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1. Introduction

In two recent papers [11,12], we explored the matrix analogue of an unbounded Toeplitz-like operator
that was investigated in [8-10] for scalar rational symbols with poles on the unit circle T. While many
of the classical operator theory topics, like Fredholmness, invertibility and spectrum, are well understood
in the scalar case, the case of matrix symbols appears to be more intricate. In [11] a Wiener-Hopf type
factorization was obtained, from which the Fredholm index can be determined, in case the symbol has no
zeroes on T. However, this Wiener-Hopf type factorization has a high level of non-uniqueness and, unlike
in the classical case, generally does not lead to a diagonalization of the symbol. As a result, although some
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further Fredholm characteristics can be determined from the Wiener-Hopf type factorization [12], it does
not seem to be an adequate tool to compute the dimensions of the kernel and the cokernel, nor does it
seem to give a clear characterization of invertibility. In the present paper we take a different approach to
the question of invertibility of this Toeplitz-like operator, using Riccati equations and pseudo-canonical
factorization.

Unbounded Toeplitz operators appeared first in a paper of Hartman and Wintner [13] in 1950, but only
became an active topic with the seminal paper of Sarason [18] in connection to truncated Toeplitz operators;
see [17] for how unbounded Toeplitz operators with matrix symbols come into play. More recently, kernels
of unbounded Toeplitz operators appeared in the study of nearly backward shift invariant subspaces and
Toeplitz inverses [3,4].

Next we introduce some notation, which is required to define our Toeplitz-like operator and state our
main results. We write Rat for the space of rational functions, Rat(T) for the functions in Rat that only
have poles on the unit circle T, Rato(T) for the strictly proper functions in Rat(T), P for the space of
polynomials and for positive integers k& we indicate the polynomials of degree at most k& by P, extending
it to all integers by setting P = {0} in case k < 0. For positive integers m and n, we indicate the spaces
of m x n matrices with entries from these function spaces by Rat™ ", Rato(T)™*", etc. In the case of
vector functions, when n = 1, we will just write m instead of m x 1. For 1 < p < oo, LP and HP? denote the
Lebesgue space and Hardy space, respectively, and K? is the standard complement of H? in LP. With L? |
HP and K? we indicate the spaces of vectors of length m with entries from LP, H? and KP, respectively.

Let Q € Rat™*™ with possibly poles on T and det # 0, and let 1 < p < co. We then define the
Toeplitz-like operator Tq, (HE2, — HE)) by

Qf = h+mn where h € L? (T),
Dom(Tp) = H, )
om(Tq) {f € Hm and 7 € Raty'(T) ’

(1.1)
Taf = Ph with P the Riesz projection of L? (T) onto HE,.
By the Riesz projection, P, we mean the projection of L?, onto HE,, as discussed in [15, pages 149-153].

As usual, Q € Rat™*"™ has a pole at z9 € CU{oo}, if any of its entries has a pole at zg. In case det  Z 0,
a zero of  is a pole of its inverse Q71(z) := Q(z)~!. It is not necessarily the case that the zeroes of
correspond to the zeroes of det {2, and  can have both a pole and a zero at the same point 2y € C U {oc0}.
It was proved in [11] that Tq is Fredholm if and only if © has no zeroes on T. In particular, for Tq to be
invertible, that is, bijective from Dom(7Tq) onto HE,, it is necessary that © has no zeroes on T.

In the classical case, invertibility of Toeplitz operators with rational symbols can be studied via Riccati
equations and canonical factorizations associated with state space realizations of the symbol, cf., [1,2]. In
the present paper, we follow the approach of [6]. Let € Rat™*"™ and assume € is given by a minimal
state space realization of the form

Q(z) = Ry + 2C(I — zA)'B +y(zI — )™ '3, (1.2)

with Ry € C™*™ and with A, B, C and «, 3,y matrices of appropriate sizes such that A has all its eigenvalues
in the open unit disc D and « has all its eigenvalues in the closed unit disc I, that is, A is stable and « is
semi-stable (in [6] « is also stable). Minimality in this setting means that one cannot find a representation
for Q of this form with A and a matrices of smaller size; equivalently, the triples (C, A, B) and (v, «, )
both provide observable and controllable discrete-time linear systems, cf., [14]. Despite the fact that Q has
poles on T, so that « has eigenvalues on T, there is a fairly direct analogue of the canonical factorization
result of [6].
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Theorem 1.1. Let Q € Rat™ ™ with detQ # 0 and no zeroes on T and assume that Q is given by the
minimal realization (1.2) with A stable and « semi-stable. Then the following are equivalent:

(i) There exists a matriz QQ such that Ry—~yQB is invertible, Q) satisfies the nonsymmetric discrete algebraic
Riccati equation:

Q = aQA+ (B—aQB) (Ry —QB)~'(C —yQA), (1.3)
and such that the matrices

Ao == A—B(Ry —vQB) ' (C — yQA), (1.4)
o = — (B — aQB) (Ry — 7QB) v '

are both stable.

(ii) 2 has a right pseudo-canonical factorization Q(z) = U (2)O(z), i.e., ¥ and © are m x m rational matriz
functions with det ¥ # 0 and det © # 0 and such that © has poles only outside or on the unit circle T,
©~! has poles only outside T, ¥ has poles only inside or on the unit circle T, and ¥~ has poles only
inside the unit circle T.

Moreover, if Q is a solution to (1.3) such that A, and a, are stable, then a right pseudo-canonical factor-
1zation is obtained as follows: Let § and D be invertible matrices such that 0D = Ry — vyQB and set

Co=6YC—~QA) and B, =(8—aQB)D™ . (1.5)
Then Q(z) = ¥(2)O(z) holds with ¥ and © defined as
O(2) =D+ 2C,(I —2zA)™'B  and V(2) =8 +y(zI —a) !5, (1.6)

and the inverses of ¥ and © are given by

[uy

—
N

~—
I

e~ D' —2D7'C,(I — 2A,)"'BD™,
(1.7)
e 5

L 5_17(7:] — ao)_lﬂoé_l.

Furthermore, the solution Q of the Riccati equation (1.3) so that A, and a, are stable is unique. Finally,
the realizations in (1.6) and (1.7) for ©, ¥, O~ and ¥~ are minimal.

The above result is proved in Section 2 and is essentially obtained by specifying Theorem 1.1 of [6] for
the function 2, defined by

Q-(2) = Qrz) (1.8)

for 1 < r small enough, so that {2, does not have poles and zeroes on T. More generally, for any function
f, scalar-, vector- or matrix-valued, and scalar » > 0 we write f, for the function f.(z) = f(rz) defined for
z € C for which rz is in the domain of f.

In order to characterize invertibility of T more is required than what is in [6], we want to compare
invertibility of the unbounded operator T with invertibility of the bounded Toeplitz operator Tq,.. Note
that invertibility in both cases means bijectivity on its domain of definition. Since Tg, is a closed operator,
by [11, Proposition 2.1], the inverse of T, will be bounded, cf., Theorem 12.4.1 in [7]. For r > 1, we define
the annulus
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A, ={zcC:rt <|z] <r} (1.9)

It turns out that T and Tq, can be compared, not only with respect to invertibility, but even with respect
to their Fredholm properties, in case they are Fredholm.

Theorem 1.2. Let Q € Rat™ ™ with det Q # 0 and assume that Q has no zeroes on T. Define Q, by (1.8).
Let ro > 1 be such that Q has no zeroes in the annulus Ay, and no poles in Wy, \ T. Then Tq is Fredholm
and for each 1 < r <y, Tq, is bounded and Fredholm and we have

dimKerTo = dimKerTg, and codim RanTy = codim RanTy, .
In particular, Tq s invertible if and only if Tq, is invertible for some (and hence all) 1 < r < rg.

We shall prove Theorem 1.2 in Section 3. Our second main result together with [6], shows that invertibility
of Tq is equivalent to items (i) and (ii) in Theorem 1.1. With some further work we derive, in Section 4
below, formulas for the inverse of Tq, as given in the following result.

Theorem 1.3. Let 0 € Rat™™™ with detQ # 0 and no zeroes on T and assume that Q is given by the
minimal realization (1.2) with A stable and o semi-stable. Then Tq is invertible if and only if the Riccati
equation (1.3) has a solution @ such that A, and o, in (1.4) are stable, or, equivalently, if Q has a pseudo-
canonical factorization Q(z) = U(2)O(z) as in item (ii) of Theorem 1.1. In that case, the inverse of Tq is
the bounded operator given by

To =TTy = To-1 Ty (1.10)

Moreover, Tgl has a block matrix representation [Tgl]” with respect to the standard (block) basis of HP,
that is given by

min(i,j)

[Tﬂ_l]i’j: Z ez‘{k‘l’;‘:m (1.11)
k=0

where

of =D, ©F = —D"(Co)(A))'BD™Y, j=1,2,...
WX =61, U= =0y (o) TN (Bo) 0T, j=1,2,.

For the final result we present in this introduction we restrict to the case where p = 2, since it relies
on a result from [6], which is proved only for p = 2. Let Q € Rat™>"™ be given by the minimal realization
with A stable and « semi-stable and assume A and « are of size s X s and t X t, respectively. We define the
observability operator for the pair (C, A) as

Oca:C*— H2, Oca:x—CI—-2zA)""z, 2€D, (1.12)

and the controllability operator for the pair («, 3) as

s

Coyp : Dom(Cog) = Ct, Capf = % /(e”I — ) ' Bf(eT) dr,

(1.13)

for f€Dom(Cop):=< f€ H2: /(e”[— ) 1B f(e) dr exists

—T
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Since A is stable, it is clear that O¢ 4 defines a bounded operator from C* into HZ,. Due to the semi-stability
of a, C,,3 need not be bounded, but it is the case that the subspace

D, :={f e H2: f. € H>},

for r > 1, is contained in Dom(C,, g). This will be proved in Lemma 4.2 in Section 4 below, where we will
also prove the following proposition.

Proposition 1.4. Consider the case p = 2. Let Q € Rat™ ™ with detQ # 0 and such that Tq is invertible.
Assume that Q is given by the minimal realization (1.2) with A stable and « semi-stable. Then the solution
Q of the algebraic Riccati equation (1.3) that makes Ao and oo in (1.4) stable is given by

Q=CopTy'Oc,a. (1.14)

The formula for @ is analogous to that in [6], where poles on T are not allowed, but requires more
attention since Co g is not necessarily bounded. To see that the right-hand side in (1.14) is well defined,
we point out that Oc 4 maps C* into D, for r > 1 small enough, while T, ! maps D, into D,., again for
7 > 1 small enough, which is contained in the domain of C, . That T;' maps D, into D, follows from
Proposition 3.1 below.

We conclude this introduction with a brief overview of the remainder of the paper. In Section 2 we apply
the main result of [6] to the function €. in (1.8), and translate back to the state space realization of €,
leading to a proof of Theorem 1.1. In the next section we investigate the relation between T and Tf,,
and give a proof of Theorem 1.2. The work of Sections 2 and 3, is then combined in Section 4 to prove
Theorem 1.3 as well as Proposition 1.4.

2. Riccati equation, canonical factorization and inversion for €2,.
Suppose that € Rat™*™ is given by the minimal realization formula (1.2), that is:
Q(2) = Ry + 2C(I — 2A) 'B4+~(2I — )7 '8, (2.1)

with A being stable and « being semistable. It is then clear that 2, defined by (1.8) admits the state space

realization
-1 a\~1 3
0, (2) = Qrz) = Ry + 2(rC)(I — 2(rA)) "B +~ (zl . ;) &
= Ro+20,.(I — zA) B +~(zI — ;)" '8, (2.2)
with
A, =14, C.=rC, arz%, ﬁng. (2.3)

As in Theorem 1.1, let o > 1 be such that € has no zeroes in the annulus 2, and no poles in 2, \ T, with
Ay, as defined in (1.9). Then, for 1 < r < 7y, €, has no poles and no zeroes on T. Therefore, the results
of [6] apply to €, and its realization (2.2)—(2.3). Note that the paper [6] only considers the case of Toeplitz
operators on H2,. However, since invertibility of Toeplitz operators on HP, with rational matrix symbols
can be characterized in terms of their Wiener-Hopf factorizations, which are independent of p, invertibility
on HP is independent of the value of p. We now specify the main result of [6] to €., together with some
supplementary observations, in the next proposition. This result is subsequently used to prove Theorem 1.1.
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Proposition 2.1. Let Q € Rat™*™ be given by the realization (2.1) with A stable and « semi-stable, so that
Q, is given by the realization (2.2)~(2.3). Let ro > 1 be such that Q has no zeroes in the annulus A, and
no poles in Wp, \ T. For 1 < r < rg the following are equivalent:

(i) Tq, is invertible.
(ii) There exists a matriz Q such that Ry — yQB is invertible, QQ satisfies the nonsymmetric discrete
algebraic Riccati equation:

Q = aQA+ (8- aQB) (Ro —1QB)~H(C = 1QA), (2.4)

and 1A, and r~ta, are stable, with A, and o, given by (1.4).

(iii) Q, has a canonical factorization Q,.(z) = ¥ (2)0)(2), i.e., U and ©) are m x m rational matriz
functions with det ¥(") # 0 and det ©) # 0 and such that O and ()~ have poles only outside
T and 9 and (¥)~1 have poles only inside T .

Moreover, the solution Q of the Riccati equation (2.4) such that 1A, and r~'a, are stable is unique and
independent of r, i.e., for each 1 < r < 1y one obtains the same solution @ in item (ii). Furthermore, if Q
is as in (ii), then a canonical factorization of Q, is obtained with O = O, and V") = V,., where © and ¥
are defined as in Theorem 1.1, and O, and ¥, are defined according to (1.8). In case one of items (i)—(iii)
holds, and hence all, we have Tsil = T(ngT\;Tl =Tg-1Ty-1.

Proof. Since €, has no poleson T, since 1 < r < 1, Theorem 1.1 of [6] applies to €2, and its realization (2.2),
leading to the equivalence of variations of (i)—(iii) in terms of the matrices in the realizations. Technically,
Theorem 1.1 of [6] does not contain an item about the invertibility of Ty , but that invertibility of Tq,
is equivalent to the two items in the theorem follows by the discussion preceding the theorem, and this is
also where the formula for 14, 1 in terms of the canonical factors appears. It thus remains to show that the
statements of items (ii) and (iii) in terms of the realization matrices of €2, correspond to the statements
concerning the Riccati solutions and canonical factorization from Theorem 1.1 of [6], respectively.

We start with item (ii). From Theorem 1.1 of [6], and the preceding paragraphs, we obtain that invert-
ibility of Tq, is equivalent to the existence of a matrix @, such that Ry — vQ, B is invertible, that satisfies
the Riccati equation

Q’I' = aT'QTAT + (ﬂ7 - a’I'QT‘B) (RO - VQTB)il(OT - ’VQTAT)

(%) @)+ (2208 (R - 1Q,5) 60 = 1Qu(r4)

o
=aQ,A+ (6 - O‘QTB) (RO - 'YQTB)il(C - 'VQTA)

and such that

Ao r = A’I“ - B(RO - ’YQ’/‘B)_l(CT - ’YQTA"')
=rA— B(Ry —1Q,B) " (rC = 1Q,(r4)) = 1A,
oy = Qp — (ﬂr - aTQT‘B) (RO - 'YQTB)il'Y

o 6 (0% Qo

=2 (— - ;@B) (Ro—7QrB) 'y = 2

r r

are both stable, corresponding to the claim of item (ii). Moreover, the matrix @, with these properties is
unique. It follows that the Riccati equation that @, solved is independent of r, but it is less straightforward



G.J. Groenewald et al. / J. Math. Anal. Appl. 532 (2024) 127925 7

that the condition of having r A, and <2 stable does not introduce a dependency on r; in particular, A, and
«, in the above formulas may depend on 7. To see that this is not the case, we note that the matrix @, can
be obtained as the limit of a Riccati difference equation associated with the finite section method for T, ,
as discussed in Section 4 of [6]. Indeed, since 2, is continuous on T and we assume Tq_ to be invertible, for
N large enough the N-th section of Tgq ,, i.e., the Toeplitz block matrix

RO,’I” R*l,r e leN,r
Ry, Ry, -+ Ro_ng
To, N = : : . : ; (2.5)
Ry_1, Rn—2, - Ry,
with R;, the j-th Fourier coeflicient of €2, will be invertible, and the matrices
QN = Cp 0 NTg, NO0, A, N
with Cg, ..~ and Oc, 4, N given by
o N—-1/_j _ N-1 J
Cs,an,N = Row;_q (alB;) and Oc, N = COlj:o (CrA7) (2.6)

solve the Riccati difference equation

QN+1,7‘ = arQN,rAr + (ﬁr - aTQN,TB)(RO - ,YQN,TB)_l(CT - ’YQN,TAT)
= aQN,TA + (6 - aQN,rB)(RO - VQN,TB)_l(C - ’YQN,’I‘A)

and @, converges to (), as N — oco. Hence, in order to see that (), is independent of r, it suffices to show
that Qu,» is independent of r. Note that the Fourier coefficients of (), are given by

C AP 'B =r"CA" !B for n > 0,
R, =< Rpforn=0, (2.7)
ya =18, = r~"ya" 713 for n < 0.
It follows that

To, n = Diag(Ln, 7L, ..., v 711, To N Diag(Ln, 71y, ..., 7Y 11,) 7L,

where Tq y is as in (2.5) with R,, , = Ry, 1, where R, 1 is defined according to (2.7) with r» = 1. This shows
that for large N, also Tq v invertible and

Ty v = Diag(L, Ly, ., 7N " )Ty Diag (L, I, .7 " ) 7 (2.8)

Define Cg o,y and O¢, 4,n analogous to Cg, ..~ and Oc, a4, n, with B, o, C;, A, replaced by 3, a,C, A,
respectively. It is then easy to see that

C/Br7ar;N = Cﬂ,a,N Diag(Irm {4 P arN71[7rL)71a

Oc,,a,,N = Diag(Ln, 7Ly, . ..,7" "' 1,)Oc a N
Combining these identities with (2.8), it follows that

—1 —1
Qnyr =Cs, 0., 8T NOc, 4,8 =Cpa,nTq NOc AN,
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is indeed independent of r, and consequently, @, is also independent of 7.

It remains to prove the equivalence of (ii) (or (i)) and (iii), and that (iii) can be achieved as described
in the proposition, and the formulas for Tg;rl. The equivalence of (ii) and (iii), in fact, follows directly from
Theorem 1.1 in [6]. We now show that the formulas for the canonical factors from [6] lead to the factorization
of 2, using © and ¥ from Theorem 1.1. By the formulas in [6], the canonical factorization of Q, is given
by Q,(z) = () (2)0)(2) where we factor Ry — vQ, B = 6D, as claimed, and set

Bor = (Br = 02QB)D™ = r~(f — aQ, B)D™" =174,
Oo,r = 571(07“ - ’}/QAT) = 7,5*1(0 - ’}/QA) = TOO)

to arrive at

VO (2) =04+ v(2I — ) oy =6+ 17 y(z] —r ),
=0t (rel —a) o = Ur(2)

with inverse

\I](r)(z)_l = 6_1 — 6_1'Y<ZI - ao,r)_l/BO,Té_l
= 671 — 7"715717(2[ — 7‘710[0)7160571 = 671 - 5717(”.21 - 040)7160571

and
0" (2) = D+ 2C, (I — 24,) 'B =D +120,(I —r2A)"'B = 0,(2)
with inverse

0" (z)"* =Dt - 2D 'C, (I — 24,,) ' BD?
=D ' —rz2D7'C,(I —rzA,)"'BD ™.

The formula for Tsil now follows simply from the text preceding Theorem 1.1 in [6]. O
Using the equivalence of (ii) and (iii) in Proposition 2.1 it is easy to prove our second main result.

Proof of Theorem 1.1. Since 2, ¥, and ©, are rational matrix functions, the factorization ,(z) =
U,.(2)0,(2) for some 1 < r < 7o implies that also Q(z) = U(2)O(z) as well as the formulas for the in-
verses of U and O. Hence (iii) in Proposition 2.1 is equivalent to (ii) in Theorem 1.1.

Next we show that the realizations of © and W in (1.6) and of © =% and ¥~! in (1.7) are minimal. Note
that since the realization of €2 is minimal and A is stable and « is semi-stable, the McMillan degree, deg(€),
of Q is equal to the sum of the sizes of A and «, say s and t, respectively. From the formulas of © and ¥ it
is clear that deg(©) < s and deg(¥) < t. On the other hand, since the McMillan degree is sublogarithmic,
we have

s+t =deg(2) = deg(¥O) < deg(P) + deg(O) < s+ 1.

Hence we have equality in each step, which implies deg(®©) = s and deg(¥) = ¢, in other words, the
realizations of ©® and ¥ are minimal. By the observation right after Proposition 7.2 in [1], it follows that
the realization for © (respectively W) is minimal if and only if the realization of ©~! (respectively ¥~1) is
minimal. Hence, also the realizations of @' and ¥~! are minimal.
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Since the solution Q = @, of (2.4) used to construct rA4, and 7~ a, is independent of r, it follows that
the solution @ in item (ii) in Proposition 2.1 is such that rA, and r~Lla, are stable for all 1 < r < g, so
that A, is stable and «, is semi-stable.

Thus, from the equivalence of (ii) and (iii) in Proposition 2.1 it follows that we get the equivalence of
(i) and (ii) in Theorem 1.1, except that at this stage we only get «, to be semi-stable. To see that . is
in fact stable, note that Q(z) = ¥(2)O(z) implies that ¥(z)™! = ©(2)Q(z)~!. Since A is stable, © has no
poles on T, and ! has no poles on T because § is assumed to have no zeroes on T. Therefore, U1 has
no poles on T either, which implies, by minimality of the realization of ¥~!, that o, has no eigenvalues on
T. Hence «, is stable. O

3. Fredholmness of T, versus Fredholmness of T

In this section we prove Theorem 1.2. The proof relies heavily on the connection between T and Tq, .,
with Q, as in (1.8), as explained in the next result.

Proposition 3.1. Let 2 € Rat™™ "™ with det Q # 0 and assume that Q has no zeroes on T . Let rg > 1 be such
that Q has no zeroes in the annulus 2., and no poles in U, \ T. Define

D, :={fe€HE: f, € HE}. (3.1)
Then for each 1 <1 < rg we have
KerTg C D, C H,,(D) C Dom(Tq). (3.2)
Moreover, Tq maps D, into D,., the inverse image TS{l(DT) of D, under Tq lies in D,., and we have

(Taf)r =Ta,fr, f€D,. (3.3)

Proof. Let 1 < r < rg. We start by proving (3.2), except for the first inclusion.

The second inclusion is trivial. If f € D,., then f has an analytic extension to rD, so that, in particular,
f is analytic on D.

The argument to show that H,,(D) C Dom(Ty) is similar to that in the scalar case [10, Theorem 6.2].
Note that each f € H,,(D) is also in D,. for some 1 < r’ sufficiently close to 1. Hence it suffices to show
that D, C Dom(Ty). Let f € D,. Since  is rational, Qf is meromorphic on D with finitely many poles,
each of finite multiplicity. Computing the residues of the poles of each of the entries in the vector function
Qf it is easy to write £2f in the form g + p with g € LP, and p € Rat{'(T), showing that f € Dom(Tq).
Hence, we have proved the second inclusion.

Next we show that T maps D, into D, and that (3.3) holds. Let f € D,. Hence f has an analytic
extension to rD and |f(2)|P is integrable on 7T, that is, f € HP (rT). By (3.2), f € Dom(Tq) and hence
Qf = g+ p for some g € LP and p € Raty'(T). Write g = g+ + g— with g4 € HE, and g_ € KZ,, so
that T f = g4+. Since f is analytic on D and Q and p are rational with no poles in 2.\ T, it follows that
g = Qf — p must be analytic in 2. \ T with the poles on T all having finite multiplicity. However, g € LP |
and hence cannot have poles of finite multiplicity on T. Thus g is analytic in 2(,.. Hence, g4 is analytic
on rD and g_ on C \m Since r < rg, by an argument similar to that in the first part of the proof, it
follows that g, € HP,(rT) and g_ € KP,(r~'T). This implies that g, ,(2) = g4 (rz) and g_ .(2) = g_(rz)
define functions in H? and K? , respectively. In particular, g4 € D, and it follows that T maps D, into
D,.. Moreover, p is a rational matrix function with poles only in T, so that p, only has poles inside D and
we obtain that p, € K? . Note further that on T
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O (2)fr(2) = Qrz) f(rz) = g(rz) + p(rz) = g:(2) + pr(2)
= 9+.(2) + 9-r(2) + pr(2).

Therefore, we have

Tﬂrfr = P(Qrf'r‘) = ]P(ng,T +9-—r+ pr) =9+r = (TQf)r

Finally, we show that T, Y(D,) € D,. Since 0 € D,., this proves in particular that Ker T, C D, and hence
the first inclusion of (3.2). To prove the inclusion, we require the Wiener-Hopf type factorization from [11,
Theorems 1.1 and 1.2], namely  can be factored as

Q(z) =Q_(2)2(2)Q4(2), with E(z) = z*on(z)Po(z) (3.4)

for some integer k > 0, 04,0, Q_ € Rat™ ™ and P, € P™*™ such that Q_ and Q~' are both minus
functions (i.e., no poles outside D), Q; and erl are both plus functions (i.e., no poles in D), Q, =
Diag ;(¢;) with ¢; € Rat(T ) having no zeroes and having poles only on T (in [11, Theorem 1.1}, ¢; € Rat
can have zeroes on T, but this cannot occur since Q has no zeroes on T), and Py a lower triangular
polynomial with det(Py(z)) = 2z~ for some integer N > 0. It then follows from Theorem 1.3 in [11] that

To=To TsTo, and Ty'=Ty, ngj =T
To show that Tg " (D,) C Dy, it suffices to show that Tz '(Dy) C Dy, T, H(Dy) C D, and T, (Dy) C D
The latter two inclusions follow from the fact that T, and Tq, are invertible with inverses Tgil =T

and Tgﬁ = TQ;I along with the argument from the previous paragraph applied to Tj,-1 and Tﬂll showing
that D, is an invariant subspace for these two operators; for the latter, note that 2_ and 4 do not have
zeroes and poles on the annulus 2(,.. Hence it remains to show that 7. E_l(DT) C D,.

Let f € Dom(Tg) such that T=f € D,.. Since f € Dom(Tg), we can apply Lemma 2.1 from [12] to conclude
that Z(2) f(z) = 27 *h(z) + n(z) with h € H?, and n = (m1,...,nm)T € Ratg'(T) of the form n; = r;/q; €
Rato(T) with ¢; the denominator of the j-th diagonal element of Q. Write 2= *h(2) = h_(z) + h4(2) with
hy € HP? and h_ € KP, . It is clear that h_ is analytic on C \ {0}. Moreover, h. = T=f, so that hy € D,,
by assumption. Since det = # 0, we have f = Z~'h, + Z~'h_ + =~ !5. Note that =—! has no poles on the
annulus 2, and no zeroes on 2. \ T. Since ==, f, hy and h_ don’t have poles on T, neither can Z~11.
It follows that =~'n, Z2='h, and Z~'h_ are all analytic on 2,.. Therefore, f is analytic on 2,.. However,
f € HP,, so that f in fact is analytic on rT. Using that Z~! is rational, gy € D,, g_ and p are continuous
on rT it follows that f is p-integrable on rT, and hence f € D,.. O

Lemma 3.2. Let Q € Rat"™*™ with detQ # 0. Then Tq is Fredholm if and only if Q has no zeroes on T.
Assume Tq is Fredholm and let ro > 1 be such that 2 has no zeroes in the annulus ., and no poles in
Ao \ T. Then Tgq, is bounded and Fredholm for each 1 <1 < rg.

Proof. For 1 < r < rg, by definition of rg it is clear that €2, has no poles and no zeroes on T, so that
Tq, is bounded and Fredholm. For T the result is not included in [11] but follows from the results proved
there. Indeed, consider a Wiener-Hopf type decomposition of 2 as in the proof of Proposition 3.1, e.g., as
in (3.4). Since Q_T_l is a plus function and Q' is a minus function, they do not have poles on T. Also, since

det Py(z) = 2V for some integer N > 0, P;* as a function in Rat™*""

can only have a pole at 0, so that
P, also does not have zeroes on T. This shows that the zeroes of 2 on T correspond to the zeroes of €2,.
Since €2, is a diagonal matrix function, its zeroes correspond to the zeroes of its diagonal elements, which

are all on T, by construction. Since {2 has no zeroes on T, this implies that the numerators of the diagonal
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elements of {2, are constant, assuming the numerators and denominators are co-prime. The statement for
T now follows from the fact that Tq is Fredholm if and only if the numerators (assuming co-primeness) in
Q, are constant, according to Theorem 1.4 in [11]. O

As a consequence of Proposition 3.1, it is easy to show that the dimensions of the kernels of T and Tq,
are the same.

Corollary 3.3. Let Q € Rat™*™ with det Q # 0 and assume that 2 has no zeroes on T. Let ro > 1 be such
that Q has no zeroes in the annulus 2., and no poles in A, \ T. For each 1 < r < 9 we have

KerTo = {fi)r: f €KerTq,} and KerTq, ={f.: f € KerTq}.
In particular, we have dim Ker T = dim Ker Tq .
Proof. Note that the formula for Ker Tj;, makes sense, since Ker T C D,.. Since the map f + f, defines a
bijection from D, onto HJ,, with inverse map h — hy,,, it suffices to prove one of the two formulas. From
Proposition 3.1 it follows that
feKerTo CD, < 0=Tof < 0= (Taf), =Ta, fr
This proves the formula for KerTg . O
With a bit more work we can prove a similar result for the codimensions of the ranges of T and Tq,..
Corollary 3.4. Let Q € Rat™™™ with detQ # 0 and assume that Q has no zeroes on T. Let ro > 1 be such
that Q has no zeroes in the annulus A, and no poles in A, \T. Let 1 <r < ry and let X be a complement
of RanTq, in HE,. Then
Xl/r = {hl/T‘: h e X}
is a complement of RanTq. In particular, we have

codim Ran T = codim Ran 7§,

Proof. Note that by assumption T and T, are both Fredholm. Hence they have closed ranges and X is
finite dimensional. By Proposition 3.1 we have that

{gr: g e TQ(DT‘)} = RanTy,,
and thus
To(Dy) = (RanTq, )1/r := {91/r: g € RanTq, }.

Since RanTq, + & is a direct sum, the same is true for (RanTq, )i/, + X1/ = To(D,) + &} ),, since
h € (RanTq, )/, N &, implies that o € D, and h, € RanTy N X = {0}, so that h = 0. Also, since
RanTg, + & = Hp,, we have that To(D,.) + X}/, = D,. We claim that Ran Ty, + &}/, is also a direct sum.
Indeed, let h € RanTg N &y /,.. Since h € RanTq, we have h = Tof for some f € Dom(Tq). Moreover,
we have h € D, because X;,, C D,. But then Proposition 3.1 implies that also f € D,. Hence h €
To(D,) N Xy = {0}. Finally, note that
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D, = To(D,) + X1/, C RanTq + Xy, C HE,

and that RanTq + &)/, is closed, since Ran T and X/, are both closed and X}, finite dimensional, using
[5, Proposition I11.4.3]. The fact that D, is dense now implies that RanTq + &}/, = HE, is a direct sum
decomposition of H?,. O

Proof of Theorem 1.2. The claims follow directly by combining the results of Lemma 3.2 and Corollaries 3.3
and 3.4. O

4. Tuvertibility of T, and the formula for T}, *

In this section we prove Theorem 1.3 and Proposition 1.4. That invertibility of Tq corresponds to the
existence of a solution to the Riccati equation (1.3) so that A, and «, in (1.4) are stable, and hence the
pseudo-canonical factorization of €2, follows easily from the results of the previous sections. To obtain the
formula for T, and its block matrix representation in terms of the realization (1.2) requires more work. We
shall first present the operator factorization of T, corresponding to the pseudo-canonical factorization.

Lemma 4.1. Let Q € Rat™ ™ with det Q # 0 and no zeroes on T be given by the minimal realization (1.2)
with A stable and o semi-stable. Assume that Q) admits a pseudo-canonical factorization Q@ = VO as in item
(ii) of Theorem 1.1, with © and ¥ as in (1.6). Then Tq is given by

To = Ty To.

In particular, Te is bounded and has a bounded inverse T@;l = Te-1. Moreover, Ty admits an upper
triangular block Toeplitz matriz representation with respect to the standard basis of HE, given by

[T\I/]@j =01ifj <4, [T\I/]i,j =0difj=1i, [T‘I’}i,j = 704]'72'7160 if j > (4.1)

Proof. Since A and A, are both stable, it follows that © and ©~! have no poles inside the closed unit disc
D, that is, both are plus functions. It then follows from Lemma 6.1 in [11] (with Q@ = ¥ and V = ©) that
Tq = TyTe. It is then also clear that Ty is bounded with bounded inverse Tg, = Te-1. Hence, it remains to
determine the block matrix representation of Ti. For this purpose, we compute Ty 2". That should produce
a polynomial, and the coefficients of that polynomial, augmented with zeroes, give the n-th block column
of the block matrix representation of Ty. By successive applications of the formula

(21 —a) ' =2+ 27 a(z] —a)™?

we see that

n—1
U(z)z" =[5+ Z 2 a0l By 4 2T ya (2] — @) T B, | 2"
§=0

n—1

=02" + E z"_j_l'yajﬂo + va" (2] — a)_lﬁo.
=0

Now, because « has all its eigenvalues in the closed unit disc D, the function ya™ (21 —a) ™! 8, can be written
and a function in Rat{"*™(T). Thus Ty2" = 62" + Z?:_Ol 2I el B,
This shows that the block matrix representation of Ty is indeed given by (4.1). O

. . p
as the sum of a function in K,
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Proof of Theorem 1.3. First assume Tq, is invertible. By Theorem 1.2, it follows that Tq, is invertible for
all 1 < r < rg, with rg as in Theorem 1.2. It then follows from Proposition 2.1 that a solution @ to the
Riccati equation (1.3) exists, and reasoning as in the proof of Theorem 1.1 if follows that for this solution
@ the matrices A, and «, in (1.4) are stable.

Conversely, if the Riccati equation (1.3) has a solution @ such that A, and «, are stable, then Theorem 1.1
provides a pseudo-canonical factorization of §2, and, due to the stability of A, and «,, this factorization
extends to a canonical factorization of €2,. for » > 1 small enough. It then follows from Proposition 2.1 that
Tq, is invertible, and, consequently, that T, is invertible, by Theorem 1.2.

From the factorization T = TyTe and the boundedness and boundedly invertibility of Tg, obtained
in Lemma 4.1, it follows that invertibility of T, corresponds to invertibility of Ty and, moreover, T, 1=
T(;lT\Ijl =Tg-1 T‘Ijl. Since ©, © ! and ¥~! have no poles on T, the Toeplitz operators Te, To-: and Ty—:
are bounded and their block matrix representations are well understood. It remains to show that the block
matrix representation of Ty L and Ty-1 are the same, as this would prove that these bounded operators
coincide on the subspace of polynomials P™ and equality would follow from their boundedness and the
denseness of P in HP,. Indeed, once it is proved that Ty, L' — Ty -1, then the block matrix representation
of Ty Lin (1.11) follows directly from T¢, ! — To-1Ty-1 and the block matrix representations of Tg-1 and
Tg-1. Hence, we need to show that the matrix entries with respect to the standard (block) basis of H?, of
Ty-1Ty and TyTy-1 are I, on the diagonal and 0 elsewhere.

The block matrix representation of Ty, in terms of the realization (1.2), is given by (4.1). The realization
formula of =1 in item (ii) of Theorem 1.1, together with the stability of a, shows that the block matrix
representation of Ty-1 is an upper block triangular Toeplitz matrix that is determined by its first block
row, which is given by

(671 —6719B.671 =0 Myafodt =6 yaZB6mt -]

We first consider the block matrix representation of Tiy-1Tg. It is required to show that the (4, j)-th block
entry [T'y—1Ty];; works out as

[T\I,flT\p]ij =0if j <z, [T\I,fqu;]ij =1, if j =1, [T\Ij*lT\Ij]ij =0if j > 1.

The case where j < ¢ follows directly because the matrix representations of Ty-1 and Ty are both block
upper triangular, and the case j = i follows because the block diagonal elements are each others inverses.
Hence, it remains to consider the case where j > i. For this purpose, notice that

a—ao=p.0"1y and A—A,=BD'C.. (4.2)
For j > i we have
j—i—2
[Ty-1Tylij = —6(6  yal " 1B,071) — Z yak B0 yad T2k B 6
k=0

+’yaj*i*1ﬂ06’1.

If j =i+ 1, then the summation in the middle term of the right-hand side is empty, and it is easy to see
that the right-hand side collapses to 0 by a direct application of the first identity in (4.2). For j > i + 1,
using the first identity in (4.2), we see that

j—i—2 j—i—2

Z ’yakﬂoﬁflfyagfifszﬁoéfl _ Z vak(aiao)a27i72fkﬂo(sfl _

k=0 k=0
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j—i—2 j—i—2
k+1, j—i—2—k g s—1 k j—i—1—kg s—1
= > oMl TR = Y yakal T RS
k=0 k=0
j—i—1 j—i—2
k j—i—l—kg s—1 k j—i—1-kg s—1
= ~yatal Tt Bod™ " — E yaral Tt Bod™ . (4.3)
k=1 k=0

Inserting this formula back into the formula for [Ty-1Tw];;, it follows that in the first summation in (4.3) the
term k = 0 is added, while in the second summation the term k = j — ¢ — 1 is added, so that [Ty-1Ty];; =
0, as claimed. A similar computation, using the second identity of (4.2), shows that the block matrix
representation of Ty Ty-1 also corresponds to the block matrix representation of Iyr . O

Finally, we turn to the proof of the last result in the introduction. Proposition 1.4 is stated for p = 2, but
the lemma which we require for the proof also works for p # 2. For r > 1, define the invertible linear map

Y:D,— HE, Y:fw f, withinverse Y ':HP — HP

m?

Tl ifes froa.

Lemma 4.2. Let Q € Rat™ ™ with det Q # 0 be given by the minimal realization (1.2) with A stable and o
semi-stable. Define ro as in Theorem 1.2, Oc, 4 as in (1.12) and Co p as in (1.13), and define Oc,. 4, and
Ca,. 3, analogously, where Cy, A, o, By are defined as in (2.3) and 1 < r < ro. Then Oc a4, Oc, 4, and
Ca,.s, are bounded, the range of Oc a ts contained in D, and D, is contained in Dom(Cq,g). Moreover, we
have

rcamﬁr = C(X,BT_1, OCT,AT == TTOC7A G,Tld Ter = TTQT_I.
Furthermore, in case Tq is invertible, then Tq, is invertible as well and Tgrl = TTS;IT_l.

Proof. Since the realization (1.2) of  is minimal, it follows from the definition of ro that A, = rA is still

stable. Since 7 > 1 and « is semi-stable, o, = 7!

a is stable. This implies the boundedness of O¢ 4, Oc, 4,
and Cq,, g,, as well as the fact that Oc 4 maps into D,. The identity Oc, 4, = rTOc, 4 is straightforward
from the definitions.

To show that D, is in the domain of C, 5 and that rCa, 5. = CapY ' holds on HPE, let f(z) =
>heo frz¥ € HP then f is integrable in T and so is the rational matrix function (2I — a,)7'3, =

> neo ok B.2%. Tt follows from Lemma 1.5 on page 81 of [19] that

Corpf =D afBefe=> rF " B =171 a*Brtfy
k=0 k=0 k=0

=1 Capfir =r"1Cap Y f.

The above computation shows in particular that Y=!f is in Dom(C,,g) for each f € HP, so that D, C
Dom(Cq 3).

The relation between Tq and Tg, in (3.3) implies that TTq|p, = To, Y. Since the range of Y~ is equal
to D, and YY1 = I, we have T, = TToT !, as claimed.

Assume Tq, is invertible. By Theorem 1.2, also Tq, is invertible. By Proposition 3.1, T maps D, into
D, and T¢, 1 also maps D, into D,. In particular, the operator 1Ty Iv=1 is a well-defined linear map on
H?,, which is closed by [16, Problem II1.5.7], and hence bounded by the closed graph theorem. To see that
Tg{: = TTng’l, note that if f € HE, then Y~ f and ToX~!f are in D, so that

(YT D (TTQY Y f = YT ' T I (T Y1 f)
=YT, T XY L f =YY"t f = f.



G.J. Groenewald et al. / J. Math. Anal. Appl. 532 (2024) 127925 15

Hence (YT, 'Y~')(YToY ') = I. Similarly one obtains (YToX~')(YT,'Y') = I. Hence, T,' =
TT,'Y"t O

With the identities of the previous lemma, we can now prove Proposition 1.4.

Proof of Proposition 1.4. Set p = 2 and identify H2, and 2 in the usual way. According to [6], the matrix
Q@ in Proposition 2.1 is given by @ = CQNBTTQ}OCT’ A, - It was already noted in Proposition 2.1 that @ is
independent of the value of 1 < 7 < rq. That also @ = Cy 5T, ' Oc, 4 now follows directly from the identities
derived in Lemma 4.2. O

Declaration of competing interest
There are no competing interests.
Acknowledgments

This work is based on research supported in part by the National Research Foundation of South Africa
(NRF, Grant Numbers 118513, 127364 and 145688) and the DSI-NRF Centre of Excellence in Mathematical
and Statistical Sciences (CoE-MaSS). Any opinion, finding and conclusion or recommendation expressed in
this material is that of the authors and the NRF and CoE-MaSS do not accept any liability in this regard.

References

[1] H. Bart, I. Gohberg, M.A. Kaashoek, A.C.M. Ran, Factorization of Matrix and Operator Functions: the State Space
Method, Oper. Theory Adv. Appl., vol. 178, Birkhauser Verlag, Basel, 2008.

[2] H. Bart, I. Gohberg, M.A. Kaashoek, A.C.M. Ran, A State Space Approach to Canonical Factorization with Applications,
Oper. Theory Adv. Appl., vol. 200, Birkhduser Verlag, Basel, 2010.

[3] M.C. Camara, M.T. Malheiro, J.R. Partington, Kernels of unbounded Toeplitz operators and factorization of symbols,
Results Math. 76 (2021) 10.

[4] M.C. Camara, J.R. Partington, Paired kernels and their applications, preprint, arXiv:2308.16644.

[5] J.B. Conway, A Course in Functional Analysis, Grad. Texts in Math., vol. 96, Springer-Verlag, New York, 1985.

[6] A.E. Frazho, M.A. Kaashoek, A.C.M. Ran, The non-symmetric discrete algebraic Riccati equation and canonical factor-
ization of rational matrix functions on the unit circle, Integral Equ. Oper. Theory 66 (2010) 215-229.

[7] I. Gohberg, S. Goldberg, M.A. Kaashoek, Basic Classes of Linear Operators, Birkhduser Verlag, Basel, 2003.

[8] G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with rational symbol having poles on the
unit circle I: Fredholm properties, Oper. Theory, Adv. Appl. 271 (2018) 239-268.

[9] G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with rational symbol having poles on the
unit circle II: the spectrum, Oper. Theory, Adv. Appl. 272 (2019) 133-154.

[10] G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with rational symbol having poles on the
unit circle I1I: the adjoint, Integral Equ. Oper. Theory 91 (2019) 43.

[11] G.J. Groenewald, S. ter Horst, J.J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with rational matrix symbol having poles
on the unit circle: Fredholm properties, Complex Anal. Oper. Theory 15 (2021) 1.

[12] G.J. Groenewald, S. ter Horst, J.J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with rational matrix symbol having poles
on the unit circle: Fredholm characteristics, to be published in Linear Algebra Appl., https://doi.org/10.1016/j.1aa.2023.
09.028.

[13] P. Hartman, A. Wintner, On the spectra of Toeplitz’s matrices, Am. J. Math. 72 (1950) 359-366.

[14] C. Heij, A.C.M. Ran, F. van Schagen, Introduction to Mathematical Systems Theory. Linear Systems, Identification and
Control, second ed., Birkhaduser Verlag, Basel, 2020.

[15] K. Hoffman, Banach Spaces of Analytic Functions, Prentice-Hall Inc, New Jersey, 1962.

[16] T. Kato, Perturbation Theory for Linear Operators, Springer, 1980.

[17] R. O’Loughlin, Matrix-valued truncated Toeplitz operators: unbounded symbols, kernels and equivalence after extension,
Integral Equ. Oper. Theory 94 (2022) 5.

[18] D. Sarason, Unbounded Toeplitz operators, Integral Equ. Oper. Theory 61 (2008) 281-298.

[19] E.M. Stein, R. Shakarchi, Fourier Analysis: an Introduction, vol. 1, Princeton University Press, 2011.


http://refhub.elsevier.com/S0022-247X(23)00928-9/bib5ECDFDE99444623243514E029C4C160Ds1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib5ECDFDE99444623243514E029C4C160Ds1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib3F7F6590800A78FA30C3355E80B84214s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib3F7F6590800A78FA30C3355E80B84214s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib080CDFDC9938092B5A8625FE1DCC1876s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib080CDFDC9938092B5A8625FE1DCC1876s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibF53B30C81AD72F5E5607A6818DACED74s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib3A7925B56158349470ED1956DE1284B4s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib1C2C0F2FF8F4D4FEC5C884FAD5AD5042s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib1C2C0F2FF8F4D4FEC5C884FAD5AD5042s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibA6EE26FE4E19A3BDDF055ACD1786AA7Ds1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibCD344643E793DC5BB85B908612BAD20As1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibCD344643E793DC5BB85B908612BAD20As1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib25D1E0CB150820848672B4D07933DE94s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib25D1E0CB150820848672B4D07933DE94s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib44A187A3C7C920CAD796DA51C6861A8Fs1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib44A187A3C7C920CAD796DA51C6861A8Fs1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib02E6ED70183135AE73F0BAD74AEEE461s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib02E6ED70183135AE73F0BAD74AEEE461s1
https://doi.org/10.1016/j.laa.2023.09.028
https://doi.org/10.1016/j.laa.2023.09.028
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib95EC68D0DEAA47C07F4419612F702724s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibCCE588C945E161226BDCA5166C98F95Es1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibCCE588C945E161226BDCA5166C98F95Es1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib252AE6E34362A6B548E990505BFF8EDEs1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bibAABE5413EB745354B20BD780A3461A02s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib97FA76699FFCB19B87A7D0BF12CB7EB2s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib97FA76699FFCB19B87A7D0BF12CB7EB2s1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib796098463F4B8591E27CCC4A5C618D5Es1
http://refhub.elsevier.com/S0022-247X(23)00928-9/bib8AE791A7B7F697A1AC4316182B674A90s1

	A Toeplitz-like operator with rational matrix symbol having poles on the unit circle: Invertibility and Riccati equations
	1 Introduction
	2 Riccati equation, canonical factorization and inversion for Ωr
	3 Fredholmness of TΩ versus Fredholmness of TΩr
	4 Invertibility of TΩ and the formula for T−1Ω
	Declaration of competing interest
	Acknowledgments
	References


