Computers and Fluids 269 (2024) 106123

Contents lists available at ScienceDirect

COMPUTERS
&FLUIDS

Computers and Fluids

journal homepage: www.elsevier.com/locate/compfluid

Check for

Stability analysis of a streaky boundary layer generated by miniature vortex [
generators

Andrés Szab6 **, Péter Tamas Nagy ?, Gilles De Baets ", Maarten Vanierschot "¢, Gyorgy Paal ?

a Department of Hydrodynamic Systems, Faculty of Mechanical Engineering, Budapest University of Technology and Economics, Bertalan Lajos u. 4 -
6, Budapest, H-1111, Hungary

b Department of Mechanical Engineering, KU Leuven, Leuven, Belgium

¢ Material Science, Innovation and Modelling (MaSIM), North-West University, Mmabatho 2745, South Africa

ARTICLE INFO ABSTRACT

Keywords: Delaying laminar-turbulent transition is an attractive method to reduce friction drag on streamlined bodies. In
Boundary layer the case of natural transition, in which turbulence is triggered by the growth of two-dimensional Tollmien—
Flow stability Schlichting (TS) instabilities, this growth of TS instabilities can be attenuated by introducing steady streamwise

Transition delay

o streaks into the boundary layer. These streamwise streaks are generated by streamwise vortices, which
Miniature vortex generator

rearrange the flow via the lift-up mechanism. Such streamwise vortices can be induced by so-called miniature
vortex generators (MVGs). Although recently considerable attention has been devoted to the investigation
of MVGs, and multiple studies investigated MVGs with different parameters, the previously investigated MVG
configurations are likely suboptimal. This study aims at (partially) filling this knowledge gap by complementing
previous studies by conducting a parametric study of rectangular MVGs and assessing them with local linear
stability analysis. Three parameters are varied simultaneously: the height, the spanwise distance of the MVG
pairs, and the distance between MVGs in each pair. First, the modelling approach is presented, which consist
of an efficient base flow computation, and BiGlobal stability analysis. The base flow calculation is validated by
comparing our results with the experiments of Shattarzadeh and Fransson (2015). Then, the streak amplitude,
the growth factors of the TS-waves and the secondary shear-layer instabilities are analysed in a parametric
study. It is shown that with the variation of the spanwise distances, the maximum amplitude and the
streamwise extent of the streaks in the boundary layer can be controlled, reminiscent of the behaviour of
the optimal vortices. The findings and the test of the methodology provide valuable insight, which may be
useful for the optimisation of MVGs.

1. Introduction is dominant, which can be appropriately described by linear stability
theory. After the disturbance amplitude reaches a certain threshold,

Delaying laminar-turbulent transition over streamlined aerodynamic nonlinear effects set in; this is the secondary instability phase, which
bodies has been an actively researched field for a long time, as it is covers a much smaller spatial extension of the linear instability [2].
a very promising technique to reduce the drag of streamlined bodies. Several instability mechanisms exist; in the case of an incompressible
There are two main categories of the transition scenario: transition due two-dimensional boundary layer with small-to-none surface curvature,
to boundary layer instability and bypass transition [1]. The former sce- the dominant instability mechanism is the two-dimensional Tollmien—

nario is the dominant one in a low free-stream turbulence environment,
while the latter prevails when the free-stream turbulence level is high.
Bypass transition, although it has been a subject of a large body of
research, is not understood well, and this transition scenario, due to its
stochastic nature and several possible routes, is a less suitable target
for flow control. Transition through the development of instability
waves is much more suitable for flow control, as it is both better
understood and more relevant in cruise conditions. In this transition
scenario, the exponential amplification of small-amplitude disturbances

Schlichting (TS) wave. This is a well-understood, classical instability
mechanism, and the dampening of the TS waves is the main interest of
our research.

Several control techniques exist to modify the flow so that the
transition is shifted downstream, e.g., wall-movement, surface heating,
suction, shape optimisation [3] or localised surface modification [4].
Special structures, such as riblets, have also been applied to transition-
delay: they delay the growth of Gortler-type instabilities but they do

* Corresponding author.
E-mail address: aszabo@hds.bme.hu (A. Szabd).

https://doi.org/10.1016/j.compfluid.2023.106123
Received 24 April 2023; Received in revised form 30 August 2023; Accepted 13 November 2023

Available online 17 November 2023
0045-7930/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nec-nd/4.0/).


https://www.elsevier.com/locate/compfluid
http://www.elsevier.com/locate/compfluid
mailto:aszabo@hds.bme.hu
https://doi.org/10.1016/j.compfluid.2023.106123
https://doi.org/10.1016/j.compfluid.2023.106123
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compfluid.2023.106123&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

A. Szabé et al.

not damp the growth of TS waves [5]. Another promising method to
attenuate TS waves is the introduction of periodically varying slow—fast
regions, so-called streamwise streaks into the boundary layer. It was
shown both in numerical [6] and laboratory experiments [7] that with
properly generated streaks, TS waves can be dampened. The physical
mechanism of the TS wave attenuation is also clear: the spanwise
shear generated by the streaks in the boundary layer is responsible
for decreasing the disturbance energy growth [6]. Control strategies
relying on the generation of spanwise shear are called as methods of
spanwise mean velocity gradients (SVG) [8].

Although SVG can also be generated by spanwise elongated rough-
ness elements [9], creating boundary layer streaks is the most promis-
ing technique for stabilisation. Streaks in a boundary layer can be
generated in several ways [10]. Generally, the higher the streak am-
plitude, the stronger this stabilisation [6]. However, a too high streak
amplitude is not desirable since then streaks themselves become unsta-
ble to inviscid secondary sinuous instabilities' [11], which can result in
an early breakdown to turbulence; a well-known mechanism that also
plays a role as free-stream turbulence enters the boundary layer [12].
Therefore, the generation of appropriate streaks is a problematic topic.
Although streaks introduced with discrete suction [13] and pairs of
oblique waves [14] were proven to be able to delay transition, pas-
sive surface elements are more desirable since they do not require
an external energy source. Earlier studies used cylindrical roughness
elements [7] for this purpose. Unfortunately, such roughness elements
were only capable of generating streaks with moderate strength, since
increasing the roughness height would destabilise the wake of the
roughness elements.

A promising passive technique was reported by Shahinfar et al. [15]:
using winglet-type miniature vortex generators (MVGs), strong streaks
can be generated; therefore, effective stabilisation of the boundary
layer can be achieved, while the streaks remain stable. Following
experimental studies [16-20] report additional information regarding
the MVGs, such as: how changing a single parameter of the MVGs
independently affect the boundary layer; how using a second MVG
row can reinforce the streaks that decay downstream; the instability
growth in the near-field of the MVGs, and also further downstream;
the effect of the pressure gradient. Furthermore, the stabilisation of the
TS waves [19] and oblique disturbances [21] were also observed ex-
perimentally in a streaky boundary layer introduced by MVGs. In most
of these studies, triangular MVGs were used, except for the investiga-
tions of Sattarzadeh and Fransson [19,22], who examined rectangular
MVGs. The above mentioned experimental studies firmly established
that MVGs are able to successfully generate a streaky boundary layer in
which the growth of the TS waves is attenuated. Motivated by the above
findings recently, Weingértner et al. [23] set out to conduct wind tunnel
measurements targeted at application of the MVGs on the fuselage of
the laminar aircraft Otto Celera 500L of Otto Aviation company. They
have developed a design procedure that can provide recommendations
for the parameters of the MVGs.

The numerical flow stability investigation of streaky boundary lay-
ers has also received some attention. Most of the numerical studies
focused on boundary layers stabilised by idealised vortices. Bagheri
and Hanifi [24] used nonlinear Parabolised Stability Equations (PSE) to
investigate the optimal spacing of the streaks in the Blasius boundary
layer to suppress TS waves. However, although they have shown that
with a sufficient spanwise spacing, a weaker flow modification can also
enhance the stability of the flow, their study is incomplete. They only
examined high frequency instabilities, and therefore a short streamwise

1 The term secondary instability refers to the fact that the secondary insta-
bility mechanism exists in the flow that consists of the equilibrium boundary
layer plus a primary instability mechanism. The primary instability can be a
finite amplitude TS wave [2], or a streamwise vortex that generates streaks
through the lift-up instability [11].
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region. TS waves trigger transition considerably more downstream
in a low external disturbance environment, which is not covered in
their study. Siconolfi et al. [25] also examined the Blasius boundary
layer perturbed by streamwise vortices. They used direct numerical
simulation (DNS) of the Navier-Stokes (NS) equations for the base
flow calculation, and BiGlobal stability analysis to model the instability
waves. They showed that placing the vortices at the edge of the
boundary layer can be much more effective for streak generation than
vortices inside the boundary layer. The reason for this is that stream-
wise vortices generate streaks through the lift-up mechanism [26]: they
move fast fluid from the free stream to the boundary layer and vice
versa. Vortices placed too much inside or outside the boundary layer
utilise the lift-up mechanism suboptimally: the optimal wall-normal
placement of the vortices ensures the persistence of the streaks. Martin
and Paredes [27] used slightly different numerical techniques to inves-
tigate the same phenomena as Siconolfi et al. [25]. They calculated the
evolution of streaks with Boundary Region Equations (BRE), and the
evolution of the disturbances is calculated with linear PSE. The BRE
are much more effective than DNS, if the slowly varying assumption
holds; moreover, PSE is a sophisticated tool that includes both non-local
and non-parallel effects in slowly varying flows. They validated the
use of BRE for streak amplitude calculation by finding essentially the
same streak amplitudes as Siconolfi et al. [25]. Their neutral curves of
secondary instabilities calculated with PSE were different (by roughly
5%) from those calculated with BiGlobal stability equations, because
of non-local effects. More recently, Martin and Paredes [28] examined
streaks with limited maximum amplitude that were generated using
optimal disturbances. Their main finding is the extension of the results
of Bagheri and Hanifi [24]: the spanwise wavenumber and the maxi-
mum amplitude of the boundary layer streaks both have a significant
influence not only on the attenuation of the TS waves but also on
the sinuous secondary instabilities. Furthermore, they predicted the
transition location using the e method.

The numerical calculations using idealised vortices provide valuable
insight to the stability of the streaky boundary layer. Nevertheless, the
practical realisation of idealised vortices is a challenging task yet to
be investigated. Due to the cumbersomeness of experiments, numerical
calculation offers an alternative to study a large number of flow config-
urations. However, only two studies were dedicated to the numerical
investigation of the flow stability in a realistic MVG configuration. The
first one was performed by Siconolfi et al. [29], who used direct numer-
ical simulation to calculate the base flow and BiGlobal stability analysis
to calculate the instability of the flow. They reproduced two experimen-
tal configurations of their results with the experiments of Shahinfar
et al. [17], and compared their results with the measurements find-
ing reasonable agreement. They identified several unstable modes in
the downstream vicinity of the MVGs, which cause local disturbance
growth that might result in a premature transition to turbulence. They
noted that since the MVG scatters instabilities into multiple modes that
cannot be distinguished in experiments, comparing the numerical and
experimental disturbance growth is problematic relatively close to the
MVGs. The second study was recently presented by Nobis et al. [30].
They performed topological optimisation of MVGs using the temporal
formulation of direct-adjoint looping of the linearised Navier-Stokes
equations, aiming at minimising the energy of the TS waves that
impinge on the MVGs at a downstream location. They managed to
improve their MVGs substantially; however, they did not consider the
spanwise spacing of the vortex generators as an optimisation parame-
ter, which has a strong effect on the streak evolution as Sattarzadeh and
Fransson [22], Bagheri and Hanifi [24] and Martin and Paredes [28]
demonstrated. For more details on the optimisation procedure of Nobis
et al. [30], the interested reader is referred to their previous study on
superhydrophobic surfaces [31].

The above studies all involved low-speed flat plate boundary lay-
ers, where the compressibility and curvature effects can be neglected.
However, for the sake of completeness, we note that in high speed
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flows transition delay using techniques similar to MVGs have also
received considerable attention. In the case of swept wings, the domi-
nant instability mechanism is the stationary crossflow instability. These
instabilities were found to be attenuated by discrete roughness ele-
ments (DRE) [32]. Despite the signifiant attention this flow control
mechanism has received, recent flight tests [33] show that the un-
derlying phenomena are still not properly understood. In the case
of hypersonic flows, it was found that Mack-mode (or second mode)
instabilities can be delayed with streaks generated by artificial vortices
on cones [34] and flat plates [35]. These studies were followed by
simulations utilising vortex generators for the same purpose [36]. Then,
shape optimisation of the vortex generators was performed [37,38] to
increase the efficiency of their previous baseline configuration. How-
ever, similarly to Nobis et al. [30], they did not consider the spanwise
spacing of the MVG, which is known to have a significant effect on the
stability of the flow.

The paramount importance of accurate modelling of transition delay
techniques is well illustrated in [33]; therefore, their main findings are
outlined briefly. As mentioned previously, Saric et al. [33] was con-
cerned with the disruption stationary crossflow vortices, using DREs.
This flow control method relies on using roughness elements whose
spanwise periodicity is smaller than that of the dominant crossflow
instability. Despite the success of initial experiments in low turbulence
level wind tunnels, in-flight tests of the DRE with the SWIFT swept wing
model could only observe transition delay in 6 out of 112 cases. This
motivated the researchers to upgrade the measurement configuration
w.r.t the uncertainties, measurement techniques, surface roughness,
etc., [33] reports the results of the improved SWIFTER experimental
configurations. Despite the precise work of the experimentalist, only a
single test out of 30 showed transition delay; furthermore, although six
attempts were made to reproduce the transition delay, none of them
were successful. The experimentalists conclude their paper by stating
that “The main recommendation of this research effort is to further
investigate DREs computationally”. These results regarding the DRE
highlight the important role of computational modelling of MVGs to
make the technology suitable for commercial applications. Therefore,
although quantitative recommendations for real-world use of MVGs,
such as those given by Weingartner et al. [23] are extremely valuable,
they should be utilised for engineering applications with caution.

Based on the large body of literature concerned with the stabili-
sation of the TS waves by streamwise streaks, and more specifically,
streaks induced by MVGs, several open questions can be identified.
Addressing any of the topics listed below may improve the Technology
Readiness Level of the flow control strategy:

(i) Studies in which the MVGs are substituted with idealised vor-
tices suggest that the previously proposed triangular and rectan-
gular MVG geometries are not ideal. Fransson and Talamelli [16]
were the first to investigate MVGs for TS wave attenuation, and
their MVGs serve as the base configuration for subsequent stud-
ies. They note regarding the triangular MVG configuration which
they proposed that “The present design follows the criterion
suggested by Pearce (1961) for persistent streamwise existence
of the vortices”. However, Pearce [10] reports experiments in
which vortex generators were investigated in connection with
shock-induced separation. The report of Gould [39] also men-
tions vortex generators with a height larger than the boundary
layer thickness (see figures 2c and 26 in his work). This means
that the recommendations of Pearce [10] are formulated for
significantly higher MVGs than those investigated by Fransson
and colleagues. Therefore, their vortex generator parameters
are probably not ideal for transition delay in incompressible
boundary layers. As such, the investigation of new, better MVG
geometries is also an open topic.
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(ii) In experimental studies, due to their cumbersomeness, only a
limited number of configurations were tested: each time only a
single parameter was varied with respect to a basic configura-
tion. Although functional relationships were obtained between
the MVG parameters and the amplitude of the streaks, the range
of validity of such relations is likely to be limited. Numer-
ical methods allow to cover a much larger parameter space
more efficiently. However, until now numerical studies have
only considered idealised vortices, whose relationship to real
MVG geometries is unknown. Therefore, computational investi-
gation of the relationship between the MVG parameters and the
stability of the streaky boundary layer is necessary.

(iii) The influence of pressure gradient, curvature and compressibil-
ity effects should be examined for aerospace applications.

(iv) So far, mostly the stability of a streaky boundary layer gener-
ated by the MVGs was studied computationally. However, the
stability of the near-MVG flow field should also be investigated.
This should cover absolute (wake-type) instability, scattering
of instabilities impinging on the MVGs and scattering of large
wavelength free-stream fluctuations and acoustic waves into
instabilities [40].

(v) Not only the linear, but also the nonlinear evolution of the
instabilities should be considered.

(vi) The robustness of the flow control strategy w.r.t manufactur-
ing imperfections, freestream velocity variation, and crossflow
should also be investigated.

1.1. Optimisation of the MVGs

The study is concerned with partially addressing the first two points:
working towards the computational optimisation of MVGs using linear
stability analysis. Before stating the goals, however, all transition sce-
narios that together define the absolutely optimal MVG, along with the
state-of-the-art modelling tools, are reviewed. Although in the review
of the transition process some of the previous points are repeated, the
discussion helps clarify the scope of the present study, with both the
strengths and weaknesses of the modelling procedure.

First, the stability of the flow field around the MVGs, and its down-
stream vicinity has to be considered, which we refer to as objective
1 (Obj. 1). Here, two physical mechanisms are important. On the one
hand, the stability of the TS waves impinging on the MVGs need to
be assessed. On the other hand, the MVG as a receptivity agent must
also be considered. MVGs, as local boundary layer modulations, can
scatter large length-scale free-stream fluctuations (e.g., vorticity (gusts)
and acoustic waves) into shorter length-scale instabilities through the
long—short wave conversion mechanism [41]. Since the flow around
the MVG is fully three-dimensional, classical local stability methods
cannot be used. The solution of the global stability problem in the
temporal domain is a possibility; however, input-output formalism in
the frequency domain, which is a special case of the global resolvent
analysis [42] is likely to be better suited for the analysis of the MVGs.

In global input-output framework, the TS waves can be considered
as a boundary condition at the upstream end of the domain (input),
and the downstream end of the computational domain is the output.
The receptivity problem is more problematic. It is customary to solve
for the 'worst-case’ disturbances that yield the highest kinetic energy
amplification called optimal disturbances; in essence, these are the
leading input and output modes of the singular value decomposition of
the resolvent operator [42]. However, these optimal disturbances are
not necessarily meaningful as they are not likely to manifest themselves
in practice. The recently proposed method of Kamal et al. [43], which
restricts the input of the resolvent operator to forcing induced by plane-
wave solutions outside the boundary layer, could be used to provide
accurate receptivity predictions.

Solving the resolvent-problem in a fully three-dimensional setting
requires large computational resources; even with recent advancement
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in iterative methods [44], a supercomputer is required to solve the
problem. This can be partially remedied by using the global resolvent
to calculate the response of the flow around the MVG, and the recently
proposed one-way Navier Stokes (OWNS) [45,46] formalism in the
close downstream vicinity of the MVGs. The OWNS, unlike the PSE
formalism, are well-posed set of boundary layer-like equations that can
be marched downstream to obtain the solution, while it also allows
one to capture non-modal effects, which are not included in PSE. The
combination of the two techniques could be used to optimise the MVGs
to suppress the disturbance growth relatively near them, using either
a direct-adjoint formalism [47], Bayesian optimisation [48], or possi-
bly, automatic differentiation [49,50]. We note that three-dimensional
resolvent-based optimisation is computationally challenging [51]; the
authors are only aware of using it as a tool to provide recommendation
for design [52].

We note that nonlinear extension of both the global input-output
formalism [53] and the OWNS approach [54] is also possible, which
may be important to capture nonlinear interaction. The zero frequency
nonlinear interaction, called mean flow distortion (MFD), which is
the difference between the mean flow and the base flow, can be
especially important: MFD, by its nature, can cumulate large values
over extended spatial intervals, exert a large effect on the stability of
the flow. However, the computational cost of the nonlinear methods is
even higher than that of their linear counterpart.

An MVG that satisfies Obj.1 suppresses disturbance growth in its
proximity, and disturbances decay in its downstream vicinity. Then,
after some distance downstream, the boundary layer becomes convec-
tively unstable once again as the streaky structures become weaker.
Therefore, the growth of the TS waves is expected to drive the laminar-
turbulent transition. The second objective (Obj. 2) of flow control with
MVGs is that they delay the growth of TS waves far downstream.

The stability of the TS waves in a streaky boundary layer is well-
described by modal stability analysis. BiGlobal stability equations [55],
a local stability equation may be used to describe the TS waves. As
an alternative to BiGlobal stability equations, plane-marching PSE [56,
57] can be utilised, which includes non-local effects that can have
a substantial effect on the stability of the flow. Finally, the recently
developed adaptive harmonic linearised Navier-Stokes [58] formalism
could be extended to fully-three-dimensional flow, which offers a more
sophisticated alternative to PSE that does not contain the ill-posedness
stemming from the ad-hoc parabolisation. Using the growth rates from
the modal stability calculations, the transition location can be estimated
using the e" method [59] in a two-dimensional boundary layer. The eV
method relies on the observation that transition to turbulence correlates
strongly with the growth of the instability waves in a low disturbance
environment. It is reasonable to assume that the ¢V method can be
used in a streaky boundary layer to predict transition initiated by the
three-dimensional TS waves, despite the fact that it ignores many of the
previously mentioned physical phenomena.

The optimisation of the MVGs w.r.t the above two objectives (the
stability of the flow around the MVG, and the stability of the TS
waves in the streaky boundary layer) has two constraints. First, the
flow around the MVG should not be absolutely unstable, as bluff-body-
like vortex-shedding is expected to advance transition. The absolute
instability can be detected either with local absolute [60] or global
stability analysis of the three-dimensional base flow or by temporal
DNS of the linear or nonlinear NS equations. Second, the streaks
should not exhibit the secondary sinuous instability that can also cause
premature transition [12,26]. The secondary sinuous instability is a
well-understood modal mechanism [11,27] that can be well described
with the same tools as TS waves.

As outlined, the global optimisation of MVGs w.r.t. all objectives
and constraints is a tremendous task. The previous studies optimising
MVGs only considered partial objectives. Pederson et al. [37] and
Klauss et al. [38] optimised the shape of the MVGs w.r.t. the stream-
wise integral of the streak amplitude, which corresponds to indirectly
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optimising for Obj. 2, as the streak amplitude correlates with the
attenuation of the primary instability (in their case the Mack-modes).
Their constraint was a limit on the maximum value of the streak
amplitude, which correlates with the secondary instability. Therefore,
these authors did not consider the stability of the flow field near the
MVGs. The study of Nobis et al. [30] performed shape optimisation
with direct-adjoint looping, and solved the global stability equations
in a temporal framework. Their optimisation objective was minimising
the disturbance amplitude relatively close downstream of the MVGs,
which can be considered as an optimisation for Obj. 1, although they
did not consider the receptivity process.

1.2. Objectives of the study

In this study, the stability of the streaky boundary layer generated
by MVGs mounted on a zero pressure gradient flat plate is characterised
using local modal linear stability analysis. Considering the optimality
of the MVGs, the objectives are the same as in [37,38]: Obj. 2. - at-
tenuation of the primary instabilities, while avoiding the emergence of
secondary instability modes. It is stressed that the present study focuses
only Obj. 2 of the multi-objective optimisation. Therefore, since Obj. 1
is not considered, it is not clear that the present recommendations yield
improved MVGs in all aspects. Instead of using the streak amplitude as
an indirect measure of the stabilisation/destabilisation of the boundary
layer like [37,38], local stability equations are solved to characterise
the flow using the eV method. Two N factors are calculated: one for
the TS waves, and one for the secondary instabilities. Although using
two N factors to characterise the stability of the flow may be unusual,
it is not a new concept: Schrauf [61] successfully used two N factors
— one for the stationary crossflow instability, and one for the TS waves
— to successfully correlate local stability calculations with in-flight test
data.

The ¢V method utilised in our study may seem primitive com-
pared to the recently developed analysis tools. However, the fact that
the ¢V method is still extensively used in industrial studies [62,63],
can be attributed to the following: it is simple, it has a relatively
low computational cost, yet it captures a substantial amount of the
underlying physics of the transition process. The ‘success’ of the eV
method suggests that it can provide predictions, recommendations in
the development of MVGs. These recommendations can reduce the total
number of parameters, after which optimisation can be performed for
Obj. 1, which is a much more computationally demanding task because
of the fully three-dimensional nature of the problem.

The choice of local modal stability analysis instead of non-local
equations, i.e., BiGlobal stability instead of PSE, is also motivated by
the goal of reducing the large parameter space of all possible MVG
configurations. BiGlobal stability equations can be much more easily
setup and automated than PSE, since PSE requires the specification
of the local stability solution as an initial condition. At this level of
modelling, it is beneficial to trade accuracy for a more automated work
flow; these choices are highlighted in the discussion of the methodology
and the results. After the identification of the favourable parameter re-
gion, more sophisticated tools can be used for more accurate modelling.
To illustrated this, at the end of our study, BiGlobal stability equations
are compared with plane-marching PSE.

In the present study, rectangular MVGs are modelled, and their
parameters are varied. The simple geometry allows the variation of
parameters such as the spanwise distance, which a were not considered
in previous studies performing topological optimisation [30,37,38].
Therefore, our complementary approach can help to improve the op-
timisation of different geometries. With the parametric study, the goal
is to learn more about the flow field, and set up a reliable framework
for future optimisation of the streaky structures.

The calculation of the stationary laminar base flow is carried out in
an efficient manner: the near-field of the MVG is calculated using com-
mercial 3D CFD software, and the downstream evolution of the streaky
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Table 1

Parameters of the base MVG and the computational setup.
A (mm) d (mm) A (mm) @ (mm) L (mm) 6 () Xyye (mm) X (mm) X, (mm) Xy (mm)
13 3.25 1.3 0.3 3.25 9 222 213 235 240
(3.60849 nvG) (0.90849 nrvG) (0.36699 pyG) (0.08899 pvG) (0.90899 prvG)

boundary layer was calculated by solving the BRE. In the calculation
of the base flow, essentially the methodology of Siconolfi et al. [29]
and Martin and Paredes [27] is combined. Both the BRE and BiGlobal
stability equations are solved using an in-house code, written in the par-
allel version of the open-source finite element language FreeFem [64]
in combination with the open-source computational toolkits PETSc [65,
66] and SLEPc [67]. The previously discussed aspects — the config-
uration, modelling, and the numerical techniques - can be found in
Sections 2.1-2.3, respectively.

After discussion of the methodology and numerical techniques, first,
the experiments of Sattarzadeh and Fransson [22] are modelled, which
is covered in Section 3.1. These authors performed measurements of
the flow-field, modified by the MVGs, in a low turbulence intensity
wind-tunnel using hot-wire probes. They varied three parameters of the
configuration, one at a time: the angle, the spanwise periodicity, and
the free-stream velocity. The authors present results on the streak am-
plitude, as a measure of the boundary layer modulation. Furthermore,
low amplitude TS waves were excited upstream of the MVGs using slots,
in which alternating blowing-suction was induced by loudspeakers. The
amplitude of the TS waves, measured by the integral of the streamwise
velocity fluctuation in a plane, is also given by the experimentalists.
The streak amplitude from the base flow calculation is compared with
the experimental data in detail to validate the methodology. Meaning-
ful comparison of the stability calculation is, because of ou modelling
approach, limited.

After a comparison with the experiments, three parameters of the
MVG — the spanwise periodicity, the distance between the individ-
ual MVG pairs, and the MVG height are varied simultaneously in a
parametric study. The effect of varying the MVG parameters is dis-
cussed in detail for both the streaky base flow (Section 3.2) and its
stability (Section 3.3). Finally, additional aspects as roughness-induced
transition, absolute instability, and comparison of the BiGlobal and
plane-marching PSE calculations are briefly discussed in Section 3.4.
Conclusions are drawn in Section 4.

2. Flow configuration and modelling
2.1. Flow configuration

A zero pressure gradient incompressible boundary layer is consid-
ered. x, y and z denote the streamwise, wall-normal and spanwise
coordinates, respectively. Dimensional quantities are denoted with a
hat ([]), while nondimensional quantities are denoted with regular
letters. The configuration is the same as studied by Sattarzadeh and
Fransson [22], and their CO2 case is taken as the basis of the present
study; with respect to this case, the height, the inner distance and
the spanwise periodicity are varied in the parametric study. Therefore,
the free-stream velocity and kinematic viscosity are U, = 6 m/s and
¥ = 1.4607 - 107> m?/s, respectively. The problem setup is displayed in
Fig. 1. &y denotes the downstream distance of the MVG centre from
the start of the idealised leading edge. The spanwise distance between
two MVGs in denoted with d, while, the spanwise distance between
MVG pairs is A. The width, length and height of the MVGs are , L
and h, respectively. Finally, the angle of the MVG with the free-stream
velocity is §. The values of the parameters can be found in Table 1;
as a reference, their ratio to the boundary layer thickness at the MVG
(S99 v = 3.610 mm) is also displayed.

2.2. Modelling

The incompressible flat plate boundary layer is investigated using
linear stability analysis. The total velocity field is decomposed into a
stationary equilibrium solution, called base-flow, and a small amplitude
perturbation around the base flow. Let U = [U,V,W]" and P denote
the base flow velocity and pressure, and v’ = [«/,¢/,w']" and p’ the
velocity and pressure of the small-amplitude perturbations. Then, the

governing equations of the base flow are
1

U-v)U=-VP

( ) + R

— VU, (¢))

(S
V-U=0. (2)
Egs. (1)-(2) are nondimensionalised with the free-stream velocity UO
\/ Lo9/Uy. Ly = %, (defined
in Section 2.3; see also Fig. 1(a)), and Re = 301700/\7 is the Reynolds

and boundary layer length scale §, =

number. The nondimensional pressure is P = 13/ (ﬁUi).

Egs. (1)-(2) are used to describe the base flow in the near field of the
MVG (brown box in Fig. 1(a)), where the variation of the flow field is
large in all three directions. However, after some distance downstream
of the MVG, Egs. (1)-(2) can be considerably simplified, while retain-
ing the accuracy, using some scaling assumptions. It is reasonable to
consider that the variation of the flow field is small in the streamwise,
and large in the wall-normal and spanwise directions. Furthermore,
the spanwise and wall-normal velocities can be assumed to be smaller
than the streamwise velocity. Therefore, Egs. (1)-(2) can be simplified
by using a different nondimensionalisation for the different variables.

Introducing the small parameter ¢ = 1/4/L,U,, /9, scaled coordinates
[X,¥,Z1" = [8/Lg, 9/(eLy), 2/(eLy)IT, scaled velocities [T, V, W] =
[0/04.V/(€0,), W /(eU)]" and scaled pressure P = P/(€2502), we
get
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Egs. (3)-(4) are called boundary region equations (BRE). This is a well
known extension of the boundary layer equations. The BRE were previ-
ously used for several different flow problems, and their use to model
the evolution of streamwise streaks was validated [27,68]. These equa-
tions are parabolic, and with suitable initial- and boundary conditions
well-posed. Thus, they can be marched downstream using a reasonable
step size without any further restriction. The BRE are used to calculate
the base flow downstream of the MVG, in the region displayed by the
blue box. Note that the flow quantities calculated with the solution of
the BRE were rescaled to the regular nondimensionalisation with 4, for
the stability calculations.

The modulation of the base flow, i.e., the strength of the streaks is
measured by the streak amplitude. Two definitions were proposed [17]:
the integral and difference-based streak amplitudes, which are the
following:

. 0.5 n
A= [ N /0 |UGe, ) = US (e, mldnde, ®)

Agr(x) = %m;lx [mzax{U(x, y.2)} - rngn{U(x, ¥, z)}]. (6)
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(a) Flow configuration
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(b) Geometric parameters of the MVG

Fig. 1. Flow configuration and parameters.

In the equation above, # = $/5(x) is the wall-normal coordinate scaled
with the local boundary layer scale, and 7, is a sufficiently high wall-
normal location where the boundary layer modulation vanishes, ¢ =
2/A, and U¥? is the spanwise averaged velocity. The integral-based
definition is argued to be a better measure of the stabilisation, since
it also accounts for the spanwise extent of the spanwise shear that
stabilises the TS waves [17]. The difference-based amplitude is more
suitable to measure the destabilisation, since above a critical value of
0.26, secondary instabilities arise in the case of optimal streaks [11].

Finally, in the linear stability framework, the linearised Navier—
Stokes equations that describe the perturbations are

!
g +U- V' +@W-V)U=-Vp' + lvzu’, @
ot Re
V-u' =0. (8

Since the stability of the streaky boundary layer is investigated (the
stability analysis of the near field of the MVGs is beyond the scope
of this study), due to the small base flow variation in the streamwise
direction, it is reasonable to seek disturbances in the form

q'(x, 3, 2,0 = q(y, 2)@ 1 cc., 9

where q = [u,v,w,p]. In the equations above, « is the streamwise
wavenumber, w is the angular frequency, i is the imaginary unit and c.c.
stands for complex conjugate. In the case of a spatial stability analysis
which is more appropriate for boundary layers,  is real and is the
prescribed input, while the complex wavenumber « is the eigenvalue
sought. Substituting the above ansatz into Eqgs. (7)—(8), the following
problem can be derived:

(@*Ay +aA| +Ayq=0. (10)

The above equations are called BiGlobal stability equations [55], and
have been widely applied to study various flows. The coefficient matri-
ces in the above problem can be found in [69]. In the BiGlobal stability
equations, the spatial growth rate u can be calculated as the imaginary
part of the complex wavenumber «: y = «;. Eq. (10) is a polyno-
mial eigenvalue problem, which can be transformed into a generalised
eigenvalue problem via the companion matrix method [70], for which
standard solution techniques are available.

The discussion is continued with the plane-marching PSE method-
ology. As an alternative to Eq. (9), the following ansatz can be used:

U g (0 +c.c., an
where x,, is the upstream location from which the disturbance orig-
inate, and ¢ is the dummy variable of the integration. Substituting
Eq. (11) into Egs. (7)—(8), the plane-marching PSE can be derived:

q'(x,y,2,1) = q(x, y, 2)e

0 02 0 02 0
Aq+B—q +Ca—(2l +pY 4 pZd g o
y

=0. 12
oy 0z 022 ox a2

The terms of the matrices can be found in [69]. Eq. (12) can be solved,
starting from a suitable initial condition that is obtained by solving the
BiGlobal stability equations, marching downstream.

The solution of the PSE is, without additional details, ambiguous,
since both the shape function q and the phase through « varies in the
streamwise direction. The ambiguity can be resolved by enforcing the
following constraint:

Ymax Zmax 0
/ / q* Baydz =0, (13)
0 z ox

which enforces that all the exponential variation ¢’ is contained in
the complex streamwise wavenumber «. In the equation above, *
denotes the conjugate transpose. Eq. (13) can be satisfied by iteratively
updating a, which was done using the formula suggested by Herbert
[71]:

/ymax fzmax q ﬂdydz

.0 Zmin 'k 0x 14)

Xy = ¥ — 1
fo}’max /Zmax qjtqkdydz

Zmin
In the case of the PSE, the growth rate of various flow variables are
different [71]. In our study, the energy-based growth rate is used:

- a4+
Hg = ai+axln(\/f), (15)
where
Ymax Zmax
E= / / (uu* +ov* + ww*) dydz. ae)
0 Zmin

The transition to turbulence is predicted using the ¢ method [59]
in which the transition location is assumed to correlate with the N
factor:

X
N; = mFax [/ ” uj(F, x)dx] ) a7
xj.l

where j is the index of the eigenmode (if there is more than one) x,
is the first streamwise location where instability occurs, and x, where
the maximum growth is reached; both depend on the frequency. The
transition is assumed to occur when a prescribed value of N is reached.
The instability waves were separated into two categories based on
previous studies [25,27,29]: the modified TS waves, and the secondary
instabilities. TS waves, being the primary instability mechanism in
the two-dimensional boundary layer, are attenuated by the streaks,
and trigger transition at low frequencies. Secondary instabilities, on
the other hand, arise due to the presence of the streaks. They are
unstable in a broad frequency interval, and are dangerous as they can
potentially advance transition. The two classes of instabilities were
treated differently in both the transition prediction, and also in the
numerical computations (see Section 2.3).
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In the case of TS waves, N = 7 was used for the transition
prediction, which can be considered a very conservative estimate [59].
However, in the case of the secondary instabilities, no N value is
available for transition prediction. Therefore, the maximum N value is
calculated for each unstable mode, and the highest N value among the
modes is used to quantify the destabilisation of the boundary layer. As
will be discussed later, tracking and separating the individual unstable
modes requires a very fine streamwise resolution. Thus, an insufficient
streamwise resolution makes the distinction of the unstable modes
challenging. To avoid the very large computational cost associated with
a fine streamwise resolution, as an alternative, the N factor was also
evaluated in the case of secondary instabilities with the most unstable
mode of the eigenvalue spectrum, taken at each streamwise location
and frequency. The utilisation of this alternative N factor allows the
computation to be more automated, which is also desirable for large
scale parametric studies and optimisation. This alternative N factor is
denoted with Ny;; (Most Unstable), and the reliability of the proposed
method will be discussed in Section 3.

2.3. Numerical solution and parameters

The base flow computation consists of two steps: calculation of
the flow field near the MVG using 3D CFD, and the calculation of
the flow downstream of the MVG by solving the BRE. The geometry
consists of a rectangular box around the MVG (brown in Fig. 1(a)).
The parameters of the computational domain are essentially the same
as Siconolfi et al. [29]. The computational domain starts at %,, ends at
%1,cep (not shown in the figure), and the location of the MVG, defined
by its centre, is X\yg; see also Table 1 and Fig. 1(a). In terms of
the boundary layer thickness, the distance between the MVG location
and the upstream and downstream ends of the computation domain
is 2.49899\yg and 4.985g9 g, respectively. The BRE calculation is
initialised at %, slightly upstream of the end of the computational
domain, so that the downstream boundary conditions do not influence
the velocity profile from which the BRE is initialised. Finally, the
height of the computational domain was 13 mm in all the computations.
Note that we examine MVGs whose height is 1.5 times the highest
MVG investigated by Siconolfi et al. [29]. However, in a preliminary
study, Camarri et al. [72] examined the size of the computational
domain, and found that its effect is not significant. Therefore, although
we did consider changing the size of the computational domain, were
convinced that its parameters are reasonable.

The base flow near the MVG is obtained using the commercial CFD
code ANSYS CFX 21 R2 [73], which uses the finite volume method
to solve the Navier-Stokes equations. To obtain the equilibrium so-
lution, the steady-state solver was used. Furthermore, to reduce the
size of the problem, only half of the geometry (only a single MVG)
was present in the computations, and the rest of the computational
domain was accounted for by prescribing the symmetry of the base
flow. This consideration significantly speeds up the computations (they
takes roughly two hours on a desktop computer). However, both of
the above choices suppress the development of instabilities. Therefore,
we did not check for global instabilities implicitly in the base flow
calculation, like Siconolfi et al. [29], who used DNS to calculate the
base flow on the entire geometry. The global instability of the MVGs
should be investigated in a future study. The remaining boundary
conditions are the following. At the other spanwise boundary, again the
symmetry of the base flow was prescribed. At the upstream boundary, a
Blasius boundary layer was considered. At the downstream end of the
computational domain, a free-outflow (zero normal stress) boundary
condition was applied. Finally, on the top of the domain, a so-called
entrainment boundary condition was used, which allows both in- and
outflow to the computational domain with imposing a 0 static pressure,
and zero velocity gradient perpendicular to the boundary [73]

A fully parametric structured mesh has been created using the pro-
gram GMSH [74]. The mesh used for the base configuration is displayed
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(a) Full geometry
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(b) Near-M VG region

Fig. 2. The mesh used in the CFD calculation of the base configuration.

in Fig. 2. In the parametrisation, exceptional care has been taken to
avoid large mesh size variations and angles. It is clearly displayed in
the figure that the mesh near the MVG is the finest, and moving away
from it the element size progressively increases. The shortest edge of
the MVG (D) is divided into 9 elements, which gives a minimum cell
size of 0.0333 mm (0.00924y9 \ry)- The typical mesh consisted of roughly
3 —5.10° elements. An RMS residual target of 10~° was reached in
the iterative solution of the governing equations. Second order spatial
discretisation was used, and it was checked that increasing the mesh
resolution has a negligible effect on the results.

The BRE, BiGlobal stability equations and PSE are solved using
the finite elements method. The parallel-version of the open-source
finite element library FreeFem [64] was used for the problem solution.
Taylor-Hood elements are used: the velocity and pressure fields are
discretised using P, and P, elements, respectively. This discretisation is
very common in global stability analysis of two- and three-dimensional
flows. In the parallel version of FreeFem, the mesh is decomposed
into multiple overlapping parts, and a mesh region is assigned to
each processor along with the corresponding degrees of freedom. The
mesh consisting of triangular elements is created using BAMG [75],
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Fig. 3. A typical mesh used in the BRE and BiGlobal stability calculations. (a): Full
mesh. (b): Zoomed mesh. The red, blue and green lines display the boundary layer
thickness 8y9 at the start of the computation (Re; = 310.69), Re; = 1500 and 2000,
respectively.

the build-in mesh generator of FreeFem which meshes the geometry
using Delaunay triangulation. The mesh consists of multiple blocks,
each with different element size specification along the edges. A typical
mesh is displayed in Fig. 3. In Fig. 3(a), the separate regions with
different mesh sizes can be distinguished. It stands out that very large
elements can be used in the far field. In Fig. 3(b), the mesh region
close to the wall is highlighted. Here, the red, blue and green lines
denote the boundary layer thickness Sy¢ at three different locations.
The first one is at %, where the BRE solution is started. The second
is at Re; = 1500, roughly where the Blasius boundary layer transitions
to turbulence, based on the solution of the Orr—-Sommerfeld equation
and the eV method with N = 7. The last streamwise position is at
Res = 2000, beyond which transition could not be postponed within
the investigated MVG parameter set. Comparison of the line positions
with the element size it can be concluded that the mesh is sufficient
to resolve the variation of the base flow and the instabilities along
the whole streamwise domain considered. It was also checked that
increasing the mesh resolution did not alter the results; e.g., doubling
the number of triangles changed the transition Reynolds number by
less than 0.1%. The other meshes are also deemed to have sufficient
resolution, since the meshes used for each investigated case only differ
in the spanwise domain size; the element-size distribution is the same.

The BRE are discretised with a second order backward Euler scheme
in the streamwise direction, except for the first step, where the first
order backward Euler method was used. The spatial stepsize of the
BRE is chosen the following way. The streamwise domain is divided
into 100 intervals, so that the square root of the streamwise stations is
equidistant, to follow the faster variation of the flow in the upstream
region. The upstream part is further refined: the first 8 intervals are
halved; then, repeated 6 times, always the current first 32 intervals
halved. This resulted in ~ 300 steps, ensuring that the upstream region
of the streaky boundary layer, where the variation of the flow is more
rapid, is sufficiently resolved.

The equations were solved using the sparse linear algebra library
PETSc [65,66] and eigenvalue solver SLEPc [67]. The nonlinear system
of equations that arise from the discretisation of the BRE was solved
using a second order line search (Newton-Raphson) method with the
SNES library of PETSc. The inversion of the Jacobian was done with
LU factorisation using the sparse linear algebra solver MUMPS [76,77].
The absolute tolerance of the nonlinear equations solution was 5-10~13,
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the relative tolerance was 5 - 1073, or the norm of the change in the
solution is less than 10~*. For a precise definition of the tolerances,
the reader is referred to the PETSc manual [66]. The solution of the
BRE takes a short time, compared to both the 3D CFD and the stability
calculations.

The parameters of the eigenvalue calculation are explained in the
light of the fact that an extreme amount of eigenvalue calculations
were performed: for each MVG configuration, streamwise location and
frequency, the relevant part of spectrum had to be calculated.

For the numerical solution of the BiGlobal spatial stability equa-
tions the SLEPc PEP library [78] was used, which requires only the
coefficient matrices of the polynomial eigenvalue problem. Since the
calculation of the entire eigenvalue spectrum with QR factorisation is
not feasible, the iterative Krylov-Schur algorithm combined with the
shift invert technique, similarly to Siconolfi et al. [29] was applied.
The matrix inversion was calculated using the MUMPS solver, similarly
to BRE. This technique allows the calculation of the eigenvalues close
to an initial guess, called the shift. Every BiGlobal stability calculation
(which is required for each MVG configuration, streamwise location
and frequency) multiple eigenvalue calculations with different shifts
were used to determine the relevant part of the eigenvalue spectrum.
The shifts were determined based on the following three arguments:

(i) For downstream travelling convective instabilities, the (nondi-
mensional) phase speed (c,) is typically in the interval ¢, €
[0.1,0.95]; solutions of the BiGlobal instability problem outside
this interval (if upstream travelling waves are not considered)
can be deemed irrelevant. Based on the phase speed, an interval
can be calculated for the real part of the streamwise wavenum-
ber. This constraint can also be used to select the non-physical
or irrelevant eigenvalues.

(ii) In boundary layer flow, in general, |¢;| < |a.|. Therefore, in the
above specified region, the eigenvalues of interest are close to
the real axis.

(iii) It was shown by numerical stability analysis of streaky boundary
layers [27,29] that instabilities can be separated into two classes:
the modified TS waves, and secondary instabilities. TS waves
according to the eV theory, trigger turbulence at a low frequency
relatively far downstream. Secondary instabilities, on the other
hand, are broadband instabilities, which are located downstream
of the MVG wake, or at the maximum amplitude region.

All these criteria were used for an efficient eigenvalue calculation.
As mentioned in the previous section, for each MVG configuration, two
sets of BiGlobal stability calculations were conducted: one targeting
the secondary broadband instabilities that arise because of the MVG
or streaks and one the (modified) TS waves. Within each run, for each
frequency, the eigenvalues were monitored by repeated solutions of the
BiGlobal instability problem, marching downstream. The eigenvalues
were paired between successive streamwise locations by comparing
both the eigenvalues and eigenfunctions.

The parameters of the two runs are displayed in Table 2. F and
AF denote the nondimensional frequency parameter range, where F =
c?)O/UOZ - 10°. The frequency intervals were chosen based on the data
presented by Siconolfi et al. [29], and the well-known stability char-
acteristics of TS waves. F,,; is the first frequency in each run. First,
the stability calculation is run at this frequency, and the streamwise
computational domain is truncated slightly downstream of the location
after which no unstable eigenvalue was found. This frequency is chosen
to be the lowest in the case TS waves, based on their neutral curve. In
the case of the secondary broadband instabilities, the initial frequency
is chosen so that it does not miss any unstable modes; the reliability of
this choice is discussed in Section 3.3. For the secondary instabilities,
two values are displayed: they were used to calculate the modelling of
the experiments of Sattarzadeh and Fransson [22] (Section 3.1) and the
parametric study (Section 3.3), respectively. This is because after the
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Table 2

Parameters of the BiGlobal stability calculations.
Parameter Secondary broadband TS
F [60,300] or [100,400] [10,50]
AF 15 or 20 5
Fyie 105 or 200 10
¢, [0.2,0.4,0.6,0.8] 0.3
gy [20,15,15,15] 10
Kyl 3 ngy 3. ngy
Nier [10,7,7,7) 10

fist set of calculations, the parameters were adjusted to better capture
the physical phenomena and for increased robustness.

In the case of secondary instabilities, multiple phase speeds (shifts
- eigenvalue guesses) are used to target the physically relevant part of
the eigenvalue spectrum; in the case of TS waves, only a single shift
is used to target the TS waves only - no additional unstable modes are
expected. The phase speeds determine the real part of the shifts, and
the imaginary parts of the shifts are zero. ngy, ng., and n, denote
the number of requested eigenvalues, the Krylov subspace dimension,
and the maximum number of iterations — the solver stops, if either the
number of requested eigenvalues or the maximum iteration number is
reached.

The above setting proved to be sufficient to find any mode that
becomes unstable. However, since the shifts are located close to the
imaginary axis, with these settings sometimes the imaginary part of an
eigenvalue became so negative (very unstable mode) that it was lost
in the tracking procedure, while marching downstream. Therefore, as a
remedy, in the case of a lost unstable eigenvalue, an additional shift was
added with the previous value of the most unstable mode. The above
options allowed a reliable scanning of the instability domain.

Concluding the discussion of the numerical methods, the plane
marching PSE is reviewed. In the streamwise direction, second order
backward-Euler method was used, except for the first step, in which
first order backward-Euler is utilised. The streamwise domain was
divided into 30 and 70 parts in the case of the secondary sinuous
instability and the TS waves, respectively, so that the square root of
the streamwise coordinate is equidistant. In each marching step, until
the absolute value of the integral in Eq. (13) was smaller than 1077, «
was updated iteratively with formula Eq. (14).

3. Results

In this section, the results obtained from the previously outlined
modelling framework are presented. First, in Section 3.1, the experi-
ments of Sattarzadeh and Fransson [22] are modelled, and a detailed
comparison between our simulations and their measurements is pre-
sented. Then, in Section 3.2, the streaky base flow, particularly the
streak amplitude is discussed in the case of the parametric study.
Finally, in Section 3.3, also for the parametric study, the results of the
stability calculations are presented.

The parametric study of the streaky base flow is performed on a pa-
rameter grid & =[1.3 : 0.2 : 1.9] mm ([0.360 : 0.0554 : 0.526] b9 mvc),
A = [7:325:265] mm ([1.949 : 0.900 : 7.34] Sgomvg), d/A =
[0.2 : 0.075 : 0.8], where the values in the brackets define the first
point, the spacing, and the last point of the parameter grid. This results
in a total of 252 cases. The data are only shown for a selected subset
of cases to show the key observations. Then, the stability calculations
were run only on a coarser grid of d/A =[0.2 : 0.15 : 0.8], since this is
the most computationally demanding task in the modelling framework.
This choice narrows the number of cases to 140. Note that the single
other study concerned with the stability characteristics of realistic MVG
geometries, conducted by Siconolfi et al. [29], presented results for only
two cases.
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Fig. 4. Integral streak amplitude as a function of the Reynolds number: comparison
between the simulation and the experiments of Sattarzadeh and Fransson [22].
The symbols and coloured lines denote the experimental data and the numerical
calculations, respectively; the dashed vertical lines denote the location of the MVG.
The symbol % denotes the base case (Table 1). a: § € [6,9,12,15,18] (°), b: A €
[8.13,9.75,11.38,13.00, 14.63, 16.25,17.88] (mm), c: Uw €15,6,7,7.7,8.5] (m/s).

3.1. Validation and general observations: modelling the experiments of Sat-
tarzadeh and Fransson [22]

In this section, the simulations modelling the experiments of Sat-
tarzadeh and Fransson [22] are discussed. First, the streak amplitude
evolution is compared with experimental data; then, the results of the
stability calculations are presented.

Fig. 4 displays the comparison of the integral streak amplitude
between simulation and experiments. The symbols and coloured lines
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denote the experimental data and the numerical calculations, respec-
tively; the dashed vertical lines denote the location of the MVG. In each
subfigure, a single parameter is varied: in Figs. 4(a), 4(b) and 4(c), 6,
A and U, are altered, respectively. The arrows indicate the change in
the parameter, and the parameter values can be found in the caption.

Examining Fig. 4(a) where @ is varied, a remarkably good agreement
can be found between the experimental data and the simulations.
Notable discrepancy can only be seen in the case of § = 18° (green
curve). At Re; = 500, the difference is attributed to the boundary
layer becoming turbulent in the experiments due to the large separation
associated with the strong wake because of the large MVG angle - a
phenomenon that cannot be captured in the present model. Also for
0 = 18°, at Re; =~ 350, the trend of the experimental streak evolution
is slightly different from the other cases, for which no indication is
given by the experimentalists. It is possible that the discrepancy can
be attributed to the temporal variation of the flow, which cannot be
captured in our model. Either an absolute instability in the wake, or a
transient growth of the disturbances impinging on the MVGs can cause
a significant flow distortion. This is supported by the fact that the flow
became turbulent at Re; = 500 in the experiments. Nevertheless, it can
be concluded that this set of experiments could be modelled by the
numerical simulations outstandingly well.

In Fig. 4(b), the streak amplitude comparison is shown when the
spanwise periodicity A is changed. In this case, the agreement between
simulation and experiments is satisfactory but not outstanding. For
A = 813 mm (® - dark red), A = 13.00 mm (x - purple), and A=
16.25 mm (> - orange), the simulations match the experiments, while
in the rest of the cases, noticeable discrepancies can be found. Although
the experimentalists were extremely precise, the disagreement might be
attributed to the large spanwise spacing (0.6—1 mm) of the measurement
locations. The @ —v and <« - > curves are very close in the experiments.
This is attributed to the destructive—constructive and constructive-no
interaction of the counter-rotating vortex pairs as the spanwise distance
is increased. Contrary to these experimental observations, in the simu-
lations, a continuous dependence of the amplitude curve on A can be
found. We note that the lift-up, the mechanism that creates the streaks
from the streamwise vorticity, is an extremely effective mechanism: a
very small streamwise vorticity can create a very large downstream
response [79]. A small mean flow distortion (MFD) induced by either
absolute instability or transient growth of convective instabilities, or a
discrepancy in the geometry because of uncertainties, can cause a large
difference in the streaky flow. The precise reason for the difference
between experiments and simulations is unclear.

The last set of streak amplitude comparison with the experiments
is presented in Fig. 4(c), for a variation of the streamwise velocity.
Note that although in the experiments the location of the MVGs on the
flat plate was constant, since Re; is used as streamwise coordinate, due
to the nondimensionalisation the MVGs appear at different streamwise
locations. In this case, the simulations match the experimental ampli-
tude curves very well. Note that the simulations predict a slower decay
of the streaks compared to the experiment. This is likely because the
BRE are less dissipative due to the neglecting of the second streamwise
derivates. This was also noted by Martin and Paredes [27] when
comparing their streak amplitudes calculated using BRE with the DNS
results of Siconolfi et al. [25], modelling streaks induced by free-stream
vortices.

Overall, based on the comparison with the experiments, it can be
concluded that the simulations model the streaky base flow satisfac-
torily. This is especially true, considering that Siconolfi et al. [29]
reported slightly worse agreement in their simulations of MVG wind
tunnel experiments. They calculated the base flow with a spectral DNS
solver, and modelled only two triangular MVG configurations from the
experiments of Shahinfar et al. [17].

Next, our attention is turned to the BiGlobal stability calculations.
First, the characteristics of the instability calculations are illustrated
on a single case; then, the results are presented in a more compact
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way for all the experimental cases. An illustration of the stability
calculations is presented in Fig. 5, for the case when the free stream
velocity is U,, = 7.7 m/s (case C10 in [22]). In these figures, the
growth rate of the most unstable mode is displayed as a function of
Re and F, the solid lines separate the stable and unstable domains of
the individual modes, and the dashed line displays the neutral curve of
the TS waves in the Blasius boundary layer obtained from the solution
of the Orr—-Sommerfeld equation. Fig. 5(a) displays the total instability
map, in which the two calculations targeting the broadband secondary
instabilities and the TS waves can be clearly distinguished. The two
sets of calculations are also displayed independently in Figs. 5(b) and
5(c), respectively. It stands out from the figures that since our approach
focuses on the physically relevant portion of the Re; — F plane, a
large body of unnecessary calculations is omitted which speeds up the
computational procedure substantially.

Focusing on the secondary instabilities presented in Fig. 5(b), it
can be seen that on a relatively short streamwise interval, several
different unstable modes emerge due to regions with strong shear that
are induced by the MVGs. This is where the tracking of the individual
unstable modes is problematic since it requires a fine streamwise dis-
cretisation, for which the alternative Ny, has been proposed. Note that
the secondary instabilities are relevant on a much shorter streamwise
interval than the TS waves, which applies to all the calculations. Mov-
ing on the TS wave stability diagram in Fig. 5(c), the stabilising effect
of the MVGs is clearly visible when the neutral curves of the unaltered
(dashed curve) and streaky boundary layer (grey curve) are compared.
As apparent from the figure, the region upstream of Re; = 800 is not
well resolved. The reason for this is that since the calculations target
specifically the TS waves, only a single eigenvalue guess was used in
the shift-invert procedure. This follows from the fact that the secondary
instabilities are relevant at high frequencies. In all the calculations, the
TS waves could be easily and automatically separated from unresolved
low frequency secondary instabilities.

Next, using the ¢V method, the results of the BiGlobal stability
calculations for all the modelled experimental configurations are pre-
sented in Fig. 6. The left axis (blue) shows the two N factors used
to characterise the secondary instabilities. The continuous and dashed
lines denote the N factor of the most destabilising mode, and the
proposed Ny that is calculated from the most unstable eigenvalue
of the spectrum, respectively (see the end of Section 2.2 for a more
detailed description). High N values are the sign of strong destabilisa-
tion and are, therefore, not desired. The right axis (red) displays the
transition Reynolds number calculated from the modified TS waves,
using a conservative N = 7 value for the transition prediction. Good
MVGs are indicated by high values of Rey.. The red axis starts at
Rer, = 1500 where transition is predicted by the Orr-Sommerfeld
equation, and the horizontal dotted line (Re, = 1540) displays the
same quantity calculated from the BiGlobal stability equations. This
difference can be attributed mainly to the non-parallel terms in the
BiGlobal stability equations that are omitted from the Orr—-Sommerfeld
equations.

Comparing the two measures of destabilisation, it is clear that the
proposed Ny factor follows the same trend as the regular one. Further-
more, the overprediction of the Ny factor is not significant, except for
one point in each figure: at § = 8°, A = 8.13 mm, and U = 5.5 m/s
in Fig. 6(a), 6(b) and 6(c), respectively. This can be attributed to the
following. In these cases, the boundary layer modulation is weak (see
Fig. 4); therefore, the TS waves remain unstable at high frequencies.
Because of this, TS waves provide some contribution to Nyy; on the
other hand, TS waves are not considered in the secondary instability
calculations and thus, in the calculation of N. Overall, the agreement
between N and Ny can be considered excellent.

Meaningful comparison of the local modal stability calculations
with experimental amplification factors is limited for three reasons.
First, the TS waves were excited upstream of the MVG in the experi-
ments; therefore, the experimental N factors include the contribution
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Fig. 5. Most unstable growth-rate as a function of Re; and F, for the experiments
of Sattarzadeh and Fransson [22] with free-stream velocity U, = 7.7 m/s (case C10 in
their paper). The solid lines display the neutral curves of the individual unstable modes,
the different shades denote separate modes; the dashed line displays the neutral curve
of the undisturbed Blasius boundary layer. a: total Re; — F plane; b: high-frequency
secondary disturbances; c: TS waves.

from the fully three-dimensional flow around the MVG, while the
stability calculation is performed downstream of the MVGs. Second,
the experimental N factor contains contribution from many modes si-
multaneously, while local modal stability analysis uses a single growth
rate at a time. Third, the experimentalists measure the amplification
at a single frequency, which is not expected to match the frequency
of maximum amplification in the stability analysis. Nevertheless, for
a qualitative comparison, the dash-dotted curves with the symbols
display the experimental N curves in Figs. 6(a) and 6(b). Unexpectedly,
both the N and Ny curves of the stability calculation correlate well
with the experimental N factors. Interestingly, the Ny, factor seems to
correlate better with the experimental results. This suggests that local
modal stability analysis can provide recommendations for the restric-
tion of the large parameter space of all possible MVG configurations.
Of course, for superior performance, non-local, non-modal, and possibly
also non-linear effects need to be analysed.

Next, the evolution of the TS waves is analysed by examining
the transition Reynolds number Rer,, displayed with the red curves
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Fig. 6. Stability calculations of the experiments of Sattarzadeh and Fransson [22].
Maximum N factor of the secondary instabilities (blue), and transition Reynolds number
(orange) as functions of the geometric parameters of the MVG. The grey dotted line
denotes the transition Reynolds number in the undisturbed Blasius boundary layer.
The dashed blue line denotes the Ny, factor calculated with the maximum growth
rate among the individual modes at each spatial location and frequency. The blue
curves with the symbols denote the experimental N factors measured by Sattarzadeh
and Fransson [22]. The variables are the following: a: §; b: 4; c: 1700.

in Fig. 6. Here, unfortunately, comparison with the experiments is
not relevant, since the presented calculation analyses the stability of
TS waves in the frequency range F € [20 —40], where transition is
predicted by the eV method. On the other hand, the experimentalists
used higher frequencies, a choice which was possibly motivated by the
streamwise extent of the measurement domain. In Fig. 6(a), where the
effect of varying 6 is displayed, two regions with different behaviour
can be distinguished. First, as the angle is increased, TS waves get more
stabilised. This is because MVGs with larger angle generate a stronger
streamwise vorticity, which create stronger streaks. However, further
increasing the MVG angle does not increase the stabilisation further.
This can be explained as increasing d increases the breadth of the wake
behind the MVG but does not add more streamwise vorticity that can
generate long-lasting streaks through the lift-up mechanism.

Turning our attention to the effect of A on Rey,, displayed in
Fig. 6(b), it stands out that for this MVG configuration, the variation
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of A has insignificant influence on the stability of low frequency
TS waves. This is because in all these cases, the streaks decay fast
and do not extend far downstream (see Fig. 4(b)). Finally, as it can
be observed in Fig. 6(c), by increasing the free-stream velocity the
transition significantly moves downstream. This can be explained by
the fact that increasing the free-stream velocity reduces the boundary
layer thickness, therefore the ratio //$ is also increased. This results
in generation of stronger vortices, and streaks that extend further
downstream.

3.2. Parametric study: evolution of the streaky boundary layer

In Fig. 7 the three columns display the integral streak amplitude, the
maximum difference based streak amplitude, and the relative skin fric-
tion difference compared to the Blasius boundary layer, respectively,
for a MVG height & = 1.3 mm. These quantities are depicted as functions
of Re; and d/ A. The rows of figures correspond to different values of A.
d/A = 0.5 corresponds to equidistant MVG pairs, closely spaced MVGs
d / A ~ 0.2 were the most investigated ones [16,17,22]. Note that due
to the symmetry of the configuration, d/A = 0.8 corresponds to the
same orientation as d/A = 0.2, but with a reversed flow direction.

First, the effect of changing the spanwise periodicity A is analysed.
This is the same in the case of both amplitude definitions: increasing A
reduces the initial amplitude maximum, but increases the amplitude of
the streak far downstream. These results agree with the observations
of studies that focused on idealised vortices [28,79]. This can be
attributed to vortex interaction: at high A, the larger spacing delays the
streak generation, which results in more elongated streaks with lower
maximum amplitude. Because of the weaker initial interaction, the de-
pletion of the streamwise vorticity is slower, and the lift-up mechanism
can act further downstream, resulting in stronger streaks there. Large
values of A are, therefore, desirable for flow control, since (i) they avoid
the high initial amplitudes that may result in secondary instabilities
and premature transition, and (ii) they yield persistent streaks that
are able to attenuate the TS waves far downstream. Although this is
not a fundamentally new result, we stress its importance as this is not
apparent in the experiments of Sattarzadeh and Fransson [22] (see also
Fig. 4(b)).

Next, the effect of changing d/A is discussed. In the downstream
part of the investigated domain, the two streak amplitudes show the
same trend: the highest downstream streak amplitudes can be observed
near d //f ~ 0.5. Note that studies of optimal vortices [79] also predict
this vortex spacing to generate the strongest streaks. Optimal vortices
are spanwise periodic, equidistant counter-rotating vortices, which are
known to produce the largest disturbance energy growth measured at
a streamwise location, from a unit input disturbance energy introduced
at some other location. The results in the figure suggest that the
equidistant spacing suggested by the optimal vortices is also applicable
to the ‘non-ideal’ vortices generated by the MVGs to dampen the TS
wave growth.

The trends described by the two streak amplitudes agree in the
upstream part of the domain for low A: the highest near field amplitude
is always predicted in the interval d/A € [0.4 — 0.6]. In contrast, when A
is increased, the behaviour of the two streak amplitudes is qualitatively
different. In the region d/A € [0.3 —0.6], roughly where previously
the maximum A${" could be found, the lowest peak amplitudes can
be observed. Meanwhile, the maximum A} Yal}le in the upstream
region remains roughly at the same values of d/A. In addition to the
qualitative changes, note that the values of the streak amplitude are
also different: the maximum value of A‘S“% is almost twice as high as
that of AL,

Before investigating the differences between the two streak ampli-
tude definitions in more detail, the effect of changing the MVG height
h is analysed. Fig. 8 is the same as Fig. 7 but for an MVG height
h = 1.9 mm. The same trends can be observed in Fig. 8 as in Fig. 7
with respect to both the variation of A and d/A, except for two things.
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First, the maximum value of ASL' is shifted to d/A ~ [02-0.5] at
low values of A; then, similarly to 2 = 1.3 mm, as A is increased, the
previous region of maximum amplitude is smeared. Second, in the case
of both Al and ASN!, significantly higher streak amplitudes can be
observed in Fig. 8. As expected, increasing the MVG height results in
a more pronounced vortex generation and therefore, stronger streaks;
this agrees with the findings of Sattarzadeh and Fransson [22] (see also
Fig. 4(c)). Results are not presented for the remaining two MVG heights
since they display the same tendencies as Figs. 7 and 8.

To gain more insight into the differences between the two streak
amplitudes, more detailed data are presented on the streaky boundary
layer for a few selected cases, which are shown in Fig. 9. Five cases are
displayed, and between subsequent cases a single parameter of the MVG
was changed to visualise the difference. The first case is close to the
base configuration C02 of the experiments of Sattarzadeh and Fransson
[22] (d/A =02, A = 13.5 mm, h = 1.3 mm). Between Cases (1)-(2), d/A
was increased to 0.5. Then, in Case (3), the spanwise periodicity A is
enlarged to 26.5 mm. In Case (4), heightened MVGs are investigated
with 7 = 1.9 mm. Finally, in Case (5), once again, d/A is changed,
in this case to 0.35. The parameter values for each case can be found
in the caption of Fig. 9. The left and right upper figures display the
integral- and difference-based streak amplitude evolution, respectively.
The evolution of the streamwise vorticity €, of the base flow is also
analysed to learn more about the generation of streaks through the
lift-up mechanism. Q, is plotted in streamwise cross sections; rows 2—
6 in Fig. 9 display cases (1)-(5), and each column corresponds to a
streamwise location, displayed with the dashed vertical lines in the two
upper figures. Note that the spanwise extent of the streamwise vorticity
plots of Cases (1) and (2) is larger than the actual periodicity A.

First, the effect of increasing d/A from 0.2 to 0.5 is analysed.
Comparing the streak amplitudes (blue and red curves), remarkably
different behaviour can be observed for the two amplitude definitions.
Although both amplitude measures show that in the downstream region
Case (2) is higher than Case (1), near the maximum amplitude the
trends are different. The maximum value of A‘S“Tl is twice as high in
Case (2) than in Case (1), and Case (2) is always higher than Case (1).
However, looking at A‘gr the maximum of Case (2) is lower than the
maximum of Case (1). Turning our attention to the streamwise vortex
evolution, the following thoughts can be recorded.

In Case (1), because of the close spacing, the vortices start to
interact immediately, which results in a strong streak generation, but
also a fast depletion of 2. In Case (2), due to the larger spacing, the
slower interaction of the vortices results in a less intensive but more
sustained streak generation. This is apparent in the third column, since
the streamwise vorticity is stronger in Case (2) than in Case (1). These
observations regarding ©, align with the behaviour displayed by Agf,
but not reflected in the case of Ag;. Ag. was introduced by Shahinfar
et al. [17] to measure the modulation of the flow in the cross section;
therefore, moving the vortices apart in Case (2) increases the streak
amplitude compared to Case (1) since the streaks occupy a larger cross-
section of the flow. This suggests that ASi' can capture the qualitative
differences of the streaky boundary layer better than Ag}.

Next, Cases (2) and (3) are compared (red and yellow lines, rows
3 and 4), where the impact of changing the spanwise extent of the
computational domain is visible. It is apparent from the figures dis-
playing the streamwise vorticity that an increase in A separates the
vortices, which enables them to grow as they evolve downstream. The
slower vortex interaction results in a slower but more persistent streak
evolution, which is reflected by both streak amplitudes: Case (3) has a
lower maximum than Case (2), but the amplitude substantially higher
downstream. Note that in the case of A‘S“T‘, the maximum amplitude of
Case (3) is smaller by a factor of two than Case (2). This is because the
vortices occupy a smaller portion of cross-section due to the increase
in A.

Comparing Cases (3) and (4) (yellow and purple line, rows 4 and
5) the influence of changing & can be analysed. An increased MVG
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Fig. 7. Streak amplitude evolution as a function of Re and d/A in the parametric study, # = 1.3 mm. The first, second and third columns display the A Aggr and the relative
difference in the spanwise averaged skin friction coefficient w.r.t to the Blasius boundary layer, respectively. Each row displays the result for a different value of A.

height results in a stronger streamwise vorticity generation, as apparent
from row 5. Because of the very strong concentration of the initially
generated streamwise vorticity, the growth of the vortices is more
pronounced than in Case (3). Turning our attention to the streak
amplitudes, A““ once again has a monotonic increase followed by a
monotonic decrease. Increasing / also results in an increase in the
maximum of A‘S"T‘ by more than a factor of two. On the other hand, the
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relative difference in the maximum of AJY' is much lower, around 36%.
Furthermore, qualitative differences can be found in Aginf compared
to AP AJIT has a plateau around Re; € [700,900]. This may be
attributed to the following: first, in the aft of the MVGs, vortices start
the generation of streaks. Then, as the counter-rotating vortices grow
downstream, they start a renewed constructive interaction (see the
third column, corresponding to Re; = 700), resulting in an increased
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Fig. 8. Streak amplitude evolution as a function of Re and d/A in the parametric study, # = 1.9 mm. The first, second and third columns display the Ais'l}, Aggf and the relative
difference in the spanwise averaged skin friction coefficient w.r.t to the Blasius boundary layer, respectively. Each row displays the result for a different value of A.

streak generation. Therefore, once again, Aginf seems to describe better
the qualitative changes in the base flow than A‘S“%

Concluding the discussion of the streamwise vorticity, it is noted
that the although in Case (4) the spacing of the MVGs is equidistant,
the spacing of the vortices generated by them is not. This is because the
MVG location is defined at its centre, while the vortices are generated

at the aft of the MVGs. To create equidistant vortices, in Case (5), d //f
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is decreased to 0.35. As it can be seen in row (6), the vortices are indeed
spaced more equally than in Case (4). Looking at the streak amplitudes,
no significant difference can be observed. Interestingly, some changes
can be observed in the case of Agi': once again, a plateau can be
observed, but the it appears further downstream than in Case (4). The
qualitative changes are likely to be connected with the interaction of
the vortices.
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Fig. 9. A collection of figures offering more insight into the streaky boundary layer evolution. The left and right figures in the first row present the integral and difference based
streak amplitude, respectively. In rows 2-6, the streamwise vorticity £, is displayed for cases (1)-(5) at four different streamwise locations in successive order (Re; = 450, 550,
700, and 1000), which are shown in the top figures with dashed vertical lines. In the figures of the streamwise vorticity, the horizontal lines denote the boundary layer edge &y, of
the Blasius boundary layer at the corresponding location. The parameters of the five cases are the following. (1): d/A =02, A =13.5 mm, A = 1.3 mm. (2): d/A =0.5, A =13.5 mm,
h=13mm. (3): d/A=05, A=265mm, h =13 mm. (4): d/A=05, A =265 mm, h=19 mm. (5): d/A =035 A=265mm, h=19 mm.

The careful reader may wonder about the vorticity at y ~ 20 in
the first columns of Fig. 9. These vorticity spots appear because of
the vortices generated by the MVGs, as they induce a fast downstream
jet around z = 0, which extends into the free stream. Note that the
colour limits are chosen so that small vorticity values are visible at
downstream locations: the vorticity generated by the MVGs is ~ 100
times higher than the outer vorticity. Furthermore, the low order finite
element and the large elements used in the far field (see Fig. 2(b)) may
cause numerical inaccuracies that magnify the outer vorticity values.
It was checked that refining the grid in the far-field does not influence
the results. Therefore, the outer vorticity is not considered significant.
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Next, the right column of Fig. 7 displaying the relative difference
in the local skin friction compared to the Blasius boundary layer is
examined for 7 = 1.3 mm. In all cases, the differences are quite low,
which suggests that the additional induced drag of the MVGs is very
small compared to the potential gain due to transition delay. This
aligns with the experimental observations of Shahinfar et al. [17]. For
low values of A, large differences can be observed upstream; as A
is increased, notable differences only remain for high values of d/A.
This, once again, shows that MVGs with d/A ~ 0.5 are advantageous
compared to previous ones with d/A ~ 0.2. The same trends can be
deduced from the last column of Fig. 8 for 4 = 1.9 mm, which further
supports our previous observations. A more quantitative analysis of the
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Fig. 10. Scaled streak amplitudes using the formula of Sattarzadeh and Fransson [22].
The solid black line denotes the amplitude curve into which the simulated (shaded grey)
amplitude curves are supposed to collapse. The shaded red curves denote the simulation
of the experiments of Sattarzadeh and Fransson [22], which are the rescaled versions
of the curves displayed in Fig. 4.

drag reduction, that also incorporates the transition prediction, will be
presented in the next section.

As a concluding investigation, we compare the integral streak ampli-
tude evolution with the scaling proposed by Sattarzadeh and Fransson
[22] (an extension of the previous work of Shahinfar et al. [17]).
They proposed a nondimensionalisation that depends on the geometric
parameters of the MVGs, that collapsed the individual streak amplitude
curves into a single one. For the details of the nondimensionalisation
the reader is referred to Sattarzadeh and Fransson [22]. The nondi-
mensional streak amplitude A/A* is displayed as a function of the
nondimensional streamwise coordinate ¢ in Fig. 10. The thick black line
denotes the amplitude curve the different cases supposed to collapse
into. The faint red lines denote the simulations of the experiments
of Sattarzadeh and Fransson [22], which indeed follow the black line
very closely. However, some of the experimental curves diverge sig-
nificantly from the proposed scaling far downstream. The cases of
the parametric study that are displayed with the grey lines, deviate
significantly from the proposed scaling. This shows that unfortunately,
the scaling proposed by Sattarzadeh and Fransson [22] has only a
limited range of validity. Even if the streak amplitude were be scaled
using the actual maximum value A* instead of the fitted one, and
not by the scaling proposed by Sattarzadeh and Fransson [22], the
streak evolution prediction would be poor. Therefore, establishing a
functional relationship between the streak amplitude evolution and the
geometric parameters of the MVG is not attempted.

3.3. Parametric study: stability of the streaky boundary layer

This section discusses the results of the stability calculation in the
case of the parametric study. The parameter set is described in the
beginning of Section 3. First, the results of the secondary broadband
stability calculations are presented. In this, we illustrate the challenging
aspect of separating the unstable modes; then, we evaluate and com-
pare both N and Ny as a measure of the secondary instability. After
this, the transition Reynolds number calculated with the conservative
value of N = 7 is discussed. This is followed by identifying the
optimum MVG configurations of the parametric study w.r.t. to the in-
vestigated parameters. Next, an estimate for the possible drag reduction
is presented. Finally, recommendations are given for choosing the MVG
parameters, based on the results of the simulations.
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Fig. 11. Most unstable growth-rate of the secondary instabilities as a function of Re
and F, indicating the emergence of secondary instabilities. The solid lines display
the neutral curves of the individual unstable modes, and the dashed line displays the
neutral curve of the undisturbed Blasius boundary layer. Compared to the base case
(a), secondary instabilities develop due to the increase in d/A (b), or decrease in A
(c). The parameters are the following: (a): & = 1.7 mm, d/A = 0.5, A = 26.3 mm; (b)
h=17 mm, d/A=065 A=263 mm; (c)): h=17 mm, d/A =05, A=16.75 mm.

In Fig. 11, the secondary instability maps are presented for three
different cases. Here, similarly to Fig. 5(b), the growth rate of the
most unstable eigenmode is displayed, the continuous lines denote the
neutral curves of the individual modes, and the dashed line displays
the neutral curve of the TS waves in the undisturbed Blasius boundary
layer. In Fig. 11(a), the parameters of the MVG are d/A = 0.5, A =
26.5 mm and 2 = 1.7 mm. Starting from this configuration, a single
parameter is changed in the two other cases: in Figs. 11(b) and 11(c),
the altered parameters are A = 23.35 mm and d/A = 0.65, respectively.

In the reference configuration, four unstable modes can be distin-
guished. This case illustrates well the problem of the unstable mode
separation, that is highlighted by the discontinuity of the neutral curves
of the individual modes. Despite the incomplete neutral curves, the
maximum N value could be clearly identified in each case. This case
can be considered relatively stable: the highest N factor arises from the
mode with the largest streamwise extent, giving a value of N = 1.5.
In the other two cases displayed in Figs. 11(b) and 11(c), lowering



A. Szabé et al.

A and increasing d/A destabilises the boundary layer, and a new
secondary instability arises. This corresponds to the sinuous secondary
eigenmode that was found by Andersson et al. [11] and Martin and
Paredes [27,28]; which was verified by examining the eigenfunctions
(not shown).

The secondary sinuous eigenmode is unstable on a much larger
streamwise interval than the rest of the modes; note the different x
axis limits of the subfigures, and also the correspondence between the
modes. In the calculation of the N factor, large values can be attributed
to this unstable mode. This shows that strong destabilisation, within the
present modelling framework that does not consider the flow field very close
to the MVG, is related to emergence of sinuous secondary instabilities,
different than those displayed in Fig. 11(a) that are related to the near-
wake flow of the MVG. The reason why the proposed Ny factor gives a
reliable estimate of the N factor can also be explained by this: the near-
wake modes have a small contribution to the N factor, compared to the
new secondary modes that dominate the destabilisation. Therefore, the
estimate also captures the dominant destabilisation, while it discards
the near-MVG wake modes that are hard to distinguish from each other
and have little contribution to the simplified N factor calculation.

It must be noted that because of the finite frequency interval cov-
ered in the secondary stability calculation, the actual maximum N
factor may lie outside the investigated frequency range. Despite this,
if strong secondary destabilisation is observed, it also results in high
N values within the investigated frequency interval. Therefore, the
frequency range used in this study is sufficient to indicate cases with
strong destabilisation that should be avoided.

The results of the secondary instability calculation are displayed in
Fig. 12 as function of A and d/A. The first and second columns display
N and Ny, respectively. The three rows show the values for i = 1.3,
1.5 and 1.7 mm, respectively. The colours show the magnitude of the
N factor, but the numerical values are also displayed. Both measures
of destabilisation yield both qualitatively and quantitatively the same
results, which supports that Ny;; can be used as a reliable tool to assess
the secondary instability of MVGs.

Low values of A and high values of d/A are responsible for strong
secondary instability, and these regions should be avoided so that tran-
sition is not advanced. Interestingly, the highest secondary instability
does not arise at the combination of low A - high d/A; however, this
was not investigated in detail. The strong secondary instability is likely
because both effects generate a very strong shear layer that leads to
a rapid boundary layer modification - these effects can be observed in
Figs. 7 and 8 using either of the two amplitude measures. Furthermore,
it can also be observed that the region of lowest instability is for high
A and low d/A. As the MVG height is increased, the region of strong
secondary instability expands in the A- d/A plane, but the high A - low
d/ A region remains safe with respect to the secondary instability.

For the highest MVG, only Ny, was calculated, since separation of
the individual eigenmodes was not possible using the current stream-
wise resolution in the BiGlobal stability calculations. This is shown in
Fig. 13. No qualitative change can be observed to the case of # = 1.7 mm
(Figs. 12(e) and 12(f)). Low values of d/A do not promote secondary
instability; and for a large spanwise periodicity A, increasing d/ A is not
possible without the generation of strong secondary instabilities. These
results once again demonstrate the effectiveness of the proposed Ny
factor.

Next, the attenuation of the TS waves is investigated in the down-
stream portion of the boundary layer, which is examined through the
transition Reynolds number calculated with the conservative N = 7
value. The data are plotted as a function of A and d/A in Fig. 14, where
each subfigure corresponds to a different MVG height. The colours
show the transition Reynolds number, and the numbers display the
increment compared to the Blasius boundary layer, calculated using the
Orr-Sommerfeld equation.

In the case of » = 1.3 mm, a clear maximum can be found at
A =16.75-20 mm and d /A = 0.5. that achieves a moderate 100 increase
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in the critical Reynolds number. Note that d/A = 0.5 corresponds
to the spacing suggested by studies using optimal vortices. As h is
increased to 1.5 mm, the increment in the transition Reynolds number
is almost doubled compared to the previous MVG height, while the
optimum is achieved for the same d/A but for a higher value of A.
Increasing the MVG height further results in a continued improvement
in the transition delay. However, for cases h = 1.7 and 1.9 mm, no
definite maximum can be observed within the investigated parameter
interval. For d/A = 0.5, where which the maximum value was found in
each height, the transition delay monotonically increases with higher
values of A. Interestingly, a strong stabilisation can also be observed
for d/A = 0.35, especially in the case of 7 = 1.9 mm. This suggests
that as the MVG height is increased, the strongest attenuation of TS
waves moves away from d/A = 0.5 towards lower values of d/A. Note
that as reported by Martin and Paredes [27] and as also observed in
Fig. 4(c), the BRE predict a slower streak decay compared to DNS or
experiments, meaning that in real applications a slightly deteriorated
transition delay may be observed.

For a more exhaustive evaluation, all the cases are plotted in
the Rep, - secondary instability N factor plane, which is shown in
Fig. 15. The top and bottom figures display N and Ny on the y axis,
respectively. The black line shows the convex hull of all the cases, and
the lower-right portion of the curve can be considered as the Pareto
front of the cases. As a reference, the calculations of the experiments
of Sattarzadeh and Fransson [22] are also plotted.

The difference between the two N factors is manifested as a vertical
shift of the points. Both for /& = 1.7 and 1.9 mm, favourable cases were
found in the parametric study compared to the experimental ones w.r.t
to the investigated metrics. The best experimental case can be consid-
ered the rightmost one (for which the free-stream velocity is 8.5 m/s),
since this yields the best transition delay, and the experimentalists did
not report breakdown to turbulence due to either secondary convective
or absolute instability. Cases with A = 26.5 mm and both d /A = 0.35 and
0.5 display better transition delay properties for MVG heights 7 = 1.7
and 1.9 mm than the best experimental setup. Note, however, that the
optimum transition delay w.r.t. A and d/A was not found in the case
of h = 1.7 and 1.9 mm; therefore, even better transition delay may be
achieved.

Next, the force gain is evaluated in the present calculation for
quantitative assessment of the drag reduction of the best cases. The
spanwise averaged force and relative force difference is calculated to
assess the effectiveness of the MVG:

XTr Blasius
Fylasius = / € £ Blasius()dx+

Xo
/xTr
X

TrBlasius

¢ Turb(0)dx, (18)

XTr
Fyve = Fvve,crp + / ¢y pre(X)dX. 19

X1,CFD
The spanwise averaged force is calculated between x,, the start of
the three-dimensional CFD calculation, and the transition location x;,
in the streaky boundary layer. In the case of the reference Blasius
boundary layer, the force can be calculated from two contributions:
the reference Blasius boundary layer (¢ pjasiys), and the part where the
boundary layer would become turbulent without the MVGs (c 1yrp)-
In the Blasius boundary layer, the transition location xr, pjasiys Was
calculated from the solution of the Orr-Sommerfeld equation. In the
turbulent portion, the skin friction coefficient was calculated using the
formula ¢ gy, = 0.0592 - Re;.l/ ’, similarly to Shahinfar et al. [17]. The
spanwise mean force of the modified boundary layer is also calculated
in two parts. The force acting on (and near) the MVGs is obtained from
the three-dimensional CFD calculations. Then, the spanwise averaged
skin friction coefficient, obtained from the solution of the BRE, is
integrated between the downstream end of the CFD calculation domain
(see Fig. 1(a) and Table 1) and the transition location in the modified
xr,. For MVG height 1.9 mm, the relative force difference (Fgjagius —
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h =19 mm.

18

Fyve)/ Falasius 1S plotted in Fig. 16. For the optimum cases within the
parametric study, a 60% drag reduction is reported. Despite the relative
small increase in the streamwise extent of the laminar flow region, a
significant drag reduction is predicted from the calculations.

Using the results of the stability calculations and the streak ampli-
tude evolutions, some recommendations are made for the choice of the
MVG parameters. For this, a nondimensional MVG height i = h/bgy(x =
Xmvg) and /f/il is used. For h = [1.3,1.5,1.7,1.9] mm, the values of
are [0.3601,0.4155,0.4709, 0.5263].

« For h < 045, d/A = 05 is the clear optimum for the spac-
ing within MVG pairs, considering both attenuation of the TS
waves and secondary instability. Above 4 = 0.45, d/A should be
decreased to avoid secondary instabilities.

« If the optimum is taken for MVG heights 1.3, 1.5 and 1.7 mm
at A = 20, 23.25 and 26.5 mm (for d/A = 0.5), this gives A/h
15.38, 15.50 15.59, respectively. Therefore, A/h ~ 15 seems a
reasonable choice for the spanwise periodicity of the MVG pairs.
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Note that these values are significantly different from those used in
previous experimental studies that utilised d/A = 0.22 and A/h =
10.47 [22,23], suggesting that the previously used MVG geometries
could be substantially improved. It is stressed that because of the
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Fig. 16. Relative force decrease between the MVG and the Blasius boundary layer as
a function of A and d/A, h = 1.9 mm. The spanwise mean skin friction coefficient
is integrated between the start of the computational domain (CFD) and the transition
location of the MVGs.

strong limitations of local linear stability theory, these recommenda-
tions should be verified in wind tunnel experiments or high fidelity
DNS.

3.4. Additional aspects

Before concluding the analysis, some additional aspects of the MVGs
are discussed. These are non-local effects, which are analysed using
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plane-marching PSE for a single MVG configuration. Then, absolute
instability, and roughness-induced transition are covered briefly.

Fig. 17 shows the growth rate contours for the secondary sinuous
mode (Fig. 17(a)) and the TS waves (Fig. 17(b)). The dashed lines
are the results of the BiGlobal stability calculation, the solid lines
display the PSE solution. The parameters of the MVG are 7 = 1.7 mm,
d/A = 05, and A = 16.75 mm. This configuration is the same as
displayed in Fig. 11(c); the choice was motivated by the fact that this
configuration exhibits both strong stabilisation of the TS waves but also
significant secondary instability. It stands out from both figures that
non-local effects play an important role. The discrepancy between the
two methods is more significant in the case of the secondary instability,
which is located more upstream, where non-parallel effects are more
substantial. The comparison highlights the importance of non-local
effects; however, since no qualitative differences can be found, our
approach - large number of BiGlobal stability computations to restrict
the parameter space, then switching to PSE - is not refuted.

Next, the question of absolute instability is discussed briefly. As
mentioned in Section 2.2, the calculation of the three-dimensional base
flow cannot capture absolute instability because of the (i) stationary
form of the NS equations is solved, and (ii) only half of the geometry is
simulated with symmetry boundary condition. However, in the case of
the MVG with nearly the best parameters (2 = 1.9 mm, d/A = 0.5,
A = 265 mm), DNS of the time-dependent NS equations with the
whole geometry was performed. The time step was 10~>, and 11000
time steps were simulated, for which the initial condition was the
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inlet velocity profile. Since the initial condition does not satisfy the
governing equations, there is a transient which should be sufficient to
trigger absolute instability. However, no absolute instability was found:
the solution converged to a stationary value. This finding suggests that
the present recommendations for the MVGs satisfy the criterion of no
absolute instability; nevertheless, absolute instability may be possible
for other MVG configurations, and may also be partly responsible for
the discrepancy between the experimental and simulated values in the
streak amplitudes.

As a final remark, an additional aspect of transition advancement
due to the presence of the MVGs is discussed. It is well known that
surface roughness can lead to premature transition to turbulence. The
advancement of transition is known to correlate with the roughness
Reynolds number Re, = U(j = §)§/9, where § is the roughness height.
Recently, Weingértner et al. [23] measured Re, for their MVG configu-
rations to assess the roughness-induced transition scenario. They found
Re, = 786 for all of their MVGs. All the presently investigated MVGs
are below this value (Re, = 600 for the highest MVG with A =19 mm).
However, this does not mean that none of the MVGs investigated in
the computations advance transition, since Re, is expected to depend
significantly on the MVG geometry and configuration. MVGs according
to the proposed recommendation are spaced more sparsely than those
used by Weingértner et al. [23]; therefore, they generate a locally
weaker shear layer which might result in a higher Re,. Re, should be
either calculated or measured for the proposed MVG geometries, also
considering for the effect of the free-stream turbulence, which is known
to significantly influence roughness-induced transition [80].

4. Summary and concluding remarks

In this paper, a parametric study of MVGs has been conducted
to gain insight into the streak evolution, the attenuation of the TS
waves and the emergence of secondary instabilities, using local linear
stability analysis as a tool. Based on previous studies, the base flow
was calculated using three-dimensional CFD simulations near the MVG,
and the downstream evolution of the streaky boundary layer was cal-
culated using BRE. The streaky boundary layer evolution was analysed
using both the difference based and integral streak amplitudes that are
common in the literature.

The stability calculations were conducted by solving the BiGlobal
stability equations, with two sets of calculations for each investigated
MVG case: one targeting the modified TS waves, and a second one
aimed at tracking the potentially arising secondary instabilities which
may advance transition. The transition location was estimated with
the eV method from the TS waves using a conservative N = 7 value,
and the N factor was calculated for the secondary instabilities as an
indicator as the destabilisation, since no N value is available for them.
Furthermore, since multiple secondary unstable modes can arise that
need to be tracked separately and are hard to distinguish, as a sim-
plification, an alternative Ny factor was proposed. Ny is calculated
from the most unstable eigenvalue of the spectrum at each streamwise
location and frequency and was found to be perfectly suitable. This
substantially reduces the computational cost.

First, the experiments of Sattarzadeh and Fransson [22] were mod-
elled. The excellent agreement of the streak amplitudes validates the
base flow calculation. However, the discrepancies in some of the cases
should be analysed in more detail in future studies to gain more insight
for the improvement of the modelling. Although the comparison be-
tween the local stability calculations and experimental disturbance am-
plification values is not meaningful, the their correlation suggests that
local stability analysis can give meaningful recommendations regarding
the partial optimality of MVGs.

Examining the streak amplitude evolution, it was found that remi-
niscent of the optimal vortices, the spacing of the MVGs should be so
that equidistant counter-rotating vortices are produced. As such, the
interaction of the individual vortices can be tuned by changing the
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spanwise spacing A to achieve a balance between the initial amplitude
peak and far downstream persistence of the streaks. Using this we can
avoid initial high streak amplitudes that can give rise to secondary
instabilities, and the streak extending far downstream can successfully
attenuate the TS waves. Furthermore, using the MVG height h, the vor-
tex strength can also be controlled. These findings were also supported
by the analysis of the streamwise vorticity evolution: the interaction of
the counter-rotating vortices determines how fast the lift-up mechanism
converts the streamwise vorticity into streaks, and also affects the
decay of the streaks. Furthermore, a thorough comparison of the two
streak amplitude measures revealed that ASL! can better capture the
qualitative changes in the flow. However, to measure the stabilisation
of the flow, A‘S“Tl may be more suitable as it measures the modulation
of the boundary layer.

The local linear stability analysis of the streaky flow structures
suggests that compared to the previous experimental configurations, the
transition delay could be increased substantially, without significant
secondary instabilities. The stability analysis unveiled similar trends as
the streak amplitude analysis: d/A = 0.5 yields optimal results for a
lower MVG height, which slightly decreases for increased MVG heights.
These d/A MVG spacings that produce nearly equally spaced counter-
rotating vortices were not investigated before, and they show superior
performance compared to previously studies on MVG spacings. Regard-
ing the additional MVG parameters, reasonable recommendations are
A/h = 15, and the calculations indicate that the MVG height can be as
high as h/ée9 = 0.5.

In addition to these findings, it was shown that the cumbersome
tracking of the individual secondary instabilities that arise because of
the very strong boundary layer modulation, can be circumvented. Using
proposed N,y factor, calculated with the most unstable eigenmode
of the spectrum, the secondary modal instabilities can be qualitatively
described. This is because the strong destabilisation of the streaks is
always caused by the secondary sinuous instabilities. Therefore, the
N v factor could be used to quantify the secondary instability of the
streaky structures in future studies.

The suggestions of this study should be also investigated either ex-
perimentally, or with high fidelity direct numerical simulation. Never-
theless, the methodology of this study may be used in the optimisation
of MVGs: the (relatively) efficient local linear stability calculation allow
the restriction of the large parameter space of possible MVG or rough-
ness configurations. A brief comparison of the growth rates of BiGlobal
stability equations and plane marching PSE showed the importance of
non-local effects; however, as no qualitative changes were observed
between the two cases, the comparison support the proposed method-
ology. Then, additional phenomena that require more computationally
intensive or more cumbersome tools can be considered.

Perhaps the best complement to this study would be stability analy-
sis of the three-dimensional flow around, and in the close downstream
vicinity of the MVGs. In the fully three-dimensional flow, global resol-
vent analysis is a suitable tool, which should be feasible considering
the recent advancements in iterative solvers [44], randomised linear
algebra [81] to find the worst-case disturbances. Furthermore, the
restriction of the input space to plane wave solutions to model vorticity
(gusts) and acoustic waves in the to model the excitation of the insta-
bility waves through the long-short wave conversion mechanism [41],
as proposed by Kamal et al. [43], is a promising way to tackle the
receptivity problem.

Finally, as pressure gradient and curvature influence the veloc-
ity profile substantially, recommendations based on the study of the
Blasius boundary layer do not necessarily generalise. Although these
effect should be considered in future studies, the issue of robust-
ness, in our opinion, should be prioritised. The boundary layer is
a very strongly non-normal system, which through the definition of
the pseudospectrum, implies a strong sensitivity of the system (or its
eigenvalues) to changes in the system [82,83]; see also Brandt et al.
[84] for a discussion on the sensitivity of the lift-up and TS waves in
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the Blasius boundary layer. Manufacturing imperfections, or off-design
operation conditions such as increased turbulence intensity, change
in the free-stream velocity, increased surface roughness due to insect
contamination or ice accumulation, can possibly deteriorate the flow
control performance. In the future, these effects should be studied and
quantified.
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