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Abstract

The classification of finite simple groups states that every finite simple group is isomorphic to one

of the following groups:
(1) a cyclic group with prime order,
(2) an alternating group of degree > 5,

(3) a simple group of Lie type, including both the classical Lie groups, namely the simple groups
related to the projective special linear, unitary, symplectic, or orthogonal transformations

over a finite field,
(4) the exceptional and twisted groups of Lie type (including the Tits group),
(5) one of the 26 sporadic simple groups.

More recent attention in group theory has been given to the important subgroups of these finite
simple groups such as maximal subgroups and Sylow p—subgroups. We consider in this thesis some
classical linear groups and in particular, we construct character tables of their Sylow p —subgroups.
Since these Sylow p — subgroups sit in the maximal parabolic subgroups, we will also study specific
maximal subgroups. A vast research exists on Sylow p — subgroups of classical linear groups and
most of the motivation on the study has been driven by the conjecture asserting that the degrees
of irreducible characters of Sylow p — subgroups of the general linear group are not merely powers
of p, where p is the characteristic of the defined field, but powers of ¢, where ¢ = p* is the
order of the field. In fact, Martin Isaacs proved the conjecture in 1995 and further extended it
to the symplectic group Spa2,(q) in which he established that the conjecture is false when p = 2.
An even more interesting question regards the construction of the irreducible characters of these
Sylow p — subgroups (note that even just counting them poses much difficulties). Since the groups
considered in this thesis are of extension type, we will use the method developed by Bernd Fischer
for the construction of character tables of group extensions. This method derives its rudiments
from Clifford theory. In fact, as a result of this, most authors refer to the method as Clifford-
Fischer matrices theory. Let G = N.G, where N <G and G/N = G be a group extension. For
each representative of a conjugacy class of GG, we form a matrix called the Fischer matrix on g.
When all these Fischer matrices together with character tables, ordinary or projective, and fusions
of inertia factor groups into G are obtained, one can then construct with ease the full character
table of G. The first step to construct the character table of G is to know its conjugacy classes.
Jamshid Moori developed a technique to compute the conjugacy classes of group extensions. In
this thesis, we apply the coset analysis technique together with the theory of Fischer matrices to
construct the ordinary character tables of six groups of extension type, namely 26:GL(3,2), 26: Ag,
219:GL(4,2), 25:(2 x Dg), 25:(23:Dg) and 27:(2%:(2 x Dg)) associated with some classical linear
groups. In addition, we give general form of Fischer matrices for a Sylow p — subgroup of Sp4(q)

where ¢ is a power of an odd prime p.
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1

Introduction

This thesis is devoted to the study of six groups of extension type associated with some classical
linear groups. Three of the six groups are the maximal parabolic subgroups associated with simple
finite groups Sps(2), O (2) and Sps(2), namely the groups 26:GL(3,2), 25:Ag and 2'9:GL(4,2)
respectively. The other three are the Sylow 2 — subgroups of Spg(2), O (2) and Sps(2), namely
25:(2 x Dg), 25:(23:Dg) and 27:(2%:(2 x Dg)) respectively. The rationale for the study of the max-
imal parabolic subgroups is that they contain Sylow 2 — subgroups of Sps(2), Of (2) and Sps(2)
respectively. Furthermore, the thesis also covers a Sylow p —subgroup of Sp4(q), where ¢ is a power
of an odd prime p. Therefore, we discuss the Fischer matrices in general of a Sylow p — subgroup
of Sp4(q) where ¢ = p¥, and p is odd. The character table of Spy(q) was discussed by Srinivasan in
[72]. Since the completion of the classification of finite simple groups, more recent work in group
theory entails the study of various other aspects of finite groups in which structures and charac-
ter tables of group extensions play a key role. A vast research exists on Sylow p — subgroups of
classical linear groups (see for instance [8], [9], [26], [35], [63], [64], [67], [73] and [75]) and most of
the motivation for the study has been driven by the conjecture asserting that the degrees of the
irreducible characters of Sylow p — subgroups of the general linear group are not merely powers of
p, where p is the characteristic of the defined field, but powers of ¢, where ¢ = p” is the order of the
field. In fact, Isaacs [40] proved the conjecture in 1995 and further extended it to the symplectic
group Spom(q) in which he established that the conjecture is false when p = 2. The conditions
under which the conjecture would hold for a Sylow 2 — subgroup of Spa,,(2¥), for some k, were
later established by Szegedy [74] and Sangroniz [66]. More importantly, the question whether in
general the number of irreducible characters, of any of the said Sylow p — subgroups of the classical
linear groups, of certain degree, can be expressed as a polynomial in ¢ depending on the dimension

n of the group still remains unsolved.

The method we apply for the construction of the character tables in the thesis is Fischer matrices
theory. This theory is due to Fischer [27]. The theory derives its rudiments from Clifford theory.
Let G = N.G be a group extension such that every irreducible character of N extends to its
inertia group. For each class representative say g of G, we find a matrix M(g), called the Fischer
matrix on ¢g. This matrix plays an important role in constructing the character table of G. The
first important step in constructing the character table of any finite group is to find its conjugacy
classes. If G = N.G is an extension (either split or non-split), the technique of coset analysis can be
used to compute the conjugacy classes of G. This technique is applied in the following manner: for
each conjugacy class [g|g in G with representative g € G, we form a coset Ng where g is a lifting of
¢ in G under the natural homomorphism G — G and analyze this coset to obtain the conjugacy

classes of GG which correspond to the class [g]¢ of G. This process is repeated for all the class



Chapter 1

representatives g € G to obtain all the conjugacy classes of G. In this thesis, we have applied the
coset analysis technique together with the theory of Fischer matrices to the six groups of extension
type as well as to generalize on the character table of a Sylow p — subgroup of Sp4(q) where ¢ is a
power of an odd prime p. The six groups are the context of Chapters 5 to 10. The general form
of Fischer matrices of a Sylow p — subgroup of Spy(q) where ¢ is a power of an odd prime p, is
the context of Chapter 11. Furthermore, we note throughout the thesis that for every defined split
extension G = N:G, where N is elementary abelian, if the action of G on N and Irr(N) results
into different orbit lengths then there exists another split extension group say G = N*:G, where
N* is the dual of N. In this case the two groups are non isomorphic. For the group G, the action

of G on N* results into same orbit lengths as the action of G on Irr(NV) in the group G.

Denote a Sylow p — subgroup of any of the classical linear groups by G. The structure of these
Sylow p — subgroups is of extension type and in fact they split. Write G = N:G, Previtali in [63]
shows that the set of orbit sizes of the action of G on N is equal to the set of orbit sizes when G acts
on the linear characters of NV when p is odd. In fact he proves that these orbit sizes take the shape:
{q¢": 0 <i < f(n,q)} where f depends on the classical linear group under discussion. For instance,
in the symplectic case, f(n,q) = qm“gil) =[G : N], that is the index of N in G. The value f(n,q)

is defined in a similar manner in other families of classical linear groups. In characteristic p = 2

there is a drastic change in the picture: for instance Isaacs, in Section 11 of [40], shows that when
p =2, a Sylow 2 — subgroup of Sps(¢) has an irreducible character of degree 4. Thus the fact that,
in odd characteristic, the irreducible characters of Sylow p — subgroups of symplectic groups have
degree a power of ¢ does not apply in characteristic 2. In 2000, Gow, Marjoram and Previtali in

[34] showed that if G is a Sylow p — subgroup of the symplectic group Span,(q) in characteristic

m(m—1)

p = 2, then G has irreducible characters of degree 27%¢~ 2, where s € Z satisfying 0 < s < [5].

We now give some details on all the chapters in this thesis. Customarily, Chapter 1 is the intro-

ductory chapter to the thesis.

In Chapter 2, we discuss the theory of group extensions and their conjugacy classes. This includes
the technique of coset analysis developed by Moori, see for instance Moori [53] and Whitley [78],
for the computation of conjugacy classes of group extensions. We use the standard notation as in
Atlas [19] for an arbitrary extension, split and non-split extensions respectively as N.G, N:G and
N-G. We use [10], [61], [69] and [78] as references for most parts of this chapter.

This chapter is organized as follows: in Section 2.1, we discuss notions of exact sequences of groups
and homomorphisms as this leads to the general theory of group extensions. In fact, we note that
a group extension takes some form of a short exact sequence of groups and homomorphisms. In
Section 2.2, we show the equivalence between semi-direct products and split extensions. In Section
2.3, we describe in detail the coset analysis technique for the computation of conjugacy classes
of both split and non-split extensions. In Section 2.4, we give background information on the
character tables of finite groups. In Section 2.5, we discuss the formulation of character tables of
finite groups as well as information that they contain. In Section 2.6, we define tensor products of
matrices which leads to a clearer understanding of tensor products of representations/characters.
In Section 2.7, we discuss a natural way of obtaining characters of a subgroup from the main group,

that is the concept of restriction of characters. In Section 2.8, we review the concept of induction
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of characters which will further lead to the understanding of permutation characters discussed in
Section 2.9.

In Chapter 3, we introduce the theory of Fischer matrices. This method is used to construct
character tables of group extensions. Let G = N.G be a group extension. The action of G on
Irr(N) is given by z : § — 6%, where x € G, § € Irr(N) and 0%(n) = §(xnz~?t) for any n € N.
Let 61, 6o,---,0; be representatives of the orbits of G on Irr(N). Let H; be the inertia group
associated with 6;, that is H; = {x € G | 02 = 6;, 6, € Irr(N)}, 1 < i < t. Let ¢; € Irr(H;)
be an extension of §; to H; (that is ;| = 6;) and B € Irr(H;) such that N C ker(3). Then we
learn in this chapter that the irreducible characters of G are of the form (ﬂwi)é. Through this
way of computing the irreducible characters of G, the character table will be divided into blocks
with each block corresponding to an inertia group. We discuss Clifford’s theory in Section 3.1, on
which Fischer matrices is essentially based. In fact, as a result of this, most authors refer to the
method as Clifford-Fischer matrices theory. We will refer to the method as Fischer matrices in all
of our discussions. For each representative of a conjugacy class of G, we form a matrix called the
Fischer matrix on g, we explore such matrices in Section 3.2. Most of the approach in literature for
evaluating entries of Fischer matrices has been combinatorially based by the use of orthogonality
relations as well as other properties satisfied by the entries. We will in addition to this approach
use a more non combinatorial approach resulting from a paper by List [48]. We have developed first
Programme C for computing a candidate for the Fischer matrix M (1¢) and then we constructed
Programme D; and Programme D, where Programme D; determines the action of Cg(g)
on the quotient group N/M for some M < N as well as constructing the irreducible characters of
N/M and Programme D (which contains Programme D;) further determines candidates for
Fischer matrices on non-identity classes automatically. This is the discussion of Subsection 3.2.4.
We point out here that these programmes developed for Fischer matrices only compute candidates
and actual Fischer matrices with labels could be obtained from these candidates by applying the

following;:

(1) the centralizer orders of the class representatives of GG as computed from coset analysis cor-

responding to each class representative g of G,

(2) let x be a character of any group H and h € H. Then we have |x(h)| < x(1g), where 1p is
the identity element of H,

(3) let x be a character of any group H and h be a p — singular element of H, where p is a prime.
Then we have x(h) = x(h?) mod p,
bix(hi)

x(1e
integer, where Cj is the ith conjugacy class of H and b; = |C;| = [H : Cg(h;)]. Clearly if

d; € Q, then d; € Z,

(4) for any irreducible character y of a group H and for h; € C; then d; = is an algebraic

(5) let H be a group such that G < H. We use the fusion of conjugacy classes of G into H and

restrictions of characters to G to correctly label the columns of the Fischer matrices.

Furthermore, for the Fischer matrix on the identity class, the rows could be well labeled by asso-
ciating to each row the stabilizer of its orbit representative (since each row is an orbit sum, with

appropriate duplicates discarded). These stabilizers are subgroups of the group on top in the group
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extension and therefore are the inertia factor groups.

We end the chapter by looking at the more general approach to Fischer matrices for non-split

extensions that involve projective representations.

In order to discuss problems in later chapters of this thesis, Chapter 4 concentrates on the structure
of Sylow p —subgroups of the symplectic and orthogonal groups in even dimension. We use, among
other references, [23], [45], [61] and [79] for most parts of this chapter. We denote by Spam(q)
and O3 (q) the symplectic group of dimension 2m and orthogonal group of type + (that is there
is a totally isotropic subspace of dimension m for the associated form thereby having Witt index
m) and dimension 2m over a field of ¢ elements respectively. This chapter is organized as follows:
in Section 4.1, we define bilinear forms and give their properties. These results lead to defining
symplectic groups as done in Subsection 4.1.2. To be able to define orthogonal groups, we discuss
orthogonal bases in Subsection 4.1.3. This subsection highlights that any symmetric bilinear space
admits an orthogonal basis. Quadratic forms are a discussion of Subsections 4.1.4 and 4.1.5. The
structures of Sylow p — subgroups of Spa,,(g) and O3, (g) are covered in Section 4.2. Finally, in
Section 4.3, we discuss other important subgroups (important in the sense that they contain Sylow
p — subgroups or isomorphic copies of them). These groups are the maximal parabolic subgroups,

affine subgroups and normalizers of Sylow p — subgroups of Spa,,(¢) and O;m(q).

In Chapter 5, we construct the ordinary character table of G = 26:GL(3,2) a maximal parabolic
subgroup of Spg(2), the symplectic group of dimension 6 over the field of two elements using the
method of Fischer matrices. From Chapter 4, it is known that a Sylow p — subgroup of Spam,(q)
sits in the maximal parabolic subgroup of Spas,(q). In Section 5.1, we introduce the group G, and
generate it as a subgroup of Spg(2). In Section 5.2, we list the conjugacy classes of G computed
using the coset analysis technique and we see that corresponding to the 6 conjugacy classes of
GL(3,2), we get 24 conjugacy classes of G. In Section 5.3, we show that there are 5 inertia factor
groups, namely Hy = GL(3,2), Hy = Sy, H3 = Sy, Hy = Dg and H; = S3. In Section 5.4, we
calculate the six Fischer matrices of G using two methods, namely the combinatorial approach
and the non-combinatorial approach. We see that the sizes of these matrices range from 1 to 9.
We further show how to obtain the full character table of G via the method of Fischer matrices
discussed in Chapter 3. As it is natural to fuse back the conjugacy classes of a subgroup into the
group where it sits, we do the fusion of G into Spg(2) in Section 5.5. The fusion is made possible
with x(Sps(2)|G), the permutation character for the action of Spg(2) on the cosets of G in Spg(2).

To successively finish the fusion of these groups, we will also require the following information:
(1) known power maps for the representatives of conjugacy classes of the groups G and Spg(2),
(2) the technique of set intersections of characters (discussed by Ali [3], Moori [54], Mpono [61]).

In Chapter 6, we are interested in constructing the ordinary character table of a group of the form
G = 2°:(2 x Dg), a Sylow 2 — subgroup of Spg(2), by means of the method of Fischer matrices.
It is a trend in group theory to study finite groups by way of studying their subgroups of prime
order. The existence of such subgroups is guaranteed by a well known result due to a Norwegian
mathematician, Peter Ludwig Mejdell Sylow (12 December, 1832 to 7 September, 1918), and it
states that:
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(1) a group G has at least one Sylow p — subgroup,

)
(2) all Sylow p — subgroups are conjugate,

(3) any p — subgroup of G is contained in a Sylow p — subgroup,

(4) the number, say n,, of Sylow p — subgroups of G is such that n, =1 mod p.

This result has various applications to the study of finite groups for instance, among others, the
classification of finite groups of order pg where p and q are distinct primes such that p > g, existence
of a p — element in a group G (Cauchy’s Theorem, see for instance [7]) and also the proof of the
well known result: The Schur-Zassenhaus Theorem which states that any normal Hall subgroup of

a finite group has a complement.
The above are but just some of a vast range of applications of the knowledge of Sylow p—subgroups.

The organization of Chapter 6 is as follows: in Section 6.2, we generate the group G as a Sylow
2 — subgroup of A(3) = 2°:5. Note that it has the same order as that of a Sylow 2 — subgroup
of Spg(2) and therefore they are isomorphic. The isomorphism is established by the fact that all
Sylow 2 — subgroups of Spg(2) are conjugate. The group A(3) was discussed by Mpono in his PhD
thesis [61] and since he already fused it into Spg(2), we will fuse the group G into A(3) in this thesis.
In Section 6.3, we list the conjugacy classes of G' computed using the coset analysis technique and
see that corresponding to the 10 conjugacy classes of 2 x Dg, we obtain 56 conjugacy classes of G.
In Section 6.4, we establish the structures of the inertia factor groups of G' and see that they are
given by Hy = Gy, Hy = Gy, H3 = Dg, Hy = Dg, H5 = 23, Hg = 22, H; = 22, Hy = 2%, Hy = 2°
and Hyg = 2. In Section 6.5, we compute the Fischer matrices of G using the non combinatorial
approach and we obtain ten Fischer matrices of sizes ranging from 3 to 10. We illustrate in this
chapter the automatic computation of candidates for Fischer matrices on non-identity classes. We
use Programme D to achieve the goal. In Section 6.6, we show how to obtain the character
table of G and the full character table is listed in Table 6.14. Finally, in Section 6.7, we fuse the

conjugacy classes of G into the conjugacy classes of A(3).

In Chapter 7, we study a split extension group of the form G = 26:4g, a maximal parabolic
subgroup of Of (2). The chapter is organized as follows: in Section 7.2, we briefly introduce the
group G and generate it as a maximal parabolic subgroup of O;(Z). In Section 7.3, we list the
conjugacy classes of G obtained using the coset analysis technique and see that corresponding to
14 conjugacy classes of Ag, we get 41 conjugacy classes of G. Furthermore, using the action of
Ag on Irr(25), we were able to determine the structures of the inertia factor groups as H; = As,
Hy = Sg and Hz = 2*:(S3 x S3). In Section 7.4, we calculate the fourteen Fischer matrices of G
and see that the sizes of these matrices range from 1 to 5. We further show how to construct the
character table of G using Fischer matrices method and the full character table is given as Table

7.8. We end the chapter by fusing the conjugacy classes of G into those of O; (2) in Section 7.5.

In Chapter 8, we exploit the discussion of Chapter 4 that Sylow p —subgroups of O;m (q), for ¢ = pF
for some k, are split extensions and study a split extension group of the form G = 25:Gy, where
G4 = 23:Dg is isomorphic to a Sylow 2 —subgroup of GL(4,2). The group G is a Sylow 2 —subgroup
of O; (2). The degrees of the irreducible characters in general of Sylow p — subgroups of O;m(q),

where ¢ = p* have been studied extensively, see for instance [16]. We determine the character table
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of G in this chapter and in addition, we fuse its conjugacy classes into 2%: Ag, a maximal parabolic

subgroup of Of (2) as discussed from Chapter 7.

Chapter 8 is organized as follows: in Section 8.1, we give a brief introduction on the group G and
generate it as a Sylow 2 — subgroup of O; (2). In Section 8.2, we give the conjugacy classes of G
computed using the coset analysis technique and we see that corresponding to the 16 conjugacy
classes of Gy, we get 103 classes for G. In Section 8.3, we act the group G4 on Irr(2%) and show
that there are 10 inertia factor groups, namely Hy = G4, Hy = G4, H3 = (2 X Dg):2, Hy = 2 x Dg,
Hs = 2 x Dg, Hg = 2 x Dg, H; = 23, Hg = 23, Hy = 22 and Hyg = 22. In Section 8.4, we
compute the sixteen Fischer matrices of G through a non combinatorial approach by the help of
Programme D in the Appendix. We see that the sizes of these Fischer matrices range from 4 to
10. In Section 8.5, we discuss the fusion of the conjugacy classes of G into those of 26: Ag. Therefore
we compute the permutation character x(2%:Ag|G) for the action of 26:Ag on the cosets of G in
26: 4. We used GAP [31] as well as information about the permutation character x(25:4g|G),

conjugacy classes of elements of G and 2°:Ag to fuse the conjugacy classes of G into 2°: Ag.

In Chapter 9, we consider the group Spg(2) so that its maximal parabolic subgroup P(W) =
210:GL(4,2) = 210:Ag. Furthermore, the Sylow 2 — subgroup say Py = 219:G, = 210:(23:Dg) of
Sps(2) sits in 210:Ag. We study the character table of 219: Ag as it is related to that of Ps. We will
denote P(W) by G = 21%:GL(4,2).

This chapter is organized as follows: in Section 9.1, we generate the group G as a maximal subgroup
of Spg(2). In Section 9.2, we list the 81 conjugacy classes of G computed using coset analysis
method. These conjugacy classes correspond to the 14 conjugacy classes of GL(4,2). In Section
9.3, we give the structures of the inertia factor groups of G, namely H; = Ag, Hy = ((24:3):2):2,
Hs = (S3 x S3):2, Hy =2 x Sy, Hs = S5, Hg = 23:GL(3,2) and H; = ((A4 x A4):2):2.

In Section 9.5, we list the Fischer matrices of G and see that their sizes range from 1 to 16. The
ordinary character table of G is done in Section 9.6. In Section 9.7, we provide the fusion of the

conjugacy classes of G into Spg(2).

In Chapter 10, we use the connection between the structure of a Sylow p— subgroup of Spa,(¢) and
that of Spam+2(q) (see Chapter 4), to study a Sylow 2 — subgroup of Spg(2) as being isomorphic to
a group of the form G = 27:Ps, where P is a Sylow 2 — subgroup of Spg(2). Thus we are interested
in constructing the ordinary character table of a split extension of the form G = 27:(2%:(2 x Dg))
using the method of Fischer matrices. The group G is also a Sylow 2 — subgroup of A(4), the affine
subgroup of Spg(2).

In Section 10.1, we give a brief introduction on the group G and generate it as a Sylow 2 —subgroup
of A(4). The group A(4) is of the form 27:Spg(2) and was studied by Ali and Moori in [5]. There is
another group of the form 27:Spg(2) not isomorphic to A(4) which is a subgroup of Aut(Fby), the
autormorphism group of the Fischer group Fso. This later group was studied by Mpono and Moori
in [57] and [61]. We have that [Sps(2) : A(4)] = 255. In Section 10.2, we give the conjugacy classes
of G computed using the coset analysis technique and we see that corresponding to the 56 conjugacy
classes of 2°:(2 x Dg), we get 436 classes for G. In Section 10.3, we act the group 2°:(2 x Dg) on
Irr(27) and show that there are 14 inertia factor groups, namely Hy = 25:(2x Dg), Ha = 2°:(2x Ds),
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Hz =22 x((((4%x2):2):2):2), Hy = 22 x (2*:2), H5 = (Dg x Dg):2, Hg = (Dg x Dg):2, H; = Dg x Dy,
Hg = (((4 x 2):2):2):2, Hy = Dg x Dg, Hig = 2 x (2%:2), Hj3 = 2 x 2 x Dg, Hjs = 2 x 2 x Dy,
Hiz3 =2 x2x Dg and Hy4 = 2 X Dg. In Section 10.4, we compute the fifty six Fischer matrices
of G through a non combinatorial approach by the help of Programme D in the Appendix. We
see that the sizes of these Fischer matrices range from 3 to 14. The full ordinary character table of
G is a 436 x 436 matrix. In Section 10.5, we discuss the fusion of the conjugacy classes of G into
those of A(4). Therefore, we compute the permutation character x(A(4)|G) for the action of A(4)
on the cosets of G in A(4). We used GAP [31] as well as the information about x(27:Spg(2)|G) to

fuse the conjugacy classes of G into A(4).

Finally, Chapter 11 covers some general results on the character tables of Sylow p- subgroups
of classical linear groups. We consider Sylow p -subgroups of Spay,(q), the symplectic group of
dimension 2m over a field of order ¢ where ¢ is a power of an odd prime p. Denote a Sylow
p — subgroup of Spa;,(q) by G. Then from Chapter 4, we observe that G = N:G, where N is an
elementary abelian p — group and G is its complement in G. The natural approach to investigating
the characters of G is to consider the action of G on the linear characters of N and then describe
the stabilizer subgroup in G of any linear character of N (as illustrated in previous chapters, see

for instance Chapters 6 and 10).

This chapter is organized as follows: in Section 11.1, we use the fact that a Sylow p — subgroup say,
G, of the symplectic group is a split extension and discuss the action in general of G on N where
we write G = N:G. This discussion uses a theorem of Previtali in [64] to construct examples on
the general actions of G on N (where the lengths are the same as those of orbits of G on Irr(IV))
in a Sylow p — subgroup of Spa,,(q), where ¢ = p* for some k and p odd. For the examples we
consider Sp4(q) and Spg(q). In Section 11.2, we apply the method of Fischer matrices to a Sylow
p — subgroup of Sps(q) where p is odd and obtain the general form of Fischer matrices on the
non-identity classes. We see that the Fischer matrices on non-identity classes coincide with the
character table of N/M 2 Z,, where q = p* for some k and some M < N. Thus we see that M (g)
is the Discrete Fourier Transform matrix up to permutations of rows and columns. In Section 11.3,
we give a particular example G = 33:G5, where Gy = Z3 is a Sylow 3 — subgroup of GL(2,3). In
Section 11.4, we discuss the general degrees of the irreducible characters of a Sylow p — subgroup

of Sps(q), where ¢ = p* and p is odd, for some k.

It is important to point out that we have checked the accuracy of the character tables of all the

groups discussed in this thesis using Programme E in the Appendix.
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Group Extensions and their Conjugacy Classes

We discuss the theory of group extensions and their conjugacy classes. This includes the technique
of coset analysis developed by Moori, see for instance [53] and [78], for the computation of conjugacy
classes of group extensions. We use the standard notation as in Atlas [19] for arbitrary extension,
split and non-split extensions respectively as N.G, N:G and N-G. We use [10], [24], [61], [69] and

[78] as references for most parts of this chapter.

This chapter is organized as follows: In Section 2.1, we discuss notions of exact sequences of groups
and homomorphisms as this leads to the general theory of group extensions. In fact, we note that
a group extension takes some form of a short exact sequence of groups and homomorphisms. In
Section 2.2, we show the equivalence between semi-direct products and split extensions. In Section
2.3, we describe in detail the coset analysis technique for the computation of conjugacy classes
of both split and non-split extensions. In Section 2.4, we give background information on the
character tables of finite groups. In Section 2.5, we discuss the formulation of character tables of
finite groups as well as information that they contain. In Section 2.6, we define tensor products of
matrices which leads to a clearer understanding of tensor products of representations/characters.
In Section 2.7, we discuss a natural way of obtaining characters of a subgroup from the main group,
that is the concept of restriction of characters. In Section 2.8, we review the concept of induction
of characters which will further lead to the understanding of permutation characters discussed in
Section 2.9.

2.1. Introduction

Let {...,Cn—1, Cn, Cpt1,...} and {..., Bn_1, Bn, Bn+1,...} be sets of groups and homomorphisms.

An exact sequence of groups and homomorphisms is a sequence of the form:

T Bn__>l Cn—l B_n> Cn ﬁgl Cn+1 — (21)
in which Ker(8,) = Im(fB,-1) for each successive pair (8,-1,05,). Using this notion one then
refers to an extension G of a group N by a group G as a short exact sequence of groups and
homomorphisms given by

{1} - N>G5G— {1} (2.2)

Remark 2.1.1. Note that the sequence in Equation 2.2 is exact. Thus the homomorphisms ¢ and T
are the inclusion monomorphism and projection epimorphism respectively. Furthermore, one notes
that if N and G are arbitrary groups, then an extension of N by G is a group G having a normal
subgroup N such that G/N = G. Thus the group N is called the kernel of the extension G and G

is called the complement of N in G.
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Using Equation 2.2, we have that Ker(7) = Im(s) = N. Note that this last isomorphism becomes
equality since N < G. A complement of N in G need not be a subgroup of G. In the case that it
is, then it need not be unique. However, if complements of N in G exist, then it implies they are

unique up to isomorphism as they are all isomorphic to G/N.

We next define what equivalence of two extensions means
Definition 2.1.2. Two extensions {1} = N 3G 5 G — {1} and {1} = N > G 5 G — {1} are

equivalent if there exists a homomorphism X : G — G’ such that the following diagram commutes:

Note that \ is an isomorphism between G and G’ by the application of the five lemma. Furthermore,

the equivalence of group extensions is an equivalence relation.

2.2. Equivalence between Semi-Direct Products and Split Extensions

In this section we link the concepts of semi-direct product and split extensions.
Definition 2.2.1. Let N and G be groups. A semi-direct product G of N by G denoted by
G = N:G is a group that satisfies

(1) N <G,
(2) GIN =G,
(3) NNG = {1a}.
Where N and G are subgroups of G.

We now define the automorphism group of a group as it is needed for the inherent action of G on
N.

Definition 2.2.2. The automorphism group of a group G, denoted by Aut(G), is the set of all
automorphisms of G under the binary operation of composition.

Lemma 2.2.3. In the case of a semi-direct product of N by G, every element in G has a unique
expression of the form ng, where n € N and g € G. The multiplication of elements in G is carried
out as

(n1g1)(n2g2) = ning' g192, (2.3)

where n9 = gng~'. A semi-direct product N:G for arbitrary groups N and G exists if and only if
there is a homomorphism 0 : G — Aut(N) such that 6(g) = 04, where g € G, and 0, : N — N
defined by 0,(n) = gng=t. That is 0, is an automorphism of N and G acts on N.

Proof. The uniqueness is easy to see since if ny,n0 € N and ¢1,¢92 € G such that nig; = g and
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nags = g, then it follows that nglnl = Qngl. Note that N NG = {15}. It is deduced that
ng_lnl = 15 and gggl_1 = 15 if and only if n; = ny and g1 = g2. For the other part of the proof,
we assume that for arbitrary groups N and G, there exists a homomorphism 6 : G — Aut(N).
We now claim that there exists a semi-direct product G of N by G realized by 6. Let M be the
set consisting of all pairs (n,g), n € N, g € G. Note that the operation * : M — M such that
(n1,01) * (n2,92) = (n10g,(n2),9192), n1,n2 € N, g1,92 € G is a binary operation. Furthermore,
(M, %) forms a group with (1x, 1¢) as the identity and (6,-1(n~!), g~ 1) as the inverse of (n, g) in M.
It could be shown that the set {(n, 1g)|n € N} forms a normal subgroup of M that is isomorphic to
N, and similarly the set {(1n,9)|g € G} forms a subgroup of M that is isomorphic to G. It follows
that {(n,1g)|n € N} n{(1n,9)lg € G} = {1m} = (1n,1g). Therefore M is a semi-direct product
of N by G realized by 0. Taking M to be G, gives G = N:G. For the converse, let G = N:G be a
given semi-direct product of N by G. We have shown the uniqueness of an element g = ng € G.
Let # : G — Aut(N) be the homomorphism given by 6(g) = 6,, where 0,(n) = gng™!, Vg € G,
n € N. Hence G = N:pG where the isomorphism is given by ng — (n, g). O

The above Lemma 2.2.3 implies that a semi-direct product is completely described by the way
G acts on N. As alluded to earlier, we will usually drop the notation N:gG for N:G where the

homomorphism 6 is well understood.

Now let G' be an extension of N by G. Since G/N = G, there exists an onto homomorphism
p: G — G such that Ker(p) = N. For each g € G define a lifting to an element g of G by p(g) = g.
We can then choose a lifting for each g in G to get a set {g| g € G}, called a transversal for N
in G and consequently we also get a function ¢ : G — G, called a transversal function. Thus if
g € G, the coset representative of Ng is ((p(g)) = (Cop)(g). Generally, ¢ is not a homomorphism,
but always satisfies the relation:

Cop = 1. (2.4)

The converse is also true that any function say ¢ that satisfies the relation in Equation 2.4 defines
a transversal of N in G, namely {¢(g)| g € G}.

Definition 2.2.4. An extension {1} = N = G 5 G — {1} is called
(1) Abelian if G is abelian,

(2) central if Im(s) = s(N) C Z(G),

(3) cyclic if G is cyclic,

(4) split if there is a monomorphism ¢ : G — G such that To{ = Ig.

We now state a theorem that relates semi-direct products and split extensions. The theorem and
its proof can also be found in [68].

Theorem 2.2.5. Every split extension {1} = N 5 G % G — {1} is equivalent to a semi-direct
product N:G.

Proof. See [10], [61] and [68]. O

Remark 2.2.6. Note that if G is a split extension of N by G, then G = NG = UgeaNg.

10
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The action of G on N is possible even in the non-split extension case as evident in the following
lemma.

Lemma 2.2.7. (/[69],[78]]) Let G be an extension of N by G where N is abelian. Then there exists
a homomorphism 0 : G — Aut(N) such that 0,(n) = gn(g)~! ,n € N and 0 is independent of the
choice of {g : g € G} a transversal for N in G.

Proof. Let ¢ € G and /. denote conjugation by c¢. As N is a normal subgroup of G, we have
that (¢.)y € Aut(N) and that v : G — Aut(N) defined by v(c) = (¢.)n is a homomorphism.
If ¢ € N, since N is abelian, we have that v(c¢) = In. Hence there exists a homomorphism v* :
G/N — Aut(N) given by v*(Ne) = v(c). But we know that G =2 G/N, thus for any transversal say
{g : g € G}, the function ¢ : G — G/N defined by ¢(g) = Ng is an isomorphism. For any other
transversal say {g' g € G}, we have Gg ' € N for every g € G and hence Nj = Ng . Thus the
isomorphism ¢ is independent of the choice of a transversal of N in G. Now let 6 : G — Aut(N) be
defined by the composition v*op so that for g € G and g a lifting of g, we have 0(g) = v*(p(g)) =
v*(Ng) = v(g) € Aut(N) as required. O

2.3. Coset Analysis

Let G = N.G be a group extension where N is an abelian normal subgroup of G and G/N = G.
The coset analysis technique is applicable for the computation of conjugacy classes of both split
and non-split extensions. This technique is due to Moori [53] and has been used in many research
papers, MSc and PhD dissertations which include [6], [12], [13], [58], [60], [61], [69], [70] and [78],
among others. For each conjugacy class [g]¢ in G with representative g € G, we form a coset Ng
where g is a lifting of g in G under the natural homomorphism G — G and analyze this coset to
obtain the conjugacy classes of G which correspond to the class [g]¢ of G. This process is repeated

for all the class representatives ¢ € G to obtain all the conjugacy classes of G.

We discuss the theory behind the coset analysis technique as applied to both split and non-split
extensions. We will apply this technique to compute the conjugacy classes of the split extensions
in Chapters 5 to 11.

Remark 2.3.1. For each g € G with g a lifting of g under the isomorphism g — Ng, the set
{g | g € G} is a right transversal for N in G and we have that every x € G has a unique expression
of the form x = ng where n € N. We note that G = UgeaINg. Now define

C;={rcG|x(Ng)z~t = Ng}.
Then Cj is the set stabilizer of Ng in G under the action by conjugation of G on Ng. Thus Cj is
a subgroup of G and one can show that N < Cj. Furthermore, we have that C; = N.Cg /N(N g)-

In general, we write Cj = N.Cg(g) identifying Cg/n(Ng) with Cc(g). In the split extension case,
the lifting of g is g itself and thus we write

Cy={reG|x(Ng)x~' = Ng}

identifying Cy with Cy. It is not difficult to show that Cy = N:Cg(g).

11
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We determine the conjugacy classes of G by the action by conjugation of (3, for each conjugacy
class [g]g of G, on the elements of the coset Ng. In the split extension case, we consider the action
on the elements of the coset Ng. The action of Cj is carried out twofold. We first act N on Ng.
Thus let C(g) be the stabilizer of g in N. We have that for any n € N

z € On(ng) < x(ng) = (ng)z
& z(ng)z~ ! =ng

= xnx71x§$71 =ng

& n(xgr) =ng
= xgxfl =g

S S CN(Q).

Thus the group Cn(g) fixes every element of Ng. Let |Cn(g)| = k. Then under the action of N,

Ng breaks into k orbits say 01, @2, ---, @ such that
v o= Y g
|Ql’ - [N : CN(g)] ok for i € {1727 ) k}

Secondly, we act {h | h € Cg(g)} on Ng. We remark that the elements of Ng are now in the orbits
Q1, Q2, ---,Qg from the action of N. Thus we only act {h | h € Cg(g)} on these k orbits. We

suppose that under this action f; of the orbits Q1, Q2, ---,Q) come together to form one orbit
Aj, then we have that 3, f; = k. Furthermore, | A; [ = f; x |1,X|. Now for = njg € A;, we have

that

el =1 251 % llgle]
_ e IV G
=5 X )
g
=L Hoe@l

We easily obtain B
Gl _ HCo(g)l

N = Tt =g

To calculate the conjugacy classes of G = N.G, we must find the values of the k’s and the f;’s for
each class representative g € G. We have developed a programme to compute the f;’s and k’s for
each class representative of G (see Programme A in the Appendix ). For the power maps see
Programme B in the Appendix. It is also important to note that in the case of G = N:G, we will
consider the coset Ng instead of Ng since G < G. Furthermore, when we act N on Ng, we will
always make an assumption that g € @;. This implies that f; = 1 always. Similarly, the action of
{h | h € Cg(g)} on k orbits Q1, Q2, ---, Qs will be carried out as simply that of Cz(g) on these
k orbits.

12
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2.4. Some Representation and Character Theories

The discussion in this section lays a foundation on which we build the theory of Fischer matrices.
All the groups in this work are finite. We use as references for most parts of this section [37] and
[56]. In essence, we ought to understand an abstract finite group by embedding it into the general
linear group. We have

Definition 2.4.1. Let F, be the Galois field of q elements. The general linear group, denoted
by GL(n,q), is the group of all invertible matrices whose entries are in Fy.

Remark 2.4.2. It is not difficult to see that the order of GL(n,q) is

n

[I@ a7 (2.5)

i=1

For the purpose of projective representations to be discussed in later chapters, we define the pro-
jective general linear group in the following Definition 2.4.3.

Definition 2.4.3. The projective general linear group is the group defined by PGL(n,q) =
GL(n,q)/Z(GL(n,q)), where |F| = q and Z(GL(n,q)) denotes the center of GL(n,q).

Definition 2.4.4. Let G be a group. A representation of G is a homomorphism ¢ : G —

GL(n,F). The representation ¢ is then said to be of degree or dimension n over F.

We say that ¢ is faithful if Ker(¢) = {1¢}. By the First Isomorphism Theorem, we obtain that

G /Ker(¢) = Tm(), (2.6)

Thus if ¢ is faithful, we have G = Im(¢) < GL(n,TF).

2.4.1 Some Examples of Representations

The following representations will always occur when considering representations of any finite group

G.
(1) The representation ¢ of G given by ¢(g) = 1, for all g € G called the trivial representation.

(2) Let G' be a permutation group acting on the set X = {x1,29,---,z,}. Let ¢y : X — X
be given by ¢4(x) = (ai;), aij = 1 or a;; = Op according as g(z;) = z; or not. Then
¢ : G — GL(n,FF) given by ¢(g) = ¢4 is called the permutation representation of G on
X.

Definition 2.4.5. The map x : G — F defined by x(g) = tr(¢(g)) is called the character of G.
The degree of the representation ¢ over F gives the degree of x and x is said to be afforded by ¢.

We say that ¢ is linear if the degree is 1. In fact one can see directly that the trivial representation
affords a linear character.

Definition 2.4.6. A function f : G — F is called a class function if it is constant on the
conjugacy classes of G. This means f(grg~') = f(x) for all g € G.

Remark 2.4.7. Any character of a group G is a class function.

We now define equivalent representations

13
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Definition 2.4.8. Let ¢1,¢2 : G — GL(n,F) be two representations of G. We say that ¢1 and
¢o are equivalent if there exists an invertible n x n matriz Q over F such that ¢1(g) = Q 1¢2(9)Q
forall g € G.

Since similar matrices have the same trace, we deduce immediately that equivalent representations

have equal characters.

The sum of representations gives a way of defining new representations from known ones. We have
Definition 2.4.9. Let ¢1,¢2 : G — GL(n,F) be representations of G. Then

_(#i(g) O
S(g)_< 0 ¢2(g)>’

where S : G — GL(2n,F) forms a representation of G called the sum of the representations
¢1 and ¢2, S is denoted by ¢1 @D ¢2.

If deg (¢1) = n1 and deg (¢2) = ng, then deg (S) = ny + ne. We also have that S affords the
character x4, + X4, of degree ny + na. We define the concept of irreducibility of representations
whose characters form the character table of a group.

Definition 2.4.10. A representation ¢ of G is said to be irreducible if it cannot be written as a

sum of other representations of G. We say x4 s irreducible if ¢ is irreducible.

The following theorem helps determine irreducible representations, we state the theorem without
proof and refer readers to [56] for an elegant proof.

Theorem 2.4.11 (Mascheke’s theorem). Let G be a finite group. Let ¢ be a representation of
G over the field F such that the characteristic Char (IF) is either Op or is a prime p, p{|G|. Then

the representation ¢ can be written as a sum of irreducible representations of G.
Proof. See [56]. O

It is however not an easy task to construct all the irreducible representations of a group. Many
techniques come in handy for this purpose and for the case of split extensions we will employ Fischer
matrices method. We will from now on consider ordinary representations (that is representations

over the field of complex numbers).

We now devote some attention to the study of the vector space of class functions.
Definition 2.4.12. Let 11 and 12 be two class functions of a group G, the inner product of ¥
and o is defined by

(th1,12) = ]G| > (g (2.7)

geG

The following Corollary 2.4.13 says that the set Irr(G) forms a basis of the class functions of G.
Corollary 2.4.13. The set Irr(G) forms a basis of the class functions of G. Furthermore,, let ¢
be a class function and x; € Irr(G). Then

K
¢ = mixis (2.8)
i=1

14
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Proof. See [42] O

Remark 2.4.14. We observe that the class function ¢ is a character if and only if p; > 0 for all

1.

By Corollary 2.4.13, we understand irreducibility of characters by looking at their constituents. We
discuss this in the next Lemma 2.4.15.
Lemma 2.4.15. Let ¢ be a character of G. Then ¢ is irreducible if and only if (¢, p) = 1.

Proof. Applying Corollary 2.4.13, let ¢ = Zle wixi- Take the inner product to obtain (¢, p) =
Zle p2. Now assume that ¢ is irreducible, this is true if and only if u; = 1 for some i and zero
for the rest. O

As a consequence of Corollary 2.4.13, we have Corollary 2.4.16 which we just state and refer readers
to [39] for a proof.
Corollary 2.4.16. Two representations ¢1 and ¢o are equivalent if and only if they have the same

characters.
Proof. See [39]. O

By Corollary 2.4.16, we note that studying all the inequivalent irreducible representations of G gives
the distinct irreducible characters of G which form the character table. We now study character

tables of finite groups.

The relationship between conjugacy classes of a group G and its irreducible characters is important
in investigating Irr(G), the irreducible characters of G. We have the following Theorem 2.4.17.
Theorem 2.4.17. Let G be a group. Let | be the number of conjugacy classes of G and Irr(G) =
{x1,Xx2, ", xr} be the set of distinct irreducible characters of G. Then l = r.

Proof. See [56] O

2.5. Character Tables

The character table of a group is crucial as it contains important information to study any finite

group G. It is a table with all the irreducible characters of G.

By Theorem 2.4.17, the character table is easily seen as a matrix with columns indexed by the
conjugacy classes and rows corresponding to the irreducible characters of G. Thus

Definition 2.5.1. Let G be a group and {g1,92, - , g1} be the conjugacy class representatives of
G. Let Irr(G) = {x1, X2, -, x1} be a set of irreducible characters of G. Then the character table
of G is an | x | matriz whose entries are the values x;(g;) for i,j € {1,2,--- ,1}. The columns of

this matriz are indexed by g; and the rows by x; fori,j € {1,2,---,1}.

The character table in Definition 2.5.1 is non-singular. This follows directly from Corollary 2.4.13.
The irreducible character y; shall always denote the trivial character and the class representative

g1 will be the identity element 15 of G .

15
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We now consider the orthogonality relations for the rows and columns of a character table. The

relations assist in filling up the character table when some irreducible characters are known.

2.5.1 Orthogonality Relations

Corollary 2.5.2. Let G be a group and Irr(G) be as given in Definition 2.5.1.

1. We have the row orthogonality relation

Z Xv Xw — o (2.9)

geG

2. we have the column orthogonality relation

k

> Xi(go)Xi(gw) = Svw|Ca(go)]. (2.10)
i=1

Proof. See [56]. O

Remark 2.5.3. We have that in the column orthogonality relation 2.10: if g, is in the same

conjugacy class as g, then
Z ‘Xz gv ’CG(gU ’

else

k
> Xilgv)xilgw) = 0.
i=1
Thus we obtain

k
Z |X1 1G |G|
1=

In determining the degrees of the Irr(G), we will find this relation very helpful.

2.6. Tensor Products

In this section, we study tensor products of both representations and characters of finite groups.
The concept of tensor products is another way of independently obtaining new characters from the
known characters and also finding the characters of direct products of groups. We stick to [56] for
this section.

Definition 2.6.1. Let P be an n x n matriz such that P = (pij)nxn and Q be an m x m matriz

Q = (Gij)mxm- Then the product denoted and given by

p11Q p12Q -+ p1aQ

P®Q: pQTQ pzfQ pzr:Q | (2.11)

_ple Pr2@ - pan_

1s called the tensor product of P by QQ and is an nm X nm matriz.

16
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Remark 2.6.2. The trace of P @ Q is given by tr(P Q) Q) = tr(P) x tr(Q).
Definition 2.6.3. Let ¢ and i be two representations of G. Define ¢ @ by (¢ QvV)(g) =

P(9) @v(9)-

We now have the following Proposition 2.6.4 as a motivation of Definition 2.6.1.

Proposition 2.6.4. Let ¢ : G — GL(n,F) and ¢ : G — GL(m,TF) be representations of G.
Denote by ¢ Q) 1, the tensor product of ¢ by 1p. Then ¢ Q) 1 forms a representation of G of degree

nm.

Proof. See [56]. O

Remark 2.6.5. Using Proposition 2.6.4 and the Remark 2.6.2, we have that the character x of G
corresponding to ¢ Q1 is given by

Xo@u(9) = Xo(9) X xu(9)- (2.12)
Hence proving that products of characters are also characters of G.

We consider direct products of groups and their characters. Knowledge on direct products of groups
is assumed in our discussion.

Corollary 2.6.6. Let H x M be the direct product of the groups H and M. Let ¢ : H — GL(n,TF)
and ¢ : M — GL(m,TF) be the respective representations of H and M. The tensor product ¢ @)
forms a representation of H x M of degree nm. Furthermore, x4 y(9) = X¢(h) X xy(s) where g

is uniquely written as g = (h,s), h € H and s € M, is the corresponding character.

Proof. See [56]. O

Remark 2.6.7. By Remark 2.5.3 and Lemma 2.4.15 all the characters of H x M obtained as
i Corollary 2.6.6 are irreducible provided their respective representations that afford them are
wrreducible. In fact, one can further show that all the characters of H X M are obtained in this way
(see for instance [56, Theorem 5.3.2]).

Section 2.7 now discusses how to obtain representations/characters of subgroups from the main

group. This section will assist in understanding Clifford’s theory which we tackle in later Chapters.

2.7. Restriction of Characters

Suppose we know the representations/characters of a group say G, we study how we can construct
the representations/characters of a subgroup say K of G.

Definition 2.7.1. Let ¢ : G — GL(n,F) be a representation of G, define the restriction of ¢
to K <G by ¢ g (k) = ¢(k) for all k € K. In a similar fashion, the restriction of x4 to K is
defined by x¢ LK (k) = xg(k) for all k € K.

The next Corollary 6.4 highlights on the constituents of any restriction x4 | x.
Corollary 2.7.2. Let ¢ be a character of K < G . Then there exists an irreducible character say
x of G such that

(x LK, 9) #0.

17
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Proof. See [42] O
Let K be a subgroup of a group G. The index % of the subgroup K in G plays an important role
in understanding restrictions as we now show.

Theorem 2.7.3. Let K < G. Let x € Irr(G) and Irr(K) = {¢1,¢2, - ,¢r} be the irreducible

characters of K. Then x lx= Zle ci¢;, where the c;s are non-negative integers and
k
d @ <G K] (2.13)
i=1

Equality holds in (2.13) if and only if x(g) =0 for all g € G\ K.

Proof. Note that

k
1 _
ZC% = (X Ik, X {K) = & Z x(k)x (k).
i=1 keK
Since y is an irreducible character of G, we obtain
1 _
(e = 1 > x(9)x(9)
geG
1 — 1 —
=@ > xl9)x(9) + @l > x(9)x(9)
geK geG\K
k
K] S
— = Ci + J — 1,
Gl =
1 — 1
where J = @l Z x(9)x(g). Similarly J = @lx(g)\Z, thus J > 0. Therefore,
geG\K
k
K| S
e Ci — 1 - J S 1,
Gl =
and we obtain
k
Se<lf 6

Furthermore,

J=0<|x(g)P=0< x(g) =0, forallg e G\ K.

We now discuss induction of characters.

2.8. Induction of Characters

In this section, we look at how to obtain the characters of a group say G knowing those of its

subgroups. This is key to the understanding of Clifford-Fischer matrices.

18
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Definition 2.8.1. Let K < G and p be a character of H, extend p to G by p°(k) = p(k) if k € K
and p°(z) = 0 if x ¢ K. Define p%(g) = ﬁerG p°(xgx™t) for all g € G. Then p% is the

induced character of G from K.

We compute the values 9@ (g) for all g € G as in Proposition 2.8.2.
Proposition 2.8.2. Let K < G. Consider [g]g a conjugacy class of G. Let {x1,x2, -, 21} be a
set of representatives of the conjugacy classes of K that fuse to g. Let p be a character of K. We

have
if KN[glg =0, then p&(g) =0

(2.14)
if KN gla # 0, then p%(g) = |Calg)| Xley ;.

Proof. See [55]. O

The German mathematician Ferdinand Georg Frobenius (1849 — 1917) gave a link between induced
characters and restricted characters called the Frobenius reciprocity.
Corollary 2.8.3. Let p € Irr(K) and x € Irr(G), then

(o, x L) = (p° . x)- (2.15)
Proof. We use Definition 2.4.12 to obtain
1 _
(%, x) = @l > 0%(9)x(g).
geG
and again by Definition 2.8.1, we have that
gEG zeG

Now let z = zgz~!, then

(%, x) IG\I ZZP |K|Zp = (p, X k).

zEG zeG zeG

2.9. Permutation Character

We begin the section by looking at group actions. Our aim is to show that any subgroup K of
G gives rise to a permutation character (1x)¢ where G acts transitively on the cosets of K in G.
Take a finite set  and let G act transitively on this set. We will note that x(G|G.) = (1g,)%,
w € Q) is the permutation character and helps in the determination of the number of fixed points

by the action of G on the cosets of K = G, a subgroup of G in G.

Formally we have
Definition 2.9.1. Let Q = {z1,x2, -+ ,2,} be a finite set. Let G be a finite group. We say that G
acts on § if there is a homomorphism ¢ : G — Sq, where Sq is the set of all permutations of €1.

Equivalently we say that Sq is the symmetric group on ).

This action is also considered as being done through the homomorphism ¢. We now define the orbit

of w € Q under the action of G' denoted by w¢.
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Definition 2.9.2. The orbit w® where w € Q, under the action of G is defined by w& = {w9|g €
G}.

Definition 2.9.3. The group G is transitive on Q if & = Q, that is for any w,B € Q, there
exists g € G such that w9 = .

Definition 2.9.4. The stabilizer of w € Q in G is defined by G, = {g € G|w9 = w}, that is a set

of elements in G that send w to itself.

In connecting the two concepts of orbit and stabilizer, we have
Theorem 2.9.5 (Orbit-Stabilizer Theorem). Let Q be a finite set. Let w® and Gy, be as given

above. Then
° \wG\ =|G: Gy,

e G, is a subgroup of G.

Proof. See [56]. O

Remark 2.9.6. We now recall the permutation representation. Let ¢ be the permutation repre-

sentation. The permutation character 7w(g) =tr(v(g)).

The permutation character of G gives the number of fixed points of €2 by the action of G and by

Burnside’s Lemma (see [56, Theorem 1.2.5]) we have the connection between group actions and the

]G| ZFIX

geG

permutation character given by

(m,1g) =

where Fix(g) is the number of fixed points by the action of g on .
Corollary 2.9.7. A group G is transitive on ) if and only if (m,1g) = 1.

Proof. By Burnside’s Lemma and the fact that G is transitive we get the result. O

Let K < G. Consider G/K = {Kz1,Kxa, -+, Kz, } the right cosets of K in G, the action of G on
G/K is transitive and thus

(Kx;)9 = Ky <= Kxig = Kz, < K:cig:vi_l =K

— xigxl-_l € K.

Denote by x(G|K) the permutation character of G on the cosets of K in G, then x(G|K)(g) =
S w0 (wigx; ), where 1°(2) = 1if 2 € K and 0 if 2 ¢ K.

Therefore, we have that x(G|K)(g) = (1x)®. We further note that the permutation character
x(G|G.,,), where the action of G is transitive on a finite set €, is given by (1¢,_ ). This is formalized
as

Theorem 2.9.8. Let G be a transitive group on ). Let w € Q. Then (1Gw)G s the permutation
character of the action of G on Q.

Proof. See [78]. O

In the following Theorem 2.9.9, we summarize the conditions satisfied by a permutation character
X(G|K) .
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Theorem 2.9.9. Let x(G|K) be the permutation character for the action of G on K, then
(1) X(G|K)(1) divides the order of G, in fact it is equal to [G:K].
(2) X(G|K)(g) belongs to NU{0}, for any g € G,
(3) (X(GIK) 16) = 1,
(4) (xX(G|K),¢) < (1) where ¢ € Irr(K),
(5) X(GIK)(g) = 0 if o(9) t ey
(6) x(G|K)(g) < (G\K)( %Y for all g € G and k € NU{0},
(

(7) X(GIK)(9) 7

y € Z for all g € G,
Proof. This is Theorem 2.5.6 in [78]. O

Consequently, we note that

(2.16)

if KN[glg =70, then (1x)%(g) =
it KN gle #0, then (1x)%(g) = X7, 1@,

where {x1,x9,--- ,x,} is the set of class representatives of K that fuse to g.
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3
The Method of Fischer Matrices

Let G = N.G be a group extension. The action of G on Irr(N) is given by x : § — 6%, where
r € G, 0 € Irr(N) and 0%(n) = O(xnxz~!) for any n € N. Let 61, 603,---,0; be represen-
tatives of the orbits of G on Irr(N). Let H; be the inertia group associated with 6;, that is
Hi={zxeG|0°=0;, 0; ¢ ir(N)}, 1 <i <t Let; € Irr(H;) be an extension of 6; to H;
(that is ¥}y = ;) and 3 € Irr(H;) such that N C ker(3). Then we learn in this chapter that the
irreducible characters of G are of the form (Bwi)é. Through this way of computing the irreducible
characters of G, the character table will be divided into blocks with each block corresponding to
an inertia group. This method is due to Fischer [27]. We discuss Clifford’s theory in Section 3.1
on which Fischer matrices is essentially based. In fact, as a result of this, most authors refer to
the method as Clifford-Fischer matrices. We will refer to the method as Fischer matrices in all
of our discussions. For each representative of a conjugacy class of GG, we form a matrix called the
Fischer matrix on g, we explore such matrices in Section 3.2. Most of the approach in literature for
evaluating entries of Fischer matrices has been combinatorially based by the use of orthogonality
relations as well as other properties satisfied by the entries. We will in addition to this approach
use a more non-combinatorial approach resulting from a paper by List [48]. We have developed
first Programme C for computing a candidate for the Fischer matrix M (1) and then we con-
structed Programme D; and Programme D, where Programme D; determines the action
of Ca(g) on the quotient group N/M as well as constructing the irreducible characters of N/M
and Programme D (which contains Programme D7) further determines candidates for Fischer
matrices on non-identity classes automatically. This is the discussion of Subsection 3.2.4. We end
the chapter by looking at the more general approach to Fischer matrices for non-split extensions

that involve projective representations.

3.1. Clifford’s Theory

In this section, we discuss the action of a group G on the irreducible characters of its normal
subgroup N. This has further application in the understanding of the irreducible characters of G.
Let x € Irr(G). Let § € Irr(N). We learn using Clifford’s Theorem 3.1.2 that if the restricted
character y |y contains 6, then it contains the conjugates of € in the same quantity which is
(x In,0). We now define what is meant by conjugate of a character.

Definition 3.1.1. Let G be a finite group. Let N <G and 0 € Irr(N). For g € G, n € N, the

conjugate of 6 in G denoted by 69 is defined by 09(n) = 0(gng™1).

We deduce from this action that for g € N, 89(n) = 0(gng~"') and in this case gng=' € N. Hence

the action of N on its irreducible characters does not permute them. Thus G/N permutes the
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irreducible characters of V. This last observation is important in that we will use the action of
G = G/N on N in the split extension case. As for the non-split extension case, G £ G, we will

consider the action of a lifting of g, a representative of the conjugacy class of GG, to g an element of

G.

We now have the main theorem on which the theory of Fischer matrices is based.

Theorem 3.1.2 (Clifford’s Theorem). Let G be a finite group. Let x € Irr(G), N <G and
0 € Irr(N) such that (x In,0) # 0. Suppose 0 = 61, s, ---, 0y are the distinct conjugates of 6 in
G. Then

t
X in=e)_ b
i=1
where e = (x In,0)N.

Proof. We use the proof as in [39]. Consider #¢ expressed on the elements of N. Thus we have,

using the formula for induced characters, that for n € N,

1 1 1
0%(n) = m%m(aznx D= mgée(wnx D= m%e’”(n)
The second equality holds since znz ™! is an element of N for all € G. We therefore have that
IN|0C =3 . 0%, where 6 is evaluated on elements of N. Now let o € Irr(NV) such that o ¢ {6;},
1 < < t. Then we have that the inner product (3}, 6% 0) = 0. Hence (#%, 9) = 0. Note
that #¢ contains x by Frobenius reciprocity. Thus (x |, 0) = 0 and the 6; are all the irreducible
constituents of y | . Write x Iny= Z§:1<X In,0;)0;. That this reduces to x {n= (x {n,0) Ele 0;
is clear since (x In,0) = (x {n,0%), where 6" is a conjugate of f. This completes the proof. O

As a consequence of Theorem 3.1.2, we have
Corollary 3.1.3. Let G be a group. Assume that N <G, x € Irr(G) and 0 € Irr(N) such that
(X dIN,0)n #0. Then 0(1) divides x(1).

Proof. Using Definition 3.1.1 for the conjugates of § in G, that is #9(n) = 6(gng~'), we have
09(1) = 6(1). Now use Clifford’s Theorem 3.1.2 to obtain x Jy= e>.r_, 6;. Hence x |y (1) =

x(1) = 62221 0;(1) = etf(1). O

We formally define two important groups for our discussion which are the inertia and inertia factor
groups.

Definition 3.1.4. Let G = N.G be a group extension. Assume that 6 € Irr(N), then H = I5(0) =
{g € G|69 = 6} forms a subgroup of G called the inertia group.

Definition 3.1.5. Let G = N.G. The inertia factor group is the subgroup of G denoted by H
and defined by H = H/N.

Using the action of G on Irr(N), let €; be the orbit with a representative #;. Then denote H; =
I+(6;), the inertia group corresponding to 6;. Since the action of N on its irreducible characters
is trivial one notes immediately that N < H. We also have that |G : H;| = |Q;|. For the number
of orbits when G acts on Irr(N), we may apply Cauchy Frobenius theorem. Thus the number of
orbits of G on the irreducible characters of N is given by (x(G|N), x1), where x; is the trivial

character of G.
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We state the theorem that relates the irreducible characters of G and those of H.
Theorem 3.1.6. [39] Let G = N.G be a group estension. Let H denote the inertia group for

0 € Irr(N). Then there is a one to one correspondence between the following sets

A={peIrr(H): (¢ |n,0) #0}, B={xeImG):(x|n,0) #0} (3.1)

Proof. We follow [39] for the proof. Define a map from A to B such that ¢ — gbé. The task is to
show that this map is well defined, one to one and onto. Note that (Z)G is irreducible since if we pick
any irreducible character constituent y of ¢C, and use Frobenious reciprocity <¢G, X) = (b, x $a)-
Thus ¢ is a constituent of x |z. Seeing that (x {n,0) # 0, we have y € B. Using Clifford’s
theorem, x |n= e :_,6;. Since H stabilizes § € Irr(N) we have by Clifford’s theorem that
¢ L n= k6 for some k. It is clear that k < e. Using Corollary 3.1.3,

etf(1) = x(1) < (1) = tp(1) = kto(1) < et(1).

Thus x and qSé have the same degree. Hence x = (bé. It follows also that e = k. Now we show
that the map is one to one. Let ¢ € A such that ¢ # ¢ and (x L ¢') # 0. Then

(N0 > ((6+¢)In,0) = (dIn.0) + (¢ In,0) > (¢ln,0).

Owing to the fact that k = e, we have a contradiction in the above inequality. Thus ¢ is a unique
constituent of x |5 that stays in A. Hence this map is one to one. We are left with showing that
the map is onto and we will be done. We observe that if x € B with a constituent 6, we have ¢ a
constituent of x |z such that (¢ |n,6) # 0. Hence ¢ € A is such that d)G has a constituent x. We
have that this map is onto since gzﬁé = x. establishing the bijection. Hence the proof. O

We know that for 6§ € Irr(IN), the group G acts on 6 and by Clifford’s theorem, if there is an
irreducible character x such that (x |n,0) # 0, then x contains the conjugates of 6 in same
quantity. Thus we obtain all the characters of G for each orbit of § under the action of G by simply

inducing the irreducible characters of H given in Equation 3.1.

Thus the irreducible characters of G can be obtained by

Irr(G) = UL {6« (¢ v, 0) # 0, ¢; € Ire(H;) = 1(6:)},

where t = (x(G|N),x1) and x; is the trivial character of G. In this way, the character table of
G will appear in blocks with each block corresponding to the respective inertia group. We revisit
this discussion in Section 3.2. For the identification of all such irreducible characters of H = I (6;)
with the property as in the above Theorem 3.1.6, we use Theorem 3.1.7 by Gallagher [30].
Theorem 3.1.7. Let G = N.G, § € Irr(N) and H = 15(0). Assume that 0 extends to an
irreducible character say 1 of the inertia group of G. Then ¢ € Irr(H) such that (¢ Ln,0) # 0 is
obtained by ¢ = By where B € Irr(H) such that N lies in the kernel of ¢.

Proof. We use [78] for the proof. Let 6 € Irr(N). We know that H = I5(0) fixes 0. Using Clifford’s
theorem we have 67 Jn= s6 for some positive integer s. Using the formula for induced characters,
we have that 67 (1) = [H:N]A(1). Thus by comparing degrees, 7 = [H:N]0 and it follows that
(07 05y = (9,07 | ) = [H:N]. Let us make a claim that 7 = >_5 B(1)BY, where 8 runs over all
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irreducible characters of H such that N is contained in their kernel. These are all the irreducible
characters of the factor group H/N. We now note that for g ¢ N, the induced character oH
expressed on g gives zero. Also by the column orthogonality of H /N, we have Zﬁ B(1)B(g)¥(g) = 0.
Now 67 | = [H:N]0 = (>_5B(1)BY) In since for g € N,

Zﬁjﬁ(l)ﬁ(g)w(g) = §6<1>6<1>w<g)
= Zﬁjw(l))%(g) = [H:N]y(g)
= [H:N10(g).
This proves our claim that 67 = 3 5 B(1)By. We further note that

[H:N] = (9", 0") = Zﬁ /6’1/1,27 )BY) = Zﬁ 1){B1), ).

The diagonal terms contribute at least > 3(1)? = [H:N]. Thus the 8¢ are irreducible and distinct
and further they are all the irreducible constituents of 02 Thus (B are all the irreducible characters
of H that contain 6 in their restriction because for ¢ € Irr(H), we have (¢ |n,0) = (¢, gbﬁ). O

The discussion of the sufficient conditions when every irreducible character of N extends to H is
done in the next section and completes the theory in the split extension case. The conditions are

given in Mackey’s Theorem 3.2.1.

3.2. Fischer Matrices

The method of Fischer matrices is divided into two parts, namely the part that refers to the case
when all the irreducible characters of N extend irreducibly to ordinary characters of H and the
second part that looks at the case where they do not since even in this case the theory applies
and only involves extra knowledge of projective representations. We show in this section how
the character table of G = N.G can be constructed by using the Fischer matrices for each class
representative of G and character tables of the inertia factor groups. This approach of constructing
character tables of group extensions has been studied extensively by many authors among them
(1], [2], [4], [11], [14], [28], [29], [38], [59], [62], [65], [71] and [78].

3.2.1 The Extension of Irreducible Characters of N to their Respective Inertia
Groups

In order for us to be able to calculate the characters of G by the method illustrated in Theorem
3.1.6, we need to know the sufficient conditions for the extension of the irreducible characters of N
to H. Mackey’s theorem gives the sufficient conditions for the extension of every linear character
0; € Irr(N) fixed by H; to its inertia group H;.

Theorem 3.2.1. Let G = N:G such that N is abelian and N < H and that H = N:H for some
H < H. Let § € Irr(N) such that 0 is fived by h € H. Then 0 is extendible to a linear character
of H.
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Proof. For the proof we follow [20] and [78]. By the statement of the theorem H is a semi-direct
product thus every element say h of H has a unique expression of the form h = nm, where n € N
and m € H. We now define x on H by x(nm) = (n). Here 6 is a linear character of N since N is
abelian. Furthermore, we have that 0" = @ for all h € H. Thus 6(n) = 0"(n) = §(hnh™") for all

h € H. Now take h; = nymq and hy = noms, then

X(hih2) = x(niminama) = x(n1ny" mima),
= 0(n1ny™) = 0(n1)0(ny™"),
= 0(n1)0(n2) = x(h1)x(h2).

Hence Y is a linear character of H and its restriction to N gives 6. O

Another extension result that we state without proof is the following and refer readers to [43].
Theorem 3.2.2. [43/[78] If N is a normal subgroup of H and 0 € Irr(N) is such that 6" = 0 for
all h € H, then 0 can be extended to an irreducible character of H if

[NV

([H:N],@) =1

Proof. See [43]. O

3.2.2 Construction of Fischer Matrices

Let G = N.G be a group extension such that every irreducible character of N is extendible to its
inertia group. The action of G on Irr(N) is given by z : § — 6%, where x € G, 6 € Irr(N) and
6% (n) = O(xnx~1) for any n € N. Let 01, 6o, -- ,0; be representatives of the orbits of G' on Irr(N).
Let H; be the inertia group associated with 6;, that is H; = {z € G | 6% = 6;, 0; € Irr(N)}, 1 <
i <t. Let ¢; € Irr(H;) be an extension of 6; to H; (that is ¥\ = 0;) and 8 € Irr(ﬁi) such that
N C ker(8). We know that all the irreducible characters of G are of the form (8v;)%, 1 <i < t.

Hence we have that

Ire(G) = UL {(B¢)7 + ((Bv) L, 0) # 0,8 € Irx(H;), N C Ker(B)}.

The character table of G will be divided into blocks say By, Ba,---,B; with each block corre-
sponding to an inertia group H;. The first block is generally taken to correspond to Hy = G.

Let X (g) = {1, 22, ,xc(g)} be aset of the class representatives of G from the coset Ng such that
the images under the natural homomorphism G — G are in [g]g and take z; = g. We also have
that H; = N:H; such that the inertia factor group H; = H;/N < G. Without loss of generality,
we assume that 6; = 1y, the identity character of N. Thus we have that H; = G and H; = G.
We set y1,42, -,y to be the representatives of the conjugacy classes of elements of H; which fuse
into [g]¢ in G. Define y;, € H; such that y;, ranges over all the representatives of the conjugacy
classes of elements of H; which map to vy under the homomorphism H; — H; whose kernel is N.
Let 3 € Irr(H;) such that N C ker(83). Then j is a lifting of 3 € Irr(H;) such that B(y;,) = B(yx)
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for any lifting y;, € H; of yx, € H;. We obtain that

BvCla) = 3 Z‘CG biBlu,)
1<k<r 1
_ \CG
Z Z‘ Vi, ) B(y,,)
1<k<r 1
_ ’CG | =
1§k<r

where Z; is the sum over all [ for which y;, is conjugate to z; in G. Define M;(g) = (au), 1 <u <r
and 1 < v < ¢(g), where
Cg ()]
Ayp = ; mwz(ylk)
Then we have that
Be%) = 3 tunBlon).
1<k<r

We do this for all 1 < ¢ <t such that H; contains an element in [g]¢ to obtain

M;i(g)

M.
M(g) = 2.(9)

My(g)

where M;(g) is the submatrix corresponding to the inertia group H; and its inertia factor group
H;. Furthermore, if H; N[g]g = 0, then M;(g) will not exist and M (g) does not contain M;(g). Let
C;(g) denote the partial character table of H; comprising the columns that correspond to the classes
that fuse into [g]g. The character table is thus obtained by multiplying the relevant characters of
H; by the rows of M (g).

Let

R(g9) = {(i,y)|]1 < i <t such that H; N [g]g # 0,

y runs over the classes of H; that fuse to [g]g}.

Write M(g) = (ag-i’y)) where

Z "CG ) wz ylk)

with columns indexed by X (g) and rows 1ndexed by R(g). Then the partial character table on the

classes {w1, 79, -, 7.y} of G is given by
(C1(9)Mi(9)]
Mg) = Cz(g)%(g)
| Ci(9)Mi(g) |
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3.2.3 Properties of Fischer Matrices

The Fischer matrices we have discussed will require certain techniques for their computations. We
discuss in this section properties that are necessary for the computations of the Fischer matrices.
When the Fischer matrices become bigger, both mathematical packages such as Magma [15], GAP
[31] and group theoretical arguments will be required as further aid to the computations. The
properties discussed in this section have also been covered in literature see for instance [61] and
[78]. To this point we have discussed two actions of G, namely one on the conjugacy classes of N
and the other on Irr(V), the irreducible characters of N. We begin by looking at Brauer’s theorem.
Theorem 3.2.3. [78] Let A be a group of automorphisms of a group K. Then A also acts on
the irreducible characters of K and the number of orbits of this action is the same as that on the

conjugacy classes.
Proof. See for instance [32]. O

As a consequence of this theorem we have a corollary

Corollary 3.2.4. [78] Consider the following matriz describing the actions in Theorem 3.2.3:

1=l g - - l
s1 1 1 ... 1.-. 1
52 a21 a2 - Q25 A2t
Si a/il ai2 P a’ij “ e a/it
St a1 Qg2 - Qg At

where ai; = 1 for j € {1,2,--- ,t}, I;’s are lengths of orbits of A on the conjugacy classes of K,
s;’s are lengths of orbits of A on the irreducible characters of K, a;; is the sum of s; irreducible
characters of K on the element x;, where z; is an element of the orbit of length /;. Then the

following relation holds for i,i € {1,2,--- ,t}:

t
Z aijmlj = |K|SZ5“/
j=1
Proof. This is Lemma 4.2.2 in [78]. O

Let z; € X(g). Define m; = [Cy : Ca(z;)]. We now give a presentation of the Fischer matrix
M(g) = (ag.z’y)) for G = N.G at g € G with corresponding weights for columns and rows as below:
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ICalz)l [Ca(@a)l -+ |Calaag)l

1, 1, 1,
Colg) [ o9 o0 ol

2, 2, 2,

|Ch, (1) Clg v1) ag v) oL ai(gljl)
C, () | a® o aCr)
|Cr: ()] agéyﬂ a;éyH S a((:?;/)l)
|CH, (y2)] agzﬂyz) agz,w) ail(j;)
|CHt (y1)| agtvyl) aét,yl) .. ait(,gy)l)
Co ) | a2 gl alte)
mq mo e mc(g)

This matrix is divided into blocks shown by the horizontal lines above. Each block corresponds to
an inertia group. The Fischer matrix M(g) is square and non-singular (see for example [49]).
Using the theory of coset analysis for the computation of conjugacy classes of G = N.G where N

_ WIiColo)l _ fIN],

is abelian, we have that the weights m; = [Cj : Ca(x;)] T (2,
J

The following are the properties of the Fischer matrix M (g) that help with the computation of the
entries of M (g).

(1) ag»l’g) =1forall je{l, 2,---,¢c(g9)},

(2) [X(9)| = |R(9)l,

!

(3) m 2 Gi)er(g) ICH: (y)|a{Z y)a{i y) = 0;;» called the column orthogonality relation.

Furthermore, if N is elementary abelian, then we have the additional properties

We further state a corollary for the Fischer matrix on the identity class of G. We used this result
in the build up of Programme C in the Appendix. The corollary can be found in [48].
Corollary 3.2.5. Let G = N.G. Then the Fischer matriz M (1g) is the matriz with rows equal to
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orbit sums of the action of G on the irreducible characters of N with duplicate columns discarded.

(i,lg) _

Furthermore, for this matriz, we have that a; =[G : H;] and the row orthogonality

t /
ile) (i1 - -
Za(- G)cé- G)\Cé(f’?jﬂ ' = 0, [ Hil g

J

holds.

Proof. We use [61] for the proof. From the discussion on Fischer matrices we know that the
(i,1q), j* entry of the M(1g) is

(Z Y Z B wz ylk>

l Hz

where the sum is taken over representatives of conjugacy classes of H; that fuse to [x;] in G. We
apply Theorem 3.1.6 to note that @/)ié is an irreducible character of G. Furthermore, <¢§ In,0;) =
(Vi In,0;) = 1. An application of Clifford’s theorem yields that wé In= Zv X~, Where the
sum is taken over all x, € Irr(N) in the orbit containing #;. Thus for x; € N, we have that

@ IG) Z X~(2;). The orthogonality relation is a result of Corollary 3.2.4. O

3.2.4 Further Properties of Fischer Matrices

The properties we will give in this subsection are due to a paper by List [48]. The theory has also
been explained in [61] and [78]. We have developed Programme D; and Programme D to aid
with the explicit computations of candidates for the Fischer matrices following the results of [48].
We begin with a proposition.

Proposition 3.2.6. Let G = N.G such that N is an elementary abelian p — group. Let g € G.
Then the map {5 : N — N such that l3(n) = ng 'n~! is an endomorphism of N.

Proof. Note that this map is well defined since if we suppose n1 = ng, then by definition there is

g € G such that nlgnl_lg_l = nggnglg‘l. Thus £g(n1) = £5(n2). Now let niny € N. We have that

l3(ning) = (nin2)g(ning) g *

1 —1-—1
:nlnggnl n2 g

= ninagny 1§ gny tg !
=n1(gny'g nagny 'g !
= (nagny'g ") (n2gny ')

= Lg(n1)lg(n2).

Hence {5 is a group homomorphism. O

Remark 3.2.7. Since N is a vector space which is invariant under the action of G, it is shown in

[48] that Im({g) and ker({g) are Cg — submodules of N. Recall that C5 = N.Cq(g).

The group N/Im(¢5) plays an important role in the evaluation of the entries of Fischer matrices.

Denote M = Im({3), then from coset analysis we know that N acts on Ng where g is a lifting of
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g € G under the homomorphism u : G — G such that N is in the kernel of . The action of M
on Ng by left multiplication results into the same orbits as the action of N on Ng. Therefore, the
action of Cj on the orbits resulting from the action of N on Ng is the same as the action of Cj
on the module N/M, see for instance [48]. Thereby allowing the identification of the elements of
N/M with the orbits of M on Ng. For the split extension case, it could be shown (see [48]) that
the Fischer matrix at a non-identity element of GG is the matrix with rows that are orbit sums of
Cj acting on the rows of the character table of N/M with duplicate columns discarded. We have
used this fact in the build up of Programme D.

Corollary 3.2.8. [61] Let N be an elementary abelian subgroup of G such that G = N.G, where
G is a complement of N in G. Let M = {ngn='g~' | n € N}. Then [N : M] = k, where k is the

number of elements in a fized subspace of N by a class representative g € G.

Proof. We know from coset analysis that when N acts on Ng, we obtain k orbits denoted by
@1, Q2, - ,Qr. Now suppose By, Bs,---, B are orbits for the action of M on Ng by left
multiplication. These orbits are the same as those of NV on Ng. Furthermore, they can be identified
with the elements of N/M. Thus it follows that |[N/M| =[N : M| = k. O

Note 3.2.1. Let N be an elementary abelian p — group such that |[N| = p". Then k = p* for
0 < k < n and k was regarded in coset analysis as the number of elements of N fixed by a class
representative g of G. Suppose @1, @2, - - , Qk are the orbits from the action of N on Ng and that
the action of Cy on the listed orbits results into f; =1 for all i € {1, 2,---k}. Then we have that
the action of C on the irreducible characters of N/M is trivial. Thus the Fischer matrix M (g)
coincides with the character table of N/M, a group of order k. Furthermore, for G = N:G, the set
stabilizer Cy = N:Cg(g) and the action of Cy on the character table of N/M is simply carried out
as that of Cg(g).

3.3. Projective Representations

In discussing the theory of Fischer matrices for non-split extensions, we use [18], [55], [61] and [78]
as our references. This is in essence a general aspect of the discussion in Section 3.2. We start by
looking at projective representations as this is necessary in the discussion of this section.
Definition 3.3.1. Let G be a finite group. Let F be a field . A projective representation of G
of degree n is a map P : G — GL(n,F) such that for every x,y € G, there exists a(x,y) € F such
that P(z)P(y) = a(z,y)P(xy), a: G x G — F. The function « is called the assoctated factor
set with P. From the definition it is clear that a(x,y) # Op, for allx, y € G. So a: G x G — F*.
Remark 3.3.2. Applying Definition 2.4.3 for the projective general linear group, the composition:
moP : G — PGL(n,F) is a homomorphism, where = : GL(n,F) — PGL(n,F) and P : G —
GL(n,F).

3.3.1 Properties of the Factor Set of GG

1. If o is an associated factor set of P, then it satisfies a(zy, z)a(z,y) = a(z,yz)a(y, z), in this

case « is also called an F* — factor set of P,
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2. let o and 8 be two factor sets of G, then af is also a factor set of G defined by af(z,y) =
a(z,y)B(z,y),

3. if a is a factor set of G, then a~! is also a factor set of G defined by a~!(x,y) = (a(z,y)) 7},

4. two factor sets a and [ are equivalent if there exists ¢ : G — F* such that S(z,y) =
c(z)e(y) (clzy)) oz, y).

Equivalence of factor sets of G can also be understood in the terminology of equivalent projective
representations as we give in Remark 3.3.6. In this section, we consider projective representations
and factor sets over the complex field C.

Definition 3.3.3. Two projective representations P and Q) of G are said to be equivalent if there
exists an invertible matriz T such that P(g) = c(9)TQ(g)T ", where ¢ : G — C*. In the case
c(g) = 1c, then P and Q are said to be linearly equivalent.

Using Definition 3.3.3 we have
Definition 3.3.4. A projective representation of G is said to be irreducible if it is not linearly

equivalent to a projective representation of the form

o)

Definition 3.3.5. Let P be a projective representation of a group G. The projective character
¢ of P is defined by ((g) = trace(P(g)). We say ( is irreducible if P is irreducible. The associated
factor set o of P is also the factor set of C.

Remark 3.3.6. Using the fact that every projective representation has an associated factor set and
in the light of Definition 3.8.83, one then thinks of equivalent factor sets as resulting from equivalent

projective representations.

By the third property above it is easy to check that the equivalence of factor sets is an equivalence
relation. This motivates the following Definition 3.3.7.

Definition 3.3.7. The set of all the equivalence classes of the factor sets of G forms an abelian
group M = {[a]|ac : G — C*} called the Multiplier of G. The elements of this group are equivalence
classes [a] with the operation on M given by [aB] = [a][B] and [a] ™' = [a~!]. The identity element
in M is given by [1] = 1.

3.4. Constructing Projective Representations

In developing this theory we follow Isaacs [39] and Whitely [78].

Definition 3.4.1. A central extension of G is a group E together with an onto homomorphism
v:E — G, where A = ker(v) C Z(E).

Remark 3.4.2. A central extension of G is sometimes denoted by (E,v) with an emphasis on the

homomorphism v.

The next Lemma 3.4.3 sheds more light on the concept of a central extension of G.

Lemma 3.4.3. (/39]) Let G be a group with a central extension (E,v), where A = ker(v). Let
X ={zy | g € G} denote the set of coset representatives for A in E such that v(zy) = g. Define
a:GxG = Abyalg,h)xg, = xgry. Then o forms a factor set of G called the A — factor set.
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Additionally, the equivalence class of « is independent of the choice of X.
Proof. The proof is omitted, see for example [39]. O

The projective representations of G can be constructed from the ordinary representations of E as
in the following Theorem 3.4.4.

Theorem 3.4.4. (/39]) Let (E,v) be a central extension of G, o an A — factor set of G and
X ={zy | g € G} as given in Lemma 3.4.3. Let 0 be an ordinary representation of E with the
property that 0 | 4 is a scalar representation BI of A, where 5 is some homomorphism of A into C*.
The representation P(g) = 0(xg4) for g € G forms a projective representation of G with factor set
B(a). The factor set B(«) is such that B(a)(g, k) = B(alg,k)). In this case the irreducibility of 0
means that of P and the equivalence class of P is independent of the choice of coset representatives
of X.

Proof. The proof is omitted, see for example [39]. O

Remark 3.4.5. [t is shown in [39] that every group G has a group E such that every projective
representation of G can be constructed from the ordinary representations of E. In this case E is
called a representation group of G. In fact G has at least one representation group E of order
mn, m = |M| and n = |G| such that Ker(v) = M. This is Schur’s Theorem (see [39]).

3.5. Projective Characters and Fischer Matrices Theory

The next Corollary 3.5.1 unites the concepts of projective representations with the theory of Fischer
matrices and gives us the irreducible characters of H; that we need to induce to G.
Corollary 3.5.1. Let G = N.G, 0 € Irr(N). Let H = Ig(0). The irreducible character 0 extends

to a projective character ¢ of H having factor set & which is such that
e o(Nk,NIl) = a(k,l), thus being constant on the cosets of N, a a factor set of H,
e 0Nl 1, d=10(1).

Thus as n runs over all irreducible projective characters of H having factor set o', then (7 runs

over all the irreducible characters of H that contain 0 in their restriction to N.

Proof. See [[78], Corollary 7.3.3] O

Remark 3.5.2. The character 1 is evaluated in a natural way from n. Observe also that if a ~ 1

then we revert back to the case in Section 3.2.1.

In the light of Corollary 3.5.1 and in an analysis analogous to Section 3.2, we have that

S

Irr(G) = U{(Cm)G\ n runs over all irreducible projective characters of H having factor set o '}.
i=1

(3.2)

We therefore analogously to section 3.2 define the entries in the Clifford-Fischer matrix as below.
Definition 3.5.3.

PR [e/e1 1IN
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Denote by C;(g) the partial character table of the projective characters of H; with factor set a !
and columns that correspond to the a™! regular classes that fuse to [g]¢ and M;(g) the Fischer
matrix corresponding to each inertia group H;. Then the partial character table of G for the class

representatives x1, -+ , T is given by

Ms(g9)Cs(9)

Remark 3.5.4. The term o~ reqular classes refers to the classes having all elements g which are
such that o (g,xz) = a~(z, g) for every x € Cx(g).
Remark 3.5.5. In this section and by Corollary 3.5.1, we are guaranteed that 6 € Irr(N) always

extends to a projective character of H.

3.5.1 Properties of the Fischer Matrices

The Fischer matrix given in Definition 3.5.3 satisfies
1. a{Lg) =1forall je{1,---,c(g)},

2. m > (iw)er(g) 1CH (y)]a{iﬁy)aéﬁy) =4, called the column orthogonality relation.
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On Sylow p — Subgroups of Symplectic and
Orthogonal Groups

In this chapter, we concentrate on the structure of Sylow p — subgroups of the symplectic and
orthogonal groups in even dimension. We denote by Spay(g) and O3, (g) the symplectic group
of dimension 2m and orthogonal group of type + (that is there is a totally isotropic subspace of
dimension m for the associated form thereby having Witt index m) and dimension 2m over a field of
q elements respectively. This chapter is organized as follows: in Section 4.1, we define bilinear forms
and give their properties. These results lead to defining symplectic groups as done in Subsection
4.1.2. To be able to define orthogonal groups, we discuss orthogonal bases in Subsection 4.1.3. This
subsection highlights that any symmetric bilinear space admits an orthogonal basis. Quadratic
forms are a discussion of Subsections 4.1.4 and 4.1.5. The structures of Sylow p — subgroups of
Spam(q) and O3, (q) are covered in Section 4.2. Finally, in Section 4.3, we discuss other important
subgroups (important in the sense that they contain Sylow p — subgroups or isomorphic copies of
them). These groups are the maximal parabolic subgroups, affine subgroups and normalizers of

Sylow p — subgroups of Spam,(q) and OF (q).

4.1. Basic Results on Symplectic and Orthogonal Groups

Prior to studying the structures of Sylow p — subgroups of Spa,(q) and O3 (q), we first review
some basic results on symplectic and orthogonal geometries. We will begin, in Subsection 4.1.1,
by discussing results that lead to defining the symplectic group. Thereafter, in Subsections 4.1.3,

4.1.4 and 4.1.5, we prepare information on defining orthogonal groups.

4.1.1 Bilinear Forms
Definition 4.1.1. Let V be a vector space over a field F. A bilinear form f on V is a function
of two variables f : V xV — F such that the following hold

(a) f(uavl + UQ) - f(ua Ul) + f(ua UQ); f(k”u,,’l)l) = kf(ua Ul)? f07" all u, v, vo €V and k €T,

(b) f(ul + ’LL2,’U> = f(ubv) + f(UQ,U), f(ubkw) = kf(u17v); fO’)” all v, U1, u2 € Voand k € F.

Note that any symmetric matrix M produces a unique bilinear matrix. We can define f by f(u,v) =
utMu, for all u, v € V.

Proposition 4.1.2. Let f be a bilinear form on V. Then f has a unique matrix representation.
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Proof. Let {e1,---,e,} be a basis of V. Then for every vector u = 3_, a;e; and v =}, bje;, where
ai, b; € F, we have that

f(u,v) = f(z aiei,ijej) = Zaif(ei,ej)bj. (41)

Let f = (f(es, e;)). Then f is an n x n matrix and from Equation 4.1, we get f(u,v) = u!fv. O

Remark 4.1.3. The matriz representation of a bilinear form f depends on a fized basis of V.
Thus for a change of basis, we note that if P is the change of basis matriz, then in the new
basis say {b1,--- ,bn} of V we have bj = >, p; je;, where the p;;’s are the entries of the change
of basis matriz. Now we define f' = (;’J-)7 where fi,,j = f(bi,b5) = f(O ok Priek, ) D) =
> kaPrif(eiej)p; = {PthP}Z-,j. The matriz f' = P'fP is the new matriz for the form on the
new basis. Furthermore, we have that det(f') = det(f)(det(P))? which motivates the following
Definition 4.1.4.

Definition 4.1.4. Let f be a bilinear form on a vector space V. The discriminant of f is defined

by

dise(f) = 0, if det(f)=0 (4.2)
det(f)F? € F*/F*2  otherwise, '

where (F*)? = {2?%|x € F*}.

Unlike the determinant, the discriminant does not depend on the choice of basis. We may use
this property to define non-degeneracy of a bilinear form. Thus we say f is non-degenerate if the
discriminant is non-zero. Now we exploit the fact that we have defined a bilinear form on a vector
space to understand orthogonality.

Definition 4.1.5. Let u, v € V. We say that u is orthogonal to v if f(u,v) = 0. Denote u is
orthogonal to v by u 1 v.

Definition 4.1.6. The set of all vectors that are orthogonal to every other vector in the vector
space V is called the radical of V. We denote by Radp(V) = {v € V: f(v,u) =0 for all u € V}
the left radical and by Radr(V) = {v € V: f(u,v) =0 for all uw € V} the right radical.

Corollary 4.1.7. A bilinear form f is non-degenerate if and only if Radr(V) = 0 if and only if
Radr(V) = 0.

Proof. We prove the first implication and the other ones follow similarly. Suppose that Rady (V) # 0
and f is non-degenerate. Thus let v € Rad(V) and let {e;,---,e,} be a basis of V. Then
fu # 0. This means there exists a vector say v € V such that f(u,v) # 0, that is u ¢ Rad(V), a
contradiction. We now suppose f is not non-degenerate and let {c;,--- ,¢,} be a basis of V. From
the definition of discriminant we have that det( f) = 0. That is any equation say Au = 0 has a
nontrivial solution. Thus v’ fu = 0 has a non-trivial solution provided the determinant of A is 0.

This further implies that Radz (V) has a non-trivial element, a contradiction. O

We now assume we have a reflexive bilinear form so that f(u,v) = 0 implies f(v,u) = 0 and define
an orthogonal complement of a subspace of a vector space V.

Definition 4.1.8. Let M be a subspace of a vector space V. The orthogonal complement or
perpendicular space of M, denoted by M~ is given by M+ = {v € V: f(v,u) =0 for allu € M}.
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Remark 4.1.9. One now defines the radical of M by Rad(M) = M N M~ and call M non-
degenerate if Rad(M) = 0. Furthermore, one can show that if M is a non-degenerate subspace of
V, then V=M & M=+,

We define some more properties of bilinear forms that will assist in understanding bilinear spaces.
Definition 4.1.10. A bilinear form f on a vector space V is called symmetric if f(u,v) = f(v,u)
for allu, v € V. We say that f is skew-symmetric if f(u,v) = —f(v,u) and that it is alternate
if f(u,u) =0 for all u, v € V. Note that if Char(F) # 2 then alternate implies skew-symmetric.

The matrix f is symmetric, skew-symmetric or alternate if the form f is. For instance, suppose f
is symmetric, then f(e;, e;) = f(ej, e;) implies that ef fe; = ez-fei. Thus f;; = f;; which means that
fr=1r

Lemma 4.1.11. Let f be an alternating bilinear form on a finite dimensional vector space V

over any field F. Then there exists a basis {e1,e2, - ,em, f1,f2, -+, fm} such that f(e;, e;) =
f(fis f5) = flei, ) = 0,0 # j and f(ei, fi) = —f(fi,e)) =1 .

Proof. [79] Let u,v € V be any two vectors such that f(u,v) = p # 0. We can therefore choose the

first two basis vectors e; = u and f; = g~ 'v. Thus

f(el7 fl) = f(unuilv) = _f(:u’ilvvu)
=plp=1

We may use this approach on the perpendicular space of {ej, f1}. This way we either obtain a basis

{e1,e2,- -+ ,em, f1,f2, -, fm}, in which case our form f is non-singular and dimension of V is
n = 2m, m € N or we have that f(u,v) = 0 for all u,v € {e1,e2,--+ ,em, f1,f2, -+, fm}* in which
case f is singular. O

Remark 4.1.12. If f in Lemma 4.1.11 is non-singular, then
(2)
V=il (ei fi)
where {e1,ea,- - ,em, f1,f2, -+, fm} is called a symplectic basis of V,

(ii) the matriz form of f can easily be computed as follows:

f €1 €m fl fm

e1 0 0 1 0

em|l O - 00 - 1
J =

fl -1 ... 0 0 0

fm\ 0 - =1]0 -+ 0

Note that det(JJ) =1 and J depends on the ordering of the basis vectors.
Definition 4.1.13. Let (V, f) be a symplectic space and {Vi,Va,---,V,} be subspaces of V such
that

V=VieV,d -V,
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Furthermore, suppose that f(vi,v;) = 0 for all v; € Vi, v; € V; for which i # j. Then we say that
V is an orthogonal sum of the subspaces {V1,Va,--- ,V,} and denote this by

V=" L VoL ... LV,

Theorem 4.1.14. Let (V, f) be a symplectic space and {Vi,Va, -+, V,,} be subspaces of V such
that
V=V LV L. --- LV,

Then
R(V)=R(Vi1) L R(Va) L --- L R(V,).
Proof. Note that R(V) is a subspace of V. Let v € R(V), then we get that for all u € V, f(u,v) = 0.
Now since V is an orthogonal sum of {Vi, Vs, -+, V,,} and v € V, then we get that
V=1 +v2+ "+ Up,
where v; € V; for all 1 <i <n. Thus for all u € V, we obtain
0= f(u,v) = f(u,v1 +va+---+vy) = fu,v1) + f(u,v2) + -+ + fu,vy).
Note that for all u € V;, we get f(u,v;) =0 for all i # j and thus
0=0+0+---+ f(u,v;) +0+--- +0.

So that v; € R(V;). It follows that v € R(V1) + R(Va) + --- + R(V,). Hence R(V) = R(V1) +
R(V2)+---+ R(V,). Nonetheless, since R(V;) is a subspace of V; and V is a direct sum of the V;’s,

1 <i < n, then we obtain
Yy =0

JF#
and hence
R(Vi)N Y R(V;) =0.
J#i
Thus

R(V)=R(WV1)®R(WV) @ --® R(V,).
Finally, if v; € R(V;) and v; € R(Vj), then v; € V; and v; € V;. Thus
R(V)=R(Vi1) L R(Va) L --- L R(V,).
This completes the proof. O

Definition 4.1.15. Let (V, f) be a symplectic space and u,v € V. Suppose further that f(u,v) = 1.
Then the vectors u,v € V are called a hyperbolic pair. The 2 — dimensional subspace of V

generated by {u,v} is called a hyperbolic plane.

Let (V, f) be a symplectic space over a field F with dim(V) = 2m as in Lemma 4.1.11. Let D =
{z1,22," ,Tm, Y1,Y2, "+ ,Ym} be a basis of V such that {z;,y;} is a hyperbolic pair for all 1 <
i <m and also such that for alli # j, 1,5 € {1,2,--- ,m} we obtain

f(@i,xg) = f(@i,y;5) = f(yisy;) = 0.

Then the set D is called a hyperbolic basis for V and further we have that every non-degenerate

symplectic space has a hyperbolic basis.
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Let GL(V) denote the group of all linear invertible transformations on V. We have

Definition 4.1.16. Let (V, f) be a symplectic space. An element ¢ € GL(V) is called an isometry

of Vif f(¢(u),C(v)) = f(u,v) for allu,v €V.
Theorem 4.1.17. [61]/36] (Witt’s Theorem) Let (V, f) be a non-degenerate symplectic space and

Wi, Wy be two subspaces of V and v : Wi — Wy be an isometry. Then there exists an isometry
¢:V =V such that Cly, = .

Proof. See [61] O

We now have enough information to discuss symplectic groups.

4.1.2 Symplectic Groups

Consider a non-degenerate symplectic space (V, f). Note that dim(V) = 2m over a finite field F.
The set of all isometries of V forms a group which is called a symplectic group denoted by Spa, (F).
Taking F = GF(q), where ¢ = p* for some k and prime number p, then we denote Spa,,(F) by
Spam(q). It follows that Spon, (F) < GL(2m,F). We formally have

Definition 4.1.18. Let f be a non-singular alternating bilinear form on a vector space V over a
finite field F = GF(q). The symplectic group Spam(q) is the subgroup of GL(2m,q) comprising
those elements g € GL(2m, q) such that g'Jg = J where J is the matrixz corresponding to the form
f.

We next give some results before we count the number of elements contained in Spa,,(q).
Corollary 4.1.19. The group Spam (F) is a transitive permutation group on the set of all hyperbolic

pairs.

Proof. [61] The group Span,(F) has a permutation representation on the set of all hyperbolc pairs
{z,y} given by v = 71, where v € Spa,,(F) and

b= < {z,y} ) ‘
(@), v(v)}

Now let {z1,y1}, {z2,y2} be two hyperbolic pairs. Then it follows that

f(x1,p1) = f(z2,92) = 1.

Hence there is a linear automorphism v such that v(x1) = x2 and vy(y1) = y2. Now take

Wi = (z1,y1), Wa = (x2,12).

Furthermore, we note that v : Wi — Wy is an isometry and by Theorem 4.1.17, there exists
an isometry ¢ € Span,(F) such that (ly, = v. Therefore Spy,(F) is transitive on the set of all
hyperbolic pairs. This completes the proof. O

In fact the number of hyperbolic pairs for a non-degenerate symplectic space can now be deduced

as in the following theorem. The theorem and its proof can also be found in [61].
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Theorem 4.1.20. Let (V, f) be a non-degenerate symplectic space of dimension 2m over F =
GF(q). Then the number of hyperbolic pairs of V is ¢*™~1(¢g*™ — 1).

Proof. We know that |V| = ¢*™. Let {z,y} be a hyperbolic pair. Thus f(z,y) = 1 and it follows
that 2 € V*. We have dim({z)) = 1 and therefore dim((z)*) = 2m — 1. Hence the number of

elements which are not in (z)* is ¢*™ —¢*™~1. But |F*| = ¢— 1, thus the number of elements y € V

2m _ 2m—
for which f(z,y) = 1 becomes ql . Hence the number of hyperbolic pairs is given by
q—
2m 2m—1
2m a —4q 2m om-19 — 1 2m—1(,2m
-1 = —1 o= —1).
(q ) 1 (q )q 1 ¢ (g )
Hence completing the proof. O

The next theorem now counts the number of elements in Spam(q).
Theorem 4.1.21. [25] Let (V, f) be a non-degenerate symplectic space of dimension 2m over
GF(q). Then the order of Spy,,(q) is given by

m

[Spam (@)l = g™ [[(¢* - 1)

i=1
Proof. Note that V has a hyperbolic basis since it is non-degenerate. Now set {x1,y1, 22, Y2, , Tn, Yn}
to be a fixed hyperbolic basis for V. Let v € Span(q). Since v is an isometry, we obtain
{v(x1),v(y1),v(x2),v(y2), -+ s ¥(xn),¥(yn)} to be a hyperbolic basis for V. Thus |Spam(q)| is
the number of hyperbolic bases for V. We will then apply induction on m to count the num-

mel(q2m . 1)

ways of choosing a hyperbolic pair z1,y1 € V. Let Wi = (x1,y1), then the restriction say fi, L is

ber of ways of choosing hyperbolic bases for V. We already know that there are ¢

non-degenerate and hence (Wi, fW%) is equally non-degenerate symplectic space. Therefore the
remaining vectors of the hyperbolic basis for V may be chosen as a hyperbolic basis for (Wj, fw 1 ).
Since dim(Wf-) = 2m — 2, it follows that the number of hyperbolic bases for (Wi, fle_) is equal
to |Spam—2(q)|. Thus we obtain

1Spam (@) = ™ 1 (@™ — 1)|Spam—2(q)|

m—1
_ —1)2 1
_ q2m 1( 2m l)q(m 1) (q21 - 1)
=1
_ m? - 29
=q" [J@ -1
=1

O]

The assumption that f(u,v) = 0 implies f(v,u) = 0 for all u, v € V holds when the bilinear form
is either symmetric or alternating as given in the following Theorem 4.1.22.
Theorem 4.1.22. The relation f(u,v) = 0 implies f(v,u) =0 for all u, v € V holds on a bilinear

space V if and only if f is symmetric or alternating.

Proof. See [45] O
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4.1.3 Orthogonal Bases

We fix for this section a symmetric bilinear space V. Thus our bilinear form f is symmetric.
Readers can also see [45] for a more detailed approach.

Definition 4.1.23. Let B = {e1, e, -+ ,en} be a basis of V. The basis B is said to be orthogonal
if fleive;) =0 fori# j.

Remark 4.1.24. A geometrical argument gives that an orthogonal basis decomposes a space V into
an orthogonal direct sum. ThusV =51 L So L --- L S, where S; = Fe;. The entries of a matriz
representing f are of the form f(e;,e;). Note that since f(e;,e;) = 0 for all i # j coupled with f

being symmetric, we have a diagonal matrixz representation of f. This matrix is also symmetric.

We aim to show that any symmetric bilinear space V admits an orthogonal basis as long as the
underlying field for V has characteristic different from 2. We will tackle the case of characteristic

equal to 2 separately.

We have the following Corollary 4.1.25.
Corollary 4.1.25. Let f be a bilinear form on 'V such that it is not identically zero. Then f(u,u) #
0 for some u € V.

Proof. This follows easily since for any symmetric bilinear form we have that
1
i(f(u—{_wﬂu_‘_w) - f(U,U) - f(waw)) = f(uvw)a u, W e Va

thus f is completely determined by its values on the diagonal and since it is not identically zero,
we have that f(u,u) # 0 for some u € V. O

Lemma 4.1.26. Let u € V such that f(u,u) # 0. Then V = Fu L u't. Furthermore, if V is

1

non-degenerate then u— is also non-degenerate.

Proof. Suppose f(u,u) # 0, then every element of I is of the form af(u,u), where a is some scalar.
Thus for ' € V, we have that f(u',u) = af(u,u). Hence f(u’' — au,u) = 0. This in turn means
that v/ —au € u. Thus any v’ can be expressed as v/ = au+ (v’ —au). We have that V = Fu+u*.
Now FuNut = {0} since u ¢ u. Hence V = Fu L u*. Finally, we show that f is non-degenerate
on u whenever it is on V. Suppose for some u’' € ut, f(u',v) = 0 for all v € u'. We know that
f(u',u) =0, thus f(u',au+v) =0 for any a € F, v € u. Now the fact that Fu + u* =V and by

non-degeneracy of f on V we have v/ = 0 . This completes the proof. O

Theorem 4.1.27. Suppose F has characteristic different from 2, then V admits an orthogonal

basis.

Proof. Conventionally when n = 1, then V admits an orthogonal basis. Suppose the theorem holds
for smaller dimensions n > 2. If f is identically zero, then V admits an orthogonal basis. Now
suppose f is not identically zero, then from Corollary 4.1.25 we have that f(u,u) # 0 for some
u € V and for such u, Lemma 4.1.26 gives V = Fu L u'. By induction u* has an orthogonal basis
of dimension n — 1 say {ej, ez, - ,e,—1}. Thus the set {ej, e, ,e,_1,u} is an orthogonal basis
for V. O

41



Chapter 4

Remark 4.1.28. IfV admits an orthogonal basis, then it is non-degenerate as long as f(e;,e;) # 0
for all i in the basis {e1,ea, - ,en}. This result follows directly from the fact that f is non-

degenerate and the matriz associated to f is diagonal.

In the following Subsection 4.1.4 we discuss quadratic forms.

4.1.4 Quadratic Forms

Again as in Subsection 4.1.3, we consider characteristic of the underlying field different from 2.
Definition 4.1.29. Let V be a vector space such that characteristic of its underlying field is not 2.
A quadratic form on 'V is a function Q : V — F such that

(a) Q(av) = a*Q(v) forv eV and a € F,
(b) the function f(u,v) = 3(Q(u+v) — Q(u) — Q(v)) is bilinear.

The bilinear form f is called the associated bilinear form to Q.

Remark 4.1.30. Quadratic forms on a vector space V are homogeneous quadratic polynomials
when the basis is chosen. Any quadratic form can be expressed in terms of its bilinear form by
setting v = u in Definition 4.1.29. Thus f(u,u) = Q(u). This is called polarisation.

Definition 4.1.31. A quadratic form is said to be non-degenerate if the symmetric matrix
representing it is invertible.

Definition 4.1.32. A quadratic space V is a wvector space with a chosen quadratic form or
equivalently a symmetric bilinear form defined on it. It is said to be mon-degenerate whenever a

quadratic form or equivalently a symmetric bilinear form is non-degenerate.

4.1.5 Quadratic Forms in Characteristic 2

In characteristic 2 we employ the same definition of a quadratic form as in Subsection 4.1.4 except

here we leave out the factor % This is because 2 = 0 in a field of characteristic 2.
Definition 4.1.33. Let V be a vector space such that characteristic of its underlying field is not 2.

A quadratic form on'V is a function Q : V — F such that
(a) Q(av) = a®’Q(v) forv eV and a € T,

(b) the function f(u,v) = Q(u+v)— Q(u) — Q(v) is bilinear.
Definition 4.1.34. Let M be a subspace of V. We say that M is isotropic if Q(m) = 0 for all
m e M.

The following Lemma 4.1.35 gives standard bases for a vector space endowed with a quadratic form
in both even and odd characteristic.

Lemma 4.1.35. [/6] Let V be a vector space endowed with a quadratic form @Q as defined in
Subsections 4.1.4 and 4.1.5. Then V has a basis of one of the following forms:

(a) {e1,e2, -~ ,em, f1, f2,-- , fm}, here n = 2m and Q(e;) = Q(fi) = 0, f(es, fj) = &i; for all
i J,
(b) {617627"' 7em—17f17f2a"' 7fm—17xay}7 here n = 2m and Q(ez) = Q(fz) = 07 f(ezvf]) -
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bij. flei,x) = fleiy) = f(fisx) = f(fi,y) = 0 for all i, j. The basis {z,y} is for any
2 — subspace M' of V such that Q(m') # 0 for allm’ € M'. Furthermore, for such a subspace
Q(r) = Q(y) =1 and f(x,y) = v such that the polynomial x> + y? + v is irreducible over F,

(C) {61)627"' aemvflvaa"' )fmax}7 here n = 2m+ 1 and Q(el) = Q(fl) — 07 f(elaf]) - 52]’
flei,x) = f(es,x) =0 for all i, j. Furthermore, Q(x) # 0.

Proof. See [46]. O

We can therefore use the Lemma 4.1.35 to define the Sign of () accordingly as n is even or odd.

o if n is odd,
Thus the Sign(Q) = { + if n is even and basis as in Lemma 4.1.35(a),

— if n is even and basis as in Lemma 4.1.35(b).

We now easily illustrate how we get the matrix representation of the form f and use part (a) of

Lemma 4.1.35 for this illustration.

The matrix form of f can easily be computed as follows

f e - em fi - fm

e1 0o --- 0 1 -~ 0
g eml O
fi 1 -« 0l0 --- 0
fm\0 o 1 0 --- 0

4.1.6 Orthogonal Groups

We consider a symmetric bilinear space V to define orthogonal groups.

Definition 4.1.36. Let V be a vector space of dimension n over a field Fy. Additionally let V
be endowed with a non-degenerate quadratic form Q). The set of all invertible linear transforma-
tions of V preserving @Q forms a group denoted by OSign(Q)(V) called orthogonal group of type
Sign(Q). With a fized basis of V and a choice of a matrixz representation of f, say J, we have that
0597Q) (n, q) contains all g € GL(n,q) such that g'.Jg = J.

Remark 4.1.37. We remark that in a case where n is even, there exist two non-similar quadratic
forms on'V and the case n odd gives a unique quadratic form and hence the given types of orthogonal
groups.

Proposition 4.1.38. The order of the orthogonal group O°(n,q) where Sign(Q) =€ € {4+, —, 0} is

given by
(n=1)? ol o ,
. 2¢ 7 [[;2 (¢ —1), ife=o0
|O (TL, Q)‘ = n(n—2) n n—2 % )
2¢ 7 (¢2 — o[22 (¢ —1), ife==
Proof. See [46]. O
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4.2. Sylow p — Subgroups of Sp,,,(q) and O3 (q)

In this section, we discuss structures of Sylow p — subgroups of Spay,(q) and O3, (q).

4.2.1 Sylow p — Subgroups of Spa,,(q)

Since there exists one symplectic group, up to equivalence described by the alternating bilinear
form f, we have the following Proposition 4.2.1.
Proposition 4.2.1. Let G € Syl,(Spn(q)). Then G = N:G where

(L)

m(m+1)

such that |N|=q 2 and

D 0
= { (o Df> .De S’ylp(GL(m»Q))}

m(m—1)

such that |G| = q~ 2

0 I
Proof. The symplectic form say f is described by J = ( I 6”) . Now set the lower-triangular
—4im

D 0
block matrices M = 5 C’) € Syl,(GLy(q)) such that M'JM = J. We get the relations that

C'D = I,, and D'B = B'D. The second relation implies that D~¢B* = BD~!. Thus we can set
A = BD7! so that A satisfies the condition A* = A and B = AD. We have from the first relation

that C = D~!. Thus G factorizes as NG where N and G are as given in the statement of the

1

proposition. Let g € G and n € N. The action of G on N is given by gng™" and is easily verified as

_ D 0
A D7'AD™L. Tt is clear that N NG = {I3,,}. We show that N < G. Let g = (0 t) €q.

D-
I 0

Let n = € N. Then
A T

D 0 I 0\ /D! o0 I 0
= €N,
0 Dt/ \A I 0 Dt DtAD-' T

(D*AD™ M =D 'A'D"' =D tAD™L.

since

m(m+1) m(m—1)

Now the order of G is ¢ 2 xq 2 = qm2 which is the ¢ power in the order of Sp,(q). We

also have that G < G. This completes the proof that G is a split extension and that it is indeed a
Sylow p — subgroup of Spa,(q). O

Remark 4.2.2. By Proposition 4.2.1, we have G = N:G = N:G,,, where G, € Syl,(GL(m, q)).
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4.2.2 Sylow p — Subgroups of OJ (q)

We now give the structure of the Sylow p — subgroup of O;m(q).
Proposition 4.2.3. Let G € Syl, (05, (q)). Then G = N:G where

A

9]

m(m—
2

and

G- { <€ D0t> De Syzp(GL(m,q))}

such that |N| = q

m(m—1)

such that |G| =q~ 2

Proof. The same reasoning as in the proof of Proposition 4.2.1 applies. O

4.3. Some other Subgroups of Sps,,,(¢) and O, (q)

For the purpose of the discussions in the ensuing chapters we end this chapter with a definition of
maximal parabolic subgroups of symplectic and orthogonal groups. We further define affine as well
Borel subgroups. For further reading on the structures of these groups, readers are encouraged to
consult [22], [33] and [79].
Definition 4.3.1. Let W be a subspace of a vector space V endowed with a bilinear form f. The
subspace W is called totally isotropic if f(w,w) =0 for allw € W.
Definition 4.3.2. Denote the stabilizer of a totally isotropic subspace W of V in Sp(V) or O(V)
respectively by

P(W) ={g € Sp(V)|gW =W},

P(W)={g€O\V)|gW =W}

Then P(W') forms a subgroup of Sp(V) or O(V) respectively called the maximal parabolic sub-
group. Additionally for a choice of basis we have P(W) = N:GL(m, q), where N is an elementary

m(m+1) m(m—1)

abelian p — group such that |[N| = ¢~ 2 and |[N| = q— 2 respectively in the symplectic and

orthogonal cases.
In the following, we consider G to be a Sylow p — subgroup of Spa.(q).

We let V be a symplectic space. The action of Spa,,(q) on V* is transitive (see [61]). We have the
following Definition 4.3.3.

Definition 4.3.3. The stabilizer in Span(q) of a fized non-zero vector say o € V* is called the
affine subgroup of Spam(q). Denote by A(m) an affine subgroup of Spam(q).

Remark 4.3.4. The structure of this group is given by A(m) = ¢ 1:Sp(2m — 2,q). If further
p = 2, the subgroup say N such that |[N| = 2k(2m=1) s elementary abelian.

Proposition 4.3.5. Let A(m) = ¢>" 1:Spam_2(q), be an affine subgroup of the symplectic group
Spom(q). Then G is isomorphic to a Sylow p — subgroup of A(m).
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Proof. We proceed by using the orders |G| and |A(m)|. we have

[A(m)| = @™ 1 x Mm@ 1) (P = 1) - (2 - 1),

2

Note the highest power of ¢ dividing the order of |[A(m)|, that is ¢2™~! x ¢ = ¢m* = |G|
Hence the proof. O

Remark 4.3.6. Since |A(m)| = 15p2m @l pe have that all the q powers are in the order of the

q2m_1 )

group A(m). Thus G is isomorphic to a Sylow p— subgroup of A(m). Syl,(A(m)) C Syl,(Sp2m(q))-
Definition 4.3.7. Let V be a vector space over a finite field F = GF(q). Denote by V;, i €
{0,--- ,n} the subspaces of V. A flag is a sequence

{0} =VWhcVicWcC---CV,=V

of subspaces of V. If further dim(V;) = i, then the above sequence is called complete (that is
mazximal). It is called standard if V; = Fe; @ Fey - - - @ Fe; for each i.

Definition 4.3.8. Let 0 = Qp < @1 < Q2 < -+ < @, = V be a mazimal flag of V. The Borel
subgroup B is the stabilizer of this flag.

The structure of B is given by B = G:T, where T is the direct product of m cyclic groups and
IT) = (¢ —1)™, (see for example [79]). That is a group of diagonal matrices. The group B forms
the normalizer of G. We immediately have the following result.

Proposition 4.3.9. Let Sps,(2) be the symplectic group over the binary field. Then G is self

normalizing.
Proof. This follows since T' now becomes the identity matrix group thus B = G:T = G. O
Another structure of G can now be written as Pa, = ¢*™ ' Py,_o, where Ps,,_s is a Sylow

p — subgroup of Span,—2(q), following the discussion above. We will also use the structure of
G = ¢*"1:Py,,_5 especially in the case when p = 2 in our approach of Fischer matrices. This is

because we require our N to be elementary abelian.
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5
On a Maximal Parabolic Subgroup of Sps(2)

In this chapter, we construct the character table of a maximal parabolic subgroup of Spg(2), the
symplectic group of dimension 6 over the field of two elements using the method of Fischer matrices.
From Chapter 4, we observed that a Sylow p — subgroup of Spa,,(q) sits in P(WW) among other
maximal subgroups of Spa,(g). In Section 5.1, we introduce the group G = 26:GL(3,2), and
generate it as a subgroup of Spg(2). In Section 5.2, we list the conjugacy classes of G computed
using the coset analysis technique and we see that corresponding to the 6 conjugacy classes of
GL(3,2), we get 24 conjugacy classes of G. In Section 5.3, we show that there are 5 inertia factor
groups, namely Hy = GL(3,2), Hy = Sy, H3 = Sy, Hy = Dg and Hy = S3. In Section 5.4, we
calculate the six Fischer matrices of G using two methods, namely the combinatorial approach
and the non-combinatorial approach. We see that the sizes of these matrices range from 1 to 9.
We further show how to obtain the full character table of G via the method of Fischer matrices
discussed in Chapter 3. As it is natural to fuse back the conjugacy classes of a subgroup into the
group where it sits, we do the fusion of G into Spg(2) in Section 5.5. The fusion is made possible
with x(Sps(2)|G), the permutation character for the action of Spg(2) on the cosets of G in Spg(2).

To successively finish the fusion of these groups, we will also require the following information:
e known power maps for the representatives of conjugacy classes of the groups G and Spg(2),

e the technique of set intersections of characters (discussed by Moori [54], Mpono [61] and Ali
[31)-

We have checked the accuracy of the character table of G using Programme E in the Appendix.

5.1. The Group G = 20:GL(3,2)

Let G = 26:GL(3,2) be the split extension of N = 26 by G = GL(3,2) where N is the vector space of
dimension 6 over GF(2). Then G is a maximal parabolic subgroup of Spg(2) and [Sps(2) : G] = 135.

5.1.1 The Generators of G

The generators of the group Spg(2) can be accessed in the electronic atlas of Wilson [80]. Note
that it has 8 conjugacy classes of maximal subgroups. One of the maximal subgroups given by
25:S6, (an affine subgroup of Spg(2)) was studied by Mpono in his PhD thesis [61]. We construct
in this thesis the character table of G a group generated inside Spg(2). This group is important as
it contains a Sylow 2 — Subgroup of Spg(2). An isomorphic copy of this Sylow 2 — Subgroup will

be studied in Chapter 6. The following two elements g; and go are 6 — dimensional matrices over
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Fy that generate G.

o O O = = O
=== O O O

oSO O O = O =

O = = = = O

o O O o o =

S = O = O =

= = O O O =

_— O = = = O

O O R R O O

= = O = = O

_ O = = O =

O O = = = O

Using GAP [31], one can easily check all the normal subgroups of G. In fact it has 2 proper normal

subgroups of orders 8 and 64. Thus we can deduce that the group of order 64 is our N and we

write it as N = 29 since it is elementary abelian. The following elements e1, es, €3, €4, €4, €5 and

eg are 6 — dimensional matrices over Fo that generate IV:

Table 5.1: Generators of N = 26

Generators of N = 26 Generators of N = 20
[0 1 0o o 1 1] [0 1 0o o 1 1]
1 0 0 0 1 1 0 0 1 0 0 1
0 0 1 0 0 0 1 1 0 1 0 0
e] = eg =
0 0 0 1 0 0 0 1 0 0 1 0
1 1 0 0 0 1 0 0 1 1 0 1
li 1 0 o 1 o 1 o o 1 o0 o0
[t o 1 1 1 1] [0 0o o 1 0 1]
1 1 0 1 0 1 0 1 0 0 0 0
0 0 0 1 1 1 0 1 0 0 0 1
ez = ey =
i1 0 0 0 0 1 i1 1 0 0 O
0 0 0 0 1 0 1 1 1 1 1 0
l1 o 1 o 1 1] o 1 1 0 o o
[o 1 1 1 0 0] [1 0 0 0 0 0]
0O 1 0 0 0 o0 0O 1 0 0 0 O
1 0 1 1 0 1 1 1 0 1 0 0
es = eg =
0 1 1 1 0 1 1 1 1 0 0 0
0 1 1 0 1 1 1 1 1 1 1 0
T o o 1 o0 o] 1 1 1 1 o 1]

In terms of 6 x 6 matrices over Fy, the group G, as a complement of N in G (also satisfying that

NNG={lg} and G/N = (), is generated by the following two elements g; and go:

g1

o O O O O =
O == = =

o B O O = O

5.1.2 The Action of G on N

S = O = O =

O B R O B

= = O = = O

y 92

= O O = = =

O = O = =

O = =k = O O

_ o O O = =

_ o O O O =

e s S S Y S

The action of G on N is important in the application of the coset analysis technique and since

these groups were generated inside Spg(2), it can be verified that G has 5 orbits of lengths 1, 7, 7,

21 and 28 from its action on N. The permutation character for the action of G on N is given by

X(G|IN) = 5x1 + 6x4 + X5 + 2X6,

48



Chapter 5

where x; € Irr(G), (see Table 5.4 for character values of the y;’s). We have the following Table 5.2
for the k’s.

[g)c |1A|2A|3A|4A|7A|7B
k64164 4|11

Table 5.2: Fixed Points for the Action of GL(3,2) on 2°

5.2. The Conjugacy Classes of ¢

In this section, we apply the coset analysis technique discussed in Section 2.3 to compute the
conjugacy classes of G. We recall that we will need to first act N on Ng for each class representative
g of G. Furthermore, we act the group Cg(g) on the orbits that come from the action of N on
Ng. Denote by f;’s, the lengths for the fusion of the orbits under the action of Cg(g). We have
developed Programme A (see Appendix) to produce the f;’s and note that &k = )", f;. In fact,
it could be developed further to compute the power maps for the representatives of the conjugacy

classes of G. For this purpose we use Programme B.

The process we undertake moves in the following manner: Let O[1], O[2],---,O[k] denote the
orbits when N acts on Ng. Let B[1], B[2],--- ,B[s] be the orbits under the action of Cg(g). We
first produce the f;’s using Programme A (this is feasible simply by first generating the two
groups N and G inside G' and then selecting a class representative, say, g:=C][i], where 1 < i <
Size(ConjugacyClass(G)). We recall that if [g]¢ and [h] are conjugacy classes of two groups G
and H respectively such that H < G with representatives g and h, where o(h) = o(g), then [h]
fuses to [g]g if and only if there is an element € G such that rhz~! = g. We denote by L[i]
the class representatives of G from each coset Ng, thus we can compute in GAP, for each class
representative, the power map: (B[i][1][1]) — (BJ[i|[1][1])? € L[k] where k ranges over the number

of partitions of the conjugacy classes of G as computed from Programme A.

We list the 24 conjugacy classes of G' computed using coset analysis technique in Table 5.3. The
power maps are easily verified using Programme B in the Appendix. Columns 4 and 7 contain

corresponding weights which we denote by m; and the power maps respectively.

e | k fi mi | lgla ICa(9)] 2 3 5 7| Sizeof [glg
1A |64 | fr=1 my =1 1A | 29%x3x7 | 1A 1
fa=1 mo =17 2A 29%3 | 1A 7

f3=7 ms =7 2B 29%x3 | 14
fa=21 | my=21 20 29 | 14 21
f5=28 | ms =28 2D 27x3 | 1A 28
4A 4| fr=11]m=16 4A 24 | 2E 672
fo=1| ma=16 8A 24 | 4C 672
fa=11] m3=16 4B 24 | 2F 672
fa=1| my=16 | 8B 24 | 4D 672
TA 1| fi=1] m =64 TA 7 1A 1536
24 |16 | fi=1 mi1 =4 | 2F 27 | 14 84
fa=1 mo =4 4C 27 | 24 84
fa=1 m3 =4 2F 27 | 1A 84
fa=1 ms=4 | 4D 27 | 24 84
fs=2| ms=8| 4FE 26 | 2¢ 168
fo=2 me =8 AF 26 | 24 168
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fr=2 m7 =8 2G 26 1 14 168
fa=2] mg=8 4G 26 | 2C 168
fo=4 | mg=16 | 4H 25 | 2¢ 336
3A 4| fi=1|mi =16 3A 3x4 1A 896
fo=1| ma=16 6A 3x4 | 34 2D 896
fs=1|mz3=16 | 6B 3x4 | 34 24 896
fa=1|mg=16 | 6C 3x4 | 34 2B 896
7B 1| fi=1|m =64| 7B 7 1A 1536

Table 5.3: Conjugacy Classes of G = 26:G'L(3,2)

Example 5.2.1. Consider the identity coset N = 26. We know that N is abelian and therefore
each orbit of the action of N on itself comprises singleton. Thus k = |N| = 64. Recall that the
action of G on N resulted in the orbit lengths: 1, 7, 7, 21, 28 and that the representatives are the
elements of N denoted by Bli][1][1], 1 < i < 5, in Programme A. They are clearly of order 2.
Furthermore, |Cq(1a)| = |G| = 168. Thus we obtain the following classes from the identity coset:

e class (1A4) such that |Cx(14)] = w =29 x3x7,

e class (2A4) such that |Cn(24)] = w =29 %3,

e class (2B) such that |Cx(2B)| = w =29 x 3,

e class (2C) such that |Cz(20)| = w =29,

e class (2D) such that |Cxn(2D)| = 22><|C;7§(3A)| =27 x 3.

5.3. Action of G on Irr(N)

The action of G on Irr(N) is crucial in the determination of the stabilizers of representatives
from the resulting orbits. We recall that these stabilizers are the inertia factor groups of G. For

this action, we have to first write the elements of G in the dimension of the module N. Write
G = <glv g2>

Then the action of g; on the generators of IV is given by:
€1 /> €1, €2 /> €2, €3 > €4€5, €4 > €1€2€4,
€5 — €1€92€3€4, €g > €1€2€4.
The action of go on the generators of IV is given by:
€] — €g, €2 > €1€e4€5, €3 > €1€2€3€46€x5,

€4 > €3€r€6g, €5 > €1€3€64€5, € > €1.

Let gll and g; be the matrix representations of the actions of g; and go. We now act the group say

G generated by the transposed matrices of the group <g’1, g/2> on the vector space V = GF(2)°
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as this action is equivalent to the action on the dual V*. The dual is isomorphic to Irr(2%). We
obtain from this action the following orbit lengths: 1, 7, 7, 21 and 28. The point stabilizers are
H1 = GL(3, 2), H2 = 54, H3 = S4, H4 = Dg and H5 = 53.

The character tables and the fusions of the inertia factor groups H;, ¢ € {1,2,3,4,5} are given in

7
—Z, where ¢ = y/—1.

-1
the following tables. Take a = —

2 2
[9] 1A 4A 7TA 3A 2A 7B

|CH,(g)||168 4 7 3 8 7
Y1 1 1 1 1 1 1
X2 3 1 a 0-1 a
X3 3 1 a 0-1 a
X4 6 0-1 0 2 -1
X5 7-1 0 1 -1 0
X6 8 0 1 -1 0 1

Table 5.4: Character Table of H; = GL(3,2)

[9] la 4a 3a 2b 2a
|ICrs(g)[|24 4 3 4 8
vi |11 1 1 1
Yo |1 -1 1-1 1
s |2 0-1 0 2
xa |3 1 0-1-1
s | 3-1 0 1-1

Table 5.5: Character Table of Hy = Sy

[hla, = lgle | [Pla, &= lgle | [Pla, & ldle
la 1A 4a 4A 3a 3A
2 24 | 2a 24

Table 5.6: Fusion of the Conjugacy Classes from Ha to GL(3,2)
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lq] la 2¢ 2b 2a 4a
Culo)l| 8 4 4 8 4

vi |11 1 1

Yo | 1-1-1 1 1

s |1 1-1 1-1

a1 -1 1 1-1

s |2 0 0-2 o0

Table 5.7: Character Table of Hy = Dsg

[hla, = lgle | [Plu, = lgle | [Plu, = ldle
la 1A 2a 2A 2b 2A
2¢ 2A 4a 4A

Table 5.8: Fusion of the Conjugacy Classes from Hy to GL(3,2)

9] la 2a 3a
[Crs(9)l| 6 2 3
X1 1 1 1
Yo | 1-1 1
xs |2 0 -1

Table 5.9: Character Table of Hy = S3

(W as = l9le | [Mas = [9le | [has = [dla
la 1A 2a 2A 3a 3A

Table 5.10: Fusion of the Conjugacy Classes from Hs to GL(3,2)
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5.4. The Fischer Matrices and Character Table of 26:GL(3,2)

We recall that so far we can gather the following information:
e properties of Fischer matrices in Subsection 3.2.3,
e the corresponding weights in Table 5.3,
e centralizer orders of the class representatives of G in Table 5.3,

e fusion of the conjugacy classes of inertia factor groups to the classes of G in Tables 5.6, 5.8
and 5.10.

Using the row and column orthogonality relations that the Fischer matrices satisfy (first bullet
above), we form a system of algebraic equations that can be solved using Magma or other packages.
Using Magma [15], we were able to solve these systems of equations and hence obtained the listed

Fischer matrices.

We call this way of obtaining Fischer matrices a combinatorial approach. We illustrate the com-
putations with the Fischer matrix M (3A). We have that M (3A4) has the following form with

corresponding weights attached to the rows and columns:

12 12 12 12

3 /1 1 1 1
3|1 a b ¢
MBA)= 311 4 e f
3\1 ¢g h i

16 16 16 16

In the above matrix, we have applied the fact that for the first row the entries B = 1 for all

J
; C
j €{1,2,3,4} and further since N is elementary abelian, agl’y) = M, for all 1 < ¢ < 4, where

y ranges over the classes of H; that fuse to g.

We have the following system of equations arising from the orthogonality of rows and columns of
M(3A).
a+d+g=—1, a®>+d®+¢*=3, b+e+h=—1, >+ +h>=3, c+f+i=—1,
A+ fPyrit=3.
Applying the weights for the rows we obtain the row orthogonalities:

a+b+c=-1, ag+bh+ci=-1, ad+be+cf=—1,dg+he+if=-1, d+b+ f=—1,
g+h+i=-1

We obtain the following possible solutions to these systems of equations:
(1) {fa=1,d=-1,g=-1,b=-l,e=1,h=-1,c=-1,f=-1,i =1},

2 {a=1,d=-1,g=-1,b=-l,e=-1,h=1,c=-1,f=1,i=-1},
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B) {fa=-1,d=1,g=-1,b=-1l,e=-1,h=1,c=1,f=-1,1=-1},

(5) {fa=-1,d=-1,g=1,b=1e=-1,h=-1,c=-1,f=1,i=-1},

)
4 {a=-1,d=1,g=-I,b=1,e=-1,h=-1,c=-1, f=-1,i = 1},
)
6) {fa=-1,d=-1,g=1,b=-1l,e=1,h=-1,c=1f=-1,1i=-1}.

As given in Mpono [61], the following additional information helps to remove some of the unneces-

sary possibilities that result from solutions of algebraic equations.

(1) Let x be a character of any group H and h € H. Then we have |x(h)| < x(1g), where 15 is
the identity element of H.

(2) Let x be a character of any group H and h be a p —singular element of H, where p is a prime.
Then we have x(h) = x(h*) mod p.

(3) For any irreducible character y of a group H and for h; € C; then d; = bz‘)((l(hi) is an algebraic
X\1H
integer, where C; is the ith conjugacy class of H and b; = |C;| = [H : Cg(h;)]. Clearly if

d; € Q, then d; € Z.

We now use the fact that in G, (6A4)% = 2D so that for any x € Irr(G), we must have x(2D) = x(6A4)
mod 3. Note that the set of solutions {a = —-1,d=1,g=-1,b=1,e=—-1,h=—-1,c=—1,f =
—1,i = 1} satisfies this relation for the portions of the character table of G to be computed from

the Fischer matrices M (1A) and M (3A). We list all the Fischer matrices below:

[ICe(14)]  1Cq(2A)] [Cg(2B)| [Cx(2C)| [|Cq(2D)]
10752 1536 1536 512 384
|Crry (14)] 168 1 1 1 1 1
|Cry (1a)] 24 7 7 -1 -1 -1
M(1A) = |Crg(1a)] 24 ( 7 -1 -5 3 —lj7
|Crry (1a)] 8 21 -3 9 1 -3
|Crrg (La)] 6 28 —4 —4 —4 4
1 7 7 21 28
ICa(a)]  [CaA)  [CaMB)  |Ca(EB)
16 16 16 16
|Cry (44)] 4 1 1 1 1
[Cy(4a)] 4 1 -1 1 -1
MAA) = oy (4a) 4 ( 1 1 1 1)’
|Crry(4a)] 4 1 -1 -1 1
16 16 16 16
[Ca(BA)]  |Cg(6C)] [Cg(6B)| [Cg(64)]
12 12 12 12
ICr, BA) 3 1 1 1 1
|Ca, (3a)] 3 1 —1 1 -1
M(SA) = \CHi(:m)\ 3 1 1 -1 —1 M(7A) = (1)7 M(7B) = (1)7
IOy (3a)] 3 1 -1 -1 1
16 16 16 16
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[Ca(2E)|  [Cg(2F)| |Cqg(4D)| [|Ca(C)| [|Cq(B)| [|Cq(G)| [CqAF)| |Cq(2G)] |Cq(4H)|
128 128 128 128 64 64 64 64 32
ICH, (24)] 8 1 1 1 1 1 1 1 1 1
ICH,(20)] 8 1 1 1 1 -1 -1 1 1 -1
ICH,(20)] 4 2 2 —2 —2 0 0 2 —2 0
ICHg(2a)] 8 1 1 1 1 -1 -1 -1 -1 1
M@zA) = |CHy(2b)] 4 2 —2 2 -2 —2 2 0 0 o],
ICr, (20)] 8 1 1 1 1 1 1 —1 —1 -1
|Ch,(20)] 4 2 -2 2 —2 2 —2 0 0 0
ICh, (2¢)] 4 2 2 -2 —2 0 0 -2 2 0
ICrry (2a)] 2 4 —4 —4 4 0 0 0 0 0
4 4 4 4 8 8 8 8 16

We illustrate the non-combinatorial approach in the next Subsection 5.4.1.

5.4.1 Fischer Matrices: Non-Combinatorial Approach

We explain here the theory given in Chapter 3 with the help of an example. We begin with the
Fischer matrix on the identity class of G denoted by (M(1A4)). The Fischer matrix (M (1A))
comprises entries which are orbit sums of the irreducible characters resulting from the action of G
on Irr(N). We apply Programme C from the Appendix for the Fischer matrix (M(14))". To

implement this programme, we need to know the generators of G and N where we write G = N:G.

gap> G:=Group(a,b); <matrix group with 2 generators> gap>
N:=Group(el,e2,e3,e4,eb,e6); <matrix group with 6 generators> gap>
I:=Irr(N);; 0:=0rbits(G,I);; gap>FM:=[];;for i in [1..Size(o0)] do
Append (FM, [AsList (Sum(o[i]))]);od; gap> M1l:=TransposedMat(M);; gap>
M2:=AsDuplicateFreeList (M1);; gap>FM:=TransposedMat(M2);; gap> FM; [
r+« ¢, 1¢,1,11,022,1,9,-3, =31, [7, -1, -1, -1, 71, [ 28,
-4, -4, 4, 41,7, 3, -5,-1, -1 ] 1] gap>

21 1 9 -3 -3
28 -4 -4 4 -4

We then arrange the columns according to the order of centralizer for the classes of G that come
from the identity coset. Using the orders of the centralizer for the classes (1A4), (2C) and (2D),
we are able to match the columns 1, 2 and 4 respectively. These become columns 1, 4 and 5
respectively in M (1A), computed using the combinatorial approach. We are now left to identify
the classes that correspond to columns 3 and 5 in (M (14)). Let us now use the fact that for any p-
singular element g of any finite group G and irreducible character x of G, we have that x(g) = x(g?)
mod p. We suppose that column 3 of (M (1A)) corresponds to the class (24). Then we would
have the relation y(2A4) = x(6B)mod 3, where x ranges over the irreducible characters of G in the
blocks corresponding to M (1A) and M (3A) and coming from the rows corresponding to the inertia
factor groups Ho and Hs. We have applied here the third power map of 6B as in Table 5.3. We
obtain the following relations that 3 divides 2 and 3 divides 1 which are contradictions. Thus our
assumption is wrong and we have the only option left that column 3 of (M(1A4))" corresponds to

2B while column 5 of (M(14))" corresponds to 24. This information is represented in M (1A).
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Consider G = N:G = 2%:GL(3,2). For the Fischer matrices on the non-identity classes of G, we
know that N/M = 2™ < N for some m. We can easily identify this group using the structure
of M = {ngn~'g~!ln € N}. Note that the irreducible characters of N/M are in a one to one
bijection with the irreducible characters of N which contain M in their kernel. We use this fact
to identify using GAP [31] those irreducible characters of N that contain M in their kernel. The
construction of M, Irr(N/M) and action of C(g) on N/M can be achieved using Programme D,
in the Appendix.

We analyze the representative g = 24 of GL(3,2). We have N/M = 2. Let
{1a, 2a, 2b, 2¢, 2d, 2e, 2f, 2g, 2h, 2i, 2j, 2k, 2l, 2m, 2n, 20}

be a set of class representatives of 2%. The action of Cg(g) on these classes yields the following
orbits: {la}, {2b}, {2¢}, {2¢e}, {2h,20,2m,25}, {2¢,2f}, {2i,2k}, {2],2n} and {2a,2d}. The
lengths of these orbits coincide with the orbit lengths obtained when Cg(g) acts on the orbits of
the action of N on Ng. We now act C(g) on the irreducible characters of N/M. We have obtained
the character table of N/M using Programme D; which is given in the Appendix. We obtain the
following orbits from the action of C(g) on Irr(N/M) that is {x1}, {x3}, {x7} {x13}, {x5, x11},
{x9, x15}, {x12; x16}, {X2, X6} and {x4, X10, X14, X8} Thus the matrix with entries which are orbit

"

sums of the irreducible characters is given below. We denote it by (M (24))

I

I

I

|

I

| |
OONNO ==

ONOON =

ONOON R H =

OOOOCO R FFH

OOOOO

OO

OCOOOCORFFH

"

(M(24)) =

| |

|

|
CONNO R~

OONNO ==

OONNO

Y Y Y RSV

NG Y CF CY S
|
|

DD DO DD DD = = =

ONOONH =
|

BN DO DD DD = =

|
ONOON =

We then delete duplicating columns and permute the rows so that the first column has entries
of the form [Cy, (24) : Cy,(24)] for i € {1,2,---,Size((M(24)))}. Thus we obtain the Fischer

matrix as given below

1 1 1 1 1 1 1 |
2 -2 -2 2 2 -2 0 0 0
1 -1 1 -1 1 1 1 -1 -1
2 0 2 0 -2 -2 0 2 -2
(M(24)) = |1 -1 -1 1 1 -1

2 2 0 -2 -2 0 -2

2 2 -2 2 -2 0 0 0
11 1 1 1 -1 -1 -1
4 0 4 0 -4 4 0 0 0

We note that the Fischer matrix M (24) could be obtained from (M(2A4))" as a re-arrangement
of columns and rows of (M(24))" according to the classes obtained from coset analysis. This re-
arrangement takes into account the inertia factor groups with their respective fusions. The power
maps of G also assist in correctly identifying the classes of G with the columns of (M(24)). We
have applied the same reasoning as in the determination of M (1A) to get the Fischer matrix M (2A4)
as give in Table 5.11.
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9] 2F 2F 4D 4C 4FE 4G 4F 2G 4H
ICa(g)| | 27 27 27 27 26 26 26 26 95
ICpy24)) 11 1 1 1 1 1 1 1
ICy,(2a)]| 1 1 1 1 -1 -1 1 -1
Cp,(20)| | 2 2 2 2 0 0 2 -2 0
IChy(2¢)]| 1 1 1 1 -1 -1 -1 -1
Cy,(20)|| 2 2 2 -2 -2 2 0 0 0
Cy,(2¢)]| 1T 1 1 1 1 1 -1 -1 -1
Cp,(20)| | 2 2 2 2 2 -2 0 0
Cr,(20)| | 2 2 2 -2 0 -2
|ICh,(2a)]| 4 -4 -4 4 0 0

Table 5.11: Identification of the Fischer Matrix M (2A)

Consider now the representative g = 44 of GL(3,2), we have N/M = 22, The action of Cg(g) on
the character table of N/M fixes all the irreducible characters. Thus the Fischer matrix M (4A) is
exactly the character table of N/M. This also applies to g = 3A. As for the classes 7A and 7B,
N/M = 2°. The character table is just a 1 x 1 matrix and remains fixed by the action of Cg(7A)
and Cg(7B) respectively. Thus we have the obtained Fischer matrices M (7A) and M (7B) as from

the combinatorial approach.

Let us now apply all the information gathered up to this point to construct the character table
of G = 26:GL(3,2). Since the group 2% is elementary abelian and the extension splits, we apply
Theorem 3.2.1 to deduce that every irreducible character say 6 € Irr(25) extends to Hj and
therefore the factor sets ap are trivial. Hence we will use the ordinary character tables of the

inertia factor groups given as Tables 5.5, 5.7 and 5.9 to construct the character table of G.

We multiply the appropriate partial character tables of the inertia factor groups by the correspond-
ing rows of the Fischer matrices to obtain the full character table of G. For instance, on the classes
14, 2A, 2B,2C" and 2D in the second block corresponding to the group Hs, we have

7T 7 -1 -1 —-1|=|(14 14 -2 -2 -2
21 21 -3 -3 -3
21 21 -3 -3 -3

W W N ==

We have the following character table of 26:GL(3, 2):
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] 1A 2A 2B 2C 2D|4A8AAB8B|TARE2F ADACAFE AGAF 2G4H|3A6C 6B 6A|TB
|Ca(g)||10752 1536 1536512 384| 24 24 24 24 7/ 27 27 27 27 26 26 26 26 25112 12 12 12| 7
X1 1 1 1 1 1j] 1 1 11 1 1111111111111
X2 3 3 3 3 3311114qa-1-1-1-1-1-1-1-1-1) 0 0 O O a
X3 3 3 3 3 3111 14a-1-1-1-1-1-1-1-1-11 0 0 0 O a
X4 6 6 6 6 6 000 O0-122 2 2 22 2 2 200 0 0-1
X5 vy 7v 7 77—-1-1-1-10-1-1-1-1-1-1-1-1-11 1 1 1 0
X6 &8 & &8 8 § 0 0 O 0 11 0 0O OOOODCODO O-1-1-1-141
X7 T 7 -1-1-141-11-130 3 3-1-1-1—-1 3—-1-1) 1-1 1-1] O
X8 T 7 -1-1-1-11-1 1 O-1-1 3 3-1-1-1 3-1] 1-1 1-1} O
X9 4 14 -2-2-210 0 0 0 0 2 2 2 2-2-2 2 2-2-1 1-1 1] 0
X10 21 21 -3-3-3j 1-1 1-110-3-3 1 1 1 1-3 1 11 0 O O O] O
X11 21 21 3-3-3-1 1-1 110 1 1-3-3 1 1 1-3 11 0 0 0 0] O
X12 7T -1 -5 3-1j11-1-1 0 3-1 3-1-3 1-1-1 1] 1 1-1-1} O
X13 7T -1 -5 3-14-1-111¢0-13-1 3 1-3-1-1 11 1 1-1-1 O
X14 4 -2-10 6-2 0 0 0 0 0 2 2 2 2-2-2-2-2 2-1-1 1 1 O
X15 21 -3-1 9-3j 1 1-1-11 0-3 1-3 1 3-1 1 1-11 0 O O 0O O
X16 21 -3-1 9-3-1-1 1 10 1-3 1-3-1 3 1 1-11 0 0 O 0O O
X17 21 -3 1-31-1-1 11051 1-3 3-1-3 1-11 0 0 0 0] O
X18 21 -3 1-31-1-1 1 0-3 1 1 5-1 3 1-3-11 0 0 0 0] O
X19 21 -3 1-3-1 1 1-11015-3 1-1 3-3 1-11 0 0 0 0] O
X20 21 -3 9 1-3-111-10 1-3 51 3-1 1-3-11 0 0 0 0] O
X21 42 -6 18 2-6 0 0 0 0 0—2-2-2-2-2-2 2 2 2/ 0 0 O 0O O
X22 28 -4 -4-4 400 0 0 0 4-4—-4 4 0 0 O 0 0O 1-1-1 1] O
X23 28 -4 —4-4 40 0 0 0 04 4 4-4 0 0 O 0 O 1-1—-1 1] O
X24 56 -8 -8-8 g 0O 0O O O O OO OO OOOO O-11 1-140
Table 5.12: Character Table of 26:GL(3,2)
5.5. Fusion of G into Sps(2)
Let x(Sps(2)|G) denote the permutation character of Spg(2) on the cosets of G in Spg(2). Let

[9]sps(2) denote a conjugacy class of Spg(2) with representative g and similarly [g]s denote a con-

jugacy class of G with representative g. From the discussion in Section 2.9, we get

if G N [g]gp6(2) =0, then X(Sp6(2)|é)(g) =0

5.1)
- ’ e (
if G [g]5pu(2) # 0, then x(Spe(2)|G)(g) = Sp, @0l

where {21,712, - ,7,} is the set of class representatives of G that fuse to g in Spg(2). Thus

knowledge of the permutation character values on the classes of Spg(2) will assist to know the
possibilities for the fusion of classes of G to classes of Spg(2). On the class where the permutation
character value is zero, then no class of G fuses to it. Let [g1] and [g2] be two arbitrary conjugacy

classes of Sps(2) such that g7 € [go] for some prime p. Let [g1] and [ga] be two arbitrary conjugacy
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classes of G such that g} € [ga] for some prime p. If the class [g;] fuses to [g1] then clearly the class
[g2] must fuse to [go]. Thus knowledge of the power maps is also important in producing partial

fusions and removing some ambiguities.

The power maps of elements of Spg(2) and its permutation character of degree 135 are given in

Atlas [19]. We give the permutation character below:

x(Sp6(2)|G) = la + 15a + 35b + 84a.

Using the information provided by the conjugacy classes of elements of 26:GL(3,2) and Spg(2),
the power maps and the permutation character of Spg(2) of degree 135, we are able to obtain
partial fusion of G into Spg(2). For example, the classes 24, 2B, 2C and 2D of 26:GL(3,2) fuse
respectively to 2B, 2A, 2C and 2D in Spg(2). Furthermore, note that having only the information
about power maps of elements of 20:GL(3,2) and Sps(2), permutation character values on the
classes of Spg(2), may not be enough to know the fusion of some classes of 2°:G'L(3,2) in Sps(2).
For example, there are two possibilities for the fusion of 2E and 2F of 26:GL(3,2), namely 2B
or 2C in Spg(2). The same applies to the classes 4A and 4B of 26:GL(3,2), that is either 44
fuses to 4D or 4F in Spe(2) and 4B may fuse to 4E or 4D in Spg(2). To complete the fusion
map, we restrict irreducible characters of Spg(2) of small degree to 26:GL(3,2). In determining the
restrictions of irreducible characters of SPs(2) to 26:GL(3,2), we apply the following technique of

set intersections for characters which has been discussed and applied in [3], [54] and [61].

Let & be the character of GL(3,2) afforded by the regular representation of GL(3,2). Then we have
that £ = Z?:l e;;, where v; € Irr(GL(3,2)) and e; = deg(1);). Then £ can be taken as a character
of 26:GL(3,2) which contains 2° in its kernel such that

|GL(3,2)| if ge€29,
(9) =

0 otherwise.

Now if ¢ is a character of Spg(2), then we obtain the following:

(€, 0)o.cL3,2) = |263G£(372){§(1A)¢(1A) + 7€(24)p(2A) + 76(2B)p(2B)

+21£(2C)p(2C) + 28£(2D)p(2D)}
= m{IGL(S, 2)|p(14) +7|GL(3,2)|p(24) + TIGL(3,2)|»(25)
+ 21|GL(3,2)|p(2C) + 28|GL(3,2)|p(2D)}

= é{so(lA) +7p(24) + T0(2B) + 21p(20) + 28p(2D)}

- <()0267 Ql>
where g is the identity character of 26 and 46 is the restriction of ¢ to 26. Similarly, we obtain:

o6 = b101 + bols + b33 + byO4 + b505,

where by, by, b3, by, b5 € NU{0} and 0;, i € {1,2,3,4,5} are the sums of the irreducible characters
of 26 which are in one orbit under the action of GL(3,2) on Irr(2%). Let p; € Irr(25), for j €
{1,2,---,64}. From Section 5.3, the action of GL(3,2) on Irr(2%) is known. Thus we have:
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61 =01, deg(b) =

8
02 = Z 05, deg(ﬁg) =T.

15

03 = Z Qj, deg(eg) =1.
7=9
36

O0s=> o5, deg(fy) =21
j=16

95 = Z 05, deg(95) = 28.
3=37

Therefore

@26—b191+b2293+b32g]+b4Zgﬁ%Zgj

7j=16 j=37
and further
(a6, po6) = b + Tb3 + b3 + 21b7 + 28b3.

Clearly b1 = (g5, 01) = (£, ¥)26.qr(3,2)- Similarly, we obtain

! —{p(1A)p(1A) + Tp(2A)p(2A) + Tp(2B)p(2B) 4 21¢(2C)¢(2C) + 28p(2D)p(2D)}.

<90267 9026> = 64

Let us apply the above results to the restrictions ¢; = 7a and @2 = 15a, where 7a and 15a are
irreducible characters of Spg(2) of degrees 7 and 15 respectively. (see [19] for the character table
of Sps(2)). Thus for ¢1, we obtain

= (&, p1)26.:GL(3,2) {901(1A) + Tp1(24) + 7p1(2B) + 2191 (2C) + 281 (2D)}

= 671{7 +7(-1) + 7(—5) +21(3) +28(-1)} = 0.

Since we know that deg(yp1) = 7, it follows that

b1 4+ Tbo 4+ Tbg + 21by + 28b5 = 7.

Now b; = 0 implies that by = b5 = 0 and either b = 0, b3 = 1 or by = 1, b3 = 0. In any case, we
have that (¢1)g6.1,(3,2) becomes an irreducible character of degree 7 when restricted to 26:GL(3,2)
and based on the partial fusion of 26:GL(3,2) in Spg(2) which has already been computed, we

obtain
(@1)26:GL(3,2) = X13,

see Table 5.12 for the values of y13 on the classes of 26:GL(3,2).

Similarly, for @9 we obtain

= (£, 2)96.a1(3,2) {902(114) + Tpa(24) + Tp2(2B) + 2192(2C) + 282(2D)}

= 62{15 +7(7) + 7(—5) +21(3) +28(-1)} = 1.
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Since we know that deg(p2) = 15, it follows that

b1 + Tbo + Tbg + 21b4 + 28b5 = 15.

Now b; = 1 implies that by = b5 = 0 and by = b = 1. we have that (p2)6.q1(3,2) is a sum of three
irreducible characters of 26:G'L(3,2) of degrees 1, 7 and 7 respectively and based on the partial
fusion of 26:GL(3,2) in Spe(2) which has already been computed, we obtain

(¢2)26.cL(3,2) = X1 + X7 + X12,
see Table 5.12 for the values of x1, x7 and x12 on the classes of 26:GL(3,2).

Using the partial fusion which has already been determined (via the information provided by the
conjugacy classes of elements of 26:GL(3,2) and Sps(2), the power maps and the permutation
character of Spg(2) of degree 135), the values of ¢ and @9 on the classes of Spg(2) and the values
of (¢1)26.c1(3,2) and (p2)26.qr(3,2) on the classes of 26:GL(3,2), we are able to complete the fusion
of 26:GL(3,2) into Sps(2). Consider for instance the classes 2F, 2F, 4A and 4B of 26:GL(3,2).
Clearly the following now holds

p1(4D) = -1 = (901)26:GL(3,2) (44),
P2(4D) = 3 = (p2)25.q1,(3,2)(44).

Similarly

p1(4E) =1= (901)26:(;1;(3,2) (4B),
p2(4F) =1 = (902)26:(;1;(3,2) (4B).

Thus for the classes 2F, 2F, 4A and 4B of 26:GL(3,2), we have the following fusions: 2E + 2B,
2F + 2C, 4A — 4D and 4B — 4F in Spg(2).

The full fusion is given in Table 5.13. In this table the entries are obtained by computing
[Cspe(2)(W)]/|Cq ()| where y is a representative of a conjugacy class of Spg(2) and z is a rep-
resentative of a conjugacy class of G and o(y) = o(x). The entries that appear in the boxes in the

Tables 5.13 indicate the actual fusions:
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[v] 1A 24 2B 2C 2D 4A 4B 4C 4D 4E
|Clspe2) ()] 1451 23 4 1 3 3 1 1 1 3
520 040 608 536 84 84 92 92 28 2
x(Sps(2))|G) (y) 135 15 39 15 7 3 3 3 11 3
[] |Ca()|
14 10752 | [135
24 1536 15 g 1
2B 1536 31
2C 512 9 g
2D 384 12 4
2F 128 12 3
oOF 128 36 3
2G 64 6
4A 16 g 2
AB 16 8 P
40 128 3 1
4D 128 3
AE 64 3 3 2
AF 64 3 3 P
4G 64 3 8 2
4H 32 4
[y] 3C 6E 6F 6G TA8A 8B
|Cspe(2) (Y)] 1 3 3 1 7 1 1
08 6 6 2 6 6
x(Sps(2))|G) (y) 9 3 3 1 2 1 1
(7] |Ce ()]
34 12 o
6A 12 3 3
6B 12 3 g 1
6C 12 5 3 1
7A
7B 7
8A 16 1
8B 16 1

Table 5.13: Computation for the Fusion of G into Spg(2)

From Table 5.13, we have the following Table 5.14
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—_—

Tla = [Ylsps2)

[T]e = [Wlsps(2)

1A
2A
2B
2C
2D
2F
2F
2G

1A
2B
2A
2C
2D
2B
2C
2D

4A
4B
4C
4D
4F
4F
4G
4H

4D
4F
4A
4D
4B
4D
4C
4F

Table 5.14: Fusion of G into Sps(2)
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6
A Sylow 2 — Subgroup of Spg(2)

6.1. Introduction

In this chapter, we are interested in constructing the ordinary character table of a group of the
form G = 25:(2 x Dg), a Sylow 2 —subgroup of Spg(2), by means of the method of Fischer matrices.
It is a trend in group theory to study finite groups by way of studying their subgroups of prime
order. The existence of such subgroups is guaranteed by a well known result of Sylow that dates
as far back as 1871 and asserts that:

(1) a group G has at least one Sylow p — subgroup,

)
(2) all Sylow p — subgroups are conjugate,

(3) any p — subgroup of G is contained in a Sylow p — subgroup,

(4) the number, say n,, of Sylow p — subgroups of G is such that n, =1 mod p.

This result has various applications to the study of finite groups for instance, among others, the
classification of finite groups of order pg where p and g are distinct primes such that p > ¢, existence
of a p — element in a group G (Cauchy’s Theorem, see for instance [7]) and also the proof of the
well known result: The Schur-Zassenhaus Theorem which states that any normal Hall subgroup of

a finite group has a complement.
The above are but just some of a vast range of applications of the knowledge of Sylow p—subgroups.

Now concerning Sylow p — subgroups of the symplectic group Span,(q), where ¢ = pF, a vast
research exists (see for instance [9], [63], [64], [67], [73] and [75]) and most part is directed towards
the well known conjecture about the degrees of the irreducible characters of a Sylow p — subgroup
of GL(n,q) where it is asserted that these degrees are not merely powers of p but in fact powers
of q. The following papers could be consulted for more detail: [21], [40], [41], [44], [47], [50], [52],
[63], [76] and [77]. In fact, Isaacs [40] proved the conjecture in 1995 and further extended it to
the symplectic group Spam,(g) in which he established that the conjecture is false when p = 2.
The conditions under which the conjecture would hold for a Sylow 2 — subgroup of Spa,,(2%), for
some k, were later established by Szegedy [74] and Sangroniz [66]. For more discussion on the
generalizations as regards the character theory of a Sylow p — subgroup of Spa,,(q) where ¢ = p¥,

readers can consult Chapter 11 of this thesis.

This chapter is organized in the following way: in Section 6.2, we generate the group G' = 25:(2x Dg)
as a Sylow 2 — subgroup of A(3) = 2°:95. Note that it has the same order as that of a Sylow
2 — subgroup of Spg(2) and therefore they are isomorphic. The isomorphism is established by the
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fact that all Sylow 2 — subgroups of Spg(2) are conjugate. The group A(3) = 25:Sg was discussed
by Mpono in his PhD thesis [61] and since he already fused it into Spg(2), we will fuse the group
G = 25:(2x Dg) into A(3) in this thesis. In Section 6.3, we list the conjugacy classes of G’ computed
using the coset analysis technique and see that corresponding to the 10 conjugacy classes of 2 x Dg,
we obtain 56 conjugacy classes of G. In Section 6.4, we establish the structures of the inertia factor
groups of G and see that they are given by H; = G1, Hy = Gy, H3 = Dg, Hy = Dy, Hs = 23,
Hg = 2, H; = 22, Hy = 2%, Hy = 2% and Hygp = 2. In Section 6.5, we compute the Fischer
matrices of G using the non-combinatorial approach and see that we obtain 10 matrices of sizes
ranging from 3 to 10. We illustrate in this chapter the automatic computation of candidates for
Fischer matrices on non-identity classes. This is a new approach to the computation of candidates
for Fischer matrices for split extensions. We have developed Programme D; into Programme
D to achieve the goal. In Section 6.6, we show how to obtain the character table of G = 2°:(2 x D)
and the full character table is listed in Table 6.14. Finally, in Section 6.7, we fuse the conjugacy

classes of G into the conjugacy classes of A(3).

6.2. The Generators of GG

The generators of A(3) = 2°:S5 can be obtained using the electronic atlas of Wilson [80]. We use
GAP to construct G inside A(3). The following 6 x 6 matrices g1, g2, g3 and g4 generate G.

Table 6.1: Generators of G

Generators of G Generators of G
1 o 1 1 o0 1] M 1 1 1 1 1]
01 0 0 0 O 0 1 0 0 0 1
o 0o 1 0 o0 1 o 0o 1 0 o0 1
9510 0 0o 1 0 1 92719 0 0o 1 0 1
00 0 0 1 0 0 0 0 0 1 1
lo o o o o 1] lo o o o o 1]
M o o o o0 0] [T o o o o0 0]
01 0 0 0 O 01 0 0 1 0
|1t 11 0 0 o o o 1 0 0 0O
B=11 1 0 1 0 o0 94919 0 0o 1 0 o0
00 1 1 1 o0 00 0 0 1 0
lo o 1 1 o0 1] lo o o o o 1]

with o(g1) = 0(g2) = 0(gs) = 0(g4) = 2.

Now having constructed the group G in GAP, we can easily construct all normal subgroups of G.
We obtain the elements e, e, e3, e4 and e; such that N = (e, ea,e3, €4, e5). These elements are
listed in Table 6.3

Similarly, we obtain G as a complement of N in G such that NN G = {15} and G/N = G. Thus
the three elements g1, go and g3 in Table 6.2 generate G.

Table 6.2: Generators of G

Generators of G Generators of G

1 0 0 O 1 O 1 1 0 0 0 O

o 1 0 o 0 1 o 1 0 0o 0 o0

0O 0 1 o0 0 O 0O 0 1 0o 0 O
710 0 0o 1 0 of |7 jo 0o 0o 1 0 o

0O 0 0 o 1 0 o o0 o0 o0 1 1

o 0 0 o o0 1 o 0 0 o o0 1

Continued on next page

65



Chapter 6

Table 6.2 — continued from previous page

Generators of G Generators of G
[T 0o o o 1 0]
0 1 0 0 1 1
oo 1 0 0o o
=10 0 0o 1 0 o©
0 0 0 0 1 0
lo o o o o 1]

Table 6.3: Generators of N

Generators of N Generators of N
[1 0 0 0 0 O] 1 o 1 1 0 O]
o 1 0 0 0 o0 o 1 0 0 0 O
0o 0 O 1 0 ©O 1 0 1 0 0 1
el = ey =
0O 0 1 0 0 O 1 0 0 1 0 1
o 0 0 o 1 o0 o o0 o0 o0 1 0
0 0 0 O 0 1] 10 0 1 1 0 1}
[T 0o 1 1 0 0] [1 0 0o 0 0 O]
o 1 0 o0 0 ©O o 1 0 0 0 O
0O 0 1 0o 0 1 1 1 1 0 0 O
e3 = eq =
o 0 o0 1 o0 1 11 0 1 0 O
0O 0 O o0 1 o0 o 0 1 1 1 0
IO 0 0 O 0 1] 10 0 1 1 0 1]
[1 0o 0 0 0 O]
0o 1 1 1 0 O
0o 0 0 1 1 0
e5 =
0O 0 1 o0 1 0
o 0 0O o0 1 o0
0 0 0 O 0 1]

6.3. Action of G on N

We know that G has 10 conjugacy classes. The action of G on N gives ten orbits which are four
fixed points, two orbits each of length 2, two orbits each of length 4 and two orbits each of length

8. The permutation character for the action of G on N is given by
X(GIN) = 10x1 + 2x2 + 4x4 + 2x5 + 2x6 + 2X9 + 4x10,

where y; € Irr(G), refer to Table 6.4 for character values of the x;’s.
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9] |1A 2A 2B 2C 4A 4B 2D 2E 2F 2G
|Ca(g)]| 16 16 16 16 8 8 8 8 8 38
Y1 1 1 1 1

X2 1 1-1-1 1-1 1-1 1-1
X3 1 1-1-1-1 1 -1 1 1-1
X4 1 11 1-1-1 1 1-1-1
X5 11 1 1-1-1-1-1 1 1
X6 1 1-1-1-1 1 1-1-1 1
X7 1 1-1-1 1-1-1 1-1 1
X8 1 1 1 1 1 -1 -1 -1 -1
X9 2 -2 2-2 0

X10 2-2-2 2 0

Table 6.4: Character Table of G

We have the following Table 6.5 for the k’s.

[g)c |1A|2A|2B|2C |2D |2E | 2F | 2G |4A |4B
k3208 |8[16/16|8 |8 |8 |44

Table 6.5: Fixed Points for the Action of G on N

6.3.1 The Conjugacy Classes of G = 2°:(2 x Dg)

Having obtained the values of k for the fixed points when we act by conjugation elements of G
on N, we then need to calculate the values of the f’s corresponding to these various k’s. For this

purpose, we use Programme A given in the Appendix.

From the programme output we calculate the number f; of orbits O[i]’s for 1 <1 < k, which have
come together under the action of Caoxp,(g), g € 2 X Dg to form one orbit B[k]. With the values
of the f;’s known, we deduce that the group G = 2%:(2 x Dg) has in total 56 conjugacy classes of
elements. For each class representative g € 2 x Dg, we calculate the lengths of the corresponding
classes [z]5. In Table 6.6, we also list the power maps of the elements of G calculated using
Programme B in the Appendix. We give an example on our computations:

Example 6.3.1. For g =2D, then k=16, fi=1, fo=1, fs=1, fa=1, f5s =2, fe =2, fr =2,
fs =2, fo = 4. Hence we produce 9 corresponding classes [z1]a, [%2]a, [23]a, [T4a, [25]a, [T6]a,
(7], [2s]a and [xg]a. For the class [z1]a, we have

_ k|Cq(g)] 16 x8

= 128.
f1 1

|Ce (1)

G
We obtain |[z1]a] = |128 = 4. Note that the class [z1]5 corresponds to B[1] from the output of

Programme A. We easily compute the Order(B[1][1][1]) in GAP, where B[1][1][1] is a represen-
tative of the class B[1]. Assume that to this point all the conjugacy classes of G' are computed as

explained above and labeled appropriately according to the order of class representatives. Suppose
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further that H := [L[1], L[2],--- , L[10]] comprises the conjugacy classes where each L[i] has the
conjugacy classes of G corresponding to each class representative g of 2 x Dg and L[1] is taken to

correspond to g = 1A. Then Programme B written for GAP computes the power map via:

for i in [1..Size(H)] do for j in [1..Size(L[i])] do

if IsConjugate(2°5{:}(2\times D_{8}), B[11[11[1]1~2, H[i]l[j1)

Print(i," ");

Print(j," ");

fi;

od;od;

171
where the output of the programme implies that we consider the first entry in L[1] thus the second
power map of B[1][1][1] gives L[1][1]. For instance, for g = 2D, we took L[1] to contain elements
of N as the classes of G from the identity coset. We have labeled B[1][1][1] = 2J and its second
power map gives L[1][1] = 1A.

We give the 56 conjugacy classes of G constructed using coset analysis in the following Table 6.6.

Column 4 corresponds to the weights for the row orthogonality of Fischer matrices.

lgle | k fi mi | [glg | [Ca(9)l 2 3 5 7| Sizeof[glg
14 | 32| fi=1 mp =1 14 29 | 1A 1
fa=1 mg =1 2A 29 | 1A 1
fa=1 msg =1 2B 29 1A 1
fa=1 mg=1 2C 29 | 1A 1
fs=2 ms =2 2D 28 | 1A 2
fo=2 me =2 2F 28 1A 2
fr=4 my =4 2F 27 | 1A 4
fs=4 | mg= 2G 27 | 1A 4
fo=28 mg =8 2H 26 1A 8
fio=8 | mip=38 21 26 1A 8
2D |16 | f1=1 my =2 2J 27 | 1A 4
fo=1 mg =2 2K 27 | 1A 4
fa=1 ms =2 2L 27 | 1A 4
fa=1 my =2 2M 27 | 1A 4
f5=2 ms =4 4A 26 | 2D 8
fo=2 me = 4B 26 | 2D 8
fr=2 my =4 4c 26 | 2D 8
fas =2 mg = 4D 26 | 2D 8
fo=4 mg =8 2N 25 | 1A 16
2C |16 | fi=1 my =2 20 28 | 14 2
fa=1 mo =2 2P 28 | 1A 2
f3=2 ms =4 2Q 27 1A 4
fa=4| mys=38 2R 26| 14 8
fs=4 ms = 4E 26 | 2B 8
fo=4 me =8 AF 26 | 2B 8
2F 8| fi=1 my =4 28 26 | 1A 8
fa=1 mo = 2T 26 1 14 8
fa=1 m3 =4 4G 26 | 2F 8
fa=1 my =4 AH 26 | 2F 8
fs=2| ms=328 41 25 | 2D 16
fo =2 me =8 4J 25 | 2B 16
24 8| fi=1 mp =4 2U 27 | 1A 4
fo=1 mo =4 2V 27 | 1A 4
f3=2 msg =8 4K 26 | 2C 8
fa=4 | mg=16 4L 25 | 2F 16

68



Chapter 6

2B fi=1 my =4 | 2W 27 | 1A 4
fa=1 mo =4 2X 27 | 1A 4
fa=1 mz=4 | 4M 27 | 2C 4
fa=1 my =4 4N 27 | 20 4
fs=4| ms=16 40 25 | 2D 16
2F fi=1 my =4 2y 26 1 14 8
fo=1 mag = 2Z 26 | 14 8
f3= m3 =4 4P 26 | 2C 8
fa=1 my =4 4Q 26 | 20 8
fs=4| ms=16 4R 24 | 2@ 32
4A fi=1 m; =38 48 25 | 2w 16
fa=1 mo =8 AT 25 | 2W 16
f3=2| m3=16 8A 24 | 4N 32
2G fi=1 mp =4 | 24A 26 | 1A 8
fa=1 mo =4 | 2AB 26 1 14 8
fa=1 m3 =4 aU 26 | 2C 8
fa= my =4 4v 26 | 20 8
fs=4 | ms=16 AW 24 | 2F 32
4B fi=1 mp =38 4Xx 25 | 2W 16
fo= me =8 4y 25 | 2w 16
f3=2| m3=16 8B 24 | 4M 32

Table 6.6: Conjugacy Classes of G

6.4. Action of GG on lrr(N)

For the action of G on the Irr(/V), we have to first write the elements of G in the dimension of the

module N. We know G = (g1, g2, g3) and N = (e1, ea, e3, €4, e5) as in Section 6.2.

Then the action of g; on the generators of N is given by:

The action of go on the generators of IV is given by:

The action of g3 on the generators of N is given by:

We now have, in Table 6.7, the generators of G given in terms of 5 x 5 matrices.

<91’ 92, 93>-

e4 — €1€e3€e4€5, €5 €x.

e4q — e1ege3, €5 > e3es.

e4 — €e1€e36e4, €5 — €5.

€1 > e1, €2 > €e1€2€65, €3 > €3,

€1 k> €1, €2 k> €1€3€64, €3 > €3,

€] +— €1, €3 +—r ejezes5, €3+ €3,

Thus G =

69



Chapter 6

Table 6.7: Generators of G
Generators of G Generators of G
1 0 0 0 0] 1 0 0 0 O
1 1 0 0 1 1 0 1 1 0
By=1lo 0 1 0 o gh=1o 0o 1 0 o
1 0 1 1 1 1 1 1 0 0
LO 0 0 0 1l 0 0 1 0 1
[ 0 0 0 07
1 1 0 0 1
B;; =0 0 1 0 O
1 0 1 1 0
LO 0 0 0 1]

We now act the group say G generated by the transposed matrices of the group (gll, gl2, gé) on

the vector space V = GF(2)® as this action is equivalent to the action on the dual V*. The dual

is isomorphic to Irr(N). We obtain from this action two orbits each of length 1, three orbits each

of length 2, four orbits each of length 4 and one orbit of length 8. The point stabilizers are given
by Hi = G1, Hy = G1, H3 = Dg, Hy = Dg, Hs = 2%, Hg = 2%, H; = 2%, Hg = 2%, Hy = 2% and

Hip = 2. The character tables and the fusions of the inertia factor groups are given in the following

tables.
[g] la 2a 4a 2b 2c
Cm@)l| 8 8 4 4 4
i |11 1 1 1
Yo |1 1 1-1-1
s |1 1 -1 1-1
i |1 1 -1-1 1
s | 2-=2 0 0 o0

Table 6.8: Character Table of Hy = Dsg

[9] la 2a 2b 2¢ 2d 2e 2f 2g
Ca(9))| 8 8 8 8 8 8 8 8
X1 1 1 1 1 1 1 1 1
X2 1 1-1-1 1 1-1-1
X3 1 -1 1 -1 1-1 1-1
va | 1-1-1 1 1-1-1 1
X5 1 -1 1 -1-1 1-1 1
X6 1-1-1 1-1 1 1-1
X7 1 11 1-1-1-1-1
X8 1 1-1-1-1-1 1 1

Table 6.9: Character Table of Hs = 23
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lq] la 2a 2b 2c
Cuol| 4 4 4 4
vi |11 1 1
Yo |1 -1 1-1
X3 1 -1 -1 1
a1 1 -1-1

Table 6.10: Character Table of Hg = 22

lq] la 2a
Cri(9)l] 2 2
X1 1 1
X2 1 -1

Table 6.11: Character Table of Hyy = 2

[@las = Wl || [@la, = Wl ||[@le = Wla | [@]as = [y
la 1A la 1A la 1A la 1A
2a 2A 2a 2C 2b 2D 2a 2C
2b 2F 2b 2F 2a 2B 2b 2F
2c 2G 2c 2D 2c 2F 2c 2D

4a 4A

(@i, = Wla || (@m0 = Wl |2l = Wl ||[@les = b
la 1A la 1A la 1A la 1A
2b 2D 2a 2D 2a 2C 2a 2D
2a 2B 2b 2F 2b 2C
2c 2G 2c 2G 2c 2F
4a 4B 2d 2A

2e 2F
°2f 2B
2g 2D

Table 6.12: Fusion of H; into G
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6.5. Fischer Matrices

Using the fusions, we obtain the matrix sizes of the Fischer matrices. Note that since the extension
is split all the properties for Fischer matrices listed in Section 3.2.3 should be satisfied. For the
Fischer matrix M(1A), we apply Programme C to obtain the following matrix, note that the
signs are forced by the partial fusion of G into A(3) and restriction of some irreducible characters

of A(3) to G.

1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 -1 -1
2 -2 -2 2 2 =2 =2 2 0 0
2 -2 -2 2 2 =2 2 =2 0 0
M(14) = 2 2 2 2 2 -2 =2 0 0
4 -4 -4 4 -4 4 0 0 0 O
4 -4 4 -4 0 0 0 0 -2 2
4 -4 4 -4 0 0 0 O -2
4 4 4 4 -4 -4 0 O 0
8§ 8 -8 -8 0 0 0 O 0

We now construct the Fischer matrices on the non-identity classes of G, namely M (24), M(2B),
M(2C), M(2D), M(2E), M(2F), M(2G), M(4A) and M (4B) which are of sizes 4, 5, 6, 9, 6, 5, 5,
3 and 3 respectively. We use Programme D to construct these Fischer matrices as we illustrate
with M (2D). We know that the action of C(g) on N/M, where g € 2D, is the same as the action
of Ci(g) on the orbits of the action of N on Ng, thus we obtain 9 orbits from this action.

Therefore, we implement

C:=List(ConjugacyClasses(G) ,Representative);;
M:=[];

g:=C[2];

for n in N do

Add (M, nxg*xInverse(n)*Inverse(g));
od;

M:=AsGroup (M) ;
cent:=Centralizer(G, g);;
0:=RightCosets(N,M);;

D:=0;;

B:=[];

for j in [1..Size(N)] do
B[jl:=[1;04d;

j:=1;

while D <> [] do
x:=Representative (D[1]);

for i in [1..8ize(0)] do
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y:=x"cent;
if Intersection(y, 0[i]) <> [] then
Add(B[j1,0[il);
fi;od;
D:=Difference(D,B[jl);
J=3+1
od;
i:=1;
while B[i] <> [] do
Print (Size(B[i]));Print(" - " );i:=i+1;
od;
I:=Irr(N);; IM:=[];; for i in [1..Size(I)] do if
IsSubgroup(Kernel(I[i]), M) then Add(IM,I[i]); fi; od;
oo:=0rbits(cent,IM);; FM:=[];;for i in [1..Size(oo0)] do
Append (FM, [AsList(Sum(oo[i]))]);od; M1l:=TransposedMat(M);;
M2:=AsDuplicateFreeList(M1);; FM:=TransposedMat(M2);; Display(FM);
(1,1, 1, 1,1, 1,1, 1,11,
[ 2, -2, -2, 2, 0, 0, 0, -2, 2 1],
[2, -2, 0, 0, O, -2, 2, 2, -2 ],
[2, -2, 0, 0, 0, 2, -2, 2, -2 1],
[2, -2, 2, -2, 0, 0, O, -2, 2 1],
(4, 4, 0,0, 0,0,0, -4, =41,
[1, 1, -1, -1, -1, 1, 1, 1, 117,
(1,1, -1, -1, 1, -1, -1, 1, 11,
(1,1, 1,1, -1, -1, -1, 1, 171 1]

Thus our Fischer matrix M (2D) is given by

1t 1 1 1 1 1 1 1 1]

11 1 1 -1 -1 -1 1

2 -2 -2 2 -2 0 0

2 -2 2 -2 0 2 -2 0
M(2D)= |1 1 1 -1 -1 1 -1

1 1 1 1 1 1 -1 -1

2 -2 2 -2 0 0 -2

2 -2 -2 2 2 -2

4 4 4 -4 0 0 |

Similarly, we have the following table that gives the remaining Fischer matrices:

Table 6.13: Fischer Matrices of G

Fischer Matrices of G Fischer Matrices of G

1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 —1 —1 1 1 1 1 —1 —1
M(2C) = 2 2 2 -2 0 0 M(2E) = 1 1 —1 —1 —1 1

4  —4 0 0o -2 2 1 1 -1 -1 1 -1

4 -4 0 0 2 =2 2 -2 =2 2 0 0

4 4 —4 0 0 0 2 -2 2 -2 0 0

Continued on next page
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Table 6.13 — continued from previous page

Fischer Matrices of G Fischer Matrices of G
1 1 1 1 1
1 1 1 1
1 1 1 1 1 1 1 1 —1
M(2A) = M@2B)= |2 -2 -2 2 0
2 2 -2 0
2 -2 2 —2 0
4 —4 0 0
2 2 —2 —2 0
1 1 1 1 1
1 1 1 1 —1 1 1 1
M@2F)= |2 -2 -2 2 0 M(44) = |1 1 -1
2 —2 2 —2 0 2 —2 0
2 2 -2 -2 0.
1 1 1 1 1
1 1 1 1 -1 1 1 1
M(2G) = |2 -2 2 -2 0 M@4B) = |1 1 -1
2 —2 —2 2 0 2 -2 0
2 2 -2 -2 0,

6.6. Character Table of GG

We used the above Fischer matrices and the character tables of the inertia factor groups H; =2 Ho,
Hs =2 Hy, Hs, Hg = H7 = Hg = Hg and Hig together with the fusions of Hy = Hy, Hs = Hy, Hs,
Hg = H; = Hg =2 Hy and Hjp into G to obtain the character table of G. The character table of G
will be partitioned into ten blocks Bi, B2, Bs, By, By, Bg, By, Bg, Bg and Bjg corresponding to
the inertia factor groups Hy, Ho, Hs, Hy, Hs, Hg, H7, Hg, Hg and Hyg respectively. In fact

By = {x|1 <i <10}, By = {xs]11 < i <20},
Bz = {xi[21 <i <25}, By = {xi[26 < i < 30},
Bs = {xi|31 <i < 38}, Bs = {x39 <i <42},
By = {xi]43 <i <46}, B = {x;|47 <i <50},
By = {xi|51 <i <54}, Bio = {x:[55 < i < 56},

where Irr(G) = Ugl B;. We now multiply the appropriate partial character tables of the inertia
factor groups by the corresponding rows of the Fischer matrices to obtain the full character table

of G. For instance on the classes 45, 4T and 8A in the block corresponding to Hy, we have:

1 2 —2 0
1 2 —2 0
12 —2 0)=]-2 20
-1 =) 0
0 0 0

We have the following character table of G:
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N.b1_I_l_l_l_I.l10011111111000000000000202
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D6111111110011111111000000022220020
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Table 6.14: Character Table of G = 2°:(2 x Ds)
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Table 6.14: (cont.)
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4 4-4 0 0 0] 0 0 O
-4 -4 4 0 0 0 0 0 O
-4 -4 4 0 0 0 0 0 O

4 4-4 0 0 0] 0 0 O
0 0 0 00 00 0 O
0 0 0 0 0 00 0 O

9]
1Ca(9)l

X35

X36

X37

X38

X39

X40

X41

X42

X43

X44

X45

X46

X4t

X48

X49

X50

X51

X52

X53

X54

X55

X56

Table 6.14: (cont.)
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25 24

25

-1 -1 -1

-1 -1 -1
-1 -1 -1

-1 -1 -1

1

-1 -1

1
1

-1 -1
-1 -1

1

-1 -1

26 96 94

26

26

-1

-1 -1 -1
-1 -1 -1
-1 -1 -1

-1
—1
-1

—1
-1

1

1

1
1
-1

1
-1

1

-1 -1 -1

1
1
1
-1

-1 -1 -1
-1 -1 -1
-1 -1 -1

-1
-1
-1

1

1

1 -1

1
-1 -1 -1

1

—1

26 96 96 o4

26

1
1

0

-1

1

1
1
1

2

2 -2 =2

2

2 -2 =2

2W 2X 4AM AN 40 |2Y 27 4P 4Q 4R|2AA 2AB 4U 4V 4W |4X 4Y 8B

27 2T 97T 95

27

-1 -1
-1 -1

-1
-1
1

-1
-1

-1
—1

1{-1 -1 -1 -1 -1

1

-1 -1/-1 -1 -1 -1 -1
-1 -1/-1 -1 -1 -1 -1

-1
-1
1

-1
—1

—1
—1

1/-1 -1 -1 -1 -1

1

-2 -2 -2 =2

-2

—1
-1

-1 -1
-1

-1

—1
-1

1 -1{-1 -1 -1 -1

1

1/-1 -1 -1 -1
1{-1 -1 -1 -1

—1
—1

-1 -1
-1

-1

—1
—1

1 -1{-1 -1 -1 -1

1

-2

-2
-2
-2
-2
-2

-2
-2
-2
-2
-2

-2
2
2
2
2

0

2

0

2

2 -2 =2

2

2 -2 =2

2

9]
1Ca(9)]

X1

X2

X3

X4

X5

X6

X7

X8

X9
X10

X11

X12

X13

X14

X15

X16

X17

X18

X19

X20

X21

X22

X23

X24

X25

X26

X2t

X28

X29

X30

X31

X32

X33

X34

Table 6.14: (cont.)
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[g] ||2W 2X 4M 4N 40|(2Y 27 4P 4Q 4R|2AA 2AB 4U 4V 4W |4X 4Y 8B
|ICalg)||] 27 27 27 27 25|26 26 26 926 24} 96 96 96 o6 9d4f 95 95 94
X35 || -2 -2 2 2 0,0 0 0 0 0O 0 0 0O O 0O O 0 O
X36 2 2 -2-2 00 0 0 0 0 0 0 0 0O 0 0 0 O
x37 || -2 -2 2 2 0,0 0 0O 0O O 0O 0 O O 0 O 0 O
X38 2 2 -2-2 00 0 0 0 0 0 00 0 0 0 0 O
X39 0 0 0 0 0/ 2-2 2-2 0 2 -2-2 2 0/ 0 0 0
X40 0O 0 0 0 0/ 2-2 2-2 0 -2 2 2-2 0/ 0 0 0
X41 0o 0 0 0 0/-2 2-2 2 0/ 2 -2-2 2 0/ 0 0 0
X42 0o 0 0 0 0/-2 2-2 2 0 -2 2 2-2 0/ 0 0 0
X43 0O 0 0 00,O OO OTWO O O0O0OO O 0 0 O
X44 0O 0 0 000 0O O0OOUO 0O 0 O0O0 0 0 0 0
X45 0O 0 0 00O OO OTWO O O0O0OUO O 00 O
X46 0O 0 0 00,O OO OO O O0O0OUO 0 0 0 O
Xa7 0O 0 0 00O OO OO O O0O0OO 0O 0 0 O
X48 0O 0 0 00o,O OO OTW O O O0OO0OUO O 00 O
X49 0O 0 0 00O OO OTWO O O0OO0OUO O 00O
X50 0O 0 0 00,O OO OO O O0O0OO 0 0 0 O
X51 0o 0 0 0 02 2-2-2 0 2 2-2-2 0/ 0 0 0
X52 0 0 0 0 0/ 2 2-2-2 0 -2 -2 2 2 0/ 0 0 0
X53 0o 0 0 0 0/-2-2 2 2 0 2 2-2-2 0/ 0 0 0
X54 0O 0 0 0 0-2-2 2 2 0 -2 -2 2 2 0 0 0 0
X55 0O 0 0 00O OO OTWO 0O O0O0OUO 0O 00 O
X56 0O 0 0 00,O OOOTW O 0O O0OO0OUO O 00 O

Table 6.14: (cont.)

6.7. Fusion of Conjugacy Classes of G into the Classes of 2°:5

We obtained the permutation character x(A(3)|G) for the action of A(3) = 25:Ss on the cosets of G
in A(3) using GAP. Furthermore, denote by cons|i] the constituents of x(A(3)|G). By considering
the degrees of these constituents in the character table of A(3) as provided in the Appendix Table
A.2. We are able to identify them as cons[1] = x1, cons[2] = x5, cons[3] = x3, cons[4] = x10 and
cons[5] = x21. The inner product of these constituents with the permutation character y(A(3)|G)
helps us then to write

X(AB)IG) = x1+ x3 + x5 + 2x10 + X1

The power maps of elements of A(3) appear in the Appendix Table A.2. Using the information
provided by the conjugacy classes of elements of G’ and A(3), the power maps and the permutation
character of A(3) of degree 45, we are able to get partial fusion of G into A(3). For example the
classes 24, 2B, 2C, 2D, 2E, 2F, 2G, 2H and 21 of G must fuse to the classes from the identity coset
of A(3), that is the classes 24, 2B, 2C since the groups G and A(3) contain N = 2°. In fact the
action of G on N gives ten orbits of lengths fi =1, fo =1, fs=1, fa=1, f5=2, fe =2, fr=2,
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fs =4, fo = 8 and fi9 = 8. Similarly, the action of Sg on N results into four orbits of lengths
fi=1, fo =1, fs =15 and fy = 15. We establish the fusions: 24 — 24, 2B — 2C, 2C — 2B,
2D — 2C, 2FE — 2B, 2F — 2C, 2G — 2B, 2H — 2C and 2I — 2B. To complete the fusion map,
we restrict irreducible characters of A(3) of small degree to G. In determining the restrictions of
irreducible characters of A(3) to G, we continue with the technique of set intersections described

in the previous chapter.

Let £ be the character of 2 x Dg afforded by the regular representation of 2 x Dg. Then we have
that £ = Z}il eii, where ¢; € Irr(2 x Dg) and e; = deg(1);). Then &£ can be taken as a character
of 25:(2 x Dg) which contains 2° in its kernel such that

12 x Dg| if g€25,
¢(g) =

0 otherwise.

Now if ¢ is a character of 2°:S5, then we obtain the following:

<£7‘P>25:(2><D8):m{§( A)p(14) + £(24)p(24) + £(2B)¢(2B) + £(2C)¢(2C)

|
+28(2D)p(2D) + 2£(2E)p(2E) + 4€(2F)p(2F)
+48(2G)p(2G) + 8¢(2H )p(2H) + 8¢ (21)p(21)}
1
" ]25:(2 x Dy)|
+ |2 X D8|g0(2B) -+ |2 X D8|g0(20)
+ 2|2 x Ds|@(2D) + 2|2 x Ds|p(2E) + 4|2 x Ds|p(2F)

+4]2 x Ds|p(2G) + 8|2 x Ds|p(2H) + 8|2 x Ds|p(21)}

{12 x Dg|p(14) + |2 x Dg|p(24)

_ 3%{¢(1A) +¢(24) + p(2B) + ¢(2C)
+2¢(2D) + 2¢(2E) + 4 (2F)
+ 40(2G) + 8p(2H) + 8p(21)}

= <()025a Ql>

where p; is the identity character of 25 and o5 is the restriction of ¢ to 25. Similarly, we obtain:

Y95 = b101 + babla + b3b3 + b0y + b505
+ bgls + b787 + bgblg + bofy + b1o010

where b; € NU {0}, i € {1,2,---,10} and 6;, i € {1,2,---,10} are the sums of the irreducible
characters of 2° which are in one orbit under the action of 2 x Dg on Irr(2°). Let g; € Irr(2°), for
j € {1,2,---,32}. From Section 6.4, we can easily obtain the orbits for the action of 2 x Dg on
Irr(2°). Thus we have:
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01 = 01, deg(f) =

1.
02 = 02, deg(fz) =1

4
O3 = 0j, deg(fs)=
=3
6
94 = Z 04, deg(94) = 2.
8
05 = 0j, deg(fs)=
=7
12
0= 0j, deg(fs)=
=9

07 = 0j, deg(f7) =4.
j=13

Os = 05, deg(fs) =4.
j=17

O = 0j, deg(fy) =4.
j=21

610= 0j, deg(r) =8.
=25

Therefore,

4 6 8
Pos :b101+b202+b329j+b4ZQj+b5ZQj

j—3 j—5 j—7
+bgzg]+b7zQ]—l—ngQj—i—ngQ]—i—beQg
7=13 Jj=17 7j=21 j=25

and further,
(a6, pgs) = b3 + b3 + 203 + 2b7 + 2b7 + 4bZ + 4b2 + 4b3 + 4b3 + 8b3,
Clearly, by = (25, 01) = (£, P)25:(2x D) Similarly, we obtain

(a5, p95) = %{w(lfl)s@(lfl) + @(2A)p(24) + ¢(2B)9(2B) + ¢(2C)p(2C0) + 2¢(2D)p(2D)

+20(2E)p(2E) + 4p(2F)p(2F) + 4p(2G)¢(2G) + 8¢ (2H)p(2H) + 8p(2I)p(21)}.

Let us apply the above results to the restrictions @1 = x11 and @2 = xs, where x11 and xg are

irreducible characters of 2°:Sg of degrees 10 and 6 respectively. (see Table A.2 for the character
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table of 2°:55). Thus for (1, we obtain

1
b1 = (€, P1)25:(2xDx) = 35 191(14) +91(24) + 91(2B) + ¢1(20)
=+ 2@1 (QD) + 2()01(2E) + 4(p1(2F)
+ 41 (QG) + 8(p1(2H) + 81 (2[)}

= 3%{10 +(=10) + (=2) + (2) +2(=2) + 2(2) + 4(—2) + 4(2) + 8(=2) + 8(2)} = 0,
and since deg(yp1) = 10, we have that

b1 + by + 2bg + 2by + 2bs + 4bg + 4by + 4bg + 4bg + 8b1g = 10.

Now b; = 0 implies, among other solutions, that b3 = 1, bg = 1 and by = 1. Thus, by considering
the already determined fusions via the use of powers maps of elements of 2°:Sg and 2°:(2 x Dg),
the permutation character values on the classes of 2°:Sg , and also by considering the irreducible
characters of 25:(2 x Dg) as provided in Table 6.14 we determined that (¢1)25:(2x Dg) can be written
as a sum of three irreducible characters of 2%:(2 x Dg) where one is of degree 2 and appears in the
third block of the character table of 2°:(2 x Dg), the second one is of degree 4 and appears in the
sixth block of the character table of 25:(2 x Dg) and finally the third is of degree 4 and appears in
the seventh block of the character table of 2°:(2 x Dg). We obtain

(¢2)25:(2x D) = X24 + X39 + X4d-
where the x;’s, ¢ € {24,39,44} are as given in Table 6.14.
Furthermore, for (o, we obtain
1
b1 = (€, p2)25:(2xDy) = 35 192(14) + 92(24) + 2(2B) + ¢2(2C)

=+ QQOQ(QD) =+ 2@2(2E) + 4@2(2F)
+ 4p2(2G) + 82 (2H) + 8pa(21)}

= 3%{6 —6+ (2) + (—2) + 2(2) + 2(—2) + 4(2) + 4(_2) + 8(2) + 8(—2)} —0.

Since we know that deg(yp2) = 6, it follows that

b1 + by + 2bs + 2byg + 2b5 + 4bg + 4b7 + 4bg + 4bg + 8b19 = 6.

Now b; = 0 implies, among other solutions, that by = 1 and bg = 1. Thus it could be deduced that
(¢2)25.(2x Dg) Can be written as a sum of two irreducible characters of 25:(2 x Dg), where one is of
degree 2 and the other of degree 4 and based on the partial fusion of 2°:(2 x Dg) into 2°:Sg which

has already been computed, we obtain

(¢2)25:(2x Dg) = X209 + X48-
where the x;’s, i € {29,48} are as given in Table 6.14.

Using the partial fusion which has already been determined, the values of 1 and (2 on the classes

of 25:S5 and the values of (¢1)25:(2xDs) and (92)25.(2x Dg) O the classes of 25:(2 x Dg), we are able
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to complete the fusion of 2°:(2 x Dg) into 25:95. This fusion is given in Table 6.15 in which the
entries are obtained by computing |C4(3)(y)|/|Cq(x)| where y is a representative of a conjugacy
class of A(3) and z is a representative of a conjugacy class of G’ and o(y) = o(x). The entries that

appear in the boxes in the Table 6.15 indicate the actual fusions.

[y] 1A 2A 2B 2C 2D 2F 2F 2G 2H 21 2.J
1Ca) ()] 23 231515 7 7 1 3 31 1
040 040 36 36 68 68 28 84 84 28 28
X(A(3)|G)(y) 45 454545 9 9 9 9 9 5 5
@] |C@)
1A 512 i)
2A 512 3 3
2B 512 45 3
2C 512 45 3
2D 256 6 3 3
2F 256 6 3 3
2F 128 1202 6 6 1 3 3 1 1
2G 128 @12 3 3 6 6 1 1 1
2H 64 24 24 2 6 6 2 2
21 64 24 24 2 6 6 2 2
2J 128 1212 @8 6 1 3 3 1 1
2K 128 1212 6 @ 1 3 3 1 1
2L 128 12 12 6 m3 311
2M 128 12 12 6 m 3 311
2N 32 a 4 4
20 256 3
2P 256
20Q) 128 1212 6 6 © 3 3 1 1
2R 64 24 24 6 6 2 2
25 64 24 24 2 6 6 2
2T 64 24 24 2 6 6 2
2U 128 1212 6 6 1 3 1 1
2V 128 1212 6 6 1 3 1 1
2W 128 1212 6 6 1 3 3 1 @
2X 128 1212 6 6 1 3 3 @O0 1
2Y 64 24 24 2 6 2 2
27 64 24 24 2 8 6 2 2
2AA 64 24 24 2 6 6 2
2AB 64 24 24 2 6 6 2

Table 6.15: Fusion of G' = 25:(2 x Dg) into A(3)
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On a Maximal Parabolic Subgroup of OF (2)

7.1. Introduction

In this chapter, we study a split extension group of the form G = 2%:A4gz, a maximal parabolic
subgroup of O;{ (2). The chapter is organized as follows: in Section 7.2, we briefly introduce the
group G = 20:4g and generate it as a maximal parabolic subgroup of O; (2). In Section 7.3, we list
the conjugacy classes of G obtained using the coset analysis technique and see that corresponding
to 14 conjugacy classes of Ag, we get 41 conjugacy classes of G. Furthermore, using the action of
Ag on Irr(29), we were able to determine the structures of the inertia factor groups as H; = Asg,
Hy = Sg and Hz = 2*:(S3 x S3). In Section 7.4, we calculate the fourteen Fischer matrices of G
and see that the sizes of these matrices range from 1 to 5. We further show how to construct the
character table of G using Fischer matrices method and the full table is given as Table 7.8. We
end the chapter by fusing the conjugacy classes of 26:Ag into those of Og (2) in Section 7.5.

7.2. The Generators of G = 26: A,

The group Og (2) is the only proper normal subgroup of GOg(2) and we generate it as such in
GAP. From Chapter 4, we recall that Og (2) has a maximal parabolic subgroup of the form 2%: A4s.
Using Atlas [19], we can see that Og (2) has three maximal subgroups of type 26:4s. These three
maximal subgroups are conjugate in the full automorphism group of Og (2), namely OgF (2):55.
Thus we have the modules M; = 26, My = 26 and M3 = 26 on which Ag acts irreducibly (therefore
these three modules are isomorphic as Og (2) —module). Without loss of generality, we can consider
our maximal parabolic subgroup to be G = M;:Ag. Thus N = M; = 25 and G = Ag. We first
constructed Oy (2) inside GAP. The order of this group is 172, 184,400 and the index [Og (2) : G] =
135.
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The generators of OF (2) are

11100111 10000000
01000000 01000000
01 1000C0°1 001000GO0°1

00011 000f f0O00 11000
0110010 1|’ 0010010 1|’
01001000 000071000
01000001 00000O0T 01
000100710 000100710
10001000
01000010
00100000
fooo10000

““loooo1000
01000100
00000O0T10
10001001

with o(a) = 15, o(b) = 15 and o(c) = 4.

We then constructed G' = M;:As as a maximal parabolic subgroup of Of (2). The following two

elements g, and go are 8 — dimensional matrices that generate G.

01100010 10101001
10101000 10011111
010001T10 100107101

ot o010 100l 0 11011110

=01 1001000’ 10001111
10111110 01100101
00000010 01011000
01011001 10011010

with 0(g1) = 4 and o(g2) = 6. We can use GAP to check all the normal subgroups of G. In fact,
there is only one proper normal subgroup of G that is a group of order 64. This group must be
isomorphic to the elementary abelian group N = M; = 25. Let N = (eq, es, €3, e4, €5, €), where the
e;’s could easily be determined in GAP. We were able to generate Ag = (g1,92) as a complement
of N such that NN G = {15} and G/N = G. We do not give these generators but they are easily
accessible in GAP.

7.3. The Action of G on both N and Irr(N)

In this section, we apply the coset analysis technique discussed in Section 2.3 to compute the
conjugacy classes of G. For each coset Ng, where g is a representative of a conjugacy class of G,

we know that the f;’s are the lengths of the orbits when C¢(g) acts on the orbits from the action

87



Chapter 7

of N on Ng. The subroutine developed in GAP was used to compute the f;’s as well as the power
maps of the class representatives of G. Using the formula for the weights m; = %, we computed

the weights for the rows of the Fischer matrices and we include them as column 4 in Table 7.2.

We know that G has 14 conjugacy classes. The action of G on N gives 3 orbits of lengths 1, 28 and
35. Since G has 3 orbits from its action on the conjugacy classes, we have that it has 3 orbits from
the action on Irr(N). Hence we have that 64 = 1+ a+ b, since the identity character is fixed. From
the maximal subgroups of G, we have that a = 28 and b = 35. Thus the action of G on Irr(NV)
produces 3 orbits of lengths 1, 28 and 35 with point stabilizers Ag, Sg and 2%:(S3 x S3).

The permutation character for the action of G on N is given by
X(GIN) = 3x1 + x2 + X3 + 2x4,

where x; € Irr(G), refer to Atlas [19] for character values of the y;’s. We have the following Table
7.1 for the k’s.

9lc |1A|2A|2B|3A|3B |4A 4B |5A|6A|6B|7TA|7B|15A|15B
k |64|16]16|16| 4 |4 | 4|44 (4|11 |11

Table 7.1: Fixed Points for the Action of G on N

7.3.1 The Conjugacy Classes of G

We give the conjugacy classes of G constructed using coset analysis in the following Table 7.2. We

have also included a column (column 7) on power maps in the same table.

vl | fi mi | lga ICa(9)l 2 3 5 7| Sizeof [g]g
1A | 64 fi=1 mp =1 1A | 212 x32x5x7 | 1A 1
fa=28 | ma =28 24 210 32 x5 | 14 28

f3=35| m3=35| 2B 212 %32 | 14 35

2B |16 | fi=1 my =4 2C 29%x3 | 1A 840
fa=1 mo =4 4A 29%3 | 2B 840

f3=3| m3=12 4B 29 | 2B 2520

fa=3 | myg=12 2D 29 | 14 2520

f5=8 | ms =232 4c 26 x3 | 24 6720

4B 4 fi=1| mi=16 | 4D 25 | 2¢ 40320
fo=1| ma=16 8A 25 | 4B 40320

fa=1| m3=16 8B 25 | 44 40320

fa=1| myg=16 4E 25 | 2D 40320

24 |16 | fi=1 m; =4 2F 2103 | 14 420
fa=1 mo =4 2F 2103 | 14 420

fa=1 ms =4 2G 210 3 | 14 420

fa=1 myg=4 | 2H 210 3 | 14 420

fs =12 | ms =48 AF 28 | 2B 5040

3A | 16 fi=1 my =4 3A 26 x32x5 1A 448
fo=5 | m2=20 6A 26 x32 | 34 2B 2240

f3=10 | m3 =40 6B 25 %32 | 34 24 4480

6A 4| fi=11] m1 =16 6C 24x3 | 34 2C 26880
fo=1] ma=16 | 124 24 x3 | 6A 44 26880

f3=2| m3=32 | 12B 28 x3 | 6B 4C 53760

TA 1 fi=1] mg =26 TA 7 14 184320
7B 1 fi=1] mg =26 7B 7 14 184320
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3B fi=1]| mi=16 | 3B 23 x 32 1A 17920
fa = ms =16 | 6D 22%x32 | 3B 2B 17920
fa=1| mzg=16 6E 23x32 | 3B 24 17920
fa=1| myg=16 6F 23x32 | 3B 2B 17920
6B fi=1] mi =16 | 6G 23 x3 | 3B 2F 53760
fo=1| ma=16 | 6H 22 x3 | 3B 2E 53760
fa=1| mzg=16 61 22%x3 | 3B 2G 53760
fa=11] mg=16 6.J 28x3 | 3B 2H 53760
4A fi=1| mi=16 4G 26 | 2F 20160
fo=1| ma=16 | 4H 26 | 2H 20160
fza=1| m3=16 a7 26 | 2F 20160
fa=1| my=16 4J 26 | 2@ 20160
5A fi=1] mi =16 5A 22x3x5 1A 21504
fo=3 | ma=148 | 10A 22 x5 | 5A 2A 64512
15A fi=1] m3 =261 154 3x5 5A 3A 86016
15B fo= m1 =26 | 158B 3x5 5A 3A 86016
Table 7.2: Conjugacy Classes of G = 26: Ag

Example 7.3.1. Consider the coset Ng where ¢ € 2B. We supply in our Programme A,
g := C[2]. Thus we get the output f1 =1, fo =1, f3 = 1 and f; = 12. Similarly, |Cg(g)| = 192
can be computed easily. In fact we use Order(cent) in our programme. The Bl[i|[1][1]’s can be
accessed and labeled appropriately thus we have BI[1][1][1] = 2E, B[2][1][1] = 2F, B[3][1][1] = 2G,
B[4][1][1] = 2H and BI[5][1][1] = 4F as in Table 7.2. As per requirement g is in B[1].
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7.4. The Fischer Matrices and Character Table of G

We give the fusions of the inertia factor groups Hy = Sg and Hz = 2*:(S3 x S3) in Table 7.3 and
Table 7.4 respectively.

(A, = 9le | (M, = 9le | [, = [dle
la 14 4b 4B 5% 5A
2a 2A 6a 6B
2b 2B 3a 3B
2c 2B 3b 3A
4a 4B 6b 6A

Table 7.3: Fusion of the Classes from Hs to Ag

Wty — 9l | (Wl — [gla | [l > ol
la 1A 3b 3B 4b 4B
2a 2A 6a 6A 4c 4A
2b 2B 3c 3B 2e 2A
3a 3A 6b 6B 4d 4A
2¢ 2B 2d 2A 6c 6B
4a 4A

Table 7.4: Fusion of the Classes from Hgs to Ag

The character tables of Ho and Hs are given in Table 7.5 and Table 7.6 respectively.

9] la 2a 3a 2b 6a 2c¢ 4a 4b 6b ba 3b
|CH,(g)||720 48 18 16 6 48 8 8 6 5 18
X1 1111 1 11 1111
X2 1-1 1 1-1-1 1-1-1 1 1
X3 5-3 2 1 0 1-1-1 1 0-1
X4 53 2 1 0-1-1 1-1 0-1
X5 5-1-1 1-1 3-1 1 0 0 2
X6 5 1-1 1 1-3-1-1 0 0 2
X7 9-3 01 0-3 1 1 0-1 O
X8 9 3 01 0 3 1-1 0-10
X9 10-2 1-2 1 2 0 0-1 0 1
X10 10 2 1-2-1-2 0 0 1 0 1
X11 6 0-2 0 0 0 0 O O 1-2

Table 7.5: Character Table of Hy
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[g] la 2a 2b 3a 6a 3b 3¢ 2c¢ 4a 4b 2d 4c 6b 2e 4d 6¢
|Cr,(g)]|576 64 96 36 12 18 18 16 16 8 48 16 6 48 16 6
X1 111 11 11 11 1 1 1 1 1 11
X2 1 11111 1-1-1-1-1-1-1 1 1 1
X3 1111111 1-1-1-1 11 1-1-1-1
X4 111111111 1-1-1-1-1-1-1
X5 2 2 2-1-1-1 2 0 0 0O O O O 2 2-1
X6 2 2 2-1-1-1 2 0 0 0 0 0 0-2-2 1
X7 22 2-1-1 2-1 0 0 0-2-2 1 0 O O
X8 2 2 2-1-1 2-1 0 0 0 2 2—-1 0 0 O
X9 4 4 41 1-2-2 0 0 0 0 0 0 0 0 O
X10 6-2 2 3-1 0 0-2 2 0 O O O O O O
X11 6-2 2 3-1 0 0 2-2 0 O O O O O O
X12 9 1-3 0 0O 0OO-1-1 1-3 1 0 3-1 0
X13 9 1-3 0 0O 0O O-1-1 1 3-1 0-3 1 O
X14 9 1-3 0 0 001 1-1-3 1 0-3 1 0
X15 9 1-3 0 0O OO 1 1-1 3-1 0 3-1 0
X16 12-4 4-3 1.0 0 0 00 0 0 0 0 0O

Table 7.6: Character Table of Hg

We have used Programme C and Programme D to compute candidates for the Fischer matrices
in GAP. For instance, for each non-identity conjugacy class representative of G, say g := C[i], we
produce the corresponding candidates for Fischer matrices and by the partial fusion of G into
Of (2), we give the actual Fischer matrices as listed in Table 7.7. We observe that on the classes
3B, 4A, 4B and 6B, the subspace N/M = 22 and the action of C(g) on Irr(N/M) is trivial. Thus

the corresponding Fischer matrices coincide with the character table of N/M.

Table 7.7: Fischer Matrices of 26:Ag

Fischer Matrices of 26:Ag Fischer matrices of 26:A8

1 1 1 1 1
1 1 1 6 6 -2 -2 0
M(1A) = | 28 4 —4 M(2B)= |2 -2 -2 2 0
35 -5 3 1 1 1 1 —1
6 —6 2 -2 0

1 1 1 1 1 1 1 1

M(4A) = (1 -t 1) M(4B) = (1 - 1)

1 —1 1 —1 1 —1 1 —1

1 1 —1 —1 1 1 —1 —1

1 1 1 1 1 1 1 1

M(6B) = (1 —1 —1 lj M(3B) = (1 —1 —1 1)
1 —1 1 —1 1 —1 1 —1
1 1 —1 —1 1 1 —1 —1
1 1 1 1 1 1
M(3A) = (10 2 —2) M(6A) = (2 0 —2)
5 -3 1 1 —1 1
1 1
M(5A) = (5 _1> M(TA) = (1)
M(15A4) = (1) M(15B) = (1)

1 1 1 1 1
4 4 —4 —4 0
M(7B) = (1) M(24)=|3 3 3 3 -1
4 —4 4 —4 0
4 —4 —4 4 0
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Remark 7.4.1. It could be verified using the centralizer orders on class representatives of G, the
power maps of the elements of G (so as to apply the properties of the entries of the ordinary
character of G as given in Section 5.4) that the columns of M(1A) are identified as: columns 1, 2
and 3 correspond to 1A, 2A and 2B respectively. For M(2B), columns 1, 2, 3, 4 and 5 correspond
to 2C, 4A, 4B, 2D and 4C' respectively. For M(4A), columns 1, 2, 3 and 4 correspond to 4D,
4F, 8B and 8A respectively. For M(2A), columns 1, 2, 3 and 4 correspond to 2H, 2F, 2F, 2G
and 4F respectively. For M(6A), columns 1, 2 and 3 correspond to 6C, 12B and 12A respectively.
For M(3B), columns 1, 2, 3 and 4 correspond to 3B, 6D, 6F and 6E respectively. For M(6B),
columns 1, 2, 3 and 4 correspond to 6G, 61, 6H and 6.J respectively. For M(4A), columns 1, 2,
3 and 4 correspond to 4G, 4J, 41 and 4H respectively. And for the rest of the Fischers matrices,
identification of their columns reveals that they coincide with the classes of G as obtained from coset

analysis.

We used the above Fischer matrices and the character tables of the inertia factor groups Hy, Hy and
H3; together with the fusions of Hy, Hy and Hs into Ag to obtain the character table of G = 26: Ag.
The character table of G = 25:A4g will be partitioned into 3 blocks By, By and Bs corresponding
to the inertia factor groups Hi, Ho and Hj respectively. In fact

By = {xi|1 <i <14}, By = {x:|15 < i < 25},
Bz = {xi]26 <14 < 41}.

where Irr(G) = |J>_, B;. For instance, on the classes 14, 24 and 2B in the first block we have:

7 7T 7 7
14 14 14 14
20 20 20 20
21 21 21 21
21 21 21 21
21 21 21 21
28 [1 ! 1}: 28 28 28
35 35 35 35
45 45 45 45
45 45 45 45
56 56 56 56
64 64 64 64
70] 70 70 70|

We are able to fill all the portions of the character table of G this way and we give the full table
as Table 7.8.
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Table 7.8: Character Table of 26: Ag
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158

b1s

15A

b1s

10A

41 4H | 5A

—2 -2 -2

-2

-2

—2

-2 =2

2

6/ 6H 6J|4G 4J

-2
-1

-1

-1

0

-2 -2 -2

-2

-2
-2

-2
-2

-2
-1
-1

0
-3
-3

0
3
3

124 | 7TA | 7B | 3B 6D G6F 6F |6G

12B

6C

9]

X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

X11

X12

X13

X14

X15

X16

X17

X18

X19

X20

X21

X22

X23

X24

X25
X26

X27

X28

X29

X30

X31
X32

X33

X34

X35

X36

X37

X38

X39
X40

X41

Table 7.8: (cont.)
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7.5. Fusion of G into O (2)

The permutation character for the action of Og (2) on the cosets of G in Og (2) is given in Atlas
[19]. We obtain that
x(Og (2)|G) = 1a + 50a + 84a.

We use the permutation character values on the classes of O; (2) and the known power maps of
the elements of G and O (2) (see Atlas [19] for the power maps of the elements of Og (2)) to get
partial fusion of G into O; (2). For example, for the classes 24 and 2B of G, we have the following
fusions 2A + 2B and 2B — 2A in O; (2). To complete the fusion map, we restrict irreducible
characters of OF (2) of small degree to G. In determining the restrictions of irreducible characters
of OF (2) to G, we continue with the technique of set intersection of characters described in the

previous chapters.

Let & be the character of Ag afforded by the regular representation of Ag. Then we have that
= Zilil eih;, where 9; € Irr(G) and e; = deg(v);). Then & can be taken as a character of 2:Ag

which contains 26 in its kernel such that

|A8| if gE< 267
£(g) =

0 otherwise.

Now if ¢ is a character of O (2), then we obtain the following:

(6912000 = T 1A+ E(2A)A(24) + E(B)o(28)}

_ 1
"~ |26: Ag]

- é{gp(lA) +¢(24) +¢(2B)}

= <Q026, Ql>

{lAs|p(1A) + [As|p(24) + [As|p(2B)}

where ;1 is the identity character of 26 and (46 is the restriction of ¢ to 26. Similarly, we obtain:

P96 = b161 + ba0s + b3ls

where b; € NU {0}, 7 € {1,2,3} and 6;, i € {1,2,3} are the sums of the irreducible characters of
26 which are in one orbit under the action of Ag on Irr(2°%). Let g; € Irr(2°), for j € {1,2,---,64}.
We have that

01 = 01, deg(ﬁl) =1.

29
02 = Z 05, deg(¢92) = 28.
j=2

64

03 = Z 95, deg(93) = 35.
Jj=30
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Therefore,

29 64
Pas = b101 +b220j + b3 Z 0j
j=2 =30

and further
(g6, g6 ) = bT + 283 + 35b3.

Clearly, by = (a6, 01) = (&, ©)25.4,- Similarly, we obtain

(oo, p28) = 5 {p(14)p(14) + 28p(24)p(24) + 350(2B)p(2B)}.

Let us apply the above results to the restrictions @1 = 28a and 2 = 35a, where 28a and 35a are
irreducible characters of Of (2) of degrees 28 and 35 respectively. (see Atlas [19] for the character
table of OF (2)). Thus for o7, we obtain

1
b= (€, ¢1)a0.ay = £ 101(14) + 2891 (24) + 3501(2B)}
1
= 6—4{28 +28(4) +35(—4)} =0
and since deg(yp1) = 28, we must have that

b1 + 28by + 35b3 = 28.

Now by = 0 implies that b3 = 0 and by = 1.

Now by considering the already determined fusions via the use of power maps of elements of 26:Ag
and Og (2), and also by considering the irreducible characters of 26: Ag as provided in Table 7.8 we
determined that (¢1)96.4, can be written as an irreducible character of 26: Ag of degree 28. Thus

we write
(@1)26:A8 = X16;

where x1¢ is as given in Table 7.8.

Furthermore, for (o, we obtain

1
bi = (€, w2)a0.a5 = £ 102(14) + 2892(24) + 3502(2B)}
1
= 6—4{35 +28(11) +35(3)} =7
and since deg(p2) = 35, we must have that

b1 + 28by + 35b3 = 35.

Now by = 7 implies that by = 1 and b3 = 0.

Now by considering the already determined fusions via the use of powers maps of elements of 26: Ag
and Og (2), and also by considering the irreducible characters of 20: Ag as provided in Table 7.8 we
determined that (¢1)96.4, can be written as a sum of two irreducible characters of 26: Ag of degrees
7 and 28. Thus we write

(902)26:148 = X2 + X15,
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where x;, i € {2,15} is given in Table 7.8.

By the use of partial fusion already determined, the values of 1 and @2 on the classes of O; (2) and
the values of (¢1)96.4, and (¢2)96.4, on the classes of 26:Ag, we are able to complete the fusion of
26:Ag into Og (2). This fusion is given in the following Table 7.9 in which the entries are obtained
by computing \CO;(Q) (y)|/|Ca()| where y is a representative of a conjugacy class of Of (2) and x
is a representative of a conjugacy class of G and o(y) = o(x). The entries that appear in the boxes

in Table 7.9 indicate the actual fusions.

] 14 24 2B 2C 2D 2E 4A 4B 4C 4D 4E AF

Coz (2 )] 1741110 46 46 46 3 4 5 1 1 1 6
82400 592 080 080 080 072 608 12 92 92 92 4

X(0F(2)|3) () 135 39 31 15 15 7 311 7 3 3 3

[z] [Ca(x)]

14 1290240| I35

24 46080 m 1 1

2B 36864 B

20 1536 30 2

2D 512 B

2F 3072 36 15 15 1

2F 3072 36 15 15 15 1

2G 3072 36 15 08 15 1

2H 3072 36 15 15 15 I

44 1536

4B 512 m

40 192 m 1 1

4D 32 2

AE 32 6

AF 256

4G 64 3 3 3 1

AH 64 8 3 3 3 [

Al 64 8 3 3 1

AJ 64 8 3 31

Table 7.9: Fusion of G into OF (2)
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[y] 3A 3B 3C 3D 3E 5A 5B 5C TA 8A 8B
1Cot 2 W) TTTT 7T 1 6 3 3 3 0 3 3
760 760 760 944 48 00 00 00 7 2 2
x(0F (2)|G)(y) 27 0 0 0 9 5 0 0 2 1 1
[z] [Ca()|
34 2880 | 27
3B 72 Y
5A 60
7TA m
7B m
8A 32 1 m
8B 32 m 1
Table 7.9: (cont.)
[y] 6A 6B 6C 6D 6F 6F 6G 6H 616.J 6K 6L 6M 6N 9A9B 9C
1Cot 2y W) 1 1 12222 22277 72222
728728728 88 88 88 16 161616 2 2 2 4 7 7 T
x(Og (2)|G)(y) 3007000 93313 31000
2] Ca ()]
6A 576
68 288 il
6C 48
6D 72 4 3 3 11 1
6E 72 4 333 D1 1
6F 72 4 383 11 1
6G 24 9 3 3 1
6H 24 9 3 1
61 24 9 8 3 1
6.J 24 9 3 3 @

Table 7.9: (cont.)
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10A 10B 10C 12A 12B 12C' 12D 12F 12F 12G 15A 15B 15C
2 2 2 1 1 1 3 2 2 2 1 1 1
0O 0 0 4 44 4 6 4 4 4 5 5 5
1 0o o0 3 o0 0 o 1 0 0 2 0 O

Table 7.9: (cont.)
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8
On a Sylow 2 — Subgroup of OF (2)

We recall the discussion of Chapter 4 that Sylow p — subgroups of O;rm(q), for ¢ = p* for some k,
are split extensions. In this chapter, we study a split extension group of the form G = 26:Gy, where
G4 = 23:Dg is isomorphic to a Sylow 2 —subgroup of GL(4,2). The group G is a Sylow 2 —subgroup
of O; (2), the orthogonal group of type + and dimension 8 over the field of two elements. The
degrees of the irreducible characters in general of Sylow p — subgroups of O;rm(q), where ¢ = p”
have been studied extensively, see for instance [16] and [51]. We determine the character table of
G in this chapter and in addition, we fuse its conjugacy classes into 2°:Ag, a maximal parabolic

subgroup of Of (2) as discussed from the previous chapter.

This chapter is organized as follows: in Section 8.1, we give a brief introduction on the group G
and generate it as a Sylow 2 — subgroup of Og (2). In Section 8.2, we give the conjugacy classes of
G computed using the coset analysis technique and we see that corresponding to the 16 conjugacy
classes of Gy, we get 103 classes for (. In Section 8.3, we act the group G4 on Irr(2°) and show
that there are 10 inertia factor groups, namely Hy; = G4, Hy = G4, H3 = (2 x Dg):2, Hy = 2 X Dy,
Hs = 2 x Dg, Hy = 2 x Dg, H; = 23, Hy = 23, Hy = 2% and Hjy = 22. In Section 8.4, we
compute the sixteen Fischer matrices of G through a non combinatorial approach by the help of
Programme D in the Appendix. We see that the sizes of these Fischer matrices range from 4 to
10. In Section 8.5, we discuss the fusion of the conjugacy classes of G into those of 26: Ag. Therefore,
we compute the permutation character x(2%:Ag|G) for the action of 26:Ag on the cosets of G in
26:A4g. We used GAP [31] as well as information about the permutation character x(2%:4s|G),

conjugacy classes of elements of G' and 25:Ag to fuse the conjugacy classes of G into 2°:Ag.
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8.1. The Generators of GG

We first constructed the group Og (2) in GAP as a proper normal subgroup of GOg (2), the general
orthogonal group of type + and dimension 8 over a field of 2 elements. We then constructed G
inside O;(2) as a Sylow 2 — subgroup. The following 8 — dimensional matrices over Fy, namely g,

Jo, g3 and g4 generate G.
Table 8.1: Generators of 26:(23:Dg)

Generators of 26:(23:Dg) Generators of 26:(23:D8)
1 0o 1 0 0 1 0 1 1 0 0 0 0 0 0 0
01 0 0 0 0 0 0 01 0 1 0 0 0 0
00 0 0 0 1 0 0 1 01 0 1 0 0 0
_ 01 1 0 1 0 0 0 ~ 00 0 1 0 0 0 0
5101 01 0 1 0 o0 92510 0 0 0 1 0 0 o0
00 1 0 0 0 0 0 00 0 1 0 1 0 0
01 0 0 0 0 1 0 00 0 0 0 0 1 0
00 0 0 0 0 0 1 00 0 0 0 0 0 1
1 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0
01 0 0 0 0 0 1 01 0 0 0 0 0 1
00 0 0 0 1 0 1 00 0 0 0 1 0 1
_ 01 1 0 1 0 0 0 _ 00 0 0 1 0 0 0
=10 1 0 1 0 1 0 0 9910 0 0 1 0 0 0 ©
00 1 0 0 0 0 1 00 1 0 0 0 0 1
1 0 0 1 1 0 1 0 1 0 0 1 1 0 1 0
00 0 0 0 0 0 1 00 0 0 0 0 0 1

with o(g1) = 2, 0(g2) = 2, 0(g3) = 2 and o(g4) = 2. That is, G is generated by four involutions.

Using GAP, one can check all the elementary abelian normal subgroups of G. We determined
elements ej, ea, e3, e4, e5 and eg such that N = (e, eq,e3,eq4,€5,66) is an elementary abelian
normal subgroup of G. Let G be the complement of N in G such that N NG = {15} and
G/N = G. We get the following generators of G

Table 8.2: Generators of G

Generators of G Generators of G
1 o 1 0o o 1 0 O [1 o 0o 0 0 0 0 O
01 0 0 0 0 0 0 01 0 0 1 0 0 O
00 0 0 0O 1 0 0 0 0 1 0 1 0 0 O
o1 1 0 1 0 0 O oo 0o 1 0 0 0 O
=10 1 0 1 0 1 0 o0 219 0 0o 0o 1 0 0 o0
00 1 0 0 0 0 O 10 0 1 0 1 0 0
00 0 0 0O 0 1 0 0O 0 0 0 0O 0 1 0
lo o 0 0 0 0 0 1] lo o o 0o 0o 0 0 1]
[0 o 1 1 1 1 0 O
00 0 0 0O 1 0 O
0 1 1 0 0 1 0 O
~joo1 0 1 0 1 0 0
$B=11 1 1 1 0 0 0 o0
01 0 0 0 0 0 O
00 0 0 0O 0 1 O
o o o 0 0 0 0 1]
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8.2. The Conjugacy Classes of ¢

In this section, we use the coset analysis technique covered in Section 2.3 to compute the conju-
gacy classes of G. We know that G has 16 conjugacy classes (see for instance the author’s MSc
dissertation [17]). The action of G on N gives ten orbits which are two fixed points, one orbit of
length 2, three orbits each of length 4, two orbits each of length 8 and two orbits each of length 16.

The permutation character for the action of G on N is given by
X(GIN) = 10x1 + 3x3 + 3x5 + 3x7 + 3xs + 3X10 + 3x13 + 3X14 + 3X15 + X165

where y; € Irr(G), refer to Table 8.6 for character values of the x;’s.

We have the following Table 8.3 for the k’s.

[gla|1A|24 |2B|2C |2D |2E |2F |2G | 2H | 21
k |64]16 |16 |16 |16 |16 |16 | 16| 16 |16
lglc |4A 4B |4AC |4D | AE |4F
k|44 4|4)4]4

Table 8.3: Fixed Points for the Action of G = 23:Dg on N = 26

We used Programme A in the Appendix to determine the f;’s, which are the lengths of the orbits
from the action of C(g) on the orbits of the action of N on Ng. Where g is a representative of a

conjugacy class of G. For the power maps, we applied Programme B.

We give the conjugacy classes of G in the following Table 8.4. We have also included a column

(column 7) on power maps in the same table. The corresponding weights appear in column 4.

Tlle [ *] fi mi | lde [1Cc@ | 2 3 5 7] Sizeof [gg ||

1A | 64 fi=1 my =1 1A 212 1A 1
fo=1 mae =1 2A 212 1A 1

f3= m3 =2 2B 211 1A 2

fa=4 my =4 20 210 1A 4

fs=4 ms =4 2D 210 14 4

fo=4 me =4 2F 210 1A 4

fr=28 my =8 2F 29 1A 8

fs=8 mg =38 2G 29 1A 8

fo=16 | mg=16 2H 28 14 16

fio =16 | mig =16 2I 28 1A 16

2A | 16 fi=1 m; =4 2J 29 14 23
fa=1 mo =4 2K 29 1A 23

fa=1 mz =4 4A 29 24 23

fa=1 my =4 4B 29 2A 23

fs=2 ms =38 4C 28 2A 24

fo=2 me =38 2L 28 1A 24

fr=8 | my=32 4D 26 2FE 26

4A 4 fi=1] mi =16 AE 25 247 27
fa=1] ma=16 AF 25 | 2AM 27

f3=1 ms = 16 4G 25 2AL 27

fa= my =16 4H 25 | 24K 27

2B | 16 fi=1 mp =4 oM 28 1A 24
fo=1 me =4 41 28 24 24

fa=1 m3 =4 4J 28 2A 24

102



Chapter 8

SRS A U (N U S o B B o B o N S o N s B S S~ A LSS I S S § S S o S L~ S~ U LSS o S o SN o B (o N B oY o S S S N | S S B o S S S B N~ S S N [ S I B S o S o T o BN o I SRS S R S > S '~ SN
o IR B R B S T o TR o B TR R S T I R B [ B B o B [ R N (X S o BN N SR R B TR o R [ RS o B o B N o T o B IR TR o B [ R B O B N o TR S B T [ o B SR B B I
T I I IO I T I I I g9QRIE I I I SIS I SAIZOACITI T AN TAQIN A IO N RT I I IAARDDOIZACOT IS T AMQ
1211221111222112212212AAAA112221222244222211112222AAAA1111222
oS B B B | [~ I B BN |
0 00 00 W W W | D D D 0 00 © [0 0 00 00 00 00 00 W 1 (O © © © |0 0 0 W I I~ © © D 0 W W [0 W 0 0 o 00 0 W I~ I O O |©O © © © [0 W W W I~ I~ O
[5 I~ BN [\ o\ S T A TR B TR o S YO N e o T o B TR o B TR R N (R S S B e o o B TR R [ RS N I B o B e o o B S TR R [ S B RO B [ o TR RS B T IS o BN S S B I
Z X QAN SIICENEZOAIDSECEE DEXDI>re X >N NTQTOAQRARAETQRIOEIINOARKKAISIZIOACKIRDgZNED
N9 Q< AN AN G F AN T <+ <+ N | < Y|l < < < < ®© o < < < << < | <t T < <<
~ « = 4M2MMM4 MM44MM%MM4MMM4M42M%2444
NS QS QS QN[O 00 O 00 00O O[O 00 0[O 00w Ot F 0 00O O[O OO O F F 0 0 ©
[2p] [e] N = = N o~ 1o o~ R B e T B T B B | —
I I [ | I 1 I [ | | | T N T | I T T T T [ | A R | 1 nonlu oo [ | A 1 I
EEEffg|fefeffs(fefefsse S S S
D Dl 4 N o ¥ W - 4 N FH 4 N o 0| - O o <f
S £ E|E £ £ & £ E|E £ E E|E £ E & £ E|E E E E g
N N ~ = 4 0| - 4 4 NN O|— A A A A A A 4 O ~ o A~~~ = NN F|[H A~ ~A|A A A A~ S A 4 NN F F|~H o~ A A[A A~ ~ N N <H
L 1 e {1 | {1 | {1 {1 | (e | e | R
TR LT LY L LT L L LI EIT L LRI LA E I i LRI L LZPu L LIl LRI S LT AL AL IDaET 88
© © <t © A <t © ) ©
i i i i i
Q Q Q ) ) Q ) g O
Q [ < ~ < < o~ < Y]

103



Chapter 8

fs=4 | mg=16 4AV 26 2D 26
AF 4 fi=1] m =16 4AW 26 | 2AN 26
fa=1] ma=16 4AX 26 | 24Q 26
f3=1 ms = 16 4AY 26 | 24P 26
fa=1| mg=16 4AZ 26 | 240 26
2H | 16 fi=1 mp =4 24J 29 1A 23
fa=1 mo =4 2AK 29 1A 23
fa=1 m3 =4 2AL 29 1A 23
fa=1 my =4 2AM 29 1A 23
fs=2 ms =8 | 4AAA 28 24 24
fo=2 me =8 | 4AAB 28 2A 24
fr=8 1| my=32 | 44AAC 26 20 26
21 16 fi=1 my =4 2AN 210 1A 22
fa=1 me =4 240 210 1A 22
fza=1 m3 =4 2AP 210 1A 22
fa=1 my =4 2AQ 210 1A 22
fs=4 1| ms=16 | 4AAD 28 24 24
fo=8 | mg=32 | 44AAE 27 2B 25

Table 8.4: Conjugacy Classes of G = 26:(23:Dg)

Example 8.2.1. Let us consider the identity coset N. Since N is abelian, the action of NV on itself

results into orbits comprising singleton. Therefore, k = |N| = 25. The action of Cg(1g) = G on
N yields orbits of lengths f1 =1, fo=1, f3 =2, fa=4, fs=4, fe =4, fr=28, fs =28, fo=
16, fio = 16. The orders of the representatives of these orbits are the orders of the elements of V.
Note that the first orbit corresponds to 1A. We know that |Ce(1g)| = |G| = 64. Hence we have
the following classes of G from g = 1

class (1A) such that |Cs(14)] =

class (2H) such that |Cz(2H)| =

class (2C') such that |Cx(20)| = M — 9210

class (2D) such that |Cx(2D)| = M =210

class (2F') such that |Cx(2F)| = w =929

26><|CG(1G)| — 9l2
bl

2x|Ca(la)| 912
1 - b))

class (24) such that |Cq(24)] = 2

class (2B) such that |Cxz(2B)| = M =211

I

)

class (2F) such that |Cx(2F)| = M =210,

Y

class (2G) such that |Cx(2G)| = M =29,

22x|Co(le)| _ 98

16
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e class (2I) such that |Cx(21)| = %ﬁac)' =28,

8.3. Action of G on Irr(N)

For the action of G on the Irr(N), we have to first write the elements of G in the dimension of the

module N. We know G = (g1, g2, g3) and N = (e1, ea, e3, e4, €s5,¢€q).

Then the action of g; on the generators of N is given by:

€1 — €1, €2 — €3, €3 — €2€3,

€4 > €4, €5 > €4€5€4, €6 > €6.
The action of g on the generators of N is given by:

€1 — €1€2€3€¢, €2 > €2, €3 > €3,

e4 — €e4€qg, €5 €5, € > €g.
The action of g3 on the generators of IV is given by:

€1 F7 €1€4€5, €2 > €264, €3 — €365,

€4 > €4, €5 €5, €5 > €4.

We now have, in Table 8.5, the generators of a group isomorphic to G given in terms of 6 x 6

matrices. Thus G = (gll, 9/2, gé> = (G1.
Table 8.5: Generators of Gy

Generators of G1 Generators of G1
1 0 0 0 0 O] 1 1 1 0 0 1
01 0 0 0 O 01 0 0 0 O
’ 0 1 1 0 0 O /oo 1 0 0 o0
9710 0o 0 1 0 o 2510 0 0 1 0 1
oo 0o 1 1 1 00 0 0 1 0
lo o o o o 1] 0 0 0 0 0 1
[1 0o 0o 1 1 0]
0 1 0 1 0 0
’ 0 0 1 0 1 0
9% 10 0 0o 1 0 o0
0 0 0 0 1 0O
o0 0o 0 o0 0 1]

We now act the group say G generated by the transposed matrices of the group <g/1, g/27 gé> on
the vector space V = GF(2)% as this action is equivalent to the action on the dual V*. The dual is
isomorphic to Irr(2%). We obtain from this action two orbits each of length 1, one orbit of length
2, three orbits each of length 4, two orbits each of length 8 and two orbits each of length 16. The
point stabilizers are given by Hy = G1, Hy = Gy, H3 = (2 X Dg):2, Hy = 2 x Dg, H5 = 2 x Dsg,
Hg =2 x Dg, H; = 23, Hy = 23, Hy = 2% and Hjo = 22. The character tables and the fusions of

the inertia factor groups are given in the following tables.

105



Chapter 8

<L |~ — = = = < < 4 &4 N4 N4 N NN N o O
N [ _

m Ol = S = H = S 4 O O O N N O O O
< - (R (. _

D O ™ = = o = = O O O NN OO O O
o= (R (I _

VO Ol o = = —~ 4 <4 4 O O N O O N O O
= [ N _
Ol 4 A 4 A4 A4 4 < 4 N N O O O O O O
- [ N _
M814114141_A00000000
VQ O ™ ™ ™ ™ ™~ = —~ O O &N O O N o o
o [ N _

O O+ ™ ™ ™ ™~ = = = N N O O O O O O
=~ - [ N _

N O A —A S = —A = 4 O O O O O O &
N - _ _ _ _
O N| = — —w < o o 09 o0 &N AN AN N © O
e [ N

S O A —A S A A = 4 O O O O O O &
o= _ _ _ _ _
S N |~ ™  — = = o o &4 N4 a4 a4 NN N O O
N M I (.

S S|~ ™ ™~ = = —~ —~ —~ &N N N N NN <<
— O

oy
]@1234567890123456
M%XXXXXXXXXMMMMMMM

=G

Table 8.6: Character Table of Hy

e O A A —~H A A A S o o o = = o o - — O
~ (. (R (I I
VU ©O|A ™ ™ o ™ ™~ A - o o ™~ A —~ A A A O
= - _ _ [ _ _ (.
N O A4 A A —H o~ o A o —H o~ o o A A - O
o [ e e
mﬂmlllll‘l_A‘l_*qA‘l__A_ﬂ‘l_A‘l_AlllO
< NN~ H H = o o o H = o~ o =~ o~ <A
a ™ |
S Ol = ™= = = = = = = = = = = = = O
o _ [ _ (I I
_— |4 4 A4 A = A4 A = A4 A 4 A A —~4 4 — O
N (. _ [ _ I
"W O = = = o o o o = o~ o o = = =~ O
=~ [ [ [ (.

VU O ™ ™ ™ ™ ™ ™ ™ ™ ™ ™ ~ = —~ —~ — O
o [ N [

Q ©O|lHA ™ ™ o ™ ™ o - o ™~ ™~ A —~ —~ A —~A O
= _ [ _ f [ _
N O A A —H —~H o~ A A A o~ S o o A~ O
«a | _ _ _ _ _ _ _
QO ©O|lHA ™ ™ o ™ ™~ = - o o ™~ A —~ A A A O
o (R I [

S O A —~A 4 4 4 ™~ ™~ 4 4 ~o = A —~ —~ —~ O
== (. (R [

D O A —~ —~ o o ™~ A A S o o o - — —H O
o _ _ _ _ f (. _
I ©|— ™ = ™~ A ™~ = —~ = ~S = —~ = —~ —~ — O
=~ _ _ _ [ _ _ |
I ©|— ™ ™ ™ ™~ ™~ ™~ ™~ ™~ ™~ = S A —~ —A — O
a N [
aw11111111111111114
—

oy
]@123456789NHHBMB6N
M%XXXXXXXXXXXXXXXMX

(2 X Dg):2

Table 8.7: Character Table of Hg
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9] |la 2a 2b 2c 2d 2e 4a 4b 2f 2g
|Cm,(9)]|16 16 8 8 8 8 8 8 16 16
X1 1 111 1 1 1 1 1 1
X2 11 1-1 1-1-1 1-1-1
X3 1 1-1 1 1-1 1-1-1-1
xa |1 1-1-1-1-1 1 1 1 1
X5 1 11 1-1-1-1-1 1 1
X6 1 1 1-1-1 1 1-1-1-1
X7 1 1-1 1-1 1-1 1-1-1
X8 1 1-1-1 1 1-1-1 1 1
X9 2-2 0 0 0 0 0 0—-2 2
X10 2-2 0 0 0 0 0 0 2-2
Table 8.8: Character Table of Hy = 2 x Dg
9] la 2a 2b 2c 2d 2e 2f 2g
ICr.(9)/| 8 8 8 8 8 8 8 8
Y1 1 1 1 1 1 1 1 1
X2 1 -1 1 1-1 1-1-1
X3 1 1-1-1 1 1 -1 -1
X4 1-1-1-1-1 1 1 1
X5 1 -1-1 1 1-1-1 1
X6 1 1-1 1-1-1 1-1
X7 1 -1 1-1 1-1 1 -1
s 1 1 1 -1-1-1-1 1

Table 8.9: Character Table of H; = 23

Cry(9)l| 4 4 4 4

9] la 2a 2b 2c

X1 1 1 1 1
X2 1 -1 1 -1
X3 1 1 -1 -1
X4 1 -1 -1 1

Table 8.10: Character Table of Hg = 22
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[@)ay = Wla || [#]a, = Wla || [2]es = Wla|| [@les = b
la 1A || la 1A la 1A la 1A
2a 2A || 2a 2A 2a 2C 2a 2H
4a 4F || 2b 2B 2b 2B 2b 2D
2b 2C || 2c 2D 2¢ 2D 2¢ 2G
4b 4B || 2d 2E| 2d 2F 2d 2G
2c 2F || 2e 2F 2e 2F 2e 2B
2d 2F || 4a 4C|| 4a 4D 4a 4A
4c 4F || 4b 4C 4b 4D 4b 4A
2e 2G || 2f 24| 2f 2C 2f 2H
4d 4F || 2¢g 21| 2¢g 21 2g 21
2f 2G
2g 2H
2h 27
2i 2F
2j 2F
de 4B
4f 4F

[@la, = Wl || [o]as = Wla || [2]s, = e [#]e = Y]
la 1A || la 1A la 1A la 1A
2a 2D || 2a 24| 2a 2F 2a 2F
2b 2C || 2b 2B 2b 2F 2b 2F
2c 2D || 2c 2C 2c 2G 2c 2G
2d 2A || 2d 2B
2e 2B || 2e 2B
2f 2H || 2f 2H
2g 2D || 2g 2D

Table 8.11: Fusion of H; into G

8.4. Fischer Matrices

Using the fusions of the inertia factor groups into the classes of G, we obtain the sizes of the Fischer

matrices on class representatives of G. In fact, we applied Programme C to obtain the Fischer
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—2

-1 -1

1

1
1
—1
1

-2

1
-2

Fischer Matrices of G = 2°:(2%:Dg)
-2

—2

2

2
2

—4

2

—4
—4

M (2B)
M (2D)

4

M(4C) =

—4

4
4

0

4
—16
—16

16
16

Table 8.12: Fischer Matrices of G' = 2%:(23:Dg)

2
2

Fischer Matrices of G = 2°%:(2%:Dg)

M(24)
M(2C)

1 1
—1 1
1 —1
1 -1

1
—1
—1

1

— - o

M(4B) = {

We now construct the Fischer matrices on the non-identity classes of G, namely M (24), M(2B),
M(2C), M(2D), M(2E), M(2F), M(2G), M(2H), M(2I), M(44), M(4B), M(AC), M(4D),

M(4F) and M(4F). We apply Programme D to obtain these Fischer matrices. We observe that
all the classes with representative say g, an element of order 4, are such that Cg(g) acts trivially

matrix M (1A) given below. Clearly this is a 10 — dimensional matrix.
on Irr(N/M):

Continued on next page
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Table 8.12 — continued from previous page
Fischer Matrices of G = 2%:(2%:Dg) Fischer Matrices of G = 2%:(2%:Dg)

1 1 1 1 1 1 1 1
1 -1 -1 1 1 -1 -1 1

M(4D) = M(4E) =
—1 1 —1 1 —1 1 —1
1 -1 -1 1 1 -1 -1
1 1 1 1 1 1 1
-1 -1 1 1 -1 -1 1
M(4F) =
—1 1 —1 1 —1
1 1 1

1 —1
-1 -1 -1 -1

e

M(4E) = {

By multiplying the appropriate partial character tables of the inertia factor groups by the corre-
sponding rows of the Fischer matrices, we are able to obtain the full character table of G. This

table appears as Table A.3 in the Appendix of this thesis.

8.5. Fusion of Conjugacy Classes of G into the Classes of 2%: 4

Let x(25:A4g|G) denote the permutation character of degree 315 of 26: Ag on the cosets of G in 2°: Ag.
We computed x(2%:Ag|G) using GAP and see that it has 5 constituents. Let Cons[i] denote the
constituents of x(2%:4g|G), where 1 < i < 5. By considering the degrees of the constituents, we
are able to identity them in Table 7.8 as Cons[1] = x1, Cons[2] = x3, Cons[3] = x4, Cons[4] = x12
and Cons[5] = x13. To get the respective quantities of the constituents in x(2°:A4g|G), we compute
the inner product (cons|i], x(2%:4s|G)) for each i and obtain:

x(2%:A45|G) = x1 + 3x3 + 2x4 + 3x12 + X13-

See Table 7.8 for the values of y;, i € {1,3,4,12,13} on the classes of 20:A4g.

The fusion of the conjugacy classes of G into 2:Ag is given in Table 8.13 in which the entries are
obtained by computing |Cys, 4, (y)|/|Ca(z)| where y is a representative of a conjugacy class of 2: Ag
and 7 is a representative of a conjugacy class of G and o(y) = o(z). The entries that appear in the

boxes in Table 8.13 indicate the actual fusions.
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[y]
|Cos. 44 ()]

X (2°:45|G)(y)

1A 2A 2B 2C' 2D 2F 2F 2G 2H
1290 46 36 15 5
240 080 864 36 12072 072 072 072
315315315 15 15 51 51 51 51

3

3

3

3

[]
14
24
2B
20
2D
2F
2F
2G
2H
21
2.7
2K
2L
2M
2N
20
2P
2Q
2R
25
2T
2U
2V
2W
2X
2Y
27

Col@)]
4096
4096
2048
1024
1024
1024
512
512
256
256
512
512
256
256
256
256
256
512
512
512
512
256
256
256
256
256
256

313

-

45

W B3
S =

72
[(2
180 44
IR0 144

90 72

90 72
180 144
180 144
180 144
180 144
180 144

90 72

90 72

90 72

90 72
180 144
180 144
180 144
180 144
180 144
180 144

45
285
90
90

w o O W W

DD DD W W W W o oo o O |

=

(=23 => BN e

N ~ B NN NN~ -

_o= == NNND NN

N o N v BN

S O W W W

12
12

= i»—t.—l»—t.—l
O B o o o M NN D

12
12
12
12
12

D O W W W

12
12

12
12
2
12
12

12
12
12
12
12
12

S O W W Ww

12
12

12
12
12
12
12

12
12
12
12
12
12

D O W W W

12
12

12
12
12
12
12

&

12
12
12
12
12
12

Table 8.13: Fusion of G into 26:Ag
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[y
|Cos. 44 ()]

X(2%:45|G)(y)

1A 2A 2B 2C' 2D 2F 2F 2G 2H

1290 46 36 15
240 080 864 36
315 315 315 15

5

3

3

3

3

12 072 072 072 072
15 51 51 51 51

[]
244
2AB
2AC
24D
2AE
2AF
2AG
2AH
2AT
2A.J
2AK
2AL
2AM
2AN
240
2AP
24Q

Cala)
128
256
256
256
256
256
256
256
256
512
512
512
512
1024
1024
1024
1024

288 12
180 144
180 144
180 144
180 144
180 144
180 144
180 144
180 144

90 72
90 72
90 72
90 72
45 36
45 36
45 36
45 36

W W W W o O OO O OO D

o R NN NN NN NN NN

24
12
12
12
12

iHHH
B w w w o B o o NN o

24
12
12
12
12
12
12

BB o o o 8

W w W

24
12
12
12
12
12
12
12
12

6

A

w w @ w o o

24
12
12
12
12
12
12
12
12

W BH ww g oo o o

Table 8.13: (cont.)
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9
On a Maximal Parabolic Subgroup of Sps(2)

We consider the symplectic group of dimension 8 over a field of 2 elements denoted by Spg(2)
so that P(W) = 210:GL(4,2) = 219:4g. Furthermore, Py = 210:G4 = 219:(23:Dg). The Sylow
2-subgroup, say, Ps = 210:(23:Dg), of Sps(2) sits in 210:Ag. We study the character table of 219: Ag
as it is related to that of Ps. We will denote P(W) by G = 21%:GL(4,2).

This chapter is organized as follows: in Section 9.1, we generate the group G as a maximal subgroup
of Spg(2). In Section 9.2, we list the 81 conjugacy classes of G computed using coset analysis
method. These conjugacy classes correspond to the 14 conjugacy classes of GL(4,2). In Section
9.3, we give the structures of the inertia factor groups of G, namely Hy; = Ag, Hy = ((2%:3):2):2,
Hy = (S3 x S3):2, Hy =2 x Sy, Hs = S5, Hg = 23:GL(3,2) and H7 = ((A4 x A4):2):2.

In Section 9.5, we list the Fischer matrices of G and see that their sizes range from 1 to 16. The
ordinary character table of G is done in Section 9.6. In Section 9.7, we provide the fusion of the

conjugacy classes of G into Spg(2).

9.1. The Generators of G = 2!%:GL(4,2)

We first accessed the group Sps(2) in Magma. We then constructed G inside Spg(2) as a maximal
subgroup. Note that Spg(2) has 11 conjugacy classes of maximal subgroups and our group G is of

index 2295. The following 8 — dimensional matrices over 3, namely g, go and g3 generate G.

Table 9.1: Generators of 2!9:GL(4, 2)

Generators of 210:GL(4, 2) Generators of 210:GL(4, 2)
1 1 0 1 0 1 0o o0 1 0 o 0 O 0O 0 O
0 1 o 0 O 0 (V] 0 1 o 0 ©O 0O 0 O
i1 1 0 1 1 0 0 1 i1 0 o 0O 1 0 o0 O
51 = 0 1 o 0 o0 1 0o 0 G2 = 0 1 1 0 0 1 0 o0
1 0 1 (O] 1 0 1 1 0 1 0 O 0O 0 O
o 1 0 1 0 0 0 O 1 1 0 1 1 0 0 O
1 0 1 0 1 1 1 1 1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1
1 0 o 0 O 1 0o o0
0 0 1 0 1 0 0 1
0 0 0 1 1 1 1 0
_ 0 1 0 1 0 1 0o o0
=10 0o 0o 1 1 1 0 o0
1 1 1 1 0 0 1 1
1 0 1 1 0 1 1 1
0 0 1 1 0 1 1 0

with o(g1) = 2, 0(g2) = 2 and o(g3) = 5.

Using GAP [31], one can check all the elementary abelian normal subgroups of G. We determined
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elements eq, es, €3, €4, €5, €, €7, €3, €9 and e1g such that N = (e, ea, €3, 4, €5, €6, €7, €3, €9, €10)
is an elementary abelian normal subgroup of G. Let G be the complement of N in G such that

NNG={lg} and G/N = G. We get the following generators of G
Table 9.2: Generators of G

Generators of G Generators of G
[T o o o o 0 0 O 1 o 1 0 0 0 1 1]
01 0 0 0 0O 0 O 10 1 1 1 0 0 1
01 1. 0 0 0 0 O 10 0 1 1 1 0 0
01 0 1 0 0 0 O 0o 1 1 0 1 1 1 0
N 1o o0 0o o0 1 0 0 o0 2711 1 0 1 0 1 0 1
01 0 0 0 1 0 O 00 1 0 0 0 1 0
o0 0 1 0 1 1 1 0 11 1 1 1 1 0 1
o o o 0 0o 0 0 1] lo o o 0o 1 0 0 1]

with o(g1) = 2 and o(g2) = 5.

9.2. The Conjugacy Classes of ¢

We apply coset analysis to determine the conjugacy classes of G. We know that G has 14 conjugacy
classes. For each class representative g in [¢]q, the action of N on a coset Ng results into k orbits
and f is the number of orbits that come together under the action of C(g). We have implemented
Programme A and Programme B in the appendix using GAP to determine the f’s, k’s and
power maps. We may, for the computation of the k’s, also consider the permutation character for

the action of G on N which is given by
X(GIN) = Tx1 + 2x2 + 9x3 + Txa + Xxs + X9 + 6x12 + 2x13 + 3X14,

where y; € Irr(G), refer to Atlas [19] for character values of the x;’s. We have the following table
for the k’s.

lgla| 1A |7TA|7B|2A|3B|6B|3A|2B|4A|4B|5A|15A|15B |64
k(1024 2| 2 12816 | 8 |16|64 16| 8 |4 | 1 | 1 | 4

Table 9.3: Fixed Points for the Action of G on N

For instance, taking g = 3A, we get from the coset Ng the following information; that the action
of N on Ng gives 16 fixed points so that k = 16. We then have that the coset Ng breaks into 16
orbits each of length 64. These blocks fuse by the action of Cz(3A) and we obtain the orbit lengths
fi=1, fo=>5, f3 =10. We have that |C5(3A)| = 180. Hence we have the following classes of G
from g = 34

o class (34) such that |C5(34)] = ZXICeBAN _ 202085 _ 96, 32 5

e class (6A) such that |Cz(64)| = 24X|05G(3A)‘ = 24X225X32X5 =26 x 32,

e class (6B) such that |Cx(6B)| = 24X‘2CXGS(3A)| = 24X222XX532X5 =25 x 32
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This way, we are able to compute all the conjugacy classes of G given in Table 9.4. Column 7

contains power maps. The weights appear in column 4 of Table 9.4. Please note that these weights

are used in checking the row orthogonality for our computed Fischer matrices in Section 9.5.

l9le k fi mi | [dla ICs(9)] 2 3 7 | Size of [g]g
1A | 1024 fi=1 my = 1A | 216 x 32 x5x7 1
fa=15 mg = 15 2A 216 x3x7 | 1A 15

fz =28 m3 = 28 2B 214 %32 x5 | 14 28

fa=235 my = 35 20 216 % 32 | 14 35

f5 =105 ms = 105 2D 216 x3 | 14 105

fo =420 me = 420 2F 214 x3 | 14 420

fr =420 my = 420 2F 214 %3 | 14 420

2B 64 fi=1 my =16 2G 211 w3 | 14 3360
fa=1 mo = 16 4A 21l x3 | 2C 3360

f3=3 m3 = 48 2H 211 | 1A 10080

fi=3 my = 48 4B 211 | 2C 10080

f5=6 ms = 96 ac 210 | 2p 20160

fo=6 me = 96 4D 210 | 2D 20160

fr=28 my7 = 128 AE 22 x3 | 2B 80640

fs=12 | mg =192 4F 29 | 2D 40320

fo=12 mg = 192 4G 29 | 2F 40320

fio =12 | myio =192 4H 29 | 2F 40320

4B 8 fi=1 my = 128 4T 26 | 2@ 322560
fa=1 mo = 128 4J 26 | 2H 322560

fa=1 m3 = 128 8A 26 | 4A 322560

fz=1 mg = 128 8B 26 | 4B 322560

fs5=21| ms=256 8C 25 | 4H 645120

fo=2 me = 256 8D 25 | 4@ 645120

24 128 fi=1 mp =8 2I 213 3 | 14 840
fa= mo = 2J 213 x3 | 14 840

fa=1 m3 =38 2K 213 x3 | 14 840

fa=1 my =8 2L 213 3 | 14 840

fs=4 ms = 32 4K 211 %3 | 2D 3360

fo=4 me = 32 4L 211 x3 | 2D 3360

fr=4 mr =32 | 4M 211 x3 | 2D 3360

fa=4 mg = 32 AN 211 x 3 | 2D 3360

fo= mg = 48 40 212 | 2C 5040

fio =6 mio = 48 2M 212 | 14 5040

fii=6 mi = 48 2N 212 | 14 5040

fi2 = mio = 48 4P 212 | 2C 5040

fiz3 =12 mi3 = 96 4Q 21l | 2C 10080

fla=24 | mis =192 4R 210 | 2D 20160

fis =24 | mis =192 48 210 | 2D 20160

fi6 =24 | mie =192 4T 210 | 2C 20160

3A 16 fi=1 my = 64 3A 26 x 32 x5 14 7168
fa= mo = 320 6A 26x32 | 34 2C 35840

fz =10 m3 = 640 6B 25x32 | 34 2B 71680

6A 4 fi=1 m1 = 256 6C 24x3 | 34 2@ 430080
fo=1 mo =256 | 124 24 x3 | 64 44 430080

f3=2 m3 =512 | 12B 22x3 | 6B 4F 860160

TA 2 fi=1 my = 512 TA 2x7 1A 1474560
fo=1| mo=512 | 14A 2x7 | TA 24 1474560

7B 2 fi=1| mp =512 7B 2x7 14 1474560
fo=1 mo =512 | 14B 2x7 | 7B 24 1474560

3B 16 fi=1 myp = 64 3B 25 x 32 1A 71680
fa= mo = 64 6D 25%x32 | 3B 2C 71680

fz=1 m3 = 64 6L 25x32 | 3B 2C 71680

fa=1 my = 64 6F 25%x32 | 3B 2B 71680

fs=3| ms=192 6G 2°x3 | 3B 24 215040

fo=3 | mg=192 6H 25%x3 | 3B 2D 215040
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fr=3| my=192 61 25%x3 | 3B 2F 215040
fs=3 mg = 192 6J 2x3 | 3B 2F 215040
6B 8 fi=1 my = 128 6K 24 x3 | 3B 21 430080
fo=1| mog=128 | 12C 24 x3 | 6H 4L 430080
fz=1 mg = 128 6L 24 x3 | 3B 2J 430080
fa=1 mg =128 | 12D 24 x3 | 6H 4N 430080
f5 = ms =128 | 6M 24x3 | 3B 2L 430080
fo= me =128 | 12E 24 x3 | 6H 4K 430080
fr=1 mr = 128 6N 24 x3 | 3B 2K 430080
fs=1 mg =128 | 12F 24 x3 | 6H 4M 430080
4A 16 fi=1 my = 64 4aU 28 21 80640
fo=1 my = 64 4v 28 | 2r 80640
fa=1 m3 =64 | 4W 28 | 2L 80640
fa= my = 64 4X 28 | 2J 80640
f5 = ms = 64 4Y 28 | 2K 80640
fo=1 me = 64 4z 28 | 2K 80640
fr= mr =64 | 4AA 28 | 2J 80640
fs=1 mg =64 | 4AB 28 | 2L 80640
fo=2 | mog=128 8E 27 | 4P 161280
flo=2 | mio =128 8F 27 | 4P 161280
fi1 = my1 = 128 8G 27 | 40 161280
fi2=2 | miz2 =128 8H 27 | 40 161280
5A 4 fi=1] mq =256 5A 22x3x5 1A 344064
fo= mo =768 | 104 22 x5 | 54 2B 1032192
15A 1 fi= mi1 =1024 | 15A 3x5 54 3A 1376256
15B 1 fo= my1 = 1024 | 15B 3x5 54 3A 1376256

Table 9.4: Conjugacy Classes of G

9.3. The Action of G on lrr(N)

Recall that the groups G and N are already constructed inside Spg(2). That is,
N = (e1, ez, e3, €4, €5, €6, €7, €8, €9,€10)

and G = (g1, g2).

The action of g; on the 10 generators of N is described below
€1 —» e2egeses, €2 —» €1€3€6e7, €3 — €3E566€7€8, €4 — €5€8€10, €5 —* EETES,

€g — €, €7 — €7, €8 —» €5€E6€7, €9 —» €9, €10 — €4€5€8.

The matrix representation of this action being given by a;. Similarly for the action of go we have
b1 described by

€] — €2€6€8€9€10, €2 — €3€5€6€8€9, €3 — €3€4€6€9€10, €4 —» €1€3€6€9€10, €5 —7 €1€3€4€5,

€6 — €1€3€8, €7 —» €4E5E6€7€8€10, €8 —7 €4E5L6E7€8€9€10, €9 — €2€5€9€10, €10 —» €1€2€4€8€10-

Hence G = (a1, b1), where a; and by are the following 10 x 10 matrices:
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01101007100
1010011000
00101117100
00001007101

loooo0o01 1100

““loooo0oo010000]|
0000001000
0000111000
0000000010
00011007100
01000107111
00101107110
0011010011
1010010011

|1 011100000

1010000100
0001111101
0001111111
0100100011
1101000101

with o(a;) = 2 and o(by) = 5.

We have used Meataxe to show that N is indecomposable as Ag — module. The socle of N is
denoted and given by Soc(N) = 2%, a 6 — dimensional irreducible Ag — module over GF(2). From
the composition series of N, we have that N O 26 5 29 so that the composition factors are 26 and
2%, The direct sum 2° @ 2* of these modules is another Ag — module which is not our N since N
is indecomposable. The action of the group G on N produces 7 orbits of lengths 1, 28, 420, 420,
15, 105 and 35 with corresponding point stabilizers Ag, Sg, Sy x 2, Sy x 2, 23:GL(3,2), ((2*:3):2):2
and ((Ag x A4):2):2 respectively. By Brauer’s theorem, (Theorem 3.2.3) we have the same number
of orbits for the action of Ag on the irreducible characters of N but the lengths may be different.
We obtain that the action of Ag on Irr(N) produces 7 orbits of lengths 1, 15, 35, 105, 168, 280 and
420 with corresponding inertia factor groups Hy = Ag, Hy = 23:GL(3,2), Hz = ((A4 x A4):2):2,
Hy = ((2%:3):2):2, H5 = S5, Hg = (S3 x S3):2 and Hy; = 2 x Sj.

9.4. The Inertia Factor Groups of ¢

We have used GAP to get the character tables of the inertia factor groups H;, ¢ € {2,3,4,5,6,7}.
We give the character tables of H; and their fusions into Ag in the following tables
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[9] la 2a 4a 2b 2¢ 4b 4c 3a 6a Ta Tb
IO (g)||1344 192 16 32 32 8 8 6 6 7 7
X1 1 1 1 1 1 1 1 1 1 1
X2 3 -1-1-1 1 1 0 0 a a
Y3 3 1 -1-1 1 1 0 0 a a
X4 6 2 2 2 0 0 0 0-1-1
X5 7T -1 -1 -1 1-1 1-1 0 0
X6 T 7-1-1-1-1-1 1 1 0 0
Y7 7 -1-1-1 3-1 1 1-1 0 0
X8 8 8 0 0 0 0O 0-1-1 1 1
X9 14 -2 -2 2 2 0 0 -1 0 0
X10 21 -3 1.1-3-1 1 0 0O 0 O
X11 260 -3 1-3 1 1-1 0 O O O

Table 9.5: Character Table of Hy

(A, = 9le | (M, = [9le | (M, = [9le

la 1A 2a 2A 2b 2B
2c 2A 4a 4A 4b 4B
3a 3B 6a 6B Ta 7B
7b TA 4c 4A

Table 9.6: Fusion of the Conjugacy Classes from Hs to Ag
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Table 9.7: Character Table of Hg

[hms = gl

2b
4a

2B
4A
6A
4A
2B

6a

4b

2e

)y = [9lc

2A
2A
3A
2A
4B

2a

2c

3c
2d

4c

"]y = [9lc

1A
3B
3B
68
6B
4A

la

3a

3b

6b

6¢c

4d

Table 9.8: Fusion of the Conjugacy Classes from Hs to Ag
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Table 9.9: Character Table of Hy

("] s = [9lc

4A
4A
2A
4A

4c

4d
2b

4e

[hlm, = gl

4A
4B
68
2A
2B

4a

4b

6a

2d
2f

(A, = gl

1A
2B
3B
2A
2A

la

2a

3a

2c

2e

Table 9.10: Fusion of the Conjugacy Classes from Hy to Ag
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Table 9.11: Character Table of Hj
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(M as = l9le | [Mas = [9)a | [Ps — l9la

la 1A 3a 3B 2a 2B
6a 68 4a 4B 5a 5A
2b 2A

Table 9.12: Fusion of the Conjugacy Classes from Hs to Ag

[g] la 6a 2a 6b 2b 3a 3b 2c¢ 4a
ICus(g)l|72 6 12 6 8 18 18 12 4
X1 1 1 1 1 1 1 1 1 1
X2 1 -1-1-1 1 1 1-1 1
X3 1-1 1 1 1 1 1-1-1
X4 1 1-1-1 1 1 1 1 -1
X5 2 0 0 0-2 2 2 0 O
X6 4 1 0 0 0-2 1-=-2 0
Y7 4 0-2 1 0 1 -2 0
X8 4 0 2 -1 0 1 =2 0
X9 4 -1 0 0 0-2 1 0
Table 9.13: Character Table of Hg
["as = 9la | [PEs = gl | [MHs = [9)e
la 1A 6a 6A 2a 2A
6b 6B 2b 2B 3a 3B
3b 3A 2c 2B 4a 4B

Table 9.14: Fusion of the Conjugacy Classes from Hg to Ag

[9] la 3a 2a 2b 2c 6a 2d 4a 2e 4b
|Cr,(g)] |48 6 16 8 8 6 48 8 16 8

X1 1 1 1 1 1 1 1 1 1

X2 1 1 1-1 1-1-1 1-1-1

X3 r1 1r 1 1-1-1-1-1-1 1

X4 11 1-1-1 1 1-1 1-1

X5 2-1 2 0 0 1-2 0-2

X | 2-1 2 0 0-1 0 2

Y7 3 0 -1 -1-1 0 1 -1

X8 3 0-1 1 1 O 3-1-1-1

Yo |3 0-1-1 1 0-3-1 1 1

Yoo |3 0-1 1-1 0-3 1 1-1

Table 9.15: Character Table of Hr
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(M, = 9le | [Mu, = 9le | [Ma, = 9lc
la 1A 3a 3B 2a 2A
2b 2A 2c 2B 6a 6B
2d 2A 4a 4A 2e 2A
4b 4A

Table 9.16: Fusion of the Conjugacy Classes from H7 to Ag

9.5. The Fischer Matrices of G

We use Programme C and Programme D to compute candidates for the Fischer matrices in
GAP and by using the information provided in Table 9.4, the partial fusion of G into Spg(2), as
well as restrictions of irreducible characters of Spg(2) to G, we obtain the actual Fischer matrices

as listed below:

1 1
1 1 1 1
M(GA):( : > M(?B):(l ) M(?A):(l )
1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1-1-1-1-1
2 2-2-2 2 2-2-2 0 0 0 O
1-1 1-1 1-1 1-1-1 1-1 1
1-1 1-1-1 1-1 1-1 1 1-1
1 11 1-1-1-1-1-1-1 1 1
M<4A)_ 2-2-2 2 2-2-2 2 0 0 0 O
1-1 1-1 1-1 1-1 1-1 1-1
1 11 1-1-1-1-1 1 1-1-1
1-1 1-1-1 1-1 1 1-1-1 1
2-2-2 2-2 2 2-2 0 0 0 O
2 2-2-2-2-2 2 2 0 0 0 O
1 1 1 1 1 1 1 1 1 1
3 3 3 3-1-1 3-1-1-1
1 1 1 1-1-1-1 1 1-1
6 -6 2—-2—-4 4 0 2-2 0
6 6 2—-2 4—-4 0 2-2 0
M(2B)_ 3 3 3 3 1 1-3-1-1 1
12—-12 4—-4 0 0 0—-4 4 O
12 12-4-4-4—-4 0 0 0 4
8§ -8-8 8 0 0 O O O O
12 12-4-4 4 4 0 0 0-4

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
3 3 3 3 -1 -1 —1 -1
15 -1 15 15 —1 —1 —1
1 1 —1 —1 —1 —1 1 1
35 —21 -5 3 11 —5 3 1 1 1 1 1 1 1 1
M(lA): 105 49 —15 9 17 1 -7 7M(SB): s s 3 s . P
168 —56 24 —24 8 8 —8
3 -3 3 -3 1 —1 1 —1
280 56 40 —40 —8 —8 8
1 —1 1 -1 -1 1 —1 1
420 —28 —60 36 —28 4 4
3 3 -3 -3 1 1 —1 -1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 —1 1 —1 1 —1 1 —1
1 1 1 1 —1 —1 1 1 —1 —1 —1 —1 1 1
1 1 —1 —1 1 —1 1 1 -1 —1 1 1 —1 —1
M<4B) - 1 1 —1 —1 —1 1 ’ M(GB) - 1 1 1 1 —1 —1 —1 —1
2 -2 2 -2 0 0 1 -1 -1 1 -1 1 1 —1
2 -2 -2 2 0 0 1 —1 1 —1 —1 1 —1 1
1 —1 —1 1 1 —1 —1 1
1 1 1 1 1
M(BA) = (3 ), MBA) = (s = 1), M(154) = (1), M(I5B) = (1),
10 2 —2
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1 1 1 11111 1 11 1 1 1 1 1
1 1 1 1-1-1-1-1 1 1 1 1 1 1-1-1
6 6 6 6 0 0 0 0-2-2-2-2 6-2 0 O
3 3 3 3-3-3-3-3-1 3 3-1-1-1 1 1
4 4 -4 —4-2-2 2 2-4 0 0 4 0 0 2-2
4 -4 4 —4-4 4-4 4 0 4-4 0 0 0 0 O
12 12-12-12 6 6-6-6 4 0 0—-4 0 0 2-2
4 -4 4 -4 4-4 4-4 0 4-4 0 0 0 0 O
M(2A) - 6 6 6 6 0 0 0 0 6-2-2 6-2-2 0 0
3 3 3 3 3 3 3 3-1 3 3-1-1-1-1-1
16 -16 -16 16 8-8-8 8 0 0 0 O O O O O
16 -16 -16 16-8 8 8-8 0 0 0 0O 0 O O O
12 12 12 12 0 0 0 0-4-4-4-4-4 4 0 O
24 -24 24-24 0 0 0O 0 0-8 8 0 0 O O O
4 4 -4 -4 2 2-2-2-4 0 0 4 0 0-2 2
12 12-12-12-6-6 6 6 4 0 0—-4 0 0-2 2

9.6. Character Table of GG

We now multiply the appropriate partial character tables of the inertia factor groups by the corre-
sponding rows of the Fischer matrices to obtain the full character table of G. For instance, on the
classes 34, 6A and 6B in the third block we have:

1 10 2 -2
1 10 2 -2
1 10 2 -2
1 10 2 -2
2 [10 2 —2}: 20 4 —4
1 10 2 -2
~2 20 —4 4
—2 20 —4
1 10 2 2

The full character table could be obtained this way and is given as Table 9.17.
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Table 9.17: Character Table of 21%:GL(4, 2)
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9.7. Fusion of the Classes of (i into Spg(2)

We used GAP to compute x(Sps(2)|G), the permutation character of degree 2295 for the action of
Sps(2) on the cosets of G in Spg(2) and obtain:

x(Sps(2)|G) = 1a + 51a + 135a + 918a + 1190a.

We use information about conjugacy classes of elements of G = 2!9:GL(4,2) and Sps(2), the
permutation character values on the classes of Spg(2), the known power maps of elements of G' =
219:GL(4,2) (see Table 9.4 for the power maps of the elements of G = 2'°:GL(4,2) ) and Sps(2)
(see [19] for the power maps of elements of Spg(2)) to get partial fusion of G into Spg(2). For
example, we have the following fusions for the classes 24, 2B, 2C, 2D, 2F and 2F of 2'1°:GL(4,2):
2A — 2A, 2B — 2D, 2C' — 2B, 2D + 2C, 2E + 2F and 2F +— 2F in Spg(2). To complete the
fusion map, we restrict irreducible characters of Spg(2) of small degree to G = 210:GL(4,2). In
determining the restrictions of irreducible characters of Spg(2) to G = 2!9:GL(4,2), we continue

with the technique of set intersection of characters described in the previous chapters.

Let £ be the character of GL(4,2) afforded by the regular representation of GL(4,2). Then we have
that £ = Z%il e;;, where 1; € Irr(GL(4,2)) and e; = deg(t);). Then £ can be taken as a character
of G = 2!9:GL(4,2) which contains 29 in its kernel such that

|GL(4,2)| if ge2!9
0 otherwise.
Now if ¢ is a character of Spg(2), then we obtain the following:

(€ Dmrin = Ggrr g CIAA) + 156A)(24) + 286(25)o(25)

+35£(20)p(2C) + 105£(2D)p(2D) + 420€(2E) 0(2E) + 420¢(2F)p(2F)}
1

T 210.GL(4,2)]

+35|GL(4,2)|(2C) + 105|GL(4, 2)|¢(2D)

+420|GL(4,2)|(2E) + 420|GL(4, 2) |p(2F)}

{IGL(4,2)|¢(1A) + 15|GL(4,2)|p(24) + 28|GL(4,2)|p(2B)

= S {P(14) +150(24) + 285(2B)
+350(20) + 1050(2D) + 4200(2E) + 4200(2F)}
= (210, 01)-

210

where o7 is the identity character of and @910 is the restriction of ¢ to 2!°. Similarly, we obtain:

po10 = b161 + babs + b303 + be0y + b505 + bgbs + b707

where b; € NU {0}, i € {1,2,---,7} and 0;, i € {1,2,---,7} are the sums of the irreducible
characters of 2!° which are in one orbit under the action of GL(4,2) on Irr(2!9). Let g; € Irr(2'7),
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for j € {1,2,---,7}. We have that

61 = 01, deg(b) =
16

= Z 05, deg(eg) = 15.

J=2

O3=> o, deg(fs)=35.
7=17
156
0= o, deg(fs)=105.
j=52
324
95 = Z 05, deg(05) = 168.
J=157
604
06 = Z 05, deg(ﬁﬁ) = 280.
7=325
1024
97 = Z Qj, deg(eg) = 420.

j=605
Therefore,
156 324
Pat0 —51914—5229] + b3 Z 0j+bs Y 0j+bs Y 0
Jj=17 Jj=52 j=157
604 1024
+ bg Z 0j + bz Z 05
j=325 j=605

and further
(pa10, pg10) = bT + 15b3 + 35b3 + 105b7 + 168b3 + 280b7 + 42002

Clearly, by = (pq10, 01) = (£, <P>210:GL(4,2)‘

Similarly, we obtain

(10, Po10) = P(1A)p(1A) + 15p(2A)p(24) + 28p(2B)p(2B) + 35¢(2C)p(2C)

1024{
+105¢(2D)p(2D) + 4200 (2E)(2E) + 4200(2F ) p(2F).

Let us apply the above results to the restrictions ¢1 = 35a and o = 85a, where 35a and 85a are
irreducible characters of Spg(2) of degrees 35 and 85 respectively. (see [19] for the character table
of Spg(2)). Thus for ¢1, we obtain
b1 = (€, p1)210.61(4,2) = 1024 ——{p1(1A) + 15¢1(24) + 28¢1(2B) + 35¢1(2C) 4 10591 (2D)
+ 420(,01(2E) + 42001 (2F)}

1024{35 4 15(—21) + 28(—5) + 35(3) + 105(11) + 420(—5) + 420(3)} = 0
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and since deg(y1) = 35, we must have that

b1 + 15b2 + 35b3 + 105b4 + 168b5 + 280bg + 42007 = 35.

Now by = 0 implies that bg = 1, by = b5 = bg = by = 0.
Now by considering the already determined fusions via the use of power maps of elements of
Spsg(2) and 2'9:GL(4,2), and also by considering the irreducible characters of 2'°:GL(4,2), we
determined that (¢1)210.g1,4,2) is an irreducible character of 219:GL(4,2) found in the third block
of the character table of 2'°:GL(4,2) and is given by

(p1)210:a0(4,2) = X285
where x2g is as given in Tables 9.17.

Furthermore, for (o, we obtain

1
b= (& p2)arocra2) = og 12(1A) + 1502(24) + 2802(2B) + 35¢2(2C) + 105¢2(2D)
+ 420002 (2E) 4 420¢5(2F)}
1
= T2z 189 T 15(=43) + 28(5) + 35(21) + 105(21) + 420(—11) +420(5)} = 0

and since deg(yp2) = 85, we must have that

b1 + 15bg + 35b3 + 105by + 168bs + 28006 + 420b7 = 85.

Now by = 0 implies that bs = 1, b3 = 2 and by = b5 = bg = by = 0.

Now by considering the already determined fusions via the use of powers maps of elements of Spg(2)
and 2!%:GL(4,2), and also by considering the irreducible characters of 2!9:GL(4,2) as provided in
Table 7.8 we determined that (y2)q10.4, can be written as a sum of two irreducible characters of
219:GL(4,2) of degrees 15 and 70 and appear in the second and third blocks of the character table
of 210:GL(4,2) respectively. Thus we write

(902)210:GL(4,2) = X15 + X31,
where x;, i € {15,31} is given in Table 9.17.

By the use of partial fusion already determined, the values of ¢ and @2 on the classes of Spg(2)
and the values of (¢1)210.G14,2) and (¢2)210.G1,(4,2) On the classes of 219:GL(4,2), we are able to
complete the fusion of 2!°:G'L(4,2) into Spg(2). This fusion is given in Table 9.18 in which the
entries are obtained by computing |Cg),(2)(y)|/|Ca(x)| where y is a representative of a conjugacy
class of Spg(2) and z is a representative of a conjugacy class of G and o(y) = o(x). The entries

that appear in the boxes in Table 9.18 indicate the actual fusions.

We thus have the fusion of the classes of G into Spg(2) as given in the following table.
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[y]
|CSP8 (2) ()

x(Sps(2)|G)(y)

1A
47137

7612800 794560 7360 9120 280 456 152 4560 60 960 88
0 27 45 O

2295

2A 2B 2C 2D 2F 2F 3A 3B 3C 3D

185 884 294 737 147 49 435777 12

135 375 135151 39 39

38

[z
1A
2A
2B
2C
2D
2F
2F
2G
2H
21
2J
2K
2L
2M
2N
3A
3B

Ca(@)
2064380
1376256
737280
589824
196608
49152
49152
6144
2048
24576
24576
24576
24576
4096
4096
2880
2880

2295

12 4 @O
)
45
180 60 15 1
180 60 15 3 (@
20 24 8
360 120 30 6
B60 120 30 6 2
360 120 B0 6 2
360 30 6 2
36 12
B6 12

45

Table 9.18: Computations for Fusion of G into Sps(2)
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Y] 4A 4B 4AC 4D AE AF 4G 4H 4T 4J 4K 4L

1Csps(2)(¥)] 921921368122 61 6 3 310 7 5 5
60 60 64 88 44144 07207224 68 12 12

x(Sps(2)|G)(y) 15 15 15 63 7 7 15 15 719 311

[z] Cq ()]

4A 6144 [ 15 15 @ 2 1 1

4B 2048 3 3

4C 1024 12 6 B 3 31

4D 1024 12 8 6 3 31

AE 768 16 4 4 il

4F 512 24 6 6 11

4G 512 24 6 6 o 1

4H 512 24 6 6 1 m

41 64 8

4.J 64 12

4K 6144 | 15 6 2 1 1

4L 6144 |15 15 6 2 1 1@

4M 6144 [ 15 15 6 2 m 1

4N 6144 5 6 2 1 1

40 4096 3

4P 4096 9

4Q 2048 8 3 3

4R 1024 12 6 6 3

48 1024 12 6 6 3 B 1

4T 1024 12 6 6 31

AU 256 48 12 12 4 3 2

4V 256 48 12 12 4 3 2

4W 256 48 12 12 @ 3 2 2

4X 256 53] 12 12 4 3 2 2

4Y 256 48 12 12 4 2 2

47 256 48 12 12 4 3 2 2

4AA 256 48 2 12 4 3 2 2

4AB 256 48 12 12 4 3 2 2

Table 9.18: (cont.)
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[v] 5A5B 6A 6B 6C 6D6E6F 6G6H 6I6J6k6L6M 6N 60 6P
Cpace) ()] 3 36913 4 4171211 88 42 2 2 2 1 9
600 00120824 608 320 28 96 52 6464 3288 88 88 88 44 6
X(Sps(2)|G) (y) 05 0 0 0153 00 921079 7 3 0 3
W [Ca)]
5A 60 B
6A 576
68 288 15 3 3 o1 11
6C 48 18 6 6 2
6D 288 15 3 11 1 1
6L 288 185} 3 3 11 1 1
6F 288 15 3 3 11 O 1
6G 96 99 33 3 3 1
6H 96 99 3 3 3 1
67 96 99 33 3 B 1
6J 96 99 33 3 3 il
6K 48 18 6 6 6
6L 48 I8 6 6 6 2
6M 48 18 6 6 2
6N 48 18 6 6 © 2
Table 9.18: (cont.)
[y] TA8A8B8C 8D 8E 8F 9A 9B 10A 10B 10C 10D
Cops(2)(¥)] 433113352 2 2 8 2
28 8 2828 2 2 4 7 40 40 0 O
X(Sps(2)|G)(y) 633331100 0 0 0 1
Z  [Ca@)
TA 14
7B 14
8A 64 2
8B 64 2
8C 32 1 O
8D 32 o1
S8E 128 3 1 1
8F 128 3 3 1 0O
8G 128 g 3 1 1
8H 128 3 3 0 1
104 20 Il

Table 9.18: (cont.)
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[y] 124 12B 12C 12D 12E 12F 12G 12H 121 12.J 12K 12L 12M 14A 154 15B 15C
|Cosps(2) ()] 1152 576 576 384 144 144 144 96 72 48 48 24 24 14 90 90 15
x(Sps(2)|G)(y) o 0 0 0 3 3 3 00 1 1 0 1 2 0 0 2

[z] |Ca(2)]

124 48 3 3 11

12B 24 il

12C 48 3 3 3 m o1

12D 48 3 3 11

12E 48 3 3 11

12F 48 3 3 3 1

14A 14 il

14B 14 m

15A 15 il

158 15 i

Table 9.18: (cont.)
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[z]a = [Ylsps,2)

[zla — [Ylsps,2)

[zl = [Ylsps,2)

[zl = [Ylsps,2)

1A 1A
2A 2A
2B 2D
2C 2B
2D 2C
2F 2F
2F 2F
2G 2D
2H 2F
21 2F
2J 2B
2K 2D
2L 2C
2M 2F
2N 2F
3A 3B
3B 3C

4A
4B
4C
4D
4F
4F
4G
4H
41
4J
4K
4L
AM
AN
40
4P
4Q
4R
45
4T
4U
4V
4w
4X
4Y
4z
4AA
4AB

4C
4D
4F
4F
4J

47
4K
4L
4J
4L
4B
4F
4F
4A
4C
4D
4D

41
4H
4G
4L
41K

47
4D
4J
4J
4G
4H

5A 5B
6A 6L
68 6K
6C 6K
6D 61
6L 6D
6F 6M
6G 6H
6H 6L
61 6N
6J 6P
6K 6P
6L 61
6M 6L
6N 6M
TA TA
7B TA
8A 8C
8B 8D
8C 8F
8D 8E
8E 8B
8F 8D
8G 8A
SH 8C
10A 10D
12A 12F
12B 12M

12C
12D
12F
12F
14A
14B
15A
15B

12J
12G
12F
12K
14A
14A
15C
15C

Table 9.19: Fusion of G = 2!%:GL(4,2) into Sps(2)
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10
On a Sylow 2 — Subgroup of Sps(2)

In this chapter, we are interested in constructing the ordinary character table of a split extension
of the form G' = 27:(2°:(2 x Dg)) using the method of Fischer matrices. In Chapter 6, we looked
at a Sylow 2 — subgroup of Spg(2) as being isormophic to a Sylow 2 — subgroup of A(3), the affine
subgroup of Spg(2). We see here that a Sylow 2 — subgroup of Spg(2) is isomorphic to a group of
the form G = 27: P, where Py is a Sylow 2 — subgroup of Spg(2). The group G = 27:Fs is a Sylow
2 — subgroup of A(4), the affine subgroup of Spg(2).

In Section 10.1, we give a brief introduction on the group G and generate it as a Sylow 2 —subgroup
of A(4), the affine subgroup of Spg(2). The group A(4) is of the form 27:Spg(2) and was studied
by Ali and Moori in [5]. There is another group of the same structure as G and is a subgroup
of Aut(Fy2), the autormorphism group of the Fischer group Fsy. This later group was studied
by Mpono and Moori in [57] and [61]. We have that [Sps(2) : A(4)] = 255. In Section 10.2,
we give the conjugacy classes of G computed using the coset analysis technique and we see that
corresponding to the 56 conjugacy classes of 2°:(2 x Dg), we get 436 classes for G. In Section
10.3, we act the group 25:(2 x Dg) on Irr(27) and show that there are 14 inertia factor groups,
namely Hy = 2%:(2 x Dg), Hy = 2%:(2 x Dg), Hz = 2% x ((((4 x 2):2):2):2), Hy = 2% x (2*:2),
Hs = (Dg x Dg):2, Hs = (Dg x Dg):2, H; = Dg x Dg, Hg = (((4 x 2):2):2):2, Hy = Dg x Dsg,
Hyg =2x(2%2), Hiy = 2x2x Dg, Hig = 2x2x Dg, Hij3 = 2x2x Dg and Hy4 = 2x Dg. In Section
10.4, we compute the fifty six Fischer matrices of G through a non combinatorial approach by the
help of Programme D in the Appendix. We see that the sizes of these Fischer matrices range
from 3 to 14. The full ordinary character table of G is a 436 x 436 matrix and could be constructed
from the information about Fischer matrices as well as character tables and fusions of the inertia
factor groups. In Section 10.5, we discuss the fusion of the conjugacy classes of G into those of
A(4) = 27:Sps(2). Therefore, we compute the permutation character x(27:Spg(2)|G) for the action
of 27:Spg(2) on the cosets of G in 27:Spg(2). We used GAP [31] as well as the information about
x(27:5p6(2)|G) to fuse the conjugacy classes of G into A(4) (a group discussed by Ali [3]).

10.1. The Generators of G

The group Spg(2) is a simple group of order 47,377,612,800 with 11 conjugacy classes of maximal
subgroups. We construct the group A(4) in Magma as a maximal subgroup of Spg(2). We then
constructed G inside A(4) as a Sylow 2 — subgroup. The following 8 — dimensional matrices over

Fo, namely aq, ag, as, ag and a5 generate A(4).
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Table 10.1: Generators of A(4)

Generators of A(4) Generators of A(4)
1 o o o o o0 o0 o 1 0o O O O O 0 o
1 1 0 1 0 1 0 0 0 0 1 1 0 0 0 0
0 0 0 1 1 0 1 0 0 1 0 1 0 0 0 0
1 0O 0 0 O 1 0 O o 0 0 1 0 0 o0 ©O
=11 0 1 0 0 1 1 o0 2711 0 0 0 1 1 1 o0
1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0
0O 0 o0 o o0 o 1 0 1 0 0 0 O 1 0o o0
0 0 1 1 1 0 1 1 0 1 1 1 0 0 0 1
0 0 0 0 0 1 0 0 1 1 0 1 1 0 1 0
1 1 0 0 0 1 0 0 0 1 0 1 1 0 0 1
0 1 0 1 0 0 1 1 0o o0 1 o o0 o0 0 o
0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 1
ag = aq :
1 0 0 0 1 1 0 0 0 1 0 0 1 0 1 1
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 1 1 0 0 0 0 1 1 0 1 1
0 1 1 1 0 0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 1 0
1 1 0 1 0 1 0 1
0 0 0 1 0 0 1 1
0 0 0 1 0 0 0 0
711 001 0 1 1 1 0
1 0 0 1 0 0 0 1
0 0 0 0 0 0 1 0
0 0 1 1 0 0 1 0

with o(a1) = o(az) = o(as) = o(as) = o(as) = 2.

Using GAP [31], one can check all the elementary abelian normal subgroups of A(4). The group

A(4) has one elementary abelian normal subgroup of order 128 and thus must be isomorphic to

N =27, We determined elements e, e, €3, e, €5, eg and e7 such that N = (e1,e2,e3,€eq,€5,€6,€7)

is an elementary abelian normal subgroup of A(4). We list the e;’s below:
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)

)

)

00 0O0O0OO0OTO0OT1

o o 4 o 4 o 4 o oo o A4 4 o 4 4 A4 4 4 4 O -4 — O
o O O O oo 4 o O O o o o o 4 o 4 o o o o A —H O
— O O O O O O OO O O O o o 4 oo 4 oo o o o oo
o o oo 4 o oo 4 oo o 4 4 o o - o o o A A O O
— O o 4 o 4 O o - O o 4 o 4 O o o o o 4 o o o o
O O O O = O A = O O — - " O = O — — O — O = —
- 4 O O O 4 O o 4 4 O O o 4 O o +H +H O o o +d4 O O
o O O O O - O o -1 O O O O O o o o o o o o —+H o o
I I I
) 3 &
- O O O o 4 o 4 o oo o 4 4 o +4 O —F 4 4 4 4 O O —H O O O o o O
o O oo oo 4 O oo oo oo 4o 40 o0 o0 o 4 +H o o o o o oo Hd
O O O O O +H O O O O O o0 o +H 0O o0 H 0O o0 o0 o0 o0 oo O o oo o HA o
o O o o 4 O O O o o o o 4 o o o 4 o o o - 4 O o O o o o —+HA o O
o oo 4 oo oo 4 o o 4 o 4 o o 4 o o 4 o 4 O o O o o A o o O
- oo 4 O o 4 o o 4 o 4 o 4 o o o +H4 4 o 4 4 O O -4 O O 4 O O —H O
O H O O O O O O O +H O O o0 o0 o o O+H 0O o0 o o oo o +H o0 o o o oo
— O O O O O O o - O O O O O o o O o o o o 14 o o - O o o o o o
I I I I
) & & )

¢®"1:8pam_2(q), for some m as discussed in

Using the general structure of A(m) that is A(m)

Chapter 4, we have that for m = 4, N = 27 is a normal elementary abelian 2 — subgroup that is

:(2 x Dg)). Note that G can easily be constructed inside A(4). Let G be

=27:(2°

being sought in G

G. The following g1, g2, g3 and

>

the complement of N in G such that NN G = {15} and G/N

g4 are 8 X 8 matrices over Fy that generate G:
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10000010 10001000
01000011 01000000
00100000 00100000
00010000 00010001

=0 0001000’ loooo100 o0l
00000100 00000100
00000010 00000010
0000000 1 0000000 1
10011010 10011000
00001001 010110710
00100000 00100000
01000011 00010011

Bl 100000 1" loooo1011
00000100 00000100
00011000 00000010
0000000 1 0000000 1

with o(g1) = o(g2) = o(gs) = 0(g4) = 2.

10.2. The Conjugacy Classes of G

In this section, we use the coset analysis technique covered in Section 2.3 to compute the conjugacy
classes of G. We know that G has 56 conjugacy classes. The action of G on N gives fourteen orbits,
namely four fixed points, two orbits each of length 2, two orbits each of length 4, two orbits each
of length 8, two orbits each of length 16 and two orbits each of length 32.

We used Programme A in the Appendix to determine the f;’s, which are the lengths of the
orbits from the action of Cz(g) on the orbits of the action of N on Ng, where g is a representative
of a conjugacy class of G. Now let Ly, Lo, -+, Lsg be the lists containing the classes computed
from coset analysis where each L[i] corresponds to g = C[i]. Then we can form another list say,
H = [L[1],L[2],---,L[56]] so that for each class say BJi][1][1] of G, of order k, we implement

Programme B as follows:

for i in [1..8ize(H)] do for j in [1..Size(H[i])] do if
IsConjugate (\bar{G},B[i] [1]1[1] “p, H[il[j]) then Print(i," ");
Print(j," "); fi;od;od;

to calculate the p — th power map of Bl[é|[1][1].

Note that k =), f;. We give the values of the k’s for each class representative of G in Table 10.2.
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Table 10.2: Fixed Points for the Action of G = 2°:(2 x Dg) on N = 27

lgla| 1A [24| 2B |2C | 2D |2E | 2F [2G |4A| 4B
k1283232 (32| 16 | 3232|1616 8
lgla | 2H [4C | 2I | 2J | 2K | 2L [2M |2N |20 | 4D
k | 32/16|64 64| 16 | 32|16 |32 (32| 16
[glc | AE [2P | 4F | 4G | 2Q |4H | AI |4J |8A| 2R
k|8 (320168 |32 |8 |8 |8/|4]16
[gla | 4K [4AL| 25 | 2T | 2U |2V [2W |[2X |2Y | 4M
k|16 | 8 |16 | 32| 64 |16 |32 |16 |32 8
[glc | AN [40 | 4P |4Q | 4R |45 | AT |27 |4V |2AA
k|8 |16 8 | 8|16 | 8| 8 |16| 8 | 32
[glc |4V [8B|4W |4X |2AB|4Z

k|8 |4]8[16]| 16 | 8

We give the conjugacy classes of G in the Table 10.3. We have also included a column (column 7)

on power maps in the same table. The weights for the row orthogonalities of the Fischer matrices

of G are included in column 4. For the notation we observe that if, say 47, is the twenty sixth

element of order 4 then the next element of the same order is labeled as 44A and so on. This

applies to other elements as well:

lgla | IC.

5 7 | Size of [g]

fi | mq a(9)l 2 3 el

1A | 128 fi=1 1 14 216 1A 1
fa=1 1 24 216 1A 1

fa=1 1 2B 216 1A 1

fa=1 1 2C 216 14 1

fs=2 2 2D 215 1A 2

fo=2 2 2F 215 1A 2

fr=4 4 2F 214 1A 4

fs=4 4 2G 214 14 4

fo=28 8 2H 213 1A 8

fio=38 8 21 213 1A 8

fir=16 | 16 2J 212 1A 16

fia=16 | 16 2K 212 1A 16

fis=32 | 32 2L 211 1A 32

fia=32 | 32 2M 211 14 32

24 32 fi=1 4 2N 212 1A 24
fa=1 4 20 212 14 24

f3=2 2P 211 1A 25

fa=4] 16 4A 210 2F 26

fs=41 16 4B 210 2F 26

foe=41 16 2Q 210 14 26

fr=41 16 4C 210 2G 26

fs=41 16 4D 210 2G 26

fo=81 32 4AE 29 2A 27

2B 32 fi=1 4 2R 212 14 24
fo=1 4 28 212 14 24

fa=1 4 2T 212 1A 24

fa=1 4 2U 212 14 24

fs=2 8 AF 211 2D 25

fe=2 8 4G 211 2D 25
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4B 8 fi= 16 4AU 28 2R 28
fa=11 16 4AV 28 2R 28

fa=11] 16 4AW 28 28 28

fa=11 16 4AX 28 28 28

fs=21 32 8B 27 4H 29

fo=21] 32 8C 27 41 29

2H 32 fi=1 4 2AR 211 14 25
fa=1 4 2A8 211 14 25

fa=1 4 2AT 211 1A 25

fa=1 4 24U 211 14 25

fs=1 4 4AY 211 2B 25

fo=1 4 4AZ 211 2B 25

fr=1 4 4AAA 211 2B 25

fs=1 4 4AAB 211 2B 25

fo=2 8 4AAC 210 2B 26

fio=2 8 4AAD 210 2B 26

fii=2 8 24V 210 1A 26

fl2 =2 8 2AW 210 1A 26

fis=16 | 64 4AAE 27 2J 29

4C 16 fi=1 8 4AAF 210 2W 26
fa=1 8 4AAG 210 2W 26

fa= 8 4AAH 210 2W 26

fa= 8 4AAT 210 2W 26

fs=21 16 4AAT 29 2W 27

fe=21 16 4AAK 29 2W 27

fr=8| 64 8D 27 AL 29

21 64 fi=1 2 2AX 215 1A 21
fo=1 2 24Y 215 1A 21

fz3 =2 4 247 214 14 22

fa=4 8 2AAA 213 14 23

fs= 16 2AAB 212 14 24

fo=16 | 32 4AAL 211 24 25

fr=16 | 32 4AAM 211 24 25

fs=16 | 32 2AAC 211 14 25

2J 64 fi=1 2 2AAD 213 1A 23
fa=1 2 2AAE 213 1A 23

fa=1 2 2AAF 213 14 23

fa= 2 2AAG 213 14 23

fs = 4 2AAH 212 1A 24

fo = 4 2AAI 212 1A 24

fr=4 8 4AAN 211 2G 25

fs=4 8 4AAO 211 2G 25

fo=4 8 4AAP 211 2G 25

flo=4 8 4AAQ 211 2G 25

fi1= 16 4AAR 210 2G 26

fiz2=81 16 4AAS 210 2G 26

fiz=81 16 2AAJ 210 1A 26

fia=16 | 32 24AK 29 1A 27

2K 16 fi=1 8 2AAL 211 1A 25
fa=1 8 2AAM 211 14 25

fa=1 8 4AAT 211 2F 25

fa=1 8 4AAU 211 2F 25

fs=21 16 4AAV 210 2B 26

fo= 16 4AAW 210 2F 26

fr= 32 4AAX 29 2G 27

fs=4 1] 32 4AAY 29 2F 27

2L 32 fi=1 4 2AAN 213 1A 22
fa=1 4 2AAO 213 14 22

fa=1 4 2AAP 213 1A 22

fa=1 4 24AQ 213 14 22

152



Chapter 10

fz=2 8 2AAR 212 14 28

fo=2 8 2AAS 212 14 23

fr=41 16 4AAZ 211 2B 24

fs=41 16 4AAAA 211 2B 24

fo=16 | 64 4AAAB 29 2F 26

2M 16 fi=1 8 2AAT 211 14 25
fo= 8 2AAU 211 1A 25

fz = 8 4AAAC 211 24 25

fa=1 8 4AAAD 211 2A 25

fs=21 16 4AAAE 210 2F 26

fe=21 16 4AAAF 210 2D 26

fr=41] 32 4AAAG 29 2G 27

fs=4 | 32 4AAAH 29 2F 27

2N 32 fi= 4 2AAV 214 14 22
fo= 4 2AAW 214 1A 22

fz3 =2 8 24AX 213 14 23

fa=41 16 4AAAT 212 2B 24

fs=41 16 4AAAT 212 2B 24

foe=41 16 24AY 212 1A 24

fr=16 | 64 4AAAK 210 2F 26

20 32 fi=1 4 24AZ 212 1A 24
fa= 4 2AAAA 212 1A 24

fa=1 4 2AAAB 212 1A 24

fa= 4 24AAC 212 14 24

fs=2 8 4AAAL 211 2B 25

fo=2 8 4AAAM 211 2B 25

fr=2 8 2AAAD 211 1A 25

fs=2 8 2AAAE 211 1A 25

fo= 16 4AAAN 210 2B 26

fio=16 | 64 4AAAO 28 2H 28

4D 16 fi=1 8 4AAAP 210 2W 26
fa = 8 4AAAQ 210 2W 26

fa=1 8 4AAAR 210 2W 26

fa=1 8 4AAAS 210 2W 26

fs=21 16 4AAAT 29 2W 27

fe=21 16 4AAAU 29 2W 27

fr=8| 64 8D1 27 40 29

4FE 8 fi= 16 4AAAW 210 2AD 26
fa=11 16 4AAAX 210 2AD 26

fza=21 32 4AAAY 29 24G 27

fa=4| 64 4AAAZ 28 2AT 28

2P 32 fi=1 4 24AAG 212 1A 24
fo=1 4 2AAAH 212 1A 24

fa=1 4 2AAAI 212 1A 24

fa=1 4 24AAJ 212 1A 24

fs= 8 4AAAAA 211 2B 25

fo=2 8 4AAAAB 211 2B 25

fr= 8 4AAAAC 211 2B 25

fs=2 8 4AAAAD 211 2B 25

fo=41 16 2AAAK 210 14 26

flo=16 | 64 4AAAAE 28 21 28

aF 16 fi=1 8 4AAAAF 210 2W 26
fo=1 8 4AAAAG 210 2W 26

fa=1 8 4AAAAH 210 2W 26

fa= 8 4AAAAT 210 2W 26

f5 = 16 4AAAAT 29 2W 27

fo=21 16 4AAAAK 29 2W 27

fr=8| 64 SE 27 4N 29

4G 8 fi=11] 16 4AAAAL 210 2AD 26
fa=11 16 4AAAAM 210 2AD 26

fz=21] 32 4AAAAN 29 2AG 27
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fa=4| 64 4AAAAO 28 2AH 28
2Q 32 fi=1 4 2AAAL 211 1A 25
fo=1 4 2AAAM 211 1A 25
fa=1 4 2AAAN 211 1A 25
fa=1 4 2AAAO 211 1A 25
fs=2 8 2AAAP 210 14 26
fo=2 8 2AAAQ 210 1A 26
fr= 8 4AAAAP 210 2D 26
fs = 8 4AAAAQ 210 2D 26
fo=41 16 4AAAAR 29 2D 27
fio = 32 4AAAAS 28 2H 28
fir=81 32 4AAAAT 28 2H 28
4H 8 fi=11] 16 4AAAAU 28 2W 28
fa= 16 4AAAAV 28 2W 28
f3= 16 4AAAAW 28 27 28
fa=11 16 4AAAAX 28 27 28
fs=21] 32 8F 27 AM 29
fo=2 1 32 8G 27 AL 29
41 8 fi=11] 16 4AAAAY 29 2AD 27
fa=11 16 4AAAAZ 29 2AD 27
fa = 32 | 4AAAAAA 28 2AF 28
fa= 32 | 4AAAAAB 28 2AH 28
fs = 32 | 4AAAAAC 28 2A1 28
4J 8 fi= 16 | 4AAAAAD 27 24AZ 29
fa = 16 | 4AAAAAE 27 24AZ 29
fz= 16 | 4AAAAAF 27 2AAAB 29
fa=11 16 | 4AAAAAG 27 2AAAB 29
fs=2 | 32 | 4AAAAAH 26 2AAAE 210
feo=21] 32 4AAAAAT 26 2AAAD 210
8A 4 fi=11] 32 8H 26 4AAAW 210
fa= 32 81 26 4AAAW 210
fz= 64 8J 25 4AAAY 211
2R 16 fi=1 8 2AAAR 210 1A 26
fa = 8 2AAAS 210 1A 26
fa= 8 | 4AAAAAJ 210 2F 26
fa=1 8 | 4AAAAAK 210 2F 26
fs=2| 16 | 4AAAAAL 29 2A 27
fe=21] 16 | 4AAAAAM 29 2D 27
fr=4 1| 32 | 4AAAAAN 28 2H 28
fs = 32 | 4AAAAAO 28 21 28
4K 16 fi= 8 | 4AAAAAP 29 2R 27
fa=1 8 | 4AAAAAQ 29 2R 27
fz= 8 | 4AAAAAR 29 2R 27
fa=1 8 | 4AAAAAS 29 2R 27
fs=2| 16 | 4AAAAAT 28 2R 28
fe=21] 16 | 4AAAAAU 28 2R 28
fr= 32 8K 27 4H 29
fes = 32 8L 27 4H 29
4L 8 fi= 16 | 4AAAAAV 29 2AD 27
fa = 16 | 4AAAAAW 29 2AD 27
fa= 32 | 4AAAAAX 28 2AH 28
fa=2 | 32 | 4AAAAAY 28 2AG 28
fs =2 | 32 | 4AAAAAZ 28 2AH 28
28 16 fi=1 8 2BA 210 1A 26
fo=1 8 2BB 210 1A 26
fa=1 8 4BA 210 2G 26
fa= 8 4BB 210 2G 26
f5 = 16 4BC 29 2D 27
fe=21 16 4BD 29 24 27
fr=21 16 4BE 29 2F 27
fs=21 16 4BF 29 2G 27
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4BG

4BH
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2BD

2BE

2BF
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4BJ
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4BL
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2BJ
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2BM
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4BN
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4BU
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4BX
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4BZ
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4BAF
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4BAI
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2BZ
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4BAJ
4BAK
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16
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16
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16
16
16
16
16
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16
16
16
16
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8
16
16
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32

16
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32

32

64
64
16

fo=2
flo=2

fi=1

fo

fz=1
fa

fs=2
fo

fr=4

fs=4
fo

= 832
fi=1

fio

.

fza=1

fa

fs=4

fe=38
fr

fs =38
fo
f10 =28

fi1

16

fi=1

fo=1

fa=1

fa

fs=2
fe

fr=4
f8

fi

fo=1

fa=1

fa

fs=2
fe

fr=2
e

fo=4
fio=4
fi1

4
4

fi2

fiz=4

fi=1

fo=1

g

fa=1

fs=2

fe=2
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3
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16
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2W

2X
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4M
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fo=11 16 4BAO 29 24AAN 27
fza=21 32 4BAP 28 2AAQ 28
fa=4| 64 4BAQ 27 2AAR 29
4N 8 fi=11] 16 4BAR 28 2AAN 28
fo=11 16 4BAS 28 2AAN 28
fza=2 1 32 ABAT 27 2AAS 29
fa= 32 4BAU 27 2AAR 29
f5 = 32 4BAV 27 24AP 29
40 16 fi= 8 ABAW 210 24AV 26
fa=1 8 4BAX 210 2AAV 26
fa=1 8 4BAY 210 2AAV 26
fa=1 8 ABAZ 210 24AV 26
fs=21 16 4CA 29 2AAV 27
fe=21 16 4CB 29 2AAV 27
fr= 64 8SM 27 4AAAT 29
4P 8 fi= 16 4ccC 28 2R 28
fa = 16 4CD 28 2R 28
fa=11] 16 ACE 28 28 28
fa=11 16 4CF 28 28 28
fs=21 32 8N 27 47 29
fe=21] 32 80 27 4H 29
4Q 8 fi=11 16 4CG 29 2AAN 27
fa=11 16 ACH 29 2AAN 27
fz= 32 4CT 28 2AAQ 28
fa= 64 4acJ 27 2AAR 29
4R 16 fi= 8 ACK 210 24AV 26
fa=1 8 4CL 210 2AAV 26
fa=1 8 ACM 210 2AAV 26
fa=1 8 4CN 210 2AAV 26
fs=21 16 4C0 29 24AV 27
fe=21 16 4CP 29 2AAV 27
fr= 64 8P 27 4AAAT 29
48 8 fi= 16 4CQ 28 2W 28
fa=11 16 4CR 28 2W 28
fa=11] 16 4CS 28 2Y 28
fa=11 16 4CT 28 2Y 28
fs=21 32 8Q 27 4N 29
fe=21] 32 S8R 27 40 29
aT 8 fi=11 16 4cU 29 2AD 27
fo= 16 40V 29 2AD 27
fa= 32 4CW 28 2AF 28
fa= 32 4CX 28 247 28
fs=21 32 4CY 28 2AH 28
27 16 fi=1 8 2BAC 210 1A 26
fa=1 8 2BAD 210 14 26
fa=1 8 4CZ 210 2A 26
fa=1 8 4CAA 210 24 26
fs=21 16 ACAB 29 2F 27
fo= 16 4CAC 29 2D 27
fr= 32 4CAD 28 21 28
fs=4 | 32 4CAE 28 2H 28
aU 8 fi=11] 16 ACAF 28 2AAV 28
fa=11 16 4CAG 28 2AAV 28
fa=11| 16 4CAH 28 2AAX 28
fa=11 16 4CAI 28 24AAX 28
fs=21 32 8S 27 4AAAT 29
fo=2 1 32 8T 27 4AAAT 29
2AA 32 fi=1 4 2BAE 211 1A 25
fa=1 4 2BAF 211 1A 25
fa=1 4 2BAG 211 14 25
fa=1 4 2BAH 211 1A 25
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fz=2 8 4CAJ 210 2D 26
fo=2 8 4CAK 210 2D 26
fr=2 8 4CAL 210 2D 26
fs=2 8 A4CAM 210 2D 26
fo= 16 2BAI 29 14 27
fio=8 | 32 4CAN 28 2I 28
fii=81 32 4CAO 28 21 28
4V 8 fi=11 16 4CAP 29 2AD 27
fa=11 16 4CAQ 29 2AD 27
fza=21 32 4CAR 28 2AF 28
fa=21 32 4CAS 28 241 28
fs=21] 32 ACAT 28 2AH 28
8B 4 fi=11] 32 8U 26 | 4AAAAL 210
fa=11] 32 8V 26 | 4AAAAL 210
fa=2| 64 SW 25 | 4AAAAN 211
4w 8 fi=11] 16 4CAU 27 2AAAG 29
fa=11 16 4CAV 27 2AAAG 29
fz= 16 AC AW 27 24AAI 29
fa=11 16 4CAX 27 2AAAT 29
fs=21 32 8X 26 | 4AAAAC 210
fe = 32 8Y 26 | 4AAAAD 210
4x 16 fi=1 8 4CAY 29 2R 27
fa=1 8 ACAZ 29 2R 27
fz= 8 4DA 29 2R 27
fa=1 8 4DB 29 2R 27
fs=21 16 4DC 28 2R 28
fe=21 16 4DD 28 2R 28
fr=41 32 87 27 47 29
fs=4 | 32 8AA 27 41 29
2AB 16 fi=1 8 2BAJ 210 1A 26
fa=1 8 2BAK 210 14 26
fz= 8 4DE 210 2F 26
fa=1 8 4DF 210 2F 26
fs=21 16 ADG 29 2B 27
fe=21 16 ADH 29 2F 27
fr=41 32 4DI 28 21 28
fs=4 1] 32 4DJ 28 2H 28
4Z 8 fi=11] 16 4ADK 29 2AD 27
fa=11 16 4DL 29 2AD 27
fa=21 32 ADM 28 2AG 28
fa=21 32 4DN 28 241 28
fs=21 32 4DO 28 2AT 28

Table 10.3: Conjugacy Classes of G = 27:(2°:(2 x Dg))

Example 10.2.1. Let us consider the identity coset N. Since N is abelian, the action of N on
itself results into orbits comprising singleton. Therefore, k = |N| = 27. The action of Cg(lg) = G
on N yields orbits of lengths f1 =1, fa=1, fs=1, fu=1, f5=2, fs =2, fr=4, fs=4, fo=
8, fio =8 f11 =16, fio =16 f13 =32, f14 = 32. The orders of the representatives of these orbits
are the orders of the elements of N. Note that the first orbit corresponds to 14A. We know that
|Ca(1g)| = |G| = 512. Hence we have the following classes of G from g = 14

e class (1A4) such that |Cz(14)| = w = 216,

e class (2A4) such that |Cn(24)] = w =216,
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e class (2B) such that |Cs(2B)| = M =216,
e class (2C) such that |Cx(2C)| = M =216,
e class (2D) such that |Cx(2D)| = w = 21°,
e class (2F) such that |Cs(2F)| = M =215,
e class (2F) such that |Cx(2F)| = w =2,
e class (2G) such that |Cx(2G)| = M =2M
e class (2H) such that |Cx(2H)| = w =213,
o class (2I) such that [C(21)| = 2xI%0al _ 913,

e class (2J) such that |Cx(2J)| = 27X|07§(1G)| =212

e class (2K) such that |Cn(2K)| = M =212
e class (2L) such that |Cx(2L)| = % =2,

e class (2M) such that |Cx(2M)| = M =2l

10.3. Action of G on Irr(N)

For the action of G on the Irr(27), we have to first write the elements of G in the dimension of the

module 27. We know G = 2°:(2 x Dg) = (g1, g2, g3, 94) and N = (e1, ea, €3, ey, e5,€6,€6,€7).

Then the action of g; on the generators of N is given by:
€1 /> €1, €2 > €2€7, €3 I €3, €4 > €1€2€365€7,
€5 — €1€92€3€4, €g > €gey, €7 > €.

The action of go on the generators of IV is given by:

€1 — e1, €z — e1e2e4e56e6, €3 — e1e3er,

€4 > €1€64€e7, €5 > €1€4€65, €5 > €4€5€7, e7 > e7.
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The action of g3 on the generators of IV is given by:
€1 > €1, €2 /> €2, €3 > €2€4€6, €4 — €2€3€6,
€5 — €1€2€e5€4, €g — €5, €7 > e7.
Finally, the action of g4 on the generators of N is given by:
€1 > €1, €2 > €267, €3 > €2€4€5€7, €4 > €2€4€4,

e5 > €3eq€qg, €g > eger, €7 > er.

We now give in Table 10.4, the matrix representations of the above actions to obtain the generators

of G in terms of 7 x 7 matrices. That is, G = <g/1, g/2, gé, gé).
Table 10.4: Generators of G

Generators of G Generators of G

M 0 0 0 0 0 07 r 0 0 0 0 0 07

0o 1 0 0 0 o0 1 1 1 0 1 1 1 O

, 0 0 1 0 0 0 0 , 1 0 1 0 0 0 1
g1 = |1 1 1 0 1 0 0 go = |1 0 0 1 0 0 1
1 1 1 1 0 0 O i1 0 0 1 0 1 O

0 0 0 0 0 1 1 0 0 0 1 1 0 1

LO 0 0 0 0 0 1] LO 0 0 0 0 0 1]

S 0 0 0 0 0 07 M 0 0 0 0 0 07

0 1 0 0 0 0 0 0 1 0 0 0 0 1

0 1 0 1 0 1 0 0 1 0 1 1 0 1

gé =10 1 1 0 0 1 0 g; = |0 1 0 1 0 1 0
1 1 0 0 1 1 0 0 0 1 1 0 1 0

0 0 0 0 0 1 0 0 0 0 0 0 1 1

LO 0 0 0 0 0 1] LO 0 0 0 0 0 1]

We then act the group say G generated by the transposed matrices of the group <g/1, gl2, g;, 921>
on the vector space V = GF(2)" as this action is equivalent to the action on the dual V*. The
dual is isomorphic to Irr(27). We obtain from this action two orbits each of length 1, one orbit of
length 2, three orbits each of length 4, three orbits each of length 8, three orbits each of length 16
and one orbit of length 32. The point stabilizers are given by Hy = 2°:(2 x Dg), Ha = 2°:(2 x Dg),
Hy =22 x((((4%x2):2):2):2), Hy = 22 x (2*:2), H5 = (Dg x Dg):2, Hg = (Dg x Dg):2, H; = Dg x Dy,
Hg = (((4 x 2):2):2):2, Hy = Dg x Dg, Hig = 2 x (2%:2), Hj; = 2 x 2 x Dg, Hjo = 2 x 2 x Dy,
Hi3 =2 x2x Dg and Hi4 = 2 x Dg. The fusions of the inertia factor groups are given in Table

10.5. The character tables of the inertia factor groups appear in the Appendix.
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@iy = Wl ||[@]as = Wl ||[#]m = Wl ||[#]m = Y
la 1A || 2m 25| 2z 2V 2ai 27
2a 2Q || 2n 2X || 2aa 25 4q 4H
4a 4X || 20 2Y'|| 2ab 2F| 2aj 2R
2b 2AA| 4e 4L|| 2ac 2Y 4r 4X
2c 2J || 4f 4Y'|| 2ad 2N|| 4s 4V
4b 4K || 2p 2D|| 2ae 2U 4t 4L
2d 2B || 2q 2L 4 4K|| 2ak  2AA
2e 2W || 2r 2K|| 2af 2Q|  4u 4D
2f 2T || 2s 2T 45 4U|| 2al 2P
2g 2U || 2t 2V 4k 4Y| 4o 4G
4c 4H || 2u 2W 41 41| 4w 45
2h 2R || 4g 41| 2ag9 2AB| 4z 4T
4d 4U || 4h 4V|| 4m 4F|| 2am 27
2i 2AB|| 2v 2M | 2ah 20
2j 24 || 2w 2C|| 4n 4F
2k 21 || 2z 2B 4o 45
21 2K || 2y 2X|| 4p 4T

[@]m, = Wla | [#]a = Wl || [2]a, = W || [#le = Y
la 1A || 2n 2Y || 4da 4C|| 4k 4R
2a 2J || 20 25| 2ab 2F 41 4M
2b 2B || 2p 2D 4b 4B|| 2af 2L
2c 2J || 2¢q 2L|| 2ac 2G| 2ag 2D
2d 2W || 2r 2K 4c 4P| 2ah 2T
2e 2T || 2s 24| 4d AN|| 2at 25
2f 2U || 2t 25| 4e 40| 2aj 2C
2¢g 2W | 2u 2V 4Af 4G|| 2ak 2M
2h 24 || 2v 2M | 4g 4A|| 2al 2X
2 21 || 2w 2C|| 2ad 2H|| 2am 2W
2j 2K || 2z 2B|| 4h 4B|| 2an 2F
2k 24 || 2y 2J|| 2ae 2G| 2ao0 2M
21 25 || 2z 2w 47 4P|| 2ap 2N
2m 2X || 2aa 2V 43 AN|| 2ag 2D

Table 10.5: Fusion of H; into 2°:(2 x Dg)
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[x]Hs — [y]Hl

(@) rs — [yl

(] — [yl

[‘r]HG — [y}H1

4g AF
2j 20
4h AE

4g 4D
2] 2P
4h 4G

['T]H7 — [y]Hl

[x]Hs — [y}H1

la 1A
2a 2Q
2b 2J
4a 4K
2c 2B
4b 41
2d 2M
2e 2C
8a 8A
4c 4J
4d 4C
2f 2F
4e 4B
29 2G
4f 4A
2h 2H
2i 2F
[]m: = [ylm,
la 1A
2a 2J
2b 2U
2c 2W
2d 2D
2e 2H
2f 2V
4a 4C
2g 2F
4b 40
4c 4Q
2h 2C
21 2N
2 2G

2k 2F
4d 40
4e 4P
2f 2H
4f 4R
4q 4F
2m 20
2n 27
4h 45
44 4D
20 2P

la 1A
2a 2AA
2b 2J
4a 4X
2c 2B
4b 4V
2d 2M
2e 2C
8a 8B
4c 4w
4d 4C
2f 2F
4e 4B
2g 2G
Af 4A
2h 2H
2i 2F
]y = [yl
la 1A
2a 2AA
2% 20
2c 2T
4a 4L
4b 4Y
2d 2L
4c 4J
4d 4w
2e 2F
de 4N
°of  2H
29 2F
2h 20

Af AT
2 2P

Table 10.5: (cont.)
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[@lay, = Wla || [2la, = e | [@]me = Wla ||, = b
la 1A || 2k 2F la 1A 2 2H
2a 2J 4d 40 2a 24AA 4f 4R
2b 2U || 4e 4P 2b 2Q) 27 2Q)
2¢ 2W | 2f 2H 2¢ 2U 2k 24A
2d 2D || 4f 4R 2d 2R 21 2F
2e 2H || 4g 4D 2¢  2AB|| 2m 2R
2f 2V || 2m 2P 2f 21 2n  2AB
4a 4A || 2n 27 2g 2Y 20 2N
2g 2H || 4h 45 4a 4J 2p 20
4b 4R 4q 4F 4b 4w 2q 27
4c 4M || 20 20 2h 2F 2r 2P
2h 2C 4c 40 2s 27
2 2N 4d 4J 2t 20
23 2G de 4w 2u 2P

[x]Hn — [y]Hl [x]Hn — [y]Hl [x}Hm — [y]fh [-TU]ng — [y]fh
la 1A || 2m 2H la 1A 2k 2Y
2a 2J 4b 4A 2a 2Q 4d 4U
2b 21 2n 20 2b 2J 2l  2AB
2c 2A 4c 4F 4a 4K| 2m 2W
2d 2L 20 2P 2c 2B 2n 2X
2e 2C" || 4d 4D 4b 4H 20 2U
2f 2F 2d 2R
2g 2G 2e 2A
2h 2H 2f 21
2 2G 29 2K
27 2F 4c 4X
2k 2H 2h 2AA
21 2F 2i 25
4a 4C 27 2T

Table 10.5: (cont.)

162



Chapter 10

(@ = e || [2]ms = Wl || [, — Wm
la 1A || 2k 2Y la 1A
2a 2AA|l 4d 4H 2a 2J
2b 2J 21 2R 2b 2B
4a 4X || 2m 2W 2c 2W
2c 2B || 2n 2X 2d 2T
4b 4U || 20 2U 2e 2U
2d 2AB 4a 4K
2e 2A 2f 2Q
2f 21 4b 4X
2g 2K 2g 2AA
4c 4K
2h 2Q
21 25
2 2T

Table 10.5: (cont.)

10.4. Fischer Matrices

Using the fusions of the inertia factor groups into the classes of G, we obtain the sizes of the Fischer

matrices on class representatives of G. In fact, we applied Programme C to obtain the Fischer

matrix M(1A) given below. Clearly, this is a 14 — dimensional matrix.

M(1A)

|
—

|
—

1 1 1 1 1 1 1
1 1 1 -1 1-1 1
2 2 2 2 0 0 2
4 4 4 4 0 0 4
4 4 -4 -4 0 0-4
4 4 -4 -4 0 0-4
_ 8 8 -8 -8 0 0 O
- 8 8§ -8 -8 0 0 8-—
8 8 -8 -8 0 0 O
8 8 8 8 0 0-8-—
16 16 16 16 0 0 O
16 —16 —16 16 —4 4 0
16 -16 —16 16 4 -4 0
32-32 32-32 0 0 O

COCOROWD I i i N i

Co0COOROROOONHH
CO0OOROROOON R
OO O 00000000 ks i i N
O OO 00000000 ik i i N
OO0 OR R RNHF

OCOOCOCOCOOOR R RNFHF

We now construct the Fischer matrices on the non-identity classes of G and we list them in Table

10.6. We apply Programme D to obtain these Fischer matrices. We observe that all the classes

with representative say g an element order 4 are such that C(g) acts trivially on Irr(N/M):

Table 10.6: Fischer Matrices of G = 27:(2%:(2 x Dg))

Fischer Matrices of G = 27:(2°:(2 x Dg))

Fischer Matrices of G = 27:(2°:(2 x Dg))

T T
1 1 1 1 1 1 1 1 1
1-1-1-1 1 1 1 1 1
101 1-1 1 1 1-1-1 1-1-1 1-1 1-1 1 11
1-1-1 1 1 1 1-1-1 2 -2 -2 [0} 2 2 0 2 2 -2
M@2A)=|2 0 0o 0o-2 2 2 2-2 M@B)=|2 2 2 0-2 2 0 2 22
2 0 0 0-2 2 2-2 2 4-4 4 0 0 4 0-4-4 0 0
8 0 0 0 0-8 8 0 0 4 0 0 0 0—4 0 4-4 4-4
8 4-4 0 0 0-8 0 0 4 0 0 0 0-4 0 4-4-4 4
8-4 4 0 0 0-8 0 0 4 4-4 0 0 4 0-4-4 0 0
8 0 0 0 0-8 0-8 8 0 0
T T T T T T T T T T
1 -1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 0 2 2 2 2 2-2-2-2 1-1-1 1 1 1 1 1
2 0 2 2 2-2-2 2-2-2 1-1 1 1 1-1-1-1
2 0 2 2 2-2-2-2 2 2 1 1-1 1 1-1-1-1
MQRC)=13 0-4 4-4 a2-2 0 0 0 M@D)=13 o o 2-2 2 2-2
4 0-4-4 4 0 0 0 4-4 2 0 0 2-2-2-2 2
4 0-4-4 4 0 0 0-4 4 10 0-4 0 4-4 0
4 0-4 4-4-4 4 0 0 0 4 0 0-4 0-4 4 0
8 0 8-8-8 0 0 0 0 0

Continued on next page
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Table 10.6 — continued from previous page

M(2J)
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Table 10.6 — continued from previous page
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We used the above Fischer matrices and the character tables of the inertia factor groups, namely

Hy3 and Hyy (see Tables A.5, A.6,

A7, A8, A9, A.10, A.11 and A.12 for the character tables of the inertia factor groups) together

with their fusions (as provided in Table 10.5) into G

~

= Hio

H97 H87 H107 Hll

H67 H7 =

o~

H27 H37 H47 H5

H =

Hs to obtain the character table

>,

of G = 26:(25:(2 x Dg)). The character table of 29:(2%:(2 x Dg)) will be partitioned into fourteen
blocks Bl, BQ, B3, B4, B5, Bﬁ, B7, Bg, Bg, Blo, BH, B12, Bl3 and Bl4 corresponding to the inertia
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factor groups Hl, HQ, Hg, H4, H5, H6, H7, Hg, Hg, Hlla H12, H13 and H14 respectively. In fact

By = {xi|1 <i <56}, By ={x;|57 <i <112}, By = {x;|113 < i < 176},

By = {xi|177 < i < 232}, Bs = {x4]233 < i < 252}, B = {xi[253 <i < 272},
Br = {xi]273 < i < 297}, Bg = {x4]298 < i < 313}, By = {xi[314 < i < 338},
Bro = {339 <i < 366}, Bi1 = {xs|367 < i < 386}, Bia = {x:|387 < i < 406},

Biz = {xi[407 < <426}, Biy = {x;]427 < i < 436},

where Irr(2%:(2%:(2x Dg))) = U141 B;. The full character table of G = 26:(2%:(2x Dg)) can therefore

1=

be obtained this way.

10.5. Fusion of Conjugacy Classes of (i into the Classes of 27:5p(6, 2)

In [3], Ali computed the fusion of the classes of the group 27:Sp(6,2) into those of Spg(2). In this
section we fuse the conjugacy classes of G = 27:(2%:(2 x Dg)) into 27:Sp(6,2). Let x(27:Sp(6,2)|G)
denote the permutation character of 27:Sp(6,2) on the cosets of G in 27:Sp(6,2). Let [Ylo7.5p(6,2)
denote a conjugacy class of 27:Sp(6,2) with representative y and similarly [§]s denote a conjugacy

class of G with representative g.

We computed the permutation character x(27:Sp(6,2)|G) using GAP and see that it has 10 con-
stituents. Let Cons[i] denote the constituents of x(27:Sp(6,2)|G), where 1 < i < 10. By consider-
ing the degrees of the constituents, we are able to identity them as Cons[l] = x1, Cons[2] = x3,
Cons[3] = x6, Cons[4] = xg, Cons[5] = x11, Cons[6] = x15, Cons[7] = x16, Cons[8] = xa22,
Cons[9] = x23, Cons[10] = 30 where the ;’s are irreducible characters of 27:Sp(6,2). The charac-
ter table of 27:Sp(6,2) can be found in Ali’s PhD thesis [3]. To get the respective quantities of the
constituents in x(27:5p(6,2)|G), we compute the inner product (cons[i], x(27:5p(6,2)|G)) for each

7 and obtain:

x(27:5p(6,2)|G) = x1 + x3 + 2x6 + 3Xs + 3x11 + X15 + 3X16 + 2X22 + 3X23 + X30-

We now give the computations for the fusion in Table 10.7.

[v] 4Q 4R 4S8 AT 44U 4V 4W 4X 4Y 4Z 4AA 4AB 4AC
1Co7. 5p(6,2) ()] 1 3 3 1 1 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 5 2 2 2 2 2
24 72 72 24 24 24 24 12 56 56 56 56 56
x(27:5p(6,2)|G)(y) 1 1 1 1 1 2 2 2 2 0 0 0 0
5 5 5 5 3 3 3 3 7 7 7 7
[] ICa ()|
4A 210 1 3 3 1 1 1 1
4B 210 1 3 3 1 1 1 1
4C 210 1 3 3 1 1 1 1
4D 210 1 3 3 1 1 1 1
AE 29 2 6 6 2 2 2 2 1
4F 211
4G 211
4H 211
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12
12
12
12

12
12
12
12

211

41

29

4J
4K
4L
4M
4N
40
4P
4Q
4R
45
4T
4U
4V
4w
4X
4Y
4z
4AA

29

212

212

912

212
29

911

211

210

210
29

29

211

210

211
211

211

211

4AB

210

4AC

210
27

4AD

4AE

29

4AG

29

4AH

29

4AT1
4AJ

29

29

4AK

29

4AL

27

4AM

27

4AN

210

4A0

210

4AP

210

4AQ

210

4AR

29

4AS

29

4AT

28

4AU

28

4AV

28

4AW

28
211

4AX

4AY

911

4AZ

211
211

4AAA
4AAB
4AAC
4AAD
4AAE
4AAF
4AAG
4AAH
4AAI
4AAT
4AAK
4AAL
4AAM
4AAN
4AAO
4AAP
4AAQ
4AAR

210

210

27
210

210

210

210

29

29
211

211

911

211
211

911

210
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4AAS 210 1 3 3 1 1 1 1
4AAT 211
4AAU 211
4AAV 210 1 3 3 1 1 1 1
4AAW 210 1 3 3 1 1 1 1
4AAX 29 2 6 6 2 2 2 2 1
4AAY 29 2 6 6 2 2 2 2 1
4AAZ 212
4AAAA 212
4AAAB 210 1 3 3 1 1 1 1
4AAAC 211
4AAAD 211
4AAAE 210 1 3 3 1 1 1 1
4AAAF 210 1 3 3 1 1 1 1
4AAAG 29 2 6 6 2 2 2 2 1
4AAAH 29 2 6 6 2 2 2 2 1
4AAAT 212
4AAAT 212
4AAAK 210 1 3 3 1 1 1 1
4AAAL 211
4AAAM 211
4AAAN 210 1 3 3 1 1 1 1
4AAAO 28 4 12 12 4 4 4 4 2 1 1 1 1 1
4AAAP 210 1 3 3 1 1 1 1
4AAAQ 210 1 3 3 1 1 1 1
4AAAR 210 m 3 3 1 1 1 1
4AAAS 210 1 3 3 1 1 1 1
4AAAT 29 6 6 2 2 2 2 1
4AAAU 29 2 6 6 2 2 2 2 1
AAAAW 210 1 3 3 1 1 1 1
4AAAX 210 1 3 3 1 1 1 1
4AAAY 29 2 6 6 2 2 2 2 1
4AAAZ 28 4 12 12 4 4 4 4 2 1 1 1 1 1
4AAAAA 211
4AAAAB 211
4AAAAC 211
4AAAAD 211
4AAAAE 28 4 12 12 4 4 4 4 2 1 1 1 1 1
4AAAAF 210 1 3 3 1 1 1 1
4AAAAG 210 1 3 B 1 1 1 1
4AAAAH 210 1 3 3 m 1 1 1
4AAAAT 210 1 3 3 1 m 1 1
4AAAAT 29 2 6 6 2 2 2 1
4AAAAK 29 2 6 6 2 2 2 1
4AAAAL 210 1 3 3 1 1 m 1
4AAAAM 210 1 3 3 1 1 1 m
4AAAAN 29 2 6 6 2 2 2 2
4AAAAO 28 4 12 12 4 4 4 4 2 m 1 1 1 1
4AAAAP 210 1 3 3 1 1 1 1
4AAAAQ 210 1 3 3 1 1 1 1
4AAAAR 29 2 6 6 2 2 2 2 1
4AAAAS 28 4 12 12 4 4 4 4 2 1 1 1 1 1
4AAAAT 28 4 12 12 4 4 4 4 2 1 1 1 1 1
4AAAAU 28 4 12 12 4 4 4 4 2 1 m 1 1 1
4AAAAV 28 4 12 12 4 4 4 4 2 1 1 1 1 i)
AAAAAW 28 4 12 12 4 4 4 4 2 1 1 1 m 1
4AAAAX 28 4 12 12 4 4 4 4 2 1 1 m 1 1
4AAAAY 29 2 6 6 2 2 2 1
4AAAAZ 29 2 6 6 2 2 2 1
4AAAAAA 28 4 12 12 4 4 4 4 2 m 1 1 1 1
4AAAAAB 28 4 12 12 4 4 4 4 2 m 1 1 1 1

168



Chapter 10

12
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12

2}
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4AAAAAC
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27
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27
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26
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26
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4AAAAAT
4AAAAAT

210

4AAAAAK

29

4AAAAAL

29
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28

4AAAAAN
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4AAAAAO
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4AAAAAP

29

4AAAAAQ
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4AAAAAR
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4AAAAAS

28

4AAAAAT

28

4AAAAAU
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28
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28
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28
210

4AAAAAZ

4BA
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4BB

29

4BC

29

4BD

29

4BE

29

ABF

29

4BG

29

4BH

210

4BI
4BJ

210
29

4BK

29

4BL

211

4BM

211
211

4BN

4BO

911

4BP

211
211

4BQ

4BR

210

4BS

210
29

4BT

4BU

29

4BV

210

4BW

210

4BX

210

4BY

210
29

4BZ

4BAA

4BAB

4BAC
4BAC2

29

29

29

211
211

4BAD
4BAFE
4BAF
4BAG
4BAH
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4BAJ
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29

29

211
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27
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4CK
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4CM
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4CN

29
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4CP
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4CQ
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4CR
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4CS

28
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29

4CU

29
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28
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4CY

4CZ
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4CAA
4CAB
4CAC
4CAD
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4CAF
4CAG
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29

29
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210
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4CAL
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29

29
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28
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4DD

210

4DE

210
29

ADF

4DG

29

4DH

28

4D1
4DJ

28

29

4DK

29

4DL

28

4DM

28

4DN

28

4DO

7.5p(6,2)

Table 10.7: Computations for the Fusion of G into 2
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[v] 1A 24 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 20
ICo7.5p(6,2) (W) 185 185 29 29 14 14 4 14 14 4 4 4 4 8 6 6
794 794 49 49 74 74 91 74 74 91 91 91 91 1 11
560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44
x(27:5p(6,2)|G)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5

35 35 35 35 15 15 15 43 43 43 43 23 23 23 11

[a] Ca(@)|

14 216

24 216 2835 45 53|

2B 216 2835 85} 45

2C 216 45 45

2D 215 g0 90 45 45

2F 215 90 g0 45 45

2F o4 180 90 90 3 3 3 3 3

2G ol4 180 XU 90 90 3 3 3 3 3

2H 213 360 180 180 6 18 18 6 6 6 6 1

21 213 360 BBO 180 180 6 18 18 6 6 6 6 1

2J 212 720 360 360 12 36 36 12 12 12 12 2

2K 212 720 w20 360 360 12 36 36 12 12 12 12 2

2L ol 1440 720 720 24 72 72 24 24 24 24 4 3

oM ol 1440 M40 720 720 24 72 72 24 24 24 24 4 3

2N 212 720 720 360 360 12 36 36 12 12 M2 12 2

20 212 720 720 360 360 12 36 36 12 12 12 @Z 2

2P ol 1440 1440 720 720 24 72 72 24 24 24 24 a3

2Q 210 1440 1440 48 144 144 48 48 48 48 B 6

2R 212 720 720 360 360 12 36 36 12 12 M2 12 2

28 212 720 720 360 360 12 36 36 12 12 12 12

2T 212 720 720 360 360 12 36 36 12 12 12 12

2U 212 720 720 360 360 12 36 36 12 12 12 2

2V 210 1440 1440 48 144 144 48 48 48 48 6 6

2W 213 360 360 180 180 6 18 18 6 6 6 1

2X 213 360 360 180 180 6 18 18 6 6 6 1

2y 213 360 360 180 180 6 18 18 6 6 6 6 i

2Z 213 360 360 180 180 6 18 18 6 6 6 6 i

24A ol 1440 1440 720 720 24 72 72 24 24 24 24 @ 3 3

2AB ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AC ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3

2AD o4 180 180 90 9% 3 @ 9 3 3 3 3

2AE ol4 180 180 90 90 3 9 3 3 3 3

2AF ol4 180 180 90 90 3 9 9 3 3 3

2AG ol4 180 180 90 90 3 9 9 3 3 3
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[v] 1A 24 2B 20 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 20
|Cor.5p(6,2) ()| 185 185 29 29 14 14 4 14 14 4 4 4 4 8 6 6
794 794 49 49 74 74 91 74 74 91 91 91 91 1 11
560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44
x(27:5p(6,2)|G)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5
35 35 35 35 15 15 15 43 43 43 43 23 23 23 11
(2] |Ca()l
2AH 213 360 360 180 180 6 18 18 6 1
241 213 360 360 180 180 6 18 18 6 B 6 1
247 ol 1440 1440 720 720 24 72 72 24 24 ©pA 24 4 3 3
24K ol 1440 1440 720 720 24 72 72 24 24 24 P4 4 3 3
2AL ol 1440 1440 720 720 24 72 72 24 24 24 24 @a 3 3
2AM ol 1440 1440 720 720 24 72 72 24 24 24 24 @a 3 3
24N 210 1440 1440 48 144 144 48 48 48 48 6 6
240 210 1440 1440 48 144 144 48 48 48 48 8 6 6
24P 29 96 96 96 96 96 16 M2 12
24Q 29 96 9% 96 96 96 16 12 @2
24AR ol 1440 1440 720 720 24 @ T2 24 24 24 24 4 3 3
248 ol 1440 1440 720 720 24 72 W2 24 24 24 24 4 3 3
2AT ol 1440 1440 720 720 24 72 72 24 24 24 4 3 3
24U ol 1440 1440 720 720 24 72 72 24 P24 24 24 4 3 3
24V 210 1440 1440 48 144 144 48 48 48 8 6 6
2AW 210 1440 1440 48 144 144 48 48 48 8 6 6
24X 215 90 90 Ji%s} 45
24Y 215 90 90 45 iy
247 ol4 180 180 90 90 9 9
24AA 213 360 360 180 180 18 18 1
24AAB 212 720 720 360 360 36 36 12 12 12 12 2
24AC ol 1440 1440 720 720 720072 24 24 24 24 4 3 3
24AD 213 360 360 OISO 180 6 18 18 1
24AE 213 360 360 180 180 18 18 1
2AAF 213 360 360 180 180 18 18 1
24AG 213 360 360 180 180 6 DR 18 1
24AH 212 720 720 360 360 36 36 12 12 12 12 2
24AI 212 720 720 360 360 36 36 12 12 12 12 2
2AAJ 210 1440 1440 B8 144 144 48 48 48 48 8 6 6
24AK 29 96 96 96 96 96 16 12 12
2AAL ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
2AAM ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
2AAN 213 360 360 180 180 6 DR 18 6 1
24A0 213 360 360 180 180 6 18 6 1
24AP 213 360 360 180 180 6 18 18 ® 1
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[v] 1A 24 2B 20 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 20
|Cor.5p(6,2) ()| 185 185 29 29 14 14 4 14 14 4 4 4 4 8 6 6
794 794 49 49 74 74 91 74 74 91 91 91 91 1 11
560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44
x(27:5p(6,2)|G)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5
35 35 35 35 15 15 15 43 43 43 43 23 23 23 11
[2] |Ca(@)]
24AQ 213 360 360 180 180 6 18 18 6 B 6 6 1
24AR 212 720 720 360 360 12 36 36 M2 12 12 12 2
24AS 212 720 720 360 360 12 36 36 12 @12 12 12 2
2AAT ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
24AU ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
24AV Q14 180 180 90 90 3 9 9 3 3 B 3
2AAW Q14 180 180 90 90 3 9 9 3 3 3
24AX 213 360 360 180 180 6 18 18 6 6 6 6 m
24AY 212 720 720 360 360 12 36 36 12 12 12 12
24AZ 212 720 720 360 360 12 36 12 12 12 12 2
24AAA 212 720 720 360 360 12 36 B 12 12 12 12 2
2AAAB 212 720 720 360 360 12 36 36 M2 12 12 12 2
24AAC 212 720 720 360 360 12 36 36 12 D12 12 12 2
2AAAD ol 1440 1440 720 720 24 72 72 24 24 24 4 3
2AAAE ol 1440 1440 720 720 24 72 72 24 ©A 24 24 4 3
2AAAG 212 720 720 360 360 12 36 36 12 12 12 2
24AAH 212 720 720 360 360 12 36 36 12 12 12 2
24AAI 212 720 720 360 360 12 36 36 12 12 12 12
2AAAT 212 720 720 360 360 12 36 36 12 12 12 12
24AAAK 210 1440 1440 48 144 144 48 48 48 48 6 6
2AAAL ol 1440 1440 720 720 24 @@ T2 24 24 24 24 4 3 3
2AAAM ol 1440 1440 720 720 24 72 72 24 24 24 4 3 3
24AAN ol 1440 1440 720 720 24 72 72 PA 24 24 24 4 3 3
24AA0 ol 1440 1440 720 720 24 72 W2 24 24 24 24 4 3 3
24AAP 210 1440 1440 48 144 144 48 48 48 8 6 6
24AAAQ 210 1440 1440 48 144 144 48 48 48 8 6 6
2AAAR 210 1440 1440 48 144 144 48 48 48 48 8 6
2AAAS 210 1440 1440 48 144 144 48 48 48 48 8 6
2BA 210 1440 1440 48 144 144 48 48 48 48 8 6
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[v] 1A 24 2B 20 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 20
|Cor.5p(6,2) ()| 185 185 29 29 14 14 4 14 1 4 4 4 4 8 6 6
794 794 49 49 74 74 91 74 47 91 91 91 91 1 11
560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44
x(27:5p(6,2)|G)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5
35 35 35 35 15 15 15 43 43 43 43 23 23 23 11
2] |Ca ()]
2BB 210 1440 1440 48 144 144 48 48 48 48 8 6 B
2BC 212 720 720 360 360 12 BB 36 12 12 12 12 2
2BD 212 720 720 360 360 12 36 36 12 T2 12 12 2
2BE 212 720 720 360 360 12 36 36 M@ 12 12 12 2
2BF 212 720 720 360 360 12 36 B 12 12 12 12 2
2BG ol 1440 1440 720 720 24 72 72 24 24 24 4 3
2BH ol 1440 1440 720 720 24 72 72 24 ©@ 24 24 4 3
2BI ol4 180 180 a0 920 3 9
2BJ Q14 180 180 90 90 9
2BK Q14 180 180 90 au 3 9
2BL Q14 180 180 90 90 9
2BM 212 720 720 360 360 36 36 12 12 12 12 2
2BN ol 1440 1440 720 720 72072 24 24 24 24 4 3 3
2BO 210 1440 1440 B8 144 144 48 48 48 48 8 6 6
2BP ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
2BQ ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
2BR ol 1440 1440 720 720 24 72 72 24 24 ©pA 24 4 3 3
2BS ol 1440 1440 720 720 24 72 72 24 24 24 24 @ 3 3
2BT ol 1440 1440 720 720 24 72 72 24 24 24 ©4 4 3 3
2BU ol 1440 1440 720 720 24 72 72 24 24 24 24 @a 3 3
2BV 29 96 96 96 96 96 DA 12 12
2BW ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
2BX ol 1440 1440 720 720 24 72 72 24 24 24 24 4 3
2BY 213 360 360 180 180 6 18 18 6 6 B 6 1
2BZ 213 360 360 180 180 6 18 18 6 6 6 B 1
2BAA 212 720 720 360 360 12 36 36 12 12 12 2
2BAB ol 1440 1440 720 720 24 72 72 24 24 24 24 @ 3 3
2BAC 210 1440 1440 48 144 144 48 48 48 48 8 6
2BAD 210 1440 1440 48 144 144 48 48 48 48 8 6
2BAFE ol 1440 1440 720 720 24 72 72 24 24 ©A 24 4 3 3
2BAF ol 1440 1440 720 720 24 72 72 24 24 24 24 @ 3 3
2BAG ol 1440 1440 720 720 24 72 72 24 24 24 24 @ 3 3
2BAH ol 1440 1440 720 720 24 72 72 24 24 24 4 3 3
2BAI 29 96 96 96 96 96 @mE 12 12
2BAJ 210 1440 1440 48 144 144 48 48 48 48 8 6
2BAK 210 1440 1440 48 144 144 48 48 48 48 8 6
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[v] 4A 4B 4C 4D 4E 4F 4G 4H 4AI 4J 4K AL 4M 4N 40 4P
|Co7.5p(6,2) ()] 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0
160 160 44 88 88 72 44 44 24 24 T2 T2 12 72 72 24
x(27:8p(6,2)|G) (y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1
15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5
2] Co(@)|
4A0 210 90 9 6 12 12 3 6 6 1 1 3 3 3 3 1
4AP 210 9 9 6 12 12 3 6 6 1 1 3 3 3 B 1
4AQ 210 9 9 6 12 12 3 6 6 1 1 3 3 3 3 0
4AR 210 9 9% 6 12 12 3 6 6 1 1 3 3 3 3 1
4AS 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6
4AT 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AU 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AV 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AW 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AY ol 45 45 3 3
4AZ ol 45 45 B 3 3
4AAA ot 45 45 3 3
4AAB ot 45 45 3 3
4AAC 210 9 9 B 12 12 3 6 6 1 1 3 3 1
4AAD 210 90 90 B 12 12 3 6 6 1 1 3 3 3 3 1
4AAE 27 96 96 24 48 48 8 8 24 24 4 24 24 8
4AAF 210 90 9% 6 12 12 3 6 6 1 1 3 3 3 3 1
4AAG 210 90 9 6 12 12 3 6 1 1 3 3 3 3 1
4AAH 210 9 9 6 12 12 3 1 1 3 3 3 3 1
4AAT 210 90 9 6 12 12 3 1 1 3 3 3 3 1
4AAT 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAL o1l 73 45 3 6 6 3 3
4AAM ol 4 B 3 6 6 3 3
4AAN ol B 45 3 6 6 3 3
4AAO ol 45 B3 3 6 6 3 3
4AAP ol g5 45 3 6 6 3 3
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[v] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K AL 4M 4N 40 4P
|Co7.5p(6,2) ()] 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 2 0 1 1 0 0 0 0 5 0 0 0
160 160 44 83 88 72 44 44 24 24 T2 72 12 72 72 24
x(27:8p(6,2)|G) (v) 3 3 2 1 1 1 5 5 5 5 1 1 11 1 1
15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5
[2] Ca ()]
4AAQ ol 45 @35 3 6 6 3 3
4AAR 210 g3 90 6 12 12 6 6 1 1 1
4AAS 210 90 B0 6 12 12 6 6 1 1 1
4AAT o1l 45 45 3 6 3
4AAU ol 45 45 3 6 6 3
4AAV 210 9 9% 6 12 12 3 6 6 m 1 3 3 3 3 1
4AAW 210 90 9 6 12 12 3 6 6 3 3 3 3 1
4AAX 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4AAY 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4AAZ ol 45 45
4AAAA ol 45 45
4AAAB 29 180 180 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAAC ol 45 45 3 3
4AAAD o1 45 45 3 3
4AAAE 210 9 9 6 12 12 3 6 1 m 3 3 3 3 1
4AAAF 210 90 9 6 12 12 3 m 1 3 3 3 3 1
4AAAG 29 180 180 12 24 24 6 12 12 2 B2 6 6 1 6 6 2
4AAAH 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4AAAT 212 3 3
4AAAT 212 3
4AAAK 210 90 90 6 12 12 6 6 1 1 3 3 3 3 1
4AAAL ol 45 45 3 3
4AAAM ot 45 45 3 3
4AAAN 210 9 9 B 12 12 3 6 6 1 1 3 3 3 3 1
4AAAO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAP 210 9 9 6 12 12 3 6 6 1 1 3 3 B 3 1
4AAAQ 210 90 9 6 12 12 3 1 1 3 3 3 B 1
4AAAR 210 90 90 6 12 12 3 1 1 3 3 3 3 1
4AAAS 210 9 90 6 12 12 3 1 1 3 3 3 3 1
4AAAT 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAAU 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAAW 210 9 9 6 12 12 3 11 3 3 3 1
4AAAX 210 90 9% 6 12 12 3 11 3 33 1
4AAAY 29 180 180 12 24 24 6 12 12 2 2 6 6 n 6 6 2
4AAAZ 28 24 48 48 12 24 24 4 4 12 12 12 12 4
4AAAAA ol 45 45 3 B 6 3 3
4AAAAB ol 45 45 3 6 B 3 3
4AAAAC o1l 45 45 3 B 6 3 3
4AAAAD ol 45 45 3 6 B 3 3
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[v] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K AL 4M 4N 40 4P
|Co7.5p(6,2) ()] 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 22 0 1 1 0 0 0 O 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

x(27:5p(6,2)|G) (v) 3 3 2 1 1 1 5 5 5 5 1 111
15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5
2] Co(@)|

4AAAAE 28 24 48 48 M@ 24 24 4 4 12 12 2 12 12 4
4AAAAF 210 9 9 6 12 12 3 6 1 1 3 3 3 3 1
4AAAAG 210 90 9 6 12 12 3 6 11 3 3 3 3 1
4AAAAH 210 9 90 6 12 12 3 1 1 3 3 3 3 1
4AAAAT 210 9 90 6 12 12 3 1 1 3 3 3 3 1
4AAAAT 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAAAK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAAAL 210 9 9 6 12 12 3 11 3 3 33 1
4AAAAM 210 9 9 6 12 12 3 11 3 3 3 3 1
4AAAAN 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4AAAAO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAP 210 9 90 8 12 12 3 1 1 3 3 3 3 1
4AAAAQ 210 90 90 B 12 12 3 1 1 3 1
4AAAAR 29 180 180 24 24 6 12 12 2 2 1 2
4AAAAS 28 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAT 28 P4 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAU 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAV 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
AAAAAW 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAY 29 180 180 12 24 24 6 12 12 2 2 1 2
4AAAAZ 29 180 180 12 24 24 6 12 12 2 2 1 2
4AAAAAA 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAB 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAC 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAD 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K AL 4M 4N 40 4P
|Car.5p(6,2) (W) 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 2 0 1 1 0 0 0 0 5 0 0 0
160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24
x(27:5p(6,2)|G) (v) 3 3 2 1 1 1 5 5 5 5 1 111
5 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5
2] Co(@)|
4AAAAAE 27 48 96 96 24 48 48 8 8 24 24 4 24 24
4AAAAAF 27 48 96 96 24 48 48 8 8 24 24 4 24 24
4AAAAAG 27 48 96 96 24 48 48 8 8 24 24 4 24 24
4AAAAAH 26 96 48 16 16 8
AAAAAAT 26 96 48 16 16 8
4AAAAAT 210 9 9 6 12 12 3 6 ® 1 1 3 3 3 3 1
4AAAAAK 210 9 9 6 12 12 3 B 6 1 1 3 3 3 3 1
4AAAAAL 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4AAAAAM 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4AAAAAN 28 24 48 48 12 24 24 @ 4 12 12 2 12 12 4
4AAAAAO 28 24 48 48 12 24 24 4 @ 12 12 2 12 12 4
4AAAAAP 29 180 180 12 24 24 6 12 12 2 2 1 2
4AAAAAQ 29 180 180 12 24 24 6 12 12 2 2 1 2
4AAAAAR 29 180 180 12 24 24 6 12 12 2 2 1 2
4AAAAAS 29 180 180 12 24 24 6 12 12 2 2 1 2
4AAAAAT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAU 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAV 29 180 180 12 24 24 6 12 12 2 2 1 2
AAAAAAW 29 180 180 12 24 24 6 12 12 2 2 1 2
AAAAAAX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAY 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4AAAAAZ 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4BA 210 9 9 6 12 12 3 6 ® 1 1 3 3 3 3 1
4BB 210 9 9% 6 12 12 3 @ 6 1 1 3 3 3 3 1
4BC 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4BD 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
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[v] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K AL 4M 4N 40 4P
|Co7.5p(6,2) ()] 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0
160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24
x(27:5p(6,2)|G) (v) 3 3 2 1 1 1 5 5 5 5 1 111

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5
2] Co(@)|
4BAE ol 45 45 3 6 6
4BAF 210 90 9 6 12 12 3 6 1 m 3 3 3 3 1
4BAG 210 90 9 6 12 12 3 6 m 1 3 3 3 3 1
ABAH 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4BAI 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4BAJ ol 45 45 3 B 6
4BAK ol 45 45 3 6
4BAL 210 90 90 6 12 12 1 1 3 3 33 1
4ABAM 210 90 90 6 12 12 1 1 3 3 3 3 1
4BAN 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4BAO 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4BAP 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4BAQ 27 48 96 96 24 48 48 8§ 8 24 24 4 24 24 8
4BAR 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4BAS 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4BAT 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4BAU 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4BAV 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4BAW 210 9 9 6 12 12 3 1 1 3 3 3 3 1
4BAX 210 90 9 6 12 12 3 1 1 3 3 3 3 1
4BAY 210 9 9 6 12 12 3 11 3 3 3 3 1
4BAZ 210 9 9 6 12 12 3 11 3 3 3 3 1
4CA 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4CB 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4C0C 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CD 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

Table 10.7: (cont.)
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[v] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K AL 4M 4N 40 4P
|Co7.5p(6,2) ()] 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 2 0 1 1 0 0 0 0 5 0 0 0
160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24
x(27:5p(6,2)|G) (v) 3 3 2 1 1 1 5 5 5 5 1 1 111

5 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

2] Co(@)|
4CE 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
ACF 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
40G 29 180 180 12 24 24 6 12 12 2 2 6 1 2
4CH 29 180 180 12 24 24 6 12 12 2 2 6 B 1 2
4CI 28 24 48 48 12 24 24 4 4 12 12 12 12 4
4CJ 27 48 96 96 24 48 48 8 8 24 24 @ 24 24 8
4CK 210 9 9 6 12 12 3 6 11 3 3 3 3 1
4CL 210 90 9 6 12 12 3 6 11 3 3 3 8 1
4CM 210 90 9 6 12 12 3 6 1 1 3 3 3 3 O
4CN 210 90 9 6 12 12 3 6 1 1 3 3 3 3 1
4C0O 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2
4CP 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6
4CQ 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CR 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
408 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
40U 29 180 180 12 24 24 6 12 12 2 2 1 2
4CV 29 180 180 12 24 24 6 12 12 2 2 1 2
4CW 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CY 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4C7Z 210 9 9 6 12 12 3 6 @& 1 1 3 1
4CAA 210 90 90 6 12 12 3 ® 6 1 1 3 1
4CAB 29 180 180 12 24 24 6 12 12 2 1 2
4CAC 29 180 180 12 24 24 6 12 12 2 1 2
ACAD 28 24 48 48 12 24 24 4 @ 12 12 2 12 12 4

Table 10.7: (cont.)
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[y] 4A 4B 4AC 4D 4AE AF 4G 4H 4 4J 4K 4L 4M 4N 40 4P
|Car.5p(6,2) (W) 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 2 0 1 1 0 0 0 0 5 0 0 0
160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24
x(27:5p(6,2)|G) (v) 3 3 2 1 1 1 5 5 5 5 1 111

5 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

2] Co(@)|
4CAE 28 24 48 48 12 24 24 @ 4 12 12 2 12 12 4
ACAF 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CAG 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
ACAH 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
ACAI 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CAT 210 90 90 6 M2 12 3 1 1 3 1
4CAK 210 90 9 6 12 M@ 3 11 3 1
4C AL 210 90 90 6 Mm@ 12 3 1 1 3 1
4CAM 210 90 90 6 12 Mm@ 3 1 1 3 1
4CAN 28 24 48 48 24 24 4 4 12 12 2 12 12 4
4CAO 28 24 48 48 24 24 4 4 12 12 2 12 12 4
4CAP 29 180 180 12 24 24 6 12 12 2 2 1 2
4CAQ 29 180 180 12 24 24 6 12 12 2 2 1 2
4CAR 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CAS 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
AC AT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4CAU 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4CAV 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4CAW 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4CAX 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8
4CAY 29 180 180 12 24 24 6 12 12 2 2 1 2
4CAZ 29 180 180 12 24 24 6 12 12 2 2 1 2
4DA 29 180 180 12 24 24 6 12 12 2 2 1
4DB 29 180 180 12 24 24 6 12 12 2 2 1 2
4DC 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4DD 28 24 48 48 12 24 24 4 4 12 12 2 12 12 @

Table 10.7: (cont.)
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[v] 4A 4B 4AC 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 40 4P
|Co7.5p(6,2) ()] 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1
2 2 1 22 2 0 1 1 0 0 0 O© 5 0 0 0
160 160 44 88 88 72 44 44 24 24 72 72 12 72 12 24
x(27:5p(6,2)|G) (y) 3 3 2 1 1 1 5 5 5 5 1 1 1 11
15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

2] Ce ()]
4DE 210 9 9 6 12 12 3 6 B 1 1 3 3 3 3 1
4DF 210 9 9 6 12 12 3 ® 6 1 1 3 3 3 3 1
4DG 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4DH 29 180 180 12 24 24 6 12 12 2 6 6 1 6 6 2
4DI 28 24 48 48 12 24 24 4 @ 12 12 2 12 12 4
4DJ 28 24 48 48 12 24 24 @ 4 12 12 2 12 12 4
4DK 29 180 180 12 24 24 6 12 12 2 2 6 1 2
4DL 29 180 180 12 24 24 6 12 12 2 2 6 1 2
ADM 28 24 48 48 12 24 24 4 4 12 12 12 12 4
4DN 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4
4DO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

Table 10.7: (cont.)
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On a Sylow p — Subgroup of Sps,,(q)

In this chapter, we discuss some general results on the character tables of Sylow p- subgroups of
classical linear groups. Denote a Sylow p — subgroup of any of the classical linear groups by G. The
structure of these Sylow p — subgroups is of extension type and in fact they split. Write G = N:G,
Previtali in [63] shows that the set of orbit sizes of the action of G on N is equal to the set of orbit
sizes when G acts on the linear characters of N when p is odd. In fact he proves that these orbit
sizes take the shape: {¢’ : 0 < i < f(n,q)} where f depends on the classical linear group under
discussion. For the purpose of this chapter, we concentrate on Sylow p —subgroups of Spo,,(q), the
symplectic group of dimension 2m over a field of order ¢ where ¢ is a power of an odd prime p. For

instance, in this case, f(n,q) = qmw;1> =[G : NJ, that is the index of N in G. The value f(n,q)

is defined in a similar manner in other families of classical linear groups. In characteristic p = 2
there is a drastic change in the picture: for instance Isaacs, in Section 11 of [40], shows that when
p = 2, a Sylow 2 — subgroup of Sps(¢) has an irreducible character of degree . It is known that,
in odd characteristic, the irreducible characters of Sylow p — subgroups of symplectic groups have
degree a power of ¢q. However, this is not the case in characteristic 2. In 2000, Gow, Marjoram
and Previtali in [34] showed that if G is a Sylow p — subgroup of the symplectic group Spa,(q) in
characteristic p = 2, then G has irreducible characters of degree Z*Sqw, where s € Z satisfying
0<s<[%]

This chapter is organized as follows: in Section 11.1, we use the fact that a Sylow p —subgroup say,
G, of the symplectic group is a split extension and discuss the action in general of G on N where
we write G = N:G. This discussion uses a theorem of Previtali in [64] to construct examples on
the general actions of G on N (where the lengths are the same as those of orbits of G on Irr(NV))
in a Sylow p — subgroup of Spa,,(q), where ¢ = p¥ for some k and p odd. For the examples we
consider Sp4(q) and Spg(q). In Section 11.2, we apply the method of Fischer matrices to a Sylow
p — subgroup of Spy(q) where p is odd and obtain the general form of Fischer matrices on the
non-identity classes. We see that the Fischer matrices on non-identity classes coincide with the
character table of N/M 2 Z,, where q = p* for some k and some M < N. Thus we see that M (g)
is the Discrete Fourier Transform matrix up to permutations of rows and columns. In Section 11.3,
we give a particular example G = 33:G5, where Gy = Z3 is a Sylow 3 — subgroup of GL(2,3). In
Section 11.4, we discuss the general degrees of the irreducible characters of a Sylow p — subgroup

of Spe(q), where ¢ = p* and p is odd, for some k.

11.1. The Action of G on N in General

Definition 11.1.1. [64] Let M be a set of matrices A over a finite field F such that A is either
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alternating,
e symmetric in odd characteristic,
e symmetric in even characteristic,

hermitian.

Let ¢, = Zﬁmiti where Ly is the number of orbits of degree ¢* when G acts on N. Then £, is
i>0

called the orbit size polynomial.

We have the following vital Theorem 11.1.2 .

Theorem 11.1.2. Let £, = > 4tt be as in Definition 11.1.1. Setting w = q— 1, then polynomial
i>0

Uy, is such that £, € Nlw,t] and satisfies the following recurrence relations as well as the initial

conditions given in (1) — (3) .

€m+2 = Cm€m+1 + dmgm, (111)

(1) in the alternating case, ¢y, = 1, by = 41 = 1 and d,,, = wtmtm;_ll_l. The deg,tm = [%] and
degtem = (7;) - ’—%—‘7

(2) for the symmetric in odd characteristic case, ¢, = 1+ wt™ by =1, 1 = 1 +w and
dpm = wtm“‘l%. We have deg, ly, = m and deg,l,, = (73),

3) for the hermitian case, ¢, = 14+wt*™2, by =1, {1 = 1+w and dy, = w(w+2 t2m+1%.
te—1

We have deg,, = m and deg/l,, = m(m — 1).
Proof. This is Theorem 19 in [64]. O

The recurrence equation 11.1, uses information computed from the previous groups of dimension
2m — 2.

Example 11.1.1. (A Sylow p-subgroup of Sp4(q), where ¢ = p* for some k and p odd) Let us
denote and define a Sylow p-subgroup of Sp4(¢q) by P4 = N:G. Here N is a maximal abelian normal
subgroup and G is the complement of N such that G is isomorphic to a Sylow p — subgroup of
GL(2,q). In understanding the action of G on N we apply the ideas of Prevital in [64]. From the
recurrence equation given in Theorem 11.1.2, /l10 = cmlms1 + dmby, where ¢, = 1 + wtmtL,
dm = wtmﬂtmj_%, by=1,4¢, =1+ w and deg,l,, = (”21) For Sp4(q), ¢ = p* where p is odd, we

have m = 2. Thus

ly = coly +dolo = (1+ (g —Dt)(q) + (¢ — l)tl =q+ (q2 — 1)t.

This indicates we have ¢ fixed points and ¢ — 1 orbits each of length ¢ when G acts on N.

We carry out similar approach for the group Spg(q), ¢ = p* where p is odd.

Example 11.1.2. (A Sylow p-subgroup of Sps(q), where ¢ = p* for some k and p odd) Let us
denote and define a Sylow p-subgroup of Sps(q) by Ps = N:G. Here N is a maximal abelian normal
subgroup and G is the complement of N such that G is isomorphic to a Sylow p — subgroup of
GL(3,q). From the recurrence equation given in Theorem 11.1.2, ¢,,+2 = ¢plm+1 + dmbm, where

cm = 14+ wt™t d,, = wt™ ! :_11_1, by =1, 6 =1+ w and degyly = (). For Sps(q), ¢ = p

tm
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where p is odd, we have m = 3. Thus

03 = c1lo + dily
= (1+(¢— D) g+ (¢" = 1)t) + (¢ = Dt + 1)(q)
=q+(g—Dgt® + (¢" = Dt + (¢ — 1)(¢° = D +q(g — Dt + (g — 1)¢°
=g+ (" =Dt +2(¢" — )t + (¢ — D(¢* + ¢ — 1)E*.

Hence we have ¢ fixed points, g2 — 1 orbits each of length ¢, 2¢> — 2 orbits each of length ¢ and

(¢ — 1)(¢® + g — 1) orbits each of length ¢>.

11.2. On the Character Table of a Sylow p-Subgroup of Sp,(q), where ¢ = p* for

some k and p Odd

11.2.1 Conjugacy Classes by Coset Analysis

We recall that P, = N:G where

v={(s )=}
{3 1) wem)

and G = G5 where

By coset analysis, the action of N on N fixes all the elements of N. Thus k = |[N| = ¢®. Then
under the action of Cg(1g) = G we have ¢ fixed points and ¢? — 1 orbits each of length ¢q. Thus

we obtain the following classes of P, from the identity coset N.

e class (1A) such that |Cp,(1A;)| = w = q¢*,
e class (pAy) such that |Cp, (pAs)| = w = ¢,
e class (pAs) such that |Cp,(pAs)| = w = ¢,
e class (pAy) such that |Cp, (pAy)| = w =q*,

e class (pAg+1) such that |Cp, (pAg41)| = w = ¢,

e class (pAgi2) such that |Cp, (pAgt2)| = w = ¢°,

e class (pA,2,_1) such that |Cp, (pAszei,—1)| = w =g
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Consider now g # 1, we get from the coset Ng the following information. The action of N on Ng
gives ¢ fixed points so that k = ¢. We then have that the coset Ng breaks into ¢ orbits.

Lemma 11.2.1. The action of Ci(g) on the orbits of the action of N on Ng, for each 1g # g € G,
produces f1 =1,---, f; = 1.

Proof. Note that Cg(g) = G since G = Z, which is abelian. Denote by @, for i € {1,2,---¢}, the ¢
orbits under the action of N. Let n;g be a representative of the ith orbit. Then, for all x € C¢(g),
the action of C¢(g) = G on n;g is given by

(nig)” =z(nig)z™" = (zn;)(gz ")

=n?(zgz~") = nlg.

Note that the possibilities for the f;’s are such that f; € {1,p’, ¢} where 1 < s < k. We observe
that fi = 1 since Q)1 is assumed to contain g. Thus f; € {1,p®}. Suppose that f; = p*® for some j
and s, then we would have an orbit of length ¢ x p® which is a contradiction when we consider the

action of Cg(g) = G on N. Thus we must have that nfg € @; for each i. Hence the result. O

We obtain the following classes

e class (p™ Ap2.,) such that |Cp, (p™ Ap,,)| = M =q2,

e class (p™2 A2 441) such that [Cp, (p™ Ap i) = M = ¢,

| = gx|Cq(g)| 2
= 1

e class (p™1 A2 9, 1) such that |Cp, (p™1 A2 9, 1) =q°.

We obtain the classes from the non trivial ¢ — 1 elements of G in the same way and we obtain a
total of ¢> — g classes of Py. The m;’s are positive integers to be determined. We further note that

my1 = 1 for all g € G since Q1 is assumed to be the orbit that contains g.

Class Representative ‘No. of Classes‘Order of Centralizer in Py

1A 1 7

pAy qg—1 q*

PA; ¢ -1 ¢’

PAm q—1 ¢

pfAj, where f € N, f#1 (q—1)2 q>

Table 11.1: Conjugacy Classes of P

We obtain the following information on the character degrees:
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q=3|qg=5|q=7| for any q a power of an odd prime
# of Inertia groups 11 29 55 P +q—1
# of classes 17 49 97 2¢° — 1
# of characters of degree 1 9 25 49 q?
# of characters of degree ¢ 8 24 48 -1

Table 11.2: General Information on the Character Table of P4 for Odd p

11.2.2 General Form of Fischer Matrices of P,

From the identity class of G, we obtain the following partial Fischer matrix M (1¢)

|CP4(1P4)| ‘CP4 (pA1)| e |CP4 (pAq2+q,1)!

Cm(1c)] ¢ 1 - 1
Cn,(1c)] ¢ 1
M(1g) = ’CHq+1(1G)| 1 q
Cu,p ()] 1 g
‘CHq2+q_1(1G)‘ 1 q

—27i

Note that p — th roots of unity form a cyclic group and fix w = e » , a generator of such a group.

That is w is a primitive p — th root of unity.

From the non trivial class representative of G say g, we obtain the following partial Fischer matrix
M (g), note that the fusion of the class containing g to a class of G is clear since Hy = G such that
g € H».

|CP4 (pmlAq2+q)| |CP4 (pm2 Aq2+q+1)| T |CP4 (pquq2+2qfl)|
Cuy o) 4 I _— !
M(g) =
Crips (0] |

In general, if 1 # g € G = Z, X Zp X Zy X - -+ X Ly, then it fixes ¢ elements of V. Thus has cycle

k times

structure type 1pkp””. We note that p* + 2p = p?* from which we obtain 2 = p*~1(p?* —1). Thus
a(a®>~1)
the cycle structure of g on N is 19p  »

a(a®~1)

Using the fact that ¢ € G such that ¢ # 1g has cycle structure 199 » | we obtain further

information on the entries of M (g). Define

¢g: N = N,
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by ¢g(n) = ngn~'(g)~' and M = {ngn~t|n € N,g € Py}. Then the quotient group M/N is a
Cy — submodule such that [N : M] = k. Here, k is the number of fixed points when ¢ acts on N.
Note that the orbit lengths for the action of Cg(g) on M/N in the case of Py are all 1’s. Thus M (g)
coincides with the character table of N/M, that is the group Z,. Since G is cyclic, its character
table is the Discrete Fourier Transform matrix. Thus M(g) can be written, up to permutations of

rows and columns, as

1 1 1 1 1

1 w w2 w3 w1

1 w2 (U4 WG w2(q_1)
M(g) = 1 W3 W6 W0 w3((1*1)

1 wi=l 2= 3= o Hle=De-1)

11.3. A Particular Example Py, ¢ =3

Let us consider the case n = 4 and ¢ = 3. Then Py < Spy(3), N =33, G = Z3. Since
I 0
N = { VAL = A},
AT

N = {n1, na, ng, -+, nor}.

o—{(2 2)wecn)
{6 () (L

The action of N on N produces 27 fixed points. Then under the action of Cg(1g) = G, we have
11 orbits with f1 =1, fo=1, fs=1, 41 =3, 5 =3, fe =3, fr =3, fs =3, fo =3, fio =3 and

f11 = 3. Using the coset analysis technique, we have

we have that

We also have that

Thus

e class (1A) such that |Cp,(14)| = 22 = 34,

e class (3A) such that |Cp,(34)| = 22 = 31,

e class (3B) such that |Cp,(3B)| = 222 = 34,
) )

e class (3C) such that |Cp,(3C

‘ 27§<3 — 337

e class (3D) such that |Cp,(3D)| = 223 = 33,
e class (3F) such that |Cp,(3E)| = 223 = 33,
e class (3F) such that |Cp,(3F)| = 223 = 33,

e class (3G) such that |Cp,(3G)| = 22%2 = 33,
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e class (3H) such that |Cp,(3H)| = 222 = 33,

e class (31) such that |Cp,(31)| = 27><3 — 33

e class (3J) such that |Cp, (3J)] = 2023 = 33,

The identity coset gives us 11 classes of P, , namely (14), (34), (3B), (3C), (3D), (3E), (3F),
(3G), (3H), (31) and (3.J).

D

10
Let D = (1 1) . Then the cycle structure of g = (0

0
D‘t> on N is given by

(n1)(n4)(ns)(nanianat ) (n3nirngg) (nenignis) (nrnignie) (ngngniz) (nion2anis)(niinengs ) (naznasnar).

This cycle structure can also be written in the form 133%. Thus Ng breaks into three orbits under

the action by conjugation of N given by

{n297 neg,niog,n9g,ni1g,n249g,nrg,n3g, nS.g}v
{77/497 n23g,mn219,n139,N149,M1949, 1119, 1159, ’I’l27g},

{n597 n209, 1269, 11649, M259, 12249, 1129, 1189, n17g}'

These orbits cannot fuse as a representative of each of the orbits is sent to an element within the
orbit under the action of Cg(g) = G. We have 3 orbits with f; =1, fo =1 and f3 = 1. Using the

coset analysis technique, we have
e class (3K) such that |Cp,(3F)| = 323 = 32,
e class (9A4) such that |Cp, (9A4)] = X3 = 32,

e class (9B) such that |Cp,(9B)| = 2%2 = 32,

1 0
From the element D = < ) 1) of G, we obtain the cycle structure 133% of g on N given by

(n1)(n4)(ns)(nanginia) (nangenir) (nenisnig) (nrnisnig) (ngnizng) (nionisnea) (niingenoe ) (nesnarnas).

Thus Ng breaks into three orbits under the action by conjugation of N. These orbits cannot fuse
as each orbit contains an element of N fixed by Cg(g) = G. We have 3 orbits with f; =1, fo =1

and f3 = 1. Using the coset analysis technique, we have
e class (3L) such that |Cp,(3F)| = 323 = 32,
e class (9C) such that |Cp,(9C)| = 3%3 = 32,

e class (9D) such that |Cp,(9D)| = 323 = 32.

11.3.1 Fischer Matrices

From the identity class of G, we obtain the following Fischer matrix M (1)
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|
DA DOOOR QU
|

DD NOORAQ

OQ® OO OORAQ

IO DD O OO QI

—~

—_

Q

S~—
WWWWWWWwWwHHH
S RAT AT AUWWHRRFRE

QLT AUTAUTWWHRFH
DO DO OOR QA
I

QDO OO~
OO0 OOOoOQAUTHHF—
OO OCOOTAUFFF

-1 /3i -3
ere a 5 + 5 5 +

3fz,c—ﬁi,d—_:))—3\/§z —3+\/§z.

1 0
From an element D = (1 1) of G, we have the following Fischer matrix.

|ICp,(3K)| |Cp,(94)| |Cp,(9B)]
1Crys(9)] 3 1 1 1
M(g) = |Cm,(9) 3 1 a a
1Cry4(9)l 3 1 a

1 0
Similarly an element D = < . 1) of G, we have the following Fischer matrix.

[Cp,BK)| |Cp,(9C)|  |Cr,(9D))]
[Cr,(9) 3 1 1 1
M(g) = |Chi(9)l 3 1 a a
[Cr(9)l 3 1 a

Note that a =

—-14+3 .
— 1
2

n both Fischer matrices.

To obtain the character table of Py we multiply the appropriate partial character tables of the

inertia factor groups by the appropriate rows of the Fischer matrices. Thus for the character values

on the classes (14), (34), (3B)

, (3C), (3D), (3E) , (3F), (3G) , (3H), (31I) and (3J) of G = P4,

by using rows of M (1) and first columns of the character tables of inertia factor groups, we have
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[1][333000000bd}=[333000000bd,
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l

Ql

QI

{1 1 1}:

(1 a o=

(1 aal=

Similarly for the classes 3L, 9C' and 9D we have

1
a

l

[1 1 1}:

l

QI

ST

l

= Q QI Ql

Q Q =

Is]

l

S

=

Ql

— 2 g

ST

l

0 00O0d
e e —e —e
e e —e —e
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—e —€ c
—€e ¢ C e
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s =

Ql

1
a

a

s —

Ql

1
a

a

— QI

S|

=l

L = Ql

Thus continuing in this manner, we obtain the full character table of P4 as shown in Table 11.3.

[9] 1A 34 3B 3C 3D 3F 3F 3G 3H 31 3J|3K 9A 9B|3L 9D 9F
|ICp,(g)|| 3%+ 3* 3% 33 33 3% 33 3% 33 33 33 32 32 32|32 32 32
X1 111 1 1 1 1 1 11 1, 1 1 1,1 1 1
X2 11 1 1 1 1 1 1 1 1 1 a a al a a a
X3 111 1 1 1 1 1 1 1 1] a a a| a a a
X4 11 1 @ a a a a a 1 1/ 1 a al 1 a a
X5 1 1 1 a a a a a a 1 1| @ a 1| a 1 a
X6 1 1 1 a a a a a a 1 1| a 1 a| a a 1
X7 1 1 1 a a a a a a 1 1| 1 a al 1 a a
X8 1 1 1 a a a @ a a 1 1| a 1 al a a 1
X9 1 1 1 a a a a a a 1 1| a a 1| a 1 a
X10 33 3 0 0 0 0O O O b d 0 0 0,0 0 O
X11 33 3 0 06 0 0O O O d bl 0 0 0,0 0 O
X12 3 b d ¢ ¢ € e—e —e 0 0/ 0 0 0] 0 0 O
X13 3 d b ¢ ¢ e e—-e —e 0 0 0 0 0,0 0 O
X14 3 b d &€ e —-e—€ ¢ ¢ 0 0/ 0 0 0f 0 0 O
X15 3 d b e e —-e—-e ¢ ¢ 0 0 0O 0 0,0 0 O
X16 3 b d—e - ¢ ¢ e e 0 0/ 0 0 0,0 0 O
X17 3 d b—-e —-e ¢ ¢c e € 0 0/ 0 0 0,0 0 O

Table 11.3: Character Table of G = P4

11.4. On the Character Table of a Sylow p-Subgroup of Sps(q), ¢ = p* where p is Odd

11.4.1 Conjugacy Classes by Coset Analysis (Identity Coset)

We recall that Py = N:G where

and G = (G3 where
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By coset analysis, the action of N on N fixes all the elements of N. Thus k = |[N| = ¢5. Then
under the action of Cg,(1g,) = G3 we have ¢ fixed points, ¢> — 1 orbits each of length ¢, 2¢*> — 2¢q
orbits each of length ¢ and (¢ —1)(¢®+q— 1) orbits each of length ¢. Thus we obtain the following
classes of Py from the identity coset N.

Ox|Ca(1a)l 9
176 s =

e class (1p,) such that |Cp,(1p,)| = 7,

o class (pA;) such that |Cp,(pA1)| = w =¢q°,

6
e class (pAy) such that |Cp,(pAs)| = M =¢q°,

e class (pA,) such that |Cp,(pAy)| = w =q°,

6
e class (pAg11) such that |Cp,(pAgy1)| = w = ¢8,

6
e class (pAgi2) such that |Cp,(pAgt2)| = %3(1%)‘ = ¢8,

6
e class (pA,2,_1) such that |Cp(pAeye—1)| = M = ¢8,

q6X‘CG3(lG3)‘ 7

e class (pAg2y,) such that [Cp(pAg2ie_1)| = & =q,

6
o class (pA,z,41) such that |Cp (pAgeig-1)| = % =4’

6
o class (pAsz2_,_1) such that |Cp(pAspe_g1)| = % =q’

q6X|CG3(1G3)| 6

e class (pAs,2_,) such that |Cp;(pAgey,—1)| = o = ¢,

°x|Ccy(ey)l _ 6

e class (pAsp2_44+1) such that |Cp,(pAs2_gi1)| = &

_ ¢*%|Ca,(1ay)l 6

o class (pAsy3,2_3,) such that |Cp;(pAgsisge_3.)| = 3 = ¢b.

3q

Using the fact that G3 has ¢? linear characters and ¢ — 1 irreducible characters of degree q (see
for instance the author’s MSc [17]). We obtain the following information on the degrees of the

irreducible characters of Fg.
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q=3|q=5|q=7 for any ¢
# of Inertia groups 45 185 | 469 ¢+ 3¢ — 3¢
# of classes 6643 | 1061 | 3655 | ¢* +4¢> — 3¢ —2¢*>+1
# of characters of degree 1 27 125 343 @
# of characters of degree ¢ 78 24 620 @ —q
# of characters of degree ¢? 36 200 588 2¢3 — 2¢°
# of characters of degree ¢3 22 116 330 (q—D(g>+q—1)

Table 11.4: General Information on the Character Table of P for Odd p
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GAP Programmes and Character Tables

A.1. GAP Programmes

For the f’s, k’s and orders of class representatives we have the programme

Programme A

C:=List(ConjugacyClasses(G) ,Representative);; G:=Group(a,b);
;N:=Group(el,e2,e3,e4,e5,e6);; g:=C[k]; cent:=Centralizer(G, g);;
0:=0rbits(N,N*g);; D:=0;; B:=[]; for j in [1..0rder(N)] do
B[jl:=[1;0d; j:=1; while D <> [] do x:=Representative(D[1]); for i
in [1..Size(0)] do y:=x"cent; if Intersection(y, 0[i]) <> [] then
Add(B[j],0[i]); fi;od; D:=Difference(D,B[jl); j:=j+1; od; i:=1;
while B[i] <> [] do

Print(Size(B[il])) ;Print(" - " );i:=i+1;

od;

For the power maps we have the programme

Programme B

for i in [1..Size(B[j1)] do

if IsConjugate(G, z, B[i][1][1]) then # z the element for

which the power map is sought

Print(i);

fi;

od;

For the Fischer matrix on the identity matrix we have the following programme

Programme C

I:=Irr(N);; o:=0rbits(G,I);;

M:=[AsList (Sum(o[1])),AsList(Sum(o[2])),\cdots,AsList (Sum(o[Size(0)]1))];;
M1:=TransposedMat (M) ;; M2:=AsDuplicateFreeList(M1);;
FM:=TransposedMat(M2);; this is the Fischer Matrix on the identity

element of G
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For the action of Cy on N/M = W we have the programme

ProgrammeD;

C:=List(ConjugacyClasses(G) ,Representative);;

M:=[];

g:=C[i];

for n in N do

Add (M, nxg*xInverse(n)*Inverse(g));

od;

M:=AsGroup (M) ;

cent:=Centralizer (G, g);;

0:=RightCosets(N,M);;

D:=0;;

B:=[1;

for j in [1..Size(N)] do

B[jl1:=0[1;04;

j:=1;

while D <> [] do

x:=Representative(D[1]);

for i in [1..Size(0)] do

y:=x"cent;

if Intersection(y, 0[i]) <> [] then

Add(B[j],0[il);

fi;od;

D:=Difference(D,B[j]1);

j:=j+1;

od;

i:=1;

while B[i] <> [] do
Print(Size(B[i]));Print(" - " );i:=i+1;
od;

I:=Irr(N);; IM:=[]; for i in [1..Size(I)] do if

IsSubgroup(Kernel(I[i]), M) then Add(IM,I[i]); fi; od;

For the automatic determination of Fischer matrices on non-identity classes of G we have the pro-

gramme

ProgrammeD

C:=List(ConjugacyClasses(G) ,Representative);;
M:=[]; g:=C[2];

for n in N do

Add (M, nxg*xInverse(n)*Inverse(g)); od;
M:=AsGroup (M) ;
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cent:=Centralizer (G, g);;
0:=RightCosets(N,M);; D:=0;; B:=[];
for j in [1..Size(N)] do B[jl:=[];od; j:=1; while D <> [] do
x:=Representative(D[1]); for i in [1..Size(0)] do y:=x"cent; if
Intersection(y, 0[i]) <> [] then Add(B[j],0[i]); fi;od;
D:=Difference(D,B[j]); j:=j+1; od; i:=1; while B[i] <> [] do
Print(Size(B[i]));Print(" - " );i:=i+1;
od;
I:=Irr(N);; IM:=[]; for i in [1..Size(I)] do if
IsSubgroup(Kernel(I[i]), M) then Add(IM,I[i]); fi; od;
00:=0rbits(cent,IM);;
FM:=[1;;
for i in [1..Size(o0)] do
Append (FM, [AsList (Sum(oo[i]1))1);
od;
M1:=TransposedMat (FM) ;; M2:=AsDuplicateFreeList(M1);;
FM:=TransposedMat (M2) ;; Display(FM);

For testing the consistence of the constructed character table in GAP

Programme E

gap>c:=rec(Identifier:="G",

>0rdersClassRepresentatives:=[ "Orders of class representatives

are list here" ],

>SizesCentralizers:=[ "Orders of centralizers listed here" ],
>UnderlyingCharacteristic:=0);;#characteristic of the complex field
gap>ConvertToCharacterTable(c); #Now c stores the above information as the head
gap>l:=[];;#Empty list for the irreducible characters
gap>Add(1,Character(c,"Irr(G) values come here as lists"));
gap>pow:=["selected power maps come here, for example if 2 is chosen then
the next line gives:"];;

gap>ComputedPowerMaps (c) [2] :=pow; ;

gap>SetIrr(c,l);#We now have the character table c with all the information
stored in it,

one may choose to display it or just proceed to:
gap>IsInternallyConsistent(c)# True is returned or false depending on the
consistence of

the character table c.
For example testing the accuracy of the character table of 26:GL(3,2) we apply in GAP the following

gap> c:=rec(Identifier:="2"6:GL(3,2)",
> OrdersClassRepresentatives:=[ 1,2,2,2,2,8,4,4,8,7,2,4,2,4,4,4,2,4,4,3,6,
6,6,7 1,
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> SizesCentralizers:=[ 279%3%7,279%3,279%3,279,2°7%3,274,274,274,274,7,
277,277,

2°7,2°7,276,2°6,2°6,2°6,2°5,12,12,12,12,7 1,

> UnderlyingCharacteristic:=0);;

gap> ConvertToCharacterTable(c); CharacterTable( "276:GL(3,2)" )
gap> 1:=[];; gap> Add(1,Character(c,x1)); gap>
Add(1,Character(c,x2)); gap> Add(1l,Character(c,x3)); gap>
Add(1,Character(c,x4)); gap> Add(1,Character(c,x5)); gap>
Add(1,Character(c,x6)); gap> Add(1l,Character(c,x7)); gap>
Add(1,Character(c,x8)); gap> Add(1l,Character(c,x9)); gap>
Add(1,Character(c,x10)); gap> Add(1l,Character(c,x11)); gap>
Add(1,Character(c,x12)); gap> Add(1l,Character(c,x13)); gap>
Add(1,Character(c,x14)); gap> Add(1l,Character(c,x15)); gap>
Add(1,Character(c,x16)); gap> Add(1l,Character(c,x17)); gap>
Add(1,Character(c,x18)); gap> Add(1l,Character(c,x19)); gap>
Add(1,Character(c,x20)); gap> Add(1l,Character(c,x21)); gap>
Add(1,Character(c,x22)); gap> Add(1l,Character(c,x23)); gap>
Add(1,Character(c,x24)); gap>
pow:=[1,1,1,1,1,12,11,13,14,10,1,2,1,2,4,2,1,4,4,20,20,20,20,24];;
gap> ComputedPowerMaps(c) [2] :=pow;; gap>
powl:=[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,1,3,2,5,24] ; ;
gap> ComputedPowerMaps(c) [3] :=powl;; gap>
pow2:=[1,2,3,4,5,6,7,8,9,1,11,12,13,14,15,16,17,18,19,20,21,22,23,1] ; ;
gap> ComputedPowerMaps(c) [7] :=pow2;; gap> SetlIrr(c,l); gap>

IsInternallyConsistent(c); true gap>

The following Magma, code is for the action of G on N where G = N:G in the Symplectic group
and was communicated to this PhD’s author by Previtali [64].

OrbitSizeSymPol:=function(n,p,f)
q:=p°f;
m:=Binomial(n+1,2);
F<w>:=GF(q) ;
M:=RMatrixSpace(F,n,n);
A:=MatrixAlgebra(F,n);
B:=MatrixAlgebra(F,m) ;
e:=func<i,j|MatrixUnit(A,i,j)>;
bas:=[e(i,i): i in [1..n]] cat [e(i,j)+e(j,i):1i in
[j+1..n], j in [1..n]];
W:=sub<M|bas>;
bas:=Basis(W);
T:=GL(m,q);
gens:=[A!1+w"j*e(i+1,i):j in [0..£f-1],i in [1..n-1]];
gensym:=[B!&cat [Coordinates (W,W! (uxb*xTranspose(u))) :b
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in bas]:u in gens];
K:=sub<T|gensym>;
ok:=0rbits(K);
os:={*#x:x in okx*};
P<t>:=PolynomialRing(Integers());
osp:=&+[Multiplicity(os,q i)*t"i:i in [0..#o0s-1]1];
return osp;

end function;

OrbitSizeSymPolRec:=function(n)
ZZ:=Integers();
P<q,t>:=PolynomialRing(ZZ,2) ;
if n eq O then return 1;
elif n eq 1 then return q;
else return (1+(gq-1)*t~(n-1))*P!$$(n-1)+(g-1)
*t"(n-1)*&+[t"1i:i in [0..n-2]1*P!$$(n-2);
end if;

end function;

/* R<t>:=PolynomialRing(Integers());
Evaluate (OrbitSizeSymPolRec(4),[3,t]); OrbitSizeSymPol(4,3,1);
*/
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A.2. Character Tables

O O |~ ™~ —~ = = ~ ~ o o o~ o~ = = = =
o [ N [
c Ol 4 A4 4 4 4 A4 A4 A4 A ~A —~ —~F —~ —~ —~
N [ N [
m Ol A4 = =4 4 4 ~4 —~4 = ~ = —~ = —~ —~ —
S _ _ [ _ _ [
S 99— 4 4 = ~ 4 =4 —~ ~ — ~ ~ —~ —~ —~ ~
— _ _ _ _ _ [ _
L2 O~ = = = = = = = = = = = = = =
a - I _ _ _ _ [
BN R TR B T T T B R T B e T R B B
o _ _ _ _ _ (I _
ot O~ ™ ™ ™ S S o~ = = = = =~ o~ o~ o~
— _ _ [ _ (I _
< Ol A4 = A S —~ = —~ = —~ = —~ —~ —~ —~ —
o [ e A I e
S Ol = ™~ = S o = = = = = = = = =
o= _ (. _ [ [
S O H A —H —H o = = = = o A o = o o~
N _ _ _ (R _ _ _
VU Ol —~H = = —~ A A A A —~A —~ —~H — — —
o [ (N [
N O |~ = = A A A A A A o o = o~ o~ o~
a [ e e
O ©O|lH4 ™ ™~ ™~ o o A A A o o — — — —
«a - (. [ [ [
D Ol ™~ A —~ o o ™~ A S o~ o~ o o~ o~ o~
N _ _ _ _ _ _ _ _
S ©O|lA ™ ™~ o ™~ ™~ —~ —~ ~o o ™~ —~ —~ —~ —~
a (I (. I [
S O ™ ™ ™ ™ ™ ™ ™ ™~ ™ = — = o~ o~
—
=
— | A N ®»® = - © M~ 0w o © = a4 o + o ©
g — — — i — i i
[ﬂw,z R SR S S D Mo i P G R G R N S I S

Table A.1: Character Table of 24
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N A [ ] | [
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[ I
s o o CRE] o w oo oooo ocxrToceogagge )
S =8 A& 22==28= SAARRRIIRISIFS <
[ [ N [
s o« s s o w I neoeoTIooe LIRSS
= =S8 =S=2RR=== SRR IIBERISESEEER
«
&
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Character Table of 2°
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Table A.3: Character Table of 26:(23:Dg)
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2J 2K 4B 4A 4C 4D 2L

29

28 96

29 29 99 98
2 —2 -9
2 -2 -9
2 —92 -9

2 -2 0

2
2
2 -2
2 -2
2 -2
2 -2

2
2
2

2

2

2

2
2 =2 -2
2 -2 =2
2 -2 =2
2 -2 =2

2 -2 0

2
2

2
2
2
2

2 -2 0

2 -2
2 -2
2 -2
2 -2

2
2
2
2
2 =2 =2

2

2

4 4 0-4 0
0 -4 0

0

4

0 -4 0
0 -4 0

4 4
4 4

0

8

0

0 -8 =8

1A 2A 2B 2C 2D 2F 2F 2G 21 2H

28

0
0
0

2-2-20
2 -2-20
2 -2-20
2 -2-20
2 -2-20
2-2-20
2-2-20
2 -2-20
2 -2-20
2 -2-20
2 -2-20

0-2 -2

0|—-2 -2

0—2 -2

0|—-2 -2

0
0
0
0

0|—-2 =2

2 -2-20
2 -2-20
2-2-20
2-2-20
2-2-20
8 -8 =8 0

0—-2 -2

0|—-2 -2

0|—-2 -2

0
0

0
0
0
0

4 -4 -4
4 -4 -4
4 -4 —4
4 -4 -4
4 -4 —4
4 -4 -4
4 -4 -4
4 -4 -4
8 =8 —8
8§ —8 —8

4

4

0
0
0
0
0

0]—8 -8

0
0

0

0
0
0
0

0
0
0
0

4 —4
4 —4
4 —4
4 —4

4 —4
4 —4
4 —4
4 —4

0

0

4 —4

4 —4

[9]

|C'(;(g)\ 212 212 211 210 210 210 29 29 28

X33

X34

X35

X36

X37

X38

X39

X40

X41

X42

X43

X44

X45

X46

X47

X48

X49

X50

X51

X52

X53

X54

X55

X56

X57

X58

X59

X60

Xe61

X62

X63

X64

X65

X66

Xe67

X68

Table A.3: (cont.)
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0
0

-4 4 -4 0 0
4 -4 4 0 0

4

0

0

4 -4 4 0

0

0

4 -4 4 0

0

0
0

4 0
4

4 —4
4 —4 -4

0

0

4 -4 -4 4 0

0

4 0 O

4 —4 —4

4 0

4 —4 -4

0

0

0

0

0

0

2] 2H|2J 2K 4B 4A 4C 4D 2L

1A 2A 2B 2C 2D 2F 2F 2G

8§ -8 8-8 0 0 O
4 4 -4-4 0 0
4 4 -4 4

4
4

0 0

4 -4 -4 0 0
4 -4 -4 0 0

4 4 -4-4 0 0
4 -4 —4

4
4

0 0

4 -4 -4 0 0

8§ -8 -8
8 —8 -8

0 0
0 0

0

0 -4 4
0 -4 4

0|—4

0

0

8 =8

0 0|4

0—-4 4

0|—4
0

0
0
0
0
0
0
0
0
0
0
0

0—-4 4
0 -4 4
0 -4 4
0 0 0-4
0 0 0-4
0 0 0-4
0 0 0-4

0

8 —8

0|—4
0

0|—4
0

0 4 -4

4 —4
0 4 -4

0

0|—4
0|—4

4 —4
0 4 -4
0 4 -4

0

0

0|—4

0
4
4
4
4

0 0 0 4 -4 0

0 0 0 4 -4

0

8 =8

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

16 —16
16 —16
16 —16
16 —16
16 —16
16 —16
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