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Abstract

It is well-known that the standard methods for constructing bootstrap confidence bounds
or intervals are in many situations not sufficiently accurate, that is, coverage probabilities
converge to the nominal level at unsatisfactory rates. We propose a new method, based on
sample splitting, for constructing higher-order accurate bootstrap confidence bounds for a
parameter appearing in the regular smooth function model introduced by Bhattacharya and
Ghosh (1978).

It has been demonstrated by Hall (1986, 1988, 1992) that the well-known percentile-t
bootstrap confidence bound typically incurs a coverage error of order O(n~1), with n being
the sample size. Our version of the percentile-¢ bound reduces this coverage error to order
O(n~%2) and in some cases to O(n"2). Furthermore, whereas the standard percentile bounds
typically incur coverage error of O(n~V2), the new percentile bounds have reduced error of
O(n~1). We show that equal-tailed confidence intervals with coverage error at most O(n2)
may be obtained from the newly proposed bounds, as opposed to the typical error O(n~1) of
the standard intervals.

In the case where the parameter of interest is the population mean we derive, for each
confidence bound, the exact coefficient of the leading term in an asymptotic expansion of
the coverage error, although similar results may be obtained for other parameters such as
the variance, the correlation coefficient, and the ratio of two means. We also derive similar
results for the case where the slope parameter in a linear regression model is of interest,
showing that the good properties of the new percentile-t method carry over to regression
problems.

Results of independent interest are derived, such as a generalisation of a delta method
by Cramér (1946) and Hurt (1976), as well as an expression for an Edgeworth polynomial
arising in the linear regression setup.

The study is concluded with a modest simulation study, which illustrates the behaviour

of the new confidence bounds for small to moderate sample sizes.

Keywords: Bootstrap; confidence bounds; sample splitting; coverage error; smooth function

model; Edgeworth polynomials; Cornish-Fisher; delta method; regression.
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Uittreksel

Ofskoon daar in die literatuur talle skoenlusmetodes bestaan wat gebruik kan word om
vertrouensgrense te konstrueer, is die akkuraatheid van die standaard metodes in sommige
gevalle ontoereikend. Dit wil sé, die oordekkingswaarskynlikhede van hierdie grense kon-
vergeer na die voorgeskrewe oordekkingswaarskynlikheid teen onbevredigende tempo’s. In
hierdie proefskrif stel ons 'n nuwe metode voor wat aangewend kan word om meer akkurate
vertrouensgrense te verkry vir 'n parameter wat in die gladdefunksie-model van Bhattacha-
rya en Ghosh (1978) voorkom. Die nuwe metode berus deels daarop dat die steekproef in
twee onderling uitsluitende versamelings verdeel word.

Hall (1986, 1988, 1992) toon aan dat die welbekende persentiel-t-vertrouensgrens ti-
pies tot 'n oordekkingsfout van orde O(n™!) lei, waar n die steekproefgrootte aandui. Ons
weergawe van die persentiel-t-grens verminder hierdie oordekkingsfout na O(n"32) en in
sommige gevalle na O(n~2). Verder, terwyl die standaard persentiel-grense tipies lei tot 'n
oordekkingsfout van O(n~12), lewer die nuwe persentiel-grense 'n verminderde fout van
O(n~1). Ons toon aan dat gelykkantige vertrouensintervalle met n oordekkingsfout van
hoogstens O(n~2) uit die nuwe vertrouensgrense verkry kan word, in teenstelling met die
tipiese fout van O(n~1) van die standaard intervalle.

In die geval waar die populasiegemiddelde van belang is, verkry ons vir elke nuwe ver-
trouensgrens die presiese koéffisiént van die leidende term in 'n asimptotiese ontwikkeling
van die oordekkingsfout. Aangesien ons resultate in die algemeen onder die gladdefunksie-
model geld, kan soortgelyke resultate vir ander parameters soos die variansie, die korrela-
siekoéffisiént en die kwosiént van twee gemiddeldes afgelei word. Ons lei ook soortgelyke
uitdrukkings af vir die geval waar die helling in 'n lineére regressiemodel beraam moet
word en toon sodoende aan dat die goeie eienskappe van die nuwe persentiel-f-grens oordra
na regressieprobleme.

Daarbenewens vekry ons nuwe resultate van algemene belang in die statistiese litera-
tuur, soos 'n veralgemening van 'n delta-metode van Cramér (1946) en Hurt (1976), asook
’n uitdrukking vir 'n Edgeworth-polinoom wat in 'n regressie-opset voorkom.

Die proefskrif sluit af met 'n simulasiestudie wat die gedrag van die nuwe vertrouens-

grense vir klein tot matige steekproewe illustreer.

Sleutelwoorde: Skoenlusmetode; vertrouensgrense; steekproefopdeling; oordekkingsfout;

gladdefunksie-model; Edgeworth-polinome; Cornish-Fisher; delta-metode; regressie.
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Chapter 1

Introduction

1.1 Overview

Over the past 37 years the bootstrap has been established as a powerful tool in many
problems of statistical inference, including error estimation, bias correction, density esti-
mation, hypothesis testing, prediction, and model selection, to name a few. However, the
construction of confidence intervals in particular, as well as their performance in different
situations, has enjoyed much attention in the statistical literature. Carpenter and Bithell
(2000) even remarked that “since the early 1980s, a bewildering array of methods for con-
structing bootstrap confidence intervals have been proposed.”

Despite this it has been shown that, in some situations, the existing methods yield confi-
dence bounds (or intervals) which are not sufficiently accurate, that is, coverage probabili-
ties converge to the nominal level at unsatisfactory rates. In particular, Shao and Tu (1995,
p- 155) make the following remark: “In view of the existing empirical results showing that
second-order accurate confidence sets are sometimes still not accurate enough, one might
ask whether we can obtain a confidence set with an even higher order of accuracy. The ans-
wer is affirmative if one has the resources for more intensive computations.” Shao and Tu
refer specifically to techniques such as bootstrap iteration and bootstrap calibration, which
will be discussed briefly in Chapter 2. In this study we show, however, that it is possible to
obtain higher-order accurate confidence bounds (and intervals) without having to deal with
the computational demands of the above-mentioned methods. This is achieved by carefully
splitting the sample into two disjoint parts, using the one part to calculate the point estima-
tor for the parameter of interest and using the other part to approximate the appropriate
quantile of the distribution of the standardised/Studentised point estimator. The latter ap-
proximation employs the m / n bootstrap, where the choice of the resample size m is crucial
to achieve the improved levels of accuracy.

To assess the asymptotic coverage probability of each new confidence bound, we make use
of the methodology established by Hall (1988, 1992), which involves finding an asymptotic
series expansion in n~ 2 (where n is the sample size) of the coverage probability by means

of Edgeworth and Cornish-Fisher expansions. These expansions are then used to establish



(i) whether the coverage probability converges to the nominal level (i.e., whether the bound
is consistent) and (ii) the rate of this convergence. The results are then used to compare the
asymptotic behaviour of the new bounds to that of the existing bounds, the latter results
being readily available in the literature.

Specific applications of the new confidence bounds will be of interest, particularly the two
cases where the parameter of interest is the population mean and the slope parameter in a
simple linear regression model. For these examples asymptotic results have been obtained
by Hall (1992), among others. In this study we derive similar results for the new confidence
bounds, which require results of independent interest. In particular, we obtain a genera-
lised form of the delta method and derive an expression for a polynomial appearing in an
Edgeworth expansion of the distribution of the Studentised estimator for slope in a simple
linear regression model.

The study is concluded with a Monte Carlo study to compare the finite sample behaviour

of the new confidence bounds to that of existing bootstrap confidence bounds.

1.2 Objectives

The main objectives of this study can be summarised as follows:

¢ Provide a comprehensive overview of the current literature on existing methods for

constructing bootstrap confidence bounds and intervals.

¢ Review the smooth function model introduced by Bhattacharya and Ghosh (1978)
and its connection with Edgeworth and Cornish-Fisher expansions of asymptotically

pivotal statistics.

¢ Derive certain Edgeworth polynomials not available in the existing literature, which

are required for some of the asymptotic theory in this study.

* Propose two new percentile-type methods and two new percentile-¢-type methods for

constructing bootstrap confidence bounds.

¢ Assess the consistency and accuracy of the newly proposed confidence bounds by de-
riving the asymptotic converge probability of each new bound by means of Edgeworth

and Cornish-Fisher expansions.

* Apply these asymptotic results to the case where the parameter of interest is the

population mean.

¢ Demonstrate that the good properties of the new bounds carry over to simple linear

regression problems where the slope parameter is of interest.

* Assess the finite-sample performance of the new confidence bounds by means of a
Monte Carlo study.



1.3 Outline

A review of traditional methods for constructing bootstrap confidence bounds and intervals
is given in Chapter 2, along with some more refined methods.

Chapter 3 is devoted to describe the regular smooth function model, which forms the
basis of our asymptotic assessment of the new confidence bounds. In this chapter we also
show how expressions for Edgeworth and Cornish-Fisher expansions can be obtained and
derive a new result that does not appear in the existing literature.

Two new percentile-type confidence bounds are proposed in Chapter 4 and two new
percentile-z-type confidence bounds in Chapter 5. For each new bound, an expression for
the asymptotic coverage probability is derived. A concise summary of all these results is
given in Chapter 6.

In Chapter 7, for illustrative purposes, we apply the new methods to the case where
the parameter of interest is the population mean and, for each new method, derive the
exact coefficient of the leading term in an asymptotic expansion of coverage probability.
This chapter also contains a useful and interesting generalisation of the well known delta
method.

Chapter 8 demonstrates how the good properties of the new percentile-¢ bound carry over
to regression problems, where the slope parameter is of interest. Similar asymptotic results
are derived in this chapter.

The main part of the thesis is concluded in Chapter 9 with a limited Monte Carlo study,
which illustrates the behaviour of the new confidence bounds for small to moderate sample
sizes.

Supporting theoretical results required in the main text are stated and derived in the

appendices appearing after Chapter 9.

1.4 Frequently used notation
For easy reference we provide the following list of notation occurring throughout the text.
e RY is the set of all d-dimensional real numbers; R := R!.

e N ={1,2,...}, the set of natural numbers, and Ny = {0,1,2,...}, the set of nonnegative

integers.
* aAb:=min(a,b) and a v b := max(a,b) for any a,b € R.
e x;,i=1,2,...,d, denotes the ith element of x € R?, i.e.,
X =(X1,%2,...,%4).

We say that x is a d-vector.



||- || denotes the Euclidean norm of a vector. That is, if x € [Rd, then

_[2. .2, . ..2
Il = /23 + a2+ 402

* For any x € R, |x] denotes the largest integer less than or equal to x and [x] denotes

the smallest integer greater than or equal to x.

) = A=e "2 and D) = [ pw)du for xR,

A and 2 denote convergence in distribution and in probability, respectively.

To avoid ambiguity, we explicitly define the asymptotic notation O(-), o(-), O,(-) and 0,(-),
which will be used throughout to describe error terms in asymptotic expressions. For a very
informative review of related asymptotic notation, the reader is referred to Janson (2009),
from where the following definitions have been adapted. In these definitions, {a,} and {6,}
are two non-random sequences of real numbers, with a, > 0 for all n. Throughout the text

the limit is n — oo unless stated otherwise.

Definition 1.1. We say that b,, = O(a,) as n — oo if there exist constants C and ng such
that a,,|b,| < C for all n > ny, that is,

65|

b,=0(a,) < limsup e

n—oo Qp

Definition 1.2. We say that b, = o(a,) as n — oo if for every € > 0 there exists and integer
n, such that a;llbnl <¢for all n = n,, that is,

b
b, =o0a,) < lim —==0.
n—oo an,

Definition 1.3. Let {X,} be any sequence of random variables. We say that X,, = O,(a,)
as n — oo if for every € > 0 there exist a constant C. and an integer n. such that
P(a,l1X,|>C,) <e for all n > n,, that is,

X
X, =0p(a,) < lim limsupP(| nl >C):O.

C—oc0 n—oo an

Definition 1.4. Let {X,,} be any sequence of random variables. We say that X, = o0,(a,) as

n — oo if for every € > 0 there exists an integer n, such that P(a,,}|X,| > ¢) <& for all n > n,.



Chapter 2
Bootstrap confidence bounds

The bootstrap is an automated, computerised resampling technique that, since its intro-
duction by Bradley Efron in the 1970s, has proved to be successful in many problems of
inference too complex to address adequately by means of traditional analytical methods. In
fact, apart from being straightforward to implement, in many situations the bootstrap has
been shown to produce results that are superior to results obtained by traditional methods,
especially when the sample size is small or when underlying model assumptions cannot be
verified. Efron and Tibshirani (1993, p. 45) state that “The bootstrap [...] enjoys the advan-
tage of being completely automatic. [It] requires no theoretical calculations, and is available
no matter how mathematically complicated the estimator may be.”

Throughout this chapter we are concerned solely with the construction of confidence
bounds from a random sample. After introducing some notation, we revisit the well-known
pivotal method for constructing confidence bounds and intervals. We also define some me-
asures to gauge the asymptotic performance of confidence bounds. The existing, standard
confidence bounds are reviewed in Sections 2.4 and 2.5, with some improved methods dis-
cussed in Sections 2.6 and 2.7. In Section 2.8 we describe how bootstrap iteration may be
used to improve the accuracy of confidence bounds and intervals. We end the chapter by
discussing an interesting study by Cheung and Lee (2005) in which the authors investigate

the asymptotic performance of m/n bootstrap confidence bounds in a nonregular case.

2.1 Notation

Let &, = {X1,Xo,...,X,} denote a random sample from an unknown d-variate distribu-
tion function F. The objective is to construct a 100(1 — a)% upper confidence bound for
a parameter 6 = 0(F), where 6(-) is some known functional. The plug-in estimator for
6 is given by 8, = 6(F,), where F,(x) = n—lz;;ll(xi <x). Let &} = X],X],...,X}} be
a random sample from F, and define the bootstrap version of 6 by @:‘L = 0(F), where
Frx)=n"1y" I(XF<x).

Denote the asymptotic standard error of n'29, by o and let &, be an estimator for o.



Define the standardised and Studentised forms of 8, by

V29 _p 12 —p
g, =" 00 g .= 00 @.1)
g On

respectively. Let {5 and ng denote the theoretical f-level quantiles of S, and T}, i.e.,
P(Sn Sfﬁ) =P(Tn 577/3) =ﬁ.

In order to present the bootstrap methods, we require some additional notation. As be-
fore, denote the standardised and Studentised forms of 8¢ by S* and T respectively, that

is,

1/2 é\* _é\ 1/2 é\* _é\
S;::n (An n) and T;::w,
On g,

where G} is the same function of & as G, is of &,,. Define E g and 7)g such that
P'(S, <&) =P (T, <7p) = B, 2.2)

ie., Eﬁ and 7)s denote the f-level quantiles of the bootstrap distributions of S; and T,

respectively. Note that the quantile &  can also be rewritten in an explicit form. Let

-~

<t|Fp),

where P” is short-hand notation for the conditional law of 2 given Z;,. We have from (2.2)
that

1/2 é\* _é\ N o N o R
p=P (" (a" ")sfﬁ):P (0 <00 +n25,85) = G (00 + 7258
n
that is,
G1(B) =0, +n"25,&5. (2.3)

Consequently we can express the quantile 25 as

$p=

nl2 (ézl(ﬁ) _ é\n)
On .

The quantile 7)3 cannot be written explicitly in this way.

2.2 Construction of confidence bounds

To shed some light on some of the properties of the existing bootstrap confidence bounds
(and intervals), it is worth reviewing a method commonly used to construct confidence
bounds (or intervals) for 8. Noting that S, and T, are (at least asymptotically) pivotal,

we may use them to obtain exact confidence bounds for 6. For example, note that

1-a=P(S, =&, = P(e <0, - n_l/zaéa) .



Therefore, we obtain the following 100(1 — @)% percentile upper confidence bound for 6:
(@)1= (00, 0, —n"M20¢,). (2.4)

Analogously, based on T, a 100(1 — @)% percentile-t upper confidence bound for 6 is given
by
(@)= (=00, By =251, (2.5)

Clearly, .# and _¢ are exact confidence bounds as they achieve the nominal coverage proba-
bility 1 - a, i.e.,
PO e S (a)=P(0c g(a)=1-a.

Note that .# and _# are ideal confidence bounds that typically cannot be calculated as
they contain unknown quantities. The parameter o and the quantiles g and g appearing
in (2.4) and (2.5) are usually unknown and need to be estimated. Moreover, in order to
determine the quantiles (g and 7 exactly requires knowledge of the distributions of S,
and T, which are unknown in most practical settings. However, the bootstrap provides a

standard procedure for approximating ¢g and 7.

Lower confidence bounds and equal-tailed confidence intervals

Although only upper confidence bounds are studied in this thesis, the results immediately
hold also for lower confidence bounds. For instance, if #(a) is an upper (1 — a)-level confi-

dence bound for 6, then
R\ 7 (1= @)= (B = n G110, o0)

is a lower (1 — a)-level confidence bound for 0. Likewise, a two-sided equal-tailed (1 —2a)-

level confidence interval for 0 is given by

I @\ I (A=) = (0n~n"5um1-q, 0n =2 2514

2.3 Consistency and accuracy

In our study we would like to assess and compare the performance of the various existing
confidence bounds in the literature with the new bounds that will be proposed in Chapters 4
and 5. From an asymptotic perspective, we require that all considered confidence bounds at

least be consistent in the following sense.
Definition 2.1. A confidence set /£, (a) for 8 with nominal level 1 — « is consistent if
POe A (a))-1—-a as n—oo.

In addition to consistency, we will mainly compare the asymptotic performance of the
various confidence bounds in terms of their asymptotic accuracy, which can be defined as
follows (also see Shao and Tu, 1995, p. 144):



Definition 2.2. A confidence set /5, (a) for 0 with nominal level 1—« is said to be kth-order
accurate if
P € #p(a)=1—a+0n*?).

Note that if a confidence set is at least first order accurate, it is also consistent.

The reader should note that these definitions relate to asymptotic considerations only.
Simulation studies can also provide valuable additional information, especially in the case
of small to moderate samples. Indeed, Cheung and Lee (2005) warn against over-reliance
on asymptotic implications in practical application. For this reason we include a small si-
mulation study in Chapter 9 to investigate the finite-sample behaviour of the existing and

new bounds.

2.4 Percentile-type bounds

The first two types of bounds are based on the standardised quantity S, defined in (2.1).

Bounds based on this quantity are commonly referred to as percentile bounds.

2.4.1 Backwards bounds

Probably the most widely used 100(1 — a)% bootstrap upper confidence bound for the para-
meter 0 is
Fp(a):= (o0, G,  (1-w)]. (2.6)

This method of constructing a bootstrap confidence bound is known as as the basic or bac-
kwards percentile method (Efron, 1981, p. 146). The corresponding equal-tailed 100(1 — a)%

confidence interval for 0 is given by

~

[G,'(%).G,' (1-9)].

The bound .#5(a) in (2.6) can be approximated by the following simple Monte Carlo algo-
rithm suggested by Efron (1979).

Algorithm 2.1.
1. Draw B independent bootstrap random samples of size n from &,.

2. For each bootstrap sample, calculate the bootstrap replications 8 *,@; yeu ﬁg and the

corresponding order statistics 5{‘1) < 9(*2) <---< 1/9\("33).

3. Approximate .g(a) by
(—OO, H(Z)] )

where s = |[B(1-a)].




Intuitively .75 seems like an obvious and good choice for a 100(1 — @)% upper confidence
bound. However, as Hall (1988) points out, this bound is a result of some serious logical

flaws. Substituting (2.3) in the expression for .75 shows that it can also be expressed as
Fp(a) = (—OO, On+n 25,81 4|

There are now two very important observations one has to make. Firstly, comparing this
alternative expression of JAB to the ideal percentile bound in (2.4), we see that instead of
simply replacing ¢1_, with its appropriate estimator &;_g, the upper bound . is approx-
imated by using a quantile from the wrong tail of the distribution of S,. Consequently,
the bound .5 has been criticised of being backwards, whence its name. Furthermore, the
unknown parameter ¢ has carelessly been replaced by its estimate G, without substituting
the standardised quantile ¢;_, with the Studentised quantile 77;_,. This is akin to using the
standard normal table to look up quantiles instead of the ¢-table when constructing stan-
dard traditional confidence bounds (or intervals) for the mean. Thus, as Hall (1988, p. 933)
notes, the backwards percentile method is a result of two errors: looking up the wrong tables,
backwards.

Hall (1988) shows that, typically, I5(a) is first-order accurate, i.e.,
P(6 € Fp(@)=1-a+0(n"1?)

He also demonstrates that, in the case where 0 is the mean of a univariate symmetrically

distributed population, the coverage error of .95 reduces to O(n1).

Properties of the backwards percentile bound

The backwards percentile bound .5 (and the corresponding equal-tailed confidence inter-

val) has the following important properties:

¢ It is range-preserving. This means that if there are any restrictions on the values the
parameter can assume (e.g., a correlation coefficient must lie in the interval [0, 1]), I8
will produce a confidence bound that falls within the allowable range. According to
Efron and Tibshirani (1993, p. 176), range-preserving intervals are sometimes more

accurate.

¢ It is transformation-respecting (Efron and Tibshirani, 1993, p. 175). Suppose that,
instead of 0, we are interested in constructing a 100(1 — a)% upper confidence bound
for ¢ = m(6), where m is any monotone function. For the bootstrap replication (25; =
m(@fL), define H,(x) = P*((ﬁz < x). Noting that, for any g€ [0,1],

-~

p=P (0, <G, (B) =P (¢, <H," () =P (6, <m " (H, (),

we obtain the relationship
,'(5)=m(G,"($).



Now if we apply the transformation m directly to the confidence bound given in (2.6),
we obtain
(~o0, m (G, (1 - a))] = (~o0, H, (1 - )],

which is the standard backwards percentile 100(1 — @)% confidence bound for ¢.

2.4.2 Hybrid bounds

An alternative percentile bound commonly found in the literature (see, e.g., Hall, 1988;
Davison and Hinkley, 1997) is

Fr(a):=(~o0, 26, -G, (a)]. 2.7)

We will refer to this bound as the standard hAybrid percentile bound. The corresponding
equal-tailed 100(1 — a)% confidence interval for 6 is given by

(26, -G, " (1- %), 26, -G, ($)]-

The bound .x() in (2.7) may be approximated by the following simple Monte Carlo algo-

rithm.

Algorithm 2.2,
1. Draw B independent bootstrap random samples of size n from %,.

2. For each bootstrap sample, calculate the bootstrap replications i) *,@; yen ,5; and the

n*
=0

-~ -~

corresponding order statistics 9(*1) < 9(*2) <

3. Approximate Zg(a) by

(—oo, 20, — 0(*r) ,

where r = [B%J

Substituting @;1 by its expression in (2.3) renders .#y in the following form:
Tr(@) = (~00, 0 —n 25,8 .

Comparing ﬂAH to the ideal bound .# in (2.4) we see that the two bounds are almost in
agreement, with the quantile ¢, having been replaced by its appropriate estimator from the
correct tail of the distribution. However, as is the case of the backwards percentile bound
75, the unknown parameter ¢ has been replaced by its estimate &, without substituting
the standardised quantile ¢, with the Studentised quantile 7,. The hybrid percentile bound
is therefore a result of one error: looking up the wrong tables (Hall, 1988, p. 928).

As shown in Hall (1988), the coverage probability of .5 (a) is typically

P(0€ Iu(@) =1-a+O0n 2.

Like .75, the hybrid bound .#y is second-order accurate if 6 is the mean of a symmetric
population. However, unlike the backwards percentile bound, the hybrid percentile bound

is not range-preserving and clearly need not be transformation-respecting.
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2.5 Percentile-i-type bound

Efron (1981, p. 152) defines the percentile-t (or bootstrap-t) 100(1 — a)% upper confidence
bound for 6 by
Fla):=(~00, 0~ n" 25,74 .

The corresponding equal-tailed 100(1 — @)% confidence interval for 6 is given by

o) -1/2~ =~ o) -1/2
[gn -n OnMi-a/2, On—n

6nﬁa/2] .

Comparing j to the ideal bound in (2.5), we see that j is obtained by simply replacing
the theoretical quantile n, by its estimator 7j,. This bound therefore does not suffer from
the same logical/philosophical flaws as JAB and ﬁH. It is for this reason that the percentile-¢
bounds (and intervals) are favoured by Hall (1988). Beran (1987) also argues that, from
the perspective of pivotal statistics, the percentile-¢ bound is “better” than the percentile
hybrid bound. In fact, Hall (1988) shows that the percentile-¢ bound is typically second-
order accurate, i.e.,

P(0e Fla)=1-a+0n™),

Despite these good qualities, however, the percentile-¢ bound j suffers from one major
drawback. Since G, appears in the denominator of T, the efficacy of 7 relies heavily on
how well ¢ can be estimated (Hall, 1992, p. 18). For example, if 8 is the correlation coeffi-
cient or a ratio of two means, the percentile-z bound (or interval) performs very poorly.

Unlike the backwards percentile bound, the percentile- bound is neither transformation-

respecting nor range-preserving.

2.6 Bias-corrected percentile bounds
Efron (1981, p. 146) introduced a bias-corrected (BC) version of (2.6) as
Ipc(@):= (-00, G, (D(z1-¢ +2))],

where z1_q = @ 1(1 - @) and m = ® G, @,)). The quantity m represents the discrepancy
between the median of §,*l and the median of §,,. Note that ﬁBC(a) = JAB(I —D(z1_¢ +2m)).
Furthermore, if §n is median unbiased for 0, i.e., if P(§n <0)=0.5, then m = 0 so that the
bias-corrected bound ﬁgc(a) reduces to the usual backwards percentile bound JAB(a). To

approximate .#g¢(a) one may use Algorithm 2.1 with s replaced by
18 ., =
5= BO(q+2mp)], where Ap=07'12% 1(65,<0,) .
b=1

The derivation of the bias-corrected method is based on the assumption that there exists
a monotone increasing function g such that 771(g(@) — g(9)) ~ N(—m, 1), where 7 denotes
the standard error of g(@) and m = ®1(G(0))). Schenker (1985) shows that in the simple

case where the objective is to construct a confidence interval for the variance of a normal
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population, such a function g does not exist. This results in the poor performance of the
backwards percentile and bias-corrected bounds.

In response to Schenker’s counterexample, Efron (1987) proposed an accelerated bias-
corrected (ABC) bound which relaxes the assumption on the transformation g (also see
Chapter 23 of Efron and Tibshirani, 1993). The bound is defined by

R n/i+21_a )”
m+ ————— )
l-a(m+2z1_q)

where a is known as the acceleration constant. Although Efron (1987) provides a more

Fapc(@) = (—00, G, {‘D

general framework for calculating the acceleration constant, Efron and Tibshirani (1993)

suggest the following simple jackknife estimator:
~  ~ 13
X7 (00 -00)

6{2?:1 (60, —(%)2}

a= 32°

where é(i) is the same function of the sample as @n, but with the ith observation deleted,
and 6y = nl Z?zle(i).
The bias-corrected bounds are essentially percentile-type bounds. As a consequence,

Ipc(a) typically has coverage probability

P(6 € Ipc(@) =1-a+0n"V?).
However, ﬁA Bc(a) is second-order accurate, i.e.,

P(0 € Fapc(@)=1-a+0n™1).

Since the bias-corrected bounds are versions of the backwards percentile bound .%5 evalua-

ted at adjusted levels, both ﬁBC and ﬁABC are transformation-respecting. See Section 2.4.1.

2.7 The Chung-Lee bound

Chung and Lee (2001) study the construction of bootstrap confidence bounds by means of
the m / n bootstrap (see, e.g., Bickel and Freedman, 1981; Swanepoel, 1986). Chung and
Lee show that the typical coverage error of O(n~Y2) incurred by the percentile bounds .75
and ﬁH may be reduced to O(n~1) with an optimal choice of m.

Let Z,, = {X],...,X},} denote a bootstrap sample of size m taken from %, and let 9\;“” be
the same function of &} as 0, is of . Also, define G,,(t) := P* (6}, <¢t). Chung and Lee
propose the following 100(1 — @)% bootstrap upper confidence bound for 6:

(<00, B+ mm)2 (G- @)-0)] if5=+1,

€(m,5,a)= _ _
(<00, B-mm)2 (Gl -0)|  if5=-1,

where § is a parameter. They show that choosing

= Mmﬂ and 5=_Sgn(M)
R1(z1-4) Q1(z1-a))’
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where P; and @; are Edgeworth polynomials appearing in Edgeworth expansions! of the
distributions of S,, and T, respectively, guarantees (under some regularity and moment

conditions) that € has second-order accuracy, i.e.,
P(0eb(m,6,0)=1-a+0n™1). (2.8)

As will be seen in Chapter 3, the polynomials P; and 1 depend on the parameter of inte-

rest. For example, in the case where 6 is the population mean, they are given by
Pi(z1-o) = —ix4(z7_ o -1 and  Qi(z1-a) = 3x5(227_, +1),

where «}; = E{(X1 - 0)®}/0®. In this case P1(z1-a)/Q1(z1-a) = —(22_, - D/(222__ +1), which
does not depend on the underlying distribution F. Hence, for a 95% upper confidence bound
for 8 we have that m = |0.0708n] and 6 = 1. Chung and Lee further show that the result in
(2.8) is still valid if m and § are replaced by their empirical counterparts (i.e., if population
moments are substituted for corresponding sample moments). However, since m and § do
not depend on F in the case where 6 is the mean, the estimators /7 and § will be independent
of the sample &,, and hence are not data-based choices.

The reader should note that, given the above strategy, the improvement in coverage relies
on knowledge of the polynomials P; and @1, which might be difficult to obtain for complica-
ted statistics. However, Chung and Lee alternatively propose a double bootstrap procedure
for approximating 7 and & which avoids explicit evaluation of the expressions for P; and
Q1.

Another important contribution by Chung and Lee (2001) is that they established valid

Edgeworth expansions for

P’ (—\/ﬁ (HA’” =0n) < x) and P’ (—\/ﬁ (QA'Z ~0n) < x) ,

On Om
where 0, is the same function of &, as G, is of Z;,. Consequently, Cornish-Fisher expansi-
ons of the quantiles of the above bootstrap distributions may also be obtained. These results

will for our purposes become important in Chapters 4 and 5.

2.8 Bootstrap iteration and calibration

Beran (1987) argues that the percentile-¢ bound j is more accurate than the two percentile
bounds JAB and JAH because T', is a better pivot than S;, in the sense that T, is less depen-
dent on the underlying distribution F. Consequently he proposes an iterative bootstrap
method known as bootstrap prepivoting to obtain “improved” pivots and hence confidence
bounds or intervals with improved accuracy. The method proceeds as follows: start with a

pivot R 20) with distribution function H 20) and obtain the improved pivot

RD =[O (Rf,?)),

IEdgeworth expansion will be discussed in detail in Chapter 3.
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where ﬁﬁlo) denotes the bootstrap estimator for Hﬁlo). This procedure can be repeated to

obtain an even more improved pivot Rf). In general, define
RV =1 (RY), j=012,...,

where H 5{’ denotes the bootstrap estimator for the distribution of R;zj). An upper confidence

bound for  may then be defined as
. . -1
PIa):= {9 RV < (Hi{)) 1- a)}.

Beran (1987) shows that if Rflo) =S, and S, admits a two-term Edgeworth expansion,
then Z®(a) will be second-order accurate, which is comparable to the percentile-f bound
j\. Another iteration of this procedure improves coverage even further, yielding a bound
Z@(a) which is third-order accurate. Using this method, confidence bounds of any desired
order of accuracy may be obtained, at least in theory. However, iterative methods such as
these are computationally intensive and quickly become infeasible. Furthermore, despite
the reduction in computational demands offered by the warp-speed method of Giacomini,
Politis and White (2013), Chang and Hall (2015) found that using the warp-speed method as
a substitute for bootstrap iteration is not effective in offering the above levels of improved
accuracy of confidence bounds (or intervals).

Beran’s prepivoting is a special case of a more general idea known as bootstrap iteration
which was later proposed and studied by Hall and Martin (1988). A related concept, ter-
med bootstrap calibration, was introduced by Loh (1987, 1988, 1991). DiCiccio and Romano
(1988) showed that bootstrap calibration and prepivoting are closely related, and in some

cases equivalent.

2.9 The Cheung-Lee-Young bound

The consistency and accuracy results reported for each of the confidence bounds discussed
thus far have been established by various authors from an asymptotically pivotal statistic
of the form

Wy = vn(gXn) - gW),

where g is a sufficiently smooth function, X, = Z?ZIX ; and p = E(X;). For simplicity, we
assume that X1,...,X,, are iid random variables from a univariate distribution. It is well
known that if X; has finite second-order moments and g has continuous derivatives in a
neighbourhood of i, then W,, has a limiting normal distribution (Cramér, 1946). Cases in
which the pivotal statistic can be expressed thus are often referred to as regular cases. This
is in fact the smooth function model studied by Bhattacharya and Ghosh (1978), which will
be discussed thoroughly in Chapter 3.

There exist many nonregular cases (see, e.g., Bickel and Freedman, 1981) in which the
bootstrap fails. Another type of nonregular case is, e.g., when g’(u) = 0. In this case the
limiting distribution of W,, is not normal, but degenerate (see Shao, 1994). However, \/nW,,
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converges weakly to a nongenerate random variable which is a linear combination of )(%
variables. Note that in this case the correct normalising constant of g(X,)— g(u) is n, not
v/n. It turns out that the traditional bootstrap is inconsistent in this nonregular case, but
Shao (1994) demonstrates that the m/n bootstrap rectifies the problem.

In this specific nonregular case, Cheung and Lee (2005) studied the asymptotic behaviour

of the following percentile-type m / n bootstrap confidence bound:
H(a,m):=(~o0, 0, —n" Gl (1-w),

where @m(t) = P*(m(@f;l - 5) < t). They show that in this case, under certain conditions,
X is first-order accurate, i.e., has coverage error O(n~Y2). They also found that bootstrap
iteration discussed in the previous section is ineffective in improving the accuracy of % .
However, they propose a new iterative scheme which is successful in reducing the coverage

error to O(n~%3) in this nonregular case.
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Chapter 3

Edgeworth expansion and the

smooth function model

The idea of Edgeworth expansion was conceived in the wake of the nineteenth century
by Edgeworth (1905) and contemporaries. These series expansions afforded a major im-
provement over the then already existing Gram-Charlier expansions in that the error of
approximation (as a function of n) could be controlled (Cramér, 1946). Rigorous theory gua-
ranteeing the validity of such expansions, however, was only developed gradually for specific
cases over the course of the twentieth century (Cramér, 1928, 1946; Chibishov, 1972, 1973;
Sargan, 1975, 1976). In a review article by Wallace (1958) it was conjectured that Edge-
worth expansions could be established formally for more general cases if proper assump-
tions were made. Finally, in 1978, Bhattacharya and Ghosh were able to show rigorously
that a broad class of statistics indeed admit asymptotic expansions which are identical to
the known Edgeworth expansions. Their main result holds for statistics that may be ex-
pressed in terms of a so-called smooth function model, which is discussed in Section 3.1.
Particularly interesting is the vast amount of research devoted to the development of
formal expansions for the distribution function of Student’s statistic. Perhaps the greatest

motivation behind this lies in uncovering details of the well-known fact that, under certain

conditions, B
n(X, -
7= Y2 E ) 4,
On
where X,, = n_12;‘:1Xi and 6% = (n—1)_12?:1(Xi—)_(n)2 for a random sample X1,X5,...,X,

from an unknown distribution with mean p and variance 0 < 02 < co. Edgeworth expansion

of the distribution function of T, yields

Ké(2x2 + 1)¢p(x) s
6vn

uniformly in x, where x} = E{(X; — 1)3}/03, giving a concise account of the rate of conver-
3 U

P(T, <x)=®(x)+ o(n~12), (3.1)

gence.
Naturally the question arises: under which conditions is such an expansion valid? Using
a method devised by Hsu (1945), Chung (1946) was able to show that the above expansion is
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valid if the distribution of X7 is nonsingular and has at least 8 finite moments. Improving
on this, the later results of the smooth function model of Bhattacharya and Ghosh show
that one need only assume that the 6th moment of X; exists. However, looking at (3.1) one
notices that the terms up to order n~"2 depend on moments of X; only up to the 3rd order.
Indeed, Hall (1987) showed that the expansion remains valid, even under the minimal
assumption E(|X1|3) < oo, together with the usual assumption of nonsingularity of X;.

As far as the convergence of T, to the standard normal distribution is concerned, the
most general result we are aware of is that by Giné, Gétze and Mason (1997). They show
that one has T, 4 N(0,1) if and only if the distribution of X lies in the domain of attraction
of the normal distribution. Hall and Wang (2004) derive the leading term of an Edgeworth
expansion of P(T, < x) under this general condition (i.e., without any moment conditions).

In this chapter we discuss Edgeworth expansion in the general smooth function model
framework of Bhattacharya and Ghosh (1978). We also describe the related Cornish-Fisher
expansions of distribution quantiles, which may be obtained by inverting the Edgeworth
expansions. For the two quantities S, = n1/2(§n —0)o and T, = n1/2(§n —0)/6,, considered
in Chapter 2, we provide explicit expansions for the cases where the parameter 6 is the
population mean and the population variance, respectively. In the case where 6 is the slope
parameter in a simple linear regression model, one may also obtain appropriate Edgeworth
and Cornish-Fisher expansions. For this case we derive some new results which do not

appear in the literature.

3.1 The smooth function model

Consider a random sample &,, = {Xq,...,X,} from an unknown p-dimensional distribution
depending on a scalar parameter 0. For £ = 1,...,n, set Wy, = (f1(Xp),...,fa(Xz)), where
f1,...,fa are real-valued Borel-measurable functions on R?. Define v = E(W;) and W,, =
nt Y7 ; W;. Assume that the parameter of interest is of the form 6 = g(v), where g : R? — R
is a known Borel-measurable function which is sufficiently smooth! in a neighbourhood of
v. We will estimate 6 by 6, := g(W,), which we assume has asymptotic variance of the
form n~12 = n~'h2(v), with & : R? — R any known, Borel-measurable function, sufficiently
smooth in a neighbourhood of v. The sample estimate of 52 is 2 := h2(W,,).

Throughout the chapter, the following two particular smooth functions are of interest:

gw)—g(v)
A === -
s(w) )
to which we refer as the standardised form, and
g(w)—g(v)
A ==
(W) hw)

to which we refer as the Studentised form. Note that for both of these functions it holds

that Ag(v) = Ar(v) = 0. Hence, assuming that X; has sufficiently many finite moments, we

1A function is said to be smooth in a neighbourhood of v if it is continuously differentiable up to a suffi-
ciently large order in a neighbourhood of v. See Theorem 3.1.
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know from the results of Chapter 28 of Cramér (1946) that n2A(W,) has a limiting normal

distribution with mean zero and variance

k k
> Y Cov(fiXy), f;(X1)

i=1j=1

’
W=V

[ 0A(w) ] [ 0A(w)

ow; 0w

where A stands for either Ag or Ar. In fact, Bhattacharya and Ghosh (1978) demonstrate
that probabilities of the form P (nl/ 2AW,) < x) admit rigorously-established Edgeworth ex-
pansions. We formally present their result in the following theorem in the same form as
given by Hall (1992).

Theorem 3.1 (Theorem 2.2 of Hall, 1992). Assume that the function A has j+3 continuous
derivatives in a neighbourhood of v = E(W1), that E(|W1 I7+3) < oo, and that the characteris-

tic function y of W1 satisfies Cramér’s condition, that is,

limsup|y(t)| < 1. 3.2)

[t —o0

Assuming that the asymptotic variance of nY2A(W,,) is 1, it holds for any integer j = 1 that

P (nl/zA(Wn) < x) = ®(x) +n 2P (x)p(x) + n L Pa(x)p(x) + - -
+n 2P j(@0)p(x) + O(n~U+D2), (3.3)

uniformly in x, where P; is a polynomial of degree at most 3j—1, odd for even j and even for

odd j, with coefficients depending on moments of W1 up to order j+2.

Proof. See Bhattacharya and Ghosh (1978).

3.2 Deriving the Edgeworth polynomials

The Edgeworth polynomials P; in Theorem 3.1 above depend on the choice of the function
A(-) and hence on the choice of the parameter 0. In this section we show heuristically how
these polynomials can be obtained. For more detail on the mathematics behind the deriva-
tion of the polynomials, the reader may consult Hall (1992).

Let X1,Xo,...,X,, be a random sample from an unknown distribution with sufficiently
many finite moments. Suppose that S, = S,(X{,Xy,...,X;) is a statistic with a limiting
standard normal distribution. If we denote the jth cumulant of S, by «;,, we may by

definition express the characteristic function of S,, as
Xn(t) = exp {K1 it + 3k ((8)? + FKg ,((8)> +---}. (3.4)

Now, if S, is a smooth statistic, we may, as a consequence of Theorem 2.1 of Hall (1992),

express the cumulants of S, as a power series in n~! as follows:

Kjn =n_(j_2)/2 (kj,l+n_1kj,2+n_2kj,3+---), j= 1,2,..., (3.5)
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where the k;; are real constants depending on the moments of X;. In particular, since S,
has an asymptotic mean of zero and asymptotic variance of one, k11 =0 and k2 ; = 1. Hence,

for example,
Kin=n""2k1g2+n k1 3+0(0™),

Ko,n = 1+ n_lkg,g + n_2k2,3 + O(n_?’),

Kgn=n""?kg1+n k3o +0(n~),

s

etc. Substituting these expressions in (3.4) we may write (by Taylor expansion)
X =e P {1 +n 2O+ n Gt + -+ n R ) + - } (3.6)

where the r;, j=1,2,..., are polynomials with real coefficients depending on the % ;. It can
be shown (see Chapter 2 of Hall, 1992) that the polynomials P; appearing in Theorem 3.1

are then given by the relation

d
Pi(x)p(x)=r; (— " ) D(x). 3.7

X
For our purposes we will require the polynomials 1, re and r3. The first two, which are

ri(u)=kygu+ghsiu’, (3.8)
ro(u)=3 (kz,z + k%,z) u®+ 3 (ka1 +4ks ki) u’ + %kg,ﬂ‘G’

are given in Hall (1992, p. 45). In the following lemma we state and derive an expression
for r3, which we will require later in this chapter. To the best of our knowledge this results

does not appear in the literature.

Lemma 3.1. Suppose the statistic S, has a limiting standard normal distribution. If the
cumulants of S, allow expansion as in (3.5), then the polynomial rs in the expansion in (3.6)

is given by
_ 1 3 3 1 2 5
r3(u)=kigu+ 3 (k3’2 +3kooki2+ k1,2) u”+ 15 (k5,1 +5ky1k12+10k3 1k2 2 +10k3 1£ 1,2) u
+ El4k3,1 (k4’1 + 2k3,1k1,2) u7 + ﬁkg’lug.

Proof. We follow here the same method of derivation as found in Section 2.3 in Hall (1992).
Substituting (3.5) in (3.4) and collecting terms we obtain

1) = exp{ _ %tz +p 12 (k1git + %k3,1(it)3) +nt (%k2,2(it)2 + %!k4,1(it)4)
+n702 (y git + ks 210 + ks 1i0°) + 07D,

2 3

From the identity e* =1+ x + %x + %x +--- we have
Tn(®) = exp (= 362) (14 72 (R git + J s 1 (10)°)
— . . . . 2
+nl {%kz,z(zt)z + Lhy 1 (it + L (1git+ L k3 1(0)7) }
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+ n‘3/2{k 1,30t + %ks,z(it)?’ + ék3,1(it)5
+(k1git + Hk31(0)?) (Ro2(it) + ha1(it)?)
+ & (k1 gt + ks 10F) ) + 007
= exp (—363)(1+ 7 V2r1G0) + 7 rg(it) + 0V Prg(it)) + O,
whence we conclude that r1(z) and ro(u) are as in (3.8) and

r3(u) = k1,3u + % (kgyz + 3k2,2k 12+ kbl),z) u3 + ﬁ (k5)1 + 5k4’1k172 + 10k3’1k2,2 + 10k371ki2) u5

1 7. 1 13 .9
+147k3,1 (k4,1 + 2k3,1k1,2) u'+ mk&lu .

3.3 Cornish-Fisher expansion

Edgeworth expansions may be inverted to obtain expansions of distribution quantiles. Such
expansions are known as Cornish-Fisher expansions. The following theorem, taken from
Hall (1992, p. 70), provides the general form of a Cornish-Fisher expansion corresponding

to the expansion in Theorem 3.1.

Theorem 3.2 (Theorem 2.4 of Hall, 1992). Assume the conditions of Theorem 3.1 on the
function A and the distribution of W1 and define

Wha= inf{x : P(nl/zA(Wn) < x) > a}.

Then there exist polynomials pef yen- ,P;f , completely determined by P1,...,P; appearing in
(3.3), such that

Wna=2q+ n_l/zP;f(za) ot n_j/2P;f(za) +0 (n_(j+1)/2) ,
uniformly in a € (¢,1—¢) for each € > 0.
Proof. See Hall (1992).

The polynomials pef yen ,P;f are completely defined by the polynomials P;,...,P; through

the following formal implicit relation, which is easy to see:

O(2q+ Y n 2P 20)) + ¥ n P20+ Y n 2P 20|20 + ¥ n 2P (20)) = @,
j=1 J i>1 =1 7 j=1 J

for 0 < a < 1 (cf. Hall, 1992, p. 60). Hall provides explicit expressions for Pif and P;f in
terms of P; and Ps. They are,
P{/(x)=-P1(x) (3.9)

and
Py (x) = P1(x)P}(x) - 1xP3(x) - Pa(a), (3.10)

for all x € R. In our work we will also require the third polynomial pef , which we state and

prove in the following lemma.
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Lemma 3.2. The third Cornish-Fisher polynomial P;f appearing in Theorem 3.2 is given
by

ng (x) = —3(x® - DP3(x) + $xP?(x)P} (x) - 3 PT(x)PY (x) — xP1(x)P3(x) + P1(x)Py(x)

— P1(x) (P} (x))* + P!, (x)Py(x) — P3(x), (3.11)

forall xeR.

Proof. By Taylor expansion about z, we have that

CID(zCr +) n_j/zP;f(Za))
jz1

= ® (20 +n7 2P (20) 4 17 P (20) + 2P (20) + O(n7?)
= 0(z0) + §z0) (07 2PY (20) + 17 P (20) + 17 2P (20) + O 72))

- L2atza) (n2P5 20) + 0Py (20) + 2P (20) +0(n—2))2

+ 362 - D9(za) (n V2P (2o) + 17 P (2a) + 0 PP (20) +O(n_2))3 +0(n2)
= a+n 2P )P (20) + n 7 p(z4) (P;f (2a) - 324 (P} (za))2)

2z, (ng(za) — 2aP (2a)P (20)) (P;f(za))?') +0(n~?). (3.12)

Also by Taylor expansion about z,,

Z n_i/zPi (za + Z n_j/2PJc.f(za))

=1 Jj=1

=n"Y2Py (20 + 0 2P (20) + n P (20) + O )

+171Py (2 + V2P (20) + 1P (20) + (0722

17 2Py (20407 V2P (20) 4 17 P (20) + O3 + 007D
=n"2[P1(20) + Pi(2a) (V2P (20) 4 17 P (20) + 00722

2
+ 1Pl (07 2P 2o) + 1Py 2oy + O )]

#1071 [Pazo) + Pyza) (n2P{ (20) + n 1P (20) + 0¥ + 07|

#1792 | Py(z0)+ O(n™12)|
=n"Y2P1(z) +n 7t (P (20)P](20) + Pa(za)

2
+ n—3/2 (ng(za)Pll(za) + % (P;f(za)) Pi’(za) +Pif(2a)Pé(sz) +P3(zq) +O(n—2). (3.13)

Similarly,

Olza+ X n 2P 20))

Jj=1

= ¢(2an V2P (2a) + n71P;! (20) + O ™P?)
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= P(za) — 2aP(2q) (n‘l/QPff(za) +n P (20) + o(n—3/2))
+ 32 - 9o (2P 20) + 07 PY ) + O + 0
= Plza) - n_1/22“¢(za)P;f(2w) +n" p(za) (%(zi -1) (P;f(za))2 - zanf(za))
+0( ™), (3.14)

Multiplying (3.13) and (3.14) yields
Z n_i/2Pi(za + Z n_j/zPJc.f(za))([)(za + Z n_j/zP]C.f(za))
=1 Jjz1 Jjz1
= 2P(2)P1(2a) + 1 P2a) (~2aP1(2)P (2a) + PY(2a)Py (20) + Pa(za)]
2 2
+ n_3/2¢(za)( — 2oP1(z0)PY (20) + 122 — DP1(20) (Pff(za)) ~2q (Pff(za)) Pi(zq)
2
- 24P3(20)P}! (20)+ Py (20)P{(20)+ § (P} 20)) PY(20)]
+P1(20)PY(20) + P3(20)) + O(n™2). (3.15)
We now sum (3.12) and (3.15) to obtain
0=n""2(z) (P} (20) + P1(20)]
+n 7 p(zq) (ng (2a) - 324 (P§ (za))2 ~24P1(2a)P (20) + P (za)P;(zaHPz(za))
+ n_3/2(,b(2a)(P§f(Za) _ ZaPif(Za)ng(za) + %(Zi -1) (P;f(ztx))'?’ _ zlel(Za)ng(Za)
2 2
+ 12 - DP1ea) (P (20)] =24 (P{ (2a)) Pl(2a) ~ 20Pa(20)P} (20)
2
+ P (2P (2a) + § (P (20| Pl(20)+ P{T (20)Py(20) + Py(2a)) + O(n72).
This implies that P/ (z4) = —P1(z4) and that
2
Py (20) = 120 (P (20)) +2eP1(20)P{ (20) - P{ (20)P}(20) - Pa(20)
= P1(22)P(2a) - 32aP}(24) — Pa(za),
confirming (3.9) and (3.10). Furthermore,
3
Pyl (20) = 2oP{  20)PY (20) - 42 - D (P (20)) +20P1(20)PY (20)
2 2
1@ -DP1G) [Py 20)) +24 (P} o)) Plza) +2aPaza)PY (2a)
2
- Py (2)P)(2a) - § (P (20)] PY(20) = P{ (20)P}(20) - Pi(2a)

= —4(z5 ~ DP}(z0) + 24P} (20)P}(2a) — 3 P3(20)P](24) — 24P1(20)P2(20)
+P1(z0)Py(za) — Pi(z)PS (20) ~ P3(20).

Noting that this last equation holds for all a € (0,1), and therefore for all z, € R, and substi-
tuting P;f (z4) by the expression in (3.10), we obtain the required result. O
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3.4 Some examples

In this section we provide three examples to illustrate how a parameter (and its estimator)
can be formulated in terms of the smooth function model of Bhattacharya and Ghosh (1978).
For the first example, where the parameter of interest is the population mean, we also pro-
vide three-term Edgeworth expansions of the distributions of n2Ag(W,,) and n2A7(W,,).

3.4.1 The mean

Let X1,Xo,...,X, denote a sample drawn randomly from a univariate distribution with
mean 4 and variance 0 < 02 < co. Define X, =n"'Y¥"  X; and 62 =n" 'Y, (X; —Xn)Q.
Suppose we are interested in estimating 6 = . In the smooth function model setting, choose
d =2 and set
X; ] .
, 1=1,...,n.

W; = X?

Then, assuming that the first two moments of X; exist, we have

E(X7)
v=EW)= ; = 2# 2
E(X7) ue+o
and
; 12 nly”? X X
e[|
ni=1 n Zilei X, +0,

For any w = (w1,ws)’ € R2, choosing
glw)=w; and hi(w) = wo — w%

ensures that
O=gv)=p and pZ=h%(v)=0>

The corresponding estimators for the above quantities are given by

é\n = g(Wn) :Xna

BZ=h% W, =X2+52-X2=52

Therefore the two smooth functions of interest are

g(Wn)_g(V) _ Xn —u

AS (Wn) = (v = p

and _ _
gW,)-gv) X,-p
AW, G
Note that Var(nl/zAs(Wn)) = 1. Also, by the theorem of Section 27.7 of Cramér (1946), we
have that Var(n'2A47(W,,)) = 1+ O(n~Y2). Hence, both n2A44(W,,) and nY2A(W,) have

asymptotic variance 1.

Ap(W,) =
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Assume that Cramér’s condition is satisfied and that E (X %2) < 0o. The latter condition
will ensure that E(]|W1]|®) < oo, since we chose W; = [Xi,Xiz]’. We then have by Theorem 3.1
that

P(n1/2 (Xn— 1)

~ <x|=®x) +n V2P 1(x)p(x) + n 1 Po(x)p(x) + 2P (x)p(x) + O (n72),
(3.16)
with
Pa) = =g 1) (3.17)

Py(x) = —x {gxy(a® - 8) + A (xh)%(x* — 102 + 15)},

where « and x; denote the third and fourth standardised cumulants of X, respectively (cf.
Section A.1.2). The derivations of the polynomials P; and Ps can be found in Hall (1992,
p. 45). The third polynomial Pg is stated and derived in the following lemma. To the best of

our knowledge this result seems to be new.

Lemma 3.3. Under the assumptions of Theorem 3.1 the polynomial P3 appearing in the

expansion in (3.16) is given by

P3(x) = - Kg( - 6x” +3) — ohxyxh (x6 — 15x* + 4547 - 15)
s (k5)? (8 — 28x% + 210x* — 42022 + 105).

Proof. Define

172 (v
- n'“ (X, - _
Sn=n1/2AS(Wn)=—( n=#) =n'2X,,
o

where we have assumed, without loss of generality, that ;=0 and o2 = 1. Hence,
E(S,)=n"?E(X,)=0 and E(S2)=nE(X2)=
Let up = E(Xf). From (27.2.2) of Cramér (1946) it follows that

X H3 7 H4—3
E(Si):nwE(XS):m and  E(S})=n’E(X})=3+"—,

and (B.17) in the appendix implies that

10pus  ps —10u3
5 _ 52 (%5
E(Sn)=n""E(Xy) = —5 +——55

Denoting the jth cumulant of S, by x ,, we have from (3.43) in Stuart and Ord (1994) that



In the notation of the expansion in (3.5) we therefore have the following constants:

k1,1=0, k12=0, k13=0,
ko1 =1, koo =0, k31 =p3 =xj,
k3)2=0, k4’1=ﬂ4—3=K£1, k5,1 :ﬂ5—10u3:1<'5_

Substituting these constants in the expression for rs in Lemma 3.1 we obtain

ra(u) = 1oksu’ + TerKukau ' + Tms(k5)2u’. (3.18)
It is well known that
d* E-1
Wq)(x) =(-1)*"Hep_1(x)p(x), k=1, (3.19)

where Hey, denotes the kth Hermite polynomial. The ones we require are
Heo(x) = x2— 1,
Hey(x) = xt—6x% + 3,
Heg(x) = x® — 15x* + 45x% — 15,
Heg(x) = x® — 2825 + 210x* — 42022 + 105.

Now, applying relation (3.7) to the expression in (3.18) we obtain

d
Ps(x)p(x)=r3 (—%) D(x)

d® d’ d’®
=~ 135K 705 2w TATX4KG dx — 7P - 1296(K3)3 5 (x)

= — T35K5 (x* — 652 +3) pla) — o x iy (x° — 152* + 45x% — 15) ()
— 7o (k)% (x® — 28x% +210x* — 4202% + 105) p(x),

which yields the result. O

For the Studentised smooth function A7 we may write, also by Theorem 3.1 under the

assumption E (X]?) < oo,

P(nl’z(ffn—u)

> <x|=0x)+n2Q1(x)p(x) + n1Q2(x)p(x) + nT¥2Q3(x)p(x) + O (n72),
(3.20)
with
Q1(x) = 2x4(2x* +1), G0

Qa(0) = x5y (a? - 8) - & (k) (¥ + 202 - 3) - L + 3).

The polynomials @1 and @2 above are derived and given in Hall (1992, p. 72ff). In our work
we will also require the third polynomial @3, a result which has only recently been derived
by Finner and Dickhaus (2010). We reproduce their result in Lemma 3.4 in a form more

suited for our purposes, along with an alternative proof.

25



Remark 3.1. Due to the generality of Theorem 3.1, the moment requirements are rather
stringent. For the expansion in (3.20) to be valid according to this theorem, we require that
E(X %2) < o0o. However, for the specific case of Student’s ¢-statistic Hall (1987) demonstrated
that the expansion in (3.20) is valid even under the less restrictive condition E (X f) <00, as

long as the distribution of X; is nonsingular (which is implied by Cramér’s condition).

Lemma 3.4. Suppose the distribution of X1 is nonsingular. If E (X ?) < 00, the polynomial
Q3 in the expansion in (3.20) is given by

Q3(x) = — x5 (2x* +8x% + 1) — Thyxyxch (42 — 30x* — 90x% — 15)
+ o (k5)° (8x® +282° — 210x* — 525x% — 105) + ok} (24° - 3x* — 6x2).

Proof. Define
n 2 (Xn— 1)

On

T, =n"2Ap(W,) =

Throughout the proof we will assume without loss of generality that p = E(X;) = 0 and
= E(X%) = 1. It is easy to see that T', can then be expressed as

12 % -12
X _ 12 _
T,="_2n :nl/zxn{u—z (X?—l)—X,%} .
ni=1
By the central limit theorem, under the assumption that the X; are i.i.d. random variables

with mean 0 and variance 1, it follows that

VX, $N@©,1) and \/ﬁ{1 Y (x7- 1)} < N(0,1),

=1

implying that both quantities are of order O,(1). Hence,

_ 12
X,=0,(n""®) and =) (X2-1)=0,(n""?).
ni=1
The reader should note at this point that we will not attempt to find asymptotic expressi-
ons for the cumulants of T',,, but rather for the cumulants of a Taylor approximation of T',.
To be concise, suppose we may write T, =T, +0 p(n_r/ 2). By the arguments in Section 2.7 of
Hall (1992), Edgeworth expansions of the distributions of T, and T',,, will typically disagree

2 or smaller.

only in terms of order n
In the notation of Theorem 2.1 of Hall (1992), define T, as the leading terms of a Taylor
series expansion of T, such that T, = T',,+O p(n_r/ 2). In our case, by Taylor series expansion

of the function (1 +x)~Y2 about zero, we may then write T, =T, 4+ O p(n_2), where

Tn,4:=nlfzxn(1—%n-1§(x?—n% oS-}
-t e g S -0) )= S
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Since p = 0 it follows that E(Tfllz) = n'2E(X,) = 0. Furthermore, by (27.2.2) of Cramér
(1946) we have that

B(1) = 1B D = b = B

since K’3 = ,u3/03 = pg (cf. Section A.1.2). We also have by (B.19), (B.20), (B.21) and (B.24)
that

E(T?))=-3n'E (Xn{n‘l >

n
i=1

(-0 = =

_ L 3
B(2) =k (% 5 (3| =B e 1) 005
= —}—gn_?’/zkg (), +2) +O(n™%?),

where we have made use of the fact that x, = u4 — 3 and «x = us — 10u3. Combining these
results we see that

E(Tha)= —%n—1/21<’3 + % n =32 (6x5 — 15k x5 — 10x5) + O(n~52).

From Hall (1992, p. 73) we have that the second moment of a Taylor approximation of 7',
is given by
E(T2) = 1+n7"(2(x4)? +38) + 072,

Write Tf’L =: Ti 4t Op(n_z). Then Tg 4 1s given by

3 3/2 3 3—1n 2 3 —ln 2 2 1 —ln 2 8
R I C e R R )
1= 1= 1=
3v2 3v2 —ln 2 9 —ln 2 2 9 —ln 2
+3x2-3%2n Zl(Xl—l)}+§{n Zl(Xl—l)}—g{n Zl(Xl_l)}
1= 1= 1=
9v2 ln 2 1 ln 2
S S -y} -y
1=
w1 g L (- ) F i Y (- ) - e Y (- 1))
1= 1= 1=
3v2 15v2 71n 2
+§Xn_TXn{n ;(Xz_l)})
1=
12
=3 74
k=7
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From (27.2.2) and (27.2.3) of Cramér (1946) it follows that
E(T)) = $n*2E(X]) = 1n
and
E(T}) = $n¥2E (X5) = 150925 = 15092,
By (B.24), (B.25), (B.26) and (B.27),

n

B (1) =~ B2t (XD == )
1=

= —%n_mkg - %n_w (x5 +6x3),

n 2
E (T;ﬂ) = %n‘wE (Xg{nl ; (X2-1) } ) = %1{3/2 (35 + Tuaps — 13u3) + O(n~%?)

2

15 -3/2 / ro! / -3/2
= gn % (Bxg + Tiykg + 38k5) + O(n™°9),

E(T)) = -2n"E (X,?;{n—l Y

n
i=1

3
(x2-1)} ) =~ 8272 (Quaps + 613 — 9u3)

35, —-3/2 ror 1\3 /
—5en (9K4K3+6(’K3) +18K3),

n
E(T)])=-12n"E (Xg{n—l % (x2-1) }) = 22y, o 25,7321
1=

Collecting terms we have that

E(T3 ) = —3n 72K} + dsn 2 (66xf — 1051k} — 2100¢h)” — 294xc5) + O(n ),

Again, Hall (1992, p. 73) shows that the fourth moment of a Taylor approximation of T',
is given by

E(Ty)=3+n"(28(x})” - 26} + 24) + O(n72).

Lastly, write T,5Z =: TZ 4t Op(n_z), where

_ & & 2 . 3
T,51A=n5/2X,51(1—gn 1Z(Xi2—1)+§{n IZ(X-Q—l)} _m{n 1Z(X2—1)}

i 8 i
=1 i=1 i=1
5v2 v2). -1 = 2 15) -1 2 15)_ -1 2
+3X2-5%2{n Zl(Xl—l)}+§{n Zl(Xi—l)} Bin Zl(X"_l)}
1= 1= 1=
_ n 3
Exifn -y} - Hf o S -y}
1=
5/2 %5 5 -1 - 2 35). -1 = 2 2 105) -1 = 2 3
—n Xn(l—ﬁn Zl(Xl—1)+8{n ;(X -1} -5 {n Zi(Xi—l)}
1= 1= 1=
5v2_35vy2), -1 = 2
+§Xn_TXn{n Zl(Xi_l)})
1=
18
= ) Tp
k=13
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From (B.17), (B.18), (B.27), (B.28), (B.29) and (B.30) it follows that
E(T.9) = n"2E (X]) = 100" 23 + n 2 (5 — 10p13)

— -1/2 1 -3/2, 1
=10n"""xg+n" "“xg,

n
14\ _ 5, 520 [w5), -1 2
E(T)])=-3n E(Xn{n Zl(Xi_l)})
i=
= —Bn 25— 3072 {10p5 + 15p4p3 - 65u3} + O(n ™%
= —%n_mkg - gn_3/2 {10k + 15k k5 + 80k 5} + O(n=%?),

n

B 2
E(T}) = £n"2E (X;’;{n—l Y (x2-1)} ) = 35,732 {1545 + TOp4 i3 + 2043 — 10043}
i=1

= 355732 {15, + 70Kk} +20(x5)? + 260x4},

_ 3
B(r5) = ~4En B (X2 n X (X2 1)} ) = ~8n 7" {a5uspa + 6043 - 450}

>
=1

= — 105,732 L4511} + 60(x5)® + 90K} },
E(Tfll,z}) - gn5/2E(X,Z) _ %n—1/2u3 +0(n-52)

-1/2 -5/2

K5 +0(n

n
(18}\ _ 35 52m |7/, -1 2 _ 3675 -3/2, _ 3675 _-3/2
E(T)9) = -2n"E (Xn{n -Zl(Xi -1) }) = 36757302, = _ 675,321
1=
Therefore,
E(T5,) = ~35n "2} + d5n ™ (666x} — 425 — 4900(c5)° — 4950x}) + O(n~2).
Now, denoting the jth cumulant of T, 4 by «; , 4, we have from (3.42) in Stuart and Ord
(1994) and the results above that
K14 =E(Th4)
= —%n_l/zké + 1—16n_3/2 (6x — 15k, x5 — 10k5) + O(n9?),
2
ko4 =E(Th ) —{E(Ts4)}
=1+1n 1 (T(k}5)? +12) + O(n™2),
3
K34 =E(T5 1) =3E (T ) E(Tna) +2{E (Tn,a)}
= —2n V2l 4+ 10732 (24 — 30Kk — 83(k})3 — 96K}) + O(n~5?),

8

Kana=E(Th,) ~4E(T} ) E(Tna) -3{E (T3,4)}2 +12B(T; ){E (Tna)} - 6{E(Tna)}’

=2n (6(x})? — K}, +3) + O(n"2),
Ksn4=B(T) ) ~5E (T} ) E(Tn4) - 10E (T} ) (T} ;) + 20E (T}, ) {E(T)}”
+30{E (T,ZLA)}QE (Tn,a) ~60E(T2 ) {E (Tna)}® +24{E (T 0)}°

= n"%2 (6K + 20K,k — 105(x5)® — 60x%) + O(n~52).
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which are expansions (of the type seen in (3.5)) of the cumulants of T, 4. In the notation of

(3.5) we therefore have the following constants:

k11=0,

k12 =—35K3,

k13 = 2 (6xf — 15k — 10x}),

ko1=1,

koo =1 (7(x5)*+12), (3.22)
ks1=-2x3,

k3o = & (24K} — 30Kk} — 83(x})° — 96x3}),
ka1 =12(k5)? - 2, +6,
k51 = 6Kk + 20K K5 — 105(k5)® — 60K,

The values of k12, k22, k31 and k41 are confirmed by those given by Hall (1992) on p. 73.
Notice in Theorem 2.1 of Hall that, whenever j+/ <r+2, the k£;; do not depend on the
choice of r (the order of accuracy of the Taylor approximation 7',,). As we chose r =4 and
since it holds for all £;; above that j+[ <6, the k;; above do not depend on terms in T,
of order O p(n_z) or smaller. We may thus argue that these constants agree with those in
similar expansions of cumulants of T',.
Now, applying relation (3.7) to the expression in Lemma 3.1 and making use of (3.19) we

obtain
d
Q3(x)Pp(x)=r3 (——) D(x)
dx
d d?
= k1,3 (—aq)(x)) + % (kgyz + 3k2,2k 12+ kiz) (—E(D(x))
+ ﬁ (k5,1 + 5k4,1k1,2 + 10k3,1k2,2 + 10k3,1k%’2) (

d7
+ E14k3,1 (ka1 +2ks1k12) (_W

d®
axb CI)(x))

q)(x)) + 155k 1 q)(x))

( d®
dx?
= ~k1,30() ~ § ka2 + 3kopk12 + k] o) (7~ D)
- (k5,1 +5kg1kyo+10ks koo + 10k3,1ki2) (% — 62 + 3) ()
— 1i7ks.1 (ka1 +2k31k12) (x® — 15x* + 452% - 15) ()
— moak5 1 (x° —282°% +210x* — 420x” + 105) (x).

Finally, by substituting the %;; in the last expression by their respective expressions given
in (3.22), we obtain

Q3(0)P(x) = — 5k (22* + 83 + 1) plx) — 17Ky (428 — 302* — 902 — 15) ()
+ Tl% (x5)? (82 +28x° — 2102 — 5252 — 105) p(x) + o 5 (22° — 3x* — 6x2) p(a0),

which is the required result. O
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3.4.2 The variance

Let X1,Xo,...,X,, be independent, identically distributed random variables from a uni-
variate distribution with mean p and variance o?. Suppose we are interested in estima-
ting 6 = 02, the population variance. In the above setting, choose d = 4 and set W; =
[X;,X2,X3,X%]'. Then

E(X1) M

EX?)| |p?+0?

v=EWy)= =
YT EEY| | B
EX% EX?
and .
n_IZ?lei Xy
1 “lyn X2 X2 +52
Wy=—3 W;= n—1ZZ:1 3| = —1nn0 3
ni=1 n i X, n XX
nTlLl, X} nTlLl, X}
Set

g2(w) = wy —w?,

2
h2(W) = wq — 4wiws + 6w3ws — 3w — (w2 - w?)”,
for any w = (w1, w9, ws,w4) € R%. This ensures that

0=g(v)=02,
B% = h*(v) =B (X}) - 4pE (X3) + 647 B (X3) - 3t - (B (X3) - 12)” =B (X1 - p)* - 0.

Estimators for the above quantities are

This means that, when our target is the population variance, the two smooth functions of

interest are

3y 52 _ 2
\/E (X1-p) -0
and B o

- —
MWD ey (- %) o
Note that we have made use of the fact that the asymptotic variance of 52 is given by

EX;-pt-o*

n
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which is correct to the order n™2 (cf. Cramér, 1946, p. 348). Consequently, the asymptotic
variance of n12Ag(W,,) is 1. Also, by the results of Chapter 28 of Cramér (1946), we know
that n'2A(W,,) has a limiting standard normal distribution.

One-term Edgeworth expansions for the distributions of n245(W,,) and n'2A7(W,,) can
be found in Hall (1992, p. 76).

3.4.3 Pearson’s correlation coefficient

Let (X1,Y71),(X2,Y9),...,(X,,Y,) be independent, identically distributed random variables
from any bivariate distribution with mean vector (ux,uy) and variance vector ((T?(,O'%).

define the joint central (population) moments of X1 and Y7 as
' k
pir =E ((Xl —px)" (Y1 —py) ) :

Note that p10 =0, o1 =0, ugo = Var(Xy1), oz = Var(Y1) and p11 = Cov(X1,Y7). Also, define

the joint central sample moments of X1 and Y7 as

. 12 i e
fir==) (X;-X)'(Y;-Y)",
nj:]_

where X = n_lzg.’:lXj and Y = n_lzyzle.

Suppose we are interested in estimating Pearson’s correlation coefficient, i.e., the para-

meter of interest is
oxy Hi11

P=oxoy V20002

where oxy = Cov(X1,Y7). The usual estimator for for p is the sample correlation coefficient

~ H11
Pn = —"F—=
vV H20Ho2
Now, according to Cramér (1946, p. 359), if no particular distribution is imposed on (X1,Y1),

an approximation of the variance of p is given by

2
2 4 4 4
Var(ﬁn)zp— H;;A)+#_(2)4+ o2 ,qu2 _ Aws 4 |
n \us, Mg, HM20Mo2  py;  Miif20  H11fo2
This approximation is correct to the order n~%2, by the theorem of Section 27.7 of Cramér
(1946).

In the smooth function model setting, choose d = 8 and set

(X; — px)?

(Y; — py)?

X; —px)*

(Y; — py)*
(X —ux)(Y; —py)
(X; — ux)2(Y; — puy)?
X; —ux)P(Y; - py)
| (Xi —ux)(Y; — py)? |
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Assuming all the concerned moments exist, we have

!/
":E(Wl)z[#m, Moz, M40, HMo4, M11, Ho2, H31, H13]

and
_ 12 R R ~ ~ R ) ) L
W":ZZWi:[Hzo’ Ho2, H40, Ho4, HM11, H22, H31, ,U13]-
i=1
Choosing
g(w) = —=>
W)= ,
Vvwiwe
h2(w):g(w)2 ws wa 2w Adwe 4dwr  Aws
4 \w? wi wwr wi wswi wswe

for w = (w1,...,ws) € R®, will ensure that

0= g(v) = i1 _ Oxy —p
vH20H02 OXO0y
2
2 4 4 4
[y OO T o R s 1 e (3.23)
Hag Hgg H20H02  p7; H11H20  H11Ho02

Estimators for the above parameters are given by

é\n =g(Wn) = L = ﬁn;

v/ H20 o2

~2 [ ~ ~ ~ ~ ~ ~
2 4 4 4
Pn (.U40 4 Hoa | 2H22 | *H22 H31 H13 )

B? = h*(W,) = s T =g T o =2 O Do 10
4 \@5, Hge HeoMoz fiy;  Hiifizo  HiiHo2
Note again that the asymptotic variance of = p is given by n~! 2, with 2 as in (3.23). The

two smooth functions of interest are

_ -1/2
= (W) —g(v)  2(p,—p) 2 4 4 4
Ag(W,) = EWn)—8W) _Apn—p ,U_;o n ,U_(2)4 + H22 + ,L;22 _ 431 %13
h(v) P M5y Hge M20Mo2  p7;  M1l1M20  H11Mo2
and
5 . - . . . RS
= _8Wn)—g(v)  2(pn—p) (Hso  Hos 2022  4fe 431 4fi3
AT(Wn)— — = — ?+?+A — +A2 - — —/—— .
h(Wp) Pn H5, Hge H2oHo2 7,  Hiifeo  Hiifo2

This illustrates that the correlation coefficient may be expressed in terms of the smooth
function model of Bhattacharya and Ghosh (1978). Of course, we shall not attempt the
daunting task of deriving Edgeworth expansions for n245(W,) and n2A7(W,). An Ed-
geworth expansion for the distribution n"2Ag(W,) with terms up to order n~! has been
derived in the last decade by Ogasawara (2006). As the expression is rather involved and

not of direct interest to us, we do not reproduce it here.
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3.5 Edgeworth expansion in the linear regression setup

Suppose we observe pairs &, = {(x1,Y1),...,(x,,Y,)} generated by the simple linear regres-
sion model

Y;=c +x;d+e¢;,

where ¢’ and d are unknown, nonrandom constants and {e1,...,&,} is a sequence of iid
random variables from an unknown distribution with zero mean and constant variance
0 < 02 < co. Throughout we assume that the x; are fixed. Setting ¢ = ¢/ + d%,, with %, =

n-1 Z?Zl x;, we may rewrite the above model as
Yi=c+(x;—x,)d +¢€;.

The least-squares estimators for d and c are given by

~ 1 _ 12
dn, = Z(xl X,)Y; and =— Z
naxn i=1 ni=1
where 02 =n"1Y? (x; —%,)? > 0. For convenience d,, may be rewritten in terms of the
x,n i=1 y
error terms €; as
n
d,=d+ Z —Xn)E;.

noxn =

The residuals resulting from this model fit are given by
ei:=Y; =¥ —(xi — &n)dp = (6; — &) — (x; — % )(dn — ),

where €=3" | ¢;. A natural estimator for 02 is then the mean squared residuals, viz.

M=

((El _5) (xz _xn)(d d))

II

§|r—l

S| = ;|»-a
X

-

(€; — 8) —0 (d d)

i=1

Also, define

n

1
Yx,n = 3 Z —Xp )3 s
x,n
1

NOyxpni=1
n
Ken = ——7— xn) -3,
nax =
n
Txn = Z xn) —10yyx,n-
nUx ni=1

It is clear that d, has expectation d and variance o2 / (nU ). Hence, the objective is to

obtain a three-term Edgeworth expansion of the distribution of the Studentised statistic
n2dy-d)ogn 1/2<an ~d)oxn
n — ~
15 PSS 2
n \/ yr o e2-82—(d,-d) 02,

ki

34



which is asymptotically pivotal. In the spirit of Bhattacharya and Ghosh (1978), we may

express T, as a smooth function of means. Define

£
Wl = (xl_xn)gl/ax’n ) i:].,...,n,
£2
l
so that v = E(W;) =(0,0,02) and
£
- 1Z ~
Wn=—ZWi= (dn—d)ax,n
ni;= 1yn 2
n&~i=1%i

For any w = (w1,ws,ws) € R3, choosing

yields
0=g(v)=0 and p2=hr%(v)=02,

with corresponding estimators

As before, we may now write

n12(g(W,) - g(v))
h(W,,)

so that T', is expressed as a smooth function of means of independent variables.

T, =n"2Ap(W,)=

b

It is now tempting to use Theorem 3.1 to obtain an Edgeworth expansion for T',. However,

the results of Theorem 3.1 is based on the assumption that the W; are independent and

identically distributed. Clearly, although they are mutually independent, the W; depend on

the design points {x;} and are therefore not identically distributed.

To address this issue, Hall (1992, Section 5.4) demonstrates that an Edgeworth expansion

of the distribution of T, may indeed be obtained under some additional assumptions. As-

sume that E(Je1]1°) < oo and that & satisfies Cramér’s condition. Suppose {x;} is a sequence

of independent realisations of a nondegenerate random variable X with E(|X|?) < co. Then,

for a class of sequences {x;} arising with probability one,

n1/2(dn - d)Ux,n
su

On
= D) +n "?Q1 (W) +n ' Qo n (W) + n2?Q3 n Wp(w) + O(n?),
uniformly in u € R. The first two polynomials appearing in (3.24) are given by
Q10 (w) = —§KyxnHes (),

Qa0 (u) = — KKy n Hes(u) — 75 (k5)?y2  Hes(w) — 1(u® +5)u,
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with K;. denoting the jth cumulant of £1/0 and He(x) the jth Hermite polynomial. The
polynomial Q3 ,, which apparently does not appear in the existing literature, is stated and

derived in the following lemma.
Lemma 3.5. The polynomial Q3 , in (3.24) is given by
Q3. (W) = — 135K {TenHea(w) — 30y nHea(w)} — 1i7Kyxh {KenYx,nHeo(w) + 45y n Hea(u)}
— 755 (K5)PyS  Heg(u) — Kby (w? — Du,
where K} denotes the jth cumulant of €1/0 and He j(u) the jth Hermite polynomial.

Proof. We follow the method described in Hall (1992, Section 2.4) and assume throughout,

without loss of generality, that 02 = 1. Note that one may write

% dp-d)oen n'2(dy - d)on
= — = .
[ 1 _ 5 2
" Visko, (@ -1)-22-[@.-d) o,
Note that by Taylor expansion about (0,0) one has
x
=x—%xy+%x3+%x 2—%x3y—1%xy3+m.

V1+y—x2

Therefore, since d, —d = 0,(n"Y2) and n? Z?:l(gzz ~1)-82=0,(n"1?),
~ ~ 1& ~ 12 2
T, = nl/%x,n{(dn ~d)-3dn - D= Y- 1=+ Edn - D= Y (e2-1)- 2
ni=1 ni=1

+20% (dp—d)’ -

IS

2 (5 3fl <, 2 2\ 5.5 1& 213
02 (dn-d) {;i;(si ~1)-¢ }—E(dn—d){;i;(ei -1)-¢2 }

D[

+0,(n"?)
= nl/ng,n{(an ~d)-id, - d){1 Y (=D} +18%d, -d)+ 3, —d){l > (eF- 1)}2
=1 ni=1
_3z2(57 _ ln 2 12’\_3_§2’\_31n 2
3e2(d,, d){nizzl(gi D} +302,@dn-d)* - 302 ,(dy - d) {nizzl(ei 1}
~ 12 3
_%(dn—d){; ;(8?—1)} }+op(n—2)

=Ty +0,(n?.

By the arguments in Section 2.7 of Hall (1992), Edgeworth expansions of the distributions

2 or smaller. Hence, to obtain the

of T, and T, will disagree only in the terms of order n~
expansion in (3.24) we may use T, as a proxy for T,. Using the results given in Appendi-
ces C and B, it may be shown by arguments similar to those used in the proof of Lemma 3.4

that

E(T,)= %n 3/21<éyx’n,

E(T?)=1+4n"1+0(n™?),

E(T2) = n "2}y, — 307324k} - By — 30Kk4 )y + O(n ™),

E(T}) =3+n"180+x)ky ) +0n™),

E(Tt’:) _ lon—l/ZK/ 1._-3/2 / _ r_ I / -2
) = §Yxn + 30 77 (4K5Tyn — (60K — 75K K5 — T00K)Yx,n) + O(n ™).
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Therefore the first five cumulants of T, are

_1_-3/2_ 1
Kin=73gn KgYx,n,

Kon=1+4n"1+0(n™?),
K3 =n VY, — 30732 (1265 — 15KKs — T8K5) yin + O(n72),
Kan=n"1(6+Kyken)+0n2),

-3/2 (

-2
Ksn =N KgTxn +30K5Yx ) +O0(n ™),

whence we obtain the following constants (in the notation of (3.5)):

k12=0,

k13 = 3K5Yxns

koo =4,

k3,1=K3Yxn, (3.26)

1 i I !
k32 = —3 (12x5 — 15k k5 — 78K3) Y n»
!/
k4,1 =6+K4Kx,n,
! !/
k5,1 =K5Txn +30K3Yxn.

Substituting these constants in (3.8), the polynomials in (3.25) may be verified easily using

relation (3.7). Now, applying relation (3.7) to the expression in Lemma 3.1 we obtain

d
Q3. (X)Pp(x) =73 (_E) D(x)

d d?
= k13 (—ad)(x)) + 3 (kaz+3kogkia+k3,) (—ﬁq)(x))
d5
+ ﬁ (k5,1 + 5k4’1k1’2 + 10k3’1k2,2 + 10k3’1ki2) (—ﬁ(b(x))

d’ d®
1 1 3

+ mk&l (k4)1 + 2k3,1k 1’2) (__dx7 D(x) |+ _1296k3,1 (——dxg CD(x))
=—k13¢p(x)— % (k3,2 +3kg k1o + k?g) (x% - Dep(x)

- 1% (k5,1 +5kq1k12+10k3 1k 2 + 10k3,1ki2) (x* — 622 +3) ()

— ka1 (R +2ks 1k12) (28— 15x* + 4522 — 15) p(x)
- ﬁkg,l (x® - 28x% + 210x* — 420x% + 105) ().

Finally, by substituting the %;; in the last expression by their respective expressions given
in (3.26), we obtain the required result. O
3.6 The smooth function model in the bootstrap world

Hall (1992) showed that Edgeworth and Cornish-Fisher expansions are also valid for boot-
strap quantities that can be expressed in the smooth function model framework. Although
his result is stated for the traditional n / n bootstrap, Chung and Lee (2001) showed that
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the results can be generalised to include valid Edgeworth and Cornish-Fisher expansions
under the m/n bootstrap. In this section we briefly present the findings of Chung and Lee
(2001).

Denote by #; = {Wq,...,W,} the random sample consisting of d-dimensional random
vectors defined in Section 3.1. Let #;; = {W],W;,...,W}.} be a sample of size m drawn
randomly with replacement from #;,. Note that E*(W}) = W,=n"1 Y7 W, and let W:‘n,n =
m™1 Y, WZ. Here, E* denotes expectation over the conditional law of #;; given #;,. Now,
define the bootstrap quantities

On=8(Wy,) and B, =h(W;,),

where g and A are the same smooth functions defined in Section 3.1. The bootstrap versions

of our two functions Ag and A7 are then respectively defined as

—~ gw)— g(Wn)
L d  Apw)=EW—8Wn)
A(W,) an r(w) how)

Note that for both of these functions it holds that Ag(W,)=Ar(W,)=0.
We state the results of Chung and Lee (2001) in the following two lemmas, in which the

A\S(w) — g(w)_g(wn)

function A stands for either As or AT. Like before, the polynomials P i and ﬁjf resulting

from the two functions Ag and Ay will generally not be the same.

Theorem 3.3 (Lemma 1 of Chung and Lee, 2001). Suppose that m = O(n) and that m — oo
as n — oo. Assume that the function A has sufficiently many continuous derivatives in an
open neighbourhood of v = E(W1), that W1 has sufficiently many finite moments, and that
W; satisfies Cramér’s condition in (3.2). Then, for j =1, it holds that

p* (m”zﬁ(v'v:‘n,n) < x) = %)+ m ™ Y2P1 ,(0)p(x) + -+ m 2P, (0)p(x) + O 5 (m~UTDZ)

uniformly in x, where the P i.n are obtained by substituting population moments appearing

in the P defined in Theorem 3.1 for sample moments based on #;,.
Proof. See Chung and Lee (2001, p. 236—238).

As a short illustrative example, consider again the case of the mean discussed in
Section 3.4.1. Then

, 1=1,...,n,

wi=| X
Cl?

so that we have the standardised bootstrap quantity

o Wi )-gW,) Xr —-X,
Agw;, = W) 8Wn)_ X
’ h(W,) On

ki

where X ;,"m =m! Z;’i 1 X L* Under the conditions of Theorem 3.3 we may now write, e.g.,

m'2 (X, , —Xn) )
=x

P* (m”zﬁs(v‘v;,n) < x) =P~ ( =
n

= ®(x) + m V2P, (0)p(x) + m 1Py (x)p(x) + 0, (m™>2),
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uniformly in x, where we have from (3.17) that

Py n(x) = —34R5 ,(x* - 1),

o
Pyn(x) = {214?; 2% = 8)+ AR )" - 1027 +15)},
with &y =n" 'Y (X; - X,)?/G) and R}, =n"' Y1 | (X; - X,,)* /G, — 3. Similarly,
P* (m"2Ar(W;, ) < &) = O@) + m Q1 n(0)p(@) + m Qs n(x)p(x) + O p(m~32),
uniformly in x, where we have from (3.21) that
Q1(x) = iRp(2x% + 1),
Q2(0) = x 5Ky - 8) - & (}p)" (" + 27 - 3) - (e + 3)).

As shown in the following lemma, valid Cornish-Fisher expansions of bootstrap quantiles

may also be obtained.

Theorem 3.4 (Lemma 2 of Chung and Lee, 2001). Define
Wn,ma = inf{x :P* (mmA\(an,n) < x) > a}.

Under the assumptions of Theorem 3.3 there exist polynomials per ,P;’; such that

1,n’"

D =20 +m 2P (zg) 400+ m—f/zp;”; (2a) + 0, (m YD),

uniformly in a € (¢,1—¢) for any € € (0,1/2), where the ﬁ;'; are obtained by substituting
population moments appearing in the P;f defined in Theorem 3.2 for sample moments based
on Wy,

Proof. See Chung and Lee (2001, p. 238).

Note that the relations between the sample quantities 13;'; and P in are the same as the

relations between population quantities PJC.'f and P; given in Section 3.3. Hence, we have
from (3.9) and (3.10), for example, that

13;,’;(96) =Py ,(),

PO L _ (3.27)
Py (%) = P1 ()P ,(x) — 54P7 ,(x) — P2 p(x),

for all x € R.
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Chapter 4
New percentile confidence bounds

In this chapter we present a new method based on sample splitting that can be used to
construct bootstrap confidence bounds for an unknown population parameter 8. This met-
hod is then used to derive two new percentile confidence bounds—a hybrid version and
a backwards version. We derive, under some regularity assumptions, the asymptotic co-
verage probabilities of the new hybrid and backwards percentile bounds. Among others, it
is shown that the new hybrid precentile bound has coverage error of O(n™1), compared to
the coverage error of O(n~V2) of the standard hybrid percentile bound .%;. As far as the new
backwards percentile bound is concerned, we show that it has coverage error of O(n~2),
but in some cases O(n1).

In the arguments of Hall (1988), the order of coverage error of confidence bounds is pri-

marily determined by a random distance, e.g.,
0,—0=0,(n"1?),

where 0, is some estimator for the parameter 0. The rationale behind our idea rests upon
the construction of a confidence bound in such a way that the order of coverage error is

essentially determined by a constant distance, which is typically of the form
E@,-0)=0(n™").

This may be accomplished by splitting the sample into two independent sets. The method of
construction relies partly on the fact that, if Y and Z are two independent random variables

in R and we let W(2) :=P(Y = z), z € R, we may write
P(Y =Z2)=EY(2)). 4.1)

That is, if we determine an expression for P(Y = z) in terms of a deterministic z, replace
z by a random variable Z, and then take the expected value, we will end up calculating
P(Y = 2).

The proof of (4.1) is straightforward:

EAY =22)Z=2)=E1(Y 22)|Z=2)=E1(Y 22)) =P z2)=Y(2).
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Since this holds for all z € R, we have
EAY =2)|Z2)=¥Y(Z) a.s.,

which implies that the expected value of the random quantity on the left-hand side will be
equal to the expected value of the random quantity on the right-hand side. Noting that the

expectation on the left-hand side simplifies to
E[EAY =2)|12)]=E0(Y =2))=PY =2),

we have the result (4.1).

4.1 Notation

Let &, = {X1,X9,...,X,} be a random sample consisting of p-dimensional random vec-
tors drawn from an unknown p-dimensional distribution function F, depending on some
unknown scalar parameter 6. In the context of the smooth function model described in
Chapter 3, set Wy, = (f1Xp),...,faXz)), £ =1,...,n, where f1,...,fq are real-valued Borel-
measurable functions on R?. Define v = E(W7). Assume that the parameter of interest can
be written in the form 6 = g(v), where g : R? — R is a known smooth, Borel-measurable
function.

Our new method involves splitting the sample into two disjoint sets, say
We:={W1,Wo,..., Wy},
for some integer 2< ¢ <n -2, and
Wr={Wpi1,Wpeio,..., Wy},

which has r := n—/¢ elements. Note that #; and #; can be viewed as two independent random
samples of sizes ¢ and r drawn from the distribution F. Define the following two estimators
for 0:

0r=g(W,) and 0,=g(W,),

where W, = z—lzgzlwk and W, = r—lzgzmwk. Throughout we will assume that the
asymptotic variance of ¢¥28, is given by B2 = h2(v) for some known smooth, Borel-

measurable function % : R? — R. Two possible estimators for 8 are

~

Br=h(W;) and B,=h(W,).

Define

Ag(w):= g—(w;(_v)g(V) ,

so that _ N
_gWy)—glv) 0,-0

Ag (W) ) 5
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Note that Var(¢ 1/ZAS(\,’_W)) — 1 as ¢ — oco. Assume that W; satisfies Cramér’s continuity
condition, i.e.,
limsup|y(t) <1, 4.2)

It —o0
where y denotes the characteristic function of W1. Then, if g and A are sufficiently smooth in
a neighbourhood of v and W1 has sufficiently many finite moments, we have by Theorem 3.1
that
P((Y2Ag(W,) <x|=P((Y2(6,-6)/f <«
( )-( |
= D(x) + 02 P1(x)p(x) + £ Po()plx) + O ™),

uniformly in all x, with P; and Py determining the above Edgeworth expansion as described
in Chapter 3. Note that the remainder term O(¢~%2) is non-random.

Let #,; . = {W;,W;,...,W} | denote a resample of size m drawn randomly with replace-
ment from #;, i.e., 7//,;;, is an m / r bootstrap sample drawn from #;. Now define an m / r
bootstrap replication of 6 as

Omr=8(Wnr),
where Wy, = m~1 Y ;-1 W, Now define the smooth function

- g(w)—g(W,)
A :: - =
s(w) W)

ki

so that

. o e . Mg (W) -g(W,)) m"(8, .-0)
Shri=mPAg (W, )= = = = .
A(W,) 5,
Note that Var.(S;, ,) — 1 a.s. as m — oco. Assuming that the function Ag has sufficiently
many bounded derivatives in a neighbourhood of v, that W; has sufficiently many finite

moments and satisfies (4.2). Then, if we denote the a-level quantile of S ;,k” by ff\ mras 1.€.

Emra i=inf{x:P* (S} . <x)>a},

m,r =
we have by Theorem 3.4 that
Em,r,a =Za + m_1/2ﬁ;’fr(Za) + m_lp\;’f’:(za) + Op(m_3/2),

uniformly in a € (¢,1—¢) for any € € (0, %), with ﬁffr and ﬁ;fr the appropriate Cornish-Fisher
polynomials described in Chapter 3.
The two procedures introduced below are based on this Cornish-Fisher expansion of

~
‘fm,r,a-

4.2 Hybrid percentile bound fg

In Section 2.4.2 we stated that the standard hybrid percentile 100(1 — @)% upper confidence
bound for 6 is given by
Futa)= (00,00 1"V,
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with 8,, Bn and &, as defined in Section 2.1. Recall that this standard confidence bound
attains the nominal coverage probability 1 — a with a coverage error of order O(n~12).

We now propose the following modified hybrid percentile 100(1 — @)% upper confidence
bound for 6, which, under some regularity conditions, attains the nominal coverage proba-
bility 1 — a with a coverage error of order O(n™1), compared to the coverage error of O(n~12)

of Zr(a). This result is stated and proved in Theorem 4.1 below.

New procedure

We suggest the following hybrid percentile 100(1 — @)% upper confidence bound for 6:
jlev(n% a):= (_Ooa é\[ - g_l/zﬁrgm,r,a >

where

rd -1/2 pc —-1pc
Smya=2atm Pl,}:.(za)'i‘m P2£(Za)-

To investigate the asymptotic behaviour of this new confidence bound, the following as-

sumptions are needed:

(A1) r—pB) =001,

p)'} =062,

(A3) E(P1,(x)-P1(x)) =01,

A1) E{(P1,-P:@)'} =002,

(A6) E

E(p
B{(5-
(Pr
@

(45)  E(P},)-Pjx) =001,
{ (@)~ P (@) }=O(r—2),
B

(AT) Pyr(0) - Po())' } = 007D, i=1,2.

Theorem 4.1. Suppose that W1 satisfies (4.2) and has sufficiently many finite moments.
Also, assume that g and h are continuously differentiable up to a sufficiently high order
in an open neighborhood of v. Then, if m = ¢ = O(r) and ¢ — oo as n — oo, we have under
assumptions (A1)—(A7) that

+03?), (4.4)

Ploe sy (0)= @

where Cy(zy) is the coefficient of r~! in a power series expansion of

—z2aP(za)B  E(B, — B+ 325 ¢(20) B2 EA(B, — PP

Moreover, if we choose ¢ = |yn" | for some y >0 and % <y <1, then

. 1= a4 LG L 0@ Ly B2) i o) £0,
P(oe sy (,0)= n (4.5)
1—a+0(n~3v2) if Co(zq) = 0.
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In the case where w=1and 0 <y <1,

CoGa) | o3

N .
Ploe sy (Ca)=1-a+ T

Proof. Noting that &, and &%, are independent, and hence also 5[ and B\rgm,r,a, we may
apply the idea stated in (4.1) to rewrite the coverage probability of the confidence bound
ﬁN(m,a) as
P(0eFy(m,a))=P(0=0,~0V2B,E 0
=P (0, -0) = Br&mr.a)
=K (\P (Brgm,r,a')) )

with

W(w):=P(0" (0, -0) = x)

[1/2 /9\ )
:1_P(M<f)

B B

o[5) e RG]+ ma(g)

where the last step follows from (4.3) with R ;(x) = P;(x)¢(x). Since the error term does not

=1-

+0 (4—3/2) : (4.6)

depend on x, we may write

o5

Note that the remainder term O (¢ -3/ 2) is still non-random.

5mm)+é V2R, (‘Zémm)w 1R2(‘Z

v (B\rgm,r,a) =1-

Em r a) +0 ((73/2) . 4.

We will now inspect each term in the above expression separately. First, Taylor expansion

of ® about z, yields

2
+ 61,m,r

pr+

(%fmra) (D(Za)+¢(za)[ﬁ fmra 2q Za(/)(za) ﬁfmra Za

(Br—B)+
B

(Er - ﬁ)

= a+(l)(za)

gmraf"'fmraf Za

2
+ 51,m,r ’

fm,r,a + ém,r,a —Z2q

- 32aP(za) [

PP 3 ~ i~
where 61, = %d)(‘g) (@m.r) [BrB rémra—2qa] for some ©,, . between B, & o and 2,.

Hence,
([Z; 5m r UL) a+ (,b(za) [(ﬁr—ﬁ_ﬁ) {sz + mil/zﬁi};(za) + mflﬁgyfr(za)}

+ {m_l/zlsi';(za) + m_lﬁgf:(za)}

2
+ 51,m,r

(B, - B)

—324¢(2a) {Za +m_1/2ﬁi’;(za)+m_ll3§,fr(za)}
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(B, -B) (Br— )
B p?

+ 0z m V2P (2) + m B 20}~ S m~ 2aplen) (P (20)

=a+2zqP(zq) - 123 p(za)

7
+ Z Ai,m,r(a) +51,m,r; (4.8)

i=1

where
At (@) = Plza) (- 5 _F ){ 2P 2)+ m TP 2o} (4.9)
S A A
Ao mr(@)= —%zad)(za)% {m 2P (20) + m Py (za)}2, (4.10)
Az (@) = —Lz0¢(20)m ™2 {ﬁcf(za)}Z, (4.11)
A (@) = —22(z0)——— (b 2 .l {m 2P 20) + m P 20}, (4.12)
As @) = 22tz L2 5 PP =125 20+ m 1B o), (4.13)
N ~ 2

Agmrt@) = 2oz 2 ﬁﬁ){ 2P (20)+ m 1P 20} (4.14)
A1 (@) = ~2apz)m™? P} (20)P;] (20). (4.15)

Substituting the Cornish-Fisher polynomials P\ic and ﬁ;’; by their respective expressions

in terms of Edgeworth polynomials (given explicitly in (3.27)), (4.8) becomes

q)(ﬁr‘fmrw) a+za¢(2a)(ﬁr_'6) 1 3(/)( a) '6 ’B) _l/z(P(Za)ﬁl,r(sz)
p p i
+m_l(pb(za)ﬁl,r(za){P\’l’r(za)_Zaﬁl,r(za)}_m_l(p(za)ﬁ2,r(2a)
7
+ 3 A (@) + 81 (4.16)
i=1

By Taylor expansion of R about z,, the term ¢~12R, (Brﬂ—lfm,,,a) in (4.7) becomes

2R, (ﬁﬁr s a)

=€_1/2R1(2a)+£_1/2R,1(2a) %rfmra Zq|+€ 1/262mr
-1/2 -1/2 / (Br—B)+
=/ P(zq)P1(zg) + ¢ (P(Za)(Pl(za)_Zapl(za)) B Smor,a +5m ra~Rfa

+ 6_1/252,m,r
= 07 P(20)P1(20) + € Pl20) (P}(2a) — 2aP1(20))
y [ (,Br - ﬂ) {

p

2a+m 2P 20) + m TP (20)} + m VP (20) + m TP (20)

+ 4_1/262,m,r

= 072(20)P1(24) + (‘1/2m‘1/2<p(za)13i’;(za) (Pi(za) —2aP1(20)) + Ag m r(@) + €28 1y
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:g_l/ng(za)Pl(za)_€_1/2m_1/2¢(za)ﬁ1,r(za)(Pi(za)_zapl(za))+A8,m,r(a')+[_1/252,m,r >
(4.17)

where

Ag (@) = 072 p(24) (P(20) - 2aP1(24)) (B ﬂ_ 2 {za +m V2P (20) + m 1Py (za)}

+m P (24) (4.18)

~ g 2 ~ i~
and g r = %R’l’ (Omr) [BrB Yemra—24] for some O, , between B, 1y, o and zq.

Lastly, also by Taylor expansion about z,, we have that

T ('[Z Emr a) 1R2(Zoc)"'AQ,m,r(a')'i'€_163,m,r
= 07 p(2)P2(20) + Ag (@) + €165 1 1 (4.19)

where

A9,m,r(a)— 1R2(Za)(%€mra Za)

= f_l(P(Z(x) (Pé(za) — Z(IP2(Za)) { (ﬁrﬁ ﬂ)

fmra'f'fmra Za}

= 07 p(z4) (Ph(2a) - ZaPZ(Za)){ m‘1/2f’f;(za) + m‘lﬁgﬁ(za))

m 2P (z0) + m Py (za)} (4.20)

and 83 » = 3R (Om.r) [BrB  emra —z,,(]2 for some @y, , between B, 1¢ .o and z,.
Substituting (4.16), (4.17) and (4.19) in (4.7) yields

(Br—B) (Br—B)®
B p?

—m Y Pp(20)P1 - (24) {ﬁi’r(za) + Zaﬁl,r(za)} +m P(20)P2(2a)
—072P(20)P1(20) + € 2m V2 p(2)P1 1(20) (P} (24) — 2aP1(20))
— 07 p(za)Ps(za) + O 072)

\P(B\rgm,r,a) =l-a- Za(P(Za) +5 2 a(P( ) ——— _1/2(P(2a)ﬁl,r(2a)

9
-1/2 -1
- ZAi,[,r(a)_él,m,r 4 52,m,r_€ 53,m,r-
i=1

Setting m = ¢ and rearranging terms we rewrite the above expression in the following
convenient form:
(Br—p)*
i
+072(2) (P1,r(20) — P1(20)) + £ 20P(20)P1 1(20) (P1r(2a) - P1(24))

~ 07 p2a)P1p(20) (P (20) ~ Pi(20)) + €71 9(20) (Pa,r(20) ~ Pal20)

\F(Ergl,r,a)=1_a_za¢(za) 1 a(P( Q)

(B, - B)
B

9
+O(3) =N Aj (@)= 81,00 — 02800, — 01630,
i=1
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The coverage probability of .#V(¢,a) can now be obtained by taking the expected value of
‘P(Br&,r,a). From the assumptions of Theorem 4.1 and results (i) and (ii) of Lemma D.1 in
the Appendix it follows that

P(0e 7N (€,0) =E(¥B:Err0)
E(B, - p)?
B>

9
=Y E(Airr (@) ~E(01,0,) — ¢ E(82,0,) - £ E(83,,)

=1-a-zeP(za)——— + 325(24)

E(B. - p)
p
+O( V2 L 00732, (4.21)
Now, by results (v) and (ix) of Lemma D.1 we have that

1 o 1 P
E(ALer(@) = ~¢(za) 50 B (B = PP1r(za) + 95 'E ((B- - HP (20))
=0 V2, (4.22)
Noting that, by the c,-inequality (see, e.g., Loeve, 1977, p. 157),
(|A24r(a)|) 1 |Za|(,b( a)E{(ﬂrﬁ ﬁ) ([ 1/2P0f( a)+€ 1P0f(2a)) }
2
SZé_llzalgb(za)E{('Brﬁzﬁ) (P z0)) }
5 e ,
+2€_2|za|(,b(za)E{('Br 2/3) (P z)) }
ﬁ >
-1 1 > 2(H 2 -2
=207 124l (za) 5 B{(Br - B (Prr(za)) '} + 00,

it follows from (viii) of Lemma D.1 that
E(As/ (@) < |E (A2, ()| <E (A2, (@)]) =0@1r ). (4.23)
Also,
E (A3 (@) = —224p(20)¢2E { (P;f,(za))z} =0(072). (4.24)
From result (vii) of Lemma D.1 we have that
B(Aa (@) = 2200055 OB (B~ PPy (o) ~ 2o 350 B (B~ PP, 2
=0(¢ V2 h, (4.25)
and from result (v) and (ix) of the same lemma,

1
E (A5 (a)) = Z?,gb(za)ﬁ

=0 V2r 1, (4.26)

~ ~ 1 ~ HC
V2R (B, - By (2a) - 20 5B (B - PPy 2a)
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Since W7 has sufficiently many finite moments, we may write

1 = N 1 ~ - 2
B (Aser(@) = ~2ap(ea) 5 E{(B: ~ PP, (20} ~2a(za) 5 E {(ﬁr -p) (P! z0)) }

1 > -~ ~
+ 2200 50 BBy - PGP (20}
= —zad)(za)%é—l E {(ﬁr - ﬁ)ﬁir(za)} +0(0732),

Therefore, by (vi) of Lemma D.1,

E(As () =0 1r Y+ 000732, 4.27)

Also,

E (A7) = 2a$(2a)0 2B (P 1(20)P5h (20)) = O(0™32), (4.28)

Finally, from (v) and (ix) of Lemma D.1 we have that
1_ - 1 ~ ~
E (ASJJ(O‘)) = 4_1/24)(2&) (Pll(za) _Pl(za)) {ZaB E (ﬁr - :6) - 4_1/25 E ((ﬁr - .B) Pl,r(za))
1 2 pef -1m (pef
+O SR ((B- - B) Pyl z0)) + € E(P5] (20) }
=072, (P(24) — P1(20))

{06 -0 2+ 00 + 07 (P (20) + 07}

=0~y + 00121 (4.29)

and
1_ - 1 ~ ~
E (AQ,[,r(a)) = g_l(P(Za)(Pé(za)_Pz(za)) {ZaEE (.Br - ﬁ) - g_l/zﬁE ((ﬁr - ﬁ)Pl,r(Zoc))

1o o ro
0SB (B~ PP )~ B (P )+ B (P o).
= Z_l(P(Za)(Pé(Za)—PQ(Za)) {O(r_l)—O([_1/2r_1)+0((—1r—1)

~0 (P 2) + 007D + 07 (P (2o) + OG- D)}

=032y + 00 V2,71, (4.30)

Concerning the Lagrange remainder terms 6, ¢ ,, note that it holds for any ©,, between
B}ﬁ‘lé},r,a and z, that

E (|61,€,r|) =g E {|(I)(3) (Gé,r)| iﬁrﬁ_lgﬂr,a _Za|3}
sup ’®(3)(x)| E {|.B\rﬂ_lg€,r,a _2a|3} .

—00<Xx <0
: sup |- DI B[00 — 2l }

© —oo<x<00

1
31
L
3l

IA

|

w

Now because x2 — 1 is a polynomial of degree 2, we have that

sup |(ac2 - 1)<,l>(x)| < 0o.

—00<x <00
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It therefore follows from result (ii) of Lemma D.2 that
|E(61,0,)| <E(|61,0,0]) =032 + 732, (4.31)
Also,

E (|52,€,r|) = %E{|R,1’ (Gé,r” (Brﬁ_lg[,r,a - Za)2}
< % sup |R'1'(x)|E{(/§r/3_1§g,r,a —za)z}

—00<x <00

Il
[\

sup [{(x? = DP1(x) — 26P(x) + P ()} ¢ B{ (B 81 0 20) )

—00<Xx <00
Now because (x2 — 1)P1(x) — 2xP/(x) + P} (x) is a polynomial of degree 4 (P; is a polynomial

of degree 2 by Theorem 3.1), we have that

sup  |{(x® - 1)P1(x) — 2xP’(x) + P} ()} (x)| < 0.

—00<Xx<00

Hence, by result (i) of Lemma D.2, we have
V2R (82,0,)| < €V2E(|62,0,|) = OTV2r1 + 0732, (4.32)

Similarly,

E(85.0,]) = SE{|RS (00,)| (BB Erra~2a) "}
<1 sup [REWIE{(BA'Erra—2a) "}

—00<x<00

sup |{(x® - DPy(x) - 2xP}(x) + PY(x)} p(x)| E {(B, B - za)z}

—00<x <00

DO

Now (x? — 1)Pa(x) —2xP)(x) + Pj(x) is a polynomial of degree 7 (cf. Theorem 3.1), which
implies that

sup  |[{(x% - DPa(x) — 2xP)(x) + Py (x)} ()| < oo.

—00<x <00

and therefore, by result (i) of Lemma D.2,
CUE (83,0,)| < € E(|83,0,]) =0+ 273, (4.33)

From these results (4.21) becomes

~

~ . E(B, -
P(e e g, a)) =E(Y(Brérra)=1-a —za¢<za)¥ + 223 ¢(24)

+ O(€—1/2r—1 + 5—3/2)

o+ CG(Za)
r

E(B, - p)°
ﬁ2
— 1 — + O(r*3/2 + (*1/27,*1 + [*3/2)

L G0 | 32y

=1-a
where we have made use of the assumption that =1 = O(¢/~1). This proves (4.4).
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If Cy(z4) # 0, note that for % < ¥ <1 one may write

CQ(ZQ) _ CQ(Za) +O(n_(2_”’)).
n

r

Using this fact the coverage probability in (4.4) becomes

Cc
1-a+ M + O(n_(2_u/) + n—31///2).

n
Inspection reveals that the error term is O(n~3%/2) if % <y< % and O(n~?"¥) if % sy<l.
The proof for ¥ =1 follows trivially from (4.4) by noting that rli=(1- )f)_ln_1 +0(n2).

If Co(z,) =0, (4.5) follows directly from (4.4). O

4.3 Backwards percentile bound ﬁév

As seen in Section 2.4.1, the standard backwards percentile 100(1 — a)% upper confidence
bound for 6 is defined by

Ip(a) = (—oo, On+n 2 Buéial,
with §n, En and &;_, as defined in Section 2.1. Recall that this standard confidence bound
attains the nominal coverage probability 1 — a with a coverage error of order O(n~12).

We now propose the following modified backwards percentile 100(1 — a)% upper confi-
dence bound for 8, which, under some regularity conditions, attains the nominal coverage
probability 1 — a with a coverage error of order O(n~'2). This result is stated and proved
in Theorem 4.2 below. However, we will show (in Section 7.2.2) that in some situations the

coverage error of this bound reduces to O(n™1).

New procedure

We suggest the following backwards percentile 100(1 — @)% upper confidence bound for 0:
jé\’(m, a):= (_OO, é\é + €_1/2Brgm,r,l—a s

where
f

'3 -12pef -1pc
$mprl-a=21-q+m Pl,r(zl_a’) +m Pz,r(zl_a).

Theorem 4.2. Under the assumptions of Theorem 4.1 it follows that

P(G eV, a)) 1—ax K;i/zza) . Kz(;a) L Colza) | 0(32),
where
Ki(zq) = -2P1(za)P(zq),
K3(za) = P1(za)K 1 (24).
Further, if we choose ¢ = |yn| for some 0 <y <1, then
Ploe sy (C,a)=1-a+ 51,1()2172) +0(nY).

In the case where K1(zq) = Ko(z,) =0, the results of Theorem 4.1 hold also for ﬁév .
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Remark 4.1. In Section 7.2.2 we apply the results of this theorem to the case where the
parameter of interest is the mean of a univariate population. We also derive exact expres-
sions for the constants Cy(z,), K1(z,) and Ko(z,) appearing in this theorem. A case where

K1(zq) = Ko(z,) =0 is given in that section.

Proof of Theorem 4.2. Noting that 2, and %, are independent, and hence also 6, and
ﬁ,f m,r.a, We may apply the idea stated in (4.1) to rewrite the coverage probability of the

confidence bound ﬁé\’ (m,a) as
P(0 €7y (m,a))=P(0<0,+ ¢ V2B, Emr1-a)
=P(¢Y2(0-0) 2 ~Brémr1-a)
=E(¥Y(-Brémr1-a))

with W defined as in (4.6). Analogous to (4.7), an Edgeworth expansion of ¥ (- B}E mrl-a) 1S
given by

W (BBt a) = 1- [ ( grfmrl a)+r1/2R ( /frfmrl a)w Ry E’Em,r,l_a)]
+0(e77),

where R (x) = Pj(x)p(x). Recall that the P;(x) are odd for even j and even for odd j, i.e.,
Ri(—x) = R1(x) and Rg(—x) = —R2a(x) for all x € R. Using this, together with the fact that
®(-x) =1-D(x), we may simplify the expansion to

Br~

W (~Brémr1-a) = ® (%E mv":l—“) - Ry ( p

Emor1- ) +0 1Rz(’j;fmr1 ) +0(07).
(4.34)
Now, as in the proof of Theorem 4.1, we will analyse each term in the above expression by

means of Taylor expansion. From (4.16) we have that

o(Eturid

=l-a+z1-oP(z1-a)

(Br_ﬁ) l ﬁ ,6)
ﬁ a(rb( 1- oc) ,3

+m  p(21-0)P1 7 (21-0) {ﬁi,r(m—a) - 21—a131,r(21-a)} —m p(21-0)Ps 1 (21-q)

_1/2¢(21—a)ﬁ1,r(21—a)

7
+ Y AjmrL—a)+01mps (4.35)
i=1

o~ 1 3 ~ 1
where 61, = %(D(?’) (Omr) [BrB Ymr1-a —21-a]  for some ©,,, between BB 1&n r1-a
and z1_, and the A; p, , are defined in (4.9) through (4.15). Also, from (4.17),

2R, (’merl ) 072(z1_)P1(21-0)

— 07 2m 221 _0)Py p(21-0) (Pl(21-0) — 21-aP1(21-0))
+ Agm(1—a)+ 07285 (4.36)
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with Ag,, , defined in (4.18) and 82, = 3R (@) [Brb Emr1-a —21-a]  for some O, ,
between Brﬁ_lgm,r,l_a and z1_,. Lastly, from (4.19),

Pr =

€_1R2(ﬁ

fm r,1- a) é_l(,b(zl—a)PZ(Zl—a) +A9,m,r(1 —a)+ 5_163,m,r s (4.37)
~ i~ 2 ~ i~

where 63 » = %Ré’ (Omr) [BrB rémr1-a —21-a] for some O, , between B, & »1-q and

21-q. Agm r is defined in (4.20). Now, using (4.35), (4.36) and (4.37), then (4.34) becomes

(Br—B)*
p?

(Er - ﬁ)
B
m_1/2(»b(zl—a)ﬁ1,r(zl—a)

+ m—1¢(21—a)131,r(21_a){ﬁi,r(zl_a) _Zl—aﬁl,r(zl—a)}

- m_l(:b(zl—a)ﬁZ,r(Zl—a) - 4_1/2¢(21—a)P1(Z1_a)

+ é—1/2m_1/2¢)(21—a)ﬁ1’r(21_a) (Pi(zl—a) — Zl—aPI(zl—a))
+ 07 P(21-0)Pa(21-0) + O(L™3%)

v (_B\rgm,r,l—a) =l-a+z1-q¢P(21-q) - % a(rb( Q) ——

7
+ Z Ai,m,r(]- -a) _A8,m,r(1 -a) +A9,m,r(1 -a)
i=1

-1/2 -1
+ 51,m,r -7 52,m,r +/ 63,m,r-

Setting m = ¢ yields

(Br— )
p?

(Er - ﬁ)
B
— 07221 _0) {P1 1 (z1-a) + P1(21-a)}

_g_l(pb(zl—a)zl—aﬁl,r(zl—a){ﬁl,r(zl—a)+P1(21_a)}
+ 0 pz1-0)Prr(21-) {P](21-0) + Pl(21-0)}
— 07 p(z1-a){P2 1 (21-0) — Pa(21-0)} + O£ ™%

W (~Brérri-a)=1-a+2z1-¢P(z1-4)

-1 e

7
+) Ajpr(1-a)-Age (1-a)+Agy (1-a)
i=1

~1/2 -1
+01,0,—C 020+ 030,

Now, taking the expected value of the above expression, we have from (4.22)—(4.33) and

from assumption (A7) of this theorem that

2 a2
E{\P( ﬁr'f[rl a)} 1-a+z1-qP(z1- a)E(‘Br‘B ﬁ)_%zi_agb(zl—a)E(%)
— 07 2(z21_o)E{P1 1(21_o)+ P1(21_4)}

— 07 P(z1-0)21-o B (P1,(21-0) {P1(21-0) + P1(z1-0)})

+ 071921 B (P 21-0) { P, G1-) + Pi21-0)}

+O(0™V2p71 4 32,
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Noting that ¢, P1 and P are even functions (and consequently that P} and P\i are uneven

functions), we have, since z1_4 = —z4, that

E {\P (_Brgé,r,l—a)}

s . )
=1-a-zap(zo)E (%) +223¢(24)E (%) — 072 p(2,)E{P1 ,(24) + P1(24)}
+g_lza(p(za)E(ﬁl,r(za){ﬁl,r(za)+P1(Za)})_g_l(,b(za)E(P\l,r(za){ﬁi,r(za)+Pi(2a)})
+O(€_3/2)
s . )
=1-a-zap(zo)E (%) +223¢(24)E (%) — 072 p(2,)E{P1 ,(24) — P1(24)}

_ 2[_1/2(/)(205)P1(2a) + f_]'Za()b(za)E (ﬁl,r(za) {ﬁl,r(za) _ P]_(Za)})
+207200(z20)P1(20)E (P1,1(20)) - €192 E (P20 (P (20) - Pi(za)}
— 207 p(20)P}(20) E (P1,(20)) + O(L732).

By assumption (A3) and results (i) and (ii) of Lemma D.1,

Brﬁ—ﬁ) ; %zg;(p(za)E(@\rﬁ;zmQ)

_ 2(_1/2¢(ZQ)P1(205) + 2€_lza(l)(2a)P%(Za)
~ 207 p(20)P}(2a)P1(20) + O™ V2r = 4 07171 4 7372
Br - :6 (Br _ ﬁ)Z )

=l-a—-z4P(zyx)E (T) + %z“g(/)(za)E (T

—2072((2)P1(24) — 20" p(20)P1(20) {P} (20 — 2aP1(2a)} + O(L32),

E {\P (_ﬁré\[,r,l—a)} =l-a- 2a¢(2a)E (

which is the required result. O

4.4 Equal-tailed percentile confidence intervals

One-sided upper and lower confidence bounds may be used to construct two-sided, equal-
tailed confidence intervals. For example, in the notation of Chapter 2, the standard hybrid

percentile (1 —2a)-level confidence interval for 6 is given by
T @\Ig (=) = (00 =n"5081-0, 0 —n 25,84

Likewise, the standard backwards percentile (1—2a)-level confidence interval for 6 is given
by
jB(a)\jB(l -a)= (é\n + n_1/26nga> é\n + n_l/zﬁngl—a] .

The order of coverage error of both these intervals is typically O(n~1) (see Hall, 1988,
p- 949). Moreover, Hall (1988) shows that intervals constructed from the bias-corrected and

accelerated bias-corrected bounds also incur coverage errors of order on™Y).
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An equal-tailed (1-2a)-level confidence interval for 6 based on the newly proposed Aybrid
percentile bound JAIZ{V is

jI]-IV([’ a)\jlj-lv([a 1-a)= (/0\[ - [_I/Z,B\rgm,r,lfzx, é\[ - é_l/zﬁrgm,r,a] .
Under the assumptions of Theorem 4.1, the coverage probability of this interval is typically
P(oe Y€, \FN (0, 1-a)=P(0e Fy (0,0 -P(oc.F)(,1-w)

Co(zq)—Colz1-4)
M r

=1-2a +0(0732),

Noting that Cg(z,) = —Cy(z1-4), the above coverage probability becomes

+0(07%2),

~ ~ 2
p (9 e N, )\ I (0,1~ a)) —1-2a+ CGr(Za)

Hence, if we choose ¢ = [yn¥] for some y > 0 and % < <1, this new hybrid percentile bound
has coverage error O(n 1), which is comparable to the coverage error of the standard hybrid
percentile interval.

Similarly, an equal-tailed (1 —2a)-level confidence interval for 6 based on the newly pro-

posed backwards percentile bound ﬁév is given by
jlév([’ a)\jév([’ 1-a)= (/0\[ + [_1/23r2m,r,a, éﬁ + g_l/zﬁrgm,r,l—a s
which by Theorem 4.2 typically has coverage probability

P(oe gy, aN g ,1-a)

Ki(z4)—Ki(z1-a) Ka(zq)—Ka(z1-¢) + Co(zq)—Colz1-4)

-3/2
71 + 7 +0™74).

=1-2a+

As Kq(z,) is determined by —(,b(za)E{ISLr(za) + P1(z4)}, we have that Ki(zy) = K1(21-4).

Therefore,

2Ko(z4) + 2Cp(24)
¢

P(eejév(&a)\ﬁév(f,l—a)) =1-2a+ +0(0732),

since Ka(z4) = —K2(21-q). If we now choose ¢ = |yn| for some 0 <y <1, then

P (8 € 7 (0, \ I (0,1~ a)) _1-2a+> (2K2(Z“) +2C6Ga)) 0(n=%2),

n\ vy I-y

Hence, for proper choices of ¢ the new equal-tailed backwards percentile interval has the
same order of coverage error as that of the standard backwards percentile interval, namely
O(n~1). Note that, in contrast to one-sided confidence bounds constructed by means of the
backwards method, additional assumptions (such as symmetry; see Section 7.2.2 for an

example) are not needed to achieve this order of coverage error.
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Chapter 5

New percentile-t confidence

bounds

Using the same method of splitting the sample presented in Chapter 4, we derive two new
percentile-t confidence bounds. We demonstrate that, typically, the new Aybrid precentile-¢
bound leads to a coverage error of O(n~%2) and in some cases even to O(n2). This is an
improvement over the standard percentile-z bootstrap bound jdiscussed in Chapter 2,
which has coverage error of O(n~1). We also show that the new backwards percentile-t

bound has coverage error of O(n~12), but in some cases O(n2).

5.1 Notation

Let &, = {X1,Xy,...,X,} be a random sample consisting of p-dimensional random vec-
tors drawn from an unknown p-dimensional distribution function F, depending on some
unknown scalar parameter 6. In the context of the smooth function model described in
Chapter 3, set Wy, = (f1Xp),...,faXz)), £ =1,...,n, where f1,...,fq are real-valued Borel-
measurable functions on R?. Define v = E(W7). Assume that the parameter of interest can
be written in the form 6 = g(v), where g : R — R is a known smooth, Borel-measurable
function.

Our new method involves splitting the sample into two disjoint sets, say
We:={W1,Wo,..., Wy},
for some integer 2< ¢ <n -2, and
Wr={Wpi1,Wpeig,..., Wy},

which has r := n—/¢ elements. Note that #; and #; can be viewed as two independent random
samples of sizes ¢ and r drawn from the distribution F. Define the following two estimators
for 6:



where W, = z—lzgzlwk and W, = r—lzgzmwk. Throughout we will assume that the
asymptotic variance of ¢Y28, is given by p2 = h%(v) for some known smooth, Borel-

measurable function % : R? — R. Two possible estimators for 8 are
Br=h(W;) and B,=h(W,).

Define

_8w)—g(v)
Ap(w):= A

so that _ R
_gWp)—g(v) 6,-0

h(W) B¢
Note that Var(¢ I/ZAT(W[)) — 1 as ¢ — oco. Assume that Wy satisfies Cramér’s continuity

condition, i.e.,

Ar(Wy)

limsup|y(t) <1, (5.1)

It —o0
where y denotes the characteristic function of Wy. Then, if g and 4 are sufficiently smooth
in a neighbourhood of v and W1 has sufficiently many bounded moments, we have by The-
orem 3.1 that
P(e2Ar (W) <x) =P(¢"2 (8, -6) /B, x|
= D(x) + 07 2Q1(W)p(x) + £ Qa(x)p(x) + £~ Q3(x)p(x) + O(L72),

(5.2)

uniformly in x, with @1, @2 and @3 determining the above Edgeworth expansion as descri-
bed in Chapter 3. Note that the remainder term O(¢~2) is non-random.

Let #,, . = {W;,W;,...,W, } denote a resample of size m drawn randomly with replace-
ment from #;, i.e., an’r isan m / r bootstrap sample drawn from #;. Now define the m / r

bootstrap replications of 6 and § as

Onr=8Wy,) and B, =h(W,,)

m,r m,r
respectively, where Wy, . = m~! Y72, W?. Now define the smooth function

1 L g(W)—g(Wr)
Ar(w):= T how)

so that

* 127 (wr* m1/2 (g (W;;i,r) -8 (W,«)) m1/2 (é\;z,r - g’”)
T, ,=m"Ar (er) = — = — .
h (Wm,r‘) IBm,r
Note that Var.(T}, ,) — 1 a.s. as m — co. Assume that the function A7 has sufficiently many
bounded derivatives in a neighbourhood of v, that W1 has sufficiently many finite moments

and satisfies (5.1). Then, if we denote the a-level quantile of T,”;L,r by fim ras i-e.,

ﬁm,r,a = 1nf{x :P* (T* < x) > a} ,

m,r —

we have by Theorem 3.4 that

Mmra =20 +m 2Q( (20) + m QY (2a) + m Q5 (20)+0,(m ™),
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uniformly in a € (¢,1 — €) for any € € (0, 1y with Qif , ng and ng the appropriate Cornish-
Fisher polynomials described in Chapter 3.

The two procedures introduced below are based on this Cornish-Fisher expansion of

.
Nm,r,a-

5.2 Hybrid percentile-t bound EIV

Recall from Section 2.5 that the standard hybrid percentile-t 100(1 — @)% upper confidence
bound for 8 is given by

Fa) =00, 81 V2Bo,
with §n, ﬁn and 7}, as defined in Section 2.1. Typically, this standard confidence bound has
a coverage error of order O(n™1).

We now propose the following modified hybrid percentile 100(1 — @)% upper confidence
bound for 6, which, under some regularity conditions, attains the nominal coverage pro-
bability 1— a with a coverage error of order O(n~%2). This result is stated and proved in
Theorem 5.1 below.

New procedure

We suggest the following hybrid percentile-¢ 100(1 — @)% upper confidence bound for 6:
E{V(m, a):= (_00, é\é - 4_1/2,B\€ﬁm,r,a s

where

Tmra=Za+m l/zQif(Za)"‘m lQ;f(zaHm_ngf( a)-

To investigate the asymptotic behaviour of this new confidence bound, the following as-

sumptions are needed:

(B1) 21,-(0) - Q1(x)) =0G™Y),

(B2) E{(Q1(x)-Q1kx)) =002,

1

o1, i=1,2,

'}

®3 B{(Q,w-@uw] -0, -1z
/-

B5) E b=

A1) - Qo) } =06, i=1,2,

(B6) E

E(
{@
{

(B4) E{( () -Q(x)
{@
{ )= Qz(x)) }=O(r‘1), i=1,2,
E{Q

(B7) 3.,-(x)—Q3(x)} = 0(r™Y).
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Theorem 5.1. Suppose that W1 satisfies (5.1) and has sufficiently many finite moments and
that g and h have sufficiently many continuous derivatives in an open neighborhood of v.

Then, if m =¢ =0(r) and ¢ — co as n — oo, we have under assumptions (B1)—-(B7) that

=N _ Dy(z4) —92
P(oe H(é,a))—l—a+ﬁ+0(€ ) (5.3)

where Dy(zq) is the coefficient of r~! in a power series expansion of
P(za)E{Q1,(24) — Q1(za)} -

Moreover, if we choose ¢ = |yn" | for some y >0 and % <w <1, then

Dy(z4) —(4-y)/2 ) .
— T 10" Y2 7% if Dg(zq) £0,
1-a+0(n~2) if Do(zq) = 0.

In the case where y =1and 0 <y <1,

Dy(zq)

-2
(1?2 O™

Poe 7Y (6, @)=1-a+

Remark 5.1. As will be shown in Section 7.2.3, it might occur naturally that Dg(z,) =0. In

such cases the order of coverage error is reduced to O(n=2¥), for % <w<l1.

Proof of Theorem 5.1. Noting that #; and #, are independent, and hence also (@g - 0)/34
and 7, r o, We may apply the idea stated in (4.1) to rewrite the coverage probability of the
confidence bound jzlv (m,a) as

[1/2 (é\( _ 9)

P (9 € /\II{V(m’ a)) =P (9 = é[ - 5_1/2,B\€ﬁm,r,a) = P( = ﬁm,r,a =E (\Pt (ﬁm,r,a)) ,

Be
with
12 (5, _
\I’t(x)::P(m zx)
¢
_ I_P(M Sx)
Be

=1- [0@+ Q@) + 71 Qe(0)9() + Q@) +0T),  (5.5)

where the last step follows from (5.2). Since the error term does not depend on x, we may

write
‘Pt (ﬁm,r,a) =1-0 (ﬁm,r,a) - 4_1/2Q1 (ﬁm,r,a) (P (ﬁm,r,a)
- €_1Q2 (ﬁm,r,zx) (,b (ﬁm,r,a) - 5_3/2Q3 (ﬁm,r,a) (P (ﬁm,r,zx) +0 ([_2) . (5-6)

Note that the remainder term O (¢£72) is non-random.

We will now inspect each term in (5.6) separately. Taylor expansion of ® about z, yields

@ (ﬁm,r,a) =O(z4) +P(2q) {ﬁm,r,a - Za} - %Zaﬁb(za) {ﬁm,r,a - Za}2

+ % (Z%t - 1) ¢(Za){ﬁm,r,a - Za}g + 64"")’“ ’
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where 64 m » = ﬁ¢>(4) (©mr) (Tm.ra —za)4 is a Lagrange remainder term for some ©,, , bet-

ween 7 .o and z,. Hence,
®© (fim,ra) = @+ Pza) {m QY (20) + m71Q5 (20) + m Q) (200}
— 32aP(24) {m_l/QQf,(za) +m7 QY (za) + m_:"&Qg,r(za)}2
+ % (22 - 1) ¢p(za) {m_l/zéifr(za) + m_légﬁ(za) + m—3/2@;§(2a)}3 +O4mr
= a+m V2P(2)Q (20) + ¢><za){é;§(za>— Lo (Q‘;f,<za>)2}
+m 3/2</>(za>{Q3 (20) - 2@ G ea) + 4 (22~ 1) (@ (2) }

+ Z Bk,m,r(a) + 54,m,r ’ (5.7)
k=1

where
Bl,m,rm):m‘%(za){ 2aQ" (@)@ (20) - $2a (@) (za))

1e2-1)(@7 o) Qg{:(za)}, (5.8)
Bz,m,r<a)=m‘5/2¢(za){ 2@ )@ )+ 32 - D(QY o)) QS 20)

+ 122 - 1@< (za)(Q;fr(za))z}, (5.9)
Bg,m,rw):m‘%(za){—%za (@5 o)) + 22 - D(QY o))

2100 (2085 r(za>} (5.10)

B4,m,r<a)=m"’/2¢<za){ 12 -1 (@5 o)) @Y o+ 12 - V@Y o) (@S (20) } (5.11)

B (@) = 5m ™2 ~ Dplza)QS (200 (@) o)) (5.12)
P 3
B m (@) = §m 222 - Dpz0) (5 (20)) (5.13)

Substituting the Cornish-Fisher polynomials Q1 " Q and Q . by their respective expres-
sions in terms of Edgeworth polynomials (given exphc1t1y in (3.9), (3.10) and (3.11)), then
(5.7) becomes

O (fim,r,a) = @ =m 2 P(z0)Q1,(2a)
+m ) {Q1, @), (20) - 32097 (20) - Q2r(20) - $24@F (200}
m 9] - 12 - D@3, o) + 820@3, )@ 20) - 103, 2)@Y, (20)
~20Q1 e 2) + QeI 2) - Q) (@, 20)) + @1 2a)@r(z0)
~Q3,(20) + 2aQ1,1(20) (Q1,2a)Q}, (20) ~ $2eQ3 ,(2a) - Q2 (20)

6
~1(22-1)@3, )} + Y B @+ 8a . (5.14)
k=1
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By Taylor expansion of @1(x)¢p(x) about z,, the term @1 (ﬁm,r,a) 0] ('ﬁm,r,a) in (5.6) becomes

Q1 (Tim,r.a) ¢ (fim,r.a)
= Q1(2)P(20) + P(2) {Q'(2a) — 24Q1(20)} (fim,r,a — 2a)
+ 1) (22 - DQ1(za) —224Q(20) + Q[ (20)} (fimyr.a — 2a)” +O5,m
= Q1(za)p(2a) + ) {Q1(20) ~ 2aQ1(Ea)} (mV2QS (20) + m 1@, (20) + m Q) (20)
+ 102 {(22 - DQ1(20) — 224Q (20) + Q] (20)}
><( 2QY (2) + mT'Qy (2a) + mTP2Q (Za))2+55,m,r
= Q1(2)P(za) — m 2 P(20) Q] (20) — 2aQ1(20)} Q1,-(24)
+m P {Q1(0) - 2a@1}H @1, (0)R)  (20) - §20Q3 (20) - Qs r(20)}

11
+ %m_l(P(za){(Z(zx - DQ1(z24) _2ZaQ/1(Za) +Q,1/(Za)}Q%,r(2a)+ Z Bk,m,r(a)+65,m,r >
k=T

(5.15)
where

B (@) =m ?$(20){Q)(20) ~ 2aQ1(20)} Q5 (20), (5.16)
Bgm (@) = m 2 p(20) {(2% - DQ1(20) ~ 224Q}(20) + (2} @ 2)@5 (20),  (5.1D)

By (@) =m 2 Pp(z) {(z2 - DQ1(2a) — 22aQ(24) + Q' (2a)} (5.18)

{% (Q (Za)) +Q‘1" (2@ ,(za)} (5.19)

B1o.m (@) =m 2 p(za) {(2% - DQ1(20) — 22aQ (20) + R (2)} Q5 (2)Q5 (20),  (5.20)

~ 2
Biim (@) =m 3p(2a){(22 - DQ1(24) — 224Q (20) + @] (24)} (Q;fr(za)) , (5.21)

and 85 r = 3 dxg Q1) ¢W)],_g  (Tmra —2,)° for some ©,, , between i, o and zq.
Also by Taylor expansion of Qz(x)d)(x) about z,, the term @9 (ﬁm,r,a) 0] ('ﬁm,r,a) appearing

in (5.6) becomes

Q2 (ﬁm,r,zx) (»b (ﬁm,r,a)
=Q2(z0)P(20) + P(24) {le(za) - ZaQQ(Za)} (ﬁm ra~ Za) +066,m,r
= @2(20)0(za) + P20 {Q5(20) ~ 2eQ2a)} (m QT 2 0) + m Q5 (2o) + m V@S] (20)

+ 66,m,r
= Q2(2)P(za) — m V2 P(22) {Q5(24) — 24Q2(20)} Q1 (20) + B12,m (@) + 86 mr » (5.22)
where
Bigm,r(@) = (20 {@h(20) ~ 2eQ2a)} (m Q51 ) + m Q51 20))  (5.23)

2 ~ 2 ~
and 86, r = %% [Qg(x)(,b(x)]x:@m’r (fim,ra —2a)” for some ©,, , between 7jn, r o and z4.
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Furthermore, by Taylor expansion about z,, the term @3 (ﬁm,r,a) (p(ﬁm,rﬂ) in (5.6) beco-

mes

Q3 (ﬁm,r,zx) (»b (ﬁm,r,a)

=Q3(z0)P(20) + P(24) {Qé(za) - ZaQS(Za)} (ﬁm ra Za) +67,m,r

= Q5(z)P(20) + P20 {Q4(20) ~ 2Q3z)} (m2Q5 (20) + m71Q5 (20) + m~2QS] (20)
+ 67,m,r

= Q3(Za)§b(za)+B13,m,r(a)+57,m,r > (5.24)

where
B m, (@) = p(20) {@h(2a) ~ 2eQ3(z0)} (m 2@ (20) + m Q) (20) + m Q5 (20)) (5.25)

and 87 » = %j—; [Qg(x)(,b(x)]x:@m’r (Tim,ra — za)2 for some O,, , between 7,,, r o and zg.
Now, substituting (5.14), (5.15), (5.22) and (5.24) in (5.6) we obtain

\Pt (ﬁm,r,a)

=1-a+m 2p(2)Q1(24)
~m e Q1)@ 2a) ~ 120Q3 2a) - Qs ea) ~ 12a@3 (20))
m_3/2(,b(za){ - 322 - DR} (2 + 324Q7 (2R (2a) ~ 3Q7 . (20)Q (24)
- 20Q1,1(2)Q2,r(2e) + Q1 (2@ (20) ~ Q1,1(20) (@), ,.(Za>)2 +@),(2)@2,(z4)
~Qar(2) +20Q1(20) (QurGoI@) 1 20) ~ §20@7 1 (20) ~ Q.20 ~ § (25~ 1) @7 2}
—072Q1z)P(za) + 072 m T2 P(2) {Q(20) — 20Q1(20)} Q1.+ (24)
= 02 m 7 p20) {Q)(20) - 2aQ1Ca) Q1,1 (2a)Q) ,(2a) ~ $20Q3 (20) - Q2020
~ 12 gz 0) {22 - DR1(20) — 224Q) (20) + Q1 (2)} . (20)
—071Qa(z)P(za) + €7 m T P(20) {Q)(20) — 24Q2(20)} 1,-(20) = € Q3(2 o) p(24)

6 11
~ Y Brmr (@)= 072y By (@)~ €7 Big (@)~ 07¥2B13 1y (@)
k=1 k=T

- 64,m,r - [_1/255,m,r - 4_166,m,r - 5_3/267,m,r + 0(4_2)-

Setting m = ¢ and and grouping like terms we may rewrite the expression above in the

following convenient form:

Yy (Me,r,a)

=1-a+0"2P(2){Q1,(20) — Q1(20)}
07 Pz {Q2,1(20) ~ Q22)} — Pz {@) (20) - R (20} Q1 r(2)
0200z 101, 0) - @12} @12 + 10202022 - D@1, (20) - Q1(z)} @2, (20)
— 07 24(22) {Q1,(20) — Q1(2a)} {Ql,r(za)@l,r(za) ~32aQ7 (20 - QQ”(Z“)}
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+ 072 p(2){Q3.-(20) — Q3(20)} + 0732 24¢(24) {Q2.-(20) — Q2(2)} Q1.+ (24)

= 920 @) (20) - Qh2a)} Q1 1(20) — € 2P(20) {Q)(20) - Q1 (20)} Q3 (20)
+ 92 {Q),(20) - Q12 Q1)) (20) - 12003 (20) - Q2 (20)}
+300){Q1,za) - Q1) @1, 2a)

6
- Y Bryrla)- 72 Z Bror (@) =0 Big s (@) - 07¥2B13 4 (a)
k=1 k=T

~8u0,— 02850, — 0 06,0, — 032570, +O(L72).

The coverage probability of EIV (¢, @) may now be obtained by taking the expected value of
Y:(7¢,ra). Applying the results of Lemma D.3 we may write this coverage probability as

P (9 € E,_IV([, a)) =E (\Pt(ﬁé,r,a))
=1-a+02Ppz)E{Q1,(za) - Q1(z)} + O™ r )+ 0(£72)

6 11
~ Y E(Bror (@) -2 E(Bro (@)~ ¢ E(Bias (@) — €732E (B3 o ()
k=1 k=T

~E(840,)—CV2E(650,) 0 E(S6.0,) — € ?E (57.0,). (5.26)

We will now evaluate the expected values of the terms containing By, p, », of which full
expressions are given in (5.8)—(5.13), (5.16)—(5. 21) (5.23) and (5.25). Note that the By, ,, ,
depend on the Cornish-Fisher polynomials Q1 - and Q3 , which in turn depend on mo-
ments of W1 up to the fifth order (see Theorem 3.1). Under the assumption of Theorem 5.1
that W, has a sufficiently large number of finite moments, we may assume that all the
expected values E (Bk,g,r(a)), k=1,2,...,13, will be finite. Hence we have that

E(By (@) =0(73), E (Ba. () = 0(£7%2), E (B3, (a) = 0(£73),
E(Bsrr@) =00,  E(Bsrr@)=00",  E(Bsra)=00"",
E(Bror(@) =00,  E(Bscr(@)=00"),  E(Bos(@)=00),

E (B1or(@) =0(%), E (Bi1,e,(@) =07, E(Big,r(a) =0(™),
E (B (@) =071 (5.27)

Substituting these results in (5.26) yields

P(0e 7Y (6, @) =1-a+ Pz E{Q1 1(2a) - Q1(z0)} + O )+ 0( 7Y
~E(840,) - CV2E(650,) - ¢ E(S6.0,) — € ?E (67.0,). (5.28)

We now treat the Lagrange remainder terms 6 ¢ ,. It holds for any O, , between 7/, o
and z, that

B (64,)| <E|64c,| = HE{|0® (00,)| (e ra —20)*}
1
4

sup |CI)(4)(x)) nf,r,a_za)4}~

—00<x <00

sup |@® —3x)¢(x)|E{(wra—za)4}-

" —oo<x<00

=

B[=
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Note that

sup |(x3 - 3x)(/)(x)| < oo.

—00<x <00

It therefore follows from result (iii) of Lemma D.4 that

E(84,0,) < |E(8ae,)|=007). (5.29)
Also,
|E (65,0,r)| <E|65,0,]
1 d? _ 3
=5Ey| 73 Q1) g, |llIm,ra—2al

d? _
= %_ofllsgoo‘@ [Ql(x)¢(x)]x:8 E{'nm,r,a _Z(x|3}
=4 swp |{-67 -39 + 362 - DR - 31Q{(@) + QP )} $0) | E{ [fim .0 ~ 20|}
Since

sup  [{-(* - 30Q1(0) + 36 - DR} (0) - 33Q(@) + QPw)} pw)| <o,

—00<X <00

we have by result (ii) of Lemma D.4 that
(V2R (65.0,) < V2 |E(65.0,)| = 072 (5.30)
Similarly,
|E(66,0,r)| <E|66,0.r]

d? .
= %E{ W [QZ(X)(p(x)]x:@mr‘ (nm,r,a - sz)2}

=3 sup ‘d—z[Q (@) (@)]
2 dx2 2 x=s

—00<8<00

E {(ﬁm,r,a - Za)2}
=1 sup {7 - DRa(0) ~ 2:Q}4(®) + QY p0)| E{ (fm,r — 20)*}

—00<x <00

Noting that

sup |{(oc2 —1DRa(x)— 2xQ’2(x) + Qg(x)} (p(x)| <00,
—00<x <00
result (i) of Lemma D.4 yields
¢'E(06,0,) < 0 E (86,0,)| =0W7?). (5.31)

In exactly the same way it can be proved that

032K (67,4,) =072, (5.32)
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Combining results (5.29)—(5.32) with (5.28), we have that

3 (9 e 7N, a)) =1-a+ 0 2Pz E{Q1,(20) — Q1(za)} + O r 1 4 £72)

_ Do(z4) -1/2.-3/2 , p-1 -1, ,-2

=1l-a+ 712, +0W " “r +0r+077)
Dy(zq) )

ZI—Q+W+O(€ ),

where we use r~! = 0(¢~1), which proves the first part of the theorem.
To obtain the remaining results, note that, if Dy(z,) # 0, one may write for % < <1that
Dy(zo) _ Do(za)

— +0 n—(4—1//)/2 )
[1/2," Y1/2n(2+w)/2 ( )

Hence, the coverage probability in (5.3) becomes

Dy(z,) —(4-y)/2 -2y
l-a+ W +0(n +n ).
Inspection reveals that the error term reduces to O(n~2Y) if % <Y< % and to O(n~(4"¥2) if
% < < 1. The proof for ¢ = 1 follows readily from (5.3) by noting that ¢~V2r~1 = }f‘l/z(l -

1) 1032 4+ 0(n=%2). If Dy(z,) = 0, (5.4) follows immediately from (5.3). O

5.3 Backwards percentile-: bound ﬂv

We propose the following backwards percentile 100(1 — @)% upper confidence bound for 9,
which under standard conditions attains the nominal coverage probability 1 - a with a
coverage error of order O(n~"2). This result is stated and proved in the Theorem 5.2 be-

low.

New procedure

We suggest the following hybrid percentile-¢ 100(1 — @)% upper confidence bound for 6:
/\B{v(m7 a):= (_00, g[ + g_l/zﬁ[ﬁm,r,l—a’ ’

where

= -12p7c¢ -15¢ -3/2p7¢
NMm,yrl-a =Z1-atM Qlfr(zl—a)"'m ng:(zl—a)'i'm Qgﬁ.(zl—a)

Theorem 5.2. Under the assumptions of Theorem 5.1 it follows that

K3(za)  Ky(zo) Ks5(za) Do(2a)

-2
7172 ¢ 32 12, +O,

Poe 7 (6, @)=1-a+
where

KS(Za) = _le(Za)(p(za),
K4(Za) = Ql(za)Ké(Za)a
K5(20) = 1Q2G)KY(20) + @ (2)K}(20) - 2Q3(20)d(20).

64




Furthermore, if we choose ¢ = |yn| for some 0 <y <1, then

K3(zq)

G2 +0(n™h).

Poe 7 (6, m)=1-a+

In the case where K3(z,) = K4(zq) = K5(z4) =0, all the results of Theorem 5.1 hold for %73\7_

Proof. Noting that &, and %, are independent, and hence also (8, —0)/B, and Nmrl-as
we may apply the idea stated in (4.1) to rewrite the coverage probability of the confidence
bound j}v(m, a) as

P(0 € 73 0m, @) =P(0<0,+ ¢ Briimr1-a)

P((“ 6c-6) )

= Z —Nmrl-a
Be

=E (¥ (~limr1-a)),

with ¥; as defined in (5.5). Since the error term in (5.5) does not depend on x, we may write

\Pt (_ﬁm,r,l—a) =1-0 (_ﬁm,r,l—a) - 8_1/2Q1 (_ﬁm,r,l—a) (,b (_ﬁm,r,l—oc)
- Z_IQZ (_ﬁm,r,l—a) (,b (_ﬁm,r,l—a) - [_3/2Q3 (_ﬁm,r,l—a) (,b (_ﬁm,r,l—a)
+0(07?).

Recall from Theorem 3.1 that the @ j(x) are odd for even j and even for odd j. Now since
¢(x) is even, it follows that @ ;(x)¢(x) is odd if j is even and even if j is odd. Using this,
together with the fact that ®(—x) =1 - ®(x), we may simplify the above expansion to
Y (~Timri-a) = P [Amri-a) = € 2Q1 Amr1-a) ¢ (fmri-q)
+07'Q2 (fim,r1-0)  (im,r1-a) — €2?Q3 (mr1-a) @ (Am,r.1-a)
+0(072). (5.33)
Substituting (5.14), (5.15), (5.22) and (5.24) in (5.33) we obtain
Y: (~Tm,r1-a)
=1-a-m 2p(z1-0)Q1,(21-0)
+m 1) {Q1,C1-0)@),(21-0) - $21-0@3 ,(21-0) ~ Q2.1(21-0) -~ $21-0Q}  (21-0)
+m 2021 - 3], - DAY (21-)+ 321003, (21-0)Q] ,(21-0)
~1Q% . (21-)QY (21-0) — 21-a@1,(21-0)Q2,(21-0) + Q1,1(21-a)Q), . (21-a)
- Ql,r(21—a) (Q’l,r(m—a))z + Q\i,r(zl—a)Q\Z,r(Zl—a) - Q3,r(21—a)
+ Z1—an,r(Z1—a) (Ql,r(21—a)@1,r(21—a) - %h—a@ir(zl—a) - Qz,r(21—a))
e~ D@, o)
—072Q1(z1-)Pz1-) + P m T P(21-0) {Q1(21-0) — 21-aQ1(21-0)} @1, (21-0)
—072m P21 ) {Q)(21-0) — 21-aQ1(21-0)}
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X {Ql,r(ﬂ—a)@'l,r(zl—a) - %Zl—aéir(zl—a) - Q2,r(21—a)}
10 m (21— a) {2y~ DR1(21-0) — 221-0Q) (21-0) + @ (21-0)} Qir(m—a)

+071Qa(21-0)P(21-0) — €7 m V221 ) {Q5(21-0) — 21-aQ2(21-)} Q1.+ (21-0)

6 11
~0732Q3(21-)P(z1-0) + Y B, 1 =)= V2 By (1= )+ €7 Big p r(1- @)
k=1 k=1

—07B13 (1= @) + 84y = 0285, + 0 06 = 0267 + O,
Setting m = ¢ and grouping like terms, we may rewrite the above expression as

W (T ra) = 1-a =01 ) {Q@1,1(21-0) + Q1(21-0)}
— 0 p(21-) {Q2(21-0) — Q2(21-0)}
+ 07 p(z1_a) {Q'Lr(n—a) + Q'1(21—a)} Q1. (21-a)
0721 q0(21-) Q1 (21-0) + Q1(21-0)} Q1 -(21-0)
~ 10732 p(21_0)(Z2_ ~ D{Q1-(21-0) + Q1(21-0)} Qir(m—a)
+ 073221 0 p(21-){Q1.,-(21-0) + Q1(21-0)}
X {Ql,r(21—a)¢§'1,r(21—a)— %Zl—aQ\ir(Zl—a) —Qz,r(21—a)}
—0732p(21-){Q3 - (21-0) + @3(21-0)}
— 0732214 p(21-){Q2,(21-0) — Q2(21-0)} Q1 - (21-¢)
+ 07920021 {@, (21-0) - Q4(z1-0)} Q1,r(21-0)
+0221 o ple1-){Q) 1 21-0) + @1 (21-0)} @7, (21-0)
01 )@ (21-0) + Q) (21-0)]
x {Q\l,r(zl—a)Q\/Lr(Zl—a)_ %Zl—aéir(m—a) _QZ,r(Zl—a)}
~30720z1- @], 21-0) + Q1 21-)} Q3 21-0)

6 11
+Y Bro,(1-a)-¢Y2Y B, (1-a)+ ¢ 'Bigs,(1-a)
k=1 k=T

_ [_3/2313’&,«(1 -a)+ 54/,;- - £_1/255,€,r + €_1§G,€,r - 2_3/267,Z,r + 0(4_2)

The coverage probability of 72 (£,a) may now be obtained by taking the expected value of
W,(~7¢,.q)- That is,
P(0€ 73 (6,0)) =B (¥i(~Tir0))
=1-a-0"2Pz1_0)E({Q1,(21-0) + Q1(21-0)})
~ 07 p(21-0)E ({Q2,-(21-0) - Q2(21-0)})
+07191-)B({Q1,C1-0) + Q1 (21-0)} Q1,(21-0))
— 0721 0(21-0) E ({Q1,r(21-0) + Q1(21-0)} @1, (21-0))
— 107221 o)~ DE({Q1r(21-0) + Q1(21-a)} Q3 (21-0)
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021 E (@11 + a1} @5 21-0)
— 072 p(21-0)E ({@3,-(21-0) + Q3(21-0)})

— 07221 p(21-) E ({Q2,-(21-0) - Q2(21-0)} @1,-(21-0))
403221 _ ) ({Q\’z’r(zl_a)—Qé(zl_a)}él,r(zl—a))
L0325 (210 E ({Q’Lr(zl_a)+Q’1(zl_a)}Qir(z1—a))

_ 5—3/2(/)(21_“)13( {Q’Lr(zl_a) + Q'l(z1—a)} Q;fr(m—a)
- 109200 B({@), 10+ Q)e1-0} @2, 21-0)

6 11
+Y Bro,(1-a)- 02y By, (1-a)+ 0 By, (1-a)
k=1 k=7

~032B13 0 (1= @)+ 840, — 0 V2850, + 0 86,0, — 032870, +O(L72).

Under the assumptions of the theorem, applying the results of Lemma D.3 and recalling
the results in (5.27), (5.29), (5.30), (5.31) and (5.32), the coverage probability reduces to

P(0e 73 (6, @) =1-a-p(z1-0)B(Q1(21-0) + R1(21-0))
+ 071921 B ({Q],(21-0) + Q) (21-0)} 1, (21-0)
— 07 210 p21-) E ({Q1,(21-0) + Q1(21-0)} @1,-(21-0))
- 307221~ DE({Q1,(21-0) + Q1(21-a)} Q3 (21-0))
+ r3/2z1_a¢>(zl_a>E({Q},r(zl_a) +Q1(21-)} Q3 (21-0)

—0732p(21-0)E (@3, (21-0) + @3(21-0))
" 4—3/221_06(’[)(21_“)]3 ({Q\'Lr(zl_a) + Q/l(Zl—zx)}‘ Q\ir(21—a))

_ 5—3/2¢(21_Q)E( {Q\’l,r(zl_a) + Q/l(Zl—a)} Q\gﬁ(Zl—a)

- 307201 E ({Q1 1o+ Q] (e1-)} Q3 (21-0)]
+O( 4 072,

Recall that z1_4, = —z4. Since ¢ is a symmetric, even function, it holds that ¢(z1_,) =
P(=z4) = P(24). Also, since @ j are polynomials which are odd for even j and even for odd j,
it follows that
Q'(z,) ifjiseven,
Qie1-a)=Qj(-z)=4 "
—Q}(za) if j is odd,

and
_Q;.’(za) if j is even,

Q}/(Zl—zx) = Q;'/(_Za) = I P
Qj(zo)  if jisodd.
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Also note that

Q;fr(zl_a) = Q\l,r(zl—a)Q\ll,r(zl—a) - %Zl—aéir(zl—a) - Q2,r(21—a)
= _Q\l,r(za)Q\ll,r(Za) + %Zaéir(za) + Q2,r(za)

= _Q\g’f (za).

r

Therefore,

P (9 e 73, a)) =1-a— "¢z E(Q1r(22) + Q1(20a))
07 ) B({Q)(20) + Q) (2a)} Q1,1(2a)
+ 07 202 E ({Q1,(2) + Q1(20)} Q1,1(20))
— 1072 p(2a)2E - DE({Q10(2a) + @120} @3, (20)
+ 022,020 E ({Q1,(20) + Q1(2a)} @5 (2]
— 0732¢p(20)E (@3,(2) + @3(24))
0209z B({Q),20) + Qi (en)} @7 (20)
020z E ({Q) 2) + Q) (2a)} Q) (20))
10720 )E ({Q)(2) + Q120)} @ 20)
+0(0 4072,
=1-a-20""2p(z)Q1(z0) — 2Pz E (Q1,-(20) - Q1(24))
~ 207 P(20)Q1(20) (R (20) — 24Q1(24))
— 072 Pp(2)Q3(22) {(22 - DQ1(20) — 224Q(20) + Q1 (2a)}
—20720(2)QY {Q1(20) — 2Q1(za)} - 2072 Pp(20)Q3(20)

+O( V2714 g1yl 32,71 92y

_ K3(zq) Do(zq) Ku(za) Ks(zg) —9
=1-a+ r . T YT am +0(™)

where we made use of the assumption ¢ = O(r), i.e., rrl=01).

5.4 Equal-tailed percentile-¢ confidence intervals

As noted earlier, one-sided upper and lower confidence bounds may be used to construct

equal-tailed confidence intervals. For example, in the notation of Chapter 2 the standard

bootstrap percentile-¢ (1 — 2a)-level confidence interval for 6 is given by

F@\F1 =)= (00 025,01 a, 00 0 *F0Ta.

The order of coverage error of this interval is typically O(n~1). Hall (1988, p. 949) shows

that in the case where the parameter of interest is the mean of a univariate population,

this interval has a reduced coverage error of O(n~2?) if Ky =« =0, where K} denotes the jth

standardised cumulant of the underlying population.
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We now show that equal-tailed confidence intervals with a reduced coverage error of
O(n~2) may be obtained using the newly proposed hybrid percentile-¢ bound ﬂ without

assumptions such as x§ =, = 0. We have from Theorem 5.1 that the confidence interval
TN NI =) = (00— B riimr1-a, 00— 0" Brim,r.a

typically has coverage probability

Dy(z4)—Dog(z1-4)

-2
012, +0(™),

P(0e 7Y (6, \ 7N (0, 1-a))=1-2a+
where Dy(z,) is the coefficient of r~! in a power series expansion of

(P(Za)E {Ql,r(za) - Ql(Za)} .

Recalling that ¢, @1 and Ql,r are even functions, it follows immediately that Dg(z,) =
Dg(z1_4), so that
P(0e 7Y (6, \FH (6,1 )| =1-2a+0(72).

If we now choose ¢ = |yn"| for some y >0 and % < <1, then

P(0e 7Y\ TN (0, 1-a))=1-2a+ 0,
which for ¥ = 1 becomes

P(0e 7Y\ 7N (6, 1-a))=1-2a+0(72).

Unlike the standard percentile-¢, this result holds even when Ké #0 or Kil # 0. This consti-
tutes a significant improvement over the standard percentile-¢ interval j(a)\j(l —a)in
terms of coverage probability.

In a similar fashion it may be shown that the new backwards percentile- confidence

interval
j}v(a')\}\év(l -a)= (é\[ + é_l/zﬁﬁﬁm,r,a, g[ + [_1/2B[ﬁm,r,l—a]

has coverage probability

+O(0~ V2071,

P(@e;@’(z,a)\}v(m—a)):1—2a+2K4TfZ“)

Choosing ¢ = |yn| for some 0 <y < 1 then yields

2K 4(z4)

P(9€Egv(5,a)\ ?(f,l—a)) =1-2a+ +0(n%?),

so that this interval is second-order accurate.
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Chapter 6
Summary of main results

To summarise the results discussed thus far, we provide in the following tables the typical
coverage errors of the standard and newly proposed confidence bounds and intervals. The
coverage errors displayed here are those obtained when choosing ¢ = |yn¥] for best choices

0f}/>0and§<wsl.

Table 6.1: Typical coverage errors of the one-sided confi-
dence bounds.

Bound Standard New See Remark
Hybrid percentile on~Y2)  om™)

Backwards percentile on~ 12y  0o(m1?) 6.1
Hybrid percentile-¢ on™) 0mn%?) 6.2
Backwards percentile-¢ n/a O(n~12) 6.3

Table 6.2: Typical coverage errors of the
two-sided equal-tailed confidence intervals.

Interval Standard  New

Hybrid percentile o™ 0om™)
Backwards percentile on™ 1 omn™h
Hybrid percentile-¢ on™h O(n=?)
Backwards percentile-¢ n/a on™1h

Remark 6.1. In some natural situations the coverage error of the new backwards per-
centile bound jév reduces to O(n~1). One such example will be discussed in Section 7.2.2,
where the parameter of interest is the mean of a univariate population with a distribution

symmetric about zero.

Remark 6.2. If, in the notation of Chapter 5, it holds that E {Ql,r(za) ~Q1(z0)} = 0(n=%?),
Theorem 5.1 states that the coverage error of the new hybrid percentile-¢ bound j}}’ ty-

pically reduces to O(n~2). This is the case, for example, if the parameter of interest is the
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mean of a univariate population with a distribution symmetric about zero. This will be

shown in Section 7.2.3.

Remark 6.3. In some situations the coverage error of the new backwards percentile-¢
bound j%v reduces to O(n~2), corresponding to that of the hybrid percentile-¢ bound jz,v .

An example of such a situation is given in Section 7.2.4.
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Chapter 7
An illustrative application

The results derived in Chapters 4 and 5 hold in general for any parameter 6§ which can
be expressed as a smooth function of means (i.e., in the regular smooth function model of
Bhattacharya and Ghosh, 1978). This includes parameters such as the mean or variance
of a population, the correlation coefficient between two random variables, and the ratio of
two population means. In this chapter we provide a detailed discussion for the specific case
where the parameter of interest is the mean of a univariate population. For this case we
derive the exact coefficient of the leading term in an asymptotic expansion of the coverage

error of each newly proposed bound.

7.1 The expectation of an asymptotic approximation

To be able to derive rigorously exact asymptotic expressions for the expectations in The-
orems 4.1, 4.2, 5.1 and 5.2, and the corresponding assumptions (A1)—(A7) and (B1)—(B7),
calls for a special form of the so-called “delta method”. One convenient result (Hurt, 1976)
states formal conditions under which the expectation of a Taylor approximation of a boun-
ded function g of statistics accurately approximates the expectation of the function itself
up to an arbitrary order. Theorem 7.1 below extends the result derived by Hurt (1976) in
that it allows the restriction of boundedness of g to be relaxed. Furthermore, the theorem
is also a generalisation of a result by Cramér (1946).

Before proving the theorem, we first state a well-known fact that we will use repeatedly

throughout this chapter. For completeness we also provide a short proof.

Lemma 7.1. Suppose X is a one-dimensional random variable with finite moments up to
order s, for some integer s = 1. If
E(IXI%) = 0(n™*),

then
E(X19)=0(n"%?), forallg=1,2,...,s.

Proof. It is well known (cf. Loéve, 1977, p. 156) that, for all ¢ = 1,2,...,s,

{E(XI9H < {E(x1)}",
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or, equivalently,
E(1X1%) = {E (IX1)}"".

Hence, for any ¢ = 1,2,...,s, we may write
q/s
E(X1%) <{0 D} =092, O
We now move on to the main result of this section.

Theorem 7.1. For any positive integer s, let g :R? — R be a function having bounded (s +1)-
order partial derivatives in an open neighbourhood of some point v € RY. Suppose V is a
g-vector of real-valued statistics (determined by a sample of size n) such that |g(V)| < Cn®?
a.s. for n = ngy, with ng =1, C >0 and 6§ = 0 some finite constants. If V has finite moments up

toorder k=(2s)vV(@+s+1)and E|V; —v; [k =0(n*2), i = 1,...,q, then

1
E{g(V)i=g(v)+ Z i E {(V— v)“} 0%g(v)+ O(n_(s+1)/2),

1<|ajss &
where |a|=a1+--+ag, al=ar!--ay!, (V-v)*= H?zl(Vi -v)%, and

|al

6ag(v): aal—aqg(vla"'avq)?

’Vl e a’vq
for any multi-index a = (aq,...,aq) € Ng.
Proof. Define the open neighbourhood on which g has bounded (s + 1)-order partial deriva-

tives by
Qe :={xeR?:|x;—v;|<eg foralli=1,...,q},

for some positive € = (e1,...,€4) € R7. By the Boole and Chebyshev inequalities it follows

that
3 ¢ B{IV: —vil* )
PV¢eQ:) < Z P(V;—-v;l=¢;) < Z % =0(n k/2),
i=1 i=1 Ei

a fact that we will be using repeatedly below.
Now, observe that, since |g(V)| < Cn%2 a.s., it follows that

< f gV dP +1g)| f dP
{VeQ:} {VeQg}

:f 1gV)IdP + 12| P(V ¢ Q)
{VeQg}

’ f (&V)-g(v))dP
{VeQg)

<Cn®?P(VeQ,)+0(n~*?)

— O(n—(k—ﬁ)/2)
so that

E{g(v>—g(v)}=f

{Ve@

(g(V) - g()dP +0(n~*#=02), (7.1
el
For the error term in this expression to be O(n~¢*12) we require £ =8 +s + 1.
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Now, by Taylor expansion of g about v we may write

1
[ (g(V)—g(v))dP = Z —‘(O“g)(v)[ (V-v)*dP+R,, (7.2)
{VeQ.} 1<|alzs @ (VeQ,}
where
R, = i (V=v)*0%g)v+EV -v)dP,

lal=s+1 a! {VeQ,}

for some intermediate point ¢ = £(V,v) € (0,1). Now, for any a such that 1 <|a| < s, we have

by a generalisation of the Hélder inequality (see, e.g., Finner, 1992) that

9 1/2 1/2
f |V—v|“dPs(f (IV-v%) dP) U dP)
{VeQ:} {VeQg} {VeQ:}

aillal 12
=|I1 (f |Vi—vi|2'“'dP) ) O(n™*%)
a; 70 \J{VeQg}

1/2
[T E{Vi-v; |2'“'})m/lal) 0™
a,-;éO

IA

1/2
_ 1—[ (O(n_m))ai/l(ﬂ) O(n_k/4)
ai;éO

= (071" 0(n~#4) = O *+2,
so that

f (V-v)*dP :E{(V—v)“}—f (V-v)*dP
{VeQ,) {VeQz) (7.3)

=E{(V-v)%} +O(n *214),

Note that we have assumed here that each element in V has at least 2max|a| = 2s finite
moments. Hence we require % = 2s.

We now treat the remainder term R,,, again by applying the generalised Hélder inequa-
lity. Since by assumption g has bounded (s + 1)-order partial derivatives on @, there exists,

for any a such that |a| = s+ 1, a finite nonnegative constant K such that

f (V—v)“(aag)(v+€(V—v))dP’
{(VeQ,}

<K IV-—v|“dP
{(VeQ}

al a;/|al
<K U IV'—V'ladP)
ali;[O VeQa

<K [] (B{IV; — vl @) 19 = o(n -+ 2),
a; #0

Hence, R, = O(n~¢*Y2) which is nonrandom. Combining this result with (7.1), (7.2) and

(7.3) proves the theorem. O

The following corollary is a special case of Theorem 7.1 which we will require repeatedly

below. It is stated here for convenience.
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Corollary 7.1. Let g :R?2 — R be a function having bounded fourth order partial derivatives
in an open neighbourhood of some point (v1,v9) € R2. Suppose (V1,Vs) is a vector of real-
valued statistics (determined by a sample of size n) such that |g(V1,Vo)| < Cn®2 q.s. for
n =ng, with ng=1, C >0 and 6 =0 some finite constants. Also suppose that V1 and Vs have
finite moments up to order k =6V (6 +4) and E|V; — vilk=0(n"*2) i=1,2

If we assume that
@ EVi-vp=%+0(n™?), i=12
®)  E{Vi-vt=210n?, i=12
(©  E{Vi-v)(Va—ve)=E2+0(n2),
d  E{Vi-v)i(Va—w¥}=0n"2), i+j=38i=0,1,23,

for finite constants C1, Co, D1, Do and Eq9, then

1
E{g(Vin,Von)—gv1,v2)} = ;{81(1’1,\/2)01 +g2(v1,v2)Co + %gll(VI,VZ)Dl

+2822(v1,v2)D2 +g12(V1,V2)E12} +0(n"?),

where
0 0
gl(-')C,y):_g(.X',y), g2(3C,y)=—g(x,y),
Ox oy
02 2 62
gulx,y) = @g(x,y), gi2(x,y) = axayegf(x,y), go2(x,y) = a—yzg(x,y)-
Proof. Take ¢ =2 and s =3 in Theorem 7.1. O

7.1.1 Moments of standardised sample cumulants

We now illustrate how Theorem 7.1 may be applied to obtain useful asymptotic expressions
for the expectation of three particular standardised sample cumulants, which are required
in Section 7.2. For a more detailed account of cumulants and other quantities of interest,
see Appendix A.

Throughout the rest of this section, {X1,Xo,...,X,} denotes a random sample from a

univariate population with mean p. Define the kth central moment of X1 by

uk=E{(X1—u)k}

with correspsonding central sample moment
12 _ B
mp==>) (X;-X,)",
ni=1
where X, =n"1 ¥ | X;. Also define

%= pe and 6\,21 =ma.
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Skewness (k;)

The skewness of X is defined as the third standardised cumulant of X1, i.e.,

Kl = & _ M3
37 g3 320
0% g
with sample version
~ m3 ms3

Kgn = 6_2 - mg/g'
Lemma 7.2. Suppose that E(|X1|*) < oo for some sufficiently large k and that ug > 0. Then

1
E (?g,n - K;,) =% {12k} — 15Kk} + 54K} + O(n™2)

210% + 15u4) — 1202
_ s 114) 5, 0m2),
80'n

and E{(?’S’n - Kg)4} =0(n2).
Proof. In the context of Corollary 7.1, set
Vi=ms, vi=p3, Va=mga=062, Vva=pp=07,

and let
h(x,y) i
x,Y) = —7.
32

We would now like to apply Corollary 7.1 to the functions g = h,h% k3, h%.
By Lemma A.1 in the Appendix we have for this choice of g that

ms3

3/2
my

|h (V1,V2)l = h(m3,ma)| = | <vn.

This implies that
Ih(V, Vo)l <nd?, j=1,2,....

Since we need to apply Corollary 7.1 to %, we require 5 = 4. Noting that 2 =6 v (5§ +4) = 8,
we must have that

E{(Vi-v1)®’} =E {(m3 - ,u3)8} =0(n™*)
and

E{(Va-v2)*} = E{(ms - p2)*} =07,
which are both confirmed by (27.5.5) of Cramér (1946) under the assumption of sufficiently
many finite moments. Finally, given that ug > 0, the functions 4, h%, h? and A* all have
bounded derivatives up to the fourth order in an open neighbourhood of (v1,v2) = (us, u2).

In the context of Corollary 7.1, we have the following constants which we obtain from the

results of Lemma A.6, Lemma A.7 and Lemma A.9:

C1=-3us, D1 = pig — 6papis — 3 + 93, E19 = us —4ugug,
Co = —pg, Dy = ps—pi3.
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Also note that (by the same lemmas) item (d) of Corollary 7.1 is satisfied.

Therefore, since

3x
hl(x,y)zﬁ, hz(x,y)=—W,
15x
hll(x7y)207 h12(x7y):_my h22(x7y)zm7
we may by Corollary 7.1 write
E(R},)=E|
’ m
1 1 3 15
£ .- { —5C1— —E2 Cy4+0-Dy+ 22Dy - 5/2E12}+O(n ) (7.4)
My Mo 21y 81y 2p
1 15 —-ot) 3(us-4
ik _3ps 307w 15u3(ua—0") 3(us—40%us) L 02
n o3 205 8a7 205
210 +15u4) — 1202
=Kl + ps ( Ha) H5 L0,
which proves the first part of the theorem.
Since
0 2 0 3x2
—h? == —h2 =
3 @) L 3y (x,5) S
0?2 2 0 6x 02 12x
—h —— i __2* _
T2l @) 3 Tegy @) T 32 h*(x,y) = ,
we have from Corollary 7.1 that
2 2
2 m 1]2 3 1 6 6
E{(?én) }:E(_g =(x _{%Cl_%CZ"'?Dl"' u3Dz—ﬁE12}+0(n ).
my o He Ho Ko 2 2
(7.5)
For (Ké)?’ we need the derivatives of 22, which are
3x? 0 9x3
3 3 _
_h (x y) 9/2, ah (x,y)——zym,
az 6x 2 272 02 993
_h3 - h3 __a —h3 _ ‘
52l @) o2’ 3x0y (%) 9y1172’ 3y2 @, ) 4,157
Hence, by Corollary 7.1, we have
3
JURR mg
E{(K&n) “E| 58
ey L2 O o Buap 90 2T 1 o @e)
= (x3) T #2/2 1= 2/.111/2 2t #52)/2 1t 8u13/2 2 2”11/2 12 ¢ +0@ 7). :
Finally, it follows from
0 453 0 6t
_h4(xay):_7 _h4(x7y):__7
¥® Oy y7
02 12x2 02 243 02 424
h4 B4 _ e 9 g _
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and Corollary 7.1 that

=)} (7)

1 (4 6l 1242 424 2443 ~
= (k) += { —201-—2Cy+ —2D1+ —2Dy - —LE1pp +0(7%.  (1.7)
“2 :“2 “2 F‘z )

Using (7.4), (7.5), (7.6) and (7.7) we obtain

E{(f;,,n—ng}=E{(fgn)4}—4K'3E{(%gn)‘°’}+6(xg)2E{(fgn)z}—4(K'3)3E(f;,,n)+(xg)4

4 6 12 42 24
:(Kg)4+ { lu‘3C,1 /1302 IJSD]_ IJ'SD2 M3E12}

:“2 “2 :“2 :“2 :“2
4dus 3,u3 9,u3 3us 99y3 27,u3
—4(1(’)4— { CQ+—D + 92— Eqo
n Ng/z ,ug/2 2 /111/2 ,u9/2 8 ﬂ13/2 9 ﬂ11/2
6 2 1 6
+6(K/3)4+L2{ ’u301— 'u302+ #3D2 M3E12}
nuy | 1y Ky :“2 I Hy

4 (1 3 15 3
4 3 H3 U3
~4(x3)" ~ 'ug/z { 3201 2'ug/2 Co+ 8,u7/2D2 ~ sk

Ho 2p
+(xh)* +0(n?)

=0(n2). O

Excess kurtosis (k)

The excess kurtosis of X1 is defined as the fourth standardised cumulant of X1, i.e.,

!/
=—-3=—-3
4 4 ’
o /‘2
with sample version
A/ my _3= my _3
Kan = 34 T m2 :
n 2

Lemma 7.3. Suppose that E(|X1|¥) < oo for some sufficiently large k and that e >0. Then

1
E (R}, — 4] = == {2x = 80 + 15x + 12(5)% + 6} + O(n %)
’ n

 —2ugiz — Buapy + 3 + 8udus + 615

- +0(n™?),
np,

and E{(& , —«})?} = 0(n™).
Proof. In the context of Corollary 7.1, set

~2 2
Vi=my, vi=pa, Vo=mg=0;,, va=ps=0",

and let
x

h(x,y)=—.
2
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We would now like to apply Corollary 7.1 to the functions g = h,A2.
For this choice of 4 it follows from Lemma A.1 that

m
|h(V1;V2)| = |h(m4,m2)| = ‘—g <n.
my

This implies that
R(VL,Vo <n/,  j=12,..

Since we need to apply Corollary 7.1 to A2, we require & = 4. Noting that £ =6V (5 +4) = 8,
we must have that

E{(Vi-v1)®} =E {(m4 - H4)8} =0(n™*)
and

8 8 4

E{(V2-v2)°} =E{(m2 — ig) } =0(n™),
which are both confirmed by (27.5.5) of Cramér (1946) under the assumption of sufficiently
many finite moments. Finally, given that us > 0, the functions # and A2 both have bounded
derivatives up to the fourth order in an open neighbourhood of (v1,va) = (4, ).

In the context of Corollary 7.1, we have the following constants which we obtain from the
results of Lemmas A.6, A.8 and A.10:

C1=—4ps+6p3,  Di=pg—8usps—ps+16p3us,  E1o =g — papis — 443,
Co = —ug, Dy = pis — 13-

Also note that (by the same lemmas) item (d) of Corollary 7.1 is satisfied.

Therefore, since

1 2
hl(xay):_Qﬁ hz(x,y):__i_:,
y y
2 6x
h11(x,y) =0, hio(x,y) = v hoo(x,y) = e

we may by Corollary 7.1 write

my

11 2 6 2
Y +—{—201— iy +1.0-Dr+ Ljpz——SElz}+0(n—2)
Hy T My M 24y Mg
4 1 _
= % i {~4papis + 65 + 2paps + Buj — Buapss — 26 e + 2uaph +8uipz} + 0(n~?)
2 2
-2 —3uap2 +3u2 +8u2us + 61t
_ u_; + Hel2 —olglly 4#4 K3tz + b, +0Mn ).
Ho nig

Noting that &/, , = m4/m% —3 and x/, = u4/3 — 3 we have the first result.

Since
0 2 0 4x?
_h2 = _h2 —_
3t @) e 3y (x,5) 5
92 2 02 8x 92 20x2
—hz = — h2 = - h2 =
52l @) e 320y (x,5) 35 352 (x,5) 46
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we have from Corollary 7.1 that

2 2 2 2

m?\ u 12 p 1 10u 8 -

o] 2 g, W, g, S, b
Hy

My Ha ) ) Ho My
up o1
=it n—#ﬁ{2u4u§ (~Apua+6413) + 4y + 15 (s — Buspis — ki3 + 16425 12)
2 2

+ 1045 (a — 13) ~ Stapiz (s - papsz — 4423) } + 02
_ M
My

+ 16,u§ug} +0(n72).

1
+ n—u(s{usu% — 86tttz — s pis iy — Tpg + 1203 g + 1043 + 3204 5o
2

Hence,

2 2 2
2
S e Y O
Hg  Hg 2
=0(n™ Y O

Fifth standardised cumulant (k)
The fifth standardised cumulant of X7 is given by

_bs 10ps s 10ps g5 o
_ _ _ A
o8 0% P 3R ER

!
Ky

with sample version
ms
~/ _ ~/
Kom =5~ 103
my

Lemma 7.4. Suppose that E(|X1|¥) < oo for some sufficiently large k and that ug > 0. Then
E (R}, ~x5) =01,
Proof. In the context of Theorem 7.1, set
Vi=ms, vi=ps, Ve=ma=8., va=ps=0>,

and let
h(x,y) = —
x,Y) =~
y5/2

We would now like to apply Theorem 7.1 to the function g = A. We wish to determine only
the constant term g(v), so we may set s = 2.
For this choice of 4 it follows from Lemma A.1 that

|h’(V1’V2)| = |h(m5,m2)| = 3/2.

=n

ms
5/2
my
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Hence we require § = 3 in Theorem 7.1. Noting that 2 =(2s)v(6 +s+1) =4 Vv 6 =6, we must
have that

E{(Vi - )%} = E{(ms - 15)°} = 0 ~?)
and

E{(Va-v9)°} =E {(mz - ,u2)6} =0(n"?),

which are both confirmed by (27.5.5) of Cramér (1946) under the assumption of sufficiently
many finite moments. Finally, given that ps > 0, the functions A has bounded derivatives
up to the fourth order in an open neighbourhood of (v1,vs) = (us, o).

By the results on p. 350 of Cramér (1946), the quantities E(m ; — u;), E{(m —uj)z} and
E{(ms — us)(ma — u2)}, for j =25, are all O(n~1) under the assumption of sufficiently many

finite moments. It follows directly from Theorem 7.1 that

ms5 | U5 -1
E(m5/2) =5 10 ).
9 2

Hence, combining this with the results of Lemma 7.2, we have

-~ m X B
E (%, - x5) :E(ﬁ_%)_loE("é—Kéﬁo(n D, -
2 2

7.2 Application: new confidence bounds for the mean

Let X1,Xo,...,X, denote a sample drawn randomly from a univariate distribution with
mean p and variance 0 < 02 < co. We would now like to study the newly proposed confi-
dence bounds when the goal is to construct a 100(1 —a)% confidence bound for y. As in
Section 3.4.1, set

X

W, = 9> k=1,...,n.

)Zk

In the notation of Sections 4.1 and 5.1 we then have v = E(W1) = (u, 2 + 2,

W, =

—1y-f -1
¢ Zk:le] and W, = [’" ZZ:e+1Xk]
1y 2 -1 2|
Y X, RDY SVRP 6
Also, as in Section 3.4.1, let g(x1,x2) = x1 and A%(x1,x2) = x2 —x% so that 6 = g(v) = 4 and
B2 = h2(v) = 0. The appropriate estimators for 6 are then given by
B R _ 4 B . _ n
Xo=0,=gWp)=¢1Y X, and X,:=0,=gWp=r"1 Y X,.
k=1

The estimators for 82 are

l
2:=B2=h* W) =01Y (X, -X,)* and &2:=B2=hr*(Wo)=r' Y X;-X)%
k=1 k=0+1
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As discussed in Chapter 3, for the case of the mean it has been shown in the literature

that the polynomials P and Py in (4.3) are given by

P1(x) = —gx5(x" - 1),

(7.8)
Py(x) = —x {gry(a® - 8) + A (xh)*(x* — 10x* + 15)},

where Ké and KﬁL denote the third and fourth cumulants of (X1 — u)/o, respectively. The cor-
responding sample versions ﬁl,r and ﬁz,r based on the subsample #; = {W/,1,W¢io,..., Wy}

are given by

Py, (x) = — Ry (="~ 1),
Py (@) = —x { 4R} (% = 8) + H(®) )Pxt - 1022+ 15)},
where iy Xy -2y iy Xy X
?/3,7* — I<>,:€+/1\3 r and ﬂl,r — k:€+14 r-._

0-7‘
For the percentile-t methods, we require expressions for the first three Edgeworth poly-

nomials given in (5.2). As shown in Chapter 3, they are given by
Q1(x) = gxh(2x% +1),
Q200) = x (e = 8) - 5 (h) (' + 267 - ) - 1+ 3),
Q3(x) = — A xk (2x* + 8x% + 1) — Tyxyxch (42 — 302 — 90x% — 15)

+ s (k) (82° +284° — 210x* — 525x% — 105) + ok (24° — 3x* — 6x2),

(7.9)

with x; denoting the first cumulant of (X; — u)/o. The corresponding sample versions Q Lrs

Qz,r and Q\3,r based on the subsample #; are given by
Q1,-(x) =3R4 (2x® + 1),
Qa,(x) = (121(4 S -3)- & (K3 r) (x* +2¢% - 3) - 1(x* +3)|,
Qs (x) = —75RE . (2x* + 82 + 1) — 735%) RS . (4x° — 302* — 90x% - 15)
+ o6 (?’3) (85 +282° —210x* - 52542 — 105) + L&} , (225 — 3x% —622),
where

-1yn _ Y \o
T XX - Xr)
K5,r_ ~5

gy

~/
- 101(3,7. .

7.2.1 Hybrid percentile bound

We may now apply Theorem 4.1 to obtain a 100(1 — @)% upper confidence bound for 6 = .
An expression for the constant Cy(z,) appearing in the asymptotic coverage error is given

in the following theorem.
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Theorem 7.2. Let X1,Xo,...,X, denote a sample drawn randomly from a univariate dis-
tribution with mean 0 = p and variance 0 < 02 < oco. Under the assumptions of Theorem 4.1,

we have

{us+30* +2% (4 —0*)} zaPlza) 4
8g4 -8

Culza) = K +6+ 22, + 2)} 24 P(24),

where pg = B{(X1 - w)* and K, denotes the fourth cumulant of (X1 — u)/o.

Proof. Assume that the moment conditions on X; and Cramér’s condition required by The-
orem 4.1 are met. It is easily verified that the functions g and A also satisfy the conditions
of Theorem 4.1.

We will now investigate whether assumptions (A1)-(A7) of Theorem 4.1 are satisfied.

Lemma A.11 confirms that assumptions (A1) and (A2) are met, i.e.,
E@G,-0)=0¢"") and E{G,-0)*}=00"?).
It follows from Lemma 7.2 that
E(P1,(x) - P1(%) = 3 - DE(R}, —x5) = 0,
E(P}, @)~ Pjw) = ~1xE(&}, ~x}) = 0,
~ 4
E {(Pl’r(x) —Pl(x))4} =L~ 1)'E { (?’3,, - Kg) } - 0G2),
D/ ! 4 1,4 =/ I 4 -2
E{(P] 0 -Pj@) ¢t = 2 ES (R, ~x4] =007,
Lemma 7.3, together with (7.5), implies that
E (ﬁzyr(x) —P2(x))
1.2 o1 1)L 1.4 2 ~ V2 2 -1
= —x{ﬂ(x ~3)E (R}, - x}) + A (x* ~ 10 +15)E((;<3,,) — (k) )} =0(™),
Lastly it follows from (7.5) and (7.7) that
2 2 4 2
B (%5, ) - () }={ (R, ) -2 (R, ) + 03)* =00,
so that, by the c¢,-inequality and Lemma 7.3, we have
E{(ﬁz,r(x) —P2(x))2}
2 2
_ sz{(2_14 (2 = 3) [R), — ) + & (x* - 10+7 4 15) ((@) - (Kg)z)) }
2 2 2
22 (a2 3)2E{(@J ) } 42?2 (* ~ 1022 + 15)°E { ((f;,,r) _ (Kg,,)z) }

orh.

IA

Therefore, assumptions (A3)—(A7) are satisfied and we may apply Theorem 4.1.
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To find the constant Cy(z,) = Cy(z4), note that it follows from Lemma A.11 that

—2aP(2a)0 ' E@G, —0) + 122 p(za)0 2E{(G, — 0)?}

_ +30* _ _ot
B %)*%Z%(za)a Z(Miaw )
_ {ﬂ4 + 304 +Zi (H4 —04)}2,,(,[)(2“) N O(r_2)'

8oir
Hence,
{pa+30* + 22 (ua - 0*)} 2a(20)
8c4 ’

Cu(za) =

7.2.2 Backwards percentile bound

For the case of the mean the coverage probability of the new backwards percentile bound
ﬁév(a) is given in Theorem 4.2, with constants C,(z,), K1(zo) and Ka(z,) given by the

following theorem.

Theorem 7.3. Let X1,Xo,...,X, denote a sample drawn randomly from a univariate dis-
tribution with mean 0 = p and variance 0 < 02 < oco. Under the assumptions of Theorem 4.2,
we have
Culza) = 3 {Ky + 6+ 22(x) + 2)} zaP(2a),
K1(zq) = 3x5 (22 - 1) p(za),
Ko(za) = 5(k5)%zq (22 - 1) (22 - 3) p(24),

with x4 = E{(X1 - w3/03} and «}, = E{(X1 - p)*/o*}.

Moreover, if the sample X1,Xa2,...,X, is drawn from a symmetric distribution, then K’3 =0

and consequently K1 = Ko = 0. Therefore, in the case of symmetry, choosing ¢ = |yn¥| for

some y >0 and % <y <1 we may write

Culza) +0(n =@V 4 p =392y,
n

P(pe gy 0)=Ppe g, m)=1-a+

In the special case where v =1,

Cu(zq)
(1-y)n
Proof. In the proof of Theorem 7.2 we have shown that all assumptions of Theorem 4.1 are
satisfied. To obtain the constants K; and Ko, first note that it follows directly from (7.8)
that

+0(n~%?),

P(pe gy 0)=Ppe g, m)=1-a+

K1(zq) = —2P1(20)P(2o) = %Ké (Zi - 1) P(z0).

Hence,
K}(24) = 5551220 — 2a (25 — 1)} P(2a) = —§x524 (25 - 3) P(z4),
so that
Ka(2a) = K} (2a)P1(za) = 35 ()7 20 (22 - 1) (22 - 3) 2.
The expression for C(z,) was derived in the proof of Theorem 7.2. O

84



7.2.3 Hybrid percentile- bound

For the case of the mean, the coverage probability of the new hybrid percentile-¢ bound

/?{V(a) is given in Theorem 5.1, with constant D ,(z,) given by the following theorem.

Theorem 7.4. Let X1,Xo,...,X, denote a sample drawn randomly from a univariate dis-
tribution with mean u and variance 0 < 02 < co. Under the assumptions of Theorem 5.1, we
have
{us (210* + 15u4) — 12025} (222 + Dp(24)

4807
= — & {12k} — 15k K} + 54x4} (222 + 1)(2,),

Dy(za) =

with pp = B{(X1 - w*} and K; denoting the jth cumulant of (X1 - w/o.

Proof. Assume that the moment conditions on X; and Cramér’s condition required by The-
orem 5.1 are met. It is easily verified that the functions g and 4 also satisfy the conditions
of Theorem 5.1.

We will now investigate whether assumptions (B1)—(B7) of Theorem 5.1 are satisfied. It

follows from Lemma 7.2 that
E(Q1,(1)- Q1) = 42x? + DE (R}, 5] =00,
B{(@1,)-@:)'} = Hea? + D'E {(Kgr—x3) }=0(r—2>,
E(Q),(0)-Q\@) = 2xE (g}, ~x5) = 0D,
E{(Q'l)r(x)—Q’l(x)) } - g—sz{(@, -K'S)z} _0GYy,
E(Q,()- Q1) = 3B}, ~x5) = 067,

E{(Q ~(x) - Q”(x))} E{(K3r Ké)z}:O(r_l).

Lemma 7.3, together with (7.5), implies that
E(Q2,(0) - Qo) = x (1—12(x2 ~3)E (R}, - &} - f5(x® + 247 —3)E{(?g,r)2 - (K'S)z}) =0G Y.
From (7.5) and (7.7) we have that
B (e ) - a) L= B((75,)) -2 )7+ h) = 00,
so that, by the c¢,-inequality and Lemma 7.3, we have

E{(Q2, () - @)’}
— 2E { (% (x*-3) (k\il,r —K:L) + 2 (x* + 24 - 3) ((férf _ (Ké)Z))z}

2 2 2
%xz(xz—S)zE{(?;r—Kﬁl) }+1A82x2 (x4+2x2—3)2E{((?’3,r) —(Kg)z) }

=0¢™ ).

IA
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Similarly, since
Qh(x) = 1icy(x? — 1) — & (x4)” (5x* + 62 - 3) — 1(32% + 3),

we have that

E(Q}, (0 - Q@) = 1a? - DE(K], )| - f5Ga* + 622 - 3)E ((?g)z - (Kg)z) =0(™h,
and

B4 (@, @ - Q)|

<2 (2= 1)2E{(?ﬁ“ -K4)2} 2 ( + 62 -3)2E{((f'3,)2 - (Kg)2)2}
=0(r™).

N

Finally, note that by the Cauchy-Schwarz inequality and Lemmas 7.2 and 7.3 it follows that

R | B A 3 P e

This implies that

E{&}, &), ~Kyxgh =06,
Hence, by Lemmas 7.2, 7.3 and 7.4 we have that

E(Q3,(x) - Q3(x)

el

s a5, -

+ L E(K3r )(2x6—3x4—6x2).

)
) (2" + 822+ 1) - 7 B K} K) , —ych ) (4x° ~ 30x" — 907 - 15)
3

} (8x® + 285 — 210x* — 525x% — 105)

24
=0 .

Therefore, assumptions (B1)-(B7) are satisfied.
To determine the constant Dy(zo) = D ;(24), note that we have from Lemma 7.2 that

P E{Q1,(20) - Q1(2a)} = $(222 + V(2o E (R}, — x5

{us (210" +15u4) - 1202 s} (222 + Dep(z4) .\

o).
4807r )

Hence, in the notation of Theorem 5.1, we have

{us(210* + 15u4) — 1202 s} (222 + Dlza)
4807

Dy(za) =
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7.2.4 Backwards percentile-f bound

For the case of the mean, the coverage probability of the new backwards percentile- bound
/gv(a) is given in Theorem 5.2, with constants D (z4), K3(z4), K4(24) and K5(z,) given by

the following theorem.

Theorem 7.5. Let X1,Xo,...,X, denote a sample drawn randomly from a univariate dis-

tribution with mean 0 = u and variance 0 < 02 < oo. Under the assumptions of Theorem 5.2,

we have
D (zq) = — % {12k} — 15K} + 54xs } (223 + Dp(z4),
Ks(zq) = —3K5(222 + 1)¢(2,),
Ki(za) = (5)?2(222 + 1)(222 - 3)¢(24),
and

Ks(zq) = { gyl (225 + 823 + 1) — gy (425 + 3622 + 5) + Ticy22 (222 - 1)

+ 525 () (—8228 + 17625 + 662 + 56127 + 96) }(,b(za), (7.10)
with pp, = E{(X - ,u)k} and K;- denoting the jth cumulant of (X1 —pw)/o.

Proof. In the proof of Theorem 7.4 we have shown that all assumptions of Theorem 5.1 are
satisfied. Now, note that it follows directly from (7.9) that

K3(za) = —2Q1(2a)P(24) = —3x5(225 + Dp(2a).

Since,
Ki(zq) = 3x424(222 - 3)p(za),
we have
Ku(24) = Kj(2)Q1(20) = 15 (k5)? 24222 + 1222 - 3)(z,).
Note that

K}(z4) = —3x3 (227 — 922 + 3) P(za).
After substituting (3.10) and (7.9) in

K5(zq) = QQ (Za)K (sz)+Q2 (Za)K3(Za) 2Q3(z4)P(z4),

the required expression for K5 may be obtained by straightforward algebra.

The expression for D ,(z,) was derived in the proof of Theorem 7.4. O

Remark 7.1. Consider the case where X; has a symmetric distribution. Then x} =k = 0,
whence @1(x) = @3(x) = 0, Vx € R. Consequently, K3(z,) = K4(z4) = K5(24) = Dg(24) =0 so
that the coverage error of /gv(f, a) reduces to O(¢~2). See Remark 5.1.
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Chapter 8

Extension to the slope parameter

in the linear regression model

It has been shown in the literature (see Hall, 1992) that the properties of both the standard
percentile and standard percentile-¢ bootstrap bounds carry over to regression problems.
For example, in a simple linear regression model, confidence bounds for the slope parameter
constructed using the standard methods .y and j have reduced coverage errors of O(n™1)
and O(n~%2), respectively. In this chapter we investigate only the performance of our new
hybrid percentile-f bound (the two percentile and the backwards percentile-t bounds can
be treated similarly) in the linear regression setup. We show that the coverage error of this
bound is typically O(n~2). To facilitate exposition, we consider only simple linear regression,
but the results may be extended to multiple linear regression.

Suppose we observe pairs &, = {(x1,Y1),...,(x,,Y,)} generated by the simple linear re-
gression model

Y;i=c +x;d+e¢;,

where ¢’ and d are unknown, nonrandom constants and {e1,...,&,} is a sequence of iid
random variables from an unknown distribution with zero mean and constant variance
0 < 02 < co. Throughout we assume that the x; are fixed. Setting ¢ = ¢’ + d&,, with &, =

n~1 Z?zl x;, we may rewrite the above model as
Yi=c+(x; —x,)d +¢;.
Throughout this chapter we denote the jth central moment of &1 by u; = E(e/). Also,
denote the jth cumulant of £1/0 by K}.
8.1 Confidence bound for the slope parameter

We may now construct our new hybrid percentile-t confidence bound for d. As before, split

the original sample in two disjoint parts
%[:{(xl,Yl),...,(x[,Y[)} and %r:{(x[+1’Yl+1);~--’(xnaYn)};
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for some integer 2 < ¢ < n — 2. Writing 0326 ;= é‘lzgzl(xk —%¢)2, with %, = ﬁ‘lzzzlxk, the

least-squares estimators (based solely on &) for d and ¢ are given by

o~

de=

0
Z(xk Xg)Yk and E'\g = _[ = 4_1 Z Yk.

[(Tx[k

Define the following cumulants based on the x;:

1 ¢ 5
Ya0=——5— Z(xi —x0)°,

Zo'x,g i=1

1 4
- V4
Ko = — > (% —%)" =3,
o-xé i=1

1
Taf=—5— Z(xz —%0)° = 10740
o xll

Let yxr, kxr and 7, , be the same functions of &, as vy ¢, kx ¢ and 7, ¢ are of Z,.
Since the variance of d; is 02/(40925 /)> the new (1 - a)-level percentile-¢ confidence bound

for d (corresponding to j}{v ) is given by

,/if?_]v(m,a);: (_OO, al_g 1/2 éo-/ﬁmra]
where
~92 1 d 2 1 d = _ 5 \2
0= 7 Z ey := 7 Z (Yk Y, —(xp, —x[)d() ,
k=1 k=1
and

ﬁm ra:=2qt m_1/2Q\ifr(za) + m_légfr(za) + m_3/2Q\§§.(2a)'

The Cornish-Fisher polynomials Q . appearing in this expression are completely determi-
ned by the Edgeworth polynomials Q j,- through the relations (3.9), (3.10) and (3.11), where,

as shown in Section 3.5, the @ j,r are given by

Ql u)=- K3 Y, rHea(u),
Qo (w) = — 35K, Ky pHes(w) - &y )*ys Hes(w) - 3(w? +5)u,
I~

Qs () = — 135K, {Txr Hea(w) — 30y rHeo(w)} — 57Ky K5, {KsVa,r Heo(w) + 45y  Hea(u)}

1296(K3 r)37’x ~Heg(u)— 24’<3 rYx, F@w? - Dut,

with
v J ~/ _ s ~/ T ~,
Mjr== 3 €, Kar= 32> Kap=—5 =3, K5, = 5/2
r m m m
k=0+1 2,r 2r 2r

)

Theorem 8.1. Suppose that €1 has sufficiently many finite moments and satisfies Cramér’s
condition. Assume limsup,,_,,,MaxXi<i<y |X; —Xn| <00, Yxr—Yar = O(n~(1+9) for some 6 > 0,
Ker =Ky 0 = o(n™Y), and Tyr—Txl = O(nY). Then, ifm=¢=0(r)and { — oo as n — oo, we

have that
d( a)

12, ~(1+6)
7, +O( 2+ 0" ),

Plde 7Y (6, @)=1-a+
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with
E4(2a) = 257V, (12x5 — 15xK5 + 66K5) (22 — Dp(24),

where K} denotes the jth cumulant of €1/0.

Moreover; if we choose ¢ = |yn"| for some y >0 and % <y <1, then

loas E (zq) + O(n~MINE-WR2,20, 1402y g0y 20,

P(d eﬂlv(é,a)) _ y1/2n(2+‘/’)/2
1—a+0(n 2V 4+ p~(1+0+y/2) if Eq(zq)=0.

In the case where y =1and 0 <y <1,

Eg(zq)

2, ~(3/2+0)
Y2(1— )32 +0( " +n )

Plde 7Y (0, )=1-a+
which becomes
P (d e ZR (¢, a)) —1—a+0(n 2+ n 32+0)
if €1 has a symmetric distribution around zero.

Remark 8.1. If the design points are regularly spaced, say x; = u% +v,i=1,...,n, for some
constants u and v, then the assumptions on the x; in Theorem 8.1 can easily be verified. In
fact, since in this case y,, = yx¢ = 0, we can take § = co. Consequently, E ;(z,) = 0 so that

the coverage error reduces to O(n~2), even if the errors have an asymmetric distribution.

Proof of Theorem 8.1. By (3.24) one may write the coverage probability of the confidence
bound jfg\’(m, a) as

P (d < ag — 4_1/20;,1[6(ﬁm,r,a) =E (\Pt (ﬁm,r,zx)) >
with
Wi(x) := P0Y2(dy — d)o 0/G ¢ = x)
=1-0x) - 02Q1 ;1 (x) p(x) — £71Q2.¢ (x) p(x) — £732Q3 ¢ (x) p(x) + O(£™2),

uniformly in x, where, from (3.25) and Lemma 3.5,

Q1,0(w) = —§xbyy cHeo(w),
Qo,0(w) = — 55Kk o Heg(w) — 75 (<5)*ys Hes(u) - 3 (u” +5)u,
Q3,0(w) = — 135%5 {Tx,cHea(w) — 30y, cHeo(u)} — 1r7KyK5 {Kx, 0y x,cHeo(w) + 45y, cHea(u)}

- Tlﬁae;(Ké)gYi,gHeg(u) — kY @W? - Dut.
Following exactly the same steps as in the proof of Theorem 5.1 yields

P2 E{Q1,(24) — Q1.0(20)}

T +0(73). (8.1)

Ploe Y (0, )=1-a+

The latter result relies on the following properties:
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l

) E{RL®-Q1,/x) t=00"Y,i=1,...,4,

i }

i E{@,®-Q, )} =00, i=12,
i) E{@],@-Q] )} =0¢"h,i=12,
V) E{@z®)-Qa )} =007, i=1,2,
®  E{@,@-@), @)} =00"h,i=12,
D) E{Qs,(x)-Qz,x)}=0¢).

Note that, since yy, —Yx,¢ = O(n~1), we have

E(Q1,-(w) - Qu¢(w)) = ~ 3 Hes)E Ry, 2 r Ky
= —%Heg(u)E (?é,ﬂ’x,r - Ké}’xyr) +0(n™hH
~3Hea)y. B Ry, — x4+ 0™
=0 t+n H=0¢,

where we made use of Lemma C.9. Analogously,
~ 4 _ 4
B{(Q1,0- @1.0)'} = - & HeAWE (%), 72~ iy |

17,4 = / 4 -1

=—giHes(wW)E (K3’,-Yx,r —Kgyx,r) +0(n™")
1 4 4 =~/ l 4 -1

_§H62(u)’}/x,rE (K3,r _K3) +0(n™")
=0 2+n H=00).

In a similar fashion, properties (i)—(vi) above may easily be verified using the results of

Appendix C.
We now derive the constant E ;(z,). Note that by the result of Lemma C.9 we have that

P2 E{Q1,(24) — Ql(za)}— (121<5 15K),kh + 66K5) Vo (22 — Dp(zg) + O(n 10 4 772),

which is the coefficient of =2 in (8.1). Therefore,
E4(20) = 57+ (1255 — 15k x5 +66x3) (22 — Dz a).

The remainder of the proof proceeds exactly as that of Theorem 5.1. O
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Chapter 9
Simulation study

A modest simulation study was carried out to compare the standard upper bounds .7y, .7,
jand the upper bound proposed by Chung and Lee (2001), which we denote by C-L, with
the newly developed upper bounds .#Y, jév , jzlv and (%73\7 , Where the parameter of interest
is the population mean. Monte Carlo estimates were calculated for the non-coverage proba-
bility (NC) and expected size of the upper bound (EUB) resulting from each method. We con-
sidered the performance of the different bounds for samples of sizes n = 50,100,200 drawn
from the uniform(0,1), standard Laplace, )(% and Fg g0 distributions. The new bounds were
evaluated for a = 5% and different choices of ¢ such that the assumption ¢ = O(r) required
by the theorems is satisfied. Each entry in Tables 9.1-9.5 is based on 100 000 independent
Monte Carlo trials, each comprising 10 000 bootstrap samples. Standard errors were found
to be negligibly small and are not reported. All calculations were done in R.

Recall that for distributions with K’3 =0 the standard percentile bounds jH and JAB have
coverage errors of order 0(n 1) (see Hall, 1988), which is of the same order as the coverage
errors produced by the newly proposed percentile bounds ﬁg and jév . Therefore, for the
two symmetric distributions we report in Tables 9.1 and 9.2 results only for the percentile-¢
type bounds jand jz[v, which have coverage errors of order O(n™!) and O(n~2), respecti-
vely. We omit the results for %V , since its behavior is almost identical to that of E{V (see Re-
mark 7.1). We do not consider distributions with Kﬁl =0 (e.g., the normal distribution), since
in this case the various confidence bounds have almost identical performance in terms of
coverage error. For the uniform and Laplace distributions x}, = —1.2 and «x; = 3 respectively.

Comparing Tables 9.1 and 9.2 it is evident that, for both the uniform and Laplace dis-
tributions, the new bound j}lv significantly outperforms the standard percentile-¢ bound
j in terms of coverage error for all sample sizes considered. This striking performance is
visible even for a relatively small sample. Although the upper bound jzlv is slightly larger
than j in each case (as expected), a suitable choice of ¢ greatly diminishes this difference.
Note that a larger choice of ¢ corresponds to a smaller upper bound, which agrees with the
definition of E{V .

The results for the skewed distributions presented in Tables 9.3-9.5 show that for most

choices of ¢ the newly proposed percentile bounds JAIZ{V and ﬁév significantly outperform
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Table 9.1: Results of the existing percentile-¢ method j for
two symmetric distributions.

n=>50 n =100 n =200
Distribution = NC EUB NC EUB NC EUB
Uniform 0.045 0.568 0.048 0.548 0.049 0.534
Laplace 0.059 0.334 0.056 0.234 0.054 0.165

Table 9.2: Results of the new hybrid percentile-f method jz_,v for two sym-
metric distributions.

n=>50 n =100 n =200
Distribution ¢ NC EUB ¢ NC EUB l NC EUB
Uniform 25 0.050 0.598 50 0.050 0.568 100 0.050 0.548

30 0.050 0.589 60 0.060 0.562 120 0.050 0.544
35 0.0561 0582 70 0.050 0.557 140 0.050 0.540
40 0.050 0.577 80 0.050 0.554 160 0.050 0.538

Laplace 30 0.050 0436 60 0.0560 0.304 120 0.050 0.213
35 0.0561 0402 70 0.050 0.281 140 0.050 0.197
40 0.050 0375 80 0.050 0.263 160 0.050 0.185
45 0.050 0.352 90 0.050 0.248 180 0.050 0.174

the standard percentile bounds ﬁH and ﬁB in terms of coverage error. Furthermore, it is
clear that the bound C-L, which also has coverage error O(n1), performs slightly better
than ﬁlflv , but slightly worse than ﬁé\] . The performance of the new percentile-t bound jzlv
is comparable to that of the standard percentile-z bound j We omit the results for E}V,
as its coverage error O(n~V2) compares poorly to the error O(n=%2) attained by E{V (see
Theorem 5.2). Again, the size of the upper bound can be decreased with an appropriate
choice of /. Notice that, in agreement with theory, the coverage errors of all considered
bounds converge to the nominal coverage error a as the sample size n is increased.
Overall, it is clear that the improvement in coverage accuracy comes at the cost of a
larger upper bound. However, by making a suitable choice of ¢ when splitting the sample
one may achieve a significantly improved coverage probability with only a slight increase
in the magnitude of the upper bound. Ideally, a data-based choice of ¢ is needed which,

however, will require deeper analysis and we leave a detailed study for future research.

93



Table 9.3: Results of the existing methods for two skewed distribu-
tions.

n=50 n =100 n =200
Distribution Type NC EUB NC EUB NC EUB
)(g I 0.092 3.537 0.077 3.388 0.068 3.278

B 0.080 3.576 0.068 3.390 0.062 3.289
C-L 0.064 3.641 0.057 3.436 0.053 3.304
Z 0.056 3.674 0.052 3.453 0.061 3.309

Fsg I 0.135 1.612 0.112 1539 0.096 1.484
B 0.115 1.650 0.097 1562 0.084 1.498
C-L 0.090 1732 0.079 1599 0.070 1.517
57 0.080 1.772 0.070 1.627 0.064 1.531

Table 9.4: Results of the new methods for the X% distribution.

n =50 n =100 n =200
Type ¢ NC EUB ¢ NC EUB 4 NC EUB

ﬁ;}’ 20 0.065 3.820 40 0.0568 3.599 80 0.054 3.433
25 0.068 3.734 50 0.069 3.536 100 0.055 3.388
30 0.074 3.667 60 0.062 3.489 120 0.055 3.354

35 0.081 3.610 70 0.065 3.451 140 0.058 3.327

JY 20 0.050 3.909 40 0.046 3.649 80 0.045 3.459
25 0.055 3.802 50 0.049 3.575 100 0.047 3.408
30 0.061 3.720 60 0.052 3.520 120 0.049 3.371
35 0.070 3.651 70 0.057 3.476 140 0.051 3.341

}7\’ 20 0.059 4.174 40 0.0563 3.770 80 0.050 3.514
25 0.059 4.003 50 0.0563 3.669 100 0.051 3.451
30 0.060 3.883 60 0.0564 3.597 120 0.051 3.407
35 0.062 3.791 70 0.054 3.543 140 0.052 3.372

Table 9.5: Results of the new methods for the F5 g distribution.

n =50 n =100 n =200
Type ¢ NC EUB ¢ NC EUB ¢ NC EUB

~

N 20 0.088 1.748 40 0.073 1.644 80 0.065 1.563
25 0.096 1706 50 0.078 1.612 100 0.068 1.540
30 0.106 1.671 60 0.085 1.588 120 0.072 1.522
35 0.118 1.640 70 0.093 1.566 140 0.077 1.507

gy 20 0.063 1828 40 0.0562 1.695 80 0.048 1.594
256 0.075 1.764 50 0.060 1.650 100 0.053 1.563
30 0.087 1715 60 0.069 1.617 120 0.059 1.540
35 0.103 1.672 70 0.080 1.589 140 0.066 1.521

f\’ 20 0.074 2.070 40 0.062 1.830 80 0.057 1.666
25 0.078 1937 50 0.066 1.748 100 0.060 1.616
30 0.083 1848 60 0.069 1.693 120 0.062 1.582
35 0.088 1781 70 0.073 1.651 140 0.064 1.556
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Appendix A

Moments of sample moments and

cumulants (iid case)

This appendix constitutes a brief account of sample moments and cumulants, along with
some asymptotic expressions for moments of these quantities. These results are required to
derive the theoretical results in the main part of the text.

Throughout this appendix X denotes a univariate random variable with distribution
function F with mean p and variance o?. Let X1,Xs,...,X, be a sample of size n drawn

randomly from F'.

A.1 Moments, cumulants and k-statistics

We devote this section to formally define the notions of moments and cumulants. As many
of the derivations in this appendix make use of Fisher’s so-called k-statistics, we here also

provide the definition thereof as well as a brief history.

A.1.1 Central moments

For k. =1,2,..., the kth central (population) moment of X is defined by
k
e =E{(X-p)'}.

The corresponding kth central sample moment of X (based on the sample X1,Xo,...,X;) is
defined by

1& _ \F
mp=—3 (X;-Xa)",
with X, =n~ ' X" X .
Remark A.1. Note that, by definition, o2 = te. Accordingly, let

_ 1 "
0'% ::m2:;Z(Xj_Xn)2‘



A.1.2 Cumulants

Define the cumulant-generating function K(t) of X as the natural logarithm of the charac-
teristic function of X, i.e.,
K(t)=logE (e”X), i2=_1.

If the jth moment of X exists, the jth cumulant x; of X is defined as the coefficient of (it)/;!
in a power series expansion of K(¢):

(ity

K(t)= Z K17~
=1 J

Texts such as Cramér (1946, p. 187) and Stuart and Ord (1994, p. 90f) provide expressions
for the first few cumulants of X in terms of central moments of X. Below we reproduce such

expressions for the first eight cumulants of X:

k1 =0,

K2 = U2,

K3 = U3,

K4 = pa — 33,

(A1)
K5 = ts — 1032
K6 = g — 154412 — 10415 + 3013
K7 = W7 — 2159 — 3543 + 210us 13,
K = g — 28161z — 5615113 — 357 + 420415 + 5603 12 — 63045

The sample cumulant K ; , corresponding to x; is obtained by substituting in the expres-
sion for x; the central population moments for the corresponding central sample moments,

ie.,

?2,n =ma,
K3, =m3, (A.2)

Kapn=mg4— 3m§, etc.

In the main text we are particularly interested in the standardised cumulants of X, by
which we mean the cumulants of the standardised quantity Y = (X — p)/o. Similar to the
non-standardised versions, the standardised cumulants can be found by inspecting coeffi-
cients in a power series expansion of logE(e!*Y). Alternatively the jth standardised cumu-
lant of X, which we denote by K}, may be obtained by multiplying the jth non-standardised
cumulant of X by 07/, i.e.,

=X
I i
This follows from the behaviour of cumulants under affine transformations and hence they

are sometimes referred to as semi-invariants (Dressel, 1940; Stuart and Ord, 1994, see).
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The first few standardised cumulants of X are

!
K2=ﬁ_1,
K3 3
Ky = 3_N_3’
(& o
K4 4
K:l:—4_u—4—3
(o (o

As before, the standardised sample cumulant ?;n corresponding to K; is obtained by sub-
stituting in the expression for K;- the central population moments for the corresponding
central sample moments.

Before moving on, it is interesting and useful to note that, for a fixed sample size n
and any j =2,3,..., the quantity |m;/ Efll appearing in the expressions of the standardised

12

cumulants may be bounded by a power of n'#. This fact is stated and proved in the following

lemma.

Lemma A.1. If X7 has sufficiently many finite moments, then

m m;
L= |—L|<nU22 =23,
~J Jjr2
Gy, 5

Proof. Following the method of proof given in Cramér (1946, p. 357) for j = 3, observe that
n Y (X _Xn)j

n=i"2 (Z;.‘:l (X; —Xn)2)

2
my

< pU-22 i
5 epn -]

o iR
_ =22 i (Xi —Xn)_ i
i=1{ X7, (Xj—Xn)
< U202 i (X ‘Xn)_2 i
S Y0 (X - Xa)
_ U2 0

A.1.3 Fk-statistics

It is well-known that the algebraic process of deriving moments of m ,, can become extremely
laborious as soon as one moves beyond the simplest cases. This prompted researchers to
devise new ways of deriving moments of sample moments, including the use of tables of
symmetric functions. Fisher (1930) discovered that these calculations may be simplified
considerably by making use of combinatorial methods. His method employs so-called k-
statistics, which are symmetric functions 2, p > 1, defined such that the mean of each &,

equals the pth non-standardised population cumulant of X, i.e.,
E(kp) =xp.
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Obtaining cumulant expressions for the &, proved to be much simpler than obtaining simi-
lar expressions for the moments m,. The interested reader is referred to Stuart and Ord
(1994) who treat the subject of k-statistics extensively.

For the derivations in the following sections, we will require the following expressions of

sample moments in terms of k-statistics (cf. Stuart and Ord, 1994, p. 422):

m2=n_1k2,
n
~1(n-2
m3=%k3, (A.3)
_(n-D(n-2)n-3), 3n- 1)3k2
ma= n?(n+1) k1)

From expressions such as these it is straightforward to calculate any moment E(m},), r = 2.
The only requirement is to have available expressions for the non-central moments E(k;,).

Let x(p") denote the the rth cumulant of k£,. Noting that x(p) = x, we have from Stuart
and Ord (1994, p. 88) that

E(kp) =xp,

E(k3) = x(p?)+1,

E (kf;) = x(p®) + 3k (p®) + K5,

E(kp) = k(0" + 4x(p*)x, + 3x(pD? + 6x(pDi + K, (A4)
E (k?») =x(p®)+5x(pH)x, + 10x(p*)x(p?) + 10k (p® )3 + 15k (p*) |

+ 101<(p2)1<?7 + K?,,

E (kg) = x(p®) + 6x(p°)x, + 15x(p*)x(p?) + 15k (pH)x% + 10x(p?)? + 60k (p® K (p®)x

273
)

+ 201<(p3)1<f7 + 15x(p~)° + 451<(p2)21<f7 + 151<(p2)1<jf7 + Kg.

Exact expressions for x(p”) in terms of the cumulants of X have been derived in literature
and are given (up to the tenth order) in Stuart and Ord (1994, p. 432ff).

To be able to calculate joint moments of the central sample moments, such as E(mg mg),
we will also require expressions for the joint moments of the k-statistics in terms of joint
cumulants of X. Kendall (1940) introduced a method for easily deriving such expressions
from univariate expressions such as the ones given in (A.4). Cook (1951) used this method
to calculate such formulae for moments up to the sixth order, and we reproduce below the
ones we require. In these expressions, x(p"q?) is given by the coefficient of (iz1) (i£2)°/(r!s!)
in a power series expansion of log E(et?1k»*it2kq),

E (kpkq) =x(pq) +xpKy,

E (k?,kq) =x(p2q)+ K(pz)Kq +2x(pq)xp +1<f,1<q, A5)

E (kf;kq) = x(p3q) + x(pP)q + 3x(p2)K, + 3x(pDx(pg) + 3x(p2)K pg

2,.3
+ 31<(pq)1<p +KpKq,
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E (k?,kg) =x(p2q?) +21<(p2q)1<q +1<(p2)1<3 +x(p)x(g®) + 2K(pq2)1<p +2x(pq)?

2

+4x(pq)xpky + K?)Kq + K?)K(qz),

E (kékq) =x(pq) +1<(p4)1<q +4K(p3q)1<p +41<(p3)1<(pq)+41<(p3)1<p1<q (A.6)
27\2
)

+6x(p2q)x(p?) + 6x(p2@)x2 + 3x(p?)?K ¢ + 12x(p* K (@)K

+ 6K(p2)1<?,1<q + 4K(pq)1<§’, + Kf)Kq.

A.2 Moments of non-central sample moments

In this section we derive asymptotic expressions for moments of some of the non-central

sample moments.

Lemma A.2. Assume that X has sufficiently many finite moments. Then

Kg + 9Kx4ako + 3K§ + GKg

@)  E(m3)=x3i+ - +0(n"?)
-6 —Tu2+9u3
_ 'ug " He H4 12 I~13 IJ2 " O(n_2),
n
3k3 (kg + 9K 4k9 + 6K2 + 6K3
(i) E(md)=x3+ 3 (K6 + ke + 63+ 6K3) | 132y
n
3 -6 —4p2+9u3
_ 3 2 (146 — 6papiz — 4pu5 +9p3) + 0D,
n
Proof.

(1) From (A.3) and (A.4) we have

n ] 2 n 2 2 n ] 2 n 2 2

120 N2
(LR
n n

it follows from (12.40) of Stuart and Ord (1994) that

6k2 K¢+ 9Kkakg +9K2 + 6K
E(m2)=«xi- 2+ 3 —24,0(n7%
n n

Ke + 9Kx4K9 + 31<§ + 61<g

+0(n72).

2
=x5+
3 n

Substituting the cumulants for their corresponding expressions in terms of central

moments (see (A.1)) yields the second result.

(1) From (A.3) and (A.4) we have

(-1 -2)° (n-1P3(n-2)°

E(mg) = 5 E(kg) = 5 {K(33)+3K(32)1<3 +1<3}.
Noting that
_1\V3(+ —9)3
n-1)An =27 (Gn 2 =1- i +0(n™?),
n n
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it follows from (12.40) of Stuart and Ord (1994) that

3
g 9Kz  3xg

E (m‘;j) =Kg——~ + — {xe +9Ixaxs +9K§ +6K§} +0(n?)
3k3 (kg + 9k 4Kk9 + 6K2 + 6K3
=x5+ 3 (K6 + Orcar + 6165 +65) -2,

n

Substituting the cumulants for their corresponding expressions in terms of central

moments (see (A.1)) yields the second result. O

Lemma A.3. Assume that X has sufficiently many finite moments. Then

. 4p1q — 63 _
(i) E(m4)=,u4—T2+O(n %),
-8 + 120402 — 912 + 1612
(i) E(mi)=ui+u8 Hs 13 HaHg — IHy HsHz2 +0(n2),
n

3 -24 —15u3 + 18212 + 48y 1
Gi) E(md)=ud+ Hg 4 H5 a3 Hy HyHo H4M3M2+O(n—2)'

n
Proof.

(1) Follows directly from (27.5.1) of Cramér (1946).
(i1) By (27.5.4) of Cramér (1946) we know that

g — 8is iz — s + 163 g
n

Var(m4) = +0(n72).
Hence, using the result in (i),

E (m?2) = Var(mg) + {E (m4)}?

2
g — 8is iz — 13 + 1605 pg 4pg — 643
= - + |- —2

-8 — 2 +16u2 8u2 — 12412
_ ,UZ + U —ols3 — Hy HgH2 Oy Hapty +0(n?)
n

n
L Hs= 8ispiz + 12043 — 9 + 165 1n
n

+0(n"2).

= :“Z
(1i1) From (A.3) it follows that

(n-13n-2B3n-33 5 27n-1° 4 9(n-1°n-2)>*(n-3)>

3 2,2
= kik
4 né(n +1)3 47 nb(n+1)3 2 né(n +1)3 472
271n-1)"(n-2)(n-3), 4,
kaky,
né(n+1)3
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whence, by making use of Taylor approximation and the expressions in (A.4), (A.5)
and (A.6),

E(m3) = (1—%)E(ki)+27(1—%)E(kg)+9(1_%)E(kikg)

+27 (1 - %) E(kqk3)+0(n"?)

= (1 - %) {x(4%)3x (4% g + x5} +27 (1 - 1’1—2) {x(2%) + 6x(2°)K2 + 15x(2H)K(2%)
+15K(24)x3 + 10x(2%)? + 60K (2%)x(22)xg + 20K(2°)x5 + 15K (2%)°
+45K(2%)%k3 + 15x(2%)K5 + x5} +9 (1 - ln—s) {x(4%2%) + 2k (224)x4 + k(225
+K(22)K(4%) + 2K(2 - 4 )k + 2K(2 - 4)% + 4K (2 - 4ok g + KK 2 + Kak(4%)}
+27 (1 - %) k(2% 4) + k(2Y)x g + 4x(23 - D)xcg + 4x(2P)K(2 - 4) + 4 (2P )k g2

+6x(22 - 4)K(2%) + 6x(22 - 4)K5 + 3x(2%) 2k 4 + 12k(22)K(2 - 4)K2 + 6K(22)x 5K 4

+4x(2- 4)1(3 + K4K§} +0(n7?).

Using the results in Paragraph 12.6 of Stuart and Ord (1994), this expression redu-

ces to
1
E(m3) =13 + 27x8 + 9212 + 2Ti 415 + — {3k + Ikgka + 84Kk gka + 144K 5K 4K3
n

+252K6K5 +90K3 + 828K5K5 + 648k 4k 5K + 432K 5k 3K + 1908K 4K

+1944K3x5 + 702k} + O(n2).
Note that by (3.38) of Stuart and Ord (1994) we have
1 = (k4 +8x3) = 15 + 27K5 + 953 + 2Tk 4.

Using this fact and substituting each cumulant by its corresponding expression in
terms of central population moments (see (3.43) in Stuart and Ord, 1994) yield the
result. O

Lemma A.4. Assume that X has sufficiently many finite moments. Then

)  E(mams)=xaxs+ w +0(n™2)
= uspg + @ +O(n_2),

) E(mgm2) =gl s 22t K‘;“ KIS L 0(n?)
— papl+ 2p5 2 + H4:3 —14uzp3 L0,

(i) E (mgmz) _ Kng N Keko + 2K5K3 + 91<21<§ + 141(%1(2 + 61(‘21 N O(n_z)
2+ 2 +2u5 13 — 6papiy — 1603 +9uj ~Om),

n
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Proof.

@)

(i)

(iii)

Multiplying the expressions for mo and m3 in (A.3) and taking expected values, we
have from (A.4) that

-12%(n-2
E(mgmg) = %E(kskz)

4
= (l - —+ O(n_z)) {x(32) + x3K9}.
n
From (12.47) of Stuart and Ord (1994) it then follows that

4
E(m3m2) = (1 - —) {kgk9 + K5+ 6K3K2} + O(n_Z)
n

4kske K5+ 6K3Ke _
= K3Kg — + +0(n"?)
n n

K5 + 2K3K
=K3kKg + L5renste + O(n_Z).
n
Substituting the cumulants for their corresponding expressions in terms of central

moments (see (A.1)) yields the second result.

Multiplying the expressions for m% and mg in (A.3) and taking expected values, we
have from (A.4) that

—-1)3(n -
B(mam3) = " 2 fak)

n4

= (1 - g + O(n_z)) {x(32%) + k(2%)k3 + 2k(32)K 2 + K3K3} .

From (12.35), (12.47) and (12.59) of Stuart and Ord (1994) it then follows that

5 2
E(m3m3) = (1 - ;) (% {Kq+2K2} + % {5 +6k3ka} +k3ka |+ O(n?)

2K5K9 + K4K3 + 9K3K2
:K31<§+ 2 +O(n_2).
n

Substituting the cumulants for their corresponding expressions in terms of central

moments (see (A.1)) yields the second result.

Multiplying the expressions for mg and m% in (A.3) and taking expected values, we

have from (A.4) that
(n—1)3(n-2)2
E(mims) = — 5 FE (k3k2)

7
= (1 -+ O(n_2)) {K(322) +x(3%)Kg + 2x(32)K 5 + K%Kz} )
n
From (12.40), (12.47) and (12.63) of Stuart and Ord (1994) it then follows that
7 2
E(m2ms) = (1 - —) (9 {Ke +9kgkp +9K2 +6Kk3} + ] {k5 + 6Kk3ka} + Kok | +O(n"?)
nj\n n

9 KgKo + 2K5K3 + 9K4K§ + 141(%1(2 + 6K§ _9
=KgKg + +0((n™ ).
n

Substituting the cumulants for their corresponding expressions in terms of central

moments (see (A.1)) yields the second result. O
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Lemma A.5. Assume that X has sufficiently many finite moments. Then

kg + 9Kx4aKko + 61(% + 3K%

(i) E(mamg)=(xkq+3x3) ke + - +0(n™?%)
g+ 6u4u2n— 4u3 +6u5 ~Om),

(i) R (m;;m%) (et 3K2)K§ N 2x6K + 271(41(% +Zi + 121(%1(2 + 181(‘2L LO(n?)
— o+ Quekz — Qpapiy + (g — Suziz + 6y L0,

n
1
@iti) E (mimg) = (K4 + 31(%)2 Ko + ;{KSKQ +2Kgky4 + 341<6K§ +48k5Kk3Ko + 121(41(%
+53Kk%Kg + 270k 4Kk 5 + 252k 2k5 + 123x5} + O(n~2)
2 1 2 2
= Hahz ¥ {us iz +2ueits — Bus s e — 12 o — 8paps
+12ugp + 160202} +O(n™2).
Proof.
@) (27.5.6) of Cramér (1946) implies that

6 — Hapiz — 4113

E{(m4— pg)(mg — pg)} = +0(n?).

Expanding and rearranging terms we obtain

- — 442
w +O(n_2),
n

E(mamg) = ug E(my) + ps E(mgo) — pgpg +
which, by Lemma A.3 above and (27.4.1) of Cramér (1946), reduces to

L6 — BLiapiy — 43 + 63
n

E(mamsg) = paps + +0(n7?).

This result has been verified using Fisher’s method of %-statistics discussed earlier.

(ii) From (A.3) we have that

9y (n=1P3(n-2)(n-3) 9 -
E (m4m2) = n4(n 1) E (k4k2) + —n E(k

= (1—%)E(k4k§)+3

1- g) E (k%) +0(n2).

Using (A.4), (A.5) and (A.6), along with the results in Paragraph 12.16 of Stuart and
Ord (1994), we obtain

9
E (m4mg) = (1 - —) {K(224) +x(2%)Ky + 2K(2 - d)kg + 1<41<%)
n
6
+3 (1 - —) {K(2%) + 4x(23)kg + 3k(22)% + 6K(22)K2 + x5} + O(n™2)
n
1
= K4K§ + 3K§ + = {Ki + 21(41(% + 2K gKo + 161(41(3 + 121<§1<2}
n
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2 4
9K 4K, _ 18« L O(n?)
n

3
+ - {61(41(3 + 121(‘21} -
n
1
= (kg +3K2) K3 + — {2kgk2 + 2Tk 4Kk 5 + K5 + 12k2kg + 18K} .
n

The result in terms of central moments is obtain by substituting all population cu-

mulants with their corresponding expressions given in (A.1).

(iii)  Note that by (A.3)

(n-12(n-22%n-32 , 9n-1° , 6(n-D*n-2)(n-3)

2 _ 2
Ma= n4(n +1)2 4™ ni(n+1)2" 2 * n4(n +1)2 kaks.
Therefore,
(n-13(n-2)%(n-3)2 9n-1)7
E(m2ms) = E(F2ky) + ————E(k3
(m4m2) n5(n+ 1)2 ( 4 2) + n5(n+ 1)2 ( 2)
6(n—-1°(n-2)(n-3) 3
nd(n +1)>2 E (k4k2)

= (1 - 1’1—5)13 (k3ks)+9 (1 - %)E (k5)+6 (1 - 1n_2) E (k4k3) +O0(n™2).

By (A.4), (A.5) and (A.6) above and the results in Paragraph 12.16 of Stuart and Ord
(1994) we have

E(mims) = (1 - 1n—5) {K(4%2) + x(4%)Kg + 2k (42)Kk 4 + K3K2}
+9 (1 - %) {Kk(2%) + 5x(2H)Kg + 10k(2%)x(2%) + 10x(23)x3 + 15x(2%) %Ky
+10k(2%)3 + x5} +6 (1 - 1n—2) {x(234) +x(2%)K4 + 3K(224)Ko
+3x(2%)K(2 - 4) + 3k (2K k4 + 3K(2- DK +K4Kk5} + O(n™?)
= 'KAZL'KQ + 91(2 + 61(41(3 + %{Kg (1(8 + 16xgkg +48k5K3 + 341@2L + 721(41(%

+ 1441(%1(2 + 241(‘21) +2K4 (K6 + 8Kkaka + 6K§)} + 9 {101(% (xa+ 21(3)}
n
151<Z1<2 811(2

n n

+ g {8 kg (kg +2k2) + 32 (kg + 8k gka + 6k2)} —

721(41(%

+0(n?)

2 1
= (kg +3x3) ko + = {Kkgka + 2Kk 4 + 34Kk 2 + 48K 5K 3K + 12K 4K
n

+53K5Kg + 270k 4K 5 + 252K 5K5 + 123x5} + O(n2).

The result in terms of central moments is obtain by substituting all population cu-

mulants with their corresponding expressions given in (A.1). O
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A.3 Moments of central sample moments

Lemma A.6. Suppose that X has sufficiently many finite moments. Then

(i)  E(mg-ps)= —%,

I o )

i) E{(ma—p)’} =0
Proof.
@) Follows directly from (27.4.1) of Cramér (1946).
(i1) Follows directly from (27.4.2) of Cramér (1946).

(iii)  Note that

-1 3 3
-2
3# 3IJ2 ,Lt3
ZE{(mz—u2)3}+ TZE{(mz—#z)z}an—zzE(mz—m) +n—§
= E{(mg _,U2)3} +O(n_2),

where we made use of the fact that E{(mg — ,u2)2} = O(n_l), as mentioned earlier in
this lemma. From (27.4.3) of Cramér (1946) we know that the left-hand side of the
above expression is O(n2). Hence we must have that E{(ms— ,u2)3} =0(n2). O

Lemma A.7. Suppose that X has sufficiently many finite moments. Then
. 3 -
(i) E(m3—u3):—%+0(n 2,

16 — BLtafis — i3 +9us
n

i) E{(ms—ps)’}= 10y,
i) E{(ms-p)’} =00,

Proof.

(1) Follows directly from (27.5.1) of Cramér (1946).

(ii) Making use of (27.5.3) and (27.5.4) of Cramér (1946), we have that

E{(ms - 13)*} =E{(m3 ~E(ma)+ 0™H)7}

=E{(m3-Em3)*} +0(n"?)
= Var(m3)+O0(n™?%)

_ 6 — 6papiz — 3 + 9y
n

+0(n7?).
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(ii1) From (27.5.1) of Cramér (1946) we have that

_(n-D®r-2)

3 _
E (m3) s = s - 22 L 0(n 7).
n n

This, together with Lemma A.2, implies that

E{(ms—us)’ } = B(m3) - 3u3E (m3) + 343 E (ms) - 413

5 3u3 (e — Buaps —4u3 +9pud) 5 3u3 (16— 6uaps — Tuj +9pud)
=pg+ i — 33— "

9y _
+3,u§—73—/,t§+0(n 2)

Lemma A.8. Suppose that X has sufficiently many finite moments. Then

Ay — 62
n

() E(ms—p)=- +0(n™?),

g — s i3 — s + 1603 p1g
n

@) B{(ma-pa)’}= +0(n7),
i) E{(ms—pa)’} =0,
Proof.
(1) Follows directly from (27.5.1) of Cramér (1946).
(ii) Lemma A.3 implies that
E {(m4 - ,u4)2}

=E(m3) - 2u4 E(my) + 113

pis — 85tz + 12042 — 92 + 1612 s 8ug — 1243 _
=ul+ n2 2 CL i i - 2+ u2+0(n?)
-8 —p2+ 162
_ Ug — OUs5 3 — My Hg 2 +0Mn2),
n

(ii1) From Lemma A.3 we have that

B {(ma— )"} = B () 3 B (m3) + 313 B )~ ]

o Bugpa—24pspaps — 1503 + 18ufu +48uapdps o
=Hgt n —OHy
3y (s — Busus + 12uaps — i + 16u3p2) 4
- + 3y
n
3g (4pq — 643 _
— 4 ( 2) _ /Ji + O(n 2)
n
=0(n™2). O
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Lemma A.9. Suppose that X has sufficiently many finite moments. Then

-4
i) E{(ms-us)(me-peo)}= w +0(n™),
(i) E{(ms—ps)(ma—p2)’} =0,

i) B{(ms—ps)” (ma—p2)} =0,

Proof.

i) Follows directly from (27.5.6) of Cramér (1946).

(ii)

Multiplying out the term inside the expected value, it follows from Lemma A.4 and
equations (27.4.1), (27.4.2) and (27.5.1) of Cramér (1946) that

E {(ms — p) (ma — #2)2}

=E (mgm%) —2uasE(msmo)+ H%E(m;),) —usE (m%) +2uspue E(mg) — ,U3M%

2, Quspia + faps — 14pzpd B %)

= U3Hy - — 2 (,U3H2 +

M5 — 8l pe
n

+IJ§ M3

Ha—

3u _
— p3 (u% + Tz) +2p1ap1z (3 %) — usz +0(n?)

=0(n?).

(iii)  Multiplying out the product inside the expected value, it follows from Lemma A.2,

Lemma A.4 and equations (27.4.1) and (27.5.1) of Cramér (1946) that
2
E {(ms —ug)” (mo - Hz)}
=E (m%mz) — U2 E (m%) — 2”3 E(msgmsg)+ ZﬂgﬂzE(mg) + ng(mz) - ,u%uz

o M2 +2us5p3 — Blaps — 163 ug + 9y
=pz+ — M2

n 'u3

2, Mo —6papis — Tu2 +9M§)
n

—8ugug
23 (#3ﬂ2+%)

33
+ 2342 (ﬂ3 - %

+id (12— ) - e+ 07
n
=0(n72).

Lemma A.10. Suppose that X has sufficiently many finite moments. Then
. L6 — tapi — 4112 "
@) E{(ms—pq)(m2-pe)}= ——— +0™),
.. 2
(i1) E{(m4—,u4) (mao—p2)

(i) B{(ma—pa)” (m2 - p)

Proof.
@) Follows directly from (27.5.6) of Cramér (1946).
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(i) Using (27.4.1) and (27.4.2) of Cramér (1946) along with the results of Lemmas A.3

and A.5 we may write
E{(ma—pua) (m2— p12)*}
=E (m;;m%) - E (m%) —2us E(mama) +2uapo E(mo) + /4% E(my) - ,u4/.1%
1 1
= papts + — {2ptepiz — Buapi3 + g + 85y + 6115} — papel - — {uid — Bpapiz}

2/.t2 1
~2papty — == {16 — Bp1apiz — 415 + Buiz} + 2p1apsy — — {2papid} + paps;
2
p )
= 2 {4414 = 63} — papi + 0™

=0(n7?).

(iii))  Note that
E{(ma - pa)? (ms - )}
ZE(mimz) u2 E(m ) 2#4E(m4m2)+2#4H2E(m4)+u4E(m2) M4ﬂ2

Hence, by (27.4.1) of Cramér (1946) and the results of Lemmas A.3 and A.5 above,

we have

E {(m4 - ,u4)2 (mg - #2)}
= pjps + = {usuz + 2t ia — Spispape — 1205 o — Spiapy + 12043 + 16513}

— pip2 - ; 2 {ug — 8uspis + 12043 — s + 1613 0} — 2059
ITATE

244
e {16 — Bpuapz — 4p3 + 63}

— pipz +0(n?)
=0(n7?). O

Lemma A.11. Suppose that E(| X |*) < oo for some sufficiently large k. Then, as n — oo,

4+3 4

E(6,-0)=E(yma- i) = —% +0(™), (A7)
E@,-0)?=E(ymz- Vi)’ = +0(n7?), (A.8)

and
E@G,-0)* =E(ymz-vaz) =002, (A.9)

Proof. From (27.7.1) and (27.7.2) of Cramér (1946) we have that

EG,)=0+0n™1)
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and
Ha —
402

0.4
Var(G,) = +0(n"2).
n

Hence,

E{@,-0)%} =E {(an _E@Gy)+ O(n_l))Q}
=E{(@, -E@Gn)*} +20(n" HE(G, -E@G,)+0(n"?)

=Var(G,)+0((n3?)
4

_Ha4—0O -2

" 402n +0( ™),

which proves (A.8).

To obtain (A.7), first note that the difference &, — 0 may be written as

~9 2 A~ 2

0n—0 (G, —0)

Op—0= - )
20 20

so that by (A.10) above and (27.4.1) of Cramér (1946) we have

E@,-0)= %E(&%—(ﬁ)—%E{(&n—a)z}
~ —o? ﬂ4—04
" 20n  8o3n

/.t4+30'4

— -2
= —W +O(n )

+0(n"?)

Lastly, observing that

~

o, — 0)4 < % (3,21 - 02)4

b

we have by (27.5.5) of Cramér (1946) that E{(G, — 0)*} = O(n~2), which proves (A.9).
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Appendix B

Some moments of weighted sums of

sample observations

Let Xj,...,X,, be independent and identically distributed random g-vectors, g = 1, such that
E(X7) =0. For a triangular array of numbers in R?, say {w;(n),i =1,...,n}, n €N, our goal is

to obtain closed-form asymptotic expressions for moments of the form

q (1 n Tk
Erl,..l,rq =E H ; Z wirXir
i=1

k=1

for given integers ri,...,rqy = 0, where X;; and w;;, = w;;(n) denote the kth elements of

X; and w;(n), respectively. Our results will be expressed in terms of the repeated sums of

¢ ) Q)

) 1N} %) © 1 sY sY

S1 ...q%¢ S1 v.nSe | = — ... q
W(l q’?,...,1 q ) P {”wl wij,q}

and joint moments

weights

B2 g =B(X] X,
where the s; and sfkj)
}[

, k=1,...,q9, j = 1,...,¢, are non-negative integers and I,, =
{(il,...,ig)E {1,...,n
ness, also define

tip #1¢Vp # q}. As usual, "P, = n!/(n — ¢)!. For notational concise-

¢ . .
(1) 1) (9] ) (1) 1) ) (9] ) ()]
Z(lsl g’ .., 1% - gt )::W(lsl RV AL bt ---qsq) ,u(lslj Akl )
J=1

So, for example,
2 2 2 1& o9 2
2(1°2) = W(1*2)u(1°2) = ;Zwi,lwm E(X{1X1s)
i=1
and

E(X1))E (X3 X1).

¥(13,12%) = w(13,122)u(1®)u(12?) = ( Wi w; W,

n(n=1) G3)
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Notice that if w;; =1 for all indices i and &, then W(:) = 1 (regardless of the argument) and

the above two expressions reduce to
2(1%2) =E(X}1X;5) and  X(1%,12°) =E(X7,)E (X1, XT,).

Throughout we assume that X; has sufficiently many finite moments.

B.1 Some general results

Lemma B.1. Let X1,Xo,...,X, be independent and identically distributed random varia-
bles with E(X1) =0 and let {w;(n),i = 1,...,n};7, be a triangular array of real numbers such

that maxi<j<p |lw;(n)| = O0(1) as n — oco. For any integer r =0, if E(|X1|") < 0o, we have that

1a "
E =E { (— 2 wiXi) } =0(n~ D,
n;:1

where w; = w;(n) and |x] denotes the integer part of x.

Proof. Writing w; = w;(n), note that

E{ lzwiXi) }:%E{(Zlel) }:ir YooY wiw, E(X, X)), (BU)
ni=1 n i=1 n

=1 =1
First consider the case when r is even. Since E(X1) =0, the order (in terms of n) of the sum

in (B.1) is determined by terms with § repeated sums, which each has n(n—1)---(n— g +1)
terms depending on the w;(n). As maxj<;<, |wi(n)| = O(1), such sums are of order o(n"?).

Therefore,

12 r 1
E { (; Z wiXi) } = F()(nr/2) = O(n—f‘/Z) — O(n—|_(r‘+1)/2j ).
=1

Likewise, if r is odd, the largest contribution to the sum in (B.1) is given by terms with r;—l

repeated sums, which are of order O(n"~V'2)_ Therefore,
12 11
E _ Z w X — _O(n(r—l)/Z) — O(n—(r+1)/2) — O(n—l_(r+1)/2J ) D
ni3 e n”

The result may be generalised to an expectation of a product of sums such as E,,
defined above. We provide such a generalisation below, of which the result is slightly crude

and therefore not necessarily optimal.

Lemma B.2. Let Xj,...,X,, be independent and identically distributed random q-vectors,
q = 1, with E(X1) =0 and let {w;(n),i =1,...,n}"; be a triangular array of numbers in R,
Suppose that for k = 1,...,q it holds that maxi<;<p |w;z(n)| = O(1) as n — oo, where w;;(n)
denotes the kth element of wi(n). For any set of nonnegative integers r1,...,rq, if X1 has

sufficiently many finite moments, it follows that
9 (1 n T
E‘r1 ..... rq = l_[ —_ Zwllek zo(n_(Zkrk)/Z),

=1\ =1

for given integers r1,...,rq 20, where w;;, = w;;(n).
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Proof. LetR = ZZ:1 rr. By a generalised form of H6lder’s inequality (see, e.g., Finner, 1992)
it follows that

For easy reference we state below the special case where ¢ = 2.

Corollary B.1. Let (X1,Y1),(X2,Y9),...,(X,,,Y},) be iid bivariate random variables with
E(Xy) =E(Y1)=0. Let {vi(n),i = 1,...,n};7, and {wi(n),i =1,...,n})7 ; be triangular arrays
of real numbers such that maxi<j<y |v;(n)] = O(1) and maxi<j<, |lw;(n)| = O(1) as n — oco. For

given integers r1,ro =0, if (X1,Y1) has sufficiently many finite moments, it follows that

ry r
1 1
Erl,rz =E { (_ZviXi) (_ ijYj) } = O(n—(r1+r2)/2)’
ns n
where v; =v;(n) and w; = w;(n).

In the following sections we will derive more refined results which cannot be obtained
from the above lemmas. These results are required in the main text and in Appendix C. For

ease of notation we will use the symbols:

DI DI DI I

()  i=lji k) i=1j#ik#i (ijoks0)  i=1j7i ki (7
k#j ket 021
#

B.2 Univariate case (¢ =1)

Let X1,Xo,...,X, be iid univariate random variables such that E(X7) =0 and let {w;(n),i =
1,...,n}57, be a triangular array of real numbers such that maxi<;<, lw;(n)l = O(1) as n —

oo. For a few choices of an integer r = 1, we state and derive asymptotic expressions for

wonltgo] ).

where w; =w;(n).

2
E2=%E{Zw?Xi2}:&. (B.2)
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3
E;= 7;13 E{wa’X?} _xD) (B.3)

2
i n

Es= {Zw4X4 +3y w2w2X2X2}
@@,

= —4 E{nZ(1*+3n(n - DZ(12%,1%)}
n

_32(1%,1%)  2(1%)-32(1%,1%)
a n2 " nd '

(B.4)

1
Es=— {Zw5X5 +10 ) w3w2X3X2}
@)

= E {n2(1%)+10n(n - 1)2(13,1%)}

_10X(1%,1%) . 2(1%)-10%(13,1%)

- (B5)

n3 n

1
E;= — {105 E w3w2sz3X2X2}+O(n5)
n
(i,7,k)

_1052%,1%,1%) |

2 omn™). (B.6)

n

B.3 Bivariate case (¢ =2)

Let (X1,Y7),...,(X,,Y,) be iid bivariate random vectors such that E(X1) = E(Y7) =0 and
let {v;(n),i = 1,...,n};2; and {w;(n),i = 1,...,n}77; be triangular arrays of real numbers
such that maxi<j<, |v;(n)] = O(1) and maxi<;<, |lw;(n)| = O(1) as n — oco. For a few choices of
integers ri,ro =0, we state and derive asymptotic expressions for

1 "
Er1r2 =E ; Yj )
=1

ri 1 n
2 vz‘Xi) (— D wj
4 n’j:l

where v; = v;(n) and w; = w;(n).

1 (12
El,lz_z {ZUU)XY} ( ) (B7)
n
E Z 2(122) B.5)
= — U~ .
21773 2
1
Ego= Yy {Zv2w2X2Y2+ Z v2w2X2Y2+2 Y viwivw;X;Y; XY, }
@i,0)
== L (120122 4 n(n - DEA2,22) + 2n(n - DE(12,12)}
$(12,22)+23(12,12) X(1222)-3(12,22)-2%(12,12)
= + ) (B.9)

n2 n3
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E31——E{Zv32 X3Y;+3 ) viT XPX;Y, }
@)

= i4 {nZ(1%2) + 3n(n - DZ(1%,12)}
n

32(12,12) =(1%2)-32(1%2,12)
= + .
n2 ns

(B.10)

1
Eso=— {Zv3w2X3Y2 + Y vlwiXPY?+8) vivwiXIX,Y?
@.7) (@.7)

+6 Z v?wivjijizYinYj}
@)
1
= — {nZ(1°2%) + n(n - DE(1®,2%) + 3n(n - DZ(1%,12%) + 6n(n - 1Z(1°2,12)}
n

_ 2(1%,2%)+3%(1%,12%) + 62(1%2,12) .\ 2(1%2%) - 2(1%,2%) - 35(1%,12%) - 62(1%2,12)
= - -

n3 n
(B.11)

1
Ess3=— {Zv3w3X3Y3 + Y vtwIXY)+3Y vlwwi XY Y]
@.)) (N
+92v wivjw; XZYX Y2+QZU w3 vaJX?YiszYj
@i,)) @@.))
+3 Z v?vjwiXiszYJ?’ +9 Z vizvjwjw,%XiszYij2
@@.5) (@@,7,k)
+6 Z viwivjwjvkkaiYinYijYk}
(i,7,k)
_ 92(1%,2%,12) + 62(12,12,12) s

= on™). (B.12)

1
Esy=— {ZvwXY+5ZvvaJXXY+IOZvvaX3X2Y
@.7)

+10 ) v#o? wJX2X3Y +15 Y v?o? vkaX2X XkY}
(@,)) (@@,7,k)

1
= _6{nz(152) +5n(n - DE(1%,12) + 10n(n - DZ(1%,1%2) + 10n(n - DE(1%,1%2)
n

+15n(n - 1)(n - 2)2(12,12, 12)}

152(12,12,12) 5X(1%,12)+10%(13,122) + 102(12,132) - 45%(12,12,12) 5
= + 7] +0(n™°).

(B.13)

n3 n
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1
Esg= {Zv5w2X5Y2 + Y VwiXY?+5 ) vivw X X,Y?
(€))] (€9))]

3.2 2v3yv2vy2 2.3 2v2y3y2
+10(Z)vlewJX X5Y; +10(Z v;v WX XY
,J i,J)

+10 Y viwivw,; XY, X;Y;+20 ) v?wiv?ij?YiXJZ.Yj
@.0) (U9)]

+10 Z v?v?w%X?X?Y,?+2O Z v?vjwjvkka?XijXkYk
(@,7,k) @,7,k)

+15(Zk)v W} vJka Y2X2Xk+60(zk)v w; vaJka Y X; YXk}
LJ i,]

- i7{10n(n —1D(n-2)2(12,12,22) + 20n(n - D(n — 2)2(13,12,12)
n

+15n(n - 1)(n —2)2(122,12,1%) + 60n(n — D(n — 2)2(1%2,12, 12)} +0(n7®)

10x(13,12,2%) + 202(1%,12,12) + 152(122,12,1%) + 602(1%2,12,1%) .

- Oo(n7%. (B.14)
n

1
Ess=— E{45 Y vPiuwpwX X XYY
n® (i,/,k,0)

+60 ) vizvjwjvkwkvgngiszYijYkX[Yg}+O(n_5)
(i h0)
_ 45%(1%,1%,12,2%) + 60X(1%,12,12,12) .\

. o). (B.15)

n

1
E7,1=—8E{105 > X?Xf.X,erYz}+0(n‘5)
n (i,j,k,0)

= % {105n(n — D(n - 2)(n - 3)2(1%,12,1%,12)} + O(n°)

105X(12,1%,12,12
- 105X L )0, (B.16)
n

B.3.1 Special case

For the bivariate case above (q = 2), consider the special case where Y; = X 12 —landv; =

wi=1,i=1,...,n. Setting yp = E(Xf), we have the following results.

10us  p5—10us

Esg=—k2 + . B.17
50= 3 y, (B.17)
105

Ero=—r2 1 0(n"). (B.18)
Eiq=12. (B.19)

n

—9
Eqis= % (B.20)

3us(us—1) L M7= 35— 3uapis + 6p3
n2 nd '

Ei1g= (B.21)
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pHa—1

Ezq=
5 n2

pa+2p5—1  pg—3pg—2p3 +2
E2,2: 3 + 3 .
n n
3 -4
.U3+H5 ,U3.

E31=—
’ n2 nd

_ 3ps+Tpaps—13ps  pn = Sps — Tiapts + 14ps

Es3» 3 !

ug(ps — 1)+ 63 _
Ezs= e S ro(n™).

_ 15p4s  10us +15pap3 — 6503

Esq= +0(n7%).
513 A (n™")

1515 + T0p4 3 + 2003 — 100us3 ~
E52= Y 3 +0(n7%).

_ 4Bpgpz +60u3 — 453

Es3 +0(n7%).

B.4 Trivariate case (g =3)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

Let (X1,Y1,Z1),...,(X,,Y,,Z,) be iid trivariate random vectors such that E(X1) = E(Y7) =

E(Z1)=0 and let {u;(n),i =1,...,n}>° ., {vi(n),i = 1,...,n}‘,’l°

n=1’ =

; and {w;(n),1 = 1,...,n}‘r’:°:1 be

triangular arrays of real numbers such that maxi<;<, |u;(n)| = O(1), maxi<j<n [vi(n)| = O(1),

and maxi<;<, |lw;(n)] =0(1) as n — oco. Then,

2(123)
n2

’

1
Ei11= EE{ZuiviwiXiYiZi} =
5

where u; = u;(n), v; =v;(n) and w; = w;(n).
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Appendix C

Moments of sample moments and

cumulants (regression)

We provide here some results relating to the expectation of estimators for the slope parame-
ter in a simple linear regression model, as well as expressions for some moments of sample
moments based on residuals resulting from the model fit.

This appendix employs the notation of Section 3.5. Recall that €1,...,¢, are iid random
errors with expectation 0 and variance 0 < 02 < oo, and that the estimator for the slope
parameter d is given by

~ 1 & 1 &
dn:d+n_0926i:zixi(€i_£):d+E;xiai’ (C.1)

2 _

= n~1 Z;.’ZITC? > (0, where we set X; = x; — X, to facilitate notation. Throughout

with 02 = o

we assume that maxi<;<, |%;| = O(1) as n — oco. Also recall that

Yen=—3 Z x;, Kan = — Z x; -3, Ton = —5— Z %; = 10yxn
NOyxni=1 NOyxn =1 x,n i=1
and
12 ms my ms
~ . — J ~/ _ 79 ~/ _ % ~/ e ~/
mj=- Z € Kan = =32 Kan= =3 3, K5 = =52 10K3 5
i=1 2 2 2
where

e; = (g, —&)—%;(d,, — d).

C.1 Moments of an estimator for the slope parameter

Lemma C.1. Assume that maxi<j<, |x; — X,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then

() E(d,-d)=0,

117



3’

i) E{(d,-d)’}= %

3,u§

-3
1 +0(n™").

. ~ 4)
i) E{(d.-d)'}= s
Proof.

@) Follows directly from (C.1) since E(¢1) = 0.

(>ii) By (B.2) we have that

(111) From (B.3) it follows that

(iv) By (B.4),

n 4 2
Zac“iei) }— 3 (lzaz?) (E(g%))2+0(n—3)
i=1

" n208\n 4
= %u§+0(n_3). O
n2o%
In some cases we will not require the coefficient of the leading term, but only the rate of
convergence. To that end we state and prove the following general result.

Lemma C.2. Assume that maxi<;<, |x;i —X,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then, for any integer p =1,
B{(dn-d)'} =00+,
where |x] denotes the largest integer smaller than or equal to x.

Proof. Follows directly from Lemma B.1. O

C.2 Moments of sample moments of residuals
Cramér (1946) states in (27.5.3) the well-known fact that, for any integer p = 1,
E(mp)=pu,+0(n™), (C.2)

where m ), = nt Y7 (ei—&)P and up = E(sll’ ). As is proved below, this result may be extended
to the case where the pth sample moment m, is based on the residuals instead of an iid

sample.
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Lemma C.3. If maxi<;<, |x; — %,| = O(1) as n — oo and €1 has sufficiently many finite mo-
ments, then

E (mp) = pp +0(n ™),
for any integer p = 1.

Proof. Observe that

1
Y e -8 -Fi(d, - )}’

i=1

>

n
1
niz1

zw

( )(ei —oPH-xid, -}

I|
§Ir—l

n p R
25 (2] er-ort (i@

p ~
+ )¢ 1)k( ) ( Z k(e —z)P-k) (dn—d)", (C.3)
k=1
so that, by (C.2),
p 1 N
E(ip)=pp+ 3 D P|EL| = Y # i -2 | (dn-d) } + 0.
k=1 k ni=1
By Lemma C.2 and the Cauchy-Schwarz inequality we have that
2
1z ~ 1z ~
E{(— A —g)p—k) (dn —d)k} < J E{(— DA _g)p—k) }E{(dn —d)2k}
ni=1 =1
=1/ O(n~@k+12]y = O(n,*/2),
Hence,

E(mp)=pp—pE { (% 3 Filei - é)”‘l) (dn—d) } +0(™Y,
i=1

which may be written as

B(,) =y -]

Now, notice that by Corollary B.1,

E{(% ;iigf)ép—’—l (dn —d)}

2
< 1. 0 =200-0-1) (G _ 4)?
_JE{(anlEi) }E{s =t (d, -d)’}
=4 /O(n—(p—é)) — O(n—(p—f)/2)_
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This implies that

- {
"ol k=1
which by (B.7) becomes
N p [1& _1 )
Bi7) =y~ 23 255 B { (s )en} 200

= 1y — ’% +0(n™Y

= p + o(n™1). O
Another useful result given by Cramér (1946) states that
E{(mp-pp)*} =00, (C.4)
This result may also be extended to 1.

Lemma C.4. If maxi<j<y, |x;i —%,| = O(1) as n — oo and €1 has sufficiently many finite mo-

ments, then
~ 2k _
E{(mp - pp)* } = 007,
for any integers p,k = 1.

Proof. From (C.3) we have that
Fip=mp+ il(—l)fRn,p,j (dn-d)’,
i=
where
Roupj= (?)%;5&{(@ _ep,
It is well-known (see, e.g., von Bahr and Esseen, 1965) that, if X1,Xo,...,X,, is a sequence

of random variables, then, for r =1,

: ) <m"! iEUXiV).

i=1

Hence,

p R .
E{(7p - pp)*} < 0+ D* B (mp - )"} + 0+ DY E{RZ, (d,-ad)"}. (©5)
=1

n,p.J
J:

Since

[E{@n- ™Ry, }| < \/E {(dn -} E{R |

=0(n"),
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(C.5) reduces to

b .
E{(7p - 1p)*} =0+ (0 + D* Y. 00 H) =07,
j=1
where we have made use of (C.4). O

Alternative proof. This proof follows along the same lines as the derivation of (C.4) given in
Cramér (1946). From (C.3) we have that

p o~
ip=my+ Y (DR, 4 (dn—d)",
k=1
with R, ,, ;, defined above. Writing
(Mp—wp) =(mp—pp) —Rup1 (an ~d)+Rppe (an - d)2 T (C.6)

we see that any power of m, — y, is composed of terms of the form (m, — y,)(d, —
dY Ry pjyRupky - We now show that any such term has a mean of order O(n~0*//2),

First note that by the Cauchy-Schwarz inequality one may write

|E{(mp - ,Ltp)Zi(an —d)2j}| < \/E {(mp _/Jp)4i}E{(an —d)¥} = O(n -+,

where we have made use of (C.4) and Lemma C.2. Therefore, by the same inequality,

|E {(mp ~14p)'(dyn = dY Ry p s R oy }|

< \/E {omp - i@ - VY E{R2 | R2 . ...}

= \/O(n—(”j))E {ert,p,k1Rr2L,p,k2 .. }
— O(n_(i+j)/2),

assuming that €1 has sufficiently many finite moments.

It is now clear that it is sufficient to retain the terms
(mp - IJp) —Rnpa (an - d)

in order to calculate the leading term of E{(m, — /,tp)Zk}. The remaining terms in (C.6) give

a contribution of lower order. Therefore we have by the c,-inequality that

E{(mp ~ttp =R p,1 (dn~ d))Zk}

_ _ -~ k
<22 1B {(m, - )} + 2B {RZ, | (- )™}
=0(n™),
which proves the theorem. O

Lemma C.5. Assume that maxi<;<, |x; —X,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then
. ~ 2
@0  Elay)=pe- 22,
n
— 52
i) E(m2)=m2+=  om?),
n
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Proof.

(1) Since
fitg =mg—o2(dy, —d)?,

the result follows directly from (27.4.1) of Cramér (1946) and Lemma C.1.

(ii) Observe that
m2=m2+oid, -d)*-202ma(d, - d)>.
Since
~ 9 1& ~ 2 9.5 2 -~ 2
ma(d, —d)” = ; Z(gi - H2) (dn _d) —& (dn _d) + U2 (dn _d) >
i=1
we have by (B.8), (B.9) and Lemma C.1 that

2
E{ma(d, d)2}— 2 +0(n7?).
na

X

The result now follows directly from (27.4.2) of Cramér (1946) and Lemma C.1. [

Corollary C.1. Assume that maxi<j<p |x; —%,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then

. _ 2
@)  E(my-pg)=-—22,
n
2] M4— ”2
i) E{(ma-p)’}= 2 40(n"2).
n
Proof. Follows directly from Lemma C.5. O

Lemma C.6. Assume that maxi<j<,|x; —X,| = O(1) as n — oo and that €1 has sufficiently
many finite moments. Then
~ 6 _
E(ms)=pus— % +0(n72).

Proof. Observe that

m3 =

Y e -8)-%(d, —d)’

=1

SI»—A

[y
S

—Z{(g — &)~ 8(e; — 8)°%i(dy, — d) + 3(e; — EVF2(d,, — )2 - %2 (d,, — )P}

§

—m3—— Za?i(ei -8 (d,—d) +; Zoz?(ei —é)(an—d) +y.02 (dn —d)3.
=1 =1

S

By (B.7) and (B.8) it follows that



j=1

1 (1& 2 ([1& 3

L[ a)mit-met- 25 (2 £
=B om?),

n

and

14 3 L& oo 3
e R G B WA IS
x
=0(n"?).
Hence, one may obtain the result by applying (27.5.1) of Cramér (1946) and Lemma C.1. [

Lemma C.7. Assume that maxi<j<, |x; — X,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then

8uy — 1202
E (fig) = 14 + % +0(n7?),

Proof. Observe that

12 ~
Fia= - ) {ei~0)-Fi(dy —a)!
i=1

4 ~ 6 4
=ma-=Y %i(e; -8 (dn—d)+ =Y B(ei-82(dn-d) - =Y #B(e; - 8) (dn —d)’
niz1 niz1 niz1
+(ke+3)0 (d d) (C.7
Since
12 _\3 1 ~ 3 1 & 2 222(5
=Y Xi(e;—8)° ==Y Xic; 38— ) Xie; +30%¢ (dn—d)
ni=1 ni=1 ni=1
15 1 & ~
== % (el —ps) —88= Y % (2 — po) + 302&% (dn — d),
niz1 niz1
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By (B.8), (B.9), Lemma C.1 and Lemma B.2 one has

= {1i'nggf(an—df}—m{(liifsi)é(&n—d)2}+(lif?)E{f2(3n—d)2}
niz1 ni=1 i1
) { %ise%(a—uz))@z-d)z}**‘wiE{@n-dV}wm2>
i=1
2
-2 002
n

Finally, by (B.10),
1& 4 P 3
E{—in(ei—e)(dn—d) }
ni=1
_ LR P e 3 1& 3l fa(s 3] _ 2
_E{(;;xiel)(dn—d) }—(zi;xi)E{s(dn—d) b=0().

Now, taking expected values in (C.7), the result follows directly by making use of (27.5.1) of
Cramér (1946) and Lemma C.1. O

Lemma C.8. Assume that maxi<j<,|x; — X,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then

ps — 120309
n

(i)  E(msmg)=usus+ +0(n"?),

(i)  E(mamsg) = papz+0(n™).
Proof.

1) Expanding mgmg yields
S 1 PPN 3 PPN 2
m3m2:{EZ((Ei_g)_xi(dn_d)) (ei—8)—xi(d), —d)) }
i,J

:m3m2—032cm3(cAln—al)z—(%Z5E?)m2(an—ci)3
i=1
IR ey 5 ¢~ 512 5
+ 0y —in (dn—d) -3 —in(e‘i—é‘) mz(dn—d)
niz1 ni:1
~ _9| s 3 1& , _ ~ 2
Y Xi(e;— &) )(dn—d) +3(; xi(ei—e))mz(dn—d)

i=1
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Now, note that by (B.8), (B.11), Lemma C.1 and Lemma B.2 we have that

= {(%éfl(sl—yz)) (dn—d)}—E{(%ifi(si—yz))g2(gn—d)}
+p2E{ %go‘c}(g—ug))(an—d)}—%iE{(%:Zlfi(ef—yz))é(an—df}
+202E{* (A, - d)*} - 20002 B {2 (dn - )’}

_%m( -2)

By (B.10), (B.11), and Lemma C.1 and Lemma B.2 we have

i=1

E{ma@,-d)'} -5 (1 £ (o) @} sam | @ -
—2E{(%§si)é(3n —d)3} +E{e?(d,-d)’} =007,

Similarly one may show that n_lz?zl’fi(ei - 5)2(3n —d)® and n_lz?zlilz(ei -
£)ma(d, — d)? both have expectation O(n2). Finally, noting that by Cauchy-

Schwarz any term containing (dn —d)* has expectation O(n~2), we have

4
E (fiiis) = E(mams) — % +0(n"?)

-12
= Ugp2 + w + O(n_z),

where we used Lemma A.4 in the final step.

(ii) By the Cauchy-Schwarz inequality and Lemma C.4,

|E{(724 — pa) (2 — p2)}| < \/E{("% - 1) E{ (2 - o)} = 07D,

which, together with Leamms C.5 and C.7, proves the result. O
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Corollary C.2. Assume that maxi<j<p |x; —%,| = O(1) as n — oo and that €1 has sufficiently

many finite moments. Then

. _ _ -4 _
) E{(a—ps) (o — o)} = B L 07,
() E{(a- ) (72 - pa)} = O D).
Proof. Follows directly from Lemmas C.6, C.7 and C.8. O

C.3 Moments of sample cumulants of residuals

Lemma C.9. Suppose that maxi<j<, |x; —X,| = O(1) as n — oo, that E(le1]%) < 0o for some

sufficiently large k, and that g > 0. Then
~/ 1\ _ 1 ! ro! ! -2
and E{(®} , —k5)* = 0(n?).
Proof. In the context of Corollary 7.1, set
Vi=ms, V1= U3, Vy =ity = G2, Vo =g =07,
and let
hix,y)= —
xyy = 29"
y3/2

We would now like to apply Corollary 7.1 to the functions g = h,h% h3, h%.
Along the same lines as in Lemma A.1 it may be shown that

ms

~3/2
my

|h (V1,V2)| = |h(m3,ma)| = <vn.

This implies that
h(VL, Vo)l <nf?, j=1,2,....
Since we need to apply Corollary 7.1 to A%, we require & = 4. Noting that £ =6V (5 +4) = 8,
we must have that
8 ~ 8 -4
E{(V1-v1)*} = E{(75 - s)°} = 0n ™%
and
8 ~ 8 -4
E{(Va—v2)°} =E{(m2 - p2) } =0(n™),
which are both confirmed by Lemma C.4 under the assumption of sufficiently many finite
moments. Finally, given that s > 0, the functions %, A2, A2 and A* all have bounded deri-
vatives up to the fourth order in an open neighbourhood of (v1,v2).

In the context of Corollary 7.1, we have the following constants which we obtain from the

results of Lemmas C.6 and C.7 and Corollary C.2:

C1=-6us, Co=—-2pus,
Dy =ps— 3 E1s = pi5 — 43l
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Also note that (by the same results) item (d) of Corollary 7.1 is satisfied.

Now, by Corollary 7.1 we may write

. 1 _ 3us o~ 15u3 . 2
E(x5,—x5| = —5E(ms—p3) - —= E(ma—pe2) + E{(m2- u2)
( 3,n 3) 'ug/z 9 Hg/z Su;/z { }
3 _ - _
~ 55 E{(7s — 13) (72— p2)} + O ™)

ng

1
= (—12k% + 15k Kk — 66x5) + O(n~2).
n

which proves the first part of the theorem.
By exactly the same arguments as in the proof of Lemma 7.2 it may be shown that
E{(®} , —xp)* =0®n2). O

Lemma C.10. Suppose that maxi<j<p |x; —%,| = O(1) as n — oo, that E(e11%) < 0o for some

sufficiently large k, and that e > 0. Then
2
E(Ry, -x4) =00 and E{(ﬁﬁm -} } —0m-Dy.

Proof. In the context of Theorem 7.1, set

Vi=my, V1= pa, Vo =1y =35, va =z =07,
and let
x
h(x,y)= F

We would like to apply Theorem 7.1 to the functions g = h,h2.

Along the same lines as in Lemma A.1 it may be shown that

o m
|h (V1, Vo)l = |h (M4, mo)| = ‘~—3 <n.
my

This implies that
Ih(V1, Vo)l <n?,  j=1,2,....

Since we need to apply Theorem 7.1 to A2, we require & = 4. Noting that 2 =4 v (6 +4) = 8,
we must have that

E{(Vi-v1)®} =E {(7714 - ,u4)8} =0(n™*)
and

E{(Vo - v2)*} = B{ (2 - 12)°} = 07,

which are both confirmed by Lemma C.4 under the assumption of sufficiently many finite
moments. Finally, given that ug > 0, the functions 4 and A2 have bounded derivatives up to
the second order in an open neighbourhood of (v1,vs).
Now, by Theorem 7.1 we may write
- 1, 2u4 -
E (K&)n - Kil) = S E(m4—pa)- L3E (ma—p2) +0(n .

T I
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By Theorem 7.1 and Lemma C.7 the result follows.
By exactly the same arguments as in the proof of Lemma 7.3 it may be shown that
E{(&®] , —«x})* =0(™1). O

Lemma C.11. Suppose that maxi<j<y |x; —X,| = O(1) as n — oo, that E(le11*) < 0o for some
sufficiently large k, and that ps > 0. Then

E(R},-x5)=0™")  and E{(?’&n—Kg)z}:O(n_l).

Proof. Using the results of this appendix, this lemma may be proved by exactly the same

arguments as those found in the proof of Lemma 7.4. O

128



Appendix D

Supporting lemmas

D.1 Lemmas required in Chapter 4

This section contains a number of lemmas which are required to prove the theorems in

Chapter 4. The notation used here is defined in that chapter.
Lemma D.1. From the assumptions of Theorem 4.1 it follows that

©  E{P1,@)(P1,(x)~P1(x)} =0C),
i) E{P1,(0)(P] (0-Pi@]} =067,
i) E{Py ) -Pyf w} =06,

() E{(P () Pcf(x))} oG,

@  E{(B,-B)P1, ()} =001,
(vii) B Pl,,-(x)} —0( 1),
(viii) E ) P2, ()} =0GY,

(ix) E "’fi(x)} =00,

{p
P
{7:
e
{
w)  E{(B.-p)P2, )} =00,
{
{3
@
{3

@  E{(B-H)Psw} =06
Proof.
(i) It follows from assumption (A4) of Theorem 4.1 and Lemma 7.1 that
E{(P1,()- P1w)*} =00, (D.1)
Therefore, using assumption (A3) of Theorem 4.1,

E{P1,(x) (P1,(0) ~ P1(x))} = B{(P1,,(x) - P1))"} + P1@)E (P () - P1(x)) = OG-,
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(i)

(iii)

(iv)

It follows from assumption (A6) of Theorem 4.1 and Lemma 7.1 that
S/ / 2 -1
E{ (P}, (0 -Pj@) p =067, (D.2)

Then, by the Cauchy-Schwarz inequality,

E|(Py) - P1)) (P}, (0) - Py(w)) | < ¢ E{(P1,(x) - P1(x))"} E { (P10 —P;(x>)2}
=VO(rHor1)

=0 Y. (D.3)
Hence, from assumption (A3) of Theorem 4.1, we have
E{Py,(x) (P} (x) - Pj(@)}
=E{(P1,(0)- P1(w) (P} (0 - P @)} + PL0E (P} () - P{(w))
=0(r ).
Notice that it follows from assumption (A3) of Theorem 4.1 and (D.1) that

E(P?, @)~ P}w)) = B{(P1,(x) - P1(0))’} + 2P1 (0 E{(P1,,(x) - P10)} = OG™). (D.4)

Now, using the expressions for ﬁ;ffr and ng given in (3.10), we may use assumption
(A7) of Theorem 4.1 and (D.3) to obtain

E(Pg/ () - Py )

=E{(P1, )P} () - }2P (1)~ Py, () - (P1(0)P () - 3uP}(x) - Po(w)}
=E(P1, (0P} ()~ P1@)P|()) - $xE (P}, (x) - P}(x)) ~ E (Pp,(x) - Po(v))
=0(r™).

By the c,-inequality and assumption (A4) of Theorem 4.1 we have

~ 2 ~ ~ 2
E { (P2, ()~ P}() } -E { (P10~ P1))” + 2P1() (P1,1@) - P1(w) }
< 2E{(P1,(x)- P1(w))'} + 8PYWE{(Py,(x) - P1(w)°}
=0(r™),

and also, from (D.1), (D.2) and assumption (A6) of Theorem 4.1,
~ ~ 2
E { (PLr@P} () - P1()P} () }
=E{((P1,) - P1@)) (P} ,(x) - P}(@)] + P1) (P} ,(x) - P} ()

R 2
~Pj) (P10 -P1w) ] }
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)

(vi)

~ ~ 2 ~ 2
<2E { (Pr@) = P1(w)* (P} ()~ P (@) } +4P2(x)E { (P}, )~ P{@) }

+4(P{)*E{(P1,(0) - P1w)*}

< 2\/E {(ﬁLr(x) —P1(x))4} E { (ﬁi,r(x) - Pi(x))4} +0Gr™)

<2/0r2)0(r2)+ 0™ Y
=0¢ .

Consequently,
N 2
E { (5 0 - Py ) }
P D’ 1,.p2 5 / 1 n2 2

=E { (Pl,r(x)Pl,r(x) — 3xP7 . (x) = Pg »(x) - P1(x)P;(x) + 5xP7(x) +P2(x)) }

2] D/ / 1. /52 2 PN 2
-E { ({Pl,roc)Pl,r(x) —Pl(x)Pl(x)} ~1x {Pl’,(x) —Pl(x)} —{Py () —Pg(x)}) }

N _ 2 N 2
<2E { (P1,r(x)Pi,r(x) - Pl(x)Pi(x)) } +x°E { (Pir(x) _ P%(x)) }

+4E{(132,r(x)—P2(x))2}
=0@r™. (D.5)

We have from Lemma 7.1 and assumption (A2) of Theorem 4.1 that
E{(B, - )’} =0, D.6)

Then, by the Cauchy-Schwarz inequality and (D.1), it follows that

E|(B, - ) (P1.-(x) - P1(w))| = \/ E{(B, - B)°} E{(P1.r(x)- P1(x)"}
=vVO@r1Hor1)

=00 ™).
Consequently, using assumption (A1) of Theorem 4.1, we obtain

E((B, - B) P1.,x)) =E{(B, - B) (P1,(x) - P1(x))} + P1(x)E (B, - ) = O+ 1).

By the Cauchy-Schwarz inequality and assumptions (A2) and (A4) of Theorem 4.1 it
follows that

E|(B, - ) (P1,-(0) - Prw)’| < \/ E{(B, - )"} E{(P1.-() - P1(x)"}
=VO@r—1Ho(r2)

— 0(7"_3/2).
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This, together with (v) of this lemma and assumptions (A2) and (A4) of Theorem 4.1,
implies that

E ((Br - p) ﬁi,(x))
=E{(B. - ) (P1,) - P1)"} - PAWE (B, - ) + 2P\ E{(B, — B) P1 (@)}
=0(r™h.

(vii) Assumption (A2) of Theorem 4.1 and (D.1) imply that

E|(B; - B)° (Prrv) - P1w)| < \/ B{(B, - B)*} E{(Prr0) - 1)’}
=VO@r2)0(r1)

— 0(,,,-3/2)‘
Therefore, by (D.6),

E((B-- )" P1,) =E{(B, - )* (P1 (x) - Pr(w) } + P1)E{ (B, - )} =00,

(viii) Since it follows from assumptions (A2) and (A4) of Theorem 4.1 that

E{(B, - B)° (P1,,(0) - P1(x))’} < ¢E {(B-=B)*}E{ (P10~ P1 @)}
=vO0(r2)0(r—2)

=0,
we have by (vii) of this lemma and (D.6) that
E((B. - )" P}, )
=E{(B. - B)” (Pr,(@) - P10)"} + 2P\ E{(B, - )" P1 (0} - PAE{(B, - )"}
=0(r™).

(ix) By (iv) of this lemma and (D.6) we may show that

E|(B, - ) (P50~ P5 )| < ¢ E{(B.-p)’}E { (P )-Pyf (x))2}
=vOr 1o 1)

=0(™),
and consequently, by using assumption (A1) of Theorem 4.1,

E((B. - ) P5.0) =E{(B. - B) (P @) - P/ )]} + P§T WE (B, - ) = 0.
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(x)  Assumption (A2) of Theorem 4.1 and (iv) of this lemma imply that

B -7 (05 ) = 5 P}
=vO@FE2)0@r1)

— O(r_3/2).

We therefore have from (D.6) that

B((B - )" P5} @) =E{(B. - )" (P50 - P5/ )} + P B { (B, - )"}
=0(™Y). O

Lemma D.2. From the assumptions of Theorem 4.1 it follows that
. A a-1% 2 -1 -1
@) E {(ﬁrﬁ fm,r,a - Zoc) } =0 " +m™),
iy 2 p-1F 31 _ (r-32 -3/2
(i1 E{’ﬁrﬁ fm,r,a_zoc| }‘ =0(r +m ).
Proof.

(i) By the c¢,-inequality we have
2
E{(’[mera Za) }

2
(ﬂrﬁ_ '6) Em,r,a + (gm,r,a _Zoc)) }

2 ~ 2

ﬁ { émra) }+2E{(€m,r,a_za) }

2 . 1ae 2
—E{ Br— za+m-1/2plfr (20)+m P5f (20)) }
+2E{ _1/2Pcf(z Y+m” chf(za)) }

42 8

SR (B} gy B{ (B0 (P70 o 5 2B o) (P 2] |
+4m 'E { (ﬁifi(za))z} +4m2E { (ﬁ;’};(Za))z }

Under the assumption of Theorem 4.1 that W; has a sufficiently large number of

finite moments, all the above expected values will be finite. It therefore follows from

(D.6) that
2
{('[;rgmra Za) }:O(rl-i-ml).
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(ii)) By the c,-inequality we have

3
%fmra Za )

2 3
:E( (ﬁr—_ﬁ)gm,r,a‘*‘(gm,r,a—za) )
B
4 (12 <317 3 = 3
SEEU r_ﬁ| |£m,r,a| )+4E(|6m,r,a_2a| )
:%E(lﬁ | |z +m V2p¢ f(z )+m 1P} f(za) )
+4E(‘m_l/ZP\ifr(za)+m_lﬁgg(za) )
16|Za| —3/2 _3
== (| - Al ) E(|,6r 1, ) 7" E(|ﬁr )
+16m_3/2E( A )+16m_3E( A§r3),

By assumption (A2) of Theorem 4.1 it follows from Lemma 7.1 that
= 3 _
B[, - p|'} =007

Under the assumption of Theorem 4.1 that W has a sufficiently large number of

finite moments, all the above expected values will be finite. It therefore follows that

|

D.2 Lemmas required in Chapter 5

Br+
ﬁfmra

3
24 ) — O(T‘_3/2 + m—3/2). 0

This section contains a number of lemmas which are required to prove the theorems in

Chapter 5. The notation used here is defined in that chapter.
Lemma D.3. From the assumptions of Theorem 5.1 it follows that

@) E{Q,® (@) -Q:1)} =00,

~

{
(i) E{Q2,()(Q1,(0)-Qi)} =00,
i) E{Q1(Q),®-Q,w)} =0,
i)  E{Qi,0(Q],w-Qjw]}=06",
©  E{Q1(Q},@-Q,w)} =0,
W)  E{Q2,@(Q1,@-@iw)} =00,
wi)  E{Q},0(Q),@-Qw)} =00,



wii) E{Q?,@ (@], -} =00,
i) E{Q1,@Q;, ) (@1,0)-Qi)} =0,
Proof.
(1) It follows from assumption (B2) of Theorem 5.1 and Lemma 7.1 that
E{(Q1,(x)-Q:@)*} =0¢™1). (D.7)

Therefore, using assumption (B1) of Theorem 5.1, we have
E{Q1,(0)(Q1,() - Q1()} =E{(@1,) - Q1®)°} + Q1 E (@1,») - Q1) = 0+,

(ii)) By the Cauchy-Schwarz inequality, it follows from assumption (B5) of Theorem 5.1
and (D.7) that

E|(@1,(0) - Q1)) (@2,(0) -~ Q2()| = \/ E{(@1,®) - Q1) E{(Q2,(0) - Qa)*}
= VoG D00
=0¢™.
Then, from assumption (B1) of Theorem 5.1, we have
E{Q2,(x) (Q1,(x) - Q1(x))}

=E{(Q1,x) - Q1(®) (Q2.,x) - Q2(x))} + Q2(0)E (@1 -(x) - Q1(x))
=0G™).

(iii) It follows from assumption (B3) of Theorem 5.1 and (D.7) that

E[(@1) - Q1) (@), 0 - @) < ¢ E{(Q1,(0)-Q1()°}E { (@, - Q;<x>)2}
=VorHor )
=0(™. (D.8)
Hence, also by assumption (B3) of Theorem 5.1, we have
E{Q1,(Q1,0)-Q\@)}
=E {(Ql,r(x) -Q1(x)) (Q'l,r(x) - Q'l(x))} +Q1(x)E (QA'L,(x) - Q'l(x))
=0(™).

(iv) It follows from assumption (B4) of Theorem 5.1 and (D.7) that

E[(@1r0-@:1) (@], -@{w)| < \/ E{(@1,@)-Qiw)°} E { @7, —Q;'(x))z}
= VO Hor 1)

=0¢ 1.

135



)

(vi)

(vii)

Hence, also by assumption (B4) of Theorem 5.1, we have
E{Q1,(QY,(x)-Q{w)}
= E{(@1,() - Q1) (7,0 - @)} + Qi E (]}, (x)- Q)
=00 ™.

By assumption (B6) of Theorem 5.1 and (D.7) we have that

E|(@1-) - Q1) (@), (0 - Q5| < \/ E{(@1,@)-Qiw)°} E { (@5, Q’z(x))z}
=vo(rHoeh
=0(™).
By the same assumptions of Theorem 5.1 it follows that
E{Q1,(») (@}, (x) -y}
= E{(@1,() - Q1) (@}, - 4]} + Q1) E(@Qp,(x) - Qy))
=0(r™).
Applying Lemma 7.1 to assumption (B2) of Theorem 5.1 we obtain
[E{(@1,0)- 1)’} <E{|@1, @) - @@’} = 0.
Now, noting that
E {Qir(x) (@1,(x)— Ql(x))}
=E{(Q1,®-Q1@)’} + 201 E{(@1,() - @10)"} + Q3@ E{Q1,(0) - @1},
we have from (D.7) and assumption (B1) of Theorem 5.1 that
E{Q3, (0 (Q1,x)-Q:)} =0¢™".
Notice that assumptions (B2) and (B3) of Theorem 5.1 imply that

[E{(@1,0-@:1@)” (@}, -Qiw)}|

< \/ E{(Q1,()-Q:)"| E { (@1, @ —QQ(x))Z}
=vVO@r2)0@rr 1)

— O(r_3/2). (D9)

Now since we may write
E{Q?,(Q),0)-Q@]} =E{(@1,®-@10)* (@), -Q\w)}
+2Q1(0E{Q1,(0) (@), -Qiw)}
~QiE{Q,®- @],
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it follows from result (iii) of this lemma and assumption (B3) of Theorem 5.1 that
E{Q?,0(Q),-Q\w)} =00,
(viii) Notice that assumptions (B2) and (B4) of Theorem 5.1 imply that

[E{(@1,()-@:@)* (@Y, 0 -@{w)}|

< ¢ E{(Q1,-(x)- Qﬂx))“}E{(Q’l’,,(x)— Qg<x>)2}
=vVO(r2)0@r 1)

— 0(7'_3/2).
Now since we may write

E{Q?,(Q},)-Q@]} =E{(@1,@-Q:w)*(Q},(x) - Q{))}
+2Q1(0E{Q1,(0 (@], -Qlw)}
~QiE{Q],)-Q(@],

it follows from result (iv) of this lemma and assumption (B4) of Theorem 5.1 that
E{Q}, (@], -@{w)}=0¢™.
(ix) Note that

E {Ql,r(x)@l,r(x) (@1,(x)— Ql(x))}
= E{(@1,@-Q1w)* (@}, - Q| @]} + @10 E{ (@1, - Q1)
+QIE{(Q1,() - Q1) (@1, - Q1) } + Q1R E{Q1,(x)- Q1 ()}

Therefore, by (D.7), (D.8), (D.9), and assumption (B4) of Theorem 5.1 we have that
E {Q\l,r(x)Q\,Lr(x) (@1,(x)— Ql(x))} =0 ).
Lemma D.4. From the assumptions of Theorem 5.1 it follows that
i) E{fimra-2)?}=00m,
(i) E {|ﬁm,r,a —x|3} =0(m™%2),

(iii)  E{(fimra—x)'} =00,
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Proof.
(i) By the c,-inequality we have
E{ (im0 ~2a)’}
_ E{(m_1/2éi§(2a)+m_légi(za)+m_3/2Q§§(za))2}
< 2m—1E{(Q§{’r(za))2} +4m—2E{(Q§§(za))2} +4m—3E{(Q§fr(za))2}.

Under the assumption of Theorem 5.1 that W; has a sufficiently large number of

finite moments, all the above expected values will be finite. It therefore follows that
E{(fimr.a —2a) | =007,
(ii)) By the c,-inequality we have
E{[im,ra~2al’}

=E{|m—1/zéif,(za)+m‘légf,(za)+m—3/2égf (2a)

r

)

~ 3 ~
s4m—3/2E{|Q;’fr(za) }+ 16m—9/2E{|Qg{”r(za)

3 "
} +16m3E { |Q§f:(2a)

4

Under the assumption of Theorem 5.1 that W; has a sufficiently large number of

finite moments, all the above expected values will be finite. It therefore follows that
E{[fim,r.a—2a|’} = O0m~32),
(iii) By the c,-inequality we have
E{ (im0 —2a) '}
=E { (m12Q (2o) + m Q3 (2a) + m‘3/2égf,(za>)4}
<8m’E { (Qif”r(za)f} +64m~*E { (Qg’fr(za)r} +64m°E { (Q;fr(za)f} .

Under the assumption of Theorem 5.1 that W; has a sufficiently large number of

finite moments, all the above expected values will be finite. It therefore follows that

E{(fimra—2a)'} =007, 0
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