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Abstract

Models describing the dynamics of biological phenomena that evolve in stages have been
studied extensively using time-delay mathematical models. Recently, these models have
evolved into age structured models with age dependent variables. Various mathemati-
cal tools have been employed to study these models and investigate the effects of age
structure. This work explores two age structured models to address the issues of latent
infection of cells by Human Immuno-deficiency Virus (HIV) and the effects of latent Tu-
berculosis (TB) infection on the dynamics of HIV. We consider models discussed on the
transmission dynamics of HIV by multiple cell types through two transmission routes
within-host and on the co-epidemic of HIV and TB. Latency of infected cells provides
a major challenge to the elimination of HIV within-host since the virus persists at low
levels within the latent population. Furthermore, the spread of viral particles through
each transmission route may facilitate the progression of the disease due to continued
infection of cells by infected cells or free viral particles. Investigating the dynamics of a
HIV and TB co-epidemic provides insights into the effects of latency and the long term
behavior of the synergistic relationship between HIV and TB. In this work, we extend the
integer order systems of differential equations studied in [Xia, 2017| and [Xiaoyan, 2013]
to fractional order. The within-host dynamics are described by a system of Caputo
fractional derivatives while the co-epidemic by a system of Caputo-Fabrizio fractional
derivatives. The equilibrium points of each system are obtained and the reproduction
numbers of the diseases are computed. It is shown that the reproduction number of HIV
through each transmission route contribute to the reproduction number of HIV through

each cell type. Furthermore, the local asymptotic stability of the disease-free equilibrium
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is established.

Keywords: Age structure, Fractional differential equations, Laplace trans-

form, Lipschitz continuity, Second mean value theorem, Reproduction num-

ber, Local asymptotic stability.



Declaration 1 - Plagiarism

I, Madito Gladstone Thabo declare that

1. The research reported in this dissertation, except where otherwise indicated, is my

original research.

2. This dissertation has not been submitted for any degree or examination at any

other university.

3. This dissertation does not contain other persons’ data, images, graphs or other

information, unless specifically acknowledged as being sourced from other persons.

4. This dissertation does not contain other persons’ writing, unless specifically ac-
knowledged as being sourced from other researchers. Where other written sources

have been quoted, then:

— Their words have been rephrased but the general information attributed to
them has been referenced.
— Where their exact words have been used, then their writing has been placed

in italics, and inside quotation marks, and referenced.

5. This dissertation does not contain text, graphics or tables copied and pasted from
the internet, unless specifically acknowledged, and the source being detailed in the

dissertation and in the Reference sections.

Signed: ... Date: 18 July 2022

v



Declaration 2 - Publications

Papers in preparation:

1. A Caputo fractional model for an age structured dynamics of HIV infection within

host through two transmission routes and target cell types

2. A Caputo-Fabrizio fractional model for an age structured population dynamics of

an HIV-TB co-epidemic



Dedication

This work is dedicated to the Madito family.

vi



Acknowledgements

I would like to thank my family for their support throughout the course of writing this
dissertation. Thanks to my supervisor Dr. Rodrigue Yves M’pika Massoukou and co-
supervisor Prof. Suares Clovis Oukouomi Noutchie for their inputs, discussions and
guidance through the valley of dynamical systems. A special thanks to Dr. Richard
Guiem for his efforts, suggestions and guidance from integers to fractions. I am grateful
to the National Research Foundation for the generous scholarship to support my studies.
I also want to thank the North-West University for the opportunity to study at the

institution and financial support to complete my studies.

vil



Contents

1 Introduction 3
2 Preliminaries 7

3 Caputo fractional model for age structured dynamics of HIV latent

infection through two transmission routes and cell types 11
3.1 Introduction . . . . . . . . . . .. 12
3.1.1 Model formulation . . .. ... ... ... L. 13
3.2 Well-posedness of the model . . . . . ... ... ... ... ........ 15
3.2.1 Boundedness of solutions . . . . . . ... ... L. 15
3.2.2  Positivity of solutions . . . . . ... ..o oL 21
3.2.3 Existence and uniqueness of solutions . . . . . .. ... ... ... 22
3.3 Equilibria and basic reproduction numbers . . . . . . ... .. ... ... 30
3.3.1 Equilibria . . . .. .. 31
3.3.2 Basic reproduction numbers and existence of equilibria . . . . . . 36



3.4 Stability of the disease-free equilibrium . . . . .. .. ... .. ... .. 39
341 Casel ANER): . . oo L 44
342 Case2 (A€ C): .. .. 48

4 Caputo-Fabrizio fractional model for an age structured population dy-

namics of an HIV and TB co-epidemic 56
4.1 Introduction . . . . . . . ... 56
4.1.1 Model formulations . . . . .. .. ... 0oL 58
4.2 Well-posedness of the model . . . . . ... ... ... ... ........ 59
4.2.1 Boundedness of solutions . . . . . . .. ... 59
4.2.2 Positivity of solutions . . . . . .. ... Lo 63
4.2.3 Existence and uniqueness of solutions . . . . . .. ... ... ... 65
4.3 Equilibria and basic reproduction numbers . . . . . . . ... ... ... 73
4.4 Stability of the disease-free equilibrium . . . . . . . ... ... ... ... 81
441 Casel ANER): . . oL 84
442 Case2 (AN€C): .. o 88

5 Conclusions 95



Chapter 1

Introduction

This chapter provides a brief review of the literature on the reproduction number, age
structure, fractional derivatives and the evolution of models describing the dynamics of
HIV. Furthermore, it outlines the necessary information about what will be covered in

each chapter of the work.

Mathematical modeling of population dynamics involves systems of ordinary differen-
tial equations (ODEs), partial differential equations (PDEs) or a hybrid system which
consists of ODEs and PDEs. These models often describe the population dynamics by
grouping of individuals within the population into compartments based on their shared
characteristics. When investigating biological phenomena like infectious disease epi-
demics, the movement of individuals from compartment to compartment occurs at dif-
ferent rates and depends on parameters such as the birth rates, death rates, transition
rate and transmission rates between individuals susceptible to the disease and infectives
capable of transmitting the disease. The evolution of a disease is described by systems
of differential equations and analysis of these systems yields useful results such as the
basic reproduction number. The basic reproduction number is the number of secondary
infections as a result of a single infective during its entire period of infection. This can be
utilized to study the progression of the diseases and discuss the stability of the equilibria

of the system. Various factors such as the parameters of the model affect the repro-



duction number, thus impacting the progression of the disease. The next generation
matrix technique is used to compute the basic reproduction number. This is possible
only for system of ODEs. However, systems of PDEs and hybrid systems pose a dif-
ferent challenge in the computation of the basic reproduction number and alternative
approaches are considered (see [Chunyang, 2020|, [Massoukou, 2018|, [Junyuan, 2018|,
[Xiaoyan, 2012]).

Other factors that can affect the reproduction number include the age or spatial struc-
ture of the population. When infectious diseases are transmitted but remain dormant or
require some incubation period within an individual for some time before the individual
becomes infectious, this individual falls in the age latency infection class. Models de-
scribing population dynamics with age latency are deemed to have age structure. This
dissertation studies the effects of age structure on the dynamics of some infectious dis-
eases within a population using fractional differential equations. Fractional differential
equations yield better results than classical systems when modeling biological phenom-
ena [Atangana, 2013], [Baleanu, 2020], [Sin, 2018], [Behzad, 2020]. There are various
definitions and formulations of fractional derivatives which have been developed and
studied, see [Kai, 2010|, [Mahto, 2012] for a summary of fractional derivatives. Mathe-
matical tools such as fractional derivatives have formed a critical part in the mathemat-
ical modeling of HIV, TB and other biological phenomena involving super-diffusion or

sub-diffusion processes.

HIV infection within-host occurs in stages where the key stages are viral entry into
the cell, replication and release of viral particles. Entry into susceptible cells occurs
either through interaction with free viral particles or contact with infected cells which
are ready for release of viral particles. Cells in the replication stage of the life cycle of
HIV cannot transmit viral particles to other cells and hence do not actively contribute
to the transmission of the disease within-host. These cells are grouped according to the
stage of replication which determines the age latency of the cell. Furthermore, some of
the cells do not become latent and are capable of transmitting the disease once infected.
Since different cell types are capable of spreading HIV [Xia, 2017], [Yijun, 2017], the age

latency plays a crucial role in the progression of the disease, hence the time since infection



for each cell-type is different. A model describing the dynamics of HIV infection within-
host through two transmission routes and a general model investigating the transmission
of HIV within-host by multiple cell types and two transmission routes were proposed
in [Junyuan, 2018], [Xia, 2017] and [Yijun, 2017|, respectively. In [Baleanu, 2020|, a
fractional model of the within-host dynamics of HIV infection by a single cell type
through two transmission routes is considered. In this work, we consider a Caputo
fractional model for the within-host dynamics of age structured HIV infection by two

cell types and transmission routes.

Epidemics of diseases often occur in completely susceptible populations. However, when
diseases occur concurrently, we have a co-epidemic as the dynamics of one disease affect
those of the other disease. HIV and TB are two such diseases where TB infection of HIV
infectives affects the dynamics of HIV infection and HIV infection of TB infectives im-
pacts on the dynamics of TB infection within a population. Since the TB spreads either
through transmission of bacteria from active TB infectives to susceptible individuals or
activation of latent TB bacteria in the fraction of individuals who have been infected
with TB but cannot transmit it to others [Xiaoyan, 2012|, [Zhang, 2015]. The complex
dynamics of the HIV/TB co-epidemic have been simplified in the model proposed in
[Xiaoyan, 2013], the defects of the simplified model are discussed and some results about
the effects of each disease of the dynamics of the other are investigated. The critical as-
sumptions of the model involves the treatment of HIV to recovery of HIV infectives but
not for co-infectives. Furthermore, death due to disease occurs only in co-infectives since
infected individuals undergo treatment and co-infected individuals do not. We extend

the classical system considered in this model to a Caputo-Fabrizio fractional system.

This dissertation is composed of five (5) chapters. The first chapter presents the intro-
duction related to mathematical modeling of population dynamics and the literature on
HIV-TB. Chapter 2 provides a summary of useful results, definitions and theorems used
throughout the text. Chapter 3 investigates the spread of HIV infection within host
through two transmission routes and cell types with the incorporation of age structure,
whereas Chapter 4 studies the co-epidemic of HIV and TB with age structure. The

well-posedness of the models, including the boundedness of the solutions, positivity of



solutions, existence and uniqueness of solutions, and stability analysis of the disease-free
equilibrium are investigated in Chapter 3 and Chapter 4. Chapter 5 discusses some the-
oretical results derived in Chapter 3 and Chapter 4, and provides a thorough conclusion

to the dissertation.



Chapter 2

Preliminaries

This chapter provides useful mathematical tools which are used throughout this work,
including definitions (extracted from [Kai, 2010], unless otherwise stated) and some the-

orems.

Definition 2.1. The function T': (0,00) — R defined by

o0

[(v) = /t”—le—tdt,

0

s called Euler’s Gamma function.

Definition 2.2. The function B : (0,00) x (0,00) — R defined by

1
B(z,y) := /t’”l(l — )t = =22
0

15 called Euler’s Beta function.

Definition 2.3 (Convolution). The convolution of functions f and g denoted by f*g is
given by

(fxg)(t) = /f(t — 5)g(s)ds.



Theorem 2.4 (Second mean value theorem, [Hetmaniok, 2012|). Consider continuous
functions f and g, such that f is monotonic on [a,b]. Then there erists a point ¢ € [a, b]

such that

[ tstte = it (0} [ g(eyie + sup {£(1) [ ot

t€fa,c teeb

Definition 2.5 (Lipschitz continuity, [Baleanu, 2020]). Let (X,|| - ||x) be a normed
space. A mapping A : X — X 1s Lipschitz continuous if and only if there exists a positive

constant M > 0 such that A satisfies the Lipschitz condition,
|Az — Ay[lx < M|z —yllx,

for every x,y € X.

Definition 2.6. [Kai, 2010 For p > 1, L,[a,b] denotes the Lebesque space defined as:
b
Lyla,b] := {f :a, b] — R‘f is measurable on |a,b] and /]f(t)\pdt < oo}.

In particular, for p = oo,
Leola,b] := {f :a, b] — R‘f is measurable on [a,b] and essentially bounded on |a, b}}

Furthermore, L.\ denotes the positive cone of Ly[a,b] and is defined as:

L} [a,b] := {f :a, ] = Ry

b
f is measurable on [a,b] and /|f(t)|pdt < oo}

Definition 2.7. [Kai, 2010] For p > 1, the L,-norm denoted by || - ||,, on L,la,b] is

1flly = (/b|f(t)|pdt);-

Definition 2.8. [Kai, 2010] Let X be a normed space. Consider the space of functions
H"[a,b] defined as

given by:

HY[a,b] = {f € X:|[f(2) = fW)llx < [z —yllx  for all 2,y €X}.

H"|a,b] is the called the Holder space of order v.



Definition 2.9. [Kai, 2010 The operator I" : Li]a,b] — R defined by:

b
I"f(t) == ﬁ /(t — )" f(x)dz, where t€ [a,b),v € Ry,

a

is called the Riemann-Liouville fractional integral operator of order v.

Definition 2.10. [Kai, 2010] The operator DY defined by:

A" 1 (1)
dtm

CDYf(t) = 1™

where v >0, m = [v] and ddtm) € Ly[a,b], is called the Caputo differential operator of

order v.

Definition 2.11. [Caputo, 2015],[Losada, 2015 Let f € HY0,h] and v € (0,1),

then the Caputo-Fabrizio fractional derivative of f is given as:

Q_V /f eXp{——(t—s)}ds Jor te0,h],

where M (v) is the order dependent normalization function.

“TDYf(t) =

Definition 2.12. [Schiff, 1999] Consider a function f : [0,00) — R and s > 0. The
Laplace transform of f is defined by:

F(s) = L{f(8)} = / (1)t

and the inverse Laplace transform L™ satisfies L7 F(s)} = L7HL{f(t)}} = f(?).

Definition 2.13. The Laplace transform of the Caputo fractional derivative is given by
L{“Dyf(1)} = s"L{f ()} = D s 47000,
k=1

where m = [v].

Definition 2.14. [Losada, 2015 The Laplace transform of the Caputo-Fabrizio frac-
tional derivative is given by

B(v)

L1 D0} = - (s} - £10)).

where B(v) = 2]2\4_(’1’/).
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Definition 2.15. The Laplace transform of the Mittag-Leffler function of order v, de-
fined by

(=)
Eu(—)\ty) - ( B ) )
= C(jr+1)
s given by, X
sYT
L{E,(=\t")} = :
(B2} = 2

Theorem 2.16 (Stability of fractional linear systems). Consider an N-dimensional sys-
tem of fractional differential equations DY f(t) = Af(t), where A is an arbitrary constant
N x N matriz. The real solution f(t) = 0 of the system is asymptotically stable if and
only if all distinct eigenvalues \; for j =1,2,..., N of the matriz A satisfy the condition

jarg(A)] > 5

Theorem 2.17. [Kai, 2010] Let v € (0,1). Moreover let ¢y € X, K > 0 and h* > 0.
Define
G ={y(t) e X:t € [0,h7][|[(t) = dhollx < K7},

and let the function f: G — X be continuous and fulfill a Lipschitz condition

17 (@1 () = (a2 ()llx < M[n (1) = a(8)]]x,

with some constant M > 0. Furthermore, define

b if L=0,

1

min {h*, (%)”} else.

Then, there exists a uniquely defined function ¢ € C|0,h] solving the fractional initial
value problem Dy (t) = f((t)) with initial condition ¥ (0) = 1.

L =sup|[f(¥()llx and h:= {
PpeX

Note 1. See [Mahto, 2012],[Sin, 2018] for further discussions on the ezistence and

uniqueness of solutions



Chapter 3

Caputo fractional model for age
structured dynamics of HIV latent
infection through two transmission

routes and cell types

This chapter focuses on a Caputo fractional model of HIV infection transmission by two
cell types and transmission routes. We consider various aspects of the model which are
investigated in four (4) sections. The first section discusses the formulation of the model
and assumptions; whereas the second section explores the well-posedness of the model
by investigating the positivity, boundedness, existence and uniqueness of solutions to the
system of fractional differential equations. In the third section the existence of equilibria
is proven and the basic reproduction number is derived. The last section explores the

stability of the disease-free equilibrium using a linearization technique.

11
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3.1 Introduction

It is widely known that HIV transmission within-host occurs by infection of CD41 T-
cells, which are the largest white blood cells [Baleanu, 2020], [Yijun, 2017|. However,
HIV can infect various types of cells within-host such as Macrophages and dendritic cells
|Yijun, 2017|. Though HIV also infects these cells, transmission mainly occurs through
CD4™" cells and has the most destructive effect on these cells, causing the immune sys-
tem to weaken and the body becomes susceptible to other infections (we consider the
co-infection of HIV and TB in Chapter 4 of the work). Macrophages have been identified
as responsible for HIV transmission in the later stages of viral infection [Yijun, 2017],
hence we consider the transmission of HIV by CD4*% T-cells and Macrophages in this
chapter. Time delay models have been developed to study the impact of HIV infec-
tion by Macrophages and recently the incorporation of age structure in mathematical
models has enabled better description of produced viral particles and of the infected or
latently infected cell mortality [Hetmaniok, 2012, [Xiaoyan, 2012|, [Zhang, 2015]. Not
only can HIV be transmitted by multiple cell types in the body, transmission also occurs
in various means, cell-to-cell transmission and cell-to-virus transmission. Cell-to-cell
transmission occurs when infected cells interact with susceptible cells and viral particles
are transferred from the infected cells, enabling the reproduction of HIV through mul-
tiple cells. Alternatively, infected cells can release viral particles into the blood stream,
which then infect susceptible cells. The transmission of HIV either through cell-to-cell or
cell-to-virus transmission routes is crucial in the development of medication for control
of HIV infection. In [Yijun, 2017] a general model is developed for HIV transmission
by multiple cells and two transmission routes to n cell types. We extend this model of
first order system of hybrid differential equations to a fractional order system of differen-
tial equations. Fractional order systems have been shown to produce better results when
modelling natural phenomena than classical or integer order systems [?|, [Baleanu, 2020],

[Changpin, 2007, [Kai, 2010], [Sin, 2018], [Behzad, 2020].
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3.1.1 Model formulation

We investigate a model describing the dynamics of HIV infection through two transmis-
sion routes, namely cell-to-cell transmission and cell-to-free virus transmission [Elaiw, 2016],
|Chunyang, 2020]|, [Elaiw, 2017|, [Junyuan, 2018|, [Xia, 2017], by different cell types
[Rahmat, 2019], [Xia, 2017], [Yijun, 2017|. The population of free virions at time ¢ is de-
noted by V(t), whereas the total population of host cells is divided into 6 compartments.
The population of target Type 1 cells which are susceptible to HIV infection is denoted
by Ti(t) and the susceptible population of Type 2 cells is denoted as T5(t). We denote
the population of latently infected Type 1 cells of latency age a by Li(a,t) and the popu-
lation of latently infected Type 2 cells of latency age b is denoted by Ly(b,t) [Xia, 2017,
|Xiaoyan, 2013], the last 2 compartments consist of the productively infected Type 1
and Type 2 cells, which are denoted by I;(t) and I5(t), respectively. The system writ-
ten in terms of the Caputo fractional derivatives (see |[Baleanu, 2020], [Changpin, 2007,
|[Rahmat, 2019], [Behzad, 2020] for other fractional models of HIV transmission) as the

fractional initial value problem below:

CD;/Tl(t) = A1 - /,LlTl(t) - 61T1(t)V(t) — I€1T1<t)11(t), (31)
CDI'Ty(t) = Ay — puaTo(t) — BoTo(t)V () — roTo(t) (1), (3.2)
0" Ly(a,t) + 0" Li(a,t) = pi(a)Li(a,t) — (a1(a) + di(a)) L (a,t), (3.3)
O Loy (b, t) +C0¢ Ly(b, t) = pa(b)La(b,t) — (ca(b) + da(b)) La(b, 1), (3.4)

CDzlll(t) = (1 — fl)(ﬁlTl(t)V(t> + IilTl(t)]l(t)) + /Oél((l)Ll(CL7 t)dCL - 51]1(t), (35)

o0

CDY () = (1 — fo)(BoTa()V (L) + ko To(t) Ia(t)) + / (D) Lo (b, t)db — 6, 15(),  (3.6)

“DyV(t) = Nibi 11 (t) + NadaIr(t) — pv V(1) (3.7)

with the recruitment of cells into the populations of latently infected cells for all time
given by
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and initial conditions
Tl(o) € R-ﬁ-aTQ(O) € ]R-H L1<aa 0) S L—li_(()? OO), LQ(b> 0) € L—li_(oa 00)7[1(0) € R—i—a
L(0)eR, and V(0)€R,.

For [ € {a,t}, the Caputo fractional derivative is given by

“Dyf(l) = 1" Vdj;(ll) = 1“(1,/) /(l —x)v—l%l)dx,

0
and the partial Caputo fractional derivative is given by

l
Caluf()_ll y — 1 / u 18f )dIE,
0

F(V

for all v € (0,1). The rates of change of the viral and host cell populations depend on the
recruitment rates Ay and A,, death rates p; and ps, transmission rates per contact with
free virion 3 and s, and the transmission rates per contact with productively infected
cell k1 and ko of target Type 1 and Type 2 cells, respectively. The age of latency
dependent parameters p;(a) and ps(b), denote the proliferation rate of latently infected
target Type 1 and Type 2 cells of age a and b, respectively [Junyuan, 2018]. Transition
of latently infected cells to productive infection occurs at rates a;(a) and ay(b), and
death of latently infected cells of different age occurs at the rates dy(a) and dy(b) for
Type 1 and Type 2 cells, respectively. When infection occurs a fraction f; € (0,1) and
f2 € (0,1) of target Type 1 and Type 2 cells, respectively, become latently infected and
a fraction of cell that become infected can produce virions without undergoing latency
delay. Death of productively infected cells occurs at 9; and 5 for infected Type 1 and
Type 2 cells, respectively. When some of the infected cells die, they burst and release
virions into the plasma, so the total number of virions a cell produces during its entire life
cycle is given by N; and N, productively infected Type 1 and Type 2 cells, respectively.
Production of virions by productively infected cells contributes to the migration of viral
particles into the free virion population, however clearence of free viral particles from

the compartment occurs at the rate uy [Xia, 2017], [Yijun, 2017].

We provide below a list of assumptions for the model regarding the dynamics of the

disease [Chunyang, 2020]:
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(A1) The initial population of recruited latently infected Type 1 cells is given by

L1(0,0) = fi(B1T1(0)V(0) + £1T1(0)11(0)).

(A2) The initial population of recruited latently infected Type 2 cells is given by

L5(0,0) = fo(B212(0)V(0) + £212(0)12(0)).

(A3) The age of latency dependent parameters p1, pa, a1, ag, dq, do € LT (0, 00).

(A4) The latently infected Type 1 and Type 2 cells populations remain relatively stable

during treatment provided

sup {pi(a)} < aei(%,foo){dl(a)}’

a€(0,00)

and
sup {p2(b)} < inf {da(b)},
be(0,00)

be(0,00)
which is due to the suppression of replication within infected cells by medication

inhibiting viral replication during latency.

3.2 Well-posedness of the model

3.2.1 Boundedness of solutions

Let X = R? x (L;(0,00))? x R?* be a Banach space and let X; = R2 x (L{(0,00))? x R
be the positive cone of X. Consider a continuous function ¢ : R, x X; — X, with

initial condition
¢<0) - <T1(0)7 T2(0)7 Ll (CL, 0)7 LQ(b7 0)7 Il(o>7 12(0)7 V<O))T € X—i—a
given as:

(t,1(0)) = (Tu(t), To(t), Li(a, 1), La(b, 1), 1r(1), Ia(t), V(1)) = ().
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The system, (3.1) - (3.7) can be re-written as

“Dyy(t) = f(p(1)), (3.8)
with
“DyTi(t)
CDYTy(t)
CovLy(a,t)
“Dyp(t) = | CorLab,t) |
“DyLi(t)
“DyIx(t)
“Dyv(t)
and
f1(¥(1))
fa(¥(2))
f(¥(t))
() = | fa(w(t))
fs(¥(1))
fe(¥(t))
fr(¥(t))
Ay = Thi(t) = (B1V (1) + ki 1a (1)) Ta(2)
Ao = 1 To() — (BoV(E) + o o(1)) T (1)
(p1(a) — ai(a) — di(a))La(a,t) — “0; Li(a,t)
= (p2(b) — az(b) — da(b)) La(b, ) — “0y La(b, 1)

+ ki1 (0)Th(t) + [~ en(a)Ly(a, t)da — 61 11(t)
(1= f2)(BoV (1) + ko la(t)To(t) + fo aa(b)La(b, t)db — da15(t)
Nl(;l]l(t) + NQCSQIQ(t) — ,qu(t)

Using the norm on X, we have

ot (O = [[VO)1x = [Ta O]+ [T2(O) [+ [ Lo (O + [ Lo (@) [l + [ L (0] + [L2(8)|+[V (@)



17

Consequently, we have
105 = Ty(t) + Ta(t) + /Ll(a, Hda + /Lg(b, Db+ I (1) + L(t) + V(£).
0 0
Applying the Caputo fractional derivative of order v € (0, 1), leads to
“DY|W()|lx = DyTi(t) + © DY To(t) + / ©oy Ly (a,t)da + / ©Oy Ly(b,t)db + “ DY I, (t)
0 0
+ DI IL(t) + C DYV (1).

Making use of (3.1) - (3.7), we obtain

CD?’W@)HX = A - MlTl(t) - (51‘/(75) + Hlfl(t))Tl(t) + Ay — M2T2(t)
~ (V1) + mal()Ts(t) ~ [ 0L (0, 0)da

0
00

+ [ (pr(a) = an(a) — du(a)) L (a, £)da — / COY Lo(b, t)db

0

+ [ (p2(b) = aa(b) = da(0)) La(b, )b + (1 = f1)(BLV(E) + ra 1o (1)) Th (1)

+ [ ai(a)L(a, t)da — 6,15 (t) + (1 — £2)(BV (1) + kala(t))Ta(t)

+ [ as(b)La(b, t)db — d215(t) + N16111(t) + Nadolo(t) — pv V (2),

0\8 0\8 0\8 0\8

and hence

oo o0

CDNOlx =Ar — Ti(8) + As — paTa(t) — / €OV L (a, t)da — / COY Lo(b, t)db

0 0
00 oo

n / (p1(a) — dy(@)) L (a, t)da + / (pa(b) — do(B)) La(b, t)db

— [BT(OV () + s Ta(t) (1) — f2(BT2(8)V (8) + k2Ta(t) 2(1))
— 51[1(t) — 52[2(t> + N151[1(t) + NQ(SQ[Q(t) — /va(t)
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Clearly,

DY) |x <AL — i Ti(t) + Ag — paTo(t) — /(dl(a) — pi(a))Lyi(a, t)da — py 'V (t)

/ D) (b, )b — (1 — NS I (1) — (1 — Na)ala(t),

and thus

[e.e] [e.e]

CD;/Hw(t)HX SAI — ,ulTl(t) + A2 — ILLQTQ(t) —C1 / Ll(a,t)da — C9 / Lg(b, t)db

0 0

— (1= Ny)o1 L4 (t) — (1 — No)oolo(t) — uy V (1),
where

= inf {di(a)} = sup{pi(a)} and o, = inf {dy(0)} _féﬁgp{pZ(b)}'

acRy acRy

Therefore

o0 o0

CDY[v)||x < A+Ay—cs (Tl(t)—Tg(t)—/ Ll(a,t)da—/ Ly (0, t)db—[l(t)—lg(t)—V(t)),

0 0

with ez = min{puq, po, c1, o, (1 — Np)d1, (1 — N3)da, v }. Hence,

DY p()|x < Ay + As — sl | (1) |x-

Applying the Laplace transform, we obtain

LLODYNeOllx} < L{AL + Ao} — esL{[[w(0)]Ix}-

It follows from the Laplace transform of the Caputo fractional derivative that

LY} — 8 (O] < A2

— LYW (0)]]x},

that is,
A+ A
LR B + ) < 8 [p(0)] | + —=2,
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and then

SOl | (A1 + Ag)s !
ROl < — o=+ ot )

Making use of the Laplace transform of the Mittag-Leffler function, it follows that

v—1

LU e < 1600 LL By (—est)} + (A + Az)ﬁ{%}ﬁ{&(—cﬂ”)},
A+ Ao

) L{t"" % E,(—cst”)},

= [[9(O)[xL{Ev(—cst”)} +

where 7! x E,(—c3t”) is the convolution of *~! and E,(—c3t”). Applying the inverse
Laplace transform yields

A+ Ay w

F(l/) T % EV(—CgtV),

1 @)llx < [l O)|IxEw(—cst”) +

where

_ / — s v—1 - <_C3SV)]
_0/“ ) jZOF(jV+1)d7
_ - (_C3>j / s) lsju s
_;)r(]yﬂ)o/(t )

Let s = tx, then we have

% B (—cst”) =

(e / Y1 = 2) T (atV (td),

; L(jv+1)
0 1
_ Z /t_]lj+1/ o 1/ 1$jyd£l},
= L(jv —i— 1) /
e Javtv _
— Z L /(1 _ x)”_lx]”dx,
— T'(jr+1)
7=0
:Z C3 ]t‘ju V/ z/ 1 (jr+1)— 1d.§C.
— T(jr+1

<
Il
=)
o



Using the definition of the Beta function,
1

00— [t oyt 101

L(p+q)

9

it follows that

2 (=)t T TGy + 1
_§° Copr TGy + 1)

)

=T (=)t
B Z I(jv+v+1)

&) (a)
B Z L(kv+1)

CT) = (—cst)*
B Z L(kv+1)

k=1
Observe that

and substituting this into the convolution yields

P By (—egt’) = (1 - B (—est),

C3
Therefore,
w, Mt+A v
(Ol < IOl Bl =est) + =21 = By (~eat’),
A+ A A+ A
= 2R (w0l - 2 ) B
and taking the limit as t — oo leads to
A+ Ay

Jim [[1(1) e < =2

F(jr+1) T(jv+v+1)’

20

since limy_,o, E,(—c3t”) = 0 [Kai, 2010]. This concludes that the solution (¢) is bounded.

Therefore, if we denote by G the state space of (3.8) then we have
A+ Ay }

6 = {wio) € X w(0lx <
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3.2.2 Positivity of solutions

Here the purpose is to establish the positivity of the solution of (3.8). Observe that the
right-hand side of (3.8) can be decomposed as

F@ (1)) = Lo(t) + M (1)),

where
T 0 0 0 0 0
0 —pp 0 0 0 0 0
0 0 =9 +ma) 0 0 0 0
£=1 0 0 0 —C0¢ +my(b) 0 0 0 |,
0 0 0 0 —6 0 0
0 0 0 0 0 6 O
0 0 0 0 Nidy Naday —py
and
Ay — BTy )V (t) — ki Ty ()11 (¢),
Ay = BoTo(t)V(t) — kol (t) a(2),
0
M(p(t) = 0 :

where m(a) = aq(a) + di(a) — p1(a) and mq(b) = as(b) + da(b) — p2(b). Clearly, it is
sufficient to have £X, C X, and M(X,) C X, to construct a positive solution. Since
L is a Metzler matrix, it follows that £ is a positive operator and hence £X, C X,. To
show that M(X,) C X, we require A; — B,/ T;(t)V(t) — k;Ti(t)[;(t) > 0 for all i = 1, 2.
We have

A = (BV () + wii(1)Ti(t) > N — (BilV ()] + kil L)) Ti(2) ]
> A — (Billv ()]s + wal | (O]) [19 ()]
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— (B + ma)ll0()| %
> A; — (B; +@(A1 +A2) ,

C3

and hence A; — B, T;(t)V (t) — k;T;(t)1;(t) > 0 for all i = 1,2, provided that

A; S Bi + Ki
(A1 + Ay)? o

Therefore M (X, ) C X,. It follows that the state space G is positively invariant provided

A; S Bi + Ki
(Ay + Ap)? g

for all 2 = 1, 2, are satisfied.

3.2.3 Existence and uniqueness of solutions

Theorem 3.1. The function f is Lipschitz continuous in X.

Proof. Let 1(t),¢*(t) € X;. Since f1(Xy) C Ry, it follows from (3.8) that

110 (@) = L") =M = T () = ATV () = m Ty (O L () = (A = i TY () =
PIT V() — s TY ()11 ()]
= = m(N(t) = T7 (1) = BTV (1) = TY (V7 (1))
G OTHORNHOINO)]
= = (1) = T7 (@) = Bu(Tu(OV(E) = To(O)V7 () + T (V7 (1) -
Tr&V () = s L) = T L (8) + Ti() L (2)
- E@),

therefore it follows that
A1) = L™ ()] SpalTi(t) =TT ()| + BT @[V () — V()] + B[ T3 (2)
=TIV O] + s Th (O L (8) — 11 (8))]
+ ra|Th(t) = Ty (O[5 (D)]-
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Since (t) is bounded, there exist positive constants Cr,,Cr,,CL,,Cr,, Cp,,Cy, and
Cv such that, |T1(t)] < Cn, |[T2(t)] < O, [|Li@)]l1 < CLy, [[L2(D]l10 £ Cys [L(0)] <
Cn,|12(t)] < Cp, and |V (t)| < Cy. Tt follows that,
A6 — HE O] <D0 - T O]+ AC Vi) - VO] + AT - T 1)
+ r1 Oy |1 (t) — I; ()] + k1 O T2 (2) = T (1)
<G+ Oy + MO0 — T (0] + HOxIVi(E) — V7 (1)
mCrl () ~ 11 (0)
<M |T(0) ~ T3 (0] + My V() — (O] + M |L(0) — L1 (1)
M (T3 0) = T3]+ Vi) = Ve ()] + 1) — 1))
Mg lle(e) — ¥ Db,
where
My, = max{p + £1Cyv + k1Cy,, b1Cry, k1Cry };

therefore f; is Lipschitz continuous in R, . Similarly,

[f2(4() = (" ()] < M [[(F) — 9" ()] ]x,

where
My, = max{ s + 5:Cy + 5101, 820, 52Cr, },
that is, fo is Lipschitz continuous in R,. Since f3(X;) € L;(0, 00), it follows that
1f3((#)) = Fs(* @)l =llp1La(t) — (e + di) La () — “O; L (t) — (1 L3 (2)
— (ou + dy) Ly () = “OU Ly (1)1
=|(p1 — a1 — d)(Li(t) — Li(#)) — “0; (La(t) — Li(#)|h
=l = (a1 +di = p1)(La(t) = Li(t)) = “OL(La(t) = Li(1)|h
=|l(c1 +di — p1)(La(t) — Ly (1)) + “0; (La(t) — Li()) |k
<|l(r + dv = pu)(La(t) = Ly ()1 + [T 0a(La(t) — Li())|h
=[lma (L1 (t) = LIO)[1 + (|17 0a(La (t) = Li(0))] ],

since my(a) = aq(a) + di(a) — p1(a). It follows from 0 < my(a) < sup {mi(a)}, that
a€[0,00)

(
)

a€[0,00)

/ N Lx(a,t) — Li(a, t)/da < sup {ml(a)}/\Ll(a,t) ~ Li(a,1)|da,
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and hence
[|ma(La(t) — Li()[ < sup {ma(a)}|[La(t) — Li(#)]]1-

a€0,00)

This leads to

13, 0(t) = fa(t, 0" ()]s < sup {ma(a)}|[La(t) = Li(1)[h

a€[0,00)
+ / 17 0,(La(s,1) — Li(s,1))|da
0
< s[lgp ){m1(a)}HL1(t) — L)l
a€c|0,00

da.

n ]O \ﬁ / (a— ) 0u(Lu(s,1) — Li(s,0))ds

Observing that

/(a —5) "0s(L1(s,t) — Li(s,t))ds = { - Mas([q(s, t) — LT(S,t))}

a

—v—+1 0

0

r ((l — S)_V+1 2 *
+ [ Lt - Lifs 0)ds
0

and applying the Theorem (2.4) to the integral term yields

[ s~ it s = CZOT [5G0 - mis, s
- ot~ i)

where ¢ € (0,a). Hence

/(a —5)Y0s(L1(s,t) — Li(s,t))ds = [ - Mas([q(s, t) — Li(s, t))}

a

—v—+1 0

0
c

_o da(L1(c,t) — Li(c, t))

—v+1
a”" ! Ll(a’t) _ LT(C% t) _ (L1<Oa t) — LT@J))

:—1/+1 a—20




' 4

a
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= [Li(a,t) = Li(a, t) = (L1(0, 1) — L1(0,1))].

—v+1

Therefore

a€[0,00)

134 (8) = f3(* ()]s < sup {ma(a )}||L1(t)—L’{(t)||1+/‘(1_,f;;1_,,)

x [La(a,t) — Li(a,t) = (L1(0,1) — L7(0,1))]

that is,

o0

da;

I50) = F50 @)l < sp fm@FI1E4(8) = L0l + [ =g n(e. )=

a€0,00)
0

Li(a,t) — (L1(0,1) — Li(0,1))|da.

It follows from (3.3) that L,(a,t) is differentiable with respect to a. Therefore, Ly(a,t)

is continuous with respect to a. By continuity of L,(a,t) — Li(a,t) at a = 0, for any

arbitrary € > 0, there exists a § > 0 such that |L;(a,t)— Lj(a,t)—(L1(0, )

whenever a < ¢, hence

1£26(0) = A @Dl < sup ma(@}ILa(0) ~ Lol + Jim |

a€(0,00)

—L3(0,1))| < e

a~v
B
re— ™
0

= s {m(@}Ia() = L)+ Jim s [avda

a€l0,00)

w

= swp {m(@}IL(t) - i)l + lim 5

=]

a€[0,00) 0
ZGESBEO){ml(a)}IILl(t) L)k + lim T
Choosing
_ CullLa(t) = Li(®)[h
leads to,
1 £3(0 (1) — fa(* ()]s < sup {mi(a)}||L1(t) — Li(t)||, + lim Cr|lLa(t) = L]y
a€l0,00) wW—+00 ( I/)F( )

Cr,
= | Al e )

[|1L1(t) — L1 ()1



Cr,
<2 im0

= M, [[(t) = " (8)]]x,

where

CL
My, = sup {m + ==
B O

and hence f3 is Lipschitz continuous in L1 (0, 00). In a similar way,
1f2((8) = fa@™ (@) < ML, |[o(t) — ¥ ()] ]x,
where ma(b) = as(b) + da(b) — p2(b) and

CL
My, = sup {ms(b)} + 2 ,
= O e )

(1) =

26

V(1) Ix

hence f is Lipschitz continuous in LL; (0, 00). Since f5(X,) C Ry, it follows that

mw&»—EWWM=kf¢M&E® (t) + Ty (1) +/

ol (t) — (1= fO) (BT () V (t) + ki Ta(t) (1))

n 7a1(a)L1(a, t)da — 5111(t))‘

a)Ly(a,t)da—

:'(1 — BV ) = TEOV() + s (Ta(0) L (E) — T () 17(1))]

e}

T / ay(a)(Ly(a,t) — Li(a, t))da — 6, (I () — If(zf))‘

0

:'(1 = BV E) =TV (1) + TV (1) = T (H)V(1))

+ RN L) = T () + Ta@O) L (8) = Tr ()17 (1))]

o0

+ / a1 (a)(Li(a,t) — Li(a, t))da — 6y (I1(t) — If(t))‘.

0

{u—ﬁWMﬂwwm—vw»+@wwnﬂmvw»

+rU(T(O)(L() = H(@) + (Ta(t) =TT (1) ()]
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o

n / (@) (L(a t) — Li(a, £))da — 8,(1(t) — I} (1))

=1 =BTV (@) = VIO + [Ta(t) =TT OV (O] 4w [T1(2)]
X L) = L@+ [Tu(t) = TEO T ()]

o

n / 01 (@)| L (a,1) — Li(a, 1)|da — 6|1, (t) — I} (1)

0

This leads to
1f5(0(@) = 070 < (1= f1)[5iCny [V (t) = V(@) + Cy[Ti(t) — Ty (t)| + k1O, |11 (8)—

EO+ CalTi) =T Ol + s {onfo }/rLlat (. t)|da — 61| 1y() — T (1)

a€(0,00)

that is,

[f5((8) = (" ()] <(1 = f)(BLCV + ki Cp)[Ta(E) = TY ()] + (1 = f1) 5O [V (1) —
VIO + (1 = fi)mCn — &l (t) — 17 ()]
+ sup {aa(a)}|La(t) — Li(t)]]x

a€l0,00)
<My (T2 (t) = T7 ()] + [V(E) = V@) + [L(E) — I ()]
+ ([ L1 (t) = Li(®)]]1)
<My [|¢(t) — (1),

where

M, = max {(1 = [1)(B1Cy + k1C), (1 = f1)B1Cry, (1 = f1)k1Cy — 61, sup {al(a)}}-

a€0,00)

Therefore f5 is Lipschitz continuous in R, . Similarly,

[fo( (1) = fe (0" (1) < Mp||¢(t) — " ()],

where

M7y, = max {(1 — f2)(B20v + K2C,), (1 = f2)B2C1,, (1 = f2)koCr, — d2, sup {OfQ(b)}},

be[0,00)
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that is, fg is Lipschitz continuous in R. Since f7(X,) C R, it follows that

[f2(0(8)) = fr (@7 ()] =[N161 L1 (E) + Nabolo(t) — vV (E) — (N16111(t) + NadaIo(t)
— vV (1))
=[N0y (11(t) = I7(t)) + Nada(Lo(t) — I5(t)) — v (V(E) = V7(2))]
SN |1 (E) = IE(8)] + Nada|Lo(t) — I (8)] + pv|V(E) = V(1)1
with
My = max{ N6, Nada, pv },

then it follows that,

[Fr(0 (1) = 2@ (0))] < My (1 (t) = L ()] + [12(t) = L 6]+ [V(E) = V()])
< Myl[p(t) — 9" (8)]]x,

that is, f7 is Lipschitz continuous in R,.

Therefore,

F () = F@" )k =A@ 0®) = L@ )] + | f2( @) = L2 ()] + (| f3((2) -
Ss@ @)l + [1fa(@(8) = a0 (O)h + [f5 (0 () — fs (27 (1)) [+
|[f6((t) = fe(* ()] + [ f2((t) — f2(47(2))
<(Mp, + Mg, + My, + My, + My, + My, + My)||(t) — 7 (t)||x
=My (t) =" ()],

with

M = My, + Mg, + My, + My, + M, + My, + My.

This completes the proof. O

Theorem 3.2. Let

m¢+AQHu+D)i

L:zlégllf(%b(t)mx’h: ( sl

and the set G defined by

G- {wt) € Xt € [0, K] () — w0l < T A?}.

C3

There ezists a unique solution ¥ (t) € G of (3.8) with initial condition 1(0) = 1.



Proof. Let t € [0, h]. Consider the function ¢ of the form

t

$(t) == (0) + % / (t — 57 Fap(s))ds.

We proceed to show that the solution ¢(t) € G. We have,

(8) — ¥ (O)x = HFL [t swsnas

X

1 11 1
<o / () s,
0

Furthermore, It follows that

||w<t>—¢<o>||xsi([—“‘ 17 ||X]+

() J
~ o (SOl + / C= ol ) s >>|rxds)
/
Applying the Theorem 2.4 on the integral leads to,
f EZF ) (s)) s = L= / ) s,
] !

that is,

t

160 = 000l = 5 (SOl + S [ Tilrws)lbes)

()
~ (g ) GO

Since 0 <t < h, it follows that t¥ < h”. Therefore,

(I + [wa(s))uxD

66— 600l < (s ) ISl
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(rvm)

Substituting h = (“*A—f””) " yeilds

[un

16(8) — p(0)]Jx < 202

C3

and hence ¥(t) € G. Define the function f by f : G — X,. For ¢(t),¢v*(t) € G, it
follows from the Lipschitz continuity of f that:

f (@) = f(@"(#)x < M[[p(E) — ™ (0)]]x
= M||(t) = ¥(0) +(0) — " (1)lIx
< M([[¥ () = »(0)][x + [[¥(0) — ¥ (D)]Ix)
= M(|[(@t) — (0)]lx + [[¥7(t) — (0)][x)
< M<A1+A2 N A1+A2>

C3 C3
_ 2M (A1 + Ap)

C3

= Mo,
where 0 = 2(Alc—';A2) For e = M9, there exists 6 = 57 so that

@) =" (B)]|x <6 yields [[f((t)) = fF@"()lx <e

and hence f is continuous in X,. Therefore, it follows from Theorem 2.17 that there

exists a unique solution of (3.8). O

3.3 Equilibria and basic reproduction numbers

In this section we derive the equilibrium points of the system (3.1) - (3.7) and the basic

reproduction numbers of the disease through each transmission route.
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3.3.1 Equilibria

The equilibrium states of the system (3.1) - (3.7) satisfy

CDrTi(t) = “DV'Ty(t) = €0V Ly (a,t) = C0V Ly(a, t) = DV Iy (t) = DV I,(t) = D'V (t) = 0;

that is,
0= Al - /'LlTl* - ﬁlTl*V* - /'ilTl*If7 (39)
0= A2 - [LQTQ* - BQTQ*V* - IK;QTQ*I;’ (310)
CDYLi(a) = —mi(a)Li(a), (3.11)
“DyL;(b) = —ma(b)L3(b), (3.12)
0= (1= f)BTV* + i T + /oq(a)L’{(a)da s (3.13)
0
0

Taking the Laplace transform of (3.11) leads to
L{“DyLi(a)} = —L{m(a)Li(a)}.
It follows from the Laplace transform of the Caputo fractional derivative that
s"L{Li(a)} — s" 7 L7(0) = —L{m1(a)Li(a)},

where

Li(0) = A(BTTVT + mTTIT).

It follows that

LALi @)} = L5(0) — - Limi(a) (@),
and hence B
citi@) = £(2i0) - e s betm@ i@,
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that is,

C{Li(a)} = L{L;(0)} - ﬁc{av—l (@) L (a)}.

Thus taking the inverse Laplace transform yields

Li(a) = L}(0) — =—~a""" x mi(a) Li(a),

()

It follows from Theorem 2.4 that

[ L nionas = U [ Lz

14
0

and therefore we get

= L3(0) 1/1?(1/) (ml(O)Ll(O) + {m1(8)L1(3)] Z)
= L*(0) F(Val ) 1(a)Li(a)

Since

(i) = ()~ ()

provided
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then

a’my(a)

il <1, (3.16)

L(a) = L¥(0) E% ( - E(T—-ﬁ))> — L*(0)oy(a), provided

where the probability of a Type 1 cell being latently infected some time units after

infection [Xiaoyan, 2013| is given as

o0

= /041(a)f1(51T1*V* + ri 17170 (a)da
0

= BTV 4 T / o (@) (a)da
0

=& ABITVE + IV,

where the probability of latently infected Type 1 cells transitioning to productively in-
fected cells is denoted by,

o0

& = /al(a)al(a)da.
0
Substituting &; into (3.13) leads to

0=>1-f)BGITV + /T + & N(BTTV + /i TV ) — 607
and hence we obtain
(1+& A — )BTV + rTV) = 617,
that is,

nily
TV*+ kT [f = —mM8M——.
AT B 1+&fAH - fi
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Substituting into (3.9) yields a relation between the populations of infected and unin-

fected Type 1 cells,
(A = TV)(A+ & fr = fr) = 0y,

and hence
Al 51 ( "illi'< > 0
T = — — Iy =(1———== |17, 3.17
Yo om(I+ & A - ) mREC ) ( )
where
A A K
T0==1 and R{C=2(14&0 - fl)(s—l.
H1 H1 1

We provide similar results by solving (3.10) to obtain the equilibrium population of
latently infected Type 2 cells as,

L3(0) = L50) Y ( - I’Qm—j?)) — L(0)oa(), (3.18)

where the probability of a Type 2 cell being latently infected some time units after
infection is given by,

=3 (- ) =S ()

j= =0
and the probability of latently infected Type 2 cells transitioning to productively infected
cells is denoted by,

o0

62 :/Ckg(b)UQ(b)db
0
Substituting & into (3.14) leads to

O = (1 — fg)(ﬁgT;V* + KQT;I;) + §2f2(/62TQ*V* =+ HQT;[;) — 52[5,
and hence we obtain
(1+&afo = f2)(BT5V™ + kT3 I5) = 0215,
that is,
0915
1+&f—fo

Substituting into (3.10) yields a relation between the populations of infected and unin-

BTy V™ 4+ koI5 15 =

fected Type 2 cells,
(Ag — poT5) (1 + &a fo — fa) = 015,
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the equilibrium population of uninfected Type 2 cells is also related to the population of

infected Type 2 cells by,

A2 52 < K2I§ > 0
=22 =(1- T, 3.19
S Y e L) paREC )" (3.19)
where
A2 A2 R2
7)== and R =—"(1+&f— fo)=—.
= [0 = 21t b= )
From equation (3.15), we get
N1 N30
V= i 22 (3.20)

Hv Hv
It follows that the equilibrium states of the system (3.1) - (3.7) are generated by

k1lf 0
Ty L= oo |1
Li(a
ol I IO .
Sl B IS PRO |

1
I .

2
v* N101 7% Nodo 7%

gt

where
Li(0) = fi(BTYV + i TVIT),  L5(0) = fa(BT5 V™ + kTS5 15).

I} and I; are determined as follows:

Case 1 (I; =0 and I; = 0): The disease-free equilibrium E° is given as

A A g !
B — (_17_2,0,0,0,0,0> — (Tijg,o,o,o,o,o) . (3.22)
M1 2

Case 2 (I # 0 and I; = 0): The Type 1 cell dominated endemic equilibrium Ef is
given by
I; A N\ T
B = ((1 - éC>T10, 22 LH(0)oy(a), 0, T, 0, =2 11{) . (3.23)
2 120%
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Case 3 (If = 0 and I; # 0): The Type 2 cell dominated endemic equilibrium E} is
given by

A1 ( 1{215 > 0 NQ(SQ )T
Er= (2L (1= 22 )70 0, L5 (0)ou(b), 0, 15, =222 15 ) . 3.24
= (5 (1 2 ) 10,0, 5000n00).0.13, 222 (3.2

Case 4 (If #0 and I # 0): The coexistence-cell endemic equilibrium E} is given by

1

cC
.U‘1Rl

Kol3

— —;QRQCC

k11§ 0

7

L3(0)
L5(0)
Iy
I

N1d;1 T* N3do I*
s

El = (3.25)

o1(a
02

)
(b)

3.3.2 Basic reproduction numbers and existence of equilibria

Here, the aim is to explore the relationship between the basic reproduction numbers of
the disease through each transmission route and to prove the existence of equilibria of

the system (3.1) - (3.7). To do this, we first substitute (3.20) into (3.17) to obtain
pv Ay — pypnT7 — BT (N10L I + Nodoly) — py ki T I = 0,
which reduces to
pv Ay = T [pypn + (BiN161 + py k) I + BiN2d215] = 0,
and hence
* pv A

17 = :
Y pvpn + (BiNi6y + pv k)T + B Nabo 1
Next, we substitute (3.20) into (3.13) to obtain

(3.26)

(T+ & fr = f)IBTT (N10L LT + Nodo I5) + py ki TV IT] — py iy = 0,
which reduces to

(L4 &ufi — fOIBLNLOL + pykn) 1T + BiNaSo IS )T — py 0117 = 0,
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and hence

. py o117
T = . 3.27
e oy sy (5. y ey By A (3.27)

Equating (3.26) and (3.27) yields

py Ay _ [V
pvpn + (BiN161 + pv k)1 + BiN202 13 1+&fAH - fi

1
>< b
(B1N101 + poy k1) I + B1 N2 15

and hence,
py AL (14+&0f1 — fOI(BLNWEL + pvsn) I + BiN20 I3
= pv i I (v + (BiN16y + pvkn) I} + BiNodoLs).
This is equivalent to
(B1N161 + leil)51[ik2 + [papvor — A(L+ & fi — f1)(BiN16y + pv k)] I
- Al(l + glfl - f1>B1N252]; + 51ﬁ1N262]fI; =0;

that is,
A2 + B I — C I + DI T =0,

where

Ay = (BiN101 + pvk1)d1,  Br = papvoy — ML+ & fi — f1)(B1N161 + pyvka),
Ci=MA+&fi — fi)fiN20y and Dy = ;61 Nado.

It follows that
B\I; — C\I; + D\I; I} = —A I} < 0,

and hence,

The following possibilities are discussed:

(i) Assuming By > 0 and dividing (3.28) by Bj results in

LC1— DI}

L B > 17 >0,
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and hence C; — D, I7 > 0. It follows from By > 0 that

papvor — A (1 4+ & fi — fi) (BN + pv k) > 0,

which yields,

1— %(1 +&fi— fl)(ﬁlNl + Hl) > 0;

peo o
that is, Ry < 1, where

N
5;‘/1 +/;_11) :RlcV+RlcC,

Ri = ﬁ(l +&uf1 — f1)(
M1

with
A N
R =M e - P
H1 1244

It follows from Cy — D117 > 0 that

L0 MO+ &G f)
I < D 5 ;

that is,

1
I < Migoe,
K1

(i) Assuming B; < 0 and dividing (3.28) by B leads to,

C, — DI

I B

< I7.

It follows that

Cy — DI C, — D, I*
Lo oo L

0< I
2 Bl Bl

<0< Ij;

which yields
01 — leik <0 or 01 — Dllf > 0,

respectively. Equivalently, we have Cy — DI} # 0, which leads to I} g—ll = ’,:—172?0 It
follows from B; < 0 that Ry > 1. Therefore, R; > 1 and I} # Z—ino

Similar calculations following the substitution of (3.20) into (3.10) and (3.14), lead to
the following:

(i)

Ry <1 and I < P2RSC
)
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where
A - K
Ro= 2014 gyf, - fo) P22 | F2 _pov | peo
1) v 09
with
A N.
RS = 2214, — )22
H2 2%

(iv) Ry > 1 and I3 # L2R$C.

2

Combining results from (i), (ii), (iii) and (iv) allows us to state the following proposition.

Proposition 3.3. The equilibria of the system exists provided the following:

(a) The disease-free equilibrium E°, always exists regardless of (i)-(iv).

(b) The Type 1 cell dominated endemic Equilibrium EY exists whenever (i) or (ii) is
satisfied.

(c) The Type 2 cell dominated endemic Equilibrium E3 exists whenever (ii) or (iii) is

satisfied.

(d) The dual cell endemic Equilibrium E3 exists whenever (i) or (ii), and (iii) or (iv),

are satisfied.

3.4 Stability of the disease-free equilibrium

This section focuses of the local asymptotic stability of the disease-free equilibrium point.

To achieve this, we employ the linearization technique around the equilibrium.

Let
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be perturbations of
T1<t),T2(t),L1<a,t),L2(b, t),[1<t),12(t) and V(t),

respectively, so that

Ty(t) = Ty(t) =Ty, To(t) = To(t)—Ts, L1(a,t) = Ly(a,t)—Ly(a), Ly(b,t) = Ly(b,t)— Ly(D),

L(t)=0L(t) -1, L{t)=Lt) - L and V() =V(t)-V,

where E = (T, Ty, Li(a), Lo(b), I, I, V)T is the equilibrium point. The perturbations

satisfy the fractional system,

CDtyj—‘l(t) = — [Tl(t)(ﬂl + Bﬂ/ -+ /11]1) -+ Tl(ﬁlf/ + liljl(t))], (329)
CD;’TQ(t) = — [TQ(t) (MQ + ﬁQV + RQ]Q) + Tg(ﬁgf/ + Iigfg(t))], (330)
Co'Lyi(a,t) = —ma(a)Li(a,t) — 0" Li(a,t), (3.31)
Cﬁfig(b, t) = —mg(b)ig(b, t) — C@{,’Eg(b, t), (332)
°DyL(t) =(1 = LBV + kily) + Ti(BiV + ki Li(1)))]

—I—/al(a)il(a,t)da — 0. (), (3.33)
Dy I(t) =(1 — fo)[Ta(t)(BV + k2la) + To(BV + kala(t))]

+ / vy (D) Lo (b, t)db — 6, 1(t), (3.34)
CDYV(t) =N161 11 (t) 4+ Nodolo(t) — vV (t), (3.35)

after neglecting perturbation terms of order greater than or equal to 2, with boundary
conditions

i1(07 t) = f1 [Tl(t)(ﬂlv + lilfl) + T1<51‘~/ + Iilfl)],

and

E2(07 t) = fg[Tg(t)(ﬁgV + lig]g) + TQ(ﬁQv + Iigfg)].

Suppose the solutions of the fractional system (3.29) - (3.35) are of the form,

Ty(t) = TVE,(MY), Ty(t) = ToE, (M), Ly (a, t) = Ly(a)E, ("),
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Lo(b,t) = Ly(D)E, (M"), I,(t) = L E, (M), I(t) = LE,(M\") and V(t) = VE,(\t"),

with initial conditions Tj, T, Ly(a), Ly(b), I1, I, and V. Since any function f(t) =

fE,(A\t") with initial condition f = f(0) satisfies the fractional equation “DY f(t) =
Af(t), then it follows that,

ATy = =[Ti(pn + BV + kily) + Ti(BV + ki), (3.36)
—[To(pa + B2V + kals) + To(BoV + koly)], (3.37)

Ail( ) = —mi(a)Li(a) — “DyLi(a), (3.38)
ALy(b) = —ma(b) La(b) — “ Dy La(b), (3.39)

oo

)\Il (1 — fl)[T1<51V + Kljl) + Tl(ﬁﬂ/ + /{1]1)] + / al(a)[_q(a)da — 51]_1, (340)

0
0o

My = (1= f2)[Ta(B2V + kalo) + To(BoV + ko)) + / g (D) La(b)db — 0,15, (3.41)
0

)\V = Nlélfl + N252j2 - ,uvf/, (342)
with boundary conditions
El@) = fi [Tl(ﬁlv +r1lh) + TI(BIV + liljl)],

and
EQ(O) = fg[Tg(ﬁQV + RQIQ) + Tg(ﬁgv + RQIQ)].

Theorem 3.4. The disease-free equilibrium, E°, is locally asymptotically stable.

Proof. The disease-free equilibrium is given by

A Ay T
Eoz(Tf,Tg,o,o,o,o,O)Tz( : 00000) .
1 po
It follows from (3.36) - (3.42) that
N = Ty — Tlo(ﬁlv + fﬁjl)a (3.43)
ATy = —Tops — T3 (BsV + kaly), (3.44)

ALi(a) = —my(a)Li(a) — DY Ly(a), (3.45)
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AL (b) = —ms(b)La(b) — € Dy La(b), (3.46)
)\I1 = (1 — f1>T10(B1V + Hljl) + /Oél(CL)Ll(CL)dCL — 51j1, (347)
0
)\I_g = (1 — fQ)TQO(/BQV + /{2]_2) + /Ofg(b)l_/z(b)db — 521_2, (348)
0
)\V = N1(51[_1 + Ngégf_g — /,va, (349)

with boundary conditions

L1(0) = ATY (B + k1 ]h),

and

Ly(0) = foTy (BaV + ko ly).
From (3.43) and (3.44) we get, respectively,
()\ + [Ll)Tl = —(/81‘7 + I{,l[_l)Tlo <0 and ()\ + [LQ)TQ = —(62‘_/ + HQI_Q)TQ() < 0.

Therefore
A< —u; <0 and A< —ps <0

that is, arg(A) = 7 > & for every v € (0, 1).
From (3.45) we obtain,

Li(a) = Li(0)o1x(a), where oy,(a)= Z <_ a’(ma(a) + )\)) ’

prd ['(v+1)
with
— a”(lcr(tly(j—) 1—3 ) ‘ <1, or equivalently, F(V—jl) —my(a) > X > —w —my(a).
Consider the integral
fal(a)ljl(a)da = 7al(a)l_11(0)01,,\(a)da
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- El(o)gl,)n

where &1y = [~ a1(a)o1\(a)da. This allows equation (3.47) to be rewritten as,
My =(1+&af1 — )T (B + kily) — 011 (3.50)

Similarly, from (3.46) we obtain

_ _ > b (ma(b) + A)\ "
Ly(b) = Ly(0)oa(b), where o9,(b) = ;; (— Tl )
with
b” b) + A r 1 r 1
— % < 1, or equivalently, % —ma(b) > A > —% —ma(b),
and &5 = [;° az(b)oa A (b)db. Thus equation (3.48) can be rewritten as
Mo = (1+&nfo— f)T5(B:V + kaly) — a1, (3.51)

Let 5_17,\ =14+&0f1— f1 and 527,\ =1+&afa — fo. Eliminating V' from equation (3.49)
and (3.50) yields

()\ -+ MV)(/\ + 51)j1 = gLATPB1<N151j1 —+ N252j2> -+ éLATlOIil()\ —+ /Lv)jl,
which simplifies to,

[N+ pv) (A +61) — ﬁlgl,ATPN151 - 5_1,,\T10/€1(/\ + ,UV)]jl = gl,AT{]ﬁlNz(SQ]}- (3.52)

Similarly, eliminating V' from equation (3.49) and (3.51) leads to,
(A + 1) (A + 82) — Bo&o Ty Nady — EonT5 ko (A + pv) o = & T9 B N161 Ty (3.53)
It follows from (3.52) and (3.53) that
[N+ pv) A+ 61) = Bi&in TP Ni61 — EATY R (N + p)[[(A + piv ) (A + 82) — Boabo \Ty Nodo
— Ty k(A + pv)] = (G ATY B1 N2 [E2 2 T3 Ba N1 64

that is,

[SRVALH ]\@52] [52,,\T2052]Y151]
(A =+ ) (A + 02) — Bo&o ) T9 Nody — Eo \T9 ko (A + f1v)

= A+ )N+ 01) — B1& AT N1 6y
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— gl’)\Tlolﬁ(/\ + ,uv).

This leads to the characteristic equation

gl,ATl()B1N252 y 5_2,,\T2052N151
<)‘ + MV)2(A + 61)0‘ + 52) |:1 o B2ba \T9 N2da . EZ,ATQOH2:|
(Atpv)(A+d2) A+02
[ ﬁlgl,ATloN151 fuTlO/ﬁ} — 1 (3.54)
A+u)A+01)  A+8
that is,
C'(\) =1, (3.55)
where
C’O()\) _ [&,ATP/BlNZ(SQ] [gQ,AT2052N151]
B2€a AT N26, E Tk
A+ v)2(A 4 01) (A + 02) {1 — Catng T ik ]
BiE ATV N6 E1aTVky
A+ pv)A+81) A+
Let
[TPB1N252][T2052N151]§_1 AgQA = ( B1N10; K1 > 0
Ag(N) = == A\ = + T, d
1) e e o W s R TGRS 5 wraps vo wrp oy Sl wrr g KL
= B2 N202 K2 > 0
Axy(N\) = + T,
=8 e0rm  ris)"
so that
Ao(A)
0 o 0
C°(\) = 1= Ay(N) + A (N). (3.56)

To find the solutions A that satisfy the characteristic equation (3.55), we consider the

following cases.

3.4.1 Casel (A €R):

Consider the Caputo derivative of C°(\) with respect to A,

Ao(A)

A Tm—i—fll()\) .
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We compute Dy[C°()\)] as follows,

Ao(A) Di[Ao(M](1 = Ax(A)) — Ar(A) DAl — Ay (M)]

T T = 0= A0
£ DA
:D,\ [Ao(N)](1 — Az(N)) 4 Ag(X) Da[Az(N)]
= 4:00)?
£ DA,

which reduces to

D,\Lf[)/(ljg)\) +A1<A)] _ ?A—[X((AA))] 5 fifi))\))QDA[Az(A)] L DyA)]. (3.57)

We observe that,

piai 015 (235 o)

gl)\ ﬁlNl(sl 0 gl)\ 51N151 0
=D, | =k T 2 D T
A[A+51]<>\+uv+m P O0Ts ) e T h

_ D,\[&,,\](A +61) — gl,)\D)\[)\ + 64 B1N16; 0
( Ot o) )3 )

_( gl,)\ ) ﬁlNldl T()
A6 ) A+ pyp)2?

. DA[§1,A](>\+51)—€1,A B1N161 0_< 51,,\ ) BiN101
‘( Ot o) )(va*’“)ﬂ o) Ot

Computing the derivative of &  yields,

Dy[&2] = DA[L + &nfi — £l

10 oo .

0
-0

F(V+1

ag(a)a”

i flo/r<y+1>(1+—a “(mataken))’

I'(v+1

da,

which leads to

o0

D6l = 1 [ 0% (@da = ~filball
0
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where

aj(a)a” (a).

T(v+1)

Ya(a) =

Therefore it follows that,

&1 ) (51]\[151 ) 0 ( 38 ) BiN161
Dy[Ai (N = — — ’ 17 — : T
] = (= Allall = 525 ) (R )70 - (525 ) o

that is,

Dy[A1 (V)] = — [(fl”%,,\Hl + S ) <BIN161 + Kjl)Tlo

A+ (51 A+ %74
i > BilN161
+ : 17| <0, 3.58
(A+5l A+ )2t (3:58)
provided A + é; > 0 and X\ + py > 0. Similarly, we have
o B2 N30 0
D\[As(N)] = — : T
NEHEY) KmmmHW+% e b
Ean > BaNabda
+ : 1| <0, 3.59
(A+52 (A =+ py)? 2 (3:59)
where
OzQ(b)bV 2
b) = b
/72,,\( ) F(l/+ 1>O-2,>\( )7

provided A + do > 0 and A + py > 0.

The derivative of Ag(\) is given as,

T7 B1 Nabo] [T3 B2 N161]€1 a6
[T7 81 Nado|[T5) B2 N1 64

B a0+ 5204 g G A+ )3+ 02)

— G & nDA[(A + v ) (A 4 01) (A + 82)]).

D\[Ap(N)] = Dy [

Therefore from

Dy[€12620] = Dal€1a)éaxn + E1aDalé2n]
= — (fullnalhéen + &afallrzalh) <O,

and

DAIA A+ v ) (A 4 1) (A + 82)] =DA[(A)*J(A + 61) (A + d2)
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+ (A4 g )’ Dal(A + 61) (X + 62)]
=2(A + pv ) (A + 61) (A + d2)
+ (A pv)2[(A+62) + (A + 01))]

>0,

it follows that,

—(fillvialliéon + Eoafellraal ) X + ) (A 4 61) (A + 62)
— Gn&an DAl + ) ?(A + 61) (A + 62)] <0,

and hence, D,[Ap(N)] < 0. We have

Aog(N)
(1— A2(>\))2D>\[A2(>‘)] + Dy[A1 (V)] <0,

and hence we observe that

~ Dy[Ao(M)] Ao(N)

DA[C°(N)] = 1—Ay(\) (1= Ay(\N)

5 DA[As(N)] + Da[A: (V).

Therefore
Dy[C°(N)] <0 if and only if 1 — Ay(A) > 0. (3.60)

It follows that C°(\) is a decreasing function of A whenever A;(\) < 1. Let \* be a

solution to the characteristic equation such that

1>C"0) whenever \* <0 and C°0)>1 whenever \*> 0.

For A* < 0, we have
Ao (0)

————+ A(0 1;
1 — A»(0) (0 <L
which implies

It follows that, either A;(0) <1 and Ay(0) <1lor A;(0) >1 and Ay(0) > 1.
Equivalently, either R; <1 and Ro<lorR;>1 and Ry >1.

It follows from

arg(\*) = > %y for all v e (0,1),
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that E° is locally asymptotically stable whenever either R; <1 and Ry < 1or Ry >
1 and Ry, > 1. However, only the condition Ry < 1 and Ry < 1 is biologically
feasible and the condition Ry > 1 and Ry > 1 is neglected.

Likewise, for A* > 0, we have

Ao(0)

1_—142(0) + A1<0) > 1;

which implies
Ap(0) > (1 — A1(0))(1 — A2(0)).

It follows that, either
Al(()) >1 and AQ(O) <1

or

Al(O) <1 and AQ(O) > 1.

Equivalently, either
Ri>1 and Ry<1

or

Ri<1 and Ry >1.

It follows from

arg(\") =0 < % for all v € (0,1),

that E° is unstable whenever either Ry <1 and Ry <lorR;>1 and Ry > 1.

3.4.2 Case 2 (A€ C):

Let A = 2 + 1y with y # 0. Consider the following,

gl,:cy =1+ él,zyfl - fla
which yields
o (a)

§lay =1 —fi+ N dea’
I'(v+1)




Oél(CL)
:1_f1+f1 a(ml(a)+33)+b ay dal7
C(v+1) T(v+1)
0
a (a) [1 e - Lr(‘yi’n]
=1- f1 + fl 2 Qda
a’(mi(a)+x) a¥
(1 + W) + (F(uﬁl))
0
this leads to

aq(a) [1 + 5 %iﬂ;ml

2
a? (mi(a)+x) a”
<1+—(;+1) ) + (mfn)

)
—f1 ai(a) da

2 2
a’(mi(a)+z) a’y
(]. + (11/+1) ) + (F(V+1))

fl,xy =1 - fl +f1

:Dlﬂﬂy - LEI,:cyu

where

a(mq(a)+zx)
ai(a )[1+_ T(v+1) ]
da

2 27
a¥(mi(a)+) 4y
(1 + F(ll,+1) ) + (F(V—El))

Dlxy 1_f1+f1

and

E1 o fl da.

2 2
a”(mi(a)+x) _a’y
(1 + 17—\78,_’_1) ) + (F(V—El))

49
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Similarly, & 2y = Do gy — 189 4y, Where

Dyay =1 = fot fo 5 Sdb,
b” (ma(b)+x) bv
(1 + I'(v+1) ) + <F(V—Z‘:1)>
0
and
bYy
as(b) |:F(u+1):|
Es 4y = fo 5 5db.
b (ma(b)+x) bY
(1+ )+ ()
0
It follows that,
Dy py — B Nio
Al(;p—f—by): 1,y 2 1,y( /81 101 —i—[{l)T{)
(+01) +wy \ (v +pv) +wy
(Diay — 1By ) (2 +61) — wy) ((BiN161((x + pv) — 1y) 0
- 2 2 2 2 + 1) T)
(z+01)*+y (z+pv)? +y

(Dl,zy(l’ +61) + El,xyy) - L(El,zy(l’ +61) + Dl,a:yy) (51N151 (x4 py)
(z +01)% + 32 (x+ pv)? + 12

R — B1N101y )Tlo
(@ + pv)* + 92
_ Dyay(x+61) + Erayy (BN (2 + py) Bi1N1d1y 0
()2t ((w+uv>2+y2 1_L(:L”Jruv)“ryz) b
LEl,xy(l‘ +61) + Dy 4yy <51N151 (z+ pv) _ B1N1d1y > 0
(z +01)% + 32 (z+uw)2+y2 7 )2 +y?)

which yields

D1 oy(z 4 01) + E1gyy [ BiN161 (2 + piy)
Az + 1) :{ Z(/I T 6)2 + 2 : (x4 py)? + 12 + | TV
B El,:cy(ﬂj + 51) + D17xyy ( ﬁlNl(Sly ) 0:|
(@40 +12  \(@+mw)?+y?) "
|:Dl,xy($ +61) + B ayy ( B1N1d1y > 0
-t ( T,

(x4 61)% + 92 r+py)+y?) )
El,xy(x +61) + D1 yy (ﬁ1N151<37 + pv) . )TO]
(x +01)* + y? (x 4+ py)? +y? b
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:Fl,zy - LGl,my7
where
2 ~ Diay(7+61) + Erayy [ BiN161 (7 + piy) 70 By ay(x +01) + D1 ayy
lxy — 5 2 2 2 2 +l€1 1 (5 2 2
(z+601)*+y (x+pv)?+y (z+01)*+y
( Bi1N1d1y )TO
1>
(@ + pv)? + 92
and

G :Dl,xy(ﬂi +61) + B ayy < B1N1d1y > o Eray(x+01) 4+ Digyy
by (2 +61)2 + 12 (@ +pv)?+y2) ! (@ +01)2 + 12

51N1(51(5U + ) ) 0
Ty,
((»"Wrw)“ry?j%1 !

Similarly we obtain,

As(z 4+ 1y) = Fo gy — 1Go gy,

where
r ~ Day(7 4 63) + Eoyy ((B2aNodo(w + piy) 70 By oy(x + 02) + Doy
22y — 5,)2 2 2 y T he |1y — 5,)2 2
(z+02)2 +y (x+pv)? +y (x+02)2 +y
( BaN2doy )TO
2
(z + pyv)? + 2
and

G :DQ,xy(ﬂf +02) + Ea4yy ( B2 N2doy > o Eauy(x 4 03) + Dagyy
21y (z + 62)2 + 12 (x4 py)2+y2) 2 (z + 62)2 + 12
Nobo(x +
(52 2 2( g MVZ) KQ)TQO.
(x+pv)? +y

Suppose Ag(x + ty) = Hyy + L1y, then it follows from (3.56) that,

Hyy + 11y
1-— Fg’zy + LGg@y

(Hz + L[x )(1 - FQ’Z — [/G271- )
I TR W e S R

2,zy

_ [ny(l — F2,xy) + IxyG?,xy] + L[Iwy(l — F2,xy) - nyGZl‘y]
(1 - F27xy)2 + G3

2,zy

Cz +y) =

+ Fl,acy + LGl’zy

+ Fl,xy + LGny
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H,,(1—F5, 1,.,Go .
:{ y( 2, yg'{' ;/ 2,y+F17$y]
(]' - Fvay) + GQ,;Uy
(1 B FZmy) - nyGZwy]

(1— Fyuy)? + G3

I,
+ ley + X

2,xy
That is,
COz 4+ 1y) = RC°(x + 1y) + 1SC°(x + 1y),
where
RC (2 + 1y) = —~ a2l Y2 4 Flay,s 3.62
( y) (1 - FQ,zy)2 + G%,xy b ( )
and

I:vy(l - FQ,J:y) - HmyGQ,xy
(1 - F2,$y)2 +G3

2,xy
Thus it follows from (3.55) that, RC°(z + ty) = 1 and IC°(z + 1y) = 0. Therefore, we

IC(x + 1y) = Ghay +

(3.63)

obtain

Ha:y - Gl,xyGQ,xy + (1 - Fl,xy)(l - FQ,Iy)a

and

[zy = GQ,xy(l - Fl,zy) - Gl,xy(l - F2,xy)~
Consider the argument of C°(z + 1y) given by,

arg(C%(x + 1y)) = arg (1 fiflj(jc—j—yzy) + Ai(z + L:g))

B Ao(z +1y) + Ai(z + ) (1 — Az(z + 1))
_arg( 1— As(z + 1y) )

Since

ICz + wy)

0 _ Sl
arg(C”(xz + 1y)) = arctan (éRCO(:U )

) =0+ km, where k€ Z,
it follows that
arg{Ao(z + 1y) + A1(z + 1y)(1 — As(z + 1y))} = arg{1 — As(z + 1y)} + k.

Equivalently,

arg{ny + Fl,my(l - FQ,xy) + Gl,xyG?,xy + L(Iwy + Fl,wyGMy - Gl,xy(l - F2,:ry))}
- arg{l - FQ,xy _I_ LGQ,xy} —'I_ kﬂ_,
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that is,

Hey+ Fiay(1 — Fogy) + G14yGo ) ( Go >
arctan | —-2 Y Y 2% ) = arctan | —=2— | + k.
( ]acy + Fl,a:yG2,xy - Gl,xy<1 - F2,xy) 1-— FQ,:cy

Hence

H, Fy (1 —Fy G12yGos Gz
tan [arctan ( y + 01, y( 2 y) + Gaytr, y)} = tan {arctan (#) + kw},
I:cy + Fl,wyG?,fvy - Gl,xy(l - FQ,xy)

yields
Hmy + Fl,xy(l - F2,:By) + Gl,myG2,:py o GQ,my

[xy + Fl,xyGZ,xy - Gl,wy(l - F2,:vy) 1— FQ,zy ‘
Substituting H,, and I, yields,

(1 - FQ,xy)(GQ,xy - 2G1,xy(1 - FQ,xy)) - GQ,xy(l - FQ,my + 2G1,zyG2,xy)7

this leads to
2G1,xy((1 - FQ,xy)Q + G2 ) =0,

2,xy

therefore G ;, = 0. Consequently we have,

Al(x‘ + Ly) = Fl,xy; ny = (1 — Fl,xy)<1 — FQ@y) and [xy = GQ,:Ey<1 — Fl,xy)-

Furthermore,
G _Dlaify(x + 51) + El,:cyy B1N11y 70
Lzy — 5.2 2 2 5 J41
(z+61)? +y (x4 pv):+y
El,xy(l’ + 51) + Dnyy 61N1($1 (I’ —+ ,U,V) 0o
2 2 K1 P 2 Tl - 0
(x+01)%+y (x4 puy)?+y
That is,

(Dl,wy(x + (51) + El,wyy> (51N151Q)+[E1,wy<$ + 51) + Dl,:cyy]

X [BLN1OL(z + py) + w1 (2 + py)* + %)) = 0,

which leads to

Dy ayy{ BiN161 (22 + pv + 61) + sa[(z + v )? + %]} + Bray{B1N161[y° + (z + 01) (@ + )]
+ k1(z + 8)[(@ + pv)* + 37} = 0.
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It follows that,

Dy oy y{BiN16:1 (22 + py + 61) + w1 [(z + pv)? + ¥} = — Ei oy {B1N161[y°
+ (x4 d1)(z + pv)]
+ K1z + 6)[(x + py)* + %]}

Observe that,

a’y?
ai(a) {F(u-?{-l)]
El,a:yy = fl 3 2d(1 > 0,
a¥(my(a)+z) a¥
(1+ =) + (e
0

therefore from
Doy {BiN101 (22 + py + 61) + ma[(@ 4 pv)® + 71} = — E1gyy{BiN101 [y
+ ( + 61)(z + py)]

+ k1 + 6) (@ + pv)? + 7]} <0,

we obtain D ,, < 0. Consequently we have,

[e.e]

ai(a) ll ) (ﬁ;(ﬁi;rx)]

2
a¥(my(a)+x) a”
(1+—F(;+1) ) +(—F<yfn)

Dl,xyzl_f1+fl 2da<0,

that is,
o (a) [1 + —“"‘Féi(fi)”’}
1-fi+ h 5 sda =1~ fi + fi aq(a)x
a¥(mi(a)+a) a”
(1 + o ) + (F(V-El))
a’mi(a) v
|:1 + ]"(y+1) :| aq (a)ﬁ

2da+$f1 2dCL,

2 2
a¥(mi(a)+x) av a¥(mi(a)+x) aV
(1 + o ) + (F(V—El)) (1 + =Fo ) + (F(uijl))
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therefore
o (a) [1 4 mayee) <p§;<g;w>}
l-fi+fi 5 sda =1 — fi + |[Jiaylls + ]| Kieyll1 <O,
a¥(mi(a)+x) av
<1 + oD ) + <r(u+y1)>
where
ai(a) [1 + apgfjr(la))l
Jl,xy(a) :fl 2 2
a’ (mq(a)+x) a¥
(1+ =) + ()
and (@) 2"
1 (@) 7T
Kizy(a) = f1 (2 ) 2"
a’ (m1(a)+z) a¥
(1 + F(zlz+1) ) + (r(ufn)
Hence we obtain,
1 —
MR S | AT Y (3.64)

1K1y 1
It follows that |arg(z + ty)| € (3, 7), that is,
|arg(z + wy)| > %V, for all v e (0,1).
Therefore E° is locally asymptotically stable. O]
The local asymptotic stability of the disease-free equilibrium, E°, is determined by the

reproduction number through each cell type in Case 1 while it is determined by a char-

acteristic equation in Case 2.



Chapter 4

Caputo-Fabrizio fractional model for

an age structured population dynamics

of an HIV and TB co-epidemic

This chapter focuses on a model of an HIV and TB co-epidemic in a population with age
structure. We consider various aspects of the model which are investigated in four (4)
sections as follows. The first discusses the formulation of the model, model parameters,
and assumptions; whereas the second section explores the well-posedness of the model
by investigating the positivity, boundedness, existence and uniqueness of solutions to
the system of fractional differential equations. The third section studies the existence
of equilibria and computation of the basic reproduction number. The fourth section

explores the stability of the disease free equilibrium using the linearization technique.

4.1 Introduction

Co-epidemics occur when two or more diseases spreading in a community affect the dy-

namics of the other disease. Individuals in a population can become dually infected with

o6
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these diseases in a state of co-infection, thus we consider the co-dynamics of the spread
of HIV and TB since these diseases often co-exist within a population [Long, 2008],
|Williams, 2017]. Community spread of HIV occurs primarily through sexual contact
and through other activities that involve exchange of blood between individuals. HIV
infection occurs in multiple stages within-host and the disease eventually progresses to
AIDS when untreated. Treatment assists in controlling HIV infection, however no cure
currently exists for the disease [Rhines, 2018]. TB is a bacterial infection which spreads
primarily through the air. When susceptible individuals become infected with TB, they
can either be latently infected, which means they are not infectious and TB lies dormant
in their bodies, or actively infected and so they can spread the disease to others. Effec-
tive treatment options are available for TB and individuals infected TB usually recover
from the disease as a result of treatment [Zhang, 2015]. Age structured models describ-
ing latently infected TB populations have been developed and studied [Xiaoyan, 2013].
The progression of HIV infection to AIDS weakens the immune system of an individual,
thus making the body susceptible to opportunistic diseases such as TB. This can occur
either through endogenous activation of latent TB within a HIV infective or infection of
HIV infectives by TB as a result of a weakened immune system [Okhuese, 2020]. The
co-epidemic of HIV and TB has recently become an area of interest for mathematical
epidemiologist as these diseases are particularly dominant in society and TB is the lead-
ing cause of death in HIV infectives. In [Xiaoyan, 2013], a simplistic model was proposed
which consists of first order hybrid system of differential equations investigating the dy-
namics of an HIV-TB co-epidemic. Their main concern is the effects of HIV and HIV-TB
co-infection in the transmission dynamics of TB. Furthermore, they discuss various de-
fects and limitations in the model. We do not address the issues discussed, however, we

extend the model to fractional order system of differential equations and investigate the

effects of TB on the dynamics of HIV.
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4.1.1 Model formulations

We begin this section with the formulation of a model describing the coepidemic of
Human Immuno-Deficiency Virus (HIV) and Tuberculosis (TB) in a population com-
partmentalized into Susceptibles (S), which are individuals susceptible to both diseases.
Exposed (E) individuals structured by latency age of TB, TB infectious (I;) and HIV
infectious (I5) individuals who are capable of transmitting TB to susceptibles and, HIV
to susceptibles and TB infected individuals, respectively. It is assumed that exposed
individuals do not infect others with the disease, which simplifies the dynamics of the
co-epidemic. The compartment of jointly infected individuals is denoted by (J), which
are individuals infected by both HIV and TB. The natural birth rate of the population
is denoted by A while the death rate is denoted by u. Susceptible individuals who have
sufficient contact with individuals infected with active TB become latently infected at a
rate of 51. Susceptibles become infected with HIV at a rate of 8, and HIV infectives who
receive treatment return into the susceptible class at a rate of ap. Individuals who are
latently infected and actively infected TB receive treatment and return into the suscep-
tible class at the rates ag(a) and ay, respectively. Latently infected individuals develop
active TB at «y(a), which varies with latency age. Progression of actively infected TB
patients into the co-infected class occurs at a rate of ; and progression of HIV infectives
into co-infection due with active TB occurs at d,. It is assumed that infectives do not die
from HIV only or active TB only, however co-infectives die at a rate n. Furthermore, it is
assumed that co-infectives are incapable of recovery from, or transmission of either dis-
ease. The HIV-TB co-epidemic is modelled by the following system of Caputo-Fabrizio

fractional differential equations of order v:

CEDrS(t) = A — puS(t) — B1S() 1 (t) — B2S () In(t) + /ao(a)e(a, t)da + ar I (t) + a5 (t),

(4.1)

“Toye(a,t) + T Oe(at) = —(n+(a) + aola))e(a, 1), (4.2)

o0

“IDrIt) = /’y(a)e(a,t)da — ply(t) — a1 (t) — 6114 (¢) (), (4.3)



CFD:IQ<25> == /BQS(t)IQ(t) - /,L.[Q(t) - Oég]g(t) - (52]1(t)]2(t), (44)
CEDYJ(t) = 6.1 (t) Io(t) + 0211 () In(t) — puJ(t) — nJ (1), (4.5)
with initial conditions S(0) € Ry, e(a,0) = eg(a) € L1 (0,00), I;(0) € Ry, I,(0) € Ry,

J(0) € Ry and boundary condition e(0,t) = £1S(t)I1(t). For I € {a,t}, the Caputo-

Fabrizio fractional derivative is given by

DL = Gt / x| - 2ou-9}as

and the partial Caputo-Fabrizio fractional derivative is given by

l

’ 2M(v) 0f(s) 4
o) = 2-v)(1-v) / Js exp{ 1 I/(l a s)}ds,

where M (v) is the order dependent normalization function and v € (0, 1).

Model assumptions:

(Bl) A; 1, Bl; 527 aq, Qg 517 (527 n € (07 OO)

(B2) ag(a), v(a) € LT(0,00).

4.2 Well-posedness of the model

4.2.1 Boundedness of solutions

Let X = R x L!}(0,00) x R3 be a Banach space and consider the positive cone X, =

R} x L1 (0,00) x R3. Define a continuous function ¢ : Ry x X, — X, given by:

(¢, 1(0)) = (S(1), e(a, 1), (1), Ia(t), J (1)) = (1),
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with initial condition 1(0) = (5(0),eo(a), I;(0), I5(0), J(0))*. Let || - ||x be the norm
defined on X, we have

10 @®x =[SO + [le(a, )]l + [L @] + O] + [T(B)],

o0

= S(t) + / e(a, t)da + I, (1) + L(t) + J(2).

0

The system of equations (4.1) - (4.5) can be re-written in the abstract form

“IDyp(t) = f(1), (4.6)
where
fi(¥(t)) f1(¥(1))
f2(¥(t)) —CFore(a,t) — (u+(a) + aoa))e(a, t)
FW@®) =1 fs(w@®) | = | [;" v(a)e(a, t)da — ply(t) — an L1 (t) — 0 Lh(E) La(t) |
Ja((t)) 52 ( ) o(t) — pla(t) — agla(t) — 0211 () 2(2)
f5(0(t)) o1l (8) Io(t) + 021 (1) In(t) — puJ () — nJ (1)
where

o0

AW@) = A — uS(t) — BLSEL () — BoS(t)In(t) + / ao(a)e(a, t)da + ar I (t) + anIy(t).

0

Applying the Caputo-Fabrizio fractional derivative on (4.6) yields,

DIl ()]l ="DyS(t) + /CF@”@(@, tyda + "Dy L (1) + “T Dy I(t) + “T Dy I (¢),

0
oo

=N — uS(t) — B1S(E) 1 (t) — BoS(t) Io(t) + /ao(a)e(a, t)da + oy I, (t)+

oo

oy (t) — /CFﬁge(a,t)da — /(u +v(a) + ap(a))e(a, t)da + /’y(a)
) —

[e.o]

X 6((1, t)da — ,LL]l(t) — O[ljl(t ) Il( )]Q(t) + 625(t)[2(t> - [LIQ(t)_

—A = uS() — BSHL(E) — / PV e / jela, t)da — ply (1)
0 0



pla(t) — pJ(t) —nJ(t),

oo

<A — pS(t) - /ue(a, t)da — pli(t) — pla(t) — pJ(t).

0

That is,

o0

”meﬂkSAfw(%®+/dem+h@+b@+J®)

0

< A — pl[p(®)]]x-

Making use of the Laplace transform leads to

LLTDY (05} < L{A} = LIl ()]l

which implies that

B(v)
v+ (1—v)s

w | =

(Sﬁ{Hw(t)Hx} - Hd}(@Hx) < — = pL{{lD @)1},

and hence

e T

sB(v)
ClloOlh () < 2 2

+(1-
It follows that

A BOIRO:

s(ﬂ-i— %‘J)) (v+(1 —v>s>(u+ %(-’))
_ Alv+ (1 —v)s) B)[¢(0)]|x
s(p + [n(1 = v) + B(v)]s) * pv+ (1l —v) + B(v)]s

L{lp@x} <

Consequently, we obtain

vA Al —v)
E{Hw@)”X} SS(/M/ + [/J/(l _ I/) + B(I/)]S) T uv + [,u,(l — V) + B(V)]S
B(v)[|¥(0)]|x

pv + [p(l —v) + B(v)]s



VA
slu(l —v) + B(v)] (W + s)
N Al —v)
(1 —v) + B(v)] (W + s)
X B0l
(1 —v)+ B(v)] <m + s)
vA 1

“p(l—v)+ B() "
S\ s@v) 1B T 5

Al —v) 1
w(l—v)+ B(v) ,
=) +Bw) TS

L _BWIYO)lx 1
1—v)+ B y
p(l —v) + B( )<m+s)

_l_

A1 1 L A1-v)
Cu\s miEmE i u(l—v)+ B(v)
L _BWIYO)lx 1 '
w(l —v)+ B(v) m—i—s

Application of the inverse Laplace transform yields,

A —,th
W@l < (1 P {u(l —v)+ B(v) })

Al —v) — vt
+MO—V%+MWem{MO—VHJ%W}
B)|[(0)]|x exp{ —yut }
WI—v)+B) P\ ud =) + BW)

( 1
uy
W= TBG) T

—uvt

A (A0=)+ BOIROI A\,
E+< W(1— )+ Bv) ) p{m

We observe that
A
[P ®)x < L t — o0,

1—v)+ B(v)

)

|
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and hence 1(t) is bounded for all ¢ > 0. Therefore, the state space G of (4.6) is defined
by
A
6= vt e X <, |

4.2.2 Positivity of solutions

The aim here is to construct a positive solution of (4.6).

The function f in (4.6) can be decomposed as f(¥(t)) = L£(t) + M((t)), where

—u 0 o Q9 0

0 —F0Y — (u+~(a)+ agla)) 0 0 0
£=10 0 —p— 0 0

0 0 0 —lb— Qo 0

0 0 0 0 —u—n

and

A — Bls(t)jl (t) - ﬂgS(t)Ig(t) + fooo @0(@)6(@7 t)da
0

M((t)) = Iy v(@)e(a, t)da — 611 (1) I (t)

BaS(t)Ix(t) — 211 (¢) (1)

o1 (t) () + 0o 14 (t) I2(t)

It is enough to show that £X, C X, and M(X,) C X, so that the solution of (4.6) is

positive. Since £ satisfies the properties of a Metzler Matrix, thus it follows that £ is a
positive operator and hence £X, C X,. To prove that M(X,) C X, we consider an
arbitrary 1(t) € X, and show that () (t)) € X,. To do this, we require the following:

(i) A=BSH)(t) — B2S(t) (t) + ;) aola)e(a, t)da > 0,
(il) J;"v(a)e(a,t)da — 6,1, (t)Ix(t) > 0,
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Let v = i[nf ){y(a)} and oy = i[nf ){ao(a)}. From (ii), we have
- a€|0,00 - a€|0,00

[ H(@ela,tda = sn®k6) > Al - 5

0
and hence [, y(a)e(a,t)da — 6,11 (t)I2(t) > 0, provided that

51 A2
e

e[l >

From (i), we have

r A2 A
A — 515(t)[1(t> — /BQS(t)[Q(t) + /Oéo((l)@(&,t)da > A— Blﬁ — BZF + %”6(2&)“1
0
A? 51 A\2
>A— (B +52)F ‘f'%?;

and hence
o

A~ BSWOL(E) — LSO L (1) + / aola)e(a, t)da > 0,

provided that

2 9
Ju! 10
b1+ P < — + —. 4.8
1 2 « » (4.8)

From (iii), we have
BaS(t)12(t) — 0211(t) (1) = (B25(t) — 0211 (2))12(t),
and hence
ﬁQS(t)[Q(t) — 62[1(t)[2(t) > O,
provided that

Since

525(t> — (5211<t) > 528(t) — (52%,

then
/BQS(t) — 52]1(t) > 0,
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provided that
0o\
S(t) > —.
( ) B2

Therefore M(X ;) C X . It follows that the state space G is positively invariant
provided that (4.7), (4.8) and (4.9) are satisfied.

(4.9)

4.2.3 Existence and uniqueness of solutions

We examine the Lipschitz continuity of the function f on X, . For ¢(t),v*(t) € X,
since f(¢(t)) € Ry, we have

[e.e]

[f1(&(@) = [r(¢7 ()] Z‘A — pS(t) = ALS() (1) — 25 (1) () + /ao(a)e(a, t)da+

0

—i—/ao atda+a1]()+a215(t))‘
0

which leads to

/(@) = fr(*(1))] =’ — p(S(t) = 5%(1) = Su(S) () = S™(E)IT(2) — B2 (S7 (1) I5(F)

o0

—5*(t)15‘(t))+/Ozo(a)(6(avt) —e'(a,t))da + on (L (1) — I{ (1))

0

+an(D(t) — I;(t))‘.
Hence, it follows that
Ifl(w(t))—fl(w*(t)ﬂ—‘ p(S(t) = S5*(t) = Au(S(t) = S™(8)) [u(t) — BrS(8) (L (t)—
I7(t)) = B2(S7(t) = S™()) La(t) — 525" (£) (Lx(t) — 15 (1))

+/a0 e(a,t) —e*(a,t))da+ oq (L(t) — I} (1))
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+ an(L2(t) — 15(1))],

thus

[F1(0(8) = AW O))] =ulS(E) = ST (O] + AulS @) = SO L] + Aol SO (E) — [7 (1))
+ Baf () = ST O)[[L2(0)] + Bal S* ()| 12(2) — 13(2)]

‘/ao (a,1))da

+ an|Iy(t) — I5(t)].

+an|L(t) = I (t)]

Since the solution ¢ (t) is bounded, there exist positive constants Cs, Cp,, Cp, and Cj

such that,
1S(t)] < Cs, [le@)][r < Ce, [I(t)] < C, [I2(8)] < O, and  [J(8)] < Cy.
It follows that,

[f1((@) = fr(@™ @) <plS(E) = S (0] + 5rCn|S(t) = S™(1)] + BrCs| 11 (t) — 17 (1) |+
P205|S7(t) = ™ ()] + B2Cs| (1) — I5(1)| + sup {ao(a)}x

a€[0,00)

/\e a,t) —e*(a,t)|da + ay |11 (t) — I7(t)]| + as|Io(t) — I5(1)]

<(u+ 5101 + 20357 (8) = S* ()| + (510 + an) [ (t) — I7 ()]
+ (620 + ag)[ (1) = I3(1)] + sup {ao(a)}le(a,t) — e*(a, t)]x

a€[0,00)
=Ms(|S(t) = 5™ ()| + [L(t) = L1 ()] + 2(t) — L ()] + [le(a, t)—
e*(a,t)[|1)
<Ms||yp(t) — " (1)]]x,

where

Mg = max {u + 51C1, + B2C1,, 51Cs + ay, $2Cs + g, sup {Oéo(a)}}-

a€[0,00)
Therefore f; is Lipschitz continuous in Ry. For 1 (t),9*(t) € X, since fo(¢(t)) € Ry,

we have

1200() = (0" (O)Ih =I| = (1 + 7 + ao)e(t) — “TOe(t) — (=(p+ v+ ag)e’(t)
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= oyer(t)Ih
=l = (p+ 7+ ao)(e(t) —e(t)) = T (e(t) — e ()]
<[ (e + 7+ ao)(e(t) = e W)l + 170z (e(t) — e*(t))]]1.

Since

CPQY (e(a,t) — e*(a,t)) = ]1”_(”) / Dy(e(s,t) — €*(5,1)) exp ( .

14

_ ]1”_(”3 exp < - %a) /aﬁs(e(s,t) — *(s,1)) exp (1 v Vs) ds

0

1% . v *
— Vs)ds = sél[r(lfa] { exp (1 — Vs) } /&l(e(a, t) —e*(a,t))d
0

=e(a,t) — e*(a,t) —e(0,t) + €*(0,1),

fy(a—s))ds

and

/aﬁs(e(sat) —e'(s:t) exp <1

thus

CPQ (e(a,t) — e*(a, b)) = ‘iw”y) exp ( - Y Va) (e(a,t) — e*(a,t) — e(0,) + (0, 1)).

It follows that

1f2(p(2)) = f2(47 ()]s = sup {M+”y + apla }/\ (a,t) at]da—kjl\/[(VV)x

a€[0,00)

/

exp ( — a> (e(a,t) —e*(a,t) —e(0,t) + €*(0,t))|da,

1—v
and hence

1E(0(0) = (@)l = sup {1+ () + aol@)Hle(®) — e ()] + L

a€l0,00) 1-—

/ (-

) llant) = (0.6) = l0.0) + (0.0 do
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It follows from (4.2) that e(a,t) is differentiable with respect to a, and hence e(a,t) is
continuous with repect to a. Therefore, by continuity of e(a,t) — e*(a,t) at a = 0, for

any arbitrary € > 0, there exists a 6 > 0 such that
le(a,t) —€e*(a,t) = (e(0,1) — €7(0,1))] <,

whenever a < §. Hence,

0060 = R O)h < s {2(0) + an(@}llet) = Ol -+ T
/exp(— 1 _Va>eda
M(v)el —v

= sw {nt(0) +ao(@)le(t) e Ol ~ T

)

(e 9]

= s {u+3(0) + o)} feft) = (O] — 5
Choosing € = C¢||e(t) — e*(t)||1 leads to
(60)) = " Ol = s {1+30) + an(a)Hle) = (D]l = 2 Cue)

= (Ol

:< sup {p+v(a) + ap(a)} — M(v)

a€[0,00) 14

ce)ueoe) — el
ML) — (1) |

where

M= s {5 + ool —

Therefore, fy is Lipschitz continuous in L4 (0, 00). For 1 (t),¢*(t) € X, since
f3(¥(t)) € Ry, we compute

Ce.

|[f3(4(1)) — f3(4"(1))] :‘ /v(a)e(a, t)da — pli(t) — L1 (8) Ix(t) — an L (t)

- (77(@6*@, t)da — pli(t) — o117 (8)15(t) — only (t>) ‘



69

‘ [ 0, t))da — (L (1) — (1)) — Sy (L (6) a1

RO — ay(Lu(f) - If(t))]

S R ——

— LWL+ | L(t) = ()],

+pl L (t) — IT ()] + 61|11 (¢) 12(2)

which leads to

|f3(10(2)) — f3(¢" ()] < sup {7 } | (a,t) — e (a, t)|da + p| L1 (t) — 7 ()] + 01| 1a(2)

a€0,00)

x Ia(t) = I7(t )Iz( ) = L () 15(t) + 17 (1) Io(1)]
< sup {y(a)}tlle(t) — e ()l + (u+ a)[L(t) — I{ ()] + 1|11 (2)

a€l0,00)
— O[]+ [T @)]12(t) — 13(2)]
< sup {y(a)}le(t) — e ()|l + (n + an)[L1(E) = I7(£)| + 6:C,

a[0,00)
X I (t) = I (8)] + 010, [ Lo(t) — L5 (2)]
<My, ([le(t) — " (O]l + [L(t) = O]+ [ 1(t) — ()] + [12(t)
L(1)])
<Mp|[y(t) =¥ O],

where

My, = max { sup {y(a)}, pn + au, 51011751012}'

a€[0,00)
Therefore f3 is Lipschitz continuous in Ry. For 1 (t),9*(t) € X, since fy(¢(t)) € Ry,

we compute the following

[fa( (1) = fa(@" ()] =185 (1) 2(t) — pla(t) — cala(t) — 021 (8) 2(2) — (B25(2)" L5 (%)
— wl3 (1) = x5 (t) = 0217 (8) 15 (1))]
=[8205()2(t) = S*(1) 13 (1)) = (1 + ) (La(t) = I3(1)) = da( i (t)
x Ip(t) = I (H)15(1))]
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=[B2(5()I2(t) — S(8)"Ia(t) + S* (D) Ia(t) — ST () 5 (1)) — (1 + v2)
(Ia(t) = 13(2) = 02 (L1 (8) 2(t) — I (0) Lo(2) + I7 (1) Ia(1) —
L()1;@)]
<Ba|S(t) = S(O)*|H2(0)] + Baf S™ (O L2(t) = I3 ()| + (1 + a2)[ Ia(t) —
L(#)] + 62| 11 (8) = LT ([ L2(8)] + 02| 17 (B) [ 12(t) — L5 (2)]
<BCL|S(t) = S@)| + B2Cs|Ia(t) = L3 ()] + (1 + az)[Ia(t) = 15(1)]
+ 62C L | I1(t) — I1 (1) + 620, | 1a(t) — I5(1)]
SMp(|S(t) = S+ [12(t) = L (1) + [12(t) — L5 ()]
+ () = )]+ [12(t) = L(#)])
SMp[[9(t) = ¥ ()]l
where
M, = max{[32C1,, B2Cs, p + a2, 62C1,, 92C, }.

Therefore fy is Lipschitz continuous in R,. For ¢ (t),1*(t) € X, since f5(¢(t)) € Ry,

we have

[fs(0(t)) = fs(¥" ()] =[00 L (E) L2(t) + b2 L1 () L2(t) — (1 + ) J () — [0217 () L5 (t) + 0217 (£)
x I3(t) — (u+n)J"(0)]]

=[(01 + 02)[[1 (1) I2(t) = I; ()13 ()] = (+m)[J(£) — J*(1)]]

=[(01 + 02)[[1(t)12(t) — [T (1) 12(t) + I1 (1) 12(t) — T ()15 (t)] = (1 +m)
x [J(t) = J(t)]]
(01 + 02)[11(2) — LT ()| L2(t)] + (61 + S2)[ 1T ()| 12(8) — 13 (2) |+
(b +m)]J(t) = J* ()]
<(01 4 02)Cp |1 (t) — IT ()] + (01 + 62)Cp | I2(t) — 15(t)|

+ ()| J () = T ()]

<My ([I(E) = LT ()] + [ 12(8) = I3 + [ (8) = J*()])
SMyl[o(t) — ™ ()],

) —
) =

where

MJ = rnax{(51 + 52)0}2, ((51 + (52)0[1, n+ 77}
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Therefore f5 is Lipschitz continuous in R, . Hence,

F () = F @O)llx =Lfu(t () = fult, @™ ()] + (12t 9(F) = folt, " () [+
[f3(t,(2)) = fo(t, o ()] + | falt, () — falt, " (2))]
<(Ms + M + My, + My, + My)[[¢(t) — ¢"(1)[|x
=M||4p(t) = ¢ (0)llx,

with
M= Mg+ M.+ My, + My, + M;.

Theorem 4.1. Let

AB(v) v—-1 A
L: S t 7h: + , ——
w;ng(W DIIx il L

and the set G be defined by
A
6= {wi) € Xo it 0.1 100 - Ol < 7 |

There ezists a unique solution ¥ (t) € G of (4.6) with initial condition 1(0) = 1.

Proof. Let t € [0, h]. Consider the function ¢ of the form

1—v v

0(E) = 00) + o FO0) + 5 [ f(s)s,

where B(v) = 2% M(v). We want to show that ¢(¢) € G. To do this, we compute the

following

16(5) — $(O)]x = \ Lov
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1—-v ‘ d
= By WOl + ()[tHf( ())HX—O/SE(Hf(@D(s))HX)ds].

The function g(s) = s is monotonic increasing on [0, t], application of Theorem 2.4 yields

t t

[ sa i splkds = int {s}u/“ UMb + sup (5} | (5wl

) s€[e,t]

thus

[ oL - o [ Lo+ o [ i

0

—L/£MN()MQ

C

C

tlI1f (W ()]x]e
tI1Lf @) — ILf (W ()],

where ¢ € [0,t]. Choosing ¢ = ¢ leads to

t

d
[ sa 1) s =o.

0
Therefore

() = »(0)]]x =

Since t < h, it follows that

16() 6Ol < (s + prosh ) IF

With h = A,iL”) + =2 we have

| (8) = ¢ (0)]x <

Define the function f by f: G — X.. For ¢ (t),¢*(t
continuity of f that:

€ @G, it follows from the Lipschitz

() = F(#)x < M[p(t) — ¢ (1)]]x
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= M|[yp(t) — (0) + ¥(0) — ¥*(t)||x

< M(|[p(t) — ¥(0)|[x + [|2(0) — ¥*(t)]|x)

= M(||Y(t) — ¥ (0)||x + [|¥"(t) — ¥(0)|]x)
A

= (ﬁ * ﬁ)

~ 2MA

_ 20

= M3,

where § = Z—/L‘ For e = M, there exists 6 = 47 so that

(@) = 0" (D)lx <6 yields [[f(¥(t)) = f(&"(#))]]x <€

Hence f is continuous, therefore it follows from Theorem 2.17 that there exists a unique

solution of (4.6). O

4.3 Equilibria and basic reproduction numbers

At equilibrium, we have the following system of equations:

A — ILLS - ,615’]1 - 52512 + /ag(a)e(a)da + 011]1 + 012]2 = 0, (410)
0

“PDje(a) = ~(n+(a) + ag(a))e(a) = —&(a)e(a), (4.11)

/”y(a)e(a)da —uly — oy — 0111, =0, (4.12)

0

/62S_[2 — /LIQ — 052]2 — 52]1]2 = 0, (413)

(51[1[2 + 52[1[2 — /LJ — 77J =0. (414)

Applying the Laplace transform on (4.11) yields

£(F Dye(@)} = 1 [sL{efa)} — e(0)] = ~L{E(a)e(a)},
which implies

cle@) = - (o7 - S0 ) eg(eta)

S
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-V

= L{e(0)} -~ L L{1}L{E(@)e(a)} — —L{E(a)e(a)}

(V) B(v)
= L{e(0)} - ( )E{l §(a)e(a)} — Wﬁ{é(a)e(a)}-
Taking the inverse Laplace transform leads to
1—v v

e(a) = e(0) ~ prr {1 = Ela)e(a)) — gsle@)e(a)]

However the convolution is given by

1+ €(a /5

=[s8(s)e(s)]5 —

8 o\@
VA
=l
I~
—
VA
N—
D
—
VA
=
QU
VA

—ag(a)e(a) — [ slelels)ds.

Since the function g(s) = s is monotonic increasing on [0, a], application of Theorem 2.4

vields
0/a s lE(s)el)ds = inf {s) / et (5 a ©e(s)els))ds
/ di $)]ds + (a / %[ﬁ(s)e(s)]ds
_q / %[g(s)e(s)]ds
e
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Equivalently, we have

e(a) {1 4 (#) {(a)] — ¢(0).

Therefore the equilibrium population of TB Latently infected individuals is given as

e(a) =) 1+ (s et " e(O)o(a).
where
o(a) = g {_ (y +1(91(;> u)a)g(a)]’“ _ g(_l)k<y+§<y_) V)a)k§<a)k7
provided _ _

(e

The quantity o(a) gives the probability of remaining infected with TB some time units

a after infection. Observe that

o0 [e.e] o0

/ ao(a)e(a)da = e(0) / ao(a)o(a)da = e(0)B  where B = / ao(a)o(a)da,

0 0 0

and

/fy(a)e(a)da: e(O)/’y(a)o(a)da: e(0)C  where C = /’y(a)a(a)da.

0
B and C' denote the probability of recovery and the probability of progression of individ-
uals into active infection, respectively. Since individuals can only leave the latent class

through recovery, progression or death, the sum of the probabilities is unity; that is,

/(u +v(a) + ap(a))o(a)da = ,u/a(a)da + /y(a)a(a)da + /ag(a)a(a)da,
hence, it foolows that
/(u + 7v(a) + ap(a))o(a)da = u/a(a)da +B+C=1.

Consequently, we have

B+C<1, B<1 and C<1.
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It follows from (4.12) that
6(0)0 — u[l — 061[1 — (51[1]2 = O,

which implies

B1SLC — ply — oy — 611,15 = 0.
Therefore, either Iy = 0 or
p1CS — p—ay — 0115 = 0. (4.15)
Similarly, from (4.13) we obtain either I, =0 or
2SS — 1 — ag — o211 = 0. (4.16)

Consider the following cases,
Case 1 (I; = 0 = I): Since e(0) = $,.SI; = 0, this leads to e(a) = e(0)o(a) = 0. It
follows from (4.10) that
A—pS =0, thisleadsto S = %
Furthermore, (4.14) yields the following

hence the disease-free equilibrium is given by

==

A T
E° = (S,e(a), I, I, J)" = (— 0,0,0, 0) =(5°,0,0,0,0)", where S°

©

Case 2 (I; = 0,1 # 0): It follows from (4.13) that

. % + Qo SO
S—u—ay=0; thatis, 5= = —
B 2 2 2 R,
where
— %
p(p+ ag)’

denotes the basic reproduction number of HIV. Moreover, (4.10) yields the following

A— IUS — 525[2 -+ @2[2 = O,
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that is,

(Ry — 1),

)
I, — A—pS _ P :lH‘Oéz( AP _1):u+a2
B2l — g 5 <%) o Bo \p(p+ az) Ba

Hence, I, > 0 if and only if Ry > 1. Therefore the HIV dominated endemic equilibrium

is given by

S0 T
2 0,0, %2R, — 1),0) . provided Ry > 1.

E; = I, I, J)" =
;= (S.ela) 1o )" = (0.0, 47

Case 3 (I; # 0,1, = 0): It follows from (4.15) that

) +a« S0
£1CS —pu—ay; =0, thatis S= HﬁlCl = Ry
where
BCA
R = T N
P (ptan)p

denotes the basic reproduction number of TB. Moreover, (4.10) yields the following

A—pS—BSH 4 B BSL 4 on 1y = 0;

that is
h_A-us i(5) aecupem |
(1—-B)B1S — ay (1—3)51(“;1‘51) o (1—-B)Bi(n+ a1) — a5 C
Furthermore
o #5-1) ey

1-B _Hoap
(1 + aq) ((1 — B)p1 — al%) ( )51 R

Therefore either

A A
A _BiA
po pon

Ri>1 and Ry < (1-B)

or
Bl

22831

Ri<1 and R1>(1—B)
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Therefore the TB dominated endemic equilibrium is given by

S0 ((Ry — 1) !
E;=(S LI, )T = =,e(0 0,0
1 ( ,6((1), 15425 ) (R176< )U(a)’(l_B)ﬁl_uthRlv ) ) )
provided
A A
1<7€1<61— or (1—B)Bl—<7€1<1.
jeies] 24051

Case 4 (I; # 0,1 # 0): It follows from (4.15) that

CS
£1CS — pu—ay; — 011 =0, which leads to [2:,u+a1(ﬁl _1),
01 A+ an

that is

n+ o ﬁlA MCS ) M+061(S >
I, = —1)]= —R,—1)>0.
2 51 (/L(/L‘i‘()él) A (51 S0 !

Hence, I; > 0 provided

Similarly from (4.16), we obtain

hz“”‘?( (52/\ ﬁ—1):‘”0‘2(5722—1)_
1

02

Hence, I; > 0 provided

From (4.10), we have
AN —uS — 1S — BoSIh +€e(0)B + arly + asly =0,
which implies
AN —pS — BiSI — oSy + B1STB + only + asly = 0. (4.17)

Finding the expression of I and I from (4.15) and (4.16), respectively, and substituting
them into 4.17 yields

Ao10g — 110102 + 51[(3 - 1)515 + 041][5205 i 042] + (52[% - 525] [515 i 041] =0,

that is,
PS?+ QS+ R=0,
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where

P = (61C(B—1)=02)5102, Q = 610152C—0151(p+02) (B—1)+020051+02 82 (p1+cu1 ) — 11192,

and

R = Ab109 — doaa(pn + aq) — d1o (i + ).

Since 1 — B > 0, the following holds
—P = —(510(3 — 1) — 62)5152 = (510(1 — B) + 62)5162 > 0,

consequently we have QS + R = —PS? > 0, which implies Q(S + g) > (. Therefore,
either

R
Q<0 and S+§<O,

or

@ >0 and S+g>0.

Since

R R
S+—=<0 leadsto 0<S<——,
Q Q

it follows from ) < 0 that R > 0. Similarly,
R R
S+ —=>0 leadsto S >-—— >0,
Q Q
it follows from ) > 0 that R < 0. Therefore, either

Q<0 and R>0,

or

Q>0 and R<O.

Since P < 0, then PS? 4+ QS + R = 0 yields

2 Qg B _
S+PS+P_0,

that is,

Q\° @*—4RP
(5+%) - L -0
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therefore
S=—— Qi\/QQ—KLRP
For R > 0, we have Q? —4RP > 0 and \/Q? — 4RP > 0, hence from we obtain

S, = —%(Q ++/Q?—4RP) >0

For R < 0, we have Q% — 4RP < Q? and Q > ++/Q% — 4RP. Hence,

+=—%(Q+\/Q2—4RP)>O or S,———Q vV Q? —4RP)

Finally (4.14) yields the following

51+(52 ((51+62)(M+C¥1)(,LL+C¥2)(S )(S )
J = = Ri—1)[=Ra—1] >0. 4.18
iy 10 + 1) Y AV (4.18)
Therefore:

(i) For R > 0, the co-epidemic equilibrium is given by

2 (Q+ AP

e(0)a(a)

oz [ 5eR, —1
Ei = (S-i-ae(a)a]la]Z,J)T: 02 50 /22 ’

ptar [ St
61 SO Rl 1

(51+526)1(§;J(r;+13]()u+a2) (‘Z—gRl - 1) (%RQ - 1>

S0 80
R1 Ro
(i) For R < 0, the co-epidemic equilibrium is given by

2 (Q+ PR

e(0)o(a)

provided

S+>max{ }, @<0 and P <0.

ptoe (SR, — 1
= (S,e(a), I, I, J)" = 6o\ 5072 ,

ptay [ St
(51 SO R]_ 1

(61+6%)1(6A§5+137()#+0‘2) (i—gRl — 1> (%RQ - 1)
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or
—35(Q — /Q? — 4PR)
e(0)o(a)
oo (Sop, —1
Ei = (S_,e(a),ll,_[27(])T: 02 S0 2 7
e (5, -1
(814+02) (utar)(utas) [ S— 5_
s (17, 1) (5, 1)
provided
S0 50 R
either S, > max{ﬁl,@} or S_> max{ﬁl, @}, @>0 and P <O.

4.4 Stability of the disease-free equilibrium

This section focuses of the local asymptotic stability of the disease-free equilibrium point.

To do this, we employ the linearization technique around the equilibrium. Let

S(t),é(a,t),I,(t), I(t) and J(t)

be perturbations of

S(t),e(a,t), I1(t), Io(t) and J(t),

respectively, such that

S(t) = S(t)=5, é(a,t) = e(a,t)—e(a), I,(t) = I,(t)—11, I (t) = L(t)—I, and J(t) = J(t)—J,
where £ = (S,e(a), I, I, J)T is the equilibrium point. The perturbations satisfy the
fractional system,

e}

CEDYS(t) = — S(t)(u + Bil1(t) + Bolo(t)) + /ao(a)é(a, t)da + (a1 — £15(1))

x L1(t) + (a2 — BoS(1)) (1), (4.19)
“Toye(a,t) +“Tare(a,t) = —(u+v(a) + agla))é(a, ), (4.20)
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[e.o]

CEDYT (1) = / Y(@)é(a, )da — (5 + a1 — S L)V E(E) — 1L (D) Do (b), (4.21)
CEDVI(t) =BoS(t)Io(t) — (1 + g + B2S — 8211 (1)) o (t) — 0214 (1) In(2), (4.22)
CEDYJ(t) =61 + 62) (L () Ia(t) + L (1) L)) — (4 1) J (1), (4.23)

after neglecting perturbation terms of order greater than or equal to 2, with boundary

condition

&0, 1) = B(S(t) Iy + SL(t)).

Suppose the solutions of the fractional system are of the form,

Sy - —_BWS eXp{( A t}’

B(v) — (1— v)A —(1—=v)A

_ B(v
éla,t) = B(v) — (l—y eXp{B 1—1/)\t}’
- B V)

W) =g =0=v eXp{B 1 ) )\t}’
~ y)

L{t) = Bv)—(1—-=v)A {B (1—-v At}

and
I(t) = B(V) 1—1/ NP (1-v )\t}'

Since the function f(t) = % exp {Wt} satisfies the fractional equation

CEDY f(t) = Af(t), then it follows that (4.19) - (4.23) can be rewritten as

e e

AS = —S(,u -+ 51]1 + 62]2) + /ao(a)e(a)da + (Oél - BlS)I_l + (042 - /BQS)IQ, (424)

0

Ae(a) + " Dye(a) = —(u + y(a) + ag(a))e(a), (4.25)

)\I_l = /’y(a)e(a)da — (,U + o — 51[2)1_1 — 51[1?2, (426)
0

)\jg = BQSIQ — (,u + oo + 525 — 52[1)j2 — 52j1]2, (427)

A = (614 6) (L 1y + L1 1o) — (n+n)J, (4.28)

with boundary condition
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Theorem 4.2. The disease-free equilibrium, E°, is locally asymptotically stable whenever

aq (0]
1>Ry > and Re > .
T -B)(pta) Tt
The disease-free equilibrium is unstable provided
aq Qg
1< R < and Ro > )
T (I-B)(pt ) Tt

Proof. Substituting the disease-free equilibrium,
A T
EO = (Soa 07 07 07 O)T = <_7 07 07 07 0) )
1

into (4.24) - (4.28) leads to

o0

m:_@+/mmmwm+mrwﬁw}u%_@ym, (4.29)
re(a) + CFDZ;(CL) = —(p+(a) + aola))e(a), (4.30)
Aﬂzifw@a@mwwu+agﬁ, (4.31)
Ab:iﬂkﬂm+ﬁﬁ%h (4.32)
N = —(p+mn)d, (4.33)

with boundary condition
(0) = 3,S°1,.
It follows from (4.33) that
either J=0 or A=—(u+n)<0.
Similarly (4.32) yields
either I, =0 or A= —(u+ay+ £5°) <0.

From (4.30) we obtain the fractional differential equation

“TDye(a) = —(A + p+7(a) + ao(a)é(a) = = (A + &(a))e(a),
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which has the solution é(a) = €(0)o,(a), where

am@=[1+(ii§5§iﬂc»+a@ﬂ_{:§z[—(iié%gﬁ?yA+&@ﬂﬁ
provided
(P e <1
or equivalently
—% —é(a) <A < % —¢(a).

Consider the integrals

o0 [e.9]

/ ao(a)e(a)da = (0) ]an(a)o,\(a)da = &(0)By, where B, = / ao(a)ox(a)da,

0 0

and
/V(a)e(a)da = e(O)/V(a)U,\(a)da =¢(0)Cy, where C, = /7(@)0,\(a)da.

Hence (4.31) can be rewritten as
/\jl = E(O)C,\ - (,u + Oél)jl = 6150j1CA — (M + ozl)fl = [61506)\ - (M + Oél)]jl,

and hence I; = 0 or

150
(1 + )

The following cases will be considered to solve (4.34).

A=B5°C) — (p+ay)=(p+ 041)( Cy — 1) = (u+ 1) (%Rl — 1). (4.34)

4.4.1 Casel (A eR):

Since

%o—m) _ % [1 + (%) O+ g(a))] B

:_(i;ﬁiﬁg)b+(iigéfﬁ>u+a@ﬂ2
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_ _(y +él(y—) V)a)ai(a) <0

it follows that

50 = [r@ga@d=- [ (52 ) odada = Il all <0

0

where

Kosla) =) (“ ) 20 > 0

Therefore C), is a decreasing function of A. It follows that for A < 0, we have C' = Cjy <

C), and hence the following holds

Ch
— R —-1<0;
C 1 )
that is,
C
Ri< —<1.

C
However, for A > 0, we have C = Cy > (), and hence

that is,

It follows from (4.29) that

AS = =Sp+e(0)By+ (ar — B1S°) 1 + (ag — 25 I
= —S/L + 818 By + (aq — 5150)]_1 + (a2 — 5250)1_2;

that is,
(A+ M)S = (0q — f1(1 = BA>SO)[_1 + (g — 5230)1:2,

which yields the characteristic equation

F(\) =1, (4.35)
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where

A u)S — (a1 — B1(1 = B\)SO L
(g — 5250)1:2 '

F(\) = (
Consider the derivative below
D)\P\ + ,u]g — D)\[Oél — 617(1 — BA)SO]jl
- (042 _— 5250)[2
5 BDABS,
(042 - 5250)12

Dy [F()\)] =

Since

[e.9] [e.9]

-0y = - [co@Dior@da= [ e (“EH ) od(@da = [[Hagall > 0,

0

where

Hana(0) = aofe) (=0 o300 > 0

it follows that
Dy\[F(N)] <0

if and only if
Qg — BQSO < 0.

Therefore F(\) is a decreasing function of A provided ay — 3,5 < 0. Since

SO
ag— 5% = ptay— 25° —p = (/H‘OQ)(l— b ) —p= (/H'OQ)(l—Rz) —p <0
Mt
that is,
Ro > a2 .
U %)

We consider the following sub-cases to discuss the solution of F'(\), for A < 0 and A > 0.

Subcase 1 (A < 0): It follows that

,ug - (oq - Bl(l - B)So)jl
(o — ﬁ250)j2 ’

F(\) =1> F(0) =

which leads to
/Lg — (Oél — 61(1 — B)So)jl > (042 — Bgso)jg.



Equivalently, we have
—(a1 — B1(1 = B)SO) 1 > (a2 — $25°) 1 — S,

and hence

a — pi(1—B)S° <.

This yields

L R e ] L

which implies

1

b= A=)~ h = [t an(1- - 1) —ul i >0

C
that is,
C C
R, > il s
(I=B)(p+a)  (n+a)
Hence the disease-free equilibrium, E°, is locally asymptotically stable provided
Ry > and Ro > @ ;
JU <3} e

that is,
larg(\)] =0 < g for all v e (0,1).

Subcase 2 (A > 0): It follows that

MS — (Oél — 61(1 — B)So)jl

FO = (a2 — 89T,

< F(\) =1,

which leads to

1S — (a1 — Bi(1 = B)S°); < (as — $:5") L5 < 0,

and hence,

0 < uS < (a; — B(1—B)SOI;
that is,

0 < pS < (a— A1 —B)S),.
Therefore,

(Oél — ﬁ1<1 — B)So)fl > 0.
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This yields

et =1 =B =k = | (1- - B2 im0

n+ o
that is,
R1
(p+a)(1=(1-B)7)-n<0,
and hence
ole a
R < < .
' (A-B)pta)  (1-B)(pta)

Hence the disease-free equilibrium, E°, is unstable provided

(0%} C(QC

R <
T (=B)(pta) o+ o

that is
|larg(\)| =7 > % for all v € (0,1).

4.4.2 Case 2 (A€ (C):

Let A =z + wy. It follows from (4.34) that

r+w=(u+ag) (Rl Cgf" - 1), where C,, = /'y(a)axy(a)da,
0

with

s () )]

which leads to




1+ (z +&(a)) (”+g(;;>“)
{1 + (2 +€&(a)) (”*S(,,;’)“H 4 {y(”g(,,;’)“)} 2
[voreon (=) (=)

=Ery(a) — 17, (a),
where
1+ (o4 ) (22
Eyy(a) = 5 o
[1 + (33 + 5(&)) (V-i—él(;)V)a)] + |iy(u+él(;)u)a):|
and
y (V-i-gl(—)u)a)
(@) =

Hence, we have

which yields

R R R
r+wy =+ o) (Fl[Ga:y — Gy, ) — 1) = (u+a1) (FIG“/ - 1) —upt+ )= C

Which implies,

: {1 +(z+&(a)) (”g(;)”)“ﬂ 4 {y(”g@”)“)} )

R
r=(n+ o) <61ny — 1) and y=—(u+ ozl) G;y,

it follows that

that is,

C

R
v = (4 ) Gy + (1 + 1) = 0;

C

R o0
r— (p+ag F/ (a)da+ (p+ ay) = 0.
0
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Since

1 +¢&(a) (V+1(;1(V)V)a>
{1 + (z + &(a)) <”+§(V)” )“)] + ly <”+ g@;w)]
T (V+(1V)a>
B(v)
e ()| o)

Ezy(a) = 5T

Setting

and

()
{1+ (x+§(a))(u+g(;;/)a)r N {y(wg(;)u)a)r

R
X — (,LL + Ckl)Fl (HUfy,:pyHl + mHVy,xyHl) + (:u + al) =0,

leads to

which implies

R R
o1 Gt ) IVl ) =Gt o) (Bl - 1) 30

This yields the following:

Sub-Case 1 (%||U, 4y|[1 — 1 > 0):

That is,
C

Ri>——.
||U%ry|’1

From (4.36), we have

R R R
o1t o) GVl ) = ot ) (il - 1) >0,



and hence, either

R
r <0 and 1—(/L+CY1)61||V%W||1<0

or
R
r>0 and 1—(u+ al)ﬁlHV%wal >0,
which yield, either
r<0 and R; >

(1 + an)[[Vaayllt

or

C
(1 + ) [[Va aylln ‘
Therefore, the disease-free equilibrium is locally asymptotically stable whenever

x>0 and R; <

xr <0 and R1>max{ ¢ , ¢ },
||U%wy||1 (M‘f'al)HV%wal

and the disease-free equilibrium is unstable whenever

x>0 and <R <

JLeswmit (1 + an)[[Vaayll

Sub-Case 2 (%||U, 4|1 — 1 < 0):

That is,
C

Ri<—.
||U%xy||1

From (4.36), we have

Rl Rl Rl
(1= Gt @) GVl g ) = o o) (Il - 1) <0
and hence, either
R
r<0 and 1—(pu+ oq)FlHV%wal >0

or
R
x>0 and 1— (u+ al)?lHV%xy||1 <0,
which yield, either

r<0 and R; <

(1 +a)[[Vaayllt
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or

C

(1 + ) [[Va aylln '
Therefore, the disease-free equilibrium is locally asymptotically stable whenever

C C
r <0 and R1<min{ , },
HU%:tyHl (M+041)HwaH1

and the disease-free equilibrium is unstable whenever

x>0 and R; >

C
>0 and — >Ry >
U5 ayl1

(1 + ) [[Vaayll
Using the following integral

Buy = [ o(0)(Euy(a) = 13y (@)

:/ao(a)Exy(a)da—L/ozo( a)Ey,(a)da
0 0
=Woy — W,

into the characteristic equation (4.35) leads to

(@ +wy +p)S — (an — Bi(1 = W — W3 1)SO) ]y
Flow) = (02— B5) T
o [(z 4 1) S — (o1 — Bu(1 — Wy )SO) 1] + t[yS + BIW;ySOII]
- ] (a2 = B, ]
_ (2 + p)S — (. — fr(1 = W3S N LyS + 51W;y5?11 .
(g — 5250)[2 (g — B2S0) I, ’
and hence

and 5 8 oF
yS + Wz, S 1L

SHE (M)} = W~ =
{ ( )} (042—5250)12

From R{F(\)} = 1, we have

(@ + 1) — (a1 = Bi(1 = Wiy)S°) 1 = (a2 — $2S°) I,

which implies

(a2 — 528 Lo + (a1 — B1(1 = W) SOV = (x4 ) S.
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Assuming x < —p < 0, yields

and hence

Assuming

yields

(a1 — Bi(1 = W) SOV + (ag — $oS°) [ = (z + ) S < 0,

(Oél — 51(1 — ny)SO)[_l < —(Oég — BQSO)[_Q‘

a1 — 61(1 - ny)SO > O,

Therefore the following holds

which leads to

where

and

Hence,

Qg — 5250 < 0.
aq
Wyy >1— —+,
! B1S°
aq alC
Unoayllt +2||Vagayllt > 1 — =1-—, 4.37
Waoll +allVagull > 1= 5 =1 (437

ao(a) [1 + ¢(a) <%)1

Uagy(a) = 2 2
o)+ (252
o245
Vaoay(a) =

0410

0> ||Usp Vooaylh > 1 — ———7——.
Waoasll + Vol > 1= o

ole
Unpanllt + @l Vagaylly > 1= 2 > 0.
Wansoll + #llVowll > 1 =



94

(iii)

Ole
Uqo .z + 2| |Vag 2 >1— ==
| Uaoeylly [ Vao.aylln (1t + 1) Ry
From (i), we have
Usoso ¢
[L‘<—M<O and 7—\),1< i .
Voo eyl gt
From (ii), we have
Ua €T C
T > ——H & y||1 and Ry > il .
[Vao.ayll g
From (iii), we have
UOL €T C
T > ——|| & y||1 and Ry < il .
|[Vao,zyll1 pt o

Therefore, the disease-free equilibrium is locally asymptotically stable provided (i) and

the disease-free equilibrium is unstable provided (ii) or (iii). O

The local asymptotic stability of the disease-free equilibrium is determined by the repro-

duction numbers of HIV and TB in both Case 1 and Case 2.



Chapter 5

Conclusions

A Caputo fractional model for the spread of HIV infection within-host through two

transmission routes and cell types was investigated in Chapter 3. The boundedness of

the solutions of (3.1) - (3.7) was established and the positive invariance of the state space
of (3.1) - (3.7) was proven provided

e Bi + ki

h+h)? &

This ensured that the cell populations and the viral population are not only finite, but

forall +=1,2.

are always positively defined. In Theorem 3.2 the existence and uniqueness of solutions
of (3.1) - (3.7) were proven. Thus the populations are continuously defined for all time
and are uniquely determined by the initial populations. The basic reproduction num-
bers, Ry and R, of HIV through each cell type are derived. Furthermore, it was also
proven that the reproduction number through each cell type i is composed of the repro-
duction number of HIV through cell-to-cell transmission routes, RY, and cell-to-virus
transmission routes, R, for all i = 1,2. We aimed to study the impact of HIV latent
transmission through two routes and cell types. The effects of age-structure are included
in the probabilities, & and &, of latently infected cells transitioning to productively
infected cells, which directly affect the reproduction number of HIV through each cell
type Ry and R, respectively. This illustrates that the reproduction of HIV within-host

is facilitated by progression of the virus through each transmission route. The existence
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of equilibria was discussed under certain conditions on the basic reproduction numbers.
Specifically, the disease-free equilibrium always exists whenever the productively infected
cells are absent. Stability analysis for a system of Caputo fractional differential equations
given by (3.1) - (3.7) was conducted and the findings the analysis show that the local

asymptotic stability of the disease-free equilibrium is given by
Ri<1l and Ry < 1.

That is, the disease will be eliminated from the host whenever the reproduction numbers
through each cell type are both less than 1. Furthermore, the disease-free equilibrium

was proven to be unstable whenever
Ri>1 and Ry<1, or Ri<1l and Ry >1.

Hence, the disease persists whenever the reproduction numbers through one cell type is
less than 1 and the reproduction numbers through the other cell type is greater than
1. The asymptotic behavior of the system suggests that the latent reservoir and viral
population that persist at relatively low levels may be suppressed and eradicated from
the host. This can be achieved through the use of various treatment strategies aimed
generating an extremely slow decay of the latent reservoir due to prolonged therapy.
Incorporating treatment into the model enables investigation into the asymptotic effects

of different therapies on the dynamics of HIV within-host.

A Caputo-Fabrizio fractional model for a co-epidemic of HIV and TB was investigated
in Chapter 4. The boundedness of the solutions of (4.1) - (4.5) was established and
the state space was proven to be positively invariant provided (4.7), (4.8) and (4.9)
hold. In Theorem 4.1 the existence and uniqueness of solutions of (4.1) - (4.5) were
established. The basic reproduction numbers R; and R, of TB and HIV, respectively
were computed. The model formulated by [Xiaoyan, 2013| considered the transition of
only TB infectives into the co-infection class. To account for the contribution of HIV
to co-infection, we proposed an extension of the model to include the transition of HIV
infectives into the co-infection class. We observed that the conditions on the reproduction
number of HIV and TB, for the local asymptotic stability of the disease-free equilibrium

of the extended fractional system are different to those obtained for the classical system.
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The effects of age-structure are included in the probability of members of the latently
infected TB class to transition into the active TB class and the probability of members
of the latently infected class to recover from TB, denoted by C and B, respectively;
were the probability C' directly affects the reproduction number of TB. Stability analysis
vielded two characteristic equations (4.15) and (4.17), from which we conclude that the

disease-free equilibrium is locally asymptotically stable whenever

o C
L and Rq > a2 )
JU R eS} p Qs

1>R; >

Hence, both diseases can be eradicated from the host population provided the reproduc-
tion number of TB is less than 1. Furthermore, the disease-free equilibrium was unstable

provided
AC and Ry >

1< R < )
n+ o n+ oo

We observed that the condition on reproduction number of HIV is the same regardless
of the stability of the disease-free equilibrium, hence the reproduction number of TB is
a key factor in determining the progression or eradication of both diseases from the host
population. Furthermore, the probability of treatment of TB infectives directly impacts
the reproduction of TB, which can be used to investigate the asymptotic behavior of the

co-epidemic due to application of effective treatment for TB.
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