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Abstract 

In this dissertation, three systems of nonlinear partial differential equations , namely, 

the generalized Ito-type coupled KdV system, Boussinesq system of KdV-KdV type 

equation and coupled KdV system are studied. 

The exact solutions of the Boussinesq system of KdV-KdV type equations and the 

coupled KdV system are obtained. The Lie symmetry approach along with the sim­

plest equation method is used to obtain these solutions. 

Moreover, conservation laws for all the three systems are derived using the Noether 's 

theorem. The three systems are third-order systems of PDEs and do not have La­

grangian. The transformation u -+ Ux, v -+ Vx are used to convert the above men­

tioned systems to fourth-order systems in U, V variables, which have Lagrangians. 

oether's approach is then used to derive the conservation laws. Finally, the conser­

vation laws are expressed in the variables u , v and they constitute the conservation 

laws for the third-order systems. Infinitely many nonlocal conserved quantities are 

obtained for these three systems. 
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Introduction 

The study of nonlinear partial differential equations (NLPDEs) has made a substan­

tial progress during the last few decades (see for example [1- 16]). In particular, its 

integrability aspects have been studied. A variety of techniques, such as solitary 

wave ansatz method [7, 8], the inverse scattering transform method [9], the Hirota's 

bilinear method [10], the homogeneous balance method [11] and Lie symmetry meth­

ods [12-16], have been used in the literature to find exact solutions of NLPDEs. 

Among the above mentioned methods, the Lie symmetry approach developed by 

Sophus Lie (1842-1899) is one of the most effective methods to determine solut ions 

of NLPDEs. It also plays a vital role in the reduction of differential equations. The 

method centres around the algebra of one parameter Lie groups of transformations 

that are admitted by the PDE. When the Lie point symmetries have been determined, 

the reduction of the PDE is standard and may lead to exact (symmetry invariant) 

solutions [13, 17] . 

The notion of conservation laws plays an important role in the study of NLPDEs. 

The constructive way of finding conservation laws is by means of Noether 's theo­

rem [18] . This theorem states that for Euler-Lagrange differential equations , each 

Noether symmetry associated with the Lagrangian there· corresponds a conservation 

law. The application of Noether's theorem depends upon the knowledge of a suitable 

Lagrangian. Conservation laws have been extensively used in studying the existence, 

uniqueness and stability of solutions of NLPDEs (see for example [19, 20]). 

Many methods such as the Laplace direct method [21] and characteristics method [22] 

have been developed to obtain conservation laws for differential equations which do 
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not have a Lagrangian. T he direct method [21] has been successfully applied to 

obtain conservation laws for such differential equations. The characteristics method 

introduced by Steudel [22], involves writing a conservation law in characteristic form , 

where the characteristics are the multipliers of the differential equations . 

In this research project we will obtain exact solutions and conservation laws for the 

following three nonlinear systems of PDEs: 

The generalized Ito-type coupled KdV system [23] is given by 

where a , /3 and I are arbitrary constants . Here the space and time variables x and 

t represent the position and the elapsed t ime, respectively along t he channel, where 

v(x, t) is the horizontal velocity and u(x, t) is the deviation of the free surface from its 

rest position. The generalized Ito-type coupled KdV system describes the interaction 

process of two long waves that have infinitely many conserved quantities. 

The Boussinesq system of KdV-KdV type equation [24], is given by 

0, 

0, 

where a and care arbitrary constants. The independent variable x represents position 

along t he channel , t is proportional to elapsed time, u(x , t) is the deviation of the 

free surface from its rest position at the coordinate .1; at t ime t while 'u(:r;, t) is the 

horizontal velocity. The Boussinesq system of KdV-KdV type equation describes 

the two-way propagation of small-amplitude, long wavelength gravity waves on the 

water in a canal. 
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The coupled KdV system [25] 

Vt+ Ux + f3uxV + /3UVx + rUxxx 0, 

Ut + Vx + O:VVx + (3uux + AVxxx 0, 

where o:, /3 , 1 and ,\ are arbitrary constants, describes the motion of small-amplitude 

long waves on the surface of an ideal fluid under the gravity force and in situations 

where the motion is sensibly two dimensional. The independent variable x represents 

position along the channel, t is proportional to elapsed time, u( x, t) is the deviation 

of the free surface from its rest position at the coordinate x at t ime t while v(x , t) is 

the horizontal velocity. 

The outline of the research project is as follows: 

In Chapter one, the basic definitions and theorems concerning the Lie group methods 

are recalled. 

Chapter two deals with the symmetry reductions of a generalized Ito-type coupled 

KdV system using Lie group analysis. Furthermore, conservation laws of this system 

are constructed using Noether 's theorem. 

In Chapter three, Lie group analysis is applied along with the simplest equation 

method [26-29] to obtain exact solutions for the Boussinesq system of KdV-KdV 

type equation and its conservation laws are derived using Noether's approach [18]. 

In Chapter four, we obtain exact solutions of the coupled KdV system using Lie 

symmetry method together with the simplest equation method. Furthermore, con­

servation laws for the system are constructed using Noether's approach [18]. 

Finally, in Chapter five , a summary of the results of the dissertation are presented 

and future work is discussed . 

A bibliography is presented at the end of this dissertation. 
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Chapter 1 

Preliminaries 

In this chapter, we present basic definitions and theorems that will be used through­

out this dissertation. This includes the algorithm to determine the Lie point sym­

metries and Noether point symmetries of partial differential equations. 

1.1 Introduction of Lie group theory 

In this section we give a brief introduction to Lie group theory of partial differen­

tial equations. Lie group analysis originated in the late nineteenth century by an 

outstanding mathematician Sophus Lie (1842-1899). He discovered that majority 

of adhoc methods of integration of differential equations could be explained and 

deduced simply by means of his theory which is based on the invariance of the differ­

ent ial equations under a cont inuous group of symmetries. The mathematical ideas of 

Lie's theory are presented in several books, see for example, Bluman and Kumei [12], 

Olver [13], Ovsiannikov [14], Ibragimov [1 , 15] and Stephani [30] . 

1.1.1 Continuous one-parameter groups 

Let x = ( x1, ... , xn) be the independent variable with coordinates xi and u = 

(u1, ... , 'um) be the dependent variable with coordinates uc, (n and m finite). Consider 
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a change of the variables x and u involving a real parameter a: 

(1.1) 

where a continuously ranges in values from a neighborhood V ' C V C IR of a = 0, 

and Ji and </>° are differentiable functions. 

Definition 1.1 A set G of transformations (1. 1) is called a continuous one-parameter 

(local) Lie group of transformations in the space of variables x and u if 

(i) For Ta , n E G where a,b EV' CV then nTa = Tc E G, c = ¢(a, b) EV 

(Closure) 

(ii) To E G if and only if a= 0 such that To Ta = Ta To= Ta (Identity) 

(iii) For Ta E G, a E V ' C V , Ta-l = Ta-1 E G, a-1 E V such that \ NWRAURYI 
( ) LIB . -

Ta Ta-1 = Ta-1 Ta = T0 Inverse 

We note that the associativity property follows from (i). The group property (i) can 

be written as 

xi l(x, ii, b) = l(x, u, ¢(a, b)) , 

¢0:(x, ii , b) = ¢0:(x, u, ¢(a, b)) (1.2) 

and the function ¢ is called t he group composition law. A group parameter a is called 

canonical if ¢(a, b) =a+ b. 

Theorem 1.1 For any ¢( a, b) , there exists the canonical parameter ii defined by 

_ (° ds 8¢(s , b)I 
a,= l o w(s)' where w(s) = ob . b=O . 

1.1.2 Prolongation of point transformations and Group gen­

erator 

The derivatives of u with respect to x are defined as 

(1.3) 
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where 

i = l , ... ,n, (1.4) 

is the operator of total differentiation. The collection of all first derivatives uf is 

denoted by u (i) , i. e., 

u(l ) = {uf} a= 1, ... ,m, i = 1, ... , n. 

Similarly 

·u (2) = {'u~D a= 1, .. . ,m, i,j = 1, .. . , n 

and u (3) = { u0k} and likewise u (4) etc. Since u0 = u'fi , u (2) contains only u0 for 

i ::; j. In the same manner v.(3) has only terms for i ::; j ::; k . There is natural 

ordering in u (4) ,u (5) · · · . 

We note that in group analysis all variables x, u , u(l) · · · are considered funct ionally 

independent variables connected only by the differential relations (1.3). Thus the u~ 

are called differential variables and a pth-order PDE(s) is given as 

(1.5) 

Prolonged or extended groups 

If z = ( x , u) , one-parameter group of transformations G is 

(1.6) 

According to t he Lie's theory, the construction of the symmetry group G is equivalent 

to the determination of t he corresponding infinitesimal transformations: 

(1 .7) 
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obtained from (1.1) by expanding the functions Ji and cf/' into Taylor series in a 

about a= 0 and also taking into account the ini tial conditions 

Thus, we have 

. apl 
t(x, 'll) = oa , 

a=O 

8¢al 7)a( x , u) = ~ . 
ua a=O 

(1.8) 

One can now introduce the symbol of the infinitesimal transformations by writing 

(1.7) as 

xi ,:;:; (1 + aX)x, ua,:;:; (1 + aX)u , 

where 

(1.9) 

This differential operator X is known as the infinitesimal operator or generator of 

the group G . If the group G is admitted by (1.5), we say that X is an admitted 

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5). 

We now see how the derivatives are transformed. 

The Di transforms as 

(1.10) 

where D 1 is the total differentiations in transformed variables _;y;i. So 

Now let us apply (1.10) and (1.6) 

(1.11) 

Thus 

(1.12) 
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The quantities uJ can be represented as functions of x , u, u (i), for small a, ie. , (1.12) 

is locally invertible: 

(1.13) 

The transformations in x , u, U(l ) space given by (1.6) and (1.13) form a one-parameter 

group ( one can prove this but we do not consider the proof) called the first prolon­

gation or just extension of the group G and denoted by G[1l . 

We let 

(1.14) 

be the infinitesimal transformation of the first derivatives so that the infinitesimal 

transformation of the group G[l] is (1.7) and (1.14) . 

Higher-order prolongations of G, viz. G[2l, Q [3l can be obtained by derivatives of 

(1.11). 

Prolonged generators 

Using (1.11) together with (1.7) and (1.14) we get 

Di(P)(uc;) 

Di(xj + a~j)(uc; + a(l) 

(6f + aDi~j)(uc; + a(l) 

u°' + aro. + auo. D ·d 
i '>i J i ',, 

This is called the first prolongation formula. Likewise, one can obtain the second 

prolongation, viz., 

(1.16) 

By induction (recursively) 

(1. 17) 
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The first and higher prolongations of t he group G form a group denoted by G [1l , · · · , G [P]. 

The corresponding prolonged generators are 

x [1l X + G' ,:,[) Ct (sum on i , a), 
u?li 

where 

(1.19) 

1.1.3 Group admitted by system of PDEs 

The operator 

1( a 2 ° 1 a 2 a X =~ t,x,u,v)
0

t +~ (t,x,u ,v)
0

x +17 (t ,x,u,v)
0

u +71 (t , x,u,v)
0

v (1.20) 

is said to be a (generator of) point symmetry of the third-order system of PDEs 

E(t, X, U, V, Ut, Vt, Ux, Vx, Utt, Vtt, Uxx, Vxx, Uxxx, Vxxx) = 0, (1.21) 

if .,.· l NWU· 
\LIBRARY_ (1.22) 

whenever E = 0. This can also be written as (symmetry condit ion) 

(1.23) 

where the symbol IE=O means evaluated on the equation E = 0. 

D efinition 1.2 Equation (1.23) is called the determining equation of (1.21) , because 

it determines all the infinitesimal symmetries of equation (1.21). 
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The theorem below enables us to construct some solut ions of (1.21) from known one. 

Theorem 1.2 A symmetry of equation (1.21) transforms any solut ion of (1.21) into 

another solution of the same equation. 

Proof: It follows from the fact that a symmetry of an equation leaves invariant that 

equation. 

1.1.4 Lie algebras 

Let X 1 and X 2 be any two operators defined by 

and 

D efinit ion 1.3 (Commutator) The commutator of X1 and X2 , written as [X1 , X2], 

is defined by the formula [X1 , X2] = X1 (X2) - X2(X1). 

D efinit ion 1.4 (Lie algebra) A Lie algebra is a vector space L of operators with 

the following property : For all X1 , X2 E L , the commutator [X1 , X2] E L. 

The dimension of a Lie algebra is the dimension of the vector space L. 

Theorem 1.3 The set of all solutions of any determining equation forms a Lie 

algebra. 

1.2 Fundamental operators and their relationships 

In this section we give some basic definitions and theorems concerning Noether point 

symmetries and conservation laws which we utilize later in the dissertation. 
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Consider a kth-order system of PD Es of n independent variables x = ( x1 , . . . , xn) and 

m dependent variables u = ( u 1 , ... , um) given by 

(1.24) 

where u (l) , . .. , u(k) denote the collection of all first , second and kth order part ial 

derivat ives , that is, uf = Di(uo:) , u0 = D1Di(uo: ), .. . , where a = l · · · , m and 

i , j , · · · = 1, · · • , n , with the total differentiation operator wit h respect to xi given by 

(1. 25) 

Definition 1.5 The Lie-Backlund operator is 

(1.26) 

(1.27) 

The Lie-Backlund operator (1. 26) in characteristic form is 

(1.28) 

in which w o: is the Lie characteristic function 

(1. 29) 

Definition 1.6 If t here exist a function L(x , u , U (l) , u(2), ... u(k- i) ) E A (space of 

different ial functions) , such that the system of PDEs (1.24) are equivalent to 

8L 
-s. -=0, a =l , 2, ... ,m , 
uuo: 

where the Euler-Lagrange operator 8 / 8uf is 

8 a """" ( )SD D a s. 0: = a 0: + ~ -1 i1 . . . i , a 0: 
u U - U - U -

i i s2:: 1 i 1 .. i , 

, a =l ,2, ... ,m, 

(1.30) 

(1.31) 

then L is called a Lagrangian of (1.24) and equations (1.30) are the corresponding 

Euler-Lagrange different ial equations. 
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Definition 1. 7 A Lie-Backlund operator X is a Noether symmetry generator asso­

ciated with a Lagrangian L of (1.30) if there exists a gauge function B = (B1
, B2

, . .. , En), 

such that 

(1.32) 

Definition 1.8 A conserved vector of (1.24) is an n-tuple Ti= (T1
, T 2

, . . . , Tn), T i 

E A defined by 

such that 

(1.34) 

holds for all solut ions of (1.24). 

1. 3 Conclusion 

In this chapter we presented some basic definitions and concepts concerning Lie 

group analysis , Noether symmetries and conservation laws of PDEs. These included 

the algorithm to determine the Lie point symmetries, Noether point symmetries and 

conservation laws of PDEs. 
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Chapter 2 

Symmetry reduction and 

conservation laws of generalized 

Ito-type coupled KdV system 

In this chapter we use Lie symmetry method to determine the Lie point symmetries 

of a generalized Ito-type coupled KdV system [23] given by 

0. (2.1) 

We also derive the conservation laws for system (2.1) using Noether theorem [18] . 

Here a, /3 and I are arbitrary constants . It is well known that coupled nonlinear 

systems in which a KdV structure is embedded occur naturally in shallow water wave 

problems [31, 32]. When a = - 6, f3 = -2 and,= -1, the system (2.1) is called 

Ito's system and it describes the interaction process of two internal long waves [33]. 

It should be noted that in the absence of the effect of v, system (2.1) reduces to the 

ordinary KdV equation. In [34] it has been shown that this Ito's system can be a 

member of a bi-Hamiltonian integrable hierarchy. The numerical methods for this 

system are very limited [23]. Xu and Shu [32] however developed local discontinuous 

Galer kin methods for the Ito's system and proved the stability of these methods and 

as a result showed some good numerical results. Recently, in [23], the generalized Ito-
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type coupled KdV system (2.1) was constructed as a multi-symplectic Hamiltonian 

partial different ial equation by introducing some new variables and multi-symplectic 

numerical methods were applied to investigate this system. Part of the work of this 

chapter has been published [35]. 

2.1 Symmetry reduction of generalized Ito-type 

coupled KdV system 

2.1.1 Lie point sy mmetries of system (2.1) 

The symmetry group of a generalized Ito-type coupled KdV system (2.1) will be 

generated by the vector field of the form 

w _ 1( ) a 2( ) a 1( a 2 a - ( t, X, U, V at+ ( t , X, U, V ax + TJ t , X, U, v) au + TJ (t, X, U, v) av . (2.2) 

Applying the third prolongation pr(3) W [13] to (2. 1) we obtain the overdetermined 

system of linear partial differential equations (PD Es) 

(; 0, 

(~ 0, 

(; 0, 

(~ 0, 

(; 0, 

TJ; 0, 

1 
T/uu 0, 

T/~ 0, 

l e n T/xu - xx v, 

(z - 3(; = 0, 
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f3vri; + ri; + f3uri; = 0, 

f3ri 1 - (3u~; + (3u~z - ~; = 0, 

1 (3 2 l+ 1 0 O'.U'f/x + V'f/x + 'rlt 'Y'r/xxx = ' 

ri
2 - vi= 2 + vi= 1 

- vr,1 + vri2 = 0 , <-:.. x ½,t ,u · tu , 

2 2 cl 1 2 0 'r/ - V~x + Vr.,t + V'f/u - V'f/v = , 

O'.f/1 + a.u~z - au(; - ~; + 3,yri;xu - 'Y~;xx = 0. 

Solving the resultant overdetermined system of linear partial differential equations 

we obtain the following three Lie point symmetries: 

a 
at' 
a 
Bx ' 

a a a a 3t- + x - - 2u- - 2v-. at ax au av 

We now compute the Lie brackets of the above point symmetries for all symmetry 

generators. By definition of the Lie bracket [1], we have 

(2.3) 

and 

(2 .4) 

We now compute the commutation relations for all t he symmetry generators. First 

we compute [1l1 1 , 1l1 2]. Using (2 .3) we have 

'!'1 '!'3 - W'3'!'1 

l NWU· \ 
LIBRARV_ 

I (3ti + x..§_ - 2u..§_ - 2v..§_) - (3ti + x..§_ - 2u..§_ - 2v..§_ ) I 
at Bt Bx Bu fJu Bt Bx B·u Bv Bt 
3'1'1, 
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Likewise, one can obtain t he commutation relations between other vector fields . In 

Table 1 below we present the commutator table of the Lie algebra of system (2.1). 

Here the entry in row i and column j is represented by [ il\, 1lt J 

Table 1. 

[1lti, 1ltj] \[I 1 \[I 2 \[I 3 

W1 0 0 3\l'1 

W 2 0 0 W2 

W3 -3W1 -W2 0 

2.1.2 Symmetry reduction of system (2.1) 

In this subsection we will use symmetries obtained in the above section to reduce 

system (2.1) into ODEs. In order to obtain symmetry reduction and exact solutions , 

one has to solve the associated characteristics equations 

dt dx du dv 

e(t, .'r, u, v) 

We consider the following cases: 

Case 1. 

Let us calculate the invariant solution for the operator W 3 , viz., 

o o o o 
W3 = 3t- + x - - 2u- - 2v-. 

ot ox o·u ov 
(2.5) 

Let 

oJ oJ oJ oJ 
1lt3J = 3t- + x- - 2u- - 2v-. 

ot ox OU av 
The characteristic system is 

dt dx du dv 

3t x -2u -2v 

Solving 

dt d:r 

3t X 
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we obtain z = xt- 1!3 . Similarly, solving for 

dt 
3t 

du 
-2u 

and 
dt 
3t 

dv 
-2v ' 

one gets 11 = u,t213 and 12 = vt213 . Therefore we obtain the group-invariant solution 

u(t ,x) = c 213 E(z) and v(t,x) = c 213 F(z), 

where z = xt- 1!3 is an invari ant of the symmetry '113 and the functions E(z) and 

F(z) satisfy the following system of ODEs: 

Case 2. 

3, E'"(z) + 3o:E(z )E'(z) + 3(3 F( z) F' (z) - zE'( z ) - 2E(z) 

3(3E(z) F'( z ) + 3(3 F(z)E'( z) - zF'( z) 

0, 

0. (2 .6) 

Let us consider the linear combination of the translations symmetries w 1 = 8 / ot and 

'112 = 8 /ox, namely the symmetry 

where k is a constant . 

Let 

The characteristic system is 

Therefore, solving 

dt dx du dv 
= l k O 0 

dt dx 
k' 

we get z = x - kt . In a similar procedure, solving for 

dt 
1 

du 
0 

and 

17 

dt 
1 

dv 
o' 



one obtains 11 = u and 12 = v. Therefore we obtain the group-invariant solution 

u(t , x) = E(z) and v(t, x) = F(z), 

where z = x - kt is an invariant of the symmetry \lf 1 + k\¥ 2 and the functions E(z), 

F(z) satisfy the following system of ODEs: 

Case 3. 

--y E111 
( z) + a E ( z) E' ( z) + /3 F ( z) F' ( z ) - k E' ( z) 

(3 E(z)F'(z) + (3 F (z)E'(z) - kF' (z) 

0, 

o. (2.7) 

For invariance under symmetry \lf 2, one obtains an invariant z = x and the group­

invariant solution is of the form 

u(t , x) = E(z) and v(t, x) = F(z), 

where the functions E(z) and F(z) satisfy the following system of ODEs: 

--y E111 
( z ) + a E ( z) E' ( z) + (3 F ( z) F' ( z) 

(3E(z) F'( z) + {3 F(z)E'(z) 

0, 

0. (2.8) 

2.2 Conservation laws of a generalized Ito-type 

coupled KdV system 

In this subsection we will construct the conservation laws of the generalized Ito-type 

coupled KdV system [23] 

0, (2.9) 

where a , (3 and --y are arbitrary constants. It should be noted that the generalized 

Ito-type coupled KdV system does not have a Lagrangian. In order to apply the 
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Noether's approach we use the transformations u -+ Ux , v -+ Vx, then system (2.9) 

becomes 

(2 .10) 

It can be readily verified that L given by 

(2 .11) 

is a Lagrangian for (2 .10). This is because L satisfies 

8L 8L 

6U = 0 and 6V = 0, 

where 8/8U and 8/8V are Euler-Lagrange operators defined by 

and 

Consider the vector field 

X= 

(2.14) 

which has the second extension 

where 

19 



and 

The Lie-Backlund operator X defined in equation (2.14) is a Noether operator cor­

responding to the Lagrangian L if it satisfies 

where B1 (t , x, U, V), B2 (t , x, U, V) are the gauge terms. 

The expansion of equation (2 .16) with the Lagrangian (2.11) yields 

-~Ux[TJi + Ut77& + ½TJi - uta - Ut2~& - Ut ½~i - Ux~Z 

-UtUt~i - Ux½~il - lvx[TJ; + UtrJt + ½77i- ½~t - Ut½~b 

-V/~i - vxa - Ut Vx~i - ½Vx~il -

(
a 2 /3 2 1 1 1 1 

2Ux + 2 Vx + 2Ut)[TJx + Ux7Ju + Vx7Jv 

-Ut~; - UtUx~b - Ut Vx~i - Ux~; - u;~i - Ux Vx~tl 

-(~½ + fJUxVx)[TJ; + UxrJt + VxrJt - ½~; - Ux½~& 

-½Vx~i - Vx~; - Ux Vx~t - Vx2~t] + ,Uxx[D;771 
- UtD;e 

-UxD;e - 2Utx(~; + Ux~b + Vx~i) - 2Uxx(~; + Ux~i + Vx~t )] 

1 [ 2 a 3 2 ][ 1 1 +2 ,Uxx - 3ux - f3Ux Vx - UtUx - ½Vx ~t + Ut~u 

+½~& + ~; + Ux~i + Vx~t] 

=~+¼~+½~+~+~~+½~-

(2.16) 

(2 .1 7) 

Splitting the above system of partial differential equations with respect to different 

combinations of derivatives of U and V results in an overdetermined systems of linear 
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partial differential equations for e, e, r/, r? , B 1 and B 2
: 

(t 0, (2.18) 

(; 0, (2.19) 

(& 0, (2.20) 

(i 0, (2.21) 

(& 0, (2 .22) 

~i 0, (2.23) 

(; 0, (2.24) 

1 
T/xx 0, (2.25) 

T/& 0, (2.26) 

T/i 0, (2.27) 

TJ; 0, (2.28) 

TJ& = 0, (2.29) 

-~i 0, (2.30) 

(; - QT); 0, (2 .31) 

(a - f3) TJ; 0, (2.32) 

Bl 1 1 
(2 .33) u -2TJx, 

Bl 1 2 
(2.34) V -2TJx, 

B2 1 1 
(2.35) u -2TJt ' 

B2 1 2 
(2.36) V -fflt, 

Bl + B2 t X o. (2.37) 

Solving the above systems of PDEs prompt the following two cases: 

Case 1. a =I /3, where a, /3 are non-zero constants . 

In this case, after solving equations (2.18) , (2. 19), (2.20) and (2.21) we deduce that 

(2.38) 
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where C1 is an arbitrary constant. Solving equations (2.22), (2.23) and (2.24) we get 

e = A(t), (2.39) 

where A(t) is an arbitrary function of t. Solving equations (2.26) and (2.27) we 

obtain 

771 = Q(t, x), (2.40) 

where Q(t , x) is an arbitrary function oft and x. Substituting equation (2.40) into 

equation (2.25) and integrating twice with respect to x, we obtain 

77 1 = D(t)x + E(t). (2.41) 

Solving equations (2 .28) , (2.29) and (2 .30) yields 

772 = F(t) , (2 .42) 

where F(t) is an arbitrary function oft. Substituting (2.41) into (2.32) we get 

D(t) = 0. 

Hence 

771 = E(t) . 

Substituting the values of e and 77 1 from equations (2.39) and (2.44) 

into (2.33) gives 

thus 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

where C2 is an arbitrary constant . Substituting the value of 77 1 from equation (2 .44) 

into equation (2.33) and integrat ing once with respect to U we obtain 

B1 = G(t , x, V). (2.47) 
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Substituting t he values of r,2 and 3 1 from (2.42) and (2 .47) into (2.34) and integrating 

once with respect to V we get 

G(t , x , V) = a(t, x). (2 .48) 

Now replacing the values of G(t , x , V) back into equation (2 .47) we obtain 

3 1 = a(t , x ), (2.49) 

where a(t , x) is an arbitrary functions oft and x. Substituting the value of r,1 from 

equation (2.44) into equation (2.35) and integrate with respect U we obtain 

3 2 = -~U E'(t) + H(t, x , V). 
2 

(2.50) 

Inserting t he values of r,2 and 3 2 from equations (2 .47) and (2.50) into equation 

(2 .36) and integrate with respect to V we obtain 

1 
H(t, x, V) = - 2 V F' (t) + b(t, x). (2 .51) 

Substituting the value of H(t , x , V) back into equation (2.50) yields 

(2.52) 

where b(t, x) is an arbitrary functions oft and x. Substituting the values of 3 1 and 

3 2 into equation (2 .37) we get 

Thus, we obtain the solution for the systems of PDEs as: 

e = C1 , 

e = C2 , 

r,1 = E(t), 

r,2 = F(t ), 

3 1 =a(t , x), 
1 1 

3 2 = - 2UE'(t) - 2VF'(t) + b(t ,x) , 

at+ bx= 0. 
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Therefore we get the following Noether symmetries and gauge terms: 

X 
8 

B 1 = 0, B 2 = 0 1 = 8t' , 
8 

X2 = 8x, Bl = 0, B2 = 0, 

X E(t ) 8 Bl = 0, 
E (t ) = 8U' 

X F(t ) 8 Bl = 0, 
F (t) = 8V' 

B2 = -~U E'(t), 

B2 = _! V F'(t). 
2 

Here we have set a = 0 and b = 0 as they contribute to the trivial part of the 

conserved vector. 

We now recall the formula for conserved vectors for the second-order 

Tl = 

(2.55) 

(2.56) 

where W1 = 'r/1 
- Ute - Uxe and W2 = 'r/2 

- ½e - vxe are the characteristic 

functions. 
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Invoking the inverse transformation U -+ J udx, V -+ J vdx to the equation (2 .57) 

yields 

Following the above procedure, we obtain the following conservation laws associated 

with X2 and XE(t),F(t) respectively as 

T,l 
2 

T.2 
2 

Here we extract two special cases from conserved vector (2.60) . 

Choosing E(t) = 1 and F(t) = 0 gives a nonlocal conserved vector 
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and for E(t) = 0 and F(t) = 1, we obtain a nonlocal conserved vector 

Tl - -~ 
4 - 2' 

2 1/ T4 = -f3uv - 2 Vtdx. (2.62) 

Therefore we note that for different values of arbitrary functions E(t) and F(t), one 

obtains infinitely many nonlocal conserved vectors. 

Case 2. a= /3, where a, /3 are non-zero constants. 

In this case we obtain the following Noether symmetries and gauge terms 

B 1 = -~U B2 = 0, 2 ' 

B2 = -}u E'(t), 

B2 = -~ V F'(t). 
2 

In the similar fashion we have set a = 0 and b = 0 as they contribute to the trivial 

part of the conserved vector, also setting u = Ux, v = Vx. The independent conserved 

vectors for the system (2.9) corresponding to X 1 , X 2 , X 3 and XE(t),F(t) respectively 

are 

Tl ,u~ au3 f3uv 2 

------
' 1 2 6 2 

T2 
1 au

2 J f3v
2 J J J 2 Utdx + 2 UtdX + rUxx Utdx + f3uv Vidx - rUtUx 

+} [f 'utdx r + t [/ Vtdx r, (2.63) 

r.1 
u2 v2 

2 - 2+2, 
r,2 ,u2 au3 

(2.64) - _x + - + /3·uv2 + "('U'U 2 2 3 XX> 

r.1 
3 

atu
2 

atv
2 

1 / d --+--+- U X 
2 2 2 ' 

r.2 
a 1tu2 a 2tu3 

(2.65) 3 -T + -
3
- + a 2tuv2 + ta,uuxx, 
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We now extract two special cases from the conserved vector (2.66). 

Letting E(t) = 1 and F(t) = 0 gives a nonlocal conserved vector 

and for E(t) = 0 and F(t) = 1 gives a nonlocal conservedNeWu I 
Tf = -~, LIBRARY 
Tl= -f3uv-1 Jvtdx. 

(2.67) 

(2.68) 

Remark: For the arbitrary values of E(t) and F(t) infinitely many nonlocal con­

servation laws exist for system (2.9). It should be noted that for the special values 

a, /3 and 1 , namely a= -6, /3 = - 2 and 1 = - 1, we retrieve the three constants of 

motion F0 , F1 and F2 obtained in [37]. 
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2. 3 Canel us ion 

In this chapter we performed some symmetry reduction of a generalized Ito-type 

coupled KdV system using Lie group analysis. We also obtained conservation laws for 

a generalized Ito-type coupled KdV system. This system does not have a Lagrangian. 

In order to apply Noether's theorem, we transformed the system into t he fourth-order 

system (2.10), which admitted a Lagrangian (2. 11). Noether 's approach was then 

used to derive t he conservation laws in U and V variables. Finally, by reverting 

back to our original variables u and v using t he inverse t ransformation U ➔ J udx, 

V ➔ J vdx, we obtained the conservation laws for the third-order generalized Ito-­

type coupled KdV system (2.9). The conservation laws for the generalized Ito-type 

coupled KdV system consist of some local and infinite number of nonlocal conserved 

vectors. 

28 



Chapter 3 

Exact solutions and conservation 

laws of the Boussinesq system of 

KdV-KdV type equation 

In this chapter, we will use the Lie symmetry method together with simplest equation 

method [26-29] to find the solutions of the Boussinesq system of KdV-KdV type 

equation [24] , namely 

0, (3.1) 

where a and care arbitrary constants. We also derive the conservation laws for (3. 1) 

using Noether theorem [18]. The classical Boussinesq systems was first derived by 

Boussinesq to describe the two-way propagation of small amplitude, long wavelength 

gravity waves on the surface of water in a canal. We will refer to it as the KdV­

KdV system because of the special form of the dispersive terms ( the terms with 

third-order derivatives). The system is an approximation to the full two-dimensional 

Euler equations for surface wave propagation along a channel with a flat bottom 

filled with an ideal fluid . In [38] , fully discrete Galer kin-finite element method was 

used to find numerical solutions of classical Boussinesq systems. 
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3.1 Symmetries of the Boussinesq system of KdV­

KdV type equation 

In this section we determine t he Lie point symmetry of Boussinesq system of KdV­

KdV type system (3.1). The symmetry group of t he Boussinesq system of KdV-KdV 

type equation will be generated by the vector field of the form 

1 ( a 2 a 1 ( a 2 a W=( t,x,u,v)~+( (t,x ,u,v)~+TJ t,x,u,v)~+r, (t,x,u,v)~ -
ut ux u 'U U 'U 

(3.2) 

Applying the third prolongation pr(3) W [13] to system (3 .1) we obtain the overdeter­

mined system of linear partial differential equations (PDEs): 
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2(; + 3c71;xu - ~;xx= 0, 

c71;xx + 71; + 71Z + v71; = 0, 

(; - 3(; - 71;; - 71~ = 0, 

3(; - (; - 71;; - 71~ = 0, 

2 2 2 1 1 0 
a71xxx + U71x + 71x + V71x + 71t = , 

c711 
- cv~; + cv(; - c(; + c71~ + cu71~ - a71~ = 0, 

71 2 + 2v(; - (; - v71;; - 71~ - u71~ + 71~ + v71~ = 0, 

c711 + cua + c(; - cu~; - ~; - c71;; - cu71;; + 
1 2 2 2 3 2 ~2 0 CV7lv - av71u + UV7lv + C7lv + aC71xxv - ac'>xxx = . 

The general solution of the overdetermined system of linear PDEs with the aid of 

mathematical software, Maple , is given by 

e (t , x, u, v) 

e(t, x , u, v) 

71 1(t,x ,u,v) 0, 

NWU I 
•JBRARY 

(3.3) 

where C1 , C2 , C3 are arbitrary constants. Thus the Lie point symmetries of the 

Boussinesq system of KdV-KdV type equation (3.1) are spanned by the following 

three vector fields 

\JI 1 
a 
EJt ) 

'11 2 
a 

Bx ' 

W3 
a a 

t ox + av. 
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The commutation relations between these vector fields is given in Table 2 , where 

the entry in row i and column j is represented by [wi, \lf 1]: 

Table 2. Commutator table of the Lie algebra of (3.1) 

[wi, \lf 1] \Y 1 Y/2 Y/2 

\Y 1 0 0 W3 

W2 0 0 0 

W3 -W2 0 0 

3.1.1 Symmetry reduction and exact solution of the Boussi­

nesq system of KdV-KdV type equation (3.1) 

In this subsection we will use symmetries obtained in the above section to reduce 

system (3.1) into ODEs. 

In order to obtain symmetry reduction and exact solutions, one has to solve the 

associated characteristics equations 

dt dx 

( 1 (t, x, u, v) ( 2 (t, x, u, v) 

We consider the following cases. 

Case 1. 

dv 
TJ 1(t , X, U, v) 

The symmetry \lf 1 + k\J! 2 gives rise to the group-invariant solution 

u(t, x) = E(z) and v(t, x) = F(z), (3.4) 

where z = x - kt is an invariant of the symmetry \Jf 1 + k\J! 2 . Substitution of (3.4) 

into system (3. 1) results in the system of ODEs where E(z) and F(z) satisfy 

aF'" (z) + E(z)F'(z) + F(z)E' (z) + F'(z) - kE'(z) 0, 

cE"'(z) + F(z)F'( z) + E'(z) - kF' (z) 0. (3.5) 

Case 2. 

In this case, after solving the corresponding characteristic system for the symmetry 

\J!3 + >.w 1 , one obtains an invariant z = x- t2 /(2>.) and the group-invariant solution 
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of the form 

t 
u(t , x) = E(z ) and v(t, x) = F(z) + ~• 

where the functions E(z) and F(z ) satisfy the following system of ODEs: 

aF111 (z) + E(z )F'(z) + F( z) E'( z) + F'( z) 0, 

c>.E"' (z) + >.F(z)F'(z) + >. E'(z) + 1 0. 

Case 3. 

(3 .6) 

For the symmetry \If 2 , one obtains an invariant z = x and the group-invariant solution 

of the form 

-u(t , x) = E(z) and v(t , x) = F(z), 

where the functions E(z) and F(z) satisfy the following system of ODEs: 

aF"' (z) + E(z)F' (z) + F(z )E'(z) + F' (z) 0, 

cE'"(z) + F(z )F'(z) + E'(z ) 0. (3 .7) 

3.1.2 Exact solutions of system (3.1) using simplest equation 

method 

The simplest equation method which was introduced by Kudryashov [26, 27] and 

modified by Vitanov [28] (see also [29]), will be used to find exact solutions for 

system (3.5) . The simplest equations that will be used are the Bernoulli and Ricatti 

equations. 

Let us consider t he solutions of system (3.5) in t he form 

M M 

E(z) = L Ai(H(z))i and F(z) = L Bi(H(z))i, (3 .8) 
i =O i=O 

where H(z) satisfies the Bernoulli or Ricatti equation, Mis a positive integer that can 

be determined by balancing procedure as in [28] and A0 , - - - , AM, B0 , - · · , BM , are 
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parameters to be determined. We note that the Bernoulli and Ricatti equations are 

well-known nonlinear ODEs whose solutions can be expressed in terms of elementary 

functions. 

For the Bernoulli equation 

H'(z) = qH(z) + pH2 (z), (3.9) 

where q and p are constants. As a result the solut ion of t he Bernoulli equation is 

H z = q ( cosh[q(z + C)] + sinh[q(z + C)] ) . 
( ) 1 - p cosh[q(z + C)] - p sinh[q(z + C)] 

(3.10) 

For the Ricatti equation 

H' (z) = qH2 (z) + pH(z) + r, (3.11) 

we shall use the solutions 

p 0 [ 1 ] H( z) = -- - -tanh - 0(z + C) 
2q 2q 2 

(3.12) 

and 

(3 .13) 

with 02 = p2 - 4qr > O and C is a constant of integration. 

Solutions of system (3. 1) using the Bernoulli equation as the simplest 

equation 

The balancing procedure [28] yields M = 2, so t he solutions of system (3 .5) are of 

the form 

Substituting equation (3.14) into system (3.5), making use of the Bernoulli equation 

(3.9) and equating all coefficients of t he functions Hi to zero, we obtain an algebraic 
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system of equations in terms of A0 , A1 , A2 and B0 , B1 , B2 . These algebraic equations 

are 

2pB~ + 24cp3 A2 0, 

4pA2B2 + 24ap3 B2 0, 

2qB~ + 6cp3 A1 + 3pB1B2 + 54cqp2 A2 0, 

cq3 A1 + qBoB1 + qA1 - kqB1 0, 

aq3 B1 + qA1B0 + qB1 + qAoB1 - kqA1 0, 

4qA2B2 + 6ap3 B1 + 3pA1B2 + 3pA2B1 + 54aqp2 B2 0, 

pBi + 38cpq2 A2 + 3qBiB2 + 2pA2 - 2kpB2 + 2pBoB2 + l 2cqp2 A1 0, 

2pAoB2 - 2kpA2 + 3qA2B1 + 3qA1B2 + 2pB2 + 2pA2Bo + 38apq2 B2 

+2pA1B1 + l 2aqp2 B1 0, 

pBoBi + pA1 - 2kpB2 - kpB1 + 8cq3 A2 + 7cpq2 Ai+ 2qBoB2 + qBi + 2qA2 0, 

pAoB1 + pA1Bo + 8aq3 B2 - 2kqA2 - kpA1 + 2qAoB2 + 2qA1B1 + pBi + 2qB2 

+7apq2 B1 + 2qA2Bo = 0. 

Solving the above system of algebraic equations, with the aid of Maple, one obtains 

Ai -6apq, 

A2 -6ap2, 

B1 ±pq~, 

B2 ±p2~, 

Ao 
A2 BJq2 

- 12BJp2 + 12A~p2 
= 12B?p2 

Bo 
Biq2 

- 12A2p2 + 12kp2 B2 

12B2p2 
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Hence the solution of system (3.1) is given by 

( 
cosh[q(z + C)] + sinh[q(z + C)] ) 

u(t, x) =Ao+ Aiq 1 - p cosh[q(z + C)] - psinh[q(z + C)] 

2 ( cosh[q(z + C)] + sinh[q(z + C)] ) 
2 

+A2q 1 - pcosh[q(z + C)] - psinh[q(z + C)] ' 
(3 .15) 

( 
cosh[q(z + C)] + sinh[q(z + C)] ) 

V t, X = B + B1q . 
( ) 

0 1 - pcosh[q(z + C)] - psmh[q(z + C)] 

2 ( cosh[q(z + C)] + sinh[q(z + C)] ) 
2 

+B2q 1 - pcosh[q(z + C)] - psinh[q(z + C)] ' 
(3.16) 

where z = x - kt . 

Solutions of (3.1) using the Ricatti equation as the simplest equation 

The balancing procedure yields M = 2, so the solutions of system (3.5) are of the 

form 

Substituting equation (3. 17) into system (3 .5), making use of the Riccati equa­

tion (3. 11) we obtain an algebraic system of equations in terms of A0 , A1 , A2 and 

Bo , B1 , B2 , by equating all coefficients of the functions Hi to zero. The correspond-
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ing algebraic equations are 

2B2
2q + 24cA2q3 0, 

4 B2A2q + 24 aB2q3 
- 0, 

54 cA2q2p + 6 cA1q3 + 2 Blp + 3 B1B2q 0, 

6 aB1q3 + 54 aB2q2p + 3 B2A1q + 3 B1A2q + 4 B2A2p 0, 

2 cA1qr2 + cA1p2r + 6 cA2pr2 + A1r - kB1r + BoB1r 0, 

B1r + 2 aB1qr2 + aB1p2r + 6 aB2pr2 + AoB1r - kA1r + BoA1r 0, 

2 A2q - 2 kB2q + 2 BoB2q + 3 B1B2p + 2 Blr + 12 cA1q2p + 38 cA2qp2 

+B/q + 40 cA2q2r 0, 

cA1p3 
- kB1p + 2 B0B2r + B0B1P + B1 2r + A1P + 8 cA1qpr + 2 A2r + 14 cA2p2r 

+ 16 cA2qr2 - 2 kB2r 0, 

2 BoA2q + 3 B2A1p - 2 kA2q + 2 B1A1q + 40 aB2q2r + 4 B2A2r + 2 A0B2q + 3 B1A2p 

+ 2 B2q + 12 aB1q2p + 38 aB2qp2 0, 

2 A2P + 52 cA2qpr - 2 kB2p + 7 cA1qp2 + BoB1q + 8 cA2p3 
- kB1q + 2 B0B2p + A1q 

+B/p + 3 B1B2r + 8 cA1q2r 0, 

aB1p3 + AoB1p + B1p + B0A1P + 2 B2r + 8 aB1qpr - 2 kA2r + 2 B1A1r + 2 BoA2r 

+ 16 aB2qr2 + 2 A0B2r - kA1P + 14 aB2p2r 0, 

BoA1q + A0B1q + 8 aB2p3 + 52 aB2qpr + 7 aB1qp2 - 2 kA2p + 2 B1A1p + 2 BoA2p + 2 B2p 

+ 2 AoB2p + 3 B1A2r - kA1q + 8 aB1q2r + 3 B2A1r + B1q 0. 

Solving the above system of algebraic equations with the aid of Maple, one obtains 

Bo 

-6apq, 

±pqvl72ac, 

±q2vl72ac, 
A2Bi p2 - 12Biq2 + 12Afo2 + 8rqA2Bi 

12B?q2 

Bip2 - 12A2q2 + 12kq2 B2 + 8rqBi 
12B2q2 
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Hence the solutions of system (3.1) are given by 

u( t , X) A0 + A1 { - l!_ - !_ tanh [!e(z + C)] } 
2q 2q 2 

+A2{- l!_ - !_ tanh [!e(z + C)] }
2
, 

2q 2q 2 
(3.18) 

'U(t, x) B 0 + B1 { - l!_ - !_ tanh [!e(z + C)] } 
2q 2q 2 

+B2 { - l!_ - !_ tanh [!e(z + c)] }2 

2q 2q 2 
(3.19) 

and 

u(t , x) Ao + A1 {- l!_ - !_ tanh (z0) + --~se_c_h---'-(--=-02z-'--)---} 
2q 2q 2 C cosh ( 0

2z) - 2
0
a sinh ( 0

2z) 

+A2 { _ l!_ - !_ tanh (z0 ) + --~se...,...c_h_(--=-02z_)_...._.__,.~} 2, (3.20) 
2q 2q 2 C cosh ( 0;) - 2; sinh ( 0;) 

v(t, x) Bo+ B1{- l!_ - !_ tanh (z0 ) + _ __ se_c_h_(_0;_) ___ } 
2q 2q 2 C cosh ( 0;) - 2; sinh ( 0; ) 

+B2 { - l!_ - !_tanh (z0) +--~se_c_h--'-(--=-02z-'--) ___ } 2, (3 .21 ) 
2q 2q 2 C cosh ( 0;) - 2

0
a sinh ( 0;) 

where z = x - kt . 

3.2 Conservation laws for the Boussinesq system 

of KdV-KdV type equation 

In this subsection we will construct t he conservation laws of the Boussinesq KdV 

system 

0, (3.22) 
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where a and c are arbitrary constants. Here we will derive the conservation laws for 

system (3 .22) using the aether 's theorem. In order to apply the aether 's approach 

we use the transformations u ---+ Ux, v ---+ Vx then system (3.22) becomes 

(3.23) 

It can be readily verified that L given by 

L = t{ cU;x + aV;x - U; - V; - UxV; - UtVx - Ux½ } , (3 .24) 

is a Lagrangian for system (3 .23). Inserting L from (3.24) into equation (2. 16) and 

expand yields 

-t Vxfrli + UtrJt + ½rJi - Uta - U?~t - Ut ½~i - Uxa 

-UtUt~t - Ux ½~}] - tux[rJ; + Ut rJt + ½rJt - ½a - Ut ½~t 

- V?~i - Vx~; - UtVx~i - ½Vx~tl 

( 1 2 1 )[ 1 1 1 - Ux + 2 Vx + 2 ½ 'r/x + UxrJu + VxrJv 

-Ut(; - UtUx~i- UtVx~i - Ux~; - U;~t- UxVx~tl 

-(Vx +tut+ UxVx)[rJ; + UxrJt + VxrJt - ½~; - Ux½~t 

-½Vx~i - Vx~; - Ux Vx ~i - V;~t] + cUxx[D;'r} 1 
- Ut D;( 

- Ux D;e - 2Utx(~; + Ux~i + Vx~i) - 2Uxx(~; + Ux~t + Vx~t )] 

+aVxx[D;rJ2 
- ½D;( - VxD;e - 2½x(~; + Ux~t + Vx~i ) 

-2Vxx(~; + Ux ~i + Vx(t )] 

+i[cU;x + aV;x - U; - V; - UxV; - UtVx _- Ux½H~i + Ut~t 

+½(i + ~; + Ux~i + Vx~t] 

= Bz + UtBt + ½Bi + B; + Ux B& + VxBt. (3 .25) 

Splitting (3.25) with respect to different combinations of derivatives of U and V 

results in an overdetermined systems of equations for e, e, f/ 1 , f/ 2 , B 1 and B2 . The 

solution of the overdetermined system yields the fo llowing Noether symmetries and 
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gauge terms 

X a B 1 = o, B 2 = o 
1 = at' ' 

X a B1 o B2 -- o, 2 = ax ' = ' 

X H(t) a B1 = o, 
H (t ) = au ' 

X J(t) a Bl = o, 
J (t ) = av' 

B2 = -~ V H'(t), 

B2 = _!u J'(t) . 
2 

(3.26) 

The above results will now be used to find the components of the conserved vectors. 

Equations (2.55) and (2 .56) together with (3.26) and u = Ux , v = Vx yield the 

following independent conserved vectors for system (3.22). 

T2 
1 

r,1 
2 

r,2 
2 

T(~,J) 

Tit ,1) 

-

-

'UV, 

cu2 av2 u2 v2 

CUUxx + aVVxx -
2 
x -

2 
x + uv2 + 2 + 2 , (3.28) 

V U - 2H(t) - 2J(t) , 

-H(t)[u+ v
2

2 

+cuxx]-J(t)[v+uv+avxx]-~J(t)j Utdx 

- ~H(t) J 'Utdx + ~J'(t) J udx + ~H'(t) J vdx. (3.29) 

Here we extract two special cases from conserved vector (3.29). 

Choosing H(t) = 1 and J(t) = 0 gives a nonlocal conserved vector 

T,l - -~ 
3 - 2 ' 

T.2 = -u - - - cu - - VtdX v
2 11 

3 2 xx 2 

and for H ( t) = 0 and J ( t) = 1 gives a nonlocal conserved vector 

Tl - -~ 
4 - 2' 
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Remark: For the arbitrary values of H(t) and J(t) infinitely many nonlocal conser­

vation laws exist for system (3.22). 

3.3 Conclusion 

In this chapter we obtained the solutions of the Boussinesq system of KdV-KdV type 

equation by using its Lie point symmetries along with the simplest equation method. 

Solutions obtained were travelling wave solutions. Furthermore, conservation laws 

for the Boussinesq system of KdV-KdV type equation were obtained using Noether 

approach. The conservation laws consisted of some local and infinite number of 

nonlocal conserved vectors. 
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Chapter 4 

Exact solutions and conservation 

laws of a coupled KdV system 

In this chapter, we will use the Lie symmetry method together with simplest equation 

method [26-29] to find the solutions of the coupled KdV system of two nonlinear 

dispersive wave equations [25], namely 

0, ( 4.1 ) 

where a , /3, 1 and>. are arbitrary constants. Furt hermore, we derive the conservation 

laws for the coupled KdV system using N aether theorem [18]. In [39], the coupled 

KdV system ( 4.1 ) has been indicated as models for long waves of small amplitude 

at the surface of an ideal fluid in a long rectangular channel with a flat bot tom. 

This system is known to be a valid approximation of the full two-dimensional Euler 

equations for fluid motion under the influence of gravity in suit ably small amplitude, 

long wavelength regimes. 
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4.1 Symmetries of a coupled KdV system 

In this section we determine the Lie point symmetry of system ( 4.1). The symmetry 

group of the coupled KdV system will be generated by the vector field of the form 

1 fJ 2 fJ 1( ) fJ 2( fJ r =( (t ,x,u,v)fJt +( (t , x,u,v)fJx +17 t ,x,u,v fJu +17 t ,x ,u, v) av· (4.2) 

Applying the third prolongation pr(3)r [13] to system ( 4.1) results in an overdeter­

mined system of linear partial differential equations . Solving the overdetermined 

system of linear PDEs we obtain 

e(t,x, u,v) 

e(t, X, U , v) 

r/(t , x,u,v) 

172 (t , x , u, v) 

0, 

(4.3) 

where C1 , C2 , C3 are arbitrary constants. Thus the Lie point symmetries of the 

coupled KdV system ( 4.1 ) are spanned by the following three vector fields : 

r1 fJ 
fJt) 

r2 fJ 
ox ' 

r3 fJ fJ 
f3tfJx + av · 

We now compute the commutation relations for all vector fields. By definition of the 

Lie bracket (2.3) we have 

r1r2 - r2r 1 

(!) :x - :x (:t) 
0. 

Likewise, one can obtain t he commutation relations between other vector fields. In 

Table 3 below, we present the commutator table of the Lie algebra of system (4.1 ). 

Here the entry in row i and column j is represented by [ri, ri]: 
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Table 3. 

[r i, rj] f1 f 2 f 2 

r 1 0 0 f 2 

f2 0 0 0 

f 3 - /3f 2 0 0 

4.1 .1 Symmetry reduction and exact solution of coupled KdV 

system ( 4.1) 

In this section we will use symmetries obtained in t he above section to reduce sys­

tem (4 .1) into system of ODEs. In order to obtain symmetry reduction and exact 

solut ions, one needs to solve the associated characteristics equations 

dt dx du dv 
~ 1 (t,x,u,v) ~2 (t ,x,u,v) 77 1(t,x,u,v) 77 2 (t, x, u, v) · 

Here we will perform the symmetry reduct ion for the following three cases: 

Case 1. 

In this case, after solving t he corresponding characteristic system for the symmetry 

f 3 + ar 1 , one obtains an invariant z = x - f3t 2 /(2a) and the group-invariant solut ion 

is of the form 

t 
u(t , x) = E(z) + - and v(t, x) = F(z), 

a 

where the functions E(z) and F(z) satisfy the following system of ODEs: 

, E"' (z) + f3E(z)F'(z) + /3 F(z)E'(z) + E'(z) 
1 

>.. F"' (z) + f3E(z)E'(z) + aF(z) F' (z) + F' (z) + -
a 
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Case 2. 

The symmetry r 1 + kf 2 gives rise to the group-invariant solution of the form 

u(t , x ) = E(z ) and v(t , x) = F(z) , (4.5) 

where z = x - kt is an invariant of the symmetry r 1 + k f 2 . Substitut ion of equation 

(4.5) into system (4.1 ) results in t he system of ODEs where E(z ) and F(z ) satisfy 

,E111 (z) + /3 E(z )F'(z) + {3 F( z)E'(z) + E' (z) - kF' (z) 0, 

>.F"'(z) + f3 E (z )E'(z) + aF(z) F' (z) + F' (z) - kE'(z) 0. (4 .6) 

Case 3 . 

For the symmetry f 2, one obtains an invariant z = x and t he group-invariant solution 

is of the form 

u(t , x ) = E(z) and v( t , x) = F(z), 

where the functions E(z) and F(z) satisfy the following system of ODEs: 

,E111 (z) + /3 E(z)F'(z) + f3 F(z)E'(z) + E'(z) 0, 

>.F111 (z) + f3 E(z)E'(z) + aF(z) F' (z) + F' (z) 0. (4 .7) 

4.1.2 Exact solutions of system ( 4.1) using simplest equation 

method 

Let us consider the solutions of the system ( 4.6) in the form 

M M 

E(z) = L Ai(H (z))i and F(z) = L Bi(H (z ))i, (4.8) 
i=O i=O 

where H(z) satisfies the Bernoulli or Ricatti equation. 
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Solutions of system ( 4 .1) using the Bernoulli equation as the simplest 

equation 

The balancing procedure yields M = 2, so the solutions of system ( 4.6) are of the 

form 

Substituting equation (4.9) into system (4.6), making use of Bernoulli equation and 

equating all coefficients of the functions Hi to zero, we obtain an algebraic system 

of equations in terms of A0 , A1 , A2 and B0 , B1 , B2 . These algebraic equations are 

4 /3 B2A2p + 24, A2p3 0, 

24 A B2p3 + 2 /3 Alp+ 2 Cl:' B2
2P 0, 

, A1q3 + (3 BoA1q - kB1q + /3 AoB1q + A1q 0, 

>- B1q3 
- kA1q + B1q + (3 AoA1q + a B0 B1q 0, 

54, A2p2q + 3(3B1A2p+ 6 1 A1p3 + 4 (3 B2A2q + 3 (3 B2A1p 0, 

54 A B2p2q + 6 A B1p3 + 2 f3 Alq + 3 (3 A1A2p + 2 Cl:' B/q + 3 Cl:' B1B2p 0, 

-2 kB2p + 2 /3 BoA2P + 2 /3 B1A1P + 38 1 A2pq2 + 2 A2p 

+12, A1p
2q + 3(3 B2A1q + 3(3 B1A2q + 2(3 AoB2p 0, 

2 (3 AoA2P + (3 A1
2p + 38 >- B2pq2 + 2 B2p + a B1

2p 

+3 a B1B2q + 3 (3 A1A2q + 12 >- B1p2q - 2 kA2 + 2 a B0 B2p 0, 

-kB1p + (3 AoB1p + 7, A1pq2 - 2 kB2q + 2 A2q + 2 (3 B1A1q 

+2/3 BoA2q + /3 BoA1P + 2/3 AoB2q + 8, A2q3 + A1P 0, 

-kA1P + a B0 B1p + (3 AoA1P + a B1
2
q + B1p + (3 A1

2q 

+8 >- B2q3 + 7 >- B1pq2 - 2 kA2q + 2 B2q + 2 (3 AoA2q + 2 a B0 B2q 0. 
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Solving the above system of algebraic equations with the aid of maple, one obtains 

A2 
6¢p2 

= (3 , 

Ai 
6¢pq 

(3 , 

Ao 
¢,a.q2 + a.¢ - (3¢ - f3>.¢q 2 + 2k,a. - 2k>./3 

2(3(,a. - (3 >-) I NWO I 
B2 

6,p2 LIBRARY = ---/3 , 

B1 
6,pq 

---(3 , 

where 

As a result , we obtain the solution of system ( 4. 1) as 

( ) 
_ A A ( cosh[q(z + C)] + sinh[q(z + C)] ) 

ut,x - o+ 1q 
1 - pcosh[q(z + C)] - psinh[q(z + C)] 

A 2 ( cosh[q(z + C)] + sinh[q (z + C)] ) 
2 

+ 2q 1 - pcosh[q(z + C)] - psinh[q(z + C)] ' 
(4.10) 

B B ( 
cosh[q(z + C)] + sinh[q(z + C)] ) 

V t,.r; = o+ lq 
( ) 1 - pcosh[q(z + C)] - psinh[q(z + C)] 

B 2 ( cosh[q(z + C)] + sinh[q(z + C)] ) 
2 

+ 2q 1 - p cosh[q(z + C)] - psinh[q(z + C)] ' 
(4.11) 

where z = x - kt. 

Solutions of system ( 4.1) using the Ricatti equation as the simplest equa­

tion 

The balancing procedure yields M = 2, so the solutions of system ( 4.6) are of the 

form 

Substituting equation (4. 12) into system (4.6) and making use of Ricatti equation , 

we obtain an algebraic system of equations in terms of A0 , A 1 ,A2 and B0 , B1,B2, 

by equating all coefficients of the functions Hi to zero. The corresponding algebraic 
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equations are 

2Blq + 24cA2q3 0, 

4 B2A2q + 24 aB2q3 0, 

54 cA2q2p + 6 cA1q3 + 2 Blp + 3 B1B2q 0, 

6 aB1q3 + 54 aB2q2p + 3 B2A1q + 3 B1A2q + 4 B2A2p = 0, 

2 cA1qr2 + cA1p
2r + 6 cA2pr2 + A1r - kB1r + BoB1r 0, 

B1r + 2 aB1qr2 + aB1p2r + 6 aB2pr2 + AoB1r - kA 1r + BaA1r 0, 

2 A2q - 2 kB2q + 2 BaB2q + 3 B1B2p + 2 Blr + 12 cA1q2p + 38 cA2qp2 

+B/q + 40 cA2q2r 0, 

cA1p3 
- kB1p + 2 BoB2r + BoB1P + B1 2r + A1P + 8 cA1qpr + 2 A2r + 14 cA2p2r 

+ 16 cA2qr2 - 2 kB2r 0, 

2 BoA2q + 3 B2A1p - 2 kA2q + 2 B1A1q + 40 aB2q2r + 4 B2A2r + 2 AoB2q + 3 B1A2p 

+2 B2q + 12 aB1q2p + 38 aB2qp2 0, 

2 A2p + 52 cA2qpr - 2 kB2p + 7 cA1qp2 + BoB1q + 8 cA2p3 
- kB1q + 2 BoB2p + A1q 

+B/p + 3 B1B2r + 8 cA1q2r - 0, 

aB1p3 + AoB1p + B1p + BoA1p + 2 B2r + 8 aB1qpr - 2 kA2r + 2 B1A1r + 2 BoA2r 

+l6aB2qr2 + 2A0 B2r - kA1p+ l4aB2p2r 0, 

BoA1q + AoB1q + 8 aB2p3 + 52 aB2qpr + 7 aB1qp2 - 2 kA2p + 2 B1A1p + 2 BoA2p + 2 B2p 

+2 AoB2p + 3 B1A2r - kA1q + 8 aB1q2r + 3 B2A1r + B1q 0. 
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Solving the above system of algebraic equations with the aid of Maple, one obtains 

Ao 

Bo 

where 

6¢q2 

/3' 
6¢pq 

e' 
¢,ap2 + a¢ - {3¢ - {3 >.¢p2 + 2k1e; - 8¢>.{3rq + 8,¢arq - 2k>.(3 

2{3(,a - (3 >.) 
6, q2 

-T, 
6,pq 

---
/3 ' 

1{3 - ,{3>.p2 - 81r>.{3q + 81
2raq - 2{3 >. + 1

2p2a + 1a 

2/3(,a - (3 >.) 

As a result, we obtain the solution of system ( 4.1) as 

u(t, x) = Ao + Ai { - 1.._ - !!_ tanh [!e(z + C)] } 
2q 2q 2 

+A2{-1.._ - !!_ tanh [!e(z + C)] }2
, 

2q 2q 2 
(4 .13) 

v(t, x) Bo+ Bi { - 1.._ - !!_ tanh [!e(z + C)] } 
2q 2q 2 

+B2 { - 1- - !!_ tanh [!e(z + c)] }2 

2q 2q 2 
(4. 14) 

and 

u(t , x) Ao+ Ai { -1._ - !!_ tanh (z0) + -----,--,-se...,...c_h~(~e;_)_~- } 
2q 2q 2 C cosh ( 0

;) - 2
0a sinh ( 0;) 

+A2 { - J?_ - !!_ tanh (z0) + --__,-,.-,-se...,...c_h_(~
0

;_)_---,--,---,-}

2
, (4.15) 

2q 2q 2 C cosh ( 0
;) -

2; sinh ( 0
;) 

v(t, x) 

where z = x - kt. 
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4.2 Conservation laws of the coupled KdV system 

In this section we will construct the conservation laws of the coupled KdV system of 

two nonlinear dispersive wave equations [25] , namely 

0, ( 4.17) 

where a, (3, 1 and >- are arbitrary constants. Here we will derive the conserva­

tion laws for system ( 4.17). In order to apply the Noether's approach we use the 

transformations u ➔ Ux, v ➔ Vx then system (4.17) becomes 

½x + Uxx + f3Ux Vxx + f3VxUxx + ,Uxxxx = 0, 

Uxt + Vxx + f3UxUxx + aVx Vxx + AVxxxx = 0. 

It can be readily verified that L given by 

L = }{ ,U;x + >-Vx~ - iVx3 
- U; - V; - (3U;v~ - UtVx - Ux½ }, 

is the Lagrangian for system (4.18). 
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The insertion of L (4.19) into (2.16) and expand gives 

-1 Vx[17i + Ut77& + ½11i - Ut~i - u?~b - Ut ½~i - Ux~; 

-UtUt~i - Ux ½~i] - iux[''7; + Ut''li + ½''7i - ½a - Ut ½(& 

-v?,i - Vx(; - Ut Vx(i - ½Vx(il -

(
1 )[l 1 1 
2 ½ + f3Ux Vx + Ux 1'/x + Ux77u + Vx77v 

-Ut(; - UtUx(b - UtVx~i - Ux~; - u;~i - UxVx~il 

- ( tut+ Vx + ~ V} + ~U; ) [77; + Ux77i + Vx77i - ½~; - Ux ½(b 

-½Vx~} - Vx~; - Ux Vx~i - V}~i] + ,Uxx[D;771 
- UtD;e 

-UxD;e - 2Utx((; + Ux~b + Vx(} ) - 2Uxx((; + Ux(i + Vx(i )] 

+>-vxx[D;772 
- ½D;(1 - VxD;e - 2½x((; + Ux(b + Vx~}) 

-2Vxx(~; + Ux~i + Vx~i )] 

+i[,u;x + >.V}x - iv}- u; - V}- (3U; Vx - UtVx - Ux½Wf + Ut ~b 

+ ½~i + ~; + Ux(i + Vx~i] 

(4.20) 

Splitting ( 4.20) with respect to different combinations of derivatives of U and V 

results in an overdetermined systems of equations for e' (2
' 77 1

, 77 2
' B 1 and B 2

. 

The solution of overdetermined system yields the following N oether symmetries and 

gauge terms 

X 
8 

B 1 o B 2 
-- o 1 = at' = ' ' 

X 
8 

B 1 o B 2 = o, 2 = Bx' = ' 
a a 

X3 = (3 t Bx+ X au' B 1 =-~V . B 2 =-U 
2 ' ' 

a 
xE(t) = E(t) au, B1 = o, 

xF(t) = F(t) 
8
~, B1 

= o, 

B2 = -1 V E'(t) , 

B2 = -~U F'(t). 
2 

(4.21) 

Equations (2.55), (2.56) and (4.21 ) and u = Ux, v = Vx yield the following indepen-
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dent conserved vectors for system ( 4. 17): 

y1 
1 

y2 
1 

r,1 
2 

r,2 
2 

Tl 
3 

y2 
3 

1u2 ,\v2 av3 u2 v2 (3u 2v _x+_x ________ _ 
2 2 6 2 2 2' 

[ u + (3uv + 1Uxx] j Utdx - 1UtUx - AVtVx 

[ av
2 

(3u
2 ]! J J + 2 + 2 + V + AVxx Vtdx + Utdx Vtdx; 

(3 tuv - - + - vdx xv 11 
2 2 ' 

t,/3u; t-\(3v; (3 ' (3 ta(3v3 t(3v.2 

--- - --+t--v uu +t/\ vv +--+--2 2 I XX XX 3 2 

t(3v
2 

x i +-
2
- + t{32u2v - x(3uv - XAUxx + AUx - xu - 2 Vtdx 

+ j udx; 

We now extract two particular cases from t he conserved vector ( 4. 25). 

Letting H (t) = 1 and J (t) = 0 gives a nonlocal conserved vector 

and for H (t) = 0 and J (t) = 1 gives a nonlocal conserved vector 

( 4.22) 

( 4.23) 

( 4.24) 

(4 .25) 

(4.26) 

( 4.27) 

Remark: For t he arbitrary values of H (t) and J (t) infinitely many nonlocal conser­

vation laws exist for system ( 4. 17). 
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4.3 Conclusion 

In this chapter the coupled KdV system was studied from the Lie symmetry analysis 

point of view. The Lie symmetries obtained were then used to transform coupled 

KdV system to nonlinear ordinary differential equations. Thereafter the simplest 

equation method was employed to construct exact solutions for coupled KdV system. 

We also employed the Noether's theorem to derive conservation laws for the coupled 

KdV system. The conservation laws for the coupled KdV system consist of some 

local and infinite number of nonlocal conserved vectors . 
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Chapter 5 

Concluding remarks I NWU- I 
·' IBRARY_ 

In this research project we first recalled some important definitions and results from 

Lie group theory, which were later used in the dissertation. In Chapter two sym­

metry reduction of a generalized Ito-type coupled KdV system was performed . Fur­

thermore, conservation laws of this system were derived using Noether's theorem. In 

Chapter three we obtained exact solutions of the Boussinesq system of KdV-KdV 

type equation by using the Lie symmetry method along with the simplest equation 

method. In addition, aether's theorem was employed to obtain the conservation 

laws of the Boussinesq system of KdV-KdV type equation. Finally, in Chapter four 

exact solutions for the coupled KdV system were obtained using the Lie symmetry 

method along with the simplest equation method and the conservation laws of the 

same system were derived using aether's theorem. In future, we will perform the 

Noether symmetry classification of certain nonlinear partial differential equations. 
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