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Abstract
Risk management in the credit risk environment has advanced considerably over the last few decades.

During the same time, statistical models developed for this purpose have grown in variety and sophis-

tication. Initially, statistical models focused on the assessment of a counterparty’s creditworthiness (i.e.

default risk), but the modelling of the recovery process and outcome after default are receiving more and

more attention. Loss Given Default (LGD) represents the loss suffered on a loan, expressed as a percent-

age of the exposure amount at default. The LGD is one of the key risk parameters used in determining

a bank’s regulatory capital under the Basel Capital Accords. This thesis comprises three articles, each

making a unique contribution to a different aspect of the modelling of LGD.

In the first article, a methodology for determining an LGD discount rate is proposed. The methodology

infers a discount rate from a market-consistent, or fair, price for defaulted exposures, inspired by the

Solvency II regulatory regime’s cost of capital approach. The main drivers of the LGD discount rate

are found to be the mean and variance of recovery cash flows. The discount rate is also shown to be

sensitive to the bank’s cost of equity, particularly when recovery rates are low. It is demonstrated that

this discount rate reflects the non-diversifiable risk inherent in the recovery cash flows and therefore

satisfies the principles established by the banking regulator.

In the second article, two alternative models are proposed to better capture the bimodality of LGD data,

and to reduce the difference between the empirical and distributional means, where the distributional

mean is the expectation of the fitted parametric model. Both proposed models are mixtures of standard

power distributions and outperform the benchmark beta distribution in terms of reducing bias in the

estimation of the mean LGD. In this way, better alignment between a bank’s Regulatory Capital and

Economic Capital models can be achieved.

In the third article, an improved survival modelling approach for modelling the time to loan write-

off is proposed. This approach includes a frailty component in the promotion time cure model. The

frailty parameter accounts for common unobservable factors and possible observable covariates not in the

model. The proposed models include gamma and inverse Gaussian distributed frailty parameters, as well

as a shared frailty model. The finite sample performance of maximum likelihood estimation is analysed

through a Monte Carlo simulation study, after which the models are applied to a simulated data set,

as well as a real-world loan loss data set. The gamma frailty model produces the best fit to the data

and allows for the modelling of a non-monotone shape of the hazard function. Additionally, the shared

frailty term included accounts for the dependence between the failure times of individual subjects within

a cluster, leading to more accurate estimates of hazard rates and write-off times. The proposed models
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offer an attractive alternative approach to modelling the probability of loan write-off in two-step LGD

models.

Overall, this study should contribute to the development of more accurate and robust credit risk models,

specifically in relation to LGD, which are essential for the effective management of credit risk in financial

institutions.

Key words: Loss Given Default, Recovery, Write-off, Economic capital, Discount rate, Bimodal distri-

bution, Survival analysis, Frailty
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Preface

This thesis is written in article format and consists of two published articles and one unpublished

manuscript (intended for publication). A general overview and background to the study are given in

Chapter 1, along with the objectives of the thesis. The three articles can be found in Chapters 2, 3 and 4,

respectively. In Chapter 5 we report the main findings of the three articles and provide some concluding

remarks.

The first article, A Cost of Capital Approach to determining the LGD Discount Rate, is intended for

submission to ORiON.

The second article, Introducing Two Parsimonious Standard Power Mixture Models for Bimodal Pro-

portional Data with Application to Loss Given Default, has been published in a special issue of the

journal Mathematics: Mathematical Statistics and Modelling in Economics.

The third article, Modelling the Time to Write-Off of Non-Performing Loans using a Promotion Time

Cure Model with Parametric Frailty, has been published in a special issue of the journal Mathematics:

Application of Survival Analysis in Economics, Finance and Insurance.

All co-authors have given consent for the use of these articles as part of the final thesis. The candidate

was responsible for the formulation of the research questions, the conceptual design, the review of relevant

literature, interpretation of results, and the initial drafting, as well as final editing, of the articles.
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Chapter 1

Introduction

A well-functioning banking system is a vital component of a country’s economy and a key driver of

prosperity. Banks play a crucial role in the economic development of a country by channeling funds from

depositors to borrowers, and thereby facilitating investment, consumption and growth. According to Oort

(1990), by extending credit, banks help individuals, businesses and governments to finance investments

and manage cash flows.

Banks also have a crucial role to play in promoting financial stability by managing their exposure to risk.

As financial institutions that intermediate between savers and borrowers, the majority of banks’ earnings

come from interest income levied on credit activities, such as loans and advances. However, extending

credit is a risky business, as there is always a possibility that the borrower will default and fail to repay

the loan. Suffering credit losses is therefore part and parcel of credit extension, and as such, part of

the cost of doing business. Banks should manage this risk by carefully assessing the creditworthiness of

borrowers, setting prudent loan terms, and by holding adequate provisions against expected credit losses.

Banks must also hold sufficient capital to absorb losses in the event of worse than expected loan defaults,

which, as argued by Kaufman (1996), helps to ensure that depositors’ funds are protected, and that the

financial system remains stable.

All commercial enterprises will hold capital to fund their operations and growth, as well as to provide a

cushion for unexpected events. Elizalde and Repullo (2007) attest that, even in the absence of regulation, a

bank’s owners will mandate that the bank holds capital as a means of protecting itself against unexpected

losses, and to maintain investor confidence. However, the role of banks in financial stability, and in the

protection of depositors’ money, necessitates intervention by the Regulator as to a minimum amount of

capital required in order to reduce systemic risk in the financial system (Anginer and Demirgüç-Kunt,

2014). In many countries, including South Africa, the regulatory capital requirements for banks are

governed by the the Basel Capital Accords, which are considered in Section 1.1.2.

The use of probability theory and statistical analysis to model the distribution of credit losses is a common

practice in the field of finance (see e.g., the textbook by McNeil et al. (2015)), and this enables lenders and

investors to quantify the credit risk of a portfolio of loans, and estimate potential losses. The distribution
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of credit losses can then also be used to determine the amount of provisions and capital needed to absorb

expected and unexpected credit losses.

1.1 The determination of bank risk capital

1.1.1 Credit losses as a random variable

The credit losses suffered on a portfolio of loans can be regarded as a random variable, which can be

defined by its probability density function (PDF). By representing credit losses as a PDF, banks can

obtain a clearer picture of the potential range and likelihood of losses that they may experience from

their credit exposures. From the analysis of such a loss distribution, a financial institution can estimate

both the expected loss (EL) and the unexpected loss (UL) on its credit portfolio. The EL equals the

(unconditional) mean of the loss distribution; it represents the loss that a bank can predict with reasonable

certainty will realise over a specific time period (usually 1 year). The EL is part of doing business and

should, firstly, be adequately priced for, and secondly, provisioned for in the bank’s balance sheet. With

adequate diversification and appropriate pricing, the expected net interest income from a portfolio of

loans should exceed the portfolio’s EL.

However, as the EL represents the mean value of the credit loss distribution, this amount can easily be

exceeded. Besides provisioning for expected credit losses, banks are therefore also expected to hold risk

capital against UL. UL represents the unanticipated losses suffered when banks and financial institutions

function outside their normal operating environment. UL can be seen as the difference between a suffi-

ciently high quantile (e.g. 99%) of the credit risk distribution, the so called Value-at-Risk (V aR), and

the EL, as illustrated in Figure 1.1. According to Athanasoglou et al. (2008) banks should hold enough

risk capital in order to fully cover the unexpected losses it may face.

The potential losses a bank may suffer can be described by three key risk parameters, and these parameters

also drive the amount of risk capital a bank must hold. As explained by Genest and Brie (2013) these

risk parameters include: Probability of Default (PD), which is the likelihood that a borrower will default

on a loan or other credit exposure over a given period of time. Exposure at Default (EAD), which is the

amount of exposure that a bank has to a borrower at the time of default. It is typically calculated as

the outstanding balance of the loan plus any undrawn commitments that the bank has to the borrower.

Finally, Loss Given Default (LGD), being the focus of this thesis, represents the amount of loss that a

bank expects to incur if a borrower defaults on a loan. LGD is typically expressed as a percentage of
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Fig. 1.1: The probability density function of credit losses with the EL, UL and Value-at-Risk (VaR)
indicated. Source:(BCBS, 2004)

the EAD and is influenced by factors such as the characteristics of the borrower, the type of collateral or

security that is held against the loan, and the legal and regulatory framework in which the bank operates.

The EL of a homogeneous loan portfolio is then simply calculated as EL = EAD ·PD ·LGD, where EAD

is the total portfolio exposure amount, and PD and LGD are assumed to be independent, and identical

for all loans in the portfolio (see BCBS (2006, pp. 86-88)).

1.1.2 Regulatory and Economic capital

We can distinguish between two types of risk capital, namely Regulatory capital and Economic capital.

The amount of risk capital held by a bank will be the greater of these two amounts.

Regulatory capital (RC) is the amount of capital a bank is required to hold as per the stipulations

prescribed by the banking regulator of the country. By requiring banks to hold sufficient risk capital,

regulatory authorities aim to reduce the likelihood of bank failures and minimise the impact of such

failures on the financial system and the economy as a whole, as argued by Kaufman (1996).

Economic capital (EC), on the other hand, refers to the amount of capital that a bank deems it should

hold to run its business and remain solvent at a given confidence level and over a certain time horizon.

It takes into account the bank’s specific risk profile, business model and risk appetite, and Saidenberg

and Schuermann (2003) argue that it may be more reflective of the bank’s actual risk exposure than the

regulatory minimum capital requirement.

8



The Basel Capital Accords

The Basel Capital Accords (the Accords, see BCBS (2003)) provide a framework for the calculation of

minimum capital requirements that banks must hold in order to ensure their stability and solvency. The

Accords have been widely adopted by countries around the world, including South Africa, and have been

incorporated into the national banking regulations of the subscribing countries.

The Accords were developed by the Basel Committee on Banking Supervision (BCBS), which was estab-

lished in 1974 by the Group of Ten (G-10) countries with the goal of promoting international cooperation

and coordination among national banking supervisory and monetary authorities (Goodhart, 2011). Over

the years, the BCBS has developed several versions of the Accords, including Basel I, Basel II, and Basel

III, which have become the cornerstone of the global regulatory framework for banks.

Basel I, first introduced in 1988, was a relatively simple framework that established minimum capital

requirements for banks based on the risk weightings of their assets. The risk weightings were predeter-

mined and based on broad categories of assets, such as government securities, loans to commercial banks

and residential mortgages. Under Basel I, all loans in the same category were assigned the same risk

weight, regardless of the credit quality of the borrower, which led to criticisms (see e.g., Gehrig (1995))

that the capital requirements did not accurately reflect the risks involved.

Basel II, which was introduced in 2004, made substantial changes to the capital adequacy requirements in

respect of credit risk. It recognised that the credit risk of loans can vary depending on the creditworthiness

of the borrower, the characteristics of the loan, and the prevailing economic conditions. Therefore, it

provided more risk-sensitive risk weightings for assets, which allowed banks to hold less RC for less risky

loans, and more RC for riskier loans.

Basel II introduced two approaches to credit risk measurement: the standardised approach and the ad-

vanced internal ratings-based (AIRB) approach. Under the standardised approach, which is conceptually

similar to Basel I, the risk weights depend on ratings provided by external credit rating agencies. The

AIRB approach, on the other hand, is a more sophisticated method that allows banks to use their in-

ternal rating systems to estimate the PD, LGD and EAD for each borrower. A major advantage of the

AIRB approach is the fact that it is more risk-sensitive, which in turn enables a bank to have a better

understanding of the relationship between risk and return (van Laere and Baesens, 2009).

RC under the AIRB approach is calculated using the Asymptotic Single Risk Factor (ASRF) model, first

introduced by Gordy (2003). Under the ASRF model, the loss rate (i.e. the total loss amount expressed

as a percentage of the exposure) in respect of a well diversified portfolio of loans depends only on a
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(single) systematic risk factor, and not on idiosyncratic risk factors associated with individual exposures.

The single systematic factor allowed for is widely interpreted as reflecting the state of the global economy.

The ASRF model takes the average PD over an economic cycle, a conservative estimate of LGD, known

as “downturn LGD”, and EAD, as inputs. The entire distribution of the (annual) PD is derived from a

supervisory mapping function that transforms the average PD into one that is conditional on the state

of the global economy. By combining the distribution of the conditional PD with the EAD and LGD

(both assumed to be constants), and incorporating a correlation factor that reflects the dependency

between individual obligors, a credit loss distribution is produced. The UL (and RC) of the portfolio is

then determined as the difference between the Value-at-Risk, at a 99.9% confidence interval, of the loss

distribution and the portfolio EL, as described in Section 1.1.1.

Unlike the PD, regulators do not specify a formula for calculating a conditional LGD. It is up to the

bank to provide estimates of LGD that are sufficiently conservative, and reflective of economic downturn

conditions. Consequently, the ASRF model does not allow for variation in the LGD, and the use of

downturn LGD can be seen as compensation for this simplifying assumption. A further limitation of

the ASRF model is that independence between PD, LGD and EAD is assumed. Several studies have

identified volatility in LGD, as well as dependence between PD and LGD, as potentially important sources

of unexpected credit losses for banks; see e.g., Frye et al. (2000), Düllmann and Gehde-Trapp (2004) and

Caselli et al. (2008). Therefore, despite the Basel AIRB approach allowing for the estimation of a fairly

risk-sensitive capital requirement, most banks still find it necessary to build their own internal capital

models to determine EC, as discussed in the next section.

Economic capital

EC, as defined in the third paragraph of Section 1.1.2, is widely considered a more accurate reflection of a

financial institution’s risk profile than RC. Hence, the closer the RC requirement of a bank is to its EC, the

higher its return on equity will be, because the excess RC requirement represents a “superficial” burden

on the bank’s balance sheet as argued by Mérő (2021). Consequently, banks have a strong incentive to

obtain regulatory permission to use their own internal models to determine their RC requirement, and

achieve alignment between RC and EC.

Financial institutions will typically apply internal credit risk models to evaluate the EC necessary to face

the risk associated with their credit portfolios. EC is widely used for product pricing, internal capital

adequacy assessments and risk-adjusted performance measures (Burns, 2004).

The relevance and usefulness of calculating EC do, however, depend on the extent to which it is incorpo-
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rated into strategic decision making by management (BCBS, 2008). The credit risk EC framework should

ideally recognise concentration risks and diversification benefits that may arise from, e.g., geographical

and industry exposure, and as a result, as asserted by van Laere and Baesens (2009), EC may better

reflect the actual risks embedded in a credit portfolio than RC.

In practice, there are generally two ways to generate a loss distribution for EC modelling purposes. The

first method is based on approximating the credit loss PDF analytically, by adopting various simplifying

assumptions. From the approximated PDF, the EL and UL, using the V aRα (or alternative risk measure),

evaluated at a suitable confidence interval, 1 − α, can be determined. The approach is similar to the

ASRF model discussed in Section 1.1.2, but with some of the limiting assumptions of the model relaxed,

as illustrated by Pykhtin (2003) and Tasche (2004).

The second, and more widely used, approach relies on Monte Carlo (MC) simulation to generate a

portfolio-specific loss distribution. The studies by Rösch and Scheule (2011), Farinelli and Shkolnikov

(2012) and Kaposty et al. (2017) provide examples of how such a MC simulation approach may be

implemented. MC simulation allows for not only the PD, but also the LGD, and potentially the EAD,

to be modelled as random variables.

Besides allowing for variability in both PD and LGD, the EC model can also explicitly allow for depen-

dencies between these risk parameters. This should provide better insight to the bank on the drivers of

unexpected credit losses.

1.2 The Loss Given Default risk parameter

Early credit risk models focused primarily on assessing PD as the main determinant of credit risk.

However, despite its importance, the PD does not account for the potential impact of default on a lender’s

portfolio. In recent years, more and more research effort has been focused on the modelling of the outcome

after default, to provide a more comprehensive assessment of credit risk. Accurate estimation of post-

default recovery rates does not only aid more accurate loan pricing and provisioning, but, as argued by

Wang et al. (2020), results in a more efficient use of a bank’s capital.

LGD, as defined in Section 1.1.1 refers to the fraction of a loan that is not recovered following a default

event. LGD typically falls in the range [0, 1], where 0 represents a full recovery and 1 a total loss of the

outstanding amount. In some models, such as Basel II’s ASRF model, LGD is treated as deterministic

and known in advance. In others, e.g., most EC models, it is more common for LGD to be treated as a
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random variable, see e.g., Pykhtin (2003) and Heid and Krüger (2011). This approach, arguably, provides

a more accurate representation of reality.

LGD is formally defined as the “economic loss” on a financial instrument, which means that both material

discount effects and material direct and indirect collection costs are included (BCBS, 2006). Several

approaches to estimate LGD exist, with the workout method being the most widely used and regarded

as suitable for both retail and corporate exposures (Baesens et al., 2016). The workout method considers

the collection process after default, and entails discounting recovery cash flows (net of costs) to the date

of default and comparing the resultant net present value to the EAD amount. The fraction of the EAD

not recovered is the LGD.

In many cases, the workout period for recoveries may span several years and, hence, the rate used to

discount recovery cash flows has a substantial effect on the LGD. Regulatory guidance requires that the

discount rate used include a risk premium reflective of the “undiversifiable risk” of the post recovery cash

flows. However, despite clear guidance on the principles that should be adhered to in setting the risk

premium, no firm guidance on the methodology that should be followed has been issued.

Very few studies offer proposals on how to derive a risk premium that reflects the uncertainty of post

default recoveries, in the absence of reliable market price data. The proposals of Maclachlan (2005),

Gibilaro and Mattarocci (2007) and Witzany (2009) all make use of the capital asset pricing model

(CAPM) introduced by Sharpe (1964). Consequently, they all rely on a market risk premium (MRP),

despite there being very little agreement amongst practitioners and academics alike on what constitutes

an appropriate MRP (Soenen and Johnson, 2008). There remains therefore ample scope for investigating

alternative ways of determining the LGD discount rate.

1.2.1 Stochastic LGD for economic capital modelling

LGD, being subject to random fluctuations (and affected by a variety of uncertain factors) can be re-

garded as a random variable. It is therefore possible to estimate expected LGD for performing loans by

considering the observed realised workout recoveries on defaulted accounts. Estimation of a portfolio’s

LGD should be based on the bank’s “own loss and recovery experience, as it is reflected in historical

data on defaulted exposures” (European Banking Authority, 2017). Having discounted the recovery cash

flows to the date of default through the workout approach, the individual realised loss li in respect of

individual loan i, i = 1, 2, ..., n, can be calculated, and the average and variance of the portfolio level
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LGD, L̄ and σ̂2, can be estimated as follows:

L̄ =
1

n

n∑

i

li

and,

σ̂2 =
1

n− 1

n∑

i=1

(
li − L̄

)2
.

Recognising the stochastic nature of LGD is specifically important for EC modelling, where MC simulation

approaches are employed to derive an empirical distribution of potential credit losses. In most simulation

models it is assumed that LGD takes a specific parametric form, such as the beta distribution. Because

of the highly regulated nature of the banking industry, parametric models are often preferred due to

their analytical tractability and interpretability (Gordy, 2003). The BCBS, having surveyed practices in

credit risk modelling, reports that most banks make use of the beta distribution to model LGD within

their MC simulation frameworks (BCBS, 1999). Furthermore, many commercial credit models, including

CreditmetricsTM (Gupton et al., 1997) and KMV CreditPortfolioManagerTM (Vasicek, 1984), use the beta

distribution to represent the LGD variable when simulating credit losses for EC calculation purposes.

The popularity of the beta distribution can mainly be attributed to it having support on the unit interval,

[0, 1], and the flexibility to represent a variety of shapes. This flexibility includes the ability to represent

a bimodal shape, which is commonly reported for LGD data; see e.g. Memmel et al. (2012).

Despite its popularity and convenient properties, several studies have shown that the beta distribution

often fails to provide a good fit for LGD data; see e.g., the studies by Calabrese and Zenga (2010) and

Huang and Liang Xie (2012). In some cases this can be ascribed to U-shaped beta densities having

asymptotes at 0 and 1, which leads to an overestimation of the masses near the endpoints. The masses

at the endpoints then have an undue impact on the estimated parameters of the fitted beta distribution

when using maximum likelihood estimation (MLE), leading to adverse effects in the estimation of the

moments of the fitted distribution, where material bias could be present.

An important consideration for the choice of a parametric function to represent the LGD random variable

is the fact that there exists a linear relationship between the average LGD and a bank’s regulatory capital

requirement. In the interest of alignment between a bank’s RC and EC, as motivated in Section 1.1.2,

the parametric distribution chosen to represent LGD for EC purposes should therefore be evaluated not

only on goodness-of-fit, but also on the extent to which bias in the estimation of the mean is avoided.

This presents an opportunity to explore alternative distributions that provide a better fit than the beta

distribution, specifically at the end points. Such a distribution should then also reduce the bias in the
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estimation of the mean of LGD.

Banks will typically fit parametric PDFs to historical loss data at segment level. This means that loan

data has been subdivided into different risk segments, with the assumption that all obligors within a

segment are statistically identical. Despite its important role in simulation-based EC modelling, the

segment-based approach does not provide the bank with real insights into the relationship between LGD

and the underlying risk factors. Models that are able to capture these relationships are invaluable to a

bank’s risk management toolkit and are considered in the next section.

1.2.2 LGD prediction models

Being able to estimate the impact of a specific client or loan factor on the loan-level LGD, enables the

bank to evaluate the impact that these explanatory variables may have on the LGD of a performing loan.

LGD prediction models are therefore enjoying growing interest from academics and bank practitioners

alike.

The growth in the availability, quality and granularity of data is allowing for the development of models

that can incorporate a wider variety of factors that may impact on LGD. Furthermore, diverse modelling

techniques, including machine learning (ML) algorithms, have emerged that can handle complex datasets

and capture nonlinear relationships between variables (see e.g., Olson et al. (2021)).

Although there are many ways to classify LGD prediction models, one perspective is to distinguish

between “direct” and “indirect” (or “two-step”) approaches. With the direct approach, LGD is estimated

directly from a model that will take various factors, such as loan and borrower characteristics, as well

as macroeconomic conditions, as inputs. In this regard. regression and transformation regression models

have dominated; see e.g., Bastos (2010), Jacobs and Karagozoglu (2011), and Krüger and Rösch (2017),

but the use of ML algorithms are rapidly gaining traction (Leo et al., 2019).

With a two-step model the probability and loss severity components of LGD are modelled separately, and

the estimates of the components are then combined to arrive at an estimation of the LGD. Estimation

techniques for the loss severity component broadly mirror those of the direct approach.

The purpose of the probability component is to predict the outcome of the loan after default. Two main

outcomes after default are possible: the outstanding amount is fully recovered (resulting in an LGD of

0), or the loan is written off, and a partial (0 < LGD < 1), or full (LGD = 1) loss is suffered. For

the estimation of the probabilities of these possible outcomes, logistic regression, or logit models, have

enjoyed a strong foothold; see e.g. Matuszyk et al. (2010), Leow and Mues (2012), and Tong et al. (2013).
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However, notwithstanding the success of logit models, both ML models and survival analysis are enjoying

emerging popularity for modelling the outcome after default.

Survival analysis is a statistical method used to analyse and predict the time until an event of interest

occurs. The event of interest is often referred to as the “failure” or “death” event, and in our context it

is the write-off of a defaulted loan. Besides being able to model the time until write-off, a survival model

is also able to estimate the probability of write-off within a certain time frame.

Survival analysis is particularly suitable for modelling the outcome of a defaulted loan, due to the likely

presence of censoring in the data. Due to the potentially long resolution times of defaulted loans, a loan’s

status at the end of the observation period is often recorded as “not resolved”. Furthermore, Hibbeln

and Gürtler (2013) show that write-offs are typically associated with longer resolution times than full

recoveries, and therefore, the number of write-offs is usually underrepresented in samples of defaulted

loans.

In credit risk the Cox proportional hazards (CPH) model, proposed in the seminal paper of Cox (1972),

has dominated, mainly due to the model’s ability to allow for loan- and borrower-specific covariates.

Several authors, including Betz et al. (2017), Malwandla et al. (2017) and Joubert et al. (2019), have

made use of the CPH to model the outcome after default of non-performing loans.

Alternatives to the CPH model include cure models, but these have received limited attention in the

credit risk environment to date. Cure models, as all survival models, had their origination in medicine,

where Berkson and Gage (1952) first propositioned that there exists a certain proportion of cancer

patients who will never experience the event of interest, i.e. they can be considered cured. There are

two primary groups of cure models, namely the mixture cure model and the promotion time cure (PTC)

model (Amico and van Keilegom, 2018). Although only to a limited extend, both types of cure models

have found applications in the credit risk environment, and specifically in the modelling of the probability

of default, which in many high-quality loan portfolios represents a rare event. These studies include those

by Tong et al. (2012), Dirick et al. (2019), de Oliveira et al. (2017), and Smuts and Allison (2021).

As far as application to the post default outcome of loans is concerned, cure models have received limited

attention, and the literature is restricted to a single study by de Oliveira and Louzada (2014). In their

study, the PTC model is used to model the probability of full loan repayment for portfolios of retail bank

loans. The data is segmented according to risk score, and separate models are fitted for each segment.

There therefore exists much potential for the use of cure models in the modelling of post-default loan

outcomes. Besides their ability to account for censored data, and to support a cure fraction in the data,
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cure models are also able to accommodate various borrower-specific and economic covariates. This makes

them ideally suited for modelling the probability of write-off within two-step LGD models.

1.3 Thesis objectives

The general objective of this thesis is to contribute to the literature on LGD modelling, specifically in

the context of EC models.

Having identified the paucity of approaches that satisfies the regulatory principles for the LGD discount

rate, the first specific objective is to propose an alternative approach to determine such a rate. In the

first article, A Cost of Capital Approach to determining the LGD Discount Rate, a methodology to derive

a market consistent risk discount rate is described. Departing from the premise of Fama (1970) that the

market knows best, an approach to estimate a market consistent price for a portfolio of defaulted loans is

proposed, and from this price, a market consistent discount rate is inferred. It is demonstrated that this

discount rate reflects the non-diversifiable risk inherent in the recovery cash flows and therefore satisfies

the principles established by the banking regulator.

The second objective is to propose an alternative distribution to characterise the LGD random variable.

Considering the bimodal nature of LGD, the second article, Introducing Two Parsimonious Standard

Power Mixture Models for Bimodal Proportional Data with Application to Loss Given Default, aims to

improve on the commonly used beta distribution to better capture the bimodality of LGD data. Besides

parsimony, the objective is to formulate a model that reduces the difference between the empirical and

distributional means. In this way, better alignment between the RC and EC models of a bank can be

achieved.

The third thesis objective is to contribute to the literature on the use of survival analysis to model the

outcome after loan default, for use, inter alia, in two-step LGD prediction models. In the third article,

Modelling the Time to Write-Off of Non-Performing Loans using a Promotion Time Cure Model with

Parametric Frailty, an improvement to existing survival modelling approaches is proposed by including a

frailty component in the PTC model. We proposition that the outcome after default can, besides latent

competing risks, also be influenced by common, unobservable drivers, such as the state of the economy.

The ability of a univariate, as well as a shared, frailty parameter to control for this heterogeneity is

therefore investigated. Besides being able to predict the time to write-off, the model can also output the

probability of a loan to be written off or fully repaid at a specific point in time.
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Chapter 2

Article 1: A Cost of Capital Approach to
determining the LGD Discount Rate

The first article, A Cost of Capital Approach to determining the LGD Discount Rate, is intended for

submission to ORiON. A summary of the guidelines to authors from the journal is presented below.

Manuscript
The manuscript should be of suitable length. No page limit is
specified.

Title A suitable title should be provided. No word limit is specified.

Abstract and keywords

Papers should be preceded by an abstract not exceeding 300
words in length. A list of suitable key words should be listed
directly after the abstract. Authors should consult the list of
official ORiON keywords, and preferably only use words in this
list.

Figures and Tables

Figures and Tables should be numbered consecutively, using
separate numbering sequences. Tables and figures should be
accompanied by detailed captions and should be included in
the main body of the text (not on separate pages at the end of
the manuscript).

References

Authors have a choice whether to follow the Harvard (author
date) standard or the Vancouver (numerical) standard for lit-
erature citations. One of these standards should be applied
consistently.

General formatting A LATEXtemplate is provided for submission.

Additional information https://orion.journals.ac.za/pub/information/authors
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Abstract

Loss Given Default (LGD) is one of the key risk parameters in determining a bank’s regu-
latory capital. With the popular workout method to estimate LGD, realised recovery cash
flows are discounted at an appropriate rate, and compared with the exposure at default.
Regulatory guidance mandates that this discount rate allows for the time value of money,
and include a risk premium that reflects the "undiversifiable risk" of the recovery cash flows.
In this study we propose an approach to determine the LGD discount rate, inspired by the
Solvency II regulatory regime’s cost of capital approach. The method involves estimating
a market-consistent price for a portfolio of defaulted loans, from which a market-consistent
discount rate may be inferred. We apply the methodology to mortgage and personal loans
data of a large South African bank. The results reveal the main drivers of the discount rate
as the mean and variance of recovery cash flows, and the bank’s cost of capital (in excess
of the risk-free rate). The proposed methodology satisfies the regulatory principles that it
should reflect the undiversifiable risk of recovery cash flows, and therefore, represents a vi-
able option for both regulatory and economic capital modelling purposes.

Key words: loss given default, discount rate, risk premium, cost of capital, Solvency II

1 Introduction

One of the key risk parameters used in determining a bank’s regulatory capital under the
Basel II Capital Accord of the Basel Committee on Banking Supervision (BCBS) [6] is
the loss given default (LGD). Denoted as the random variable L ∈ [0, 1], a loan’s LGD is
the fraction of its balance Bτd (or the exposure at default, EAD) that was eventually lost
on a defaulted account, as at the time of default τd. The LGD is often described as the
"economic loss" on a financial instrument, which includes both material discount effects
and material direct/indirect collection costs; see BCBS [6, §460], itself corroborated by the
European Banking Authority (EBA) in [15].

In nursing the strained relationship between bank and borrower back to health, collec-
tion staff can pursue a variety of remedial actions during this so-called resolution/workout
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period. From Van Gestel & Baesens [46, pp. 26-28], Finlay [20, pp. 11-13], and Botha
[8, §2.2], these remedial actions commonly include: 1) temporarily lowering instalments
and/or zeroing interest rates; 2) extending a payment ‘holiday’ during which instalments
are suspended; and 3) restructuring the loan in the borrower’s favour. Successful collection
efforts imply the distressed borrower repaying a newly-negotiated stream of cash flows over
time and/or lump sums, both of which are called receipts. These receipts should dimin-
ish the arrears balance and decrease the delinquency, ultimately ‘curing’ the loan back to
health; resulting in a zero credit loss L = 0%. Conversely, collection efforts may fail and
erode the credit relationship beyond repair. The bank will now initiate legal proceedings
and/or foreclose on any available collateral, in recovering as much of the defaulted debt
in record time. Any last receipts resulting from debt recovery are offset against the loan’s
last-known balance, with the non-zero remainder being written (or charged) off as a credit
loss, i.e., L > 0%. Accordingly, a defaulted loan will resolve into either a cured or a
written-off outcome, with the remaining unresolved cases being right-censored (pending
an outcome). These ideas are illustrated in Fig. 1.

Figure 1: Illustrating the typical process of resolving a defaulted loan into either a written-off or
cured outcome during the workout period. The remaining defaults are considered as right-censored.
From Botha [8, pp. 59].

Under the advanced internal rating based (IRB) approach of Basel, a bank can produce
its own LGD-estimates. From Schuermann [40], Van Gestel & Baesens [46, pp. 217-222],
and Baesens et al. [2, §10], there are four common methods for estimating the LGD of
either retail or corporate exposures. Of these methods, we shall focus on the more popular
workout method, which caters to both retail and corporate exposures. At each month-end
time period t, let Xit denote the net cash flow (or receipt minus all costs & benefits) of
account i = 1, 2, ..., n, as observed from data. Similarly, let Bit record the month-end
outstanding balance or utilised amount of a credit limit, as observed from data. For a
written-off loan i, the realised loss li(u) is then calculated at (and from) a given time u
as the proportion of Biu that was ultimately lost. This given time u can range from the
moment of default τd of loan i, up until its resolution time τr ≥ τd (write-off); see Gürtler
& Hibbeln [24] and Baesens et al. [2, §10]. Using an appropriate factor vm that discounts
a quantity m periods backwards, this realised loss is expressed more formally as

li(u) =
Biu −∑τr

t=uXitvt−u

Biu
= 1−

∑τr
t=uXitvt−u

Biu
for u = τd, . . . , τr . (1)
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In preparing the modelling dataset, Eq. 1 is typically evaluated only once at τd of each
resolved defaulted loan that was eventually written-off. By implication, these li (τd)-values
are considered as realisations from L in respect of the defaulted loan i.

In Eq. 1, selecting the appropriate discount rate in vm can be non-trivial and even
contentious in correctly accounting for the time value of money. Moreover, the cumulative
effect of any discount rate on li(τd) becomes particularly pronounced for longer resolution
periods, e.g., as in residential mortgages. Van Gestel & Baesens [46, pp. 220-221] note that
the most appropriate rate ought to be the "risk-free" rate rf . However, using any rate
other than the contract (or client) rate may produce illogical li(τd)-values, particularly for
defaulted exposures that dutifully repaid instalments on time, as the discounted present
value of the instalments will differ from the loan amount.

From a regulatory perspective, BCBS [5] offers principled (but limited) guidance on
selecting an appropriate discount rate, which is arguably inspired by the seminal work of
Markowitz [33]. In short, discount rates must reflect the time value of money (rf ) and
include an appropriate risk premium δ (for "undiversifiable risk"), which compensates for
the uncertainty of receiving Xit. Accordingly, we rewrite the discount factor vm in Eq. 1
as

vm =
1

(1 + rf + δ)m
. (2)

Some regulators have adopted this principle verbatim in selecting a discount rate, e.g.,
see the retail credit template of the South African regulator, the South African Reserve
Bank [43, p. 20]. Others have digressed somewhat, e.g., the EU-regulator (European
Banking Authority) proposed using a discount rate comprised of the primary interbank rate
plus 5%; see European Banking Authority [14]. Though simple, this proposal deliberately
ignores a bank’s funding costs when assessing the uncertainty of receiving Xit; itself affected
by competent collection staff and associated indirect costs. Similarly, the UK-regulator
(Prudential Regulation Authority) suggests a discount rate that consists of the Sterling
Overnight Index Average (SONIA) as the interbank rate, plus 5%; see PRA [36] and
PRA [37]. In addition, the PRA imposes a minimum of 9% for discount rates used when
estimating downturn LGD-values.

As an alternative, we propose a so-called cost of capital (CoC) approach for inferring
δ based on a market-consistent (or fair) price for defaulted exposures. Inspired by the
Solvency II (SII) regulatory regime for insurers [16], our CoC-approach can produce a δ
that reflects the undiversifiable risk within Xit. Our work is closest to that of Altman
& Pompeii [1], Brady et al. [9], and Jacobs [29], wherein the discount rate was similarly
inferred from market prices of defaulted debt. These studies rely on the “informational
efficient market" proposition of Fama [17], which assumes that market prices incorporate
all available information about future values. However, these procedures fail in the absence
of such market prices, which is often the case for retail loan portfolios. Our CoC-approach
can generate such market-consistent (but synthetic) prices, itself driven by the cost of
holding capital against uncertain cash flows.

The remainder of this paper is organised as follows. In section 2 an overview of the
most relevant literature, as it pertains to the determination of an appropriate LGD risk
premium, is provided. In section 3 we introduce the SII regime, with a discussion of the
CoC-approach to determine a market-consistent price (MCP) for a stream of uncertain
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cash flows. The application of the CoC-methodology to determine a MCP for a portfolio
of defaulted loans is then described, and we show how a market-consistent discount rate
can be inferred from this MCP. In section 4 we describe the two data sets, each relating to
a different retail portfolio of a large South African bank, used to illustrate our proposed
methodology. The results of our application is reported in section 5, and in section 6 we
provide some concluding remarks.

2 Earlier methods for determining the risk premium δ

Much of the literature on determining an appropriate LGD discount rate attempts to infer
a market-related discount rate from the observed market prices of defaulted debt (typically
corporate bonds and traded bank loans). These studies include those by Brady et al. [9],
Altman & Pompeii [1] and Jacobs [29]. In theory, provided a deep and liquid market for
the debt instrument in question exists, this approach should yield an objective and market
consistent rate that reflects the market’s view of the risk inherent in the recovery cash
flows. In many cases, however, secondary markets for bank debt do not exist and in other
cases the market may be highly illiquid [30]. In such cases, a different approach is required.

A variety of approaches used in practice to determine the LGD discount rate have
been identified and evaluated by e.g., Gibilaro & Mattarocci [22], Maclachlan [32] and
Witzany [48]. Scheule & Jortzik [39] go further to benchmark five of these methods with
reference to their economic robustness and empirical implications. The authors confirm
that the contract or "effective loan interest rate" remains the most popular in practice.
The authors also conclude (in line with others - see e.g., Maclachlan [32] and Chalupka
& Kopecsni [12]), that the use of this rate contradicts the guiding principles of the Basel
requirements. A coherent formulation of this argument is provided by Jacobs [29]: "The
bank is an investor in a new financial claim post default, which is no longer a financial claim
having promised payments subject to default risk, but rather an asset dependent upon the
recoverability of a defaulted firm’s assets or of collateral values. The appropriate discount
rate depends upon the degree of undiversifiable risk inherent in this new asset, and it may
be less or more (and by no means necessarily equal to) than that on the pre-existing claim."

Very few studies offer proposals on how to derive a risk premium, δ, that reflects
the uncertainty of post default recoveries in the absence of reliable market price data.
Maclachlan [32] sets out a method, based on the capital asset pricing model (CAPM)
introduced by Sharpe [41], that determines an asset class risk premium based on the Basel
asset correlation factor, the asset volatility, market volatility and a market risk premium
(MRP). Gibilaro & Mattarocci [22] extend Maclachlan [32]’s approach by proposing a
multi-factor model based on systematic and specific factors that explain LGD volatility
and in this manner improves on the broad brush approach of applying the Basel prescribed
asset correlation factors. In both studies the risk premium is a function of the MRP despite
very little agreement amongst practitioners and academics alike on what constitutes an
appropriate MRP [42].

Also making use of the CAPM, Witzany [48] estimates the market implied "cost of risk
capital" from the relationship between the MRP and the Basel equity portfolio risk mea-
sure. The author then determines δ by multiplying the cost of risk capital with economic
capital (EC) in respect of "unexpected undiversifiable Loss Given Default" risk.
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Our proposed methodology shares this premise: post default loss risk must be backed
by EC, and δ should in some way reflect the cost of holding EC against this risk. Our
proposition is that this cost of capital should be reflected in the fair price an investor,
accepting the loss risk, would be willing to pay for a portfolio of defaulted loans. This
is the principle underlying the valuation approach of the SII risk-based capital regime
(discussed below) and the basis for our CoC-methodology to determine an LGD discount
rate.

3 Solvency II and the cost of capital approach for market
consistent valuation

SII is a regulatory regime aimed at insurance and reinsurance undertakings in the Eu-
ropean Union (EU) [16]. Several non-EU countries, including South Africa1, Australia
and Singapore have adopted SII-equivalent risk-based capital regimes [19]. Similar to the
Basel regulatory regime for banks, SII is based on the principle that institutions should
hold enough capital to cover the potential (unexpected) future losses that could result
from their risky activities. SII and Basel do however differ in the determination of capital
requirements, and also in the specific rules and regulations they impose.

One of the key components of SII is the economic balance sheet approach, where
capital requirements are based on a balance sheet that reflects the economic value of a
firm’s assets and liabilities. Both assets and liabilities must be valued at fair value, i.e.,
"the price that would be received to sell an asset or paid to transfer a liability in an orderly
transaction between market participants at the measurement date", as defined by IASB
[27]. In most cases, the fair value is simply the current market value of an asset or liability,
or alternatively, the market value of a replicating portfolio [7].

Where no deep, liquid, and transparent market exists, SII requires an asset or liability
to be valued in a market consistent manner. For this, the Best Estimate plus Risk Margin
approach has been adopted, where the best estimate present value of future cash flows is
adjusted by a Risk Margin2 (RM). The "best estimate present value" is defined by SII as
“the probability weighted average of future cash flows, taking account of the time value
of money”, i.e., it is the expected present value where cash flows are discounted at the
risk-free rate.

The idea with the RM is that a potential buyer of liabilities will need to be compensated
for the cost of holding assets in excess of the value of the best estimate cash flows, to protect
against the risk that the best estimate value was too low. Similarly, the buyer of an asset
will need to be compensated for the uncertainty surrounding the best estimate value of the
asset’s cash inflows. The RM is therefore needed to compensate the providers of capital,
whose funds are used to absorb the risk assumed. The RM must then be subtracted from
(or added to) the best estimate value of assets (or liabilities) to determine the market
consistent price (MCP) of the cash flows.

The RM is calculated as the cost of holding the required amount of capital over the
1Solvency Assessment and Management (SAM) represents a “Solvency II equivalent” risk-based super-

visory approach for the prudential regulation of South African long-term and short-term insurers. See
https://tinyurl.com/tawdn8mz

2Also referred to as the Market Value Margin.
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run-off period of the risky cash flows. This is the so-called cost of capital (CoC) approach
prescribed by the SII regime [35]. It is based on the principle that the price of an asset
or liability should reflect the cost of holding risk capital against the risk inherent in that
asset or liability over its lifetime.

To determine a MCP for a portfolio of defaulted debt, the price that a potential investor
would be willing to pay for the risky recovery cash flows needs to be calculated. We do
this using the CoC-approach described above: The risky cash flows, being the expected
recoveries from the defaulted loans, are discounted at the risk-free rate, and from this best
estimate present value, the cost of holding capital (against the risk of recovering less than
the expected amount) is deducted. The capital required at any future time t is discounted
at the risk-free rate back to the transaction date to reflect the fact that the capital buffer
will be invested in assets earning the risk-free rate.

Two inputs are required to determine the RM: The capital requirement as well as the
cost of capital rate. EC in respect of post default loss risk is discussed in subsection 3.1
below. As far as the cost of capital rate is concerned, the net cost of holding risk capital
must be considered. This is the marginal cost of raising (and holding) risk capital, less
interest that can be earned at the risk-free rate. For the purpose of this study we regard
a bank’s own cost of equity (in excess of the risk-free rate) to represent a realistic view of
the cost of raising and holding the necessary risk capital. In an ideal world such a rate
could be prescribed by the regulator, in a similar way that SII prescribes a CoC-rate of
6% for insurance and reinsurance undertakings.

3.1 Regulatory and economic capital for post default credit risk
Regulatory capital (RC) under the IRB approach of the Basel capital adequacy regime
is based on the Asymptotic Single Risk Factor (ASRF) model, first introduced by Gordy
[23]. Under the ASRF model, the losses of a well diversified portfolio of loans depend
only on the (single) systematic risk factor (widely interpreted as reflecting the state of the
global economy) and not on idiosyncratic risk factors associated with individual exposures.
The model takes the bank’s estimate of average probability of default (PD) as input, as
well as as an estimate of "downturn LGD", which must reflect losses under economic
downturn conditions. LGD and EAD are treated as constants in the model, but the
entire distribution of the annual PD is derived through a supervisory mapping function
that transforms the average PD into a conditional PD. The mapping function, which
is essentially a mathematical formula or algorithm, takes the average PD and applies a
transformation to derive the conditional PD. The conditional PD represents the estimated
probability of default under specific conditions or scenarios, such as an economic downturn.
The transformation helps adjust the average PD to reflect the potential impact of different
factors that may affect the likelihood of default. From the distribution of the conditional
PD, a credit loss distribution is derived and the "unexpected loss" (UL) of the portfolio is
determined as the difference between the Value-at-Risk, at a 99.9% confidence interval, of
the loss distribution. and the expected loss (EL = EAD ·PD ·LGD) of the loan portfolio.
The RC amount is then equal to UL .

Application of the ASRF Basel model to a portfolio of defaulted loans (i.e., where the
PD = 1) results in a zero RC requirement. This is because, under the model’s simplifying
assumptions, when PD = 1 the "worst-case" loss is equal to the EL, and no capital charge
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is therefore required to cover UL. Notwithstanding the zero RC requirement, a significant
body of academic and practitioner research has identified systematic volatility in recovery
rates as a potentially important source of unexpected credit losses; see e.g., Frye et al.
[21], Düllmann & Gehde-Trapp [13] and Caselli et al. [11]. The BCBS also deems a capital
charge for defaulted assets desirable “in order to cover systematic uncertainty in realised
recovery rates for these exposures” [3]. It is therefore expected from banks to determine an
appropriate amount of EC in respect of post default loss risk. Most studies to assess EC in
respect of loss risk rely on simulation approaches and attempt to capture the dependence
between the default event and the subsequent loss risk. These include the studies by Heid
& Krüger [25], Rösch & Scheule [38] and Kaposty et al. [31].

Closed-form expressions for EC in respect of post default loss risk have, in turn, been
proposed by Weißbach & von Lieres und Wilkau [47] and Tasche [45]. The latter’s model
is, akin to the ASRF model, a "single factor" model, but unlike in the case of the ASRF
model, LGD is treated as a random variable, and allowance is made for PD and LGD to
be correlated. The model uses a parametric beta distribution to represent the loss random
variable, L, and incorporates expected LGD and the LGD variance as parameters. It
calculates the EC amount as the difference between the Value-at-Risk (V aRα) of the loss
distribution, determined at a suitably high confidence level, 1−α, and the expected loss of
the loan portfolio. Despite its shortcomings3, the beta distribution, with support on [0, 1],
and able to represent a variety of shapes, remains a popular choice for characterising LGD.
It is also fairly straightforward to estimate the two parameters of the distribution, a and
b, by moment matching, given the historical average and variance of realised loss data.

A critical review of EC models for loss risk is beyond the scope of this paper. Due to its
simplicity, and ease of implementation, we employ the single risk factor model proposed by
Tasche [45] to determine the EC amount, and to then use as input in our CoC-methodology.
In line with the Basel requirements (see BCBS [4, pp. 11-12]) we apply a confidence interval
of 99.9% over a one-year horizon. However, considering the fact that the capital amount
used represents EC, rather than RC, a bank should consider its own strategic objectives
and risk appetite in deciding on the appropriate risk measure, confidence level, and time
horizon to use.

3.2 Determination of a market consistent discount rate
Given realisations li (τd) , i = 1, 2, ..., n from L, where τd is the time of default, the expected
LGD, E[L], can be estimated by

L̄ =
1

n

n∑

i

li (τd) (3)

and the unbiased estimator of the LGD variance, V[L], by

σ̂2 =
1

n− 1

n∑

i=1

(
li (τd)− L̄

)2
. (4)

Our aim is to determine a MCP for a portfolio of defaulted debt, and from this, a
market consistent risk discount rate, r = rf + δ. Given an appropriate amount of EC (as

3Several studies have shown that the beta distribution often does not provide a good fit for LGD data,
especially if it exhibits a bimodal-shape (see e.g., Calabrese & Zenga [10] and Huang & Liang Xie [26])
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discussed in subsection 3.1, and which is a function of L̄ and σ2) at time t, denoted by Ct,
and an appropriate cost of capital rate, c, the estimated RM for the portfolio of defaulted
loans can be calculated as

R(rf ) =

τR∑

t=τd

c Ct

(1 + rf )
t−τd

, (5)

where τR = max
1≤i≤n

τir, where τir denotes the resolution time of the ith loan.

If we denote the portfolio level recoveries by Xt =
∑n

i=1Xit, then the best estimate
present value of all recovery cash flows, Y , is given by

Y (rf ) =

τR∑

t=τd

Xt

(1 + rf )
t−τd

, (6)

and the estimated MCP for the portfolio at time τd is then

P (rf ) = Y (rf )−R(rf ). (7)

An investor purchasing the portfolio of defaulted loans will therefore pay P , and receive
the recovery cash flows, Xt, at times t = τd, ..., τR, in return. The expected rate of return,
r, on the transaction can be determined by solving for r in:

P (rf ) = Y (r), (8)

The expected rate of return, r = rf+δ, calculated from Eq. 8 represents the fair return
that an investment in a portfolio of defaulted loans is expected to yield over the term of
the recoveries. It incorporates a risk premium, δ, to compensate the investor for the risk of
purchasing an uncertain income stream. The risk premium is driven by the cost of raising
and holding the required amount of EC in respect of the uncertain cash flows. As such, we
argue that this expected rate of return represents an appropriate LGD discount rate for
the portfolio of loans in question.
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4 Data and model calibration

4.1 Data

We illustrate our methodology by applying it to two datasets provided by a large South
African bank. The first dataset comprises recovery data of an unsecured personal loans
(PL) portfolio, whereas the second dataset relates to that of a portfolio of secured residen-
tial mortgage loans (ML).

Our data includes cash flows (both positive and negative) received on accounts that
defaulted in the period October 2005 to September 2011, i.e., six years in total. Included
in this period is a two year period that has been identified as representing a "downturn
period" for each portfolio. We define the downturn period as the 24 months that gave rise
to the highest rates of default in an economic cycle. For the PL portfolio this period spans
1/12/2007 to 30/11/2009 and for the ML portfolio it is from 1/9/2007 until 31/8/2009.
Unsurprisingly these downturn periods correspond (roughly) with the global financial crisis
(GFC) that gained traction in the second half of 2007 [34]. We consider both the full, and
applicable downturn period, for each portfolio separately.

Table 1: Summary statistics for PL and ML portfolios over the full and downturn periods.

L̄ σ̂ Term (in months)
Maximum Average

Personal Loans

Full 0.748 0.291 87 4.67
Downturn 0.760 0.273 80 4.57

Mortgage Loans

Full 0.256 0.366 113 25.64
Downturn 0.293 0.372 90 33.59

The summary statistics for the two portfolios are shown in Table 1. Besides the
difference in average LGD (L̄), the significantly different average terms of the recoveries
for the two portfolios are noteworthy, albeit not surprising. Given the lack of collateral,
banks are typically agile in recognising a futile recovery process in the case of unsecured
loans, and will normally choose to avoid long and expensive workout processes. In contrast,
most owner-occupier mortgage borrowers will engage with the bank to arrange a payment
holiday or a more affordable repayment schedule when faced with the prospect of losing
their home. Even if the property is eventually foreclosed on, the legal and operational
processes attached to this action typically take years, rather than months, to resolve.
Consequently, the average LGD for the PL portfolio is also much higher than that for
the mortgage portfolio. The lower average LGD for the mortgage portfolio is however
accompanied with a higher standard deviation (σ̂). Interestingly the means and standard
deviations for the PL portfolio are very similar for the two periods under consideration,
whereas the average LGD in respect of ML in the downturn period is somewhat higher at
29.3% compared to 25.6% over the full period.
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Figure 2: Histogram of realised loss rates for the personal loans portfolio over the full reference
period. Due to confidentiality requirements, no actual values are shown.
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Figure 3: Histogram of realised loss rates for the mortgage loan portfolio over the full reference
period. The outer graph is in respect of all data (including “cures”), while the insert depicts loans
that were written off. Due to confidentiality requirements, no actual values are shown

Fig. 2 and Fig. 3 show the distribution of the aggregated LGD data over the full period
for the PL and ML portfolios, respectively. For the ML portfolio Fig. 3 shows both the
full dataset as well as that for non-zero losses. As expected, considering its secured nature,
the ML portfolio has a substantial proportion of accounts resulting in a "no loss", known
as "cured" accounts, whereas these constitute a minor proportion for the unsecured PL
portfolio. The higher standard deviation of the ML portfolio can mainly be attributed to
the high proportion of these "no loss" accounts.

In Fig. 4 the proportions of LGD observations at 0 (dark blue bars), on the interval
(0, 1) (mid blue bars) and at 1 (light blue bars) are shown for each month over the reference
period. The areas shaded in red denote the downturn periods for each portfolio. We can
observe that the ML portfolio experienced a marked drop in the proportion of "cures"



12

May 2006 Nov 2007 May 2009 Nov 2010
0

1

c
u

m
u

la
ti
v
e

 r
e

la
ti
v
e

 f
re

q
u

e
n

c
y

May 2006 Nov 2007 May 2009 Nov 2010
0

1

Figure 4: Proportion of LGD observations for each month at 0 (dark blue), on the interval (0, 1)
(mid blue), and at 1 (light blue) in respect of Personal Loans (left pane) and Mortgage Loans
(right pane). Downturn months are shaded in red.

during the downturn period, and this proportion did not return to pre-downturn levels
before the end of the reference period. A similar pattern emerges in the PL portfolio, where
the proportion of total losses continue to increase well beyond the downturn period and then
stabilises. This suggests that the effects of economic downturn continued well into 2011.
The ML data suggests that the recovery of residential property prices (collateral) possibly
lagged economic recovery, resulting in greater loan-to-value ratios and fewer defaulted
accounts with full recoveries. For both PL and ML the trends could also be indicative of a
change in the bank’s underwriting standards. Following the severe losses suffered by banks
during the GFC, many banks attempted to increase earnings by relaxing underwriting
standards in pursuit of market share, as reported by the Federal Advisory Council and
Board of Governors [18]. This factor might also be at play in our dataset.

4.2 Model calibration
In line with the Basel requirements, we determine Ct(rf , δ) at the start of each of the
run-off years for our portfolios of defaulted loans at the 99.9% confidence interval. We
implement the model of Tasche [45], using moment matching to estimate the parameters
of the beta distribution.

In order to calculate Ct the market consistent discount rate, r = rf + δ, is used. This
complicates the method to obtain r in Eq. 8. We solve this circularity problem using an
iterative approach by minimising the distance between the discounted recoveries Y (rf + δ)
and the market consistent price P (rf ) by applying the following algorithm:

1. Set an initial value for δ = δ0 and calculate Ct.

2. For a given cost of capital rate c, portfolio level recoveries Xt, t = τd, ..., τR and risk
free rate rf , calculate P in (Eq. 7).
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3. Determine δi by minimising:

δi = min
δ

{Y (rf + δ)− P}2 .

4. Update δ = δi and repeat steps 1 to 3 above until δi converges (according to a
pre-determined convergence criterium.)

The average risk-free rate (rf ) for each portfolio (over the full and downturn periods)
has been calculated by first interpolating between the closest available tenors on the South
African yield curve for each trading day within the relevant period, and then calculating
the average of these interpolated rates.

5 Results

The results from our implementation (with the cost of capital rate, c, chosen4 at 7%)
are shown in Table 2. Besides the calculated risk-free rate, rf , the discount rate, r, and
resultant risk premium, δ, the total EC amount as a proportion of the price paid, P , for each
portfolio and reference period, is shown. The much higher risk-free rates of the downturn
periods reflect the turbulent market conditions over this period, and the associated surging
bond yields. The effect is less pronounced for the ML portfolio, due to the longer averaging
period.

Table 2: Results from implementation with the cost of capital rate, c, chosen as 7%.

c rf r δ EC/P L̄ σ̂

Personal Loans

Full 7% 6.08% 14.91% 8.83% 1.452 0.748 0.291
Down 7% 8.89% 17.01% 8.12% 1.431 0.760 0.273

Mortgage Loans

Full 7% 6.96% 12.36% 5.4% 1.468 0.256 0.366
Down 7% 8.49% 13.99% 5.5% 1.653 0.290 0.370

It can be seen from Eq. 5 and Eq. 7 that besides the RM, R, there are two further
drivers of the MCP, and therefore the discount rate, r. These are the expected recoveries,
Y , and the risk free rate, rf . R, in turn, has c, as well as L̄ and σ̂, as drivers.

Considering the full period, it is interesting to note that the EC amounts for the PL
and ML portfolios are almost identical, despite having very different values for L̄. This is
due to the significantly longer term (average of 25.64 months vs. 4.67 months) of the ML
portfolio compared to the PL portfolio. On average EC therefore needs to be held for more
than five times as long in respect of a defaulted mortgage loan compared to a personal
loan.

Despite the very similar EC amounts, and the lower average risk free rate, rf , the
discount rate, r, is considerably higher for the PL portfolio than for the ML portfolio

4The choice of c = 7% is based on the Standard Bank Group’s reported average cost of equity of 14%
over the five years from 2007 to 2011, with an average risk-free rate of 7.2% over the same period [44].
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over the full period. This is attributable to the much lower average recovery rate (1 - L̄)
for PL’s, resulting in the risk margin, R carrying a significantly higher weight than the
recoveries in the determination of r.

When comparing the ML portfolio over the downturn period with that over the full
period, the EC as a proportion of P is considerably higher (1.653 vs 1.468). This is
attributable to both the higher L̄ (29% vs 25.6%) and the longer average recovery period
(33.59 vs. 25.64 months). The lower recovery rate and higher EC amount result in a higher
discount rate, r. However, because of the higher risk free rate, rf , over the downturn period,
the risk premiums are in fact very similar (5.4% vs 5.5%).

For the PL portfolio it is notable that both the variance and the EC amount is slightly
higher for the full period than for the downturn period. Considering that the full period
encompasses the downturn period, and then also include divergent (prosperous) months
with much lower losses, this result seems sensible. When comparing the PL discount rates,
it is evident that the downturn period produces a much higher rate than the full period,
despite fairly similar values for L̄ and σ̂2. This can almost entirely be ascribed to the
higher risk free rate, rf , that applied over the downturn period. The risk premium, δ, for
PL is slightly lower than that for the full period due to the considerably higher risk free
rate, over that period. For ML the downturn risk premium is only marginally higher than
for the full period, due to the longer recovery term. This result is consistent with that
reported by [39]. The authors find lower risk premiums associated with periods of higher
risk free rates when applying a variety of market equilibrium methods to determine the
LGD discount rate risk premium.

We now turn our attention to the effect of the cost of capital rate, c, on the discount
rate. In Table 3 the discount rate, r, and resultant risk premium, δ, are shown for each
loan portfolio, and for each reference period for c = 6%, 7% and 8%.

Table 3: Results from implementation for different values of c = 6%, 7%, 8% in respect of both
the full period as well as the downturn period, for personal loans and mortgage loans.

c rf r δ EC/P L̄ σ̂

Personal Loans

Full
6% 6.08% 13.6% 7.52% 1.445 0.746 0.293
7% 6.08% 14.91% 8.83% 1.452 0.748 0.291
8% 6.08% 16.22% 10.14% 1.459 0.750 0.288

Down
6% 8.89% 15.81% 6.92% 1.424 0.758 0.275
7% 8.89% 17.01% 8.12% 1.431 0.760 0.273
8% 8.89% 18.22% 9.33% 1.436 0.762 0.270

Mortgage Loans

Full
6% 6.96% 11.53% 4.57% 1.445 0.253 0.364
7% 6.96% 12.36% 5.4% 1.468 0.256 0.366
8% 6.96% 13.22% 6.26% 1.492 0.258 0.367

Down
6% 8.49% 13.13% 4.64% 1.624 0.288 0.369
7% 8.49% 13.99% 5.5% 1.653 0.290 0.370
8% 8.49% 14.86% 6.37% 1.684 0.293 0.372
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With its low recovery rate (approximately 25%, given L̄ of between 74.6% and 76.1%),
a higher value of c has, as expected, a much more pronounced effect on the discount rate of
the PL portfolio, than on that of the ML portfolio. As can be observed from Table 3, a 1%
increase in c results in an approximate increase of 1.2%-1.3% in r for the PL portfolio (over
the full and downturn periods), versus a 0.83%-0.88% increase in r for the ML portfolio.
The more pronounced impact on the PL portfolio is, as previously highlighted, due to the
cost of capital amount having a more pronounced effect (due to its higher weight) in the
determination of r, when recoveries are lower.

6 Concluding remarks

We have demonstrated how, by calculating a market consistent price for a portfolio of
defaulted debt, a market consistent discount rate can be inferred. The determination of a
market consistent price relies on the cost of capital approach of the Solvency II regulatory
regime. For our implementation we used the single factor model proposed by Tasche [45]
to calculate economic capital in respect of post default loss risk, but we anticipate that
banks will make use of their own internal capital models for this purpose.

The main drivers of the LGD discount rate are the mean and variation of recovery cash
flows, the average risk free rate applicable over the reference period, the average term of
the cash flows, and the cost of capital rate. As can be expected, higher volatility (relative
to the expected value) of recovery cash flows is associated with more risk, and hence, a
higher discount rate. The same holds for longer recovery terms. Similar to the findings of
Scheule & Jortzik [39], we find that a higher risk free rate is, ceteris paribus, associated
with a lower risk premium, leaving the overall discount rate with surprising little variability
over time.

Regardless of other drivers, the discount rate is fairly sensitive to the cost of capital
rate, more so when recovery rates are low. This seems sensible, considering the cost of
raising and servicing risk capital, and the requirement for economic capital to guard against
variability in post default recoveries. Also, given the fact that the cost of equity (in excess
of the risk-free rate) should reflect an individual bank’s overall riskiness and its cost of
funding, this sensitivity seems justified.

As reported by Scheule & Jortzik [39] the contract rate remains the most popular for
use in practice, presumably in part due to its prescription for provisioning purposes by the
IFRS Accounting Standard [28]. Due to data limitations, a comparative study between the
proposed CoC-discount rate and the average contract rate on the ML and PL portfolios
was excluded from the scope of our study. To provide a more comprehensive analysis of the
CoC-discount rate, future research could consider such a comparative study to fully explore
the difference between the CoC-risk premium and that embedded in the loan contract rate.

The proposed methodology satisfies the regulatory requirement for the LGD discount
rate to account for the time value of money and to include a risk premium that reflects
the undiversifiable risk of recovery cash flows. The methodology can easily be applied to
through-the-cycle and downturn conditions and, as such, could be regarded as appropriate
for the determination of an LGD discount rate for both regulatory and economic capital
purposes.
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Abstract: The need to model proportional data is common in a range of disciplines however, due to
its bimodal nature, U- or J-shaped data present a particular challenge. In this study, two parsimonious
mixture models are proposed to accurately characterise this proportional U- and J-shaped data. The
proposed models are applied to loss given default data, an application area where specific importance
is attached to the accuracy with which the mean is estimated, due to its linear relationship with a
bank’s regulatory capital. In addition to using standard information criteria, the degree to which
bias reduction in the estimation of the distributional mean can be achieved is used as a measure of
model performance. The proposed models outperform the benchmark model with reference to the
information criteria and yield a reduction in the distance between the empirical and distributional
means. Given the special characteristics of the dataset, where a high proportion of observations are
close to zero, a methodology for choosing a rounding threshold in an objective manner is developed
as part of the data preparation stage. It is shown how the application of this rounding threshold can
reduce bias in moment estimation regardless of the model choice.

Keywords: proportional bimodal data; parsimonious model; mixture model; rounding threshold;
standard power distribution

MSC: 62P05

1. Introduction

The need to model proportional data is common in a wide range of disciplines,
including the fields of economics, biometrics, as well as social and political sciences [1].
With proportional (or fractional) data, the variable of interest takes on values in the range
[0, 1] and bi- or multi-modality is commonly observed.

Given its characteristics and its flexibility to represent a variety of shapes, the beta
distribution has been widely used for the modelling of continuous, proportional data,
bounded between 0 and 1. For example, in 1974, Falls [2] reinforced this notion in a study
related to global cloud cover, by stating that “the beta distribution possesses the versatile
statistical characteristics necessary to assume the wide variety of shapes exhibited by global
cloud cover”. In a biological study, Kousathanas and Keightley [3] also proposed the use of
beta distribution to model the bimodal nature of protein-coding loci, where amino-acid
changing mutations are either neutral or strongly deleterious. In [4], the beta distribution
is used to describe the distribution of consumer probabilities to purchase a brand in a
consumer market. In credit risk, beta distribution has long been a popular choice for the
modelling of loss given default (LGD) data, as can be seen, e.g., in [5–7]. LGD refers to
the fraction of a loan that is not recovered in the case of default and it is usual for LGD to
fall in the range [0, 1], where 0 represents a full recovery and 1 represents a total loss of
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the outstanding amount. Finite mixtures of discretised beta distributions have also been
proposed in the literature to deal with data that converge towards one of two opposing sides
(this is referred to as polarisation in the literature, as can be seen, e.g., in [8]. Furthermore,
Simone and Tutz [9], for example, proposed a mixture of binomial and discretised beta
distributions to model uncertainty and response styles in ordinal data.

The ability of the beta distribution to provide a good fit to bimodal data mainly
emerges in applications where frequency distributions exhibit either a U-shape or a J-shape,
as can be seen, e.g., in [3,4,10,11]. However, beta densities that exhibit U-shapes have
asymptotes at 0 and 1, potentially leading to an overestimation of the masses near the
endpoints. Related to this property, the masses at the endpoints have an undue impact
on the estimated parameters of the fitted beta distribution using maximum likelihood
estimation (MLE), leading to adverse effects in the estimation of the moments of the fitted
distribution, and most notably the mean and skewness where significant bias could be
present. An unbiased mean is of particular importance for our application area, namely
LGD modelling, because of the linear relationship between the LGD parameter and a bank’s
regulatory capital, as prescribed by the Basel Committee on Banking Supervision ([12]).
To overcome this problem, alternative distributions that provide a better fit, specifically
at the end points, can be explored. Cognisant of the importance of an unbiased mean,
we entertain a slight but necessary diversion in our study to address a practical problem
commonly encountered in the modelling of LGD data. This relates to the undue impact
that a high concentration of values very close to zero has on the estimation of the mean. As
a secondary objective to our study, we therefore investigate a data preparation approach to
choose a threshold below which values may be rounded to zero. We first demonstrate that
rounding greatly reduces bias in mean estimation, and thereafter demonstrate an approach
to choose such a rounding threshold in an objective manner.

Having addressed this practical data preparation challenge, we propose two distribu-
tions to more accurately model the U- and J-shaped LGD data while favouring parsimony
and simplicity. In addition to an improved fit, our proposed models further reduce the bias
in the estimation of the mean.

The remainder of the article is organised as follows. In Section 2, we introduce our
benchmark model, the zero-one inflated beta distribution, and describe the characteristics
of our data, before evaluating the performance of the fitted benchmark model. We also
discuss an approach to handle trivial observations close to the boundaries and propose
an objective approach to select an appropriate rounding threshold. Alternative models
are then proposed in Section 3, the performance of which is evaluated using traditional
information criteria both for our observed sample as well as in a bootstrap simulation
study for small samples. We also propose and motivate an alternative approach to measure
model performance, which has specific relevance for our application to LGD data. Section 4
concludes the paper and outlines some ideas for future work.

2. Data and Benchmark Model

In this section, we introduce our benchmark model, which we will refer to as the
zero-one inflated beta distribution, before briefly describing the dataset used in this study.
We then demonstrate the importance of rounding very small observations to zero during
the data preparation phase in order to reduce bias and propose an objective approach for
choosing the rounding threshold. Section concludes with an evaluation of the fit of our
benchmark model.

2.1. Zero-One Inflated Beta Distribution

For LGD data, a high concentration of observations is typically observed at the bound-
aries, i.e., at total recovery and total loss. Zero-one inflated models are ideally suited to
handle this phenomenon, as proposed by Ospina and Ferrari [13], who made use of the beta
distribution to capture the distribution in the open interval (0, 1). The authors motivate
the use of the beta distribution based on its ability to model a variety of distributional
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shapes. Calabrese and Zenga [14] used Ospina and Ferrari [13]’s zero-one inflated beta
(ZOIB) distribution to model the recovery rate of loans as the mixture of a Bernoulli random
variable and a beta random variable.

In general, if a random variable X with density f is distributed as a zero-one inflated
distribution, then

f (x) = w f1(x) + (1− w) f2(x), x ∈ [0, 1], (1)

where f1 is a mass function, f2 is a density function, and w ∈ [0, 1] is the mixture parameter.
The mass function f1 is that of a Bernoulli random variable, given by

f1(x) = px(1− p)1−x, x = 0, 1, (2)

where p represents the proportion of discrete observations (i.e., 0 or 1) with a value of 1.
In what follows, we will investigate a number of different choices for the density f2,

which is used to model observations in the interval (0, 1). The benchmark distribution is
obtained when f2 is the beta distribution with density function

f2(x) =
Γ(α + β)

Γ(α)Γ(β)
xα−1(1− x)β−1, x ∈ (0, 1), (3)

with shape parameters α > 0, β > 0 and where Γ is the gamma function, defined by

Γ(z) =
∫ ∞

0
tz−1e−tdt, z > 0.

2.2. Data

The LGD data (i.e., the proportion of an individual loan account not recovered after
default) used in this study to illustrate the methods proposed were obtained from an
unsecured retail portfolio of a large South African bank. The period from January 2008
to April 2009 (16 months) was selected, resulting in more than 140,000 defaulted loan
accounts. The choice of dates was motivated by default rates peaking over the reference
period, which means that the LGD data reflect downturn conditions. The Basel Capital
Accord mandates the use of LGD parameters that “reflect economic downturn conditions”
for the determination of regulatory capital, as can be seen in [15]. Figure 1 below shows the
distribution of LGD over the observation period, with the light blue bars representing a
boxplot of data for each month. Due to confidentiality requirements, no actual values are
shown. All figures and numerical results were developed in MATLAB version R2020a.

The solid dark blue line and lighter blue dashed line in Figure 1 were fitted through
the mean and median LGD for each month, respectively, and indicate that LGD remained
fairly stable over the reference period. The considerable distance between the plotted
median and mean values is indicative of a left-skewed distribution, explained by a high
concentration of observations at and close to 1. This is also evident from the proximity of
the 75th percentile to 1.

The high concentration of values at 1, suggested by Figure 1, is confirmed in Figure 2,
where the proportions of LGD observations at 1, 0, and on the interval (0, 1) are shown.

For illustrative purposes, the observations on (0, 1) are separated into observations
in the (0, 0.01) and [0.01, 1) intervals, as indicated by the diamond markers within the sky
blue bar. As can be observed, the proportion of observations between 0 and 0.01 exceeds
that at 0 in each month considered.

In addition to having high concentrations of observations at the boundaries, it is
common for proportional data to also exhibit high concentrations of values close to the
boundary values. The substantial proportion of observations close to 0 and 1 in LGD
data can in most cases be attributed to the effects of rounding during the collection and
accounting processes. Specifically, accounting practices often result in trivial loss amounts
being recorded for fully settled accounts.



Mathematics 2022, 10, 4520 4 of 19

In practice, values close to 0 and 1 are normally rounded during the data preparation
stage, and the thresholds below or above which values are rounded are mostly chosen in
an arbitrary manner. In the next section, we demonstrate the importance of rounding and
show how a rounding threshold can be chosen in a more objective manner.

Jan 2008 Apr 2008 Jul 2008 Oct 2008 Jan 2009 Apr 2009
0

1

L
G

D

Figure 1. Distribution of LGD data with the mean (solid line). median (dashed line) and boxplot of
data for each month over the observation period shown.
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Figure 2. Proportion of LGD observations for each month at 1 (dark blue bar), 0 (light blue bar), and
on the intervals (0, 0.01) and [0.01, 1) (medium blue bar with diamonds at 0.01).

2.3. Selection of a Rounding Threshold

The benchmark ZOIB model defined in (1) to (3) was fitted to the LGD data using
maximum likelihood estimation by applying MATLAB’s “betafit" function. The parameter
estimates ŵ, p̂, α̂, and β̂ of the parameters w, p, α, and β are shown in Table 1 (recall that α
and β is the shape parameters of the beta distribution, p is the probability of success in the
Bernoulli distribution, and w is the mixing parameter). The stability of parameter estimates
from month to month confirms our initial observation of homogeneity between the months
within our reference period. The values of p̂ close to one emphasise the low concentration
of observations at 0 compared to those at 1.

Figure 3 shows the kernel density of the raw LGD data on (0,1) compared to the fitted
beta density, after observations at 0 and 1 were removed.

It is evident how a high concentration of observations very close to zero leads to an
overestimation of the density in the left tail, with an opposite effect in the right tail. This
introduces bias into the estimation of moments, including higher-order moments. This is
further shown in Figure 4, where a significant difference between the fitted skewness and
sample skewness can be observed.
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Table 1. Parameter estimates of benchmark model.

Bernoulli Beta
Month ŵ p̂ α̂ β̂

200801 0.266 0.881 0.303 0.653
200802 0.277 0.952 0.27 0.658
200803 0.276 0.934 0.277 0.646
200804 0.281 0.938 0.26 0.66
200805 0.286 0.939 0.255 0.643
200806 0.297 0.932 0.271 0.63
200807 0.296 0.916 0.298 0.626
200808 0.305 0.92 0.281 0.636
200809 0.319 0.908 0.277 0.655
200810 0.329 0.922 0.266 0.65
200811 0.316 0.925 0.256 0.682
200812 0.323 0.922 0.317 0.634
200901 0.318 0.933 0.311 0.672
200902 0.291 0.896 0.302 0.643
200903 0.265 0.872 0.319 0.651
200904 0.274 0.889 0.297 0.698

LGD

D
e
n
s
it
y

Kernel density

Fitted beta density

Figure 3. The kernel density of the raw LGD data on (0, 1) compared to the fitted beta density for
each month from January 2008 to April 2009.
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Fitted skewness

Sample skewness

Figure 4. Comparison of sample skewness for each month with that of the fitted beta distribution in
the interval (0, 1).

Regardless of the model fitted, the rounding of very small LGD values to 0 during the
data preparation phase is imperative to reduce the bias caused by these observations. As
mentioned earlier, an unbiased mean is of specific importance in the modelling of LGD,
because there exists a direct, linear relationship between the parameter and the regulatory
capital that a bank needs to hold. In practice, the threshold below which observations
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are rounded to zero is mostly chosen in an arbitrary manner. Below, we outline how the
rounding threshold can be selected in a more objective manner.

Suppose X1, X2, . . . , Xn is a random sample from the ZOIB model. The estimated
mean of the fitted model is given by

µ̂X = ŵp̂ + (1− ŵ)
α̂

α̂ + β̂
,

where ŵ, p̂, α̂, and β̂ are the maximum likelihood estimators (MLEs) of the parameters w, p,
α and β, respectively.

The mean µ̂X will, in general, not be equal to the sample mean X̄ and hence an
empirical bias, defined by

eX = µ̂X − X̄, (4)

exists.
Figure 5 shows the calculated empirical bias for the LGD data in the interval (0, 1) as

well as the resulting empirical bias if the LGD data in the interval (0, ε) are rounded to zero
for chosen values of ε = {0.0001, 0.001, 0.01}.

B
ia

s

Original Data

Rounded:  = 0.0001

Rounded:  = 0.001

Rounded:  = 0.01

Figure 5. The calculated empirical bias compared to the empirical bias after rounding for chosen
values of ε.

From Figure 5, it is clear that the empirical bias can be significantly reduced by
increasing the rounding threshold ε. However, this comes at the risk of changing the
properties of the observed sample. Therefore, we aimed to choose the value of ε to make
the bias as small as possible, while still retaining the properties of the observed sample as
far as possible.

The rounding of small observations to 0 is given by

Yi,ε = Xi1{Xi≥ε},

where 1{Xi≥ε} is an indicator function taking on the value 1 when Xi ≥ ε and 0 otherwise.
This then leads to the following decomposition of the empirical bias in (4):

eX = (µ̂X − µ̂Y,ε) + eY,ε + (Ȳε − X̄),

where µ̂Y,ε and Ȳε represent the mean of the fitted model and the sample mean, respectively,
both calculated on the data after observations below ε were rounded to 0. The resulting
empirical bias is then denoted by eY,ε.

Rewriting this, we have that

µ̂Y,ε − µ̂X = (eY,ε − eX)− (X̄− Ȳε).

Therefore, the change in the fitted mean can be written as the difference between the
increased accuracy obtained by rounding and the cost of rounding bias given by X̄− Ȳε ≥ 0.
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The reduction in empirical bias obtained by rounding is relatively large for small
values of ε, however, as can be seen from Figure 5, it seems to decelerate as ε increases. In
contrast, as ε increases, the rounding bias will increase.

To find a value of ε in an objective manner, we choose ε as

ε∗ = inf{ε > 0 :
∣∣∣∣
deY,ε

dε

∣∣∣∣ ≤ 1}, (5)

where deY,ε
dε represents the derivative of eY,ε with respect to ε, noting that d(eY,ε − eX) =

deY,ε. The threshold ε∗ can be interpreted as a conservative estimate of the rounding bias,
since from the definition of Yi, we have that

0 ≤ X̄− Ȳε =
1
n

n

∑
i=1

Xi1{Xi<ε} < ε.

Therefore, ε∗ in (5) is the smallest value of ε where the rate of improvement in
empirical bias exceeds the rate of increase in rounding bias.

We implement this method by plotting 1
∆ (eY,ε+∆ − eY,ε) against a grid of values of ε

with increment size ∆. The smallest value of ε where this function is not greater than one is
our objective choice of ε∗. Since we implement this for several months, we take the average
across all the months of these functions for each value of ε. The result is shown in Figure 6,
where the value of ε∗ = 0.001 was chosen for our data.
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Figure 6. The rate of change in the rounding bias 1
∆ (eY,ε+∆ − eY,ε) plotted against the rounding

threshold ε.

2.4. Fitting the Benchmark Model

Having rounded observations between 0 and ε∗ (chosen as ε∗ = 0.001 for the given
data), as per the approach described in the previous section, we set out to evaluate the fit of
the benchmark model to our data.

In the second and third columns of Table 2, the parameter estimates for the fitted ZOIB
model described in Section 2.1 are shown.

The stability of parameter estimates from month to month confirms our initial ob-
servation of homogeneity between months within our reference period. The effect of the
rounding procedure (as described in Section 2.3) is evident in the estimates of p̂, where a
substantial increase in the proportion of 0 s compared to Figure 1 can be observed.

We also note that the estimates for α̂ are relatively close to one for most months under
observation. It therefore seems worthwhile to investigate whether the assumption that
α = 1 can be supported, as fixing the α parameter at 1 reduces the number of parameters
associated with our benchmark model from 3 to 2. This is important considering our desire
for parsimony.
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Table 2. Parameter estimates with estimated standard errors in parenthesis of the ZOIB and ZOISP
models on rounded LGD data.

Bernoulli Beta Standard Power
Month ŵ p̂ α̂ β̂ β̃

200801 0.393 0.596 0.94 (0.019) 0.525 (0.009) 0.54 (0.008)
200802 0.428 0.616 1.003 (0.02) 0.521 (0.009) 0.52 (0.007)
200803 0.418 0.617 0.962 (0.02) 0.51 (0.009) 0.519 (0.008)
200804 0.438 0.602 0.972 (0.021) 0.509 (0.009) 0.516 (0.008)
200805 0.444 0.605 0.966 (0.021) 0.493 (0.009) 0.501 (0.008)
200806 0.437 0.634 0.931 (0.019) 0.488 (0.009) 0.505 (0.018)
200807 0.417 0.65 0.959 (0.018) 0.508 (0.008) 0.518 (0.007)
200808 0.435 0.645 0.916 (0.018) 0.496 (0.008) 0.518 (0.007)
200809 0.452 0.641 0.918 (0.019) 0.506 (0.009) 0.527 (0.008)
200810 0.466 0.651 0.891 (0.018) 0.489 (0.009) 0.517 (0.008)
200811 0.466 0.627 0.887 (0.019) 0.503 (0.009) 0.532 (0.008)
200812 0.427 0.698 0.891 (0.018) 0.508 (0.009) 0.537 (0.008)
200901 0.429 0.692 0.897 (0.016) 0.533 (0.009) 0.562 (0.008)
200902 0.41 0.636 0.898 (0.016) 0.507 (0.007) 0.534 (0.007)
200903 0.377 0.613 0.867 (0.014) 0.514 (0.008) 0.552 (0.006)
200904 0.4 0.609 0.832 (0.014) 0.527 (0.008) 0.578 (0.007)

Setting α = 1 in our benchmark model, we have the continuous part represented by
the Beta(1, β) distribution. If X ∼ Beta(1, β), then 1− X ∼ Beta(β, 1) with density

f2(x) = β(1− x)β−1, x ∈ (0, 1). (6)

This distribution is not only a special case of the beta distribution, but also the Ku-
maraswamy distribution introduced by [16] based on [17] and extended to include zeros
and ones in [18]. This special case is known as the standard power (SP) distribution [19].

Suppose that 1− X1, 1− X2, . . . , 1− Xn is an i.i.d. sample from the SP distribution,
and then the MLE of β is given by

β̃ =
−n

∑n
i=1 log(1− Xi)

.

The estimates for β̃ for the SP distribution fitted on (0, 1) are shown in the last column
of Table 2. Since α̂ is relatively close to one for all months, the difference between the
estimators β̃ and β̂ is small. In Figure 7, the fitted means of the beta and standard power
distributions are shown. It is evident that the impact of these differences in estimates can
be meaningful. Shown also in Figure 7 is the sample mean for observations between 0
and 1, which indicates that both fitted models underestimate the mean, with the standard
power distribution to a lesser degree. The scale of the vertical axis is 0.1 with the actual
LGD values not shown due to the confidential nature of the data.

The standard errors of the estimators α̂, β̂ and α̃ for the parameters of the beta and
standard power distributions are also shown in Table 2. These standard errors were esti-
mated by using a parametric bootstrap method, in which random variates were simulated
from the fitted beta and standard power models. Beta random variates were generated
using Matlab’s built-in “betarnd” function, while random variates from the standard power
distribution in (6) were generated using its inverse cumulative distribution function (cdf),
given by

F−1(p) = 1− (p− 1)
1
β , 0 ≤ p ≤ 1. (7)

The calculated standard errors show that the SP model can be considered for several
months, since α = 1 is within the 95% confidence interval for α for each month from
February 2008 until May 2008. The standard errors of ŵ, the estimator for the mixture
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parameter, and p̂, the estimator for the Bernoulli parameter, are not reported in the tables as
the focus of the study is to compare different models with density f2 (as can be seen in (1)).

Jan 2008 Apr 2008 Jul 2008 Oct 2008 Jan 2009 Apr 2009

M
e

a
n

Beta

Standard Power

Sample mean

Figure 7. The fitted mean of the beta and standard power distributions excluding observations
between 0 and 1. The scale on the vertical axis is 0.1.

To determine whether it is feasible to simplify the continuous part of our benchmark
model to the SP distribution, we make use of two frequently used selection metrics. These
are the Akaike information criteria (AIC) and Bayesian information criteria (BIC). Informa-
tion criteria such as the AIC and BIC are specifically appropriate when evaluating model
fit when parsimony is the main objective, since these measures incorporate a penalty for
additional model parameters.

For any fitted model, the AIC can be expressed as

AIC = −2`(θ̂k | X1, X2, . . . , Xn) + 2k, (8)

while similarly, the BIC is given by

BIC = −2`(θ̂k | X1, X2, . . . , Xn) + k log(n), (9)

where θ̂k is the vector of MLEs, X1, X2, . . . , Xn are random variables from a distribution F
with a k-dimensional vector of parameters θk, and `(θk | ·) is the log likelihood function.

For the fitted ZOIB model, we have that θ̂k =
(
ŵ, p̂, α̂, β̂

)
with k = 4, while for the

fitted zero-one inflated standard power (ZOISP) distribution model, θ̂k =
(
ŵ, p̂, β̃

)
with

k = 3.
Table 3 shows the AIC and BIC for the ZOIB and ZOISP models fitted to observations

between 0 and 1. It is evident that the ZOISP distribution rarely provides a better fit than
the ZOIB distribution, even when using the BIC as a metric. Given that the shape of the
SP distribution is strictly increasing and unimodal, we suspect that the ZOIB distribution
outperforms the ZOISP distribution for most months due to the beta distribution’s ability
to model bimodality. However, the beta distribution underestimates the masses close to
zero on the interval (0, 1) (after rounding), as can be observed from the QQ-plot in Figure 8.

In Figure 8, the empirical quantiles of the February 2008 data between 0 and 1 are
plotted against the quantiles of the fitted beta distribution. This month has been chosen
because the fitted beta distribution is close to the fitted standard power distribution with
estimated parameter 0.52. The notable distance between the two lines in the lower quadrant
demonstrates the underestimation by the beta distribution of the masses close to zero. This
underestimation is likely to contribute to the difference between the fitted and sample
means, as can be observed from the remaining empirical bias (after rounding) in Figure 5.
In the next section, we set out to find an alternative distribution that is able to capture the
bimodality of our data while simultaneously looking to reduce the difference between the
fitted and sample means.
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Table 3. Information criteria for the fitted ZOIB and ZOISP distributions.

ZOIB ZOISP
Month AIC BIC AIC BIC

200801 13240 13268 13248 (0.06%) 13269 (0.01%)
200802 13418 13446 13416 (−0.01%) 13437 (−0.07%)
200803 12535 12563 12537 (0.02%) 12558 (−0.04%)
200804 12852 12880 12852 (0%) 12873 (−0.05%)
200805 13174 13202 13174 (0%) 13195 (−0.05%)
200806 12263 12291 12272 (0.07%) 12293 (0.02%)
200807 13817 13846 13820 (0.02%) 13841 (−0.04%)
200808 13900 13929 13918 (0.13%) 13939 (0.07%)
200809 14171 14199 14186 (0.11%) 14207 (0.06%)
200810 14699 14727 14730 (0.21%) 14751 (0.16%)
200811 15578 15606 15613 (0.22%) 15634 (0.18%)
200812 13102 13130 13133 (0.24%) 13154 (0.18%)
200901 15142 15170 15172 (0.2%) 15194 (0.16%)
200902 18403 18432 18443 (0.22%) 18465 (0.18%)
200903 17309 17338 17384 (0.43%) 17406 (0.39%)
200904 18401 18431 18526 (0.68%) 18548 (0.63%)
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Figure 8. QQ-plot of February 2008 LGD data against fitted beta distribution.

3. New Proposed Models

Several authors have observed that LGD data exhibit bi- or multi-modality even when
the discrete endpoints are removed. This can also be observed in our data, as illustrated by
the bimodal kernel density curve in Figure 3. The ZOIB distribution is generally well-suited
to deal with the excess zeros and ones in most LGD datasets, however, it is unable to
accurately model bimodality in the continuous portion of the empirical distribution. In fact,
Ref. [14] shows that when a large dataset of Italian bank loan recovery rates is considered,
the beta function cannot adequately describe the estimated density function on (0, 1).

To address bi- and multimodality in LGD data, Ref. [20] proposed an extension
of [13]’s ZOIB model by formulating a mixture model of two beta probability distributions,
inflated at zero and one. Ref. [21] expanded on this by fitting a number of mixture
distributions to account for the multimodality on the unit interval, concluding that the
inflated mixture of beta distributions provides the optimal representation, especially when
considering the need for conservatism (i.e., not underestimating the mean). However,
Ref. [22] demonstrated that beta mixtures “do more harm than they help” for bimodal U-
shaped data. This, and the fact that mixing two beta distributions requires three additional
parameters (when compared to our benchmark model), creates the opportunity to explore
alternative mixture distributions for our non-binary data.

We address the matter of parsimony by proposing a mix of SP distributions to model
the data on (0, 1). Our aim was to cut down on the number of parameters (compared
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to [20]’s inflated mixture model), but attain the adequate characterisation of the bimodal
nature of the empirical distribution. Our secondary but equally important objective relates
to the alignment of the empirical and distributional means.

3.1. Inflated Mixed Standard Power Distribution

Suppose that X has density

f2(x) = πaxa−1 + (1− π)b(1− x)b−1, x ∈ (0, 1), (10)

with shape parameters a, b > 0 and mixture weight π ∈ [0, 1].
This distribution is a mixture of two SP distributions and will be called the mixture of

standard power (MSP) distribution. The mixture of the MSP distribution and the Bernoulli
distribution is henceforth referred to as the zero one inflated mixture of the standard power
(ZOIMSP) model.

Even though the MSP distribution is a mixture of two distributions, maximum likeli-
hood estimators of this model exist. This is due to a log likelihood function that is bounded
from above, in contrast with other mixture models, such as a mixture of two normal
distributions (see Section 9.2.1 of [23]).

Suppose that X1, X2, . . . , Xn is a random sample from the MSP distribution. The log
likelihood function is given by

`(a, b, π | X1, X2, ..., Xn) =
n

∑
i=1

log
(

πaXa−1
i + (1− π)b(1− Xi)

b−1
)

. (11)

Maximum likelihood estimators, denoted by â, b̂, and π̂, can then be calculated by solving
the following set of equations for a, b, and π:

∂`

∂a
=

n

∑
i=1

πXa−1
i (1 + a log Xi)

πaXa−1
i + (1− π)b(1− Xi)b−1

= 0;

∂`

∂b
=

n

∑
i=1

(1− π)(1− Xi)
b−1(1 + b log(1− Xi))

πaXa−1
i + (1− π)b(1− Xi)b−1

= 0;

∂`

∂π
=

n

∑
i=1

aXa−1
i − b(1− Xi)

b−1

πaXa−1
i + (1− π)b(1− Xi)b−1

= 0.

To obtain these estimates, MATLAB’s “fsolve" function was used, which numerically
solves a system of equations by a trust-region-dogleg algorithm. Using the LGD data
described in the previous section, the estimated values for this model were calculated
and are shown in the first three columns of Table 4. It is interesting to note that b̂ is close
to one for several months, suggesting that the LGD distribution for these months may
be unimodal. By setting b = 1 in (10), we can obtain a model with the same number of
parameters as in our benchmark model. This restricted model is in effect a mixture of a
uniform distribution and a standard power (MUSP) distribution and its log likelihood
function can be obtained by setting b = 1 in (11).

Estimators â and π̂ can then be obtained by solving the following two equations for a
and b.

∂`

∂a
=

n

∑
i=1

πXa−1
i (1 + a log Xi)

πaXa−1
i + (1− π)

= 0;

∂`

∂π
=

n

∑
i=1

aXa−1
i − 1

πaXa−1
i + (1− π)

= 0.
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The estimates obtained for LGD data using the MUSP model are shown in the final
two columns of Table 4 and it is notable that these exhibit more stability over different
months than those of the MSP model. In this regard, both the SP and beta models have
better stability in terms of their parameter estimates over the reference period. However,
this stability comes at the cost of assigning too little weight to the masses at the lower mode.
The MSP’s flexibility and ability to more accurately capture the lower mode may therefore
make it the preferred model for bimodal U- or J-shaped data.

Table 4. Parameter estimates with estimated standard errors in parenthesis for MSP and MUSP models.

MSP MUSP
Month â b̂ π̂ â π̂

200801 14.727 (0.722) 0.892 (0.05) 0.338 (0.02) 13.618 (0.518) 0.378 (0.007)
200802 14.945 (0.753) 0.798 (0.04) 0.324 (0.02) 13.047 (0.527) 0.407 (0.007)
200803 12.81 (0.601) 0.879 (0.057) 0.382 (0.023) 11.983 (0.463) 0.428 (0.008)
200804 12.609 (0.615) 0.82 (0.051) 0.367 (0.024) 11.575 (0.437) 0.438 (0.008)
200805 13.932 (0.676) 0.769 (0.041) 0.352 (0.021) 12.447 (0.476) 0.447 (0.008)
200806 13.755 (0.717) 0.739 (0.038) 0.327 (0.021) 12.329 (0.473) 0.438 (0.008)
200807 14.305 (0.726) 0.768 (0.036) 0.315 (0.019) 12.466 (0.463) 0.415 (0.007)
200808 14.586 (0.747) 0.761 (0.036) 0.308 (0.02) 12.522 (0.457) 0.414 (0.007)
200809 13.918 (0.713) 0.816 (0.046) 0.329 (0.022) 12.318 (0.492) 0.406 (0.008)
200810 11.369 (0.561) 1.041 (0.076) 0.451 (0.024) 11.522 (0.427) 0.439 (0.008)
200811 12.026 (0.581) 0.974 (0.066) 0.397 (0.023) 11.827 (0.452) 0.407 (0.008)
200812 9.182 (0.439) 1.411 (0.107) 0.515 (0.02) 11.651 (0.48) 0.403 (0.008)
200901 7.001 (0.415) 1.873 (0.329) 0.584 (0.063) 10.77 (0.428) 0.391 (0.008)
200902 13.489 (0.551) 0.911 (0.046) 0.36 (0.019) 12.641 (0.402) 0.394 (0.006)
200903 9.698 (0.392) 1.375 (0.078) 0.488 (0.015) 12.241 (0.421) 0.383 (0.006)
200904 8.164 (0.32) 1.708 (0.087) 0.515 (0.012) 12.455 (0.471) 0.344 (0.007)

The standard errors shown in Table 4 were again estimated using a parametric boot-
strap approach. To simulate random variables from a mixture of two distributions, πn
random variates were simulated from the one distribution and (1− π)n from the other
distribution. For the MSP model, random variates were simulated from two standard
power distributions by making use of the inverse cumulative distribution function (cdf) of
the two distributions, given by

F−1(p) = p
1
α , 0 ≤ p ≤ 1, (12)

and (7), respectively. For the MUSP model, the inverse cdf in (12) was used to generate
πn random variates from the standard power distribution added to the (1− π)n random
variates from the standard uniform distribution.

The instability of the parameter estimates in the MSP model are emphasized by
analysing the standard errors shown in Table 4. This is especially the case for the data
relating to January 2009. An in-depth analysis of the bootstrap sample distribution of b̂
for this specific month shows a distribution with two peaks, one of which is close to the
estimated value of 1.873, while the other peak is at a value inferior to 1. This may be due to
one of many possible factors that warrants further investigation but is beyond the scope
of this study. Two possible factors are the numerical optimisation method used to find
the estimates, or it can be due to the identifiability of these mixture models. Although the
identifiability of the MSP model is not further investigated, another factor that may lead to
the instability of the calculated estimates is considered.

In Figure 9, the different shapes that the MSP model allows are shown. In this figure,
the kernel densities as well as the fitted densities for the LGD data of February 2008–March
2009 are plotted. The densities of the two fitted standard power distributions are plotted
on the right. The J-shaped kernel densities were plotted using MATLAB’s “ksdensity"
function with a reflection boundary correction method applied. Even though the two
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fitted densities are very close to each other, the density for February 2008 is monotonically
increasing, while the density for September 2009 is J-shaped. This corresponds to values
of b in (10) that are less than 1 or greater than 1. Therefore, the difficulty in modelling
J-shaped data that are close to unimodal may lead to estimators of b that are inconsistent,
and consequently to the inconsistency of the estimators of a and π.

0 1

LGD

D
e
n
s
it
y

Kernel density

MUSP density

0 1

LGD

February 2008

March 2009

SP dist - parameter a

SP dist - parameter b

Figure 9. Densities for February 2008 and March 2009 LGD data. On the left, the kernel density is
compared to the fitted MSP model, while on the right, the two contributing SP fitted densities of the
MSP model are shown, driven by â and b̂, respectively.

3.2. Model Performance Based on Information Criteria

When comparing the information criteria for the ZOIMSP and ZOIMUSP models
(shown in the last four columns of Table 5), there is little to choose between the two models
based on the AIC and BIC. This is also evident from Figure 10 below.

Jan 2008 Apr 2008 Jul 2008 Oct 2008 Jan 2009 Apr 2009
1.2

1.3

1.4

1.5

1.6

1.7

1.8
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104
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Figure 10. The AIC of the ZOIB as well as ZOIMSP and ZOIMUSP models, plotted for each month.

It is interesting to note that the ZOIMUSP outperforms the ZOIMSP for several months,
suggesting that the lower mode is of less significance for the data relating to these months.
This corroborates the earlier conclusion that a unimodal distribution could provide an
adequate characterisation of the data in certain cases. It is noteworthy to observe that both
the ZOIMSP and ZOIMUSP markedly outperform the benchmark ZOIB model, regardless
of information criteria utilised. From Figure 10, it is also evident that the improvement in
AIC is of similar magnitude for all months during the observation period. The results for
the BIC are similar.
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Table 5. Information criteria for the fitted ZOIMSP and ZOIMUSP models compared to the
ZOIB model.

ZOIB ZOIMSP ZOIMUSP
Month AIC BIC AIC BIC AIC BIC

200801 13240 13268 12822
(−3.2%)

12858
(−3.1%)

12825
(−3.1%)

12853
(-3.1%)

200802 13418 13446 13047
(−2.8%)

13082
(−2.7%)

13063
(−2.6%)

13091
(−2.6%)

200803 12535 12563 12156
(−3%)

12190
(−3%)

12155
(−3%)

12183
(−3%)

200804 12852 12880 12489
(−2.8%)

12524
(−2.8%)

12492
(−2.8%)

12520
(−2.8%)

200805 13174 13202 12791
(−2.9%)

12826
(−2.8%)

12801
(−2.8%)

12829
(−2.8%)

200806 12263 12291 11952
(−2.5%)

11987
(−2.5%)

11961
(−2.5%)

11988
(−2.5%)

200807 13817 13846 13458
(−2.6%)

13494
(−2.5%)

13476
(−2.5%)

13505
(−2.5%)

200808 13900 13929 13588
(−2.2%)

13624
(−2.2%)

13606
(−2.1%)

13634
(−2.1%)

200809 14171 14199 13852
(−2.2%)

13887
(−2.2%)

13858
(−2.2%)

13887
(−2.2%)

200810 14699 14727 14328
(−2.5%)

14363
(−2.5%)

14326
(−2.5%)

14355
(−2.5%)

200811 15578 15606 15269
(−2%)

15304
(−1.9%)

15267
(−2%)

15295
(−2%)

200812 13102 13130 12812
(−2.2%)

12847
(−2.2%)

12813
(−2.2%)

12841
(−2.2%)

200901 15142 15170 14717
(−2.8%)

14753
(−2.8%)

14735
(−2.7%)

14763
(−2.7%)

200902 18403 18432 17928
(−2.6%)

17965
(−2.5%)

17929
(−2.6%)

17958
(−2.6%)

200903 17309 17338 16779
(−3.1%)

16816
(−3%)

16787
(−3%)

16817
(−3%)

200904 18401 18431 18007
(−2.1%)

18043
(−2.1%)

18039
(−2%)

18068
(−2%)

3.3. Model Performance Based on Empirical Bias

Having evaluated the performance of the ZOIMSP and ZOIMUSP against the bench-
mark ZOIB model, we now set out to assess the relative alignment between the empirical
and distributional means of the two models, both inflated at zero and one to account for
discrete observations.

Suppose that X1, X2, . . . , Xn is a random sample from the ZOIMSP model. The fitted
mean is given by

µ̂X = ŵp̂ + (1− ŵ)

(
π̂

â
â + 1

+ (1− π̂)
1

1 + b̂

)
,

where ŵ, p̂, b̂, b̂, and π̂ are the maximum likelihood estimators (MLEs) of the parameters w,
p, a, b, and π while for the ZOIMUSP model the value of b̂ = 1.

In Figure 11, the empirical bias, as defined in (4), is shown with respect to each
month in the reference period for the ZOIMSP, ZOIMUSP, as well as the benchmark ZOIB
model. A significant reduction in bias can be observed for both the ZOIMSP and ZOIMUSP
when compared to the benchmark model, with the ZOIMSP exhibiting better stability than
ZOIMUSP. This can most likely be attributed to the ZOIMSP providing a better fit to the
“hump” close to 0, evident from the plotted kernel density in Figure 3.
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Figure 11. The empirical bias of the fitted ZOIMSP, ZOIMUSP, and benchmark ZOIB models plotted
for each month.

The ZOIMSP exhibits more consistent bias-reduction than the ZOIMUSP. This is an im-
portant model attribute with regard to LGD data, where specific importance is attached to
the mean of the fitted distribution. Besides the accuracy of the distributional mean, conser-
vatism is desirable due to the relationship between this parameter and a bank’s regulatory
capital. Regulatory capital has as a primary aim financial protection against unexpected
losses, and therefore, a prudent assessment of this amount is crucial. Conservatism in our
context therefore means avoiding the underestimation of the distributional mean as much
as possible to ensure that the LGD parameter satisfies the prudence requirement.

As can be observed from Figure 11 the empirical bias of the ZOIMSP rarely falls below
0, whereas the empirical bias of the ZOIMUSP is negative for several months within our
reference period. In the context of our application to LGD data, the ZOIMSP therefore
outperforms the ZOIMUSP both in terms of empirical bias and conservatism.

3.4. Model Performance for Small Samples

We conclude the paper with a mini simulation study to evaluate the small sample
performance of the newly proposed ZOIMSP and ZOIMUSP models. In our current dataset,
we have more than 140,000 observations spread across 16 months (an average of more than
8750 observations per month). In general, suppose that for month j, j = 1, . . . , 16, we have
mj LGD observations denoted by x1, x2, . . . , xmj . The idea is then to obtain the estimated
distributional properties of the AIC and BIC statistics for each of the models for samples of
size n = 100, 200, and 500. We view the mj observations for month j as the population of
values and apply the following algorithm to obtain the samples from this "population".

1. For month j, obtain a sample X∗1 , X∗2 , . . . , X∗n by sampling n < mj observations with a
replacement from x1, x2, . . . , xmj .

2. Fit a model on X∗1 , X∗2 , . . . , X∗n to obtain the estimator θ̂∗ = θ̂(X∗1 , X∗2 , . . . , X∗n).
3. Calculate the statistics AIC∗ and BIC∗ from Equations (8) and (9) with inputs

X∗1 , X∗2 , . . . , X∗n, θ̂∗, n and the number of parameters k.
4. Repeat steps 1–3 above B times to obtain AIC∗1 , AIC∗2 , . . . , AIC∗B, and

BIC∗1 , BIC∗2 , . . . , BIC∗B
This algorithm is applied on the newly proposed ZOIMSP and ZOIMUSP models as

well as the benchmark ZOIB model for each month during the observation period. For
large values of B, the sets {AIC∗i , 1 ≤ i ≤ B} and {BIC∗i , 1 ≤ i ≤ B} represent the sample
distributions of the AIC and BIC for a specific model and statistics calculated on these sets
can be used to estimate the properties of these distributions.

In Figure 12, the bootstrap estimates of the expectation of the AIC and BIC for the
ZOIMSP, ZOIMUSP, and ZOIB models are compared with each other when n = 100
and with B = 1000 bootstrap replications. The shaded areas in this figure show that the
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bootstrap estimated 5% and 95% quantiles of the AIC and BIC for the ZOIMUSP model,
which was identified as the best-performing model.
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Figure 12. The bootstrap estimated mean of the AIC and BIC for ZOIB, ZOIMSP, and ZOIMUSP
models for a sample size of n = 100. The shaded area represents a 90% confidence interval for the
mean of the ZOIMUSP model.

From Figure 12, it is clear that, when n = 100, the ZOIMUSP model outperforms
the less parsimonious ZOIMSP model with regard to both information criteria, while the
benchmark ZOIB model compares reasonably well with the ZOIMSP model. Moreover,
the bootstrap estimated expected that AIC and BIC for all three models are within the 90%
confidence interval for the mean AIC and BIC of the ZOIMUSP model.

In Figures 13 and 14, the results are shown when the sample size increases to n = 200
and n = 500, respectively. The results are similar to those observed when n = 100, except
that the bootstrap estimated expected AIC and BIC for the ZOIMSP model approach and
the bootstrap estimated expected AIC and BIC for the ZOIMUSP model. This suggests that
the degree to which the less parsimonious ZOIMSP model is penalised becomes negligible
as the sample size increases.
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Figure 13. Bootstrap estimated mean of the AIC and BIC for the ZOIB, ZOIMSP, and ZOIMUSP
models for a sample size of n = 200. The shaded area represents a 90% confidence interval for the
mean of the ZOIMUSP model.

The results from Figures 12–14 suggest that the expected AIC and BIC of the ZOIMUSP
model are less than the corresponding expectations of the ZOIB model. However, this
analysis does not take the dependence between the AIC (or BIC) of the three models into
account. Therefore, to analyse the relationship between the sample distributions of the AIC
(or BIC), bootstrap estimates are obtained for the probabilities that the AIC (or BIC) for one
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model is greater than the AIC (or BIC) of another model. For example, comparing the AIC
of the ZOIB and ZOIMSP models, we estimate the probability

P(AICZOIMSP < AICZOIB)

by
1
B

B

∑
i=1

1(AIC∗i ZOIMSP < AIC∗i ZOIB), (13)

where 1
(

AIC∗i ZOIMSP < AIC∗i ZOIB
)

is an indicator function taking on the value 1 when
the ith bootstrap replication of AIC calculated for the ZOIMSP model is less than the AIC
calculated for the ZOIB model.
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Figure 14. Bootstrap estimated mean of the AIC and BIC for the ZOIB, ZOIMSP, and ZOIMUSP
models for a sample size of n = 500. The shaded area represents a 90% confidence interval for the
mean of the ZOIMUSP model.

In Figure 15, the estimated probabilities in (13) are calculated for the AIC and BIC for
both the ZOIMSP and ZOIMUSP models compared to the ZOIB model.
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Figure 15. Bootstrap estimates of the probability that the AIC (or BIC) for the fitted ZOIMSP and
ZOIMUSP models is less than the AIC (or BIC) of the fitted ZOIB model over several months and for
sample sizes of n = 100, 200, and 500.

From Figure 15, it is evident that the ZOIMUSP outperforms the ZOIB for all sample
sizes, with a clear improvement in relative performance as the sample size increases. The
results for the ZOIMSP model again show the effect of an additional parameter on the AIC
and BIC compared to the more parsimonious ZOIB and ZOIMSP models. In fact, in terms
of the BIC, the results are slightly in favour of the ZOIB model for n = 100. However, the
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results show that as the sample size n increases, it is increasingly likely that the AIC (or
BIC) for both the fitted ZOIMSP and ZOIMUSP models will be less than the AIC (or BIC)
of the fitted ZOIB model.

4. Conclusions and Future Research

In this study, we propose two distributions to more accurately model U- and J-shaped
fractional data, with parsimony and simplicity as priorities. We fit the models, both mix-
tures of standard power distributions, to the continuous part of our LGD data and evaluate
model performance using traditional information criteria. In addition to outperforming the
benchmark ZOIB distribution, which has been favoured in practice, both proposed models
also reduce the bias in the estimation of the mean. We also show how, by evaluating the
sign of the empirical bias of the fitted models, a model that provides a more conservative
estimation of the mean can be identified.

The proposed mixture models exhibit flexibility to more accurately capture bimodal
data where substantial modes exist close to the boundary values. It is these areas that
pose a specific problem for the beta distribution, which for α < 1 and β < 1 has asymp-
totes at 0 and/or 1. This is not only a common occurrence in financial applications, but
also in biological studies. For example, due to the analytical limitations of the laboratory
instruments used to quantify the clinical markers of disease, many observations are de-
fined as below the limit of quantification (LOQ). For data analysis, these values are often
replaced by a constant, usually the LOQl, however, if the LOQ is unknown, values are
replaced by zeros or a fraction of the minimum observed. The interested reader is referred
to Van Reenen et al. [24] and the references therein for an in-depth discussion.

The beta distribution is a popular choice to model the dependent variable in regression
analysis, and specifically for fractional data. The alternative mixture models proposed in
this study may therefore be employed to more accurately characterise the target variable
where this is U- or J-shaped. Possible avenues for future research would be to consider
constrained optimisation techniques to estimate the parameters of the MSP model to
circumvent possible identifiability problems, as well as investigating the potential of the
proposed distributions to model doubly bounded fractional dependent variables.
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Abstract: Modelling the outcome after loan default is receiving increasing attention, and survival
analysis is particularly suitable for this purpose due to the likely presence of censoring in the data. In
this study, we suggest that the time to loan write-off may be influenced by latent competing risks, as
well as by common, unobservable drivers, such as the state of the economy. We therefore expand on
the promotion time cure model and include a parametric frailty parameter to account for common,
unobservable factors and for possible observable covariates not included in the model. We opt for a
parametric model due to its interpretability and analytical tractability, which are desirable properties
in bank risk management. Both a gamma and inverse Gaussian frailty parameter are considered for
the univariate case, and we also consider a shared frailty model. A Monte Carlo study demonstrates
that the parameter estimation of the models is reliable, after which they are fitted to a real-world
dataset in respect of large corporate loans in the US. The results show that a more flexible hazard
function is possible by including a frailty parameter. Furthermore, the shared frailty model shows
potential to capture dependence in write-off times within industry groups.

Keywords: survival analysis; write-off time; loan recovery; promotion time cure model; parametric
frailty; shared frailty

MSC: 62N01; 62N02; 62P05

1. Introduction

Risk management in the credit risk environment has advanced considerably over the
last few decades, and during the same time, statistical models developed for this purpose
have grown in variety and sophistication. Initially, statistical modelling focused on the
assessment of a counterparty’s creditworthiness (i.e., default risk), but the modelling of
the recovery process and outcome after default are receiving increasing attention. Two
main outcomes or resolutions are possible after default: either the outstanding amount is
fully recovered or the loan is written off. Modelling the time to write-off of a defaulted
loan is valuable to a bank, as the time on book of such loans not only affects its operational
decisions but also its profitability [1]. Survival analysis has enjoyed increasing popularity in
the credit risk environment for modelling of the time to default and, more recently, to model
the time to resolution of a defaulted loan (see, e.g., [2–5]). Since write-offs are typically
associated with longer resolution times than full recoveries, the number of write-offs is
usually under-represented in samples of defaulted loans [6]. This makes survival analysis
particularly suitable for modelling the time to write-off because the status at the end of the
observation period is often recorded as “not resolved”, i.e., censoring is present.

With the fast-growing body of literature on the use of survival analysis (and specifically
the Cox proportional hazard (CPH) model) to model default risk, an exploration of the
use of the methodology to describe the post-default outcome of a loan is a natural outflow.
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Several authors have made use of Cox regression to demonstrate that loan and obligor
characteristics, as well as macroeconomic factors, drive the resolution time of defaulted
loans (see e.g., [3,4,7,8]).

Recently, both mixture cure and promotion time cure (PTC) models have found
applications in the credit risk environment (see e.g., [9–12]). Recognising that there is a
proportion of defaulted loans that is not “susceptible” to a full recovery, de Oliveira and
Louzada [5] modelled the recovery process of defaulted loans using a PTC model. The
model considers the full repayment of a defaulted loan as the event of interest and allows
for latent factors that may impact the post-default resolution outcome.

The time to write-off or full recovery may, in addition to latent competing risks, also be
influenced by common, unobservable drivers, such as the state of the economy [3]. In this
study, we propose an expansion of the PTC model by including a frailty parameter to control
for unobserved heterogeneity within our population of defaulted loans. Underlying the
post-default recovery process is the macroeconomic environment, which has a systematic
effect on all borrowers’ ability to resolve their defaulted obligations. Although some of
these are observable and can be included as covariates, we propose a frailty parameter
that can account for common, unobservable factors, as well as for possible observable
covariates not included in the model. We consider both the univariate and the shared frailty
parameter. Global regulatory standards, specifically those set by the Basel Accords, require
banks to have a comprehensive framework for model risk management, which includes
ongoing monitoring and assessment of model performance. We demonstrate how inclusion
of a frailty parameter in the PTC model results in improved model performance when
estimating the time to write-off of a non-performing loan.

Our paper offers the following contributions. First, we formulate the PTC model with
gamma frailty and derive its likelihood function. Second, we compare the performance of
this model to that of the standard PTC model, as well as to a PTC model that includes an
inverse Gaussian frailty parameter, as proposed by Barriga et al. [13]. For the comparison,
we first perform a simulation study, then fit the models to both a simulated and a real-world
dataset relating to the resolution outcomes of defaulted corporate loans. Third, we extend
the PTC model to include a shared frailty parameter. We derive the likelihood function of
this model and evaluate its performance on the same real-world dataset.

The probability of write-off (or recovery) is a key component within two-step loss
given default (LGD) models, where the post-default outcome probability and loss severity
are characterised separately (see, e.g., [14]). Improving on the accuracy of LGD models
should therefore enable a bank to attain more accurate estimates of this risk parameter for
the determination of credit loss provisions, which should, in turn, result in more stable
earnings. It will also enable the bank to more accurately assess its regulatory and/or
economic capital requirements, which are crucial for a bank’s financial stability. Obtaining
a more accurate estimate of the time to write-off will, furthermore, enable the bank to better
manage its cash flow requirements and reduce the liquidity risk to which it is exposed.

The remainder of this article is structured as follows. In the next section, an overview
of survival modelling is provided, including cure models and their application in the credit
risk environment. The formulation of the proposed model, namely the PTC model with
parametric frailty, follows in Section 3. In Section 4, the likelihood function of this model is
derived, and the finite sample performance of maximum likelihood estimators (MLEs) of
the frailty models is analysed through a Monte Carlo simulation study. We apply our model
to both a simulated dataset and a real-world loan loss dataset in Section 5. In Section 6,
we describe the extension of the PTC model with a shared frailty parameter, including an
application to a real-world dataset. We provide some concluding remarks and avenues for
future research in Section 7.

2. Background

Survival modelling is a statistical method used to analyse and predict the time until
an event of interest occurs. The event of interest is often referred to as the “failure” or
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“death” event, and the time until this event is referred to as the “survival time”. The event of
interest in our context is the write-off of a defaulted loan. In general, the survival function
is defined as S(t) = P(T > t), where T is the random variable representing the time to the
event, and t is a specific point in time.

Within the resolution process of defaulted loans, random right censoring is normally
present due to the fixed duration of the observation period. Not all subjects experience the
event of interest, i.e., write-off, within that time period. In right censoring, there are two
latent random variables: T and C, where, T is the time of failure, and C is the censoring
time. The random observed variable is (Y, δ), where

Y = min(T, C)

and

δ =

{
1 if T ≤ C
0 if T > C

.

The simplest way of modelling the time to write-off is to assign a distribution with
positive support to T, for example, the gamma or Weibull distributions.

However, for credit risk modelling, specifying S(t) unconditionally without taking
covariates into account is too simplistic, and the CPH model has therefore dominated.

The CPH model, which was proposed in the seminal paper of Cox [15], assumes that
the hazard function is a function of a set of covariates and that the effect of the covariates
on the hazard function is proportional over time.

The hazard function h(t) = f (t)/S(t) of a survival process represents the instanta-
neous risk of the event of interest at a given time, where f is the density of T. For the CPH
model, the hazard function, conditional on a vector of covariates x = (x1, x2, . . . , xm)

T , has
the form

h(t | x) = h0(t)eβTx, (1)

where h0(t) is the baseline hazard function, and β = (β1, β2, . . . , βm)
T is the vector of

unknown regression parameters associated with x. The conditional survival function is
then given by

S(t | x) = P(T > t | x) = S0(t)exp(βTx),

where S0(t) = S(t | x = 0) is the baseline survival function.
The earliest studies to make use of the CPH model to model default risk include those

of Banasik et al. [16], Stepanova and Thomas [17] and Cao et al. [18]; subsequently, its
application to credit risk problems has increased markedly. Several authors, including Betz
et al. [3], Malwandla et al. [4] and Joubert et al. [8], have since made use of Cox regression
to model the post-default outcome of non-performing loans.

Notwithstanding the popularity of the CPH model, cure models have recently enjoyed
increasing attention within the credit risk domain. This is particularly true for the modelling
of the probability of default, which, in many high-quality loan portfolios, represents a rare
event (see, e.g., [9–11]). Cure models, as all survival models, had their origin in medicine,
where Boag [19] first suggested that there exists a certain proportion of cancer patients
who will never experience the event of interest, i.e., they can be considered cured. By not
accounting for the cure proportion, the estimates of the survival of susceptible subjects may
be biased [20].

In early work by Berkson and Gage [21] the following simple model was proposed:

S(t) = π0Sc(t) + (1− π0)Ss(t), (2)

where Sc and Ss are the survival functions for non-susceptible and susceptible individuals,
respectively, and π0 is the proportion of individuals considered non-susceptible, also
known as the cure proportion. Note that Sc(t) = 1 for all t ≥ 0, as the individuals being
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modelled are not susceptible to the event of interest and therefore have a probability of
survival equal to one.

The model in (2) was extended by Farewell [22] to allow for covariates. Suppose
another set of covariates y that may be equal to x is observed. The conditional survival
function for a mixture cure model is defined as:

S(t | x, y) = π0(x) + (1− π0(x))Ss(t | y), (3)

where π0(x) is commonly modelled using a logistic regression model, and Ss(t | y) is
modelled by a CPH or accelerated failure time model. For a detailed overview of mixture
cure models, the reader is referred to the review paper by Amico and van Keilegom [23].

The second type of cure model, known as the promotion time cure (PTC) model or, alterna-
tively, the bounded cumulative hazard model, was first introduced by Yakovlev et al. [24]. The
PTC model has an intuitive biological interpretation: an individual cancer patient has a
number of carcinogenic cells (denoted by N) left active after initial treatment, which have the
potential to activate over time and produce a significant relapse of cancer. Chen et al. [25]
further proposed that an individual is at risk of relapse if he or she is exposed to at least
one of the so-called latent factors, and relapse (or failure) is observed when one (or more)
of these latent factors becomes activated. If the individual is not considered to be at risk, he
or she is considered cured.

Formally, let N be the unobservable number of causes of the event of interest (write-off
in our case) for a given subject in the population. For a subject for which N ≥ 1, the event
time is defined as

T = min(Z1, Z2, . . . , ZN),

where Z1, Z2, . . . , ZN represents the time required for the jth unobservable cause to be
realised. A subject is cured if N = 0, which implies that T = ∞, i.e., write-off will not
happen. The set of observed covariates is denoted by x = (1, x1, x2, . . . , xm)

T . Rodrigues
et al. [26] demonstrate that the long-term survival function satisfies the proportional hazards
property if and only if the number of risks follows a Poisson distribution. Assume that N
follows a Poisson distribution with a mean of θ(x) > 0, where θ(x) = g(βTx) for a strictly
increasing function g (see e.g., Zhang and Peng [27] and Portier et al. [28]). Furthermore,
assume that Z1, Z2, . . . , ZN are i.i.d. from a distribution Fη with parameter η, which could
be a vector and independent of N. We then arrive at the well-known PTC model,

Sη(t | x) = P(T > t | x) = e−θ(x)Fη(t). (4)

For a short derivation of (4), the interested reader is referred to the work of Chen et al. [25].
It is clear from (4) that the cure fraction (i.e., for those not susceptible to write-off) is given
by

lim
t→∞

Sη(t | x) = e−θ(x) = π0(x).

To obtain a similar expression as in (3), the survival function in (4) can be decomposed to
obtain

Sη(t | x) = π0(x) + (1− π0(x))Ss
η(t | x),

where

Ss
η(t | x) =

e−θ(x)Fη(t) − π0(x)
1− π0(x)

(5)

represents the survival function of those who are susceptible to write-off. Note that Ss
η(t | x)

is a proper survival function in that lim
t→∞

Ss
η(t | x) = 0.

The distribution function Fη can be specified parametrically, e.g., by considering an
exponential, Weibull or gamma distribution or, alternatively, left completely unspecified,
resulting in a semiparametric PTC model. For an in-depth discussion relating to the
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estimation and inference of (4), the reader is referred to the review paper by Amico and
van Keilegom [23].

We argue that the PTC model is also interpretable in the post-default loan resolution
context. There exist several obligor- and loan-specific factors that may influence a loan’s
probability of being written off. Some of these factors are observable and can be included in
a model as covariates, but some factors, for example, an individual’s level of discretionary
expenditure and undisclosed debt, are latent and therefore analogous to the carcinogenic
cells modelled by Chen et al. [25]. There also exists a proportion of defaulted loans for
which the outstanding amounts will be fully recovered and is therefore not exposed to
write-off. In our context, these loans can be considered “cured”.

de Oliveira and Louzada [5] made use of a PTC model to model the recovery process
of defaulted loans within the context of latent competing risks. The considered event of
interest is full loan recovery, and the cure proportion represents the proportion of obligors
not susceptible to fully repay the outstanding loan amount.

The time to write-off or full recovery may, in addition to latent competing risks, also be
influenced by common, unobservable drivers, such as the state of the economy. Within the
credit risk environment and specifically in modelling the time to default, several authors
have accounted for these unobservable factors by including a frailty parameter within
the CPH framework (see e.g., [29–31]). An advantageous feature of the CPH model is the
ease with which a frailty parameter can be included by multiplication with the baseline
hazard function. A frailty parameter is a random variable that can account for unobserved
heterogeneity in a population [32]. With the univariate frailty model, the frailty term is
assumed to be a random variable that affects the failure times of individuals independently.
In a shared frailty model, on the other hand, the frailty term is assumed to be shared among
the individuals within a cluster or group [33]. For the CPH model, the frailty parameter is
incorporated as follows:

h(t | x, W) = Wh0(t)eβTx, (6)

where the frailty term W is a random variable with non-negative support, such as the
gamma distribution, inverse Gaussian (IG) distribution or log-normal distribution. The
conditional survival function of the CPH model, given the frailty W = w, is

S(t | x, w) = P(T > t | x, W = w) = S0(t)w exp(βTx).

In the context of the post-default loan resolution process, Betz et al. [3] accounted for
unobservable systematic effects in the comovement of the resolution times of defaulted
loans by including a random frailty parameter in the CPH model.

We propose including a frailty component in the PTC model of Chen et al. [25] to
model the time to write-off. The frailty parameter, which is assumed to have a parametric
form, can control for common unobservable factors, as well as for possible observable
covariates not included in the model. The PTC model with an IG frailty was used by
Barriga et al. [13] in a survival study of colorectal cancer patients, which is, to the best of
our knowledge, the only study to include a frailty effect within the PTC framework.

3. Proposed Model: The Promotion Time Cure Model with Parametric Frailty

To account for the heterogeneity in the time to write-off of individual obligors, we
propose an extension of the model in (4) by including a parametric frailty component.
We opt for a parametric model due to its interpretability and analytical tractability. These
characteristics are highly valued in the bank risk management environment, where most
models are subjected to intense regulatory scrutiny. A further benefit of parametric models
is the ease with which they can be subjected to stress and sensitivity testing.

We first consider the univariate case and include a gamma distributed frailty parameter
as follows. Assume that N has a Poisson distribution with parameter Wθ(x), where W is
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an unobserved gamma distributed random variable with parameter σ2 > 0 and density
function

fσ2(w) =
σ−2/σ2

Γ(1/σ2)
w1/σ2−1e−w/σ2

, w ≥ 0. (7)

Li et al. [34] showed that the model is identifiable if the distribution function of W
is specified. In this case, E[W] = 1, which assures that the model is identifiable, and
Var[W] = σ2.

From (4), we derive the conditional survival function, given W = w, as

S̃η(t | x, w) = P(T > t | x, W = w) = e−wθ(x)Fη(t). (8)

The unconditional survival function is then

S̃η(t | x) =
∫ ∞

0
S̃η(t | x, w) fW(w)dw

=
∫ ∞

0
e−wθ(x)Fη(t) fW(w)dw (9)

= ϕw
(
θ(x)Fη(t)

)

=
{

1 + σ2θ(x)Fη(t)
}−1/σ2

,

where ϕw(s) = E
[
e−sW] is the Laplace transform of the frailty W.

It is clear from (9) that

lim
t→∞

S̃η(t | x) =
{

1 + σ2θ(x)
}−1/σ2

= π0(x), (10)

where π0 is the cure fraction of the PTC model with gamma frailty, and σ2 can be seen as a
heterogeneity parameter.

From some algebraic manipulation, it follows that (9) can be expressed as

S̃η(t | x) = π0(x) + (1− π0(x))S̃s
η(t | x), (11)

where

S̃s
η(t | x) =

{
1 + σ2θ(x)Fη(t)

}−1/σ2
− π0(x)

1− π0(x)
(12)

represents the survival function of those who are susceptible to write-off. Note that S̃s
η(t | x)

is a proper survival function in the sense that lim
t→∞

S̃s
η(t | x) = 0 and lim

t→0
S̃s

η(t | x) = 1.

From (11), it is clear that the survival function of the non-susceptible individuals is 1,
whereas the proper survival function of those who are susceptible is a function of the frailty
parameter, σ2. However, from (10), it follows that the cure fraction is dependent on the
frailty parameter.

4. Estimation and Simulation

In this section, we discuss estimation of the parametric PTC model with a gamma
frailty parameter using maximum likelihood estimation (MLE). We illustrate the small
sample performance of the MLEs through a simulation study.

4.1. Maximum Likelihood Estimation of the PTC Model with Gamma Frailty

For the jth individual, j = 1, 2, . . . , n, we observe the triplet (Yj, δj, xj), where Yj =
min(Tj, Cj) is the jth observed time, δj = I

(
Tj ≤ Cj

)
is the corresponding indicator, Tj is

the time to write-off, Cj the censoring time and xj =
(
1, x1j, x2j, . . . , xmj

)T is the vector of
m covariates associated with the jth individual. Throughout, we assume that the model
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specified in (8) is a parametric model, i.e., we assume that F has a parametric form with an
unknown parameter η and that θ is related to the covariates by the relationship θβ(xj) =

eβTxj , where β = (β0, β1, . . . , βm)
T is a vector of unknown regression parameters.

The likelihood function is given by

L =
n

∏
j=1

S̃η(Yj | xj)h(Yj | xj)
δj

=
n

∏
j=1

S̃η(Yj | xj)

(
− d

dt
log S̃η(Yj | xj

)δj

,

where S̃η(t | xj) is given in (9). The log-likelihood of the PTC model with gamma frailty is
therefore

`
(

β, η, σ2
)
= −

n

∑
j=1

1
σ2 log

(
1 + σ2θβ(xj)Fη(Yj)

)
+

n

∑
j=1

δj log

(
θβ(xj) fη(Yj)

1 + σ2θβ(xj)Fη(Yj)

)
. (13)

For mixture cure models, a popular approach to estimate model parameters is to apply
the EM algorithm. To this end, the mixture cure representation of the model in (11) is used.
Recall that in a mixture cure model,

Ss(t | x) = P(T > t | B = 1, x),

where B is the cure status (or susceptibility) indicator, B = 1 indicates that an individual
is susceptible to the event of interest (i.e., uncured) and B = 0 corresponds to individuals
who are non-susceptible (i.e., cured). For the proposed model, (10) indicates that

P(B = 0 | x) = π0(x) =
{

1 + σ2θ(x)
}−1/σ2

.

Suppose that for the jth individual, j = 1, 2, . . . , n, we observe not only the triplet
(Yj, δj, xj) but also Bj, the indicator showing whether an observation is susceptible or not. It
is then possible to define the complete likelihood (see [35]) as

L =
n

∏
j=1

[(
1− π0(xj)

)
h̃s

η(Yj | x)S̃s
η(Yj | x)

]δjBj

×
n

∏
j=1

[
π0(xj)

1−Bj
{(

1− π0(xj)
)
S̃s

η(Yj | xj)
}Bj
]1−δj

,

where π0(xj) and S̃s
η are given in (10) and (12), respectively, while

h̃s
η(t | xj) = −

d
dt

log S̃s
η(t | xj)

represents the hazard function of those who are susceptible to write-off.
This likelihood can be rewritten as

L =
n

∏
j=1

(
1− π0(xj)

)δjBj π0(xj)
(1−δj)(1−Bj)

(
1− π0(xj)

)(1−δj)Bj

×
n

∏
j=1

[
h̃s

η(Yj | x)S̃s
η(Yj | x)

]δjBj
{

S̃s
η(Yj | xj)

}(1−δj)Bj
.

For the mixture cure model in (3), the survival function of the susceptible individuals
Ss(t | y) is not a direct function of the cure fraction π0. Unfortunately, this is not the case
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for the survival function S̃s(t | x), when the PTC model is written in its mixture cure form,
as can be seen from (12). Consequently, unlike for the “traditional” mixture cure model,
the likelihood presented above cannot be split into two separate components, namely a
latency part and an incidence part, which could have then be maximised separately (see,
e.g., [9,36]). We therefore settle for the conventional method to obtain maximum likelihood
estimators for the parameters of the PTC model with gamma frailty, i.e., we find the set
of parameter values (β, ν and σ2) that maximises the log-likelihood function in (13). The
required optimisation was performed by applying the Nelder–Mead algorithm, which is
included in the optim function of the R statistical software package [37].

Similar to the study by Barriga et al. [13], we also consider a PTC model with IG frailty.
In this case, the log-likelihood function is given by

`(β, λ, k, ζ) =
n
ζ
+

n

∑
j=1

δj log θβ(xj) +
n

∑
j=1

δj log Fη(Yj)

− 1
2

n

∑
j=1

δj log
(
1 + 2ζθβ(xj)Fη(Yj)

)
− 1

ζ

n

∑
j=1

√
1 + 2ζθβ(xj)Fη(Yj), (14)

where ζ is the frailty parameter.
In the simulation study, we choose Fη as the Weibull and linear failure rate (LFR)

distributions. In the case of the Weibull distribution, η = (λ, k)T , where λ > 0 is a scale
parameter and k > 0 is a shape parameter with distribution function

Fλ,k(t) = 1− e−(
t
λ )

k
, t ≥ 0 (15)

and density function

fλ,k(t) =
k
λ

(
t
λ

)k−1
e−(

t
λ )

k
, t ≥ 0. (16)

In the case of the LFR distribution, η = (a, b)T , where a > 0 and b > 0 are shape parameters,
and the distribution function is given by

Fa,b(t) = 1− e−at− b
2 t2

, t ≥ 0

with density function
fa,b(t) = (a + bt)e−at− b

2 t2
, t ≥ 0.

4.2. Simulation Study

To evaluate the performance of the MLEs, based on the log-likelihood given in (13)
(and also for comparison purposes, the log-likelihood given in (14)), we conducted a
simulation study as follows. Two covariates are used; the first, xj1, j = 1, . . . , n, is generated
from a standard exponential distribution, whereas the second, xj2, j = 1, . . . , n, is generated
from a Bernoulli distribution with a probability of success of 0.6. These covariates remain
fixed throughout the Monte Carlo simulation study. The cure proportion is given by

pj =
{

1 + σ2θβ(xj)
}−1/σ2

,

where
θβ(xj) = eβTxj = eβ0+β1xj1+β2xj2 .

As mentioned earlier, we take Fη to be either the Weibull or LFR distribution. In the
former case, η = (λ, k)T = (2, 1)T , and in the latter case, η = (a, b)T = (1.5, 2)T . Censoring
times Cj, j = 1, . . . , n are sampled from a standard uniform distribution, and the frailty
parameter, σ2, is set to 0.5. In order to control the cured and censoring proportions, we
consider two different values for the regression coefficient vector, namely β = (2,−1, 2)T
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and β = (0.5,−1, 2)T . The first calibration (in conjunction with the parameter choices for
Fη) results in an average cure proportion of 10% and a 20% censoring proportion, while the
second results in an average cure proportion of 30%, with a 45% censoring proportion. The
jth resolution time Tj from a PTC model with gamma frailty is generated as follows:

1. Generate Bj from a Bernoulli distribution:

Bj =

{
1 with probability 1− pj
0 with probability pj

2. If Bj = 0, then set Tj = ∞;
3. If Bj = 1, generate Uj ∼ U[0, 1], and calculate

Tj = F−1
η





(
Uj(1− pj) + pj

)−σ2
− 1

σ2θβ(xj)



,

where F−1
η is the inverse cumulative distribution function;

4. Generate censoring times Cj ∼ U[0, 1];
5. The simulated data are then (Yj, δj, xj1, xj2), j = 1, . . . , n, where

Yj = min(Tj, Cj),

and
δj = I(Tj ≤ Cj).

All calculated values are based on 1000 independent Monte Carlo replications for
samples of size n = 200, 300, 500 and 1000.

Table 1 contains the approximate average values of the MLEs, as well as the corre-
sponding standard errors given in parenthesis, for the PTC model with either the gamma
or IG frailty and Fη as either a Weibull or LFR distribution. The average cure fraction is
10%, and the censoring proportion is 20%. Table 2 shows the results for a 30% cure fraction
and a 45% censoring proportion, with all other aspects identical to the set-up of Table 1.

Tables 1 and 2 show the properties that we expect from MLEs, namely that they are
unbiased and consistent. This is shown by the average estimates approaching the true
values of the parameters, as well as the decreasing standard errors, as the sample size
increases. Table 1 shows that for the IG frailty parameter ζ, the bias and the standard
errors of the estimates are greater for smaller samples when Fη is the Weibull distribution
compared to the LFR distribution. We also observe a slower rate of convergence in this
case. The same holds for the rate of convergence in the case of a higher cure fraction
and censoring percentage, as observed in Table 2. When Fη is the LFR distribution, larger
standard errors are observed for smaller sample sizes (n = 200 and n = 300). Overall, the
results demonstrate that the MLEs, based on the log-likelihood for the PTC model with
gamma frailty, are accurate for small samples, especially when comparing their performance
to those of the PTC model with an IG frailty. Although not shown in this paper, confidence
intervals for the parameters can be estimated using the following bootstrap algorithm,
which makes use of the ”cases bootstrap” approach discussed in [38]:

1. Resample (Y∗1 , δ∗1 , x∗1), . . . , (Y∗n , δ∗n, x∗n) i.i.d from the empirical distribution function of
(Y1, δ1, x1), . . . , (Yn, δn, xn);

2. Fit the model in (9) on the resampled data to obtain estimates ϑ̂
∗
=
(

β̂
∗
, η̂∗, σ̂∗

)T
.

Denote the first of these by ϑ̂
∗
(1);

3. Repeat steps 1 and 2 B times to obtain ϑ̂
∗
(1), ϑ̂

∗
(2), . . . , ϑ̂

∗
(B).

Now, suppose that we want to construct a confidence interval for the parameter
β1. From ϑ̂

∗
(1), ϑ̂

∗
(2), . . . , ϑ̂

∗
(B), we have the bootstrap estimators β̂∗1(1), . . . , β̂∗1(B), from
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which a confidence interval can be obtained. Alternatively, one can make use of the large
sample properties of MLEs to construct a confidence interval (see, e.g., [13]).

Table 1. Simulation results with 10% cure fraction and 20% censoring.

Parameter n = 200 n = 300 n = 500 n = 1000

PTC with gamma frailty and Fη a Weibull distribution

β0 = 2 2.314 (0.988) 2.165 (0.706) 2.120 (0.512) 2.049 (0.330)
β1 = −1 −1.035 (0.191) −1.016 (0.154) −1.016 (0.116) −1.004 (0.085)
β2 = 2 2.047 (0.347) 2.025 (0.276) 2.017 (0.216) 2.011 (0.152)
λ = 2 2.070 (1.217) 2.064 (0.988) 2.027 (0.782) 1.998 (0.560)
ν = 1 1.018 (0.113) 1.012 (0.090) 1.009 (0.069) 1.002 (0.048)

σ2 = 0.5 0.517 (0.302) 0.506 (0.247) 0.516 (0.179) 0.502 (0.127)

PTC with gamma frailty and Fη a LFR distribution

β0 = 2 2.318 (0.833) 2.199 (0.651) 2.170 (0.493) 2.110 (0.353)
β1 = −1 −1.059 (0.195) −1.028 (0.152) −1.022 (0.108) −1.009 (0.076)
β2 = 2 2.103 (0.361) 2.050 (0.262) 2.029 (0.197) 2.023 (0.135)
a = 1.5 1.338 (0.804) 1.391 (0.682) 1.381 (0.551) 1.398 (0.415)
b = 2 3.337 (4.018) 2.820 (2.966) 2.531 (2.510) 2.257 (1.882)

σ2 = 0.5 0.569 (0.308) 0.529 (0.238) 0.528 (0.161) 0.513 (0.107)

PTC with IG frailty and Fη a Weibull distribution

β0 = 2 2.556 (1.461) 2.385 (1.227) 2.312 (1.018) 2.107 (0.496)
β1 = −1 −1.079 (0.234) −1.057 (0.210) −1.050 (0.167) −1.018 (0.122)
β2 = 2 2.134 (0.447) 2.110 (0.407) 2.089 (0.330) 2.040 (0.231)
λ = 2 2.228 (1.346) 2.181 (1.044) 2.096 (0.806) 2.046 (0.558)
ν = 1 1.060 (0.168) 1.051 (0.159) 1.042 (0.130) 1.016 (0.090)

ζ = 0.5 1.638 (3.506) 1.554 (3.553) 1.213 (2.284) 0.768 (1.261)

PTC with IG frailty and Fη a LFR distribution

β0 = 2 2.344 (0.973) 2.226 (0.703) 2.183 (0.497) 2.106 (0.332)
β1 = −1 −1.058 (0.184) −1.035 (0.150) −1.023 (0.105) −1.012 (0.077)
β2 = 2 2.095 (0.337) 2.069 (0.278) 2.037 (0.196) 2.028 (0.139)
a = 1.5 1.362 (0.816) 1.382 (0.673) 1.374 (0.551) 1.404 (0.402)
b = 2 3.459 (4.147) 3.052 (3.301) 2.585 (2.561) 2.350 (2.054)

ζ = 0.5 0.927 (1.549) 0.886 (2.742) 0.637 (0.503) 0.567 (0.293)

Table 2. Simulation results with 30% cure fraction and 45% censoring.

Parameter n = 200 n = 300 n = 500 n = 1000

PTC with gamma frailty and Fη a Weibull distribution

β0 = 0.5 0.789 (0.887) 0.686 (0.755) 0.581 (0.409) 0.546 (0.254)
β1 = −1 −1.067 (0.245) −1.023 (0.189) −1.022 (0.141) −1.010 (0.102)
β2 = 2 2.097 (0.426) 2.038 (0.337) 2.020 (0.247) 2.021 (0.179)
λ = 2 2.153 (1.188) 2.078 (0.982) 2.077 (0.751) 1.999 (0.533)
ν = 1 1.039 (0.135) 1.020 (0.109) 1.013 (0.079) 1.005 (0.055)

σ2 = 0.5 0.595 (0.480) 0.530 (0.375) 0.525 (0.273) 0.517 (0.182)

PTC with gamma frailty and Fη a LFR distribution

β0 = 0.5 0.812 (0.874) 0.695 (0.591) 0.618 (0.395) 0.579 (0.262)
β1 = −1 −1.092 (0.264) −1.039 (0.200) −1.030 (0.142) −1.014 (0.098)
β2 = 2 2.158 (0.494) 2.073 (0.361) 2.038 (0.252) 2.029 (0.175)
a = 1.5 1.328 (0.830) 1.344 (0.669) 1.399 (0.518) 1.409 (0.370)
b = 2 3.045 (3.104) 2.705 (2.683) 2.476 (2.226) 2.145 (1.645)

σ2 = 0.5 0.671 (0.578) 0.572 (0.401) 0.548 (0.280) 0.526 (0.174)

PTC with IG frailty and Fη a Weibull distribution

β0 = 0.5 0.958 (1.203) 0.802 (0.950) 0.746 (0.791) 0.623 (0.433)
β1 = −1 −1.095 (0.271) −1.062 (0.241) −1.054 (0.205) −1.033 (0.146)
β2 = 2 2.164 (0.51) 2.135 (0.466) 2.108 (0.383) 2.069 (0.286)
λ = 2 2.202 (1.254) 2.206 (1.014) 2.131 (0.771) 2.018 (0.521)
ν = 1 1.070 (0.179) 1.060 (0.166) 1.050 (0.137) 1.023 (0.100)

ζ = 0.5 2.139 (5.047) 1.988 (4.589) 1.544 (3.243) 1.045 (2.389)

PTC with IG frailty and Fη a LFR distribution

β0 = 0.5 0.932 (0.970) 0.829 (0.970) 0.690 (0.488) 0.628 (0.341)
β1 = −1 −1.098 (0.266) −1.068 (0.235) −1.038 (0.170) −1.028 (0.120)
β2 = 2 2.168 (0.483) 2.142 (0.426) 2.080 (0.318) 2.058 (0.238)
a = 1.5 1.256 (0.795) 1.298 (0.684) 1.350 (0.558) 1.374 (0.412)
b = 2 3.138 (3.305) 2.888 (2.833) 2.584 (2.381) 2.248 (1.888)

ζ = 0.5 5.661 (70.567) 2.762 (20.101) 1.108 (2.504) 0.781 (1.191)
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5. Application

In this section, we analyse whether the proposed models, as described in Section 3, are
able to account for common unobservable factors by fitting them to two datasets. Before
fitting the frailty models to a real-world dataset, we apply the models to a simulated
dataset, where we simulate an “unobservable” variable not directly accounted for in our
frailty models. We then proceed to apply the proposed models to a real-world loss dataset
obtained from Global Credit Data (GCD).

5.1. Simulated Dataset

In order to further investigate the performance of the PTC model with gamma frailty,
we simulate a single dataset (Yj, δj, xj1, xj2), j = 1, . . . , n, of size n = 1000 from a PTC model
without frailty, i.e., from the model in (4). The two covariates are generated as in Section 4.2,
whereas the cure proportion is now given by pj = e−θβ(xj), where

θβ(xj) = eβTxj = eβ0+β1xj1+β2xj2

with β = (2,−1, 2)T . Fη is taken to be the Weibull distribution, with the same parameters
as in Section 4.2 and censoring times are again assumed to follow a standard uniform dis-
tribution. With this configuration, our simulated dataset has a non-susceptible percentage
of 6.4%, and 16.2% of the resolution times are censored.

One of the covariates is now dropped from the simulated dataset so that we only
“observe” the set (Yj, δj, xj1), j = 1, . . . , n. On this observed dataset, we fit three different
models:

• The PTC model with no frailty in (4);
• The PTC model in (8) with gamma frailty and frailty parameter σ2;
• The PTC model in (8) with an IG frailty and frailty parameter ζ.

For all three models, we have

θβ(xj) = eβTxj = eβ0+β1xj1 .

In Table 3, the estimates of all three models are shown, as well as their respective
calculated log likelihoods, Akaike information criteria (AIC) and Bayesian information
criteria (BIC).

Table 3. Parameter estimates and goodness-of-fit measures for all three models fitted to the simulated
dataset.

Parameter PTC PTC with Gamma Frailty PTC with IG Frailty

β0 1.724 3.695 3.603
β1 −0.629 −0.954 −0.978
λ 3.513 1.589 2.778
k 0.790 0.967 1.025

σ2 0.825 *
ζ 2.244 *

log-likelihood 1485.493 1493.001 1496.808
AIC −2962.986 −2976.002 −2983.616
BIC −2943.355 −2951.463 −2959.077

* These parameters are significant at a 5% significance level according to the adjusted likelihood ratio test (see
Claeskens et al. [39]).

Based on both the AIC and BIC, the two frailty models outperform the PTC model,
with the IG frailty yielding the best performance. The estimates of the β0 and β1 parameters
for the two frailty models are very similar but differ notably from the estimate for the PTC
model. This highlights the idiosyncratic attributes of the frailty models compared to the
PTC model and, in conjunction with the lower AIC and BIC values, suggests that the frailty
models are better at capturing the effect of the unobserved covariate than the PTC model.
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5.2. Real-World Dataset

Our real-world loss dataset was provided by GCD, formally known as the Pan-
European Credit Data Consortium (PECDC). GCD is a non-profit organisation that collects
and analyses historical loss data from member banks [40].

We use a subsample of the loss database consisting of large corporations (LCs) from
the United States. All loans that defaulted in the period 1 January 2005 to 31 December 2019
are included. For materiality purposes, we further filter the data to only include loans for
which the exposure amount is larger than USD 500. The dataset includes information on
when the loan went into default, whether (and when) the loan was fully settled, whether
(and when) the loan was written off and whether the case has been resolved.

We include the industry of the obligor as a categorical covariate in the model based
on the study by Schuermann [41], which demonstrates that the industry of an obligor
has an impact on the recovery rate. In industries in which tangible assets represent a
substantial portion of a company’s assets, such as manufacturing or transportation, the
bankruptcy process may be resolved more quickly, since the assets can be more easily sold
to repay creditors.

Obligor industries are aggregated into five industry groups, as indicated in Table 4,
with a sixth (denoted by −1) for loans for which the industry is unknown. Also shown in
the rightmost column of Table 4 is the proportion of censored cases for each industry group.
We consider defaulted loans that were fully repaid, as well as those for which the resolution
process had not yet been completed at the end of the observation period, as censored.

Table 4. Summary of industry groupings, industry frequency and censored proportion of US large
corporation dataset.

Industry Group Industry Description Frequency Censored

1 Primary Industries
Agriculture, Hunting and Forestry

14.5% 28.8%Fishing and Fishing Products
Mining

2
Manufacturing,
Utilities and
Construction

Manufacturing
33.3% 33.5%Utilities

Construction

3 Trade Industries Wholesale and Retail Trade 24% 28.1%Transportation and Storage

4 Service Industries

Hotels and Restaurants
17% 27.9%Finance and Insurance

Real Estate Rental and Leasing
Professional, Scientific and Technical Services
Private Sector Services (Household)

5 Other

Communications

4.7% 35.6%
Public Administration and Defence
Education
Health and Social Services
Other Community, Social and Personal Services

−1 Unknown Unknown 6.5% 30.7%

In Figure 1, the Kaplan–Meier estimate of the survival probability of all data is shown
on the left, and that of the data stratified by industry (−1, 1, . . . , 5) is shown on the right.
From the left pane graph, it is evident that a cure proportion is present in the aggregated
dataset. The narrow confidence interval can be attributed to the large sample size (n = 1558).
From the right pane graph, notable differences in the cure proportions for the different
industry groups can be observed, suggesting that the industry of a borrower has a definite
impact on the probability of recovering the full loan amount after default.

Besides industry groups, which are included as dummy variables with corresponding
coefficients (β2, . . . , β6), we include the annualised seasonally adjusted GDP growth in
the month of default as a covariate, with the associated coefficient β1. Our choice of GDP
growth is motivated by the study of Khieu et al. [42], in which the authors report a positive
relationship between annual GDP growth and recovery rates of defaulted corporate debt
in the US. Furthermore, Betz et al. [43] found positive dependencies between default
resolution times and final loan loss rates.
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Figure 1. The Kaplan–Meier estimate of the survival probability of all data with 95% confidence
intervals (left pane) and that of the data grouped by industry (right pane).

The MLEs of the model parameters are shown in the first three columns of Table 5. For
both frailty models, the frailty parameters (σ2 and ζ, respectively) are significant at the 5%
level based on the adjusted log-likelihood test. In line with the findings of Khieu et al. [42]
and Betz et al. [43], a negative relationship between GDP growth and time to write-off is
observed. This means that higher GDP growth at the time of default is associated with
a higher probability of full loan repayment. This makes intuitive sense, especially when
considering the price at which collateral can be sold or the prospects for a firm to recover
from financial distress and settle outstanding loan obligations. Also shown in Table 5 are
the calculated log likelihoods, AIC and BIC. Based on all three goodness-of-fit measures,
the PTC model with gamma frailty performs the best out of the three models.

Table 5. Estimation results of different models on the US large corporation dataset.

Parameter PTC PTC with Gamma Frailty PTC with IG Frailty PTC with Shared Frailty

β0 3.920 6.968 2.141 0.843
β1 −0.025 −0.021 −0.029 −0.023
β2 0.187 0.094 0.134
β3 0.037 0.254 0.083
β4 0.175 0.501 0.297
β5 0.050 0.064 0.093
β6 0.076 0.168 0.117
λ 4.462 × 10−4 4.644 × 10−8 2.523 × 10−5 3.343 × 10−4

k 0.852 1.579 1.327 1.073
σ2 2.157 * 3.926
ζ 2.360 *

log-likelihood −8813.626 −8735.423 −8753.194 −8787.344
AIC 17,645.200 17,490.850 17,526.390 17,584.690
BIC 17,693.412 17,544.358 17,579.900 17,611.444

* These parameters are significant at the 5% level according to the adjusted likelihood ratio test.

In Figure 2, the survival curves (left pane) and hazard rates (right pane) for the PTC
model, as well as the PTC with gamma and IG frailties, are plotted. From the left pane
graph, it is evident that the fitted PTC model exhibits a much smaller cure fraction than
the two frailty models, for which the frailty parameters were found to be significant. This
further motivates the inclusion of a frailty parameter within the PTC model to capture
residual heterogeneity. We observe that the hazard functions of the frailty models have
very different shapes when compared to the standard PTC model. The hazard function has
a significant impact on the survival function, especially on the cure rate, as can be seen from
the graph on the left-hand side. The hazard functions of the two frailty models both exhibit
a non-monotone shape. By including a frailty parameter in the model, the hazard function
can become more flexible and may better capture non-standard patterns. Consequently,
due to the flexibility of the frailty parameter, possibly less reliance may be placed on the
choice of Fη.
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Figure 2. The estimated survival probability (left pane) and hazard rates (right pane) for PTC (black),
PTC with gamma frailty (blue) and PTC with IG frailty (grey) models.

6. Extension to the Shared Gamma Frailty Model

In many survival studies, the failure times of individuals are not independent but
dependent within groups or clusters. This can be due to shared environmental factors, such
as exposure to air pollution in the case of cancer data or the state of the economy in the
case of credit risk. By including a shared frailty term in a survival model, the dependence
between the failure times of individual subjects within a cluster can be allowed for, leading
to more accurate estimates of the hazard rates and the survival probabilities.

Suppose that we have n clusters of size ni, i = 1, 2, . . . , n, with each cluster sharing
a common risk, assumed to be random, and modelled by an i.i.d. gamma distributed
frailty Wi, i = 1, . . . , n, each with a density of fσ2 given in (7). The multivariate conditional
survival function, given Wi = wi, is then

S̃η(ti1, . . . , tini | xi, wi) = P
(
Ti1 > ti1, . . . , Tini > tini | xi, Wi = wi

)

= P(Ti1 > ti1 | xi, Wi = wi) . . . P
(
Tini > tini | xi, Wi = wi

)

= e−wi ∑
ni
j=1 θβ(xij)Fη(tij),

where xi =
(
xi1, . . . , xini

)
is the covariate matrix of the individual in the ith cluster, and Fη

is, as in the univariate case, some specified distribution with parameter vector η.
For the jth individual in the ith cluster, j = 1, 2, . . . , ni, we observe the triplet (Yij, δij, xij),

where Yij = min(Tij, Cij), δij = I
(
Tij ≤ Cij

)
, and xij = (1, x1ij, x2ij, . . . , xmij)

T is the vector
of m covariates associated with the jth individual in the ith cluster. Similar to the univari-

ate case, θβ(xij) = eβTxij , where β = (β0, β1, . . . , βm)T is a vector of unknown regression
parameters. Furthermore, we denote the number of observed events in the ith cluster by
di = ∑ni

j=1 δij. The likelihood is then given by

L =
n

∏
i=1

∫ ∞

0

(
ni

∏
j=1

(
wiθβ(xij) fη(Yij)

)δij e−wiθβ(xij)Fη(Yij)

)
fσ2(wi)dwi,

where fη is the density associated with distribution Fη.
By some algebraic manipulation, and by taking the natural logarithm, the log-likelihood

function in closed form is given by

`(β, σ, η) =
n

∑
i=1

(
ni

∑
j=1

δij log
{

θβ(xij) fη(Yij)
}
)
+

n

∑
i=1

log Γ
(

1
σ2 + di

)

−
n

∑
i=1

(
1
σ2 + di

)
log

(
1
σ2 +

ni

∑
j=1

θβ(xij)Fη(Yij))

)

− 2n
σ2 log σ− n log Γ

(
1
σ2

)
.
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For the application of the shared frailty model to our real-world dataset described in
Section 5.2, we cluster our data with reference to industry group based on the intuitive
reasoning that obligors within the same industry group are subject to similar forces in the
economy, which is a source of dependency within these groups. Instead of treating the
industry group as a covariate, a shared frailty parameter is fitted as a means to account for
the dependence of write-off times within industry groups. Again, we assume Fη to be the
Weibull distribution function with η = (λ, k) as defined in (15).

The final column of Table 5 lists the MLEs of the PTC model with shared frailty. It is
important to note that the significant frailty variance parameter σ2 of the univariate gamma
frailty model confirms that the model succeeds in capturing unobserved heterogeneity.
However, for the shared frailty model, a significant frailty variance parameter σ2 confirms
that a relationship exists within each industry cluster and that its value can be interpreted
to measure the dependence between loan write-off times within each industry cluster (see
discussion in [32] (p. 144)).

According to the values of the calculated log likelihood, AIC and BIC, the shared
frailty model performs favourably compared to the standard PTC model, despite the shared
frailty model being a more parsimonious model. This also suggests that the shared frailty
component does succeed in capturing some of the dependence between loan write-off times
attributable to the industry of the obligor.

7. Concluding Remarks

In this paper, a PTC model with gamma frailty was developed and applied to a real-
world loss dataset. The applicability of a cure proportion in the context of the post default
loan resolution process was demonstrated, and we also showed how the inclusion of a
frailty parameter in the PTC model can allow for the modelling of a more flexible shape of
the hazard function. This may improve the accuracy of the survival model and, equally
importantly, provide a better understanding of the underlying processes that drive the
occurrence of write-off over time. Furthermore, the flexibility offered by the inclusion
of a frailty parameter affords for possibly less reliance to be placed on the selection of a
“baseline” distribution Fη in the PTC model.

The proportional hazard assumption of the popular CPH model implies that the rela-
tive hazard rate remains constant over time with different covariate levels. By including
a parametric frailty parameter in the PTC model with fewer covariates, a more flexible
relationship between potential (latent) predictors and the time to write-off can be accom-
modated. Through a Monte Carlo study, we demonstrated that the parameter estimates of
the PTC model with gamma frailty are reliable.

We also showed that, by including a shared gamma frailty term in a PTC model,
the dependence between the failure times of individual subjects within a cluster can be
accounted for, which, in turn, may lead to more accurate estimates of the hazard rate and
the write-off times. Our initial exploration of the use of a shared frailty model warrants
future investigation, with specific focus on the small sample performance of shared frailty
models. Other PTC models with shared frailties can also be considered, such as a log-
normal shared frailty model or a compound Poisson shared frailty model that includes two
important special cases, namely gamma and IG distributions.

A shared frailty model takes the dependency of the event times within clusters into
account, but other forms of dependency may also exist that were not explored in this study.
The models we considered assume independence between the censoring time and write-off
time of individual loans. A model that allows for possible dependence between these times
may be considered in a future study. This is referred to as dependent censoring and is
rapidly gaining traction in contemporary research (see, e.g., [44–46]).

In a highly regulated industry such as banking, parametric models are often preferred
to non-parametric models due to their analytical tractability and interpretability. Parametric
models also easily allow for sensitivity analysis and stress testing by varying parameter
values. As demonstrated by this study, parametric frailty models offer the potential to
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characterise unexplained heterogeneity in the write-off times of individual loans. Besides
the time to write-off, which can be predicted more accurately, these models also offer the
prospect of modelling the probability of write-off and full repayment in the context of
censored data. As such, the model offers a viable alternative for modelling the resolution
outcome in two-step loss, given default modelling, while making use of the most recent (and
therefore most relevant) loan resolution data. The reliance of these models on accurate and
trustworthy data requires banks to make substantial investments in systems, expertise and
validation efforts. Modellers should take care to avoid spurious accuracy and to understand
the economic and operational drivers of credit risk before and after loan default. Inclusion
of a frailty parameter to capture residual heterogeneity should therefore not be regarded as
a substitute for including known risk drivers as covariates within a prediction model.
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Chapter 5

Conclusion

In this Chapter the main findings, including avenues for future research, of the three thesis articles are

reported and some concluding remarks are provided.

5.1 Overview of results and future research

The general objective of this thesis was to contribute to the literature on LGD modelling, specifically

in the context of EC models. Three articles have been presented, each making a unique contribution to

distinct aspects of LGD modelling. The results and conclusions of these three articles, as well as avenues

for future research, are now presented.

In the first article, A Cost of Capital Approach to determining the LGD Discount Rate, we

have demonstrated how an LGD discount rate can be inferred from a market-consistent (or fair) price

for defaulted exposures. Here, determination of the market consistent price has been inspired by the

Solvency II regulatory regime’s cost of capital approach. The main drivers of the LGD discount rate

were found to be the mean and variance of recovery cash flows, which in turn drive the economic capital

requirement for post default credit risk. Further drivers of the discount rate include the average risk

free rate applicable over the reference period, the average term of the cash flows, and the cost of capital

rate. We also demonstrated that the discount rate is fairly sensitive to the cost of capital rate, more

so when recovery rates are low. The proposed methodology satisfies the regulatory requirement for the

LGD discount rate to account for the time value of money and to include a risk premium that reflects the

undiversifiable risk of recovery cash flows. It therefore represents a viable option to determine an LGD

discount rate for both regulatory and economic capital purposes.

Due to data limitations, a comparative study between the proposed cost of capital discount rate and the

average contract rate (of the two retail bank portfolios analysed) was excluded from the scope of our

study. To provide a more comprehensive analysis of the proposed method, future research could consider

such a comparative study to fully explore the difference between the cost of capital risk premium and

that embedded in the contractual loan rate.
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In the second article, Introducing Two Parsimonious Standard Power Mixture Models for

Bimodal Proportional Data with Application to Loss Given Default, two alternative models

to the commonly used beta distribution have been proposed to better capture the bimodality of LGD

data. Besides parsimony, the objective was to formulate a model that reduces the difference between

the empirical and distributional means. The two proposed models, both mixtures of standard power

distributions, were fitted to LGD data and their performance evaluated using traditional information

criteria. In addition to outperforming the benchmark beta distribution, both proposed models also

reduced the bias in the estimation of the mean. It was further demonstrated how, by evaluating the sign

of the empirical bias of the fitted models, a model that provides a more conservative estimation of the

mean LGD could be identified.

The beta distribution is a popular choice to model the dependent variable in regression analysis, and

specifically for fractional data. The alternative mixture models proposed in this study may therefore be

employed to more accurately characterise the target variable where this is U- or J-shaped, and future

research could be directed to such an investigation.

In the third article, Modelling the Time to Write-Off of Non-Performing Loans using a Pro-

motion Time Cure Model with Parametric Frailty, an improvement to existing survival modelling

approaches was proposed, by including a frailty component in the promotion time cure model to account

for common unobservable factors, and for possible observable covariates not in the model. Both gamma

and inverse Gaussian distributed frailty parameters were considered, as well as a shared frailty model.

We demonstrated the reliability of the parameter estimates with a Monte Carlo simulation study, after

which the models were applied to a simulated data set as well as a real world loan loss data set, provided

by Global Credit Data. The gamma frailty model produced the best fit to our data and we illustrated

how the flexibility of the frailty parameter can allow for the modelling of a non-monotone shape of the

hazard function. Finally, it was demonstrated how, by including a shared frailty term in a survival model,

the dependence between the failure times of individual subjects within a cluster can be allowed for, which

in turn may lead to more accurate estimates of the hazard rates and the write-off times. The proposed

model offers an attractive alternative to modelling the probability of write-off in two-step LGD models.

Our initial exploration into the use of a shared frailty model has shown promising results, but further

investigation is needed to fully understand its small sample performance. Additionally, future studies

may consider other promotion time cure models with shared frailties and could also explore models that

allow for possible dependence between write-off and censoring times.
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5.2 Concluding remarks

The increasing attention LGD modelling is receiving, from academics and practitioners alike, reflects its

importance with regards to the assessment of credit risk. The three articles of this thesis should make a

meaningful contribution to the extensive body of literature in this domain.

Given the rapid inroads that machine learning models are making, and the overall increased sophistication

in risk modelling, LGD predictions may soon be even more accurate. However, considering the intense

regulatory scrutiny that capital models are typically subjected to, parametric modelling approaches

should retain their rightful place in the arsenal of LGD modelling techniques, due to their analytical

tractability and interpretability. Therefore, despite the extensive research in the field, there remains

ample opportunities for further contributions and advancements.
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