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Abstract

Based on the reduced diffusion mechanism for producing Forbush decreases (Fds) in the heliosphere, we
constructed a three-dimensional (3D) diffusion barrier,and by incorporating it into a stochastic differential
equation (SDE) based time-dependent, cosmic-ray transport model, a 3D numerical model for simulating Fds is
built and applied to a period of relatively quiet solar activity. This SDE model generally corroborates previous Fd
simulations concerning the effects of the solar magnetic polarity, the tilt angle of the heliospheric current sheet
(HCS), and cosmic-ray particle energy. Because the modulation processes in this 3D model are multi-directional,
the barrier’s geometrical features affect the intensity profiles of Fds differently. We find that both the latitudinal and
longitudinal extent of the barrier have relatively fewereffects on these profiles than its radial extent and the level of
decreased diffusion inside the disturbance. We find,with the 3D approach, that the HCS rotational motion causes
the relative location from the observation point to the HCS to vary, so that aperiodic pattern appears in the cosmic-
ray intensity at the observing location. Correspondingly, the magnitude and recovery time of an Fd change, andthe
recovering intensity profile contains oscillation as well. Investigating the Fd magnitude variation with heliocentric
radial distance, we find that the magnitude decreasesoveralland,additionally, that the Fd magnitude exhibits an
oscillating pattern as the radial distance increases, which coincides well with the wavy profile of the HCS under
quiet solar modulation conditions.
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1. Introduction

Using ionization chambers, Forbush (1937) found that the
cosmic-ray intensity at the Earth decreased during a magnetic
storm and the decrease lasted for several days. After that, the
term Forbush decrease (Fd) has been used to represent most
short-term transients in cosmic-ray intensity in the heliosphere
(see e.g., Cane 2000). In this paper, we focus on the classical
Fd, which has a sharp decrease in intensity, typically within a
day, followed by a gradual recovery to previous intensity levels
over several days.

The basic mechanism for causing Fds has been studied using
various observations over many years (Simpson 1954; Morrison
1956; Barouch & Burlaga 1975; Zhang & Burlaga 1988; Sarris
et al. 1989; Cheng et al. 1990; Lockwood et al. 1991; Yu
et al. 2010). For example, Simpson (1954) showed that Fd-type
intensity variations observed at the Earth were not produced by
geomagnetic field disturbance and Morrison (1956) proposed
that they were caused by turbulent magnetic plasma emitted
from the Sun. Barouch & Burlaga (1975) found that most Fd
were associated with interplanetary magnetic field (IMF)
enhancements. Zhang & Burlaga (1988) did a statistical study
of the relationship between magnetic clouds and Fd. They found
that the clouds, associated with strong Fd events, were preceded
by interplanetary shocks. It was inferred that the turbulent sheath
region behind the preceding shock caused the Fd. Lockwood
et al. (1991) performed an elaborate investigation of Fd and
restated that the main phase of an Fd happened when the
turbulent sheath region passed the Earth. Their observational
analysis strongly suggests that the Fd was mainly produced by
reduced particle diffusion in the turbulent region behind the
shock. Recent studies by Yu et al. (2010) and Arunbabu et al.

(2015) also support this scenario. Although particle drift near a
shock may play a role in forming Fd (Sarris et al. 1989; Cheng
et al. 1990), we assume that the basic mechanism for Fd is the
reduced diffusion inside the associated turbulent region, acting
as a propagating cosmic-ray barrier. This assumption constitutes
the basis for our numerical modeling.
Numerical simulations,which focused on the physical

causes and basic features of Fdsand weredone with increasing
complexity, have also been reported over the years (Nishida
1982; Thomas & Gall 1984; Kadokura & Nishida 1986; le
Roux & Potgieter 1989, 1991; Wawrzynczak & Alania 2010).
For example, Nishida (1982) solved a 1D diffusion–convection
transport equation and studied the precursory increase during
anFd event. Following their previous work, Kadokura &
Nishida (1986) built a 2D cosmic-ray transport model for
studying Fd by using a diffusion barrier with the full latitude
extent. Because particle drift was included in their model, they
found that the effect of the solar magnetic polarity was more
pronounced in the polar regions of the heliosphere and that the
magnitude of an Fd was larger during the positive polarity
epoch. Concurrently, using a perturbation approach to
determine the time variation of the diffusion coefficient, Chih
& Lee (1986) performed aninsightful analytical investigation,
obviously restricted to 1D, thatwe shall discussagain below.
Using a Monte-Carlo simulation, Thomas & Gall (1984)

argued that the prolonged containment of cosmic rays inside
the turbulent sheath region could cause additional adiabatic
cooling, suchas the principal mechanism for causing Fd. They
showed that an eastward directed shock produces large Fd and
that larger diffusion coefficients caused the Fd magnitude to
decrease. In addition, they reported that the Fd profile would
change if the propagating shock had a full spherical extent.
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Adapting the scenario that anFd is caused by a propagating
diffusion barrier, le Roux & Potgieter (1991) solved the 2D
transport equation, including adiabatic cooling and particle
drift. Their model predicts that the recovery time is longer
when the polarity of the solar magnetic field is negative,
comparing with the recovery time during the positive epoch. In
addition, they showed that the polarity-reversal effect gets
reduced as the tilt angle of the heliospheric current sheet (HCS)
increases. More recently, Wawrzynczak & Alania (2010)
studied the features of Fds using observational data in
comparison with their numerical model, focussing on the
time-dependent changes of the rigidity spectrum exponent for
Fds at rigidities of 10 GV.

Although the “reduced diffusion” mechanism for Fds is
widely accepted, the concept has not been applied in a full 3D,
time-dependent, numerical model to simulate it. This is
probably because of the difficulty of solving the time-
dependent, cosmic-ray transport equation using standard
finite-difference numerical methods, particularly one that
includes all major modulation mechanisms, together with the
complexity of a propagating diffusion barrier as well as a
rotating wavy HCS. Codes for solving partial differential
equations with five numerical dimensions (3D space, energy,
and time) are not unconditionally stable. However, with the
development of the Markov Stochastic Method, as discussed
below, we now report and utilize here a full 3D, time-
dependent, Stochastic Differential Equation (SDE) model for
studying Fds. New features, revealed by this 3D approach are
illustrated and discussed.

We first describe the SDE model, specifically giving details
of how the time-dependent aspects are handled and how the 3D
propagating diffusion barrier is constructed. We then compare
our 3D simulations with previous results as a validation of our
SDE approach. Some interesting new aspects of Fd features are
also illustrated. In the final section, we summarize and make
conclusions.

2. Numerical Method

2.1. Time-dependent 3D Numerical Cosmic-ray
Transport Model

In this section, we describe the cosmic-ray transport equation
and briefly discuss how it is solved numerically using the SDE
approach. This is followed by an explanation of how the
propagating diffusion barrier is defined in 3D and how it is
constructed.

2.1.1. The Cosmic-ray Transport Equation and the Stochastic Method

Parker (1965) derived the following equation for cosmic-ray
propagation in the heliosphere based on the Fokker–Plank
equation,
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Here, ( )rf p t, , is the isotropic distribution function or phase-
space density as a function of spatial position r, momentum
p,and time t. The cosmic-ray intensity µj p fT

2 . Vsw is the
solar wind velocity, and á ñvd is the pitch-angle averaged drift
velocity (e.g., Jokipii et al. 1977; Burger & Potgieter 1989)

over the near-isotropic particle distribution, which can be
written as
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which reduces to k = pv qB3T if weak scattering is assumed
(e.g., Forman et al. 1974; Engelbrecht & Burger 2015; Ngobeni
& Potgieter 2015), with q and v the cosmic-ray particle’s
charge and speed. Here, ( )K s is the diffusion tensor, and it can
be expressed as
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in the local interplanetary (or heliospheric) magnetic field
coordinate system. Our study focuses on galactic protons with
kinetic energy E 1 GeV.
For simplicity, we choose the following forms for the
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where β is the ratio of the particle’s speed to the speed of light
and p is particle momentum in the unit of GeV/c with
po=1 GeV/c. The IMF magnitude B is in units of nT,
andBeqisthe value at the Earth. In our simulation,
k = ´ -
 50 10 cm s0

20 2 1 and k = ´^
-2 10 cm s0

20 2 1, unless
otherwise stated.
Based on the Ito formula, Equation (1) can be arranged to the

following set of stochastic differential equations (Zhang 1999;
Kopp et al. 2012):
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n mn2 , and s ( )dW s is the Wiener process.

Equation (6) describes the random trajectory for the stochastic
variable = ( )Q X P, . With the help of the Ito formula, Zhang
(1999) showed that the solution to the cosmic-ray transport
Equation (1) can be written as

c= á - ñc( ) ( ) ( )Q Qf t f t, , , 7b

where χ is the first exit time for the stochastic process to get to
the outer boundary, with the boundary value of c- c( )Qf t ,b .
It should be noted that the time t is already an intrinsic variable
in the stochastic process for Q. Thus, Equations (6) and (7)
automatically lead to a time-dependent cosmic-ray transport
model. See also Luo et al. (2011, 2013) for detailed information
and references.
In order to obtain the value of the distribution function at

( )Xt p, , , a large number of (N) stochastic processes, all starting
from this point defined by Equation (6), are generated. For each
of them, the first exit value ( )X p,i i is recorded, with the
corresponding boundary value of c-( )Xf t p, ,b

i
i i i , andthen
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follows c= å -( ) ( )X Xf t p f t p N, , , ,i b
i

i i i . The solution to
the cosmic-ray transport equation is just the expectation value
of all boundary values when stochastic processes exit.

For studying Fds, we are concerned with the relative cosmic-
ray intensity, which is not affected by the exact form of the
local interstellar spectrum (Luo et al. 2013), specified at the the
outer boundary. Thus, we still adopt the previously used form
for this study (Zhang 1999):

µ + -( ) ( ) ( )f p m c p p, 8ism 0
2 2 2 1.8

where m0 is the rest mass of a proton. As for the inner
boundary, an absorbing boundary condition is used where
pseudo-particles, when reaching the solar surface, exit the
simulation domain.

2.1.2. Model for IMF and Current Sheet Drift

In our numerical simulation, the Parker’s IMF model with
sector structure is utilized:
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where r is the radial distance to the Sun, Ω is the solar rotation
angular speed, and Vsw is the solar wind speed. In the
simulation, the solar wind is set to be a radially outward stream,
i.e., = ˆV V ersw sw . An ideal termination shock is placed at 92 au.
Inside the termination shock ( <r 92 au), = -V 400 km ssw

1.
Outside the termination shock ( >r 92 au), it decreases
according to = ´ -( )V r120 92 km ssw

2 1. q q-( )H cs is the
Heaviside function and qcs determines the polar extent of the
HCS. Following Kóta & Jokipii (1983), the wavy HCS is
modeled according to the analytical form

*q a f= -( ) ( ) ( ) ( )cot tan sin , 10cs

where α is the tilt angle of the HCS, *f f= + Wr

Vsw
. An

additional term -Wt, which is the phase of the co-rotating
HCS, may also be added to rotate the HCS. The effect of this
term will be studied in the following sections. Here, q f( )r, ,cs

define the shape of the HCS’s wavy surface.
In Equation (9), A is a constant that indicates the strength

and polarity of the IMF model. It is set to =B 5 nT at
the Earth’s orbit q f= =  = ( )r 1 au, 90 , 0 , so that the

=  + W( )A 5 1
V

2

sw
2 . The sign of A is determined by the

polarity of the solar magnetic field. For an elaborate discussion
of alternative approaches to the IMF model, see Raath
et al. (2016).

Following Burger & Potgieter (1989), the magnitude of the
particle drift velocity in the HCS is specified as
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where Rg is the gyroradius of the cosmic-ray particle, r is again
the radial distance, and v is particle speed; see also Jokipii et al.
(1977), Kóta & Jokipii (1983), Potgieter & Moraal (1985),
Strauss et al. (2012). Assuming cosmic-ray particles experience
this singular drift within a distance xRg (usually x= 2) from the

HCS, and =xR rg , the following relationship is obtained:
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The function d q q-( )cs is approximated by ( )r xR2 g within
the distance of -( )xR xR,g g to the HCS. By defining ζ as the
angle between the local current sheet normal direction n̂ and
the- qê direction, the current sheet drift vector can be written as
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with Φ the IMF winding (spiral) angle. If a locally flat HCS is
assumed, the distance d to the HCS can also be approximated
as

q q z= -∣ ( ) ∣ ( )d r cos . 14cs

See also the description by Strauss et al. (2012).

2.2. The Diffusion Barrier Model

A propagating diffusion barrier is described by the following
function, which defines its 3D geometrical profile:
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Here, k¢ ^ T, , represents the diffusion and drift coefficients inside
the diffusion barrier, ρ is a constant determining the reduction
level of the diffusion coefficient magnitude inside the barrier
and q( )h and f( )g determine the geometry of the diffusion
barrier. In terms of the polar angle θ and azimuthal angle f,
they are prescribed as
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The values of qbr and fbr specify the maximum extent of this
diffusion barrier along the q̂e (polar) and f̂e (azimuthal)
directions.
The radial profile of this diffusion barrier is given by
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where rsh (rend) is the radial distance for the barrier’s front (end)
location, and = -r r ra sh cen, = -r r rb cen end are widths of
leading and trailing paths of the barrier respectively. The total
width (radial extent) of the barrier is = + = -L r r r ra b sh end.
According to Equation (15), both diffusion and particle drift are
reduced inside this barrier. As for the propagation profile, we
assume the barrier moves with a constant speed Vbr ( >V Vbr sw)
radially outward. Based on an estimation for the associated
shock speed of a global merged interaction region (Luo
et al. 2011), and the statistical analysis for the speeds of coronal
mass ejections (Yurchyshyn et al. 2005), Vbr is set to be 508
km s−1. The plasma speed inside the barrier is changed
according to r q f= - +( ( ) ( ) ( ))V V V h f r g1p br sw .
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3. Results and Discussion

3.1. Comparison with 2D Fd Models

Our 3D SDE model has been tested and validated by a
comparison of results to previous simulations obtained with 2D
models (Thomas & Gall 1984; Kadokura & Nishida 1986; le
Roux & Potgieter 1989, 1991).

3.1.1. Effect of the Sun’s Magnetic Field Polarity

Simulating the time varying intensity near the Earth
q f=  = ( )1 au, 90 , 0 , we obtain an Fd profile as shown in

Figure 1. For this profile, the full parameter set as described above
is r q f= = =  = L3.0, 0.5 au, 45 , 150br br , k k =^  0.04,
and k = ´ -

 50 10 cm s0
20 2 1. Since our study is mainly

illustrative, the cosmic-ray intensity is normalized to the
undisturbed value j0 before the passage of the diffusion barrier.
In the left panel of Figure 1, we seta = 5 . The solid red curve is
the simulation with the solar magnetic field pointing outwardin
the northern hemisphere, theso-called >A 0 polarity epochs,
and the dashed brown curve when <A 0. For the right panel
a = 15 to illustrate how the magnitude of the Fd responds to an
increase in tilt angle.

Following Lockwood & Webber (1986) and le Roux &
Potgieter (1991), we define the magnitude of the Fd as

-( )j j j0 m 0, where jm is the minimum cosmic-ray intensity
during the Fd event. The recovery phase of the Fd can be fitted
by the following function.

= - - t- -( ) ( ) ( )( )j t j j j e , 19t t
0 0 m

m

where tm is the time when the cosmic-ray intensity reaches a
minimum value jm; the constant τ is defined as the recovery
time, when the intensity decrease level t- ( )j j0 returns to -e 1

of the its maximum decreased level -j j0 m.
In Table 1, the computed magnitude and recovery time for

these Fd profiles according to Figure 1 are shown. Based on

these results, several points are emphasized. (1) The magnitude
of the Fd is larger during the >A 0 epoch than during <A 0,
for both a = 5 and a = 15 . In addition, the difference in the
Fd magnitude for the two epochs decreases as the tilt angle
increases. During the <A 0 cycle, positively charged cosmic-
ray particles enter the inner heliosphere through the equatorial
plane. Because current sheet drift provides easy access to the
inner heliosphere, the effect of the diffusion barrier is
weakened. Previous simulations also revealed a larger Fd
magnitude in the >A 0 cycle (Kadokura & Nishida 1986) and
a smaller Fd magnitude for larger tilt angles during the <A 0
cycle (le Roux & Potgieter 1989). (2) For both a = 5 and
a = 15 , the recovery time is about the same during different
polarity epochs, though for the larger tilt angle the difference
becomes somewhat larger. The relatively small differences are
in contrast to the 2D simulations of le Roux & Potgieter
(1989, 1991) who predicted that the recovery time of an Fd
should always be significantly longer when <A 0. In this
context, it is reasonable to argue that since all mechanisms in
the azimuthal plane are neglected by assumption in the 2D
approach, the effects on the Fd profile is exaggerated in 2D. In
fact, the observed polarity effect on the recovery time of Fds
was found to be quite small, barely statistically significant
(Mulder & Moraal 1986), in contrast to the simulations of le
Roux & Potgieter (1991) but apparently in accordance to what
our 3D approach predicts.

Figure 1. Simulated Fd profile for 1.0 GeV protons for the two polarity epochs of the solar magnetic field. The intensity is normalized to the undisturbed value before
the passage of the Fd. In the left panel, the tilt angle is set to a = 5 and in the right panel to a = 15 .

Table 1
The Magnitude and Recovery Times for Fd Profiles Shown in Figure 1

Magnitude Recovery Time (in days)

a> = A 0 5 0.35 2.51
a< = A 0 5 0.12 2.52
a> = A 0 15 0.36 2.40
a< = A 0 15 0.21 2.15
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3.1.2. Effect of Changed Diffusion Coefficients
and Cosmic-Ray Energy

In Figure 2, two different Fd profiles are simulated by
changing the cosmic particle’s kinetic energy (E, left panel) and
the value of k0 (right panel). The parameter set is
r q f= = =  = L3.0, 0.5, 45 , 150br br , and k k =^  0.04,
with <A 0 and a = 15 . The computed magnitude and
recovery time according to the Fd profiles in Figure 2 are listed
in Table 2. Both Fd magnitude and recovery time decrease
when E is increased from 0.1 to 1.0 GeV (note that the energy
range of the diffusion coefficients is determined by
Equation (5)).

The larger diffusion coefficients, through increasing k0,
cause the Fd magnitude at 1.0 GeV to decrease and the
recovery time to increase. These results are generally consistent
with previous simulation work by Thomas & Gall (1984) and le
Roux & Potgieter (1989, 1991).

3.2. New Features Revealed by the 3D Model

In this section, we focus on the particular contributions made
to the Fd profiles when using this 3D approach.

3.2.1. Effects of the Spatial Extent of the Disturbances

As discussed above, the propagating diffusion barrier model
has a 3D configuration, with longitude fbr, latitude qbr, and
radial extent L. In what follows, we explore how these
geometrical factors affect the characteristic features of the Fd
profiles. The default parameter set for these simulations
is <A 0, a = 15 , r = 3.0, L=0.5, q = 45br , f = 150br ,
andk k =^  0.04.

Panel (A) in Figure 3 demonstrates the effect on the
simulated Fd profiles when varying ρ from 3.0 to 6.0 in
Equation (15). It shows that reducing the diffusion coefficients
more inside the barrier effectively strengthens the barrier,
making it more difficult for cosmicrays to propagate through

it. Evidently, as ρ is increased, the Fd magnitude increases
accordingly. The magnitude and recovery time (in days) for
each individual case are given in Table 3. The Fd magnitude
increases nearly linearly with increasing ρ, which directly
reflects the reduced diffusion level caused by the barrier.
Qualitatively, this feature can be easily interpreted from the

1D analytical solution by Chih & Lee (1986) which gives

-
=

D( )
( )

j j

j

V L

K
. 20

K

K0 m

0

It states that the magnitude of this Fd is proportional to the

decrease of the diffusion coefficient D( )K

K
inside the barrier. As

for the recovery, it should be noted that for different ρ the
characteristic recovery time is nearly the same, about two days.
A similar conclusion was reached for a 1D numerical model by
le Roux & Potgieter (1989), who pointed out that the recovery
is not primarily determined by the characteristics of the barrier
but rather dominated by the modulation conditions, which the
propagation barrier encounters as it moves outwardin the
heliosphere.

Figure 2. Left panel shows the simulated Fd profile for 1, 0.5, and 0.1 GeV protons, when k = ´ -
 50 10 cm s0

20 2 1. The right panel shows the results for 1.0 GeV
protons when k = ´ -

 20 10 cm s0
20 2 1, k = ´ -

 50 10 cm s0
20 2 1, and k = ´ -

 100 10 cm s0
20 2 1.

Table 2
The Magnitude and Recovery Times for Fd Profiles Shown in Figure 2

Parameter Values Magnitude
Recovery Time

(in days)

k= = ´ -
E 1 GeV 50 10 cm s0

20 2 1 0.21 2.14

k= = ´ -
E 0.5 GeV 50 10 cm s0

20 2 1 0.23 2.35

k= = ´ -
E 0.1 GeV 50 10 cm s0

20 2 1 0.255 2.92

k= = ´ -
E 1 GeV 20 10 cm s0

20 2 1 0.23 1.18

k= = ´ -
E 1 GeV 50 10 cm s0

20 2 1 0.21 2.14

k= = ´ -
E 1 GeV 100 10 cm s0

20 2 1 0.17 3.5

5
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Figure 3. Fd profiles for changing charateristic parameters. (A) Changing ρ, the level of diffusion inside the barrier. (B) Changing the barrier’s width L. (C) Changing
the barrier’s latitudinal extent through qbr. (D) Changing the barrier’s longitudinal extent through fbr.
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Panel (B) illustrates the effect on Fd profiles when varying
the width L of the barrier. The Fd magnitude and recovery
times are listed in Table 3. Because the location for maximum
reduction in the level of diffusion is not at the center of
the barrier, the time of maximum intensity decrease shifts as the
width of the barrier changes. Similar to the effect of ρ, the
barrier’s width has a much larger effect on the magnitude of
the Fd than on its recovery time. For example, as the barrier’s
width doubles from 0.5 to 1.0 au, the magnitude increased
about 53% while the recovery time only changes about 10%.
Qualitatively, this feature also follows from the 1D analytical
solution of Chih & Lee (1986) given above.

Our 3D model provides an opportunity to study how the
latitude and longitude extent of the propagation barrier may
affect the features of the Fd profiles. Panel (C) in Figure 3
depicts the simulation results when onlyvarying the latitudinal
extent through changing qbr, while panel (D) displays the
results when varying only the longitudinal extent through
changing fbr. As illustrated in panel (C) and table 3, the
magnitude of the simulated Fd increases as qbr increases from
5◦ to 20◦, and the recovery time increases as well. However,
when the latitude extent become larger than 20◦, the effect on
the Fd profile caused by qbr seems to become insignificant. The
Fd magnitude only changes about 5% when qbr increases from
20◦ to 45◦, while the magnitude is nearly the same for
q = 45br and q = 60br . A similar feature is shown in panel
(D), both Fd magnitude and recovery time increase as the
longitude extent fbr increases from 30◦ to 90◦, but for the
f > 90br cases, fbr has an almost negligible effect on the Fd
profile. Overall, changing the angular extent of the diffusion
barrier has much less effect on the Fd profile than changing its
radial width and magnitude of diffusion reduction.

These simulation results can be explained by considering the
fact that in 3D the diffusion tensor has three different elements
k, k q^ , andk̂ r along different directions. A given location,
say at the Earth, will become fully immersed inside the
diffusion barrier when it arrives. All three diffusion coefficients
are then locally reduced. When varying the latitudinal extent of
the barrier, it mainly interferes with the diffusion in the polar

direction, mainly through k q^ ; while changing the longitudinal
extent interferes with diffusion in the azimuthal direction,
mainly through k. Changing qbr or fbr therefore has
fewereffectson the local intensity at the point of observation
because this intensity is determined by all three diffusion
elements. However, when ρ and L are changed, the diffusion
process is affected in all spatial directions and this is reflected
in the Fd profile.
It is noted that the simulation results in the panel (D) are

somewhat different from those reported by Thomas & Gall
(1984), who stated that the Fd would change significantly
(especially the recovery profile) if the propagating shock has a
full spherical extent. There may be several reasons for this
difference because Thomas & Gall (1984) utilized (1) a
different treatment of the adiabatic cooling term in the transport
equation; (2) the k used by them (~ -10 cm s23 2 1) is larger than
ours (~ -10 cm s21 2 1); and (3) current sheet drift was not
included in their model, which is too important to be neglected
(le Roux & Potgieter 1989; Potgieter 2014).

3.2.2. The Effects of the Current Sheet Rotation

As a consequence of the solar rotation, the HCS co-rotates
and influences cosmic-ray modulation. It is possible to take this
rotation into account in the 3D time-dependent model as
utilized here. In what follows, we explore and report on how
the co-rotation of the wavy HCS affects cosmic-ray modulation
and Fd profiles.
As mentioned with Equation (10), the HCS rotating motion

can be simulated through an additional term -Wt which is
added to the projected azimuthal angle *f . As an initial
investigation, we simply treat the solar rotation period to be
27.27 days, which gives an angular speed of pW = 2 27.27.
Figure 4 demonstrates how the HCS rotation affects the
intensity profiles. (1) The solid red line is the cosmic-ray
intensity at 1 GeV at the Earth after adapting a rotating HCS
into the numerical model but without a propagating barrier
present. Instead of being a constant over time (undisturbed
intensity), it now displays a periodic pattern of which the
period coincides with half the solar rotating period, namely

=27.27 2 13.635 days. (2) The green dashed line represents
the Fd profile for a non-rotating HCS and obviously a
propagation barrier causing the Fd as discussed above. (3)
The dot dashed blue line represents the Fd profile with a
rotating HCS, which now also exhibits the periodic pattern
during its recovery phase. This pattern is clearly caused as the
barrier crosses the wavy HCS and is rooted in the occurrence of
HCS drift. For the <A 0 epoch during relative minimum
modulation condition (a = 30 ), cosmic-ray protons drift
inwardmainly along the equatorial HCS, and as it rotates,
the relative location from the Earth to the HCS varies, as is the
latitudinal cosmic intensity gradient, resulting in changing
thecosmic-ray intensity in a periodic manner as the Earth is
above and below the rotating HCS.
In addition, as illustrated in Figure 5, the modeled HCS is

symmetric with respect to the Earth’s position if the azimuthal
angle *f differs by π, so that the relative location of the Earth
with respect to the HCS is the same after the Sun has rotated
180◦. This explains why the period for the cosmic-ray intensity
curve is exactly half the solar rotation period. However, this
perfect symmetry will be disturbed if the Earth is allowed to
rotate also in the model. The effects on thecosmic-ray intensity
caused by the relative location of the Earth (or any other point

Table 3
The Magnitude and Recovery Time for the Fd Profiles As Displayed in

Figure 3, Panels (A)–(D)

Parameter Values Magnitude Recovery Time (days)

ρ=3.0 0.21 1.95
ρ=4.0 0.26 2.20
ρ=5.0 0.30 2.20
ρ=6.0 0.35 2.15

L=0.2 au 0.14 1.52
L=0.5 au 0.21 2.28
L=0.8 au 0.28 2.25
L=1.0 au 0.32 2.55

q = 5 . 0br 0.13 1.318
q = 20 . 0br 0.20 2.004
q = 45 . 0br 0.21 2.289
q = 60 . 0br 0.21 2.178

f = 30br 0.20 1.362

f = 90br 0.21 2.216

f = 120br 0.21 2.243

f = 150br 0.21 2.281
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of observation) with respect to the HCS was reported before
(Barker & Hatton 1971; Antonucci et al. 1978; Levy 1978).
What we present here, is how this influences a Fd profile under
solar minimum conditions and how it creates a 13.6 day

periodicity without having any co-rotating interactions regions
present.

3.2.3. Fds at Different Radial Distances

Analysing the cosmic-ray data from Pioneer 10 and 11, Van
Allen (1979) found that Fds occurring at the Earth also occur
later at different heliocentric radial distances as the assumed
corresponding magnetic cloud, as a transient plasmatic
disturbance, propagates outward; see also Van Allen & Fillius
(1992). Recognizing that these disturbances can be long-lived
and radially propagating with the solar wind in the heliosphere,
McDonald et al. (1981) argued that Fds should also play a
relative role (but never dominating) in the long-term modula-
tion of cosmic rays. In our 3D model the diffusion barrier
represents such an outward propagating disturbance, enabling
us to obtain Fd profiles as a function of increasing heliocentric
radial distances.
Figure 6 illustrates how the magnitude of a simulated Fd

changes with increasing heliocentric radial distances (black
crosses). In the first place, the Fd magnitude evidently
decreases overall with increasing radial distance. It is
significantly reduced in the inner heliosphere between 1 and
3 au. Previous 2D numerical simulations (le Roux &
Potgieter 1991) and 1D analytical work (Chih & Lee 1986)
predicted the same qualitative behavior. As discussed at length
by le Roux & Potgieter (1991), this reduction occurs because
the value of the undisturbed diffusion coefficients increase as a
function of radial distance, thus causing the relative reduced
diffusion level (DK K

K
in Equation (20)) inside the barrier to

decrease. second, a very interesting feature of our simulated Fd
magnitude is that it does not decrease smoothly but exhibits an
oscillating pattern in the reduction of its magnitude as the Fd
moves outwardin the heliosphere. Comparing these magnitude
variations with the profile of the wavy HCS plotted in the XZ

Figure 4. Simulated 1.0 GeV proton intensity by using different HCS models: (1) rotating the HCS without a diffusion barrier, denoted by the solid red line, (2) a non-
rotating HCS but with a diffusion barrier present, denoted by the green dashed line, (3) the rotating HCS and a diffusion barrier present, denoted by the dot dashed blue
line. The parameter set for these simulations is <A 0, a = 30 , =L 0.5 au, r = 6.0, q = 45br , f = 150br , k = ´ -

 50 10 cm s0
20 2 1, k = ´^

-5 10 cm s0
20 2 1.

Figure 5. Current sheet profiles along the X–Z (meridional) plane. Because of
the current sheet’s rotation, the azimuthal angle *f differs by π in these two
cases. The location of the Earth, in the equatorial plane, is shown in the plot
with respect to the location of the HCS for the two mentioned senarios.
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meridional plane, as shown in this figure, we found that these
oscillating patterns correlate very well. The Fd magnitude
reaches minimum values at the location where the HCS
intersects with the equatorial plane (where the virtual observer
is located). The peaks in magnitude variation curve occur when
the observer is farthest from the HCS. This feature can be
explained by the interplay between the diffusion barrier and the
HCS. Near the current sheet, drift dominates the cosmic-ray
transport process so that the diffusion barrier has its smallest
effect, resulting in a small Fd magnitude. Farther away from the
HCS, the effect of the barrier gets larger, causing the Fd
magnitude to increase.

It is interesting to look for these predicted features in cosmic-
ray observations. It turns out that Webber et al. (1986), who
analyzed cosmic-ray data from IMP8, Pioneer10, and
Voyagers 1 & 2 to study about 20 Fd events observed between
1 and 30 au, reported that the magnitude of Fd decreases with
increasing radial distance at about 1.5% per au for the period
of1978–1984. They furthermore showed results that displayed
a periodicity in the magnitude of Fds as a function of radial
distance but did not offer an explanation. This was also shown
by le Roux & Potgieter (1989, 1991) who could not simulate
this periodicity with their 2D model. As shown in Figure 6, our
3D model is able to simulate such a periodicity.

4. Summary, Conclusions, and Outlook

The SDE method is used to build a full 3D time-dependent,
cosmic-ray transport model that includes diffusion, drift, solar
wind convection, and adiabatic cooling. The reduced diffusion
mechanism is utilized to model a 3D propagating barrier for
simulating Fd profiles. This barrier has a complete 3D
geometrical shape, which gives it a radial, latitudinal, and
longitudinal extent that can be changed in the model.

As a test (validation) of our SDE approach, we first simulate
an Fd in comparison with previously published work. The
magnitude (or amplitude) and the recovery time for the Fd

under different varying conditions, e.g., switching the solar
magnetic field polarity, changing the tilt angle of the wavy
HCS and the energy of the incoming cosmic rays, our
simulation results are found to be consistent with most reported
previous numerical simulations.
After validating our 3D model, we continued to study the

effects of a full 3D approach, specifically how it affects the
features of Fd profiles in terms of its magnitude and recovery
times. We find that the two parameters ρ and L, which,
respectively, determinethe strength (reduced diffusion level)
and radial extent of the barrier, have larger effects on the Fd
than the other two geometrical parameters qbr and fbr, the
latitudinal and longitudinal extent respectively. We attribute
this surprising result to the fact that the diffusion processes in a
3D simulation model happen along three different directions so
that qbr and fbr, which interfere with diffusion only along their
specific direction, have a limited effect on the profile of an Fd.
We also investigated how the rotation of the wavy HCS (a

true 3D structure) affects the profile of an Fdby, adding a
rotational term to the HCS formula. We find that the HCS’s
rotation gives a periodic pattern in the cosmic-ray intensity at a
fixed observation point such as the Earth. It reflects how the
Earth’s relative location to the HCS affects the cosmic-ray
intensity so that both the magnitude and recovery time of an Fd
at the Earth change accordingly. The recovery phase of the Fd
profile also exhibits this periodicity if the duration of the
recovery time is sufficiently long.
The SDE model is furthermore used to simulate Fd profiles

at increasing heliocentric radial distance as the diffusion barrier
propagates past the Earth and farther outward. We find that(1)
overall the Fd magnitude decreases as the radial distance
increases, (2) the radial dependence for the Fd magnitude
weakens at larger radial distances, and (3) the Fd magnitude
oscillates with radial distance. Further analysis demonstrates
that the oscillating pattern agrees well with the HCS’s wavy
profile. This means that the Fd magnitude reaches a minimum
value when the barrier is crossing the HCS, indicating that the

Figure 6. Magnitude of an Fd as a function of increasing heliocentric radial distance (black crosses). The solid red curve represents the HCS profile along the
meridional plane. The parameter set for these simulations is <A 0, a = 5 , =L 0.5 au, r = 3.0, q = 45br , f = 150br , and k = ´ -

 50 10 cm s0
20 2 1.
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HCS drift plays an important part in the main features of Fds,
even when solar activity is low.

In summary, we have built a 3D SDE model for simulating
Fds and new interesting features are revealed by this 3D
approach. As a next step, we plan to study Fd recovery times
with the heliocentric radial distance. The propagation speed of
the diffusion barrier should also be designed to contain a
latitudinal and azimuthal component so that the simulated
barrier expands geometrically when propagating outwardin the
heliosphere. The model predicts that under quiet solar
modulation conditions (tilt angles up to a = 30 ), the effect
of the HCS should be evidenced in the recovery phase of a
single Fd. Suchan Fd event occurred in 2006 December
(Adriani et al. 2011) and it will be interesting to see if this
behavior is evident in the proton observations made by
PAMELA (Adriani et al. 2013) or from neutron monitor
(cosmic-ray) observations (Zhao & Zhang 2016).
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