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Abstract 

In this thesis we study certain nonlinear multi-dimensional partial differential equa­

tions which are mathematical models of various physical phenomena of the real 

world. Closed-form solutions and conservation laws are obtained for such equa­

tions using various methods. 

The multi-dimensional partial differential equations that are investigated in this 

thesis are (2+ 1) and (3+ 1 )-dimensional Boussinesq equations, a generalized (3+ 1 )­

dimensional Kawahara equation, a (3 + 1)-dimensional KP-Boussinesq equation, a 

(3 + 1)-dimensional BKP-Boussinesq equation, two extended (3 + 1)-dimensional 

Jimbo-Miwa equations, the combined KdV-negative-order KdV equation and the 

Calogero-Bogoyavlenskii-Schiff equation. 

Exact solutions of the (2 + 1)-dimensional and (3 + 1)-dimensional Boussinesq 

equations are obtained using the Lie symmetry method along with the simplest 

equation method. The solutions obtained are solitary waves and non-topological 

soliton. Conservation laws for both equations are constructed using the new con­

servation theorem due to Ibragimov. 

Lie symmetry analysis together with Kudryashov's method is used to obtained 

travelling wave solutions for the generalized (3+1)-dimensional Kawahara equation. 

Conservation laws are derived using the mult iplier approach. 

Lie symmetry method is employed to perform symmetry reductions on the (3 + 

1)-dimensional generalized KP-Boussinesq equation and thereafter Kudryashov's 

method is used to obtain exact solutions. Conservation laws are constructed using 

Ibragimov's theorem. 

Exact solutions of the (3 + 1)-dimensional BKP-Boussinesq equation are con­

structed using symmetry reductions and (G' / G)-expansion method. The new 



conservation theorem is employed to obtain conservation laws. 

Lie symmetry method together with the (G' / G)-expansion method and the sim­

plest equation method are used to derive exact solutions of two generalized ex­

tended (3 + 1)-dimensional Jimbo-Miwa equations. Conservation laws are con­

structed using Ibragimov's method. 

The ( G' / G)-expansion method is used to obtain travelling wave solutions of a 

combined KdV-negative-order KdV equation. Multiplier approach is employed to 

derive the conservation laws. 

Noether 's theorem is employed to construct conservation laws for the Calogero­

Bogoyavlenskii-Schiff equation. 
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Introduction 

Most natural phenomena of the real world are modelled by nonlinear partial dif­

ferential equations (NLPDEs). Such equations can seldom be solved by an an­

alytic method. In contrast the linear differential equations have a particularly 

good algebraic structure to their solutions, which makes them solvable. Unfor­

tunately, for JLPDEs there is no general theory which can be applied to obtain 

exact closed-form solutions. However, scientists have developed geometric methods 

and dynamical systems theory which play prominent roles in the study of differ­

ential equations. Such theories deal with the long-term qualitative behaviour of 

dynamical systems and do not focus on finding precise solutions to the equations. 

evertheless, various methods have also been established by the researchers which 

provide exact solut ions to LPDEs. 

Some of these methods are Hirota's bilinear transformation method [1], the in­

verse scattering method [2], the simplest equation method [3-5], the sine-cosine 

method [6], the tanh-coth method [7], Kudryashov's method [8, 9], the tanh­

function method [10], the Darboux transformation [11], the (G' / G) - expansion 

method [12, 13], the Backlund t ransformation [14], and Lie symmetry methods 

[15-23]. 

Lie symmetry theory, originally developed by Marius Sophus Lie (1842-1899), a 

Norwegian mathematician, around the middle of the nineteenth century, is based 
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upon the study of the invariance under one parameter Lie group of point transfor­

mations [15-23] . The theory is highly algorithmic and is one of the most powerful 

methods to find exact solutions of differential equations be it linear or nonlinear. 

It has been applied to many scientific fields such as classical mechanics, relativity, 

control theory, quantum mechanics, numerical analysis, to name but a few. 

Conservation laws can be described as fundamental laws of nature, which have 

extensive applications in various fields of scientific study such as physics , chemistry, 

biology, engineering, and so on. They have many uses in the study of differential 

equations [24-34]. Conservation laws have been used to prove global existence 

theorems and shock wave solutions to hyperbolic systems. They have been applied 

to problems of stability and have been used in scattering theory and elasticity [18]. 

Comparison of several different methods for computing conservation laws can be 

found in [32]. 

This thesis is structured as follows: 

In Chapter one we present preliminaries on Lie symmetry analysis and conservation 

laws of partial differential equations. Also some methods for finding exact solutions 

of differential equations are given that will be needed in our study. 

In Chapter two Lie symmetries as well as the simplest equation method is used 

to obtain exact solutions of the (2+1)-dimensional Boussinesq equation. More­

over, conservation laws are derived by using the new conservation theorem due to 

Ibragimov. 

Chapter three presents exact solutions of the (3+1)-dimensional Boussinesq equa­

tion with the aid of Lie point symmetries as well as the simplest equation method. 

Furthermore, the conservation laws for the equation are constructed by utilizing 

the new conservation theorem due to Ibragimov. 

In Chapter four exact solutions of a nonlinear evolution partial differential equa-

2 



tion , namely the generalized (3+ 1 )-dimensional Kawahara equation are obtained 

with the aid of Lie symmetries in conjunction with the Kudryashov's method. 

Moreover, the conservation laws for this equation are derived by using the multi­

plier method. 

Chapter five studies the exact solutions of the (3+ 1)-dimensional generalized KP­

Boussinesq using symmetry reductions and Kudryashov's method. Furthermore, 

conservation laws for the equation are derived using Ibragimov's conservation the­

orem. 

In Chapter six exact solutions for the (3+ 1)-dimensional BKP-Boussinesq equation 

are obtained with the aid of Lie symmetry reductions, direct integration as well 

as the ( G' / G)- expansion method. Thereafter we construct conservation laws by 

employing Ibragimov's conservation theorem. 

Chapter seven and eight study the exact solutions of two generalized extended 

(3+1)-dimensional Jimbo-Miwa equation using symmetry reductions of the equa­

tions along with direct integration, the ( G' / G)-expansion and simplest equation 

methods. Also conservation laws were computed for both equations by invoking 

the conservation theorem due to Ibragimov. 

In Chapter nine we use the (G' / G)- expansion method to find exact solut ions of a 

combined KdV-negative- order KdV equation and derive conservation laws using 

the multiplier method. 

Chapter ten deals with obtaining the conservation laws for the Calogero-Bogoyavlenskii­

Schiff equation using Ioether 's theorem. Ioether point symmetries are first com­

puted and then Noether 's theorem is used to derive the associated conserved vec­

tors. 

Finally, in Chapter eleven a summary of the results of the thesis are presented and 

future work is deliberated. 

3 



Bibliography is given at the end. 

4 



Chapter 1 

Preliminaries 

In this chapter we give some basic methods of Lie symmetry analysis and conserva­

tion laws of partial differential equations (PDEs). \Ve also present some methods 

for obtaining exact solutions of differential equations, which will be used in this 

thesis. 

1.1 Introduction 

Sophus Lie (1842-1899) was one of the most important mathematicians of the 

nineteenth century. He realised that many of the methods for solving differential 

equations could be unifed using group theory and further developed a symmetry­

based approach to obtaining exact solutions of differential equations. Symmetry 

methods have great power and generality. In fact , nearly all well-known techniques 

for solving differential equations are special cases of Lie's methods. Recently, many 

good books have appeared in the literature in this field . We mention a few here, 

Ovsiannikov [15], Stephani [16], Bluman and Kumei [17], Olver [18], Ibragimov 

[19-21], Cantwell [22] and Mahomed [23]. Definitions and results given in this 
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chapter are taken from these books. 

Conservation laws for PDEs are constructed using three different approaches; the 

multiplier method [24] , the new conservation theorem due to Ibragimov [35] and 

aether 's theorem [36]. 

1.2 Continuous one-parameter groups 

Let x = (x1, ... , xn ) be the independent variables with coordinates xi and u = 

(u1
, .. . , um) be the dependent variables with coordinates u°' (n and m finite). Con­

sider a change of the variables x and u involving a real parameter a: 

T . - i _ Ji ( ) o _ ,I..°'( ) a . x - x , u , a , u - '+' x , u , a , (1.1) 

where a continuously ranges in values from a neighborhood 1)' C 1) C IR of a = 0, 

and Ji and ¢°' are differentiable functions. 

Definition 1.1 A set G of transformations (1. 1) is called a continuous one-parameter 

(local) Lie group of transformations in the space of variables x and u if 

(i) For Ta , n E G where a,b E 1)' CD then Tb Ta = Tc E G, c = </J(a,b) ED 

(Closure) 

(ii) To E G if and only if a = 0 such that To Ta = Ta To = Ta (Identity) 

(iii) For Ta E G, a E 1)' CD , T;;1 = Ta- 1 E G, a - 1 E 1) such that 

Ta Ta-1 = Ta-1 Ta = To (Inverse) 

We note that the associativity property follows from (i). The group property (i) 

can be written as 

xi l(x , u, b) = l (x , u, ¢(a, b)), 
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u°' =: </>°'(x , u, b) = </>°'(x , u, </>(a, b)) (1.2) 

and the function ¢ is called the group composition law. A group parameter a is 

called canonical if ¢( a, b) = a + b. 

Theorem 1.1 For any </>(a, b), there exists the canonical parameter a defined by 

_ t ds 8 <j>(s , b) I 
a = Jo w(s), where w(s) = 8b b=D. 

1.3 Prolongation of point transformations and 

Group generator 

The derivatives of u with respect to x are defined as 

(1.3) 

where 

a °' a °' a Di = -
8

. + u i -
8 

+ u iJ. -
8

. + · · · , i = 1, ... , n 
xi u°' u°' 

J 

(1.4) 

is the operator of total differentiation. The collection of all first derivatives uf is 

denoted by U(i ), i.e. , 

U(l) = {uf} a=l , .. . , m , i =l , ... , n. 

Similarly 

and u(3) = { u0k} and likewise u(4) etc. Since u0 = u%, u(z) contains only u0 for 

i ::S; j. In the same manner ur3) has only terms for i ::S; j ::S; k. There is natural 

ordering in U( 4), U(5) · · · . 
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In group analysis all variables x , u , U(l) · · · are considered functionally independent 

variables connected only by the differential relations ( 1. 3). Thus the u~ are called 

differential variables [19]. 

We now consider a pth-order PDE(s), namely 

(1.5) 

Prolonged or extended groups 

If z = (x, u), one-parameter group of transformations G is 

u°' = ¢°'(x, u, a) , <P°'l a=D = u°'. (1.6) 

According to the Lie's theory, the construction of t he symmetry group G is equiv­

alent to the determination of the corresponding infinitesimal transformations : 

(1.7) 

obtained from (1.1) by expanding the functions Ji and ¢°' into Taylor series in a 

about a = 0 and also taking into account the initial conditions 

! ii i /4°'1 = u°' . a= O = X ' 'f' a=O 

Thus, we have 

i 8Ji I 
( (x , u) = 8a a=O ' 

. Q 8¢°' I 
7) ( X' U) = oa . 

a=O 

(1.8) 

One can now introduce the symbol of the infinitesimal transformations by writing 

(1.7) as 

xi ~ (1 + aX)x, u°' ~ (1 + aX)u, 
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where 

(1.9) 

This differential operator X is known as the infinitesimal operator or generator of 

the group G. If the group G is admitted by (1.5) , we say that X is an admitted 

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5). 

We now see how the derivatives are transformed. 

The Di transforms as 

where [Jj is the total differentiations in transformed variables xi. So 

Now let us apply (1.10) and (1.6) 

This 

Di(Jj )Dj(uo:) 

Di(JJ )uJ-

(1.10) 

(1.11) 

(1.12) 

The quantities uJ can be represented as functions of x , u , u (i), a for small a , ie. , 

(1.12) is locally invertible: 

(1.13) 

The transformations in x , u , U(l) space given by (1.6) and (1.13) form a one­

parameter group ( one can prove this but we do not consider the proof) called 

the first prolongation or just extension of the group G and denoted by Gl1l. 
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We let 

(1.14) 

be the infinitesimal transformation of the first derivatives so that the infinitesimal 

transformation of the group Gl1l is (1.7) and (1.14). 

Higher-order prolongations of G, viz. G12l, Gl3l can be obtained by derivatives of 

(1.11). 

Prolonged generators 

Using (1.11) together with (1.7) and (1.14) we get 

Di(JJ )(il;) 

Di(xj + ae)(u1 + a(f) 

(8{ + aDie )(u1 + a(f) 

uf + a(f + au1 Die 

(f (1.15) 

This is called the first prolongation formula. Likewise, one can obtain the second 

prolongation, viz., 

(1.16) 

By induction (recursively) 

The first and higher prolongations of the group G form a group denoted by 

Gl1l , • • • , GlPl. The corresponding prolonged generators are 

x l1l = X + (f } a (sum on i, a), 
uui 

10 



xlPJ p?. 1, 

where 

X = e (x, u) ,;::.o. + r/" (x, u) / . 
u x 1 uu°' 

1.4 Group admitted by a PDE 

Definition 1.2 The vector field 

(1.18) 

is a point symmetry of the pth-order PDE (1.5), if 

(1.19) 

whenever E 0 = 0. This can also be written as 

(1.20) 

where the symbol IE c. = O means evaluated on the equation E 0 = 0. 

Definition 1.3 Equation (1.19) is called the determining equation of (1.5) because 

it determines all the infinitesimal symmetries of (1.5). 

Definition 1.4 (Symmetry group) A one-parameter group G of transforma­

tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant 
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(has the same form) in the new variables i and u, i.e. , 

(1.21) 

where the function Ea: is the same as in equation (1.5). 

1.5 Group invariants 

Definition 1.5 A function F(x , u) is called an invariant of the group of transfor­

mation (1.1) if 

F(x, u) = F(f\1:, u , a), ¢°'(x , u, a) ) = F(x, u ), (1.22) 

identically in x , u and a. 

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi­

cient condition for a function F(x , u) to be an invariant is that 

XF - i( )aF °'( )aF = ~ x ,u -
8

. + TJ x ,u -
8 

= o. 
xi U°' 

(1.23) 

It follows from the above theorem that every one-parameter group of point trans­

formations (1.1) has n-1 functionally independent invariants, which can be taken 

to be the left-hand side of any first integrals 

of the characteristic equations 

dxn du1 dx 1 

e (x, u) ~n(x , u) TJ 1 (x , u) 

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, 

then the corresponding one-parameter group G is obtained by solving the Lie 

equations 

dxi . 
da = C(x,u), (1.24) 

12 



subject to the initial conditions 

1. 6 Conservation laws 

Conservation laws can be described as fundamental laws of nature, which have 

e:>..--tensive applications in various fields of scientific study such as physics, chemistry, 

biology, engineering. They have many uses in the study of differential equations 

[24-34]. Conservation laws have been used to prove global existence theorems and 

shock wave solutions to hyperbolic systems. They have been applied to problems 

of stability and have been used in scattering theory and elasticity [18]. In [32] a 

comparison of different approaches to conservation laws for some partial differential 

equations in fluid mechanics was presented. 

1.6.1 Fundamental operators and their relationship 

Consider a kth-order system of PD Es of n independent variables x = (x1 , x2 , . .. , xn) 

and m dependent variables u = (u1 , u2 , . .. , um ), namely, 

E 0 (x , u , U(l), ... , U(k)) = 0, a= 1, ... , m . (1.25) 

Here U(l ), uc2), .. . , u (k) denote the collections of all first, second, ... , kth-order 

partial derivatives , that is , uf = Di(u0
), u0 = DjDi(u0

), .. . , respectively, with the 

total derivative operator with respect t o x i defined by [19] 

Di = ::::i[) . + uf ::::i[) + uf
3
- ::::i[) + ... , i = 1, ... , n. 

uxi uu0 uu0 

J 

The Euler-Lagrange operator, for each a , is defined by 

a = 1, ... , rn,, (1.26) 
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and the Lie-Backlund operator operator is given by 

X , a ~ a '~ =~·~+rt -
8 

, t , rJ~ EA, 
uxi u°' 

(1.27) 

where A is the space of differential functions. The operator (1.27) can be written 

in terms of Lie characteristic function as 

where 

s > 1 

and wer is the Lie characteristic function defined by 

The Lie-Backlund operator (1.28) in characteristic form can be written as 

X = ~ i Di + W°' EJ~er + L D i1 · · · Dis (Wer) OU/ . 
s2: 1 i1 i 2 . .. i. 

(1.28) 

and the Noether operators associated with the Lie-Backlund symmetry operator 

X are defined as 

i = 1, ... ,n, 

where the Euler-Lagrange operators with respect to derivatives of uer are obtained 

from (1.26) by replacing uer by the corresponding derivatives. For example, 

,°er= ~
8

er+ L (- l )5 Dj1·· ·Dj. 8 era ) i=l , ... , n , a=l , . .. , m , 
UU · UU · U - · · · 

i i s2:1 tJlJ2· ·•J s 

and the Euler-Lagrange, Euler-Lagrange and Noether operators are connected by 

the operator identity [19] 

X + Di(~i ) = w er .;- + DiNi. 
uU°' 
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The n-tuple vector T = (T1, T 2
, . .. , rn ), TJ E A , j = 1, ... , n, is a conserved 

vector of ( 1. 25) if Ti satisfies 

which defines a local conservation law of system ( 1. 25). 

1.6 .2 The new conservation theorem due to Ibragimov 

Consider the kth-order system of PDEs (1.25) . The system of adjoint equations to 

(1.25) is defined by [35] 

(1.29) 

where 

(1.30) 

and v = ( v1 , v2 , ... , vm) are new dependent variables. 

The system of equations (1.25) is known as self-adjoint if the substitution of v = u 

into the system of adjoint equations (1.29) yields the same system (1.25). 

Let us now assume the system of equations (1.25) admits the symmetry generator 

i 8 0 8 
X = c; ~ +77 ~-

ux' uu0 
(1.31) 

Then the system of adjoint equations (1.29) admits the operator 

(1.32) 

where the operator (1.32) is an extension of (1.31 ) to the variable v 0 and the >-i 
are obtainable from 

( 1.33) 
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We now state the following theorem: 

Theorem 3.1. [35] Every Lie point , Euler-Lagrange and non local symmetry (1.31) 

admitted by the system of equations (1.25) gives rise to a conservation law for the 

system consisting of the equation (1.25) and the adjoint equation (1.29) , where the 

components T i of the conserved vector T = (T1 , . . . , Tn ) are determined by 

Ti _ ciL wo~ '°'D · D· (U/ 0) oL - ', + OuQ + 6 i1 ... is VI oua: . . ) i = 1, ... ) n, 
i s ~l U J~-- As 

(1.34) 

with Lagrangian given by 

(1.35) 

1.6.3 Multiplier method 

The multiplier approach is an effective algorithmic for finding the conservation laws 

for partial differential equations with any number of independent and dependent 

variables. Authors in [24] gave this algorithm by using the multipliers presented 

in [18]. A local conservation law of a given differential system arises from a lin­

ear combination formed by local multipliers (characteristics) with each differential 

equation in the system, where the multipliers depend on the independent and de­

pendent variables as well as at most a finite number of derivatives of the dependent 

variables of t he given differential equation system. 

The advantage of this approach is that it does not require the use or existence of 

a variational principle and reduces the calculation of conservation laws to solving 

a system of linear determining equations similar to that for finding symmetries. 

A multiplier A0 (x, u, U(l ) , .. . ) has the property that [24] 

(1.36) 

holds identically. The right hand side of (1.36) is a divergence expression. The 
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determining equations for the multiplier Ao: is [24] 

(1.37) 

1.6.4 Noether's theorem 

It is known that for any PDE the conservation laws admitted by the PDE can be 

derived by a direct computational method [24]. This method is similar to Lie 's 

method for determining the symmetries admitted by the PDE. However , when 

a PDE has a Lagrangian formulation, the celebrated Noether 's theorem [36-38] 

provides a sophisticated and useful way of determining conservation laws. Certainly 

it gives a clear formula for finding a conservation law once a oether symmetry 

associated with a Lagrangian is known for an Euler-Lagrange equation. 

Definition 1.6 (Noether symmetry) A Lie-Backlund operator X of the form 

(1.27) is called a Ioether symmetry corresponding to a Lagrangian[, E A, if there 

exists a vector B i = (B1, · · · , Bn ), B 1 EA such that 

(1.38) 

if B i = 0 (i = 1, · · · , n), then X is called a Noether symmetry corresponding to a 

Lagrangian [, E A. 

Theorem 1.4 (Noether Theorem) For any Noether symmetry generator X as­

sociated with a given Lagrangian [, E A, there corresponds a vector 

T = (T1, ... , Tn ), T i EA, given by 

(1.39) 

which is a conserved vector of the Euler-Lagrange differential equations 0£/ou°' = 

0, a= 1, · · · , m. 

17 



In the Noether approach, we find the Lagrangian .C and then equation (1.38) is 

used to determine the Noether symmetries. Then, equation (1.39) will yield the 

corresponding Noether conserved vectors. 

1. 7 Exact solutions 

In this section we present some solution methods which will be used in this thesis 

to determine exact/ closed-form solutions of differential equations. 

1. 7 .1 The simplest equation method 

We first present the simplest equation method for finding exact solut ions of non­

linear partial differential equations [3-5]. This method has been used successfully 

by many researchers to find exact solutions of PDEs in various fields of applied 

sciences. 

We now describe this method briefly. 

Consider the nonlinear partial differential equation 

(1.40) 

Using the transformation 

(1.41) 

where k1, · · · , k4 are arbitrary constants, we reduce equation (1.40) to an ordinary 

differential equation 

The simplest equations that we use in this method are the Bernoulli equation 

G' (z) = aG(z ) + bG2 (z) (1.43) 

18 



and the Riccati equation 

G' (z) = aG2 (z) + bG(z) + c, (1.44) 

where a, b and care constants. We look for solutions of equation (1.42) that are of 

the form 
M 

F ( z) = L Ai ( G ( z) ) i, ( 1.45) 
i= O 

where G(z) satisfies the Bernoulli or Riccati equation. Here M is a positive integer 

that is determined by the balancing procedure and A0 , · · · , AM are parameters to 

be determined. 

The solution of Bernoulli equation (1.43) is 

G(z) = a{ cosh[a(z + C)] + sinh[a (z + C)] }-
1- bcosh[a(z + C)] - bsinh[a(z + C)] ' 

where C is a constant of integration. For the Riccati equation (1.44), we use the 

solutions 

G(z) = -- - - tanh -0(z + C) b 0 [l ] 
2a 2a 2 

(1.46) 

and 

b 0 ( 1 ) sech ( 
0
;) G(z) = -- - - tanh -0z + -----,-,---,--~--,....,.......,. 

2a 2a 2 C cosh ( 8{) -
2
0a sinh ( 8{) 

(1.47) 

with 0 = ✓b2 - 4ac and C is a constant of integration. 

1. 7.2 Kudryashov's method 

In this section we present Kudryashov's method for finding exact solutions of non­

linear partial differential equations, which has been described in [8]. 

We now recall this method and give its description. Suppose we have a nonlinear 

part ial differential equation for u( t , x), in the form 

E1 [u, Ut , Ux, Utt , Uxx, · · ·] = 0, (1.48) 
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where E1 is a polynomial in its arguments, which includes nonlinear terms and the 

highest order derivatives. The transformation 

reduces equation (1.48) to the nonlinear ordinary differential equation 

Vle assume that the solution of equation (1.50) can be expressed as 

M 

F(p) = L Ai(H(p))\ 
i=O 

where 

H(p) = 1 
1 + cosh(p) + sinh(p) 

1 

1 + exp(p) 

satisfies the equation 

H' (p) = H 2(p) - H(p) 

(1.49) 

(1.50) 

(1.51) 

( 1.52) 

(1.53) 

and M is the positive integer found by the balancing procedure and A0 , · · · , AM 

are parameters to be determined. 

We then substitute the function F(p ) into the ODE (1.50) and use equation (1.53). 

Equating coefficients of different powers of H to zero we obtain a system of alge­

braic equations in Ai. Solving these algebraic equations yields the values of the 

parameters Ai. 

1.7.3 The (G'/G)- expansion method 

The ( G' / G)- expansion method for finding exact solutions of nonlinear partial 

differential equations was introduced in [12]. The description of this method is as 

follows: 
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Consider a nonlinear partial differential equation, say, in two independent variables 

t and x , given by 

P( U , Ux , Ut , Utt , Uxt , Uxx · · · ) = 0, (1.54) 

where u( t , x ) is an unknown function , P is a polynomial in u and its various partial 

derivatives, in which the highest order derivatives and nonlinear terms are involved. 

As a first step we use the transformation u(t, x , y) = F(z ), z = k1t+k2x+k3y+k4 

to reduce equation (1.54) to the ordinary differential equation, say 

We assume that the solution of (1.55) can be expressed by a polynomial in (G' / G) 

as follows : 

m (G') i 
U(z ) = ~ai G , ( 1.56) 

where G = G ( z) satisfies the second-order linear ordinary differential equation 

G11 + >.G' + µG = 0, (1.57) 

with ai, i = 0, 1, 2, · · · , m , >. and µ are' constants to be determined. The posi­

tive integer mis determined by considering the homogeneous balance between the 

highest order derivatives and nonlinear terms appearing in ordinary differential 

equation ( 1. 55). 

By substituting (1.56) into (1.55) and using the second-order ordinary differen­

tial equation (1.57), collecting all terms with same order of ( G' / G) together , the 

left-hand side of (1.55) is converted into another polynomial in (G'/ G). Equating 

each coefficient of this polynomial to zero , yields a set of algebraic equations for 

ao , ... ) O'.m v, >. , µ. 

Finally, assuming that the constants can be obtained by solving the above algebraic 

equations, since the general solution of (1.57) is known, then substituting the 

constants and the general solutions of (1.57) into (1.56) we obtain travelling wave 

solutions of the nonlinear partial differential equation (1.54). 
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1.8 Conclusion 

In this chapter we presented a brief introduction to the Lie symmetry analysis 

and conservation laws of PDEs and presented some results which will be used 

throughout this thesis. We also presented the algorithm to determine the Lie point 

symmetries and conservation laws of PD Es. We also recalled certain methods that 

were used to determine the exact solutions which will be studied in this work. 

22 



Chapter 2 

Solutions and conservation laws of 

a (2+1)-dimensional Boussinesq 

equation 

2 .1 Introduction 

In this chapter we consider the (2+ 1)-dimensional Boussinesq equation given by 

(2.1) 

which describes the propagation of gravity waves on the surface of water, in par­

ticular it describes the head-on collision of an oblique wave. In [39] the authors 

used a generalized transformation in homogeneous balance method and found some 

explicit solitary wave solutions of the (2+ 1 )-dimensional Boussinesq equation. Ap­

plied homotopy perturbation method was used in [40] to construct numerical so­

lutions of (2.1). Extended ansatz method was employed in [41] to derive exact 

periodic solitary wave solutions. Recently, the Hirota bilinear method was used 

in [42] to obtain two soliton solutions. 
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Here Lie group analysis in conjunction with the simplest equation method [3, 5] is 

employed to obtain some exact solutions of (2.1). In addition to this, conservation 

laws will be derived for (2. 1) using the new conservation theorem due to Ibragimov 

[35]. 

This work has been published. See [43]. 

2.2 Solutions of (2.1) 

In this section we obtain exact solut ions of (2. 1) using Lie group analysis along 

with the simplest equation method. 

2.2.1 Exact solutions using Lie point symmetries 

We first calculate the Lie point symmetries of (2. 1) and latter use t he translation 

symmetries to construct the exact solutions. 

Lie point symmetries 

The symmetry group of the (2+ 1)-dimensional Boussinesq equation (2 .1) will be 

generated by the vector field of the form 

where ~ i, i = 1, 2, 3 and T/ depend on x , y , t and u . Applying the fourth prolonga­

t ion R[4] to (2. 1) we obtain an overdetermined system of linear part ial differential 

equations. Solving this resultant system one obtains the following five Lie point 

symmetries: 

8 
Bx 
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and Rs 

a 
8t 
a 
8y 
a a 

y 8t + t 8y 

a a a a 
-2cd- - ax - - 20:y- + (1 + 20:u)-. 

8t a.re 8y OU 

We now utilize the symmetry R = R1 +R2 +cR3 , where c is a constant, and reduces 

the Boussinesq equation (2.1 ) to a PDE in two independent variables. Solving the 

associated Lagrange system for R, we obtain the following three invariants: 

J = y - ct, g = t - x , 0 = u. (2.2) 

Iow treating 0 as the new dependent variable and f and g as new independent 

variables, the Boussinesq equation (2.1) transforms to 

(2.3) 

which is a nonlinear PDE in two independent variables. We now use t he Lie point 

symmetries of (2.3) and transform it to an ordinary differential equation (ODE). 

The equation (2.3) has the following three symmetries: 

a 
8g ' 
a 
ar 

a a a 
(2o,J - 2a:fc2

) of+ (acf - c2ag + ag) 8g + (c2 + 2c2a:0 - 20:0) a0· 

The combination of the first two translational symmetries , r = r 1 + vr2 , where v 

is a constant, yields the two invariants 

z = f - vg, 1/; = 0, 
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which give rise to a group invariant solut ion 1/J = 1/J (z) and consequent ly using 

these invariants , (2.3) is t ransformed into the fourth-order nonlinear ODE 

(2.4) 

Integrating the above equation four times and taking the constants of integra­

t ion to be zero (because we are looking for soliton solut ions) and revert ing back 

to the original variables, we obtain the following group-invariant solutions of the 

Boussinesq equation (2.1): 

A1 2 [JAi ] u(x , y, t ) = A
2 
sech -

2
- (B ± z) , 

where B is a constant of integration and 

z 

c2 + 2vc - 1 
v4 

2a 
3v2 ' 

vx + y - (c+ v)t. 
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0.4 

u 10 

t 

X 

Figure 2.1: P rofile of solut ion (2.5) 

2.2.2 Exact solutions of (2.1) using simplest equation method 

In this section we employ the simplest equation method [3,5] to solve the nonlinear 

ODE (2.4). This will then give us the exact solut ions for our Boussinesq equation 

(2.1). The simplest equations that we will use in our work are the Bernoulli and 

Riccati equations. 

Solutions of (2.1} using the Bernoulli equation as the simplest equa­

tion 

The balancing procedure gives M = 2 so the solutions of (2.4) are of the form 

(2.6) 

Insert ing (2.6) into (2.4) and using t he Bernoulli equation (1. 43) and t hereafter, 

equating the coefficients of powers of Gi to zero , we obtain an algebraic system of 
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six equations in terms of A 0 , A1 , A 2 , namely 

-120114 A2b4 
- 20cw2 A~b2 = 0, 

-336114 A 2ab3 
- 36av2 A~ab - 24v4A1b4 

- 24av2 A 1Azb2 = 0, 

-16a v2 A~a2 + 1211A2b2c - 6av2 Aib2 - 60v4 A 1ab3 
- 12m/2 AoA1b2 

- 330114 Aza2b2 - 42av2 A 1abA2 + 6A2b2
c
2 - 6A2b2 = 0, 

-15v4A1a3b + 8vA2a2c - 3A1ab - 4A2a2 + 4A2a2c2 - 4av2 Aia2 - 6av2 A oA 1ab 

-l6114A2a4 + 6A1abw - 8a112A oA2a2 + 3A1abc2 = 0, 

-18av2 A1A2a2 
- 10av2 Aiab - 4av2 A oA1b2 + l0A2abc2 + 4vA1b2c + 2011A2abc 

-2A1b2 + 2A1b2c2 
- 20cw2A 0 A 2ab- 10A2ab - 130v4 A 2 a3b- 50v4 A 1a2b2 = 0. 

With the aid of Mathematica, solving the above system of algebraic equations, one 

possible solution for A 0 , A1 and A2 is 

- (1 - c2 
- 2cv + a2 v4

) 

A o = 2 2 ' 

A 
_ - 6abv2 

1 - ) 
a 

- 6b2v 2 

A2 =--­
a 

av 

Thus, reverting back to the original variables, a solut ion of (2.1) is 

( ) A A { 
cosh[a (z + C)] + sinh[a (z + C)] } 

ut, x , y = o+ 1a -------------- + 
1 - b cosh[a(z + C)] - b sinh[a (z + C)] 

A 2 { cosh[a (z + C)] + sinh[a(z + C)] }
2 

2
a 1 - b cosh[a (z + C)] - b sinh[a (z + C)] ' 

where z = vx + y - (c + v )t and C is an arbitrary constant of integration. 
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Figure 2.2: Profile of solution (2.7) 

Solutions of (2 .1) using the R iccati equation as the simplest equation 

The balancing procedure yields M = 2 so the solutions of (2.4) takes the form 

F(z ) = Ao+ A1G + A2G2. (2.8) 

Inserting (2.8) into (2.4) and making use of the Riccati equation (1.44), we obtain 

algebraic system of equations in terms of A0 , A1 and A2 by equating the coefficients 

of powers of Gi to zero. The resulting algebraic equations are 

-120114 A2b4 
- 20av2 A~b2 = 0, 

- 36av2 A~ab - 336114 A2ab3 
- 24114 A1b

4 
- 24cw2 A1A2b2 = 0, 

- 32a112 A~bd - 6a112 Aib2 - 240114A2b3d + 6A2b2c2 + 12A2b2c11 - 6A2b2 

- 12av2 AoA1b2 - 42a112 A1A2ab - l6a112 A~a2 - 60114 A1ab3 
- 330A2a2b2 = 0, 

- l6114A2bd3 
- 14v4A2a2d2 + 2A1acdv - A1ad + 4A2cd211 + A1ac2d - 8114 A1abd2 

+2A2c2d2 
- 114 A1a3d - 2av2 AoA1ad - 4a112 AoA2d2 - 2a112 Aid2 - 2A2d2 = 0, 
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2A 1b2c2 - 28av2 A~ad - 20av2 AoA2ab - 36av2 A 1A2bd - 18av2 A1A2a2 

-10av2 Afab - l 0A2ab + lOA2abc2 + 4A1b2cv - 40v4 A 1b3d - 4av2 AoA1b2 

- 50v4 A 1a2b2 + 20A2abcv - 2A1b2 - 130v4A2a3 b - 440v4 A2ab2d = 0, 

2A1a2cv - 6A2ad - v4 A 1a4 + 12A2acdv - 6av2 Af ad+ 6A2ac2d + A 1a2c2 

- 12av2 A 1A2d2 - 4cw2 AoA1bd - 120v4 A2abd2 + 4A1bcdv - 2av2 AoA1a2 

-12av2 AoA2ad -16v4 A1b2d2 - A1a,2 - 30v4 A2a3d- 2A1bd + 2A1bc2d 

- 22v4A 1a2bd = 0, 

- 8av2 AoA2a2 + 3A1abc2 - 8A2bd + 6A1abcv - 3A1ab - 6av2 AoA1ab 

-136v4A2b2d2 - 4A2a2 - 12av2 A~d2 + 8A2a2cv - 16av2 A 0A 2bd - 232v4 A 2a2bd 

-8av2Afbd + l6A2bcdv - 15v4 A 1a3b - 16v4A2a4 
- 60v4 A 1ab2d + 8A2bc2d 

+4A2a2c2 - 30av2 A 1A2ad - 4av2 Af a2 = 0. 

Solving the above equations, we get 

- 8bdv4 
- a2v4 + c2 + 2cv - 1 

Ao = 2 2 

A 
_ - 6abv2 

1 - ' a 
- 6b2v2 

A2 =--­
a 

and consequently, t he solutions of (2 .1) are 

v a 

u(t,x,y) = Ao+A1 { -;b -:b tanh [te(z+c)]} + 
A2 { - ~ - !!_ tanh [~0(z + C )] }

2 

(2.9) 
2b 2b 2 
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Figure 2.3: Profile of solution (2.9 ) 

and 

u(t , x , y) A0 + A1 { - !:_ - !!_ tanh (~ez) + sech (~) } 
2b 2b 2 C cosh ( 0;) - ~ sinh ( 0; ) 

+A2 { - !:_ - !!_ tanh (~ez) + 
2b 2b 2 

sech ( 02z ) } 2 

C cosh ( 0
;) - ~ sinh ( 0

;) ' 
(2.10) 

where z = vx + y - ( c + v )t and C is an arbitrary constant of integration. 
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Figure 2.4: Profile of solut ion (2.10) 

2.3 Conservat ion laws 

In this subsection, we obtain conservation laws of (2+ 1 )-dimensional Boussinesq 

equation 

Utt - Uxx - Uyy - 2au; - 2auuxx - Uxxxx = 0. (2. 11) 

Recall that the equation (2. 11) admits the following five Lie point symmetry gen-

erators: 

R1 
a 

= ox 

R2 
8 
at 

R3 
8 
oy 

R4 
8 8 

y- +t-at oy 
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8 8 8 8 
and R5 = -2ad- - xa - - 2ay- + (1 + 2au)-. at ax oy au 

We now find five conserved vectors corresponding to each of these five Lie point 

symmetries. 

The adjoint equation of (2. 11), by invoking (1.30), is 

E* (t , x , u , v , . . . , Uxxxx , 'Vxxxx ) = b: [v(utt -Uxx - Uyy -2au; -2auUxx -Uxxxx) ] = 0, 
(2. 12) 

where v = v (t ,x, y) is a new dependent variable and (3.13) gives 

'Utt - 'Vxx - 'Vyy - 20'.U'Vxx - 'Vxxxx = 0. (2.13) 

It is obvious from the adjoint equation (2.13) that equation (2. 11) is not self­

adjoint. By recalling (1.35), we get the following Lagrangian for the system of 

equations (2.11) and (2.13): 

L = 'V ( Utt - Uxx - Uyy - 2au; - 20'.UUxx - Uxxxx) . (2.14) 

(i) We first consider the Lie point symmetry generator R1 = EJ / EJx . It can be 

verified from (1.32) that the operator Y1 is the same as R1 and the Lie characteristic 

function is W = -ux. Thus, by using (1.34), the components T i, i = 1, 2, 3, of the 

conserved vector T = (T1, T 2 , T 3 ) are given by 

Remark: The conserved vector T contains the arbitrary solution v of the adjoint 

equation (2.13) and hence gives an infinite number of conservation laws. 

The same remark applies to all the following four cases. 

33 



(ii) Now for t he second symmetry generator R2 = a/ at , we have W = -ut. Hence, 

by invoking (1.34), the symmetry generator R2 gives rise to the following compo­

nents of the conserved vector: 

T1 
- V Uxx - VUyy - 2a:v u; - 2a:UV Uxx - VUxxxx + Ut Vt , 

(iii) The third symmetry generator R3 = a/ay, gives W 

sponding components of the conserved vector are 

T1 
VtUy - V Uty, 

- u y and the corre-

T 2 
- UyVx + 2a:VUyUx - 2a:UUyVx - UyVxxx + V Uxy + 2a:uv uxy + VxxUxy - VxUxxy 

T 3 
V Utt - VU xx - 2a:v u; - 20'.UV Uxx - VUxxxx - UyV y· 

(iv) For the symmetry generator R4 = ya/at+ ta/ay the components of the 

conserved vector, as before, are given by 

( v) Finally, for the symmetry generator 

a a a a 
R5 = -2a:t- - xa:- - 2a:y- + (1 + 2a:u)-at ax ay au 
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the value of Y5 is different than R5 and is given by 

a a a a a 
Y5 = -2at- - xa - - 2ay- + (1 + 2au)- - va-. 

8t Bx By Bu 8v 

In this case the Lie characteristic function is W = l + 2au + 2atut + xaux + 2ayuy . 

So using (1.34), one can obtain the conserved vector T whose components are given 

by 

-2atUtVt - XC¥UxVt - 2ayUyVt + 40'.VUt + XO'.VUtx + 2o:yVUty , 

T 2 -XC¥VUtt + xavuyy + 2o:XUVUxx + Vx + 4auvx + Vxxx + 4a2u2vx + 2auvxxx 

+2a2XUUxVx + XO'.UxVxxx - 8a2yVUxUy + 2o:yUyVx + 4o:2 yVUxUy + 4o:2yuuyVx 

+ 2ayuy Vxxx - 2atvUtx - 5avux - 2ayvuxy - 4o:2tuVUtx - l0o:2uvux 

- 2o:yvuxxxy , 

2.4 Conclusion 

In this chapter Lie symmetries as well as the simplest equation method were used 

to obtain exact solutions of the (2+1)-dimensional Boussinesq equation (2 .1). The 

solutions obtained were solitary waves and non-topological soliton. Moreover, the 

conservation laws for the (2+ 1 )-dimensional Boussinesq equation were also derived 

by using the new conservation theorem due to Ibragimov. 
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Chapter 3 

Symmetries, travelling wave 

solutions and conservation laws or 

a ( 3+ 1 )-dimensional Boussinesq 

equation 

3.1 Introduction 

In this chapter we study the ( 3+ 1 )-dimensional Boussinesq equation 

(3.1) 

Several authors have studied this equation, in [44], the author obtained one-periodic 

wave solution, two-periodic wave solutions and soliton solution for (3.1) by means of 

Hirota's bilinear method and the Riemann theta function . Wazwaz [45] employed 

a combination of Hirota's method and Hereman's method to formally study (3.1) 

and derived two soliton solution of (3.1). Some other work concerning symmetries 

and exact solutions of some Boussinesq equations can be seen in [46-49]. 
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For this chapter we use Lie group method along with the simplest equation method 

[3, 5] to construct some exact solut ions of (3. 1). Furthermore, we employ the new 

conservation theorem due to Ibragimov [35] to derive conservation laws for (3.1). 

This work has been published in [50]. 

3.2 Travelling wave solutions of (3.1) 

We obtain exact solutions of (3.1) using Lie group method along with the simplest 

equation method. 

3.2.1 Non-topological soliton solutions using Lie point sym­

metries 

The vector field 

where ~i, i = 1, 2, 3, 4 and 77 depend on t , x , y, z and u , is a generator of Lie point 

symmetries of the (3+1)-dimensional Boussinesq equation (3. 1) if and only if 

Here X [4l is the fourth prolongation of the vector field X. The invariance condi­

tion (3.2) yields the determining equations, which are a system of linear partial 

differential equations. Solving this system we obtain t he following eight Lie point 

symmetries: 

X1 
a 

= ax 
X2 

a 
at 
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and X8 

a 
8y 
a 
oz 
a a 

y-- z-
8z 8y 
a a 

z- +t-
8t oz 
a a 

y ~t + t!'.J 
u uy 

a a a a a 
- 2o:t- - o:x - - 2o:y- - 2o:z - + (1 + 2o:u) - . at ax oy oz au 

To obtain the Non-topological soliton solut ion of (3.1), we use the combination 

of the four translation symmetries, namely, X = X 1 + X2 + X 3 + µX4 , where µ 

is a constant. Solving the associated Lagrange system for X, we obtain the four 

invariants 

g = t - x , f = t - y , h = µt - z , 0 = u. (3.3) 

Now considering 0 as the new dependent variable and g,J and h as new independent 

variables, (3. 1) transforms to a nonlinear PDE in three independent variables , viz. , 

The Lie point symmetries of (3.4) are 

a 
og ' 

a 
ar 
a 

oh ' 
a a 

(2o:fµ 3 
- 4o:hµ 2 

- 2o:fµ ) oh+ (2µ2o:f - o:µ 2g - o:f - 3ho:µ ) og 

( 
2 2 a + 2aµ 0 + µ + l ) fJ B, 

3 . 2 ) a 2 2 a (o:fµ - o:fµ - 3o:hµ - + (µ o:f - o:µ g - o:f - 2ho:µ)-
8h 8g 
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The use of the combination r = r 1 + r 2 + /3f 3 , (/3 is a constant) of the three 

translation symmetries, gives us the three invariants 

r=f-g, w = /3!-h, 0= ¢. (3.5) 

Treating </> as the new dependent variable and r and w as new independent vari­

ables , (3.4) transforms to 

(µ2 
- 2µ(3 - l) </>ww - 2/3</Jrw - 2</>rr - 2o:¢; - 2o:</></Jrr - </>rrrr = 0, (3.6) 

which is a nonlinear PDE in two independent variables. Equation (3.6) has three 

Lie point symmetries, namely 

8 
ow ' 
8 
Br ' 

8 8 
~ 3 = (4wµo: (3 + 2wo: - 2wµ 2o:) ow + (wo: /3 + 2µro: (3 + ro: - µ2ro:) Br 

8 
+(/32 

- 4µ /3 - 2 + 2µ 2 
- 40:¢µ/3 - 2o:¢ + 2o:µ 2 </>) 8¢' 

and the symmetry~= ~ 1 + 6~2 (6 is a constant) provides the two invariants 

which gives rise to a group invariant solution 1/J = 1/J(O. Using these invariants, 

the PDE (3.6) transforms to 

(µ262 
- 2µ (362 

- 62 + 2/36 - 2)1/J" - 2o:1/J'2 
- 2o:1/J1/J" - 1/J"" = 0, (3.7) 

which is a fourth-order nonlinear ODE. This ODE can be integrated easily. Inte­

grating it four times while choosing the constants of integration to be zero (because 
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we are looking for soliton solutions) and then reverting back to our original vari­

ables t , x, y , z, u , we obtain the following group-invariant (nontopological soliton) 

solutions of the Boussinesq equation (3.1): 

A1 2 [J;f; ] u(x, y , t , z) = A
2 
sech -

2
- (B ± ~) , 

where B is a constant of integration and 

µ2f/ - 2µ/302 
- 62 + 2/36 - 2, 

2a 
3 ' 

Oz+ (l - /3o) y - x + (0/3 - oµ )t . 

3.2 .2 Exact solutions of (3.1) using simplest equation method 

We now use the simplest equation method to obtain more solutions of t he nonlinear 

ODE (3.7), which will then give us more exact solutions for our Boussinesq equation 

(3.1). The simplest equations that we will use in our work are the Bernoulli and 

Riccati equations. 

Solutions of (3 .1) using the Bernoulli equation as the simplest equa­

tion 

In this case the balancing procedure yields M = 2 so t he solutions of (3.7) have 

the form 

(3.8) 

Inserting (2.6) into (3.7) and using the Bernoulli equation and then equating the 

coefficients of powers of Gi to zero gives us the following algebraic system of six 

equations: 
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-336A2ab3 
- 24A1b4 

- 36aA~ab - 24aA1b2 A2 = 0, 

-2A1a2 - 2A1a2o2/3µ - A1a4 + 2A1a20/3 + A 1a2o2µ2 - o2 A1a2 - 2aA0A1a2 = 0, 

-6aAfb2 + 6A2b2o2 µ2 - 12aAoA2b2 
- 6o2 A2b2 + 12A2b2o/3 - 12A2b2 

- l6aA~a2 - l2A2b2o2/3µ - 330A2a2b2 - 42aA1aA2b - 60A1ab3 = 0, 

- 6A1abo2/3 µ - l6A2a4 
- 6aAoA 1ab + 3A1abo2µ2 - 8aA0A 2a2 - 8A2a2o2 f3 µ 

-4aAfa2 
- 3o2 A1ab + 6A1abo/3 - l5A1a3b - 8A2a2 - 6A1ab + 4A2a2o2µ 2 

- 452 A2a2 + 8A2a20/3 = 0, 

lOA2aM2µ2 - l30A2a3b - 20A2ab - 4A1b2o2 /3µ + 4A1b20/3 - 4A1b
2 

-4aAoA1b2 + 20A2abo/3 - 50A1a2b2 - l 0o2 A2ab - lOaAfab - l8aA1a2 A2 

-252 A1b2 + 2A1b2o2µ 2 
- 20aA0 A 2ab - 20A2abo2/3µ = 0. 

These equations can be solved with the aid of Mathematica and one possible solu­

tion for A0 , A1 and A2 is 

-2 - 202/3µ - a2 + 20/3 + o2µ2 - o2 

A o=------------ -
2a ' 

- 6ab 
A1 = - - , 

Cl'. 

-6b2 

A2 = --. 
Cl'. 

Consequently, returning to the original variables, a solut ion of (3. 1) is 

{ 
cosh[a(E + C)] + sinh[a(E + C)] } 

u (t , x, Y, z) =Ao+ Aia l - bcosh[a(E + C)] - b sinh[a (E + C)] + 

A 2 { cosh[a (E + C)] + sinh[a(E + C )] }
2 

2a 1 - b cosh[a (E + C)] - b sinh[a (E + C)] ' (
3

-
9

) 

where e = Oz+ (l - ao )y - X + (o/3 - oµ)t and C is an arbitrary constant of 

integration. 

Solutions of (3 .1) using the R i ccati equation as the simplest equation 

Here the balancing procedure gives M = 2 so the solutions of (3.7) are of the form 

(3.10) 
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Substituting (3.10) into (3.7) and using the Riccati equation, and as before, we 

obtain the following algebraic system of equations in terms of A0 , A1 and A2 : 

- 20aA~b2 - 120A2b4 = 0, 

- 336A2ab3 
- 24A1b4 

- 24aA1b2 A2 - 36aA~ab = 0, 

-42aA1aA2b - 662 A2b2 - 12A2b2 - 330A2a2b2 
- 6aAib2 - 16aA~a2 

+12A2b26,B - 32aA~db + 6A2b262µ2 - 12A2b262,Bµ - 240A2b3d 

- 60A1ab3 
- 12aAoA2b2 = 0, 

- 2A1ad62,Bµ - 262 A2d2 + 2A1ad6,B - 4A2d2 - A1a3d - 4aAoA2d2 

-2aAid2 - 2aAoA1ad - 62 A1ad - 16A2bd3 + 2A2d262µ 2 + 4A2d26,B 

- 8A1abd2 - 4A2d262,Bµ - 2A1ad + A1ad62µ2 - 14A2a2d2 = 0, 

-20A2aM2,Bµ-18aA 1a2A2 - 36aA1dA2b-1062A2ab- 20A2ab 

- l0aAiab - 262 A1b2 + 4A1b26,B - 4A1b
262,Bµ - 4A1b2 - 130A2a3b 

-440A1adb2 + 10A2aM2µ 2 
- 28aA~da - 4aA0 A1b

2 - 50A1a2b2 

+2A1b26211,2 - 20aA0A2ab + 20A2aM,B - 40A1db3 = 0, 

- 12A1da62,Bµ - 4A1bd62,Bµ + 2A1bd62µ2 + 6A 2da62µ2 

+4A1bd6,B + 12A2da6,B - 4aA0 A1bd - 12aA0 A2da - 2A1a262,Bµ 

+A1a262µ2 + 2A1a26,B - 262 A1bd - 662 A1da - 6aAida - 12aA1d2 A2 

- 2aA0A1a2 - 120A2ad2b - 22A1a2bd - A1a
4 

- 2A1a2 - 4A1bd - 62 A1a2 

- 12A2da - 16A1b2d2 - 30A2a3d = 0, 

- l6A2dM2,Bµ - 6A1aM2,Bµ + 8A2dM2µ2 - 8A2a262,Bµ 

+6A1aM,B + l 6A2dM,B - 30aA1dA2a - 6aAoA1ab - l6aAoA2db 

+ 3A1aM2µ2 + 4A2a262µ2 + 8A2a26,B - 362 A1ab - 862 A2db 

- 8aAidb - 8aAoA2a2 - 60A1adb2 - 232A2a2db - 8A2a2 - 16A2a4 
- 4aA~a2 

- 15A1a3b - l6A2db- 136A2b2d2 - 12aA~d2 
- 462 A2a2 - 6A2ab = 0. 
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Solving the above equations, yields 

A _ - a2 
- 8bd - cs-2 - 2 + 2c5f3 + c52µ 2 

- 2c52 /3µ 
0 

- 2a ' 
-6ab 

A1 =--, 
Q 

-6b2 

A2=--
a 

and consequently, the solutions of (3.1) are 

u(t , x,y ,z) = A0 +A1 { - ;b -:b tanh [~e(~+ C)]} + 

A2{- ~ - !_ tanh [~e(~ + C)] }2 

(3.11) 
2b 2b 2 

and 

_ { a 0 ( 1 ) sech ( ~) } 
u(t , x, Y, z) - Ao+ A1 - 2b - 2b tanh 20( + C cosh (¥) - ~ sinh (~ ) + 

A,{ - ; - :b tanh G0<) + Ccosh (;:_(;)sinh ('fir 
where ( = c5z + (1 - ac5 )y - x + (c5/3 - c5µ)t and C is an arbitrary constant of 

integration. 

3.3 Conservat ion laws for (3.1) 

We ut ilize the new conservation theorem due to Ibragimov [35] to obtain conser­

vation laws for the (3+1)-dimensional Boussinesq equation (3.1) written as 

Utt - Uxx - Uyy - Uzz - 2au; - 2aUUxx - Uxxxx = 0. (3.12) 

For details of notations, definitions and theorems the reader is referred to [35]. 

In Section 2.1 we derived the following eight Lie point symmetries of equation 

(3.12): 

a 
ax 
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and X s = 

8 
at 
8 
ay 
8 
oz 

8 8 
y -- z -

8z oy 
8 8 

z- + t-
8t oz 
8 8 

y ,:,t +t~ 
u uy 

8 8 8 8 8 
-2at - - ax- - 2ay- - 2az - + (1 + 2au) - . 

Bt Bx oy oz OU 

Corresponding to each of these eight Lie point symmetries we shall construct eight 

conserved vectors. By definition [35] the adjoint equation of (3. 12), is given by 

E* (t , X, U, V , . . •, Uxxxx , Vxxxx) 

= 
6
: [ v( Utt - Uxx - Uyy - Uzz - 2au; - 2aUUxx - Uxxxx) ] = 0, 

which gives 

Vtt - Vxx - Vyy - Vzz - 2aUVxx - Vxxxx = 0. (3.13) 

Here v = v(t,x , y,z) is a new dependent variable. Clearly, equation (3.12) is not 

self-adjoint. The Lagrangian for the system of equations (3 .12) and (3. 13) is given 

by 

£ = V ( Utt - Uxx - Uyy - Uzz - 2au; - 2auuxx - Uxxxx) . (3.14) 

(i) Consider first the translation symmetry X1 = 8 / Bx. In this case the operator 

Y1 [35] is the same as X 1 and the Lie characteristic function HI = -ux. Thus the 

components [35] T i, i = 1, 2, 3, 4, of the conserved vector T = (T 1, T 2
, T 3, T 4

) are 

given by 
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T 3 
- UxVy + VUxy , 

T4 = -UxVz + V Uxz· 

(ii) The second translation symmetry X2 = a/at, gives W = - ut. Hence the 

symmetry generator X 2 gives rise to the following components of t he conserved 

vector: 

T1 
- VUxx - V U yy - VUzz - 2avu; - 2auvuxx - V Uxxxx + utVt, 

T 2 
20'.VUtUx - UtVx - 20'.UUtVx - UtVxxx + VUtx + 20'.UVUtx + VxxUtx - VxUtxx 

+vutxxx, 

T 3 
- VyUt + VUty, 

T4 
- VzUt + V Utz· 

(iii) For the third symmetry X 3 = 8/ 8y, we have W = -uy and the corresponding 

components of the conserved vector are 

T1 
VtUy - Vuty, 

T 2 = - UyVx + 2aVUyUx - 20'.UUyVx - UyVxxx + VUxy + 20'.UV Uxy + Vxx Uxy - VxUxxy 

+vuxxxy, 

T 3 
VUtt - VUxx - VUzz - 2av u ; - 2auV Uxx - VUxxxx - UyVy , 

T 4 = - VzUy + V Uy z · 

(iv) The fourth symmetry X 4 = 8/8z, gives W 

components of the conserved vector are 

T1 
VtUz - VUtz, 

-uz and the corresponding 

T 2 
-UzVx + 20'.V UzUx - 20'.UUzVx - UzVxxx + VUxz + 20'.UVUxz + Vxx Uxz - VxUxxz 

+vuxxxz , 

T 3 
- VyUz + V Uyz, 
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T 4 = VUtt - VUxx - VUyy - 2avu; - 2auvuxx - VUxxxx - UzVz . 

(v) For the symmetry X5 = yo/oz - zo/oy , we have HI = - y'U,z + ZUy and the 

corresponding components of the conserved vector, as before, are given by 

T1 = YUz Vt - ZUy Vt - YVUtz + ZVUty, 

T2 = 2ayVUxUz - YUzVx - 2ayUUzVx - YUzVxxx - 40'.ZVUxUy + ZUyVx + 20'.ZVUyUx 

+20'.ZUUyVx + ZUyVxxxx + YVUxz + 2o:yuVUxz + YUxzVxx - ZVUxy - 20'.ZUVUxy 

- ZUxy Vxx - YVx Uxxz - ZVx Uxxy - YVUxxxz - ZVUxxxy , 

T3 = - ZVUtt + ZVUxx + ZVUzz + 2azvu; + 2CXZUVUxx + ZVUxxxx - YVyUz + ZVyUy 

+vut + yvuyz + VUz , 

T 4 = yvutt - ZVUxx - ZVUyy - 2ayvu; - 2o:yuvuxx - yvuxxxx - YVzUz + ZVzUy 

- VUy - ZVUyz· 

(vi) Likewise, the symmetry x6 = zo/ot + to/ oz, gives w = - ZUt - tuz and the 

corresponding components of the conserved vector are given by 

T1 = - ZVUxx - ZVUyy - ZVUzz - 2o:zvu; - 20'.ZUVUxx - ZVUxxxx + ZVtUt + tvtUz 

- VUz - tVUtz, 

T2 = 20'.ZVUxUt - ZUtVx - 20'.ZUUtVx - ZUtVxxx + 2o:tVUxUz - tUzVx - 2o:tUUzVx 

-tUzVxxx + 2VUtx + 2aZUVUtx + ZUtxVxx + tVUxz + 2o:tUVUxz 

+tuxzVxx - ZVxUtxx - tVxUxxz + ZVUtxxx + tvuxxxz, 

T3 = - ZUtVy - tUzVy + ZVUty + tvuyz, 

T 4 = tVUtt - tvuxx - tvuyy - 2atvu; - 2atuvuxx - t vuxxxx - ZVt Uz - tvzUz 

+VUt + ZVUtz · 

(vii) As before, the symmetry X 7 = yo/ot + to/oy, yields W = - yut - tuy and 

the corresponding components of the conserved vector are given by 

T 1 = - yvuxx - yvuyy - YVUzz - 2ayvu; - 2o:yuvuxx - YVUxxxx + YVtUt + tvtUy 
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-VUy - iVuty, 

T2 2ayvuxUt - YUtVx - 2ayUUtVx - YUtVxxx + 4atvuxUy - tuyVx - 2atuuyVx 

+vut + yvuty , 

T 4 - YUtVz - tuyVz + YVUtz + t vUyz· 

(viii) Finally, for the symmetry 

a a a a a 
X 8 = -2at- - xa- - 2ay- - 2az- + (1 + 2au)-

at ax ay az au 

the value of Y8 is not the same as X 8 and in fact is given by 

a a a a a a 
Y8 = -2at- - xa- - 2ay- - 2az- + (1 + 2au)- + av- . 

at ax ay az au 8v 

The Lie characteristic function Ml = 1 + 2au + 2cdut + xaux + 2ayuy + 2azuz, and 

consequently, the conserved vector T has components given by 

T2 - 0'.XVUtt + O'.XVUyy + O'.XVUzz - 30'.VUx + Vx + 40'.UVx + Vxxx - 8a2UVUx 

+4a2u 2vx + 20'.UVxxx + 2atUtVx - 4a
2
tVUtUx + 4a

2
tUUtVx + 20'.tUtVxxx 

+axuxVx + 2a2xuuxVx + O'.XUxVxxx + 2ayuyvx - 4a2yvuxuy + 4a2yuuyvx 

+2ayuyVxxx + 20'.ZUzVx - 4a2zVUxUz + 4a2zUUzVx + 20'.ZUzVxxx - 2atVUtx 
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-2ayvuxxxy - 2azvuxxxz, 

T 3 -2ayvuu + 2ayvuxx + 2ayVUzz + 4a2yvu; + 4a2yvuuxx + 2ayvuxxxx + Vy 

+2auvy + 2atutVy + axuxvy + 2ayuyvy + 2azuzvy - 4avuy - 2atvuty 

- QXVUxy - 2aZVUz, 

T 4 -2azvuu + 2azvuxx + 2azvuyy + 4a2 zvu; + 4a2 ZVUUxx + 2azvuxxxx + Vz 

+2aUVz + 2atutVz + QXUxVz + 2ayuyVz + 2aZUzVz - 4aVUz - 2atVUtz 

-QXVUxz - 2ayVUyz· 

Remark: Each conserved vector T obtained above contains the arbitrary solution 

v of the adjoint equation (3.13) and hence gives an infinite number of conservation 

laws. 

3 .4 Conclusion 

In this chapter exact solutions of the (3+1)-dimensional Boussinesq equation (3. 1) 

were obtained with the aid of Lie point symmetries of (3. 1) as well as the simplest 

equation method. The solutions obtained were solitary waves and non-topological 

soliton. Furthermore, the conservation laws for the ( 3+ 1 )-dimensional Boussinesq 

equation (3.1) were also constructed by utilizing the new conservation theorem due 

to Ibragimov. 
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Chapter 4 

Solutions and conservation laws of 

a generalized ( 3+ 1 )-dimensional 

Kawahara equation 

4.1 Introduction 

The Kawahara type equations, which are nonlinear evolution equations, are of the 

form 

Ut - Uxxxxx + H(u, Ux , Uxx , Uxxx) = 0. ( 4.1) 

These equations have been thoroughly studied in the last few decades owing to their 

significance in the field of physics. See for example, [51-57] and t he references 

therein. Recently, an initial boundary value problem for the (3+ 1 )-dimensional 

Kawahara equation 

Ut + Ux + UUx + Uxxx + Uxyy + Uxzz - Uxxxxx = 0 
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posed on a channel-type domain was considered and existence and uniqueness 

results for global regular solutions as well as exponential decay of small solutions 

in the H 2-norm were established [58]. 

In this chapter we study the generalized (3+1 )-dimensional Kawahara equation 

given by 

Ut + U x + UUx + aUxxx + buxyy + CUxzz + duxxxxx = 0, (4.2) 

where a, b, c and dare nonzero arbitrary constants. We first find exact solutions of 

( 4.2) using its translation symmetries in conjunction wit h the Kudryashov method. 

The conservation law multipliers are computed and then used to construct conser­

vation laws for the generalized (3+ 1 )-dimensional Kawahara equation. 

This work has been submitted for publication [59]. 

4.2 Solutions of equation ( 4.2) 

4 .2 .1 Lie point sy mmetries of (4.2) 

This section aims to compute the Lie point symmetries of the generalized (3+ 1 )­

dimensional Kawahara equation (4.2) and later use the translation symmetries 

to transform it to an ordinary differential equation (ODE). Thereafter, we use 

Kudryashov's method to construct exact solutions of the ODE, which in fact are 

the exact solutions of the equation ( 4. 2). 

The symmetry group of the generalized (3+1)-dimensional Kawahara equation 

( 4.2) will be generated by the vector field of the form 

la zO 30 40 8 
X = ~ 8t + ~ ox + ~ 8y + ~ 8 z + rJ OU ' 

where C, i = 1, 2, 3, 4 and rJ are functions oft, x , y, z and u. Applying the fifth 

prolongation X 15) to equation ( 4. 2) , expanding and then splitting on the derivatives 
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of u we obtain an overdetermined system of linear homogeneous part ial differen­

tial equations. Solving this resulting system, we obtain the values of ~ i and 'r/­

Consequently, we obtain the following six Lie point symmetries: 

We now use the four translation symmetries and perform symmetry reductions. 

The symmetry X = X 1 + X 2 + X 3 + aX4 , where a is a constant, yields the four 

invariants 

J = t - x, g = t - y, h = at - z , 0 = u, (4.3) 

which are obtained by solving its associated Lagrange system. Using these invari­

ants, equation ( 4.2) transforms to 

( 4.4) 

which is a nonlinear PDE of three independent variables J, g and h. Equation 

( 4.4) possesses the three symmetries 

and the linear combination R = R1 + R2 + (3 R3 , with (3 a constant , provides us 

with three invariants , namely 

r = f - g, s = (3 g - h, 0 = ¢. (4.5) 

Consequently, these invariants transform equation (4.4) to the PDE 

((3 - a )¢s - </Jr - <p<pr - (a+ b)¢rrr - (b(3 2 + c)</Jrss 

+2bf3¢rrs - d¢rrrrr = 0. (4.6) 
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Equation (4. 6) admits the two translation symmetries 

and r = r 1 + , r2 , where , is a constant, has two invariants 

which give rise to the group-invariant solution ¢ = 'l/J(~). Thus equation (4 .6) 

reduces to the nonlinear fifth-order ODE 

(1 + /3, - a,)'l/J' + 'l/J'l/J' +(a+ c,2 + b(l + /3,)2)'1/J"' + d'l/J""' = 0. (4.7) 

4.2.2 Solutions of ( 4.2) using Kudryashov's method 

In this subsection we apply Kudryashov's method [8, 9] and find exact solutions of 

the ODE (4. 7), which will lead to the exact solutions of (4.2). The basic idea is to 

assume the solution of (4 .7) in the form 

where 

M 

'l/J(~) = L Aj(H(~))1, 
j=O 

1 
H (~) = - ---

1 + cosh ~ + sinh ~ ' 

which satisfies the equation 

(4.8) 

(4.9) 

(4. 10) 

Here M , A0 , · · · , AM are parameters to be determined. The application of the 

balancing procedure on (4 .7) yields M = 4. Thus equation (4.8) takes t he form 
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Substituting this value of 'if; into (4.7) and taking into account equation (7.12), 

and thereafter setting the coefficients of like powers of H to zero, gives rise to an 

algebraic system of nine equations, namely 

a'Y A1 - A1 - aA1 - bA1 - dA1 - /3'YA1 - q 2 A1 - 2bf3'Y A1 - b'Y/32 A1 - AoA1 = 0, 

A1 + 7aA1 + 7bA1 + 31dA1 - a'Y A1 + f3'Y A1 + 7c,,2 A1 + 14b,,/3A1 + 7b'Y/32 A1 + A0A1 

2a'YA2 - Ai - 2A2 - 8aA2 - 8bA2 - 32bA2 - 2/3'YA2 - 8c'Y2 A2 - 16b'Yf3A2 

- 8b,,(3 2 A2 - 2AoA2 = 0, 

38aA2 - 12aA1 - 12bA1 - l80dA1 - 12c,,2 A1 - 24b'Y/3A1 - 12b','(32 A1 + Ai + A2 

+ 38bA2 + 422dA2 - 2a'YA2 + 2/3'YA2 + 38q2 A2 + 76b,' /3 A2 + 38b'Y/32 A2 + 2A0A2 

- 3A1A2 - 3A3 - 27aA3 - 27bA3 - 243dA3 + 3a A3 - 3(3,, A3 - 27q 2 A3 

- 54b'Yf3A3 - 27b,,(32 A3 - 3AoA3 = 0, 

6aA1 + 6bA1 + 390dA1 + 6q 2 A1 + 12b,'(3A1 + 6b'Y/32 A1 - 54aA2 - 54bA2 - 1710dA2 

- 54q 2 A2 - 108b,'/3A2 - 54b'Y/32 A2 + 3A1A2 - 2A~ + 3A3 + lllaA3 + lllbA3 

+ 2343dA3 - 3cq A3 + 3/3'YA3 + lllq 2 A3 + 222b,'(3A3 + lllb'Y/32 A3 + 3A0 A3 

- 4A1A3 - 4A4 - 64aA4 - 64bA4 - 1024dA4 + 4a'YA4 - 4/3'Y A4 - 64','2 A4 

- 128b'Y/3A4 - 64b'Y/32 A4 - 4AoA4 = 0, 

24aA2 - 360dA1 + 24bA2 + 3000dA2 + 24q 2 A2 + 48b,,(3A2 + 24b'Y/32 A2 + 2A~ 

- 144aA3 - 144bA3 - 7920dA3 - 144c'Y2 A3 - 288b'Yf3A3 - 144b,'(32 A3 + 4A1A3 

- 5A2A3 + 4A4 + 244aA4 + 244bA4 + 8404dA4 - 4a,,A4 + 4(3,,A4 + 244q 2 A4 

+ 488b,,(3A4 + 244b'Y/32 A4 + 4AoA4 - 5A1A4 = 0, 

120dA1 - 2400dA2 + 60aA3 + 60bA3 + 12300dA3 + 60q 2 A3 + 120b,'(3 A3 

+ 60b'Y/32 A3 + 5A2A3 - 3A~ - 300aA4 - 300bA4 - 25500dA4 - 300q 2 A4 

- 600b'Y/3A4 - 300b'Y/32 A4 + 5A1A4 - 6A2A4 = 0, 

720dA2 - 9000dA3 + 3A~ + 120aA4 + 120bA4 + 36600dA4 + 120q 2 A4 
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+ 240b1,BA4 + 120b1 ,B2 A4 + 6A2A4 - 7 A3A4 = 0, 

2520dA3 - 25200dA4 + 7 A3A4 - 4A~ = 0, 

1680d + A4 = 0. 

Using the computer algebra system Mathematica, the solution to the above system 

of algebraic equations for A0 , A1, A2, A3 and A4 is 

A1 = 0, 

1680 
A2 = l3 (a+ b,82

1
2 + 2b,B, + b + q 2

) , 

3360 
A3 = - 13 (a+ b,82

1
2 + 2b,B1 + b + q 2

), 

1680 
A4 = l3 (a+ b,82

1
2 + 2b,B1 + b + q 2

) . 

Consequently the solut ion of the (3+1)-dimensional Kawahara equation (4.2) is 

4 
( 1 )j 

u(t, x, Y, z) = ~ Aj 1 + cosh~ + sinh~ ' ( 4.12) 

where~ = 1 (,8 - a)t + x - ('Y,B + l )y + 1 z. 

4.3 Local conservation laws 

In this section we look for the local zeroth-order conservation laws of the generalized 

(3+1)-dimensional Kawahara equation (4.2). We apply the algorithm described 

in [24] to look for the zeroth-order multiplier A = A(t , x , y , z, u). The Euler­

Lagrange operator in this case is 
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The determining equation for the multiplier A is 

(4.13) 

Expanding equation (8.13) and splitting on t he derivatives of u yields a system of 

linear homogeneous PDEs. Solving these PDEs we obtain 

(4.14) 

Thus it follows from equation (4.14) that there are three nontrivial conservation 

law multipliers, namely 

(4 .15) 

Corresponding to the above multipliers the associated low-order conservation laws 

for equation ( 4.2) are 

r,t 
2 

r,x 
2 

1 2 --tu - tu+ xu. 2 , 

- aux - duxxx - dtuxxxx - atUxx + aXUxx - atUUxx - dtuuxxxx 

+dtuxUxxx - tu2 + xu - tu+ i (3xu2 + 3atu; - 3dtu;x + btu~ + ctu;) 

+~ ( CXUzz - ctUzz - btuyy + bxuyy - btuuyy - ctUUzz - tu3
) , 

b 

3 ( tux Uy - 2tuuxy - 2tuxy + 2xuxy - Uy) , 

C 

3 ( tux Uz - 2tuUxz - 2tUxz + 2XUxz - Uz ); 

1 2 
-u 2 , 

= i ( 3du;x + 3u2 
- 3au; + 2cuUzz + 2buuyy + 2u3 

- bu~ - cu;) 

+auUxx + duuxxxx - duxUxxx , 
1 

3b(2uuxy - Uxuy) , 

1 

3c(2uUxz - UxUz) ; 
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T{ uF, 

T{ ~ (bFuyy + cFUzz - bFyuy + cuFzz - CUzFz + buFyy ) + lu2 F 

+aFUxx + dFuxxxx + uF, 
1 

Tf -
3

b(Fyux - 2Fuxy ), 

1 r; -3c(FzUx - 2Fuxz), 

respectively. 

4.4 Conclusion 

In this chapter we studied the generalized (3+ 1 )-dimensional Kawahara equation 

(4.2). We performed several symmetry reductions on (4.2) and transformed it to 

a fifth-order ordinary differential equation. Thereafter, Kudryashov's method was 

employed to obtain its exact solutions. Moreover, three conservation law multipli­

ers were computed and corresponding to them conservation laws were constructed. 

56 



Chapter 5 

Exact solutions and conservation 

laws of a (3+1)-dimensional 

KP-Boussinesq equation 

5.1 Introduction 

One of the generalizations of the well-known Kadomtsev-Petviashvili (KP) equa­

tion is the generalized (3+1)-dimensional KP equation 

(5.1) 

which has a class of \i\Tronskian solutions and a class of Grarnmian solutions [60]. 

In [61 ,62] the simplified Hirota's method was employed to (6.2) and multiple soliton 

solutions were obtained subject to constraints on the coefficients of the spatial 

variables. The multiple exp-function method was used to construct multiple wave 

solutions to (6.2) and it was shown that the resulting solutions involved generic 

phase shifts [63]. 
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In Ref. [64] a new form of (3+1)-dimensional generalized KP-Boussinesq equation 

(5 .2) 

was introduced and simplified Hirota 's method was used to construct one, two and 

three-soliton solutions were constructed for (5.2). 

In this chapter the Lie symmetry method is employed to perform symmetry reduc­

tion on the (3+1)-dimensional generalized KP-Boussinesq (5 .2) and the reduced or­

dinary differential equation is solved by direct integration. Moreover , Kudryashov 's 

method [3] is used to obtain exact solutions of (5.2). Furthermore, conservation 

laws for the equation are derived using Ibragimov's conservation theorem [35] . 

Finally, conclusion is presented. 

This work has been submitted for publication [65]. 

5.2 Exact solutions of (5.2) 

5.2.1 Symmetry reductions of (5.2) 

In this section we first calculate the Lie point symmetries of (3+ 1 )-dimensional 

generalized KP-Boussinesq equation (5.2) and latter use the translation symmetries 

to transform it into a fourth-order nonlinear ordinary differential equation (ODE). 

The symmetry group of the (3+1)-dimensional generalized KP-Boussinesq equation 

(5.2) will be generated by the vector field of the form 

where ~i, i = 1, 2, 3, 4 and T/ depend on the variables t , x, y, z and u. Applying 

the fourth prolongation x l4l to equation (5.2) we obtain an overdetermined system 
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of linear homogeneous partial differential equations. Solving this resultant system 

one obtains the following seven Lie point symmetries: 

(5.3) 

We now utilize the linear combination R = R1 + aR2 + R3 + R4 , where a is 

a constant, and perform symmetry reductions on (5.2). Solving the associated 

Lagrange system for R, we obtain the following four invariants: 

f = at - x , g = x - ay , h = y - z, u(t , x , y , z) = 0(!, g, h). (5.4) 

ow treating 0 as the new dependent variable and f , g and h as new independent 

variables, equation (5 .2) transforms to 

a 20ff + a01999 + a (019 - 0ff) + a0fflg + a (01h - a019) 

+ 3 (09 - 01 ) (a019 - 01h - a099 + 09h) + 3 (0ff - 2019 + 099 ) (0h - a09) 

(5.5) 

which is a nonlinear PDE in t hree independent variables. This equation (5.5) has 

five Lie point symmetries 

a a a 
r 1 = aj' r 2= 89 , r 3=ah ' 

a a 3 a 
r4 =3f aJ + 3g ag + ;(3ah+ 2f + 2g) Bh 

. a 
+ ( ( 4 f + 2 g) a - 4 f - 2 g - 3 0) 80, 

3 a 3 a r5 = -(ah+ f + g)- - -(ah+ f + g)-
a 8f a 8g 
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As before, we consider the combination r = r 1 + /3 r 2+ r 3 , where /3 is a constant. 

Solving the associated Lagrange system for r , we obtain the three invariants 

r = f-h , s=g - /3 h, 0(f ,g, h) = ¢ (r, s). (5.6) 

Using these invariants , equation (5.5) transforms to 

-3<:x<Prr <Ps - 3<:x<Prrss + CX <Prrrs + 3/3 </>r<Pss - 2/3</>rs + 9/3</>s<Prs - 3/3</>r<Prs 

- 3/3</>rr <Ps - 3/3</>rrss + /3</>rrrs - 3¢r<Pss - 3¢s<Prs + 9</>r<Prs - <Prsss + 3</>rr<Ps 

- 3</>rrrs - 6¢r<Prr - <Prr + <Prrrr - 6a¢s<Pss + 3<:x <Prsss + 3/3</>rsss 

-CX<Pssss - /32 </>ss - 6/3</> s<Pss - /3</>ssss + 3</>rrss = 0, (5.7) 

which has the four Lie point symmetries 

a a a 
E1 = Br ' E2 = Bs ' E3 = B¢' 

E = { ( 6 r + 4 s) a 3 + ( ( 4 r + 4 s) /3 - 14 r - 1 0 s - 3 ¢) a 2 

4 
3(a+ /3 + 1) 

_ ( 2 r /32 + ( 10 r + 2 s + 6 ¢) /3 - 6 s + 6 ¢) a + 3 ¢ (/3 + 1) 2 
} ~ 

3 ( a + /3 + 1) 8¢. 

Utilizing the first two translation symmetries, E = E1 + vE2 , we obtain, as before, 

two invariants 

which transform equation (5.7) into nonlinear fourth-order ODE 

(a 2v2 + a 2v + a f3 v - 2a v2 
- av - /32 + 2/3v - v2)'lj;" 

+ (6v3 
- 6av2 

- 12av - 6a - 6/3 - 6/3 v2 
- 12/3v + 12v2 + 6v) 'l/J 'v/' 

+ (v4 + 3v3 + 3v2 + v - av3 
- 3av2 

- 3av - a - /3v3 
- 3/3 v2 

- 3/3 v - /3)'l/J 1111 = 0, 
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which we write as 

A'lj; 1111 + B'lj;1'1j; 11 + C'lj;" = 0, (5.8) 

where A = (11 + l )3 (a + f3 - 11 ), B = 6(11 + l )2(a + f3 - 11) and C = (/3 - 11)2 
-

a,2112 
- av(a + f3 - 11 ) + a11 (11 + 1). 

5.2.2 Exact solutions of (5.2) by direct integration 

Integration of equation (5.8) yields 

A'lj; 111 + ~ 'lj;'2 + C'lj;' + C1 = 0, (5.9) 

where C1 is an arbitrary constant of integration. Mult iplying equation (5.9) by 'lj;" 

and integrating gives 

A B C 
_ . ,,112 + _. ,,13 + _ . ,,12 + C w' + C = 0 
2 1.f/ 6 'f' 2 'f' 1, 2 ) 

where C2 is an arbitrary constant of integration. Putting <I> = 'lj;' the above equation 

becomes 

Taking into account the transformation 

( 5.10) 

we have equation for the Weierstrass elliptic function [66] 

where 

C2 
- 2BC1 C3 + 3B(BC2 - CC1 ) 

91 = 12A2 ' 92 = 216A3 . 
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Thus integrating equation (5 .10) with respect to ~ and reverting to the original 

variables we obtain the solution of (5.2) 

where ( (~; 91, 92) is the Weierstrass zeta function [66] defined as (' (~; 91 , 92) 

- p(~;91,92) and A = (11+ l )3(a+,B - 11), B = 6(11+l)2(a+,B-11), C = (,B - 11)2-

a:2112 - a11(a+ ,B - 11) + 0:11 (11 + 1) and~ = (11+ l )x + (11 - a - ,B)y+ (,B - 11)z - a11t. 

5.2 .3 Solutions of (5 .2) using Kudryashov's method 

We now find exact solutions of (5. 2) by employing Kudryashov's method. This 

method is used for finding exact solutions of NLPDEs and the algorithm of this 

method is described in [8]. Firstly the NLPDE is reduced to an ODE. Then the 

exact solutions of this ODE is assumed to be written as the power series 

N 

'1/J(~) = L anQn(O, (5.11) 
n=O 

where the coefficients an (n = 0, 1, 2, · · · , N) are constants to be determined, such 

that aN =I- 0, and Q(z) is the solution of the first-order nonlinear ODE 

(5.12) 

Equation (5. 12) has the solution in terms of elementary function as 

(5.13) 

By substituting the value for '1/J(O into the ODE of interest and using equation 

(5.12) we obtain an equation involving powers of Q. Finally, equating different 

powers of Q to zero, we obtain a system of algebraic equations which can be solved 

to give the values of coefficients ao , a1 , · · · , aN-l, aN and possibly the relations for 
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other parameters that may be present. As a result, we obtain exact solutions of 

the NLPDE owing to the group invariant solution u(t , x , y , z ) = 'lf; (f;,) which has 

been alluded to in the previous section. 

We now implement Kudryashov's method in order to obtain exact solutions of 

(5.2). Considering (5.8), the balancing procedure yields M = 1 and thus (5.11) 

becomes 

Substituting the value of 'l/J(O from the above equation into (5.8) and using (5.12) 

yields the algebraic equation 

2af BQ(~) 5 + 24a1AQ(~) 5 
- 5af BQ(f;,) 4 

- 60a1AQ(f;,)4 + 2a1CQ(~)3 

+4af BQ(~)3 + 50a1AQ(~)3 
- 3a1CQ(f;,) 2 

- aiBQ (~) 2 
- 15a1AQ (~)2 

+a1 CQ(O + a1AQ(O = 0, 

which splits into an algebraic system of equations 

a1A + a1C = 0, 

15a1A + af B + 3a1C = 0, 

50a1A + 4ai B + 2a1C = 0, 

12a1A + aiB = 0. 

Solving these equations we obtain 

12C 
ao = ao , a1 = B ' C = -A, (5.14) 

thus rendering the solution of the (3+1)-dimensional generalized KP-Boussinesq 

equation ( 5. 2) as 
2(11 + 1) 

u(t , x , y,z) =ao- ~ 
l+e 

(5.15) 

with~= (v + l )x + (v - a - /3 )y + (/3 - v)z - avt. 
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5.3 Conservation laws of (5 .2) 

In this section we derive conservation laws of the (3+ 1 )-dimensional generalized 

KP-Boussinesq equation (5 .2) using the new conservation theorem due to Ibragi­

mov [35]. 

We begin by determining the adjoint equation of (5 .2) by using 

(5. 16) 

where v = v(t, x , y , z) , and o/ou is the Euler-Lagrange operator defined by 

The total differential operators Dt, Dx, Dy and Dz are given by 

8 8 8 8 8 8 
Dt = 8t + Ut-8 +Utt -a+ Utx -8 + Uty -8 +Utz-a+ · ··, 

U Ut Ux Uy Uz 
8 8 8 8 8 8 

Dx = -
0 

+ Ux -
0 

+ Uxx -
0 

+ Uxt -
0 

+ Uxy -
0 

+ Uxz -
0 

+ · · · , 
X U Ux Ut Uy Uz 

8 8 8 8 8 8 
D y = -

0 
+ Uy -

0 
+ Uyy -

0 
+ Uyt-

0 
+ Uyx -

0 
+ Uyz-

0 
+ · · · , 

y U Uy Ut Ux Uz 

(5. 18) 

8 8 8 8 8 8 
Dz =-

0 
+ u z-

0 
+uzz -

0 
+uzt -

0 
+uzy-

0 
+ uzx -

0 
+· · · . 

Z U Uz Ut Uy Ux 

Thus (8.16) becomes 

(5. 19) 

The KPB equation (5.2) together with its adjoint (5. 19) have the Lagrangian 

(5.20) 

which is equivalent to the second-order Lagrangian 

(5.21) 
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A quick calculation will reveal that 5£ /fo = F * and 5£j6v = F. We recall 

that (5.2) admits the eight Lie point symmetries (5.3). To obtain the conserved 

vectors corresponding to these eight infinitesimal generators and the second-order 

Lagrangian (5.21) we use the components Ci of a conservation law given by [35] 

(5.22) 

where W°' is the Lie characteristic function given by W°' = rl°' - (Jui , a = 1, 2. 

Here j runs from 1, · · · , 4 in this particular case. 

Let us first consider the infinitesimal generator 8/fJt. The corresponding value of 

Y1 is 8/ fJt and the Lie characteristic functions W1 and W 2 are W 1 = -ut and 

W2 = -Vt· Thus by using (5.22) the conserved vector for the system (5.2) and 

(5.19) corresponding to X 1 is 

t 1 1 1 1 
C1 = - UzzV + 3UxUxyV + 3UxxUyV + 

2
utyV + 

2
utxV + 

2
utVx + 

2
utVy + UtVt 

X 3 3 1 3 
Cl = 

2
utUxyV -

2
uxUtyV - 3UyUtxV -

2
uttV + 

2
utUxVy + 3UtUyVx + UtVxxy 

1 1 1 
+ 

2
vtUxxy -

2
uxxVty - UtxVxy + 

2
utVt , 

y _ 3 3 1 3 1 1 1 
Cl - - 2UtUxxV - 2UxUtxV - 2UttV + 2UtUxVx + 2VtUxxx - 2UxxVtx + 2UtVt, 

Similarly, we compute the conserved vectors for the remaining seven symmetries. 

The results are given below. 

t 1 1 1 1 
C2 = -

2
uxyV -

2
uxxV - UtxV + VtUx + 

2
uxVy + 

2
uxVx , 

ex 3 1 1 3 2 
2 = UxUxyV - UzzV + UtyV + 

2
utxV + UttV + 

2
vtUx + 

2
ux Vy+ 3UxUyVx + UxVxxy 

1 1 
-

2
uxxVxy + 

2
vxUxxy , 

CY 1 1 32 1 1 
2 = - 3UxxUxV -

2
utxV + 

2
vtUx + 

2
ux Vx -

2
uxxVxx + 

2
uxxxVx, 
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1 1 1 1 
-

2
uyzV -

2
uxzV - UtzV + VtUz + 

2
uzVx + 

2
uzVy , 

c: = 
3 3 1 1 3 

-
2

uxUyzV - 3uyUxzV + 
2

uzUxyV -
2

utzV + 
2

vtUz + 
2

uxUzVy + 3UyUzVx 

1 1 
- UxzVxy -

2
uxxVyz + 

2
vzUxxy + UzVxxy, 

3 3 1 1 3 1 1 
CJ%= -

2
uxUxzV -

2
u xxUzV -

2
utzV + 

2
vtUz + 

2
uxUzVx -

2
u xxVxz + 

2
uxxxVz, 

Cf= 3uxUxyV + 3UxxUyV + UtyV + UtxV + UttV + UxxVxy - UzVz; 

t 1 1 
C5 =2VUz + tvyUz + t vxUz + 2tVtUz - 2zVUzz + 2ZUyVy - tvUyz - 2ZVUyy 

1 1 1 1 + 
2

zvyUx + 
2

zuyVx + 
2

zuxVx - iVUxz - ZVUxy + 6zVUxUxy -
2

zVUxx 

+ 6ZVUyUxx + 2ZVxyUxx + ZVyUt + ZVxUt + ZUyVt + ZUxVt + 2ZUtVt - 2ivUtz , 

c; = 3zvxu/ + ~ZVyUxUy + 6tUzVxUy + 3zUxVxUy - 6tVUxzUy - ~ZVUxyUy + ZVxxyUy 

1 3 2 + 6ZVxUtUy + 
2

z VtUy - 6 ZVUtxUy + 
2

zvyUx - VUz - ZVUzz + 3tUzVyUx 

3 
- 3iVUyzUx -

2
zvuyyUx + 3tVUzUxy + 3zVUxUxy - 2tUxzVxy - ZUxyVxy - iVyzUxx 

1 1 1 1 
-

2
zvyyUxx -

2
zvxyUxx + i VzUxxy + 

2
zvyUxxy + 

2
zvxUxxy + 2iUzVxxy + ZUxVxxy 
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1 
+ 3zvyUx'Ut + 3zvuxy'Ut + 2 zVxxyUt + tUzVt + 

2
zuxVt + ZUxxyVt + ZUtVt - t VUtz 

1 1 
+ 

2
zVUty - 3ZVUxUty - ZUxxVty + 

2
zVUtx - 2zVxyUtx , 

y _3 2 3 3 
C5 -

2
zVxUx + 3tUzVxUx + 

2
zuyVxUx - 3tVUxzUx + 

2
zvUxyUx - 3zVUxxUx 

1 3 
+ 3ZVxUtUx + -ZVtUx - 3ZVUtxUx - VUz - ZVUzz - 3tVUzUxx + -ZVUyUxx 

2 2 
1 1 1 1 

- tvxzUxx + 2ZVxyUxx - 2ZUxxVxx + tvzUxxx + 2ZVyUxxx + 2ZVxUxxx 

1 1 1 
- 3ZVUxxUt + tUzVt + 

2
zuyVt + ZUxxxVt + ZUtVt - t VUtz + 

2
zVUty + 

2
zVUtx 

9 9 9 3 3 
- 9tUzzV - 6UyV -

2
zuyzV -

2
yuyyV - 6UxV -

2
zUxzV -

2
tuxyV -

2
xuxyV 

9 3 3 
-

2
yuxyV + 27tuxUxyV -

2
tuxxV -

2
xuxxV + 27tuyUxxV - l2UtV - 9ZUtzV 

9 3 XVy YVy 3 9 + -bt, v - 9yut v + -tut v - 3xut v + v - - - - + -uv + -zu v 2"'1:Y y 2 X X 2 2 2 y 2 zy 

9 3 3 XVx YVx 3 9 9 + 
2

yuyVy + 
2

tvyUx + 
2

xvyUx - 2 - 2 + 
2

uvx + 
2

zuzVx + 
2

yuyVx 

3 3 9 9 
+ 

2
tuxVx + 

2
xux'Ux + 9tVxyUxx + 

2
tvyUt + 

2
tVx'Ut - XVt - YVt + 3UVt + 9ZUzVt 

+ 9yuyVt + 3tuxVt + 3XUxVt + 9tUtVt, 

ex 27 2 3 36 
27 

6 = YVxUy + VUy - VUxUy + 2 yvyUxUy - 3XVxUy - 3yVxUy + 9UVxUy 

27 
+ 27ZU2 VxUy + 9tUxVxUy + 9xuxVxUy - 27zvUxzUy - 2 yvuxyUy + 9yvxxyUy 

9 9 2 9 2 + 27tVxUtUy + 
2

YVtUy - 27tVUtxUy + 
2

t vyUx + 
2

xvyUx - 3tVUzz - 3XVUzz 

3 3 9 27 27 27 
-

2
x vyUx -

2
yvyUx + 

2
uvyUx + 2 zuzVyUx - 2 zvUyzUx - 2 yvuyyUx 

3 3 9 27 
-

2
xvuxy -

2
yvuxy + 

2
uVUxy + 2 zVUzUxy + 9tVUxUxy + 9XVUxUxy - 6UxVxy 

9 9 
- 9ZUxzVxy - 9yuxyVxy + Vxy - 9VyUxx -

2
zvyzUxx -

2
y vyyUxx 
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3 3 9 9 9 3 - 2tvxyUxx - 2xvxyUxx + 2v u xxy + 2zvzUxxy + 2,YVy Uxxy + 2tvxUxxy 

3 
+ 2xvxUxxy - XVxxy - YVxxy + 3UVxxy + 9 ZUzVxxy + 3iUxVxxy + 3 XUxVxxy 

27 27 XVt YVt 3 9 
- 6VUt + 2 tvyUxUt + 2 tvUxyUt + 9tVxxyUt - 2 - 2 + 2,UVt + 2, ZUzVt 

3 3 9 9 9 9 
+ -iUxVt + - XUxVt + -tUxxyVt + -

2
tutVt - -

2
zVUtz + 3tVUty + 3XVUty - -

2
yVUty 

2 2 2 
27 9 3 3 3 - 2 t vUx'Uty - 2t uxxVty + 2t VUtx + 2,XVUtx - 9tVxyUtx - 2t VUtt + 3XVUtt , 

2 9 2 9 2 3 3 9 27 
Cl= - 9VUx + 2t vxUx + 2,XVxUx - 2,XVx Ux - 2,YVx Ux + 2,UVx Ux + 2 zUzVxUx 

27 27 27 27 
+ -yUyVxUx - - ZVUxzUx + -yVUxy Ux - 9tVUxxUx - 9XVUxxUx + - iVxUtUx 

2 2 2 2 
3 3 27 3 3 9 

+ 2tvtUx + 2,XVtUx - 2 tVUtxUx - 9yVUzz + 2,XVUxx + 2,YVUxx - 2,UVUxx 

27 27 9 9 3 - 2 z vUzUxx + 2 y vuyUxx - 6VxUxx - 2zVxzUxx + 2,YVxyUxx - 2tuxxVxx 

3 9 9 9 3 3 
- 2,XUxxVxx + 2, VUxxx + 2, ZVzUxxx + 2,YVyUxxx + 2,iVxUxxx + 2, XVxUxxx - 6VUt 

2 7 XVt YVt 3 9 9 9 9 
- -tvu Ut - - - - + -UVt + - z u Vt+ -yu Vt + -tu Vt+ -tUtVt 2 XX 2 2 2 2 z 2 y 2 XXX 2 

9 9 3 3 9 9 
- - ZV'Ut, + -yvUt, - - tVUt - - XVUt + 9yvut - -tu Vt - -t'UUtt + 9yVUtt 2 Z 2 y 2 X 2 X X 2 XX X 2 > 

C t = 12VUz - 9ZVz Uz + XVz + YVz - 3UVz - 9yVz Uy + 9yVUyz - 3tVzUx - 3XVzUx 

+ 9ZVUty + 9ZVUtx + 9zvutt ; 

c; = - F{ v -1vx Fi (z - t ) - i vyFi(z - t ) - VtFi(z - t), 

7 3 1 / 3 
ex= - 2,Fi (z - t)uxyV - 2,Fiv - 2,UxVy Fi (z - t ) - 3uyvx Fi (z - t ) 

1 
- Fi (z - t )vxxy - 2vtFi (z - t ) , 

7 3 1 / 3 1 
C Y = 2uxxFi (z - t)v - 2Fi v - 2uxvxFi(z - t ) - 2vtFi(z - t ), 

c; = v z Fi ( z - t ) - F{ v; 
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c f = F~v - ~vxF2 (t + z ) - ~vyF2(t + z) - VtF2 (t + z ), 

s 3 1, 3 ( ) () e x = - 2F2 (t + z)uxyV + 2F2v - 2UxVy F2 t + z - 3uyvxF2 t + z 

1 
- F2 (t + z)vxxy -

2
vtF2 (t + z) , 

8 3 ) 1, 3 () 1 () CY = 
2

uxxF2 (t + Z V + 
2

F2v -
2

uxVx F2 t + Z - 2vtF2 t + Z , 

C! = vzF2 (t + z) - F~v. 

5.4 Conclusion 

In this chapter we studied the ( 3+ 1 )-dimensional generalized KP-Boussinesq equa­

tion (5.2). Firstly, Lie symmetry method was employed to perform symmetry 

reductions on (5.2) and the equation was reduced to a fourth-order ordinary differ­

ential equation. This ODE was solved by direct integration and thus exact soluton 

of (5.2) was derived. We then used Kudryashov's method on the ODE and ob­

tained more exact solutions of (5.2). Secondly, conservation laws for the equation 

(5.2) were constructed using Ibragimov's conservation theorem. 
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Chapter 6 

Exact solutions and conservation 

laws of a (3+1)-dimensional 

BKP-Boussinesq equation 

6.1 Introduction 

The B-type of the KP equation has been invested through a considerable size of 

research work. This equation has been investigated using a variety of methods, 

such as the Wronskian and Grammian solutions, multiple exp-function method, 

simplified Hirota's method, the tanh method, and the rational hyperbolic functions 

method by a variety of authors. 

The universal completely integrable KP equation 

(6.1) 

is a nonlinear partial differential equation in two spatial and one temporal coordi­

nate which describes the evolution of quasi-one dimensional shallow-water waves 
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when effects of the surface tension and the viscosity are negligible. 

A variety of extended KP equations has been developed and examined in the 

literature. Recently, a generalized (3+1)-dimensional KP equation 

(6.2) 

was presented and examined in [61 , 63 , 67]. This equation was investigated in [63] 

where Wronskian and Grarnmian formulations were established for this equation. 

This equation was studied also in [61 , 67] where the simplified Hirota's method 

was used to obtain multiple soliton solutions, provided specific constraints on the 

coefficients of the spatial variables are satisfied. 

The B-type of KP equation (BKP) [61 , 63 , 67] is given as 

(6.3) 

In this chapter we consider a new form of a ( 3+ 1 )-dimensional BKP-Boussinesq 

equation, given in the form 

(6.4) 

where, like the previous extension, one extra term, namely Utt is added to the 

generalized form of the B-type KP equation (6.3). In [64], the simplified Hirota's 

method was used to obtain multiple soliton solutions for equation (6.4). 

In this chapter similarity reductions [19] in conjunction with the ( G' / G)-expansion 

method [12] is employed to obtain exact solutions of the (3+1)-dimensional B-type 

KP-Boussinesq equation. To complete this work we construct the conservation 

laws of the BKPB equation by utilising Ibragimov's conservation theorem [35] . 

This work has been submitted for publication [68]. 
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6.2 Exact solutions of (6.4) 

6.2. 1 Symmetry reductions of (6.4) 

In this section we first compute the Lie point symmetries of (3+ 1 )-dimensional 

BKP-Boussinesq equation (6 .4). The vector field 

(6.5) 

where ~ i, i = 1, 2, 3, 4 and ry depend on t, x, y, z and u generates the symmetry 

group of (6.4) if 

(6.6) 

where 

and x[4l is the fourth prolongation of X [18]. Expanding equation (6.6) we obtain 

an overdetermined system of linear homogeneous partial differential equations. 

Solving this resultant system one obtains the following seven Lie point symmetries: 

X 1 = 2F1 (z) :t - 3tF{ (z) :x + { - 3t2 F{'(z ) + 3ytF{' (z) + xF{ (z)} :u , 

X2 = F2 (z) :x - yF~ (z) :u' 
X 3 = 2F3 (z) :y + {3t

2 
F~'(z) - 2xF~(z)} :u' 

X 
0 

4 = oz ' 
0 

Xs = F4 (z) ou ' 
0 

X5 = tFs (z) ou ' 
o o o o o 

X 7 = 3t- + x- + 3y - + 5z- - u-ot ox oy oz ou ' 

(6.7) 

where F1(z) to F5(z) are arbitrary functions of z . We now use the four translational 

symmetries and perform symmetry reductions of (6.4). Consider the symmetry 
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X = X1 + a X2 + X3 + X4 , where a is a constant , F1(z) = 1/ 2, F2(z) = 1 and 

F3(z) = 1/ 2. Solving the characteristics equations of the PDE X I = 0 we obtain 

the four invariants 

f = x - at , g = x - ay , h = y - z , u(t , x, y, z) = 0(!, g, h), (6.8) 

which when used , reduces the (3+1)-dimensional BKP-Boussinesq equation (6.4) 

to 

o?eff + a2019 + 3a01099 + 9a09019 + 3a01019 + 3a01999 + 3a0ff09 + 3a01199 

+a0fffg - 30f0gh - 3090Jh - 60h0fg - 30Jggh - 30Jfgh - a0fh - 30J0fh - 30Jh 

- 30ff0h - 0fffh + 6a09099 + a09999 - 3090gh - 30gh - 3099 0h - 09ggh = 0. (6.9) 

We now use the Lie point symmetries of equation (6.9) and perform further sym­

metry reductions. Equation (6.9) has six Lie point symmetries 

a a a a 
r 1 = 

81 
, r 2 = 

89
, r 3 = ah, r 4 = 80 

r = ( ah - f + g) ~ 
5 a 80 ' 

r = ( 3 a f - 2 ha2 
- 2 a g - 3 a h + 3 f - 3 g) ~ 

6 
3a BJ 

(
a g - 2 ha2 

- 3 a h + 3 f - 3 g) ~ h~ 
+ 3a 8g + 8h 

-(-5af+4ag - a (0) - 3f+3g) ~ 
6 ae 

and by considering the symmetry r = r 1 + ,Br 2+ r 3 , where /3 is a constant, we see 

that it provides us with three invariants, namely 

r = f - h, s = g - /3h, 0 (! , g, h) = </> (r, s) . (6.10) 

As above, ut ilization of these invariants, reduces one independent variable of equa­

t ion (6.9) and we obtain 
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+3a¢rsss + 3a¢rr <Ps + 3a¢rrss + a¢rrrs + 3/3¢r<Pss + 3/3¢rs + 9/3¢ s<Prs 

+3/3¢r<Prs + 3/3<Prsss + 3/3¢rr <Ps + 3/3 ¢rrss + f3<Prrrs + 3¢r<Pss + 3¢s<Prs 

+9¢r<Prs + 3¢rs + <Prsss + 3¢rr <Ps + 3¢rrss + 3¢rrrs + 6¢r<Prr + 3¢rr 

+ <Prrrr + 6a¢s¢ss + a¢ssss + 3/3<Pss + 6/3¢s<P ss + f3 <Pssss = 0, (6.11) 

which is a nonlinear PDE in two independent variables. Further symmetry reduc­

tion will transform equation ( 6. 11) into an ordinary differential equation ( 0 DE). 

Equation (6.11) has four symmetries, including the two t ranslation symmetries 

B1 = 8/ Br and B2 = 8/ 8s and so B = B1 + vB2 yields the two invariants 

Using these invariants , equation (6.11) is reduces to the fourth-order nonlinear 

ODE 

a 2v2 '1j;" - a2v'lj;" - a f3 v'lj;" - av3'1j;"" + av2'lj;" + 6av2'lj;''lj;" + 3av2'lj;"" 

-12av'lj;' 'lj;" - 3av'lj;"" + 6a'lj;' 'lj;" + a'lj;"" - f3 v3'1j;"" + 6/3 v2'lj;' 'lj;" + 3/3 v2'lj;"" 

-3f3 v'lj;" - 12/3v'lj;' 'lj;" - 3/3 v'lj;"" + 3/3'lj;" + 6/3'lj;''lj;" + f3'1j;"" + v4'lj;"" - 6v3'1j;''lj;" 

-3v3'lj;"" + 12v2 '1j;' 'lj;" + 3v2'lj;" + 3v2 1/J"" - 6v'lj;' 'lj;" - 3v'lj;" - v'lj;"" = 0, (6.12) 

which we write in the simplified form as 

A'lj;"" (O - B 'lj;' (f )'lj;"(~) + C'lj;"(O = 0, (6.13) 

where A= (v + 1)3 (v - a - /3 ), B = 6(v + 1)2 (v - a - /3), C = (a 2 +a+ 3) v2 -

(a + 3)/3v - (a 2 + 3) v + 3/3 and~= (1 - v )x + (v - a - /3) y + (/3 - v)z + a vt . 

6.2.2 Solutions of (6.4) by direct integration 

Firstly we pursue direct integration of (6. 13) with the sole objective of solving 

the (3+1)-dimensional BKP-Boussinesq equation (6.4). Integration of (6.13) with 
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respect to~ yields the ODE 

A1j; 111 
- ~ 1j;'2 + C'lj; ' + C1 = 0, (6.14) 

where C1 is an arbitrary integration constant . Multiplying (6.14) by 'if;" and inte­

grating the resulting equation yields 

(6.15) 

where C2 is an arbitrary integration constant . Now equation (6.15) can be re­

written as 

w'2 = !!___ w3 _ C 1¥2 _ 2C1 w _ 2C2 
3A A A A ' 

(6.16) 

where 1¥ = 'lj;'. Suppose that >.1, >.2 and >.3 are roots of the equation 

w3 _ 3C 1¥2 _ 6C1 w _ 6C2 = 0 
B B B 

(6.17) 

with >.1 2: >.2 2: >.3 . Then equation (6.16) can be written in the form 

w'2 = 
3
~ (w - >-1 )('1' - >-2 )(w - >.3). ( 6.18) 

_ ow the general solution of (6.16) can be expressed via the Jacobi elliptic function 

[37,66,69] 

W(I;) = >., + (>. 1 - >., )en' { B(>.{2~ >.,) I; , S'} , S' = ~: = ~:, (6.19) 

where en is the elliptic cosine function. Integrating the above equation with respect 

to~ and reverting back to the original variables , we obtain the solution of (6.4) as 

B(>-1 - >.3) ~ s2) s2] } 
12A ',, , ' 

(6.20) 

where~= (v + l)x + (v - a - (3) y + ((3 - v)z - cwt and C is an arbitrary constant 

of integration. Here EllipticE[z, k] is the incomplete elliptic integral defined by [66] 

l z ✓1- k2w2 
EllipticE[z, k] = 

2 
dw. 

0 1- w 
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6.2.3 Solutions of (6.4) using the ( G' / G)-expansion method 

In this section we implement the ( G' / G) expansion method in order to obtain exact 

solutions of (6.4). Assume that the solution of the ODE (6. 13) can be expressed 

as a polynomial in ( G' / G) as 

(6.21) 

where Ai, i = 1, 2, • • · M are unknown constants and G(() satisfies the linear ODE 

with constant coefficients 

G" (O + >-G' (( ) + µG(O = 0, (6.22) 

where A and µ are constants. Considering (6.13), the balancing procedure yields 

M = 1 and thus (6.21 ) becomes 

Substituting this value of '1/J(() into (6.13) and using (6.22) yields an algebraic 

equation, which on splitting with respect to powers of ( G' ( 0 / G ( 0) gives 

a1A>-3 µ + 8a1A>-µ2 + af B>-µ2 + a1 C>-µ = 0, 

a1A>-4 + 22a1A>-2µ + l6a1Aµ2 + 2af B>-2µ + 2af Bµ2 + a1C>-2 + 2a1Cµ = 0, 

15a1A>-3 + 60a1A>-µ + af B>-3 + 6aiB>-µ + 3a1C>- = 0, 

25a1A>-2 + 20a1Aµ + 2af B>-2 + 2af Bµ + a1C = 0, 

12a1A + af B = 0. 

A solution of the above system of algebraic equations is 

Ao arbitary, A1 = 2(1 - v ), C = A(4µ - >- 2
) . 

Thus we obtain the following two types of travelling wave solutions of (6 .4): 
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Case 1. When >.2 - 4µ > 0, we have the hyperbolic function solutions 

where~= (1 - v)x + (v - a - f3) y + (/3 - v )z + avt, L'.1 1 = J>.2 - 4µ / 2 and 

C1 and C2 are arbitrary constants. 

Case 2. When >.2 
- 4µ < 0 

where~= (1- v )x + (v - a - /3) y + (/3 - v )z + avt, L'.1 2 = J4µ - >-2 / 2 and 

C1 and C2 are arbitrary constants. 

6.3 Conservation laws of (6.4) 

In this section we derive the conservation laws of (6.4) using Ibragimov's new 

conservation theorem [35]. 

We begin by determining the adjoint equation of (6.4) by using 

where o/ou is the Euler-Lagrange operator defined by 
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In general the total different ial operators Dt, D x, Dy and Dz are given by 

8 8 8 8 8 8 
Dt = ~ + Ut ~ + Utt~ + Utx~ + uty ~ + Utz~ + · · · , 

ut uu UUt UUx UUy UUz 

a a a a a e 
D x = ~ +ux~ +uxx~ +uxt~ +uxy~ +uxz~ + · · ·, 

UX UU UUx UUt UUy UUz 

a a a a a a 
Dy=~ +uy~ +uyy~ +uyt~ +uyx~ +uyz~ + · · · , 

uy uu UUy UUt UUx UUz 

a a a e a a 
Dz=~ +uz~ +uzz~ +uzt~ +uzy~ +uzx~ + · · · · 

UZ UU UUz UUt UUy UUx 

Thus (6.23) becomes 

(6.25) 

The BKPB equation (6.4) together with its adjoint (6.25) have the Lagrangian 

which is equivalent to the second-order Lagrangian 

(6.26) 

We recall that (6.4) admits t he seven point symmetries (6.7). To obtain the con­

served vectors corresponding to these infinitesimal generators and the second-order 

Lagrangian (6.26) we use [35] 

Ci= i_c wo [ 8£ - D 8£] D .(Wo) 8£ ~ + !:lo k!'.:lo + k !:lo' 
uui uuik uuik 

(6.27) 

where W 0 is the Lie characteristic function given by W 0 = TJ 0 
- ~ju'J, a, = 1, 2 and 

j runs from 1, · · · , 4 in this particular case. 

Let us first consider the infinitesimal generator 8/ot, which is deduced from X 1 by 

taking F1 (z) = 1/ 2. The corresponding operator Y1 = 8/ot and the Lie character­

istic functions W 1 and W 2 are W 1 = -ut and W2 = -vt. Thus by using (6.27) 

the conserved vector for the system (6.4) and (6.25) corresponding to 8/ot is 

t 1 1 
Cl = 3UxzV - 3UxUxyV - 3UxxUyV + 2utyV + 2utVy + UtVt - UxxVxy, 
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3 3 3 3 Cf = -
2

UtUxy V -
2

u tzV + 
2

u xUtyV + 3UyUtxV -
2

utUxVy - 3UtUyVx - UtVxxy 

1 1 3 
-

2
v tUxxy + 

2
uxxVty + UtxVxy + 

2
utVz, 

y _ 3 3 1 3 1 1 1 
C1 -

2
utUxxV + 

2
uxUtxV -

2
uttV -

2
utUxVx -

2
vtUxxx + 

2
uxxVtx + 

2
utVt, 

C
Z 3 3 
1 = 2UtVx - 2UtxV· 

Likewise, for the point symmetry 8/ 8x, which is deduced from X 2 by taking 

F2 ( z) = 1, the conserved vector is 

t 1 1 
C2 = -

2
uxyV - UtxV + VtUx + 

2
uxVy, 

X 3 3 2 1 
C2 = - 3UxUxyV + 

2
uxzV + UtyV + UttV -

2
ux Vy - 3ux UyVx - Ux Vxxy + 

2
u xxVxy 

1 3 
- 2 VxUxxy + 2UxVz, 

y _ 1 1 3 2 1 1 
C2 -3UxxUxV - -UtxV + - VtUx - ?Ux Vx + -

2
uxxVxx - -

2
uxxxVx , 

2 2 ~ 

Ci = ~UxVx - ~UxxV , 

Likewise, for the point symmetry 8/ 8y, which is deduced from X 3 by taking 

F3(z) = 1/ 2, the conserved vector is 

t 1 1 
C3 = - 2UyyV - UtyV + VtU y + 2UyVy, 

X 3 3 3 2 3 
C3 = 

2
u yUxyV -

2
uyzV + 

2
uxUyyV - 3uy Vx -

2
uxUyVy - U yVxxy + UxyVxy 

1 1 3 
+ 

2
uxxVyy -

2
vyUxxy + 

2
u yVz, 

y _ 3 3 1 1 3 1 
C3 - 3UxzV -

2
u x UxyV -

2
uxxUyV + 

2
utyV + UttV + 

2
vtUy -

2
uxUyVx -

2
u xxVxy 

1 

Likewise, for the point symmetry 8 / 8 z, the conserved vector is 
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ex 3 3 3 1 3 
4 = -

2
uzzV + 

2
uxUyzV + 3UyUxzV -

2
u zUxyV -

2
vzUxxy -

2
uxUzVy - 3uyUzVx 

1 3 
+ UxzVxy + 

2
uxxVyz - UzVxxy + 

2
uzVz , 

y _ 3 3 1 1 3 1 1 
C4 - 2UxUxzV + 2UxxUzV - 2UtzV + 2 VtUz - 2UxUzVx + 2 UxxVxz - 2UxxxVz, 

CJ= ~UxzV - 3UxUxyV - 3UxxUyV + UtyV + UttV - UxxVxy + ~UzVx-

Likewise, for the point symmetry X 5 = F4 ( z) 8 / 8u, the conserved vector is 

G; = - F4(z)vt - ~F4 (z)vy, 

ci = ~F4 (z) uxyV + ~F~ (z)v + ~F4(z)uxVy + 3F4 (z) uyvx + F4(z)vxxy - ~F4(z)vz , 

Cg = - ~F4(z)uxxV - ~F4 (z)vt + ~F4 (z) uxVx, 

Ct= - ~F4(z)vx . 

Likewise, for the point symmetry X6 , the conserved vector is 

Likewise, for the point symmetry X 7 , the conserved vector is 

- XVUtx, 

c; = - 9yvxUy 2 + !YVzUy + l 2vuxUy - !YVyUxUy - 3uvxUy - l5ZUzVxUy 

9 
- 3XUxVxUy + l 5ZVUxzUy + 

2
yvUxyUy - 3yVxxyUy - 9tvxUtUy + 9tVUtxUy 
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3 2 3 15 15 9 3 
-

2
xvyUx - 9VUz + 

2
uvz + 2 zuzVz -

2 
ZVUzz -

2
yvUyz + 

2
xVzUx 

15 15 9 3 3 15 - 2 zuzVyUx + 2 zVUyzUx + 
2

yvuyyUx + 
2

xVUxz -
2

uVUxy - 2 zVUzUxy 

3 5 
-

2
uvyUx - 3XVUxUxy + 2UxVxy + 5ZUxzVxy + 3yuxyVxy + 4VyUxx + 

2
zvyzUxx 

3 1 5 5 3 1 
+ 2YVyyUxx + 2XVxyUxx - 2VUxxy - 2 ZVzUxxy - 2YVyUxxy - 2XVxUxxy 

9 9 9 
- UVxxy - 5ZUzVxxy - XUxVxxy + 

2
tvzUt -

2
tvyUxUt -

2
tvUxyUt - 3tVxxyUt 

3 9 9 3 
-

2
tuxxyVt -

2
tVUtz + XVUty + 

2
tvUxUty + 

2
tuxxVty + 3tVxyUtx + XVUtt, 

Cy - 2 3 2 3 15 9 15 
7 -3VUx -

2
xvxUx -

2
uvxUx - 2 zuzVxUx -

2
yuyVxUx + 2 zvUxzUx 

9 9 1 9 
-

2
yvuxyUx + 3XVUxxUx -

2
tvxUtUx + 

2
xVtUx + 

2
tVUtxUx + 9yVUxz 

3 15 9 5 3 
+ 

2
uVUxx + 2 zVUzUxx -

2
yvuyUxx + 3VxUxx + 

2
zvxzUxx -

2
yvxyUxx 

1 5 5 3 1 9 
+ 

2
xuxxVxx -

2
vuxxx -

2
zVzUxxx -

2
YVyUxxx -

2
xvxUxxx - 2VUt + 

2
tvUxxUt 

1 5 3 3 
+ 

2
uvt + 

2
zuzVt + 

2
yuyVt -

2
tuxxxVt 

3 5 3 1 3 3 
+ 2tUtVt - 2ZVUtz + 2,YVUty - 2XVUtx + 2tUxxVtx - 2tVUtt + 3yvuu , 

3 3 15 9 15 
- 3VUx + 

2
xvxUx - 15ZVUxyUx + 

2
uvx + 2 zuzVx + 

2
yuyVx + 2 zVUxz 

9 3 9 9 
-

2
yvuxy - 2,XVUxx - 15ZVUyUxx - 5ZVxyUxx + 

2
tvxUt + 5zVUty -

2
tVUtx 

+ 5ZVUtt -

6.4 Conclusion 

In this chapter we obtained exact solutions for the (3+ 1 )-dimensional BKP-Boussinesq 

equation (6.4) with the aid of Lie symmetry method, direct integration as well as 

the ( G' / G)-expansion method. Furthermore we obtained the conservation laws of 

(6.4) by employing Ibragimov's conservation theorem. 
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Chapter 7 

Exact solutions and conservation 

laws of the first generalized 

extended ( 3+ 1 )-dimensional 

Jimbo-Miwa equation 

7.1 Introduction 

The (3+1)-dimensional Jimbo-Miwa equation 

(7.1) 

is the second member of the well-known Kadomtsev-Petviashvili hierarchy of in­

tegrable systems. This equation has been widely studied by researchers as it is 

used to describe some interesting (3+1)-dimensional waves in physics. See for 

example [70-77] and references therein. 
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Recently equation (7.1) has been extended to [78] 

(7.2) 

where the term Uxz was extended to U xz + Uyz + Uzz and because of this reason it is 

called the first extended (3+ 1)-dimensional Jimbo-Miwa equation. Applying the 

simplified Hirota's method, multiple soliton solutions of (7.2) were derived and it 

was shown that the dispersion relations and the phase shifts of (7.2) were distinct 

compared to the dispersion and shifts of (7 .1). Sun and Chen [77] obtained the 

lump solutions and their dynamics of (7.1) and (7.2) by using bilinear forms. In 

addition, the lump-kink solution which contains interaction between a lump and a 

kink wave were also obtained in [77]. 

In this chapter we consider a generalized vers10n of the first extended ( 3+ 1 )­

dimensional Jimbo-Miwa equation, namely 

(7.3) 

where h and k are constants. Vie obtain exact solutions of (7.3) using symmetry 

reductions along with the (G' / G)-expansion method. Moreover , we derive conser­

vation laws for (7.3) using the conservation theorem due to Ibragimov. 

This work has been submitted for publication [79]. 

7.2 Exact solutions of equation (7.3) 

7.2.1 Sy mmetry reductions of equat ion (7.3) 

In this section we first calculate the Lie point symmetries of extended (3+ 1 )­

dimensional Jimbo-Miwa equation (7.3) and later use the translation symmetries to 

transform extended (3+ 1 )-dimensional Jimbo-Miwa equation (7.3) into the fourth­

order nonlinear ODE. 
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The symmetry group of the extended (3+1)-dimensional Jimbo-Miwa equation 

(7.3) will be generated by the vector field of the form 

where ~i, i = 1, 2, 3, 4 and T/ depend on t , x , y , z and u. Applying the fourth prolon­

gation x [4) to equation (7.3) we obtain an overdetermined system of linear part ial 

differential equations . Solving t his resultant system one obtains the following nine 

Lie point symmetries: 

a a a a 
Xi = at , X 2 = ay , X 3 = a z , X 4 = Ji ( t ) au , 

X5 = zh (t ) :u, X5 = kh(t) :x + hxf~(t ) :u ' 

a a a 
X1 = (kt+ hx )- + 2kt - - hx - , 

ay oz au 
a a a a 

X 8 = hz ax+ 4hy oy + (2kt + 2hz) az - (hx + hy) ou ' 

a a a a 
X 9 = (4hx + hz ) ax+ (6hz - 6kt ) oz+ l2ht ot - (hx + hy + 4hu) ou· 

We now utilize the symmetry X = aX1 + X 2 + X 3 + X 6 with h = l / k , where a 

is a constant, and reduce the extended (3+1)-dimensional Jimbo-Miwa equation 

(7.3) to a PDE in three independent variables. Solving the associated Lagrange 

system for X , we obtain the following four invariants: 

W = Z - y, f = t - ay , g = X - y, 0 = U. (7.4) 

J ow treating 0 as the new dependent variable and f , g and w as new independent 

variables, the extended (3+1)-dimensional Jimbo-Miwa equation (7.3) transforms 

to 

a0fggg + 09999 + 0wggg + h (a0ff + 019 + 0wf) + k099 (a01 + 09 + 0w) 

+ k09 (a019 + 099 + 0w9 ) - cxk0wf = 0, 
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which is a nonlinear PDE in three independent variables. Vve now use the Lie point 

symmetries of equation (7.5) and reduce it to a PDE in two independent variables. 

Equation (7.5) has the following six symmetries: 

8 8 8 8 8 
f1=8w ' f 2 = of' f3= 8g ' f4= 80' f5= (exw -f)80 ' 

8 8 8 
r 6 = 3ex3k2w- + 3 f ex3k2

- + (wex3 k2 + ex3gk2 + ex2 fk 2
) -aw of ag 

8 
+ (2wex2hk - ex3gk 2 

- ex3k20 + 2ex2fk 2 + ex2ghk- wexh2 
- 3ex fhk + fh 2

) 
80

. 

By using the symmetry r = ,Br 1 + r2 + f 3 , where /3 is a constant, and reduce 

the equation (7.5) to a PDE in two independent variables. Solving the associated 

Lagrange system for r , we obtain the following three invariants: 

r=g-f, s = w - ,B f , ¢ =0. (7.6) 

Now treating ¢ as the new dependent variable and r and s as new independent 

variables, the extended (3+1)-dimensional Jimbo-Miwa equation (7.3) transforms 

to 

</>rrrs + </>rrrr - ex (/3</>rrrs + </>rrrr ) + k</>rr ((1- ex/3)¢s - (a, - 1)¢r) 

+ h ((ex - 1)</>rr + (2ex/3 - /3 - 1)</>rs + /3( ex/3 - 1) </> ss) + exk (¢rs+ /3</>ss) 

+ k¢r ((1 - a, /3)</>rs - (ex - 1)</>rr) = 0, (7.7) 

which is a nonlinear PDE in two independent variables. We now use the Lie point 

symmetries of equation (7.7) and transform it to an ordinary differential equation 

(ODE). Equation (7.7) gives the four symmetries , which include I:1 = 8/8r and 

E2 = 8 / 8s. The symmetry I: = 8 E1 + E2, where 8 is a constant yields the following 

two invariants 

p = r - 8s , H = ¢, 

which gives rise to a group invariant solution ¢ = H (p) and consequently using 

these invariants, equation (7.7) is transformed into the fourth-order nonlinear ODE 

(ex + 8 - ex/35 - l )H"" - 2k(l - ex - 8 + ex/35)H' H" 
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+ ({30 - l )(h(a + o - a{3o - l ) + aok) H" = 0, 

which can be written as 

AH""(p ) - BH'(p) H" (p) + CH"(p) = 0, (7.8) 

where A = a+ o - a{3o - l , B = - 2kA, C = ({30 - l )(hA + aok) and p = 

x + (a - l + o - a{3o)y - oz+ ({30 - l )t . 

7.2.2 Exact solutions of (7.3) by direct integration 

Integrating (7.8) twice with respect top we obtain 

~AH"2 
- ~BH'3 + ~CH'2 + K1H' + K2 = 0 

2 6 2 ' 
(7.9) 

where K1 and K2 are integration constants. Letting H' = F , equation (7.9) be­

comes 

(7.10) 

Let us assume that >.1, >.2 and >.3 , where >.1 ~ >.2 ~ >.3, are roots of the algebraic 

equation 

p 3 - 3i p2 - 6;1 F- 6;2 = 0. (7.11) 

Equation (7.10) can now be written as 

(7.12) 

The general solution of (7.10) can thus be expressed in terms of the Jacobi elliptic 

cosine amplitude function [69] 
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where O s; S2 s; 1. Integrating the above equation and reverting to the original 

variables, the solution of the extended (3+1)-dimensional Jimbo-Miwa equation 

(7.3) is given by 

(7.14) 

where p = x+ (cx-1 +o -cx,Bo)y - oz+ (,Bo - l)t and EllipticE[z, k] is the incomplete 

elliptic integral defined by [66] 

EllipticE[z, k] = iz 1- k2w2 

---
2
-dw. 

1-w 

7.2.3 Solutions of (7.3) using t he (G' / G) -expansion method 

In this section we implement the ( G' / G) expansion method in order to obtain exact 

solutions of (7.3). Assume that the solution of the ODE (7.8) can be expressed as 

a polynomial in ( G' / G) as 

(7.15) 

where Ai , i = 1, 2, ··•Mare unknown constants and G(p) satisfies the linear ODE 

with constant coefficients 

G"(p) + >.G'(p) + µG(p) = 0, (7.16) 

where >. and µ are constants. Considering (7.8), the balancing procedure yields 

M = 1 and thus (7.15) becomes 

(7.17) 
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Substituting this value of F(p) into (7.8) and using (7. 16) yields an algebraic 

equation, which on splitting wit h respect to powers of (G'(p)/G(p)) gives 

aµA1>.3 
- a(36µA1>.3 + 6µA1>. 3 

- µA1>. 3 + 2kµ2 Ai>. - 2kaµ2 Ai>.+ 2ka(36µ2 Ai>. 

- 2k6µ2 Ai>.+ 8aµ2 A1>. - 8a(36µ2 A1>. + 86µ2 A1>. - 8µ 2 A1>. + hµA1>. - haµA1>. 

+ ha(36µA1>. - h(36µA1>. + ha(36µA1>. - ha(36(36µA1>. - MµA1>. + ka6µA1>. 

- ka(366µA1>. + h(366µA1>. = 0, 

aA1>.4 
- 0:(36A1>.4 + 6A1>.4 

- A1>.4 + 4kµAi>- 2 
- 4kaµAi>- 2 + 4ka(36µAi>-2 

- 4k6µAi >.2 + hA1>.2 
- haA1>.2 + ha(36A1>.2 

- h(36A1>.2 + ha(36A1>. 2 

- h0:(36(36A1>.2 
- MA1>. 2 + k0:6A1>.2 

- ka(366A1>.2 + h(366A1>.2 + 22a:µA 1>. 2 

- 22a(36µA1>.2 + 226µA1>.2 
- 22µA1>.2 + 4kµ2 Ai - 4kaµ2 Ai+ 4ka(36µ2 Ai 

- 4k6µ2 Ai+ 160:µ2 A1 - l6a(36µ2 A1 + 166µ2 A1 - 16µ 2 A1 + 2hµA1 - 2haµA1 

+ 2ha(36µA1 - 2h(36µA1 + 2ha(36µA1 - 2ha(36(36µA1 - 2MµA 1 + 2ka6µA1 

- 2ka(366µA1 + 2h(366µA1 = 0, 

2kAi>.3 
- 2ka:Ai>.3 + 2ka(36Ai>.3 

- 2k6Ai>.3 + 15aA1>.3 
- 150:(36A1>.3 + 156A1>.3 

- 15A1>.3 + l 2kµAi>. - l2kaµA i>. + l2ka(36µAi>. - l 2k6µAi>. + 3hA1>. - 3haA1>. 

+ 3ha(36A1>. - 3h(36A1>. + 3ha(36A1>. - 3ha(36(36A1>. - 3MA1>. + 3ka6A1>. 

- 3ka(366 A1>. + 3h(366A1>. + 60aµA1>. - 60a(36µA1>. + 606µA1>. - 60µA1>. = 0, 

8kAi >.2 
- 8kaAi >.2 + 8ka(36Ai >.2 

- 8k6Ai >.2 + 50aA1>.2 
- 50a(36A1>.2 + 506A1>.2 

- 50A1>.2 + 8kµAi - 8kaµAi + 8ka(36µAi - 8k6µAi + 2hA1 - 2haA1 + 2ha(36A1 

- 2h(36A1 + 2ha(36A1 - 2ha(36(36A1 - 2h6A1 + 2ka6A1 - 2ka(366A1 + 2h(366A1 

+ 400:µA1 - 40a(36µA1 + 406µA1 - 40µA1 = 0, 

k>.Ai - ka>.Ai + ka:(36>-Ai - k6>.Ai + 60:>.A1 - 60:(36>.A1 + 66>.A1 - 6>.A1 = 0, 

kAi - ka:Ai + ka(36Ai - k6Ai + 60:A1 - 60:(36A1 + 66A1 - 6A1 = 0. 
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A solution of the above system of algebraic equations is 

. 6 (a - a/38 - 1) (/38h - h + >.2 
- 4µ ) 

Ao arb1tary, A1 = k' 8 = - (38h - h + ).2 + ak - a f3 8k - 4µ . (7.18) 

Thus we obtain the following two types of travelling wave solutions of (6.4): 

Case 1. When >.2 - 4µ > 0, we have the hyperbolic function solutions 

( 
Co cosh(L'.110 + C1 sinh(L'.11~) >.) 

u(t , x , Y, z) =Ao+ Ai .di Co sinh(L11l) + C1 cosh(Li10 - 2 ' (7.19) 

where l = (1- v )x + (v - a - f3 )y + (/3 - v )z + avt, L'.11 = ✓>-2 - 4µ / 2 and 

C1 and C2 are arbitrary constants. 

Case 2. 'When >.2 - 4µ < 0 

(7.20) 

where l = (1- v )x + (v - a - /3 )y + (/3 - v )z + avt , Li2 = ✓4µ - >.2 / 2 and 

C1 and C2 are arbitrary constants. 

Case 3. When >.2 
- 4µ = 0, we obtain the rational function solution 

(7.21) 

where k = x + (l - /3) t - 2/3 y - z, C1 and C2 are arbitrary constants. 

7.3 Conservation laws of (7.3) using lbragimov's 

theorem 

In this section we derive the conservation laws of (7.3) using Ibragimov's new 

conservation theorem. 
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We start by writing the adjoint equation of (7.3) by using 

(7.22) 

where 6/6u is the Euler-Lagrange operator defined by 

In general the total differential operators Dt , Dx, Dy and D2 are given by 

(7.24) 

Thus the adjoint equation (8. 16) becomes 

(7.25) 

The Lagrangian of (7.3) together with its adjoint (8. 16) have a Lagrangian 

The extended symmetries of (7.3) and the adjoint equation (7.25) are 
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To obtain the conserved vectors corresponding to these Lie point symmetries and 

the Lagrangian we use 

T i i r °' [ 8£ D [}[, ] D (W°') [ 8£ D [}[, l = ~ ~ + W --
0 

- k -
0
- + · · · + k -

0
- - k--

0
- + .. · + .. · , 

Bui 8uik 8uik 8uijk 

where W°' is the Lie characteristic function given by W°' = ry°' - ~Ju5, a= 1, 2 and j 

runs from 1, · · · , 4 in t his particular case. Thus the conserved vectors corresponding 

to the above symmetries are given by 

1 1 1 1 3 1 
Tx = 2kuztV - 2kuxUytV - kuyUxtV + 2kutUxyV - 4uxxytV + 2kutUxVy + k UtUyVx 

1 1 1 1 1 3 
- 2,kUtVz - 2,UxtVxy + 2,VxUxyt - 4vxxUyt + 4vyUxxt + 4utVxxy , 

T l = l 1 1 1 1 1 
y - 2huttV + 2kUztV - 2kuxUxtV - 2kutUxxV - 4uxxxtV + 2hutVt 

1 1 1 1 1 
+ 2kutUxVx - 2kutVz - 4vxxUxt + 4vxUxxt + 4utVxxx , 

1 1 1 1 1 
Tz = kUztV + 2kuytV + 2kuxtV - 2kutVx - 2kutVy - kUtVz , 

1 1 1 
Tt = 2,hUytV - kuzzV - kuyzV - k uxzV + kuxUxyV + kuxxUyV + UxxxyV + 2,hUtVy , 

2 1 1 1 3 2 1 
Tx = - 2kuyUxyV + 2kuyzV - 2kuxUyyV - 4uxxyyV + kuyvx + 2kuxUyVy 

1 3 1 1 1 1 - 2kuyVz + 4uyVxxy - 2uxyVxy + 2,VxUxyy - 4uyyVxx + 4vyUxxy , 

2 1 1 1 1 3 
Ty = -

2
huytV - kUzzV - -

2
kuyzV - kUxzV + - k UxUxyV + - kUxxUyV + -UxxxyV 

2 2 4 
1 1 1 1 1 1 

+ 2h vtUy + 2kuxUyVx - 2kuyVz - 4vxxUxy + 4vxUxxy + 4uyVxxx , 

2 1 1 1 1 
Tz = kuyzV + 2kuyyV + 2kuxyV - 2kuyVx - k uyVz - 2kuyVy , 

2 1 1 
Tt = 2huyvy - 2huyyv ; 
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3 
+ 4uzVxxy, 

3 1 1 1 1 1 1 
T y = - 2huztV - 2kuxxUzV + 2kuzzV - 2kuxUxzV - 4uxxxzV + 2h vtUz 

1 1 1 1 1 
+ 2kuxUzVx - 2,kUzVz + 4u zVxxx - 4v xxUxz + 4vxUxxz , 

3 1 1 1 
T z = huytV - 2kuyzV - 2kuxzV + kuxUxyV + kuxxUyV + UxxxyV - 2kuzVx 

1 - 2kuzVy - kUzVz , 

3 1 1 
T t = 2huzVy - 2huyzV ; 
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7 2 2 1 2 l 2 2 l 2 
Tx = - tUzVzk + tvuzzk -

2
tvzUyk + 

2
tvUyzk + tUzVyUxk + 

2
tuyVyUxk 

- tvuyzUxk2 - 1 tvuyyUxk2 + tu;vxk2 + 2tuzUyVxk2 
- 2tvuyUxzk2 

2 l 2 l 1 1 1 + tVUzUxyk -
2

tvuyUxyk -
2

hxvzk -
2

hvuyk -
2

hzvzuyk + 
2

hzvuyzk 

1 1 1 2 + 
2

hxvyuxk + 
2

hzuyvyuxk -
2

hzvuyyuxk + hzuyvxk + hxuyvxk 

1 1 1 1 
+ 

2
hxVUxyk -

2
hzVUyUxyk - tUxzVxy k -

2
tuxyVxyk + tVxUxyzk + 

2
tvxUxyyk 

1 1 1 1 3 3 
-

2
tuyzVxxk - 4tuyyVxxk+ 

2
tvyUxxzk+ 4tvyUxxyk + 

2
tuzVxxyk+ 4tuyVxxyk 

3 3 1 1 1 1 
-

2
tvUxxyzk - 4tvUxxyyk -

2
hvxy -

2
hzuxyVxy + 

2
hzVxUxyy - 4hzuyyVxx 

1 3 3 3 
+ 4 hzvy Uxxy + 4 hxvxxy + 4 hzuy Vxxy - 4 hzvuxxyy , 

7 1 2 ( 1 ) Ty = 2h (xvt + ZVtUy + ZVUyt) + kh tvtUz - VUz - 2XVz - tVUzt - ZVUzz 

1 
+ 2hk (tvtUy - ZVzUy + tvUyt - ZVUyz - VUx + XUxVx + ZUyUxVx) 

1 1 1 
- kzvuxzh + 2kzvuxUxyh - 2kxvuxx h + 2kzvuyUxxh 

1 
+ 4h (zvxUxxy + XVxxx + ZUyVxxx + 3ZVUxxxy - ZUxyVxx - Vxx) 

+ k 2t ( UzUxVx - UzVz - VUxz - VUxUxz - VUzUxx) 
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1 2 + 2k t (vuxUxy - VzUy - VUyz + UyUxVx + VUyUxx) 

1 
+ 2 kt ( Vx Uxxz - Uxz Vxx + Uz Vxxx - VUxxxz) 

1 
+ 4 kt ( Uy Vxxx - Uxy Vxx + Vx Uxxy + 3 VUxxxy) , 

r: = hk ( UyV + 2tUytV + ZUyzV - ZUyVz - XVz + l z u yyV + l z u xyV ) 

1 + 2k
2
tuxyV + 2k

2
t uxUxyV + 2k

2
tuxxUyV + 2ktUxxxyV 

1 + 2hk (v - ZUyVx - ZUyVy - XVy - xvx) 

- 2kv u yuxh + 2kZUzUyVx h - 2 kzvu yUxz h - 2kyv uyUxy h + k zvuxUxy h 

1 + 2 vxu xy h - ZUxzVxy h - 2yuxyVxy h - 2vxy h + ZVxUxyz h + 2yvxUxyy h 

1 1 1 1 - 2zvxyUxx h - UyVxx h - 2z u yzVxx h - YUyyVxx h - 4z uxyVxx h - 4vxx h 

1 1 3 3 
+ 2zvyUxxz h - 3VUxxy h + YVyUxxy h + 2zvxUxxy h + 4xvxxy h + 4y vxxy h 

3 3 3 + 2zuzVxxy h + 3yuyVxxy h + 4zuxVxxyh - 2zvu xxyz h - 3yvuxxyyh 

1 1 + 4zvyUxxx h + 4zvUxxxy h - k2tUzVz + k2
t VUzz + k 2

tUzVyUx - k2
t VUyzUx 

+ 2k
2
tuzUyVx - 2k

2
t vuyUxz + k 2

tVUz Uxy - ktUxzVxy + k t vxUxyz 

1 1 3 3 2 - 2ktuyzVxx + 2k tvyUxxz + 2ktUzVxxy - 2ktv u xxyz + ZVUyt h , 

94 



s 1 2 1 2 2 2 2 2 l 2 TY = 
2

xvth + 
2

yvth + ZVtUzh - ZVUzth + 2yVtUyh + 2yvuyth + 
2

zvtuxh 

1 2 1 1 
-

2
zvUxth + kivtUzh -

2
kxvz h -

2
kyvzh - kZUzVzh - ktVUzt h 

1 1 
- 4kyvUzzh + kzVUzzh - 2kyvzuyh - 2kyvuyzh -

2
kzvzUxh + 

2
kzu;vxh 

1 1 + 
2

kxuxvxh + 
2

kyuxvxh + kZUzUxVx h + 2kyuyUxVx h - 4kyvuxz h 

1 1 1 + 
2

k zVUxzh - kzvuxUxz h + 2kyvuxUxyh -
2

kxvuxx h -
2

kyvuxxh 

1 
- kzVUzUxxh + 2kyvuyUxxh - kzvuxUxxh -

2
zuxzVxxh - YUxyVxxh 

1 1 1 1 1 
-

4
zuxxVxx h -

4
vxx h + 

2
zvxUxxz h + YVxUxxy h + 

4
zvxUxxxh + 

4
xvxxxh 

1 1 1 1 
+ 4YVxxxh + 2, ZUzVxxx h + YUyVxxx h + 4 ZUxVxxxh - 2, ZVUxxxz h 

+ 3yvuxxxyh - l ZVUxxxx h - k 2tUzVz + k2tvUzz + k2tUzUxVx - k2tVUxUxz 

2 1 1 1 1 
- k tVUzUxx -

2
ktUxzVxx + 

2
ktvxUxxz + 

2
ktUzVxxx -

2
ktVUxxxz, 

T1 = 2zvuyth2 + kv h + 2kvuzh - kxvzh - kyvzh - 2kz uzvzh + 2kvuyh 

1 1 
- 4kyvzu yh - -kxvyh - - kyvy h - kzuzvyh - 2kyuyvyh + 2ktvuyth 

2 2 
1 + 4kyvuyzh - kzvuyz h + 2kyvuyyh + kvuxh - kzvzuxh -
2

kzvyuxh 

1 1 1 
-

2
kxvxh -

2
kyvxh - kZUzVxh - 2kyuyvxh -

2
kzuxvxh + 2kyvuxy h 

1 1 
+ 2kZVUxyh + 2kzvuxuxyh + 2 kZVUxx h + 2kzvuyUxx h + 2zvuxxxyh 

+ k2t (2vuyUxx - 2UzVz - UzVy - VUyz - UzVx - VUxz + 2VUxUxy) + 2ktvuxxxy, 

8 1 2 2 2 2 1 2 1 2 1't, = 2h ZUxVy - 2h UyV - h ZUyzV - 2h YUyyV - 2h ZUxyV - hktUyzV - 2h V 

2 2 1 2 1 2 + h ZUzVy + 2h yuyvy + 2h XVy + 2h YVy + hktuzvy; 

- 2kuvzh - 6ktutVz h - 3kZUzVz h + 6ktvUzth - 4kXVUzzh + 2kzVUzzh 

1 
- kvuyh - 4kxvuyz h - kzVUyzh - 2kxVzUx h - 2kZVzUxh - lOkvuyuxh 
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1 1 
+ 2kxvyuxh + 2kyvyuxh + 2kuvyuxh + 6ktutVyUxh + 3kzuzvyuxh 

- 6ktvUytUxh - 3kzvuyzUxh + kxuyvx h + kyuyvx h + 4kuuyvxh 

+ 12ktutUyVx h + 6kZUzUyVxh + 4kxuyUxVxh + kzuyUxVxh - 12ktvuyUxth 

1 1 1 
- 2kxvuxzh - 2kzvuxzh - 6kzvuyUxzh + 2kxvuxyh + 2kyvuxyh 

+ 2kuvuxyh + 6ktVUt.Uxyh + 3kzVUzUxyh + 4kxvuxUxyh + kzvuxUxyh 

1 
+ 4VxUxyh - 4uxVxyh - 6tUxtVxyh - 3zUxzVxyh - 2vxyh + 6tVxUxyth 

1 
+ 3ZVxUxyzh + 3VyUxxh - 2XVxyUxxh - 2zvxyUxxh - UyVxxh - 3tUytVxxh 

3 1 1 3 - 2zuyzVxxh - XUxyVxxh - 4zuxyVxxh - 4vxxh + 3iVyUxxth + 2zvyUxxzh 

1 3 3 
- 9VUxxyh + 2XVxUxxyh + 2zvxUxxyh + 4xvxxyh + 4yvxxyh + 3UVxxyh 

9 3 
+ 9tUt,Vxxyh + 2,ZUzVxxyh + 3XUxVxxyh + 4zuxVxxyh - 9tVUxxyth + XVyUxxxh 

9 1 1 2 2 - 2zvUxxyzh + 4zvyUxxxh + XVUxxxy h + 4zvuxxxyh + 3k tUzVz - 3k tVUzz 

- 3k2tUzVyUx + 3k2tVUyzUx - 6k2tUzUyVx + 6k2tvuyUxz - 3k2tVUzUxy 

3 3 9 9 
+ 3ktUxzVxy - 3ktVxUxyz + 2ktUyzVxx - 2ktvyUxxz - 2ktUzVxxy + 2ktvuxxyz, 

T; = - 8vUt,h2 + txvth2 + tYVth2 + 2uvth2 + 6tutvth2 
- 6tvutth2 + 3ZVtUzh2 

2 2 l 2 2 l 2 2 - 3ZVUzth + 2XVtUxh + 2zvtuxh - 2XVUxth - 2zvUxth - 4kvuxh 

1 1 + 8kvuzh - 3klVtUzh - 2kxvzh - 2kyvzh - 2kuvzh - 6ktutVzh - 3kzuzVzh 

1 2 1 2 + 9ktVUzth + 3kzVUzzh - 2kXVzUxh - 2kzVzUxh + 2kxuxvxh + 2kzuxvxh 

1 1 
+ 2kxuxvxh + 2kyuxvxh + 2kuuxvxh + 6ktUt,UxVxh + 3kZUzUxVxh 

1 1 1 
- 6ktVUxUxth + 2kxVUxzh + 2kzVUxzh - 3kzvuxUxzh - 2kxvuxxh - 2kyvuxxh 

- 2kuvuxxh - 6ktVUtUxxh - 3kzVUzUxxh - 4kxvuxUxxh - kzvuxUxxh 

3 1 + 3VxUxxh - 2UxVxxh - 3lUxtVxxh - 2zuxzVxxh - XUxxVxxh - 4zuxxVxxh 

1 3 1 - 4vxxh + 3tVxUxxth + 2zvxUxxzh - 4VUxxxh + XVxUxxxh + 4zvxUxxxh 
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1 1 3 
+ 4xvxxxh + 4YVxxxh + UVxxxh + 3tUtVxxxh + 2zuzVxxxh + XUxVxxxh 

1 3 1 2 + 4zuxVxxxh - 3tVUxxxt h - 2zvuxxxzh - XVUxxxx h - 4zvuxxxxh + 3k tUzVz 

- 3k2tVUzz - 3k2tUzUxVx + 3k2tVUxUxz + 3k2tVUzUxx + ~ktUxzVxx 

3 3 3 - 2ktVxUxxz - 2ktUzVxxx + 2ktVUxxxz, 

T; = 6zvuyth2 + kvh + lOkvuz h - kxvzh - kyvzh - 4kuvzh - 12ktUtVz h 

1 1 
- 6kzuzVzh + 12ktVUzth + 2kvuyh - 2kxvyh - 2kyvyh - 2kuvyh 

- 6ktUt,vyh - 3kzuzvyh - 3kzvuyzh + 5kvuxh - 4kxvzuxh - kzvzuxh 

1 1 1 
- 2kxv u h - -kzv u h - -kxv h - -kyv h - 2kuv h - 6ktutv h yx 

2 
yx 

2 
x 

2 
x x x 

1 
- 3kzUzVxh - 2kxuxvxh - 2kzuxvxh + 6ktvuxth + 4kxvuxzh - 2kzvuxzh 

1 1 + 2kxvuxyh + 2kzvuxyh + 6kzvuxUxyh + 2kxvuxxh + 2kzvuxxh 

+ 6kzVUyUxxh + 6zVUxxxy h + 6k2tUzVz + 3k2tUzVy + 3k2tvUyz + 3k2tUzVx 

+ 3k2tVUxz - 6k2tvuxUxy - 6k2tvuyUxx - 6ktvuxxxy , 

T? = 2h2vyu - 2h2uyv + 6h2tuytV - 3h2 zUyzV - 2h2xuxyV - ~h2 zuxyV 

- 12hktUzzV - 9hktUyzV - 12hktUxzV + 12hktuxUxyV + 12hktUxxUyV 

1 2 2 12 2 2 + 12htUxxxyV - 2h V + 6h tUtVy + 2h ZUxVy + 2h XUxVy + 3h ZUzVy 

1 2 1 2 + 2h XVy + 2h yvy - 3hktuzVy. 

Remark. It should be noted that the above conservation laws include the energy 

conservation law, which corresponds to the time translation and three momentum 

conservation laws, which correspond to the three space translations. 
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7.4 Conclusion 

In this chapter we studied the generalized extended (3+ 1)-dimensional Jimbo-Miwa 

equation (7.3). Symmetry reductions of this equation were performed several times 

until it was reduced to a fourth-order ordinary differential equation. The general 

solution of this ordinary differential equation was obtained in terms of the incom­

plete elliptic integral. Travelling wave solutions of (7. 3) were also constructed using 

the (G' / G)-expansion method. Finally, the conservation laws of (8.3) were com­

puted by invoking the conservation theorem due to Ibragimov. These conservation 

laws included an energy conservation law, which corresponded to the t ime transla­

tion and three momentum conservation laws that corresponded to the three space 

translations. 
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Chapter 8 

Solutions and conservation laws of 

the generalized second extended 

(3+1)-dimensional Jimbo-Miwa 

equation 

8.1 Introduction 

The (3+1)-dimensional Jimbo-Miwa equation 

Uxxxy + 3uy Uxx + 3ux Uxy + 2Uyt - 3Uxz = 0, (8.1) 

is the second member of a Kadomtsev-Petviashvili hierarchy. This equation has 

been studied extensively by researchers because of the fact that it can be used to 

describe some fascinating (3+ 1 )-dimensional waves in physics. See for example 

[70-77] and references therein. 
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Recently equation (8.1) has been extended to equation [78] 

(8.2) 

where the term Uyt was extended to Uxt + Uyt + U zt and because of this reason 

it is called the extended (3+1)-dimensional Jimbo-Miwa equation. Applying the 

simplified Hirota's method multiple soliton solutions of (8.2) were derived and it 

was shown that the dispersion relations and the phase shifts of (8.2) were distinct 

compared to the dispersion and shifts of (8.1) . By using bilinear forms Sun and 

Chen [77] obtained the lump solutions and their dynamics of (8.1) and (8.2). Fur­

thermore, the lump-kink solution which contains interaction between a lump and 

a kink wave were also obtained in [77]. 

In this chapter we consider a generalized version of the extended (3+ 1 )-dimensional 

Jimbo-Miwa equation, namely 

(8.3) 

where h and k are constants. We obtain exact solutions of (8.3) using symmetry 

reductions along with simplest equation method. Furthermore, we derive conser­

vation laws for (8.3) using the conservation theorem due to Ibragimov. 

This work has been submitted for publication [80]. 

8.2 Exact solutions of (8.3 ) 

In this section we present exact solution to t he generalized extended (3+1)-dimensional 

Jimbo-Miwa equation (8.3). 
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8.2.1 Symmetry reductions of equation (8.3) 

We apply the algorithm for comput ing Lie point symmetries of (8.3) and then use 

them to perform symmetry reductions several t imes until we arrive at an ordinary 

differential equation (ODE). 

The vector field of the form 

where ~i, i = 1, 2, 3, 4 and r; depend on x, y, z , t and u, will generate a symmetry 

group of (8.3) provided 

where x [4l is the fourth prolongation of X. Expanding the determining equation 

(8.4) and splitting on derivatives of u , we obtain an overdetermined system of 

linear homogeneous partial differential equations. Solving this resultant system one 

obtains the values of ~i , i = 1, 2, 3, 4 and r;. Consequently, we have the following 

nine Lie point symmetries of (8.3): 

a a a a a a 
X1 = ot ' X2 = ox ' X3 = oy ' X4 = oz ' Xs = fi(t ) ou' X5 = h(z) Bu ' 

a a a 
X 7 = - 3ht ot + (2kt - hx + hz) ox+ (2hx + hy - 4kz + hu) ou ' 

a a a a a 
X 8 = ht- - (kt + hz)- - hz - - hz- + (kt+ 2hz)- , at ax ay az au 

(8.5) 

a a a a 
Xg = ht - - kt-+ (hy - hz)- + (kt - hy + 2hz)-. at ax ay au 

We now make use of the four translation symmetries and perform symmetry re­

ductions. Solving the associated Lagrange system for X = X 1 + cxX2 + X 3 + X 4, 

where ex is a constant, we obtain four invariants 

w = z - Y, f = t - Y, g = X - cxy , e = u . (8.6) 
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Using these invariants the extended (3+1)-dimensional Jimbo-Miwa equation (8.3) 

transforms to 

(8. 7) 

which is a nonlinear PDE in three independent variables. Equation (8 .7) has the 

following seven Lie point symmetries: 

a a a a a 
r1 = aw ' f 2 = of' f 3 = 8g ' r 4 = 80 ' f 5 = (w - J) 80 ' 

a a a a 
r 5=WOW +(2w - J)

0
f +(2aw-g)

09 
+(2g - 2aw+0)

00
, 

8 8 8 
r 7 =6hkw

0
w +6hkw

0
f +k(7aah+abh+ah+ak -bh- bk -2dh) og 

a 
+ ( aa2 h2 - 2 aa h2 - 2 aa hk + ah2 + 2 ahk + ak2 + 4 dhk + 2 h0 k) 

00
. 

Utilizing the symmetry r = r 1 + r 2+ /3f 3, where /3 is a constant, we reduce equation 

(8. 7) to a PDE in two independent variables. From the associated Lagrange system 

for r , we obtain three invariants 

r=g-/3J, s = w -f, ¢; =0 (8 .8) 

and these invariants transform equation (8.7) to 

(/3 - a )¢rrrr + (a /3h - /3 2 h - /Jh) <Prr + ah¢rs - 2/3 h</Jrs - h</Jrs - h<Pss - 2ak¢r¢rr 

+ 2/J k</Jr </Jrr - k<Prs = 0, (8 .9) 

which is a nonlinear PDE in two independent variables. We perform further sym­

metry reduction on equation (8 .9). This equation has five symmetries including 

the two translation symmetries ~ 1 = 8/ or and ~ 2 = 8/ 8s. The combination 

~ = 11 ~ 1 + ~2, yields the two invariants 

q = r - vs , F = ¢, 
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which give rise to a group-invariant solution ¢= F(q) and consequent ly, equation 

(8.9) is transformed into the fourth-order nonlinear ODE 

AF1111 (q ) + BF'(q )F" (q) + CF"(q) = 0, (8. 10) 

where A = a - (3, B = 2k(a - (3), C = h(/3 - v)( - a + (3 - v + 1) - kv and 

q = x + ((3 - a)y - v z + (v - (3 )t . 

8.2.2 Exact solutions of (8.3) by direct integration 

Integration of the above equation twice with respect to q gives 

A B C 
- F "2 + - F'3 + - F'2 + C F' + C = 0 2 6 2 1 2 

) 

where C1 and C2 are integration constants. Letting H = F' , the above equation 

becomes 

H'2 = _ !!_ H3 _ C H 2 _ 2C1 H _ 2C2 . 

3A A A A 

Now using the transformation 

(8. 11) 

we obtain equation for t he Weierstrass elliptic function [66] 

where 

C2 
- 2BC1 C3 + 3B(BC2 - CC1) 

91 = 12A2 ' 92 = 216A3 . 

Thus integrating equation (8. 11) and revert ing to our original variables we obtain 

the solut ion of (8 .3), which is given by 
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where ( ( q; g1, g2) is the Weierstrass zeta function defined as (' ( q; g1 , g2) = - p ( q; g1 , g2) 

[66] and A = a - {3, B = 2k(a - {3), C = h(f3 - 11 )( -a + {3 - 11 + 1) - k11 and 

q = x + ({3 - a) y - 11z + (v - f3 )t . 

8.2.3 Exact solutions of (8 .3) using simplest equation method 

In this subsection we use the simplest equation method [3, 4] to solve the ODE 

(8.10) and henceforth one obtains the exact solutions of the generalized extended 

(3+1)-dimensional Jimbo-Miwa equation (8 .3). We use the Bernoulli and Riccati 

equations as the simplest equations. The Bernoulli equation 

H'(q) = cH (q) + dH2 (q), 

where c and d are constants has solution 

H z = c{ cosh[c(q + C)] + sinh[c(q + C)] } , 
( ) 1 - dcosh[c(q + C)] - dsinh[c(q + C)] 

where C is a constant of integration. 

The Riccati equation 

H' (q) = cH(q) + dH2(q) + e, 

where c, d and e are constants, has two solutions , namely 

c 0 [l ] H (q) = -- - -tanh -0(q + C) 
2d 2d 2 

and 

c 0 ( 1 ) sech ( ~) 
H(q) = - 2d - 2d tanh 2°q + C cosh (~) - 2l sinh (~) ' 

with 02 = c2 - 4de > 0 and C is a constant of integration. 

The solutions of the ODE (8. 10) are assumed to be of the form 

M 

F(q) = L A(H(q))i, 
i= O 
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where H(z ) solves the Bernoulli or Riccati equation, Mis a positive integer which 

is determined by the balancing procedure and Ai, (i = 0, 1, · · · , M ) are parameters 

to be determined. 

Solutions of (8.3) using Bernoulli as the simplest equation 

From equation (8.10) the balancing procedure yields M = 1, so the solutions of 

(8.10) can be written as 

(8.15) 

Substituting (8.15) into (8.10) and invoking the Bernoulli equation (8.12) we obtain 

the algebraic equation 

aA1c4H (q) - A1/3c4H (q ) + l5aA1c
3dH (q)2 

- l5A1/3c3dH (q) 2 + 2aAic3 kH (q)2 

- 2Ai/3c3 kH (q)2 + 50aA1c2d2 H (q )3 
- 50A1/3c2d2 H (q)3 + 8aAic2dkH(q) 3 

- 8Ai/3c2 dk H (q) 3 
- aA1/3 c2hH (q) + aA1c2hvH(q) + A1/3 2c2hH(q) - 2A1/3 c2hvH(q) 

+ A1 /3c2hH(q) + A1c2hv2 H (q) - A1c2hvH (q) - A1c
2 kvH(q) + 60aA1cd3 H(q )4 

- 60A1(3cd3 H(q)4 + lOaAicd2kH(q )4 
- l0Ai /3cd2 kH (q) 4 

- 3aA1/3cdhH (q )2 

+ 3aA1cdhvH(q)2 + 3A1/3 2cdhH (q) 2 
- 6A1/3cdhvH(q )2 + 3A1/3cdhH(q) 2 

+ 3A1cdhv2 H(q)2 
- 3A1cdhvH (q) 2 

- 3A1cdkvH(q)2 + 24aA1d4H (q) 5 

- 24A1/3d4H(q) 5 + 4aAid3 kH(q) 5 
- 4Ai /3d3 kH (q) 5 

- 2aA1/3 d2hH(q) 3 

+ 2aA1d2hvH (q)3 + 2A1/3 2d2hH (q )3 
- 4A1/3d2hvH(q)3 + 2A1/3 d2hH(q)3 

+ 2A1d
2hv2H(q)3 

- 2A1d2hvH(q)3 
- 2A1d2 kvH (q)3 = 0. 

Equating all coefficients of the function Hi to zero, we obtain the following algebraic 

system of equations in terms of Ao and A1 : 

aA1c
4 

- A1/3c4 
- aA1/3c2h + aA1c2hv + A1/32c2h - 2A1/3 c2hv + A1/3 c2h + A1c2 lw2 

- A1c2hv - A1c2 kv = 0, 
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15aA1c3d - 15A1,8c3d + 2aAic3 k - 2Ai,8c3 k - 3aA1,8cdh + 3aA1cdhv + 3A1,82cdh 

- 6A1 ,8cdhv + 3Ai(3cdh + 3A1cdhv 2 
- 3A1cdhv - 3A1cdkv = 0, 

50aA1c2d2 
- 50A1 ,8c2d2 + 8aAic2 dk - 8Ai,8c2dk - 2aA1,8d2 h + 2aA1d2 hv 

+ 2A1,82d2h - 4Ai ,8d2hv + 2A1 ,8d2 h + 2A1 d2hv2 
- 2A1d2 hv - 2Aid2 kv = 0 

60aA1cd3 
- 60A1,Bcd3 + lO eiAicd2k - 10Ai,8cd2k = 0 

24aA1d4 
- 24A1,8d4 + 4eiAfd3 k - 4Af,Bd3k = 0. 

Solving the above system with the aid of Mathematica, we obtain 

h(v - l )(v - ,8) . 6d 
a= ,8, k = ----- , A0 = arbitrary, A1 = - -k . 

ll -

Thus a solution of the generalized extended (3+1)-dimensional Jimbo-Miwa equa­

tion (8.3) using the Bernoulli equation as the simplest equation is 

( ) 
_ A _ 6cd { cosh[c(q + C)] + sinh[c(q + C)] } 

ut. x,y,z - o [ ( C)] [( C)] , ' k 1 - d cosh c q + - d sinh c q + 

where q = x + (,8 - a)y - v z + (v - ,B)t and C is an arbitrary constant. 

Solutions of (8. 3) using Riccati as the simplest equation 

Substituting (8.15) into (8 .10) and using the Riccati equation (8 .13) we obtain 

4d3 kaAf H (q)5 
- 4d3 k,8Af H (q) 5 + 24d4 eiA1H (q) 5 

- 24d4,BA1H (q)5 

+ 10cd2kaAf H (q)4 
- 10cd2 k,8Af H (q)4 + 60cd3eiA1H (q) 4 

- 60cd3 ,BA 1H (q) 4 

+ 8c2dkaAf H (q)3 + 8d2ekaAf H (q) 3 
- 8c2dk,8Af H (q) 3 

- 8d2 ek,8Af H (q)3 

+ 2d2h,82 A1H (q)3 + 2d2 hv2 A 1H (q) 3 + 50c2d2eiA1H (q)3 + 40d3eaA1H (q) 3 

- 50c2d2 ,BA1H (q)3 
- 40d3e,8A 1H (q) 3 + 2d2 h,BA1H (q) 3 

- 2d2 ha,8A1 H (q) 3 

- 2d2 hvA1H (q)3 
- 2d2 kvA1H (q)3 + 2d2havA1H (q)3 

- 4d2h,BvA1H (q) 3 

+ 2c3 kaAf H (q)2 + 12cdekeiAi H (q) 2 
- 2c3 k,8Af H (q) 2 

- 12cdek,8Af H (q) 2 

+ 3cdh,82 A1H (q)2 + 3cdhv2 A 1H (q )2 + 15c3daA1H (q)2 + 60cd2 eaA 1H (q) 2 

- 15c3d,8A1H (q)2 
- 60cd2e,BA1H (q) 2 + 3cdh,8A1H (q) 2 

- 3cdha/3 A 1H (q)2 
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- 3cdhvA1H(q )2 
- 3cdkvA1H(q) 2 + 3cdho:vA1H (q) 2 

- 6cdh(3 vA1H (q) 2 

+ 4de2ko:AiH (q) + 4c2eko:AiH (q) - 4de2k/3AiH (q) - 4c2ek/3 AiH(q) 

+ c2 h/32 A 1H(q ) + 2deh(3 2 A 1H(q) + c2hv2 A1H (q) + 2dehv2 A1H(q ) + c4 o:A1H (q) 

+ 16d2e2o:A1H(q) + 22c2deo:A1H (q) - c4(3A 1H (q) - 16d2e2(3 A1H (q) 

- 22c2de/3A1H (q) + c2h/3A1H (q) + 2dehf3 A1H (q) - c2ho:(3A1H (q) 

- 2deho:(3A1H (q) - c2hvA1H (q) - 2dehvA1H (q) - c2kvA1H (q) - 2dekvA1H (q) 

+ c2ho:vA1H (q) + 2deho:vA1H(q ) - 2c2h(3 vA1H (q) - 4dehf3 vA1H(q ) + 2ce2ko:Ai 

- 2ce2k/3Ai + ceh/3 2 A1 + cehv2 A1 + 8cde2o:A1 + c3eo:A1 - 8cde2(3 A 1 - c3e/3A1 

+ ceh/3A1 - ceho:/3A1 - cehvA1 - cekvA1 + ceho:vA1 - 2cehf3 vA1 = 0. 

As before, equating coefficients of Hi to zero, we obtain 

eo:A1c3 
- e/3A1c3 + 2e2ko:Aic - 2e2k/3Aic + eh/32 A1c + ehv2 A1c + 8de20:A1c 

- 8de2(3 A 1c + ehf3A 1c - eho:(3A1c - ehvA1c - ekvA1c + eho:vA1c - 2ehf3 vA1c = 0, 

o:A1c4 
- /3 A1c

4 + 4eko:Afc2 
- 4ek/3Aic2 + h/3 2 A1c2 + hv2 A1c2 + 22deo:A1c2 

- 22de/3A1c2 + h(3 A 1c2 
- ho:/3 A1c2 

- hvA1c2 
- kvA1c

2 + ho:vA1c2 
- 2hf3 vA1c2 

+ 4de2ko:Af - 4de2k/3 Ai + 2deh(32 A1 + 2dehv2 A1 + 16d2e2o:A1 - 16d2e2 /3A1 

+ 2dehf3 A 1 - 2deho:(3 A 1 - 2dehvA1 - 2dekvA1 + 2deho:vA1 - 4dehf3 vA1 = 0, 

2ko:Aic3 
- 2k/3Aic3 + 15do:A1c3 

- 15d/3A1 c3 + 12deko:Aic - 12dek /3 Aic 

+ 3dh(32 A1c + 3dhv2 A1c + 60d2eo:A1c - 60d2e(3 A1c + 3dh(3 A1c - 3dho: f3 A1 c 

- 3dhvA1c - 3dkvA1c + 3dho:vA1c - 6dh(3 vA1c = 0, 

40eo:A1d3 - 40e(3 A 1d3 + 8eko:Af d2 
- 8ekf3Afd2 + 2h(3 2 A1d2 + 2hv2 A 1d2 

+ 50c2o:A1d2 
- 50c2(3 A 1d2 + 2h/3 A1d2 

- 2ho: f3 A1d2 
- 2hvA1d2 

- 2kvA1d2 

+ 2ho:vA1d2 
- 4hf3 vA1d2 + 8c2ko:Af d - 8c2k/3 Aid = 0, 

60co:A1d3 
- 60c(3 A1d3 + lOcko:Af d2 

- 10ck f3 A f d2 = 0, 

24o:A1d4 
- 24/3A1d4 + 4ko:Af d3 

- 4kf3 Af d3 = 0. 
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Solving the above system of algebraic equations we obtain 

h(v - l)(v - /3) . 6d 
a= /3, k = ------, A0 = arbitrary, A1 = --. 

ZI k 

Thus solutions of the generalized extended (3+1)-dimensional Jimbo-Miwa equa­

tion (8.3) using the Riccati equation as the simplest equation are 

6d { c 0 [l ] } u(t , x , y , z) = Ao - k -
2
d -

2
d tanh 20(q + C) 

and 

6d { c 0 ( 1 ) sech ( ~) } 
u(t , x , Y, z) = Ao - k - 2d - 2d tanh 2Bq + C cosh (~) - ~ sinh (~) ' 

where q = x + (/3 - a )y - vz + (v - (3) t , 02 = c2 
- 4de > 0 and C is an arbitrary 

constant. 

8.3 Conservation laws of (8.3 ) using Ibragimov's 

theorem 

In this section we derive the conservation laws of (8.3) by appealing to Ibragimov's 

new conservation theorem. 

We begin by determining the adjoint equation of (8.3) by utilizing 

where 8 / 8u is the Euler-Lagrange operator defined by 
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and the total differential operators Dt , Dx, Dy and Dz are given by 

a a a a a a 
Dt = at+ Ut -a +Utt -a+ Utx-a + Uty-a +Utz-a + ... ' 

U Ut Ux Uy Uz 
a a a a a a 

Dx = -a + Ux -a + Uxx-a + Uxt-a + Uxy-a + Uxz-a + . . . ' 
X U Ux Ut Uy Uz 

a a a a a a 
Dy = -a+ Uy-a+ Uyy -a + Uyt-a + Uyx-a + Uyz-a + ... , 

y U Uy Ut Ux Uz 

(8.18) 

a a a a a a 
Dz = -a+ Uz -a + Uzz -a + Uzt-a + Uzy-a + Uzx-a + .... 

Z U Uz Ut Uy Ux 

Thus the adjoint equation (8.16) becomes 

(8.19) 

The Lagrangian of (8 .3) and its adjoint equation (8. 19) is 

(8.20) 

and the extended symmetries are 

a Y
2
=~ a a a a 

Y1 = at ' ax ' Y3 = 8y ' Y4 = 8z ' Ys = fi(t)au ' y6 = h(z)au ' 

a a a 
Y7 = -3ht at+ (2kt + hz - hx ) ax+ (2hx + hy- 4hz + hu) au ' 

a a a a a 
Y8 = ht- - (kt + hz)- - hz- - hz - +(kt+ 2hz)- , 

at ox 8y az au 
a a a a a 

Y9 = ht- - kt-+ (hy - hz )- + (k t - hy + 2hz)- - hv-. 
at ax ay au av 

To obtain the conserved vectors corresponding to the Lie point symmetries (8.5) 

and the Lagrangian (8.20) we use 

. i er [ 8£ 8£ ] ( er) [ 8£ D 8£ l T i = ( £ + W - er - Dk-er-+··· + Dk W -er- - k-er- + · · · + · · · , 
8ui 8uik 8uik OUijk 

where wer is the Lie characteristic function given by wer = r]° - (iuJ , a: = 1, 2 and j 

runs from 1, · · · , 4 in this particular case. Thus the conserved vectors corresponding 

to the nine Lie point symmetries are given by, respectively 

1 1 1 1 1 3 1 
T = - kuztv - -hUttV - -ku u tV - ku u tV + -k11 ,u v - -u tV + -hutVt x 2 2 2 x y y x 2 '-"t xy 4 xxy 2 
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1 1 1 1 1 
+ 2kutUxVy + kUtUyVx - 2k u tVz - 2u xt Vxy + 2v x Uxyt -

4
vxxUyt 

1 3 
+ 

4
vyUxxt + 

4
u tVxxy , 

T; = 
1 1 1 1 1 1 - 2huuv - 2kuxUxtV - 2kutUxxV -

4
u xxxtV + 2hutVt + 2k utUxVx 

1 1 1 
-

4
vxxUxt + 

4
vxUxxt + 

4
utVxxx , 

T] = 
1 1 1 1 

- -hUttV + -ku tV + -h, ,~vt - - k, ,~v 2 2 X 2 ~c 2 ~ c X > 

1 1 1 1 
T t = 2h uztV + 2huytV + 2h uxtV - k uxzV + k uxUxyV + kUxxUyV + UxxxyV 

1 1 1 
+ 2hutVx + 2hutVy + 2hutVz; 

2 1 1 1 1 
T x = h UztV + h UytV + 2h uxtV + kux UxyV - 2kuxzV + 

4
u xxxyV + 2h VtUx 

1 2 1 3 1 1 
+ 2k u xvY + kux UyVx - 2kuxVz + 

4
u xVxxy - 2u xxVxy -

4
vxxUxy 

1 1 
+ 2vxUxxy + 

4
u xxxVy , 

2 1 1 1 1 2 1 
T Y = 2h VtUx - 2h uxtV - kUxx UxV -

4
uxxxxV + 2k uxVx + 

4
u xVxxx 

1 1 
-

4
uxxVxx + 

4
u xxxVx , 

2 1 1 1 1 
T z = - 2h uxtV + 2k uxxV + 2h vtUx - 2kuxVx , 

2 1 1 1 1 1 1 
T t = - 2h uxzV - 2huxyV - 2huxxV + 2h uxVy + 2huxVz + 2h uxv x; 

3 1 1 1 1 3 1 
T x = - 2huytV - 2kuyUxyV + 2k u yzV - 2kuxUyyV -

4
u xxyyV + 2h vtUy 

2 1 1 3 1 1 
+ kuyVx + 2kux UyVy - 2kuyVz + 

4
u yVxxy - 2u xyVxy + 2vxUxyy 

1 1 
- 4 UyyVxx + 4 VyUxxy , 

3 1 1 1 3 
T Y = h UztV + 2h uytV + h uxtV - kuxzV + 2k u x UxyV + 2kuxxUyV + 

4
uxxxyV 

1 1 1 1 1 
+ 2h v t Uy + 2kux UyVx -

4
vxxUxy + 

4
vxUxxy + 

4
u yVxxx, 
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1 1 1 1 
T; = - 2huytV + 2kuxyV + 2hvtUy - 2kuyVx, 

3 1 1 1 1 1 1 
T t = - 2huyzV - 2huyyV - 2huxyV + 2huyVx + 2huyvz + ilUyVy; 

4 2 1 1 1 
TX = kvxuy + 2,hVtUy - 2,kVzUy + 2,kVyUxUy + kuzVxUy + kuxVxUy - kVUxzUy 

1 3 1 2 1 1 1 - 2k vuxyUy + ~txxyUy + 2k vyux + 2hvtUz - 2kuzVz + 2h vUzt 

1 1 1 1 1 1 
+ 2k vUzz + 2hvuyt + 2kvUyz + 2hvtUx - 2kvzUx + 2kuzVyUx 

1 1 1 1 1 - 2kvUyzUx - 2k vuyyUx + 2h vuxt - 2k vUxz + 2k v u zUxy + k v u x Uxy 

1 1 1 1 1 1 
- 2,UxzVxy - 2,UxyVxy + 2,VxUxyz + 2,VxUxyy - 2,VxyUxx - 4UyzVxx 

1 1 1 1 1 3 
- 4UyyVxx - 4UxyVxx + 4VyUxxz + 4VyUxxy + 2,VxUxxy + 4UzVxxy 

3 3 3 1 1 
+ 

4
uxVxxy -

4
vuxxyz -

4
vuxxyy + 

4
vyUxxx + 

4
vuxxxy, 

4 1 1 1 1 1 
T y = 2huztV + 2huytV + 2huxtV - 2kuxUxzV + 2kuxUxyV - kUxxUxV 

1 1 1 3 1 
- kUxzV - 2kuxxUzV + 2kuxxUyV -

4
uxxxzV + 

4
uxxxyV -

4
uxxxxV 

1 1 1 1 1 1 2 + 2hvtUx + 2hvtUy + 2hvtUz + 2kuxUyVx + 2kuxUzVx + 2kuxvx 

1 1 1 1 1 1 
-

4
vxxUxy + 

4
vxUxxy + 

4
uyVxxx -

4
vxxUxz + 

4
vxUxxz + 

4
uzVxxx 

1 1 1 
+ 

4
uxVxxx -

4
uxxVxx + 

4
u xxxVx , 

4 l 1 1 1 1 1 
T z = 2huztV + 2huytV + 2huxtV - 2kuxzV + 2kuxyV + kux UxyV + 2kuxxV 

1 1 1 1 + kUxxUyV + UxxxyV + 2hvtUx + 2hVtUy + 2hVtUz - 2kuyVx 

1 1 - 2kuzVx - 2kuxVx , 

1 1 1 1 1 Tt = 2huyVx - 2huzzV - huyzV - 2h uyyV - huxzV - huxyV - 2h uxxV + 2huxVy 

1 1 1 1 1 1 1 
+ 2huxVz + 2huzVx + 2huxVx + 2huyVz + 2huzVy + 2huyVy + 2huzvz; 
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7 2 2 1 2 2 1 23 2 3 2 
Tx = 2vuth - xvth - 2yvt h + 2zvt h - 2uvth - 2tutvth + 2t vuu h 

2 2 2 2 l 2 l 2 
- XVUzt h + ZVUzt h - XVUyth + ZVUyt h - 2,XVtUxh + 2, ZVtUx h 

1 2 l 2 l 2 1 2 - 2xvuxth + 2zvUxth - 2kxvyuxh + 2kzvyuxh + 2kv h 

1 1 1 3 - 2kvuzh + kxvzh + 2kyvzh - 2kzvzh + 2kuvzh + 2ktUtVzh 

1 1 + 2ktVUzth + 2kvuyh + 2ktvuyth + kiVtUxh + 2k xvzu xh 

1 5 1 
- -kzvzuxh + -kvuyuxh - kxvyuxh - -

2
kyvyuxh + 2kzvyuxh 

2 2 
1 3 3 - 2kuvyuxh - 2ktutVyux h + 2ktvUytUxh - 2kxuyvxh - kyuyvxh 

+ 4kzuyvxh - kuuyvxh - 3ktUtUyVxh - kxuyUxVxh + kzuyUxVxh 

1 1 + ktvuxth + 3ktvuyUxth + 2kxvuxz h - 2kzvuxzh - kxvuxyh 

1 1 3 - 2kyvuxyh + 2kzvuxyh - 2kuvuxyh - 2ktvutUxy h - k xvuxUxyh 

3 3 + kzVUxUxyh - VxUxyh + UxVxyh + 2tuxtVxyh + Vxy h - 2tvxUxyth 
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3 1 1 1 3 - 4vyUxx h + 2xvxyUxx h - 2zvxyUxxh + 4uyVxx h + 4tuytVxx h 

1 1 1 3 9 
+ 4xuxyVxx h - 4zuxyVxxh + 4vxxh - 4t vyUxxt h + 4vuxxy h 

1 1 3 3 - 2xvxUxxyh + 2zvxUxxyh - 2xvxxyh - 4yvxxyh + 3ZVxxy h 

3 9 3 3 9 - 4uvxxyh - 4tutVxxy h - 4xuxVxxyh + 4zuxVxxyh + 4tvUxxyth 

1 1 1 1 2 2 - 4xvyUxxxh + 4zvyUxxxh - 4xvuxxxy h + 4zvuxxxyh + k tvyux 

- k 2tVzUx + 2k2tUyUxVx - k2tvUxz + 2k2tvuxUxy - ktvxyUxx 

1 3 1 1 - 2 ktuxy Vxx + ktvx Uxxy + 2 ktux Vxxy + 2 ktvy Uxxx + 2 ktvuxxxy, 

7 2 2 1 2 2 l 2 3 2 3 2 
TY = 2vuth - xvth - 2yvth + 2zvth - 2uvth - 2tutvth + 2tvuuh 

1 2 1 2 l 2 1 2 2 - 2xvtUxh + 2zvtux h + 2xvuxth - 2zvUxth + kvuxh + ktVtUxh 

1 2 1 2 1 - 2kxuxvxh + 2k zuxvx h - kxuxvxh - 2kyuxvxh + 2kzuxvx h 

1 3 3 - 2kuuxvxh - 2ktutUxVx h - ktvuxth + 2ktvuxUxt h + kxvuxxh 

1 1 3 + - kyvuxxh - 2kzVUxx h + -kUVUxx h + -ktvUtUxx h + kxvuxUxx h 
2 2 2 

3 1 3 1 
- k zVUxUxx h - - VxUxx h + -UxVxx h + -tUxtVxxh + - XUxxVxxh 

4 2 4 4 
1 1 3 1 1 - 4zuxxVxxh + 2vxxh - 4tvxUxxth + VUxxxh - 4xvxUxxx h + 4zvxUxxxh 

1 1 1 3 1 
- - XVxxx h - -yVxxxh + ZVxxxh - -UVxxxh - - tUtVxxxh - - XUxVxxx h 

2 4 4 4 4 
1 3 1 1 2 2 + - ZUxVxxx h + -tVUxxxt h + - XVUxxxx h - - ZVUxxxx h + k tuxvx 
4 4 4 4 

2 1 1 1 
- 2k tvuxUxx - 2ktuxxVxx + 2ktvxUxxx + 2ktuxVxxx 

1 
- 2, ktvuxxxx, 

7 2 1 2 32 1 2 1 2 
Tz = 2h UtV - 2h VtU + 2h tuuv + 2h XUxtV - 2h ZUxtV - 2hkuxv 

1 5 1 1 2 + 2hkvxu - 2hktUxtV - 2hkxuxxV + 2hkzuxxV + k tuxxV - hkv 

1 2 1 2 32 2 1 2 2 + 2h ZVtUx - 2h XVtUx - 2h tutVt - h XVt - 2h YVt + 2h ZVt + hktVtUx 

3 1 1 1 2 + 2hktutVx - iikzuxVx + 2hkxuxVx + 2hkyvx - 2hkzvx + hkxvx - k tuxVx, 
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g l 2 121 2 1 2 1 2 1 2 T = - tUtVth - - VUth - -tVUtth - - ZVtU h - - zvu th - - ZVtU h 
X 2 2 2 2 z 2 Z 2 y 

1 2 1 2 l 2 1 2 1 1 
- -zvu th - - ZVtU h - -zvu th - -kzv u h - -kv h - - ktvt h 2 y 2 X 2 X 2 Yx 2 2 

1 1 1 1 1 
- -kvu h + kzv h - -ktutv h + -kz u v h - -ktvu th - -kzvu h 

2 
z z 2 z 2 z z 2 z 2 zz 

1 1 1 1 1 
- -kvu h + -kzv u h - ktvuyth - -kzvu h - -kivtu h + -kzv u xh 2 y 2 z y 2 yz 2 X 2 z 

1 1 1 1 
- kzvyuxh + 2ktUtVyUx h - 2k zuzvyuxh - 2kzuyvyuxh - 2ktvUytUxh 

1 1 2 + 2kzvuyzUxh + 2kzvuyyUxh - kzuyvxh - 2kzu yvx h + kiutUyVx h 

1 1 
- kzuzUyVxh - k zuyUxVx h - 2ktvuxt h - ktvuyUxth + 2k zvuxz h 

1 1 1 + kzvuyuxzh - kzvuxyh + 2ktVUtUxy h - 2k zVUzUxy h + 2k zvuyUxyh 

1 1 1 1 
- kzVUxUxyh - 2tuxtVxyh + 2zuxzVxyh + 2zuxyVxyh + 2t vxUxyt h 

1 1 1 1 1 - 2zvxUxyzh - 2z vxUxyy h + 2zvxyUxx h - 4tuytVxx h + 4z u yzVxx h 

1 1 1 1 1 + 4zuyyVxxh + 4zuxyVxx h + 4tvyUxxth - 4zvyUxxzh - 4zvyUxxy h 

1 3 3 3 3 - 2zvxUxxyh - 2zvxxy h + 4tutVxxyh - 4.ZUzVxxyh - 4zu yVxxyh 

3 3 3 3 1 - 4zuxVxxyh - 4t vuxxyth + 4zvUxxyzh + 4zvUxxyyh - 4zvyUxxxh 
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1 1 2 2 1 2 1 2 1 2 2 
-

4
zvuxxxyh - 2k tvyux + 2k tvz + 2k tvzUx - 2k tvyUx - k tUyVx 

2 1 2 1 2 2 1 1 
- k tuyUxVx + 2k tvuxz - 2k tvuxy - k tvuxUxy + 2ktvxyUxx + 4ktuxyVxx 

1 3 3 1 1 2 -
2

ktvxUxxy -
4

ktvxxy -
4

ktuxVxxy -
4

ktvyUxxx -
4

ktvuxxxy - ZVth , 

8 1 2 2 1 2 1 2 1 2 1 2 1 2 
Ty = - -2VUth - ZVth + - tutVth - - tvutth - - ZVtUzh - - ZVUzth - - ZVtUy h 

2 2 2 2 2 
1 2 1 2 l 2 l 1 1 1 

- - zvu th - - ZVtU h - - zvu th + - kvh - -ktvth + - kvu h - - ktvtu h 2 y 2 X 2 X 2 2 2 X 2 X 

1 2 1 1 1 
-

2
kzuxvxh - kzuxvxh + 

2
ktUtUxVx h -

2
kzuzUxVx h -

2
kzu yUxVx h 

1 1 1 1 
+ 

2
ktvUxth -

2
ktvuxUxth + kzvuxz h + 

2
kzvuxUxz h -

2
kzvuxUxyh + kzvuxxh 

1 1 1 1 
-

2
ktVUtUxxh + 

2
kzVUzUxx h - 2kzvuyUxx h + kzVUxUxx h - 4tuxtVxxh 

1 1 1 1 1 1 
+ 

4
zuxzVxxh + 

4
zuxyVxxh + 4zuxxVxxh + 

4
tvxUxxth _.: 

4
zvxUxxz h -

4
zvxUxxyh 

1 1 1 1 1 1 
-

4
zvxUxxxh -

2
zvxxxh + 

4
tutVxxx h -

4
zuzVxxx h -

4
zuyVxxxh -

4
zuxVxxx h 

1 1 3 1 1 22 1 2 
-

4
tvuxxxth + 

4
zvuxxxz h -

4
zvuxxxyh + 

4
zvUxxxxh - 2k tuxvx - 2k iUxVx 

1 2 2 1 ( ) + 2k tVUxx + k iVUxUxx + 
4

kt UxxVxx - VxUxxx - Vxxx - UxVxxx + VUxxxx , 

8 1 2 1 2 1 2 1 2 12 1 
T = - -h UtV - - h iUttV - - h ZUztV - - h ZUytV - -h ZUxtV + - hkuxv + hktuxtV 

z 2 2 2 2 2 2 
1 1 1 + 
2

hkzUxzV -
2

hkzuxyV - hkzuxUxyV -
2

hkzuxxV - hkzUxxUyV - hzUxxxyV 

1 2 1 12 1 2 1 2 1 2 2 - 2k iUxxV + 
2

hkv - 2h ZVtUx - 2h ZVtUy - 2h ZVtUz + 2h tUtVt - h ZVt 

1 1 1 1 1 1 
-

2
hkiVtUx - i1,kiutVx -

2
hktvt + 

2
hkzuyVx + 

2
hkZUzVx + 

2
hkzUxVx 

1 2 1 2 + hkzvx + 2k iUxVx + 2k ivx, 

8 2 1 2 2 l 2 1 2 l 2 1 2 1 2 
Tt = vh + 

2
vuzh - ZVzh + 

2
tutVz h -

2
z uzVz h + 

2
tvUzth + 2zvUzzh + 2vuyh 

1 2 2 l 2 l 2 1 2 l 2 2 - - ZVzUyh - zvyh + - iUtVy h - - ZU,zVyh - - z uyvyh + - tvuyth + ZVUyzh 
2 2 2 2 2 
1 2 1 2 1 2 1 2 2 1 2 1 2 + 2zvuyy h + 2vuxh - 2, ZVzUxh - 2zvyUxh - ZVx h + 2tutVxh - 2, ZUzVx h 

1 2 1 2 l 2 2 2 l 2 1 
- - ZUyVx h - - ZUxVxh + -iVUxth + ZVUxz h + ZVUxy h + - ZVUxxh - -kivzh 

2 2 2 2 2 
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9 1 2 l 2 2 1 2 1 2 1 2 1 2 
Tx = -

2
vuth + 

2
yvth - ZVth + 

2
tutVth -

2
t vutt h + 

2
yvtuyh -

2
zvtuy h 

T g = 
y 

1 2 l 2 l 1 1 1 
- -yvu th + -zv u th - -kv h - -ktvth - -kyv h + k zv h - -ktutv h 2 Y 2 Y 2 2 2 z z 2 z 

1 1 1 1 1 
- -ktvu th - -kv u h - -kyv u h + -kzv u h - ktvu th + -kyvu h 2 z 2 y 2 z y 2 z y y 2 yz 

1 1 1 1 1 
-

2
k zvuyzh -

2
ktVtUx h -

2
kvuyuxh + 

2
kyvyu xh - k zvyuxh + 

2
ktutVyUxh 

1 1 1 1 1 + 
2

k yuyvyuxh -
2

k zuyvyu xh -
2

ktvuytUx h -
2

kyvuyyuxh + 
2

k zvuyyUxh 

1 + kyu~vxh - k z u~vx h + kyuyvx h - 2kzuyvx h + ktutUyVx h -
2

ktvuxth 

1 1 1 
- ktvuyUxth + 

2
kyvu xyh - k zvuxy h + 

2
ktvut,Uxy h -

2
kyvuyUxy h 

1 1 1 1 1 1 
+ 

2
kzvu yUxy h + 

2
vxUxy h -

2
tuxtVxy h - 2,YUxyVxyh + 

2
z u xyVxy h + 

2
tvxUxyt h 

1 1 1 1 1 1 + 2,YVxUxyy h -
2

zvxUxyy h -
4

uyVxxh -
4

tuytVxx h -
4

yuyyVxxh + 
4

zuyyVxxh 

1 1 3 1 1 3 
-

4
vxxh + 

4
tvyUxxth -

4
v uxxy h + 

4
yvyUxxyh -

4
zvyUxxyh + 

4
yvxxy h 

3 3 3 3 3 3 
-

2
zvxxyh + 

4
tutVxxy h + 

4
yuyVxxyh -

4
z uyVxxy h -

4
t vUxxyth -

4
yvu xxyyh 

3 1 2 2 1 2 12 12 2 + 
4

zvuxxyyh - 2k tvyux + 2k tvz + 
2

k tVzUx -
2

k t vyUx - k tuyVx 

2 12 1 2 2 1 1 
- k tuyUxVx + 2k tVUxz - 2k t vuxy - k tvu xUxy + 2ktvxyUxx + 4ktuxyVxx 

1 3 3 1 1 
- -

2
ktvxUxxy - -ktvxxy - -ktuxVxxy - -kivyUxxx - -ktvuxxxy , 

4 4 4 4 
1 2 l 2 2 l 2 1 2 2 2 

- - VUth + -yvth - ZVth + - tUtVth - -tvUtth + YVUzth - ZVUzth 
2 2 2 2 
1 2 l 2 l 2 1 2 2 2 + 2,YVtUy h -

2
zVtUyh + 

2
yvu yth -

2
zvUyt h + YVUxth - ZVUxt h 

1 1 1 1 1 + -kv h - -ktvth + - kvuxh - - ktvtu xh + -kyuxvxh - k zu xvx h 
2 2 2 2 2 
1 1 1 1 1 + 
2

ktutUxVxh + 
2

kyuyUxVx h -
2

kzu yUxVx h + 
2

ktVUxth -
2

ktvuxUxt h 
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Tg = 
z 

Remark. It should be noted that the above conservation laws include the energy 

conservation law, which corresponds to the time translation and three momentum 

conservation laws, which correspond to the three space translations. 
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8.4 Conclusion 

In this chapter we studied the generalized extended (3+1)-dimensional J imbo-Miwa 

equation (8 .3). Symmetry reductions of this equation were performed several times 

until it was reduced to a fourth-order ordinary differential equation. The general 

solution of this ordinary different ial equation was obtained in terms of the Weier­

strass zeta function . Travelling wave solutions of (8.3) were also derived using 

the simplest equation method. Finally, the conservation laws of (8.3) were com­

puted by invoking the conservation theorem due to Ibragimov. These conservation 

laws included an energy conservation law, which corresponded to the time transla­

tion and three momentum conservation laws that corresponded to the three space 

translations. 
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Chapter 9 

Solutions and conservation laws of 

the combined KdV-negative­

order KdV equation 

9.1 Introduction 

In a recent paper [81] a new integrable equation, called the combined KdV­

negative-order KdV equation (KdV-nKdV) 

(9.1) 

was developed by combining the Korteweg-de Vries (KdV) equation and the negative­

order KdV equation. The KdV recursion operator and the inverse KdV recursion 

operator were used concurrently to construct this new integrable equation. It was 

shown in [81] that this newly constructed equation (9.1) passes the Painleve test 

and thus it possesses the complete integrability phenomenon. Also a variety of 

travelling wave solutions, singular solutions, and rational hyperbolic and rational 

trigonometric solutions were obtained [81]. 
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In this chapter, we use the ( G' / G)- expansion method to find the travelling wave 

solutions of the KdV-nKdV equation (9 .1). Furthermore, the multiplier method is 

implemented to construct conservation laws of this equation. 

This work has been submitted for publication [82]. 

9.2 Solution of (9.1) using (G' / G)-expansion method 

The use of travelling wave variable substitution 

u(x, t ) = F (O , ~ = x - ct , (9.2) 

transforms the KdV-nKdV (9.2) into the nonlinear ordinary differential equation 

F 1111
( ~ ) - cF1111

(~ ) - cF"(O - 6cF1(~)F11
( ~) + 6F'(~ )F"(O = 0. (9.3) 

The balancing procedure gives M = 1 so the solutions of (9.3) are of the form 

(9.4) 

Substituting (9.4) into (9.3) and making use of (1.57), and thereafter setting the 

coefficients of the functions ( G' / G)i to zero, give rise to the following algebraic 

systems of six equations: 

6Aic>-µ 2 
- A1c>-3µ - 8A1c>-µ 2 

- A1c>-µ + A1>-3µ - 6Ai>-µ 2 + 8A1>-µ 2 = 0, 

12Aic>-2µ - A1c>-4 
- 22A1c>-2µ - A1c>-2 + 12Aicµ2 

- 16A1cµ2 
- 2A1cµ 

+ A1>-4 
- 12Ai>-2µ + 22A1 >-2µ - 12Aiµ2 + 16A1µ2 = 0, 

2Aic>-3 
- 5A1c>-3 + l2Aic>-µ - 20A1c>-µ - A1c>- - 2Ai>-3 + 5A1>.3 - l2Ai>-µ 

+ 20A1>-µ = 0, 

12Aic>-2 
- 25A1c>-2 + 12Aicµ - 20A1cµ - A1c - 12Ai>-2 + 25A1>- 2 

- 12Aiµ 

+ 20A1µ = 0, 
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Aic>- - 2A1c>. - Ai>. + 2A1>. = 0, 

Aic - 2A1c - Ai+ 2A1 = 0. 

Solving the above system of algebraic equations, with the aid of Mathematica, we 

obtain 

).2 - 4µ 
c = - - -- A0 = arbitrary, A1 = 2. >.2 - 4µ + l ' 

Thus the travelling wave solutions of equation (9.1) are: 

When >.2 
- 4µ > 0, we obtain the hyperbolic function solutions 

( ) _ A A { >. ( C1 sinh ( a0 + C2 cosh (a~) ) } ut,x - o+ 1 -- +a -------- -- , 
2 C1 cosh ( a~) + C2 sinh ( aO 

where~ = x - ct, a= ½J>-2 - 4µ , C1 and C2 are arbit rary constants. 

By giving particular values to t he constants C1 and C2 we may obtain the following 

special solutions. For example, if C1 = 0, C2 i= 0, we obtain 

u(t,x) = A0 + A1 {-~ + acoth(aO } . 

If C2 = 0, C1 i= 0, we obtain 

u(t , x) = A0 + A1 {-~+a tanh(aO } . 

If C1 i= 0, C1 > C2, we obtain 

u(t , x) = Ao+ A1 {-~ + atanh(a{ + a 1)} , 

where a1 = tan-1 ( C2/C1). 

When >.2 
- 4µ < 0, we obtain the trigonometric function solut ions 

where~ = x - ct , a = ½J4µ - >.2 , C1 and C2 are arbitrary constants. 

121 



Again by giving special values to C1 and C2 we may obtain the following special 

solutions. For example, if C1 = 0, C2 =/ 0, we obtain 

u(t, x) = A0 + A1 {-~ + acot(aO } . 

If C2 = 0, C1 =/ 0, we obtain 

u(t,x) = A0 + A1 { ~ - atan(a~) } . 

If C1 =/ 0, C1 > C2, we obtain 

u(t, x) =Ao+ A1 { -~ - atan(a~ - a 1)} , 

where a1 = tan-1 ( C2/ C1). 

\ i\Then -\2 - 4µ = 0, we obtain the rational function solution 

where ~ = x - ct , C1 and C2 are arbitrary constants. 

9.3 Conservation laws of equation (9.1) 

In this section we construct conservation laws of the combined KdV-negative-order 

KdV equation (9. 1) by employing the multiplier method [24]. The third-order 

multiplier A(t, x, u, Ut , Ux, Utt , Uxx, Uttt, Uxxx) for (9.1) is given by 

where C1, C2 and C3 are constants and F(t ) is an arbitrary function of variable t. 

Corresponding to the above multiplier the associated conserved vectors for equation 

(9. 1) are 
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Tf 

r,t 
3 

yt 
4 

Tf 

7 1 1 1 
- UUxUxx - 6uuxUxxxx + 8u xUxxxxx - 8uuxxxxxx - 4uuxxxx 

1 17 2 1 
+ 4uxUxxx + 

12 
( Ux) Uxxx - 8uxxUxxxx, 

7 7 9 4 3 
UUtxUx - 6u x'UtxUxx + 6UtUxUxxx + 2(ux) + 8uxxUtxxx 

5 2 7 2 1 7 
+ 

12
(ux) Utxx + 6(uxx) Ut + 3uutxxUxx + 6uUtxUxxx 

+3u(ux)2Utx + IUUtxxxUx + 3ut(ux)
3 + lUtUxxx + }ut(ux)2 

1 2 1 1 3 1 
+ 2(uxxx) + 8uutxxxxx + 8utUxxxxx + 8utxxUxxx - 4utxUxxxx 

1 2 1 1 1 - 4u xUtxxxx + 3(ux) Uxxx + 4uutxxx - 2uxUtxx + 2u xxUtx; 

2 3 1 2l2 2 1 
3(ux) - 8(uxx) + 4(ux) - 3uuxUxx - 8uuxxxx 

1 1 
+ 4uxUxxx - 4uuxx, 

2 3 1 2 1 1 
3uutxUx + 2 (ux) - 2(uxx) + 4uutx + 8utUxxx 

4 2 1 5 3 1. 
+ 3ut(ux) + UxUxxx + 8u'Utxxx + 8uxUtxx - 8uxxUtx + 4u tUx , 
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9.4 Conclusion 

In this chapter we used the travelling wave variable to transform the combined 

KdV-negative- order KdV equation (9.1) into the fourth-order ODE (9.3). There­

after we used the ( G' / G)-expansion method to find its travelling wave solutions. 

The obtained solutions were in terms of hyperbolic, trigonometric and rational 

functions , which include solitons and periodic solutions. Moreover, the conserva­

tion laws were derived using the multiplier method. 
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Chapter 10 

Lagrangian formulation of the 

Calogero-Bo goyav lenskii-S chi ff 

equation 

In this chapter we construct conservation laws of the (2+ 1 )-dimensional Calogero­

Bogoyavlenskii-Schiff (CBS) equation 

(10.1) 

by applying Noether 's theorem. 

This work has been accepted for publication [83]. 

10.1 Introduction 

The CBS equation was first constructed by Bogoyavlenskii and Schiff in different 

ways. Bogoyavlenskii used the modified Lax formalism [84-86], whereas Schiff de­

rived the same equation by reducing the self-dual Yang-Mills equation [87]. Equa-
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tion (10.1) has been of interest to several researchers. For example, in [88] the au­

thors used classical and nonclassical methods to obtain symmetry reductions and 

exact solutions of (10.1). Wazwaz [89] employed the tanh-coth method and derived 

travelling wave solutions for (10.1). Symmetry method was applied to (10.1) and 

symmetry reductions and exact solutions were obtained in [90]. Equation (10. 1) 

was also studied in [91] where exact solutions and conservation laws were obtained 

by the application of non-local conservation theorem. Exact solutions of (10.1) 

using the singular manifold method after Lie reductions were derived in [92]. 

10.2 Conservation laws of (10.1) 

We employ Noether's theorem to construct conservation laws of the Calogero­

Bogoyavlenskii-Schiff equation (10.1). In order to use Noether 's theorem we need 

a Lagrangian of equation (10.1). 

It can be easily verified that a second-order Lagrangian of (10.1) is given by 

(10.2) 

This is because £ satifies the Euler-Lagrange equation <5£ / ou = 0 on t he solutions 

of (10. 1), where 

o 8 8 8 8 28 8 
£ = ~ - D t~ - Dx~ - D z~+ D x ~ + DxDz~-
UU uU UUt UUx UU z UUxx UUxz 

(10.3) 

The vector field of the form 

l 8 2 8 3 )8 ( )8 ) X = l (t,x,z,u)
8

t +~ (t,x,z,u)
8

x +l (t,x , z,u 
8

z +17 t ,x,z, u 
8

u (10.4 

is called a Noether point symmetry corresponding to a second-order Lagrangian £ 

of (10.1) if 
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for some gauge functions BI (t , x , z, u), B 2(t , .1: , z, u) and B 3 (t , x , z, u). Here X l2l is 

the second-order prolongation defined by 

where the expressions for ( t, (x, ( z, (xx and (xz are given by 

( t Dt(-ry ) - UtDt (e ) - UxDt (e ) - UzDt(e ), 

C:x Dx(ri ) - UtDx(e ) - UxDx(e ) - UzDx(e ), 

(z Dz(ri ) - UtDz(e ) - UxDz(e ) - uyDz(e ), 

(xx Dx((x) - UtxDx(e ) - UxxDx (e ) - Uxz Dx(e ), 

C:xz Dz((x ) - UtxDz(e ) - UxxDz(e ) - Uxz Dz(e ) 

and 

are the total differential operators. 

Inserting the value of £, from (10.2) into the determining equation (10.5) , expanding 

and then splitting on the derivatives of u , we obtain the values of e, e, e and TJ . 

Thus the Noether point symmetries corresponding to t he Lagrangian [, of (10.1) 

along with the gauge functions are 

0 
ot ' 
0 

BI= B 2 = B 3 = 0 ) 

BI= B 2 = B 3 = 0 oz ' ) 
0 0 I 1 

4t oz + x ou ' B = -2u, 
o 8 o o 

4t- + x- + 2z- - u-
8t ox oz ou ' 
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B 2 = 0 B 3 = 0 ) ) 

B I = B 2 = B 3 = 0 ) 



() 8 1 2 1, 3 
q t -

0
, B = 0, B = --q (t)u , B = 0, 

u 2 
a a 

2h(t) ox+ zh'(t ) ou ' B1 = 0 B 2 = - ~zh" (t) B 3 = 0 ) 2 u , ' 

where q(t)and h(t) are arbitrary functions of the variable t. 

Vile now invoke the conserved vector components [38] 

corresponding to Noether point symmetries and obtain the following conserved 

vectors: 

rt 
1 

rz 
1 

r,t 
2 

3 1 1 u; 
2UtUxUz + 

4
utUxxz -

4
uxxUtz -

2
utxUxz + 2 , 

2 1 1 
UtUx + 

4
utUxxx -

4
uxxUtx; 

1 
2UxUz, 

1 2 3 1 2 1 
2UtUz + 2uxuz + 4UzUxxz - 2Uxz - 4UxxUzz, 

1 1 1 
-

2
UtUx + 

4
uxxUxz + 

4
uxxxUz; 

1 1 
2tuxUz -

2
xux + 2u, 

2 2 1 
8tUxUz + 3tUzUxxz - 2tuxz - tuxxUzz - 2xut + 2tUtUz - 2XUxUz 

1 3 
+ 2uxz -

4
xuxxz, 

2 1 1 
T{ = tUxxUxz + tUxxxUz - 2tUtUx - XUx + 

4
u xx -

4
xuxxx; 
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r,t 
5 

r,x 
5 

r,z 
5 

r,t 
6 

r,x 
6 

10.3 

3 1 
2UxUzU + 4uxxzU + 2utU + 8tUtUxUz + 3tUtUxxz - tUxxUtz - 2tUtxUxz 

2 2 2 3 3 2 
+zUtUz + 2tut + 4ZUxUz + XUxUz - 4uxxUz + 2z u zUxxz - ZUxz - UxUxz 

1 1 3 
- '.2 ZUxx Uzz - 4 XUxx Uxz + 4 XUx Uxxz , 

2 1 2 1 
UxU + 4uxxxU - ZUtUx + 4tUtUx + tUtUxxx - tUxxUtx + 2z uxxUxz 

1 3 1 1 1 2 
+ 2zuxxxUz + XUx - 2u xxUx + 4xuxxxUx - 4xuxx; 

1 - 2q (t)ux , 

-2q(t)uxUz - iq(t)uxxz - iq(t)ut + 1q'(t)u, 

2 1 
-q(t)ux - 4q(t )uxxx; 

Conclusion 

In this chapter we obtained the conservation laws for the Calogero-Bogoyavlenskii­

Schiff equation (10.1) using Noether 's theorem. Noether point symmetries were 

first computed and then using Ioether 's theorem the associated conserved vec­

tors were derived. The conservation laws obtained here contain the energy and 

momentum conservation laws and the dilational energy conservation law. 
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Chapter 11 

Concluding remarks 

The aim of this work was to obtain closed-form solutions and conservation laws 

for certain nonlinear multi-dimensional partial differential equations which govern 

many physical phenomena of the real world. 

In Chapter one we presented a brief introduction to the Lie symmetry analysis and 

conservation laws of PD Es. This included the algorithms to determine the Lie point 

symmetries and conservation laws of PD Es. Vie also provided certain methods that 

determine the exact solutions of nonlinear partial differential equations. 

In Chapter two Lie symmetries as well as the simplest equation method were 

used to obtain exact solutions of the (2+1)-dimensional Boussinesq equation. The 

solutions obtained were solitary waves and non-topological soliton. Moreover, the 

conservation laws for the (2+ 1 )-dimensional Boussinesq equation were also derived 

using the new conservation theorem due to Ibragimov. 

The (3+ 1 )-dimensional Boussinesq equation was studied in Chapter three . Exact 

solutions of this equation were obtained with the aid of Lie point symmetries along 

with the simplest equation method. Furthermore, conservation laws were also 

constructed utilizing the new conservation theorem due to Ibragimov. 
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In Chapter four exact solutions of the nonlinear evolution partial differential equa­

tion, namely the generalized (3+1)-dimensional Kawahara equation were obtained 

using Lie symmetries in conjunction with the Kudryashov's method. Moreover, 

the conservation laws for this equation were derived using the multiplier method. 

Chapter five studied the exact solutions and conservation laws of a (3+ 1)-dimensional 

generalized KP-Boussinesq equation. Exact solutions were obtained using the Lie 

symmetries and Kudryashov's method. Furthermore, conservation laws for the 

equation were derived using Ibragimov's conservation theorem. 

In Chapter six, we obtained exact solutions for the (3+1)-dimensional BKP-Boussinesq 

equation using Lie symmetry reductions, direct integration as well as the ( G' / G)-expansion 

method. Thereafter, we obtained the conservation laws of (6.4) by employing the 

conservation theorem due to Ibragimov. 

Chapter seven studied a generalized extended (3+ 1 )-dimensional Jimbo-Miwa equa­

tion. Travelling wave solutions were constructed using Lie symmetry method and 

the ( G' / G)-expansion method. Conservation laws were computed by invoking the 

conservation theorem due to Ibragimov. 

In chapter eight the exact solutions and conservation laws of a generalized extended 

(3+1)-dimensional Jimbo-Miwa equation. Travelling wave solutions were derived 

using the Lie symmetry method and simplest equation method. Conservation laws 

were derived by using the conservation theorem due to Ibragimov. 

Chapter nine presented the travelling wave solutions and conservation laws of the 

combined KdV-negative- order KdV equation. The (G' / G)-expansion method 

was used to find its travelling wave solutions. The obtained solutions were in t erms 

of hyperbolic, trigonometric and rational functions , which include solitons and 

periodic solutions. Conservation laws were derived using the multiplier approach. 

In Chapter ten, we obtained the conservation laws for the Calogero-Bogoyavlenskii-
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Schiff equation using Noether 's theorem. First we computed the Noether point 

symmetries and then using Noether's theorem we derived the associated conserved 

vectors. 

Future studies would focus on the use of conservation laws to obtain exact solutions 

of the multi-dimensional nonlinear differential equations studied in this thesis. 
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