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Abstract

Models describing the dynamics of biological phenomena that evolve in stages have been

studied extensively using time-delay mathematical models. Recently, these models have

evolved into age structured models with age dependent variables. Various mathemati-

cal tools have been employed to study these models and investigate the e�ects of age

structure. This work explores two age structured models to address the issues of latent

infection of cells by Human Immuno-de�ciency Virus (HIV) and the e�ects of latent Tu-

berculosis (TB) infection on the dynamics of HIV. We consider models discussed on the

transmission dynamics of HIV by multiple cell types through two transmission routes

within-host and on the co-epidemic of HIV and TB. Latency of infected cells provides

a major challenge to the elimination of HIV within-host since the virus persists at low

levels within the latent population. Furthermore, the spread of viral particles through

each transmission route may facilitate the progression of the disease due to continued

infection of cells by infected cells or free viral particles. Investigating the dynamics of a

HIV and TB co-epidemic provides insights into the e�ects of latency and the long term

behavior of the synergistic relationship between HIV and TB. In this work, we extend the

integer order systems of di�erential equations studied in [Xia, 2017] and [Xiaoyan, 2013]

to fractional order. The within-host dynamics are described by a system of Caputo

fractional derivatives while the co-epidemic by a system of Caputo-Fabrizio fractional

derivatives. The equilibrium points of each system are obtained and the reproduction

numbers of the diseases are computed. It is shown that the reproduction number of HIV

through each transmission route contribute to the reproduction number of HIV through

each cell type. Furthermore, the local asymptotic stability of the disease-free equilibrium
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is established.

Keywords: Age structure, Fractional di�erential equations, Laplace trans-

form, Lipschitz continuity, Second mean value theorem, Reproduction num-

ber, Local asymptotic stability.
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Chapter 1

Introduction

This chapter provides a brief review of the literature on the reproduction number, age

structure, fractional derivatives and the evolution of models describing the dynamics of

HIV. Furthermore, it outlines the necessary information about what will be covered in

each chapter of the work.

Mathematical modeling of population dynamics involves systems of ordinary di�eren-

tial equations (ODEs), partial di�erential equations (PDEs) or a hybrid system which

consists of ODEs and PDEs. These models often describe the population dynamics by

grouping of individuals within the population into compartments based on their shared

characteristics. When investigating biological phenomena like infectious disease epi-

demics, the movement of individuals from compartment to compartment occurs at dif-

ferent rates and depends on parameters such as the birth rates, death rates, transition

rate and transmission rates between individuals susceptible to the disease and infectives

capable of transmitting the disease. The evolution of a disease is described by systems

of di�erential equations and analysis of these systems yields useful results such as the

basic reproduction number. The basic reproduction number is the number of secondary

infections as a result of a single infective during its entire period of infection. This can be

utilized to study the progression of the diseases and discuss the stability of the equilibria

of the system. Various factors such as the parameters of the model a�ect the repro-
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duction number, thus impacting the progression of the disease. The next generation

matrix technique is used to compute the basic reproduction number. This is possible

only for system of ODEs. However, systems of PDEs and hybrid systems pose a dif-

ferent challenge in the computation of the basic reproduction number and alternative

approaches are considered (see [Chunyang, 2020], [Massoukou, 2018], [Junyuan, 2018],

[Xiaoyan, 2012]).

Other factors that can a�ect the reproduction number include the age or spatial struc-

ture of the population. When infectious diseases are transmitted but remain dormant or

require some incubation period within an individual for some time before the individual

becomes infectious, this individual falls in the age latency infection class. Models de-

scribing population dynamics with age latency are deemed to have age structure. This

dissertation studies the e�ects of age structure on the dynamics of some infectious dis-

eases within a population using fractional di�erential equations. Fractional di�erential

equations yield better results than classical systems when modeling biological phenom-

ena [Atangana, 2013], [Baleanu, 2020], [Sin, 2018], [Behzad, 2020]. There are various

de�nitions and formulations of fractional derivatives which have been developed and

studied, see [Kai, 2010], [Mahto, 2012] for a summary of fractional derivatives. Mathe-

matical tools such as fractional derivatives have formed a critical part in the mathemat-

ical modeling of HIV, TB and other biological phenomena involving super-di�usion or

sub-di�usion processes.

HIV infection within-host occurs in stages where the key stages are viral entry into

the cell, replication and release of viral particles. Entry into susceptible cells occurs

either through interaction with free viral particles or contact with infected cells which

are ready for release of viral particles. Cells in the replication stage of the life cycle of

HIV cannot transmit viral particles to other cells and hence do not actively contribute

to the transmission of the disease within-host. These cells are grouped according to the

stage of replication which determines the age latency of the cell. Furthermore, some of

the cells do not become latent and are capable of transmitting the disease once infected.

Since di�erent cell types are capable of spreading HIV [Xia, 2017], [Yijun, 2017], the age

latency plays a crucial role in the progression of the disease, hence the time since infection



5

for each cell-type is di�erent. A model describing the dynamics of HIV infection within-

host through two transmission routes and a general model investigating the transmission

of HIV within-host by multiple cell types and two transmission routes were proposed

in [Junyuan, 2018], [Xia, 2017] and [Yijun, 2017], respectively. In [Baleanu, 2020], a

fractional model of the within-host dynamics of HIV infection by a single cell type

through two transmission routes is considered. In this work, we consider a Caputo

fractional model for the within-host dynamics of age structured HIV infection by two

cell types and transmission routes.

Epidemics of diseases often occur in completely susceptible populations. However, when

diseases occur concurrently, we have a co-epidemic as the dynamics of one disease a�ect

those of the other disease. HIV and TB are two such diseases where TB infection of HIV

infectives a�ects the dynamics of HIV infection and HIV infection of TB infectives im-

pacts on the dynamics of TB infection within a population. Since the TB spreads either

through transmission of bacteria from active TB infectives to susceptible individuals or

activation of latent TB bacteria in the fraction of individuals who have been infected

with TB but cannot transmit it to others [Xiaoyan, 2012], [Zhang, 2015]. The complex

dynamics of the HIV/TB co-epidemic have been simpli�ed in the model proposed in

[Xiaoyan, 2013], the defects of the simpli�ed model are discussed and some results about

the e�ects of each disease of the dynamics of the other are investigated. The critical as-

sumptions of the model involves the treatment of HIV to recovery of HIV infectives but

not for co-infectives. Furthermore, death due to disease occurs only in co-infectives since

infected individuals undergo treatment and co-infected individuals do not. We extend

the classical system considered in this model to a Caputo-Fabrizio fractional system.

This dissertation is composed of �ve (5) chapters. The �rst chapter presents the intro-

duction related to mathematical modeling of population dynamics and the literature on

HIV-TB. Chapter 2 provides a summary of useful results, de�nitions and theorems used

throughout the text. Chapter 3 investigates the spread of HIV infection within host

through two transmission routes and cell types with the incorporation of age structure,

whereas Chapter 4 studies the co-epidemic of HIV and TB with age structure. The

well-posedness of the models, including the boundedness of the solutions, positivity of
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solutions, existence and uniqueness of solutions, and stability analysis of the disease-free

equilibrium are investigated in Chapter 3 and Chapter 4. Chapter 5 discusses some the-

oretical results derived in Chapter 3 and Chapter 4, and provides a thorough conclusion

to the dissertation.



Chapter 2

Preliminaries

This chapter provides useful mathematical tools which are used throughout this work,

including de�nitions (extracted from [Kai, 2010], unless otherwise stated) and some the-

orems.

De�nition 2.1. The function Γ : (0,∞) → R de�ned by

Γ(ν) :=

∞∫
0

tν−1e−tdt,

is called Euler's Gamma function.

De�nition 2.2. The function B : (0,∞)× (0,∞) → R de�ned by

B(x, y) :=

1∫
0

tx−1(1− t)y−1dt =
Γ(x)Γ(y)

Γ(x+ y)
,

is called Euler's Beta function.

De�nition 2.3 (Convolution). The convolution of functions f and g denoted by f ∗ g is

given by

(f ∗ g)(t) =
t∫

0

f(t− s)g(s)ds.
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Theorem 2.4 (Second mean value theorem, [Hetmaniok, 2012]). Consider continuous

functions f and g, such that f is monotonic on [a, b]. Then there exists a point c ∈ [a, b]

such that
b∫

a

f(t)g(t)dt = inf
t∈[a,c]

{f(t)}
c∫

a

g(t)dt+ sup
t∈[c,b]

{f(t)}
b∫
c

g(t)dt.

De�nition 2.5 (Lipschitz continuity, [Baleanu, 2020]). Let (X, || · ||X) be a normed

space. A mapping A : X → X is Lipschitz continuous if and only if there exists a positive

constant M > 0 such that A satis�es the Lipschitz condition,

||Ax− Ay||X ≤M ||x− y||X,

for every x, y ∈ X.

De�nition 2.6. [Kai, 2010] For p ≥ 1, Lp[a, b] denotes the Lebesgue space de�ned as:

Lp[a, b] :=
{
f : [a, b] → R

∣∣∣∣f is measurable on [a, b] and

b∫
a

|f(t)|pdt <∞
}
.

In particular, for p = ∞,

L∞[a, b] :=

{
f : [a, b] → R

∣∣∣∣f is measurable on [a, b] and essentially bounded on [a, b]

}
.

Furthermore, L+
p denotes the positive cone of Lp[a, b] and is de�ned as:

L+
p [a, b] :=

{
f : [a, b] → R+

∣∣∣∣f is measurable on [a, b] and

b∫
a

|f(t)|pdt <∞
}
.

De�nition 2.7. [Kai, 2010] For p ≥ 1, the Lp-norm denoted by || · ||p, on Lp[a, b] is

given by:

||f ||p :=
( b∫

a

|f(t)|pdt
) 1

p

.

De�nition 2.8. [Kai, 2010] Let X be a normed space. Consider the space of functions

Hν [a, b] de�ned as

Hν [a, b] = {f ∈ X : ||f(x)− f(y)||X ≤ ||x− y||νX for all x, y ∈ X}.

Hν [a, b] is the called the Hölder space of order ν.
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De�nition 2.9. [Kai, 2010] The operator Iν : L1[a, b] → R de�ned by:

Iνf(t) :=
1

Γ(ν)

b∫
a

(t− x)ν−1f(x)dx, where t ∈ [a, b], ν ∈ R+,

is called the Riemann-Liouville fractional integral operator of order ν.

De�nition 2.10. [Kai, 2010] The operator CDν
t de�ned by:

CDν
t f(t) := Im−ν d

mf(t)

dtm
,

where ν > 0, m = ⌈ν⌉ and dmf(t)
dtm

∈ L1[a, b], is called the Caputo di�erential operator of

order ν.

De�nition 2.11. [Caputo, 2015], [Losada, 2015] Let f ∈ H1[0, h] and ν ∈ (0, 1),

then the Caputo-Fabrizio fractional derivative of f is given as:

CFDν
t f(t) =

2M(ν)

(2− ν)(1− ν)

t∫
0

f ′(s) exp

{
− ν

1− ν
(t− s)

}
ds for t ∈ [0, h],

where M(ν) is the order dependent normalization function.

De�nition 2.12. [Schi�, 1999] Consider a function f : [0,∞) → R and s > 0. The

Laplace transform of f is de�ned by:

F (s) := L{f(t)} =

∞∫
0

e−stf(t)dt,

and the inverse Laplace transform L−1 satis�es L−1{F (s)} = L−1{L{f(t)}} = f(t).

De�nition 2.13. The Laplace transform of the Caputo fractional derivative is given by

L{CDν
t f(t)} = sνL{f(t)} −

m∑
k=1

sν−kf (k−1)(0),

where m = ⌈ν⌉.

De�nition 2.14. [Losada, 2015] The Laplace transform of the Caputo-Fabrizio frac-

tional derivative is given by

L{CFDν
t f(t)} =

B(ν)

ν + (1− ν)s

(
sL{f(t)} − f(0)

)
,

where B(ν) = 2−ν
2M(ν)

.
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De�nition 2.15. The Laplace transform of the Mittag-Le�er function of order ν, de-

�ned by

Eν(−λtν) =
∞∑
j=0

(−λtν)j

Γ(jν + 1)
,

is given by,

L{Eν(−λtν)} =
sν−1

sν + λ
.

Theorem 2.16 (Stability of fractional linear systems). Consider an N-dimensional sys-

tem of fractional di�erential equations Dν
t f(t) = Af(t), where A is an arbitrary constant

N × N matrix. The real solution f(t) = 0 of the system is asymptotically stable if and

only if all distinct eigenvalues λj for j = 1, 2, . . . , N of the matrix A satisfy the condition

|arg(λj)| > νπ
2
.

Theorem 2.17. [Kai, 2010] Let ν ∈ (0, 1). Moreover let ψ0 ∈ X, K > 0 and h∗ > 0.

De�ne

G := {ψ(t) ∈ X : t ∈ [0, h∗], ||ψ(t)− ψ0||X ≤ K},

and let the function f : G→ X be continuous and ful�ll a Lipschitz condition

||f(ψ1(t))− f(ψ2(t))||X ≤M ||ψ1(t)− ψ2(t)||X,

with some constant M > 0. Furthermore, de�ne

L = sup
ψ∈X

||f(ψ(t))||X and h :=

{
h∗ if L = 0,

min

{
h∗,
(KΓ(ν+1)

L

) 1
ν

}
else.

Then, there exists a uniquely de�ned function ψ ∈ C[0, h] solving the fractional initial

value problem Dν
t ψ(t) = f(ψ(t)) with initial condition ψ(0) = ψ0.

Note 1. See [Mahto, 2012], [Sin, 2018] for further discussions on the existence and

uniqueness of solutions



Chapter 3

Caputo fractional model for age

structured dynamics of HIV latent

infection through two transmission

routes and cell types

This chapter focuses on a Caputo fractional model of HIV infection transmission by two

cell types and transmission routes. We consider various aspects of the model which are

investigated in four (4) sections. The �rst section discusses the formulation of the model

and assumptions; whereas the second section explores the well-posedness of the model

by investigating the positivity, boundedness, existence and uniqueness of solutions to the

system of fractional di�erential equations. In the third section the existence of equilibria

is proven and the basic reproduction number is derived. The last section explores the

stability of the disease-free equilibrium using a linearization technique.
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3.1 Introduction

It is widely known that HIV transmission within-host occurs by infection of CD4+ T-

cells, which are the largest white blood cells [Baleanu, 2020], [Yijun, 2017]. However,

HIV can infect various types of cells within-host such as Macrophages and dendritic cells

[Yijun, 2017]. Though HIV also infects these cells, transmission mainly occurs through

CD4+ cells and has the most destructive e�ect on these cells, causing the immune sys-

tem to weaken and the body becomes susceptible to other infections (we consider the

co-infection of HIV and TB in Chapter 4 of the work). Macrophages have been identi�ed

as responsible for HIV transmission in the later stages of viral infection [Yijun, 2017],

hence we consider the transmission of HIV by CD4+ T-cells and Macrophages in this

chapter. Time delay models have been developed to study the impact of HIV infec-

tion by Macrophages and recently the incorporation of age structure in mathematical

models has enabled better description of produced viral particles and of the infected or

latently infected cell mortality [Hetmaniok, 2012], [Xiaoyan, 2012], [Zhang, 2015]. Not

only can HIV be transmitted by multiple cell types in the body, transmission also occurs

in various means, cell-to-cell transmission and cell-to-virus transmission. Cell-to-cell

transmission occurs when infected cells interact with susceptible cells and viral particles

are transferred from the infected cells, enabling the reproduction of HIV through mul-

tiple cells. Alternatively, infected cells can release viral particles into the blood stream,

which then infect susceptible cells. The transmission of HIV either through cell-to-cell or

cell-to-virus transmission routes is crucial in the development of medication for control

of HIV infection. In [Yijun, 2017] a general model is developed for HIV transmission

by multiple cells and two transmission routes to n cell types. We extend this model of

�rst order system of hybrid di�erential equations to a fractional order system of di�eren-

tial equations. Fractional order systems have been shown to produce better results when

modelling natural phenomena than classical or integer order systems [?], [Baleanu, 2020],

[Changpin, 2007], [Kai, 2010], [Sin, 2018], [Behzad, 2020].
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3.1.1 Model formulation

We investigate a model describing the dynamics of HIV infection through two transmis-

sion routes, namely cell-to-cell transmission and cell-to-free virus transmission [Elaiw, 2016],

[Chunyang, 2020], [Elaiw, 2017], [Junyuan, 2018], [Xia, 2017], by di�erent cell types

[Rahmat, 2019], [Xia, 2017], [Yijun, 2017]. The population of free virions at time t is de-

noted by V (t), whereas the total population of host cells is divided into 6 compartments.

The population of target Type 1 cells which are susceptible to HIV infection is denoted

by T1(t) and the susceptible population of Type 2 cells is denoted as T2(t). We denote

the population of latently infected Type 1 cells of latency age a by L1(a, t) and the popu-

lation of latently infected Type 2 cells of latency age b is denoted by L2(b, t) [Xia, 2017],

[Xiaoyan, 2013], the last 2 compartments consist of the productively infected Type 1

and Type 2 cells, which are denoted by I1(t) and I2(t), respectively. The system writ-

ten in terms of the Caputo fractional derivatives (see [Baleanu, 2020], [Changpin, 2007],

[Rahmat, 2019], [Behzad, 2020] for other fractional models of HIV transmission) as the

fractional initial value problem below:

CDν
t T1(t) = Λ1 − µ1T1(t)− β1T1(t)V (t)− κ1T1(t)I1(t), (3.1)

CDν
t T2(t) = Λ2 − µ2T2(t)− β2T2(t)V (t)− κ2T2(t)I2(t), (3.2)

C∂νt L1(a, t) +
C∂νaL1(a, t) = ρ1(a)L1(a, t)− (α1(a) + d1(a))L1(a, t), (3.3)

C∂νt L2(b, t) +
C∂νbL2(b, t) = ρ2(b)L2(b, t)− (α2(b) + d2(b))L2(b, t), (3.4)

CDν
t I1(t) = (1− f1)(β1T1(t)V (t) + κ1T1(t)I1(t)) +

∞∫
0

α1(a)L1(a, t)da− δ1I1(t), (3.5)

CDν
t I2(t) = (1− f2)(β2T2(t)V (t) + κ2T2(t)I2(t)) +

∞∫
0

α2(b)L2(b, t)db− δ2I2(t), (3.6)

CDν
t V (t) = N1δ1I1(t) +N2δ2I2(t)− µV V (t). (3.7)

with the recruitment of cells into the populations of latently infected cells for all time

given by

Li(0, t) = fi(βiTi(t)V (t) + κiTi(t)Ii(t)), with i = 1, 2
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and initial conditions

T1(0) ∈ R+, T2(0) ∈ R+, L1(a, 0) ∈ L+
1 (0,∞), L2(b, 0) ∈ L+

1 (0,∞), I1(0) ∈ R+,

I2(0) ∈ R+ and V (0) ∈ R+.

For l ∈ {a, t}, the Caputo fractional derivative is given by

CDν
l f(l) := I1−ν

df(l)

dl
=

1

Γ(ν)

l∫
0

(l − x)ν−1df(l)

dl
dx,

and the partial Caputo fractional derivative is given by

C∂νl f(l) = I1−ν
∂f(l)

∂l
=

1

Γ(ν)

l∫
0

(l − x)ν−1∂f(l)

∂l
dx,

for all ν ∈ (0, 1). The rates of change of the viral and host cell populations depend on the

recruitment rates Λ1 and Λ2, death rates µ1 and µ2, transmission rates per contact with

free virion β1 and β2, and the transmission rates per contact with productively infected

cell κ1 and κ2 of target Type 1 and Type 2 cells, respectively. The age of latency

dependent parameters ρ1(a) and ρ2(b), denote the proliferation rate of latently infected

target Type 1 and Type 2 cells of age a and b, respectively [Junyuan, 2018]. Transition

of latently infected cells to productive infection occurs at rates α1(a) and α2(b), and

death of latently infected cells of di�erent age occurs at the rates d1(a) and d2(b) for

Type 1 and Type 2 cells, respectively. When infection occurs a fraction f1 ∈ (0, 1) and

f2 ∈ (0, 1) of target Type 1 and Type 2 cells, respectively, become latently infected and

a fraction of cell that become infected can produce virions without undergoing latency

delay. Death of productively infected cells occurs at δ1 and δ2 for infected Type 1 and

Type 2 cells, respectively. When some of the infected cells die, they burst and release

virions into the plasma, so the total number of virions a cell produces during its entire life

cycle is given by N1 and N2 productively infected Type 1 and Type 2 cells, respectively.

Production of virions by productively infected cells contributes to the migration of viral

particles into the free virion population, however clearence of free viral particles from

the compartment occurs at the rate µV [Xia, 2017], [Yijun, 2017].

We provide below a list of assumptions for the model regarding the dynamics of the

disease [Chunyang, 2020]:
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(A1) The initial population of recruited latently infected Type 1 cells is given by

L1(0, 0) = f1(β1T1(0)V (0) + κ1T1(0)I1(0)).

(A2) The initial population of recruited latently infected Type 2 cells is given by

L2(0, 0) = f2(β2T2(0)V (0) + κ2T2(0)I2(0)).

(A3) The age of latency dependent parameters ρ1, ρ2, α1, α2, d1, d2 ∈ L+
∞(0,∞).

(A4) The latently infected Type 1 and Type 2 cells populations remain relatively stable

during treatment provided

sup
a∈(0,∞)

{ρ1(a)} ≤ inf
a∈(0,∞)

{d1(a)},

and

sup
b∈(0,∞)

{ρ2(b)} ≤ inf
b∈(0,∞)

{d2(b)},

which is due to the suppression of replication within infected cells by medication

inhibiting viral replication during latency.

3.2 Well-posedness of the model

3.2.1 Boundedness of solutions

Let X = R2 × (L1(0,∞))2 ×R3 be a Banach space and let X+ = R2
+ × (L+

1 (0,∞))2 ×R3
+

be the positive cone of X. Consider a continuous function ϕ : R+ × X+ → X+, with

initial condition

ψ(0) = (T1(0), T2(0), L1(a, 0), L2(b, 0), I1(0), I2(0), V (0))T ∈ X+,

given as:

ϕ(t, ψ(0)) = (T1(t), T2(t), L1(a, t), L2(b, t), I1(t), I2(t), V (t))T = ψ(t).
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The system, (3.1) - (3.7) can be re-written as

CDν
t ψ(t) = f(ψ(t)), (3.8)

with

CDν
t ψ(t) =



CDν
t T1(t)

CDν
t T2(t)

C∂νt L1(a, t)

C∂νt L2(b, t)

CDν
t I1(t)

CDν
t I2(t)

CDν
t V (t)


,

and

f(ψ(t)) :=



f1(ψ(t))

f2(ψ(t))

f3(ψ(t))

f4(ψ(t))

f5(ψ(t))

f6(ψ(t))

f7(ψ(t))



=



Λ1 − µ1T1(t)− (β1V (t) + κ1I1(t))T1(t)

Λ2 − µ2T2(t)− (β2V (t) + κ2I2(t))T2(t)

(ρ1(a)− α1(a)− d1(a))L1(a, t)− C∂νaL1(a, t)

(ρ2(b)− α2(b)− d2(b))L2(b, t)− C∂νbL2(b, t)

(1− f1)(β1V (t) + κ1I1(t))T1(t) +
∫∞
0
α1(a)L1(a, t)da− δ1I1(t)

(1− f2)(β2V (t) + κ2I2(t))T2(t) +
∫∞
0
α2(b)L2(b, t)db− δ2I2(t)

N1δ1I1(t) +N2δ2I2(t)− µV V (t)


.

Using the norm on X, we have

||ϕ(t, ψ(0))||X = ||ψ(t)||X = |T1(t)|+|T2(t)|+||L1(t)||1+||L2(t)||1+|I1(t)|+|I2(t)|+|V (t)|.
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Consequently, we have

||ψ(t)||X = T1(t) + T2(t) +

∞∫
0

L1(a, t)da+

∞∫
0

L2(b, t)db+ I1(t) + I2(t) + V (t).

Applying the Caputo fractional derivative of order ν ∈ (0, 1), leads to

CDν
t ||ψ(t)||X =CDν

t T1(t) +
CDν

t T2(t) +

∞∫
0

C∂νt L1(a, t)da+

∞∫
0

C∂νt L2(b, t)db+
CDν

t I1(t)

+ CDν
t I2(t) +

CDν
t V (t).

Making use of (3.1) - (3.7), we obtain

CDν
t ||ψ(t)||X = Λ1 − µ1T1(t)− (β1V (t) + κ1I1(t))T1(t) + Λ2 − µ2T2(t)

− (β2V (t) + κ2I2(t))T2(t)−
∞∫
0

C∂νaL1(a, t)da

+

∞∫
0

(ρ1(a)− α1(a)− d1(a))L1(a, t)da−
∞∫
0

C∂νbL2(b, t)db

+

∞∫
0

(ρ2(b)− α2(b)− d2(b))L2(b, t)db+ (1− f1)(β1V (t) + κ1I1(t))T1(t)

+

∞∫
0

α1(a)L1(a, t)da− δ1I1(t) + (1− f2)(β2V (t) + κ2I2(t))T2(t)

+

∞∫
0

α2(b)L2(b, t)db− δ2I2(t) +N1δ1I1(t) +N2δ2I2(t)− µV V (t),

and hence

CDν
t ||ψ(t)||X =Λ1 − µ1T1(t) + Λ2 − µ2T2(t)−

∞∫
0

C∂νaL1(a, t)da−
∞∫
0

C∂νbL2(b, t)db

+

∞∫
0

(ρ1(a)− d1(a))L1(a, t)da+

∞∫
0

(ρ2(b)− d2(b))L2(b, t)db

− f1(β1T1(t)V (t) + κ1T1(t)I1(t))− f2(β2T2(t)V (t) + κ2T2(t)I2(t))

− δ1I1(t)− δ2I2(t) +N1δ1I1(t) +N2δ2I2(t)− µV V (t).
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Clearly,

CDν
t ||ψ(t)||X ≤Λ1 − µ1T1(t) + Λ2 − µ2T2(t)−

∞∫
0

(d1(a)− ρ1(a))L1(a, t)da− µV V (t)

−
∞∫
0

(d2(b)− ρ2(b))L2(b, t)db− (1−N1)δ1I1(t)− (1−N2)δ2I2(t),

and thus

CDν
t ||ψ(t)||X ≤Λ1 − µ1T1(t) + Λ2 − µ2T2(t)− c1

∞∫
0

L1(a, t)da− c2

∞∫
0

L2(b, t)db

− (1−N1)δ1I1(t)− (1−N2)δ2I2(t)− µV V (t),

where

c1 = inf
a∈R+

{d1(a)} − sup
a∈R+

{ρ1(a)} and c2 = inf
b∈R+

{d2(b)} − sup
b∈R+

{ρ2(b)}.

Therefore

CDν
t ||ψ(t)||X ≤ Λ1+Λ2−c3

(
T1(t)−T2(t)−

∞∫
0

L1(a, t)da−
∞∫
0

L2(b, t)db−I1(t)−I2(t)−V (t)

)
,

with c3 = min{µ1, µ2, c1, c2, (1−N1)δ1, (1−N2)δ2, µV }. Hence,

CDν
t ||ψ(t)||X ≤ Λ1 + Λ2 − c3||ψ(t)||X.

Applying the Laplace transform, we obtain

L{CDν
t ||ψ(t)||X} ≤ L{Λ1 + Λ2} − c3L{||ψ(t)||X}.

It follows from the Laplace transform of the Caputo fractional derivative that

sνL{||ψ(t)||X} − sν−1||ψ(0)||X ≤ Λ1 + Λ2

s
− c3L{||ψ(t)||X},

that is,

L{||ψ(t)||X}(sν + c3) ≤ sν−1||ψ(0)||X +
Λ1 + Λ2

s
,
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and then

L{||ψ(t)||X} ≤ sν−1||ψ(0)||X
sν + c3

+
(Λ1 + Λ2)s

ν−1

sν(sν + c3)
.

Making use of the Laplace transform of the Mittag-Le�er function, it follows that

L{||ψ(t)||X} ≤ ||ψ(0)||XL{Eν(−c3tν)}+ (Λ1 + Λ2)L
{
tν−1

Γ(ν)

}
L{Eν(−c3tν)},

= ||ψ(0)||XL{Eν(−c3tν)}+
Λ1 + Λ2

Γ(ν)
L{tν−1 ∗ Eν(−c3tν)},

where tν−1 ∗ Eν(−c3tν) is the convolution of tν−1 and Eν(−c3tν). Applying the inverse

Laplace transform yields

||ψ(t)||X ≤ ||ψ(0)||XEν(−c3tν) +
Λ1 + Λ2

Γ(ν)
tν−1 ∗ Eν(−c3tν),

where

tν−1 ∗ Eν(−c3tν) =
t∫

0

(t− s)ν−1Eν(−c3sν)ds,

=

t∫
0

(t− s)ν−1

∞∑
j=0

(−c3sν)j

Γ(jν + 1)
ds,

=
∞∑
j=0

(−c3)j

Γ(jν + 1)

t∫
0

(t− s)ν−1sjνds.

Let s = tx, then we have

tν−1 ∗ Eν(−c3tν) =
∞∑
j=0

(−c3)j

Γ(jν + 1)

1∫
0

tν−1(1− x)ν−1(xt)jν(tdx),

=
∞∑
j=0

(−c3)j

Γ(jν + 1)

1∫
0

tjν+ν(1− x)ν−1xjνdx,

=
∞∑
j=0

(−c3)jtjν+ν

Γ(jν + 1)

1∫
0

(1− x)ν−1xjνdx,

=
∞∑
j=0

(−c3)jtjν+ν

Γ(jν + 1)

1∫
0

(1− x)ν−1x(jν+1)−1dx.
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Using the de�nition of the Beta function,

B(p, q) :=

1∫
0

(1− x)p−1xq−1dx =
Γ(p)Γ(q)

Γ(p+ q)
,

it follows that

tν−1 ∗ Eν(−c3tν) =
∞∑
j=0

(−c3)jtjν+ν

Γ(jν + 1)

Γ(ν)Γ(jν + 1)

Γ(jν + ν + 1)
,

=
∞∑
j=0

Γ(ν)(−c3)jtjν+ν

Γ(jν + ν + 1)
,

=
∞∑
k=1

Γ(ν)(−c3)k−1tνk

Γ(kν + 1)
,

=
Γ(ν)

−c3

∞∑
k=1

(−c3tν)k

Γ(kν + 1)
.

Observe that

Eν(−c3tν) =
∞∑
j=0

(−c3tν)j

Γ(jν + 1)
,

= 1 +
∞∑
j=1

(−c3tν)j

Γ(jν + 1)
,

and substituting this into the convolution yields

tν−1 ∗ Eν(−c3tν) =
Γ(ν)

c3
(1− Eν(−c3tν)).

Therefore,

||ψ(t)||X ≤ ||ψ(0)||XEν(−c3tν) +
Λ1 + Λ2

c3
(1− Eν(−c3tν)),

=
Λ1 + Λ2

c3
+

(
||ψ(0)||X − Λ1 + Λ2

c3

)
Eν(−c3tν),

and taking the limit as t→ ∞ leads to

lim
t→∞

||ψ(t)||X ≤ Λ1 + Λ2

c3
,

since limt→∞Eν(−c3tν) = 0 [Kai, 2010]. This concludes that the solution ψ(t) is bounded.

Therefore, if we denote by G the state space of (3.8) then we have

G =

{
ψ(t) ∈ X+ : ||ψ(t)||X ≤ Λ1 + Λ2

c3

}
.
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3.2.2 Positivity of solutions

Here the purpose is to establish the positivity of the solution of (3.8). Observe that the

right-hand side of (3.8) can be decomposed as

f(ψ(t)) = Lψ(t) +M(ψ(t)),

where

L =



−µ1 0 0 0 0 0 0

0 −µ2 0 0 0 0 0

0 0 −C∂νa +m1(a) 0 0 0 0

0 0 0 −C∂νb +m2(b) 0 0 0

0 0 0 0 −δ1 0 0

0 0 0 0 0 −δ2 0

0 0 0 0 N1δ1 N2δ2 −µV


,

and

M(ψ(t)) =



Λ1 − β1T1(t)V (t)− κ1T1(t)I1(t),

Λ2 − β2T2(t)V (t)− κ2T2(t)I2(t),

0

0

(1− f1)(β1T1(t)V (t) + κ1T1(t)I1(t)) +
∫∞
0
α1(a)L1(a, t)da

(1− f2)(β2T2(t)V (t) + κ2T2(t)I2(t)) +
∫∞
0
α2(b)L2(b, t)db

0


,

where m1(a) = α1(a) + d1(a) − ρ1(a) and m2(b) = α2(b) + d2(b) − ρ2(b). Clearly, it is

su�cient to have LX+ ⊂ X+ and M(X+) ⊂ X+ to construct a positive solution. Since

L is a Metzler matrix, it follows that L is a positive operator and hence LX+ ⊂ X+. To

show that M(X+) ⊂ X+, we require Λi − βiTi(t)V (t) − κiTi(t)Ii(t) > 0 for all i = 1, 2.

We have

Λi − (βiV (t) + κiIi(t))Ti(t) > Λi − (βi|V (t)|+ κi|Ii(t)|)|Ti(t)|

> Λi − (βi||ψ(t)||X + κi||ψ(t)||X)||ψ(t)||X
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= Λi − (βi + κi)||ψ(t)||2X

> Λi − (βi + κi)

(
Λ1 + Λ2

c3

)2

,

and hence Λi − βiTi(t)V (t)− κiTi(t)Ii(t) > 0 for all i = 1, 2, provided that

Λi
(Λ1 + Λ2)2

>
βi + κi
c23

.

ThereforeM(X+) ⊂ X+. It follows that the state space G is positively invariant provided

Λi
(Λ1 + Λ2)2

>
βi + κi
c23

,

for all i = 1, 2, are satis�ed.

3.2.3 Existence and uniqueness of solutions

Theorem 3.1. The function f is Lipschitz continuous in X+.

Proof. Let ψ(t), ψ∗(t) ∈ X+. Since f1(X+) ⊆ R+, it follows from (3.8) that

|f1(ψ(t))− f1(ψ
∗(t))| =|Λ1 − µ1T1(t)− β1T1(t)V (t)− κ1T1(t)I1(t)− (Λ1 − µ1T

∗
1 (t)−

β1T
∗
1 (t)V

∗(t)− κ1T
∗
1 (t)I

∗
1 (t))|

=| − µ1(T1(t)− T ∗
1 (t))− β1(T1(t)V (t)− T ∗

1 (t)V
∗(t))

− κ1(T
∗
1 (t)I

∗
1 (t)− T ∗

1 (t)I
∗
1 (t))|

=| − µ1(T1(t)− T ∗
1 (t))− β1(T1(t)V (t)− T1(t)V

∗(t) + T1(t)V
∗(t)−

T ∗
1 (t)V

∗(t))− κ1(T1(t)I1(t)− T1(t)I
∗
1 (t) + T1(t)I

∗
1 (t)

− T ∗
1 (t)I

∗
1 (t))|,

therefore it follows that

|f1(ψ(t))− f1(ψ
∗(t))| ≤µ1|T1(t)− T ∗

1 (t)|+ β1|T1(t)||V (t)− V ∗(t)|+ β1|T1(t)

− T ∗
1 (t)||V ∗(t)|+ κ1|T1(t)||I1(t)− I∗1 (t)|

+ κ1|T1(t)− T ∗
1 (t)||I∗1 (t)|.
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Since ψ(t) is bounded, there exist positive constants CT1 , CT2 , CL1 , CL2 , CI1 , CI2 and

CV such that, |T1(t)| ≤ CT1 , |T2(t)| ≤ CT2 , ||L1(t)||1 ≤ CL1 , ||L2(t)||1 ≤ CL2 , |I1(t)| ≤
CI1 , |I2(t)| ≤ CI2 and |V (t)| ≤ CV . It follows that,

|f1(ψ(t))− f1(ψ
∗(t))| ≤µ1|T1(t)− T ∗

1 (t)|+ β1CT1|V1(t)− V ∗
1 (t)|+ β1CV |T1(t)− T ∗

1 (t)|

+ κ1CT1|I1(t)− I∗1 (t)|+ κ1CI1 |T1(t)− T ∗
1 (t)|

≤(µ1 + β1CV + κ1CI1)|T1(t)− T ∗
1 (t)|+ β1CT1|V1(t)− V ∗

1 (t)|

+ κ1CT1|I1(t)− I∗1 (t)|

≤MT1|T1(t)− T ∗
1 (t)|+MT1|V1(t)− V ∗

1 (t)|+MT1|I1(t)− I∗1 (t)|

=MT1(|T1(t)− T ∗
1 (t)|+ |V1(t)− V ∗

1 (t)|+ |I1(t)− I∗1 (t)|)

≤MT1||ψ(t)− ψ∗(t)||X,

where

MT1 = max{µ1 + β1CV + κ1CI1 , β1CT1 , κ1CT1};

therefore f1 is Lipschitz continuous in R+. Similarly,

|f2(ψ(t))− f2(ψ
∗(t))| ≤MT2||ψ(t)− ψ∗(t)||X,

where

MT2 = max{µ2 + β2CV + κ1CI2 , β2CT2 , κ2CT2},

that is, f2 is Lipschitz continuous in R+. Since f3(X+) ∈ L1(0,∞), it follows that

||f3(ψ(t))− f3(ψ
∗(t))||1 =||ρ1L1(t)− (α1 + d1)L1(t)− C∂νaL1(t)− (ρ1L

∗
1(t)

− (α1 + d1)L
∗
1(t)− C∂νaL

∗
1(t))||1

=||(ρ1 − α1 − d1)(L1(t)− L∗
1(t))− C∂νa(L1(t)− L∗

1(t))||1

=|| − (α1 + d1 − ρ1)(L1(t)− L∗
1(t))− C∂νa(L1(t)− L∗

1(t))||1

=||(α1 + d1 − ρ1)(L1(t)− L∗
1(t)) +

C∂νa(L1(t)− L∗
1(t))||1

≤||(α1 + d1 − ρ1)(L1(t)− L∗
1(t))||1 + ||I1−ν∂a(L1(t)− L∗

1(t))||1

=||m1(L1(t)− L∗
1(t))||1 + ||I1−ν∂a(L1(t)− L∗

1(t))||1,

since m1(a) = α1(a) + d1(a)− ρ1(a). It follows from 0 < m1(a) ≤ sup
a∈[0,∞)

{m1(a)}, that

∞∫
0

(m1(a))|L1(a, t)− L∗
1(a, t)|da ≤ sup

a∈[0,∞)

{m1(a)}
∞∫
0

|L1(a, t)− L∗
1(a, t)|da,
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and hence

||m1(L1(t)− L∗
1(t))||1 ≤ sup

a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1.

This leads to

||f3(t, ψ(t))− f3(t, ψ
∗(t))||1 ≤ sup

a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1

+

∞∫
0

|I1−ν∂s(L1(s, t)− L∗
1(s, t))|da

≤ sup
a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1

+

∞∫
0

∣∣∣∣ 1

Γ(1− ν)

a∫
0

(a− s)−ν∂a(L1(s, t)− L∗
1(s, t))ds

∣∣∣∣da.
Observing that

a∫
0

(a− s)−ν∂s(L1(s, t)− L∗
1(s, t))ds =

[
− (a− s)−ν+1

−ν + 1
∂s(L1(s, t)− L∗

1(s, t))

]a
0

+

a∫
0

(a− s)−ν+1

−ν + 1
∂2s (L1(s, t)− L∗

1(s, t))ds

and applying the Theorem (2.4) to the integral term yields

a∫
0

(a− s)−ν+1

−ν + 1
∂2s (L1(s, t)− L∗

1(s, t))ds =
(a− 0)−ν+1

−ν + 1

c∫
0

∂2s (L1(s, t)− L∗
1(s, t))ds

=
a−ν+1

−ν + 1

[
∂s(L1(s, t)− L∗

1(s, t))

]c
0

,

where c ∈ (0, a). Hence

a∫
0

(a− s)−ν∂s(L1(s, t)− L∗
1(s, t))ds =

[
− (a− s)−ν+1

−ν + 1
∂s(L1(s, t)− L∗

1(s, t))

]a
0

+

[
a−ν+1

−ν + 1
∂s(L1(s, t)− L∗

1(s, t))

]c
0

=
a−ν+1

−ν + 1
∂a(L1(c, t)− L∗

1(c, t))

=
a−ν+1

−ν + 1

L1(a, t)− L∗
1(a, t)− (L1(0, t)− L∗

1(0, t))

a− 0
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=
a−ν

−ν + 1
[L1(a, t)− L∗

1(a, t)− (L1(0, t)− L∗
1(0, t))].

Therefore

||f3(ψ(t))− f3(ψ
∗(t))||1 ≤ sup

a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 +

∞∫
0

∣∣∣∣ a−ν

(1− ν)Γ(1− ν)

× [L1(a, t)− L∗
1(a, t)− (L1(0, t)− L∗

1(0, t))]

∣∣∣∣da;
that is,

||f3(ψ(t))− f3(ψ
∗(t))||1 ≤ sup

a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 +

∞∫
0

a−ν

Γ(2− ν)
|L1(a, t)−

L∗
1(a, t)− (L1(0, t)− L∗

1(0, t))|da.

It follows from (3.3) that L1(a, t) is di�erentiable with respect to a. Therefore, L1(a, t)

is continuous with respect to a. By continuity of L1(a, t) − L∗
1(a, t) at a = 0, for any

arbitrary ϵ > 0, there exists a δ > 0 such that |L1(a, t)−L∗
1(a, t)−(L1(0, t)−L∗

1(0, t))| < ϵ

whenever a < δ, hence

||f3(ψ(t))− f3(ψ
∗(t))||1 < sup

a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 + lim

w→∞

w∫
0

a−ν

Γ(2− ν)
ϵda

= sup
a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 + lim

w→∞

ϵ

Γ(2− ν)

w∫
0

a−νda

= sup
a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 + lim

w→∞

ϵ

Γ(2− ν)

[
a1−ν

1− ν

]∣∣∣∣w
0

= sup
a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 + lim

w→∞

ϵ

Γ(2− ν)

w1−ν

1− ν
.

Choosing

ϵ =
CL1||L1(t)− L∗

1(t)||1
w1−ν ,

leads to,

||f3(ψ(t))− f3(ψ
∗(t))||1 < sup

a∈[0,∞)

{m1(a)}||L1(t)− L∗
1(t)||1 + lim

w→∞

CL1||L1(t)− L∗
1(t)||1

(1− ν)Γ(2− ν)

=

[
sup

a∈[0,∞)

{m1(a)}+
CL1

(1− ν)Γ(2− ν)

]
||L1(t)− L∗

1(t)||1
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<

[
sup

a∈[0,∞)

{m1(a)}+
CL1

(1− ν)Γ(2− ν)

]
||ψ(t)− ψ∗(t)||X

=ML1||ψ(t)− ψ∗(t)||X,

where

ML1 = sup
a∈[0,∞)

{m1(a)}+
CL1

Γ(ν)
,

and hence f3 is Lipschitz continuous in L1(0,∞). In a similar way,

||f4(ψ(t))− f4(ψ
∗(t))||1 < ML2||ψ(t)− ψ∗(t)||X,

where m2(b) = α2(b) + d2(b)− ρ2(b) and

ML2 = sup
b∈[0,∞)

{m2(b)}+
CL2

(1− ν)Γ(2− ν)
,

hence f4 is Lipschitz continuous in L1(0,∞). Since f5(X+) ⊆ R+, it follows that

|f5(ψ(t))− f5(ψ
∗(t))| =

∣∣∣∣(1− f1)(β1T1(t)V (t) + κ1T1(t)I1(t)) +

∞∫
0

α1(a)L1(a, t)da−

δ1I1(t)− ((1− f1)(β1T1(t)V (t) + κ1T1(t)I1(t))

+

∞∫
0

α1(a)L1(a, t)da− δ1I1(t))

∣∣∣∣
=

∣∣∣∣(1− f1)[β1(T1(t)V (t)− T ∗
1 (t)V

∗(t)) + κ1(T1(t)I1(t)− T ∗
1 (t)I

∗
1 (t))]

+

∞∫
0

α1(a)(L1(a, t)− L∗
1(a, t))da− δ1(I1(t)− I∗1 (t))

∣∣∣∣
=

∣∣∣∣(1− f1)[β1(T1(t)V (t)− T1(t)V
∗(t) + T1(t)V

∗(t)− T ∗
1 (t)V

∗(t))

+ κ1(T1(t)I1(t)− T1(t)I
∗
1 (t) + T1(t)I

∗
1 (t)− T ∗

1 (t)I
∗
1 (t))]

+

∞∫
0

α1(a)(L1(a, t)− L∗
1(a, t))da− δ1(I1(t)− I∗1 (t))

∣∣∣∣.
=

∣∣∣∣(1− f1)[β1(T1(t)(V (t)− V ∗(t)) + (T1(t)− T ∗
1 (t))V

∗(t))

+ κ1(T1(t)(I1(t)− I∗1 (t)) + (T1(t)− T ∗
1 (t))I

∗
1 (t))]
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+

∞∫
0

α1(a)(L1(a, t)− L∗
1(a, t))da− δ1(I1(t)− I∗1 (t))

∣∣∣∣
=(1− f1)[β1|T1(t)||V (t)− V ∗(t)|+ |T1(t)− T ∗

1 (t)||V ∗(t)|+ κ1|T1(t)|

× |I1(t)− I∗1 (t)|+ |T1(t)− T ∗
1 (t)||I∗1 (t)|]

+

∞∫
0

α1(a)|L1(a, t)− L∗
1(a, t)|da− δ1|I1(t)− I∗1 (t)|

This leads to

|f5(ψ(t))− f5(ψ
∗(t))| ≤ (1− f1)[β1CT1|V (t)− V ∗(t)|+ CV |T1(t)− T ∗

1 (t)|+ κ1CT1|I1(t)−

I∗1 (t)|+ CI1|T1(t)− T ∗
1 (t)|] + sup

a∈[0,∞)

{α1(a)}
∞∫
0

|L1(a, t)− L∗
1(a, t)|da− δ1|I1(t)− I∗1 (t)|;

that is,

|f5(ψ(t))− f5(ψ
∗(t))| ≤(1− f1)(β1CV + κ1CI1)|T1(t)− T ∗

1 (t)|+ (1− f1)β1CT1|V (t)−

V ∗(t)|+ [(1− f1)κ1CT1 − δ1]|I1(t)− I∗1 (t)|

+ sup
a∈[0,∞)

{α1(a)}||L1(t)− L∗
1(t)||1

≤MI1(|T1(t)− T ∗
1 (t)|+ |V (t)− V ∗(t)|+ |I1(t)− I∗1 (t)|

+ ||L1(t)− L∗
1(t)||1)

≤MI1||ψ(t)− ψ∗(t)||X,

where

MI1 = max

{
(1− f1)(β1CV + κ1CI1), (1− f1)β1CT1 , (1− f1)κ1CT1 − δ1, sup

a∈[0,∞)

{α1(a)}
}
.

Therefore f5 is Lipschitz continuous in R+. Similarly,

|f6(ψ(t))− f6(ψ
∗(t))| ≤MI2||ψ(t)− ψ∗(t)||X,

where

MI2 = max

{
(1− f2)(β2CV + κ2CI2), (1− f2)β2CT2 , (1− f2)κ2CT2 − δ2, sup

b∈[0,∞)

{α2(b)}
}
,
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that is, f6 is Lipschitz continuous in R+. Since f7(X+) ⊆ R+, it follows that

|f7(ψ(t))− f7(ψ
∗(t))| =|N1δ1I1(t) +N2δ2I2(t)− µV V (t)− (N1δ1I1(t) +N2δ2I2(t)

− µV V (t))|

=|N1δ1(I1(t)− I∗1 (t)) +N2δ2(I2(t)− I∗2 (t))− µV (V (t)− V ∗(t))|

≤N1δ1|I1(t)− I∗1 (t)|+N2δ2|I2(t)− I∗2 (t)|+ µV |V (t)− V ∗(t)|,

with

MV = max{N1δ1, N2δ2, µV },

then it follows that,

|f7(ψ(t))− f7(ψ
∗(t))| ≤MV (|I1(t)− I∗1 (t)|+ |I2(t)− I∗2 (t)|+ |V (t)− V ∗(t)|)

≤MV ||ψ(t)− ψ∗(t)||X,

that is, f7 is Lipschitz continuous in R+.

Therefore,

||f(ψ(t))− f(ψ∗(t))||X =|f1(ψ(t))− f1(ψ
∗(t))|+ |f2(ψ(t))− f2(ψ

∗(t))|+ ||f3(ψ(t))−

f3(ψ
∗(t))||1 + ||f4(ψ(t))− f4(ψ

∗(t))||1 + |f5(ψ(t))− f5(ψ
∗(t))|+

|f6(ψ(t))− f6(ψ
∗(t))|+ |f7(ψ(t))− f7(ψ

∗(t))|

≤(MT1 +MT2 +ML1 +ML2 +MI1 +MI2 +MV )||ψ(t)− ψ∗(t)||X

=M ||ψ(t)− ψ∗(t)||X,

with

M =MT1 +MT2 +ML1 +ML2 +MI1 +MI2 +MV .

This completes the proof.

Theorem 3.2. Let

L = sup
ψ∈X

||f(ψ(t))||X, h =

(
(Λ1 + Λ2)Γ(ν + 1)

c3L

) 1
ν

,

and the set G de�ned by

G =

{
ψ(t) ∈ X+ : t ∈ [0, h], ||ψ(t)− ψ(0)||X ≤ Λ1 + Λ2

c3

}
.

There exists a unique solution ψ(t) ∈ G of (3.8) with initial condition ψ(0) = ψ0.
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Proof. Let t ∈ [0, h]. Consider the function ψ of the form

ψ(t) := ψ(0) +
1

Γ(ν)

t∫
0

(t− s)ν−1f(ψ(s))ds.

We proceed to show that the solution ψ(t) ∈ G. We have,

||ψ(t)− ψ(0)||X =

∣∣∣∣∣∣∣∣ 1

Γ(ν)

t∫
0

(t− s)ν−1f(ψ(s))ds

∣∣∣∣∣∣∣∣
X

≤ 1

Γ(ν)

t∫
0

(t− s)ν−1||f(ψ(s))||Xds,

Furthermore, It follows that

||ψ(t)− ψ(0)||X ≤ 1

Γ(ν)

([
− (t− s)ν

ν
||f(ψ(s))||X

]t
0

+

t∫
0

(t− s)ν

ν

d

ds
||f(ψ(s))||Xds

)

=
1

Γ(ν)

(
tν

ν
||f(ψ(0))||X +

t∫
0

(t− s)ν

ν

d

ds
||f(ψ(s))||Xds

)
.

Applying the Theorem 2.4 on the integral leads to,

t∫
0

(t− s)ν

ν

d

ds
||f(ψ(s))||Xds =

(t− 0)ν

ν

t∫
0

d

ds
||f(ψ(s))||Xds,

that is,

||ψ(t)− ψ(0)||X =
1

Γ(ν)

(
tν

ν
||f(ψ(0))||X +

tν

ν

t∫
0

d

ds
||f(ψ(s))||Xds

)

=
tν

νΓ(ν)

(
||f(ψ(0))||X +

[
||f(ψ(s))||X

]t
0

)
=

(
tν

Γ(ν + 1)

)
||f(ψ(t))||X.

Since 0 ≤ t ≤ h, it follows that tν ≤ hν . Therefore,

||ψ(t)− ψ(0)||X ≤
(

hν

Γ(ν + 1)

)
||f(ψ(t))||X
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≤
(

hνL

Γ(ν + 1)

)
.

Substituting h =

(
(Λ1+Λ2)Γ(ν+1)

c3L

) 1
ν

, yeilds

||ψ(t)− ψ(0)||X ≤ Λ1 + Λ2

c3
,

and hence ψ(t) ∈ G. De�ne the function f by f : G → X+. For ψ(t), ψ∗(t) ∈ G, it

follows from the Lipschitz continuity of f that:

||f(ψ(t))− f(ψ∗(t))||X ≤M ||ψ(t)− ψ∗(t)||X

=M ||ψ(t)− ψ(0) + ψ(0)− ψ∗(t)||X

≤M(||ψ(t)− ψ(0)||X + ||ψ(0)− ψ∗(t)||X)

=M(||ψ(t)− ψ(0)||X + ||ψ∗(t)− ψ(0)||X)

≤M

(
Λ1 + Λ2

c3
+

Λ1 + Λ2

c3

)
=

2M(Λ1 + Λ2)

c3

=Mδ,

where δ = 2(Λ1+Λ2)
c3

. For ϵ =Mδ, there exists δ = ϵ
M

so that

||ψ(t)− ψ∗(t)||X ≤ δ yields ||f(ψ(t))− f(ψ∗(t))||X ≤ ϵ,

and hence f is continuous in X+. Therefore, it follows from Theorem 2.17 that there

exists a unique solution of (3.8).

3.3 Equilibria and basic reproduction numbers

In this section we derive the equilibrium points of the system (3.1) - (3.7) and the basic

reproduction numbers of the disease through each transmission route.
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3.3.1 Equilibria

The equilibrium states of the system (3.1) - (3.7) satisfy

CDν
t T1(t) =

CDν
t T2(t) =

C∂νt L1(a, t) =
C∂νt L2(a, t) =

CDν
t I1(t) =

CDν
t I2(t) =

CDν
t V (t) = 0;

that is,

0 = Λ1 − µ1T
∗
1 − β1T

∗
1 V

∗ − κ1T
∗
1 I

∗
1 , (3.9)

0 = Λ2 − µ2T
∗
2 − β2T

∗
2 V

∗ − κ2T
∗
2 I

∗
2 , (3.10)

CDν
aL

∗
1(a) = −m1(a)L

∗
1(a), (3.11)

CDν
bL

∗
2(b) = −m2(b)L

∗
2(b), (3.12)

0 = (1− f1)(β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 ) +

∞∫
0

α1(a)L
∗
1(a)da− δ1I

∗
1 , (3.13)

0 = (1− f2)(β2T
∗
2 V

∗ + κ2T
∗
2 I

∗
2 ) +

∞∫
0

α2(b)L
∗
2(b)db− δ2I

∗
2 , (3.14)

0 = N1δ1I
∗
1 +N2δ2I

∗
2 − µV V

∗. (3.15)

Taking the Laplace transform of (3.11) leads to

L{CDν
aL

∗
1(a)} = −L{m1(a)L

∗
1(a)}.

It follows from the Laplace transform of the Caputo fractional derivative that

sνL{L∗
1(a)} − sν−1L∗

1(0) = −L{m1(a)L
∗
1(a)},

where

L∗
1(0) = f1(β1T

∗
1 V

∗ + κ1T
∗
1 I

∗
1 ).

It follows that

L{L∗
1(a)} =

1

s
L∗
1(0)−

1

sν
L{m1(a)L

∗
1(a)},

and hence

L{L∗
1(a)} = L{L∗

1(0)} − L
{
aν−1

Γ(ν)

}
L{m1(a)L

∗
1(a)},
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that is,

L{L∗
1(a)} = L{L∗

1(0)} −
1

Γ(ν)
L{aν−1 ∗m1(a)L

∗
1(a)}.

Thus taking the inverse Laplace transform yields

L∗
1(a) = L∗

1(0)−
1

Γ(ν)
aν−1 ∗m1(a)L

∗
1(a),

= L∗
1(0)−

1

Γ(ν)

a∫
0

(a− s)ν−1m1(s)L
∗
1(s)ds,

= L∗
1(0)−

1

Γ(ν)

([
− (a− s)ν

ν
m1(s)L

∗
1(s)

]a
0

+

a∫
0

(a− s)ν

ν

d

ds
{m1(s)L

∗
1(s)}ds

)

= L∗
1(0)−

1

Γ(ν)

(
aν

ν
m1(0)L

∗
1(0) +

a∫
0

(a− s)ν

ν

d

ds
{m1(s)L

∗
1(s)}ds

)
.

It follows from Theorem 2.4 that
a∫

0

(a− s)ν

ν

d

ds
{m1(s)L

∗
1(s)}ds =

(a− 0)ν

ν

a∫
0

d

ds
{m1(s)L

∗
1(s)}ds,

and therefore we get

L∗
1(a) = L∗

1(0)−
1

Γ(ν)

(
aν

ν
m1(0)L

∗
1(0) +

aν

ν

a∫
0

d

ds
{m1(s)L

∗
1(s)}ds

)

= L∗
1(0)−

aν

νΓ(ν)

(
m1(0)L

∗
1(0) +

[
m1(s)L

∗
1(s)

]a
0

)
= L∗

1(0)−
aν

Γ(ν + 1)
m1(a)L

∗
1(a).

Solving for L∗
1(a) yields

L∗
1(a) = L∗

1(0)

(
1 +

aνm1(a)

Γ(ν + 1)

)−1

.

Since (
1 +

aνm1(a)

Γ(ν + 1)

)−1

=
∞∑
j=0

(
− aνm1(a)

Γ(ν + 1)

)j
=

∞∑
j=0

(−1)j
(
aνm1(a)

Γ(ν + 1)

)j
,

provided ∣∣∣∣ aνm1(a)

Γ(ν + 1)

∣∣∣∣ < 1,
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then

L∗
1(a) = L∗

1(0)
∞∑
j=0

(
− aνm1(a)

Γ(ν + 1)

)j
= L∗

1(0)σ1(a), provided

∣∣∣∣ aνm1(a)

Γ(ν + 1)

∣∣∣∣ < 1, (3.16)

where the probability of a Type 1 cell being latently infected some time units after

infection [Xiaoyan, 2013] is given as

σ1(a) =
∞∑
j=0

(
− aνm1(a)

Γ(ν + 1)

)j
.

We then deduce that

∞∫
0

α1(a)L
∗
1(a)da =

∞∫
0

α1(a)L
∗
1(0)σ1(a)da

=

∞∫
0

α1(a)f1(β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 )σ1(a)da

= f1(β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 )

∞∫
0

α1(a)σ1(a)da

= ξ1f1(β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 ),

where the probability of latently infected Type 1 cells transitioning to productively in-

fected cells is denoted by,

ξ1 =

∞∫
0

α1(a)σ1(a)da.

Substituting ξ1 into (3.13) leads to

0 = (1− f1)(β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 ) + ξ1f1(β1T

∗
1 V

∗ + κ1T
∗
1 I

∗
1 )− δ1I

∗
1 ,

and hence we obtain

(1 + ξ1f1 − f1)(β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 ) = δ1I

∗
1 ,

that is,

β1T
∗
1 V

∗ + κ1T
∗
1 I

∗
1 =

δ1I
∗
1

1 + ξ1f1 − f1
.
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Substituting into (3.9) yields a relation between the populations of infected and unin-

fected Type 1 cells,

(Λ1 − µ1T
∗
1 )(1 + ξ1f1 − f1) = δ1I

∗
1 ,

and hence

T ∗
1 =

Λ1

µ1

− δ1
µ1(1 + ξ1f1 − f1)

I∗1 =

(
1− κ1I

∗
1

µ1RCC
1

)
T 0
1 , (3.17)

where

T 0
1 =

Λ1

µ1

and RCC
1 =

Λ1

µ1

(1 + ξ1f1 − f1)
κ1
δ1
.

We provide similar results by solving (3.10) to obtain the equilibrium population of

latently infected Type 2 cells as,

L∗
2(b) := L∗

2(0)
∞∑
j=0

(
− bνm2(b)

Γ(ν + 1)

)j
= L∗

2(0)σ2(b), (3.18)

where the probability of a Type 2 cell being latently infected some time units after

infection is given by,

σ2(b) =
∞∑
j=0

(
− bνm2(b)

Γ(ν + 1)

)j
=

∞∑
j=0

(−1)j
(
bνm2(b)

Γ(ν + 1)

)j
,

and the probability of latently infected Type 2 cells transitioning to productively infected

cells is denoted by,

ξ2 =

∞∫
0

α2(b)σ2(b)db.

Substituting ξ2 into (3.14) leads to

0 = (1− f2)(β2T
∗
2 V

∗ + κ2T
∗
2 I

∗
2 ) + ξ2f2(β2T

∗
2 V

∗ + κ2T
∗
2 I

∗
2 )− δ2I

∗
2 ,

and hence we obtain

(1 + ξ2f2 − f2)(β2T
∗
2 V

∗ + κ2T
∗
2 I

∗
2 ) = δ2I

∗
2 ,

that is,

β2T
∗
2 V

∗ + κ2T
∗
2 I

∗
2 =

δ2I
∗
2

1 + ξ2f2 − f2
.

Substituting into (3.10) yields a relation between the populations of infected and unin-

fected Type 2 cells,

(Λ2 − µ2T
∗
2 )(1 + ξ2f2 − f2) = δ2I

∗
2 ,
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the equilibrium population of uninfected Type 2 cells is also related to the population of

infected Type 2 cells by,

T ∗
2 =

Λ2

µ2

− δ2
µ2(1 + ξ2f2 − f2)

I∗2 =

(
1− κ2I

∗
2

µ2RCC
2

)
T 0
2 , (3.19)

where

T 0
2 =

Λ2

µ2

and RCC
2 =

Λ2

µ2

(1 + ξ2f2 − f2)
κ2
δ2
.

From equation (3.15), we get

V ∗ =
N1δ1
µV

I∗1 +
N2δ2
µV

I∗2 . (3.20)

It follows that the equilibrium states of the system (3.1) - (3.7) are generated by



T ∗
1

T ∗
2

L∗
1(a)

L∗
2(b)

I∗1

I∗2

V ∗


=



(
1− κ1I∗1

µ1RCC
1

)
T 0
1(

1− κ2I∗2
µ2RCC

2

)
T 0
2

L∗
1(0)σ1(a)

L∗
2(0)σ2(b)

I∗1

I∗2
N1δ1
µV

I∗1 +
N2δ2
µV

I∗2


, (3.21)

where

L∗
1(0) = f1(β1T

∗
1 V

∗ + κ1T
∗
1 I

∗
1 ), L∗

2(0) = f2(β2T
∗
2 V

∗ + κ2T
∗
2 I

∗
2 ).

I∗1 and I∗2 are determined as follows:

Case 1 (I∗1 = 0 and I∗2 = 0): The disease-free equilibrium E0 is given as

E0 =

(
Λ1

µ1

,
Λ2

µ2

, 0, 0, 0, 0, 0

)T
=

(
T 0
1 , T

0
2 , 0, 0, 0, 0, 0

)T
. (3.22)

Case 2 (I∗1 ̸= 0 and I∗2 = 0): The Type 1 cell dominated endemic equilibrium E∗
1 is

given by

E∗
1 =

((
1− κ1I

∗
1

µ1RCC
1

)
T 0
1 ,

Λ2

µ2

, L∗
1(0)σ1(a), 0, I

∗
1 , 0,

N1δ1
µV

I∗1

)T
. (3.23)
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Case 3 (I∗1 = 0 and I∗2 ̸= 0): The Type 2 cell dominated endemic equilibrium E∗
2 is

given by

E∗
2 =

(
Λ1

µ1

,

(
1− κ2I

∗
2

µ2RCC
2

)
T 0
2 , 0, L

∗
2(0)σ2(b), 0, I

∗
2 ,
N2δ2
µV

I∗2

)T
. (3.24)

Case 4 (I∗1 ̸= 0 and I∗2 ̸= 0): The coexistence-cell endemic equilibrium E∗
3 is given by

E∗
3 =



(
1− κ1I∗1

µ1RCC
1

)
T 0
1(

1− κ2I∗2
µ2RCC

2

)
T 0
2

L∗
1(0)σ1(a)

L∗
2(0)σ2(b)

I∗1

I∗2
N1δ1
µV

I∗1 +
N2δ2
µV

I∗2


. (3.25)

3.3.2 Basic reproduction numbers and existence of equilibria

Here, the aim is to explore the relationship between the basic reproduction numbers of

the disease through each transmission route and to prove the existence of equilibria of

the system (3.1) - (3.7). To do this, we �rst substitute (3.20) into (3.17) to obtain

µVΛ1 − µV µ1T
∗
1 − β1T

∗
1 (N1δ1I

∗
1 +N2δ2I

∗
2 )− µV κ1T

∗
1 I

∗
1 = 0,

which reduces to

µVΛ1 − T ∗
1 [µV µ1 + (β1N1δ1 + µV κ1)I

∗
1 + β1N2δ2I

∗
2 ] = 0,

and hence

T ∗
1 =

µVΛ1

µV µ1 + (β1N1δ1 + µV κ1)I∗1 + β1N2δ2I∗2
. (3.26)

Next, we substitute (3.20) into (3.13) to obtain

(1 + ξ1f1 − f1)[β1T
∗
1 (N1δ1I

∗
1 +N2δ2I

∗
2 ) + µV κ1T

∗
1 I

∗
1 ]− µV δ1I

∗
1 = 0,

which reduces to

(1 + ξ1f1 − f1)[(β1N1δ1 + µV κ1)I
∗
1 + β1N2δ2I

∗
2 ]T

∗
1 − µV δ1I

∗
1 = 0,
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and hence

T ∗
1 =

µV δ1I
∗
1

(1 + ξ1f1 − f1)[(β1N1δ1 + µV κ1)I∗1 + β1N2δ2I∗2 ]
. (3.27)

Equating (3.26) and (3.27) yields

µVΛ1

µV µ1 + (β1N1δ1 + µV κ1)I∗1 + β1N2δ2I∗2
=

µV δ1I
∗
1

1 + ξ1f1 − f1

× 1

(β1N1δ1 + µV κ1)I∗1 + β1N2δ2I∗2
,

and hence,

µVΛ1(1+ξ1f1 − f1)[(β1N1δ1 + µV κ1)I
∗
1 + β1N2δ2I

∗
2 ]

= µV δ1I
∗
1 [µV µ1 + (β1N1δ1 + µV κ1)I

∗
1 + β1N2δ2I

∗
2 ].

This is equivalent to

(β1N1δ1 + µV κ1)δ1I
∗
1
2 + [µ1µV δ1 − Λ1(1 + ξ1f1 − f1)(β1N1δ1 + µV κ1)]I

∗
1

− Λ1(1 + ξ1f1 − f1)β1N2δ2I
∗
2 + δ1β1N2δ2I

∗
1I

∗
2 = 0;

that is,

A1I
∗
1
2 +B1I

∗
1 − C1I

∗
2 +D1I

∗
1I

∗
2 = 0,

where

A1 = (β1N1δ1 + µV κ1)δ1, B1 = µ1µV δ1 − Λ1(1 + ξ1f1 − f1)(β1N1δ1 + µV κ1),

C1 = Λ1(1 + ξ1f1 − f1)β1N2δ2 and D1 = δ1β1N2δ2.

It follows that

B1I
∗
1 − C1I

∗
2 +D1I

∗
1I

∗
2 = −A1I

∗
1
2 < 0,

and hence,

I∗2 (C1 −D1I
∗
1 ) > B1I

∗
1 . (3.28)

The following possibilities are discussed:

(i) Assuming B1 > 0 and dividing (3.28) by B1 results in

I∗2
C1 −D1I

∗
1

B1

> I∗1 > 0,
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and hence C1 −D1I
∗
1 > 0. It follows from B1 > 0 that

µ1µV δ1 − Λ1(1 + ξ1f1 − f1)(β1N1δ1 + µV κ1) > 0,

which yields,

1− Λ1

µ1

(1 + ξ1f1 − f1)

(
β1N1

µV
+
κ1
δ1

)
> 0;

that is, R1 < 1, where

R1 =
Λ1

µ1

(1 + ξ1f1 − f1)

(
β1N1

µV
+
κ1
δ1

)
= RCV

1 +RCC
1 ,

with

RCV
1 =

Λ1

µ1

(1 + ξ1f1 − f1)
β1N1

µV
.

It follows from C1 −D1I
∗
1 > 0 that

I∗1 <
C1

D1

=
Λ1(1 + ξ1f1 − f1)

δ1
;

that is,

I∗1 <
µ1

κ1
RCC

1 .

(ii) Assuming B1 < 0 and dividing (3.28) by B1 leads to,

I∗2
C1 −D1I

∗
1

B1

< I∗1 .

It follows that

0 < I∗2
C1 −D1I

∗
1

B1

< I∗1 or I∗2
C1 −D1I

∗
1

B1

< 0 < I∗1 ;

which yields

C1 −D1I
∗
1 < 0 or C1 −D1I

∗
1 > 0,

respectively. Equivalently, we have C1 −D1I
∗
1 ̸= 0, which leads to I∗1 ̸= D1

C1
= µ1

κ1
RCC

1 . It

follows from B1 < 0 that R1 > 1. Therefore, R1 > 1 and I∗1 ̸= µ1
κ1
RCC

1 .

Similar calculations following the substitution of (3.20) into (3.10) and (3.14), lead to

the following:

(iii)

R2 < 1 and I∗2 <
µ2

κ2
RCC

2 ,
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where

R2 =
Λ2

µ2

(1 + ξ2f2 − f2)
β2N2

µV
+
κ2
δ2

= RCV
2 +RCC

2 ,

with

RCV
2 =

Λ2

µ2

(1 + ξ2f2 − f2)
β2N2

µV
.

(iv) R2 > 1 and I∗2 ̸= µ2
κ2
RCC

2 .

Combining results from (i), (ii), (iii) and (iv) allows us to state the following proposition.

Proposition 3.3. The equilibria of the system exists provided the following:

(a) The disease-free equilibrium E0, always exists regardless of (i)-(iv).

(b) The Type 1 cell dominated endemic Equilibrium E∗
1 exists whenever (i) or (ii) is

satis�ed.

(c) The Type 2 cell dominated endemic Equilibrium E∗
2 exists whenever (ii) or (iii) is

satis�ed.

(d) The dual cell endemic Equilibrium E∗
3 exists whenever (i) or (ii), and (iii) or (iv),

are satis�ed.

3.4 Stability of the disease-free equilibrium

This section focuses of the local asymptotic stability of the disease-free equilibrium point.

To achieve this, we employ the linearization technique around the equilibrium.

Let

T̃1(t), T̃2(t), L̃1(a, t), L̃2(b, t), Ĩ1(t), Ĩ2(t) and Ṽ (t),
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be perturbations of

T1(t), T2(t), L1(a, t), L2(b, t), I1(t), I2(t) and V (t),

respectively, so that

T̃1(t) = T1(t)−T1, T̃2(t) = T2(t)−T2, L̃1(a, t) = L1(a, t)−L1(a), L̃2(b, t) = L2(b, t)−L2(b),

Ĩ1(t) = I1(t)− I1, Ĩ2(t) = I2(t)− I2 and Ṽ (t) = V (t)− V,

where E = (T1, T2, L1(a), L2(b), I1, I2, V )T is the equilibrium point. The perturbations

satisfy the fractional system,

CDν
t T̃1(t) =− [T̃1(t)(µ1 + β1V + κ1I1) + T1(β1Ṽ + κ1Ĩ1(t))], (3.29)

CDν
t T̃2(t) =− [T̃2(t)(µ2 + β2V + κ2I2) + T2(β2Ṽ + κ2Ĩ2(t))], (3.30)

C∂νt L̃1(a, t) = −m1(a)L̃1(a, t)− C∂νa L̃1(a, t), (3.31)

C∂νt L̃2(b, t) = −m2(b)L̃2(b, t)− C∂νb L̃2(b, t), (3.32)

CDν
t Ĩ1(t) =(1− f1)[T̃1(t)(β1V + κ1I1) + T1(β1Ṽ + κ1Ĩ1(t))]

+

∞∫
0

α1(a)L̃1(a, t)da− δ1Ĩ1(t), (3.33)

CDν
t Ĩ2(t) =(1− f2)[T̃2(t)(β2V + κ2I2) + T2(β2Ṽ + κ2Ĩ2(t))]

+

∞∫
0

α2(b)L̃2(b, t)db− δ2Ĩ2(t), (3.34)

CDν
t Ṽ (t) =N1δ1Ĩ1(t) +N2δ2Ĩ2(t)− µV Ṽ (t), (3.35)

after neglecting perturbation terms of order greater than or equal to 2, with boundary

conditions

L̃1(0, t) = f1[T̃1(t)(β1V + κ1I1) + T1(β1Ṽ + κ1Ĩ1)],

and

L̃2(0, t) = f2[T̃2(t)(β2V + κ2I2) + T2(β2Ṽ + κ2Ĩ2)].

Suppose the solutions of the fractional system (3.29) - (3.35) are of the form,

T̃1(t) = T̄1Eν(λt
ν), T̃2(t) = T̄2Eν(λt

ν), L̃1(a, t) = L̄1(a)Eν(λt
ν),
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L̃2(b, t) = L̄2(b)Eν(λt
ν), Ĩ1(t) = Ī1Eν(λt

ν), Ĩ2(t) = Ī2Eν(λt
ν) and Ṽ (t) = V̄ Eν(λt

ν),

with initial conditions T̄1, T̄2, L̄1(a), L̄2(b), Ī1, Ī2, and V̄ . Since any function f(t) =

f̄Eν(λt
ν) with initial condition f̄ = f(0) satis�es the fractional equation CDν

t f(t) =

λf(t), then it follows that,

λT̄1 = −[T̄1(µ1 + β1V + κ1I1) + T1(β1V̄ + κ1Ī1)], (3.36)

λT̄2 = −[T̄2(µ2 + β2V + κ2I2) + T2(β2V̄ + κ2Ī2)], (3.37)

λL̄1(a) = −m1(a)L̄1(a)− CDν
aL̄1(a), (3.38)

λL̄2(b) = −m2(b)L̄2(b)− CDν
b L̄2(b), (3.39)

λĪ1 = (1− f1)[T̄1(β1V + κ1I1) + T1(β1V̄ + κ1Ī1)] +

∞∫
0

α1(a)L̄1(a)da− δ1Ī1, (3.40)

λĪ2 = (1− f2)[T̄2(β2V + κ2I2) + T2(β2V̄ + κ2Ī2)] +

∞∫
0

α2(b)L̄2(b)db− δ2Ī2, (3.41)

λV̄ = N1δ1Ī1 +N2δ2Ī2 − µV V̄ , (3.42)

with boundary conditions

L̄1(0) = f1[T̄1(β1V + κ1I1) + T1(β1V̄ + κ1Ī1)],

and

L̄2(0) = f2[T̄2(β2V + κ2I2) + T2(β2V̄ + κ2Ī2)].

Theorem 3.4. The disease-free equilibrium, E0, is locally asymptotically stable.

Proof. The disease-free equilibrium is given by

E0 = (T 0
1 , T

0
2 , 0, 0, 0, 0, 0)

T =

(
Λ1

µ1

,
Λ2

µ2

, 0, 0, 0, 0, 0

)T
.

It follows from (3.36) - (3.42) that

λT̄1 = −T̄1µ1 − T 0
1 (β1V̄ + κ1Ī1), (3.43)

λT̄2 = −T̄2µ2 − T 0
2 (β2V̄ + κ2Ī2), (3.44)

λL̄1(a) = −m1(a)L̄1(a)− CDν
aL̄1(a), (3.45)
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λL̄2(b) = −m2(b)L̄2(b)− CDν
b L̄2(b), (3.46)

λĪ1 = (1− f1)T
0
1 (β1V̄ + κ1Ī1) +

∞∫
0

α1(a)L̄1(a)da− δ1Ī1, (3.47)

λĪ2 = (1− f2)T
0
2 (β2V̄ + κ2Ī2) +

∞∫
0

α2(b)L̄2(b)db− δ2Ī2, (3.48)

λV̄ = N1δ1Ī1 +N2δ2Ī2 − µV V̄ , (3.49)

with boundary conditions

L̄1(0) = f1T
0
1 (β1V̄ + κ1Ī1),

and

L̄2(0) = f2T
0
2 (β2V̄ + κ2Ī2).

From (3.43) and (3.44) we get, respectively,

(λ+ µ1)T̄1 = −(β1V̄ + κ1Ī1)T
0
1 < 0 and (λ+ µ2)T̄2 = −(β2V̄ + κ2Ī2)T

0
2 < 0.

Therefore

λ < −µ1 < 0 and λ < −µ2 < 0;

that is, arg(λ) = π > πν
2
for every ν ∈ (0, 1).

From (3.45) we obtain,

L̄1(a) = L̄1(0)σ1,λ(a), where σ1,λ(a) =
∞∑
k=0

(
− aν(m1(a) + λ)

Γ(ν + 1)

)k
,

with∣∣∣∣− aν(m1(a) + λ)

Γ(ν + 1)

∣∣∣∣ < 1, or equivalently,
Γ(ν + 1)

aν
−m1(a) > λ > −Γ(ν + 1)

aν
−m1(a).

Consider the integral

∞∫
0

α1(a)L̄1(a)da =

∞∫
0

α1(a)L̄1(0)σ1,λ(a)da

= L̄1(0)

∞∫
0

α1(a)σ1,λ(a)da
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= L̄1(0)ξ1,λ,

where ξ1,λ =
∫∞
0
α1(a)σ1,λ(a)da. This allows equation (3.47) to be rewritten as,

λĪ1 = (1 + ξ1,λf1 − f1)T
0
1 (β1V̄ + κ1Ī1)− δ1Ī1. (3.50)

Similarly, from (3.46) we obtain

L̄2(b) = L̄2(0)σ2,λ(b), where σ2,λ(b) =
∞∑
k=0

(
− bν(m2(b) + λ)

Γ(ν + 1)

)k
,

with∣∣∣∣− bν(m2(b) + λ)

Γ(ν + 1)

∣∣∣∣ < 1, or equivalently,
Γ(ν + 1)

bν
−m2(b) > λ > −Γ(ν + 1)

bν
−m2(b),

and ξ2,λ =
∫∞
0
α2(b)σ2,λ(b)db. Thus equation (3.48) can be rewritten as

λĪ2 = (1 + ξ2,λf2 − f2)T
0
2 (β2V̄ + κ2Ī2)− δ2Ī2. (3.51)

Let ξ̄1,λ = 1+ ξ1,λf1 − f1 and ξ̄2,λ = 1+ ξ2,λf2 − f2. Eliminating V̄ from equation (3.49)

and (3.50) yields

(λ+ µV )(λ+ δ1)Ī1 = ξ̄1,λT
0
1 β1(N1δ1Ī1 +N2δ2Ī2) + ξ̄1,λT

0
1 κ1(λ+ µV )Ī1,

which simpli�es to,

[(λ+ µV )(λ+ δ1)− β1ξ̄1,λT
0
1N1δ1 − ξ̄1,λT

0
1 κ1(λ+ µV )]Ī1 = ξ̄1,λT

0
1 β1N2δ2Ī2. (3.52)

Similarly, eliminating V̄ from equation (3.49) and (3.51) leads to,

[(λ+ µV )(λ+ δ2)− β2ξ̄2,λT
0
2N2δ2 − ξ̄2,λT

0
2 κ2(λ+ µV )]Ī2 = ξ̄2,λT

0
2 β2N1δ1Ī1. (3.53)

It follows from (3.52) and (3.53) that

[(λ+ µV )(λ+ δ1)− β1ξ̄1,λT
0
1N1δ1 − ξ̄1,λT

0
1 κ1(λ+ µV )][(λ+ µV )(λ+ δ2)− β2ξ̄2,λT

0
2N2δ2

− ξ̄2,λT
0
2 κ2(λ+ µV )] = [ξ̄1,λT

0
1 β1N2δ2][ξ̄2,λT

0
2 β2N1δ1],

that is,

[ξ̄1,λT
0
1 β1N2δ2][ξ̄2,λT

0
2 β2N1δ1]

(λ+ µV )(λ+ δ2)− β2ξ̄2,λT 0
2N2δ2 − ξ̄2,λT 0

2 κ2(λ+ µV )
= (λ+ µV )(λ+ δ1)− β1ξ̄1,λT

0
1N1δ1
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− ξ̄1,λT
0
1 κ1(λ+ µV ).

This leads to the characteristic equation

ξ̄1,λT
0
1 β1N2δ2

(λ+ µV )2(λ+ δ1)(λ+ δ2)
× ξ̄2,λT

0
2 β2N1δ1[

1− β2ξ̄2,λT
0
2N2δ2

(λ+µV )(λ+δ2)
− ξ̄2,λT

0
2 κ2

λ+δ2

]
+

[
β1ξ̄1,λT

0
1N1δ1

(λ+ µV )(λ+ δ1)
+
ξ̄1,λT

0
1 κ1

λ+ δ1

]
= 1; (3.54)

that is,

C0(λ) = 1, (3.55)

where

C0(λ) =
[ξ̄1,λT

0
1 β1N2δ2][ξ̄2,λT

0
2 β2N1δ1]

(λ+ µV )2(λ+ δ1)(λ+ δ2)

[
1− β2ξ̄2,λT

0
2N2δ2

(λ+µV )(λ+δ2)
− ξ̄2,λT

0
2 κ2

λ+δ2

]
+

[
β1ξ̄1,λT

0
1N1δ1

(λ+ µV )(λ+ δ1)
+
ξ̄1,λT

0
1 κ1

λ+ δ1

]
.

Let

A0(λ) =
[T 0

1 β1N2δ2][T
0
2 β2N1δ1]ξ̄1,λξ̄2,λ

(λ+ µV )2(λ+ δ1)(λ+ δ2)
, A1(λ) = ξ̄1,λ

(
β1N1δ1

(λ+ µV )(λ+ δ1)
+

κ1
λ+ δ1

)
T 0
1 and

A2(λ) = ξ̄2,λ

(
β2N2δ2

(λ+ µV )(λ+ δ2)
+

κ2
λ+ δ2

)
T 0
2 ,

so that

C0(λ) =
A0(λ)

1− A2(λ)
+ A1(λ). (3.56)

To �nd the solutions λ that satisfy the characteristic equation (3.55), we consider the

following cases.

3.4.1 Case 1 (λ ∈ R):

Consider the Caputo derivative of C0(λ) with respect to λ,

CDν
λC

0(λ) = I1−νDλC
0(λ) = I1−νDλ

[
A0(λ)

1− A2(λ)
+ A1(λ)

]
.
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We compute Dλ[C
0(λ)] as follows,

Dλ

[
A0(λ)

1− A2(λ)
+ A1(λ)

]
=
Dλ[A0(λ)](1− A2(λ))− A1(λ)Dλ[1− A2(λ)]

(1− A2(λ))2

+Dλ[A1(λ)]

=
Dλ[A0(λ)](1− A2(λ)) + A0(λ)Dλ[A2(λ)]

(1− A2(λ))2

+Dλ[A1(λ)],

which reduces to

Dλ

[
A0(λ)

1− A2(λ)
+ A1(λ)

]
=
Dλ[A0(λ)]

1− A2(λ)
+

A0(λ)

(1− A2(λ))2
Dλ[A2(λ)] +Dλ[A1(λ)]. (3.57)

We observe that,

Dλ[A1(λ)] =Dλ

[
ξ̄1,λ
λ+ δ1

(
β1N1δ1
λ+ µV

+ κ1

)
T 0
1

]
=Dλ

[
ξ̄1,λ
λ+ δ1

](
β1N1δ1
λ+ µV

+ κ1

)
T 0
1 +

(
ξ̄1,λ
λ+ δ1

)
Dλ

[
β1N1δ1
λ+ µV

+ κ1

]
T 0
1

=

(
Dλ[ξ̄1,λ](λ+ δ1)− ξ̄1,λDλ[λ+ δ1]

(λ+ δ1)2

)(
β1N1δ1
λ+ µV

+ κ1

)
T 0
1

−
(

ξ̄1,λ
λ+ δ1

)
β1N1δ1

(λ+ µV )2
T 0
1

=

(
Dλ[ξ̄1,λ](λ+ δ1)− ξ̄1,λ

(λ+ δ1)2

)(
β1N1δ1
λ+ µV

+ κ1

)
T 0
1 −

(
ξ̄1,λ
λ+ δ1

)
β1N1δ1

(λ+ µV )2
T 0
1 .

Computing the derivative of ξ̄1,λ yields,

Dλ[ξ̄1,λ] = Dλ[1 + ξ1,λf1 − f1]

= f1Dλ

[ ∞∫
0

α1(a)σ1,λ(a)da

]

= f1Dλ

[ ∞∫
0

α1(a)

1 + aν(m1(a)+λ)
Γ(ν+1)

da

]

= −f1

∞∫
0

α1(a)a
ν

Γ(ν + 1)
(
1 + aν(m1(a)+λ)

Γ(ν+1)

)2da,
which leads to

Dλ[ξ̄1,λ] = −f1

∞∫
0

α1(a)a
ν

Γ(ν + 1)
σ2
1,λ(a)da = −f1||γ1,λ||1,
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where

γ1,λ(a) =
α1(a)a

ν

Γ(ν + 1)
σ2
1,λ(a).

Therefore it follows that,

Dλ[A1(λ)] =

(
− f1||γ1,λ||1 −

ξ̄1,λ
λ+ δ1

)(
β1N1δ1
λ+ µV

+ κ1

)
T 0
1 −

(
ξ̄1,λ
λ+ δ1

)
β1N1δ1

(λ+ µV )2
T 0
1 ,

that is,

Dλ[A1(λ)] =−

[(
f1||γ1,λ||1 +

ξ̄1,λ
λ+ δ1

)(
β1N1δ1
λ+ µV

+ κ1

)
T 0
1

+

(
ξ̄1,λ
λ+ δ1

)
β1N1δ1

(λ+ µV )2
T 0
1

]
< 0, (3.58)

provided λ+ δ1 > 0 and λ+ µV > 0. Similarly, we have

Dλ[A2(λ)] =−

[(
f2||γ2,λ||1 +

ξ̄2,λ
λ+ δ2

)(
β2N2δ2
λ+ µV

+ κ2

)
T 0
2

+

(
ξ̄2,λ
λ+ δ2

)
β2N2δ2

(λ+ µV )2
T 0
2

]
< 0, (3.59)

where

γ2,λ(b) =
α2(b)b

ν

Γ(ν + 1)
σ2
2,λ(b),

provided λ+ δ2 > 0 and λ+ µV > 0.

The derivative of A0(λ) is given as,

Dλ[A0(λ)] = Dλ

[
[T 0

1 β1N2δ2][T
0
2 β2N1δ1]ξ̄1,λξ̄2,λ

(λ+ µV )2(λ+ δ1)(λ+ δ2)

]
=

[T 0
1 β1N2δ2][T

0
2 β2N1δ1]

(λ+ µV )4(λ+ δ1)2(λ+ δ2)2
(Dλ[ξ̄1,λξ̄2,λ](λ+ µV )

2(λ+ δ1)(λ+ δ2)

− ξ̄1,λξ̄2,λDλ[(λ+ µV )
2(λ+ δ1)(λ+ δ2)]).

Therefore from

Dλ[ξ̄1,λξ̄2,λ] = Dλ[ξ̄1,λ]ξ̄2,λ + ξ̄1,λDλ[ξ̄2,λ]

=− (f1||γ1,λ||1ξ̄2,λ + ξ̄1,λf2||γ2,λ||1) < 0,

and

Dλ[(λ+ µV )
2(λ+ δ1)(λ+ δ2)] =Dλ[(λ)

2](λ+ δ1)(λ+ δ2)
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+ (λ+ µV )
2Dλ[(λ+ δ1)(λ+ δ2)]

=2(λ+ µV )(λ+ δ1)(λ+ δ2)

+ (λ+ µV )
2[(λ+ δ2) + (λ+ δ1)]

>0,

it follows that,

−(f1||γ1,λ||1ξ̄2,λ + ξ̄1,λf2||γ2,λ||1)(λ+ µV )
2(λ+ δ1)(λ+ δ2)

− ξ̄1,λξ̄2,λDλ[(λ+ µV )
2(λ+ δ1)(λ+ δ2)] < 0,

and hence, Dλ[A0(λ)] < 0. We have

A0(λ)

(1− A2(λ))2
Dλ[A2(λ)] +Dλ[A1(λ)] < 0,

and hence we observe that

Dλ[C
0(λ)] =

Dλ[A0(λ)]

1− A2(λ)
+

A0(λ)

(1− A2(λ))2
Dλ[A2(λ)] +Dλ[A1(λ)].

Therefore

Dλ[C
0(λ)] < 0 if and only if 1− A2(λ) > 0. (3.60)

It follows that C0(λ) is a decreasing function of λ whenever A2(λ) < 1. Let λ∗ be a

solution to the characteristic equation such that

1 > C0(0) whenever λ∗ < 0 and C0(0) > 1 whenever λ∗ > 0.

For λ∗ < 0, we have
A0(0)

1− A2(0)
+ A1(0) < 1;

which implies

0 < A0(0) < (1− A1(0))(1− A2(0)). (3.61)

It follows that, either A1(0) < 1 and A2(0) < 1 or A1(0) > 1 and A2(0) > 1.

Equivalently, either R1 < 1 and R2 < 1 or R1 > 1 and R2 > 1.

It follows from

arg(λ∗) = π >
πν

2
for all ν ∈ (0, 1),
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that E0 is locally asymptotically stable whenever either R1 < 1 and R2 < 1 or R1 >

1 and R2 > 1. However, only the condition R1 < 1 and R2 < 1 is biologically

feasible and the condition R1 > 1 and R2 > 1 is neglected.

Likewise, for λ∗ > 0, we have

A0(0)

1− A2(0)
+ A1(0) > 1;

which implies

A0(0) > (1− A1(0))(1− A2(0)).

It follows that, either

A1(0) > 1 and A2(0) < 1

or

A1(0) < 1 and A2(0) > 1.

Equivalently, either

R1 > 1 and R2 < 1

or

R1 < 1 and R2 > 1.

It follows from

arg(λ∗) = 0 <
πν

2
for all ν ∈ (0, 1),

that E0 is unstable whenever either R1 < 1 and R2 < 1 or R1 > 1 and R2 > 1.

3.4.2 Case 2 (λ ∈ C):

Let λ = x+ ιy with y ̸= 0. Consider the following,

ξ̄1,xy = 1 + ξ1,xyf1 − f1,

which yields

ξ̄1,xy = 1− f1 + f1

∞∫
0

α1(a)

1 + aν(m1(a)+x+ιy)
Γ(ν+1)

da,
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= 1− f1 + f1

∞∫
0

α1(a)

1 + aν(m1(a)+x)
Γ(ν+1)

+ ι aνy
Γ(ν+1)

da,

= 1− f1 + f1

∞∫
0

α1(a)

[
1 + aν(m1(a)+x)

Γ(ν+1)
− ι aνy

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da

this leads to

ξ̄1,xy =1− f1 + f1

∞∫
0

α1(a)

[
1 + aν(m1(a)+x)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da

− ιf1

∞∫
0

α1(a)

[
aνy

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da

=D1,xy − ιE1,xy,

where

D1,xy = 1− f1 + f1

∞∫
0

α1(a)

[
1 + aν(m1(a)+x)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da,

and

E1,xy = f1

∞∫
0

α1(a)

[
aνy

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da.
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Similarly, ξ̄2,xy = D2,xy − ιE2,xy, where

D2,xy = 1− f2 + f2

∞∫
0

α2(b)

[
1 + bν(m2(b)+x)

Γ(ν+1)

]
(
1 + bν(m2(b)+x)

Γ(ν+1)

)2

+

(
bνy

Γ(ν+1)

)2db,

and

E2,xy = f2

∞∫
0

α2(b)

[
bνy

Γ(ν+1)

]
(
1 + bν(m2(b)+x)

Γ(ν+1)

)2

+

(
bνy

Γ(ν+1)

)2db.

It follows that,

A1(x+ ιy) =
D1,xy − ιE1,xy

(x+ δ1) + ιy

(
β1N1δ1

(x+ µV ) + ιy
+ κ1

)
T 0
1

=
(D1,xy − ιE1,xy)((x+ δ1)− ιy)

(x+ δ1)2 + y2

(
β1N1δ1((x+ µV )− ιy)

(x+ µV )2 + y2
+ κ1

)
T 0
1

=
(D1,xy(x+ δ1) + E1,xyy)− ι(E1,xy(x+ δ1) +D1,xyy)

(x+ δ1)2 + y2

(
β1N1δ1(x+ µV )

(x+ µV )2 + y2

+ κ1 − ι
β1N1δ1y

(x+ µV )2 + y2

)
T 0
1

=
D1,xy(x+ δ1) + E1,xyy

(x+ δ1)2 + y2

(
β1N1δ1(x+ µV )

(x+ µV )2 + y2
+ κ1 − ι

β1N1δ1y

(x+ µV )2 + y2

)
T 0
1−

ι
E1,xy(x+ δ1) +D1,xyy

(x+ δ1)2 + y2

(
β1N1δ1(x+ µV )

(x+ µV )2 + y2
+ κ1 − ι

β1N1δ1y

(x+ µV )2 + y2

)
T 0
1

which yields

A1(x+ ιy) =

[
D1,xy(x+ δ1) + E1,xyy

(x+ δ1)2 + y2

(
β1N1δ1(x+ µV )

(x+ µV )2 + y2
+ κ1

)
T 0
1

− E1,xy(x+ δ1) +D1,xyy

(x+ δ1)2 + y2

(
β1N1δ1y

(x+ µV )2 + y2

)
T 0
1

]
− ι

[
D1,xy(x+ δ1) + E1,xyy

(x+ δ1)2 + y2

(
β1N1δ1y

(x+ µV )2 + y2

)
T 0
1

+
E1,xy(x+ δ1) +D1,xyy

(x+ δ1)2 + y2

(
β1N1δ1(x+ µV )

(x+ µV )2 + y2
+ κ1

)
T 0
1

]
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=F1,xy − ιG1,xy,

where

F1,xy =
D1,xy(x+ δ1) + E1,xyy

(x+ δ1)2 + y2

(
β1N1δ1(x+ µV )

(x+ µV )2 + y2
+ κ1

)
T 0
1 − E1,xy(x+ δ1) +D1,xyy

(x+ δ1)2 + y2(
β1N1δ1y

(x+ µV )2 + y2

)
T 0
1 ,

and

G1,xy =
D1,xy(x+ δ1) + E1,xyy

(x+ δ1)2 + y2

(
β1N1δ1y

(x+ µV )2 + y2

)
T 0
1 +

E1,xy(x+ δ1) +D1,xyy

(x+ δ1)2 + y2(
β1N1δ1(x+ µV )

(x+ µV )2 + y2
+ κ1

)
T 0
1 .

Similarly we obtain,

A2(x+ ιy) = F2,xy − ιG2,xy,

where

F2,xy =
D2,xy(x+ δ2) + E2,xyy

(x+ δ2)2 + y2

(
β2N2δ2(x+ µV )

(x+ µV )2 + y2
+ κ2

)
T 0
2 − E2,xy(x+ δ2) +D2,xyy

(x+ δ2)2 + y2(
β2N2δ2y

(x+ µV )2 + y2

)
T 0
2 ,

and

G2,xy =
D2,xy(x+ δ2) + E2,xyy

(x+ δ2)2 + y2

(
β2N2δ2y

(x+ µV )2 + y2

)
T 0
2 +

E2,xy(x+ δ2) +D2,xyy

(x+ δ2)2 + y2(
β2N2δ2(x+ µV )

(x+ µV )2 + y2
+ κ2

)
T 0
2 .

Suppose A0(x+ ιy) = Hxy + ιIxy, then it follows from (3.56) that,

C0(x+ ιy) =
Hxy + ιIxy

1− F2,xy + ιG2,xy

+ F1,xy + ιG1,xy

=
(Hxy + ιIxy)(1− F2,xy − ιG2,xy)

(1− F2,xy)2 +G2
2,xy

+ F1,xy + ιG1,xy

=
[Hxy(1− F2,xy) + IxyG2,xy] + ι[Ixy(1− F2,xy)−HxyG2,xy]

(1− F2,xy)2 +G2
2,xy

+ F1,xy + ιG1,xy
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=

[
Hxy(1− F2,xy) + IxyG2,xy

(1− F2,xy)2 +G2
2,xy

+ F1,xy

]
+ ι

[
G1,xy +

Ixy(1− F2,xy)−HxyG2,xy

(1− F2,xy)2 +G2
2,xy

]
,

That is,

C0(x+ ιy) = ℜC0(x+ ιy) + ιℑC0(x+ ιy),

where

ℜC0(x+ ιy) =
Hxy(1− F2,xy) + IxyG2,xy

(1− F2,xy)2 +G2
2,xy

+ F1,xy, (3.62)

and

ℑC0(x+ ιy) = G1,xy +
Ixy(1− F2,xy)−HxyG2,xy

(1− F2,xy)2 +G2
2,xy

. (3.63)

Thus it follows from (3.55) that, ℜC0(x+ ιy) = 1 and ℑC0(x+ ιy) = 0. Therefore, we

obtain

Hxy = G1,xyG2,xy + (1− F1,xy)(1− F2,xy),

and

Ixy = G2,xy(1− F1,xy)−G1,xy(1− F2,xy).

Consider the argument of C0(x+ ιy) given by,

arg(C0(x+ ιy)) = arg

(
A0(x+ ιy)

1− A2(x+ ιy)
+ A1(x+ ιy)

)
= arg

(
A0(x+ ιy) + A1(x+ ιy)(1− A2(x+ ιy))

1− A2(x+ ιy)

)
.

Since

arg(C0(x+ ιy)) = arctan

(
ℑC0(x+ ιy)

ℜC0(x+ ιy)

)
= 0 + kπ, where k ∈ Z,

it follows that

arg{A0(x+ ιy) + A1(x+ ιy)(1− A2(x+ ιy))} = arg{1− A2(x+ ιy)}+ kπ.

Equivalently,

arg{Hxy + F1,xy(1− F2,xy) +G1,xyG2,xy + ι(Ixy + F1,xyG2,xy −G1,xy(1− F2,xy))}

= arg{1− F2,xy + ιG2,xy}+ kπ,
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that is,

arctan

(
Hxy + F1,xy(1− F2,xy) +G1,xyG2,xy

Ixy + F1,xyG2,xy −G1,xy(1− F2,xy)

)
= arctan

(
G2,xy

1− F2,xy

)
+ kπ.

Hence

tan

[
arctan

(
Hxy + F1,xy(1− F2,xy) +G1,xyG2,xy

Ixy + F1,xyG2,xy −G1,xy(1− F2,xy)

)]
= tan

[
arctan

(
G2,xy

1− F2,xy

)
+ kπ

]
,

yields
Hxy + F1,xy(1− F2,xy) +G1,xyG2,xy

Ixy + F1,xyG2,xy −G1,xy(1− F2,xy)
=

G2,xy

1− F2,xy

.

Substituting Hxy and Ixy yields,

(1− F2,xy)(G2,xy − 2G1,xy(1− F2,xy)) = G2,xy(1− F2,xy + 2G1,xyG2,xy),

this leads to

2G1,xy((1− F2,xy)
2 +G2

2,xy) = 0,

therefore G1,xy = 0. Consequently we have,

A1(x+ ιy) = F1,xy, Hxy = (1− F1,xy)(1− F2,xy) and Ixy = G2,xy(1− F1,xy).

Furthermore,

G1,xy =
D1,xy(x+ δ1) + E1,xyy

(x+ δ1)2 + y2

(
β1N1δ1y

(x+ µV )2 + y2

)
T 0
1

+
E1,xy(x+ δ1) +D1,xyy

(x+ δ1)2 + y2

(
κ1 +

β1N1δ1(x+ µV )

(x+ µV )2 + y2

)
T 0
1 = 0.

That is,

(D1,xy(x+ δ1) + E1,xyy)(β1N1δ1y)+[E1,xy(x+ δ1) +D1,xyy]

× [β1N1δ1(x+ µV ) + κ1((x+ µV )
2 + y2)] = 0,

which leads to

D1,xyy{β1N1δ1(2x+ µV + δ1) + κ1[(x+ µV )
2 + y2]}+ E1,xy{β1N1δ1[y

2 + (x+ δ1)(x+ µV )]

+ κ1(x+ δ1)[(x+ µV )
2 + y2]} = 0.
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It follows that,

D1,xyy{β1N1δ1(2x+ µV + δ1) + κ1[(x+ µV )
2 + y2]} =− E1,xy{β1N1δ1[y

2

+ (x+ δ1)(x+ µV )]

+ κ1(x+ δ1)[(x+ µV )
2 + y2]}.

Observe that,

E1,xyy = f1

∞∫
0

α1(a)

[
aνy2

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da > 0,

therefore from

D1,xyy
2{β1N1δ1(2x+ µV + δ1) + κ1[(x+ µV )

2 + y2]} =− E1,xyy{β1N1δ1[y
2

+ (x+ δ1)(x+ µV )]

+ κ1(x+ δ1)[(x+ µV )
2 + y2]} < 0,

we obtain D1,xy < 0. Consequently we have,

D1,xy = 1− f1 + f1

∞∫
0

α1(a)

[
1 + aν(m1(a)+x)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da < 0,

that is,

1− f1 + f1

∞∫
0

α1(a)

[
1 + aν(m1(a)+x)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da = 1− f1 + f1

∞∫
0

α1(a)×

[
1 + aνm1(a)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da+ xf1

∞∫
0

α1(a)
aν

Γ(ν+1)(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da,
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therefore

1− f1 + f1

∞∫
0

α1(a)

[
1 + aν(m1(a)+x)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2da = 1− f1 + ||J1,xy||1 + x||K1,xy||1 < 0,

where

J1,xy(a) = f1

α1(a)

[
1 + aνm1(a)

Γ(ν+1)

]
(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2 ,

and

K1,xy(a) = f1
α1(a)

aν

Γ(ν+1)(
1 + aν(m1(a)+x)

Γ(ν+1)

)2

+

(
aνy

Γ(ν+1)

)2 .

Hence we obtain,

x < −1− f1 + ||J1,xy||1
||K1,xy||1

< 0. (3.64)

It follows that | arg(x+ ιy)| ∈ (π
2
, π), that is,

| arg(x+ ιy)| > πν

2
, for all ν ∈ (0, 1).

Therefore E0 is locally asymptotically stable.

The local asymptotic stability of the disease-free equilibrium, E0, is determined by the

reproduction number through each cell type in Case 1 while it is determined by a char-

acteristic equation in Case 2.



Chapter 4

Caputo-Fabrizio fractional model for

an age structured population dynamics

of an HIV and TB co-epidemic

This chapter focuses on a model of an HIV and TB co-epidemic in a population with age

structure. We consider various aspects of the model which are investigated in four (4)

sections as follows. The �rst discusses the formulation of the model, model parameters,

and assumptions; whereas the second section explores the well-posedness of the model

by investigating the positivity, boundedness, existence and uniqueness of solutions to

the system of fractional di�erential equations. The third section studies the existence

of equilibria and computation of the basic reproduction number. The fourth section

explores the stability of the disease free equilibrium using the linearization technique.

4.1 Introduction

Co-epidemics occur when two or more diseases spreading in a community a�ect the dy-

namics of the other disease. Individuals in a population can become dually infected with

56
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these diseases in a state of co-infection, thus we consider the co-dynamics of the spread

of HIV and TB since these diseases often co-exist within a population [Long, 2008],

[Williams, 2017]. Community spread of HIV occurs primarily through sexual contact

and through other activities that involve exchange of blood between individuals. HIV

infection occurs in multiple stages within-host and the disease eventually progresses to

AIDS when untreated. Treatment assists in controlling HIV infection, however no cure

currently exists for the disease [Rhines, 2018]. TB is a bacterial infection which spreads

primarily through the air. When susceptible individuals become infected with TB, they

can either be latently infected, which means they are not infectious and TB lies dormant

in their bodies, or actively infected and so they can spread the disease to others. E�ec-

tive treatment options are available for TB and individuals infected TB usually recover

from the disease as a result of treatment [Zhang, 2015]. Age structured models describ-

ing latently infected TB populations have been developed and studied [Xiaoyan, 2013].

The progression of HIV infection to AIDS weakens the immune system of an individual,

thus making the body susceptible to opportunistic diseases such as TB. This can occur

either through endogenous activation of latent TB within a HIV infective or infection of

HIV infectives by TB as a result of a weakened immune system [Okhuese, 2020]. The

co-epidemic of HIV and TB has recently become an area of interest for mathematical

epidemiologist as these diseases are particularly dominant in society and TB is the lead-

ing cause of death in HIV infectives. In [Xiaoyan, 2013], a simplistic model was proposed

which consists of �rst order hybrid system of di�erential equations investigating the dy-

namics of an HIV-TB co-epidemic. Their main concern is the e�ects of HIV and HIV-TB

co-infection in the transmission dynamics of TB. Furthermore, they discuss various de-

fects and limitations in the model. We do not address the issues discussed, however, we

extend the model to fractional order system of di�erential equations and investigate the

e�ects of TB on the dynamics of HIV.
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4.1.1 Model formulations

We begin this section with the formulation of a model describing the coepidemic of

Human Immuno-De�ciency Virus (HIV) and Tuberculosis (TB) in a population com-

partmentalized into Susceptibles (S), which are individuals susceptible to both diseases.

Exposed (E) individuals structured by latency age of TB, TB infectious (I1) and HIV

infectious (I2) individuals who are capable of transmitting TB to susceptibles and, HIV

to susceptibles and TB infected individuals, respectively. It is assumed that exposed

individuals do not infect others with the disease, which simpli�es the dynamics of the

co-epidemic. The compartment of jointly infected individuals is denoted by (J), which

are individuals infected by both HIV and TB. The natural birth rate of the population

is denoted by Λ while the death rate is denoted by µ. Susceptible individuals who have

su�cient contact with individuals infected with active TB become latently infected at a

rate of β1. Susceptibles become infected with HIV at a rate of β2 and HIV infectives who

receive treatment return into the susceptible class at a rate of α2. Individuals who are

latently infected and actively infected TB receive treatment and return into the suscep-

tible class at the rates α0(a) and α1, respectively. Latently infected individuals develop

active TB at γ(a), which varies with latency age. Progression of actively infected TB

patients into the co-infected class occurs at a rate of δ1 and progression of HIV infectives

into co-infection due with active TB occurs at δ2. It is assumed that infectives do not die

from HIV only or active TB only, however co-infectives die at a rate η. Furthermore, it is

assumed that co-infectives are incapable of recovery from, or transmission of either dis-

ease. The HIV-TB co-epidemic is modelled by the following system of Caputo-Fabrizio

fractional di�erential equations of order ν:

CFDν
t S(t) = Λ− µS(t)− β1S(t)I1(t)− β2S(t)I2(t) +

∞∫
0

α0(a)e(a, t)da+ α1I1(t) + α2I2(t),

(4.1)

CF∂νt e(a, t) +
CF∂νae(a, t) = −(µ+ γ(a) + α0(a))e(a, t), (4.2)

CFDν
t I1(t) =

∞∫
0

γ(a)e(a, t)da− µI1(t)− α1I1(t)− δ1I1(t)I2(t), (4.3)
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CFDν
t I2(t) = β2S(t)I2(t)− µI2(t)− α2I2(t)− δ2I1(t)I2(t), (4.4)

CFDν
t J(t) = δ1I1(t)I2(t) + δ2I1(t)I2(t)− µJ(t)− ηJ(t), (4.5)

with initial conditions S(0) ∈ R+, e(a, 0) = e0(a) ∈ L1
+(0,∞), I1(0) ∈ R+, I2(0) ∈ R+,

J(0) ∈ R+ and boundary condition e(0, t) = β1S(t)I1(t). For l ∈ {a, t}, the Caputo-

Fabrizio fractional derivative is given by

CFDν
l f(l) =

2M(ν)

(2− ν)(1− ν)

l∫
0

df(s)

ds
exp

{
− ν

1− ν
(l − s)

}
ds,

and the partial Caputo-Fabrizio fractional derivative is given by

C∂νl f(l) =
2M(ν)

(2− ν)(1− ν)

l∫
0

∂f(s)

∂s
exp

{
− ν

1− ν
(l − s)

}
ds,

where M(ν) is the order dependent normalization function and ν ∈ (0, 1).

Model assumptions:

(B1) Λ, µ, β1, β2, α1, α2, δ1, δ2, η ∈ (0,∞).

(B2) α0(a), γ(a) ∈ L∞
+ (0,∞).

4.2 Well-posedness of the model

4.2.1 Boundedness of solutions

Let X = R × L1(0,∞) × R3 be a Banach space and consider the positive cone X+ =

R+ × L1
+(0,∞)× R3

+. De�ne a continuous function ϕ : R+ × X+ → X+ given by:

ϕ(t, ψ(0)) = (S(t), e(a, t), I1(t), I2(t), J(t))
T = ψ(t),
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with initial condition ψ(0) = (S(0), e0(a), I1(0), I2(0), J(0))
T . Let || · ||X be the norm

de�ned on X, we have

||ψ(t)||X = |S(t)|+ ||e(a, t)||1 + |I1(t)|+ |I2(t)|+ |J(t)|,

= S(t) +

∞∫
0

e(a, t)da+ I1(t) + I2(t) + J(t).

The system of equations (4.1) - (4.5) can be re-written in the abstract form

CFDν
t ψ(t) = f(ψ(t)), (4.6)

where

f(ψ(t)) :=



f1(ψ(t))

f2(ψ(t))

f3(ψ(t))

f4(ψ(t))

f5(ψ(t))


=



f1(ψ(t))

−CF∂νae(a, t)− (µ+ γ(a) + α0(a))e(a, t)∫∞
0
γ(a)e(a, t)da− µI1(t)− α1I1(t)− δ1I1(t)I2(t)

β2S(t)I2(t)− µI2(t)− α2I2(t)− δ2I1(t)I2(t)

δ1I1(t)I2(t) + δ2I1(t)I2(t)− µJ(t)− ηJ(t)


,

where

f1(ψ(t)) = Λ− µS(t)− β1S(t)I1(t)− β2S(t)I2(t) +

∞∫
0

α0(a)e(a, t)da+ α1I1(t) + α2I2(t).

Applying the Caputo-Fabrizio fractional derivative on (4.6) yields,

CFDν
t ||ψ(t)||X =CFDν

t S(t) +

∞∫
0

CF∂νt e(a, t)da+
CFDν

t I1(t) +
CFDν

t I2(t) +
CFDν

t J(t),

=Λ− µS(t)− β1S(t)I1(t)− β2S(t)I2(t) +

∞∫
0

α0(a)e(a, t)da+ α1I1(t)+

α2I2(t)−
∞∫
0

CF∂νae(a, t)da−
∞∫
0

(µ+ γ(a) + α0(a))e(a, t)da+

∞∫
0

γ(a)

× e(a, t)da− µI1(t)− α1I1(t)− δ1I1(t)I2(t) + β2S(t)I2(t)− µI2(t)−

α2I2(t)− δ2I1(t)I2(t) + δ1I1(t)I2(t) + δ2I1(t)I2(t)− µJ(t)− ηJ(t),

=Λ− µS(t)− β1S(t)I1(t)−
∞∫
0

CF∂νae(a, t)da−
∞∫
0

µe(a, t)da− µI1(t)−



61

µI2(t)− µJ(t)− ηJ(t),

≤Λ− µS(t)−
∞∫
0

µe(a, t)da− µI1(t)− µI2(t)− µJ(t).

That is,

CFDν
t ||ψ(t)||X ≤ Λ− µ

(
S(t) +

∞∫
0

e(a, t)da+ I1(t) + I2(t) + J(t)

)
,

≤ Λ− µ||ψ(t)||X.

Making use of the Laplace transform leads to

L{CFDν
t ||ψ(t)||X} ≤ L{Λ} − µL{||ψ(t)||X},

which implies that

B(ν)

ν + (1− ν)s

(
sL{||ψ(t)||X} − ||ψ(0)||X

)
≤ Λ

s
− µL{||ψ(t)||X},

and hence

L{||ψ(t)||X}
(
µ+

sB(ν)

ν + (1− ν)s

)
≤ Λ

s
+

B(ν)

ν + (1− ν)s
||ψ(0)||X.

It follows that

L{||ψ(t)||X} ≤ Λ

s

(
µ+ sB(ν)

ν+(1−ν)s

) +
B(ν)||ψ(0)||X

(ν + (1− ν)s)

(
µ+ sB(ν)

ν+(1−ν)s

)
=

Λ(ν + (1− ν)s)

s(µν + [µ(1− ν) +B(ν)]s)
+

B(ν)||ψ(0)||X
µν + [µ(1− ν) +B(ν)]s

.

Consequently, we obtain

L{||ψ(t)||X} ≤ νΛ

s(µν + [µ(1− ν) +B(ν)]s)
+

Λ(1− ν)

µν + [µ(1− ν) +B(ν)]s

+
B(ν)||ψ(0)||X

µν + [µ(1− ν) +B(ν)]s
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=
νΛ

s[µ(1− ν) +B(ν)]

(
µν

µ(1−ν)+B(ν)
+ s

)
+

Λ(1− ν)

[µ(1− ν) +B(ν)]

(
µν

µ(1−ν)+B(ν)
+ s

)
+

B(ν)||ψ(0)||X

[µ(1− ν) +B(ν)]

(
µν

µ(1−ν)+B(ν)
+ s

)
=

νΛ

µ(1− ν) +B(ν)

1

s

(
µν

µ(1−ν)+B(ν)
+ s

)
+

Λ(1− ν)

µ(1− ν) +B(ν)

1(
µν

µ(1−ν)+B(ν)
+ s

)
+

B(ν)||ψ(0)||X
µ(1− ν) +B(ν)

1(
µν

µ(1−ν)+B(ν)
+ s

)
=
Λ

µ

(
1

s
− 1

µν
µ(1−ν)+B(ν)

+ s

)
+

Λ(1− ν)

µ(1− ν) +B(ν)

(
1

µν
µ(1−ν)+B(ν)

+ s

)

+
B(ν)||ψ(0)||X
µ(1− ν) +B(ν)

(
1

µν
µ(1−ν)+B(ν)

+ s

)
.

Application of the inverse Laplace transform yields,

||ψ(t)||X ≤Λ

µ

(
1− exp

{
−µνt

µ(1− ν) +B(ν)

})

+
Λ(1− ν)

µ(1− ν) +B(ν)
exp

{
−µνt

µ(1− ν) +B(ν)

}
+

B(ν)||ψ(0)||X
µ(1− ν) +B(ν)

exp

{
−µνt

µ(1− ν) +B(ν)

}
=
Λ

µ
+

(
Λ(1− ν) +B(ν)||ψ(0)||X

µ(1− ν) +B(ν)
− Λ

µ

)
exp

{
−µνt

µ(1− ν) +B(ν)

}
.

We observe that

||ψ(t)||X ≤ Λ

µ
as t→ ∞,
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and hence ψ(t) is bounded for all t > 0. Therefore, the state space G of (4.6) is de�ned

by

G =

{
ψ(t) ∈ X+ : ||ψ(t)||X ≤ Λ

µ

}
.

4.2.2 Positivity of solutions

The aim here is to construct a positive solution of (4.6).

The function f in (4.6) can be decomposed as f(ψ(t)) = Lψ(t) +M(ψ(t)), where

L =



−µ 0 α1 α2 0

0 −CF∂νa − (µ+ γ(a) + α0(a)) 0 0 0

0 0 −µ− α1 0 0

0 0 0 −µ− α2 0

0 0 0 0 −µ− η


and

M(ψ(t)) =



Λ− β1S(t)I1(t)− β2S(t)I2(t) +
∫∞
0
α0(a)e(a, t)da

0∫∞
0
γ(a)e(a, t)da− δ1I1(t)I2(t)

β2S(t)I2(t)− δ2I1(t)I2(t)

δ1I1(t)I2(t) + δ2I1(t)I2(t)


.

It is enough to show that LX+ ⊂ X+ and M(X+) ⊂ X+ so that the solution of (4.6) is

positive. Since L satis�es the properties of a Metzler Matrix, thus it follows that L is a

positive operator and hence LX+ ⊂ X+. To prove that M(X+) ⊂ X+, we consider an

arbitrary ψ(t) ∈ X+ and show that M(ψ(t)) ∈ X+. To do this, we require the following:

(i) Λ− β1S(t)I1(t)− β2S(t)I2(t) +
∫∞
0
α0(a)e(a, t)da > 0,

(ii)
∫∞
0
γ(a)e(a, t)da− δ1I1(t)I2(t) > 0,

(iii) β2S(t)I2(t)− δ2I1(t)I2(t) > 0.
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Let γ = inf
a∈[0,∞)

{γ(a)} and α0 = inf
a∈[0,∞)

{α0(a)}. From (ii), we have

∞∫
0

γ(a)e(a, t)da− δ1I1(t)I2(t) > γ||e(t)||1 −
δ1Λ

2

µ2
,

and hence
∫∞
0
γ(a)e(a, t)da− δ1I1(t)I2(t) > 0, provided that

||e(t)||1 >
δ1Λ

2

γµ2
. (4.7)

From (i), we have

Λ− β1S(t)I1(t)− β2S(t)I2(t) +

∞∫
0

α0(a)e(a, t)da > Λ− β1
Λ2

µ2
− β2

Λ2

µ2
+ α0||e(t)||1

> Λ− (β1 + β2)
Λ2

µ2
+ α0

δ1Λ
2

γµ2
,

and hence

Λ− β1S(t)I1(t)− β2S(t)I2(t) +

∞∫
0

α0(a)e(a, t)da > 0,

provided that

β1 + β2 <
µ2

Λ
+
δ1α0

γ
. (4.8)

From (iii), we have

β2S(t)I2(t)− δ2I1(t)I2(t) = (β2S(t)− δ2I1(t))I2(t),

and hence

β2S(t)I2(t)− δ2I1(t)I2(t) > 0,

provided that

β2S(t)− δ2I1(t) > 0.

Since

β2S(t)− δ2I1(t) > β2S(t)− δ2
Λ

µ
,

then

β2S(t)− δ2I1(t) > 0,



65

provided that

S(t) >
δ2Λ

µβ2
. (4.9)

Therefore M(X+) ⊂ X+. It follows that the state space G is positively invariant

provided that (4.7), (4.8) and (4.9) are satis�ed.

4.2.3 Existence and uniqueness of solutions

We examine the Lipschitz continuity of the function f on X+. For ψ(t), ψ
∗(t) ∈ X+,

since f(ψ(t)) ∈ R+, we have

|f1(ψ(t))− f1(ψ
∗(t))| =

∣∣∣∣Λ− µS(t)− β1S(t)I1(t)− β2S(t)I2(t) +

∞∫
0

α0(a)e(a, t)da+

α1I1(t) + α2I2(t)−
(
Λ− µS∗(t)− β1S

∗(t)I∗1 (t)− β2S
∗(t)I∗2 (t)

+

∞∫
0

α0(a)e
∗(a, t)da+ α1I

∗
1 (t) + α2I

∗
2 (t)

)∣∣∣∣

which leads to

|f1(ψ(t))− f1(ψ
∗(t))| =

∣∣∣∣− µ(S(t)− S∗(t))− β1(S(t)I1(t)− S∗(t)I∗1 (t))− β2(S
∗(t)I∗2 (t)

− S∗(t)I∗2 (t)) +

∞∫
0

α0(a)(e(a, t)− e∗(a, t))da+ α1(I1(t)− I∗1 (t))

+ α2(I2(t)− I∗2 (t))

∣∣∣∣.
Hence, it follows that

|f1(ψ(t))− f1(ψ
∗(t))| =

∣∣∣∣− µ(S(t)− S∗(t))− β1(S(t)− S∗(t))I1(t)− β1S(t)(I1(t)−

I∗1 (t))− β2(S
∗(t)− S∗(t))I2(t)− β2S

∗(t)(I2(t)− I∗2 (t))

+

∞∫
0

α0(a)(e(a, t)− e∗(a, t))da+ α1(I1(t)− I∗1 (t))
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+ α2(I2(t)− I∗2 (t))

∣∣∣∣,
thus

|f1(ψ(t))− f1(ψ
∗(t))| =µ|S(t)− S∗(t)|+ β1|S(t)− S∗(t)||I1(t)|+ β1|S(t)||I1(t)− I∗1 (t)|

+ β2|S∗(t)− S∗(t)||I2(t)|+ β2|S∗(t)||I2(t)− I∗2 (t)|

+

∣∣∣∣
∞∫
0

α0(a)(e(a, t)− e∗(a, t))da

∣∣∣∣+ α1|I1(t)− I∗1 (t)|

+ α2|I2(t)− I∗2 (t)|.

Since the solution ψ(t) is bounded, there exist positive constants CS, CI1 , CI2 and CJ

such that,

|S(t)| ≤ CS, ||e(t)||1 ≤ Ce, |I1(t)| ≤ CI1 , |I2(t)| ≤ CI2 and |J(t)| ≤ CJ .

It follows that,

|f1(ψ(t))− f1(ψ
∗(t))| ≤µ|S(t)− S∗(t)|+ β1CI1|S(t)− S∗(t)|+ β1CS|I1(t)− I∗1 (t)|+

β2CI2|S∗(t)− S∗(t)|+ β2CS|I2(t)− I∗2 (t)|+ sup
a∈[0,∞)

{α0(a)}×

∞∫
0

|e(a, t)− e∗(a, t)|da+ α1|I1(t)− I∗1 (t)|+ α2|I2(t)− I∗2 (t)|

≤(µ+ β1CI1 + β2CI2)|S∗(t)− S∗(t)|+ (β1CS + α1)|I1(t)− I∗1 (t)|

+ (β2CS + α2)|I2(t)− I∗2 (t)|+ sup
a∈[0,∞)

{α0(a)}||e(a, t)− e∗(a, t)||1

=MS(|S(t)− S∗(t)|+ |I1(t)− I∗1 (t)|+ |I2(t)− I∗2 (t)|+ ||e(a, t)−

e∗(a, t)||1)

≤MS||ψ(t)− ψ∗(t)||X,

where

MS = max

{
µ+ β1CI1 + β2CI2 , β1CS + α1, β2CS + α2, sup

a∈[0,∞)

{α0(a)}
}
.

Therefore f1 is Lipschitz continuous in R+. For ψ(t), ψ
∗(t) ∈ X+, since f2(ψ(t)) ∈ R+,

we have

||f2(ψ(t))− f2(ψ
∗(t))||1 =|| − (µ+ γ + α0)e(t)− CF∂νae(t)− (−(µ+ γ + α0)e

∗(t)
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− CF∂νae
∗(t))||1

=|| − (µ+ γ + α0)(e(t)− e∗(t))− CF∂νa(e(t)− e∗(t))||1

≤||(µ+ γ + α0)(e(t)− e∗(t))||1 + ||CF∂νa(e(t)− e∗(t))||1.

Since

CF∂νa(e(a, t)− e∗(a, t)) =
M(ν)

1− ν

a∫
0

∂s(e(s, t)− e∗(s, t)) exp

(
− ν

1− ν
(a− s)

)
ds

=
M(ν)

1− ν
exp

(
− ν

1− ν
a

) a∫
0

∂s(e(s, t)− e∗(s, t)) exp

(
ν

1− ν
s

)
ds

and

a∫
0

∂s(e(s, t)− e∗(s, t)) exp

(
ν

1− ν
s

)
ds = inf

s∈[0,a]

{
exp

(
ν

1− ν
s

)} a∫
0

∂a(e(a, t)− e∗(a, t))ds

= e(a, t)− e∗(a, t)− e(0, t) + e∗(0, t),

thus

CF∂νa(e(a, t)− e∗(a, t)) =
M(ν)

1− ν
exp

(
− ν

1− ν
a

)
(e(a, t)− e∗(a, t)− e(0, t) + e∗(0, t)).

It follows that

||f2(ψ(t))− f2(ψ
∗(t))||1 = sup

a∈[0,∞)

{µ+ γ(a) + α0(a)}
∞∫
0

|e(a, t)− e∗(a, t)|da+ M(ν)

1− ν
×

∞∫
0

∣∣∣∣ exp(− ν

1− ν
a

)
(e(a, t)− e∗(a, t)− e(0, t) + e∗(0, t))

∣∣∣∣da,
and hence

||f2(ψ(t))− f2(ψ
∗(t))||1 = sup

a∈[0,∞)

{µ+ γ(a) + α0(a)}||e(t)− e∗(t)||1 +
M(ν)

1− ν
×

∞∫
0

exp

(
− ν

1− ν
a

)
|e(a, t)− e∗(a, t)− e(0, t) + e∗(0, t)|da
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It follows from (4.2) that e(a, t) is di�erentiable with respect to a, and hence e(a, t) is

continuous with repect to a. Therefore, by continuity of e(a, t)− e∗(a, t) at a = 0, for

any arbitrary ϵ > 0, there exists a δ > 0 such that

|e(a, t)− e∗(a, t)− (e(0, t)− e∗(0, t))| < ϵ,

whenever a < δ. Hence,

||f2(ψ(t))− f2(ψ
∗(t))||1 < sup

a∈[0,∞)

{µ+ γ(a) + α0(a)}||e(t)− e∗(t)||1 +
M(ν)

1− ν
×

∞∫
0

exp

(
− ν

1− ν
a

)
ϵda

= sup
a∈[0,∞)

{µ+ γ(a) + α0(a)}||e(t)− e∗(t)||1 −
M(ν)ϵ

1− ν

1− ν

ν
×{

exp

(
− ν

1− ν
a

)}∣∣∣∣∞
0

= sup
a∈[0,∞)

{µ+ γ(a) + α0(a)}||e(t)− e∗(t)||1 −
M(ν)ϵ

ν
.

Choosing ϵ = Ce||e(t)− e∗(t)||1 leads to

||f2(ψ(t))− f2(ψ
∗(t))||1 = sup

a∈[0,∞)

{µ+ γ(a) + α0(a)}||e(t)− e∗(t)||1 −
M(ν)

ν
Ce||e(t)

− e∗(t)||1

=

(
sup

a∈[0,∞)

{µ+ γ(a) + α0(a)} −
M(ν)

ν
Ce

)
||e(t)− e∗(t)||1

<Me||ψ(t)− ψ∗(t)||X,

where

Me = sup
a∈[0,∞)

{µ+ γ(a) + α0(a)} −
M(ν)

ν
Ce.

Therefore, f2 is Lipschitz continuous in L1(0,∞). For ψ(t), ψ∗(t) ∈ X+, since

f3(ψ(t)) ∈ R+, we compute

|f3(ψ(t))− f3(ψ
∗(t))| =

∣∣∣∣
∞∫
0

γ(a)e(a, t)da− µI1(t)− δ1I1(t)I2(t)− α1I1(t)

−
( ∞∫

0

γ(a)e∗(a, t)da− µI∗1 (t)− δ1I
∗
1 (t)I

∗
2 (t)− α1I

∗
1 (t)

)∣∣∣∣
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=

∣∣∣∣
∞∫
0

γ(a)(e(a, t)− e∗(a, t))da− µ(I1(t)− I∗1 (t))− δ1(I1(t)I2(t)

− I∗1 (t)I
∗
2 (t))− α1(I1(t)− I∗1 (t))

∣∣∣∣
≤
∣∣∣∣

∞∫
0

γ(a)(e(a, t)− e∗(a, t))da

∣∣∣∣+ µ|I1(t)− I∗1 (t)|+ δ1|I1(t)I2(t)

− I∗1 (t)I
∗
2 (t)|+ α1|I1(t)− I∗1 (t)|,

which leads to

|f3(ψ(t))− f3(ψ
∗(t))| ≤ sup

a∈[0,∞)

{γ(a)}
∞∫
0

|e(a, t)− e∗(a, t)|da+ µ|I1(t)− I∗1 (t)|+ δ1|I1(t)

× I2(t)− I∗1 (t)I2(t)− I∗1 (t)I
∗
2 (t) + I∗1 (t)I2(t)|

≤ sup
a∈[0,∞)

{γ(a)}||e(t)− e∗(t)||1 + (µ+ α1)|I1(t)− I∗1 (t)|+ δ1|I1(t)

− I∗1 (t)||I2(t)|+ |I∗1 (t)||I2(t)− I∗2 (t)|

≤ sup
a∈[0,∞)

{γ(a)}||e(t)− e∗(t)||1 + (µ+ α1)|I1(t)− I∗1 (t)|+ δ1CI2

× |I1(t)− I∗1 (t)|+ δ1CI1|I2(t)− I∗2 (t)|

≤MI1(||e(t)− e∗(t)||1 + |I1(t)− I∗1 (t)|+ |I1(t)− I∗1 (t)|+ |I2(t)

− I∗2 (t)|)

≤MI1||ψ(t)− ψ∗(t)||X,

where

MI1 = max

{
sup

a∈[0,∞)

{γ(a)}, µ+ α1, δ1CI1 , δ1CI2

}
.

Therefore f3 is Lipschitz continuous in R+. For ψ(t), ψ
∗(t) ∈ X+, since f4(ψ(t)) ∈ R+,

we compute the following

|f4(ψ(t))− f4(ψ
∗(t))| =|β2S(t)I2(t)− µI2(t)− α2I2(t)− δ2I1(t)I2(t)− (β2S(t)

∗I∗2 (t)

− µI∗2 (t)− α2I
∗
2 (t)− δ2I

∗
1 (t)I

∗
2 (t))|

=|β2(S(t)I2(t)− S∗(t)I∗2 (t))− (µ+ α2)(I2(t)− I∗2 (t))− δ2(I1(t)

× I2(t)− I∗1 (t)I
∗
2 (t))|
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=|β2(S(t)I2(t)− S(t)∗I2(t) + S∗(t)I2(t)− S∗(t)I∗2 (t))− (µ+ α2)

× (I2(t)− I∗2 (t))− δ2(I1(t)I2(t)− I∗1 (t)I2(t) + I∗1 (t)I2(t)−

I∗1 (t)I
∗
2 (t))|

≤β2|S(t)− S(t)∗||I2(t)|+ β2|S∗(t)||I2(t)− I∗2 (t)|+ (µ+ α2)|I2(t)−

I∗2 (t)|+ δ2|I1(t)− I∗1 (t)||I2(t)|+ δ2|I∗1 (t)||I2(t)− I∗2 (t)|

≤β2CI2|S(t)− S(t)∗|+ β2CS|I2(t)− I∗2 (t)|+ (µ+ α2)|I2(t)− I∗2 (t)|

+ δ2CI2|I1(t)− I∗1 (t)|+ δ2CI1|I2(t)− I∗2 (t)|

≤MI2(|S(t)− S(t)∗|+ |I2(t)− I∗2 (t)|+ |I2(t)− I∗2 (t)|

+ |I1(t)− I∗1 (t)|+ |I2(t)− I∗2 (t)|)

≤MI2||ψ(t)− ψ∗(t)||X,

where

MI2 = max{β2CI2 , β2CS, µ+ α2, δ2CI2 , δ2CI1}.

Therefore f4 is Lipschitz continuous in R+. For ψ(t), ψ
∗(t) ∈ X+, since f5(ψ(t)) ∈ R+,

we have

|f5(ψ(t))− f5(ψ
∗(t))| =|δ1I1(t)I2(t) + δ2I1(t)I2(t)− (µ+ η)J(t)− [δ1I

∗
1 (t)I

∗
2 (t) + δ2I

∗
1 (t)

× I∗2 (t)− (µ+ η)J∗(t)]|

=|(δ1 + δ2)[I1(t)I2(t)− I∗1 (t)I
∗
2 (t)]− (µ+ η)[J(t)− J∗(t)]|

=|(δ1 + δ2)[I1(t)I2(t)− I∗1 (t)I2(t) + I∗1 (t)I2(t)− I∗1 (t)I
∗
2 (t)]− (µ+ η)

× [J(t)− J∗(t)]|

=(δ1 + δ2)|I1(t)− I∗1 (t)||I2(t)|+ (δ1 + δ2)|I∗1 (t)||I2(t)− I∗2 (t)|+

(µ+ η)|J(t)− J∗(t)|

≤(δ1 + δ2)CI2|I1(t)− I∗1 (t)|+ (δ1 + δ2)CI1|I2(t)− I∗2 (t)|

+ (µ+ η)|J(t)− J∗(t)|

≤MJ(|I1(t)− I∗1 (t)|+ |I2(t)− I∗2 (t)|+ |J(t)− J∗(t)|)

≤MJ ||ψ(t)− ψ∗(t)||X,

where

MJ = max{(δ1 + δ2)CI2 , (δ1 + δ2)CI1 , µ+ η}.
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Therefore f5 is Lipschitz continuous in R+. Hence,

||f(ψ(t))− f(ψ∗(t))||X =|f1(t, ψ(t))− f1(t, ψ
∗(t))|+ ||f2(t, ψ(t))− f2(t, ψ

∗(t))||1+

|f3(t, ψ(t))− f3(t, ψ
∗(t))|+ |f4(t, ψ(t))− f4(t, ψ

∗(t))|

≤(MS +Me +MI1 +MI2 +MJ)||ψ(t)− ψ∗(t)||X

=M ||ψ(t)− ψ∗(t)||X,

with

M =MS +Me +MI1 +MI2 +MJ .

Theorem 4.1. Let

L = sup
ψ∈X+

||f(ψ(t))||X, h =
ΛB(ν)

νµL
+
ν − 1

ν
,
Λ

µL
≤ 1,

and the set G be de�ned by

G =

{
ψ(t) ∈ X+ : t ∈ [0, h], ||ψ(t)− ψ(0)||X ≤ Λ

µL

}
.

There exists a unique solution ψ(t) ∈ G of (4.6) with initial condition ψ(0) = ψ0.

Proof. Let t ∈ [0, h]. Consider the function ψ of the form

ψ(t) := ψ(0) +
1− ν

B(ν)
f(ψ(t)) +

ν

B(ν)

t∫
a

f(ψ(s))ds,

where B(ν) = 2−ν
2
M(ν). We want to show that ψ(t) ∈ G. To do this, we compute the

following

||ψ(t)− ψ(0)||X =

∣∣∣∣∣∣∣∣1− ν

B(ν)
f(ψ(t)) +

ν

B(ν)

t∫
0

f(ψ(s))ds

∣∣∣∣∣∣∣∣
X

≤ 1− ν

B(ν)
||f(ψ(t))||X +

ν

B(ν)

t∫
0

||f(ψ(s))||Xds

=
1− ν

B(ν)
||f(ψ(t))||X +

ν

B(ν)

[
(s)||f(ψ(s))||X|t0 −

t∫
0

s
d

ds
(||f(ψ(s))||X)ds

]
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=
1− ν

B(ν)
||f(ψ(t))||X +

ν

B(ν)

[
t||f(ψ(t))||X −

t∫
0

s
d

ds
(||f(ψ(s))||X)ds

]
.

The function g(s) = s is monotonic increasing on [0, t], application of Theorem 2.4 yields

t∫
0

s
d

ds
(||f(ψ(s))||X)ds = inf

s∈[0,c]
{s}

c∫
0

d

ds
(||f(ψ(s))||X)ds+ sup

s∈[c,t]
{s}

t∫
c

d

ds
(||f(ψ(s))||X)ds,

thus
t∫

0

s
d

ds
(||f(ψ(s))||X)ds = (0)

c∫
0

d

ds
(||f(ψ(s))||X)ds+ (t)

t∫
c

d

ds
(||f(ψ(s))||X)ds

= t

t∫
c

d

ds
(||f(ψ(s))||X)ds

= t[||f(ψ(s))||X]tc
= t[||f(ψ(t))||X − ||f(ψ(c))||X],

where c ∈ [0, t]. Choosing c = t leads to

t∫
0

s
d

ds
(||f(ψ(s))||X)ds = 0.

Therefore

||ψ(t)− ψ(0)||X =
1− ν

B(ν)
||f(ψ(t))||X +

ν

B(ν)
t||f(ψ(t))||X.

Since t ≤ h, it follows that

||ψ(t)− ψ(0)||X ≤
(
1− ν

B(ν)
+

ν

B(ν)
h

)
||f(ψ(t))||X

≤
(
1− ν

B(ν)
+

ν

B(ν)
h

)
L.

With h = ΛB(ν)
νµL

+ ν−1
ν
, we have

||ψ(t)− ψ(0)||X ≤ Λ

µL
.

De�ne the function f by f : G→ X+. For ψ(t), ψ
∗(t) ∈ G, it follows from the Lipschitz

continuity of f that:

||f(ψ(t))− f(ψ∗(t))||X ≤M ||ψ(t)− ψ∗(t)||X
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=M ||ψ(t)− ψ(0) + ψ(0)− ψ∗(t)||X

≤M(||ψ(t)− ψ(0)||X + ||ψ(0)− ψ∗(t)||X)

=M(||ψ(t)− ψ(0)||X + ||ψ∗(t)− ψ(0)||X)

≤M

(
Λ

µL
+

Λ

µL

)
=

2MΛ

µL

=Mδ,

where δ = 2Λ
µL
. For ϵ =Mδ, there exists δ = ϵ

M
so that

||ψ(t)− ψ∗(t)||X ≤ δ yields ||f(ψ(t))− f(ψ∗(t))||X ≤ ϵ.

Hence f is continuous, therefore it follows from Theorem 2.17 that there exists a unique

solution of (4.6).

4.3 Equilibria and basic reproduction numbers

At equilibrium, we have the following system of equations:

Λ− µS − β1SI1 − β2SI2 +

∞∫
0

α0(a)e(a)da+ α1I1 + α2I2 = 0, (4.10)

CFDν
ae(a) = −(µ+ γ(a) + α0(a))e(a) = −ξ(a)e(a), (4.11)

∞∫
0

γ(a)e(a)da− µI1 − α1I1 − δ1I1I2 = 0, (4.12)

β2SI2 − µI2 − α2I2 − δ2I1I2 = 0, (4.13)

δ1I1I2 + δ2I1I2 − µJ − ηJ = 0. (4.14)

Applying the Laplace transform on (4.11) yields

L{CFDν
ae(a)} :=

B(ν)

1− ν + νs
[sL{e(a)} − e(0)] = −L{ξ(a)e(a)},

which implies

L{e(a)} =
e(0)

s
−
(
1− ν

B(ν)s
− ν

B(ν)

)
L{ξ(a)e(a)}
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= L{e(0)} − 1− ν

B(ν)
L{1}L{ξ(a)e(a)} − ν

B(ν)
L{ξ(a)e(a)}

= L{e(0)} − 1− ν

B(ν)
L{1 ∗ ξ(a)e(a)} − ν

B(ν)
L{ξ(a)e(a)}.

Taking the inverse Laplace transform leads to

e(a) = e(0)− 1− ν

B(ν)
[1 ∗ ξ(a)e(a)]− ν

B(ν)
[ξ(a)e(a)].

However the convolution is given by

1 ∗ ξ(a)e(a) =
a∫

0

ξ(s)e(s)ds

=[sξ(s)e(s)]a0 −
a∫

0

s
d

ds
[ξ(s)e(s)]ds

=aξ(a)e(a)−
a∫

0

s
d

ds
[ξ(s)e(s)]ds.

Since the function g(s) = s is monotonic increasing on [0, a], application of Theorem 2.4

yields
a∫

0

s
d

ds
[ξ(s)e(s)]ds = inf

s∈[0,c]
{s}

c∫
0

d

ds
[ξ(s)e(s)]ds+ sup

s∈[c,a]
{s}

a∫
c

d

ds
[ξ(s)e(s)]ds

= (0)

c∫
0

d

ds
[ξ(s)e(s)]ds+ (a)

a∫
c

d

ds
[ξ(s)e(s)]ds

= a

a∫
c

d

ds
[ξ(s)e(s)]ds

= a[ξ(s)e(s)]ac

= a[ξ(a)e(a)− ξ(c)e(c)],

where c ∈ [0, a]. Choosing c = a leads to
a∫

0

s
d

ds
[ξ(s)e(s)]ds = 0,

and hence the convolution is given by 1 ∗ ξ(a)e(a) = a[ξ(a)e(a)].

It follows that

e(a) = e(0)− 1− ν

B(ν)
a[ξ(a)e(a)]− ν

B(ν)
[ξ(a)e(a)].
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Equivalently, we have

e(a)

[
1 +

(
ν + (1− ν)a

B(ν)

)
ξ(a)

]
= e(0).

Therefore the equilibrium population of TB Latently infected individuals is given as

e(a) = e(0)

[
1 +

(
ν + (1− ν)a

B(ν)

)
ξ(a)

]−1

= e(0)σ(a),

where

σ(a) =
∞∑
k=0

[
−
(
ν + (1− ν)a

B(ν)

)
ξ(a)

]k
=

∞∑
k=0

(−1)k
(
ν + (1− ν)a

B(ν)

)k
ξ(a)k,

provided ∣∣∣∣− (ν + (1− ν)a

B(ν)

)
ξ(a)

∣∣∣∣ < 1.

The quantity σ(a) gives the probability of remaining infected with TB some time units

a after infection. Observe that

∞∫
0

α0(a)e(a)da = e(0)

∞∫
0

α0(a)σ(a)da = e(0)B where B =

∞∫
0

α0(a)σ(a)da,

and

∞∫
0

γ(a)e(a)da = e(0)

∞∫
0

γ(a)σ(a)da = e(0)C where C =

∞∫
0

γ(a)σ(a)da.

B and C denote the probability of recovery and the probability of progression of individ-

uals into active infection, respectively. Since individuals can only leave the latent class

through recovery, progression or death, the sum of the probabilities is unity; that is,

∞∫
0

(µ+ γ(a) + α0(a))σ(a)da = µ

∞∫
0

σ(a)da+

∞∫
0

γ(a)σ(a)da+

∞∫
0

α0(a)σ(a)da,

hence, it foolows that

∞∫
0

(µ+ γ(a) + α0(a))σ(a)da = µ

∞∫
0

σ(a)da+B + C = 1.

Consequently, we have

B + C < 1, B < 1 and C < 1.
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It follows from (4.12) that

e(0)C − µI1 − α1I1 − δ1I1I2 = 0;

which implies

β1SI1C − µI1 − α1I1 − δ1I1I2 = 0.

Therefore, either I1 = 0 or

β1CS − µ− α1 − δ1I2 = 0. (4.15)

Similarly, from (4.13) we obtain either I2 = 0 or

β2S − µ− α2 − δ2I1 = 0. (4.16)

Consider the following cases,

Case 1 (I1 = 0 = I2): Since e(0) = β1SI1 = 0, this leads to e(a) = e(0)σ(a) = 0. It

follows from (4.10) that

Λ− µS = 0, this leads to S =
Λ

µ
.

Furthermore, (4.14) yields the following

J =
δ1 + δ2
µ+ η

I1I2 = 0,

hence the disease-free equilibrium is given by

E0 = (S, e(a), I1, I2, J)
T =

(
Λ

µ
, 0, 0, 0, 0

)T
= (S0, 0, 0, 0, 0)T , where S0 =

Λ

µ
.

Case 2 (I1 = 0, I2 ̸= 0): It follows from (4.13) that

β2S − µ− α2 = 0; that is, S =
µ+ α2

β2
=
S0

R2

,

where

R2 =
Λβ2

µ(µ+ α2)
,

denotes the basic reproduction number of HIV. Moreover, (4.10) yields the following

Λ− µS − β2SI2 + α2I2 = 0;
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that is,

I2 =
Λ− µS

β2S − α2

=

Λ− µ

(
µ+α2

β2

)
β2

(
µ+α2

β2

)
− α2

=
µ+ α2

β2

(
Λβ2

µ(µ+ α2)
− 1

)
=
µ+ α2

β2
(R2 − 1).

Hence, I2 > 0 if and only if R2 > 1. Therefore the HIV dominated endemic equilibrium

is given by

E∗
2 = (S, e(a), I1, I2, J)

T =

(
S0

R2

, 0, 0,
µ+ α2

β2
(R2 − 1), 0

)T
, provided R2 > 1.

Case 3 (I1 ̸= 0, I2 = 0): It follows from (4.15) that

β1CS − µ− α1 = 0, that is S =
µ+ α1

β1C
=
S0

R1

,

where

R1 =
β1CΛ

(µ+ α1)µ
,

denotes the basic reproduction number of TB. Moreover, (4.10) yields the following

Λ− µS − β1SI1 + β1BSI1 + α1I1 = 0;

that is

I1 =
Λ− µS

(1−B)β1S − α1

=

Λ− µ

(
µ+α1

β1C

)
(1−B)β1

(
µ+α1

β1C

)
− α1

=
β1ΛC − µ(µ+ α1)

(1−B)β1(µ+ α1)− α1β1C
.

Furthermore

I1 =

µ(µ+ α1)

(
β1ΛC

µ(µ+α1)
− 1

)
(µ+ α1)

(
(1−B)β1 − α1

β1CµΛ
(µ+α1)µΛ

) =
µ(R1 − 1)

(1−B)β1 − µα1

Λ
R1

.

Therefore either

R1 > 1 and R1 < (1−B)
β1Λ

µα1

<
β1Λ

µα1

,

or

R1 < 1 and R1 > (1−B)
β1Λ

µα1

.
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Therefore the TB dominated endemic equilibrium is given by

E∗
1 = (S, e(a), I1, I2, J)

T =

(
S0

R1

, e(0)σ(a),
µ(R1 − 1)

(1−B)β1 − µα1

Λ
R1

, 0, 0

)T
,

provided

1 < R1 <
β1Λ

µα1

or (1−B)
β1Λ

µα1

< R1 < 1.

Case 4 (I1 ̸= 0, I2 ̸= 0): It follows from (4.15) that

β1CS − µ− α1 − δ1I2 = 0, which leads to I2 =
µ+ α1

δ1

(
β1CS

µ+ α1

− 1

)
,

that is

I2 =
µ+ α1

δ1

(
β1Λ

µ(µ+ α1)

µCS

Λ
− 1

)
=
µ+ α1

δ1

(
S

S0
R1 − 1

)
> 0.

Hence, I2 > 0 provided

S >
S0

R1

.

Similarly from (4.16), we obtain

I1 =
µ+ α2

δ2

(
β2Λ

µ(µ+ α2)

µS

Λ
− 1

)
=
µ+ α2

δ2

(
S

S0
R2 − 1

)
.

Hence, I1 > 0 provided

S >
S0

R2

.

From (4.10), we have

Λ− µS − β1SI1 − β2SI2 + e(0)B + α1I1 + α2I2 = 0,

which implies

Λ− µS − β1SI1 − β2SI2 + β1SI1B + α1I1 + α2I2 = 0. (4.17)

Finding the expression of I2 and I1 from (4.15) and (4.16), respectively, and substituting

them into 4.17 yields

Λδ1δ2 − µδ1δ2S + δ1[(B − 1)β1S + α1][β2CS − µ− α2] + δ2[α2 − β2S][β1S − µ− α1] = 0,

that is,

PS2 +QS +R = 0,
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where

P = (δ1C(B−1)−δ2)β1β2, Q = δ1α1β2C−δ1β1(µ+α2)(B−1)+δ2α2β1+δ2β2(µ+α1)−µδ1δ2,

and

R = Λδ1δ2 − δ2α2(µ+ α1)− δ1α1(µ+ α2).

Since 1−B > 0, the following holds

−P = −(δ1C(B − 1)− δ2)β1β2 = (δ1C(1−B) + δ2)β1β2 > 0,

consequently we have QS + R = −PS2 > 0, which implies Q

(
S + R

Q

)
> 0. Therefore,

either

Q < 0 and S +
R

Q
< 0,

or

Q > 0 and S +
R

Q
> 0.

Since

S +
R

Q
< 0 leads to 0 < S < −R

Q
,

it follows from Q < 0 that R > 0. Similarly,

S +
R

Q
> 0 leads to S > −R

Q
> 0,

it follows from Q > 0 that R < 0. Therefore, either

Q < 0 and R > 0,

or

Q > 0 and R < 0.

Since P < 0, then PS2 +QS +R = 0 yields

S2 +
Q

P
S +

R

P
= 0;

that is, (
S +

Q

P

)2

− Q2 − 4RP

4P 2
= 0,
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therefore

S = − 1

2P
(Q±

√
Q2 − 4RP ).

For R > 0, we have Q2 − 4RP > 0 and
√
Q2 − 4RP > 0, hence from we obtain

S+ = − 1

2P
(Q+

√
Q2 − 4RP ) > 0.

For R < 0, we have Q2 − 4RP < Q2 and Q > ±
√
Q2 − 4RP . Hence,

S+ = − 1

2P
(Q+

√
Q2 − 4RP ) > 0 or S− = − 1

2P
(Q−

√
Q2 − 4RP ) > 0.

Finally (4.14) yields the following

J =
δ1 + δ2
µ+ η

I1I2 =
(δ1 + δ2)(µ+ α1)(µ+ α2)

δ1δ2(µ+ η)

(
S

S0
R1 − 1

)(
S

S0
R2 − 1

)
> 0. (4.18)

Therefore:

(i) For R > 0, the co-epidemic equilibrium is given by

E∗
+ = (S+, e(a), I1, I2, J)

T =



− 1
2P

(Q+
√
Q2 − 4PR)

e(0)σ(a)

µ+α2

δ2

(
S+

S0 R2 − 1

)
µ+α1

δ1

(
S+

S0 R1 − 1

)
(δ1+δ2)(µ+α1)(µ+α2)

δ1δ2(µ+η)

(
S+

S0 R1 − 1

)(
S+

S0 R2 − 1

)


,

provided

S+ > max

{
S0

R1

,
S0

R2

}
, Q < 0 and P < 0.

(i) For R < 0, the co-epidemic equilibrium is given by

E∗
+ = (S, e(a), I1, I2, J)

T =



− 1
2P

(Q+
√
Q2 − 4PR)

e(0)σ(a)

µ+α2

δ2

(
S+

S0 R2 − 1

)
µ+α1

δ1

(
S+

S0 R1 − 1

)
(δ1+δ2)(µ+α1)(µ+α2)

δ1δ2(µ+η)

(
S+

S0 R1 − 1

)(
S+

S0 R2 − 1

)


,



81

or

E∗
− = (S−, e(a), I1, I2, J)

T =



− 1
2P

(Q−
√
Q2 − 4PR)

e(0)σ(a)

µ+α2

δ2

(
S−
S0 R2 − 1

)
µ+α1

δ1

(
S−
S0 R1 − 1

)
(δ1+δ2)(µ+α1)(µ+α2)

δ1δ2(µ+η)

(
S−
S0 R1 − 1

)(
S−
S0 R2 − 1

)


,

provided

either S+ > max

{
S0

R1

,
S0

R2

}
or S− > max

{
S0

R1

,
S0

R2

}
, Q > 0 and P < 0.

4.4 Stability of the disease-free equilibrium

This section focuses of the local asymptotic stability of the disease-free equilibrium point.

To do this, we employ the linearization technique around the equilibrium. Let

S̃(t), ẽ(a, t), Ĩ1(t), Ĩ2(t) and J̃(t)

be perturbations of

S(t), e(a, t), I1(t), I2(t) and J(t),

respectively, such that

S̃(t) = S(t)−S, ẽ(a, t) = e(a, t)−e(a), Ĩ1(t) = I1(t)−I1, Ĩ2(t) = I2(t)−I2 and J̃(t) = J(t)−J,

where E = (S, e(a), I1, I2, J)
T is the equilibrium point. The perturbations satisfy the

fractional system,

CFDν
t S̃(t) =− S̃(t)(µ+ β1I1(t) + β2I2(t)) +

∞∫
0

α0(a)ẽ(a, t)da+ (α1 − β1S(t))

× Ĩ1(t) + (α2 − β2S(t))Ĩ2(t), (4.19)

CF∂νt ẽ(a, t) +
CF∂νa ẽ(a, t) = −(µ+ γ(a) + α0(a))ẽ(a, t), (4.20)
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CFDν
t Ĩ1(t) =

∞∫
0

γ(a)ẽ(a, t)da− (µ+ α1 − δ1I2(t))Ĩ1(t)− δ1I1(t)Ĩ2(t), (4.21)

CFDν
t Ĩ2(t) =β2S̃(t)I2(t)− (µ+ α2 + β2S − δ2I1(t))Ĩ2(t)− δ2Ĩ1(t)I2(t), (4.22)

CFDν
t J̃(t) =(δ1 + δ2)(Ĩ1(t)I2(t) + I1(t)Ĩ2(t))− (µ+ η)J̃(t), (4.23)

after neglecting perturbation terms of order greater than or equal to 2, with boundary

condition

ẽ(0, t) = β1(S̃(t)I1 + SĨ1(t)).

Suppose the solutions of the fractional system are of the form,

S̃(t) =
B(ν)S̄

B(ν)− (1− ν)λ
exp

{
νλ

B(ν)− (1− ν)λ
t

}
,

ẽ(a, t) =
B(ν)ē(a)

B(ν)− (1− ν)λ
exp

{
νλ

B(ν)− (1− ν)λ
t

}
,

Ĩ1(t) =
B(ν)Ī1

B(ν)− (1− ν)λ
exp

{
νλ

B(ν)− (1− ν)λ
t

}
,

Ĩ2(t) =
B(ν)Ī2

B(ν)− (1− ν)λ
exp

{
νλ

B(ν)− (1− ν)λ
t

}
and

J̃(t) =
B(ν)J̄

B(ν)− (1− ν)λ
exp

{
νλ

B(ν)− (1− ν)λ
t

}
.

Since the function f(t) = B(ν)f(0)
B(ν)−(1−ν)λ exp

{
νλ

B(ν)−(1−ν)λt

}
satis�es the fractional equation

CFDν
t f(t) = λf(t), then it follows that (4.19) - (4.23) can be rewritten as

λS̄ = −S̄(µ+ β1I1 + β2I2) +

∞∫
0

α0(a)ē(a)da+ (α1 − β1S)Ī1 + (α2 − β2S)Ī2, (4.24)

λē(a) + CFDν
a ē(a) = −(µ+ γ(a) + α0(a))ē(a), (4.25)

λĪ1 =

∞∫
0

γ(a)ē(a)da− (µ+ α1 − δ1I2)Ī1 − δ1I1Ī2, (4.26)

λĪ2 = β2S̄I2 − (µ+ α2 + β2S − δ2I1)Ī2 − δ2Ī1I2, (4.27)

λJ̄ = (δ1 + δ2)(Ī1I2 + I1Ī2)− (µ+ η)J̄ , (4.28)

with boundary condition

ē(0) = β1(S̄I1 + SĪ1).
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Theorem 4.2. The disease-free equilibrium, E0, is locally asymptotically stable whenever

1 > R1 >
α1

(1−B)(µ+ α1)
and R2 >

α2

µ+ α2

.

The disease-free equilibrium is unstable provided

1 < R1 <
α1

(1−B)(µ+ α1)
and R2 >

α2

µ+ α2

.

Proof. Substituting the disease-free equilibrium,

E0 = (S0, 0, 0, 0, 0)T =

(
Λ

µ
, 0, 0, 0, 0

)T
,

into (4.24) - (4.28) leads to

λS̄ = −S̄µ+

∞∫
0

α0(a)ē(a)da+ (α1 − β1S
0)Ī1 + (α2 − β2S

0)Ī2, (4.29)

λē(a) + CFDν
a ē(a) = −(µ+ γ(a) + α0(a))ē(a), (4.30)

λĪ1 =

∞∫
0

γ(a)ē(a)da− (µ+ α1)Ī1, (4.31)

λĪ2 = −(µ+ α2 + β2S
0)Ī2, (4.32)

λJ̄ = −(µ+ η)J̄ , (4.33)

with boundary condition

ē(0) = β1S
0Ī1.

It follows from (4.33) that

either J̄ = 0 or λ = −(µ+ η) < 0.

Similarly (4.32) yields

either Ī2 = 0 or λ = −(µ+ α2 + β2S
0) < 0.

From (4.30) we obtain the fractional di�erential equation

CFDν
a ē(a) = −(λ+ µ+ γ(a) + α0(a))ē(a) = −(λ+ ξ(a))ē(a),
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which has the solution ē(a) = ē(0)σλ(a), where

σλ(a) =

[
1 +

(
ν + (1− ν)a

B(ν)

)
(λ+ ξ(a))

]−1

=
∞∑
k=0

[
−
(
ν + (1− ν)a

B(ν)

)
(λ+ ξ(a))

]k
,

provided ∣∣∣∣− (ν + (1− ν)a

B(ν)

)
(λ+ ξ(a))

∣∣∣∣ < 1,

or equivalently

− B(ν)

ν + (1− ν)a
− ξ(a) < λ <

B(ν)

ν + (1− ν)a
− ξ(a).

Consider the integrals

∞∫
0

α0(a)ē(a)da = ē(0)

∞∫
0

α0(a)σλ(a)da = ē(0)Bλ, where Bλ =

∞∫
0

α0(a)σλ(a)da,

and

∞∫
0

γ(a)ē(a)da = ē(0)

∞∫
0

γ(a)σλ(a)da = ē(0)Cλ, where Cλ =

∞∫
0

γ(a)σλ(a)da.

Hence (4.31) can be rewritten as

λĪ1 = ē(0)Cλ − (µ+ α1)Ī1 = β1S
0Ī1Cλ − (µ+ α1)Ī1 = [β1S

0Cλ − (µ+ α1)]Ī1,

and hence Ī1 = 0 or

λ = β1S
0Cλ − (µ+ α1) = (µ+ α1)

(
β1S

0

(µ+ α1)
Cλ − 1

)
= (µ+ α1)

(
Cλ
C

R1 − 1

)
. (4.34)

The following cases will be considered to solve (4.34).

4.4.1 Case 1 (λ ∈ R):

Since

d

dλ
σλ(a) =

d

dλ

[
1 +

(
ν + (1− ν)a

B(ν)

)
(λ+ ξ(a))

]−1

= −
(
ν + (1− ν)a

B(ν)

)[
1 +

(
ν + (1− ν)a

B(ν)

)
(λ+ ξ(a))

]−2
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= −
(
ν + (1− ν)a

B(ν)

)
σ2
λ(a) < 0,

it follows that

d

dλ
Cλ =

∞∫
0

γ(a)
d

dλ
σλ(a)da = −

∞∫
0

γ(a)

(
ν + (1− ν)a

B(ν)

)
σ2
λ(a)da = −||Kγ,λ||1 < 0,

where

Kγ,λ(a) = γ(a)

(
ν + (1− ν)a

B(ν)

)
σ2
λ(a) > 0.

Therefore Cλ is a decreasing function of λ. It follows that for λ < 0, we have C = C0 <

Cλ, and hence the following holds

Cλ
C

R1 − 1 < 0;

that is,

R1 <
C

Cλ
< 1.

However, for λ > 0, we have C = C0 > Cλ, and hence

Cλ
C

R1 − 1 > 0;

that is,

R1 >
C

Cλ
> 1.

It follows from (4.29) that

λS̄ = −S̄µ+ ē(0)Bλ + (α1 − β1S
0)Ī1 + (α2 − β2S

0)Ī2

= −S̄µ+ β1S
0Ī1Bλ + (α1 − β1S

0)Ī1 + (α2 − β2S
0)Ī2;

that is,

(λ+ µ)S̄ = (α1 − β1(1−Bλ)S
0)Ī1 + (α2 − β2S

0)Ī2,

which yields the characteristic equation

F (λ) = 1, (4.35)
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where

F (λ) =
(λ+ µ)S̄ − (α1 − β1(1−Bλ)S

0)Ī1
(α2 − β2S0)Ī2

.

Consider the derivative below

Dλ[F (λ)] =
Dλ[λ+ µ]S̄ −Dλ[α1 − β1(1−Bλ)S

0]Ī1
(α2 − β2S0)Ī2

=
S̄ − β1Dλ[Bλ]S

0Ī1
(α2 − β2S0)Ī2

.

Since

−Dλ[Bλ] = −
∞∫
0

α0(a)Dλσλ(a)da =

∞∫
0

α0(a)

(
ν + (1− ν)a

B(ν)

)
σ2
λ(a)da = ||Hα0,λ||1 > 0,

where

Hα0,λ(a) = α0(a)

(
ν + (1− ν)a

B(ν)

)
σ2
λ(a) > 0,

it follows that

Dλ[F (λ)] < 0

if and only if

α2 − β2S
0 < 0.

Therefore F (λ) is a decreasing function of λ provided α2 − β2S
0 < 0. Since

α2−β2S0 = µ+α2−β2S0−µ = (µ+α2)

(
1− β2S

0

µ+ α2

)
−µ = (µ+α2)

(
1−R2

)
−µ < 0;

that is,

R2 >
α2

µ+ α2

.

We consider the following sub-cases to discuss the solution of F (λ), for λ < 0 and λ > 0.

Subcase 1 (λ < 0): It follows that

F (λ) = 1 > F (0) =
µS̄ − (α1 − β1(1−B)S0)Ī1

(α2 − β2S0)Ī2
,

which leads to

µS̄ − (α1 − β1(1−B)S0)Ī1 > (α2 − β2S
0)Ī2.



87

Equivalently, we have

−(α1 − β1(1−B)S0)Ī1 > (α2 − β2S
0)Ī2 − µS̄,

and hence

α1 − β1(1−B)S0 < 0.

This yields

(µ+ α1 − β1(1−B)S0 − µ)Ī1 =

[
(µ+ α1)

(
1− (1−B)

β1S
0

µ+ α1

)
− µ

]
Ī1 > 0,

which implies

(µ+ α1 − β1(1−B)S0 − µ)Ī1 =

[
(µ+ α1)

(
1− (1−B)

R1

C

)
− µ

]
Ī1 > 0;

that is,

R1 >
α1C

(1−B)(µ+ α1)
>

α1C

(µ+ α1)
.

Hence the disease-free equilibrium, E0, is locally asymptotically stable provided

R1 >
α1C

µ+ α1

and R2 >
α2

µ+ α2

;

that is,

| arg(λ)| = 0 <
νπ

2
for all ν ∈ (0, 1).

Subcase 2 (λ > 0): It follows that

F (0) =
µS̄ − (α1 − β1(1−B)S0)Ī1

(α2 − β2S0)Ī2
< F (λ) = 1,

which leads to

µS̄ − (α1 − β1(1−B)S0)Ī1 < (α2 − β2S
0)Ī2 < 0,

and hence,

0 < µS̄ < (α1 − β1(1−B)S0)Ī1;

that is,

0 < µS̄ < (α1 − β1(1−B)S0)Ī1.

Therefore,

(α1 − β1(1−B)S0)Ī1 > 0.
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This yields

(µ+ α1 − β1(1−B)S0 − µ)Ī1 =

[
(µ+ α1)

(
1− (1−B)

β1S
0

µ+ α1

)
− µ

]
Ī1 > 0,

that is,

(µ+ α1)(1− (1−B)
R1

C
)− µ < 0,

and hence

R1 <
α1C

(1−B)(µ+ α1)
<

α1

(1−B)(µ+ α1)
.

Hence the disease-free equilibrium, E0, is unstable provided

R1 <
α1

(1−B)(µ+ α1)
and R2 >

α2C

µ+ α2

,

that is

| arg(λ)| = π >
νπ

2
for all ν ∈ (0, 1).

4.4.2 Case 2 (λ ∈ C):

Let λ = x+ ιy. It follows from (4.34) that

x+ ιy = (µ+ α1)

(
R1

Cxy
C

− 1

)
, where Cxy =

∞∫
0

γ(a)σxy(a)da,

with

σxy(a) =

[
1 +

(
ν + (1− ν)a

B(ν)

)
(x+ ιy + ξ(a))

]−1

=

[
1 + (x+ ξ(a))

(
ν + (1− ν)a

B(ν)

)
+ ιy

(
ν + (1− ν)a

B(ν)

)]−1

,

which leads to

σxy(a) =

1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)
− ιy

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
M(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2 ,



89

=

1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2−

ι

y

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2
=Exy(a)− ιE∗

xy(a),

where

Exy(a) =

1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2 ,
and

E∗
xy(a) =

y

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2 .
Hence, we have

Cxy =

∞∫
0

γ(a)(Exy(a)− ιE∗
xy(a))da =

∞∫
0

γ(a)Exy(a)da− ι

∞∫
0

γ(a)E∗
xy(a)da = Gxy− ιG∗

xy,

which yields

x+ ιy = (µ+ α1)

(
R1

C
[Gxy − ιG∗

xy]− 1

)
= (µ+ α1)

(
R1

C
Gxy − 1

)
− ι(µ+ α1)

R1

C
G∗
xy,

Which implies,

x = (µ+ α1)

(
R1

C
Gxy − 1

)
and y = −(µ+ α1)

R1

C
G∗
xy,

it follows that

x− (µ+ α1)
R1

C
Gxy + (µ+ α1) = 0;

that is,

x− (µ+ α1)
R1

C

∞∫
0

γ(a)Exy(a)da+ (µ+ α1) = 0.
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Since

Exy(a) =

1 + ξ(a)

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2+
x

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2 .
Setting

Uγ,xy(a) =

γ(a)

[
1 + ξ(a)

(
ν+(1−ν)a
B(ν)

)]
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2
and

Vγ,xy(a) =

γ(a)

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2
leads to

x− (µ+ α1)
R1

C

(
||Uγ,xy||1 + x||Vγ,xy||1

)
+ (µ+ α1) = 0,

which implies

x

(
1− (µ+ α1)

R1

C
||Vγ,xy||1

)
= (µ+ α1)

(
R1

C
||Uγ,xy||1 − 1

)
. (4.36)

This yields the following:

Sub-Case 1 (R1

C
||Uγ,xy||1 − 1 > 0):

That is,

R1 >
C

||Uγ,xy||1
.

From (4.36), we have

x

(
1− (µ+ α1)

R1

C
||Vγ,xy||1

R1

C

)
= (µ+ α1)

(
R1

C
||Uγ,xy||1 − 1

)
> 0,
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and hence, either

x < 0 and 1− (µ+ α1)
R1

C
||Vγ,xy||1 < 0

or

x > 0 and 1− (µ+ α1)
R1

C
||Vγ,xy||1 > 0,

which yield, either

x < 0 and R1 >
C

(µ+ α1)||Vγ,xy||1
,

or

x > 0 and R1 <
C

(µ+ α1)||Vγ,xy||1
.

Therefore, the disease-free equilibrium is locally asymptotically stable whenever

x < 0 and R1 > max

{
C

||Uγ,xy||1
,

C

(µ+ α1)||Vγ,xy||1

}
,

and the disease-free equilibrium is unstable whenever

x > 0 and
C

||Uγ,xy||1
< R1 <

C

(µ+ α1)||Vγ,xy||1
.

Sub-Case 2 (R1

C
||Uγ,xy||1 − 1 < 0):

That is,

R1 <
C

||Uγ,xy||1
.

From (4.36), we have

x

(
1− (µ+ α1)

R1

C
||Vγ,xy||1

R1

C

)
= (µ+ α1)

(
R1

C
||Uγ,xy||1 − 1

)
< 0,

and hence, either

x < 0 and 1− (µ+ α1)
R1

C
||Vγ,xy||1 > 0

or

x > 0 and 1− (µ+ α1)
R1

C
||Vγ,xy||1 < 0,

which yield, either

x < 0 and R1 <
C

(µ+ α1)||Vγ,xy||1
,
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or

x > 0 and R1 >
C

(µ+ α1)||Vγ,xy||1
.

Therefore, the disease-free equilibrium is locally asymptotically stable whenever

x < 0 and R1 < min

{
C

||Uγ,xy||1
,

C

(µ+ α1)||Vγ,xy||1

}
,

and the disease-free equilibrium is unstable whenever

x > 0 and
C

||Uγ,xy||1
> R1 >

C

(µ+ α1)||Vγ,xy||1
.

Using the following integral

Bxy =

∞∫
0

α0(a)(Exy(a)− ιE∗
xy(a))da

=

∞∫
0

α0(a)Exy(a)da− ι

∞∫
0

α0(a)E
∗
xy(a)da

=Wxy − ιW ∗
xy,

into the characteristic equation (4.35) leads to

F (x+ ιy) =
(x+ ιy + µ)S̄ − (α1 − β1(1− [Wxy − ιW ∗

xy])S
0)Ī1

(α2 − β2S0)Ī2

=
[(x+ µ)S̄ − (α1 − β1(1−Wxy)S

0)Ī1] + ι[yS̄ + β1W
∗
xyS

0Ī1]

(α2 − β2S0)Ī2

=
(x+ µ)S̄ − (α1 − β1(1−W ∗

xy)S
0)Ī1

(α2 − β2S0)Ī2
+ ι

yS̄ + β1W
∗
xyS

0Ī1

(α2 − β2S0)Ī2
= 1,

and hence

ℜ{F (λ)} =
(x+ µ)S̄ − (α1 − β1(1−Wxy)S

0)Ī1
(α2 − β2S0)Ī2

= 1

and

ℑ{F (λ)} =
yS̄ + β1W

∗
xyS

0Ī1

(α2 − β2S0)Ī2
= 0.

From ℜ{F (λ)} = 1, we have

(x+ µ)S̄ − (α1 − β1(1−Wxy)S
0)Ī1 = (α2 − β2S

0)Ī2,

which implies

(α2 − β2S
0)Ī2 + (α1 − β1(1−Wxy)S

0)Ī1 = (x+ µ)S̄.
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Assuming x < −µ < 0, yields

(α1 − β1(1−Wxy)S
0)Ī1 + (α2 − β2S

0)Ī2 = (x+ µ)S̄ < 0,

and hence

(α1 − β1(1−Wxy)S
0)Ī1 < −(α2 − β2S

0)Ī2.

Assuming

α1 − β1(1−Wxy)S
0 > 0,

yields

α2 − β2S
0 < 0.

Therefore the following holds

Wxy > 1− α1

β1S0
,

which leads to

||Uα0,xy||1 + x||Vα0,xy||1 > 1− α1

β1S0
= 1− α1C

(µ+ α1)R1

, (4.37)

where

Uα0,xy(a) =

α0(a)

[
1 + ξ(a)

(
ν+(1−ν)a
B(ν)

)]
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2
and

Vα0,xy(a) =

α0(a)

(
ν+(1−ν)a
B(ν)

)
[
1 + (x+ ξ(a))

(
ν+(1−ν)a
B(ν)

)]2
+

[
y

(
ν+(1−ν)a
B(ν)

)]2 .
Hence,

(i)

0 > ||Uα0,xy||1 + x||Vα0,xy||1 > 1− α1C

(µ+ α1)R1

.

(ii)

||Uα0,xy||1 + x||Vα0,xy||1 > 1− α1C

(µ+ α1)R1

> 0.
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(iii)

||Uα0,xy||1 + x||Vα0,xy||1 > 1− α1C

(µ+ α1)R1

.

From (i), we have

x < −||Uα0,xy||1
||Vα0,xy||1

< 0 and R1 <
α1C

µ+ α1

.

From (ii), we have

x > −||Uα0,xy||1
||Vα0,xy||1

and R1 >
α1C

µ+ α1

.

From (iii), we have

x > −||Uα0,xy||1
||Vα0,xy||1

and R1 <
α1C

µ+ α1

.

Therefore, the disease-free equilibrium is locally asymptotically stable provided (i) and

the disease-free equilibrium is unstable provided (ii) or (iii).

The local asymptotic stability of the disease-free equilibrium is determined by the repro-

duction numbers of HIV and TB in both Case 1 and Case 2.



Chapter 5

Conclusions

A Caputo fractional model for the spread of HIV infection within-host through two

transmission routes and cell types was investigated in Chapter 3. The boundedness of

the solutions of (3.1) - (3.7) was established and the positive invariance of the state space

of (3.1) - (3.7) was proven provided

Λi
(Λ1 + Λ2)2

>
βi + κi
c23

, for all i = 1, 2.

This ensured that the cell populations and the viral population are not only �nite, but

are always positively de�ned. In Theorem 3.2 the existence and uniqueness of solutions

of (3.1) - (3.7) were proven. Thus the populations are continuously de�ned for all time

and are uniquely determined by the initial populations. The basic reproduction num-

bers, R1 and R2 of HIV through each cell type are derived. Furthermore, it was also

proven that the reproduction number through each cell type i is composed of the repro-

duction number of HIV through cell-to-cell transmission routes, RCC
i , and cell-to-virus

transmission routes, RCV
i , for all i = 1, 2. We aimed to study the impact of HIV latent

transmission through two routes and cell types. The e�ects of age-structure are included

in the probabilities, ξ1 and ξ2, of latently infected cells transitioning to productively

infected cells, which directly a�ect the reproduction number of HIV through each cell

type R1 and R2, respectively. This illustrates that the reproduction of HIV within-host

is facilitated by progression of the virus through each transmission route. The existence

95
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of equilibria was discussed under certain conditions on the basic reproduction numbers.

Speci�cally, the disease-free equilibrium always exists whenever the productively infected

cells are absent. Stability analysis for a system of Caputo fractional di�erential equations

given by (3.1) - (3.7) was conducted and the �ndings the analysis show that the local

asymptotic stability of the disease-free equilibrium is given by

R1 < 1 and R2 < 1.

That is, the disease will be eliminated from the host whenever the reproduction numbers

through each cell type are both less than 1. Furthermore, the disease-free equilibrium

was proven to be unstable whenever

R1 > 1 and R2 < 1, or R1 < 1 and R2 > 1.

Hence, the disease persists whenever the reproduction numbers through one cell type is

less than 1 and the reproduction numbers through the other cell type is greater than

1. The asymptotic behavior of the system suggests that the latent reservoir and viral

population that persist at relatively low levels may be suppressed and eradicated from

the host. This can be achieved through the use of various treatment strategies aimed

generating an extremely slow decay of the latent reservoir due to prolonged therapy.

Incorporating treatment into the model enables investigation into the asymptotic e�ects

of di�erent therapies on the dynamics of HIV within-host.

A Caputo-Fabrizio fractional model for a co-epidemic of HIV and TB was investigated

in Chapter 4. The boundedness of the solutions of (4.1) - (4.5) was established and

the state space was proven to be positively invariant provided (4.7), (4.8) and (4.9)

hold. In Theorem 4.1 the existence and uniqueness of solutions of (4.1) - (4.5) were

established. The basic reproduction numbers R1 and R2, of TB and HIV, respectively

were computed. The model formulated by [Xiaoyan, 2013] considered the transition of

only TB infectives into the co-infection class. To account for the contribution of HIV

to co-infection, we proposed an extension of the model to include the transition of HIV

infectives into the co-infection class. We observed that the conditions on the reproduction

number of HIV and TB, for the local asymptotic stability of the disease-free equilibrium

of the extended fractional system are di�erent to those obtained for the classical system.
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The e�ects of age-structure are included in the probability of members of the latently

infected TB class to transition into the active TB class and the probability of members

of the latently infected class to recover from TB, denoted by C and B, respectively;

were the probability C directly a�ects the reproduction number of TB. Stability analysis

yielded two characteristic equations (4.15) and (4.17), from which we conclude that the

disease-free equilibrium is locally asymptotically stable whenever

1 > R1 >
α1C

µ+ α1

and R2 >
α2

µ+ α2

.

Hence, both diseases can be eradicated from the host population provided the reproduc-

tion number of TB is less than 1. Furthermore, the disease-free equilibrium was unstable

provided

1 < R1 <
α1C

µ+ α1

and R2 >
α2

µ+ α2

.

We observed that the condition on reproduction number of HIV is the same regardless

of the stability of the disease-free equilibrium, hence the reproduction number of TB is

a key factor in determining the progression or eradication of both diseases from the host

population. Furthermore, the probability of treatment of TB infectives directly impacts

the reproduction of TB, which can be used to investigate the asymptotic behavior of the

co-epidemic due to application of e�ective treatment for TB.
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