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Abstract

The notion of entropy first appeared in the context of thermodynamics in the
first half of the XIX century. The topological entropy and the uniform entropy
have been largely studied in the last 60 years.

The main aim of this thesis is to investigate the notion of entropy in asymmetric
spaces. More specifically, we are interested in extending the notion of entropy
on metric and uniform spaces to quasi-metric and quasi-uniform spaces. In this
thesis we managed to generalize most of the results about uniform entropy on
metric(uniform) spaces to quasi-metric(uniform) spaces. Indeed a new notion of
entropy for a uniformly continuous self-map v of quasi-metric(uniform) space has
been presented, which we call quasi-uniform entropy in this thesis. We managed
to show that the quasi-uniform entropy is less or equal to the uniform entropy of
¥ considered as a uniformly continuous self-map of the metric(or uniform) space
(X,q%) (or (X,U?)), where ¢°( or U*) is the symmetrised metric(or uniformity)

of the quasi-metric(or uniformity) ¢( or U).

We prove that for a join-compact quasi-metric(uniform) space the quasi-uniform
entropy of a uniformly continuous self-map coincides with the quasi-uniform en-
tropy of its extension to the bicompletion. Finally, we compared our notion of
entropy namely, quasi-uniform entropy, to some well-known notions of topological

entropy.



Keywords: quasi-metric(uniform) space, uniformly continuous self-map, quasi-
uniform entropy, g-totally bounded, U-totally bounded, join-compact, bicomple-

tion, separated.
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Introduction

The notion of entropy first appeared in the context of thermodynamics in 1850
by Rudolf Clausius as a measure of disorder/randomness of a given system. In
mathematics, the notion of entropy was first introduced by Shannon in the 1930’s
in the context of information theory. In the 1950’s Kolmogorov and Sinai de-
fined the measure entropy which played a fundamental role in the ergodic theory
of dynamical systems. In 1965 Adler, Konheim and McAndrew [1] defined the
topological entropy h(v) of a continuous self-map 1) of a compact space. Inde-
pendently in 1970 Dinaburg [6] and in 1971 Bowen [2] defined another notion of
entropy for uniformly continuous self-maps of metric spaces. Bowen [2]| gave the
definition when the metric space is not necessarily compact, which we shall call
uniform entropy or Bowen’s entropy and denoted by hy in this thesis. Bowen’s
entropy coincides with the topological entropy when the metric space is compact.
In 1974 Hood [15] and Hofer [14] extended Bowen’s entropy to uniform spaces.
A shortcoming with the uniform entropy hy is the fact that it is defined using
compact sets, so that in uniform spaces with few compact sets (see for instance
Remark 4.1.3) the uniform entropy of each uniformly continuous self-map will be
zero regardless of how complicated the map is. This motivated Kimura [16] to
propose a modified version hg of the uniform entropy for uniform spaces using
totally bounded sets instead of compact ones and he proved among other things
that completing a totally bounded uniform space does not change the entropy of

the space, in the sense that if ¢ is a uniformly continuous self-map of a totally



bounded uniform space (X,U) and (X,U) is the completion of (X,U) and ¥ is

the uniformly continuous extension of v, then hx(¢) = hx (1) (see [16, Theorem

5.3]). We call this result the completion theorem.

For a good starting point on the concepts of topological entropy in mathematics
we recommend Peter Walters book [21]. For more recent developments on the
notion of topological entropy we recommend [7, 8, 17], where [7] is concerned
with a unifying approach to the study of entropies in mathematics, [8] is a survey
paper on uniform entropy for uniform spaces and topological groups, and [17]

concerns the connection between uniform entropy and topological entropy.

More recently Sayyari, Molari and Moghayer [20] defined a notion of entropy
for a continuous self-map of a quasi-metric space (X, ¢). It must be noted that
their entropy is computed via join-compact subsets for a continuous self-map of
the symmetrised metric space (X, ¢®) (see the second last sentence of the intro-
duction on page 2 of their paper [20]), i.e., their notion of entropy is computed
within the metric space (X, q®), where ¢° is the symmetrised metric on X of
the quasi-metric ¢. This motivated us to study the notion of entropy for a uni-
formly continuous self-map of a quasi-metric(uniform) space (X, ¢)((X,U)) using

7(q)(T(U))-compact (not necessarily join-compact) subsets of X.

In this thesis, modifying the notion of entropy by Bowen [2], we introduce a new
notion of entropy , which we call quasi-uniform entropy (denoted by hqu(¢)) of a
uniformly continuous self-map v on a quasi-metric(uniform) space (X, ¢)((X,U)).
With this new notion of quasi-uniform entropy, we manage to extend most of the
results about uniform entropy on metric(uniform) spaces to quasi-metric(uniform)
spaces. By using Kimura’s idea of the completion theorem, we manage to prove
the completion theorem in the class of all join-compact quasi-metric(uniform)
spaces, that is for join-compact quasi-metric(uniform) spaces the entropy of a
uniformly continuous self-map coincides with the entropy of its extension to the

bicompletion. Finally we compared our notion of entropy to some of the well-



known notions of topological entropy.
A Brief Outline Of The Thesis
This thesis is arranged as stated below.

Chapter 1: This chapter is dedicated to a brief overview of certain well-known
results about quasi-metric and quasi-uniform spaces and it follows the outline of
[5, 18]. An interesting example of a quasi-metric on R (see Example 1.1.1) to be

used more frequently in the thesis is presented.

Chapter 2: In this chapter we gather all the well-known results about topo-
logical entropy which are relevant to this thesis. Indeed we recall the definition
of topological entropy h(v¢) given by Adler, Konheim and McAndrew [1] for a
continuous self-map 1 of a compact topological space X and in the case of a
continuous self-map 1 of a non-compact topological space X, we use the defi-
nition of topological entropy hs(¢) given by Hofer [14] in terms of finite open
covers. We recall that for a continuous self-map 1 of a topological space X,
we have that hy(y)) < h(¢)) with equality if the underlying space X is compact
(see Remark 2.2.1). We also recall the notion of topological entropy hy (1)) for a
uniformly continuous self-map 1 of a metric(or uniform) space X defined in [2]
for a metric space and [15] for a uniform space (which we call uniform entropy
in this thesis). Most of the materials in this chapter are based on [1, 2, 14, 15, 21].

Our contribution is contained in chapters 3, 4 and 5.

Chapter 3: In this chapter we start our own investigation into the notion of
entropy for uniformly continuous self-maps of quasi-metric spaces. In the first
section we begin with a scheme which will allow us to eventually extend Bowen’s
uniform entropy to quasi-metric spaces. In the second section we manage to show

that most of the basic results about uniform entropy for metric spaces easily



extends to quasi-uniform entropy for quasi-metric spaces. In the third section
we managed to establish the relationship between the uniform entropy and the
quasi-uniform entropy. Indeed we managed to show that hqu (¢, q) < hu (¥, ¢°),
where 1 is a uniformly continuous self-map of a quasi-metric space (X, q) (see
Theorem 3.3.1). The fourth section deals with the completion theorem. Indeed
we showed that for a join-compact quasi-metric space the quasi-uniform entropy
of a uniformly continuous self-map coincides with the quasi-uniform entropy of
its extension to the bicompletion (see Theorem 3.4.1). Most of the materials in

this chapter are extracted from our recent paper [11].

Chapter 4: In this chapter we continue with our investigation on the notion of
entropy in asymmetric spaces. Indeed we managed to extend our recent results
in [11] on the notion of quasi-uniform entropy to quasi-uniform spaces. The first
section is devoted to defining quasi-uniform entropy hgu (1) of a uniformly con-
tinuous self-map 1 of a quasi-uniform space (X,U). In the second section we
managed to extend most of our results in section 3.2 to quasi-uniform spaces. We
finish off this section by establishing the relationship between the quasi-uniform
entropy hgu and the Kimura’s entropy hx (see Proposition 4.2.4). In the third
section following Kimura’s approach, we introduced a modified version hgux
(which we call quasi-uniform K -entropy) of the quasi-uniform entropy for quasi-
uniform spaces using U-totally bounded subsets instead of compact ones. We
managed to establish the relationships between the quasi-uniform entropy hgu
and the quasi-uniform K-entropy hguk (see Theorems 4.3.1 and 4.3.2). We also
managed to extended Theorem 3.3.1 to quasi-uniform spaces (see Proposition
4.3.2). Finally, in the fourth section we managed to prove among other things
the completion theorem for quasi-uniform spaces (see Theorem 4.4.2), hence ex-
tending Theorem 3.4.1 to quasi-uniform spaces. Most of the materials in this

chapter are extracted from our recent paper [12].

Chapter 5: In this chapter we continue our investigations by comparing our

notion of quasi-uniform entropy to certain well-known notions of topological en-



tropy, namely the topological entropy defined in [1, 14, 15| and [16]. The first
section is devoted to studying the relationship between quasi-uniform entropy
and topological entropy on compact quasi-uniform spaces. Indeed we managed
to establish the relationship between the quasi-uniform entropy function hgy and
the topological entropy function h for (join-)compact quasi-uniform spaces (see
Theorem 5.1.1). Finally, in the second section the comparison is carried out on
non-compact quasi-uniform spaces. In particular, we managed to establish the
relationship between the quasi-uniform entropy function hgy and the topological

entropy function hy for T5-quasi-uniform spaces (see Theorem 5.2.1).

Chapter 6: In this final chapter we conclude our investigations by reflecting
on the main results of the thesis and point out some connections of this current
work with the established work in the literature. Furthermore, we present some
open problems which can constitute some topics for further research. The study
of entropy in asymmetric spaces leads to many open problems. For instance one
could investigate the notion of entropy in asymmetrically normed linear spaces,
quasi-soft metric spaces, quasi-ultra metric spaces and other asymmetric struc-

tures which are not investigated in this thesis.



Chapter 1

Preliminaries

In this chapter we give a brief overview of notation, terminology and some well-
known basic concepts from the theory of quasi-metric and quasi-uniform spaces
to be used throughout the thesis. We present an interesting example of a quasi-
metric space (see Example 1.1.1) which will be used more frequently in the thesis.

For more on these basics, the reader is referred to, among others, [5, 9, 18].

1.1 Quasi-metric spaces

In this section we are going to recall some basic facts from the theory of quasi-

metric spaces which are relevant to the materials presented in this thesis.

1.1.1 Definition. Let X be a set and let g : X x X — [0,00) be a function

mapping into the set [0,00) of nonnegative reals.

Then q is called a quasi-metric on X if for any z,y,z € X,

(a) q(z,y) =0=q(y,x) implies x =y,
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(b) q(z,y) < q(x,2) +q(z,y).

The ordered pair (X, q) is called a quasi-metric space.

If ¢ is a quasi-metric on X, then the function ¢' : X x X — [0,00) defined by
¢ (z,y) = q(y,z) for all z,y € X is also a quasi-metric on X, often called the
conjugate quasi-metric of g. As usual a quasi-metric ¢ on X such that ¢ = ¢ is

called a metric.

The symmetrised metric of ¢ is the function ¢° : X x X — [0,00) given by

¢*(z,y) = max{q(z,y),q(y,z)} = q(z,y) V ¢'(x,y) whenever z,y € X.

(Here V is used to denote a supremum, i.e., for any x,y € X, q(z,y) V ¢'(z,y) =
sup{q(z,y),q" (z,y)}). It is easy to see that ¢° is indeed a metric on X and

(qt)s — qs‘
Let (X, q) be a quasi-metric space. For each z € X and € > 0,
By(z,e) ={y € X : q(z,y) <€}

denotes the open e-ball at x. The collection of all open e-balls yields a base for
a topology 7(¢) on X, (i.e., a subset G of X belongs to 7(¢) if and only if for
each = € G there exists some € = ¢, > 0 such that By(z,e) C G). It is called the
topology induced by q on X.

Similarly for each z € X and € > 0,Cy(x,¢) = {y € X : q(z,y) < €}. It must
be noted that this set is 7(¢')-closed, but not 7(g)-closed in general. Also, the

following inclusions hold

By (x,€) C By(x,€) and Bys(x,€) C By(z,€),

with similar inclusions for the closed balls.



Hence for any quasi-metric space (X,q), we have that 7(¢),7(¢") C 7(¢°). In
particular, 7(¢*) = 7(q) V 7(q").

Throughout this thesis any topological statement about a (quasi-)metric space

(X, q) will refer to the topology 7(q), unless otherwise stated.

If 7 is a topology on X, such that 7 = 7(g) for some quasi-metric ¢ on X, then
X is said to be quasi-metrizable. Observe that if ¢ is a quasi-metric on X, then
7(q) is a Ty-topology on X. It is for this reason that recently some authors (see

for instance [18]) call quasi-metric spaces Ty-quasi-metric spaces.

For an arbitrary quasi-metric ¢ on X, there is no known direct link between the

topologies 7(q) and 7(¢"), except the following result.

1.1.1 Remark. (compare [18, Remark 2.1.5]) Let q be a quasi-metric on
a set X. If 7(q) has a base B of (infinite) cardinality r, then 7(¢') has a base
of cardinality k. This means that 7(q) is second countable if and only if 7(q") is

second countable.

A map ¢ : (X,q) — (Y, p) between two quasi-metric spaces (X, q) and (Y, p) is
called nonezpansive provided that p(¢(x),¥(z’")) < q(z,2’) whenever z, 2’ € X.

A map v : (X,q) — (Y,p) between two quasi-metric spaces (X, q) and (Y, p)
is called an isometric map or isometry provided that p(¢(z),¢¥(2')) = q(z, )
whenever z, 2’ € X. It is easy to see that every isometric map between quasi-

metric spaces is injective.

Two quasi-metric spaces (X, q) and (Y, p) will be called isometric provided that

there exists a bijective isometric map between them.

A map ¥ : (X,q) — (Y, p) between two quasi-metric spaces (X, q) and (Y, p) is
called uniformly continuous provided that for each € > 0 there is some ¢ > 0 such
that p(¢(z),¥(2')) < € for all z,2" € X with g(z,2") < . By the definition of



the topology generated by a quasi-metric, it is clear that a uniformly continuous

mapping is continuous with respect to the topologies 7(q), 7(p).

We are now going to give an example of a quasi-metric on R which will be used

more frequently throughout the thesis.

1.1.1 Example. (see for instance [10, Example 1.1.1]) For any z,y € R,
define u(z,y) = max{x —y,0}. Then u is a quasi-metric on R, called the usual
quasi-metric of R. It is clear that u(x,y) = |x —y| for all z,y € R, hence (R, u*)

1s the real line.

1.1.2 Definition. Let (X, q) be a quasi-metric space. We say that

1. (X, q) is join-compact provided that the metric space (X,q®) is compact.

2. (X, q) is bicomplete if the metric space (X, q°) is complete. i.e., if every

q°-Cauchy sequence in X is q°-convergent in X .

3. (X, q) is g-totally bounded provided that the metric space (X, q®) is totally
bounded. 1i.e., for each ¢ > 0, there exists a finite subset F, C X such that

X = U By (z,€).
zeFe
Let (X,q) be a quasi-metric space, A C X and ¢ : X — X a function. If
ga = qlaxa, then (A, ga) is a quasi-metric space, called the subspace of the quasi-

metric space (X, q). Also (qa)" = ¢' and (qa)* = ¢%. We say that A is ¢-invariant
if Y(A) C A.

1.1.2 Remark. Let (X,q) be a quasi-metric space. Since 7(q),7(q") C
7(q%), where 7(q),7(q") and 7(q%) is the topology on X induced by q,q" and ¢°,

respectively, then every join-compact subset of X is both compact in (X,q) and

(X, q").

It must be noted that if K C X is 7(q)-compact, then K need not be 7(q")-compact

and vice-versa. For instance if one considers the usual quasi-metric u of R, then

9



for each a € R the set (a,00) is T(u)-compact, but not 7(u')-compact. Similarly,

the set (—oo, a) is 7(u')-compact, but not 7(u)-compact.

If (X,q) is a quasi-metric space, by Remark 1.1.2 every join-compact subset of
X is compact, but the converse is not true in general. For instance consider R
equipped with its usual quasi-metric u, then for each a € R, the intervals [a, 00)
and (a,00) are both compact, but not join-compact, as they are not compact

subsets of the real line.

1.1.2 Example. Let A be a non-empty bounded and closed subset of the real
line and u denotes the usual quasi-metric of R, then (A,ua) is a join-compact

quasi-metric space, as (A, u%) is a compact metric space.

1.1.1 Lemma. Let (X,q) be a quasi-metric space. Then

(i) ¥ : (X,q) — (X, q) is uniformly continuous if and only if v : (X, q") — (X, ¢")

is uniformly continuous;

(i) f v : (X,q) — (X,q) is uniformly continuous, then ¢ : (X,q*) — (X, q¢°)
is uniformly continuous. The converse does not hold in general (see for
instance [19, Example 3.53] ). In particular, if (X, q) is a quasi-metric space
and v 1s a uniformly continuous self-map of the symmetrised metric space

(X, q%), then ¥ need not be a uniformly continuous self-map of (X, q).

1.2 Quasi-uniform spaces

This section contains the basic definitions and results from the theory of quasi-
uniform spaces which will be used in the thesis. For more on this basics, the

reader is referred to, among others, [5, 9, 18].

1.2.1 Definition. A quasi-uniformity U on a set X is a filter on X x X
such that

10



(a) Every member U € U contains the diagonal A := {(z,x) : x € X} (where if

confusion might occur, we specify which set X we are referring to by writing
AX);

(b) For each U € U there is a V € U such that V2 C U (Here V> =V oV and

o is the usual composition of binary relations).

The ordered pair (X,U) is called a quasi-uniform space.

The members U € U are called the entourages or surroundings of U. The elements
of X are called points. Each quasi-uniformity &4 on a set X induces a topology
7(U) as follows: For each x € X and U e U set U(x) ={y € X : (z,y) € U}. A
subset G C X belongs to 7(U) if and only if it satisfies the following condition:
For each # € G there exists U € U such that U(x) C G. If U is a quasi-
uniformity on a set X, then the filter ' = {U~': U € U} on X x X is also a
quasi-uniformity on X. (Here U™! is the inverse of the binary relation U on X).
The quasi-uniformity ¢/ ~! is called the conjugate of U. A quasi-uniformity that is
equal to its conjugate is called a uniformity. If U € U, we define U* = U NUL.
The union of a quasi-uniformity ¢ and its conjugate U~! yields a subbase of the
coarsest uniformity finer than both I/ and ~!. It will be denoted by U* in this
thesis and is called the symmetrization of U . It must be observed that U® € U?,
whenever U € U.

Throughout this thesis any topological statement about a (quasi-)uniform space
(X,U) will refer to the topology 7(U) and all quasi-uniform spaces are taken to
be Tg (i.e., 7(U) is a Tp topology on X). We are interested in T quasi-uniform
space, because of the following result which is crucial in establishing Lemma 4.1.3,
which is needed in eventually defining the notion of entropy on a quasi-uniform

space.

1.2.1 Proposition. (see [9, Proposition 1.9]) Let (X,U) be a quasi-uniform
space. Then (X,U) is Ty if and only if (X,U*) is Ty. i.e., (X, 7(U)) is Ty if and

11



only if (X, 7(U?)) is Ts.

Proof. [9, Proposition 1.9]. O

A map ¢ : (X,U) — (Y, V) between two quasi-uniform spaces (X,U) and (Y, V)
is called uniformly continuous provided that for each V' € V there is U € U such
that (¢ x ¢)(U) C V. Here 1 x v is the product map from X x X to Y x Y
defined by (¢ x ¢)(x,2") = (¥ (x), ¢ (2")) for all z, 2" € X. By the definition of the
topology generated by a quasi-uniformity, it is clear that a uniformly continuous

mapping is continuous with respect to the topologies 7(U), (V).
For a subset Y of a quasi-uniform space (X,U), we set
Uy = {UN(Y xY):UeU).

Then (Y,Uy) is also a quasi-uniform space. The quasi-uniform space (Y,Uy ) is
called a subspace of the quasi-uniform space (X,U). Observe that for each y € Y
and U € U, we have that (U N (Y x Y))(y) =U(y)NY.

For every quasi-uniform space (X,U) and any subset Y of X, the formula iy (y) =
y defines a uniformly continuous mapping iy : (Y,Uy) — (X,U), the mapping iy
is called the embedding of the subspace (Y,Uy) in the space (X,U).

Let (X, q) be a quasi-metric space. For each € > 0, we define
Ve={(z,y) € X x X : q(z,y) <e}.

It is well-known that {V; : € > 0} forms a base of a quasi-uniformity on X,
called the quasi-uniformity induced by g on X or simply the quasi-metric quasi-
uniformity and denoted by U, (see for instance [18]). It can easily be shown that
U, = Uy and (U,)* = Uy. In this case ¥ : (X,q) — (X, q) is uniformly
continuous if and only if ¢ : (X,U,) — (X,U,) is uniformly continuous. Also for
each € > 0, we have that V.(z) = B,(z,€) for each z € X. Therefore 7(q) = 7(U,).

12



A quasi-uniform space (X,U) is said to be quasi-metrizable if U = U, for some

quasi-metric ¢ on X.

A topological space (X, 7) is said to be quasi-uniformizable if 7 = 7(U) for some

quasi-uniformity U on X.

1.2.1 Remark. (see for instance [18, page 243])

It is well known that every topological space is quasi-uniformizable. Indeed if

(X, ) is a topological space, then the set
(X -G)x X|U[X xG]:Ger}!

yields a subbase of a quasi-uniformity on X. This quasi-uniformity is called the
Pervin quasi-uniformity P(7) of the topological space (X,T). One checks that
T(P(1)) =T.

1.2.1 Example. Consider R equipped with its usual quasi-metric u (see Ex-
ample 1.1.1 for the definition of u). It can be shown that U, is a quasi-uniformity
on R, which we call the usual quasi-uniformity of R and U,s is the usual/standard

uniformity of R.

Just as for quasi-metric spaces, we have the following similar result to Lemma

1.1.1 for quasi-uniform spaces.

1.2.1 Lemma. Let (X,U) be a quasi-uniform space. Then

(i) ¥ : (X,U) — (X, U) is uniformly continuous if and only if ¢ : (X, U™') —
(X, U™ is uniformly continuous;

(i) if ¥ : (X, U) — (X,U) is uniformly continuous, then ¢ : (X, U*) — (X,U*)

1s uniformly continuous. The converse does not hold in general.

1Let us mention that some authors write equivalently {[(X — G) x X]U[G x G]: G € }.

13



1.2.2 Definition. Let (X,U) be a quasi-uniform space, A C X. We say
that

1. A is join-compact provided that A is a compact subset of the uniform space
(X,U?). A quasi-uniform space (X,U) is join-compact provided that the

uniform space (X,U*) is compact.

2. A is U-totally bounded provided for each U € U, the open cover {U(z) :
x € X} of A has a finite subcover. i.e., for each U € U, there exists a finite
subset Fiy C X such that A C U U(zx).

zeFy

3. A is totally bounded provided that A is totally bounded with respect to the
associated uniformity U*. i.e., for each U € U, the open cover {U*(z) : x €
X} of A has a finite subcover.

4. (X,U) is called U-totally bounded (resp. totally bounded) provided that X
is U-totally bounded (resp. totally bounded).

It must be noted that every 7(U)-compact subset of X is U-totally bounded and
every totally bounded subset is U-totally bounded.

Let (X,U) be a quasi-uniform space and ¢ : X — X a function. A subset Y of
X is called ¢-invariant if (V) C Y.

1.2.3 Definition. (see [18, Definition 2.6.1]) Let (X,U) be a quasi-uniform
space.
1. A filter F on (X,U) is called a U*-Cauchy filter if for each U € U there

exists some F € F such that F x F CU.

2. (X,U) is said to be bicomplete if the uniform space (X,U*) is complete.
i.e., every U*-Cauchy filter is T(U?)-convergent in X .
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1.2.4 Definition. (see [18, Definition 2.1.8]) A quasi-uniform space (X,U)
is said to have the Lebesgue property if for every open cover o of (X,U) there is
U €U such that {U(z) : x € X} refines a. i.e., every member of {U(x) : x € X}

s a subset of some member of .

The following result is well known for compact metric spaces.

1.2.2 Proposition. (see [18, Proposition 2.1.9]) Every compact quasi-uniform
space (X,U) has the Lebesgue property.

Proof. [18, Proposition 2.1.9]. O

1.2.2 Remark. Let (X,U) be a quasi-uniform space.

If T(U), 7(U™") and T(U?) is the topology on X induced by U, U~ and U*, respec-
tively, then T(U), 7(U™') C 7(U*). Hence every join-compact subset of X is both
compact in (X, 7(U)) and (X, 7(U)). It must be noted that there is no direct
relationship between 7(U) and T(U™Y). In particular, if K C X is 7(U)-compact,
then K need not be T(U™1)-compact and vice-versa. For a counter example one

can use the usual quasi-uniformity U, of R.

The following result is well known for uniform spaces.

1.2.3 Proposition. A quasi-uniform space is join-compact if and only if it
15 bicomplete and totally bounded.

Proof. Let (X,U) be a quasi-uniform space. Then

(X,U) is join-compact < (X,U?)is a compact uniform space
< (X,U?)is complete and totally bounded
< (X,U)is bicomplete and totally bounded.
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If (X,U) is a quasi-uniform space, by Remark 1.2.2 every join-compact subset
of X is 7(U)-compact, but the converse is not true in general. For a counter

example one can consider R equipped with its usual quasi-uniformity ,,.
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Chapter 2

The topological entropy

In this chapter we are going to recall the well-known notion of topological entropy
given in [1] for compact spaces and the one given in [14] for non-compact spaces.
For more on topological entropy, the reader is referred to, among others, [7, 8,
21, 17], where [7] is concerned with a unifying approach to the study of entropies
in mathematics, [8] is a survey paper on uniform entropy for uniform spaces and
topological groups, [21] is an introductory book on Ergodic Theory, and [17]

concerns the connection between uniform entropy and topological entropy.

2.1 Topological entropy on compact spaces

Let us recall the definition of a topological entropy given in [1, 8]. Let X be a
compact topological space and let cov(X) be the family of all open covers of X.

For any « € cov(X), the entropy of « is

h(a) = log N(«),

17



where N(«) = min{|3| : (3 is a finite subcover of a}. If a, 8 € cov(X), the join

of a and 3 is the open cover
aVp={ANB:Aca BEej}.

If v, B € cov(X), av is said to be a refinement of 3, written a < f3, if every member
of « is a subset of a member of 3. Hence aV < a and a VvV 3 < (3. Also if « is
a subcover of # then a < (3.

If v : X — X is a continuous self-map and o € cov(X), then for each k €
Ny U {0},

v M) ={v™A): Aea}
is an open cover of X and ¢~} (aV ) = ¢! (a) Ve~1(8) whenever «, 3 € cov(X).
If o, B € cov(X) such that o < 3, then ¥ (a) < ~1(3).

For each n € N, and each a € cov(X), we define

n—1

Co(a, ) = \/ ¢7%(a).

k=0
Since ¥ is continuous, then C,(a, 1) € cov(X) and C,(a,v) < () for all
0 <17 < n. The topological entropy of ¥ with respect to « is defined as

log N

n— oo n

The topological entropy of v is

h(¢) = sup h(a,¥).

accov(X)

2.1.1 Remark. (compare [1] and [21, Section 7.1]) Let X be a compact
topological space and ¢ : X — X a continuous self-map. Let o, € cov(X).
Then

1. If a < 3, then

18



(i) N(B) < N(«a),
(i) Cu(a,v) < Cu(B,%) and N(Cp(a, ) > N(Co(5,1)) for eachn € N

2. If n € Ny, then N(¢"(a)) < N(Cy(a,)) for each 0 < i < n.

Proof. Suppose X is a compact topological space and 1 : X — X is a continuous

self-map. Let a, 5 € cov(X).

1. Suppose a < (.

(i) Let {A4,....., An(a)} be a subcover of a with minimal cardinality. Since
a < 3, for each 1 < i < N(«) there exists B; € [ such that A; C B;.
Therefore {Bi,....., By} covers X and is a subcover of 3. Thus
N(B) < N(«) as required.

(ii) Let n € N,. Here it only suffices to show that ¢~!(a) < 1 ~(), then
the first part is achieved by using induction on n and the second part
is achieved by using (i) and the first part. To this, let A’ € ¥ (a).
Then A’ = ¢)~!(A) for some A € a. Since a < 3, then A C B for
some B € 3. Hence A’ = ¢~ 1(A) C v~ 1(B). Since A’ C ¢~!(B) and
=H(B) € ¥71(B), then v~ (a) < ¢71(B).

2. Let n € Ny be fixed and let 0 < i < n. Since Cy,(a, ) < ¥~(a), then by
1(z) we get that N(¢v~"(a)) < N(Cp(a,1)).

O

If (X,7) is a topological space, a € cov(X),n € Ny and ¢ : X — X is a
continuous self-map, we will write C,,(a, ¥, 7), h(c, 9, 7) and h(y, ) if we need

to emphasise on the topology 7 used.
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2.2 Topological entropy on non-compact spaces

In this section we are going to recall the notion of topological entropy introduced
by Hofer [14] by means of finite open covers. Let X be a non-compact topological
space and let covy(X) be the family of all finite open covers of X. For any
a € covy(X) the entropy of o is

hy(a) =log N(a),

where N(«) = min{|3| : § is a subcover of a} and for each continuous self-map

¥+ X — X the topological entropy of 1 is

he() = sup  hg(e, ),

accovy(X)

where hy(a, 1) is defined exactly in the same way as for the compact spaces.
Defining topological entropy in this way has far reaching advantages, as it does

not require any specific separation property for the underlying space.

2.2.1 Remark. Let X be a topological space. Since cove(X) C cov(X)
and every open cover has a finite subcover when X is compact, then for each

continuous self-map ¢ : X — X, we have that

hy(¥) < h(1),

with equality if the underlying space is compact.

For further readings on the topological entropy using finite open covers, we rec-

ommend, among others, [8, 15, 17].

2.3 Uniform entropy

In 1971 Bowen [2] extended the notion of topological entropy on compact spaces to

uniformly continuous self-maps of metric spaces via separating and spanning sets.
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Later on in 1974, Hood [15] adapted Bowen’s definition to uniformly continuous
self-maps on a uniform space. Bowen [2] and Hood [15] gave the definition when
the metric(uniform) space is not necessarily compact, which we shall call uniform
entropy or Bowen’s entropy and denoted by hy in this thesis. The uniform
entropy coincides with the classical topological entropy given in [1] when the
metric(uniform) space is compact (see [21, Corollary 7.5.2] for metric spaces and
[15, Page 635 line 12 from above]). For basic facts and properties about uniform

entropy we refer the readers to, among others, [2, 8, 15] and [21, Section 7.2].

Let (X,d) (or (X,U)) be a metric (or uniform) space and ¢ : (X,d) — (X,d)
(or ¢ : (X,U) — (X,U)) be a uniformly continuous self-map. Let I(X) be the
family of all non-empty compact subsets of X. If K € I(X),n € Ny and ¢ > 0
(orUel)

1. a subset F' of X is said to (n,¢€) (or (n,U))-span K with respect to v, if
for every x € K there is y € F' such that

d(*(x), v (y)) < € (or (W*(z),4"(y)) € U)
for each 0 < k < n.

2. asubset F' of X is said to be (n,€) (or (n,U) )-separated with respect to 1,

if for each pair of distinct points x,y € F' there exists some k£ € N, such
that 0 < & <n and d(y"(2),9"(y)) = € (or (V*(x),¥"(y)) ¢ U).

Fore>0(orUel), K € K(X) and n € N, set
(a) ru(e, K, ) :min{|F| : FFC X and F (n,€)-span K}
or
(U, K, 1) :min{|F| : FC X and F (n,U)-span K}.
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(b) sn(e, K,9) = max{|F|: F C K and F'is (n, ¢)-separated with respect to}
or

sp(U, K,¢) = max{|F|: F C K and F'is (n, U)-separated with respect to1}.

Compactness of K guarantees that the numbers r,, (¢, K, 1), (U, K, ), s, (€, K, 1)
sn(U, K, 1) are finite and well defined.

Given K € K(X),n € N, and letting o = r, s, define

(i) o(e, K,9) = lim sup w for each € > 0. Furthermore, let

hU<K7w) = li_{[(l)O'(E, K7 w)

(ii) o(U, K,¢) = lim sup w for each U € U. Furthermore, let

ho (K, ¢) = EEBU(U, K, ).

The following lemma easily follows from [2, Lemma 1] and [15, Lemma 1].

2.3.1 Lemma. Let (X,d) (or (X,U)) be a metric (or uniform) space and
let v : (X,d) — (X,d) (or ¢ : (X,U) — (X,U)) be a uniformly continuous
self-map. If K € K(X), then h,.(K,v¢) = hs(K, ).

With the above Lemma 2.3.1 we get the notion of uniform entropy hy () of a

uniformly continuous self-map 1 of a metric(or uniform) space X.

2.3.1 Definition. Let X be a metric (or uniform) space and ¢ : X — X a

uniformly continuous self-map. The uniform entropy of v is

hU(w>: Sup hr(K7¢): sup hs(Kalp)

KeK(X) KeK(X)
Hence hy () can be defined using either spanning sets (in the case of r) or sep-

arating sets (in the case of s).
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2.3.2 Definition. Let (X,d) (or (X,U)) be a metric (or uniform) space
and let ¢ : (X,d) — (X,d) (or ¢ : (X, U) — (X,U)) be a uniformly continuous
self-map. Forz € X, n € Ny ande >0 (or U € U). Then we define the Bowen’s
ball by

Dalr,e) = (& (B@H(), o)),

where B(x,e) ={y € X : d(z,y) < €} denotes the open e-ball at x

or

n—1

Dy(,U,0) = (¢ MU ¥ (),

where
Ulx)={ye X :(x,y) e U}

It must be noted that each Bowen’s ball is an open subset of the metric(or uni-
form) space (X, d) (or (X,U)).

With this definition we obtain the following result about spanning and separating
sets. The following result will be used to define the notion of entropy for quasi-

metric(uniform) spaces (see Section 3.1 and 4.1).

2.3.1 Remark. Let (X,d) (or (X,U)) be a metric (or uniform) space and
v (X,d) — (X,d) (ory: (X,U) — (X,U)) be a uniformly continuous self-map.
Let K(X) be the family of all non-empty compact subsets of X.

IfK e K(X),neN;y ande>0 (orU elU ), then

(i) a subset F' of X is said to (n,€)-span K with respect to ¢ if and only if

K C | Dulz,e,0).

zeF
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(ii) a subset F' of X is said to (n,U)-span K with respect to 1 if and only if

K C | Du(z, U ).

zeF

(111) a subset F' of X is said to be (n,e€)-separated with respect to v if and only if
D, (z,e,9) N Dy(y,e,4) =0

for any x,y € F with x # y.

(v) a subset F' of X is said to be (n,U)-separated with respect to ¢ if and only if

D, (z,U,%) N Dy, (y,U, 1) =0

for any x,y € F with x # y.

It must be noted that the topological entropy given by Bowen [2] for uniformly
continuous self-maps of a metric space (X, d) can be obtained from the one given

by Hood [15] by using the metric uniformity U,.
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Chapter 3

Entropy on quasi-metric spaces

In this chapter we start our own investigation on the notion of entropy. Modifying
the notion of entropy by Bowen [2], we introduce a new notion of entropy, which
we call quasi-uniform entropy (denoted by hgu (1)) of a uniformly continuous self-
map ¢ of a quasi-metric space (X, q). We decided to give our entropy function a
new name, as it is computed in a completely different manner from what is done
by Bowen [2]. The only literature we are aware of on the notion of entropy on
quasi-metric spaces is [20], but their notion of entropy is computed within the

symmetrised metric space, as they are using what we call join-compact subsets.

With this new notion of quasi-uniform entropy, we manage to extend most of
the basic results about uniform entropy on metric spaces to quasi-metric spaces.
Finally using Kimura’s idea of the completion theorem, we manage to prove the
completion theorem in the class of all join-compact quasi-metric spaces, that is
for join-compact quasi-metric spaces the entropy of a uniformly continuous self-
map coincides with the entropy of its extension to the bicompletion. Most of the

results in this chapter are contained in our recent paper [11].
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3.1 Quasi-uniform entropy on a quasi-metric space

In this section, following step by step the work of Bowen, we extend the no-
tion of uniform entropy for self-maps of quasi-metric spaces which are uniformly

continuous with respect to the topology associated with the quasi-metric space
(X, q).

Let (X, q) be a quasi-metric space and 9 : (X, q) — (X, ¢q) be a uniformly con-
tinuous self-map. For x € X, n € N, and € > 0. Then we define

D (x,€,) : ﬂw (z),¢€))

and

DT (z,€,9) := Di(x,e,4) N DL (x,€,).

It must be noted that D (z,¢,1) is the Bowen’s ball and if ¢ is a metric, then

Di(x,e,) = DI (x,€,9).

Let KC(X) denote the collection of all non-empty 7(g)-compact subsets of X. We
define
(€, K, 1)) = min {yF| FCXand K C | Dg(x,e,w)} (3.1)

zeF

whenever K € K(X).
Throughout this thesis we will adopt definition (3.1) for r, (e, K, ).

A subset F' of X is said to be (n, €)-separated with respect to 1) if

Dzs(xaeaw) N quls(y7€7w) = (Z)
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for any x,y € F with x # y.
For K € K(X), we set

sp(€, K,9) = max{|F|: F C K and F'is (n, €)-separated with respect to}
(3.2)
whenever K € K(X).

In light of Lemma 2.3.1 the definitions in equation (3.1) and (3.2) are essen-
tially the same as the one given by Bowen [2] via spanning and separating sets,

respectively.

3.1.1 Remark. 1. The choice of defining the notion of separatedness
within the symmmetrised metric space (X, q°) is to enable us to prove Lemma
3.1.1, which is very crucial in proving Proposition 3.1.1 which is very im-
portant for this section, as it allow us to eventually define the notion of

entropy of a uniformly continuous self-map of a quasi-metric space.

Even if the Bowen balls for separating sets are taken within the symmetrised
metric space (X, q®), our notion of entropy is purely computed within the
quasi-metric space (X, q). This is so, as we are using compact (not neces-

sarily join-compact) subsets of X .

2. Let (X,q) be a quasi-metric space and v : (X,q) — (X, q) be a uniformly
continuous self-map. Letn € N, e >0 and x € X. Since ¢ is continuous,
then Di(x,€,v) is a 7(q)-open subset of X.

Since K is 7(q)-compact, then the quantities r, (e, K, 1) and s, (e, K, 1) are finite
and well defined.

Furthermore, we define:

log (€, K,
r(e, K,1) = lim supM

n—oo n

and

log s, (€, K,
s(e, K,¢) = lim supw.

n—oo n
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Then, the quantities h,.(K, ) and hs(K, 1) are defined by
h (K, ) = 1iH(1)T(€, K.,v) and hs(K, ) = lin(l) s(e, K, ).

We write Tn(":y Ka 'l/)a Q)a Sn(ea K7 ¢7 Q)v 7“(6, Ka ’QZ}, Q)v S(Ea K7 w: q)a hr(Ka ’17/), Q) and hS(Kv 1/% Q)
if we need to emphasise on the quasi-metric ¢ used.

3.1.2 Remark. Let (X,q) be a quasi-metric space and 1) : (X,q) — (X, q)

be a uniformly continuous self-map. For each n € N, define

gn(z,y) = max q(¢¥"(z), ¥"(y))

0<k<n
for all x,y € X. One easily check that q, is a quasi-metric on X. Furthermore,
for each n € N, e > 0 and each v € X we have that B,,(x,€) = Di(x,€,1) and
Bys(x,€) = DY (x,€,v). Hence the reason we have given our definitions of r,, and

S, without mentioning the quasi-metric q,,.

3.1.1 Lemma. Let (X, q) be a quasi-metric space and v : (X, q) — (X, q) be
a uniformly continuous self-map. Let K € K(X),n € Ny ande > 0. If F C K is
(n, €)-separated with respect to 1 and s, (e, K,¢) = |F|, then K C U DY (z,¢,9).

zeF

Proof. Suppose F' C K is (n, €)-separated with respect to ¢ and s,(e, K,¢) =
|F'|, but K is not a subset of U DY (z,¢,7). Pick y € K\ U DT (z,¢e,7). Tt

z€F zel
follows that y ¢ F. Set Iy := FU{y} C K. We claim that Fj is (n, €)-separated

with respect to .
Let z,w € Fy such that z # w. We have the following two cases:

Case 1. Suppose z,w € F. Then we are done, as F is (n,¢)-separated with

respect to .

Case 2. Suppose z € F and w = y. Then we claim that
DT (z,e,7) N DL (w, e,7) = (.
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Suppose that D% (z, €,9)NDY (w, €,1) # 0. Choosev € D% (z,¢,9)NDI (w, €, ).
It follows that for any 0 < k£ < n we have

¢ (VF(2), 9% (v)) < e and ¢* (V¥ (w), " (v)) < ¢, for all € > 0. (3.3)
In particular, for e = M > (0 and by taking k£ = 0 in (3.3) we get
¢°(z,v) < € and ¢*(w,v) < e.

Thus 2¢ = ¢°(z,w) < ¢*(z,v) + ¢°(v, w) < 2¢ (contradiction).
Hence Fj is (n,€)-separated and Fy C K with |F| < |Fy|. This contradicts the

fact that s, (e, K, 1) = |F|. Therefore K C U DT (z,¢,9). O
zeF
3.1.1 Proposition. (compare [2, Lemma 1]) Let (X, q) be a quasi-metric

space, K € K(X) and ¢ : (X,q) — (X, q) be a uniformly continuous self-map.

For all e,¢ > 0 and each n € N we have:

(i) rule, K,9) < sp(e, K,9) < (5, K, 7).

(i) If 0 <e< €, thenrp(e, K,¢) > (€', K,0) and s, (e, K, 1) > s,(€, K,v).

Proof. Let K € K£(X) and n € N,.
(i) We first prove that r,(e, K,v) < s,(e, K,¢). Let E C K such that E is
(n, €)-separated with respect to ¢ and s,(¢, K,v) = |E|. Then by Lemma 3.1.1,

K c | DE (@, e) C | Dl e,).
zeE zeE
Then it follows that
|E| € {yFy FCXand K C| Dg(x,e,w)}.
zeF

Therefore r, (¢, K,v) < s,(€, K, ).
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Secondly, we prove that s, (e, K,1) < r,(5, K,%). Let us consider £ C K such
that F is (n,€)-separated and F' C X such that K C U DY (z, %,@D). Define a

z€eF
function g : F — F by choosing, for each € E, some point g(x) € F with

g(z) € DT (x,5,v). We claim that the map g is injective.
Suppose that the map ¢ is not injective. Then there exists z,y € F with x # vy,
but g(z) = z = g(y). Furthermore, we have

¢ (F (@), 05 (y) < ¢ (WF (@), 05 (2) + ¢ (W (2), ¥F(y)) < % n % _ ¢

for all 0 < k < n. Hence

y € DY (z,¢e,9) N DY (y,€,1),

which is a contradiction, as F is (n, €)-separated. Therefore g is injective. Since
the map g : F — F is injective, then we have |E| < |F| and it follows that
sn(€, K, ¥) < ru(5, K, ¢).

(i) We now prove that r,(e, K,v) > r,(¢, K,1) whenever 0 < € < ¢. If
0 <e<é, then Di(x,e,v) C Di(z, €, 1) for each x € X. Hence

{\F :FCXandKC Dg(x,e,zp)} C {yF\ :FCXand K C [ Dg(x,e’,w)}.
zeF zeF

Therefore, we have r, (¢, K,v) > r, (¢, K,v).

Finally, we prove that s, (e, K,1) > s,(€/, K, 1) whenever 0 < e < €. If 0 < e < ¢,
then DY (x,¢e,9) C D% (z,€,1) for each z € X. Indeed, if I C X is (n,€)-
separated, then F'is (n,€)-separated, because for any z,y € F with x # y, we
have that

Dy (z,e,4) N DY (y. €,4) € D (z,€,4) N DY (y, €, ) = 0.

Therefore, we have s, (e, K,v¢) > s,(¢', K, ). 0
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By Proposition 3.1.1, it follows that h,.(K,1) = hs(K,¢) for each K € K(X)
and each uniformly continuous self-map v : (X, q) — (X, q). Hence the following

definitions make sense:

3.1.1 Definition. Let (X, q) be a quasi-metric space, ¥ : (X,q) — (X, q)

be a uniformly continuous map and K € KC(X).

h’QU(K7 w> = hT(Kv w) = hs(Ka w)7
is the quasi-uniform entropy of ¢ with respect to K. Furthermore, we define the
quasi-uniform entropy hou () of ¥ by

hqu () = K?gx) hqu (K, ).

We write hou (K, v, q) and hou (1, q) if we need to emphasise on the quasi-metric
q used.

It must be noted that if (X, ¢) is a metric space, then our quasi-uniform entropy

function hgy coincides with that of uniform entropy function hy given by Bowen.

3.1.2 Proposition. (compare [21, Theorem 7.5]) Let (X,q) be a quasi-
metric space and ¢ : (X,q) — (X,q) a uniformly continuous self-map. If
K, K' € K(X) with K C K', then hou(K,v,q) < hou(K',v,q). Furthermore
hou (¥, q) = hou(X, 1, q) provided that X is compact.

Proof. Let n € Ny, e > 0 and K, K’ € K(X) with K C K’. Let F/ C X such
that K’ C U Di(z,e,v) and r,(e, K',¢) = | F'|.

TEF!
Since K C K' C U Di(x,e,1), then

zeF’

|F'| € {|F\ tFCXand K C|J Dg(:c,e,zp)}.

zeF
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Therefore r, (e, K,v¢) < |F'| = r,(e, K',1). From which we get that

hou (K, 1, q) < hou(K', 1, q).

If X is compact, then we get that hqu (K, v, q) < hou(X, ¥, q) for all K € K(X).
Thus

hQU(Xa wa Q) S hQU(wa q) = Ssup h’QU<K7 ¢7 q) S hQU(Xa ¢7 q)

Kek(X)
and it follows that hqu (v, ¢) = hou(X, v, q). 0
3.1.1 Example. Recall that a map ¢ : (X,q) — (Y,p) between two quasi-

metric spaces (X, q) and (Y, p) is called nonexpansive provided that p(1(z), ¥ (x)) <
q(z,x) for all z,2" € X. Also it is well-known that every nonexpansive map is
uniformly continuous.

If (X,q) is a quasi-metric space and ¢ : (X,q) — (X,q) is a nonexpansive
map, then hqu(y) = 0. We first show that for each ¢ > 0 and each v € X
we have Di(x,e,1) = B,(x,€) whenever n € Ni. Let y € Di(x,€,1), then
q(VF(z),v*(y)) < € for each 0 < k < n. By taking k = 0, we have y € By(x,¢).
If y € By(z,¢€), then q(v"(x),v*(y)) < q(z,y) < € for each 0 < k < n (as
Y is nonexpansive). Hence y € Di(z,€,v). Now we have that r,(e, K,1) and
sn(€, K, 1) do not depend on n € Ny. Thus, r(e, K,9) =0 = s(e, K,v). There-
fore, hgu () = 0.

3.2 Basic properties of the quasi-uniform en-

tropy on a quasi-metric space

In this section we are going to show that most of the basic results about uniform

entropy on metric spaces can easily be extended to quasi-metric spaces.

3.2.1 Definition. (compare [2, page 403]) Two quasi-metrics q; and gz on
a set X are uniformly equivalent if idx : (X,q1) — (X, q) andidyx : (X, q2) —
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(X, q1) are both uniformly continuous maps of quasi-metric spaces. In this case
U (X, q1) — (X, q1) is uniformly continuous if and only if ¥ : (X, q2) — (X, q2)

1s uniformly continuous.

If (X, q) is a quasi-metric space, then (X, ¢) and (X, ¢") are not uniformly equiv-

alent in general, as the following example illustrates.

3.2.1 Example. Consider R equipped with its usual quasi-metric u. Then
idg : (R,u) — (R,u') is not uniformly continuous, as it is not continuous. In
particular, idg : (R,u) — (R,u') is not continuous on (—o0,0]. Indeed, for any
d > 0 choose x < 0 and set € = % > 0, then u(z,0) = max{z,0} = 0 <, but
u'(idg(z), idr(0)) = u'(z,0) = u(0,2) = max{—=z,0} = —x = |z| > e. Therefore

idg : (R,u) — (R, u!) is not continuous at 0, and so is not uniformly continuous.

The following result has been extended to quasi-uniform spaces (see Proposition
4.2.1).

3.2.1 Proposition. (compare [2, Proposition 3]) If ¢1 and qo are uniformly

equivalent quasi-metrics on X and ¥ : (X, q1) — (X, q1) is uniformly continuous,
then hQU(¢7 ql) = h’QU(¢7 CI2)

Proof. Let ¢; > 0. Since idx : (X,q1) — (X, q2) and idx : (X, q2) — (X, q1) are
both uniformly continuous, we can choose €5 > €5 > 0 such that ¢ (z,y) < ¢ for
all z,y € X with go(x,y) < €2 and g2z, y) < € for all z,y € X with ¢;(x,y) < e3.
Observe that for each x € X, we have

DZI(JH 637¢) g D%Q(QS',EQ,’I?Z)) g qull(x>€17¢)

for all n € N,.
Let K € K(X) and F C X such that K C | ] D% (, €,4), then

zeF

K g U Dgll('r7€17¢)'

zeF
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Hence
{\Fy tFCXand K C D;g?(x,@,w)} C {yF| tFCXand K C | Dgl(x,el,¢)}.
zeF zeF

Therefore r, (€1, K, 1, q1) < (€2, K, 1, q2). Similarly it can be shown that

7‘77,(62, K7 ¢7 (J2) S Tn((fg, K7 ¢7 (J1)

Letting n — oo, we obtain that

T<€1a K?¢7Ql) é T(€2a Ka@b»%) S 7’(63, Kaw>Ql)‘

Letting €1, €2,€5 — 0, we get hou (K, ¥, q1) = hou(K, ¢, ¢2). After taking supre-
mum over K(X), we get hou (¥, q1) = hou(, ¢2) as required. O

The following result has been extended to quasi-uniform spaces (see Proposition
4.2.2).

3.2.2 Proposition. ( Logarithmic Law.) (compare [2, Proposition 4])
Let (X, q) be a quasi-metric space and ¢ : (X, q) — (X, q) be a uniformly contin-
uous map, then hou(¢Y™) = mhou () for each m € N.

Proof. Let K € K(X),e >0 and m € N.
Case 1. If m = 0, then the statement holds, as ¥™ = ¢* = idx and hgy(idx) =
0, as idy : (X, q) — (X, ¢) is nonexpansive (see Example 3.1.1).

Case 2. If m € Ny, we first show that r, (e, K,¥™) < rpn(e, K,1). To this, let
r € X and y € D, (x,€,9). Then ¥*(y) € B,(¢v"(x),¢€) for all 0 < k < mn. If
we set k = mi for 0 < i < n, then ™ (y) € B, (™ (z),€) for all 0 < i < n.
Since ™ = (y™)! for all 0 < i < n, then y € Di(x,e,9™). Therefore
Di (z,e,9) C Di(x,e,4™). Hence

{|Fy :FCXand K C ng(x,e,@z})} C {|F| :FCXandKC Dg(m,e,w)}.

zeF reF
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Therefore r,(e, K, ™) < rpa(€, K,1). Taking logarithms on both sides and
dividing throughout by n, we get
log 1, (€, K, ¢™) < mlog (e, K,v)  mlogrg(e, K,9)

i - )

n mn S

where s = mn. Letting n — oo and s — oo we obtain that
r(e, K, ™) < mr(e, K,1).

Letting € — 0, we get hou (K, ¢¥™) < mhgu (K, ). After taking supremum over
K(X), we get hqu(¥™) < mhqu ().

Let € > 0. Since ¢ : (X,q) — (X, q) is uniformly continuous, there exists
§ > 0 such that if x,y € X with y € By(z,0), then 1 (y) € B, (¥’ (x),¢) for all
0 < j < m. We are going to show that Di(z,d,¢™) C D2 (x,¢e,1) for each
r e X.

For x € X, let y € Di(z,,¢%™). Then (v™)*(y) € B,((¢v™)*(z),) for all
0 < k < n. Since ™ = (™)F for all 0 < k < n, then Y™*(y) € B,(v™*(x),0)
for all 0 < k < n. Let i = mk, then 0 <4 < mn. Thus ¥'(y) € B,(¢*(z),d) for
all 0 < ¢ < mn. Since ¥'(y) € B,(v'(x),0), then ¥ (y) € B,(v"(z),€) for all
0 <j<mand for all 0 < i < mn. Letting j = 1, we get ¢'(y) € B,(¢'(x),¢€)
for all 0 < i < mn. Therefore y € D2, (x,€,) and D(x,0,¢™) C D2 (x,€,)

follows. Hence
{\F!:FQXanng UDg(x,é,l/Jm)} {|F\ FCXand K C UD :cedj)}
zeF zeF

Therefore r,,, (€, K,v) < r,(§, K,%™). Arguing in the same manner as above,
we get mhou(¢) < hou(¢™). Putting everything together we get hou(¢™) =
mhgu(¢) as required. 0

The following result has been extended to quasi-uniform spaces (see Theorem
4.2.2).
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3.2.3 Proposition. (Weak Addition Theorem.) (compare [2, Proposition
4]) Let (X1,q1) and (Xa,q2) be quasi-metric spaces. Suppose ¥y : (X1,q1) —
(X1,q1) and ¥y : (Xa,q2) — (Xa,q2) are uniformly continuous self-maps. Define

a quasi-metric ¢ on X1 X Xo by

q((xb x2)7 (y17 y2>) - maX{QI(xh y1)7 QQ(I% y2)}7

for all (x1,x2), (y1,y2) € X1 X Xo.
Then ¥y X ¥y : (X1 X Xo,q) — (X1 X Xa,q) is uniformly continuous and

hou (1 X Y2, q) < hou(¥r, 1) + hou (Y2, ¢2).

Furthermore, if X1 or Xs is compact, then

hou (V1 X Y2, q) = hou (Y1, 1) + hou(¥2, ¢2).

Proof. It is clear that ¢ X ¥ : (X7 X X5,q) — (X7 X Xs,¢q) is uniformly
continuous, whenever ¥ : (X1,¢q1) — (X1,q1) and ¢s @ (X2,q2) — (Xa,qe) are
uniformly continuous.

We first show that for any € > 0, we have

D?L((‘rth)’ €7¢1 X ¢2> = Dg7,1<x1a 67¢1) X Dg7,2(x2767¢2)

for each pair (x1,25) € X7 X X5 and each n € N;. Let 0 < k < n, then we have
that

(a1,a9) € Di((x1,72), €, %1 X P3) & q((1 X ¥2)" (21, 72), (Y1 X ¥2)* (a1, a9)) < €
< (W (1), 95 (x2)), (¥ (ar), 95 (a2))) < €
& q (¢ (@1), ¥ (a1)) < € and ga(95(2), 15 (a2)) < €
< (a1,a2) € Dy (w1, €,91) X D (22, €, 9).
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Therefore DI ((x1,22),€,91 X o) = DI (x1,€,11) X D2 (x49,€,15), as required.

Secondly, we show that for each n € N, and each € > 0, we have

U Do, e,n) x | DE(@s,e2) € | Dil(wr,22), 6,80 X 1)

T1EF T2EFS (z1,22)EF 1 X F>

for each F; C X; and each F» C X,.
Let (aq,a9) € U DI (x4, €,11) X U D (xq9,€,109), then there exists a pair

r1€EF xroEF
(x1,22) € Fy X Fy such that

(CLl?aQ) € DZI(IhE?wl) X DZQ(Z’Q;G,%) = Dg((x17x2)7€7w1 X 1/}2)

Since

Di((w1,w2), 6,91 x2) € () Di((w1,22), €901 X ),

(ml,xz)GFl X Fo

then
(ar,a2) € U DI ((z1,m2),€,91 X 1y)

(z1,22)EF1 X Fy
as required.
Finally, for each € > 0 and each n € N, | let K; € K(X;) and let F; C X, for
1 = 1,2 such that

K C U DY (71,€,91) and Ky C U D¥ (2, €,1).
1€ T2€F,
According to what we have shown above, it follows that
Kl XK2 g U D?%((:E17'I2)767¢1 X¢2)~

(xl,x2)€F1 X Fy

Now we have that

if |F1] € {|E1| B C Xy and Ky C U Dgl(xl,@%)}

x1€E,
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and

P3| € {\E2| By C Xpand K> | D%Q(%,Ea%)},

roE€FE>
then

|F1|><|F2‘ S {|E1XE2| ZE1><E2 C X1><X2 and K1><K2 - U D%((xl,:cg),e, Lﬁlwa)}.

(Il,CCQ)EEl X Eo

Hence 7, (€, K1 x Ka, b1 X 3, q) < (Tn(@ Klawla%)) (Tn(@Kz,%,(h))- Taking
logarithms and dividing throughout by n, we get

T(eaKl X KQv,@ZJl X ¢27q) S T(Ea K17¢17QI) + T(67K271/J2aq2)‘

Letting € — 0, we get hou (K1 X Ka, 11 X1, q) < hou (K1, Y1, ¢1)+hou(Ka, V2, g2).
For each € > 0 and each n € N, | let K; € K(X;) and F; C K; be (n, ¢)-separated
with respect to v; for each ¢ = 1,2. Then F} x Fy, C K x K,. It can easily be
seen that for any pairs (z1,x2), (y1,92) € X1 X Xo.

Dgs((ﬂl?l,@);@% X 1/12) = D7(1q1)8<x17 €, 2/11) X DéqQ)s(xza 671/12>
and the sets

Df((ﬂ?ul’z), €11 X ) N qu:((ylylh)a@wl X 13)

and

<D£Lq1)s<x17 €, ’l/}l) N D7(7,q1)s (3/17 €, ¢1)> X (Déqz)s(x% €, ¢2) N ng2)8<y27 €, 1/}2)>

are equal.

We claim that F} x F is (n, €)-separated with respect to ¢ x 1. To this, let

(1, 22), (Y1,y2) € F1 x Fy such that (z1,22) # (y1, y2).
Case 1. If 21 # 1, then Dﬁlm)s(q;l,e,wl) N DT({“)s(yl,e,l/Jl) =, as F} is (n,¢)-
separated with respect to 1;. Then by what we have done above, it follows that

Df((ml?x?)’ €, wl X wQ) N DZS((yhyz)»G,% X ¢2) = @
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Case 2. If x5 # 15, then DEL%)S(.fQ,G,"LpQ) N Dfm%)s(yg,e,wg) =0, as Fy is (n,€)-
separated with respect to 5. Similarly, it follows that

D?Ls((xh'rQ)? 671/}1 X ¢2) N Dgs((yl’y2)7€7¢l X ¢2) = (Z)

Hence Fy X Fy is (n,€)-separated with respect to ¢ X 1y as required. Now we

have that

if |[Fy| € {|E1| : By C Ky and E) is (n, €)-separated with respect to 1/11}
and

|Fy| € {|E2| : By C Ky and FEjy is (n, €)-separated with respect to 7,02},
then

|Fy|x|Fy| € {|E1 X Eo| : E1xFy C K1 x Ky and Ey x Es is (n, €)-separated with respect to g ><¢2}.

Hence (811(67 Klﬂﬁth)) <8n(67 K2,¢2>CI2)> < su(€, Ky X Ka, 91 X 19, q). Taking
logarithms and dividing throughout by n, we get

s(e, K1, Y1, q1) + s(€, Ko, 2, q2) < s(e, K1 X Ka, 91 X )9, q).
Letting € — 0, we get
hou (K1, 91, 1) + hou (K2, Y2, ¢2) < hou (K1 X Ko, 11 X 12, q).

Since

hou (K1, Y1, q1)+hou (K2, %2, q2) < hou (K1 xKa, 1 X2, q) < hou (K1, ¥1, q1)+hou (K2, ¥2, ¢2),

then

hQU(Kl X Ky, X 1/12,(1) = hQU(K17¢1,Q1) + hQU(KQ,%,QQ)- (3-4)
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Let m; : X7 x Xy — X; be the projection map. If K € K(X; x X3), then
K; = m(K) € K(X;) for each i = 1,2 and K C K; x K. It follows that

hqu (1 X b2, q) = sup{hqu (K, 1 X 19, q) : K € K(X1 x Xo)}
< sup{hgu (K1 x Ko, 91 X ¥2,q) : K1 € K(X;) and Ky € K(X3)}
= sup{hqu (K1, ¥1, 1) + hqu(Ka, ¥o, ¢2) : K1 € K(X1) and K € K(X»)}
= sup{hqu (K1, ¢1, @) : K1 € K(X1)} + sup{hqu (K2, ¥z, g2) - Kz € K(X2)}
= hqu(¥1, q1) + hqu (2, g2),

where the third equality from below is obtained by using equation (3.4).
Suppose X; or X5 is compact. Without loss of generality we may assume X; is
compact. Since every element of K(X; x X3) is a subset of X; x Ky for some
Ky € K(X3), we have

hQU(¢1 X wg,q) = Sup{hQU(X1 X Kg,wl X 1/12,q) Ky € IC(XQ)}

Since X is compact, then by Proposition 3.1.2 we get that hgu (11, ¢1) = hou (X1, Y1, q1)-
Replacing K3 by X in equation (3.4), we get

hqu(X1xKa,¢1xv2,q) = hqu (X1, Y1, q1)+hou (K2, %2, q2) = hqu (1, q1)+hqu (K2, ¥2, ¢2).
Therefore
hQU(@/)l X ¢27Q) = Sup{hQU(Xl x Ko, % ¢2,C]) IONS ’C(X2)}
= sup{hou(V1, ¢1) + hou (K2, V2, ¢2) : Ko € K(X2)}

= hou (1, 1) + sup{hqu (K2, 2, q2) : Ky € K(X2)}
= hou (1, 1) + hgu (2, ¢2).

O

3.2.1 Lemma. Let (X,q) be a quasi-metric space, ¢ : (X,q) — (X,q)
a uniformly continuous self-map and let Y be a -invariant subset of X. For

n € Ny and € > 0 the following statements holds.
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(i) IfyeY, then

D& (y,e,¢ly) = Di(y,&,9) NY and DS (y,e,4|y) = D (y,€,4) N,
(ii) TTL(€7 K7 77b|Y7 QY> - T'n(E, Ka 77Z}7 q) fOT each K € IC(Y)
Proof. (i) Lety € Y,n € Ny and € > 0. Since (Y, gy) is a subspace of (X, ¢), then

By, (y,€) = By(y,e)NY. Since ¥(Y) C Y, then Y C ¢~ *(Y) for all k € Ny U{0}.
Now we get that

DY (y, &, ¢ly) = ﬁ(@ﬁly)_k[qu((@Dly)k(y%6)}

— ¢ By (). ) N Y]

n—1 n—1
= (¢ By (). )l N [ 7(Y)
k=0 k=0
= Di(y,e,¥)NY.
Since DY (y, €,¢]y) = Di(y,€,4) NY, then
D(qy (y7€ ¢|Y) <y7 67¢) ny.

(ii) Let K € K(Y). By (i) we have that D (y,¢,v¥|y) C Di(y,€,1), thus

{|Fy FCYand K C DgY(y,e,¢|y)} C {|F| FCYand K C | D%(y,e,w)}.
yeF yeF

Hence r,,(e, K, v, q) < rn(e, K, Y|y, qv).

Let F' CY such that K C U Di(y, e, ). Since

yer

DI (y,e,¢ly) = Di(y,e,9)NY and K CY,
then

K=£Kny cJDiev)ny =J (Pily.e.0)ny) = J D (v.e.vly).

yeF yeF yeF
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Therefore

{\Fy tFCYand K C Dg(y,e,w} C {|F| :FCYand K C | D;{Y(y,e,wy)}.
yeF yeF

Hence (e, K, Y|y, qv) < rn(e, K, 1, q). Since

7(,TL(67 K,’l/},(]) S Tn(€7Kaw’Y7QY) S Tn(E, K7w7Q)7
then (e, K, ¥|y,qy) = rn(e, K, 1, q). O

The following result has been extended to quasi-uniform spaces (see Proposition
4.4.1).

3.2.4 Proposition. (Monotonicity with respect to subspaces) (compare [16,
Lemma 5.1]) Let (X, q) be a quasi-metric space, ¥ : (X, q) — (X, q) a uniformly

continuous self-map and let' Y be a Y-invariant subset of X. Then

hou(¥ly,av) < hou(t,q).

Proof. Let K € K(Y),n € Ny and € > 0. Since £(Y') C £(X), then K € K(X)
and by Lemma 3.2.1 (ii), we have r,, (e, K, Y|y, qy) = rn(€, K, 1, q). Letting € — 0,
we get hou (K, ¥y, qy) = hou (K, 1, q). Therefore

hqu(¥ly, qv) = sup{hqu(K, Y]y, qv) : K € K(Y)}
= sup{hQU(K V,q): K e K(Y)}
< sup{hgu(K,¢,q) : K € K(X)}
).

= hou (¥, q
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3.3 Relationship between the uniform and quasi-

uniform entropy on a quasi-metric space

Since every quasi-metric space (X, ¢) has the associated symmetrised metric space
(X,¢®) and by Lemma 1.1.1 we have that every uniformly continuous self-map
¥ (X,q) — (X, q) is also a uniformly continuous self-map of the symmetrised
metric space (X,¢*), then it is natural to investigate the relationship between
the uniform entropy hy(v,¢°) and the quasi-uniform entropy hqu(v),q) for a
uniformly continuous self-map ¢ : (X, q) — (X, ¢). This section is devoted to the

investigations of such relationships.

3.3.1 Claim. If (X,q) is a quasi-metric space and ¢ : (X,q) — (X,q) is
a uniformly continuous self-map, then for each K € K(X), there exists some

non-empty join-compact subset K' of X such that

hQU(K7 % Q> S hU(Klv ¢7 qs)'

Proof. Let K € K(X),n € Ny and e > 0. Let ' C X such that K C U Di(x,€,1)

zeF

and r,(e, K,1,q) = |F|. Since r,(e, K,1,q) = |F| and K # (), then F is a non-
empty finite subset of X. Hence K’ = F' is a non-empty join-compact subset of
X. Let F' C X such that K’ C |J,.r D? (z,€,¢) and r,(e, K', ¢, ¢%) = |F'|. We
first show that

K C U Di(x,2¢,1).

xcF’
For this let y € K. Since r,(e, K,19,q) = |F| and r,(¢, K',1,q¢°) = |F’|, then
there exists some x € F and some z € F’ such that ¢(¢*(z),v'(y)) < € and
q(¥'(2), ¢'(x)) < ¢ (¥'(2), ¥'(x)) < e for all 0 <4 < n. Thus q(¢'(2),9"(y)) <
q('(2), " (x)) + q(¥'(x), ¥ (y)) < € + € = 2¢ for all 0 < i < n and it follows that

y € Di(z,2¢,) C | ] Di(x,2€,7)).

zeF’
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Therefore K C U Di(x,2¢,1), as required.
zeF’
Since K C U Di(z,2¢,1), then r,(2¢, K,1,q) < |F'| = rp(e, K';1,¢%). Thus

zeF’
r(2¢, K,v,q) <r(e, K',1,¢%). Letting € — 0, we get

hou(K,¥,q) < hy(K' 1, ¢%).

The following result has been extended to quasi-uniform spaces (see Proposition
4.2.4).

3.3.1 Theorem. Let (X, q) be a quasi-metric space and ¢ : (X, q) — (X, q)

be a uniformly continuous self-map. Then

(i) hou(®,q) < hu(¥,¢°);

(ii) maxthqu(®,q), hou (¥, ¢} < hu(¥,q°)-

Proof. Suppose ¢ : (X,q) — (X, q) is uniformly continuous, then by Lemma
1.1.1 we have that ¢ : (X,¢*) — (X,¢°) is uniformly continuous. Let K be a
non-empty join-compact subset of X. Then by Remark 1.1.2 we have that K is

a non-empty compact subset of (X, q).

(i) Let n € Ny and € > 0. Since D¢ (z,¢,v) C Di(x,€,1), we get that
{\Fy :FCXandKC | Dgf(x,e,zp)} C {\F'\ F'CXandKC [ Dg(x,e,zp)}.
zeF zeF’

Hence r,(¢, K, ¢, q) < rp(e, K,1,q¢°). Therefore hou (K, ¥, q) < hy(K,v,q%) for
each non-empty join-compact subset K of X. Let K be a non-empty 7(¢)-compact

subset of X. By Claim 3.3.1, we can choose a non-empty join-compact subset K’
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of X such that hqou (K, v, q) < hy(K',4,¢%). Since this holds for each non-empty
compact subset of X, it then follows that

hqou (¢, q) = sup{hou (K, ¢, q) : K is a compact subset of X}
< sup{hy(K,v,q¢°) : K is a join-compact subset of X}
= hU(W qs)

Therefore hou (v, q) < hy (¥, ¢%), as required.

(it) By (i), we get that hou(v,q") < hu(¥,(¢)") = ho(,0), as (¢)° = ¢"
Since hou (¥, q), hqu (¥, ¢*) < hy (¢, ¢°), then it follows that

max{hqu (¥, q), hqu(®, ¢")} < hu (¥, ¢°).

It must be noted that if ¢ is a nonexpansive self-map of a quasi-metric space
(X, q), then by Example 3.1.1 we have that hoy (1, ¢) = 0 and it is well known
that hy (1, q°) = 0. Hence it is possible for equality in Theorem 3.3.1 to hold.
Also by Theorem 3.3.1 we have that our entropy function is less or equal to the

entropy function defined by Sayyari, Molari and Moghayer [20].

3.3.1 Example. Let us consider R equipped with its usual quasi-metric .
Let ¥ : (R,u) — (R, u) be the map defined by (x) = 2x for each x € R. Then ¢

1s uniformly continuous and

hou(¥,u) < hy (Y, u®).

It is well known that hy (¥, u®) = log?2 (see for instance [21, Remark 15 Page
171]). We will proceed to show that hgu(,u) = 0. It is easily seen that for
each x € R and each k € Ny U {0}, we have that B,(z,e) = (x — ¢,00) and
U F(B, (V¥ (x),€)) = By(x, 55). Hence
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Since every join-compact subset of R is contained in a join-compact subset of the
form K,, = [-m,m] for some m € N, then it suffices to compute the quasi-
uniform entropy using join-compact subsets of this form. Let F' be a finite subset

of R of minimal cardinality such that

K, C | Dz, e,0),

zeF
then K, C (z,00), where z = min{z; — = 1 x; € F for i =1,2,.... |F|}.
This implies that K,, C U (x,00). Thus (€, K, ¥, u) =1 and it follows that

ze{z}

hou(Km, ¥, u) = 0. Thus hou (¢, uw) = 0 and it follows that hou (1, u) < hy (¢, u®)
whenever the quasi-uniform entropy is computed using join-compact subsets of R.
It only remains to show that the inequality still holds for T(u)-compact subsets of
R which are not necessarily join-compact. If we consider T(u)-compact subsets of
R of the form K, = [a,00) or K, = (a,00), for some a € R. It must be noted
that K, is not join- compact, as in both cases K, is not bounded. It can also be
shown that every 7(u)-compact subset of R is contained in a T(u)-compact subset
of the form K, for some a € R. Hence in computing hou (¢, u), it suffices to
consider T(u)-compact subsets of this form. Arguing as above, it can be shown
that r(€, Ko, ¢, u) = 1 and it follows that hou(,u) = 0 irrespective if we use
join-compact subsets or T(u)-compact subsets of R. Thus hqu (¥, u) < hy (¥, u®),

as required.
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3.4 Completion theorem for quasi-uniform en-

tropy on a quasi-metric space

In [16] Kimura proved the completion theorem for uniform entropy on a uniform
space and he pointed out that the completion theorem for Bowen’s entropy on a
metric space does not hold in general, even if the metric space is totally bounded.
We are going to investigate the completion theorem for quasi-uniform entropy on
a quasi-metric space. The concept of completing a quasi-metric space has been
investigated by several authors, see for instance [4, 5]. It is well known that there
are several completion notions for a quasi-metric space and in this section we are

going to use the bicompletion.

Recall from definition 1.1.2 that a quasi-metric space (X, ¢q) is said to be bicom-

plete if the metric space (X, ¢®) is complete.

3.4.1 Definition. (see [5, Chapter 1]) Let (X,q) be a quasi-metric space.
A bicompletion of (X, q) is a pair (()?,cj),gp) consisting of a bicomplete quasi-
metric space (X,q) and an isometry ¢ : (X, q) — (X,q) such that p(X) is dense

in the metric space (X, (q)*).

Since every metric space admits a completion, then it follows that every quasi-
metric space admits a bicompletion. The bicompletion ()? ,q) of a quasi-metric
space (X, q) is taken to be the metric completion ()? ,(¢*)) of the metric space

(X, ¢*) which is constructed as follows:

X = {[(&n)n] : (z,)n is a ¢° -Cauchy sequence in X} and [(x,)x] is the equiv-
alence class of the ¢°-Cauchy sequence (z,)y in X. Two ¢*-Cauchy sequences

(xn)n and (y,)y in X are said to be equivalent if and only if lim ¢*(z,,y,) = 0.

The metric (¢°) on X is
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defined by

(@) ([a)ss L)) = T g*(@as ),

for each [(z,)n], [(yn)n] € X. The quasi-metric ¢ on X is defined by § = (¢°).

—_—

Since (¢*) is a metric, then we have that (q)° = (/q\;) The isometric embedding
¢ (X,q) — (X,q) is defined by ¢(z) = #, where & = [(z)y] is the equivalence
class of the constant sequence (z)y = {z,z,....} for each z € X.

Let (X,q) be a quasi-metric space, ¢ : (X,q) — (X, q) a uniformly continu-
ous function and (X,§) be the bicompletion of (X,q). Let ¢ be the uniformly

continuous extension of ¢ over X , then p o) = @Z o, i.e., the following diagram

(Xi’ q) —2~ (Xl, q)
X9 — (X9

commutes. Hence 27(1;\) = 1;(50) for all z € X. We are interested in the relation-
ship between hoy (1, q) and hou (1, 7).

The following result is what we call the completion theorem when the under-
lying space is join-compact.

3.4.1 Theorem. (compare [16, Theorem 5.2 and 5.3]) Let (X,q) be a
quasi-metric space and ¢ : (X,q) — (X,q) a uniformly continuous self-map.
If (()N(,@,gz)) is the bicompletion of (X,q) and U is the uniformly continuous

extension of ¢ over X, then

hQU (@b» CI) S hQU (QZ’ @7

where equality holds if the underlying space (X, q) is join-compact.

Proof. Since ¢ = gx = ¢|xxx and ¢ = J\X, then by Proposition 3.2.4 we have
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that hou(¢,q) = hQU(J|X, gx) < hQU(zz, q). Suppose (X,q) is join-compact.
Then (X, ¢°) is totally bounded. Since the completion of a totally bounded metric
space is also totally bounded, then ()? ,(9)?) is totally bounded. Hence ()? ,q) is
g-totally bounded. Since ()~( ,q) is g- totally bounded and bicomplete, then ()~( ,q)

is join-compact. Let n € N e > 0 and 0 < i < n. Since (1;) : ()?,Ej) — ()?,@
is uniformly continuous, there exists §; > 0 such that ¢ < (@Z)Z(ZL“), (J)Z(y)) <3

for all z,y € X with q(z,y) < 6.
Let F C X such that X C | ) Dg(x

zeF

:§>¢) and r,,(5, X, v, q) = |F|. We first show
that

zeF
To this let z € X. Since X = Clr (@ (¢

(X, (q)%), there exists a sequence (wm)N in X such that the sequence of constant

(X)) (as p(X) is dense in the metric space

sequences (W, )y is (¢)*-convergent to z. Since (i, )y is (g)*-convergent to z and
€ > 0, then there exists some k € N such that (¢)°(@wnm,2) < € for all m > k. In
particular (¢)*(ws, 2) < €. Letting € — 0, we obtain that (¢)*(ws, z) = 0. Since
(i, ) = (@) (5, 2) = 0 < &, then G( (V) (@), () (2)) < 5. Simee wy € X
and X C U DY(x, %,w), we can choose x, € F such that (¢ (zx), ¥ (wi)) < 5.

reF
Now we have that

3
>

€
2
Hence z € DI(#y, ¢,1) and it follows that

X c | Di(a.ev).

zeF

+
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Therefore

e e {IBl: B e X and X < | Dite ),

yeE
and it follows that r,,(¢, X, 1, §) < |¢(F)|. Since ¢ : F — X is injective (as every
isometry is injective), then |@(F)| = |F|. Therefore rn(e,)?, 0, q) < (5, X,7,q)
and hou (X, 1), q) < hou(X, 1, ) follows.
Since X and X are both join-compact, then (X,q) and (X, ¢) are both compact
and applying Proposition 3.1.2, it follows that

hQU(Ja(D = hQU()?JZ,@ < hou(X, v, q) = hou(¥, q).

20



Chapter 4

Entropy on quasi-uniform spaces

In this chapter following our recent work in [11] and the work of Hood [15], we
are going to show that the notion of quasi-uniform entropy presented in Chapter
3, can easily be extended to quasi-uniform spaces. In doing so, we also show
that certain results about uniform entropy of a uniformly continuous self-map of
a uniform space can easily be generalized to a uniformly continuous self-map of
a quasi-uniform space. Most of the results in this chapter are contained in our

recent article [12].

4.1 Quasi-uniform entropy on a quasi-uniform
space
Following a similar approach as for section 3.1, we start this section with a scheme

which will eventually allow us to define the notion of quasi-uniform entropy for

a uniformly continuous self-map v of a quasi-uniform space (X,U).
Let (X,U) be a quasi-uniform space and ¢ : (X,U) — (X,U) be a uniformly
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continuous self-map. For V e U, x € X and n € N, we set

n—1

Du(x,V,9) = ()7 (V(¢¥(x)))

k=0
and

Dy (x,V*, ) = Dyp(2,V,9) N Dy(z, V', 9).
It follows that
Dy (2, V1)) C Dy (2, V,9) and D, (x, V1) C Dy(z, V' 9).

If U is a uniformity, then D, (z,V,) = D,(z, V1, 4).
We write DY (z,V, ) and DY (x,V* 1) if we need to emphasise on the quasi-

uniformity U used.

Let (X)) be the collection of all nonempty 7(U)-compact subsets of X. For
K e K(X),ne N, and V € U, we define

o (V, K, %) := min {yF| ' FCXand K C | DoV, 2/1)}.

zeF

For n € Ny and V' € U, a subset F' of X is said to be (n,V)-separated with
respect to ¢ if D,(x,V* ) N D,(y,V* ) = 0 for any x,y € F with = # y.
Given K € K(X),n € N, and V € U, we set

s$p(V, K, 9) := max{|F|: F C K and F'is (n,V)-separated with respect to 1}.

The quantities r,(V, K,v) and s,(V, K,1) are finite and well defined, as K is
7(U)-compact.

Moreover, given K € IC(X) and V € U define:

I K
r(V, K,v) = lim sup ogn(V, K, ¥)

n—oo n

and 1 V.K
s(V, K,v) = lim sup 08 $n(V, ’w).

n—oo n
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Then, the quantities h,.(K, ) and hs(K, 1) are defined by
h (K, ) = sup{r(V, K,v) : V € U} and hs(K, ) = sup{s(V, K,v) : V € U}.

We write 7 (V, K, ,U), 5u(V, K, 0,U), 7(V, K, ,U), 5(V, K, ,U), b (K, 1, U) and
hs(K,,U) if we need to emphasise on the quasi-uniformity & used.

Since every uniformly continuous map between quasi-uniform spaces is continu-
ous, then it follows that if (X, i) is a quasi-uniform space and ¢ : (X,U) — (X,U)
is a uniformly continuous self-map, then D, (z,V, %) is a 7(U)-open subset of X

foreach V e,z € X and n € N,.

4.1.1 Remark. Let (X,U) be a quasi-uniform space and ¢ : (X,U) —
(X,U) be a uniformly continuous self-map. If U,V € U such that U C V, then
for each n € Ny and each x € X, we have that:

(i) Dn(z,U, %) C Dy(2,V,¢), and

(i) Dy, (z,U*¢) C D,(x, V5, 9).

4.1.1 Lemma. Let (X,U) be a quasi-uniform space and i : (X,U) —
(X,U) be a uniformly continuous self-map. If K, K’ € K(X) such that K C K’,
then for each n € Ny and each V € U, we have that:

(1) r(V,K,¢) <r,(V,K' ¢), and

(i) su(V, K, ¥) < s,(V, K',0).

Proof. Let n € N;,V e Y and K, K’ € K(X) with K C K.

(1) This is similar to the proof of Proposition 3.1.2. One simply replaces € by V.

93



(ii) Let F' C K such that F'is (n, V')-separated with respect to ¢ and s, (V, K,¢) =
|F'|. Since K C K, then we have that F' C K’ and F' is (n,V)-separated
with respect to ©. Therefore

|F| € {|F'|: F' C K" and F"is (n,V)-separated with respect to ¢}.

It then follows that s, (V, K,v) = |F| < s,(V, K’,1) as required. O

By Remark 4.1.1 we get the following result which is similar to Proposition 3.1.2.

4.1.1 Proposition. Let (X,U) be a quasi-uniform space and ¢ : (X, U) —
(X,U) a uniformly continuous self-map. If K, K' € K(X) with K C K’, then
hou(K,v¢) < hou(K',¢). Furthermore hou () = hou(X, ) provided that X is

compact.

4.1.2 Remark. Let (X, q) be a quasi-metric space, U, the quasi-uniformity
induced by ¢ on X and ¢ : (X, q) — (X, q) a uniformly continuous self-map. Let
e>0. I[fFCX, KeK(X) andn € N, we have that

(1) F is (n,V.)-separated with respect to ¥ if and only if F is (n, €)-separated with
respect to 1 in the sense of [11] (see also section 3);
(ii) K C U DMa(z, V., 1)) if and only if K C U Di(x,€,1) in the sense of [11]

zeF zeF
(see also section 3).

4.1.2 Lemma. Let (X,U) be a quasi-uniform space. Then

(i) V C V2 for each V €U, and

i) O v=V.

Veu Veu

Proof. Let (X,U) be a quasi-uniform space. Then
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(i) Suppose V € U. Let (x,y) € V. Since A C V, then (z,y), (y,y) € V. Hence
(z,y) € V% and therefore V' C V2 follows.

(i) Since V C V2 for each V € U, then [V C (| V*. Let (z,y) € (| V>
veu veu veu
Then (z,y) € V2 foreach V € U. Let U € U, then there exists W € U, such

that W2 C U. Since (z,y) € V2 for each V € U, then (x,y) € W?. Thus,

(x,y) € U. Therefore (z,y) ﬂ V and it follows that ﬂ V2 C ﬂ V.
veu veu veu

Now m V2= ﬂ V follows. O
veu Veu

Since every uniformity on a set X is also a quasi-uniformity on X, then Lemma

4.1.2 also holds for uniformities on X.

4.1.3 Lemma. (compare [11, Lemma 2]) Let (X,U) be a quasi-uniform
space and ¥ : (X,U) — (X, U) be a uniformly continuous self-map. Let K €
K(X),ne Ny andV el. If F C K is (n,V)-separated with respect to ¢ and
so(V,K,¢0) = |F|, then K C | | Do(z,V*, ).

zeF

Proof. Let n € N, K € K(X) and V € U. Suppose F C K is (n,V)-separated
with respect to ¢ and s, (V, K,v) = |F| and K is not a subset of U D, (z,V* 1)).

zel
Pick y € K\ U D, (z,V? 1). Tt follows that y ¢ F. Set Fy := FU{y} C K.

zeF
We claim that Fy is (n, V')-separated with respect to 1.

Let z,w € Fj such that z # w. We have the following cases:

Case 1. If z,w € F, then we are done, as F' is (n,V')-separated with respect to

.
Case 2. If z € F and w = y, then we claim that

Dy (2, V*,9) N Dp(w, V*, ) = 0.

Suppose D, (z, VE, )ND,(w, V1) # 0. Chooset € D, (z, V*,4)ND, (w, V* 1),
then for any 0 < k < n we have (*(2),9%"*(t)), (*(w),v*(t)) € V*. Hence
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(VF(2), ¢k (w)) € VEo Ve for all 0 < k < n. Letting k = 0, we get (z,w) € Vo V?®
for all V. € Y. Thus by Lemma 4.1.2, we get (z,w) € ﬂ (VioV?®) = ﬂ Ve,

veu veu
Since (X,U) is Ty, then by Proposition 1.2.1 (X,U*) is T» and it follows that

ﬂ V& =A. Thus, (z,w) € A. Therefore y = w = z € F (a contradic-
veu
tion, as y ¢ F'). Hence Fy is (n,V)-separated with respect to ¢ and Fy C K

with |F| < |Fy|. This is a contradiction, as s,(V,K,¢) = |F|. Therefore

K C U D, (z,V?* 1), as required. O
el

The following proposition gives the basic properties of r, and s, for n € N,

which will be used to define the notion of quasi-uniform entropy for a uniformly

continuous self-map of a quasi-uniform space.

4.1.2 Proposition. (compare [15, Lemma 1] and [11, Proposition 1])
Let (X,U) be a quasi-uniform space and v : (X,U) — (X,U) be a uniformly
continuous self-map. For each n € Ny and each K € KC(X) we have:

(1) Let V.U € U such that U* o U®* C V*. Then

rn(V, Kﬂﬁ) S Sn(‘/v K’ 1/}) S T'ﬂ(U? K7 ¢)7

(i) If Vi, Vo €U such that Vi C V,. Then

rn(Va, K, ¥) < (Vi, K ) and s,(Va, K ) < s,(V1, K, 1)).
Proof. Let n € Ny and K € K(X).
(i) Let V,U € U such that U o U* C V*. Firstly, we prove that r,(V, K,¢) <

sp(V, K, ¢). Let E C K such that E is (n,V')-separated with respect to ¢ and
$n(V, K,v) = |E|. Then by Lemma 4.1.3, we get that

K - U Dn(‘rvvsaw) - U Dn(JT,V,’é/J),

zeFE zeFE
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and it follows that

|E| € {|F| tFCXand K C | Dn(m,V,w)}.
2€F
Therefore r,(V, K, ¢) < s,(V, K, ).
Secondly, we prove that s, (V, K, ) < r,(U, K,¢). Let E C K be (n,V')-separated
with respect to ©» and F' C X such that K C U Dy (x,U?% 7).

zeF
Define a map g : E — F by choosing, for each x € E a point g(x) € F

with g(x) € D,(z,U®,¢). Then g is injective. Otherwise, if x # y in E, but
9(x) = z = g(y), then

(0" (), 0" (2)), (" (y), ¥"(2)) € U*
for all 0 < k < n. It follows that
(V" (x),v*(y)) e U0 U* CV*

for all 0 < k < n. Therefore y € D, (z,V*,4)ND,(y,V?*, 1), which is a contradic-
tion, as E'is (n, V')-separated. Now injectivity of ¢ follows, from which we get that
|E| < |F|. Since K C | Du(x,U%,9) C | Du(2,U,9), then s,(V,K,¢) <

zeF zeF

ro(U, K,1), as required.

(ii) Let V4,Va € U such that V; C V5. First we prove that r,(Va2, K,¢) <

ro(Vi, K,4). Since Vi C V,, then D, (x,Vi,v) C D,(x,V,9) for each z € X.

Thus

{\Fy FCXand K C Dn(x,Vl,z/J)} - {|F| tFCXand K C Dn(x,Vg,lb)}.
z€F zeF

Therefore r,(Va, K,v¢) < r,(V1, K, ).

Finally, we show that s, (Vs, K,¢) < s,(V1, K, ). Since V; C V5, then it follows

that D,(x, (V1)%,v¢) C Dy(x, (Va)®,¢) for each x € X. Now if F' C X is (n, V3)-

separated with respect to ¢, then F'is also (n,V})-separated with respect to 1,

because for any = # y in F', we have that
Dy (z, (V1)*,9) 0 Dy(y, (V1)*,4) € Du(z, (V2)*,¢) N Dy(y, (V2)*,4) = 0.
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Therefore, we have s, (Va, K,v) < s,(V1, K,¥). O
By Proposition 4.1.2, we get the following results.

4.1.1 Corollary. Let (X,U) be a quasi-uniform space and v : (X, U) —
(X,U) be a uniformly continuous self-map. Let V € U and K be a non-empty
join-compact subset of X. Since V¢ =V NV~ then V¢ C V. Now we have that:

(1) r,(V, K, ¢) < r,(V*° K 1) for eachn € N, ;

(2) s,(V, K,¢) < s,(V* K,1) for each n € N,.

By Proposition 4.1.2, it follows that h,.(K, ) = hs(K, ) for each K € K(X) and
each uniformly continuous self-map ¢ : (X,U) — (X,U). Hence the following

definitions make sense:

4.1.1 Definition. Let (X,U) be a quasi-uniform space, ¥ : (X,U) — (X, U)

be a uniformly continuous self-map and K € K(X).

hQU<Ka77Z)) = hr(Kv ¢) = hs(Ka,le))a

1s the quasi-uniform entropy of ¢ with respect to K. Furthermore, we define the

quasi-uniform entropy hou () of ¥ by

hou(¥) = Ki% hqu(K, ).

We write hou(K,¥,U) and hou(y,U) if we need to emphasise on the quasi-

uniformity U used.

It must be noted that if (X,U) is a uniform space, then our definition of entropy

coincides with that of uniform entropy hy given by Hood [15] and Hofer [14].

In light of Remark 4.1.2 the quasi-uniform entropy defined in Chapter 3 for uni-
formly continuous self-maps of a quasi-metric space (X, q) can be obtained from
the quasi-uniform entropy defined in Section 4.1 by using the quasi-metric quasi-

uniformity U, (see Proposition 4.1.3).
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4.1.3 Remark. Let (X,U) be a quasi-uniform space, ¢ : (X,U) — (X,U)
be a uniformly continuous self-map and K € K(X). If K is finite, then for each
UelU,ne N, we haver,(U, K,v) < |K|. Thus, r(U, K,¢) =0 for each U € U
and it follows that h,(K,¢) = 0. Therefore hou () =0, if (X,U) has no infinite

compact subsets.

4.1.1 Example. If (X,U) is a quasi-uniform space and idx : (X,U) —
(X,U) is the identity map, then hou(idx) = 0.
Letne N, andV elU. If v € X, we have that

n—1

Dy(w,V,idx) = () (idx) ™ (V((idx)"(2)))

k=0

- ﬁ idx (V (idx (z)))
k=0

— Vi) = V().
k=0

as (idx)™* = idx = (idx)* for all k € N, U {0}. Similarly it can be shown that
D, (x,V? idx) = V*(x) for each x € X. Hence r,(V, K,idx) and s,(V, K, idx)
are independent of n for each K € K(X). Thereforer(V, K, idx) =0 = s(V, K,idx)
for each K € K(X). Thus, hqu(idx) = 0.

The following result easily follows by using Remark 4.1.2.

4.1.3 Proposition. Let (X, q) be a quasi-metric space and Uy be the quasi-
uniformity induced by q on X. If ¥ : (X,q) — (X, q) is a uniformly continuous
self-map, then

hou(¥, @) = hqu(,Uy) and hy (¢, ¢°) = hy (Y, Uss).

In light of Remark 4.1.3 and Proposition 4.1.3, it follows that if ¢ : (X, q) —
(X, ¢) is a uniformly continuous self-map of a quasi-metric space (X, q) and (X, q)

has no infinite compact subsets, then hgy (1) = 0.
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4.2 Basic properties of the quasi-uniform en-

tropy on a quasi-uniform space

In this section we are going to show that most of the basic facts about quasi-
uniform entropy on quasi-metric spaces presented in Chapter 3 (see also [11]) can

easily be extended to quasi-uniform spaces.

4.2.1 Definition. (compare [11, Definition 2]) Two quasi-uniformities Uy
and Us on a set X are uniformly equivalent if idx : (X, Uy) — (X, Us) and idx :
(X,Us) — (X,Uy) are both uniformly continuous maps of quasi-uniform spaces.
In this case ¥ : (X, Uy) — (X,Uy) is uniformly continuous if and only if 9 :
(X, Us) — (X,Us) is uniformly continuous.

It must be noted that, if (X, ) is a quasi-uniform space, then (X, ) and (X,U™1)
are not uniformly equivalent in general. See [11, Example 4] by using the usual

quasi-uniformity i, of R.

4.2.1 Proposition. (compare [11, Proposition 2]) If Uy and Uy are uni-
formly equivalent quasi-uniformities on X and 1 : (X,Uy) — (X,U) is uniformly
continuous, then hoy (v, Uy) = hou (¥, Us).

Proof. Suppose U; and Uy are uniformly equivalent quasi-uniformities on X
and ¢ : (X,U;) — (X,U,) is uniformly continuous. Let U; € U;. Since idy :
(X, Us) — (X,Uy) and idy : (X,Uy) — (X,Us) are both uniformly continuous,
we can choose Uy € Uy and V] € Uy such that Uy = (idx X idx)(Uy) C U; and
Vi = (idx x idx)(Vy) C Uy. Thus V; C Uy C U;. Observe that for each z € X,

we have

DI (, Vi, 1) © DHe (i, Uy, ) © DY (2, U, 1) for all n € N
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Let K € K(X) and F C X such that K C |_J D% (x, U, ¢). Then

zeF

K | DY (2, Uh,0).

zeF

Hence

{\Fy :FCXand K C D%Z(x,Ug,qp)} - {\Fy FCXand K C Dgl(x,Ul,qp)}.
zeF zeF

Therefore r,(Uy, K,v,Uy) < r,(Us, K,1,Us). Similarly, it can be shown that
rn(Us, K, 0, Us) < 1, (V1, K,9,U). Letting n — oo, we obtain that

T(U1>K>¢,u1) S T(U27K7¢7u2) S 7“(V1>K>¢,U1)-
Hence

sup{r(Uy, K,¢¥,Uy) : Uy € Uy } < sup{r(Us, K,1,Us) : Uy € U}
S Sup{r<‘/17 K7w7u1) : ‘/1 € ul}a

and it follows that hqu (K, ¢¥,Ur) = hou(K,1¢,Us). After taking supremum over
K(X), we get hou(¢,Uy) = hou(¢,Us) as required. O

4.2.2 Proposition. ( Logarithmic Law.) (compare [11, Proposition 3])
Let (X,U) be a quasi-uniform space and ¢ : (X,U) — (X,U) be a uniformly

continuous self-map, then

hou (V™) = mhqu (V)
for each m € N.
Proof. Let U € Y and m € N.
Case 1. If m = 0, then the statement holds, as Y™ = idx and hgy(idx) = 0

(see Example 4.1.1 ).
Case 2. If m € N, then we first show that

(U, K, ™) < rpn (U, K, 9) for each n € Ny and each K € K(X).
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To this end, let z € X and y € D,n(x,U,1). Then ¢*(y) € U(y*(z)) for all
0 <k < mn. If weset k=mi for 0 <i < n, then ™ (y) € U(y)™(x)) for all
0 <i < n. Since ™ = (p™)" for all 0 < i < n, then y € D, (x, U, ™). Therefore
D (2, U, %) C Dy(x, U, 9"™). Hence

{\Fy :FCXandKC | Dmn(x,U,q/J)} - {yF| tFCXand K C [ Dn(x,U,wm)}.
zeF zeF

Therefore r, (U, K,¥™) < (U, K,1). Taking logarithms on both sides and
dividing throughout by n, we get
log r, (U, K, ™) < mlog 1y, (U, K,¢)  mlogry(U, K,v)

— Y

n mn S

where s = mn. Letting n — oo and s — oo we obtain that
r(U, K,v™) < mr(U, K,¢).

Taking supremum over U, we get hou(K,Y™) < mhgu(K, ). After taking
supremum over K(X), we get hou(¥™) < mhou(¥).
Let U € U. Since ¢ : (X,U) — (X,U) is uniformly continuous, there exists
V' € U such that if (z,y) € V, then (¢ x ¢7)(z,y) = (¢¥!(x),4’(y)) € U for all
0 < j < m. We are going to show that D, (x,V,¥"™) C D,,,(x,U, ) for each
x € X and each n € N.
For z € X and n € N, let y € D,,(z,V,¥™). Then (¢™)*(y) € V((y™)*(x)) for
all 0 < k < n. Since ™ = (y™)* for all 0 < k < n, then ™ (y) € V(4™ (z))
for all 0 < k < n. Let i = mk, then 0 < i < mn. Thus ¥'(y) € V(¢'(x))
for all 0 < i < mn. Since ¢¥'(y) € V(¢ (x)), then " (y) € U(y"(x)) for all
0 <j<mand for all 0 < i < mn. Letting j = 1, we get ¢'(y) € U(¢*(x)) for
all 0 < i < mn. Therefore y € D,,,(x,U, %) and D,,(x,V,¥"™) C Dy (z, U, )
follows. Hence
{\F] :FCXandKC Dn(x,v,wm)} C {|F| tFCXand K C [ Dmn(m,U,w)}.
zeF zeF
Therefore 7, (U, K, 1) < r,(V, K,¢™). Arguing in a similar manner as above,
we get mhou(v) < hou(¢™). Putting everything together we get hou(¢™) =
mhqu () as required. 0
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4.2.2 Definition. (compare [22, Chapter 9, Definition 37.4]) Let X, X
be sets and X = X, x Xy. For a = 1,2, the o' biprojection is the map P, :
X x X — X, x X, defined by

P.(z,y) = (ma(z), m0(y)) for each (z,y) € X x X,

where T : X — X, is the o' projection map. It must be noted that each element

x of X has the form x = (x1,x5), where x1 € X; and x5 € Xs.

4.2.1 Theorem. Let (X1,U1) and (Xa,Us) be quasi-uniform spaces. If X =
X1 X Xy and P, : X x X — X, x X, is the o biprojection map for a = 1,2,
then

U={UCXxX:P ' (U)N Py (Us) CU for some Uy €Uy and Uy € Uy}

s a quasi-uniformity on X, called the product quasi-uniformity.

Proof. We first show that I/ is a filter on X x X. To this end, let o = 1,2.
Suppose (X,,U,) is a quasi-uniform space and P, : X x X — X, x X, is the
a'? biprojection map, then U, is a filter on X, x X,. Thus X, # 0 and it
follows that Ax, # ) and X # (. Since Ay, C U, for each U, € U,, then
0 # Ax C P7Y(UL) N Py Y (Usy) for each Uy € Uy and Uy € Us. Therefore U # ()
for each U € U. Since P;Y (X, x X,) = X x X and X, x X, € U,, then
X x X € U. Therefore U is a nonempty collection of nonempty subsets of X x X.
Let U €U and V C X x X such that U C V. Then P; ' (U;) N Py ' (Uy) C U for
some U; € Uy and Uy € Up. Hence Py (U;) N Py (Uy) € Vo and it follows that
Vel. Let UV € U, then there exists Uy, V) € Uy and U, Vo € Uy such that
PrHU) NP Y Uy) C U and PY(V) N Py (Vy) € V. Since Uy NV, € Uy and
U, NV, €Uy, and

PrHUN V) N Py (U2 Vo) = (P (UL) NPT (V) N (P (Ua) N Py (Va))



then U NV € U. Therefore U is a filter on X x X. Finally we show that i/ is a
quasi-uniformity on X. Let U € U. There exists U; € U; and Uy € Uy such that
PH U NP (Uy) CU.

(a) Since Ax C P;H(Uy) N Py Y(Us) for each Uy € Uy and Uy € Us (see above),
then Ay CU.

(b) Choose Vi € Uy and V, € Uy such that Vi o V) C Up and Vo 0 Vo C Us, and
let V.= P '(Vi)N Py (V) € U. Then if (z,y) € VoV, we can find z € X
such that (z,2),(z,y) € V. Now (z1,21), (21,41) € Vi and (22, 22), (22, 42) € V2
and hence (z1,11) € Vi oV C U and (z9,y2) € Voo Vo C U,. Thus (z,y) €
PrHUNNPUy) CU,s0 VoV CU. O

4.2.1 Lemma. Let (X1,U;), (Xo,Us) be quasi-uniform spaces and U be the
product quasi-uniformity on X = Xy x Xo. If ooy« (Xy,Uy) — (X1, Uy) and s -
(Xa,Us) — (Xa,Us) are both uniformly continuous self-maps, then ¢ : (X, U) —
(X,U) is a uniformly continuous self-map, where b = 1y X 1y and it is defined
by ¥(x) = (Y1(x1),Ya(x2)) for each z € X.

Proof. Suppose ¢ : (X1,U;) — (X1,U;) and g : (Xo,Us) — (Xo,Us) are both
uniformly continuous. Let U € U. There exists U; € U; and Uy € Us such that
PrY(Uy) N Py Y(Uy) C© UL Since ¢y« (Xy,Uy) — (X0,Uy) and oy 1 (Xo,Us) —
(Xg,Us) are both uniformly continuous, there exists Vi € U; and Vo € Uy such
that (1 x ¥1) (V1) C Uy and (s x 12)(Va) € Us. Set V = P H(Vy) N Pyt (Vy).
Then V € U and if (z,y) € V, we have that (z1,y1) € Vi and (x9,y2) € Va.
Since (11 X ¥1)(Vy) C Uy and (g X ¢2)(Va) C Uy, then (¢1(21),v1(y1)) € Uy and
(2(22),¥2(y2)) € Us. Since

Po(( x ¥)(x,y)) = Pa(i(2),¥(y)) = (ma(¢(2)), 7a(¥(y))) = (YalZa), Ya(ya)) € Ua

for each a = 1,2, then (¢ x ¢)(z,y) € P;'(U,) for each « = 1,2. Thus
(¢ x ) (z,y) € PrY(U) N Py Y(Uy) € U and it follows that (¢ x ¢)(V) C U.

Therefore v is uniformly continuous. O

4.2.2 Lemma. Let (X1,U,), (Xo,Us) be quasi-uniform spaces and U be the
product quasi-uniformity on X = X1 X Xo. Let Uy € Uy and Uy e Uy . If U =
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Pl_l(Ul) A P2_1<U2) € U,y 1 (X1, Uy) — (X1,Uy) and s 2 (Xo,Us) — (X2, Us)
are both uniformly continuous self-maps, then for each x,y € X we have that:
a) U(I) = Ul(xl) X UQ(ZE‘Q) and Us<l’) = (Ul)s(l'l) X (UQ)S(ZEQ),

b) If ¢ =y x ¢y and n € N, then
2
(i) DY(x,U,¢) = H DY (2, Un, o),

(ii) DY (x,U* 2 HD““ Ta, (Ua)®,1a), and

2
Git) Dff(rU"v) 0 Dy U ) = ] (D4 (s (V)" ) 1 DH (g, (V) 00)).

c) |J D¥iwy,Ungn) x | D(aa, Unin) € () D¥(x,U9)

T1E€EF r2€f, TEF X o

for each Fy C X7 and F5 C X,.

Proof. Let U, € Uy,Uy € Uy and set U = P7HU) N Pyt (Uy) € U, Let
x,y,z € X. Then

a) we have that

zeU(x) e (x,2) e U
& (x1,21) € Uy and (22, 29) € Uy
& 21 € Up(xy) and 29 € Uy(z2)

2z € U1<I'1) X UQ(I’Q).

Therefore U(x) = Uy (1) X Us(x2) as required. Similarly, it can be shown
that US(Z') = (U1>S(SC1) X (UQ)S(:UQ).
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b) Suppose ¥ = 11 X ¥ and n € N,. It can be shown via induction that
PR (x) = (YF(21), 95 (xs)) for each k € N, U {0}. Let 0 < k < n.

(i) we have that

z € Df(x,U, ) & ¢*(2) € Uy (x))
& UM(2) € Ui(9f(a1)) x Us (5 (a2))
& Py(z1) € Ur(¢r(z1)) and 95 (22) € Us(¢5(22))
& z € Dift (21, Ur,4n) x D32 (w, Uy, 1)

2
& z € [ D4 (20, Uatha).

a=1

2

Therefore DX (x, U, ) = H DHe (24, Uy, 1)) follows.

a=1
(ii) Since U*(x) = (U1)*(z1) % (Uz)*(x2). Then the statement follows, by

using a similar argument as in (i) above.

(iii) By applying (i) above, we get that

e

2
DH(x,U*, ) N D4 (y, U, ) = [ [ D4 (20, (Ua)*sba) O ] | D% (Yo (Ua)* %)
a=1

Il
—

«

IS

(D4 (0, ()" 0) 0 D (g, (U, ) ).

I
—

«

c) Let z € U DM (21, Uy, 4y) ¥ U DH2 (25, Uy, 1), then there exists a pair
1€l xo€ly

(ZL’l,l’Q) € F; x Fy such that z; € D%l(l‘l,Ul,l/Jl) and 2y € DZ;L{Z(.IQ,UQ,l/}Q).
Thus z € DY (21, Uy, 1) x D42 (25, Up,tby) = D¥(z,Uy) € | ) D¥(x,U,%).

x€EF X Fy

Therefore | | DYt (z1, Uy, vn) x | ) D¥ (a2, Unitn) € | DH(x,U0)

r1€F x2E€Fy T€F X Y
as required. O
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4.2.2 Theorem. (Weak Addition Theorem) (compare [11, Proposition 4])
Let (X1,Uy) and (Xo,Us) be quasi-uniform spaces. Suppose

(I (Xbul) - (Xlaul) and 1y : (XQ,Uz) - (X2,Z/{2)

are uniformly continuous self-maps. If U is the product quasi-uniformity on the
set X = Xy X Xy and ¢ : (X, U) — (X,U) is the uniformly continuous self-map,
defined by 1 = 11 X g, then hou(Y,U) < hou (1, Ur) + hou (e, Usz). Further-
more, if Xy or Xy is compact, then hqu (Y, U) = hqu (1, Ur) + hou (s, Us).

Proof. Let K; € K(X;), F; C X; and U; € Y; for i = 1,2 such that

K, C U DY (21, Uy, 101) and Ky C U DY (9, Uy, 13).

1€ T2€F,

Set U = P, 1 (Uy) N Py ' (Uy), then U € U. Applying Lemma 4.2.2 ¢), we get that

KixK,C | D¥(x,U4).

TEF) X Fy

Now we have that

if |F1| € {|E1’ B C Xy and Ky C U D%l(ﬂfl,Ul,dJl)}

r1€E,
and
[F| € {152\ $ By C Xy and K, C DZQ(fﬂz,Uz,%)},
r2E€ >
then

|F1|><|F2]€{|E1><E2]:E1><E2§XandK1XKQQ U D%(:E,U,l/})}
z€E| X Eg

Hence r,(U, K1 x Kz, 9,U) < (Tn(Uth@/)hul)) (Tn(U27K2,¢2,U2)>~ Taking
logarithms and dividing by n throughout, we get

T(U> Kl X K2>¢,U) S 71<U17K17¢17u1) +T(U27K27¢27u2)-
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Taking supremum as U; ranges over U; and U, ranges over Us, we obtain that
hou (U, K1 x Ko, 9, U) < hqu (K1, ¥1,Us) + hou(Ks, e, Us). (4.1)

Let U € Y. Then V = P71 (Vi) N Py (V) C U for some Vi € Uy and V, € Us.
Now V' € U and by equation 4.1, we have that

hou(V, K1 x Ky, 0, U) < hou (K, ¥1,Ur) + hou(Ka, 1, Us).
Since V,U € U with V' C U, then by Proposition 4.1.2 (ii), we get that
hQU(U7 Kl X K27¢7u) S hQU(V7 Kl X Kvaau)'

Now
hou (U, K1 x Ko, 9, U) < hqu (K1, ¥1,Us) + hou (K2, e, Us)

for all U € U follows. Taking supremum as U ranges over U, we get that
hou(K1 x Ko, 1, U) < hqu(Ky,¥1,Un) + hou (K2, 2, Us). (4.2)

For each U; € U; and each n € N, let K; € K(X;) and F; C K; be (n,U))-
separated with respect to 1; for each ¢ = 1,2. Then F; x Fy C K; x Ks. Set
U= P U,)N P, Y (Us), then U € U.
We claim that F; x Fy is (n,U)-separated with respect to . To this, let z,y €
Fy x F;, such that x # .
Case 1. If 2y # yi, then DY (zy, (U1)*,¢1) N DY (yy, (Uy)%,41) = 0, as Fy is
(n, Uy)-separated with respect to ¢;. Then by Lemma 4.2.2 b)(iii), it follows
that

D (2, U, ) 1 D% (y, U*, ) = 0.

Case 2. If 29 # yo, then DY¥2(my, (Us)*,109) N D¥2(yo, (Us)®,1hy) = 0, as Fy is
(n, Us)-separated with respect to 5. Then by Lemma 4.2.2 b)(iii), it follows
that

D (U, 6) 1 D% (y, U*, ) = 0.
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Hence Fy x Fy is (n,U)-separated with respect to ¢ as required. Now we have

that

if |Fy] € {\E1| : By C Ky and E) is (n, U;)-separated with respect to wl}
and

|Fy| € {|E2] : By C Ky and Es is (n, Us)-separated with respect to @Z)g},
then

|F1|x|Fy| € {|E1 X Eo| : E1xFEy C K1 x Ky and Ey x Es is (n, U)-separated with respect to w}.

Hence <8n(U1,K1,w1,U1)> (Sn(U%KQaw%Z/{Q)) < 5, (U, Ky X Ky,%,U). Taking
logarithms and dividing throughout by n, we get

s(Ur, K1, 91,Un) + 5(Us, Ko, 19, Up) < s(U, Ky x Ka,%,U).
Taking supremum as U; ranges over U, and U, ranges over Us, we get
hqu (K1, 1, Uy ) + hqu(Ka, e, Us) < hqu(U, K1 x Ka, ¥, U).

Since

hou(U, K1 x Ko, 9, U) < hqu(K; x Ka,¢,U),

then
hou (K1, Y1, Ur) + hou(Ks, 1, Us) < hou(Ky x Ko, ¢, U).

By equation 4.2, we get that

hou (K1, ¢1,Ur)+hou (K2, Y2, Uz) < hou (K1 x Ko, ¥, U) < hqu (K1, ¥1,Ur)+hou (K2, 2, Us).

Hence

hou (K1 x Ko, 0, U) = hou (K1, ¥1,Ur) + hou(Ka, o, Us). (4.3)
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Let m; : X1 x Xy — X; be the i'" projection map (fori = 1,2). If K € K(X; x Xy),
then K; = m;(K) € K(X;) for each i = 1,2 and K C K; x K. It follows that

hou(,U) = sup{hou(K, ¥, U) : K € K(X1 x Xo)}
< sup{hou (K1 % Koy, U) - K, € K(Xy) and K, € K(X,)}
— suplhou (K, b, Uy) + hou (s, o, Us) - Ky € K(X,) and K € K(Xa)}
= sup{hqu (K1, ¢, Uh) : K1 € K(X1)} + sup{hqu (K2, ¥2,Us) : K> € K(X2)}
= hqu(¥1,Ur) + hqu (2, Us),

where the third equality from below is obtained by using equation (4.3).
Suppose X; or X5 is compact. Without loss of generality we may assume X is
compact. Since every element of K(X; x X3) is a subset of X; x Ky for some
Ky € K(X3), we have

hqu (¥, U) = sup{hqu(X1 x Ka, ¥, U) : Ky € K(X3)}.
Since X is compact, then by Proposition 4.1.1 we have that

hau (Y1, Ur) = hqu (X1, ¥1,Uh).

Replacing K7 by X; in equation (4.2), we get
hqu(X1x Ko, ¢, U) = hqu (X1, 91, Ur)+hqu (K2, e, Us) = hqu (1, Ur)+hou (K2, 2, Us).

Therefore

hqu (1, U) = sup{lhou(X1 X Ka,¥,U) : K> € K(X2)}
= sup{hqu (V1,U) + hqu (K2, V2, Us) : Ks € K(X3)}
= hqu(¥1,Ur) + sup{hqu (K2, ¢, Us) : K> € K(X5)}
= hqu (1, Ur) + hqu (Y2, Us).
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Suppose (X,U) is a uniform space and ¢ : (X,U) — (X,U) is a uniformly
continuous self-map. The Kimura’s entropy hg of 1 is defined in a similar manner
as the uniform entropy Ay, but using totally bounded subsets instead of compact
ones. For more details on Kimura’s entropy we refer the reader to [16]. We write
ho (K, ¥, U), hix(K,9,U) and hy (Y, U), hk (1, U) to emphasise the uniformity U

used.

The following result has been extended to quasi-uniform spaces (see Theorems
4.3.1 and 4.3.2).

4.2.3 Proposition. Let (X,U) be a uniform space and ¢ : (X,U) — (X,U)
a uniformly continuous self-map. Then hy (V) < hi(¢) with equality if the un-

derlying space is complete.

Proof. Suppose (X,U) is a uniform space and ¢ : (X,U) — (X,U) is a uniformly
continuous self-map. Since every compact subset of a uniform space is totally
bounded, then hy(¢) < hg(1)). Suppose (X,U) is complete, it suffices to show
that hi (1) < hy(1). Let K be a totally bounded subset of X. Since Cl ) (K) is
totally bounded and complete, then Cl,(K) is compact. Since K C Cl ) (K),
then by [16, Basic fact 3.4(b)], we get that

hic (K, 1) < hy(Clry(K), ) < hy(v).
This implies that hg(¢) < hy (), as required. O

4.2.1 Claim. (compare [11, Claim 1] and Claim 3.3.1) If (X,U) is a quasi-
uniform space and ¥ : (X,U) — (X,U) is a uniformly continuous self-map, then
for each K € K(X) there exists some non-empty join-compact subset K' of X
such that

hou(K, ¥, U) < hy(K', 4, U*).

Proof. This proof is easily obtainable by doing appropriate modifications and

following similar arguments to the proof of Claim 3.3.1. O
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4.2.4 Proposition. (compare [11, Proposition 6]) Let (X,U) be a quasi-
uniform space and v : (X,U) — (X,U) be a uniformly continuous self-map.
Then

hou (W, U) < hy (b, U*) < hy (0, U).

Proof. Suppose ¢ : (X,U) — (X,U) is uniformly continuous, then by Lemma
1.2.1 we have that ¢ : (X,U*) — (X,U?) is uniformly continuous. Let K be a non-
empty join-compact subset of X. Then by Remark 1.2.2 we have that K is a non-
empty compact subset of (X,U). It is well-known that hy (¢, U*) < hg (1, U?)
(see [16, Theorem 4.1]). Hence we only need to show that hqu (¢, U) < hy (¥, U?).

To this end, let n € N and U € U. Since D, (z,U*,v) C D,(z,U, ) for each
x € X, we get that

{|Fy :FCXandKC Dn(x,Us,w)} C {|F’| F'CXand K C [ Dn(x,U,¢)}.
el xeF’

Hence r,(U, K,v,) < r,(U*, K,v). Therefore hqu(K,v,U) < hy(K, ¥, U*) for
each non-empty join-compact subset K of X. Let K be a non-empty 7(U)-
compact subset of X. By Claim 4.2.1, we can choose a non-empty join-compact
subset K’ of X such that hou (K, ¢¥,U) < hy(K’,1,U?). Since this holds for each
non-empty compact subset of X, it then follows that

hou (Y, U) = sup{hqu(K,¢¥,U) : K is a compact subset of X}
< sup{hy(K,¥,U%) : K is a join-compact subset of X'}
= hy(¢Y,U°).

Therefore hou(¢¥,U) < hy(,U?), as required. O
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4.3 Quasi-uniform entropy following Kimura’s

approach

Let (X,U) be a quasi-uniform space and ¢ : (X,U) — (X,U) be a uniformly
continuous self-map. Let B(X) denotes the collection of all nonempty U-totally
bounded subsets of X. We define the finite number r,(V, K, 1) for every K €
B(X) as we did in section 4.1. Let

1 K
r(V,K,v) = lim sup ogTn(V; ’w).

n—00 n

Let houi(K,v¢) = sup{r(V, K,v¢) : V € U}. Then the notion of quasi-uniform
K -entropy hqui (¢) of 1 is given by

hQUK(’Q/J) = sup{hQUK(K, ’Q/}) . K & B(X)}

Since every 7(U)-compact subset of a quasi-uniform space (X,U) is U-totally

bounded, we obtain the following theorem.

4.3.1 Theorem. Let (X,U) be a quasi-uniform space and ¢ : (X, U) —

(X,U) be a uniformly continuous self-map. Then

hou(¥) < hqur(¢¥).

4.3.1 Lemma. (compare [16, Basic fact 3.4(b) | and Proposition 4.1.1)
Let (X,U) be a quasi-uniform space and v : (X,U) — (X,U) be a uniformly
continuous self-map. If K, K’ € B(X) such that K C K’ and V € U, then

houi (K, ) < hqui (K', ).

4.3.1 Remark. Since every 7(U)-compact subset of a quasi-uniform space
(X,U) is U-totally bounded, then by the definition of quasi-uniform entropy, it is
clear that for a uniformly continuous self-map ¥ on a quasi-uniform space (X,U)

we have

hou(¢) = sup{hqur (K,v) : K is a nonempty compact subset of X }.
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4.3.2 Theorem. Let (X,U) be a bicomplete quasi-uniform space and v :
(X,U) — (X, U) be a uniformly continuous self-map. Then

hqu(¥) = hquk ().

Proof. By Theorem 4.3.1, it suffices to show that hqux(¥) < hou(y). Let
K € B(X). Since Cl, ) (K) is totally bounded and bicomplete, then Cl ) (K)
is compact (as it is join-compact). Since K C Cl, ) (K), then by Lemma 4.3.1
and Remark 4.3.1, we get that

houi (K, ) < hqui (Clow) (K), ¥) < hqu(¢).
This implies that hquk () < hgu(v), as required. O

4.3.1 Claim. (compare [11, Claim 1] and Claims 3.3.1 and 4.2.1) If (X,U)
is a quasi-uniform space and ¥ : (X, U) — (X, U) is a uniformly continuous self-
map, then for each K € B(X) there exists some non-empty totally bounded subset
K' of X such that

houi (K, ¥, U) < hi(K',9,U%).

Proof. This proof is easily obtainable by doing appropriate modifications and
following similar arguments to the proof of Claim 1 in [11] (see also the proof of
Claim 3.3.1). Indeed working in the quasi-uniform space (X, ), one must replace
K(X) by B(X) and join-compact by totally bounded. O

By Claim 4.3.1 the following result easily follows.

4.3.1 Proposition. (compare [11, Proposition 6]) Let (X,U) be a quasi-
uniform space and ¥ : (X,U) — (X,U) be a uniformly continuous self-map.
Then

hqui (¥, U) < hi (¥, U°).

By Proposition 4.1.3, Theorem 4.3.1 and Theorem 4.3.2 we get the following

results.
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4.3.2 Proposition. Let (X, q) be a quasi-metric space and Uy be the quasi-
uniformity induced by q on X. If ¥ : (X,q) — (X, q) is a uniformly continuous
map, then

a) hqu(¥,q) < hqour(V,Uy),

b) hou(¥,q) = hquk (Y,U,), provided that (X, q) is bicomplete.

4.4 Completion theorem for quasi-uniform en-

tropy on a quasi-uniform space

In [16] Kimura proved the completion theorem for uniform entropy on a uniform
space. In this section we are going to investigate the completion theorem for

quasi-uniform entropy on a quasi-uniform space.

4.4.1 Lemma. (compare [11, Lemma 3]) Let (X,U) be a quasi-uniform
space, ¥ : (X, U) — (X,U) a uniformly continuous self-map and let Y be a -
invariant subset of X. For each n € Ny and U € U the following statements
holds.

(i) IfyeY, then
DY (5, U0 (Y % V), ¢ly) = DE(y, U, ) 1Y

and
D (y, (UN (Y xY))*,bly) = Dif (y, U*, ) NY;

(i) r(UN(Y xY), K, Y|y, Uy) =r,(U, K,v,U) for each K € K(Y).
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Proof. (i) Let y € Y,n € N, and U € U. Since (Y,Uy) is a subspace of (X,U),
then (U N (Y x Y))(y) = U(y) NY. Since ¢(Y) C Y, then Y C ¢p=*(Y) for all
k € N, U{0}. Now we get that

n—1

D (y,UN (Y x V), 6ly) = (@) (00 (0 x V) h)* ()

k=0

- ﬁw(vw'f(y» nY)

n—1 n—1
= e (U w)) n e )
k=0 k=0
= D¥(y,U,9)NY.
Since
D%YQ/?U N (Y X Y)v¢|Y) = D%(yv Uﬂﬁ) ny
and
UNY xY) ' =U"1n({Y xY),
then

D (y, (UN(Y x Y))*,¢ly) = Dif(y, U, ) NY.

(ii) Let K € K(Y). By (i) we have that
D (y, UN (Y xY),$ly) € Dii(y, U, 0),
thus

{\F! :FCY and K C U D (y, Uﬂ(YXY),z/Jy)} C {|F| :FCY and K C U D%(y,U,w)}.
yer yeF

Hence r, (U, K, v, U) < r,(UN(Y xY), K, ¢¥|y,Uy).
Let F' C Y such that K C U DH(y, U, ). Since

yeF

D (y,UN (Y x Y),ly) = D¥(y,U, ) NY and K C Y,
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then
K= K0y < |J D4, Uony = | (D U,0)0Y ) = | D (5, Un(Y <), 6ly),
yer yeF yeF

Therefore

{\Fy FCYand K C Dg(y,U,zp)} - {yFy :FCYand K C | DZY(y,Um(YxY),¢yY)}.
yer yeFr

Hence r,(UN (Y xY), K, ¢|y,Uy) < r,(U, K,%,U). Since
ro(U, K, 0, U) < r(UN(Y xXY), K, ¥y, Uy) < r,(U, K, ¥, U),

then r,(UN (Y xY), K, |y, Uy) = r,(U, K,9,U). a

4.4.1 Proposition. (Monotonicity with respect to subspaces) (compare [11,
Proposition 5]) Let (X,U) be a quasi-uniform space, ¢ : (X, U) — (X,U) a
uniformly continuous self-map and let Y be an Y-invariant subset of X. Then
hou(Vly,Uy) < hou(,U).

Proof. Let K € K(Y),n € N, and U € U. After applying Lemma 4.4.1 (ii), we
get that
T(U N (Y X Y)7 K, 77Z)|Y7Z/{Y) = T(Ua K, @D,u)

Thus hou (K, Y|y, Uy) = hou (K, ¥, U). Since K(Y) C K(X), we get that
hqu(¥|y,Uy) = sup{hqu (K, Yly,Uy) : K € K(Y)}
= Sup{hQU(K’¢7u) tK e K:(Y)}
< sup{hqu(K,¥,U) : K € K(X)}
= hQU(¢7u)

Therefore hqu (¢|y,Uy) < hou(y,U), as required. a
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4.4.1 Definition. (See [18, Section 2.6]) Let (X,U) be a quasi-uniform
space. A bicompletion of (X,U) is a pair ((f(,ﬁ), gp) consisting of a bicomplete
quasi-uniform space ()?,L?) and a uniform embedding ¢ : (X,U) — ()?,Z:?) such

that p(X) is dense in the uniform space (X, (U)*).

The following outline of the actual construction of the bicompletion of a quasi-
uniform space can be found in [18, Proposition 2.7.3] and for the actual construc-

tion we refer the reader to [9, Chapter 3.

Let (X,U) be a quasi-uniform space and ¢ : (X,U) — (X,U) a uniformly con-
tinuous self-map. We denote by ()? ,L?) the bicompletion of (X,U) and by QZ
the uniformly continuous extension of 1 over X. Here X is the set of all min-
imal U*-Cauchy filters on X and U is the quasi-uniformity on X generated by
B ={U:U €U}, where

U={(F,G) € XxX : there exists some F € F and G € G such that FxG C U}

for each U € U. It must be noted that we can identify (I)* with Us. For each

z € X, set U(z) = {Us(z) : U € U}. One easily verifies that U*(z) € X for each

2 € X. The uniform embedding ¢ : (X,U) — (X,U) is defined by ¢(z) = U (x)

for each x € X. We are interested in the relationship between hgy (v, U) and

hau (9, U).

4.4.1 Theorem. (Compare [16, Theorem 5.2]) Let (X,U) be a quasi-uniform
space and 1 : (X, U) — (X,U) a uniformly continuous self-map. If ()2,1/7), is the

bicompletion of (X,U) and 1; 1s the uniformly continuous extension of 1 over )?,
then

hqu(¥,U) < hQU(QZ,Zj).

Proof. Suppose ()? ,ﬁ) is the bicompletion of (X,U) and 1} is the uniformly

continuous extension of 1 over X. Then U = Uy = ﬁ|XXx and ¢ = iDV|X and by
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Proposition 4.4.1 we have that hou(¢,U) = hQU(@mX,Z;{VX) < hQU(@Z, &) O

The following result is what we call the completion theorem.

4.4.2 Theorem. (Compare [16, Theorem 5.3] and [11, Theorem 1]) Let
(X,U) be a join-compact quasi-uniform space and ¢ : (X,U) — (X, U) a uni-
formly continuous self-map. If <()?,L7),<p) is the bicompletion of (X,U) and QZ

1s the uniformly continuous extension of 1 over X, then

hQU(¢7u) = hQU(&) Zj)

Proof. Suppose (X,U) is join-compact. Then (X,U?®) is totally bounded. Since
the completion of a totally bounded uniform space is also totally bounded, then
(X, (U)*) is totally bounded. Hence (X,2) is totally bounded. Since (X,2) is
totally bounded and bicomplete, then ()Af ,1/7) is join-compact. Let n € N, and
V € U. Since {(7 : U € U} is a base of Z:?, we can choose Uy, U, € U such that
UiolU CUyand Uy CV. Let F C X such that X C | J D¥(x,U1,%) and

zeF

ro(Ur, X, 9, U) = |F|. Let us set
W= (D7 > @)7) @),

Since () : (X,U) — (X,U) is uniformly continuous for all 0 < i < n, then
W e U. We first show that

X ¢ | DH (), v.4)

zeF

To this end, let z € X. Since X = CL, (@) (¢(X)), we can choose 2" € X such that

(U*(2'), z) € W. Then we have that ((¢)i(US(z/)), ({&)i@)) € U, forall 0 < i < n.
Since X C U D¥(x,Uy, %), we can choose x € F such that (¢'(z),v'(2") € U;

zeF

for all 0 < ¢ < n. Then we have that ((qp)i(w(x)), (@/})i(us(z’))> € U for all
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0 < i < n. Thus ((w) u ( )) (w)z(z)> € Uyol forall 0 < i < n. Since
U1 ) U1 C U2, then ( )’(z)) € /U; for all 0 < i < n. Hence
<(¢)’(Us(x)) (¢)Z(z)> e Viorall 0 <i<mn, and z € DU(L{S( ), V, 1) follows.

From which we get

X c | DHu (@), v, ).
zeF

Therefore
()| € {|E| ECXmdXc|] Dm,v,iﬂ)},

yeE
and it follows that 7, (V, X, 1, U) < |@(F)|. Since ¢ : F — X is injective (as every
uniform embedding is injective), then |p(F)| = |F|. Therefore r,,(V, X, ¢, U) <
(U, X, 10, U) and hoy (X, 0, U) < hou(X, ¥, U) follows.
Since X and X are both join-compact, then ()N( ,ﬁ) and (X,U) are both compact.
Applying Proposition 4.1.1 it follows that

hou (1, U) = hou(X,19,U) < hou(X, ¥, U) = hou (¥, U).

30



Chapter 5

Quasi-uniform entropy vs

topological entropy

In this chapter we are going to investigate the relationship between our notion
of entropy (quasi-uniform entropy) and some of the well established notions of
topological entropy. In particular, we are interested in the relationship between
our quasi-uniform entropy function hqy and the following entropy functions h, hy
and hg, where h, hy and hy are the entropy functions defined by [1, 14] and [16],
respectively. It is known that the notion of quasi-uniform entropy for a quasi-
metric space (X, q) is exactly the same as the notion of quasi-uniform entropy
computed on (X,U,), where U, is the quasi-uniformity of the quasi-metric ¢ (see
Proposition 4.1.3). Hence it is sufficient to investigate the relationship between

topological entropy and quasi-uniform entropy on quasi-uniform spaces.

It is well-known that, if ¢ : (X,U) — (Y,V) is a continuous mapping between
uniform spaces and (X,U) is compact, then ¢ is uniformly continuous. This
result is not true in the case of quasi-uniform spaces (see [5] the paragraph above

Theorem 1.1.54 on page 33). Hence in studying the relationship between our
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notion of quasi-uniform entropy and the topological entropies mentioned above,
it make sense to start with a self-mapping which is uniformly continuous, as
our notion of quasi-uniform entropy is computed for a uniformly continuous self-
mapping of a quasi-metric(uniform) space. Most of the materials in this chapter

are contained in our recent article [13].

5.1 Quasi-uniform entropy vs topological entropy

on compact quasi-uniform spaces

In this section we are going to investigate the relationship between the topological

entropy and the quasi-uniform entropy for compact quasi-uniform spaces.

5.1.1 Proposition. If (X,U) is a join-compact quasi-uniform space and

v (X, U) — (X, U) is a uniformly continuous self-map, then

hou(,U) < hy (Y, U°) = h(y, T(U%)) = he (¢, T(U?)).

In particular, we have that hou (¥, U) < h(y, 7(U?)).

Proof. Let (X,U) be a join-compact quasi-uniform space and ¢ : (X,U) —
(X,U) a uniformly continuous self-map. By Proposition 4.2.4, we have that
hou(¥,U) < hy(¢,U?). Since (X, 7(U*)) is compact, then by Remark 2.2.1
we have that h(y, 7(U?)) = h(¢, 7(U?)). Also compactness of the uniform space
(X,U?) implies that hy (¢, U*) = h(1, T7(U?)) (see for instance [14, 15]). Therefore
we get

hou(,U) < hy (¥, U%) = h(h, 7(U%)) = hg (¢, T(U))

as required. O

Since (X,U?) is a compact uniform space, then h(y, 7(U*)) = hi (¢, U*) (see [16,
Theorem 4.10]). Then by Proposition 5.1.1 we get that hgu (¢, U) < hx (¢, U?).
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5.1.2 Proposition. (compare [21, Theorem 7.7] ) Let (X,U) be a compact
quasi-uniform space and ¥ : (X,U) — (X,U) a uniformly continuous self-map.

Then for each o € cov(X), there exists some U € U such that
N(Cn(aa ¢>) S Tn(Ua X7 Q)D) S S’VL(U7 Xa ¢)

for alln € N,.

Proof. Let a € cov(X) and suppose X is compact. Then by Proposition 1.2.2,
(X,U) has the Lebesgue property. Thus there exists some U € U such that
B ={U(z) : x € X} refines a. Let n € N,. By Proposition 4.1.2, we have
that r,(V, K,¢) < s,(V,K,v¢) for each V € U and each K € K(X). Since
X € K(X), then r,,(U, X, ¥)) < $,(U, X, ). Let F C X with X = | ] D,,(x,U, )

zeF

and r, (U, X, 1) = |F|. Since < «, then by 2 (i7) of Remark 2.1.1 we get that
N(Co(a, 1)) < N(Co(B,4)). Since X = | ] Dy(x,U,%) and r, (U, X, v) = |F|,

xeF
then

g = { EW’“(UW(@)) S F}

is a subcover of C,,(3,v) with N(5') = |F|. Since ' < C,(5,¢) (as every sub-
cover is a refinement), then by 2 (i) of Remark 2.1.1 we get that N(C,(5,9)) <
N(fB'") = |F|. Putting everything together we get that

N(Cr(e, ) < N(Co(8,9)) < [F| = (U, X, ¢) < 50 (U, X, 9)

as required. O

5.1.1 Theorem. Let (X,U) be a quasi-uniform space and ¢ : (X,U) —

(X,U) a uniformly continuous self-map. Then

(1) If (X,U) is compact, then

hf(@/),T(U)) - h<¢7 T(U)) < hQU(¢7u) < hU(¢7us)'
In particular, we have that h(y, 7(U)) < hou (Y, U).

33



(ii) If (X,U) is join-compact, then
hi(, TU)) = h(y, 7U)) < hqu(,U) < ho(,U%) = h(Y, TU)) = hs(, 7U")).
In particular, we have that h(y, 7(U)) < hqgu (Y, U) < h(y, 7(U?)).

Proof. Let (X,U) be a quasi-uniform space and ¢ : (X,U) — (X,U) a uniformly

continuous self-map.

(i) Suppose (X,U) is compact. Let o € cov(X). By Proposition 5.1.2 there
exists some U € U with N(Cp(a,v)) < r,(U, X, %) for all n € N,. Thus

o 08 N (Coa )

h(a, ¢) = lim .
n—oo n
1 X
S hm Sup Og TTL(U7 b w)
n—00 n
= hQU (Xa w)

Since (X,U) is compact, then by Proposition 4.1.1 hqou (¢, U) = hou (X, ).
Now we get that

h,7(U)) = sup  h(a,p)

accov(X)

< sup hou(X,v)

accov(X)

= hQU(X> w) = h’QU(¢7u)

Since (X, 7(U)) is compact (as (X,U) is compact), then by Remark 2.2.1 we
get that hy(¢, 7(U)) = h(¢p, 7(U)). By Proposition 4.2.4 we get hgu (¢, U) <
hy (v, U*). Putting everything together we get

hf(¢,T(U)) = h(w?T(u)) < hQU(wvu) < hU(¢aus)

as required.
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(ii) Suppose (X,U) is join-compact. Since every join-compact quasi-uniform
space is compact, then (X,U) is compact and by (i) above, it follows that
he(p, 7U)) = (Y, 7(U)) < hou(¥,U) < hy(,U?). Since (X,U*) is a
compact uniform space, then hy (¢, U°*) = h(y, 7(U?)) = h(, 7(U?)).
Therefore

hy(,7(U)) = h(¥,7U)) < hqu(¥,U) < hy (b, U%) = (Y, T7U?)) = hy (¢, T(U?))

as required.

O

Since hou(¢Y,U) < houk(,U) for each uniformly continuous self-map ¢ of a
quasi-uniform space (X,U) (see Theorem 4.3.1), then by Theorem 5.1.1 (i) above
we get that h(y, 7(U)) < houi (¥, U) for each uniformly continuous self-map )

of a compact quasi-uniform space (X,U).

Since h(¢, 7(U)) = hk (1, U) for each continuous self-map 1 of a compact uniform
space (X,U) (see [16, Theorem 4.10]), then by Theorem 5.1.1 (ii) above we get
that

h(Q/J,T(U) < hQU(¢7u) < hK(wvus)

for each uniformly continuous self-map v of a join-compact quasi-uniform space
(X, U).

It must be noted that in Theorem 5.1.1, the statements in (i) and (i7) are different.
In (i), one cannot compare hy (¢, U*) to h(yp, 7(U?)), as compactness of (X,U)
does not imply compactness of (X,U*) and it is well-known that the entropy

function A is only computed for compact spaces.

5.1.1 Remark. If (X,7) is a compact topological space, U is a quasi-
uniformity on X such that T(U) = 7 and ¢ : (X, U) — (X,U) is a uniformly
continuous self-map, then by Theorem 5.1.1 (i) above we get that hy(v) = h() <
hou (Y, U). In particular, if (X, 7T) is a compact topological space and P(7) is the
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Pervin quasi-uniformity of (X, 7) (see Remark 1.2.1 for the definition of P(T)),
then hy() = h(v) < hqu(y, P(7)).

5.2 Quasi-uniform entropy vs topological entropy

on non-compact quasi-uniform spaces

In this section we are going to investigate the relationship between the topological
entropy and the quasi-uniform entropy for not necessary compact quasi-uniform

spaces.

5.2.1 Proposition. Let (X,U) be a Ty-quasi-uniform space (i.e., (X, 7(U))
is a Ty topological space) and v : (X, U) — (X,U) a uniformly continuous self-
map, then for each K € KC(X) there ezists some o € covs(X) such that

hQU(Kv ¢7u) < hf(a7 wa T(”))

Proof. Suppose (X,U) is a Ty-quasi-uniform space. Let K € K(X),n € N,
and U € U. Let F C X such that K C ] D, (x,U,¢) and r, (U, K, ) = |F]|.

zeF

Since (X,7(U)) is Ty and K is 7(U)-compact, then X — K is 7(U)-open. Since
D, (z,U,v) is 7(U)-open for each x € X and

X=KU(X-K)C (U Dn(x,U,z/J)> U(X — K),

zeF
then a = {D,(z,U,¢) : v € F} U{X — K} is a finite open cover of X. i.e.,
a € covy(X). Since r,(U, K,v) = |F|, then N(Cy(a,v)) = |a| = |F|+1 >
|F| = r,(U, K,%). After taking logarithms, dividing throughout by n, then taking
supremums and taking limits as n — oo , we get that r(U, K,¢) < h¢(a, ¥, 7(U)).
Taking supremum as U ranges over U, we get that hoy (K, ¥, U) < hi(a, ¥, 7(U))

as required. O
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The following result is a consequence of Proposition 5.2.1.

5.2.1 Theorem. Let (X,U) be a Ty-quasi-uniform space and v : (X, U) —
(X,U) a uniformly continuous self-map. Then hqu (¥, U) < hs(, 7(U)).

Proof. Suppose (X,U) is a Ty-quasi-uniform space and ¢ : (X, U) — (X,U) is a
uniformly continuous self-map. Let K € IC(X), then by Proposition 5.2.1, there
exists some o € covy(X) with hou(K,¥,U) < hy(o, 7(U)). Taking supremums

as K ranges over K(X) and « ranges over covs(X), we get that

hou(,U) < hy(y, 7(U))

as required. O

The following result easily follows from Theorem 5.1.1 and Theorem 5.2.1.

5.2.2 Theorem. Let (X,U) be a compact Ty-quasi-uniform space and 1) :
(X, U) — (X,U) a uniformly continuous self-map. Then

hqu(,U) = hg (¥, 7(U)) = h(¢, 7(U)).

In light of Theorem 5.1.1 and Theorem 5.2.2, we get the following corollary.

5.2.1 Corollary. Let (X,U) be a join-compact Ts-quasi-uniform space and
v (X, U) — (X,U) a uniformly continuous self-map. Then

h(, 7(U)) = hs (¥, 7(U)) = hqu(,U) < hy (), U).
By Theorem 4.3.1 we have that hou(¢,U) < houk (¢, U) for each uniformly con-
tinuous self-map 1 of a quasi-uniform space (X,U). Hence by Theorem 5.2.2 we

get that h(y, 7(U)) = he(y, 7(U)) = hou(,U) < hguk (¢, U) for each uniformly

continuous self-map ¥ of a compact Ty-quasi-uniform space (X,U).

If v : (X,7) — (Y,p) is a continuous map between topological spaces (X, 7)
and (Y, p), then ¢ : (X, P (7)) — (Y,P(p)) is uniformly continuous, where P(o)
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denotes the Pervin quasi-uniformity for the topological space (X, o) for ¢ = 7,p

(see [18] page 244, last paragraph). Therefore we get the following result.

5.2.2 Proposition. Let (X, 1) be a Ty topological space and ¥ : X — X a

continuous self-map. If P(7) denotes the Pervin quasi-uniformity of (X, 7), then

hou(¥, P(7)) < hy(¥,7)
with equality if (X, T) is compact.
Proof. Suppose (X, 1) is a Ty topological space and ¢ : X — X is a continuous
self-map. If P(7) is the Pervin quasi-uniformity of (X, 7), then 7(P(7)) = 7 and

Y (X,P(1)) = (X,P(7)) is a uniformly continuous self-map. Since (X, P(7))

is a Ty-quasi-uniform space, then by Theorem 5.2.1 we get that

hou (¥, P(7)) < hy(¥, 7(P(7))) = hy (¢, 7).

If (X, 7(P(7))) = (X, 7) is compact and T3, then (X, P(7)) is a compact Tr-quasi-

uniform space and by Theorem 5.2.2 we have

hqu(h, P(7)) = hy (¢, 7(P(7))) = h(¢, 7)

as required. O
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Chapter 6

Conclusion

In this final chapter, we make the conclusions of our investigations and point out
some open problems encountered throughout the current work that may consti-

tute topics of further research.

Firstly in this thesis, we have achieved the task of establishing some new results
from the theory of uniform entropy that was developed by Bowen in [2]. In
the second part of the work, we managed to extend our theory of quasi-uniform
entropy on quasi-metric spaces to quasi-uniform spaces and in doing so, also
extending the notion of uniform entropy that was developed independently by
Hood [15] and Hofer [14] to quasi-uniform spaces. In the third part of the thesis,
we presented the relationship between our theory of quasi-uniform entropy and

some of the notions of topological entropy.

Below we give a summary of the work which we studied in each chapter of the
thesis and then suggest some important areas of future research which are related

to the study of entropy on quasi-metric(uniform) spaces.

39



6.1 Summary of the achieved work

The first two chapters recalled well-known results from the literature. In Chapter
1, we presented some preliminaries from the theory of quasi-metric spaces and

quasi-uniform spaces that will ease the reading of this work.

In Chapter 2, we recalled some well-known results about the topological entropy
which was studied in [1, 2, 14, 15].

In Chapter 3, we presented some of our new results about the notion of entropy
(which we call quasi-uniform entropy and denoted by hgp) of a uniformly contin-
uous self-map of a quasi-metric space. The properties of this new entropy have
been presented. In particular we managed to show that hou (v, q) < hy(¢,¢%),
where 1) is a uniformly continuous self-map of a quasi-metric space (X, q) (see
Theorem 3.3.1). We also showed that the completion theorem (in the sense of
Kimura [16]) holds in the class of all join-compact quasi-metric spaces. That is
for join-compact quasi-metric spaces the entropy of a uniformly continuous self-
map coincides with the entropy of its extension to the bicompletion (see Theorem
3.4.1).

In Chapter 4, we continued our investigations of the quasi-uniform entropy to
quasi-uniform spaces. We managed to extend most of our results in Chapter 3
to quasi-uniform spaces. Following Kimura’s approach, we introduced a modi-
fied version hgui (which we call quasi-uniform K-entropy) of the quasi-uniform
entropy for quasi-uniform spaces. We managed to show that for a uniformly

continuous self-map 1 of a quasi-uniform space (X,U) we have that

L. hou(¥,U) < hi(¥,U?) (see Proposition 4.2.4).

2. hgu(¥,U) < hguk (¥, U) with equality when (X, ) is bicomplete (see The-
orems 4.3.1 and 4.3.2).
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3. hour(Y,U) < hi(¥,U?) (see Proposition 4.3.1).

So that 1 is a combination of 2 and 3. We also showed that the completion
theorem (in the sense of Kimura [16]) holds in the class of all join-compact quasi-

uniform spaces (see Theorem 4.4.2).

In Chapter 5, we established the relationship between quasi-uniform entropy and
some of the well-known notions of topological entropy. Indeed we managed to
show that for a uniformly continuous self-map ¢ of a quasi-uniform space (X,U)

we have that

1. h(y, 7(U)) < hou(,U) < h(yp, 7(U?)) provided that (X, ) is join-compact
(see Proposition 5.1.1 and Theorem 5.1.1).

2. h(,7U)) < hou(y,U) provided that (X,U) is compact (see Theorem
5.1.1).

3. hou(¥,U) < he(yp, 7(U)) provided that (X,U) is Tp and with equality if
(X,U) is compact and T3 (see Theorems 5.2.1 and 5.2.2).

We also managed to show that: If (X, 7) is a Ty topological space, ¥ : X — X a

continuous self-map and P(7) is the Pervin quasi-uniformity of (X, 7), then

hqu(¥, P(7)) < hy(¢,7)

with equality if the underlying space is also compact (see Proposition 5.2.2).

In Chapter 6, which is the last chapter of this thesis, we conclude our work by
reflecting on the main results of the thesis and pointing out some connections of

this current work with what has been studied already in the literature.

Let (X, q) be a quasi-metric space. It is well-known that ¢ : (X, q) — (X,q) is

uniformly continuous if and only if ¥ : (X, ¢') — (X, ¢") is uniformly continuous
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(see Lemma 1.1.1). Also a similar result holds for quasi-uniform spaces (see
Lemma 1.2.1). Therefore it is natural to study the following problems, which are

related to our work in Chapter 3 and 4.

6.1.1 Problem. Let (X, q) (or (X,U)) be a quasi-metric (or uniform) space
and ¥ : X — X a uniformly continuous self-map. What is the relationship

between

1. h’QU(¢aQ) and hQU(¢7qt)?

2. hQU<¢,U) and hQU(zb,L{_l)?

It is well-known that there are several notions of completeness for quasi-metric(uniform)
spaces (see for instance [5, section 1.2]). In this thesis the completion theorem has
been studied using the notion of bicompleteness (see Theorems 3.4.1 and 4.4.2).

It is natural to ask the following question.

6.1.2 Problem. Given a quasi-metric(uniform) space X and a uniformly
continuous self-map ¢ : X — X. Under which notions of completeness (apart

from bicompletion) will the completion theorem still hold?

6.2 Some possible areas for future work

In this section we are going to list some possible areas for future work. We would

like to study these problems in future work.

6.2.1 Topological entropy using quasi-uniform entropy

In section 3 of [17] the authors discuss the possibility of defining a new entropy

function in the category of Tychonov spaces, using the uniform entropy. Indeed
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one can define entropy in the category of topological spaces, using uniform en-
tropy. All one needs to do is to connect the category Top of Topological spaces
and continuous maps with the category Unif of uniform spaces and uniformly
continuous maps. Along the same line and using the theory of functorial quasi-
uniformities in the sense of G. Briimmer [3], one can connect the category Top
of Topological spaces and continuous maps with the category QUnif of quasi-
uniform spaces and uniformly continuous maps. Hence we have the following

question.

6.2.1 Problem. Can one define a new entropy function in the category

Top, using the quasi-uniform entropy?

6.2.2 Entropy in other asymmetric structures

In this thesis, our study of entropy was mainly on quasi-metric(uniform) spaces.
It make sense for one to explore possibilities of studying the notion of entropy in
other asymmetric structures (apart from quasi-metric(uniform) spaces). On that

note we pose the following question.

6.2.2 Problem. Given an asymmetric space, how can one define the notion

of entropy and which properties does the entropy function posses?
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