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Abstract

In this dissertation, we examine three partial differential equations that are nonlin-

ear. Namely, nonlinear filtration equation, the new extended Kadomtsev-Petviashvili

equation (eKP) and the Kadomtsev-Petviashvili-Benjamin-Bona-Mahony equation

(KP-BBM). Nonlinear filtration equation is used as an illustrative example. The

main equations of this dissertation are then examined. These equation’s exact so-

lutions are generated by Lie group analysis. The underlying equation’s conserva-

tion laws are also determined using the multiplier method, Ibragimov’s method and

Noether theorem.

Keywords: The new extended Kadomtsev-Petviashvili equation;

Kadomtsev-Petviashvili-Benjamin-Bona-Mahony equation; Lie group analysis; Con-

servation laws; Multiplier method; Ibragimov’s method; Noether theorem.
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Introduction

Nonlinear partial differential equations (NLPDEs) have been used for many years

to represent a variety of nonlinear multidimensional systems that are seen in a wide

range of natural events. Many scholars have been exploring the topic of NLPDEs in

recent years since it is critical in understanding the complicated behaviours of these

systems. NLPDEs have been shown to be quite important in today’s world.

As a result of the aforementioned, numerous important approaches for generating

exact solutions to NLPDEs have been created by various scientists. These include

the ansatz method [1], the homogeneous balance method [2], the Bäcklund trans-

formation [3], the inverse scattering transform method [4], the Darboux transfor-

mation [5], the simplest equation method [6], the Hirota bilinear method [7], the

(G′/G)−expansion method [8], the Kudryashov’s method [9], the Jacobi elliptic func-

tion expansion method [10] and also the Lie symmetry method [11–17], to mention

but a few.

Sophus Lie, a great Norwegian mathematician in the late 1800s, pioneered a ground-

breaking symmetry-based method for obtaining differential equation solutions, which

is now known as Lie group analysis. As a result, exact solutions to differential equa-

tions can now be found in a more systematic manner. Several researchers have

published a substantial amount of research that is based on Lie’s work [11–20].

Conservation laws have been observed to be established and entrenched natural laws

that have been seen by many researchers in a variety of scientific domains. Con-

servation of electric charge, conservation of linear momentum in an isolated system,

conservation of mechanical energy in the absence of dissipative forces, conservation
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of energy, and many more conservation laws are frequent in this regard. Further-

more, in the field of applied mathematics, conservation laws are crucial in evaluating

the extent to which differential equations are integrable, reducing and solving par-

tial differential equations (PDEs), and developing numerical methods, among other

things. For example, see [21–28] and the references contained therein.

This dissertation’s structure can be summarized as follows:

In Chapter one, we cover some basic concepts such as Lie group analysis, the simplest

method, Kudryashov’s method, Noether’s theorem, the multiplier approach, and

Ibragimov’s conservation theorem.

In Chapter two, as an illustrative example, we look at the nonlinear filtration equa-

tion. In order to build the commutator table, we first compute Lie point symmetries

of the equation. We also provide the corresponding one-parameter Lie group of trans-

formations. The group-invariant solutions of nonlinear filtration equation are then

computed. Finally, using the multiplier method, we obtain the conservation laws.

In Chapter three, we obtain exact solutions of the new extended Kadomtsev-Petviashvili

equation. The first step in accomplishing this will be to compute Lie symmetries.

Conservation laws are to be derived by the application of Ibragimov’s conservation

theorem.

In Chapter four, we study the Kadomtsev-Petviashvili Benjamin-Bona-Mahony (KP-

BBM) equation. We start by computing Lie point symmetries and then use them

to construct invariant solutions. Thereafter, symmetry reductions are obtained. Ad-

ditionally, using the multiplier method and Ibragimov’s conservation theorem, we

obtain conservation laws.

In Chapter five, a summary of the findings presented in the dissertation is given and

suggestions for future research work are made.

Bibliography is given at the end of this dissertation.
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Chapter 1

Preliminaries

In this chapter, we briefly discuss several fundamental Lie theory ideas that we use

in our dissertation. Additionally, we provide several techniques for obtaining exact

solutions and determining conservation laws for the NLPDEs that will be investigated

in the dissertation.

1.1 Introduction

In the latter half of the nineteenth century, Marius Sophus Lie (1842-1899), a known

and esteemed Norwegian mathematician, created a ground-breaking symmetry-based

approach for solving differential equations. This new technique, which is now often

referred to as Lie group analysis, provides a more systematic and reliable manner

of producing exact solutions to differential equations. Several books based on Lie

group analysis have recently been published, see for instance [11–16]. As a result,

the aforementioned books are where many of the definitions and findings provided

in this Chapter are found.
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1.2 Continuous one-parameter groups

Suppose x = (x1, . . . , xn) is the independent variable with coordinates xi and u =

(u1, . . . , um) is the dependent variable with coordinates uα (n and m finite). We

consider the following change of the variables in x and u:

Ta : x̄i = f i(x, u, a), ūα = φα(x, u, a), (1.1)

where a is a real parameter which continuously takes values from a neighborhood

D′ ⊂ D ⊂ R of a = 0, and f i and φα are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations in

the space of variables x and u is a set G of transformations (1.1) which satisfies the

following properties:

(i) If Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb Ta = Tc ∈ G, c = φ(a, b) ∈ D

(Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)

(iii) There exists Ta ∈ G, a ∈ D′ ⊂ D, T−1
a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

We note that from (i) the associativity property is satisfied. The group property (i)

can be written as

¯̄xi ≡ f i(x̄, ū, b) = f i(x, u, φ(a, b)),

¯̄uα ≡ φα(x̄, ū, b) = φα(x, u, φ(a, b)) (1.2)

and the function φ is called the group composition law. A group parameter a is

called canonical if the group composition law is additive, i.e. φ(a, b) = a+ b.
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1.3 Prolongation of point transformations and group

generator

The derivatives of u with respect to x are defined as

uαi = Di(u
α), uαij = Di(u

α
j ) = DiDj(u

α), . . . , (1.3)

where the operator of total differentiation is defined by

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, ..., n. (1.4)

The collection of all first derivatives uαi is denoted by u(1), i.e.,

u(1) = {uαi } α = 1, ...,m, i = 1, ..., n.

Similarly

u(2) = {uαij} α = 1, ...,m, i, j = 1, ..., n

and u(3) = {uαijk} and likewise u(4) etc. Since uαij = uαji, u(2) contains only uαij for

i ≤ j. In the same manner u(3) has only terms for i ≤ j ≤ k.

In group analysis, all variables x, u, u(1), . . . are considered functionally independent

and are connected only by the differential relations (1.3). Therefore the uαs are called

differential variables.

Considering a pth-order PDE, namely

E(x, u, u(1), ..., u(p)) = 0. (1.5)

1.3.1 Prolonged or extended groups

If z = (x, u), one-parameter group of transformations G is

x̄i = f i(x, u, a), f i|a=0 = xi,

ūα = φα(x, u, a), φα|a=0 = uα. (1.6)
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According to Lie’s theory, finding the symmetry group G is equivalent to the deter-

mination of the corresponding infinitesimal transformations:

x̄i ≈ xi + a ξi(x, u), ūα ≈ uα + a ηα(x, u), (1.7)

obtained from (1.1) by expanding the functions f i and φα into Taylor series in a

about a = 0 and also taking into account the initial conditions

f i
∣∣
a=0

= xi, φα|a=0 = uα.

Consequently, we have

ξi(x, u) =
∂f i

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂φα

∂a

∣∣∣∣
a=0

. (1.8)

We now introduce the symbol of the infinitesimal transformations by writing (1.7)

as

x̄i ≈ (1 + aX)x, ūα ≈ (1 + aX)u,

where the differential operator

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
(1.9)

is known as the infinitesimal operator or generator of the group G. We say that X

is an admitted operator of (1.5) or X is an infinitesimal symmetry of equation (1.5),

if the group G is admitted by (1.5).

We now show how the derivatives are transformed.

The Di transforms as

Di = Di(f
j)D̄j, (1.10)

where D̄j is the total differentiation in transformed variables x̄i. So

ūαi = D̄j(u
α), ūαij = D̄j(ū

α
i ) = D̄i(ū

α
j ), . . . .

Let us now apply (1.10) and (1.6)

Di(φ
α) = Di(f

j)D̄j(ū
α)
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= Di(f
j)ūαj . (1.11)

Thus (
∂f j

∂xi
+ uβi

∂f j

∂uβ

)
ūαj =

∂φα

∂xi
+ uβi

∂φα

∂uβ
. (1.12)

The quantities ūαj can be represented as functions of x, u, u(i), for small a, i.e., (1.12)

is locally invertible:

ūαi = ψαi (x, u, u(1), a), ψα|a=0 = uαi . (1.13)

The transformations in (x, u, u(1)) space given by (1.6) and (1.13) form a one-parameter

group called the first prolongation or just extension of the group G and denoted by

G[1].

We now let

ūαi ≈ uαi + aζαi (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group G[1] is (1.7) and (1.14). Higher-order prolongations of

G, viz., G[2], G[3] can be obtained by derivatives of (1.11).

1.3.2 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we obtain

Di(f
j)(ūαj ) = Di(φ

α)

Di(x
j + aξj)(uαj + aζαj ) = Di(u

α + aηα)

uαi + aζαi + auαjDiξ
j = uαi + aDiη

α

ζαi = Di(η
α)− uαjDi(ξ

j), (sum on j). (1.15)

This is called the first prolongation formula. Similarly, one can obtain the second

prolongation

ζαij = Dj(η
α
i )− uαikDj(ξ

k), (sum on k). (1.16)
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By induction (recursively)

ζαi1,i2,...,ip = Dip(ζαi1,i2,...,ip−1
)− uαi1,i2,...,ip−1 j

Dip(ξj), (sum on j). (1.17)

The first and higher prolongations of the groupG form a group denoted byG[1], . . . , G[p].

The corresponding prolonged generators are

X [1] = X + ζαi
∂

∂uαi
(sum on i, α),

...

X [p] = X [p−1] + ζαi1,...,ip
∂

∂uαi1,...,ip
p ≥ 1, (1.18)

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.19)

1.4 Group admitted by a PDE

Definition 1.2 The vector field

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
, (1.20)

is a Lie point symmetry of the pth-order PDE (1.5), if

X [p] E
∣∣
E=0

= 0, (1.21)

where the symbol |E=0 means evaluated on the equation E = 0.

Definition 1.3 Equation (1.21) that determines all the infinitesimal symmetries of

(1.5) is called the determining equation.

Definition 1.4 A one-parameter group G of continuous transformations (1.1) is

called a symmetry group of equation (1.5) if (1.5) is form-invariant in the new vari-

ables x̄ and q̄, i.e.,

E(x̄, ū, ū(1), . . . , ū(p)) = 0, (1.22)

where E is the same as in equation (1.5).
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1.5 Group invariants

Definition 1.5 A function F (x, u) is called an invariant of the group of transfor-

mations (1.1) if

F (x̄, ū) ≡ F (f i(x, u, a), φα(x, u, a)) = F (x, u), (1.23)

identically in x, u and a.

Theorem 1.1 A necessary and sufficient condition for a function F (x, u) to be an

invariant is that

X F ≡ ξi(x, u)
∂F

∂xi
+ ηα(x, u)

∂F

∂uα
= 0 . (1.24)

Thus every one-parameter group of point transformations (1.1) has n−1 functionally

independent invariants and consequently we take, as basic invariants, the left-hand

side n− 1 first integrals

J1(x, u) = c1, . . . , Jn−1(x, ) = cn−1

of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dum

ηn(x, u)
.

Theorem 1.2 If the infinitesimal transformation (1.7) or its operator X is given,

then the corresponding one-parameter group G is obtained by solving the Lie equa-

tions

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū) (1.25)

subject to the initial conditions

x̄i
∣∣
a=0

= x, ūα|a=0 = u .

9



1.5.1 Kudryashov’s method

This technique is employed to obtain exact solutions of NLPDEs, and is detailed

in [9]. See also [29,30].

Consider the NLPDE

E1(t, x, u, ut, ux, utt, uxx, . . . ) = 0. (1.26)

We recall the algorithm involved in Kudryashov’s method.

Step 1. The substitution u(x, t) = U(φ), φ = kx + ωt, with constants k and ω,

transforms equation (1.26) to the ordinary differential equation

E2(U, ωU ′, kU ′, ω2U ′′, k2U ′′, . . . ) = 0. (1.27)

Step 2. Suppose that the exact solutions of equation (1.27) is presented as

U(φ) =
N∑
n=0

anQ
n(φ), (1.28)

where an (n = 0, 1, 2, . . . , N) are constants that need to be determined such that

aN 6= 0, and Q(φ) becomes the solution of the first-order nonlinear ODE

Qφ(φ) = Q2(φ)−Q(φ). (1.29)

Equation (1.29) has the solution

Q(φ) =
1

1 + eφ
. (1.30)

Step 3. Next we substitute the value of U(φ) into equation (1.27) and then use

equation (1.29) to generate an equation which involves the powers of Q.

Step 4.

Equating various powers of Q to zero yields the system of algebraic equations

Pn(aN , aN−1, . . . , a0, k, ω, . . . ) = 0, (n = 0, . . . , N). (1.31)

Step 5. Finally, the solution of the system of algebraic equations produces the values

of coefficients a0, a1, . . . , aN−1, aN and relations for parameters of equation (1.27). As

a result, we obtain exact solutions of equation (1.27) in the form expressed in equation

(1.28).
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1.5.2 The simplest equation method

In this subsection we recall the simplest equation method developed by Kudryashov

[31, 32] for finding exact solutions of NLPDEs. Several researchers have recently

applied this method to various NLPDEs and it has been shown that this method

provides a very effective and powerful mathematical tool for solving many of these

equations in various fields of applied sciences. See, for example, the papers [33–37].

The basic steps of the method are as follows:

Consider the NLPDE of the form

E1(u, ut, ux, uy, utt, uxt, uxx, uyy . . . ) = 0. (1.32)

The transformation

u(t, x, y) = F (z), z = k1t+ k2x+ k3y + k4, (1.33)

reduces equation (1.32) to an ordinary differential equation

E2(F (z), k1F
′(z), k2F

′(z), k3F
′(z), k2

1F
′′(z), k2

2F
′′(z), k2

3F
′′(z), . . . ) = 0. (1.34)

The simplest equations that we use here are the Bernoulli equation namely,

H ′(z) = aH(z) + bH2(z), (1.35)

the Riccati equation viz.,

G′(z) = aG2(z) + bG(z) + c, (1.36)

where a, b and c are constants [31, 35, 37]. We look for solutions of the nonlinear

ordinary differential equation (1.34) that are of the form

F (z) =
M∑
i=0

Ai(G(z))i, (1.37)

where G(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that

can be determined by balancing procedure and A0, . . . , AM are parameters to be

determined.
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The solution of Bernoulli equation (1.35) that we use here is given by

H(z) = a

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}
, (1.38)

where C is a constant of integration. For the Riccati equation (1.36), the solutions

to be used are

G(z) = − b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]
(1.39)

and

G(z) = − b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

) (1.40)

with θ =
√
b2 − 4ac and C, a constant of integration.

1.6 Conservation laws

Conservation laws are a product of the physics discipline [12, 13]. It is of immense

importance because conservation laws give physical and conserved quantities for all

solutions u(t, x). It should be noted that they are helpful in determining the accuracy

for solving PDEs and stability of numerical methods. A local conservation law for a

given PDE is a continuity equation

DtT
t +DxT

x = 0,

where T t and T x are respectively the conserved density and the spatial flux functions

of t, x, u and the derivatives of u. Here Dt and Dx represent the total derivatives

operators with respect to independent variables t and x respectively. Suppose that

there exists a function Φ(t, x, u, ut, ux, ...) such that the conserved vector (T t, T x) =

(DxΦ,−DtΦ) holds for every solution u(t, x), then, this conservation law is said to

be locally equivalent. A nontrivial conservation law can be expressed in a general

form as
d

dt

∫
Ψ

T tdx = −T x|∂Ψ

with Ψ ⊆ R a fixed spatial domain.
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Conservation laws are important in various fields of applications [38, 39]. Precisely,

they are highly essential in the study of solutions, integrability as well as in developing

numerical solutions for PDEs. In view of this, several systematic approaches have

been developed for calculating conservation laws such as the direct construction

method popularly referred to as multiplier or non-variational derivatives approach,

the symmetry or adjoint symmetry pair method.

Consider an rth-order system of PDEs which contain n independent variables x =

(x1, x2, . . . , xn) as well as m dependent variables u = (u1, u2, . . . , um), which are given

by

Eα(x, u, u(1), u(2) . . . , u(r)) = 0, α = 1, . . . ,m (1.41)

with u(i) denoting the collection of all i-th order partial derivatives of u. Moreover,

n-tuple vector which is defined as T = (T 1, T 2, . . . , T n), T jεA, j = 1, . . . , n, (A

is the space of differential functions) is a conserved vector of (1.41) if T i satisfies

equation

DiT
i|(1.41) = 0. (1.42)

1.6.1 The multiplier approach

The multiplier approach has been employed by several researchers. See for exam-

ple [13, 17, 38, 40–45]. It is noteworthy that for a given differential system, a local

conservation law arises from a linear combination formed by local multipliers or

characteristics with each of the differential equations in the system, such that the

multipliers Λα are functions of the independent and dependent variables and are of

a finite number of derivatives with respect to the dependent variables of the said

system of differential equations.

A multiplier Λα(x, u, u(1), . . .) has the property that

ΛαEα = DiT
i (1.43)

holds identically. The determining equation for the multiplier Λα is

δ(ΛαEα)

δuα
= 0, (1.44)
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where δ/δuα is the Euler-Lagrange operator

δ

δuαi
=

∂

∂uαi
+
∞∑
s=1

(−1)sDj1 . . . Djs

∂

∂uαij1···js
, α = 1, . . . ,m. (1.45)

Once the multipliers have been obtained, one can determine conserved vectors by

invoking equation (1.43) as illustrated in [41].

1.6.2 Noether’s theorem

The well-known theorem of an eminent, outstanding researcher and mathematician,

Amalia ‘Emmy’ Noether [46] presented in 1918, plays an important fundamental role

in various branches of theoretical physics due to the fact that it provides a highly

straight-forward connection between the conservation laws of a physical theory and

the invariances of the variational integral whose Euler-Lagrange equations are the

governing equations of that theory. In recent times, many researchers have applied

Noether’s theorem in various fields such as mechanics, in finding conservation laws

of PDEs. See, for example [47–49]. It may be said that the theorem has placed the

Lagrangian formulation in a position of primacy. Furthermore, the theorem brought

into existence a situation whereby the search for conservation laws and selection rules

have been reduced to a robust systematic study of the symmetries of a theory as well

as the corresponding invariances of its Lagrangian. We begin with Euler-Langrange

equations given as

δL
δuα
≡ ∂L
∂uα
−Di

(
∂L
∂uαi

)
= 0, α = 1, ...,m, (1.46)

where we have L(x, u, u(1)) as a first-order Lagrangian, that is, it involves the first-

order derivatives u(1) = {uαi } only, along with the independent variables x = (x1, ..., xn)

and the dependent variables u = (u1, ..., um).

Noether’s theorem states that suppose that the variational integral with the La-

grangian L(x, u, u(1)) is invariant under a group G with a generator defined as

X = ξi(x, u, u(1), ...)
∂

∂xi
+ ηα(x, u, u(1), ...)

∂

∂uα
, (1.47)
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then the vector field C = (C1, . . . , Cn) defined by [47]

Ck = Lτ k + (ξα − ψαxjτ j)

[
∂L
∂ψα

xk

−
k∑
l=1

Dxl

( ∂L
∂ψα

xlxk

)]

+
n∑
l=k

(ηαl − ψαxlxjτ
j)

∂L
∂ψα

xkxl

−Bk

(1.48)

gives a conservation law for the Euler-Langrange equations (1.46), that is, obeys the

equation divC ≡ Dk(C
k) = 0 for all solutions of system (1.41) that is

Dk(C
k)|(1.41) = 0. (1.49)

Any vector field Ck satisfying equation (1.49) is referred to as a conserved vector for

equation (1.41).

1.6.3 The new conservation theorem due to Ibragimov

This relatively new method for generating the conservation laws states a general for-

mula on conservation laws [50] for arbitrary partial differential equations by combin-

ing Lie symmetry operator and adjoint together with formal Lagrangians. Recently,

this method has been put to use by several researchers, for instance [39,51–53]. The

substance of the new conservation theorem due to Ibragimov is the fact that we

can obtain a conservation law from every Lie generator, Lie-Bäcklund and non-local

symmetry of a system of differential equations. We consider the system of NLPDEs

(1.41) and its adjoint equations given by

E∗α(x, u, v, . . . , v(s), u(s)) ≡
δ

δuα
(vβEβ) = 0, (1.50)

where δ/δuα is the Euler-Lagrange operator (1.45) and m new dependent variables

v = (v1, . . . , vm).

Theorem 1.3 Consider a system of m equations (1.41). The adjoint system given

by (1.50), inherits the symmetries of the system (1.41). Namely, if the system (1.41)

admits a point transformation group with an operator (1.20), then the adjoint system

(1.50) admits the generator (1.20) extended to the variable vα by the formula

Y = ξi
∂

∂xi
+ ηα

∂

∂uα
+ ηα∗

∂

∂vα
(1.51)
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with appropriately chosen ηα∗ = ηα∗ (x, u, v).

In [50], the coefficients ηα∗ in (1.51) are given by

ηα∗ = −
[
λαβv

β + vαDi(ξ
i)
]
, (1.52)

where λαβ can be computed by utilising the equation

X(Eα) = λβαEβ. (1.53)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by

applying the formula

Ci = ξiL+Wα

[
∂L
∂uαi
−Dj

∂L
∂uαij

+DjDk

(
∂L
∂uαijk

)
+ · · ·

]

+Dj(W
α)

[
∂L
∂uαij

−Dk
∂L
∂uαijk

+ · · ·

]
+DjDk(W

α)
∂L
∂uijk

+ · · · , (1.54)

where L is the Lagrangian of the system E andE∗ that is given by

L = vαEα (1.55)

and Wα is the Lie characteristic function defined as

Wα = ηα − ξjuαj , α = 1, . . . ,m. (1.56)

1.7 Concluding remarks

In this chapter, we gave a brief introduction to Lie group analysis. We presented so-

lution methods for obtaining the exact solutions of PDEs. Additionally, a summary

of approaches to determining the conservation laws was included. The various tech-

niques deliberated upon in this section will be utilized throughout this dissertation.
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Chapter 2

Symmetry solutions and

conservation laws of the filtration

equation: an illustrative example

In this Chapter, we study the nonlinear filtration equation. We compute the Lie

point symmetries and then generate the commutator table for the symmetries. We

further use Lie equations to obtain a one-parameter group of transformations for each

of the point symmetries obtained. Thereafter, we utilize the symmetries to obtain

group-invariant solutions of the nonlinear filtration equation. Finally, we derive the

conservation laws of the equation using the multiplier approach.

2.1 Introduction

Diffusion processes appear in many procedures in physics. These include plasma

physics, kinetic theory of gases, solid state and transport in a porous medium. One

of the mathematical models for diffusion processes is the nonlinear filtration equation

[16] given as

ut + utu
2
x − uxx = 0, (2.1)

where u = u(t, x).
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2.2 Solutions of the nonlinear filtration equation

In this section, we obtain group-invariant solutions of the nonlinear filtration equation

(2.1) by using its Lie point symmetries. Thus, we start by first finding the Lie

point symmetries of the nonlinear filtration equation and thereafter using the derived

symmetries to compute invariant solutions of the equation.

2.2.1 Lie point symmetries

Equation (2.1) admits the one-parameter Lie group of transformations with infinites-

imal generator

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.2)

if and only if

X [2]
(
ut + utu

2
x − uxx

)∣∣
(2.1)

= 0. (2.3)

Here X [2] is the second prolongation of (2.2) defined by

X [2] = τ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂u
+ ζt

∂

∂ut
+ ζx

∂

∂ux
+ ζxx

∂

∂uxx
. (2.4)

Thus, from equation (2.3) we obtain

{
ζt(1 + u2

x) + ζx(2utux) + ζxx(−1)
} ∣∣∣

(2.1)
= 0, (2.5)

where ζt, ζx and ζxx are given by

ζt = Dt(η)− utDt(τ)− uxDt(ξ),

ζx = Dx(η)− utDx(τ)− uxDx(ξ),

ζxx = Dx(ζx)− uxtDx(τ)− uxxDx(ξ)

and

Dt = ∂t + ut∂u + utt∂ut + uxt∂ux + · · · ,

Dx = ∂x + ux∂u + uxx∂ux + uxt∂ut + · · ·
(2.6)
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are the total derivatives with respect to t and x respectively. Substituting the values

of ζt, ζx and ζxx in equation (2.5), we obtain

ξuuu
3
x − ξtu3

x − 3utξuu
3
x + ηtu

2
x + 3utηuu

2
x − 2utξxu

2
x − utτtu2

x − 3u2
t τuu

2
x − ηuuu2

x

+ 2ξxuu
2
x + utτuuu

2
x + 2utηxux − ξtux − utξuux − 2u2

t τxux + 2τuutxux + 3ξuuxxux

− 2ηxuux + ξxxux + 2utτxuux + ηt + utηu − utτt − u2
t τu + 2τxutx − ηuuxx + 2ξxuxx

+ utτuuxx − ηxx + utτxx|(2.1) = 0. (2.7)

Replacing uxx by ut + utu
2
x in equation (2.7) gives

utu
2
xτuu + 2τuuxutx + 2utuxτxu + 2τxutx + utτxx − u2

xηuu − 2uxηxu + u3
xξuu

+ 2u2
xξxu + uxξxx − ηxx + ηt − τtut + ηtu

2
x + 2utηuu

2
x + 2utuxηx − ξtu3

x

− ξtux + 2utξuux + 2utξx − τtutu2
x − 2u2

t τuu
2
x − 2u2

tuxτx = 0. (2.8)

Splitting equation (2.8) on the derivatives of u, we obtain an overdetermined system

of linear homogeneous PDEs:

τu = 0, (2.9)

τx = 0, (2.10)

ξt = 0, (2.11)

ηt = 0, (2.12)

ηxu = 0, (2.13)

ηxx = 0, (2.14)

ξu + ηx = 0, (2.15)

2ξx − τt = 0, (2.16)

2ηu − τt = 0. (2.17)

From equations (2.9) and (2.10), we obtain

τ = a(t), (2.18)

where a(t) is an arbitrary function of t. From equation (2.11) we have

ξ = A(x, u), (2.19)
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where A(x, u) is an arbitrary function of x and u. From equation (2.12) we have

η = B(x, u), (2.20)

where B(x, u) is an arbitrary function depending on x and u. In equation (2.16), we

substitute the values of ξ and τ to have

2Ax(x, u)− a′(t) = 0. (2.21)

Subsequently, equation (2.21) yields

A(x, u) =
1

2
a′(t) + C(u), (2.22)

where C(u) is an arbitrary function of u. Therefore, equation (2.22) becomes

ξ =
1

2
a′(t)x+ C(u). (2.23)

Proceeding in the same way, equation (2.17) leads to

η =
1

2
a′(t)u+D(x), (2.24)

where D(x) is an arbitrary function of x. We substitute the value of η into equation

(2.14) and obtain

D′′(x) = 0. (2.25)

Integrating equation (2.25) with respect to x twice yields

D(x) = C1x+ C2, (2.26)

where C1 and C2 are arbitrary constants of integration. Therefore, (2.24) becomes

η =
1

2
a′(t)u+ C1x+ C2. (2.27)

By substituting the values of ξ and η into (2.15) we obtain

C ′(u) + C1 = 0. (2.28)

Integrating equation (2.28) with respect to u yields

C(u) = −C1u+ C3, (2.29)
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where C3 is an arbitrary constant. Therefore from (2.23), we have

ξ =
1

2
a′(t)x− C1u+ C3. (2.30)

In addition, substituting the value of η into equation (2.12), we get

a′′(t) = 0. (2.31)

Integrating (2.31) with respect to t, we obtain

a(t) = C4t+ C5, (2.32)

where C4 and C5 are arbitrary constants. Thus, the values of τ , ξ and η are

τ =C4t+ C5,

ξ =
1

2
C4x− C1u+ C3,

η =
1

2
C4u+ C1x+ C2.

Hence, the Lie point symmetries of the nonlinear filtration equation (2.1) are

X1 =
∂

∂t
, (2.33)

X2 =
∂

∂x
, (2.34)

X3 =
∂

∂u
, (2.35)

X4 = − u ∂
∂x

+ x
∂

∂u
, (2.36)

X5 = 2t
∂

∂t
+ x

∂

∂x
+ u

∂

∂u
. (2.37)

2.2.2 Commutator table for the symmetries

We now calculate the commutation relations for all the symmetry generators. We

first compute [X5, X1]. By the definition of the Lie bracket, we have

[X5, X1] = X5X1 −X1X5

=

(
2t
∂

∂t
+ x

∂

∂x
+ u

∂

∂t

)
∂

∂t
− ∂

∂t

(
2t
∂

∂t
+ x

∂

∂x
+ u

∂

∂u

)
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= −2
∂

∂t

= −2X1.

Proceeding in a similar manner we compute other commutation relations. In a

tabular form, these commutation relations are given below.

Table 2.1: Commutator table of Lie algebra of the nonlinear filtration equation (2.1)

[Xi, Xj] X1 X2 X3 X4 X5

X1 0 0 0 0 2X1

X2 0 0 0 X3 X2

X3 0 0 0 −X2 X3

X4 0 −X3 X2 0 0

X5 −2X1 −X2 −X3 0 0

2.2.3 One-parameter groups of transformations

The corresponding one-parameter groups of transformations can be obtained using

the Lie equations

dt̄

da
= τ(t, x, u), t̄|a=0 = t,

dx̄

da
= ξ(t, x, u), x̄|a=0 = x,

dū

da
= η(t, x, u), ū|a=0 = u.

We now compute the one-parameter group of transformations for each Lie point sym-

metry of the nonlinear filtration equation. For each Xi, let Tai be the corresponding

group. We first calculate the one-parameter group corresponding to infinitesimal

generator X1, namely

X1 =
∂

∂t
.
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Using Lie equations, we have

dt̄

da
= 1, t̄|a=0 = t,

dx̄

da
= 0, x̄|a=0 = x,

dū

da
= 0, ū|a=0 = u.

Solving the above equations we get

t̄ = t+ a1, x̄ = x, ū = u.

Thus the one-parameter group Ta1 corresponding to the operator X1 is given by

Ta1 : (t̄, x̄, ū) −→ (t+ a1, x, u).

For the infinitesimal generator X2 = ∂/∂x, the Lie equations are

dt̄

da
= 0, t̄|a=0 = t,

dx̄

da
= 1, x̄|a=0 = x,

dū

da
= 0, ū|a=0 = u. (2.38)

Solving equations (2.38), we obtain

t̄ = t, x̄ = x+ a2, ū = u.

Thus the one-parameter group Ta2 corresponding to the operator X2 is given by

Ta2 : (t̄, x̄, ū) −→ (t, x+ a2, u).

Likewise the one-parameter group Ta3 corresponding to X3 = ∂/∂u is given by

Ta3 : (t̄, x̄, ū) −→ (t, x, u+ a3).

The Lie equations for the infinitesimal generator X4, namely

X4 = −u ∂
∂x

+ x
∂

∂u

are

dt̄

da
= 0, t̄|a=0 = t,

dx̄

da
= −ū, x̄|a=0 = x,

dū

da
= x̄, ū|a=0 = u.

Solving the above equations, we get

t̄ = t, x̄ = x cos a4 − u sin a4, ū = x sin a4 + u cos a4.
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Thus the one-parameter group Ta4 corresponding to the operator X4 is given by

Ta4 : (t̄, x̄, ū) −→ (t, x cos a4 − u cos a4, x sin a4 + u cos a4).

Finally, we compute one-parameter group corresponding to infinitesimal generator

X5, namely

X5 = 2t
∂

∂t
+ x

∂

∂x
+ u

∂

∂u
.

The corresponding Lie equations are

dt̄

da
= 2t̄, t̄|a=0 = t,

dx̄

da
= x̄, x̄|a=0 = x,

dū

da
= ū, ū|a=0 = u. (2.39)

Solving equations (2.39), one obtains

t̄ = te2a5 , x̄ = xea5 , ū = uea5 .

Therefore the one-parameter group Ta5 corresponding to the operator X5 is given by

Ta5 : (t̄, x̄, ū) −→ (te2a5 , xea5 , uea5).

Thus, the one-parameter groups of transformations related to the five point symme-

tries of (2.1) are:

Ta1 : (t̄, x̄, ū) −→ (t+ a1, x, u),

Ta2 : (t̄, x̄, ū) −→ (t, x+ a2, u),

Ta3 : (t̄, x̄, ū) −→ (t, x, u+ a3),

Ta4 : (t̄, x̄, ū) −→ (t, x cos a4 − u sin a4, x sin a4 + u cos a4),

Ta5 : (t̄, x̄, ū) −→ (te2a5 , xea5 , uea5).

2.2.4 Construction of group-invariant solutions of (2.1)

Consider a Lie point symmetry

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.40)
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of the nonlinear filtration equation (2.1). The group-invariant solutions under the

one-parameter group generated by X are obtained as explained below. We calculate

two linearly independent invariants

J1 = φ(t, x) and J2 = ψ(t, x, u)

by solving the first-order quasi-linear PDE

X(J) ≡ τ(t, x, u)
∂J

∂t
+ ξ(t, x, u)

∂J

∂x
+ η(t, x, u)

∂J

∂u
= 0

with characteristic equations otherwise known as the associated Lagrange system

dt

τ(t, x, u)
=

dx

ξ(t, x, u)
=

du

η(t, x, u)
.

Then we write

J2 = f(J1), (2.41)

where f is a function of J1. Thereafter, we solve (2.41) for u. Finally, the expression

of u is substituted in equation (2.1) and an ordinary differential equation (ODE) is

obtained for the unknown function f .

Let us now illustrate the above method by considering the five Lie point symmetries

of (2.1), namely X1, X2, X3, X4 and X5 and construct group-invariant solutions under

these symmetry operators.

Case 1. We first calculate the group-invariant solution under the symmetry operator

X1. The operator X1 is given by

X1 =
∂

∂t
.

The characteristics equations associated with X1 are

dt

1
=
dx

0
=
du

0
,

which provide the two invariants J1 = x and J2 = u. Thus, the group-invariant

solution is given by J2 = φ(J1), i.e.,

u = φ(x).
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Substituting this value of u in (2.1), we obtain

φ′′(x) = 0. (2.42)

Thus the nonlinear filtration equation (2.1) reduces to second-order ODE (2.42).

Integrating the above equation twice, we obtain

φ(x) = c1x+ c2,

where c1 and c2 are an arbitrary constants of integration. Hence the group-invariant

solution of (2.1) under X1 is given by

u(t, x) = c1x+ c2.

Case 2. We now obtain the group-invariant solution under the symmetry operator

X2 =
∂

∂x
.

The Lagrangian system associated with X2 is

dt

0
=
dx

1
=
du

0
,

which provide the invariants J1 = t and J2 = u. Thus the group-invariant solution

is given by J2 = φ(J1), i.e.,

u = φ(t).

Substituting this value of u in equation (2.1), we obtain

φ′(x) = 0.

The solution to the obtained ODE is

φ(t) = c3,

where c3 is an arbitrary constant of integration. Hence the group-invariant solution

of equation (2.1) under X2 is given by

u(t, x) = c3.
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Case 3. The Lie point symmetry X3 defined by

X3 =
∂

∂u

does not provide us with a group-invariant solution.

Case 4. Let us now construct the group-invariant solution under the symmetry

generator

X4 = −u ∂
∂x

+ x
∂

∂u
.

The characteristic equations associated with X4 are

dt

0
=

dx

−u
=
du

x
.

Thus, one invariant is J1 = t. The other is obtained from the equation

dx

−u
=
du

x

and calculated as

J2 = x2 + u2.

Consequently, the group-invariant solution is J2 = φ(J1), i.e.,

u =
√
φ(t)− x2. (2.43)

Then differentiating u with respect to t and x we obtain,

ut = − φ′(t)

2
√
φ(t)− x2

, ux = − x√
φ(t)− x2

, uxx = − φ(t)√
(φ(t)− x2)3

.

Substitution of the above values of ut, ux and uxx in (2.1) gives us the ODE

− φ′(t)

2
√
φ(t)− x2

{
1 +

(
− x√

φ(t)− x2

)2
}

= − φ(t)√
(φ(t)− x2)3

.

On simplifying the above ODE, we obtain φ′(t) = −2, which on integration leads to

φ(t) = −2t+ C,
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where C is a constant of integration. Hence the group-invariant solution under the

symmetry X4 is given by

u(t, x) =
√
C − 2t− x2. (2.44)

Case 5. We now calculate the group-invariant solution under the symmetry gener-

ator X5, viz.,

X5 = 2t
∂

∂t
+ x

∂

∂x
+ u

∂

∂u
.

The associated Lagrangian system is

dt

2t
=
dx

x
=
du

u
.

Therefore one of the invariants is J1 = x/
√
t. The other is obtained from the equation

dt

2t
=
du

u
,

and is given by J2 = u/
√
t.

Consequently, the group-invariant solution of (2.1) under X5 is J2 = φ(J1), i.e.,

u =
√
t φ

(
x√
t

)
. (2.45)

Differentiating u with respect to t and x we obtain

ut =
1

2
t−

1
2φ

(
x√
t

)
− 1

2
xt−1φ′

(
x√
t

)
, ux = φ′

(
x√
t

)
, uxx =

1√
t
φ′′
(
x√
t

)
.

Substituting ut, ux and uxx into nonlinear filtration equation (2.1), we obtain

1√
t
φ′′
(
x√
t

)
=

{
1

2
t−

1
2φ

(
x√
t

)
− 1

2
xt−1φ′

(
x√
t

)}{
1 + φ′2

(
x√
t

)}
,

which simplifies to an ODE of the form

2φ′′(λ) =
{

1 + φ′2(λ)
}
{φ(λ)− λφ′(λ)} , λ = x/

√
t. (2.46)

Thus the nonlinear filtration equation (2.1) reduces to the ODE (2.46) under the

symmetry X5.
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2.3 Conservation laws of the nonlinear filtration

equation

In this section we derive conservation laws for the nonlinear filtration equation (2.1)

by employing the multiplier method. This is achieved by using the first-order multi-

plier Λ(t, x, u, ux). Firstly we recall the Euler-Lagrange operator

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx
+DxDt

∂

∂utx
− · · · , (2.47)

where the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ uttx

∂

∂utx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ utxx

∂

∂utx
+ · · · . (2.48)

Following the procedure described in Section 1.6.1, the determining equation for the

multiplier Λ(t, x, u, ux) is

δ

δu
[Λ(t, x, u, ux)(ut + utu

2
x − uxx)] = 0. (2.49)

Expanding the equation (2.49) we get

utΛu −DtΛ−DxutΛux + utu
2
xΛu +Dtu

2
xΛ− 2DxutuxΛ

−Dxutu
2
xΛux − uxxΛu +DxuxxΛux −D2

xΛ = 0. (2.50)

Substituting the values of Dt, Dx from equation (2.48) into (2.50) gives

utΛu −
(
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · ·

)
Λ

−
(
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · ·

)
utΛux

+ utu
2
xΛu +

(
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · ·

)
u2
xΛ

− 2

(
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · ·

)
utuxΛ

−
(
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · ·

)
utu

2
xΛux
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− uxxΛu +

(
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · ·

)
uxxΛux

−
(
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · ·

)(
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux

+ utx
∂

∂ut
+ · · ·

)
Λ = 0. (2.51)

On expanding (2.51), we then have

utΛu − Λt − utΛu − utxΛux − utΛxux − utuxΛuux − utxΛux − utuxxΛuxux

+ utu
2
xΛu − u2

xΛt − utu2
xΛu − 2utxuxΛ− utxu2

xΛux − 2utuxΛx − 2utu
2
xΛu

− 2uxutxΛ− utuxxΛ− 2utuxuxxΛux − utu2
xΛxux − utu3

xΛuux − utxu2
xΛux

− 2utuxuxxΛux − utu2
xuxxΛuxux − uxΛu + uxxΛxux + uxuxxΛuux + u2

xxΛuxux

+ uxxxΛux − Λxx − 2uxΛxu − uxxΛxux − uxxΛu − 2uxuxxΛuux − uxxΛxux

− u2
xxΛuxux − uxxxΛux = 0. (2.52)

By simplifying equation (2.52) we obtain

Λt + 2utxΛux + utΛxux + utuxΛuux + utuxxΛuxux + u2
xΛt + 4utxuxΛ

+ 2utxu
2
xΛux + 2utuxΛx + 2utu

2
xΛu + 2utuxxΛ + 4utuxuxxΛux

+ utu
2
xΛxux + utu

3
xΛuux + utu

2
xuxxΛuxux + 2uxxΛu + uxuxxΛuux + Λxx

+ 2uxΛxu + uxxΛxux = 0. (2.53)

Since Λ depends only on t, x, u and ux and is independent of other derivatives of u,

then the coefficients of those derivatives can be equated to zero. Thus we obtain the

following set of equations:

utx : (1 + u2
x)Λux + 2uxΛ = 0, (2.54)

utuxx : (1 + u2
x)Λuxux + 4uxΛux + 2Λ = 0, (2.55)

ut : (u2
x − 1)uxΛuux + (1 + u2

x)Λxux − 2uxΛx − 2u2
xΛu = 0, (2.56)

uxx : 2Λu + uxΛuux + Λxux = 0, (2.57)

Rest : Λt + Λxx + u2
xΛt + 2uxΛxu = 0. (2.58)

The integration of equation (2.54) gives

Λ(t, x, u, ux) =
A(t, x, u)

1 + u2
x

, (2.59)
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where A(t, x, u) is an arbitrary function of t, x and u. Differentiating (2.59) with

respect to ux yields

Λux = − 2uxA

(1 + u2
x)

2
. (2.60)

Further differentiation of (2.60) with respect to x and u respectively gives

Λxux =
−2uxAx
(1 + u2

x)
2
, Λuux =

−2uxAu
(1 + u2

x)
2
.

Substituting the values of Λxux and Λuux into (2.56), we obtain(
ux

2 − 1

ux2 + 1

)
u2
xAu + 2uxAx + ux

2Ax = 0, (2.61)

which simplifies to

Auu
3
x + (1 + u2

x)Ax = 0. (2.62)

Since A is an arbitrary function of t, x and u, splitting (2.62) with respect to the

powers of ux we obtain

u3
x : Au = 0, (2.63)

u2
x : Ax = 0. (2.64)

Therefore from the above equations we get

A(t, x, u) = B(t), (2.65)

where B is an arbitrary function of t. Consequently

Λ(t, x, u, ux) = B(t). (2.66)

Substituting (2.66) into equation (2.58) gives

Λt + u2
xΛt = 0. (2.67)

Thus, from (2.67), we have

(1 + u2
x)B

′(t) = 0. (2.68)
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Integrating (2.68) with respect to t we get

B(t) =
C

1 + u2
x

.

Hence, substituting the value of B(t) in (2.66) gives the result

Λ(t, x, u, ux) =
C

1 + u2
x

, (2.69)

where C is an arbitrary constant of integration. Assuming that C = 1, the multiplier

for the nonlinear filtration equation (2.1) is obtained as

Λ(t, x, u, ux) =
1

1 + u2
x

. (2.70)

The multiplier Λ has the property

Λ
[
ut(1 + u2

x)− uxx
]

= DtT
t +DxT

x, (2.71)

where T x = T x(t, x, u, ux) and T t = T t(t, x, u, ux). Expanding equation (2.71) we

have

1

1 + u2
x

[
ut(1 + u2

x)− uxx
]

= T tt + T tuux + T tuxutx + T xx + T xuux + T xuxuxx

or

ut −
uxx

1 + u2
x

= T tt + T tuux + T tuxutx + T xx + T xuux + T xuxuxx.

Since ut, utx and uxx are independent variables, splitting the above equation yields

ut : T tu = 1, (2.72)

utx : T tux = 0, (2.73)

uxx : T xux = − 1

1 + u2
x

, (2.74)

rest : T tt + T xx + T xuux = 0. (2.75)

Integrating equation (2.73) with respect to ux gives

T t = C(t, x, u), (2.76)
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where C(t, x, u) is an arbitrary function of integration. From equation (2.72), after

integrating with respect to u, we get

C(t, x, u) = u+D(t, x), (2.77)

where D(t, x) is an arbitrary function of integration, therefore

T t = u+D(t, x). (2.78)

Integrating equation (2.74) with respect to ux, one obtains

T x = − tan−1(ux) + E(t, x, u), (2.79)

where E(t, x, u) is an arbitrary function depending on its arguments. By substituting

the value of T t and T x into (2.75) gives

Dt(t, x) + Ex(t, x, u) + Eu(t, x, u)ux = 0. (2.80)

Splitting the above equation with respect to derivatives of u yields

ux : Eu(t, x, u) = 0,

rest : Dt(t, x) + Ex(t, x, u) = 0.

From the above equations, we take D and E to be zero because they contribute to

the trivial part of the conservation law. Thus, the conservation law of the nonlinear

filtration equation (2.1) associated with the multiplier Λ = 1/(1 + u2
x) is given by

T t =u,

T x = − tan−1(ux).

2.4 Concluding remarks

In this chapter we computed Lie point symmetries of the nonlinear filtration equation

(2.1). We constructed commutator table for all Lie point symmetries obtained for the

equation. Moreover, we presented groups of transformations associated with all the

symmetries. Thereafter we obtained the group-invariant solutions of the nonlinear

filtration equation under all its symmetries. Finally, we proceeded to derive the

conservation laws for the nonlinear filtration equation using the multiplier approach.
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Chapter 3

Solutions and conservation laws of

the new extended KP equation

In this Chapter we study the new extended Kadomtsev-Petviashvili (eKP) equation

[54]. We first find the Lie symmetries of the eKP equation. Thereafter we present

the group-invariant solutions. Furthermore we derive the conservation laws of the

equation by engaging Ibragimov’s theorem.

3.1 Introduction

The two-dimensional Kadomtsev-Petviashvili (KP) equation was developed by Kadomt-

sev and Petviashvili in 1970 [55]. The KP equation has soliton solutions through the

inverse scattering transform, just like the Korteweg-de Vries (KdV) equation. Other

nonlinear models with the same properties are the sine-Gordon equation and the

nonlinear Schrödinger equation. It is still one of the most extensively researched

integrable equations in (2+1)-dimensions [56]. The KP equation was proposed to

deal with slowly varying perturbation wave in dispersion media. Since then, it has

been thoroughly studied in the literature mathematically and physically in a variety

of science fields. These fields include plasma physics, solid state physics, fiber op-

tics, propagation of waves, oceanography and many other areas [57–60]. Recently,
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there has been a lot of interest in researching both the integrable and non-integrable

extended variants of the KP equation. These expanded models stimulated studies

that produced a number of encouraging findings and provided insight into some of

the physical characteristics of scientific and engineering applications. The standard

KP equation reads [61]

(ut + 6uux + uxxx)x + uyy = 0.

Recently, the authors in [56] investigated an extended KP equation of the form

(ut + 6uux + uxxx)x − uyy + λutt + µuty = 0, (3.1)

where additional terms namely λutt and µuty were introduced into the standard KP

equation. More recently, an additional term νutx was introduced in [54] and equation

(3.1) now becomes

(ut + 6uux + uxxx)x − uyy + λutt + µuty + νutx = 0. (3.2)

In order to highlight the newly constructed KP equation’s integrability, the Painlevé

analysis and WTC-Kruskal approach were used [62,63]. Consequently, the developed

eKP equation (3.2) takes the form [54]

6uuxx −
1

4
α2utt + βutx + utx + αuty + 6ux

2 + uxxxx − uyy = 0, (3.3)

where α and β are non-zero real numbers, which we study in this chapter.

3.2 Exact solutions of (3.3)

Firstly we compute Lie symmetries of the eKP equation (3.3). Thereafter, we perform

symmetry reduction and obtain exact solutions of the equation.

3.2.1 Lie point symmetries of (3.3)

The vector field

X = τ(t, x, y, u)
∂

∂t
+ ξ(t, x, y, u)

∂

∂x
+ ψ(t, x, y, u)

∂

∂y
+ η(t, x, y, u)

∂

∂u
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is a Lie point symmetry of equation (3.3) if

X[4]∆|∆=0 = 0, (3.4)

where

∆ ≡ 6uuxx −
1

4
α2utt + βutx + utx + αuty + 6u2

x + uxxxx − uyy

and X[4] is the fourth prolongation of X defined as

X[4] = X + ζx
∂

∂ux
+ ζtx

∂

∂utx
+ ζty

∂

∂uty
+ ζtt

∂

∂utt
+ ζxx

∂

∂uxx
+ ζyy

∂

∂uyy
(3.5)

+ ζxxxx
∂

∂uxxxx
.

Here ζx, ζtx, ζty, ζtt, ζxx, ζyy and ζxxxx are determined by

ζt = Dt(η)− utDt(τ)− uxDt(ξ)− uyDt(ψ),

ζx = Dx(η)− utDx(τ)− uxDx(ξ)− uyDx(ψ),

ζtx = Dx(ζt)− utxDx(τ)− uxxDx(ξ)− uxyDx(ψ),

ζty = Dy(ζt)− utyDy(τ)− uxyDy(ξ)− uyyDy(ψ),

ζxx = Dx(ζx)− utxDx(τ)− uxxDx(ξ)− uxyDx(ψ),

ζtt = Dt(ζt)− uttDt(τ)− utxDt(ξ)− utyDt(ψ),

ζyy = Dy(ζy)− utyDy(τ)− uxyDy(ξ)− uyyDy(ψ),

ζxxxx = Dx(ζxxx)− utxxxDx(τ)− uxxxxDx(ξ)− uxxxyDx(ψ),

where Dt, Dx and Dy are the total derivatives described as

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uty

∂

∂ut
+ · · · .

On expanding the above ζs, we obtain their respective values as

ζt = ηt + ηuut − τtut − τuu2
t − ξtux − ξuutux − ψuutuy − ψtuy,

ζx = ηx + ηuux − τxut − τuutux − ξuu2
x − ξxux − ψxuy − ψuuxuy,
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ζy = ηy + ηuuy − τyut − τuutuy − ξuuxuy − ξyux − ψyuy − ψuu2
y,

ζtt = ηtt − u2
tuxξuu − 2ututyψu + uttηu − u3

t τuu − 2u2
t τtu − 3uttutτu − τttut

+ u2
tηuu − 2ututxξu − 2utuxξtu − uttuxξu − 2utxξt − uxξtt − u2

tuyψuu

+ 2utηtu − 2utuyψtu − uttuyψu − 2utyψt − uyψtt − 2uttτt,

ζtx =utuxηuu − utξuuux2 − ξtuu2
x − uxxξuux − utxξuux − utxτuux − uxyψuux

+ ηtuux − ut2τuuux − uyutψuuux − utξxuux − utτtuux − uyψtuux − ξtxux

+ utxηu − uxxutξ, u − 2ututxτu − uxyutψu − uyutxψu − uxxξx − utxτx

+ ηtx − uxyψx − ut2τxu − uyutψxu − uxxξt − utxτt − uxyψt − utτtx

+ utηxu − uyψtx,

ζxx = ηxx + ηuuxx + 2ηxuux + ηuuu
2
x − 2τxutx − τxxut − τuutuxx − τuuutu2

x

− 2τuuxutx − 2τxuutux − ξxxux − 2ξxuxx − ξuuu3
x − 2ξxuu

2
x − 3ξuuxuxx

− 2ψxuxy − ψxxuy − ψuuyuxx − 2ψuuxuxy − 2ψxuuxuy − ψuuu2
xuy,

ζyy = ηyy + ηuuyy + 2ηyuuy + ηuuu
2
y − 2τyuty − τuutuyy − 2τuuyuty − τyyut

− 2τyuutuy − τuuutu2
y − 2ξyuxy − ξuuxuyy − 2ξuuyuxy − ξyyux

− 2ξyuuxuy − ξuuuxu2
y − 2ψyuyy − 3ψuuyuyy − ψyyuy − 2ψyuu

2
y − ψuuu3

y,

ζxxxx = ηxxxx + 4ηxuuxxx + ηuuxxxx + 3ηuuu
2
xx + 4uxuxxxηuu + 4uxηxxxu + 6ηuuuu

2
xuxx

+ 6ηxxuuxx + 6ηxxuuu
2
x + 12ηxuuuxuxx + 4ηxuuuu

3
x + ηuuuuu

4
x − 12τxuuxutxx

− 4τxxxutx − 4τxuutuxxx − τxxxxut − 4τuuxutxxx − 12uxτuuutxuxx

− 4τuuutuxuxxx − 12τxuuutuxuxx − 6τuuuutu
2
xuxx − 12τxuutxuxx − 6τuuxxutxx

− τuutuxxxx − 6τxxuutuxx − 6τxxutxx − 12τxxuuxutx − 4τxutxxx − 4τxxxuutux

− 4τuutxuxxx − 6τuuu
2
xutxx − 4τuuuu

3
xutx − 12τxuuu

2
xutx − 3τuuutu

2
xx

− 4τxuuuutu
3
x − τuuuuutu4

x − 6τxxuuutu
2
x − 4ξxuxxxx − 10ξuuu

2u2
xuxxx

− 6ξxxuxxx − 16ξxuuxuxxx − 18ξxxuuxuxx − 5ξuuxuxxxx − 12ξxuu
2
xx

− 10ξuuxxuxxx − 4ξxxxuxx − 10ξuuuu
3
xuxx − ξxxxxux − 4ξxxxuu

2
x − 24ξxuuu

2
xuxx

− 4ξxuuuu
4
x − 6ξxxuuu

3
x − 15ξuuuxu

2
xx − ξuuuuu5

x − ψuuyyxxxx − 4ψuuxuxxxy

− 4ψxuxxxy − 4ψuuxyuxxx − 12ψxuuxuxxy − 6ψxxuxxy − 12ψuuuxuxxuxy

− 4ψuuuxuyuxxx − 6uxxψuuxxy − 3ψuuuyu
2
xx − 12ψxuuxxuxy − 4ψxuuyuxxx
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− 6ψuuu
2u2

xuxxy − 12ψxuuuxuyuxx − 6ψuuuuyu
2
xuxx − 4ψxxxuuxuy

− 12ψxxuuxuxy − 6ψxxuuyuxx − ψxxxxuy − 4ψxxxuxy − 12ψxuuu
2
xuxy

− 4ψxuuuu
3u3

xuy − 6ψxxuuu
2
xuy − ψuuuuu4

xuy − 4ψuuuu
3
xuxy.

Expanding (3.4) we obtain

ζtx + 12uxζx + 6uxxη + 6uζxx + ζxxxx − ζyy −
α2

4
ζtt + αζty + βζtx

∣∣∣
∆=0

= 0.

Substituting the values of ζs in the above equation, replacing uxxxx by 6uuxx −

(α2utt/4) + βutx + utx +αuty + 6u2
x− uyy and then splitting on various derivatives of

u, we obtain the following system of linear homogeneous PDEs:

τx = 0, τu = 0, ξu = 0, ψx = 0, ψu = 0, ηuu = 0, 2ηxu − 3ξxx = 0,

2τy + 2αξx − ατt = 0, 2ξy − αξt − (β + 1)ψt = 0,

αηu − 4τy + 2α (τt − ξx) = 0, α (−2ψy + 2τt + αψt)− 4τy = 0,

8ηyu − 4ψyy − α (4ηtu − 4ψty + αψtt) = 0,

α
(
ξtα

2 − 2ξyα− 2(β + 1)ξx + 2βτt + 2τt
)
− 8(β + 1)τy = 0, (3.6)

6αη − 24uτy − α (12uξx − 5ξxxx − 12uτt + βξt + ξt) = 0,

4ηtyα− ηttα2 − 4ηyy + 24uηxx + 4ηxxxx + 4βηtx + 4ηtx = 0,

τttα
2 − 2ηtuα

2 + 4ηyuα− 4τtyα + 4τyy + 6βξxx + 6ξxx = 0,

ξttα
2 − 4ξtyα + 4ξyy + 48ηx + 48uξxx + 20ξxxxx + 4βηtu + 4ηtu − 4βξtx − 4ξtx = 0.

After solving the above system of PDEs (3.6) with the aid of Mathematica, we get

the following Lie point symmetries for eKP equation (3.3):

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 =
∂

∂y
,

X4 = 6α2t
∂

∂t
+
(
3α2x− 6βt− 6t

) ∂

∂x
+
(
6αt+ 9α2y

) ∂
∂y

−
(
β2 + 2β + 6α2u+ 1

) ∂

∂u
,
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X5 =
(
24αt2 + 12α2ty

) ∂
∂t

+
(
12αtx− 12βty − 12ty + 6α2xy

) ∂

∂x

+
(
12αty − 12t2 + 9α2y2

) ∂
∂y

+
(
2αβx− 24αtu− 12α2uy

+2αx− 2β2y − 4βy − 2y
) ∂

∂u
.

Note that the Lie point symmetries X1, X2 and X3 represent translation symmetries.

3.2.2 Symmetry reductions and solutions of (3.3)

Case 1. We consider a linear combination X = X1 + aX2 + bX3, where a and b are

constants. It can be seen that symmetry X yields the following three invariants:

p = x− at, q = y − bt, u = Φ(p, q). (3.7)

These invariants reduce equation (3.3) into a NLPDE of the form

Φpppp −
(
a+

1

4
α2a2 + aβ

)
Φpp + 6ΦΦpp −

(
b+ aα + bβ +

1

2
abα2

)
Φpq + 6Φ2

p

−
(

1 +
1

4
b2α2 + bα

)
Φqq = 0, (3.8)

where Φ is a function of p and q. Equation (3.8) have the following point symmetries:

Γ1 =
∂

∂p
, Γ2 =

∂

∂q
,

Γ3 =
{

3(bα + 2)2p+ (3abα2 + 6aα + 6bβ + 6b)q
} ∂

∂p
+ 6(bα + 2)2q

∂

∂q

+
(
2abαβ − 6b2α2u− b2β2 − 2b2β − b2 − 24bαu+ 2abα + 4aβ − 24u

) ∂

∂Φ
.

Likewise we make use of a linear combination of translation symmetries Γ1 and Γ2,

written as

Γ = Γ1 + cΓ2 (3.9)

with c a constant. Using the characteristic equations associated with Γ we obtain

two invariants

z = q − cp, Φ = Ψ(z), (3.10)
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which reduce equation (3.8) to the fourth order NLODE

c4Ψ′′′′(z) + AΨ′′(z) + 6c2
{

Ψ′
2
(z) + Ψ(z)Ψ′′(z)

}
= 0 (3.11)

with z = (ac− b)t− cx+ y and the constant

A =
abcα2

2
− α2a2c2

4
− b2α2

4
+ bc− ac2 + acα− bα− ac2β + bcβ − 1.

Integrating the NLODE (3.11), we have

c4Ψ′′′ + AΨ′ + 6c2ΨΨ′ + k0 = 0, (3.12)

where k0 is an integration constant. Assuming k0 to be zero and integrating (3.12)

gives

c4Ψ′′ + AΨ + 3c2Ψ2 + k1 = 0, (3.13)

where k1 is the integration constant. Multiplying (3.13) by Ψ′ and integrating the

resultant NLODE, we have

1

2
c4Ψ′

2
+

1

2
AΨ2 + c2Ψ3 + k1Ψ + k2 = 0, (3.14)

where k2 is a constant.

Solution in terms of the elliptic integral function

We rewrite (3.14) in the form

Ψ′
2

+
2

c2
Ψ3 +

A

c4
Ψ2 +

2k1

c4
Ψ +

2k2

c4
= 0. (3.15)

Suppose that v1, v2 and v3 are real roots (v1 > v2 > v3) of the cubic equation

Ψ3 +
A

2c2
Ψ2 +

k1

c2
Ψ +

k2

c2
= 0 (3.16)

that satisfy the conditions

v1v2v3 = −k2

c2
, v1v2 + v1v3 + v2v3 =

k1

c2
, v1 + v2 + v3 = − A

2c2
,

then equation (3.15) is written as

Ψ′
2

= − 2

c2
(Ψ− v1)(Ψ− v2)(Ψ− v3). (3.17)
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Hence, (3.17) has the solution [64]

Ψ(z) = v2 + (v1 − v2) cn2

{√
v1 − v3

2c2
(z − z0)

∣∣∣∣K2

}
, K2 =

v1 − v2

v1 − v3

, (3.18)

where z0 is a constant and cn is the Jacobi cosine function. Thus by reverting to the

original variables, we obtain the solution of (3.3) as

u(t, x, y) = v2 + (v1 − v2) cn2

{√
v1 − v3

2c2
(z − z0)

∣∣∣∣K2

}
, K2 =

v1 − v2

v1 − v3

, (3.19)

where z = (ac− b)t− cx+ y.

Figure 3.1 demonstrates the solution (3.19) for the values a = −4, b = −0.2, c =

1.6, t = −14, v1 = 60, v2 = 20.05, v3 = −60, z0 = 0.

Figure 3.1: The 3D and 2D solution profiles of (3.19).

Solution of (3.3) using Kudryashov’s method

We now solve the fourth order NLODE (3.11) using Kudryashov’s technique which

has been fully described in Chapter one. To utilize the method, we begin by assuming

the solution of (3.11) to be of the form

Ψ(z) =
M∑
i=0

aiY
i(z), (3.20)

where Y (z) satisfies the Riccati equation

Y ′(z) = Y 2(z)− Y (z) (3.21)
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whose solution is

Y (z) =
1

1 + ez
. (3.22)

Applying the balancing procedure to (3.11), we get M = 2. Thus, the solution (3.20)

can be written as

Ψ(z) = a0 + a1Y (z) + a2Y
2(z). (3.23)

Substituting the value of Ψ(z) into equation (3.11) and making use of (3.21), we get

c4a1Y (z) + Aa1Y (z) + 72 c2a1Y
5(z)a2 − 126 c2a1Y

4(z)a2

+ 54 c2a1Y
3(z)a2 + 12 c2a1Y

3(z)a0 − 18 c2a1Y
2(z)a0

+ 6 c2a1Y (z)a0 + 36 c2a2Y
4(z)a0 − 60 c2a2Y

3(z)a0 − 3Aa1Y
2(z)

+ 24 c2a2Y
2(z)a0 − 60 c4a1Y

4(z) + 24 c4a1Y
5(z)− 15 c4a1Y

2(z)

+ 50 c4a1Y
3(z) + 120 c4a2Y

6(z)− 336 c4a2Y
5(z)− 30 c2a1

2Y 3(z) (3.24)

+ 330 c4a2Y
4(z)− 130 c4a2Y

3(z) + 16 c4a2Y
2(z) + 2Aa1Y

3(z)

+ 6Aa2Y
4(z)− 10Aa2Y

3(z) + 4Aa2Y
2(z) + 18 c2a1

2Y 4(z)

+ 12 c2a1
2Y 2(z) + 60 c2a2

2Y 6(z)− 108 c2a2
2Y 5(z) + 48 c2a2

2Y 4(z) = 0.

After splitting (3.24) with respect to the like powers of Y (z), we have

Y 6(z) : 2 c4a2 + c2a2
2 = 0,

Y 5(z) : 2c4a1 − 24 c4a2 + 6 c2a1a2 − 9 c2a2
2 = 0, (3.25)

Y 4(z) : 55 c4a2 − 10 c4a1 + 6 c2a0a2 + 3 c2a1
2 − 21 c2a1a2 + 8 c2a2

2 + Aa2 = 0,

Y 3(z) : 25 c4a1 − 65 c4a2 + 6 c2a0a1 − 30 c2a0a2 − 15 c2a1
2 + 27 c2a1a2

+ Aa1 − 5Aa2 = 0,

Y 2(z) : 16 c4a2 − 15 c4a1 − 18 c2a0a1 + 24 c2a0a2 + 12 c2a1
2 − 3Aa1 + 4Aa2 = 0,

Y (z) : c4a1 + 6 c2a0a1 + Aa1 = 0.

With the aid of Maple, the solution of the system (3.25) is

a0 = −c
4 + A

c2
, a1 = 2 c2, a2 = −2 c2. (3.26)

Thus the solution (3.23) is written as

Ψ(z) = −A
c2
− c2 (1 + e2z)

(1 + ez)2 .
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Therefore, reverting to the original variables, we get

u(t, x, y) = −A
c2
−
c2
{

1 + e2((ac−b)t−cx+y)
}

{1 + e((ac−b)t−cx+y)}2 , (3.27)

where A = (abcα2)/2− (α2a2c2)/4− (b2α2)/4 + bc− ac2 + acα− bα− ac2β+ bcβ− 1.

Figure 3.2: The 3D and 2D solution profiles of (3.27).

Figure 3.2 demonstrates the solution (3.27) for the values a = 0.9, b = 1.5, c =

−1, A = 1, t = 1, y = 3.

Case 2. We consider Lie point symmetry X4, namely

X4 = 6α2t
∂

∂t
+
(
3α2x− 6βt− 6t

) ∂

∂x
+
(
6αt+ 9α2y

) ∂
∂y
−
(
β2 + 2β + 6α2u+ 1

) ∂

∂u
.

The Lagrangian system associated with X4 is

dt

6α2t
=

dx

3α2x− 6βt− 6t
=

dy

6αt+ 9α2y
=

du

−β2 − 2β − 6α2u− 1
. (3.28)

From (3.28) we consider
dt

6α2t
=

dx

3α2x− 6βt− 6t
, (3.29)

which leads to the linear first-order differential equation

dx

dt
− x

2t
= −1 + β

α2
. (3.30)

Solving the differential equation, we obtain an invariant solution

J1 =
α2x+ 2t(β + 1)√

tα2
.
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Moreover, from system (3.28), we use

dt

6α2t
=

dy

6αt+ 9α2y
(3.31)

and get the linear first-order differential equation

dy

dt
− 3y

2t
=

1

α
. (3.32)

Solving (3.32) we obtain invariant J2 as

J2 =
α y + 2 t

t3/2α
.

Finally, solving
dt

6α2t
=

du

−β2 − 2β − 6α2u− 1
,

we obtain the third invariant

J3 =
(6uα2 + β2 + 2 β + 1) t

6α2 . (3.33)

Invariant J3, is then written as a function of the other two invariants J1 and J2, that

is J3 = G(J1, J2). Thus

(6uα2 + β2 + 2 β + 1) t

6α2 = G

(
α2x+ 2t(β + 1)√

tα2
,
α y + 2 t

t3/2α

)
, (3.34)

which gives

u(t, x, y) = −β
2 + 2β + 1

6α2
+

1

t
G

(
α2x+ 2t(β + 1)√

tα2
,
α y + 2 t

t3/2α

)
. (3.35)

Substituting the value of u(t, x, y) from (3.35) into equation (3.3) yields

α2q2Gqq − 7α2qGq − 9α2p2Gpp − 2

(
3α2pq − 8β

α
− 8

α

)
Gpq − 27α2pGp

− 8α2G(p, q) + 96GqqG(p, q) + 96G2
p + 16Gqqqq = 0, (3.36)

where

p =
α2x+ 2t(β + 1)√

tα2
and q =

α y + 2 t

t3/2α
.

Thus we have performed a symmetry reduction on the eKP (3.3) using X4. We note

that equation (3.36) does not possess any symmetry and hence we cannot perform

symmetry reduction on (3.36).
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Case 3. We now consider symmetry X5, viz.,

X5 =
(
24αt2 + 12α2ty

) ∂
∂t

+
(
12αtx− 12βty − 12ty + 6α2xy

) ∂

∂x

+
(
12αty − 12t2 + 9α2y2

) ∂
∂y

+
(
2αβx− 24αtu− 12α2uy

+2αx− 2β2y − 4βy − 2y
) ∂

∂u
.

We were unable to find invariants for this symmetry.

3.3 Conservation laws of the eKP equation

We now construct conservation laws for the eKP equation (3.3) by employing Ibrag-

imov’s theorem. Firstly we write the adjoint equation in the form

F ∗ ≡ δ

δu

{
v

(
6uuxx −

1

4
α2utt + βutx + utx + αuty + 6u2

x + uxxxx − uyy
)}

= 0,

(3.37)

where v = v(t, x, y) and the Euler-Lagrange operator δ/δu is defined as

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
−Dy

∂

∂uy
+D2

t

∂

∂utt
+D2

x

∂

∂uxx
+D2

y

∂

∂uyy
+DxDt

∂

∂utx
−· · · ,

(3.38)

with the total derivatives Dt, Dx and Dy being given by

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ utt

∂

∂ut
+ vtt

∂

∂vt
+ utx

∂

∂ux
+ vtx

∂

∂vx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ uxx

∂

∂ux
+ vxx

∂

∂vx
+ uxt

∂

∂ut
+ vxt

∂

∂vt
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ vy

∂

∂v
+ uyy

∂

∂uy
+ vyy

∂

∂vy
+ uty

∂

∂ut
+ vty

∂

∂vt
+ · · · .

Expanding (3.37), we obtain the adjoint equation as

6vxxu−
1

4
α2vtt + (β + 1)vtx + αvty + vxxxx − vyy = 0. (3.39)

Equation (3.3) and its adjoint (3.39) have a second-order Lagrangian

L = v
(
6uuxx −

1

4
α2utt + βutx + utx + αuty + 6ux

2 − uyy
)

+ vxxuxx. (3.40)
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Applying Ibragimov’s theorem [14], we deduce that conserved vectors associated with

symmetries of equation (3.3) are given by

Ci = ξiL+Wα

[
∂L
∂uαi
−Dj

∂L
∂uαij

+DjDk

(
∂L
∂uαijk

)
+ · · ·

]

+Dj(W
α)

[
∂L
∂uαij

−Dk
∂L
∂uαijk

+ · · ·

]
+DjDk(W

α)
∂L
∂uijk

+ · · · , (3.41)

where Wα = ηα − ξjuαj , α = 1, . . . ,m is the Lie characteristic function and L is the

Lagrangian. We have five cases.

Case 1. Let us consider Lie point symmetry X1 = ∂/∂t. The Lie characteristic

functions are W 1 = −ut and W 2 = −vt. Hence the conserved vector corresponding

to the Lie point symmetry X1 is

Ct
1 =

1

2
αutyv +

1

2
βutxv + 6ux

2v − uyyv + 6uxxuv +
1

2
utxv −

1

4
α2utvt +

1

2
βutvx

+
1

2
utvx +

1

2
αutvy + uxxvxx,

Cx
1 = 6utvxu−

1

2
βuttv − 6utuxv − 6utxuv −

1

2
uttv +

1

2
βutvt + utvxxx + vtuxxx

− vxxutx − uxxvtx +
1

2
utvt,

Cy
1 =

1

2
αutvt −

1

2
αuttv + utyv − utvy.

Case 2. For symmetry X2 = ∂/∂x, the Lie characteristic functions are W 1 = −ux
andW 2 = −vx. Hence the conserved vector corresponding to the Lie point symmetry

X2 is

Ct
2 =

1

4
α2utxv −

1

2
αuxyv −

1

2
βuxxv −

1

2
uxxv −

1

4
α2vtux +

1

2
βuxvx

+
1

2
αuxvy +

1

2
uxvx,

Cx
2 =αutyv +

1

2
βutxv − uyyv + 6uxvxu+

1

2
utxv +

1

2
vtux −

1

4
α2uttv

+
1

2
βvtux − uxxvxx + uxxxvx + uxvxxx,

Cy
2 =uxyv −

1

2
αutxv +

1

2
αvtux − uxvy.

Case 3. For symmetry X3 = ∂/∂y, the Lie characteristic functions are W 1 = −uy
and W 2 = −vy and so the conserved vector corresponding to the Lie point symmetry

46



X3 is

Ct
3 =

1

4
α2utyv −

1

2
αuyyv −

1

2
βuxyv −

1

2
uxyv −

1

4
α2vtuy +

1

2
βuyvx +

1

2
uyvx +

1

2
αuyvy,

Cx
3 = 6uyvxu−

1

2
βutyv − 6uxuyv − 6uxyuv −

1

2
utyv +

1

2
βvtuy +

1

2
vtuy − uxxvxy

+ uxxxvy − vxxuxy + uyvxxx,

Cy
3 =

1

2
αutyv −

1

4
α2uttv + βutxv + 6ux

2v + 6uxxuv + utxv +
1

2
αvtuy

+ uxxvxx − uyvy.

Case 4. For the symmetry

X4 = 6α2t
∂

∂t
+
(
3α2x− 6βt− 6t

) ∂

∂x
+
(
6αt+ 9α2y

) ∂
∂y
−
(
β2 + 2β + 6α2u+ 1

) ∂

∂u
,

the Lie characteristic functions are

W 1 = −
(
β2 + 2β + 6α2u+ 1

)
− 6α2tut −

(
3α2x− 6βt− 6t

)
ux −

(
6αt+ 9α2y

)
uy,

and

W 2 = −
(
β2 + 2β + 6α2v + 1

)
− 6α2tvt −

(
3α2x− 6βt− 6t

)
vx −

(
6αt+ 9α2y

)
vy.

Hence the conserved vector corresponding to the Lie point symmetry X4 is

Ct
4 = 3α4vut −

3

2
α4uvt −

9

4
α4yuyvt −

3

4
α4xuxvt −

3

2
α4tutvt +

9

4
α4yvuty

+
3

4
α4xvutx − 6α3vuy + 3α3uvy +

9

2
α3yuyvy −

9

2
α3yvuyy +

3

2
α3xvyux

− 3

2
α3xvuxy + 3α3tvyut −

3

2
α3tuyvt +

9

2
α3tvuty + 36α2tvux

2 + 3α2tuyvy

− 9α2tvuyy − 6βα2vux − 6α2vux + 3βα2uvx + 3α2uvx +
9

2
α2yuyvx

+
9

2
α2βyuyvx +

3

2
α2xuxvx +

3

2
α2βxuxvx −

9

2
α2yvuxy −

3

2
α2xvuxx

− 3

2
βα2xvuxx + 36α2tuvuxx + 6α2tuxxvxx + 3α2tvxut + 3βα2tvxut

− 1

4
β2α2vt −

1

2
βα2vt +

3

2
α2tuxvt +

3

2
βα2tuxvt −

1

4
α2vt +

3

2
α2tvutx

+
3

2
tβα2vutx +

1

2
β2αvy + βαvy +

1

2
vyα− 3αtvyux − 3tβαvyux

+ 3αtuyvx + 3βαtuyvx +
1

2
β3vx +

3

2
β2vx +

3

2
βvx − 3β2tuxvx − 3tuxvx

− 6βtuxvx +
1

2
vx + 3β2tvuxx + 3tvuxx + 6βtvuxx,
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Cx
4 = 3α3xvuty −

3

4
α4xvutt − 3α2xvuyy − 90α2uvux − 54α2yvuyux

+ 36α2u2vx + 18α2xuuxvx − 54α2yuvuxy − 3α2vxuxx − 9α2yvxyuxx

− 9α2uxvxx − 9α2yuxyvxx − 3α2xuxxvxx + 9α2yvyuxxx + 3α2xvxuxxx

+ 6α2uvxxx + 9α2yuyvxxx + 3α2xuxvxxx − 6βα2vut − 6α2vut

− 36α2tvuxut + 36α2tuvxut + 6α2tvxxxut + 3βα2uvt + 3α2uvt +
9

2
α2yuyvt

+
9

2
βα2yuyvt +

3

2
α2xuxvt +

3

2
βα2xuxvt + 6tuxxxvtα

2 + 3tutvtα
2

− 9

2
α2yvuty −

9

2
βα2yvuty +

3

2
α2xvutx +

3

2
βα2xvutx − 36α2tuvutx

− 3

2
α2tvutt −

3

2
βα2tvutt − 3βαvuy − 3αvuy − 36αtvuyux + 36αtuuyvx

− 6αtvxyuxx − 6αtuxyvxx + 6αtvyuxxx + 6αtuyvxxx + 3αtuyvt + 3βαtuyvt

+ 6tvuyy + 6βtvuyy − 3β2vux − 6βvux − 3vux + 6β2uvx + 12βuvx + 6uvx

− 36tuuxvx − 36βtuuxvx + 6tuxxvxx + 6βtuxxvxx − 6tvxuxxx − 6βtvxuxxx

+ 2βvxxx − 6tuxvxxx − 6βtuxvxxx + vxxx +
1

2
β3vt +

3

2
β2vt +

3

2
βvt

− 3tuxvt − 6βtuxvt +
1

2
vt − 3β2tvutx − 3tvutx − 6βtvutx − 9βαtvuty

− 6α2tuxxvtx + 3βα2tutvt + 54α2yuuyvx + β2vxxx − 9αtvuty

− 36αtuvuxy − 6α2tvxxutx − 3β2tuxvt,

Cy
4 = 3α3uvt −

9

4
α4yvutt − 6α3vut +

9

2
α3yuyvt +

3

2
α3xuxvt + 3α3tutvt

− 3

2
α3xvutx −

9

2
α3tvutt + 54α2yvu2

x + 12α2vuy − 6α2uvy − 9α2yuyvy

+ 3α2xvuxy + 54α2yuvuxx + 9α2yuxxvxx − 6α2tvyut + 3α2tuyvt − 6tβvuxy

+ 9α2tvuty + 9α2yvutx + 9βα2yvutx + 36αtvu2
x − 6αtuyvy + 3βαvux

+ 36αtuvuxx + 6αtuxxvxx +
1

2
β2αvt + βαvt − 3αtuxvt − 3tβαuxvt +

1

2
αvt

+ 9αtvutx + 9βαtvutx − β2vy − 2βvy − vy + 6tvyux + 6βtvyux − 6tvuxy

− 3α2xvyux +
9

2
α3yvuty + 3αvux.

Case 5. Finally for the symmetry

X5 =
(
24αt2 + 12α2ty

) ∂
∂t

+
(
12αtx− 12βty − 12ty + 6α2xy

) ∂

∂x
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+
(
12αty − 12t2 + 9α2y2

) ∂
∂y

+
(
2αβx− 24αtu− 12α2uy

+2αx− 2β2y − 4βy − 2y
) ∂

∂u
,

the Lie characteristic functions are

W 1 =
(
2αβx− 24αtu− 12α2uy + 2αx− 2β2y − 4βy − 2y

)
−
(
24αt2 + 12α2ty

)
ut

−
(
12αtx− 12βty − 12ty + 6α2xy

)
ux −

(
12αty − 12t2 + 9α2y2

)
uy,

and

W 2 =
(
2αβx− 24αtv − 12α2vy + 2αx− 2β2y − 4βy − 2y

)
−
(
24αt2 + 12α2ty

)
vt

−
(
12αtx− 12βty − 12ty + 6α2xy

)
vx −

(
12αty − 12t2 + 9α2y2

)
vy.

Hence the conserved vector corresponding to the Lie point symmetry X5 is

Ct
5 = 6α4yvut − 3α4yuvt −

9

4
α4y2uyvt −

3

2
α4xyuxvt − 3α4tyutvt

− 12α3yvuy + 6α3yuvy +
9

2
α3y2uyvy −

9

2
α3y2vuyy + 3α3xyvyux

+ 6α3tyvyut +
1

2
α3xvt +

1

2
α3βxvt − 6α3tuvt − 3α3tyuyvt − 3α3txuxvt

+ 9α3tyvuty + 3α3txvutx + 72α2tyvu2
x − 24α2tvuy − α2xvy − α2βxvy

+ 6α2tyuyvy − 18α2tyvuyy − 12α2yvux − 12α2βyvux + 6α2txvyux

+ 6α2βyuvx +
9

2
α2y2uyvx +

9

2
α2βy2uyvx + 3α2xyuxvx + 3α2βxyuxvx

− 6α2txvuxy −
9

2
α2βy2vuxy − 3α2xyvuxx − 3α2βxyvuxx + 72α2tyuvuxx

+ 12α2tyuxxvxx + 12α2t2vyut + 6α2tyvxut + 6α2βtyvxut −
1

2
α2β2yvt

− α2βyvt + 3α2t2uyvt + 3α2tyuxvt + 3α2βtyuxvt + 9α2t2vuty + 3α2tyvutx

+ 144αt2vu2
x + αβ2yvy + αyvy + 2αβyvy − 6αt2uyvy − 18αt2vuyy

− 6αtyvyux − 6αβtyvyux − β2αxvx − αxvx − 2αβxvx + 12αtuvx

+ 6αβtyuyvx + 6αtxuxvx + 6αβtxuxvx − 6αtxvuxx − 6αβtxvuxx

+ 24αt2uxxvxx + 12αt2vxut + 12αβt2vxut + 12αt2vutx + 12αβt2vutx

+ yvx + 3βyvx − 6t2uyvx − 6βt2uyvx − 6β2tyuxvx − 6tyuxvx − 12βtyuxvx

+ 6t2vuxy + 6βt2vuxy + 6β2tyvuxx + 6tyvuxx + 12βtyvuxx − 12αβtvux
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+
3

2
α4xyvutx + 12α3tvut − 6α3t2utvt + 12α2tuvy −

9

2
α2y2vuxy

+ 3α2βtyvutx + 3β2yvx + 144αt2uvuxx −
1

2
α2yvt − 12αtvux

+ 6α2yuvx + β3yvx − 3α3xyvuxy + 6αtyuyvx +
9

4
α4y2vuty + 12βαtuvx,

Cx
5 = 6α3xyvuty −

3

2
α4xyvutt − 3α3txvutt − 6α2xyvuyy − 180α2yuvux

+ 72α2yu2vx + 54α2y2uuyvx + 36α2xyuuxvx − 54α2y2uvuxy − 6α2yvxuxx

− 9α2y2vxyuxx − 18α2yuxvxx − 9α2y2uxyvxx − 6α2xyuxxvxx

+ 12α2yuvxxx + 9α2y2uyvxxx + 6α2xyuxvxxx − 12α2yvut − 12α2βyvut

+ 72α2tyuvxut + 12α2tyvxxxut + 6α2yuvt + 6α2βyuvt +
9

2
α2y2uyvt

+ 3α2xyuxvt + 3α2βxyuxvt + 12α2tyuxxxvt + 6α2tyutvt + 6α2βtyutvt

+ 12α2txvuty −
9

2
α2βy2vuty + 3α2xyvutx + 3α2βxyvutx − 72α2tyuvutx

− 12α2tyuxxvtx − 3α2tyvutt − 3α2βtyvutt − 6αyvuy − 6αβyvuy

+ 6αxvux + 6αβxvux − 360αtuvux − 72αtyvuyux + 144tu2αvx − 12αxuvx

+ 72αtyuuyvx + 72αtxuuxvx − 72αtyuvuxy − 12αtvxuxx − 12αtyvxyuxx

− 36αtuxvxx − 12αtyuxyvxx − 12αtxuxxvxx + 2αvxx + 12αtyvyuxxx

− 2αxvxxx − 2αβxvxxx + 24αtuvxxx + 12αtyuyvxxx + 12αtxuxvxxx

− 144αt2vuxut + 144αt2uvxut + 24αt2vxxxut − αβ2xvt − αxvt

+ 12αβtuvt + 6αtyuyvt + 6αβtyuyvt + 6αtxuxvt + 6αβtxuxvt

+ 12αβt2utvt − 18αtyvuty − 18αβtyvuty + 6αtxvutx + 6αβtxvutx

− 24αt2vxxutx − 24αt2uxxvtx − 12αt2vutt − 12αβt2vutt + 12tvuy

+ 12βtyvuyy − 6β2yvux − 6yvux − 12βyvux + 72t2vuyux + 12β2yuvx

− 72t2uuyvx − 72tyuuxvx − 72βtyuuxvx + 72t2uvuxy + 12t2vxyuxx

+ 12t2uxyvxx + 12tyuxxvxx + 12βtyuxxvxx − 12t2vyuxxx − 12tyvxuxxx

− 12βtyvxuxxx + 2β2yvxxx + 2yvxxx + 4βyvxxx − 12t2uyvxxx

+ β3yvt + 3β2yvt + yvt + 3βyvt − 6t2uyvt − 6βt2uyvt − 6β2tyuxvt

+ 6t2vuty + 6βt2vuty − 6β2tyvutx − 6tyvutx − 12βtyvutx
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− 54α2y2vuyux + 6α2xyvxuxxx − 72α2tyvuxut +
9

2
α2βy2uyvt −

9

2
α2y2vuty

− 12α2tyvxxutx − 12αβxuvx + 12αtxvxuxxx − 12βtyuxvxxx + 12αt2utvt

− 12tyuxvxxx + 24βyuvx − 36αβtvut − 12βtyuxvt + 12tyvuyy

+ 2βαvxx + 12αtuvt − 144αt2uvutx − 36αtvut − 12αtxvuyy − 6tyuxvt

+ 12yuvx + 12βtvuy − 2αβxvt + 24αt2uxxxvt + 9α2y2vyuxxx,

Cy
5 = 6α3yuvt −

9

4
α4y2vutt − 12α3yvut +

9

2
α3y2uyvt + 3α3xyuxvt

+
9

2
α3y2vuty − 3α3xyvutx − 9α3tyvutt + 54α2y2vu2

x + 24α2yvuy

− 9α2y2uyvy − 6α2xyvyux + 6α2xyvuxy + 54α2y2uvuxx + 9α2y2uxxvxx

− 12α2tyvyut − αxv2
t − α2βxvt + 12α2tuvt + 6α2tyuyvt + 6α2txuxvt

+ 12α2t2utvt + 18α2tyvuty + 9α2y2vutx − 6α2txvutx + 9α2βy2vutx

+ 72αtyvu2
x + 48αtvuy + 2αxvy + 2αβxvy − 24αtuvy − 12αtyuyvy

+ 6αβyvux − 12αtxvyux + 12αtxvuxy + 72αtyuvuxx + 12αtyuxxvxx

+ αβ2yvt + αyvt + 2αβyvt − 6αt2uyvt − 6αtyuxvt − 6αβtyuxvt

+ 18αtyvutx + 18αβtyvutx − 72t2vu2
x + 2β2v + 4βv + 2v − 2β2yvy

− 4yβvy + 12t2uyvy − 12tvux − 12βtvux + 12tyvyux + 12βtyvyux

− 12βtyvuxy − 72t2uvuxx − 12t2uxxvxx − 12t2vutx − 12βt2vutx

+ 6α3tyutvt − 12α2yuvy − 24α2tvut − 9α2t2vutt + 6αyvux − 24αt2vyut

+ 18αt2vuty − 2yvy − 12tyvuxy.

3.4 Concluding Remarks

In this Chapter we looked at the newly introduced extended Kadomtsev-Petviashvili

(eKP) model from the literature [54]. This equation can be used in a variety of

academic disciplines, including physics and mechanics. We computed the Lie point

symmetries of the eKP equation using the theory of Lie groups. In addition, we

applied the obtained symmetries to carry out symmetry reductions and obtained
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closed-form solutions of the underlying equation. The solutions found in this study

were in terms of incomplete elliptic integral and exponential functions.

Additionally, for specific parametric values, the graphic display of some solutions

was given. Finally we used Ibragimov’s theorem to construct conservation laws for

the model under study.
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Chapter 4

Solutions and conservation laws of

the generalized three-dimensional

KP-BBM equation

In this Chapter we study a generalized (3+1)-dimensional Kadomtsev-Petviashvili-

Benjamin-Bona-Mahony (KP-BBM) equation. We perform symmetry reductions

and find exact solutions. Moreover, we derive conservation laws by employing two

approaches; the multiplier method and Noether’s theorem.

4.1 Introduction

It is argued that Benjamin-Bona-Mahony (BBM) equation is a model that is signif-

icantly preferable due to the fact that it precludes some knotty aspects of the KdV

equation [65]. Wazwaz [66] suggested two variants of the BBM equation that were

contrived in the Kadomtsev-Petviashvili (KP) sense. These equations are usually

called KP-BBM equation and they read

(
ut + ux − p(u2)x − qutxx

)
x

+ suyy = 0 (4.1)
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and

(ut + ux − p(un)x − q(u)ntxx)x + suyy = 0, (4.2)

where we have p, q, s as real parameters as well as n denoting a positive inte-

ger [66]. Equations (4.1) and (4.2) have been investigated by various researchers

using diverse techniques. In [66], Wazwaz obtained compactons, solitons, periodic

solutions and solitary patterns by the tan-hyperbolic as well as sine-cosine approach.

Crank-Nicholson finite difference technique was applied to construct approximate

solutions [67]. In [68], Abdou utilized the extended mapping technique to find pe-

riodic solutions. Moreover, in [69, 70] the authors applied a bifurcation approach

to gain various solitary waves of the equations. Lately, Kalim [71] contemplated a

(3+1)-dimensional KP-BBM equation presented as

utx + auxx + b (uux)x − cutxxx + duyy + euzz = 0 (4.3)

with parameters

a = L2
x, b = ∆/D, c = (DLx/L)2 , d = L2

y, e = L2
z, and L =

√
L2
x + L2

y + L2
z

with Lx, Ly and Lz, denoting the wavelength in the direction of x, y and z, sepa-

rately. In addition, u(t, x, y, z) depicts the wave amplitude function having temporal

coordinate t alongside propagation distance x, y and z. Meanwhile, ∆ connotes the

wave amplitude along with D in the depth of water [72].

In this work, a generalized (3+1)-dimensional KP-BBM equation will be investigated.

The equation reads [73]

utx + αuyuxx + βuxuxy − butxxx + auxx + cuyy + duzz = 0, (4.4)

where α, β, a, b, c and d are non-zero constants. Xie and Li in [73], investigated a gen-

eralized (3+1)-dimensional KP-BBM equation (4.4), where they chose the nonlinear

convection term as uxuy that can be utilized to depict more dispersion effects. This

in turn makes the equation more useful and meaningful than the two-dimensional

case.

Using the Lie symmetry technique, we carry out symmetry reductions of equation

(4.4). Thus, we acquire nonlinear differential equations (NODEs), which are to be
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solved by direct integration. In addition, the simplest equation method is utilized to

construct some analytical solutions of (4.4). Thereafter, the two methods, namely

the multiplier approach and Noether’s theorem are used to derive conservation laws

for the underlying equation.

4.2 Exact solutions of (4.4)

In this section we present exact solutions of the KP-BBM (4.4) by applying Lie

symmetry method.

4.2.1 Lie point symmetries of (4.4)

We begin by determining the Lie point symmetries of (4.4). The symmetry group is

generated by the vector field

X = τ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂u
+ ψ

∂

∂y
+ φ

∂

∂z
, (4.5)

where (τ, ξ, φ, ψ, η) are functions of t, x, y, z and u. Then, the vector field X is said

to be a point symmetry of equation (4.4), if

X [4]∆
∣∣∣
∆=0

= 0, (4.6)

with

∆ ≡ utx + αuyuxx + βuxuxy − butxxx + auxx + cuyy + duzz.

HereX [4] is the fourth prolongation ofX and can be derived from the general formula.

Expanding the determining equation (4.6), we have

ζtx +αuxxζy +αuyζxx + βuxyζx + βuxζxy − bζtxxx + aζxx + cζyy + dζzz

∣∣∣
∆=0

= 0, (4.7)

where the ζs are defined as

ζx = Dx(η)− utDx(τ)− uxDx(ξ)− uyDx(ψ)− uzDx(φ),

ζy = Dy(η)− utDy(τ)− uxDy(ξ)− uyDy(ψ)− uzDy(φ),
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ζxy = Dy(ζx)− utxDy(τ)− uxxDy(ξ)− uxyDy(ψ)− uyzDy(φ),

ζtx = Dx(ζt)− uttDx(τ)− utxDx(ξ)− utyDx(ψ)− utzDt(φ),

ζxx = Dx(ζx)− utxDx(τ)− uxxDx(ξ)− uxyDx(ψ)− uxzDx(φ),

ζyy = Dy(ζy)− utyDy(τ)− uxyDy(ξ)− uyyDy(ψ)− uyzDy(φ),

ζzz = Dz(ζz)− utzDz(τ)− uxzDz(ξ)− uyzDz(ψ)− uzzDz(φ),

ζtxxx = Dx(ζtxx)− uttxxDx(τ)− utxxxDx(ξ)− utxxyDx(ψ)− utxxzDx(φ),

with the total derivatives Dt, Dx, Dy and Dz written as

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uty

∂

∂ut
+ · · · , (4.8)

Dz =
∂

∂z
+ uz

∂

∂u
+ utz

∂

∂ut
+ uxz

∂

∂ux
+ · · · .

Substituting the respective ζs in equation (4.7) and splitting the resulting equation

on different derivatives of u, we obtain the determining PDEs

τx = 0, τy = 0, τz = 0, τu = 0, (4.9)

ξt = 0, ξx = 0, ξy = 0, ξz = 0, ξu = 0, (4.10)

φt = 0, φx = 0, φy = 0, φu = 0, (4.11)

ψt = 0, ψx = 0, ψz = 0, ψu = 0, (4.12)

φzz = 0, (4.13)

ψy − φz = 0, (4.14)

τt − 2φz = 0, (4.15)

ηu + φz = 0, (4.16)

ηx = 0, (4.17)

ηzz = 0, (4.18)

αηy + 2a φz = 0. (4.19)

Equations (4.9) yield

τ = A(t), (4.20)
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where A(t) is an arbitrary function depending on t. Integrating equations (4.10) we

obtain

ξ(t, x, y, z) = c1, (4.21)

where c1 is an arbitrary constant. Solving equations (4.11) gives

φ = B(z), (4.22)

where B is an arbitrary function depending on z. On integrating equation (4.12),

we get

ψ = C(y), (4.23)

where C is an arbitrary function depending on y. Inserting (4.22) into (4.13) we

obtain

B′′(z) = 0 (4.24)

and integrating the equation twice with respect to z yields

B(z) = c2z + c3, (4.25)

where c2 and c3 are arbitrary constants of integration. Thus

φ = c2z + c3. (4.26)

Substituting the values of φ and ψ into equation (4.14) gives C ′(y) − c2 = 0, which

has the solution

C(y) = c2y + c4, (4.27)

where c4 is arbitrary constant of integration. Hence we have

ψ = c2 y + c4. (4.28)

Now, substituting the values of τ and φ into equation (4.15), we get A′(t)− 2c2 = 0,

whose solution is

A(t) = 2c2t+ c5,

where c5 is the constant of integration. Therefore (4.20) becomes

τ = 2c2t+ c5. (4.29)
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Differentiating(4.26) with respect to z and substituting the result into (4.16) gives

ηu = − c2. (4.30)

Integrating (4.30) with respect to u yields

η = −c2 u+ E(t, x, y, z), (4.31)

where E is a function of its arguments. Inserting (4.31) into equation (4.17) gives

Ex = 0, thus E = E(t, y, z). Therefore, equation (4.31) becomes

η = −c2 u+ E(t, y, z), (4.32)

where the arbitrary function E depends on (t, y, z). Substituting the value of η from

(4.32) into (4.18), we obtain

Ezz = 0. (4.33)

Integrating (4.33) twice with respect z, we get

E(t, y, z) = F (t, y)z +G(t, y), (4.34)

where F and G are arbitrary functions depending on t and y. Thus, we have

η = −c2 u+ F (t, y)z +G(t, y). (4.35)

Substituting the derivatives of η and φ with respect to y and z respectively into

equation (4.19) yields

αzFy + αGy + 2ac2 = 0. (4.36)

Now, since the functions F and G are independent of z, we split (4.36) on powers of

z and this gives

z : Fy = 0, (4.37)

Rest : αGy + 2ac2 = 0. (4.38)

Equation (4.37) implies that F = F (t). Solving (4.38), we obtain

G(t, y) = − 2

α
a c2 y +H(t), (4.39)
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where H is an arbitrary function of t. Hence, equation (4.35) becomes

η = −c2 u−
2

α
a c2 y + F (t)z +H(t). (4.40)

Thus, the infinitesimals of equation (4.4) are obtained as

τ =2c2t+ c5,

ξ =c1,

φ =c2z + c3, (4.41)

ψ =c2 y + c4,

η =− c2 u+ F (t)z − 2

α
a c2 y +H(t).

Consequently, the Lie point symmetries of equation (4.4) are

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 =
∂

∂y
,

X4 =
∂

∂z
,

X5 = 2αt
∂

∂t
+ αy

∂

∂y
+ αz

∂

∂z
− (2a y + αu)

∂

∂u
,

XH = H(t)
∂

∂u
,

XF = zF (t)
∂

∂u
.

(4.42)

4.2.2 Symmetry reductions of (4.4)

Case 1. Consider the combination of translation symmetries X1, X2, X3 and X4 as

X = X1 +X2 +X3 + µX4,

where µ is a constant. The symmetry X gives the invariants

p = x− t, q = y − t, k = z − µt,
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which lead to the group invariant solution u(t, x, y, z) = G(p, q, k). This then trans-

forms (4.4) into the NLPDE

aGpp −Gpq − µGkp + αGqGpp + βGpGpq + bGpppp + bGpppq + bµGpppk

−Gpp + cGqq + dGkk = 0. (4.43)

Equation (4.43) have five symmetries namely,

Γ1 =
∂

∂p
, Γ2 =

∂

∂q
, Γ3 =

∂

∂k
, Γ4 =

∂

∂G
, Γ5 = k

∂

∂G
.

Similarly, characteristic equations of the symmetry Γ = Γ1 + Γ2 + γΓ3, where γ is

a constant, provide the invariants f = q − p, g = k − γp and G(p, q, k) = U(f, g).

Hence, equation (4.43) transforms into

2αγUfUfg + αγ2UfUgg + βγUfUfg + βγUgUff + βγ2UgUfg − 3bµγUffgg (4.44)

− 3bµγ2Ufggg − bµγ3Ugggg − γ2Ugg + µUfg + aUff − γUfg + cUff + dUgg

+ bγ4Ugggg + aγ2Ugg + βUfUff + 2aγUfg + µγUgg + αUfUff + 3bγ2Uffgg

+ bγUfffg + 3bγ3Ufggg − bµUfffg = 0.

Equation (4.44) gives three symmetries

R1 =
∂

∂f
, R2 =

∂

∂g
, R3 =

∂

∂U
.

Furthermore, the combination R1 +θR2 with θ as a constant, gives invariant solution

U(f, g) = H(r) with r = g − θf . Finally, substituting U(f, g) = H(r) into (4.44),

transforms (4.44) into a NLODE

2αγθ2H ′H ′′ − αγ2θH ′H ′′ + 2βγθ2H ′H ′′ − βγ2θH ′H ′′ − 3bµγθ2H ′′′′ (4.45)

+ 3bµγ2θH ′′′′ − bµγ3H ′′′′ − γ2H ′′ − µθH ′′ + a θ2H ′′ + γθH ′′ + c θ2H ′′

+ dH ′′ + bγ4H ′′′′ + aγ2H ′′ − βθ3H ′H ′′ − 2aγθH ′′ + µγH ′′ − αθ3H ′H ′′

+ 3bγ2θ2H ′′′′ − bγθ3H ′′′′ − 3bγ3θH ′′′′ + bµθ3H ′′′′ = 0.

Equation (4.45) simplifies to

(2αγθ2 − αγ2θ + 2βγθ2 − βγ2θ − βθ3 − αθ3)H ′H ′′ (4.46)
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+ (aγ2 − 2aγθ + µγ + d− γ2 − µθ + a θ2 + γθ + c θ2)H ′′

+ (bγ4 + 3bµγ2θ − bµγ3 − 3bµγθ2 + 3bγ2θ2 − bγθ3 − 3bγ3θ + bµθ3)H ′′′′ = 0.

Thus, we have

AH ′H ′′ + BH ′′ + CH ′′′′ = 0, (4.47)

where

A = 2αγθ2 − αγ2θ + 2βγθ2 − βγ2θ − βθ3 − αθ3,

B = aγ2 − 2aγθ + µγ + d− γ2 − µθ + a θ2 + γθ + c θ2,

C = bγ4 + 3bµγ2θ − bµγ3 − 3bµγθ2 + 3bγ2θ2 − bγθ3 − 3bγ3θ + bµθ3.

4.2.3 Solution by direct integration

In this section, we seek to find the general solution of the KP-BBM equations (4.4)

by directly integrating (4.47). Integrating (4.47) with respect to r yields

A
2
H ′2 + BH ′ + CH ′′′ +K0 = 0, (4.48)

where K0 is an arbitrary constant of integration. Let H ′(r) = Φ(r), then equation

(4.48) becomes
A
2

Φ2 + BΦ + CΦ′′ +K0 = 0. (4.49)

To integrate (4.49), we first multiply by Φ′(r). Thereafter, we get

A
2

Φ2Φ′ + BΦΦ′ + CΦ′′Φ′ +K0Φ′ = 0. (4.50)

Integrating (4.50) with respect to r yields

C
2

Φ′2 +
A
6

Φ3 +
B
2

Φ2 +K0Φ +K1 = 0, (4.51)

where K1 is an arbitrary constant. Then,

Φ′2 +
A
3C

Φ3 +
B
C

Φ2 +
2

C
K0Φ +

2

C
K1 = 0. (4.52)

Suppose that m1,m2 and m3 are real roots (m1 > m2 > m3) of a cubic equation

Φ3 +
3B
A

Φ2 +
6

A
K0Φ +

6

A
K1 = 0, (4.53)
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that satisfies the conditions

m1m2m3 = − 6

A
K1, m1m2 + m1m3 + m2m3 =

6

A
K0, m1 + m2 + m3 = −3B

A
.

Then equation (4.52) is written as

Φ′
2

= − A
3C

(Φ−m1)(Φ−m2)(Φ−m3)

and has the solution [64]

Φ(r) = m2 + (m1 −m2)cn2

{√
A(m1 −m2)

12C
(r − r0)

∣∣∣∣K2

}
, K2 =

m1 −m2

m1 −m3

, (4.54)

where r0 is a constant and cn is the Jacobi cosine function.

Thus, by integrating (4.54) and returning to the original variables, we obtain the

solution of (4.4) as

u(t, x, y, z) =B0

[
EllipticE

{
sn(B1(r − r0), K2), K2

}]
+

{
m2 − (m1 −m2)

1−K4

K4

}
× (r − r0) + k1, (4.55)

where

B0 =

√
12C(m1 −m2)2

(m1 −m3)AK8
, B1 =

√
A(m1 −m2)

12C
,

r = (γ − µ)t + (θ − γ)x− θy + z and k1 is an integration constant. EllipticE[r,k] is

the incomplete elliptic integral [74].

Figure 4.1: The 3D and 2D solution profiles of (4.55).

Figure 4.1 demonstrates the solution (4.55) for the values γ = −4, µ = 0.2, θ =

0.6, t = −14, k1 = 1,m1 = 100,m2 = 50.05,m3 = −60, C = 1,A = 0.287 and r0 = 0.
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4.2.4 Exact solutions of (4.4) using simplest equation method

In this subsection, we use the simplest equation method to solve the nonlinear fourth-

order NLODE (4.47).

Solutions of (4.4) using the Riccati equation as the simplest equation

The balancing procedure yields M = 1. Thus, the solution of (4.47) from (1.37) is

of the form

H(r) = a0 + a1Y (r).

Inserting this value of H(r) into (4.47) and making use of the Riccati equation (1.36)

yields the following algebraic system of equations in terms of a0 and a1:

Aa1
2l3 + 12 Ca1l

4 = 0,

Aa1
2l2m+ 12 Ca1l

3m = 0,

Aa1
2mn2 + 8 Ca1lmn

2 + Ca1m
3n+ Ba1mn = 0,

6Aa1
2lmn+Aa1

2m3 + 60 Ca1l
2mn+ 15 Ca1lm

3 + 3Ba1lm = 0,

2Aa1
2l2n+ 2Aa1

2lm2 + 20 Ca1l
3n+ 25 Ca1l

2m2 + Ba1l
2 = 0,

2Aa1
2ln2 + 2Aa1

2m2n+ 16 Ca1l
2n2 + 22 Ca1lm

2n+ Ca1m
4 + 2Ba1ln+ Ba1m

2 = 0.

Using Maple, we can solve the aforementioned system of algebraic equations and get

a0 = a0, a1 = −12
Cl
A
, B = 4 C(ln−m2). (4.56)

It follows that the solutions for the equation (4.4) using the Ricatti equation as the

simplest equation are

u(t, x, y, z) = a0 + a1

{
−m

2l
− ω

2l
tanh

(
−1

2
ω(r +D)

)}
(4.57)

and

u(t, x, y, z) = a0 + a1

{
−m

2l
− ω

2l
tanh

(ω r
2

)
+

sech
(
ωr
2

)
D cosh

(
ωr
2

)
− 2 l

ω
sinh

(
ωr
2

)} (4.58)

with ω =
√
m2 − 4ln, r = (γ − µ)t + (θ − γ)x − θy + z and D a constant of

integration. Figure 4.2 demonstrates the solution (4.57) for the values γ = 0.2, µ =
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Figure 4.2: The 3D and 2D solution profiles of (4.57).

0.3, θ = 1.9, t = 6, C = 1.9, D = 1.9,A = 2, z = −1,m = 2, l = 0.09, a0 = 10, a1 =

−11.4, ω = 2.03

Figure 4.3: The 3D and 2D solution profiles of (4.58).

while Figure 4.3 demonstrates the solution (4.58) for the values γ = 0.2, µ = 0.3, θ =

1.9, t = 6, C = 1.9, D = 1.9,A = 2, z = −1,m = 2, l = 0.09, a0 = 10, a1 = −11.4, ω =

2.03.

Solutions of (4.4) using the Bernoulli equation as the simplest equation.

In this case, the balancing procedure yields M = 1 and solutions of (4.47) are of the

form

H(r) = a0 + a1Y (r).
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The insertion of the expression for H(r) into (4.47) and making use of the Bernoulli

equation (1.35) yields the following system of algebraic equations in terms of a0, a1:

Aa1
2m3 + 12 Ca1m

4 = 0,

Ca1l
4 + Ba1l

2 = 0,

Aa1
2lm2 + 12 Ca1lm

3 = 0,

2Aa1
2l2m+ 25 Ca1l

2m2 + Ba1m
2 = 0,

Aa1
2l3 + 15 Ca1l

3m+ 3Ba1lm = 0.

The solution of the given system using Maple yields

a0 = a0, a1 = −12
Cm
A
, B = −Cl2. (4.59)

Therefore, the solution of the KP-BBM (4.4) is

u(t, x, y, z) = a0 + a1l

{
cosh [l(r +D)] + sinh [l(r +D)]

1−m cosh [l(r +D)]−m sinh [l(r +D)]

}
, (4.60)

where r = (γ − µ)t+ (θ − γ)x− θy + z and D is an arbitrary constant.

Figure 4.4: The 3D and 2D solution profiles of (4.60).

Figure 4.4 demonstrates the solution (4.60) for the values γ = 0.2, µ = 0.3, θ =

1.9, t = 6, C = 1.9, D = 0.9,A = 2, z = −1,m = 2, l = 0.09, a0 = 10, a1 = −22.8, ω =

2.03.

Case 2. We consider the symmetry X5 given as

X5 = 2αt
∂

∂t
+ αy

∂

∂y
+ αz

∂

∂z
− (2a y + αu)

∂

∂u
.
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We compute invariants associated with X5. The Lagrangian system associated with

X5 is

dt

2αt
=
dy

αy
=
dz

αz
= − du

2 a y + αu
. (4.61)

We first consider

dt

2αt
=
dy

αy
. (4.62)

Solving equation (4.62) by using variables separable method, we get invariant

J1 = y/
√
t.

Secondly, from (4.61) we use

dt

2αt
=
dz

αz
(4.63)

and solving (4.63) yields

J2 = z/
√
t.

Similarly from

dy

αy
=
dz

αz
, (4.64)

we use variables separable approach and obtain

J3 = y/z.

Finally, to get invariant J4 we use

dt

2αt
= − du

2 a y + αu
. (4.65)

Simplifying (4.65) we get a first-order linear differential equation of the form

du

dt
+
u

2t
= −a y

αt
, (4.66)

which solves to

J4 =

√
t

α
(a y + αu). (4.67)
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We now write J4 as a function of other invariants namely, J1, J2 and J3. Thus,

J4 = F (J1, J2, J3). (4.68)

Substituting the value of J4 from (4.68) into (4.67), we get

F (J1, J2, J3) =

√
t

α
(a y + αu). (4.69)

Writing u(t, x, y, z) in terms of the other variables in (4.69) gives

u(t, x, y, z) =
1√
t
F (J1, J2, J3)− a y

α
. (4.70)

Substituting u(t, x, y, z) from equation (4.70) into (4.4) leads to

Fpq − αFppF − 2qαFppFq − kαFppFk − 2βFFp − 2qβFpFpq − kβFpFkq (4.71)

− bFpppq + 2cF + 10qcFq + 4kcFk + 4cq2Fqq + 4cqkFkq + ck2Fkk + dFkk = 0,

where F in (4.71) is a function of p, q and k. Equation (4.71) does not have sym-

metries. Thus we have reduced the number of independent variable of the KP-BBM

(4.4) by one.

Remark. We note that the symmetries XH andXF do not provide invariant solutions.

4.3 Conservation laws of (4.4)

In this section, we derive conservation laws of the KP-BBM (4.4). We use two

different methods to find conservation laws. These are the multiplier method and

Noether’s theorem.

4.3.1 Conservation laws using multiplier method

We seek the zeroth-order multiplierM =M(t, x, y, z, u), determined by using equa-

tion

δ

δu
{M (αuyuxx + βuyuxy − butxxx + auxx + cuyy + duzz + utx )} = 0, (4.72)
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where δ/δu is the Euler operator, given in our case as

δ

δu
=

∂

∂u
−Dy

∂

∂uy
−Dx

∂

∂ux
+DtDx

∂

∂utx
+D2

x

∂

∂uxx
+D2

y

∂

∂uyy

+D2
z

∂

∂uzz
+DxDy

∂

∂uxy
+DtD

3
x

∂

∂utxxx
,

where Dt, Dx, Dy, Dz are total derivative operators as defined in (4.8). Expanding

(4.72) and splitting the result on appropriate derivatives of u yields the system of

four multiplier determining equations:

Mzz = 0, Mx = 0, My = 0, Mu = 0.

The solution to the above obtained PDEs gives

M = F (t)z +G(t),

where F and G are functions of t. The conserved quantities of equation (4.4) are

derived by applying the divergence identity

DtT
t +DxT

x +DyT
y +DzT

z

= {M (αuyuxx + βuyuxy − butxxx + auxx + cuyy + duzz + utx )} (4.73)

with T t being conserved density and T x, T y, T z spatial fluxes. Thus, using (4.73),

we obtain the following conserved vectors corresponding to the two multipliers:

Case 1. For M1 = F (t)z, we have the corresponding conserved vector

T t =
1

2
zuxF (t)− 1

4
bzuxxxF (t),

T x =
1

2
αzF (t)uxuy −

1

2
αzF (t)uuxy −

1

4
βzF (t)uuyy +

1

4
βzF (t)u2

y

+
1

4
bzF ′(t)uxx −

3

4
bzF (t)utxx + azF (t)ux −

1

2
zF ′(t)u+

1

2
zF (t)ut,

T y =
1

2
αzF (t)uuxx + c zF (t)uy +

1

4
βzF (t)uxuy +

1

4
βzF (t)uuxy,

T z = dzF (t)uz − dF (t)u.

Case 2. For M2 = G(t), we have the conserved vector given by

T t =
1

2
uxG(t)− 1

4
buxxxG(t),
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T x =
1

2
αG(t)uxuy −

1

2
αG(t)uuxy −

1

4
βG(t)uuyy +

1

4
βG(t)u2

y +
1

4
bG′(t)uxx

− 3

4
bG(t)utxx + aG(t)ux −

1

2
G′(t)u+

1

2
G(t)ut,

T y =
1

2
αG(t)uuxx + cG(t)uy +

1

4
βG(t)uxuy +

1

4
βG(t)uuxy,

T z = dG(t)uz.

4.3.2 Conservation laws using Noether’s theorem

The KP-BBM equation (4.4) does not posses a Langrangian. However, if we let

β = 2α the KP-BBM equation (4.4) then becomes

utx + αuyuxx + 2αuxuxy − butxxx + auxx + cuyy + duzz = 0. (4.74)

The standard Euler operator δ/δu is defined in (1.45). Now, δL/δu = 0 for

L = −1

2
aux

2 − 1

2
buxxutx −

1

2
cuy

2 − 1

2
duz

2 − 1

2
utux −

1

2
αux

2uy, (4.75)

therefore L is the Lagrangian for (4.74).

The Lie-Bäcklund operator

X = τ
∂

∂t
+ ξ

∂

∂x
+ φ

∂

∂y
+ ψ

∂

∂z
+ η

∂

∂u
, (4.76)

where the infinitesimals τ, ξ, φ and ψ are function of t, x, y, z and u is a Noether

operator corresponding to the Lagrangian L if it satisfies

X [2](L) + L [Dt(τ) +Dx(ξ) +Dy(φ) +Dz(ψ)] =Dt(B
1) +Dx(B

2)

+Dy(B
3) +Dz(B

4), (4.77)

where B1, B2, B3 and B4 are gauge terms. We proceed to find all Noether symmetries

of (4.74) and their gauge functions depending on t, x, y, z, and u. We expand (4.77)

and split the result on the derivatives of u, thereby yielding a system of PDEs.

Solving the obtained system of PDEs, we have the Noether point symmetries with

their respective gauge functions as

X1 =
∂

∂t
, B1 = 0, B2 = 0, B3 = 0, B4 = 0,
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X2 =
∂

∂x
, B1 = 0, B2 = 0, B3 = 0, B4 = 0,

X3 =
∂

∂y
, B1 = 0, B2 = 0, B3 = 0, B4 = 0,

X4 =
∂

∂z
, B1 = 0, B2 = 0, B3 = 0, B4 = 0,

X5 = 2αt
∂

∂t
+ αy

∂

∂y
+ αz

∂

∂z
− (αu+ 2ay)

∂

∂u
, B1 = 0, B2 = 0,

B3 = 2acu, B4 = 0,

XG =G(t)
∂

∂u
, B1 = 0, B2 = −1

2
vG′(t), B3 = 0, B4 = 0,

XF = zF (t)
∂

∂u
, B1 = 0, B2 = −1

2
vzF ′(t), B3 = 0, B4 = −duF (t).

Corresponding to each of the Noether symmetries, we respectively obtain the follow-

ing non-local conserved vectors:

T t1 =− 1

2
au2

x −
1

4
butuxxx −

1

4
buxxutx −

1

2
cu2

y −
1

2
du2

z −
1

2
αu2

xuy,

T x1 =autux −
3

4
butu, txx +

1

2
bu2

tx +
1

4
buttuxx + αutuxuy +

u2
t

2
,

T y1 =cutuy +
1

2
αutu

2
x,

T z1 =dutuz;

T t2 =
1

4
bu2

xx −
1

4
buxxxux +

u2
x

2
,

T x2 =
1

2
au2

x +
1

4
buxxutx −

3

4
buxutxx −

1

2
cu2

y −
1

2
du2

z +
1

2
αu2

xuy,

T y2 =cuxuy +
1

2
αu3

x,

T z2 =duxuz;

T t3 =
1

4
buxxuxy −

1

4
buxxxuy +

1

2
uxuy,

T x3 =auxuy −
3

4
buyutxx +

1

4
buxxuty +

1

2
butxuxy +

1

2
utuy + αuxu

2
y,

T y3 =
1

2
cu2

y −
1

2
au2

x −
1

2
buxxutx −

1

2
du2

z −
1

2
utux,

T z3 =duyuz;
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T t4 =
1

4
buxxuxz −

1

4
buxxxuz +

1

2
uxuz,

T x4 =auxuz +
1

4
buxxutz +

1

2
butxuxz −

3

4
buzutxx +

1

2
utuz + αuxuyuz,

T y4 =cuyuz +
1

2
αu2

xuz,

T z4 =
1

2
du2

z −
1

2
au2

x −
1

2
buxxutx −

1

2
cu2

y −
1

2
utux −

1

2
αu2

xuy;

T t5 =
1

2
zαuxuz − dtαu2

z −
1

4
bzαuxxxuz − ctαu2

y − atαu2
x −

1

2
btαuxxutx

+ ayux − tα2uyu
2
x +

1

2
αuux +

1

2
yαuyux +

1

4
bαuxuxx +

1

4
bzαuxzuxx

+
1

4
byαuxyuxx −

1

2
abyuxxx −

1

4
bαuuxxx −

1

4
byαuyuxxx −

1

2
btαuxxxut,

T x5 =2yuxa
2 + αuuxa+ zαuzuxa+ 3yαuyuxa+ yuta+ 2tαuxuta

+ tαu2
t −

3

2
byutxxa+ btαu2

tx + yα2u2
yux + α2uuyux + zα2uzuyux

+
1

2
αuut +

1

2
zαuzut +

1

2
yαuyut + 2tα2uyuxut +

3

4
bαuxxut +

1

4
bzαuxxutz

+
1

4
byαuxxuty +

1

2
bαuxutx +

1

2
bzαuxzutx +

1

2
byαuxyutx −

3

4
bαuutxx

+
1

2
btαuxxutt −

3

4
bzαuzutxx −

3

4
byαuyutxx −

3

2
btαututxx,

T y5 =
1

2
zα2u2

xuz −
1

2
dyαu2

z + czαuyuz +
1

2
cyαu2

y +
1

2
ayαu2

x +
1

2
α2uu2

x

+ 2acyuy + cαuuy + tα2u2
xut + 2ctαuyut −

1

2
yαuxut −

1

2
byαuxxutx,

T z5 =
1

2
dzαu2

z + 2adyuz + dαuuz + dyαuyuz −
1

2
czαu2

y

+ 2dtαutuz −
1

2
azαu2

x −
1

2
zα2uyu

2
x −

1

2
zαuxut −

1

2
bzαuxxutx;

T tG =
1

4
bG(t)uxxx −

1

2
G(t)ux,

T xG =
3

4
bG(t)utxx − aG(t)ux − αG(t)uxuy −

1

2
G(t)ut −

1

4
bG′(t)uxx,

T yG =− cG(t)uy −
1

2
αG(t)u2

x,

T zG =− dG(t)uz;

T tF =
1

4
bzF (t)uxxx −

1

2
zF (t)ux,
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T xF =
3

4
bzF (t)utxx − azF (t)ux − αzF (t)uxuy −

1

2
zF (t)ut −

1

4
bzF ′(t)uxx,

T yF =− czF (t)uy −
1

2
αzF (t)u2

x,

T zF =− dzF (t)uz.

4.4 Concluding Remarks

In this Chapter we examined the three-dimensional KP-BBM equation, which was

just recently published in the literature [73]. There are numerous disciplines in which

this equation can be used. In order to execute symmetry reductions and create accu-

rate solutions, we first reduced the equation using its Lie point symmetries. Besides,

using the direct integration technique, we found an incomplete elliptic integral solu-

tion associated with the model (4.4). In addition, with the introduction of Riccati

and Bernoulli equations, we utilized the simplest equation approach to secure more

solutions to (4.4). Moreover, the solutions found were depicted with various diagram-

matic representations by making an adequate choice of parameter values. Lastly, the

multiplier method of conservation laws was used to generate conservation laws for

this model. Additionally, we employed Noether’s theorem to obtain conserved vectors

for a particular instance of (4.4) where β = 2α.
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Chapter 5

Concluding remarks and future

work

Nonlinear partial differential equations are used to simulate many of the physical sys-

tems found in fluid mechanics, materials science, elasticity, thermodynamics, biology,

gas dynamics, and other fields. Therefore, it is crucial to research these systems in or-

der to identify their precise solutions and conservation laws. The nonlinear filtration

equation, the extended Kadomtsev-Petviashvili (eKP) and Kadomtsev-Petviashvili-

Benjamin-Bona-Mahony equation are three nonlinear partial differential equations

that have so been examined in this dissertation (KP-BBM).

The relevant literature that was consulted for this dissertation was presented in

Chapter one. Different techniques for determining the precise solutions of nonlin-

ear partial differential equations were presented, along with various techniques for

determining conservation laws.

The nonlinear filtration equation was covered in Chapter two as an illustration. We

derived the equation’s Lie point symmetries, calculated their commutator tables, and

produced one-parameter groups of transformations for them. Later, group-invariant

solutions to the nonlinear filtration equation were constructed. Additionally, we used

the multiplier method to derive the conservation laws for the equation.
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We looked at the extended KP equation (3.3) in Chapter three by first determining

its infinitesimal generators. We provided symmetry reductions and then presented

group-invariant solutions to the extended KP problem. We also used the obtained

symmetries to derive conservation laws for the equation.

In Chapter four we examined the three-dimensional KP-BBM equation, which was

just recently published in the literature. There are many fields in which this equa-

tion can be utilized. In order to perform symmetry reductions and create accurate

solutions, we first compute Lie symmetries. The simplest equation approach and

incomplete elliptic integral were two techniques used to get solutions for (4.4). The

multiplier method and Noether’s theorem were used to generate conservation laws

for this model. Additionally, we employed Noethers theorem to obtain conserved

vectors for a particular instance of (4.4) where β = 2α.

For future work we shall use the conservation laws to obtain exact solutions of these

nonlinear partial differential equations.
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[27] E. Yasar, T. Özer, On symmetries, conservations laws and similarity solutions

of foam drainage equation, Internat. J. Non-Linear Mech., 46 (2011) 357–362.
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