (4.39)

Case 1. For X; = 0/0t the adjoint generator similarly retains the same form Y; = 9/0t. The

Lie characteristic function is then given by W; = —u;. The conserved vector is then given by

Tf = 2uuv, + 6uixv + 2u, v + 2uly, v,

TV =12, u0, + 2ut2v + 12Uy UV — 12U U, U — 2UlUy.

Case 2. For the symmetry Xy = 9/0z we have ¢ =n = 0. Thus, (, = ¢, = (o = Gz = 0. We
then get, X2[2]F = 0F, that is, A\ = 0. From (4.35) we obtain n* = 0, whereby the new generator
retains the form of X5, that is, Y2 = 0/0z. The Lie characteristic function is Wy = —u,. Thus,

the conserved vector from (4.38) is

T = 2uu,v, + 4uv,

Ty =12u,Up0 v, — 6u§xv + 12U U0V

We obtain the rest of the conserved vectors in similar fashion.
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Case 3. For symmetry X3 = ud/0u we get the adjoint operator Y3 = 2v0d/0v and Lie

characteristic function W3 = u. Thus, the conserved vector is

T: = — duu,v — 2uv,,

T3 =12UU,0 — 120t v, — 120Utg,,0.

Case 4. Finally for the symmetry Xy = 3t0/0t + £0/0x the new generator is Y, = 3t0/0t +
x0/0x and Wy = —(zu, + 3tu;). Hence

T4t = 2zUULV, + 6tuuv, + 4xuiv + 6tusu,v + 18tuixv + 6tuu,v,
T =120U,U0,v, + 36tUsty v, — 6xuixv — 12U UV — 36U UL,V

+ 6tut21) 4+ 122U Upyp ¥ — 6UUU + 36TUL UV — OTUuULV.

Remark. The conserved vectors involve solutions u of the KdV-like equation and solutions
v of the adjoint equation (4.32) and hence yield an infinite number of conservation laws. In
terms of physical interpretation of the obtained conserved vectors we observe that for case 1,

2 and 4 we have conservation of energy, linear momentum and mass respectively.

4.3 Conclusion

In this chapter, the Korteweg-de Vries-like equation (4.1) was investigated from the Lie sym-
metry point of view. Infinitesimal generators and commutator table for the KdV-like equation
are well presented. Utilising each symmetry, we perform symmetry reductions and group-
invariant solutions of the KdV-like equation are obtained. In addition, using Lie equations,
we constructed the one-parameter group of transformations. Finally, conserved vectors were

derived using the conservation theorem due to Ibragimov.
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Chapter 5

Concluding remarks and future work

The purpose of the work done in this dissertation was to apply Lie symmetry methods to
obtain analytic solutions and conserved vectors of the potential Kadomtsev-Petviashvili and

Korteweg-de Vries-like equations.

In Chapter 1 theoretical justification of principles relevant to this dissertation were given. This
included definitions and theorems for various concepts in Lie symmetry analysis, conservation

laws, and certain methods for deriving analytic solutions of NLPDEs.

In Chapter 2 we gave an illustrative example on how some of the methods defined in Chapter
one were going to be used in this dissertation through the study of the Boltzmann equation.
Lie point symmetries were determined and used to compute the commutator table. Under each
infinitesimal generator, group-invariant solutions for the Boltzmann equation were obtained. A
graphical representation of each solution was given. The multiplier method, Noether’s theorem

and Ibragimov’s method were employed to derive conservation laws of this equation.

In Chapter 3 we examined the potential Kadomtsev-Petviashvili equation by first computing
the infinitesimal symmetries of the equation. We proceeded into using the obtained symme-
tries to construct the commutator table. Thereafter we performed similarity reductions and
obtained exact solutions with the aid of Kudryashov’s method. The type of solutions ob-
tained were discussed and shown graphically. Moreover, conservation laws of this equation

were derived by applying Ibragimov’s theorem, multiplier approach and Noether’s theorem.
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In the fourth Chapter, we studied the Korteweg-de Vries-like equation from the point of view
of Lie symmetry analysis. Similarity reductions and exact solutions were obtained. Finally,
local conservation laws for the KdV-like equation were derived by employing the conservation

theorem by Ibragimov.

In future work, we plan to use the conserved vectors obtained here to construct exact solutions
for the potential Kadomtsev-Petviashvili and Korteweg-de Vries-type equations which were

studied in this dissertation via the double reduction theory.
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