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Abstract

The classification of finite simple groups states that every finite simple group is isomorphic to one

of the following groups:

(1) a cyclic group with prime order,

(2) an alternating group of degree ≥ 5,

(3) a simple group of Lie type, including both the classical Lie groups, namely the simple groups

related to the projective special linear, unitary, symplectic, or orthogonal transformations

over a finite field,

(4) the exceptional and twisted groups of Lie type (including the Tits group),

(5) one of the 26 sporadic simple groups.

More recent attention in group theory has been given to the important subgroups of these finite

simple groups such as maximal subgroups and Sylow p−subgroups. We consider in this thesis some

classical linear groups and in particular, we construct character tables of their Sylow p−subgroups.

Since these Sylow p− subgroups sit in the maximal parabolic subgroups, we will also study specific

maximal subgroups. A vast research exists on Sylow p − subgroups of classical linear groups and

most of the motivation on the study has been driven by the conjecture asserting that the degrees

of irreducible characters of Sylow p− subgroups of the general linear group are not merely powers

of p, where p is the characteristic of the defined field, but powers of q, where q = pk is the

order of the field. In fact, Martin Isaacs proved the conjecture in 1995 and further extended it

to the symplectic group Sp2m(q) in which he established that the conjecture is false when p = 2.

An even more interesting question regards the construction of the irreducible characters of these

Sylow p− subgroups (note that even just counting them poses much difficulties). Since the groups

considered in this thesis are of extension type, we will use the method developed by Bernd Fischer

for the construction of character tables of group extensions. This method derives its rudiments

from Clifford theory. In fact, as a result of this, most authors refer to the method as Clifford-

Fischer matrices theory. Let Ḡ = N.G, where N E G and Ḡ/N ∼= G be a group extension. For

each representative of a conjugacy class of G, we form a matrix called the Fischer matrix on g.

When all these Fischer matrices together with character tables, ordinary or projective, and fusions

of inertia factor groups into G are obtained, one can then construct with ease the full character

table of Ḡ. The first step to construct the character table of Ḡ is to know its conjugacy classes.

Jamshid Moori developed a technique to compute the conjugacy classes of group extensions. In

this thesis, we apply the coset analysis technique together with the theory of Fischer matrices to

construct the ordinary character tables of six groups of extension type, namely 26:GL(3, 2), 26:A8,

210:GL(4, 2), 25:(2 × D8), 26:(23:D8) and 27:(25:(2 × D8)) associated with some classical linear

groups. In addition, we give general form of Fischer matrices for a Sylow p − subgroup of Sp4(q)

where q is a power of an odd prime p.
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List of Notations

Our notation is standard and we follow Atlas [19] and Wilson [79].

N natural numbers

Z integers

C complex numbers

V vector space

dim(V) dimension of a vector space V

V∗ dual of a vector space V

F field

F∗ multiplicative group of F

Fq Galois field of q elements

f non-degenerate (or non-singular) form on a vector space

Q non-degenerate (or non-singular) quadratic form on a vector space

G, N , M finite groups

Sn the symmetric group on n symbols

N ∼= M N is isomorphic to M

1G the identity element of G

N.G group extension

M ≤ G M is a subgroup of G

[G : N ] the index of N in G

N EG N is a normal subgroup of G

N :G split extension

N ·G non-split extension

M ×N direct product of the groups M and N

Zm cyclic group of order m

Nx right coset of N containing x

G/N quotient group

NG(N) normalizer of N in G

θG induction of character θ from a subgroup to G

χ ↓N restriction of character χ from the main group to a subgroup N

CG(g) centralizer of g ∈ G

Ga stabilizer of a ∈ X when G acts on X

o(g) order of g ∈ G

〈x, y〉 subgroup generated by x and y
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xy conjugation of x by y

H̄ inertia group of Ḡ

H inertia factor group of Ḡ

Dn dihedral group of order n

tr trace of a matrix

Irr(G) set of the ordinary irreducible characters of G

IG the identity character of G

〈φ, ϕ〉 the inner product of the class functions φ and ϕ

χ(G|H) the permutation character of G on the cosets of H in G

[g]G the conjugacy class of G containing g

Aut(G) automorphism group of G

G
′

commutator subgroup of G

Z(G) center of G

GL(n,F) general linear group of degree n over F
GL(n, q) finite general linear group of degree n over Fq

Sylp(G), set of Sylow p− subgroups of G

Sp2m(q) symplectic group of dimension 2m over GF (q)

O(n, q) orthogonal group

O+
2m(n) orthogonal group of type + and dimension 2m

O+
8 (2) orthogonal group (simple) of type + and dimension 8 over GF(2)

Dn(q) group of invertible diagonal matrices (torus)

Gn a Sylow p− subgroup of the finite general linear group, q = pk

PGL(n,F) projective general linear group

PSL(n,F) projective special linear group

pn an elementary abelian group of order pn, where p is prime
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7.5 Fusion of Ḡ into O+
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Introduction

This thesis is devoted to the study of six groups of extension type associated with some classical

linear groups. Three of the six groups are the maximal parabolic subgroups associated with simple

finite groups Sp6(2), O+
8 (2) and Sp8(2), namely the groups 26:GL(3, 2), 26:A8 and 210:GL(4, 2)

respectively. The other three are the Sylow 2 − subgroups of Sp6(2), O+
8 (2) and Sp8(2), namely

25:(2×D8), 26:(23:D8) and 27:(25:(2×D8)) respectively. The rationale for the study of the max-

imal parabolic subgroups is that they contain Sylow 2 − subgroups of Sp6(2), O+
8 (2) and Sp8(2)

respectively. Furthermore, the thesis also covers a Sylow p−subgroup of Sp4(q), where q is a power

of an odd prime p. Therefore, we discuss the Fischer matrices in general of a Sylow p− subgroup

of Sp4(q) where q = pk, and p is odd. The character table of Sp4(q) was discussed by Srinivasan in

[72]. Since the completion of the classification of finite simple groups, more recent work in group

theory entails the study of various other aspects of finite groups in which structures and charac-

ter tables of group extensions play a key role. A vast research exists on Sylow p − subgroups of

classical linear groups (see for instance [8], [9], [26], [35], [63], [64], [67], [73] and [75]) and most of

the motivation for the study has been driven by the conjecture asserting that the degrees of the

irreducible characters of Sylow p− subgroups of the general linear group are not merely powers of

p, where p is the characteristic of the defined field, but powers of q, where q = pk is the order of the

field. In fact, Isaacs [40] proved the conjecture in 1995 and further extended it to the symplectic

group Sp2m(q) in which he established that the conjecture is false when p = 2. The conditions

under which the conjecture would hold for a Sylow 2 − subgroup of Sp2m(2k), for some k, were

later established by Szegedy [74] and Sangroniz [66]. More importantly, the question whether in

general the number of irreducible characters, of any of the said Sylow p− subgroups of the classical

linear groups, of certain degree, can be expressed as a polynomial in q depending on the dimension

n of the group still remains unsolved.

The method we apply for the construction of the character tables in the thesis is Fischer matrices

theory. This theory is due to Fischer [27]. The theory derives its rudiments from Clifford theory.

Let Ḡ = N.G be a group extension such that every irreducible character of N extends to its

inertia group. For each class representative say g of G, we find a matrix M(g), called the Fischer

matrix on g. This matrix plays an important role in constructing the character table of Ḡ. The

first important step in constructing the character table of any finite group is to find its conjugacy

classes. If Ḡ = N.G is an extension (either split or non-split), the technique of coset analysis can be

used to compute the conjugacy classes of Ḡ. This technique is applied in the following manner: for

each conjugacy class [g]G in G with representative g ∈ G, we form a coset Nḡ where ḡ is a lifting of

g in Ḡ under the natural homomorphism Ḡ −→ G and analyze this coset to obtain the conjugacy

classes of Ḡ which correspond to the class [g]G of G. This process is repeated for all the class
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representatives g ∈ G to obtain all the conjugacy classes of Ḡ. In this thesis, we have applied the

coset analysis technique together with the theory of Fischer matrices to the six groups of extension

type as well as to generalize on the character table of a Sylow p− subgroup of Sp4(q) where q is a

power of an odd prime p. The six groups are the context of Chapters 5 to 10. The general form

of Fischer matrices of a Sylow p − subgroup of Sp4(q) where q is a power of an odd prime p, is

the context of Chapter 11. Furthermore, we note throughout the thesis that for every defined split

extension Ḡ = N :G, where N is elementary abelian, if the action of G on N and Irr(N) results

into different orbit lengths then there exists another split extension group say Ḡ1 = N∗:G, where

N∗ is the dual of N . In this case the two groups are non isomorphic. For the group Ḡ1, the action

of G on N∗ results into same orbit lengths as the action of G on Irr(N) in the group Ḡ.

Denote a Sylow p − subgroup of any of the classical linear groups by Ḡ. The structure of these

Sylow p − subgroups is of extension type and in fact they split. Write Ḡ = N :G, Previtali in [63]

shows that the set of orbit sizes of the action of G on N is equal to the set of orbit sizes when G acts

on the linear characters of N when p is odd. In fact he proves that these orbit sizes take the shape:

{qi : 0 ≤ i ≤ f(n, q)} where f depends on the classical linear group under discussion. For instance,

in the symplectic case, f(n, q) = q
m(m−1)

2 = [Ḡ : N ], that is the index of N in Ḡ. The value f(n, q)

is defined in a similar manner in other families of classical linear groups. In characteristic p = 2

there is a drastic change in the picture: for instance Isaacs, in Section 11 of [40], shows that when

p = 2, a Sylow 2− subgroup of Sp6(q) has an irreducible character of degree q
2 . Thus the fact that,

in odd characteristic, the irreducible characters of Sylow p− subgroups of symplectic groups have

degree a power of q does not apply in characteristic 2. In 2000, Gow, Marjoram and Previtali in

[34] showed that if Ḡ is a Sylow p − subgroup of the symplectic group Sp2m(q) in characteristic

p = 2, then Ḡ has irreducible characters of degree 2−sq
m(m−1)

2 , where s ∈ Z satisfying 0 ≤ s ≤ dm2 e.

We now give some details on all the chapters in this thesis. Customarily, Chapter 1 is the intro-

ductory chapter to the thesis.

In Chapter 2, we discuss the theory of group extensions and their conjugacy classes. This includes

the technique of coset analysis developed by Moori, see for instance Moori [53] and Whitley [78],

for the computation of conjugacy classes of group extensions. We use the standard notation as in

Atlas [19] for an arbitrary extension, split and non-split extensions respectively as N.G, N :G and

N .G. We use [10], [61], [69] and [78] as references for most parts of this chapter.

This chapter is organized as follows: in Section 2.1, we discuss notions of exact sequences of groups

and homomorphisms as this leads to the general theory of group extensions. In fact, we note that

a group extension takes some form of a short exact sequence of groups and homomorphisms. In

Section 2.2, we show the equivalence between semi-direct products and split extensions. In Section

2.3, we describe in detail the coset analysis technique for the computation of conjugacy classes

of both split and non-split extensions. In Section 2.4, we give background information on the

character tables of finite groups. In Section 2.5, we discuss the formulation of character tables of

finite groups as well as information that they contain. In Section 2.6, we define tensor products of

matrices which leads to a clearer understanding of tensor products of representations/characters.

In Section 2.7, we discuss a natural way of obtaining characters of a subgroup from the main group,

that is the concept of restriction of characters. In Section 2.8, we review the concept of induction
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of characters which will further lead to the understanding of permutation characters discussed in

Section 2.9.

In Chapter 3, we introduce the theory of Fischer matrices. This method is used to construct

character tables of group extensions. Let Ḡ = N.G be a group extension. The action of Ḡ on

Irr(N) is given by x : θ → θx, where x ∈ Ḡ, θ ∈ Irr(N) and θx(n) = θ(xnx−1) for any n ∈ N .

Let θ1, θ2, · · · , θt be representatives of the orbits of Ḡ on Irr(N). Let H̄i be the inertia group

associated with θi, that is H̄i = {x ∈ Ḡ | θxi = θi, θi ∈ Irr(N)}, 1 ≤ i ≤ t. Let ψi ∈ Irr(H̄i)

be an extension of θi to H̄i (that is ψi↓N = θi) and β ∈ Irr(H̄i) such that N ⊆ ker(β). Then we

learn in this chapter that the irreducible characters of Ḡ are of the form (βψi)
Ḡ. Through this

way of computing the irreducible characters of Ḡ, the character table will be divided into blocks

with each block corresponding to an inertia group. We discuss Clifford’s theory in Section 3.1, on

which Fischer matrices is essentially based. In fact, as a result of this, most authors refer to the

method as Clifford-Fischer matrices theory. We will refer to the method as Fischer matrices in all

of our discussions. For each representative of a conjugacy class of G, we form a matrix called the

Fischer matrix on g, we explore such matrices in Section 3.2. Most of the approach in literature for

evaluating entries of Fischer matrices has been combinatorially based by the use of orthogonality

relations as well as other properties satisfied by the entries. We will in addition to this approach

use a more non combinatorial approach resulting from a paper by List [48]. We have developed first

Programme C for computing a candidate for the Fischer matrix M(1G) and then we constructed

Programme D1 and Programme D, where Programme D1 determines the action of CG(g)

on the quotient group N/M for some M ≤ N as well as constructing the irreducible characters of

N/M and Programme D (which contains Programme D1) further determines candidates for

Fischer matrices on non-identity classes automatically. This is the discussion of Subsection 3.2.4.

We point out here that these programmes developed for Fischer matrices only compute candidates

and actual Fischer matrices with labels could be obtained from these candidates by applying the

following:

(1) the centralizer orders of the class representatives of Ḡ as computed from coset analysis cor-

responding to each class representative g of G,

(2) let χ be a character of any group H and h ∈ H. Then we have |χ(h)| ≤ χ(1H), where 1H is

the identity element of H,

(3) let χ be a character of any group H and h be a p− singular element of H, where p is a prime.

Then we have χ(h) ≡ χ(hp) mod p,

(4) for any irreducible character χ of a group H and for hi ∈ Ci then di =
biχ(hi)

χ(1H)
is an algebraic

integer, where Ci is the ith conjugacy class of H and bi = |Ci| = [H : CH(hi)]. Clearly if

di ∈ Q, then di ∈ Z,

(5) let H be a group such that Ḡ ≤ H. We use the fusion of conjugacy classes of Ḡ into H and

restrictions of characters to Ḡ to correctly label the columns of the Fischer matrices.

Furthermore, for the Fischer matrix on the identity class, the rows could be well labeled by asso-

ciating to each row the stabilizer of its orbit representative (since each row is an orbit sum, with

appropriate duplicates discarded). These stabilizers are subgroups of the group on top in the group
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extension and therefore are the inertia factor groups.

We end the chapter by looking at the more general approach to Fischer matrices for non-split

extensions that involve projective representations.

In order to discuss problems in later chapters of this thesis, Chapter 4 concentrates on the structure

of Sylow p− subgroups of the symplectic and orthogonal groups in even dimension. We use, among

other references, [23], [45], [61] and [79] for most parts of this chapter. We denote by Sp2m(q)

and O+
2m(q) the symplectic group of dimension 2m and orthogonal group of type + (that is there

is a totally isotropic subspace of dimension m for the associated form thereby having Witt index

m) and dimension 2m over a field of q elements respectively. This chapter is organized as follows:

in Section 4.1, we define bilinear forms and give their properties. These results lead to defining

symplectic groups as done in Subsection 4.1.2. To be able to define orthogonal groups, we discuss

orthogonal bases in Subsection 4.1.3. This subsection highlights that any symmetric bilinear space

admits an orthogonal basis. Quadratic forms are a discussion of Subsections 4.1.4 and 4.1.5. The

structures of Sylow p − subgroups of Sp2m(q) and O+
2m(q) are covered in Section 4.2. Finally, in

Section 4.3, we discuss other important subgroups (important in the sense that they contain Sylow

p− subgroups or isomorphic copies of them). These groups are the maximal parabolic subgroups,

affine subgroups and normalizers of Sylow p− subgroups of Sp2m(q) and O+
2m(q).

In Chapter 5, we construct the ordinary character table of Ḡ = 26:GL(3, 2) a maximal parabolic

subgroup of Sp6(2), the symplectic group of dimension 6 over the field of two elements using the

method of Fischer matrices. From Chapter 4, it is known that a Sylow p − subgroup of Sp2m(q)

sits in the maximal parabolic subgroup of Sp2m(q). In Section 5.1, we introduce the group Ḡ, and

generate it as a subgroup of Sp6(2). In Section 5.2, we list the conjugacy classes of Ḡ computed

using the coset analysis technique and we see that corresponding to the 6 conjugacy classes of

GL(3, 2), we get 24 conjugacy classes of Ḡ. In Section 5.3, we show that there are 5 inertia factor

groups, namely H1 = GL(3, 2), H2 = S4, H3 = S4, H4 = D8 and H5 = S3. In Section 5.4, we

calculate the six Fischer matrices of Ḡ using two methods, namely the combinatorial approach

and the non-combinatorial approach. We see that the sizes of these matrices range from 1 to 9.

We further show how to obtain the full character table of Ḡ via the method of Fischer matrices

discussed in Chapter 3. As it is natural to fuse back the conjugacy classes of a subgroup into the

group where it sits, we do the fusion of Ḡ into Sp6(2) in Section 5.5. The fusion is made possible

with χ(Sp6(2)|Ḡ), the permutation character for the action of Sp6(2) on the cosets of Ḡ in Sp6(2).

To successively finish the fusion of these groups, we will also require the following information:

(1) known power maps for the representatives of conjugacy classes of the groups Ḡ and Sp6(2),

(2) the technique of set intersections of characters (discussed by Ali [3], Moori [54], Mpono [61]).

In Chapter 6, we are interested in constructing the ordinary character table of a group of the form

Ḡ = 25:(2 × D8), a Sylow 2 − subgroup of Sp6(2), by means of the method of Fischer matrices.

It is a trend in group theory to study finite groups by way of studying their subgroups of prime

order. The existence of such subgroups is guaranteed by a well known result due to a Norwegian

mathematician, Peter Ludwig Mejdell Sylow (12 December, 1832 to 7 September, 1918), and it

states that:
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(1) a group G has at least one Sylow p− subgroup,

(2) all Sylow p− subgroups are conjugate,

(3) any p− subgroup of G is contained in a Sylow p− subgroup,

(4) the number, say np, of Sylow p− subgroups of G is such that np ≡ 1 mod p.

This result has various applications to the study of finite groups for instance, among others, the

classification of finite groups of order pq where p and q are distinct primes such that p > q, existence

of a p − element in a group G (Cauchy’s Theorem, see for instance [7]) and also the proof of the

well known result: The Schur-Zassenhaus Theorem which states that any normal Hall subgroup of

a finite group has a complement.

The above are but just some of a vast range of applications of the knowledge of Sylow p−subgroups.

The organization of Chapter 6 is as follows: in Section 6.2, we generate the group Ḡ as a Sylow

2 − subgroup of A(3) = 25:S6. Note that it has the same order as that of a Sylow 2 − subgroup

of Sp6(2) and therefore they are isomorphic. The isomorphism is established by the fact that all

Sylow 2− subgroups of Sp6(2) are conjugate. The group A(3) was discussed by Mpono in his PhD

thesis [61] and since he already fused it into Sp6(2), we will fuse the group Ḡ into A(3) in this thesis.

In Section 6.3, we list the conjugacy classes of Ḡ computed using the coset analysis technique and

see that corresponding to the 10 conjugacy classes of 2×D8, we obtain 56 conjugacy classes of Ḡ.

In Section 6.4, we establish the structures of the inertia factor groups of Ḡ and see that they are

given by H1 = G1, H2 = G1, H3 = D8, H4 = D8, H5 = 23, H6 = 22, H7 = 22, H8 = 22, H9 = 22

and H10 = 2. In Section 6.5, we compute the Fischer matrices of Ḡ using the non combinatorial

approach and we obtain ten Fischer matrices of sizes ranging from 3 to 10. We illustrate in this

chapter the automatic computation of candidates for Fischer matrices on non-identity classes. We

use Programme D to achieve the goal. In Section 6.6, we show how to obtain the character

table of Ḡ and the full character table is listed in Table 6.14. Finally, in Section 6.7, we fuse the

conjugacy classes of Ḡ into the conjugacy classes of A(3).

In Chapter 7, we study a split extension group of the form Ḡ = 26:A8, a maximal parabolic

subgroup of O+
8 (2). The chapter is organized as follows: in Section 7.2, we briefly introduce the

group Ḡ and generate it as a maximal parabolic subgroup of O+
8 (2). In Section 7.3, we list the

conjugacy classes of Ḡ obtained using the coset analysis technique and see that corresponding to

14 conjugacy classes of A8, we get 41 conjugacy classes of Ḡ. Furthermore, using the action of

A8 on Irr(26), we were able to determine the structures of the inertia factor groups as H1 = A8,

H2 = S6 and H3 = 24:(S3 × S3). In Section 7.4, we calculate the fourteen Fischer matrices of Ḡ

and see that the sizes of these matrices range from 1 to 5. We further show how to construct the

character table of Ḡ using Fischer matrices method and the full character table is given as Table

7.8. We end the chapter by fusing the conjugacy classes of Ḡ into those of O+
8 (2) in Section 7.5.

In Chapter 8, we exploit the discussion of Chapter 4 that Sylow p−subgroups of O+
2m(q), for q = pk

for some k, are split extensions and study a split extension group of the form Ḡ = 26:G4, where

G4 = 23:D8 is isomorphic to a Sylow 2−subgroup of GL(4, 2). The group Ḡ is a Sylow 2−subgroup

of O+
8 (2). The degrees of the irreducible characters in general of Sylow p − subgroups of O+

2m(q),

where q = pk have been studied extensively, see for instance [16]. We determine the character table

5
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of Ḡ in this chapter and in addition, we fuse its conjugacy classes into 26:A8, a maximal parabolic

subgroup of O+
8 (2) as discussed from Chapter 7.

Chapter 8 is organized as follows: in Section 8.1, we give a brief introduction on the group Ḡ and

generate it as a Sylow 2 − subgroup of O+
8 (2). In Section 8.2, we give the conjugacy classes of Ḡ

computed using the coset analysis technique and we see that corresponding to the 16 conjugacy

classes of G4, we get 103 classes for Ḡ. In Section 8.3, we act the group G4 on Irr(26) and show

that there are 10 inertia factor groups, namely H1 = G4, H2 = G4, H3 = (2×D8):2, H4 = 2×D8,

H5 = 2 × D8, H6 = 2 × D8, H7 = 23, H8 = 23, H9 = 22 and H10 = 22. In Section 8.4, we

compute the sixteen Fischer matrices of Ḡ through a non combinatorial approach by the help of

Programme D in the Appendix. We see that the sizes of these Fischer matrices range from 4 to

10. In Section 8.5, we discuss the fusion of the conjugacy classes of Ḡ into those of 26:A8. Therefore

we compute the permutation character χ(26:A8|Ḡ) for the action of 26:A8 on the cosets of Ḡ in

26:A8. We used GAP [31] as well as information about the permutation character χ(26:A8|Ḡ),

conjugacy classes of elements of Ḡ and 26:A8 to fuse the conjugacy classes of Ḡ into 26:A8.

In Chapter 9, we consider the group Sp8(2) so that its maximal parabolic subgroup P (W ) =

210:GL(4, 2) ∼= 210:A8. Furthermore, the Sylow 2 − subgroup say P8
∼= 210:G4

∼= 210:(23:D8) of

Sp8(2) sits in 210:A8. We study the character table of 210:A8 as it is related to that of P8. We will

denote P (W ) by Ḡ = 210:GL(4, 2).

This chapter is organized as follows: in Section 9.1, we generate the group Ḡ as a maximal subgroup

of Sp8(2). In Section 9.2, we list the 81 conjugacy classes of Ḡ computed using coset analysis

method. These conjugacy classes correspond to the 14 conjugacy classes of GL(4, 2). In Section

9.3, we give the structures of the inertia factor groups of Ḡ, namely H1 = A8, H2 = ((24:3):2):2,

H3 = (S3 × S3):2, H4 = 2× S4, H5 = S5, H6 = 23:GL(3, 2) and H7 = ((A4 ×A4):2):2.

In Section 9.5, we list the Fischer matrices of Ḡ and see that their sizes range from 1 to 16. The

ordinary character table of Ḡ is done in Section 9.6. In Section 9.7, we provide the fusion of the

conjugacy classes of Ḡ into Sp8(2).

In Chapter 10, we use the connection between the structure of a Sylow p−subgroup of Sp2m(q) and

that of Sp2m+2(q) (see Chapter 4), to study a Sylow 2− subgroup of Sp8(2) as being isomorphic to

a group of the form Ḡ = 27:P6, where P6 is a Sylow 2− subgroup of Sp6(2). Thus we are interested

in constructing the ordinary character table of a split extension of the form Ḡ = 27:(25:(2 ×D8))

using the method of Fischer matrices. The group Ḡ is also a Sylow 2− subgroup of A(4), the affine

subgroup of Sp8(2).

In Section 10.1, we give a brief introduction on the group Ḡ and generate it as a Sylow 2−subgroup

of A(4). The group A(4) is of the form 27:Sp6(2) and was studied by Ali and Moori in [5]. There is

another group of the form 27:Sp6(2) not isomorphic to A(4) which is a subgroup of Aut(F22), the

autormorphism group of the Fischer group F22. This later group was studied by Mpono and Moori

in [57] and [61]. We have that [Sp8(2) : A(4)] = 255. In Section 10.2, we give the conjugacy classes

of Ḡ computed using the coset analysis technique and we see that corresponding to the 56 conjugacy

classes of 25:(2 ×D8), we get 436 classes for Ḡ. In Section 10.3, we act the group 25:(2 ×D8) on

Irr(27) and show that there are 14 inertia factor groups, namely H1 = 25:(2×D8), H2 = 25:(2×D8),

6
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H3 = 22×((((4×2):2):2):2), H4 = 22×(24:2), H5 = (D8×D8):2, H6 = (D8×D8):2, H7 = D8×D8,

H8 = (((4 × 2):2):2):2, H9 = D8 × D8, H10 = 2 × (24:2), H11 = 2 × 2 × D8, H12 = 2 × 2 × D8,

H13 = 2 × 2 × D8 and H14 = 2 × D8. In Section 10.4, we compute the fifty six Fischer matrices

of Ḡ through a non combinatorial approach by the help of Programme D in the Appendix. We

see that the sizes of these Fischer matrices range from 3 to 14. The full ordinary character table of

Ḡ is a 436 × 436 matrix. In Section 10.5, we discuss the fusion of the conjugacy classes of Ḡ into

those of A(4). Therefore, we compute the permutation character χ(A(4)|Ḡ) for the action of A(4)

on the cosets of Ḡ in A(4). We used GAP [31] as well as the information about χ(27:Sp6(2)|Ḡ) to

fuse the conjugacy classes of Ḡ into A(4).

Finally, Chapter 11 covers some general results on the character tables of Sylow p- subgroups

of classical linear groups. We consider Sylow p -subgroups of Sp2m(q), the symplectic group of

dimension 2m over a field of order q where q is a power of an odd prime p. Denote a Sylow

p − subgroup of Sp2m(q) by Ḡ. Then from Chapter 4, we observe that Ḡ = N :G, where N is an

elementary abelian p− group and G is its complement in Ḡ. The natural approach to investigating

the characters of Ḡ is to consider the action of G on the linear characters of N and then describe

the stabilizer subgroup in G of any linear character of N (as illustrated in previous chapters, see

for instance Chapters 6 and 10).

This chapter is organized as follows: in Section 11.1, we use the fact that a Sylow p− subgroup say,

Ḡ, of the symplectic group is a split extension and discuss the action in general of G on N where

we write Ḡ = N :G. This discussion uses a theorem of Previtali in [64] to construct examples on

the general actions of G on N (where the lengths are the same as those of orbits of G on Irr(N))

in a Sylow p − subgroup of Sp2m(q), where q = pk for some k and p odd. For the examples we

consider Sp4(q) and Sp6(q). In Section 11.2, we apply the method of Fischer matrices to a Sylow

p − subgroup of Sp4(q) where p is odd and obtain the general form of Fischer matrices on the

non-identity classes. We see that the Fischer matrices on non-identity classes coincide with the

character table of N/M ∼= Zq, where q = pk for some k and some M ≤ N . Thus we see that M(g)

is the Discrete Fourier Transform matrix up to permutations of rows and columns. In Section 11.3,

we give a particular example Ḡ = 33:G2, where G2
∼= Z3 is a Sylow 3 − subgroup of GL(2, 3). In

Section 11.4, we discuss the general degrees of the irreducible characters of a Sylow p − subgroup

of Sp6(q), where q = pk and p is odd, for some k.

It is important to point out that we have checked the accuracy of the character tables of all the

groups discussed in this thesis using Programme E in the Appendix.
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2

Group Extensions and their Conjugacy Classes

We discuss the theory of group extensions and their conjugacy classes. This includes the technique

of coset analysis developed by Moori, see for instance [53] and [78], for the computation of conjugacy

classes of group extensions. We use the standard notation as in Atlas [19] for arbitrary extension,

split and non-split extensions respectively as N.G, N :G and N .G. We use [10], [24], [61], [69] and

[78] as references for most parts of this chapter.

This chapter is organized as follows: In Section 2.1, we discuss notions of exact sequences of groups

and homomorphisms as this leads to the general theory of group extensions. In fact, we note that

a group extension takes some form of a short exact sequence of groups and homomorphisms. In

Section 2.2, we show the equivalence between semi-direct products and split extensions. In Section

2.3, we describe in detail the coset analysis technique for the computation of conjugacy classes

of both split and non-split extensions. In Section 2.4, we give background information on the

character tables of finite groups. In Section 2.5, we discuss the formulation of character tables of

finite groups as well as information that they contain. In Section 2.6, we define tensor products of

matrices which leads to a clearer understanding of tensor products of representations/characters.

In Section 2.7, we discuss a natural way of obtaining characters of a subgroup from the main group,

that is the concept of restriction of characters. In Section 2.8, we review the concept of induction

of characters which will further lead to the understanding of permutation characters discussed in

Section 2.9.

2.1. Introduction

Let {..., Cn−1, Cn, Cn+1, ...} and {..., βn−1, βn, βn+1, ...} be sets of groups and homomorphisms.

An exact sequence of groups and homomorphisms is a sequence of the form:

· · · βn−1→ Cn−1
βn→ Cn

βn+1→ Cn+1 → · · · (2.1)

in which Ker(βn) = Im(βn−1) for each successive pair (βn−1, βn). Using this notion one then

refers to an extension Ḡ of a group N by a group G as a short exact sequence of groups and

homomorphisms given by

{1} → N
ς→ Ḡ

τ→ G→ {1}. (2.2)

Remark 2.1.1. Note that the sequence in Equation 2.2 is exact. Thus the homomorphisms ς and τ

are the inclusion monomorphism and projection epimorphism respectively. Furthermore, one notes

that if N and G are arbitrary groups, then an extension of N by G is a group Ḡ having a normal

subgroup N such that Ḡ/N ∼= G. Thus the group N is called the kernel of the extension Ḡ and G

is called the complement of N in Ḡ.

8
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Using Equation 2.2, we have that Ker(τ) = Im(ς) ∼= N . Note that this last isomorphism becomes

equality since N ≤ Ḡ. A complement of N in Ḡ need not be a subgroup of Ḡ. In the case that it

is, then it need not be unique. However, if complements of N in Ḡ exist, then it implies they are

unique up to isomorphism as they are all isomorphic to Ḡ/N .

We next define what equivalence of two extensions means

Definition 2.1.2. Two extensions {1} → N
ς→ Ḡ

τ→ G→ {1} and {1} → N
ς
′

→ Ḡ
′ τ
′

→ G→ {1} are

equivalent if there exists a homomorphism λ : Ḡ→ Ḡ
′

such that the following diagram commutes:

N G

ς
Ḡ

τ

ς
′

τ
′λ

Ḡ
′

Note that λ is an isomorphism between Ḡ and Ḡ
′
by the application of the five lemma. Furthermore,

the equivalence of group extensions is an equivalence relation.

2.2. Equivalence between Semi-Direct Products and Split Extensions

In this section we link the concepts of semi-direct product and split extensions.

Definition 2.2.1. Let N and G be groups. A semi-direct product Ḡ of N by G denoted by

Ḡ = N :G is a group that satisfies

(1) N E Ḡ,

(2) Ḡ/N ∼= G,

(3) N ∩G = {1Ḡ}.

Where N and G are subgroups of Ḡ.

We now define the automorphism group of a group as it is needed for the inherent action of G on

N .

Definition 2.2.2. The automorphism group of a group G, denoted by Aut(G), is the set of all

automorphisms of G under the binary operation of composition.

Lemma 2.2.3. In the case of a semi-direct product of N by G, every element in Ḡ has a unique

expression of the form ng, where n ∈ N and g ∈ G. The multiplication of elements in Ḡ is carried

out as

(n1g1)(n2g2) = n1n
g1
2 g1g2, (2.3)

where ng = gng−1. A semi-direct product N :G for arbitrary groups N and G exists if and only if

there is a homomorphism θ : G → Aut(N) such that θ(g) = θg, where g ∈ G, and θg : N → N

defined by θg(n) = gng−1. That is θg is an automorphism of N and G acts on N .

Proof. The uniqueness is easy to see since if n1, n2 ∈ N and g1, g2 ∈ G such that n1g1 = ḡ and

9
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n2g2 = ḡ, then it follows that n−1
2 n1 = g2g

−1
1 . Note that N ∩ G = {1Ḡ}. It is deduced that

n−1
2 n1 = 1Ḡ and g2g

−1
1 = 1Ḡ if and only if n1 = n2 and g1 = g2. For the other part of the proof,

we assume that for arbitrary groups N and G, there exists a homomorphism θ : G → Aut(N).

We now claim that there exists a semi-direct product Ḡ of N by G realized by θ. Let M be the

set consisting of all pairs (n, g), n ∈ N , g ∈ G. Note that the operation ∗ : M → M such that

(n1, g1) ∗ (n2, g2) = (n1θg1(n2), g1g2), n1, n2 ∈ N , g1, g2 ∈ G is a binary operation. Furthermore,

(M, ∗) forms a group with (1N , 1G) as the identity and (θg−1(n−1), g−1) as the inverse of (n, g) in M .

It could be shown that the set {(n, 1G)|n ∈ N} forms a normal subgroup of M that is isomorphic to

N , and similarly the set {(1N , g)|g ∈ G} forms a subgroup of M that is isomorphic to G. It follows

that {(n, 1G)|n ∈ N} ∩ {(1N , g)|g ∈ G} = {1M} = (1N , 1G). Therefore M is a semi-direct product

of N by G realized by θ. Taking M to be Ḡ, gives Ḡ = N :G. For the converse, let Ḡ = N :G be a

given semi-direct product of N by G. We have shown the uniqueness of an element ḡ = ng ∈ Ḡ.

Let θ : G → Aut(N) be the homomorphism given by θ(g) = θg, where θg(n) = gng−1, ∀g ∈ G,

n ∈ N . Hence Ḡ ∼= N :θG where the isomorphism is given by ng → (n, g).

The above Lemma 2.2.3 implies that a semi-direct product is completely described by the way

G acts on N . As alluded to earlier, we will usually drop the notation N :θG for N :G where the

homomorphism θ is well understood.

Now let Ḡ be an extension of N by G. Since Ḡ/N ∼= G, there exists an onto homomorphism

ρ : Ḡ→ G such that Ker(ρ) = N . For each g ∈ G define a lifting to an element ḡ of Ḡ by ρ(ḡ) = g.

We can then choose a lifting for each g in G to get a set {ḡ| g ∈ G}, called a transversal for N

in Ḡ and consequently we also get a function ζ : G→ Ḡ, called a transversal function. Thus if

ḡ ∈ Ḡ, the coset representative of Nḡ is ζ(ρ(ḡ)) = (ζoρ)(ḡ). Generally, ζ is not a homomorphism,

but always satisfies the relation:

ζoρ = 1. (2.4)

The converse is also true that any function say ζ that satisfies the relation in Equation 2.4 defines

a transversal of N in Ḡ, namely {ζ(g)| g ∈ G}.
Definition 2.2.4. An extension {1} → N

ς→ Ḡ
τ→ G→ {1} is called

(1) Abelian if Ḡ is abelian,

(2) central if Im(ς) = ς(N) ⊂ Z(Ḡ),

(3) cyclic if G is cyclic,

(4) split if there is a monomorphism ζ : G→ Ḡ such that τoζ = IG.

We now state a theorem that relates semi-direct products and split extensions. The theorem and

its proof can also be found in [68].

Theorem 2.2.5. Every split extension {1} → N
γ→ Ḡ

ρ→ G → {1} is equivalent to a semi-direct

product N :G.

Proof. See [10], [61] and [68].

Remark 2.2.6. Note that if Ḡ is a split extension of N by G, then Ḡ = NG = ∪g∈GNg.

10



Chapter 2

The action of G on N is possible even in the non-split extension case as evident in the following

lemma.

Lemma 2.2.7. ([[69],[78]]) Let Ḡ be an extension of N by G where N is abelian. Then there exists

a homomorphism θ : G → Aut(N) such that θg(n) = ḡn(ḡ)−1 , n ∈ N and θ is independent of the

choice of {ḡ : g ∈ G} a transversal for N in Ḡ.

Proof. Let c ∈ Ḡ and `c denote conjugation by c. As N is a normal subgroup of Ḡ, we have

that (`c)N ∈ Aut(N) and that ν : Ḡ → Aut(N) defined by ν(c) = (`c)N is a homomorphism.

If c ∈ N, since N is abelian, we have that ν(c) = IN . Hence there exists a homomorphism ν∗ :

Ḡ/N → Aut(N) given by ν∗(Nc) = ν(c). But we know that G ∼= Ḡ/N , thus for any transversal say

{ḡ : g ∈ G}, the function ϕ : G → Ḡ/N defined by ϕ(g) = Nḡ is an isomorphism. For any other

transversal say {ḡ′ : g
′ ∈ G}, we have ḡḡ

′−1 ∈ N for every g ∈ G and hence Nḡ = Nḡ
′
. Thus the

isomorphism ϕ is independent of the choice of a transversal of N in Ḡ. Now let θ : G→ Aut(N) be

defined by the composition ν∗oϕ so that for g ∈ G and ḡ a lifting of g, we have θ(g) = ν∗(ϕ(g)) =

ν∗(Nḡ) = ν(ḡ) ∈ Aut(N) as required.

2.3. Coset Analysis

Let Ḡ = N.G be a group extension where N is an abelian normal subgroup of Ḡ and Ḡ/N ∼= G.

The coset analysis technique is applicable for the computation of conjugacy classes of both split

and non-split extensions. This technique is due to Moori [53] and has been used in many research

papers, MSc and PhD dissertations which include [6], [12], [13], [58], [60], [61], [69], [70] and [78],

among others. For each conjugacy class [g]G in G with representative g ∈ G, we form a coset Nḡ

where ḡ is a lifting of g in Ḡ under the natural homomorphism Ḡ −→ G and analyze this coset to

obtain the conjugacy classes of Ḡ which correspond to the class [g]G of G. This process is repeated

for all the class representatives g ∈ G to obtain all the conjugacy classes of Ḡ.

We discuss the theory behind the coset analysis technique as applied to both split and non-split

extensions. We will apply this technique to compute the conjugacy classes of the split extensions

in Chapters 5 to 11.

Remark 2.3.1. For each g ∈ G with ḡ a lifting of g under the isomorphism g → Nḡ, the set

{ḡ | g ∈ G} is a right transversal for N in Ḡ and we have that every x ∈ Ḡ has a unique expression

of the form x = nḡ where n ∈ N . We note that Ḡ = ∪g∈GNḡ. Now define

Cḡ = {x ∈ Ḡ | x(Nḡ)x−1 = Nḡ}.

Then Cḡ is the set stabilizer of Nḡ in Ḡ under the action by conjugation of Ḡ on Nḡ. Thus Cḡ is

a subgroup of Ḡ and one can show that N E Cḡ. Furthermore, we have that Cḡ = N.CḠ/N (Nḡ).

In general, we write Cḡ = N.CG(g) identifying CḠ/N (Nḡ) with CG(g). In the split extension case,

the lifting of g is g itself and thus we write

Cg = {x ∈ Ḡ | x(Ng)x−1 = Ng}.

identifying Cḡ with Cg. It is not difficult to show that Cg = N :CG(g).
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We determine the conjugacy classes of Ḡ by the action by conjugation of Cḡ, for each conjugacy

class [g]G of G, on the elements of the coset Nḡ. In the split extension case, we consider the action

on the elements of the coset Ng. The action of Cḡ is carried out twofold. We first act N on Nḡ.

Thus let CN (ḡ) be the stabilizer of ḡ in N . We have that for any n ∈ N

x ∈ CN (nḡ)⇔ x(nḡ) = (nḡ)x

⇔ x(nḡ)x−1 = nḡ

⇔ xnx−1xḡx−1 = nḡ

⇔ n(xḡx−1) = nḡ

⇔ xḡx−1 = ḡ

⇔ x ∈ CN (ḡ).

Thus the group CN (ḡ) fixes every element of Nḡ. Let |CN (ḡ)| = k. Then under the action of N ,

Nḡ breaks into k orbits say Q1, Q2, · · · , Qk such that

|Qi| = [N : CN (ḡ)] =
|N |
k
, for i ∈ {1, 2, · · · , k}.

Secondly, we act {h̄ | h ∈ CG(g)} on Nḡ. We remark that the elements of Nḡ are now in the orbits

Q1, Q2, · · · , Qk from the action of N . Thus we only act {h̄ | h ∈ CG(g)} on these k orbits. We

suppose that under this action fj of the orbits Q1, Q2, · · · , Qk come together to form one orbit

4j , then we have that
∑

j fj = k. Furthermore, | 4j | = fj × |N |k . Now for x = nj ḡ ∈ 4j , we have

that

|[x]Ḡ| = | 4j | × |[g]G|

= fj ×
|N |
k
× |G|
|CG(g)|

= fj ×
|Ḡ|

k|CG(g)|
.

We easily obtain

|CḠ(x)| = |Ḡ|
|[x]Ḡ|

=
k|CG(g)|

fj
.

To calculate the conjugacy classes of Ḡ = N.G, we must find the values of the k’s and the fj ’s for

each class representative g ∈ G. We have developed a programme to compute the fj ’s and k’s for

each class representative of G (see Programme A in the Appendix ). For the power maps see

Programme B in the Appendix. It is also important to note that in the case of Ḡ = N :G, we will

consider the coset Ng instead of Nḡ since G ≤ Ḡ. Furthermore, when we act N on Ng, we will

always make an assumption that g ∈ Q1. This implies that f1 = 1 always. Similarly, the action of

{h̄ | h ∈ CG(g)} on k orbits Q1, Q2, · · · , Qk will be carried out as simply that of CG(g) on these

k orbits.
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2.4. Some Representation and Character Theories

The discussion in this section lays a foundation on which we build the theory of Fischer matrices.

All the groups in this work are finite. We use as references for most parts of this section [37] and

[56]. In essence, we ought to understand an abstract finite group by embedding it into the general

linear group. We have

Definition 2.4.1. Let Fq be the Galois field of q elements. The general linear group, denoted

by GL(n, q), is the group of all invertible matrices whose entries are in Fq.
Remark 2.4.2. It is not difficult to see that the order of GL(n, q) is

n∏
i=1

(qi − qi−1). (2.5)

For the purpose of projective representations to be discussed in later chapters, we define the pro-

jective general linear group in the following Definition 2.4.3.

Definition 2.4.3. The projective general linear group is the group defined by PGL(n, q) =

GL(n, q)/Z(GL(n, q)), where |F| = q and Z(GL(n, q)) denotes the center of GL(n, q).

Definition 2.4.4. Let G be a group. A representation of G is a homomorphism φ : G →
GL(n,F). The representation φ is then said to be of degree or dimension n over F.

We say that φ is faithful if Ker(φ) = {1G}. By the First Isomorphism Theorem, we obtain that

G/Ker(φ) ∼= Im(φ), (2.6)

Thus if φ is faithful, we have G ∼= Im(φ) ≤ GL(n,F).

2.4.1 Some Examples of Representations

The following representations will always occur when considering representations of any finite group

G.

(1) The representation φ ofG given by φ(g) = 1F, for all g ∈ G called the trivial representation.

(2) Let G be a permutation group acting on the set X = {x1, x2, · · · , xn}. Let φg : X → X

be given by φg(x) = (aij), aij = 1F or aij = 0F according as g(xi) = xj or not. Then

φ : G → GL(n,F) given by φ(g) = φg is called the permutation representation of G on

X.

Definition 2.4.5. The map χ : G → F defined by χ(g) = tr(φ(g)) is called the character of G.

The degree of the representation φ over F gives the degree of χ and χ is said to be afforded by φ.

We say that φ is linear if the degree is 1. In fact one can see directly that the trivial representation

affords a linear character.

Definition 2.4.6. A function f : G −→ F is called a class function if it is constant on the

conjugacy classes of G. This means f(gxg−1) = f(x) for all g ∈ G.

Remark 2.4.7. Any character of a group G is a class function.

We now define equivalent representations

13



Chapter 2

Definition 2.4.8. Let φ1, φ2 : G −→ GL(n,F) be two representations of G. We say that φ1 and

φ2 are equivalent if there exists an invertible n×n matrix Q over F such that φ1(g) = Q−1φ2(g)Q

for all g ∈ G.

Since similar matrices have the same trace, we deduce immediately that equivalent representations

have equal characters.

The sum of representations gives a way of defining new representations from known ones. We have

Definition 2.4.9. Let φ1, φ2 : G −→ GL(n,F) be representations of G. Then

S(g) =

(
φ1(g) 0

0 φ2(g)

)
,

where S : G −→ GL(2n,F) forms a representation of G called the sum of the representations

φ1 and φ2, S is denoted by φ1
⊕
φ2.

If deg (φ1) = n1 and deg (φ2) = n2, then deg (S) = n1 + n2. We also have that S affords the

character χφ1 + χφ2 of degree n1 + n2. We define the concept of irreducibility of representations

whose characters form the character table of a group.

Definition 2.4.10. A representation φ of G is said to be irreducible if it cannot be written as a

sum of other representations of G. We say χφ is irreducible if φ is irreducible.

The following theorem helps determine irreducible representations, we state the theorem without

proof and refer readers to [56] for an elegant proof.

Theorem 2.4.11 (Mascheke’s theorem). Let G be a finite group. Let φ be a representation of

G over the field F such that the characteristic Char (F) is either 0F or is a prime p, p - |G|. Then

the representation φ can be written as a sum of irreducible representations of G.

Proof. See [56].

It is however not an easy task to construct all the irreducible representations of a group. Many

techniques come in handy for this purpose and for the case of split extensions we will employ Fischer

matrices method. We will from now on consider ordinary representations (that is representations

over the field of complex numbers).

We now devote some attention to the study of the vector space of class functions.

Definition 2.4.12. Let ψ1 and ψ2 be two class functions of a group G, the inner product of ψ1

and ψ2 is defined by

〈ψ1, ψ2〉 =
1

|G|
∑
g∈G

ψ1(g)ψ2(g). (2.7)

The following Corollary 2.4.13 says that the set Irr(G) forms a basis of the class functions of G.

Corollary 2.4.13. The set Irr(G) forms a basis of the class functions of G. Furthermore,, let φ

be a class function and χi ∈ Irr(G). Then

φ =

k∑
i=1

µiχi, (2.8)

with µi = 〈φ, χi〉, 1 ≤ i ≤ k.
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Proof. See [42]

Remark 2.4.14. We observe that the class function φ is a character if and only if µi > 0 for all

i.

By Corollary 2.4.13, we understand irreducibility of characters by looking at their constituents. We

discuss this in the next Lemma 2.4.15.

Lemma 2.4.15. Let φ be a character of G. Then φ is irreducible if and only if 〈φ, φ〉 = 1.

Proof. Applying Corollary 2.4.13, let φ =
∑k

i=1 µiχi. Take the inner product to obtain 〈φ, φ〉 =∑k
i=1 µ

2
i . Now assume that φ is irreducible, this is true if and only if µi = 1 for some i and zero

for the rest.

As a consequence of Corollary 2.4.13, we have Corollary 2.4.16 which we just state and refer readers

to [39] for a proof.

Corollary 2.4.16. Two representations φ1 and φ2 are equivalent if and only if they have the same

characters.

Proof. See [39].

By Corollary 2.4.16, we note that studying all the inequivalent irreducible representations of G gives

the distinct irreducible characters of G which form the character table. We now study character

tables of finite groups.

The relationship between conjugacy classes of a group G and its irreducible characters is important

in investigating Irr(G), the irreducible characters of G. We have the following Theorem 2.4.17.

Theorem 2.4.17. Let G be a group. Let l be the number of conjugacy classes of G and Irr(G) =

{χ1, χ2, · · · , χr} be the set of distinct irreducible characters of G. Then l = r.

Proof. See [56]

2.5. Character Tables

The character table of a group is crucial as it contains important information to study any finite

group G. It is a table with all the irreducible characters of G.

By Theorem 2.4.17, the character table is easily seen as a matrix with columns indexed by the

conjugacy classes and rows corresponding to the irreducible characters of G. Thus

Definition 2.5.1. Let G be a group and {g1, g2, · · · , gl} be the conjugacy class representatives of

G. Let Irr(G) = {χ1, χ2, · · · , χl} be a set of irreducible characters of G. Then the character table

of G is an l × l matrix whose entries are the values χi(gj) for i, j ∈ {1, 2, · · · , l}. The columns of

this matrix are indexed by gj and the rows by χi for i, j ∈ {1, 2, · · · , l}.

The character table in Definition 2.5.1 is non-singular. This follows directly from Corollary 2.4.13.

The irreducible character χ1 shall always denote the trivial character and the class representative

g1 will be the identity element 1G of G .
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We now consider the orthogonality relations for the rows and columns of a character table. The

relations assist in filling up the character table when some irreducible characters are known.

2.5.1 Orthogonality Relations

Corollary 2.5.2. Let G be a group and Irr(G) be as given in Definition 2.5.1.

1. We have the row orthogonality relation

∑
g∈G

χv(g)χw(g)

|CG(g)|
= δvw, (2.9)

2. we have the column orthogonality relation

k∑
i=1

χi(gv)χi(gw) = δvw|CG(gv)|. (2.10)

Proof. See [56].

Remark 2.5.3. We have that in the column orthogonality relation 2.10: if gv is in the same

conjugacy class as gw, then
k∑
i=1

|χi(gv)|2 = |CG(gv)|,

else
k∑
i=1

χi(gv)χi(gw) = 0.

Thus we obtain
k∑
i=1

|χi(1G)|2 = |G|.

In determining the degrees of the Irr(G), we will find this relation very helpful.

2.6. Tensor Products

In this section, we study tensor products of both representations and characters of finite groups.

The concept of tensor products is another way of independently obtaining new characters from the

known characters and also finding the characters of direct products of groups. We stick to [56] for

this section.

Definition 2.6.1. Let P be an n × n matrix such that P = (pij)n×n and Q be an m ×m matrix

Q = (qij)m×m. Then the product denoted and given by

P
⊗

Q =


p11Q p12Q · · · p1nQ

p21Q p22Q · · · p2nQ
...

...
. . .

...

pn1Q pn2Q · · · pnnQ

 , (2.11)

is called the tensor product of P by Q and is an nm× nm matrix.
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Remark 2.6.2. The trace of P
⊗
Q is given by tr(P

⊗
Q) = tr(P )× tr(Q).

Definition 2.6.3. Let φ and ψ be two representations of G. Define φ
⊗
ψ by (φ

⊗
ψ)(g) =

φ(g)
⊗
ψ(g).

We now have the following Proposition 2.6.4 as a motivation of Definition 2.6.1.

Proposition 2.6.4. Let φ : G −→ GL(n,F) and ψ : G −→ GL(m,F) be representations of G.

Denote by φ
⊗
ψ, the tensor product of φ by ψ. Then φ

⊗
ψ forms a representation of G of degree

nm.

Proof. See [56].

Remark 2.6.5. Using Proposition 2.6.4 and the Remark 2.6.2, we have that the character χ of G

corresponding to φ
⊗
ψ is given by

χφ
⊗
ψ(g) = χφ(g)× χψ(g). (2.12)

Hence proving that products of characters are also characters of G.

We consider direct products of groups and their characters. Knowledge on direct products of groups

is assumed in our discussion.

Corollary 2.6.6. Let H×M be the direct product of the groups H and M . Let φ : H −→ GL(n,F)

and ψ : M −→ GL(m,F) be the respective representations of H and M . The tensor product φ
⊗
ψ

forms a representation of H ×M of degree nm. Furthermore, χφ
⊗
ψ(g) = χφ(h)× χψ(s) where g

is uniquely written as g = (h, s), h ∈ H and s ∈M , is the corresponding character.

Proof. See [56].

Remark 2.6.7. By Remark 2.5.3 and Lemma 2.4.15 all the characters of H × M obtained as

in Corollary 2.6.6 are irreducible provided their respective representations that afford them are

irreducible. In fact, one can further show that all the characters of H ×M are obtained in this way

(see for instance [56, Theorem 5.3.2]).

Section 2.7 now discusses how to obtain representations/characters of subgroups from the main

group. This section will assist in understanding Clifford’s theory which we tackle in later Chapters.

2.7. Restriction of Characters

Suppose we know the representations/characters of a group say G, we study how we can construct

the representations/characters of a subgroup say K of G.

Definition 2.7.1. Let φ : G −→ GL(n,F) be a representation of G, define the restriction of φ

to K ≤ G by φ ↓K (k) = φ(k) for all k ∈ K. In a similar fashion, the restriction of χφ to K is

defined by χφ ↓K (k) = χφ(k) for all k ∈ K.

The next Corollary 6.4 highlights on the constituents of any restriction χφ ↓K .

Corollary 2.7.2. Let φ be a character of K ≤ G . Then there exists an irreducible character say

χ of G such that

〈χ ↓K , φ〉 6= 0.
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Proof. See [42]

Let K be a subgroup of a group G. The index |G||K| of the subgroup K in G plays an important role

in understanding restrictions as we now show.

Theorem 2.7.3. Let K ≤ G. Let χ ∈ Irr(G) and Irr(K) = {φ1, φ2, · · · , φk} be the irreducible

characters of K. Then χ ↓K=
∑k

i=1 ciφi, where the c,is are non-negative integers and

k∑
i=1

c2
i ≤ |G : K|. (2.13)

Equality holds in (2.13) if and only if χ(g) = 0 for all g ∈ G \K.

Proof. Note that
k∑
i=1

c2
i = 〈χ ↓K , χ ↓K〉 =

1

|K|
∑
k∈K

χ(k)χ(k).

Since χ is an irreducible character of G, we obtain

〈χ, χ〉G =
1

|G|
∑
g∈G

χ(g)χ(g)

=
1

|G|
∑
g∈K

χ(g)χ(g) +
1

|G|
∑

g∈G\K

χ(g)χ(g)

=
|K|
|G|

k∑
i=1

c2
i + J = 1,

where J =
1

|G|
∑

g∈G\K

χ(g)χ(g). Similarly J =
1

|G|
|χ(g)|2, thus J ≥ 0. Therefore,

|K|
|G|

k∑
i=1

c2
i = 1− J ≤ 1,

and we obtain

k∑
i=1

c2
i ≤
|G|
|K|

= [G : K].

Furthermore,

J = 0⇔ |χ(g)|2 = 0⇔ χ(g) = 0, for all g ∈ G \K.

We now discuss induction of characters.

2.8. Induction of Characters

In this section, we look at how to obtain the characters of a group say G knowing those of its

subgroups. This is key to the understanding of Clifford-Fischer matrices.
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Definition 2.8.1. Let K ≤ G and ρ be a character of H, extend ρ to G by ρo(k) = ρ(k) if k ∈ K
and ρo(x) = 0 if x /∈ K. Define ρG(g) = 1

|K|
∑

x∈G ρ
o(xgx−1) for all g ∈ G. Then ρG is the

induced character of G from K.

We compute the values %G(g) for all g ∈ G as in Proposition 2.8.2.

Proposition 2.8.2. Let K ≤ G. Consider [g]G a conjugacy class of G. Let {x1, x2, · · · , xl} be a

set of representatives of the conjugacy classes of K that fuse to g. Let ρ be a character of K. We

have if K ∩ [g]G = ∅, then ρG(g) = 0

if K ∩ [g]G 6= ∅, then ρG(g) = |CG(g)|
∑l

i=1
ρ(xi)
|CK(xi)| .

(2.14)

Proof. See [55].

The German mathematician Ferdinand Georg Frobenius (1849−1917) gave a link between induced

characters and restricted characters called the Frobenius reciprocity.

Corollary 2.8.3. Let ρ ∈ Irr(K) and χ ∈ Irr(G), then

〈ρ, χ ↓K〉 = 〈ρG, χ〉. (2.15)

Proof. We use Definition 2.4.12 to obtain

〈ρG, χ〉 =
1

|G|
∑
g∈G

ρG(g)χ(g).

and again by Definition 2.8.1, we have that

〈ρG, χ〉 =
1

|G|
1

|K|
∑
g∈G

∑
x∈G

ρo(xgx−1)χ(g).

Now let z = xgx−1, then

〈ρG, χ〉 =
1

|G|
1

|K|
∑
z∈G

∑
x∈G

ρo(z)χ(z) =
1

|K|
∑
z∈G

ρ(z)χ(z) = 〈ρ, χ ↓K〉.

2.9. Permutation Character

We begin the section by looking at group actions. Our aim is to show that any subgroup K of

G gives rise to a permutation character (1K)G where G acts transitively on the cosets of K in G.

Take a finite set Ω and let G act transitively on this set. We will note that χ(G|Gω) = (1Gω)G,

ω ∈ Ω is the permutation character and helps in the determination of the number of fixed points

by the action of G on the cosets of K = Gω a subgroup of G in G.

Formally we have

Definition 2.9.1. Let Ω = {x1, x2, · · · , xr} be a finite set. Let G be a finite group. We say that G

acts on Ω if there is a homomorphism ς : G −→ SΩ, where SΩ is the set of all permutations of Ω.

Equivalently we say that SΩ is the symmetric group on Ω.

This action is also considered as being done through the homomorphism ς. We now define the orbit

of ω ∈ Ω under the action of G denoted by ωG.
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Definition 2.9.2. The orbit ωG where ω ∈ Ω, under the action of G is defined by ωG = {ωg|g ∈
G}.
Definition 2.9.3. The group G is transitive on Ω if ωG = Ω, that is for any ω, β ∈ Ω, there

exists g ∈ G such that ωg = β.

Definition 2.9.4. The stabilizer of ω ∈ Ω in G is defined by Gω = {g ∈ G|ωg = ω}, that is a set

of elements in G that send ω to itself.

In connecting the two concepts of orbit and stabilizer, we have

Theorem 2.9.5 (Orbit-Stabilizer Theorem). Let Ω be a finite set. Let ωG and Gω be as given

above. Then

• |ωG| = |G : Gω|,

• Gω is a subgroup of G.

Proof. See [56].

Remark 2.9.6. We now recall the permutation representation. Let ϕ be the permutation repre-

sentation. The permutation character π(g) = tr(ϕ(g)).

The permutation character of G gives the number of fixed points of Ω by the action of G and by

Burnside’s Lemma (see [56, Theorem 1.2.5]) we have the connection between group actions and the

permutation character given by

〈π, 1G〉 =
1

|G|
∑
g∈G

Fix(g),

where Fix(g) is the number of fixed points by the action of g on Ω.

Corollary 2.9.7. A group G is transitive on Ω if and only if 〈π, 1G〉 = 1.

Proof. By Burnside’s Lemma and the fact that G is transitive we get the result.

Let K ≤ G. Consider G/K = {Kx1,Kx2, · · · ,Kxr} the right cosets of K in G, the action of G on

G/K is transitive and thus

(Kxi)
g = Kxi ⇐⇒ Kxig = Kxi ⇐⇒ Kxigx

−1
i = K

⇐⇒ xigx
−1
i ∈ K.

Denote by χ(G|K) the permutation character of G on the cosets of K in G, then χ(G|K)(g) =∑r
i=1 π

o(xigx
−1
i ), where πo(z) = 1 if z ∈ K and 0 if z /∈ K.

Therefore, we have that χ(G|K)(g) = (1K)G. We further note that the permutation character

χ(G|Gω), where the action of G is transitive on a finite set Ω, is given by (1Gω)G. This is formalized

as

Theorem 2.9.8. Let G be a transitive group on Ω. Let ω ∈ Ω. Then (1Gω)G is the permutation

character of the action of G on Ω.

Proof. See [78].

In the following Theorem 2.9.9, we summarize the conditions satisfied by a permutation character

χ(G|K) .
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Theorem 2.9.9. Let χ(G|K) be the permutation character for the action of G on K, then

(1) χ(G|K)(1) divides the order of G, in fact it is equal to [G:K].

(2) χ(G|K)(g) belongs to N ∪ {0}, for any g ∈ G,

(3) 〈χ(G|K), 1G〉 = 1,

(4) 〈χ(G|K), φ〉 ≤ φ(1) where φ ∈ Irr(K),

(5) χ(G|K)(g) = 0 if o(g) - G
χ(G|K)(1) ,

(6) χ(G|K)(g) ≤ χ(G|K)(gk) for all g ∈ G and k ∈ N ∪ {0},

(7) χ(G|K)(g) |[g]G|
χ(G|K)(1) ∈ Z for all g ∈ G,

Proof. This is Theorem 2.5.6 in [78].

Consequently, we note thatif K ∩ [g]G = ∅, then (1K)G(g) = 0

if K ∩ [g]G 6= ∅, then (1K)G(g) =
∑r

i=1
|CG(g)|
|CK(xi)| ,

(2.16)

where {x1, x2, · · · , xr} is the set of class representatives of K that fuse to g.
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The Method of Fischer Matrices

Let Ḡ = N.G be a group extension. The action of Ḡ on Irr(N) is given by x : θ → θx, where

x ∈ Ḡ, θ ∈ Irr(N) and θx(n) = θ(xnx−1) for any n ∈ N . Let θ1, θ2, · · · , θt be represen-

tatives of the orbits of Ḡ on Irr(N). Let H̄i be the inertia group associated with θi, that is

H̄i = {x ∈ Ḡ | θxi = θi, θi ∈ Irr(N)}, 1 ≤ i ≤ t. Let ψi ∈ Irr(H̄i) be an extension of θi to H̄i

(that is ψi↓N = θi) and β ∈ Irr(H̄i) such that N ⊆ ker(β). Then we learn in this chapter that the

irreducible characters of Ḡ are of the form (βψi)
Ḡ. Through this way of computing the irreducible

characters of Ḡ, the character table will be divided into blocks with each block corresponding to

an inertia group. This method is due to Fischer [27]. We discuss Clifford’s theory in Section 3.1

on which Fischer matrices is essentially based. In fact, as a result of this, most authors refer to

the method as Clifford-Fischer matrices. We will refer to the method as Fischer matrices in all

of our discussions. For each representative of a conjugacy class of G, we form a matrix called the

Fischer matrix on g, we explore such matrices in Section 3.2. Most of the approach in literature for

evaluating entries of Fischer matrices has been combinatorially based by the use of orthogonality

relations as well as other properties satisfied by the entries. We will in addition to this approach

use a more non-combinatorial approach resulting from a paper by List [48]. We have developed

first Programme C for computing a candidate for the Fischer matrix M(1G) and then we con-

structed Programme D1 and Programme D, where Programme D1 determines the action

of CG(g) on the quotient group N/M as well as constructing the irreducible characters of N/M

and Programme D (which contains Programme D1) further determines candidates for Fischer

matrices on non-identity classes automatically. This is the discussion of Subsection 3.2.4. We end

the chapter by looking at the more general approach to Fischer matrices for non-split extensions

that involve projective representations.

3.1. Clifford’s Theory

In this section, we discuss the action of a group Ḡ on the irreducible characters of its normal

subgroup N . This has further application in the understanding of the irreducible characters of Ḡ.

Let χ ∈ Irr(Ḡ). Let θ ∈ Irr(N). We learn using Clifford’s Theorem 3.1.2 that if the restricted

character χ ↓N contains θ, then it contains the conjugates of θ in the same quantity which is

〈χ ↓N , θ〉. We now define what is meant by conjugate of a character.

Definition 3.1.1. Let G be a finite group. Let N E G and θ ∈ Irr(N). For g ∈ G, n ∈ N , the

conjugate of θ in G denoted by θg is defined by θg(n) = θ(gng−1).

We deduce from this action that for g ∈ N , θg(n) = θ(gng−1) and in this case gng−1 ∈ N . Hence

the action of N on its irreducible characters does not permute them. Thus Ḡ/N permutes the
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irreducible characters of N . This last observation is important in that we will use the action of

G ∼= Ḡ/N on N in the split extension case. As for the non-split extension case, G � Ḡ, we will

consider the action of a lifting of g, a representative of the conjugacy class of G, to ḡ an element of

Ḡ.

We now have the main theorem on which the theory of Fischer matrices is based.

Theorem 3.1.2 (Clifford’s Theorem). Let G be a finite group. Let χ ∈ Irr(G), N E G and

θ ∈ Irr(N) such that 〈χ ↓N , θ〉 6= 0. Suppose θ = θ1, θ2, · · · , θt are the distinct conjugates of θ in

G. Then

χ ↓N= e
t∑
i=1

θi,

where e = 〈χ ↓N , θ〉N .

Proof. We use the proof as in [39]. Consider θG expressed on the elements of N . Thus we have,

using the formula for induced characters, that for n ∈ N ,

θG(n) =
1

|N |
∑
x∈G

θo(xnx−1) =
1

|N |
∑
x∈G

θ(xnx−1) =
1

|N |
∑
x∈G

θx(n).

The second equality holds since xnx−1 is an element of N for all x ∈ G. We therefore have that

|N |θG =
∑

x∈G θ
x, where θG is evaluated on elements of N . Now let % ∈ Irr(N) such that % /∈ {θi},

1 ≤ i ≤ t. Then we have that the inner product 〈
∑

x∈G θ
x, %〉 = 0. Hence 〈θG, %〉 = 0. Note

that θG contains χ by Frobenius reciprocity. Thus 〈χ ↓N , %〉 = 0 and the θi are all the irreducible

constituents of χ ↓N . Write χ ↓N=
∑t

i=1〈χ ↓N , θi〉θi. That this reduces to χ ↓N= 〈χ ↓N , θ〉
∑t

i=1 θi

is clear since 〈χ ↓N , θ〉 = 〈χ ↓N , θx〉, where θx is a conjugate of θ. This completes the proof.

As a consequence of Theorem 3.1.2, we have

Corollary 3.1.3. Let G be a group. Assume that N E G, χ ∈ Irr(G) and θ ∈ Irr(N) such that

〈χ ↓N , θ〉N 6= 0. Then θ(1) divides χ(1).

Proof. Using Definition 3.1.1 for the conjugates of θ in G, that is θg(n) = θ(gng−1), we have

θg(1) = θ(1). Now use Clifford’s Theorem 3.1.2 to obtain χ ↓N= e
∑t

i=1 θi. Hence χ ↓N (1) =

χ(1) = e
∑t

i=1 θi(1) = etθ(1).

We formally define two important groups for our discussion which are the inertia and inertia factor

groups.

Definition 3.1.4. Let Ḡ = N.G be a group extension. Assume that θ ∈ Irr(N), then H̄ = IḠ(θ) =

{g ∈ Ḡ|θg = θ} forms a subgroup of Ḡ called the inertia group.

Definition 3.1.5. Let Ḡ = N.G. The inertia factor group is the subgroup of G denoted by H

and defined by H = H̄/N .

Using the action of Ḡ on Irr(N), let Ωi be the orbit with a representative θi. Then denote H̄i =

IḠ(θi), the inertia group corresponding to θi. Since the action of N on its irreducible characters

is trivial one notes immediately that N ≤ H̄. We also have that |Ḡ : H̄i| = |Ωi|. For the number

of orbits when G acts on Irr(N), we may apply Cauchy Frobenius theorem. Thus the number of

orbits of G on the irreducible characters of N is given by 〈χ(G|N), χ1〉, where χ1 is the trivial

character of G.
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We state the theorem that relates the irreducible characters of Ḡ and those of H̄.

Theorem 3.1.6. [39] Let Ḡ = N.G be a group extension. Let H̄ denote the inertia group for

θ ∈ Irr(N). Then there is a one to one correspondence between the following sets

A = {φ ∈ Irr(H̄) : 〈φ ↓N , θ〉 6= 0}, B = {χ ∈ Irr(Ḡ) : 〈χ ↓N , θ〉 6= 0} (3.1)

Proof. We follow [39] for the proof. Define a map from A to B such that φ 7→ φḠ. The task is to

show that this map is well defined, one to one and onto. Note that φḠ is irreducible since if we pick

any irreducible character constituent χ of φḠ, and use Frobenious reciprocity 〈φḠ, χ〉 = 〈φ, χ ↓H̄〉.
Thus φ is a constituent of χ ↓H̄ . Seeing that 〈χ ↓N , θ〉 6= 0, we have χ ∈ B. Using Clifford’s

theorem, χ ↓N= e
∑t

i=1 θi. Since H̄ stabilizes θ ∈ Irr(N) we have by Clifford’s theorem that

φ ↓N= kθ for some k. It is clear that k ≤ e. Using Corollary 3.1.3,

etθ(1) = χ(1) ≤ φḠ(1) = tφ(1) = ktθ(1) ≤ etθ(1).

Thus χ and φḠ have the same degree. Hence χ = φḠ. It follows also that e = k. Now we show

that the map is one to one. Let φ
′ ∈ A such that φ

′ 6= φ and 〈χ ↓H̄ , φ
′〉 6= 0. Then

〈χ ↓N , θ〉 ≥ 〈(φ+ φ
′
) ↓N , θ〉 = 〈φ ↓N , θ〉+ 〈φ′ ↓N , θ〉 > 〈φ ↓N , θ〉.

Owing to the fact that k = e, we have a contradiction in the above inequality. Thus φ is a unique

constituent of χ ↓H̄ that stays in A. Hence this map is one to one. We are left with showing that

the map is onto and we will be done. We observe that if χ ∈ B with a constituent θ, we have φ a

constituent of χ ↓H̄ such that 〈φ ↓N , θ〉 6= 0. Hence φ ∈ A is such that φḠ has a constituent χ. We

have that this map is onto since φḠ = χ. establishing the bijection. Hence the proof.

We know that for θ ∈ Irr(N), the group Ḡ acts on θ and by Clifford’s theorem, if there is an

irreducible character χ such that 〈χ ↓N , θ〉 6= 0, then χ contains the conjugates of θ in same

quantity. Thus we obtain all the characters of Ḡ for each orbit of θ under the action of Ḡ by simply

inducing the irreducible characters of H̄ given in Equation 3.1.

Thus the irreducible characters of Ḡ can be obtained by

Irr(Ḡ) = ∪ti=1{φḠi : 〈φi ↓N , θ〉 6= 0, φi ∈ Irr(H̄i) = IḠ(θi)},

where t = 〈χ(Ḡ|N), χ1〉 and χ1 is the trivial character of Ḡ. In this way, the character table of

Ḡ will appear in blocks with each block corresponding to the respective inertia group. We revisit

this discussion in Section 3.2. For the identification of all such irreducible characters of H̄ = IḠ(θi)

with the property as in the above Theorem 3.1.6, we use Theorem 3.1.7 by Gallagher [30].

Theorem 3.1.7. Let Ḡ = N.G, θ ∈ Irr(N) and H̄ = IḠ(θ). Assume that θ extends to an

irreducible character say ψ of the inertia group of Ḡ. Then φ ∈ Irr(H̄) such that 〈φ ↓N , θ〉 6= 0 is

obtained by φ = βψ where β ∈ Irr(H̄) such that N lies in the kernel of φ.

Proof. We use [78] for the proof. Let θ ∈ Irr(N). We know that H̄ = IḠ(θ) fixes θ. Using Clifford’s

theorem we have θH̄ ↓N= sθ for some positive integer s. Using the formula for induced characters,

we have that θH̄(1) = [H̄:N ]θ(1). Thus by comparing degrees, θH̄ = [H̄:N ]θ and it follows that

〈θH̄ , θH̄〉 = 〈θ, θH̄ ↓N 〉 = [H̄:N ]. Let us make a claim that θH̄ =
∑

β β(1)βψ, where β runs over all
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irreducible characters of H̄ such that N is contained in their kernel. These are all the irreducible

characters of the factor group H̄/N . We now note that for g /∈ N , the induced character θH̄

expressed on g gives zero. Also by the column orthogonality of H̄/N , we have
∑

β β(1)β(g)ψ(g) = 0.

Now θH̄ ↓N= [H̄:N ]θ = (
∑

β β(1)βψ) ↓N since for g ∈ N ,∑
β

β(1)β(g)ψ(g) =
∑
β

β(1)β(1)ψ(g)

=
∑
β

(β(1))2ψ(g) = [H̄:N ]ψ(g)

= [H̄:N ]θ(g).

This proves our claim that θH̄ =
∑

β β(1)βψ. We further note that

[H̄:N ] = 〈θH̄ , θH̄〉 = 〈
∑
β

β(1)βψ,
∑
γ

γ(1)βψ〉 =
∑
β,γ

β(1)γ(1)〈βψ, γψ〉.

The diagonal terms contribute at least
∑
β(1)2 = [H̄:N ]. Thus the βψ are irreducible and distinct

and further they are all the irreducible constituents of θH̄ . Thus βψ are all the irreducible characters

of H̄ that contain θ in their restriction because for φ ∈ Irr(H̄), we have 〈φ ↓N , θ〉 = 〈φ, φH̄〉.

The discussion of the sufficient conditions when every irreducible character of N extends to H̄ is

done in the next section and completes the theory in the split extension case. The conditions are

given in Mackey’s Theorem 3.2.1.

3.2. Fischer Matrices

The method of Fischer matrices is divided into two parts, namely the part that refers to the case

when all the irreducible characters of N extend irreducibly to ordinary characters of H̄ and the

second part that looks at the case where they do not since even in this case the theory applies

and only involves extra knowledge of projective representations. We show in this section how

the character table of Ḡ = N.G can be constructed by using the Fischer matrices for each class

representative of G and character tables of the inertia factor groups. This approach of constructing

character tables of group extensions has been studied extensively by many authors among them

[1], [2], [4], [11], [14], [28], [29], [38], [59], [62], [65], [71] and [78].

3.2.1 The Extension of Irreducible Characters of N to their Respective Inertia

Groups

In order for us to be able to calculate the characters of Ḡ by the method illustrated in Theorem

3.1.6, we need to know the sufficient conditions for the extension of the irreducible characters of N

to H̄. Mackey’s theorem gives the sufficient conditions for the extension of every linear character

θi ∈ Irr(N) fixed by H̄i to its inertia group H̄i.

Theorem 3.2.1. Let Ḡ = N :G such that N is abelian and N E H̄ and that H̄ = N :H for some

H ≤ H̄. Let θ ∈ Irr(N) such that θ is fixed by h ∈ H̄. Then θ is extendible to a linear character

of H̄.
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Proof. For the proof we follow [20] and [78]. By the statement of the theorem H̄ is a semi-direct

product thus every element say h of H̄ has a unique expression of the form h = nm, where n ∈ N
and m ∈ H. We now define χ on H̄ by χ(nm) = θ(n). Here θ is a linear character of N since N is

abelian. Furthermore, we have that θh = θ for all h ∈ H̄. Thus θ(n) = θh(n) = θ(hnh−1) for all

h ∈ H̄. Now take h1 = n1m1 and h2 = n2m2, then

χ(h1h2) = χ(n1m1n2m2) = χ(n1n
m1
2 m1m2),

= θ(n1n
m1
2 ) = θ(n1)θ(nm1

2 ),

= θ(n1)θ(n2) = χ(h1)χ(h2).

Hence χ is a linear character of H̄ and its restriction to N gives θ.

Another extension result that we state without proof is the following and refer readers to [43].

Theorem 3.2.2. [43][78] If N is a normal subgroup of H̄ and θ ∈ Irr(N) is such that θh = θ for

all h ∈ H̄, then θ can be extended to an irreducible character of H̄ if

([H̄ : N ],
|N |
θ(1)

) = 1.

Proof. See [43].

3.2.2 Construction of Fischer Matrices

Let Ḡ = N.G be a group extension such that every irreducible character of N is extendible to its

inertia group. The action of Ḡ on Irr(N) is given by x : θ → θx, where x ∈ Ḡ, θ ∈ Irr(N) and

θx(n) = θ(xnx−1) for any n ∈ N . Let θ1, θ2, · · · , θt be representatives of the orbits of Ḡ on Irr(N).

Let H̄i be the inertia group associated with θi, that is H̄i = {x ∈ Ḡ | θxi = θi, θi ∈ Irr(N)}, 1 ≤
i ≤ t. Let ψi ∈ Irr(H̄i) be an extension of θi to H̄i (that is ψi↓N = θi) and β ∈ Irr(H̄i) such that

N ⊆ ker(β). We know that all the irreducible characters of Ḡ are of the form (βψi)
Ḡ, 1 ≤ i ≤ t.

Hence we have that

Irr(Ḡ) = ∪ti=1{(βψi)Ḡ : 〈(βψi) ↓N , θ〉 6= 0, β ∈ Irr(H̄i), N ⊆ Ker(β)}.

The character table of Ḡ will be divided into blocks say B1, B2, · · · , Bt with each block corre-

sponding to an inertia group H̄i. The first block is generally taken to correspond to H̄1 = Ḡ.

Let X(g) = {x1, x2, · · · , xc(g)} be a set of the class representatives of Ḡ from the coset Nḡ such that

the images under the natural homomorphism Ḡ → G are in [g]G and take x1 = ḡ. We also have

that H̄i = N :Hi such that the inertia factor group Hi = H̄i/N ≤ G. Without loss of generality,

we assume that θ1 = 1N , the identity character of N . Thus we have that H̄1 = Ḡ and H1 = G.

We set y1, y2, · · · , yr to be the representatives of the conjugacy classes of elements of Hi which fuse

into [g]G in G. Define ylk ∈ H̄i such that ylk ranges over all the representatives of the conjugacy

classes of elements of H̄i which map to yk under the homomorphism H̄i → Hi whose kernel is N .

Let β ∈ Irr(H̄i) such that N ⊆ ker(β). Then β is a lifting of β̄ ∈ Irr(Hi) such that β(ylk) = β̄(yk)
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for any lifting ylk ∈ H̄i of yk ∈ Hi. We obtain that

(βψi)
Ḡ(xj) =

∑
1≤k≤r

′∑
l

|CḠ(xj)|
|CH̄i(ylk)|

ψiβ(ylk)

=
∑

1≤k≤r

′∑
l

|CḠ(xj)|
|CH̄i(ylk)|

ψi(ylk)β(ylk)

=
∑

1≤k≤r
(

′∑
l

|CḠ(xj)|
|CH̄i(ylk)|

ψi(ylk))β̄(yk),

where
∑′

l is the sum over all l for which ylk is conjugate to xj in Ḡ. Define Mi(g) = (auv), 1 ≤ u ≤ r
and 1 ≤ v ≤ c(g), where

auv =

′∑
l

|CḠ(xj)|
|CH̄i(ylk)|

ψi(ylk).

Then we have that

(βψi)
Ḡ(xj) =

∑
1≤k≤r

auvβ̄(yk).

We do this for all 1 ≤ i ≤ t such that Hi contains an element in [g]G to obtain

M(g) =


M1(g)

M2(g)
...

Mt(g)


where Mi(g) is the submatrix corresponding to the inertia group H̄i and its inertia factor group

Hi. Furthermore, if Hi ∩ [g]G = ∅, then Mi(g) will not exist and M(g) does not contain Mi(g). Let

Ci(g) denote the partial character table of Hi comprising the columns that correspond to the classes

that fuse into [g]G. The character table is thus obtained by multiplying the relevant characters of

Hi by the rows of M(g).

Let

R(g) = {(i, y)|1 ≤ i ≤ t such that Hi ∩ [g]G 6= ∅,

y runs over the classes of Hi that fuse to [g]G}.

Write M(g) = (a
(i,y)
j ) where

a
(i,y)
j =

′∑
l

|CḠ(xj)|
|CH̄i(ylk)|

ψi(ylk),

with columns indexed by X(g) and rows indexed by R(g). Then the partial character table on the

classes {x1, x2, · · · , xc(g)} of Ḡ is given by

M(g) =


C1(g)M1(g)

C2(g)M2(g)
...

Ct(g)Mt(g)

 .
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3.2.3 Properties of Fischer Matrices

The Fischer matrices we have discussed will require certain techniques for their computations. We

discuss in this section properties that are necessary for the computations of the Fischer matrices.

When the Fischer matrices become bigger, both mathematical packages such as Magma [15], GAP

[31] and group theoretical arguments will be required as further aid to the computations. The

properties discussed in this section have also been covered in literature see for instance [61] and

[78]. To this point we have discussed two actions of Ḡ, namely one on the conjugacy classes of N

and the other on Irr(N), the irreducible characters of N . We begin by looking at Brauer’s theorem.

Theorem 3.2.3. [78] Let A be a group of automorphisms of a group K. Then A also acts on

the irreducible characters of K and the number of orbits of this action is the same as that on the

conjugacy classes.

Proof. See for instance [32].

As a consequence of this theorem we have a corollary

Corollary 3.2.4. [78] Consider the following matrix describing the actions in Theorem 3.2.3:



1 = l1 l2 · · · lj · · · lt

s1 1 1 · · · 1 · · · 1

s2 a21 a22 · · · a2j · · · a2t
...

...
...

...

si ai1 ai2 · · · aij · · · ait
...

...
...

...

st at1 at2 · · · atj · · · att


where a1j = 1 for j ∈ {1, 2, · · · , t}, lj ’s are lengths of orbits of A on the conjugacy classes of K,

si’s are lengths of orbits of A on the irreducible characters of K, aij is the sum of si irreducible

characters of K on the element xj , where xj is an element of the orbit of length lj . Then the

following relation holds for i, i
′ ∈ {1, 2, · · · , t}:

t∑
j=1

aijai′jlj = |K|siδii′ .

Proof. This is Lemma 4.2.2 in [78].

Let xj ∈ X(g). Define mj = [Cḡ : CḠ(xj)]. We now give a presentation of the Fischer matrix

M(g) = (a
(i,y)
j ) for Ḡ = N.G at g ∈ G with corresponding weights for columns and rows as below:

28



Chapter 3

|CḠ(x1)| |CḠ(x2)| · · · |CḠ(xc(g))|



|CG(g)| a
(1,g)
1 a

(1,g)
2 · · · a

(1,g)
c(g)

|CH2(y1)| a
(2,y1)
1 a

(2,y1)
2 · · · a

(2,y1)
c(g)

|CH2(y2)| a
(2,y2)
1 a

(2,y2)
2 · · · a

(2,y2)
c(g)

...
...

...
...

...

|CHi(y1)| a
(i,y1)
1 a

(i,y1)
2 · · · a

(i,y1)
c(g)

|CHi(y2)| a
(i,y2)
1 a

(i,y2)
2 · · · a

(i,y2)
c(g)

...
...

...
...

...

|CHt(y1)| a
(t,y1)
1 a

(t,y1)
2 · · · a

(t,y1)
c(g)

|CHt(y2)| a
(t,y2)
1 a

(t,y2)
2 · · · a

(t,y2)
c(g)

...
...

...
...

...

m1 m2 · · · mc(g)

This matrix is divided into blocks shown by the horizontal lines above. Each block corresponds to

an inertia group. The Fischer matrix M(g) is square and non-singular (see for example [49]).

Using the theory of coset analysis for the computation of conjugacy classes of Ḡ = N.G where N

is abelian, we have that the weights mj = [Cḡ : CḠ(xj)] = |N ||CG(g)|
|CḠ(xj)| = f |N |

k .

The following are the properties of the Fischer matrix M(g) that help with the computation of the

entries of M(g).

(1) a
(1,g)
j = 1 for all j ∈ {1, 2, · · · , c(g)},

(2) |X(g)| = |R(g)|,

(3) 1
|CḠ(xj)|

∑
(i,y)∈R(g) |CHi(y)|aj(i,y)a

j′

(i,y) = δjj′ , called the column orthogonality relation.

Furthermore, if N is elementary abelian, then we have the additional properties

(4) a
(i,y)
1 = |CG(g)|

|CHi (y)| ,

(5) |a(i,y)
1 | ≥ |a(i,y)

j |.

We further state a corollary for the Fischer matrix on the identity class of G. We used this result

in the build up of Programme C in the Appendix. The corollary can be found in [48].

Corollary 3.2.5. Let Ḡ = N.G. Then the Fischer matrix M(1G) is the matrix with rows equal to
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orbit sums of the action of Ḡ on the irreducible characters of N with duplicate columns discarded.

Furthermore, for this matrix, we have that a
(i,1G)
j = [G : Hi] and the row orthogonality

t∑
j=1

a
(i,1G)
j a

(i
′
,1G)

j |CḠ(xj)|−1 = δii′ |Hi|−1.

holds.

Proof. We use [61] for the proof. From the discussion on Fischer matrices we know that the

(i, 1G), jth entry of the M(1G) is

a
(i,1)
j =

′∑
l

|CḠ(xj)|
|CH̄i(ylk)|

ψi(ylk),

where the sum is taken over representatives of conjugacy classes of H̄i that fuse to [xj ] in Ḡ. We

apply Theorem 3.1.6 to note that ψḠi is an irreducible character of Ḡ. Furthermore, 〈ψḠi ↓N , θi〉 =

〈ψi ↓N , θi〉 = 1. An application of Clifford’s theorem yields that ψḠ ↓N=
∑

γ χγ , where the

sum is taken over all χγ ∈ Irr(N) in the orbit containing θi. Thus for xj ∈ N , we have that

a
(i,1G)
j =

∑
γ χγ(xj). The orthogonality relation is a result of Corollary 3.2.4.

3.2.4 Further Properties of Fischer Matrices

The properties we will give in this subsection are due to a paper by List [48]. The theory has also

been explained in [61] and [78]. We have developed Programme D1 and Programme D to aid

with the explicit computations of candidates for the Fischer matrices following the results of [48].

We begin with a proposition.

Proposition 3.2.6. Let Ḡ = N.G such that N is an elementary abelian p − group. Let ḡ ∈ Ḡ.

Then the map `ḡ : N −→ N such that `ḡ(n) = nḡ−1n−1 is an endomorphism of N .

Proof. Note that this map is well defined since if we suppose n1 = n2, then by definition there is

ḡ ∈ Ḡ such that n1ḡn
−1
1 ḡ−1 = n2ḡn

−1
2 ḡ−1. Thus `ḡ(n1) = `ḡ(n2). Now let n1n2 ∈ N . We have that

`ḡ(n1n2) = (n1n2)ḡ(n1n2)−1ḡ−1

= n1n2ḡn
−1
1 n−1

2 ḡ−1

= n1n2ḡn
−1
1 ḡ−1ḡn−1

2 ḡ−1

= n1(ḡn−1
1 ḡ−1)n2ḡn

−1
2 ḡ−1

= (n1ḡn
−1
1 ḡ−1)(n2ḡn

−1
2 ḡ−1)

= `ḡ(n1)`ḡ(n2).

Hence `ḡ is a group homomorphism.

Remark 3.2.7. Since N is a vector space which is invariant under the action of Ḡ, it is shown in

[48] that Im(`ḡ) and ker(`ḡ) are Cḡ − submodules of N . Recall that Cḡ = N.CG(g).

The group N/Im(`ḡ) plays an important role in the evaluation of the entries of Fischer matrices.

Denote M = Im(`ḡ), then from coset analysis we know that N acts on Nḡ where ḡ is a lifting of
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g ∈ G under the homomorphism µ : Ḡ −→ G such that N is in the kernel of µ. The action of M

on Nḡ by left multiplication results into the same orbits as the action of N on Nḡ. Therefore, the

action of Cḡ on the orbits resulting from the action of N on Nḡ is the same as the action of Cḡ

on the module N/M , see for instance [48]. Thereby allowing the identification of the elements of

N/M with the orbits of M on Nḡ. For the split extension case, it could be shown (see [48]) that

the Fischer matrix at a non-identity element of G is the matrix with rows that are orbit sums of

Cḡ acting on the rows of the character table of N/M with duplicate columns discarded. We have

used this fact in the build up of Programme D.

Corollary 3.2.8. [61] Let N be an elementary abelian subgroup of Ḡ such that Ḡ = N.G, where

G is a complement of N in Ḡ. Let M = {nḡn−1ḡ−1 | n ∈ N}. Then [N : M ] = k, where k is the

number of elements in a fixed subspace of N by a class representative g ∈ G.

Proof. We know from coset analysis that when N acts on Nḡ, we obtain k orbits denoted by

Q1, Q2, · · · , Qk. Now suppose B1, B2, · · · , Bk are orbits for the action of M on Nḡ by left

multiplication. These orbits are the same as those of N on Nḡ. Furthermore, they can be identified

with the elements of N/M . Thus it follows that |N/M | = [N : M ] = k.

Note 3.2.1. Let N be an elementary abelian p − group such that |N | = pn. Then k = pk for

0 ≤ k ≤ n and k was regarded in coset analysis as the number of elements of N fixed by a class

representative g of G. Suppose Q1, Q2, · · · , Qk are the orbits from the action of N on Nḡ and that

the action of Cḡ on the listed orbits results into fi = 1 for all i ∈ {1, 2, · · · k}. Then we have that

the action of Cḡ on the irreducible characters of N/M is trivial. Thus the Fischer matrix M(g)

coincides with the character table of N/M , a group of order k. Furthermore, for Ḡ = N :G, the set

stabilizer Cg = N :CG(g) and the action of Cg on the character table of N/M is simply carried out

as that of CG(g).

3.3. Projective Representations

In discussing the theory of Fischer matrices for non-split extensions, we use [18], [55], [61] and [78]

as our references. This is in essence a general aspect of the discussion in Section 3.2. We start by

looking at projective representations as this is necessary in the discussion of this section.

Definition 3.3.1. Let G be a finite group. Let F be a field . A projective representation of G

of degree n is a map P : G −→ GL(n,F) such that for every x, y ∈ G, there exists α(x, y) ∈ F such

that P (x)P (y) = α(x, y)P (xy), α : G×G −→ F. The function α is called the associated factor

set with P . From the definition it is clear that α(x, y) 6= 0F, for all x, y ∈ G. So α : G×G −→ F∗.
Remark 3.3.2. Applying Definition 2.4.3 for the projective general linear group, the composition:

πoP : G −→ PGL(n,F) is a homomorphism, where π : GL(n,F) −→ PGL(n,F) and P : G −→
GL(n,F).

3.3.1 Properties of the Factor Set of G

1. If α is an associated factor set of P , then it satisfies α(xy, z)α(x, y) = α(x, yz)α(y, z), in this

case α is also called an F∗ − factor set of P ,
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2. let α and β be two factor sets of G, then αβ is also a factor set of G defined by αβ(x, y) =

α(x, y)β(x, y),

3. if α is a factor set of G, then α−1 is also a factor set of G defined by α−1(x, y) = (α(x, y))−1,

4. two factor sets α and β are equivalent if there exists c : G −→ F∗ such that β(x, y) =

c(x)c(y)(c(xy))−1α(x, y).

Equivalence of factor sets of G can also be understood in the terminology of equivalent projective

representations as we give in Remark 3.3.6. In this section, we consider projective representations

and factor sets over the complex field C.

Definition 3.3.3. Two projective representations P and Q of G are said to be equivalent if there

exists an invertible matrix T such that P (g) = c(g)TQ(g)T−1, where c : G −→ C∗. In the case

c(g) = 1C, then P and Q are said to be linearly equivalent.

Using Definition 3.3.3 we have

Definition 3.3.4. A projective representation of G is said to be irreducible if it is not linearly

equivalent to a projective representation of the form(
∗ ∗
0 ∗

)

Definition 3.3.5. Let P be a projective representation of a group G. The projective character

ζ of P is defined by ζ(g) = trace(P (g)). We say ζ is irreducible if P is irreducible. The associated

factor set α of P is also the factor set of ζ.

Remark 3.3.6. Using the fact that every projective representation has an associated factor set and

in the light of Definition 3.3.3, one then thinks of equivalent factor sets as resulting from equivalent

projective representations.

By the third property above it is easy to check that the equivalence of factor sets is an equivalence

relation. This motivates the following Definition 3.3.7.

Definition 3.3.7. The set of all the equivalence classes of the factor sets of G forms an abelian

group M = {[α]|α : G −→ C∗} called the Multiplier of G. The elements of this group are equivalence

classes [α] with the operation on M given by [αβ] = [α][β] and [α]−1 = [α−1]. The identity element

in M is given by [1] = 1M .

3.4. Constructing Projective Representations

In developing this theory we follow Isaacs [39] and Whitely [78].

Definition 3.4.1. A central extension of G is a group E together with an onto homomorphism

ν : E → G, where A = ker(ν) ⊆ Z(E).

Remark 3.4.2. A central extension of G is sometimes denoted by (E, ν) with an emphasis on the

homomorphism ν.

The next Lemma 3.4.3 sheds more light on the concept of a central extension of G.

Lemma 3.4.3. ([39]) Let G be a group with a central extension (E, ν), where A = ker(ν). Let

X = {xg | g ∈ G} denote the set of coset representatives for A in E such that ν(xg) = g. Define

α : G × G → A by α(g, h)xgh = xgxh. Then α forms a factor set of G called the A − factor set.
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Additionally, the equivalence class of α is independent of the choice of X.

Proof. The proof is omitted, see for example [39].

The projective representations of G can be constructed from the ordinary representations of E as

in the following Theorem 3.4.4.

Theorem 3.4.4. ([39]) Let (E, ν) be a central extension of G, α an A − factor set of G and

X = {xg | g ∈ G} as given in Lemma 3.4.3. Let θ be an ordinary representation of E with the

property that θ ↓A is a scalar representation βI of A, where β is some homomorphism of A into C∗.
The representation P (g) = θ(xg) for g ∈ G forms a projective representation of G with factor set

β(α). The factor set β(α) is such that β(α)(g, k) = β(α(g, k)). In this case the irreducibility of θ

means that of P and the equivalence class of P is independent of the choice of coset representatives

of X.

Proof. The proof is omitted, see for example [39].

Remark 3.4.5. It is shown in [39] that every group G has a group E such that every projective

representation of G can be constructed from the ordinary representations of E. In this case E is

called a representation group of G. In fact G has at least one representation group E of order

mn, m = |M | and n = |G| such that Ker(ν) ∼= M . This is Schur’s Theorem (see [39]).

3.5. Projective Characters and Fischer Matrices Theory

The next Corollary 3.5.1 unites the concepts of projective representations with the theory of Fischer

matrices and gives us the irreducible characters of H̄i that we need to induce to Ḡ.

Corollary 3.5.1. Let Ḡ = N.G, θ ∈ Irr(N). Let H̄ = IG(θ). The irreducible character θ extends

to a projective character ζ of H̄ having factor set ᾱ which is such that

• α(Nk,Nl) = ᾱ(k, l), thus being constant on the cosets of N , α a factor set of H,

• αd|N | ∼ 1, d = θ(1).

Thus as η runs over all irreducible projective characters of H having factor set α−1, then ζη̄ runs

over all the irreducible characters of H̄ that contain θ in their restriction to N .

Proof. See [[78], Corollary 7.3.3]

Remark 3.5.2. The character η̄ is evaluated in a natural way from η. Observe also that if α ∼ 1

then we revert back to the case in Section 3.2.1.

In the light of Corollary 3.5.1 and in an analysis analogous to Section 3.2, we have that

Irr(Ḡ) =
s⋃
i=1

{(ζiη)Ḡ| η runs over all irreducible projective characters of H having factor set α−1}.

(3.2)

We therefore analogously to section 3.2 define the entries in the Clifford-Fischer matrix as below.

Definition 3.5.3.

aj(i,y) =

′∑
k

|CḠ(xj)|
|CH̄i(ylk)|

ζi(ylk) (3.3)
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Denote by Ci(g) the partial character table of the projective characters of Hi with factor set α−1

and columns that correspond to the α−1 regular classes that fuse to [g]G and Mi(g) the Fischer

matrix corresponding to each inertia group H̄i. Then the partial character table of Ḡ for the class

representatives x1, · · · , xc(g) is given by 
M1(g)C1(g)

M2(g)C2(g)
...

Ms(g)Cs(g)

 .

Remark 3.5.4. The term α−1 regular classes refers to the classes having all elements g which are

such that α−1(g, x) = α−1(x, g) for every x ∈ CḠ(g).

Remark 3.5.5. In this section and by Corollary 3.5.1, we are guaranteed that θ ∈ Irr(N) always

extends to a projective character of H̄.

3.5.1 Properties of the Fischer Matrices

The Fischer matrix given in Definition 3.5.3 satisfies

1. aj(1,g) = 1 for all j ∈ {1, · · · , c(g)},

2. 1
|CḠ(xj)|

∑
(i,y)∈R(g) |CHi(y)|aj(i,y)a

j′

(i,y) = δjj′ , called the column orthogonality relation.
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On Sylow p− Subgroups of Symplectic and

Orthogonal Groups

In this chapter, we concentrate on the structure of Sylow p − subgroups of the symplectic and

orthogonal groups in even dimension. We denote by Sp2m(q) and O+
2m(q) the symplectic group

of dimension 2m and orthogonal group of type + (that is there is a totally isotropic subspace of

dimension m for the associated form thereby having Witt index m) and dimension 2m over a field of

q elements respectively. This chapter is organized as follows: in Section 4.1, we define bilinear forms

and give their properties. These results lead to defining symplectic groups as done in Subsection

4.1.2. To be able to define orthogonal groups, we discuss orthogonal bases in Subsection 4.1.3. This

subsection highlights that any symmetric bilinear space admits an orthogonal basis. Quadratic

forms are a discussion of Subsections 4.1.4 and 4.1.5. The structures of Sylow p − subgroups of

Sp2m(q) and O+
2m(q) are covered in Section 4.2. Finally, in Section 4.3, we discuss other important

subgroups (important in the sense that they contain Sylow p− subgroups or isomorphic copies of

them). These groups are the maximal parabolic subgroups, affine subgroups and normalizers of

Sylow p− subgroups of Sp2m(q) and O+
2m(q).

4.1. Basic Results on Symplectic and Orthogonal Groups

Prior to studying the structures of Sylow p − subgroups of Sp2m(q) and O+
2m(q), we first review

some basic results on symplectic and orthogonal geometries. We will begin, in Subsection 4.1.1,

by discussing results that lead to defining the symplectic group. Thereafter, in Subsections 4.1.3,

4.1.4 and 4.1.5, we prepare information on defining orthogonal groups.

4.1.1 Bilinear Forms

Definition 4.1.1. Let V be a vector space over a field F. A bilinear form f on V is a function

of two variables f : V× V→ F such that the following hold

(a) f(u, v1 + v2) = f(u, v1) + f(u, v2), f(ku, v1) = kf(u, v1), for all u, v1, v2 ∈ V and k ∈ F,

(b) f(u1 + u2, v) = f(u1, v) + f(u2, v), f(u1, kv) = kf(u1, v), for all v, u1, u2 ∈ V and k ∈ F.

Note that any symmetric matrix M produces a unique bilinear matrix. We can define f by f(u, v) =

utMv, for all u, v ∈ V.
Proposition 4.1.2. Let f be a bilinear form on V. Then f has a unique matrix representation.
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Proof. Let {e1, · · · , en} be a basis of V. Then for every vector u =
∑

i aiei and v =
∑

j bjej , where

ai, bj ∈ F, we have that

f(u, v) = f(
∑
i

aiei,
∑
j

bjej) =
∑
i,j

aif(ei, ej)bj . (4.1)

Let f̂ = (f(ei, ej)). Then f̂ is an n× n matrix and from Equation 4.1, we get f(u, v) = utf̂v.

Remark 4.1.3. The matrix representation of a bilinear form f depends on a fixed basis of V.

Thus for a change of basis, we note that if P is the change of basis matrix, then in the new

basis say {b1, · · · , bn} of V we have bj =
∑

i pi,jei, where the pi,j’s are the entries of the change

of basis matrix. Now we define f̂ ′ = (f̂ ′i,j), where f̂ ′i,j = f(bi, bj) = f(
∑

k pk,iek,
∑

l pl,jel) =∑
k,l pk,if(ei, ej)pl,j = {P tf̂P}i,j . The matrix f̂ ′ = P tf̂P is the new matrix for the form on the

new basis. Furthermore, we have that det(f̂ ′) = det(f̂)(det(P ))2 which motivates the following

Definition 4.1.4.

Definition 4.1.4. Let f be a bilinear form on a vector space V. The discriminant of f is defined

by

disc(f) =

0, if det(f̂) = 0

det(f̂)F2 ∈ F∗/F∗2 otherwise,
(4.2)

where (F∗)2 = {x2|x ∈ F∗}.

Unlike the determinant, the discriminant does not depend on the choice of basis. We may use

this property to define non-degeneracy of a bilinear form. Thus we say f is non-degenerate if the

discriminant is non-zero. Now we exploit the fact that we have defined a bilinear form on a vector

space to understand orthogonality.

Definition 4.1.5. Let u, v ∈ V. We say that u is orthogonal to v if f(u, v) = 0. Denote u is

orthogonal to v by u ⊥ v.
Definition 4.1.6. The set of all vectors that are orthogonal to every other vector in the vector

space V is called the radical of V. We denote by RadL(V) = {v ∈ V : f(v, u) = 0 for all u ∈ V}
the left radical and by RadR(V) = {v ∈ V : f(u, v) = 0 for all u ∈ V} the right radical.

Corollary 4.1.7. A bilinear form f is non-degenerate if and only if RadL(V) = 0 if and only if

RadR(V) = 0.

Proof. We prove the first implication and the other ones follow similarly. Suppose that RadL(V) 6= 0

and f is non-degenerate. Thus let u ∈ RadL(V) and let {e1, · · · , en} be a basis of V. Then

f̂u 6= 0. This means there exists a vector say v ∈ V such that f(u, v) 6= 0, that is u /∈ RadL(V), a

contradiction. We now suppose f is not non-degenerate and let {c1, · · · , cn} be a basis of V. From

the definition of discriminant we have that det(f̂) = 0. That is any equation say Au = 0 has a

nontrivial solution. Thus vtf̂u = 0 has a non-trivial solution provided the determinant of A is 0.

This further implies that RadL(V) has a non-trivial element, a contradiction.

We now assume we have a reflexive bilinear form so that f(u, v) = 0 implies f(v, u) = 0 and define

an orthogonal complement of a subspace of a vector space V.

Definition 4.1.8. Let M be a subspace of a vector space V. The orthogonal complement or

perpendicular space of M , denoted by M⊥ is given by M⊥ = {v ∈ V : f(v, u) = 0 for all u ∈M}.
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Remark 4.1.9. One now defines the radical of M by Rad(M) = M ∩ M⊥ and call M non-

degenerate if Rad(M) = 0. Furthermore, one can show that if M is a non-degenerate subspace of

V, then V = M ⊕M⊥.

We define some more properties of bilinear forms that will assist in understanding bilinear spaces.

Definition 4.1.10. A bilinear form f on a vector space V is called symmetric if f(u, v) = f(v, u)

for all u, v ∈ V. We say that f is skew-symmetric if f(u, v) = −f(v, u) and that it is alternate

if f(u, u) = 0 for all u, v ∈ V. Note that if Char(F) 6= 2 then alternate implies skew-symmetric.

The matrix f̂ is symmetric, skew-symmetric or alternate if the form f is. For instance, suppose f

is symmetric, then f(ei, ej) = f(ej , ei) implies that etif̂ ej = etj f̂ ei. Thus f̂ij = f̂ji which means that

f̂ t = f̂ .

Lemma 4.1.11. Let f be an alternating bilinear form on a finite dimensional vector space V
over any field F. Then there exists a basis {e1, e2, · · · , em, f1, f2, · · · , fm} such that f(ei, ej) =

f(fi, fj) = f(ei, fj) = 0, i 6= j and f(ei, fi) = −f(fi, ei) = 1 .

Proof. [79] Let u, v ∈ V be any two vectors such that f(u, v) = µ 6= 0. We can therefore choose the

first two basis vectors e1 = u and f1 = µ−1v. Thus

f(e1, f1) = f(u, µ−1v) = −f(µ−1v, u)

= µ−1µ = 1.

We may use this approach on the perpendicular space of {e1, f1}. This way we either obtain a basis

{e1, e2, · · · , em, f1, f2, · · · , fm}, in which case our form f is non-singular and dimension of V is

n = 2m, m ∈ N or we have that f(u, v) = 0 for all u, v ∈ {e1, e2, · · · , em, f1, f2, · · · , fm}⊥ in which

case f is singular.

Remark 4.1.12. If f in Lemma 4.1.11 is non-singular, then

(i)

V = ⊕mi=1〈ei, fi〉

where {e1, e2, · · · , em, f1, f2, · · · , fm} is called a symplectic basis of V,

(ii) the matrix form of f can easily be computed as follows:

J =



f e1 · · · em f1 · · · fm

e1 0 · · · 0 1 · · · 0
...

...
. . .

...
...

. . .
...

em 0 · · · 0 0 · · · 1

f1 −1 · · · 0 0 · · · 0
...

...
. . .

...
...

. . .
...

fm 0 · · · −1 0 · · · 0


.

Note that det(J) = 1 and J depends on the ordering of the basis vectors.

Definition 4.1.13. Let (V, f) be a symplectic space and {V1, V2, · · · , Vn} be subspaces of V such

that

V = V1 ⊕ V2 ⊕ · · · ⊕ Vn.
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Furthermore, suppose that f(vi, vj) = 0 for all vi ∈ Vi, vj ∈ Vj for which i 6= j. Then we say that

V is an orthogonal sum of the subspaces {V1, V2, · · · , Vn} and denote this by

V = V1 ⊥ V2 ⊥ · · · ⊥ Vn.

Theorem 4.1.14. Let (V, f) be a symplectic space and {V1, V2, · · · , Vn} be subspaces of V such

that

V = V1 ⊥ V2 ⊥ · · · ⊥ Vn.

Then

R(V) = R(V1) ⊥ R(V2) ⊥ · · · ⊥ R(Vn).

Proof. Note that R(V) is a subspace of V. Let v ∈ R(V), then we get that for all u ∈ V, f(u, v) = 0.

Now since V is an orthogonal sum of {V1, V2, · · · , Vn} and v ∈ V, then we get that

v = v1 + v2 + · · ·+ vn,

where vi ∈ Vi for all 1 ≤ i ≤ n. Thus for all u ∈ V, we obtain

0 = f(u, v) = f(u, v1 + v2 + · · ·+ vn) = f(u, v1) + f(u, v2) + · · ·+ f(u, vn).

Note that for all u ∈ Vi, we get f(u, vj) = 0 for all i 6= j and thus

0 = 0 + 0 + · · ·+ f(u, vi) + 0 + · · ·+ 0.

So that vi ∈ R(Vi). It follows that v ∈ R(V1) + R(V2) + · · · + R(Vn). Hence R(V) = R(V1) +

R(V2) + · · ·+R(Vn). Nonetheless, since R(Vi) is a subspace of Vi and V is a direct sum of the Vi’s,

1 ≤ i ≤ n, then we obtain

Vi ∩
∑
j 6=i

Vj = 0

and hence

R(Vi) ∩
∑
j 6=i

R(Vj) = 0.

Thus

R(V) = R(V1)⊕R(V2)⊕ · · · ⊕R(Vn).

Finally, if vi ∈ R(Vi) and vj ∈ R(Vj), then vi ∈ Vi and vj ∈ Vj . Thus

R(V) = R(V1) ⊥ R(V2) ⊥ · · · ⊥ R(Vn).

This completes the proof.

Definition 4.1.15. Let (V, f) be a symplectic space and u, v ∈ V. Suppose further that f(u, v) = 1.

Then the vectors u, v ∈ V are called a hyperbolic pair. The 2 − dimensional subspace of V
generated by {u, v} is called a hyperbolic plane.

Let (V, f) be a symplectic space over a field F with dim(V) = 2m as in Lemma 4.1.11. Let D =

{x1, x2, · · · , xm, y1, y2, · · · , ym} be a basis of V such that {xi, yi} is a hyperbolic pair for all 1 ≤
i ≤ m and also such that for all i 6= j, i, j ∈ {1, 2, · · · ,m} we obtain

f(xi, xj) = f(xi, yj) = f(yi, yj) = 0.

Then the set D is called a hyperbolic basis for V and further we have that every non-degenerate

symplectic space has a hyperbolic basis.

38



Chapter 4

Let GL(V) denote the group of all linear invertible transformations on V. We have

Definition 4.1.16. Let (V, f) be a symplectic space. An element ζ ∈ GL(V) is called an isometry

of V if f(ζ(u), ζ(v)) = f(u, v) for all u, v ∈ V.

Theorem 4.1.17. [61][36] (Witt’s Theorem) Let (V, f) be a non-degenerate symplectic space and

W1, W2 be two subspaces of V and γ : W1 → W2 be an isometry. Then there exists an isometry

ζ : V→ V such that ζ↓W1
= γ.

Proof. See [61]

We now have enough information to discuss symplectic groups.

4.1.2 Symplectic Groups

Consider a non-degenerate symplectic space (V, f). Note that dim(V) = 2m over a finite field F.

The set of all isometries of V forms a group which is called a symplectic group denoted by Sp2m(F).

Taking F = GF (q), where q = pk for some k and prime number p, then we denote Sp2m(F) by

Sp2m(q). It follows that Sp2m(F) ≤ GL(2m,F). We formally have

Definition 4.1.18. Let f be a non-singular alternating bilinear form on a vector space V over a

finite field F = GF (q). The symplectic group Sp2m(q) is the subgroup of GL(2m, q) comprising

those elements g ∈ GL(2m, q) such that gtJg = J where J is the matrix corresponding to the form

f .

We next give some results before we count the number of elements contained in Sp2m(q).

Corollary 4.1.19. The group Sp2m(F) is a transitive permutation group on the set of all hyperbolic

pairs.

Proof. [61] The group Sp2m(F) has a permutation representation on the set of all hyperbolc pairs

{x, y} given by γ 7→ γ1, where γ ∈ Sp2m(F) and

γ1 =

(
{x, y}

{γ(x), γ(y)}

)
.

Now let {x1, y1}, {x2, y2} be two hyperbolic pairs. Then it follows that

f(x1, y1) = f(x2, y2) = 1.

Hence there is a linear automorphism γ such that γ(x1) = x2 and γ(y1) = y2. Now take

W1 = 〈x1, y1〉, W2 = 〈x2, y2〉.

Furthermore, we note that γ : W1 → W2 is an isometry and by Theorem 4.1.17, there exists

an isometry ζ ∈ Sp2m(F) such that ζ↓W1
= γ. Therefore Sp2m(F) is transitive on the set of all

hyperbolic pairs. This completes the proof.

In fact the number of hyperbolic pairs for a non-degenerate symplectic space can now be deduced

as in the following theorem. The theorem and its proof can also be found in [61].
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Theorem 4.1.20. Let (V, f) be a non-degenerate symplectic space of dimension 2m over F =

GF (q). Then the number of hyperbolic pairs of V is q2m−1(q2m − 1).

Proof. We know that |V| = q2m. Let {x, y} be a hyperbolic pair. Thus f(x, y) = 1 and it follows

that x ∈ V∗. We have dim(〈x〉) = 1 and therefore dim(〈x〉⊥) = 2m − 1. Hence the number of

elements which are not in 〈x〉⊥ is q2m−q2m−1. But |F∗| = q−1, thus the number of elements y ∈ V

for which f(x, y) = 1 becomes
q2m − q2m−1

q − 1
. Hence the number of hyperbolic pairs is given by

(q2m − 1)
q2m − q2m−1

q − 1
= (q2m − 1)q2m−1 q − 1

q − 1
= q2m−1(q2m − 1).

Hence completing the proof.

The next theorem now counts the number of elements in Sp2m(q).

Theorem 4.1.21. [25] Let (V, f) be a non-degenerate symplectic space of dimension 2m over

GF (q). Then the order of Sp2m(q) is given by

|Sp2m(q)| = qm
2
m∏
i=1

(q2i − 1).

Proof. Note that V has a hyperbolic basis since it is non-degenerate. Now set {x1, y1, x2, y2, · · · , xn, yn}
to be a fixed hyperbolic basis for V. Let γ ∈ Sp2m(q). Since γ is an isometry, we obtain

{γ(x1), γ(y1), γ(x2), γ(y2), · · · , γ(xn), γ(yn)} to be a hyperbolic basis for V. Thus |Sp2m(q)| is

the number of hyperbolic bases for V. We will then apply induction on m to count the num-

ber of ways of choosing hyperbolic bases for V. We already know that there are q2m−1(q2m − 1)

ways of choosing a hyperbolic pair x1, y1 ∈ V. Let W1 = 〈x1, y1〉, then the restriction say fW⊥1
is

non-degenerate and hence (W⊥1 , fW⊥1
) is equally non-degenerate symplectic space. Therefore the

remaining vectors of the hyperbolic basis for V may be chosen as a hyperbolic basis for (W⊥1 , fW⊥1
).

Since dim(W⊥1 ) = 2m − 2, it follows that the number of hyperbolic bases for (W⊥1 , fW⊥1
) is equal

to |Sp2m−2(q)|. Thus we obtain

|Sp2m(q)| = q2m−1(q2m − 1)|Sp2m−2(q)|

= q2m−1(q2m − 1)q(m−1)2
m−1∏
i=1

(q2i − 1)

= qm
2
m∏
i=1

(q2i − 1).

The assumption that f(u, v) = 0 implies f(v, u) = 0 for all u, v ∈ V holds when the bilinear form

is either symmetric or alternating as given in the following Theorem 4.1.22.

Theorem 4.1.22. The relation f(u, v) = 0 implies f(v, u) = 0 for all u, v ∈ V holds on a bilinear

space V if and only if f is symmetric or alternating.

Proof. See [45]

40



Chapter 4

4.1.3 Orthogonal Bases

We fix for this section a symmetric bilinear space V. Thus our bilinear form f is symmetric.

Readers can also see [45] for a more detailed approach.

Definition 4.1.23. Let B = {e1, e2, · · · , en} be a basis of V. The basis B is said to be orthogonal

if f(ei, ej) = 0 for i 6= j.

Remark 4.1.24. A geometrical argument gives that an orthogonal basis decomposes a space V into

an orthogonal direct sum. Thus V = S1 ⊥ S2 ⊥ · · · ⊥ Sn, where Si = Fei. The entries of a matrix

representing f are of the form f(ei, ej). Note that since f(ei, ej) = 0 for all i 6= j coupled with f

being symmetric, we have a diagonal matrix representation of f . This matrix is also symmetric.

We aim to show that any symmetric bilinear space V admits an orthogonal basis as long as the

underlying field for V has characteristic different from 2. We will tackle the case of characteristic

equal to 2 separately.

We have the following Corollary 4.1.25.

Corollary 4.1.25. Let f be a bilinear form on V such that it is not identically zero. Then f(u, u) 6=
0 for some u ∈ V.

Proof. This follows easily since for any symmetric bilinear form we have that

1

2
(f(u+ w, u+ w)− f(u, u)− f(w,w)) = f(u,w), u, w ∈ V,

thus f is completely determined by its values on the diagonal and since it is not identically zero,

we have that f(u, u) 6= 0 for some u ∈ V.

Lemma 4.1.26. Let u ∈ V such that f(u, u) 6= 0. Then V = Fu ⊥ u⊥. Furthermore, if V is

non-degenerate then u⊥ is also non-degenerate.

Proof. Suppose f(u, u) 6= 0, then every element of F is of the form af(u, u), where a is some scalar.

Thus for u′ ∈ V, we have that f(u′, u) = af(u, u). Hence f(u′ − au, u) = 0. This in turn means

that u′−au ∈ u⊥. Thus any u′ can be expressed as u′ = au+(u′−au). We have that V = Fu+u⊥.

Now Fu ∩ u⊥ = {0} since u /∈ u⊥. Hence V = Fu ⊥ u⊥. Finally, we show that f is non-degenerate

on u⊥ whenever it is on V. Suppose for some u′ ∈ u⊥, f(u′, v) = 0 for all v ∈ u⊥. We know that

f(u′, u) = 0, thus f(u′, au+ v) = 0 for any a ∈ F, v ∈ u⊥. Now the fact that Fu+ u⊥ = V and by

non-degeneracy of f on V we have u′ = 0 . This completes the proof.

Theorem 4.1.27. Suppose F has characteristic different from 2, then V admits an orthogonal

basis.

Proof. Conventionally when n = 1, then V admits an orthogonal basis. Suppose the theorem holds

for smaller dimensions n ≥ 2. If f is identically zero, then V admits an orthogonal basis. Now

suppose f is not identically zero, then from Corollary 4.1.25 we have that f(u, u) 6= 0 for some

u ∈ V and for such u, Lemma 4.1.26 gives V = Fu ⊥ u⊥. By induction u⊥ has an orthogonal basis

of dimension n− 1 say {e1, e2, · · · , en−1}. Thus the set {e1, e2, · · · , en−1, u} is an orthogonal basis

for V.
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Remark 4.1.28. If V admits an orthogonal basis, then it is non-degenerate as long as f(ei, ei) 6= 0

for all i in the basis {e1, e2, · · · , en}. This result follows directly from the fact that f is non-

degenerate and the matrix associated to f is diagonal.

In the following Subsection 4.1.4 we discuss quadratic forms.

4.1.4 Quadratic Forms

Again as in Subsection 4.1.3, we consider characteristic of the underlying field different from 2.

Definition 4.1.29. Let V be a vector space such that characteristic of its underlying field is not 2.

A quadratic form on V is a function Q : V→ F such that

(a) Q(av) = a2Q(v) for v ∈ V and a ∈ F,

(b) the function f(u, v) = 1
2(Q(u+ v)−Q(u)−Q(v)) is bilinear.

The bilinear form f is called the associated bilinear form to Q.

Remark 4.1.30. Quadratic forms on a vector space V are homogeneous quadratic polynomials

when the basis is chosen. Any quadratic form can be expressed in terms of its bilinear form by

setting v = u in Definition 4.1.29. Thus f(u, u) = Q(u). This is called polarisation.

Definition 4.1.31. A quadratic form is said to be non-degenerate if the symmetric matrix

representing it is invertible.

Definition 4.1.32. A quadratic space V is a vector space with a chosen quadratic form or

equivalently a symmetric bilinear form defined on it. It is said to be non-degenerate whenever a

quadratic form or equivalently a symmetric bilinear form is non-degenerate.

4.1.5 Quadratic Forms in Characteristic 2

In characteristic 2 we employ the same definition of a quadratic form as in Subsection 4.1.4 except

here we leave out the factor 1
2 . This is because 2 = 0 in a field of characteristic 2.

Definition 4.1.33. Let V be a vector space such that characteristic of its underlying field is not 2.

A quadratic form on V is a function Q : V→ F such that

(a) Q(av) = a2Q(v) for v ∈ V and a ∈ F,

(b) the function f(u, v) = Q(u+ v)−Q(u)−Q(v) is bilinear.

Definition 4.1.34. Let M be a subspace of V. We say that M is isotropic if Q(m) = 0 for all

m ∈M .

The following Lemma 4.1.35 gives standard bases for a vector space endowed with a quadratic form

in both even and odd characteristic.

Lemma 4.1.35. [46] Let V be a vector space endowed with a quadratic form Q as defined in

Subsections 4.1.4 and 4.1.5. Then V has a basis of one of the following forms:

(a) {e1, e2, · · · , em, f1, f2, · · · , fm}, here n = 2m and Q(ei) = Q(fi) = 0, f(ei, fj) = δij for all

i, j,

(b) {e1, e2, · · · , em−1, f1, f2, · · · , fm−1, x, y}, here n = 2m and Q(ei) = Q(fi) = 0, f(ei, fj) =
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δij, f(ei, x) = f(ei, y) = f(fi, x) = f(fi, y) = 0 for all i, j. The basis {x, y} is for any

2− subspace M ′ of V such that Q(m′) 6= 0 for all m′ ∈M ′. Furthermore, for such a subspace

Q(x) = Q(y) = 1 and f(x, y) = ν such that the polynomial x2 + y2 + ν is irreducible over F,

(c) {e1, e2, · · · , em, f1, f2, · · · , fm, x}, here n = 2m + 1 and Q(ei) = Q(fi) = 0, f(ei, fj) = δij,

f(ei, x) = f(ei, x) = 0 for all i, j. Furthermore, Q(x) 6= 0.

Proof. See [46].

We can therefore use the Lemma 4.1.35 to define the Sign of Q accordingly as n is even or odd.

Thus the Sign(Q) =


o if n is odd,

+ if n is even and basis as in Lemma 4.1.35(a),

− if n is even and basis as in Lemma 4.1.35(b).

We now easily illustrate how we get the matrix representation of the form f and use part (a) of

Lemma 4.1.35 for this illustration.

The matrix form of f can easily be computed as follows

J =



f e1 · · · em f1 · · · fm

e1 0 · · · 0 1 · · · 0
...

...
. . .

...
...

. . .
...

em 0 · · · 0 0 · · · 1

f1 1 · · · 0 0 · · · 0
...

...
. . .

...
...

. . .
...

fm 0 · · · 1 0 · · · 0


.

4.1.6 Orthogonal Groups

We consider a symmetric bilinear space V to define orthogonal groups.

Definition 4.1.36. Let V be a vector space of dimension n over a field Fq. Additionally let V
be endowed with a non-degenerate quadratic form Q. The set of all invertible linear transforma-

tions of V preserving Q forms a group denoted by OSign(Q)(V) called orthogonal group of type

Sign(Q). With a fixed basis of V and a choice of a matrix representation of f , say J, we have that

OSign(Q)(n, q) contains all g ∈ GL(n, q) such that gtJg = J .

Remark 4.1.37. We remark that in a case where n is even, there exist two non-similar quadratic

forms on V and the case n odd gives a unique quadratic form and hence the given types of orthogonal

groups.

Proposition 4.1.38. The order of the orthogonal group Oε(n, q) where Sign(Q) = ε ∈ {+,−, o} is

given by

|Oε(n, q)| =

2q
(n−1)2

4
∏n−1

2
i=1 (q2i − 1), if ε = o

2q
n(n−2)

4 (q
n
2 − ε)

∏n−2
2

i=1 (q2i − 1), if ε = ±.

Proof. See [46].
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4.2. Sylow p− Subgroups of Sp2m(q) and O+
2m(q)

In this section, we discuss structures of Sylow p− subgroups of Sp2m(q) and O+
2m(q).

4.2.1 Sylow p− Subgroups of Sp2m(q)

Since there exists one symplectic group, up to equivalence described by the alternating bilinear

form f , we have the following Proposition 4.2.1.

Proposition 4.2.1. Let Ḡ ∈ Sylp(Spn(q)). Then Ḡ = N :G where

N =

{(
I 0

A I

)
, At = A

}

such that |N | = q
m(m+1)

2 and

G =

{(
D 0

0 D−t

)
, D ∈ Sylp(GL(m, q))

}

such that |G| = q
m(m−1)

2 .

Proof. The symplectic form say f is described by J =

(
0 Im

−Im 0

)
. Now set the lower-triangular

block matrices M =

(
D 0

B C

)
∈ Sylp(GLn(q)) such that M tJM = J . We get the relations that

CtD = Im and DtB = BtD. The second relation implies that D−tBt = BD−1. Thus we can set

A = BD−1 so that A satisfies the condition At = A and B = AD. We have from the first relation

that C = D−t. Thus Ḡ factorizes as NG where N and G are as given in the statement of the

proposition. Let g ∈ G and n ∈ N . The action of G on N is given by gng−1 and is easily verified as

A 7→ D−tAD−1. It is clear that N ∩G = {I2m}. We show that N E Ḡ. Let g =

(
D 0

0 D−t

)
∈ G.

Let n =

(
I 0

A I

)
∈ N . Then

(
D 0

0 D−t

)(
I 0

A I

)(
D−1 0

0 Dt

)
=

(
I 0

D−tAD−1 I

)
∈ N,

since

(D−tAD−1)t = D−tAtD−1 = D−tAD−1.

Now the order of Ḡ is q
m(m+1)

2 × q
m(m−1)

2 = qm
2

which is the q power in the order of Spn(q). We

also have that G ≤ Ḡ. This completes the proof that Ḡ is a split extension and that it is indeed a

Sylow p− subgroup of Sp2m(q).

Remark 4.2.2. By Proposition 4.2.1, we have Ḡ = N :G ∼= N :Gm, where Gm ∈ Sylp(GL(m, q)).
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4.2.2 Sylow p− Subgroups of O+
2m(q)

We now give the structure of the Sylow p− subgroup of O+
2m(q).

Proposition 4.2.3. Let Ḡ ∈ Sylp(O+
2m(q)). Then Ḡ = N :G where

N =

{(
I 0

A I

)
, At = −A

}

such that |N | = q
m(m−1)

2 and

G =

{(
D 0

0 D−t

)
, D ∈ Sylp(GL(m, q))

}

such that |G| = q
m(m−1)

2 .

Proof. The same reasoning as in the proof of Proposition 4.2.1 applies.

4.3. Some other Subgroups of Sp2m(q) and O+
2m(q)

For the purpose of the discussions in the ensuing chapters we end this chapter with a definition of

maximal parabolic subgroups of symplectic and orthogonal groups. We further define affine as well

Borel subgroups. For further reading on the structures of these groups, readers are encouraged to

consult [22], [33] and [79].

Definition 4.3.1. Let W be a subspace of a vector space V endowed with a bilinear form f . The

subspace W is called totally isotropic if f(w,w) = 0 for all w ∈W .

Definition 4.3.2. Denote the stabilizer of a totally isotropic subspace W of V in Sp(V) or O(V)

respectively by

P (W ) = {g ∈ Sp(V)|gW = W},

P (W ) = {g ∈ O(V)|gW = W}.

Then P (W ) forms a subgroup of Sp(V) or O(V) respectively called the maximal parabolic sub-

group. Additionally for a choice of basis we have P (W ) = N :GL(m, q), where N is an elementary

abelian p − group such that |N | = q
m(m+1)

2 and |N | = q
m(m−1)

2 respectively in the symplectic and

orthogonal cases.

In the following, we consider Ḡ to be a Sylow p− subgroup of Sp2m(q).

We let V be a symplectic space. The action of Sp2m(q) on V∗ is transitive (see [61]). We have the

following Definition 4.3.3.

Definition 4.3.3. The stabilizer in Sp2m(q) of a fixed non-zero vector say α ∈ V∗ is called the

affine subgroup of Sp2m(q). Denote by A(m) an affine subgroup of Sp2m(q).

Remark 4.3.4. The structure of this group is given by A(m) = q2m−1:Sp(2m − 2, q). If further

p = 2, the subgroup say N such that |N | = 2k(2m−1) is elementary abelian.

Proposition 4.3.5. Let A(m) = q2m−1:Sp2m−2(q), be an affine subgroup of the symplectic group

Sp2m(q). Then Ḡ is isomorphic to a Sylow p− subgroup of A(m).
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Proof. We proceed by using the orders |Ḡ| and |A(m)|. we have

|A(m)| = q2m−1 × q(m−1)2
(q2m−2 − 1)(q2m−4 − 1) · · · (q2 − 1).

Note the highest power of q dividing the order of |A(m)|, that is q2m−1 × q(m−1)2
= qm

2
= |Ḡ|.

Hence the proof.

Remark 4.3.6. Since |A(m)| = |Sp2m(q)|
q2m−1

, we have that all the q powers are in the order of the

group A(m). Thus Ḡ is isomorphic to a Sylow p− subgroup of A(m). Sylp(A(m)) ⊂ Sylp(Sp2m(q)).

Definition 4.3.7. Let V be a vector space over a finite field F = GF (q). Denote by Vi, i ∈
{0, · · · , n} the subspaces of V. A flag is a sequence

{0} = V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = V

of subspaces of V. If further dim(Vi) = i, then the above sequence is called complete (that is

maximal). It is called standard if Vi = Fe1 ⊕ Fe2 · · · ⊕ Fei for each i.

Definition 4.3.8. Let 0 = Q0 < Q1 < Q2 < · · · < Qn = V be a maximal flag of V. The Borel

subgroup B is the stabilizer of this flag.

The structure of B is given by B = Ḡ:T , where T is the direct product of m cyclic groups and

|T | = (q − 1)m, (see for example [79]). That is a group of diagonal matrices. The group B forms

the normalizer of Ḡ. We immediately have the following result.

Proposition 4.3.9. Let Sp2m(2) be the symplectic group over the binary field. Then Ḡ is self

normalizing.

Proof. This follows since T now becomes the identity matrix group thus B = Ḡ:T = Ḡ.

Another structure of Ḡ can now be written as P2m = q2m−1:P2m−2, where P2m−2 is a Sylow

p − subgroup of Sp2m−2(q), following the discussion above. We will also use the structure of

Ḡ = q2m−1:P2m−2 especially in the case when p = 2 in our approach of Fischer matrices. This is

because we require our N to be elementary abelian.
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On a Maximal Parabolic Subgroup of Sp6(2)

In this chapter, we construct the character table of a maximal parabolic subgroup of Sp6(2), the

symplectic group of dimension 6 over the field of two elements using the method of Fischer matrices.

From Chapter 4, we observed that a Sylow p − subgroup of Sp2m(q) sits in P (W ) among other

maximal subgroups of Sp2m(q). In Section 5.1, we introduce the group Ḡ = 26:GL(3, 2), and

generate it as a subgroup of Sp6(2). In Section 5.2, we list the conjugacy classes of Ḡ computed

using the coset analysis technique and we see that corresponding to the 6 conjugacy classes of

GL(3, 2), we get 24 conjugacy classes of Ḡ. In Section 5.3, we show that there are 5 inertia factor

groups, namely H1 = GL(3, 2), H2 = S4, H3 = S4, H4 = D8 and H5 = S3. In Section 5.4, we

calculate the six Fischer matrices of Ḡ using two methods, namely the combinatorial approach

and the non-combinatorial approach. We see that the sizes of these matrices range from 1 to 9.

We further show how to obtain the full character table of Ḡ via the method of Fischer matrices

discussed in Chapter 3. As it is natural to fuse back the conjugacy classes of a subgroup into the

group where it sits, we do the fusion of Ḡ into Sp6(2) in Section 5.5. The fusion is made possible

with χ(Sp6(2)|Ḡ), the permutation character for the action of Sp6(2) on the cosets of Ḡ in Sp6(2).

To successively finish the fusion of these groups, we will also require the following information:

• known power maps for the representatives of conjugacy classes of the groups Ḡ and Sp6(2),

• the technique of set intersections of characters (discussed by Moori [54], Mpono [61] and Ali

[3]).

We have checked the accuracy of the character table of Ḡ using Programme E in the Appendix.

5.1. The Group Ḡ = 26:GL(3, 2)

Let Ḡ = 26:GL(3, 2) be the split extension of N = 26 by G = GL(3, 2) where N is the vector space of

dimension 6 over GF (2). Then Ḡ is a maximal parabolic subgroup of Sp6(2) and [Sp6(2) : Ḡ] = 135.

5.1.1 The Generators of Ḡ

The generators of the group Sp6(2) can be accessed in the electronic atlas of Wilson [80]. Note

that it has 8 conjugacy classes of maximal subgroups. One of the maximal subgroups given by

25:S6, (an affine subgroup of Sp6(2)) was studied by Mpono in his PhD thesis [61]. We construct

in this thesis the character table of Ḡ a group generated inside Sp6(2). This group is important as

it contains a Sylow 2 − Subgroup of Sp6(2). An isomorphic copy of this Sylow 2 − Subgroup will

be studied in Chapter 6. The following two elements ḡ1 and ḡ2 are 6 − dimensional matrices over
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F2 that generate Ḡ.

ḡ1 =



0 0 1 0 1 1

1 0 0 1 0 0

1 0 1 1 0 1

0 1 0 1 0 0

0 1 0 1 0 1

0 1 0 0 0 0


, ḡ2 =



1 0 0 0 1 0

0 1 0 1 0 1

0 1 1 1 1 1

0 1 1 0 1 1

1 0 0 1 0 0

1 1 0 1 1 0


.

Using GAP [31], one can easily check all the normal subgroups of Ḡ. In fact it has 2 proper normal

subgroups of orders 8 and 64. Thus we can deduce that the group of order 64 is our N and we

write it as N = 26 since it is elementary abelian. The following elements e1, e2, e3, e4, e4, e5 and

e6 are 6− dimensional matrices over F2 that generate N :

Table 5.1: Generators of N = 26

Generators of N = 26 Generators of N = 26

e1 =



0 1 0 0 1 1

1 0 0 0 1 1

0 0 1 0 0 0

0 0 0 1 0 0

1 1 0 0 0 1

1 1 0 0 1 0


e2 =



0 1 0 0 1 1

0 0 1 0 0 1

1 1 0 1 0 0

0 1 0 0 1 0

0 0 1 1 0 1

1 0 0 1 0 0



e3 =



1 0 1 1 1 1

1 1 0 1 0 1

0 0 0 1 1 1

1 0 0 0 0 1

0 0 0 0 1 0

1 0 1 0 1 1


e4 =



0 0 0 1 0 1

0 1 0 0 0 0

0 1 0 0 0 1

1 1 1 0 0 0

1 1 1 1 1 0

0 1 1 0 0 0



e5 =



0 1 1 1 0 0

0 1 0 0 0 0

1 0 1 1 0 1

0 1 1 1 0 1

0 1 1 0 1 1

1 0 0 1 0 0


e6 =



1 0 0 0 0 0

0 1 0 0 0 0

1 1 0 1 0 0

1 1 1 0 0 0

1 1 1 1 1 0

1 1 1 1 0 1



In terms of 6 × 6 matrices over F2, the group G, as a complement of N in Ḡ (also satisfying that

N ∩G = {1Ḡ} and Ḡ/N ∼= G), is generated by the following two elements g1 and g2:

g1 =



1 1 0 1 1 0

0 1 1 0 1 1

0 1 0 1 0 1

0 1 0 0 1 0

0 1 1 1 1 1

0 0 0 0 0 1


, g2 =



1 1 0 1 1 1

1 1 0 1 0 0

1 1 1 0 0 1

0 0 1 0 0 1

0 1 1 0 0 0

1 0 0 1 1 1


.

5.1.2 The Action of G on N

The action of G on N is important in the application of the coset analysis technique and since

these groups were generated inside Sp6(2), it can be verified that G has 5 orbits of lengths 1, 7, 7,

21 and 28 from its action on N . The permutation character for the action of G on N is given by

χ(G|N) = 5χ1 + 6χ4 + χ5 + 2χ6,
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where χi ∈ Irr(G), (see Table 5.4 for character values of the χi’s). We have the following Table 5.2

for the k’s.

[g]G 1A 2A 3A 4A 7A 7B

k 64 16 4 4 1 1

Table 5.2: Fixed Points for the Action of GL(3, 2) on 26

5.2. The Conjugacy Classes of Ḡ

In this section, we apply the coset analysis technique discussed in Section 2.3 to compute the

conjugacy classes of Ḡ. We recall that we will need to first act N on Ng for each class representative

g of G. Furthermore, we act the group CG(g) on the orbits that come from the action of N on

Ng. Denote by fi’s, the lengths for the fusion of the orbits under the action of CG(g). We have

developed Programme A (see Appendix) to produce the fi’s and note that k =
∑

i fi. In fact,

it could be developed further to compute the power maps for the representatives of the conjugacy

classes of Ḡ. For this purpose we use Programme B.

The process we undertake moves in the following manner: Let O[1], O[2], · · · ,O[k] denote the

orbits when N acts on Ng. Let B[1], B[2], · · · ,B[s] be the orbits under the action of CG(g). We

first produce the fi’s using Programme A (this is feasible simply by first generating the two

groups N and G inside Ḡ and then selecting a class representative, say, g:=C[i], where 1 ≤ i ≤
Size(ConjugacyClass(G)). We recall that if [g]G and [h] are conjugacy classes of two groups G

and H respectively such that H ≤ G with representatives g and h, where o(h) = o(g), then [h]

fuses to [g]G if and only if there is an element x ∈ G such that xhx−1 = g. We denote by L[i]

the class representatives of Ḡ from each coset Ng, thus we can compute in GAP, for each class

representative, the power map: (B[i][1][1]) 7→ (B[i][1][1])p ∈ L[k] where k ranges over the number

of partitions of the conjugacy classes of Ḡ as computed from Programme A.

We list the 24 conjugacy classes of Ḡ computed using coset analysis technique in Table 5.3. The

power maps are easily verified using Programme B in the Appendix. Columns 4 and 7 contain

corresponding weights which we denote by mi and the power maps respectively.

[g]G k fi mi [g]Ḡ |CḠ(g)| 2 3 5 7 Size of [g]Ḡ

1A 64 f1 = 1 m1 = 1 1A 29 × 3× 7 1A 1

f2 = 7 m2 = 7 2A 29 × 3 1A 7

f3 = 7 m3 = 7 2B 29 × 3 1A 7

f4 = 21 m4 = 21 2C 29 1A 21

f5 = 28 m5 = 28 2D 27 × 3 1A 28

4A 4 f1 = 1 m1 = 16 4A 24 2E 672

f2 = 1 m2 = 16 8A 24 4C 672

f3 = 1 m3 = 16 4B 24 2F 672

f4 = 1 m4 = 16 8B 24 4D 672

7A 1 f1 = 1 m1 = 64 7A 7 1A 1536

2A 16 f1 = 1 m1 = 4 2E 27 1A 84

f2 = 1 m2 = 4 4C 27 2A 84

f3 = 1 m3 = 4 2F 27 1A 84

f4 = 1 m4 = 4 4D 27 2A 84

f5 = 2 m5 = 8 4E 26 2C 168

f6 = 2 m6 = 8 4F 26 2A 168
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f7 = 2 m7 = 8 2G 26 1A 168

f8 = 2 m8 = 8 4G 26 2C 168

f9 = 4 m9 = 16 4H 25 2C 336

3A 4 f1 = 1 m1 = 16 3A 3× 4 1A 896

f2 = 1 m2 = 16 6A 3× 4 3A 2D 896

f3 = 1 m3 = 16 6B 3× 4 3A 2A 896

f4 = 1 m4 = 16 6C 3× 4 3A 2B 896

7B 1 f1 = 1 m1 = 64 7B 7 1A 1536

Table 5.3: Conjugacy Classes of Ḡ = 26:GL(3, 2)

Example 5.2.1. Consider the identity coset N = 26. We know that N is abelian and therefore

each orbit of the action of N on itself comprises singleton. Thus k = |N | = 64. Recall that the

action of G on N resulted in the orbit lengths: 1, 7, 7, 21, 28 and that the representatives are the

elements of N denoted by B[i][1][1], 1 ≤ i ≤ 5, in Programme A. They are clearly of order 2.

Furthermore, |CG(1G)| = |G| = 168. Thus we obtain the following classes from the identity coset:

• class (1A) such that |CḠ(1A)| = 26×|CG(3A)|
1 = 29 × 3× 7,

• class (2A) such that |CḠ(2A)| = 22×|CG(3A)|
7 = 29 × 3,

• class (2B) such that |CḠ(2B)| = 22×|CG(3A)|
7 = 29 × 3,

• class (2C) such that |CḠ(2C)| = 22×|CG(3A)|
21 = 29,

• class (2D) such that |CḠ(2D)| = 22×|CG(3A)|
28 = 27 × 3.

5.3. Action of G on Irr(N)

The action of G on Irr(N) is crucial in the determination of the stabilizers of representatives

from the resulting orbits. We recall that these stabilizers are the inertia factor groups of Ḡ. For

this action, we have to first write the elements of G in the dimension of the module N . Write

G = 〈g1, g2〉.

Then the action of g1 on the generators of N is given by:

e1 7→ e1, e2 7→ e2, e3 7→ e4e5, e4 7→ e1e2e4,

e5 7→ e1e2e3e4, e6 7→ e1e2e6.

The action of g2 on the generators of N is given by:

e1 7→ e6, e2 7→ e1e4e5, e3 7→ e1e2e3e4e5,

e4 7→ e3e5e6, e5 7→ e1e3e4e5, e6 7→ e1.

Let g
′
1 and g

′
2 be the matrix representations of the actions of g1 and g2. We now act the group say

G1 generated by the transposed matrices of the group 〈g′1, g
′
2〉 on the vector space V = GF (2)6
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as this action is equivalent to the action on the dual V∗. The dual is isomorphic to Irr(26). We

obtain from this action the following orbit lengths: 1, 7, 7, 21 and 28. The point stabilizers are

H1 = GL(3, 2), H2 = S4, H3 = S4, H4 = D8 and H5 = S3.

The character tables and the fusions of the inertia factor groups Hi, i ∈ {1, 2, 3, 4, 5} are given in

the following tables. Take a =
−1

2
− 7i

2
, where i =

√
−1.

[g] 1A 4A 7A 3A 2A 7B

|CH1(g)| 168 4 7 3 8 7

χ1 1 1 1 1 1 1

χ2 3 1 a 0 −1 ā

χ3 3 1 ā 0 −1 a

χ4 6 0 −1 0 2 −1

χ5 7 −1 0 1 −1 0

χ6 8 0 1 −1 0 1

Table 5.4: Character Table of H1 = GL(3, 2)

[g] 1a 4a 3a 2b 2a

|CH3(g)| 24 4 3 4 8

χ1 1 1 1 1 1

χ2 1 −1 1 −1 1

χ3 2 0 −1 0 2

χ4 3 1 0 −1 −1

χ5 3 −1 0 1 −1

Table 5.5: Character Table of H2 = S4

[h]H2 7→ [g]G [h]H2 7→ [g]G [h]H2 7→ [g]G

1a 1A 4a 4A 3a 3A

2b 2A 2a 2A

Table 5.6: Fusion of the Conjugacy Classes from H2 to GL(3, 2)
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[g] 1a 2c 2b 2a 4a

|CH4(g)| 8 4 4 8 4

χ1 1 1 1 1 1

χ2 1 −1 −1 1 1

χ3 1 1 −1 1 −1

χ4 1 −1 1 1 −1

χ5 2 0 0 −2 0

Table 5.7: Character Table of H4 = D8

[h]H4 7→ [g]G [h]H4 7→ [g]G [h]H4 7→ [g]G

1a 1A 2a 2A 2b 2A

2c 2A 4a 4A

Table 5.8: Fusion of the Conjugacy Classes from H4 to GL(3, 2)

[g] 1a 2a 3a

|CH5(g)| 6 2 3

χ1 1 1 1

χ2 1 −1 1

χ3 2 0 −1

Table 5.9: Character Table of H5 = S3

[h]H5 7→ [g]G [h]H5 7→ [g]G [h]H5 7→ [g]G

1a 1A 2a 2A 3a 3A

Table 5.10: Fusion of the Conjugacy Classes from H5 to GL(3, 2)
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5.4. The Fischer Matrices and Character Table of 26:GL(3, 2)

We recall that so far we can gather the following information:

• properties of Fischer matrices in Subsection 3.2.3,

• the corresponding weights in Table 5.3,

• centralizer orders of the class representatives of Ḡ in Table 5.3,

• fusion of the conjugacy classes of inertia factor groups to the classes of G in Tables 5.6, 5.8

and 5.10.

Using the row and column orthogonality relations that the Fischer matrices satisfy (first bullet

above), we form a system of algebraic equations that can be solved using Magma or other packages.

Using Magma [15], we were able to solve these systems of equations and hence obtained the listed

Fischer matrices.

We call this way of obtaining Fischer matrices a combinatorial approach. We illustrate the com-

putations with the Fischer matrix M(3A). We have that M(3A) has the following form with

corresponding weights attached to the rows and columns:

M(3A) =

12 12 12 12


3 1 1 1 1

3 1 a b c

3 1 d e f

3 1 g h i

16 16 16 16

.

In the above matrix, we have applied the fact that for the first row the entries a
(1;g)
j = 1 for all

j ∈ {1, 2, 3, 4} and further since N is elementary abelian, a
(i,y)
1 =

CG(g)

CHi(y)
, for all 1 ≤ i ≤ 4, where

y ranges over the classes of Hi that fuse to g.

We have the following system of equations arising from the orthogonality of rows and columns of

M(3A).

a+ d+ g = −1, a2 + d2 + g2 = 3, b+ e+ h = −1, b2 + e2 + h2 = 3, c+ f + i = −1,

c2 + f2 + i2 = 3.

Applying the weights for the rows we obtain the row orthogonalities:

a+ b+ c = −1, ag + bh+ ci = −1, ad+ be+ cf = −1, dg + he+ if = −1, d+ b+ f = −1,

g + h+ i = −1.

We obtain the following possible solutions to these systems of equations:

(1) {a = 1, d = -1, g = -1, b = -1, e = 1, h = -1, c = -1, f = -1, i = 1},

(2) {a = 1, d = -1, g = -1, b = -1, e = -1, h = 1, c = -1, f = 1, i = -1},
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(3) {a = -1, d = 1, g = -1, b = -1, e = -1, h = 1, c = 1, f = -1, i = -1},

(4) {a = -1, d = 1, g = -1, b = 1, e = -1, h = -1, c = -1, f = -1, i = 1},

(5) {a = -1, d = -1, g = 1, b = 1, e = -1, h = -1, c = -1, f = 1, i = -1},

(6) {a = -1, d = -1, g = 1, b = -1, e = 1, h = -1, c = 1, f = -1, i = -1}.

As given in Mpono [61], the following additional information helps to remove some of the unneces-

sary possibilities that result from solutions of algebraic equations.

(1) Let χ be a character of any group H and h ∈ H. Then we have |χ(h)| ≤ χ(1H), where 1H is

the identity element of H.

(2) Let χ be a character of any group H and h be a p−singular element of H, where p is a prime.

Then we have χ(h) ≡ χ(hp) mod p.

(3) For any irreducible character χ of a group H and for hi ∈ Ci then di =
biχ(hi)

χ(1H)
is an algebraic

integer, where Ci is the ith conjugacy class of H and bi = |Ci| = [H : CH(hi)]. Clearly if

di ∈ Q, then di ∈ Z.

We now use the fact that in Ḡ, (6A)3 = 2D so that for any χ ∈ Irr(Ḡ), we must have χ(2D) ≡ χ(6A)

mod 3. Note that the set of solutions {a = −1, d = 1, g = −1, b = 1, e = −1, h = −1, c = −1, f =

−1, i = 1} satisfies this relation for the portions of the character table of Ḡ to be computed from

the Fischer matrices M(1A) and M(3A). We list all the Fischer matrices below:

M(1A) =

|CḠ(1A)| |CḠ(2A)| |CḠ(2B)| |CḠ(2C)| |CḠ(2D)|
10752 1536 1536 512 384


|CH1

(1A)| 168 1 1 1 1 1

|CH2
(1a)| 24 7 7 −1 −1 −1

|CH3
(1a)| 24 7 −1 −5 3 −1

|CH4
(1a)| 8 21 −3 9 1 −3

|CH5
(1a)| 6 28 −4 −4 −4 4

1 7 7 21 28

,

M(4A) =

|CḠ(4A)| |CḠ(8A)| |CḠ(4B)| |CḠ(8B)|
16 16 16 16


|CH1

(4A)| 4 1 1 1 1

|CH2
(4a)| 4 1 −1 1 −1

|CH3
(4a)| 4 1 1 −1 −1

|CH4
(4a)| 4 1 −1 −1 1

16 16 16 16

,

M(3A) =

|CḠ(3A)| |CḠ(6C)| |CḠ(6B)| |CḠ(6A)|
12 12 12 12


|CH1

(3A)| 3 1 1 1 1

|CH2
(3a)| 3 1 −1 1 −1

|CH3
(3a)| 3 1 1 −1 −1

|CH5
(3a)| 3 1 −1 −1 1

16 16 16 16

, M(7A) = (1), M(7B) = (1),
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M(2A) =

|CḠ(2E)| |CḠ(2F )| |CḠ(4D)| |CḠ(4C)| |CḠ(4E)| |CḠ(4G)| |CḠ(4F )| |CḠ(2G)| |CḠ(4H)|
128 128 128 128 64 64 64 64 32



|CH1
(2A)| 8 1 1 1 1 1 1 1 1 1

|CH2
(2a)| 8 1 1 1 1 −1 −1 1 1 −1

|CH2
(2b)| 4 2 2 −2 −2 0 0 2 −2 0

|CH3
(2a)| 8 1 1 1 1 −1 −1 −1 −1 1

|CH3
(2b)| 4 2 −2 2 −2 −2 2 0 0 0

|CH4
(2a)| 8 1 1 1 1 1 1 −1 −1 −1

|CH4
(2b)| 4 2 −2 2 −2 2 −2 0 0 0

|CH4
(2c)| 4 2 2 −2 −2 0 0 −2 2 0

|CH5
(2a)| 2 4 −4 −4 4 0 0 0 0 0

4 4 4 4 8 8 8 8 16

.

We illustrate the non-combinatorial approach in the next Subsection 5.4.1.

5.4.1 Fischer Matrices: Non-Combinatorial Approach

We explain here the theory given in Chapter 3 with the help of an example. We begin with the

Fischer matrix on the identity class of G denoted by (M(1A))
′
. The Fischer matrix (M(1A))

′

comprises entries which are orbit sums of the irreducible characters resulting from the action of G

on Irr(N). We apply Programme C from the Appendix for the Fischer matrix (M(1A))
′
. To

implement this programme, we need to know the generators of G and N where we write Ḡ = N :G.

gap> G:=Group(a,b); <matrix group with 2 generators> gap>

N:=Group(e1,e2,e3,e4,e5,e6); <matrix group with 6 generators> gap>

I:=Irr(N);; o:=Orbits(G,I);; gap>FM:=[];;for i in [1..Size(o)] do

Append(FM,[AsList(Sum(o[i]))]);od; gap> M1:=TransposedMat(M);; gap>

M2:=AsDuplicateFreeList(M1);; gap>FM:=TransposedMat(M2);; gap> FM; [

[ 1, 1, 1, 1, 1 ], [ 21, 1,9,-3, -3 ], [ 7, -1, -1, -1, 7 ], [ 28,

-4, -4, 4, -4 ], [ 7, 3, -5,-1, -1 ] ] gap>

(M(1A))
′

=



1 1 1 1 1

7 −1 −1 −1 7

7 3 −5 −1 −1

21 1 9 −3 −3

28 −4 −4 4 −4


.

We then arrange the columns according to the order of centralizer for the classes of Ḡ that come

from the identity coset. Using the orders of the centralizer for the classes (1A), (2C) and (2D),

we are able to match the columns 1, 2 and 4 respectively. These become columns 1, 4 and 5

respectively in M(1A), computed using the combinatorial approach. We are now left to identify

the classes that correspond to columns 3 and 5 in (M(1A))
′
. Let us now use the fact that for any p-

singular element g of any finite group G and irreducible character χ of G, we have that χ(g) ≡ χ(gp)

mod p. We suppose that column 3 of (M(1A))
′

corresponds to the class (2A). Then we would

have the relation χ(2A) ≡ χ(6B)mod 3, where χ ranges over the irreducible characters of Ḡ in the

blocks corresponding to M(1A) and M(3A) and coming from the rows corresponding to the inertia

factor groups H2 and H3. We have applied here the third power map of 6B as in Table 5.3. We

obtain the following relations that 3 divides 2 and 3 divides 1 which are contradictions. Thus our

assumption is wrong and we have the only option left that column 3 of (M(1A))
′

corresponds to

2B while column 5 of (M(1A))
′

corresponds to 2A. This information is represented in M(1A).
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Consider Ḡ = N :G = 26:GL(3, 2). For the Fischer matrices on the non-identity classes of G, we

know that N/M ∼= 2m ≤ N for some m. We can easily identify this group using the structure

of M = {ngn−1g−1|n ∈ N}. Note that the irreducible characters of N/M are in a one to one

bijection with the irreducible characters of N which contain M in their kernel. We use this fact

to identify using GAP [31] those irreducible characters of N that contain M in their kernel. The

construction of M , Irr(N/M) and action of CG(g) on N/M can be achieved using Programme D1

in the Appendix.

We analyze the representative g = 2A of GL(3, 2). We have N/M ∼= 24. Let

{1a, 2a, 2b, 2c, 2d, 2e, 2f, 2g, 2h, 2i, 2j, 2k, 2l, 2m, 2n, 2o}

be a set of class representatives of 24. The action of CG(g) on these classes yields the following

orbits: {1a}, {2b}, {2g}, {2e}, {2h, 2o, 2m, 2j}, {2c, 2f}, {2i, 2k}, {2l, 2n} and {2a, 2d}. The

lengths of these orbits coincide with the orbit lengths obtained when CG(g) acts on the orbits of

the action of N on Ng. We now act CG(g) on the irreducible characters of N/M . We have obtained

the character table of N/M using Programme D1 which is given in the Appendix. We obtain the

following orbits from the action of CG(g) on Irr(N/M) that is {χ1}, {χ3}, {χ7}, {χ13}, {χ5, χ11},
{χ9, χ15}, {χ12, χ16}, {χ2, χ6} and {χ4, χ10, χ14, χ8}. Thus the matrix with entries which are orbit

sums of the irreducible characters is given below. We denote it by (M(2A))
′′
.

(M(2A))
′′

=


1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1
1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1 1 −1
1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 0
2 0 2 0 0 −2 0 −2 0 2 0 2 −2 0 −2 0
2 0 2 0 0 −2 0 −2 0 −2 0 −2 2 0 2 0
2 2 −2 −2 2 2 −2 −2 0 0 0 0 0 0 0 0
4 0 −4 0 0 −4 0 4 0 0 0 0 0 0 0 0

 .

We then delete duplicating columns and permute the rows so that the first column has entries

of the form [CH1(2A) : CHi(2A)] for i ∈ {1, 2, · · · , Size((M(2A))
′
)}. Thus we obtain the Fischer

matrix as given below

(M(2A))
′

=



1 1 1 1 1 1 1 1 1

2 −2 −2 2 2 −2 0 0 0

1 −1 1 −1 1 1 1 −1 −1

2 0 2 0 −2 −2 0 2 −2

1 −1 1 −1 1 1 −1 1 1

2 0 2 0 −2 −2 0 −2 2

2 2 −2 −2 2 −2 0 0 0

1 1 1 1 1 1 −1 −1 −1

4 0 −4 0 −4 4 0 0 0



.

We note that the Fischer matrix M(2A) could be obtained from (M(2A))
′

as a re-arrangement

of columns and rows of (M(2A))
′

according to the classes obtained from coset analysis. This re-

arrangement takes into account the inertia factor groups with their respective fusions. The power

maps of Ḡ also assist in correctly identifying the classes of Ḡ with the columns of (M(2A))
′
. We

have applied the same reasoning as in the determination of M(1A) to get the Fischer matrix M(2A)

as give in Table 5.11.
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[ḡ] 2E 2F 4D 4C 4E 4G 4F 2G 4H

|CḠ(ḡ)| 27 27 27 27 26 26 26 26 25

|CH1(2A)| 1 1 1 1 1 1 1 1 1

|CH2(2a)| 1 1 1 1 -1 -1 1 1 -1

|CH2(2b)| 2 2 -2 -2 0 0 2 -2 0

|CH3(2a)| 1 1 1 1 -1 -1 -1 -1 1

|CH3(2b)| 2 -2 2 -2 -2 2 0 0 0

|CH4(2a)| 1 1 1 1 1 1 -1 -1 -1

|CH4(2b)| 2 -2 2 -2 2 -2 0 0 0

|CH4(2c)| 2 2 -2 -2 0 0 -2 2 0

|CH5(2a)| 4 -4 -4 4 0 0 0 0 0

Table 5.11: Identification of the Fischer Matrix M(2A)

Consider now the representative g = 4A of GL(3, 2), we have N/M ∼= 22. The action of CG(g) on

the character table of N/M fixes all the irreducible characters. Thus the Fischer matrix M(4A) is

exactly the character table of N/M . This also applies to g = 3A. As for the classes 7A and 7B,

N/M ∼= 20. The character table is just a 1× 1 matrix and remains fixed by the action of CG(7A)

and CG(7B) respectively. Thus we have the obtained Fischer matrices M(7A) and M(7B) as from

the combinatorial approach.

Let us now apply all the information gathered up to this point to construct the character table

of Ḡ = 26:GL(3, 2). Since the group 26 is elementary abelian and the extension splits, we apply

Theorem 3.2.1 to deduce that every irreducible character say θk ∈ Irr(26) extends to H̄k and

therefore the factor sets āk are trivial. Hence we will use the ordinary character tables of the

inertia factor groups given as Tables 5.5, 5.7 and 5.9 to construct the character table of Ḡ.

We multiply the appropriate partial character tables of the inertia factor groups by the correspond-

ing rows of the Fischer matrices to obtain the full character table of Ḡ. For instance, on the classes

1A, 2A, 2B,2C and 2D in the second block corresponding to the group H2, we have

1

1

2

3

3


[
7 7 −1 −1 −1

]
=



7 7 −1 −1 −1

7 7 −1 −1 −1

14 14 −2 −2 −2

21 21 −3 −3 −3

21 21 −3 −3 −3


We have the following character table of 26:GL(3, 2):
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[g] 1A 2A 2B 2C 2D 4A 8A 4B 8B 7A 2E 2F 4D 4C 4E 4G 4F 2G 4H 3A 6C 6B 6A 7B

|CḠ(g)| 10752 1536 1536 512 384 24 24 24 24 7 27 27 27 27 26 26 26 26 25 12 12 12 12 7

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 3 3 3 3 3 1 1 1 1 a−1−1 −1−1−1−1−1−1 −1 0 0 0 0 ā

χ3 3 3 3 3 3 1 1 1 1 ā−1−1 −1−1−1−1−1−1 −1 0 0 0 0 a

χ4 6 6 6 6 6 0 0 0 0−1 2 2 2 2 2 2 2 2 2 0 0 0 0−1

χ5 7 7 7 7 7−1−1−1−1 0−1−1 −1−1−1−1−1−1 −1 1 1 1 1 0

χ6 8 8 8 8 8 0 0 0 0 1 0 0 0 0 0 0 0 0 0−1−1−1−1 1

χ7 7 7 −1 −1 −1 1−1 1−1 0 3 3 −1−1−1−1 3−1 −1 1−1 1−1 0

χ8 7 7 −1 −1 −1−1 1−1 1 0−1−1 3 3−1−1−1 3 −1 1−1 1−1 0

χ9 14 14 −2 −2 −2 0 0 0 0 0 2 2 2 2−2−2 2 2 −2−1 1−1 1 0

χ10 21 21 −3 −3 −3 1−1 1−1 0−3−3 1 1 1 1−3 1 1 0 0 0 0 0

χ11 21 21 −3 −3 −3−1 1−1 1 0 1 1 −3−3 1 1 1−3 1 0 0 0 0 0

χ12 7 −1 −5 3 −1 1 1−1−1 0 3−1 3−1−3 1−1−1 1 1 1−1−1 0

χ13 7 −1 −5 3 −1−1−1 1 1 0−1 3 −1 3 1−3−1−1 1 1 1−1−1 0

χ14 14 −2 −10 6 −2 0 0 0 0 0 2 2 2 2−2−2−2−2 2−1−1 1 1 0

χ15 21 −3 −15 9 −3 1 1−1−1 0−3 1 −3 1 3−1 1 1 −1 0 0 0 0 0

χ16 21 −3 −15 9 −3−1−1 1 1 0 1−3 1−3−1 3 1 1 −1 0 0 0 0 0

χ17 21 −3 9 1 −3 1−1−1 1 0 5 1 1−3 3−1−3 1 −1 0 0 0 0 0

χ18 21 −3 9 1 −3 1−1−1 1 0−3 1 1 5−1 3 1−3 −1 0 0 0 0 0

χ19 21 −3 9 1 −3−1 1 1−1 0 1 5 −3 1−1 3−3 1 −1 0 0 0 0 0

χ20 21 −3 9 1 −3−1 1 1−1 0 1−3 5 1 3−1 1−3 −1 0 0 0 0 0

χ21 42 −6 18 2 −6 0 0 0 0 0−2−2 −2−2−2−2 2 2 2 0 0 0 0 0

χ22 28 −4 −4 −4 4 0 0 0 0 0 4−4 −4 4 0 0 0 0 0 1−1−1 1 0

χ23 28 −4 −4 −4 4 0 0 0 0 0−4 4 4−4 0 0 0 0 0 1−1−1 1 0

χ24 56 −8 −8 −8 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0−1 1 1−1 0

Table 5.12: Character Table of 26:GL(3, 2)

5.5. Fusion of Ḡ into Sp6(2)

Let χ(Sp6(2)|Ḡ) denote the permutation character of Sp6(2) on the cosets of Ḡ in Sp6(2). Let

[g]Sp6(2) denote a conjugacy class of Sp6(2) with representative g and similarly [ḡ]Ḡ denote a con-

jugacy class of Ḡ with representative ḡ. From the discussion in Section 2.9, we get

if Ḡ ∩ [g]Sp6(2) = ∅, then χ(Sp6(2)|Ḡ)(g) = 0

if Ḡ ∩ [g]Sp6(2) 6= ∅, then χ(Sp6(2)|Ḡ)(g) =
∑r

i=1

|CSp6(2)(g)|
|CḠ(xi)| ,

(5.1)

where {x1, x2, · · · , xr} is the set of class representatives of Ḡ that fuse to g in Sp6(2). Thus

knowledge of the permutation character values on the classes of Sp6(2) will assist to know the

possibilities for the fusion of classes of Ḡ to classes of Sp6(2). On the class where the permutation

character value is zero, then no class of Ḡ fuses to it. Let [g1] and [g2] be two arbitrary conjugacy

classes of Sp6(2) such that gp1 ∈ [g2] for some prime p. Let [ḡ1] and [ḡ2] be two arbitrary conjugacy
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classes of Ḡ such that ḡp1 ∈ [ḡ2] for some prime p. If the class [ḡ1] fuses to [g1] then clearly the class

[ḡ2] must fuse to [g2]. Thus knowledge of the power maps is also important in producing partial

fusions and removing some ambiguities.

The power maps of elements of Sp6(2) and its permutation character of degree 135 are given in

Atlas [19]. We give the permutation character below:

χ(Sp6(2)|Ḡ) = 1a+ 15a+ 35b+ 84a.

Using the information provided by the conjugacy classes of elements of 26:GL(3, 2) and Sp6(2),

the power maps and the permutation character of Sp6(2) of degree 135, we are able to obtain

partial fusion of Ḡ into Sp6(2). For example, the classes 2A, 2B, 2C and 2D of 26:GL(3, 2) fuse

respectively to 2B, 2A, 2C and 2D in Sp6(2). Furthermore, note that having only the information

about power maps of elements of 26:GL(3, 2) and Sp6(2), permutation character values on the

classes of Sp6(2), may not be enough to know the fusion of some classes of 26:GL(3, 2) in Sp6(2).

For example, there are two possibilities for the fusion of 2E and 2F of 26:GL(3, 2), namely 2B

or 2C in Sp6(2). The same applies to the classes 4A and 4B of 26:GL(3, 2), that is either 4A

fuses to 4D or 4E in Sp6(2) and 4B may fuse to 4E or 4D in Sp6(2). To complete the fusion

map, we restrict irreducible characters of Sp6(2) of small degree to 26:GL(3, 2). In determining the

restrictions of irreducible characters of SP6(2) to 26:GL(3, 2), we apply the following technique of

set intersections for characters which has been discussed and applied in [3], [54] and [61].

Let ξ be the character of GL(3, 2) afforded by the regular representation of GL(3, 2). Then we have

that ξ =
∑6

i=1 eiψi, where ψi ∈ Irr(GL(3, 2)) and ei = deg(ψi). Then ξ can be taken as a character

of 26:GL(3, 2) which contains 26 in its kernel such that

ξ(g) =

|GL(3, 2)| if g ∈ 26,

0 otherwise.

Now if ϕ is a character of Sp6(2), then we obtain the following:

〈ξ, ϕ〉26:GL(3,2) =
1

|26:GL(3, 2)|
{ξ(1A)ϕ(1A) + 7ξ(2A)ϕ(2A) + 7ξ(2B)ϕ(2B)

+ 21ξ(2C)ϕ(2C) + 28ξ(2D)ϕ(2D)}

=
1

|26:GL(3, 2)|
{|GL(3, 2)|ϕ(1A) + 7|GL(3, 2)|ϕ(2A) + 7|GL(3, 2)|ϕ(2B)

+ 21|GL(3, 2)|ϕ(2C) + 28|GL(3, 2)|ϕ(2D)}

=
1

64
{ϕ(1A) + 7ϕ(2A) + 7ϕ(2B) + 21ϕ(2C) + 28ϕ(2D)}

= 〈ϕ26 , %1〉.

where %1 is the identity character of 26 and ϕ26 is the restriction of ϕ to 26. Similarly, we obtain:

ϕ26 = b1θ1 + b2θ2 + b3θ3 + b4θ4 + b5θ5,

where b1, b2, b3, b4, b5 ∈ N ∪ {0} and θi, i ∈ {1, 2, 3, 4, 5} are the sums of the irreducible characters

of 26 which are in one orbit under the action of GL(3, 2) on Irr(26). Let %j ∈ Irr(26), for j ∈
{1, 2, · · · , 64}. From Section 5.3, the action of GL(3, 2) on Irr(26) is known. Thus we have:
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θ1 = %1, deg(θ1) = 1.

θ2 =
8∑
j=2

%j , deg(θ2) = 7.

θ3 =
15∑
j=9

%j , deg(θ3) = 7.

θ4 =
36∑
j=16

%j , deg(θ4) = 21.

θ5 =
64∑
j=37

%j , deg(θ5) = 28.

Therefore

ϕ26 = b1%1 + b2

8∑
j=2

%j + b3

15∑
j=9

%j + b4

36∑
j=16

%j + b5

64∑
j=37

%j

and further

〈ϕ26 , ϕ26〉 = b21 + 7b22 + 7b23 + 21b24 + 28b25.

Clearly b1 = 〈ϕ26 , %1〉 = 〈ξ, ϕ〉26:GL(3,2). Similarly, we obtain

〈ϕ26 , ϕ26〉 =
1

64
{ϕ(1A)ϕ(1A) + 7ϕ(2A)ϕ(2A) + 7ϕ(2B)ϕ(2B) + 21ϕ(2C)ϕ(2C) + 28ϕ(2D)ϕ(2D)}.

Let us apply the above results to the restrictions ϕ1 = 7a and ϕ2 = 15a, where 7a and 15a are

irreducible characters of Sp6(2) of degrees 7 and 15 respectively. (see [19] for the character table

of Sp6(2)). Thus for ϕ1, we obtain

b1 = 〈ξ, ϕ1〉26:GL(3,2) =
1

64
{ϕ1(1A) + 7ϕ1(2A) + 7ϕ1(2B) + 21ϕ1(2C) + 28ϕ1(2D)}

=
1

64
{7 + 7(−1) + 7(−5) + 21(3) + 28(−1)} = 0.

Since we know that deg(ϕ1) = 7, it follows that

b1 + 7b2 + 7b3 + 21b4 + 28b5 = 7.

Now b1 = 0 implies that b4 = b5 = 0 and either b2 = 0, b3 = 1 or b2 = 1, b3 = 0. In any case, we

have that (ϕ1)26:GL(3,2) becomes an irreducible character of degree 7 when restricted to 26:GL(3, 2)

and based on the partial fusion of 26:GL(3, 2) in Sp6(2) which has already been computed, we

obtain

(ϕ1)26:GL(3,2) = χ13,

see Table 5.12 for the values of χ13 on the classes of 26:GL(3, 2).

Similarly, for ϕ2 we obtain

b1 = 〈ξ, ϕ2〉26:GL(3,2) =
1

64
{ϕ2(1A) + 7ϕ2(2A) + 7ϕ2(2B) + 21ϕ2(2C) + 28ϕ2(2D)}

=
1

64
{15 + 7(7) + 7(−5) + 21(3) + 28(−1)} = 1.

60



Chapter 5

Since we know that deg(ϕ2) = 15, it follows that

b1 + 7b2 + 7b3 + 21b4 + 28b5 = 15.

Now b1 = 1 implies that b4 = b5 = 0 and b2 = b3 = 1. we have that (ϕ2)26:GL(3,2) is a sum of three

irreducible characters of 26:GL(3, 2) of degrees 1, 7 and 7 respectively and based on the partial

fusion of 26:GL(3, 2) in Sp6(2) which has already been computed, we obtain

(ϕ2)26:GL(3,2) = χ1 + χ7 + χ12,

see Table 5.12 for the values of χ1, χ7 and χ12 on the classes of 26:GL(3, 2).

Using the partial fusion which has already been determined (via the information provided by the

conjugacy classes of elements of 26:GL(3, 2) and Sp6(2), the power maps and the permutation

character of Sp6(2) of degree 135), the values of ϕ1 and ϕ2 on the classes of Sp6(2) and the values

of (ϕ1)26:GL(3,2) and (ϕ2)26:GL(3,2) on the classes of 26:GL(3, 2), we are able to complete the fusion

of 26:GL(3, 2) into Sp6(2). Consider for instance the classes 2E, 2F , 4A and 4B of 26:GL(3, 2).

Clearly the following now holds

ϕ1(4D) = −1 = (ϕ1)26:GL(3,2)(4A),

ϕ2(4D) = 3 = (ϕ2)26:GL(3,2)(4A).

Similarly

ϕ1(4E) = 1 = (ϕ1)26:GL(3,2)(4B),

ϕ2(4E) = 1 = (ϕ2)26:GL(3,2)(4B).

Thus for the classes 2E, 2F , 4A and 4B of 26:GL(3, 2), we have the following fusions: 2E 7→ 2B,

2F 7→ 2C, 4A 7→ 4D and 4B 7→ 4E in Sp6(2).

The full fusion is given in Table 5.13. In this table the entries are obtained by computing

|CSp6(2)(y)|/|CḠ(x)| where y is a representative of a conjugacy class of Sp6(2) and x is a rep-

resentative of a conjugacy class of Ḡ and o(y) = o(x). The entries that appear in the boxes in the

Tables 5.13 indicate the actual fusions:

61



Chapter 5

[y] 1A 2A 2B 2C 2D 4A 4B 4C 4D 4E

|CSp6(2)(y)| 1451 23 4 1 3 3 1 1 1 3

520 040 608 536 84 84 92 92 28 2

χ(Sp6(2))|Ḡ)(y) 135 15 39 15 7 3 3 3 11 3

[x] |CḠ(x)|
1A 10752 135

2A 1536 15 3 1

2B 1536 15 3 1

2C 512 9 3

2D 384 12 4 1

2E 128 36 12 3

2F 128 36 12 3

2G 64 6

4A 16 8 2

4B 16 8 2

4C 128 3 1

4D 128 3 1

4E 64 3 3 2

4F 64 3 3 2

4G 64 3 3 2

4H 32 4 1

[y] 3C 6E 6F 6G 7A 8A 8B

|CSp6(2)(y)| 1 3 3 1 7 1 1

08 6 6 2 6 6

χ(Sp6(2))|Ḡ)(y) 9 3 3 1 2 1 1

[x] |CḠ(x)|
3A 12 9

6A 12 3 3 1

6B 12 3 3 1

6C 12 3 3 1

7A 7 1

7B 7 1

8A 16 1 1

8B 16 1 1

Table 5.13: Computation for the Fusion of Ḡ into Sp6(2)

From Table 5.13, we have the following Table 5.14

62



Chapter 5

[x]Ḡ → [y]Sp6(2) [x]Ḡ → [y]Sp6(2) [x]Ḡ → [y]Sp6(2)

1A 1A 4A 4D 3A 3C

2A 2B 4B 4E 6A 6G

2B 2A 4C 4A 6B 6F

2C 2C 4D 4D 6C 6E

2D 2D 4E 4B 7A 7A

2E 2B 4F 4D 7B 7A

2F 2C 4G 4C 8A 8A

2G 2D 4H 4E 8B 8B

Table 5.14: Fusion of Ḡ into Sp6(2)
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A Sylow 2− Subgroup of Sp6(2)

6.1. Introduction

In this chapter, we are interested in constructing the ordinary character table of a group of the

form Ḡ = 25:(2×D8), a Sylow 2−subgroup of Sp6(2), by means of the method of Fischer matrices.

It is a trend in group theory to study finite groups by way of studying their subgroups of prime

order. The existence of such subgroups is guaranteed by a well known result of Sylow that dates

as far back as 1871 and asserts that:

(1) a group G has at least one Sylow p− subgroup,

(2) all Sylow p− subgroups are conjugate,

(3) any p− subgroup of G is contained in a Sylow p− subgroup,

(4) the number, say np, of Sylow p− subgroups of G is such that np ≡ 1 mod p.

This result has various applications to the study of finite groups for instance, among others, the

classification of finite groups of order pq where p and q are distinct primes such that p > q, existence

of a p − element in a group G (Cauchy’s Theorem, see for instance [7]) and also the proof of the

well known result: The Schur-Zassenhaus Theorem which states that any normal Hall subgroup of

a finite group has a complement.

The above are but just some of a vast range of applications of the knowledge of Sylow p−subgroups.

Now concerning Sylow p − subgroups of the symplectic group Sp2m(q), where q = pk, a vast

research exists (see for instance [9], [63], [64], [67], [73] and [75]) and most part is directed towards

the well known conjecture about the degrees of the irreducible characters of a Sylow p− subgroup

of GL(n, q) where it is asserted that these degrees are not merely powers of p but in fact powers

of q. The following papers could be consulted for more detail: [21], [40], [41], [44], [47], [50], [52],

[63], [76] and [77]. In fact, Isaacs [40] proved the conjecture in 1995 and further extended it to

the symplectic group Sp2m(q) in which he established that the conjecture is false when p = 2.

The conditions under which the conjecture would hold for a Sylow 2 − subgroup of Sp2m(2k), for

some k, were later established by Szegedy [74] and Sangroniz [66]. For more discussion on the

generalizations as regards the character theory of a Sylow p− subgroup of Sp2m(q) where q = pk,

readers can consult Chapter 11 of this thesis.

This chapter is organized in the following way: in Section 6.2, we generate the group Ḡ = 25:(2×D8)

as a Sylow 2 − subgroup of A(3) = 25:S6. Note that it has the same order as that of a Sylow

2− subgroup of Sp6(2) and therefore they are isomorphic. The isomorphism is established by the
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fact that all Sylow 2− subgroups of Sp6(2) are conjugate. The group A(3) = 25:S6 was discussed

by Mpono in his PhD thesis [61] and since he already fused it into Sp6(2), we will fuse the group

Ḡ = 25:(2×D8) into A(3) in this thesis. In Section 6.3, we list the conjugacy classes of Ḡ computed

using the coset analysis technique and see that corresponding to the 10 conjugacy classes of 2×D8,

we obtain 56 conjugacy classes of Ḡ. In Section 6.4, we establish the structures of the inertia factor

groups of Ḡ and see that they are given by H1 = G1, H2 = G1, H3 = D8, H4 = D8, H5 = 23,

H6 = 22, H7 = 22, H8 = 22, H9 = 22 and H10 = 2. In Section 6.5, we compute the Fischer

matrices of Ḡ using the non-combinatorial approach and see that we obtain 10 matrices of sizes

ranging from 3 to 10. We illustrate in this chapter the automatic computation of candidates for

Fischer matrices on non-identity classes. This is a new approach to the computation of candidates

for Fischer matrices for split extensions. We have developed Programme D1 into Programme

D to achieve the goal. In Section 6.6, we show how to obtain the character table of Ḡ = 25:(2×D8)

and the full character table is listed in Table 6.14. Finally, in Section 6.7, we fuse the conjugacy

classes of Ḡ into the conjugacy classes of A(3).

6.2. The Generators of Ḡ

The generators of A(3) = 25:S5 can be obtained using the electronic atlas of Wilson [80]. We use

GAP to construct Ḡ inside A(3). The following 6× 6 matrices ḡ1, ḡ2, ḡ3 and ḡ4 generate Ḡ.

Table 6.1: Generators of Ḡ

Generators of Ḡ Generators of Ḡ

ḡ1 =



1 0 1 1 0 1

0 1 0 0 0 0

0 0 1 0 0 1

0 0 0 1 0 1

0 0 0 0 1 0

0 0 0 0 0 1


ḡ2 =



1 1 1 1 1 1

0 1 0 0 0 1

0 0 1 0 0 1

0 0 0 1 0 1

0 0 0 0 1 1

0 0 0 0 0 1



ḡ3 =



1 0 0 0 0 0

0 1 0 0 0 0

1 1 1 0 0 0

1 1 0 1 0 0

0 0 1 1 1 0

0 0 1 1 0 1


ḡ4 =



1 0 0 0 0 0

0 1 0 0 1 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1



with o(ḡ1) = o(ḡ2) = o(ḡ3) = o(ḡ4) = 2.

Now having constructed the group Ḡ in GAP, we can easily construct all normal subgroups of Ḡ.

We obtain the elements e1, e2, e3, e4 and e5 such that N = 〈e1, e2, e3, e4, e5〉. These elements are

listed in Table 6.3

Similarly, we obtain G as a complement of N in Ḡ such that N ∩G = {1Ḡ} and Ḡ/N ∼= G. Thus

the three elements g1, g2 and g3 in Table 6.2 generate G.

Table 6.2: Generators of G

Generators of G Generators of G

g1 =



1 0 0 0 1 0

0 1 0 0 0 1

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


g2 =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 1

0 0 0 0 0 1


Continued on next page
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Table 6.2 – continued from previous page

Generators of G Generators of G

g3 =



1 0 0 0 1 0

0 1 0 0 1 1

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1



Table 6.3: Generators of N

Generators of N Generators of N

e1 =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1


e2 =



1 0 1 1 0 0

0 1 0 0 0 0

1 0 1 0 0 1

1 0 0 1 0 1

0 0 0 0 1 0

0 0 1 1 0 1



e3 =



1 0 1 1 0 0

0 1 0 0 0 0

0 0 1 0 0 1

0 0 0 1 0 1

0 0 0 0 1 0

0 0 0 0 0 1


e4 =



1 0 0 0 0 0

0 1 0 0 0 0

1 1 1 0 0 0

1 1 0 1 0 0

0 0 1 1 1 0

0 0 1 1 0 1



e5 =



1 0 0 0 0 0

0 1 1 1 0 0

0 0 0 1 1 0

0 0 1 0 1 0

0 0 0 0 1 0

0 0 0 0 0 1



6.3. Action of G on N

We know that G has 10 conjugacy classes. The action of G on N gives ten orbits which are four

fixed points, two orbits each of length 2, two orbits each of length 4 and two orbits each of length

8. The permutation character for the action of G on N is given by

χ(G|N) = 10χ1 + 2χ2 + 4χ4 + 2χ5 + 2χ6 + 2χ9 + 4χ10,

where χi ∈ Irr(G), refer to Table 6.4 for character values of the χi’s.
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[g] 1A 2A 2B 2C 4A 4B 2D 2E 2F 2G

|CG(g)| 16 16 16 16 8 8 8 8 8 8

χ1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 −1 −1 1 −1 1 −1 1 −1

χ3 1 1 −1 −1 −1 1 −1 1 1 −1

χ4 1 1 1 1 −1 −1 1 1 −1 −1

χ5 1 1 1 1 −1 −1 −1 −1 1 1

χ6 1 1 −1 −1 −1 1 1 −1 −1 1

χ7 1 1 −1 −1 1 −1 −1 1 −1 1

χ8 1 1 1 1 1 1 −1 −1 −1 −1

χ9 2 −2 2 −2 0 0 0 0 0 0

χ10 2 −2 −2 2 0 0 0 0 0 0

Table 6.4: Character Table of G

We have the following Table 6.5 for the k’s.

[g]G 1A 2A 2B 2C 2D 2E 2F 2G 4A 4B

k 32 8 8 16 16 8 8 8 4 4

Table 6.5: Fixed Points for the Action of G on N

6.3.1 The Conjugacy Classes of Ḡ = 25:(2×D8)

Having obtained the values of k for the fixed points when we act by conjugation elements of G

on N , we then need to calculate the values of the f ’s corresponding to these various k’s. For this

purpose, we use Programme A given in the Appendix.

From the programme output we calculate the number fj of orbits O[i]’s for 1 ≤ i ≤ k, which have

come together under the action of C2×D8(g), g ∈ 2 ×D8 to form one orbit B[k]. With the values

of the fj ’s known, we deduce that the group Ḡ = 25:(2 ×D8) has in total 56 conjugacy classes of

elements. For each class representative g ∈ 2 ×D8, we calculate the lengths of the corresponding

classes [x]Ḡ. In Table 6.6, we also list the power maps of the elements of Ḡ calculated using

Programme B in the Appendix. We give an example on our computations:

Example 6.3.1. For g = 2D, then k = 16, f1 = 1, f2 = 1, f3 = 1, f4 = 1, f5 = 2, f6 = 2, f7 = 2,

f8 = 2, f9 = 4. Hence we produce 9 corresponding classes [x1]Ḡ, [x2]Ḡ, [x3]Ḡ, [x4]Ḡ, [x5]Ḡ, [x6]Ḡ,

[x7]Ḡ, [x8]Ḡ and [x9]Ḡ. For the class [x1]Ḡ, we have

|CḠ(x1)| = k|CG(g)|
f1

=
16× 8

1
= 128.

We obtain |[x1]Ḡ| =
|Ḡ|
128

= 4. Note that the class [x1]Ḡ corresponds to B[1] from the output of

Programme A. We easily compute the Order(B[1][1][1]) in GAP, where B[1][1][1] is a represen-

tative of the class B[1]. Assume that to this point all the conjugacy classes of Ḡ are computed as

explained above and labeled appropriately according to the order of class representatives. Suppose
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further that H := [L[1], L[2], · · · , L[10]] comprises the conjugacy classes where each L[i] has the

conjugacy classes of Ḡ corresponding to each class representative g of 2×D8 and L[1] is taken to

correspond to g = 1A. Then Programme B written for GAP computes the power map via:

for i in [1..Size(H)] do for j in [1..Size(L[i])] do

if IsConjugate(2^5{:}(2\times D_{8}), B[1][1][1]^2, H[i][j])

Print(i," ");

Print(j," ");

fi;

od;od;

1~1

where the output of the programme implies that we consider the first entry in L[1] thus the second

power map of B[1][1][1] gives L[1][1]. For instance, for g = 2D, we took L[1] to contain elements

of N as the classes of Ḡ from the identity coset. We have labeled B[1][1][1] = 2J and its second

power map gives L[1][1] = 1A.

We give the 56 conjugacy classes of Ḡ constructed using coset analysis in the following Table 6.6.

Column 4 corresponds to the weights for the row orthogonality of Fischer matrices.

[g]G k fj mi [g]Ḡ |CḠ(g)| 2 3 5 7 Size of [g]Ḡ

1A 32 f1 = 1 m1 = 1 1A 29 1A 1

f2 = 1 m2 = 1 2A 29 1A 1

f3 = 1 m3 = 1 2B 29 1A 1

f4 = 1 m4 = 1 2C 29 1A 1

f5 = 2 m5 = 2 2D 28 1A 2

f6 = 2 m6 = 2 2E 28 1A 2

f7 = 4 m7 = 4 2F 27 1A 4

f8 = 4 m8 = 4 2G 27 1A 4

f9 = 8 m9 = 8 2H 26 1A 8

f10 = 8 m10 = 8 2I 26 1A 8

2D 16 f1 = 1 m1 = 2 2J 27 1A 4

f2 = 1 m2 = 2 2K 27 1A 4

f3 = 1 m3 = 2 2L 27 1A 4

f4 = 1 m4 = 2 2M 27 1A 4

f5 = 2 m5 = 4 4A 26 2D 8

f6 = 2 m6 = 4 4B 26 2D 8

f7 = 2 m7 = 4 4C 26 2D 8

f8 = 2 m8 = 4 4D 26 2D 8

f9 = 4 m9 = 8 2N 25 1A 16

2C 16 f1 = 1 m1 = 2 2O 28 1A 2

f2 = 1 m2 = 2 2P 28 1A 2

f3 = 2 m3 = 4 2Q 27 1A 4

f4 = 4 m4 = 8 2R 26 1A 8

f5 = 4 m5 = 8 4E 26 2B 8

f6 = 4 m6 = 8 4F 26 2B 8

2E 8 f1 = 1 m1 = 4 2S 26 1A 8

f2 = 1 m2 = 4 2T 26 1A 8

f3 = 1 m3 = 4 4G 26 2E 8

f4 = 1 m4 = 4 4H 26 2E 8

f5 = 2 m5 = 8 4I 25 2D 16

f6 = 2 m6 = 8 4J 25 2B 16

2A 8 f1 = 1 m1 = 4 2U 27 1A 4

f2 = 1 m2 = 4 2V 27 1A 4

f3 = 2 m3 = 8 4K 26 2C 8

f4 = 4 m4 = 16 4L 25 2E 16
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2B 8 f1 = 1 m1 = 4 2W 27 1A 4

f2 = 1 m2 = 4 2X 27 1A 4

f3 = 1 m3 = 4 4M 27 2C 4

f4 = 1 m4 = 4 4N 27 2C 4

f5 = 4 m5 = 16 4O 25 2D 16

2F 8 f1 = 1 m1 = 4 2Y 26 1A 8

f2 = 1 m2 = 4 2Z 26 1A 8

f3 = 1 m3 = 4 4P 26 2C 8

f4 = 1 m4 = 4 4Q 26 2C 8

f5 = 4 m5 = 16 4R 24 2G 32

4A 4 f1 = 1 m1 = 8 4S 25 2W 16

f2 = 1 m2 = 8 4T 25 2W 16

f3 = 2 m3 = 16 8A 24 4N 32

2G 8 f1 = 1 m1 = 4 2AA 26 1A 8

f2 = 1 m2 = 4 2AB 26 1A 8

f3 = 1 m3 = 4 4U 26 2C 8

f4 = 1 m4 = 4 4V 26 2C 8

f5 = 4 m5 = 16 4W 24 2F 32

4B 4 f1 = 1 m1 = 8 4X 25 2W 16

f2 = 1 m2 = 8 4Y 25 2W 16

f3 = 2 m3 = 16 8B 24 4M 32

Table 6.6: Conjugacy Classes of Ḡ

6.4. Action of G on Irr(N)

For the action of G on the Irr(N), we have to first write the elements of G in the dimension of the

module N . We know G = 〈g1, g2, g3〉 and N = 〈e1, e2, e3, e4, e5〉 as in Section 6.2.

Then the action of g1 on the generators of N is given by:

e1 7→ e1, e2 7→ e1e2e5, e3 7→ e3,

e4 7→ e1e3e4e5, e5 7→ e5.

The action of g2 on the generators of N is given by:

e1 7→ e1, e2 7→ e1e3e4, e3 7→ e3,

e4 7→ e1e2e3, e5 7→ e3e5.

The action of g3 on the generators of N is given by:

e1 7→ e1, e2 7→ e1e2e5, e3 7→ e3,

e4 7→ e1e3e4, e5 7→ e5.

We now have, in Table 6.7, the generators of G given in terms of 5 × 5 matrices. Thus G ∼=
〈g′1, g

′
2, g

′
3〉.
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Table 6.7: Generators of G

Generators of G Generators of G

β
′
1 =


1 0 0 0 0

1 1 0 0 1

0 0 1 0 0

1 0 1 1 1

0 0 0 0 1

 β
′
2 =


1 0 0 0 0

1 0 1 1 0

0 0 1 0 0

1 1 1 0 0

0 0 1 0 1



β
′
3 =


1 0 0 0 0

1 1 0 0 1

0 0 1 0 0

1 0 1 1 0

0 0 0 0 1



We now act the group say G1 generated by the transposed matrices of the group 〈g′1, g
′
2, g

′
3〉 on

the vector space V = GF (2)5 as this action is equivalent to the action on the dual V∗. The dual

is isomorphic to Irr(N). We obtain from this action two orbits each of length 1, three orbits each

of length 2, four orbits each of length 4 and one orbit of length 8. The point stabilizers are given

by H1 = G1, H2 = G1, H3 = D8, H4 = D8, H5 = 23, H6 = 22, H7 = 22, H8 = 22, H9 = 22 and

H10 = 2. The character tables and the fusions of the inertia factor groups are given in the following

tables.

[g] 1a 2a 4a 2b 2c

|CH2(g)| 8 8 4 4 4

χ1 1 1 1 1 1

χ2 1 1 1 −1 −1

χ3 1 1 −1 1 −1

χ4 1 1 −1 −1 1

χ5 2 −2 0 0 0

Table 6.8: Character Table of H4 = D8

[g] 1a 2a 2b 2c 2d 2e 2f 2g

|CH9(g)| 8 8 8 8 8 8 8 8

χ1 1 1 1 1 1 1 1 1

χ2 1 1 −1 −1 1 1 −1 −1

χ3 1 −1 1 −1 1 −1 1 −1

χ4 1 −1 −1 1 1 −1 −1 1

χ5 1 −1 1 −1 −1 1 −1 1

χ6 1 −1 −1 1 −1 1 1 −1

χ7 1 1 1 1 −1 −1 −1 −1

χ8 1 1 −1 −1 −1 −1 1 1

Table 6.9: Character Table of H5 = 23
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[g] 1a 2a 2b 2c

|CH3(g)| 4 4 4 4

χ1 1 1 1 1

χ2 1 −1 1 −1

χ3 1 −1 −1 1

χ4 1 1 −1 −1

Table 6.10: Character Table of H6 = 22

[g] 1a 2a

|CH4(g)| 2 2

χ1 1 1

χ2 1 −1

Table 6.11: Character Table of H10 = 2

[x]H6 → [y]H1 [x]H7 → [y]H1 [x]H3 → [y]H1 [x]H8 → [y]H1

1a 1A 1a 1A 1a 1A 1a 1A

2a 2A 2a 2C 2b 2D 2a 2C

2b 2F 2b 2E 2a 2B 2b 2E

2c 2G 2c 2D 2c 2F 2c 2D

4a 4A

[x]H4 → [y]H1 [x]H10 → [y]H1 [x]H9 → [y]H1 [x]H5 → [y]H1

1a 1A 1a 1A 1a 1A 1a 1A

2b 2D 2a 2D 2a 2C 2a 2D

2a 2B 2b 2F 2b 2C

2c 2G 2c 2G 2c 2E

4a 4B 2d 2A

2e 2E

2f 2B

2g 2D

Table 6.12: Fusion of Hi into G
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6.5. Fischer Matrices

Using the fusions, we obtain the matrix sizes of the Fischer matrices. Note that since the extension

is split all the properties for Fischer matrices listed in Section 3.2.3 should be satisfied. For the

Fischer matrix M(1A), we apply Programme C to obtain the following matrix, note that the

signs are forced by the partial fusion of Ḡ into A(3) and restriction of some irreducible characters

of A(3) to Ḡ.

M(1A) =



1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 −1 −1

2 −2 −2 2 2 −2 −2 2 0 0

2 −2 −2 2 2 −2 2 −2 0 0

2 2 2 2 2 2 −2 −2 0 0

4 −4 −4 4 −4 4 0 0 0 0

4 −4 4 −4 0 0 0 0 −2 2

4 −4 4 −4 0 0 0 0 2 −2

4 4 4 4 −4 −4 0 0 0 0

8 8 −8 −8 0 0 0 0 0 0



.

We now construct the Fischer matrices on the non-identity classes of G, namely M(2A), M(2B),

M(2C), M(2D), M(2E), M(2F ), M(2G), M(4A) and M(4B) which are of sizes 4, 5, 6, 9, 6, 5, 5,

3 and 3 respectively. We use Programme D to construct these Fischer matrices as we illustrate

with M(2D). We know that the action of CG(g) on N/M , where g ∈ 2D, is the same as the action

of CG(g) on the orbits of the action of N on Ng, thus we obtain 9 orbits from this action.

Therefore, we implement

C:=List(ConjugacyClasses(G),Representative);;

M:=[];

g:=C[2];

for n in N do

Add(M, n*g*Inverse(n)*Inverse(g));

od;

M:=AsGroup(M);

cent:=Centralizer(G, g);;

O:=RightCosets(N,M);;

D:=O;;

B:=[];

for j in [1..Size(N)] do

B[j]:=[];od;

j:=1;

while D <> [] do

x:=Representative(D[1]);

for i in [1..Size(O)] do
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y:=x^cent;

if Intersection(y, O[i]) <> [] then

Add(B[j],O[i]);

fi;od;

D:=Difference(D,B[j]);

j:=j+1;

od;

i:=1;

while B[i] <> [] do

Print(Size(B[i]));Print(" - " );i:=i+1;

od;

I:=Irr(N);; IM:=[];; for i in [1..Size(I)] do if

IsSubgroup(Kernel(I[i]), M) then Add(IM,I[i]); fi; od;

oo:=Orbits(cent,IM);; FM:=[];;for i in [1..Size(oo)] do

Append(FM,[AsList(Sum(oo[i]))]);od; M1:=TransposedMat(M);;

M2:=AsDuplicateFreeList(M1);; FM:=TransposedMat(M2);; Display(FM);

[ [ 1, 1, 1, 1, 1, 1, 1, 1, 1 ],

[ 2, -2, -2, 2, 0, 0, 0, -2, 2 ],

[2, -2, 0, 0, 0, -2, 2, 2, -2 ],

[ 2, -2, 0, 0, 0, 2, -2, 2, -2 ],

[ 2, -2, 2, -2, 0, 0, 0, -2, 2 ],

[ 4, 4, 0, 0, 0, 0, 0, -4, -4 ],

[ 1, 1, -1, -1, -1, 1, 1, 1, 1 ],

[ 1, 1, -1, -1, 1, -1, -1, 1, 1 ],

[ 1, 1, 1, 1, -1, -1, -1, 1, 1 ] ]

Thus our Fischer matrix M(2D) is given by

M(2D) =



1 1 1 1 1 1 1 1 1

1 1 1 1 −1 −1 −1 −1 1

2 −2 −2 2 −2 2 0 0 0

2 −2 2 −2 0 0 2 −2 0

1 1 1 1 −1 −1 1 1 −1

1 1 1 1 1 1 −1 −1 −1

2 −2 2 −2 0 0 −2 2 0

2 −2 −2 2 2 −2 0 0 0

4 4 −4 −4 0 0 0 0 0



.

Similarly, we have the following table that gives the remaining Fischer matrices:

Table 6.13: Fischer Matrices of Ḡ

Fischer Matrices of Ḡ Fischer Matrices of Ḡ

M(2C) =



1 1 1 1 1 1

1 1 1 1 −1 −1

2 2 2 −2 0 0

4 −4 0 0 −2 2

4 −4 0 0 2 −2

4 4 −4 0 0 0


M(2E) =



1 1 1 1 1 1

1 1 1 1 −1 −1

1 1 −1 −1 −1 1

1 1 −1 −1 1 −1

2 −2 −2 2 0 0

2 −2 2 −2 0 0


Continued on next page
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Table 6.13 – continued from previous page

Fischer Matrices of Ḡ Fischer Matrices of Ḡ

M(2A) =


1 1 1 1

1 1 1 −1

2 2 −2 0

4 −4 0 0

 M(2B) =


1 1 1 1 1

1 1 1 1 −1

2 −2 −2 2 0

2 −2 2 −2 0

2 2 −2 −2 0



M(2F ) =


1 1 1 1 1

1 1 1 1 −1

2 −2 −2 2 0

2 −2 2 −2 0

2 2 −2 −2 0

 M(4A) =

1 1 1

1 1 −1

2 −2 0



M(2G) =


1 1 1 1 1

1 1 1 1 −1

2 −2 2 −2 0

2 −2 −2 2 0

2 2 −2 −2 0

 M(4B) =

1 1 1

1 1 −1

2 −2 0



6.6. Character Table of Ḡ

We used the above Fischer matrices and the character tables of the inertia factor groups H1
∼= H2,

H3
∼= H4, H5, H6

∼= H7
∼= H8

∼= H9 and H10 together with the fusions of H1
∼= H2, H3

∼= H4, H5,

H6
∼= H7

∼= H8
∼= H9 and H10 into G to obtain the character table of Ḡ. The character table of Ḡ

will be partitioned into ten blocks B1, B2, B3, B4, B5, B6, B7, B8, B9 and B10 corresponding to

the inertia factor groups H1, H2, H3, H4, H5, H6, H7, H8, H9 and H10 respectively. In fact

B1 = {χi|1 ≤ i ≤ 10}, B2 = {χi|11 ≤ i ≤ 20},

B3 = {χi|21 ≤ i ≤ 25}, B4 = {χi|26 ≤ i ≤ 30},

B5 = {χi|31 ≤ i ≤ 38}, B6 = {χi|39 ≤ i ≤ 42},

B7 = {χi|43 ≤ i ≤ 46}, B8 = {χi|47 ≤ i ≤ 50},

B9 = {χi|51 ≤ i ≤ 54}, B10 = {χi|55 ≤ i ≤ 56},

where Irr(Ḡ) =
⋃10
i=1Bi. We now multiply the appropriate partial character tables of the inertia

factor groups by the corresponding rows of the Fischer matrices to obtain the full character table

of Ḡ. For instance on the classes 4S, 4T and 8A in the block corresponding to H4, we have:

1

1

−1

−1

0


[
2 −2 0

]
=



2 −2 0

2 −2 0

−2 2 0

−2 2 0

0 0 0


.

We have the following character table of Ḡ:
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 4A 4B 4C 4D 2N

|CḠ(g)| 29 29 29 29 28 28 27 27 26 26 27 27 27 27 26 26 26 26 25

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ3 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ5 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ7 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ8 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ9 2 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0

χ10 2 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0

χ11 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 1

χ12 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 1

χ13 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1

χ14 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 1

χ15 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1

χ16 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 1

χ17 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1

χ18 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1

χ19 2 2 2 2 2 2 2 2 −2 −2 0 0 0 0 0 0 0 0 0

χ20 2 2 2 2 2 2 2 2 −2 −2 0 0 0 0 0 0 0 0 0

χ21 2 −2 −2 2 2 −2 −2 2 0 0 2 −2 −2 2 −2 2 0 0 0

χ22 2 −2 −2 2 2 −2 −2 2 0 0 −2 2 2 −2 2 −2 0 0 0

χ23 2 −2 −2 2 2 −2 −2 2 0 0 2 −2 −2 2 −2 2 0 0 0

χ24 2 −2 −2 2 2 −2 −2 2 0 0 −2 2 2 −2 2 −2 0 0 0

χ25 4 −4 −4 4 4 −4 −4 4 0 0 0 0 0 0 0 0 0 0 0

χ26 2 −2 −2 2 2 −2 2 −2 0 0 2 −2 2 −2 0 0 2 −2 0

χ27 2 −2 −2 2 2 −2 2 −2 0 0 −2 2 −2 2 0 0 −2 2 0

χ28 2 −2 −2 2 2 −2 2 −2 0 0 2 −2 2 −2 0 0 2 −2 0

χ29 2 −2 −2 2 2 −2 2 −2 0 0 −2 2 −2 2 0 0 −2 2 0

χ30 4 −4 −4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ31 2 2 2 2 2 2 −2 −2 0 0 2 2 2 2 0 0 0 0 −2

χ32 2 2 2 2 2 2 −2 −2 0 0 0 0 0 0 −2 −2 2 2 0

χ33 2 2 2 2 2 2 −2 −2 0 0 −2 −2 −2 −2 0 0 0 0 2

Table 6.14: Character Table of Ḡ = 25:(2×D8)
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 4A 4B 4C 4D 2N

|CḠ(g)| 29 29 29 29 28 28 27 27 26 26 27 27 27 27 26 26 26 26 25

χ34 2 2 2 2 2 2 −2 −2 0 0 0 0 0 0 2 2 −2 −2 0

χ35 2 2 2 2 2 2 −2 −2 0 0 0 0 0 0 2 2 −2 −2 0

χ36 2 2 2 2 2 2 −2 −2 0 0 −2 −2 −2 −2 0 0 0 0 2

χ37 2 2 2 2 2 2 −2 −2 0 0 0 0 0 0 −2 −2 2 2 0

χ38 2 2 2 2 2 2 −2 −2 0 0 2 2 2 2 0 0 0 0 −2

χ39 4 −4 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ40 4 −4 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ41 4 −4 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ42 4 −4 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ43 4 −4 4 −4 0 0 0 0 −2 2 2 −2 2 −2 0 0 −2 2 0

χ44 4 −4 4 −4 0 0 0 0 −2 2 −2 2 −2 2 0 0 2 −2 0

χ45 4 −4 4 −4 0 0 0 0 −2 2 2 −2 2 −2 0 0 −2 2 0

χ46 4 −4 4 −4 0 0 0 0 −2 2 −2 2 −2 2 0 0 2 −2 0

χ47 4 −4 4 −4 0 0 0 0 2 −2 2 −2 −2 2 2 −2 0 0 0

χ48 4 −4 4 −4 0 0 0 0 2 −2 −2 2 2 −2 −2 2 0 0 0

χ49 4 −4 4 −4 0 0 0 0 2 −2 2 −2 −2 2 2 −2 0 0 0

χ50 4 −4 4 −4 0 0 0 0 2 −2 −2 2 2 −2 −2 2 0 0 0

χ51 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ52 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ53 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ54 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0

χ55 8 8 −8 −8 0 0 0 0 0 0 4 4 −4 −4 0 0 0 0 0

χ56 8 8 −8 −8 0 0 0 0 0 0 −4 −4 4 4 0 0 0 0 0

Table 6.14: (cont.)
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[g] 2O 2P 2Q 2R 4E 4F 2S 2T 4G 4H 4I 4J 2U 2V 4K 4L 4S 4T 8A

|CḠ(g)| 28 28 27 26 26 26 26 26 26 26 25 25 27 27 26 25 25 25 24

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1

χ3 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1

χ4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1

χ5 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1

χ6 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1

χ7 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ8 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1

χ9 −2 −2 −2 −2 −2 −2 0 0 0 0 0 0 −2 −2 −2 −2 0 0 0

χ10 2 2 2 2 2 2 0 0 0 0 0 0 −2 −2 −2 −2 0 0 0

χ11 1 1 1 1 −1 −1 1 1 1 1 −1 −1 1 1 1 −1 1 1 −1

χ12 −1 −1 −1 −1 1 1 −1 −1 −1 −1 1 1 1 1 1 −1 1 1 −1

χ13 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1 −1 −1 −1 1

χ14 1 1 1 1 −1 −1 1 1 1 1 −1 −1 1 1 1 −1 −1 −1 1

χ15 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 1

χ16 −1 −1 −1 −1 1 1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 1

χ17 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1 −1 1 1 −1

χ18 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 1 1 −1

χ19 −2 −2 −2 −2 2 2 0 0 0 0 0 0 −2 −2 −2 2 0 0 0

χ20 2 2 2 2 −2 −2 0 0 0 0 0 0 −2 −2 −2 2 0 0 0

χ21 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 0

χ22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 0

χ23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 0

χ24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 0

χ25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ27 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ28 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ29 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ30 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ31 2 2 2 −2 0 0 2 2 −2 −2 0 0 2 2 −2 0 0 0 0

χ32 −2 −2 −2 2 0 0 0 0 0 0 2 −2 2 2 −2 0 0 0 0

χ33 2 2 2 −2 0 0 −2 −2 2 2 0 0 2 2 −2 0 0 0 0

χ34 −2 −2 −2 2 0 0 0 0 0 0 −2 2 2 2 −2 0 0 0 0

Table 6.14: (cont.)
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[g] 2O 2P 2Q 2R 4E 4F 2S 2T 4G 4H 4I 4J 2U 2V 4K 4L 4S 4T 8A

|CḠ(g)| 28 28 27 26 26 26 26 26 26 26 25 25 27 27 26 25 25 25 24

χ35 2 2 2 −2 0 0 0 0 0 0 2 −2 −2 −2 2 0 0 0 0

χ36 −2 −2 −2 2 0 0 2 2 −2 −2 0 0 −2 −2 2 0 0 0 0

χ37 2 2 2 −2 0 0 0 0 0 0 −2 2 −2 −2 2 0 0 0 0

χ38 −2 −2 −2 2 0 0 −2 −2 2 2 0 0 −2 −2 2 0 0 0 0

χ39 0 0 0 0 0 0 0 0 0 0 0 0 4 −4 0 0 0 0 0

χ40 0 0 0 0 0 0 0 0 0 0 0 0 −4 4 0 0 0 0 0

χ41 0 0 0 0 0 0 0 0 0 0 0 0 −4 4 0 0 0 0 0

χ42 0 0 0 0 0 0 0 0 0 0 0 0 4 −4 0 0 0 0 0

χ43 4 −4 0 0 −2 2 2 −2 −2 2 0 0 0 0 0 0 0 0 0

χ44 −4 4 0 0 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 0 0

χ45 −4 4 0 0 2 −2 −2 2 2 −2 0 0 0 0 0 0 0 0 0

χ46 4 −4 0 0 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 0 0

χ47 4 −4 0 0 2 −2 2 −2 2 −2 0 0 0 0 0 0 0 0 0

χ48 −4 4 0 0 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0 0

χ49 −4 4 0 0 −2 2 −2 2 −2 2 0 0 0 0 0 0 0 0 0

χ50 4 −4 0 0 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0 0

χ51 4 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ52 −4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ53 −4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ54 4 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ55 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ56 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 6.14: (cont.)
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[g] 2W 2X 4M 4N 4O 2Y 2Z 4P 4Q 4R 2AA 2AB 4U 4V 4W 4X 4Y 8B

|CḠ(g)| 27 27 27 27 25 26 26 26 26 24 26 26 26 26 24 25 25 24

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ3 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1 −1 1 1 1

χ4 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1

χ6 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ7 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1

χ8 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1

χ9 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ10 −2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ11 1 1 1 1 −1 1 1 1 1 −1 1 1 1 1 −1 1 1 −1

χ12 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1 −1 1 −1 −1 1

χ13 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1 −1 1 1 1 −1

χ14 1 1 1 1 −1 −1 −1 −1 −1 1 −1 −1 −1 −1 1 −1 −1 1

χ15 1 1 1 1 −1 1 1 1 1 −1 1 1 1 1 −1 −1 −1 1

χ16 −1 −1 −1 −1 1 −1 −1 −1 −1 1 1 1 1 1 −1 1 1 −1

χ17 −1 −1 −1 −1 1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 1

χ18 1 1 1 1 −1 −1 −1 −1 −1 1 −1 −1 −1 −1 1 1 1 −1

χ19 2 2 2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ20 −2 −2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ21 2 −2 −2 2 0 2 −2 −2 2 0 0 0 0 0 0 0 0 0

χ22 2 −2 −2 2 0 −2 2 2 −2 0 0 0 0 0 0 0 0 0

χ23 2 −2 −2 2 0 −2 2 2 −2 0 0 0 0 0 0 0 0 0

χ24 2 −2 −2 2 0 2 −2 −2 2 0 0 0 0 0 0 0 0 0

χ25 −4 4 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ26 2 −2 2 −2 0 0 0 0 0 0 2 −2 2 −2 0 2 −2 0

χ27 2 −2 2 −2 0 0 0 0 0 0 −2 2 −2 2 0 2 −2 0

χ28 2 −2 2 −2 0 0 0 0 0 0 −2 2 −2 2 0 −2 2 0

χ29 2 −2 2 −2 0 0 0 0 0 0 2 −2 2 −2 0 −2 2 0

χ30 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ31 2 2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ32 −2 −2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ33 2 2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ34 −2 −2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 6.14: (cont.)
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[g] 2W 2X 4M 4N 4O 2Y 2Z 4P 4Q 4R 2AA 2AB 4U 4V 4W 4X 4Y 8B

|CḠ(g)| 27 27 27 27 25 26 26 26 26 24 26 26 26 26 24 25 25 24

χ35 −2 −2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ36 2 2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ37 −2 −2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ38 2 2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ39 0 0 0 0 0 2 −2 2 −2 0 2 −2 −2 2 0 0 0 0

χ40 0 0 0 0 0 2 −2 2 −2 0 −2 2 2 −2 0 0 0 0

χ41 0 0 0 0 0 −2 2 −2 2 0 2 −2 −2 2 0 0 0 0

χ42 0 0 0 0 0 −2 2 −2 2 0 −2 2 2 −2 0 0 0 0

χ43 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ44 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ45 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ46 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ47 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ48 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ50 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ51 0 0 0 0 0 2 2 −2 −2 0 2 2 −2 −2 0 0 0 0

χ52 0 0 0 0 0 2 2 −2 −2 0 −2 −2 2 2 0 0 0 0

χ53 0 0 0 0 0 −2 −2 2 2 0 2 2 −2 −2 0 0 0 0

χ54 0 0 0 0 0 −2 −2 2 2 0 −2 −2 2 2 0 0 0 0

χ55 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ56 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 6.14: (cont.)

6.7. Fusion of Conjugacy Classes of Ḡ into the Classes of 25:S6

We obtained the permutation character χ(A(3)|Ḡ) for the action of A(3) = 25:S6 on the cosets of Ḡ

in A(3) using GAP. Furthermore, denote by cons[i] the constituents of χ(A(3)|Ḡ). By considering

the degrees of these constituents in the character table of A(3) as provided in the Appendix Table

A.2. We are able to identify them as cons[1] = χ1, cons[2] = χ5, cons[3] = χ3, cons[4] = χ10 and

cons[5] = χ21. The inner product of these constituents with the permutation character χ(A(3)|Ḡ)

helps us then to write

χ(A(3)|Ḡ) = χ1 + χ3 + χ5 + 2χ10 + χ21.

The power maps of elements of A(3) appear in the Appendix Table A.2. Using the information

provided by the conjugacy classes of elements of Ḡ and A(3), the power maps and the permutation

character of A(3) of degree 45, we are able to get partial fusion of Ḡ into A(3). For example the

classes 2A, 2B, 2C, 2D, 2E, 2F , 2G, 2H and 2I of Ḡ must fuse to the classes from the identity coset

of A(3), that is the classes 2A, 2B, 2C since the groups Ḡ and A(3) contain N = 25. In fact the

action of G on N gives ten orbits of lengths f1 = 1, f2 = 1, f3 = 1, f4 = 1, f5 = 2, f6 = 2, f7 = 2,
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f8 = 4, f9 = 8 and f10 = 8. Similarly, the action of S6 on N results into four orbits of lengths

f1 = 1, f2 = 1, f3 = 15 and f4 = 15. We establish the fusions: 2A 7→ 2A, 2B 7→ 2C, 2C 7→ 2B,

2D 7→ 2C, 2E 7→ 2B, 2F 7→ 2C, 2G 7→ 2B, 2H 7→ 2C and 2I 7→ 2B. To complete the fusion map,

we restrict irreducible characters of A(3) of small degree to Ḡ. In determining the restrictions of

irreducible characters of A(3) to Ḡ, we continue with the technique of set intersections described

in the previous chapter.

Let ξ be the character of 2 ×D8 afforded by the regular representation of 2 ×D8. Then we have

that ξ =
∑10

i=1 eiψi, where ψi ∈ Irr(2×D8) and ei = deg(ψi). Then ξ can be taken as a character

of 25:(2×D8) which contains 25 in its kernel such that

ξ(g) =

|2×D8| if g ∈ 25,

0 otherwise.

Now if ϕ is a character of 25:S6, then we obtain the following:

〈ξ, ϕ〉25:(2×D8) =
1

|25:(2×D8)|
{ξ(1A)ϕ(1A) + ξ(2A)ϕ(2A) + ξ(2B)ϕ(2B) + ξ(2C)ϕ(2C)

+ 2ξ(2D)ϕ(2D) + 2ξ(2E)ϕ(2E) + 4ξ(2F )ϕ(2F )

+ 4ξ(2G)ϕ(2G) + 8ξ(2H)ϕ(2H) + 8ξ(2I)ϕ(2I)}

=
1

|25:(2×D8)|
{|2×D8|ϕ(1A) + |2×D8|ϕ(2A)

+ |2×D8|ϕ(2B) + |2×D8|ϕ(2C)

+ 2|2×D8|ϕ(2D) + 2|2×D8|ϕ(2E) + 4|2×D8|ϕ(2F )

+ 4|2×D8|ϕ(2G) + 8|2×D8|ϕ(2H) + 8|2×D8|ϕ(2I)}

=
1

32
{ϕ(1A) + ϕ(2A) + ϕ(2B) + ϕ(2C)

+ 2ϕ(2D) + 2ϕ(2E) + 4ϕ(2F )

+ 4ϕ(2G) + 8ϕ(2H) + 8ϕ(2I)}

= 〈ϕ25 , %1〉.

where %1 is the identity character of 25 and ϕ25 is the restriction of ϕ to 25. Similarly, we obtain:

ϕ25 = b1θ1 + b2θ2 + b3θ3 + b4θ4 + b5θ5

+ b6θ6 + b7θ7 + b8θ8 + b9θ9 + b10θ10

where bi ∈ N ∪ {0}, i ∈ {1, 2, · · · , 10} and θi, i ∈ {1, 2, · · · , 10} are the sums of the irreducible

characters of 25 which are in one orbit under the action of 2×D8 on Irr(25). Let %j ∈ Irr(25), for

j ∈ {1, 2, · · · , 32}. From Section 6.4, we can easily obtain the orbits for the action of 2 × D8 on

Irr(25). Thus we have:
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θ1 = %1, deg(θ1) = 1.

θ2 = %2, deg(θ2) = 1.

θ3 =
4∑
j=3

%j , deg(θ3) = 2.

θ4 =
6∑
j=5

%j , deg(θ4) = 2.

θ5 =
8∑
j=7

%j , deg(θ5) = 2.

θ6 =
12∑
j=9

%j , deg(θ6) = 4.

θ7 =
16∑
j=13

%j , deg(θ7) = 4.

θ8 =

20∑
j=17

%j , deg(θ8) = 4.

θ9 =

24∑
j=21

%j , deg(θ9) = 4.

θ10 =
32∑
j=25

%j , deg(θ10) = 8.

Therefore,

ϕ25 = b1%1 + b2%2 + b3

4∑
j=3

%j + b4

6∑
j=5

%j + b5

8∑
j=7

%j

+ b6

12∑
j=9

%j + b7

16∑
j=13

%j + b8

20∑
j=17

%j + b9

24∑
j=21

%j + b10

32∑
j=25

%j

and further,

〈ϕ26 , ϕ25〉 = b21 + b22 + 2b23 + 2b24 + 2b25 + 4b26 + 4b27 + 4b28 + 4b29 + 8b210.

Clearly, b1 = 〈ϕ25 , %1〉 = 〈ξ, ϕ〉25:(2×D8). Similarly, we obtain

〈ϕ25 , ϕ25〉 =
1

32
{ϕ(1A)ϕ(1A) + ϕ(2A)ϕ(2A) + ϕ(2B)ϕ(2B) + ϕ(2C)ϕ(2C) + 2ϕ(2D)ϕ(2D)

+2ϕ(2E)ϕ(2E) + 4ϕ(2F )ϕ(2F ) + 4ϕ(2G)ϕ(2G) + 8ϕ(2H)ϕ(2H) + 8ϕ(2I)ϕ(2I)}.

Let us apply the above results to the restrictions ϕ1 = χ11 and ϕ2 = χ8, where χ11 and χ8 are

irreducible characters of 25:S6 of degrees 10 and 6 respectively. (see Table A.2 for the character
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table of 25:S6). Thus for ϕ1, we obtain

b1 = 〈ξ, ϕ1〉25:(2×D8) =
1

32
{ϕ1(1A) + ϕ1(2A) + ϕ1(2B) + ϕ1(2C)

+ 2ϕ1(2D) + 2ϕ1(2E) + 4ϕ1(2F )

+ 4ϕ1(2G) + 8ϕ1(2H) + 8ϕ1(2I)}

=
1

32
{10 + (−10) + (−2) + (2) + 2(−2) + 2(2) + 4(−2) + 4(2) + 8(−2) + 8(2)} = 0,

and since deg(ϕ1) = 10, we have that

b1 + b2 + 2b3 + 2b4 + 2b5 + 4b6 + 4b7 + 4b8 + 4b9 + 8b10 = 10.

Now b1 = 0 implies, among other solutions, that b3 = 1, b6 = 1 and b7 = 1. Thus, by considering

the already determined fusions via the use of powers maps of elements of 25:S6 and 25:(2 × D8),

the permutation character values on the classes of 25:S6 , and also by considering the irreducible

characters of 25:(2×D8) as provided in Table 6.14 we determined that (ϕ1)25:(2×D8) can be written

as a sum of three irreducible characters of 25:(2×D8) where one is of degree 2 and appears in the

third block of the character table of 25:(2×D8), the second one is of degree 4 and appears in the

sixth block of the character table of 25:(2×D8) and finally the third is of degree 4 and appears in

the seventh block of the character table of 25:(2×D8). We obtain

(ϕ2)25:(2×D8) = χ24 + χ39 + χ44.

where the χi’s, i ∈ {24, 39, 44} are as given in Table 6.14.

Furthermore, for ϕ2, we obtain

b1 = 〈ξ, ϕ2〉25:(2×D8) =
1

32
{ϕ2(1A) + ϕ2(2A) + ϕ2(2B) + ϕ2(2C)

+ 2ϕ2(2D) + 2ϕ2(2E) + 4ϕ2(2F )

+ 4ϕ2(2G) + 8ϕ2(2H) + 8ϕ2(2I)}

=
1

32
{6− 6 + (2) + (−2) + 2(2) + 2(−2) + 4(2) + 4(−2) + 8(2) + 8(−2)} = 0.

Since we know that deg(ϕ2) = 6, it follows that

b1 + b2 + 2b3 + 2b4 + 2b5 + 4b6 + 4b7 + 4b8 + 4b9 + 8b10 = 6.

Now b1 = 0 implies, among other solutions, that b4 = 1 and b6 = 1. Thus it could be deduced that

(ϕ2)25:(2×D8) can be written as a sum of two irreducible characters of 25:(2×D8), where one is of

degree 2 and the other of degree 4 and based on the partial fusion of 25:(2×D8) into 25:S6 which

has already been computed, we obtain

(ϕ2)25:(2×D8) = χ29 + χ48.

where the χi’s, i ∈ {29, 48} are as given in Table 6.14.

Using the partial fusion which has already been determined, the values of ϕ1 and ϕ2 on the classes

of 25:S6 and the values of (ϕ1)25:(2×D8) and (ϕ2)25:(2×D8) on the classes of 25:(2×D8), we are able
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to complete the fusion of 25:(2 × D8) into 25:S6. This fusion is given in Table 6.15 in which the

entries are obtained by computing |CA(3)(y)|/|CḠ(x)| where y is a representative of a conjugacy

class of A(3) and x is a representative of a conjugacy class of Ḡ and o(y) = o(x). The entries that

appear in the boxes in the Table 6.15 indicate the actual fusions.

[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J

|CA(3)(y)| 23 23 15 15 7 7 1 3 3 1 1

040 040 36 36 68 68 28 84 84 28 28

χ(A(3)|Ḡ)(y) 45 45 45 45 9 9 9 9 9 5 5

[x] |CḠ(x)|
1A 512 45

2A 512 45 3 3

2B 512 45 3 3

2C 512 45 3 3

2D 256 6 6 3 3

2E 256 6 6 3 3

2F 128 12 12 6 6 1 3 3 1 1

2G 128 12 12 3 3 6 6 1 1 1

2H 64 24 24 2 6 6 2 2

2I 64 24 24 2 6 6 2 2

2J 128 12 12 6 6 1 3 3 1 1

2K 128 12 12 6 6 1 3 3 1 1

2L 128 12 12 6 6 1 3 3 1 1

2M 128 12 12 6 6 1 3 3 1 1

2N 32 4 4 4

2O 256 6 6 3 3

2P 256 6 6 3 3

2Q 128 12 12 6 6 1 3 3 1 1

2R 64 24 24 2 6 6 2 2

2S 64 24 24 2 6 6 2 2

2T 64 24 24 2 6 6 2 2

2U 128 12 12 6 6 1 3 3 1 1

2V 128 12 12 6 6 1 3 3 1 1

2W 128 12 12 6 6 1 3 3 1 1

2X 128 12 12 6 6 1 3 3 1 1

2Y 64 24 24 2 6 6 2 2

2Z 64 24 24 2 6 6 2 2

2AA 64 24 24 2 6 6 2 2

2AB 64 24 24 2 6 6 2 2

Table 6.15: Fusion of Ḡ = 25:(2×D8) into A(3)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 8A 8B

|CA(3)(y)| 1 1 6 1 1 3 3 3 3 3 1 1

92 92 4 28 28 2 2 2 2 2 6 6

χ(A(3)|Ḡ)(y) 9 9 9 5 5 5 1 1 1 1 1 1

[x] |CḠ(x)|
4A 64 3 3 1 2 2

4B 64 3 3 1 2 2

4C 64 3 3 1 2 2

4D 64 3 3 1 2 2

4E 64 3 3 1 2 2

4F 64 3 3 1 2 2

4G 64 3 3 1 2 2

4H 64 3 3 1 2 2

4I 32 6 6 2 4 4 1 1 1 1 1

4J 32 6 6 2 4 4 1 1 1 1 1

4K 64 3 3 1 2 2

4L 32 6 6 2 4 4 1 1 1 1 1

4M 128 1 1

4N 128 1 1

4O 32 6 6 2 4 4 1 1 1 1 1

4P 64 3 3 1 2 2

4Q 64 3 3 1 2 2

4R 16 4 2

4S 32 6 6 2 4 4 1 1 1 1 1

4T 32 6 6 2 4 4 1 1 1 1 1

4U 64 3 3 1 2 2

4V 64 3 3 1 2 2

4W 16 4 2

4X 32 6 6 2 4 4 1 1 1 1 1

4Y 32 6 6 2 4 4 1 1 1 1 1

8A 16 1 1

8B 16 1 1

Table 6.15: (cont.)
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On a Maximal Parabolic Subgroup of O+
8 (2)

7.1. Introduction

In this chapter, we study a split extension group of the form Ḡ = 26:A8, a maximal parabolic

subgroup of O+
8 (2). The chapter is organized as follows: in Section 7.2, we briefly introduce the

group Ḡ = 26:A8 and generate it as a maximal parabolic subgroup of O+
8 (2). In Section 7.3, we list

the conjugacy classes of Ḡ obtained using the coset analysis technique and see that corresponding

to 14 conjugacy classes of A8, we get 41 conjugacy classes of Ḡ. Furthermore, using the action of

A8 on Irr(26), we were able to determine the structures of the inertia factor groups as H1 = A8,

H2 = S6 and H3 = 24:(S3 × S3). In Section 7.4, we calculate the fourteen Fischer matrices of Ḡ

and see that the sizes of these matrices range from 1 to 5. We further show how to construct the

character table of Ḡ using Fischer matrices method and the full table is given as Table 7.8. We

end the chapter by fusing the conjugacy classes of 26:A8 into those of O+
8 (2) in Section 7.5.

7.2. The Generators of Ḡ = 26:A8

The group O+
8 (2) is the only proper normal subgroup of GO8(2) and we generate it as such in

GAP. From Chapter 4, we recall that O+
8 (2) has a maximal parabolic subgroup of the form 26:A8.

Using Atlas [19], we can see that O+
8 (2) has three maximal subgroups of type 26:A8. These three

maximal subgroups are conjugate in the full automorphism group of O+
8 (2), namely O+

8 (2):S3.

Thus we have the modules M1 = 26, M2 = 26 and M3 = 26 on which A8 acts irreducibly (therefore

these three modules are isomorphic as O+
8 (2)−module). Without loss of generality, we can consider

our maximal parabolic subgroup to be Ḡ = M1:A8. Thus N = M1 = 26 and G = A8. We first

constructed O+
8 (2) inside GAP. The order of this group is 172, 184, 400 and the index [O+

8 (2) : Ḡ] =

135.
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The generators of O+
8 (2) are

a =



1 1 1 0 0 1 1 1

0 1 0 0 0 0 0 0

0 1 1 0 0 0 0 1

0 0 0 1 1 0 0 0

0 1 1 0 0 1 0 1

0 1 0 0 1 0 0 0

0 1 0 0 0 0 0 1

0 0 0 1 0 0 1 0


, b =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 1

0 0 0 1 1 0 0 0

0 0 1 0 0 1 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1

0 0 0 1 0 0 1 0


,

c =



1 0 0 0 1 0 0 0

0 1 0 0 0 0 1 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0

0 0 0 0 0 0 1 0

1 0 0 0 1 0 0 1


with o(a) = 15, o(b) = 15 and o(c) = 4.

We then constructed Ḡ = M1:A8 as a maximal parabolic subgroup of O+
8 (2). The following two

elements ḡ1 and ḡ2 are 8− dimensional matrices that generate Ḡ.

ḡ1 =



0 1 1 0 0 0 1 0

1 0 1 0 1 0 0 0

0 1 0 0 0 1 1 0

1 0 0 1 0 1 0 0

0 1 1 0 0 1 0 0

1 0 1 1 1 1 1 0

0 0 0 0 0 0 1 0

0 1 0 1 1 0 0 1


, ḡ2 =



1 0 1 0 1 0 0 1

1 0 0 1 1 1 1 1

1 0 0 1 0 1 0 1

1 1 0 1 1 1 1 0

1 0 0 0 1 1 1 1

0 1 1 0 0 1 0 1

0 1 0 1 1 0 0 0

1 0 0 1 1 0 1 0


with o(ḡ1) = 4 and o(ḡ2) = 6. We can use GAP to check all the normal subgroups of Ḡ. In fact,

there is only one proper normal subgroup of Ḡ that is a group of order 64. This group must be

isomorphic to the elementary abelian group N = M1 = 26. Let N = 〈e1, e2, e3, e4, e5, e6〉, where the

ei’s could easily be determined in GAP. We were able to generate A8 = 〈g1, g2〉 as a complement

of N such that N ∩G = {1Ḡ} and Ḡ/N ∼= G. We do not give these generators but they are easily

accessible in GAP.

7.3. The Action of G on both N and Irr(N)

In this section, we apply the coset analysis technique discussed in Section 2.3 to compute the

conjugacy classes of Ḡ. For each coset Ng, where g is a representative of a conjugacy class of G,

we know that the fi’s are the lengths of the orbits when CG(g) acts on the orbits from the action
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of N on Ng. The subroutine developed in GAP was used to compute the fi’s as well as the power

maps of the class representatives of Ḡ. Using the formula for the weights mi = f |N |
k , we computed

the weights for the rows of the Fischer matrices and we include them as column 4 in Table 7.2.

We know that G has 14 conjugacy classes. The action of G on N gives 3 orbits of lengths 1, 28 and

35. Since G has 3 orbits from its action on the conjugacy classes, we have that it has 3 orbits from

the action on Irr(N). Hence we have that 64 = 1 +a+ b, since the identity character is fixed. From

the maximal subgroups of G, we have that a = 28 and b = 35. Thus the action of G on Irr(N)

produces 3 orbits of lengths 1, 28 and 35 with point stabilizers A8, S6 and 24:(S3 × S3).

The permutation character for the action of G on N is given by

χ(G|N) = 3χ1 + χ2 + χ3 + 2χ4,

where χi ∈ Irr(G), refer to Atlas [19] for character values of the χi’s. We have the following Table

7.1 for the k’s.

[g]G 1A 2A 2B 3A 3B 4A 4B 5A 6A 6B 7A 7B 15A 15B

k 64 16 16 16 4 4 4 4 4 4 1 1 1 1

Table 7.1: Fixed Points for the Action of G on N

7.3.1 The Conjugacy Classes of Ḡ

We give the conjugacy classes of Ḡ constructed using coset analysis in the following Table 7.2. We

have also included a column (column 7) on power maps in the same table.

[g]G k fi mi [g]Ḡ |CḠ(g)| 2 3 5 7 Size of [g]Ḡ

1A 64 f1 = 1 m1 = 1 1A 212 × 32 × 5× 7 1A 1

f2 = 28 m2 = 28 2A 210 × 32 × 5 1A 28

f3 = 35 m3 = 35 2B 212 × 32 1A 35

2B 16 f1 = 1 m1 = 4 2C 29 × 3 1A 840

f2 = 1 m2 = 4 4A 29 × 3 2B 840

f3 = 3 m3 = 12 4B 29 2B 2520

f4 = 3 m4 = 12 2D 29 1A 2520

f5 = 8 m5 = 32 4C 26 × 3 2A 6720

4B 4 f1 = 1 m1 = 16 4D 25 2C 40320

f2 = 1 m2 = 16 8A 25 4B 40320

f3 = 1 m3 = 16 8B 25 4A 40320

f4 = 1 m4 = 16 4E 25 2D 40320

2A 16 f1 = 1 m1 = 4 2E 210 × 3 1A 420

f2 = 1 m2 = 4 2F 210 × 3 1A 420

f3 = 1 m3 = 4 2G 210 × 3 1A 420

f4 = 1 m4 = 4 2H 210 × 3 1A 420

f5 = 12 m5 = 48 4F 28 2B 5040

3A 16 f1 = 1 m1 = 4 3A 26 × 32 × 5 1A 448

f2 = 5 m2 = 20 6A 26 × 32 3A 2B 2240

f3 = 10 m3 = 40 6B 25 × 32 3A 2A 4480

6A 4 f1 = 1 m1 = 16 6C 24 × 3 3A 2C 26880

f2 = 1 m2 = 16 12A 24 × 3 6A 4A 26880

f3 = 2 m3 = 32 12B 23 × 3 6B 4C 53760

7A 1 f1 = 1 m1 = 26 7A 7 1A 184320

7B 1 f1 = 1 m1 = 26 7B 7 1A 184320

88



Chapter 7

3B 4 f1 = 1 m1 = 16 3B 23 × 32 1A 17920

f2 = 1 m2 = 16 6D 23 × 32 3B 2B 17920

f3 = 1 m3 = 16 6E 23 × 32 3B 2A 17920

f4 = 1 m4 = 16 6F 23 × 32 3B 2B 17920

6B 4 f1 = 1 m1 = 16 6G 23 × 3 3B 2F 53760

f2 = 1 m2 = 16 6H 23 × 3 3B 2E 53760

f3 = 1 m3 = 16 6I 23 × 3 3B 2G 53760

f4 = 1 m4 = 16 6J 23 × 3 3B 2H 53760

4A 4 f1 = 1 m1 = 16 4G 26 2F 20160

f2 = 1 m2 = 16 4H 26 2H 20160

f3 = 1 m3 = 16 4I 26 2E 20160

f4 = 1 m4 = 16 4J 26 2G 20160

5A 4 f1 = 1 m1 = 16 5A 22 × 3× 5 1A 21504

f2 = 3 m2 = 48 10A 22 × 5 5A 2A 64512

15A 1 f1 = 1 m1 = 26 15A 3× 5 5A 3A 86016

15B 1 f2 = 1 m1 = 26 15B 3× 5 5A 3A 86016

Table 7.2: Conjugacy Classes of Ḡ = 26:A8

Example 7.3.1. Consider the coset Ng where g ∈ 2B. We supply in our Programme A,

g := C[2]. Thus we get the output f1 = 1, f2 = 1, f3 = 1 and f4 = 12. Similarly, |CG(g)| = 192

can be computed easily. In fact we use Order(cent) in our programme. The B[i][1][1]’s can be

accessed and labeled appropriately thus we have B[1][1][1] = 2E, B[2][1][1] = 2F , B[3][1][1] = 2G,

B[4][1][1] = 2H and B[5][1][1] = 4F as in Table 7.2. As per requirement g is in B[1].
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7.4. The Fischer Matrices and Character Table of Ḡ

We give the fusions of the inertia factor groups H2 = S6 and H3 = 24:(S3 × S3) in Table 7.3 and

Table 7.4 respectively.

[h]H2 7→ [g]G [h]H2 7→ [g]G [h]H2 7→ [g]G

1a 1A 4b 4B 5a 5A

2a 2A 6a 6B

2b 2B 3a 3B

2c 2B 3b 3A

4a 4B 6b 6A

Table 7.3: Fusion of the Classes from H2 to A8

[h]H3 7→ [g]G [h]H3 7→ [g]G [h]H3 7→ [g]G

1a 1A 3b 3B 4b 4B

2a 2A 6a 6A 4c 4A

2b 2B 3c 3B 2e 2A

3a 3A 6b 6B 4d 4A

2c 2B 2d 2A 6c 6B

4a 4A

Table 7.4: Fusion of the Classes from H3 to A8

The character tables of H2 and H3 are given in Table 7.5 and Table 7.6 respectively.

[g] 1a 2a 3a 2b 6a 2c 4a 4b 6b 5a 3b

|CH2(g)| 720 48 18 16 6 48 8 8 6 5 18

χ1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 1 1 −1 −1 1 −1 −1 1 1

χ3 5 −3 2 1 0 1 −1 −1 1 0 −1

χ4 5 3 2 1 0 −1 −1 1 −1 0 −1

χ5 5 −1 −1 1 −1 3 −1 1 0 0 2

χ6 5 1 −1 1 1 −3 −1 −1 0 0 2

χ7 9 −3 0 1 0 −3 1 1 0 −1 0

χ8 9 3 0 1 0 3 1 −1 0 −1 0

χ9 10 −2 1 −2 1 2 0 0 −1 0 1

χ10 10 2 1 −2 −1 −2 0 0 1 0 1

χ11 16 0 −2 0 0 0 0 0 0 1 −2

Table 7.5: Character Table of H2
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[g] 1a 2a 2b 3a 6a 3b 3c 2c 4a 4b 2d 4c 6b 2e 4d 6c

|CH3(g)| 576 64 96 36 12 18 18 16 16 8 48 16 6 48 16 6

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1

χ3 1 1 1 1 1 1 1 −1 −1 −1 1 1 1 −1 −1 −1

χ4 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1

χ5 2 2 2 −1 −1 −1 2 0 0 0 0 0 0 2 2 −1

χ6 2 2 2 −1 −1 −1 2 0 0 0 0 0 0 −2 −2 1

χ7 2 2 2 −1 −1 2 −1 0 0 0 −2 −2 1 0 0 0

χ8 2 2 2 −1 −1 2 −1 0 0 0 2 2 −1 0 0 0

χ9 4 4 4 1 1 −2 −2 0 0 0 0 0 0 0 0 0

χ10 6 −2 2 3 −1 0 0 −2 2 0 0 0 0 0 0 0

χ11 6 −2 2 3 −1 0 0 2 −2 0 0 0 0 0 0 0

χ12 9 1 −3 0 0 0 0 −1 −1 1 −3 1 0 3 −1 0

χ13 9 1 −3 0 0 0 0 −1 −1 1 3 −1 0 −3 1 0

χ14 9 1 −3 0 0 0 0 1 1 −1 −3 1 0 −3 1 0

χ15 9 1 −3 0 0 0 0 1 1 −1 3 −1 0 3 −1 0

χ16 12 −4 4 −3 1 0 0 0 0 0 0 0 0 0 0 0

Table 7.6: Character Table of H3

We have used Programme C and Programme D to compute candidates for the Fischer matrices

in GAP. For instance, for each non-identity conjugacy class representative of G, say g := C[i], we

produce the corresponding candidates for Fischer matrices and by the partial fusion of Ḡ into

O+
8 (2), we give the actual Fischer matrices as listed in Table 7.7. We observe that on the classes

3B, 4A, 4B and 6B, the subspace N/M ∼= 22 and the action of CG(g) on Irr(N/M) is trivial. Thus

the corresponding Fischer matrices coincide with the character table of N/M .

Table 7.7: Fischer Matrices of 26:A8

Fischer Matrices of 26:A8 Fischer matrices of 26:A8

M(1A) =

 1 1 1

28 4 −4

35 −5 3

 M(2B) =


1 1 1 1 1

6 6 −2 −2 0

2 −2 −2 2 0

1 1 1 1 −1

6 −6 2 −2 0



M(4A) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1

 M(4B) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1



M(6B) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1

 M(3B) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1


M(3A) =

 1 1 1

10 2 −2

5 −3 1

 M(6A) =

1 1 1

2 0 −2

1 −1 1


M(5A) =

(
1 1

3 −1

)
M(7A) =

(
1
)

M(15A) =
(
1
)

M(15B) =
(
1
)

M(7B) =
(
1
)

M(2A) =


1 1 1 1 1

4 4 −4 −4 0

3 3 3 3 −1

4 −4 4 −4 0

4 −4 −4 4 0


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Remark 7.4.1. It could be verified using the centralizer orders on class representatives of Ḡ, the

power maps of the elements of Ḡ (so as to apply the properties of the entries of the ordinary

character of Ḡ as given in Section 5.4) that the columns of M(1A) are identified as: columns 1, 2

and 3 correspond to 1A, 2A and 2B respectively. For M(2B), columns 1, 2, 3, 4 and 5 correspond

to 2C, 4A, 4B, 2D and 4C respectively. For M(4A), columns 1, 2, 3 and 4 correspond to 4D,

4E, 8B and 8A respectively. For M(2A), columns 1, 2, 3 and 4 correspond to 2H, 2F , 2E, 2G

and 4F respectively. For M(6A), columns 1, 2 and 3 correspond to 6C, 12B and 12A respectively.

For M(3B), columns 1, 2, 3 and 4 correspond to 3B, 6D, 6F and 6E respectively. For M(6B),

columns 1, 2, 3 and 4 correspond to 6G, 6I, 6H and 6J respectively. For M(4A), columns 1, 2,

3 and 4 correspond to 4G, 4J , 4I and 4H respectively. And for the rest of the Fischers matrices,

identification of their columns reveals that they coincide with the classes of Ḡ as obtained from coset

analysis.

We used the above Fischer matrices and the character tables of the inertia factor groups H1, H2 and

H3 together with the fusions of H1, H2 and H3 into A8 to obtain the character table of Ḡ = 26:A8.

The character table of Ḡ = 26:A8 will be partitioned into 3 blocks B1, B2 and B3 corresponding

to the inertia factor groups H1, H2 and H3 respectively. In fact

B1 = {χi|1 ≤ i ≤ 14}, B2 = {χi|15 ≤ i ≤ 25},

B3 = {χi|26 ≤ i ≤ 41}.

where Irr(Ḡ) =
⋃3
i=1Bi. For instance, on the classes 1A, 2A and 2B in the first block we have:

1

7

14

20

21

21

21

28

35

45

45

56

64

70



[
1 1 1

]
=



1 1 1

7 7 7

14 14 14

20 20 20

21 21 21

21 21 21

21 21 21

28 28 28

35 35 35

45 45 45

45 45 45

56 56 56

64 64 64

70 70 70


We are able to fill all the portions of the character table of Ḡ this way and we give the full table

as Table 7.8.
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[g] 1A 2A 2B 2C 4A 4B 2D 4C 4D 4E 8B 8A 2H 2F 2E 2G 4F 3A 6B 6A

|CḠ(g)|
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 7 7 7 3 3 3 3 3 1 1 1 1 −1 −1 −1 −1 −1 4 4 4

χ3 14 14 14 2 2 2 2 2 0 0 0 0 6 6 6 6 6 −1 −1 −1

χ4 20 20 20 4 4 4 4 4 0 0 0 0 4 4 4 4 4 5 5 5

χ5 21 21 21 1 1 1 1 1 −1 −1 −1 −1 −3 −3 −3 −3 −3 6 6 6

χ6 21 21 21 1 1 1 1 1 −1 −1 −1 −1 −3 −3 −3 −3 −3 −3 −3 −3

χ7 21 21 21 1 1 1 1 1 −1 −1 −1 −1 −3 −3 −3 −3 −3 −3 −3 −3

χ8 28 28 28 4 4 4 4 4 0 0 0 0 −4 −4 −4 −4 −4 1 1 1

χ9 35 35 35 −5 −5 −5 −5 −5 −1 −1 −1 −1 3 3 3 3 3 5 5 5

χ10 45 45 45 −3 −3 −3 −3 −3 1 1 1 1 −3 −3 −3 −3 −3 0 0 0

χ11 45 45 45 −3 −3 −3 −3 −3 1 1 1 1 −3 −3 −3 −3 −3 0 0 0

χ12 56 56 56 0 0 0 0 0 0 0 0 0 8 8 8 8 8 −4 −4 −4

χ13 64 64 64 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4 4

χ14 70 70 70 2 2 2 2 2 0 0 0 0 −2 −2 −2 −2 −2 −5 −5 −5

χ15 28 4 −4 8 4 −4 0 0 2 −2 0 0 4 4 −4 −4 0 10 −2 2

χ16 28 4 −4 4 8 0 −4 0 0 0 −2 2 −4 −4 4 4 0 10 −2 2

χ17 140 20 −20 8 4 −4 0 0 −2 2 0 0 −12 −12 12 12 0 −10 2 −2

χ18 140 20 −20 4 8 0 −4 0 0 0 2 −2 12 12 −12 −12 0 −10 2 −2

χ19 140 20 −20 12 0 −8 4 0 0 0 2 −2 −4 −4 4 4 0 20 −4 4

χ20 140 20 −20 0 12 4 −8 0 −2 2 0 0 4 4 −4 −4 0 20 −4 4

χ21 252 36 −36 0 12 4 −8 0 2 −2 0 0 −12 −12 12 12 0 0 0 0

χ22 252 36 −36 12 0 −8 4 0 0 0 −2 2 12 12 −12 −12 0 0 0 0

χ23 280 40 −40 −8 −16 0 8 0 0 0 0 0 −8 −8 8 8 0 10 −2 2

χ24 280 40 −40 −16 −8 8 0 0 0 0 0 0 8 8 −8 −8 0 10 −2 2

χ25 448 64 −64 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −20 4 −4

χ26 35 −5 3 7 −5 3 −1 −1 1 1 −1 −1 11 −5 3 3 −1 5 1 −3

χ27 35 −5 3 −5 7 −1 3 −1 −1 −1 1 1 3 3 −5 11 −1 5 1 −3

χ28 35 −5 3 −5 7 −1 3 −1 −1 −1 1 1 3 3 11 −5 −1 5 1 −3

χ29 35 −5 3 7 −5 3 −1 −1 1 1 −1 −1 −5 11 3 3 −1 5 1 −3

χ30 70 −10 6 2 2 2 2 −2 0 0 0 0 14 −2 −2 14 −2 −5 −1 3

χ31 70 −10 6 2 2 2 2 −2 0 0 0 0 −2 14 14 −2 −2 −5 −1 3

χ32 70 −10 6 2 2 2 2 −2 0 0 0 0 −2 14 −2 14 −2 −5 −1 3

χ33 70 −10 6 2 2 2 2 −2 0 0 0 0 14 −2 14 −2 −2 −5 −1 3

χ34 140 −20 12 4 4 4 4 −4 0 0 0 0 12 12 12 12 −4 5 1 −3

χ35 210 −30 18 −10 14 −2 6 −2 0 0 0 0 −6 −6 −6 −6 2 15 3 −9

χ36 210 −30 18 14 −10 6 −2 −2 0 0 0 0 −6 −6 −6 −6 2 15 3 −9

χ37 315 −45 27 −9 3 −5 −1 3 1 1 −1 −1 3 3 −21 27 −1 0 0 0

χ38 315 −45 27 −9 3 −5 −1 3 1 1 −1 −1 3 3 27 −21 −1 0 0 0

χ39 315 −45 27 3 −9 −1 −5 3 −1 −1 1 1 −21 27 3 3 −1 0 0 0

χ40 315 −45 27 3 −9 −1 −5 3 −1 −1 1 1 27 −21 3 3 −1 0 0 0

χ41 420 −60 36 4 4 4 4 −4 0 0 0 0 −12 −12 −12 −12 4 −15 −3 9

Table 7.8: Character Table of 26:A8
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[g] 6C 12B 12A 7A 7B 3B 6D 6F 6E 6G 6I 6H 6J 4G 4J 4I 4H 5A 10A 15A 15B

|CḠ(g)|
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 0 0 0 0 0 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 2 2 −1 −1

χ3 −1 −1 −1 0 0 2 2 2 2 0 0 0 0 2 2 2 2 −1 −1 −1 −1

χ4 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 0 0 0 0 0 0 0 0

χ5 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

χ6 1 1 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 b15
¯b15

χ7 1 1 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 ¯b15 b15

χ8 1 1 1 0 0 1 1 1 1 −1 −1 −1 −1 0 0 0 0 −2 −2 1 1

χ9 1 1 1 0 0 2 2 2 2 0 0 0 0 −1 −1 −1 −1 0 0 0 0

χ10 0 0 0 b7 b̄7 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

χ11 0 0 0 b̄7 b7 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

χ12 0 0 0 0 0 −1 −1 −1 −1 −1 −1 −1 −1 0 0 0 0 1 1 1 1

χ13 0 0 0 1 1 −2 −2 −2 −2 0 0 0 0 0 0 0 0 −1 −1 −1 −1

χ14 −1 −1 −1 0 0 1 1 1 1 1 1 1 1 −2 −2 −2 −2 0 0 0 0

χ15 2 0 −2 0 0 1 −1 −1 1 1 −1 −1 1 0 0 0 0 3 −1 0 0

χ16 −2 0 2 0 0 1 −1 −1 1 −1 1 1 −1 0 0 0 0 3 −1 0 0

χ17 2 0 −2 0 0 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ18 −2 0 2 0 0 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ19 0 0 0 0 0 −1 1 1 −1 −1 1 1 −1 0 0 0 0 0 0 0 0

χ20 0 0 0 0 0 −1 1 1 −1 1 −1 −1 1 0 0 0 0 0 0 0 0

χ21 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −3 1 0 0

χ22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −3 1 0 0

χ23 −2 0 2 0 0 1 −1 −1 1 1 −1 −1 1 0 0 0 0 0 0 0 0

χ24 2 0 −2 0 0 1 −1 −1 1 −1 1 1 −1 0 0 0 0 0 0 0 0

χ25 0 0 0 0 0 −2 2 2 −2 0 0 0 0 0 0 0 0 3 −1 0 0

χ26 1 −1 1 0 0 2 0 0 −2 2 0 0 −2 3 −1 −1 −1 0 0 0 0

χ27 1 −1 1 0 0 2 0 0 −2 0 2 −2 0 −1 3 −1 −1 0 0 0 0

χ28 1 −1 1 0 0 2 0 0 −2 0 −2 2 0 −1 −1 3 −1 0 0 0 0

χ29 1 −1 1 0 0 2 0 0 −2 −2 0 0 2 −1 −1 −1 3 0 0 0 0

χ30 −1 1 −1 0 0 1 3 −3 −1 −1 −1 1 1 2 2 −2 −2 0 0 0 0

χ31 −1 1 −1 0 0 1 3 −3 −1 1 1 −1 −1 −2 −2 2 2 0 0 0 0

χ32 −1 1 −1 0 0 1 −3 3 −1 1 −1 1 −1 −2 2 −2 2 0 0 0 0

χ33 −1 1 −1 0 0 1 −3 3 −1 −1 1 −1 1 2 −2 2 −2 0 0 0 0

χ34 1 −1 1 0 0 −4 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0

χ35 −1 1 −1 0 0 0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 0 0

χ36 −1 1 −1 0 0 0 0 0 0 0 0 0 0 −2 2 2 −2 0 0 0 0

χ37 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 3 −1 0 0 0 0

χ38 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 3 −1 −1 0 0 0 0

χ39 0 0 0 0 0 0 0 0 0 0 0 0 0 3 −1 −1 −1 0 0 0 0

χ40 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 3 0 0 0 0

χ41 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 7.8: (cont.)
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7.5. Fusion of Ḡ into O+
8 (2)

The permutation character for the action of O+
8 (2) on the cosets of Ḡ in O+

8 (2) is given in Atlas

[19]. We obtain that

χ(O+
8 (2)|Ḡ) = 1a+ 50a+ 84a.

We use the permutation character values on the classes of O+
8 (2) and the known power maps of

the elements of Ḡ and O+
8 (2) (see Atlas [19] for the power maps of the elements of O+

8 (2)) to get

partial fusion of Ḡ into O+
8 (2). For example, for the classes 2A and 2B of Ḡ, we have the following

fusions 2A 7→ 2B and 2B 7→ 2A in O+
8 (2). To complete the fusion map, we restrict irreducible

characters of O+
8 (2) of small degree to Ḡ. In determining the restrictions of irreducible characters

of O+
8 (2) to Ḡ, we continue with the technique of set intersection of characters described in the

previous chapters.

Let ξ be the character of A8 afforded by the regular representation of A8. Then we have that

ξ =
∑14

i=1 eiψi, where ψi ∈ Irr(G) and ei = deg(ψi). Then ξ can be taken as a character of 26:A8

which contains 26 in its kernel such that

ξ(g) =

|A8| if g ∈ 26,

0 otherwise.

Now if ϕ is a character of O+
8 (2), then we obtain the following:

〈ξ, ϕ〉26:A8
=

1

|26:A8|
{ξ(1A)ϕ(1A) + ξ(2A)ϕ(2A) + ξ(2B)ϕ(2B)}

=
1

|26:A8|
{|A8|ϕ(1A) + |A8|ϕ(2A) + |A8|ϕ(2B)}

=
1

64
{ϕ(1A) + ϕ(2A) + ϕ(2B)}

= 〈ϕ26 , %1〉.

where %1 is the identity character of 26 and ϕ26 is the restriction of ϕ to 26. Similarly, we obtain:

ϕ26 = b1θ1 + b2θ2 + b3θ3

where bi ∈ N ∪ {0}, i ∈ {1, 2, 3} and θi, i ∈ {1, 2, 3} are the sums of the irreducible characters of

26 which are in one orbit under the action of A8 on Irr(26). Let %j ∈ Irr(26), for j ∈ {1, 2, · · · , 64}.
We have that

θ1 = %1, deg(θ1) = 1.

θ2 =

29∑
j=2

%j , deg(θ2) = 28.

θ3 =
64∑
j=30

%j , deg(θ3) = 35.
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Therefore,

ϕ26 = b1%1 + b2

29∑
j=2

%j + b3

64∑
j=30

%j

and further

〈ϕ26 , ϕ26〉 = b21 + 28b22 + 35b23.

Clearly, b1 = 〈ϕ26 , %1〉 = 〈ξ, ϕ〉25:A8
. Similarly, we obtain

〈ϕ26 , ϕ26〉 =
1

64
{ϕ(1A)ϕ(1A) + 28ϕ(2A)ϕ(2A) + 35ϕ(2B)ϕ(2B)}.

Let us apply the above results to the restrictions ϕ1 = 28a and ϕ2 = 35a, where 28a and 35a are

irreducible characters of O+
8 (2) of degrees 28 and 35 respectively. (see Atlas [19] for the character

table of O+
8 (2)). Thus for ϕ1, we obtain

b1 = 〈ξ, ϕ1〉26:A8
=

1

64
{ϕ1(1A) + 28ϕ1(2A) + 35ϕ1(2B)}

=
1

64
{28 + 28(4) + 35(−4)} = 0

and since deg(ϕ1) = 28, we must have that

b1 + 28b2 + 35b3 = 28.

Now b1 = 0 implies that b3 = 0 and b2 = 1.

Now by considering the already determined fusions via the use of power maps of elements of 26:A8

and O+
8 (2), and also by considering the irreducible characters of 26:A8 as provided in Table 7.8 we

determined that (ϕ1)26:A8
can be written as an irreducible character of 26:A8 of degree 28. Thus

we write

(ϕ1)26:A8
= χ16,

where χ16 is as given in Table 7.8.

Furthermore, for ϕ2, we obtain

b1 = 〈ξ, ϕ2〉26:A8
=

1

64
{ϕ2(1A) + 28ϕ2(2A) + 35ϕ2(2B)}

=
1

64
{35 + 28(11) + 35(3)} = 7

and since deg(ϕ2) = 35, we must have that

b1 + 28b2 + 35b3 = 35.

Now b1 = 7 implies that b2 = 1 and b3 = 0.

Now by considering the already determined fusions via the use of powers maps of elements of 26:A8

and O+
8 (2), and also by considering the irreducible characters of 26:A8 as provided in Table 7.8 we

determined that (ϕ1)26:A8
can be written as a sum of two irreducible characters of 26:A8 of degrees

7 and 28. Thus we write

(ϕ2)26:A8
= χ2 + χ15,
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where χi, i ∈ {2, 15} is given in Table 7.8.

By the use of partial fusion already determined, the values of ϕ1 and ϕ2 on the classes of O+
8 (2) and

the values of (ϕ1)26:A8
and (ϕ2)26:A8

on the classes of 26:A8, we are able to complete the fusion of

26:A8 into O+
8 (2). This fusion is given in the following Table 7.9 in which the entries are obtained

by computing |CO+
8 (2)(y)|/|CḠ(x)| where y is a representative of a conjugacy class of O+

8 (2) and x

is a representative of a conjugacy class of Ḡ and o(y) = o(x). The entries that appear in the boxes

in Table 7.9 indicate the actual fusions.

[y] 1A 2A 2B 2C 2D 2E 4A 4B 4C 4D 4E 4F

|CO+
8 (2)(y)| 1741 110 46 46 46 3 4 5 1 1 1 6

82400 592 080 080 080 072 608 12 92 92 92 4

χ(O+
8 (2)|Ḡ)(y) 135 39 31 15 15 7 3 11 7 3 3 3

[x] |CḠ(x)|
1A 1290240 135

2A 46080 1 1 1

2B 36864 3

2C 1536 30 2

2D 512 6

2E 3072 36 15 15 15 1

2F 3072 36 15 15 15 1

2G 3072 36 15 15 15 1

2H 3072 36 15 15 15 1

4A 1536 3

4B 512 1

4C 192 1 1 1

4D 32 6 2

4E 32 6 2

4F 256 2

4G 64 8 3 3 3 1

4H 64 8 3 3 3 1

4I 64 8 3 3 3 1

4J 64 8 3 3 3 1

Table 7.9: Fusion of Ḡ into O+
8 (2)
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[y] 3A 3B 3C 3D 3E 5A 5B 5C 7A 8A 8B

|CO+
8 (2)(y)| 77 77 77 1 6 3 3 3 0 3 3

760 760 760 944 48 00 00 00 7 2 2

χ(O+
8 (2)|Ḡ)(y) 27 0 0 0 9 5 0 0 2 1 1

[x] |CḠ(x)|
3A 2880 27

3B 72 9

5A 60 5

7A 7 1

7B 7 1

8A 32 1 1

8B 32 1 1

Table 7.9: (cont.)

[y] 6A 6B 6C 6D 6E 6F 6G 6H 6I 6J 6K 6L 6M 6N 9A 9B 9C

|CO+
8 (2)(y)| 1 1 1 2 2 2 2 2 2 2 7 7 7 2 2 2 2

728 728 728 88 88 88 16 16 16 16 2 2 2 4 7 7 7

χ(O+
8 (2)|Ḡ)(y) 3 0 0 7 0 0 0 9 3 3 1 3 3 1 0 0 0

[x] |CḠ(x)|
6A 576 3

6B 288 1

6C 48 6

6D 72 4 3 3 3 1 1 1

6E 72 4 3 3 3 1 1 1

6F 72 4 3 3 3 1 1 1

6G 24 9 3 3 1

6H 24 9 3 3 1

6I 24 9 3 3 1

6J 24 9 3 3 1

Table 7.9: (cont.)
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[y] 10A 10B 10C 12A 12B 12C 12D 12E 12F 12G 15A 15B 15C

|CO+
8 (2)(y)| 2 2 2 1 1 1 3 2 2 2 1 1 1

0 0 0 44 44 44 6 4 4 4 5 5 5

χ(O+
8 (2)|Ḡ)(y) 1 0 0 3 0 0 0 1 0 0 2 0 0

[x] |CḠ(x)|
10A 20 1

12A 48 3

12B 24 1

15A 15 1

15B 15 1

Table 7.9: (cont.)
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On a Sylow 2− Subgroup of O+
8 (2)

We recall the discussion of Chapter 4 that Sylow p− subgroups of O+
2m(q), for q = pk for some k,

are split extensions. In this chapter, we study a split extension group of the form Ḡ = 26:G4, where

G4 = 23:D8 is isomorphic to a Sylow 2−subgroup of GL(4, 2). The group Ḡ is a Sylow 2−subgroup

of O+
8 (2), the orthogonal group of type + and dimension 8 over the field of two elements. The

degrees of the irreducible characters in general of Sylow p − subgroups of O+
2m(q), where q = pk

have been studied extensively, see for instance [16] and [51]. We determine the character table of

Ḡ in this chapter and in addition, we fuse its conjugacy classes into 26:A8, a maximal parabolic

subgroup of O+
8 (2) as discussed from the previous chapter.

This chapter is organized as follows: in Section 8.1, we give a brief introduction on the group Ḡ

and generate it as a Sylow 2− subgroup of O+
8 (2). In Section 8.2, we give the conjugacy classes of

Ḡ computed using the coset analysis technique and we see that corresponding to the 16 conjugacy

classes of G4, we get 103 classes for Ḡ. In Section 8.3, we act the group G4 on Irr(26) and show

that there are 10 inertia factor groups, namely H1 = G4, H2 = G4, H3 = (2×D8):2, H4 = 2×D8,

H5 = 2 × D8, H6 = 2 × D8, H7 = 23, H8 = 23, H9 = 22 and H10 = 22. In Section 8.4, we

compute the sixteen Fischer matrices of Ḡ through a non combinatorial approach by the help of

Programme D in the Appendix. We see that the sizes of these Fischer matrices range from 4 to

10. In Section 8.5, we discuss the fusion of the conjugacy classes of Ḡ into those of 26:A8. Therefore,

we compute the permutation character χ(26:A8|Ḡ) for the action of 26:A8 on the cosets of Ḡ in

26:A8. We used GAP [31] as well as information about the permutation character χ(26:A8|Ḡ),

conjugacy classes of elements of Ḡ and 26:A8 to fuse the conjugacy classes of Ḡ into 26:A8.
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8.1. The Generators of Ḡ

We first constructed the group O+
8 (2) in GAP as a proper normal subgroup of GO+

8 (2), the general

orthogonal group of type + and dimension 8 over a field of 2 elements. We then constructed Ḡ

inside O+
8 (2) as a Sylow 2− subgroup. The following 8− dimensional matrices over F2, namely ḡ1,

ḡ2, ḡ3 and ḡ4 generate Ḡ.

Table 8.1: Generators of 26:(23:D8)

Generators of 26:(23:D8) Generators of 26:(23:D8)

ḡ1 =



1 0 1 0 0 1 0 1

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 1 1 0 1 0 0 0

0 1 0 1 0 1 0 0

0 0 1 0 0 0 0 0

0 1 0 0 0 0 1 0

0 0 0 0 0 0 0 1


ḡ2 =



1 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0

1 0 1 0 1 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 1 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



ḡ3 =



1 0 1 0 0 1 0 0

0 1 0 0 0 0 0 1

0 0 0 0 0 1 0 1

0 1 1 0 1 0 0 0

0 1 0 1 0 1 0 0

0 0 1 0 0 0 0 1

1 0 0 1 1 0 1 0

0 0 0 0 0 0 0 1


ḡ4 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 1

0 0 0 0 0 1 0 1

0 0 0 0 1 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 1

1 0 0 1 1 0 1 0

0 0 0 0 0 0 0 1



with o(ḡ1) = 2, o(ḡ2) = 2, o(ḡ3) = 2 and o(ḡ4) = 2. That is, Ḡ is generated by four involutions.

Using GAP, one can check all the elementary abelian normal subgroups of Ḡ. We determined

elements e1, e2, e3, e4, e5 and e6 such that N = 〈e1, e2, e3, e4, e5, e6〉 is an elementary abelian

normal subgroup of Ḡ. Let G be the complement of N in Ḡ such that N ∩ G = {1Ḡ} and

Ḡ/N ∼= G. We get the following generators of G

Table 8.2: Generators of G

Generators of G Generators of G

g1 =



1 0 1 0 0 1 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 1 1 0 1 0 0 0

0 1 0 1 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


g2 =



1 0 0 0 0 0 0 0

0 1 0 0 1 0 0 0

0 0 1 0 1 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

1 0 0 1 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



g3 =



0 0 1 1 1 1 0 0

0 0 0 0 0 1 0 0

0 1 1 0 0 1 0 0

0 1 0 1 0 1 0 0

1 1 1 1 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



with o(g1) = 2, o(g2) = 2 and o(g3) = 2.
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8.2. The Conjugacy Classes of Ḡ

In this section, we use the coset analysis technique covered in Section 2.3 to compute the conju-

gacy classes of Ḡ. We know that G has 16 conjugacy classes (see for instance the author’s MSc

dissertation [17]). The action of G on N gives ten orbits which are two fixed points, one orbit of

length 2, three orbits each of length 4, two orbits each of length 8 and two orbits each of length 16.

The permutation character for the action of G on N is given by

χ(G|N) = 10χ1 + 3χ3 + 3χ5 + 3χ7 + 3χ8 + 3χ10 + 3χ13 + 3χ14 + 3χ15 + 3χ16,

where χi ∈ Irr(G), refer to Table 8.6 for character values of the χi’s.

We have the following Table 8.3 for the k’s.

[g]G 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I

k 64 16 16 16 16 16 16 16 16 16

[g]G 4A 4B 4C 4D 4E 4F

k 4 4 4 4 4 4

Table 8.3: Fixed Points for the Action of G = 23:D8 on N = 26

We used Programme A in the Appendix to determine the fi’s, which are the lengths of the orbits

from the action of CG(g) on the orbits of the action of N on Ng. Where g is a representative of a

conjugacy class of G. For the power maps, we applied Programme B.

We give the conjugacy classes of Ḡ in the following Table 8.4. We have also included a column

(column 7) on power maps in the same table. The corresponding weights appear in column 4.

[g]G k fi mi [g]Ḡ |CḠ(g)| 2 3 5 7 Size of [g]Ḡ

1A 64 f1 = 1 m1 = 1 1A 212 1A 1

f2 = 1 m2 = 1 2A 212 1A 1

f3 = 2 m3 = 2 2B 211 1A 2

f4 = 4 m4 = 4 2C 210 1A 4

f5 = 4 m5 = 4 2D 210 1A 4

f6 = 4 m6 = 4 2E 210 1A 4

f7 = 8 m7 = 8 2F 29 1A 8

f8 = 8 m8 = 8 2G 29 1A 8

f9 = 16 m9 = 16 2H 28 1A 16

f10 = 16 m10 = 16 2I 28 1A 16

2A 16 f1 = 1 m1 = 4 2J 29 1A 23

f2 = 1 m2 = 4 2K 29 1A 23

f3 = 1 m3 = 4 4A 29 2A 23

f4 = 1 m4 = 4 4B 29 2A 23

f5 = 2 m5 = 8 4C 28 2A 24

f6 = 2 m6 = 8 2L 28 1A 24

f7 = 8 m7 = 32 4D 26 2E 26

4A 4 f1 = 1 m1 = 16 4E 25 2AJ 27

f2 = 1 m2 = 16 4F 25 2AM 27

f3 = 1 m3 = 16 4G 25 2AL 27

f4 = 1 m4 = 16 4H 25 2AK 27

2B 16 f1 = 1 m1 = 4 2M 28 1A 24

f2 = 1 m2 = 4 4I 28 2A 24

f3 = 1 m3 = 4 4J 28 2A 24
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f4 = 1 m4 = 4 2N 28 1A 24

f5 = 1 m5 = 4 4K 28 2A 24

f6 = 1 m6 = 4 2O 28 1A 24

f7 = 1 m7 = 4 2P 28 1A 24

f8 = 1 m8 = 4 4L 28 2A 24

f9 = 8 m9 = 32 4M 25 2G 27

2C 16 f1 = 1 m1 = 4 2Q 29 1A 23

f2 = 1 m2 = 4 2R 29 1A 23

f3 = 1 m3 = 4 2S 29 1A 23

f4 = 1 m4 = 4 2T 29 1A 23

f5 = 2 m5 = 4 4N 28 2A 24

f6 = 2 m6 = 4 4O 28 2A 24

f7 = 8 m7 = 32 4P 26 2D 26

2D 16 f1 = 1 m1 = 4 2U 28 1A 24

f2 = 1 m2 = 4 2V 28 1A 24

f3 = 1 m3 = 4 4Q 28 2A 24

f4 = 1 m4 = 4 4R 28 2A 24

f5 = 1 m5 = 4 2W 28 1A 24

f6 = 1 m6 = 4 4S 28 2A 24

f7 = 1 m7 = 4 4T 28 2A 24

f8 = 1 m8 = 4 2X 28 1A 24

f9 = 8 m9 = 32 4U 25 2F 27

4B 4 f1 = 1 m1 = 16 4V 26 2AN 27

f2 = 1 m2 = 16 4W 26 2AO 27

f3 = 1 m3 = 16 4X 26 2AP 27

f4 = 1 m4 = 16 4Y 26 2AQ 27

2E 16 f1 = 1 m1 = 4 2Y 28 1A 24

f2 = 1 m2 = 4 2Z 28 1A 24

f3 = 1 m3 = 4 4Z 28 2B 24

f4 = 1 m4 = 4 4AA 28 2B 24

f5 = 2 m5 = 8 4AB 27 2B 25

f6 = 2 m6 = 8 2AA 27 1A 25

f7 = 4 m7 = 16 4AC 26 2E 26

f8 = 4 m8 = 16 4AD 26 2E 26

4C 4 f1 = 1 m1 = 16 4AE 25 2J 27

f2 = 1 m2 = 16 4AF 25 2K 27

f3 = 1 m3 = 16 8A 25 4B 27

f4 = 1 m4 = 16 8B 25 4A 27

4D 4 f1 = 1 m1 = 16 4AG 25 2Q 27

f2 = 1 m2 = 16 4AH 25 2T 27

f3 = 1 m3 = 16 4AI 25 2R 27

f4 = 1 m4 = 16 4AJ 25 2S 27

2F 16 f1 = 1 m1 = 4 2AB 28 1A 24

f2 = 1 m2 = 4 2AC 28 1A 24

f3 = 1 m3 = 4 2AD 28 1A 24

f4 = 1 m4 = 4 2AE 28 1A 24

f5 = 2 m5 = 8 4AK 27 2B 25

f6 = 2 m6 = 8 4AL 27 2B 25

f7 = 4 m7 = 16 4AM 26 2C 26

f8 = 4 m8 = 16 4AN 26 2C 26

4E 4 f1 = 1 m1 = 16 4AO 26 2AN 26

f2 = 1 m2 = 16 4AP 26 2AP 26

f3 = 1 m3 = 16 4AQ 26 2AQ 26

f4 = 1 m4 = 16 4AR 26 2AO 26

2G 16 f1 = 1 m1 = 4 2AF 28 1A 24

f2 = 1 m2 = 4 2AG 28 1A 24

f3 = 1 m3 = 4 2AH 28 1A 24

f4 = 1 m4 = 4 2AI 28 1A 24

f5 = 2 m5 = 8 4AS 27 2B 25

f6 = 2 m6 = 8 4AT 27 2B 25

f7 = 4 m7 = 16 4AU 26 2D 26
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f8 = 4 m8 = 16 4AV 26 2D 26

4F 4 f1 = 1 m1 = 16 4AW 26 2AN 26

f2 = 1 m2 = 16 4AX 26 2AQ 26

f3 = 1 m3 = 16 4AY 26 2AP 26

f4 = 1 m4 = 16 4AZ 26 2AO 26

2H 16 f1 = 1 m1 = 4 2AJ 29 1A 23

f2 = 1 m2 = 4 2AK 29 1A 23

f3 = 1 m3 = 4 2AL 29 1A 23

f4 = 1 m4 = 4 2AM 29 1A 23

f5 = 2 m5 = 8 4AAA 28 2A 24

f6 = 2 m6 = 8 4AAB 28 2A 24

f7 = 8 m7 = 32 4AAC 26 2C 26

2I 16 f1 = 1 m1 = 4 2AN 210 1A 22

f2 = 1 m2 = 4 2AO 210 1A 22

f3 = 1 m3 = 4 2AP 210 1A 22

f4 = 1 m4 = 4 2AQ 210 1A 22

f5 = 4 m5 = 16 4AAD 28 2A 24

f6 = 8 m6 = 32 4AAE 27 2B 25

Table 8.4: Conjugacy Classes of Ḡ = 26:(23:D8)

Example 8.2.1. Let us consider the identity coset N . Since N is abelian, the action of N on itself

results into orbits comprising singleton. Therefore, k = |N | = 26. The action of CG(1G) = G on

N yields orbits of lengths f1 = 1, f2 = 1, f3 = 2, f4 = 4, f5 = 4, f6 = 4, f7 = 8, f8 = 8, f9 =

16, f10 = 16. The orders of the representatives of these orbits are the orders of the elements of N .

Note that the first orbit corresponds to 1A. We know that |CG(1G)| = |G| = 64. Hence we have

the following classes of Ḡ from g = 1G

• class (1A) such that |CḠ(1A)| = 26×|CG(1G)|
1 = 212,

• class (2A) such that |CḠ(2A)| = 22×|CG(1G)|
1 = 212,

• class (2B) such that |CḠ(2B)| = 22×|CG(1G)|
2 = 211,

• class (2C) such that |CḠ(2C)| = 22×|CG(1G)|
4 = 210,

• class (2D) such that |CḠ(2D)| = 22×|CG(1G)|
4 = 210,

• class (2E) such that |CḠ(2E)| = 22×|CG(1G)|
4 = 210,

• class (2F ) such that |CḠ(2F )| = 22×|CG(1G)|
8 = 29,

• class (2G) such that |CḠ(2G)| = 22×|CG(1G)|
8 = 29,

• class (2H) such that |CḠ(2H)| = 22×|CG(1G)|
16 = 28,
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• class (2I) such that |CḠ(2I)| = 22×|CG(1G)|
16 = 28.

8.3. Action of G on Irr(N)

For the action of G on the Irr(N), we have to first write the elements of G in the dimension of the

module N . We know G = 〈g1, g2, g3〉 and N = 〈e1, e2, e3, e4, e5, e6〉.

Then the action of g1 on the generators of N is given by:

e1 7→ e1, e2 7→ e2, e3 7→ e2e3,

e4 7→ e4, e5 7→ e4e5e6, e6 7→ e6.

The action of g2 on the generators of N is given by:

e1 7→ e1e2e3e6, e2 7→ e2, e3 7→ e3,

e4 7→ e4e6, e5 7→ e5, e6 7→ e6.

The action of g3 on the generators of N is given by:

e1 7→ e1e4e5, e2 7→ e2e4, e3 7→ e3e5,

e4 7→ e4, e5 7→ e5, e6 7→ e6.

We now have, in Table 8.5, the generators of a group isomorphic to G given in terms of 6 × 6

matrices. Thus G ∼= 〈g′1, g
′
2, g

′
3〉 = G1.

Table 8.5: Generators of G1

Generators of G1 Generators of G1

g
′
1 =



1 0 0 0 0 0

0 1 0 0 0 0

0 1 1 0 0 0

0 0 0 1 0 0

0 0 0 1 1 1

0 0 0 0 0 1


g
′
2 =



1 1 1 0 0 1

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 1

0 0 0 0 1 0

0 0 0 0 0 1



g
′
3 =



1 0 0 1 1 0

0 1 0 1 0 0

0 0 1 0 1 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1



We now act the group say G1 generated by the transposed matrices of the group 〈g′1, g
′
2, g

′
3〉 on

the vector space V = GF (2)6 as this action is equivalent to the action on the dual V∗. The dual is

isomorphic to Irr(26). We obtain from this action two orbits each of length 1, one orbit of length

2, three orbits each of length 4, two orbits each of length 8 and two orbits each of length 16. The

point stabilizers are given by H1 = G1, H2 = G1, H3 = (2 × D8):2, H4 = 2 × D8, H5 = 2 × D8,

H6 = 2 ×D8, H7 = 23, H8 = 23, H9 = 22 and H10 = 22. The character tables and the fusions of

the inertia factor groups are given in the following tables.

105



Chapter 8

[g] 1a 2a 4a 2b 2c 2d 4b 2e 4c 4d 2f 4e 2g 4f 2h 2i

|CH1(g)| 64 32 8 16 32 16 16 16 8 8 16 16 16 16 32 64

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 −1 1 −1 1 −1 1 −1 1 −1 −1 −1 1 1

χ3 1 1 −1 1 1 1 1 −1 −1 1 1 −1 −1 −1 1 1

χ4 1 1 −1 −1 1 −1 −1 −1 1 1 −1 −1 1 1 1 1

χ5 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ6 1 1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1

χ7 1 1 −1 1 1 1 −1 1 1 −1 −1 1 −1 −1 1 1

χ8 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 1 1 1 1

χ9 2 −2 0 0 2 0 2 0 0 0 −2 0 0 0 −2 2

χ10 2 −2 0 0 2 0 −2 0 0 0 2 0 0 0 −2 2

χ11 2 2 0 0 −2 0 0 −2 0 0 0 2 0 0 −2 2

χ12 2 −2 0 0 −2 0 0 0 0 0 0 0 −2 2 2 2

χ13 2 −2 0 0 −2 0 0 0 0 0 0 0 2 −2 2 2

χ14 2 2 0 0 −2 0 0 2 0 0 0 −2 0 0 −2 2

χ15 4 0 0 −2 0 2 0 0 0 0 0 0 0 0 0 −4

χ16 4 0 0 2 0 −2 0 0 0 0 0 0 0 0 0 −4

Table 8.6: Character Table of H1 = G

[g] 1a 2a 4a 2b 4b 2c 2d 4c 2e 4d 2f 2g 2h 2i 2j 4e 4f

|CH3(g)| 32 16 16 16 16 16 16 16 16 16 16 16 32 16 16 16 16

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 −1 1 −1 −1 1 −1 −1 1 −1 1 1 −1 −1 1

χ3 1 1 −1 1 1 −1 1 −1 −1 −1 −1 1 1 1 −1 1 −1

χ4 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 1 −1 1 −1

χ5 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 1 −1 −1 1

χ6 1 −1 1 1 1 1 −1 −1 1 −1 −1 −1 1 −1 −1 1 1

χ7 1 −1 −1 −1 1 1 1 1 1 −1 1 1 1 −1 −1 −1 −1

χ8 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1

χ9 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 −1 −1 1 1

χ10 1 1 −1 1 −1 1 −1 1 −1 −1 −1 1 1 −1 1 −1 1

χ11 1 1 1 −1 −1 1 1 −1 −1 −1 1 −1 1 −1 1 1 −1

χ12 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 1 1 −1

χ13 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 1

χ14 1 −1 −1 −1 −1 −1 −1 −1 1 −1 1 1 1 1 1 1 1

χ15 1 −1 1 1 −1 −1 1 1 1 −1 −1 −1 1 1 1 −1 −1

χ16 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 1 −1 −1

χ17 4 0 0 0 0 0 0 0 0 0 0 0 −4 0 0 0 0

Table 8.7: Character Table of H3 = (2×D8):2
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[g] 1a 2a 2b 2c 2d 2e 4a 4b 2f 2g

|CH4(g)| 16 16 8 8 8 8 8 8 16 16

χ1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 −1 1 −1 −1 1 −1 −1

χ3 1 1 −1 1 1 −1 1 −1 −1 −1

χ4 1 1 −1 −1 −1 −1 1 1 1 1

χ5 1 1 1 1 −1 −1 −1 −1 1 1

χ6 1 1 1 −1 −1 1 1 −1 −1 −1

χ7 1 1 −1 1 −1 1 −1 1 −1 −1

χ8 1 1 −1 −1 1 1 −1 −1 1 1

χ9 2 −2 0 0 0 0 0 0 −2 2

χ10 2 −2 0 0 0 0 0 0 2 −2

Table 8.8: Character Table of H4 = 2×D8

[g] 1a 2a 2b 2c 2d 2e 2f 2g

|CH7(g)| 8 8 8 8 8 8 8 8

χ1 1 1 1 1 1 1 1 1

χ2 1 −1 1 1 −1 1 −1 −1

χ3 1 1 −1 −1 1 1 −1 −1

χ4 1 −1 −1 −1 −1 1 1 1

χ5 1 −1 −1 1 1 −1 −1 1

χ6 1 1 −1 1 −1 −1 1 −1

χ7 1 −1 1 −1 1 −1 1 −1

χ8 1 1 1 −1 −1 −1 −1 1

Table 8.9: Character Table of H7 = 23

[g] 1a 2a 2b 2c

|CH9(g)| 4 4 4 4

χ1 1 1 1 1

χ2 1 −1 1 −1

χ3 1 1 −1 −1

χ4 1 −1 −1 1

Table 8.10: Character Table of H9 = 22
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[x]H3 → [y]H1 [x]H4 → [y]H1 [x]H5 → [y]H1 [x]H6 → [y]H1

1a 1A 1a 1A 1a 1A 1a 1A

2a 2A 2a 2A 2a 2C 2a 2H

4a 4F 2b 2B 2b 2B 2b 2D

2b 2C 2c 2D 2c 2D 2c 2G

4b 4B 2d 2E 2d 2F 2d 2G

2c 2E 2e 2E 2e 2F 2e 2B

2d 2F 4a 4C 4a 4D 4a 4A

4c 4E 4b 4C 4b 4D 4b 4A

2e 2G 2f 2A 2f 2C 2f 2H

4d 4F 2g 2I 2g 2I 2g 2I

2f 2G

2g 2H

2h 2I

2i 2F

2j 2E

4e 4B

4f 4E

[x]H7 → [y]H1 [x]H8 → [y]H1 [x]H9 → [y]H1 [x]H10 → [y]H1

1a 1A 1a 1A 1a 1A 1a 1A

2a 2D 2a 2A 2a 2F 2a 2F

2b 2C 2b 2B 2b 2E 2b 2E

2c 2D 2c 2C 2c 2G 2c 2G

2d 2A 2d 2B

2e 2B 2e 2B

2f 2H 2f 2H

2g 2D 2g 2D

Table 8.11: Fusion of Hi into G

8.4. Fischer Matrices

Using the fusions of the inertia factor groups into the classes of G, we obtain the sizes of the Fischer

matrices on class representatives of G. In fact, we applied Programme C to obtain the Fischer

108



Chapter 8

matrix M(1A) given below. Clearly this is a 10− dimensional matrix.

M(1A) =



1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 −1 −1

2 2 2 2 2 2 −2 −2 0 0

4 4 4 −4 −4 4 0 0 0 0

4 4 4 −4 4 −4 0 0 0 0

4 4 4 4 −4 −4 0 0 0 0

8 8 −8 0 0 0 −4 4 0 0

8 8 −8 0 0 0 4 −4 0 0

16 −16 0 0 0 0 0 0 −4 4

16 −16 0 0 0 0 0 0 4 −4


We now construct the Fischer matrices on the non-identity classes of G, namely M(2A), M(2B),

M(2C), M(2D), M(2E), M(2F ), M(2G), M(2H), M(2I), M(4A), M(4B), M(4C), M(4D),

M(4E) and M(4F ). We apply Programme D to obtain these Fischer matrices. We observe that

all the classes with representative say g, an element of order 4, are such that CG(g) acts trivially

on Irr(N/M):

Table 8.12: Fischer Matrices of Ḡ = 26:(23:D8)

Fischer Matrices of Ḡ = 26:(23:D8) Fischer Matrices of Ḡ = 26:(23:D8)

M(2A) =



1 1 1 1 1 1 1

1 1 1 1 1 1 −1

2 2 −2 −2 2 −2 0

2 2 2 2 −2 −2 0

2 2 −2 −2 −2 2 0

4 −4 4 −4 0 0 0

4 −4 −4 4 0 0 0


M(2B) =



1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 −1

2 −2 −2 2 −2 2 2 −2 0

2 −2 −2 2 2 −2 −2 2 0

2 −2 2 −2 −2 2 −2 2 0

2 −2 2 −2 2 −2 2 −2 0

2 2 −2 −2 −2 −2 2 2 0

2 2 −2 −2 2 2 −2 −2 0

2 2 2 2 −2 −2 −2 −2 0



M(2C) =



1 1 1 1 1 1 1

1 1 1 1 1 1 −1

2 2 2 2 −2 −2 0

2 2 −2 −2 2 −2 0

2 2 −2 −2 −2 2 0

4 −4 4 −4 0 0 0

4 −4 −4 4 0 0 0


M(2D) =



1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 −1

2 −2 −2 2 −2 2 2 −2 0

2 −2 −2 2 2 −2 −2 2 0

2 −2 2 −2 −2 2 −2 2 0

2 −2 2 −2 2 −2 2 −2 0

2 2 −2 −2 2 2 −2 −2 0

2 2 −2 −2 −2 −2 2 2 0

2 2 2 2 −2 −2 −2 −2 0



M(2E) =



1 1 1 1 1 1 1 1

1 1 1 1 1 1 −1 −1

1 1 −1 −1 1 −1 −1 1

1 1 −1 −1 1 −1 1 −1

2 2 2 2 −2 −2 0 0

2 2 −2 −2 −2 2 0 0

4 −4 4 −4 0 0 0 0

4 −4 −4 4 0 0 0 0


M(2F ) =



1 1 1 1 1 1 1 1

1 1 1 1 1 1 −1 −1

1 1 −1 −1 1 −1 −1 1

1 1 −1 −1 1 −1 1 −1

2 2 2 2 −2 −2 0 0

2 2 −2 −2 −2 2 0 0

4 −4 4 −4 0 0 0 0

4 −4 −4 4 0 0 0 0



M(2G) =



1 1 1 1 1 1 1 1

1 1 1 1 1 1 −1 −1

1 1 −1 −1 1 −1 −1 1

1 1 −1 −1 1 −1 1 −1

2 2 2 2 −2 −2 0 0

2 2 −2 −2 −2 2 0 0

4 −4 4 −4 0 0 0 0

4 −4 −4 4 0 0 0 0


M(2H) =



1 1 1 1 1 1 1

1 1 1 1 1 1 −1

2 2 2 2 −2 −2 0

2 2 −2 −2 2 −2 0

2 2 −2 −2 −2 2 0

4 −4 4 −4 0 0 0

4 −4 −4 4 0 0 0



M(2I) =



1 1 1 1 1 1

1 1 1 1 1 −1

2 2 2 2 −2 0

4 −4 4 −4 0 0

4 −4 −4 4 0 0

4 4 −4 −4 0 0


M(4A) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1



M(4B) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1

 M(4C) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1


Continued on next page
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Table 8.12 – continued from previous page

Fischer Matrices of Ḡ = 26:(23:D8) Fischer Matrices of Ḡ = 26:(23:D8)

M(4D) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1

 M(4E) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1



M(4E) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1

 M(4F ) =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1



By multiplying the appropriate partial character tables of the inertia factor groups by the corre-

sponding rows of the Fischer matrices, we are able to obtain the full character table of Ḡ. This

table appears as Table A.3 in the Appendix of this thesis.

8.5. Fusion of Conjugacy Classes of Ḡ into the Classes of 26:A8

Let χ(26:A8|Ḡ) denote the permutation character of degree 315 of 26:A8 on the cosets of Ḡ in 26:A8.

We computed χ(26:A8|Ḡ) using GAP and see that it has 5 constituents. Let Cons[i] denote the

constituents of χ(26:A8|Ḡ), where 1 ≤ i ≤ 5. By considering the degrees of the constituents, we

are able to identity them in Table 7.8 as Cons[1] = χ1, Cons[2] = χ3, Cons[3] = χ4, Cons[4] = χ12

and Cons[5] = χ13. To get the respective quantities of the constituents in χ(26:A8|Ḡ), we compute

the inner product 〈cons[i], χ(26:A8|Ḡ)〉 for each i and obtain:

χ(26:A8|Ḡ) = χ1 + 3χ3 + 2χ4 + 3χ12 + χ13.

See Table 7.8 for the values of χi, i ∈ {1, 3, 4, 12, 13} on the classes of 26:A8.

The fusion of the conjugacy classes of Ḡ into 26:A8 is given in Table 8.13 in which the entries are

obtained by computing |C26:A8
(y)|/|CḠ(x)| where y is a representative of a conjugacy class of 26:A8

and x is a representative of a conjugacy class of Ḡ and o(y) = o(x). The entries that appear in the

boxes in Table 8.13 indicate the actual fusions.
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[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H

|C26:A8
(y)| 1290 46 36 15 5 3 3 3 3

240 080 864 36 12 072 072 072 072

χ(26:A8|Ḡ)(y) 315 315 315 15 15 51 51 51 51

[x] |CḠ(x)|
1A 4096 315

2A 4096 9

2B 2048 18

2C 1024 45 36 3 3 3 3

2D 1024 45 36 3 3 3 3

2E 1024 45 36 3 3 3 3

2F 512 90 72 3 1 6 6 6 6

2G 512 90 72 3 1 6 6 6 6

2H 256 180 144 6 2 12 12 12 12

2I 256 180 144 6 2 12 12 12 12

2J 512 90 72 3 1

2K 512 90 72 3 1

2L 256 180 144 6 2 12 12 12 12

2M 256 180 144 6 2 12 12 12 12

2N 256 180 144 6 2 12 12 12 12

2O 256 180 144 6 2 12 12 12 12

2P 256 180 144 6 2 12 12 12 12

2Q 512 90 72 3 1 6 6 6 6

2R 512 90 72 3 1 6 6 6 6

2S 512 90 72 3 1 6 6 6 6

2T 512 90 72 3 1 6 6 6 6

2U 256 180 144 6 2 12 12 12 12

2V 256 180 144 6 2 12 12 12 12

2W 256 180 144 6 2 12 12 12 12

2X 256 180 144 6 2 12 12 12 12

2Y 256 180 144 6 2 12 12 12 12

2Z 256 180 144 6 2 12 12 12 12

Table 8.13: Fusion of Ḡ into 26:A8
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[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H

|C26:A8
(y)| 1290 46 36 15 5 3 3 3 3

240 080 864 36 12 072 072 072 072

χ(26:A8|Ḡ)(y) 315 315 315 15 15 51 51 51 51

[x] |CḠ(x)|
2AA 128 288 12 4 24 24 24 24

2AB 256 180 144 6 2 12 12 12 12

2AC 256 180 144 6 2 12 12 12 12

2AD 256 180 144 6 2 12 12 12 12

2AE 256 180 144 6 2 12 12 12 12

2AF 256 180 144 6 2 12 12 12 12

2AG 256 180 144 6 2 12 12 12 12

2AH 256 180 144 6 2 12 12 12 12

2AI 256 180 144 6 2 12 12 12 12

2AJ 512 90 72 3 1 6 6 6 6

2AK 512 90 72 3 1 6 6 6 6

2AL 512 90 72 3 1 6 6 6 6

2AM 512 90 72 3 1 6 6 6 6

2AN 1024 45 36 3 3 3 3

2AO 1024 45 36 3 3 3 3

2AP 1024 45 36 3 3 3 3

2AQ 1024 45 36 3 3 3 3

Table 8.13: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 8A 8B

|C26:A8
(y)| 15 5 1 3 3 2 6 6 6 6 3 3

36 12 92 2 2 56 4 4 4 4 2 2

χ(26:A8|Ḡ)(y) 15 15 15 1 1 51 7 7 7 7 1 1

[x] |CḠ(x)|
4A 512 3 1

4B 512 3 1

4C 256 6 2 1

4D 64 8 3 4 1 1 1 1

4E 32 6 1 1 8 2 2 2 2

4F 32 6 1 1 8 2 2 2 2

4G 32 6 1 1 8 2 2 2 2

4H 32 6 1 1 8 2 2 2 2

4I 256 6 2 1

4J 256 6 2 1

4K 256 6 2 1

4L 256 6 2 1

4M 32 6 1 1 8 2 2 2 2

4N 256 6 2 1

4O 256 6 2 1

4P 64 8 3 4 1 1 1 1

4Q 256 6 2 1

4R 256 6 2 1

4S 256 6 2 1

4T 256 6 2 1

4U 32 6 1 1 8 2 2 2 2

4V 64 8 3 4 1 1 1 1

4W 64 8 3 4 1 1 1 1

4X 64 8 3 4 1 1 1 1

4Y 64 8 3 4 1 1 1 1

4Z 256 6 2 1

4AA 256 6 2 1

8A 32 1 1

8B 32 1 1

Table 8.13: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 8A 8B

|C26:A8
(y)| 15 5 1 3 3 2 6 6 6 6 3 3

36 12 92 2 2 56 4 4 4 4 2 2

χ(26:A8|Ḡ)(y) 15 15 15 1 1 51 7 7 7 7 1 1

[x] |CḠ(x)|
4AB 128 12 4 2

4AC 64 8 3 4 1 1 1 1

4AD 64 8 3 4 1 1 1 1

4AE 32 6 1 1 8 2 2 2 2

4AF 32 6 1 1 8 2 2 2 2

4AG 32 6 1 1 8 2 2 2 2

4AH 32 6 1 1 8 2 2 2 2

4AI 32 6 1 1 8 2 2 2 2

4AJ 32 6 1 1 8 2 2 2 2

4AK 128 12 4 2

4AL 128 12 4 2

4AM 64 8 3 4 1 1 1 1

4AN 64 8 3 4 1 1 1 1

4AO 64 8 3 4 1 1 1 1

4AP 64 8 3 4 1 1 1 1

4AQ 64 8 3 4 1 1 1 1

4AR 64 8 3 4 1 1 1 1

4AS 128 12 4 2

4AT 128 12 4 2

4AU 64 8 3 4 1 1 1 1

4AV 64 8 3 4 1 1 1 1

4AW 64 8 3 4 1 1 1 1

4AX 64 8 3 4 1 1 1 1

4AY 64 8 3 4 1 1 1 1

4AZ 64 8 3 4 1 1 1 1

4AAA 256 6 2 1

4AAB 256 6 2 1

4AAC 64 8 3 4 1 1 1 1

4AAD 256 6 2 1

4AAE 128 12 4 2

Table 8.13: (cont.)
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On a Maximal Parabolic Subgroup of Sp8(2)

We consider the symplectic group of dimension 8 over a field of 2 elements denoted by Sp8(2)

so that P (W ) = 210:GL(4, 2) ∼= 210:A8. Furthermore, P8
∼= 210:G4

∼= 210:(23:D8). The Sylow

2-subgroup, say, P8
∼= 210:(23:D8), of Sp8(2) sits in 210:A8. We study the character table of 210:A8

as it is related to that of P8. We will denote P (W ) by Ḡ = 210:GL(4, 2).

This chapter is organized as follows: in Section 9.1, we generate the group Ḡ as a maximal subgroup

of Sp8(2). In Section 9.2, we list the 81 conjugacy classes of Ḡ computed using coset analysis

method. These conjugacy classes correspond to the 14 conjugacy classes of GL(4, 2). In Section

9.3, we give the structures of the inertia factor groups of Ḡ, namely H1 = A8, H2 = ((24:3):2):2,

H3 = (S3 × S3):2, H4 = 2× S4, H5 = S5, H6 = 23:GL(3, 2) and H7 = ((A4 ×A4):2):2.

In Section 9.5, we list the Fischer matrices of Ḡ and see that their sizes range from 1 to 16. The

ordinary character table of Ḡ is done in Section 9.6. In Section 9.7, we provide the fusion of the

conjugacy classes of Ḡ into Sp8(2).

9.1. The Generators of Ḡ = 210:GL(4, 2)

We first accessed the group Sp8(2) in Magma. We then constructed Ḡ inside Sp8(2) as a maximal

subgroup. Note that Sp8(2) has 11 conjugacy classes of maximal subgroups and our group Ḡ is of

index 2295. The following 8− dimensional matrices over F2, namely ḡ1, ḡ2 and ḡ3 generate Ḡ.

Table 9.1: Generators of 210:GL(4, 2)

Generators of 210:GL(4, 2) Generators of 210:GL(4, 2)

ḡ1 =



1 1 0 1 0 1 0 0

0 1 0 0 0 0 0 0

1 1 0 1 1 0 0 1

0 1 0 0 0 1 0 0

1 0 1 0 0 1 0 1

0 1 0 1 0 0 0 0

1 0 1 0 1 1 1 1

0 1 0 1 0 1 0 1


ḡ2 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

1 0 0 0 1 0 0 0

0 1 1 0 0 1 0 0

1 0 1 0 0 0 0 0

1 1 0 1 1 0 0 0

1 0 1 0 1 0 1 0

0 1 1 1 0 1 0 1



ḡ3 =



1 0 0 0 0 1 0 0

0 0 1 0 1 0 0 1

0 0 0 1 1 1 1 0

0 1 0 1 0 1 0 0

0 0 0 1 1 1 0 0

1 1 1 1 0 0 1 1

1 0 1 1 0 1 1 1

0 0 1 1 0 1 1 0



with o(ḡ1) = 2, o(ḡ2) = 2 and o(ḡ3) = 5.

Using GAP [31], one can check all the elementary abelian normal subgroups of Ḡ. We determined
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elements e1, e2, e3, e4, e5, e6, e7, e8, e9 and e10 such that N = 〈e1, e2, e3, e4, e5, e6, e7, e8, e9, e10〉
is an elementary abelian normal subgroup of Ḡ. Let G be the complement of N in Ḡ such that

N ∩G = {1Ḡ} and Ḡ/N ∼= G. We get the following generators of G

Table 9.2: Generators of G

Generators of G Generators of G

g1 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 1 1 0 0 0 0 0

0 1 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0

0 0 1 0 1 1 1 0

0 0 0 0 0 0 0 1


g2 =



1 0 1 0 0 0 1 1

1 0 1 1 1 0 0 1

1 0 0 1 1 1 0 0

0 1 1 0 1 1 1 0

1 1 0 1 0 1 0 1

0 0 1 0 0 0 1 0

1 1 1 1 1 1 0 1

0 0 0 0 1 0 0 1



with o(g1) = 2 and o(g2) = 5.

9.2. The Conjugacy Classes of Ḡ

We apply coset analysis to determine the conjugacy classes of Ḡ. We know that G has 14 conjugacy

classes. For each class representative g in [g]G, the action of N on a coset Ng results into k orbits

and f is the number of orbits that come together under the action of CG(g). We have implemented

Programme A and Programme B in the appendix using GAP to determine the f ’s, k’s and

power maps. We may, for the computation of the k’s, also consider the permutation character for

the action of G on N which is given by

χ(G|N) = 7χ1 + 2χ2 + 9χ3 + 7χ4 + χ8 + χ9 + 6χ12 + 2χ13 + 3χ14,

where χi ∈ Irr(G), refer to Atlas [19] for character values of the χi’s. We have the following table

for the k’s.

[g]G 1A 7A 7B 2A 3B 6B 3A 2B 4A 4B 5A 15A 15B 6A

k 1024 2 2 128 16 8 16 64 16 8 4 1 1 4

Table 9.3: Fixed Points for the Action of G on N

For instance, taking g = 3A, we get from the coset Ng the following information; that the action

of N on Ng gives 16 fixed points so that k = 16. We then have that the coset Ng breaks into 16

orbits each of length 64. These blocks fuse by the action of CG(3A) and we obtain the orbit lengths

f1 = 1, f2 = 5, f3 = 10. We have that |CG(3A)| = 180. Hence we have the following classes of Ḡ

from g = 3A

• class (3A) such that |CḠ(3A)| = 24×|CG(3A)|
1 = 24×22×32×5

1 = 26 × 32 × 5,

• class (6A) such that |CḠ(6A)| = 24×|CG(3A)|
5 = 24×22×32×5

5 = 26 × 32,

• class (6B) such that |CḠ(6B)| = 24×|CG(3A)|
2×5 = 24×22×32×5

2×5 = 25 × 32.
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This way, we are able to compute all the conjugacy classes of Ḡ given in Table 9.4. Column 7

contains power maps. The weights appear in column 4 of Table 9.4. Please note that these weights

are used in checking the row orthogonality for our computed Fischer matrices in Section 9.5.

[g]G k fi mi [g]Ḡ |CḠ(g)| 2 3 5 7 Size of [g]Ḡ

1A 1024 f1 = 1 m1 = 1 1A 216 × 32 × 5× 7 1

f2 = 15 m2 = 15 2A 216 × 3× 7 1A 15

f3 = 28 m3 = 28 2B 214 × 32 × 5 1A 28

f4 = 35 m4 = 35 2C 216 × 32 1A 35

f5 = 105 m5 = 105 2D 216 × 3 1A 105

f6 = 420 m6 = 420 2E 214 × 3 1A 420

f7 = 420 m7 = 420 2F 214 × 3 1A 420

2B 64 f1 = 1 m1 = 16 2G 211 × 3 1A 3360

f2 = 1 m2 = 16 4A 211 × 3 2C 3360

f3 = 3 m3 = 48 2H 211 1A 10080

f4 = 3 m4 = 48 4B 211 2C 10080

f5 = 6 m5 = 96 4C 210 2D 20160

f6 = 6 m6 = 96 4D 210 2D 20160

f7 = 8 m7 = 128 4E 28 × 3 2B 80640

f8 = 12 m8 = 192 4F 29 2D 40320

f9 = 12 m9 = 192 4G 29 2F 40320

f10 = 12 m10 = 192 4H 29 2F 40320

4B 8 f1 = 1 m1 = 128 4I 26 2G 322560

f2 = 1 m2 = 128 4J 26 2H 322560

f4 = 1 m3 = 128 8A 26 4A 322560

f3 = 1 m4 = 128 8B 26 4B 322560

f5 = 2 m5 = 256 8C 25 4H 645120

f6 = 2 m6 = 256 8D 25 4G 645120

2A 128 f1 = 1 m1 = 8 2I 213 × 3 1A 840

f2 = 1 m2 = 8 2J 213 × 3 1A 840

f3 = 1 m3 = 8 2K 213 × 3 1A 840

f4 = 1 m4 = 8 2L 213 × 3 1A 840

f5 = 4 m5 = 32 4K 211 × 3 2D 3360

f6 = 4 m6 = 32 4L 211 × 3 2D 3360

f7 = 4 m7 = 32 4M 211 × 3 2D 3360

f8 = 4 m8 = 32 4N 211 × 3 2D 3360

f9 = 6 m9 = 48 4O 212 2C 5040

f10 = 6 m10 = 48 2M 212 1A 5040

f11 = 6 m11 = 48 2N 212 1A 5040

f12 = 6 m12 = 48 4P 212 2C 5040

f13 = 12 m13 = 96 4Q 211 2C 10080

f14 = 24 m14 = 192 4R 210 2D 20160

f15 = 24 m15 = 192 4S 210 2D 20160

f16 = 24 m16 = 192 4T 210 2C 20160

3A 16 f1 = 1 m1 = 64 3A 26 × 32 × 5 1A 7168

f2 = 5 m2 = 320 6A 26 × 32 3A 2C 35840

f3 = 10 m3 = 640 6B 25 × 32 3A 2B 71680

6A 4 f1 = 1 m1 = 256 6C 24 × 3 3A 2G 430080

f2 = 1 m2 = 256 12A 24 × 3 6A 4A 430080

f3 = 2 m3 = 512 12B 23 × 3 6B 4E 860160

7A 2 f1 = 1 m1 = 512 7A 2× 7 1A 1474560

f2 = 1 m2 = 512 14A 2× 7 7A 2A 1474560

7B 2 f1 = 1 m1 = 512 7B 2× 7 1A 1474560

f2 = 1 m2 = 512 14B 2× 7 7B 2A 1474560

3B 16 f1 = 1 m1 = 64 3B 25 × 32 1A 71680

f2 = 1 m2 = 64 6D 25 × 32 3B 2C 71680

f3 = 1 m3 = 64 6E 25 × 32 3B 2C 71680

f4 = 1 m4 = 64 6F 25 × 32 3B 2B 71680

f5 = 3 m5 = 192 6G 25 × 3 3B 2A 215040

f6 = 3 m6 = 192 6H 25 × 3 3B 2D 215040
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f7 = 3 m7 = 192 6I 25 × 3 3B 2E 215040

f8 = 3 m8 = 192 6J 25 × 3 3B 2F 215040

6B 8 f1 = 1 m1 = 128 6K 24 × 3 3B 2I 430080

f2 = 1 m2 = 128 12C 24 × 3 6H 4L 430080

f3 = 1 m3 = 128 6L 24 × 3 3B 2J 430080

f4 = 1 m4 = 128 12D 24 × 3 6H 4N 430080

f5 = 1 m5 = 128 6M 24 × 3 3B 2L 430080

f6 = 1 m6 = 128 12E 24 × 3 6H 4K 430080

f7 = 1 m7 = 128 6N 24 × 3 3B 2K 430080

f8 = 1 m8 = 128 12F 24 × 3 6H 4M 430080

4A 16 f1 = 1 m1 = 64 4U 28 2I 80640

f2 = 1 m2 = 64 4V 28 2I 80640

f3 = 1 m3 = 64 4W 28 2L 80640

f4 = 1 m4 = 64 4X 28 2J 80640

f5 = 1 m5 = 64 4Y 28 2K 80640

f6 = 1 m6 = 64 4Z 28 2K 80640

f7 = 1 m7 = 64 4AA 28 2J 80640

f8 = 1 m8 = 64 4AB 28 2L 80640

f9 = 2 m9 = 128 8E 27 4P 161280

f10 = 2 m10 = 128 8F 27 4P 161280

f11 = 2 m11 = 128 8G 27 4O 161280

f12 = 2 m12 = 128 8H 27 4O 161280

5A 4 f1 = 1 m1 = 256 5A 22 × 3× 5 1A 344064

f2 = 3 m2 = 768 10A 22 × 5 5A 2B 1032192

15A 1 f1 = 1 m1 = 1024 15A 3× 5 5A 3A 1376256

15B 1 f2 = 1 m1 = 1024 15B 3× 5 5A 3A 1376256

Table 9.4: Conjugacy Classes of Ḡ

9.3. The Action of G on Irr(N)

Recall that the groups G and N are already constructed inside Sp8(2). That is,

N = 〈e1, e2, e3, e4, e5, e6, e7, e8, e9, e10〉

and G = 〈g1, g2〉.

The action of g1 on the 10 generators of N is described below

e1 → e2e3e5e8, e2 → e1e3e6e7, e3 → e3e5e6e7e8, e4 → e5e8e10, e5 → e6e7e8,

e6 → e6, e7 → e7, e8 → e5e6e7, e9 → e9, e10 → e4e5e8.

The matrix representation of this action being given by a1. Similarly for the action of g2 we have

b1 described by

e1 → e2e6e8e9e10, e2 → e3e5e6e8e9, e3 → e3e4e6e9e10, e4 → e1e3e6e9e10, e5 → e1e3e4e5,

e6 → e1e3e8, e7 → e4e5e6e7e8e10, e8 → e4e5e6e7e8e9e10, e9 → e2e5e9e10, e10 → e1e2e4e8e10.

Hence G ∼= 〈a1, b1〉, where a1 and b1 are the following 10× 10 matrices:
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a1 =



0 1 1 0 1 0 0 1 0 0

1 0 1 0 0 1 1 0 0 0

0 0 1 0 1 1 1 1 0 0

0 0 0 0 1 0 0 1 0 1

0 0 0 0 0 1 1 1 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 1 1 1 0 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 0 1 0 0



,

b1 =



0 1 0 0 0 1 0 1 1 1

0 0 1 0 1 1 0 1 1 0

0 0 1 1 0 1 0 0 1 1

1 0 1 0 0 1 0 0 1 1

1 0 1 1 1 0 0 0 0 0

1 0 1 0 0 0 0 1 0 0

0 0 0 1 1 1 1 1 0 1

0 0 0 1 1 1 1 1 1 1

0 1 0 0 1 0 0 0 1 1

1 1 0 1 0 0 0 1 0 1


with o(a1) = 2 and o(b1) = 5.

We have used Meataxe to show that N is indecomposable as A8 − module. The socle of N is

denoted and given by Soc(N) = 26, a 6− dimensional irreducible A8 −module over GF (2). From

the composition series of N , we have that N ⊃ 26 ⊃ 20 so that the composition factors are 26 and

24. The direct sum 26 ⊕ 24 of these modules is another A8 −module which is not our N since N

is indecomposable. The action of the group G on N produces 7 orbits of lengths 1, 28, 420, 420,

15, 105 and 35 with corresponding point stabilizers A8, S6, S4× 2, S4× 2, 23:GL(3, 2), ((24:3):2):2

and ((A4×A4):2):2 respectively. By Brauer’s theorem, (Theorem 3.2.3) we have the same number

of orbits for the action of A8 on the irreducible characters of N but the lengths may be different.

We obtain that the action of A8 on Irr(N) produces 7 orbits of lengths 1, 15, 35, 105, 168, 280 and

420 with corresponding inertia factor groups H1 = A8, H2 = 23:GL(3, 2), H3 = ((A4 × A4):2):2,

H4 = ((24:3):2):2, H5 = S5, H6 = (S3 × S3):2 and H7 = 2× S4.

9.4. The Inertia Factor Groups of Ḡ

We have used GAP to get the character tables of the inertia factor groups Hi, i ∈ {2, 3, 4, 5, 6, 7}.
We give the character tables of Hi and their fusions into A8 in the following tables
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[g] 1a 2a 4a 2b 2c 4b 4c 3a 6a 7a 7b

|CH2(g)| 1344 192 16 32 32 8 8 6 6 7 7

χ1 1 1 1 1 1 1 1 1 1 1 1

χ2 3 3 −1 −1 −1 1 1 0 0 a ā

χ3 3 3 −1 −1 −1 1 1 0 0 ā a

χ4 6 6 2 2 2 0 0 0 0 −1 −1

χ5 7 −1 −1 3 −1 1 −1 1 −1 0 0

χ6 7 7 −1 −1 −1 −1 −1 1 1 0 0

χ7 7 −1 −1 −1 3 −1 1 1 −1 0 0

χ8 8 8 0 0 0 0 0 −1 −1 1 1

χ9 14 −2 −2 2 2 0 0 −1 1 0 0

χ10 21 −3 1 1 −3 −1 1 0 0 0 0

χ11 21 −3 1 −3 1 1 −1 0 0 0 0

Table 9.5: Character Table of H2

[h]H2 7→ [g]G [h]H2 7→ [g]G [h]H2 7→ [g]G

1a 1A 2a 2A 2b 2B

2c 2A 4a 4A 4b 4B

3a 3B 6a 6B 7a 7B

7b 7A 4c 4A

Table 9.6: Fusion of the Conjugacy Classes from H2 to A8
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[g] 1a 2a 2b 3a 2c 4a 3b 3c 6a 6b 2d 4b 6c 4d 2e 4c

|CH3(g)| 576 64 96 18 48 16 18 36 12 6 48 16 6 16 16 8

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 −1 −1 1 1 1 −1 −1 −1 −1 1 1 1

χ3 1 1 1 1 −1 −1 1 1 1 −1 1 1 1 −1 −1 −1

χ4 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1

χ5 2 2 2 2 2 2 −1 −1 −1 −1 0 0 0 0 0 0

χ6 2 2 2 2 −2 −2 −1 −1 −1 1 0 0 0 0 0 0

χ7 2 2 2 −1 0 0 2 −1 −1 0 −2 −2 1 0 0 0

χ8 2 2 2 −1 0 0 2 −1 −1 0 2 2 −1 0 0 0

χ9 4 4 4 −2 0 0 −2 1 1 0 0 0 0 0 0 0

χ10 6 −2 2 0 0 0 0 3 −1 0 0 0 0 −2 2 0

χ11 6 −2 2 0 0 0 0 3 −1 0 0 0 0 2 −2 0

χ12 9 1 −3 0 −3 1 0 0 0 0 −3 1 0 1 1 −1

χ13 9 1 −3 0 −3 1 0 0 0 0 3 −1 0 −1 −1 1

χ14 9 1 −3 0 3 −1 0 0 0 0 −3 1 0 −1 −1 1

χ15 9 1 −3 0 3 −1 0 0 0 0 3 −1 0 1 1 −1

χ16 12 −4 4 0 0 0 0 −3 1 0 0 0 0 0 0 0

Table 9.7: Character Table of H3

[h]H3 7→ [g]G [h]H3 7→ [g]G [h]H3 7→ [g]G

1a 1A 2a 2A 2b 2B

3a 3B 2c 2A 4a 4A

3b 3B 3c 3A 6a 6A

6b 6B 2d 2A 4b 4A

6c 6B 4c 4B 2e 2B

4d 4A

Table 9.8: Fusion of the Conjugacy Classes from H3 to A8
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[g] 1a 2a 4a 4b 4c 4d 3a 6a 2b 2c 2d 4e 2e 2f

|CH4(g)| 192 16 8 8 16 16 6 6 16 48 32 16 64 32

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 −1 −1 −1 1 1 −1 1 1 1 1 1

χ3 1 1 −1 1 −1 1 1 −1 −1 −1 1 −1 1 1

χ4 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1

χ5 2 0 0 0 0 0 −1 1 0 −2 2 −2 2 2

χ6 2 0 0 0 0 0 −1 −1 0 2 2 2 2 2

χ7 3 −1 1 1 −1 −1 0 0 −1 3 −1 −1 3 −1

χ8 3 1 1 −1 −1 1 0 0 −1 −3 −1 1 3 −1

χ9 3 −1 −1 1 1 −1 0 0 1 −3 −1 1 3 −1

χ10 3 1 −1 −1 1 1 0 0 1 3 −1 −1 3 −1

χ11 6 2 0 0 0 −2 0 0 0 0 −2 0 −2 2

χ12 6 −2 0 0 0 2 0 0 0 0 −2 0 −2 2

χ13 6 0 0 0 2 0 0 0 −2 0 2 0 −2 −2

χ14 6 0 0 0 −2 0 0 0 2 0 2 0 −2 −2

Table 9.9: Character Table of H4 = ((24:3):2):2

[h]H4 7→ [g]G [h]H4 7→ [g]G [h]H4 7→ [g]G

1a 1A 4a 4A 4c 4A

2a 2B 4b 4B 4d 4A

3a 3B 6a 6B 2b 2A

2c 2A 2d 2A 4e 4A

2e 2A 2f 2B

Table 9.10: Fusion of the Conjugacy Classes from H4 to A8

[g] 1a 3a 2a 6a 4a 5a 2b

|CH5(g)| 120 6 8 6 4 5 12

χ1 1 1 1 1 1 1 1

χ2 1 1 1 −1 −1 1 −1

χ3 4 1 0 1 0 −1 −2

χ4 4 1 0 −1 0 −1 2

χ5 5 −1 1 1 −1 0 1

χ6 5 −1 1 −1 1 0 −1

χ7 6 0 −2 0 0 1 0

Table 9.11: Character Table of H5
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[h]H5 7→ [g]G [h]H5 7→ [g]G [h]H5 7→ [g]G

1a 1A 3a 3B 2a 2B

6a 6B 4a 4B 5a 5A

2b 2A

Table 9.12: Fusion of the Conjugacy Classes from H5 to A8

[g] 1a 6a 2a 6b 2b 3a 3b 2c 4a

|CH6(g)| 72 6 12 6 8 18 18 12 4

χ1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 −1 1 1 1 −1 1

χ3 1 −1 1 1 1 1 1 −1 −1

χ4 1 1 −1 −1 1 1 1 1 −1

χ5 2 0 0 0 −2 2 2 0 0

χ6 4 1 0 0 0 −2 1 −2 0

χ7 4 0 −2 1 0 1 −2 0 0

χ8 4 0 2 −1 0 1 −2 0 0

χ9 4 −1 0 0 0 −2 1 2 0

Table 9.13: Character Table of H6

[h]H6 7→ [g]G [h]H6 7→ [g]G [h]H6 7→ [g]G

1a 1A 6a 6A 2a 2A

6b 6B 2b 2B 3a 3B

3b 3A 2c 2B 4a 4B

Table 9.14: Fusion of the Conjugacy Classes from H6 to A8

[g] 1a 3a 2a 2b 2c 6a 2d 4a 2e 4b

|CH7(g)| 48 6 16 8 8 6 48 8 16 8

χ1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 −1 1 −1 −1 1 −1 −1

χ3 1 1 1 1 −1 −1 −1 −1 −1 1

χ4 1 1 1 −1 −1 1 1 −1 1 −1

χ5 2 −1 2 0 0 1 −2 0 −2 0

χ6 2 −1 2 0 0 −1 2 0 2 0

χ7 3 0 −1 −1 −1 0 3 1 −1 1

χ8 3 0 −1 1 1 0 3 −1 −1 −1

χ9 3 0 −1 −1 1 0 −3 −1 1 1

χ10 3 0 −1 1 −1 0 −3 1 1 −1

Table 9.15: Character Table of H7
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[h]H7 7→ [g]G [h]H7 7→ [g]G [h]H7 7→ [g]G

1a 1A 3a 3B 2a 2A

2b 2A 2c 2B 6a 6B

2d 2A 4a 4A 2e 2A

4b 4A

Table 9.16: Fusion of the Conjugacy Classes from H7 to A8

9.5. The Fischer Matrices of Ḡ

We use Programme C and Programme D to compute candidates for the Fischer matrices in

GAP and by using the information provided in Table 9.4, the partial fusion of Ḡ into Sp8(2), as

well as restrictions of irreducible characters of Sp8(2) to Ḡ, we obtain the actual Fischer matrices

as listed below:

M(1A) =


1 1 1 1 1 1 1

15 −1 15 15 −1 −1 −1

35 −21 −5 3 11 −5 3

105 49 −15 9 17 1 −7

168 −56 24 −24 8 8 −8

280 56 40 −40 −8 −8 8

420 −28 −60 36 −28 4 4

, M(3B) =


1 1 1 1 1 1 1 1

3 3 3 3 −1 −1 −1 −1

1 1 −1 −1 −1 −1 1 1

1 −1 −1 1 1 −1 −1 1

3 −3 −3 3 −1 1 1 −1

3 −3 3 −3 1 −1 1 −1

1 −1 1 −1 −1 1 −1 1

3 3 −3 −3 1 1 −1 −1

,

M(4B) =


1 1 1 1 1 1

1 1 1 1 −1 −1

1 1 −1 −1 1 −1

1 1 −1 −1 −1 1

2 −2 2 −2 0 0

2 −2 −2 2 0 0

, M(6B) =


1 1 1 1 1 1 1 1

1 −1 1 −1 1 −1 1 −1

1 1 −1 −1 −1 −1 1 1

1 1 −1 −1 1 1 −1 −1

1 1 1 1 −1 −1 −1 −1

1 −1 −1 1 −1 1 1 −1

1 −1 1 −1 −1 1 −1 1

1 −1 −1 1 1 −1 −1 1

.

M(5A) =
(

1 1

3 −1

)
, M(3A) =

(
1 1 1

5 −3 1

10 2 −2

)
, M(15A) = (1), M(15B) = (1),

M(6A) =

(
1 1 1

1 1 −1

2 −2 0

)
, M(7B) =

(
1 1

1 −1

)
, M(7A) =

(
1 1

1 −1

)
.

M(4A) =



1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 −1 −1 −1 −1
2 2 −2 −2 2 2 −2 −2 0 0 0 0
1 −1 1 −1 1 −1 1 −1 −1 1 −1 1
1 −1 1 −1 −1 1 −1 1 −1 1 1 −1
1 1 1 1 −1 −1 −1 −1 −1 −1 1 1
2 −2 −2 2 2 −2 −2 2 0 0 0 0
1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
1 1 1 1 −1 −1 −1 −1 1 1 −1 −1
1 −1 1 −1 −1 1 −1 1 1 −1 −1 1
2 −2 −2 2 −2 2 2 −2 0 0 0 0
2 2 −2 −2 −2 −2 2 2 0 0 0 0



M(2B) =


1 1 1 1 1 1 1 1 1 1
3 3 3 3 −1 −1 3 −1 −1 −1
1 1 1 1 −1 −1 −1 1 1 −1
6 −6 2 −2 −4 4 0 2 −2 0
6 −6 2 −2 4 −4 0 2 −2 0
3 3 3 3 1 1 −3 −1 −1 1

12 −12 4 −4 0 0 0 −4 4 0
12 12 −4 −4 −4 −4 0 0 0 4
8 −8 −8 8 0 0 0 0 0 0

12 12 −4 −4 4 4 0 0 0 −4


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M(2A) =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1
6 6 6 6 0 0 0 0 −2 −2 −2 −2 6 −2 0 0
3 3 3 3 −3 −3 −3 −3 −1 3 3 −1 −1 −1 1 1
4 4 −4 −4 −2 −2 2 2 −4 0 0 4 0 0 2 −2
4 −4 4 −4 −4 4 −4 4 0 4 −4 0 0 0 0 0

12 12 −12 −12 6 6 −6 −6 4 0 0 −4 0 0 2 −2
4 −4 4 −4 4 −4 4 −4 0 4 −4 0 0 0 0 0
6 6 6 6 0 0 0 0 6 −2 −2 6 −2 −2 0 0
3 3 3 3 3 3 3 3 −1 3 3 −1 −1 −1 −1 −1

16 −16 −16 16 8 −8 −8 8 0 0 0 0 0 0 0 0
16 −16 −16 16 −8 8 8 −8 0 0 0 0 0 0 0 0
12 12 12 12 0 0 0 0 −4 −4 −4 −4 −4 4 0 0
24 −24 24 −24 0 0 0 0 0 −8 8 0 0 0 0 0
4 4 −4 −4 2 2 −2 −2 −4 0 0 4 0 0 −2 2

12 12 −12 −12 −6 −6 6 6 4 0 0 −4 0 0 −2 2



9.6. Character Table of Ḡ

We now multiply the appropriate partial character tables of the inertia factor groups by the corre-

sponding rows of the Fischer matrices to obtain the full character table of Ḡ. For instance, on the

classes 3A, 6A and 6B in the third block we have:

1

1

1

1

2

1

−2

−2

1



[
10 2 −2

]
=



10 2 −2

10 2 −2

10 2 −2

10 2 −2

20 4 −4

10 2 −2

−20 −4 4

−20 −4 4

10 2 −2


The full character table could be obtained this way and is given as Table 9.17.
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 4A 4B 2H 4C 4D 4E 4H 4G 4F

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 7 7 7 7 7 7 7 3 3 3 3 3 3 3 3 3 3

χ3 14 14 14 14 14 14 14 2 2 2 2 2 2 2 2 2 2

χ4 20 20 20 20 20 20 20 4 4 4 4 4 4 4 4 4 4

χ5 21 21 21 21 21 21 21 1 1 1 1 1 1 1 1 1 1

χ6 21 21 21 21 21 21 21 1 1 1 1 1 1 1 1 1 1

χ7 21 21 21 21 21 21 21 1 1 1 1 1 1 1 1 1 1

χ8 28 28 28 28 28 28 28 4 4 4 4 4 4 4 4 4 4

χ9 35 35 35 35 35 35 35 −5 −5 −5 −5 −5 −5 −5 −5 −5 −5

χ10 45 45 45 45 45 45 45 −3 −3 −3 −3 −3 −3 −3 −3 −3 −3

χ11 45 45 45 45 45 45 45 −3 −3 −3 −3 −3 −3 −3 −3 −3 −3

χ12 56 56 56 56 56 56 56 0 0 0 0 0 0 0 0 0 0

χ13 64 64 64 64 64 64 64 0 0 0 0 0 0 0 0 0 0

χ14 70 70 70 70 70 70 70 2 2 2 2 2 2 2 2 2 2

χ15 15 −1 15 15 −1 −1 −1 3 3 3 3 −1 −1 3 −1 −1 −1

χ16 45 −3 45 45 −3 −3 −3 −3 −3 −3 −3 1 1 −3 1 1 1

χ17 45 −3 45 45 −3 −3 −3 −3 −3 −3 −3 1 1 −3 1 1 1

χ18 90 −6 90 90 −6 −6 −6 6 6 6 6 −2 −2 6 −2 −2 −2

χ19 105 −7 105 105 −7 −7 −7 9 9 9 9 −3 −3 9 −3 −3 −3

χ20 105 −7 105 105 −7 −7 −7 −3 −3 −3 −3 1 1 −3 1 1 1

χ21 105 −7 105 105 −7 −7 −7 −3 −3 −3 −3 1 1 −3 1 1 1

χ22 120 −8 120 120 −8 −8 −8 0 0 0 0 0 0 0 0 0 0

χ23 210 −14 210 210 −14 −14 −14 6 6 6 6 −2 −2 6 −2 −2 −2

χ24 315 −21 315 315 −21 −21 −21 3 3 3 3 −1 −1 3 −1 −1 −1

χ25 315 −21 315 315 −21 −21 −21 −9 −9 −9 −9 3 3 −9 3 3 3

χ26 35 −21 −5 3 11 −5 3 7 −5 3 −1 −5 3 −1 3 −1 −1

χ27 35 −21 −5 3 11 −5 3 7 −5 3 −1 −5 3 −1 3 −1 −1

χ28 35 −21 −5 3 11 −5 3 −5 7 −1 3 3 −5 −1 −1 3 −1

χ29 35 −21 −5 3 11 −5 3 −5 7 −1 3 3 −5 −1 −1 3 −1

χ30 70 −42 −10 6 22 −10 6 2 2 2 2 −2 −2 −2 2 2 −2

χ31 70 −42 −10 6 22 −10 6 2 2 2 2 −2 −2 −2 2 2 −2

χ32 70 −42 −10 6 22 −10 6 2 2 2 2 −2 −2 −2 2 2 −2

χ33 70 −42 −10 6 22 −10 6 2 2 2 2 −2 −2 −2 2 2 −2

χ34 140 −84 −20 12 44 −20 12 4 4 4 4 −4 −4 −4 4 4 −4

Table 9.17: Character Table of 210:GL(4, 2)
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 4A 4B 2H 4C 4D 4E 4H 4G 4F

χ35 210 −126 −30 18 66 −30 18 14 −10 6 −2 −10 6 −2 6 −2 −2

χ36 210 −126 −30 18 66 −30 18 −10 14 −2 6 6 −10 −2 −2 6 −2

χ37 315 −189 −45 27 99 −45 27 3 −9 −1 −5 −1 7 3 −1 −5 3

χ38 315 −189 −45 27 99 −45 27 −9 3 −5 −1 7 −1 3 −5 −1 3

χ39 315 −189 −45 27 99 −45 27 −9 3 −5 −1 7 −1 3 −5 −1 3

χ40 315 −189 −45 27 99 −45 27 3 −9 −1 −5 −1 7 3 −1 −5 3

χ41 420 −252 −60 36 132 −60 36 4 4 4 4 −4 −4 −4 4 4 −4

χ42 105 49 −15 9 17 1 −7 9 −3 5 1 5 −3 −3 1 −3 1

χ43 105 49 −15 9 17 1 −7 −3 9 1 5 −3 5 −3 −3 1 1

χ44 105 49 −15 9 17 1 −7 9 −3 5 1 5 −3 −3 1 −3 1

χ45 105 49 −15 9 17 1 −7 −3 9 1 5 −3 5 −3 −3 1 1

χ46 210 98 −30 18 34 2 −14 6 6 6 6 2 2 −6 −2 −2 2

χ47 210 98 −30 18 34 2 −14 6 6 6 6 2 2 −6 −2 −2 2

χ48 315 147 −45 27 51 3 −21 −9 3 −5 −1 −5 3 3 −1 3 −1

χ49 315 147 −45 27 51 3 −21 3 −9 −1 −5 3 −5 3 3 −1 −1

χ50 315 147 −45 27 51 3 −21 −9 3 −5 −1 −5 3 3 −1 3 −1

χ51 315 147 −45 27 51 3 −21 3 −9 −1 −5 3 −5 3 3 −1 −1

χ52 630 294 −90 54 102 6 −42 18 −6 10 2 10 −6 −6 2 −6 2

χ53 630 294 −90 54 102 6 −42 −6 18 2 10 −6 10 −6 −6 2 2

χ54 630 294 −90 54 102 6 −42 −6 −6 −6 −6 −2 −2 6 2 2 −2

χ55 630 294 −90 54 102 6 −42 −6 −6 −6 −6 −2 −2 6 2 2 −2

χ56 168 −56 24 −24 8 8 −8 12 −12 4 −4 0 0 0 −4 4 0

χ57 168 −56 24 −24 8 8 −8 12 −12 4 −4 0 0 0 −4 4 0

χ58 672 −224 96 −96 32 32 −32 0 0 0 0 0 0 0 0 0 0

χ59 672 −224 96 −96 32 32 −32 0 0 0 0 0 0 0 0 0 0

χ60 840 −280 120 −120 40 40 −40 12 −12 4 −4 0 0 0 −4 4 0

χ61 840 −280 120 −120 40 40 −40 12 −12 4 −4 0 0 0 −4 4 0

χ62 1008 −336 144 −144 48 48 −48 −24 24 −8 8 0 0 0 8 −8 0

χ63 280 56 40 −40 −8 −8 8 20 4 −12 4 −4 −4 0 0 0 4

χ64 280 56 40 −40 −8 −8 8 4 20 4 −12 −4 −4 0 0 0 4

χ65 280 56 40 −40 −8 −8 8 4 20 4 −12 −4 −4 0 0 0 4

χ66 280 56 40 −40 −8 −8 8 20 4 −12 4 −4 −4 0 0 0 4

χ67 560 112 80 −80 −16 −16 16 −24 −24 8 8 8 8 0 0 0 −8

χ68 1120 224 160 −160 −32 −32 32 −16 16 16 −16 0 0 0 0 0 0

Table 9.17: (cont.)
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 4A 2H 4B 4C 4D 4E 4H 4G 4F

χ69 1120 224 160 −160 −32 −32 32 0 0 0 0 0 0 0 0 0 0

χ70 1120 224 160 −160 −32 −32 32 0 0 0 0 0 0 0 0 0 0

χ71 1120 224 160 −160 −32 −32 32 16 −16 −16 16 0 0 0 0 0 0

χ72 420 −28 −60 36 −28 4 4 12 12 −4 −4 4 4 0 0 0 −4

χ73 420 −28 −60 36 −28 4 4 12 12 −4 −4 4 4 0 0 0 −4

χ74 420 −28 −60 36 −28 4 4 −12 −12 4 4 −4 −4 0 0 0 4

χ75 420 −28 −60 36 −28 4 4 −12 −12 4 4 −4 −4 0 0 0 4

χ76 840 −56 −120 72 −56 8 8 0 0 0 0 0 0 0 0 0 0

χ77 840 −56 −120 72 −56 8 8 0 0 0 0 0 0 0 0 0 0

χ78 1260 −84 −180 108 −84 12 12 −12 −12 4 4 −4 −4 0 0 0 4

χ79 1260 −84 −180 108 −84 12 12 12 12 −4 −4 4 4 0 0 0 −4

χ80 1260 −84 −180 108 −84 12 12 12 12 −4 −4 4 4 0 0 0 −4

χ81 1260 −84 −180 108 −84 12 12 −12 −12 4 4 −4 −4 0 0 0 4

Table 9.17: (cont.)
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[g] 4I 4J 8A 8B 8D 8C 2I 2K 2L 2J 4M 4L 4K 4N 2M 4O 4P 2N 4Q 4R 4T 4S

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1−1−1 −1 −1−1−1−1

χ3 0 0 0 0 0 0 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6

χ4 0 0 0 0 0 0 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

χ5 −1−1−1 −1 −1−1 −3 −3 −3 −3 −3 −3 −3 −3 −3−3−3 −3 −3−3−3−3

χ6 −1−1−1 −1 −1−1 −3 −3 −3 −3 −3 −3 −3 −3 −3−3−3 −3 −3−3−3−3

χ7 −1−1−1 −1 −1−1 −3 −3 −3 −3 −3 −3 −3 −3 −3−3−3 −3 −3−3−3−3

χ8 0 0 0 0 0 0 −4 −4 −4 −4 −4 −4 −4 −4 −4−4−4 −4 −4−4−4−4

χ9 −1−1−1 −1 −1−1 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3

χ10 1 1 1 1 1 1 −3 −3 −3 −3 −3 −3 −3 −3 −3−3−3 −3 −3−3−3−3

χ11 1 1 1 1 1 1 −3 −3 −3 −3 −3 −3 −3 −3 −3−3−3 −3 −3−3−3−3

χ12 0 0 0 0 0 0 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8

χ13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ14 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 −2−2−2 −2 −2−2−2−2

χ15 1 1 1 1 −1−1 7 7 7 7 −1 −1 −1 −1 −1−1−1 −1 7−1−1−1

χ16 1 1 1 1 −1−1 −3 −3 −3 −3 −3 −3 −3 −3 5 5 5 5 −3 5−3−3

χ17 1 1 1 1 −1−1 −3 −3 −3 −3 −3 −3 −3 −3 5 5 5 5 −3 5−3−3

χ18 0 0 0 0 0 0 18 18 18 18 −6 −6 −6 −6 2 2 2 2 18 2−6−6

χ19 1 1 1 1 −1−1 −7 −7 −7 −7 1 1 1 1 1 1 1 1 −7 1 1 1

χ20 −1−1−1 −1 1 1 1 1 1 1 −7 −7 −7 −7 9 9 9 9 1 9−7−7

χ21 −1−1−1 −1 1 1 17 17 17 17 1 1 1 1 −7−7−7 −7 17−7 1 1

χ22 0 0 0 0 0 0 8 8 8 8 −8 −8 −8 −8 8 8 8 8 8 8−8−8

χ23 0 0 0 0 0 0 10 10 10 10 2 2 2 2 −6−6−6 −6 10−6 2 2

χ24 −1−1−1 −1 1 1 −21−21−21−21 3 3 3 3 3 3 3 3−21 3 3 3

χ25 1 1 1 1 −1−1 3 3 3 3 3 3 3 3 −5−5−5 −5 3−5 3 3

χ26 1 1−1 −1 1−1 11 3 3 −5 −9 −1 −5 3 −5 7−1 3 −1−1 3−1

χ27 1 1−1 −1 1−1 −5 3 3 11 3 −5 −1 −9 3−1 7 −5 −1−1−1 3

χ28 −1−1 1 1 −1 1 3 −5 11 3 −5 3 −9 −1 3 7−1 −5 −1−1−1 3

χ29 −1−1 1 1 −1 1 3 11 −5 3 −1 −9 3 −5 −5−1 7 3 −1−1 3−1

χ30 0 0 0 0 0 0 14 14 −2 −2−10−10 −2 −2−10 6 6 6 −2−2 6−2

χ31 0 0 0 0 0 0 −2 −2 14 14 −2 −2−10−10 6 6 6−10 −2−2−2 6

χ32 0 0 0 0 0 0 −2 14 −2 14 2−14 2−14 −2−2 14 −2 −2−2 2 2

χ33 0 0 0 0 0 0 14 −2 14 −2−14 2−14 2 −2 14−2 −2 −2−2 2 2

χ34 0 0 0 0 0 0 12 12 12 12−12−12−12−12 −4 12 12 −4 −4−4 4 4

Table 9.17: (cont.)

129



Chapter 9

[g] 4I 4J 8A 8B 8D 8C 2I 2K 2L 2J 4M 4L 4K 4N 2M 4O 4P 2N 4Q 4R 4T 4S

χ35 0 0 0 0 0 0 −6 −6 −6 −6 6 6 6 6 2 −6 −6 2 2 2−2−2

χ36 0 0 0 0 0 0 −6 −6 −6 −6 6 6 6 6 2 −6 −6 2 2 2−2−2

χ37 −1−1 1 1 −1 1−21 3 3 27 15 −9 3−21 11 −9 15−13−1−1−5 7

χ38 1 1−1−1 1−1 3−21 27 3 −9 15−21 3 11 15 −9−13−1−1−5 7

χ39 1 1−1−1 1−1 3 27−21 3 3−21 15 −9−13 −9 15 11−1−1 7−5

χ40 −1−1 1 1 −1 1 27 3 3−21−21 3 −9 15−13 15 −9 11−1−1 7−5

χ41 0 0 0 0 0 0−12−12−12−12 12 12 12 12 4−12−12 4 4 4−4−4

χ42 1 1−1−1 −1 1 25 17 1 −7 13 5 1 −7 9 5 −3 1−3−3 1−3

χ43 −1−1 1 1 1−1 1 −7 25 17 1 −7 13 5 1 5 −3 9−3−3−3 1

χ44 1 1−1−1 −1 1 −7 1 17 25 −7 1 5 13 1 −3 5 9−3−3−3 1

χ45 −1−1 1 1 1−1 17 25 −7 1 5 13 −7 1 9 −3 5 1−3−3 1−3

χ46 0 0 0 0 0 0 10 26 10 26 −2 14 −2 14 10 −6 10 10−6−6−2−2

χ47 0 0 0 0 0 0 26 10 26 10 14 −2 14 −2 10 10 −6 10−6−6−2−2

χ48 1 1−1−1 −1 1 3−21 27 3 15 −9 27 3−13 23 −1 −5−1−1−5−1

χ49 −1−1 1 1 1−1−21 3 3 27 −9 15 3 27−13 −1 23 −5−1−1−5−1

χ50 1 1−1−1 −1 1 3 27−21 3 3 27 −9 15 −5 −1 23−13−1−1−1−5

χ51 −1−1 1 1 1−1 27 3 3−21 27 3 15 −9 −5 23 −1−13−1−1−1−5

χ52 0 0 0 0 0 0−18−18−18−18 −6 −6 −6 −6−10 −2 −2−10 6 6 2 2

χ53 0 0 0 0 0 0−18−18−18−18 −6 −6 −6 −6−10 −2 −2−10 6 6 2 2

χ54 0 0 0 0 0 0−18−18 30 30−18−18 6 6 6−10−10 22−2−2−2 6

χ55 0 0 0 0 0 0 30 30−18−18 6 6−18−18 22−10−10 6−2−2 6−2

χ56 2−2 2−2 0 0 16−16−16 16 8 −8 −8 8 0 0 0 0 0 0 0 0

χ57 −2 2−2 2 0 0−16 16 16−16 −8 8 8 −8 0 0 0 0 0 0 0 0

χ58 0 0 0 0 0 0−32 32 32−32−16 16 16−16 0 0 0 0 0 0 0 0

χ59 0 0 0 0 0 0 32−32−32 32 16−16−16 16 0 0 0 0 0 0 0 0

χ60 −2 2−2 2 0 0 16−16−16 16 8 −8 −8 8 0 0 0 0 0 0 0 0

χ61 2−2 2−2 0 0−16 16 16−16 −8 8 8 −8 0 0 0 0 0 0 0 0

χ62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ63 2−2−2 2 0 0 16−16−16 16 −8 8 8 −8 0 0 0 0 0 0 0 0

χ64 2−2−2 2 0 0−16 16 16−16 8 −8 −8 8 0 0 0 0 0 0 0 0

χ65 −2 2 2−2 0 0 16−16−16 16 −8 8 8 −8 0 0 0 0 0 0 0 0

χ66 −2 2 2−2 0 0−16 16 16−16 8 −8 −8 8 0 0 0 0 0 0 0 0

χ67 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ68 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 9.17: (cont.)
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[g] 4I 4J 8A 8B 8D 8C 2I 2K 2L 2J 4M 4L 4K 4N 2M 4O 4P 2N 4Q 4R 4T 4S

χ69 0 0 0 0 0 0 −32 32 32−32 16−16−16 16 0 0 0 0 0 0 0 0

χ70 0 0 0 0 0 0 32−32−32 32−16 16 16−16 0 0 0 0 0 0 0 0

χ71 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ72 0 0 0 0 0 0 52 4 20−28 −4 −4 4 4 −4−12 4 −4−4 4−4 4

χ73 0 0 0 0 0 0 −28 20 4 52 4 4 −4 −4 −4 4−12 −4−4 4 4−4

χ74 0 0 0 0 0 0 20−28 52 4 4 4 −4 −4 −4−12 4 −4−4 4 4−4

χ75 0 0 0 0 0 0 4 52−28 20 −4 −4 4 4 −4 4−12 −4−4 4−4 4

χ76 0 0 0 0 0 0 −8 −8 56 56 8 8 −8 −8 −8 −8 −8 −8−8 8 8−8

χ77 0 0 0 0 0 0 56 56 −8 −8 −8 −8 8 8 −8 −8 −8 −8−8 8−8 8

χ78 0 0 0 0 0 0 −36 12−36 12 12 12−12−12−12 12 −4 20 4−4−4 4

χ79 0 0 0 0 0 0 12−36 12−36 12 12−12−12−12 −4 12 20 4−4−4 4

χ80 0 0 0 0 0 0 −36 12−36 12−12−12 12 12 20 12 −4−12 4−4 4−4

χ81 0 0 0 0 0 0 12−36 12−36−12−12 12 12 20 −4 12−12 4−4 4−4

Table 9.17: (cont.)
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[g] 3A 6A 6B 6C 12A 12B 7A 14A 7B 14B 3B 6E 6F 6D 6G 6I 6J 6H 5A 10A

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 4 4 4 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 2 2

χ3 −1 −1 −1 −1 −1 −1 0 0 0 0 2 2 2 2 2 2 2 2 −1 −1

χ4 5 5 5 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 0 0

χ5 6 6 6 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 1 1

χ6 −3 −3 −3 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1

χ7 −3 −3 −3 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1

χ8 1 1 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1 −2 −2

χ9 5 5 5 1 1 1 0 0 0 0 2 2 2 2 2 2 2 2 0 0

χ10 0 0 0 0 0 0 b7 b7 b̄7 b̄7 0 0 0 0 0 0 0 0 0 0

χ11 0 0 0 0 0 0 b̄7 b̄7 b7 b7 0 0 0 0 0 0 0 0 0 0

χ12 −4 −4 −4 0 0 0 0 0 0 0 −1 −1 −1 −1 −1 −1 −1 −1 1 1

χ13 4 4 4 0 0 0 1 1 1 1 −2 −2 −2 −2 −2 −2 −2 −2 −1 −1

χ14 −5 −5 −5 −1 −1 −1 0 0 0 0 1 1 1 1 1 1 1 1 0 0

χ15 0 0 0 0 0 0 1 −1 1 −1 3 3 3 3 −1 −1 −1 −1 0 0

χ16 0 0 0 0 0 0 ā −ā a −a 0 0 0 0 0 0 0 0 0 0

χ17 0 0 0 0 0 0 a −a ā −ā 0 0 0 0 0 0 0 0 0 0

χ18 0 0 0 0 0 0 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0

χ19 0 0 0 0 0 0 0 0 0 0 3 3 3 3 −1 −1 −1 −1 0 0

χ20 0 0 0 0 0 0 0 0 0 0 3 3 3 3 −1 −1 −1 −1 0 0

χ21 0 0 0 0 0 0 0 0 0 0 3 3 3 3 −1 −1 −1 −1 0 0

χ22 0 0 0 0 0 0 1 −1 1 −1 −3 −3 −3 −3 1 1 1 1 0 0

χ23 0 0 0 0 0 0 0 0 0 0 −3 −3 −3 −3 1 1 1 1 0 0

χ24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ26 5 −3 1 1 1 −1 0 0 0 0 2 0 −2 0 0 −2 0 2 0 0

χ27 5 −3 1 1 1 −1 0 0 0 0 2 0 −2 0 0 −2 0 2 0 0

χ28 5 −3 1 1 1 −1 0 0 0 0 2 0 −2 0 0 −2 0 2 0 0

χ29 5 −3 1 1 1 −1 0 0 0 0 2 0 −2 0 0 −2 0 2 0 0

χ30 −5 3 −1 −1 −1 1 0 0 0 0 1 3 −1 −3 −3 −1 3 1 0 0

χ31 −5 3 −1 −1 −1 1 0 0 0 0 1 3 −1 −3 −3 −1 3 1 0 0

χ32 −5 3 −1 −1 −1 1 0 0 0 0 1 −3 −1 3 3 −1 −3 1 0 0

χ33 −5 3 −1 −1 −1 1 0 0 0 0 1 −3 −1 3 3 −1 −3 1 0 0

χ34 5 −3 1 1 1 −1 0 0 0 0 −4 0 4 0 0 4 0 −4 0 0

Table 9.17: (cont.)
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[g] 3A 6A 6B 6C 12A 12B 7A 14A 7B 14B 3B 6E 6F 6D 6G 6I 6J 6H 5A 10A

χ35 15 −9 3 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ36 15 −9 3 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ37 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ38 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ39 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ40 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ41 −15 9 −3 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ42 0 0 0 0 0 0 0 0 0 0 3 −3 −3 3 −1 1 1 −1 0 0

χ43 0 0 0 0 0 0 0 0 0 0 3 −3 −3 3 −1 1 1 −1 0 0

χ44 0 0 0 0 0 0 0 0 0 0 3 −3 −3 3 −1 1 1 −1 0 0

χ45 0 0 0 0 0 0 0 0 0 0 3 −3 −3 3 −1 1 1 −1 0 0

χ46 0 0 0 0 0 0 0 0 0 0 −3 3 3 −3 1 −1 −1 1 0 0

χ47 0 0 0 0 0 0 0 0 0 0 −3 3 3 −3 1 −1 −1 1 0 0

χ48 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ50 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ51 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ52 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ53 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ54 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ55 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ56 0 0 0 0 0 0 0 0 0 0 3 −3 3 −3 1 −1 1 −1 3 −1

χ57 0 0 0 0 0 0 0 0 0 0 3 −3 3 −3 1 −1 1 −1 3 −1

χ58 0 0 0 0 0 0 0 0 0 0 3 −3 3 −3 1 −1 1 −1 −3 1

χ59 0 0 0 0 0 0 0 0 0 0 3 −3 3 −3 1 −1 1 −1 −3 1

χ60 0 0 0 0 0 0 0 0 0 0 −3 3 −3 3 −1 1 −1 1 0 0

χ61 0 0 0 0 0 0 0 0 0 0 −3 3 −3 3 −1 1 −1 1 0 0

χ62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 −1

χ63 10 2 −2 2 −2 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0

χ64 10 2 −2 −2 2 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0

χ65 10 2 −2 −2 2 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0

χ66 10 2 −2 2 −2 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0

χ67 20 4 −4 0 0 0 0 0 0 0 2 −2 2 −2 −2 2 −2 2 0 0

χ68 10 2 −2 2 −2 0 0 0 0 0 −2 2 −2 2 2 −2 2 −2 0 0

Table 9.17: (cont.)
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[g] 3A 6A 6B 6C 12A 12B 7A 14A 7B 14B 3B 6E 6F 6D 6G 6I 6J 6H 5A 10A

χ69 −20 −4 4 0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0

χ70 −20 −4 4 0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0

χ71 10 2 −2 −2 2 0 0 0 0 0 −2 2 −2 2 2 −2 2 −2 0 0

χ72 0 0 0 0 0 0 0 0 0 0 3 3 −3 −3 1 1 −1 −1 0 0

χ73 0 0 0 0 0 0 0 0 0 0 3 3 −3 −3 1 1 −1 −1 0 0

χ74 0 0 0 0 0 0 0 0 0 0 3 3 −3 −3 1 1 −1 −1 0 0

χ75 0 0 0 0 0 0 0 0 0 0 3 3 −3 −3 1 1 −1 −1 0 0

χ76 0 0 0 0 0 0 0 0 0 0 −3 −3 3 3 −1 −1 1 1 0 0

χ77 0 0 0 0 0 0 0 0 0 0 −3 −3 3 3 −1 −1 1 1 0 0

χ78 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ79 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ80 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ81 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 9.17: (cont.)
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[g] 6K 12F 6L 12D 6M 12E 6N 12C 4U 4X 4W 4Z 4Y 4AB 4AA 4V 8F 8E 8H 8G 15A 15B

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 −1 −1−1 −1 −1 −1 −1 −1−1 −1 −1−1−1 −1 −1−1−1−1 −1−1 −1 −1

χ3 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 2 2 2 2 −1 −1

χ4 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ5 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ6 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 b15 b̄15

χ7 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 b̄15 b15

χ8 −1 −1−1 −1 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 1 1

χ9 0 0 0 0 0 0 0 0−1 −1 −1−1−1 −1 −1−1−1−1 −1−1 0 0

χ10 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0

χ11 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0

χ12 −1 −1−1 −1 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 1 1

χ13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1

χ14 1 1 1 1 1 1 1 1−2 −2 −2−2−2 −2 −2−2−2−2 −2−2 0 0

χ15 1 −1 1 −1 1 −1 1 −1 3 3 −1−1 3 3 −1−1−1−1 −1−1 0 0

χ16 0 0 0 0 0 0 0 0 1 1 −3−3 1 1 −3−3 1 1 1 1 0 0

χ17 0 0 0 0 0 0 0 0 1 1 −3−3 1 1 −3−3 1 1 1 1 0 0

χ18 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2−2−2 −2−2 0 0

χ19 −1 1−1 1 −1 1 −1 1−3 −3 1 1−3 −3 1 1 1 1 1 1 0 0

χ20 1 −1 1 −1 1 −1 1 −1−3 −3 1 1−3 −3 1 1 1 1 1 1 0 0

χ21 −1 1−1 1 −1 1 −1 1−1 1 −3−3 1 1 −3−3 1 1 1 1 0 0

χ22 −1 1−1 1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ23 1 −1 1 −1 1 −1 1 −1−2 −2 −2−2−2 −2 −2−2 2 2 2 2 0 0

χ24 0 0 0 0 0 0 0 0 3 3 −1−1 3 3 −1−1−1−1 −1−1 0 0

χ25 0 0 0 0 0 0 0 0−1 −1 3 3−1 −1 3 3−1−1 −1−1 0 0

χ26 2 2−2 −2 0 0 0 0 3 −1 3−1−1 −1 −1−1−3 1 1 1 0 0

χ27 −2 −2 2 2 0 0 0 0−1 3 −1 3−1 −1 −1−1 1−3 1 1 0 0

χ28 0 0 0 0 2 2 −2 −2−1 −1 −1−1−1 3 −1 3 1 1 1−3 0 0

χ29 0 0 0 0 −2 −2 2 2−1 −1 −1−1 3 −1 3−1 1 1 −3 1 0 0

χ30 −1 −1 1 1 1 1 −1 −1 2 −2 2−2 2 −2 2−2−2 2 −2 2 0 0

χ31 1 1−1 −1 −1 −1 1 1−2 2 −2 2−2 2 −2 2 2−2 2−2 0 0

χ32 1 1−1 −1 1 1 −1 −1−2 2 −2 2 2 −2 2−2 2−2 −2 2 0 0

χ33 −1 −1 1 1 −1 −1 1 1 2 −2 2−2−2 2 −2 2−2 2 2−2 0 0

χ34 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 9.17: (cont.)
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[g] 6K 12F 6L 12D 6M 12E 6N 12C 4U 4X 4W 4Z 4Y 4AB 4AA 4V 8F 8E 8H 8G 15A 15B

χ35 0 0 0 0 0 0 0 0−2 −2 −2−2 2 2 2 2 2 2 −2−2 0 0

χ36 0 0 0 0 0 0 0 0 2 2 2 2−2 −2 −2−2−2−2 2 2 0 0

χ37 0 0 0 0 0 0 0 0 3 −1 3−1−1 −1 −1−1−3 1 1 1 0 0

χ38 0 0 0 0 0 0 0 0−1 −1 −1−1 3 −1 3−1 1 1 −3 1 0 0

χ39 0 0 0 0 0 0 0 0−1 −1 −1−1−1 3 −1 3 1 1 1−3 0 0

χ40 0 0 0 0 0 0 0 0−1 3 −1 3−1 −1 −1−1 1−3 1 1 0 0

χ41 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ42 1 1 1 1 −1 −1 −1 −1 5 −3 1 1 1 −3 −3 1 3−1 −1−1 0 0

χ43 1 1 1 1 −1 −1 −1 −1−3 1 1−3−3 5 1 1−1−1 −1 3 0 0

χ44 −1 −1−1 −1 1 1 1 1−3 5 1 1−3 1 1−3−1 3 −1−1 0 0

χ45 −1 −1−1 −1 1 1 1 1 1 −3 −3 1 5 −3 1 1−1−1 3−1 0 0

χ46 1 1 1 1 −1 −1 −1 −1−2 2 −2 2 2 −2 2−2−2 2 2−2 0 0

χ47 −1 −1−1 −1 1 1 1 1 2 −2 2−2−2 2 −2 2 2−2 −2 2 0 0

χ48 0 0 0 0 0 0 0 0−1 −1 −5 3 3 −1 −1 3−3 1 1 1 0 0

χ49 0 0 0 0 0 0 0 0 3 −1 −1 3−1 −1 −5 3 1 1 −3 1 0 0

χ50 0 0 0 0 0 0 0 0−1 −1 3−5−1 3 3−1 1−3 1 1 0 0

χ51 0 0 0 0 0 0 0 0−1 3 3−1−1 −1 3−5 1 1 1−3 0 0

χ52 0 0 0 0 0 0 0 0−2 −2 −2−2 2 2 2 2−2−2 2 2 0 0

χ53 0 0 0 0 0 0 0 0 2 2 2 2−2 −2 −2−2 2 2 −2−2 0 0

χ54 0 0 0 0 0 0 0 0 2 −2 2−2 2 −2 2−2 2−2 2−2 0 0

χ55 0 0 0 0 0 0 0 0−2 2 −2 2−2 2 −2 2−2 2 −2 2 0 0

χ56 1 −1−1 1 −1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ57 −1 1 1 −1 1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ58 1 −1−1 1 −1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ59 −1 1 1 −1 1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ60 1 −1−1 1 −1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ61 −1 1 1 −1 1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ63 1 −1 1 −1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ64 −1 1−1 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ65 1 −1 1 −1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ66 −1 1−1 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ67 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ68 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 9.17: (cont.)
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[g] 6K 12F 6L 12D 6M 12E 6N 12C 4U 4X 4W 4Z 4Y 4AB 4AA 4V 8F 8E 8H 8G 15A 15B

χ69 1 −1 1 −1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ70 −1 1−1 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ71 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ72 1 −1−1 1 1 −1 −1 1 4 0 −4 0−4 0 4 0 0 0 0 0 0 0

χ73 −1 1 1 −1 −1 1 1 −1 0 −4 0 4 0 4 0−4 0 0 0 0 0 0

χ74 −1 1 1 −1 −1 1 1 −1 0 4 0−4 0 −4 0 4 0 0 0 0 0 0

χ75 1 −1−1 1 1 −1 −1 1−4 0 4 0 4 0 −4 0 0 0 0 0 0 0

χ76 1 −1−1 1 1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ77 −1 1 1 −1 −1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ78 0 0 0 0 0 0 0 0 4 0 −4 0−4 0 4 0 0 0 0 0 0 0

χ79 0 0 0 0 0 0 0 0−4 0 4 0 4 0 −4 0 0 0 0 0 0 0

χ80 0 0 0 0 0 0 0 0 0 4 0−4 0 −4 0 4 0 0 0 0 0 0

χ81 0 0 0 0 0 0 0 0 0 −4 0 4 0 4 0−4 0 0 0 0 0 0

Table 9.17: (cont.)
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9.7. Fusion of the Classes of Ḡ into Sp8(2)

We used GAP to compute χ(Sp8(2)|Ḡ), the permutation character of degree 2295 for the action of

Sp8(2) on the cosets of Ḡ in Sp8(2) and obtain:

χ(Sp8(2)|Ḡ) = 1a+ 51a+ 135a+ 918a+ 1190a.

We use information about conjugacy classes of elements of Ḡ = 210:GL(4, 2) and Sp8(2), the

permutation character values on the classes of Sp8(2), the known power maps of elements of Ḡ =

210:GL(4, 2) (see Table 9.4 for the power maps of the elements of Ḡ = 210:GL(4, 2) ) and Sp8(2)

(see [19] for the power maps of elements of Sp8(2)) to get partial fusion of Ḡ into Sp8(2). For

example, we have the following fusions for the classes 2A, 2B, 2C, 2D, 2E and 2F of 210:GL(4, 2):

2A 7→ 2A, 2B 7→ 2D, 2C 7→ 2B, 2D 7→ 2C, 2E 7→ 2E and 2F 7→ 2F in Sp8(2). To complete the

fusion map, we restrict irreducible characters of Sp8(2) of small degree to Ḡ = 210:GL(4, 2). In

determining the restrictions of irreducible characters of Sp8(2) to Ḡ = 210:GL(4, 2), we continue

with the technique of set intersection of characters described in the previous chapters.

Let ξ be the character of GL(4, 2) afforded by the regular representation of GL(4, 2). Then we have

that ξ =
∑14

i=1 eiψi, where ψi ∈ Irr(GL(4, 2)) and ei = deg(ψi). Then ξ can be taken as a character

of Ḡ = 210:GL(4, 2) which contains 210 in its kernel such that

ξ(g) =

|GL(4, 2)| if g ∈ 210,

0 otherwise.

Now if ϕ is a character of Sp8(2), then we obtain the following:

〈ξ, ϕ〉210:GL(4,2) =
1

|210:GL(4, 2)|
{ξ(1A)ϕ(1A) + 15ξ(2A)ϕ(2A) + 28ξ(2B)ϕ(2B)

+ 35ξ(2C)ϕ(2C) + 105ξ(2D)ϕ(2D) + 420ξ(2E)ϕ(2E) + 420ξ(2F )ϕ(2F )}

=
1

|210:GL(4, 2)|
{|GL(4, 2)|ϕ(1A) + 15|GL(4, 2)|ϕ(2A) + 28|GL(4, 2)|ϕ(2B)

+ 35|GL(4, 2)|ϕ(2C) + 105|GL(4, 2)|ϕ(2D)

+ 420|GL(4, 2)|ϕ(2E) + 420|GL(4, 2)|ϕ(2F )}

=
1

210
{ϕ(1A) + 15ϕ(2A) + 28ϕ(2B)

+ 35ϕ(2C) + 105ϕ(2D) + 420ϕ(2E) + 420ϕ(2F )}

= 〈ϕ210 , %1〉.

where %1 is the identity character of 210 and ϕ210 is the restriction of ϕ to 210. Similarly, we obtain:

ϕ210 = b1θ1 + b2θ2 + b3θ3 + b4θ4 + b5θ5 + b6θ6 + b7θ7

where bi ∈ N ∪ {0}, i ∈ {1, 2, · · · , 7} and θi, i ∈ {1, 2, · · · , 7} are the sums of the irreducible

characters of 210 which are in one orbit under the action of GL(4, 2) on Irr(210). Let %j ∈ Irr(210),
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for j ∈ {1, 2, · · · , 7}. We have that

θ1 = %1, deg(θ1) = 1.

θ2 =
16∑
j=2

%j , deg(θ3) = 15.

θ3 =

51∑
j=17

%j , deg(θ3) = 35.

θ4 =
156∑
j=52

%j , deg(θ4) = 105.

θ5 =

324∑
j=157

%j , deg(θ5) = 168.

θ6 =
604∑
j=325

%j , deg(θ6) = 280.

θ7 =

1024∑
j=605

%j , deg(θ8) = 420.

Therefore,

ϕ210 = b1%1 + b2

16∑
j=2

%j + b3

51∑
j=17

%j + b4

156∑
j=52

%j + b5

324∑
j=157

%j

+ b6

604∑
j=325

%j + b7

1024∑
j=605

%j

and further

〈ϕ210 , ϕ210〉 = b21 + 15b22 + 35b23 + 105b24 + 168b25 + 280b26 + 420b27.

Clearly, b1 = 〈ϕ210 , %1〉 = 〈ξ, ϕ〉210:GL(4,2).

Similarly, we obtain

〈ϕ210 , ϕ210〉 =
1

1024
{ϕ(1A)ϕ(1A) + 15ϕ(2A)ϕ(2A) + 28ϕ(2B)ϕ(2B) + 35ϕ(2C)ϕ(2C)

+105ϕ(2D)ϕ(2D) + 420ϕ(2E)ϕ(2E) + 420ϕ(2F )ϕ(2F ).

Let us apply the above results to the restrictions ϕ1 = 35a and ϕ2 = 85a, where 35a and 85a are

irreducible characters of Sp8(2) of degrees 35 and 85 respectively. (see [19] for the character table

of Sp8(2)). Thus for ϕ1, we obtain

b1 = 〈ξ, ϕ1〉210:GL(4,2) =
1

1024
{ϕ1(1A) + 15ϕ1(2A) + 28ϕ1(2B) + 35ϕ1(2C) + 105ϕ1(2D)

+ 420ϕ1(2E) + 420ϕ1(2F )}

=
1

1024
{35 + 15(−21) + 28(−5) + 35(3) + 105(11) + 420(−5) + 420(3)} = 0
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and since deg(ϕ1) = 35, we must have that

b1 + 15b2 + 35b3 + 105b4 + 168b5 + 280b6 + 420b7 = 35.

Now b1 = 0 implies that b3 = 1, b4 = b5 = b6 = b7 = 0.

Now by considering the already determined fusions via the use of power maps of elements of

Sp8(2) and 210:GL(4, 2), and also by considering the irreducible characters of 210:GL(4, 2), we

determined that (ϕ1)210:GL(4,2) is an irreducible character of 210:GL(4, 2) found in the third block

of the character table of 210:GL(4, 2) and is given by

(ϕ1)210:GL(4,2) = χ28,

where χ28 is as given in Tables 9.17.

Furthermore, for ϕ2, we obtain

b1 = 〈ξ, ϕ2〉210:GL(4,2) =
1

1024
{ϕ2(1A) + 15ϕ2(2A) + 28ϕ2(2B) + 35ϕ2(2C) + 105ϕ2(2D)

+ 420ϕ2(2E) + 420ϕ2(2F )}

=
1

1024
{85 + 15(−43) + 28(5) + 35(21) + 105(21) + 420(−11) + 420(5)} = 0

and since deg(ϕ2) = 85, we must have that

b1 + 15b2 + 35b3 + 105b4 + 168b5 + 280b6 + 420b7 = 85.

Now b1 = 0 implies that b2 = 1, b3 = 2 and b4 = b5 = b6 = b7 = 0.

Now by considering the already determined fusions via the use of powers maps of elements of Sp8(2)

and 210:GL(4, 2), and also by considering the irreducible characters of 210:GL(4, 2) as provided in

Table 7.8 we determined that (ϕ2)210:A8
can be written as a sum of two irreducible characters of

210:GL(4, 2) of degrees 15 and 70 and appear in the second and third blocks of the character table

of 210:GL(4, 2) respectively. Thus we write

(ϕ2)210:GL(4,2) = χ15 + χ31,

where χi, i ∈ {15, 31} is given in Table 9.17.

By the use of partial fusion already determined, the values of ϕ1 and ϕ2 on the classes of Sp8(2)

and the values of (ϕ1)210:GL(4,2) and (ϕ2)210:GL(4,2) on the classes of 210:GL(4, 2), we are able to

complete the fusion of 210:GL(4, 2) into Sp8(2). This fusion is given in Table 9.18 in which the

entries are obtained by computing |CSp8(2)(y)|/|CḠ(x)| where y is a representative of a conjugacy

class of Sp8(2) and x is a representative of a conjugacy class of Ḡ and o(y) = o(x). The entries

that appear in the boxes in Table 9.18 indicate the actual fusions.

We thus have the fusion of the classes of Ḡ into Sp8(2) as given in the following table.
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[y] 1A 2A 2B 2C 2D 2E 2F 3A 3B 3C 3D

|CSp8(2)(y)| 47137 185 884 294 737 147 49 435 777 12 38

7612800 794560 7360 9120 280 456 152 4560 60 960 88

χ(Sp8(2)|Ḡ)(y) 2295 135 375 135 151 39 39 0 27 45 0

[x] |CḠ(x)|
1A 2064380 2295

2A 1376256 135

2B 737280 12 4 1

2C 589824 15 5

2D 196608 45 15

2E 49152 180 60 15 3 1

2F 49152 180 60 15 3 1

2G 6144 120 24 8

2H 2048 24

2I 24576 360 120 30 6 2

2J 24576 360 120 30 6 2

2K 24576 360 120 30 6 2

2L 24576 360 120 30 6 2

2M 4096 36 12

2N 4096 36 12

3A 2880 27

3B 2880 45

Table 9.18: Computations for Fusion of Ḡ into Sp8(2)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L

|CSp8(2)(y)| 921 921 368 122 61 6 3 3 10 7 5 5

60 60 64 88 44 144 072 072 24 68 12 12

χ(Sp8(2)|Ḡ)(y) 15 15 15 63 7 7 15 15 7 19 3 11

[x] |CḠ(x)|
4A 6144 15 15 6 2 1 1

4B 2048 6 3 3

4C 1024 12 6 6 3 3 1

4D 1024 12 6 6 3 3 1

4E 768 16 4 4 1

4F 512 24 6 6 2 1 1

4G 512 24 6 6 2 1 1

4H 512 24 6 6 2 1 1

4I 64 12 8

4J 64 12 8

4K 6144 15 15 6 2 1 1

4L 6144 15 15 6 2 1 1

4M 6144 15 15 6 2 1 1

4N 6144 15 15 6 2 1 1

4O 4096 9 3

4P 4096 9 3

4Q 2048 6 3 3

4R 1024 12 6 6 3 3 1

4S 1024 12 6 6 3 3 1

4T 1024 12 6 6 3 3 1

4U 256 48 12 12 4 3 2 2

4V 256 48 12 12 4 3 2 2

4W 256 48 12 12 4 3 2 2

4X 256 48 12 12 4 3 2 2

4Y 256 48 12 12 4 3 2 2

4Z 256 48 12 12 4 3 2 2

4AA 256 48 12 12 4 3 2 2

4AB 256 48 12 12 4 3 2 2

Table 9.18: (cont.)
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[y] 5A 5B 6A 6B 6C 6D 6E 6F 6G 6H 6I 6J 6k 6L 6M 6N 6O 6P

|CSp8(2)(y)| 3 3 69 13 4 4 17 12 11 8 8 4 2 2 2 2 1 9

600 00 120 824 608 320 28 96 52 64 64 32 88 88 88 88 44 6

χ(Sp8(2)|Ḡ)(y) 0 5 0 0 0 15 3 0 0 9 21 0 7 9 7 3 0 3

[x] |CḠ(x)|
5A 60 5

6A 576 3

6B 288 15 3 3 1 1 1 1

6C 48 18 6 6 6 2

6D 288 15 3 3 1 1 1 1

6E 288 15 3 3 1 1 1 1

6F 288 15 3 3 1 1 1 1

6G 96 9 9 3 3 3 3 1

6H 96 9 9 3 3 3 3 1

6I 96 9 9 3 3 3 3 1

6J 96 9 9 3 3 3 3 1

6K 48 18 6 6 6 2

6L 48 18 6 6 6 2

6M 48 18 6 6 6 2

6N 48 18 6 6 6 2

Table 9.18: (cont.)

[y] 7A 8A 8B 8C 8D 8E 8F 9A 9B 10A 10B 10C 10D

|CSp8(2)(y)| 4 3 3 1 1 3 3 5 2 2 2 8 2

2 84 84 28 28 2 2 4 7 40 40 0 0

χ(Sp8(2)|Ḡ)(y) 6 3 3 3 3 1 1 0 0 0 0 0 1

[x] |CḠ(x)|
7A 14 3

7B 14 3

8A 64 2 2

8B 64 2 2

8C 32 1 1

8D 32 1 1

8E 128 3 3 1 1

8F 128 3 3 1 1

8G 128 3 3 1 1

8H 128 3 3 1 1

10A 20 1

Table 9.18: (cont.)
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[y] 12A 12B 12C 12D 12E 12F 12G 12H 12I 12J 12K 12L 12M 14A 15A 15B 15C

|CSp8(2)(y)| 1152 576 576 384 144 144 144 96 72 48 48 24 24 14 90 90 15

χ(Sp8(2)|Ḡ)(y) 0 0 0 0 3 3 3 0 0 1 1 0 1 2 0 0 2

[x] |CḠ(x)|
12A 48 3 3 3 1 1

12B 24 1

12C 48 3 3 3 1 1

12D 48 3 3 3 1 1

12E 48 3 3 3 1 1

12F 48 3 3 3 1 1

14A 14 1

14B 14 1

15A 15 1

15B 15 1

Table 9.18: (cont.)
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[x]Ḡ → [y]Sp(8,2) [x]Ḡ → [y]Sp(8,2) [x]Ḡ → [y]Sp(8,2) [x]Ḡ → [y]Sp(8,2)

1A 1A 4A 4C 5A 5B 12C 12J

2A 2A 4B 4D 6A 6E 12D 12G

2B 2D 4C 4F 6B 6K 12E 12F

2C 2B 4D 4E 6C 6K 12F 12K

2D 2C 4E 4J 6D 6I 14A 14A

2E 2E 4F 4I 6E 6D 14B 14A

2F 2F 4G 4K 6F 6M 15A 15C

2G 2D 4H 4L 6G 6H 15B 15C

2H 2F 4I 4J 6H 6L

2I 2F 4J 4L 6I 6N

2J 2B 4K 4B 6J 6P

2K 2D 4L 4F 6K 6P

2L 2C 4M 4E 6L 6I

2M 2F 4N 4A 6M 6L

2N 2E 4O 4C 6N 6M

3A 3B 4P 4D 7A 7A

3B 3C 4Q 4D 7B 7A

4R 4I 8A 8C

4S 4H 8B 8D

4T 4G 8C 8F

4U 4L 8D 8E

4V 4K 8E 8B

4W 4I 8F 8D

4X 4D 8G 8A

4Y 4J 8H 8C

4Z 4J 10A 10D

4AA 4G 12A 12E

4AB 4H 12B 12M

Table 9.19: Fusion of Ḡ = 210:GL(4, 2) into Sp8(2)
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On a Sylow 2− Subgroup of Sp8(2)

In this chapter, we are interested in constructing the ordinary character table of a split extension

of the form Ḡ = 27:(25:(2 ×D8)) using the method of Fischer matrices. In Chapter 6, we looked

at a Sylow 2− subgroup of Sp6(2) as being isormophic to a Sylow 2− subgroup of A(3), the affine

subgroup of Sp6(2). We see here that a Sylow 2− subgroup of Sp8(2) is isomorphic to a group of

the form Ḡ = 27:P6, where P6 is a Sylow 2− subgroup of Sp6(2). The group Ḡ = 27:P6 is a Sylow

2− subgroup of A(4), the affine subgroup of Sp8(2).

In Section 10.1, we give a brief introduction on the group Ḡ and generate it as a Sylow 2−subgroup

of A(4), the affine subgroup of Sp8(2). The group A(4) is of the form 27:Sp6(2) and was studied

by Ali and Moori in [5]. There is another group of the same structure as Ḡ and is a subgroup

of Aut(F22), the autormorphism group of the Fischer group F22. This later group was studied

by Mpono and Moori in [57] and [61]. We have that [Sp8(2) : A(4)] = 255. In Section 10.2,

we give the conjugacy classes of Ḡ computed using the coset analysis technique and we see that

corresponding to the 56 conjugacy classes of 25:(2 × D8), we get 436 classes for Ḡ. In Section

10.3, we act the group 25:(2 × D8) on Irr(27) and show that there are 14 inertia factor groups,

namely H1 = 25:(2 × D8), H2 = 25:(2 × D8), H3 = 22 × ((((4 × 2):2):2):2), H4 = 22 × (24:2),

H5 = (D8 × D8):2, H6 = (D8 × D8):2, H7 = D8 × D8, H8 = (((4 × 2):2):2):2, H9 = D8 × D8,

H10 = 2×(24:2), H11 = 2×2×D8, H12 = 2×2×D8, H13 = 2×2×D8 and H14 = 2×D8. In Section

10.4, we compute the fifty six Fischer matrices of Ḡ through a non combinatorial approach by the

help of Programme D in the Appendix. We see that the sizes of these Fischer matrices range

from 3 to 14. The full ordinary character table of Ḡ is a 436×436 matrix and could be constructed

from the information about Fischer matrices as well as character tables and fusions of the inertia

factor groups. In Section 10.5, we discuss the fusion of the conjugacy classes of Ḡ into those of

A(4) = 27:Sp6(2). Therefore, we compute the permutation character χ(27:Sp6(2)|Ḡ) for the action

of 27:Sp6(2) on the cosets of Ḡ in 27:Sp6(2). We used GAP [31] as well as the information about

χ(27:Sp6(2)|Ḡ) to fuse the conjugacy classes of Ḡ into A(4) (a group discussed by Ali [3]).

10.1. The Generators of Ḡ

The group Sp8(2) is a simple group of order 47, 377, 612, 800 with 11 conjugacy classes of maximal

subgroups. We construct the group A(4) in Magma as a maximal subgroup of Sp8(2). We then

constructed Ḡ inside A(4) as a Sylow 2 − subgroup. The following 8 − dimensional matrices over

F2, namely a1, a2, a3, a4 and a5 generate A(4).
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Table 10.1: Generators of A(4)

Generators of A(4) Generators of A(4)

a1 :=



1 0 0 0 0 0 0 0

1 1 0 1 0 1 0 0

0 0 0 1 1 0 1 0

1 0 0 0 0 1 0 0

1 0 1 0 0 1 1 0

1 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0

0 0 1 1 1 0 1 1


a2 :=



1 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0

0 1 0 1 0 0 0 0

0 0 0 1 0 0 0 0

1 0 0 0 1 1 1 0

1 0 0 0 0 0 1 0

1 0 0 0 0 1 0 0

0 1 1 1 0 0 0 1



a3 :=



0 0 0 0 0 1 0 0

1 1 0 0 0 1 0 0

0 1 0 1 0 0 1 1

0 0 0 1 0 0 0 0

1 0 0 0 1 1 0 0

1 0 0 0 0 0 0 0

1 0 0 0 0 1 1 0

0 1 1 1 0 0 1 0


a4 :=



1 1 0 1 1 0 1 0

0 1 0 1 1 0 0 1

0 0 1 0 0 0 0 0

0 1 0 1 0 0 1 1

0 1 0 0 1 0 1 1

0 0 0 0 0 1 0 0

0 0 0 1 1 0 1 1

0 0 0 0 0 0 0 1



a5 :=



0 0 1 0 0 1 1 0

1 1 0 1 0 1 0 1

0 0 0 1 0 0 1 1

0 0 0 1 0 0 0 0

1 0 1 0 1 1 1 0

1 0 0 1 0 0 0 1

0 0 0 0 0 0 1 0

0 0 1 1 0 0 1 0



with o(a1) = o(a2) = o(a3) = o(a4) = o(a5) = 2.

Using GAP [31], one can check all the elementary abelian normal subgroups of A(4). The group

A(4) has one elementary abelian normal subgroup of order 128 and thus must be isomorphic to

N = 27. We determined elements e1, e2, e3, e4, e5, e6 and e7 such that N = 〈e1, e2, e3, e4, e5, e6, e7〉
is an elementary abelian normal subgroup of A(4). We list the ei’s below:
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e1 :=



1 0 1 0 0 0 0 1

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 1 0 0 1 0 1

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


, e2 :=



0 1 0 1 0 1 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 1 0 0 0 0

0 0 1 0 1 0 0 1

1 1 0 1 0 0 0 0

0 0 1 0 0 0 1 1

0 0 1 0 0 0 0 0


,

e3 :=



1 0 1 1 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 1 0 0 1

0 0 0 1 0 1 0 1

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


, e4 :=



1 1 0 1 1 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 1 1 0 0 0 1

0 0 1 0 1 0 0 1

0 1 0 1 1 1 0 0

0 0 1 0 0 0 1 1

0 0 0 0 0 0 0 1


,

e5 :=



0 0 1 1 1 1 1 0

0 1 1 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 1 1 0 0 0 1

0 0 1 0 1 0 0 1

1 0 0 1 1 0 1 1

0 0 0 0 0 0 1 0

0 0 1 0 0 0 0 0


, e6 :=



0 1 1 0 1 1 1 1

0 1 1 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 1 1 0 0 0 1

0 0 0 0 1 0 0 0

1 1 1 0 1 0 1 1

0 0 1 0 0 0 1 1

0 0 1 0 0 0 0 0


,

e7 :=



1 0 0 0 0 0 0 1

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 1 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


.

Using the general structure of A(m) that is A(m) = q2m−1:Sp2m−2(q), for some m as discussed in

Chapter 4, we have that for m = 4, N = 27 is a normal elementary abelian 2 − subgroup that is

being sought in Ḡ = 27:(25:(2×D8)). Note that Ḡ can easily be constructed inside A(4). Let G be

the complement of N in Ḡ such that N ∩ G = {1Ḡ} and Ḡ/N ∼= G. The following g1, g2, g3 and

g4 are 8× 8 matrices over F2 that generate G:
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g1 :=



1 0 0 0 0 0 1 0

0 1 0 0 0 0 1 1

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


, g2 :=



1 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


,

g3 :=



1 0 0 1 1 0 1 0

0 0 0 0 1 0 0 1

0 0 1 0 0 0 0 0

0 1 0 0 0 0 1 1

0 1 0 0 0 0 0 1

0 0 0 0 0 1 0 0

0 0 0 1 1 0 0 0

0 0 0 0 0 0 0 1


, g4 :=



1 0 0 1 1 0 0 0

0 1 0 1 1 0 1 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 1 1

0 0 0 0 1 0 1 1

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



with o(g1) = o(g2) = o(g3) = o(g4) = 2.

10.2. The Conjugacy Classes of Ḡ

In this section, we use the coset analysis technique covered in Section 2.3 to compute the conjugacy

classes of Ḡ. We know that G has 56 conjugacy classes. The action of G on N gives fourteen orbits,

namely four fixed points, two orbits each of length 2, two orbits each of length 4, two orbits each

of length 8, two orbits each of length 16 and two orbits each of length 32.

We used Programme A in the Appendix to determine the fi’s, which are the lengths of the

orbits from the action of CG(g) on the orbits of the action of N on Ng, where g is a representative

of a conjugacy class of G. Now let L1, L2, · · · , L56 be the lists containing the classes computed

from coset analysis where each L[i] corresponds to g = C[i]. Then we can form another list say,

H := [L[1], L[2], · · · , L[56]] so that for each class say B[i][1][1] of Ḡ, of order k, we implement

Programme B as follows:

for i in [1..Size(H)] do for j in [1..Size(H[i])] do if

IsConjugate(\bar{G},B[i][1][1] ^p, H[i][j]) then Print(i," ");

Print(j," "); fi;od;od;

to calculate the p− th power map of B[i][1][1].

Note that k =
∑

i fi. We give the values of the k’s for each class representative of G in Table 10.2.
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[g]G 1A 2A 2B 2C 2D 2E 2F 2G 4A 4B

k 128 32 32 32 16 32 32 16 16 8

[g]G 2H 4C 2I 2J 2K 2L 2M 2N 2O 4D

k 32 16 64 64 16 32 16 32 32 16

[g]G 4E 2P 4F 4G 2Q 4H 4I 4J 8A 2R

k 8 32 16 8 32 8 8 8 4 16

[g]G 4K 4L 2S 2T 2U 2V 2W 2X 2Y 4M

k 16 8 16 32 64 16 32 16 32 8

[g]G 4N 4O 4P 4Q 4R 4S 4T 2Z 4V 2AA

k 8 16 8 8 16 8 8 16 8 32

[g]G 4V 8B 4W 4X 2AB 4Z

k 8 4 8 16 16 8

Table 10.2: Fixed Points for the Action of G = 25:(2×D8) on N = 27

We give the conjugacy classes of Ḡ in the Table 10.3. We have also included a column (column 7)

on power maps in the same table. The weights for the row orthogonalities of the Fischer matrices

of Ḡ are included in column 4. For the notation we observe that if, say 4Z, is the twenty sixth

element of order 4 then the next element of the same order is labeled as 4AA and so on. This

applies to other elements as well:

[g]G k fi mi [g]Ḡ |CḠ(g)| 2 3 5 7 Size of [g]Ḡ

1A 128 f1 = 1 1 1A 216 1A 1

f2 = 1 1 2A 216 1A 1

f3 = 1 1 2B 216 1A 1

f4 = 1 1 2C 216 1A 1

f5 = 2 2 2D 215 1A 2

f6 = 2 2 2E 215 1A 2

f7 = 4 4 2F 214 1A 4

f8 = 4 4 2G 214 1A 4

f9 = 8 8 2H 213 1A 8

f10 = 8 8 2I 213 1A 8

f11 = 16 16 2J 212 1A 16

f12 = 16 16 2K 212 1A 16

f13 = 32 32 2L 211 1A 32

f14 = 32 32 2M 211 1A 32

2A 32 f1 = 1 4 2N 212 1A 24

f2 = 1 4 2O 212 1A 24

f3 = 2 8 2P 211 1A 25

f4 = 4 16 4A 210 2F 26

f5 = 4 16 4B 210 2F 26

f6 = 4 16 2Q 210 1A 26

f7 = 4 16 4C 210 2G 26

f8 = 4 16 4D 210 2G 26

f9 = 8 32 4E 29 2A 27

2B 32 f1 = 1 4 2R 212 1A 24

f2 = 1 4 2S 212 1A 24

f3 = 1 4 2T 212 1A 24

f4 = 1 4 2U 212 1A 24

f5 = 2 8 4F 211 2D 25

f6 = 2 8 4G 211 2D 25
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f7 = 2 8 4H 211 2D 25

f8 = 2 8 4I 211 2D 25

f9 = 4 16 2V 210 1A 26

f10 = 8 32 4J 29 2G 27

f11 = 8 32 4K 29 2G 27

2C 32 f1 = 1 4 2W 213 1A 23

f2 = 1 4 2X 213 2A 23

f3 = 1 4 2Y 213 1A 23

f4 = 1 4 2Z 213 1A 23

f5 = 2 8 4L 212 2B 24

f6 = 2 8 4M 212 2B 24

f7 = 2 8 4N 212 2B 24

f8 = 2 8 4O 212 2B 24

f9 = 4 16 2AA 211 1A 25

f10 = 16 64 4P 29 2G 27

2D 16 f1 = 1 8 2AB 211 1A 25

f2 = 1 8 2AC 211 1A 25

f3 = 1 8 4Q 211 2G 25

f4 = 1 8 4R 211 2G 25

f5 = 2 16 4S 210 2B 26

f6 = 2 16 4T 210 2G 26

f7 = 4 32 4U 29 2G 27

f8 = 4 32 4V 29 2D 27

2E 32 f1 = 1 4 2AD 214 1A 22

f2 = 1 4 2AE 214 1A 22

f3 = 1 4 2AF 214 1A 22

f4 = 1 4 2AG 214 1A 22

f5 = 2 8 2AH 213 1A 23

f6 = 2 8 2AI 213 1A 23

f7 = 8 32 4W 211 2B 25

f8 = 16 64 4X 210 2D 26

2F 32 f1 = 1 4 2AJ 211 1A 25

f2 = 1 4 2AK 211 1A 25

f3 = 1 4 2AL 211 1A 25

f4 = 1 4 2AM 211 1A 25

f5 = 1 4 4Y 211 2B 25

f6 = 1 4 4Z 211 2B 25

f7 = 1 4 4AA 211 2B 25

f8 = 1 4 4AB 211 2B 25

f9 = 2 8 2AN 210 1A 26

f10 = 2 8 2AO 210 1A 26

f11 = 2 8 4AC 210 2B 26

f12 = 2 8 4AD 210 2B 26

f13 = 16 64 4AE 27 2K 29

2G 16 f1 = 1 8 2AP 29 1A 27

f2 = 1 8 2AQ 29 1A 27

f3 = 1 8 4AG 29 2B 27

f4 = 1 8 4AH 29 2B 27

f5 = 1 8 4AI 29 2G 27

f6 = 1 8 4AJ 29 2G 27

f7 = 1 8 4AK 29 2G 27

f8 = 1 8 4AL 29 2G 27

f9 = 4 32 4AM 27 2J 29

f10 = 4 32 4AN 27 2K 29

4A 16 f1 = 1 8 4AO 210 2W 26

f2 = 1 8 4AP 210 2W 26

f3 = 1 8 4AQ 210 2W 26

f4 = 1 8 4AR 210 2W 26

f5 = 2 16 4AS 29 2W 27

f6 = 2 16 4AT 29 2W 27

f7 = 8 64 8A 27 4M 29
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4B 8 f1 = 1 16 4AU 28 2R 28

f2 = 1 16 4AV 28 2R 28

f3 = 1 16 4AW 28 2S 28

f4 = 1 16 4AX 28 2S 28

f5 = 2 32 8B 27 4H 29

f6 = 2 32 8C 27 4I 29

2H 32 f1 = 1 4 2AR 211 1A 25

f2 = 1 4 2AS 211 1A 25

f3 = 1 4 2AT 211 1A 25

f4 = 1 4 2AU 211 1A 25

f5 = 1 4 4AY 211 2B 25

f6 = 1 4 4AZ 211 2B 25

f7 = 1 4 4AAA 211 2B 25

f8 = 1 4 4AAB 211 2B 25

f9 = 2 8 4AAC 210 2B 26

f10 = 2 8 4AAD 210 2B 26

f11 = 2 8 2AV 210 1A 26

f12 = 2 8 2AW 210 1A 26

f13 = 16 64 4AAE 27 2J 29

4C 16 f1 = 1 8 4AAF 210 2W 26

f2 = 1 8 4AAG 210 2W 26

f3 = 1 8 4AAH 210 2W 26

f4 = 1 8 4AAI 210 2W 26

f5 = 2 16 4AAJ 29 2W 27

f6 = 2 16 4AAK 29 2W 27

f7 = 8 64 8D 27 4L 29

2I 64 f1 = 1 2 2AX 215 1A 21

f2 = 1 2 2AY 215 1A 21

f3 = 2 4 2AZ 214 1A 22

f4 = 4 8 2AAA 213 1A 23

f5 = 8 16 2AAB 212 1A 24

f6 = 16 32 4AAL 211 2A 25

f7 = 16 32 4AAM 211 2A 25

f8 = 16 32 2AAC 211 1A 25

2J 64 f1 = 1 2 2AAD 213 1A 23

f2 = 1 2 2AAE 213 1A 23

f3 = 1 2 2AAF 213 1A 23

f4 = 1 2 2AAG 213 1A 23

f5 = 2 4 2AAH 212 1A 24

f6 = 2 4 2AAI 212 1A 24

f7 = 4 8 4AAN 211 2G 25

f8 = 4 8 4AAO 211 2G 25

f9 = 4 8 4AAP 211 2G 25

f10 = 4 8 4AAQ 211 2G 25

f11 = 8 16 4AAR 210 2G 26

f12 = 8 16 4AAS 210 2G 26

f13 = 8 16 2AAJ 210 1A 26

f14 = 16 32 2AAK 29 1A 27

2K 16 f1 = 1 8 2AAL 211 1A 25

f2 = 1 8 2AAM 211 1A 25

f3 = 1 8 4AAT 211 2E 25

f4 = 1 8 4AAU 211 2E 25

f5 = 2 16 4AAV 210 2B 26

f6 = 2 16 4AAW 210 2E 26

f7 = 4 32 4AAX 29 2G 27

f8 = 4 32 4AAY 29 2F 27

2L 32 f1 = 1 4 2AAN 213 1A 22

f2 = 1 4 2AAO 213 1A 22

f3 = 1 4 2AAP 213 1A 22

f4 = 1 4 2AAQ 213 1A 22
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f5 = 2 8 2AAR 212 1A 23

f6 = 2 8 2AAS 212 1A 23

f7 = 4 16 4AAZ 211 2B 24

f8 = 4 16 4AAAA 211 2B 24

f9 = 16 64 4AAAB 29 2F 26

2M 16 f1 = 1 8 2AAT 211 1A 25

f2 = 1 8 2AAU 211 1A 25

f3 = 1 8 4AAAC 211 2A 25

f4 = 1 8 4AAAD 211 2A 25

f5 = 2 16 4AAAE 210 2E 26

f6 = 2 16 4AAAF 210 2D 26

f7 = 4 32 4AAAG 29 2G 27

f8 = 4 32 4AAAH 29 2F 27

2N 32 f1 = 1 4 2AAV 214 1A 22

f2 = 1 4 2AAW 214 1A 22

f3 = 2 8 2AAX 213 1A 23

f4 = 4 16 4AAAI 212 2B 24

f5 = 4 16 4AAAJ 212 2B 24

f6 = 4 16 2AAY 212 1A 24

f7 = 16 64 4AAAK 210 2E 26

2O 32 f1 = 1 4 2AAZ 212 1A 24

f2 = 1 4 2AAAA 212 1A 24

f3 = 1 4 2AAAB 212 1A 24

f4 = 1 4 2AAAC 212 1A 24

f5 = 2 8 4AAAL 211 2B 25

f6 = 2 8 4AAAM 211 2B 25

f7 = 2 8 2AAAD 211 1A 25

f8 = 2 8 2AAAE 211 1A 25

f9 = 4 16 4AAAN 210 2B 26

f10 = 16 64 4AAAO 28 2H 28

4D 16 f1 = 1 8 4AAAP 210 2W 26

f2 = 1 8 4AAAQ 210 2W 26

f3 = 1 8 4AAAR 210 2W 26

f4 = 1 8 4AAAS 210 2W 26

f5 = 2 16 4AAAT 29 2W 27

f6 = 2 16 4AAAU 29 2W 27

f7 = 8 64 8D1 27 4O 29

4E 8 f1 = 1 16 4AAAW 210 2AD 26

f2 = 1 16 4AAAX 210 2AD 26

f3 = 2 32 4AAAY 29 2AG 27

f4 = 4 64 4AAAZ 28 2AI 28

2P 32 f1 = 1 4 2AAAG 212 1A 24

f2 = 1 4 2AAAH 212 1A 24

f3 = 1 4 2AAAI 212 1A 24

f4 = 1 4 2AAAJ 212 1A 24

f5 = 2 8 4AAAAA 211 2B 25

f6 = 2 8 4AAAAB 211 2B 25

f7 = 2 8 4AAAAC 211 2B 25

f8 = 2 8 4AAAAD 211 2B 25

f9 = 4 16 2AAAK 210 1A 26

f10 = 16 64 4AAAAE 28 2I 28

4F 16 f1 = 1 8 4AAAAF 210 2W 26

f2 = 1 8 4AAAAG 210 2W 26

f3 = 1 8 4AAAAH 210 2W 26

f4 = 1 8 4AAAAI 210 2W 26

f5 = 2 16 4AAAAJ 29 2W 27

f6 = 2 16 4AAAAK 29 2W 27

f7 = 8 64 8E 27 4N 29

4G 8 f1 = 1 16 4AAAAL 210 2AD 26

f2 = 1 16 4AAAAM 210 2AD 26

f3 = 2 32 4AAAAN 29 2AG 27
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f4 = 4 64 4AAAAO 28 2AH 28

2Q 32 f1 = 1 4 2AAAL 211 1A 25

f2 = 1 4 2AAAM 211 1A 25

f3 = 1 4 2AAAN 211 1A 25

f4 = 1 4 2AAAO 211 1A 25

f5 = 2 8 2AAAP 210 1A 26

f6 = 2 8 2AAAQ 210 1A 26

f7 = 2 8 4AAAAP 210 2D 26

f8 = 2 8 4AAAAQ 210 2D 26

f9 = 4 16 4AAAAR 29 2D 27

f10 = 8 32 4AAAAS 28 2H 28

f11 = 8 32 4AAAAT 28 2H 28

4H 8 f1 = 1 16 4AAAAU 28 2W 28

f2 = 1 16 4AAAAV 28 2W 28

f3 = 1 16 4AAAAW 28 2Z 28

f4 = 1 16 4AAAAX 28 2Z 28

f5 = 2 32 8F 27 4M 29

f6 = 2 32 8G 27 4L 29

4I 8 f1 = 1 16 4AAAAY 29 2AD 27

f2 = 1 16 4AAAAZ 29 2AD 27

f3 = 2 32 4AAAAAA 28 2AF 28

f4 = 2 32 4AAAAAB 28 2AH 28

f5 = 2 32 4AAAAAC 28 2AI 28

4J 8 f1 = 1 16 4AAAAAD 27 2AAZ 29

f2 = 1 16 4AAAAAE 27 2AAZ 29

f3 = 1 16 4AAAAAF 27 2AAAB 29

f4 = 1 16 4AAAAAG 27 2AAAB 29

f5 = 2 32 4AAAAAH 26 2AAAE 210

f6 = 2 32 4AAAAAI 26 2AAAD 210

8A 4 f1 = 1 32 8H 26 4AAAW 210

f2 = 1 32 8I 26 4AAAW 210

f3 = 2 64 8J 25 4AAAY 211

2R 16 f1 = 1 8 2AAAR 210 1A 26

f2 = 1 8 2AAAS 210 1A 26

f3 = 1 8 4AAAAAJ 210 2E 26

f4 = 1 8 4AAAAAK 210 2E 26

f5 = 2 16 4AAAAAL 29 2A 27

f6 = 2 16 4AAAAAM 29 2D 27

f7 = 4 32 4AAAAAN 28 2H 28

f8 = 4 32 4AAAAAO 28 2I 28

4K 16 f1 = 1 8 4AAAAAP 29 2R 27

f2 = 1 8 4AAAAAQ 29 2R 27

f3 = 1 8 4AAAAAR 29 2R 27

f4 = 1 8 4AAAAAS 29 2R 27

f5 = 2 16 4AAAAAT 28 2R 28

f6 = 2 16 4AAAAAU 28 2R 28

f7 = 4 32 8K 27 4H 29

f8 = 4 32 8L 27 4H 29

4L 8 f1 = 1 16 4AAAAAV 29 2AD 27

f2 = 1 16 4AAAAAW 29 2AD 27

f3 = 2 32 4AAAAAX 28 2AH 28

f4 = 2 32 4AAAAAY 28 2AG 28

f5 = 2 32 4AAAAAZ 28 2AH 28

2S 16 f1 = 1 8 2BA 210 1A 26

f2 = 1 8 2BB 210 1A 26

f3 = 1 8 4BA 210 2G 26

f4 = 1 8 4BB 210 2G 26

f5 = 2 16 4BC 29 2D 27

f6 = 2 16 4BD 29 2A 27

f7 = 2 16 4BE 29 2F 27

f8 = 2 16 4BF 29 2G 27
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f9 = 2 16 4BG 29 2F 27

f10 = 2 16 4BH 29 2E 27

2T 32 f1 = 1 4 2BC 212 1A 24

f2 = 1 4 2BD 212 1A 24

f3 = 1 4 2BE 212 1A 24

f4 = 1 4 2BF 212 1A 24

f5 = 2 8 2BG 211 1A 25

f6 = 2 8 2BH 211 1A 25

f7 = 4 16 4BI 210 2D 26

f8 = 4 16 4BJ 210 2D 26

f9 = 8 32 4BK 29 2F 27

f10 = 832 4BL 29 2F 27

2U 64 f1 = 1 2 2BI 214 1A 22

f2 = 1 2 2BJ 214 1A 22

f3 = 1 2 2BK 214 1A 22

f4 = 1 2 2BL 214 1A 22

f5 = 4 8 2BM 212 1A 24

f6 = 8 16 4BM 211 2E 25

f7 = 8 16 4BN 211 2E 25

f8 = 8 16 4BO 211 2E 25

f9 = 8 16 4BP 211 2E 25

f10 = 8 16 2BN 211 1A 25

f11 = 16 32 2BO 210 1A 26

2V 64 f1 = 1 2 2BP 211 1A 25

f2 = 1 2 2BQ 211 1A 25

f3 = 1 2 4BQ 211 2E 25

f4 = 1 2 4BR 211 2E 25

f5 = 2 4 4BS 210 2A 26

f6 = 2 4 4BT 210 2D 26

f7 = 4 8 4BU 29 2F 27

f8 = 4 8 4BV 29 2G 27

2W 32 f1 = 1 4 2BR 211 1A 25

f2 = 1 4 2BS 211 1A 25

f3 = 1 4 2BT 211 1A 25

f4 = 1 4 2BU 211 1A 25

f5 = 2 8 4BW 210 2F 26

f6 = 2 8 4BX 210 2F 26

f7 = 2 8 4BY 210 2F 26

f8 = 2 8 4BZ 210 2F 26

f9 = 4 16 4BAA 29 2G 27

f10 = 4 16 2BV 29 1A 27

f11 = 4 16 4BAB 29 2E 27

f12 = 4 16 4BAC 29 2G 27

f13 = 4 16 4BAC2 29 2E 27

2X 16 f1 = 1 8 2BW 211 1A 25

f2 = 1 8 2BX 211 1A 25

f3 = 1 8 4BAD 211 2G 25

f4 = 1 8 4BAE 211 2G 25

f5 = 2 16 4BAF 210 2G 26

f6 = 2 16 4BAG 210 2B 26

f7 = 4 32 4BAH 29 2F 27

f8 = 4 32 4BAI 29 2E 27

2Y 16 f1 = 1 8 2BY 213 1A 23

f2 = 1 8 2BZ 213 1A 23

f3 = 2 16 2BAA 212 1A 24

f4 = 4 32 4BAJ 211 2D 25

f5 = 4 32 4BAK 211 2D 25

f6 = 4 32 2BAB 211 1A 25

f7 = 8 64 4BAL 210 2A 26

f8 = 8 64 4BAM 210 2E 26

4M 8 f1 = 1 16 4BAN 29 2AAN 27
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f2 = 1 16 4BAO 29 2AAN 27

f3 = 2 32 4BAP 28 2AAQ 28

f4 = 4 64 4BAQ 27 2AAR 29

4N 8 f1 = 1 16 4BAR 28 2AAN 28

f2 = 1 16 4BAS 28 2AAN 28

f3 = 2 32 4BAT 27 2AAS 29

f4 = 2 32 4BAU 27 2AAR 29

f5 = 2 32 4BAV 27 2AAP 29

4O 16 f1 = 1 8 4BAW 210 2AAV 26

f2 = 1 8 4BAX 210 2AAV 26

f3 = 1 8 4BAY 210 2AAV 26

f4 = 1 8 4BAZ 210 2AAV 26

f5 = 2 16 4CA 29 2AAV 27

f6 = 2 16 4CB 29 2AAV 27

f7 = 8 64 8M 27 4AAAI 29

4P 8 f1 = 1 16 4CC 28 2R 28

f2 = 1 16 4CD 28 2R 28

f3 = 1 16 4CE 28 2S 28

f4 = 1 16 4CF 28 2S 28

f5 = 2 32 8N 27 4I 29

f6 = 2 32 8O 27 4H 29

4Q 8 f1 = 1 16 4CG 29 2AAN 27

f2 = 1 16 4CH 29 2AAN 27

f3 = 2 32 4CI 28 2AAQ 28

f4 = 4 64 4CJ 27 2AAR 29

4R 16 f1 = 1 8 4CK 210 2AAV 26

f2 = 1 8 4CL 210 2AAV 26

f3 = 1 8 4CM 210 2AAV 26

f4 = 1 8 4CN 210 2AAV 26

f5 = 2 16 4CO 29 2AAV 27

f6 = 2 16 4CP 29 2AAV 27

f7 = 8 64 8P 27 4AAAJ 29

4S 8 f1 = 1 16 4CQ 28 2W 28

f2 = 1 16 4CR 28 2W 28

f3 = 1 16 4CS 28 2Y 28

f4 = 1 16 4CT 28 2Y 28

f5 = 2 32 8Q 27 4N 29

f6 = 2 32 8R 27 4O 29

4T 8 f1 = 1 16 4CU 29 2AD 27

f2 = 1 16 4CV 29 2AD 27

f3 = 2 32 4CW 28 2AF 28

f4 = 2 32 4CX 28 2AI 28

f5 = 2 32 4CY 28 2AH 28

2Z 16 f1 = 1 8 2BAC 210 1A 26

f2 = 1 8 2BAD 210 1A 26

f3 = 1 8 4CZ 210 2A 26

f4 = 1 8 4CAA 210 2A 26

f5 = 2 16 4CAB 29 2E 27

f6 = 2 16 4CAC 29 2D 27

f7 = 4 32 4CAD 28 2I 28

f8 = 4 32 4CAE 28 2H 28

4U 8 f1 = 1 16 4CAF 28 2AAV 28

f2 = 1 16 4CAG 28 2AAV 28

f3 = 1 16 4CAH 28 2AAX 28

f4 = 1 16 4CAI 28 2AAX 28

f5 = 2 32 8S 27 4AAAJ 29

f6 = 2 32 8T 27 4AAAI 29

2AA 32 f1 = 1 4 2BAE 211 1A 25

f2 = 1 4 2BAF 211 1A 25

f3 = 1 4 2BAG 211 1A 25

f4 = 1 4 2BAH 211 1A 25
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f5 = 2 8 4CAJ 210 2D 26

f6 = 2 8 4CAK 210 2D 26

f7 = 2 8 4CAL 210 2D 26

f8 = 2 8 4CAM 210 2D 26

f9 = 4 16 2BAI 29 1A 27

f10 = 8 32 4CAN 28 2I 28

f11 = 8 32 4CAO 28 2I 28

4V 8 f1 = 1 16 4CAP 29 2AD 27

f2 = 1 16 4CAQ 29 2AD 27

f3 = 2 32 4CAR 28 2AF 28

f4 = 2 32 4CAS 28 2AI 28

f5 = 2 32 4CAT 28 2AH 28

8B 4 f1 = 1 32 8U 26 4AAAAL 210

f2 = 1 32 8V 26 4AAAAL 210

f3 = 2 64 8W 25 4AAAAN 211

4W 8 f1 = 1 16 4CAU 27 2AAAG 29

f2 = 1 16 4CAV 27 2AAAG 29

f3 = 1 16 4CAW 27 2AAAI 29

f4 = 1 16 4CAX 27 2AAAI 29

f5 = 2 32 8X 26 4AAAAC 210

f6 = 2 32 8Y 26 4AAAAD 210

4X 16 f1 = 1 8 4CAY 29 2R 27

f2 = 1 8 4CAZ 29 2R 27

f3 = 1 8 4DA 29 2R 27

f4 = 1 8 4DB 29 2R 27

f5 = 2 16 4DC 28 2R 28

f6 = 2 16 4DD 28 2R 28

f7 = 4 32 8Z 27 4I 29

f8 = 4 32 8AA 27 4I 29

2AB 16 f1 = 1 8 2BAJ 210 1A 26

f2 = 1 8 2BAK 210 1A 26

f3 = 1 8 4DE 210 2E 26

f4 = 1 8 4DF 210 2E 26

f5 = 2 16 4DG 29 2B 27

f6 = 2 16 4DH 29 2E 27

f7 = 4 32 4DI 28 2I 28

f8 = 4 32 4DJ 28 2H 28

4Z 8 f1 = 1 16 4DK 29 2AD 27

f2 = 1 16 4DL 29 2AD 27

f3 = 2 32 4DM 28 2AG 28

f4 = 2 32 4DN 28 2AI 28

f5 = 2 32 4DO 28 2AI 28

Table 10.3: Conjugacy Classes of Ḡ = 27:(25:(2×D8))

Example 10.2.1. Let us consider the identity coset N . Since N is abelian, the action of N on

itself results into orbits comprising singleton. Therefore, k = |N | = 27. The action of CG(1G) = G

on N yields orbits of lengths f1 = 1, f2 = 1, f3 = 1, f4 = 1, f5 = 2, f6 = 2, f7 = 4, f8 = 4, f9 =

8, f10 = 8 f11 = 16, f12 = 16 f13 = 32, f14 = 32. The orders of the representatives of these orbits

are the orders of the elements of N . Note that the first orbit corresponds to 1A. We know that

|CG(1G)| = |G| = 512. Hence we have the following classes of Ḡ from g = 1G

• class (1A) such that |CḠ(1A)| = 27×|CG(1G)|
1 = 216,

• class (2A) such that |CḠ(2A)| = 27×|CG(1G)|
1 = 216,
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• class (2B) such that |CḠ(2B)| = 27×|CG(1G)|
1 = 216,

• class (2C) such that |CḠ(2C)| = 27×|CG(1G)|
1 = 216,

• class (2D) such that |CḠ(2D)| = 27×|CG(1G)|
2 = 215,

• class (2E) such that |CḠ(2E)| = 27×|CG(1G)|
2 = 215,

• class (2F ) such that |CḠ(2F )| = 27×|CG(1G)|
4 = 214,

• class (2G) such that |CḠ(2G)| = 27×|CG(1G)|
4 = 214,

• class (2H) such that |CḠ(2H)| = 27×|CG(1G)|
8 = 213,

• class (2I) such that |CḠ(2I)| = 27×|CG(1G)|
8 = 213,

• class (2J) such that |CḠ(2J)| = 27×|CG(1G)|
16 = 212,

• class (2K) such that |CḠ(2K)| = 27×|CG(1G)|
16 = 212,

• class (2L) such that |CḠ(2L)| = 27×|CG(1G)|
32 = 211,

• class (2M) such that |CḠ(2M)| = 27×|CG(1G)|
32 = 211.

10.3. Action of G on Irr(N)

For the action of G on the Irr(27), we have to first write the elements of G in the dimension of the

module 27. We know G = 25:(2×D8) = 〈g1, g2, g3, g4〉 and N = 〈e1, e2, e3, e4, e5, e6, e6, e7〉.

Then the action of g1 on the generators of N is given by:

e1 7→ e1, e2 7→ e2e7, e3 7→ e3, e4 7→ e1e2e3e5e7,

e5 7→ e1e2e3e4, e6 7→ e6e7, e7 7→ e7.

The action of g2 on the generators of N is given by:

e1 7→ e1, e2 7→ e1e2e4e5e6, e3 7→ e1e3e7,

e4 7→ e1e4e7, e5 7→ e1e4e6, e6 7→ e4e5e7, e7 7→ e7.
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The action of g3 on the generators of N is given by:

e1 7→ e1, e2 7→ e2, e3 7→ e2e4e6, e4 7→ e2e3e6,

e5 7→ e1e2e5e6, e6 7→ e6, e7 7→ e7.

Finally, the action of g4 on the generators of N is given by:

e1 7→ e1, e2 7→ e2e7, e3 7→ e2e4e5e7, e4 7→ e2e4e6,

e5 7→ e3e4e6, e6 7→ e6e7, e7 7→ e7.

We now give in Table 10.4, the matrix representations of the above actions to obtain the generators

of G in terms of 7× 7 matrices. That is, G ∼= 〈g′1, g
′
2, g

′
3, g

′
4〉.

Table 10.4: Generators of G

Generators of G Generators of G

g
′
1 =



1 0 0 0 0 0 0

0 1 0 0 0 0 1

0 0 1 0 0 0 0

1 1 1 0 1 0 0

1 1 1 1 0 0 0

0 0 0 0 0 1 1

0 0 0 0 0 0 1


g
′
2 =



1 0 0 0 0 0 0

1 1 0 1 1 1 0

1 0 1 0 0 0 1

1 0 0 1 0 0 1

1 0 0 1 0 1 0

0 0 0 1 1 0 1

0 0 0 0 0 0 1



g
′
3 =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 1 0 1 0 1 0

0 1 1 0 0 1 0

1 1 0 0 1 1 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


g
′
4 =



1 0 0 0 0 0 0

0 1 0 0 0 0 1

0 1 0 1 1 0 1

0 1 0 1 0 1 0

0 0 1 1 0 1 0

0 0 0 0 0 1 1

0 0 0 0 0 0 1



We then act the group say G1 generated by the transposed matrices of the group 〈g′1, g
′
2, g

′
3, g

′
4〉

on the vector space V = GF (2)7 as this action is equivalent to the action on the dual V∗. The

dual is isomorphic to Irr(27). We obtain from this action two orbits each of length 1, one orbit of

length 2, three orbits each of length 4, three orbits each of length 8, three orbits each of length 16

and one orbit of length 32. The point stabilizers are given by H1 = 25:(2×D8), H2 = 25:(2×D8),

H3 = 22×((((4×2):2):2):2), H4 = 22×(24:2), H5 = (D8×D8):2, H6 = (D8×D8):2, H7 = D8×D8,

H8 = (((4 × 2):2):2):2, H9 = D8 × D8, H10 = 2 × (24:2), H11 = 2 × 2 × D8, H12 = 2 × 2 × D8,

H13 = 2 × 2 ×D8 and H14 = 2 ×D8. The fusions of the inertia factor groups are given in Table

10.5. The character tables of the inertia factor groups appear in the Appendix.
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[x]H3 → [y]H1 [x]H3 → [y]H1 [x]H3 → [y]H1 [x]H3 → [y]H1

1a 1A 2m 2S 2z 2V 2ai 2Z

2a 2Q 2n 2X 2aa 2S 4q 4H

4a 4X 2o 2Y 2ab 2E 2aj 2R

2b 2AA 4e 4L 2ac 2Y 4r 4X

2c 2J 4f 4Y 2ad 2N 4s 4V

4b 4K 2p 2D 2ae 2U 4t 4L

2d 2B 2q 2L 4i 4K 2ak 2AA

2e 2W 2r 2K 2af 2Q 4u 4D

2f 2T 2s 2T 4j 4U 2al 2P

2g 2U 2t 2V 4k 4Y 4v 4G

4c 4H 2u 2W 4l 4I 4w 4S

2h 2R 4g 4I 2ag 2AB 4x 4T

4d 4U 4h 4V 4m 4F 2am 2Z

2i 2AB 2v 2M 2ah 2O

2j 2A 2w 2C 4n 4E

2k 2I 2x 2B 4o 4S

2l 2K 2y 2X 4p 4T

[x]H4 → [y]H1 [x]H4 → [y]H1 [x]H4 → [y]H1 [x]H4 → [y]H1

1a 1A 2n 2Y 4a 4C 4k 4R

2a 2J 2o 2S 2ab 2F 4l 4M

2b 2B 2p 2D 4b 4B 2af 2L

2c 2J 2q 2L 2ac 2G 2ag 2D

2d 2W 2r 2K 4c 4P 2ah 2T

2e 2T 2s 2A 4d 4N 2ai 2S

2f 2U 2t 2S 4e 4O 2aj 2C

2g 2W 2u 2V 4f 4G 2ak 2M

2h 2A 2v 2M 4g 4A 2al 2X

2i 2I 2w 2C 2ad 2H 2am 2W

2j 2K 2x 2B 4h 4B 2an 2E

2k 2A 2y 2J 2ae 2G 2ao 2M

2l 2S 2z 2W 4i 4P 2ap 2N

2m 2X 2aa 2V 4j 4N 2ag 2D

Table 10.5: Fusion of Hi into 25:(2×D8)

160



Chapter 10

[x]H5 → [y]H1 [x]H5 → [y]H1 [x]H6 → [y]H1 [x]H6 → [y]H1

1a 1A 4g 4F 1a 1A 4g 4D

2a 2Q 2j 2O 2a 2AA 2j 2P

2b 2J 4h 4E 2b 2J 4h 4G

4a 4K 4a 4X

2c 2B 2c 2B

4b 4I 4b 4V

2d 2M 2d 2M

2e 2C 2e 2C

8a 8A 8a 8B

4c 4J 4c 4W

4d 4C 4d 4C

2f 2F 2f 2F

4e 4B 4e 4B

2g 2G 2g 2G

4f 4A 4f 4A

2h 2H 2h 2H

2i 2E 2i 2E

[x]H7 → [y]H1 [x]H7 → [y]H1 [x]H8 → [y]H1 [x]H8 → [y]H1

1a 1A 2k 2F 1a 1A 4f 4T

2a 2J 4d 4O 2a 2AA 2i 2P

2b 2U 4e 4P 2b 2Q

2c 2W 2f 2H 2c 2T

2d 2D 4f 4R 4a 4L

2e 2H 4g 4F 4b 4Y

2f 2V 2m 2O 2d 2L

4a 4C 2n 2Z 4c 4J

2g 2F 4h 4S 4d 4W

4b 4O 4i 4D 2e 2F

4c 4Q 2o 2P 4e 4N

2h 2C 2f 2H

2i 2N 2g 2E

2j 2G 2h 2O

Table 10.5: (cont.)
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[x]H9 → [y]H1 [x]H9 → [y]H1 [x]H10 → [y]H1 [x]H10 → [y]H1

1a 1A 2k 2F 1a 1A 2i 2H

2a 2J 4d 4O 2a 2AA 4f 4R

2b 2U 4e 4P 2b 2Q 2j 2Q

2c 2W 2f 2H 2c 2U 2k 2AA

2d 2D 4f 4R 2d 2R 2l 2E

2e 2H 4g 4D 2e 2AB 2m 2R

2f 2V 2m 2P 2f 2I 2n 2AB

4a 4A 2n 2Z 2g 2Y 2o 2N

2g 2H 4h 4S 4a 4J 2p 2O

4b 4R 4i 4F 4b 4W 2q 2Z

4c 4M 2o 2O 2h 2F 2r 2P

2h 2C 4c 4O 2s 2Z

2i 2N 4d 4J 2t 2O

2j 2G 4e 4W 2u 2P

[x]H11 → [y]H1 [x]H11 → [y]H1 [x]H12 → [y]H1 [x]H12 → [y]H1

1a 1A 2m 2H 1a 1A 2k 2Y

2a 2J 4b 4A 2a 2Q 4d 4U

2b 2I 2n 2O 2b 2J 2l 2AB

2c 2A 4c 4F 4a 4K 2m 2W

2d 2L 2o 2P 2c 2B 2n 2X

2e 2C 4d 4D 4b 4H 2o 2U

2f 2F 2d 2R

2g 2G 2e 2A

2h 2H 2f 2I

2i 2G 2g 2K

2j 2F 4c 4X

2k 2H 2h 2AA

2l 2F 2i 2S

4a 4C 2j 2T

Table 10.5: (cont.)
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[x]H13 → [y]H1 [x]H13 → [y]H1 [x]H14 → [y]H1

1a 1A 2k 2Y 1a 1A

2a 2AA 4d 4H 2a 2J

2b 2J 2l 2R 2b 2B

4a 4X 2m 2W 2c 2W

2c 2B 2n 2X 2d 2T

4b 4U 20 2U 2e 2U

2d 2AB 4a 4K

2e 2A 2f 2Q

2f 2I 4b 4X

2g 2K 2g 2AA

4c 4K

2h 2Q

2i 2S

2j 2T

Table 10.5: (cont.)

10.4. Fischer Matrices

Using the fusions of the inertia factor groups into the classes of G, we obtain the sizes of the Fischer

matrices on class representatives of G. In fact, we applied Programme C to obtain the Fischer

matrix M(1A) given below. Clearly, this is a 14− dimensional matrix.

M(1A) =



1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 −1 1 −1 1 1 1 1 1 1 1 1
2 2 2 2 0 0 2 2 −2 −2 2 2 2 2
4 4 4 4 0 0 4 4 0 0 4 4 −4 −4
4 4 −4 −4 0 0 −4 4 0 0 4 −4 4 −4
4 4 −4 −4 0 0 −4 4 0 0 4 −4 −4 4
8 8 −8 −8 0 0 0 0 4 −4 −8 8 0 0
8 8 −8 −8 0 0 8 −8 0 0 8 −8 0 0
8 8 −8 −8 0 0 0 0 −4 4 −8 8 0 0
8 8 8 8 0 0 −8 −8 0 0 8 8 0 0

16 16 16 16 0 0 0 0 0 0 −16 −16 0 0
16 −16 −16 16 −4 4 0 0 0 0 0 0 0 0
16 −16 −16 16 4 −4 0 0 0 0 0 0 0 0
32 −32 32 −32 0 0 0 0 0 0 0 0 0 0


.

We now construct the Fischer matrices on the non-identity classes of G and we list them in Table

10.6. We apply Programme D to obtain these Fischer matrices. We observe that all the classes

with representative say g an element order 4 are such that CG(g) acts trivially on Irr(N/M):

Table 10.6: Fischer Matrices of Ḡ = 27:(25:(2×D8))

Fischer Matrices of Ḡ = 27:(25:(2×D8)) Fischer Matrices of Ḡ = 27:(25:(2×D8))

M(2A) =



1 1 1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1 1
1 1 1 −1 1 1 1 −1 −1
1 −1 −1 1 1 1 1 −1 −1
2 0 0 0 −2 2 2 2 −2
2 0 0 0 −2 2 2 −2 2
8 0 0 0 0 −8 8 0 0
8 4 −4 0 0 0 −8 0 0
8 −4 4 0 0 0 −8 0 0

 M(2B) =



1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1 1 1 1
1 1 1 −1 1 1 −1 1 1 1 1
1 −1 −1 1 −1 1 −1 1 1 1 1
2 −2 −2 0 2 2 0 2 2 −2 −2
2 2 2 0 −2 2 0 2 2 −2 −2
4 −4 4 0 0 4 0 −4 −4 0 0
4 0 0 0 0 −4 0 4 −4 4 −4
4 0 0 0 0 −4 0 4 −4 −4 4
4 4 −4 0 0 4 0 −4 −4 0 0
8 0 0 0 0 −8 0 −8 8 0 0



M(2C) =



1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1 1 1
2 0 2 2 2 2 2 −2 −2 −2
2 0 2 2 2 −2 −2 2 −2 −2
2 0 2 2 2 −2 −2 −2 2 2
4 0 −4 4 −4 4 −4 0 0 0
4 0 −4 −4 4 0 0 0 4 −4
4 0 −4 −4 4 0 0 0 −4 4
4 0 −4 4 −4 −4 4 0 0 0
8 0 8 −8 −8 0 0 0 0 0


M(2D) =


1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1
1 −1 1 1 1 −1 −1 −1
1 1 −1 1 1 −1 −1 −1
2 0 0 2 −2 2 2 −2
2 0 0 2 −2 −2 −2 2
4 0 0 −4 0 4 −4 0
4 0 0 −4 0 −4 4 0


Continued on next page
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Table 10.6 – continued from previous page

Fischer Matrices of Ḡ = 27:(25:(2×D8)) Fischer Matrices of Ḡ = 27:(25:(2×D8))

M(2E) =


1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1
2 0 2 2 2 −2 2 2
4 0 −4 −4 4 0 4 −4
4 0 −4 −4 4 0 −4 4
4 0 4 4 4 0 −4 −4
8 0 −8 8 −8 0 0 0
8 0 8 −8 −8 0 0 0

 M(2F ) =



1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1 1 1 1 1 1
2 0 2 2 2 2 2 2 2 −2 −2 −2 −2
2 0 −2 −2 2 2 −2 −2 2 2 −2 2 −2
2 0 −2 −2 2 2 −2 −2 2 −2 2 −2 2
2 0 −2 −2 2 −2 2 2 −2 2 −2 −2 2
2 0 −2 −2 2 −2 2 2 −2 −2 2 2 −2
2 0 2 2 2 −2 −2 −2 −2 2 2 −2 −2
2 0 2 2 2 −2 −2 −2 −2 −2 −2 2 2
4 0 −4 4 −4 4 −4 4 −4 0 0 0 0
4 0 −4 4 −4 −4 4 −4 4 0 0 0 0
4 0 4 −4 −4 4 4 −4 −4 0 0 0 0
4 0 4 −4 −4 −4 −4 4 4 0 0 0 0



M(2G) =



1 1 1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1 1 1
1 −1 1 1 1 1 −1 −1 −1 −1
1 1 −1 1 1 1 −1 −1 −1 −1
2 0 0 2 −2 −2 2 2 −2 −2
2 0 0 2 −2 −2 −2 −2 2 2
2 0 0 −2 2 −2 2 −2 2 −2
2 0 0 −2 2 −2 −2 2 −2 2
2 0 0 −2 −2 2 2 −2 −2 2
2 0 0 −2 −2 2 −2 2 2 −2


M(4A) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 2 2 −2 −2
2 0 −2 −2 2 2 −2
2 0 −2 −2 2 −2 2
4 0 −4 4 −4 0 0
4 0 4 −4 −4 0 0



M(4B) =


1 1 1 1 1 1
1 −1 −1 1 1 1
1 1 −1 1 −1 −1
1 −1 1 1 −1 −1
2 0 0 −2 2 −2
2 0 0 −2 −2 2

 M(2H) =



1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1 1 1 1 1 1
2 0 2 2 2 2 2 2 2 −2 −2 −2 −2
2 0 2 2 2 −2 −2 −2 −2 2 2 −2 −2
2 0 2 2 2 −2 −2 −2 −2 −2 −2 2 2
2 0 −2 −2 2 2 −2 −2 2 2 −2 2 −2
2 0 −2 −2 2 2 −2 −2 2 −2 2 −2 2
2 0 −2 −2 2 −2 2 2 −2 2 −2 −2 2
2 0 −2 −2 2 −2 2 2 −2 −2 2 2 −2
4 0 −4 4 −4 4 −4 4 −4 0 0 0 0
4 0 −4 4 −4 −4 4 −4 4 0 0 0 0
4 0 4 −4 −4 4 4 −4 −4 0 0 0 0
4 0 4 −4 −4 −4 −4 4 4 0 0 0 0



M(4C) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 2 2 −2 −2
2 0 −2 −2 2 2 −2
2 0 −2 −2 2 −2 24 0 −4 4 −4 0 0
4 0 4 −4 −4 0 0

 M(2I) =


1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1
2 0 0 2 −2 2 2 2
4 0 0 4 0 4 4 −4
8 0 0 −8 0 8 8 0

16 0 0 0 0 −16 16 0
16 −4 4 0 0 0 −16 0
16 4 −4 0 0 0 −16 0



M(2J) =



1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1 1 1 −1 −1 −1 −1
1 1 1 −1 1 1 1 1 1 1 −1 −1 −1 −1
2 0 0 0 2 −2 2 2 2 2 2 2 −2 −2
2 0 0 0 2 −2 2 2 2 2 −2 −2 2 2
4 0 0 0 −4 0 −4 4 4 −4 0 0 4 −4
4 0 0 0 −4 0 −4 4 4 −4 0 0 −4 4
4 0 0 0 −4 0 4 −4 4 −4 4 −4 0 0
4 0 0 0 −4 0 4 −4 4 −4 −4 4 0 0
8 0 0 0 8 0 −8 −8 8 8 0 0 0 0
8 4 −4 0 8 0 0 0 −8 −8 0 0 0 0
8 −4 4 0 8 0 0 0 −8 −8 0 0 0 0

16 0 0 0 −16 0 0 0 −16 16 0 0 0 0


M(2K) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1
1 1 1 −1 1 −1 1 1
1 −1 −1 1 −1 −1 1 1
2 −2 −2 0 2 0 2 −2
2 2 2 0 −2 0 2 −2
4 −4 4 0 0 0 −4 0
4 4 −4 0 0 0 −4 0



M(2L) =



1 1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1 1
2 0 2 2 2 2 −2 −2 −2
2 0 2 2 2 −2 2 2 −2
2 0 2 2 2 −2 −2 −2 2
4 0 −4 −4 4 0 4 −4 0
4 0 −4 −4 4 0 −4 4 0
8 0 −8 8 −8 0 0 0 0
8 0 8 −8 −8 0 0 0 0

 M(2M) =


1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1
1 −1 1 1 1 −1 −1 −1
1 1 −1 1 1 −1 −1 −1
2 0 0 2 −2 2 −2 −2
2 0 0 2 −2 −2 2 2
4 0 0 −4 0 0 4 −4
4 0 0 −4 0 0 −4 4



M(2N) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 2 −2 −2 2
4 0 4 4 0 0 −4
8 0 −8 0 4 −4 0
8 0 −8 0 −4 4 0
8 0 8 −8 0 0 0

 M(2O) =



1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1 1 1
2 0 2 2 2 −2 −2 −2 2 2
2 0 2 −2 −2 2 2 −2 2 2
2 0 2 −2 −2 −2 −2 2 2 2
4 0 −4 0 0 4 −4 0 −4 4
4 0 −4 4 −4 0 0 0 4 −4
4 0 −4 0 0 −4 4 0 −4 4
4 0 −4 −4 4 0 0 0 4 −4
8 0 8 0 0 0 0 0 −8 −8



M(4D) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 −2 −2 2 2
2 0 −2 2 −2 2 −2
2 0 −2 −2 2 2 −2
4 0 −4 0 0 −4 4
4 0 4 0 0 −4 −4

 M(4E) =

( 1 1 1 1
1 1 1 −1
2 2 −2 0
4 −4 0 0

)

M(2P ) =



1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 1 1 1 1 1
2 0 2 −2 −2 2 −2 −2 2 2
2 0 2 2 2 −2 −2 −2 2 2
2 0 2 −2 −2 −2 2 2 2 2
4 0 −4 0 0 0 4 −4 −4 4
4 0 −4 4 −4 0 0 0 4 −4
4 0 −4 0 0 0 −4 4 −4 4
4 0 −4 −4 4 0 0 0 4 −4
8 0 8 0 0 0 0 0 −8 −8


M(4F ) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 −2 −2 2 2
2 0 −2 2 −2 2 −2
2 0 −2 −2 2 2 −2
4 0 4 0 0 −4 −4
4 0 −4 0 0 −4 4



M(4G) =

( 1 1 1 1
1 1 1 −1
2 2 −2 0
4 −4 0 0

)
M(2Q) =



1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1 −1 1 1
1 1 1 1 −1 1 1 1 −1 1 1
2 −2 2 2 0 2 −2 −2 0 2 2
2 2 −2 −2 0 2 −2 −2 0 2 2
4 0 4 −4 0 4 0 0 0 −4 −4
4 0 0 0 0 −4 −4 4 0 4 −4
4 0 0 0 0 −4 4 −4 0 4 −4
4 0 −4 4 0 4 0 0 0 −4 −4
8 0 0 0 0 −8 0 0 0 −8 8



M(4H) =


1 1 1 1 1 1
1 −1 −1 −1 1 1
1 −1 −1 1 −1 1
1 1 1 −1 −1 1
2 −2 2 0 0 −2
2 2 −2 0 0 −2

 M(4I) =


1 1 1 1 1
1 −1 −1 1 1
1 −1 1 1 −1
1 1 −1 1 −1
4 0 0 −4 0



M(4J) =


1 1 1 1 1 1
1 −1 −1 1 1 1
1 −1 1 1 −1 −1
1 1 −1 1 −1 −1
2 0 0 −2 2 −2
2 0 0 −2 −2 2

 M(8A) =

(
1 1 1
1 1 −1
2 −2 0

)

M(2R) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1
1 −1 −1 −1 1 1 −1 1
1 1 1 1 −1 1 −1 1
2 −2 2 2 0 −2 0 2
2 2 −2 −2 0 −2 0 2
4 0 −4 4 0 0 0 −4
4 0 4 −4 0 0 0 −4

 M(4K) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1
1 −1 −1 1 1 −1 1 1
1 1 1 −1 1 −1 1 1
2 2 −2 0 2 0 −2 −2
2 −2 2 0 2 0 −2 −2
4 0 0 0 −4 0 −4 4
4 0 0 0 −4 0 4 −4



M(4L) =


1 1 1 1 1
1 −1 −1 1 1
1 −1 1 1 −1
1 1 −1 1 −1
4 0 0 −4 0

 M(2S) =



1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 −1 1 1 1 1
1 −1 −1 1 1 1 1 1 −1 −1
1 −1 1 −1 −1 1 1 −1 1 −1
1 −1 1 1 1 −1 1 −1 −1 1
1 1 −1 −1 −1 1 1 −1 −1 1
1 1 −1 1 1 −1 1 −1 1 −1
1 1 1 −1 −1 −1 1 1 −1 −1
4 0 0 −4 4 0 −4 0 0 0
4 0 0 4 −4 0 −4 0 0 0


Continued on next page
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Table 10.6 – continued from previous page

Fischer Matrices of Ḡ = 27:(25:(2×D8)) Fischer Matrices of Ḡ = 27:(25:(2×D8))

M(2T ) =



1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1 1 1
1 1 −1 1 1 1 1 1 −1 1
1 −1 1 −1 −1 1 1 1 −1 1
2 −2 0 2 2 2 2 2 0 −2
2 2 0 −2 −2 2 2 2 0 −2
4 0 0 4 −4 4 −4 −4 0 0
4 0 0 −4 4 4 −4 −4 0 0
8 0 0 0 0 −8 8 −8 0 0
8 0 0 0 0 −8 −8 8 0 0


M(2U) =



1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1 1 1 1
1 1 −1 −1 1 1 −1 −1 1 1 1
1 −1 1 1 1 1 −1 −1 1 1 1
4 0 0 0 4 4 0 0 4 4 −4
8 0 0 0 −8 0 4 −4 −8 8 0
8 0 −4 4 8 0 0 0 −8 −8 0
8 0 4 −4 8 0 0 0 −8 −8 0
8 0 0 0 8 −8 0 0 8 8 0
8 0 0 0 −8 0 −4 4 −8 8 0

16 0 0 0 −16 0 0 0 16 −16 0



M(2V ) =


1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1
1 1 −1 1 −1 −1 −1 1
1 −1 1 1 −1 −1 −1 1
2 0 0 2 −2 −2 2 −2
2 0 0 2 2 2 −2 −2
4 0 0 −4 4 −4 0 0
4 0 0 −4 −4 4 0 0

 M(2W ) =



1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1 1 1 −1 −1 −1
1 −1 1 −1 1 1 1 1 1 −1 1 1 −1
1 −1 1 1 −1 −1 1 1 1 −1 −1 −1 1
1 1 −1 −1 1 1 1 1 1 −1 −1 −1 1
1 1 −1 1 −1 −1 1 1 1 −1 1 1 −1
1 1 1 −1 −1 −1 1 1 1 1 −1 −1 −1
4 0 0 0 4 −4 4 −4 −4 0 0 0 0
4 0 0 0 −4 4 4 −4 −4 0 0 0 0
8 0 0 0 0 0 −8 8 −8 0 0 0 0
4 0 0 0 0 0 −4 −4 4 0 4 −4 0
4 0 0 0 0 0 −4 −4 4 0 −4 4 0



M(2X) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1
1 1 −1 −1 −1 −1 1 1
1 −1 1 1 1 −1 1 1
2 0 −2 −2 2 0 2 −2
2 0 2 2 −2 0 2 −2
4 0 −4 4 0 0 −4 0
4 0 4 −4 0 0 −4 0

 M(2Y ) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1
1 1 1 −1 1 −1 1 1
1 −1 −1 1 1 −1 1 1
4 0 0 0 4 0 4 −4
8 −4 4 0 0 0 −8 0
8 4 −4 0 0 0 −8 0
8 0 0 0 −8 0 8 0


M(4M) =

( 1 1 1 1
1 1 1 −1
2 2 −2 0
4 −4 0 0

)
M(4N) =


1 1 1 1 1
1 −1 −1 1 1
1 −1 1 1 −1
1 1 −1 1 −1
4 0 0 −4 0



M(4O) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 2 2 −2 −2
2 0 −2 −2 2 2 −2
2 0 −2 −2 2 −2 2
4 0 −4 4 −4 0 0
4 0 4 −4 −4 0 0

 M(4P ) =


1 1 1 1 1 1
1 −1 −1 1 1 1
1 −1 1 1 −1 −1
1 1 −1 1 −1 −1
2 0 0 −2 2 −2
2 0 0 −2 −2 2



M(4Q) =

( 1 1 1 1
1 1 1 −1
2 2 −2 0
4 −4 0 0

)
M(4R) =


1 1 1 1 1 1 1
1 −1 1 1 1 1 1
2 0 2 2 2 −2 −2
2 0 −2 −2 2 2 −2
2 0 −2 −2 2 −2 2
4 0 −4 4 −4 0 0
4 0 4 −4 −4 0 0



M(4S) =


1 1 1 1 1 1
1 −1 −1 1 1 1
1 1 −1 1 −1 −1
1 −1 1 1 −1 −1
2 0 0 −2 2 −2
2 0 0 −2 −2 2

 M(4T ) =


1 1 1 1 1
1 −1 −1 1 1
1 −1 1 1 −1
1 1 −1 1 −1
4 0 0 −4 0



M(2Z) =


1 1 1 1 1 1 1 1
1 −1 −1 1 1 1 1 1
1 1 −1 1 1 −1 −1 −1
1 −1 1 1 1 −1 −1 −1
2 0 0 2 −2 2 −2 −2
2 0 0 2 −2 −2 2 2
4 0 0 −4 0 0 4 −4
4 0 0 −4 0 0 −4 4

 M(4U) =


1 1 1 1 1 1
1 −1 −1 −1 1 1
1 −1 −1 1 −1 1
1 1 1 −1 −1 1
2 −2 2 0 0 −2
2 2 −2 0 0 −2



M(2AA) =



1 1 1 1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1 1 1 1
1 1 1 −1 1 1 1 1 −1 1 1
1 −1 −1 1 −1 1 1 1 −1 1 1
2 −2 2 0 −2 2 −2 −2 0 2 2
2 2 −2 0 2 2 −2 −2 0 2 2
4 0 0 0 0 −4 4 −4 0 4 −4
4 0 0 0 0 −4 −4 4 0 4 −4
4 4 0 0 −4 4 0 0 0 −4 −4
4 −4 0 0 4 4 0 0 0 −4 −4
8 0 0 0 0 −8 0 0 0 −8 8


M(4V ) =


1 1 1 1 1
1 −1 −1 1 1
1 −1 1 1 −1
1 1 −1 1 −1
4 0 0 −4 0



M(8B) =

(
1 1 1
1 1 −1
2 −2 0

)
M(4W ) =


1 1 1 1 1 1
1 −1 −1 1 1 1
1 −1 1 1 −1 −1
1 1 −1 1 −1 −1
2 0 0 −2 2 −2
2 0 0 −2 −2 2



M(4X) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 1 1 1 1
1 −1 −1 1 1 −1 1 1
1 1 1 −1 1 −1 1 1
2 −2 2 0 2 0 −2 −2
2 2 −2 0 2 0 −2 −2
4 0 0 0 −4 0 −4 4
4 0 0 0 −4 0 4 −4

 M(2AB) =


1 1 1 1 1 1 1 1
1 −1 −1 −1 −1 1 1 1
1 −1 −1 1 −1 1 −1 1
1 1 1 −1 1 1 −1 1
2 −2 2 0 −2 −2 0 2
2 2 −2 0 2 −2 0 2
4 −4 0 0 4 0 0 −4
4 4 0 0 −4 0 0 −4


M(4Y ) =


1 1 1 1 1
1 −1 −1 1 1
1 −1 1 1 −1
1 1 −1 1 −1
4 0 0 −4 0



We used the above Fischer matrices and the character tables of the inertia factor groups, namely

H1
∼= H2, H3, H4, H5

∼= H6, H7
∼= H9, H8, H10, H11

∼= H12
∼= H13 and H14 (see Tables A.5, A.6,

A.7, A.8, A.9, A.10, A.11 and A.12 for the character tables of the inertia factor groups) together

with their fusions (as provided in Table 10.5) into G ∼= H1
∼= H2 to obtain the character table

of Ḡ = 26:(25:(2 ×D8)). The character table of 26:(25:(2 ×D8)) will be partitioned into fourteen

blocks B1, B2, B3, B4, B5, B6, B7, B8, B9, B10, B11, B12, B13 and B14 corresponding to the inertia
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factor groups H1, H2, H3, H4, H5, H6, H7, H8, H9, H11, H12, H13 and H14 respectively. In fact

B1 = {χi|1 ≤ i ≤ 56}, B2 = {χi|57 ≤ i ≤ 112}, B3 = {χi|113 ≤ i ≤ 176},

B4 = {χi|177 ≤ i ≤ 232}, B5 = {χi|233 ≤ i ≤ 252}, B6 = {χi|253 ≤ i ≤ 272},

B7 = {χi|273 ≤ i ≤ 297}, B8 = {χi|298 ≤ i ≤ 313}, B9 = {χi|314 ≤ i ≤ 338},

B10 = {χi|339 ≤ i ≤ 366}, B11 = {χi|367 ≤ i ≤ 386}, B12 = {χi|387 ≤ i ≤ 406},

B13 = {χi|407 ≤ i ≤ 426}, B14 = {χi|427 ≤ i ≤ 436},

where Irr(26:(25:(2×D8))) =
⋃14
i=1Bi. The full character table of Ḡ = 26:(25:(2×D8)) can therefore

be obtained this way.

10.5. Fusion of Conjugacy Classes of Ḡ into the Classes of 27:Sp(6, 2)

In [3], Ali computed the fusion of the classes of the group 27:Sp(6, 2) into those of Sp8(2). In this

section we fuse the conjugacy classes of Ḡ = 27:(25:(2×D8)) into 27:Sp(6, 2). Let χ(27:Sp(6, 2)|Ḡ)

denote the permutation character of 27:Sp(6, 2) on the cosets of Ḡ in 27:Sp(6, 2). Let [y]27:Sp(6,2)

denote a conjugacy class of 27:Sp(6, 2) with representative y and similarly [ḡ]Ḡ denote a conjugacy

class of Ḡ with representative ḡ.

We computed the permutation character χ(27:Sp(6, 2)|Ḡ) using GAP and see that it has 10 con-

stituents. Let Cons[i] denote the constituents of χ(27:Sp(6, 2)|Ḡ), where 1 ≤ i ≤ 10. By consider-

ing the degrees of the constituents, we are able to identity them as Cons[1] = χ1, Cons[2] = χ3,

Cons[3] = χ6, Cons[4] = χ8, Cons[5] = χ11, Cons[6] = χ15, Cons[7] = χ16, Cons[8] = χ22,

Cons[9] = χ23, Cons[10] = χ30 where the χi’s are irreducible characters of 27:Sp(6, 2). The charac-

ter table of 27:Sp(6, 2) can be found in Ali’s PhD thesis [3]. To get the respective quantities of the

constituents in χ(27:Sp(6, 2)|Ḡ), we compute the inner product 〈cons[i], χ(27:Sp(6, 2)|Ḡ)〉 for each

i and obtain:

χ(27:Sp(6, 2)|Ḡ) = χ1 + χ3 + 2χ6 + 3χ8 + 3χ11 + χ15 + 3χ16 + 2χ22 + 3χ23 + χ30.

We now give the computations for the fusion in Table 10.7.

[y] 4Q 4R 4S 4T 4U 4V 4W 4X 4Y 4Z 4AA 4AB 4AC

|C27:Sp(6,2)(y)| 1 3 3 1 1 1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 5 2 2 2 2 2

24 72 72 24 24 24 24 12 56 56 56 56 56

χ(27:Sp(6, 2)|Ḡ)(y) 1 1 1 1 1 2 2 2 2 0 0 0 0

5 5 5 5 5 3 3 3 3 7 7 7 7

[x] |CḠ(x)|
4A 210 1 3 3 1 1 1 1

4B 210 1 3 3 1 1 1 1

4C 210 1 3 3 1 1 1 1

4D 210 1 3 3 1 1 1 1

4E 29 2 6 6 2 2 2 2 1

4F 211

4G 211

4H 211
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4I 211

4J 29 2 6 6 2 2 2 2 1

4K 29 2 6 6 2 2 2 2 1

4L 212

4M 212

4N 212

4O 212

4P 29 2 6 6 2 2 2 2 1

4Q 211

4R 211

4S 210 1 3 3 1 1 1 1

4T 210 1 3 3 1 1 1 1

4U 29 2 6 6 2 2 2 2 1

4V 29 2 6 6 2 2 2 2 1

4W 211

4X 210 1 3 3 1 1 1 1

4Y 211

4Z 211

4AA 211

4AB 211

4AC 210 1 3 3 1 1 1 1

4AD 210 1 3 3 1 1 1 1

4AE 27 8 8 8 8 8 4 2 2 2 2 2

4AG 29 2 6 6 2 2 2 2 1

4AH 29 2 6 6 2 2 2 2 1

4AI 29 2 6 6 2 2 2 2 1

4AJ 29 2 6 6 2 2 2 2 1

4AK 29 2 6 6 2 2 2 2 1

4AL 29 2 6 6 2 2 2 2 1

4AM 27 8 8 8 8 8 4 2 2 2 2 2

4AN 27 8 8 8 8 8 4 2 2 2 2 2

4AO 210 1 3 3 1 1 1 1

4AP 210 1 3 3 1 1 1 1

4AQ 210 1 3 3 1 1 1 1

4AR 210 1 3 3 1 1 1 1

4AS 29 2 6 6 2 2 2 2 1

4AT 29 2 6 6 2 2 2 2 1

4AU 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AV 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AW 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AX 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AY 211

4AZ 211

4AAA 211

4AAB 211

4AAC 210 1 3 3 1 1 1 1

4AAD 210 1 3 3 1 1 1 1

4AAE 27 8 8 8 8 8 4 2 2 2 2 2

4AAF 210 1 3 3 1 1 1 1

4AAG 210 1 3 3 1 1 1 1

4AAH 210 1 3 3 1 1 1 1

4AAI 210 1 3 3 1 1 1 1

4AAJ 29 2 6 6 2 2 2 2 1

4AAK 29 2 6 6 2 2 2 2 1

4AAL 211

4AAM 211

4AAN 211

4AAO 211

4AAP 211

4AAQ 211

4AAR 210 1 3 3 1 1 1 1
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4AAS 210 1 3 3 1 1 1 1

4AAT 211

4AAU 211

4AAV 210 1 3 3 1 1 1 1

4AAW 210 1 3 3 1 1 1 1

4AAX 29 2 6 6 2 2 2 2 1

4AAY 29 2 6 6 2 2 2 2 1

4AAZ 212

4AAAA 212

4AAAB 210 1 3 3 1 1 1 1

4AAAC 211

4AAAD 211

4AAAE 210 1 3 3 1 1 1 1

4AAAF 210 1 3 3 1 1 1 1

4AAAG 29 2 6 6 2 2 2 2 1

4AAAH 29 2 6 6 2 2 2 2 1

4AAAI 212

4AAAJ 212

4AAAK 210 1 3 3 1 1 1 1

4AAAL 211

4AAAM 211

4AAAN 210 1 3 3 1 1 1 1

4AAAO 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAP 210 1 3 3 1 1 1 1

4AAAQ 210 1 3 3 1 1 1 1

4AAAR 210 1 3 3 1 1 1 1

4AAAS 210 1 3 3 1 1 1 1

4AAAT 29 2 6 6 2 2 2 2 1

4AAAU 29 2 6 6 2 2 2 2 1

4AAAW 210 1 3 3 1 1 1 1

4AAAX 210 1 3 3 1 1 1 1

4AAAY 29 2 6 6 2 2 2 2 1

4AAAZ 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAA 211

4AAAAB 211

4AAAAC 211

4AAAAD 211

4AAAAE 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAF 210 1 3 3 1 1 1 1

4AAAAG 210 1 3 3 1 1 1 1

4AAAAH 210 1 3 3 1 1 1 1

4AAAAI 210 1 3 3 1 1 1 1

4AAAAJ 29 2 6 6 2 2 2 2 1

4AAAAK 29 2 6 6 2 2 2 2 1

4AAAAL 210 1 3 3 1 1 1 1

4AAAAM 210 1 3 3 1 1 1 1

4AAAAN 29 2 6 6 2 2 2 2 1

4AAAAO 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAP 210 1 3 3 1 1 1 1

4AAAAQ 210 1 3 3 1 1 1 1

4AAAAR 29 2 6 6 2 2 2 2 1

4AAAAS 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAT 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAU 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAV 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAW 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAX 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAY 29 2 6 6 2 2 2 2 1

4AAAAZ 29 2 6 6 2 2 2 2 1

4AAAAAA 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAB 28 4 12 12 4 4 4 4 2 1 1 1 1 1
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4AAAAAC 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAD 27 8 8 8 8 8 4 2 2 2 2 2

4AAAAAE 27 8 8 8 8 8 4 2 2 2 2 2

4AAAAAF 27 8 8 8 8 8 4 2 2 2 2 2

4AAAAAG 27 8 8 8 8 8 4 2 2 2 2 2

4AAAAAH 26 16 16 8 4 4 4 4 4

4AAAAAI 26 16 16 8 4 4 4 4 4

4AAAAAJ 210 1 3 3 1 1 1 1

4AAAAAK 210 1 3 3 1 1 1 1

4AAAAAL 29 2 6 6 2 2 2 2 1

4AAAAAM 29 2 6 6 2 2 2 2 1

4AAAAAN 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAO 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAP 29 2 6 6 2 2 2 2 1

4AAAAAQ 29 2 6 6 2 2 2 2 1

4AAAAAR 29 2 6 6 2 2 2 2 1

4AAAAAS 29 2 6 6 2 2 2 2 1

4AAAAAT 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAU 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAV 29 2 6 6 2 2 2 2 1

4AAAAAW 29 2 6 6 2 2 2 2 1

4AAAAAX 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAY 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4AAAAAZ 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4BA 210 1 3 3 1 1 1 1

4BB 210 1 3 3 1 1 1 1

4BC 29 2 6 6 2 2 2 2 1

4BD 29 2 6 6 2 2 2 2 1

4BE 29 2 6 6 2 2 2 2 1

4BF 29 2 6 6 2 2 2 2 1

4BG 29 2 6 6 2 2 2 2 1

4BH 29 2 6 6 2 2 2 2 1

4BI 210 1 3 3 1 1 1 1

4BJ 210 1 3 3 1 1 1 1

4BK 29 2 6 6 2 2 2 2 1

4BL 29 2 6 6 2 2 2 2 1

4BM 211

4BN 211

4BO 211

4BP 211

4BQ 211

4BR 211

4BS 210 1 3 3 1 1 1 1

4BT 210 1 3 3 1 1 1 1

4BU 29 2 6 6 2 2 2 2 1

4BV 29 2 6 6 2 2 2 2 1

4BW 210 1 3 3 1 1 1 1

4BX 210 1 3 3 1 1 1 1

4BY 210 1 3 3 1 1 1 1

4BZ 210 1 3 3 1 1 1 1

4BAA 29 2 6 6 2 2 2 2 1

4BAB 29 2 6 6 2 2 2 2 1

4BAC 29 2 6 6 2 2 2 2 1

4BAC2 29 2 6 6 2 2 2 2 1

4BAD 211

4BAE 211

4BAF 210 1 3 3 1 1 1 1

4BAG 210 1 3 3 1 1 1 1

4BAH 29 2 6 6 2 2 2 2 1

4BAI 29 2 6 6 2 2 2 2 1

4BAJ 211
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4BAK 211

4BAL 210 1 3 3 1 1 1 1

4BAM 210 1 3 3 1 1 1 1

4BAN 29 2 6 6 2 2 2 2 1

4BAO 29 2 6 6 2 2 2 2 1

4BAP 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4BAQ 27 8 8 8 8 8 4 2 2 2 2 2

4BAR 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4BAS 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4BAT 27 8 8 8 8 8 4 2 2 2 2 2

4BAU 27 8 8 8 8 8 4 2 2 2 2 2

4BAV 27 8 8 8 8 8 4 2 2 2 2 2

4BAW 210 1 3 3 1 1 1 1

4BAX 210 1 3 3 1 1 1 1

4BAY 210 1 3 3 1 1 1 1

4BAZ 210 1 3 3 1 1 1 1

4CA 29 2 6 6 2 2 2 2 1

4CB 29 2 6 6 2 2 2 2 1

4CC 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CD 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CE 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CF 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CG 29 2 6 6 2 2 2 2 1

4CH 29 2 6 6 2 2 2 2 1

4CI 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CJ 27 8 8 8 8 8 4 2 2 2 2 2

4CK 210 1 3 3 1 1 1 1

4CL 210 1 3 3 1 1 1 1

4CM 210 1 3 3 1 1 1 1

4CN 210 1 3 3 1 1 1 1

4CO 29 2 6 6 2 2 2 2 1

4CP 29 2 6 6 2 2 2 2 1

4CQ 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CR 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CS 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CT 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CU 29 2 6 6 2 2 2 2 1

4CV 29 2 6 6 2 2 2 2 1

4CW 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CX 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CY 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CZ 210 1 3 3 1 1 1 1

4CAA 210 1 3 3 1 1 1 1

4CAB 29 2 6 6 2 2 2 2 1

4CAC 29 2 6 6 2 2 2 2 1

4CAD 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAE 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAF 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAG 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAH 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAI 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAJ 210 1 3 3 1 1 1 1

4CAK 210 1 3 3 1 1 1 1

4CAL 210 1 3 3 1 1 1 1

4CAM 210 1 3 3 1 1 1 1

4CAN 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAO 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAP 29 2 6 6 2 2 2 2 1

4CAQ 29 2 6 6 2 2 2 2 1

4CAR 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAS 28 4 12 12 4 4 4 4 2 1 1 1 1 1
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4CAT 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4CAU 27 8 8 8 8 8 4 2 2 2 2 2

4CAV 27 8 8 8 8 8 4 2 2 2 2 2

4CAW 27 8 8 8 8 8 4 2 2 2 2 2

4CAX 27 8 8 8 8 8 4 2 2 2 2 2

4CAY 29 2 6 6 2 2 2 2 1

4CAZ 29 2 6 6 2 2 2 2 1

4DA 29 2 6 6 2 2 2 2 1

4DB 29 2 6 6 2 2 2 2 1

4DC 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4DD 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4DE 210 1 3 3 1 1 1 1

4DF 210 1 3 3 1 1 1 1

4DG 29 2 6 6 2 2 2 2 1

4DH 29 2 6 6 2 2 2 2 1

4DI 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4DJ 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4DK 29 2 6 6 2 2 2 2 1

4DL 29 2 6 6 2 2 2 2 1

4DM 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4DN 28 4 12 12 4 4 4 4 2 1 1 1 1 1

4DO 28 4 12 12 4 4 4 4 2 1 1 1 1 1

Table 10.7: Computations for the Fusion of Ḡ into 27:Sp(6, 2)
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[y] 8A 8B 8C 8D 8E 8F 8G 8H 8I 8J

|C27:Sp(6,2)(y)| 0 0 0 0 0 0 0 0 0 0

3 3 1 1 6 3 6 6 6 3

84 84 28 28 4 4 2 4 4 2

χ(27:Sp(6, 2)|Ḡ)(y) 1 1 0 0 0 0 0 0 0 0

5 5 7 7 1 1 1 1 1 1

[x] |CḠ(x)|
8A 27 3 3 1 1

8B 27 3 3 1 1

8C 27 3 3 1 1

8D 27 3 3 1 1

8D1 27 3 3 1 1

8E 27 3 3 1 1

8F 27 3 3 1 1

8G 27 3 3 1 1

8H 26 6 6 2 2 1 1 1 1

8I 26 6 6 2 2 1 1 1 1

8J 25 12 12 4 4 1 1

8K 27 3 3 1 1

8L 27 3 3 1 1

8M 27 3 3 1 1

8N 27 3 3 1 1

8O 27 3 3 1 1

8P 27 3 3 1 1

8Q 27 3 3 1 1

8R 27 3 3 1 1

8S 27 3 3 1 1

8T 27 3 3 1 1

8U 26 6 6 2 2 1 1 1 1 1 1

8V 26 6 6 2 2 1 1 1 1 1 1

8W 25 12 12 4 4 1 1

8X 26 6 6 2 2 1 1 1 1 1 1

8Y 26 6 6 2 2 1 1 1 1 1 1

8Z 27 3 3 1 1

8AA 27 3 3 1 1

Table 10.7: (cont.)
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[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 2O

|C27:Sp(6,2)(y)| 185 185 29 29 14 14 4 14 14 4 4 4 4 8 6 6

794 794 49 49 74 74 91 74 74 91 91 91 91 1 1 1

560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44

χ(27:Sp(6, 2)|Ḡ)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5

35 35 35 35 15 15 15 43 43 43 43 23 23 23 1 1

[x] |CḠ(x)|
1A 216 2835

2A 216 2835 45 45

2B 216 2835 45 45

2C 216 2835 45 45

2D 215 90 90 45 45

2E 215 90 90 45 45

2F 214 180 180 90 90 3 9 9 3 3 3 3

2G 214 180 180 90 90 3 9 9 3 3 3 3

2H 213 360 360 180 180 6 18 18 6 6 6 6 1

2I 213 360 360 180 180 6 18 18 6 6 6 6 1

2J 212 720 720 360 360 12 36 36 12 12 12 12 2

2K 212 720 720 360 360 12 36 36 12 12 12 12 2

2L 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2M 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2N 212 720 720 360 360 12 36 36 12 12 12 12 2

2O 212 720 720 360 360 12 36 36 12 12 12 12 2

2P 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2Q 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2R 212 720 720 360 360 12 36 36 12 12 12 12 2

2S 212 720 720 360 360 12 36 36 12 12 12 12 2

2T 212 720 720 360 360 12 36 36 12 12 12 12 2

2U 212 720 720 360 360 12 36 36 12 12 12 12 2

2V 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2W 213 360 360 180 180 6 18 18 6 6 6 6 1

2X 213 360 360 180 180 6 18 18 6 6 6 6 1

2Y 213 360 360 180 180 6 18 18 6 6 6 6 1

2Z 213 360 360 180 180 6 18 18 6 6 6 6 1

2AA 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AB 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AC 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AD 214 180 180 90 90 3 9 9 3 3 3 3

2AE 214 180 180 90 90 3 9 9 3 3 3 3

2AF 214 180 180 90 90 3 9 9 3 3 3 3

2AG 214 180 180 90 90 3 9 9 3 3 3 3

Table 10.7: (cont.)
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[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 2O

|C27:Sp(6,2)(y)| 185 185 29 29 14 14 4 14 14 4 4 4 4 8 6 6

794 794 49 49 74 74 91 74 74 91 91 91 91 1 1 1

560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44

χ(27:Sp(6, 2)|Ḡ)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5

35 35 35 35 15 15 15 43 43 43 43 23 23 23 1 1

[x] |CḠ(x)|
2AH 213 360 360 180 180 6 18 18 6 6 6 6 1

2AI 213 360 360 180 180 6 18 18 6 6 6 6 1

2AJ 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AK 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AL 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AM 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AN 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AO 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AP 29 96 96 96 96 96 16 12 12

2AQ 29 96 96 96 96 96 16 12 12

2AR 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AS 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AT 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AU 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AV 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AW 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AX 215 90 90 45 45

2AY 215 90 90 45 45

2AZ 214 180 180 90 90 3 9 9 3 3 3 3

2AAA 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAB 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAC 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAD 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAE 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAF 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAG 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAH 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAI 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAJ 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AAK 29 96 96 96 96 96 16 12 12

2AAL 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAM 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAN 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAO 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAP 213 360 360 180 180 6 18 18 6 6 6 6 1

Table 10.7: (cont.)
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[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 2O

|C27:Sp(6,2)(y)| 185 185 29 29 14 14 4 14 14 4 4 4 4 8 6 6

794 794 49 49 74 74 91 74 74 91 91 91 91 1 1 1

560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44

χ(27:Sp(6, 2)|Ḡ)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5

35 35 35 35 15 15 15 43 43 43 43 23 23 23 1 1

[x] |CḠ(x)|
2AAQ 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAR 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAS 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAT 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAU 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAV 214 180 180 90 90 3 9 9 3 3 3 3

2AAW 214 180 180 90 90 3 9 9 3 3 3 3

2AAX 213 360 360 180 180 6 18 18 6 6 6 6 1

2AAY 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAZ 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAA 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAB 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAC 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAD 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAAE 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAAG 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAH 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAI 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAJ 212 720 720 360 360 12 36 36 12 12 12 12 2

2AAAK 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AAAL 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAAM 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAAN 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAAO 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2AAAP 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AAAQ 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AAAR 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2AAAS 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2BA 210 1440 1440 48 144 144 48 48 48 48 8 6 6

Table 10.7: (cont.)
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[y] 1A 2A 2B 2C 2D 2E 2F 2G 2H 2I 2J 2K 2L 2M 2N 2O

|C27:Sp(6,2)(y)| 185 185 29 29 14 14 4 14 1 4 4 4 4 8 6 6

794 794 49 49 74 74 91 74 47 91 91 91 91 1 1 1

560 560 120 120 560 560 52 56 56 52 52 52 52 92 44 44

χ(27:Sp(6, 2)|Ḡ)(y) 28 28 28 28 3 3 3 2 2 2 2 1 1 1 5 5

35 35 35 35 15 15 15 43 43 43 43 23 23 23 1 1

[x] |CḠ(x)|
2BB 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2BC 212 720 720 360 360 12 36 36 12 12 12 12 2

2BD 212 720 720 360 360 12 36 36 12 12 12 12 2

2BE 212 720 720 360 360 12 36 36 12 12 12 12 2

2BF 212 720 720 360 360 12 36 36 12 12 12 12 2

2BG 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BH 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BI 214 180 180 90 90 3 9 9 3 3 3 3

2BJ 214 180 180 90 90 3 9 9 3 3 3 3

2BK 214 180 180 90 90 3 9 9 3 3 3 3

2BL 214 180 180 90 90 3 9 9 3 3 3 3

2BM 212 720 720 360 360 12 36 36 12 12 12 12 2

2BN 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BO 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2BP 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BQ 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BR 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BS 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BT 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BU 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BV 29 96 96 96 96 96 16 12 12

2BW 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BX 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BY 213 360 360 180 180 6 18 18 6 6 6 6 1

2BZ 213 360 360 180 180 6 18 18 6 6 6 6 1

2BAA 212 720 720 360 360 12 36 36 12 12 12 12 2

2BAB 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BAC 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2BAD 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2BAE 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BAF 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BAG 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BAH 211 1440 1440 720 720 24 72 72 24 24 24 24 4 3 3

2BAI 29 96 96 96 96 96 16 12 12

2BAJ 210 1440 1440 48 144 144 48 48 48 48 8 6 6

2BAK 210 1440 1440 48 144 144 48 48 48 48 8 6 6

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4A 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4B 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4C 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4D 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4E 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4F 211 45 45 3 6 6 3 3

4G 211 45 45 3 6 6 3 3

4H 211 45 45 3 6 6 3 3

4I 211 45 45 3 6 6 3 3

4J 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4K 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4L 212 3 3

4M 212 3 3

4N 212 3 3

4O 212 3 3

4P 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4Q 211 45 45 3 6 6 3 3

4R 211 45 45 3 6 6 3 3

4S 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4T 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4U 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4V 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4W 211 45 45 3 6 6 3 3

4X 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4Y 211 45 45 3 6 6 3 3

4Z 211 45 45 3 6 6 3 3

4AA 211 45 45 3 6 6 3 3

4AB 211 45 45 3 6 6 3 3

4AC 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AD 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AE 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4AG 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AH 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AI 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AJ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AL 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AM 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4AN 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4AO 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AP 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AQ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AR 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AS 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AT 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AU 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AV 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AW 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AY 211 45 45 3 6 6 3 3

4AZ 211 45 45 3 6 6 3 3

4AAA 211 45 45 3 6 6 3 3

4AAB 211 45 45 3 6 6 3 3

4AAC 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAD 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAE 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4AAF 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAG 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAH 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAI 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAJ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAL 211 45 45 3 6 6 3 3

4AAM 211 45 45 3 6 6 3 3

4AAN 211 45 45 3 6 6 3 3

4AAO 211 45 45 3 6 6 3 3

4AAP 211 45 45 3 6 6 3 3

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4AAQ 211 45 45 3 6 6 3 3

4AAR 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAS 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAT 211 45 45 3 6 6 3 3

4AAU 211 45 45 3 6 6 3 3

4AAV 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAW 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAX 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAY 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAZ 211 45 45 3 6 6 3 3

4AAAA 211 45 45 3 6 6 3 3

4AAAB 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAC 211 45 45 3 6 6 3 3

4AAAD 211 45 45 3 6 6 3 3

4AAAE 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAF 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAG 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAH 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAI 212 3 3

4AAAJ 212 3 3

4AAAK 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAL 211 45 45 3 6 6 3 3

4AAAM 211 45 45 3 6 6 3 3

4AAAN 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAP 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAQ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAR 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAS 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAT 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAU 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAW 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAX 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAY 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAZ 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAA 211 45 45 3 6 6 3 3

4AAAAB 211 45 45 3 6 6 3 3

4AAAAC 211 45 45 3 6 6 3 3

4AAAAD 211 45 45 3 6 6 3 3

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4AAAAE 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAF 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAG 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAH 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAI 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAJ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAL 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAM 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAN 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAP 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAQ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAR 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAS 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAU 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAV 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAW 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAY 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAZ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAA 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAB 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAC 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAD 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4AAAAAE 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4AAAAAF 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4AAAAAG 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4AAAAAH 26 96 48 16 16 8

4AAAAAI 26 96 48 16 16 8

4AAAAAJ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAAK 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4AAAAAL 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAM 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAN 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAP 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAQ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAR 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAS 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAU 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAV 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAW 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4AAAAAX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAY 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4AAAAAZ 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4BA 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BB 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BC 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BD 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4BE 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BF 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BG 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BH 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BI 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BJ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BL 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BM 211 45 45 3 6 6 3 3

4BN 211 45 45 3 6 6 3 3

4BO 211 45 45 3 6 6 3 3

4BP 211 45 45 3 6 6 3 3

4BQ 211 45 45 3 6 6 3 3

4BR 211 45 45 3 6 6 3 3

4BS 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BT 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BU 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BV 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BW 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BX 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BY 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BZ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAA 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAB 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAC 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAC2 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAD 211 45 45 3 6 6 3 3

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4BAE 211 45 45 3 6 6 3 3

4BAF 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAG 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAH 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAI 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAJ 211 45 45 3 6 6 3 3

4BAK 211 45 45 3 6 6 3 3

4BAL 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAM 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAN 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAO 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4BAP 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4BAQ 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4BAR 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4BAS 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4BAT 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4BAU 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4BAV 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4BAW 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAX 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAY 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4BAZ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CA 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CB 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CC 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CD 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4CE 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CF 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CG 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CH 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CI 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CJ 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4CK 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CL 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CM 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CN 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CO 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CP 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CQ 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CR 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CS 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CU 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CV 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CW 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CX 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CY 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CZ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CAA 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CAB 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CAC 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CAD 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4CAE 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAF 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAG 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAH 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAI 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAJ 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CAK 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CAL 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CAM 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4CAN 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAP 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CAQ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CAR 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAS 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAT 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4CAU 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4CAV 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4CAW 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4CAX 27 48 96 96 24 48 48 8 8 24 24 4 24 24 8

4CAY 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4CAZ 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DA 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DB 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DC 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4DD 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

Table 10.7: (cont.)
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[y] 4A 4B 4C 4D 4E 4F 4G 4H 4I 4J 4K 4L 4M 4N 4O 4P

|C27:Sp(6,2)(y)| 9 9 6 1 1 3 6 6 1 1 3 3 0 3 3 1

2 2 1 22 22 0 1 1 0 0 0 0 5 0 0 0

160 160 44 88 88 72 44 44 24 24 72 72 12 72 72 24

χ(27:Sp(6, 2)|Ḡ)(y) 3 3 2 1 1 1 5 5 5 5 1 1 1 1 1 1

15 15 43 23 23 23 1 1 1 1 5 5 5 5 5 5

[x] |CḠ(x)|
4DE 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4DF 210 90 90 6 12 12 3 6 6 1 1 3 3 3 3 1

4DG 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DH 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DI 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4DJ 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4DK 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DL 29 180 180 12 24 24 6 12 12 2 2 6 6 1 6 6 2

4DM 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4DN 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

4DO 28 24 48 48 12 24 24 4 4 12 12 2 12 12 4

Table 10.7: (cont.)
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On a Sylow p− Subgroup of Sp2m(q)

In this chapter, we discuss some general results on the character tables of Sylow p- subgroups of

classical linear groups. Denote a Sylow p− subgroup of any of the classical linear groups by Ḡ. The

structure of these Sylow p− subgroups is of extension type and in fact they split. Write Ḡ = N :G,

Previtali in [63] shows that the set of orbit sizes of the action of G on N is equal to the set of orbit

sizes when G acts on the linear characters of N when p is odd. In fact he proves that these orbit

sizes take the shape: {qi : 0 ≤ i ≤ f(n, q)} where f depends on the classical linear group under

discussion. For the purpose of this chapter, we concentrate on Sylow p− subgroups of Sp2m(q), the

symplectic group of dimension 2m over a field of order q where q is a power of an odd prime p. For

instance, in this case, f(n, q) = q
m(m−1)

2 = [Ḡ : N ], that is the index of N in Ḡ. The value f(n, q)

is defined in a similar manner in other families of classical linear groups. In characteristic p = 2

there is a drastic change in the picture: for instance Isaacs, in Section 11 of [40], shows that when

p = 2, a Sylow 2− subgroup of Sp6(q) has an irreducible character of degree q
2 . It is known that,

in odd characteristic, the irreducible characters of Sylow p− subgroups of symplectic groups have

degree a power of q. However, this is not the case in characteristic 2. In 2000, Gow, Marjoram

and Previtali in [34] showed that if Ḡ is a Sylow p− subgroup of the symplectic group Sp2m(q) in

characteristic p = 2, then Ḡ has irreducible characters of degree 2−sq
m(m−1)

2 , where s ∈ Z satisfying

0 ≤ s ≤ dm2 e.

This chapter is organized as follows: in Section 11.1, we use the fact that a Sylow p− subgroup say,

Ḡ, of the symplectic group is a split extension and discuss the action in general of G on N where

we write Ḡ = N :G. This discussion uses a theorem of Previtali in [64] to construct examples on

the general actions of G on N (where the lengths are the same as those of orbits of G on Irr(N))

in a Sylow p − subgroup of Sp2m(q), where q = pk for some k and p odd. For the examples we

consider Sp4(q) and Sp6(q). In Section 11.2, we apply the method of Fischer matrices to a Sylow

p − subgroup of Sp4(q) where p is odd and obtain the general form of Fischer matrices on the

non-identity classes. We see that the Fischer matrices on non-identity classes coincide with the

character table of N/M ∼= Zq, where q = pk for some k and some M ≤ N . Thus we see that M(g)

is the Discrete Fourier Transform matrix up to permutations of rows and columns. In Section 11.3,

we give a particular example Ḡ = 33:G2, where G2
∼= Z3 is a Sylow 3 − subgroup of GL(2, 3). In

Section 11.4, we discuss the general degrees of the irreducible characters of a Sylow p − subgroup

of Sp6(q), where q = pk and p is odd, for some k.

11.1. The Action of G on N in General

Definition 11.1.1. [64] Let M be a set of matrices A over a finite field F such that A is either
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• alternating,

• symmetric in odd characteristic,

• symmetric in even characteristic,

• hermitian.

Let `m =
∑
i≥0
`mit

i where `mi is the number of orbits of degree qi when G acts on N . Then `m is

called the orbit size polynomial.

We have the following vital Theorem 11.1.2 .

Theorem 11.1.2. Let `m =
∑
i≥0
`mit

i be as in Definition 11.1.1. Setting w = q−1, then polynomial

`m is such that `m ∈ N[w, t] and satisfies the following recurrence relations as well as the initial

conditions given in (1)− (3) .

`m+2 = cm`m+1 + dm`m, (11.1)

(1) in the alternating case, cm = 1, `0 = `1 = 1 and dm = wtm tm+1−1
t−1 . The degw`m = dm2 e and

degt`m =
(
m
2

)
− dm2 e,

(2) for the symmetric in odd characteristic case, cm = 1 + wtm+1, `0 = 1, `1 = 1 + w and

dm = wtm+1 tm+1−1
t−1 . We have degw`m = m and degt`m =

(
m
2

)
,

(3) for the hermitian case, cm = 1+wt2m+2, `0 = 1, `1 = 1+w and dm = w(w+2)t2m+1 t2m+2−1
t2−1

.

We have degw`m = m and degt`m = m(m− 1).

Proof. This is Theorem 19 in [64].

The recurrence equation 11.1, uses information computed from the previous groups of dimension

2m− 2.

Example 11.1.1. (A Sylow p-subgroup of Sp4(q), where q = pk for some k and p odd) Let us

denote and define a Sylow p-subgroup of Sp4(q) by P4 = N :G. Here N is a maximal abelian normal

subgroup and G is the complement of N such that G is isomorphic to a Sylow p − subgroup of

GL(2, q). In understanding the action of G on N we apply the ideas of Prevital in [64]. From the

recurrence equation given in Theorem 11.1.2, `m+2 = cm`m+1 + dm`m where cm = 1 + wtm+1,

dm = wtm+1 tm+1−1
t−1 , `0 = 1, `1 = 1 + w and degw`m =

(
m
2

)
. For Sp4(q), q = pk where p is odd, we

have m = 2. Thus

`2 = c0`1 + d0`0 = (1 + (q − 1)t)(q) + (q − 1)t1 = q + (q2 − 1)t.

This indicates we have q fixed points and q2 − 1 orbits each of length q when G acts on N .

We carry out similar approach for the group Sp6(q), q = pk where p is odd.

Example 11.1.2. (A Sylow p-subgroup of Sp6(q), where q = pk for some k and p odd) Let us

denote and define a Sylow p-subgroup of Sp6(q) by P6 = N :G. Here N is a maximal abelian normal

subgroup and G is the complement of N such that G is isomorphic to a Sylow p − subgroup of

GL(3, q). From the recurrence equation given in Theorem 11.1.2, `m+2 = cm`m+1 + dm`m, where

cm = 1 + wtm+1, dm = wtm+1 tm+1−1
t−1 , `0 = 1, `1 = 1 + w and degw`m =

(
m
2

)
. For Sp6(q), q = pk

188



Chapter 11

where p is odd, we have m = 3. Thus

`3 = c1`2 + d1`1

= (1 + (q − 1)t2)(q + (q2 − 1)t) + (q − 1)t2(t+ 1)(q)

= q + (q − 1)qt2 + (q2 − 1)t+ (q − 1)(q2 − 1)t3 + q(q − 1)t3 + q(q − 1)t2

= q + (q2 − 1)t+ 2(q2 − q)t2 + (q − 1)(q2 + q − 1)t3.

Hence we have q fixed points, q2 − 1 orbits each of length q, 2q2 − 2 orbits each of length q2 and

(q − 1)(q2 + q − 1) orbits each of length q3.

11.2. On the Character Table of a Sylow p-Subgroup of Sp4(q), where q = pk for

some k and p Odd

11.2.1 Conjugacy Classes by Coset Analysis

We recall that P4 = N :G where

N =

{(
I2 0

A I2

)
, At = A

}
and G ∼= G2 where

G2 =

{(
1 0

a 1

)
, a ∈ Fq

}
.

By coset analysis, the action of N on N fixes all the elements of N . Thus k = |N | = q3. Then

under the action of CG(1G) = G we have q fixed points and q2 − 1 orbits each of length q. Thus

we obtain the following classes of P4 from the identity coset N .

• class (1A) such that |CP4(1A1)| = q3×|CG(1G)|
1 = q4,

• class (pA2) such that |CP4(pA2)| = q3×|CG(1G)|
1 = q4,

• class (pA3) such that |CP4(pA3)| = q3×|CG(1G)|
1 = q4,

...

• class (pAq) such that |CP4(pAq)| = q3×|CG(1G)|
1 = q4,

• class (pAq+1) such that |CP4(pAq+1)| = q3×|CG(1G)|
q = q3,

• class (pAq+2) such that |CP4(pAq+2)| = q3×|CG(1G)|
q = q3,

...

• class (pAq2+q−1) such that |CP4(pAq2+q−1)| = q3×|CG(1G)|
q = q3.
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Consider now g 6= 1G, we get from the coset Ng the following information. The action of N on Ng

gives q fixed points so that k = q. We then have that the coset Ng breaks into q orbits.

Lemma 11.2.1. The action of CG(g) on the orbits of the action of N on Ng, for each 1G 6= g ∈ G,

produces f1 = 1, · · · , fq = 1.

Proof. Note that CG(g) = G since G ∼= Zq which is abelian. Denote by Qi, for i ∈ {1, 2, · · · q}, the q

orbits under the action of N . Let nig be a representative of the ith orbit. Then, for all x ∈ CG(g),

the action of CG(g) = G on nig is given by

(nig)x =x(nig)x−1 = (xni)(gx
−1)

=nxi (xgx−1) = nxi g.

Note that the possibilities for the fj ’s are such that fj ∈ {1, ps, q} where 1 ≤ s < k. We observe

that f1 = 1 since Q1 is assumed to contain g. Thus fj ∈ {1, ps}. Suppose that fj = ps for some j

and s, then we would have an orbit of length q × ps which is a contradiction when we consider the

action of CG(g) = G on N . Thus we must have that nxi g ∈ Qi for each i. Hence the result.

We obtain the following classes

• class (pm1Aq2+q) such that |CP4(pm1Aq2+q)| =
q×|CG(g)|

1 = q2,

• class (pm2Aq2+q+1) such that |CP4(pm1Aq2+q+1)| = q×|CG(g)|
1 = q2,

...

• class (pmqAq2+2q−1) such that |CP4(pmqAq2+2q−1)| = q×|CG(g)|
1 = q2.

We obtain the classes from the non trivial q − 1 elements of G in the same way and we obtain a

total of q2− q classes of P4. The mi’s are positive integers to be determined. We further note that

m1 = 1 for all g ∈ G since Q1 is assumed to be the orbit that contains g.

Class Representative No. of Classes Order of Centralizer in P4

1A 1 q4

pAk q − 1 q4

pAj q2 − 1 q3

pAm q − 1 q2

pfAj , where f ∈ N, f 6= 1 (q − 1)2 q2

Table 11.1: Conjugacy Classes of P4

We obtain the following information on the character degrees:
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q = 3 q = 5 q = 7 for any q a power of an odd prime

# of Inertia groups 11 29 55 q2 + q − 1

# of classes 17 49 97 2q2 − 1

# of characters of degree 1 9 25 49 q2

# of characters of degree q 8 24 48 q2 − 1

Table 11.2: General Information on the Character Table of P4 for Odd p

11.2.2 General Form of Fischer Matrices of P4

From the identity class of G, we obtain the following partial Fischer matrix M(1G)

M(1G) =

|CP4(1P4)| |CP4(pA1)| · · · |CP4(pAq2+q−1)|



|CH1(1G)| q 1 1 · · · 1
...

...
...

...
...

...

|CHq(1G)| q 1 · · ·
|CHq+1(1G)| 1 q · · ·

...
...

...
...

...
...

|CHq2+q−2
(1G)| 1 q · · ·

|CHq2+q−1
(1G)| 1 q · · ·

.

Note that p− th roots of unity form a cyclic group and fix ω = e
−2πi
p , a generator of such a group.

That is ω is a primitive p− th root of unity.

From the non trivial class representative of G say g, we obtain the following partial Fischer matrix

M(g), note that the fusion of the class containing g to a class of G is clear since H2 = G such that

g ∈ H2.

M(g) =

|CP4(pm1Aq2+q)| |CP4(pm2Aq2+q+1)| · · · |CP4(pmqAq2+2q−1)|
|CHq2+q

(g)| q 1 1 · · · 1
...

...
...

...
...

...

|CHq2+2q−1
(g)| q 1 · · ·

.

In general, if 1G 6= g ∈ G = Zp × Zp × Zp × · · · × Zp︸ ︷︷ ︸
k times

, then it fixes q elements of N . Thus has cycle

structure type 1p
k
px. We note that pk + xp = p3k from which we obtain x = pk−1(p2k − 1). Thus

the cycle structure of g on N is 1qp
q(q2−1)

p .

Using the fact that g ∈ G such that g 6= 1G has cycle structure 1qp
q(q2−1)

p , we obtain further

information on the entries of M(g). Define

φg : N → N,
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by φg(n) = ngn−1(g)−1 and M = {ngn−1|n ∈ N, g ∈ P4}. Then the quotient group M/N is a

Cg − submodule such that [N : M ] = k. Here, k is the number of fixed points when g acts on N .

Note that the orbit lengths for the action of CG(g) on M/N in the case of P4 are all 1’s. Thus M(g)

coincides with the character table of N/M , that is the group Zq. Since G is cyclic, its character

table is the Discrete Fourier Transform matrix. Thus M(g) can be written, up to permutations of

rows and columns, as

M(g) =



1 1 1 1 · · · 1

1 ω ω2 ω3 · · · ωq−1

1 ω2 ω4 ω6 · · · ω2(q−1)

1 ω3 ω6 ω9 · · · ω3(q−1)

...
...

...
...

. . .
...

1 ωq−1 ω2(q−1) ω3(q−1) · · · ω(q−1)(q−1)



11.3. A Particular Example P4, q = 3

Let us consider the case n = 4 and q = 3. Then P4 ≤ Sp4(3), N = 33, G ∼= Z3. Since

N =

{(
I 0

A I

)
, At = A

}
,

we have that

N = {n1, n2, n3, · · · , n27}.

We also have that

G =

{(
D 0

0 D−t

)
|D ∈ G2(3)

}
.

Thus

D =

{(
1 0

0 1

)
,

(
1 0

1 1

)
,

(
1 0

−1 1

)}
.

The action of N on N produces 27 fixed points. Then under the action of CG(1G) = G, we have

11 orbits with f1 = 1, f2 = 1, f3 = 1, f4 = 3, f5 = 3, f6 = 3, f7 = 3, f8 = 3, f9 = 3, f10 = 3 and

f11 = 3. Using the coset analysis technique, we have

• class (1A) such that |CP4(1A)| = 27×3
1 = 34,

• class (3A) such that |CP4(3A)| = 27×3
1 = 34,

• class (3B) such that |CP4(3B)| = 27×3
1 = 34,

• class (3C) such that |CP4(3C)| = 27×3
3 = 33,

• class (3D) such that |CP4(3D)| = 27×3
3 = 33,

• class (3E) such that |CP4(3E)| = 27×3
3 = 33,

• class (3F ) such that |CP4(3F )| = 27×3
3 = 33,

• class (3G) such that |CP4(3G)| = 27×3
3 = 33,
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• class (3H) such that |CP4(3H)| = 27×3
3 = 33,

• class (3I) such that |CP4(3I)| = 27×3
3 = 33,

• class (3J) such that |CP4(3J)| = 27×3
3 = 33.

The identity coset gives us 11 classes of P4 , namely (1A), (3A), (3B), (3C), (3D), (3E), (3F ),

(3G), (3H), (3I) and (3J).

Let D =

(
1 0

1 1

)
. Then the cycle structure of g =

(
D 0

0 D−t

)
on N is given by

(n1)(n4)(n5)(n2n14n21)(n3n17n20)(n6n18n15)(n7n19n16)(n8n9n12)(n10n24n13)(n11n22n26)(n23n25n27).

This cycle structure can also be written in the form 1338. Thus Ng breaks into three orbits under

the action by conjugation of N given by

{n2g, n6g, n10g, n9g, n1g, n24g, n7g, n3g, n8g},

{n4g, n23g, n21g, n13g, n14g, n19g, n11g, n15g, n27g},

{n5g, n20g, n26g, n16g, n25g, n22g, n12g, n18g, n17g}.

These orbits cannot fuse as a representative of each of the orbits is sent to an element within the

orbit under the action of CG(g) = G. We have 3 orbits with f1 = 1, f2 = 1 and f3 = 1. Using the

coset analysis technique, we have

• class (3K) such that |CP4(3F )| = 3×3
1 = 32,

• class (9A) such that |CP4(9A)| = 3×3
1 = 32,

• class (9B) such that |CP4(9B)| = 3×3
1 = 32.

From the element D =

(
1 0

−1 1

)
of G, we obtain the cycle structure 1338 of g on N given by

(n1)(n4)(n5)(n2n21n14)(n3n20n17)(n6n15n18)(n7n16n19)(n8n12n9)(n10n13n24)(n11n26n22)(n23n27n25).

Thus Ng breaks into three orbits under the action by conjugation of N . These orbits cannot fuse

as each orbit contains an element of N fixed by CG(g) = G. We have 3 orbits with f1 = 1, f2 = 1

and f3 = 1. Using the coset analysis technique, we have

• class (3L) such that |CP4(3F )| = 3×3
1 = 32,

• class (9C) such that |CP4(9C)| = 3×3
1 = 32,

• class (9D) such that |CP4(9D)| = 3×3
1 = 32.

11.3.1 Fischer Matrices

From the identity class of G, we obtain the following Fischer matrix M(1G)
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M(1G) =



1 1 1 1 1 1 1 1 1 1 1
1 1 1 ā a ā a ā a 1 1
1 1 1 a ā a ā a ā 1 1
3 3 3 0 0 0 0 0 0 b d
3 3 3 0 0 0 0 0 0 d b
3 b d c c̄ ē e −e −ē 0 0
3 d b c̄ c e ē −ē −e 0 0
3 b d ē e −e −ē c c̄ 0 0
3 d b e ē −ē −e c̄ c 0 0
3 b d −e −ē c c̄ ē e 0 0
3 d b −ē −e c̄ c e ē 0 0

 .

Where a =
−1

2
+

√
3i

2
, b =

−3

2
+

3
√

3i

2
, c =

√
3i, d =

−3

2
− 3
√

3i

2
, e =

−3

2
+

√
3i

2
.

From an element D =

(
1 0

1 1

)
of G, we have the following Fischer matrix.

M(g) =


|CP4(3K)| |CP4(9A)| |CP4(9B)|

|CH12(g)| 3 1 1 1

|CH13(g)| 3 1 ā a

|CH14(g)| 3 1 a ā

.

Similarly an element D =

(
1 0

−1 1

)
of G, we have the following Fischer matrix.

M(g) =


|CP4(3K)| |CP4(9C)| |CP4(9D)|

|CH12(g)| 3 1 1 1

|CH13(g)| 3 1 ā a

|CH14(g)| 3 1 a ā

.
Note that a =

−1 +
√

3

2
in both Fischer matrices.

To obtain the character table of P4 we multiply the appropriate partial character tables of the

inertia factor groups by the appropriate rows of the Fischer matrices. Thus for the character values

on the classes (1A), (3A), (3B) , (3C), (3D), (3E) , (3F ), (3G) , (3H), (3I) and (3J) of Ḡ = P4,

by using rows of M(1G) and first columns of the character tables of inertia factor groups, we have


1

1

1

[ 1 1 1 1 1 1 1 1 1 1 1
]

=


1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

 ,


1

1

1

[ 1 1 1 ā a ā a ā a 1 1
]

=


1 1 1 ā a ā a ā a 1 1

1 1 1 ā a ā a ā a 1 1

1 1 1 ā a ā a ā a 1 1

 ,


1

1

1

[ 1 1 1 a ā a ā a ā 1 1
]

=


1 1 1 a ā a ā a ā 1 1

1 1 1 a ā a ā a ā 1 1

1 1 1 a ā a ā a ā 1 1

 ,
[

1
] [

3 3 3 0 0 0 0 0 0 b d
]

=
[

3 3 3 0 0 0 0 0 0 b d
]
,
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[
1
] [

3 3 3 0 0 0 0 0 0 d b
]

=
[

3 3 3 0 0 0 0 0 0 d b
]
,

[
1
] [

3 b d c c̄ ē e −e −ē 0 0
]

=
[

3 b d c c̄ ē e −e −ē 0 0
]
,

[
1
] [

3 d b c̄ c e ē −ē −e 0 0
]

=
[

3 d b c̄ c e ē −ē −e 0 0
]
,

[
1
] [

3 b d ē e −e −ē c c̄ 0 0
]

=
[

3 b d ē e −e −ē c c̄ 0 0
]
,

[
1
] [

3 d b e ē −ē −e c̄ c 0 0
]

=
[

3 b d ē e −e −ē c c̄ 0 0
]
,

[
1
] [

3 b d −e −ē c c̄ ē e 0 0
]

=
[

3 b d −e −ē c c̄ ē e 0 0
]
,

[
1
] [

3 d b −ē −e c̄ c e ē 0 0
]

=
[

3 d b −ē −e c̄ c e ē 0 0
]
.

Similarly for the classes 3K, 9A and 9B we have


1

ā

a

[ 1 1 1
]

=


1 1 1

ā ā ā

a a a

 ,


1

ā

a

[ 1 ā a
]

=


1 ā a

ā a 1

a 1 ā

 ,


1

ā

a

[ 1 a ā
]

=


1 a ā

ā 1 a

a ā 1

 .
Similarly for the classes 3L, 9C and 9D we have

1

a

ā

[ 1 1 1
]

=


1 1 1

a a a

ā ā ā

 ,
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
1

a

ā

[ 1 a ā
]

=


1 ā a

a 1 ā

ā a 1

 ,


1

a

ā

[ 1 a ā
]

=


1 a ā

a ā 1

ā 1 a

 .
Thus continuing in this manner, we obtain the full character table of P4 as shown in Table 11.3.

[g] 1A 3A 3B 3C 3D 3E 3F 3G 3H 3I 3J 3K 9A 9B 3L 9D 9E

|CP4(g)| 34 34 34 33 33 33 33 33 33 33 33 32 32 32 32 32 32

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 1 1 1 1 1 ā ā ā a a a

χ3 1 1 1 1 1 1 1 1 1 1 1 a a a ā ā ā

χ4 1 1 1 ā a ā a ā a 1 1 1 ā a 1 ā a

χ5 1 1 1 ā a ā a ā a 1 1 ā a 1 a 1 ā

χ6 1 1 1 ā a ā a ā a 1 1 a 1 ā ā a 1

χ7 1 1 1 a ā a ā a ā 1 1 1 a ā 1 a ā

χ8 1 1 1 a ā a ā a ā 1 1 ā 1 a a ā 1

χ9 1 1 1 a ā a ā a ā 1 1 a ā 1 ā 1 a

χ10 3 3 3 0 0 0 0 0 0 b d 0 0 0 0 0 0

χ11 3 3 3 0 0 0 0 0 0 d b 0 0 0 0 0 0

χ12 3 b d c c̄ ē e −e −ē 0 0 0 0 0 0 0 0

χ13 3 d b c̄ c e ē −ē −e 0 0 0 0 0 0 0 0

χ14 3 b d ē e −e −ē c c̄ 0 0 0 0 0 0 0 0

χ15 3 d b e ē −ē −e c̄ c 0 0 0 0 0 0 0 0

χ16 3 b d −e −ē c c̄ ē e 0 0 0 0 0 0 0 0

χ17 3 d b −ē −e c̄ c e ē 0 0 0 0 0 0 0 0

Table 11.3: Character Table of Ḡ = P4

11.4. On the Character Table of a Sylow p-Subgroup of Sp6(q), q = pk where p is Odd

11.4.1 Conjugacy Classes by Coset Analysis (Identity Coset)

We recall that P6 = N :G where

N =

{(
I3 0

A I3

)
, At = A

}
and G ∼= G3 where

G3 =

{
1 0 0

a 1 0

b c 1

 , a, b, c ∈ Fq
}
.
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By coset analysis, the action of N on N fixes all the elements of N . Thus k = |N | = q6. Then

under the action of CG3(1G3) = G3 we have q fixed points, q2 − 1 orbits each of length q, 2q2 − 2q

orbits each of length q2 and (q−1)(q2 +q−1) orbits each of length q3. Thus we obtain the following

classes of P6 from the identity coset N .

• class (1P6) such that |CP6(1P6)| = q6×|CG3
(1G3

)|
1 = q9,

• class (pA1) such that |CP6(pA1)| = q6×|CG3
(1G3

)|
1 = q9,

• class (pA2) such that |CP6(pA2)| = q6×|CG3
(1G3

)|
1 = q9,

...

• class (pAq) such that |CP6(pAq)| =
q6×|CG3

(1G3
)|

1 = q9,

• class (pAq+1) such that |CP6(pAq+1)| = q6×|CG3
(1G3

)|
q = q8,

• class (pAq+2) such that |CP6(pAq+2)| = q6×|CG3
(1G3

)|
q = q8,

...

• class (pAq2+q−1) such that |CP6(pAq2+q−1)| = q6×|CG3
(1G3

)|
q = q8,

• class (pAq2+q) such that |CP6(pAq2+q−1)| = q6×|CG3
(1G3

)|
q2 = q7,

• class (pAq2+q+1) such that |CP6(pAq2+q−1)| = q6×|CG3
(1G3

)|
q2 = q7,

...

• class (pA3q2−q−1) such that |CP6(pA3q2−q−1)| = q6×|CG3
(1G3

)|
q2 = q7,

• class (pA3q2−q) such that |CP6(pAq2+q−1)| = q6×|CG3
(1G3

)|
q3 = q6,

• class (pA3q2−q+1) such that |CP6(pA3q2−q+1)| = q6×|CG3
(1G3

)|
q3 = q6,

...

• class (pAq3+3q2−3q) such that |CP6(pAq3+3q2−3q)| =
q6×|CG3

(1G3
)|

q3 = q6.

Using the fact that G3 has q2 linear characters and q − 1 irreducible characters of degree q (see

for instance the author’s MSc [17]). We obtain the following information on the degrees of the

irreducible characters of P6.
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q = 3 q = 5 q = 7 for any q

# of Inertia groups 45 185 469 q3 + 3q2 − 3q

# of classes 6643 1061 3655 q4 + 4q3 − 3q − 2q2 + 1

# of characters of degree 1 27 125 343 q3

# of characters of degree q 78 24 620 q4 − q
# of characters of degree q2 36 200 588 2q3 − 2q2

# of characters of degree q3 22 116 330 (q − 1)(q2 + q − 1)

Table 11.4: General Information on the Character Table of P6 for Odd p
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GAP Programmes and Character Tables

A.1. GAP Programmes

For the f ’s, k’s and orders of class representatives we have the programme

Programme A

C:=List(ConjugacyClasses(G),Representative);; G:=Group(a,b);

;N:=Group(e1,e2,e3,e4,e5,e6);; g:=C[k]; cent:=Centralizer(G, g);;

O:=Orbits(N,N*g);; D:=O;; B:=[]; for j in [1..Order(N)] do

B[j]:=[];od; j:=1; while D <> [] do x:=Representative(D[1]); for i

in [1..Size(O)] do y:=x^cent; if Intersection(y, O[i]) <> [] then

Add(B[j],O[i]); fi;od; D:=Difference(D,B[j]); j:=j+1; od; i:=1;

while B[i] <> [] do

Print(Size(B[i]));Print(" - " );i:=i+1;

od;

For the power maps we have the programme

Programme B

for i in [1..Size(B[j])] do

if IsConjugate(G, z, B[i][1][1]) then # z the element for

which the power map is sought

Print(i);

fi;

od;

For the Fischer matrix on the identity matrix we have the following programme

Programme C

I:=Irr(N);; o:=Orbits(G,I);;

M:=[AsList(Sum(o[1])),AsList(Sum(o[2])),\cdots,AsList(Sum(o[Size(o)]))];;

M1:=TransposedMat(M);; M2:=AsDuplicateFreeList(M1);;

FM:=TransposedMat(M2);; this is the Fischer Matrix on the identity

element of G
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For the action of Cg on N/M = W we have the programme

ProgrammeD1

C:=List(ConjugacyClasses(G),Representative);;

M:=[];

g:=C[i];

for n in N do

Add(M, n*g*Inverse(n)*Inverse(g));

od;

M:=AsGroup(M);

cent:=Centralizer(G, g);;

O:=RightCosets(N,M);;

D:=O;;

B:=[];

for j in [1..Size(N)] do

B[j]:=[];od;

j:=1;

while D <> [] do

x:=Representative(D[1]);

for i in [1..Size(O)] do

y:=x^cent;

if Intersection(y, O[i]) <> [] then

Add(B[j],O[i]);

fi;od;

D:=Difference(D,B[j]);

j:=j+1;

od;

i:=1;

while B[i] <> [] do

Print(Size(B[i]));Print(" - " );i:=i+1;

od;

I:=Irr(N);; IM:=[]; for i in [1..Size(I)] do if

IsSubgroup(Kernel(I[i]), M) then Add(IM,I[i]); fi; od;

For the automatic determination of Fischer matrices on non-identity classes of G we have the pro-

gramme

ProgrammeD

C:=List(ConjugacyClasses(G),Representative);;

M:=[]; g:=C[2];

for n in N do

Add(M, n*g*Inverse(n)*Inverse(g)); od;

M:=AsGroup(M);
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cent:=Centralizer(G, g);;

O:=RightCosets(N,M);; D:=O;; B:=[];

for j in [1..Size(N)] do B[j]:=[];od; j:=1; while D <> [] do

x:=Representative(D[1]); for i in [1..Size(O)] do y:=x^cent; if

Intersection(y, O[i]) <> [] then Add(B[j],O[i]); fi;od;

D:=Difference(D,B[j]); j:=j+1; od; i:=1; while B[i] <> [] do

Print(Size(B[i]));Print(" - " );i:=i+1;

od;

I:=Irr(N);; IM:=[]; for i in [1..Size(I)] do if

IsSubgroup(Kernel(I[i]), M) then Add(IM,I[i]); fi; od;

oo:=Orbits(cent,IM);;

FM:=[];;

for i in [1..Size(oo)] do

Append(FM,[AsList(Sum(oo[i]))]);

od;

M1:=TransposedMat(FM);; M2:=AsDuplicateFreeList(M1);;

FM:=TransposedMat(M2);; Display(FM);

For testing the consistence of the constructed character table in GAP

Programme E

gap>c:=rec(Identifier:="G",

>OrdersClassRepresentatives:=[ "Orders of class representatives

are list here" ],

>SizesCentralizers:=[ "Orders of centralizers listed here" ],

>UnderlyingCharacteristic:=0);;#characteristic of the complex field

gap>ConvertToCharacterTable(c); #Now c stores the above information as the head

gap>l:=[];;#Empty list for the irreducible characters

gap>Add(l,Character(c,"Irr(G) values come here as lists"));

gap>pow:=["selected power maps come here, for example if 2 is chosen then

the next line gives:"];;

gap>ComputedPowerMaps(c)[2]:=pow;;

gap>SetIrr(c,l);#We now have the character table c with all the information

stored in it,

one may choose to display it or just proceed to:

gap>IsInternallyConsistent(c)# True is returned or false depending on the

consistence of

the character table c.

For example testing the accuracy of the character table of 26:GL(3, 2) we apply in GAP the following

gap> c:=rec(Identifier:="2^6:GL(3,2)",

> OrdersClassRepresentatives:=[ 1,2,2,2,2,8,4,4,8,7,2,4,2,4,4,4,2,4,4,3,6,

6,6,7 ],
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> SizesCentralizers:=[ 2^9*3*7,2^9*3,2^9*3,2^9,2^7*3,2^4,2^4,2^4,2^4,7,

2^7,2^7,

2^7,2^7,2^6,2^6,2^6,2^6,2^5,12,12,12,12,7 ],

> UnderlyingCharacteristic:=0);;

gap> ConvertToCharacterTable(c); CharacterTable( "2^6:GL(3,2)" )

gap> l:=[];; gap> Add(l,Character(c,x1)); gap>

Add(l,Character(c,x2)); gap> Add(l,Character(c,x3)); gap>

Add(l,Character(c,x4)); gap> Add(l,Character(c,x5)); gap>

Add(l,Character(c,x6)); gap> Add(l,Character(c,x7)); gap>

Add(l,Character(c,x8)); gap> Add(l,Character(c,x9)); gap>

Add(l,Character(c,x10)); gap> Add(l,Character(c,x11)); gap>

Add(l,Character(c,x12)); gap> Add(l,Character(c,x13)); gap>

Add(l,Character(c,x14)); gap> Add(l,Character(c,x15)); gap>

Add(l,Character(c,x16)); gap> Add(l,Character(c,x17)); gap>

Add(l,Character(c,x18)); gap> Add(l,Character(c,x19)); gap>

Add(l,Character(c,x20)); gap> Add(l,Character(c,x21)); gap>

Add(l,Character(c,x22)); gap> Add(l,Character(c,x23)); gap>

Add(l,Character(c,x24)); gap>

pow:=[1,1,1,1,1,12,11,13,14,10,1,2,1,2,4,2,1,4,4,20,20,20,20,24];;

gap> ComputedPowerMaps(c)[2]:=pow;; gap>

pow1:=[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,1,3,2,5,24];;

gap> ComputedPowerMaps(c)[3]:=pow1;; gap>

pow2:=[1,2,3,4,5,6,7,8,9,1,11,12,13,14,15,16,17,18,19,20,21,22,23,1];;

gap> ComputedPowerMaps(c)[7]:=pow2;; gap> SetIrr(c,l); gap>

IsInternallyConsistent(c); true gap>

The following Magma code is for the action of G on N where Ḡ = N :G in the Symplectic group

and was communicated to this PhD’s author by Previtali [64].

OrbitSizeSymPol:=function(n,p,f)

q:=p^f;

m:=Binomial(n+1,2);

F<w>:=GF(q);

M:=RMatrixSpace(F,n,n);

A:=MatrixAlgebra(F,n);

B:=MatrixAlgebra(F,m);

e:=func<i,j|MatrixUnit(A,i,j)>;

bas:=[e(i,i): i in [1..n]] cat [e(i,j)+e(j,i):i in

[j+1..n], j in [1..n]];

W:=sub<M|bas>;

bas:=Basis(W);

T:=GL(m,q);

gens:=[A!1+w^j*e(i+1,i):j in [0..f-1],i in [1..n-1]];

gensym:=[B!&cat[Coordinates(W,W!(u*b*Transpose(u))):b
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in bas]:u in gens];

K:=sub<T|gensym>;

ok:=Orbits(K);

os:={*#x:x in ok*};

P<t>:=PolynomialRing(Integers());

osp:=&+[Multiplicity(os,q^i)*t^i:i in [0..#os-1]];

return osp;

end function;

OrbitSizeSymPolRec:=function(n)

ZZ:=Integers();

P<q,t>:=PolynomialRing(ZZ,2);

if n eq 0 then return 1;

elif n eq 1 then return q;

else return (1+(q-1)*t^(n-1))*P!$$(n-1)+(q-1)

*t^(n-1)*&+[t^i:i in [0..n-2]]*P!$$(n-2);

end if;

end function;

/* R<t>:=PolynomialRing(Integers());

Evaluate(OrbitSizeSymPolRec(4),[3,t]); OrbitSizeSymPol(4,3,1);

*/
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A.2. Character Tables

[g] 1a 2a 2b 2c 2d 2e 2f 2g 2h 2i 2j 2k 2l 2m 2n 2o

C24(g) 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1

χ3 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1

χ4 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1 −1 −1

χ5 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1

χ6 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1

χ7 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1 1 −1

χ8 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1

χ9 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ10 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1

χ11 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1

χ12 1 1 −1 −1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1

χ13 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ14 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1

χ15 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1

χ16 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 −1 −1 1 1

Table A.1: Character Table of 24
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[g] 1a 2a 2b 2c 2d 2e 2f 4a 4b 2g 2h 4c 2i 2j 4d 4e 4f 4g 4h 8a 4i 4j 8b 6a 3a 6b 6c 6d 6e 12a 12b 6f 3b 6g 6h 10a 5a

|CḠ(g)| 2k 9 9 9 9 8 8 7 6 6 7 7 6 7 7 7 7 5 5 5 4 5 5 4 4 4 4 4 3 3 3 3 2 2 2 2 1 1

3k 2 2 1 1 1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 2 2 1 1 1 1 1 1 2 2 1 1 0 0

5k 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

2P 1a 1a 1a 1a 1a 1a 1a 2c 2c 1a 1a 2b 1a 1a 2b 2b 2c 2j 2j 4e 2j 2j 4d 3a 3a 3a 3a 3a 3a 6b 6b 3b 3b 3b 3b 5a 5a

3P 1a 2a 2b 2c 2d 2e 2f 4a 4b 2g 2h 4c 2i 2j 4d 4e 4f 4g 4h 8a 4i 4j 8b 2a 1a 2c 2b 2e 2d 4a 4b 2a 1a 2h 2g 10a 5a

5P 1a 2a 2b 2c 2d 2e 2f 4a 4b 2g 2h 4c 2i 2j 4d 4e 4f 4g 4h 8a 4i 4j 8b 6a 3a 6b 6c 6d 6e 12a 12b 6f 3b 6g 6h 2a 1a

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1

χ3 5 5 5 5 3 3 3 3 3 −1 −1 −1 1 1 1 1 1 −1 −1 −1 1 1 1 2 2 2 2 0 0 0 0 −1 −1 −1 −1 0 0

χ4 5 5 5 5 −3 −3 −3 −3 −3 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 2 2 2 2 0 0 0 0 −1 −1 1 1 0 0

χ5 5 5 5 5 −1 −1 −1 −1 −1 3 3 3 1 1 1 1 1 −1 −1 −1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 2 2 0 0 0 0

χ6 5 5 5 5 1 1 1 1 1 −3 −3 −3 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 2 2 0 0 0 0

χ7 6 −6 −2 2 4 −4 0 −2 2 0 0 0 −2 2 2 −2 0 0 0 0 −2 2 0 −3 3 −1 1 −1 1 1 −1 0 0 0 0 −1 1

χ8 6 −6 −2 2 −4 4 0 2 −2 0 0 0 −2 2 2 −2 0 0 0 0 2 −2 0 −3 3 −1 1 1 −1 −1 1 0 0 0 0 −1 1

χ9 9 9 9 9 −3 −3 −3 −3 −3 −3 −3 −3 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1

χ10 9 9 9 9 3 3 3 3 3 3 3 3 1 1 1 1 1 1 1 1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1

χ11 10 −10 2 −2 −4 4 0 −2 2 −4 4 0 −2 2 −2 2 0 2 −2 0 0 0 0 −1 1 1 −1 1 −1 1 −1 −1 1 1 −1 0 0

χ12 10 −10 2 −2 −4 4 0 −2 2 4 −4 0 −2 2 −2 2 0 −2 2 0 0 0 0 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 0 0

χ13 10 −10 2 −2 4 −4 0 2 −2 −4 4 0 −2 2 −2 2 0 −2 2 0 0 0 0 −1 1 1 −1 −1 1 −1 1 −1 1 1 −1 0 0

χ14 10 −10 2 −2 4 −4 0 2 −2 4 −4 0 −2 2 −2 2 0 2 −2 0 0 0 0 −1 1 1 −1 −1 1 −1 1 −1 1 −1 1 0 0

χ15 10 10 10 10 −2 −2 −2 −2 −2 2 2 2 −2 −2 −2 −2 −2 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 −1 −1 0 0

χ16 10 10 10 10 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2 −2 0 0 0 0 0 0 1 1 1 1 −1 −1 −1 −1 1 1 1 1 0 0

χ17 15 15 −1 −1 −5 −5 3 −1 −1 3 3 −1 −1 −1 3 3 −1 −1 −1 1 −1 −1 1 3 3 −1 −1 1 1 −1 −1 0 0 0 0 0 0

χ18 15 15 −1 −1 −7 −7 1 1 1 −3 −3 1 3 3 −1 −1 −1 1 1 −1 −1 −1 1 3 3 −1 −1 −1 −1 1 1 0 0 0 0 0 0

χ19 15 15 −1 −1 5 5 −3 1 1 −3 −3 1 −1 −1 3 3 −1 −1 −1 1 1 1 −1 3 3 −1 −1 −1 −1 1 1 0 0 0 0 0 0

χ20 15 15 −1 −1 7 7 −1 −1 −1 3 3 −1 3 3 −1 −1 −1 1 1 −1 1 1 −1 3 3 −1 −1 1 1 −1 −1 0 0 0 0 0 0

χ21 16 16 16 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 0 0 0 0 −2 −2 0 0 1 1

χ22 20 −20 4 −4 0 0 0 0 0 0 0 0 4 −4 4 −4 0 0 0 0 0 0 0 −2 2 2 −2 0 0 0 0 −2 2 0 0 0 0

χ23 24 −24 −8 8 −8 8 0 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −3 3 −1 1 −1 1 1 −1 0 0 0 0 1 −1

χ24 24 −24 −8 8 8 −8 0 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −3 3 −1 1 1 −1 −1 1 0 0 0 0 1 −1

χ25 30 −30 −10 10 −4 4 0 2 −2 0 0 0 −2 2 2 −2 0 0 0 0 −2 2 0 3 −3 1 −1 1 −1 −1 1 0 0 0 0 0 0

χ26 30 −30 −10 10 4 −4 0 −2 2 0 0 0 −2 2 2 −2 0 0 0 0 2 −2 0 3 −3 1 −1 −1 1 1 −1 0 0 0 0 0 0

χ27 30 30 −2 −2 −2 −2 −2 2 2 −6 −6 2 2 2 2 2 −2 0 0 0 0 0 0 −3 −3 1 1 1 1 −1 −1 0 0 0 0 0 0

χ28 30 30 −2 −2 2 2 2 −2 −2 6 6 −2 2 2 2 2 −2 0 0 0 0 0 0 −3 −3 1 1 −1 −1 1 1 0 0 0 0 0 0

χ29 36 −36 −12 12 0 0 0 0 0 0 0 0 4 −4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1

χ30 40 −40 8 −8 8 −8 0 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 1 −1 1 −1 1 −1 2 −2 0 0 0 0

χ31 40 −40 8 −8 −8 8 0 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 1 −1 −1 1 −1 1 2 −2 0 0 0 0

χ32 40 −40 8 −8 0 0 0 0 0 −8 8 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 0 0 −1 1 −1 1 0 0

χ33 40 −40 8 −8 0 0 0 0 0 8 −8 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 0 0 −1 1 1 −1 0 0

χ34 45 45 −3 −3 9 9 1 −3 −3 −3 −3 1 1 1 −3 −3 1 −1 −1 1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ35 45 45 −3 −3 −9 −9 −1 3 3 3 3 −1 1 1 −3 −3 1 −1 −1 1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ36 45 45 −3 −3 −3 −3 5 −3 −3 −3 −3 1 −3 −3 1 1 1 1 1 −1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ37 45 45 −3 −3 3 3 −5 3 3 3 3 −1 −3 −3 1 1 1 1 1 −1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.2: Character Table of 25:S6
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 2I 2H 2J 2K 4B 4A 4C 4D 2L

|CḠ(g)| 212 212 211 210 210 210 29 29 28 28 29 29 29 29 28 28 26

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ7 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ8 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ9 2 2 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2

χ10 2 2 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2

χ11 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

χ12 2 2 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2

χ13 2 2 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2

χ14 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

χ15 4 4 4 4 4 4 4 4 4 4 0 0 0 0 0 0 0

χ16 4 4 4 4 4 4 4 4 4 4 0 0 0 0 0 0 0

χ17 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ18 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ19 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ20 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ21 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ22 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ23 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ24 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1

χ25 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2 −2 2

χ26 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2 −2 2

χ27 2 2 2 2 2 2 2 2 −2 −2 2 2 2 2 2 2 −2

χ28 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2 −2 2

χ29 2 2 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 −2 −2 2

χ30 2 2 2 2 2 2 2 2 −2 −2 2 2 2 2 2 2 −2

χ31 4 4 4 4 4 4 4 4 −4 −4 0 0 0 0 0 0 0

χ32 4 4 4 4 4 4 4 4 −4 −4 0 0 0 0 0 0 0

Table A.3: Character Table of 26:(23:D8)
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[g] 1A 2A 2B 2C 2D 2E 2F 2G 2I 2H 2J 2K 4B 4A 4C 4D 2L

|CḠ(g)| 212 212 211 210 210 210 29 29 28 28 29 29 29 29 28 28 26

χ33 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ34 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ35 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ36 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ37 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ38 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ39 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ40 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ41 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ42 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ43 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ44 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ45 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ46 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ47 2 2 2 2 2 2 −2 −2 0 0 −2 −2 2 2 −2 2 0

χ48 2 2 2 2 2 2 −2 −2 0 0 2 2 −2 −2 2 −2 0

χ49 8 8 8 8 8 8 −8 −8 0 0 0 0 0 0 0 0 0

χ50 4 4 4 −4 −4 4 0 0 0 0 4 4 0 0 −4 0 0

χ51 4 4 4 −4 −4 4 0 0 0 0 0 0 4 4 0 −4 0

χ52 4 4 4 −4 −4 4 0 0 0 0 0 0 4 4 0 −4 0

χ53 4 4 4 −4 −4 4 0 0 0 0 4 4 0 0 −4 0 0

χ54 4 4 4 −4 −4 4 0 0 0 0 4 4 0 0 −4 0 0

χ55 4 4 4 −4 −4 4 0 0 0 0 0 0 4 4 0 −4 0

χ56 4 4 4 −4 −4 4 0 0 0 0 0 0 4 4 0 −4 0

χ57 4 4 4 −4 −4 4 0 0 0 0 4 4 0 0 −4 0 0

χ58 8 8 8 −8 −8 8 0 0 0 0 −8 −8 0 0 8 0 0

χ59 8 8 8 −8 −8 8 0 0 0 0 0 0 −8 −8 0 8 0

χ60 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ61 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ62 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ63 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ64 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ65 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ66 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ67 4 4 4 −4 4 −4 0 0 0 0 0 0 0 0 0 0 0

χ68 8 8 8 −8 8 −8 0 0 0 0 0 0 0 0 0 0 0

Table A.3: (cont.)

207



[g] 1A 2A 2B 2C 2D 2E 2F 2G 2I 2H 2J 2K 4B 4A 4C 4D 2L

|CḠ(g)| 212 212 211 210 210 210 29 29 28 28 29 29 29 29 28 28 26

χ69 8 8 8 −8 8 −8 0 0 0 0 0 0 0 0 0 0 0

χ70 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ71 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ72 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ73 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ74 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ75 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ76 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ77 4 4 4 4 −4 −4 0 0 0 0 0 0 0 0 0 0 0

χ78 8 8 8 8 −8 −8 0 0 0 0 0 0 0 0 0 0 0

χ79 8 8 8 8 −8 −8 0 0 0 0 0 0 0 0 0 0 0

χ80 8 8 −8 0 0 0 −4 4 0 0 4 −4 4 −4 0 0 0

χ81 8 8 −8 0 0 0 −4 4 0 0 −4 4 −4 4 0 0 0

χ82 8 8 −8 0 0 0 −4 4 0 0 4 −4 4 −4 0 0 0

χ83 8 8 −8 0 0 0 −4 4 0 0 −4 4 −4 4 0 0 0

χ84 8 8 −8 0 0 0 −4 4 0 0 4 −4 4 −4 0 0 0

χ85 8 8 −8 0 0 0 −4 4 0 0 −4 4 −4 4 0 0 0

χ86 8 8 −8 0 0 0 −4 4 0 0 4 −4 4 −4 0 0 0

χ87 8 8 −8 0 0 0 −4 4 0 0 −4 4 −4 4 0 0 0

χ88 8 8 −8 0 0 0 4 −4 0 0 4 −4 −4 4 0 0 0

χ89 8 8 −8 0 0 0 4 −4 0 0 −4 4 4 −4 0 0 0

χ90 8 8 −8 0 0 0 4 −4 0 0 4 −4 −4 4 0 0 0

χ91 8 8 −8 0 0 0 4 −4 0 0 −4 4 4 −4 0 0 0

χ92 8 8 −8 0 0 0 4 −4 0 0 −4 4 4 −4 0 0 0

χ93 8 8 −8 0 0 0 4 −4 0 0 4 −4 −4 4 0 0 0

χ94 8 8 −8 0 0 0 4 −4 0 0 −4 4 4 −4 0 0 0

χ95 8 8 −8 0 0 0 4 −4 0 0 4 −4 −4 4 0 0 0

χ96 16 −16 0 0 0 0 0 0 −4 4 0 0 0 0 0 0 0

χ97 16 −16 0 0 0 0 0 0 −4 4 0 0 0 0 0 0 0

χ98 16 −16 0 0 0 0 0 0 −4 4 0 0 0 0 0 0 0

χ99 16 −16 0 0 0 0 0 0 −4 4 0 0 0 0 0 0 0

χ100 16 −16 0 0 0 0 0 0 4 −4 0 0 0 0 0 0 0

χ101 16 −16 0 0 0 0 0 0 4 −4 0 0 0 0 0 0 0

χ102 16 −16 0 0 0 0 0 0 4 −4 0 0 0 0 0 0 0

χ103 16 −16 0 0 0 0 0 0 4 −4 0 0 0 0 0 0 0
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[g] 4E 4F 4G 4H 2M 2O 4I 4J 4K 4L 2N 2P 4M 2Q 2S 2R 2T 4N 4O 4P

|CḠ(g)| 25 25 25 25 28 28 28 28 28 28 28 28 25 29 29 29 29 28 28 26

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1

χ3 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ4 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1

χ5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ6 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1

χ7 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ8 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1

χ9 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2

χ10 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2

χ11 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2

χ12 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2

χ13 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2

χ14 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2

χ15 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 −2 0 0 0 0 0 0 0

χ16 0 0 0 0 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0

χ17 1 −1 −1 1 1 1 1 1 1 1 1 1 −1 1 1 1 1 1 1 −1

χ18 1 −1 −1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 −1

χ19 −1 1 1 −1 1 1 1 1 1 1 1 1 −1 1 1 1 1 1 1 −1

χ20 −1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 −1

χ21 1 −1 −1 1 1 1 1 1 1 1 1 1 −1 1 1 1 1 1 1 −1

χ22 1 −1 −1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 −1

χ23 −1 1 1 −1 1 1 1 1 1 1 1 1 −1 1 1 1 1 1 1 −1

χ24 −1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 −1

χ25 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 −2

χ26 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 −2

χ27 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2

χ28 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2

χ29 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2

χ30 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2

χ31 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 2 0 0 0 0 0 0 0

χ32 0 0 0 0 2 2 2 2 2 2 2 2 −2 0 0 0 0 0 0 0
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[g] 4E 4F 4G 4H 2M 2O 4I 4J 4K 4L 2N 2P 4M 2Q 2S 2R 2T 4N 4O 4P

χ33 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ34 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ35 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ36 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ37 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ38 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ39 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ40 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ41 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ42 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ43 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ44 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ45 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ46 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ47 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 0

χ48 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 2 2 0

χ49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ50 0 0 0 0 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 0

χ51 0 0 0 0 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 0

χ52 0 0 0 0 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 0

χ53 0 0 0 0 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 0

χ54 0 0 0 0 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 0

χ55 0 0 0 0 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 0

χ56 0 0 0 0 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 0

χ57 0 0 0 0 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 0

χ58 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ59 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ60 0 0 0 0 2 −2 −2 2 2 −2 −2 2 0 4 4 −4 −4 0 0 0

χ61 0 0 0 0 2 −2 −2 2 2 −2 −2 2 0 0 0 0 0 4 −4 0

χ62 0 0 0 0 −2 2 2 −2 −2 2 2 −2 0 0 0 0 0 4 −4 0

χ63 0 0 0 0 −2 2 2 −2 −2 2 2 −2 0 4 4 −4 −4 0 0 0

χ64 0 0 0 0 2 −2 −2 2 2 −2 −2 2 0 4 4 −4 −4 0 0 0

χ65 0 0 0 0 2 −2 −2 2 2 −2 −2 2 0 0 0 0 0 4 −4 0

χ66 0 0 0 0 −2 2 2 −2 −2 2 2 −2 0 0 0 0 0 4 −4 0

χ67 0 0 0 0 −2 2 2 −2 −2 2 2 −2 0 4 4 −4 −4 0 0 0

χ68 0 0 0 0 0 0 0 0 0 0 0 0 0 −8 −8 8 8 0 0 0

Table A.3: (cont.)

210



[g] 4E 4F 4G 4H 2M 2O 4I 4J 4K 4L 2N 2P 4M 2Q 2S 2R 2T 4N 4O 4P

|CḠ(g)| 25 25 25 25 28 28 28 28 28 28 28 28 25 29 29 29 29 28 28 26

χ69 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −8 8 0

χ70 2 0 0 −2 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0

χ71 0 2 −2 0 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0

χ72 0 −2 2 0 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0

χ73 2 0 0 −2 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0

χ74 −2 0 0 2 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0

χ75 0 −2 2 0 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0

χ76 0 2 −2 0 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0

χ77 −2 0 0 2 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0

χ78 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ79 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ80 0 0 0 0 2 −2 2 −2 2 −2 2 −2 0 4 −4 4 −4 0 0 0

χ81 0 0 0 0 2 −2 2 −2 2 −2 2 −2 0 4 −4 4 −4 0 0 0

χ82 0 0 0 0 2 −2 2 −2 2 −2 2 −2 0 −4 4 −4 4 0 0 0

χ83 0 0 0 0 2 −2 2 −2 2 −2 2 −2 0 −4 4 −4 4 0 0 0

χ84 0 0 0 0 −2 2 −2 2 −2 2 −2 2 0 −4 4 −4 4 0 0 0

χ85 0 0 0 0 −2 2 −2 2 −2 2 −2 2 0 −4 4 −4 4 0 0 0

χ86 0 0 0 0 −2 2 −2 2 −2 2 −2 2 0 4 −4 4 −4 0 0 0

χ87 0 0 0 0 −2 2 −2 2 −2 2 −2 2 0 4 −4 4 −4 0 0 0

χ88 0 0 0 0 6 6 −2 −2 −2 −2 −2 −2 0 4 −4 −4 4 0 0 0

χ89 0 0 0 0 2 2 2 2 −6 −6 2 2 0 4 −4 −4 4 0 0 0

χ90 0 0 0 0 2 2 2 2 2 2 −6 −6 0 −4 4 4 −4 0 0 0

χ91 0 0 0 0 −2 −2 6 6 −2 −2 −2 −2 0 −4 4 4 −4 0 0 0

χ92 0 0 0 0 −2 −2 −2 −2 6 6 −2 −2 0 4 −4 −4 4 0 0 0

χ93 0 0 0 0 −6 −6 2 2 2 2 2 2 0 4 −4 −4 4 0 0 0

χ94 0 0 0 0 2 2 −6 −6 2 2 2 2 0 −4 4 4 −4 0 0 0

χ95 0 0 0 0 −2 −2 −2 −2 −2 −2 6 6 0 −4 4 4 −4 0 0 0

χ96 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ97 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ98 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ99 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ100 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ101 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ102 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ103 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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[g] 2U 2V 4Q 4S 2X 2W 4R 4T 4U 4V 4W 4X 4Y 2Y 2Z 4Z 4AA 4AB 2AA 4AC 4AD

|CḠ(g)| 28 28 28 28 28 28 28 28 25 26 26 26 26 28 28 28 28 27 27 26 26

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ3 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ4 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ5 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ6 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ7 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ8 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1

χ9 0 0 0 0 0 0 0 0 0 2 2 2 2 0 0 0 0 0 0 0 0

χ10 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 0 0 0 0 0 0 0 0

χ11 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2

χ12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ14 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2

χ15 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ16 −2 −2 −2 −2 −2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0

χ17 1 1 1 1 1 1 1 1 −1 1 −1 −1 1 1 1 1 1 1 1 −1 −1

χ18 −1 −1 −1 −1 −1 −1 −1 −1 1 1 −1 −1 1 −1 −1 −1 −1 −1 −1 1 1

χ19 1 1 1 1 1 1 1 1 −1 1 −1 −1 1 −1 −1 −1 −1 −1 −1 1 1

χ20 −1 −1 −1 −1 −1 −1 −1 −1 1 −1 1 1 −1 −1 −1 −1 −1 −1 −1 1 1

χ21 1 1 1 1 1 1 1 1 −1 −1 1 1 −1 −1 −1 −1 −1 −1 −1 1 1

χ22 −1 −1 −1 −1 −1 −1 −1 −1 1 −1 1 1 −1 1 1 1 1 1 1 −1 −1

χ23 1 1 1 1 1 1 1 1 −1 −1 1 1 −1 1 1 1 1 1 1 −1 −1

χ24 −1 −1 −1 −1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 1 1 1 −1 −1

χ25 0 0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 0 0 0 0 0 0

χ26 0 0 0 0 0 0 0 0 0 −2 2 2 −2 0 0 0 0 0 0 0 0

χ27 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2 2

χ28 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ29 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ30 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 −2 −2

χ31 2 2 2 2 2 2 2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0

χ32 −2 −2 −2 −2 −2 −2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0
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[g] 2U 2V 4Q 4S 2X 2W 4R 4T 4U 4V 4W 4X 4Y 2Y 2Z 4Z 4AA 4AB 2AA 4AC 4AD

|CḠ(g)| 28 28 28 28 28 28 28 28 25 26 26 26 26 28 28 28 28 27 27 26 26

χ33 0 0 0 0 0 0 0 0 0 2 0 0 −2 2 2 −2 −2 2 −2 0 0

χ34 0 0 0 0 0 0 0 0 0 0 −2 2 0 −2 −2 2 2 −2 2 0 0

χ35 0 0 0 0 0 0 0 0 0 2 0 0 −2 −2 −2 2 2 −2 2 0 0

χ36 0 0 0 0 0 0 0 0 0 0 2 −2 0 0 0 0 0 0 0 −2 2

χ37 0 0 0 0 0 0 0 0 0 −2 0 0 2 0 0 0 0 0 0 −2 2

χ38 0 0 0 0 0 0 0 0 0 2 0 0 −2 0 0 0 0 0 0 −2 2

χ39 0 0 0 0 0 0 0 0 0 0 −2 2 0 0 0 0 0 0 0 −2 2

χ40 0 0 0 0 0 0 0 0 0 −2 0 0 2 −2 −2 2 2 −2 2 0 0

χ41 0 0 0 0 0 0 0 0 0 0 2 −2 0 −2 −2 2 2 −2 2 0 0

χ42 0 0 0 0 0 0 0 0 0 −2 0 0 2 2 2 −2 −2 2 −2 0 0

χ43 0 0 0 0 0 0 0 0 0 0 2 −2 0 2 2 −2 −2 2 −2 0 0

χ44 0 0 0 0 0 0 0 0 0 2 0 0 −2 0 0 0 0 0 0 2 −2

χ45 0 0 0 0 0 0 0 0 0 0 −2 2 0 0 0 0 0 0 0 2 −2

χ46 0 0 0 0 0 0 0 0 0 0 2 −2 0 0 0 0 0 0 0 2 −2

χ47 0 0 0 0 0 0 0 0 0 −2 0 0 2 0 0 0 0 0 0 2 −2

χ48 0 0 0 0 0 0 0 0 0 0 −2 2 0 2 2 −2 −2 2 −2 0 0

χ49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ50 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 4 4 0 0 −4 0 0 0

χ51 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 4 4 0 −4 0 0

χ52 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 4 4 0 −4 0 0

χ53 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 −4 −4 0 0 4 0 0 0

χ54 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 −4 −4 0 0 4 0 0 0

χ55 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 0 0 −4 −4 0 4 0 0

χ56 2 −2 −2 2 −2 2 2 −2 0 0 0 0 0 0 0 −4 −4 0 4 0 0

χ57 −2 2 2 −2 2 −2 −2 2 0 0 0 0 0 4 4 0 0 −4 0 0 0

χ58 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ59 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ60 2 −2 −2 2 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ61 −2 2 2 −2 −2 2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ62 2 −2 −2 2 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ63 −2 2 2 −2 −2 2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ64 2 −2 −2 2 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ65 −2 2 2 −2 −2 2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ66 2 −2 −2 2 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ67 −2 2 2 −2 −2 2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ68 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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[g] 2U 2V 4Q 4S 2X 2W 4R 4T 4U 4V 4W 4X 4Y 2Y 2Z 4Z 4AA 4AB 2AA 4AC 4AD

|CḠ(g)| 28 28 28 28 28 28 28 28 25 26 26 26 26 28 28 28 28 27 27 26 26

χ69 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ70 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ71 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ72 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ73 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ74 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ75 2 −2 2 −2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ76 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ77 −2 2 −2 2 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ78 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ79 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ80 6 2 −2 −6 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ81 −2 2 −2 2 2 6 −6 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ82 −2 −6 6 2 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ83 −2 2 −2 2 −6 −2 2 6 0 0 0 0 0 0 0 0 0 0 0 0 0

χ84 2 6 −6 −2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ85 2 −2 2 −2 6 2 −2 −6 0 0 0 0 0 0 0 0 0 0 0 0 0

χ86 −6 −2 2 6 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ87 2 −2 2 −2 −2 −6 6 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ88 2 2 2 2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ89 −2 −2 −2 −2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ90 −2 −2 −2 −2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ91 2 2 2 2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ92 2 2 2 2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ93 −2 −2 −2 −2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ94 −2 −2 −2 −2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ95 2 2 2 2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0 0 0 0

χ96 0 0 0 0 0 0 0 0 0 0 0 0 0 4 −4 4 −4 0 0 0 0

χ97 0 0 0 0 0 0 0 0 0 0 0 0 0 4 −4 4 −4 0 0 0 0

χ98 0 0 0 0 0 0 0 0 0 0 0 0 0 −4 4 −4 4 0 0 0 0

χ99 0 0 0 0 0 0 0 0 0 0 0 0 0 −4 4 −4 4 0 0 0 0

χ100 0 0 0 0 0 0 0 0 0 0 0 0 0 4 −4 −4 4 0 0 0 0

χ101 0 0 0 0 0 0 0 0 0 0 0 0 0 4 −4 −4 4 0 0 0 0

χ102 0 0 0 0 0 0 0 0 0 0 0 0 0 −4 4 4 −4 0 0 0 0

χ103 0 0 0 0 0 0 0 0 0 0 0 0 0 −4 4 4 −4 0 0 0 0
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[g] 4AF 4AE8A8B4AG4AH4AI4AJ 2AB2AE2AD2AC4AK4AL4AM 4AN 4AO4AP 4AQ4AR

|CḠ(g)| 25 25 25 25 25 25 25 25 28 28 28 28 27 27 26 26 26 26 26 26

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 −1

χ3 −1 −1−1−1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1

χ4 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ5 −1 −1−1−1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ6 −1 −1−1−1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ7 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ8 −1 −1−1−1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1

χ9 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 0 0 0 0

χ10 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 0 0 0 0

χ11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2

χ12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 −2

χ15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ17 1 −1−1 1 1 −1 −1 1 1 1 1 1 1 1 −1 −1 1 −1 −1 1

χ18 1 −1−1 1 −1 1 1 −1 1 1 1 1 1 1 −1 −1 −1 1 1 −1

χ19 −1 1 1−1 1 −1 −1 1 1 1 1 1 1 1 −1 −1 −1 1 1 −1

χ20 1 −1−1 1 1 −1 −1 1 −1 −1 −1 −1 −1 −1 1 1 −1 1 1 −1

χ21 −1 1 1−1 −1 1 1 −1 −1 −1 −1 −1 −1 −1 1 1 −1 1 1 −1

χ22 −1 1 1−1 1 −1 −1 1 −1 −1 −1 −1 −1 −1 1 1 1 −1 −1 1

χ23 1 −1−1 1 −1 1 1 −1 −1 −1 −1 −1 −1 −1 1 1 1 −1 −1 1

χ24 −1 1 1−1 −1 1 1 −1 1 1 1 1 1 1 −1 −1 1 −1 −1 1

χ25 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2 2 0 0 0 0

χ26 0 0 0 0 0 0 0 0 2 2 2 2 2 2 −2 −2 0 0 0 0

χ27 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 −2 2

χ28 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ29 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ30 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 2 −2

χ31 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ32 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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[g] 4AF 4AE8A8B4AG4AH4AI4AJ 2AB2AE2AD2AC4AK4AL4AM 4AN 4AO4AP 4AQ4AR

|CḠ(g)| 25 25 25 25 25 25 25 25 28 28 28 28 27 27 26 26 26 26 26 26

χ33 0 0 0 0 0 0 0 0 2 2 −2 −2 2 −2 0 0 2 0 0 −2

χ34 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 2 0 0 −2

χ35 0 0 0 0 0 0 0 0 2 2 −2 −2 2 −2 0 0 −2 0 0 2

χ36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 0 −2 2 0

χ37 0 0 0 0 0 0 0 0 2 2 −2 −2 2 −2 0 0 0 2 −2 0

χ38 0 0 0 0 0 0 0 0 −2 −2 2 2 −2 2 0 0 0 2 −2 0

χ39 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 0 −2 2 0

χ40 0 0 0 0 0 0 0 0 −2 −2 2 2 −2 2 0 0 −2 0 0 2

χ41 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 2 0 0 −2

χ42 0 0 0 0 0 0 0 0 −2 −2 2 2 −2 2 0 0 2 0 0 −2

χ43 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 −2 0 0 2

χ44 0 0 0 0 0 0 0 0 −2 −2 2 2 −2 2 0 0 0 −2 2 0

χ45 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 0 2 −2 0

χ46 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 0 2 −2 0

χ47 0 0 0 0 0 0 0 0 2 2 −2 −2 2 −2 0 0 0 −2 2 0

χ48 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 −2 0 0 2

χ49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ50 2 0 0−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ51 0 2−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ52 0 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ53 2 0 0−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ54 −2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ55 0 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ56 0 2−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ57 −2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ58 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ59 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ60 0 0 0 0 2 0 0 −2 4 4 0 0 −4 0 0 0 0 0 0 0

χ61 0 0 0 0 0 2 −2 0 0 0 4 4 0 −4 0 0 0 0 0 0

χ62 0 0 0 0 0 −2 2 0 0 0 4 4 0 −4 0 0 0 0 0 0

χ63 0 0 0 0 2 0 0 −2 −4 −4 0 0 4 0 0 0 0 0 0 0

χ64 0 0 0 0 −2 0 0 2 −4 −4 0 0 4 0 0 0 0 0 0 0

χ65 0 0 0 0 0 −2 2 0 0 0 −4 −4 0 4 0 0 0 0 0 0

χ66 0 0 0 0 0 2 −2 0 0 0 −4 −4 0 4 0 0 0 0 0 0

χ67 0 0 0 0 −2 0 0 2 4 4 0 0 −4 0 0 0 0 0 0 0

χ68 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.3: (cont.)
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[g] 4AF 4AE8A8B4AG4AH4AI4AJ 2AB2AE2AD2AC4AK4AL4AM 4AN 4AO4AP 4AQ4AR

|CḠ(g)| 25 25 25 25 25 25 25 25 28 28 28 28 27 27 26 26 26 26 26 26

χ69 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ70 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ71 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ72 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ73 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ74 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ75 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ76 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ77 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ78 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ79 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ80 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ81 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ82 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ83 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ84 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ85 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ86 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ87 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ88 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ89 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ90 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ92 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ93 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ94 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ95 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ96 0 0 0 0 0 0 0 0 4 −4 4 −4 0 0 0 0 0 0 0 0

χ97 0 0 0 0 0 0 0 0 −4 4 −4 4 0 0 0 0 0 0 0 0

χ98 0 0 0 0 0 0 0 0 4 −4 4 −4 0 0 0 0 0 0 0 0

χ99 0 0 0 0 0 0 0 0 −4 4 −4 4 0 0 0 0 0 0 0 0

χ100 0 0 0 0 0 0 0 0 4 −4 −4 4 0 0 0 0 0 0 0 0

χ101 0 0 0 0 0 0 0 0 −4 4 4 −4 0 0 0 0 0 0 0 0

χ102 0 0 0 0 0 0 0 0 4 −4 −4 4 0 0 0 0 0 0 0 0

χ103 0 0 0 0 0 0 0 0 −4 4 4 −4 0 0 0 0 0 0 0 0
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[g] 2AF 2AG 2AI 2AH 4AS 4AT 4AU 4AV 4AW 4AX 4AY 4AZ

|CḠ(g)| 28 28 28 28 27 27 26 26 26 26 26 26

χ1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ3 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ4 1 1 1 1 1 1 1 1 1 1 1 1

χ5 1 1 1 1 1 1 1 1 1 1 1 1

χ6 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ7 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ8 1 1 1 1 1 1 1 1 1 1 1 1

χ9 0 0 0 0 0 0 0 0 0 0 0 0

χ10 0 0 0 0 0 0 0 0 0 0 0 0

χ11 0 0 0 0 0 0 0 0 0 0 0 0

χ12 −2 −2 −2 −2 −2 −2 −2 −2 2 2 2 2

χ13 2 2 2 2 2 2 2 2 −2 −2 −2 −2

χ14 0 0 0 0 0 0 0 0 0 0 0 0

χ15 0 0 0 0 0 0 0 0 0 0 0 0

χ16 0 0 0 0 0 0 0 0 0 0 0 0

χ17 1 1 1 1 1 1 −1 −1 1 −1 −1 1

χ18 −1 −1 −1 −1 −1 −1 1 1 −1 1 1 −1

χ19 −1 −1 −1 −1 −1 −1 1 1 −1 1 1 −1

χ20 1 1 1 1 1 1 −1 −1 1 −1 −1 1

χ21 1 1 1 1 1 1 −1 −1 1 −1 −1 1

χ22 −1 −1 −1 −1 −1 −1 1 1 −1 1 1 −1

χ23 −1 −1 −1 −1 −1 −1 1 1 −1 1 1 −1

χ24 1 1 1 1 1 1 −1 −1 1 −1 −1 1

χ25 0 0 0 0 0 0 0 0 0 0 0 0

χ26 0 0 0 0 0 0 0 0 0 0 0 0

χ27 0 0 0 0 0 0 0 0 0 0 0 0

χ28 −2 −2 −2 −2 −2 −2 2 2 2 −2 −2 2

χ29 2 2 2 2 2 2 −2 −2 −2 2 2 −2

χ30 0 0 0 0 0 0 0 0 0 0 0 0

χ31 0 0 0 0 0 0 0 0 0 0 0 0

χ32 0 0 0 0 0 0 0 0 0 0 0 0
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[g] 2AF 2AG 2AI 2AH 4AS 4AT 4AU 4AV 4AW 4AX 4AY 4AZ

|CḠ(g)| 28 28 28 28 27 27 26 26 26 26 26 26

χ33 2 2 −2 −2 2 −2 0 0 2 0 0 −2

χ34 0 0 0 0 0 0 2 −2 0 −2 2 0

χ35 −2 −2 2 2 −2 2 0 0 −2 0 0 2

χ36 −2 −2 2 2 −2 2 0 0 2 0 0 −2

χ37 0 0 0 0 0 0 2 −2 0 2 −2 0

χ38 0 0 0 0 0 0 −2 2 0 −2 2 0

χ39 2 2 −2 −2 2 −2 0 0 −2 0 0 2

χ40 2 2 −2 −2 2 −2 0 0 2 0 0 −2

χ41 0 0 0 0 0 0 −2 2 0 2 −2 0

χ42 −2 −2 2 2 −2 2 0 0 −2 0 0 2

χ43 0 0 0 0 0 0 2 −2 0 −2 2 0

χ44 0 0 0 0 0 0 2 −2 0 2 −2 0

χ45 −2 −2 2 2 −2 2 0 0 2 0 0 −2

χ46 2 2 −2 −2 2 −2 0 0 −2 0 0 2

χ47 0 0 0 0 0 0 −2 2 0 −2 2 0

χ48 0 0 0 0 0 0 −2 2 0 2 −2 0

χ49 0 0 0 0 0 0 0 0 0 0 0 0

χ50 0 0 0 0 0 0 0 0 0 0 0 0

χ51 0 0 0 0 0 0 0 0 0 0 0 0

χ52 0 0 0 0 0 0 0 0 0 0 0 0

χ53 0 0 0 0 0 0 0 0 0 0 0 0

χ54 0 0 0 0 0 0 0 0 0 0 0 0

χ55 0 0 0 0 0 0 0 0 0 0 0 0

χ56 0 0 0 0 0 0 0 0 0 0 0 0

χ57 0 0 0 0 0 0 0 0 0 0 0 0

χ58 0 0 0 0 0 0 0 0 0 0 0 0

χ59 0 0 0 0 0 0 0 0 0 0 0 0

χ60 0 0 0 0 0 0 0 0 0 0 0 0

χ61 0 0 0 0 0 0 0 0 0 0 0 0

χ62 0 0 0 0 0 0 0 0 0 0 0 0

χ63 0 0 0 0 0 0 0 0 0 0 0 0

χ64 0 0 0 0 0 0 0 0 0 0 0 0

χ65 0 0 0 0 0 0 0 0 0 0 0 0

χ66 0 0 0 0 0 0 0 0 0 0 0 0

χ67 0 0 0 0 0 0 0 0 0 0 0 0

χ68 0 0 0 0 0 0 0 0 0 0 0 0

Table A.3: (cont.)

219



[g] 2AF 2AG 2AI 2AH 4AS 4AT 4AU 4AV 4AW 4AX 4AY 4AZ

|CḠ(g)| 28 28 28 28 27 27 26 26 26 26 26 26

χ69 0 0 0 0 0 0 0 0 0 0 0 0

χ70 4 4 0 0 −4 0 0 0 0 0 0 0

χ71 0 0 −4 −4 0 4 0 0 0 0 0 0

χ72 4 4 0 0 −4 0 0 0 0 0 0 0

χ73 −4 −4 0 0 4 0 0 0 0 0 0 0

χ74 0 0 4 4 0 −4 0 0 0 0 0 0

χ75 −4 −4 0 0 4 0 0 0 0 0 0 0

χ76 0 0 4 4 0 −4 0 0 0 0 0 0

χ77 0 0 −4 −4 0 4 0 0 0 0 0 0

χ78 0 0 0 0 0 0 0 0 0 0 0 0

χ79 0 0 0 0 0 0 0 0 0 0 0 0

χ80 0 0 0 0 0 0 0 0 0 0 0 0

χ81 0 0 0 0 0 0 0 0 0 0 0 0

χ82 0 0 0 0 0 0 0 0 0 0 0 0

χ83 0 0 0 0 0 0 0 0 0 0 0 0

χ84 0 0 0 0 0 0 0 0 0 0 0 0

χ85 0 0 0 0 0 0 0 0 0 0 0 0

χ86 0 0 0 0 0 0 0 0 0 0 0 0

χ87 0 0 0 0 0 0 0 0 0 0 0 0

χ88 0 0 0 0 0 0 0 0 0 0 0 0

χ89 0 0 0 0 0 0 0 0 0 0 0 0

χ90 0 0 0 0 0 0 0 0 0 0 0 0

χ91 0 0 0 0 0 0 0 0 0 0 0 0

χ92 0 0 0 0 0 0 0 0 0 0 0 0

χ93 0 0 0 0 0 0 0 0 0 0 0 0

χ94 0 0 0 0 0 0 0 0 0 0 0 0

χ95 0 0 0 0 0 0 0 0 0 0 0 0

χ96 4 −4 4 −4 0 0 0 0 0 0 0 0

χ97 −4 4 −4 4 0 0 0 0 0 0 0 0

χ98 −4 4 −4 4 0 0 0 0 0 0 0 0

χ99 4 −4 4 −4 0 0 0 0 0 0 0 0

χ100 4 −4 −4 4 0 0 0 0 0 0 0 0

χ101 −4 4 4 −4 0 0 0 0 0 0 0 0

χ102 −4 4 4 −4 0 0 0 0 0 0 0 0

χ103 4 −4 −4 4 0 0 0 0 0 0 0 0
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[g] 2AK 2AJ 2AL 2AM 4AAA 4AAB 4AAC 2AN 2AO 2AP 2AQ 4AAD 4AAE

|CḠ(g)| 29 29 29 29 28 28 26 210 210 210 210 28 26

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 1 1 1 1 1 1 1

χ3 1 1 1 1 1 1 1 1 1 1 1 1 1

χ4 1 1 1 1 1 1 1 1 1 1 1 1 1

χ5 1 1 1 1 1 1 1 1 1 1 1 1 1

χ6 1 1 1 1 1 1 1 1 1 1 1 1 1

χ7 1 1 1 1 1 1 1 1 1 1 1 1 1

χ8 1 1 1 1 1 1 1 1 1 1 1 1 1

χ9 −2 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2

χ10 −2 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2

χ11 −2 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2

χ12 2 2 2 2 2 2 2 2 2 2 2 2 2

χ13 2 2 2 2 2 2 2 2 2 2 2 2 2

χ14 −2 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2

χ15 0 0 0 0 0 0 0 −4 −4 −4 −4 −4 −4

χ16 0 0 0 0 0 0 0 −4 −4 −4 −4 −4 −4

χ17 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ18 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ19 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ20 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ21 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ22 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ23 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ24 1 1 1 1 1 1 −1 1 1 1 1 1 −1

χ25 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2 −2

χ26 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2 −2

χ27 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2 −2

χ28 2 2 2 2 2 2 −2 2 2 2 2 2 −2

χ29 2 2 2 2 2 2 −2 2 2 2 2 2 −2

χ30 −2 −2 −2 −2 −2 −2 2 2 2 2 2 2 −2

χ31 0 0 0 0 0 0 0 −4 −4 −4 −4 −4 4

χ32 0 0 0 0 0 0 0 −4 −4 −4 −4 −4 4
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[g] 2AK 2AJ 2AL 2AM 4AAA 4AAB 4AAC 2AN 2AO 2AP 2AQ 4AAD 4AAE

|CḠ(g)| 29 29 29 29 28 28 26 210 210 210 210 28 26

χ33 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ34 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ35 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ36 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ37 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ38 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ39 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ40 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ41 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ42 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ43 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ44 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ45 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ46 2 2 2 2 −2 −2 0 2 2 2 2 −2 0

χ47 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ48 −2 −2 −2 −2 2 2 0 2 2 2 2 −2 0

χ49 0 0 0 0 0 0 0 −8 −8 −8 −8 8 0

χ50 0 0 0 0 0 0 0 4 −4 4 −4 0 0

χ51 0 0 0 0 0 0 0 −4 4 −4 4 0 0

χ52 0 0 0 0 0 0 0 −4 4 −4 4 0 0

χ53 0 0 0 0 0 0 0 4 −4 4 −4 0 0

χ54 0 0 0 0 0 0 0 4 −4 4 −4 0 0

χ55 0 0 0 0 0 0 0 −4 4 −4 4 0 0

χ56 0 0 0 0 0 0 0 −4 4 −4 4 0 0

χ57 0 0 0 0 0 0 0 4 −4 4 −4 0 0

χ58 0 0 0 0 0 0 0 8 −8 8 −8 0 0

χ59 0 0 0 0 0 0 0 −8 8 −8 8 0 0

χ60 0 0 0 0 0 0 0 4 −4 −4 4 0 0

χ61 0 0 0 0 0 0 0 −4 4 4 −4 0 0

χ62 0 0 0 0 0 0 0 −4 4 4 −4 0 0

χ63 0 0 0 0 0 0 0 4 −4 −4 4 0 0

χ64 0 0 0 0 0 0 0 4 −4 −4 4 0 0

χ65 0 0 0 0 0 0 0 −4 4 4 −4 0 0

χ66 0 0 0 0 0 0 0 −4 4 4 −4 0 0

χ67 0 0 0 0 0 0 0 4 −4 −4 4 0 0

χ68 0 0 0 0 0 0 0 8 −8 −8 8 0 0
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[g] 2AK 2AJ 2AL 2AM 4AAA 4AAB 4AAC 2AN 2AO 2AP 2AQ 4AAD 4AAE

|CḠ(g)| 29 29 29 29 28 28 26 210 210 210 210 28 26

χ69 0 0 0 0 0 0 0 −8 8 8 −8 0 0

χ70 4 4 −4 −4 0 0 0 4 4 −4 −4 0 0

χ71 0 0 0 0 4 −4 0 −4 −4 4 4 0 0

χ72 0 0 0 0 4 −4 0 −4 −4 4 4 0 0

χ73 4 4 −4 −4 0 0 0 4 4 −4 −4 0 0

χ74 4 4 −4 −4 0 0 0 4 4 −4 −4 0 0

χ75 0 0 0 0 4 −4 0 −4 −4 4 4 0 0

χ76 0 0 0 0 4 −4 0 −4 −4 4 4 0 0

χ77 4 4 −4 −4 0 0 0 4 4 −4 −4 0 0

χ78 −8 −8 8 8 0 0 0 8 8 −8 −8 0 0

χ79 0 0 0 0 −8 8 0 −8 −8 8 8 0 0

χ80 4 −4 4 −4 0 0 0 0 0 0 0 0 0

χ81 −4 4 −4 4 0 0 0 0 0 0 0 0 0

χ82 −4 4 −4 4 0 0 0 0 0 0 0 0 0

χ83 4 −4 4 −4 0 0 0 0 0 0 0 0 0

χ84 −4 4 −4 4 0 0 0 0 0 0 0 0 0

χ85 4 −4 4 −4 0 0 0 0 0 0 0 0 0

χ86 4 −4 4 −4 0 0 0 0 0 0 0 0 0

χ87 −4 4 −4 4 0 0 0 0 0 0 0 0 0

χ88 4 −4 −4 4 0 0 0 0 0 0 0 0 0

χ89 −4 4 4 −4 0 0 0 0 0 0 0 0 0

χ90 −4 4 4 −4 0 0 0 0 0 0 0 0 0

χ91 4 −4 −4 4 0 0 0 0 0 0 0 0 0

χ92 −4 4 4 −4 0 0 0 0 0 0 0 0 0

χ93 4 −4 −4 4 0 0 0 0 0 0 0 0 0

χ94 4 −4 −4 4 0 0 0 0 0 0 0 0 0

χ95 −4 4 4 −4 0 0 0 0 0 0 0 0 0

χ96 0 0 0 0 0 0 0 0 0 0 0 0 0

χ97 0 0 0 0 0 0 0 0 0 0 0 0 0

χ98 0 0 0 0 0 0 0 0 0 0 0 0 0

χ99 0 0 0 0 0 0 0 0 0 0 0 0 0

χ100 0 0 0 0 0 0 0 0 0 0 0 0 0

χ101 0 0 0 0 0 0 0 0 0 0 0 0 0

χ102 0 0 0 0 0 0 0 0 0 0 0 0 0

χ103 0 0 0 0 0 0 0 0 0 0 0 0 0
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[g] 1a 2a 2b 2c 2d 2e 2f 2g 2h 4a 4b 4c 2i 2j 2k 2l 2m 2n 2o 4d 4e 2p 4f 4g 2q 4h 4i 4j 8a 2r 4k 4l 2s 2t 2u 2v

|CH1(g)| 2k 9 7 8 7 7 9 6 5 6 6 5 6 9 7 8 7 7 9 7 6 7 7 6 7 6 5 6 4 4 6 5 6 6 7 7 6

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 −1 1 1 −1

χ3 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 −1 1

χ4 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 1 −1 1 −1 1 1 −1

χ5 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 1 −1 1 1 −1 −1 1

χ6 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 −1 1 1 −1

χ7 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1

χ8 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 1 −1

χ9 1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 1 −1 −1 1

χ10 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 −1 −1

χ11 1 1 −1 −1 1 1 1 −1 −1 −1 −1 −1 1 1 −1 −1 −1 1 1 1 −1 1 −1 −1 −1 1 1 1 1 −1 1 1 1 −1 −1 −1

χ12 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 1 1 1 −1 −1 −1 −1

χ13 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 1

χ14 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ15 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ16 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1

χ17 2 2 2 2 2 2 0 0 0 0 0 0 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 −2 −2 −2 −2

χ18 2 −2 2 2 −2 2 0 0 0 0 0 0 2 −2 2 2 −2 2 −2 2 −2 −2 2 −2 0 0 0 0 0 0 0 0 2 −2 −2 2

χ19 2 2 2 2 2 2 0 0 0 0 0 0 2 2 2 2 2 2 −2 −2 −2 −2 −2 −2 0 0 0 0 0 0 0 0 2 2 2 2

χ20 2 −2 2 2 −2 2 0 0 0 0 0 0 2 −2 2 2 −2 2 −2 2 −2 −2 2 −2 0 0 0 0 0 0 0 0 −2 2 2 −2

χ21 2 −2 2 2 −2 2 0 0 0 0 0 0 −2 2 −2 −2 2 −2 −2 2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ22 2 −2 2 2 −2 2 0 0 0 0 0 0 −2 2 −2 −2 2 −2 −2 2 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ23 2 −2 2 2 −2 2 0 0 0 0 0 0 −2 2 −2 −2 2 −2 2 −2 2 −2 2 −2 −2 2 −2 0 0 2 −2 2 0 0 0 0

χ24 2 −2 2 2 −2 2 0 0 0 0 0 0 −2 2 −2 −2 2 −2 2 −2 2 −2 2 −2 2 −2 2 0 0 −2 2 −2 0 0 0 0

χ25 2 0 2 −2 0 2 −2 0 −2 0 2 0 2 0 2 −2 0 2 2 0 −2 2 0 −2 0 0 0 0 0 0 0 0 0 −2 −2 0

χ26 2 0 2 −2 0 2 −2 0 −2 0 2 0 2 0 2 −2 0 2 2 0 −2 2 0 −2 0 0 0 0 0 0 0 0 0 2 2 0

χ27 2 0 2 −2 0 2 0 −2 0 2 0 2 2 0 2 −2 0 2 −2 0 2 −2 0 2 0 0 0 0 0 0 0 0 0 −2 −2 0

χ28 2 0 2 −2 0 2 0 −2 0 2 0 2 2 0 2 −2 0 2 −2 0 2 −2 0 2 0 0 0 0 0 0 0 0 0 2 2 0

χ29 2 0 2 −2 0 2 0 2 0 −2 0 −2 2 0 2 −2 0 2 −2 0 2 −2 0 2 0 0 0 0 0 0 0 0 0 −2 −2 0

χ30 2 0 2 −2 0 2 0 2 0 −2 0 −2 2 0 2 −2 0 2 −2 0 2 −2 0 2 0 0 0 0 0 0 0 0 0 2 2 0

χ31 2 0 2 −2 0 2 2 0 2 0 −2 0 2 0 2 −2 0 2 2 0 −2 2 0 −2 0 0 0 0 0 0 0 0 0 −2 −2 0

χ32 2 0 2 −2 0 2 2 0 2 0 −2 0 2 0 2 −2 0 2 2 0 −2 2 0 −2 0 0 0 0 0 0 0 0 0 2 2 0

χ33 2 2 2 2 2 2 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 −2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ34 2 2 2 2 2 2 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 −2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0

χ35 2 2 2 2 2 2 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2 2 2 −2 −2 −2 −2 −2 −2 0 0 2 2 2 0 0 0 0

χ36 2 2 2 2 2 2 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 2 2 2 −2 −2 −2 2 2 2 0 0 −2 −2 −2 0 0 0 0

χ37 4 0 −4 0 0 4 0 0 0 0 0 0 4 0 −4 0 0 4 0 0 0 0 0 0 −2 0 2 0 0 −2 0 2 0 0 0 0

χ38 4 0 −4 0 0 4 0 0 0 0 0 0 4 0 −4 0 0 4 0 0 0 0 0 0 −2 0 2 0 0 −2 0 2 0 0 0 0

χ39 4 0 −4 0 0 4 0 0 0 0 0 0 4 0 −4 0 0 4 0 0 0 0 0 0 2 0 −2 0 0 2 0 −2 0 0 0 0

χ40 4 0 −4 0 0 4 0 0 0 0 0 0 4 0 −4 0 0 4 0 0 0 0 0 0 2 0 −2 0 0 2 0 −2 0 0 0 0

χ41 4 −2 0 0 2 −4 −2 0 2 2 0 −2 −4 2 0 0 −2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 2

χ42 4 −2 0 0 2 −4 −2 0 2 2 0 −2 −4 2 0 0 −2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 −2

χ43 4 −2 0 0 2 −4 2 0 −2 −2 0 2 −4 2 0 0 −2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 2

χ44 4 −2 0 0 2 −4 2 0 −2 −2 0 2 −4 2 0 0 −2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 −2

χ45 4 0 4 −4 0 4 0 0 0 0 0 0 −4 0 −4 4 0 −4 −4 0 4 4 0 −4 0 0 0 0 0 0 0 0 0 0 0 0

χ46 4 0 4 −4 0 4 0 0 0 0 0 0 −4 0 −4 4 0 −4 4 0 −4 −4 0 4 0 0 0 0 0 0 0 0 0 0 0 0

χ47 4 2 0 0 −2 −4 −2 0 2 −2 0 2 −4 −2 0 0 2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 2

χ48 4 2 0 0 −2 −4 −2 0 2 −2 0 2 −4 −2 0 0 2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 −2

χ49 4 2 0 0 −2 −4 2 0 −2 2 0 −2 −4 −2 0 0 2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 2

χ50 4 2 0 0 −2 −4 2 0 −2 2 0 −2 −4 −2 0 0 2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 −2

χ51 4 0 −4 0 0 4 0 0 0 0 0 0 −4 0 4 0 0 −4 0 0 0 0 0 0 −2 0 2 0 0 2 0 −2 0 −4 4 0

χ52 4 0 −4 0 0 4 0 0 0 0 0 0 −4 0 4 0 0 −4 0 0 0 0 0 0 −2 0 2 0 0 2 0 −2 0 4 −4 0

χ53 4 0 −4 0 0 4 0 0 0 0 0 0 −4 0 4 0 0 −4 0 0 0 0 0 0 2 0 −2 0 0 −2 0 2 0 −4 4 0

χ54 4 0 −4 0 0 4 0 0 0 0 0 0 −4 0 4 0 0 −4 0 0 0 0 0 0 2 0 −2 0 0 −2 0 2 0 4 −4 0

χ55 8 −4 0 0 4 −8 0 0 0 0 0 0 8 −4 0 0 4 −8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ56 8 4 0 0 −4 −8 0 0 0 0 0 0 8 4 0 0 −4 −8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.4: Character Table of H1 = 25:(2×D8)
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[g] 4t 2z 4u 2aa 4v 8b 4w 4x 2ab 4y 2w 2x 2y 4m 4n 4o 4p 4q 4r 4s

|CH1
(g)| 2k 7 8 8 6 5 6 6 5 6 5 6 6 5 6 6 4 4 5 6 6

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 −1 1 −1 1 −1 −1 1 1 1 −1 −1 −1 1 1 −1 −1

χ3 −1 −1 −1 −1 1 −1 1 −1 1 1 −1 −1 −1 1 1 1 −1 −1 1 1

χ4 1 1 1 1 −1 1 −1 1 −1 −1 1 1 −1 1 1 1 −1 −1 1 1

χ5 1 −1 1 1 −1 1 −1 1 1 −1 −1 −1 1 −1 −1 −1 1 1 −1 −1

χ6 1 1 1 −1 1 −1 1 −1 1 −1 1 1 1 −1 −1 1 −1 1 −1 −1

χ7 −1 −1 −1 1 −1 1 −1 1 −1 1 −1 −1 −1 1 1 −1 1 −1 1 1

χ8 1 1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 −1 1 1

χ9 −1 −1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 −1 1 −1 1 −1 −1

χ10 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 1 1 1 −1 −1 1 1 1

χ11 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 −1 −1 −1 1 1 −1 −1 −1

χ12 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 −1 −1 −1

χ13 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1

χ14 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ15 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ16 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ17 −2 −2 −2 0 0 0 0 0 0 2 2 2 0 0 0 0 0 0 0 0

χ18 −2 −2 −2 0 0 0 0 0 0 −2 2 2 0 0 0 0 0 0 0 0

χ19 2 2 2 0 0 0 0 0 0 −2 −2 −2 0 0 0 0 0 0 0 0

χ20 2 2 2 0 0 0 0 0 0 2 −2 −2 0 0 0 0 0 0 0 0

χ21 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 2 0 0 2 −2 −2

χ22 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 −2 0 0 −2 2 2

χ23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ25 2 2 2 0 2 0 −2 0 −2 0 −2 2 0 0 0 0 0 0 0 0

χ26 −2 −2 −2 0 −2 0 2 0 2 0 2 −2 0 0 0 0 0 0 0 0

χ27 2 2 2 2 0 2 0 −2 0 0 2 −2 0 0 0 0 0 0 0 0

χ28 −2 −2 −2 −2 0 −2 0 2 0 0 −2 2 0 0 0 0 0 0 0 0

χ29 2 2 2 −2 0 −2 0 2 0 0 2 −2 0 0 0 0 0 0 0 0

χ30 −2 −2 −2 2 0 2 0 −2 0 0 −2 2 0 0 0 0 0 0 0 0

χ31 2 2 2 0 −2 0 2 0 2 0 −2 2 0 0 0 0 0 0 0 0

χ32 −2 −2 −2 0 2 0 −2 0 −2 0 2 −2 0 0 0 0 0 0 0 0

χ33 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 −2 0 0 2 2 2

χ34 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 0 0 −2 −2 −2

χ35 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ37 −4 4 4 0 0 0 0 0 0 0 0 0 0 −2 2 0 0 0 −2 2

χ38 4 −4 −4 0 0 0 0 0 0 0 0 0 0 2 −2 0 0 0 2 −2

χ39 −4 4 4 0 0 0 0 0 0 0 0 0 0 2 −2 0 0 0 2 −2

χ40 4 −4 −4 0 0 0 0 0 0 0 0 0 0 −2 2 0 0 0 −2 2

χ41 0 −4 4 2 0 −2 −2 0 2 0 0 0 0 0 0 0 0 0 0 0

χ42 0 4 −4 −2 0 2 2 0 −2 0 0 0 0 0 0 0 0 0 0 0

χ43 0 −4 4 −2 0 2 2 0 −2 0 0 0 0 0 0 0 0 0 0 0

χ44 0 4 −4 2 0 −2 −2 0 2 0 0 0 0 0 0 0 0 0 0 0

χ45 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ46 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ47 0 4 −4 2 0 −2 2 0 −2 0 0 0 0 0 0 0 0 0 0 0

χ48 0 −4 4 −2 0 2 −2 0 2 0 0 0 0 0 0 0 0 0 0 0

χ49 0 4 −4 −2 0 2 −2 0 2 0 0 0 0 0 0 0 0 0 0 0

χ50 0 −4 4 2 0 −2 2 0 −2 0 0 0 0 0 0 0 0 0 0 0

χ51 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 0 0 0 −2 2

χ52 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 0 0 0 2 −2

χ53 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2 0 0 0 2 −2

χ54 0 0 0 0 0 0 0 0 0 0 0 0 0 2 −2 0 0 0 −2 2

χ55 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ56 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.4: (cont.)
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[g] 1a 2a 4a 2b 2c 4b 2d 2e 2f 2g 4c 2h 4d 2i 2j 2k 2l 2m 2n 2o 4e 4f 2p 2q 2r 2s 2t 2u 4g 4h 2v 2w 2x 2y 2z 2aa

|CH3(g)| 2k 8 6 5 6 6 5 7 6 7 8 5 6 5 6 6 8 7 6 7 8 6 6 6 7 7 7 7 6 6 6 6 7 7 7 7 6

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 1 −1 1 −1 −1 −1 1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1

χ3 1 1 1 −1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 −1 −1 −1 1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1

χ4 1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 1 −1 1 −1 −1 −1 1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1

χ5 1 1 1 −1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 −1 −1 −1 1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1

χ6 1 −1 1 −1 −1 1 1 −1 1 1 −1 1 −1 1 1 −1 −1 1 −1 −1 1 1 1 −1 −1 −1 −1 1 −1 −1 −1 1 1 1 1 −1

χ7 1 1 −1 1 −1 −1 1 −1 1 1 1 −1 1 −1 1 −1 −1 1 −1 −1 −1 −1 1 −1 −1 −1 −1 1 1 1 −1 1 1 1 1 −1

χ8 1 −1 1 −1 −1 1 1 −1 1 1 −1 1 −1 1 1 −1 −1 1 −1 −1 1 1 1 −1 −1 −1 −1 1 −1 −1 −1 1 1 1 1 −1

χ9 1 1 −1 1 −1 −1 1 −1 1 1 1 −1 1 −1 1 −1 −1 1 −1 −1 −1 −1 1 −1 −1 −1 −1 1 1 1 −1 1 1 1 1 −1

χ10 1 −1 1 1 1 −1 1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 −1 1 1 1 1 −1 −1 −1

χ11 1 1 −1 −1 1 1 1 −1 −1 −1 −1 −1 1 1 −1 −1 −1 1 1 1 −1 1 −1 −1 −1 1 1 1 1 −1 1 1 1 −1 −1 −1

χ12 1 −1 1 1 1 −1 1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 −1 1 1 1 1 −1 −1 −1

χ13 1 1 −1 −1 1 1 1 −1 −1 −1 −1 −1 1 1 −1 −1 −1 1 1 1 −1 1 −1 −1 −1 1 1 1 1 −1 1 1 1 −1 −1 −1

χ14 1 −1 −1 −1 1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1

χ15 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ16 1 −1 −1 −1 1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1

χ17 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ18 1 −1 −1 1 −1 1 1 1 −1 −1 1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1

χ19 1 1 1 −1 −1 −1 1 1 −1 −1 −1 1 1 −1 −1 1 1 1 −1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1

χ20 1 −1 −1 1 −1 1 1 1 −1 −1 1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1

χ21 1 1 1 −1 −1 −1 1 1 −1 −1 −1 1 1 −1 −1 1 1 1 −1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1

χ22 1 −1 1 −1 −1 1 1 −1 1 1 1 −1 1 −1 −1 1 1 −1 1 1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1

χ23 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 1 −1 1 1 −1 1 1 1 1 −1 1 1 1 1 −1 1 1 −1 1 1 1 1 −1

χ24 1 −1 1 −1 −1 1 1 −1 1 1 1 −1 1 −1 −1 1 1 −1 1 1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1

χ25 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 1 −1 1 1 −1 1 1 1 1 −1 1 1 1 1 −1 1 1 −1 1 1 1 1 −1

χ26 1 −1 1 1 1 −1 1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1

χ27 1 1 −1 −1 1 1 1 −1 −1 −1 1 1 −1 −1 1 1 1 −1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 −1 1 1 1 −1 −1 −1

χ28 1 −1 1 1 1 −1 1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1

χ29 1 1 −1 −1 1 1 1 −1 −1 −1 1 1 −1 −1 1 1 1 −1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 −1 1 1 1 −1 −1 −1

χ30 1 −1 −1 −1 1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1

χ31 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ32 1 −1 −1 −1 1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 1 1 1 1

χ33 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 −2 2 0 2 −2 0 0 0 2 −2 −2 2 0 0 0 0 −2 2 2 −2 0

χ34 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 −2 2 0 2 −2 0 0 0 2 −2 −2 2 0 0 0 0 −2 2 2 −2 0

χ35 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 −2 2 0 −2 2 0 0 0 2 −2 2 −2 0 0 0 0 −2 2 −2 2 0

χ36 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 −2 2 0 −2 2 0 0 0 2 −2 2 −2 0 0 0 0 −2 2 −2 2 0

χ37 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 2 −2 0 −2 2 0 0 0 −2 2 2 −2 0 0 0 0 −2 2 2 −2 0

χ38 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 2 −2 0 −2 2 0 0 0 −2 2 2 −2 0 0 0 0 −2 2 2 −2 0

χ39 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 2 −2 0 2 −2 0 0 0 −2 2 −2 2 0 0 0 0 −2 2 −2 2 0

χ40 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 2 −2 0 2 −2 0 0 0 −2 2 −2 2 0 0 0 0 −2 2 −2 2 0

χ41 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 −2 2 0 2 −2 0 0 0 −2 2 2 −2 0 0 0 0 2 −2 −2 2 0

χ42 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 −2 2 0 2 −2 0 0 0 −2 2 2 −2 0 0 0 0 2 −2 −2 2 0

χ43 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 −2 2 0 −2 2 0 0 0 −2 2 −2 2 0 0 0 0 2 −2 2 −2 0

χ44 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 −2 2 0 −2 2 0 0 0 −2 2 −2 2 0 0 0 0 2 −2 2 −2 0

χ45 2 −2 0 2 0 0 2 0 −2 −2 0 2 0 −2 0 −2 −2 0 2 2 −2 2 0 2 2 −2 −2 0 2 −2 0 −2 −2 2 2 0

χ46 2 2 0 −2 0 0 2 0 −2 −2 0 −2 0 2 0 −2 −2 0 2 2 2 −2 0 2 2 −2 −2 0 −2 2 0 −2 −2 2 2 0

χ47 2 −2 0 −2 0 0 2 0 2 2 0 2 0 2 0 −2 −2 0 −2 −2 −2 −2 0 2 2 2 2 0 2 2 0 −2 −2 −2 −2 0

χ48 2 2 0 2 0 0 2 0 2 2 0 −2 0 −2 0 −2 −2 0 −2 −2 2 2 0 2 2 2 2 0 −2 −2 0 −2 −2 −2 −2 0

χ49 2 −2 0 2 0 0 2 0 −2 −2 0 −2 0 2 0 2 2 0 −2 −2 2 −2 0 −2 −2 2 2 0 2 −2 0 −2 −2 2 2 0

χ50 2 2 0 −2 0 0 2 0 −2 −2 0 2 0 −2 0 2 2 0 −2 −2 −2 2 0 −2 −2 2 2 0 −2 2 0 −2 −2 2 2 0

χ51 2 −2 0 −2 0 0 2 0 2 2 0 −2 0 −2 0 2 2 0 2 2 2 2 0 −2 −2 −2 −2 0 2 2 0 −2 −2 −2 −2 0

χ52 2 2 0 2 0 0 2 0 2 2 0 2 0 2 0 2 2 0 2 2 −2 −2 0 −2 −2 −2 −2 0 −2 −2 0 −2 −2 −2 −2 0

χ53 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 2 −2 0 −2 2 0 0 0 2 −2 −2 2 0 0 0 0 2 −2 −2 2 0

χ54 2 0 0 0 0 0 −2 0 −2 2 0 0 0 0 0 2 −2 0 −2 2 0 0 0 2 −2 −2 2 0 0 0 0 2 −2 −2 2 0

χ55 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 2 −2 0 2 −2 0 0 0 2 −2 2 −2 0 0 0 0 2 −2 2 −2 0

χ56 2 0 0 0 0 0 −2 0 2 −2 0 0 0 0 0 2 −2 0 2 −2 0 0 0 2 −2 2 −2 0 0 0 0 2 −2 2 −2 0

χ57 4 0 0 0 −2 0 0 −2 0 4 0 0 0 0 2 −4 0 2 0 −4 0 0 −2 0 0 0 0 −2 0 0 2 0 0 0 0 2

χ58 4 0 0 0 −2 0 0 2 0 −4 0 0 0 0 2 −4 0 −2 0 4 0 0 −2 0 0 0 0 2 0 0 2 0 0 0 0 −2

χ59 4 0 0 0 2 0 0 −2 0 −4 0 0 0 0 −2 −4 0 2 0 4 0 0 2 0 0 0 0 −2 0 0 −2 0 0 0 0 2

χ60 4 0 0 0 2 0 0 2 0 4 0 0 0 0 −2 −4 0 −2 0 −4 0 0 2 0 0 0 0 2 0 0 −2 0 0 0 0 −2

χ61 4 0 0 0 −2 0 0 −2 0 4 0 0 0 0 −2 4 0 −2 0 4 0 0 2 0 0 0 0 2 0 0 2 0 0 0 0 2

χ62 4 0 0 0 −2 0 0 2 0 −4 0 0 0 0 −2 4 0 2 0 −4 0 0 2 0 0 0 0 −2 0 0 2 0 0 0 0 −2

χ63 4 0 0 0 2 0 0 −2 0 −4 0 0 0 0 2 4 0 −2 0 −4 0 0 −2 0 0 0 0 2 0 0 −2 0 0 0 0 2

χ64 4 0 0 0 2 0 0 2 0 4 0 0 0 0 2 4 0 2 0 4 0 0 −2 0 0 0 0 −2 0 0 −2 0 0 0 0 −2

Table A.5: Character Table of H3 = 22 × ((((4× 2) : 2) : 2) : 2)
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[g] 2ab 2ac 2ad 2ae 4i 2af 4j 4k 4l 2ag 4m 2ah 4n 4o 4p 2ai 4q 2aj 4r 4s 4t 2ak 4u 2al 4v 4w 4x 2am

|CH3(g)| 2k 8 8 8 8 5 6 5 6 6 6 5 6 6 5 6 6 5 6 5 6 6 6 5 6 6 5 6 6

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 −1 1 1 1 −1 −1 1 −1 1 −1 1 1 1 −1 −1

χ3 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 −1 1 1 −1 1 1 −1 1 −1 −1 1 1 1 −1 −1

χ4 1 −1 −1 1 1 −1 −1 1 −1 1 −1 1 1 1 −1 −1 −1 1 1 −1 1 −1 1 −1 −1 −1 1 1

χ5 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 1 −1 −1 1 −1 −1 1 −1 1 1 −1 −1 −1 1 1

χ6 1 1 −1 −1 −1 1 −1 1 1 1 1 −1 −1 1 −1 −1 1 −1 1 −1 −1 −1 −1 1 1 −1 1 1

χ7 1 1 −1 −1 1 −1 1 −1 −1 −1 1 −1 −1 1 −1 −1 −1 1 −1 1 1 1 −1 1 1 −1 1 1

χ8 1 1 −1 −1 1 −1 1 −1 −1 −1 −1 1 1 −1 1 1 −1 1 −1 1 1 1 1 −1 −1 1 −1 −1

χ9 1 1 −1 −1 −1 1 −1 1 1 1 −1 1 1 −1 1 1 1 −1 1 −1 −1 −1 1 −1 −1 1 −1 −1

χ10 1 −1 −1 1 1 1 −1 −1 1 −1 −1 −1 −1 1 1 1 −1 −1 1 1 −1 1 1 1 1 −1 −1 −1

χ11 1 −1 −1 1 −1 −1 1 1 −1 1 −1 −1 −1 1 1 1 1 1 −1 −1 1 −1 1 1 1 −1 −1 −1

χ12 1 −1 −1 1 −1 −1 1 1 −1 1 1 1 1 −1 −1 −1 1 1 −1 −1 1 −1 −1 −1 −1 1 1 1

χ13 1 −1 −1 1 1 1 −1 −1 1 −1 1 1 1 −1 −1 −1 −1 −1 1 1 −1 1 −1 −1 −1 1 1 1

χ14 1 1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1

χ15 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1

χ16 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1

χ17 1 1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ18 1 −1 1 −1 −1 1 1 −1 1 −1 1 −1 −1 −1 1 1 −1 1 1 −1 1 −1 1 −1 −1 −1 1 1

χ19 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1 −1 −1 1 1 1 −1 −1 1 −1 1 1 −1 −1 −1 1 1

χ20 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 1 1 −1 −1 1 −1 −1 1 −1 1 −1 1 1 1 −1 −1

χ21 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1 1 1 −1 −1 −1 1 1 −1 1 −1 −1 1 1 1 −1 −1

χ22 1 1 1 1 −1 1 −1 1 1 1 1 −1 −1 1 −1 −1 −1 1 −1 1 1 1 1 −1 −1 1 −1 −1

χ23 1 1 1 1 1 −1 1 −1 −1 −1 1 −1 −1 1 −1 −1 1 −1 1 −1 −1 −1 1 −1 −1 1 −1 −1

χ24 1 1 1 1 1 −1 1 −1 −1 −1 −1 1 1 −1 1 1 1 −1 1 −1 −1 −1 −1 1 1 −1 1 1

χ25 1 1 1 1 −1 1 −1 1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 1 1 −1 1 1 −1 1 1

χ26 1 −1 1 −1 1 1 −1 −1 1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 1 −1 −1 −1 −1 1 1 1

χ27 1 −1 1 −1 −1 −1 1 1 −1 1 −1 −1 −1 1 1 1 −1 −1 1 1 −1 1 −1 −1 −1 1 1 1

χ28 1 −1 1 −1 −1 −1 1 1 −1 1 1 1 1 −1 −1 −1 −1 −1 1 1 −1 1 1 1 1 −1 −1 −1

χ29 1 −1 1 −1 1 1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 1 −1 −1 1 −1 1 1 1 −1 −1 −1

χ30 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1

χ31 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ32 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1

χ33 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ34 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ35 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ36 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ37 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ38 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ39 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ40 2 2 2 2 0 2 0 2 2 2 0 0 0 0 0 0 0 2 0 2 2 2 0 0 0 0 0 0

χ41 2 2 2 2 0 0 0 0 0 0 0 2 2 0 2 2 0 0 0 0 0 0 0 2 2 0 2 2

χ42 2 2 2 2 0 0 0 0 0 0 0 2 2 0 2 2 0 0 0 0 0 0 0 2 2 0 2 2

χ43 2 2 2 2 0 0 0 0 0 0 0 2 2 0 2 2 0 0 0 0 0 0 0 2 2 0 2 2

χ44 2 2 2 2 0 0 0 0 0 0 0 2 2 0 2 2 0 0 0 0 0 0 0 −2 2 0 2 2

χ45 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ46 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ47 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ48 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ49 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ50 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ51 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ52 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ53 2 2 2 2 0 0 0 0 0 0 0 2 2 0 2 −2 0 0 0 0 0 0 0 −2 2 0 2 −2

χ54 2 2 2 2 0 0 0 0 0 0 0 2 −2 0 −2 2 0 0 0 0 0 0 0 2 −2 0 −2 2

χ55 2 −2 2 −2 0 0 0 0 0 0 0 −2 2 0 −2 2 0 0 0 0 0 0 0 −2 2 0 −2 2

χ56 2 −2 2 −2 0 0 0 0 0 0 0 2 −2 0 2 −2 0 0 0 0 0 0 0 2 −2 0 2 −2

χ57 −4 −4 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ58 −4 4 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ59 −4 4 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ60 −4 −4 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ61 −4 −4 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ62 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ63 −4 4 −4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

χ64 −4 −4 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table A.5: (cont.)
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[g] 1a 2a 2b 2c 2d 2e 2f 2g 2h 2i 2j 2k 2l 2m 2n 2o 2p 2q 2r 2s 2t 2u 2v 2w 2x 2y 2z 2aa 4a 2ab 4b 2ac 4c 4d 4e 4f

|CH4(g)| 2k 7 6 6 7 6 6 6 6 6 7 6 7 6 6 6 6 6 7 6 7 6 6 6 7 6 7 6 6 5 5 5 5 5 5 5 5

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 1 −1

χ3 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1 1 1 −1 −1 −1 1 −1 −1 1 1 1 −1 −1 −1 1 1 1 1 −1 −1

χ4 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1

χ5 1 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1 1 −1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 1

χ6 1 −1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 −1 1

χ7 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1 1 1 −1 −1 −1 1 −1 −1 1 1 1 −1 1 1 −1 −1 −1 −1 1 1

χ8 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1

χ9 1 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1 1 −1 −1 −1 1 1 −1 1 1 1 −1 −1 1 1 −1 −1

χ10 1 −1 −1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 1 1 −1 1 −1 −1 −1 1 −1 1 −1 −1 1 −1 1

χ11 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 −1 −1 −1 −1 1 1 1 1

χ12 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 1 1 −1 1 −1 1 −1 1 −1

χ13 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ14 1 −1 −1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 1 1 −1 1 −1 −1 −1 −1 1 −1 1 1 −1 1 −1

χ15 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1

χ16 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1

χ17 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

χ18 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1

χ19 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 1 1 1 −1 −1 −1 1 −1 −1 1 1 1 1 −1 −1

χ20 1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1

χ21 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 −1 −1 −1 1 1 −1 −1 1 1

χ22 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1

χ23 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 1 1 1 −1 −1 −1 1 1 1 −1 −1 −1 −1 1 1

χ24 1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1

χ25 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1

χ26 1 −1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 1 −1 1 −1 1 1 1 1 −1 1 −1 −1 1 −1 1

χ27 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ28 1 −1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 −1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 −1

χ29 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ30 1 −1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 1 −1 1 −1 1 1 1 −1 1 −1 1 1 −1 1 −1

χ31 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1

χ32 1 −1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 −1 −1 1 −1 1 −1 −1 −1 1 −1 1 −1 1 −1 1

χ33 2 0 0 −2 0 −2 0 2 0 −2 0 2 0 2 0 −2 0 2 0 −2 0 0 0 −2 0 2 0 0 0 0 0 0 0 0 0 0

χ34 2 0 0 −2 0 2 0 −2 0 −2 0 2 0 −2 0 2 0 2 0 −2 0 0 0 −2 0 2 0 0 0 0 0 0 0 0 0 0

χ35 2 0 0 2 0 −2 0 −2 0 −2 0 −2 0 2 0 2 0 2 0 2 0 0 0 −2 0 −2 0 0 0 0 0 0 0 0 0 0

χ36 2 0 0 2 0 2 0 2 0 −2 0 −2 0 −2 0 −2 0 2 0 2 0 0 0 −2 0 −2 0 0 0 0 0 0 0 0 0 0

χ37 2 0 0 −2 0 −2 0 2 0 2 0 −2 0 −2 0 2 0 2 0 −2 0 0 0 2 0 −2 0 0 0 0 0 0 0 0 0 0

χ38 2 0 0 −2 0 2 0 −2 0 2 0 −2 0 2 0 −2 0 2 0 −2 0 0 0 2 0 −2 0 0 0 0 0 0 0 0 0 0

χ39 2 0 0 2 0 −2 0 −2 0 2 0 2 0 −2 0 −2 0 2 0 2 0 0 0 2 0 2 0 0 0 0 0 0 0 0 0 0

χ40 2 0 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 0 0 2 0 2 0 0 0 0 0 0 0 0 0 0

χ41 2 −2 2 −2 0 0 0 0 2 −2 −2 2 0 0 0 0 2 −2 −2 2 0 0 −2 2 2 −2 0 0 0 0 0 0 0 0 0 0

χ42 2 2 −2 −2 0 0 0 0 −2 −2 2 2 0 0 0 0 −2 −2 2 2 0 0 2 2 −2 −2 0 0 0 0 0 0 0 0 0 0

χ43 2 0 0 −2 −2 0 2 0 0 −2 0 2 2 0 −2 0 0 −2 0 2 2 −2 0 2 0 −2 −2 2 0 0 0 0 0 0 0 0

χ44 2 0 0 −2 2 0 −2 0 0 −2 0 2 −2 0 2 0 0 −2 0 2 −2 2 0 2 0 −2 2 −2 0 0 0 0 0 0 0 0

χ45 2 −2 −2 2 0 0 0 0 2 −2 2 −2 0 0 0 0 2 −2 2 −2 0 0 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0

χ46 2 2 2 2 0 0 0 0 −2 −2 −2 −2 0 0 0 0 −2 −2 −2 −2 0 0 2 2 2 2 0 0 0 0 0 0 0 0 0 0

χ47 2 0 0 2 −2 0 −2 0 0 −2 0 −2 2 0 2 0 0 −2 0 −2 2 2 0 2 0 2 −2 −2 0 0 0 0 0 0 0 0

χ48 2 0 0 2 2 0 2 0 0 −2 0 −2 −2 0 −2 0 0 −2 0 −2 −2 −2 0 2 0 2 2 2 0 0 0 0 0 0 0 0

χ49 2 0 0 −2 −2 0 2 0 0 2 0 −2 −2 0 2 0 0 −2 0 2 2 −2 0 −2 0 2 2 −2 0 0 0 0 0 0 0 0

χ50 2 0 0 −2 2 0 −2 0 0 2 0 −2 2 0 −2 0 0 −2 0 2 −2 2 0 −2 0 2 −2 2 0 0 0 0 0 0 0 0

χ51 2 −2 2 −2 0 0 0 0 −2 2 2 −2 0 0 0 0 2 −2 −2 2 0 0 2 −2 −2 2 0 0 0 0 0 0 0 0 0 0

χ52 2 2 −2 −2 0 0 0 0 2 2 −2 −2 0 0 0 0 −2 −2 2 2 0 0 −2 −2 2 2 0 0 0 0 0 0 0 0 0 0

χ53 2 0 0 2 −2 0 −2 0 0 2 0 2 −2 0 −2 0 0 −2 0 −2 2 2 0 −2 0 −2 2 2 0 0 0 0 0 0 0 0

χ54 2 0 0 2 2 0 2 0 0 2 0 2 2 0 2 0 0 −2 0 −2 −2 −2 0 −2 0 −2 −2 −2 0 0 0 0 0 0 0 0

χ55 2 −2 −2 2 0 0 0 0 −2 2 −2 2 0 0 0 0 2 −2 2 −2 0 0 2 −2 2 −2 0 0 0 0 0 0 0 0 0 0

χ56 2 2 2 2 0 0 0 0 2 2 2 2 0 0 0 0 −2 −2 −2 −2 0 0 −2 −2 −2 −2 0 0 0 0 0 0 0 0 0 0

Table A.6: Character Table of H4 = 22 × (24 : 2)
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[g] 4g 2ad 4h 2ae 4i 4j 4k 4l 2af 2ag 2ah 2ai 2aj 2ak 2al 2am 2an 2ao 2ap 2aq

|CH4
(g)| 2k 5 5 5 5 5 5 5 5 7 7 6 6 7 7 6 6 7 7 7 7

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1

χ3 1 1 −1 −1 −1 −1 1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1

χ4 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1

χ5 1 1 −1 −1 1 1 −1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1

χ6 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1

χ7 −1 −1 1 1 1 1 −1 −1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1

χ8 1 −1 −1 1 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1

χ9 −1 −1 1 1 −1 −1 1 1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1

χ10 −1 1 −1 1 1 −1 1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

χ11 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

χ12 −1 1 −1 1 −1 1 −1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1

χ13 1 1 1 1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1

χ14 1 −1 1 −1 −1 1 −1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

χ15 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

χ16 1 −1 1 −1 1 −1 1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1

χ17 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1

χ18 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1

χ19 −1 −1 1 1 1 1 −1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1

χ20 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1

χ21 −1 −1 1 1 −1 −1 1 1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1

χ22 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1

χ23 1 1 −1 −1 −1 −1 1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1

χ24 −1 1 1 −1 −1 1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1

χ25 1 1 −1 −1 1 1 −1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1

χ26 1 −1 1 −1 −1 1 −1 1 1 1 −1 −1 1 1 −1 −1 1 1 1 1

χ27 −1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 1 −1 −1 1 1 1 1

χ28 1 −1 1 −1 1 −1 1 −1 1 1 1 1 1 1 1 1 1 1 1 1

χ29 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1

χ30 −1 1 −1 1 1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 1 1

χ31 1 1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 1 1

χ32 −1 1 −1 1 −1 1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ33 0 0 0 0 0 0 0 0 2 −2 −2 2 −2 2 2 −2 2 −2 −2 2

χ34 0 0 0 0 0 0 0 0 2 −2 2 −2 −2 2 −2 2 2 −2 −2 2

χ35 0 0 0 0 0 0 0 0 2 2 −2 −2 −2 −2 2 2 2 2 −2 −2

χ36 0 0 0 0 0 0 0 0 2 2 2 2 −2 −2 −2 −2 2 2 −2 −2

χ37 0 0 0 0 0 0 0 0 −2 2 2 −2 −2 2 2 −2 −2 2 −2 2

χ38 0 0 0 0 0 0 0 0 −2 2 −2 2 −2 2 −2 2 −2 2 −2 2

χ39 0 0 0 0 0 0 0 0 −2 −2 2 2 −2 −2 2 2 −2 −2 −2 −2

χ40 0 0 0 0 0 0 0 0 −2 −2 −2 −2 −2 −2 −2 −2 −2 −2 −2 −2

χ41 0 0 0 0 0 0 0 0 −2 2 0 0 2 −2 0 0 2 −2 −2 2

χ42 0 0 0 0 0 0 0 0 −2 2 0 0 2 −2 0 0 2 −2 −2 2

χ43 0 0 0 0 0 0 0 0 2 −2 0 0 −2 2 0 0 −2 2 2 −2

χ44 0 0 0 0 0 0 0 0 2 −2 0 0 −2 2 0 0 −2 2 2 −2

χ45 0 0 0 0 0 0 0 0 −2 −2 0 0 2 2 0 0 2 2 −2 −2

χ46 0 0 0 0 0 0 0 0 −2 −2 0 0 2 2 0 0 2 2 −2 −2

χ47 0 0 0 0 0 0 0 0 2 2 0 0 −2 −2 0 0 −2 −2 2 2

χ48 0 0 0 0 0 0 0 0 2 2 0 0 −2 −2 0 0 −2 −2 2 2

χ49 0 0 0 0 0 0 0 0 −2 2 0 0 −2 2 0 0 2 −2 2 −2

χ50 0 0 0 0 0 0 0 0 −2 2 0 0 −2 2 0 0 2 −2 2 −2

χ51 0 0 0 0 0 0 0 0 2 −2 0 0 2 −2 0 0 −2 2 −2 2

χ52 0 0 0 0 0 0 0 0 2 −2 0 0 2 −2 0 0 −2 2 −2 2

χ53 0 0 0 0 0 0 0 0 −2 −2 0 0 −2 −2 0 0 2 2 2 2

χ54 0 0 0 0 0 0 0 0 −2 −2 0 0 −2 −2 0 0 2 2 2 2

χ55 0 0 0 0 0 0 0 0 2 2 0 0 2 2 0 0 −2 −2 −2 −2

χ56 0 0 0 0 0 0 0 0 2 2 0 0 2 2 0 0 −2 −2 −2 −2

Table A.6: (cont.)
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[g] 1a 2a 2b 4a 2c 4b 2d 2e 8a 4c 4d 2f 4e 2g 4f 2h 2i 4g 2j 4h

|CH6(g)| 2k 7 4 5 3 5 4 5 6 3 3 5 5 4 4 5 5 7 4 5 5

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 1 1

χ3 1 1 −1 −1 1 1 −1 1 1 −1 1 −1 −1 1 1 −1 1 −1 1 1

χ4 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1 1

χ5 1 1 −1 −1 1 1 −1 1 −1 1 −1 1 1 −1 −1 1 1 −1 1 1

χ6 1 −1 1 −1 1 −1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ7 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ8 1 −1 1 −1 1 −1 1 1 −1 −1 1 1 1 1 1 1 1 1 1 1

χ9 2 0 0 0 −2 0 0 2 0 0 0 2 −2 0 0 2 2 0 2 −2

χ10 2 0 0 0 −2 0 0 2 0 0 0 −2 2 0 0 −2 2 0 2 −2

χ11 2 0 2 0 2 0 2 2 0 0 0 0 0 0 0 0 2 −2 −2 −2

χ12 2 0 −2 0 2 0 −2 2 0 0 0 0 0 0 0 0 2 2 −2 −2

χ13 2 0 0 0 −2 0 0 2 0 0 2 0 0 −2 2 0 2 0 −2 2

χ14 2 0 0 0 −2 0 0 2 0 0 −2 0 0 2 −2 0 2 0 −2 2

χ15 4 −2 0 0 0 2 0 −4 0 0 0 0 0 0 0 0 4 0 0 0

χ16 4 2 0 0 0 −2 0 −4 0 0 0 0 0 0 0 0 4 0 0 0

χ17 4 0 −2 0 0 0 2 0 0 0 2 −2 0 0 −2 2 −4 0 0 0

χ18 4 0 −2 0 0 0 2 0 0 0 −2 2 0 0 2 −2 −4 0 0 0

χ19 4 0 2 0 0 0 −2 0 0 0 −2 −2 0 0 2 2 −4 0 0 0

χ20 4 0 2 0 0 0 −2 0 0 0 2 2 0 0 −2 −2 −4 0 0 0

Table A.7: Character Table of H6 = (D8 ×D8):2

[g] 1a 2a 2b 2c 2d 2e 2f 4a 2g 4b 4c 2h 2i 2j 2k 4d 4e 2l 4f 4g 2m 2n 4h 4i 2o

|CH7(g)| 2k 6 5 5 4 5 6 5 4 4 4 4 6 6 4 5 5 4 5 5 5 5 4 4 5 5

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 1 −1 −1 1 1 1 −1 −1 1 1 1 1 −1 −1 1 −1 −1 −1 1 1 −1 −1 1

χ3 1 −1 1 −1 −1 1 1 1 −1 −1 1 1 1 −1 1 1 −1 1 1 1 −1 −1 1 1 −1

χ4 1 1 −1 −1 1 1 −1 −1 −1 1 1 1 1 −1 −1 1 1 −1 1 1 1 −1 −1 1 1

χ5 1 1 −1 −1 1 1 −1 −1 −1 1 1 1 1 1 1 −1 −1 1 −1 −1 −1 1 1 −1 −1

χ6 1 −1 −1 1 −1 1 −1 1 −1 1 −1 1 1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1

χ7 1 −1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 −1 1 1 −1 1 −1 1 −1 1 −1

χ8 1 1 1 1 1 1 1 −1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1

χ9 1 1 1 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1

χ10 1 −1 1 −1 −1 1 1 −1 1 1 −1 1 1 1 −1 −1 1 −1 −1 1 −1 −1 1 1 −1

χ11 1 −1 1 −1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 1 −1 −1 1

χ12 1 1 −1 −1 1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1

χ13 1 1 −1 −1 1 1 −1 1 1 −1 −1 1 1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1

χ14 1 −1 −1 1 −1 1 −1 −1 1 −1 1 1 1 1 −1 1 −1 −1 1 1 −1 1 −1 1 −1

χ15 1 −1 −1 1 −1 1 −1 −1 1 −1 1 1 1 −1 1 −1 1 1 −1 −1 1 −1 1 −1 1

χ16 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

χ17 2 0 −2 0 0 −2 2 0 0 0 0 −2 2 0 −2 2 0 2 −2 0 0 0 0 0 0

χ18 2 0 −2 0 0 −2 2 0 0 0 0 −2 2 0 2 −2 0 −2 2 0 0 0 0 0 0

χ19 2 0 2 0 0 −2 −2 0 0 0 0 −2 2 0 −2 −2 0 2 2 0 0 0 0 0 0

χ20 2 0 2 0 0 −2 −2 0 0 0 0 −2 2 0 2 2 0 −2 −2 0 0 0 0 0 0

χ21 2 −2 0 0 2 −2 0 0 0 0 0 2 −2 0 0 0 0 0 0 2 −2 0 0 −2 2

χ22 2 −2 0 0 2 −2 0 0 0 0 0 2 −2 0 0 0 0 0 0 −2 2 0 0 2 −2

χ23 2 2 0 0 −2 −2 0 0 0 0 0 2 −2 0 0 0 0 0 0 −2 −2 0 0 2 2

χ24 2 2 0 0 −2 −2 0 0 0 0 0 2 −2 0 0 0 0 0 0 2 2 0 0 −2 −2

χ25 4 0 0 0 0 4 0 0 0 0 0 −4 −4 0 0 0 0 0 0 0 0 0 0 0 0

Table A.8: Character Table of H7 = D8 ×D8
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[g] 1a 2a 2b 2c 4a 4b 2d 4c 4d 2e 4e 2f 2g 2h 4f 2i

|CH8(g)| 2k 6 4 4 4 4 4 5 3 3 4 3 4 6 5 4 5

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 −1 −1 −1 1 1 1 −1 −1 1 −1 1 1 −1 1

χ3 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1

χ4 1 −1 −1 1 −1 −1 1 1 1 −1 −1 −1 1 1 1 1

χ5 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 1 1 1 1

χ6 1 1 −1 −1 −1 1 1 −1 1 1 −1 1 1 1 −1 1

χ7 1 −1 1 −1 1 −1 1 1 −1 1 −1 1 1 1 −1 1

χ8 1 −1 −1 1 −1 −1 1 −1 −1 1 1 1 1 1 1 1

χ9 2 0 0 −2 0 0 2 0 0 0 0 0 2 −2 2 −2

χ10 2 0 0 2 0 0 2 0 0 0 0 0 2 −2 −2 −2

χ11 2 −2 0 0 0 2 −2 0 0 0 0 0 2 −2 0 2

χ12 2 2 0 0 0 −2 −2 0 0 0 0 0 2 −2 0 2

χ13 2 0 −2 0 2 0 −2 0 0 0 0 0 2 2 0 −2

χ14 2 0 2 0 −2 0 −2 0 0 0 0 0 2 2 0 −2

χ15 4 0 0 0 0 0 0 0 0 −2 0 2 −4 0 0 0

χ16 4 0 0 0 0 0 0 0 0 2 0 −2 −4 0 0 0

Table A.9: Character Table of H8 = (((4× 2):2):2):2

[g] 1a 2a 2b 2c 2d 2e 2f 2g 4a 4b 2h 4c 4d 4e 2i 4f 2j 2k 2l 2m 2n 2o 2p 2q 2r 2s 2t 2u

|CH10(g)| 2k 6 5 5 5 5 5 6 5 4 4 4 4 4 4 4 4 5 5 6 5 5 6 6 5 6 5 6 6

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 −1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 −1 1 1 1 −1 −1 1 −1 1

χ3 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1 −1 1

χ4 1 −1 −1 1 1 1 −1 −1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 1 1 1 −1 −1 −1 1

χ5 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 1

χ6 1 1 −1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 −1 1 1 1 −1 −1 1 −1 1

χ7 1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1 1 −1 1

χ8 1 −1 −1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 1 1 −1 −1 −1 1 1 1 −1 −1 −1 1

χ9 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 1

χ10 1 1 −1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 1 1 −1 1 −1 1 1

χ11 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 1 −1 1 −1 1 1

χ12 1 −1 −1 1 −1 −1 1 1 1 1 −1 −1 1 1 −1 −1 −1 −1 1 −1 −1 1 1 1 1 1 1 1

χ13 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1

χ14 1 1 −1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1 1 1 −1 1 −1 1 1

χ15 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 1 1 −1 1 −1 1 1

χ16 1 −1 −1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 1 1 1 1 1

χ17 2 0 0 −2 0 0 −2 2 0 0 0 0 0 0 0 0 0 0 −2 0 0 2 −2 2 2 −2 2 −2

χ18 2 0 0 2 0 0 −2 −2 0 0 0 0 0 0 0 0 0 0 −2 0 0 2 −2 −2 2 2 2 −2

χ19 2 0 0 −2 0 0 2 −2 0 0 0 0 0 0 0 0 0 0 2 0 0 2 −2 2 −2 2 −2 −2

χ20 2 0 0 2 0 0 2 2 0 0 0 0 0 0 0 0 0 0 2 0 0 2 −2 −2 −2 −2 −2 −2

χ21 2 −2 0 0 0 2 −2 0 0 0 0 0 0 0 0 0 0 −2 2 0 2 −2 −2 0 2 0 −2 2

χ22 2 2 0 0 0 −2 −2 0 0 0 0 0 0 0 0 0 0 2 2 0 −2 −2 −2 0 2 0 −2 2

χ23 2 0 −2 0 2 0 −2 0 0 0 0 0 0 0 0 0 −2 0 2 2 0 −2 2 0 −2 0 2 −2

χ24 2 0 2 0 −2 0 −2 0 0 0 0 0 0 0 0 0 2 0 2 −2 0 −2 2 0 −2 0 2 −2

χ25 2 −2 0 0 0 −2 2 0 0 0 0 0 0 0 0 0 0 2 −2 0 2 −2 −2 0 −2 0 2 2

χ26 2 2 0 0 0 2 2 0 0 0 0 0 0 0 0 0 0 −2 −2 0 −2 −2 −2 0 −2 0 2 2

χ27 2 0 −2 0 −2 0 2 0 0 0 0 0 0 0 0 0 2 0 −2 2 0 −2 2 0 2 0 −2 −2

χ28 2 0 2 0 2 0 2 0 0 0 0 0 0 0 0 0 −2 0 −2 −2 0 −2 2 0 2 0 −2 −2

Table A.10: Character Table of H10 = 2× (24:2)
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[g] 1a 2a 2b 2c 2d 2e 2f 2g 2h 2i 2j 2k 2l 4a 2m 4b 2n 4c 2o 4d

|CH11(g)| 2k 5 4 5 4 5 5 5 4 5 4 5 5 4 4 4 4 4 4 4 4

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 1 −1 −1 1

χ3 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 1 −1

χ4 1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1 1 −1

χ5 1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1

χ6 1 1 −1 −1 −1 1 −1 −1 1 1 1 −1 −1 −1 1 1 1 1 −1 −1

χ7 1 1 −1 −1 −1 1 −1 −1 1 1 1 −1 1 1 −1 −1 −1 −1 1 1

χ8 1 1 −1 −1 −1 1 1 1 −1 −1 −1 1 −1 −1 1 1 −1 −1 1 1

χ9 1 1 −1 −1 −1 1 1 1 −1 −1 −1 1 1 1 −1 −1 1 1 −1 −1

χ10 1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 −1 1 −1 1 1 −1 1 −1

χ11 1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 −1 1 −1 1

χ12 1 −1 1 −1 1 1 1 −1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1

χ13 1 −1 1 −1 1 1 1 −1 1 −1 1 1 1 −1 1 −1 1 −1 1 −1

χ14 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

χ15 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1

χ16 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

χ17 2 0 −2 0 2 −2 −2 0 2 0 −2 2 0 0 0 0 0 0 0 0

χ18 2 0 −2 0 2 −2 2 0 −2 0 2 −2 0 0 0 0 0 0 0 0

χ19 2 0 2 0 −2 −2 −2 0 −2 0 2 2 0 0 0 0 0 0 0 0

χ20 2 0 2 0 −2 −2 2 0 2 0 −2 −2 0 0 0 0 0 0 0 0

Table A.11: Character Table of H11 = 22 ×D8

[g] 1a 2a 2b 2c 2d 2e 4a 2f 4b 2g

|CH14(g)| 2k 4 3 4 3 4 4 3 3 3 3

χ1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 1 1 −1 −1 1 −1 −1 1

χ3 1 −1 1 1 −1 −1 −1 1 1 −1

χ4 1 −1 1 −1 1 1 1 −1 1 −1

χ5 1 −1 1 −1 1 1 −1 1 −1 1

χ6 1 1 1 −1 −1 −1 −1 −1 1 1

χ7 1 1 1 −1 −1 −1 1 1 −1 −1

χ8 1 1 1 1 1 1 −1 −1 −1 −1

χ9 2 0 −2 0 2 −2 0 0 0 0

χ10 2 0 −2 0 −2 2 0 0 0 0

Table A.12: Character Table of H14 = 2×D8
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[50] V. A López and J. M Arregi. Conjugacy classes in Sylow p-subgroups of GL(n, q). J. Algebra,

152(1):1–19, 1992.

[51] M. Marjoram. Irreducible characters of a Sylow subgroup of the orthogonal group. Commu-

nications in Algebra, 27(3):1171–1195, 1999.

[52] M. Marjoram. Irreducible characters of small degree of the unitriangular group. Irish Math.

Soc. Bull., (42):21–31, 1999.

[53] J. Moori. On the Groups G+ of the Forms 210:M22 and 210:M̄22. University of Birmingham,

PhD Thesis, 1975.

[54] J. Moori. On certain groups associated with the smallest Fischer group. J. London Math. Soc.

(2), 23(1):61–67, 1981.

[55] J. Moori. Fischer-Clifford matrices and representation theory of group extensions. Article

presented at the First Joint International Meeting of the AMS and the HKMS, Hong Kong,

People’s Republic of China, December 13-16 2000.

[56] J. Moori. AIMS COURSE on Further Group Theory/Representation Theory. North West

235



University Mafikeng Campus, 2011.

[57] J. Moori and Z. Mpono. Fischer-Clifford matrices and the character table of a maximal

subgroup of F̄22. Int. J. Math. Game Theory Algebra, 10(1):1–12, 2000.

[58] J. Moori and T. T Seretlo. On a maximal subgroup of O+
10(2). submitted, 2013.

[59] J. Moori and T. T Seretlo. On 2 nonsplit extension groups associated with HS and HS:2.

Turkish J. Math, 38(1):60–78, 2014.

[60] J. Moori and T. T Seretlo. On the Fischer-Clifford matrices of a maximal subgroup of the

Lyons group Ly. Iranian Math. Soc, 39(5):1037–1052, 2015.

[61] Z. E Mpono. Fischer Clifford Theory and Character Tables of Group Extensions. University

of Kwazulu-Natal, Pietermarizburg, PhD Thesis, 1998.

[62] H. Pahlings. The character table of 21+22
+ .Co2. J. Algebra, 315(1):301–325, 2007.

[63] A. Previtali. Orbit lenghs and character degress in p-Sylow subgroups of some classical Lie

groups. J. Algebra, 177(3):658–675, 1995.

[64] A. Previtali. Unitriangular actions on quadratic forms and character degrees. Linear Algebra

and its Applictions, 408:120–150, 2005.

[65] A. L Prins. On the Fischer Clifford matrices of the non-split extension 26.G2(2). Bull. Iranian

Math. Soc, 41(4):857–871, 2015.

[66] J. Sangroniz. Character degrees of the Sylow p − subgroups of classical groups. Groups St.

Andrews in Oxford, vol. II, 487493, 2001.

[67] J. Sangroniz. Irreducible characters of large degree of Sylow p− subgroups of classical groups.

321:1480–1496, 2009.

[68] W. R Scott. Croup Theory. Prentice-Hall, Inc, Engleawood Cliffs, New Jersey, 1964.

[69] T. T Seretlo. Fischer Clifford Matrices and Character Tables of Certain Groups Associated

with Simple Groups O+
10(2), HS and Ly. University of Kwazulu-Natal, Pietermarizburg, PhD

Thesis, 2011.

[70] T. T Seretlo. On a maximal subgroup of O+
10(2). Southeast Asian Bull. Math, 39:249–263,

2015.

[71] T. T Seretlo and J. Moori. On an inertia factor group of 28:O+
8 (2). Ital. J. Pure Appl. Math,

(33):241–254, 2014.

[72] B. Srinivasan. The characters of the finite symplectic group Sp(4, q). 131(2):488–525, 1968.

[73] F. Szechtman. Irreducible characters of Sylow subgroups of symplectic and unitary groups. J.

Algebra, 303(2):722–730, 2006.

[74] B. Szegedy. Characters of the Borel and Sylow subgroups of classical groups. J. Algebra,

267(1):130–136, 2003.

[75] L. Tung. Supercharacters and pattern subgroups in the upper tringular groups. Proceedings

236



of the Edinburg Mathematical Society, (56):177–186, 2013.

[76] A. J Weir. Sylow p-subgroups of the classical groups over finite fields with characteristic prime

to p. Proc. Amer. Math. Soc, 6:529–533, 1955.

[77] A. J Weir. Sylow p-subgroups of the general linear group over finite fields of characteristic p.

Proc. Amer. Math. Soc, 6:454–464, 1955.

[78] N. S Whitley. Fischer Matrices and Character Tables of Group Extensions. University of

Natal, Pietermaritzburg, MSc Dissertation, 1994.

[79] R. A Wilson. The Finite Simple Groups. Springer-Verlag Limited, 2009.

[80] R. A Wilson, R. P Walsh, J. Tripp, I. Suleiman, S. Rogers, R. Parker, S. Norton,

S. Nickerson, S. Linton, J. Bray, and R. Abbot. Atlas of Finite Group Representation.

http://brauer.maths.qmul.ac.uk/Atlas/v3/, 2006.

237


