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Abstract

In this dissertation, we examine three partial differential equations that are nonlin-
ear. Namely, nonlinear filtration equation, the new extended Kadomtsev-Petviashvili
equation (eKP) and the Kadomtsev-Petviashvili-Benjamin-Bona-Mahony equation
(KP-BBM). Nonlinear filtration equation is used as an illustrative example. The
main equations of this dissertation are then examined. These equation’s exact so-
lutions are generated by Lie group analysis. The underlying equation’s conserva-
tion laws are also determined using the multiplier method, Ibragimov’s method and

Noether theorem.

Keywords: The new extended Kadomtsev-Petviashvili equation;
Kadomtsev-Petviashvili-Benjamin-Bona-Mahony equation; Lie group analysis; Con-

servation laws; Multiplier method; Ibragimov’s method; Noether theorem.
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Introduction

Nonlinear partial differential equations (NLPDESs) have been used for many years
to represent a variety of nonlinear multidimensional systems that are seen in a wide
range of natural events. Many scholars have been exploring the topic of NLPDEs in
recent years since it is critical in understanding the complicated behaviours of these

systems. NLPDEs have been shown to be quite important in today’s world.

As a result of the aforementioned, numerous important approaches for generating
exact solutions to NLPDEs have been created by various scientists. These include
the ansatz method [1], the homogeneous balance method [2], the Bécklund trans-
formation [3], the inverse scattering transform method [4], the Darboux transfor-
mation [5], the simplest equation method [6], the Hirota bilinear method [7], the
(G'/G)—expansion method [8], the Kudryashov’s method [9], the Jacobi elliptic func-
tion expansion method [10] and also the Lie symmetry method [11-17], to mention

but a few.

Sophus Lie, a great Norwegian mathematician in the late 1800s, pioneered a ground-
breaking symmetry-based method for obtaining differential equation solutions, which
is now known as Lie group analysis. As a result, exact solutions to differential equa-
tions can now be found in a more systematic manner. Several researchers have

published a substantial amount of research that is based on Lie’s work [11-20].

Conservation laws have been observed to be established and entrenched natural laws
that have been seen by many researchers in a variety of scientific domains. Con-
servation of electric charge, conservation of linear momentum in an isolated system,

conservation of mechanical energy in the absence of dissipative forces, conservation



of energy, and many more conservation laws are frequent in this regard. Further-
more, in the field of applied mathematics, conservation laws are crucial in evaluating
the extent to which differential equations are integrable, reducing and solving par-
tial differential equations (PDEs), and developing numerical methods, among other

things. For example, see [21-28] and the references contained therein.
This dissertation’s structure can be summarized as follows:

In Chapter one, we cover some basic concepts such as Lie group analysis, the simplest
method, Kudryashov’s method, Noether’s theorem, the multiplier approach, and

Ibragimov’s conservation theorem.

In Chapter two, as an illustrative example, we look at the nonlinear filtration equa-
tion. In order to build the commutator table, we first compute Lie point symmetries
of the equation. We also provide the corresponding one-parameter Lie group of trans-
formations. The group-invariant solutions of nonlinear filtration equation are then

computed. Finally, using the multiplier method, we obtain the conservation laws.

In Chapter three, we obtain exact solutions of the new extended Kadomtsev-Petviashvili
equation. The first step in accomplishing this will be to compute Lie symmetries.
Conservation laws are to be derived by the application of Ibragimov’s conservation

theorem.

In Chapter four, we study the Kadomtsev-Petviashvili Benjamin-Bona-Mahony (KP-
BBM) equation. We start by computing Lie point symmetries and then use them
to construct invariant solutions. Thereafter, symmetry reductions are obtained. Ad-
ditionally, using the multiplier method and Ibragimov’s conservation theorem, we

obtain conservation laws.

In Chapter five, a summary of the findings presented in the dissertation is given and

suggestions for future research work are made.

Bibliography is given at the end of this dissertation.



Chapter 1

Preliminaries

In this chapter, we briefly discuss several fundamental Lie theory ideas that we use
in our dissertation. Additionally, we provide several techniques for obtaining exact
solutions and determining conservation laws for the NLPDESs that will be investigated

in the dissertation.

1.1 Introduction

In the latter half of the nineteenth century, Marius Sophus Lie (1842-1899), a known
and esteemed Norwegian mathematician, created a ground-breaking symmetry-based
approach for solving differential equations. This new technique, which is now often
referred to as Lie group analysis, provides a more systematic and reliable manner
of producing exact solutions to differential equations. Several books based on Lie
group analysis have recently been published, see for instance [11-16]. As a result,
the aforementioned books are where many of the definitions and findings provided

in this Chapter are found.



1.2 Continuous one-parameter groups

Suppose x = (x',...,2") is the independent variable with coordinates z’ and u =

(u',...,u™) is the dependent variable with coordinates u® (n and m finite). We

consider the following change of the variables in  and wu:
T,: 7" = f'(z,u,a), @ = ¢*(z,u,a), (1.1)
where a is a real parameter which continuously takes values from a neighborhood

D' cDCRofa=0,and f and ¢ are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations in
the space of variables  and u is a set G of transformations (1.1) which satisfies the

following properties:

(i) If T,, T, € G where a,b € D' C D then T, 1T, = T. € G, ¢ = ¢(a,b) € D
(Closure)

(ii) To € G if and only if a = 0 such that Ty T, = T, Ty = T, (Identity)
(iii) There exists T, € G,a € D' C D, T, ' =T,-1 € G, a~! € D such that

To Ty =T,-1 T, =T, (Inverse)

We note that from (i) the associativity property is satisfied. The group property (i)

can be written as

T’ fi(jvﬂﬂ b) = fi(l’,u, (b(a,b)),
u” ¢a(a_;7ﬂ7b) = ¢a(xau:¢(a>b>) (1'2)

and the function ¢ is called the group composition law. A group parameter a is

called canonical if the group composition law is additive, i.e. ¢(a,b) = a + b.



1.3 Prolongation of point transformations and group

generator

The derivatives of u with respect to x are defined as
ui' = Di(u®), gy = Di(uj) = D;D;(u),.. ., (1.3)

where the operator of total differentiation is defined by

0 0 0
-7 SRy T =1,...,n. 1.4
oxt T ou® iy 8u? ! ol (14)

D,

The collection of all first derivatives uf is denoted by u), i.e.,
uny ={ui'} a=1,...m, i=1.,n.
Similarly

U2) = {uf‘]} a=1,..m, ,7=1,...n

«

and ug) = {uf,} and likewise u(y etc. Since uf; = uf;, u) contains only ug; for

J

i < j. In the same manner u3) has only terms for i < j < k.

In group analysis, all variables , u, uy), ... are considered functionally independent
and are connected only by the differential relations (1.3). Therefore the u$ are called

differential variables.

Considering a pth-order PDE, namely
E(x,u,ugy, ..., u@p)) = 0. (1.5)
1.3.1 Prolonged or extended groups

If z = (x,u), one-parameter group of transformations G is

ij = fi(x,u,a), fi’a:O = xi7

u® = ¢%(x,u,a), ¢*a=0 = u*. (1.6)



According to Lie’s theory, finding the symmetry group G is equivalent to the deter-

mination of the corresponding infinitesimal transformations:
T rt tal(ru), 4% =u*+an®(z,u), (1.7)

obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a

about a = 0 and also taking into account the initial conditions
fi‘a:[) - xi’ ¢a|a:0 = u”.

Consequently, we have

_or

. 0%
fl(x, U) - 801 ) = gb
a=0

) = o

(1.8)

a=0
We now introduce the symbol of the infinitesimal transformations by writing (1.7)

as
~(1+aX)r, = (1+aX)u,

where the differential operator

0

, 0
X = €Z<I7u)_ + 770{(%“)%

- (1.9)

is known as the infinitesimal operator or generator of the group G. We say that X
is an admitted operator of (1.5) or X is an infinitesimal symmetry of equation (1.5),

if the group G is admitted by (1.5).
We now show how the derivatives are transformed.
The D; transforms as
Di = Di(f)D;, (1.10)
where D; is the total differentiation in transformed variables z’. So

@ = D;(u®), ad = D;(uf) = Di(a;?‘), .

v

Let us now apply (1.10) and (1.6)

Di(¢%) = Dy(f7)D;(u")



= D;(fHu?. (1.11)

Thus

509"
Loul’

+u (1.12)

off | 507\ _, _ 08"
ozt 1 ou )" T ori

The quantities @5 can be represented as functions of x, u, u(, for small a, i.e., (1.12)

is locally invertible:

u = (x, u, U1y, a), Y,_,=us. (1.13)

The transformations in (z, u, u(1)) space given by (1.6) and (1.13) form a one-parameter
group called the first prolongation or just extension of the group G and denoted by
G,

We now let
;' & g+ ag (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal
transformation of the group G is (1.7) and (1.14). Higher-order prolongations of
G, viz., G2, GBl can be obtained by derivatives of (1.11).

1.3.2 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we obtain

Di(f)(uf) = Di(¢")

D;(27 + a&’)(ul + a(})
us + ad + aujo-‘DZ{j
G

D;(u® + an®)
us + aDin®

Di(n®) —ulD;(&7),  (sum on j). (1.15)

This is called the first prolongation formula. Similarly, one can obtain the second

prolongation

5= D) —uiD;(Eh),

(sum on k). (1.16)



By induction (recursively)

a o= D (¢ ) —ud D; (&), (sumon j). (1.17)

11,12,..0,0p 11,12,...0p—1 11,12,..0p—1 ]
The first and higher prolongations of the group G form a group denoted by GV, ..., GI?.

The corresponding prolonged generators are

0
X = X—i—CiaW (sum on i, @),
U

0
X = Xl > 1 1.18
+ 115ee00p 811,?1 ..... 0 pb=1 ( )
where
X = €)oo+ ) 5 (1.19)
1.4 Group admitted by a PDE
Definition 1.2 The vector field
X =& (x,u) 0 + 0z, u)=— (1.20)
- ) aIZ ?7 ) aua7 .
is a Lie point symmetry of the pth-order PDE (1.5), if
XPE, =0, (1.21)

where the symbol |,_, means evaluated on the equation £ = 0.

Definition 1.3 Equation (1.21) that determines all the infinitesimal symmetries of

(1.5) is called the determining equation.

Definition 1.4 A one-parameter group G of continuous transformations (1.1) is
called a symmetry group of equation (1.5) if (1.5) is form-invariant in the new vari-

ables T and ¢, i.e.,
E(z,u, ), ..., Up)) =0, (1.22)

where E is the same as in equation (1.5).



1.5 Group invariants

Definition 1.5 A function F(x,u) is called an invariant of the group of transfor-

mations (1.1) if
F(z,u) = F(f'(z,u,a), ¢*(x,u,a)) = F(z,u), (1.23)

identically in z, v and a.

Theorem 1.1 A necessary and sufficient condition for a function F(z,u) to be an

invariant is that

; oF
X F=¢&"(z,u) P

ox?
Thus every one-parameter group of point transformations (1.1) has n—1 functionally
independent invariants and consequently we take, as basic invariants, the left-hand

side n — 1 first integrals
Jl(%u) =Cly-- -, Jnfl(iﬂa) = Cp—1

of the characteristic equations

dzt B dz"™ B dut B B du™

Er,u)  e(ru) pi(u) (@)

Theorem 1.2 If the infinitesimal transformation (1.7) or its operator X is given,
then the corresponding one-parameter group G is obtained by solving the Lie equa-

tions

v =¢(z,u), — =n"(z,0) (1.25)

=1 —Q

z =z, U, _,=u.



1.5.1 Kudryashov’s method
This technique is employed to obtain exact solutions of NLPDEs, and is detailed
in [9]. See also [29,30].
Consider the NLPDE

Ey(t, x,u, up, Uy, Uggy Uggey - - ) = 0. (1.26)
We recall the algorithm involved in Kudryashov’s method.

Step 1. The substitution u(x,t) = U(¢), ¢ = kx + wt, with constants k and w,

transforms equation (1.26) to the ordinary differential equation
Ey(U,wU' kU WU K*U",...) = 0. (1.27)

Step 2. Suppose that the exact solutions of equation (1.27) is presented as

N
U(g) = a.Q"(9). (1.28)

n=0
where a, (n = 0,1,2,...,N) are constants that need to be determined such that

ay # 0, and Q(¢) becomes the solution of the first-order nonlinear ODE

Qs(0) = Q*(9) — Q(¢). (1.29)

Equation (1.29) has the solution

1

Qo) = T4 oo

(1.30)

Step 3. Next we substitute the value of U(¢) into equation (1.27) and then use

equation (1.29) to generate an equation which involves the powers of Q.

Step 4.

Equating various powers of ) to zero yields the system of algebraic equations
P,(an,an_1,...,a0,k,w,...) =0, (n=0,...,N). (1.31)

Step 5. Finally, the solution of the system of algebraic equations produces the values
of coefficients ag, a1, . ..,an_1,an and relations for parameters of equation (1.27). As
a result, we obtain exact solutions of equation (1.27) in the form expressed in equation

(1.28).

10



1.5.2 The simplest equation method

In this subsection we recall the simplest equation method developed by Kudryashov
[31,32] for finding exact solutions of NLPDEs. Several researchers have recently
applied this method to various NLPDEs and it has been shown that this method
provides a very effective and powerful mathematical tool for solving many of these
equations in various fields of applied sciences. See, for example, the papers [33-37].

The basic steps of the method are as follows:

Consider the NLPDE of the form
Eq(w, g, Uy, Uy, gty Ugy, Uggs, Uy - . ) = 0. (1.32)
The transformation
u(t,z,y) = F(2), z= kit + kox + ksy + ku, (1.33)
reduces equation (1.32) to an ordinary differential equation
Eo(F(2), ki F'(2), ko F'(2), ks F' (2), k1 F" (2), ks F"(2), k3F"(2),...) = 0. (1.34)
The simplest equations that we use here are the Bernoulli equation namely,
H'(2) = aH(2) + bH?(2), (1.35)
the Riccati equation viz.,
G'(2) = aG?*(2) + bG(2) + ¢, (1.36)

where a,b and ¢ are constants [31,35,37]. We look for solutions of the nonlinear

ordinary differential equation (1.34) that are of the form

P(z) =Y A(G(), (1.37)

where G(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that
can be determined by balancing procedure and Ay, ..., Ay, are parameters to be

determined.

11



The solution of Bernoulli equation (1.35) that we use here is given by

coshla(z 4+ C)] + sinhla(z 4 C)] }’ (1.38)

H(z) =
(2) a{ 1 —bcoshla(z + C)] — bsinh[a(z + C)]
where C' is a constant of integration. For the Riccati equation (1.36), the solutions

to be used are

b 0 1
and (0 )
b 0 1 sech (2
G(z) = ——— — —tanh ( =0 2 1.40
9= 570 (392) * G~ by 04

with 8 = v/b? — 4ac and C, a constant of integration.

1.6 Conservation laws

Conservation laws are a product of the physics discipline [12,13]. It is of immense
importance because conservation laws give physical and conserved quantities for all
solutions u(t, x). It should be noted that they are helpful in determining the accuracy
for solving PDEs and stability of numerical methods. A local conservation law for a

given PDE is a continuity equation
DI+ D, T* =0,

where T" and T* are respectively the conserved density and the spatial flux functions
of t, z, u and the derivatives of u. Here D; and D, represent the total derivatives
operators with respect to independent variables t and z respectively. Suppose that
there exists a function ® (¢, x, u, us, ug, ...) such that the conserved vector (T, T%) =
(D, P, —D;®) holds for every solution u(t,z), then, this conservation law is said to
be locally equivalent. A nontrivial conservation law can be expressed in a general
form as

d

S Ttay = —1°
at J, " o

with ¥ C R a fixed spatial domain.

12



Conservation laws are important in various fields of applications [38,39]. Precisely,
they are highly essential in the study of solutions, integrability as well as in developing
numerical solutions for PDEs. In view of this, several systematic approaches have
been developed for calculating conservation laws such as the direct construction
method popularly referred to as multiplier or non-variational derivatives approach,
the symmetry or adjoint symmetry pair method.
Consider an rth-order system of PDEs which contain n independent variables x =
(x',22,... ") as well as m dependent variables u = (u',u?, ... u™), which are given
by

Eo(z,u,umy, @) -, up)) =0, a=1,....m (1.41)

with ug;) denoting the collection of all i-th order partial derivatives of u. Moreover,
n-tuple vector which is defined as T = (T, T? ..., T"), T7¢e A, j = 1,...,n, (A
is the space of differential functions) is a conserved vector of (1.41) if T satisfies
equation

D;T"|(1.41) = 0. (1.42)

1.6.1 The multiplier approach

The multiplier approach has been employed by several researchers. See for exam-
ple [13,17,38,40-45]. It is noteworthy that for a given differential system, a local
conservation law arises from a linear combination formed by local multipliers or
characteristics with each of the differential equations in the system, such that the
multipliers A, are functions of the independent and dependent variables and are of
a finite number of derivatives with respect to the dependent variables of the said

system of differential equations.
A multiplier Ao (z,u,u(),...) has the property that
A E, = D;T" (1.43)

holds identically. The determining equation for the multiplier A, is
(AL EL)

= 1.44
(5UO‘ O’ ( )

13



where 0 /0u® is the Euler-Lagrange operator

J 0 - 0
— =7 -1)°Dj,...Dj, ———,a=1,...,m. 1.4
(SU,;X auza +;( ) J1 Js 8u%1“.j57a I 7m ( 5)

Once the multipliers have been obtained, one can determine conserved vectors by

invoking equation (1.43) as illustrated in [41].

1.6.2 Noether’s theorem

The well-known theorem of an eminent, outstanding researcher and mathematician,
Amalia ‘Emmy’ Noether [46] presented in 1918, plays an important fundamental role
in various branches of theoretical physics due to the fact that it provides a highly
straight-forward connection between the conservation laws of a physical theory and
the invariances of the variational integral whose Euler-Lagrange equations are the
governing equations of that theory. In recent times, many researchers have applied
Noether’s theorem in various fields such as mechanics, in finding conservation laws
of PDEs. See, for example [47-49]. It may be said that the theorem has placed the
Lagrangian formulation in a position of primacy. Furthermore, the theorem brought
into existence a situation whereby the search for conservation laws and selection rules
have been reduced to a robust systematic study of the symmetries of a theory as well
as the corresponding invariances of its Lagrangian. We begin with Euler-Langrange
equations given as

5_5:‘9_5_171.(35):0, a=1 ..m (1.46)

ou®  Ju 8_uf‘
where we have L(x,u,u(1)) as a first-order Lagrangian, that is, it involves the first-
order derivatives u(;y = {u$} only, along with the independent variables z = (2!, ..., 2™)
and the dependent variables u = (u?, ..., u™).
Noether’s theorem states that suppose that the variational integral with the La-

grangian L£(x,u,u()) is invariant under a group G with a generator defined as

0

. 0
ngz([[‘,u,’d(l),...) )%,

ozt

+ 0%z, u, ), - (1.47)

14



then the vector field C' = (C*, ..., C") defined by [47]

L < oL
CF = L7+ (6 — 4 )[aw -3 D, (&b )]
=1 et (1.48)
+Z — %, 77) 835 — Bk

gives a conservation law for the Euler-Langrange equations (1.46), that is, obeys the

equation divC' = Dy(C*) = 0 for all solutions of system (1.41) that is
Di(C*)| .41y = 0. (1.49)

Any vector field C* satisfying equation (1.49) is referred to as a conserved vector for

equation (1.41).

1.6.3 The new conservation theorem due to Ibragimov

This relatively new method for generating the conservation laws states a general for-
mula on conservation laws [50] for arbitrary partial differential equations by combin-
ing Lie symmetry operator and adjoint together with formal Lagrangians. Recently,
this method has been put to use by several researchers, for instance [39,51-53]. The
substance of the new conservation theorem due to Ibragimov is the fact that we
can obtain a conservation law from every Lie generator, Lie-Backlund and non-local
symmetry of a system of differential equations. We consider the system of NLPDEs

(1.41) and its adjoint equations given by

9

EN(x,u,v,. .., 00), Us)) = o (v Eg) =0, (1.50)

)
where 0/0u® is the Euler-Lagrange operator (1.45) and m new dependent variables

v=(v',...,0o™).

Theorem 1.3 Consider a system of m equations (1.41). The adjoint system given
by (1.50), inherits the symmetries of the system (1.41). Namely, if the system (1.41)
admits a point transformation group with an operator (1.20), then the adjoint system
(1.50) admits the generator (1.20) extended to the variable v® by the formula

o0, 20
ou®

-0
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with appropriately chosen n% = n%(x, u,v).

In [50], the coefficients 7 in (1.51) are given by
nd = —[Ago” +0v*Dy(¢)], (1.52)
where Aj can be computed by utilising the equation
X(E,) = M Ejs. (1.53)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by

applying the formula

A . oL oL oL
[ ol 2= _ p.~ = 4+ D.D, | /==
O =ELE W 5 Jau%+ j ’“(augjk>+
oL oL oL
D @ — D D.:D @ 1.54

where L is the Lagrangian of the system F and E* that is given by
L=v"E, (1.55)
and W¢ is the Lie characteristic function defined as

Wa:na—fju?, a=1,...,m. (1.56)

1.7 Concluding remarks

In this chapter, we gave a brief introduction to Lie group analysis. We presented so-
lution methods for obtaining the exact solutions of PDEs. Additionally, a summary
of approaches to determining the conservation laws was included. The various tech-

niques deliberated upon in this section will be utilized throughout this dissertation.
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Chapter 2

Symmetry solutions and
conservation laws of the filtration

equation: an illustrative example

In this Chapter, we study the nonlinear filtration equation. We compute the Lie
point symmetries and then generate the commutator table for the symmetries. We
further use Lie equations to obtain a one-parameter group of transformations for each
of the point symmetries obtained. Thereafter, we utilize the symmetries to obtain
group-invariant solutions of the nonlinear filtration equation. Finally, we derive the

conservation laws of the equation using the multiplier approach.

2.1 Introduction

Diffusion processes appear in many procedures in physics. These include plasma
physics, kinetic theory of gases, solid state and transport in a porous medium. One
of the mathematical models for diffusion processes is the nonlinear filtration equation
[16] given as

Uy + utui — Ugpy = 0, (2.1)

where u = u(t, ).
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2.2 Solutions of the nonlinear filtration equation

In this section, we obtain group-invariant solutions of the nonlinear filtration equation

(2.1) by using its Lie point symmetries. Thus, we start by first finding the Lie

point symmetries of the nonlinear filtration equation and thereafter using the derived

symmetries to compute invariant solutions of the equation.

2.2.1 Lie point symmetries

Equation (2.1) admits the one-parameter Lie group of transformations with infinites-

imal generator

0 0 0
X = T(t,l’,u)a + g(taxuu)% + n(ta%U)%

if and only if

0.

XU (ut + utui — um) |(2_1) =

Here X? is the second prolongation of (2.2) defined by

0 0 0 0 0

9
X2 — = - - —
"ot a0 Tga Ty T gy e

Thus, from equation (2.3) we obtain

(GO + ) + G (2upy) + Ga(—1)}

=0,
(2.1)

where (;, (, and (,, are given by

G = Di(n) — weDi(7) — uzDi(§),
Cx = Da:(n) - uth<T) - uxDx(f)a
and
Dy = 0y + 10y + gy Oy + Ut Oy, + -+,

18
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are the total derivatives with respect to ¢t and z respectively. Substituting the values

of (4, ¢, and (,, in equation (2.5), we obtain

3 3 3 2 2 2 2 2_ 9 2
Euntty, — &uy, — 3w u, + mus, 4 3umuuy, — 20 ul — wTu, — 3Up T Uy — Nyl
2 2 2
+ 280Uy + W Tuuty, + 20ty — Uy — WSy ty — 2U5 Tply + 2Ty Upply + 3y Uga iy
2
- 27]muux + gxacux + 2ut7—xuua: + Nt + UgThy — UgTy — ut Tu + 27—xutx — NyUgy + 2§xuaxa§

+ U Ty Ugy — Moz + uthm|(2.1) =0. (27)
Replacing ., by u; + uu? in equation (2.7) gives

utuiTuu + QTuuxutac + QUtUxT:L‘u + 27—:cutac + UtTye — u?;nuu - 2u;v77:vu + uiguu
+ 2uz2v€xu + Uploe — Moo + Nt — TeUs + ntui + 2Ut77uu3, + 22Uy Ny — gtui

— &y + 2ty + 2y — Truul — 2uT Ul — 2uu,T, = 0. (2.8)

Splitting equation (2.8) on the derivatives of u, we obtain an overdetermined system

of linear homogeneous PDEs:

Ty = 0, (2.9)
7 =0, (2.10)
& =0, (2.11)
m =0, (2.12)
Tow = 0, (2.13)
Naw = 0, (2.14)
%, — 7 =0, (2.16)
2n, — 1 = 0. (2.17)
From equations (2.9) and (2.10), we obtain

T =a(t), (2.18)

where a(t) is an arbitrary function of ¢. From equation (2.11) we have
£ = Az, u), (2.19)

19



where A(z,w) is an arbitrary function of z and u. From equation (2.12) we have
1= B(r,u), (2.20)

where B(z,u) is an arbitrary function depending on z and u. In equation (2.16), we

substitute the values of £ and 7 to have
24, (x,u) —d'(t) = 0. (2.21)
Subsequently, equation (2.21) yields
1
Az, u) = §al(t) + C(u), (2.22)
where C(u) is an arbitrary function of u. Therefore, equation (2.22) becomes
1 /
€= ¢ (t)x + C(u). (2.23)
Proceeding in the same way, equation (2.17) leads to
1 /
n=a (t)u + D(z), (2.24)

where D(z) is an arbitrary function of z. We substitute the value of 7 into equation

(2.14) and obtain
D"(x) = 0. (2.25)
Integrating equation (2.25) with respect to x twice yields
D(z) = Ciz + Cy, (2.26)
where C and Cy are arbitrary constants of integration. Therefore, (2.24) becomes
L,
n=ga (t)u + Crx + Cs. (2.27)
By substituting the values of ¢ and 7 into (2.15) we obtain
C'(u)+C, =0. (2.28)

Integrating equation (2.28) with respect to u yields

C(U) = —C’lu + Cg, (229)

20



where Cj is an arbitrary constant. Therefore from (2.23), we have
1 /
€= 0 (t)x — Chu+ Cs. (2.30)
In addition, substituting the value of 7 into equation (2.12), we get
a’(t) = 0. (2.31)
Integrating (2.31) with respect to ¢, we obtain
a(t) = Cyt + Cs, (2.32)
where Cy and Cj are arbitrary constants. Thus, the values of 7, £ and 7 are

T :C4t + 05,
1
f = 5041‘ — C1U + Cg,

1
n= §C’4u + Ciz + O,

Hence, the Lie point symmetries of the nonlinear filtration equation (2.1) are

X, = % (2.33)
X, = %, (2.34)
Xy = a%’ (2.35)
Xy= — u% + x%, (2.36)
X; :21% +x% +u8%. (2.37)

2.2.2 Commutator table for the symmetries

We now calculate the commutation relations for all the symmetry generators. We

first compute [ X5, X1]. By the definition of the Lie bracket, we have

[X57X1] - X5X1 - X1X5
= (22 40l u )0 00 0O
- ot "o "ot ot o\ ot T Tor T You
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0

- 2=

ot

= —2X.

Proceeding in a similar manner we compute other commutation relations.

tabular form, these commutation relations are given below.

In a

Table 2.1: Commutator table of Lie algebra of the nonlinear filtration equation (2.1)

X, X X0 | X | Xy | Xe | X
X4 0 0 0 0 2X,
X, 0 0| 0 | X5 | Xy
X, 0 0 | 0 |-Xo| Xs
X4 0 —X3 | Xy 0 0
X5 —2X, | = X5 | —X3 0 0

2.2.3 One-parameter groups of transformations

The corresponding one-parameter groups of transformations can be obtained using

the Lie equations

dt
da
dz
da
@
da

= 7(t,z,u),
= §(t,x,u),

- T](t7 I7u>7

2?|a:0 - t?
j|a:0 =z,
ﬂ|a:0 = Uu.

We now compute the one-parameter group of transformations for each Lie point sym-

metry of the nonlinear filtration equation. For each X, let T}, be the corresponding

group. We first calculate the one-parameter group corresponding to infinitesimal

generator X, namely

22



Using Lie equations, we have

dt ~ dz du
— =1, tlgmo=t, — =0, Z|poo=2, — =0, Uls—o=u
da la=0 da la=0 da la=0
Solving the above equations we get
t=t+a, T=2x uU=u.

Thus the one-parameter group 7,, corresponding to the operator X; is given by

To : (6, 7,0) — (t+ a1, z,u).

For the infinitesimal generator Xy = 0/0x, the Lie equations are
dt

_ dz du
— =0, tjg=o=t, —=1, T|g=o =2, — =0, Ulg=0 = w. 2.38
da la=0 da Tamo =@ da Blamo = (2.38)
Solving equations (2.38), we obtain
t=t, T=x+ay, uU=u

Thus the one-parameter group 71, corresponding to the operator X is given by
Toy : (£, 7,0) — (t,x + ag, u).
Likewise the one-parameter group T, corresponding to X3 = 0/0u is given by

To, : (6, T,0) — (t,x,u + az).

The Lie equations for the infinitesimal generator X, namely

Xy —u% + xé%
are
dt =0, t|gmo =1, @:—a, Tla—o = z, @:j, Ula—o = u
da da da
Solving the above equations, we get
t=t, T=uwxcosas—usinas, U

= xrsinay + uCcosay.
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Thus the one-parameter group 7, corresponding to the operator X, is given by
To, : (t,Z,0) — (t, 2 coS ay — 1 COS ay, T Sin ag + U COS ayq).

Finally, we compute one-parameter group corresponding to infinitesimal generator

X5, namely

0 0 0
X5 = 2t— — —.
> ot * x@x * u@u
The corresponding Lie equations are
dt _ dz du
T 2t, t|g=0 =, d_z =, Tlo—o =, £ = U, Ule—p = u. (2.39)
Solving equations (2.39), one obtains
t=te’™, T =uze®, u=ue®

Therefore the one-parameter group 7,, corresponding to the operator Xj is given by
T, : (£,7,0) — (te*™, xe™, ue™).

Thus, the one-parameter groups of transformations related to the five point symme-

tries of (2.1) are:

S’ﬂ

o

S S
S @
— — ~~ —~ —

o

2.2.4 Construction of group-invariant solutions of (2.1)

Consider a Lie point symmetry

0 0 0
X = 7(t, I’U)E +&(t, x, u)% +n(t, x, u)% (2.40)
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of the nonlinear filtration equation (2.1). The group-invariant solutions under the
one-parameter group generated by X are obtained as explained below. We calculate

two linearly independent invariants
Jy = o¢(t,x) and Jo = (t, z,u)
by solving the first-order quasi-linear PDE

0J aJ aJ
X(J) = T(t,x,u)a +£(t,x,u)a—x + n(t,g;,u)% -0

with characteristic equations otherwise known as the associated Lagrange system

dt dx du

T(ta,u)  E(xu) ot w,u)

Then we write

Jy = f(N), (2.41)

where f is a function of J;. Thereafter, we solve (2.41) for u. Finally, the expression
of w is substituted in equation (2.1) and an ordinary differential equation (ODE) is

obtained for the unknown function f.

Let us now illustrate the above method by considering the five Lie point symmetries
of (2.1), namely X, Xs, X3, X4 and X5 and construct group-invariant solutions under

these symmetry operators.

Case 1. We first calculate the group-invariant solution under the symmetry operator

X;. The operator X, is given by

0
Xl:a'

The characteristics equations associated with X; are

dt _dr _du

10 0’
which provide the two invariants J; = x and Jy = u. Thus, the group-invariant

solution is given by Joy = ¢(J1), i.e.,

u = ¢(x).

25



Substituting this value of u in (2.1), we obtain
¢"(z) = 0. (2.42)

Thus the nonlinear filtration equation (2.1) reduces to second-order ODE (2.42).

Integrating the above equation twice, we obtain
o(r) = 1z + o,

where ¢; and ¢y are an arbitrary constants of integration. Hence the group-invariant

solution of (2.1) under X is given by

u(t,x) = a1z + co.

Case 2. We now obtain the group-invariant solution under the symmetry operator

0

Xy = —.
27 or

The Lagrangian system associated with X5 is

dt _dr _du

0 1 0’
which provide the invariants J; = ¢t and Jy = u. Thus the group-invariant solution

is given by Jy = ¢(J1), i.e.,
u = ¢(t).
Substituting this value of u in equation (2.1), we obtain
#(2) = 0.
The solution to the obtained ODE is
o(t) = cs,

where c3 is an arbitrary constant of integration. Hence the group-invariant solution

of equation (2.1) under X, is given by

u(t, ) = cs.
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Case 3. The Lie point symmetry X3 defined by

0

Xy = =
27 ou

does not provide us with a group-invariant solution.

Case 4. Let us now construct the group-invariant solution under the symmetry

generator

0 0

The characteristic equations associated with X, are

dt _dr_dv

0 —U x
Thus, one invariant is J; = ¢. The other is obtained from the equation

dv _ du

—Uu T

and calculated as
Jo = x? + u.
Consequently, the group-invariant solution is J, = ¢(.J;), i.e.,
u=+/o(t) — z2. (2.43)

Then differentiating u with respect to ¢ and x we obtain,

u:—ﬂu:—Lu = — o) .
oo —2 T Vel -2 T el - 2P

Substitution of the above values of u;, u, and u,, in (2.1) gives us the ODE

A O S W O - ()
2 ww—ﬂ{“+< Mw—ﬂ)} (0(t) — 22

On simplifying the above ODE, we obtain ¢/(t) = —2, which on integration leads to

o(t) = —2t + C,
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where C' is a constant of integration. Hence the group-invariant solution under the

symmetry X, is given by

u(t,z) = VC — 2t — 22 (2.44)

Case 5. We now calculate the group-invariant solution under the symmetry gener-

ator Xj, viz.,

0 0 0

The associated Lagrangian system is

dt B dr du

2t u
Therefore one of the invariants is .J; = 2/v/t. The other is obtained from the equation
dt _du
2t u’
and is given by J, = u/v/1.
Consequently, the group-invariant solution of (2.1) under Xj is Jy = ¢(Jy), i.e.,

w=1¢ (%) . (2.45)

Differentiating u with respect to t and = we obtain

b3 brs() o) e (5)

Substituting u;, u, and u,, into nonlinear filtration equation (2.1), we obtain
() =B () e e () e ()
— ¢ =) =3t == ) — <at - 1+ ¢%( =},
7 () = o () - e () (G

which simplifies to an ODE of the form

2¢"(\) = {1+ "N} {o(N) = AF(N)}, A =z/Vt. (2.46)

Thus the nonlinear filtration equation (2.1) reduces to the ODE (2.46) under the

symmetry Xs.
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2.3 Conservation laws of the nonlinear filtration

equation

In this section we derive conservation laws for the nonlinear filtration equation (2.1)
by employing the multiplier method. This is achieved by using the first-order multi-
plier A(t, z, u,u,). Firstly we recall the Euler-Lagrange operator

1) 0 0 0 0 0 0
—=—-D D D? D? D,D 2.4
du  Ou You, " ou, 5 Ouyy * T Ny + You, , (247)

where the total derivatives D; and D, are given by

D, = 2—|—ua—|ru 0 +u 0 +u i—i—
t 8t ta tt au tr o auz ttx aum )
0 0 0 0 0
D, = %-I—Ux%-l—uma—%—l-uma—mﬂLumxaTm+"" (2.48)

Following the procedure described in Section 1.6.1, the determining equation for the

multiplier A(¢, z,u, u,) is

%[A(t, T, u, Uy ) (u + utui — Uyy)] = 0. (2.49)

Expanding the equation (2.49) we get

ugNy — DA — Dyug\y,, + utuiAu + DtuiA — 2D uu, A

- DxutuiAuz — Uge Ny + Dytige Ny, — DiA = 0. (2.50)

Substituting the values of Dy, D, from equation (2.48) into (2.50) gives

0 0

A — — A

ULy <at+uta +utt8ut+uw@ z‘i‘ )

- g%—u 2—|—u 0 +u 0 + uA
dr ' Tou | Tou, o e

8 6 6 8

0 0 8 8

— g_f_ g_f_ i_f_ i_|_ 2A
ox te ou Hox Ouy ““"aut Uttt ue
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pt (24 LA A
Ugzl\y 813 uma Ugx 8% Uty aut Ugq Uz
- —+u£—|—u +u 0 + - - tu a+u 0
(91: xa 35182: t:pat a xa xmam
0

On expanding (2.51), we then have

utAu - At - utAu - utavAuac - utA:vuz - utuxAuuz - utxAuz - utuzxAuzuz
ZA ZA ZA A 2A A 2A
+wgup Ny — uf Ny — gy Ny — 22U U N — Ugpug Ny — 20t Ny — 2ugui Ay,
2 3 2
— 2Up Ui A — Uy A — 20U Ny, — Wt Ny, — Wt Ay, — Uz A,

2 2

T

— U2, Ny, — UgzeNo, = 0. (2.52)

By simplifying equation (2.52) we obtain
Ay + 2ugp Ny, 4+ U, + Uptip N, + Uptige Moy, + U2 Ay + b, A
4 2z Ay, 4+ 2ugtp Ay + 2w Ay 2uptpe A+ duptptp, Ay,
WU N, A Ut A, + WU U Mgy, 20Dy + U lga Ny, + Ao
+ 2upApy + Upe Ny, = 0. (2.53)
Since A depends only on ¢, x,u and u, and is independent of other derivatives of u,
then the coefficients of those derivatives can be equated to zero. Thus we obtain the
following set of equations:
U © (1 +u2)Ay, + 2uA =0, (2.54)
Upthgy © (1 4+ u) Ay, + 4usAy, +2A =0, (2.55)
up s (U2 = DugAy, + (1 +u2) Ao, — 2upAy — 202\, =0, (2.56)
Upe © 20y + Uy, + A, =0, (2.57)
(2.58)

Rest : Ay + Agp +u2A; + 2uzAyy = 0.

The integration of equation (2.54) gives
A(t,z,u)

At x,u,u,) = 2

: (2.59)
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where A(t,z,u) is an arbitrary function of ¢, z and u. Differentiating (2.59) with

respect to u, yields

2u, A

Ay, = ————. 2.60
N (1 4+ u2)? ( )
Further differentiation of (2.60) with respect to x and u respectively gives
A —2u, A,  —2u A,
Substituting the values of A,,, and A,,, into (2.56), we obtain
uy? — 1
uiA, + 2u A, +u”A, =0, (2.61)
ug2 + 1
which simplifies to
A+ (1+u?) A, =0. (2.62)

Since A is an arbitrary function of ¢,z and wu, splitting (2.62) with respect to the

powers of u, we obtain

ul A, =0, (2.63)
u? A, =0. (2.64)

Therefore from the above equations we get
A(t,z,u) = B(t), (2.65)

where B is an arbitrary function of ¢. Consequently
A(t,x,u,u,) = B(t). (2.66)
Substituting (2.66) into equation (2.58) gives
Ay +ulA, = 0. (2.67)
Thus, from (2.67), we have

(1+u2)B'(t) = 0. (2.68)
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Integrating (2.68) with respect to ¢t we get

e
14wl

B(1)

Hence, substituting the value of B(t) in (2.66) gives the result

C

A(ta z,u, Um) = 1_'_—u27

(2.69)

where C'is an arbitrary constant of integration. Assuming that C' = 1, the multiplier

for the nonlinear filtration equation (2.1) is obtained as

1
At z,u,uy,) = T+ (2.70)
The multiplier A has the property
Afu(1+u2) = ugy| = DT+ DT, (2.71)

where T% = T*(t,x,u,u,) and T* = T'(t,z,u,u,). Expanding equation (2.71) we

have

T [ (1 +u2) = ugs] =T} + Toug + Tt e + T2 + Tty + Ty Uy

or

Ugq x x *
Uy — T 5 tht + Tqiu:c + Tizut:r + Tz + {Tuum + Tuzumm

1+u

xT

Since uy, uy, and u,, are independent variables, splitting the above equation yields

u TP =1, (2.72)

gt T =0, (2.73)
1

ozt Ly = ———, 2.74

T 2.74)

rest : T} +TF + T u, = 0. (2.75)

Integrating equation (2.73) with respect to u, gives

T = C(t,x,u), (2.76)
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where C(t, z,u) is an arbitrary function of integration. From equation (2.72), after

integrating with respect to u, we get
C(t,z,u) =u+ D(t,x), (2.77)
where D(t,x) is an arbitrary function of integration, therefore
T' =u+ D(t,z). (2.78)
Integrating equation (2.74) with respect to u,, one obtains
T" = —tan *(u,) + E(t,z,u), (2.79)
where E(t, z,u) is an arbitrary function depending on its arguments. By substituting
the value of T* and T into (2.75) gives
Di(t,x) + E.(t,z,u) + E,(t, x,u)u, = 0. (2.80)
Splitting the above equation with respect to derivatives of u yields
ug : Ey(t,x,u) =0,
rest: Dy(t,x)+ Ey(t,z,u) = 0.
From the above equations, we take D and F to be zero because they contribute to
the trivial part of the conservation law. Thus, the conservation law of the nonlinear
filtration equation (2.1) associated with the multiplier A = 1/(1 + u?) is given by
T =u,

T* = —tan ' (u,).

2.4 Concluding remarks

In this chapter we computed Lie point symmetries of the nonlinear filtration equation
(2.1). We constructed commutator table for all Lie point symmetries obtained for the
equation. Moreover, we presented groups of transformations associated with all the
symmetries. Thereafter we obtained the group-invariant solutions of the nonlinear
filtration equation under all its symmetries. Finally, we proceeded to derive the

conservation laws for the nonlinear filtration equation using the multiplier approach.
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Chapter 3

Solutions and conservation laws of

the new extended KP equation

In this Chapter we study the new extended Kadomtsev-Petviashvili (eKP) equation
[54]. We first find the Lie symmetries of the eKP equation. Thereafter we present
the group-invariant solutions. Furthermore we derive the conservation laws of the

equation by engaging Ibragimov’s theorem.

3.1 Introduction

The two-dimensional Kadomtsev-Petviashvili (KP) equation was developed by Kadomt-
sev and Petviashvili in 1970 [55]. The KP equation has soliton solutions through the
inverse scattering transform, just like the Korteweg-de Vries (KdV) equation. Other
nonlinear models with the same properties are the sine-Gordon equation and the
nonlinear Schrodinger equation. It is still one of the most extensively researched
integrable equations in (241)-dimensions [56]. The KP equation was proposed to
deal with slowly varying perturbation wave in dispersion media. Since then, it has
been thoroughly studied in the literature mathematically and physically in a variety
of science fields. These fields include plasma physics, solid state physics, fiber op-

tics, propagation of waves, oceanography and many other areas [57-60]. Recently,
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there has been a lot of interest in researching both the integrable and non-integrable
extended variants of the KP equation. These expanded models stimulated studies
that produced a number of encouraging findings and provided insight into some of
the physical characteristics of scientific and engineering applications. The standard

KP equation reads [61]
(Ut + 6UlUy + Uy )z + Uyy = 0.
Recently, the authors in [56] investigated an extended KP equation of the form
(g + 6Uly + Uggy)z — Uyy + AUy + pitgyy = 0, (3.1)

where additional terms namely Auy, and puy, were introduced into the standard KP
equation. More recently, an additional term vu,, was introduced in [54] and equation

(3.1) now becomes
(U + Uty + Uy )y — Uyy + Ay + by + vy, = 0. (3.2)

In order to highlight the newly constructed KP equation’s integrability, the Painlevé
analysis and WTC-Kruskal approach were used [62,63]. Consequently, the developed
eKP equation (3.2) takes the form [54]

I 2
6Uyy — Zoz U + By + Uty + Qg + 6U” + Uy — Uyy = 0, (3.3)

where a and [ are non-zero real numbers, which we study in this chapter.

3.2 Exact solutions of (3.3)

Firstly we compute Lie symmetries of the eKP equation (3.3). Thereafter, we perform
symmetry reduction and obtain exact solutions of the equation.

3.2.1 Lie point symmetries of (3.3)

The vector field

0 0 0 0
X = T@#&y»“)a + f(t7x7yau)8_m + 77Z)(tal‘7yau)a_y + n(taxayau)%
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is a Lie point symmetry of equation (3.3) if
XWA[pZg =0, (3.4)

where

1
A = 6utiy, — Zoﬁutt + By + Uty + gy + 6UZ + Uy — Uy

and X is the fourth prolongation of X defined as

) ) 0 ) o) o)
[4]
X4 =X+ Ca; + Ciw D + Ciy Fuey + Gut Dun + Cow Ju + gyy—auyy (3.5)

8
+ C:DQT:ELI: a

aua:acacx

Here C;m Ctxa Ctya Ctty mev ny a’nd Cza:aw are determined by

G = Di(n) — wDy(7) — us De(§) — uy Dy(1)),

Go = Da(n) = weDa(7) = ua Do (§) — uy D (1),

Gto = Da(G) = e Da(T) = tgp Do (§) — tay Da (1)),

Gy = Dy(Ct) — wyDy(7) — ey Dy(§) — uyy Dy (),

Goz = Da(Ca) = waDa(T) = tge Du(8) — tay Da (),

Gt = Di(Ge) — uaDy(7) — uee De(§) — gy De(¥),

Cuy = Dy(Cy) — uyDy(7) — tay Dy (§) — uyy Dy (¢),

Gezar = Da(Cora) = Utaae Da(T) = tawae Da(§) — Uszay Da (),

where Dy, D, and D, are the total derivatives described as

Dt = a—l—uta —|—utti+uti—|—
ot ou Ouy “ Ouy ’

p, = 2ol % 2
T al’ zau z:va xtaut )
v dy  You ' "ou,  You '

On expanding the above (s, we obtain their respective values as

Ct =Mt + NuUt — Ty — Tuut étu:r guutu:p - wuutuy - ¢tuy7

Cx =N + NuUy — TgUp — Ty Utly — éuui - fa:uz - %Uy - %ux%,
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Gy
CGu =

Ctx =

C:va: =

ny =

C:m:xm

=Ny + Nully — Tyl — TuUgly — fuuxuy - gyux - %Uy - ¢uu§?

Nee — U%“mfuu QUtUty@/Ju + Ugg Ny, — Ut Tuu — 2U?Ttu — U U Ty, — TeUst
+ Ut277uu — 2 U E — 2UUp iy — Utz — 2Ue&y — Uppr — Ufuywuu
+ 2Ny — QUthwtu - Uttuywu - 2Uty1/ft - uywtt — 2uy Ty,

Ut Uz Ny, — utfuuux2 - gtuui - uxxfuux - utxguux — Utg Ty Uy — ua:ywuux
+ NtuUz — thTuuum - uyutwuuux - ut{a:uuac — UTg Uy — uyd)tuux - gtxux
+ UtgTh, — ummut& [ 2UtutzTu - umyutwu - uyutrwu - umz&m — Uta Ty
+ Nt — nyi/{r - ut2Tzu - uyuthu - uzx&t — Ug Ty — uxywt — UtTig

+ UgNzw — uywt:m

Nzx + Uz + 277xuuac + nuuu QTacum TezUt — TuUtUgy — Tuuutui

- QTuuxutm - QTwuutux - gmmuz - 2§xua¢r - guuu zgruu 3£uumuzm
- wau:ry - wxazuy - wuuyumy - 2wuuxuxy - 2w:puuxuy - wuuuiuya

Nyy + Nulyy + 20yu Uy + nuuu — 2Ty Uy — Ty Upllyy — 2Ty Uy Uy — Tyyly

— 2Ty Uty — Tuuutui — 28Uy — EulgUyy — 2§, Uylgy — Eyyly

- 2€yuuxuy - éuuuazuz - wauyy - 3wuuyuyy - wyyuy 2¢yuu Q/}uuuy?

= Newwz + Mowllzze + Mullzszs + 3Muutiey + MplpreNun + 4UaNrzzn + 6Nt gy

2 3 4
+ 6Nzautar + OMezuntly + 120000t Uze + ANpuuny + Nuuuully, — 12700 Uz Ugee
- 47—:m:mutx - 4Txuutuzx:v — TezzaUt — 4Tuuxutzx$ - 12uz7_uuutacux;t
2
- 4Tuuutuazuxmz - 127—muuutumuaz:p - 6Tuuuutu;puxm - 12Tmuutzu:px - 6Tuummuta:m
— Ty UtUggzx — GTx:Euutuxm - 6Txxut;t:r - 12Txxuuxutx - 4Txut:r:1:x - 4Txcmzuutux
4 67Ty 4 3 12 2 3 2
— ATy Ut Ugzy — Tuuuggutmx - Tuuuu;gutx - T:L‘uuuxut:c - Tuuutuxx
—4 3 —6 — 4¢ 10€ . uu?
Ta:uuuutu Tuuuuutu Txazuuutu 2Upzze — uuU Umux;cz
2
3 2 2
- 4¢$uxaza:y - 4¢uu:cyua:a::v - 12¢azuuxua:my - 6¢zxua::cy - 1277Z)uuuzua:a:u:cy

2
- 4¢uuuwuyuxw:v - 6u:m:wuuxzy - Bwuuuyu;px - 12wzuuzzuxy - 4wxuuyuxx:v
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2,2 2
- 6wuuu uxu:m:y - 12¢xuuuzuyuxﬂc - quuuuyuxumc - 4wzxxuuxuy
2
- 12¢xxuuxumy - 6wzxuuyua:a: - ¢xxxmuy - 4¢x:vccua:y - 12wacuuu$umy

3,3 2 4 3
- 4¢$uuuu Ugcuy - 6¢zmuuua¢uy - 77Z)uuuuugL«Uy - 477Z)uuuuggu;ry

Expanding (3.4) we obtain

2
(0%
Gtz + 12U, G + 6Upen) + 6UCrs + Cozew — Cyy — tht + Gy + Hla A=0 =0

Substituting the values of (s in the above equation, replacing .., by 6uty, —
(@Pug /4) + Pugg + Utr + auyy + 6u2 — uy, and then splitting on various derivatives of

u, we obtain the following system of linear homogeneous PDEs:

T2 =0,7=0,8=0,¢:=0, 9%y =0, Nuu = 0, 2oy — 32 = 0,

27y + 208, — amy = 0,28, — a& — (B + 1) = 0,

an, — 41, +2a (. — &) =0, a (—2¢, + 27 + apy) — 471, =0,

8Ny — 40y — a (40 — 404y + b)) = 0,

a (&0 — 26,00 — 2(B+ 1)& + 267 + 21) — 8(B + 1), =0, (3.6)
6an — 24ut, — a (12u€, — 58upe — 12ur + B + &) = 0,

Ay — N e® — 41y, + 24UNe + Magae + 4870 + 40 = 0,

Tha? — 277tuoz2 + 4nya — Ao + 41y + 6884, + 6840 = 0,

§tt0z2 - 4§ty06 + 4€yy + 48773: + 48U€xx + zofxmcx + 4ﬁntu + 477tu - 4661537 - 4£tm =0.

After solving the above system of PDEs (3.6) with the aid of Mathematica, we get

the following Lie point symmetries for eKP equation (3.3):

X, :%_a:,

Xy =5

Xa = 604%% + (3a%x — 66t — 6t) a% + (60t + 90y) a%
— (8> + 28+ 6au +1) 8%,
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0 0
X5 = (240052 + 12a2ty) En + (1204tx — 128ty — 12ty + 6042:163/) 9
x

0
+ (12aty —12* + 9a2y2) Ew + (2aﬁ:c — 24atu — 120uy
)
9 0
+2ax — 237y — 4By — Qy) —.
ou

Note that the Lie point symmetries X, X5 and X3 represent translation symmetries.

3.2.2 Symmetry reductions and solutions of (3.3)

Case 1. We consider a linear combination X = X; + aXg + bX3, where a and b are

constants. It can be seen that symmetry X yields the following three invariants:
p=x—at, g=1y—0bt, u=P(p,q). (3.7)
These invariants reduce equation (3.3) into a NLPDE of the form
oy L2 ®,, + 60D b b3 + ~aba? | By + 652
ppPP a—l—zaa—kaﬁ o T p— |0t aa+ ﬂ—}-Eaa pg T 0%
1
— (1 + Zb2a2 - ba) ®,, =0, (3.8)

where @ is a function of p and ¢q. Equation (3.8) have the following point symmetries:

0 0
F = F = —
1 apa 2 aq,
0
I3 = {3(ba + 2)*p + (3aba’® + 6ac + 6b5 + 6b)q } 7 +6(ba + 2)2q8q
+ (2abaf — 60°a’u — b° 3% = 20 — b* — 24bau + 2aba + 4aff — 24u) ‘a%'

Likewise we make use of a linear combination of translation symmetries I'y and I's,
written as

I'= Fl —+ CF2 (39)

with ¢ a constant. Using the characteristic equations associated with I" we obtain

two invariants

z=q—cp, d=Y(2), (3.10)
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which reduce equation (3.8) to the fourth order NLODE
AU (2) + AT(2) + 62 {111’2(z) + \If(z)\I/”(z)} =0 (3.11)

with z = (ac — b)t — cz + y and the constant

b 2 2,22 b2 2
A:@;@ _O‘ic B 4& + be — ac® + aco — ba — ac®f + bef — 1.

Integrating the NLODE (3.11), we have
A"+ AV 4 62U 4 kg = 0, (3.12)

where kg is an integration constant. Assuming kg to be zero and integrating (3.12)

gives
AU+ AV + 36202 + kg =0, (3.13)

where k; is the integration constant. Multiplying (3.13) by ¥’ and integrating the
resultant NLODE, we have

1 1
5(;4\11'2 + 5/1\1/2 + A0+ kU + ky =0, (3.14)

where ks, is a constant.
Solution in terms of the elliptic integral function

We rewrite (3.14) in the form

v’ +§\If +E\D +?\D+?:O. (3.15)

Suppose that vy, v and vs are real roots (v; > v > v3) of the cubic equation

A K K
3 2 1 2
U SR S 2 =0 (3.16)

that satisfy the conditions

’1)11)21)3:——22, 1)1U2+U1U3+’UQ’1)3:—21, 1)1"—'1}2"‘2}3:——2,
c & 2c
then equation (3.15) is written as
=2 v v 1
= =5 (V=) (¥ = 0) (¥ — 03). (3.17)

C
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Hence, (3.17) has the solution [64]

V1 — Us
2c?

(z — 20) —

W(2) = v+ (v — vy) cn® {

v — v
K2} K= 12 (3.18)
where z is a constant and cn is the Jacobi cosine function. Thus by reverting to the
original variables, we obtain the solution of (3.3) as

U1 — U3
2c?

u(t,z,y) = vy + (v; — vy) cn? { (z — 20)

K2} JK2="T" 0 (319)

U1 — U3
where z = (ac — b)t — cx + y.

Figure 3.1 demonstrates the solution (3.19) for the values a = —4,b = —0.2,¢ =
1.6,t = —14, v, = 60, v2 = 20.05, v3 = —60, 2o = 0.

Figure 3.1: The 3D and 2D solution profiles of (3.19).

Solution of (3.3) using Kudryashov’s method

We now solve the fourth order NLODE (3.11) using Kudryashov’s technique which
has been fully described in Chapter one. To utilize the method, we begin by assuming

the solution of (3.11) to be of the form

M
U(z) =Y aY'(2), (3.20)
where Y'(z) satisfies the Riccati equation

Y'(2) = Y2(2) - Y(2) (3.21)



whose solution is

B 1
1 4er

Y (2)

(3.22)

Applying the balancing procedure to (3.11), we get M = 2. Thus, the solution (3.20)

can be written as

U(z) = ag + a1Y (2) + aY?(2). (3.23)

Substituting the value of ¥(z) into equation (3.11) and making use of (3.21), we get

a1 (2) + Aa Y (2) + 72 %a1 Y (2)ag — 126 a1 Y (2)as

+54c2a,Y?(2)ay + 12 a Y3 (2)ag — 18 a, Y (2)ag

+ 24 Pa,Y?

(

+6c%a1Y (2)ag + 36 ayY*(2)ag — 60 CasY?(2)ag — 3 Aa Y (z)
(
(

z
z

+50cta Y3 (2) + 120 c*aaYO(2) — 336 ctap Y (2) — 30 ¢*a,°Y?(2) (3.24)

(

Yag — 60 c*a; Y (2) + 24 a1 Y (2) — 15 a1 Y?(2)
(
(

+330 cta Y4 (2) — 130 c*agY?(2) + 16 c*agY?(2) + 2 Aa Y3 (2)

+6 AasY*(2) — 10 AapY?(2) + 4 AasY?(2) + 18 a2 Y ()

+12c%a,°Y?(2) + 60 ax’Y5(2) — 108 Pay®Y?(2) + 48 2ax*Y*(2) = 0.

After splitting (3.24) with respect to the like powers of Y (z), we have

6

}.<

z

>~<

4

~

z

3

~

z

(2)
°(2)
(2)
(2)

Y2(2)

Y(z):

c 2ctay + Pan? = 0,

: 2c¢tay — 24 ctag + 6 Pajas — 9as? =0, (3.25)

: 55ctay — 10 cta; + 6c2a0a2 +3c%a;? — 21 Aajag + 8cta? + Aay = 0,

. 25ctay — 65 ctag + 6 Aagay — 30 Fagay — 15 Pay? + 27 Fajas

-+ Aa1 — 514&2 = 0,
16 c*ay — 15 ctay — 18 agay + 24 agay + 12 %ay? — 3 Aay + 4 Aay = 0,

ctay + 6 Paga; + Aa; = 0.

With the aid of Maple, the solution of the system (3.25) is

A+ A
B 2

ag = L ap =26 ay = -2 (3.26)

Cc

Thus the solution (3.23) is written as

__A_c20+er)
e =3 (1+e2)
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Therefore, reverting to the original variables, we get

A 21 =+ e2((ac—b)t—cm+y)
ult, z,y) = —= — { 2}, (3.27)
c? {1 4 el(ac=b)t-caty)}

where A = (abca?) /2 — (a?a?c?®) /4 — (b*a?) /4 + bc — ac® + aca — ba — ac? B+ beff — 1.

M

T g

. .
10 : 2 ] z : ® 3 w-10

Figure 3.2: The 3D and 2D solution profiles of (3.27).

Figure 3.2 demonstrates the solution (3.27) for the values a = 0.9,b = 1.5,¢ =
—1,A=1,t=1,y=3.

Case 2. We consider Lie point symmetry X,, namely

— 22 2. _ _ g 2 2_ 2 2 3
X4—6atat+(3ozx 6/t 6t)ax+(6at+9ay)ay (8 +26+6au—|—1)au.

The Lagrangian system associated with X} is

dt dx B dy B du (3.28)
602t 3alr — 66t —6t 6ot +9a%y —p2—28—6a2u—1 '
From (3.28) we consider
dt dx
= 3.29
602t 3oz — 68t — 6t (3.29)
which leads to the linear first-order differential equation
d 1
w_z _ 145 (3.30)

a2t a2
Solving the differential equation, we obtain an invariant solution

_ o’z +2t(8+ 1)

J .
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Moreover, from system (3.28), we use

dt dy
= 3.31
6%t 6at 4+ 9a2y (3:31)
and get the linear first-order differential equation
dy 3y 1
A —— 3.32
dt 2t « ( )
Solving (3.32) we obtain invariant J, as
ay+ 2t
2 = 32y
Finally, solving
dt du
602t —pB2—28 —6acu—1’
we obtain the third invariant
6ua®+3*+28+1)t
g, = Bua+ 5 +25+ 1)t (3.33)

60
Invariant .J3, is then written as a function of the other two invariants J; and .J5, that

is J3 = G(Jq,J2). Thus

(6ua®+32+28+1)t o +2t(B+1) ay+2t
60(2 =G \/%0[2 ) t3/2a 9 (334)
which gives
B24+28+1 1, (a?r+2t(B+1) ay+2t
t - T 4+ 3.35
U( 7%9) 60[2 + ; \/%052 ) tS/QO[ ( )

Substituting the value of u(t, z,y) from (3.35) into equation (3.3) yields

83 8
@Gy — T02qG, — 9*p* Gy — 2 (3a2pq - Eﬁ - a) Gpq — 270%pG,,
— 8a’G(p, q) + 96G 4G (p, q) + 96G; 4 16Ggqqq = 0, (3.36)
where
x4+ 2t(B+1) ay+2t
= an q = —
Via? t32a

Thus we have performed a symmetry reduction on the eKP (3.3) using X,;. We note
that equation (3.36) does not possess any symmetry and hence we cannot perform

symmetry reduction on (3.36).
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Case 3. We now consider symmetry Xj, viz.,

0 0
X5 = (24at2 + 12a2ty) e + (12atm — 126ty — 12ty + 6a2xy) 9
x

+ (12aty — 12t + 90z2y2) EW + (2@59& — 2oty — 120wy
Y
9 0
+2ax — 237y — 4By — 2y) —.
ou

We were unable to find invariants for this symmetry.

3.3 Conservation laws of the eKP equation

We now construct conservation laws for the eKP equation (3.3) by employing Ibrag-

imov’s theorem. Firstly we write the adjoint equation in the form

0 1
= —{v <6uum — —Puy + Py + U + Uy + 6ui + Uprww — uyy) } =0,

ou 4
(3.37)
where v = v(t, z,y) and the Euler-Lagrange operator §/du is defined as
) 0 0 0 0 0 0 0 0
— —-D Dy——-Dy— D? D? D? D,D o
S u low tow ouy toun O VOt 'Oun
(3.38)
with the total derivatives D;, D, and D, being given by
D A T A AL
= u v u v Upgg— F Vg + -+,
' ot ou ov | "ou,  "ov, | ou, v,
D 0 N 0 N 0 N 6 N 0 N 0 N 0
r — A Ug Ve Upe 5 VUpe 3 — Uy Uy )
dr ' Tou ' "ow u, 9o, T Bu, T B0, T
0 0 0 0 0 0 0
D, = 8 +uya +vya ~|—uyya +vyya +utya » ~|—vtyavt + -
Expanding (3.37), we obtain the adjoint equation as
L,
6Vt — 1% v + (B + 1)vtg + QU + Ve — Uy = 0. (3.39)
Equation (3.3) and its adjoint (3.39) have a second-order Lagrangian
1
L= U(6uum — Zazutt + Bty + wy + iy, + Gu,> — uyy) 4 VU - (3.40)
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Applying Ibragimov’s theorem [14], we deduce that conserved vectors associated with

symmetries of equation (3.3) are given by

. , oL oL oL
ct=¢L+we —Dj=—+DDy | m— |+
ouy oug; o
oL oL oL
D; (W<« — D;D,(W* 3.41
D) | G = D0 | 4 DDA e e (340
where W& = n* — ¢&J u$, « =1,...,m is the Lie characteristic function and L is the

Lagrangian. We have five cases.

Case 1. Let us consider Lie point symmetry X; = 9/0t. The Lie characteristic
functions are W' = —u, and W2 = —v,. Hence the conserved vector corresponding

to the Lie point symmetry X; is

1 1 1 1 1
Ct = 5Oy + Eﬁumv + 620 — Uy v + Buguv + Uizt = Zoﬂutvt + 56%%
1 1
+ UV + = QUVy + Ugr Vs
R
1 1
CY =6uwv,u — §ﬂuttv — 6uuL U — BU Ul — §uttv + §6utvt + UVpzr + Velgps
1
= UgaUty — UggVts + §utvt7
y 1 1
Cy = §autvt - §autt’u + Uy U — UgVy.
Case 2. For symmetry Xy, = 0/dx, the Lie characteristic functions are W' = —u,
and W2 = —v,. Hence the conserved vector corresponding to the Lie point symmetry
X2 18
1 1 1 1 1 1
Cl = 202Ut — =gy — = Bllggl — =Ugel — — O Vplly + = Fligly
> = O eV T 0yt = 50 2 7 Ve 50
+ = + =
— QUL + = UV,
2 Y2
. 1 1 1 1,
CF = QU + =BV — Uy + 6Uz VU + —UaU + VU — —QC Uy U
2 2 2 4
+ §ﬁvtux — UgzVzg T UgzzVs + UzVszz,
1
CY =uyyv — 5 (Wit + 5OVl = Uy,
Case 3. For symmetry X3 = /9y, the Lie characteristic functions are W' = —u,,
and W? = —uv, and so the conserved vector corresponding to the Lie point symmetry
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X3 is

1 1 1 1 1 1
C’§ = Zoz2utyv — Eauyyv — éﬁuxyv — §uxyv — Za%tuy + éﬁuyvm + Euy% + §auyvy,

1 1 1
C3 =6uyv,u — §5utyv — buguyv — bugyuv — §utyv + §ﬁvtuy + §Utuy — Uy Vgy

+ umcacvy - Uxa:umy + uyvzx:m
y 1 1, 9
Cs = éautyv — Za UV + Pl + 66U, v 4 6U U + Uy ¥ + §owtuy
+ Uz Vg — UyVy.

Case 4. For the symmetry

0 0 0 0
X, = 6a’t— + (3az — 65t — 6t) — + (6at + 9a%y) — — (B* 4+ 28 + 60%u + 1) —
1= 0altgy 4 (3% = 650 = 6) 50+ (Gat + 90%y) 5 = (54 20+ 6atu 1) 70,
the Lie characteristic functions are
le—(52+25+6a2u+1)—6a2tut—(3a2$—66t—6t)ux—(60zt+9oz2y)uy,
and

wW?= — (52 + 28 4 60’V + 1) — 6a’ty, — (304295 — 60t — 6t) Uy — (6at + 9a2y) Uy

Hence the conserved vector corresponding to the Lie point symmetry Xy is

9 3 3 9
Cl = 3044vut — 5044uvt - Z—la4yuyvt — 10441'%% - §a4tutvt + Za4yvuty
+§a4xvu — 6a° 3a? 948 _ 9 308
1 te a vy + S uvy, + 2a YUy Uy 2a YVUyy + 2a LUy Uy

3 3 9
— §a3xvuzy + 3a3tvyut — §a3tuyvt + §a3tvuty + 3603 tvu,? + 3a2tuyvy

9
— 9a2tvuyy — 660(211% — 60vuy, + 380uv, + 3aluv, + §a2yuyvx

9 3 3 9

+ ionﬁyuva + §a2xuxvm + 504261:%% — §a2yvuxy — §a2xvum
3

— §ﬂa2xvum + 3602 tuvtyy + 602t ULy Uy + 302tV + 35a2tvxut
1 1 3 3 3

— 1620421% — §Ba2vt + §a2tuwvt + éﬂa%uxvt — 10421)75 + §a2tvutx
3 1 1

+ Qtﬁa%um + 55204% + Bav, + SUy0 3atvyu, — 3tPavyu,

1 3 3
+ 3atuyv, + 3Batu,v, + 5631)1, + §ﬁ21)$ + Eﬁvx — 36%tu,v, — 3tu,v,

1
— 68tu,v, + 5% + 38%t0Ugy + 3tvug, + 68t0UL,,
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3
T __ 9.3 4 2 2 2
Cy =3a”zvuy, — Za TVU — 3Q°TVUyy — 0" uvU, — Sda”yvuy,
+ 3602u’v, + 18a’zuu,v, — 5Aalyuviy, — 302U, — 902
T zVx Yy Ty x Wy YUgy Uz
— 902 — 90 — 3a? + 902 + 3a?
QA Ug Vs O YUy Vgs QA X Upy Ve A YUy Uggy QA XV U
+ 602 UVgy + 90 + 3a? — 6pa*vu, — 6a*
TTT yuyv:m:x O TUL Vg QT VU Q- VU
2 2 2 2 2 9 5
— 36a tvuzuy + 36a tuv,uy + 6t us + 3B uvy + 3atuv, + 504 YUy Uy

9 3 3
+ Eﬁazyuyvt + §a2xumvt + §ﬁa2xuxvt + 6tUge Ui + Stupvpa’

9 9 3 3
— §a2yvuty — §ﬁa2yvuty + §a2mvum + Eﬁoﬂxvum — 3602 tuvis,

— gQQtvutt — ;ﬁa2tvutt — 3pavu, — 3avu, — 36atvu,u, + 36atun,v,

— 60tV Uzy — 60t ULy Vg + 608V Uz + 6QTUY V0, + Satuyvy + 3Batu, vy
+ 6tvuy, + 68tvu,, — 35%vu, — 66vu, — 3vu, + 65%uv, + 12Buv, + 6uv,
— 36tun,v, — 368tut, v, + 6ty Vey + 60U V00 — 660 Upre — 68tV UL,
+ 2BVs20 — OlUzVpze — 631U Va0 + Vaa + %ﬁ?’vt + gﬁ2vt + ;th

— 3tu,vy — 6Ftu vy + %vt — 3% vuy, — 3tou, — 65tvu, — 9Batvuy,

— 602Uy, vy + 3B tuyvy + E')4042y1myvz + B0430 — atvuy,

— 36atuvtg, — 602ttty — 363 tug vy,

9 9 3
CY =3c3uv, — Zo/‘yvutt — 60’vu; + §a3yuyvt + 5043:quvt + 3’ tuuy
3 9
— §a3xvum — §a3tvutt + 54a2yvui + 12a2vuy — 6a2uvy — 9a2yuyvy
+ 3a2xvuw + 54a2yuvum + 9a2yumvm — 6a2tvyut + 3a2tuyvt — 61 SvUg,
+ 9a2tvuty + 90 yvuy, + 9BaPyvuy, + 36atvu’ — Gatu,v, + 3B8avu,
1 5 1
+ 36atuviy, + 60tV + 5,@ avy + Bav, — 3atu,vy — 3tPau,v + éavt
+ atvus, + 9Batvuy, — BQUy — 2Bvy — vy + 6tvyu, + 68t u, — 6tviy,

9
— 3a2xvyuz + §a3yvuty + 3avu,.
Case 5. Finally for the symmetry

0 0
X5 = (24at® + 120°ty) 5t (12atx — 128ty — 12ty + 6 xy) o
T
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0
+ (12aty —12t* + 9042y2) EW + (204595 — 2atu — 120uy
Y

)
+2ax — 26%y — 48y — 2y) 5
u

the Lie characteristic functions are

Wt = (2aﬁx — 2atu — 120°uy + 2ax — 2%y — 4By — 2y) — (240&52 + 12a2ty) Uy

— (12atx — 128ty — 12ty + 60°zy) u, — (12aty — 1262 + 90°y?) uy,
and

W2 = (204535 — 2datv — 120%vy + 2ax — 26%y — 4Py — 2y) — (24at2 + 12a2ty) N

— (12atx — 126ty — 12ty + 6a2xy) Uy — (12aty —12t* + 9a2y2) Vy.
Hence the conserved vector corresponding to the Lie point symmetry Xj is

9 3
C’é = 6a4yvut — 3a4yuvt — Za4y2uyvt — §oz4xyumvt — 3oz4tyutvt
9 9

— 12a’yvu, + 6’yuv, + §a3y2uyvy — §a3y2vuyy + 3Ty, U,

1 1
+ 6a3tyvyut + §a3mvt + §a35xvt — 60’ tuv, — 3a3tyuyvt — 3a3tzu, v
+ 9a3tyvuty + 303 tzvug, + 72a2tyvui — 24a2tvuy — oz2xvy — aQﬂxvy
+ 6a2tyuyvy — 18a2tyvuyy — 1202yvu, — 1202 Byvu, + 6a2tmvyum

9 9
+ 602 Byuv, + §a2y2uyvz + §a25y2uyvz + 3a’zyu,v, + 30’ Bryugv,

9
— 6a2txvury — §a2ﬁy2vuxy — 3’ xyvuy, — 302 BryvuL, + T20°tyuvt,,

1
+ 1202ty Uy + 12a2t2vyut + 60’ tyv,uy + 602 Btyvu, — §a262yvt
2 2,42 2 2 2,2 2

— o~ Byvy + 3ot uy vy + 3o tyu v + 3o Btyug vy + 9t vy, + 3oty
+ 144at?vu? + ozﬁvay + ayv, + 208yv, — 6at2uyvy — 18at2vuyy
— 6atyvyu, — 6aftyvyu, — Brazv, — azrv, — 2aBrv, + 12atuv,
+ 6aBtyuy v, + 6atruy vy + 6Bt v, — 60txvUL, — 60BtTVUL,
+ 240t Uy Uy + 120200, + 120512 0,u; + 12at?vuy, + 12082 0u,
+ yv, + 3Pyv, — 6t2uyvx — 66t2uyvz — 6% tyuy v, — 6tyu,v, — 128tyu,v,

+ 6t2vumy + 6ﬂt2vumy + 68%tyvug, + 6tyvug, + 128tyvug, — 12aBtvu,
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3 9
+ §a4:pyvum + 1203 tvu; — 6032w, + 12a2tuvy — §a2y2vumy

1
+ 302 Btyvu, + 38%yv, + 14dot*uvug, — §a2yvt — 12atvu,

9
+ 60’ yuv, + Bryv, — 3a3xyvuxy + 6atyu, v, + Zo/lyzvuty + 12Batuv,,

Cs = 6a3xyvuty — ;a4xyvutt — 3o’ tarvuy — 6a2xyvuyy — 180 yuvu,
+ 72a2yu2vm + 54a2y2uuyvx + 36a2xyuu$vm — 54a2y2uvuxy — 6a2yvmum
— 9a2y2v1yum — 18042yug€vm — 9a2y2uzyvm — 6a2:cyumvm
+ 12a2yuvxm + 9a2y2uyvxm + 6a2xyu,;vxm — 12a2yvut — 12a26yvut
+ 72a2tyuvmut + 12oz2tyvmmut + 6a2yuvt + 6a2ﬁyuvt + ga2y2uyvt
+ 30z2xyuwvt + 30z2ﬁxyumvt + 120z2tyuzmvt + 60z2tyutvt + 6a2ﬂtyutvt
+ 12a2txvuty — gazﬁy%uty + 3a23:yvum + 3a26xyvutr — 72a2tyuvum
— 1202ty , v — 302tyvuy — 302 ftyvuy — 6ayvu, — 6aByvu,
+ 6azvu, + 6afrvu, — 360atuvu, — T2atyvuyu, + 144tu’av, — 120zuw,
+ 2atyuu, v, + T2000UU,V, — T200YUVULy — 12080, Uy — 1200Y V) Ugy
— 360tU Uy — 12000Y Uy Vpy — 12008 0U L0 Ve + 2005, + 12080y Ug sy
— 200Vz35 — 200BTVggs + 240UV, + 1208y Uy Vg0 + 1208 2UL g0y
— ld4at?*vuzu, + 144at?*uvguy + 240t? vy — a0, — azv,
+ 12aBtuv, 4 6atyu, v, + 60 Styu, vy + 6atru, v, + 6aftru, vy
+ 12a8t*uv, — 18atyvuy, — 18aftyvusy, + 6atrvuy, + 6aStrvuy,
— 240t Vpptiyy — 240Uy — 120t 00Uy — 12a6t22;utt + 12tvu,
+ 128tyvuy, — 63%yvu, — 6yvu, — 12Byvu, + 72t21)uyum + 123%yuv,
— 72t2uuyvx — T2tyuu,v, — 720tyuu,v, + 72t2uvuxy + 121521)9%,1;m
+ 12t2uxyvm + 12ty pyVpp + 12819030V — 12t2vyumx — 12tyv,Ugps
— 128ty vptlry + 26°Y0r00 + 290000 + 40YVa0e — 12670000,
+ ,33yvt + 362yvt + yvy + 3Byvy — 6t2uyvt — 6ﬁt2uyvt — 652tyuwvt

+ 6t2vuty + GBtQUuty — 6% tyvus, — 6tyvu, — 12Btyvu,
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— 54a2y2vuyux + 6a2xyvxumx — 72a2tyvuxut + ga26y2uyvt — ga2y21}uty
— 1202 tyv e — 12aB2uv, + 120420, Uppy — 128tYtyUsee + 120> w0,

— 12tyu,Vppe + 24Byuv, — 36 ftvu, — 125tyu, vy + 12tyvu,,

+ 280wy, + 120tuv, — 1440t*wvuy, — 36atvu, — 12atzvuy, — 6tyu,v,

+ 12yuv, + 12Btvu, — 2aBzv, + 240t Uy + 9a2y211yuxm,

9 9
C’é” = 6a3yuvt — Za‘ly%utt — 12a3yvut + §a3y2uyvt + 3oz3xyu$vt
9
+ §Oz3y2vuty — 303 ryvuy, — 9o tyvuy + 54042y21)ui + 24a2yvuy
— 9a2y2uyvy — 6a2xyvyux + 60423:yvuxy + 5402 yP uvtig, + 902y Uyy Uy
— 12a2tyvyut — oz:m)f — OzQvat + 1202tuv, + 6a2tyuyvt + 60 tzu, v,
+ 1202t w0 + 18042tyvuty + 9a2y21}um — 60 trvu, + 9a2ﬁy20um
+ T2atyvul + 48atvuy + 2axvy + 2aBrv, — 240tuv, — 12atyuy,v,
+ 6afyvu, — 120tzv,u, + 1208T0U5y + T2048YUuV UL, + 1200Y U4V
+ aByv, + ayv, + 2aByv, — 6at2uyvt — batyu,v; — 6aStyu,v,
+ 18atyvuy, + 18aftyvuy, — 72t%vu + 2570 + 48v + 2v — 262yvy
— 4yBv, + 12t2uyvy — 12tvu, — 128tvu, + 12tyvyu, + 128tyv,u,
— 128tyvug, — T2 U0 Uy — 1262 Uy Vpy — 1282004, — 126120y,
+ 6a3tyutvt — 12a2yuvy — 24a’tvu, — 90 tPvuy + bayvu, — 24ozt21)yut

+ 18at2vuty — 2yvy — 12tyvug,.

3.4 Concluding Remarks

In this Chapter we looked at the newly introduced extended Kadomtsev-Petviashvili
(eKP) model from the literature [54]. This equation can be used in a variety of
academic disciplines, including physics and mechanics. We computed the Lie point
symmetries of the eKP equation using the theory of Lie groups. In addition, we

applied the obtained symmetries to carry out symmetry reductions and obtained
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closed-form solutions of the underlying equation. The solutions found in this study

were in terms of incomplete elliptic integral and exponential functions.

Additionally, for specific parametric values, the graphic display of some solutions
was given. Finally we used Ibragimov’s theorem to construct conservation laws for

the model under study.
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Chapter 4

Solutions and conservation laws of

the generalized three-dimensional

KP-BBM equation

In this Chapter we study a generalized (341)-dimensional Kadomtsev-Petviashvili-
Benjamin-Bona-Mahony (KP-BBM) equation. We perform symmetry reductions
and find exact solutions. Moreover, we derive conservation laws by employing two

approaches; the multiplier method and Noether’s theorem.

4.1 Introduction

It is argued that Benjamin-Bona-Mahony (BBM) equation is a model that is signif-
icantly preferable due to the fact that it precludes some knotty aspects of the KdV
equation [65]. Wazwaz [66] suggested two variants of the BBM equation that were
contrived in the Kadomtsev-Petviashvili (KP) sense. These equations are usually

called KP-BBM equation and they read

(ue 4 g — P(U?)g — QUign) | + Stiyy =0 (4.1)
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and

(ur + ug = p(u™)e — q(U)i), + Sty =0, (4.2)
where we have p, ¢, s as real parameters as well as n denoting a positive inte-
ger [66]. Equations (4.1) and (4.2) have been investigated by various researchers
using diverse techniques. In [66], Wazwaz obtained compactons, solitons, periodic
solutions and solitary patterns by the tan-hyperbolic as well as sine-cosine approach.
Crank-Nicholson finite difference technique was applied to construct approximate
solutions [67]. In [68], Abdou utilized the extended mapping technique to find pe-
riodic solutions. Moreover, in [69,70] the authors applied a bifurcation approach
to gain various solitary waves of the equations. Lately, Kalim [71] contemplated a

(3+1)-dimensional KP-BBM equation presented as
Uy + QUgy + b (), — CUggy + dity, + eu,, =0 (4.3)

with parameters

_ 12 _ o 2 _ 712 712 —
a=12,b=A/D, c=(DL,/L)*, d= L2, e=L% and L= (/L% + L2 + L2

with L., L, and L., denoting the wavelength in the direction of z, y and z, sepa-
rately. In addition, u(t, x,y, z) depicts the wave amplitude function having temporal
coordinate t alongside propagation distance z, y and z. Meanwhile, A connotes the

wave amplitude along with D in the depth of water [72].

In this work, a generalized (3+1)-dimensional KP-BBM equation will be investigated.
The equation reads [73]

Uty + QU Uy + BUgUyy — Dlpgry + AUy + clyy + du,, =0, (4.4)

where «, 3, a, b, ¢ and d are non-zero constants. Xie and Li in [73], investigated a gen-
eralized (3+1)-dimensional KP-BBM equation (4.4), where they chose the nonlinear
convection term as u,u, that can be utilized to depict more dispersion effects. This
in turn makes the equation more useful and meaningful than the two-dimensional

case.

Using the Lie symmetry technique, we carry out symmetry reductions of equation

(4.4). Thus, we acquire nonlinear differential equations (NODESs), which are to be
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solved by direct integration. In addition, the simplest equation method is utilized to
construct some analytical solutions of (4.4). Thereafter, the two methods, namely
the multiplier approach and Noether’s theorem are used to derive conservation laws

for the underlying equation.

4.2 Exact solutions of (4.4)

In this section we present exact solutions of the KP-BBM (4.4) by applying Lie

symmetry method.

4.2.1 Lie point symmetries of (4.4)

We begin by determining the Lie point symmetries of (4.4). The symmetry group is
generated by the vector field

0 0 0 0 0

where (7,&, ¢,1,n) are functions of ¢, z,y, z and w. Then, the vector field X is said
to be a point symmetry of equation (4.4), if

xXHaAl - =o, (4.6)
A=0

with
A = Uy + QU Uzy + BUglUpy — bUigry + AUy + Clyy + du,,.

Here X is the fourth prolongation of X and can be derived from the general formula.

Expanding the determining equation (4.6), we have

Ct:): + Oéu:m:Cy + Oéuygm: + Bu:vny + 5Uxny - thmxw + aC:m: + ngy + dsz A = 07 (47)

where the (s are defined as

Co = Do(n) — wDy(7) — ue Do (§) — uwa@m —u;D.(9),
Gy = Dy(”) - utDy(T) - usz<€> - uyDy(w> - Usz(¢)a
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Dy(Ce) = e Dy(T) — gz Dy(§) — ey Dy (¥) — 1y D
D,(

Dm(Cz) Ut:c (T) - Uzsz(f) - ua:yD ( ) Ua:z
(

D
(.=D
Ctzxa: - DZC(CtCL’$) - uttma:Dx(T) - utxaca:Dx(g) - utxxny(dj)

with the total derivatives Dy, D,, D, and D, written as

a—i—ua—l—u a+u i—i—
ot tou ' "ou, T " ou, ’
0

D=2 .2 0 0

9
oz gy I
9 9

Dyza—y—l—uyau—i-uyy%—i-utya—m—i—---
)

D—3+u2+u 0 0
70z Fou T Pou

Dy =

+ Uge 75—

Ouy

+uxz +

y(9),

T Ct) uttD ( ) ut:ch(g) - utny(¢) UtZDt(Qb),

=(9),

y(Cy) =ty Dy(T) = tay Dy (§) — 1y Dy () — uy2Dy(9),
Z(CZ) - utzDz(T> - szDz(f) - uyzDz(¢) - uzzDz(¢>7
- Utxszx(¢)7

(4.8)

Substituting the respective (s in equation (4.7) and splitting the resulting equation

on different derivatives of u, we obtain the determining PDEs
7.=0,17,=0 =0 7,=0,
&=0,6=0§=0 =0 =0,
¢ =0, ¢ =0, ¢y =0, ¢, =0,
V=0, ¥, =0, 9. =0, ¥, =0,

¢z =0,

Yy — ¢, =0,

T — 20, =0,
Nu+ ¢- =0,

Nz =0,

N:z =0,

any +2a¢, = 0.

Equations (4.9) yield
T =A(),
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where A(t) is an arbitrary function depending on ¢. Integrating equations (4.10) we

obtain
f(t7x7y7z) = (1, (421)
where ¢; is an arbitrary constant. Solving equations (4.11) gives

¢ = B(z), (4.22)

where B is an arbitrary function depending on z. On integrating equation (4.12),
we get

¥ =C(y), (4.23)

where C' is an arbitrary function depending on y. Inserting (4.22) into (4.13) we
obtain

B"(z)=0 (4.24)
and integrating the equation twice with respect to z yields
B(z) = coz + ¢, (4.25)
where ¢y and c¢3 are arbitrary constants of integration. Thus
¢ = coz + cs. (4.26)

Substituting the values of ¢ and v into equation (4.14) gives C'(y) — ¢ = 0, which

has the solution

C(y) = cay + cu, (4.27)
where ¢, is arbitrary constant of integration. Hence we have

Y =coy+cy (4.28)

Now, substituting the values of 7 and ¢ into equation (4.15), we get A’(t) —2cy = 0,
whose solution is

A(t) = 20215 + Cs,

where ¢ is the constant of integration. Therefore (4.20) becomes

T = 2¢ot + c5. (4.29)
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Differentiating(4.26) with respect to z and substituting the result into (4.16) gives
My = — Ca. (4.30)
Integrating (4.30) with respect to u yields
n=—cu+ Et Yy, z), (4.31)

where F is a function of its arguments. Inserting (4.31) into equation (4.17) gives

E, =0, thus F = E(t,y, z). Therefore, equation (4.31) becomes
n= _C2U+E(t7yaz)7 (432)

where the arbitrary function E depends on (¢,y, z). Substituting the value of 7 from
(4.32) into (4.18), we obtain
E..=0. (4.33)

Integrating (4.33) twice with respect z, we get
E(t,y,z) = F(t,y)z + G(t,y), (4.34)
where F' and G are arbitrary functions depending on ¢ and y. Thus, we have
n=—cou+ F(t,y)z+ G(t,y). (4.35)

Substituting the derivatives of n and ¢ with respect to y and z respectively into
equation (4.19) yields
azF, + aGy + 2acy = 0. (4.36)

Now, since the functions F' and G are independent of z, we split (4.36) on powers of

z and this gives

z: F, =0, (4.37)

Rest : aG, + 2ac; = 0. (4.38)
Equation (4.37) implies that F' = F(t). Solving (4.38), we obtain

Glt.y) = —ga@, Y+ H(b), (4.39)
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where H is an arbitrary function of ¢. Hence, equation (4.35) becomes
2
n=—cou——acy+ F(t)z+ H(t). (4.40)
a

Thus, the infinitesimals of equation (4.4) are obtained as

T =2¢ot + c5,

§ =,

¢ =coz + c3, (4.41)
VY =coy + cu,

2
n:—02u+F(t)Z—aaCQy+H(t).

Consequently, the Lie point symmetries of equation (4.4) are

0
Xl - Ea
0
X2 - %7
0
X3 - 8_y7
x, =2 (4.42)
0z
0 0 0 0
X5 = 2at§ + ozya—y + azg- — (2ay + au)%,
0
Xy _H(t)%,
0

4.2.2 Symmetry reductions of (4.4)

Case 1. Consider the combination of translation symmetries X, X5, X3 and X, as
X =X7+ Xo+ X5+ uXy,

where 4 is a constant. The symmetry X gives the invariants

p:x_t7q:y_t7kzz_uta

59



which lead to the group invariant solution u(t, z,y, z) = G(p,q, k). This then trans-
forms (4.4) into the NLPDE

aGpp — Gpg — pGrp + @Gy Gy, + BGpGpg + bGpppp + bGpppg + DG pppk
— Gpp + Cqu +dG, = 0. (443)

Equation (4.43) have five symmetries namely,

0 0 0 0 0
F1—a—p,FQ—a—an?)—%,ﬂ—@,m—k@-

Similarly, characteristic equations of the symmetry I' = I'y + I's + 71’3, where v is
a constant, provide the invariants f = g —p, g = k —vp and G(p,q, k) = U(f,9).

Hence, equation (4.43) transforms into

207UpUyq + O‘V2Ungg + ByUsUsg + BvUsUss + 572UgUfg = 3bpUypgy  (4.44)
- 3b:“72Ufggg - b/WSUgggg - 72Ugg + pUsg + aUpp = AUpg + cUpp + dUgq
+ b74Ugggg + a’YQUgg + BUUss + 2avUyg + pyUgg + @UsUyp + 3672Uffgg

+ yUsfrg + 307 Usggg — buUsspg = 0.

Equation (4.44) gives three symmetries

0 0 0
Rl_a_faR2_8_g7R3_@-

Furthermore, the combination R;+ 60 R, with 0 as a constant, gives invariant solution
U(f,g) = H(r) with r = g — 6f. Finally, substituting U(f,g) = H(r) into (4.44),
transforms (4.44) into a NLODE

200’ H'H" — oy*0H'H" + 28~6*H'H" — B~*0H' H" — 3bu~r9*H™ (4.45)

+ 3buy*OH"" — buy* H" — v*H" — ifH" + a 0*H" + ~v0H" + c0*H"

+dH" + W' H" + ay?*H" — BPPH'H" — 2av0H" + pyH" — 00>H' H”

+ 3[)’}/292[’[”” o bfyHSH”” o 3[)’739[‘[”” 4 b,w93H”” —0.
Equation (4.45) simplifies to

(2070% — a0 + 2890% — By*0 — BO° — b )H'H" (4.46)
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+ (ay® = 2av0 + py +d — v — pf + a 6® + 40 + c6*)H"
+ (by" + 30?0 — bury® — 3bun6? + 3by*0% — by0° — 30770 + bub®)H™ = 0.

Thus, we have

AH/H// + BH” + CHI/// — O, (447)

where

A = 2a70% — ay?0 + 2670% — By*0 — B> — ab?,
B=ay*—2av0 +py+d—~*— pub 4+ ab*+~0 + c6?

C = by* + 3buy*0 — bury® — 3buy6? + 3b720% — by0> — 36730 + bub®.

4.2.3 Solution by direct integration

In this section, we seek to find the general solution of the KP-BBM equations (4.4)
by directly integrating (4.47). Integrating (4.47) with respect to r yields

?H’Q +BH' +CH" + K, =0, (4.48)

where K is an arbitrary constant of integration. Let H'(r) = ®(r), then equation

(4.48) becomes

gcp? + B® + C®" + K, = 0. (4.49)
To integrate (4.49), we first multiply by ®'(r). Thereafter, we get
gcpzcb’ + Bdd' + CP"d' + K@ = 0. (4.50)

Integrating (4.50) with respect to r yields

B
gcb’? + ?@3 + Eqﬂ + Ko® + K, =0, (4.51)

where K is an arbitrary constant. Then,

" + %@3 - gqﬂ + gKch - %Kl = 0. (4.52)

Suppose that my, my and mg are real roots (m; > my > mg) of a cubic equation

38 6 6
GRS jqﬁ + ZK(](I) + 71K1 =0, (4.53)
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that satisfies the conditions

mimomgz = —— Ky, m + myimg + m—EK my + —|—m——£3

123—A1,1m2 13m23_AO’1m2 3—A.
Then equation (4.52) is written as
A

% = — (O — my) (D — mo) (D — my)
3C
and has the solution [64]
.A(ml — m2>

®(r) = my + (my — my)cn? { (r—rmop)

K2} k2= 5

12C mp — mg

where ry is a constant and cn is the Jacobi cosine function.

Thus, by integrating (4.54) and returning to the original variables, we obtain the
solution of (4.4) as

u(t,z,y, z) =By [EﬂipticE {sn(Bl(r —79), KZ), KQ}

[E—

+{m2—(m1—m2)1;(f<4}

x (r—ro) + ku, (4.55)

where

B B 120(77%1 — m2)2 B o A(ml — mg)
"N — my)AKS TN 12

r=(y—ut+ (0 —v)xr—0y+ z and k; is an integration constant. EllipticE[r k] is

the incomplete elliptic integral [74].

a00f

200

AR

Figure 4.1: The 3D and 2D solution profiles of (4.55).

Figure 4.1 demonstrates the solution (4.55) for the values v = —4,u = 0.2,0 =
0.6,t = =14,k = 1, my = 100, my = 50.05, m3 = —60,C = 1, A = 0.287 and o = 0.
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4.2.4 Exact solutions of (4.4) using simplest equation method

In this subsection, we use the simplest equation method to solve the nonlinear fourth-

order NLODE (4.47).

Solutions of (4.4) using the Riccati equation as the simplest equation

The balancing procedure yields M = 1. Thus, the solution of (4.47) from (1.37) is
of the form

H(r)=ap+ a1Y(r).

Inserting this value of H(r) into (4.47) and making use of the Riccati equation (1.36)

yields the following algebraic system of equations in terms of a¢ and ay:

Aa’3 +12Caql* = 0,

Aa’’m +12Ca Pm = 0,

Aa*mn® + 8Carlmn? + Caim®n + Baymn = 0,

6 Aai2lmn + Aa,>m3 + 60 Cay>’mn + 15 Caylm? + 3 Baylm = 0,
2 Aai2’n + 2 Aa2lm? 4+ 20 Cay Pn + 25 Ca IPm? + Bal? = 0,

2 Aai?ln® 4+ 2 Aai>m®n + 16 Car’n® + 22 Caylm®n + Caym* + 2 Bayln + Baym? = 0.

Using Maple, we can solve the aforementioned system of algebraic equations and get

Cl

ag = ag, a3 = —12 T B=4C(Iln — m?). (4.56)

It follows that the solutions for the equation (4.4) using the Ricatti equation as the

simplest equation are

m  w 1
u(t,z,y,2) = ag + a1 {_ﬂ ~ 5 tanh (—ﬁw(r + D)) } (4.57)

and

B m  w wr sech (%)
u(t,z,y,2) = ayg + a1 {_Z - Ztanh (7) + ool (%) — 231 o (%) } (4.58)

with w = vVm?2 —4din, r = (y — p)t + (0 — v)r — 0y + z and D a constant of
integration. Figure 4.2 demonstrates the solution (4.57) for the values v = 0.2, u =
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Figure 4.2: The 3D and 2D solution profiles of (4.57).

03,0=19t=6C=19,D=19A=22=—1,m=2,1=0.09,a = 10,a; =
—11.4,w = 2.03

300 F
400 F
300F

200 F (

100 F

=T E w [ I »n E

Figure 4.3: The 3D and 2D solution profiles of (4.58).

while Figure 4.3 demonstrates the solution (4.58) for the values v = 0.2, u = 0.3,0 =
1.9,t=6,=19D=19A=22=-1,m=2,1=0.09,a0 = 10,01 = —11.4,w =
2.03.

Solutions of (4.4) using the Bernoulli equation as the simplest equation.

In this case, the balancing procedure yields M = 1 and solutions of (4.47) are of the
form

H(r)=ap+ a1 Y (r).
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The insertion of the expression for H(r) into (4.47) and making use of the Bernoulli

equation (1.35) yields the following system of algebraic equations in terms of ag, a;:

Aa>m? +12Caym* =0,

Cayl* + Ba,l* = 0,

Aa,2lm? + 12Caylm? = 0,

2 Aai*I*m + 25 Carl*m® + Baym?® = 0,

Aa,?1? + 15CaqlP>m + 3 Baylm = 0.

The solution of the given system using Maple yields
Cm
A Y
Therefore, the solution of the KP-BBM (4.4) is

B=-CP. (4.59)

ag = Qgp, a1 = —12

cosh [I(r + D)] + sinh [I(r + D)]
t = l 4.60
ull:2,9,2) = ao + @ {1 T mcosh - £ DY —msmh [+ D) J 0 60
where r = (y — u)t + (0 — y)x — 0y + z and D is an arbitrary constant.
U
15 ¢
12F

K

T e s oW m-30 -2 —10 0 10 20 30 Y

Figure 4.4: The 3D and 2D solution profiles of (4.60).

Figure 4.4 demonstrates the solution (4.60) for the values v = 0.2,u = 0.3,0 =
19,t=6,=19,D=09,A=2,2=-1,m=2,1=0.09,a0 = 10,a; = —22.8,w =
2.03.

Case 2. We consider the symmetry X5 given as

0 0 0 0
X5 = 20ét§ + aya—y + azp- = (2ay + au)%.
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We compute invariants associated with X5. The Lagrangian system associated with

X5 is

dt d d d
__eE_ (4.61)
200 oy az 2ay + au
We first consider
dt d
R (4.62)
2t «ay

Solving equation (4.62) by using variables separable method, we get invariant
J 1=Y / \/E

Secondly, from (4.61) we use

dt dz
— = — 4.63
2t «az ( )
and solving (4.63) yields
JQ = Z/\/Z
Similarly from
d d
w_ = (4.64)
ay  az
we use variables separable approach and obtain
Js =1y/z.
Finally, to get invariant J; we use
dt d
v (4.65)

2at  2a y+ou
Simplifying (4.65) we get a first-order linear differential equation of the form

du u ay
- = _27 4.66
dt + 2t at’ ( )

which solves to

° %

Jy=— (ay + au). (4.67)
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We now write J; as a function of other invariants namely, J;, Jo and J3. Thus,
Jy = F(Jy, Jo, J3). (4.68)
Substituting the value of J; from (4.68) into (4.67), we get

t
F(J17 J27 J3) = \/—

(%

(ay + au). (4.69)

Writing u(t, x,y, z) in terms of the other variables in (4.69) gives

1
u(t,z,y,z) = —=F(J1, Ja, J3) — v (4.70)

Vit a

Substituting u(t, x,y, z) from equation (4.70) into (4.4) leads to

Foo — aF,,F — 2qaF,, Fy — kaF,,F, — 2BFF, — 2¢8F,F,. — kBF,Fr,  (4.71)
bE, . + 26F + 10gcE, + 4keFy + 4cq?Fyy + Acqh Fig + ck?Eiy, + dFjy, = 0,
where F'in (4.71) is a function of p, ¢ and k. Equation (4.71) does not have sym-

metries. Thus we have reduced the number of independent variable of the KP-BBM
(4.4) by one.

Remark. We note that the symmetries X5 and X do not provide invariant solutions.

4.3 Conservation laws of (4.4)

In this section, we derive conservation laws of the KP-BBM (4.4). We use two
different methods to find conservation laws. These are the multiplier method and

Noether’s theorem.

4.3.1 Conservation laws using multiplier method

We seek the zeroth-order multiplier M = M(t, z,y, z, u), determined by using equa-
tion

)
50 {M (auy gy + By tiyy — bliggy + Qg + ctlyy, + duy, + uy)} =0, (4.72)
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where 0 /du is the Euler operator, given in our case as

) 0 0 0 0 0 0
_:__D__Dz_ DDI D2 D2
ou  Ou Y Ouy, Oy + L Oy + T OULy + Y Ouy,
0 0
D? D,D,—— + D,D?
* ? auzz * yauwy - e authxj

where Dy, D,, D,, D, are total derivative operators as defined in (4.8). Expanding
(4.72) and splitting the result on appropriate derivatives of u yields the system of

four multiplier determining equations:
M., =0 M, =0, M, =0, M, =0.
The solution to the above obtained PDEs gives
M =F(t)z+ G(t),

where ' and G are functions of t. The conserved quantities of equation (4.4) are

derived by applying the divergence identity

D"+ D, T* + D, TY + D, T*

= {M (auy Uy + By tsy — Dligyy + gy + Cyy + dty, + wgy) } (4.73)

with T* being conserved density and T%, TY, T* spatial fluxes. Thus, using (4.73),

we obtain the following conserved vectors corresponding to the two multipliers:

Case 1. For M, = F(t)z, we have the corresponding conserved vector

1 1
Tt = ézuxF(t) — szume(t),

1 1 1 1
T — §OéZF(t)Uxuy - §ozzF(t)uuzy - ZBZF(t)uuyy + ZﬁzF(t)uf/
1 3 1 1
+ Z—lsz’(zf)um — ZbZF(t)utm + azF(t)u, — §zF’(t)u - 52F(t)ut,
1 1 1
TY = §azF(t)uum + czF(t)u, + ZBZF(t)uxuy + ZBZF(t>UU:cy»

T =dzF(t)u, — dF(t)u.

Case 2. For My = G(t), we have the conserved vector given by

1 1
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1 1 1 1 1,
T = §ozG(t)u$uy - §aG(t)uu$y - ZﬂG(t)uuyy + ZBG(t)ui + ZbG () U
- ZbG(t)um + aG(tyu, — %G’(t)u + %G(t)ut,
1 1 1
TY = §aG(t)uum +cG(t)u, + ZBG(t)ugguy + ZBG(t)Unya

T% = dG(t)u,.

4.3.2 Conservation laws using Noether’s theorem

The KP-BBM equation (4.4) does not posses a Langrangian. However, if we let
B = 2a the KP-BBM equation (4.4) then becomes

Uty + QUYUgy + 200Uy Uy — Dlpgry + QU4 + ClUyy + du,, = 0. (4.74)

The standard Euler operator §/du is defined in (1.45). Now, dL/éu = 0 for

1 1 1 1 1 1
L= —Eauf — §buwum — §cuy2 — éduf — Uitz — Eauﬁuy, (4.75)
therefore £ is the Lagrangian for (4.74).
The Lie-Bécklund operator
0 0 0 0 0
x_,9 .9 ,,0 0 0 476
"ot T T %y Ve T (4.76)

where the infinitesimals 7,&,¢ and v are function of ¢, z,y,2 and u is a Noether

operator corresponding to the Lagrangian L if it satisfies

XPUL) + L[Di(7) + Do(§) + Dy(¢) + D=(¢)] = Dy(B") + Dy (B?)
+D,(B*) + D,(BY), (4.77)

where B, B?, B3 and B* are gauge terms. We proceed to find all Noether symmetries
of (4.74) and their gauge functions depending on ¢, x,y, z, and u. We expand (4.77)
and split the result on the derivatives of u, thereby yielding a system of PDEs.
Solving the obtained system of PDEs, we have the Noether point symmetries with

their respective gauge functions as

Xlzg, B'=0, B*=0, B>=0, B*=0,
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)(2—62 B'=0, B*=0, B>=0, B*=0,
X, aa B'=0, B*=0, B>=0, B*=0,
a 1 2 3 4
X4:a— B'=0, B>=0, B*=0, B*=0,
0 0 o) 0
t8t+ay8 +a28z (ou + ay)(9 , 0, 0,
B3 = 2acu, B*=0,
a 1 2 1 ! 3 4
Xqg=G(t)=, B'=0, B*=—-vG'(t), B>=0, B*=0,
ou 2
0 1
XF:zF(t)a—, =0, 32:—§sz’(t), B*=0, B*= —duF(t).

Corresponding to each of the Noether symmetries, we respectively obtain the follow-

ing non-local conserved vectors:

1 1 1 1 1 1

T =— §au§, — Zbutumx - Zbumum 5 u - §du - 50416 2 Uy
1 1 ;
Tlx =aUUy — Z—lbutu, tzx + §bufx + ZbUttumc + QU Uz Uy + %7
1
TV =cupuy, + §autu§,
17 =dusu;
1 1 2
T = b, — bttt + %
1 1 3 1 1 1
TQx :EGUJ?B + Zbua:xutx - Zbuazutx:c - écu?; - §du2 + Eauiuy’
1
Ty =cu,u, + 5041@‘3,
T5 =duu,;
1 1 1

t
T3 =—bugp gy —

4

bu:cxzuy + 5 Uz Uy,

4

3
Ty =auzu, — Zbuyutm + Zbumuty + §bumuzy + §utuy + auwui
1 1 1 1 1
Ty :§cu§ — iaui - §bumum - §du§ - s,
T3 =duyu.;
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1 1 1

T - 1b + 1b b + ! +
=QUxpU, —OUgz Uty SOU Uy — 7 OU Upgy 5 Ut QU Uy Uz,
4 I g e g !
1

Ti/ =CuyU, + Eauiuz,

1 1 1 1 1 1
Tf :—duz — —aui — —bUpa Uty — —cu? — FULUy — —auiuy;

2 2 2 2 Y 2 2

1 1
Tff zﬁzauwuz — dtauz — szaumxuz — ctozuz — atozui, — §btaumum
5 o 1 1 1
+ ayu, — tauyuy + iauux + éyauyum + Zbauzum + szauxzuxm
1

+ Z—LbyomgﬁyumC — éabyumx — Zbauumx — Zbyauyumx — ibtaumxut,

T :2yuxa2 + QUULA + 20U UL + 3YQUy UL + YUua + 2t ua
3
+ tozuf — §byutma + btaufx + yoz2u5ux + 0z2uuyuw + zazuzuyum
1 1 1 9 3 1
+ §ozuut + §zauzut + §yauyut + 2tauyuuy + Zbaumut + szaumutz

1 1 1 1 3
+ Zbyaumuty + §bauxut$ + ébzaumum + §byauxyum — Zbauutm

1 3 3 3
+ bty Uy — Z—lbzauzutm — Zbyauyutm — §btaututm,

1 1 1 1
Ty :Ezq%iuz - §dyozuz + czauyu, + §cyau§ + §ayaui + §a2uu§
1
+ 2acyu, + cauuy, + ta2uiut + 2ctauyuy — §yauxut — §byaumum,

1 1
Tz zidzaug + 2adyu, + douu, + dyou,u, — éczauz

1 1 1
+ 2dtauu, — §azaui — éza2uyui — Ezauxut — ébzozumum;
;1 1
Tt ==bG () ugye — =G (t) Uy,
4 2
3 1 1
T¢ :ZbG(t)utmz —aG(t)u, — aG(t)uyu, — §G(t)ut - ZbG'(t)um,
1
TG = — cG(t)u, — §&G(t)u§,
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3 1 1
1% :ZbZF(t)uth — azF(t)u, — azF(t)u,u, — §ZF(t)Ut — ZbZF,(t)u“m

1
Ty = — czF(t)u, — §azF(t)ui,

TE =—dzF(t)u,.

4.4 Concluding Remarks

In this Chapter we examined the three-dimensional KP-BBM equation, which was
just recently published in the literature [73]. There are numerous disciplines in which
this equation can be used. In order to execute symmetry reductions and create accu-
rate solutions, we first reduced the equation using its Lie point symmetries. Besides,
using the direct integration technique, we found an incomplete elliptic integral solu-
tion associated with the model (4.4). In addition, with the introduction of Riccati
and Bernoulli equations, we utilized the simplest equation approach to secure more
solutions to (4.4). Moreover, the solutions found were depicted with various diagram-
matic representations by making an adequate choice of parameter values. Lastly, the
multiplier method of conservation laws was used to generate conservation laws for
this model. Additionally, we employed Noether’s theorem to obtain conserved vectors

for a particular instance of (4.4) where § = 2a.
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Chapter 5

Concluding remarks and future

work

Nonlinear partial differential equations are used to simulate many of the physical sys-
tems found in fluid mechanics, materials science, elasticity, thermodynamics, biology,
gas dynamics, and other fields. Therefore, it is crucial to research these systems in or-
der to identify their precise solutions and conservation laws. The nonlinear filtration
equation, the extended Kadomtsev-Petviashvili (eKP) and Kadomtsev-Petviashvili-
Benjamin-Bona-Mahony equation are three nonlinear partial differential equations

that have so been examined in this dissertation (KP-BBM).

The relevant literature that was consulted for this dissertation was presented in
Chapter one. Different techniques for determining the precise solutions of nonlin-
ear partial differential equations were presented, along with various techniques for

determining conservation laws.

The nonlinear filtration equation was covered in Chapter two as an illustration. We
derived the equation’s Lie point symmetries, calculated their commutator tables, and
produced one-parameter groups of transformations for them. Later, group-invariant
solutions to the nonlinear filtration equation were constructed. Additionally, we used

the multiplier method to derive the conservation laws for the equation.
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We looked at the extended KP equation (3.3) in Chapter three by first determining
its infinitesimal generators. We provided symmetry reductions and then presented
group-invariant solutions to the extended KP problem. We also used the obtained

symmetries to derive conservation laws for the equation.

In Chapter four we examined the three-dimensional KP-BBM equation, which was
just recently published in the literature. There are many fields in which this equa-
tion can be utilized. In order to perform symmetry reductions and create accurate
solutions, we first compute Lie symmetries. The simplest equation approach and
incomplete elliptic integral were two techniques used to get solutions for (4.4). The
multiplier method and Noether’s theorem were used to generate conservation laws
for this model. Additionally, we employed Noethers theorem to obtain conserved

vectors for a particular instance of (4.4) where 5 = 2a.

For future work we shall use the conservation laws to obtain exact solutions of these

nonlinear partial differential equations.
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