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Abstract

The notion of entropy first appeared in the context of thermodynamics in the

first half of the XIX century. The topological entropy and the uniform entropy

have been largely studied in the last 60 years.

The main aim of this thesis is to investigate the notion of entropy in asymmetric

spaces. More specifically, we are interested in extending the notion of entropy

on metric and uniform spaces to quasi-metric and quasi-uniform spaces. In this

thesis we managed to generalize most of the results about uniform entropy on

metric(uniform) spaces to quasi-metric(uniform) spaces. Indeed a new notion of

entropy for a uniformly continuous self-map ψ of quasi-metric(uniform) space has

been presented, which we call quasi-uniform entropy in this thesis. We managed

to show that the quasi-uniform entropy is less or equal to the uniform entropy of

ψ considered as a uniformly continuous self-map of the metric(or uniform) space

(X, qs) (or (X,U s)), where qs( or U s) is the symmetrised metric(or uniformity)

of the quasi-metric(or uniformity) q( or U).

We prove that for a join-compact quasi-metric(uniform) space the quasi-uniform

entropy of a uniformly continuous self-map coincides with the quasi-uniform en-

tropy of its extension to the bicompletion. Finally, we compared our notion of

entropy namely, quasi-uniform entropy, to some well-known notions of topological

entropy.
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Introduction

The notion of entropy first appeared in the context of thermodynamics in 1850

by Rudolf Clausius as a measure of disorder/randomness of a given system. In

mathematics, the notion of entropy was first introduced by Shannon in the 1930’s

in the context of information theory. In the 1950’s Kolmogorov and Sinai de-

fined the measure entropy which played a fundamental role in the ergodic theory

of dynamical systems. In 1965 Adler, Konheim and McAndrew [1] defined the

topological entropy h(ψ) of a continuous self-map ψ of a compact space. Inde-

pendently in 1970 Dinaburg [6] and in 1971 Bowen [2] defined another notion of

entropy for uniformly continuous self-maps of metric spaces. Bowen [2] gave the

definition when the metric space is not necessarily compact, which we shall call

uniform entropy or Bowen’s entropy and denoted by hU in this thesis. Bowen’s

entropy coincides with the topological entropy when the metric space is compact.

In 1974 Hood [15] and Hofer [14] extended Bowen’s entropy to uniform spaces.

A shortcoming with the uniform entropy hU is the fact that it is defined using

compact sets, so that in uniform spaces with few compact sets (see for instance

Remark 4.1.3) the uniform entropy of each uniformly continuous self-map will be

zero regardless of how complicated the map is. This motivated Kimura [16] to

propose a modified version hK of the uniform entropy for uniform spaces using

totally bounded sets instead of compact ones and he proved among other things

that completing a totally bounded uniform space does not change the entropy of

the space, in the sense that if ψ is a uniformly continuous self-map of a totally
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bounded uniform space (X,U) and (X̃, Ũ) is the completion of (X,U) and ψ̃ is

the uniformly continuous extension of ψ, then hK(ψ) = hK(ψ̃) (see [16, Theorem

5.3]). We call this result the completion theorem.

For a good starting point on the concepts of topological entropy in mathematics

we recommend Peter Walters book [21]. For more recent developments on the

notion of topological entropy we recommend [7, 8, 17], where [7] is concerned

with a unifying approach to the study of entropies in mathematics, [8] is a survey

paper on uniform entropy for uniform spaces and topological groups, and [17]

concerns the connection between uniform entropy and topological entropy.

More recently Sayyari, Molari and Moghayer [20] defined a notion of entropy

for a continuous self-map of a quasi-metric space (X, q). It must be noted that

their entropy is computed via join-compact subsets for a continuous self-map of

the symmetrised metric space (X, qs) (see the second last sentence of the intro-

duction on page 2 of their paper [20]), i.e., their notion of entropy is computed

within the metric space (X, qs), where qs is the symmetrised metric on X of

the quasi-metric q. This motivated us to study the notion of entropy for a uni-

formly continuous self-map of a quasi-metric(uniform) space (X, q)((X,U)) using

τ(q)(τ(U))-compact (not necessarily join-compact) subsets of X.

In this thesis, modifying the notion of entropy by Bowen [2], we introduce a new

notion of entropy , which we call quasi-uniform entropy (denoted by hQU(ψ)) of a

uniformly continuous self-map ψ on a quasi-metric(uniform) space (X, q)((X,U)).

With this new notion of quasi-uniform entropy, we manage to extend most of the

results about uniform entropy on metric(uniform) spaces to quasi-metric(uniform)

spaces. By using Kimura’s idea of the completion theorem, we manage to prove

the completion theorem in the class of all join-compact quasi-metric(uniform)

spaces, that is for join-compact quasi-metric(uniform) spaces the entropy of a

uniformly continuous self-map coincides with the entropy of its extension to the

bicompletion. Finally we compared our notion of entropy to some of the well-
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known notions of topological entropy.

A Brief Outline Of The Thesis

This thesis is arranged as stated below.

Chapter 1: This chapter is dedicated to a brief overview of certain well-known

results about quasi-metric and quasi-uniform spaces and it follows the outline of

[5, 18]. An interesting example of a quasi-metric on R (see Example 1.1.1) to be

used more frequently in the thesis is presented.

Chapter 2: In this chapter we gather all the well-known results about topo-

logical entropy which are relevant to this thesis. Indeed we recall the definition

of topological entropy h(ψ) given by Adler, Konheim and McAndrew [1] for a

continuous self-map ψ of a compact topological space X and in the case of a

continuous self-map ψ of a non-compact topological space X, we use the defi-

nition of topological entropy hf (ψ) given by Hofer [14] in terms of finite open

covers. We recall that for a continuous self-map ψ of a topological space X,

we have that hf (ψ) ≤ h(ψ) with equality if the underlying space X is compact

(see Remark 2.2.1). We also recall the notion of topological entropy hU(ψ) for a

uniformly continuous self-map ψ of a metric(or uniform) space X defined in [2]

for a metric space and [15] for a uniform space (which we call uniform entropy

in this thesis). Most of the materials in this chapter are based on [1, 2, 14, 15, 21].

Our contribution is contained in chapters 3, 4 and 5.

Chapter 3: In this chapter we start our own investigation into the notion of

entropy for uniformly continuous self-maps of quasi-metric spaces. In the first

section we begin with a scheme which will allow us to eventually extend Bowen’s

uniform entropy to quasi-metric spaces. In the second section we manage to show

that most of the basic results about uniform entropy for metric spaces easily
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extends to quasi-uniform entropy for quasi-metric spaces. In the third section

we managed to establish the relationship between the uniform entropy and the

quasi-uniform entropy. Indeed we managed to show that hQU(ψ, q) ≤ hU(ψ, qs),

where ψ is a uniformly continuous self-map of a quasi-metric space (X, q) (see

Theorem 3.3.1). The fourth section deals with the completion theorem. Indeed

we showed that for a join-compact quasi-metric space the quasi-uniform entropy

of a uniformly continuous self-map coincides with the quasi-uniform entropy of

its extension to the bicompletion (see Theorem 3.4.1). Most of the materials in

this chapter are extracted from our recent paper [11].

Chapter 4: In this chapter we continue with our investigation on the notion of

entropy in asymmetric spaces. Indeed we managed to extend our recent results

in [11] on the notion of quasi-uniform entropy to quasi-uniform spaces. The first

section is devoted to defining quasi-uniform entropy hQU(ψ) of a uniformly con-

tinuous self-map ψ of a quasi-uniform space (X,U). In the second section we

managed to extend most of our results in section 3.2 to quasi-uniform spaces. We

finish off this section by establishing the relationship between the quasi-uniform

entropy hQU and the Kimura’s entropy hK (see Proposition 4.2.4). In the third

section following Kimura’s approach, we introduced a modified version hQUK

(which we call quasi-uniform K-entropy) of the quasi-uniform entropy for quasi-

uniform spaces using U -totally bounded subsets instead of compact ones. We

managed to establish the relationships between the quasi-uniform entropy hQU

and the quasi-uniform K-entropy hQUK (see Theorems 4.3.1 and 4.3.2). We also

managed to extended Theorem 3.3.1 to quasi-uniform spaces (see Proposition

4.3.2). Finally, in the fourth section we managed to prove among other things

the completion theorem for quasi-uniform spaces (see Theorem 4.4.2), hence ex-

tending Theorem 3.4.1 to quasi-uniform spaces. Most of the materials in this

chapter are extracted from our recent paper [12].

Chapter 5: In this chapter we continue our investigations by comparing our

notion of quasi-uniform entropy to certain well-known notions of topological en-
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tropy, namely the topological entropy defined in [1, 14, 15] and [16]. The first

section is devoted to studying the relationship between quasi-uniform entropy

and topological entropy on compact quasi-uniform spaces. Indeed we managed

to establish the relationship between the quasi-uniform entropy function hQU and

the topological entropy function h for (join-)compact quasi-uniform spaces (see

Theorem 5.1.1). Finally, in the second section the comparison is carried out on

non-compact quasi-uniform spaces. In particular, we managed to establish the

relationship between the quasi-uniform entropy function hQU and the topological

entropy function hf for T2-quasi-uniform spaces (see Theorem 5.2.1).

Chapter 6: In this final chapter we conclude our investigations by reflecting

on the main results of the thesis and point out some connections of this current

work with the established work in the literature. Furthermore, we present some

open problems which can constitute some topics for further research. The study

of entropy in asymmetric spaces leads to many open problems. For instance one

could investigate the notion of entropy in asymmetrically normed linear spaces,

quasi-soft metric spaces, quasi-ultra metric spaces and other asymmetric struc-

tures which are not investigated in this thesis.
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Chapter 1

Preliminaries

In this chapter we give a brief overview of notation, terminology and some well-

known basic concepts from the theory of quasi-metric and quasi-uniform spaces

to be used throughout the thesis. We present an interesting example of a quasi-

metric space (see Example 1.1.1) which will be used more frequently in the thesis.

For more on these basics, the reader is referred to, among others, [5, 9, 18].

1.1 Quasi-metric spaces

In this section we are going to recall some basic facts from the theory of quasi-

metric spaces which are relevant to the materials presented in this thesis.

1.1.1 Definition. Let X be a set and let q : X ×X → [0,∞) be a function

mapping into the set [0,∞) of nonnegative reals.

Then q is called a quasi-metric on X if for any x, y, z ∈ X,

(a) q(x, y) = 0 = q(y, x) implies x = y,
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(b) q(x, y) ≤ q(x, z) + q(z, y).

The ordered pair (X, q) is called a quasi-metric space.

If q is a quasi-metric on X, then the function qt : X × X → [0,∞) defined by

qt(x, y) = q(y, x) for all x, y ∈ X is also a quasi-metric on X, often called the

conjugate quasi-metric of q. As usual a quasi-metric q on X such that q = qt is

called a metric.

The symmetrised metric of q is the function qs : X × X → [0,∞) given by

qs(x, y) = max{q(x, y), q(y, x)} = q(x, y) ∨ qt(x, y) whenever x, y ∈ X.

(Here ∨ is used to denote a supremum, i.e., for any x, y ∈ X, q(x, y) ∨ qt(x, y) =

sup{q(x, y), qt(x, y)}). It is easy to see that qs is indeed a metric on X and

(qt)s = qs.

Let (X, q) be a quasi-metric space. For each x ∈ X and ε > 0,

Bq(x, ε) = {y ∈ X : q(x, y) < ε}

denotes the open ε-ball at x. The collection of all open ε-balls yields a base for

a topology τ(q) on X, (i.e., a subset G of X belongs to τ(q) if and only if for

each x ∈ G there exists some ε = εx > 0 such that Bq(x, ε) ⊆ G). It is called the

topology induced by q on X.

Similarly for each x ∈ X and ε > 0, Cq(x, ε) = {y ∈ X : q(x, y) ≤ ε}. It must

be noted that this set is τ(qt)-closed, but not τ(q)-closed in general. Also, the

following inclusions hold

Bqs(x, ε) ⊆ Bq(x, ε) and Bqs(x, ε) ⊆ Bqt(x, ε),

with similar inclusions for the closed balls.
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Hence for any quasi-metric space (X, q), we have that τ(q), τ(qt) ⊆ τ(qs). In

particular, τ(qs) = τ(q) ∨ τ(qt).

Throughout this thesis any topological statement about a (quasi-)metric space

(X, q) will refer to the topology τ(q), unless otherwise stated.

If τ is a topology on X, such that τ = τ(q) for some quasi-metric q on X, then

X is said to be quasi-metrizable. Observe that if q is a quasi-metric on X, then

τ(q) is a T0-topology on X. It is for this reason that recently some authors (see

for instance [18]) call quasi-metric spaces T0-quasi-metric spaces.

For an arbitrary quasi-metric q on X, there is no known direct link between the

topologies τ(q) and τ(qt), except the following result.

1.1.1 Remark. (compare [18, Remark 2.1.5]) Let q be a quasi-metric on

a set X. If τ(q) has a base B of (infinite) cardinality κ, then τ(qt) has a base

of cardinality κ. This means that τ(q) is second countable if and only if τ(qt) is

second countable.

A map ψ : (X, q) → (Y, ρ) between two quasi-metric spaces (X, q) and (Y, ρ) is

called nonexpansive provided that ρ(ψ(x), ψ(x′)) ≤ q(x, x′) whenever x, x′ ∈ X.

A map ψ : (X, q) → (Y, ρ) between two quasi-metric spaces (X, q) and (Y, ρ)

is called an isometric map or isometry provided that ρ(ψ(x), ψ(x′)) = q(x, x′)

whenever x, x′ ∈ X. It is easy to see that every isometric map between quasi-

metric spaces is injective.

Two quasi-metric spaces (X, q) and (Y, ρ) will be called isometric provided that

there exists a bijective isometric map between them.

A map ψ : (X, q) → (Y, ρ) between two quasi-metric spaces (X, q) and (Y, ρ) is

called uniformly continuous provided that for each ε > 0 there is some δ > 0 such

that ρ(ψ(x), ψ(x′)) < ε for all x, x′ ∈ X with q(x, x′) < δ. By the definition of
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the topology generated by a quasi-metric, it is clear that a uniformly continuous

mapping is continuous with respect to the topologies τ(q), τ(ρ).

We are now going to give an example of a quasi-metric on R which will be used

more frequently throughout the thesis.

1.1.1 Example. (see for instance [10, Example 1.1.1]) For any x, y ∈ R,

define u(x, y) = max{x − y, 0}. Then u is a quasi-metric on R, called the usual

quasi-metric of R. It is clear that us(x, y) = |x−y| for all x, y ∈ R, hence (R, us)
is the real line.

1.1.2 Definition. Let (X, q) be a quasi-metric space. We say that

1. (X, q) is join-compact provided that the metric space (X, qs) is compact.

2. (X, q) is bicomplete if the metric space (X, qs) is complete. i.e., if every

qs-Cauchy sequence in X is qs-convergent in X.

3. (X, q) is q-totally bounded provided that the metric space (X, qs) is totally

bounded. i.e., for each ε > 0, there exists a finite subset Fε ⊆ X such that

X =
⋃
x∈Fε

Bqs(x, ε).

Let (X, q) be a quasi-metric space, A ⊆ X and ψ : X → X a function. If

qA = q|A×A, then (A, qA) is a quasi-metric space, called the subspace of the quasi-

metric space (X, q). Also (qA)t = qtA and (qA)s = qsA. We say that A is ψ-invariant

if ψ(A) ⊆ A.

1.1.2 Remark. Let (X, q) be a quasi-metric space. Since τ(q), τ(qt) ⊆
τ(qs), where τ(q), τ(qt) and τ(qs) is the topology on X induced by q, qt and qs,

respectively, then every join-compact subset of X is both compact in (X, q) and

(X, qt).

It must be noted that if K ⊆ X is τ(q)-compact, then K need not be τ(qt)-compact

and vice-versa. For instance if one considers the usual quasi-metric u of R, then
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for each a ∈ R the set (a,∞) is τ(u)-compact, but not τ(ut)-compact. Similarly,

the set (−∞, a) is τ(ut)-compact, but not τ(u)-compact.

If (X, q) is a quasi-metric space, by Remark 1.1.2 every join-compact subset of

X is compact, but the converse is not true in general. For instance consider R
equipped with its usual quasi-metric u, then for each a ∈ R, the intervals [a,∞)

and (a,∞) are both compact, but not join-compact, as they are not compact

subsets of the real line.

1.1.2 Example. Let A be a non-empty bounded and closed subset of the real

line and u denotes the usual quasi-metric of R, then (A, uA) is a join-compact

quasi-metric space, as (A, usA) is a compact metric space.

1.1.1 Lemma. Let (X, q) be a quasi-metric space. Then

(i) ψ : (X, q)→ (X, q) is uniformly continuous if and only if ψ : (X, qt)→ (X, qt)

is uniformly continuous;

(ii) if ψ : (X, q) → (X, q) is uniformly continuous, then ψ : (X, qs) → (X, qs)

is uniformly continuous. The converse does not hold in general (see for

instance [19, Example 3.3] ). In particular, if (X, q) is a quasi-metric space

and ψ is a uniformly continuous self-map of the symmetrised metric space

(X, qs), then ψ need not be a uniformly continuous self-map of (X, q).

1.2 Quasi-uniform spaces

This section contains the basic definitions and results from the theory of quasi-

uniform spaces which will be used in the thesis. For more on this basics, the

reader is referred to, among others, [5, 9, 18].

1.2.1 Definition. A quasi-uniformity U on a set X is a filter on X × X
such that

10



(a) Every member U ∈ U contains the diagonal ∆ := {(x, x) : x ∈ X} (where if

confusion might occur, we specify which set X we are referring to by writing

∆X),

(b) For each U ∈ U there is a V ∈ U such that V 2 ⊆ U (Here V 2 = V ◦ V and

◦ is the usual composition of binary relations).

The ordered pair (X,U) is called a quasi-uniform space.

The members U ∈ U are called the entourages or surroundings of U . The elements

of X are called points. Each quasi-uniformity U on a set X induces a topology

τ(U) as follows: For each x ∈ X and U ∈ U set U(x) = {y ∈ X : (x, y) ∈ U}. A

subset G ⊆ X belongs to τ(U) if and only if it satisfies the following condition:

For each x ∈ G there exists U ∈ U such that U(x) ⊆ G. If U is a quasi-

uniformity on a set X, then the filter U−1 = {U−1 : U ∈ U} on X ×X is also a

quasi-uniformity on X. (Here U−1 is the inverse of the binary relation U on X).

The quasi-uniformity U−1 is called the conjugate of U . A quasi-uniformity that is

equal to its conjugate is called a uniformity. If U ∈ U , we define U s = U ∩ U−1.

The union of a quasi-uniformity U and its conjugate U−1 yields a subbase of the

coarsest uniformity finer than both U and U−1. It will be denoted by U s in this

thesis and is called the symmetrization of U . It must be observed that U s ∈ U s,
whenever U ∈ U .

Throughout this thesis any topological statement about a (quasi-)uniform space

(X,U) will refer to the topology τ(U) and all quasi-uniform spaces are taken to

be T0 (i.e., τ(U) is a T0 topology on X). We are interested in T0 quasi-uniform

space, because of the following result which is crucial in establishing Lemma 4.1.3,

which is needed in eventually defining the notion of entropy on a quasi-uniform

space.

1.2.1 Proposition. (see [9, Proposition 1.9]) Let (X,U) be a quasi-uniform

space. Then (X,U) is T0 if and only if (X,U s) is T2. i.e., (X, τ(U)) is T0 if and
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only if (X, τ(U s)) is T2.

Proof. [9, Proposition 1.9]. 2

A map ψ : (X,U)→ (Y,V) between two quasi-uniform spaces (X,U) and (Y,V)

is called uniformly continuous provided that for each V ∈ V there is U ∈ U such

that (ψ × ψ)(U) ⊆ V . Here ψ × ψ is the product map from X × X to Y × Y
defined by (ψ×ψ)(x, x′) = (ψ(x), ψ(x′)) for all x, x′ ∈ X. By the definition of the

topology generated by a quasi-uniformity, it is clear that a uniformly continuous

mapping is continuous with respect to the topologies τ(U), τ(V).

For a subset Y of a quasi-uniform space (X,U), we set

UY = {U ∩ (Y × Y ) : U ∈ U}.

Then (Y,UY ) is also a quasi-uniform space. The quasi-uniform space (Y,UY ) is

called a subspace of the quasi-uniform space (X,U). Observe that for each y ∈ Y
and U ∈ U , we have that

(
U ∩ (Y × Y )

)
(y) = U(y) ∩ Y .

For every quasi-uniform space (X,U) and any subset Y of X, the formula iY (y) =

y defines a uniformly continuous mapping iY : (Y,UY )→ (X,U), the mapping iY

is called the embedding of the subspace (Y,UY ) in the space (X,U).

Let (X, q) be a quasi-metric space. For each ε > 0, we define

Vε = {(x, y) ∈ X ×X : q(x, y) < ε}.

It is well-known that {Vε : ε > 0} forms a base of a quasi-uniformity on X,

called the quasi-uniformity induced by q on X or simply the quasi-metric quasi-

uniformity and denoted by Uq (see for instance [18]). It can easily be shown that

(Uq)−1 = Uqt and (Uq)s = Uqs . In this case ψ : (X, q) → (X, q) is uniformly

continuous if and only if ψ : (X,Uq)→ (X,Uq) is uniformly continuous. Also for

each ε > 0, we have that Vε(x) = Bq(x, ε) for each x ∈ X. Therefore τ(q) = τ(Uq).
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A quasi-uniform space (X,U) is said to be quasi-metrizable if U = Uq for some

quasi-metric q on X.

A topological space (X, τ) is said to be quasi-uniformizable if τ = τ(U) for some

quasi-uniformity U on X.

1.2.1 Remark. (see for instance [18, page 243])

It is well known that every topological space is quasi-uniformizable. Indeed if

(X, τ) is a topological space, then the set

{[(X −G)×X] ∪ [X ×G] : G ∈ τ}1

yields a subbase of a quasi-uniformity on X. This quasi-uniformity is called the

Pervin quasi-uniformity P(τ) of the topological space (X, τ). One checks that

τ(P(τ)) = τ .

1.2.1 Example. Consider R equipped with its usual quasi-metric u (see Ex-

ample 1.1.1 for the definition of u). It can be shown that Uu is a quasi-uniformity

on R, which we call the usual quasi-uniformity of R and Uus is the usual/standard

uniformity of R.

Just as for quasi-metric spaces, we have the following similar result to Lemma

1.1.1 for quasi-uniform spaces.

1.2.1 Lemma. Let (X,U) be a quasi-uniform space. Then

(i) ψ : (X,U) → (X,U) is uniformly continuous if and only if ψ : (X,U−1) →
(X,U−1) is uniformly continuous;

(ii) if ψ : (X,U) → (X,U) is uniformly continuous, then ψ : (X,U s) → (X,U s)
is uniformly continuous. The converse does not hold in general.

1Let us mention that some authors write equivalently {[(X −G)×X] ∪ [G×G] : G ∈ τ}.
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1.2.2 Definition. Let (X,U) be a quasi-uniform space, A ⊆ X. We say

that

1. A is join-compact provided that A is a compact subset of the uniform space

(X,U s). A quasi-uniform space (X,U) is join-compact provided that the

uniform space (X,U s) is compact.

2. A is U -totally bounded provided for each U ∈ U , the open cover {U(x) :

x ∈ X} of A has a finite subcover. i.e., for each U ∈ U , there exists a finite

subset FU ⊆ X such that A ⊆
⋃
x∈FU

U(x).

3. A is totally bounded provided that A is totally bounded with respect to the

associated uniformity U s. i.e., for each U ∈ U , the open cover {U s(x) : x ∈
X} of A has a finite subcover.

4. (X,U) is called U -totally bounded (resp. totally bounded) provided that X

is U-totally bounded (resp. totally bounded).

It must be noted that every τ(U)-compact subset of X is U -totally bounded and

every totally bounded subset is U -totally bounded.

Let (X,U) be a quasi-uniform space and ψ : X → X a function. A subset Y of

X is called ψ-invariant if ψ(Y ) ⊆ Y .

1.2.3 Definition. (see [18, Definition 2.6.1]) Let (X,U) be a quasi-uniform

space.

1. A filter F on (X,U) is called a U s-Cauchy filter if for each U ∈ U there

exists some F ∈ F such that F × F ⊆ U .

2. (X,U) is said to be bicomplete if the uniform space (X,U s) is complete.

i.e., every U s-Cauchy filter is τ(U s)-convergent in X.
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1.2.4 Definition. (see [18, Definition 2.1.8]) A quasi-uniform space (X,U)

is said to have the Lebesgue property if for every open cover α of (X,U) there is

U ∈ U such that {U(x) : x ∈ X} refines α. i.e., every member of {U(x) : x ∈ X}
is a subset of some member of α.

The following result is well known for compact metric spaces.

1.2.2 Proposition. (see [18, Proposition 2.1.9]) Every compact quasi-uniform

space (X,U) has the Lebesgue property.

Proof. [18, Proposition 2.1.9]. 2

1.2.2 Remark. Let (X,U) be a quasi-uniform space.

If τ(U), τ(U−1) and τ(U s) is the topology on X induced by U ,U−1 and U s, respec-

tively, then τ(U), τ(U−1) ⊆ τ(U s). Hence every join-compact subset of X is both

compact in (X, τ(U)) and (X, τ(U−1)). It must be noted that there is no direct

relationship between τ(U) and τ(U−1). In particular, if K ⊆ X is τ(U)-compact,

then K need not be τ(U−1)-compact and vice-versa. For a counter example one

can use the usual quasi-uniformity Uu of R.

The following result is well known for uniform spaces.

1.2.3 Proposition. A quasi-uniform space is join-compact if and only if it

is bicomplete and totally bounded.

Proof. Let (X,U) be a quasi-uniform space. Then

(X,U) is join-compact ⇔ (X,U s) is a compact uniform space

⇔ (X,U s) is complete and totally bounded

⇔ (X,U) is bicomplete and totally bounded.

2
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If (X,U) is a quasi-uniform space, by Remark 1.2.2 every join-compact subset

of X is τ(U)-compact, but the converse is not true in general. For a counter

example one can consider R equipped with its usual quasi-uniformity Uu.
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Chapter 2

The topological entropy

In this chapter we are going to recall the well-known notion of topological entropy

given in [1] for compact spaces and the one given in [14] for non-compact spaces.

For more on topological entropy, the reader is referred to, among others, [7, 8,

21, 17], where [7] is concerned with a unifying approach to the study of entropies

in mathematics, [8] is a survey paper on uniform entropy for uniform spaces and

topological groups, [21] is an introductory book on Ergodic Theory, and [17]

concerns the connection between uniform entropy and topological entropy.

2.1 Topological entropy on compact spaces

Let us recall the definition of a topological entropy given in [1, 8]. Let X be a

compact topological space and let cov(X) be the family of all open covers of X.

For any α ∈ cov(X), the entropy of α is

h(α) = logN(α),

17



where N(α) = min{|β| : β is a finite subcover of α}. If α, β ∈ cov(X), the join

of α and β is the open cover

α ∨ β = {A ∩B : A ∈ α,B ∈ β}.

If α, β ∈ cov(X), α is said to be a refinement of β, written α < β, if every member

of α is a subset of a member of β. Hence α ∨ β < α and α ∨ β < β. Also if α is

a subcover of β then α < β.

If ψ : X → X is a continuous self-map and α ∈ cov(X), then for each k ∈
N+ ∪ {0},

ψ−k(α) = {ψ−k(A) : A ∈ α}

is an open cover of X and ψ−1(α∨β) = ψ−1(α)∨ψ−1(β) whenever α, β ∈ cov(X).

If α, β ∈ cov(X) such that α < β, then ψ−1(α) < ψ−1(β).

For each n ∈ N+, and each α ∈ cov(X), we define

Cn(α, ψ) =
n−1∨
k=0

ψ−k(α).

Since ψ is continuous, then Cn(α, ψ) ∈ cov(X) and Cn(α, ψ) < ψ−i(α) for all

0 ≤ i < n. The topological entropy of ψ with respect to α is defined as

h(α, ψ) = lim
n→∞

logN(Cn(α, ψ))

n
.

The topological entropy of ψ is

h(ψ) = sup
α∈cov(X)

h(α, ψ).

2.1.1 Remark. (compare [1] and [21, Section 7.1]) Let X be a compact

topological space and ψ : X → X a continuous self-map. Let α, β ∈ cov(X).

Then

1. If α < β, then
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(i) N(β) ≤ N(α),

(ii) Cn(α, ψ) < Cn(β, ψ) and N(Cn(α, ψ)) ≥ N(Cn(β, ψ)) for each n ∈ N+.

2. If n ∈ N+, then N(ψ−i(α)) ≤ N(Cn(α, ψ)) for each 0 ≤ i < n.

Proof. Suppose X is a compact topological space and ψ : X → X is a continuous

self-map. Let α, β ∈ cov(X).

1. Suppose α < β.

(i) Let {A1, ....., AN(α)} be a subcover of α with minimal cardinality. Since

α < β, for each 1 ≤ i ≤ N(α) there exists Bi ∈ β such that Ai ⊆ Bi.

Therefore {B1, ....., BN(α)} covers X and is a subcover of β. Thus

N(β) ≤ N(α) as required.

(ii) Let n ∈ N+. Here it only suffices to show that ψ−1(α) < ψ−1(β), then

the first part is achieved by using induction on n and the second part

is achieved by using (i) and the first part. To this, let A′ ∈ ψ−1(α).

Then A′ = ψ−1(A) for some A ∈ α. Since α < β, then A ⊆ B for

some B ∈ β. Hence A′ = ψ−1(A) ⊆ ψ−1(B). Since A′ ⊆ ψ−1(B) and

ψ−1(B) ∈ ψ−1(β), then ψ−1(α) < ψ−1(β).

2. Let n ∈ N+ be fixed and let 0 ≤ i < n. Since Cn(α, ψ) < ψ−i(α), then by

1 (i) we get that N(ψ−i(α)) ≤ N(Cn(α, ψ)).

2

If (X, τ) is a topological space, α ∈ cov(X), n ∈ N+ and ψ : X → X is a

continuous self-map, we will write Cn(α, ψ, τ), h(α, ψ, τ) and h(ψ, τ) if we need

to emphasise on the topology τ used.
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2.2 Topological entropy on non-compact spaces

In this section we are going to recall the notion of topological entropy introduced

by Hofer [14] by means of finite open covers. Let X be a non-compact topological

space and let covf (X) be the family of all finite open covers of X. For any

α ∈ covf (X) the entropy of α is

hf (α) = logN(α),

where N(α) = min{|β| : β is a subcover of α} and for each continuous self-map

ψ : X → X the topological entropy of ψ is

hf (ψ) = sup
α∈covf (X)

hf (α, ψ),

where hf (α, ψ) is defined exactly in the same way as for the compact spaces.

Defining topological entropy in this way has far reaching advantages, as it does

not require any specific separation property for the underlying space.

2.2.1 Remark. Let X be a topological space. Since covf (X) ⊆ cov(X)

and every open cover has a finite subcover when X is compact, then for each

continuous self-map ψ : X → X, we have that

hf (ψ) ≤ h(ψ),

with equality if the underlying space is compact.

For further readings on the topological entropy using finite open covers, we rec-

ommend, among others, [8, 15, 17].

2.3 Uniform entropy

In 1971 Bowen [2] extended the notion of topological entropy on compact spaces to

uniformly continuous self-maps of metric spaces via separating and spanning sets.
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Later on in 1974, Hood [15] adapted Bowen’s definition to uniformly continuous

self-maps on a uniform space. Bowen [2] and Hood [15] gave the definition when

the metric(uniform) space is not necessarily compact, which we shall call uniform

entropy or Bowen’s entropy and denoted by hU in this thesis. The uniform

entropy coincides with the classical topological entropy given in [1] when the

metric(uniform) space is compact (see [21, Corollary 7.5.2] for metric spaces and

[15, Page 635 line 12 from above]). For basic facts and properties about uniform

entropy we refer the readers to, among others, [2, 8, 15] and [21, Section 7.2].

Let (X, d) (or (X,U)) be a metric (or uniform) space and ψ : (X, d) → (X, d)

(or ψ : (X,U) → (X,U)) be a uniformly continuous self-map. Let K(X) be the

family of all non-empty compact subsets of X. If K ∈ K(X), n ∈ N+ and ε > 0

(or U ∈ U )

1. a subset F of X is said to (n, ε) ( or (n, U) )-span K with respect to ψ, if

for every x ∈ K there is y ∈ F such that

d(ψk(x), ψk(y)) < ε ( or (ψk(x), ψk(y)) ∈ U )

for each 0 ≤ k < n.

2. a subset F of X is said to be (n, ε) ( or (n, U) )-separated with respect to ψ,

if for each pair of distinct points x, y ∈ F there exists some k ∈ N+ such

that 0 ≤ k < n and d(ψk(x), ψk(y)) ≥ ε ( or (ψk(x), ψk(y)) /∈ U ).

For ε > 0 ( or U ∈ U ), K ∈ K(X) and n ∈ N+, set

(a) rn(ε,K, ψ) = min

{
|F | : F ⊆ X and F (n, ε)-span K

}
or

rn(U,K, ψ) = min

{
|F | : F ⊆ X and F (n, U)-span K

}
.

21



(b) sn(ε,K, ψ) = max{|F | : F ⊆ K and F is (n, ε)-separated with respect toψ}

or

sn(U,K, ψ) = max{|F | : F ⊆ K and F is (n, U)-separated with respect toψ}.

Compactness ofK guarantees that the numbers rn(ε,K, ψ), rn(U,K, ψ), sn(ε,K, ψ)

sn(U,K, ψ) are finite and well defined.

Given K ∈ K(X), n ∈ N+, and letting σ = r, s, define

(i) σ(ε,K, ψ) = lim
n→∞

sup log σn(ε,K,ψ)
n

for each ε > 0. Furthermore, let

hσ(K,ψ) = lim
ε→0

σ(ε,K, ψ).

(ii) σ(U,K, ψ) = lim
n→∞

sup log σn(U,K,ψ)
n

for each U ∈ U . Furthermore, let

hσ(K,ψ) = sup
U∈U

σ(U,K, ψ).

The following lemma easily follows from [2, Lemma 1] and [15, Lemma 1].

2.3.1 Lemma. Let (X, d) (or (X,U)) be a metric (or uniform) space and

let ψ : (X, d) → (X, d) (or ψ : (X,U) → (X,U)) be a uniformly continuous

self-map. If K ∈ K(X), then hr(K,ψ) = hs(K,ψ).

With the above Lemma 2.3.1 we get the notion of uniform entropy hU(ψ) of a

uniformly continuous self-map ψ of a metric(or uniform) space X.

2.3.1 Definition. Let X be a metric (or uniform) space and ψ : X → X a

uniformly continuous self-map. The uniform entropy of ψ is

hU(ψ) = sup
K∈K(X)

hr(K,ψ) = sup
K∈K(X)

hs(K,ψ).

Hence hU(ψ) can be defined using either spanning sets (in the case of r) or sep-

arating sets (in the case of s).
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2.3.2 Definition. Let (X, d) (or (X,U)) be a metric (or uniform) space

and let ψ : (X, d) → (X, d) (or ψ : (X,U) → (X,U)) be a uniformly continuous

self-map. For x ∈ X, n ∈ N+ and ε > 0 ( or U ∈ U). Then we define the Bowen’s

ball by

Dn(x, ε, ψ) :=
n−1⋂
k=0

ψ−k(B(ψk(x), ε)),

where B(x, ε) = {y ∈ X : d(x, y) < ε} denotes the open ε-ball at x

or

Dn(x, U, ψ) :=
n−1⋂
k=0

ψ−k(U(ψk(x))),

where

U(x) = {y ∈ X : (x, y) ∈ U}.

It must be noted that each Bowen’s ball is an open subset of the metric(or uni-

form) space (X, d) (or (X,U)).

With this definition we obtain the following result about spanning and separating

sets. The following result will be used to define the notion of entropy for quasi-

metric(uniform) spaces (see Section 3.1 and 4.1).

2.3.1 Remark. Let (X, d) (or (X,U)) be a metric (or uniform) space and

ψ : (X, d)→ (X, d) (or ψ : (X,U)→ (X,U)) be a uniformly continuous self-map.

Let K(X) be the family of all non-empty compact subsets of X.

If K ∈ K(X), n ∈ N+ and ε > 0 (or U ∈ U ), then

(i) a subset F of X is said to (n, ε)-span K with respect to ψ if and only if

K ⊆
⋃
x∈F

Dn(x, ε, ψ).
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(ii) a subset F of X is said to (n, U)-span K with respect to ψ if and only if

K ⊆
⋃
x∈F

Dn(x, U, ψ).

(iii) a subset F of X is said to be (n, ε)-separated with respect to ψ if and only if

Dn(x, ε, ψ) ∩Dn(y, ε, ψ) = ∅

for any x, y ∈ F with x 6= y.

(iv) a subset F of X is said to be (n, U)-separated with respect to ψ if and only if

Dn(x, U, ψ) ∩Dn(y, U, ψ) = ∅

for any x, y ∈ F with x 6= y.

It must be noted that the topological entropy given by Bowen [2] for uniformly

continuous self-maps of a metric space (X, d) can be obtained from the one given

by Hood [15] by using the metric uniformity Ud.
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Chapter 3

Entropy on quasi-metric spaces

In this chapter we start our own investigation on the notion of entropy. Modifying

the notion of entropy by Bowen [2], we introduce a new notion of entropy, which

we call quasi-uniform entropy (denoted by hQU(ψ)) of a uniformly continuous self-

map ψ of a quasi-metric space (X, q). We decided to give our entropy function a

new name, as it is computed in a completely different manner from what is done

by Bowen [2]. The only literature we are aware of on the notion of entropy on

quasi-metric spaces is [20], but their notion of entropy is computed within the

symmetrised metric space, as they are using what we call join-compact subsets.

With this new notion of quasi-uniform entropy, we manage to extend most of

the basic results about uniform entropy on metric spaces to quasi-metric spaces.

Finally using Kimura’s idea of the completion theorem, we manage to prove the

completion theorem in the class of all join-compact quasi-metric spaces, that is

for join-compact quasi-metric spaces the entropy of a uniformly continuous self-

map coincides with the entropy of its extension to the bicompletion. Most of the

results in this chapter are contained in our recent paper [11].
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3.1 Quasi-uniform entropy on a quasi-metric space

In this section, following step by step the work of Bowen, we extend the no-

tion of uniform entropy for self-maps of quasi-metric spaces which are uniformly

continuous with respect to the topology associated with the quasi-metric space

(X, q).

Let (X, q) be a quasi-metric space and ψ : (X, q) → (X, q) be a uniformly con-

tinuous self-map. For x ∈ X, n ∈ N+ and ε > 0. Then we define

Dq
n(x, ε, ψ) :=

n−1⋂
k=0

ψ−k(Bq(ψ
k(x), ε))

and

Dqs

n (x, ε, ψ) := Dq
n(x, ε, ψ) ∩Dqt

n (x, ε, ψ).

It must be noted that Dqs

n (x, ε, ψ) is the Bowen’s ball and if q is a metric, then

Dq
n(x, ε, ψ) = Dqt

n (x, ε, ψ).

Let K(X) denote the collection of all non-empty τ(q)-compact subsets of X. We

define

rn(ε,K, ψ) = min

{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, ε, ψ)

}
(3.1)

whenever K ∈ K(X).

Throughout this thesis we will adopt definition (3.1) for rn(ε,K, ψ).

A subset F of X is said to be (n, ε)-separated with respect to ψ if

Dqs

n (x, ε, ψ) ∩Dqs

n (y, ε, ψ) = ∅
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for any x, y ∈ F with x 6= y.

For K ∈ K(X), we set

sn(ε,K, ψ) = max{|F | : F ⊆ K and F is (n, ε)-separated with respect toψ}
(3.2)

whenever K ∈ K(X).

In light of Lemma 2.3.1 the definitions in equation (3.1) and (3.2) are essen-

tially the same as the one given by Bowen [2] via spanning and separating sets,

respectively.

3.1.1 Remark. 1. The choice of defining the notion of separatedness

within the symmmetrised metric space (X, qs) is to enable us to prove Lemma

3.1.1, which is very crucial in proving Proposition 3.1.1 which is very im-

portant for this section, as it allow us to eventually define the notion of

entropy of a uniformly continuous self-map of a quasi-metric space.

Even if the Bowen balls for separating sets are taken within the symmetrised

metric space (X, qs), our notion of entropy is purely computed within the

quasi-metric space (X, q). This is so, as we are using compact (not neces-

sarily join-compact) subsets of X.

2. Let (X, q) be a quasi-metric space and ψ : (X, q) → (X, q) be a uniformly

continuous self-map. Let n ∈ N+, ε > 0 and x ∈ X. Since ψ is continuous,

then Dq
n(x, ε, ψ) is a τ(q)-open subset of X.

Since K is τ(q)-compact, then the quantities rn(ε,K, ψ) and sn(ε,K, ψ) are finite

and well defined.

Furthermore, we define:

r(ε,K, ψ) = lim
n→∞

sup
log rn(ε,K, ψ)

n

and

s(ε,K, ψ) = lim
n→∞

sup
log sn(ε,K, ψ)

n
.
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Then, the quantities hr(K,ψ) and hs(K,ψ) are defined by

hr(K,ψ) = lim
ε→0

r(ε,K, ψ) and hs(K,ψ) = lim
ε→0

s(ε,K, ψ).

We write rn(ε,K, ψ, q), sn(ε,K, ψ, q), r(ε,K, ψ, q), s(ε,K, ψ, q), hr(K,ψ, q) and hs(K,ψ, q)

if we need to emphasise on the quasi-metric q used.

3.1.2 Remark. Let (X, q) be a quasi-metric space and ψ : (X, q)→ (X, q)

be a uniformly continuous self-map. For each n ∈ N+, define

qn(x, y) = max
0≤k<n

q(ψk(x), ψk(y))

for all x, y ∈ X. One easily check that qn is a quasi-metric on X. Furthermore,

for each n ∈ N+, ε > 0 and each x ∈ X we have that Bqn(x, ε) = Dq
n(x, ε, ψ) and

Bqsn(x, ε) = Dqs

n (x, ε, ψ). Hence the reason we have given our definitions of rn and

sn without mentioning the quasi-metric qn.

3.1.1 Lemma. Let (X, q) be a quasi-metric space and ψ : (X, q)→ (X, q) be

a uniformly continuous self-map. Let K ∈ K(X), n ∈ N+ and ε > 0. If F ⊆ K is

(n, ε)-separated with respect to ψ and sn(ε,K, ψ) = |F |, then K ⊆
⋃
x∈F

Dqs

n (x, ε, ψ).

Proof. Suppose F ⊆ K is (n, ε)-separated with respect to ψ and sn(ε,K, ψ) =

|F |, but K is not a subset of
⋃
x∈F

Dqs

n (x, ε, ψ). Pick y ∈ K \
⋃
x∈F

Dqs

n (x, ε, ψ). It

follows that y /∈ F . Set F0 := F ∪ {y} ⊆ K. We claim that F0 is (n, ε)-separated

with respect to ψ.

Let z, w ∈ F0 such that z 6= w. We have the following two cases:

Case 1. Suppose z, w ∈ F . Then we are done, as F is (n, ε)-separated with

respect to ψ.

Case 2. Suppose z ∈ F and w = y. Then we claim that

Dqs

n (z, ε, ψ) ∩Dqs

n (w, ε, ψ) = ∅.
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Suppose thatDqs

n (z, ε, ψ)∩Dqs

n (w, ε, ψ) 6= ∅. Choose v ∈ Dqs

n (z, ε, ψ)∩Dqs

n (w, ε, ψ).

It follows that for any 0 ≤ k < n we have

qs(ψk(z), ψk(v)) < ε and qs(ψk(w), ψk(v)) < ε, for all ε > 0. (3.3)

In particular, for ε = qs(z,w)
2

> 0 and by taking k = 0 in (3.3) we get

qs(z, v) < ε and qs(w, v) < ε.

Thus 2ε = qs(z, w) ≤ qs(z, v) + qs(v, w) < 2ε (contradiction).

Hence F0 is (n, ε)-separated and F0 ⊆ K with |F | < |F0|. This contradicts the

fact that sn(ε,K, ψ) = |F |. Therefore K ⊆
⋃
x∈F

Dqs

n (x, ε, ψ). 2

3.1.1 Proposition. (compare [2, Lemma 1]) Let (X, q) be a quasi-metric

space, K ∈ K(X) and ψ : (X, q) → (X, q) be a uniformly continuous self-map.

For all ε, ε′ > 0 and each n ∈ N+ we have:

(i) rn(ε,K, ψ) ≤ sn(ε,K, ψ) ≤ rn( ε
2
, K, ψ).

(ii) If 0 < ε < ε′, then rn(ε,K, ψ) ≥ rn(ε′, K, ψ) and sn(ε,K, ψ) ≥ sn(ε′, K, ψ).

Proof. Let K ∈ K(X) and n ∈ N+.

(i) We first prove that rn(ε,K, ψ) ≤ sn(ε,K, ψ). Let E ⊆ K such that E is

(n, ε)-separated with respect to ψ and sn(ε,K, ψ) = |E|. Then by Lemma 3.1.1,

K ⊆
⋃
x∈E

Dqs

n (x, ε, ψ) ⊆
⋃
x∈E

Dq
n(x, ε, ψ).

Then it follows that

|E| ∈
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, ε, ψ)

}
.

Therefore rn(ε,K, ψ) ≤ sn(ε,K, ψ).
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Secondly, we prove that sn(ε,K, ψ) ≤ rn( ε
2
, K, ψ). Let us consider E ⊆ K such

that E is (n, ε)-separated and F ⊆ X such that K ⊆
⋃
x∈F

Dqs

n (x,
ε

2
, ψ). Define a

function g : E → F by choosing, for each x ∈ E, some point g(x) ∈ F with

g(x) ∈ Dqs

n (x, ε
2
, ψ). We claim that the map g is injective.

Suppose that the map g is not injective. Then there exists x, y ∈ E with x 6= y,

but g(x) = z = g(y). Furthermore, we have

qs(ψk(x), ψk(y)) ≤ qs(ψk(x), ψk(z)) + qs(ψk(z), ψk(y)) <
ε

2
+
ε

2
= ε

for all 0 ≤ k < n. Hence

y ∈ Dqs

n (x, ε, ψ) ∩Dqs

n (y, ε, ψ),

which is a contradiction, as E is (n, ε)-separated. Therefore g is injective. Since

the map g : E → F is injective, then we have |E| ≤ |F | and it follows that

sn(ε,K, ψ) ≤ rn( ε
2
, K, ψ).

(ii) We now prove that rn(ε,K, ψ) ≥ rn(ε′, K, ψ) whenever 0 < ε < ε′. If

0 < ε < ε′, then Dq
n(x, ε, ψ) ⊆ Dq

n(x, ε′, ψ) for each x ∈ X. Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, ε, ψ)

}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, ε

′, ψ)
}
.

Therefore, we have rn(ε,K, ψ) ≥ rn(ε′, K, ψ).

Finally, we prove that sn(ε,K, ψ) ≥ sn(ε′, K, ψ) whenever 0 < ε < ε′. If 0 < ε < ε′,

then Dqs

n (x, ε, ψ) ⊆ Dqs

n (x, ε′, ψ) for each x ∈ X. Indeed, if F ⊆ X is (n, ε′)-

separated, then F is (n, ε)-separated, because for any x, y ∈ F with x 6= y, we

have that

Dqs

n (x, ε, ψ) ∩Dqs

n (y, ε, ψ) ⊆ Dqs

n (x, ε′, ψ) ∩Dqs

n (y, ε′, ψ) = ∅.

Therefore, we have sn(ε,K, ψ) ≥ sn(ε′, K, ψ). 2
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By Proposition 3.1.1, it follows that hr(K,ψ) = hs(K,ψ) for each K ∈ K(X)

and each uniformly continuous self-map ψ : (X, q)→ (X, q). Hence the following

definitions make sense:

3.1.1 Definition. Let (X, q) be a quasi-metric space, ψ : (X, q) → (X, q)

be a uniformly continuous map and K ∈ K(X).

hQU(K,ψ) = hr(K,ψ) = hs(K,ψ),

is the quasi-uniform entropy of ψ with respect to K. Furthermore, we define the

quasi-uniform entropy hQU(ψ) of ψ by

hQU(ψ) = sup
K∈K(X)

hQU(K,ψ).

We write hQU(K,ψ, q) and hQU(ψ, q) if we need to emphasise on the quasi-metric

q used.

It must be noted that if (X, q) is a metric space, then our quasi-uniform entropy

function hQU coincides with that of uniform entropy function hU given by Bowen.

3.1.2 Proposition. (compare [21, Theorem 7.5]) Let (X, q) be a quasi-

metric space and ψ : (X, q) → (X, q) a uniformly continuous self-map. If

K,K ′ ∈ K(X) with K ⊆ K ′, then hQU(K,ψ, q) ≤ hQU(K ′, ψ, q). Furthermore

hQU(ψ, q) = hQU(X,ψ, q) provided that X is compact.

Proof. Let n ∈ N+, ε > 0 and K,K ′ ∈ K(X) with K ⊆ K ′. Let F ′ ⊆ X such

that K ′ ⊆
⋃
x∈F ′

Dq
n(x, ε, ψ) and rn(ε,K ′, ψ) = |F ′|.

Since K ⊆ K ′ ⊆
⋃
x∈F ′

Dq
n(x, ε, ψ), then

|F ′| ∈
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, ε, ψ)

}
.
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Therefore rn(ε,K, ψ) ≤ |F ′| = rn(ε,K ′, ψ). From which we get that

hQU(K,ψ, q) ≤ hQU(K ′, ψ, q).

If X is compact, then we get that hQU(K,ψ, q) ≤ hQU(X,ψ, q) for all K ∈ K(X).

Thus

hQU(X,ψ, q) ≤ hQU(ψ, q) = sup
K∈K(X)

hQU(K,ψ, q) ≤ hQU(X,ψ, q)

and it follows that hQU(ψ, q) = hQU(X,ψ, q). 2

3.1.1 Example. Recall that a map ψ : (X, q) → (Y, p) between two quasi-

metric spaces (X, q) and (Y, p) is called nonexpansive provided that p(ψ(x), ψ(x)) ≤
q(x, x) for all x, x′ ∈ X. Also it is well-known that every nonexpansive map is

uniformly continuous.

If (X, q) is a quasi-metric space and ψ : (X, q) → (X, q) is a nonexpansive

map, then hQU(ψ) = 0. We first show that for each ε > 0 and each x ∈ X

we have Dq
n(x, ε, ψ) = Bq(x, ε) whenever n ∈ N+. Let y ∈ Dq

n(x, ε, ψ), then

q(ψk(x), ψk(y)) < ε for each 0 ≤ k < n. By taking k = 0, we have y ∈ Bq(x, ε).

If y ∈ Bq(x, ε), then q(ψk(x), ψk(y)) ≤ q(x, y) < ε for each 0 ≤ k < n (as

ψ is nonexpansive). Hence y ∈ Dq
n(x, ε, ψ). Now we have that rn(ε,K, ψ) and

sn(ε,K, ψ) do not depend on n ∈ N+. Thus, r(ε,K, ψ) = 0 = s(ε,K, ψ). There-

fore, hQU(ψ) = 0.

3.2 Basic properties of the quasi-uniform en-

tropy on a quasi-metric space

In this section we are going to show that most of the basic results about uniform

entropy on metric spaces can easily be extended to quasi-metric spaces.

3.2.1 Definition. (compare [2, page 403]) Two quasi-metrics q1 and q2 on

a set X are uniformly equivalent if idX : (X, q1) → (X, q2) and idX : (X, q2) →
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(X, q1) are both uniformly continuous maps of quasi-metric spaces. In this case

ψ : (X, q1)→ (X, q1) is uniformly continuous if and only if ψ : (X, q2)→ (X, q2)

is uniformly continuous.

If (X, q) is a quasi-metric space, then (X, q) and (X, qt) are not uniformly equiv-

alent in general, as the following example illustrates.

3.2.1 Example. Consider R equipped with its usual quasi-metric u. Then

idR : (R, u) → (R, ut) is not uniformly continuous, as it is not continuous. In

particular, idR : (R, u) → (R, ut) is not continuous on (−∞, 0]. Indeed, for any

δ > 0 choose x < 0 and set ε = |x|
2
> 0, then u(x, 0) = max{x, 0} = 0 < δ, but

ut(idR(x), idR(0)) = ut(x, 0) = u(0, x) = max{−x, 0} = −x = |x| > ε. Therefore

idR : (R, u)→ (R, ut) is not continuous at 0, and so is not uniformly continuous.

The following result has been extended to quasi-uniform spaces (see Proposition

4.2.1).

3.2.1 Proposition. (compare [2, Proposition 3]) If q1 and q2 are uniformly

equivalent quasi-metrics on X and ψ : (X, q1)→ (X, q1) is uniformly continuous,

then hQU(ψ, q1) = hQU(ψ, q2).

Proof. Let ε1 > 0. Since idX : (X, q1)→ (X, q2) and idX : (X, q2)→ (X, q1) are

both uniformly continuous, we can choose ε2 ≥ ε3 > 0 such that q1(x, y) < ε1 for

all x, y ∈ X with q2(x, y) < ε2 and q2(x, y) < ε2 for all x, y ∈ X with q1(x, y) < ε3.

Observe that for each x ∈ X, we have

Dq1
n (x, ε3, ψ) ⊆ Dq2

n (x, ε2, ψ) ⊆ Dq1
n (x, ε1, ψ)

for all n ∈ N+.

Let K ∈ K(X) and F ⊆ X such that K ⊆
⋃
x∈F

Dq2
n (x, ε2, ψ), then

K ⊆
⋃
x∈F

Dq1
n (x, ε1, ψ).
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Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq2
n (x, ε2, ψ)

}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq1
n (x, ε1, ψ)

}
.

Therefore rn(ε1, K, ψ, q1) ≤ rn(ε2, K, ψ, q2). Similarly it can be shown that

rn(ε2, K, ψ, q2) ≤ rn(ε3, K, ψ, q1).

Letting n→∞, we obtain that

r(ε1, K, ψ, q1) ≤ r(ε2, K, ψ, q2) ≤ r(ε3, K, ψ, q1).

Letting ε1, ε2, ε3 → 0, we get hQU(K,ψ, q1) = hQU(K,ψ, q2). After taking supre-

mum over K(X), we get hQU(ψ, q1) = hQU(ψ, q2) as required. 2

The following result has been extended to quasi-uniform spaces (see Proposition

4.2.2).

3.2.2 Proposition. ( Logarithmic Law.) (compare [2, Proposition 4])

Let (X, q) be a quasi-metric space and ψ : (X, q)→ (X, q) be a uniformly contin-

uous map, then hQU(ψm) = mhQU(ψ) for each m ∈ N.

Proof. Let K ∈ K(X), ε > 0 and m ∈ N.

Case 1. If m = 0, then the statement holds, as ψm = ψ0 = idX and hQU(idX) =

0, as idX : (X, q)→ (X, q) is nonexpansive (see Example 3.1.1).

Case 2. If m ∈ N+, we first show that rn(ε,K, ψm) ≤ rmn(ε,K, ψ). To this, let

x ∈ X and y ∈ Dq
mn(x, ε, ψ). Then ψk(y) ∈ Bq(ψ

k(x), ε) for all 0 ≤ k < mn. If

we set k = mi for 0 ≤ i < n, then ψmi(y) ∈ Bq(ψ
mi(x), ε) for all 0 ≤ i < n.

Since ψmi = (ψm)i for all 0 ≤ i < n, then y ∈ Dq
n(x, ε, ψm). Therefore

Dq
mn(x, ε, ψ) ⊆ Dq

n(x, ε, ψm). Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
mn(x, ε, ψ)

}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, ε, ψ

m)
}
.

34



Therefore rn(ε,K, ψm) ≤ rmn(ε,K, ψ). Taking logarithms on both sides and

dividing throughout by n, we get

log rn(ε,K, ψm)

n
≤ m log rmn(ε,K, ψ)

mn
=
m log rs(ε,K, ψ)

s
,

where s = mn. Letting n→∞ and s→∞ we obtain that

r(ε,K, ψm) ≤ mr(ε,K, ψ).

Letting ε → 0, we get hQU(K,ψm) ≤ mhQU(K,ψ). After taking supremum over

K(X), we get hQU(ψm) ≤ mhQU(ψ).

Let ε > 0. Since ψ : (X, q) → (X, q) is uniformly continuous, there exists

δ > 0 such that if x, y ∈ X with y ∈ Bq(x, δ), then ψj(y) ∈ Bq(ψ
j(x), ε) for all

0 ≤ j < m. We are going to show that Dq
n(x, δ, ψm) ⊆ Dq

mn(x, ε, ψ) for each

x ∈ X.

For x ∈ X, let y ∈ Dq
n(x, δ, ψm). Then (ψm)k(y) ∈ Bq((ψ

m)k(x), δ) for all

0 ≤ k < n. Since ψmk = (ψm)k for all 0 ≤ k < n, then ψmk(y) ∈ Bq(ψ
mk(x), δ)

for all 0 ≤ k < n. Let i = mk, then 0 ≤ i < mn. Thus ψi(y) ∈ Bq(ψ
i(x), δ) for

all 0 ≤ i < mn. Since ψi(y) ∈ Bq(ψ
i(x), δ), then ψij(y) ∈ Bq(ψ

ij(x), ε) for all

0 ≤ j < m and for all 0 ≤ i < mn. Letting j = 1, we get ψi(y) ∈ Bq(ψ
i(x), ε)

for all 0 ≤ i < mn. Therefore y ∈ Dq
mn(x, ε, ψ) and Dq

n(x, δ, ψm) ⊆ Dq
mn(x, ε, ψ)

follows. Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
n(x, δ, ψ

m)
}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dq
mn(x, ε, ψ)

}
.

Therefore rmn(ε,K, ψ) ≤ rn(δ,K, ψm). Arguing in the same manner as above,

we get mhQU(ψ) ≤ hQU(ψm). Putting everything together we get hQU(ψm) =

mhQU(ψ) as required. 2

The following result has been extended to quasi-uniform spaces (see Theorem

4.2.2).
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3.2.3 Proposition. (Weak Addition Theorem.) (compare [2, Proposition

4]) Let (X1, q1) and (X2, q2) be quasi-metric spaces. Suppose ψ1 : (X1, q1) →
(X1, q1) and ψ2 : (X2, q2)→ (X2, q2) are uniformly continuous self-maps. Define

a quasi-metric q on X1 ×X2 by

q((x1, x2), (y1, y2)) = max{q1(x1, y1), q2(x2, y2)},

for all (x1, x2), (y1, y2) ∈ X1 ×X2.

Then ψ1 × ψ2 : (X1 ×X2, q)→ (X1 ×X2, q) is uniformly continuous and

hQU(ψ1 × ψ2, q) ≤ hQU(ψ1, q1) + hQU(ψ2, q2).

Furthermore, if X1 or X2 is compact, then

hQU(ψ1 × ψ2, q) = hQU(ψ1, q1) + hQU(ψ2, q2).

Proof. It is clear that ψ1 × ψ2 : (X1 × X2, q) → (X1 × X2, q) is uniformly

continuous, whenever ψ1 : (X1, q1) → (X1, q1) and ψ2 : (X2, q2) → (X2, q2) are

uniformly continuous.

We first show that for any ε > 0, we have

Dq
n((x1, x2), ε, ψ1 × ψ2) = Dq1

n (x1, ε, ψ1)×Dq2
n (x2, ε, ψ2)

for each pair (x1, x2) ∈ X1 ×X2 and each n ∈ N+. Let 0 ≤ k < n, then we have

that

(a1, a2) ∈ Dq
n((x1, x2), ε, ψ1 × ψ2)⇔ q((ψ1 × ψ2)

k(x1, x2), (ψ1 × ψ2)
k(a1, a2)) < ε

⇔ q((ψk1(x1), ψ
k
2(x2)), (ψ

k
1(a1), ψ

k
2(a2))) < ε

⇔ q1(ψ
k
1(x1), ψ

k
1(a1)) < ε and q2(ψ

k
2(x2), ψ

k
2(a2)) < ε

⇔ (a1, a2) ∈ Dq1
n (x1, ε, ψ1)×Dq2

n (x2, ε, ψ2).
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Therefore Dq
n((x1, x2), ε, ψ1 × ψ2) = Dq1

n (x1, ε, ψ1)×Dq2
n (x2, ε, ψ2), as required.

Secondly, we show that for each n ∈ N+ and each ε > 0, we have⋃
x1∈F1

Dq1
n (x1, ε, ψ1)×

⋃
x2∈F2

Dq2
n (x2, ε, ψ2) ⊆

⋃
(x1,x2)∈F1×F2

Dq
n((x1, x2), ε, ψ1 × ψ2)

for each F1 ⊆ X1 and each F2 ⊆ X2.

Let (a1, a2) ∈
⋃
x1∈F1

Dq1
n (x1, ε, ψ1)×

⋃
x2∈F2

Dq2
n (x2, ε, ψ2), then there exists a pair

(x1, x2) ∈ F1 × F2 such that

(a1, a2) ∈ Dq1
n (x1, ε, ψ1)×Dq2

n (x2, ε, ψ2) = Dq
n((x1, x2), ε, ψ1 × ψ2).

Since

Dq
n((x1, x2), ε, ψ1 × ψ2) ⊆

⋃
(x1,x2)∈F1×F2

Dq
n((x1, x2), ε, ψ1 × ψ2),

then

(a1, a2) ∈
⋃

(x1,x2)∈F1×F2

Dq
n((x1, x2), ε, ψ1 × ψ2)

as required.

Finally, for each ε > 0 and each n ∈ N+ , let Ki ∈ K(Xi) and let Fi ⊆ Xi for

i = 1, 2 such that

K1 ⊆
⋃
x1∈F1

Dq1
n (x1, ε, ψ1) and K2 ⊆

⋃
x2∈F2

Dq2
n (x2, ε, ψ2).

According to what we have shown above, it follows that

K1 ×K2 ⊆
⋃

(x1,x2)∈F1×F2

Dq
n((x1, x2), ε, ψ1 × ψ2).

Now we have that

if |F1| ∈
{
|E1| : E1 ⊆ X1 and K1 ⊆

⋃
x1∈E1

Dq1
n (x1, ε, ψ1)

}
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and

|F2| ∈
{
|E2| : E2 ⊆ X2 and K2 ⊆

⋃
x2∈E2

Dq2
n (x2, ε, ψ2)

}
,

then

|F1|×|F2| ∈
{
|E1×E2| : E1×E2 ⊆ X1×X2 and K1×K2 ⊆

⋃
(x1,x2)∈E1×E2

Dq
n((x1, x2), ε, ψ1×ψ2)

}
.

Hence rn(ε,K1 ×K2, ψ1 × ψ2, q) ≤
(
rn(ε,K1, ψ1, q1)

)(
rn(ε,K2, ψ2, q2)

)
. Taking

logarithms and dividing throughout by n, we get

r(ε,K1 ×K2, ψ1 × ψ2, q) ≤ r(ε,K1, ψ1, q1) + r(ε,K2, ψ2, q2).

Letting ε→ 0, we get hQU(K1×K2, ψ1×ψ2, q) ≤ hQU(K1, ψ1, q1)+hQU(K2, ψ2, q2).

For each ε > 0 and each n ∈ N+, let Ki ∈ K(Xi) and Fi ⊆ Ki be (n, ε)-separated

with respect to ψi for each i = 1, 2. Then F1 × F2 ⊆ K1 ×K2. It can easily be

seen that for any pairs (x1, x2), (y1, y2) ∈ X1 ×X2.

Dqs

n ((x1, x2), ε, ψ1 × ψ2) = D(q1)s

n (x1, ε, ψ1)×D(q2)s

n (x2, ε, ψ2)

and the sets

Dqs

n ((x1, x2), ε, ψ1 × ψ2) ∩Dqs

n ((y1, y2), ε, ψ1 × ψ2)

and(
D(q1)s

n (x1, ε, ψ1) ∩D(q1)s

n (y1, ε, ψ1)
)
×
(
D(q2)s

n (x2, ε, ψ2) ∩D(q2)s

n (y2, ε, ψ2)
)

are equal.

We claim that F1 × F2 is (n, ε)-separated with respect to ψ1 × ψ2. To this, let

(x1, x2), (y1, y2) ∈ F1 × F2 such that (x1, x2) 6= (y1, y2).

Case 1. If x1 6= y1, then D
(q1)s

n (x1, ε, ψ1) ∩ D(q1)s

n (y1, ε, ψ1) = ∅, as F1 is (n, ε)-

separated with respect to ψ1. Then by what we have done above, it follows that

Dqs

n ((x1, x2), ε, ψ1 × ψ2) ∩Dqs

n ((y1, y2), ε, ψ1 × ψ2) = ∅.

38



Case 2. If x2 6= y2, then D
(q2)s

n (x2, ε, ψ2) ∩ D(q2)s

n (y2, ε, ψ2) = ∅, as F2 is (n, ε)-

separated with respect to ψ2. Similarly, it follows that

Dqs

n ((x1, x2), ε, ψ1 × ψ2) ∩Dqs

n ((y1, y2), ε, ψ1 × ψ2) = ∅.

Hence F1 × F2 is (n, ε)-separated with respect to ψ1 × ψ2 as required. Now we

have that

if |F1| ∈
{
|E1| : E1 ⊆ K1 and E1 is (n, ε)-separated with respect toψ1

}
and

|F2| ∈
{
|E2| : E2 ⊆ K2 and E2 is (n, ε)-separated with respect toψ2

}
,

then

|F1|×|F2| ∈
{
|E1×E2| : E1×E2 ⊆ K1×K2 and E1×E2 is (n, ε)-separated with respect to ψ1×ψ2

}
.

Hence
(
sn(ε,K1, ψ1, q1)

)(
sn(ε,K2, ψ2, q2)

)
≤ sn(ε,K1 ×K2, ψ1 × ψ2, q). Taking

logarithms and dividing throughout by n, we get

s(ε,K1, ψ1, q1) + s(ε,K2, ψ2, q2) ≤ s(ε,K1 ×K2, ψ1 × ψ2, q).

Letting ε→ 0, we get

hQU(K1, ψ1, q1) + hQU(K2, ψ2, q2) ≤ hQU(K1 ×K2, ψ1 × ψ2, q).

Since

hQU (K1, ψ1, q1)+hQU (K2, ψ2, q2) ≤ hQU (K1×K2, ψ1×ψ2, q) ≤ hQU (K1, ψ1, q1)+hQU (K2, ψ2, q2),

then

hQU(K1 ×K2, ψ1 × ψ2, q) = hQU(K1, ψ1, q1) + hQU(K2, ψ2, q2). (3.4)
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Let πi : X1 × X2 → Xi be the projection map. If K ∈ K(X1 × X2), then

Ki = πi(K) ∈ K(Xi) for each i = 1, 2 and K ⊆ K1 ×K2. It follows that

hQU(ψ1 × ψ2, q) = sup{hQU(K,ψ1 × ψ2, q) : K ∈ K(X1 ×X2)}

≤ sup{hQU(K1 ×K2, ψ1 × ψ2, q) : K1 ∈ K(X1) and K2 ∈ K(X2)}

= sup{hQU(K1, ψ1, q1) + hQU(K2, ψ2, q2) : K1 ∈ K(X1) and K2 ∈ K(X2)}

= sup{hQU(K1, ψ1, q1) : K1 ∈ K(X1)}+ sup{hQU(K2, ψ2, q2) : K2 ∈ K(X2)}

= hQU(ψ1, q1) + hQU(ψ2, q2),

where the third equality from below is obtained by using equation (3.4).

Suppose X1 or X2 is compact. Without loss of generality we may assume X1 is

compact. Since every element of K(X1 × X2) is a subset of X1 × K2 for some

K2 ∈ K(X2), we have

hQU(ψ1 × ψ2, q) = sup{hQU(X1 ×K2, ψ1 × ψ2, q) : K2 ∈ K(X2)}.

SinceX1 is compact, then by Proposition 3.1.2 we get that hQU(ψ1, q1) = hQU(X1, ψ1, q1).

Replacing K1 by X1 in equation (3.4), we get

hQU (X1×K2, ψ1×ψ2, q) = hQU (X1, ψ1, q1)+hQU (K2, ψ2, q2) = hQU (ψ1, q1)+hQU (K2, ψ2, q2).

Therefore

hQU(ψ1 × ψ2, q) = sup{hQU(X1 ×K2, ψ1 × ψ2, q) : K2 ∈ K(X2)}

= sup{hQU(ψ1, q1) + hQU(K2, ψ2, q2) : K2 ∈ K(X2)}

= hQU(ψ1, q1) + sup{hQU(K2, ψ2, q2) : K2 ∈ K(X2)}

= hQU(ψ1, q1) + hQU(ψ2, q2).

2

3.2.1 Lemma. Let (X, q) be a quasi-metric space, ψ : (X, q) → (X, q)

a uniformly continuous self-map and let Y be a ψ-invariant subset of X. For

n ∈ N+ and ε > 0 the following statements holds.
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(i) If y ∈ Y , then

DqY
n (y, ε, ψ|Y ) = Dq

n(y, ε, ψ) ∩ Y and D(qY )s

n (y, ε, ψ|Y ) = Dqs

n (y, ε, ψ) ∩ Y.

(ii) rn(ε,K, ψ|Y , qY ) = rn(ε,K, ψ, q) for each K ∈ K(Y ).

Proof. (i) Let y ∈ Y, n ∈ N+ and ε > 0. Since (Y, qY ) is a subspace of (X, q), then

BqY (y, ε) = Bq(y, ε)∩Y. Since ψ(Y ) ⊆ Y , then Y ⊆ ψ−k(Y ) for all k ∈ N+ ∪{0}.
Now we get that

DqY
n (y, ε, ψ|Y ) =

n−1⋂
k=0

(ψ|Y )−k[BqY ((ψ|Y )k(y), ε)]

=
n−1⋂
k=0

ψ−k[Bq(ψ
k(y), ε) ∩ Y ]

=
n−1⋂
k=0

ψ−k[Bq(ψ
k(y), ε)] ∩

n−1⋂
k=0

ψ−k(Y )

= Dq
n(y, ε, ψ) ∩ Y.

Since DqY
n (y, ε, ψ|Y ) = Dq

n(y, ε, ψ) ∩ Y , then

D(qY )s

n (y, ε, ψ|Y ) = Dqs

n (y, ε, ψ) ∩ Y.

(ii) Let K ∈ K(Y ). By (i) we have that DqY
n (y, ε, ψ|Y ) ⊆ Dq

n(y, ε, ψ), thus{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

DqY
n (y, ε, ψ|Y )

}
⊆
{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

Dq
n(y, ε, ψ)

}
.

Hence rn(ε,K, ψ, q) ≤ rn(ε,K, ψ|Y , qY ).

Let F ⊆ Y such that K ⊆
⋃
y∈F

Dq
n(y, ε, ψ). Since

DqY
n (y, ε, ψ|Y ) = Dq

n(y, ε, ψ) ∩ Y and K ⊆ Y,

then

K = K ∩ Y ⊆
⋃
y∈F

Dq
n(y, ε, ψ) ∩ Y =

⋃
y∈F

(
Dq
n(y, ε, ψ) ∩ Y

)
=
⋃
y∈F

DqY
n (y, ε, ψ|Y ).
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Therefore{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

Dq
n(y, ε, ψ)

}
⊆
{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

DqY
n (y, ε, ψ|Y )

}
.

Hence rn(ε,K, ψ|Y , qY ) ≤ rn(ε,K, ψ, q). Since

rn(ε,K, ψ, q) ≤ rn(ε,K, ψ|Y , qY ) ≤ rn(ε,K, ψ, q),

then rn(ε,K, ψ|Y , qY ) = rn(ε,K, ψ, q). 2

The following result has been extended to quasi-uniform spaces (see Proposition

4.4.1).

3.2.4 Proposition. (Monotonicity with respect to subspaces) (compare [16,

Lemma 5.1]) Let (X, q) be a quasi-metric space, ψ : (X, q)→ (X, q) a uniformly

continuous self-map and let Y be a ψ-invariant subset of X. Then

hQU(ψ|Y , qY ) ≤ hQU(ψ, q).

Proof. Let K ∈ K(Y ), n ∈ N+ and ε > 0. Since K(Y ) ⊆ K(X), then K ∈ K(X)

and by Lemma 3.2.1 (ii), we have rn(ε,K, ψ|Y , qY ) = rn(ε,K, ψ, q). Letting ε→ 0,

we get hQU(K,ψ|Y , qY ) = hQU(K,ψ, q). Therefore

hQU(ψ|Y , qY ) = sup{hQU(K,ψ|Y , qY ) : K ∈ K(Y )}

= sup{hQU(K,ψ, q) : K ∈ K(Y )}

≤ sup{hQU(K,ψ, q) : K ∈ K(X)}

= hQU(ψ, q).

2
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3.3 Relationship between the uniform and quasi-

uniform entropy on a quasi-metric space

Since every quasi-metric space (X, q) has the associated symmetrised metric space

(X, qs) and by Lemma 1.1.1 we have that every uniformly continuous self-map

ψ : (X, q) → (X, q) is also a uniformly continuous self-map of the symmetrised

metric space (X, qs), then it is natural to investigate the relationship between

the uniform entropy hU(ψ, qs) and the quasi-uniform entropy hQU(ψ, q) for a

uniformly continuous self-map ψ : (X, q)→ (X, q). This section is devoted to the

investigations of such relationships.

3.3.1 Claim. If (X, q) is a quasi-metric space and ψ : (X, q) → (X, q) is

a uniformly continuous self-map, then for each K ∈ K(X), there exists some

non-empty join-compact subset K ′ of X such that

hQU(K,ψ, q) ≤ hU(K ′, ψ, qs).

Proof. LetK ∈ K(X), n ∈ N+ and ε > 0. Let F ⊆ X such thatK ⊆
⋃
x∈F

Dq
n(x, ε, ψ)

and rn(ε,K, ψ, q) = |F |. Since rn(ε,K, ψ, q) = |F | and K 6= ∅, then F is a non-

empty finite subset of X. Hence K ′ = F is a non-empty join-compact subset of

X. Let F ′ ⊆ X such that K ′ ⊆
⋃
x∈F D

qs

n (x, ε, ψ) and rn(ε,K ′, ψ, qs) = |F ′|. We

first show that

K ⊆
⋃
x∈F ′

Dq
n(x, 2ε, ψ).

For this let y ∈ K. Since rn(ε,K, ψ, q) = |F | and rn(ε,K ′, ψ, qs) = |F ′|, then

there exists some x ∈ F and some z ∈ F ′ such that q(ψi(x), ψi(y)) < ε and

q(ψi(z), ψi(x)) ≤ qs(ψi(z), ψi(x)) < ε for all 0 ≤ i < n. Thus q(ψi(z), ψi(y)) ≤
q(ψi(z), ψi(x)) + q(ψi(x), ψi(y)) < ε+ ε = 2ε for all 0 ≤ i < n and it follows that

y ∈ Dq
n(z, 2ε, ψ) ⊆

⋃
x∈F ′

Dq
n(x, 2ε, ψ).
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Therefore K ⊆
⋃
x∈F ′

Dq
n(x, 2ε, ψ), as required.

Since K ⊆
⋃
x∈F ′

Dq
n(x, 2ε, ψ), then rn(2ε,K, ψ, q) ≤ |F ′| = rn(ε,K ′, ψ, qs). Thus

r(2ε,K, ψ, q) ≤ r(ε,K ′, ψ, qs). Letting ε→ 0, we get

hQU(K,ψ, q) ≤ hU(K ′, ψ, qs).

2

The following result has been extended to quasi-uniform spaces (see Proposition

4.2.4).

3.3.1 Theorem. Let (X, q) be a quasi-metric space and ψ : (X, q)→ (X, q)

be a uniformly continuous self-map. Then

(i) hQU(ψ, q) ≤ hU(ψ, qs);

(ii) max{hQU(ψ, q), hQU(ψ, qt)} ≤ hU(ψ, qs).

Proof. Suppose ψ : (X, q) → (X, q) is uniformly continuous, then by Lemma

1.1.1 we have that ψ : (X, qs) → (X, qs) is uniformly continuous. Let K be a

non-empty join-compact subset of X. Then by Remark 1.1.2 we have that K is

a non-empty compact subset of (X, q).

(i) Let n ∈ N+ and ε > 0. Since Dqs

n (x, ε, ψ) ⊆ Dq
n(x, ε, ψ), we get that{

|F | : F ⊆ X and K ⊆
⋃
x∈F

Dqs

n (x, ε, ψ)
}
⊆
{
|F ′| : F ′ ⊆ X and K ⊆

⋃
x∈F ′

Dq
n(x, ε, ψ)

}
.

Hence rn(ε,K, ψ, q) ≤ rn(ε,K, ψ, qs). Therefore hQU(K,ψ, q) ≤ hU(K,ψ, qs) for

each non-empty join-compact subsetK ofX. LetK be a non-empty τ(q)-compact

subset of X. By Claim 3.3.1, we can choose a non-empty join-compact subset K ′
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of X such that hQU(K,ψ, q) ≤ hU(K ′, ψ, qs). Since this holds for each non-empty

compact subset of X, it then follows that

hQU(ψ, q) = sup{hQU(K,ψ, q) : K is a compact subset of X}

≤ sup{hU(K,ψ, qs) : K is a join-compact subset of X}

= hU(ψ, qs).

Therefore hQU(ψ, q) ≤ hU(ψ, qs), as required.

(ii) By (i), we get that hQU(ψ, qt) ≤ hU(ψ, (qt)s) = hU(ψ, qs), as (qt)s = qs.

Since hQU(ψ, q), hQU(ψ, qt) ≤ hU(ψ, qs), then it follows that

max{hQU(ψ, q), hQU(ψ, qt)} ≤ hU(ψ, qs).

2

It must be noted that if ψ is a nonexpansive self-map of a quasi-metric space

(X, q), then by Example 3.1.1 we have that hQU(ψ, q) = 0 and it is well known

that hU(ψ, qs) = 0. Hence it is possible for equality in Theorem 3.3.1 to hold.

Also by Theorem 3.3.1 we have that our entropy function is less or equal to the

entropy function defined by Sayyari, Molari and Moghayer [20].

3.3.1 Example. Let us consider R equipped with its usual quasi-metric u.

Let ψ : (R, u)→ (R, u) be the map defined by ψ(x) = 2x for each x ∈ R. Then ψ

is uniformly continuous and

hQU(ψ, u) < hU(ψ, us).

It is well known that hU(ψ, us) = log 2 (see for instance [21, Remark 15 Page

171]). We will proceed to show that hQU(ψ, u) = 0. It is easily seen that for

each x ∈ R and each k ∈ N+ ∪ {0}, we have that Bu(x, ε) = (x − ε,∞) and

ψ−k(Bu(ψ
k(x), ε)) = Bu(x,

ε
2k

). Hence
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Du
n(x, ε, ψ) =

n−1⋂
k=0

ψ−k(Bu(ψ
k(x), ψ))

=
n−1⋂
k=0

Bu(x,
ε

2k
)

=
n−1⋂
k=0

(x− ε

2k
,∞)

= (x− ε

2n−1
,∞).

Since every join-compact subset of R is contained in a join-compact subset of the

form Km = [−m,m] for some m ∈ N+, then it suffices to compute the quasi-

uniform entropy using join-compact subsets of this form. Let F be a finite subset

of R of minimal cardinality such that

Km ⊆
⋃
x∈F

Du
n(x, ε, ψ),

then Km ⊆ (z,∞), where z = min{xi − ε
2n−1 : xi ∈ F for i = 1, 2, ....., |F |}.

This implies that Km ⊆
⋃
x∈{z}

(x,∞). Thus rn(ε,Km, ψ, u) = 1 and it follows that

hQU(Km, ψ, u) = 0. Thus hQU(ψ, u) = 0 and it follows that hQU(ψ, u) < hU(ψ, us)

whenever the quasi-uniform entropy is computed using join-compact subsets of R.

It only remains to show that the inequality still holds for τ(u)-compact subsets of

R which are not necessarily join-compact. If we consider τ(u)-compact subsets of

R of the form Ka = [a,∞) or Ka = (a,∞), for some a ∈ R. It must be noted

that Ka is not join- compact, as in both cases Ka is not bounded. It can also be

shown that every τ(u)-compact subset of R is contained in a τ(u)-compact subset

of the form Ka for some a ∈ R. Hence in computing hQU(ψ, u), it suffices to

consider τ(u)-compact subsets of this form. Arguing as above, it can be shown

that rn(ε,Ka, ψ, u) = 1 and it follows that hQU(ψ, u) = 0 irrespective if we use

join-compact subsets or τ(u)-compact subsets of R. Thus hQU(ψ, u) < hU(ψ, us),

as required.
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3.4 Completion theorem for quasi-uniform en-

tropy on a quasi-metric space

In [16] Kimura proved the completion theorem for uniform entropy on a uniform

space and he pointed out that the completion theorem for Bowen’s entropy on a

metric space does not hold in general, even if the metric space is totally bounded.

We are going to investigate the completion theorem for quasi-uniform entropy on

a quasi-metric space. The concept of completing a quasi-metric space has been

investigated by several authors, see for instance [4, 5]. It is well known that there

are several completion notions for a quasi-metric space and in this section we are

going to use the bicompletion.

Recall from definition 1.1.2 that a quasi-metric space (X, q) is said to be bicom-

plete if the metric space (X, qs) is complete.

3.4.1 Definition. (see [5, Chapter 1]) Let (X, q) be a quasi-metric space.

A bicompletion of (X, q) is a pair
(

(X̃, q̃), ϕ
)

consisting of a bicomplete quasi-

metric space (X̃, q̃) and an isometry ϕ : (X, q)→ (X̃, q̃) such that ϕ(X) is dense

in the metric space (X̃, (q̃)s).

Since every metric space admits a completion, then it follows that every quasi-

metric space admits a bicompletion. The bicompletion (X̃, q̃) of a quasi-metric

space (X, q) is taken to be the metric completion (X̃, (̃qs)) of the metric space

(X, qs) which is constructed as follows:

X̃ = {[(xn)N] : (xn)N is a qs -Cauchy sequence in X} and [(xn)N] is the equiv-

alence class of the qs-Cauchy sequence (xn)N in X. Two qs-Cauchy sequences

(xn)N and (yn)N in X are said to be equivalent if and only if lim
n→∞

qs(xn, yn) = 0.

The metric (̃qs) on X̃ is
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defined by

(̃qs)
(

[(xn)N], [(yn)N]
)

= lim
n→∞

qs(xn, yn),

for each [(xn)N], [(yn)N] ∈ X̃. The quasi-metric q̃ on X̃ is defined by q̃ = (̃qs).

Since (̃qs) is a metric, then we have that (q̃)s = (̃qs). The isometric embedding

ϕ : (X, q) → (X̃, q̃) is defined by ϕ(x) = x̂, where x̂ = [(x)N] is the equivalence

class of the constant sequence (x)N = {x, x, ....} for each x ∈ X.

Let (X, q) be a quasi-metric space, ψ : (X, q) → (X, q) a uniformly continu-

ous function and (X̃, q̃) be the bicompletion of (X, q). Let ψ̃ be the uniformly

continuous extension of ψ over X̃, then ϕ ◦ψ = ψ̃ ◦ϕ, i.e., the following diagram

(X, q)
ψ //

ϕ

��

(X, q)

ϕ

��

(X̃, q̃)
ψ̃ // (X̃, q̃)

commutes. Hence ψ̂(x) = ψ̃(x̂) for all x ∈ X. We are interested in the relation-

ship between hQU(ψ, q) and hQU(ψ̃, q̃).

The following result is what we call the completion theorem when the under-

lying space is join-compact.

3.4.1 Theorem. (compare [16, Theorem 5.2 and 5.3]) Let (X, q) be a

quasi-metric space and ψ : (X, q) → (X, q) a uniformly continuous self-map.

If
(

(X̃, q̃), ϕ
)

is the bicompletion of (X, q) and ψ̃ is the uniformly continuous

extension of ψ over X̃, then

hQU(ψ, q) ≤ hQU(ψ̃, q̃),

where equality holds if the underlying space (X, q) is join-compact.

Proof. Since q = q̃X = q̃|X×X and ψ = ψ̃|X , then by Proposition 3.2.4 we have
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that hQU(ψ, q) = hQU(ψ̃|X , q̃X) ≤ hQU(ψ̃, q̃). Suppose (X, q) is join-compact.

Then (X, qs) is totally bounded. Since the completion of a totally bounded metric

space is also totally bounded, then (X̃, (q̃)s) is totally bounded. Hence (X̃, q̃) is

q̃-totally bounded. Since (X̃, q̃) is q̃- totally bounded and bicomplete, then (X̃, q̃)

is join-compact. Let n ∈ N+, ε > 0 and 0 ≤ i < n. Since
(
ψ̃
)i

: (X̃, q̃) → (X̃, q̃)

is uniformly continuous, there exists δi > 0 such that q̃
((
ψ̃
)i

(x),
(
ψ̃
)i

(y)
)
< ε

2

for all x, y ∈ X̃ with q̃(x, y) < δi.

Let F ⊆ X such that X ⊆
⋃
x∈F

Dq
n(x,

ε

2
, ψ) and rn( ε

2
, X, ψ, q) = |F |. We first show

that

X̃ ⊆
⋃
x∈F

Dq̃
n(x̂, ε, ψ̃).

To this let z ∈ X̃. Since X̃ = Clτ((q̃)s)(ϕ(X)) (as ϕ(X) is dense in the metric space

(X̃, (q̃)s), there exists a sequence (wm)N in X such that the sequence of constant

sequences (ŵm)N is (q̃)s-convergent to z. Since (ŵm)N is (q̃)s-convergent to z and

ε > 0, then there exists some k ∈ N such that (q̃)s(ŵm, z) < ε for all m ≥ k. In

particular (q̃)s(ŵk, z) < ε. Letting ε → 0, we obtain that (q̃)s(ŵk, z) = 0. Since

q̃(ŵk, z) = (q̃)s(ŵk, z) = 0 < δi, then q̃
((
ψ̃
)i

(ŵk),
(
ψ̃
)i

(z)
)
< ε

2
. Since wk ∈ X

and X ⊆
⋃
x∈F

Dq
n(x,

ε

2
, ψ), we can choose xk ∈ F such that q(ψi(xk), ψ

i(wk)) <
ε
2
.

Now we have that

q̃
((
ψ̃
)i

(x̂k),
(
ψ̃
)i

(z)
)
≤ q̃
((
ψ̃
)i

(x̂k),
(
ψ̃
)i

(ŵk)
)

+ q̃
((
ψ̃
)i

(ŵk),
(
ψ̃
)i

(z)
)

= q̃
(
ψ̂i(xk), ψ̂i(wk)

)
+ q̃
((
ψ̃
)i

(ŵk),
(
ψ̃
)i

(z)
)

= q
(
ψi(xk), ψ

i(wk)
)

+ q̃
((
ψ̃
)i

(ŵk),
(
ψ̃
)i

(z)
)

<
ε

2
+
ε

2
= ε.

Hence z ∈ Dq̃
n(x̂k, ε, ψ̃) and it follows that

X̃ ⊆
⋃
x∈F

Dq̃
n(x̂, ε, ψ̃).

49



Therefore

|ϕ(F )| ∈
{
|E| : E ⊆ X̃ and X̃ ⊆

⋃
y∈E

Dq̃
n(y, ε, ψ̃)

}
,

and it follows that rn(ε, X̃, ψ̃, q̃) ≤ |ϕ(F )|. Since ϕ : F → X̃ is injective (as every

isometry is injective), then |ϕ(F )| = |F |. Therefore rn(ε, X̃, ψ̃, q̃) ≤ rn( ε
2
, X, ψ, q)

and hQU(X̃, ψ̃, q̃) ≤ hQU(X,ψ, q) follows.

Since X̃ and X are both join-compact, then (X̃, q̃) and (X, q) are both compact

and applying Proposition 3.1.2, it follows that

hQU(ψ̃, q̃) = hQU(X̃, ψ̃, q̃) ≤ hQU(X,ψ, q) = hQU(ψ, q).

2
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Chapter 4

Entropy on quasi-uniform spaces

In this chapter following our recent work in [11] and the work of Hood [15], we

are going to show that the notion of quasi-uniform entropy presented in Chapter

3, can easily be extended to quasi-uniform spaces. In doing so, we also show

that certain results about uniform entropy of a uniformly continuous self-map of

a uniform space can easily be generalized to a uniformly continuous self-map of

a quasi-uniform space. Most of the results in this chapter are contained in our

recent article [12].

4.1 Quasi-uniform entropy on a quasi-uniform

space

Following a similar approach as for section 3.1, we start this section with a scheme

which will eventually allow us to define the notion of quasi-uniform entropy for

a uniformly continuous self-map ψ of a quasi-uniform space (X,U).

Let (X,U) be a quasi-uniform space and ψ : (X,U) → (X,U) be a uniformly
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continuous self-map. For V ∈ U , x ∈ X and n ∈ N+, we set

Dn(x, V, ψ) =
n−1⋂
k=0

ψ−k(V (ψk(x)))

and

Dn(x, V s, ψ) = Dn(x, V, ψ) ∩Dn(x, V −1, ψ).

It follows that

Dn(x, V s, ψ) ⊆ Dn(x, V, ψ) and Dn(x, V s, ψ) ⊆ Dn(x, V −1, ψ).

If U is a uniformity, then Dn(x, V, ψ) = Dn(x, V −1, ψ).

We write DUn (x, V, ψ) and DUn (x, V s, ψ) if we need to emphasise on the quasi-

uniformity U used.

Let K(X) be the collection of all nonempty τ(U)-compact subsets of X. For

K ∈ K(X), n ∈ N+ and V ∈ U , we define

rn(V,K, ψ) := min

{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, V, ψ)

}
.

For n ∈ N+ and V ∈ U , a subset F of X is said to be (n, V )-separated with

respect to ψ if Dn(x, V s, ψ) ∩ Dn(y, V s, ψ) = ∅ for any x, y ∈ F with x 6= y.

Given K ∈ K(X), n ∈ N+ and V ∈ U , we set

sn(V,K, ψ) := max{|F | : F ⊆ K and F is (n, V )-separated with respect to ψ}.

The quantities rn(V,K, ψ) and sn(V,K, ψ) are finite and well defined, as K is

τ(U)-compact.

Moreover, given K ∈ K(X) and V ∈ U define:

r(V,K, ψ) = lim
n→∞

sup
log rn(V,K, ψ)

n

and

s(V,K, ψ) = lim
n→∞

sup
log sn(V,K, ψ)

n
.
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Then, the quantities hr(K,ψ) and hs(K,ψ) are defined by

hr(K,ψ) = sup{r(V,K, ψ) : V ∈ U} and hs(K,ψ) = sup{s(V,K, ψ) : V ∈ U}.

We write rn(V,K, ψ,U), sn(V,K, ψ,U), r(V,K, ψ,U), s(V,K, ψ,U), hr(K,ψ,U) and

hs(K,ψ,U) if we need to emphasise on the quasi-uniformity U used.

Since every uniformly continuous map between quasi-uniform spaces is continu-

ous, then it follows that if (X,U) is a quasi-uniform space and ψ : (X,U)→ (X,U)

is a uniformly continuous self-map, then Dn(x, V, ψ) is a τ(U)-open subset of X

for each V ∈ U , x ∈ X and n ∈ N+.

4.1.1 Remark. Let (X,U) be a quasi-uniform space and ψ : (X,U) →
(X,U) be a uniformly continuous self-map. If U, V ∈ U such that U ⊆ V , then

for each n ∈ N+ and each x ∈ X, we have that:

(i) Dn(x, U, ψ) ⊆ Dn(x, V, ψ), and

(ii) Dn(x, U s, ψ) ⊆ Dn(x, V s, ψ).

4.1.1 Lemma. Let (X,U) be a quasi-uniform space and ψ : (X,U) →
(X,U) be a uniformly continuous self-map. If K,K ′ ∈ K(X) such that K ⊆ K ′,

then for each n ∈ N+ and each V ∈ U , we have that:

(i) rn(V,K, ψ) ≤ rn(V,K ′, ψ), and

(ii) sn(V,K, ψ) ≤ sn(V,K ′, ψ).

Proof. Let n ∈ N+, V ∈ U and K,K ′ ∈ K(X) with K ⊆ K ′.

(i) This is similar to the proof of Proposition 3.1.2. One simply replaces ε by V .
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(ii) Let F ⊆ K such that F is (n, V )-separated with respect to ψ and sn(V,K, ψ) =

|F |. Since K ⊆ K ′, then we have that F ⊆ K ′ and F is (n, V )-separated

with respect to ψ. Therefore

|F | ∈ {|F ′| : F ′ ⊆ K ′ and F ′ is (n, V )-separated with respect to ψ}.

It then follows that sn(V,K, ψ) = |F | ≤ sn(V,K ′, ψ) as required. 2

By Remark 4.1.1 we get the following result which is similar to Proposition 3.1.2.

4.1.1 Proposition. Let (X,U) be a quasi-uniform space and ψ : (X,U)→
(X,U) a uniformly continuous self-map. If K,K ′ ∈ K(X) with K ⊆ K ′, then

hQU(K,ψ) ≤ hQU(K ′, ψ). Furthermore hQU(ψ) = hQU(X,ψ) provided that X is

compact.

4.1.2 Remark. Let (X, q) be a quasi-metric space, Uq the quasi-uniformity

induced by q on X and ψ : (X, q)→ (X, q) a uniformly continuous self-map. Let

ε > 0. If F ⊆ X, K ∈ K(X) and n ∈ N+, we have that

(i) F is (n, Vε)-separated with respect to ψ if and only if F is (n, ε)-separated with

respect to ψ in the sense of [11] (see also section 3);

(ii) K ⊆
⋃
x∈F

DUqn (x, Vε, ψ) if and only if K ⊆
⋃
x∈F

Dq
n(x, ε, ψ) in the sense of [11]

(see also section 3).

4.1.2 Lemma. Let (X,U) be a quasi-uniform space. Then

(i) V ⊆ V 2 for each V ∈ U , and

(ii)
⋂
V ∈U

V 2 =
⋂
V ∈U

V .

Proof. Let (X,U) be a quasi-uniform space. Then
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(i) Suppose V ∈ U . Let (x, y) ∈ V . Since ∆ ⊆ V , then (x, y), (y, y) ∈ V . Hence

(x, y) ∈ V 2 and therefore V ⊆ V 2 follows.

(ii) Since V ⊆ V 2 for each V ∈ U , then
⋂
V ∈U

V ⊆
⋂
V ∈U

V 2. Let (x, y) ∈
⋂
V ∈U

V 2.

Then (x, y) ∈ V 2 for each V ∈ U . Let U ∈ U , then there exists W ∈ U , such

that W 2 ⊆ U . Since (x, y) ∈ V 2 for each V ∈ U , then (x, y) ∈ W 2. Thus,

(x, y) ∈ U . Therefore (x, y) ∈
⋂
V ∈U

V and it follows that
⋂
V ∈U

V 2 ⊆
⋂
V ∈U

V .

Now
⋂
V ∈U

V 2 =
⋂
V ∈U

V follows. 2

Since every uniformity on a set X is also a quasi-uniformity on X, then Lemma

4.1.2 also holds for uniformities on X.

4.1.3 Lemma. (compare [11, Lemma 2]) Let (X,U) be a quasi-uniform

space and ψ : (X,U) → (X,U) be a uniformly continuous self-map. Let K ∈
K(X), n ∈ N+ and V ∈ U . If F ⊆ K is (n, V )-separated with respect to ψ and

sn(V,K, ψ) = |F |, then K ⊆
⋃
x∈F

Dn(x, V s, ψ).

Proof. Let n ∈ N+, K ∈ K(X) and V ∈ U . Suppose F ⊆ K is (n, V )-separated

with respect to ψ and sn(V,K, ψ) = |F | and K is not a subset of
⋃
x∈F

Dn(x, V s, ψ).

Pick y ∈ K \
⋃
x∈F

Dn(x, V s, ψ). It follows that y /∈ F . Set F0 := F ∪ {y} ⊆ K.

We claim that F0 is (n, V )-separated with respect to ψ.

Let z, w ∈ F0 such that z 6= w. We have the following cases:

Case 1. If z, w ∈ F , then we are done, as F is (n, V )-separated with respect to

ψ.

Case 2. If z ∈ F and w = y, then we claim that

Dn(z, V s, ψ) ∩Dn(w, V s, ψ) = ∅.

Suppose Dn(z, V s, ψ)∩Dn(w, V s, ψ) 6= ∅. Choose t ∈ Dn(z, V s, ψ)∩Dn(w, V s, ψ),

then for any 0 ≤ k < n we have (ψk(z), ψk(t)), (ψk(w), ψk(t)) ∈ V s. Hence
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(ψk(z), ψk(w)) ∈ V s ◦V s for all 0 ≤ k < n. Letting k = 0, we get (z, w) ∈ V s ◦V s

for all V ∈ U . Thus by Lemma 4.1.2, we get (z, w) ∈
⋂
V ∈U

(V s ◦ V s) =
⋂
V ∈U

V s.

Since (X,U) is T0, then by Proposition 1.2.1 (X,U s) is T2 and it follows that⋂
V ∈U

V s = ∆. Thus, (z, w) ∈ ∆. Therefore y = w = z ∈ F (a contradic-

tion, as y /∈ F ). Hence F0 is (n, V )-separated with respect to ψ and F0 ⊆ K

with |F | < |F0|. This is a contradiction, as sn(V,K, ψ) = |F |. Therefore

K ⊆
⋃
x∈F

Dn(x, V s, ψ), as required. 2

The following proposition gives the basic properties of rn and sn for n ∈ N+,

which will be used to define the notion of quasi-uniform entropy for a uniformly

continuous self-map of a quasi-uniform space.

4.1.2 Proposition. (compare [15, Lemma 1] and [11, Proposition 1])

Let (X,U) be a quasi-uniform space and ψ : (X,U) → (X,U) be a uniformly

continuous self-map. For each n ∈ N+ and each K ∈ K(X) we have:

(i) Let V, U ∈ U such that U s ◦ U s ⊆ V s. Then

rn(V,K, ψ) ≤ sn(V,K, ψ) ≤ rn(U,K, ψ);

(ii) If V1, V2 ∈ U such that V1 ⊆ V2. Then

rn(V2, K, ψ) ≤ rn(V1, K, ψ) and sn(V2, K, ψ) ≤ sn(V1, K, ψ).

Proof. Let n ∈ N+ and K ∈ K(X).

(i) Let V, U ∈ U such that U s ◦ U s ⊆ V s. Firstly, we prove that rn(V,K, ψ) ≤
sn(V,K, ψ). Let E ⊆ K such that E is (n, V )-separated with respect to ψ and

sn(V,K, ψ) = |E|. Then by Lemma 4.1.3, we get that

K ⊆
⋃
x∈E

Dn(x, V s, ψ) ⊆
⋃
x∈E

Dn(x, V, ψ),
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and it follows that

|E| ∈
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, V, ψ)

}
.

Therefore rn(V,K, ψ) ≤ sn(V,K, ψ).

Secondly, we prove that sn(V,K, ψ) ≤ rn(U,K, ψ). Let E ⊆ K be (n, V )-separated

with respect to ψ and F ⊆ X such that K ⊆
⋃
x∈F

Dn(x, U s, ψ).

Define a map g : E → F by choosing, for each x ∈ E a point g(x) ∈ F

with g(x) ∈ Dn(x, U s, ψ). Then g is injective. Otherwise, if x 6= y in E, but

g(x) = z = g(y), then

(ψk(x), ψk(z)), (ψk(y), ψk(z)) ∈ U s

for all 0 ≤ k < n. It follows that

(ψk(x), ψk(y)) ∈ U s ◦ U s ⊆ V s

for all 0 ≤ k < n. Therefore y ∈ Dn(x, V s, ψ)∩Dn(y, V s, ψ), which is a contradic-

tion, as E is (n, V )-separated. Now injectivity of g follows, from which we get that

|E| ≤ |F |. Since K ⊆
⋃
x∈F

Dn(x, U s, ψ) ⊆
⋃
x∈F

Dn(x, U, ψ), then sn(V,K, ψ) ≤

rn(U,K, ψ), as required.

(ii) Let V1, V2 ∈ U such that V1 ⊆ V2. First we prove that rn(V2, K, ψ) ≤
rn(V1, K, ψ). Since V1 ⊆ V2, then Dn(x, V1, ψ) ⊆ Dn(x, V2, ψ) for each x ∈ X.

Thus{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, V1, ψ)
}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, V2, ψ)
}
.

Therefore rn(V2, K, ψ) ≤ rn(V1, K, ψ).

Finally, we show that sn(V2, K, ψ) ≤ sn(V1, K, ψ). Since V1 ⊆ V2, then it follows

that Dn(x, (V1)
s, ψ) ⊆ Dn(x, (V2)

s, ψ) for each x ∈ X. Now if F ⊆ X is (n, V2)-

separated with respect to ψ, then F is also (n, V1)-separated with respect to ψ,

because for any x 6= y in F , we have that

Dn(x, (V1)
s, ψ) ∩Dn(y, (V1)

s, ψ) ⊆ Dn(x, (V2)
s, ψ) ∩Dn(y, (V2)

s, ψ) = ∅.
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Therefore, we have sn(V2, K, ψ) ≤ sn(V1, K, ψ). 2

By Proposition 4.1.2, we get the following results.

4.1.1 Corollary. Let (X,U) be a quasi-uniform space and ψ : (X,U) →
(X,U) be a uniformly continuous self-map. Let V ∈ U and K be a non-empty

join-compact subset of X. Since V s = V ∩V −1, then V s ⊆ V . Now we have that:

(1) rn(V,K, ψ) ≤ rn(V s, K, ψ) for each n ∈ N+;

(2) sn(V,K, ψ) ≤ sn(V s, K, ψ) for each n ∈ N+.

By Proposition 4.1.2, it follows that hr(K,ψ) = hs(K,ψ) for each K ∈ K(X) and

each uniformly continuous self-map ψ : (X,U) → (X,U). Hence the following

definitions make sense:

4.1.1 Definition. Let (X,U) be a quasi-uniform space, ψ : (X,U)→ (X,U)

be a uniformly continuous self-map and K ∈ K(X).

hQU(K,ψ) = hr(K,ψ) = hs(K,ψ),

is the quasi-uniform entropy of ψ with respect to K. Furthermore, we define the

quasi-uniform entropy hQU(ψ) of ψ by

hQU(ψ) = sup
K∈K(X)

hQU(K,ψ).

We write hQU(K,ψ,U) and hQU(ψ,U) if we need to emphasise on the quasi-

uniformity U used.

It must be noted that if (X,U) is a uniform space, then our definition of entropy

coincides with that of uniform entropy hU given by Hood [15] and Hofer [14].

In light of Remark 4.1.2 the quasi-uniform entropy defined in Chapter 3 for uni-

formly continuous self-maps of a quasi-metric space (X, q) can be obtained from

the quasi-uniform entropy defined in Section 4.1 by using the quasi-metric quasi-

uniformity Uq (see Proposition 4.1.3).
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4.1.3 Remark. Let (X,U) be a quasi-uniform space, ψ : (X,U) → (X,U)

be a uniformly continuous self-map and K ∈ K(X). If K is finite, then for each

U ∈ U , n ∈ N+ we have rn(U,K, ψ) ≤ |K| . Thus, r(U,K, ψ) = 0 for each U ∈ U
and it follows that hr(K,ψ) = 0. Therefore hQU(ψ) = 0, if (X,U) has no infinite

compact subsets.

4.1.1 Example. If (X,U) is a quasi-uniform space and idX : (X,U) →
(X,U) is the identity map, then hQU(idX) = 0.

Let n ∈ N+ and V ∈ U . If x ∈ X, we have that

Dn(x, V, idX) =
n−1⋂
k=0

(idX)−k(V ((idX)k(x)))

=
n−1⋂
k=0

idX(V (idX(x)))

=
n−1⋂
k=0

V (x) = V (x),

as (idX)−k = idX = (idX)k for all k ∈ N+ ∪ {0}. Similarly it can be shown that

Dn(x, V s, idX) = V s(x) for each x ∈ X. Hence rn(V,K, idX) and sn(V,K, idX)

are independent of n for each K ∈ K(X). Therefore r(V,K, idX) = 0 = s(V,K, idX)

for each K ∈ K(X). Thus, hQU(idX) = 0.

The following result easily follows by using Remark 4.1.2.

4.1.3 Proposition. Let (X, q) be a quasi-metric space and Uq be the quasi-

uniformity induced by q on X. If ψ : (X, q) → (X, q) is a uniformly continuous

self-map, then

hQU(ψ, q) = hQU(ψ,Uq) and hU(ψ, qs) = hU(ψ,Uqs).

In light of Remark 4.1.3 and Proposition 4.1.3, it follows that if ψ : (X, q) →
(X, q) is a uniformly continuous self-map of a quasi-metric space (X, q) and (X, q)

has no infinite compact subsets, then hQU(ψ) = 0.
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4.2 Basic properties of the quasi-uniform en-

tropy on a quasi-uniform space

In this section we are going to show that most of the basic facts about quasi-

uniform entropy on quasi-metric spaces presented in Chapter 3 (see also [11]) can

easily be extended to quasi-uniform spaces.

4.2.1 Definition. (compare [11, Definition 2]) Two quasi-uniformities U1

and U2 on a set X are uniformly equivalent if idX : (X,U1)→ (X,U2) and idX :

(X,U2) → (X,U1) are both uniformly continuous maps of quasi-uniform spaces.

In this case ψ : (X,U1) → (X,U1) is uniformly continuous if and only if ψ :

(X,U2)→ (X,U2) is uniformly continuous.

It must be noted that, if (X,U) is a quasi-uniform space, then (X,U) and (X,U−1)

are not uniformly equivalent in general. See [11, Example 4] by using the usual

quasi-uniformity Uu of R.

4.2.1 Proposition. (compare [11, Proposition 2]) If U1 and U2 are uni-

formly equivalent quasi-uniformities on X and ψ : (X,U1)→ (X,U1) is uniformly

continuous, then hQU(ψ,U1) = hQU(ψ,U2).

Proof. Suppose U1 and U2 are uniformly equivalent quasi-uniformities on X

and ψ : (X,U1) → (X,U1) is uniformly continuous. Let U1 ∈ U1. Since idX :

(X,U2) → (X,U1) and idX : (X,U1) → (X,U2) are both uniformly continuous,

we can choose U2 ∈ U2 and V1 ∈ U1 such that U2 = (idX × idX)(U2) ⊆ U1 and

V1 = (idX × idX)(V1) ⊆ U2. Thus V1 ⊆ U2 ⊆ U1. Observe that for each x ∈ X,

we have

DU1
n (x, V1, ψ) ⊆ DU2

n (x, U2, ψ) ⊆ DU1
n (x, U1, ψ) for all n ∈ N+.
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Let K ∈ K(X) and F ⊆ X such that K ⊆
⋃
x∈F

DU2
n (x, U2, ψ). Then

K ⊆
⋃
x∈F

DU1
n (x, U1, ψ).

Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

DU2
n (x, U2, ψ)

}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

DU1
n (x, U1, ψ)

}
.

Therefore rn(U1, K, ψ,U1) ≤ rn(U2, K, ψ,U2). Similarly, it can be shown that

rn(U2, K, ψ,U2) ≤ rn(V1, K, ψ,U1). Letting n→∞, we obtain that

r(U1, K, ψ,U1) ≤ r(U2, K, ψ,U2) ≤ r(V1, K, ψ,U1).

Hence

sup{r(U1, K, ψ,U1) : U1 ∈ U1} ≤ sup{r(U2, K, ψ,U2) : U2 ∈ U2}

≤ sup{r(V1, K, ψ,U1) : V1 ∈ U1},

and it follows that hQU(K,ψ,U1) = hQU(K,ψ,U2). After taking supremum over

K(X), we get hQU(ψ,U1) = hQU(ψ,U2) as required. 2

4.2.2 Proposition. ( Logarithmic Law.) (compare [11, Proposition 3])

Let (X,U) be a quasi-uniform space and ψ : (X,U) → (X,U) be a uniformly

continuous self-map, then

hQU(ψm) = mhQU(ψ)

for each m ∈ N.

Proof. Let U ∈ U and m ∈ N.

Case 1. If m = 0, then the statement holds, as ψm = idX and hQU(idX) = 0

(see Example 4.1.1 ).

Case 2. If m ∈ N+, then we first show that

rn(U,K, ψm) ≤ rmn(U,K, ψ) for each n ∈ N+ and each K ∈ K(X).
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To this end, let x ∈ X and y ∈ Dmn(x, U, ψ). Then ψk(y) ∈ U(ψk(x)) for all

0 ≤ k < mn. If we set k = mi for 0 ≤ i < n, then ψmi(y) ∈ U(ψmi(x)) for all

0 ≤ i < n. Since ψmi = (ψm)i for all 0 ≤ i < n, then y ∈ Dn(x, U, ψm). Therefore

Dmn(x, U, ψ) ⊆ Dn(x, U, ψm). Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dmn(x, U, ψ)
}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, U, ψm)
}
.

Therefore rn(U,K, ψm) ≤ rmn(U,K, ψ). Taking logarithms on both sides and

dividing throughout by n, we get

log rn(U,K, ψm)

n
≤ m log rmn(U,K, ψ)

mn
=
m log rs(U,K, ψ)

s
,

where s = mn. Letting n→∞ and s→∞ we obtain that

r(U,K, ψm) ≤ mr(U,K, ψ).

Taking supremum over U , we get hQU(K,ψm) ≤ mhQU(K,ψ). After taking

supremum over K(X), we get hQU(ψm) ≤ mhQU(ψ).

Let U ∈ U . Since ψ : (X,U) → (X,U) is uniformly continuous, there exists

V ∈ U such that if (x, y) ∈ V , then (ψj × ψj)(x, y) = (ψj(x), ψj(y)) ∈ U for all

0 ≤ j < m. We are going to show that Dn(x, V, ψm) ⊆ Dmn(x, U, ψ) for each

x ∈ X and each n ∈ N+.

For x ∈ X and n ∈ N+, let y ∈ Dn(x, V, ψm). Then (ψm)k(y) ∈ V ((ψm)k(x)) for

all 0 ≤ k < n. Since ψmk = (ψm)k for all 0 ≤ k < n, then ψmk(y) ∈ V (ψmk(x))

for all 0 ≤ k < n. Let i = mk, then 0 ≤ i < mn. Thus ψi(y) ∈ V (ψi(x))

for all 0 ≤ i < mn. Since ψi(y) ∈ V (ψi(x)), then ψij(y) ∈ U(ψij(x)) for all

0 ≤ j < m and for all 0 ≤ i < mn. Letting j = 1, we get ψi(y) ∈ U(ψi(x)) for

all 0 ≤ i < mn. Therefore y ∈ Dmn(x, U, ψ) and Dn(x, V, ψm) ⊆ Dmn(x, U, ψ)

follows. Hence{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, V, ψm)
}
⊆
{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dmn(x, U, ψ)
}
.

Therefore rmn(U,K, ψ) ≤ rn(V,K, ψm). Arguing in a similar manner as above,

we get mhQU(ψ) ≤ hQU(ψm). Putting everything together we get hQU(ψm) =

mhQU(ψ) as required. 2
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4.2.2 Definition. (compare [22, Chapter 9, Definition 37.4]) Let X1, X2

be sets and X = X1 × X2. For α = 1, 2, the αth biprojection is the map Pα :

X ×X → Xα ×Xα defined by

Pα(x, y) = (πα(x), πα(y)) for each (x, y) ∈ X ×X,

where πα : X → Xα is the αth projection map. It must be noted that each element

x of X has the form x = (x1, x2), where x1 ∈ X1 and x2 ∈ X2.

4.2.1 Theorem. Let (X1,U1) and (X2,U2) be quasi-uniform spaces. If X =

X1 × X2 and Pα : X × X → Xα × Xα is the αth biprojection map for α = 1, 2,

then

U = {U ⊆ X ×X : P−1
1 (U1) ∩ P−1

2 (U2) ⊆ U for some U1 ∈ U1 and U2 ∈ U2}

is a quasi-uniformity on X, called the product quasi-uniformity.

Proof. We first show that U is a filter on X × X. To this end, let α = 1, 2.

Suppose (Xα,Uα) is a quasi-uniform space and Pα : X × X → Xα × Xα is the

αth biprojection map, then Uα is a filter on Xα × Xα. Thus Xα 6= ∅ and it

follows that ∆Xα 6= ∅ and X 6= ∅. Since ∆Xα ⊆ Uα for each Uα ∈ Uα, then

∅ 6= ∆X ⊆ P−1
1 (U1) ∩ P−1

2 (U2) for each U1 ∈ U1 and U2 ∈ U2. Therefore U 6= ∅
for each U ∈ U . Since P−1

α (Xα × Xα) = X × X and Xα × Xα ∈ Uα, then

X×X ∈ U . Therefore U is a nonempty collection of nonempty subsets of X×X.

Let U ∈ U and V ⊆ X ×X such that U ⊆ V . Then P−1
1 (U1) ∩ P−1

2 (U2) ⊆ U for

some U1 ∈ U1 and U2 ∈ U2. Hence P−1
1 (U1) ∩ P−1

2 (U2) ⊆ V and it follows that

V ∈ U . Let U, V ∈ U , then there exists U1, V1 ∈ U1 and U2, V2 ∈ U2 such that

P−1
1 (U1) ∩ P−1

2 (U2) ⊆ U and P−1
1 (V1) ∩ P−1

2 (V2) ⊆ V . Since U1 ∩ V1 ∈ U1 and

U2 ∩ V2 ∈ U2, and

P−1
1 (U1 ∩ V1) ∩ P−1

2 (U2 ∩ V2) = (P−1
1 (U1) ∩ P−1

1 (V1)) ∩ (P−1
2 (U2) ∩ P−1

2 (V2))

= (P−1
1 (U1) ∩ P−1

2 (U2)) ∩ (P−1
1 (V1) ∩ P−1

2 (V2))

⊆ U ∩ V,
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then U ∩ V ∈ U . Therefore U is a filter on X ×X. Finally we show that U is a

quasi-uniformity on X. Let U ∈ U . There exists U1 ∈ U1 and U2 ∈ U2 such that

P−1
1 (U1) ∩ P−1

2 (U2) ⊆ U .

(a) Since ∆X ⊆ P−1
1 (U1) ∩ P−1

2 (U2) for each U1 ∈ U1 and U2 ∈ U2 (see above),

then ∆X ⊆ U .

(b) Choose V1 ∈ U1 and V2 ∈ U2 such that V1 ◦ V1 ⊆ U1 and V2 ◦ V2 ⊆ U2, and

let V = P−1
1 (V1) ∩ P−1

2 (V2) ∈ U . Then if (x, y) ∈ V ◦ V , we can find z ∈ X

such that (x, z), (z, y) ∈ V . Now (x1, z1), (z1, y1) ∈ V1 and (x2, z2), (z2, y2) ∈ V2

and hence (x1, y1) ∈ V1 ◦ V1 ⊆ U1 and (x2, y2) ∈ V2 ◦ V2 ⊆ U2. Thus (x, y) ∈
P−1

1 (U1) ∩ P−1
2 (U2) ⊆ U , so V ◦ V ⊆ U . 2

4.2.1 Lemma. Let (X1,U1), (X2,U2) be quasi-uniform spaces and U be the

product quasi-uniformity on X = X1 ×X2. If ψ1 : (X1,U1) → (X1,U1) and ψ2 :

(X2,U2)→ (X2,U2) are both uniformly continuous self-maps, then ψ : (X,U)→
(X,U) is a uniformly continuous self-map, where ψ = ψ1 × ψ2 and it is defined

by ψ(x) = (ψ1(x1), ψ2(x2)) for each x ∈ X.

Proof. Suppose ψ1 : (X1,U1) → (X1,U1) and ψ2 : (X2,U2) → (X2,U2) are both

uniformly continuous. Let U ∈ U . There exists U1 ∈ U1 and U2 ∈ U2 such that

P−1
1 (U1) ∩ P−1

2 (U2) ⊆ U . Since ψ1 : (X1,U1) → (X1,U1) and ψ2 : (X2,U2) →
(X2,U2) are both uniformly continuous, there exists V1 ∈ U1 and V2 ∈ U2 such

that (ψ1 × ψ1)(V1) ⊆ U1 and (ψ2 × ψ2)(V2) ⊆ U2. Set V = P−1
1 (V1) ∩ P−1

2 (V2).

Then V ∈ U and if (x, y) ∈ V , we have that (x1, y1) ∈ V1 and (x2, y2) ∈ V2.

Since (ψ1×ψ1)(V1) ⊆ U1 and (ψ2×ψ2)(V2) ⊆ U2, then (ψ1(x1), ψ1(y1)) ∈ U1 and

(ψ2(x2), ψ2(y2)) ∈ U2. Since

Pα((ψ × ψ)(x, y)) = Pα(ψ(x), ψ(y)) = (πα(ψ(x)), πα(ψ(y))) = (ψα(xα), ψα(yα)) ∈ Uα

for each α = 1, 2, then (ψ × ψ)(x, y) ∈ P−1
α (Uα) for each α = 1, 2. Thus

(ψ × ψ)(x, y) ∈ P−1
1 (U1) ∩ P−1

2 (U2) ⊆ U and it follows that (ψ × ψ)(V ) ⊆ U .

Therefore ψ is uniformly continuous. 2

4.2.2 Lemma. Let (X1,U1), (X2,U2) be quasi-uniform spaces and U be the

product quasi-uniformity on X = X1 × X2. Let U1 ∈ U1 and U2 ∈ U2 . If U =
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P−1
1 (U1) ∩ P−1

2 (U2) ∈ U , ψ1 : (X1,U1) → (X1,U1) and ψ2 : (X2,U2) → (X2,U2)

are both uniformly continuous self-maps, then for each x, y ∈ X we have that:

a) U(x) = U1(x1)× U2(x2) and U s(x) = (U1)
s(x1)× (U2)

s(x2),

b) If ψ = ψ1 × ψ2 and n ∈ N+, then

(i) DUn (x, U, ψ) =
2∏

α=1

DUαn (xα, Uα, ψα),

(ii) DUn (x, U s, ψ) =
2∏

α=1

DUαn (xα, (Uα)s, ψα), and

(iii) DUn (x, U s, ψ) ∩DUn (y, U s, ψ) =
2∏

α=1

(
DUαn (xα, (Uα)s, ψα) ∩DUαn (yα, (Uα)s, ψα)

)
.

c)
⋃
x1∈F1

DU1
n (x1, U1, ψ1)×

⋃
x2∈F2

DU2
n (x2, U2, ψ2) ⊆

⋃
x∈F1×F2

DUn (x, U, ψ)

for each F1 ⊆ X1 and F2 ⊆ X2.

Proof. Let U1 ∈ U1, U2 ∈ U2 and set U = P−1
1 (U1) ∩ P−1

2 (U2) ∈ U . Let

x, y, z ∈ X. Then

a) we have that

z ∈ U(x)⇔ (x, z) ∈ U

⇔ (x1, z1) ∈ U1 and (x2, z2) ∈ U2

⇔ z1 ∈ U1(x1) and z2 ∈ U2(x2)

⇔ z ∈ U1(x1)× U2(x2).

Therefore U(x) = U1(x1) × U2(x2) as required. Similarly, it can be shown

that U s(x) = (U1)
s(x1)× (U2)

s(x2).
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b) Suppose ψ = ψ1 × ψ2 and n ∈ N+. It can be shown via induction that

ψk(x) = (ψk1(x1), ψ
k
2(x2)) for each k ∈ N+ ∪ {0}. Let 0 ≤ k < n.

(i) we have that

z ∈ DUn (x, U, ψ)⇔ ψk(z) ∈ U(ψk(x))

⇔ ψk(z) ∈ U1(ψ
k
1(x1))× U2(ψ

k
2(x2))

⇔ ψk1(z1) ∈ U1(ψ
k
1(x1)) and ψk2(z2) ∈ U2(ψ

k
2(x2))

⇔ z ∈ DU1
n (x1, U1, ψ1)×DU2

n (x2, U2, ψ2)

⇔ z ∈
2∏

α=1

DUαn (xα, Uα, ψα).

Therefore DUn (x, U, ψ) =
2∏

α=1

DUαn (xα, Uα, ψα) follows.

(ii) Since U s(x) = (U1)
s(x1) × (U2)

s(x2). Then the statement follows, by

using a similar argument as in (i) above.

(iii) By applying (ii) above, we get that

DUn (x, U s, ψ) ∩DUn (y, U s, ψ) =
2∏

α=1

DUαn (xα, (Uα)s, ψα) ∩
2∏

α=1

DUαn (yα, (Uα)s, ψα)

=
2∏

α=1

(
DUαn (xα, (Uα)s, ψα) ∩DUαn (yα, (Uα)s, ψα)

)
.

c) Let z ∈
⋃
x1∈F1

DU1
n (x1, U1, ψ1)×

⋃
x2∈F2

DU2
n (x2, U2, ψ2), then there exists a pair

(x1, x2) ∈ F1 × F2 such that z1 ∈ DU1
n (x1, U1, ψ1) and z2 ∈ DU2

n (x2, U2, ψ2).

Thus z ∈ DU1
n (x1, U1, ψ1)×DU2

n (x2, U2, ψ2) = DUn (x, U, ψ) ⊆
⋃

x∈F1×F2

DUn (x, U, ψ).

Therefore
⋃
x1∈F1

DU1
n (x1, U1, ψ1)×

⋃
x2∈F2

DU2
n (x2, U2, ψ2) ⊆

⋃
x∈F1×F2

DUn (x, U, ψ)

as required. 2
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4.2.2 Theorem. (Weak Addition Theorem) (compare [11, Proposition 4])

Let (X1,U1) and (X2,U2) be quasi-uniform spaces. Suppose

ψ1 : (X1,U1)→ (X1,U1) and ψ2 : (X2,U2)→ (X2,U2)

are uniformly continuous self-maps. If U is the product quasi-uniformity on the

set X = X1 ×X2 and ψ : (X,U)→ (X,U) is the uniformly continuous self-map,

defined by ψ = ψ1 × ψ2, then hQU(ψ,U) ≤ hQU(ψ1,U1) + hQU(ψ2,U2). Further-

more, if X1 or X2 is compact, then hQU(ψ,U) = hQU(ψ1,U1) + hQU(ψ2,U2).

Proof. Let Ki ∈ K(Xi), Fi ⊆ Xi and Ui ∈ Ui for i = 1, 2 such that

K1 ⊆
⋃
x1∈F1

DU1
n (x1, U1, ψ1) and K2 ⊆

⋃
x2∈F2

DU2
n (x2, U2, ψ2).

Set U = P−1
1 (U1)∩ P−1

2 (U2), then U ∈ U . Applying Lemma 4.2.2 c), we get that

K1 ×K2 ⊆
⋃

x∈F1×F2

DUn (x, U, ψ).

Now we have that

if |F1| ∈
{
|E1| : E1 ⊆ X1 and K1 ⊆

⋃
x1∈E1

DU1
n (x1, U1, ψ1)

}
and

|F2| ∈
{
|E2| : E2 ⊆ X2 and K2 ⊆

⋃
x2∈E2

DU2
n (x2, U2, ψ2)

}
,

then

|F1| × |F2| ∈
{
|E1 × E2| : E1 × E2 ⊆ X and K1 ×K2 ⊆

⋃
x∈E1×E2

DUn (x, U, ψ)
}
.

Hence rn(U,K1 ×K2, ψ,U) ≤
(
rn(U1, K1, ψ1,U1)

)(
rn(U2, K2, ψ2,U2)

)
. Taking

logarithms and dividing by n throughout, we get

r(U,K1 ×K2, ψ,U) ≤ r(U1, K1, ψ1,U1) + r(U2, K2, ψ2,U2).
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Taking supremum as U1 ranges over U1 and U2 ranges over U2, we obtain that

hQU(U,K1 ×K2, ψ,U) ≤ hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2). (4.1)

Let U ∈ U . Then V = P−1
1 (V1) ∩ P−1

2 (V2) ⊆ U for some V1 ∈ U1 and V2 ∈ U2.

Now V ∈ U and by equation 4.1, we have that

hQU(V,K1 ×K2, ψ,U) ≤ hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2).

Since V, U ∈ U with V ⊆ U , then by Proposition 4.1.2 (ii), we get that

hQU(U,K1 ×K2, ψ,U) ≤ hQU(V,K1 ×K2, ψ,U).

Now

hQU(U,K1 ×K2, ψ,U) ≤ hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2)

for all U ∈ U follows. Taking supremum as U ranges over U , we get that

hQU(K1 ×K2, ψ,U) ≤ hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2). (4.2)

For each Ui ∈ Ui and each n ∈ N+, let Ki ∈ K(Xi) and Fi ⊆ Ki be (n, Ui)-

separated with respect to ψi for each i = 1, 2. Then F1 × F2 ⊆ K1 × K2. Set

U = P−1
1 (U1) ∩ P−1

2 (U2), then U ∈ U .

We claim that F1 × F2 is (n, U)-separated with respect to ψ. To this, let x, y ∈
F1 × F2 such that x 6= y.

Case 1. If x1 6= y1, then DU1
n (x1, (U1)

s, ψ1) ∩ DU1
n (y1, (U1)

s, ψ1) = ∅, as F1 is

(n, U1)-separated with respect to ψ1. Then by Lemma 4.2.2 b)(iii), it follows

that

DUn (x, U s, ψ) ∩DUn (y, U s, ψ) = ∅.

Case 2. If x2 6= y2, then DU2
n (x2, (U2)

s, ψ2) ∩ DU2
n (y2, (U2)

s, ψ2) = ∅, as F2 is

(n, U2)-separated with respect to ψ2. Then by Lemma 4.2.2 b)(iii), it follows

that

DUn (x, U s, ψ) ∩DUn (y, U s, ψ) = ∅.
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Hence F1 × F2 is (n, U)-separated with respect to ψ as required. Now we have

that

if |F1| ∈
{
|E1| : E1 ⊆ K1 and E1 is (n, U1)-separated with respect toψ1

}
and

|F2| ∈
{
|E2| : E2 ⊆ K2 and E2 is (n, U2)-separated with respect toψ2

}
,

then

|F1|×|F2| ∈
{
|E1×E2| : E1×E2 ⊆ K1×K2 and E1×E2 is (n,U)-separated with respect to ψ

}
.

Hence
(
sn(U1, K1, ψ1,U1)

)(
sn(U2, K2, ψ2,U2)

)
≤ sn(U,K1 ×K2, ψ,U). Taking

logarithms and dividing throughout by n, we get

s(U1, K1, ψ1,U1) + s(U2, K2, ψ2,U2) ≤ s(U,K1 ×K2, ψ,U).

Taking supremum as U1 ranges over U1 and U2 ranges over U2, we get

hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2) ≤ hQU(U,K1 ×K2, ψ,U).

Since

hQU(U,K1 ×K2, ψ,U) ≤ hQU(K1 ×K2, ψ,U),

then

hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2) ≤ hQU(K1 ×K2, ψ,U).

By equation 4.2, we get that

hQU (K1, ψ1,U1)+hQU (K2, ψ2,U2) ≤ hQU (K1×K2, ψ,U) ≤ hQU (K1, ψ1,U1)+hQU (K2, ψ2,U2).

Hence

hQU(K1 ×K2, ψ,U) = hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2). (4.3)
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Let πi : X1×X2 → Xi be the ith projection map (for i = 1, 2). If K ∈ K(X1×X2),

then Ki = πi(K) ∈ K(Xi) for each i = 1, 2 and K ⊆ K1 ×K2. It follows that

hQU(ψ,U) = sup{hQU(K,ψ,U) : K ∈ K(X1 ×X2)}

≤ sup{hQU(K1 ×K2, ψ,U) : K1 ∈ K(X1) and K2 ∈ K(X2)}

= sup{hQU(K1, ψ1,U1) + hQU(K2, ψ2,U2) : K1 ∈ K(X1) and K2 ∈ K(X2)}

= sup{hQU(K1, ψ1,U1) : K1 ∈ K(X1)}+ sup{hQU(K2, ψ2,U2) : K2 ∈ K(X2)}

= hQU(ψ1,U1) + hQU(ψ2,U2),

where the third equality from below is obtained by using equation (4.3).

Suppose X1 or X2 is compact. Without loss of generality we may assume X1 is

compact. Since every element of K(X1 × X2) is a subset of X1 × K2 for some

K2 ∈ K(X2), we have

hQU(ψ,U) = sup{hQU(X1 ×K2, ψ,U) : K2 ∈ K(X2)}.

Since X1 is compact, then by Proposition 4.1.1 we have that

hQU(ψ1,U1) = hQU(X1, ψ1,U1).

Replacing K1 by X1 in equation (4.2), we get

hQU (X1×K2, ψ,U) = hQU (X1, ψ1,U1)+hQU (K2, ψ2,U2) = hQU (ψ1,U1)+hQU (K2, ψ2,U2).

Therefore

hQU(ψ,U) = sup{hQU(X1 ×K2, ψ,U) : K2 ∈ K(X2)}

= sup{hQU(ψ1,U1) + hQU(K2, ψ2,U2) : K2 ∈ K(X2)}

= hQU(ψ1,U1) + sup{hQU(K2, ψ2,U2) : K2 ∈ K(X2)}

= hQU(ψ1,U1) + hQU(ψ2,U2).

2
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Suppose (X,U) is a uniform space and ψ : (X,U) → (X,U) is a uniformly

continuous self-map. The Kimura’s entropy hK of ψ is defined in a similar manner

as the uniform entropy hU , but using totally bounded subsets instead of compact

ones. For more details on Kimura’s entropy we refer the reader to [16]. We write

hU(K,ψ,U), hK(K,ψ,U) and hU(ψ,U), hK(ψ,U) to emphasise the uniformity U
used.

The following result has been extended to quasi-uniform spaces (see Theorems

4.3.1 and 4.3.2).

4.2.3 Proposition. Let (X,U) be a uniform space and ψ : (X,U)→ (X,U)

a uniformly continuous self-map. Then hU(ψ) ≤ hK(ψ) with equality if the un-

derlying space is complete.

Proof. Suppose (X,U) is a uniform space and ψ : (X,U)→ (X,U) is a uniformly

continuous self-map. Since every compact subset of a uniform space is totally

bounded, then hU(ψ) ≤ hK(ψ). Suppose (X,U) is complete, it suffices to show

that hK(ψ) ≤ hU(ψ). Let K be a totally bounded subset of X. Since Clτ(U)(K) is

totally bounded and complete, then Clτ(U)(K) is compact. Since K ⊆ Clτ(U)(K),

then by [16, Basic fact 3.4(b)], we get that

hK(K,ψ) ≤ hU(Clτ(U)(K), ψ) ≤ hU(ψ).

This implies that hK(ψ) ≤ hU(ψ), as required. 2

4.2.1 Claim. (compare [11, Claim 1] and Claim 3.3.1) If (X,U) is a quasi-

uniform space and ψ : (X,U)→ (X,U) is a uniformly continuous self-map, then

for each K ∈ K(X) there exists some non-empty join-compact subset K ′ of X

such that

hQU(K,ψ,U) ≤ hU(K ′, ψ,U s).

Proof. This proof is easily obtainable by doing appropriate modifications and

following similar arguments to the proof of Claim 3.3.1. 2
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4.2.4 Proposition. (compare [11, Proposition 6]) Let (X,U) be a quasi-

uniform space and ψ : (X,U) → (X,U) be a uniformly continuous self-map.

Then

hQU(ψ,U) ≤ hU(ψ,U s) ≤ hK(ψ,U s).

Proof. Suppose ψ : (X,U) → (X,U) is uniformly continuous, then by Lemma

1.2.1 we have that ψ : (X,U s)→ (X,U s) is uniformly continuous. LetK be a non-

empty join-compact subset of X. Then by Remark 1.2.2 we have that K is a non-

empty compact subset of (X,U). It is well-known that hU(ψ,U s) ≤ hK(ψ,U s)
(see [16, Theorem 4.1]). Hence we only need to show that hQU(ψ,U) ≤ hU(ψ,U s).

To this end, let n ∈ N+ and U ∈ U . Since Dn(x, U s, ψ) ⊆ Dn(x, U, ψ) for each

x ∈ X, we get that{
|F | : F ⊆ X and K ⊆

⋃
x∈F

Dn(x, U s, ψ)
}
⊆
{
|F ′| : F ′ ⊆ X and K ⊆

⋃
x∈F ′

Dn(x, U, ψ)
}
.

Hence rn(U,K, ψ, ) ≤ rn(U s, K, ψ). Therefore hQU(K,ψ,U) ≤ hU(K,ψ,U s) for

each non-empty join-compact subset K of X. Let K be a non-empty τ(U)-

compact subset of X. By Claim 4.2.1, we can choose a non-empty join-compact

subset K ′ of X such that hQU(K,ψ,U) ≤ hU(K ′, ψ,U s). Since this holds for each

non-empty compact subset of X, it then follows that

hQU(ψ,U) = sup{hQU(K,ψ,U) : K is a compact subset of X}

≤ sup{hU(K,ψ,U s) : K is a join-compact subset of X}

= hU(ψ,U s).

Therefore hQU(ψ,U) ≤ hU(ψ,U s), as required. 2
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4.3 Quasi-uniform entropy following Kimura’s

approach

Let (X,U) be a quasi-uniform space and ψ : (X,U) → (X,U) be a uniformly

continuous self-map. Let B(X) denotes the collection of all nonempty U -totally

bounded subsets of X. We define the finite number rn(V,K, ψ) for every K ∈
B(X) as we did in section 4.1. Let

r(V,K, ψ) = lim
n→∞

sup
log rn(V,K, ψ)

n
.

Let hQUK(K,ψ) = sup{r(V,K, ψ) : V ∈ U}. Then the notion of quasi-uniform

K-entropy hQUK(ψ) of ψ is given by

hQUK(ψ) = sup{hQUK(K,ψ) : K ∈ B(X)}.

Since every τ(U)-compact subset of a quasi-uniform space (X,U) is U -totally

bounded, we obtain the following theorem.

4.3.1 Theorem. Let (X,U) be a quasi-uniform space and ψ : (X,U) →
(X,U) be a uniformly continuous self-map. Then

hQU(ψ) ≤ hQUK(ψ).

4.3.1 Lemma. (compare [16, Basic fact 3.4(b) ] and Proposition 4.1.1)

Let (X,U) be a quasi-uniform space and ψ : (X,U) → (X,U) be a uniformly

continuous self-map. If K,K ′ ∈ B(X) such that K ⊆ K ′ and V ∈ U , then

hQUK(K,ψ) ≤ hQUK(K ′, ψ).

4.3.1 Remark. Since every τ(U)-compact subset of a quasi-uniform space

(X,U) is U-totally bounded, then by the definition of quasi-uniform entropy, it is

clear that for a uniformly continuous self-map ψ on a quasi-uniform space (X,U)

we have

hQU(ψ) = sup{hQUK(K,ψ) : K is a nonempty compact subset of X }.
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4.3.2 Theorem. Let (X,U) be a bicomplete quasi-uniform space and ψ :

(X,U)→ (X,U) be a uniformly continuous self-map. Then

hQU(ψ) = hQUK(ψ).

Proof. By Theorem 4.3.1, it suffices to show that hQUK(ψ) ≤ hQU(ψ). Let

K ∈ B(X). Since Clτ(U)(K) is totally bounded and bicomplete, then Clτ(U)(K)

is compact (as it is join-compact). Since K ⊆ Clτ(U)(K), then by Lemma 4.3.1

and Remark 4.3.1, we get that

hQUK(K,ψ) ≤ hQUK(Clτ(U)(K), ψ) ≤ hQU(ψ).

This implies that hQUK(ψ) ≤ hQU(ψ), as required. 2

4.3.1 Claim. (compare [11, Claim 1] and Claims 3.3.1 and 4.2.1) If (X,U)

is a quasi-uniform space and ψ : (X,U)→ (X,U) is a uniformly continuous self-

map, then for each K ∈ B(X) there exists some non-empty totally bounded subset

K ′ of X such that

hQUK(K,ψ,U) ≤ hK(K ′, ψ,U s).

Proof. This proof is easily obtainable by doing appropriate modifications and

following similar arguments to the proof of Claim 1 in [11] (see also the proof of

Claim 3.3.1). Indeed working in the quasi-uniform space (X,U), one must replace

K(X) by B(X) and join-compact by totally bounded. 2

By Claim 4.3.1 the following result easily follows.

4.3.1 Proposition. (compare [11, Proposition 6]) Let (X,U) be a quasi-

uniform space and ψ : (X,U) → (X,U) be a uniformly continuous self-map.

Then

hQUK(ψ,U) ≤ hK(ψ,U s).

By Proposition 4.1.3, Theorem 4.3.1 and Theorem 4.3.2 we get the following

results.
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4.3.2 Proposition. Let (X, q) be a quasi-metric space and Uq be the quasi-

uniformity induced by q on X. If ψ : (X, q) → (X, q) is a uniformly continuous

map, then

a) hQU(ψ, q) ≤ hQUK(ψ,Uq),

b) hQU(ψ, q) = hQUK(ψ,Uq), provided that (X, q) is bicomplete.

4.4 Completion theorem for quasi-uniform en-

tropy on a quasi-uniform space

In [16] Kimura proved the completion theorem for uniform entropy on a uniform

space. In this section we are going to investigate the completion theorem for

quasi-uniform entropy on a quasi-uniform space.

4.4.1 Lemma. (compare [11, Lemma 3]) Let (X,U) be a quasi-uniform

space, ψ : (X,U) → (X,U) a uniformly continuous self-map and let Y be a ψ-

invariant subset of X. For each n ∈ N+ and U ∈ U the following statements

holds.

(i) If y ∈ Y , then

DUYn (y, U ∩ (Y × Y ), ψ|Y ) = DUn (y, U, ψ) ∩ Y

and

DUYn (y, (U ∩ (Y × Y ))s, ψ|Y ) = DUn (y, U s, ψ) ∩ Y ;

(ii) rn(U ∩ (Y × Y ), K, ψ|Y ,UY ) = rn(U,K, ψ,U) for each K ∈ K(Y ).
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Proof. (i) Let y ∈ Y, n ∈ N+ and U ∈ U . Since (Y,UY ) is a subspace of (X,U),

then
(
U ∩ (Y × Y )

)
(y) = U(y) ∩ Y. Since ψ(Y ) ⊆ Y , then Y ⊆ ψ−k(Y ) for all

k ∈ N+ ∪ {0}. Now we get that

DUYn (y, U ∩ (Y × Y ), ψ|Y ) =
n−1⋂
k=0

(ψ|Y )−k
(

(U ∩ (Y × Y ))(ψ|Y )k(y)
)

=
n−1⋂
k=0

ψ−k
(
U(ψk(y)) ∩ Y

)
=

n−1⋂
k=0

ψ−k
(
U(ψk(y))

)
∩
n−1⋂
k=0

ψ−k(Y )

= DUn (y, U, ψ) ∩ Y.

Since

DUYn (y, U ∩ (Y × Y ), ψ|Y ) = DUn (y, U, ψ) ∩ Y

and

(U ∩ (Y × Y ))−1 = U−1 ∩ (Y × Y ),

then

DUYn (y, (U ∩ (Y × Y ))s, ψ|Y ) = DUn (y, U s, ψ) ∩ Y.

(ii) Let K ∈ K(Y ). By (i) we have that

DUYn (y, U ∩ (Y × Y ), ψ|Y ) ⊆ DUn (y, U, ψ),

thus{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

DUYn (y, U∩(Y×Y ), ψ|Y )
}
⊆
{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

DUn (y, U, ψ)
}
.

Hence rn(U,K, ψ,U) ≤ rn(U ∩ (Y × Y ), K, ψ|Y ,UY ).

Let F ⊆ Y such that K ⊆
⋃
y∈F

DUn (y, U, ψ). Since

DUYn (y, U ∩ (Y × Y ), ψ|Y ) = DUn (y, U, ψ) ∩ Y and K ⊆ Y,
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then

K = K∩Y ⊆
⋃
y∈F

DUn (y, U, ψ)∩Y =
⋃
y∈F

(
DUn (y, U, ψ)∩Y

)
=
⋃
y∈F

DUYn (y, U∩(Y×Y ), ψ|Y ).

Therefore{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

DUn (y, U, ψ)
}
⊆
{
|F | : F ⊆ Y and K ⊆

⋃
y∈F

DUYn (y, U∩(Y×Y ), ψ|Y )
}
.

Hence rn(U ∩ (Y × Y ), K, ψ|Y ,UY ) ≤ rn(U,K, ψ,U). Since

rn(U,K, ψ,U) ≤ rn(U ∩ (Y × Y ), K, ψ|Y ,UY ) ≤ rn(U,K, ψ,U),

then rn(U ∩ (Y × Y ), K, ψ|Y ,UY ) = rn(U,K, ψ,U). 2

4.4.1 Proposition. (Monotonicity with respect to subspaces) (compare [11,

Proposition 5]) Let (X,U) be a quasi-uniform space, ψ : (X,U) → (X,U) a

uniformly continuous self-map and let Y be an ψ-invariant subset of X. Then

hQU(ψ|Y ,UY ) ≤ hQU(ψ,U).

Proof. Let K ∈ K(Y ), n ∈ N+ and U ∈ U . After applying Lemma 4.4.1 (ii), we

get that

r(U ∩ (Y × Y ), K, ψ|Y ,UY ) = r(U,K, ψ,U).

Thus hQU(K,ψ|Y ,UY ) = hQU(K,ψ,U). Since K(Y ) ⊆ K(X), we get that

hQU(ψ|Y ,UY ) = sup{hQU(K,ψ|Y ,UY ) : K ∈ K(Y )}

= sup{hQU(K,ψ,U) : K ∈ K(Y )}

≤ sup{hQU(K,ψ,U) : K ∈ K(X)}

= hQU(ψ,U).

Therefore hQU(ψ|Y ,UY ) ≤ hQU(ψ,U), as required. 2
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4.4.1 Definition. (See [18, Section 2.6]) Let (X,U) be a quasi-uniform

space. A bicompletion of (X,U) is a pair
(

(X̃, Ũ), ϕ
)

consisting of a bicomplete

quasi-uniform space (X̃, Ũ) and a uniform embedding ϕ : (X,U) → (X̃, Ũ) such

that ϕ(X) is dense in the uniform space (X̃, (Ũ)s).

The following outline of the actual construction of the bicompletion of a quasi-

uniform space can be found in [18, Proposition 2.7.3] and for the actual construc-

tion we refer the reader to [9, Chapter 3].

Let (X,U) be a quasi-uniform space and ψ : (X,U) → (X,U) a uniformly con-

tinuous self-map. We denote by (X̃, Ũ) the bicompletion of (X,U) and by ψ̃

the uniformly continuous extension of ψ over X̃. Here X̃ is the set of all min-

imal U s-Cauchy filters on X and Ũ is the quasi-uniformity on X̃ generated by

B̃ = {Ũ : U ∈ U}, where

Ũ = {(F ,G) ∈ X̃×X̃ : there exists some F ∈ F and G ∈ G such that F×G ⊆ U}

for each U ∈ U . It must be noted that we can identify (Ũ)s with Ũ s. For each

x ∈ X, set U s(x) = {U s(x) : U ∈ U}. One easily verifies that U s(x) ∈ X̃ for each

x ∈ X. The uniform embedding ϕ : (X,U)→ (X̃, Ũ) is defined by ϕ(x) = U s(x)

for each x ∈ X. We are interested in the relationship between hQU(ψ,U) and

hQU(ψ̃, Ũ).

4.4.1 Theorem. (Compare [16, Theorem 5.2]) Let (X,U) be a quasi-uniform

space and ψ : (X,U)→ (X,U) a uniformly continuous self-map. If (X̃, Ũ), is the

bicompletion of (X,U) and ψ̃ is the uniformly continuous extension of ψ over X̃,

then

hQU(ψ,U) ≤ hQU(ψ̃, Ũ).

Proof. Suppose (X̃, Ũ) is the bicompletion of (X,U) and ψ̃ is the uniformly

continuous extension of ψ over X̃. Then U = ŨX = Ũ |X×X and ψ = ψ̃|X and by
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Proposition 4.4.1 we have that hQU(ψ,U) = hQU(ψ̃|X , ŨX) ≤ hQU(ψ̃, Ũ). 2

The following result is what we call the completion theorem.

4.4.2 Theorem. (Compare [16, Theorem 5.3] and [11, Theorem 1]) Let

(X,U) be a join-compact quasi-uniform space and ψ : (X,U) → (X,U) a uni-

formly continuous self-map. If
(

(X̃, Ũ), ϕ
)

is the bicompletion of (X,U) and ψ̃

is the uniformly continuous extension of ψ over X̃, then

hQU(ψ,U) = hQU(ψ̃, Ũ).

Proof. Suppose (X,U) is join-compact. Then (X,U s) is totally bounded. Since

the completion of a totally bounded uniform space is also totally bounded, then

(X̃, (Ũ)s) is totally bounded. Hence (X̃, Ũ) is totally bounded. Since (X̃, Ũ) is

totally bounded and bicomplete, then (X̃, Ũ) is join-compact. Let n ∈ N+ and

V ∈ Ũ . Since {Ũ : U ∈ U} is a base of Ũ , we can choose U1, U2 ∈ U such that

Ũ1 ◦ Ũ1 ⊆ Ũ2 and Ũ2 ⊆ V . Let F ⊆ X such that X ⊆
⋃
x∈F

DUn (x, U1, ψ) and

rn(U1, X, ψ,U) = |F |. Let us set

W =
n−1⋂
i=0

(
(ψ̃)−i × (ψ̃)−i

)
(Ũ1).

Since (ψ̃)i : (X̃, Ũ) → (X̃, Ũ) is uniformly continuous for all 0 ≤ i < n, then

W ∈ Ũ . We first show that

X̃ ⊆
⋃
x∈F

DŨn (U s(x), V, ψ̃).

To this end, let z ∈ X̃. Since X̃ = Clτ((Ũ)s)(ϕ(X)), we can choose z′ ∈ X such that

(U s(z′), z) ∈ W . Then we have that
(

(ψ̃)i(U s(z′)), (ψ̃)i(z)
)
∈ Ũ1 for all 0 ≤ i < n.

Since X ⊆
⋃
x∈F

DUn (x, U1, ψ), we can choose x ∈ F such that (ψi(x), ψi(z′)) ∈ U1

for all 0 ≤ i < n. Then we have that
(

(ψ̃)i(U s(x)), (ψ̃)i(U s(z′))
)
∈ Ũ1 for all
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0 ≤ i < n. Thus
(

(ψ̃)i(U s(x)), (ψ̃)i(z)
)
∈ Ũ1 ◦ Ũ1 for all 0 ≤ i < n. Since

Ũ1 ◦ Ũ1 ⊆ Ũ2, then
(

(ψ̃)i(U s(x)), (ψ̃)i(z)
)
∈ Ũ2 for all 0 ≤ i < n. Hence(

(ψ̃)i(U s(x)), (ψ̃)i(z)
)
∈ V for all 0 ≤ i < n, and z ∈ DŨn (U s(x), V, ψ̃) follows.

From which we get

X̃ ⊆
⋃
x∈F

DŨn (U s(x), V, ψ̃).

Therefore

|ϕ(F )| ∈
{
|E| : E ⊆ X̃ and X̃ ⊆

⋃
y∈E

DŨn (y, V, ψ̃)

}
,

and it follows that rn(V, X̃, ψ̃, Ũ) ≤ |ϕ(F )|. Since ϕ : F → X̃ is injective (as every

uniform embedding is injective), then |ϕ(F )| = |F |. Therefore rn(V, X̃, ψ̃, Ũ) ≤
rn(U,X, ψ,U) and hQU(X̃, ψ̃, Ũ) ≤ hQU(X,ψ,U) follows.

Since X̃ and X are both join-compact, then (X̃, Ũ) and (X,U) are both compact.

Applying Proposition 4.1.1 it follows that

hQU(ψ̃, Ũ) = hQU(X̃, ψ̃, Ũ) ≤ hQU(X,ψ,U) = hQU(ψ,U).

2
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Chapter 5

Quasi-uniform entropy vs

topological entropy

In this chapter we are going to investigate the relationship between our notion

of entropy (quasi-uniform entropy) and some of the well established notions of

topological entropy. In particular, we are interested in the relationship between

our quasi-uniform entropy function hQU and the following entropy functions h, hf

and hK , where h, hf and hK are the entropy functions defined by [1, 14] and [16],

respectively. It is known that the notion of quasi-uniform entropy for a quasi-

metric space (X, q) is exactly the same as the notion of quasi-uniform entropy

computed on (X,Uq), where Uq is the quasi-uniformity of the quasi-metric q (see

Proposition 4.1.3). Hence it is sufficient to investigate the relationship between

topological entropy and quasi-uniform entropy on quasi-uniform spaces.

It is well-known that, if ψ : (X,U) → (Y,V) is a continuous mapping between

uniform spaces and (X,U) is compact, then ψ is uniformly continuous. This

result is not true in the case of quasi-uniform spaces (see [5] the paragraph above

Theorem 1.1.54 on page 33). Hence in studying the relationship between our
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notion of quasi-uniform entropy and the topological entropies mentioned above,

it make sense to start with a self-mapping which is uniformly continuous, as

our notion of quasi-uniform entropy is computed for a uniformly continuous self-

mapping of a quasi-metric(uniform) space. Most of the materials in this chapter

are contained in our recent article [13].

5.1 Quasi-uniform entropy vs topological entropy

on compact quasi-uniform spaces

In this section we are going to investigate the relationship between the topological

entropy and the quasi-uniform entropy for compact quasi-uniform spaces.

5.1.1 Proposition. If (X,U) is a join-compact quasi-uniform space and

ψ : (X,U)→ (X,U) is a uniformly continuous self-map, then

hQU(ψ,U) ≤ hU(ψ,U s) = h(ψ, τ(U s)) = hf (ψ, τ(U s)).

In particular, we have that hQU(ψ,U) ≤ h(ψ, τ(U s)).

Proof. Let (X,U) be a join-compact quasi-uniform space and ψ : (X,U) →
(X,U) a uniformly continuous self-map. By Proposition 4.2.4, we have that

hQU(ψ,U) ≤ hU(ψ,U s). Since (X, τ(U s)) is compact, then by Remark 2.2.1

we have that hf (ψ, τ(U s)) = h(ψ, τ(U s)). Also compactness of the uniform space

(X,U s) implies that hU(ψ,U s) = h(ψ, τ(U s)) (see for instance [14, 15]). Therefore

we get

hQU(ψ,U) ≤ hU(ψ,U s) = h(ψ, τ(U s)) = hf (ψ, τ(U s))

as required. 2

Since (X,U s) is a compact uniform space, then h(ψ, τ(U s)) = hK(ψ,U s) (see [16,

Theorem 4.10]). Then by Proposition 5.1.1 we get that hQU(ψ,U) ≤ hK(ψ,U s).
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5.1.2 Proposition. (compare [21, Theorem 7.7] ) Let (X,U) be a compact

quasi-uniform space and ψ : (X,U) → (X,U) a uniformly continuous self-map.

Then for each α ∈ cov(X), there exists some U ∈ U such that

N(Cn(α, ψ)) ≤ rn(U,X, ψ) ≤ sn(U,X, ψ)

for all n ∈ N+.

Proof. Let α ∈ cov(X) and suppose X is compact. Then by Proposition 1.2.2,

(X,U) has the Lebesgue property. Thus there exists some U ∈ U such that

β = {U(x) : x ∈ X} refines α. Let n ∈ N+. By Proposition 4.1.2, we have

that rn(V,K, ψ) ≤ sn(V,K, ψ) for each V ∈ U and each K ∈ K(X). Since

X ∈ K(X), then rn(U,X, ψ) ≤ sn(U,X, ψ). Let F ⊆ X with X =
⋃
x∈F

Dn(x, U, ψ)

and rn(U,X, ψ) = |F |. Since β < α, then by 2 (ii) of Remark 2.1.1 we get that

N(Cn(α, ψ)) ≤ N(Cn(β, ψ)). Since X =
⋃
x∈F

Dn(x, U, ψ) and rn(U,X, ψ) = |F |,

then

β′ =

{ n−1⋂
k=0

ψ−k(U(ψk(x))) : x ∈ F
}

is a subcover of Cn(β, ψ) with N(β′) = |F |. Since β′ < Cn(β, ψ) (as every sub-

cover is a refinement), then by 2 (i) of Remark 2.1.1 we get that N(Cn(β, ψ)) ≤
N(β′) = |F |. Putting everything together we get that

N(Cn(α, ψ)) ≤ N(Cn(β, ψ)) ≤ |F | = rn(U,X, ψ) ≤ sn(U,X, ψ)

as required. 2

5.1.1 Theorem. Let (X,U) be a quasi-uniform space and ψ : (X,U) →
(X,U) a uniformly continuous self-map. Then

(i) If (X,U) is compact, then

hf (ψ, τ(U)) = h(ψ, τ(U)) ≤ hQU(ψ,U) ≤ hU(ψ,U s).

In particular, we have that h(ψ, τ(U)) ≤ hQU(ψ,U).

83



(ii) If (X,U) is join-compact, then

hf (ψ, τ(U)) = h(ψ, τ(U)) ≤ hQU(ψ,U) ≤ hU(ψ,U s) = h(ψ, τ(U s)) = hf (ψ, τ(U s)).

In particular, we have that h(ψ, τ(U)) ≤ hQU(ψ,U) ≤ h(ψ, τ(U s)).

Proof. Let (X,U) be a quasi-uniform space and ψ : (X,U)→ (X,U) a uniformly

continuous self-map.

(i) Suppose (X,U) is compact. Let α ∈ cov(X). By Proposition 5.1.2 there

exists some U ∈ U with N(Cn(α, ψ)) ≤ rn(U,X, ψ) for all n ∈ N+. Thus

h(α, ψ) = lim
n→∞

logN(Cn(α, ψ))

n

≤ lim
n→∞

log rn(U,X, ψ)

n

≤ lim
n→∞

sup
log rn(U,X, ψ)

n

= hQU(X,ψ).

Since (X,U) is compact, then by Proposition 4.1.1 hQU(ψ,U) = hQU(X,ψ).

Now we get that

h(ψ, τ(U)) = sup
α∈cov(X)

h(α, ψ)

≤ sup
α∈cov(X)

hQU(X,ψ)

= hQU(X,ψ) = hQU(ψ,U).

Since (X, τ(U)) is compact (as (X,U) is compact), then by Remark 2.2.1 we

get that hf (ψ, τ(U)) = h(ψ, τ(U)). By Proposition 4.2.4 we get hQU(ψ,U) ≤
hU(ψ,U s). Putting everything together we get

hf (ψ, τ(U)) = h(ψ, τ(U)) ≤ hQU(ψ,U) ≤ hU(ψ,U s)

as required.
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(ii) Suppose (X,U) is join-compact. Since every join-compact quasi-uniform

space is compact, then (X,U) is compact and by (i) above, it follows that

hf (ψ, τ(U)) = h(ψ, τ(U)) ≤ hQU(ψ,U) ≤ hU(ψ,U s). Since (X,U s) is a

compact uniform space, then hU(ψ,U s) = h(ψ, τ(U s)) = hf (ψ, τ(U s)).
Therefore

hf (ψ, τ(U)) = h(ψ, τ(U)) ≤ hQU (ψ,U) ≤ hU (ψ,Us) = h(ψ, τ(Us)) = hf (ψ, τ(Us))

as required.

2

Since hQU(ψ,U) ≤ hQUK(ψ,U) for each uniformly continuous self-map ψ of a

quasi-uniform space (X,U) (see Theorem 4.3.1), then by Theorem 5.1.1 (i) above

we get that h(ψ, τ(U)) ≤ hQUK(ψ,U) for each uniformly continuous self-map ψ

of a compact quasi-uniform space (X,U).

Since h(ψ, τ(U)) = hK(ψ,U) for each continuous self-map ψ of a compact uniform

space (X,U) (see [16, Theorem 4.10]), then by Theorem 5.1.1 (ii) above we get

that

h(ψ, τ(U) ≤ hQU(ψ,U) ≤ hK(ψ,U s)

for each uniformly continuous self-map ψ of a join-compact quasi-uniform space

(X,U).

It must be noted that in Theorem 5.1.1, the statements in (i) and (ii) are different.

In (i), one cannot compare hU(ψ,U s) to h(ψ, τ(U s)), as compactness of (X,U)

does not imply compactness of (X,U s) and it is well-known that the entropy

function h is only computed for compact spaces.

5.1.1 Remark. If (X, τ) is a compact topological space, U is a quasi-

uniformity on X such that τ(U) = τ and ψ : (X,U) → (X,U) is a uniformly

continuous self-map, then by Theorem 5.1.1 (i) above we get that hf (ψ) = h(ψ) ≤
hQU(ψ,U). In particular, if (X, τ) is a compact topological space and P(τ) is the
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Pervin quasi-uniformity of (X, τ) (see Remark 1.2.1 for the definition of P(τ)),

then hf (ψ) = h(ψ) ≤ hQU(ψ,P(τ)).

5.2 Quasi-uniform entropy vs topological entropy

on non-compact quasi-uniform spaces

In this section we are going to investigate the relationship between the topological

entropy and the quasi-uniform entropy for not necessary compact quasi-uniform

spaces.

5.2.1 Proposition. Let (X,U) be a T2-quasi-uniform space (i.e., (X, τ(U))

is a T2 topological space) and ψ : (X,U) → (X,U) a uniformly continuous self-

map, then for each K ∈ K(X) there exists some α ∈ covf (X) such that

hQU(K,ψ,U) ≤ hf (α, ψ, τ(U)).

Proof. Suppose (X,U) is a T2-quasi-uniform space. Let K ∈ K(X), n ∈ N+

and U ∈ U . Let F ⊆ X such that K ⊆
⋃
x∈F

Dn(x, U, ψ) and rn(U,K, ψ) = |F |.

Since (X, τ(U)) is T2 and K is τ(U)-compact, then X −K is τ(U)-open. Since

Dn(x, U, ψ) is τ(U)-open for each x ∈ X and

X = K ∪ (X −K) ⊆

(⋃
x∈F

Dn(x, U, ψ)

)
∪ (X −K),

then α = {Dn(x, U, ψ) : x ∈ F} ∪ {X − K} is a finite open cover of X. i.e.,

α ∈ covf (X). Since rn(U,K, ψ) = |F |, then N(Cn(α, ψ)) = |α| = |F | + 1 >

|F | = rn(U,K, ψ). After taking logarithms, dividing throughout by n, then taking

supremums and taking limits as n→∞ , we get that r(U,K, ψ) ≤ hf (α, ψ, τ(U)).

Taking supremum as U ranges over U , we get that hQU(K,ψ,U) ≤ hf (α, ψ, τ(U))

as required. 2
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The following result is a consequence of Proposition 5.2.1.

5.2.1 Theorem. Let (X,U) be a T2-quasi-uniform space and ψ : (X,U)→
(X,U) a uniformly continuous self-map. Then hQU(ψ,U) ≤ hf (ψ, τ(U)).

Proof. Suppose (X,U) is a T2-quasi-uniform space and ψ : (X,U)→ (X,U) is a

uniformly continuous self-map. Let K ∈ K(X), then by Proposition 5.2.1, there

exists some α ∈ covf (X) with hQU(K,ψ,U) ≤ hf (α, τ(U)). Taking supremums

as K ranges over K(X) and α ranges over covf (X), we get that

hQU(ψ,U) ≤ hf (ψ, τ(U))

as required. 2

The following result easily follows from Theorem 5.1.1 and Theorem 5.2.1.

5.2.2 Theorem. Let (X,U) be a compact T2-quasi-uniform space and ψ :

(X,U)→ (X,U) a uniformly continuous self-map. Then

hQU(ψ,U) = hf (ψ, τ(U)) = h(ψ, τ(U)).

In light of Theorem 5.1.1 and Theorem 5.2.2, we get the following corollary.

5.2.1 Corollary. Let (X,U) be a join-compact T2-quasi-uniform space and

ψ : (X,U)→ (X,U) a uniformly continuous self-map. Then

h(ψ, τ(U)) = hf (ψ, τ(U)) = hQU(ψ,U) ≤ hU(ψ,U s).

By Theorem 4.3.1 we have that hQU(ψ,U) ≤ hQUK(ψ,U) for each uniformly con-

tinuous self-map ψ of a quasi-uniform space (X,U). Hence by Theorem 5.2.2 we

get that h(ψ, τ(U)) = hf (ψ, τ(U)) = hQU(ψ,U) ≤ hQUK(ψ,U) for each uniformly

continuous self-map ψ of a compact T2-quasi-uniform space (X,U).

If ψ : (X, τ) → (Y, ρ) is a continuous map between topological spaces (X, τ)

and (Y, ρ), then ψ : (X,P(τ)) → (Y,P(ρ)) is uniformly continuous, where P(σ)
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denotes the Pervin quasi-uniformity for the topological space (X, σ) for σ = τ, ρ

(see [18] page 244, last paragraph). Therefore we get the following result.

5.2.2 Proposition. Let (X, τ) be a T2 topological space and ψ : X → X a

continuous self-map. If P(τ) denotes the Pervin quasi-uniformity of (X, τ), then

hQU(ψ,P(τ)) ≤ hf (ψ, τ)

with equality if (X, τ) is compact.

Proof. Suppose (X, τ) is a T2 topological space and ψ : X → X is a continuous

self-map. If P(τ) is the Pervin quasi-uniformity of (X, τ), then τ(P(τ)) = τ and

ψ : (X,P(τ)) → (X,P(τ)) is a uniformly continuous self-map. Since (X,P(τ))

is a T2-quasi-uniform space, then by Theorem 5.2.1 we get that

hQU(ψ,P(τ)) ≤ hf (ψ, τ(P(τ))) = hf (ψ, τ).

If (X, τ(P(τ))) = (X, τ) is compact and T2, then (X,P(τ)) is a compact T2-quasi-

uniform space and by Theorem 5.2.2 we have

hQU(ψ,P(τ)) = hf (ψ, τ(P(τ))) = hf (ψ, τ)

as required. 2
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Chapter 6

Conclusion

In this final chapter, we make the conclusions of our investigations and point out

some open problems encountered throughout the current work that may consti-

tute topics of further research.

Firstly in this thesis, we have achieved the task of establishing some new results

from the theory of uniform entropy that was developed by Bowen in [2]. In

the second part of the work, we managed to extend our theory of quasi-uniform

entropy on quasi-metric spaces to quasi-uniform spaces and in doing so, also

extending the notion of uniform entropy that was developed independently by

Hood [15] and Hofer [14] to quasi-uniform spaces. In the third part of the thesis,

we presented the relationship between our theory of quasi-uniform entropy and

some of the notions of topological entropy.

Below we give a summary of the work which we studied in each chapter of the

thesis and then suggest some important areas of future research which are related

to the study of entropy on quasi-metric(uniform) spaces.
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6.1 Summary of the achieved work

The first two chapters recalled well-known results from the literature. In Chapter

1, we presented some preliminaries from the theory of quasi-metric spaces and

quasi-uniform spaces that will ease the reading of this work.

In Chapter 2, we recalled some well-known results about the topological entropy

which was studied in [1, 2, 14, 15].

In Chapter 3, we presented some of our new results about the notion of entropy

(which we call quasi-uniform entropy and denoted by hQU) of a uniformly contin-

uous self-map of a quasi-metric space. The properties of this new entropy have

been presented. In particular we managed to show that hQU(ψ, q) ≤ hU(ψ, qs),

where ψ is a uniformly continuous self-map of a quasi-metric space (X, q) (see

Theorem 3.3.1). We also showed that the completion theorem (in the sense of

Kimura [16]) holds in the class of all join-compact quasi-metric spaces. That is

for join-compact quasi-metric spaces the entropy of a uniformly continuous self-

map coincides with the entropy of its extension to the bicompletion (see Theorem

3.4.1 ).

In Chapter 4, we continued our investigations of the quasi-uniform entropy to

quasi-uniform spaces. We managed to extend most of our results in Chapter 3

to quasi-uniform spaces. Following Kimura’s approach, we introduced a modi-

fied version hQUK (which we call quasi-uniform K-entropy) of the quasi-uniform

entropy for quasi-uniform spaces. We managed to show that for a uniformly

continuous self-map ψ of a quasi-uniform space (X,U) we have that

1. hQU(ψ,U) ≤ hK(ψ,U s) (see Proposition 4.2.4).

2. hQU(ψ,U) ≤ hQUK(ψ,U) with equality when (X,U) is bicomplete (see The-

orems 4.3.1 and 4.3.2).
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3. hQUK(ψ,U) ≤ hK(ψ,U s) (see Proposition 4.3.1).

So that 1 is a combination of 2 and 3. We also showed that the completion

theorem (in the sense of Kimura [16]) holds in the class of all join-compact quasi-

uniform spaces (see Theorem 4.4.2).

In Chapter 5, we established the relationship between quasi-uniform entropy and

some of the well-known notions of topological entropy. Indeed we managed to

show that for a uniformly continuous self-map ψ of a quasi-uniform space (X,U)

we have that

1. h(ψ, τ(U)) ≤ hQU(ψ,U) ≤ h(ψ, τ(U s)) provided that (X,U) is join-compact

(see Proposition 5.1.1 and Theorem 5.1.1).

2. h(ψ, τ(U)) ≤ hQU(ψ,U) provided that (X,U) is compact (see Theorem

5.1.1).

3. hQU(ψ,U) ≤ hf (ψ, τ(U)) provided that (X,U) is T2 and with equality if

(X,U) is compact and T2 (see Theorems 5.2.1 and 5.2.2).

We also managed to show that: If (X, τ) is a T2 topological space, ψ : X → X a

continuous self-map and P(τ) is the Pervin quasi-uniformity of (X, τ), then

hQU(ψ,P(τ)) ≤ hf (ψ, τ)

with equality if the underlying space is also compact (see Proposition 5.2.2).

In Chapter 6, which is the last chapter of this thesis, we conclude our work by

reflecting on the main results of the thesis and pointing out some connections of

this current work with what has been studied already in the literature.

Let (X, q) be a quasi-metric space. It is well-known that ψ : (X, q) → (X, q) is

uniformly continuous if and only if ψ : (X, qt)→ (X, qt) is uniformly continuous
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(see Lemma 1.1.1). Also a similar result holds for quasi-uniform spaces (see

Lemma 1.2.1). Therefore it is natural to study the following problems, which are

related to our work in Chapter 3 and 4.

6.1.1 Problem. Let (X, q) (or (X,U)) be a quasi-metric (or uniform) space

and ψ : X → X a uniformly continuous self-map. What is the relationship

between

1. hQU(ψ, q) and hQU(ψ, qt)?

2. hQU(ψ,U) and hQU(ψ,U−1)?

It is well-known that there are several notions of completeness for quasi-metric(uniform)

spaces (see for instance [5, section 1.2]). In this thesis the completion theorem has

been studied using the notion of bicompleteness (see Theorems 3.4.1 and 4.4.2).

It is natural to ask the following question.

6.1.2 Problem. Given a quasi-metric(uniform) space X and a uniformly

continuous self-map ψ : X → X. Under which notions of completeness (apart

from bicompletion) will the completion theorem still hold?

6.2 Some possible areas for future work

In this section we are going to list some possible areas for future work. We would

like to study these problems in future work.

6.2.1 Topological entropy using quasi-uniform entropy

In section 3 of [17] the authors discuss the possibility of defining a new entropy

function in the category of Tychonov spaces, using the uniform entropy. Indeed
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one can define entropy in the category of topological spaces, using uniform en-

tropy. All one needs to do is to connect the category Top of Topological spaces

and continuous maps with the category Unif of uniform spaces and uniformly

continuous maps. Along the same line and using the theory of functorial quasi-

uniformities in the sense of G. Brümmer [3], one can connect the category Top

of Topological spaces and continuous maps with the category QUnif of quasi-

uniform spaces and uniformly continuous maps. Hence we have the following

question.

6.2.1 Problem. Can one define a new entropy function in the category

Top, using the quasi-uniform entropy?

6.2.2 Entropy in other asymmetric structures

In this thesis, our study of entropy was mainly on quasi-metric(uniform) spaces.

It make sense for one to explore possibilities of studying the notion of entropy in

other asymmetric structures (apart from quasi-metric(uniform) spaces). On that

note we pose the following question.

6.2.2 Problem. Given an asymmetric space, how can one define the notion

of entropy and which properties does the entropy function posses?
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