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Abstract

Key words: multiple imputation, detection limit, maximum likelihood estimation, kernel density

estimation, bootstrap.

Scientists often encounter unobserved or missing measurements that are typically reported as less

than a fixed detection limit. This especially occurs in the environmental sciences when detection of

low exposures are not possible due to limitations of the measuring instrument, and the resulting

data are often referred to as type I and II left censored data. Observations lying below this detection

limit are therefore often ignored, or ‘guessed’ because it cannot be measured accurately. However,

reliable estimates of the population parameters are nevertheless required to perform statistical

analysis. The problem of dealing with values below a detection limit becomes increasingly complex

when a large number of observations are present below this limit. Researchers thus have interest

in developing statistical robust estimation procedures for dealing with left- or right-censored data

sets (Singh and Nocerino 2002).

The aim of this study focuses on several main components regarding the problems mentioned

above. The imputation of censored data below a fixed detection limit are studied, particularly us-

ing the maximum likelihood procedure of Cohen (1959), and several variants thereof, in combination

with four new variations of the multiple imputation concept found in literature. Furthermore, the

focus also falls strongly on estimating the density of the resulting imputed, ‘complete’ data set by

applying various kernel density estimators. It should be noted that bandwidth selection issues are

not of importance in this study, and will be left for further research.

In this study, however, the maximum likelihood estimation method of Cohen (1959) will be com-

pared with several variant methods, to establish which of these maximum likelihood estimation

procedures for censored data estimates the population parameters of three chosen Lognormal dis-

tribution, the most reliably in terms of well-known discrepancy measures.

These methods will be implemented in combination with four new multiple imputation procedures,

respectively, to assess which of these nonparametric methods are most effective with imputing the
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censored values below the detection limit, with regards to the global discrepancy measures men-

tioned above. Several variations of the Parzen-Rosenblatt kernel density estimate will be fitted

to the complete filled-in data sets, obtained from the previous methods, to establish which is the

preferred data-driven method to estimate these densities.

The primary focus of the current study will therefore be the performance of the four chosen multiple

imputation methods, as well as the recommendation of methods and procedural combinations to

deal with data in the presence of a detection limit.

An extensive Monte Carlo simulation study was performed to compare the various methods and

procedural combinations. Conclusions and recommendations regarding the best of these methods

and combinations are made based on the study’s results.



Opsomming

Sleutelwoorde: meervoudige toerekening, opsporingslimiet, maksimumaanneemlikheidsmetode,

kerndigtheidsberaming, skoenlusmetode.

Wetenskaplikes word dikwels gekonfronteer met gebrekkige of afwesige waarnemings wat gewoonlik

as minder as ’n vasgestelde opsporingslimiet beskryf of gerapporteer word. Hierdie verskynsel kom

veral in die omgewingswetenskappe voor, waar die opspoor van lae blootstellings nie moontlik is nie

vanweë beperkings van die meetinstrumente. Die resulterende data word dan dikwels na verwys as

tipe I en II links-gesensoreerde data. Waarnemings wat onder hierdie vasgestelde opsporingslimiet

lê, word daarom gewoonlik gëıgnoreer of ‘geraai’ omdat dit nie akkuraat gemeet kan word nie.

Nietemin word betroubare beramings van populasieparameters wel benodig ten einde statistiese

analise uit te voer. Die probleem om met data onder die opsporingslimiet te ‘werk’, word des te

meer ingewikkeld wanneer ’n groot aantal waarnemings onder hierdie limiet voorkom. Navorsers

het daarom ’n behoefte aan die ontwikkeling van robuuste, betroubare beramingsprosedures om

links- of regs-gesensoreerde datastelle te ontleed (Singh and Nocerino 2002).

Die doel van hierdie studie fokus op verskeie hoofkomponente van die bogenoemde probleme. Die

toerekening (imputation) van gesensoreerde data onder ’n vasgestelde opsporingslimiet word onder

die loep geneem, veral deur gebruik te maak van die maksimumaanneemlikheidsmetode (en verskeie

variasies daarvan) van Cohen (1959) in samewerking met vier nuwe variasies van die meervoudige

toerekeningskonsep wat in die literatuur bestaan. Voorts word daar ook sterk klem gelê op die

beraming van die digtheid van hierdie resulterende toegerekende, ‘volledige’ datastel, met behulp

van verskeie kerndigtheidberamingsmetodes. Let wel dat die keuse van bandwydte nie van belang

is in hierdie studie nie.

In hierdie studie egter, word die maksimumaanneemlikheidsmetodes van Cohen (1959) in verskeie

gevarieerde vorme vergelyk om sodoende vas te stel watter van hierdie maksimumaanneemlikheids-

metodes die gesensoreerde data, in die teenwoordigheid van ’n opsporingslimiet, die populasiepa-

rameters van drie gekose Lognormaal-verdelings die betroubaarste beraam ten opsigte van bekende
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afwykingsmaatstawwe.

Hierdie metodes word dan, tesame met vier nuwe meervoudige toerekeningsprosedures (imputation

methods) respektiewelik gëımplementeer om, ten opsigte van die globale diskrepansiemaatstawwe

hierbo genoem, vas te stel watter van hierdie nie-parametriese metodes die effektiefste is as dit

toegepas word op gesensoreerde data in die teenwoordigheid van ’n vasgestelde opsporingslimiet.

Verskeie variasies van die Parzen-Rosenblatt-kerndigtheidsberamings sal dan gebruik word op die

volledig aangevulde datastelle wat verkry is uit die vorige metodes, om sodoende te bepaal wat-

ter van die datagedrewe metodes, gemeet in verskillende datakombinasies van parameterkeuses,

voorkeur moet kry om die digtheidsfunksies te beraam.

Die primêre fokus van hierdie studie is dus om vas te stel hoe die vier betrokke meervoudige toereke-

ningsmetodes vaar, tesame met die geskikste beramings metodes en prosedure-kombinasies wanneer

data, in die teenwoordigheid van ’n opsporingslimiet, geannaliseer word, ten opsigte van erkende

afwykingsmaatstawwe.

’n Uitgebreide Monte Carlo simulasiestudie is uitgevoer ten einde die verskeie metodes en prosedure-

kombinasies te vergelyk. Gevolgtrekkings en aanbevelings rakende die geskikste van hierdie metodes

en kombinasies vloei voort uit die resultate van hierdie studies.



Preface

Overview

The definition of a detection limit of an instrument varies across the different fields of industry.

Even though the definition varies, the term detection limit amounts to the following: The detection

limit is the lowest level of a substance that can be reliably distinguised from a zero concentration

(Krishnamoorthy, Mallick and Mathew 2009). In the presence of detection limits, data sets often

contain a number of so-called nondetecs, i.e., unobserved values situated below the detection limit.

Statitiscians classify these type of data as censored data.

Type I Singly Censored Samples. In samples of this type, a detection limit (or terminus x0) is

specified. Sample observations that fall in the restricted interval of the random variable may be

identified and thus counted, but not otherwise measured (Cohen 1961). Data samples of this type

therefore consists of n observations of which m are fully measured and mc are censored, with mc

being a random variable. Let Xn = (X1, X2, . . . , Xn) be a random sample of size n, and Xmc the

unobserved values. When Xmc < xo, censoring is said to occur on the left and when Xmc > xo,

censoring occurs on the right.

Type II Singly Censored Samples. In samples of this type, full measurements are only made on the

m largest (or m smallest) observations, in which case censoring is said to be on the left (or on the

right). The only information available for the remaining mc censored observations is Xmc < xo or

Xmc > xo, respectively. Here x0 is the smallest (or largest) fully measured observation. In these

samples both the sample size n, and m are fixed, but x0 is a random variable (Cohen 1961).

It is important to note that there is no difference between the maximum likelihood estimators for

type I singly censored samples and that of type II singly censored samples (Cohen 1959).

The estimation of parameters in the presence of censored data has been studied by various re-

searchers including Persson and Rootzén (1977), Gleit (1985), Schneider (1986), Singh and No-
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cerino (2002), and in most cases the solution is some variation on the maximum likelihood estima-

tion method for Normal and Lognormal censored data samples first presented by Cohen (1959).

The estimators for the variance, σ2, and location parameter, µ, for these type I or type II censored

samples are

σ̂2 = s2 + λ̂(X̄ −DL)2 ,

µ̂ = X̄ − λ̂(X̄ −DL) . (1)

Here, the value of λ can be calculated using the corresponding sample statistics ` and s2/(X̄−DL)2,

where ` = mc/n (Cohen 1959). The method of Cohen (1959) and several variations thereof are

outlined in Chapter 4, Section 4.2.

The term single imputation implies: generating a single set of replacement values for the cen-

sored data set from a Normal distribution, with estimated parameters obtained from above. Only

imputing once can cause biased estimates with underestimated sampling error. Multiple imputa-

tion on the other hand creates several sets of replacement values from the distribution with the

estimated parameters. This adjusts for the standard error.

The main idea of multiple imputation is to generate more than one replacement data set for the

missing values in the observed data set. This is done to compensate for the uncertainty in single

imputation methods in order for the response under a particular missing-data model to be reflected

properly (Gelman, Carlin, Stern and Rubin 2003, p. 519). Multiple imputation, therefore, gener-

ates p possible sets of replacement values, thereby acknowledging the uncertainty of which values to

impute (Fitzmaurice, Laird and Ware 2011, p. 393). The p plausible value sets are usually added

to the observed data set to, in turn, obtain p complete (filled-in) data sets. Parameter estimates

are then calculated for each of the data sets in some way. These p sets of parameter estimates

are then combined to provide a single representative parameter set. Usually this parameter set is

obtained by taking the arithmetic mean of the estimates obtained from the p complete data sets.

We present four new variations on this method in Chapter 4, Section 4.3.

When a complete data set is finally obtained we need to estimate the density of the underly-

ing distribution. In this study kernel density estimation methods are applied to achieve density

estimation. Let Xn = (X1, X2, . . . , Xn) be a random sample of size n taken from a random variable

with density f , and suppose that Xn are independently and identically distributed. The formula

for the Parzen-Rosenblatt kernel density estimate of f at point x is given by

f̂(x;h) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
, (2)
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where h is the window width, also called the smoothing parameter or bandwidth (Silverman 1986,

p. 15). The kernel K satisfies
∫
K(x)dx = 1 and is usually chosen to be a unimodal probability

density symmetric around zero (Sheather 2004). In the case that it is chosen to be a unimodal

density symmetric around zero, K satisfies
∫
K(z)dz = 1 ,

∫
zK(z)dz = 0 and

∫
z2K(z)dz > 0 .

Kernel density estimators used in this study are presented in Chapter 4, Section 4.4.

Objectives

The main objectives of this study are stated in Chapter 1. To enable these objectives, a sensible

route towards achievement is:

• to present an overview of basic concepts, methods and literature associated to data in the

presence of a detection limit.

• to introduce and explore several maximum likelihood estimation procedures for censored data.

• to explore and evaluate four new variations on the multiple imputation method.

• to introduce and explore several boundary kernel density estimation methods.

• to empirically compare and evaluate the performance of these methods in combination with

each other.

• to present general algorithms for the various procedural combinations.

• to finally recommend methods to deal with data in the presence of a detection limit.

Outline

Keeping the objectives above in mind, a basic outline of this study is as follows.

• Chapter 1 presents an introduction to missing values and various methods of dealing with

missing values which are predominantly imputation methods, as well as the concept of a

detection limit.

• Chapter 2 introduces kernel density estimation, the mathematical notation and various as-

pects relevant to the concept.

• Chapter 3 provides a brief introduction to the bootstrap method of estimation and its appli-

cations.



8

• Chapter 4 presents specific methods, including ‘new’ methods and procedures implemented

in this study, as well as algorithms of all the methods applied in the simulation study.

• Chapter 5 contains the observations, conclusions and recommendations drawn from the results

of the Monte Carlo simulation study.

• Appendix A contains all results obtained from the simulation study.

• Appendix B presents selected graphs resulting from the simulation study, for illustration

purposes.

List of abrreviations

A list of abbreviation that are used throughout this study is presented below.

MLE Maximum likelihood estimation

MAR Missing at random

MCAR Missing completely at random

MNAR Missing not at random

NR Netwon-Raphson

DL Detection limit

LPR Logit-Probit Regression

KM Kaplan-Meier

MSE Mean square error

ISE Integrated square error

MISE Mean integrated square error

AMISE Asymptotic mean integrated square error

KDE Kernel density estimation

LSCV Least-square cross-validation

BCV Biased cross-validation

LCV Likelihood cross-validation

CMLE Cohen maximum likelihood estimation

UMLE Unbiased maximum likelihood estimation

RMLE Restricted maximum likelihood estimation

URMLE Unbiased restricted maximum likelihood estimation

MMLE Modified maximum likelihood estimation

PR Parzen-Rosenblatt
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Chapter 1

Imputation

1.1 Introduction

The predominant aim of the present study is four-fold. The presence of a detection limit in measure-

ments or any data collection process, results in unobserved observations and therefore incomplete

data sets, also referred to as type II left censored data. The first goal is, therefore, to study and

gain insight into various imputation methods in the literature which can be applied to incomplete

data where a detection limit is present. To accomplish this goal various other techniques are in-

volved, such as estimation methods for the parameters of the underlying population of the data

from which the incomplete data originated from. Therefore the second goal is to study various

existing methods for estimating population parameters in the presence of a detection limit. Once

the population parameters are estimated by such methods and the imputation method of interest

is applied to the incomplete data set to obtain complete data, the distribution of the underlying

population must be estimated. The third goal is therefore to study appropriate density estimation

methods such as kernel estimation methods. Fourthly the performance of these methods in various

combinations with each other are evaluated, in terms of global discrepancy measures discussed in

Chapter 2 and 4. New imputation methods form a significant part of this study, especially in terms

of accuracy and ease of application.

Chapter 1 is therefore intended to present the reader with a summary of techniques that deal

with missing data and the main aspects surrounding the term ‘imputation’. In Chapter 2 and

3 the reader is supplied with an overview of techniques used to enable goals one and three, i.e.,

kernel density estimation and the bootstrap method of estimation. Chapter 4 is concerned with the

specific methods that will be used in this study, i.e., maximum likelihood estimation methods for

censored data, our new variations on the multiple imputation method presented in existing litera-
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CHAPTER 1. IMPUTATION 14

ture, as well as kernel density estimators, and evaluating the performance of the various methods.

The setup of the simulation study performed to achieve these goals are also part of Chapter 4 as

well as a summary of all the procedures to be used, in algorithm form, together with the Monte

Carlo setup. Chapter 5 presents the results of this study, discussion on the graphical representa-

tions, conclusions and recommendations. Several appendices follow as well as the bibliography and

further output of interest such as graphical illustrations.

We will now concentrate on the concept of missing values in data, established methods to deal

with these types of missing-value data and the ideas surrounding the concept of imputation in

general.

Missing values manifest in almost every scientific investigation where data are collected, and occurs

for a myriad of reasons. To name a few, unexpected interruptions in the experiment, limitations of

measurement methods or oversight in the overall experimental design. The question is whether the

process that caused the missing data can be ignored. Rubin (1976) discussed various ways to deal

with these matters and related issues, involving the observed patterns of missing data, such as the

missing at random pattern. Incomplete data leads to analysis problems when traditional statistical

methods are considered (Hopke, Lui and Rubin 2001). A multitude of methods exist in literature

to deal with these missing values ranging from deletion methods to imputation procedures. Filling

in missing values with imputation methods has an intuitive appeal, because standard, direct data-

based analytical procedures can be applied to the artificially completed data sets, and analysis are

then easily handled by statistical software (Hopke et al. 2001).

In this chapter we first aim to present an overview of philosophies regarding the traditional han-

dling of missing values. More specific, methods to deal with missing values below a fixed detection

limit, will be discussed in Chapter 4.

In Section 1.2 the missing data mechanisms of Rubin (1976) are defined, and in Section 1.3 the

different methods of dealing with missing values are explored. Section 1.4.1 revise the widely used

maximum likelihood estimation (MLE) method and presents the application of MLE methods to

deal with missing data problems. This will serve as building block for the maximum likelihood

estimation technique of Cohen (1959) for censored data, and its variations, that will be presented

in Chapter 4, Section 4.2. In Section 1.5 the idea behind imputation procedures are extended to

the multiple imputation method as commonly presented in literature, and in Section 1.6 censored

data in the presence of detection limits, and the corresponding missing data methods, are reviewed.
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This chapter’s content is mainly based on the literature of Enders (2010) and Knight (1999).

All concepts and equations are with reference to these author’s work unless stated otherwise. Also,

all graphs are generated with R-software (R version 3.0.0, “Masked Marvel” ) and are all originally

from R-base procedures unless stated otherwise.

1.2 Missing data

Rubin (1976) found the weakest general conditions under which ignoring the process that causes

missing data, always leads to correct inference. The conditions proposed a classification system,

which consist of three mechanisms, to identify different missing data situations. These mechanisms

have become universally accepted as the standard classification system to describe the relationship

between measured variables and the probability of missing data, and furthermore, as assumptions

for missing data analysis. At this stage it’s important to distinguish between two terms: missing

data patterns and missing data mechanisms. A missing data pattern refers to the configuration of

observed and missing values in a data set, in other words, it merely describes the location of the

‘holes’ in the data, whereas a missing data mechanism represents possible relationships between

measured variables and the probability of missing data. (Enders 2010, p. 3).

In this section we aim to give a conceptual overview of the three main mechanisms that are used

in literature as presented by Enders (2010). We will only focus on the univariate and bivariate cases.

We adopt the preliminary methodology and notation of Enders (2010). The complete data is

the set of observations that would have been obtained had there been no missing values and will be

denoted Ycom. The complete data is a somewhat hypothetical concept, because the true complete

data are unobserved when missing values are present. The portion of the data that are missing

will be denoted by Ymis and the observed data by Yobs. The basis of Rubin (1976) classification

system rests on the theory that missingness is a variable that has a probability distribution. Rubin

defines this as a binary variable R which takes on values R = 1 or R = 0 when a particular value

is observed or missing, respectively.

1.2.1 Missing at random

Data are said to be missing at random (MAR) when the probability of missing data on a variable Y

is related to some other measured variable, or variables, in the analysis model but not to the values

of Y itself (Enders 2010, p. 6). The data is not missing in an incidental fashion, or purely by chance
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as the term MAR implies. It infers there is no relationship between a natural tendency for missing

data on Y and the values of Y after eliminating the influence of the other variable(s), but that

there is a methodical relationship between the missing variable, or variables, and the probability

of missing data. Enders (2010) formulates the MAR distribution of missing data as follows

p(R|Yobs, φ) , (1.1)

where p is the generic symbol for a probability distribution, R is the missing data indicator, Yobs

are the observed parts of the data, and φ is a parameter, or set of parameters, that describe the

relationship between R and the data. Therefore, R is dependent on the observed data, via some

parameter φ, and not dependent on the missing data.

To illustrate the MAR mechanism we present the following simple scenario as used by Enders

(2010): Suppose a company is in the process of hiring employees for a new position, and IQ scores

are used as a selection criteria. All applicants that scored above a certain IQ value will complete a

six months probationary period in the company after which they will be rated on their job perfor-

mance (see Table 1.1). The NA entries in the Table 1.1 indicate the missing values. The company

Applicant IQ Job Performance

1 133 11

2 113 19

3 77 NA

4 110 9

5 86 NA

6 107 7

7 82 NA

8 118 12

9 111 9

10 121 15

Table 1.1: MAR mechanism present in job performance rating.

selected only applicants with an IQ higher than a predetermined score, which resulted in missing

values for the corresponding job performance rating. It is clear to see that the probability of a

missing job performance rating is unrelated to the individual’s job performance and exclusively a

function of the IQ score.

The data presented in Table 1.1 were randomly generated and missing values were implemented by
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deleting job performance entries below a corresponding, arbitrary IQ value.

1.2.2 Missing completely at random

In contrast with the MAR mechanism, data are missing completely at random (MCAR) when

data values are missing in a purely haphazard, or incidental fashion. Therefore, the probability of

missing data on a variable Y is unrelated to the other measured variables and is unrelated to the

values of Y itself (Enders 2010, p. 7). The MCAR mechanism can be formulated as

p(R|φ) , (1.2)

where R is again the missing data indicator and φ a parameter, or set of parameters, that describes

the relationship between R and the data. The formulation implies that the missingness is completely

unrelated to the data, and the observed and missing values are unrelated to R. There is still,

however, a parameter φ, that governs the probability that R takes on a value of one or zero

(Enders 2010, p. 12). To illustrate the MCAR mechanism recall the job performance scenario

Applicant IQ Job Performance

1 133 11

2 113 19

3 77 5

4 110 NA

5 86 14

6 107 7

7 82 NA

8 118 12

9 111 15

10 121 NA

Table 1.2: MCAR mechanism present in job performance rating.

sketched by Enders (2010). In this case the missing values were generated by deleting an entry

corresponding to a random generated number. The missingness is therefore unrelated to the IQ

score or the performance rating. To put this into context of the scenario we may think of the missing

values occurring because of an applicant resigning before the trial period is over, or oversight by

the supervisor.
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1.2.3 Missing not at random

The missing not at random (MNAR) mechanism occurs when the probability of missing data on a

variable Y is related to the values of Y itself, even after controlling for other variables (Enders 2010,

p. 8). The probability distribution for the MNAR mechanism can be formulated as

p(R|Yobs, Ymis, φ) , (1.3)

where Yobs and Ymis are the observed and missing parts of the data, R and φ are the same as

before, the missing data indicator and parameter that describes the relationship between R and

the data. We recall the previous scenario once again to illustrate. Suppose the company decided

Participant IQ Job Performance

1 133 11

2 113 19

3 77 NA

4 110 NA

5 86 14

6 107 NA

7 82 15

8 118 12

9 111 19

10 121 15

Table 1.3: MNAR mechanism present in job performance rating.

to test all the applicants IQ’s and then proceed to evaluate all of them at the end of the probation

period. After establishing a job performance rating for all the participants, they will terminate the

three lowest. In Table 1.3 the job performance rating of the applicants with the lowest scores are

missing. Therefore the probability of a missing job performance rating value is dependent on the

individuals job performance, even after controlling for IQ.

The missing data theory of Rubin (1976), therefore, revolves around two sets of parameters: the

parameters that you would estimate if the data set was complete with no missing values, and the

parameters that describe the probability of missing data, i.e., φ (Enders 2010, p. 13). It is usually

a mystery what caused the data to be missing, so it’s nearly impossible to estimate the parameter,

φ. If this parameter could be estimated it would enable the researcher to correct for the positive

bias in the mean (Enders 2010, p. 13). Rubin (1976) established the conditions that need to be

satisfied in order to accurately estimate the parameters without having to estimate the parameter
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of the missing data distribution, φ. Literature has shown that these conditions depend on how you

analyze the data, however Enders (2010) states that maximum likelihood estimation and multiple

imputation techniques, which will be outlined in Section 1.4.1 and Section 1.5, are robust missing

data handling procedures because they require less stringent assumptions about the missing data

mechanism.

1.3 Methods for dealing with missing data

Two methods are discussed in this section, i.e., deletion methods and imputation methods.

1.3.1 Listwise deletion

Listwise deletion is wasteful, among the worst methods available for applications, and is more used

out of convenience than out of any procedural advantages it may contain. It assumes that the data

are MCAR, which need not be true. Data are discarded for any case that has one or more missing

values, and in effect, this means discarding the entire case from the data set. The disadvantages

of deleting data greatly outweighs the advantages, and the primary problem with listwise deletion

lies in the distorted, biased parameter estimates it produces (Enders 2010, p. 39).

Deleting entire cases from a data set further implies that information from other variables are

lost, especially where data sets with a large number of variables are concerned. Figure 1.1 illu-

Figure 1.1: Listwise deletion scatterplot.

strates the possible shortcomings of the listwise deletion technique. Note in the figure there are no

points below the value 8 on the x-axis, an explanation follows. Consider an arbitrary MAR data
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set where the missingness in X is a function of Y . The data set has five missing values for the

X variable, and consequently these five missing values and their corresponding Y values will be

discarded when implementing the listwise deletion technique. In this specific scenario the five X

values corresponding to the five lowest Y values were missing, and thus discarded, and it is clear

to see from the scatterplot (Figure 1.1) that it results in higher scores on both variables. The

restriction in range which is caused by deleting the values in the lower tail could also result in a

restriction in variability and a reduce in the magnitude of the correlation.

1.3.2 Pairwise deletion

The pairwise deletion technique (also referred to as available-case analysis) assumes data to be

MCAR. It is an alternative to listwise deletion where different subsets of the data are used instead

of deleting entire cases, and leads to different values of sample size N in general analytical formulas.

This technique also arise when only one variable or set of variables are excluded because of missing

values. This approach slightly mitigates the loss of information which occurs with the listwise

deletion technique, but is plagued by its own set of disadvantages. A few of the main issues with

pairwise deletion is that different analysis may be based on different subsets of the data and will

most likely not be consistent with each other, and Enders (2010) further highlights that the lack

of a consistent sample base, caused by differing sample size of the subsets, leads to difficulties in

the computing of standard errors, as well as measures of association.

1.3.3 Arithmetic mean imputation

Imputation is a favourable technique because it keeps the full sample size which remedies the disad-

vantages that deletion techniques experience. A variety of imputation techniques exist in literature

and these techniques can range from extremely complicated to fairly simple. Imputation methods

impute (insert) data points in the data set to imitate a complete set, prior to the analysis. Single

imputation generates a single replacement value for each missing data point. Multiple imputation

creates several copies of the data set and computes for each copy different estimates for the missing

values. Single imputation causes biased estimates with underestimated sampling error. Multiple

imputation does not exhibit these results due to adjustment of standard errors. Enders (2010)

Chapter 7 and 8 discuss these methods thoroughly.

Arithmetic mean imputation is most likely the easiest-to-implement method and it essentially con-

sists of replacing the missing values with the arithmetic mean of the observed values. By replacing

the missing values with the mean of the observed values one is basically imputing values at the

center of distribution of the data set and this reduces the variability of the data (Enders 2010, p.

42). Naturally, the subsequent reduction in the standard deviation and variance of the data also
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further diminishes the covariance because it adds zeros to the numerator.

Figure 1.2: Mean imputation scatterplot.

In Figure 1.2 missing values in the X variable were replaced with the arithmetic mean. Note

that, similar to the example found in the literature of Enders (2010), the imputed values fall on

a straight line which implies there is zero correlation between these X and Y values. This bias

manifests under all the missing data mechanisms, even MCAR, when using the mean to impute

the missing values. Enders (2010) states that simulation studies have shown that mean imputation

is the worst missing data imputation method available because of its various shortcomings and the

possible bias it creates in the data.

1.3.4 Regression imputation

A more intuitive approach to mean imputation is to use the available information to impute the

missing values and herein lies the main idea behind simple regression imputation. The regression

imputation methods use the correlation between variables to calculate a more appropriate value to

replace the missingness (Enders 2010, p. 44), and this is implemented by creating a least squares

regression equation in which a variable with missing observations serves as a dependent variable

and other relevant variables in the data set are used to predict the missing value (Musil, Warner,

Yobas and Jones 2002). The regression equation takes the form of

Y ∗i = β̂0 + β̂1Xi , i = 1, . . . , n , (1.4)
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where Y ∗i is the predicted observation for case i, and therefore are used as the imputed values for

the missing cases.

Regression imputation, however, suffer from the exact opposite problem as mean imputation in

the sense that it imputes the data with highly correlated scores. This subsequently results in

overestimated correlations even when the data are MCAR (Enders 2010, p. 45). Furthermore,

like mean imputation, the fact that the imputed values lie in a straight line reduces the natural

variability in the data, although not to the same extent. The bias caused by the variance and

covariance is predictable and various adjustments exist in literature (Afifi and Elashoff 1969) to

compensate or correct for these parameters.

Regression imputation can be implemented in the multivariate data case with only slightly more

complexity. It requires that a unique regression equation be calculated for each missing data pat-

tern.

1.3.5 Stochastic regression imputation

Stochastic regression imputation extends from regression imputation by implementing regression

equations to predict the missing values in an incomplete data set, but by adding the variation of

a residual term which is Normally distributed. The residual term remedies the loss of variability

that has been present in both mean imputation and regression imputation and this, in turn, eli-

minates the bias associated with standard imputation schemes. Furthermore, stochastic regression

imputation produces unbiased parameter estimates for MAR data sets (Enders 2010, p. 46). The

stochastic regression equation can be written in the form

Y ∗i = β̂0 + β̂1Xi + zi , i = 1, . . . , n , (1.5)

where the terms are the same as in equation (1.4), and zi is a random value from a Normal distri-

bution with mean zero and variance equal to the residual variance from the regression of Y on X

(Enders 2010, p. 47).

However, similarly to the aforementioned imputation techniques, stochastic regression imputation

reduces the standard error of the data set which may lead to an increase in type I errors.

One would expect the standard error of an imputed data set to be larger than that of a hypothetical

complete data set, but all the previous imputation methods have had reduced values. This can

result because these techniques ignore the additional sampling error caused by the missing values

by treating the imputed values as real data.
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1.4 More sophisticated methods of estimation

In the previous section simple substitution and imputation methods were discussed and some of

the drawbacks of these techniques were highlighted. The focus will shift to more sophisticated

imputation method, i.e., maximum likelihood estimation methods and the so-called expectation-

maximization algorithm (EM-algorithm). In later chapters the maximum likelihood method in the

case of censored data will be presented which will be a main focus point of the present study.

Section 1.4.1 to Section 1.4.3 therefore feature general estimation methods popularly applied in

statistical analysis.

1.4.1 Maximum likelihood estimation

The maximum likelihood estimation idea has become one of the most important tools for estimation

and inference available to statisticians (White 1982). MLE methods also perform a pivotal role

in missing data analysis and is regarded as one of the two state-of-the-art approaches currently in

use (Schafer and Graham 2002). In a nutshell, MLE is a general-purpose algorithm for generating

‘good’ estimates for parameters, and is determined by maximising the likelihood function or the

log-likelihood with regard to the parameters (Knight 1999, p. 236).

Often applications of maximum likelihood estimation involve the Normal distribution, but in ge-

neral the mathematical machinery behind MLE relies heavily on the probability density function

of the data. (Enders 2010, p. 57). Consider for example, the univariate Normal distribution:

Li =
1√

2πσ2
e

− 1
2 (yi−µ)

2

σ2 , (1.6)

where yi is a score value, µ the population mean, σ2 the population variance, and Li a likelihood

value that describes the height of the Normal curve at a particular score. The density function in

(1.6) thus describes a relative probability of obtaining a score value from a Normally distributed

population with particular mean and variance (Enders 2010, p. 58).

The maximum likelihood is defined by

L =
N∏
i=1

{
1√

2πσ2
e

− 1
2 (yi−µ)

2

σ2

}
, (1.7)

i.e., the product of the N individual likelihood values. The likelihood can also be seen as a measure

of fit between a particular score value and the population parameters. The highest point in the

distribution should be indicated by the largest likelihood value and this corresponds to the value

that is equal to the population mean.
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The goal of MLE is to find the population parameters with the highest probability of produc-

ing a particular sample of data (Enders 2010, p. 59). For this a global measure of fit is required.

Sample likelihood values may be very small numbers and for this reason literature recommend to

take the log of the data to produce the values on a more manageable scale. The log-likelihood still

quantifies the relative probability, only now on a different metric where values closer to zero reflect

a higher relative probability to the population mean. Taking logs also simplifies computation as

follows:

logL =
N∑
i=1

log

{
1√

2πσ2
e

− 1
2 (yi−µ)

2

σ2

}
. (1.8)

There is still unknown population parameters, i.e., µ and σ2, present in equation (1.8) and these

will have to be estimated from the data. The first derivative of the log-likelihood is often used to

identify the peak, or maximum value, of the log-likelihood function. Taking the first derivative,

setting to zero and solving leads to estimators for the population parameters.

We relate the general mathematical formulation of the MLE as presented by Knight (1999):

Let Xn = (X1, . . . , Xn) be random variables with joint density or frequency distribution function

f(x; θ) where θ ∈ Θ. For given outcomes X = x, the likelihood function is

L(θ) = f(x; θ) , (1.9)

for each possible sample x = (x1, x2, . . . , xn), the likelihood function L(θ) is a real-valued function

defined on the parameter space Θ. Furthermore, suppose that for a sample x = (x1, x2, . . . , xn),

the likelihood function, L(θ), is maximised over Θ at θ = S(x):

sup
θ∈Θ
L(θ) = L(S(x)) , (1.10)

with S(x) ∈ Θ. Then the statistic θ̂ = S(X) is called the maximum likelihood estimator of θ

(Knight 1999, p. 237).

There exist mainly two distinct methods for finding the maximum likelihood estimators:

1. Direct maximisation: For a given sample x = (x1, x2, . . . , xn), the L(θ) is examined directly

to determine for which value of θ it is maximised. Knight (1999) states that this method is

useful when the range, or support, of the data depends on the parameter.

2. Likelihood equations: If the parameter space is an open set, and the likelihood function is

differentiable with respect to θ = (θ1, . . . , θp) over Θ then maximum likelihood estimate θ̂

satisfies the equations

∂

∂θk
lnL(θ̂) = 0 , k = 1, . . . , p . (1.11)



CHAPTER 1. IMPUTATION 25

Note that there was only referred to the information of θ contained in the sample thus far. There

may, however, be additional information about θ available and this can be incorporated by speci-

fying a probability distribution over the parameter space Θ. This distribution is referred to as a

prior distribution (Knight 1999, p. 242). The prior distribution is implemented as was presented

earlier in the case of the univariate Normal distribution.

In many estimation problems it is very difficult to obtain an explicit expression for maximum likeli-

hood estimates. In these cases the MLE has to be calculated numerically and of the various different

methods available, two of the more popular ones will be presented in the following subsections.

1.4.2 The Newton-Raphson algorithm

The Newton-Raphson (NR) algorithm is a method for finding the solution to a system of linear

equations (Knight 1999). This method can thus be applied to compute MLEs as is briefly explained

below.

Suppose that f(x; θ) is the joint density function of Xn = (X1, . . . , Xn), and let L(θ) = f(x; θ)

be the likelihood function based on X = x. If the MLE, θ̂, satisfy S(θ̂) = 0, where S(θ̂) is the

derivative of the log-likelihood function, and θ̂(k) represents the estimate of θ after k iterations,

then

θ̂(k+1) = θ̂(k) +
S(θ̂(k))

H(θ̂(k))
, (1.12)

where

H(θ) = − ∂2

∂θ2
lnL(θ) . (1.13)

The procedure is iterated until it converges, i.e., until |θ̂(k) − θ̂(k+1)| ≤ m, where m is a sufficiently

small value.

Note that in order to implement the Newton-Raphson algorithm a starting estimate, θ̂(0), is required

for θ. Knight (1999) states that in some cases the starting estimate is critical as the algorithm will

not converge for a given θ̂(0), or there’s several solutions to the equation S(θ̂) = 0 and the estimates

{θ̂(k)} converge to a ‘wrong’ one.

1.4.3 The EM-algorithm

An alternative to the usual NR-algorithm is the expectation-maximization algorithm which is mainly

used for incomplete data problems. The EM-algorithm is an iterative deterministic method for find-

ing the MLE, or posterior mode, and is relatively simple conceptually, but can be computationally
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intensive (Tan, Gou-Liang and Ng 1999, p. 40). The procedure is in some ways simpler than the

NR method because the calculation of the second derivative is not necessarily required and one

does not have to perform a complicated optimisation procedure. Rather, the data augments the

observed data with latent data to perform a series of simpler optimisations (Tan et al. 1999, p. 40).

To formulate the EM-algorithm we adopt the notation of Knight (1999): Suppose that f(x; θ)

is the joint density function of Xn = (X1, . . . , Xn), and let Y m = (Y1, . . . , Ym) be random vari-

ables such that Yi = gi(Xn) where g1, . . . , gm are known functions. More than one outcome of the

Xi’s can produce any given outcome of the Yi’s, i.e., the mapping of Xi to Yi is not one-to-one.

The Xi’s are thus designated the complete data and the Yi’s the incomplete (observed) data. The

EM-algorithm first construct an estimate of the complete data, given a preliminary estimate of the

parameter, and then maximises this likelihood to obtain a new parameter estimate. The procedure

iterates until convergence.

The two steps of the EM-algorithm can thus be formulated as follows:

• The E-step involves finding an estimate of the likelihood function of θ for the complete data

given the incomplete (observed) data

lnL(k)(θ) = E[ln fX(X; θ)|Y = y; θ̂(k)] , (1.14)

where the expectation is taken assuming that the true parameter value is θ̂(k). Furthermore,

L(k) and θ̂(k) are the kth iteration of L and θ̂ (Knight 1999, p. 277).

• In the M-step a new (updated) estimate is obtained. The new estimate, θ̂(k+1), maximises

the estimate of the complete data log-likelihood function, lnL(k)(θ), that was obtained in the

E-step (Knight 1999, p. 277). Often numerical estimates are used in the M-step to obtain

the new estimate, θ̂(k+1). One possible method has already been discussed in Section 1.4.2,

the Newton-Raphson Algorithm (Knight 1999, p. 277).

Several variations and modifications to the EM-algorithm exist in literature. One being the ex-

pectation/conditional maximisation (ECM) algorithm proposed by Meng and Rubin (1993). The

ECM differs mainly in replacing each M-step of the EM-algorithm by a sequence of conditional

maximisation steps (Tan et al. 1999, p. 47). Each of these CM-steps maximises the estimate of the

likelihood function in the E-step over θ, but with a vector function of θ, gk(θ), k = 1, . . . ,K, fixed

at its previous value (Tan et al. 1999, p. 47).
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1.5 Multiple imputation

All the procedures discussed thus far in Section 1.2 and Section 1.3 were single imputation methods.

Single imputation methods provide a complete data set that can then be used for various analy-

sis. If the imputation model is reasonable, the result from the analysis of the imputed data set are

more accurate than the estimates obtained by any of the deletion methods presented in Section 1.3.

The main idea of multiple imputation is to generate more than one data set of replacements for the

missing values in the observed data set. This is done to compensate for the uncertainty in single

imputation methods in order for the response under a particular missing-data model to be reflected

properly (Gelman et al. 2003, p. 519). Multiple imputation, therefore, generates p possible sets of

replacement values, thereby acknowledging the uncertainty of which values to impute (Fitzmaurice

et al. 2011, p. 393). The p plausible value sets are usually added to the observed data set to, in

turn, obtain p complete (filled-in) data sets. Parameter estimates are then calculated for each of

the data sets in some way. These p sets of parameter estimates are then combined to provide a

single representative parameter set. Usually this parameter set is obtained by taking the arithmetic

mean of the estimates obtained from the p complete data sets.

Imputation phase Analysis phase Pooling phase

Missing Data



⇒ Complete data set 1 ⇒ θ1

⇒ Complete data set 2 ⇒ θ2

⇒ Complete data set 3 ⇒ θ3

...
...

⇒ Complete data set p− 1 ⇒ θp−1

⇒ Complete data set p− 2 ⇒ θp−2

⇒ Complete data set p ⇒ θp



Final result

Figure 1.3: Graphical illustration of a multiple imputation analysis (Enders 2010, p. 188)

Enders (2010) extends the explanation of the imputation procedure by dividing it into three phases

(Figure 1.3): the imputation phase, the analysis phase and the pooling phase. In the imputation

phase multiple copies of the data set are generated with each copy containing different estimates

of the missing values. In the analysis phase the data sets obtained from the imputation step are

analysed. Finally, in the pooling phase everything is combined into a single set of results, e.g., the

arithmetic mean of the p estimates.
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1.6 Censored data and detection limits

Many data sets are complicated by the presence of censored values that lie below a detection limit

(DL). These censored values below a detection limit are caused by a variety of conditions in industry

such as calibration of measuring instruments or the inability of the instrument to detect too small

values. Incomplete data make direct analysis using standard complete data methods challenging,

and in some cases impossible, or at least largely biased (Hopke et al. 2001).

Consider chemical risk assessment where the handling of concentration data reported to be below

a detection limit is a particular problem (European Food Safety Authority 2010). The definition

of a detection limit of an instrument varies across the different fields of industry. A few are listed:

the definition in radiological analysis laboratories is the minimum concentration of a substance

that can be measured and reported with 99% confidence that the analyte concentration is greater

than zero (Krishnamoorthy et al. 2009). In some occupational hygiene scenarios it is 3 times the

standard deviation of the sampling or analytical method at low levels of the true concentration.

Even though the definition varies, detection limits amount to the following: The DL is the lowest

level of a substance that can be reliably distinguised from a zero concentration (Krishnamoorthy

et al. 2009). Because of detection limits, data sets often contain a number of so-called nondetecs,

i.e., values that lie below the detection limit. Statitiscians classify these type of data as censored

data, or more specifically, type I singly left censored samples (Krishnamoorthy et al. 2009). More

formally, type I singly left censored samples, are data sets with values that fall below a censoring

value x0, and are not observed in the sample. Censored data are, therefore, a type of missing value.

A particular problem with censored data is that this type of missing values are not generated at

random.

Various methods have been presented in literature to deal with values censored in this way. The

two main branches of development of methods include substitution methods and distributional im-

putation methods. It is known that substitution methods tend to produce biased results, (Hewett

and Ganser (2007)), and therefore distributional (imputation) methods are recommended. These

distributional imputation methods, however, have a tendency to be complicated and therefore most

application in industry tend to rather use the easier substitution methods. In the following subsec-

tions several of the substitution methods and the distributional imputation methods will be briefly

discussed as they are presented in literature.
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1.6.1 Simple substitution methods

The three most popular substitution methods for censored data below a detection limit are

• DL, i.e., the censored values are replaced by the value of the detection limit.

• DL/2, i.e., the censored values are replaced by half the detection limit value.

• DL/
√

2, i.e., the censored values are replaced by the value of the detection limit divided by

the square root of 2.

It has been widely noted and confirmed in literature that the substitution techniques are biased, the

bias being a function of the true variability in the data, the percentage of censored observations and

the sample size (El-Shaarawi and Esterby 1992, European Food Safety Authority 2010). According

to Helsel (2010) the main problem behind substitution is the introduction of ‘invasive data’ into

the data set. Values are substituted that possess a pattern dissimilar to that of the original data.

This substituted pattern often dominates the original and causes bias and low correlation. Despite

the obvious disadvantages of the substitution methods, they are still widely used in industry with

the justification that it is easy to implement.

European Food Safety Authority (2010) states that in the food safety industry the most commonly

used recommendations to handle left censored data are those presented by the World Health Organi-

zation (WHO) under the activities of the Global Environmental Monitoring System (GEMS/Food-

EURO 1995). These rules are summarised in Table 1.4. It is obvious that substitution methods

Proportion of results < DL Simple estimate of the mean

None True mean

≤ 60% DL/2

60%− 80%, at least 25 quantified Produce two estimates using 0 and DL for

all results below DL

≥ 80%, or 60%− 80% with less Produce two estimates using than 25 re-

sults quantified 0 and DL for all results

below DL

Table 1.4: Recommended treatment of data sets containing non-detects (European Food Safety

Authority 2010).

are not accurate and can misrepresent the true data. Helsel (2010) proclaims the following in this

context:

In general, do not use substitution. Journals should consider it a flawed method compared to the
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others that are available, and reject papers that use it. The lone exception might be when estimating

the mean for data with one censoring threshold, but not for any other situations or procedures. Sub-

stitution is NOT imputation, which implies using a model such as the relationship with a correlated

variable to impute (estimate) values. Substitution is fabrication.

However research has been conducted to remedy the disadvantages induced by substitution me-

thods without overcomplicating the procedure. Ganser and Hewett (2010) presented a substitution

method, called β-substitution, which is comparable to the MLE in terms of both bias and precision.

The β-substitution algorithm as presented by Ganser and Hewett (2010) is described below.

β-substitution algorithm

1. Create a detect array of the uncensored data, i.e., an array of indicators for the censored

data.

2. Calculate

ȳ =
1

n− k

n−k∑
i=1

yi , (1.15)

z = Φ−1

[
k

n

]
, (1.16)

f(z) =
pdf(z, 0, 1)

1− cdf(z, 0, 1)
, (1.17)

ŝy =
ȳ − ln(DL)

f(z)− z
, (1.18)

f(ŝy, z) =
1− cdf(z − ŝy

n , 0, 1)

1− cdf(z, 0, 1)
, (1.19)

where yi = ln(xi) and xi is the ith detect, Φ−1 refers to the inverse of the Normal distribution,

pdf(z, 0, 1) and cdf(z, 0, 1) refer to the probability density function and the cumulative density

function for the unit Normal distribution, and the sy is an initial estimator for the log of the

geometric standard deviation (GSD), which is usually defined by

gsd = exp

(√∑n
i=1(lnXi − lnµgm)2

n

)
, (1.20)

where µgm is the geometric mean of the data, i.e., µgm = (
∏n
i=1Xi)

1/n .

3. Calculate βmean as follows

βmean =
n

k
· cdf(z − ŝy, 0, 1) · exp

[
−ŝy · z +

(ŝy)
2

2

]
. (1.21)
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4. Substitute each nondetect with βmean ·DL, and calculate the sample arithmetic mean using

the complete filled-in data set.

Ganser and Hewett (2010) extends the algorithm to calculate the geometric mean and 95th sam-

ple percentile of the complete filled-in data set. When the β-substitution method was compared

to common substitution methods (DL/2 and DL/
√

2) and the MLE in a simulation study by

Ganser and Hewett (2010), they found that, regarding the root mean square error (rMSE), the

β-substitution method was either comparable or superior to the MLE when the 95th percentile and

mean were concerned. The β-substitution method was found to be less biased than the MLE as

well. It was finally concluded that in case of small sample sizes the β-substitution method is an

attractive alternative to the MLE.

1.6.2 Distributional and imputation methods

Log-Probit regression

The Log-Probit regression (LPR) method rests on the idea of sorting the data, including the

nondetects, and establishing a linear relationship between the natural log of the observed data and

the inverse of the cumulative Normal distribution of the plotted observations. The relationship is

based on the z-value equation,

yi = µ̂y + σ̂y · Φ−1(pi) , (1.22)

where yi = ln(Xi) and Φ−1(pi) refers to the inverse cumulative Normal distribution for the plotting

position pi = (i − 3
8)/(n + 1

4) (Hewett and Ganser 2007). The linear equation is solved for each

non-detect value and then imputed to obtain a complete filled-in data set. All values are then

exponentiated and summary statistics can be calculated as usual.

Hewett and Ganser (2007) reviews a variation to the LPR method which is less susceptible to

divergence from the Lognormal assumption and avoids transformation bias. The robust Log-Probit

regression method (LPRr) predict the non-detects with the initial values of the sample geometric

mean (GM) and sample geometric standard deviation (GSD) determined using the standard LPR

method. Final sample estimates are obtained by combining the observed data set and the predicted

values, and then analysing the filled-in data set with the conventional methods.

It is suggested by Hewett and Ganser (2007) to not apply the LPR or LPRr to complex censored

data sets (data sets with multiple detection limits).
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Kaplan-Meier method

The Kaplan-Meier method (KM) can be considered nonparametric because no ‘parameters’ of a

given distribution, e.g., mean or variance, are computed (European Food Safety Authority 2010).

KM is based on the empirical distribution function and the obvious advantage of this approach is

the ability to estimate the mean, median and other quantiles in the presence of nondetect values,

without relying on any parametric assumptions (Hewett and Ganser 2007).

The basis of this technique states that the weight of the censored data is redistributed over the

different observed values below the detection limits. It is therefore a redundant technique when

there is only one DL present in the data set and is rather applied to complex data sets. Applying

it to a data set with only one DL would be similar to substituting the censored values with zeros

(European Food Safety Authority 2010).

Model-based imputation

The model-based imputation approach consists of using the observed values in a data set to ran-

domly generate values below a detection value, and then analysing the complete filled-in data set

with conventional complete data techniques, along with suitable adjustments to account for the

imputation (Krishnamoorthy et al. 2009).

Consider a sample of size n drawn from continuous distribution with a cdf denoted by F (x; θ),

where θ is a vector parameter. Let mc denote the number of nondetects below the DL, and note

that m denotes the number of observed values in the data set. The general idea behind model-based

imputation revolves around the concept that the distribution of the measurements below the DL

can be formulated as

P (X ≤ x|X ≤ DL) =
F (x; θ)

F (DL; θ)
. (1.23)

Now, let θ̂ be an estimate of θ based on the observed values, then P̂DL = F (DL, θ̂), is an estimator

for PDL = F (DL, θ) (Krishnamoorthy et al. 2009). By drawing random values from this esti-

mated distribution function the nondetects below the DL can be imputed. Inference can be made

regarding θ by using the complete filled-in data set in conjunction with conventional techniques.

To reduce variability between the results based on different imputations, the results from multiple

imputations should be combined as presented in Section 1.5.

Krishnamoorthy et al. (2009) outlined the model-based imputation procedure for a Normal dis-
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tribution with mean µ and variance σ2. The estimate for PDL is then

P̂DL = Φ

(
DL− µ̂

σ̂

)
, (1.24)

where µ̂ and σ̂ are obtained by an MLE procedure such as the one presented by Cohen (1959) which

will be discussed in Chapters 4, Section 4.2. The P̂DL can then be used to impute the nondetects

below the detection limit with

x∗i = µ̂+ Ziσ̂ , i = 1, . . . ,mc , (1.25)

where Zi = Φ−1(uiP̂DL), i = 1, . . . ,mc, and ui ∼ unif(0, 1) random variables. Now, by treating the

imputed data set as a random sample of size n from a N(µ, σ2) distribution it is possible to make

inference regarding the mean, variance and other quantiles. As illustrated by Krishnamoorthy et

al. (2009), let x̄∗ denote the mean and s∗ the standard deviation of the complete filled-in data set,

then a (1− α) confidence interval for µ is given by

¯̄x∗ ± tm−1,1−α/2 ·
s̄∗√
n

, (1.26)

where ¯̄x∗ = 1
p

∑p
j=1 x̄

∗
j , and s̄∗ = 1

p

∑p
j=1 s

∗
j , x̄

∗
j and s∗j denote the mean and standard deviation

based on the jth imputation, and tp,k denotes the 100pth percentile of a t-distribution. The impu-

tation process is repeated several times and the results are averaged to obtain a single confidence

interval.

We relate the algorithm for the Normal distribution case as presented by Krishnamoorthy et al.

(2009).

Algorithm

Based on the observed data and detection limit value.

1. Compute the MLEs for µ and σ, thus obtaining µ̂ and σ̂.

2. Compute

P̂DL = Φ

(
DL− µ̂

σ̂

)
. (1.27)

3. For j = 1 to p:

• Generate u1, . . . , umc from a unif(0, 1),

• Set Zi = Φ−1(uiP̂DL) and x∗i = µ̂+ Ziσ̂ , i = 1, . . . ,mc,

• Using x∗1, . . . , x
∗
mc and the observed data, calculate x̄∗j and s2∗

j .

4. Calculate ¯̄x∗ = 1
p

∑p
j=1 x̄

∗
j and s̄∗ = 1

p

∑p
j=1 s

∗
j , x̄

∗
j .
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5. Compute

¯̄x∗ ± tm−1,1−α/2 ·
s̄∗√
n

. (1.28)

This chapter’s goal was to present a conceptual overview of missing data and a few of the methods

that deals with missing values. The MLE method and multiple imputation techniques, discussed

in Section 1.4.1 and Section 1.5, will be of particular use in Chapter 4 and Chapter 5.



Chapter 2

Kernel Density Estimation

2.1 Introduction

Probability density estimation is a fundamental and intricate part of statistics and data explo-

ration. Various probabilities and functions thereof can be calculated once the underlying den-

sity function of a given set of data are known. If we consider any random set of observations

Xn = (X1, X2, . . . , Xn) from a probability density function denoted by f , then the function f pro-

vides a full description of the distribution of Xn, and desired probabilities associated with Xn can

be calculated (Silverman 1986, p. 1).

The estimation of probability densities falls in two major categories: parametric and nonparametric

density estimation. In the parametric sense the assumption is made that the data comes from a

known family of distributions, and that a finite number of parameters from the family of distribu-

tions fully describes the data. The parameters can subsequently be estimated to in turn assist in

estimating the density f underlying the data. Data, however, are generated by real world events

and it is rarely simple to assume which parametric family of distributions the data originate from.

This complication motivated an increased interest in nonparametric density estimation. In the

nonparametric framework no assumptions are made about the structure or parameters of the data.

Instead the data generate the underlying distribution.

One of the earliest and most widely used techniques to achieve this is the histogram. The con-

struction of the histogram relies on the choice of an origin x0 and a bin width b (Silverman 1986,

p. 7). The choice of bin width is very important because it defines the size of the neighbourhood

over which frequencies are drawn. In Section 2.5 the importance of the choice of bandwidth h is

discussed which is equivalent to choosing the bin width for kernel smoothing. The histogram suffers

from some shortcomings. For example, the discontinuity of histograms causes extreme difficulty if

derivatives of the estimates are required (Silverman 1986, p. 10), and the placement of the bin edges

35
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is a sensitive issue (Wand and Jones 1995, p. 7). These disadvantages motivated more advanced

nonparametric density estimation techniques such as kernel density estimation.

Kernel density estimation will be the main focus of this chapter. The aim is to present a brief

overview of the concepts and techniques associated with this approach, without indepth, detailed

concerns of the technical and mathematical aspects of the various concepts presented. In Section

2.2 the methodology and notation used throughout the chapter will be introduced. Section 2.3

contains various discrepancy measures that will be used in the motivation of several key concepts.

Error criteria of concern are the mean square error (MSE), and the mean integrated square error

(MISE). In Section 2.4 a brief overview of some of the more popular kernel functions are discussed,

as well as an overview of methods for choosing an appropriate kernel function. Section 2.5 sum-

marises various techniques for bandwidth selection. The choice of the best bandwith is, however,

not the main focus of this study and will be part of future studies.

This chapter is mainly based on the content of Silverman (1986) and Wand and Jones (1995),

and all concepts and equations are with reference to these authors’ work unless stated otherwise.

2.2 Kernel density estimation methodology

Let Xn = (X1, X2, . . . , Xn) be a random sample of size n taken from a random variable with

density f , and suppose that Xn are independently and identically distributed. The formula for the

Parzen-Rosenblatt (PR) kernel density estimate of f at point x is given by

f̂(x;h) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
, (2.1)

where h is the window width, also called the smoothing parameter or bandwidth (Silverman 1986,

p. 15). The kernel K satisfies
∫
K(x)dx = 1 and is usually chosen to be a unimodal probability

density symmetric around zero (Sheather 2004). In the case that it is chosen to be a unimodal

density symmetric around zero, K satisfies∫
K(z)dz = 1 ,∫
zK(z)dz = 0 ,∫
z2K(z)dz > 0 .

The kernel density estimator can be considered to be a sum of ‘bumps’ placed at observations

(Silverman 1986, p. 15). The kernel function K determines the shape of the bumps while the
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bandwidth h determines their width.

A more formal explanation of kernel density estimation is given by Wand and Jones (1995): The

kernel estimate is constructed by centering a scaled kernel at each observation. The value of the

kernel estimate at the point x is simply the average of the n kernel ordinates at that point. One

can think of the kernel as spreading a ‘probability mass’ of size 1
n associated with each data point

about the neighbourhood. Combining contributions from each data point means that for the regions

where there are many observations, the kernel estimates should assume large values. The opposite

should occur in areas where there are few observations. The procedure is illustrated in Figure 2.1

(all figures are original and produced using R software).

Figure 2.1: Construction of the kernel density estimate.

Remarks

1. A shorthand method of writing (2.1) is f̂(x;h) = 1
n

n∑
i=1

Kh(x−Xi), where Kh(·) = 1
hK

( ·
h

)
.

2. The convolution of two functions, say f and g, is defined by (f ∗ g)(x) =
∫
f(x− y)g(y)dy.

3. The expected value of f̂(x;h) is Ef̂(x;h) =
∫
Kh(x− y)f(y)dy.

2.3 Error criteria

To quantify the appropriateness of a kernel estimate we will first study some well-known error

criteria in this section. From the discussion below it is evident that the mean square error (MSE),

which is a well-known local distance measure, can be extended and redefined as a global distance

measure by estimating f over the entire real line. This is the integrated square error (ISE). By
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reorganising the ISE, it can be written as the mean integrated square error (MISE), which is a more

general error criterion when looking at more than one data set from the density f . Furthermore,

the MISE is more mathematically manageable than the ISE and it will be the main focus of this

section, together with the MSE. All the concepts will become clear in Section 2.3.1 below.

2.3.1 Mean square error

According to Wand and Jones (1995) it is common practise to measure the closeness of an estimator

θ̂ to its target parameter θ by the size of the MSE,

MSE(θ̂) = E(θ̂ − θ)2 . (2.2)

The MSE is thus a criterion that measures discrepancy at a single point x on a real space, R. One

of the advantages of the MSE is that it can be split into a variance and bias component which

accounts for a more detailed analysis of the performance of the kernel density estimator.

MSE(θ̂) = V ar(θ̂) + (Eθ̂ − θ)2 . (2.3)

The mean square error can now be defined as follows:

Let θ = f(x;h) and let θ̂ = f̂(x;h) be the estimator for a density function f(x) at some point x on

the one dimensional real space R.

Then

MSE
[
f̂(x;h)

]
= E

[
f̂(x;h)− f(x)

]2
. (2.4)

In order to write the MSE in its decomposition of variance and bias, these two terms will have to

be formulated. The variance is formulated as

V ar
[
f̂(x;h)

]
= Ef̂(x;h)2 −

[
Ef̂(x;h)

]2

= n−1(K2
h ∗ f)(x)− n−1(Kh ∗ f)2(x) , (2.5)

where (K2
h ∗ f)(x) =

∫
K2
h(x− y)f(y)dy and (Kh ∗ f)(x) =

∫
Kh(x− y)f(y)dy, i.e., V ar[f̂(x;h)] is

defined in terms of the convolution of the kernel and the density function. Therefore

V ar
[
f̂(x;h)

]
= n−1

[∫
K2
h(x− y)f(y)dy

]
− n−1

[∫
Kh(x− y)f(y)dy

]2

, (2.6)

where Kh is a kernel function as is defined in Section 2.2.

The bias, in turn, is formulated as

Bias
[
f̂(x;h)

]
= Ef̂(x;h)− f(x) . (2.7)
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We can then rewrite (2.7) in the following convolution form with the use of the convolution definition

(see Remarks, p. 3):

Bias
[
f̂(x;h)

]
= (Kh ∗ f)(x)− f(x)

=

[∫
Kh(x− y)f(y)dy

]
− f(x) , (2.8)

where Kh is a kernel function.

Using (2.3), it is clear that

MSE
[
f̂(x;h)

]
= V ar

[
f̂(x;h)

]
+
{
Bias

[
f̂(x;h)

]}2
. (2.9)

Substituting (2.6) and (2.8) into (2.9) we obtain

MSE
[
f̂(x;h)

]
= n−1

[∫
K2
h(x− y)f(y)dy

]
− n−1

[∫
Kh(x− y)f(y)dy

]2

+

{[∫
Kh(x− y)f(y)dy

]
− f(x)

}2

= n−1
[
(K2

h ∗ f)(x)− (Kh ∗ f)2(x)
]

+ [(Kh ∗ f)(x)− f(x)]2 . (2.10)

This is a local measure of error when estimating the density at a single point. It may be necessary

to estimate the density over an entire real line. This need may arise if an estimate of the density

for a data set is available and a criterion to measure its performance is desired. The MSE is an

inappropriate measure of discrepancy in this case since a global measure of the distance between

two functions, e.g., f̂(·;h) and f is needed. One such criterion is the integrated square error ,

ISE
[
f̂(·;h)

]
=

∫ {
f̂(x;h)− f(x)

}2
dx . (2.11)

The above formulation for the ISE can be recognised as the square of the L2 distance between

f̂(·;h) and f . The ISE is appropriate if the only concern is the data set at hand; it does not take

into account other possible data sets from the density f (Wand and Jones 1995, p. 15).

2.3.2 Mean integrated square error

If the focus shifts from a single data set to multiple data sets from the density f , a more general

global error criterion is needed. For this purpose it is possible to extend the MSE to the mean

integrated square error. The MISE basically calculates the MSE at each point in the data set and

then integrates over the values, or equivalently can be regarded as taking the expected value of the



CHAPTER 2. KERNEL DENSITY ESTIMATION 40

ISE. It can be written as:

MISE
[
f̂(·;h)

]
= E

{
ISE

[
f̂(·;h)

]}
= E

∫ {
f̂(x;h)− f(x)

}2
dx

=

∫
E
{
f̂(x;h)− f(x)

}2
dx =

∫
MSE

{
f̂(x;h)

}
dx . (2.12)

By using (2.10) and convolution notation, the MISE can be written in the form:

MISE
[
f̂(·;h)

]
= (n)−1

∫
Kh

2(x)dx+
(
1− n−1

) ∫
(Kh ∗ f)2(x)dx

− 2

∫
(Kh ∗ f)2(x)f(x)dx+

∫
f(x)2dx . (2.13)

Although (2.13) is an easy-to-work-with expression, it depends on the bandwidth h in a compli-

cated way. This can be remedied by deriving an asymptotic approximation for the MISE. Wand

and Jones (1995) revealed that the asymptotic expression of the MISE depends on h in a simpler

way. The derivation of the large sample approximation requires assumptions about the density

function f , the bandwidth h, and the kernel K, which are listed below. However, only the end

result and major components will be presented. Wand and Jones (1995, Section 2.5) contains the

outline of the derivation.

The list of assumptions include:

1. The second derivative of f , denoted f ′′, is continuous, square integrable and ultimately mono-

tone. An ultimately monotone function is monotone over both (−∞,−M) and (M,∞) for

some M > 0.

2. The bandwidth h is a non-random sequence of positive numbers.

3. The kernel K is a bounded probability density function having finite fourth moment and

symmetry about the origin.

In order to write an asymptotic expression for the MISE, Taylor expansions were found forBias
[
f̂(x;h)

]
and V ar

[
f̂(x;h)

]
, which are presented in (2.14) and (2.15) below.

1. A derived expression for the bias is

Bias
[
f̂(x;h)

]
=

1

2
h2µ2(K)f ′′(x) + o(h2) , (2.14)

where µ2(K) =
∫
z2K(z)dz.

2. A derived expression for the variance is

V ar
[
f̂(x;h)

]
= (nh)−1R(K)f(x) + o

{
(nh)−1

}
, (2.15)

where R(K) =
∫
K(z)2dz.
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By adding (2.15) and the square of (2.14) the MSE result into

MSE
[
f̂(x;h)

]
= (nh)−1R(K)f(x) +

1

4
h4µ2(K)2f ′′(x)2 + o

[
(nh)−1 + h4

]
. (2.16)

If the above expression is integrated, under the aforementioned integrability assumptions on f , the

following expression is obtained:

MISE
[
f̂(·;h)

]
= AMISE

[
f̂(·;h)

]
+ o

[
(nh)−1 + h4

]
, (2.17)

where

AMISE
[
f̂(·;h)

]
= (nh)−1R(K) +

1

4
h4µ2(K)2R(f ′′) . (2.18)

Expression (2.18) is called an asymptotic MISE, or AMISE, since it provides a useful large sample

approximation to the MISE (Wand and Jones 1995, p. 21). Note that the integrated squared bias of

the AMISE in (2.18) is proportional to h4 whereas the integrated variance of (2.18) is proportional

to (nh)−1. Ideally h must be adjusted in a way that will minimize the components of the AMISE

as n increases. However, this suffers from the variance-bias trade-off. The trade-off implies that if

h becomes smaller the variance will increase and the bias will decrease drastically, and if h becomes

larger, the variance will decrease and the bias will increase drastically. We, therefore, need to find

a middle-ground where the bias and variance are both small enough to serve our purpose (Wand

and Jones 1995, p. 22).

The AMISE as presented in (2.18) has the characteristics that the relation to the bandwidth h

is less complicated and the variance-bias trade-off is clearly defined. It should be noted, however,

that the AMISE is a large sample approximation to the MISE presented in (2.13) (Wand and

Jones 1995, p. 24). For finite sample performance of the kernel density estimator for a specific

K and f , the MISE is demanded, which is a complicated situation, since several integrals are in-

volved. These integrals will have to be computed numerically and can be computer intensive and

time consuming. However, several choices for K and f exist that can be computed exactly. This

simplifies the calculations for the MISE[f̂(·;h)].

See (Wand and Jones 1995, p. 24) for a more indepth discussion.

2.4 Choosing the kernel function

In density kernel estimation there are especially two important factors to consider: the choice of

the kernel function K, and the choice of the bandwidth h. In this section we will consider some

possible popular choices of K, and some aspects of optimal kernel theory, and related topics, such

as canonical kernels.

Table 2.1 lists popular kernels presented in this chapter.
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Kernel K(x) Figure

Normal 1√
2π
e

−x2
2 2.2

Rectangular 1
2 2.3

Triangular 1− |x| 2.4

Epanechnikov 3
4(1− x2) 2.5

Table 2.1: List of popular kernels.

2.4.1 Normal kernel density

It is widely known that many families of density functions approach the Normal density as specific

parameters tend to an appropriate value (Azzalini 1985). This heuristically motivates the Normal

density to be a reasonable choice for a kernel in density estimation.

The central Normal kernel density is defined as follows:

K(x) =
1√
2π
e

−x2
2 , −∞ < x < +∞ . (2.19)

Figure 2.2(a) illustrates a unimodal Normal kernel density, but we are not restricted to using a

unimodal kernel. If we suspect that the density to be estimated is bimodal or multimodal, we can

use contaminated Normal distributions as kernels. These contaminated normal distributions are

mixtures of Normal distributions such as the distribution, 1
2N(−1, 4

9) + 1
2N(1, 4

9), in Figure 2.2(b).

Figure 2.2: (a) The normal kernel (b) The contaminated normal kernel.

One of the few shortcomings of the Normal kernel is that it has unbounded support, −∞ < x <∞.



CHAPTER 2. KERNEL DENSITY ESTIMATION 43

The kernel can therefore take on very small values which can cause numeric underflow on a computer

(Hardle 1990, p. 25), and it can be influenced by points in the tail. A possible way to resolve this

is to consider kernels with bounded support, i.e., kernels that are zero outside some fixed interval,

say −1 ≤ x ≤ 1. In the next paragraph such kernel functions will be considered.

2.4.2 Kernels with bounded support

The bounded support kernels of interest for this discussion are: the rectangular, triangular and

Epanechnikov kernels.

2.4.2.1 Rectangular kernel

The rectangular kernel treats all points in a neighbourhood the same and is often termed the Näıve

estimator (Silverman 1986, p. 12). All points in a neighbourhood, regardless of how far they are

from the center of the neighborhood, are allocated the same probability.

K(x) =

 1
2 , if −1 ≤ x ≤ 1

0, otherwise.
(2.20)

With the kernel defined as in (2.20) it assigns the weight, 1
2 , to each point. A better approach,

Figure 2.3: The Rectangular kernel.

however, might be to assign less weight to points in the neighbourhood which are further away from

the point of evaluation. The intuitive solution would be to use kernels that decline symmetrically.
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2.4.2.2 Triangular kernel

The triangular kernel is triangular in shape as the name implies, and is evaluated as zero outside

its bounds. Triangular kernels are defined as follows:

K(x) =

 1− |x|, if −1 ≤ x ≤ 1

0, otherwise.
(2.21)

Figure 2.4: The Triangular kernel.

This kernel declines symmetrically, meaning that points further away from the center of the neigh-

bourhood carry less weight. The rate at which it declines is relatively sharp. It could be that we

need a kernel that does not decline sharply which leads to the next kernel.

2.4.2.3 Epanechnikov kernel

The Epanechnikov kernel is of parabolic shape, is zero for x ≥ 1 and x ≤ −1, and is defined as

follows

K(x) =

 3
4(1− x2), if −1 ≤ x ≤ 1

0, otherwise.
(2.22)

A very brief outline concerning the origins of the Epanechnikov kernel is now presented. The in-

terested reader is directed to Tapia and Thompson (1978) for a more thorough discussion.

Using an upper bound to the mean square error for a fixed X, E[f(X)− f̂n(X)]2, where f̂n(X) is

the Parzen kernel-type estimate of f(X) as defined in (2.1), we find the support kernel function
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Figure 2.5: The Epanechnikov kernel.

K(X) that minimizes the upper bound. The optimal kernel function is

K(x) =
(1 + a−1)

2T
[1− T−a|x|a] , for |x| ≤ T , (2.23)

where [−T, T ] is the support interval, and a = 2 − 1
p , p ≥ 1 (Kazakos 1975). Parzen kernel-type

estimators are defined thoroughly in Tapia and Thompson (1978).

Considering the Wahba lower bound on the mean square error for m = 2, p = ∞ and T = 1

defines the Epanechnikov kernel as it is displayed in (2.22) (Tapia and Thompson 1978, p. 76).

Because the kernel is of parabolic shape it gradually applies less weight to points further away

from the center of the neighbourhood. This is a more desirable situation than a sharp decline as is

found in some cases.

2.4.3 Beta and Gamma kernels

So far we have considered symmetric kernels, but while using symmetric kernels is appropriate

for fitting densities with unbounded support, it is not always adequate for densities with compact

support as it causes boundary bias (Chen 2000a). We will consider kernel densities with bounded

support [0,∞), and briefly report on kernels from Gamma and Beta families as it is revealed in

the literature.
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2.4.3.1 The Gamma kernel density

The Gamma distribution is a 2-parameter frequency distribution defined in a point x in the support

region of the kernel, by the equation

K(x) =
1

βγΓ(γ)
xγ−1e

− x
β ; β > 0, γ > 0 , (2.24)

where β scales x and is called the scale parameter, and γ is the shape parameter. Γ is the usual

gamma function defined by Γ(α) =
∞∫
0

tα−1e−tdt, and f(x) = 0 for x < 0 (Thom 1958).

Figure 2.6: The Gamma(1,2) kernel.

The Gamma kernel is positively skewed with zero lower bound and infinite upper bound [0,∞),

and the amount of skewness depends inversely on the shape factor γ. The Gamma distribution

is closely related to the Chi-square distribution, since Y = χ2/2 has a Gamma distribution where

γ = 1
2n and β = 1.

Gamma kernel estimates are free of boundary bias, always non-negative and achieve the optimal

rate of convergence in the mean integrated square error within the class of non-negative kernel

density estimators (Chen 2000a). Furthermore, the shape of kernels changes according to the value

of x, and by varying the kernel shape the amount of smoothing applied to the Gamma kernel

estimator is varied as well. The Gamma kernel has a unique feature in that the variance reduces

as the position where the smoothing parameter is evaluated moves away from the boundary. This

feature is attractive in estimation of densities that have sparse areas (Chen 2000a). Let Kp,q be

the density function of a Gamma(p, q) random variable. The class of Gamma kernels considered
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by Chen (2000a) is defined by

Kx/b+1,b(t) =
t
x
b e−

t
b

b
x
b+1 Γ(xb + 1)

, (2.25)

where b is a smoothing parameter satisfying the condition that b→ 0 and nb→∞ as n→∞. One

of the two Gamma kernel estimators defined by Chen (2000a) is

f̂(x) = n−1
n∑
i=1

Kx/b+1,b(Xi) . (2.26)

It is similar to the standard kernel estimator in (2.1), it only replaces the fixed symmetric kernel

K with the Gamma kernels.

Chen (2000a) concluded that the variance of the Gamma kernel estimator at a distance x away

from the origin is O(n−4/5x−1/2) indicating a smaller variance as x increases. He confirmed this

conclusion in a limited simulation study where the gamma kernel estimator displayed smaller vari-

ance than several other boundary bias free kernel estimators. The smaller variance was, however,

earned at the expense of the bias. This was stated to be worthwhile as the Gamma kernel displayed

small mean square errors.

2.4.3.2 Beta kernel estimators

Similar to the Gamma distribution defined in 2.4.3.1, the Beta distribution is a 2-parameter fre-

quency distribution given by the equation

Kp,q(x) =
xp−1(1− x)q−1

B(p, q)
; 0 ≤ x ≤ 1, p, q > 0 , (2.27)

where p and q are shape parameters and B(α, β) =
∫ 1

0 t
α−1(1− t)β−1dt is the Beta function.

Two Beta kernel density estimators are proposed by Chen (1999). These Beta kernel estimators

are free of boundary bias, non-negative and achieve the optimal rate of convergence for the mean

integrated square error. The proposed Beta kernel estimators varies the amount of smoothing allo-

cated by naturally varying the kernel shape without explicitly changing the value of the smoothing

bandwidth. Another feature of the Beta kernels is that it can match the support of the density

function which leads to a larger effective sample size used in density estimation, and can produce

density estimates that have smaller finite-sample variance than some other estimators (Chen 1999).

Let X1, X2, . . . , Xn be a random sample drawn from a distribution with unknown probability den-

sity function f which has compact support and continuous second derivative. It is assumed that

the compact support is known and, without loss of generality, is [0, 1]. Let Kp,q be the density

function of a Beta(p, q) random variable. The class of Beta kernels considered by Chen (2000b) is

K x
b+1

,
(1−x)
b+1

(t) =
tx/b(1− t)(1−x)/bI(0 ≤ t ≤ 1)

B{x/b+ 1, (1− x)/b+ 1}
, (2.28)
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where B is the Beta function and b is the smoothing parameter.

Figure 2.7: The varying Beta kernel.

The first Beta kernel density estimator of interest uses K x
b+1

,
(1−x)
b+1

(Xi) defined in (2.28) as the

kernel at point x ∈ [0, 1], where b is a smoothing parameter satisfying the conditions that b→ 0 as

n→∞, and is therefore defined as

f̂1(x) = n−1
n∑
i=1

Kx/b+1,(1−x)/b+1(Xi) , x ∈ [0, 1] . (2.29)

It is similar to the standard kernel estimator (2.1), it only replaces the fixed kernel with the Beta

kernel (Chen 1999).

In order to reduce the bias of (2.29), the second Beta kernel density estimator of interest can be

used:

f̂2(x) = n−1
n∑
i=1

K?
x,b(Xi) , (2.30)

where K?
x,b are boundary Beta kernels defined by

K?
x,b(t) =


Kx/b,(1−x)/b(t), if x ∈ [2b, 1− 2b]

Kρ(x),(1−x)/b(t), if x ∈ [0, 2b]

Kx/b,ρ(1−x)(t), if x ∈ [1− 2b, 1] ,

(2.31)

and where ρ(x, b) = 2b2 + 2.5 −
√

4b2 + 6b2 + 2.25− x2 − x/b. Note that for fixed b, ρ(x, b) is a

monotonic increasing function of x between [0,2b]. In particular, it has y = x
b as its tangent line

at x = 2b and ρ(0, b) = 1. Furthermore, note that the beta kernel function adaptive scheme is

different from the existing adaptive scheme of achieving different amount of smoothing by varying



CHAPTER 2. KERNEL DENSITY ESTIMATION 49

the smoothing bandwidth (Chen 1999).

Chen (1999) states that the Beta kernel method is relatively easy in concept and in its imple-

mentation, and produces estimators which have mean integrated square errors of O(n−4/5). Chen

(1999) further concludes in a limited simulation study that the estimator f̂2, in (2.30), has the

smallest variance among the estimators for all the cases considered. Furthermore, f̂2 has a better

global performance and uses a smaller bandwidth than f̂1. The smaller variance could be ascribed

to the fact that the support of the Beta kernel matches the support of the density. Therefore, at

any fixed x each data value contributes to the density estimate. Furthermore, as was noted with

the Gamma kernels, the kernel shape changes according to the value of x and this varying kernel

shape changes the amount of smoothing applied by the Beta kernel estimator.

2.4.4 Choosing an appropriate kernel

As mentioned earlier, K is usually taken to be a symmetric, unimodal density such as the Normal

density. We also discussed bounded kernels and asymmetric kernels, and for each of these we

presented possible reasons why they would be used. However, in general the question arises: Which

kernel should be used? It is necessary to define a useful rescaling of a kernel that will allow an

appropriate comparison of kernel shapes, to enable an answer to this question. Since the scaling of

K is arbitrary we may choose a δ so that

R(Kδ) = µ2(Kδ)
2 , (2.32)

where Kδ(·) = K(·/δ)/δ, to factorize (2.18) in two parts separating the dependence of h and

K. Wand and Jones (1995, p. 29) showed that (2.32) is satisfied by taking δ equal to δ0 ={
R(K)/µ2(K)2

}1/5
. The AMISE can then be written as

AMISE
[
f̂(·;h)

]
= C(Kδ0)

{
(nh)−1 +

1

4
h4R(f ′′)

}
, (2.33)

where C(K) =
{
R(K)4µ2(K)2

}1/5
. Notice that C(K) is invariant to rescalings of K (Wand and

Jones 1995, p. 28). This rescaling Kδ0 is called the canonical kernel for class {Kδ : δ > 0} of

rescalings of K.

When using canonical kernels we only need to choose K to minimize C(Kδ0) to determine the

optimal kernel shape, and because C(K) is scale invariant, the optimal kernel will minimize C(K)

subject to
∫
K(x)dx = 1,

∫
xK(x)dx = 0,

∫
x2K(x)dx <∞, and K(x) ≥ 0 for all x.

Hodges and Lehmann (1956) shows the solution to be

Ka(x) =
3

4

{
1− x2/(5a2)

}
51/2a

I{|x|<51/2a} , (2.34)
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where a is an arbitrary scale parameter and I is an indicator function. If we set a2 = 1
2 , the solution

in (2.34) simplifies to the Epanechnikov kernel as formulated in (2.22).

The optimal kernel function is therefore the Epanechnikov kernel, and with this information a step

further can be taken by defining an efficiency measure with which different kernel functions can be

compared to the Epanechnikov kernel. The efficiency measure is formulated as

eff(K) =

{
C(Ke)

C(K)

} 4
5

, (2.35)

where Ke is the Epanechnikov kernel as defined in (2.22).

The efficiency represents the ratio of sample sizes necessary to obtain the same minimum AMISE,

for a given f , when using Ke instead of K (Wand and Jones 1995, p. 31). Table 2.2 lists several

popular kernels and their efficiencies. The power 4
5 in (2.35) denotes that for large n, the MISE will

be the same whether we use n observations and the kernel K or whether we use n of the eff(K)

observations and the kernel Ke (Silverman 1986, p. 42).

Kernel K(x) Efficiency

Epanechnikov 3
4(1− x2) 1

Biweight 15
16(1− x2)2 (3087

3125)1/2 ≈ 0.9939

Triangular 1− |x| (243
250)1/2 ≈ 0.9859

Normal 1√
2π
e

−x2
2 (36π

125 )1/2 ≈ 0.9512

Rectangular 1
2 (108

125)1/2 ≈ 0.9295

Table 2.2: The efficiency of several kernels (Silverman 1986, p. 43).

Note that the efficiencies of the suboptimal kernels are very high and they differ only slightly

from each other. We can thus conclude that one loses very little in performance if any of the

suboptimal kernel functions are used. The results suggest that most unimodal densities perform

similar when used as kernels. Choosing the kernel can therefore be based on other principles such

as computational effort (Wand and Jones 1995, p. 31).

2.5 Bandwidth selection

According to Wand and Jones (1995), and by noting the last remark in the previous paragraph, it

must be kept in mind that the choice of the kernel does not have a major effect on the performance

of the kernel density estimator and that other considerations can be taken into account when

choosing a kernel. The bandwidth h plays a much more crucial role in the performance of a kernel
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estimator. A too large bandwidth will result in an oversmoothed estimation which can obscure the

true shape of the density being estimated and leads to increased bias. A too small bandwidth leads

to an estimation that has a too high variance which manifest as a density with numerous sharp

peaks.

Figure 2.8 displays the effect of bandwith selection on kernel smoothing. The well-known Old

Faithful geyser data, embedded in the R-software, were used to simulate the results.

Figure 2.8: Effect of varying bandwith.

Silverman (1986) states that if the AMISE in (2.18) is minimized, it is possible to find an optimal

value for the bandwidth h, which can be written in the form

hopt = µ2(K)−2/5

{∫
K(t)2dt

}1/5{∫
f ′′(x)2dx

}−1/5

n−1/5 . (2.36)

The formula for the optimal bandwidth is useful in many ways, but disappointingly it is dependent

on the unknown density being estimated. Nonetheless let’s explore the useful conclusions drawn

by Silverman (1986) from the hopt equation. To start, the ideal bandwidth will converge to zero

as the sample size increases, albeit at a very slow rate. Furthermore, small values of h will be

appropriate for more rapid fluctuating densities. A natural approach leading on from (2.36) is to

choose h with reference to some standard family of densities (Silverman 1986, p. 40). This can be

done by assigning a value to the term
∫
f ′′(x)2dx in (2.36) from a standard family of distributions.

For instance if you choose the standard Normal distribution with variance σ2, and φ the standard
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Normal density, then ∫
f ′′(x)2dx = σ−5

∫
φ′′(x)2dx

=
3

8
π−1/2σ−5 ≈ 0.212σ−5 . (2.37)

By substituting the result of (2.37) in (2.36) we obtain the bandwidth

hopt = (4π)−1/10

(
3

8
π−1/2

)−1/5

σn−1/5

=

(
4

3

)1/5

σn−1/5

= 1.06σn−1/5 . (2.38)

A quick and easy way of choosing the bandwith would be to estimate σ from the data and then

substitute it into (2.38). While this approach to obtain the bandwidth may be successful under

Normality, it may cause problems when other distributions are involved. In the case where the

underlying distribution is multimodel, like in figure 2.2(b), the hopt will oversmooth as result of

the value
(∫
f ′′2
)1/5

being larger relative to the standard deviation (Silverman 1986, p. 46). In

the case of figure 2.2(b) where the density is a mixture of two unit Normal distributions with

means separated by varying amounts, the optimal bandwidth approach will oversmooth more as

the density becomes bimodal. Silverman (1986) suggest a possible solution in not using the σ, but

instead using the adaptive estimate of spread

σ̂∗ = min (standard deviation, interquartile range/1.34) . (2.39)

This will cope moderately well with bimodal densities while still handling unimodal densities rela-

tively well. Wand and Jones (1995) also note that use of σ̂∗ guards against outliers if f has heavy

tails.

It is often more feasible to use automatic bandwidth selectors, especially in cases where prior knowl-

edge about the data are absent, or when inexperience prevents a sensible, subjective choice of a

bandwidth. In the following subsections we will discuss two such methods, i.e., cross-validation

and the plug-in method.

2.5.1 Cross-validation

Cross-validation methods are fully automatic and consistent methods of selection. Three popular

variants of this method will be defined below.
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2.5.1.1 Least-Square cross-validation (LSCV)

Adopting the shorthand notation used by Silverman (1986), let f̂ be an estimator for the density

f and note that the ISE can be written as∫
(f̂ − f)

2
=

∫
f̂2 − 2

∫
f̂f +

∫
f2 . (2.40)

The last term
∫
f2, is unknown and does not depend on the estimator f̂ and therefore the ideal

bandwidth will correspond to the choice that minimizes the quantity

R(f̂) =

∫
f̂2 − 2

∫
f̂f . (2.41)

The concept of cross-validation rests on the minimization over h of the estimate R(f̂) which is

obtained directly from the data to give the ideal choice of bandwidth. The MISE can be written

in the same way as suggested in (2.41),

MISE
[
f̂(·;h)

]
−
∫
f(x)2dx = E

[∫
f̂(x;h)2dx− 2

∫
f̂(x;h)f(x)dx

]
. (2.42)

An unbiased estimator can now be presented as follows

LSCV (h) =

∫
f̂(x;h)2dx− 2n−1

n∑
i=1

f̂−i(Xi;h) , (2.43)

where

f̂−i(x;h) = (n− 1)−1
∑
j 6=i

Kh(x−Xj) . (2.44)

The term in (2.44) is the density estimate based on the sample with Xi deleted and is referred

to as the leave-one-out density estimator. The term cross-validation stems from this and refers

to the fact that a part of a sample is used to obtain information about another part (Wand and

Jones 1995, p. 63). It is possible that the LSCV (h) has more than one local minimum (Wand and

Jones 1995, p. 64). Wand and Jones (1995) suggests using the bandwidth corresponding to the

largest local minimizer of LSCV (h), if this is encountered.

An algorithm for the calculation of the LSCV is presented below:

1. Over a dense grid Hn of h calculate LSCV (h) as presented in (2.43).

2. Define the automatic bandwidth as

ĥ = arg min
h∈Hn

[LSCV (h)] . (2.45)
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2.5.1.2 Biased cross-validation (BCV)

Instead of using the exact MISE formula in (2.12) as in least-squares cross-validation, it is possible

to use the AMISE as presented in (2.18). This adjustment was developed by Scott and Terrell (1987)

and termed biased cross-validation (BCV). The BCV method reminds of the plug-in bandwidth

selection method which will be discussed in Section 2.5.2, in that it replaces the unknown R(f ′′)

term in (2.18) by the estimator

R̃(f ′′) = R(f̂ ′′(·;h))−
(
nh5

)−1
R(K ′′)

= n−2
∑∑

j 6=i
(K ′′h ∗K ′′h)(Xi −Xj) . (2.46)

The resulting BCV is then formulated by:

BCV (h) = (nh)−1R(K) +
1

4
h4µ2(K)2R̃(f ′′) . (2.47)

The ideal bandwidth ĥBCV , is selected in the same way as that of the LSCV method; it is the

h that minimizes the BCV (h). An advantage of the BCV is that it has a smaller variance when

compared to that of the LSCV bandwidth estimate, but it comes at the price of a higher bias,

with ĥBCV tending to be larger than the MISE-optimal bandwidth (Wand and Jones 1995, p. 65).

Some disadvantages of the BCV are mentioned in Wand and Jones (1995, p. 66).

2.5.1.3 Likelihood cross-validation (LCV)

The method of likelihood cross-validation is a natural developoment of the idea of using likelihood

to judge the adequacy of fit of a statistical model. Suppose an independent observation Y from f is

available in addition to the original data set. The log-likelihood of f as the density underlying the

observation Y would be log f(Y ) (Silverman 1986, p. 52). If f̂ is a parametric family of densities

depending on the bandwidth h while the data Xn = (X1, X2, . . . , Xn) are considered fixed, log

f̂(Y ) would be obtained, a function of h, the log-likelihood of the bandwidth h (Silverman 1986,

p. 53).

The likelihood cross-validation bandwidth selection approach, builds on the idea that even if we do

not have an independent Y , we could leave out one of the original observations Xi from the sample

used to construct the density estimate, and use it as the independent observation Y . This would

give log f̂−i(Xi), where f̂−i is defined as in (2.44). The log likelihood is averaged over each choice

of omitted Xi, to give

LCV (h) = n−1
n∑
i=1

logf̂−i(Xi) . (2.48)

The ideal bandwidth h for the LCV is the choice of h which maximises the function LCV (h) for

the given data (Silverman 1986, p. 53).
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2.5.2 Plug-in bandwidth selection

In the previous section we mentioned that by minimizing the AMISE it was possible to find an

optimal bandwidth, and this bandwidth can be written in the form

hAMISE =

[
R(K)

µ2(K)2R(f ′′)n

]1/5

. (2.49)

The above equation poses a problem in that it requires a value for f ′′, i.e., the second derivative

of the density f which is unknown, and is exactly what we are trying to estimate. The plug-in

method is designed to overcome this shortcoming and the rationale behind it consist of replacing

the unknown quantities in (2.49) with estimates. The unknown second derivitive f ′′ in (2.49) is

therefore replaced with a functional ψr which is defined as

ψr =

∫
f (r)(x)f(x)dx . (2.50)

Replacing the functional in turn with the kernel estimator ψ̂r(g), where g is a pilot bandwidth,

leads to the direct plug-in rule

ĥDPI =

[
R(K)

µ2(K)2ψ̂r(g)n

]1/5

. (2.51)

We are still faced with the problem of choosing a starting or pilot bandwidth. It could be possible

to use another functional to estimate this, but it would not solve the problem. The new functional

will again have an unknown quantity. The suggested solution by Wand and Jones (1995) is to use

a quick and simple estimate like the one proposed in (2.38) as the pilot bandwidth g. There can

be multiple functional estimations before the pilot bandwidth is introduced and is usually refered

to as a `-stage direct plug-in bandwidth selector (Wand and Jones 1995, p. 71). As ` increases the

bandwidth selector becomes less bias, since the dependence on the pilot bandwidth diminishes, but

the variance increases (Wand and Jones 1995, p. 73).

Various aspects of kernel density estimation have been explored in this chapter, although dis-

cussions were very brief. This chapter was intended as a cursory overview of the methodology

and techniques involved in kernel smoothing to form basis for later application in Chapter 4 and

Chapter 5.



Chapter 3

The Bootstrap

3.1 Introduction

Statisticians daily face the often complicated task of estimating unknown parameters θ, of the

true underlying distribution of a population. When estimators θ̂ are finally obtained, the question

arises of how close these estimators are to the true parameters, which is an equally difficult task to

quantify as the original estimation process.

One effort to solve some of the problems connected to this issue, was proposed by Efron (1979),

who defined the bootstrap method of estimation. The term bootstrap alludes to the story The

Surprising Adventures of Baron Munchausen where the Baron pulls himself out of a lake by his

bootstraps. Bradley Efron coined this term for his procedure where a sample from the population is

used as a sub-population from which subsequent repeated samples are drawn. According to Efron

and Tibshirani (1993) the bootstrap procedure is a computer based method for assigning measures

of accuracy to statistical estimates.

The bootstrap is directly related to the plug-in principle (see Chapter 2, Section 2.5.2), which

is a method of estimating parameters from samples (Efron and Tibshirani 1993, p. 31). Let F be

an unknown distribution function from which a vector of observed data points are obtained, i.e.,

Xn = (X1, X2, . . . , Xn). For simplicity we focus on a one dimensional parameter space θ = θ(F ).

A statistic is calculated, i.e., θ̂ = θ̂(Xn), which is intended to estimate the parameter of interest,

θ(F ). As mentioned before, it is important to know how accurately θ̂ estimates θ. If F̂ is a known

estimate for the unknown distribution function, we can use F̂ to generate independent samples and

since F̂ is completely known we can generate from it as many replications of θ̂ as we need. These

replications can then be used to assess the accuracy of F̂ .

56
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The following sections will be guided by Efron and Tibshirani (1993) and Davison and Hinkley

(1997) unless stated otherwise. This chapter’s main focus will be on the nonparametric bootstrap

method, although many forms of the bootstrap method exist and are applied successfully in practice

and in the literature. One handy advantage of the nonparametric bootstrap is that, with minimal

assumptions concerning the origin of the data, and little theoretical consideration, the bootstrap

can be applied in an automatic way to a wide variety of statistical problems and in a variety of

contexts, regardless of the theoretical complexity. The main concepts, notation and methodology

used in the formulation of the bootstrap are discussed in Section 3.2. In Section 3.3 the estimation

of the standard error and bias via the use of bootstrap methods is considered, and in Section 3.4

the application of the bootstrap to regression analysis is overviewed.

3.2 Bootstrap methodology

We adopt the notation of Efron and Tibshirani (1993) in the paragraphs to follow. Let Xn =

(X1, X2, . . . , Xn) denote identically and independently distributed (iid) random variables from some

unknown distribution function F . Furthermore, let s(Xn) denote a statistic of interest that is

computed from the vector Xn. An identically and independently distributed bootstrap sample

drawn from F̂ , with replacement, where F̂ is an estimator for the distribution function F (usually

chosen to be the empirical distribution function, Fn), is denoted by X∗n = (X∗1 , X
∗
2 , . . . , X

∗
n) and

similarly the statistic computed from X∗n is denoted by s(X∗n). B repeated bootstrap samples

are generated by drawing independent random samples of size n, with replacement, from F̂ , and

these repeated realizations are denoted by X∗n(b) = (X∗1 , X
∗
2 , . . . , X

∗
n), b = 1, . . . , B. Efron and

Tibshirani (1993) suggest that typical values of B can range from 50 to 200, or more, depending

on the statistic of interest. Each of the B realized bootstrap samples will then have a consequent

bootstrap replication of s(Xn), represented by s(X∗n(b)), b = 1, . . . , B. This denotes the value of the

statistic s evaluated for the bth realization of X∗n. The actual distribution of s(Xn) is approximated

by the sampling distribution of s(X∗n), i.e., from s(X∗n(1)), s(X∗n(2)), . . . , s(X∗n(B)). By taking B

increasingly larger, the approximation can be made progressively more accurate as is revealed in

the literature by Efron and Tibshirani (1993).

Bootstrap programs can easily be compiled to determine the accuracy of any computable statistic

s(Xn). Already compiled programs are also available in several popular packages such as R and

SPLUS. With these programs in place, the data analyst is free to use a convenient estimator, no

matter how complicated, with assurance regarding the estimator’s accuracy (Efron and Tibshirani

1993, p. 15). The procedure discussed above is summarised by the schematic representation in
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Figure 3.1.

Observed sample Bootstrap samples Bootstrap Replications

Xn = (X1, X2, . . . , Xn)



⇒ X∗n(1) = (X∗1 , X
∗
2 , . . . , X

∗
n) (1) ⇒ s(X∗n(1))

⇒ X∗n(2) = (X∗1 , X
∗
2 , . . . , X

∗
n) (2) ⇒ s(X∗n(2))

⇒ X∗n(3) = (X∗1 , X
∗
2 , . . . , X

∗
n) (3) ⇒ s(X∗n(3))

...
...

⇒ X∗n(B − 2) = (X∗1 , X
∗
2 , . . . , X

∗
n) (B − 2) ⇒ s(X∗n(B − 2))

⇒ X∗n(B − 1) = (X∗1 , X
∗
2 , . . . , X

∗
n) (B − 1) ⇒ s(X∗n(B − 1))

⇒ X∗n(B) = (X∗1 , X
∗
2 , . . . , X

∗
n) (B) ⇒ s(X∗n(B))

Figure 3.1: Schematic representation of the bootstrap process.

3.2.1 Random sampling

Sampling with replacement is a key concept of the bootstrap, and deserves a more detailed defini-

tion.

In general terms, let U be a finite population of individual units U1, U2, . . . , UN , and let every

unit have an equal chance of being selected in a random draw. A random sample of size n is

then defined as a collection of units u1, u2, . . . , un selected at random from the finite population, U

(Efron and Tibshirani 1993, p. 17). In essence the sampling procedure is implemented as follows: a

random number device generates n uniform random integers on an interval [1,N], with probability

1
N . The integers are represented by j1, j2, . . . , jn, and they determine which units of U are selected

as u1 = Uj1 , u2 = Uj2 , . . . , un = Ujn . This definition of random sampling allows a single unit Ui

to appear more than once in the sample, and is therefore commonly referred to as sampling with

replacement.

Suppose now that Xi denotes some observable quantity of each Ui, and let X denote the pop-

ulation of observable quantities of {Xi}. Denote by {xi} the observed quantities of the sample

elements {ui}. The main goal of statistical inference is to declare what we have learned about

the population X from the observed data {xi}, i = 1, 2, . . . , n. We use the bootstrap method to

quantify how accurately a statistic calculated from {xi} estimates the related measure for the whole

population.
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3.2.2 Different choices of F̂

We defined F̂ as an approximation to the unknown distribution function F and made a passing

comment that the empirical distribution function Fn, is the commonly used choice for F̂ . There

are, however, various approximations to the unknown distribution function F , and some of the

possibilities will be listed below and discussed.

1. The empirical distribution function, Fn:

The empirical distribution function (EDF), Fn, is defined to be the discrete distribution that

assigns a probability of 1
n to each value Xi, i = 1, 2, . . . , n. A more mathematical definition

for the EDF states that

Fn(x) =
1

n

n∑
i=1

I(Xi ≤ x) , (3.1)

where I is the indicator function which is defined as follows:

I(A) =

 1, if A occurs

0, if Ac occurs .

An equivalent formulation of the EDF is:

Fn(x) =
#(Xi ≤ x)

n
, (3.2)

where the # operator indicates the number of times the event occurs for which Xi ≤ x.

If n is chosen to be sufficiently large, we have that the empirical distribution and the unknown

distribution are the same. We motivate this statement with the strong law of large numbers

for independent identically distributed random variables which states that Fn converges to F

with probability one (Athreya 1983). An even stronger result, the Glivenko-Cantelli lemma,

affirm that the EDF, Fn, converges uniformly to the distribution function F with proba-

bility one, when the observations are independent and identically distributed (Jacod and

Protter 2004, p. 185):

P
(

lim
n→∞

sup [|Fn(x)− F (x)| ;x ∈ R] = 0
)

= 1 .

When F is estimated by Fn, the resulting bootstrap method is called the nonparametric

bootstrap.

2. A known distribution function, Fθ:

In some situations the distribution from which the data were obtained is known. It may
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be that the data were generated from a well known parametric distribution, say Fθ, where

θ = [θ1, θ2, . . . , θp] is a p-dimensional vector of the unknown distribution parameters. In such

case we approximate the bootstrap estimate in a slightly different manner than discussed

above. The unknown parameters θi, are estimated first, and then we obtain the estimated

distribution Fˆθ
. The bootstrap samples are generated by sampling independently from this

estimated distribution. This case is commonly known as the parametric bootstrap.

3. The smoothed distribution function, Fh:

We stated earlier that the EDF is the most commonly used approximation to the unknown

distribution function F , when implementing the bootstrap. However, the empirical distri-

bution function is a discrete function, and the question arises whether there is a continuous

approximation for F . Davison and Hinkley (1997) proposed an answer to this question by

introducing an estimator for F , which defines the smooth bootstrap.

For a scalar x the kernel density estimator is defined by

f̂h(x) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
, (3.3)

where K(· ) is a continuous and symmetric density function with mean zero and unit variance,

called the kernel function, and h is the bandwidth (see Chapter 2, Section 2.5). Bootstrap

samples and calculations are then based on the corresponding estimator of the kernel dis-

tribution function Fh, i.e., F̂h(t) =
∫ t
−∞ f̂h(x)dx. Bootstrap samples are drawn as follows.

Set Y ∗i = X∗i + hZi, where X∗n = (X∗1 , X
∗
2 , · · · , X∗n) denotes a bootstrap sample drawn with

replacement from the EDF, and Z1, Z2, . . . , Zn are sampled independently from F̂h. This is

equivalent to sampling independently from f̂h.

Throughout this study we use the empirical distribution function Fn as approximation for F .

3.3 Bootstrap estimation of the standard error and bias

Consider the scenario described in Section 3.2, and let Xn = (X1, X2, . . . , Xn) be a random sample

from an unknown probability distribution F . Let θ̂n = s(Xn) now be an estimate for a parameter

θ(F ). Regarding the accuracy of the estimator an answer is required for the question how accurate

is the estimate θ̂? Therefore we need to calculate the standard error and bias of the estimate,

but both terms can be computationally complicated to determine explicitly. In such situations the

bootstrap may come to the rescue, since it does not require theoretical assumptions and expressions

for calculations and can be used regardless of how complicated the estimator θ̂ may be (Efron and

Tibshirani 1993, p. 45).

In this section we will provide the algorithms to estimate the standard error and bias of a statistic.
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3.3.1 The bootstrap estimate of the standard error

Suppose we need to estimate the standard error for a statistic θ̂n = θ̂(Xn). We denote this standard

error by

σF (θ̂n) =

√
VarF (θ̂n) . (3.4)

By making use of the plug-in principle we obtain the ideal bootstrap estimate of the standard error

σ̂Fn(θ̂∗n) =

√
VarFn(θ̂∗n) , (3.5)

where X∗n = (X∗1 , X
∗
2 , . . . , X

∗
n) are iid random variables obtained by sampling with replacement

from the EDF Fn, and

θ̂∗ = θ̂(X∗1 , X
∗
2 , . . . , X

∗
n) . (3.6)

The following algorithm defines the procedure (Efron and Tibshirani 1993, p. 47).

Algorithm 3.1: Calculating the bootstrap standard error

1. Use the observed data Xn = (X1, X2, . . . , Xn) to construct the empirical distribution function,

Fn.

2. Generate a sample X∗n = (X∗1 , X
∗
2 , . . . , X

∗
n) from the empirical distribution function Fn, or

equivalently, sample with replacement from Xn = (X1, X2, . . . , Xn).

3. Calculate the statistic θ̂∗n = θ̂(X∗n).

4. Independently repeat the previous two stepsB times to obtain bootstrap replications, θ̂∗n(1), θ̂∗n(2) . . . , θ̂∗n(B).

5. Now, calculate the bootstrap estimation of the standard error:

σ̂B =

√√√√ 1

B − 1

B∑
b=1

(θ̂∗n(b)− θ̂∗(· ))2 ,

where

θ̂∗(· ) =
1

B

B∑
b=1

θ̂∗n(b) .

Note that σ̂Fn(θ̂∗n) denotes the ideal bootstrap estimator of σF (θ̂n), and σ̂B denotes the bootstrap

approximation of σ̂Fn(θ̂∗n). Furthermore, it is known from literature (Efron and Tibshirani (1993))

that σ̂B → σ̂Fn(θ̂∗n) as B → ∞, which means that, as B becomes reasonable large, the ideal and

simulated answer converge.
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3.3.2 The bootstrap estimate of the bias

The bias is another important measure of accuracy. In general terms it is a measure of the expected

difference between an estimator θ̂ and the associated parameter θ. The bias of an estimator

θ̂ = θ̂(Xn), as described in Section 3.1, i.e., an estimator based on a sample from a distribution

function F , is defined by: BiasF (θ̂) = EF (θ̂) − θ, where θ̂ is an estimator for θ. By the plug-in

principle the ideal bootstrap bias estimate is defined by:

BiasFn(θ̂∗) = EFn(θ̂∗)− θ̂ , (3.7)

where Fn is the EDF of F and θ̂∗ is defined in (3.6) above.

The following algorithm summarises the procedure:

Algorithm 3.2: Bootstrap estimate of the bias

1. Using the observed data Xn = (X1, X2, . . . , Xn) from F , determine the EDF Fn.

2. Calculate the estimate θ̂ = θ̂(X1, X2, . . . , Xn) from the data.

3. Draw a bootstrap sample X∗n = (X∗1 , X
∗
2 , . . . , X

∗
n) by sampling with replacement from Fn,

i.e., sample with replacement from Xn with equal probability 1
n .

4. Determine the bootstrap statistic θ̂∗ = θ̂(X∗1 , X
∗
2 , . . . , X

∗
n) from the bootstrap sample.

5. Repeat the previous two stepsB times to obtain bootstrap replications of θ̂∗n, i.e., θ̂∗n(1), θ̂∗n(2), . . . , θ̂∗n(B).

6. Calculate the bootstrap estimated of the bias as

BiasB = θ̂∗n(· )− θ̂ ,

where θ̂∗n(· ) = 1
B

∑B
b=1 θ̂

∗
n(b).

Similar to the standard error we note that BiasB → BiasFn(θ̂∗) as B →∞. Efron and Tibshirani

(1993, Section 10.4) proposes an improved estimate of the bias based on the notion of a resampling

vector P∗n = (P ∗1 , P
∗
2 , . . . , P

∗
n) which consists of non-negative components, summing to one.

3.4 Bootstrap in regression

Regression analysis is a statistical methodology that utilizes the relation between two or more

quantitative variables so that a response or outcome variable can be predicted from the regressors

(Kutner et al. 2005, p. 2).
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We express this relationship more formally: Suppose n data points {(Xi, Yi)}ni=1 have been observed.

The regression relationship can then be modelled as:

Yi = m(Xi) + εi , i = 1, 2, . . . , n , (3.8)

where m is the unknown regression function

m(x) = E(Y |X = x) , (3.9)

and εi the observation errors with mean µ and variance σ2. Note that Xi in (3.8) is an observed

vector of covariates.

One of the simplest regression models is the linear regression model with one covariate (Kutner et

al. 2005, p. 9), i.e.:

Yi = β0 + β1Xi + εi , (3.10)

where

Yi represents the value of the ith response,

β0 and β1 are parameters,

Xi is a constant, i.e., the value of the predictor variable,

εi is a random error term with mean µ and variance σ2.

The unknown regression function m, can generally be approximated in one of two ways: para-

metrically or nonparametrically. In the parametric case we assume that m has a pre-specified

form, and we assume this form is fully described by a finite set of parameters. This is denoted

by m(x) = m(x,β), with β = (β1, β2, · · · , βp), 0 < p < ∞. Alternatively, when m is estimated

nonparametricallly we assume no pre-specified form and we do not have a fixed parametrization

(Hardle 1990, p. 5).

A nonparametric regression model generally assumes that m belongs to some infinite dimensional

collection of functions. There are various methods to obtain a nonparametric regression estimate

of m. One possibility is local versions of location estimators, where large weights are given to

observations in a small neighbourhood around x and small or no weight to points far away from x.

For a univariate predictor variable x, this procedure can be defined as

m̂(x) =
1

n

n∑
i=1

Wni(x)Yi , (3.11)

where {Wni(x)}ni=1 denotes a sequence of weights. The weight sequence {Wni(x)}ni=1 is tuned by

a smoothing parameter which regulates the size of the neighbourhood around x. The smoothing

parameter is often estimated by using sample data (Hardle 1990). Two popular ways of applying
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the bootstrap in regression are achieved by bootstrapping residuals or by bootstrapping pairs. We

will illustrate these methods by applying it to the estimated parametric model m(x; β̂) where the

distributional properties of β̂ are of interest.

In the following sections we will briefly discuss more sophisticated methods of regression invol-

ving the bootstrap method, and we will summarise the application of these methods by stating

algorithms to estimate parameters of interest.

3.4.1 Bootstrapping residuals

Suppose that the errors in (3.8) have an underlying distribution G. If the regression coefficients

β, were known in (3.8) the residuals could be determined by εi = Yi −m(Xi,β) for i = 1, 2, . . . , n

and the empirical distribution function Fn, could be constructed as an estimate for F , where F is

the underlying distribution of the data. However, β is unknown. If estimators β̂ are obtained by

some preliminary estimation technique for the coefficients, e.g., least squares, the residuals ε̂i can

be determined as follows:

ε̂i = Yi −m(Xi, β̂), i = 1, 2, . . . , n . (3.12)

The estimated residuals are then used to obtain bootstrap observations Y ∗i , as outlined in Algorithm

3.3 below. It should be noted that the error terms should not depend on x (Hardle 1990, p. 106).

Algorithm 3.3: Bootstrapping residuals

1. Given sample data, Yn = (Y1, Y2, . . . , Yn) and Xn = (X1, X2, . . . , Xn) or equivalently

(Xn,Yn) = ((X1, Y1), (X2, Y2), . . . , (Xn, Yn)).

2. From the observed data calculate the initial vector of estimated regression parameters β, for

example by using the method of least squares,

β̂ = arg min
β

n∑
i=1

(Yi −m(Xi,β))2 .

3. Calculate the residuals from the expression: ε̂i = Yi −m(Xi, β̂).

4. For simplicity reasons, and without loss of generality, centered residuals are rather used which

are denoted by

êi = ε̂i − ε̄,

where ε̄ = 1
n

∑n
i=1 ε̂i. This is done to mimic the underlying condition usually associated with

a large class of models, i.e., E(e) = 0.
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5. Construct the EDF, Gn, of the centered residuals.

6. Draw a bootstrap sample from Gn with replacement to obtain a bootstrap residual sample:

ê∗n = (ê∗1, ê
∗
2, . . . , ê

∗
n).

7. Obtain the bootstrap sample Y ∗i from the expression:

Y ∗i = m(Xi, β̂) + ê∗i , i = 1, 2, . . . , n.

8. Use the data from Xn, and the bootstrap sample Y∗n = (Y ∗1 , Y
∗

2 , . . . , Y
∗
n ), to obtain the

bootstrap estimate of the coefficient vector β̂. This entails that

β̂
∗

= arg min
ˆβ

n∑
i=1

(
Y ∗i −m(Xi, β̂)

)2
.

9. Independently repeat steps (5) to (7)B times to obtain bootstrap replications: β̂
∗
(1), β̂

∗
(2), . . . , β̂

∗
(B).

10. Estimate the standard error of the jth regression coefficient as:

σ̂j,B =

√√√√ 1

B − 1

B∑
b=1

(β̂∗j (b)− β̂∗j (· ))2 , j = 0, 1, 2, . . . , p ,

where β̂∗j (· ) = 1
B

∑B
b=1 β̂

∗
j (b) , j = 0, 1, 2, . . . , p .

Note that σ̂j,B → σ̂j as B →∞, where σ̂j is the ideal bootstrap estimate of the standard error of

the jth regression coefficient (Efron and Tibshirani 1993, p. 47).

Davison and Hinkley (1997, p. 259) proposed a modified set of residuals to be used:

rj =
Yj − µ̂j

(1− hj)
1
2

, (3.13)

where hj is known as leverage and µ̂j is the estimated mean values for the response at the observed

Xn values, i.e., µ̂j = β̂0 + β̂1Xi, i = 1, 2, . . . , n. This modification to the residuals induces constant

variance.

3.4.2 Bootstrapping pairs

The resampling of residuals in the previous section relies greatly on the assumption that the error

terms εi have equal variance. This is a serious assumption and can fail even if the model for the

conditional expectation is correct. To counter the problems that may arise from this assumption,

pairs of data can be resampled, rather than the residuals.

Assume that the data are taken from a bivariate distribution F of (X,Y), and regard the regression
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coefficients as statistical functions of F . By doing this no assumptions are made on the random

errors εi, other than independence. With F a bivariate distribution the EDF, Fn, of the data

pairs can be constructed. Resampling will be done, with replacement, from Sn, where Sn =

((X1, Y1), (X2, Y2), . . . , (Xn, Yn)), or by sampling independently from the EDF. The procedure will

now be stated in Algorithm 3.4.

Algorithm 3.4: Bootstrapping pairs

1. Sample with replacement from Sn = ((X1, Y1), (X2, Y2), . . . , (Xn, Yn)).

2. Find the Bootstrap estimate of β̂ using least squares:

β̂
∗

= arg min
ˆβ

n∑
i=1

(
Y ∗i −m(X∗i , β̂)

)2
.

3. Repeat steps (1) and (2) B times to obtain bootstrap replications β̂
∗
(1), β̂

∗
(2), . . . , β̂

∗
(B).

4. As before, estimate the standard error of the jth estimated regression coefficient with:

σ̂j,B =

√√√√ 1

B − 1

B∑
b=1

(β̂∗j (b)− β̂∗j (· ))2 , j = 0, 1, 2, . . . , p,

where

β̂∗j (· ) =
1

B

B∑
b=1

β̂∗j (b) j = 0, 1, 2, . . . , p.

Note that again σ̂j,B → σ̂j as B → ∞, where σ̂j is the ideal bootstrap estimate of the standard

error of the jth regression coefficient (Efron and Tibshirani 1993, p. 47).

3.4.3 Bootstrapping pairs vs. Bootstrapping residuals

In order to select one of the methods discussed above, the following knowledge (of facts) should be

kept in mind:

Bootstrapping of residuals in Section 3.4.1 relies heavily on the assumption that the error terms εi

have equal variance. Bootstrapping pairs on the other hand are more robust because no assump-

tions are placed on the error terms except that independence is required (Efron and Tibshirani 1993,

p. 113). Furthermore, no assumptions are made about the form of the regression, i.e., linearity is not

assumed. Random samples are obtained, with replacement, from Sn = ((X1, Y1), (X2, Y2), . . . , (Xn, Yn))

which fixes the information content of a sample, from which the desired inference is made for the spe-

cific data. However, it was found that if homoscedasticity of error terms are present, the method of
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bootstrapping of pairs are not as efficient as bootstrapping of residuals (Davison and Hinkley 1997,

p. 264). This observation is a reminder of the warning issued by Efron and Tibshirani (1993, p.

115) that the success of applying the bootstrap is not a uniquely defined concept.

Non-constant variance

There exist a number of ways to deal with heteroscedasticity as mentioned before when introducing

the modified residuals rj in (3.13).

Using the modified residuals instead of the raw residuals will result in homoscedastic error terms.

Another method is the application of weighted least squares, which will briefly be discussed.

The idea is to attempt to rectify the presence of heteroscedasticity, before commencing with boot-

strapping the residuals. For weighted least squares the estimates for the slope and intercept are

modified as follows

β̂1 =

∑n
j=1wj(Xj − X̄w)∑n
j=1wj(Xj − X̄w)2

, (3.14)

β̂0 = Ȳw − β̂1X̄w , (3.15)

where X̄w =
∑n

j=1wjXj/
∑n

j=1wj , Ȳw =
∑n

j=1wjXj/
∑n

j=1wj , and wj are empirical weights. Fit-

ted values and residuals are defined as for ordinary least squares. With these ideas implemented,

bootstrapping the residuals as discussed in Section 3.4.1 can proceed (For a more detailed discus-

sion of weighted least squares see Davison and Hinkley (1997, p. 271)).

A third method of dealing with heteroscedasticity is the application of the Wild bootstrap method,

which will be presented in the following section.

3.4.4 Wild bootstrap

The wild bootstrap was proposed by Wu (1986) and later further developed by Liu (1988) and

Mammen (1993). It is called wild, since at each observation point Xi a bootstrap observation is

drawn from one single estimated residual. This is done to better retain the conditional distributional

characteristics of the estimate (Hardle 1990, p. 106). Consider the fitted model in (3.8). First obtain

the residuals from the fitted model as follows:

ε̂i = Yi −m(Xi, β̂) ,

where ε̂i is the observed residual at Xi. Draw independently from a distribution η̂i, with probability

mass in two points to obtain the bootstrap residuals ε∗1, ε
∗
2, . . . , ε

∗
n, as follows:

ε∗i = ε̂iη̂i , i = 1, . . . , n . (3.16)
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There are a variety of choices for the two-point distribution and we list some of them. Let η̂i be a

two point distribution with parameters a, b and γ,

η̂i = γa+ (1− γ)b . (3.17)

Therefore

η̂i =

 a, with probability γ

b, with probability 1− γ ,

Note that the distribution η̂i satisfies the following requirements: E(η̂i) = 0, E(η̂2
i ) = E(η̂3

i ) = 1.

The most popular choices for the parameters a and b are that proposed by Mammen (1993) with

γ = (
√

5 + 1)/(2
√

5),

η̂i =

 −(
√

5− 1)/2, with probability γ

(
√

5 + 1)/2, with probability 1− γ ,

and the Rademacher distribution proposed by Davidson and Flachaire (2001) with γ = 1
2 ,

η̂i =

 1, with probability γ

−1, with probability 1− γ .

Once the bootstrap residuals have been obtained in (3.16) we can use these residuals to construct

bootstrap samples Y ∗i , as discussed with bootstrapping residuals in Section 3.4.1.

The bootstrap is a valuable tool that simplifies a wide variety of problems, but should be ap-

plied specifically. In this chapter we attempted a brief overview of the bootstrap and some of its

applications to serve as background for use in applications in Chapter 4 and Chapter 5.



Chapter 4

Methods and Simulation Studies

4.1 Introduction

This chapter restates the goals of this study that was first set in Chapter 1, and very briefly

summarise the tools required to achieve these goals, to enable ease of reading. New methods of

estimation are introduced and discussed as well as the manner in which existing methods are in-

corporated with the new methods. Algorithms are stated to enable simulation procedures and

references are made to algorithms listed in previous chapters.

The concept of missing values, imputation, detection limits and related ideas were introduced

in Chapter 1, as well as methods for dealing with missing values in general (Section 1.3). To im-

pute data, usually from an unknown distribution, i.e., where the parameters of the distribution

are unknown, methods are needed to estimate such parameters. Such methods were discussed in

Section 1.4, in general.

The problem that arises with estimating parameters of data where a detection limit is present,

is that the usual methods applied to the observed data, delivers biased estimators (usually too high

or too low in case of the location parameter, depending on the position of the detection limit).

Section 4.2 presents methods to improve the estimation of population parameters which are used

in the imputation algorithms.

Furthermore, in Chapter 2, relatively modern estimation methods, i.e., nonparametric kernel es-

timation methods as well as appropriate bandwidth selection methods as it is applied to density

estimation, were presented. Nonparametric bootstrap methods as it is applied in various scenarios

were also introduced and discussed briefly in Chapter 3 as far as it will be important to our present

69
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study.

The aims of the present study can be summarised by the following questions that must be an-

swered: In the presence of detection limits:

• Which of the maximum likelihood methods for censored data, discussed in the literature and

stated in Section 4.2, are most reliable regarding estimating the density of the true population

from which new observations will be obtained as imputed replacements of the censored data?

Algorithm 4.0, point 4 is applicable, in Section 4.5.2.

• Are there more effective imputation methods than the selected methods from literature to

apply to impute data from the true population densities? The bootstrap method will be

utilized to produce new methods of imputation on censored data as well as variations on

the standard multiple imputation method. Methods 1 to 4 from Section 4.5.2, involving

Algorithms 4.1 to 4.4, are applicable in these cases, as well as bootstrap algorithms from

Chapter 3.

• Furthermore, which of the selected kernel density estimation methods are preferred in general

for these specific scenarios? The main algorithm (Algorithm 4.0) in Section 4.5.2 is applicable,

especially point 7.

• How reliable are these methods in combination with each other, i.e., which are the ‘best’ me-

thods with regard to the global discrepancy measures (error criteria) as discussed in Chapter

2, section 2.3? The main algorithm (Algorithm 4.0) stated in Section 4.5.2 are applied,

especially points 8-10.

To obtain answers for these questions in the present study, various ways of estimating the param-

eters of the true population density were studied, as well as four multiple imputation methods and

various methods of estimating the density function if censoring is present in the data. Three spe-

cific boundary kernel density estimators were found to have potential in the present study among

several other density estimation methods existing in the literature, and were therefore included in

this study. Algorithm 4.0 summarises the procedure briefly.

In the presence of values below, or above a detection limit, the challenge for the practitioner

is therefore firstly to obtain reliable estimates of population parameters. This involves extensive

research through the literature on the subject. Specifically, the maximum likelihood estimators of

censored data for Normal and Lognormal populations have been studied by various researchers,

including Cohen (1959) and Persson and Rootzén (1977). Despite the effectiveness of these pro-

cedures they are considered in the literature to be rigorous to implement and numerous other
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methods have been explored in order to find an easier solution, i.e., the so-called substitution me-

thods. Several researchers, however, have tested substitution methods with Monte Carlo studies

and concluded that these methods result in biased estimates of the population mean (Singh and

Nocerino 2002). See also Helsel (2010) and Hewett and Ganser (2007).

Overall, recommended methods in literature is the maximum likelihood estimation of Cohen (1959)

(CMLE), unbiased maximum likelihood estimation (UMLE) and the expectation-maximization

(EM) algorithm method (Dempster, Laird and Rubin 1977).

The EM-algorithm is considered complex and in some cases time consuming, therefore, this study

will be restricted to the CMLE, the UMLE and selected variations in literature developed from these

methods.

In Section 4.2 these MLE methods for censored data will be discussed briefly. Various imputa-

tion methods are introduced in Section 4.3. This section also includes new contributions to existing

efforts. Selected kernel density estimation methods will be outlined in Section 4.4.

In order to compare the various methods used in this study, a relatively large simulation study

was conducted for a variety of combinations to evaluate the chosen methods in selected scenarios.

The simulation setup for the study will be presented in Section 4.5.

4.2 Maximum likelihood estimation for truncated and censored

data samples

The term detection limit was defined in Chapter 1, Section 1.6 and can essentially be described as

the restriction of data in a sample. Depending on the nature of the restriction the resulting sample

can be sub-classified into truncated or censored samples. Samples from which some population

values are entirely excluded are described as truncated and samples whose observations fall into

restricted intervals and can be counted but not otherwise observed while the remainder of the

sample can be observed without restriction are designated as censored (Cohen 1959). Furthermore,

censored samples can be classified as type I and type II censored samples as follows:

Type I Singly Censored Samples. In samples of this type, a detection limit (or terminus x0) is

specified. Sample observations that fall in the restricted interval of the random variable may be

identified and thus counted, but not otherwise measured (Cohen 1961). Data samples of this type

therefore consists of n observations of which m are fully measured and mc are censored, with
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mc being a random variable. Let Xn = (X1, X2, . . . , Xn) be a random sample of size n. When

Xmc < xo, censoring is said to occur on the left and when Xmc > xo, censoring occurs on the right,

where Xmc are the unobserved values.

Type II Singly Censored Samples. In samples of this type, full measurements are only made on the

m largest (or m smallest) observations, in which case censoring is said to be on the left (or on the

right). The only information available for the remaining mc censored observations is Xmc < xo or

Xmc > xo, respectively. Here x0 is the smallest (or largest) fully measured observation. In these

samples both the sample size n, and m are fixed, but x0 is a random variable (Cohen 1961).

It is important to note that there is no difference between the maximum likelihood estimators for type

I singly censored samples and that of type II singly censored samples (Cohen 1959). The maximum

likelihood estimation method of Cohen (1959) is restricted to Normal frequency distributions with

probability density function,

f(x) =
1

σ
√

2π
exp

{
−(x− µ)2

2σ2

}
, −∞ ≤ x ≤ ∞ , (4.1)

where observations in samples of this type is restricted only in one ‘tail’ of the distribution (Cohen

1959).

The likelihood function for a type I or type II censored sample, as it is described above, is

L =

[
n!

mc!m!

]
[F (ξ)]mc

(
m

σ
√

2π

)
exp

{
−

m∑
i=1

(xi − µ)2

2σ2

}
, (4.2)

where m is the observed observations and mc is the censored observations below the detection limit.

Furthermore, m+mc = n, and F (ξ) =
∫ ξ
−∞ ϕ(t)dt with ϕ(t) = 1√

2π
e−

t2

2 , and

ξ =
DL− µ

σ
. (4.3)

The maximum likelihood estimating equations are then given by

DL− µ = σξ ,

X̄ − µ = σY ,

s2 +
(
X̄ − µ

)2
= σ2[1 + ξY ] , (4.4)

where

Y (`, ξ) =

[
`

1− `

]
Z(−ξ) , (4.5)

with ` = mc/n and Z(ξ) = ϕ(ξ)/[1 − F (ξ)]. Also note that X̄ and s2 are the sample mean and

variance.
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As presented by Cohen (1959), the system of equations in (4.4) can be replaced with an equivalent

system:

σ2 = s2 + λ(X̄ −DL)2 ,

µ = X̄ − λ(X̄ −DL) ,

s2

(X̄ −DL)2
=

[1− Y (Y − ξ)]
(Y − ξ)2

, (4.6)

where λ(`, ξ) = Y (`, ξ)/[Y (`, ξ)− ξ], and Y (`, ξ) is defined as in (4.5) (Cohen 1959).

Let ξ̂ denote the solution to the third equation in (4.6), and let λ̂ = λ(`, ξ̂), then the estima-

tors for Normally distributed type I or type II censored samples are

σ̂2 = s2 + λ̂(X̄ −DL)2 ,

µ̂ = X̄ − λ̂(X̄ −DL) . (4.7)

Since ξ̂ is the solution of the third equation in (4.6), λ̂ can directly be obtained for any given

sample by using the sample statistics ` = mc/n and s2/(X̄ − DL)2 in correspondence with the

tables presented by Cohen (1959) or solving for

λ̂ = Y (`, ξ̂)/[Y (`, ξ̂)− ξ̂] , (4.8)

with Y (`, ξ̂) = [`/(1− `)]Z(−ξ̂). In the following section a method is outlined to obtain the MLEs

by solving numerically for ξ.

4.2.1 Method for obtaining the MLE of Cohen (CMLE)

The method for obtaining the MLE of Cohen (1959) for type I and type II censored data samples

are based on solving

[1− Y (Y − ξ)]
(Y − ξ)2

= γ =
s2

(X̄ −DL)2
, (4.9)

numerically for ξ as presented by El-Makarim, Aboueissa and Stoline (2004). Equation (4.9) can

be rewritten as

γ =
1− `

1−`
φ(ξ)
Φ(ξ)

(
`

1−`
φ(ξ)
Φ(ξ) − ξ

)
(

`
1−`

φ(ξ)
Φ(ξ) − ξ

)2 , (4.10)

where ` = mc/n with mc the number of censored values below the DL and n is the number of data

points in the sample, i.e., n = mc+m. Also, φ(ξ) and Φ(ξ) denotes the pdf and cdf of the standard

Normal distribution (El-Makarim et al. 2004).
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From (4.10) the second-degree function of ξ can be introduced as

f(ξ) = γξ2 + (γ + 1)

(
`

1− `

)2(φ(ξ)

Φ(ξ)

)2

− (2γ + 1)

(
`

1− `

)(
φ(ξ)

Φ(ξ)

)
ξ − 1 . (4.11)

There is no closed-form solution to f(ξ) = 0, therefore a grid search method needs to be imple-

mented to obtain a solution to f(ξ) = 0 given γ and `.

Let ξ be a vector of values, e.g., ξ = (−5.00,−4.99, . . . , 4.99, 5.00), and let ξ(i) be the ith ele-

ment of ξ. Furthermore, let f be a vector with the ith element f(i) = f(ξ(i)). By using linear

interpolation the criterion to find the minimum root of f(ξ) = 0 is {f(i) < 0 and f(i + 1) > 0}

(El-Makarim et al. 2004).

Now, keeping in mind the above information, the following basic steps must be performed for

obtaining estimation for µ and σ2:

1. Obtain ` and γ in (4.10) from the sample data.

2. The minimum root of f(ξ) is the interpolated point

ξ̂ =
ξ(i)− ξ(i+ 1)

f(ξ(i+ 1))− f(ξ(i))
f(ξ(i)) + ξ(i) . (4.12)

3. Let ξ̂ = ξ(γ, `) be the numerical solution of (4.11). The exact value of the λ-parameter is

obtained by

λ̂c = λ̂c(γ, ξ̂) =
Y (`, ξ̂)

[Y (`, ξ̂)− ξ̂]
. (4.13)

4. The exact MLEs of µ and σ2 are obtained from

µ̂c = X̄ − λ̂c(X̄ −DL) ,

σ̂2
c = s2 + λ̂c(X̄ −DL)2 , (4.14)

where X̄ and s2 are the ordinary sample mean and sample variance of the observed observa-

tions.

Tables for values of λ̂c are provided in Cohen (1959) and Cohen (1961). Due to the limited range of

the values in these tables, new developed code in the R-language were used to determine the value

of λ̂c in this study, following the steps presented above.
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4.2.2 Unbiased MLE for censored data (UMLE)

Schneider (1986) presented simplified first-order bias correction terms for the MLE method of

Cohen (1959) based on the work of Saw (1961a). The correction terms for the µ̂c and σ̂c are

Biasµ̂ = − exp

{
2.692− 5.439m

(n+ 1)

}
,

Biasσ̂ = −
{

0.312 +
0.859m

(n+ 1)

}−2

. (4.15)

By using these terms the bias-corrected MLE, denoted UMLE, can be written as

µ̂u = µ̂c −
σ̂c(Biasµ̂)

(n+ 1)
,

σ̂2
u = σ̂c −

σ̂c(Biasσ̂)

(n+ 1)
, (4.16)

where µ̂c and σ̂c are defined in (4.14) (Singh and Nocerino 2002).

4.2.3 Restricted MLE for censored data (RMLE)

Another version of the likelihood function established by Persson and Rootzén (1977) can be written

as

L = [Φ(z)]mc
(
2πσ2

)−m
2 exp

{
−
∑n

i=(mc+1)(yi + zσ)2

2σ2

}
, (4.17)

where yi = (Xi −DL) for i = mc + 1,mc + 2, . . . , n, and m being the number of observed values

above the DL. The probability that an observations lies below the DL is then (mcn ). An estimate

for z is given by ẑ = λR = Φ−1(mcn ), 0 < mc < n.

Substituting λR in equation (4.17) and maximizing the result, yields closed form estimators for µ

and σ2:

σ̂2
R =

1

2

c+

(
c2 +

4

m

n∑
i=mc+1

y2
i

) 1
2

 ,

µ̂R = DL− λRσ̂R , (4.18)

where c = λR

∑n
i=mc+1

yi
m (Singh and Nocerino 2002).

4.2.4 Unbiased restricted MLE for censored data (URMLE)

A bias-corrected version of the RMLE can be implemented by noting that for left censored samples,

E[X̄] = µ+ σα, and E[s2] = σ2[1 + (αZ − α2)], where α =
[

φ(z)
1−Φ(z)

]
. The bias-corrected RMLE is

then

σ̂2
UR =

[
s2 − (α̂λR − α2)σ̂2

R

] 1
2 ,

µ̂UR = X̄ − α̂σ̂UR , (4.19)
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where α̂ = φ(λR)
(1−mc/n) (Singh and Nocerino 2002).

4.2.5 Modified MLE for censored data (MMLE)

For this scenario, El-Makarim et al. (2004) suggested another replacement method based on a

non-constant of the form

Xm = X̄ − C(n,m,mc)(X̄ −DL) , (4.20)

where C is a function of n, m and mc which takes the form

C(n,m,mc) =
n(2m− 1)

2
[
m(m− 1) +

(
mc
m

)(mcm )
] . (4.21)

Therefore (4.20) can be expressed as

Xm = X̄ − n(2m− 1)

2
[
m(m− 1) +

(
mc
m

)(mcm )
](X̄ −DL) . (4.22)

The corresponding estimators of µ and σ2 via the new replacement method, as presented by El-

Makarim et al. (2004), are given by

σ̂2
m =

√(m
n

)
s2 +

(
m

mc

)
λ̂2
m(X̄ −DL)2 ,

µ̂m = X̄ − λ̂m(X̄ −DL) , (4.23)

where λm = mc(2m−1)

2

[
m(m−1)+(mcm )(mcm )

] .

4.3 Imputation methods

Once the parameters of the underlying population distribution have been determined by applying

an appropriate method from the methods introduced in Section 4.2, a full data set is required, and

needs to be imputed in some way. From the full data set density estimation methods can then be

applied, where after any analysis can be attempted by the practitioner. This was already discussed

more theoretically in Section 1.2.1.

In Section 1.3 various methods were discussed for dealing with missing data, i.e., the so-called dele-

tion methods as well as various acceptable imputation methods (Section 1.3.4 and 1.3.5). However,

since the methods discussed in Section 1.3 are not specifically developed for type I and type II

censored samples, other methods were explored. These methods were presented briefly in Section

1.6.

The difference between single imputation and multiple imputation were made clear in Section 1.3.2.
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The multiple imputation method will be applied in the present study.

At this stage it should be emphasised that all the parameter methods discussed in Section 4.2 are

based on on the MLE method of Cohen (1959), where Normality of the underlying population dis-

tribution is assumed. If any preliminary tests indicate non-Normal behaviour of the observed data,

the data should be transformed to achieve the Normal requirement as far as possible. Eventually

back-transformation after imputation will be applied to obtain full data sets.

Also, throughout this study, we assume that the number of left censored observations, i.e., mc,

are known and are of type II censoring, i.e., mc will be fixed according to a percentage of the

sample censored.

4.3.1 Method 1: imputation of only values below the detection limit

Method 1 consists of the following steps:

1. Transform the original incomplete data by taking the logs of the observations, or use any

other suitable transformation to obtain Normality.

2. Obtain parameter estimates by using the transformed incomplete data set and any of the

methods presented in Section 4.2.

3. Draw a sample of size n, the complete sample size, from a Normal distribution with parameters

calculated in the previous step.

4. Sort the new sample and discard the largest m observations to obtain a set of the smallest

(ordered) mc observations as representative for the mc values below the detection limit.

5. Repeat previous steps a suitable number of times, i.e., p times, to obtain multiple sets of

values below the DL.

6. Group together the smallest (minimum) values of each of the replacement sets, then the

second smallest values of the replacement sets, and continue until the largest (maximum)

values of all the p replacement sets are in a group. Calculate the mean of each group to

obtain a single sample of imputed values, consisting of the means of the groups, i.e., calculate

the mean over all the smallest values over all the replacement sets, then the second smallest

and so forth.

This method will formally be stated in in Algorithm 4.1 of Section 4.5.
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4.3.2 Method 2: imputation of entire incomplete data set

Method 2 therefore consists of the following steps:

1. Transform the original incomplete data by taking the logs of the observations, or use any

other suitable transformation to obtain Normality.

2. Obtain parameter estimates by using the transformed incomplete data set and any of the

methods presented in Section 4.2.

3. Draw a sample of size n, the complete sample size, from a Normal distribution with parameters

calculated in the previous step.

4. Sort the new sample but do not discard any observations, i.e., keep the entire sample as is.

5. Repeat previous steps a suitable number of times, i.e., p times to obtain multiple sets.

6. Group together the smallest (minimum) values of each of the replacement sets, then the

second smallest values of the replacement sets, and continue until the largest (maximum)

values of all the p replacement sets are in a group. Calculate the mean of each group to

obtain a single sample of imputed values, consisting of the means of the groups, i.e., calculate

the mean over all the smallest values over all the replacement sets, then the second smallest

and so forth.

Algorithm 4.2 in Section 4.5 formally states this method.

4.3.3 Method 3: imputation of only values below the detection limit, using the

bootstrap

Method 3 relates to the method 1, although bootstrap samples are used for the multiple imputation

step. To implement the method the following steps are carried out.

1. Transform the original incomplete data by taking the logs of the observations, or use any

other suitable transformation to obtain Normality.

2. Obtain parameter estimates by using the transformed incomplete data set and any of the

methods presented in Section 4.2.

3. Draw a sample of size n, the complete sample size, from a Normal distribution with parameters

calculated in the previous step.

4. Sort the new sample and discard the largest m observations to obtain a set of the smallest

(ordered) mc observations as representative for the mc values below the detection limit.
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5. From the sample of mc observations below the detection limit, draw B independent bootstrap

samples, with replacement, and sort each sample.

6. Group together the smallest (minimum) values of each of the bootstrap samples, then the

second smallest values of the bootstrap samples, and continue until the largest (maximum)

values of all the B bootstrap samples are in a group. Calculate the mean of each group to

obtain a single sample of imputed values, consisting of the means of the groups, i.e., calculate

the mean over all the smallest values over all the replacement sets, then the second smallest

and so forth.

This method will formally be defined in Algorithm 4.3 of Section 4.5.

4.3.4 Method 4: imputation of entire incomplete data set, using the bootstrap

Method 4 relates to method 2 and method 3 in the sense that the whole data set is replaced instead

of only the values below the detection limit, as well as that the imputed data sets are obtained by

bootstrapping from a single sample obtained from a Normal distribution. The following steps are

of importance:

1. Transform the original incomplete data by taking the logs of the observations, or use any

other suitable transformation to obtain Normality.

2. Obtain parameter estimates by using the transformed incomplete data set and any of the

methods presented in Section 4.2.

3. Draw a sample of size n, the complete sample size, from a Normal distribution with parameters

calculated in the previous step.

4. Sort the new sample but do not discard any observations, i.e., keep the entire sample as is.

5. Draw B independent bootstrap samples from the the first imputed sample.

6. Group together the smallest (minimum) values of each of the bootstrap samples, then the

second smallest values of the bootstrap samples, and continue until the largest (maximum)

values of the B bootstrap samples are in a group. Calculate the mean of each group to obtain

a single sample of imputed values, consisting of the means of the groups, i.e., calculate the

mean over all the smallest values over all the replacement sets, then the second smallest and

so forth.

This method is fully stated in Algorithm 4.4 of Section 4.5.
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4.4 Kernel density estimation methods

In this study two specific kernel density estimators will be implemented: The bias reduction ‘mirror-

image’ estimator of Schuster (1985), and the bias corrected density estimate of Yao (2012), both

which will be discussed below. In addition, the Gamma and Beta kernel density estimators of Chen

presented in Chapter 2, Section 2.4.3.1 and Section 2.4.3.2, will be used in a very limited study.

The performance of the usual Parzen-Rosenblatt KDE will be tested and compared to these specific

kernel density estimators.

These methods will be applied to complete, imputed data sets, obtained from the four imputation

methods described in Section 4.3.

It should be emphasised that the imputed data originated from the maximum likelihood method

of Cohen (1959), or one of the variations thereof, for estimating the parameters of a N(µ, σ2) dis-

tribution, as is presented in Section 4.2. Before density estimation methods can be applied, the data

must be back-transformed to it’s original form, if transformations were indeed applied to obtain the

Normality assumptions required by the MLE methods.

4.4.1 Mirror-image kernel density estimator

Let Xn = (X1, X2, . . . , Xn) be independent and identically distributed (iid) random variables with

probability density function (pdf) f(x) and distribution function (cdf) F (x), and let f∗(x) be the

usual Parzen-Rosenblatt kernel density estimator (PR) defined in Chapter 2, Section 2.1. In many

practical applications it is known that X ≥ c and/or X ≤ d. Additional, the values of f(c) and f(d)

might be available. It is then important to incorporate the extra information in the estimator f∗(x)

of f(x). Schuster (1985) presented a ‘mirror-image’ modification to f∗(x) which has support [c,∞].

Modifications of this method as well as the mirror-image concept can be studied from Schuster

(1985). We only state the results of the paper below.

In the case where X ≥ c, with c some known constant, construct from the sample Xn = (X1, X2, . . . , Xn)

a set of iid random variables Yn = (Y1, Y2, . . . , Yn) as follows:

Yi = Si(Xi − c) , i = 1, 2, . . . , n , (4.24)

where Sn = (S1, S2, . . . , Sn) are iid random variables assuming values +1 and −1 with probability

1
2 (Schuster 1985).

The estimator for f(x), presented by Schuster (1985), is then

f̂n(x) =

 gn(x− c) + g−n (c− x), if x ≥ c

0, if x < c
,
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where gn(x) is the usual Parzen-Rosenblatt kernel density estimator, i.e., gn(x) = (nh)−1
{∑n

i=1
K(x−Yi)

h

}
.

Similarly g−n (x) is the Parzen-Rosenblatt kernel density estimator, but with kernels K−(x) =

K(−x).

However, Schuster (1985) noted that if the kernels are symmetric, f̂n(x) does not depend on the

randomization introduced by Sn. The density kernel estimator can therefore be written as

f̂n(x) = (nh)−1
n∑
i=1

{
K

(
x−Xi

h

)
+K

(
x− 2c+Xi

h

)}
. (4.25)

In the case where c and d are known constants, such that −∞ < c < d < ∞, Schuster (1985)

suggested to estimate f(x) with

f̂n(x) = f̂∗n(2c− x) + f̂∗n(x) + f̂∗n(2d− x) (4.26)

= (nh)−1
n∑
i=1

K

(
x− 2c+Xi

h

)
+ (nh)−1

n∑
i=1

K

(
x−Xi

h

)
+ (nh)−1

n∑
i=1

K

(
x+ 2d−Xi

h

)
,

for x ∈ [c, d] and zero elsewhere. For this density estimate kernels are limited to bounded, symme-

trical kernels with support [−1, 1], and bandwidth 0 < h < d−c
2 (Schuster 1985).

4.4.2 Bias corrected density estimator

Chung and Lindsay (2011) presented a bias corrected density estimator which has asymptotic bias

of order h4. This kernel density estimator is created via a nonparametric mixture model and makes

use of the EM-algorithm, as discussed in Section 1.4.3, to improve the bias. This is achieved by

applying the EM-algorithm to the usual kernel density estimate in a class of mixture models. The

process can be generalized to other smoothing problems, but is considered computationally inten-

sive (Chung and Lindsay 2011). Full information about the complex details of this method and

updates, as well as the asymptotic properties, are available in Chung and Lindsay (2011).

Yao (2012) further developed this kernel density estimator to use in a new regression estimator

based on the bias cancellation idea of Chung and Lindsay (2011).

Given Xn = (X1, X2, . . . , Xn) the bias corrected density estimator of Yao (2012) is formulated

as follows:

f̂n(x) = n−2c(h)
∑
i

∑
j

wjK√3h(Xi −Xj)K√3h(Xi − x)K√3h(Xj − x) , (4.27)

where c(h) = 3
√

2πh and wj =
{
n−1

∑n
i=1K

√
2h(Xi −Xj)

}−1
.
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4.5 Simulation setup

At this stage it is important to refer back to some of the goals set for the present study. Broadly

spoken, the aim is to empirically evaluate and compare, with regard to the global discrepancy

measures, the four imputation methods (Section 4.3). This involves estimating the parameters of

the underlying population, based on the censored data set and the various estimation methods

(Section 4.2), as well as, the density estimation methods mentioned above.

To enable this empirical comparative study, a Monte Carlo simulation setup is required involving

all the estimation methods and techniques discussed above. Several algorithms are stated in the

remaining part of this chapter, combining the estimation methods of concern. The algorithms and

estimation procedures will be clarified in the following sections.

The main algorithm for the study will be presented in this section. The main algorithm (Algorithm

4.0) outlines the complete procedure, from imputing data in the presence of a detection limit, up to

evaluating each procedure. As discussed in Section 4.3, the imputation of the data will be handled

in four different ways, which will be formally outlined in sub-algorithms (Algorithm 4.1 to 4.4). In

short, parameters will firstly be estimated from the censored data, where after replacement data

sets will be obtained from a Normal distribution with the estimated parameters. Four different

imputation methods, two involving the bootstrap, will be investigated. Different kernel density

estimators will be applied to the back-transformed imputed complete data where after the MISE,

integrated variance and integrated squared bias will be calculated and compared for the different

combinations of methods and scenarios. The different procedural combinations in the simulation

setup will have the same random number seed, i.e., in order to compare the performance of the

different procedural combinations the same generated samples will be used.

4.5.1 Distributional consideration

To determine the influence of the imputation method, parameter estimation method and density

estimation method, three distributional scenarios were considered throughout this study. Since

data from industry are usually skewed to the right and are often Lognormally distributed, the

simulation study was set up accordingly. The distributions are therefore chosen to be Lognormal

and range from very skew to almost symmetrical distributions, mimicking data often encountered

in environmental sciences. Data from the three distributions will therefore be log-transformed to

meet the Normal requirements set by Cohen (1959) as far as possible.

A data set Xn = (X1, X2, . . . , Xn) is said to be Lognormally distributed with parameters µ and
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σ2 if Yn = ln (Xn) is Normally distributed with parameters µ and σ2. Note that µ and σ2 are

not the mean and variance of the Lognormal data set Xn, but are the mean and variance of the

log-transformed data set, Yn (Singh, Singh and Engelhardt 1997).

The distributions that will be used in this study are logN(0, 1), logN(1.5, 0.5) and logN(0, 0.25).

Figure 4.1 illustrate these distributions where 4.1a is the skew logN(0, 1)-distribution, 4.1b is the

logN(1.5, 0.5)-distribution and 4.1c is the almost symmetrical logN(0, 0.25)-distribution.

(a) An illustration of a logN(0,1) distribution. (b) An illustration of a logN(1.5,0.5) distribution.

(c) An illustration of a logN(0,0.25) distribution.

Figure 4.1: Three distributions under consideration.

4.5.2 Main algorithm: Algorithm 4.0

The Main Algorithm involves in total 60 procedural combinations for each of the three distribu-

tions mentioned above, starting from the process of generating a censored data set, continuing

with estimating the parameters, in various ways, from which imputation of data will commence,

and resulting in the application of various density estimation methods as well as the evaluation

thereof in terms of global error criteria. It therefore ‘combines’ all the goals, as set in Chapter 1

and recalled in Section 4.1, for the study.

The steps for Algorithm 4.0 are:
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1. Generate a random sample of size n from a Lognormal distribution with chosen parameters

µ and σ2, i.e., Xn ∼ logN(µ, σ2).

2. Create an array of data, consisting of detects and nondetects, to artificially simulate a censored

data set, by classifying the data in terms of being smaller than or larger than the detection

limit. Count the number of observations less than the DL by introducing a counting process.

The observations above the DL will be considered the observed data (detects) and the values

below the DL will be discarded to form the censored data (nondetects), i.e., Xobs and Xcen,

respectively. Note as defined in Section 4.2.1 the length of Xobs = m and the length of

Xcen = mc. Furthermore, m+mc = n denotes the total sample size.

3. To satisfy the Normal data assumption of Cohen’s procedure, and its variations, the observed

data Xobs must be log-transformed.

4. Calculate the maximum likelihood estimates with one of the methods outlined is Section 4.2,

using the transformed data. A summary of the methods used in this study are displayed in

Table 4.1.

Method Abbreviation Section

Cohen’s MLE (Cohen 1959) CMLE 4.2.1

Unbiased MLE (Schneider 1986) UMLE 4.2.2

Restricted MLE (Singh and Nocerino 2002) RMLE 4.2.3

Unbiased restricted MLE (Singh and Nocerino 2002) URMLE 4.2.4

Modified MLE (El-Makarim et al. 2004) MMLE 4.2.5

Table 4.1: Maximum likelihood estimation methods for censored data.

5. Using the results from step 4, impute data by following one of the multiple imputation me-

thods summarised in Table 4.2, and outlined in the corresponding algorithms described in

Section 4.5.3. For this study, each of the MLE methods, in Table 4.1, will be used together

with each of the multiple imputation methods, in Table 4.2, resulting in 20 different combi-

nations.
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Procedure Abbreviation Algorithm

Draw sample from distribution with estimated parameters and impute only

censored observations.

Method 1 4.1

Draw sample from distribution with estimated parameters and replace entire

sample with imputed values.

Method 2 4.2

Draw a single sample from distribution with estimated parameters, draw mul-

tiple bootstrap samples of only the data below the DL to replace the censored

observations.

Method 3 4.3

Draw a single sample from distribution with estimated parameters, draw mul-

tiple bootstrap samples to replace the entire original sample.

Method 4 4.4

Table 4.2: Procedures for imputing the censored data.

6. For each one of the combinations obtained in the previous steps, back-transform the imputed

complete dataset Xcom, to obtain Lognormal scaled data.

7. Estimate the distribution of Xcom nonparametrically using kernel density estimation methods,

i.e., by applying one of the kernel density estimators outlined in Table 4.3. For this study,

each of the three KDE methods in Table 4.3 will be applied to each of the 20 combinations

obtained in the previous steps, resulting in a total of 60 combinations applied to each of the

three chosen distributions. See Section 4.5.4, point 11, for kernel function restrictions.

Kernel Density Estimate Abbreviation Section

Usual Parzen–Rosenblatt kernel density estimate PR 2.2

Mirror image kernel density estimate (Schuster 1985) SCH 4.4.1

Bias corrected kernel density estimate (Yao 2012) YAO 4.4.2

Table 4.3: Kernel density estimates.

8. For all the possible combinations, perform a Monte Carlo simulation by repeating steps 1-7,

MC times, where MC is a suitable integer, to obtain

f̂1(Xcom), f̂2(Xcom), . . . , f̂MC(Xcom).
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9. Calculate the Monte Carlo approximation to the MSE, variance and squared bias:

M̂SE =
1

MC

MC∑
i=1

[
f̂i(Xcom)− f(Xn)

]2
, (4.28)

V̂ ar =
1

MC

MC∑
i=1

[
f̂i(Xcom)− 1

MC

MC∑
i=1

[
f̂i(Xcom)

]]2

, (4.29)

B̂ias
2

=

[
1

MC

MC∑
i=1

[
f̂i(Xcom)

]
− f(Xn)

]2

. (4.30)

10. To obtain estimates for the global discrepancy measure, integrate over a chosen grid of x-

values to obtain the mean integrated square error (MISE), integrated variance and integrated

squared bias:

M̂ISE =

∫ xmax

xmin

M̂SE dx , (4.31)

Integrated V̂ ar =

∫ xmax

xmin

V̂ ar dx , (4.32)

Integrated B̂ias
2

=

∫ xmax

xmin

B̂ias
2
dx , (4.33)

where xmin and xmax are the minimum and maximum value in a grid of x-values. See Section

4.5.4, point 6 on how the x-grid was selected.

In this study steps 1-10 will be repeated for each of the chosen distributions displayed in Figure

4.1, over three censoring levels, as will be described in Section 4.5.4, point 3, and for different

appropriate kernels as described in Section 2.4 and Section 4.5.4, point 8.

4.5.3 Sub-algorithms

In Section 4.3 the various imputing methods were informally discussed. Table 4.2 referred to formal

algorithms (4.1 - 4.4) incorporating these discussions. Therefore to enable point 5 of Algorithm

4.0, follow one of algorithms 4.1 - 4.4. These algorithms are presented below:

Algorithm 4.1. Imputation method 1:

1. Follow steps 1 to 4 of Algorithm 4.0 to obtain a censored data set and parameter estimates.

2. Obtain a random sample of size mc, the number of data points below the detection limit, from

a Normal distribution with parameters calculated in step 4 of Algorithm 4.0. For example

use the method of Cohen (CMLE) where Ximp ∼ N(µ̂c, σ̂c).
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3. Repeat the previous step p times to obtain multiple Ximp data sets, i.e.,

X∗imp =


X1,1 X1,2 · · · X1,mc

X2,1 X2,2 · · · X2,mc

...
...

. . .
...

Xp,1 Xp,2 · · · Xp,mc

 (4.34)

4. Average over the columns of the matrix obtained in the previous step, to obtain a single

vector of size mc. Use this replacement vector as the imputed values to replace the censored

values in the data set, to obtain a complete filled-in dataset Xcom. This implies that multiple

imputation is conducted only for the censored data. The original Xobs data are combined

with the imputed missing values to obtain Xcom.

5. Continue on to follow steps 6 to 10 of Algorithm 4.0.

Algorithm 4.2. Imputation method 2:

1. Follow steps 1 to 4 of Algorithm 4.0 to obtain a censored data set and parameter estimates.

2. Draw a random sample of size n, the sample size of the complete data set, from a Normal

distribution with parameters calculated in step 4 of Algorithm 4.0. For example use the

method of Cohen (CMLE) where Ximp ∼ N(µ̂c, σ̂c).

3. Repeat step 5 of Algorithm 4.0 p times to obtain multiple imputed data sets Ximp, i.e.,

X∗imp =


X1,1 X1,2 · · · X1,n

X2,1 X2,2 · · · X2,n

...
...

. . .
...

Xp,1 Xp,2 · · · Xp,n

 (4.35)

4. Average over the columns of the matrix, obtained in the previous step, to obtain a single

replacement vector of size n. Use this vector to replace the entire censored data set, thus

obtaining a new complete data set, Xcom. This differ from the previous Algorithm in the

sense that not only are the values below the DL, i.e., Xcen, imputed, but the observed values

above the DL, i.e., Xobs, are also replaced by new data.

5. Continue on to follow steps 6 to 10 of Algorithm 4.0.

Algorithm 4.3. Imputation method 3:

1. Follow steps 1 to 4 of Algorithm 4.0 to obtain a censored data set and parameter estimates.
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2. As was done in Algorithm 4.1, Obtain a random sample of size mc, i.e., the number of data

points below the DL, from a Normal distribution with parameters calculated in step 4 of

Algorithm 4.0. In example for the method of Cohen (CMLE), Ximp ∼ N(µ̂c, σ̂c).

3. Generate B independent bootstrap samples (see Chapter 3, Section 3.2), with replacement,

from the sample obtained in the previous step, to obtain multiple Ximp data sets, i.e.,

X∗imp =


X1,1 X1,2 · · · X1,mc

X2,1 X2,2 · · · X2,mc

...
...

. . .
...

XB,1 XB,2 · · · XB,mc

 (4.36)

4. Average over the columns of the matrix obtained in the previous step, to obtain a single

vector of size mc. Use this replacement vector to impute the data points below the DL, and

combine with Xobs to obtain a complete filled-in dataset Xcom.

5. Continue on to follow steps 6 to 10 of Algorithm 4.0.

Algorithm 4.4. Imputation method 4:

1. Follow steps 1 to 4 of Algorithm 4.0 to obtain a censored data set and parameter estimates.

2. Draw a random sample of size n, the sample size of the complete data set, from a Normal

distribution with parameters calculated in step 4 of Algorithm 4.0. For example use the

method of Cohen (CMLE) where Ximp ∼ N(µ̂c, σ̂c).

3. Generate B independent bootstrap samples of size n (see Chapter 3, Section 3.2), with re-

placement, from the sample obtained in the previous step, to obtain multiple Ximp datasets,

i.e.,

X∗imp =


X1,1 X1,2 · · · X1,n

X2,1 X2,2 · · · X2,n

...
...

. . .
...

XB,1 XB,2 · · · XB,n

 (4.37)

4. Average over the columns of the matrix, obtained in the previous step, to obtain a single

replacement vector of size n. Use this vector to replace the entire data set (Xcen,Xobs), thus

obtaining a complete new data set, Xcom. This differs from Algorithm 4.3 where only the

observations below the DL were imputed by the bootstrap method.

5. Continue on to follow steps 6 to 10 of Algorithm 4.0.
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4.5.4 Simulation details

The simulation studies were run under the fixed conditions stated below. Preliminary experimental

studies showed that, within the time restrictions, a fair idea of the performance of all procedures

are possible within these limits.

1. In all simulations a sample of size 200 was used, i.e., n = 200. Pilot studies revealed that

better results are obtained for n > 200 and for 60 ≤ n ≤ 100 the procedures performed

slightly worse.

2. Data was generated from the distributions discussed in Section 4.5.1, i.e., logN(0, 1) des-

ignated distribution 1, logN(1.5, 0.5) which is denoted distribution 2 and logN(0, 0.25) as

distribution 3.

3. The number of multiple imputation replacement sets were chosen to be 20, i.e., p = 20.

4. The parameter estimation method of Cohen (1959) is highly robust against the number of

censored values below the detection limit, i.e., the value of mc (El-Makarim et al. 2004).

Therefore, to test the ability of all the procedural combinations involved, the Monte Carlo

studies were repeated under several different censoring levels, i.e., value of mc. In the present

study the censoring level was taken to be 30%, 50% and 80% of the data. This corresponds

to mc = 60, mc = 100 and mc = 160 for a sample size n = 200. The results and conclusions

will be discussed in Chapter 5.

5. In this study the following MLE methods, as discussed in Section 4.2, were used: CMLE,

UMLE, RMLE, URMLE and MMLE.

6. The four different imputation methods used in this study were outlined in Section 4.3 and

denoted as imputation method 1, imputation method 2, imputation method 3 and imputation

method 4.

7. Due to computational time considerations the number of bootstrap samples were chosen to

be 100, i.e., B = 100. This is within the typically suggested range of Efron and Tibshirani

(1993) which is 50 to 200, or more.

8. The number of Monte Carlo iterations were set to 200, i.e., MC = 200.

9. For the kernel function calculations throughout the study a grid of x-values were needed. A

grid of 100 x-values were globally chosen, ranging from the minimum of the generated data

points of all the MC generated data sets to the maximum data point of all the MC generated

data sets. The same x-grid was used when evaluating step 10 of Algorithm 4.0.
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10. The bandwidth used was chosen as the optimal global bandwidth as defined in Chapter 2,

Section 2.5 in (2.36) and (2.38), i.e.,

hopt = µ2(K)−2/5

{∫
K(t)2dt

}1/5{∫
f ′′(x)2dx

}−1/5

n−1/5 . (4.38)

As was shown in Section 2.5, the optimal bandwidth can be simplified to be hopt = 1.06σn−1/5

if the unknown density is taken to be Normal. It is still necessary to estimate σ from the

data, which can be affected by outliers. In the case of the Lognormal distribution, outliers

are common and this can lead to oversmoothed estimates. A more robust scale estimator

suggested by Silverman (1986) will be used instead, i.e.,

σ̂ = min

[
s,

q̂3 − q̂1

Φ−1(3/4)− Φ−1(1/4)

]
, (4.39)

where s is the usual standard deviation, q̂3 and q̂1 are the estimated first and third quartiles

respectively, and Φ(·) denotes the standard Normal distribution function.

It should be noted that various other methods exist to determine suitable bandwidths. This

will be incorporated in future research projects.

11. Kernel considerations:

Popular kernel functions were discussed in Section 2.4 of which most possess attractive prop-

erties. However, implementing the density estimation methods listed in Table 4.3, certain

restrictions are required regarding their sensitivity to choice of kernel used. The remarks

(a)-(c) below provide some of these restriction.

Also in Section 2.4.3, Beta and Gamma kernels were discussed, although due to the complex-

ity of these asymmetric kernel methods only a limited study was performed (see Table A.16

for results).

(a) The Epanechnikov kernel is of order 2 and possess maximum efficiency as shown by

Silverman (1986), i.e., it produces minimal MISE if all else are held equal (Karunamuni

and Zhang 2008).

(b) Kernels for Schuster’s KDE are limited to symmetric kernels (Schuster 1985), therefore

only the Epanechnikov and Normal kernels were used in its application.

(c) Yao’s KDE requires a kernel for which higher order derivatives exist, therefore, only the

Normal kernel was considered for its application in this study (Chung and Lindsay 2011).

(d) In this study only the Normal and Epanechnikov kernels were used with the Parzen-

Rosenblatt KDE.
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4.6 Closing remarks

Using Tables 4.1, 4.2 and 4.3, we summarise the use of Algorithms 4.0 - 4.4 to produce the procedural

combinations created in the study. Table 4.4 below, together with Tables A.1 to A.15 in Appendix

A, will be used extensively to select significant results, sensible conclusions and to conduct useful

discussions regarding the comparative analysis of the proposed methods, especially results and

conclusions regarding the four imputation methods which is one of the main concerns of this study.

Appendix B contains graphs of selected procedural combinations for illustration.

4.7 Reference table for procedural combinations.

To enable an ordered way of exhibiting all the procedural combinations of the Monte Carlo simula-

tion, Table 4.4 was compiled to explain the code of the specific procedure, the elements of interest

for the specific procedure, indicated by an ×, as well as to enable quick access to the table that

contain the results of a specific procedure. Complete information on the result tables are given in

Chapter 5, Section 5.2.

Table 4.4: Reference table for procedural combinations.
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3111b × × × × × × A.1
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Table 4.4: Reference table for procedural combinations.
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3111cE × × × × × × A.1

3111cN × × × × × × A.1

1113aE × × × × × × A.1

1113aN × × × × × × A.1

1113b × × × × × × A.1

1113cE × × × × × × A.1

1113cN × × × × × × A.1

2113aE × × × × × × A.1

2113aN × × × × × × A.1

2113b × × × × × × A.1

2113cE × × × × × × A.1

2113cN × × × × × × A.1

3113aE × × × × × × A.1

3113aN × × × × × × A.1

3113b × × × × × × A.1

3113cE × × × × × × A.1

3113cN × × × × × × A.1

1114aE × × × × × × A.1

1114aN × × × × × × A.1

1114b × × × × × × A.1

1114cE × × × × × × A.1

1114cN × × × × × × A.1

2114aE × × × × × × A.1

2114aN × × × × × × A.1

2114b × × × × × × A.1

2114cE × × × × × × A.1

2114cN × × × × × × A.1

3114aE × × × × × × A.1

3114aN × × × × × × A.1

3114b × × × × × × A.1

3114cE × × × × × × A.1

3114cN × × × × × × A.1
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Table 4.4: Reference table for procedural combinations.
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1112aE × × × × × × A.1

1112aN × × × × × × A.1

1112b × × × × × A.1

1112cE × × × × × × A.1

1112cN × × × × × × A.1

2112aE × × × × × × A.1

2112aN × × × × × × A.1

2112b × × × × × × A.1

2112cE × × × × × × A.1

2112cN × × × × × × A.1

3112aE × × × × × × A.1

3112aN × × × × × × A.1

3112b × × × × × × A.1

3112cE × × × × × × A.1

3112cN × × × × × × A.1

1211aE × × × × × × A.2

1211aN × × × × × × A.2

1211b × × × × × A.2

1211cE × × × × × × A.2

1211cN × × × × × × A.2

2211aE × × × × × × A.2

2211aN × × × × × × A.2

2211b × × × × A.2

2211cE × × × × × × A.2

2211cN × × × × × × A.2

3211aE × × × × × × A.2

3211aN × × × × × × A.2

3211b × × × × × × A.2

3211cE × × × × × × A.2

3211cN × × × × × × A.2

1213aE × × × × × × A.2

1213aN × × × × × A.2
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Table 4.4: Reference table for procedural combinations.
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1213b × × × × × A.2

1213cE × × × × × × A.2

1213cN × × × × × × A.2

2213aE × × × × × × A.2

2213aN × × × × × × A.2

2213b × × × × × × A.2

2213cE × × × × × × A.2

2213cN × × × × × × A.2

3213aE × × × × × × A.2

3213aN × × × × × × A.2

3213b × × × × × × A.2

3213cE × × × × × × A.2

3213cN × × × × × × A.2

1214aE × × × × × × A.2

1214aN × × × × × × A.2

1214b × × × × × × A.2

1214cE × × × × × × A.2

1214cN × × × × × × A.2

2214aE × × × × × × A.2

2214aN × × × × × × A.2

2214b × × × × × × A.2

2214cE × × × × × × A.2

2214cN × × × × × × A.2

3214aE × × × × × × A.2

3214aN × × × × × × A.2

3214b × × × × × × A.2

3214cE × × × × × × A.2

3214cN × × × × × × A.2

1212aE × × × × × × A.2

1212aN × × × × × × A.2

1212b × × × × × × A.2

1212cE × × × × × × A.2
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Table 4.4: Reference table for procedural combinations.
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1212cN × × × × × × A.2

2212aE × × × × × × A.2

2212aN × × × × × × A.2

2212b × × × × × × A.2

2212cE × × × × × × A.2

2212cN × × × × × × A.2

3212aE × × × × × × A.2

3212aN × × × × × × A.2

3212b × × × × × × A.2

3212cE × × × × × × A.2

3212cN × × × × A.2

1311aE × × × × × × A.3

1311aN × × × × × × A.3

1311b × × × × × × A.3

1311cE × × × × × × A.3

1311cN × × × × × × A.3

2311aE × × × × × × A.3

2311aN × × × × × × A.3

2311b × × × × × × A.3

2311cE × × × × × × A.3

2311cN × × × × × × A.3

3311aE × × × × × × A.3

3311aN × × × × × × A.3

3311b × × × × × × A.3

3311cE × × × × × × A.3

3311cN × × × × × × A.3

1312aE × × × × × × A.3

1312aN × × × × × × A.3

1312b × × × × × A.3

1312cE × × × × × × A.3

1312cN × × × × × × A.3

2312aE × × × × × × A.3
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Table 4.4: Reference table for procedural combinations.
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2312aN × × × × × × A.3

2312b × × × × × × A.3

2312cE × × × × × × A.3

2312cN × × × × × × A.3

3312aE × × × × × × A.3

3312aN × × × × × × A.3

3312b × × × × × × A.3

3312cE × × × × × × A.3

3312cN × × × × × × A.3

1313aE × × × × × × A.3

1313aN × × × × × × A.3

1313b × × × × × × A.3

1313cE × × × × × × A.3

1313cN × × × × × × A.3

2313aE × × × × × × A.3

2313aN × × × × × × A.3

2313b × × × × × × A.3

2313cE × × × × × × A.3

2313cN × × × × × × A.3

3313aE × × × × × × A.3

3313aN × × × × × × A.3

3313b × × × × × × A.3

3313cE × × × × × × A.3

3313cN × × × × × × A.3

1314aE × × × × × × A.3

1314aN × × × × × × A.3

1314b × × × × × A.3

1314cE × × × × × × A.3

1314cN × × × × × × A.3

2314aE × × × × × × A.3

2314aN × × × × × × A.3

2314b × × × × × × A.3
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Table 4.4: Reference table for procedural combinations.
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2314cE × × × × × × A.3

2314cN × × × × × × A.3

3314aE × × × × × × A.3

3314aN × × × × × × A.3

3314b × × × × × × A.3

3314cE × × × × × × A.3

3314cN × × × × × × A.3

1121aN × × × × × × A.4

1121aE × × × × × × A.4

1121b × × × × × A.4

1121cE × × × × × × × A.4

1121cN × × × × × × A.4

2121aE × × × × × × A.4

2121aN × × × × × × A.4

2121b × × × × × × A.4

2121cE × × × × × × A.4

2121cN × × × × × × A.4

3121aE × × × × × × A.4

3121aN × × × × × × A.4

3121b × × × × × × A.4

3121cE × × × × × × A.4

3121cN × × × × × × A.4

1122aE × × × × × A.4

1122aN × × × × × A.4

1122b × × × × × A.4

1122cE × × × × × A.4

1122cN × × × × × A.4

2122aE × × × × × A.4

2122aN × × × × × A.4

2122b × × × × × A.4

2122cE × × × × × A.4

2122cN × × × × × A.4
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Table 4.4: Reference table for procedural combinations.
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3122aE × × × × × A.4

3122aN × × × × × A.4

3122b × × × × × A.4

3122cE × × × × × A.4

3122cN × × × × × A.4

1123aE × × × × × × A.4

1123aN × × × × × × A.4

1123b × × × × × × A.4

1123cE × × × × × × A.4

1123cN × × × × × × A.4

2123aE × × × × × × A.4

2123aN × × × × × × A.4

2123b × × × × × × A.4

2123cE × × × × × × A.4

2123cN × × × × × × A.4

3123aE × × × × × × A.4

3123aN × × × × × × A.4

3123b × × × × × × A.4

3123cE × × × × × × A.4

3123cN × × × × × × A.4

1124aE × × × × × × A.4

1124aN × × × × × × A.4

1124b × × × × × × A.4

1124cE × × × × × × A.4

1124cN × × × × × × A.4

2124aE × × × × × × A.4

2124aN × × × × × × A.4

2124b × × × × × × A.4

2124cE × × × × × × A.4

2124cN × × × × × × A.4

3124aE × × × × × × A.4

3124aN × × × × × × A.4
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Table 4.4: Reference table for procedural combinations.
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3124b × × × × × × A.4

3124cE × × × × × × A.4

3124cN × × × × × × A.4

1221aE × × × × × × A.5

1221aN × × × × × × A.5

1221b × × × × × × A.5

1221cE × × × × × × A.5

1221cN × × × × × × A.5

2221aE × × × × × × A.5

2221aN × × × × × × A.5

2221b × × × × × × A.5

2221cE × × × × × × A.5

2221cN × × × × × × A.5

3221aE × × × × × × A.5

3221aN × × × × × × A.5

3221b × × × × × × A.5

3221cE × × × × × × A.5

3221cN × × × × × A.5

1222aE × × × × × × A.5

1222aN × × × × × × A.5

1222b × × × × × × A.5

1222cE × × × × × × A.5

1222cN × × × × × × A.5

2222aE × × × × × × A.5

2222aN × × × × × × A.5

2222b × × × × × × A.5

2222cE × × × × × × A.5

2222cN × × × × × × A.5

3222aE × × × × × × A.5

3222aN × × × × × × A.5

3222b × × × × × × A.5

3222cE × × × × × × A.5
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Table 4.4: Reference table for procedural combinations.
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3222cN × × × × × × A.5

1223aE × × × × × × A.5

1223aN × × × × × × A.5

1223b × × × × × A.5

1223cE × × × × × × A.5

1223cN × × × × × × A.5

2223aE × × × × × × A.5

2223aN × × × × × × A.5

2223b × A.5

2223cE × × × × × × A.5

2223cN × × × × × × A.5

3223aE × × × × × × A.5

3223aN × × × × × × A.5

3223b × A.5

3223cE × × × × × × A.5

3223cN × × × × × × A.5

1224aE × × × × × × A.5

1224aN × × × × × × A.5

1224b × × × × × × A.5

1224cE × × × × × × A.5

1224cN × × × × × × A.5

2224aE × × × × × × A.5

2224aN × × × × × × A.5

2224b × × × × × × A.5

2224cE × × × × × × A.5

2224cN × × × × × × A.5

3224aE × × × × × × A.5

3224aN × × × × × × A.5

3224b × × × × × × A.5

3224cE × × × × × × A.5

3224cN × × × × × × A.5

1321aE × × × × × × A.6
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Table 4.4: Reference table for procedural combinations.
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1321aN × × × × × × A.6

1321b × × × × × A.6

1321cE × × × × × × A.6

1321cN × × × × × × A.6

2321aE × × × × × × A.6

2321aN × × × × × × A.6

2321b × × × × × × A.6

2321cE × × × × × × A.6

2321cN × × × × × × A.6

3321aE × × × × × × A.6

3321aN × × × × × × A.6

2321b × × × × × × A.6

3321cE × × × × × × A.6

3321cN × × × × × × A.6

1322aE × × × × × × A.6

1322aN × × × × × × A.6

1322b × × × × × A.6

1322cE × × × × × × A.6

1322cN × × × × × × A.6

2322aE × × × × × × A.6

2322aN × × × × × × A.6

2322b × × × × × × A.6

2322cE × × × × × × A.6

2322cN × × × × × × A.6

3322aE × × × × × × A.6

3322aN × × × × × × A.6

3322b × × × × × × A.6

3322cE × × × × × × A.6

3322cN × × × × × × A.6

1323aE × × × × × × A.6

1323aN × × × × × × A.6

1323b × × × × × A.6
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Table 4.4: Reference table for procedural combinations.
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1323cE × × × × × × A.6

1323cN × × × × × × A.6

2323aE × × × × × × A.6

2323aN × × × × × × A.6

2323b × × × × × × A.6

2323cE × × × × × × A.6

2323cN × × × × × × A.6

3323aE × × × × × × A.6

3323aN × × × × × × A.6

3323b × × × × × × A.6

3323cE × × × × × × A.6

3323cN × × × × × × A.6

1324aE × × × × × × A.6

1324aN × × × × × × A.6

1324b × × × × × × A.6

1324cE × × × × × × A.6

1324cN × × × × × × A.6

2324aE × × × × × × A.6

2324aN × × × × × × A.6

2324b × × × × × × A.6

2324cE × × × × × × A.6

2324cN × × × × × × A.6

3324aE × × × × × × A.6

3324aN × × × × × × A.6

3324b × × × × × × A.6

3324cE × × × × × × A.6

3324cN × × × × × × A.6

1131aE × × × × × × A.7

1131aN × × × × × × A.7

1131b × × × × × A.7

1131cE × × × × × × × A.7

1131cN × × × × × × A.7
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Table 4.4: Reference table for procedural combinations.
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2131aE × × × × × × A.7

2131aN × × × × × × A.7

2131b × × × × × × A.7

2131cE × × × × × × A.7

2131cN × × × × × × A.7

3131aE × × × × × × A.7

3131aN × × × × × × A.7

3131b × × × × × × A.7

3131cE × × × × × × A.7

3131cN × × × × × × A.7

1132aE × × × × × × A.7

1132aN × × × × × × A.7

1132b × × × × × A.7

1132cE × × × × × × A.7

1132cN × × × × × × A.7

2132aE × × × × × × A.7

2132aN × × × × × × A.7

2132b × × × × × × A.7

2132cE × × × × × × A.7

2132cN × × × × × × A.7

3132aE × × × × × × A.7

3132aN × × × × × × A.7

3132b × × × × × × A.7

3132cE × × × × × × A.7

3132cN × × × × × × A.7

1133aE × × × × × × A.7

1133aN × × × × × × A.7

1133b × × × × × × A.7

1133cE × × × × × × A.7

1133cN × × × × × × A.7

2133aE × × × × × × A.7

2133aN × × × × × × A.7
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Table 4.4: Reference table for procedural combinations.
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2133b × × × × × × A.7

2133cE × × × × × × A.7

2133cN × × × × × × A.7

3133aE × × × × × × A.7

3133aN × × × × × × A.7

3133b × × × × × × A.7

3133cE × × × × × × A.7

3133cN × × × × × × A.7

1134aE × × × × × × A.7

1134aN × × × × × × A.7

1134b × × × × × × A.7

1134cE × × × × × × A7

1134cN × × × × × × A.7

2134aE × × × × × × A.7

2134aN × × × × × × A.7

2134b × × × × × × A.7

2134cE × × × × × × A.7

2134cN × × × × × × A.7

3134aE × × × × × × A7

3134aN × × × × × × A.7

3134b × × × × × × A.7

3134cE × × × × × × A.7

3134cN × × × × × × A.7

1231aE × × × × × × A.8

1231aN × × × × × × A.8

1231b × × × × × A.8

1231cE × × × × × × A.8

1231cN × × × × × × A.8

2231aE × × × × × × A.8

2231aN × × × × × × A.8

2231b × × × × × × A.8

2231cE × × × × × × A.8
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Table 4.4: Reference table for procedural combinations.
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2231cN × × × × × × A.8

3231aE × × × × × × A.8

3231aN × × × × × × A.8

3231b × × × × × × A.8

3231cE × × × × × × A.8

3231cN × × × × × × A.8

1232aE × × × × × × A.8

1232aN × × × × × × A.8

1232b × × × × × A.8

1232cE × × × × × × A.8

1232cN × × × × × × A.8

2232aE × × × × × × A.8

2232aN × × × × × × A.8

2232b × × × × × × A.8

2232cE × × × × × × A.8

2232cN × × × × × × A.8

3232aE × × × × × × A.8

3232aN × × × × × × A.8

3232b × × × × × × A.8

3232cE × × × × × × A.8

3232cN × × × × × × A.8

1233aE × × × × × × A.8

1233aN × × × × × × A.8

1233b × × × × × A.8

1233cE × × × × × × A.8

1233cN × × × × × × A.8

2233aE × × × × × × A.8

2233aN × × × × × × A.8

2233b × × × × × × A.8

2233cE × × × × × × A.8

2233cN × × × × × × A.8

3233aE × × × × × × A.8
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Table 4.4: Reference table for procedural combinations.
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3233aN × × × × × × A.8

3233b × × × × × × A.8

3233cE × × × × × × A.8

3233cN × × × × × × A.8

1234aE × × × × × × A.8

1234aN × × × × × × A.8

1234b × × × × × × A.8

1234cE × × × × × × A.8

1234cN × × × × × × A.8

2234aE × × × × × × A.8

2234aN × × × × × × A.8

2234b × × × × × × A.8

2234cE × × × × × × A.8

2234cN × × × × × × A.8

3234aE × × × × × × A.8

3234aN × × × × × × A.8

3234b × × × × × × A.8

3234cE × × × × × × A.8

3234cN × × × × × × A.8

1331aE × × × × × × A.9

1331aN × × × × × × A.9

1331b × × × × × A.9

1331cE × × × × × × A.9

1331cN × × × × × × A.9

2331aE × × × × × × A.9

2331aN × × × × × × A.9

2331b × × × × × × A.9

2331cE × × × × × × A.9

2331cN × × × × × × A.9

3331aE × × × × × × A.9

3331aN × × × × × × A.9

3331b × × × × × × A.9
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Table 4.4: Reference table for procedural combinations.
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3331cE × × × × × × A.9

3331cN × × × × × × A.9

1332aE × × × × × × A.9

1332aN × × × × × × A.9

1332b × × × × × A.9

1332cE × × × × × × A.9

1332cN × × × × × × A.9

2332aE × × × × × × A.9

2332aN × × × × × × A.9

2332b × × × × × × A.9

2332cE × × × × × × A.9

2332cN × × × × × × A.9

3332aE × × × × × × A.9

3332aN × × × × × × A.9

3332b × × × × × × A.9

3332cE × × × × × × A.9

3332cN × × × × × × A.9

1333aE × × × × × × A.9

1333aN × × × × × × A.9

1333b × × × × × A.9

1333cE × × × × × × A.9

1333cN × × × × × × A.9

2333aE × × × × × × A.9

2333aN × × × × × × A.9

2333b × × × × × × A.9

2333cE × × × × × × A.9

2333cN × × × × × × A.9

3333aE × × × × × × A.9

3333aN × × × × × × A.9

3333b × × × × × × A.9

3333cE × × × × × × A.9

3333cN × × × × × × A.9
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Table 4.4: Reference table for procedural combinations.
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1334aE × × × × × × A.9

1334aN × × × × × × A.9

1334b × × × × × A.9

1334cE × × × × × × A.9

1334cN × × × × × × A.9

2334aE × × × × × × A.9

2334aN × × × × × × A.9

2334b × × × × × × A.9

2334cE × × × × × × A.9

2334cN × × × × × × A.9

3334aE × × × × × × A.9

3334aN × × × × × × A.9

3334b × × × × × × A.9

3334cE × × × × × × A.9

3334cN × × × × × × A.9

1141aE × × × × × × A.10

1141aN × × × × × × A.10

1141b × × × × × A.10

1141cE × × × × × × × A.10

1141cN × × × × × × A.10

2141aE × × × × × × A.10

2141aN × × × × × × A.10

2141b × × × × × × A.10

2141cE × × × × × × A.10

2141cN × × × × × × A.10

3141aE × × × × × × A.10

3141aN × × × × × × A.10

3141b × × × × × × A.10

3141cE × × × × × × A.10

3141cN × × × × × × A.10

1142aE × × × × × × A.10

1142aN × × × × × × A.10
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Table 4.4: Reference table for procedural combinations.
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1142b × × × × × A.10

1142cE × × × × × × A.10

1142cN × × × × × × A.10

2142aE × × × × × × A.10

2142aN × × × × × × A.10

2142b × × × × × × A.10

2142cE × × × × × × A.10

2142cN × × × × × × A.10

3142aE × × × × × × A.10

3142aN × × × × × × A.10

3142b × × × × × × A.10

3142cE × × × × × × A.10

3142cN × × × × × × A.10

1143aE × × × × × × A.10

1143aN × × × × × × A.10

1143b × × × × × × A.10

1143cE × × × × × × A.10

1143cN × × × × × × A.10

2143aE × × × × × × A.10

2143aN × × × × × × A.10

2143b × × × × × × A.10

2143cE × × × × × × A.10

2143cN × × × × × × A.10

3143aE × × × × × × A.10

3143aN × × × × × × A.10

3143b × × × × × × A.10

3143cE × × × × × × A.10

3143cN × × × × × × A.10

1144aE × × × × × × A.10

1144aN × × × × × × A.10

1144b × × × × × × A.10

1144cE × × × × × × A.10
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Table 4.4: Reference table for procedural combinations.
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1144cN × × × × × × A.10

2144aE × × × × × × A.10

2144aN × × × × × × A.10

2144b × × × × × × A.10

2144cE × × × × × × A.10

2144cN × × × × × × A.10

3144aE × × × × × × A.10

3144aN × × × × × × A.10

3144b × × × × × × A.10

3144cE × × × × × × A.10

3144cN × × × × × × A.10

1241aE × × × × × × A.11

1241aN × × × × × × A.11

1241b × × × × × A.11

1241cE × × × × × × A.11

1241cN × × × × × × A.11

2241aE × × × × × × A.11

2241aN × × × × × × A.11

2241b × × × × × × A.11

2241cE × × × × × × A.11

2241cN × × × × × × A.11

3241aE × × × × × × A.11

3241aN × × × × × × A.11

3241b × × × × × × A.11

3241cE × × × × × × A.11

3241cN × × × × × × A.11

1242aE × × × × × × A.11

1242aN × × × × × × A.11

1242b × × × × × A.11

1242cE × × × × × × A.11

1242cN × × × × × × A.11

2242aE × × × × × × A.11
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Table 4.4: Reference table for procedural combinations.
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2242aN × × × × × × A.11

2242b × × × × × × A.11

2242cE × × × × × × A.11

2242cN × × × × × × A.11

3242aE × × × × × × A.11

3242aN × × × × × × A.11

3242b × × × × × × A.11

3242cE × × × × × × A.11

3242cN × × × × × × A.11

1243aE × × × × × × A.11

1243aN × × × × × × A.11

1243b × × × × × A.11

1243cE × × × × × × A.11

1243cN × × × × × × A.11

2243aE × × × × × × A.11

2243aN × × × × × × A.11

2243b × × × × × × A.11

2243cE × × × × × × A.11

2243cN × × × × × × A.11

3243aE × × × × × × A.11

3243aN × × × × × × A.11

3243b × × × × × × A.11

3243cE × × × × × × A.11

3243cN × × × × × × A.11

1244aE × × × × × × A.11

1244aN × × × × × × A.11

1244b × × × × × × A.11

1244cE × × × × × × A.11

1244cN × × × × × × A.11

2244aE × × × × × × A.11

2244aN × × × × × × A.11

2244b × × × × × × A.11
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Table 4.4: Reference table for procedural combinations.
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2244cE × × × × × × A.11

2244cN × × × × × × A.11

3244aE × × × × × × A.11

3244aN × × × × × × A.11

3244b × × × × × × A.11

3244cE × × × × × × A.11

3244cN × × × × × × A.11

1341aE × × × × × × A.12

1341aN × × × × × × A.12

1341b × × × × × A.12

1341cE × × × × × × A.12

1341cN × × × × × × A.12

2341aE × × × × × × A.12

2341aN × × × × × × A.12

2341b × × × × × × A.12

2341cE × × × × × × A.12

2341cN × × × × × × A.12

3341aE × × × × × × A12

3341aN × × × × × × A.12

3341b × × × × × × A.12

3341cE × × × × × × A.12

3341cN × × × × × × A.12

1342aE × × × × × × A.12

1342aN × × × × × × A.12

1342b × × × × × A.12

1342cE × × × × × × A.12

1342cN × × × × × × A.12

2342aE × × × × × × A.12

2342aN × × × × × × A.12

2342b × × × × × × A.12

2342cE × × × × × × A.12

2342cN × × × × × × A.12
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Table 4.4: Reference table for procedural combinations.
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3342aE × × × × × × A.12

3342aN × × × × × × A.12

3342b × × × × × × A.12

3342cE × × × × × × A.12

3342cN × × × × × × A.12

1343aE × × × × × × A.12

1343aN × × × × × × A.12

1343b × × × × × A.12

1343cE × × × × × × A.12

1343cN × × × × × × A.12

2343aE × × × × × × A.12

2343aN × × × × × × A.12

2343b × × × × × × A.12

2343cE × × × × × × A.12

2343cN × × × × × × A.12

3343aE × × × × × × A.12

3343aN × × × × × × A.12

3343b × × × × × × A.12

3343cE × × × × × × A.12

3343cN × × × × × × A.12

1344aE × × × × × × A.12

1344aN × × × × × × A.12

1344b × × × × × A.12

1344cE × × × × × × A.12

1344cN × × × × × × A.12

2344aE × × × × × × A.12

2344aN × × × × × × A.12

2344b × × × × × × A.12

2344cE × × × × × × A.12

2344cN × × × × × × A.12

3344aE × × × × × × A.12

3344aN × × × × × × A.12
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Table 4.4: Reference table for procedural combinations.
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3344b × × × × × × A.12

3344cE × × × × × × A.12

3344cN × × × × × × A.12

1151aE × × × × × × A.13

1151aN × × × × × × A.13

1151b × × × × × A.13

1151cE × × × × × × × A.13

1151cN × × × × × × A.13

2151aE × × × × × × A.13

2151aN × × × × × × A.13

2151b × × × × × × A.13

2151cE × × × × × × A.13

2151cN × × × × × × A.13

3151aE × × × × × × A.13

3151aN × × × × × × A.13

3151b × × × × × × A.13

3151cE × × × × × × A.13

3151cN × × × × × × A.13

1152aE × × × × × × A.13

1152aN × × × × × × A.13

1152b × × × × × A.13

1152cE × × × × × × A.13

1152cN × × × × × × A.13

2152aE × × × × × × A.13

2152aN × × × × × × A.13

2152b × × × × × × A.13

2152cE × × × × × × A.13

2152cN × × × × × × A.13

3152aE × × × × × × A.13

3152aN × × × × × × A.13

3152b × × × × × × A.13

3152cE × × × × × × A.13
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Table 4.4: Reference table for procedural combinations.
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3152cN × × × × × × A.13

1153aE × × × × × × A.13

1153aN × × × × × × A.13

1153b × × × × × × A.13

1153cE × × × × × × A.13

1153cN × × × × × × A.13

2153aE × × × × × × A.13

2153aN × × × × × × A.13

2153b × × × × × × A.13

2153cE × × × × × × A.13

2153cN × × × × × × A.13

3153aE × × × × × × A.13

3153aN × × × × × × A.13

3153b × × × × × × A.13

3153cE × × × × × × A.13

3153cN × × × × × × A.13

1154aE × × × × × × A.13

1154aN × × × × × × A.13

1154b × × × × × × A.13

1154cE × × × × × × A.13

1154cN × × × × × × A.13

2154aE × × × × × × A.13

2154aN × × × × × × A.13

2154b × × × × × × A.13

2154cE × × × × × × A.13

2154cN × × × × × × A.13

3154aE × × × × × × A.13

3154aN × × × × × × A.13

3154b × × × × × × A.13

3154cE × × × × × × A.13

3154cN × × × × × × A.13

1251aE × × × × × × A.14
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Table 4.4: Reference table for procedural combinations.
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1251aN × × × × × × A.14

1251b × × × × × A.14

1251cE × × × × × × A.14

1251cN × × × × × × A.14

2251aE × × × × × × A.14

2251aN × × × × × × A.14

2251b × × × × × × A.14

2251cE × × × × × × A.14

2251cN × × × × × × A.14

3251aE × × × × × × A.14

3251aN × × × × × × A.14

3251b × × × × × × A.14

3251cE × × × × × × A.14

3251cN × × × × × × A.14

1252aE × × × × × × A.14

1252aN × × × × × × A.14

1252b × × × × × A.14

1252cE × × × × × × A.14

1252cN × × × × × × A.14

2252aE × × × × × × A.14

2252aN × × × × × × A.14

2252b × × × × × × A.14

2252cE × × × × × × A.14

2252cN × × × × × × A.14

3252aE × × × × × × A.14

3252aN × × × × × × A.14

3252b × × × × × × A.14

3252cE × × × × × × A.14

3252cN × × × × × × A.14

1253aE × × × × × × A.14

1253aN × × × × × × A.14

1253b × × × × × A.14
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Table 4.4: Reference table for procedural combinations.
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1253cE × × × × × × A.14

1253cN × × × × × × A.14

2253aE × × × × × × A.14

2253aN × × × × × × A.14

2253b × × × × × × A.14

2253cE × × × × × × A.14

2253cN × × × × × × A.14

3253aE × × × × × × A.14

3253aN × × × × × × A.14

3253b × × × × × × A.14

3253cE × × × × × × A.14

3253cN × × × × × × A.14

1254aE × × × × × × A.14

1254aN × × × × × × A.14

1254b × × × × × × A.14

1254cE × × × × × × A.14

1254cN × × × × × × A.14

2254aE × × × × × × A.14

2254aN × × × × × × A.14

2254b × × × × × × A.14

2254cE × × × × × × A.14

2254cN × × × × × × A.14

3254aE × × × × × × A.14

3254aN × × × × × × A.14

3254b × × × × × × A.14

3254cE × × × × × × A.14

3254cN × × × × × × A.14

1351aE × × × × × × A.15

1351aN × × × × × × A.15

1351b × × × × × A.15

1351cE × × × × × × A.15

1351cN × × × × × × A.15

Continued on next page. . .
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Table 4.4: Reference table for procedural combinations.
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2351aE × × × × × × A.15

2351aN × × × × × × A.15

2351b × × × × × × A.15

2351cE × × × × × × A.15

2351cN × × × × × × A.15

3351aE × × × × × × A.15

3351aN × × × × × × A.15

3351b × × × × × × A.15

3351cE × × × × × × A.15

3351cN × × × × × × A.15

1352aE × × × × × × A.15

1352aN × × × × × × A.15

1352b × × × × × A.15

1352cE × × × × × × A.15

1352cN × × × × × × A.15

2352aE × × × × × × A.15

2352aN × × × × × × A.15

2352b × × × × × × A.15

2352cE × × × × × × A.15

2352cN × × × × × × A.15

3352aE × × × × × × A.15

3352aN × × × × × × A.15

3352b × × × × × × A.15

3352cE × × × × × × A.15

3352cN × × × × × × A.15

1353aE × × × × × × A.15

1353aN × × × × × × A.15

1353b × × × × × A.15

1353cE × × × × × × A.15

1353cN × × × × × × A.15

2353aE × × × × × × A.15

2353aN × × × × × × A.15

Continued on next page. . .
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Table 4.4: Reference table for procedural combinations.
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2353b × × × × × × A.15

2353cE × × × × × × A.15

2353cN × × × × × × A.15

3353aE × × × × × × A.15

3353aN × × × × × × A.15

3353b × × × × × × A.15

3353cE × × × × × × A.15

3353cN × × × × × × A.15

1354aE × × × × × × A.15

1354aN × × × × × × A.15

1354b × × × × × A.15

1354cE × × × × × × A.15

1354cN × × × × × × A.15

2354aE × × × × × × A.15

2354aN × × × × × × A.15

2354b × × × × × × A.15

2354cE × × × × × × A.15

2354cN × × × × × × A.15

3354aE × × × × × × A.15

3354aN × × × × × × A.15

3354b × × × × × × A.15

3354cE × × × × × × A.15

3354cN × × × × × × A.15



Chapter 5

Results and Conclusions

5.1 Introduction

Throughout this study we have stressed the fact that in the presence of a detection limit, analysis

of data is a complicated task for the researcher. The goals set for this study in Chapter 1 and 4

has been largely met theoretically and various algorithms employing the concepts, i.e., estimating

population parameters of censored samples, multiple imputation and density estimation have been

developed. In Chapter 1 we presented the reader with various methods to deal with missing data

in general, as it appears in literature, as well as, dealing with censored data (which is a subsequent

problem of dealing with data below a detection limit). In Chapter 2 and 3 we explained and dis-

cussed kernel density estimation and the bootstrap method of estimation, which are two main tools

for dealing with the challenge set by the goals defined for this study. In Chapter 4 we proposed

existing methods to estimate the parameters of the underlying distribution from the censored data

set which are then used to impute data from this particular distribution to obtain a complete filled-

in data set. The imputation methods presented in Chapter 4 are new contributions to literature

with two of these methods based on the bootstrap method, i.e., they are new variations on the

multiple imputation procedure presented in literature.

In Chapter 5 we aim to present a way, incorporating all the information obtained from previ-

ous chapters, to deal practically, comprehensively and conclusively with data in the presence of a

detection limit. Our efforts will be based on the results from the extensive Monte Carlo study,

performed by using the methods presented in Chapter 4 in combination with each other.

The following questions are posed to structure the goals laid out in this study, and to structurise

methods for achieving the goals set, as well as to provide results and conclusions further on in this
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chapter:

• Is it possible to reliably estimate the distribution of a population from data if a detection limit

is present? If it can be done, any normal analysis is possible from the data. The questions

below need to be answered also in the process.

• Which of the maximum likelihood methods for censored data, discussed in the literature and

presented in Chapter 4, Section 4.2, are most reliable regarding estimating the density of the

true population from which new observations will be obtained as imputed replacements for

the censored data?

• Which of the four imputation methods introduced in Chapter 4 will perform the ‘best’ re-

garding the imputing of the data?

• Furthermore, which of the kernel density estimation methods are preferred in general for the

specific scenarios and distributional combinations that is involved in the estimation process?

• Which of these methods are most reliable in combination with each other, i.e., which are the

‘best’ procedural combination setup with regard to the chosen global discrepancy measures?

• Finally, is it possible to recommend a method to deal with any data set in the presence of a

detection limit and within a specific parametric scenario?

The results of the Monte Carlo simulation study, on which detailed observations and conclusions

will be based, are presented in Appendix A.

5.2 Guidelines to reading the tables and results

Each procedural combination was assigned a unique code. This code consists of four numbers and

two letters, for example, 3242aN, indicating in this case, 80% censoring, logN(1.5,0.5) distribution

to be estimated, URMLE method together with imputation method 2 and the mirror-image KDE

method of Schuster with the Normal kernel function.

The way the code is interpreted is clear from the following:

• The first number indicates the censoring level (censoring levels were provided in Chapter 4,

Section 4.5.4 point 4).

• The second number indicates the distribution of the data (data were generated from distri-

butions outlined in Chapter 4, Section 4.5.1, Figure 4.1).
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• The third number represents the MLE method used to estimate the parameters of the censored

data set (see Chapter 4, Section 4.2 and Section 4.5.2, i.e., Algorithm 4.0, point 4.).

• The fourth number represents the imputation method (see Chapter 4, Section 4.3 and 4.5.2,

i.e., Algorithm 4.0, Table 4.2)

• The first letter is indicative of the KDE method used, which are listed in Chapter 4, Section

4.4 and 4.5.2 (Algorithm 4.0, point 7).

• The second letter indicates the kernel function that was used for the KDE method (see

Chapter 4, Section 4.5.4, point 11).

For quick reference to the procedures, tables are provided at the end of Chapter 4 (see Table 4.4).

Remark

The code assigned to the restricted Gamma and Beta kernel study deviates slightly from the above.

Only the CMLE method will be used and imputation method will stay fixed on imputation method

2. The kernel (Gamma or Beta) and the various choices of the two variants of the Beta and Gamma

kernels that will be used are indicated by G1, G2, B1 or B2, in place of the two letter designation

at the end of the code (see Chapter 2, Section 2.4.3 for the definition of the variants of the Beta

and Gamma kernels). One example of such code is 2112B1, indicating a censoring level of 50%,

logN(0,1)-distribution, the CMLE method with imputation method 2 and the Beta kernel’s first

variant.

The results for the various Monte Carlo procedural combinations are presented in Appendix A,

Table A.1 to A.16. Each table displays the results for a specific censoring level, distribution and

MLE method, as the code indicates.

• Each of the columns of A.1 to A.15 represents a specific combination and displays a unique

procedural code as discussed above.

• Each table contains three rows. The three rows display the resulting MISE, integrated bias

and integrated variance values, i.e., MISE, I Bias and I Var, for the corresponding procedural

combination (see Section 4.5.2, Algorithm 4.0, point 9 and 10).

Table A.16 contains the individual results for the limited study on the Beta and Gamma kernels.

The study was restricted to a fixed MLE method (CMLE) and imputation method (imputation

method 2). The tables are constructed similarly to those discussed above.
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Table A.17 contains the MLE parameter values for each of the MLE methods for each of the

three distributions presented in Figure 4.1, averaged over the 200 Monte Carlo iterations.

• Each column displays an estimated parameter for a specific censoring level, e.g., µ̂30 is the

estimate for the µ-parameter for a censoring of 30% .

• The rows denote the MLE method used to estimate the parameter, i.e., CMLE, UMLE,

RMLE, URMLE or MMLE.

5.3 Observations and conclusions of simulation study

In this section we present the observed simulation results for the various combinations involving the

methods of interest, i.e., the MLE methods, imputation methods and KDE setups. The results are

displayed in Appendix A. The performance of the methods will be judged based on the minimum

MISE, the smallest integrated bias and smallest integrated variance values, respectively. The main

focus will be on the minimum MISE, and to a lesser degree, the minimum integrated bias and

minimum integrated variance, as will be explained below.

Before the observed results are discussed, we briefly recall the variance-bias trade-off principle for

the MISE, that was first introduced in Chapter 2, Section 2.3. The trade-off implies that if the

bias decreases, the variance will increase and vice versa. Therefore it is important to find a middle

ground where the integrated bias and the integrated variance are both small, resulting in a small

overall MISE. Furthermore, a small integrated bias will indicate that the specific MLE and impu-

tation methods used in the specific procedural combination performed well in its task of imitating

the original data that was censored, due to the detection limit.

Section 5.3 is split up into various subsections where the specific observation for the methods

of concern are discussed.

A method of comparison for the multitude of observations is as follows. Calculate an average

for the MISE, I Bias and I Var for each imputation method, over all the procedural combinations

where the specific imputation method was used and each of the censoring levels for each of the

selected distributions of the data. The averages of the four imputation methods for each group were

then noted in Tables A.18 to A.24 and the performance of the methods are discussed in Section

5.3.1, based on the smallest mean values for the three components, respectively. The same approach

was followed to find the ‘best’ MLE and KDE methods.
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5.3.1 Imputation method

To compare the four imputation methods, outlined in Chapter 4, Section 4.3, an average is cal-

culated over all the combinations that involved the specific imputation method for each of the

distributions and each of the censoring levels. An average is, therefore, calculated for the MISE,

integrated variance and integrated bias, in each distribution and for each censoring level for each of

the imputation methods, over the different MLE and KDE combinations. These averages are then

compared within a distribution and censoring level to evaluate the performance of the imputation

method. A visual illustration of the averages are displayed in Figure 5.1 (Graphs in this chapter

were produced with IMB SPSS software).

Distribution 1 (logN (0,1)):

The following observations were made on the these averages of the MISE, integrated bias and

variance:

• For the very skew logN(0,1)-distribution, at 30% censoring, imputation method 2 performed

the best, with the smallest MISE value (0.02079617), averaged over all the procedural combi-

nations that include imputation method 2 within distribution 1. The worst performance was

exhibited by imputation method 1 with an average MISE value of 0.03125670.

• At a censoring level of 50%, imputation method 2 once again stands out (0.02090760), followed

closely by imputation method 3 and 4, which performed very much the same.

• At 80% censoring, imputation method 2 outperformed the other imputation methods (0.02887214),

followed closely by imputation method 4 (0.0299600). The worst performance in distribution

1 at 80% censoring was documented with the procedural combinations involving imputation

method 1.

• When the integrated bias is considered, averaged over all procedural combinations for 30%

censoring in distribution 1, it is found that imputation method 3 exhibits the smallest value

(0.01721169), followed closely by imputation method 4 (0.01743408). These two imputation

methods, however, display large average integrated variance values with imputation method

4 demonstrating the largest at 0.00573873. Imputation method 1 exhibited both large bias

and variance values.

• At 50% censoring, imputation method 3 and 4 exhibited the smallest average integrated

bias with negligible difference between the values. Again these two imputation methods

demonstrated large average integrated variance. Imputation method 2 displayed small average

integrated bias and variance values where imputation method 1 exhibited large values for both.
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(a) Average MISE for imputation methods.

(b) Average integrated bias for imputation methods

(c) Average integrated variance for imputation me-

thods

Figure 5.1: An illustration of calculated averages for the imputation methods at a censoring level

of 30% of logN(0,1).
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• At a censoring level of 80% imputation method 4 demonstrated the smallest integrated bias

values on avergage (0.02084785), followed closely by imputation method 3 (0.02159378). As

expected, these two methods also displayed, on average, the largest integrated variance. Im-

putation method 2 was once again the most reliable with both small integrated bias and

variance.

Distribution 2 (logN (1.5,0.5)):

• For the logN(1.5,0.5)-distribution, at censoring level of 30%, it was found that imputation

method 2 had the smallest average MISE by a considerable margin (0.00227782), followed

by imputation method 1 (0.00305491). Imputation method 4 exhibited the largest average

values.

• At 50% censoring, imputation method 2 (0.002614951) once again far outperformed the rest

followed by imputation method 1 (0.003228902). Imputation method 3 displayed the worst

performance with the largest average MISE.

• When we consider the distribution at a censoring level of 80%, imputation method 2 stands

out with the smallest average MISE value again (0.00960741), followed by imputation method

4 (0.01049810). Imputation method 3 held the spot for worst performance once again.

• The smallest average integrated bias for the 30% censoring case was exhibited by imputation

method 1 (0.002404648), followed by imputation method 3 and 4 which differ by a negligible

margin. Imputation method 2 demonstrated the largest average integrated bias, but exhibited

the smallest average integrated variance, whereas imputation method 3 and 4 displayed the

largest variance values.

• For the 50% censoring case, imputation method 4 (0.000955334) displayed the smallest aver-

age integrated bias followed by methods 3 and 1. Imputation method 2 exhibited the largest

average integrated bias values, but the smallest average integrated variance.

• For 80% censoring, the smallest average integrated bias was exhibited by imputation method

4 (0.00500743), followed by imputation method 2 which differed by a negligible amount.

Imputation method 2 also demonstrated the smallest average integrated variance. The largest

integrated bias and variance were displayed by imputation method 3.

Distribution 3 (logN (0,0.25)):

• For the logN(0,0.25)-distribution, at 30% censoring, imputation method 2 displayed the

smallest average integrated MISE (0.01202471) and outperformed the closest competitor im-
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putation method 1 (0.01943670) by a relatively large margin. The worst performance was doc-

umented with imputation method 4 which exhibited the largest average MISE at 0.02537437.

• For the 50% censoring level, imputation method 2 outperfromed the other imputation me-

thods and exhibited the smallest average MISE (0.014994120) once again, with the closest

competitor, imputation method 1 lagging behind by large margin. The largest average bias

was documented with imputation method 3.

• At 80% censoring, imputation method 2 exhibits the smallest average MISE (0.06875818),

followed by imputation method 1 and 4 which performs similarly to each other and differ

from imputation method 2 by a relatively large margin. Imputation method 3 demonstrated

the largest average MISE value at 0.09749737.

• Imputation method 2 exhibited the largest average integrated bias (0.003115539), but the

lowest integrated variance (0.008909171) at 30% censoring. Imputation method 1 performed

the best if the average integrated bias is considered, followed by imputation method 4. The

largest average integrated variance was documented with imputation method 4.

• For the 50% censoring level, imputation method 4 and 1 perform similarly with negligible dif-

ference if the average integrated bias values are considered, i.e., 0.002389177 and 0.002401352,

respectively. Imputation method 4, however, exhibit a much higher average integrated vari-

ance than that of imputation method 1. Imputation method 2 displayed the largest integrated

bias but documented the smallest integrated variance.

• At 80% censoring, imputation method 4 outperformed imputation method 2 by a negligible

amount to have the smallest average integrated bias (0.03315495). Imputation method 3

exhibited the largest average integrated bias and average integrated variance. Imputation

method 2 proved to be the most consistent when taking into account that it documented the

smallest integrated variance as well.

In Section 5.4 overall conclusions regarding the performance of imputations methods will be sum-

marised.

5.3.2 Maximum likelihood estimation method

Similar to comparing the imputation methods, an average was calculated for each MLE method

over all the combination the specific MLE method featured in. Therefore, averages of the MISE,

integrated bias and integrated variance were calculated over the different combinations of imputa-

tion methods and KDE setups, for each of the five MLE methods (outlined in Chapter 4, Section
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4.2) in each of the three distributions and censoring levels.

Furthermore, the MLE method which estimated each of the parameters of the distribution will be

reported in each of the censoring levels. The MLE value reported in Table A.16 is averaged over

the Monte Carlo simulations. A visual illustration of the averages are displayed in Figure 5.2.

Distribution 1 (logN (0,1)):

• Considering the maximum likelihood estimators for the logN(0,1)-distribution at a censoring

level of 30%, we find that the most accurate estimation for the µ-parameter was by the UMLE

method (µ̂ = 0.00047602) and the σ2-parameter by the URMLE (σ̂2 = 0.993759226).

• On average the RMLE and URMLE exhibited the smallest MISE value over the combination

they were used in for the 30% censoring level, differing only by a negligible margin, i.e.,

0.021276762 and 0.021143947, rsepectively. These two methods were followed closely by the

UMLE with a very small difference in the average MISE. The CMLE displayed the largest

average MISE values.

• The RMLE and URMLE demonstrated the smallest average integrated bias (0.016992396 and

0.016974719) but relatively larger average integrated variance (0.004284366 and 0.004169227).

The UMLE documented both small average integrated bias values and the smallest average

integrated variance for this specific distribution and censoring level setup. The largest average

integrated bias and variance values were displayed by the CMLE.

• For the 50% censored case, the most accurate estimation of both parameters was by the

URMLE (µ̂ = −0.000511832, σ̂2 = 0.990490094).

• The MMLE, RMLE and URMLE performed very similarly with negligible difference in the

average MISE, followed closely by the UMLE. The CMLE displayed the largest average MISE

values by a considerable margin for 50% censoring.

• The MMLE, RMLE and URMLE exhibited the smallest average integrated bias as well,

followed by the UMLE. The UMLE, however, documented the smallest average integrated

variance. The CMLE exhibited the largest value for both average bias and variance again.

• At a censoring level of 80%, the CMLE estimated both the paramaters the most accuratley

(µ̂ = 0.01316801, σ̂2 = 0.983179035).

• The RMLE performed the best at 80% censoring based on the average MISE (0.028951654).

The URMLE exhibited similar results regarding the MISE and the CMLE documented the

highest average values.
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(a) Average MISE for MLE methods.

(b) Average integrated bias for MLE methods

(c) Average integrated variance for MLE methods

Figure 5.2: An illustration of calculated averages for the MLE methods at a censoring level of 30%

of logN(0,1).
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• The URMLE and CMLE displayed the largest average integrated bias values by a considerable

margin, whereas the RMLE exhibited the smallest average bias and relatively small average

integrated variance, whereas the UMLE documented the smallest average variance.

Distribution 2 (logN (1.5,0.5)):

• For the logN(1.5,0.5)-distribution at a censoring level of 30%, the most accurate estimation

for the µ-parameter was by the UMLE method (µ̂ = 1.500237986) and for the σ2 was by the

URMLE (σ̂2 = 0.496879613).

• The CMLE, RMLE and URMLE methods exhibited the smallest average MISE (0.001279431,

0.001301241 and 0.001304096), with negligible difference in value, and was followed closely

by the UMLE method. The largest average MISE was recorded for the MMLE method.

• The smallest average integrated variance at 30% was exhibited by the UMLE method (0.002061568)

and conversely the URMLE documented the highest average integrated bias. The RMLE

method exhibited the smallest integrated bias on average (0.000939430) and the MMLE per-

formed the worst in this regard.

• At a censoring level of 50%, the URMLE exhibited the most accurate estimation of the

parameters (µ̂ = 1.499744084, σ̂2 = 0.495245047).

• All the MLE methods performed very similarly with the URMLE outperforming the rest by

a slight margin with the smallest average MISE (0.003423390), and the UMLE the largest

MISE value for the 50% censoring case.

• The UMLE exhibited the smallest average integrated variance (0.002418280) but the largest

average integrated bias. The rest of the MLE methods documented comparable bias results

that differed negligible from each other and by a relatively large margin from the UMLE.

• The most accurate estimation for the parameters at a censoring level of 80% was recorded

by the CMLE method for both the parameters (µ̂ = 1.506583955, σ̂2 = 0.49158955).

• The CMLE, RMLE and URMLE performed similarly considering the smallest average MISE,

with negligible difference between the values of the three methods. The MMLE method

displayed the largest MISE value by a considerable increment.

• The trend held true when the average integrated bias was considered with the CMLE, RMLE

and URMLE documenting the smallest values and the MMLE the largest. The MMLE

method also demonstrated the largest average integrated variance whereas the UMLE method

exhibited the smallest for the 80% censoring case.
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Distribution 3 (logN (0,0.25)):

• For the logN(0,0.25)-distribution at a censoring level of 30%, we find that the most accurate

estimation of the µ-parameter was once again by the UMLE method (µ̂ = 0.000119028) and

for the σ2-parameter, the URMLE method (σ̂2 = 0.250062369).

• The CMLE, UMLE and RMLE competed for the smallest average MISE (0.009764039,

0.009912423 and 0.009915738), and displayed values with negligible difference. The URMLE

followed closely with a very small increment, whereas the MMLE once again exhibited the

largest average MISE.

• The RMLE documented the smallest average integrated bias (0.002202141) for the 30%

censoring case, followed by the CMLE and URMLE, which performed similarly to each other.

The MMLE exhibit the largest average integrated bias by a considerable amount. The average

integrated variance was closely comparable between all the MLE methods at this level of

censoring, with the UMLE method edging ahead with the smallest value.

• For a censoring level of 50%, we find that the RMLE once again estimates the µ-parameter

the most accurately (µ̂ = −0.000381251) for this level of censoring, but it is the MMLE that

estimated the σ2 the most accurately this time around (σ̂2 = 0.24992814).

• The MLE methods performed comparable with small differences in the average MISE values.

The CMLE (0.022741075) and URMLE (0.022636510) displayed almost identical values and

competed for the smallest MISE with negligible difference between the values.

• The methods performed comparable for the average integrated bias and variance as well, with

the exception of the UMLE method who displayed the largest average integrated bias by a

considerable amount for the 50% censoring level.

• For the 80% censoring level, the RMLE method exhibited the most accurated estimation for

the µ-parameter (µ̂ = 0.001377948) and the URMLE method for the σ2-parameter (σ̂2 =

0.24777143).

• The CMLE, RMLE and URMLE performed comparable and considering the smallest av-

erage MISE, with negligible difference between the values. The largest average MISE was

documented by the MMLE method with a considerable margin.

• The average integrated bias revealed the same MLE methods as the MISE regarding the

smallest values, i.e., the CMLE, RMLE and URMLE. The MMLE exhibited the largest

average integrated bias value. Furthermore, the UMLE documented the smallest average
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integrated variance, while the CMLE, RMLE and URMLE performed comparable, with little

difference between values. The MMLE exhibited the largest average integrated variance for

the 80% censoring level.

Overall conclusions based on the above observations will be summarised in Section 5.4.

5.3.3 Kernel density estimation

To compare the performance of the various kernel density estimators that were used in this study,

an average was calculated over the combinations where the specific KDE was used to estimate the

density. An average was thus calculated for the MISE, integrated variance and integrated bias for

each distribution. The averages were only measured over the distributions. A visual illustration of

the averages are displayed in Figure 5.3.

Distribution 1 (logN (0,1)):

• When the kernel density estimators for the skew logN(0,1)-distribution were considered, it

was found that the Schuster/Epanenchnikov KDE setup documented, on average, the smallest

MISE values, followed closely by the PR/Epanenchnikov KDE setup. The largest average

MISE values were exhibited by the Yao KDE.

• The Schuster/Epanenchnikov KDE setup and PR/Epanenchnikov setup displayed the small-

est average integrated bias with negligible difference between the values. The Yao KDE

demonstrated the largest average integrated bias. Conversely, the Schuster/Epanenchnikov

and PR/Epanenchnikov KDE setups displayed relatively large average integrated variances,

whereas the PR/Normal setup exhibited the smallest average integrated variance.

Distribution 2 (logN (1.5,0.5)):

• For the logN(1.5,0.5)-distribution, the Yao KDE exhibited the smallest average MISE value,

followed closely by the PR/Normal KDE setup. The Schuster/Epanenchnikov setup demon-

strated the largest average MISE values for this distribution.

• The smallest average integrated bias was documented for the PR/Epanenchnikov and Schus-

ter/Epanenchnikov KDE setup, and these methods, conversely, displayed the largest average

integrated variance values. The smallest average integrated variance was exhibited by the

Yao and PR/Normal KDE setups.



CHAPTER 5. RESULTS AND CONCLUSIONS 133

(a) Average MISE for KDE methods.

(b) Average integrated bias for KDE methods

(c) Average integrated bias for KDE methods

Figure 5.3: An illustration of calculated averages for the KDE methods of logN(0,1).
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Distribution 3 (logN (0,0.25)):

• For the logN(0,0.25)-distribution, the Yao KDE once again documented the smallest aver-

age MISE values with the PR/Normal KDE setup being the closest runner-up. The Schus-

ter/Epanenchnikov KDE, once again displayed the largest average MISE value.

• The smallest average integrated bias was demonstrated by the Schuster/Epanenchnikov KDE,

PR/Epanenchnikov KDE and Yao setup, which differed by very little. The KDE setups with

the Normal kernels demonstrated the largest values. The PR/Normal setup displayed the

smallest average integrated variance, followed closely by the Yao KDE, whereas the Schus-

ter/Epanenchnikov and PR/Epanenchnikov KDE setups exhibited the largest values.

Beta and Gamma kernels:

The Beta and Gamma kernels were applied to evaluate how these KDE methods compared to the

results obtained with other procedural setups. It was found that the Beta and Gamma procedures

documented the smallest integrated variance by far, with the closest competitor being the UMLE,

imputation method 2 and Schuster/Normal KDE combination, i.e., 1122aN (0.001668083), for the

30% censoring scenario. The first Gamma kernel with the fixed CMLE and imputation method 2

setup documented the overall smallest integrated variance, i.e., 1112G1 (0.001112544) which clearly

outperforms the closest aformentioned competitor. With regard to the integrated variance the two

Beta KDE methods and two Gamma KDE methods, outperformed all the other combination setups

in each of the distributions and censoring level scenarios. This was achieved at the cost of the bias,

however, and when the integrated bias and MISE were considered, neither held up against the

reported smallest procedures. These result were, however, expected as was stated in Chen (2000a)

and Chen (1999).

5.3.4 Distributional observations

The results of the procedural combinations will be summarised and presented in the following

sections in terms of performance within the three distributions of concern.

Distribution 1 (logN (0,1)):

• At a censoring level of 30%, the mirror-image KDE of Schuster with the Epanenchnikov

kernel, in combination with imputation method 2 and the CMLE, exhibited the smallest

MISE value for this particular censoring level and distribution, i.e., 1112aE (0.004030178).

• The smallest integrated bias was documented for the MMLE method with imputation method

1 in combination with the Schuster/Epanenchnikov KDE setup, i.e., 1151aE (0.000471792).
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The smallest integrated variance was the UMLE with imputation method 2 and the Schus-

ter/Normal KDE setup, i.e., 1121aN (0.001668).

• For 50% censoring, the smallest MISE was exhibited by the URMLE method with imputation

method 2 in combination with Schuster/Epanenchnikov KDE setup. i.e., 2142aE (0.004791).

• The smallest integrated bias for the 50% censoring level, was documented for the URMLE

method with imputation method 3 and the Schuster/Epanenchnikov KDE setup, i.e., 2143aE

(0.001319). The UMLE with imputation method 2 and the Schuster/Normal KDE setup

displayed the smallest integrated variance, i.e., 2122aN (0.001984).

• The smallest MISE for a censoring level of 80% was recorded with the CMLE method in

combination with imputation method 2 and the Schuster/Epanenchnikov KDE setup, i.e.,

3112aE (0.012857).

• The CMLE with imputation method 3 and Schuster/Epanenchnikov KDE setup presented the

smallest integrated bias value for 80% censoring and this particular distribution, i.e, 3113aE

(0.002817). The smallest integrated variance was displayed by the UMLE with imputation

method 2 and the Schuster/Normal KDE setup, i.e., 3122aN (0.004057).

Distribution 2 (logN (1.5,0.5)):

• The smallest MISE for the 30% censoring level was recorded for the CMLE in combination

with imputation method 2 and the PR/Epanenchnikov KDE setup, i.e., 1212cE (0.001279)

• The smallest integrated bias was exhibited by the RMLE, imputation method 1 and PR/Epanenchnikov

combination, i.e., 1231cE (0.000103) and the smallest integrated variance resulted from the

UMLE, imputation method 2 and PR/Normal combination, i.e., 1222cN (0.00084). This par-

ticular combination exhibited the smallest integrated variance for the 50% and 80% censoring

levels, i.e., 2222cN (0.001106) and 3222cN (0.002362).

• The smallest MISE for the 50% and 80% resulted from the CMLE method with imputation

method 2 and estimated with the PR/Epanenchnikov KDE setup, i.e., 2212cE (0.001157)

and 3212cE (0.005196).

• For the 50% censoring case, the smallest integrated bias was documented with the MMLE

method and imputation method 4 with the PR/Epanenchnikov KDE setup, i.e., 2254cE

(0.000135) and the smallest integrated bias for the 80% censoring level, was documented

with the CMLE method and impuation method 4, but with the Schuster/Epanenchnikov

KDE setup, i.e., 3214aE (0.00038).
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Distribution 3 (logN (0,0.25)):

• At a censoring level of 30%, the smallest MISE resulted from the CMLE method with impu-

tation method 2 and estimated with PR/Epanenchnikov KDE setup, i.e., 1312cE (0.009764).

• The RMLE method in combination with imputation method 1 and PR/Epanenchnikov KDE

setup exhibited the smallest integrated bias for the 30% censoring level, i.e., 1331cE (0.000155).

The smallest integrated variance was demonstrated by the UMLE, imputation method 2 and

PR/Normal KDE setup, i.e., 1322cN (0.007438).

• For a censoring level of 50%, the smallest MISE was displayed by the CMLE with imputation

method 2 in combination with the Yao KDE setup, i.e., 2312b (0.013301).

• The smallest integrated bias was documented with the MMLE, imputation method 4 and

PR/Epanenchnikov combination, i.e., 2354cE (0.00027). The UMLE in combination with

imputation method 2 and the PR/Normal KDE setup demonstrated the smallest integrated

variance, i.e., 2322cN (0.010021) , for the 50% censoring scenario.

• The smallest MISE for the 80% censoring level scenario resulted from the CMLE in combi-

nation with imputation method 2 and the PR/Normal KDE setup, i.e., 3312cN (0.038082).

• The URMLE method with imputation method 4 and the Schuster/Epanenchnikov KDE setup

documented the smallest integrated bias value, i.e., 3344aE (0.001808). The UMLE, imputa-

tion method 2 and PR/Normal KDE combination displayed the smallest integrated variance

for the 80% censoring level scenario, i.e, 2322cN (0.022608).

5.3.5 Discussion on graphs

Appendix B contains a limited number of graphical illustrations of the density estimates of se-

lected procedural combinations. On each page, in the top row, two combinations are displayed,

representing the ‘best’ performances. The first graph in the bottom row on each page displays

the combination that performed the ‘worst’. The fourth graph displays the average for each of

the selected combinations over the 200 Monte Carlo estimations. The dotted line in the graphical

distribution indicates the true distribution from where the data was obtained and the green lines

indicate the Monte Carlo kernel density estimates. Although we only display a small number of

graphs, the same conclusions are valid throughout the study.

• The graphical illustrations for the skew logN(0, 1)-distribution confirms the results of the

global error criteria, i.e., the mirror-image KDE of Schuster, with the Epanechnikov kernel,

is the closest fit to the true distribution, especially at high level of censoring. The Yao KDE
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is a poor fit to the true distribution at all three censoring levels. From the graphs of the Yao

estimate for the skew distribution we see that it underfits considerably at the peak of the

distribution and largely deviates from the true distribution at the left boundary.

• When the more symmetric logN(1.5, 0.5)- and logN(0, 0.25)-distribution are inspected, it is

found that the usual Parzen-Rosenblatt KDE with either the Epanechnikov or Normal kernel

fit the true distribution the closest and, even though the Yao KDE documents the smallest

MISE in some cases, it achieves this by underestimating at the peak and over estimating at

the left boundary. The Yao KDE does not necessarily fit the distribution the ‘best’ as the

MISE value implies.

5.4 Overall conclusions and interpretations

In this section we will present our overall conclusions and recommendations based on the observa-

tions and results presented in Section 5.3, and in light of the questions posed in Section 5.1 which

tie in with the goals of this study stated in Chapter 1.

Imputation method

• Imputation method 2 outperformed all of the other three imputation methods by consistently

providing the smallest MISE and proved the most stable overall with relatively small inte-

grated variance and integrated bias values. Therefore the best solution seems to be imputing

the entire censored data set to obtain a new complete data set. The process of averaging

over multiple data sets to obtain a single imputed data set ruled out the dependency on

drawing a ‘bad’ sample from the distribution for the replacement set, like the case may be

with imputation methods 3 and 4 in this study. The stability of imputation method 2 can

also be accounted to the fact that we replace the entire unobserved sample a multiple number

of times.

• Depending on the distribution and censoring level, imputation method 3 and 4 alternated as

competitor for smallest integrated bias and integrated variance values.

MLE method

• At lower censoring levels (30% censoring) the UMLE estimated the location parameter µ, the

most accurately and the URMLE estimated the scale parameter σ2 the most accurately. At

50% censoring all MLE estimated the parameters comparable and for higher censoring levels

(80% censoring) the CMLE documented the best estimates to the parameters.



CHAPTER 5. RESULTS AND CONCLUSIONS 138

• The RMLE provided the most stable performance at estimating the parameters and in ex-

hibiting small MISE values with relatively small integrated bias and integrated variance.

• the MMLE consistently performed the worst with large MISE, integrated bias and integrated

variance values which removes it from the contention of recommended MLE method.

• The fact that the accuracy of estimation of these chosen MLE methods, excluding the MMLE,

differ by a negligible amount, leads us to the conclusion that the choice of MLE method does

not have a huge impact on the performance.

KDE method

• The mirror-image KDE of Schuster with the Epanenchnikov kernel exhibited on average

the smallest MISE values for the very skew distribution 1, but did not hold for the more

symmetrical Lognormal distributions where the Yao and PR/Normal KDE setups performed

the best.

• Surprisingly, the Schuster/Epanechnikov KDE setup exhibited large values for the symmetric

distributions 2 and 3, even though it documented small integrated bias values, and in the

case of distribution 3, the smallest integrated bias value among the other KDE setups.

• The performance of the Yao KDE setup, regarding the small MISE values can be ascribed

to the bias canceling idea of Chung and Lindsay (2011) it is based on, and the mirror-image

KDE of Schuster is specifically tailored to deal with boundary bias, hence the small integrated

bias. However, the integrated variance of Schuster’s method is inflated where that of Yao’s

method is only moderately affected.

5.5 Final remarks and recommendations

To connect with the objective of dealing with data in the presence of a detection limit, we make

the following recommendations based on the observations from the Monte Carlo study:

• Imputation method 2 exhibited the best performance, on average, with the smallest MISE

values and proved the most stable by documenting acceptably small integrated bias and inte-

grated variance values. It is, however, important to keep in mind that the entire incomplete

data set is replaced by an imputed complete data set and the information from the observed

values is in effect replaced. If it is important for the researcher to preserve that information,

it is recommended that imputation method 1 or 3 be considered.
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• There is very little difference in the estimation accuracy of the CMLE, UMLE, RMLE and

URMLE and therefore anyone of these methods are recommended and the researcher can base

their choice on other factors such as the more stable method across the different scenarios,

e.g., the RMLE and URMLE, or the more accurate at estimating the parameters at extreme

levels of censoring, e.g, the CMLE.

• The Schuster/Epanechnikov or PR/Epanechnikov KDE setup are recommended for very skew

distributions, and the PR/Epanechnikov or PR/Normal KDE setup are recommended for the

more symmetrical distributions.

• It is important to note that even though the Yao KDE documents the smallest MISE in

some cases, it does not necessarily fit the true distribution the closest as seen in the graphical

representations in Appendix B. The Yao KDE was designed to be used in a nonparamet-

ric regression setup and the bias cancellation idea might be aimed to reduce bias only when

implemented in nonparametric regression applications. Furthermore, the Yao KDE is compu-

tationally and time intensive which rules it out as a recommended density estimation method

in a kernel density scenario of this type.

• The Beta and Gamma kernels were only tested in a limited study for computational reasons

and performed as reported in the original articles by Chen (1999) and Chen (2000a) in that

it reduces the variance, but at the cost of inflated bias.

• The results that were based on averages are general observations. Tables A.1 to A.16 reveal

more detailed results for the interested reader.

• The idea of the MLE procedures for censored data seems easily implemented and Cohen

(1959) provide limited tables for the λ-parameter, it is however more complex to implement

it in a functional simulation program, and requires an involved grid search method outlined

in Section 4.2.1 to calculate the correct λ-parameter. The complete R-code for the procedural

combinations can be supplied on request.

• In this study the focus was on Lognormal distributions that was the most commonly found

distribution in environmental sciences. The MLE-based procedures for censored data required

the distributions to be transformed to normality before applying the method. A log transfor-

mation was used to achieve this necessary requirement. In further studies the recommended

methods can be applied to more complex distributions to establish how the methods per-

form without transforming the data to normality first. Furthermore, the application of more

sophisticated transformation methods to obtain the required Normal state, can be studied.
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• It was mentioned earlier that imputation methods 3 and 4 are somewhat dependent on the

initial replacement set drawn from the distribution from which bootstrap samples are drawn.

If this initial replacement set is an faulty sample for some reason, then the final imputation set,

even after bootstrapping, may be biased. A possible remedy to this is to combine imputation

method 1 and 3 or imputation method 2 and 4. In other words, draw multiple replacement sets

from the distribution with the estimated parameters. Average to obtain a single replacement

set and then bootstrap from it. Then obtain an average from the multiple bootstrap sets to

obtain a single replacement set to impute the incomplete data set.

• It was found that in the case where the MLE methods estimating the µ-parameter with

the true value of zero, i.e., µ = 0, the estimate often took on negative values, e.g., µ̂50 =

−0.000511832. The effect of drawing from a Lognormal distribution with a negative location

parameter close to zero on the imputation method needs further thought.

• The bandwidth, h, used was the optimal global bandwidth as presented by Silverman (1986)

and presented in Chapter 2, Section 2.5. Cross-validation and plug-in bandwidth selectors

as presented in Chapter 2, Section 2.5.1 and Section 2.5.2, are automatic, data-driven and

consistent methods of selection. Bandwidth selection as such was, however, not one of the

focus areas of this study and is usually a study on its own, and is computationally intensive.

Therefore, implementation of automatic bandwidth selectors in the setup is left to further

consideration.

5.6 Regarding the aims of the study

With regard to the questions stated in Section 5.1, we can now say:

• It is possible to estimate the distribution of a population from the data if a detection limit

is present. This is achieved with maximum likelihood estimation methods for censored data

like that of Cohen (1959), and the variations thereof, that exist in literature.

• Regarding the reliability of the maximum likelihood methods, we find that all of the selected

MLE methods, that was focused on in this study, perform comparable and equally reliably,

with the exception of the MMLE method. However, the CMLE performed better at extreme

levels of censoring, i.e., 80% censoring. The RMLE proved the most consistent throughout the

study with relatively small MISE, integrated variance and integrated bias values. The UMLE

and URMLE documented small integrated bias values, but the UMLE tended to show higher

bias values at extreme levels of censoring where the URMLE still displayed relatively small
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integrated bias values. The MMLE were not in contention, in most cases, when compared to

the other MLE methods.

• Regarding the performance of the four imputation methods, we find that imputation method

2 consistently proved the ‘best’ based on the minimum MISE. The superior performance of

imputation method 2 can be ascribed to replacing the entire data set by generated imputed

values. Therefore, imputation method 1 and 3 are recommended to preserve the information

of the observed values from the original data set. Imputation method 1 is ‘safer’ in the

sense that it does not rely heavily on the initial replacement set drawn from the estimated

distribution as is the case with imputation method 3, which draws bootstrap samples from

this initial replacement set. Imputation method 4 is held out of contention for recommended

imputation method by the fact that it replaces the entire data set and it is dependent on the

initial replacement set from which it draws bootstrap samples.

• Regarding the preferred kernel density estimation method, we find that the mirror-image

KDE method of Schuster (1985), performed the best for very skew Lognormal distribution and

the usual Parzen-Rosenblatt KDE with either the Normal or Epanechnikov kernel function

performed the best for the more symmetrical Lognormal distributions. The KDE method of

Yao (2012) displayed the smallest MISE values in some cases, but on closer inspection of the

graphical illustration it is clear that it achieves these MISE values by underestimating at the

peak of the distribution and overestimating at the left boundary of the distribution, which

removes it from one of the recommended kernel density estimation methods.

• The recommended procedural combination setup for the skew logN(0, 1)-distribution is the

RMLE method with imputation method 1 or 3 and the mirror-image KDE and Epanechnikov

kernel function. For the logN(1.5, 0.5)-distribution the recommended setup is the CMLE

method in combination with imputation method 1 or 3 and the Parzen-Rosenblatt KDE with

the Epanechnikov kernel function. For the more symmetrical logN(0, 0.25)-distribution, once

again the CMLE is recommended with imputation method 1 or 3 and the Parzen-Rosenblatt

KDE with the Epanechnikov kernel function.

The main focus of this study was multiple imputation in the presence of a detection limit, but

to fully explore this procedure, various other methods had to be studied and incorporated, i.e.,

maximum likelihood estimation methods for censored data and kernel density estimation methods.

By combining these methods of estimation we presented various procedures to deal with data

plagued by censored values that resulted from a detection limit. The reader or future researcher

should keep in mind that density estimation is not the ultimate goal of imputation methods. Many
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other standard analysis can follow up the imputation step, such as nonparametric regression, which

is one of the future projects of concern.



Appendix A

Results of simulation studies
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30% - logN(0,1) - CMLE 30% - logN(1.5,0.5) - CMLE 30% - logN(0,0.25) - CMLE

1112B1 1112B2 1112G1 1112G2 1212B1 1212B2 1212G1 1212G2 1312B1 1312B2 1312G1 1312G2

I VAR 0.001178 0.001526 0.001113 0.001616 0.000577 0.000639 0.000448 0.000469 0.004698 0.004661 0.002428 0.0023

I BIAS 0.015768 0.027977 0.015594 0.032885 0.008799 0.006369 0.011526 0.010177 0.073221 0.047346 0.151233 0.14109

MISE 0.016946 0.029503 0.016707 0.034501 0.009377 0.007009 0.011974 0.010646 0.077919 0.052007 0.153661 0.143389

50% - logN(0,1) - CMLE 50% - logN(1.5,0.5) - CMLE 50% - logN(0,0.25) - CMLE

2112B1 2112B2 2112G1 2112G2 2212B1 2212B2 2212G1 2212G2 2312B1 2312B2 2312G1 2312G2

I VAR 0.001379 0.001927 0.001286 0.002107 0.000792 0.00083 0.000611 0.000609 0.006411 0.006111 0.003333 0.002962

I BIAS 0.016146 0.028751 0.015926 0.033779 0.008666 0.006415 0.011341 0.01027 0.072011 0.046477 0.149267 0.140546

MISE 0.017525 0.030678 0.017213 0.035886 0.009458 0.007245 0.011952 0.010879 0.078422 0.052588 0.1526 0.143508

80% - logN(0,1) - CMLE 80% - logN(1.5,0.5) - CMLE 80% - logN(0,0.25) - CMLE

3112B1 3112B2 3112G1 3112G2 3212B1 3212B2 3212G1 3212G2 3312B1 3312B2 3312G1 3312G2

I VAR 0.003621 0.005902 0.00331 0.006675 0.002257 0.002199 0.001768 0.00168 0.017394 0.015974 0.009471 0.007744

I BIAS 0.018335 0.031101 0.017944 0.036267 0.008919 0.007068 0.011378 0.011027 0.073636 0.048072 0.147311 0.143126

MISE 0.021956 0.037003 0.021255 0.042942 0.011176 0.009266 0.013146 0.012707 0.09103 0.064047 0.156783 0.150869

Table A.16: Results for Beta and Gamma kernels with CMLE and imputation method 2.

logN(0,1)

MLE method µ̂30 σ̂2
30 µ̂50 σ̂2

50 µ̂80 σ̂2
80

CMLE -0.00117541 0.993571925 0.002734785 0.98932887 0.01316801 0.983179035

UMLE 0.00047602 1.008922891 0.007588536 1.017814026 0.03762946 1.152092407

RMLE 0.00081111 0.991098497 0.006431854 0.986246677 0.01687874 0.979527589

URMLE -0.00227952 0.993759226 -0.00051183 0.990490094 0.01446168 0.981521848

MMLE 0.05681999 0.963749775 0.002555065 0.989617875 -0.51572232 1.121107825

logN(1.5,0.5)

MLE method µ̂30 σ̂2
30 µ̂50 σ̂2

50 µ̂80 σ̂2
80

CMLE 1.49941227 0.49678597 1.501367405 0.494664485 1.50658396 0.49158955

UMLE 1.50023799 0.504461453 1.503794281 0.508907064 1.51881468 0.576046241

RMLE 1.50040555 0.495549249 1.503215927 0.493123338 1.50843937 0.489763794

URMLE 1.49886024 0.496879613 1.499744084 0.495245047 1.50723084 0.490760924

MMLE 1.52841006 0.48187488 1.501277515 0.494808945 1.24213881 0.56055389

logN(0,0.25)

MLE method µ̂30 σ̂2
30 µ̂50 σ̂2

50 µ̂80 σ̂2
80

CMLE -0.00029383 0.24839297 0.00068372 0.2473322 0.00329202 0.24579476

UMLE 0.00011903 0.252230711 0.001897158 0.254453489 0.00940738 0.288023103

RMLE 0.00147751 0.249384989 -0.00038125 0.249074594 0.00137795 0.247640428

URMLE 0.00064553 0.250062369 -0.00302795 0.250588375 0.00166749 0.24777143

MMLE 0.01554202 0.242506475 -0.00135763 0.24992814 -0.13421029 0.28373962

Table A.17: Average maximum likelihood estimates for each censoring level of each distribution.



153

MISE - dist1 - 30% MISE - dist1 - 50% MISE - dist1 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.03125670327 0.05310737132 0.03191266250 0.05269443242 0.04193947538 0.05049429955

Imp 2 0.02079617200 0.01764243675 0.02090760112 0.01743046145 0.02887214028 0.01853345988

Imp 3 0.02134537499 0.01647103354 0.02306265428 0.01542868450 0.03537297380 0.01839119042

Imp 4 0.02317281274 0.01658266603 0.02317320008 0.01631820680 0.02995999536 0.01773913685

I Var - dist1 - 30% I Var - dist1 - 50% I Var - dist1 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.00558739858 0.00517128875 0.00549199427 0.00446567379 0.00954777246 0.00542068202

Imp 2 0.00242332772 0.00039314494 0.00292327600 0.00045570089 0.00727836076 0.00181424491

Imp 3 0.00413368264 0.00133588145 0.00617591250 0.00246888120 0.01173958912 0.00312912412

Imp 4 0.00573872885 0.00123442504 0.00629280204 0.00129229242 0.00911214352 0.00211037759

I Bias - dist1 - 30% I Bias - dist1 - 50% I Bias - dist1 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.02566930481 0.04868714814 0.02642066835 0.04886392391 0.03239170300 0.04622546553

Imp 2 0.01837284416 0.01770116419 0.01798432524 0.01750412477 0.02159377944 0.01915983101

Imp 3 0.01721169222 0.01725049809 0.01688674194 0.01691671135 0.02363338472 0.01904805526

Imp 4 0.01743408389 0.01709460525 0.01688039796 0.01682484835 0.02084785184 0.01853866302

Table A.18: Average MISE, integrated variance and integrated bias values for the imputation

methods of logN(0,1) (distribution 1).

MISE - dist2 - 30% MISE - dist2 - 50% MISE - dist2 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.00305491228 0.00043222895 0.00322890209 0.00037924111 0.01126576771 0.00973786429

Imp 2 0.00227781731 0.00074945109 0.00261495137 0.00069749399 0.00960741083 0.00712344892

Imp 3 0.00354640676 0.00063275724 0.00421687900 0.00068716751 0.01310471875 0.01080101460

Imp 4 0.00367252957 0.00043447719 0.00398168701 0.00044031286 0.01049809902 0.00724901250

I Var - dist2 - 30% I Var - dist2 - 50% I Var - dist2 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.00210138737 0.00073663369 0.00221907466 0.00061895611 0.00493386032 0.00171426032

Imp 2 0.00116737617 0.00025798369 0.00153901656 0.00029719413 0.00444696102 0.00127210135

Imp 3 0.00255392349 0.00108873520 0.00322588546 0.00120243957 0.00625599002 0.00209220358

Imp 4 0.00267917748 0.00077967681 0.00302635287 0.00084037415 0.00549066881 0.00164269178

I Bias - dist2 - 30% I Bias - dist2 - 50% I Bias - dist2 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.00095352487 0.00065534279 0.00100982723 0.00069499191 0.00633190755 0.00840697726

Imp 2 0.00111044106 0.00075674692 0.00107593481 0.00075511395 0.00516044998 0.00623999844

Imp 3 0.00099248331 0.00062746431 0.00099099346 0.00066215468 0.00684872868 0.00946157300

Imp 4 0.00099335205 0.00066745504 0.00095533426 0.00066648196 0.00500743013 0.00636924300

Table A.19: Average MISE, integrated variance and integrated bias values for the imputation

methods of logN(1.5,0.5) (distribution 2).
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MISE - dist3 - 30% MISE - dist3 - 50% MISE - dist3 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.01943670289 0.00574981260 0.02019583980 0.00355746739 0.08218106975 0.07435112635

Imp 2 0.01202471122 0.00201952277 0.01499412003 0.00180626510 0.06875818048 0.05164138835

Imp 3 0.02413070656 0.00869564245 0.02974863283 0.00854827135 0.09749737404 0.08072882000

Imp 4 0.02537436632 0.00595771219 0.02793812226 0.00585029597 0.07774501525 0.05237633758

I Var - dist3 - 30% I Var - dist3 - 50% I Var - dist3 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.01703205494 0.00648089863 0.01779448732 0.00487194260 0.03852722215 0.00959422162

Imp 2 0.00890917172 0.00088890899 0.01212528500 0.00117429778 0.03485701768 0.00667313098

Imp 3 0.02129996704 0.00947179957 0.02696010053 0.00993125030 0.04950742832 0.01321461345

Imp 4 0.02270621964 0.00695962834 0.02554894450 0.00716454440 0.04459005676 0.01024776455

I Bias - dist3 - 30% I Bias - dist3 - 50% I Bias - dist3 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

Imp 1 0.00240464803 0.00197351796 0.00240135263 0.00194290719 0.04365384752 0.06730658801

Imp 2 0.00311553946 0.00237950196 0.00286883503 0.00244442886 0.03390116292 0.04777301766

Imp 3 0.00283073960 0.00196803842 0.00278853226 0.00214187732 0.04798994581 0.07436763487

Imp 4 0.00266814676 0.00205771008 0.00238917783 0.00206876625 0.03315495846 0.04884318705

Table A.20: Average MISE, integrated variance and integrated bias values for the imputation

methods of logN(0,0.25) (distribution 3).

MISE - dist1 - 30% MISE - dist1 - 50% MISE - dist1 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.03351997652 0.05884034803 0.03421113715 0.05814566897 0.04034153324 0.05582310529

MMLE 0.02289684880 0.01689032266 0.02222165035 0.01623015733 0.03187609150 0.01059474472

RMLE 0.02127676235 0.01650812186 0.02239554450 0.01618937282 0.02895165470 0.01661233060

UMLE 0.02176313031 0.01706368520 0.02310992660 0.01727495410 0.04002603005 0.02601310909

URMLE 0.02114394710 0.01653775248 0.02176696515 0.01626432332 0.02906531865 0.01653027177

I Var - dist1 - 30% I Var - dist1 - 50% I Var - dist1 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.00539262714 0.00583554081 0.00600298903 0.00510518113 0.01057389338 0.00585628834

MMLE 0.00442622760 0.00184390385 0.00517479380 0.00216199865 0.01038032930 0.00341548515

RMLE 0.00428436635 0.00173608995 0.00520752495 0.00218350685 0.00957125475 0.00236829845

UMLE 0.00409121221 0.00165849771 0.00480206895 0.00203730000 0.00667269015 0.00198920345

URMLE 0.00416922750 0.00167709110 0.00489205455 0.00201631398 0.00984785870 0.00247778717

I Bias - dist1 - 30% I Bias - dist1 - 50% I Bias - dist1 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.02812734929 0.05362942074 0.02820814831 0.05384526485 0.02976763990 0.05095659753

MMLE 0.01847062115 0.01761200100 0.01704685665 0.01692594824 0.02149576205 0.00758303072

RMLE 0.01699239605 0.01702047907 0.01718801955 0.01690559424 0.01938040005 0.01742017828

UMLE 0.01767191805 0.01754583622 0.01830785760 0.01789323856 0.03335333995 0.02658770567

URMLE 0.01697471960 0.01704716977 0.01687491075 0.01689548520 0.01921745995 0.01737345225

Table A.21: Average MISE, integrated variance and integrated bias values for the MLE methods

of logN(0,1) (distribution 1).
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MISE - dist2 - 30% MISE - dist2 - 50% MISE - dist2 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.00305274756 0.00078425631 0.00344549604 0.00084903248 0.00630476374 0.00083879787

MMLE 0.00331246350 0.00084494325 0.00353630540 0.00087235394 0.02771319590 0.00594225649

RMLE 0.00311831625 0.00080158862 0.00353665380 0.00086421307 0.00634586235 0.00081653358

UMLE 0.00314690255 0.00080051492 0.00361117845 0.00088555295 0.00877545030 0.00140688021

URMLE 0.00305915255 0.00078016463 0.00342339065 0.00084165433 0.00645572310 0.00088072274

I Var - dist2 - 30% I Var - dist2 - 50% I Var - dist2 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.00209472450 0.00096893168 0.00248707918 0.00105653307 0.00496780122 0.00126092342

MMLE 0.00219227955 0.00103506358 0.00257325980 0.00109051667 0.00743053195 0.00193010444

RMLE 0.00217888555 0.00100782939 0.00258151265 0.00109337942 0.00499083770 0.00125399702

UMLE 0.00206156845 0.00095714518 0.00241082800 0.00104617308 0.00392204070 0.00121389146

URMLE 0.00209987260 0.00096564075 0.00246023230 0.00103557603 0.00509813865 0.00129630792

I Bias - dist2 - 30% I Bias - dist2 - 50% I Bias - dist2 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.00095802306 0.00068773782 0.00095841680 0.00067033765 0.00133696277 0.00075398220

MMLE 0.00112018390 0.00059273417 0.00096304565 0.00067231822 0.02028266380 0.00425204426

RMLE 0.00093943065 0.00067124564 0.00095514135 0.00065602608 0.00135502465 0.00074892804

UMLE 0.00108533405 0.00075198618 0.00120035035 0.00078565174 0.00485340975 0.00138481500

URMLE 0.00095927995 0.00068864646 0.00096315805 0.00067653467 0.00135758445 0.00075625327

Table A.22: Average MISE, integrated variance and integrated bias values for the MLE methods

of logN(1.5,0.5) (distribution 2).
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MISE - dist3 - 30% MISE - dist3 - 50% MISE - dist3 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.01946510201 0.00764918799 0.02274107550 0.00823283893 0.04578436101 0.00809987207

MMLE 0.02221041200 0.00957133847 0.02349968560 0.00847868147 0.20637667030 0.04021553899

RMLE 0.02009028370 0.00801967233 0.02353100260 0.00855188086 0.04609573320 0.00805842438

UMLE 0.01996067005 0.00738437624 0.02368761985 0.00791962007 0.06255694080 0.00933445013

URMLE 0.01948164097 0.00755793261 0.02263651009 0.00809603016 0.04691334410 0.00832941183

I Var - dist3 - 30% I Var - dist3 - 50% I Var - dist3 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.01715088653 0.00852275773 0.02043556305 0.00898936526 0.04119060258 0.00941745756

MMLE 0.01840202620 0.00926728250 0.02118787050 0.00925486887 0.05219588890 0.01164179496

RMLE 0.01788814225 0.00884935965 0.02129015925 0.00930310192 0.04143964540 0.00940701141

UMLE 0.01686630885 0.00841114484 0.01985668605 0.00887490358 0.03228187150 0.00870717770

URMLE 0.01712690284 0.00844568317 0.02026574285 0.00883689061 0.04224414775 0.00965891969

I Bias - dist3 - 30% I Bias - dist3 - 50% I Bias - dist3 - 80%

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

CMLE 0.00231421543 0.00200944349 0.00230551256 0.00189381269 0.00459375863 0.00230042182

MMLE 0.00380838575 0.00165501206 0.00231181515 0.00188564022 0.15418078130 0.03139915011

RMLE 0.00220214160 0.00188340348 0.00224084340 0.00172497600 0.00465608765 0.00216683051

UMLE 0.00309436120 0.00248439370 0.00383093390 0.00277508655 0.03027506935 0.00664756604

URMLE 0.00235473833 0.00204502624 0.00237076719 0.00199640011 0.00466919645 0.00228354530

Table A.23: Average MISE, integrated variance and integrated bias values for the MLE methods

of logN(0,0.25) (distribution 3).

MISE - dist1 MISE - dist2 MISE - dist3

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

aE 0.01112086380 0.00684704166 0.00637684170 0.00740346809 0.04823903001 0.05243441131

aN 0.01429081457 0.00429739074 0.00671828880 0.00641871687 0.04087728417 0.04549600118

b 0.04875929089 0.00824686422 0.00523652471 0.00514360056 0.03501575711 0.04432587456

cE 0.01183812773 0.00717640393 0.00591052209 0.00709200135 0.04707370141 0.05200574761

cN 0.04010814575 0.00811138360 0.00537035674 0.00524211243 0.03713791122 0.04384402066

I Var - dist1 I Var - dist2 I Var - dist3

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

aE 0.00742934257 0.00309069549 0.00437783305 0.00218546287 0.03450784788 0.01584078478

aN 0.00427116290 0.00205589337 0.00343806083 0.00170016803 0.02340270212 0.01176321529

b 0.00575405406 0.00313594458 0.00237489990 0.00139145401 0.02122625756 0.01180363253

cE 0.00778821450 0.00326213809 0.00399637537 0.00203276029 0.03349131237 0.01544014838

cN 0.00544959542 0.00256258507 0.00232936177 0.00131214291 0.02064602824 0.01095194226

I Bias - dist1 I Bias - dist2 I Bias - dist3

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation

aE 0.00369152123 0.00503589311 0.00199900862 0.00575656407 0.01373118212 0.04222635092

aN 0.01001965167 0.00296892967 0.00328022797 0.00511425333 0.01747458210 0.03765772776

b 0.04300523686 0.00815474599 0.00286162483 0.00407024328 0.01378949963 0.03622551443

cE 0.00404991322 0.00523098543 0.00191414670 0.00556103819 0.01358238905 0.04197986458

cN 0.03465855042 0.00775563108 0.00304099496 0.00424667366 0.01649188305 0.03648544912

Table A.24: Average MISE, integrated variance and integrated bias values for the KDE methods.
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