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Abstract

In this work, we study three nonlinear partial differential equations that are used to simulate a

variety of physical processes in science. As an example of what will be done in this dissertation,

we start off by looking at the second order nonlinear Boltzmann equation. The key equations

that we examine in this dissertation are the potential Kadomtsev-Petviashvili and Korteweg-

de Vries-like equation. Lie symmetry analysis is employed to obtain commutation relations,

one-parameter group of transformations and exact solution for the equations under study.

Moreover, for more physical illustration of the extracted solutions, three and two dimensional

plots for the solutions are presented. We further explore methods like Noether’s approach,

multiplier method and the conservation theorem due to Ibragimov to derive their conservation

laws where they may apply.

Keywords: Boltzmann equation; potential Kadomtsev-Petviashvili equation; Korteweg-de

Vries-like equation; Lie symmetry analysis; Kudryashov’s method; conservation laws; Noether’s

theorem; Ibragimov’s theorem; multiplier method.

8



Introduction

It is a known fact that almost all physical phenomena of physics and other fields obey math-

ematical laws and hence nonlinear partial differential equations (NLPDEs) can be used to

describe such phenomena [1]. This makes the theory of NLPDEs to be one of the most im-

portant fields in mathematics. Considering the foregoing, a number of important methods for

generating exact solutions to NLPDEs have been developed by noteworthy scientists. These

methods include the bifurcation method [2], the Bäcklund transformation [3], Hirota bilin-

ear method [4], Kudryashov’s method [5], the (G′/G)-expansion method [6] and Lie group

method [7–10].

With the use of Galois’ theory, Sophus Lie (1842–1899), a Norwegian mathematician, estab-

lished the symmetry method and demonstrated that many of the known ad hoc methods of

integration of ordinary differential equations (ODEs) could be obtained in a systematic man-

ner [11]. ODEs and partial differential equations (PDEs) have both been studied using Lie

group theory. See for example [12–17]. The approach has evolved into a helpful tool for solving

differential equations (DEs), classifying them, and preserving the solution set in the DEs.

Furthermore, it has been observed that conservation laws are established and entrenched nat-

ural laws that have been studied by many researchers in various scientific fields. Conservation

laws that are commonly used in this context include, conservation of linear momentum in

an isolated system, conservation of electric charge, conservation of energy, conservation of

mechanical energy in the absence of dissipative forces, and many others [12, 17].

One of the fundamental principles in the formulation and investigation of models in mathe-

matics is conservation laws. The existence of a large number of conservation laws of NLPDEs,

for example, is sometimes a strong indicator of their integrability [18]. They also help in
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development of numerical schemes, and theory of non-classical transformations [19]. Hence

many methods have been developed to compute conservation laws. These include, Noether’s

theorem [20], the multiplier approach [8], and conservation theorem due to Ibragimov [21].

The outline of this dissertation can simply be stated as follows:

In Chapter 1 we present preliminaries on Lie symmetry analysis, that is, definitions, theorems

and various methods for obtaining conservation laws of PDEs. Also a brief description of

Kudryashov’s method for finding exact solutions of DEs is given that will be needed in our

study.

In Chapter 2 we give an illustrative example to demonstrate how the methods, theorems and

definitions stated in Chapter one will be used throughout this dissertation. We investigate the

second-order nonlinear Boltzmann equation and using Lie group theory to obtain its group-

invariant solutions. Thereafter, we employ the multiplier method, Noether’s theorem and the

conservation theorem due to Ibragimov to derive its conserved vectors.

In Chapter 3 we compute Lie point symmetries for the potential Kadomtsev-Petviashvili equa-

tion. We then determine its commutator table and one-parameter group of transformations.

Moreover, we use its Lie point symmetries to perform reductions. Travelling wave solutions

are obtained by applying Kudryashov’s method. Finally, conservation laws are derived using

Ibragimov’s approach, multiplier method and Noether’s theorem.

Chapter 4 deals with the Korteweg-de Vries-like equation We obtain its Lie point symmetries,

present the commutator table and compute the one-parameter group of transformations. Re-

ductions are performed using the obtained symmetries. We then provide conservation laws of

the Korteweg-de Vries-like equation using the theorem due to Ibragimov.

In the final chapter, a summary of the results obtained in the dissertation is given and future

work is discussed.

Bibliography is given at the end.
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Chapter 1

Symmetries of PDEs

In this chapter we give some basic concepts, definitions and theorems of the Lie group theory

that will be used throughout this dissertation. Moreover, we provide methods of obtaining

conservation laws and closed-form solutions of PDEs.

1.1 Introduction

Marius Sophus Lie, a Norwegian mathematician, born in Nordfjordeid in 1842 realized more

than a century ago that through group theory many of the approaches for solving DEs could be

unified [12]. Through his study on continuous groups he devised a method for obtaining closed-

form solutions to DEs based on symmetry. Nearly all known approaches for solving DEs are

particular cases of Lie’s theory. Many books and articles have been published demonstrating

the power of this method. This includes Ovsiannikov [7], Olver [8], Bluman and Kumei [9],

Stephani [10], Ibragimov [22,23], Hydon [24]. The definitions, theorems and conclusions offered

in this chapter are based on the aforementioned publications.
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1.2 Local one-parameter Lie group

Definition 1.1 Suppose H is a set of transformations

Ψa : x̄
j = ψj(x, a), α = 1, . . . , n, (1.1)

where a is a real parameter that ranges in values from the neighbourhood D ⊂ R of a = 0 and

ψj are differentiable functions, then the set H is said to be a continuous one-parameter (local)

Lie group of transformations if it satisfies the properties:

(i) Closure: For Ψa,Ψb ∈ H and a, b ∈ D′ ⊂ D, then ΨbΨa = Ψc ∈ H, c = φ(a, b) ∈ D.

(ii) Identity: Ψ0 ∈ H such that Ψ0Ψa = ΨaΨ0 = Ψa for any a ∈ D′ ⊂ D and Ψ ∈ H.

(iii) Inverse: For any Ψa ∈ H, a ∈ D′ ⊂ D, there exists Ψ−1
a = Ψa−1 ∈ H, a−1 ∈ D such that

ΨaΨa−1 = Ψ0 = Ψa−1Ψa.

1.3 Infinitesimal transformations

According to Lie group theory construction of the symmetry group H is equivalent to the

determination of the corresponding infinitesimal transformations:

x̄j ≈ xj + aξj(x) (1.2)

by the Taylor series expansion in a of (1.1) about a = 0 and also taking into account the initial

conditions

ψj
∣∣
a=0

= xj.

Consequently,

ξj(x) =
∂ψj(x, a)

∂a

∣∣∣∣
a=0

(1.3)

elements of the vector field v =
(
∂ψ1(x,a)

∂a
, ∂ψ

2(x,a)
∂a

, . . . , ∂ψ
n(x,a)
∂a

)
at local coordinates (x1, x2, . . . , xn).

By introducing the operator

X = ξj(x, u)
∂

∂xj
+ ηα(x, u)

∂

∂uα
(1.4)
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we note that equation (1.2) can now be written in the form

x̄j ≈ (1 + aX)xj.

The operator X is known as the infinitesimal operator of the group H.

1.4 Group invariants

Definition 1.2 A function P(x, u) is the invariant of the group of transformations (1.1) if

P(x̄, ū) = P(x, u), (1.5)

for all x, u and the parameter a ∈ D′ ⊂ D.

Theorem 1.1 (Infinitesimal criterion of invariance) The function Γ (x, u) is an invari-

ant of group H if

X Γ ≡ ξj(x, u)
∂Γ

∂xj
+ ηα(x, u)

∂Γ

∂uα
= 0. (1.6)

The aforementioned theorem suggests that every one-parameter group of point transformations

(1.1) has functionally independent invariants. The linear equation (1.6) is solvable by the

method of characteristics giving invariant curves that are tangent to the vector (ξj, ηα) for

j = 1, . . . , n and α = 1, . . . ,m which can be regarded as the left-hand side of any first integrals

J1(x, u) = c1, . . . , Jm+n−1(x, u) = cm+n−1,

of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dum

ηm(x, u)
.

Theorem 1.2 If the infinitesimal transformation (1.2) or its generator X is given, the corre-

sponding one-parameter group H is then obtained by solving the Lie equations

dx̄j

das
= ξjs(x̄, ū),

dūα

das
= ηαs (x̄, ū), s = 1, . . . , l, (1.7)

subject to the initial conditions

x̄j
∣∣
a=0

= xj, ūα|a=0 = uα.

13



1.5 Construction of a symmetry group

The algorithm for determining a symmetry group for a given PDE is described below, but first

some definitions are provided.

1.5.1 Prolongation of point transformations

Consider a second-order PDE

E(t, x, u, ut, ux, utt, uxx, utx) = 0, (1.8)

where t and x are two independent variables and u is a dependent variable. Let

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(1.9)

be the infinitesimal generator of the one-parameter group G of transformation (1.1). The

second prolongation of X, denoted by X [2], is given by

X [2] = X + ζt
∂

∂ut
+ ζx

∂

∂ux
+ ζtt

∂

∂utt
+ ζtx

∂

∂utx
+ ζxx

∂

∂uxx
, (1.10)

where,

ζt = Dt(η)− utDt(τ)− uxDt(ξ),

ζx = Dx(η)− utDx(τ)− uxDx(ξ),

ζtt = Dt(ζt)− uttDt(τ)− utxDt(ξ),

ζtx = Dx(ζt)− uttDx(τ)− utxDx(ξ),

ζxx = Dx(ζx)− utxDx(τ)− uxxDx(ξ)

and the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · · , (1.11)

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · . (1.12)

Applying the definitions of Dt and Dx given above we obtain the respective values of ζs to be

ζt = ηt + utηu − utτt − u2t τu − uxξt − utuxξu, (1.13)

14



ζx = ηx + uxηu − utτx − utuxτu − uxξx − u2xξu, (1.14)

ζtt = ηtt + 2utηtu + uttηu + (ut)
2ηuu − 2uttτt − utτtt − 2(ut)

2τtu

−3ututtτu − (ut)
3τuu − 2utxξt − uxξtt − 2utuxξtu − (ut)

2uxξuu

−(uxutt + 2ututx)ξu, (1.15)

ζtx = ηtx + uxηtu + utηxu + utxηu + utuxηuu − utx(τt + ξx)− utτtx − uttτx

−utux(τtu + ξxu)− u2t τxu − (2ututx + uxutt)τu − (ut)
2uxτuu − uxξtx

−uxxξt − (ux)
2ξtu − (2uxutx + utuxx)ξu − ut(ux)

2ξuu, (1.16)

ζxx = ηxx + 2uxηxu + uxxηu + (ux)
2ηuu − 2uxxξx − uxξxx − 2(ux)

2ξxu

−3uxuxxξu − (ux)
3ξuu − 2utxτx − utτxx − (utuxx + 2uxutx)τu

−2utuxτxu − ut(ux)
2τuu. (1.17)

1.5.2 Group admitted by a PDE

Consider the PDE of second-order

E(t, x, u, ut, ux, utt, utx, uxx) = 0. (1.18)

The vector-field

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(1.19)

is an infinitesimal symmetry of (1.18) if the Lie condition

X [2]E
∣∣
E=0

= 0 (1.20)

holds, where the symbol |E=0 means evaluated on the equation E = 0.

Equation (1.20) is said to be the determining equation of (1.18) since it determines all the

infinitesimal symmetries of (1.18).

Theorem 1.3 A symmetry of (1.18) transforms any solution of (1.18) into another solution

of the same equation.

The aforementioned theorem implies that we can construct more solutions of (1.18) from known

ones.
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1.6 Lie algebras

Suppose we have the operators, Xi = ξl
∂
∂xl

and Xj = ηl
∂
∂xl
, i, j = 1, . . . , r and l = 1, . . . , n

Definition 1.3 (Commutator) The commutator of Xi and Xj is defined by

[Xi, Xj] = XiXj −XjXi =
n∑
l

n∑
m

(
ξm

∂ηl
∂xm

− ηm
∂ξl
∂xm

)
∂

∂xl
.

Definition 1.4 (Lie algebra) A Lie algebra is a vector space L (over the field of real num-

bers) of operators with the property: For all Xi, Xj ∈ L, the commutator [Xi, Xj] ∈ L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.4 The set of all solutions of any determining equation forms a Lie algebra.

1.7 Solution methods for differential equations

A few approaches for finding exact solutions to DEs are presented in this section.

1.7.1 Kudryashov’s method to obtain travelling wave solutions

Consider the nonlinear evolution equation (NLEE)

F (u, ut, ux, uy, uz, utt, uxt, uxx, ...) = 0. (1.21)

Here, F is a polynomial in u(x, y, z, t) and its various partial derivatives involving the highest

order derivatives and nonlinear terms. The Kudryashov’s method can be described by the

following fundamental steps [25]:

First step

We transform equation (1.21) from PDE to ODE by using the travelling wave transformation

ξ = k(x+ y + z − V t), u(x, y, z, t) = u(ξ) in the form

16



P (u, u′, u′′, u′′′, ...) = 0. (1.22)

Here, P is a function of u(ξ), prime denotes
d

dξ
and V is the speed of travelling wave.

Second step

Assume that the solution of equation (1.22) has the following form

U(ξ) =
N∑
i=0

aiq
i(ξ). (1.23)

Here, ai(i = 0, 1, 2, ..., N) are constants to be investigated afterwards such that aN ̸= 0.

Consider the ODE
d

dξ
q(ξ) = q2(ξ)− q(ξ) (1.24)

whose solution is

q(ξ) =
1

1 + Aeξ
, (1.25)

where A is an integrating constant.

Third step

The positive integer N in equation (1.23) will be determined by using the homogeneous bal-

ance between the highest order linear term and the highest order nonlinear term occurring in

equation (1.22).

Fourth step

Using equations (1.23) and (1.24) into equation (1.22), we obtain a polynomial in qi, where

(i = 0, 1, 2, ...). Allocating all terms of same power and equating them to zero, we obtain a

system of algebraic equations for this polynomial. These equations can be solved by Maple or

Mathematica to find the values of ai and V and using these values we can obtain the desired

solutions. Implementing these solutions then into equations (1.21) and (1.22), we can justify

whether the solutions are exact or not.
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1.8 Conservation laws

1.8.1 Fundamental operators and their relationship

Consider a pth-order system of PDEs of n independent variables x = (x1, x2, . . . , xn) and m

dependent variables u = (u1, u2, . . . , um), given by

Eα(x, u, u(1), . . . , u(p)) = 0, α = 1, . . . ,m. (1.26)

Definition 1.5 (Euler-Lagrange operator) The Euler-Lagrange operator, for each α, is

defined by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 . . . Dis

∂

∂uαi1i2...is
, α = 1, . . . ,m. (1.27)

Definition 1.6 (Lagrangian) If there exists a function

L = L(x, u, u(1), u(2), . . . , u(s)) , s ≤ p, p being the order of equation (1.26), such that

δL
δuα

= 0, α = 1, . . . ,m, (1.28)

then L is called a Lagrangian of equation (1.26). Equation (1.28) is known as the Euler-

Lagrange equation.

Definition 1.7 (Lie-Bäcklund operator) The Lie-Bäcklund operator is given by

X = ξi
∂

∂xi
+ ηα

∂

∂uα
, ξi, ηα ∈ A, (1.29)

where A is the space of differential functions. The operator (1.29) is an abbreviated form of

infinite formal sum

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+
∑
s≥1

ζαi1i2...is
∂

∂uαi1i2...is
, (1.30)

where the additional coefficients are determined uniquely by the prolongation formulae

ζαi = Di(W
α) + ξjuαij,

ζαi1...is = Di1 . . . Dis(W
α) + ξjuαji1...is , s > 1, (1.31)
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in which Wα is the Lie characteristic function given by

Wα = ηα − ξiuαj . (1.32)

One can write the Lie-Bäcklund operator (1.30) in characteristic form as

X = ξiDi +Wα ∂

∂uα
+
∑
s≥1

Di1 . . . Dis(W
α)

∂

∂uαi1i2...is
. (1.33)

Definition 1.8 (Conservation law) The n-tuple vector T = (T 1, T 2, . . . , T n), T j ∈ A, j =

1, . . . , n, is a conserved vector of (1.26) if T i satisfies

DiT
i|(1.26) = 0. (1.34)

The equation (1.34) defines a local conservation law of system (1.26).

1.8.2 Multiplier method

The algorithm of finding the conservation laws for DEs is given in [26]. The advantage of this

approach is that it does not require the use or existence of a variational principle and reduces

the calculation of conservation laws to solving a system of linear determining equations similar

to that for finding symmetries.

A multiplier Λα(x, u, u(1), . . .) has the property that

ΛαEα = DiT
i (1.35)

holds identically.

The right hand side of (1.35) is a divergence expression. The determining equation for the

multiplier Λα is

δ(ΛαEα)

δuα
= 0. (1.36)

When the multipliers are found, then the conserved vectors are constructed by invoking the

homotopy operator [26].
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1.8.3 Noether’s theorem

Consider the pth-order system of PDEs of n independent and N dependent variables

Eα
(
x, u, u(1), u(2), . . . , u(p)

)
= 0, α = 1, 2, . . . N. (1.37)

Definition 1.9 If there exists a function L
(
x, u, u(1), u(2), . . . , u(s)

)
∈ A, s ≤ p, such that

(1.37) are equivalent to
δL
δuα

= 0, α = 1, 2, . . . , N, (1.38)

then L is called a Lagrangian of (1.37) and (1.38) are the corresponding Euler-Lagrange DEs.

Definition 1.10 A Lie-Bäcklund operator X is a Noether symmetry generator associated

with a Lagrangian L of (1.37) if there exists a vector B = (B1, B2, . . . , Bn) such that

X(L) + LDi

(
ξi
)
= Di

(
Bi
)
. (1.39)

Theorem 1.5 For each Noether symmetry generator X associated with a given Lagrangian

L corresponding to the Euler-Lagrange DEs, there corresponds a vector T = (T 1, T 2, . . . , T n)

with T i defined by

T i =Bi −N iL

=Bi − ξiL −Wα δL
δuαi

−
∑
s≥1

Di1···is (W
α)

δL
δuαi1···is

, (1.40)

which is a conservation law for the Euler-Lagrange DEs (1.38). In Noether’s method we find

L
(
x, u, . . . , u(p−1)

)
and then equation (1.39) is used for the construction of Noether symme-

tries. Moreover, equation (1.40) yields the corresponding Noether conservation laws. The Lie

characteristics Wα of the Noether symmetry generator are the characteristics of the conserved

vectors.

1.8.4 A conservation theorem due to Ibragimov

A new conservation theorem due to Ibragimov [21] provides the procedure for computing the

conserved vectors associated with all symmetries of the system of pth-order PDEs, that is
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Fα(x, u, u(1), ..., u(p)) = 0, α = 1, ...,m. (1.41)

Definition 1.11 (Adjoint equations) Consider a system of pth-order PDEs given by (1.41).

Let

F ∗
α(x, u, v, ..., u(p), v(p)) =

δ(vβFβ)

δuα
, α = 1, ...,m, (1.42)

where v = (v1, ..., vm) are new dependent variables, v = v(x), and define the system of adjoint

equations to system (1.41) by

F ∗
α(x, u, v, ..., u(p), v(p)) = 0, α = 1, ...,m. (1.43)

Theorem 1.6 Any system of PDEs (1.41) considered together with its adjoint system (1.43)

has a Lagrangian

L = vβF ∗
β (x, u, v, ..., u(p)). (1.44)

Theorem 1.7 Consider the system of PDEs (1.41). The adjoint system given by (1.43) in-

herits the symmetries of system (1.41). If system (1.41) admits a point transformation group

with a generator (1.29), then the adjoint system (1.43) admits the operator (1.29) extended

to the variables vα by the formula

Y = ξi
∂

∂xi
+ ηα

∂

∂ui
+ ηα∗

∂

∂vi
. (1.45)

with

ηα∗ = ηα∗ (x, u, v, ...) = −
{
λαβv

β + vαDi(ξ
i)
}

(1.46)

in which (1.45) and (1.46) are extensions of (1.29) to the variable vα and λαβ and are obtained

from

X(Fα) = λαβFβ. (1.47)

Theorem 1.8 Any infinitesimal symmetry (Lie point, Lie-Bäcklund, nonlocal) given by (1.29)

of system (1.41) leads to a conservation law Di(T
i) = 0 for the system (1.41) and (1.43). The

components of the conserved vector are given by the formula
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T i = ξiL+Wα

[
∂L
∂uαi

−Dj
∂L
∂uαij

+DjDk
∂L
∂uαijk

− · · ·

]

+Dj(W
α)

[
∂L
∂uαij

−Dk
∂L
∂uαijk

+ · · ·

]
+DjDk(W

α)

[
∂L
∂uαijk

− · · ·

]
, (1.48)

where,Wα is the Lie characteristic function given by (1.32) and L is the Lagrangian (1.44) [23].

The functions ξi and ηα are the coefficient functions of the generator (1.29). The conserved

vectors (1.48) involve the arbitrary solutions v of the system of adjoint equations (1.43) and

hence one obtains an infinite number of conservation laws for (1.41) by specifying v.

1.9 Conclusion

We discussed some basic concepts and definitions of Lie group analysis in this chapter. More-

over methods to obtain exact solutions and conservation laws of PDEs were presented. These

methods were Kudryashov’s method (to obtain exact solutions), Noether’s theorem, multiplier

method and the conservation theorem due to Ibragimov. All the aforementioned methods will

be used throughout this dissertation.
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Chapter 2

Symmetries and conservation laws of

the Boltzmann differential equation:

an illustrative example

The generalized (p+ 1)th Boltzmann equation in (1 + 1)−dimensions has the form [27](
∂

∂t
+ 1

)(
− ∂

∂x

)p
u(t, x) =

Γ(2p)

Γ(p)
u2(t, x), (2.1)

where p is a positive integer. When p = 1, equation (2.1) reduces to

utx + ux + u2 = 0. (2.2)

In this chapter we study equation (2.2). We calculate Lie point symmetries, group invariant

solutions and its conservation laws. The nonlinear Boltzmann equation was derived in [28] by

Krook and Wu, and arises in the formation of Maxwellian tails in gas dynamics [29, 30]. In

kinetic theory, Boltzmann equation provides a statistical description of a gas of interacting

particles [31].
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2.1 Lie point symmetries of (2.2)

Equation (2.2) admits the one-parameter Lie group of transformations with infinitesimal gen-

erator

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.3)

provided

X [2](utx + ux + u2)
∣∣
(2.2)

= 0. (2.4)

Using the definition of X [2], where X [2] is the second prolongation defined by

X [2] = η
∂

∂u
+ ζx

∂

∂ux
+ ζtx

∂

∂utx

we obtain

η(2u) + ζx(1) + ζtx(1)|(2.2) = 0. (2.5)

Substituting the values of ζx and ζtx in equation (2.5) and replacing utx by −(ux + u2) we get

2uη + ηx + uxηu − utτx − utuxτu − uxξx − u2xξu + ηtx + uxηtu + utηxu

−uxηu − u2ηu + utuxηuu + ux(τt + ξx) + u2(τt + ξx)− utτtx − uttτx

−utux(τtx + ξxu)− u2t τxu + 2(utux + utu
2)τu − uxuttτu − u2tuxτuu

−uxξtx − uxxξt − u2xξtu + 2(u2x + uxu
2)ξu − utuxxξu − utu

2
xξuu = 0. (2.6)

Since τ , ξ and η depend only on t, x and u one can split on the derivatives of u to obtain an

over determined system of linear PDEs:

utt : τx = 0, (2.7)

uxutt : τu = 0, (2.8)

utuxx : ξu = 0, (2.9)

uxx : ξt = 0, (2.10)

utux : ηuu = 0, (2.11)

ut : ηxu = 0, (2.12)
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ux : τt + ηtu = 0, (2.13)

1 : 2uη + ηx + ηtx − u2ηx + u2τt − u2ξx = 0. (2.14)

From equations (2.7) and (2.8) we have

τ = a(t), (2.15)

where a(t) is an arbitrary function of t. Equations (2.9) and (2.10) imply that

ξ = b(x), (2.16)

where b(x) is an arbitrary function of x. Integrating equation (2.11) twice with respect to u,

we get

η = c(t, x)u+ d(t, x), (2.17)

where c(t, x) and d(t, x) are arbitrary functions of t and x. Substituting this value of η in

(2.12), we obtain cx(t, x) = 0, which gives

c = c(t). (2.18)

Thus, from equation (2.17), we have

η = c(t)u+ d(t, x). (2.19)

Substituting the values of τ , ξ and η in equations (2.13) and (2.14), we obtain

a′(t) + c′(t) = 0 (2.20)

and

u2c(t) + 2ud(t, x) + dx + dtx + u2a′(t) + u2b′(x) = 0,

respectively. Separating the above equation with respect to u, we obtain

u2 : c(t) + a′(t) + b′(x) = 0, (2.21)

u : d(t, x) = 0, (2.22)

rest : dx + dtx = 0. (2.23)

25



Using equation (2.22) in (2.19) gives

η = c(t)u. (2.24)

Using (2.20) and replacing a′(t) by −c′(t) in (2.21) we get

c′(t)− c(t) = b′(x). (2.25)

Since the left-hand side of (2.25) is a function of t only and the right-hand side is a function

of x only, both must be equal to a constant, say A1. Hence

b′(x) = A1, (2.26)

c′(t)− c(t) = A1. (2.27)

Clearly equation (2.26) gives

b(x) = A1x+ A2, (2.28)

where A2 is an arbitrary constant of integration. Solving equation (2.27) for c(t), we have

c(t) = A3e
t − A1,

where A3 is an arbitrary constant. We now use equation (2.20) to find the value of a(t).

a′(t) = −c′(t) = −A3e
t. (2.29)

Integrating the above equation with respect to t, we get

a(t) = −A3e
t + A4, (2.30)

where A4 is an arbitrary constant. Thus,

τ = −A3e
t + A4, (2.31)

ξ = A1x+ A2, (2.32)

η = A3ue
t − A1u, (2.33)

and so, the Lie point symmetries of (2.2) are

X1 =
∂

∂t
, (2.34)

X2 =
∂

∂x
, (2.35)

X3 = x
∂

∂x
− u

∂

∂u
, (2.36)

X4 = −et ∂
∂t

+ etu
∂

∂u
. (2.37)
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2.1.1 Commutator table for the symmetries of (2.2)

We now calculate the commutation relations for all the symmetry generators of (2.2) obtained

above. Firstly we compute [X2, X3]. By the definition of Lie bracket we have

[X2, X3] = X2X3 −X3X2

=
∂

∂x

(
x
∂

∂x
− u

∂

∂u

)
−
(
x
∂

∂x
− u

∂

∂u

)
∂

∂x

=
∂

∂x

= X2.

In the same way, one can compute all the remaining commutation relations using the above

procedure. The table below shows the commutation relations in table form.

Table 2.1: Commutator table of Lie algebra of the differential equation (2.2)

[Xi, Xj] X1 X2 X3 X4

X1 0 0 0 X4

X2 0 0 X2 0

X3 0 −X2 0 0

X4 −X4 0 0 0

2.1.2 One-parameter groups of (2.2)

We now employ the Lie equations with the initial conditions

dt̄

da
= τ(t̄, x̄, ū), t̄|a=0 = t,

dx̄

da
= ξ(t̄, x̄, ū), x̄|a=0 = x,

dū

da
= η(t̄, x̄, ū), ū|a=0 = u

to compute the one-parameter group of transformations. For each Xi, let Gai be the corre-

sponding group. We first compute one-parameter group corresponding to infinitesimal gener-

ator X3, namely

X3 = x
∂

∂x
− u

∂

∂u
.
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Using Lie equations, we have

dt̄

da
= 0, t̄|a=0 = t,

dx̄

da
= x̄, x̄|a=0 = x,

dū

da
= −ū, ū|a=0 = u.

Solving the above equations, we obtain

t̄ = t, x̄ = xea3 , ū = ue−a3 .

Thus, the one-parameter group Ga3 corresponding to the operator X3 is given by

Ga3 : (t̄, x̄, ū) −→ (t, xea3 , ue−a3).

If we continue in the same manner as above, we get the following one-parameter groups for all

the operators:

Ga1 : (t̄, x̄, ū) −→ (t+ a1, x, u),

Ga2 : (t̄, x̄, ū) −→ (t, x+ a2, u),

Ga3 : (t̄, x̄, ū) −→ (t, xea3 , ue−a3),

Ga4 : (t̄, x̄, ū) −→
(
− ln

∣∣a4 + e−t
∣∣ , x, u(1 + a4e

t)

)
.

Since each group Gai is a symmetry group, if u = f(t, x) is a solution of (2.2) so are the

functions

u1 = f(t− a, x),

u2 = f(t, x− a),

u3 = e−af(t, e−ax),

u4 =

(
1

1− aet

)
f
(
− ln

∣∣e−t − a
∣∣ , x) .

2.1.3 Constructing group-invariant solutions of (2.2)

We now utilize the generators obtained in the previous subsection and find symmetry reduc-

tions and group invariant solutions for equation (4.1).

Case 1.
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We firstly, consider the Lie point symmetryX1 = ∂/∂t. The characteristic equations associated

with the operator X1 are
dt

1
=
dx

0
=
du

0
,

which give two invariants J1 = x and J2 = u. Thus, the group-invariant solution is given by

J2 = f(J1). This gives u = f(x), where f is an arbitrary function. Substituting this value of

u into (2.2), we obtain the first-order nonlinear ordinary differential equation (NLODE)

f ′(x) + f 2(x) = 0.

Integrating with respect to x, we obtain the solution to the ODE to be

f(x) =
1

x+ C
, (2.38)

where C is an arbitrary constant of integration. Thus, the group-invariant solution of (2.2)

under the Lie point symmetry X1 is

u(t, x) =
1

x+ C
. (2.39)

Remark. Note that the above invariant solution does not depend on the time variable t, and

hence this is the stationary solution of (2.2). We now present a dynamical profile picture of

solution (2.39) in Figure (2.1) by assigning the value C = 1.

-4 -2 2 4
x

-2

-1

1

2

u

Figure 2.1: 3D and 2D profile of solution of (2.39).
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Case 2.

Next, we consider the symmetry operator X2 = ∂/∂x. The characteristic equations for the

operator X2 are
dt

0
=
dx

1
=
du

0
,

which lead to two invariants J1 = t and J2 = u. Thus, u = f(t), where f is an arbitrary

function of t. Substituting this value of u into (2.2), we obtain

f(t) = 0

and hence the group-invariant solution of (2.2) under X2 is just the trivial solution u(t, x) = 0.

Case 3.

We now consider the Lie point symmetry X3 = x∂/∂x− u∂/∂u. The characteristic equations

associated with the above operator are

dt

0
=
dx

x
=

du

−u
,

that leads to two invariants J1 = t and J2 = ux. The two invariants imply that u = (1/x)f(t),

where f is an arbitrary function of t. Substituting this value of u into (2.2), we obtain the

first-order NLODE

f ′(t) + f(t)− f 2(t) = 0.

Solving the above equation, we get

f(t) =
1

1 + C1et
,

where C1 is an arbitrary constant. Hence the group-invariant solution of (2.2) under X3 is

u(t, x) =
1

x(1 + C1et)
. (2.40)

A dynamical profile picture to the solution (2.40) is shown in Figure (2.2) obtained by assigning

the value C1 = 1.
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Figure 2.2: 3D and 2D graphics of solution (2.40).

Case 4.

We consider the Lie point symmetry generator X4 = −et∂/∂t + uet∂/∂u. The associated

characteristic equations to X4 are

dt

−et
=
dx

0
=
du

uet
.

The characteristic equations yield the two invariants J1 = x and J2 = uet. Hence the group-

invariant solution is given by J2 = f(J1), where f is an arbitrary function of x. This implies

u(t, x) = e−tf(x).

Substituting the above value of u into (2.2), we obtain

f(x) = 0.

Thus, the group-invariant solution of (2.2) under X4 is also just the trivial solution

u(t, x) = 0.

Case 5.

We consider the linear combination X1 + µX4 = (1− µet)∂/∂t+ µuet∂/∂u in order to obtain

an exact solution.

The associated characteristic equations to X1 + µX4 are

dt

1− µet
=
dx

0
=

du

µuet
.
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The characteristic equations yield the two invariants J1 = x and J2 = u(1 − µet). Hence the

group-invariant solution is given by J2 = f(J1), where f is an arbitrary function of x. This

implies

u(t, x) =
f(x)

1− µet

Substituting the above value of u into (2.2), we obtain the NLODE f ′(x) + f 2(x) = 0. Solving

the NLODE we get

f(x) =
1

x+ C1

, (2.41)

where C1 is an arbitrary constant of integration. Thus, the group-invariant solution of (2.2)

under the linear combination X1 + µX4 is

u(t, x) =
1

(C1 + x)(1− µet)
. (2.42)

Figure (2.3) depicts a dynamical picture of the above solution by assigning values C1 = 1 =

µ = 1.

-10 -5 5 10
t

-0.3

-0.2

-0.1

0.1

0.2

0.3

Figure 2.3: 3D and 2D profile solution of (2.42).
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Case 6. (Traveling wave solutions): X1 + cX2 = ∂/∂t+ c∂/∂x.

From the above linear combination the characteristic equations are

X =
∂

∂t
+ c

∂

∂x
.

We consider the linear combination X of the translation operators X1 and X2, namely X =

X1 + cX2, where c is an arbitrary constant. Thus,

X =
∂

∂t
+ c

∂

∂x
.

The associated characteristic equations to X are

dt

1
=
dx

c
=
du

0
.

Thus, one invariant is J1 = u. The other invariant is obtained from

dt

1
=
dx

c

which gives us J2 = x− ct. Hence the group-invariant solution is given by J1 = f(J2), where

f is an arbitrary function. This implies that

u(t, x) = f(ξ), ξ = x− ct.

Substituting this value of u into (2.2), we obtain

−cf ′′(ξ) + f ′(ξ) + f 2(ξ) = 0. (2.43)

Thus, the solution of (2.2) under X is u = f(ξ), where f satisfies

−cf ′′(ξ) + f ′(ξ) + f 2(ξ) = 0.

2.2 Numerical simulations

In this section, we present some three and two dimensional figures for the obtained solutions

presented in this chapter. The construction of the figures is carried out with the aid of the

mathematical software Mathematica by taking suitable values of the parameters under some
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limit in order to see the mechanism of the equation (2.2) under investigation. From Figs.

2.1–2.3, one can see that the obtained solutions possess singular solutions.

In Figure 2.1, 3D and 2D graphs of the singular solution (2.39) with parameter C = 1 recorded

with interval −5 < t < 5 and −5 < x < 5. Figure 2.2, 3D and 2D graphs of singular solution

(2.40) with parameter C = 1 recorded on the interval −5 < t < 5 and −5 < x < 5. Figure

2.3, 3D and 2D graphs of singular solution (2.42) with parameters C = µ = 1 recorded under

the limit −5 < t < 5 and −5 < x < 5.

2.3 Conservation laws for the Boltzmann equation

In this section we derive conservation laws of the Boltzmann equation (2.2) by invoking three

approaches.

2.3.1 Conservation laws using the theorem due to Ibragimov

In this subsection we construct conservation laws of (2.2) using Ibragimov’s theorem [32]. From

(1.30), we get the Euler-Lagrange operator as

δ

δu
=

∂

∂u
−Dx

∂

∂ux
+DtDx

∂

∂utx
+ · · · . (2.44)

The adjoint equation for (2.2) from (1.43) is given by

F ∗ (t, x, u, v, ..., vtx) =
δ

δu

[
v(utx + ux + u2)

]
= 0, (2.45)

where v = v(t, x) is the new introduced dependent variable. Equation (2.45) yields

vtx − vx + 2uv = 0. (2.46)

Since the Boltzmann equation (2.2) is not the same as equation (2.46) we conclude that the

Boltzmann equation is not self-adjoint. Consider equation (2.2) and its adjoint equation (2.46)

as a system. The Lagrangian for this system from (1.44) is

L = v(utx + ux + u2), (2.47)
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since
δL
δu

= 0,
δL
δv

= 0 (2.48)

on the system. Now, equation (2.47) admits all the symmetries (2.34), (2.35), (2.36) and (2.37)

extended to the new variable v(t, x). That is, the infinitesimal generator becomes

Y = τ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂u
+ η∗

∂

∂v
(2.49)

with

η∗ = η∗(t, x, u, v) = −{λ+Dt(τ) +Dx(ξ)} v. (2.50)

We determine the parameter λ by using

X [2](F ) = λF, (2.51)

where F = utx + ux + u2 and X [2] is the second prolongation of X, given by

X [2] = X + ζx
∂

∂ux
+ ζtx

∂

∂utx
. (2.52)

The conserved vectors of the system of equations (2.2) and (2.46), associated with a symmetry

can be obtained from a modified version of (1.48) as

T t = τL+Dx(W )

(
∂L
∂utx

)
, (2.53)

T x = ξL+W

[
∂L
∂ux

−Dt

(
∂L
∂utx

)]
, (2.54)

where

W = η − τut − ξux, (2.55)

since we have one cross term utx in our equation (2.2). For details see [33].

Case 1. For the translation symmetry X1 = ∂/∂t we have τ = 1, ξ = η = 0. Thus,

ζx = ζtx = 0. We then get, X
[2]
1 F = 0F , that is, λ = 0. From (2.50) we obtain η∗ = 0, whereby

the new generator retains the form of X1. That is, Y1 = ∂/∂t. To compute the conservation

laws for X1 we utilize the formulas (2.53), (2.54) and (2.55). From (2.55) the Lie characteristic

function is W1 = −ut. Thus, the conserved vector (T t1, T
x
1 ) from (2.53) and (2.54) is

T t1 =uxv + u2v,
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T x1 =utvt − utv.

Case 2. For X2 = ∂/∂x we note that just like X1 the generator coefficient is a constant,

hence it is easy to see that ξ = 1 and τ = η = ζx = ζtx = η∗ = λ = 0. Similarly, the new

generator coincides with X2. That is, Y2 = ∂/∂x. The Lie characteristic function is then given

by W2 = −ux. Thus, the conserved vector is

T t2 = − uxxv, (2.56)

T x2 =uxvt + u2v + utxv. (2.57)

Case 3. For the scaling symmetry X3 = x∂/∂x − u∂/∂u we have, ξ = x, τ = 0, η = −u,

ζx = −2ux, and ζtx = −2utx. Then, X
[2]
3 F = −2F , which implies λ = −2. It follows that

η∗ = v, whereby the new generator is Y3 = x∂/∂x− u∂/∂u+ v∂/∂v and the Lie characteristic

function is W3 = −(u+ xux). Thus, the conserved vector is

T t3 = − 2uxv − xuxxv, (2.58)

T x3 =xutxv + xu2v − uv + xuxvt + uvt. (2.59)

Case 4. For the symmetry X4 = −et∂/∂t+uet∂/∂u, we obtain, ξ = 0, τ = −et, η = etu, ζx =

−2ux, ζtx = −2utx, λ = 2et, whereby the new generator is Y4 = −et∂/∂t+ etu∂/∂u− etv∂/∂v,

and W4 = etu+ etut. Hence

T t4 = − etu2v, (2.60)

T x4 = − etutvt + etutv − etuvt + etuv. (2.61)

Remark. The conserved vectors involve solutions v of the adjoint equation (2.46) and solu-

tions u of the Boltzmann equation (2.2) and hence yields an infinite number of conservation

laws. Additionally, the corresponding vectors obtained from case 1, 2, and 3 represent the

conservation laws of energy, momentum and mass respectively.

2.3.2 Conservation laws using the multiplier method

In this subsection we employ the multiplier method [8] to construct conservation laws of (2.2).

Firstly, we look for the zeroth-order multipliers Λ = Λ(t, x, u). The determining equation for
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the multiplier is given by

δ

δu

{
Λ(t, x, u)

(
utx + ux + u2

)}
= 0. (2.62)

Here δ/δu is the Euler operator and is defined as

δ

δu
=

∂

∂u
−Dx

∂

∂ux
+DtDx

∂

∂utx
+ · · · . (2.63)

Expanding equation (2.62) gives

Λu(utx + ux + u2) +DxDt(Λ)−Dx(Λ) + 2uΛ = 0. (2.64)

Applying the total derivatives

Dt =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · ·

to equation (2.64) gives

Λu(utx + ux + u2) + Λtx + uxΛtu + utΛxu + utuxΛuu + utxΛu − Λx − uxΛu + 2uΛ = 0.

Splitting the above equation on the derivatives of u we obtain

utx : Λu = 0, (2.65)

rest : Λtx − Λx + 2uΛ = 0. (2.66)

Equations (2.65) gives

Λ = A(t, x), (2.67)

where A(t, x) is an arbitrary function of t and x. Now substituting this value of Λ into equation

(2.66) we get

Atx − Ax + 2uA = 0.

Since A is independent of u, we can split the above equation on u and get

u : A(t, x) = 0, (2.68)
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u0 : Atx − Ax = 0. (2.69)

Equation (2.68) implies that the multiplier is given by Λ = 0. Thus, we conclude that we

do not have a zeroth-order multiplier Λ(t, x, u). Let us now consider the first-order multiplier

Λ(t, x, u, ut, ux) and likewise the determining equation for the first-order multiplier is

δ

δu

[
Λ(t, x, u, ut, ux)

{
utx + ux + u2

}]
= 0.

Following the same procedure as we did for the zeroth-order multiplier we get the first-order

multiplier to be

Λ = c3ue
2t + c3ute

2t + c2ue
3t + c2ute

3t + c3xuxe
2t + c1uxe

2t, (2.70)

where c1, c2 and c3 are arbitrary constants. Thus, we have three first-order multipliers, viz.,

Λ1 =uxe
2t,

Λ2 = (u+ ut) e
3t,

Λ3 = (u+ ut + xux) e
2t.

The conservation laws are now obtained by using the divergence identity

DtT
t +DxT

x =
[
Λ(t, x, u, ut, ux)

{
utx + ux + u2

}]
,

where T t is the conserved density, and T x is the spatial flux.

Case 1.

We first compute conservation law of (2.2) associated with the multiplier Λ1 = uxe
2t. Therefore

we have

DtT
t +DxT

x = uxe
2t
(
utx + ux + u2

)
, (2.71)

where T t and T x are defined as T t = T t(t, x, u, ux) and T x(t, x, u, ut). Equation (2.71) then

becomes

T tt + utT
t
u + utxT

t
ux + T xx + uxT

x
u = uxe

2t
(
utx + ux + u2

)
.

By splitting the above equation on second order derivatives of u we get

utx :T
t
ux = uxe

2t, (2.72)
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rest :T tt + utT
t
u + T xx + uxT

x
u = uxe

2t
(
ux + u2

)
. (2.73)

Integrating equation (2.72) with respect to ux yields

T t =
1

2
e2tu2x + A(t, x, u), (2.74)

where A is an arbitrary function of t, x and u. Substituting the value of T t into (2.73) we

obtain

At + utAu + T xx + uxT
x
u = e2tu2ux.

Splitting the above equation on derivatives of u gives

ux :T
x
u = e2tu2, (2.75)

rest :At + utAu + T xx = 0. (2.76)

Integrating equation (2.75) with respect to u we get

T x =
1

3
u3e2t +B(t, x), (2.77)

where B is an arbitrary function of t and x. Substituting the new value of T x into equation

(2.76) we get

At + utAu +Bx = 0.

Splitting the above equation on ut we get

ut :Au = 0, (2.78)

rest :At +Bx = 0. (2.79)

From equation (2.78) we get A = A(t, x) and hence

T t =
1

2
e2tu2x + A(t, x). (2.80)

We set A(t, x) = B(t, x) = 0 since they contribute to the trivial part of the conservation law.

Therefore, for the first multiplier Λ1 = uxe
2t the corresponding conserved vector is (T t1, T

x
1 )

whose components are given by

T t1 =
1

2
e2tu2x,

T x1 =
1

3
e2tu3.
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Likewise, after some calculations, conserved vectors corresponding to the remaining two mul-

tipliers Λ2 and Λ3 are given below.

Case 2.

For the second multiplier Λ2 = (u+ ut) e
3t the corresponding conserved vector is (T t2, T

x
2 ),

where

T t2 =
1

3
e3tu3 + e3tuux,

T x2 =
1

2
e3tu2t − e3tu2.

Case 3.

Finally for the multiplier Λ3 = (u+ ut + xux) e
2t we get the corresponding conserved vector

(T t3, T
x
3 ) as

T t3 =
1

3
e2tu3 +

1

2
e2txu2x + e2tuux,

T x3 =
1

3
e2txu3 − 1

2
e2tu2 +

1

2
e2tu2t .

2.3.3 Conservation laws using Noether’s theorem

In this subsection we use Noether’s theorem [20] to compute conversation laws for the Boltz-

mann equation (2.2). It can readily be verified that the first-order Lagrangian for equation

(2.2) is given by [30]

L =
1

2
e2t
(
utux + u2ut

)
(2.81)

because δL/δu = 0 on (2.2). Here δ/δu is the Euler-Lagrange operator defined as

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+ · · · . (2.82)

Consider the vector field

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
, (2.83)

where τ , ξ and η depend on t, x and u. The Noether symmetry determining equation in our

case is

X [1]L+ L (Dtτ +Dxξ) = DtB
t +DxB

x, (2.84)
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where Bt = Bt(t, x, u) and Bx = Bx(t, x, u) are the gauge terms and X [1] is the first prolonga-

tion of X defined by

X [1] = X + ζt
∂

∂ut
+ ζx

∂

∂ux

with ζt and ζx given in (1.13) and (1.14), respectively. Equation (2.84) becomes

τ
(
e2tutux + e2tu2ut

)
+ η

(
e2tuut

)
+ ζt

(
1

2
e2tux +

1

2
e2tu2

)
+ ζx

(
1

2
e2tut

)
+(

1

2
e2t
(
utux + u2ut

))
(τt + utτu + ξx + uxξu) = Bt

t + utB
t
u +Bx

x + uxB
x
u,

which gives

(
e2tutux + e2tu2ut

)
τ +

(
e2tuut

)
η +

(
1

2
e2tux +

1

2
e2tu2

)
ηt +

(
1

2
e2tutux +

1

2
e2tu2ut

)
ηu

−
(
1

2
e2tutux +

1

2
e2tu2ut

)
τt −

(
1

2
e2tu2tux +

1

2
e2tu2u2t

)
τu −

(
1

2
e2tu2x +

1

2
e2tu2ux

)
ξt

−
(
1

2
e2tutu

2
x +

1

2
e2tu2utux

)
ξu +

(
1

2
e2tut

)
ηx +

(
1

2
e2tutux

)
ηu −

(
1

2
e2tu2t

)
τx

−
(
1

2
e2tu2tux

)
τu −

(
1

2
e2tutux

)
ξx −

(
1

2
e2tutu

2
x

)
ξu +

(
1

2
e2t
(
utux + u2ut

))
× (τt + utτu + ξx + uxξu) = Bt

t + utB
t
u +Bx

x + uxB
x
u.

Splitting the above equation on derivatives of u, we obtain

u2tux : τu = 0, (2.85)

utu
2
x : ξu = 0, (2.86)

utux : τ + ηu = 0, (2.87)

u2t : τx = 0, (2.88)

u2x : ξt = 0, (2.89)

ut : u2e2tτ + ue2tη +
1

2
u2e2tηu +

1

2
e2tηx +

1

2
u2e2tξx = Bt

u, (2.90)

ux :
1

2
e2tηt = Bx

u, (2.91)

rest :
1

2
u2e2tηt = Bt

t +Bx
x . (2.92)

The solution of equations (2.85), (2.88) together with (2.86) and (2.89) yields

τ = A(t), ξ = B(x), (2.93)
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where A(t) and B(x) are arbitrary functions of their arguments. Integrating (2.87) with respect

to u we get

η = −uA(t) + C(t, x), (2.94)

where C(t, x) is an arbitrary function of t and x. Equations (2.90) and (2.91) after integrating

with respect to u, give

Bt =
1

2
u2e2tC(t, x)− 1

6
u3e2tA(t) +

1

6
B′(x) +D(t, x), (2.95)

Bx =
1

2
ue2tCt(t, x)−

1

4
u2e2tA′(t) + E(t, x). (2.96)

Substituting the values of Bt and Bx from equations (2.95) and (2.96) into equation (2.92)

gives

u2e2tC(t, x)− 1

3
u3e2tA(t) +

1

3
u3e2tA′(t) +

1

3
u3e2tB′(x) + ue2tCx(t, x) + ue2tCtx(t, x)

+Dt(t, x) + Ex(t, x) = 0.

Separating the above equation on u, we obtain

u3 : A′(t)− A(t) +B′(x) = 0, (2.97)

u2 : C(t, x) = 0, (2.98)

u : Cx(t, x) + Ctx(t, x) = 0, (2.99)

rest : Dt(t, x) + Ex(t, x) = 0. (2.100)

We rewrite equation (2.97) as A′(t)−A(t) = B′(x). Since the left-hand side is a function of t

only and the right-hand side is a function of x only, we conclude that both sides must be equal

to a constant. Thus,

A′(t)− A(t) = C2,

B′(x) = C2,

where C2 is an arbitrary constant. Integrating the above equations we get

A(t) = C1e
t + C2,

B(x) = C2x+ C3,
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where C1 and C3 are arbitrary constants. Therefore

τ = C1e
t + C2,

ξ = C2x+ C3,

η = −C1ue
t − C2u.

Thus, from the above we obtain the following Noether symmetry generators:

X1 =
∂

∂x
, (2.101)

X2 = et
∂

∂t
− uet

∂

∂u
, (2.102)

X3 =
∂

∂t
+ x

∂

∂x
− u

∂

∂u
(2.103)

and the gauge functions

Bt = − 1

6
u3e3tδi2 +D(t, x), (2.104)

Bx = − 1

4
u2e3tδi2 + E(t, x), (2.105)

where δij is the Knocker delta function defined as

δij =

 1, if i = j,

0, if i ̸= j.

The first prolongation of the Noether symmetries X1, X2 and X3 are

X1 =
∂

∂x
, (2.106)

X2 = et
∂

∂t
− uet

∂

∂u
− (uet + 2etut)

∂

∂ut
− etux

∂

∂ux
, (2.107)

X3 =
∂

∂t
+ x

∂

∂x
− u

∂

∂u
− ut

∂

∂ut
− 2ux

∂

∂ux
. (2.108)

Now, we use the above results to compute the conserved vectors of the Boltzmann equation

(2.2). We use the following formulae [34] for the conserved vector T = (T t, T x):

T t = τL+W

(
∂L
∂ut

)
−Bt, (2.109)

T x = ξL+W

(
∂L
∂ux

)
−Bx. (2.110)
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We choose D = E = 0 since they contribute to the trivial part of the conserved vector. Thus,

we obtain the following conserved vectors associated with the Noether symmetries X1, X2 and

X3:

T t1 = −1

2
e2tu2x −

1

2
e2tu2ux,

T x1 =
1

2
e2tu2ut;

T t2 = −1

3
e3tu3 − 1

2
e3tuux,

T x2 = −1

2
e3tu2t −

1

2
e3tuut +

1

4
e3tu2;

T t3 = − (u+ xux)

(
1

2
e2tux +

1

2
e2tu2

)
,

T x3 =
1

2
xe2tu2ut −

1

2
e2tuut −

1

2
e2tu2t .

Remark. We note that the conserved vector given by T = (T t1, T
x
1 ) and T = (T t2, T

x
2 ) corre-

spond to the conservation law of momentum and mass respectively.

2.4 Conclusion

In this chapter, we studied the Boltzmann equation (2.2), which is one of the nonlinear partial

differential equations that arises in gas dynamics. Lie symmetries were computed and then

used to perform symmetry reductions and obtain group-invariant solutions of the Boltzmann

equation (2.2). Moreover, we constructed the commutator table and corresponding groups of

transformations for these Lie point symmetries. Conservation laws were derived using three

methods; Noether’s theorem, the conservation theorem due to Ibragimov and the multiplier

method. Finally, graphical representations of each solution were presented.
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Chapter 3

Conserved vectors and solutions of the

two-dimensional potential KP equation

The potential Kadomtsev-Petviashvili (pKP) equation which came as a natural generalization

of the celebrated Korteweg-de Vries (KdV) equation was derived by Kadomtsev and Petvi-

ashvili in 1970 in the (2 + 1)−dimensional form

utx + αuxuxx + βuxxxx + γuyy = 0,

where α, β and γ are non-zero arbitrary constants [35]. The pKP equation has many applica-

tions in fields such as plasma physics, adaptive optics, phase imaging and nonlinear mechanics,

hence various communities of researchers have employed a variety of effective methods to de-

rive its closed-form solutions. See for example [36–38]. Several forms of the pKP equation

have been studied extensively.

Gupta and Bansal [39] in their work investigated the (2 + 1)−dimensional pKP equation with

variable coefficients (VCPKP) in the form

utx + α(t)uxuxx + β(t)uxxxx + Z(t)uyy = 0,

where α(t), β(t) and Z(t) are arbitrary functions. In fact, the VCPKP was reduced into a

(1+1)−dimensional partial differential equation using Lie group methods, and exact solutions

were derived using other methods including the extended (G′/G)−expansion method.
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Moreover, in [40] the authors examined the (3 + 1)−dimensional KP equation

utx + 3(uxuy)x + uxxxy + uty − uzz = 0,

where several soliton solutions were obtained using the simplified Hirota’s technique. Iqbal

and Naeem [41] studied the fourth-order nonlinear generalized Kadomtsev-Petviashvili (KP)

equation

(αut + β(f(u)m)x + γ(g(u)n)xxx)x + σuyy = 0,

whereby for various choices of m,n, f(u) and g(u) transformed the equation into several forms

of KP-like equations. Using the multiplier method they obtained conservation laws for un-

known functions f(u) and g(u). The obtained generalized conservation laws were then used

to construct conservation laws for certain variants of KP-like equations by choosing values of

f(u) and g(u). Moreover, implicit and explicit closed-form solutions were obtained for the

various KP-like equations through utilization of the derived conservation laws. Ma et al. [42]

studied the (2 + 1)−dimensional combined fourth-order nonlinear equation

(6uxuxx + uxxxx) + α [3 (uxut)x + uxxxt] + β
[
3 (uxuy)x + uxxxy

]
+ γ1uyt + γ2uxx + γ3uxt + γ4uxy + γ5uyy + γ6utt = 0,

which possesses diverse lump solutions. For the above equation when α = β = 0, γ3 = −γ5 = 1

and the other γs are zero, the potential KP equation in (2+ 1)−dimensional form is obtained,

namely

6uxuxx + uxxxx + utx − uyy = 0, (3.1)

which also possess lump solutions. Thus, in this chapter we investigate the pKP equation (3.1)

which is a nonlinear partial differential equation with two spatial and one temporal coordinate

that explains the evolution of nonlinear long waves of small-amplitude with slow transverse

coordinate dependence [43].

The contents of this chapter have been submitted for publication [44]

3.1 Exact solutions of (3.1)

In this section we first obtain point symmetries of the pKp equation (3.1) and then use them

to construct group invariant solutions, including the travelling wave solutions.
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3.1.1 Lie point symmetries of (3.1)

Equation (3.1) admits the one-parameter Lie group of transformations with infinitesimal gen-

erator

X = τ(t, x, y, u)
∂

∂t
+ ξ(t, x, y, u)

∂

∂t
+ ψ(t, x, y, u)

∂

∂y
+ η(t, x, y, u)

∂

∂u
(3.2)

if and only if

X [4](6uxuxx + uxxxx + utx − uyy)
∣∣
(3.1)

= 0. (3.3)

Using the definition of X [4], where X [4] is the fourth prolongation defined by

X [4] = ζx
∂

∂x
+ ζxx

∂

∂uxx
+ ζtx

∂

∂utx
+ ζyy

∂

∂uyy
+ ζxxxx

∂

∂uxxxx

we obtain

ζx(6uxx) + ζxx(6ux) + ζtx(1) + ζyy(−1) + ζxxxx(1)|(3.1) = 0, (3.4)

where ζx, ζxx, ζtx, ζyy and ζxxxx can be obtained using the prolongation formulas given by

ζx = Dx(η)− utDx (ξ)− uxDx (τ)− uyDx (ψ) ,

ζy = Dy(η)− utDy (ξ)− uxDy (τ)− uyDy (ψ) ,

ζtx = Dx (ζt)− uttDx (ξ)− utxDx (τ)− utyDx (ψ) ,

ζyy = Dy (ζy)− uxyDy (ξ)− utyDy (τ)− uyyDy (ψ) ,

ζxx = Dx (ζx)− utxDx (ξ)− uxxDx (τ)− uxyDx (ψ) ,

ζxxx = Dx (ζxx)− utxxDx (ξ)− uxxxDx (τ)− uxxyDz (ψ) ,

ζxxxx = Dx (ζxxx)− uxxxxDx (ξ)− utxxxDx (τ)− uxxxyDx (ψ)

(3.5)

and the total differential operators are

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ uty

∂

∂uy
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ uxy

∂

∂uy
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uty

∂

∂ut
+ uxy

∂

∂uy
+ · · · .

(3.6)
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Using equation (3.5) and (3.6) we get ζs in the expanded forms as

ζt = ηt + ηuut − τtut − τuu
2
t − ξtux − ξuutux − ψuutuy − ψtuy,

ζx = ηx + ηuux − τxut − τuutux − ξuu
2
x − ξxux − ψxuy − ψuuxuy,

ζy = ηy + ηuuy − τyut − τuutuy − ξuuxuy − ξyux − ψyuy − ψuu
2
y,

ζxx = ηxx + ηuuxx + 2ηxuux + ηuuu
2
x − 2τxutx − τxxut − τuutuxx − τuuutu

2
x

− 2τuuxutx − 2τxuutux − ξxxux − 2ξxuxx − ξuuu
3
x − 2ξxuu

2
x − 3ξuuxuxx

− 2ψxuxy − ψxxuy − ψuuyuxx − 2ψuuxuxy − 2ψxuuxuy − ψuuu
2
xuy,

ζtx = ηtx + ηtuux + ηuutx + ηxuut + ηuuutux − τtutx − τxutt − τtuutux − τtxut

− τxuu
2
t − τuuxutt − 2τuututx − τuuu

2
tux − ξtuxx − ξtxux − ξxutx − ξtuu

2
x

− ξxuutux − ξuutuxx − ξuuutu
2
x − 2ξxuuxutx − ψxuty − ψtxuy − ψtuxy

− ψuuyutx − ψuuxuty − ψuutuxy − ψtuuxuy − ψuuutuxuy − ψxuutuy,

ζyy = ηyy + ηuuyy + 2ηyuuy + ηuuu
2
y − 2τyuty − τuutuyy − 2τuuyuty − τyyut

− 2τyuutuy − τuuutu
2
y − 2ξyuxy − ξuuxuyy − 2ξuuyuxy − ξyyux − 2ξyuuxuy

− ξuuuxu
2
y − 2ψyuyy − 3ψuuyuyy − ψyyuy − 2ψyuu

2
y − ψuuu

3
y,

ζxxxx = ηxxxx + 4ηxuuxxx + ηuuxxxx + 3ηuuu
2
xx + 4uxuxxxηuu + 4uxηxxxu + 6ηuuuu

2
xuxx

+ 6ηxxuuxx + 6ηxxuuu
2
x + 12ηxuuuxuxx + 4ηxuuuu

3
x + ηuuuuu

4
x − 12τxuuxutxx

− 4τxxxutx − 4τxuutuxxx − τxxxxut − 4τuuxutxxx − 12uxτuuutxuxx − 4τuuutuxuxxx

− 12τxuuutuxuxx − 6τuuuutu
2
xuxx − 12τxuutxuxx − 6τuuxxutxx − τuutuxxxx

− 6τxxuutuxx − 6τxxutxx − 12τxxuuxutx − 4τxutxxx − 4τxxxuutux − 4τuutxuxxx

− 6τuuu
2
xutxx − 4τuuuu

3
xutx − 12τxuuu

2
xutx − 3τuuutu

2
xx − 4τxuuuutu

3
x − τuuuuutu

4
x

− 6τxxuuutu
2
x − 4ξxuxxxx − 10ξuuu

2u2xuxxx − 6ξxxuxxx − 16ξxuuxuxxx − 18ξxxuuxuxx

− 5ξuuxuxxxx − 12ξxuu
2
xx − 10ξuuxxuxxx − 4ξxxxuxx − 10ξuuuu

3
xuxx − ξxxxxux

− 4ξxxxuu
2
x − 24ξxuuu

2
xuxx − 4ξxuuuu

4
x − 6ξxxuuu

3
x − 15ξuuuxu

2
xx − ξuuuuu

5
x

− 4ψuuxuxxxy − 4ψxuxxxy − 4ψuuxyuxxx − 12ψxuuxuxxy − 6ψxxuxxy

− 4ψuuuxuyuxxx − 6uxxψuuxxy − 3ψuuuyu
2
xx − 12ψxuuxxuxy − 4ψxuuyuxxx

− 6ψuuu
2u2xuxxy − 12ψxuuuxuyuxx − 6ψuuuuyu

2
xuxx − 4ψxxxuuxuy − 12ψxxuuxuxy

− 6ψxxuuyuxx − ψxxxxuy − 4ψxxxuxy − 12ψxuuu
2
xuxy − 4ψxuuuu

3u3xuy − 6ψxxuuu
2
xuy
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− ψuuuuu
4
xuy − 4ψuuuu

3
xuxy − ψuuyuxxxx − 12ψuuuxuxxuxy.

Substituting the respective ζs in (3.4) and replacing uxxxx by uyy − utx − 6uxuxx we obtain

6ηxuxx + 6ηuuxuxx − 6τxutuxx − 6τuutuxuxx − 6ξuu
2
xuxx − 6ξxuxuxx − 6ψxuyuxx

− 6ψuuxuyuxx + 6ηxxux + 6ηuuxuxx + 12ηxuu
2
x + 6ηuuu

3
x − 12τxuxutx − 6τxxuxut

− 6τuuxutuxx − 6τuuutu
3
x − 12τuu

2
xutx − 12τxuutu

2
x − 6ξxxu

2
x − 12ξxuxuxx − 6ξuuu

4
x

− 12ξxuu
3
x − 18ξuu

2
xuxx − 12ψxuxuxy − 6ψxxuxuy − 6ψuuxuyuxx − 12ψuu

2
xuxy

− 12ψxuu
2
xuy − ψuuu

2
xuy + ηtx + ηtuux + ηuutx + ηxuut + ηuuutux − τtutx − τxutt

− τtuutux − τtxut − τxuu
2
t − τuuxutt − 2τuututx − τuuu

2
tux − ξtuxx − ξtxux − ξxutx − ξtuu

2
x

− ξxuutux − ξuutuxx − ξuuutu
2
x − 2ξxuuxutx − ψxuty − ψtxuy − ψtuxy − ψuuyutx − ψuuxuty

− ψuutuxy − ψtuuxuy − ψuuutuxuy − ψxuutuy − ηyy − ηuuyy − 2ηyuuy − ηuuu
2
y + 2τyuty

+ τuutuyy + 2τuuyuty + τyyut + 2τyuutuy + τuuutu
2
y + 2ξyuxy + ξuuxuyy + 2ξuuyuxy + ξyyux

+ 2ξyuuxuy + ξuuuxu
2
y + 2ψyuyy + 3ψuuyuyy + ψyyuy + 2ψyuu

2
y + ψuuu

3
y + ηxxxx + 4ηxuuxxx

+ ηuuyy − ηuutx − 6ηuuuxuxx + 3ηuuu
2
xx + 4uxuxxxηuu + 4uxηxxxu + 6ηuuuu

2
xuxx + 6ηxxuuxx

+ 6ηxxuuu
2
x + 12ηxuuuxuxx + 4ηxuuuu

3
x + ηuuuuu

4
x − 12τxuuxutxx − 4τxxxutx − 4τxuutuxxx

− τxxxxut − 4τuuxutxxx − 12uxτuuutxuxx − 4τuuutuxuxxx − 12τxuuutuxuxx − 6τuuuutu
2
xuxx

− 12τxuutxuxx − 6τuuxxutxx − τuutuyy + τuututx + 6τuutuxuxx − 6τxxuutuxx − 6τxxutxx

− 12τxxuuxutx − 4τxutxxx − 4τxxxuutux − 4τuutxuxxx − 6τuuu
2
xutxx − 4τuuuu

3
xutx − 12τxuuu

2
xutx

− 3τuuutu
2
xx − 4τxuuuutu

3
x − τuuuuutu

4
x − 6τxxuuutu

2
x − 4ξxuyy + 4ξxutx + 24ξxuxuxx

− 10ξuuu
2u2xuxxx − 6ξxxuxxx − 16ξxuuxuxxx − 18ξxxuuxuxx − 5ξuuxuyy + 5ξuuxutx + 30ξuu

2
xuxx

− 12ξxuu
2
xx − 10ξuuxxuxxx − 4ξxxxuxx − 10ξuuuu

3
xuxx − ξxxxxux − 4ξxxxuu

2
x − 24ξxuuu

2
xuxx

− 4ξxuuuu
4
x − 6ξxxuuu

3
x − 15ξuuuxu

2
xx − ξuuuuu

5
x − ψuuyuyy + ψuuyutx + 6ψuuyuxuxx

− 4ψuuxuxxxy − 4ψxuxxxy − 4ψuuxyuxxx − 12ψxuuxuxxy − 6ψxxuxxy − 12ψuuuxuxxuxy

− 4ψuuuxuyuxxx − 6uxxψuuxxy − 3ψuuuyu
2
xx − 12ψxuuxxuxy − 4ψxuuyuxxx − 6ψuuu

2u2xuxxy

− 12ψxuuuxuyuxx − 6ψuuuuyu
2
xuxx − 4ψxxxuuxuy − 12ψxxuuxuxy − 6ψxxuuyuxx − ψxxxxuy

− 4ψxxxuxy − 12ψxuuu
2
xuxy − 4ψxuuuu

3u3xuy − 6ψxxuuu
2
xuy − ψuuuuu

4
xuy − 4ψuuuu

3
xuxy = 0.

Since τ , ξ, ψ and η depend only on t, x, y and u we can split the above equation on the
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derivatives of u and obtain the following linear homogeneous PDEs:

uxutxxx : τu = 0, (3.7)

utxxx : τx = 0, (3.8)

uty : τy = 0, (3.9)

uyuxy : ξu = 0, (3.10)

uxuxxxy : ψu = 0, (3.11)

uyuxx : ψx = 0, (3.12)

u2y : 3ηu + τt = 0, (3.13)

uxx : 2ξy − ψt = 0, (3.14)

uxuxx : 6ηx − ξt = 0, (3.15)

uxuxx : 3ξx − τt = 0, (3.16)

uyy : 3ψy − 2τt = 0, (3.17)

1 : 6ηyy − ξtt = 0. (3.18)

From equations (3.7), (3.8) and (3.9) we have

τ = a(t), (3.19)

where a is an arbitrary function of t. Equation (3.10) implies that

ξ = b(t, x, y), (3.20)

where b is an arbitrary function of t, x and y. Similarly, equation (3.11) and equation (3.12)

gives

ψ = c(t, y), (3.21)

where c is an arbitrary function of t and y. Substituting the value of τ into equation (3.13)

and integrating once with respect to u, we get

η = −1

3
ua′(t) + d(t, x, y), (3.22)

where d is an arbitrary functions of t, x and y. From equation (3.16) we get that

3bx(t, x, y)− a′(t) = 0,
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which by integrating once with respect to x gives

b =
1

3
xa′(t) + e(t, y)

where e is a function of t and x. Moreover, equation (3.17) implies that

3cy(t, y)− 2a′(t) = 0,

whereby when we integrate once with respect to y we get

c =
2

3
ya′(t) + f(t),

where f is an arbitrary function of t. We now obtain the value of e by substituting the value

of b into equation (3.14) such that

ey(t, y) =
1

3
ya′′(t) +

1

2
f ′(t).

Integrating the above equation once with respect to y we obtain

e =
1

6
y2a′′(t) +

1

2
f ′(t) + g(t),

where g is an arbitrary function of t. The above results imply that

b =
1

3
xa′(t) +

1

6
y2a′′(t) +

1

2
f ′(t) + g(t).

When we substitute the values of b and c into equation (3.15) we obtain

dx(t, x, y) =
1

18
xa′′(t) +

1

36
y2a′′(t) +

1

12
yf ′′(t) +

1

6
g′(t).

Integrating the above equation once with respect to x we get

d =
1

36
x2a′′(t) +

1

36
xy2a′′(t) +

1

12
xyf ′′(t) +

1

6
xg′(t) + h(t, y),

where h is a function of t and y. Finally, equation (3.18) implies that

hyy(t, y) =
1

36
y2a′′′′(t) +

1

12
yf ′′′(t) +

1

6
g′′(t),

which on integrating twice with respect to y leads to

h =
1

432
y4a′′′′(t) +

1

72
y3f ′′′(t) +

1

12
y2g′′(t) + yi(t) + j(t)),
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where i and j are arbitrary functions of t. Thus,

τ = a(t),

ξ =
1

3
xa′(t) +

1

6
y2a′′′(t) +

1

2
f ′(t) + g(t),

ψ =
2

3
ya′(t) + f(t),

η =
1

36
x2a′′(t)− 1

3
ua′(t) +

1

36
xy2a′′′(t) +

1

6
xg′(t) +

1

432
y4a′′′′(t)

+
1

72
y2f ′′′(t) +

1

12
g′′(t) + yi(t) + j(t),

and hence the Lie algebra of point symmetries of equation (3.1) is given as follows:

X1 = j(t)
∂

∂u
, (3.23)

X2 = yi(t)
∂

∂u
, (3.24)

X3 =36yf ′(t)
∂

∂x
+ 72f(t)

∂

∂y
+
(
6xyf ′′(t) + y3f ′′′(t)

) ∂

∂u
, (3.25)

X4 =12g(t)
∂

∂x
+
(
2xg′(t) + y2g′′(t)

) ∂

∂u
, (3.26)

X5 =432a(t)
∂

∂t
+
(
144xa′(t) + 72y2a′′(t)

) ∂

∂x
+ 288ya′(t)

∂

∂y
(3.27)

+
(
12x2a′′(t)− 144ua′(t) + 12xy2a′′′(t) + y4a′′′′(t)

) ∂

∂u
,

which generates an infinite dimensional Lie algebra.

3.1.2 Commutator table for the symmetries of (3.1)

We now calculate the commutation relations for all the symmetry generators of (3.1) obtained

above. Firstly, we compute [X2, X3]. By the definition of Lie bracket we have

[X2, X3] = X2X3 −X3X2

= yi(t)
∂

∂u

(
36yf ′(t)

∂

∂x
+ 72f(t)

∂

∂y
+
(
6xyf ′′(t) + y3f ′′′(t)

) ∂

∂u

)
−
(
36yf ′(t)

∂

∂x
+ 72f(t)

∂

∂y
+
(
6xyf ′′(t) + y3f ′′′(t)

) ∂

∂u

)
yi(t)

∂

∂u

= − 72f(t)i(t)
∂

∂u

= X1
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if we let

j(t) = −72f(t)i(t).

Similarly, we compute all the remaining commutation relations using the above procedure.

The table below shows the commutation relations in table form where for [X1, X5], [X2, X5],

[X3, X5], [X4, X5], and [X1, X4], the following substitutions were made

j(t) = − (144j(t)a′(t) + 432j′(t)a(t)) ,

i(t) = − (432i(t)a′(t) + i′(t)a(t)) ,

f(t) = 288f(t)a′(t)− 432f(t)a(t),

g(t) = 144g(t)a′(t)− 432g′(t)a(t),

i(t) = 72f ′(t)g′(t) + 144f(t)g′′(t)− 72f ′′(t)g(t),

respectively.

Table 3.1: Commutator table of Lie algebra of the pKP equation (3.1)

[Xi, Xj] X1 X2 X3 X4 X5

X1 0 0 0 0 X1

X2 0 0 X1 0 X2

X3 0 −X1 0 X2 X3

X4 0 0 −X2 0 X4

X5 −X1 −X2 −X3 −X4 0

3.1.3 One-parameter groups of transformations of (3.1)

We now employ the Lie equations along with the initial conditions

dt̄

dα
= τ(t̄, x̄, ȳ, ū), t̄|α=0 = t,

dx̄

dα
= ξ(t̄, x̄, ȳ, ū), x̄|α=0 = x,

dx̄

dα
= ψ(t̄, x̄, ȳ, ū), ȳ|α=0 = y,

dū

dα
= η(t̄, x̄, ȳ, ū), ū|α=0 = u,
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to compute the one-parameter group of transformations. For each Xi, let Gαi
be the corre-

sponding group. We first compute one-parameter group corresponding to infinitesimal gener-

ator X2, namely

X2 = yi(t)
∂

∂u
.

Using Lie equations, we have

dt̄

dα
= 0, t̄|α=0 = t,

dx̄

dα
= 0, x̄|α=0 = x,

dȳ

dα
= 0, ȳ|α=0 = y,

dū

dα
= ȳi(t̄), ū|α=0 = u.

Solving the above equations, we obtain

t̄ = t, x̄ = x, ȳ = y, ū = u+ αyi(t).

Thus, the one-parameter group Gα2 corresponding to the operator X2 is given by

Gα2 : (t̄, x̄, ȳ, ū) −→ (t, x, y, u+ αyi(t)).

If we continue in the same manner as above, we get the following one-parameter groups for all

the operators:

Gα1 : (t̄, x̄, ȳ, ū) −→ (t, x, y, u+ αj(t)),

Gα2 : (t̄, x̄, ȳ, ū) −→ (t, x, y, u+ αyi(t)),

Gα3 : (t̄, x̄, ȳ, ū) −→
(
t, x+ 36α3yf

′(t) + 1296α2
3f(t)f

′(t), u+ 6α3xyf
′′(t) + 216α2

3xf(t)f
′′(t)

+ 108α2
3y

2f ′(t)f ′′(t) + 7776α3
3yf(t)f

′(t)f ′′(t) + 139968α4
3f

2(t)f ′(t)f ′′(t) + α3y
3f ′′′(t)

+ 108α2
3y

2f(t)f ′′′(t) + 5184α3
3f(t)f

′′′(t) + 93312α4
3f

3(t)f ′′′(t)

)
,

Gα4 : (t̄, x̄, ȳ, ū) −→
(
t, x+ 12α4g(t), y, u+ 2α4g

′(t) + 12α2
4g(t)g

′(t) + α4y
2g′′(t))

)
.

Using the aforementioned groups, we may find the corresponding new solutions. Since each

group Gαi
is a symmetry group, if u = f(t, x, y) is a solution of (3.1) then the corresponding

new solutions ui are obtained as follows:

u1 = f(t, x, y) + αj(t),

u2 = f(t, x, y) + αyi(t),

u3 = f

(
t, x− 36αyf ′(t) + 1296α2f(t)f ′(t), y − 72αf(t)

)
+ 6αxyf ′′(t)− 216α2xf(t)f ′(t)
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− 108α2y2f ′(t)f ′′(t) + 7776α3yf(t)f ′(t)f ′′(t)− 139968α4f 2(t)f ′(t)f ′′(t) + αy3f ′′′(t)

− 108α2y2f(t)f ′′′(t) + 5184α3yf 2(t)f ′′′(t)− 93312α4f 3(t)f ′′′(t),

u4 = f (t, x− 12αg(t), y) + 2αxg′(t)− 12α2g(t)g′(t) + αy2g′′(t).

3.1.4 Constructing group-invariant solutions of (3.1)

We derive multiple group-invariant solutions of (3.1) in this section by applying Lie symmetry

reductions via the characteristic equations.

Case 1. Firstly, we consider the Lie point symmetry X1 = j(t)∂/∂u. The characteristic

equations associated with the operator X1 are

dt

0
=
dx

0
=
dy

0
=

du

j(t)
,

which give three invariants J1 = t, J2 = x and J3 = y. Thus, there is no group-invariant

solution for X1.

Case 2. Next we consider the symmetry operator X2 = yi(t)∂/∂u. The characteristic equa-

tions for the operator X2 are
dt

0
=
dx

0
=
dy

0
=

du

yi(t)
,

which lead to three invariants J1 = t, J2 = x and J3 = y. Thus, X2 also does not have a

group-invariant solution.

Case 3. We now consider the Lie point symmetry X3 = 36yf ′(t)∂/∂x + 72f(t)∂/∂y +

(6xyf ′′(t) + y3f ′′′(t)) ∂/∂u. The characteristic equations associated with X3 are

dt

0
=

dx

36yf ′(t)
=

dy

72f(t)
=

du

6xyf ′′(t) + y3f ′′′(t)
,

that leads to the invariants

J1 = t, J2 =
y2

2
− 2xf(t)

f ′(t)
, J3 = u− 3x2f ′′(t)

36f ′(t)
+

2x2f(t)f ′′′(t)

36f ′2(t)
− xy2f ′′′(t)

36f ′(t)
.

The above invariants imply that the group invariant solution is given by

u = Φ(t, φ) +
3x2f ′′(t)

36f ′(t)
− 2x2f(t)f ′′′(t)

36f ′2(t)
+
xy2f ′′′(t)

36f ′(t)
, φ =

y2

2
− 2xf(t)

f ′(t)
,
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where Φ is an arbitrary function of t and φ. Substituting this value of u into (3.1), we obtain

the nonlinear PDE

864f 4(t)Φφφφφ − 2φf(t)f ′(t)f ′′′(t)− 108f(t)f ′3(t)Φtφ − 2592f 3(t)f ′(t)ΦφφΦφ

+ 72f 2(t)f ′(t)f ′′′(t)Φφ + 72φf 2(t)f ′′′(t)Φφ + 3φf ′3(t)f ′′′′(t)− 162f ′4(t)Φφ

− 108φf ′4(t)Φφφ = 0. (3.28)

Consequently, the general group invariant solution of equation (3.1) is

u = Φ(t, φ) +
3x2f ′′(t)

36f ′(t)
− 2x2f(t)f ′′′(t)

36f ′2(t)
+
xy2f ′′′(t)

36f ′(t)
,

where Φ is any solution of the nonlinear PDE (3.28).

Particular case f(t) = t

We consider the particular case f(t) = t which transforms the nonlinear PDE (3.28) into

16t4Φφφφφ − 2tΦtφ − 48t3ΦφφΦφ − 3Φφ − 2φΦφφ = 0, φ =
y2

2
− 2tx. (3.29)

The Lie algebra of infinitesimal symmetries of the above equation is spanned by the vector

fields

γ1 = t
∂

∂φ
, γ2 = h(t)

∂

∂Φ
, γ3 = 3t

∂

∂t
+ 4φ

∂

∂φ
− ϕ

∂

∂ϕ
, γ4 = 48t3/2

∂

∂φ
+ φt−3/2 ∂

∂Φ
,

γ5 =192t3/2
∂

∂t
+ 288

√
t
∂

∂φ
+
(
φt−5/2 − 96Φ

√
t
) ∂

∂Φ
.

We perform reductions using the last Lie point symmetry γ5. This gives us two invariants

I1 = φt−3/2 and I2 = Φ
√
t− φ2/96t5/2 and consequently we get the group invariant solution

Φ =
1√
t
G
( φ

t3/2

)
+

φ2

96t3
.

Substituting this value of Φ into equation (3.29) we get the fourth-order NLODE

G′′′′(ξ)− 3G′(ξ)G′′(ξ) = 0, ξ =
φ

t3/2
.

Integrating the above equation once with respect to ξ we get

G′′′(ξ)− 3/2G′2(ξ) + k1 = 0,
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where k1 is a constant of integration. Multiplying the above equation with the integrating

factor G′′(ξ) and integrating the resulting equation we get the NLODE

1

2
G′′2(ξ)− 1

2
G′3(ξ) + k1G

′(ξ) + k2 = 0

with k2 a constant. Solving the above NLODE with the help of Maple and reverting to the

original variables t, x, y and u we get our solution of equation (3.1) as

u(t, x, y) =

(y2 − 4tx)

{(
27k2 + 3

√
81k22 − 24k31

) 2
3
+ k1

}
6t2
(
27k2 + 3

√
81k22 − 24k31

) 1
3

+
(y2 − 4tx)

2

384t3
+ k3, (3.30)

where k3 is a constant. A dynamical picture of the solution (3.30) with k1 = 0.4, k2 = 0.6, k3 =

0.8, at y = 180, is shown in Figure (3.1)
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Figure 3.1: 3D and 2D profile of solution (3.30)

Case 4. We now consider the symmetry X4 = 12g(t)∂/∂x + (2xg′(t) + y2g′′(t)) ∂/∂u. The

associated Lagrange system

dt

0
=

dx

12g(t)
=
dy

0
=

du

2xg′(t) + y2g′′(t)
.

The above system yields the three invariants

J1 = t, J2 = y, J3 = u− x2g′(t) + xy2g′′(t)

12g(t)

and hence the group-invariant solution is given by

u = Φ(t, y) +
x2g′(t) + xy2g′′(t)

12g(t)
,

57



where Φ is an arbitrary function of t and y. Substituting the above value of u into (3.1) we

obtain

12g(t)Φyy − y2g′′′(t) = 0,

whose solution is

Φ(t, y) =
y4g′′′(t)

144g(t)
+ yk(t) + l(t),

where k and l are arbitrary functions of t. Hence the group-invariant solution under X4 is

u(t, x, y) =
y4g′′′(t)

144g(t)
+
x2g′(t)

12g(t)
+
xy2g′′(t)

12g(t)
+ yk(t) + l(t). (3.31)

A dynamical picture of the solution (3.31) with g(t) = sin(t), y = 20, k(t) = l(t) = 1 is shown

in Figure (3.2).
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Figure 3.2: 3D and 2D profile of solution (3.31)

Case 5. We consider the symmetry operator

X5 =432a(t)
∂

∂t
+
(
144xa′(t) + 72y2a′′(t)

) ∂

∂x
+ 288ya′(t)

∂

∂y

+
(
12x2a′′(t)− 144ua′(t) + 12xy2a′′′(t) + y4a′′′′(t)

) ∂

∂u
.

The associated characteristic equations to X5 are

dt

432a(t)
=

dx

144xa′(t) + 72y2a′′(t)
=

dy

288ya′(t)

=
du

12x2a′′(t)− 144ua′(t) + 12xy2a′′′(t) + y4a′′′′(t)
.

Solving the above equations, we obtain the invariants

J1 =
y

a(t)2/3
, J2 = xa(t)−1/3 − y2a′(t)

6a(t)4/3
,
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J3 =ua(t)1/3 − x2a′(t)

36a(t)
+
xy2a′2(t)

54a2(t)
− xy2a′′(t)

36a(t)
− 5y4a′3(t)

1944a3(t)
− y4a′′′(t)

432a(t)
+
y4a′(t)a′′(t)

2116a2(t)
.

Hence the group-invariant solution is given by J3 = Φ(J1, J2), where Φ is an arbitrary function.

This implies

u =
1

a(t)1/3
Φ(σ, φ) +

x2a′(t)

36a(t)
− xy2a′2(t)

54a2(t)
+
xy2a′′(t)

36a(t)
+

5y4a′3(t)

1944a3(t)
+
y4a′′′(t)

432a(t)
− y4a′(t)a′′(t)

2116a2(t)

with σ =
y

a(t)2/3
, φ = xa(t)−1/3 − y2a′(t)

6a(t)4/3
.

Substituting this value of u into (3.1), we obtain

Φσσ − 6ΦφΦφφ − Φφφφφ = 0. (3.32)

By finding Lie point symmetries of the above equation the PDE can be reduced to an ODE.

The symmetry group of equation (3.32) is spanned by

X1 =
∂

∂σ
, X2 =

∂

∂φ
, X3 =

∂

∂Φ
, X4 = σ

∂

∂Φ
, X5 = φ

∂

∂φ
+ 2σ

∂

∂σ
− Φ

∂

∂Φ
.

The linear combination X = X1 + cX2, where c is a constant yields the two invariants J1 = Φ

and J2 = φ− cσ and consequently we have Φ = χ(ξ), ξ = φ− cσ. Substituting the value of Φ

into (3.32) we get the nonlinear ODE

χ′′′′ + 6χ′χ′′ − c2χ′′ = 0. (3.33)

We can now use Kudryashov’s method, which has been fully outlined in Chapter one, to find

the exact solution of (3.33). To utilize Kudryashov’s method we begin by assuming the solution

of equation (3.33) to be of the form

χ(ξ) =
n∑
i=0

BiY(ξ)i, (3.34)

where Y satisfies

Y ′(ξ) = Y2(ξ)− Y(ξ) (3.35)

whose solution is given by

Y(ξ) =
1

1 + exp(ξ)
. (3.36)

Using the balancing procedure, equation (3.33) gives n = 1 and hence

χ(ξ) = Bo +B1Y(ξ). (3.37)
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Substituting the above values of χ(ξ) and its derivatives into equation (3.33) and using (3.35)

we get

2B1c
2Y3 (ξ)− 3B1c

2Y2 (ξ) +B1c
2Y (ξ)− 12B1

2Y5 (ξ) + 30B1
2Y4 (ξ)− 24B1

2Y3 (ξ)

+ 6B1
2Y2 (ξ)− 24B1Y5 (ξ) + 60B1Y4 (ξ)− 50B1Y3 (ξ) + 15B1Y2 (ξ)−B1Y (ξ) . (3.38)

Splitting equation (3.38) on powers of Y , we get the

Y5(ξ) : B2
1 + 2B1 = 0,

Y4(ξ) : B2
1 + 2B1 = 0,

Y3(ξ) : c2B1 − 12B2
1 − 25B1 = 0,

Y2(ξ) : c2B1 − 2B2
1 − 5B1 = 0,

Y(ξ) : c2B1 −B1 = 0.

Solving the above equations, we get B1 = −2 and c2 = 1 and hence equation (3.37) becomes

χ(ξ) = B0 −
2

1 + exp(ξ)
. (3.39)

Reverting to the original variables, the exact solutions of (3.1) are

u(t, x, y) =
1

a(t)1/3

(
K − 2

[
1 + exp

{
xa(t)−1/3 − y2a′(t)

6a(t)4/3
+

cy

a(t)2/3

}]−1
)

+
x2a′(t)

36a(t)
− xy2a′2(t)

54a2(t)
+
xy2a′′(t)

36a(t)
+

5y4a′3(t)

1944a3(t)
+
y4a′′′(t)

432a(t)
− y4a′(t)a′′(t)

2116a2(t)
, (3.40)

where K = B0 is an arbitrary constant and c = ±1. The solution profile of (3.40) for a(t) =

sin(t), c = 1 and K = 1 at y = 10 is presented in Figure (3.3).
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Figure 3.3: 3D and 2D profile of solution (3.40).
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3.1.5 Exact solutions of (3.33) using direct integration

Integrating (3.33) with respect to ξ we get

χ′′′ + 3χ′2 − c2χ′ + k1 = 0,

where k1 is an arbitrary constant. Moreover, multiplying the above equation by χ′′(ξ) yields

1

2
χ′′2 + χ′3 − 1

2
c2χ′2 + k1χ

′ + k2 = 0, (3.41)

where k2 is a constant of integration. By letting v = χ′ equation (3.41) becomes

v′2 + 2v3 − c2v2 + 2k1v + 2k2 = 0,

which is a NLODE. If the algebraic equation

v3 − c2

2
v2 + k2v + k2 = 0

has the real roots α1, α2, α3 such that α1 > α2 > α3, then the NLODE becomes

v′2 = 2 (v − α1) (v − α2) (v − α3)

whose solution is [45,46]

v(ξ) = α2 − (α1 − α2) cn
2

{√
α1 − α3

2
ξ

∣∣∣∣M2

}
,M2 =

α1 − α2

α1 − α3

, (3.42)

where cn denotes the cosine elliptic function. Since v = χ′ we integrate the above expression

with respect to ξ. Thereafter reverting back to the original variables we obtain

u(t, x, y) =
1

a(t)1/3

(
P1

[
EllipticE

{
sn
(
P2ξ |M2

)
,M2

}]
+

{
α2 − (α1 − α2)

1−M4

M4

}
ξ + k3

)
+
x2a′(t)

36a(t)
− xy2a′2(t)

54a2(t)
+
xy2a′′(t)

36a(t)
+

5y4a′3(t)

1944a3(t)
+
y4a′′′(t)

432a(t)
− y4a′(t)a′′(t)

2116a2(t)
, (3.43)

where ξ = xa(t)−1/3 − y2a′(t)

6a(t)4/3
− cy

a(t)2/3
, P1 =

√
2 (α1 − α2)

2

(α1 − α3)M8
, P2 =

√
α1 − α3

2
, k3 a

constant and

EllipticE [q, w] =

∫ w

0

√
1− w2m2

1−m2
dm

is the incomplete elliptic integral [47]. Figure (3.4) depicts the wave profile of the periodic

solution by assigning the parametric values α1 = 10, α2 = 5, α3 = 2, k3 = 0, a(t) = c = 1 at

y = 180.
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Figure 3.4: 3D and 2D profile of solution (3.43)

Special Case k1 = k2 = 0

We consider the special case of (3.41) where k1 = k2 = 0, which upon solving yields the solution

χ(ξ) = c tanh

{
1

2
c (ξ + A1)

}
+ A2,

where A1 and A2 are constants of integration. Reverting to the original variables we get

u(t, x, y) =
1

a(t)1/3

(
c tanh

{
1

2
c

(
xa(t)−1/3 − y2a′(t)

6a(t)4/3
− cy

a(t)2/3
+ A1

)}
+ A2

)
+
x2a′(t)

36a(t)
− xy2a′2(t)

54a2(t)
+
xy2a′′(t)

36a(t)
+

5y4a′3(t)

1944a3(t)
+
y4a′′′(t)

432a(t)
− y4a′(t)a′′(t)

2116a2(t)
. (3.44)

The solution profile of (3.44) for a(t) = sinh(t), c = 1, A1 = A2 = 1 at y = 180 is presented in

Figure (3.5).
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Figure 3.5: 3D and 2D profile of solution (3.44)

62



3.1.6 Travelling wave solution

In this section we construct travelling wave solutions of (3.1) by considering special values of

the functions f(t), g(t) and a(t) in the symmetries X3, X4 and X5, respectively. By taking

f(t) = 1/72, g(t) = 1/12 and a(t) = 1/432 in (3.25), (3.26) and (3.27) we obtain

X3 =
∂

∂y
, X4 =

∂

∂x
, X5 =

∂

∂t
.

We now take the linear combination

X5 + aX4 + bX3 =
∂

∂t
+ a

∂

∂x
+ b

∂

∂y

whose associated Lagrange system is

dt

1
=
dx

a
=
dy

b
=
du

0
.

This gives invariants

p = x− at, q = y − bt, u = Θ(p, q) (3.45)

and using these invariants equation (3.1) transforms into the following nonlinear partial dif-

ferential equation in two independent variables:

Θpppp + 6ΘpΘpp − aΘpp − bΘpq −Θqq = 0. (3.46)

The above equation has five point symmetries, namely

S1 =
∂

∂p
, S2 =

∂

∂q
, S3 =

∂

∂Θ
, S4 = p

∂

∂Θ
,

S5 =(6bq + 12p)
∂

∂p
+ q

∂

∂q
− (pb2 − 4pa+ 12Θ)

∂

∂Θ
.

The symmetry S = S1 + cS2 gives two invariants I1 = q − cp and I2 = Θ and consequently

the invariant solution is Θ = F (q − cp). Substituting this value of Θ into (3.46), we get the

fourth-order NLODE

(bc− ac2 − 1)F ′′(z)− 6c3F ′(z)F ′′(z) + c4F ′′′′(z) = 0, (3.47)

which we rewrite as

AF ′′(z)−BF ′(z)F ′′(z) + CF ′′′′(z) = 0 (3.48)
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with A = bc− ac2 − 1, B = 6c3, C = c4 and z = (ac− b)t− cx+ y.

Integrating equation (3.48) with respect to z once gives a third-order ODE

AF ′ − 1

2
BF ′2 + CF ′′′ + k1 = 0, (3.49)

where k1 is a constant of integration. Multiplying equation (3.49) by F ′′, integrating and

simplifying the resulting equation, we have the second-order NLODE

1

2
A(F ′)2 − 1

6
B(F ′)3 +

1

2
C(F ′′)2 + k1F

′ + k2 = 0 (3.50)

with k2 an integration constant. Equation (3.50) can be rewritten as

(F ′′)2 =
B

3C
(F ′)3 − A

C
(F ′)2 − 2k1

C
F ′ − 2k2

C
. (3.51)

Let F ′ = G. Equation (3.51) becomes

G′2 =
B

3C
G3 − A

C
G2 − 2k1

C
G− 2k2

C
. (3.52)

We consider the cubic equation

G3 − 3A

B
G2 − 6k1

B
G− 6k2

B
= 0 (3.53)

and assume that the roots of this equation are r1, r2 and r3 such that r3 < r2 < r1. Then

equation (3.52) becomes

G′2 =
B

3C
(G− r1)(G− r2)(G− r3) (3.54)

and solution to (3.52) can be expressed in terms of Jacobi elliptic function

G(z) = r2 + (r1 − r2)cn
2

{√
B(r1 − r2)

12C
z, S2

}
, S2 =

r1 − r2
r1 − r3

(3.55)

with cn denoting the cosine elliptic function. Integrating equation (3.55) and then returning

to the original variables t, x, y and u, the pKP equation (3.1) possesses a periodic solution

u(t, x, y) =

√
12C(r1 − r2)2

B(r1 − r3)S8

{
EllipticE

[
sn

(
B(r1 − r3)

12C
z, S2

)
, S2

]}

+

{
r2 − (r1 − r2)

1− S4

S4

}
z + k3, (3.56)
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where z = (ac − b)t − cx + y, k3 is an integration constant and EllipticE[q, v] denotes the

incomplete elliptic integral given by [47]

EllipticE[q, v] =

∫ v

0

√
1− v2n2

1− n2
dn.

Figure (3.6) depicts the wave profile of the periodic solution by assigning the values r1 =

10, r2 = 5, r3 = 3, k3 = c = 1 at t = 1 to view the dynamics of solution (3.56) graphically.
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Figure 3.6: 3D and 2D profile of solution (3.56)

3.2 Graphical and physical explanation of the obtained

solutions

In this section, we give more details on the obtained group-invariant solutions to the pKP equa-

tion (3.1) by discussing their geometrical representation. 3D, 2D and corresponding contour

plots in Figs. 3.1−3.6 are constructed by utilizing the mathematical software tool Mathemat-

ica. This involves taking acceptable values of the parameters under certain limits in order to

visualize the mechanism of the equation under study. We note that from Figs. 3.1 − 3.6 the

achieved solutions of the pKP equation comprise of various solutions such as singular, singu-

lar periodic, singular periodic soliton, periodic soliton, singular soliton and periodic soliton,

respectively.

In Figure 3.1, 3D and 2D graphs of the singular solution (3.30) with parameters k1 = 0.4, k2 =

0.6, k3 = 0.8, at y = 180, recorded with interval −10 < t < 10 and −10 < x < 10. Figure
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3.2, 3D and 2D graphs of singular periodic solution (3.31) with parameters k(t) = l(t) = 1

when g(t) = sin(t), y = 20, recorded on the interval −5 < t < 5 and −5 < x < 5. Figure

3.3, 3D and 2D graphs of singular periodic soliton solution (3.40) corresponding to the values

K = c = 1 when a(t) = sin(t), y = 10 recorded under the limit −5 < t < 5 and −5 < x < 5.

Figure 3.4, 3D and 2D graphs of periodic soliton solution (3.43) assigned the values α1 =

10, α2 = 5, α3 = 2, k3 = 0, when a(t) = c = 1, y = 180 recorded under the limit −20 < t < 20

and −20 < x < 20. Figure 3.5, 3D and 2D graphs of singular soliton solution (3.44) for the

parameters c = A1 = A2 = 1, when a(t) = sinh(t), y = 180 on the interval −5 < t < 5 and

0 < x < 5. Figure 3.6, 3D and 2D graphs of periodic soliton solution (3.56) for the values

r1 = 10, r2 = 5, r3 = 3, when k3 = c = 1 and t = 1 recorded with interval −5 < y < 10 and

−5 < x < 10.

3.3 Conservation laws for the pKP equation (3.1)

In this section, we derive the conserved vectors of the pKP equation (3.1) by using three

approaches: the conservation theorem due to Ibragimov, the multiplier method and Noether’s

theorem.

3.3.1 Conservation laws for (3.1) using Ibragimov’s theorem

In this subsection, we invoke the conservation theorem of Ibragimov, which has been outlined

in chapter one, to find conserved vectors for the pKP equation (3.1). In this case the Euler-

Lagrange operator is defined as

δ

δu
=

∂

∂u
−Dx

∂

∂ux
+DtDx

∂

∂utx
+D2

x

∂

∂uxx
+D2

y

∂

∂uyy
+D4

x

∂

∂uxxxx
+ · · · , (3.57)

where Dt, Dx and Dy are given in (3.6). The adjoint equation for (3.1) can be obtained from

the formula

F ∗ (t, x, u, v, ..., vxxxx) =
δ

δu
[v(utx + 6uxuxx + uxxxx − uyy)] = 0, (3.58)

where v = v(t, x, y). Equation (3.58) yields

F ∗ = vtx + 6vxuxx + 6uxvxx + vxxxx − vyy = 0. (3.59)
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If we consider equation (3.1) and the adjoint equation (3.59) as a system, the Lagrangian for

this system from (1.44) is

L = v(utx + 6uxuxx + uxxxx − uyy). (3.60)

Now, extending all the symmetries of (3.1) to the new variable v(t, x, y) yields the generator

Y = τ
∂

∂t
+ ξ

∂

∂x
+ ψ

∂

∂y
+ η

∂

∂u
+ η∗

∂

∂v
(3.61)

with

η∗ = η∗(t, x, y, u, v) = −{λ+Dt(τ) +Dx(ξ) +Dy(ψ)} v (3.62)

and the parameter λ is determined by using

X [4](F ) = λF, (3.63)

where F = utx + 6uxuxx + uxxxx − uyy and X [4] is the fourth prolongation of X, given by

X [4] = X + ζx
∂

∂ux
+ ζtx

∂

∂utx
+ ζxx

∂

∂uxx
+ ζyy

∂

∂uyy
+ ζxxxx

∂

∂uxxxx
. (3.64)

The conservation laws of the system of equations (3.1) and (3.59), associated with a symmetry

can be obtained from [33]

T t = τL+W

{
∂L
∂ut

−Dx

(
∂L

∂uxt

)}
,

T x = ξL+W

{
∂L
∂ux

−Dx

(
∂L
∂uxx

)
+Dxx

(
∂L
∂uxxx

)
−Dxxx

(
∂L

∂uxxxx

)}
+Wx

{
∂L
∂uxx

−Dx

(
∂L
∂uxxx

)
+Dxx

(
∂L

∂uxxxx

)}
+Wt

∂L
∂uxt

+Wxx

{
∂L
∂uxxx

−Dx

(
∂L

∂uxxxx

)}
+Wxxx

∂L
∂uxxxx

,

T y = ψL+W

{
∂L
∂uy

−Dy

(
∂L
∂uyy

)}
+Wy

∂L
∂uyy

, (3.65)

where W = η − τut − ξux − ψuy.

Case 1. For the symmetry X1 = j(t)∂/∂u we have η = j(t), ξ = η = ψ = 0. Thus,

ζx = ζtx = ζxx = ζyy = ζxxxx = 0. We then get X
[4]
1 F = 0F , that is, λ = 0. From (3.62) we

obtain η∗ = 0, whereby the new generator retains the form of X1. That is, Y1 = j(t)∂/∂u. The
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Lie characteristic function is W1 = j(t). Thus, the conserved vector (T t1, T
x
1 , T

y
1 ) using (3.65)

is

T t1 = − j(t)vx,

T x1 = j′(t)v − 6j(t)vxux − j(t)vxxx,

T y1 = j(t)vy.

Following the above procedure, we obtain the rest of the conserved vectors associated with

other symmetries.

Case 2. For X2 = yi(t)∂/∂u we get Y2 = yi(t)∂/∂u. The Lie characteristic function is then

given by W2 = yi(t). Thus, the conserved vector is

T t2 = − yi(t)vx,

T x2 = yi′(t)v − 6yi(t)vxux − yi(t)vxxx,

T y2 = yi(t)vy − i(t)v.

Case 3. For the symmetry

X3 = 36yf ′(t)
∂

∂x
+ 72f(t)

∂

∂y
+
(
6xyf ′′(t) + y3f ′′′(t)

) ∂

∂u

the adjoint operator is

Y3 = 36yf ′(t)
∂

∂x
+ 72f(t)

∂

∂y
+
(
6xyf ′′(t) + y3f ′′′(t)

) ∂

∂u

and the Lie characteristic function is

W3 = 6xyf ′′(t) + y3f ′′′(t)− 36yf ′(t)ux − 72f(t)uy.

Thus, the conserved vector is

T t3 =36yf ′(t)uxvx − y3f ′′′(t)vx − 6xyf ′′(t)vx + 72f(t)uyvx,

T x3 = y3f ′′′′(t)v − 6y3f ′′′(t)uxvx − y3f ′′′(t)vxxx + 6xyf ′′′(t)v − 36xyf ′′(t)uxvx

+ 6yf ′′(t)vxx − 6xyf ′′(t)vxxx + 216yf ′(t)u2xvx − 36yf ′(t)uxxvxx + 36yf ′(t)uxxxvx

+ 36yf ′(t)uxvxxx − 36yf ′(t)uyyv − 72f ′(t)uyv + 432f(t)uyuxvx − 72f(t)utyvxx

+ 72f(t)uxxyvx + 72f(t)uyvxxx − 432f(t)uxutyv − 72f(t)uxxxyv − 72f(t)utyv,
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T y3 =72f(t)vutx + 36f ′(t)vux − 72f(t)vyuy − 6xf ′′(t)v − 3y2f ′′′(t)v + 6xyf ′′(t)vy

+ y3f ′′′(t)vy − 36yf ′(t)vyux + 36yf ′(t)vuxy + 432f(t)vuxuxx + 72f(t)vuxxxx.

Case 4. For the symmetry

X4 = 12g(t)
∂

∂x
+
(
2xg′(t) + y2g′′(t)

) ∂

∂u

the new generator Y4 is

Y4 = 12g(t)
∂

∂x
+
(
2xg′(t) + y2g′′(t)

) ∂

∂u
,

and

W4 = 2xg′(t) + y2g′′(t)− 12g(t)ux.

Hence

T t4 =12g(t)vxux + g′(t)vx − y2g′′(t)vx − 2xg′(t)vx,

T x4 = y2g′′′(t)v − 6y2g′′(t)uxvx − y2g′′(t)vxxx + 2xg′′(t)v − 12xg′(t)uxvx + 2g′(t)vxx

− 2xg′(t)vxxx + 72g(t)u2xvx − 12g(t)uxxvxx + 12g(t)uxxxvx + 12g(t)uxvxxx − 12g(t)uyyv,

T y4 =12g(t)vuxy − 2yg′′(t)v + 2xg′(t)vy − 12g(t)vyux.

Case 5. Finally for the symmetry

X5 =432a(t)
∂

∂t
+
(
144xa′(t) + 72y2a′′(t)

) ∂

∂x
+ 288ya′(t)

∂

∂y

+
(
12x2a′′(t)− 144ua′(t) + 12xy2a′′′(t) + y4a′′′′(t)

) ∂

∂u

the generator with the new variable v is

Y5 = 432a(t)
∂

∂t
+
(
144xa′(t) + 72y2a′′(t)

) ∂

∂x
+ 288ya′(t)

∂

∂y

+
(
12x2a′′(t)− 144ua′(t) + 12xy2a′′′(t) + y4a′′′′(t)

) ∂

∂u
− 144va′(t)

∂

∂v

and the Lie characteristic function is

W5 = 12x2a′′(t)− 144ua′(t) + 12xy2a′′′(t) + y4a′′′′(t)432a(t)ut

−
(
144xa′(t) + 72y2a′′(t)

)
ux − 288ya′(t)uy.
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Consequently, the associated conserved vector is

T t5 =72y2a′′(t)uxvx − y4a′′′′(t)vx − 12xy2a′′′(t)vx − 12x2a′′(t)vx + 288ya′(t)uyvx

+ 144xa′(t)uxvx + 144a′(t)uvx + 432a(t)utvx − 432a(t)uyyv + 2592a(t)uxuxxv

+ 432a(t)uxxxxv + 432a(t)utxv,

T x5 = y4va(5)(t)− 6y4a′′′′(t)uxvx − y4a′′′′(t)vxxx + 12xy2va′′′′(t)− 72y2va′′(t)uyy

+ 432y2a′′(t)u2xvx − 72xy2a′′′(t)uxvx + 12y2a′′′(t)vxx − 72y2a′′(t)uxxvxx

+ 72y2a′′(t)vxuxxx − 12xy2a′′′(t)vxxx + 72y2a′′(t)uxvxxx − 288yva′′(t)uy

+ 1728ya′(t)uyuxvx − 1728yva′(t)uxuxy − 288ya′(t)uxyvxx + 288ya′(t)vxuxxy

+ 288ya′(t)uyvxxx − 288yva′(t)uxxxy − 288yva′(t)uty − 1728va′(t)u2x − 144uva′′(t)

+ 12x2va′′′(t)− 144xva′(t)uyy + 864xa′(t)u2xvx − 24a′′(t)vx + 864ua′(t)uxvx

− 72x2a′′(t)uxvx + 432a′(t)vxuxx + 24xa′′(t)vxx − 288a′(t)uxvxx − 144xa′(t)uxxvxx

− 576va′(t)uxxx + 144xa′(t)vxuxxx + 144ua′(t)vxxx − 12x2a′′(t)vxxx + 144xa′(t)uxvxxx

− 576va′(t)ut + 2592a(t)uxvxut + 432a(t)vxxxut − 2592a(t)vuxutx − 432a(t)vxxutx

+ 432a(t)vxutxx − 432a(t)vutxxx − 432a(t)vutt,

T y5 =12x2a′′(t)vy + 432a′(t)vuy − 24xya′′′(t)v − 4y3a′′′′(t)v − 144a′(t)vyu+ 12xy2a′′(t)vy

+ y4a′′′′(t)vy − 288ya′(t)vyuy + 144ya′′(t)vux − 144xa′(t)vyux − 72y2a′′(t)vyux

+ 144xa′(t)vuxy + 72y2a′′(t)vuxy + 1728ya′(t)vuxuxx − 432a(t)vyut + 432a(t)vuty

+ 288ya′(t)vuty + 288ya′(t)vuxxxx.

Remark. The conserved vectors T involve solutions u of the pKP equation and solutions v of

the adjoint equation (3.59) and hence give an infinite number of conservation laws. Moreover,

we observe that when f(t) = g(t) = 1 the conserved vectors from case 3 and 4 represent

the conservation law momentum, while when a(t) = 1, case 5 represents conservation law of

energy.

3.3.2 Conservation laws for (3.1) using the Multiplier method

We now derive the conserved vectors of the pKP equation (3.1) by employing the multiplier

method. We seek zeroth-order multipliers Q = Q(t, x, y, u). The multipliers are determined
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by using the determining equation

δ

δu
{Q (utx + 6uxuxx + uxxxx − uyy)} = 0, (3.66)

where δ/δu is the Euler operator, given in our case as

δ

δu
=

∂

∂u
−Dx

∂

∂ux
+DtDx

∂

∂utx
+D2

x

∂

∂uxx
+D2

y

∂

∂uyy
+D4

x

∂

∂uxxxx
,

with Dt, Dx, Dy as total differential operators. Expanding (3.66) and splitting on derivatives

of u yields the system of multiplier determining equations:

Qyy = 0, Qx = 0, Qu = 0.

The solution of the above PDEs gives

Q = f(t) + yg(t),

where f and g are arbitrary functions of t. The conservation laws of equation (3.1) are then

derived by invoking the divergence identity

DtT
t +DxT

x +DyT
y = Q (utx + 6uxuxx + uxxxx − uyy) (3.67)

with T t being conserved density and T x, T y spatial fluxes. Thus, using (3.67) we obtain the

following conserved vectors corresponding to the two multipliers:

Case 1. For Q1 = f(t) we have the corresponding conserved vector as

T t1 = f(t)ux,

T x1 =3f(t)u2x + f(t)uxxx − f ′(t)u,

T y1 = − f(t)uy.

Case 2. For Q2 = yg(t), we have the conserved vector given by

T t2 = g(t)yux,

T x2 =3g(t)yu2x + yg′(t)uxxx − g(t)yu,

T y2 =ug(t)− yg(t)uy.

Remark. Due to the presence of the arbitrary functions f(t) and g(t) in the multiplier, one can

obtain infinitely many conservation laws. In fact, if we consider the special cases, f(t) = t and

g(t) = t, the conserved vectors represent conservation laws of energy and angular momentum

respectively.
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3.3.3 Conservation laws for (3.1) using Noether’s theorem

In this subsection, we utilize the classical Noether’s theorem to construct conservation laws

for the pKP equation (3.1). It can be easily verified that equation (3.1) has the second-order

Lagrangian

L =
1

2
u2xx −

1

2
utux +

1

2
u2y − u3x. (3.68)

Employing the Lagrangian (3.68) on the determining equation

X [2]L+ L{Dt(τ) +Dx(ξ) +Dy(ψ)} −Dt(B
t)−Dx(B

x)−Dy(B
y) = 0, (3.69)

where Bt = Bt(t, x, y, u), Bx = Bx(t, x, y, u) and By = By(t, x, y, u) are gauge functions and

X [2] is the second-order prolongation of the generator

X = τ(t, x, y, u)
∂

∂t
+ ξ(t, x, y, u)

∂

∂x
+ ψ(t, x, y, u)

∂

∂y
+ η(t, x, y, u)

∂

∂u

given by

X [2] = X + ζt
∂

∂ut
+ ζx

∂

∂ux
+ ζy

∂

∂uy
+ ζxx

∂

∂uxx
. (3.70)

Expanding equation (3.69) we get

− uxxutτuxux − uxxuyψuxux − uxxutxτuux +
1

2
utuxψuuy − uxxuxyψuux − uxxξxuu

2
x

− uyuxξy −
1

2
utuxψy − ηuuxut − uyutτy − uxxuxyψx +

1

2
uxuyτ + 3utτxu

2
x − uxxutxτx

+
1

2
uyψxut + 3uyψxu

2
x −

1

2
u2yuxξu +

1

2
u2xξuut −

1

2
u2xxξuux +

1

2
u2yξx −

1

2
u2xxξx + 2u3xξx

+
1

2
u2t τx +

1

2
u2yτt +

1

2
u2xxτt +

1

2
u2xξt − u3xτt + uxxηxx −

1

2
u3yψu + 2u4xξu − 3ηxu

2
x

+ uyηy −
1

2
ηxut + u2yηu −

1

2
uxηt − 3ηuu

3
x − u3xψy −By

uuy −Bx
uux −

1

2
u2yψy +

1

2
u2xxψy

−Bt
uut −By

y −Bx
x −Bt

t = 0

and splitting on different derivatives of u, we obtain the system of partial differential equations

τx = 0, (3.71)

τy = 0, (3.72)
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τu = 0, (3.73)

ξu = 0, (3.74)

ψx = 0, (3.75)

ψu = 0, (3.76)

ηxx = 0, (3.77)

ψy + 2ηu = 0, (3.78)

ξxx − ηxu = 0, (3.79)

ψt − 2ξy = 0, (3.80)

ξt − 6ηx = 0, (3.81)

τt − ξx + ψy = 0, (3.82)

τt + ξx − ψy + 2ηu = 0, (3.83)

2ξx − τt − ψy − 3ηu = 0, (3.84)

ηy −By
u = 0, (3.85)

ηt + 2Bx
u = 0, (3.86)

ηx + 2Bt
u = 0, (3.87)

Bt
t +Bx

x +By
y = 0. (3.88)

Now we can obtain the Noether symmetries and guage functions by solving the above system

of PDEs. We start by solving for τ, ξ, ψ and η by considering equations (3.71)− (3.77) to get

τ = a(t), ξ = b(t, x, y), ψ = c(t, y) and η = xd(t, y, u) + e(t, y, u), where a, b, c, d and e are

arbitrary functions of their arguments. Substituting the above values of ψ and η in equation

(3.78) we get

cy(t, y) + 2xdu(t, y, u) + 2eu(t, y, u) = 0.

Since c, d and e does not depend on x, we split the above equation on x and get

x : du(t, y, u) = 0,

rest : cy(t, y) + 2eu(t, y, u) = 0.

Solving the above equations we get d = d(t, y) and e = −1

2
ucy(t, y) + f(t, y), where f is

an arbitrary function of t and y. Equation (3.79) gives b = xg(t, y) + h(t, y), where g and
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h are arbitrary functions of t and y. These results imply that ξ = xg(t, y) + h(t, y) and

η = xd(t, y)− 1

2
ucy(t, y) + f(t, y). Substituting these values of ψ and ξ in equation (3.80) we

get ct(t, y) − 2xgy(t, y) − 2hy(t, y) = 0. Because c, g and h do not depend on x, we can split

the equation on x so that

x : gy(t, y) = 0, (3.89)

rest : ct(t, y)− 2hy(t, y) = 0. (3.90)

By equation (3.89) we see that g = g(t) and so ξ = xg(t) + h(t, y). Taking the new value of ξ

and η and substituting them in equation (3.81) gives xg′(t) + ht(t, y)− 6d(t, y) = 0. We split

this equation on x since g, h and d do not depend on x and obtain

x : g′(t) = 0, (3.91)

rest : ht(t, y)− 6d(t, y) = 0. (3.92)

Integrating equation (3.91) with respect to t we get g = C1, where C1 is a constant of integra-

tion. Moreover, from equation (3.82) we have cy(t, y) = C1 − a′(t). Integrating this equation

once with respect to y gives c(t, y) = C1y − ya′(t) + i(t), where i is an arbitrary function of t.

Therefore by equation (3.90) we see that hy(t, y) = −1

2
ya′′(t) +

1

2
i′(t). To obtain the value of

h we integrate the equation once with respect to y to get

h(t, y) = −1

4
y2a′′(t) +

1

2
yi′(t) + j(t),

where j is an arbitrary function of t. We can then find the value of d from equation (3.92),

which is

d(t, y) = − 1

24
y2a′′′(t) +

1

12
yi′′(t) +

1

6
j′(t).

This implies that

ξ = C1x−
1

4
y2a′′(t) +

1

2
yi′(t) + j(t),

η = − 1

24
xy2a′′′(t) +

1

12
xyi′′(t) +

1

6
xj′(t)− 1

2
C1u+

1

2
ua′(t) + f(t, y).

From equation (3.83) we get a(t) =
1

3
C1t+C2, where C2 is a arbitrary constant of integration.

This means

τ =
1

3
C1t+ C2,
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ξ =C1x+
1

2
yi′(t) + j(t),

ψ =
2

3
C1y + i(t),

η =
1

12
xyi′′(t) +

1

6
xj′(t)− 1

3
C1u+ f(t, y).

Substituting the above values in equation (3.84) we obtain C1 = 0. Therefore

τ =C2,

ξ =
1

2
yi′(t) + j(t),

ψ = i(t),

η =
1

12
xyi′′(t) +

1

6
xj′(t) + f(t, y).

We can now obtain the gauge functions by solving equations (3.85)− (3.87) and obtain

Bt = − 1

24
yui′′(t)− 1

12
uj′(t) + k(t, x, y),

Bx = − 1

24
xyui′′′(t)− 1

12
xuj′′(t)− 1

2
uft(t, y) + l(t, x, y),

By =
1

12
xui′′(t) + ufy(t, y) +m(t, x, y),

where k, l and m are arbitrary functions of t, x and y. Equation (3.88) becomes

− 1

12
yui′′′(t)− 1

6
uj′′(t) + ufyy(t, y) + kt(t, x, y) + lx(t, x, y) +my(t, x, y) = 0.

Splitting the above equation on u since the variables i, j, f, k, l and m do not depend on it we

obtain

u : − 1

12
yi′′′(t)− 1

6
j′′(t) + fyy(t, y) = 0, (3.93)

rest : kt(t, x, y) + lx(t, x, y) +my(t, x, y) = 0. (3.94)

Integrating equation (3.93) twice with respect to y we obtain

f(t, y) =
1

72
y3i′′′(t) +

1

12
y2j′′(t) + yn(t) + o(t),

where n and o are arbitrary functions of t. Thus,

τ =C2,
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ξ =
1

2
yi′(t) + j(t),

ψ = i(t),

η =
1

12
xyi′′(t) +

1

6
xj′(t) +

1

72
y3i′′′(t) +

1

12
y2j′′(t) + yn(t) + o(t),

Bt = − 1

24
yui′′(t)− 1

12
uj′(t) + k(t, x, y),

Bx = − 1

24
xyui′′′(t)− 1

12
xuj′′(t)− 1

144
uy3i′′′′(t)− 1

24
uy2j′′′(t)− 1

2
uyn′(t)

− 1

2
uo′(t) + l(t, x, y),

By =
1

12
xui′′(t) +

1

24
uy2i′′′(t) +

1

6
uyj′′(t) + un(t) +m(t, x, y).

Using all the above values and letting k = l = m = 0 since they contribute to the trivial part of

the conservation laws, we obtain the following Noether symmetries and their respective gauge

functions as

X1 =
∂

∂t
, Bt

1 = 0, Bx
1 = 0, By

1 = 0,

X2 =
1

2
yi′(t)

∂

∂x
+ i(t)

∂

∂y
+

(
1

12
xyi′′(t) +

1

72
y3i′′′(t)

)
∂

∂u
,

Bt
2 = − 1

24
yui′′(t), Bx

2 = − 1

24
xyui′′′(t)− 1

144
uy3i′′′′(t), By

2 =
1

12
xui′′(t) +

1

24
uy2i′′′(t),

X3 = j(t)
∂

∂x
+

(
1

6
xj′(t) +

1

12
y2j′′(t)

)
∂

∂u
,

Bt
3 = − 1

12
uj′(t), Bx

3 = − 1

12
xuj′′(t)− 1

24
uy2j′′′(t), By

3 =
1

6
uyj′′(t),

X4 = yn(t)
∂

∂u
, Bt

4 = 0, Bx
4 = −1

2
uyn′(t), By

4 = un(t),

X5 = o(t)
∂

∂u
, Bt

5 = 0, Bx
5 = −1

2
uo′(t), By

5 = 0.

The conserved vectors corresponding to the above obtained Noether point symmetries, using

the formulae [34]

T t = τL+W
∂L
∂ut

−Bt,

T x = ξL+W

(
∂L
∂ux

−Dx

(
∂L
∂uxx

))
+Wx

∂

∂uxx
−Bx,

T y =ψL+W
∂L
∂uy

−By,

are given, respectively, by (with W = η − utτ − uxξ − uyψ)

T t1 =
1

2
u2y +

1

2
u2xx − u3x,
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T x1 =3u2xut +
1

2
u2t + uxxxut − uxxutx,

T y1 = − utuy;

T t2 = − 1

144
y3i′′′(t)ux −

1

24
xyi′′(t)ux +

1

24
yi′′(t)u+

1

4
yi′(t)u2x +

1

2
i(t)uyux,

T x2 =
1

144
y3i′′′′(t)u− 1

24
y3i′′′(t)u2x −

1

72
y3i′′′(t)uxxx −

1

144
y3i′′′(t)ut +

1

24
xyi′′′(t)u

− 1

4
xyi′′(t)u2x +

1

12
yi′′(t)uxx −

1

12
xyi′′(t)uxxx −

1

24
xyi′′(t)ut + yi′(t)u3x

+
1

4
yi′(t)u2y −

1

4
yi′(t)u2xx +

1

2
yi′(t)uxuxxx + 3i(t)uyu

2
x − i(t)uxyuxx + i(t)uyuxxx

+
1

2
i(t)uyut,

T y2 =
1

72
y3i′′′(t)uy −

1

24
y2i′′′(t)u+

1

12
xyi′′(t)uy −

1

12
xi′′(t)u− 1

2
yi′(t)uyux − i(t)u3x

− 1

2
i(t)u2y +

1

2
i(t)u2xx −

1

2
i(t)uxut;

T t3 =− 1

24
y2j′′(t)ux −

1

12
xj′(t)ux +

1

12
j′(t)u+

1

2
j(t)u2x,

T x3 =
1

24
y2j′′′(t)u− 1

4
y2j′′(t)u2x −

1

12
y2j′′(t)uxxx −

1

24
y2j′′(t)ut +

1

12
xj′′(t)u

− 1

2
xj′(t)u2x +

1

6
j′(t)uxx −

1

6
xj′(t)uxxx −

1

12
xj′(t)ut + 2j(t)u3x + j(t)uxxxux

+
1

2
j(t)u2y −

1

2
j(t)u2xx,

T y3 =
1

12
y2j′′(t)uy −

1

6
yj′′(t)u+

1

6
xj′(t)uy − j(t)uyux;

T t4 = − 1

2
yn(t)ux,

T x4 =
1

2
yn′(t)u− 3yn(t)u2x − yn(t)uxxx −

1

2
yn(t)ut,

T y4 = yn(t)uy − n(t)u;

T t5 = − 1

2
o(t)ux,

T x5 =
1

2
o′(t)u− 3o(t)u2x − o(t)uxxx −

1

2
o(t)ut,

T y5 = o(t)uy.
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Remark. Due to arbitrary functions appearing in the conserved vectors, infinitely many

conservation currents can be obtained. Moreover, in terms of physical representation of the

obtained conserved vectors, we note that T = (T t1, T
x
1 , T

y
1 ) represent the conservation law of

energy.

3.4 Conclusion

In this chapter, we studied the potential Kadomtsev-Petviashvili equation (3.1). Using Lie

symmetry methods, its Lie point symmetries were computed and then used to obtain exact so-

lutions through symmetry reductions and with the aid of Kudryashov’s method. Moreover, its

one-parameter groups of transformations and commutator table were given. We later presented

3D, 2D and contour plots to help analyze the diverse nature of each obtained solution. Finally,

since the pKP equation has a Lagrangian and zeroth multiplier, we derived its conservation

laws using the conservation theorem due to Ibragimov, multiplier method and Noether’s the-

orem. The results obtained in this study are very helpful for characterizing real-world events

that the pKP equation models in engineering and applied sciences.
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Chapter 4

A study of the Korteweg-de Vries-like

equation

In this paper, we study the Korteweg-de Vries-like ( KdV-like) nonlinear differential equation

of the form

2uutx − 2utux + 6u2xx = 0 (4.1)

taken from [48]. Zhang and Ma [48] considered the nonlinear differential equation (NLDE)

ut +
3

2
u2x +

3

2
u2ux +

3

4
u4 = 0, (4.2)

induced from the bilinear KdV-like equation (4.1). By symbolic computation with Maple, they

found 29 classes of polynomial solutions to the equation (4.1) and thus constructed two classes

of rational solutions of the NLDE (4.2). Liu et al. [49] derived a new NLDE by also considering

the generalized bilinear derivative with prime number p = 3. In their case [49] the bilinear

KdV-like equation is of the form

2uutx − 2utux + c(2uuxx − 2u2x) + 6u2xx = 0 (4.3)

and is transformed to the NLDE

ut + cux +
3

2
u2x +

3

2
u2ux +

3

8
u4 = 0. (4.4)

Similarly, the authors found rational polynomial solutions to the bilinear KdV-like equation

(4.3) and as a result obtained three classes of unequal rational solutions to the new derived
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NLDE (4.4). The nonlinear KdV-like equation is a significant mathematical model that has

numerous applications in quantum mechanics and nonlinear optics and is employed to model

traveling waves in shallow water and harmonic crystal. We compute the KdV-like equation’s

Lie point symmetries first. The commutator table for the Lie point symmetries is then gener-

ated, and we use Lie equations to produce one-parameter groups of transformations. Moreover,

group-invariant solutions are obtained under each symmetry. Following that, we use the Ibrag-

imov’s theorem to derive the conservation laws for the KdV-like equation (4.1).

The contents of this chapter have been prepared as a paper which has been submitted for

publication [50]

4.1 Lie point symmetries of (4.1)

The vector field

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(4.5)

is a Lie point symmetry of (4.1) whenever

X [2](2uutx − 2utux + 6u2xx)
∣∣
(4.1)

= 0, (4.6)

where X [2] is the second prolongation defined as

X [2] = η
∂

∂u
+ ζx

∂

∂ux
+ ζt

∂

∂ut
+ ζxx

∂

∂uxx
+ ζtx

∂

∂utx
.

Expanding (4.6) we obtain

η(2utx) + ζx(−2ut) + ζt(−2ux) + ζxx(12uxx) + ζtx(2u)|(4.1) = 0. (4.7)

Substituting the values of ζx, ζt, ζxx and ζtx in equation (4.7) and replacing utx by (utux − 3u2xx)/u

we obtain

2

u
utuxη −

6

u
u2xxη − 2utuxηu + 2utuxτt + 2u2tuxτu + 2u2xξx + 4utu

2
xξu

−2utηx − 2utuxηu + 2u2t τx + 2utuxτu + 2utuxξx + 12uxxηxx + 24uxuxxηxu

+12u2xxηu + 12u2xuxxηuu − 24u2xxξxx − 12uxuxxξxx − 24u2xuxxξxu
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−36uxu
2
xxξu − 12u3xuxxξuu −

24

u
utuxuxxτx +

72

u
u3xxτx − 12utuxxτxx

−24utuxuxxτxu − 12utu
2
xxτu −

24

u
utu

2
xuxxτu +

72

u
uxu

3
xxτu − 12utu

2
xuxxτuu

+2uηtx + 2uηtu + 2uutηxu + 2utuxηu − 6u2xxηu + 2uutuxηuu − 2utuxτx

+6u2xxτx − 2utuxξx + 6u2xxξx − 2uutτtx − 2uutttaux − 2uutuxτtu

−2uutuxξxu − 2uu2t τxu − 4u2tuxτu + 12utuxxτu − 2uuxuttτu − 2uu2tuxτuu

−2uuxξx − 2uuxxξt − 2uu2xξtu − 4utu
2
xξu + 12uxu

2
xxξu − 2uutuxxξu

−2uutu
2
xξuu = 0. (4.8)

Since τ , ξ and η depend only on t, x and u we split on the derivatives of u to obtain a system

of linear homogeneous PDEs:

utt : τx = 0, (4.9)

uxutt : τu = 0, (4.10)

utuxx : ξu = 0, (4.11)

u2x : ξt = 0, (4.12)

ut : ηx = 0, (4.13)

utux : 2uτt − 3η = 0, (4.14)

u2xx : 2uξx − η = 0, (4.15)

1 : uηu − η = 0. (4.16)

The above system is now solved for τ , ξ and η. From equations (4.9) and (4.10) we have

τ = a(t), (4.17)

where a is an arbitrary function of t. Equation (4.11) and (4.12) implies that

ξ = b(x), (4.18)

where b is an arbitrary function of x. Substituting the values of τ and ξ in equation (4.14)

and (4.15) we get, respectively

2ua′(t)− 3η =0,
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2ub′(x)− η =0.

The above equations imply that

3b′(x) = a′(t)

and since the left-hand side of the above equation is a function of x only and right-hand side

is a function of t only, then both must be equal to some constant, say C1. Thus,

3b′(x) =C1,

a′(t) =C1.

Solving the above equations we obtain

b(x) =
1

3
C1x+ C2,

a(t) =C1t+ C3,

where C2 and C3 are arbitrary constants of integration. Now from equation (4.16) we get

η = uc(t, x),

where c is an arbitrary function of t and x. Finally, substituting the value of η into equation

(4.13) leads to cx = 0 which implies that c = c(t). Thus,

τ = C1t+ C3, (4.19)

ξ =
1

3
C1x+ C2, (4.20)

η = uc(t), (4.21)

and so the Lie point symmetries of the KdV-like equation (4.1) are

X1 =
∂

∂t
, (4.22)

X2 =
∂

∂x
, (4.23)

X3 = uc(t)
∂

∂u
, (4.24)

X4 = 3t
∂

∂t
+ x

∂

∂x
, (4.25)

which form an infinite dimensional Lie algebra. For simplicity we let c(t) = 1.
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4.1.1 Commutator table for the symmetries of (4.1)

We now calculate the commutation relations for all the symmetry generators of (2.2) obtained

above. Firstly, we compute [X3, X4]. By the definition of Lie bracket we have

[X3, X4] = X3X4 −X4X3

= ut
∂

∂u

(
x
∂

∂x
+ 3t

∂

∂t

)
−
(
x
∂

∂x
+ 3t

∂

∂t

)
ut

∂

∂u

= − 3ut
∂

∂u

= − 3X3,

Likewise, we obtain the commutation relations between other Lie point symmetries.

Table 4.1: Commutator table of Lie algebra of the KdV-like equation (4.1)

[Xi, Xj] X1 X2 X3 X4

X1 0 0 0 3X1

X2 0 0 X3 X2

X3 0 0 0 −3X3

X4 −3X1 −X2 3X3 0

4.1.2 One-parameter groups of transformations

We now employ the Lie equations together with initial conditions

dt̄

da
= τ(t̄, x̄, ū), t̄|a=0 = t,

dx̄

da
= ξ(t̄, x̄, ū), x̄|a=0 = x,

dū

da
= η(t̄, x̄, ū), ū|a=0 = u

to compute the one-parameter group of transformations. For each Xi, let Gai be the corre-

sponding group. We first compute one-parameter group corresponding to infinitesimal gener-

ator X3, namely

X3 = x
∂

∂x
+ 3t

∂

∂t
.
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Using Lie equations, we have

dt̄

da
= 3t̄, t̄|a=0 = t,

dx̄

da
= x̄, x̄|a=0 = x,

dū

da
= −ū, ū|a=0 = u.

Solving the above equations, we obtain

t̄ = t, x̄ = xea3 , ū = ue−a3 .

Thus, the one-parameter group Ga4 corresponding to the operator X4 is given by

Ga3 : (t̄, x̄, ū) −→ (t, xea3 , ue−a3).

If we continue in the same manner as above, we get the following one-parameter groups for all

the operators:

Ga1 : (t̄, x̄, ū) −→ (t, x+ a2, u),

Ga2 : (t̄, x̄, ū) −→ (t+ a1, x, u),

Ga3 : (t̄, x̄, ū) −→ (t, x, uea3),

Ga4 : (t̄, x̄, ū) −→
(
te3a4 , xea4 , u

)
.

Since each group Gi is a symmetry group, if u = f(t, x) is a solution of (4.1) so are the functions

u1 = f(t, x− a),

u2 = f(t− a, x),

u3 = eaf(t, x),

u4 = f
(
te−3a, xe−a

)
.

Constructing group-invariant solutions of (4.1)

We now utilize the optimal system of one-dimensional subalgebras obtained in the previous

subsection and find symmetry reductions and group invariant solutions for equation (4.1).

Case 1. X1 = ∂/∂t

Firstly, we consider the symmetry operator X1 = ∂/∂t. The characteristic equations for the

operator X1 are
dt

1
=
dx

0
=
du

0
,
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which lead to two invariants J1 = x and J2 = u. Thus, u = f(x), where f is the invariant

solution. Substituting this value of u into (4.1), we obtain the ODE

f ′′(x) = 0

Integrating the above equation twice with respect to x we get

f(x) = C1x+ C2,

where C1 and C2 are arbitrary constants of integration. Thus, the group-invariant solution

under X1 is

u(t, x) = C1x+ C2. (4.26)

We present the solution profile of (4.26) for the parameters C1 = C2 = 1, in Figure (4.1).
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Figure 4.1: 3D and 2D profile of solution (4.26)

Case 2. X2 = ∂/∂x

Next, we consider the Lie point symmetry X2 = ∂/∂x. The characteristic equations associated

with the operator X2 are
dt

0
=
dx

1
=
du

0
,

which give two invariants J1 = x and J2 = u. Thus, the group-invariant solution is given by

J2 = f(J1). This gives u = f(t), where f is an arbitrary function. Substituting this value of

u into (4.1), leads to the conclusion that the group-invariant solution of (4.1) under X2 is

u(t, x) = C.
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Case 3. We now consider the Lie point symmetry X3 = ut∂/∂u. The characteristic equations

associated with the above operator are

dt

0
=
dx

0
=
du

ut
,

that leads to two invariants J1 = t and J2 = x. Thus, under X3 (4.1) does not have an invariant

solution.

Case 4. X4 = 3t∂/∂t+ x∂/∂x.

We consider the Lie point symmetry generator X4 = 3t∂/∂t+ x∂/∂x. The associated charac-

teristic equations to X4 are

dt

3t
=
dx

x
=
du

0
.

The characteristic equations yield the two invariants J1 = x/t1/3 and J2 = u. Hence the

group-invariant solution is given by J2 = f(J1), where f is an arbitrary function. This implies

u(t, x) = f(Ψ), Ψ =
x

t1/3
.

Substituting this value of u into (2.2), we obtain

9f ′′2 − ff ′ −Ψff ′′ +Ψf ′2 = 0. (4.27)

Consequently, the solution of (4.1) under X is u = f(Ψ), where f satisfies

9f ′′2 − ff ′ −Ψff ′′ +Ψf ′2 = 0.

Case 5. (Traveling wave solutions): X1 + cX2 = ∂/∂t+ c∂/∂x

We consider the linear combination Γ = X1 + cX2, to obtain traveling wave solutions i.e.,

X =
∂

∂t
+ c

∂

∂x
.

The associated characteristic equations to X are

dt

1
=
dx

c
=
du

0
.

Thus, one invariant is J1 = u. The other invariant is obtained by taking

dt

1
=
dx

c
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which gives us J2 = x− ct. Hence the group-invariant solution is given by J1 = f(J2), where

f is an arbitrary function. This implies

u(t, x) = f(ξ), ξ = x− ct.

Substituting this value of u into (4.1), we obtain

3f ′′2 + cf ′2 − cff ′′ = 0. (4.28)

Thus, the solution of (4.1) under X is u = f(ξ), where f satisfies

3f ′′2 + cf ′2 − cff ′′ = 0.

Case 6. X1 + εX3 = ∂/∂t+ ε∂/∂u.

From the obtained Lie point symmetries, we take the following linear combination Γ = X1+εX3

to obtain an exact solution for (4.1). The above linear combination gives the invariants

J1 = x,

J2 = ue−εt,

and thus, the invariant solution

u = eεtF (x).

Substituting this value of u into (4.1), we obtain

F ′′ = 0.

Solving the above equation, we get

F (x) = C1x+ C2,

where C1 and C2 are arbitrary constants of integration. Thus, the invariant solution of (4.1)

under Γ is

u = eεt(C1x+ C2), (4.29)

The solution profile of (4.29) under the parameters ε = C1 = C2 = 1, is presented in Figure

(4.2).

87



6 7 8 9 10
t

10000

20000

30000

40000

x

Figure 4.2: 3D and 2D profile of solution (4.29)

4.2 Conservation laws for (4.1)

In this section, we compute the conserved vectors of the KdV-like equation (4.1). Unlike the

pKP equation (3.1), the KdV-like equation does not have a Lagrangian and multiplier, hence

we apply the conservation theorem due to Ibragimov which has been outlined in Chapter 1.

For the KdV-like equation (4.1) the Euler-Lagrange operator is

δ

δu
=

∂

∂u
−Dx

∂

∂ux
+Dt

∂

∂ut
+DtDx

∂

∂utx
+D2

x

∂

∂uxx
+ · · · . (4.30)

The adjoint equation for (4.1) can be obtained from the formula

F ∗ =
δ

δu

[
v(2uutx − 2utux + 6u2xx)

]
= 0, (4.31)

where v = v(t, x), and this yields

F ∗ = 12vxxuxx + 24vxuxxx + 12vuxxxx + 4vxut + 4vtux + 8vutx + 2vtx = 0. (4.32)

Consider equation (4.1) and the adjoint equation (4.32) as a system, the Lagrangian for this

system from (1.44) is,

L = v(2uutx − 2utux + 6u2xx). (4.33)

Now, equation (4.33) admits all the symmetries of (4.1) extended to the new variable v(t, x).

That is, the generators become

Y = τ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂u
+ η∗

∂

∂v
(4.34)
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with

η∗ = η∗(t, x, u, v) = −{λ+Dt(τ) +Dx(ξ)} v. (4.35)

For this particular problem we determine the parameter λ by using

X [2](F ) = λF, (4.36)

where F = 2uutx − 2utux + 6u2xx and X [2] is the second prolongation of X, given by

X [2] = X + ζx
∂

∂ux
+ ζt

∂

∂ut
ζtx

∂

∂utx
+ ζxx

∂

∂uxx
. (4.37)

The conservation laws of the system of equations (4.1) and (4.32), associated with a symmetry

can be obtained by applying the following rules given by [33] due to the existence of the cross

term utx:

T t = τL+W

{
∂L
∂ut

−Dx

(
∂L

∂uxt

)}
,

T x = ξL+W

{
∂L
∂ux

−Dx

(
∂L
∂uxx

)}
+Wx

(
∂L
∂uxx

)
+Wt

∂L
∂uxt

, (4.38)

where

W = η − τut − ξux. (4.39)

Case 1. For X1 = ∂/∂t the adjoint generator similarly retains the same form Y1 = ∂/∂t. The

Lie characteristic function is then given by W1 = −ut. The conserved vector is then given by

T t1 =2uutvx + 6u2xxv + 2uxutv + 2uutxv,

T x1 =12uxxutvx + 2u2tv + 12uxxxutv − 12uxxutxv − 2uuttv.

Case 2. For the symmetry X2 = ∂/∂x we have ξ = η = 0. Thus, ζx = ζt = ζxx = ζtx = 0. We

then get, X
[2]
2 F = 0F , that is, λ = 0. From (4.35) we obtain η∗ = 0, whereby the new generator

retains the form of X2, that is, Y2 = ∂/∂x. The Lie characteristic function isW2 = −ux. Thus,

the conserved vector from (4.38) is

T t2 =2uuxvx + 4u2xv,

T x2 =12uxuxxvx − 6u2xxv + 12uxuxxxv.

We obtain the rest of the conserved vectors in similar fashion.
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Case 3. For symmetry X3 = u∂/∂u we get the adjoint operator Y3 = 2v∂/∂v and Lie

characteristic function W3 = u. Thus, the conserved vector is

T t3 = − 4uuxv − 2u2vx,

T x3 =12uxuxxv − 12uuxxvx − 12uuxxxv.

Case 4. Finally for the symmetry X4 = 3t∂/∂t+ x∂/∂x the new generator is Y4 = 3t∂/∂t+

x∂/∂x and W4 = −(xux + 3tut). Hence

T t4 =2xuuxvx + 6tuutvx + 4xu2xv + 6tutuxv + 18tu2xxv + 6tuutxv,

T x4 =12xuxuxxvx + 36tutuxxvx − 6xu2xxv − 12uxuxxv − 36tutxuxxv

+ 6tu2tv + 12xuxuxxxv − 6uutv + 36tuxxxutv − 6tuuttv.

Remark. The conserved vectors involve solutions u of the KdV-like equation and solutions

v of the adjoint equation (4.32) and hence yield an infinite number of conservation laws. In

terms of physical interpretation of the obtained conserved vectors we observe that for case 1,

2 and 4 we have conservation of energy, linear momentum and mass respectively.

4.3 Conclusion

In this chapter, the Korteweg-de Vries-like equation (4.1) was investigated from the Lie sym-

metry point of view. Infinitesimal generators and commutator table for the KdV-like equation

are well presented. Utilising each symmetry, we perform symmetry reductions and group-

invariant solutions of the KdV-like equation are obtained. In addition, using Lie equations,

we constructed the one-parameter group of transformations. Finally, conserved vectors were

derived using the conservation theorem due to Ibragimov.
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Chapter 5

Concluding remarks and future work

The purpose of the work done in this dissertation was to apply Lie symmetry methods to

obtain analytic solutions and conserved vectors of the potential Kadomtsev-Petviashvili and

Korteweg-de Vries-like equations.

In Chapter 1 theoretical justification of principles relevant to this dissertation were given. This

included definitions and theorems for various concepts in Lie symmetry analysis, conservation

laws, and certain methods for deriving analytic solutions of NLPDEs.

In Chapter 2 we gave an illustrative example on how some of the methods defined in Chapter

one were going to be used in this dissertation through the study of the Boltzmann equation.

Lie point symmetries were determined and used to compute the commutator table. Under each

infinitesimal generator, group-invariant solutions for the Boltzmann equation were obtained. A

graphical representation of each solution was given. The multiplier method, Noether’s theorem

and Ibragimov’s method were employed to derive conservation laws of this equation.

In Chapter 3 we examined the potential Kadomtsev-Petviashvili equation by first computing

the infinitesimal symmetries of the equation. We proceeded into using the obtained symme-

tries to construct the commutator table. Thereafter we performed similarity reductions and

obtained exact solutions with the aid of Kudryashov’s method. The type of solutions ob-

tained were discussed and shown graphically. Moreover, conservation laws of this equation

were derived by applying Ibragimov’s theorem, multiplier approach and Noether’s theorem.
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In the fourth Chapter, we studied the Korteweg-de Vries-like equation from the point of view

of Lie symmetry analysis. Similarity reductions and exact solutions were obtained. Finally,

local conservation laws for the KdV-like equation were derived by employing the conservation

theorem by Ibragimov.

In future work, we plan to use the conserved vectors obtained here to construct exact solutions

for the potential Kadomtsev-Petviashvili and Korteweg-de Vries-type equations which were

studied in this dissertation via the double reduction theory.
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