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Abstract

Calculations of reactor parameters of interest (such as neutron multiplication factors, decay heat,

reaction rates, etc.), are often based on models which are dependent on groupwise neutron cross

sections. The uncertainties associated with these neutron cross sections are propagated to the final

result of the calculated reactor parameters. There is a need to characterize this uncertainty and to

be able to apportion the uncertainty in a calculated reactor parameter to the different sources of

uncertainty in the groupwise neutron cross sections, this procedure is known as sensitivity analysis.

The focus of this study is the application of a modified global sensitivity analysis technique to

calculations of reactor parameters that are dependent on groupwise neutron cross-sections. Sensi-

tivity analysis can help in identifying the important neutron cross sections for a particular model,

and also helps in establishing best-estimate optimized nuclear reactor physics models with reduced

uncertainties.

In this study, our approach to sensitivity analysis will be similar to the variance-based global

sensitivity analysis technique, which is robust, has a wide range of applicability and provides

accurate sensitivity information for most models. However, this technique requires input variables

to be mutually independent. A modification to this technique, that allows one to deal with input

variables that are block-wise correlated and normally distributed, is presented.

The implementation of the modified technique involves the calculation of multi-dimensional inte-

grals, which can be prohibitively expensive to compute. Numerical techniques specifically suited

to the evaluation of multidimensional integrals namely Monte Carlo, quasi-Monte Carlo and sparse

grids methods are used, and their efficiency is compared. The modified technique is illustrated and

tested on a two-group cross-section dependent problem. In all the cases considered, the results ob-

tained with sparse grids achieved much better accuracy, while using a significantly smaller number
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of samples.

Keywords: Monte Carlo, quasi-Monte Carlo, sparse grids, global sensitivity analysis, groupwise,

neutron cross-sections.
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Chapter 1

Introduction

Models are developed to approximate systems and processes in the real world. There is the need

for a model to be reliable, and there should be confidence in the model and the results produced

by it. However, assumptions and uncertainties associated with the input data of a model are

propagated to the output of the model. The uncertainties in the input are often expressed in

terms of the covariance or correlation matrix. The propagation of uncertainties from the input to

the output of a model is known as uncertainty analysis. The apportioning of uncertainty in the

output of a model (numerical or otherwise) to different sources of uncertainty in the model input,

is known as sensitivity analysis [1], and the associated quantitative values are known as sensitivity

indices. The sensitivity indices can be used to rank the input variables of the model, based on

the influence they have on the output. It thus becomes possible to recognize the statistically

insignificant/unessential input variables that exert little influence on the output. This allows for

the reduction of the dimensionality of the problem by fixing the unessential input variables. More

experiments, computations and research can also be done to determine the essential input variables

with a higher degree of accuracy. Hence, sensitivity analysis serves as a guide for model construction

by assessing methods used for reducing uncertainties.

Sensitivity analysis methods can be classified in two broad categories [2]:

1. Local Sensitivity Analysis (LSA). They are usually based on derivatives, and analyse

the behaviour of the model output around a chosen point. LSA methods are capable of

dealing with linear models, because the property at a point away from the chosen point can
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1.1. BACKGROUND

be computed quickly by linear extrapolation using first order derivatives. They are efficient

in computer time, however, they do not provide for an exploration of the full phase space of

input parameters, and are not adequate for non-linear models.

2. Global Sensitivity Analysis (GSA). They are techniques used to quantify the influence

of uncertain input parameters on the output of a model, by exploring the full phase space

of the input parameters. These techniques are usually entropy or variance-based, they can

be used to perform accurate quantitative sensitivity analysis and are not restricted to linear

models. However, the applications of GSA has been limited. Some major obstacles to the

implementation of GSA are (a) the correlation between different input parameters and (b)

the curse of dimensionality, which is the exponential growth of computation cost with the

number of input parameters. This arises because most of the GSA techniques involve the

evaluation of multidimensional integrals whose dimensionality are dependent on the number

of input parameters.

Most of the applications of sensitivity analysis to reactor physics have used LSA, which is based

on the adjoint flux approach in conjunction with the general perturbation theory applied to the

neutron transport equation, a few references among others are [3, 4, 5]. Whilst GSA would be

preferred in the application to reactor physics, as it explores the full space of input parameters, its

applicability to reactor physics has been very limited [6, 7, 8].

1.1 Background

An extensive literature study has been done, and is given in Chapter 2. The literature study

familiarizes the reader with the different sensitivity analysis methods, and their relation to reactor

physics. The advantages and disadvantages of sensitivity analysis methods relating to reactor

physics were emphasized, and the need for a new methodology to be used for sensitivity analysis

relating to reactor physics was shown.

The implementation of GSA can be achieved by using either entropy or variance-based methods.

In this study our approach will be based on the Sobol’s variance based method [9]. The Sobol’s

method has received much attention in the scientific community in recent years. The method is

robust, has a wide range of applicability and provides accurate sensitivity information for most

2



1.2. MOTIVATION

models as stated in [10, 11]. However, the Sobol’s method is defined for statistically independent

input variables that are uniformly distributed. The groupwise neutron cross sections that we will

consider as input variables are block-wise correlated and normally distributed. In this study, the

term groupwise neutron cross sections refers to multigroup or few-group energy dependent neutron

cross sections.

1.2 Motivation

Neutron cross sections can be measured experimentally or predicted by nuclear models. The ex-

perimentally measured neutron cross sections are combined with predictions of nuclear model cal-

culations, they are then evaluated and processed to arrive at an evaluated set of neutron cross

section nuclear data such as found in JENDL, JEFF, ENDF/B, etc. These evaluated data files

are often large data grouped by materials and data types, and hence various rules and procedures

known as “formats” are required for the computerized storage of such large nuclear data. This

often involves the storing of the neutron cross sections, by using data points that can easily be

reproduced by polynomial interpolations and functions when needed. The ENDF-6 format [12]

is the most widely used format. According to the ENDF-6 formalism, the reaction cross sections

versus energy data is stored in file MF 3. Most codes utilized in neutron transport calculations use

neutron cross sections that are piece-wise constant over certain energy intervals, called groupwise

neutron cross sections. These groupwise neutron cross sections are often described by only their

first two statistical moments and are assumed to be normally distributed [13].

In the evaluation of the neutron cross sections and whilst moving (collapsing) from the continuous to

the groupwise cross sections, uncertainties in the evaluated neutron cross sections are propagated

to the collapsed groupwise cross sections. There exist correlations between the uncertainties of

different energy groups of the groupwise neutron cross sections. These uncertainties are expressed

in terms of the covariance matrix and are stored in file MF 33 of the ENDF format.

Calculations of reactor parameters of interest (such as neutron multiplication factors, decay heat,

reaction rates, etc.), are dependent on groupwise neutron cross sections. The uncertainties associ-

ated with the groupwise neutron cross sections are propagated to the final result of the calculated

reactor parameters. There is a need to characterize this uncertainty and to be able to apportion

3



1.3. PURPOSE OF RESEARCH

the uncertainty in a calculated reactor parameter to the different sources of uncertainty in the

groupwise neutron cross sections.

1.3 Purpose of Research

The objective of this study is to develop, implement and test a methodology for the application of

GSA to reactor parameters that are dependent on groupwise neutron cross sections. This will help

in establishing best-estimate optimized nuclear reactor physics models with reduced uncertainties.

1.4 Outline of the Dissertation

A review of sensitivity analysis techniques and their application to reactor physics, as well as

fundamental aspects which are needed for a thorough understanding of the concepts of the proposed

GSA technique are contained in Chapter 2. The mathematical formulation of the proposed GSA

technique is presented in Chapter 3. Practical methods for implementing the GSA technique and

the results obtained from test problems are discussed in Chapter 4.

4



Chapter 2

Theoretical Background

The uncertainties associated with the input of a model are often propagated to the output of the

model. The uncertainties in the output of a model can also be introduced by numerical errors, which

are introduced as a consequence of the numerical methods used to solve the equations underlying

the mathematical model. The quantification of uncertainty in the output of a model due to the

input parameter uncertainties is known as uncertainty analysis, whilst the apportioning of the

uncertainty in the output to the different sources of uncertainty in the input is known as sensitivity

analysis.

Most of the early considerations of sensitivity analysis were local methods and were merely of

mathematical interest. The first systematic mathematical methodology for performing sensitivity

analysis were used for linear electrical circuits and was formulated by Bode [14]. Since then,

sensitivity analysis has been implemented by several approaches, with the aid of mathematical

methods as shown in [15, 16, 17]. The early applications of sensitivity analysis were in the field of

optimization and control theory, however, today sensitivity analysis is applied in a broad number of

fields such as nuclear [13], socioeconomic [1], biological [18] and others. There are several books on

sensitivity analysis that the interested reader is referred to, such as [2, 19, 20, 21, 22]. However, it

should be noted as explained in [23] that a precise unified terminology across the various methods

for sensitivity indices does not exist. This is because the quantities that are used as a measure of

sensitivity indices across the various methods are often different.

In the next section, we will give a brief review of statistical concepts that are relevant to this

5



2.1. STATISTICAL REVIEW

study. The emphasis of this study is on GSA, however, since most of the applications of sensitivity

analysis to reactor physics have been based on LSA methods, we will present a brief overview of

LSA methods later in this chapter. Subsequently, we will present a detailed explanation of the

various GSA techniques available in literature and highlight their shortcomings, illustrating the

need for the new methodology we propose to develop in Chapter 3. An up-to-date review of the

relevance and applications of sensitivity analysis (both local and global) to reactor physics will also

be presented. Finally, a brief review of some of the methods used for evaluating multidimensional

integrals which will be needed in Chapter 4, when implementing the proposed GSA methodology,

will be given in the last section of this Chapter.

2.1 Statistical Review

2.1.1 Random Variable

Random variables, as the name implies, are variables that possess a random nature, these variables

have an associated probability and they can be either discrete or continuous [24]. Note that in this

study, we will use, as it is a rule in statistics, a capital letter to denote a random variable, and a

lowercase letter to denote its value (realization). A discrete random variable, maps events to values

of a countable set. Consider as an example a discrete random variable X that can possess values

x1, x2, . . . , xk with a probability of Prob(X = x1), Prob(X = x2), . . . , Prob(X = xk). Each

probability has a value between zero and one, and the sum of all the probabilities is equal to one.

This can be expressed mathematically as, for i = 1, 2, . . . , k

0 ≤ Prob(X = xi) ≤ 1, and
Pk
i=1 Prob(X = xi) = 1. (2.1)

On the other hand, a continuous random variable, maps events to values of an uncountable set.

Consider as an example, a continuous random variable X, the probability that X lies within a

short interval between x and x + dx is given by p(x)dx. Where p(x) is known as the probability

distribution function (pdf) and is a positive function (i.e. p(x) ≥ 0) which fulfils the normalization

condition Z ∞
−∞

p(x)dx = 1. (2.2)

6



2.1. STATISTICAL REVIEW

A related quantity that completely describes the probability distribution of a random variable is

the cumulative distribution function (cdf) denoted by P (x) [25]. This is defined as the probability

that a random variable X is less than or equal to some given real number x. If X is a discrete

random variable, then the cdf would be given by

P (x) = Prob(X ≤ x) =
X
xi≤x

Prob(X = xi). (2.3)

However, if X is a continuous random, then the cdf will be given by

P (x) = Prob(X ≤ x) =
Z x

−∞
p(x)dx. (2.4)

2.1.2 Expectation and Variance

The expected value of a random variable is obtained by averaging all possible values that can

be attained over its probability measure. The variance of a random variable gives a measure of

the amount of variation, from all the possible values that it can attain, with its expected value.

Considering a random variable X, if X is discrete and attain values x1, x2, . . . , xk with probability

Prob(X = xi) for i = 1, 2, . . . , k, then the expected value µ and variance V [X] of X are given

respectively by

µ = E [X] =
kX
i=1

xiProb(X = xi), and V [X] = E
�
(X − µ)2

�
=

kX
i=1

(xi − µ)2 Prob(X = xi).

(2.5)

If X is continuous, with probability distribution function p(x), then the expected value µ and

variance V [X] of X are given respectively by

µ = E [X] =
Z ∞
−∞

xp(x)dx, and V [X] = E
�
(X − µ)2

�
=
Z ∞
−∞

(x− µ)2 p(x)dx. (2.6)

The concept of expectation and variance are also applicable for functions. Consider an arbitrary

function of X, g(X) with probability distribution function p(x), then the expected value and

variance of g(X) are given respectively by

E [g(X)] =
Z ∞
−∞

g(x)p(x)dx, and V [g (X)] =
Z ∞
−∞

(g(x)− E [g(X)])2 p(x)dx. (2.7)

7



2.1. STATISTICAL REVIEW

2.1.3 Mean Vectors, Covariance and Correlation Matrices

A random vector is defined as a vector whose elements are random variables. Suppose X =

[X1 X2 · · · Xd]T is a random d-dimensional column vector, where the symbol “T” denotes the

transpose operator. The mean vector is given by µµµ = E [X] = [µ1, µ2, . . . , µd]T , the marginal mean

and variance for each element are defined as µi = E [Xi] and Vii = E
�
(Xi − µi)2

�
, for i = 1, 2, . . . , d.

A measure of linear association which provides a measure of how any two random variables Xi,

and Xj , vary together is provided by the covariance which is denoted by Cov [Xi, Xj ]. Where

Cov [Xi, Xj ] = Vij = E [(Xi − µi)(Xj − µj)] for i, j = 1, 2, . . . , d.

For a d−dimensional column vector X, the variance-covariance matrix consists of d2 entries, there

are d variances Vii for all i, d(d − 1) covariances of which d(d − 1)/2 are independent because of

symmetry (i.e Vij = Vji). The variance-covariance matrix is denoted by Σ and is given by

Σ = E
�
(X−µµµ)(X−µµµ)T

�
. (2.8)

The elements of a random vector X are said to be mutually statistically independent if their joint

probability density can be factored as

p(x) = p12···d(x1, x2, . . . , xd) = p1(x1)p2(x2) · · · pd(xd), (2.9)

for all d-tuples (x1, x2, ..., xd). If any two elements of the random vector X are statistically inde-

pendent, then their covariance is zero (i.e Cov [Xi, Xj ] = Vij = 0). However, the converse is not

always true, if Xi and Xj have zero covariance, they need not be statistically independent.

A dimensionless measure which is a standardized version of the covariance is given by the correlation

and denoted by r where

rij =
Vij√

Vii
È

Vjj
. (2.10)

Hence, it follows that the values of all the diagonal elements of the correlation matrix is 1. Random

variables whose covariance is zero are called uncorrelated.

8



2.1. STATISTICAL REVIEW

2.1.4 Partitioning the Mean Vector and Covariance Matrix

A random vector can be partitioned into two or more subsets, to distinguish the different types of

variables. Consider a d-dimensional column random vector X that is partitioned into two groups

of size m and (d−m) respectively such that

X =

2666666666666664

X1

...

Xm

Xm+1

...

Xd

3777777777777775
=

264 Xα

Xβ

375 , and µµµ = E(X) =

2666666666666664

µ1

...

µm

µm+1

...

µd

3777777777777775
=

264 µµµα

µµµβ

375 . (2.11)

It can be shown [26], that the covariance matrix is given by

Σ = E
�
(X−µµµ)(X−µµµ)T

�
=

264 E(Xα −µµµα)(Xα −µµµα)T E(Xα −µµµα)(Xβ −µµµβ)T

E(Xβ −µµµβ)(Xα −µµµα)T E(Xβ −µµµβ)(Xβ −µµµβ)T

375 =

264 Σαα Σαβ

Σβα Σββ

375 .

The covariance matrix of Xα is given by Σαα, that of Xβ is given by Σββ , and the covariance of

elements from Xα and Xβ is given by Σαβ, where Σαβ = ΣT
βα.

2.1.5 Uniform Distribution

A random variable X has a discrete uniform distribution if all the values that X attains (i.e.,

x1, x2, . . . , xk) are equally probable, hence Prob(X = x1) = Prob(X = x2) = · · · = Prob(X = xk).

However, a random variable X is said to have a continuous uniform distribution, if it attains a value

x within a given interval with equal probability. For example, the uniform probability distribution

function over the interval a ≤ x ≤ b is given by

p(x) =

8<: 1
b−a , for a ≤ x ≤ b;

0, otherwise.
(2.12)

9



2.2. LOCAL SENSITIVITY ANALYSIS

The normalization condition for the pdf requires that
R b
a p(x)dx = 1. The concept of a uniformly

distributed random variable is very important because it forms the basis of generating random

numbers with more complicated distributions such as exponential, normal, etc.

2.1.6 Normal Distribution

The normal distribution is a unimodal bell shaped continuous probability distribution, where the

individual data points are clustered around the mean. The normal distribution has a wide range

of applicability, and is used throughout statistics due to the central limit theorem. The central

limit theorem states that irrespective of the distribution of a set of independent random variables,

provided that their variance is finite, the sum or average of them will be a random variable with a

distribution close to a normal distribution [27].

The univariate normal distribution for random variable X, with mean µ and variance V, has a

probability density function given by

p(x) =
1√
2πV

exp
�
−(x− µ)2

2V

�
for x ∈ R. (2.13)

The univariate normal distribution is often denoted by N(µ,V). The generalization of the univariate

normal distribution to higher dimensions is known as the multivariate normal distribution. The

d-dimensional normal distribution for random vector X is denoted by Nd(µµµ,Σ), and is given as

shown in [26] by

p(x) =
1

(2π)
d
2 det (Σ)

1
2

exp
�
−1

2
(x−µµµ)TΣ−1(x−µµµ)

�
for x ∈ Rd. (2.14)

2.2 Local Sensitivity Analysis

2.2.1 Propagation of Errors

The propagation of errors to the output of a model as a result of the uncertainties in the input of

the model, and the numerical approximations used in the model, can be described by the “Error

Propagation Equations”. The derivation of these equations are explained in detail in [23, 28]. Below

10



2.2. LOCAL SENSITIVITY ANALYSIS

we will make a brief review of the derivations.

Consider a model described by the following equation

Y = f(X) = f(X1, . . . , Xd), (2.15)

where Y is the model response or output which is dependent on parameters X = (X1, . . . , Xd).

The parameters can be decomposed into nominal values µµµ = (µ1, . . . , µd) which correspond to the

expectations of the parameters, and their uncertainties δX = (δX1, . . . , δXd) which correspond to

their respective standard deviations.

Eq. (2.15) can then be rewritten as

Y = f(X) = f(µµµ+ δX) = f(µ1 + δX1, . . . , µd + δXd). (2.16)

Eq. (2.16) can be expanded in a Taylor series around the nominal values µµµ = (µ1, . . . , µd) with

variations δXi = (Xi − µi) around µi. However, as stated in [23], for large complex systems, it is

impractical to consider non-linear terms, hence a first order Taylor series expansion was considered,

and Eq. (2.16) can now be rewritten as

Y = f(X1, . . . , Xd) ≈ f(µµµ) +
dX
i=1

�
∂Y

∂Xi

�
µi

δXi. (2.17)

The quantity
�
∂Y
∂Xi

�
µi

is defined as the sensitivity of the response Y to the parameter Xi, and is de-

noted by Si. The d-dimensional sensitivity vector is denoted by SY with elements [S1 · · · Si · · · Sd]T .

It can be proved [23] that the uncertainty in the response or output of the model can be charac-

terized by the variance which is given by

V[Y ] = STY ΣSY . (2.18)

Where Σ is the covariance matrix of the input variables.
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2.2. LOCAL SENSITIVITY ANALYSIS

2.2.2 Regression Based Methods

If an assumption is made that the input and output of the model are near linearly related, then

regression based techniques such as the standardized regression coefficient technique and the corre-

lation coefficient technique can be used as a measure of the sensitivity of the output to the input of

the model [29]. Furthermore, if an assumption is made that the input and the output of the model

are near monotonically related, then techniques such as the standardized rank regression coefficient,

the Spearman correlation and the partial rank correlation coefficients can be used [30]. Regression

based methods are not well suited for models that are non-linear and non-monotonic. The in-

terested reader is referred to [31] for a review of regression based methods applied to sensitivity

analysis.

2.2.3 Screening Methods and Experimental Designs

Screening methods are used to identify which input parameters have the largest influence on the

output of a model. As stated in [23] the objective of screening methods is to arrive at a shortlist

of important input parameters. One of the simplest class of screening methods is the classical One

Factor At a Time (OFAT) method [32], where each parameter is varied one at a time to determine

the response of the output to each individual parameter. Classical OFAT methods do not provide

information about the response of the model to the interaction of two or more input parameters.

Experimental design [33] is a systematic approach to investigating a model by selecting combinations

of input parameters in a structured way to highlight the relationship between the input and output

of the model in the presence of parameter variation. One of the most popular experimental design

methods is the factorial design [23]. Factorial design aims to capture the additive and interactive

effects of two or more input parameters on the response of the model, and is often preferred to

classical OFAT method. For a model with a large number of input parameters, considering all the

possible interactions among the various parameters, can be computationally costly. By assuming

that higher order interaction effects between the various input parameters are negligible, one can

reduce the computational time. Methods such as Fractional Factorial Design (FFD) [34] are based

on this assumption.
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2.2.4 Reliability Methods

Sensitivity Analysis has also been used in cases where a system is to be designed so that the prob-

ability of failure does not exceed a certain threshold during a prescribed period. For such problems

reliability methods are often used. Reliability methods often utilize statistical optimization algo-

rithms [35] to seek the most likely “failure point” often referred to as the design point in the input

parameter space. The probability of failure is then approximated by fitting a first or second order

surface to the design point [23]. Most reliability methods often use the First Order Reliability

Method (FORM) [35] and the Second order Reliability Method (SORM) [36, 37]. Recent advances

in the field of reliability algorithms seeks to improve their efficiency by using techniques such as

Advanced Mean Value methods (AMV) [38] and Two-point Adaptive Nonlinearity Approximation

(TANA) based methods [39].

Reliability algorithms have been applied to a variety of problems such as nuclear safety [40] and

structural safety [41, 42]. Despite the wide applicability of reliability algorithms, the results ob-

tained must be treated with caution as these methods are susceptible to non-convergence or conver-

gence to an erroneous design point particularly when the failure probability approaches the extreme

values of 0 or 1, or when the design point is not unique [23].

2.2.5 Deterministic Methods

Local sensitivity indices can only be computed exactly by using deterministic methods [23]. Deter-

ministic methods involves computing the rate of change of the output/response of the model to the

input parameters at a certain base point in the input parameter space. These methods involve the

derivatives (Jacobian) of the output of the model with respect to the input of the model. When the

variations in the input parameters are small, perturbation theory [43] can be used in determining

the sensitivity indices of the model.

Several deterministic methods exists for computing sensitivity indices, for a model with many

outputs/responses and few input parameters, the Forward Sensitivity Analysis Procedure (FSAP)

[22] can be used. However, most problems of practical applications involve few outputs/responses

and many input parameters. For such problems, the Adjoint Sensitivity Analysis Procedure (ASAP)

[22] is well suited for determining the sensitivity indices. Another deterministic method used in
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2.3. GLOBAL SENSITIVITY ANALYSIS

computing sensitivity indices for a model is the Green’s function method [44]. However, this method

is seldom used as it is computationally very expensive and difficult to implement. A detailed review

of the different deterministic techniques is given in [23].

2.3 Global Sensitivity Analysis

2.3.1 Variance-Based Methods

These methods are based on the way that the variance in the output can be decomposed to the

various variances due to the input factors and their interaction effects. The sensitivity index

for variance-based methods is given as a ratio of the partial variance contributions of the input

parameters of interest to the total variance of the output. A review of some variance-based methods,

such as correlation ratio, Fourier Amplitude Sensitivity Test (FAST) and Sobol’s method will be

presented. The variance-based methods can be computationally expensive, however, as reported

by Saltelli [2], the methods are well established, robust and model-independent. Other advantages

of variance-based methods include their ability to take into account when computing sensitivity

indices the interaction effects amongst the various input parameters and the ability to capture the

full range of variation of each input parameter.

Correlation Ratio

Consider a model given by Eq. (2.15), where the input has a probability distribution function given

by p(x) = p(x1, . . . , xd). Consider the output Y to be a random variable which is dependent on

the random vector X defined by its probability distribution function. The decomposition of the

variance of the output is given by [45] as

V(Y ) = V[E(Y |Xi = xi)] + E[V(Y |Xi = xi)], (2.19)

where the variance and expectation are denoted by V and E respectively. The first term on the

right hand side of Eq. (2.19) is called the Variance Conditional Expectation (VCE) and the second

term is the residual part. The VCE provides a measure of the importance that parameter xi has
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on the output Y . Hence the correlation ratio [45]

V[E(Y |Xi = xi)]
V(Y )

, (2.20)

which describes the ratio of the VCE to the variance of the output is used as a measure of the

sensitivity index. The correlation ratio has a value between 0 and 1, a value close to 0 implies that

the input parameter under consideration is not important, while a value close to 1 implies that it

is very important. For linear models, the correlation coefficients used in regression methods are

equivalent to the correlation ratio. In practice, the correlation ratio can be determined by using

latin hypercube sampling [46], a sampling scheme based on the “Importance Measure” of Hora and

Iman [47] and a numerically robust numerical method [48] that involves the logarithmic scaling of

the variances.

If we partition the input variables into two subsets such that

X = (X1, . . . , Xd) = (Xα,Xβ). (2.21)

We can describe two sensitivity indices for each subset; the first is known as the Main Sensitivity

Index (MSI), which is given by

MSIα =
V [E(Y |Xα)]

V(Y )
=

V(Y )− E[V(Y |Xα)]
V(Y )

, (2.22)

and this is interpreted as “the relative amount of variance of Y that is expected to be removed if

the true value(s) of the variable(s) Xα becomes known” [49]. Hence, this gives a measure of the

contribution of the subset Xα to the variance in the output. The second sensitivity index is known

as the Total Sensitivity Index (TSI), which is given by

TSIα =
E[V(Y |Xβ)]

V(Y )
=

V(Y )− V[E(Y |Xβ)]
V(Y )

, (2.23)

and this is interpreted as “the relative amount of variance of Y that is expected to remain if the true

value of all other variables Xβ becomes known” [49]. Hence, this gives a measure of the contribution

of the subset Xα and all its interaction effects to the variance in the output. In subsequent sections

we will discuss about the Fourier Amplitude Sensitivity Test (FAST) and the Sobol’s method for

determining sensitivity indices. For a single input parameter, the correlation ratio is equivalent to
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the main sensitivity index in the FAST and the Sobol’s method.

Fourier Amplitude Sensitivity Test (FAST)

This is a sensitivity analysis method based on Fourier analysis. Consider a model given by

Eq. (2.15), where the input has a probability distribution function given by p(x) = p(x1, . . . , xd) =

p1(x1) · · · pd(xd), and the domain of the input is given by the unit hypercube [0, 1]d.

As shown in [50, 51] and explained further in [52], it is possible to use a multidimensional Fourier

transform of the model to decompose the variance in the output as a function of their inputs and

interaction effects. However, such an approach will be computationally expensive, hence a one-

dimensional Fourier decomposition is done along a curve defined by a set of parametric equations

that explores the space [0, 1]d. These parametric equations are given by

xi(z) = Gi sin(ωiz), for i = 1, 2, . . . , d, (2.24)

where {ωi} is a set of integer angular frequencies, z is a scalar variable varying within the finite

interval (−π, π) and Gi’s are optimal search curves, which are obtained as a solution of a set of

differential equations [51]

π(1− x2
i )

1/2pi(Gi)
dGi(xi)

dxi
= 1, (2.25)

with boundary conditions Gi(0) = 0. It can be shown [52] that the mean and variance of the

output/response are given by

E(y) =
1
2

Z π

−π
y(z)dz, (2.26)

and

V = V(y) ≈ 2
∞X
ω=1

�
A2
ω +B2

ω

�
, (2.27)

where y(z) = y(G1 sin(ω1z), . . . , Gd sin(ωdz)) and the Fourier coefficients Aω and Bω are given by

Aω =
1
2

Z π

−π
y(z) cos(ωz)dz, (2.28)

Bω =
1
2

Z π

−π
y(z) sin(ωz)dz. (2.29)

16



2.3. GLOBAL SENSITIVITY ANALYSIS

As z varies for a given parameter xi, all parameters change simultaneously along a curve that

systematically explores the space [0, 1]d. The search curve becomes space filling, according to the

ergodic theorem [53] if none of the frequency is obtainable as a linear combination of the others

with integer coefficients [23]. The output variance arising from the uncertainty in the ith input

parameter is denoted by Vi and is obtained by evaluating the coefficients of Aω and Bω for the

fundamental frequencies {ωi} and its higher harmonics jωi for j ∈ N.

Vi = 2
+∞X
j=1

�
A2
jωi +B2

jωi

�
. (2.30)

The sensitivity index of the ith input parameter quantifies the effect that the parameter has on the

output and is denoted by

Si =
Vi
V
. (2.31)

An extension of the FAST Method is known as Extended FAST [52], this method allows for the

determination of the total sensitivity index of a parameter. Whilst the FAST method is relatively

cheaper than the Sobol’s method in computing time [52], it is not sufficient if the sum of the first

order indices (i.e. S1 + S2 + · · ·+ Sd) is much less than 1 [9].

Sobol’s Method

Consider a model given by Eq. (2.15), which is a square integrable function. The input variables

are uncorrelated and uniformly distributed in the d-dimensional hypercube [0, 1]d. The Sobol’s

method [9] involves decomposing the function f(x) into 2d terms of increasing dimensionality:

f(x) = f∅ +
dX
s=1

dX
i1<···<is

fi1···is(xi1 , . . . , xis), where 1 ≤ i1 < · · · < is ≤ d. (2.32)

Eq. (2.32) can be rewritten more explicitly as

f(x) = f∅ +
dX
i=1

fi(xi) +
dX
i=1

dX
j=i+1

fij(xi, xj) + · · ·+ f12···d(x1, . . . , xd), (2.33)
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where

f∅ =
Z
f(x)dx. (2.34)

For Eq. (2.32) to hold, the following properties must hold:

1. The zero means property

Z
fi1,...,is(xi1 , . . . , xis)dxk = 0 for k ∈ i1, . . . , is; (2.35)

2. The orthogonality property

Z
fi1,...,is(xi1 , . . . , xis)fj1,...,jl(xj1 , . . . , xjl)dx = 0 for (i1, . . . , is) 6= (j1, . . . , jl). (2.36)

As shown in [9], by squaring Eq. (2.32) and integrating over the unit hypercube [0, 1]d under

conditions Eqs. (2.35) - (2.36) leads to

Z
f2(x)dx− f2

∅ =
dX
s=1

dX
i1<···<is

Z
f2
i1···is(xi1 , . . . , xis)dxi1 · · · dxis . (2.37)

Let the variance of the function f(x) be denoted by V, and the partial variances denoted by Vi1···is .

They are both given by

V =
Z
f2(x)dx− f2

∅ and Vi1···is =
Z
f2
i1···is(xi1 , · · · , xis)dxi1 · · · dxis .

Hence Eq. (2.37) can be rewritten as

V =
dX
s=1

dX
i1<···<is

Vi1···is . (2.38)

It expresses the variance in the output as summards of increasing dimensionality of the partial

variances, and the sensitivity indices are defined as the ratio of the partial variances to the total

variance, given mathematically as

Si1···is =
Vi1···is

V
. (2.39)
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The formula above is similar to Eq. (2.22) for computing the main sensitivity index. The total

sensitivity index for a subset of the input variables can also be obtained by using the Sobol’s

method as shown in [9], and this is similar to the total sensitivity index given in Eq. (2.23).

2.3.2 Entropy-Based Methods

These methods are based on the theory of information [54]. Consider a model given by Eq. (2.15)

where the output uncertainty of a model is analysed in terms of Shannon’s entropy [55]. The

entropy-based method explained in [18], uses random perturbations of the input variables to create

a randomized output Y with probability density p(y). The probability density is approximated by

a histogram, and the output is thus a discrete random variable with a corresponding entropy given

by

H(Y ) = −
X
y

p(y) ln p(y), (2.40)

with the convention 0 ln 0 = 0 [56]. Two other concepts that will be useful in the explanation of

sensitivity indices are the conditional entropy and the mutual information. The conditional entropy

H(Y |Xi) provides a measure of uncertainty in the output if the input parameters Xi is known, and

can be expressed mathematically as

H(Y |Xi) =
X
x

p(x)H(Y |Xi = x), (2.41)

i.e. the uncertainty in the output Y is averaged over all possible values that the discrete random

input variables Xi can attain. The mutual information I(Xi;Y ) is a quantity that measures the

mutual dependence between the randomized input parameter Xi and the output Y and is expressed

mathematically as

I(Xi;Y ) = H(Y )−H(Y |Xi), (2.42)

and it characterises the influence that Xi exerts on Y . The first order entropy sensitivity index is

given by

Si =
I(Xi;Y )
H(Y )

. (2.43)

The sensitivity indices can also be obtained by using a relative entropy called the Kullback-Leibler
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entropy [57], rather than the Shannon entropy. A comparison of computational sensitivity indices

by the the two entropy types is presented in [56]. The entropy-based methods have the capability

of dealing with correlated input variables. They can also be used to determine the total sensitivity

index of a subset of the input variables as shown in [18].

The entropy-based method provides a more general output variability than the variance-based meth-

ods when the distributions are non-symmetric and multi-modal [58]. However the entropy-based

methods are not well established, requires the construction of conditional probability distributions,

and are computationally very expensive. This makes the entropy-based method difficult to imple-

ment in practice. Moreover, entropy-based methods usually rank several variables around the same

level due to its logarithm nature as reported in [56]. In reactor physics computations [13], groupwise

neutron cross sections are described by only their first two moments, hence they are assumed to

be normally distributed (i.e. unimodal and symmetric), and the variance-based methods provides

a much more efficient way for determining sensitivity indices.

2.4 Application of Sensitivity Analysis to Reactor Physics

The uncertainties in the groupwise cross sections are expressed in terms of their covariance matrices.

Computation of most nuclear reactor parameters are dependent on neutron cross sections. Hence

lots of effort/research has been made over the past several years to improve the cross section files

and their related uncertainty files. The uncertainty in the cross section is often propagated to

the uncertainty in computed reactor parameters. The impact of uncertainty in the cross sections

on reactor core calculations has been studied in [59, 60]. The interested reader is referred to a

comprehensive annotated bibliography about generation and use of cross section covariance matrices

written by Peelle [61].

Several groupwise cross section covariance matrices have been developed over the years, some of

which are

1. ANL covariance matrix [5] which is based on educated guesses,

2. BOLNA covariance matrix [62] which is based on revised covariance data and is the joint

effort of several laboratories,
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3. NEA covariance matrix [13] as a 15-energy group cross section covariance matrix presenting

a general overview of the presently available data.

The most up-to-date covariance library (at the time of writing this literature study) is the SCALE 6

covariance data [63], it has a total of 401 materials in the 44 energy group.

Most applications of sensitivity analysis to reactor physics have used local sensitivity analysis meth-

ods which are often based on perturbation theory [64]. The use of perturbation theory introduces

the concept of adjoint flux, which is sometimes interpreted as an importance measure of the actual

neutron flux. A historical overview of the application of perturbation theory in reactor physics,

from the concept of adjoint flux, to the various developments in the field of perturbation theory is

given in [4]. Using perturbation theory, the variation of any reactor parameter Q due to variations

of groupwise neutron cross sections σj can be expressed according to [4] as

δQ

Q
=
X
j

Sj
δσj
σj

, (2.44)

where σj denotes a particular neutron groupwise cross section type in an energy group for a par-

ticular isotope of an element and Sj denotes the sensitivity indices which are given by

Sj =
∂Q

∂σj

σj
Q
. (2.45)

In some instances the dependence of the reactor parameter under consideration Q, is separated into

those with an explicit dependence on cross sections and those with an implicit dependence on cross

sections. This approach is used in the TSUNAMI1 module of SCALE [65] which is developed at

the Oak Ridge National Laboratory (ORNL). The reason for separating the dependence is because

the cross section covariance matrices are supposed to be self shielded in the same way as cross

sections, but this is rarely done, so the sensitivity indices are modified to include “implicit” effects

which accounts for the impact of resonance self shielding [66]. Most sensitivity analysis calculations

based on perturbation theory use diffusion theory, however, the results obtained can be doubtful,

because of the limitations and approximations introduced in diffusion theory [3]. A method that

uses perturbation theory to compute the sensitivity indices based on the transport theory is given

by Takeda et al. [3]. Some codes that apply perturbation theory in computing sensitivity indices
1TSUNAMI: Tools for Sensitivity and Uncertainty Analysis Methodology Implementation
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of reactor parameters are ERANOS (European Reactor ANalysis Optimized calculational System)

[67], a Japanese Code SAGEP-T [3] and TSUNAMI [65]. The perturbation theory works well when

the uncertainties are relatively small and for large input parameter uncertainties the polynomial

chaos expansion can be used [68]. The polynomial chaos method has recently been successfully

applied to assess the influence of data uncertainty on some parameters of interest (such as reflection

and transmission coefficients) in neutron transport calculations [68]. However, this method is

mathematically cumbersome, and so far works only for non-multiplying neutron systems.

Most applications of sensitivity analysis to reactor physics are based on local methods, the appli-

cation of global sensitivity analysis to reactor physics has been limited. The major obstacles to the

implementation of GSA as stated earlier are (a) the correlation between different input parameters

and (b) the curse of the dimensionality, which is the exponential growth of computation cost with

the number of input parameters. Most of the methods used for implementing global sensitivity

analysis to reactor parameters are variance-based methods. Subsequently, we will present a brief

review of the progress made so far in the scientific community in applying global sensitivity analysis

to reactor physics.

Though not directly related to reactor physics, global sensitivity analysis methods have been used

in environmental models to study the migration of radionuclides [7]. In [8] a variance-based GSA

method which was an extension of the Sobol’s method was developed. The aim was to determine the

sensitivity indices when the input variables are functional such as stochastic processes or random

spatial fields, as opposed to the Sobol’s method that uses input scalar variables. This methodol-

ogy was applied to determine the thermo-mechanical behaviour of fuel rods under irradiation by

computing the fission gas swelling and the cladding creep. The functional inputs considered were

modelled as Gaussian independent random variables and were initial internal pressure, pellet ra-

dius, cladding radius, microstructural grain diameter, fuel porosity and time dependent irradiation

power.

A drawback of most of the variance based methods is the need for all input variables to be inde-

pendent. Jacques et al. [6] developed a variance-based methodology for certain cases when the

input variables of a model are correlated, and this methodology was applied in a study of nuclear

reactor vessel dosimetry by computing the epithermal index for a given reactor. However, this

methodology still needs further development, in particular when the model has many inputs.

22



2.5. HIGHER DIMENSIONAL INTEGRATION METHODS

An on-going project is the OECD-LWR-UAM2 Benchmark [13], the objective of the project as

stated in [13] is “to determine the uncertainty in LWR system calculations at all stages of coupled

reactor physics/thermal hydraulics calculations”. Using the one group neutron transport calculation

available in MCNP[69], Puente-Espel et al. [70] considered only two elements, U-235 and Li-6, and

determined their sensitivity indices for Exercise I-1 of the OECD LWR UAM benchmark. However,

this methodology does not take the correlation between different energy groups of the groupwise

neutron cross sections into account, and considering only two elements/materials fails to adequately

take note of all the elements/materials given for Exercise I-1.

A methodology that utilizes groupwise neutron transport calculations, which is capable of dealing

with correlations in the groupwise neutron cross sections and also capable of considering all the

elements/materials required for the benchmark, would be preferable.

2.5 Higher Dimensional Integration Methods

The implementation of global sensitivity analysis often involves the integration of multidimensional

integrals, where the dimensionality of the problem is dependent on the number of input parameters.

Most computational approaches for evaluating numerical quadratures become computationally ex-

pensive or breakdown when the dimension becomes too high. We will discuss numerical schemes

such as Monte Carlo, quasi-Monte Carlo and sparse grid quadratures that are capable of evaluat-

ing multidimensional integrals and they will be used in the computation of the global sensitivity

indices.

2.5.1 Monte Carlo Integration

Monte Carlo integration is a sampling quadrature that utilizes random numbers to get random

samples, the integral is then taken as an average of sampled random values. In practice the random

numbers used are usually generated deterministically using random number generators. These

random numbers generated are uniformly distributed in the range 0 ≤ x < 1 and are termed

pseudo-random numbers. Some of the desirable properties of a good random number generator can
2OECD: Organization for Economic Co-operation and Development, LWR: Light Water Reactor, UAM: Uncer-

tainty Analysis and Modelling
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be found in [25, 71].

One of the main advantages of Monte Carlo over other integration techniques is that it provides

an efficient way of evaluating integrals of high dimensions, thus helping to deal with the problem

known as the curse of dimensionality. Consider the multi-dimensional integral given by

I =
Z 1

0
dx1

Z 1

0
dx2 · · ·

Z 1

0
dxdf(x1, x2, . . . , xd) ≡

Z
[0,1]d

f(x)dx , (2.46)

where x = (x1, x2, . . . , xd) and [0, 1]d is the unit hypercube. The strong law of large numbers [72]

guarantees that for large N that

lim
N→∞

1
N

NX
i=1

f(xi) = E [f(x)] , (2.47)

hence an estimate for the integral can be given by

I ≈ 1
N

NX
i=1

f(xi) = E [f(x)] . (2.48)

The formula above is valid for sufficiently large N , and it follows from the Central Limit Theorem

that the distribution of I is almost normal, and the uncertainty associated with the quadrature is

given in terms of the variance, and is expressed as

VI ≈
1
N

Vf =
1
N

E
�
[f(x)− E [f(x)]]2

�
=

1
N

�
E
�
f2(x)

�
− [E [f(x)]]2

�
(2.49)

=
1
N

24 1
N

NX
1=1

f2(xi)−
"

1
N

NX
i=1

f(xi)

#2
35 . (2.50)

From Eq. (2.49), we see that the uncertainty in the estimate of the integral, characterised by the

standard deviation
√

VI , decreases as N−
1
2 , which implies that to halve the uncertainty, four times

as many samples are required.

The slow N−
1
2 convergence rate of the Monte Carlo method has led to different techniques to

increase the accuracy for a given number of sample points. These techniques are known as reduction

of variance. A summary of some important variance reduction techniques can be found in [72, 73].

A technique that is also used to improve the convergence rate to better than N−
1
2 is to use so-

called quasi-random numbers instead of pseudo-random numbers in evaluation of the integral in
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Eq. (2.46).

2.5.2 Quasi-Monte Carlo Integration

Quasi-Monte Carlo integration is very similar to the ordinary Monte Carlo Integration. The dif-

ference is, that instead of using pseudo-random numbers, quasi-random numbers are used. Quasi-

random numbers are low discrepancy sequence of points that are designed deterministically to cover

the hypercube as uniformly as possible by maximally avoiding each other to reduce gaps and the

clustering of points [74]. There exist different kinds of quasi-random sequences such as Van der

Corput, Halton, Faure, Sobol’, Niederreiter, etc. An explanation and summary of these sequences

can be found in [75, 76].

The convergence of the integral Eq. (2.46) using quasi-random numbers is given by (lnN)d/N

which is almost as fast as 1/N . The main difficulty encountered when practically implementing

quasi-Monte Carlo is that there is no straightforward method for estimating the accuracy achieved

from the sampled values [77]. Most often randomization procedures are used as a basis for error

estimation in quasi-Monte Carlo methods (see Subsection 4.1.1). Whilst both Monte Carlo and

quasi-Monte Carlo integration techniques are robust and are not affected by the smoothness of

the function being integrated, they have a relatively slow convergence rate. If the function to be

integrated is continuous, smooth and differentiable, then an interpolatory quadrature such as sparse

grids which exploits the smoothness of the function to increase the convergence rate can be used,

to make a much more accurate estimate of the integral.

2.5.3 Sparse Grid

Consider a continuous and differentiable smooth function, for instance f(x1, x2), then an interpola-

tory quadrature known as sparse grids that approximates f(x1, x2) as a sum of monomials (powers

of {x1, x2}) can be used to estimate the integral of the function. The sparse grid method is based

on a combination of univariate quadrature rules that allow multidimensional integrals to be approx-

imated with less function evaluations than the tensor product rule. For a q point d-dimensional

product rule, the number of abscissas points required for evaluation increases exponentially with

the dimension d and is given by qd. However, the asymptotic accuracy of the product rule is deter-
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2.5. HIGHER DIMENSIONAL INTEGRATION METHODS

mined by the highest total degree for which we can guarantee that all monomials will be integrated

exactly [78].

The total degree of a monomial is the sum of all its exponents. As an example, consider an

approximation to a two-dimensional function by using a product rule on the basis of two second-

order polynomials {1, x1, x
2
1} ⊗ {1, x2, x

2
2} = {1, x1, x2, x1x2, x

2
1, x

2
2, x

2
1x2, x1x

2
2, x

2
1x

2
2}. The mono-

mials of total degree 2 are {x1x2, x
2
1, x

2
2}, similarly the monomials of total degree 3 are given by

{x3
1, x

2
1x2, x1x

2
2, x

3
2}, and lastly the monomials of total degree 4 are given by {x4

1, x
3
1x2, x

2
1x

2
2, x1x

3
2, x

4
2}.

The monomials underlined are not contained in the set {1, x1, x2, x1x2, x
2
1, x

2
2, x

2
1x2, x1x

2
2, x

2
1x

2
2},

hence we cannot guarantee that monomials with a total degree of 3 or 4 will be integrated ex-

actly. The asymptotic accuracy of the product rule is determined by all the monomials with a total

degree of 2 or less, since 2 is the highest total degree for which we can guarantee that all mono-

mials will be integrated exactly. Hence, when considering product rules, some monomials (such as

{x2
1x2, x1x

2
2, x

2
1x

2
2} in this case) do not help to increase the asymptotic accuracy of the product grid

and hence can be discarded without a loss of accuracy. In higher dimensions, the number of these

unnecessary monomials increases rapidly which makes the product rule inefficient.

It is possible to get the same asymptotic accuracy of a product rule using a different rule that

requires fewer points of the order of the relevant monomials. Smolyak [79] combined low order

univariate product grids to yield “sparse grids” which is a small subset of points in the product grid

and has the same asymptotic accuracy as a product grid. A more detailed mathematical discussion

on the use of sparse grids to approximate multi-dimensional integrals is given in Appendix A.

As stated in [80] under certain smoothness conditions, piecewise linear interpolation in d-dimensional

space on a sparse grid withN nodes, will have an order of interpolation error equal toO(N−2(logN)(3d−1))

[81, 82], which is more efficient than using a full product grid where the error is of the order O(N−
2
d ).

Illustrative pictures showing sample points in two-dimensions for Monte Carlo, quasi-Monte Carlo

and sparse grids are shown in Fig. 2.1. One can observe the clustering and gaps of the Monte Carlo

sample points in Fig. 2.1a), the quasi-Monte Carlo sample points used in Fig. 2.1b) are much more

uniform, with less gaps and clustering and Fig. 2.1c) illustrates sparse grid points which is a subset

of a full product grid.
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2.5. HIGHER DIMENSIONAL INTEGRATION METHODS

Figure 2.1: Illustrative picture of sample points in two-dimension used for (a) Monte Carlo (b)
quasi-Monte Carlo and (c) sparse grid.
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Chapter 3

Mathematical Formulation of

Proposed GSA Methodology

Consider a problem in which some important reactor parameters, such as the neutron multipli-

cation factors, the decay heat, etc., depend on groupwise neutron cross-sections. We will use Y

to denote the reactor parameter of interest and Xi (i = 1, 2, . . . , d) to denote the cross-sections.

The dependence of the parameter of interest on cross-sections can be written as a model similar to

Eq. (2.15)

Y = f (X1, X2, . . . , Xd) , (3.1)

where Xi are called inputs and Y is called the response or output of the model. The response of

the model given in Eq. (3.1) is generally non-linear and is often calculated numerically in practice.

Subsequent sections in this chapter introduce the underlying mathematical basis for the proposed

GSA methodology.
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3.1. FUNCTIONAL ANOVA DECOMPOSITION FOR INDEPENDENT RANDOM
VARIABLES

3.1 Functional ANOVA Decomposition for Independent Random

Variables

Let p(x1, x2, . . . , xd) be a joint probability distribution function of d random variables Xi:

P (x) = Prob (X1 ≤ x1, . . . , Xd ≤ xd) =
Z x1

−∞
· · ·
Z xd

−∞
p (x1, x2, . . . , xd) dx1 · · · dxd. (3.2)

Let f : Rd → R be a square integrable function over x = (x1, . . . , xd). The expected value and

variance of the function f (x) with respect to the probability density function p(x) are defined as

E [f (x)] =
Z

Rd
f (x) p (x) dx, and V [f (x)] =

Z
Rd

�
f (x)− E [f (x)]2

�
p (x) dx. (3.3)

The functional ANOVA decomposition is a representation of the function f(x), as a sum of terms

of increasing dimensionality as given by Eq. (2.32 - 2.33)

f (x) =
X
u

fu (xu) = f∅ +
X
i

fi (xi) +
X
i<j

fij (xi, xj) + · · ·+ f12···d (x1, x2, . . . , xd) , (3.4)

where the sum is assumed over 2d subsets u ⊆ {1, 2, . . . , d} and fu(xu) is a function that depends

on x only through xi with i ∈ u. Here Xu is a subset of variables whose indices are in u, whereas

X−u are the variables with indices not in u and |u| is the cardinality of the set u.

According to Sobol’s definition, for the representation given by Eq. (3.4) to be a functional ANOVA

decompositition it has to satisfy the so-called zero means and orthogonality properties [9, 83]. Let

random variables Xi (i = 1, 2, . . . , d) be mutually independent with a joint probability density

function p(x) = p1 (x1) p2 (x2) · · · pd (xd). Using an analogy with the case of uniformly distributed

input variables [9], one can demonstrate that the functional ANOVA can be constructed by applying

the following recurrent formula

fu (xu) =
Z

Rd−|u|

 
f (x)−

X
v⊂u

fv (xv)

!
p (x−u) dx−u. (3.5)
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VARIABLES

The constant mean term, f∅, is thus obtained by calculating

f∅ =
Z

Rd
f(x)p (x) dx, (3.6)

first order effects fi (xi) (i = 1, 2, . . . , d) are obtained from

fi (xi) =
Z

R(d−1)
(f (x)− f∅) [p (x) /p (xi)] dx/dxi (3.7)

and so on. For functions fu (xu) obtained with recurrence Eq. (3.5), the zero means property

becomes

E [fu (xu)] =
Z

R|u|
fu (xu) p (xu) dxu =

Z
Rd
fu (xu) p (x) dx = 0. (3.8)

The orthogonality property holds in the weighted form

Z
Rd
fu(xu)fv(xv)p(x)dx = 0, for u 6= v. (3.9)

Eqs. (3.8 - 3.9) are crucial for the functional ANOVA method, because they lead to the variance

decomposition formula

V [f (x)] =
X

u⊆{1,2,··· ,d}
V [fu(xu)] . (3.10)

Let us assume that the function f (x) allows order-wise decomposition over subsets of variables as

shown in Eq. (3.4). Applying the variance operator Eq. (3.3) to the left-hand side and right-hand

side of Eq. (3.4), and using a standard statistical formula we can write

V [f(x)] = V

�X
u

fu(xu)
�

=
X
u

V [fu(xu)] + 2
X
u,v 6=u

Cov [fu (xu) , fv (xv)] . (3.11)

By definition,

Cov [fu (xu) , fv (xv)] =
Z

Rd
(fu (xu)− E [fu (xu)]) (fv (xv)− E [fv (xv)]) p(x)dx (3.12)

and it can be observed from Eq. (3.12) that Eqs. (3.8 - 3.9) lead to the zero-covariance condi-

tion Cov [fu (xu) , fv (xv)] = 0 for u 6= v, and hence to the variance decomposition in the form

of Eq. (3.10).
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3.2. GLOBAL SENSITIVITY ANALYSIS

3.2 Global Sensitivity Analysis

The variance-based global sensitivity analysis method used in this study aims to quantify the

relative importance of each input parameter in the response variance. It involves the calculation of

the global sensitivity indices sometimes called Sobol’s sensitivity indices [9, 83, 84].

In order to describe the global sensitivity indices let us introduce the following notations: D ≡

{1, 2, · · · , d} will be used for the set of input variable indices and u for an arbitrary subset of D.

Hence, Xu is a subset of variables whose indices are in u, whereas X−u are the complimentary

variables, i.e. variables with indices not in u. Notation |u| will be used for the cardinality of

the set u. Variables Xi from non-overlapping sets u and −u constitute the input vector, i.e.

X = (Xu,X−u)T .

Sobol’ [9, 83] introduced an alternative way of calculating sensitivity indices by sampling directly

from f (x), i.e. without passing through the ANOVA decomposition. Sobol’s alternative formulae

are valid for uniformly distributed, independent random variables. Consider a subset Xu of input

variables, where u ⊂ D, the Sobol’s method can be generalized for continuous independent random

variables with an arbitrary probability density function p (x) = p (x1) · · · p (xd) as

f∅ =
Z

Rd
f (x) p (x) dx, (3.13)

V =
Z

Rd
f2 (x) p (x) dx− f2

∅, (3.14)

VXu =
Z

R2d−|u|
f (x) f(xu,x′−u)p (x) p

�
x′−u

�
dx dx′−u − f2

∅, (3.15)

Vtot
Xu

=
1
2

Z
Rd+|u|

�
f (x)− f(x′u,x−u)

�2
p (x) p

�
x′u
�

dx dx′u. (3.16)

Here the prime symbol over a variable (e.g. as in x′u) means that this variable has to be sampled

independently from the corresponding marginal distribution (p (x′u) in this case) of its unprimed

analogue. Using the results from Eqs. (3.13 - 3.16), the global sensitivity indices can be calculated

as ratios

Stot
Xu

=
Vtot

Xu

V
and SXu =

VXu

V
, (3.17)

31



3.2. GLOBAL SENSITIVITY ANALYSIS

where SXu is the main sensitivity index of subset Xu, which gives a measure of the contribution

of only subset Xu to the variance in the output. Stot
Xu

is the total sensitivity index of subset Xu,

which gives a measure of the contribution of subset Xu and all its interaction effects to the variance

in the output. It should be noted that f∅ and V correspond to the output mean and the output

variance.

The independence condition for input variables can be relaxed. As discussed in [6], it is not

necessary that all variables are mutually independent (this result holds when assuming independent

blocks of input variables Xα instead of single independent input variables Xi). Thus, if subsets of

variables from Xu and X−u are mutually independent, i.e. p (x) = p (xu) p (x−u), the sensitivity

analysis formulas Eqs. (3.15 - 3.16) are still applicable. Moreover, as one can see from Eq. (3.14), the

formula for the output variance does not explicitly involve any particular subset of input variables.

As a result, the variance of the output V can be calculated with the method presented here even

in the case when all input variables are correlated. Since the variance is used to characterise the

uncertainty in the output due to the uncertainty of the input, this methodology can be used for

uncertainty analysis disregarding whether normally distributed inputs are correlated or not.

As follows from the above description, the evaluation of sensitivity indices requires the calculation

of the integrals in Eqs. (3.13 - 3.16), which can be written in the following general form

Ideff
[g] =

Z
Rdeff

g (x̃) p(x̃)dx̃, (3.18)

where Ideff
[·] is the integration operator, g (x̃) represents a function being integrated, deff = dim (x̃)

is the effective dimensionality of the integral and p(x̃) is the joint probability density function of x̃.

For instance, in integral Eq. (3.15) function g (x̃) represents
�
f (x) f(xu,x′−u)− f2

∅
�
, x̃ = (x,x′−u) =

(xu,x−u,x′−u), p(x̃) = p (x) p
�
x′−u

�
and the effective dimensionality is deff = 2d− |u|.

32



3.3. BLOCK-CORRELATED RANDOM VARIABLES

3.3 Block-Correlated Random Variables

From Section 2.1.4, we observe that if variables Xα and Xβ are independent, then Σαβ = Σβα = 0

and the covariance matrix Σ becomes a block diagonal matrix

Σ =

�
Σαα 0

0 Σββ

�
= diag (Σαα,Σββ) = Σαα ⊕Σββ , (3.19)

where Σαα⊕Σββ denotes the direct sum of matrices Σαα and Σββ . The same property holds for an

arbitrary partitioning X = (X1,X2, . . . ,XΓ) of input variables to Γ mutually independent subsets

Σ = diag (Σ11,Σ22, . . . ,ΣΓΓ) =
ΓM
α=1

Σαα. (3.20)

The inverse of a block diagonal matrix is another block diagonal matrix, composed of the inverse of

each block Σ−1 = diag
�
Σ−1

11 ,Σ
−1
22 , . . . ,Σ

−1
ΓΓ

�
. Taking into account that for block matrices det (Σ) =QΓ

α=1 det (Σαα), one can write the expression for the joint probability density function defined in

Eq. (2.14) in a form that reflects the block-independence of variables as

p(x) =
ΓY
α=1

p (xα) =
ΓY
α=1

1

(2π)
dα
2 det (Σαα)

1
2

exp
�
−1

2
(xα −µµµα)T Σ−1

αα (xα −µµµα)
�
, (3.21)

where p (xα) is the joint probability density function of a subset α and dα = dim (xα) is the number

of variables in Xα.

3.4 Standard Normal Law Representation

The block-wise representation Eq. (3.21), of the joint probability density function Eq. (2.14) allows

one to exploit the independence of different subsets of variables, however it gives no information

about the practical way of a sensitivity index calculation. It is convenient to rewrite the expres-

sion in the so-called standard form in order to simplify future numerical evaluations of the global

sensitivity indices.

Since covariance matrices are both symmetric and positive definite, for each Σαα there is a non-

singular matrix Pα such that Σαα = PαPT
α (Cholesky factorization). Consider the transformation
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3.4. STANDARD NORMAL LAW REPRESENTATION

z = P−1 (x−µµµ) , where P−1 = diag
�
P−1

1 ,P−1
2 , . . . ,P−1

Γ

�
. For any α it leads to

(xα −µµµα)T Σ−1
αα (xα −µµµα) = zTαzα, (3.22)

and one can show that E [zα] = 0, Cov
�
zα, zTα

�
= Iα, where Iα = diag (1, 1, . . . , 1) is the dα × dα

identity matrix.

Taking into account the fact that E [xα] = µµµα one obtains

E [zα] = E
�
P−1
α (xα −µµµα)

�
= P−1

α E [(xα −µµµα)] = 0,

therefore

Cov
�
zα, zTα

�
= E

�
zαzTα

�
− E [zα] E

�
zTα
�

= E
�
zαzTα

�
= P−1

α E
�
(xα −µµµα) (xα −µµµα)T

� �
P−1
α

�T
= P−1

α Σαα

�
P−1
α

�T
= P−1

α PαPT
α

�
P−1
α

�T
= Iα.

Since
PΓ
α=1 zTαzα = zT z, the joint probability density function can be written in the so-called

standard form

p(z) =
1

(2π)
d
2

exp
�
−1

2
zT z

�
=

1

(2π)
d
2

exp

 
−1

2

dX
i=1

z2
i

!
, (3.23)

where p(x)dx = p(z)dz. New standard random variables Zi (i = 1, 2, . . . , d) have no physical

meaning, they are uncorrelated with zero means and unit variances, i.e. Zi ∼ N(0, 1).

The representation of Eq. (3.23) can now be used for the calculation of sensitivity indices, variables

Zi can be sampled individually from N(0, 1) and the corresponding x-points can be calculated as

x(z) = µµµ+ Pz. (3.24)

Nevertheless, in order to simplify the sampling procedure, to allow the use of a single calculational

path and to make a wider range of numerical integration techniques suitable for solving the problem,

we do one more transformation from the normally distributed variables to the uniformly distributed

ones.
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3.4. STANDARD NORMAL LAW REPRESENTATION

For this, consider the following coordinate-wise change of variable from zi ∈ R to si ∈ (0, 1):

si (zi) = Φ (zi) , (3.25)

where Φ (·) is the cumulative distribution function for the normal distribution. From the properties

of Φ (·), it follows that: limzi→−∞ si (zi) = 0, limzi→+∞ si (zi) = 1 and

dsi =
1√
2π

exp
�
−1

2
z2
i

�
dzi. (3.26)

Applying this transformation coordinate-wise (i.e. for i = 1, 2, . . . , d), Eqs. (3.13 - 3.16) can be

rewritten in terms of variables s as

f∅ =
Z

(0,1)d
f (x[z(s)]) ds, (3.27)

V =
Z

(0,1)d
f2 (x[z(s)]) ds− f2

∅, (3.28)

VXu =
Z

(0,1)2d−|u|
f (x[z(s)]) f(xu[zu(su)],x′−u[z′−u(s′−u)])ds ds′−u − f2

∅, (3.29)

Vtot
Xu

=
1
2

Z
(0,1)d+|u|

�
f (x[z(s)])− f(x′u[z′u(s′u)],x−u[z−u(s−u)])

�2
ds ds′u. (3.30)

The representation of integrals in Eqs. (3.27 - 3.30) can be rewritten in a simpler and more general

form similar to Eq. (3.18) as

Ideff
[g] =

Z
(0,1)deff

h (s̃) ds̃, (3.31)

where h (s̃) = g (x̃ [z̃ (s̃)]). It should be noted that zi (si) = Φ−1 (si) for i = 1, 2, . . . , deff and

Φ−1 (·) is the inverse cumulative distribution function for the normal distribution, called the probit

function.
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Chapter 4

Implementation of Numerical Method

and Results

4.1 Numerical Implementation

The integral in Eq. (3.31) can be approximated with a quadrature (sometimes called cubature in

literature), that can be writen in the following general form

Ideff
[g (s̃)] ≈ QNdeff

[h (s̃)] =
NX
n=1

wnh (s̃n) , (4.1)

where wn are method-dependent quadrature weights, h (s̃n) are samples of the integrand at method-

dependent nodes s̃n ∈ (0, 1)deff and N is the number of samples.

The integral in Eq. (3.31) is multidimensional and, therefore, special numerical techniques, that

can cope with the curse of dimension are required to calculate it. Monte-Carlo, quasi-Monte Carlo

and sparse grid integration methods are suitable for this task and will be considered in this study.

4.1.1 Monte Carlo and Quasi-Monte Carlo Quadratures

In the case of the Monte Carlo method the integral is sampled on a set of deff -dimensional pseudo-

random points s̃n, uniformly distributed in the unit hypercube (0, 1)deff . In the case of quasi-Monte
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Carlo, so-called low discrepancy sequences of quasi-random points (also uniformly distributed in

(0, 1)deff ) are used for integration. For both Monte Carlo and quasi-Monte Carlo, the weights wn

are point-independent and equal, i.e. wn = 1/N . The quasi-Monte Carlo quadratures have a

higher asymptotic convergence rate and often outperform the Monte Carlo quadrature in practical

applications [85].

There is a strong similarity between Monte Carlo and quasi-Monte Carlo quadratures except for

the type of sampling points (pseudo-random or quasi-random) and the way of error estimation.

The error estimation will be done in the same way for both quadratures (see the discussion below).

In this work we follow Sobol’s recommendations [9] on the implementation of Monte Carlo and

quasi-Monte Carlo quadratures for the calculation of sensitivity indices. In particular, sampling

is done from hypercube (0, 1)2d instead of (0, 1)deff and, in order to improve the accuracy in the

estimation of variances from Eqs. (3.13 - 3.16), the function f (x)− c0 is evaluated instead of f (x),

where c0 ≈ f∅.

The usual method in Monte Carlo of estimating the integration error by using the sample variance,

is not applicable for quasi-Monte Carlo. This is because the sample points are deterministic and

hence correlated. Our estimation of the accuracy of the Monte Carlo and quasi-Monte Carlo

quadratures in this study is based on a so-called randomization procedure [77]. This procedure

consists of calculating R independent estimates, ÎNr , of the integral in Eq. (3.31) by making R− 1

random and uniformly distributed replications of the initial sequence.

Each new sequence of points is obtained from the initial one by a random modulo 1 shift. Let ã be a

sequence of pseudo or quasi-random points, we can create a randomized version of ã corresponding

to s̃, where the replications of the initial sequence ã is given by

s̃r = (ã + ũr) mod 1 for r = 1, 2, . . . , R− 1. (4.2)

ũr are independently distributed uniform random vectors and each replication s̃r, retains any special

property the initial sequence ã may have had.
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The approximation to integral (3.31) is then calculated as an average of independent estimates, i.e.

ÎN =
1
R

RX
r=1

ÎNr , (4.3)

and the error of such an approximation is characterized by the sample standard deviation, defined

as

ε̂RN =

Ì
1

R (R− 1)

RX
r=1

�
ÎNr − ÎN

�2
. (4.4)

4.1.2 Sparse Grid Quadratures

A sparse grid H`,deff
is a set of deff -dimensional points, which is generated using the Smolyak

construction [79] and is based on a chosen sequence of the univariate quadrature formulas Ql, where

l ≥ 0 is the accuracy level of Ql (see Appendix A for details). When applied to the integration

of multivariate functions, the Smolyak construction is a multidimensional quadrature Q`,deff
based

on a tensor product of one-dimensional quadratures Ql, which are combined in a special way in

order to optimize the quadrature convergence rate [86, 87]. The sequence of univariate quadrature

formulae Ql leads to a sequence of sparse grid quadratures with an increasing sparse grid accuracy

level ` ≥ 0.

Q`,deff
[h (s̃)] is a linear functional that depends on h (s̃) through function values at the set H`,deff

and

the number of terms N in Eq. (4.1) is defined by its cardinality. The sparse grid points s̃n ∈ H`,deff

and the quadrature weights wn can be calculated using the procedure described in Appendix A.

If H`,deff
⊂ H`+1,deff

the quadrature is called nested. Nested quadratures permit the use of function

values from previous levels, thus making integration less computationally expensive. Quadrature

rules are said to be open when they do not include points on the boundary and closed otherwise.

Points on the boundary (i.e. si = 0 or si = 1 for i = 1, 2, . . . , deff) represent a problem for the

numerical integration in Eq. (3.31), as a transformation si → zi will lead to infinities in these

points. Hence, only nested and strictly open sparse grid quadratures will be used in this work.

The sequence of sparse grid quadratures naturally leads to a formula for a practical estimation of

the integration error

ε̂` = |Q`, deff
[h (s̃)]−Q`−1, deff

[h (s̃)]| , (4.5)
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although this estimation is usually quite conservative.

Note that sparse grids are often defined on the hypercube s∗ ∈ [−1, 1]deff . In this case they can easily

be mapped to the unit hypercube [0, 1]deff using the transformation of variables si = (s∗i + 1)/2.

When this mapping is performed, all sparse grid quadrature weights wn have to be adjusted by a

factor of 2deff .

4.1.3 Inversion of the Standard Normal Cumulative Density Function

According to the methodology discussed in Section 3.4, each sample vector s̃n, generated with either

Monte Carlo, quasi-Monte Carlo or sparse grid techniques, requires transformation to the corre-

sponding z̃n-vector. The traditional way to generate normally distributed points in conventional

Monte Carlo, is to sample from the uniform distribution and then to use the so-called Box-Muller

transformation [88]. Unfortunately it is not recommended [75] for use with quasi-Monte Carlo

and is not suitable for use with sparse grids. An alternative way is to sample from the uniform

distribution and then to use the inverse of the standard normal cumulative density function. It

is recommended to use Moro’s inversion algorithm [89], which is reported to be faster than the

Box-Muller approach and has good accuracy for both the central region and the tails of the nor-

mal distribution [75]. In our work, Moro’s algorithm is used for variable transformation s̃n → z̃n

(n = 1, 2, . . . , N) coordinate-wise (i.e. for each si,n, where i = 1, 2, . . . , deff) for Monte Carlo,

quasi-Monte Carlo and sparse grid samples.

4.1.4 Algorithm for Calculation of Global Sensitivity Indices

An algorithm was written to illustrate all the steps in the calulational path used to compute global

sensitivity indices based on Monte Carlo, quasi-Monte Carlo and sparse grid quadratures. Note

that this algorithm is given for the sake of illustration and do not contain details about possible

memory management or performance enhancements.

1. Inputs required for the computation of global sensitivity indices.

µµµ1,µµµ2, . . . ,µµµΓ - partitioned mean vectors.

Σ11,Σ22, . . . ,ΣΓΓ - corresponding covariance matrices.

39



4.1. NUMERICAL IMPLEMENTATION

Level max - maximum level to be used by sparse grids.

N - number of MC and qMC samples to be used.

R - used for the randomization procedure in MC and qMC.

2. Create a mean vector µµµ for the problem by combining the partitioned mean vectors

µµµ = (µµµ1,µµµ2, . . . ,µµµΓ), where cardinality of µµµ is d.

3. Perform Cholesky decomposition for each corresponding covariance matrix in step 1.

Σαα = PαP∗α for α = 1 to Γ.

4. Take the direct sum of all the corresponding Cholesky decomposed matrices in step 3 to define

the Cholesky decomposed matrix for the problem given by P, i.e.:

P =
LΓ

α=1 Pα.

5. Sample 2d vector,

(s1, . . . , sd, sd+1, . . . , s2d),

define vectors s and s′ as

s = (s1, . . . , sd) and s′ = (sd+1, . . . , s2d) = (s′1, . . . , s
′
d).

Note that both s and s′ ∈ [0, 1)d.

• For Monte Carlo

Generate 2d pseudo-random vector.

• For quasi-Monte Carlo

Generate 2d quasi-random vector.

• For sparse grids

For preferred rule and specific level ` generate sequence of 2d points for sparse grids.

6. Use Moro’s inversion to convert s and s′ to normally distributed vectors,

z = Φ−1(s) and z′ = Φ−1(s′).

7. Define random vectors X and X′,

X = µµµ+ Pz and X′ = µµµ+ Pz′.
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8. Define subset of variables of interest Xu , (i.e. cross sections of interest)

X = (Xu,X−u)T and X′ = (X′u,X′−u)T ,

where X−u are the complimentary variables.

9. Substitute X and X′ in Eqs. (3.27 - 3.30).

10. Compute the main and total sensitivity indices with the aid of Eq. (3.17).

For Monte Carlo and quasi-Monte Carlo

11. Repeat steps 5 to 10, N − 1 times.

12. Get estimates for f∅,V, SXu and Stot
Xu

each estimate ÎNr was obtained as an average of N sampled values

ÎNr = 1
N

PN
i=1 Îi,r .

13. Repeat steps 5 to 12, R− 1 times, where each new sequence of points (s and s′) are obtained

from the initial one by a random modulo 1 shift.

The average values of f∅,V, SXu and Stot
Xu

along with their quadrature error is determined.

The average value ÎN is given by ÎN = 1
R

PR
r=1 Î

N
r and the associated quadrature error is

given by Eq. (4.4).

For Sparse grids

14. For level ` = 1 to Level max, repeat steps 5 to 10,

evaluate f∅,V, SXu and Stot
Xu

and get the associated quadrature error given by Eq. (4.5).

4.2 Results

A Fortran program was written to implement all the steps of the methodology outlined in Chapter 3.

The program was subdivided into blocks of code, where each block had an input to be evaluated to

give an expected output, and corresponded to step(s) along the calculational path of the methodol-

ogy. The testing, verification and validation of the program was done for each block of code using

test functions, for which the corresponding results could be evaluated analytically. Several test

functions were used and an analysis of the accuracy, convergence and stability of the results were
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performed. In subsequent subsections we will present an example of such a test function, and an

application of the methodology presented in Chapter 3 to nuclear reactor calculations. In imple-

menting Monte Carlo, pseudo-random points were generated using the Fortran intrinsic subroutine

random number() and a Sobol’ quasi-random number generator written by John Burkardt [90] was

used for implementing quasi-Monte Carlo. The Sobol’ quasi-random sequence was chosen because

of its superior convergence when compared to other low discrepancy sequences as reported in [91].

Furthermore, a randomization procedure Eq. (4.4) was used in estimating the integration error,

ε̂RN , for both Monte-Carlo and quasi-Monte Carlo quadratures. The implementation of sparse grid

quadratures was greatly facilitated by subroutines written by John Burkardt [90]. Different open

sparse grid quadrature rules such as Fejer [92], Gauss-Patterson and Gauss-Legendre rules [93]

were applied (note that closed rules were also tested and, as expected, numerical problems for the

boundary points were encountered). Furthermore, a conservative procedure defined by Eq. (4.5)

was used in estimating the integration error ε̂` for the sparse grid quadrature.

4.2.1 Example

This subsection intends to use an example to illustrate the accuracy of the sensitivity indices

results obtained by the Fortran program. This was part of the verification procedure of the Fortran

program written for this mini-dissertation. A simple test function f : R4 → R defined as

f (x) = x1
2 + x1x3

4 + x2
3x4

2 + x1x2x4, (4.6)

for which the sensitivity indices of interest can be evaluated with the aid of a commercial software

package such as MathematicaR© was chosen. The input vector x = (x1 x2 x3 x4)T is normally

distributed, with the expectation and covariance matrix given by µµµ and Σ respectively, where

µµµ =

266666664
5.11

10.24

7.35

14.38

377777775 and Σ =

266666664
3.20 1.72 0.00 0.00

1.72 2.48 0.00 0.00

0.00 0.00 5.61 2.32

0.00 0.00 2.32 8.40

377777775 . (4.7)

From Eq. (4.7), we can observe that the input vector has been partitioned into two independent
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subsets.

Let u = {x1, x2} be the subset of input variables of interest, the partitioned vector corresponding to

this subset is given by Xu = (x1 x2)T . Using Eqs. (3.13 - 3.17) the main and total sensitivity index

of Xu were obtained with the aid of MathematicaR©, and these are considered to be the reference

results, which are reported in Table 4.1. The reference sensitivity indices results are compared to

those evaluated numerically with the Fortran program, which are reported in Tables 4.2 and 4.3,

and the relative absolute error denoted by RAE is used as a basis for the comparison of the results.

The relative absolute error in this context is defined mathematically as

RAE =
|computed value− reference value|

|reference value|
× 100 [%], (4.8)

where the computed value is the sensitivity index obtained from the Fortran program and the

reference value is the sensitivity index obtained from MathematicaR©.

Table 4.1: Reference results for sensitivity indices obtained with the aid of MathematicaR©.

SXu Stot
Xu

MathematicaR© 4.9308× 10−1 5.7113× 10−1

Table 4.2: Monte Carlo and quasi-Monte Carlo sensitivity indices results for R = 100 and N = 106.

SXu RAE of
SXu(%)

Stot
Xu

RAE of
Stot
Xu

(%)

Monte Carlo 4.9317× 10−1 1.8× 10−2 5.7143× 10−1 5.3× 10−2

Quasi-Monte Carlo 4.9309× 10−1 2.0× 10−3 5.7114× 10−1 1.8× 10−3

Ideally the number of decimal places or significant figures that a result is to be reported is deter-

mined by its uncertainty, however in Tables 4.1 - 4.3 the results for sensitivity indices were reported

to 5 decimal places in scientific notation. This is because at least 5 decimal places were needed

to show the difference between results of sensitivity indices computed by different methods. The
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Table 4.3: Sparse grids sensitivity indices results for level ` = 4.

Sampling
points

SXu RAE of
SXu(%)

Stot
Xu

RAE of
Stot
Xu

(%)

Fejer-Type 1 6401 4.9455× 10−1 3.0× 10−1 5.6637× 10−1 8.3× 10−1

Fejer-Type 2 6401 4.9416× 10−1 2.2× 10−1 5.7030× 10−1 1.5× 10−1

Gauss-Patterson 6401 4.9333× 10−1 5.1× 10−2 5.7075× 10−1 6.6× 10−2

Gauss-Legendre 9377 4.9372× 10−1 1.3× 10−1 5.7070× 10−1 7.5× 10−2

results for the relative absolute error were reported to 2 significant figures in scientific notation.

From Tables 4.2 and 4.3, one can observe that the results of sensitivity indices obtained from the

Fortran program are in good agreement with those obtained from MathematicaR© in Table 4.1, and

the relative absolute error for all the sensitivity indices computed in Tables 4.2 and 4.3 is below 1%.

It should be noted that the accuracy of the computed sensitivity indices can be improved further

by increasing the number of samples for Monte Carlo and quasi-Monte Carlo, or by increasing the

level for sparse grids.

4.2.2 Application to Nuclear Reactor Calculations

The methodology presented in Chapter 3 was applied to nuclear reactor calculations. The reactor

parameter of interest is the infinite neutron multiplication factor, k∞, and the influence of the 2-

group cross-sections uncertainty on the uncertainty in k∞ is studied with the aid of global sensitivity

analysis. To illustrate the methodology, two cases were considered: one with a diagonal covariance

matrix and another one with a block-diagonal covariance matrix.

In the first case (hereafter referred to as Case A), assembly homogenized 2-group data for the

Peach Bottom boiling water reactor, as given in Table 4.4, with an energy boundary of 0.625 eV

was used [94]. The neutron cross-sections in Case A were assumed to be independent and normally

distributed, and their mean values (given in the third column of Table 4.4,) correspond to the

vector µµµ used in the methodology. The percentage relative standard deviations (fourth column

of Table 4.4) correspond to the square root of the variances, which are the diagonal terms of the
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neutron cross-section covariance matrix. Note, that the terms D1 and D2 from Table 4.4 describe

leakage, and are not needed when computing the infinite neutron multiplication factor, hence they

are not used in this study. Taking the above mentioned conditions into account, the 2-group infinite

neutron multiplication factor was modelled as [95]

k∞ =
νΣ1

f

Σ1
c + Σ1

f + Σ1→2
s

+
νΣ2

fΣ1→2
s�

Σ2
c + Σ2

f

� �
Σ1
c + Σ1

f + Σ1→2
s

� , (4.9)

where the traditional notation for macroscopic cross-sections, as given in Table 4.4, were used.

Table 4.4: Assembly homogenized 2-group data [94].

Variable Abbreviation Value % Std dev

Fast capture, cm−1 Σ1
c 5.336× 10−3 1.208

Thermal capture, cm−1 Σ2
c 2.693 × 10−2 0.543

Fast fission, cm−1 Σ1
f 1.9124 × 10−3 0.681

Thermal fission, cm−1 Σ2
f 2.8438 × 10−2 0.323

Fast neutron production, cm−1 νΣ1
f 4.920 × 10−3 0.977

Thermal neutron production, cm−1 νΣ2
f 6.929 × 10−2 0.448

Fast diffusion coefficient, cm D1 5.9530 × 10−1 0.885

Thermal diffusion coefficient, cm D2 2.2140 × 10−1 0.139

Fast removal, cm−1 Σ1→2
s 2.063 × 10−2 1.114

In the second case (hereafter referred to as Case B), we assumed a test block-diagonal covariance

matrix. A test matrix is artificially constructed based on the 2-group covariance matrix from

[94] in such a way that the input variables can be partitioned into three mutually independent

subsets {Σ1
c ,Σ

2
c ,Σ

1
f ,Σ

2
f}, {νΣ1

f , νΣ2
f} and {Σ1→2

s }. The partitioned vectors corresponding to this

subsets are given respectively by Xu = (Σ1
c Σ2

c Σ1
f Σ2

f )T , Xu = (νΣ1
f νΣ2

f )T and Xu = (Σ1→2
s )

The block correlated covariance matrix is given in Table 4.5, where the diagonal terms are the
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percentage relative standard deviation and the off-diagonal terms are the correlation coefficients.

It should be noted that the elements of the first subset correspond to those terms that contribute

to the absorption cross-section. The elements of the second subset correspond to those terms that

contribute to the production of neutrons, and the last subset corresponds to the removal of neutrons

from the fast group to the thermal group. The mean values of the cross-sections are the same as

in the previous case, i.e. as given in the third column of Table 4.4.

Table 4.5: Test covariance matrix.

Σ1
c Σ2

c Σ1
f Σ2

f νΣ1
f νΣ2

f Σ1→2
s

Σ1
c 1.21 0.23 -0.63 -0.04 0 0 0

Σ2
c 0.23 0.54 -0.09 -0.48 0 0 0

Σ1
f -0.63 -0.09 0.68 0.11 0 0 0

Σ2
f -0.04 -0.48 0.11 0.32 0 0 0

νΣ1
f 0 0 0 0 0.98 0.12 0

νΣ2
f 0 0 0 0 0.12 0.45 0

Σ1→2
s 0 0 0 0 0 0 1.11

It should be emphasised that neither example considered pretends to reflect physical reality, but

both the cross-section values and the elements of the test covariance matrix are of a realistic

order of magnitude (close to the values given in [94]), hence this example is representative and

suitable for the testing of the method. The results and conclusions will therefore be given in order

to characterise the method presented and not the neutron multiplication properties of the Peach

Bottom BWR.

Different open sparse grid quadratures were applied to both cases, however the Gauss-Legendre

quadrature outperformed the other rules in terms of computational time needed to achieve a given

accuracy for the cases considered, and its results will be reported up to a sparse grid level of ` = 4.

The implementation of Monte Carlo and quasi-Monte Carlo quadrature were done by considering

R = 100 independent sequences and N = 106 samples in each sequence.
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Variations were introduced into the neutron cross-sections by using a standardizing transformation

as explained in Eq. (3.24), i.e. x(z) = µµµ + Pz, where P is the Cholesky decomposed neutron

cross-section covariance matrix, and z is obtained by using Moro’s inversion of samples required by

each of the implemented quadratures. Finally, in order to improve the accuracy of the Monte Carlo

estimation of integral Eq. (3.31), a variance reduction technique [9], which consists of sampling

function f(x)− c0 instead of f(x) in Eqs. (3.13 - 3.16), where c0 ≈ f∅ was used.

The computed sensitivity indices for each of the variables in Case A are given in Table 4.6, and

the computed sensitivity indices for each subset in Case B are given in Table 4.7. The computed

values of the sensitivity indices reported on in Tables 4.6 and 4.7 are multiplied by a factor 100

in order to improve readability (we do not use % in reporting the sensitivity indices, in order to

avoid confusion with the relative quadrature error that will be given in % and is reported on in

other tables).

Table 4.6: Sensitivity indices for Case A (independent input variables).

Monte Carlo
N = 106, R = 102

Quasi-Monte Carlo
N = 106, R = 102

Sparse Grid
` = 4, N = 56785

Xu 102 × SXu 102 × Stot
Xu

102 × SXu 102 × Stot
Xu

102 × SXu 102 × Stot
Xu

Σ1
c 17.66 17.66 17.66 17.66 17.66 17.66

Σ2
c 16.24 16.26 16.26 16.26 16.26 16.26

Σ1
f 0.71 0.72 0.72 0.72 0.72 0.72

Σ2
f 6.40 6.41 6.41 6.41 6.41 6.41

νΣ1
f 8.07 8.08 8.08 8.08 8.08 8.08

νΣ2
f 46.76 46.78 46.77 46.77 46.77 46.77

Σ1→2
s 4.09 4.10 4.10 4.10 4.10 4.10

Considering the results of Case A, reported on in Table 4.6, the input variable with the greatest

influence on the infinite neutron multiplication factor is the thermal neutron production (νΣ2
f ), and

the input variable with the least influence is the fast neutron fission (Σ1
f ). This is similar to what
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we anticipated, given the fact that the infinite neutron multiplication factor is highly dependent

on the number of neutrons produced in the system. Since the system being considered is thermal,

the thermal neutron production should account for most of the neutrons produced, and the effect

of fast neutron fission was not expected to be significant.

Table 4.7: Sensitivity indices for Case B (block diagonal).

Monte Carlo
N = 106, R = 102

Quasi-Monte Carlo
N = 106, R = 102

Sparse Grid
` = 4, N = 56785

Xu 102 × SXu 102 × Stot
Xu

102 × SXu 102 × Stot
Xu

102 × SXu 102 × Stot
Xu�

Σ1
c Σ2

c Σ1
f Σ2

f

�T
34.53 34.53 34.53 34.53 34.53 34.53�

νΣ1
f νΣ2

f

�T
61.24 61.26 61.25 61.25 61.25 61.25�

Σ1→2
s

�
4.20 4.22 4.22 4.22 4.21 4.21

The results for Case B are reported on in Table 4.7, and the subset {νΣ1
f , νΣ2

f}, which corresponds

to the neutron production, had the greatest influence on the infinite neutron multiplication factor.

The subset {Σ1→2
s }, which corresponds to the fast neutron removal, was the least influential. It

should be noted that the value of the sensitivity index for {Σ1→2
s } is different in Tables 4.6 and 4.7.

This is because the off-diagonal terms of the covariance matrix influences the results for {Σ1→2
s } in

Table 4.7. In other words, due to the off-diagonal terms in the correlation matrix, Cases A and B

define different problems.

The results of the sensitivity indices for cases A and B, in Tables 4.6 and 4.7, were obtained by using

a high number of samples with all three numerical quadratures, and these results are taken as the

reference. There seems to be very good agreement of the computed sensitivity indices between all

three quadratures. The accuracy obtained for the reference results is much better than the accuracy

needed to draw practical conclusions concerning the contribution of different uncertainties. By this

we mean, that the accuracy of the sensitivity index estimation has to be, at least, sufficient to

discriminate between the contribution of different inputs, and should also be able to discriminate

between Stot
Xu

and SXu for a given input Xu. Therefore, an error estimation study was done, in

order to determine the influence of the number of samples on the absolute and relative quadrature
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error of the computed sensitivity indices, where the relative quadrature error is given by

δ̂ =
ε̂(RN/`)

�
S

(tot)
Xu

�
S

(tot)
Xu

× 100 [%]. (4.10)

This study will help in approximating the number of samples that is needed to get a good estimation

of the sensitivity indices with the different numerical methods. For Monte Carlo and quasi-Monte

Carlo methods, three different sample sizes were considered, N = 102, N = 104 and N = 106. In

all the cases the number of independent sequences R was taken as 102. For the sparse grid, levels

` = 1 to ` = 4 were considered.

It was observed in both cases that the results obtained for Stot
Xu

and SXu are statistically similar

for all the subsets of the input variables, for all three the numerical methods that were used. This

implies that the interaction effects can be neglected. It was also observed that the integration error

for Stot
Xu

was smaller than for SXu in all the cases, hence from now on, we will only consider Stot
Xu

.

When considering Case A, it was observed that increasing N by a factor of 102, resulted in a reduc-

tion of the integration error by a factor of approximately 10 for all the computed total sensitivity

indices when using Monte Carlo. The results for quasi-Monte Carlo showed that increasing N from

102 to 104, and subsequently from 104 to 106, resulted in a decrease of the integration error by a

factor of about 30 and 40 respectively for all the computed total sensitivity indices. For the sparse

grid, a level change from ` = 2 to ` = 3, and from ` = 3 to ` = 4 both resulted in a decrease of the

integration error by a factor of about 3. The maximum absolute and relative errors for the total

sensitivity indices computed with different quadratures are reported on in Tables 4.8 to 4.11. These

maximum absolute errors are obtained by taking the maximal absolute error of all the sensitivity

indices for a given case, a given number of samples and a given quadrature. The maximum relative

error is obtained in the same way.

As one can see from Tables 4.8 and 4.10, a relatively small number of samples (100 × 100) in the

case of Monte Carlo gave fairly good accuracy (about 2%) in the estimation of the total sensitivity

indices. It should be noted that levels ` = 0 and ` = 1 for the sparse grid were not considered

in the error estimation. This is because for level ` = 0, the abscissa consists of only one point,

and the variance is zero, hence the total sensitivity index will be undefined. For the same reason

the application of Eq. (4.5) cannot give reasonable results for level ` = 1. However, looking at
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Tables 4.9 and 4.11, it can be seen that the maximal difference (i.e. before multiplication by a

factor 100) between the results obtained for levels ` = 1 and ` = 2 is smaller than 2 × 10−5, and

the maximum relative quadrature error obtained when moving from level ` = 1 to ` = 2 is smaller

than 3.8× 10−2%. Hence this shows that for both cases, level ` = 1 which contains only 29 points,

is sufficient to estimate the total sensitivity indices with a very good accuracy.

Table 4.8: Maximum error of Monte Carlo and quasi-Monte Carlo quadratures in Case A.

Number Monte Carlo Quasi-Monte Carlo

of Samples 102 × ε̂RN δ̂ (%) 102 × ε̂RN δ̂ (%)

N = 102, R = 102 9.0× 10−1 2.2 7.4× 10−1 1.6

N = 104, R = 102 8.0× 10−2 1.9× 10−1 2.7× 10−2 5.8× 10−2

N = 106, R = 102 7.8× 10−3 2.0× 10−2 6.8× 10−4 1.8× 10−3

Table 4.9: Maximum error for the sparse grid quadrature in Case A.

` N 102 × ε̂` δ̂ (%)

1 29 N/A N/A

2 477 2.0× 10−3 3.8× 10−2

3 5769 6.4× 10−4 1.3× 10−2

4 56785 2.0× 10−4 4.1× 10−3

The relatively small number of sparse grid points needed for an accurate estimation of the sensitivity

indices as well as the absence of interactions between input variables (as discussed above) was

unexpected. This result can potentially be explained in the following way: the uncertainty in cross-

sections is so small that only the vicinity of the cross-section mean values contribute to the integrals

used in the estimation of sensitivity indices. In this vicinity the infinite neutron multiplication

factor, which is used as the example, can be approximated with a fairy linear function.
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Table 4.10: Maximum error of Monte Carlo and quasi-Monte Carlo quadratures in Case B.

Number Monte Carlo Quasi-Monte Carlo

of Samples 102 × ε̂RN δ̂ (%) 102 × ε̂RN δ̂ (%)

N = 102, R = 102 1.2 2.1 9.8× 10−1 1.6

N = 104, R = 102 1.1× 10−1 1.9× 10−1 3.5× 10−2 5.8× 10−2

N = 106, R = 102 9.1× 10−3 2.0× 10−2 1.2× 10−3 1.9× 10−3

Table 4.11: Maximum error for the sparse grid quadrature in Case B.

` N 102 × ε̂` δ̂ (%)

1 29 N/A N/A

2 477 1.3× 10−3 3.0× 10−2

3 5769 4.3 × 10−4 1.0 × 10−2

4 56785 1.4 × 10−4 3.6 × 10−3

A small theoretical study was done to clarify this aspect. The standard deviations given in Table 4.4

were initially multiplied by arbitrary factors between 1 and 10 and, in the second phase, by arbitrary

factors between 1 and 20, and the sensitivity indices were recalculated. These factors were chosen

to make the effect of a wider distribution more prominent without introducing a significant non-

physical effect due to negative cross-section values at the left tail of the distributions. It was

observed that as the values of the standard deviations increase, interaction effects can be observed,

i.e. Stot
Xu

becomes statistically different from SXu . Furthermore, a larger number of points (higher

levels) is needed to achieve the same accuracy as in the reference case. These results may be used

to confirm our assumption on the nature of the good performance of the sparse grid quadrature.

Nevertheless, a proper theoretical study is necessary to confirm our conclusion. The result of this

theoretical study may have important practical implications in implementing the global sensitivity

analysis in reactor calculations.
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Chapter 5

Conclusion

A modified variance-based global sensitivity analysis technique that allows one to deal with input

variables that are block-wise correlated and normally distributed, is presented. The focus of this

study was the application of the modified technique to calculations of reactor parameters that are

dependent on groupwise neutron cross-sections. It was assumed that the cross-sections are normally

distributed random variables with known means and covariance matrices. The theoretical and

mathematical aspects of the calculation of the global sensitivity indices under the above assumptions

have been discussed. The problem of practical numerical calculations of the variance-based global

sensitivity indices was addressed, namely different options for numerical integration were considered.

A consistent overall path for the calculation of sensitivity indices was proposed and described.

A Fortran program was written to implement all the steps of the modified technique. The Fortran

program has the capability to be coupled to any model code that a scientist/engineer is interested

in, and can, in addition to performing sensitivity analysis, be used for model design optimization,

uncertainty estimation in model parameters, as well as for the determination of target accuracy

requirements. An example to demonstrate the accuracy of the sensitivity analysis results produced

by the Fortran program was also presented. The modified technique was successfully implemented in

practice and was tested on a problem that involved two-group assembly homogenised cross-sections

as input variables. The performance of different numerical integration techniques was tested on

a reactor problem with arbitrary, but realistic two-group cross-sections and covariance matrices.

Different implementations gave consistent results for the test problem under consideration. The
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implementation based on sparse grid quadrature demonstrated the best accuracy with as low as a

few dozen samples.

This good performance of sparse grid integration was not expected and a special mini-study was

performed with the purpose of explaining its origin as well as the absence of interactions in the

obtained sensitivity indices. The results of this study confirmed our hypothesis that the observed

results can be explained by the very small cross-section uncertainty. Nevertheless, this conclusion

still has to be supported by a theoretical explanation.

From a methodological point of view, the method presented in the paper is applicable to problems

with an arbitrary number of input variables. Nevertheless, one has to be cautious when dealing with

multivariate problems in order to escape the curse of dimensionality. In this work the applicability

of our method to a few-group problem was demonstrated.

This is an ongoing research, and the next phase of this research will involve the application of

the methodology to multigroup reactor problems by coupling the Fortran program to a general

neutron transport solver such as SCALE. The coupling to an advanced program such as SCALE

would require lots of testing, verification and validation, which would not be possible to complete

within the time-frame required for a Master’s mini-dissertation.

A specific potential beneficiary of this study will be the OSCAR code system, developed by the

Radiation and Reactor Theory group of the South African Nuclear Energy Corporation (Necsa).

Necsa is the operator of South African’s research reactor SAFARI-1, and is presently the largest

producer of medical isotopes. The OSCAR code system is a cutting edge reactor neutronic calcula-

tional system used for research reactor modelling, in particular material test reactors. The Fortran

program has the potential of being incorporated as a sensitivity analysis module in the OSCAR

code system.

The most important results relating to this mini-dissertation has been reported in:

1. P.M. Bokov and B.A. Adetula. Block-wise Global Sensitivity/Uncertainty Analysis Depend-

ing on Multi-Group Neutron Cross-Sections. Technical Report RRT-OSCAR-REP-10001,

Necsa, South Africa, March 2010.

2. P.M. Bokov and B.A. Adetula. An Algorithm for Global Sensitivity Analysis Applicable to
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Exercise I-1. In Uncertainty Analysis and Modelling (UAM-4) Workshop, Pisa, Italy, 14 – 16

April 2010.

3. B.A. Adetula and P.M. Bokov. Efficiency of Different Numerical Techniques for Evaluating

Global Sensitivity Indices when Input Variables are Correlated and Normally Distributed. In

SAIP Annual Conference, CSIR, Pretoria, South Africa, 27 September – 1 October 2010.

4. B.A. Adetula and P.M. Bokov. Method for Calculation of Global Sensitivity Indices for Few-

Group Cross-Section Dependent Problems. In International Conference on Mathematics and

Computational Methods Applied to Nuclear Science and Engineering, Rio de Janeiro, Brazil,

8 – 12 May 2011.
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Appendix A

Approximation of Multidimensional

Integrals with Sparse Grid

Quadratures

Let ϕ : Ω → R be a continuous function of its arguments (x1, . . . , xd), with bounded mixed

derivatives of order r: 




∂‖k‖1ϕ (x1, . . . , xd)

∂xk1
1 · · · ∂x

kd
d







∞
<∞, ki ≤ r, (A.1)

where d is the dimensionality of the problem, ‖k‖1 = k1 + · · ·+ kd, Ω = Ω1 × · · · ×Ωd, and Ωi ⊂ R

(i = 1, 2, . . . , d) are bounded or unbounded intervals. We consider an approximation to the integral

I [ϕ (x)] =
Z

Ω
ϕ (x) % (x) dx, (A.2)

where x = (x1, . . . , xd), and the weight function is expressed in tensor product form % (x) =

%1 (x1) · · · %d (xd).

In order to construct a multidimensional sparse grid quadrature, let us first consider a sequence of

univariate quadrature formulas

Qli [ψ (xi)] =
mliX
j=1

wlijiψ
�
xliji

�
, (A.3)
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which approximate one-dimensional integrals

Z
Ωi
ψ (xi) %i (xi) dxi, i = 1, 2, . . . , d. (A.4)

Here ψ : Ωi → R is a continuous function of its argument, xi, li ∈ Z is the accuracy level of the

quadrature formula where li ≥ 0, mli is the number of abscissas (knots) xliji of the quadrature and

wliji is the corresponding weight. The index li is written explicitly over abscissas and weights, in

order to remind one that they may change for different levels. Hli =
¦
xliji : 1 ≤ ji ≤ mli

©
will be

used to denote the set of knots of the one-dimensional quadrature formula.

In the sparse grid method the integral Eq. (A.2) is approximated via the Smolyak formula [79, 86],

defined for an accuracy level ` ∈ Z (` ≥ 0) of the sparse grid as follows:

Q`,d [ϕ (x)] =
X

`−d+1≤‖l‖1≤`
(−1)`−‖l‖1

�
d− 1
`− ‖l‖1

� dO
i=1

Qli [ϕ (x)] , (A.5)

where ‖l‖1 =
Pd
i=1 li and the multi-index l = (l1, l2, . . . , ld) ∈ Zd contains the accuracy level of the

one-dimensional quadrature Eq. (A.3) for each dimension. The tensor product
N

in Eq. (A.5) can

be calculated as
dO
i=1

Qli [ϕ (x)] =
ml1X
j1=1

· · ·
mldX
jd=1

ϕ
�
xl1j1 , . . . , x

ld
jd

� dY
i=1

wliji , (A.6)

where the tensor product of quadrature weights wliji is replaced with the ordinary product, since

they are real numbers. As one can see from the structure of Eqs. (A.5) and (A.6), quadrature

Q`,d [ϕ (x)] is a linear functional that depends on ϕ through function values at a finite set of points.

This set of point is called a “sparse grid” and is denoted by H`,d. A sparse grid is defined as the

union

H`,d =
[

`−d+1≤‖l‖1≤`
(Hl1 × · · · ×Hld) . (A.7)

For nested one-dimensional sets (Hli ⊂ Hli+1) the corresponding sparse grids are also nested

H`,d ⊂ H`+1,d and can be simplified, yielding

H`,d =
[
‖l‖1=`

(Hl1 × · · · ×Hld) . (A.8)
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The integral Eq. (A.2) can now be approximated by the sum:

Q`,d [ϕ (x)] =
X

xl
j
∈H`,d

wl
jϕ
�
xl

j

�
, (A.9)

where multidimensional knots xl
j =

�
xl1j1 , x

l2
j2
, . . . , xldjd

�
can be constructed based on Eqs. (A.7) and

(A.8). The formulae for the quadrature weights wl
j in Eq. (A.9) can be obtained in an analytical

form only in a few particular cases; in all the other cases, weights can be either precalculated or

calculated online using Eqs. (A.5) and (A.6).
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