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A B S T R A C T 

Recent observations of a few young pulsar wind nebulae (PWNe) have revealed their morphologies in some detail. Given the 
availability of spatio-spectral-temporal data, we use our multi-zone (1D) leptonic emission code to model the PWNe associated 

with G29.7 −0.3 (Kes 75) and G21.5 −0.9 (G21.5), and obtain (by-eye) constraints on additional model parameters compared to 

spectral-only modelling. Kes 75 is a Galactic composite supernova remnant (SNR) with an embedded pulsar, PSR J1846 −0258. 
X-ray studies reveal rapid expansion of Kes 75 over the past two decades. PWN G21.5 is also a composite SNR, powered by 

PSR J1833 −1034. For Kes 75, we study a sudden plasma bulk speed increase that may be due to the magnetar-like outbursts of 
the central pulsar. An increase of a few per cent in this speed does not result in any significant change in the model outputs. For 
G21.5, we investigate dif ferent dif fusion coef ficients and pulsar spin-do wn braking indices. We can reproduce the broad-band 

spectra and X-ray surface brightness profiles for both PWNe, and the expansion rate, flux o v er different epochs, and X-ray 

photon index versus epoch and central radius for Kes 75 quite well. The latter three features are also investigated for G21.5. 
Despite obtaining reasonable fits o v erall, some discrepancies remain, pointing to further model revision. We find similar values 
to o v erlapping parameters between our 1D code and those of an independent 0D dynamical code ( TIDE ). Future work will 
incorporate spatial data from various energy wavebands to improve model constraints. 

Key words: astroparticle physics – radiation mechanisms: non-thermal – pulsars: individual (PSR J1846 −0258, PSR 

J1833 −1034). 
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 I N T RO D U C T I O N  

ulsars are compact, rapidly rotating, highly magnetized objects. 
hey inject a relativistic stream of charged particles known as the 
ulsar wind into their surroundings. These charged particles ( e ± and 
ossibly nuclei and ions) in combination with the local magnetic field 
enerate an ambient structure termed the pulsar wind nebula (PWN; 
ee e.g. Gaensler & Slane 2006 , and references therein), which is
isible across the electromagnetic spectrum. The multiwavelength 
adiation is produced via the synchrotron radiation (SR) process 
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radio to gamma rays, up to the MeV–GeV range) and via synchrotron 
elf-Compton (SSC) or external-Compton (EC) mechanisms in the 
ery-high energy (VHE; 100 GeV ≤ E γ < 100 TeV) and ultrahigh
nergy (UHE; E γ ≥ 100 TeV) regimes (e.g. de Jager et al. 1996 ;
el Zanna et al. 2006 ; Fleishman & Bietenholz 2007 ; Tanaka &
akahara 2010 ; Mart ́ın et al. 2012 ; Torres et al. 2013 ; Zhu et al. 2018 ;
an Rensburg et al. 2020 ; Joshi et al. 2023 ). While the majority of
WN models (including this w ork) invok e a leptonic origin for the
road-band emission spectrum, in recent years the tail of the TeV–
eV gamma-ray spectrum in the Crab PWN has been linked to the
resence of cosmic-ray protons beyond 10 15 eV in this object (Liu &
ang 2021 ; Peng et al. 2022 ). 
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PWNe are inferred to evolve quite rapidly with time, as deduced
y studying objects of different ages. The bulk of the evolution
pparently happens within the span of tens of thousands of years. It
s all the more no v el to directly observ e temporal variability on many
ifferent scales; for example, the expansion of a particular PWN over
he time-scale of decades, as in the case of Kes 75 (Reynolds et al.
018 ) or to observe the dynamic morphological changes in PWN
lements such as the corkscrew jet of Vela (Kargaltsev et al. 2003 ).
he general evolution of a PWN is characterized by three main phases
oupled with the surrounding supernova remnant (SNR; see e.g.
lane 2017 for a re vie w). In the initial phase, a young PWN expands

nside the freely expanding SNR ejecta. Early analytical studies were
one by Reynolds & Che v alier ( 1984 ) and Che v alier & Fransson
 1992 ), and later, numerical simulations for cases ranging from
lassical to relativistic hydrodynamical systems, were performed by
er Swaluw et al. ( 1998 ), Blondin et al. ( 2001 ), der Swaluw et al.

 2001 ), and Bucciantini et al. ( 2003 , 2004 ). The next stage involves an
nsteady phase for the PWN due to the collision with the SNR reverse
hock (McKee 1974 ) which happens for PWNe older than > 1 . 5 kyr
der Swaluw et al. 2001 ). The reverberations from the reverse shock
esult in contraction and expansion of the PWN (Der Swaluw et al.
998 ; Blondin et al. 2001 ; der Swaluw et al. 2001 ; Torres & Lin
018 ; Bandiera et al. 2023a , b ). In the final phase of the evolution,
he PWN has left or survived the host SNR, and its interaction with
he interstellar medium results in a bow-shock structure for the PWN
see, e.g. Wilkin 1996 in context of generic bow-shocks; Olmi &
ucciantini ( 2019 ) and references therein for numerical simulation

tudies). 
Most theoretical work has been done on the first and simplest PWN

hase, and mostly within the context of single-zone (0D) models.
his evolutionary phase will also be the focus of the current paper.
o we ver, in order to improve our model constraints, we will jointly fit

pectral, temporal, and spatial data using a multizone (1D) model, for
wo particular young objects: G29.7 −0.3 (Kes 75) and G21.5 −0.9
G21.5). The reasons for this choice are as follows. In the case of Kes
5, in addition to the recently analysed archi v al spatial data (Hu et al.
022 ), there are intriguing temporal X-ray data that indicate the rapid
xpansion of the PWN over the past two decades (Reynolds et al.
018 ). The embedded pulsar also exhibits mysterious magnetar-like
ursts that may lead to an increase in the bulk flow speed of the
urrounding plasma, with the possibility of related observational
ignatures. In the case of G21.5, we can use the broad-band radiation
pectrum and surface brightness (SB) profile to constrain parameters
uch as the diffusion coefficient and B-field spatial behaviour. 

In this article, we will use a 1D leptonic emission code that
alculates relativistic particle injection, transport, and emission as the
articles traverse the PWN (van Rensburg, Kr ̈uger & Venter 2018b ).
e also use the 0D code TIDEFIT (see Martin & Torres 2022 and

eferences therein, to cross-check our models). Below, we give an
bserv ational re vie w for each of our sources (Section 2 ). A brief
escription of our 1D model and its implementation is provided
n Section 3 , with a detailed parameter study and results showing
 simultaneous representation of multiple data for both sources
resented in Section 4 and Section 5 , respectively. The discussions
f our model results are given in Section 6 and conclusions follow in
ection 7 . 
NRAS 535, 2415–2435 (2024) 
 OBSERVATI ONA L  REVI EW  O F  S O U R C E S  

.1 Kes 75 

es 75 (Kesteven 1968 ) is a prototypical composite SNR that
ontains a PWN powered by pulsar PSR J1846 −0258 (hereafter,
1846). It is also one of the youngest SNRs in the Galaxy. Becker &
elfand ( 1984 ) first argued that this is a ‘composite SNR’ containing
oth a shell and a PWN radio component, the latter having a
adio index α ∼ 0 . 0 ( S ν ∝ να) and a highly polarized, centrally
eaked radio distribution, upon imaging this source with the Very
arge Array (VLA) at 2, 6, and 20 cm. Salter et al. ( 1989 ) added
ata at 84 GHz and concluded there may be a spectral steepening
etween 15 –84 GHz ( α ∼ −0 . 3). Its distance was estimated to be
 = 5 . 8 ± 0 . 5 kpc (Verbiest et al. 2012 ), but recently Ranasinghe &
eahy ( 2018 ) updated the estimate to d = 5 . 6 ± 0 . 3 kpc. 
Kes 75 has been detected at VHEs by the High Energy Stereoscopic

ystem (H.E.S.S.), with a flux of 2.4 × 10 −12 erg cm 

−2 s −1 and
 photon spectral index of � ∼ 2 . 3 (Terrier et al. 2008 ). At these
nergies, the source manifests as a point source, and it is not clear
hat the relative flux contribution of the SNR shell versus that of

he PWN might be (a similar observational situation is found in the
etection by INTEGRAL ; cf. McBride et al. 2008 ). Ho we ver, the
ize of this point-like TeV source is 0 . 010 ± 0 . 013 ◦, which is much
maller than the diameter of the SNR shell of 3 ′ but comparable
o the PWN’s diameter of 40 arcsec in the radio band (Ng et al.
008 ; H.E.S.S. Collaboration et al. 2018 ). Furthermore, assuming a
istance of 6 kpc for this source, the estimated PWN spectral energy
istribution (SED) and the deriv ed conv ersion efficienc y of the spin-
own luminosity of the pulsar to the γ -ray emissions are consistent
ith the origin of a PWN (see e.g. Tanaka & Takahara 2011 ; Torres

t al. 2014 ). Moreo v er, this TeV source is classified as a PWN in
he TeVCat catalogue (Djannati-Ata ̈ı et al. 2008 ). Therefore, we also
onsider this VHE source to be the TeV counterpart of PWN Kes 75.

In the GeV band, Straal et al. ( 2023 ) detected flux abo v e 100 MeV
hich they considered to be a combination of both pulsar magne-

ospheric and PWN emission. They concluded that the emission
n the range 100 MeV –2 GeV should originate from the pulsar’s
agnetosphere, and they model the emission above 10 GeV as

riginating from the PWN. They regarded the point source with a
og-parabola spectrum, 4FGL J1846.9 −0247c, to be the counterpart
f Kes 75. This has been the case up to and including the Data
elease 3 of the Fourth Fermi Point Source Catalog (4FGL-DR3;
bdollahi et al. 2020 , 2022 ). Ho we ver, with the release of 4FGL-DR4

Abdollahi et al. 2022 ; Ballet et al. 2023 ) and subsequent GeV PWN
tudies, a new faint point-like source, 4FGL J1846.4 −0258, is now
dded as the counterpart to Kes 75 instead (private communication;
. Eagle). Also, since the GeV emission from Kes 75 is faint, and
FGL J1846.9 −0247c is at a distance of > 0 . 2 ◦ from Kes 75, it can
urther be argued that the latter source is not associated with the Kes
5 PWN. In what follows, we indicate the published Fermi Large
rea Telescope (LAT) data from Straal et al. ( 2023 ) and compare

he SED prediction from our PWN model to these older data. Since
ur model does not include pulsed emission from the pulsar, we
how their data below 2 GeV (interpreted to be from the pulsar) for
epresentation purposes, but we do not model those data. 
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1 If one assumes τexp = P / ( n − 1) ̇P , one finds n ∼ 1 . 4. This is similar to the 
estimation made using the Giant Metrewave Radio Telescope of n = 1 . 857 
(Roy et al. 2012 ). 
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In the X-ray regime, the Chandra X-ray Space Telescope was, 
o we ver, able to resolve the morphology of the source as well as infer
ts expansion from 2006 to 2016, tentatively detecting no discernible 
roper motion of the pulsar (Reynolds et al. 2018 ). Ng et al. ( 2008 )
ound a jet-torus PWN structure in the X-rays, with the absence of
n observable counterjet, yielding a lower limit on the flow speed 
f 0 . 4 c. On the other hand, Reynolds et al. ( 2018 ) found a northern
nd southern jet in the keV band, and observed great changes in their
orphologies on a timescale of a decade, attributable to the short-

erm pulsar activity (See their fig. 3). Absence of shell emission in
he east points to a density gradient of the medium into which Kes 75
s expanding. Recently, Hu et al. ( 2022 ) analysed archi v al Chandra
ata for various sources (spanning 2000 to 2016 for Kes 75). They
tted spatial features of several sources using a pure diffusion model, 
uggesting the dominance of diffusion in the particle transport in the 
ajority of these sources. To explain the discrepancy in consistency 

f parameters for a couple of their targets, they proposed the need for
 spatially dependent magnetic field, which is something we consider 
n this paper. 

Kes 75’s embedded pulsar, J1846, was disco v ered as a rotation-
owered pulsar in 2000 (Gotthelf et al. 2000 ) in the X-ray band,
ut no pulsations were detected in the radio band (Archibald et al.
008 ) and also not significantly (4.2 σ ) in the 30 –100 MeV gamma-
ay band (Kuiper et al. 2018 ) nor in the > 100 MeV band (Straal
t al. 2023 ), due to a lack of statistics. It is one of the most
nergetic pulsars known, with a period of ∼ 326 ms and a spin-
own luminosity of 8.1 ×10 36 erg s −1 . For a period deri v ati ve of
.1 ×10 −12 s s −1 (Gotthelf et al. 2000 ), it has a small characteristic
ge of τc ≡ P / 2 Ṗ ∼ 728 yr (for the canonical value of the braking
ndex, n = 3). Its inferred magnetic field of 5 × 10 13 G places it on
he verge of the magnetar population. Indeed, in 2006, this pulsar
xhibited magnetar-like short X-ray outbursts (Gavriil et al. 2008 ; 
umar & Safi-Harb 2008 ), with a subsequent softening of the X-

ay spectrum (Gavriil et al. 2008 ) and a change in the pre-burst
raking index value from n = 2 . 65 ± 0 . 01 (Livingstone & Kaspi
006 ) to n = 2 . 16 ± 0 . 13 (Livingstone et al. 2011 ). Archibald et al.
 2015 ) found an index n = 2 . 19 ± 0 . 03 over a seven-year period
ollowing the outburst (i.e. from 2006 to 2013), with evidence 
or a glitch that occurred between 2005 and 2008. After 14 yr of
uiescence a pulsar reacti v ation (outburst in 2020 August) was 
eported by Krimm et al. ( 2020 ); Blumer et al. ( 2021 ). Hu et al.
 2023 ) detected a large spin-up glitch in NICER (Neutron star
nterior Composition ExploreR) monitoring data and an increase 
n pulsed X-ray flux, similar to the behaviour of the 2006 outburst.
hey reported a braking index of n = 2 . 7 ± 0 . 2 before this outburst,

ndicating that between 2006 and 2020, the spin-down relaxed to 
he original evolution before the 2006 outburst. The braking index 
alue post-2020 outburst has not been estimated yet due to a lack of
ata. 

.2 G21.5 

21.5 has been known as a radio source in our Galaxy from the
970s. It was later observed as an extended X-ray and radio source
y the Einstein Observatory and radio instruments (Altenhoff et al. 
970 ; Beck er & Szymk owiak 1981 ). It is a composite SNR, where
he central region is plasma-filled and powered by a pulsar (PSR
1833 −1034), and it also has an expanding surrounding shell of ma-
erial powered by the supernova blast wave. The period of the pulsar is
 = 61 . 9 ms and its deri v ati ve is Ṗ = 2 × 10 −13 s s −1 (Camilo et al.
006 ). Its current spin-down power is 	 3 . 4 × 10 37 erg s −1 , ranking
t as the fifth highest Ė rot pulsar in our Galaxy (Manchester et al.
005 ). The characteristic age of the pulsar is τc = 4 . 9 kyr (Gupta et al.
005 ). The revised source distance is d = 4 . 4 ± 0 . 2 (Ranasinghe &
eahy 2018 ) compared to earlier estimations of ∼ 4 . 7 kpc (Becker &
zymkowiak 1981 ; Tian & Leahy 2008 ). 
The radio spectrum of G21.5 is similar to that of two other young

WNe: Crab and 3C 58. It is uniform o v er the circular projected
mage of the PWN of ∼ 1 arcmin in extent (Bietenholz & Bartel
008 ). Using the expansion speed of the nebula, its age is estimated. 1 

o be τexp = 870 + 200 
−150 yr (Bietenholz & Bartel 2008 ). 

Infrared (IR) observations of this object were performed us- 
ng the Very Large Telescope (VLT), the Canada–France–Hawaii 
elescope, and the Spitzer Space Telescope by Zajczyk et al. 
 2012 ). Significant linear polarization was found, indicating a non-
hermal origin of the IR emission, which helps to constrain the
ynchrotron part of the spectrum. Ho we ver, their observ ations are
rom a 2 arcsec region around the central pulsar and also the flux
e vels were lo wer compared to the IR observ ations by Gallant &
uffs ( 1999 ). In our modelling, we have considered the IR ob-
ervations based on Gallant & Tuffs ( 1999 ), that also indicate
hat G21.5’s PWN has a morphology very similar to that of the
rab. 
In the 0 . 1 –10 keV band, Chandra X-ray observations revealed a

on-thermal emitting region of size of 40 arcsec in which the X-
ay spectrum becomes steeper with radial distance from the pulsar 
Matheson & Safi-Harb 2005 ). NuSTAR also observed this object 
ithin a radius of 165 arcsec , and reported that the spectra in the

nergy range of 3 –45 keV are better explained by a broken power-
aw with a break at 9 . 7 ± 1 . 3 keV (Nynka et al. 2014 ). The spectral
ndices below and abo v e the break energy are 1 . 996 ± 0 . 013 and
 . 093 ± 0 . 013, respecti vely. Ho we ver, Hitomi analysis selected a
patial extent of 140 arcsec . Their observations in the energy range
 . 8 –80 keV revealed a break at 7 . 1 ± 0 . 3 keV, characterized by a
ower spectral index value of 1 . 74 ± 0 . 02 before the break energy.
eyond the break, the index value increased to 2 . 14 ± 0 . 01, with

he emission predominantly originating from the PWN. The exact 
ause of the lower value of the break energy remains unknown and
arrants further investigation (Hitomi Collaboration et al. 2018 ). 
ecently, Hu et al. ( 2022 ) used 0 . 5 –8 keV Chandra X-ray archi v al
bservations (spanning 1999 –2014) to derive a spectral index of 

1 . 4 in the innermost region, steepening to ∼ 2 . 2 at a radius of
5 arcsec . This steepening might be connected with the injection of
lectrons from the central pulsar and SR cooling as they traverse
he PWN magnetic field (Slane et al. 2000 ). This source is useful
o cross-calibrate instruments, for example X-ray satellites, due to 
ts lower brightness compared to the Crab PWN (Tsujimoto et al.
011 ). 
INTEGRAL observations suggest that there is a relatively small 

ontribution ( < 20 per cent ) from the pulsar in the 0 –200 keV
nergy range, and most of it is due to a PWN of size 40 arcsec
de Rosa et al. 2009 ). On the other hand, Fermi LAT observations
eported no detection of GeV radiation from this object (Ackermann 
t al. 2011 ). TeV gamma-ray observations of this region identified
he source HESS J1833 −105 (Djannati-Ata ̈ı et al. 2008 ). This
bject was also observed by H.E.S.S. during their Galactic Plane 
urv e y and the emission properties were consistent with the previous
bservations (H.E.S.S. Collaboration et al. 2018 ). The H.E.S.S. 
ource spectral shape ( � = 2 . 1 ± 0 . 2) is very similar to the INTE-
MNRAS 535, 2415–2435 (2024) 
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2 As in Kennel & Coroniti ( 1984 ), we assume that V 0 is a constant. This means 
that the velocity profile only changes with space, and not with time. It may 
be interesting to consider the impact of V 0 ( t) in future, but this will introduce 
more free parameters to the model, that would need to be constrained by, e.g. 
MHD modelling. 
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RAL hard X-ray spectral index of � X = 2 . 2 ± 0 . 1 (de Rosa et al.
009 ). 

 M O D E L  A SSU MPTIONS  A N D  T E C H N I C A L  

E TA ILS  

.1 Theoretical framework 

he leptonic PWN model we use in this paper is basically the same as
escribed in van Rensburg, Venter & Kruger ( 2018a ), van Rensburg
t al. ( 2018b ), and van Rensburg ( 2020 ); the only update is adding an
ncrease in the bulk flow speed V 0 after some time t 0 in the case of Kes
5 that may be due to the magnetar-like flares that deposit additional
nergy into the system. Martin et al. ( 2020 ) suggest that such bursts
ay lead to increased pair formation and hence an injection of

dditional energetic leptons into the PWN, or boost the mean strength
f the nebular magnetic field. Such perturbations may yield increases
n the flux in some radiative bands, depending on model parameters.
ere, we investigate the scenario where the bulk flow is suddenly

ncreased by a few per cent, given the energy deposition via the bursts
See Appendix A ). We furthermore exploit new model outputs and
t them to new data (expansion rate, time-dependent X-ray flux;
ection 3.4 ), in addition to previous model outputs. In this section, we

herefore summarize only the main elements of the spatio-temporal
odel. More details may be found in van Rensburg et al. ( 2018b ). 
As a first step, we solve the following Fokker–Planck-type trans-

ort equation: 

∂ N e 

∂ t 
= −V · ( ∇N e ) + κ∇ 

2 N e + 

1 

3 
( ∇ · V ) 

([
∂ N e 

∂ ln E e 

]
− 2 N e 

)

+ 

∂ 

∂ E 

( ̇E e , rad N e ) + Q ( r , E e , t) , (1) 

here N e ( r , E e , t) is the number of leptons per unit energy and vol-
me, V is the bulk velocity of leptons, κ is the spatially independent
if fusion coef ficient, E e is the particle energy, Ė e , rad is the total, i.e.
he sum of the SR and inverse Compton (IC) scattering, energy loss
ates, and Q is the particle injection spectrum. Here, r is the radial
imension (assuming spherical symmetry) and t is the time since the
WN’s birth. We solve this transport equation in time and energy,

ncluding one spatial dimension. 
The particle injection spectrum is assumed to be a broken power-

aw: 

 ( E e , t) = 

⎧ ⎨ 

⎩ 

Q 0 ( t) 
(

E e 
E b 

)−α1 
E e , min ≤ E e < E b 

Q 0 ( t) 
(

E e 
E b 

)−α2 
E b < E e ≤ E e , max 

, (2) 

here Q 0 ( t) is the time-dependent normalization constant that is
etermined by equating the first moment of the injection spectrum
o a constant fraction η of the time-dependent pulsar spin-down
uminosity L ( t), E b is the injection spectral break energy, E e , min 

 E e , max ) is the minimum (maximum) energy of the injected leptons,
nd α1 and α2 are the spectral indices. To limit the number of free
arameters in this model, we assume that α1 and α2 are time-
ndependent. The choice of the injection spectrum as a broken
ower law is motivated observationally and has been invoked in
henomenological models, where the value of α1 typically varies
n the range 1 . 0 –1 . 8, and after the break the value of α2 is found
o lie in the range 2 . 0 –3 . 1 (Tanaka & Takahara 2011 ; Torres et al.
013 ; Vorster et al. 2013b ; Zhu et al. 2018 ). Since we are injecting
he particle spectrum at the inner boundary of our radial grid, we
an formally write Q ( r , E e , t) = Q ( E e , t) δ( r − r min ), where r min is
aken to be the PWN shock radius. 
NRAS 535, 2415–2435 (2024) 
For the low-energy part of the broken power-law distribution,
anaka & Asano ( 2017 ) found that the low-energy particles can
riginate from stochastic acceleration of relic particles or of particles
njected at the interface of the supernova ejecta (Tanaka & Kashiyama
023 ; Tanaka & Ishizaki 2024 ). Although the injection point of the
ow-energy particles is still a matter of contention (e.g. Aharonian &
toyan 1996 ; Amato et al. 2000 ), the assumption that the low-energy
articles are also injected from the PWN shock radius does not affect
ur results, since the low-energy particles are responsible for the
adio emission of the spatially integrated SED. 

The energy losses in the model are due to radiative and adiabatic
nergy losses. The calculations for radiative losses (SR and IC
cattering) are similar to the globular cluster modelling of Kopp
t al. ( 2013 ) and the expressions can be found in section 2.3 of van
ensburg et al. ( 2018b ). 
The adiabatic losses caused by the bulk motion of the particles

n the expanding PWN are given by the 1 
3 ( ∇ · V ) term in equation

 1 ). Since this is a radiative model, not a magnetohydrodynamic
MHD) one, we parametrize the bulk flow speed profile of the
eptons as well as the magnetic field’s spatial and temporal profile.
he first is parametrized as V ( r) = V 0 ( r/r 0 ) 

αV , where V 0 is the
ulk flow velocity 2 at the termination shock at r 0 = r min , and αV 

s the bulk-flow index parameter. We parametrize the latter as
( r, t) = B age ( r/r 0 ) 

αB 
(
t/t age 

)βB 
, where B age is the present-day

agnetic field at r = r 0 and t = t age ( t age is the age of PWN).
ith Kennel & Coroniti ( 1984 ), we assume that the magnetic field

s toroidal (azimuthal) and the bulk flow is purely radial (further
iscussion of this assumption is provided in van Rensburg et al.
018b ). To limit the number of free parameters for this work, we
ssume a fixed βB = −1 (the variation for βB will be explored in
ur follow-up works). In the free expansion stage of the PWNe, a
ange of values of βB ( −1 . 15 to −1 . 45) have been used (Vorster
t al. 2013b ), while in other works, this parameter was fixed to −1 . 3
Reynolds & Che v alier 1984 ; T anaka & T akahara 2010 ). Varying βB 

n our model between this range did not substantially change the
odel outputs. 
Since this implies that B( r, t) becomes infinite at t = 0 (i.e. for

e gativ e values of βB ) in this approximate parametrized expression,
e limit the maximum magnetic field to 10 B age . To test the robust-
ess of this prescription, we also tested the value B max = 30 B age 

nd did not find significant changes to our model outputs, given our
ssumed value for current age, t age (because the B-field is only very
arge for a very short time and for a small region in space). Raising
his maximum value increases the computational time significantly
hile affecting the results only marginally, hence we consider this

o be a reasonable limit, since we do not expect assumptions for t age 

o change too much. The magnetic field variation for different radial
istances o v er the first 50 yr of K es 75’s lifespan is sho wn in Fig. 1 . 
We furthermore assume that, since the nebular plasma is a good

onductor, we can apply the ideal MHD equations to describe the
WN wind such that the magnetic field is frozen into the outflowing
lasma. In this case, Ohm’s law becomes 

 = −v × B . (3) 
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Figure 1. Parametrized nebular magnetic field for a present-day field of 
B age = 135 μG ( αB = −0 . 8, and βB = −1 . 0) for the first 50-yr lifespan of 
Kes 75 o v er different radial distances in parsec (pc). 
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y combining this with Faraday’s law, we find (e.g. Ferreira & de
ager 2008 ) 

∂ B 

∂ t 
= ∇ × ( v × B ) . (4) 

o link the radial profiles of the magnetic field and bulk motion of the
articles, we assume with Sch ̈ock et al. ( 2010 ), Holler et al. ( 2012 ),
nd Lu et al. ( 2017 , 2019 ) that the temporal change in the magnetic
eld is slow enough that we can set ∂ B / ∂ t 	 0 in the abo v e equation,
ven for a time-dependent prescription of B. (This assumption holds 
xactly for steady-state models such as those of Kennel & Coroniti
984 ; Vorster et al. 2013a ; it may not be fully applicable for the first
ecade of the evolution, see Fig. 1 , although this represents only a
mall fraction of the total age.) From this follows 

 Br = V 0 B age r 0 = constant , (5) 

hich for our simplified parametric specifications of the magnetic 
eld and bulk flow implies that 

V + αB = −1 . (6) 

his relation is used to reduce the number of free parameters by one
nd to simplify our exploration. 

The diffusion is assumed to be either Bohm-type, 

( E e ) = κB 
E e 

B( r, t) 
, (7) 

ith κB = c/ 3 e and e denoting the elementary charge, or a power-law
ype (e.g. Kolmogorov-type), 

( E e ) = κX 

(
E e 

E 0 

)δ

, (8) 

here κX and δ are the diffusion coefficient normalization and 
 xponent respectiv ely, similar to what has been used in Galactic
osmic-ray studies. We present a moti v ation of the choices for δ
elow in Section 3.2 , whereas κX is left as a free parameter to be
onstrained by the spatial and spectral data. 
.2 Diffusion 

lthough a considerable amount of theoretical work (see e.g. 
chlickeiser 2002 ; Shalchi 2009 , 2020 ; Engelbrecht et al. 2022 )
as been done in the context of the heliosphere, very few studies
f particle diffusion in PWNe have been performed (see, however, 
ang & Che v alier 2012 ; Vorster et al. 2013a ; Olmi et al. 2016 ; Porth
t al. 2016 ; Olmi & Bucciantini 2019 ; Lu et al. 2023 ; Zhu et al.
023 ). This renders studies of the relative influence of diffusion
s a transport mechanism in these environments difficult. These 
ifficulties are further exacerbated by the lack of observational 
onstraints pertaining to both the large-scale behaviour of PWN 

lasma quantities as well as the nature of the plasma turbulence.
he latter information is essential when modelling the diffusion 
oefficients of energetic charged particles. 

Ho we ver, some information as to the energy dependencies of
hese coefficients can be gleaned from existing theories, by making 
ssumptions as to the nature of the turbulence, as well as the large-
cale PWN magnetic field. Assuming the pulsar wind magnetic field 
PWMF) is essentially frozen into the outflow of charged particles 
hen σ (the ratio of electromagnetic energy density to that of 
articles) is low (i.e. a high plasma- β scenario), and a radial outflow
f said particles, the PWMF can be assumed to spatially scale as a
iv ergence-free P arker ( 1958 ) magnetic field, giv en by 

 ( r, θ ) = B 0 s 

( r 0 

r 

)2 (
ˆ u r − tan � ̂

 u φ

)
(9) 

tan � = 

�( r − r 0 ) sin θ

V 0 
, (10) 

here the Parker field is assumed to emanate from a source surface
ocated at a distance r = r 0 (with a value there of B 0 s ), nominally
here σ drops below 1. Furthermore, V 0 denotes the pulsar wind 

peed, � is the rotation rate of the pulsar wind at r 0 , and � is the
inding angle between the magnetic field and the radial direction. 
s a 1D approach is being taken in this paper, as a first approach
e can assume that the co-latitude θ = 90 ◦ so that, given the high

otation rate and pulsar wind speed, the abo v e reduces to the familiar
 

−1 radial dependence for the magnetic field magnitude (beyond the 
ulsar light cylinder, where the corotation speed equals the speed of
ight). Given the self-consistent constraint of equation ( 6 ), this would
ean that αB = −1 and αV = 0. This, of course, is only valid prior

o any later shock in the plasma. For instance, in the heliosphere the
tellar wind drops below supersonic speeds at ∼ 85 au generating the
eliospheric termination shock, after which the Parker field would 
ot adequately describe the heliospheric magnetic field (see e.g. 
leimann et al. 2022 , and references therein). Note that, the presence
f analogous termination shocks in PWNe are expected from theory 
nd observation (see e.g. Lyubarsky 2003 ; Kirk et al. 2009 ; Slane
017 ; Cerutti & Giacinti 2020 ). Assumptions about the PWN field
tructure leads to a constraint for parameter studies, particularly for δ,
hich go v erns the energy dependence of the dif fusion coef ficient in

quation ( 8 ). For a pulsar, such a Parkerian field would be essentially
zimuthal, with the implication that the radial diffusion coefficient, 
hich is what is technically employed in our 1D transport model,
ould be dominated by the dif fusion coef ficient perpendicular to the
agnetic field. 
It should be noted, ho we ver, that the perpendicular diffusion

oefficient would be expected to be considerably smaller than the 
if fusion coef ficient parallel to the PWMF (see e.g. Engelbrecht
t al. 2022 ; Herbst et al. 2022 ). The strong background PWMF would
mply the presence of strongly anisotropic transverse 2D turbulence, 
ased on MHD simulations performed by Shebalin et al. ( 1983 ),
MNRAS 535, 2415–2435 (2024) 
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3 While we assume that the PWN is in a freely-expanding stage, we ef fecti vely 
ignore the outer SNR conditions; there is therefore no hydrodynamic 
boundary in our model. 
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hich could in principle lead to ef fecti ve cross-field pitch-angle scat-
ering. In such a scenario, a reasonable model for the perpendicular
if fusion coef ficient would be the non-linear guiding centre (NLGC)
heory of Matthaeus et al. ( 2003 ). Cosmic-ray modulation studies
mploying diffusion coefficients derived from this theory have
uccessfully reproduced spacecraft observations of Galactic cosmic-
ay protons and antiprotons (e.g. Engelbrecht & Moloto 2021 ), and
aid diffusion coefficients are in good agreement with numerical
est-particle simulations in synthetic turbulence (e.g. Minnie et al.
007 ). Although more comple x e xpressions for electron diffusion
oefficients have been proposed and employed in modulation studies
see e.g. Engelbrecht 2019 ; Dempers & Engelbrecht 2020 ), the
LGC expression has the benefits of being relatively tractable as
ell as successful in reproducing heliospheric observations. 
The NLGC theory, ho we ver, requires at the very least an estimate

or the form of the 2D magnetic turbulence power spectrum, which
s obviously currently impossible to ascertain from observations for
WN contexts. MHD simulations can provide useful insights, such
s those of Porth et al. ( 2016 ), who analyse turbulence generated
ia their MHD model and report a spectrum with a wa venumber -
ndependent energy-containing range, and a Kolmogorov inertial
ange. The NLGC diffusion coefficient also needs, at the very least,
n estimate of the energy/rigidity dependence of the parallel mean
ree path. A reasonable approach, based on the assumption that
ighly energetic particles would only be resonantly scattered by
urbulent fluctuations with characteristic length scales comparable
o the particle Larmor radii, and that such fluctuations would be
ound within the wa venumber -independent energy-containing range
f the turbulence power spectrum, would be to assume that the
arallel mean free path scales as R 

2 , where R denotes the particle’s
igidity, following what is expected from magnetostatic quasilinear
heory (Jokipii 1966 ; Teufel & Schlickeiser 2003 ). The NLGC theory
redicts a perpendicular mean free path that scales as λ⊥ 

∼ λ
1 / 3 
‖ , with

‖ the parallel mean free path, leading to a perpendicular diffusion
oefficient that scales, at very high energies, as R 

2 / 3 , implying that
= 2 / 3. Should, ho we ver, the particles in question be resonantly

cattered by fluctuations in the inertial range, whether the spectral
ndex of this be the Kolmogorov value ( −5 / 3) or the Iroshnikov–
raichnan value ( −5 / 2), the parallel mean free path would scale as
 

1 / 3 or R 

1 / 2 , respectively (see e.g. Caballero-Lopez et al. 2019 ). This
ould then imply an NLGC perpendicular mean free path that scales

s R 

1 / 9 or R 

1 / 6 , implying that δ = 1 / 9 or δ = 1 / 6. In what follows,
e investigate the effect of assuming different values of δ, and also

onsider κX to be free, to find optimal by-eye fits to the data. See
ables 2 and 3 for the best qualitative fit values of these parameters.

.3 Implementation 

ur model is spherically symmetric, spatially multizonal, and time-
ependent, and is implemented in a code that calculates the transport
nd radiation of particles as they traverse a PWN. We use a spatial
rid of concentric spherical shells of increasing radius, centred on
he pulsar, which we call zones. The code spans three dimensions:
pace/radius, time, and energy. The radial binning is linear and is
etermined by δr = ( r max − r min ) / ( N − 1 ) , where δr is the radial
tep, r min and r max are the chosen minimum and maximum values of
.02 and 10.0 pc, respectively, and N is the total number of radial
ins. The results are a bit sensitive to the choice of r min . If the
nner boundary is chosen to be too distant, we cannot reproduce
ome of the spatial data at lower radii. Therefore, we tested different
alues of r min and found that 0.02 is most suitable. We choose r max =
0 . 0 pc, which is much larger than the observed radii of both our
NRAS 535, 2415–2435 (2024) 
ources ( ∼ 0 . 8 pc), to ensure that the solution is not prematurely
ut off due to an imposed boundary condition. 3 We tested that our
pectral results are not too dependent on this choice by checking
or convergence within acceptable limits for larger values of this
arameter. The energy bins are calculated on a logarithmic scale,
sing δE = ln ( E max /E min ) / ( M − 1 ) , where δE is the logarithmic
nergy step, and E max and E min are the maximum and minimum
epton energy values (different for particles and also different for the
arious radiation mechanisms), and M is the total number of energy
ins. For a complete description of the binning procedure, refer to
ppendix A.2 in van Rensburg ( 2020 ). We tested for convergence of
ur outputs for both the spatial and energy dimensions for a different
umber of bins. We found that beyond a combination of N = 180
nd M = 200, there are not any appreciable differences in the SED
nd hence, we fix our number of bins at these values. 

The simulation begins at t = 0 representing the time of the birth
f the PWN. The simulation is allowed to go up to the t age . The
ransport of the population of particles inside the PWNe is solved
umerically using equation ( 1 ) o v er the entire age of the PWN (van
ensburg et al. 2018a ). The pulsar is allowed to spin down according

o the usual braking formula (e.g. Pacini & Salvati 1973 ) L ( t) =
 0 (1 + t/τ0 ) −γ , with τ0 ≡ P 0 / ( n − 1) Ṗ 0 = P / ( n − 1) Ṗ − t age the
haracteristic age at birth. The canonical value of n = 3 (implying
= ( n + 1) / ( n − 1) = 2) represents a dipolar magnetic field, and
easurements yield typical values between n ∼ 2 –3 (see for e.g.
aensler & Slane 2006 ), although this value maybe be greater,
r vastly greater when measured on small time scales (Archibald
t al. 2016 ; Ek s ¸i et al. 2016 ; Tong & Kou 2017 ; Li & Gao 2023 or
ohnston & Karastergiou 2017 ; Parthasarathy et al. 2020 ; Lower et al.
021 , respectively). Such large braking indices may be connected,
mong other things, to changes in the pulsar moment of inertia,
agnetic field decay, glitches, or the alignment of the magnetic and

pin axes with time. 
We lastly perform a line-of-sight (LOS) calculation (van Rensburg

t al. 2018b ) to project radiation from multiple spherical shells onto
he plane of the sky, which enables us to estimate the SB and flux as
 function of radial distance. 

.4 The output plots 

y solving equation ( 1 ) numerically, we are able to predict the
ollowing PWN properties in a spherically symmetric scenario: 

(i) Broad-band SED : The SED shows the full radiation spectrum
or the PWN, integrated over the spherical radial coordinate (or
qually, o v er the cylindrical LOS-projected radius), spanning from
adio, through X-rays to the TeV energy range, and including both an
R and an IC component, but neglecting the pulsed GeV component
xpected from the central pulsar. 

(ii) Integral flux for different epochs: The integrated flux over
 particular energy band is then calculated at different epochs
snapshots in time during the PWN ev olution), b ut again integrated
 v er all radii. In the case of Kes 75, this will be compared with
he results in table 3 of Reynolds et al. ( 2018 ), where the flux
as spatially integrated over the whole PWN and the pulsar was

xcluded. It should be noted that the observed decrease in X-ray
ux was not spatially uniform, with most of the decline associated
ith the dimming of the northern knot, thus violating our spherically
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Table 1. A summary of data per energy range we used, corresponding with different model output plots. 

Output plot Energy range References Energy range References 

Kes 75 G21.5 
SED Radio Salter et al. ( 1989 ) Radio to X-ray Hattori et al. ( 2020 ) 

Bock & Gaensler ( 2005 ) 
X-ray Gotthelf et al. ( 2021 ) 
TeV H.E.S.S. Collaboration et al. ( 2018 ) TeV H.E.S.S. Collaboration et al. ( 2018 ) 
Fermi Straal et al. ( 2023 ) ∗ Fermi upper limits Ackermann et al. ( 2011 ) 

Integral flux over different epochs 1 –8 keV Reynolds et al. ( 2018 ) 3 –8 keV Hattori et al. ( 2020 ) 
SB profile 0 . 5 –8 keV Hu et al. ( 2022 ) 0 . 5 –8 keV Hu et al. ( 2022 ) 
Expansion o v er different epochs 0 . 7 –8 keV Reynolds et al. ( 2018 ) – –
X-ray photon index versus distance 0 . 5 –8 keV Hu et al. ( 2022 ) 0 . 5 –8 keV Hu et al. ( 2022 ) 
X-ray photon index versus epoch 1 –8 keV Reynolds et al. ( 2018 ) 3 –8 keV Hattori et al. ( 2020 ) 
X-ray photon index versus energy – – 0 . 3 –45 keV Hattori et al. ( 2020 ) 

Note. ∗As described in Subsection 2.1 , we differentiate the Fermi data from Straal et al. ( 2023 ) using dashed and solid lines to highlight the proposed contribution 
of the pulsar versus the PWN (as considered by Straal et al. 2023 ), respectively. 

Table 2. Preferred model parameters for PWN Kes 75. 

Fixed (measured) parameters Kes 75 

Pulsar period ( P ) (s) 0.326 [1] 
Time deri v ati ve of period ( ̇P ) (s s −1 ) 7 . 1 × 10 −12 [2] 
Age ( t age = τc ) (yr) 728 [3] a 

Present-day spin-down luminosity ( L age ) (erg s −1 ) 8 . 1 × 10 36 [1] 
Braking index ( n ) 2.16 [1] 
Distance to the source (kpc) 5.6 [4] 
Fixed (assumed) parameters 
Index of the injected spectrum ( α1 ) 1.1 
Index of the injected spectrum ( α2 ) 2.4 
Minimum energy of injected leptons ( E e , min , ergs) 8 . 2 × 10 −7 

Maximum energy of injected leptons ( E e , max ) (ergs) 7 . 0 × 10 2 

Break energy ( E b ) (ergs) 0.2 
Magnetic energy conversion efficiency ( η) 0.2 
Particle energy conversion efficiency ( ε) 0.8 
Sigma parameter ( σ ) 0.25 
Magnetic field time dependence ( βB ) −1 . 0 
Soft-photon components: T (K), u (eV cm 

−3 ) 
Cosmic microwave background (CMB) 2.76, 0.23 
Infrared 30.0, 0.3 
Optical 6500, 32 
Fitted parameters 
Radial parameter of the magnetic field ( αB ) −0 . 8 
Present-day magnetic field, B age ( μG) 135 
Bulk flow normalization ( V 0 ) (10 10 cm s −1 ) 0.01 
Dif fusion coef ficient normalization ( κX )(10 24 cm 

2 s −1 ) 8 
Dif fusion coef ficient exponent ( δ) 0.3 

Note. References: [1] Livingstone et al. ( 2011 ), [2] Gotthelf et al. ( 2000 ), [3] Manchester et al. ( 2005 ), [4] Ranasinghe & Leahy ( 2018 ). a https://www.atnf.csiro. 
au/ research/ pulsar/ psrcat/ 
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ymmetric model that we apply as a first approximation here. We 
herefore emphasize that we do not attempt to model a significant 
ux decrease limited to a particular region, as our model cannot 
esolve such a small spatial scale. But we can compare changes in
he total flux from our model distributed o v er the whole PWN with
hat given in their paper. 

(iii) SB profiles : LOS calculations are then performed by finding 
he intersection volume of radiating spheres and cylindrical 4 lines of 
ight, thereby projecting the 3D PWN as a 2D image on the plane
f the sky. This yields the predicted SB profile (as a function of
 These should actually trace out cones, but given the vast distance to the 
WN compared to its size, a cylindrical approximation is well moti v ated. 

t  

r  

w
C

rojected radius ρ) at any snapshot in time, for a particular energy
and. Details may be found in section 2.9 of van Rensburg et al.
 2018b ). A significant update from previous works using this model
s that instead of calculating the SB profile (and some other features)
or a single energy value (the mid-point value of the relevant energy
and), we integrate quantities over the energy band as specified by
he observations (provided in Table 1 ). 

(iv) PWN expansion for different epoc hs : Re ynolds et al. ( 2018 )
alculated an average expansion of Kes 75 by taking account of
hanges in the physical image (i.e. spatial) and SB (i.e. flux) o v er
ime, with the expansion centred on the pulsar. They focused on the
elatively faint northwestern rim that is far remo v ed from the jets
here significant morphological and flux variations were expected. 
ombining three independent expansion rate measurements o v er 
MNRAS 535, 2415–2435 (2024) 
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Figure 2. Time scale variation for PWN Kes 75 at three epochs, 1.4, 101.6, 
and 320.2 yr for the different mechanisms as indicated in the legend. The radial 
distances are highlighted by different line types: solid, dashed, and dotted for 
∼ 1, ∼ 3, and ∼ 7 pc. The model parameters are as given in Table 2 . 
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ifferent epochs, they finally found an average expansion rate of
0 . 249 per cent ± 0 . 023 per cent yr −1 . This corresponds to a PWN

 xpansion v elocity of ∼ 1000 km s −1 , depending on the distance. To
atch these observations, we calculate the cumulative flux contained
ithin a particular projected radius (specifically, the integral of
 N γ /d E γ o v er 0 . 7 –8 keV, normalized to the total flux found by
nte grating o v er all radii) and then use interpolation to find the ρ68 ,
hich is the radius containing 68 per cent of this integrated flux. 5 We
se ρ68 as the ef fecti ve PWN size at a particular time, and compute
he relative expansion of this radius over several different epochs.

e compared our outputs to the expansion rates at different epochs
spanning ∼ 7, 10, and 16 yr), as listed in table 2 of Reynolds et al.
 2018 ). 

(v) X-ray photon index versus distance : The SR component of the
mitted SED for each projected annulus on the sky (i.e. after the LOS
alculation) is used to calculate the X-ray photon index as a function
f ρ by fitting a power-law function to the model SED in the X-ray
nergy band for several annuli centred on the pulsar. This is done
 v er different epochs, and for different ρ (lines of sight). 
(vi) X-ray photon index versus epoch : We calculate the photon

ndex as before, but for the SED integrated over all radii, taking a
napshot at a particular epoch. 

(vii) X-ray photon index versus energy : We calculate the photon
ndex as before but it is av eraged o v er energy for specific energy
ntervals to be able to compare the X-ray part of our SED to the
-ray energy data from Hattori et al. ( 2020 ) in the case of G21.5. 

Depending on data availability for each PWN, many of these
redictions are simultaneously explored. Whether a 1D model
arameter set represents data well or not, is judged by eye (i.e.
ot via a statistical prescription, but qualitative fits only) and the
referred model parameters are thus determined. We summarize the
nergy ranges for the data and their references in Table 1 . 

 PAR A M ETER  STUDY  

elow, we calculate time scale versus energy plots for rele v ant cases
o study the dominant energy loss mechanism at a particular point in
pace, time, and energy. The synchrotron cooling timescale, τSR , is
iven by (Blumenthal & Gould 1970 ): 

SR 	 1 . 3 × 10 3 yr 

(
B( r, t) 

100 μG 

)−2 (
E e 

1 TeV 

)−1 

, (11) 

ith E e the particle energy. The IC losses are calculated numerically
sing the total Klein–Nishina cross section (Rybicki & Lightman
979 ), with the associated time-scale being τIC ≡ E e / ̇E e , IC . Due to
he diffusion process, we have the Bohm time scale 

Bohm 

diff 	 3 . 6 × 10 6 yr 

(
B( r, t) 

100 μG 

)(
E e 

1 TeV 

)−1 (
R PWN ( t) 

2 pc 

)2 

, (12) 

here R PWN is the radius of the PWN (here, a fiducial value to
ndicate its effect on the diffusion timescales, and not used in the
urrent model context). Similarly, we also investigate the power-law
ature of dif fusion coef ficients (for more details, see Subsection 4.1.4
nd Subsection 4.2.2 ) and the corresponding time-scale here for a
NRAS 535, 2415–2435 (2024) 

 We fit the integrated flux profile using a Stretched Exponential Decay 
unction of the form ae ( −r/b) c to ensure smoothness of the profile for 
nterpolation. 

l  

d  

S  

a  

c  

s

iven choice in κX is 

δ
diff 	 2 × 10 5 yr 

(
κX 

6 × 10 24 cm 

2 s −1 

)(
E e 

1 TeV 

)−δ (
R PWN ( t) 

2 pc 

)2 

.

(13) 

ome theoretical background for different scenarios for the parameter
is discussed in Subsection 3.2 . We treat κX as a free parameter,

aking note of the Galactic value of this normalization as a reference
alue (e.g. Vladimirov et al. 2012 , see Subsection 5.2 ). Theoreti-
ally, this quantity would depend on turbulence levels and related
arameters. As these are currently unknown, the present approach is
aken. 

As a comparison, we calculate a typical time-scale to traverse a
articular zone, given the bulk flow speed of V ( r): 

esc ≈ δr 

V ( r) 
≈ 160 yr 

(
r max 

10 pc 

)(
179 

N − 1 

)(
10 8 cm s −1 

V 0 

)
. (14) 

We have also computed the adiabatic loss time-scales using
ad = 3 / ( ∇. V ) (e.g. Vorster et al. 2013c ). The corresponding cooling
ime-scales are shown in Figs 2 and 9 for Kes 75 and for G21.5,
espectively. 

.1 Kes 75 

n this section, we show the influence of several free parameters in
ur model, corresponding to the present-day magnetic field, bulk-
o w motion, dif fusion, and braking index on v arious model outputs
or Kes 75, and explain the physical reasons for the corresponding
ariations. Apart from the parameter under investigation, all the
odel parameters are fixed as listed in Table 2 . 

.1.1 Loss time-scales 

e note from Fig. 2 that IC losses are not that important. At
ow energies, particle escape from a zone due to the bulk motion
ominates, while at higher energies (and small radii and early times),
R dominates. The SR time-scales become longer with both time
nd distance, given the drop in the B-field with time and radius. The
ombined effects of these time-scales lead to various observational
ignatures, as they determine the particle transport in the PWN. 
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Figure 3. The predicted SED for Kes 75, showing the effect of varying (a) the present-day magnetic field strength, B age , ( μG) and (b) the radial dependence of 
the field via the parameter αB (for a fixed B age = 135 μG). All the other parameters are set to the preferred values given in Table 2 . 

Figure 4. The variation in X-ray photon index over projected radial distance 
for Kes 75. The assumed values for B age ( μG ) are noted in the key. 
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.1.2 Magnetic field 

he magnetic field prescription is one of the most influential 
arameters determining the shape of the SED. The parameters B age , 
B , and βB collectively determine the peak location of the SED 

omponents. In Fig. 3 (a), the effects of considering different B age are
ho wn, where the v alues are v aried from 50 to 150 μG, represented
y different colours as shown in the figure key. Since the SR loss
ate Ė e , SR ∝ E 

2 
e B 

2 , for a particular energy the SR losses (and thus
R flux) are higher for a higher value of B age (since B( r, t) ∝ B age ).
lso, it can be clearly seen that since for a lower magnetic field there

re more surviving high-energy particles as opposed to the case for
 higher B age value, the tail of the IC spectrum is higher for lower
agnetic fields. 
In Fig. 3 (b), fixing B age to be 135 μG , we show variations in

he SED for dif ferent αB v alues. Since we impose the condition
V + αB = −1, the variation in αB is linked to changes in the bulk
ow’s spatial profile. However, we see the SR spectrum going from
igher to lower values in its peak as we increase the ne gativ e αB 

alue because of the relation B ∝ r αB . F or e xample, mo ving from
B = 0 . 0 to −0 . 5 to −1 . 0, magnetic field scales as a constant to a
 / 
√ 

r and to a 1 /r profile, and for the same radial distances and
ge, it means that the magnetic field is smaller for more ne gativ e αB .
ence, the trend becomes similar to scaling for a higher or lower
agnetic field value as discussed for Fig. 3 (a) abo v e. Howev er, the

ffect is not as linear, because the linked change in αV also affects the
ulk-flow motion and thus the adiabatic losses. One also notes that
he SR cutoff mo v es to higher energies as the B-field is increased (in
oth panels of the Figure), since the critical SR frequency where the
pectrum peaks νSR ∝ E 

2 
e B. 

We also show the effect of varying B age on the X-ray photon index
 v er radial distance in Fig. 4 . Since the SR mechanism is responsible
or the X-ray emission, we fit a power law to the SED for every B age 

n the energy range 0 . 5 –8 keV and derive a spectral index that we
an match with the X-ray photon index data taken from Hu et al.
 2022 ). The calculated spectral index is shown in the figure, and as
xpected, the trend for different magnetic field values is similar to
he SED in Fig. 3 (a) – but narrowed down to the X-ray energy range.
or a higher B age , we have increased SR losses and therefore we see a
ofter spectrum with a correspondingly larger spectral index and vice 
ersa. We find that a B age in the range of 130 ± 10 μG reasonably
eflects the photon index profile. 
MNRAS 535, 2415–2435 (2024) 
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Figure 6. The effects of considering Bohm diffusion and dif ferent dif fusion exponents δ for a power-law-type diffusion, are presented for various features of 
Kes 75. All values are given in the key. [Epochs in (d) are same as mentioned in the caption of Fig. 5 ]. 
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.1.3 Bulk flow 

o model the effect of the magnetar-like outbursts linked with the
litching behaviour of J1846, we invoke a sudden injection of energy
n Kes 75 in the last 50 yr of its lifetime, and link this to a sudden
ncrease in the bulk speed. In Appendix A , we describe this burst-
ike injection of energy into the PWN in some detail, working out
imits on the fractional increase in the bulk flow speed, d V 0 /V 0 ,
iven some constraints on the fractional change in pulsar spin-down
uminosity. We show that a change in d V 0 /V 0 of up to a few per cent
s reasonably justified. In Fig. 5 , we show the effect on the expansion
f Kes 75 for different burst-like injection scenarios. The fractional
ncrease in d V 0 /V 0 is shown in the legend of the figure, varying it
rom 1 per cent to 100 per cent, where the latter means doubling
he bulk flow suddenly. One sees that a higher bulk speed generally
eads to a higher expansion rate, as expected. Ho we ver, there is not

uch difference in the expansion for only a few per cent increase in
he bulk speed. Ho we ver, for the initial epochs, there is a noticeable
if ference e ven for increments larger than 10 per cent. We also v aried
he time of injection of this energy, ranging from 300 to 5 yr before
he present age of the PWN, but it does not result in any considerable
hange in model outputs. We therefore infer that unless there is a
NRAS 535, 2415–2435 (2024) 

a  
ubstantial change in the fractional bulk speed, we cannot hope to
ee significant changes in the expansion of Kes 75. 

.1.4 Diffusion 

e either use a Bohm-like diffusion coefficient (equation 7 ), or a
o wer-law-type coef ficient (equation 8 ), with the free parameters
eing the exponent δ and coefficient normalisation factor κX . In
ig. 6 , the effects of considering different diffusion types and free
arameters are presented for spatial and temporal features. Different
alues for the index δ (which is unity in the Bohm case) impact on the
lopes of the diffusion loss time-scales (Fig. 2 ), leading to a change
n the spectrum of particles in a particular shell (given the interplay
f SR losses), thus impacting the resulting X-ray spectrum (slope and
ux). When δ = 1 / 3 , 2 / 3, we find that our modelled X-ray photon

ndex (both for radial distances (Fig. 6 a) and epochs (Fig. 6 b) aligns
ith the data, but the model SB profile and expansion rate versus

poch do not (Fig. 6 c and Fig. 6 d). On the other hand, it is apparent
hat Bohm-like diffusion is highly preferred to produce the SB profile
nd expansion rate, but it is not preferred for producing various
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Figure 7. The variation of the po wer-law-type dif fusion coef ficient normal- 
ization factor κX on the expansion versus epoch for Kes 75 (values in units 
of cm 

2 s −1 are given in the key; epochs are same as mentioned in the caption 
of Fig. 5 ). 

Figure 8. The impact of considering v arious v alues of n (taken from the 
literature, see the text for details) is shown on the SED for Kes 75. Values are 
given in the key. 
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Figure 9. The variation of time scales with particle energy for G21.5 for 
various cooling processes at 1 pc and the current age of the PWNe. The 
normalization κX for the power-law diffusion is taken as 10 26 cm 

2 s −1 for 
n = 1 . 857, with the rele v ant parameters listed in Table 3 . 

Figure 10. The SED for G21.5 for the various diffusion models considered 
in this work. The curves are plotted for κX = 10 26 cm 

2 s −1 and n = 3 . 0. We 
also indicate the curve for n = 1 . 857 by the magenta solid line. The data 
points are taken from published literature as listed in Table 1 . 
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pectral characteristics. This highlights the importance of jointly 
tting several data sets to break any model parameter degeneracies. 
To constrain the free parameter κX , we study the expansion 

ate of Kes 75 o v er different epochs as shown in Fig. 7 . We see
ignificant impro v ement as we mo v e from values of order of 10 26 

o 10 24 cm 

2 s −1 , showing that a lower coefficient value (leading to
 longer diffusion time, and thus more dominant SR losses at high
nergies) is preferred to explain the expansion of the nebula. This
s lower than the Galactic value (e.g. Vladimirov et al. 2012 ), but
onsistent with the findings of other PWN models (e.g. Abeysekara 
t al. 2017 ; Di Mauro et al. 2020 ). 

.1.5 Braking index 

e studied the effect of using the different reported values of n o v er
he past two decades as discussed in Subsection 2.1 on the SED
f Kes 75. The result is shown in Fig. 8 . There are no significant
ifferences in the spatial outputs for different values of n , hence we
o not show them here. 
.2 G21.5 

n the subsections below, we focus on describing the impact of
arying the diffusion and braking index parameters on the model 
utputs. We do not show here the magnetic field variation study for
21.5, since the conclusions were found to be same as for Kes 75,
iscussed in Subsection 4.1.2 . 

.2.1 Loss time-scales 

imilar to Kes 75, we note from Fig. 9 that IC and adiabatic losses
o not dominate. Ho we ver, the IC time-scale is longer in this case,
i ven the lo wer soft-photon temperature and hence photon density. At 
o w energies, dif fusion dominates, especially for smaller v alues of δ.
nly at the highest energies (and small distances) does SR come into
lay at the current age. The SR time scales become longer with time
nd distance, given the assumed drop in the B-field, so SR is indeed
ore dominant at earlier times than later in the evolutionary history

f the PWN. The normalization factor κX influences the diffusion 
ime scales as well, with a lo wer v alue leading to longer diffusion
ime-scales. 
MNRAS 535, 2415–2435 (2024) 
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Figure 11. Impact of changing δ on the SB and the photon spectral index profiles for G21.5. The data points are taken from Hu et al. ( 2022 ). The solid magenta 
line is for a braking index n = 1 . 857 and the remaining curves are for a value n = 3 . 0. 

Table 3. Model parameters used in this work for the simultaneous interpretation of the SED, surface brightness and X-ray photons index for G21.5. 

PWN G 21.5 n = 3 . 0 n = 1 . 857 

Fixed parameters 
Pulsar period ( P ) (s) 0.062 [1] 
Time deri v ati ve of period ( ̇P ) (s s −1 ) 2 . 0 × 10 −13 [1] 
Age ( t age ) (yr) 1000 
Present-day spin-down luminosity ( L age ) (erg s −1 ) 3 . 4 × 10 37 [2] 
Distance to the source (kpc) 4 . 4 ± 0 . 2 [3] 
Range of assumed parameters 
Index of the injected spectrum ( α1 ) 1.1 1.1 
Index of the injected spectrum ( α2 ) [2 . 46 –2 . 57] 2.52 
Minimum energy of injected leptons ( E e , min ) (ergs) 8 . 2 × 10 −7 8 . 2 × 10 −7 

Maximum energy of injected leptons ( E e , max ) (ergs) [3 . 0 × 10 2 , 9 . 0 × 10 2 ] 6 . 0 × 10 2 

Break energy ( E b ) (ergs) [0 . 03 , 0 . 06] 0.05 
Magnetic energy conversion efficiency ( η) 0.2 0.2 
Particle energy conversion efficiency ( ε) 0.8 0.8 
Sigma parameter ( σ ) 0.25 0.25 
Magnetic field time dependence ( βB ) −1 . 0 −1 . 0 
Soft-photon components: T (K), u (eV cm 

−3 ) 
Cosmic microwave background (CMB) [2.72, 0.23] [2.72, 0.23] 
Infrared [30, 1.1] [30, 0.1] 
Optical [3500, 1.0] [3500, 1.0] 
Fitted parameters 
Radial parameter of the magnetic field ( αB ) −0 . 6 −0 . 6 
Present-day magnetic field, B age ( μG) [110 –140] 140 
Bulk flow normalization, V 0 , (10 10 cm s −1 ) 0.01 0.01 
Dif fusion coef ficient normalization, κX , (10 24 cm 

2 s −1 ) [10 –100] 100 
Dif fusion coef ficient exponent ( δ) [1 / 6 –2 / 3] 1 / 6 

Note. References: [1] Camilo et al. ( 2006 ), [2] Manchester et al. ( 2005 ), [3] Ranasinghe & Leahy ( 2018 ). 
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.2.2 Diffusion 

ased on the observational data, we found that the normalization of
he dif fusion coef ficient should be κX ∼ 10 26 cm 

2 s −1 at 1 TeV for this
ource (Figs 10 , 11 a, and 11 b). This is approximately ∼ 100 times
ower than the interstellar medium (ISM) value and also the typical
alue inside other PWNe (e.g. Abeysekara et al. 2017 ). The value
f δ is constrained to a value of 1 / 6 using these fits. The SED, SB,
nd X-ray photon index are shown for the above value of κX and for
 arious v alues of δ in Figs 10 , 11 (a), and 11 (b). The magenta solid
NRAS 535, 2415–2435 (2024) 

ine is used for n = 1 . 857 and other curves are for n = 3 . 0. The other e  
odel parameters are listed in Table 3 . We show the effect of varying
X on the SB and X-ray photon index in Figs 12 (a) and 12 (b). 

Compared to δ, we find that the abo v e curv es are v ery sensitiv e
o the choice of κX , as shown in Fig. 12 . The model o v erpredicts
he X-ray photon index values in the core region of the PWNe
ut there is some agreement abo v e 20 arcsec. We find that for a
alue κX < 10 26 cm 

2 s −1 the SR flux is well explained but the GeV-
eV gamma-ray flux is too low (the SED predictions are not shown
ere). This implies that the diffusion is slower, leading to SR to
ow dominate diffusion, at the expense of the IC process. The
f fects become se vere for the v alue of κ > 10 26 cm 

2 s −1 , when the
X 
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Figure 12. (a) SB fits for G21.5 used to constrain the value of κX . (b) X-ray photon index vs projected radius. The curves are plotted for v arious v alues of κX 

and n = 1 . 857, and for a fixed δ = 1 / 6. 
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R flux also lowers, because diffusion then dominates. Even lower 
nergetic particles escape the emission region before substantial SR 

ay be produced (Fig. 9 ). Hence, the SB and X-ray photon index
ata are very crucial to constrain the dif fusion coef ficient in PWNe
odelling. 

.2.3 Braking index 

he model outputs change slightly when we use n = 1 . 857 compared
o a value of n = 3 . 0. The lo wer v alue of n will increase the spin-
own time-scale of the pulsar, but decrease the spin-down rate. For
 = 3 . 0, we show the SED, SB, and X-ray photon index by the
agenta dotted line in Fig. 10 , 11 (a), and 11 (b). In these plots, the
agenta solid line is used to represent the case for n = 1 . 857. We
nd that the model outputs are not very sensitive to these changes

n n . 

 RESULTS  

.1 Kes 75 

ur preferred models for Kes 75 are shown in Fig. 13 . The
orresponding model parameters are provided in Table 2 . 

For the SED (see Fig. 13 a), our predicted radio emission is slightly
hifted in energy (the index is slightly hard), but it explains the
-ray and TeV emission properly. Fermi data are shown only for

epresentation purposes (see Subsection 2.1 ). Some of the previous 
 orks lik e those of Bucciantini et al. ( 2011 ), Gotthelf et al. ( 2021 ),

nd Straal et al. ( 2023 ) report excellent fitting for the SED of Kes
5, and we note that our parameter values are similar to those of the
atter two works. The high-energy particle index ( α2 ) in our model is
referred to be 2.4, which is closer to the reported values of 2.17 and
.3 by Gelfand et al. ( 2014 ) and Torres et al. ( 2014 ), respectively.
e do not require a softer spectrum of α2 ∼ 3 . 0 as in the works of
otthelf et al. ( 2021 ) and Straal et al. ( 2023 ) (note that, the latter

tudy is also different from this work because of the inclusion of GeV
ata in their modelling). The slight difference in the quality of the
odel fit comes from the fact that we have fine-tuned our parameters

o produce simultaneous model solutions for multiple (spatial) data 
eatures, and not just spectral data. See Subsection 5.3 below for
urther comparison to the best-fit parameters of a 0D code. 
The predicted integrated X-ray flux and expansion rate o v er sev eral
pochs as shown in Figs 13 (b) and 13 (c), are too low by a factor ∼ 2.
ince repeated measurements are done to impro v e precision, not
imply to measure temporal evolution, we also calculate the average 
xpansion rate per year to compare with a similar observational 
uantity. We calculate this from our model by dividing our predicted
xpansion rate (in per cent) by the spans of the corresponding epochs
16 , 10 , and 7 yr, respectively) and taking the mean of the three
alues. The average expansion rate we obtain is 0.104 per cent yr −1 ,
hich is similar to the yearly expansion rates over individual 

pochs, and within a factor ∼ 2 of the average measured value of
 . 249 per cent ± 0 . 023 per cent yr −1 , as given in Reynolds et al.
 2018 ). Similarly, for the integral flux versus time, our model reflects
he trend of no substantial time variation, as also seen in data, while
 v ershooting the X-ray flux by a factor of ∼ 2. 
We find good correspondence between the model and the data 

or the (lack of) temporal and spatial variation of the X-ray photon
ndex, as shown in Figs 13 (d)–(e). Within the dynamic range of the
-axis, and given the large error bars, the X-ray photon index does
ot seem to vary significantly, which is also reflected by the model
esults. Although the SB profile is underestimated by a factor of

5 at some radii, we show in Fig. 6 (c) that it is well explained
ith a Bohm diffusion scenario; however, this does not explain other
ata sets. 

.2 G21.5 

n Fig. 10 , the SED for G21.5 is shown, for possible diffusion
cenarios within the PWN, as discussed in Subsection 3.2 . On the
asis solely of the SED fit, it is difficult to identify the most fa v ourable
if fusion coef ficient inside the PWN. Ho we ver, for the po wer-law
iffusion model, the normalization κX at 1 TeV could be constrained 
o ∼ 10 26 cm 

2 s −1 for δ ≤ 1 / 6 and it lowers by a factor of ∼ 3 for
= 1 / 3 and by ∼ 10 for δ = 2 / 3, respectively. The normalisation
 0 at 1 TeV, for a value of δ = 0 . 3 in the ISM is approximately
 . 5 × 10 29 cm 

2 s −1 (Vladimirov et al. 2012 ). Hence, we consider a
iffusion model with κX ∼ 10 26 cm 

2 s −1 as a suitable choice, as also
iscussed in other works (Di Mauro et al. 2020 ). 
In addition to the SED, we also model the SB and X-ray photon

ndex profile (Figs 11 a and 11 b). The SB profile is better explained by
he power-law type diffusion parametrization compared to the Bohm 
MNRAS 535, 2415–2435 (2024) 
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6 The first value is the B-field at r 0 ; the v olume-a veraged value for the 1D 

model is of the order of ∼ 10 μG for R PWN ∼ 0 . 8 pc, which is closer to the 
values preferred by the 0D model, although not exactly the same. The value 
varies depending on the choice of the R PWN . 
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if fusion one. Ho we ver, no parameter combination can reproduce the
-ray photon index profile below a radius ∼ 20 arcsec , given the very
ard photon index of ∼ 1 . 4 –2 . 0 compared to that of Kes 75, which
s well explained by our model. For δ = 1 / 6, we reach the observed
pectral index asymptotically, as shown in Fig. 11 (b). Further, the
ormalisation of the diffusion coefficient was also found to be ∼
0 26 cm 

2 s −1 by utilizing the spatial variation of the SB and X-ray
hoton index data, as shown in Fig. 12 . Our range of inferred model
arameters based on the abo v e model is listed in Table 3 . Based on
hese model parameters, we estimated the integrated flux and X-ray
hoton indices o v er dif ferent epochs, which are sho wn in Fig. 14 . The
odel outputs are shown in comparison to the available data, where

wo points are picked corresponding to the epochs 2012 and 2013,
ith observation IDs 4002 and 6003, as given in table 4 of Hattori

t al. ( 2020 ). We note that while Hattori et al. ( 2020 ) do present the
esults of observations at different times, they do not claim that the
ifferences between measurements in flux and photon index in the
ame energy ranges are due to temporal variations of these quantities,
ut rather the result of statistical and systematic uncertainties in these
easurements that may mimic a temporal variation. As such, we

imply show our model outputs versus time in order to compare with
hese data, without claiming temporal variations. We do not show
he intermediate data available for epochs within this one year, as we
ave not investigated the implications of such finer temporal details
n this work. Within error bars, the average value of the NuSTAR
-ray flux is higher in the FPMB telescope and slightly lower in
PMA telescope, and forms an envelope for the model predictions,
ith rather small de viations. Ho we v er, the av erage measured X-ray
hoton index is lower than what is predicted by the model, although
his deviation is also rather small. We also show the variation of
he X-ray photon index with respect to energy in Fig. 15 . The data
oints are taken from Hattori et al. ( 2020 ) without a pulsar blackbody
omponent, based on Chandra , Hitomi , and NuSTAR observations.
s seen in the figure, our model captures the trend of the softening
f the photon index with energy. 

.3 Comparison between the pr eferr ed model parameters by 
ndependent 0D and 1D codes 

or comparison to the above results, we have used TIDE , a one-
one leptonic time-dependent 0D model to describe the SED and
ynamical evolution of a PWN (for a detailed description refer to
art ́ın et al. 2012 ; Torres et al. 2014 ; Mart ́ın et al. 2016 ; Martin &
 orres 2022 ). W e use here the latest and more complete incarnation
f the model as described in the latter reference. This allows us to
roduce a fit of several parameters at once, and in particular, to note
hether there are alternative sets of parameters producing good fits,
hich does not appear to be the case. One should note, ho we ver,

hat there is a difference in the magnetic field description compared
o what is used in the 1D model. Differently to what has been
ommented abo v e, TIDE defines the B-field (independent of position)
y solving a time-dependent equation that balances energy injection
nto the PWN and losses by expansion. This model difference may
mpact the comparison of the results of the 0D and 1D codes. 

Considering the young ages of the pulsars, both PWNe, we
onsider are believed to be in the free-expansion phase. Our 0D
odel could obtain a good fit to the SED data for these two PWNe. All
odel parameters, measured and assumed, along with fitted values

nd explored ranges, are presented in Table 4 . Additionally, Fig. 16
hows the best-fitting SEDs for PWN Kes 75 and G21.5. In the case
f the latter PWN, we approximated the piecewise X-ray power law
ts (Hattori et al. 2020 ) to the data by points with errors to facilitate
NRAS 535, 2415–2435 (2024) 
he automated fitting process. The deduced radii of these two PWNe
re in good agreement with the measured values, and their magnetic
elds are also typical compared to what is found in other PWNe. 
As outlined in Subsection 2.1 , two X-ray outbursts were detected

rom PWN Kes 75 in 2006 and 2020 and they resulted in similar
hanges in the braking index values, decreasing from 2.65 (2.7) to
.16 (2.19). The similarity between these changes seems to suggest
he possibility of repeated outbursts. Typically, such variations in
raking index values do not have a significant impact on SED and
WN properties when the true age of the pulsar, t age , is significantly
maller than the age that would lead to a ne gativ e initial spin-down
ge τ0 (e.g. Mart ́ın et al. 2016 ; De Sarkar et al. 2022 ). By adopting
 = 2 . 16, the fitted value of t age for Kes 75 is 1.05 kyr, similar to what
as used abo v e (i.e. 728 yr). When assuming n = 2 . 65, any value of

 age larger than 0.883 kyr will result in a ne gativ e τ0 . F or n = 2 . 65, if
e use 0.882 kyr as an upper limit when fitting for t age , we find that

 age is very close to this upper limit, resulting in an unusually small τ0 

nd an unusually large L 0 . By imposing a fixed t age value of 0.7 kyr,
ur 0D model would yield distinct fitted parameters from those in
able 4 and an R PWN of approximately 0.6 pc, which is notably lower

han the observed value of 0.814 pc. This mismatch may be due to
he influence of plausible repeated outbursts, or to the deviation of
.65 from the value of n that dominates along the entire evolution.
oth frameworks infer (or assume) an age of t age ∼ 1000 yr for
21.5. 
The preferred values of α1 and α2 for Kes 75 (see Table 2 )

re similar but outside the range suggested by the 0D code, and
gree extremely well for G21.5 (see Table 3 ). The difference in
he case of Kes 75 could be explained as due to the de generac y
f the model parameters – while it may possible to find a good
ED fit within the limits suggested by TIDE , it might not describe

he rest of the five spatio-temporal features we have considered in
ur preferred model fitting method. The inferred break energies are
lso quite similar between the two models. The preferred present-
ge magnetic field values for Kes 75 and G21.5 by the 1D model
re 135 and 140 μG, while the 0D model suggests much smaller. 6 

alues of ∼ 30 and ∼ 47 μG. These values should be compared
o the equipartition magnetic fields of ∼ 40 μG for Kes 75 (Ng
t al. 2008 ) and ∼ 300 μG for G21.5 (de Jager et al. 2008 ). The
ifference between the preferred magnetic field values between the
wo models could be attributed to the difference in the magnetic field
rescription between the two approaches. The considered magnetic
nergy fractions and soft-photon temperatures and energy densities
re a bit different, indicating some freedom in these parameters.
inally, the 1D model can constrain model parameters connected
ith spatial aspects, such as the diffusion coefficient, bulk flow speed,

nd B-field profile, while the 0D model may infer dynamically-linked
uantities such as the ejected mass and PWN radius that the 1D model
oes not consider. We thus see a broad concordance in the predicted
EDs of the two models, as well as in the values of the o v erlapping
odel parameters, despite there also being differences as discussed

bo v e. 
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Figure 13. Preferred model to simultaneously interpret spectral, spatial, and temporal data available for Kes 75, obtained by eye. Note that, the error margins 
on the data in (b) are too small to be visible in the plot. Refer to Table 1 for energy ranges and references for the data used. [Epochs in (c) are same as mentioned 
in the caption of Fig. 5 .] 
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 DISCUSSION  

e presented a no v el, comprehensiv e parameter study for Kes 75
nd G21.5 in the context of a 1D spatial PWN model, allowing
s to collectively study their spectral and spatio-temporal features. 
e studied the impact of various modelling components like the 
agnetic field, bulk flow speed, diffusion, and braking index on such

eatures. 
MNRAS 535, 2415–2435 (2024) 
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M

Figure 14. The flux and index data for G21.5 are from Hattori et al. ( 2020 ), with FPMA and FPMB indicating two co-aligned telescopes in NuSTAR . The 
epochs 2012 and 2013 are chosen with observation IDs 4002 and 6003, respectively, for the energy range 3 –8 keV. The model output is shown at different 
epochs, with the parameter values listed in Table 3 and corresponding to n = 1 . 857. 

Table 4. Summary of the inferred parameters of the 0D model using TIDE . Lower and upper limits are presented in brackets. 

Parameters Symbol Kes 75 G21.5 Fitting range 

Fixed (measured) parameters 
Characteristic age (kyr) τc 0.728 4.85 
Present spin-down luminosity (10 37 erg s −1 ) L age 0.81 3.4 
Distance (kpc) d 5.6 4.4 
Observed PWN radius (pc) R PWN 0.814 0.853 
Fixed (assumed) parameters 
ISM density (cm 

−3 ) n ISM 

0.1 –
Breaking index n 2.16 1.857 
Initial spin-down age (kyr) τ0 ( 2 τc ) / ( n − 1 ) − t age –

Initial spin-down luminosity (erg s −1 ) L 0 L age (1 + 

t age 
τ0 

) 
n + 1 
n −1 –

Minimum energy at injection ( m e c 
2 ) γmin 1 –

Containment factor ε 0.5 –
SN explosion energy (erg) E SN 10 51 –
CMB temperature (K) T CMB 2.725 –
CMB energy density (eV cm 

−3 ) U CMB 0.26 –
FIR temperature (K) T FIR 70 –
NIR temperature (K) T NIR 3000 –
Fitted parameters 
Age (kyr) t age 1.05 [1.03, 1.06] 0.82 [0.70, 0.94] 0 . 3 –1 . 25 (Kes 75); 0 . 3 –5 . 0 (G21.5) 
Break energy (10 5 m e c 

2 ) γb 4.07 [3.51, 4.71] 0.62 [0.47, 0.79] 0 . 1 –100 
Low-energy index α1 1.67 [1.64, 1.69] 1.00 [1.00, 1.22] 1 –4 
High-energy index α2 2.199 [2.197, 2.201] 2.58 [2.55, 2.61] 1 –4 
Ejected mass (M �) M ej 7.54 [7.16, 7.96] 7.00 [7.00, 8.55] 7 − 20 
Magnetic energy fraction (10 −2 ) η 2.64 [2.47, 2.81] 1.30 [1.02, 1.79] 1 –20 
FIR energy density (eV cm 

−3 ) U FIR 9.93 [5.56, 9.94] 1.68 [0.01, 4.17] 0 . 01 –10 
NIR energy density (eV cm 

−3 ) U NIR 9.97 [0.01, 9.99] 9.97 [0.01, 9.99] 0 . 01 –10 
PWN radius now (pc) R PWN 0.84 0.84 
Present magnetic field ( μG) B age 29.79 46.84 
Degrees of freedom D.O.F. 4 15 
Reduced χ2 χ2 /D.O.F. 1.70 1.39 
Systematic uncertainty σ ′ 0.01 0.12 0 . 01 –0 . 5 
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For Kes 75, we introduced an abrupt increase in bulk flow speed
 v er the last 50 yr of its lifespan, justifying this via the energy
eposition from its pulsar’s outbursts as observ ed o v er past two
ecades. Ho we ver, we did not see any considerable effect on the
pectral features, even for a few per cent increase in the flow
peed at different stages of the PWN evolution. The expansion
NRAS 535, 2415–2435 (2024) 

m

f the nebula in the X-ray energy band does seem to closer
eproduce the data from Reynolds et al. ( 2018 ) if we increase
he fractional bulk flow significantly (see Fig. 5 ). This strongly
uggests that without a substantial sudden increase in the bulk flow
or enhanced diffusion; see below) to replicate the outburst be-
aviour, the observational features cannot be well explained with the

odel. 
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Figure 15. The index variation vs energy within the 0 . 8 –45 keV range is 
shown for G21.5. The data points are from Hattori et al. ( 2020 ) based on 
Chandra (0.8–8) keV, Hitomi (Soft X-ray Imager (SXI), (0.8–8) keV and 
Hard X-ray Imager (HXI) having two independent instruments, HXI 1 and 
HXI 2 co v ering energy range 8 to 45 keV) and NuSTAR with two co-aligned 
telescopes, in the range of 3 to 45 keV. The model output is shown at different 
epochs for the parameters listed in Table 3 , corresponding to n = 1 . 857. 
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Figure 16. Best-fitting SEDs for PWN Kes 75 (top) and G21.5 (bottom) 
from the 0D model using TIDE . The data used in the fits are the same as the 
ones in Table 1 . We also show Fermi and H.E.S.S. upper limits for G21.5 
(in orange). Note that they are shown only for representational purposes and 
were not part of the formal model fit. 
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Hu et al. ( 2022 ) applied a pure diffusion for a number of sources
nd provided separate fits for the X-ray photon index and SB profiles.
hey suggested that diffusion is the dominating factor for particle 

ransport in these sources. We performed a detailed diffusion varia- 
ion study to understand its effect on the expansion and other spatio-
emporal characteristics (see Figs 6 and 7 ). We showed that Bohm
iffusion w as f a v oured to e xplain the e xpansion, as compared to
o wer-law-type dif fusion. Bohm dif fusion also suf ficiently describes 
he SB profile. Ho we ver, at least in the frame work of other limitations
f the model, it leads to unreasonable predictions when fitting the X-
ay photon indices o v er sev eral epochs in time and at varying radial
istances, and hence, inv oking a power -la w-type diffusion pro vides
n o v erall adequate representation to the four mentioned features. 
his highlights the importance of joint fits of various observational 

eatures instead of focusing on either the SED or a couple of spatial
r temporal features only, as has usually been done in prior PWN
odelling. 
Our integrated flux for Kes 75 is more or less constant across

he epochs spanning 16 yr. Ng et al. ( 2008 ) found that the total flux
f the PWN did not change significantly between 2000 and 2006 
n their Chandra data, although some small-scale spatial features 
id exhibit flux v ariability. Ho we ver, Reynolds et al. ( 2018 ) found
n unprecedented drop in flux of ∼ 9 per cent ± 2 per cent from 

009 to 2016. It is not clear what is the cause of this relatively large
rop in flux, mostly constrained to the northern half of the PWN,
ight be. Some effect beyond gradual evolutionary changes seem 

o be required. This may hint that future models need to incorporate
nhomogeneities and more complex morphologies. 

The model of Straal et al. ( 2023 ) invokes a power source of target
hotons for Kes 75 with a temperature T ∼ 1 × 10 5 K and an energy
ensity u ∼ 3 × 10 3 eV cm 

−3 , and interpret this as the presence of a
olf-Rayet star, thought to be the binary companion of the progenitor 

f Kes 75. Our results do not require such a bright source of target
hotons, which is a requirement in their model due to the inclusion of
eV data. We also note that we assume a harder injection spectrum

 α2 = 2 . 4 as compared to their α2 = 3 . 05). 
As can be seen from Fig. 13 , our model can adequately represent

he data, especially considering the attempt to explain all six 
bservational features with one parameter set. The parameters are 
ound to still be somewhat degenerate, but much more constrained 
hen combining both spectral and spatial data. While we fit the
ata by eye in this paper, we are exploring a statistical approach
hat defines a workable combined statistical metric with which to 
haracterize the goodness of fit for all data sets, given the disparate
rrors of each set. We also note computational constraints that impact
n the number of model parameters that we can free (Roy et al., in
reparation). Including spatial data from more energy bands, and also 
odelling more sources should further break model degeneracies. 
Using the multiwavelength data of PWN G21.5, Tanaka & Taka- 

ara ( 2011 ) and Torres et al. ( 2014 ) studied its physical properties,
uch as its age, PWN magnetic field, and the radiative processes
ccurring within the nebula. These time-dependent models explain 
ery well the multiwavelength emission properties of these objects. 
o understand the spatial as well radiative properties of these objects,
an Rensburg et al. ( 2020 ) recently developed a 1D spatio-temporal
ode. Such 1D models have also been tested by other groups, for
xample, Ishizaki et al. ( 2017 ) used 1D models to investigate the
imultaneous interpretation of the SED and radially dependent SB. 
hey found that the interpretation was difficult in the 1D model and
mphasized that inclusion of a diffusion process would be useful. 
ater, they also included effects of dif fusion (po wer-law type) and

ound that their predicted X-ray SB profiles are consistent with 
MNRAS 535, 2415–2435 (2024) 
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bservations (Ishizaki et al. 2018 ). As shown in our earlier work
or G21.5 (van Rensburg et al. 2020 ), the Bohm-type diffusion could
xplain the SED and photon index profiles. In this work, we consider
he power-law type diffusion scenario and whereas it can explain
he SED and SB profiles well, below ∼ 20 arcsec the photon-index
rofile can not be accounted for. A different approach applied to
21.5 made use of a hybrid hydrodynamic-radiative model (Olmi &
orres 2020 ). Using power-law indices (assumed as free parameters)
or specifying the particle distribution, they prescribed how to obtain
he pressure in relativistic particles as a function of time using a
ydrodynamical (HD) simulation – after considering radiation losses
nd magnetic energy input throughout the PWN lifetime. Recently,
attori et al. ( 2020 ) could explain the photon indices measured across

he X-ray bands with their HD model, as well as the multiwavelength
pectrum of PWN G21.5. We believe that the differences in the ability
f the models to explain different aspects of the PWNe behaviour is
ost likely due to the differences in the magnetic field treatment and

ts radial dependence between the respective models and details of
he HD approach. We note that Hattori et al. ( 2020 ) inferred a softer
ndex α1 ∼ 2 . 9 and harder index α2 ∼ 2 . 4 of the particle injection
pectrum, while we infer α1 ∼ 1 . 1 and harder index α2 ∼ 2 . 5, as is
ore typical. We cannot fit the spectral data when α1 is softer than

2 . This difference may stem from the different types of model we
pply to the data. 

We lastly used a 0D code, TIDE , which was run independently using
 Nelder–Mead approach to find the best-fitting model parameter
anges for Kes 75 and G21.5, to compare with those of our 1D
ode (Martin & Torres 2022 ). The present-day magnetic field value
s substantially different between the two methods, which makes
t apparent that the difference in the magnetic field prescription is
lso here a major factor influencing the values of model parameters.
verall, ho we ver, we find a broad correspondence, taking note of

he different approaches and the fact that each model is constraining
ome what dif ferent model parameter sets. 

 C O N C L U S I O N S  

he availability of spectral and spatio-temporal data for Kes 75
nd G21.5 inspired us to model these two young PWNe in some
etail. With the inclusion of PWN features o v er spatial, spectral,
nd temporal scales, our model offers a no v el approach involving
he joint exploration and explanation of the SED, flux over different
pochs, SB profile, e xpansion o v er sev eral years, and X-ray photon
ndex, utilizing all currently available multiwavelength data for these
ources. 7 We found an o v erall reasonable representation of the data
roduced by the model for these sources, and compared this with the
esults from an independent 0D model ( TIDE ). Our model parameters
re broadly similar to what has been used by other authors, and
dditionally, we have now been able to constrain some parameters
hat are spatial in nature. Indeed, the major moti v ation for this paper
as to apply a multizone model to both spectral and spatial PWN
ata to investigate whether we can obtain stronger constraints or new
onstraints on the modelled source properties. This first application
NRAS 535, 2415–2435 (2024) 

 The preprint of Sathyaprakash et al. ( 2024 ) has recently come to our 
ttention. The y pro vide SB profile observations from XMM–Ne wton in 
ifferent energy bands for the post-2020 outburst epoch. We verified that 
he profile we model in this paper for 0 . 5 –8 keV range is very similar in 
hape to the profiles for the sub-bands within their 0 . 3 –8 keV range. Given 
he similarity of these profiles, our conclusions should be largely unaffected 
pon including these data. We will explore the effect of including energy- 
ependent profiles in a future work. 
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f our multizone code to Kes 75 revealed that the the broad trends
n all of the 6 data sets (Fig. 13 ) could be qualitatively captured,
ut less so in the case of the PWN expansion rate. In the case of
21.5, the code can qualitatively capture two out of three trends
e aimed to explain simultaneously, with the X-ray index versus

adius proving to be challenging to fit. We also produced plots for
he integrated flux and X-ray photon index over different epochs for
21.5 using the previously inferred model parameters, but we note

hat observation time span is extremely small, and future data taken
 v er a longer duration of several years (like in the case of Kes 75)
ould be useful to consider these features in the exploration of the
odel parameters. Also, the variation of the X-ray photon index with

espect to energy shows a harder to softer transition in the data, which
he model captures reasonably well. The apparent incapability of the
odel to jointly fit all data sets implies that there is still some model

evelopment needed, and that invoking impulsive injection of energy
r different diffusion scenarios are not adequate. Perhaps the PWN
xpansion may be driven by internal pressure, and not predominantly
y dif fusion. Dif ferent enhancements may have dif ferent impacts on
he model outputs and will be the subject of a future study. A first
pproach may be to incorporate MHD or HD results for the B-field
nd V profiles (also based on certain assumptions in those contexts)
ather than using parametric forms to attempt to impro v e the fits. 

Our comprehensive parameter study revealed the underlying
e generac y in the parameters, and the need of fine-tuning of in-
ependent parameters to find reasonable (compromise) joint fits for
ll the features. On the other hand, we also found that the effort
o jointly explain spectral and spatial data aided in breaking some
e generacies. To impro v e our model in future, we can reconsider our
agnetic field and flow speed profile prescriptions. 
For the current work, we explored the effects of different parameter

ombinations, relying only on by-eye fitting. While our preferred
odel does explain the data to some extent, we see opportunities

or model refinement, as well as using Markov chain Monte Carlo
MCMC) methods or a faster Nelder–Mead approach (as used in
he TIDE code abo v e) to further explore the parameter space and
etermine model parameters that best align with the data more
fficiently. The issue then becomes how to define a suitable figure of
erit that captures the quality of the fit of diverse data sets (spectra,
uxes vs time, spatial profiles, etc.), as well as computational
onstraints. 

The high-resolution Chandra images of Ng et al. ( 2008 ) indicate a
trong axial symmetry of the core PWN on 10 arcsec scale, while our
odels are spherically symmetric and focus on a larger spatial scale.
here is a clear need for the development of an axisymmetric 2D
WN model, given the ubiquity of jet-and-torus morphologies, also

n Kes 75. Future work will include the development of 2D models
hat will allow us to more accurately model the PWN structure on
maller spatial scales, also taking into account results from HD or

HD models that can provide more realistic magnetic field and flow
rofiles. 
For Kes 75, modelling outbursts over a relatively short duration

f its lifetime did not produce significant changes, as is the case for
nstance when spin-down rate transitions happen (see, e.g. Ge et al.
019 ). In future, continuous observation of the glitching behaviour
f J1846 and corresponding changes in braking index and flux could
ffer insights on how to more realistically model this behaviour. 
Given the dependence of the results presented here on parameters

ertaining to particle diffusion, such as the energy dependence of
his coefficient as discussed in Subsection 3.2 and κX (see equation
 ), as well as the theoretical dependence of these quantities on
he turbulent properties of the PWN plasma, further insights into
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he exact nature of turbulence in these environments are needed. 
 or e xample, from theory, the parameter κX would depend closely 
n quantities such as the magnetic variance, correlation scale, and 
urbulent anisotropy (see e.g. Engelbrecht et al. 2022 , and references 
herein). Although some observational evidence for turbulence in 
WNe has been recently presented (e.g. Bucciantini et al. 2023 ; 
izuno et al. 2023 ), said observations are not yet detailed enough

o provide the required information. An alternative route would be 
o employ turbulence transport models, such as those employed in 
eliospheric cosmic-ray transport studies (see e.g. Zank et al. 2018 ; 
dhikari et al. 2021 ; Oughton & Engelbrecht 2021 ; Engelbrecht 

t al. 2022 ; Kleimann et al. 2023 ). Although such an approach
ould provide the necessary inputs, these models would need to 
e modified to take into account the different (relativistic, low- σ )
lasma conditions in PWNe, and would be difficult to constrain 
ith observ ations. Ne vertheless, this latter approach may be a useful

uture avenue for constraining diffusion-related parameters in PWNe. 
We emphasize that all the spatial and temporal data available 

o us comes from a very narrow keV band (between 0 . 5 –8 keV),
hich restricts the exploration and constraints of the parameters 

pecific only to that energy band. Availability of such features o v er
ultiwavelength bands could be very useful to remo v e de generacies

n the model and finding strict constraints for various parameters. 
uture work will also involve studying more young sources as data 
ecome available. 
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Let us consider a division of rotational power into particle accelera- 
tion and electromagnetic fields: 

L = L part + L EM 

= 

1 

1 + σ
L + 

σ

1 + σ
L, (A4) 

with σ ≡ L EM 

/L part . Close to the pulsar, σ � 1, while beyond 
the shock radius, σ � 1. If we assume that the injected energy 
E( t) is converted to non-relativistic kinetic energy K of the bulk 
flow beyond the termination shock, the first term dominates over 
changes in the field strength due to this energy injection, and we 
have 

d E 

E 

∼ d K 

K 

∼ 2 
d V 0 

V 0 
. (A5) 

For the case of Kes 75, taking n 1 = 2 and n 2 = 2 . 65, t b = 720 yr 
and t a = 670 yr, we find d E/E ∼ d K/K ∼ 0 . 02 for small σ , so that 
d V 0 /V 0 ∼ 0 . 01 . This is a crude upper bound, but limits the fractional 
change in the bulk flow to a few per cent, weakly depending on n i 
and the choices for t a and t b . This confirms the idea that since L did 
not change much after some recent glitches, the injected energy may 
lead to a small increase in bulk flow, limited by the applicability 
of the approximation of the ef fecti ve braking model described 
here. 
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PPEN D IX  A :  BURST-LIKE  I N J E C T I O N  O F  

N E R G Y  I N TO  T H E  PWN  

f we consider a change in pulsar spin-down d L = d ̇E o v er some
eriod τ , this may lead to particle acceleration and thus a change
n bulk flow speed. To estimate the magnitude of this effect, let
s assume that we can model the spin-down of a glitching pulsar
sing the usual braking model, but with an ef fecti ve braking index
 2 , compared to a non-glitching pulsar with braking index n 1 . This

gnores the spiky behaviour of L , and rather interpolates the curve
sing a different braking index than what was measured after a glitch
smaller, but presumably close to the pre-burst value). The energy 
eposited by the pulsar into the environment is given by 

( n i , t) ≡
∫ t 

0 
L ( t) d t = 

E 0 

1 − βi 

(
x 

1 −βi 

i − 1 
)

, (A1) 

here βi ≡ ( n i + 1) / ( n i − 1), i = 1 , 2, x i ( t) ≡ 1 + t/τi , τi the typ-
cal spin-down time-scale τi = P / ( n i − 1) Ṗ , and with E 0 ≡ L (0) τ .
he injected energy o v er some short period dt = t b − t a is given by 

E( n i , t b ) ≡ E( n i , t b ) − E( n i , t a ) = 

E 0 

1 − βi 

(
x 

1 −βi 

b,i − x 
1 −βi 

a,i 

)
. 

(A2) 

he fractional injection of energy due to an abrupt change in L ( t)
 v er and abo v e the usual cumulativ e energy injection via spin-down
MNRAS 535, 2415–2435 (2024) 
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