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The worldwide concern regarding the environmental impact of using fossil fuels as an energy 

source leads to the increased interest in improving energy efficiency. The energy efficiency of 

existing facilities can be improved through the implementation of energy saving measures 

(ESMs). However, to convince different stakeholders involved of the impact of ESMs, the savings 

need to be quantified accurately. This falls under the field of measurement and verification (M&V). 

An important part of the M&V process is the construction of a model to predict energy usage. 

Different model types are available that fall within different categories. Each of these categories 

provides different advantages and disadvantages. The black-box based approach of using 

statistical regression models (SRMs), can offer superior accuracy and ease of use. Also, 

combining different SRMs through model-averaging can provide even greater accuracy than a 

single model. 

Many studies have focused on evaluating different types of SRMs for energy modelling purposes. 

These include simple models, such as the well-known linear model, but also the more complex 

machine learning models. Some studies have also focused on specifically applying different types 

of SRMs towards M&V.  

However, studies tend not to give holistic consideration to the fundamental principles when 

evaluating models for M&V. Furthermore, there has been minimal evaluation of different types of 

SRMs for use of M&V within the industrial sector, with only a few isolated case studies reported 

in literature. There is thus a need for a comprehensive evaluation of different types of SRMs for 

M&V use within the industrial sector. 
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This dissertation evaluated four different types SRMs for accuracy and consistency in the M&V 

process, by applying it to five industrial case studies. The models included a simple linear model 

and three types of machine learning models. Two model-averaging techniques (simple and 

weighted) were applied to the four single models to form two new models. 

A comprehensive evaluation procedure was developed based on well-known methods and 

techniques in literature. Different aspects of accuracy and consistency were considered in the 

procedure, including absolute error, bias, sensitivity to the data sampling process and sensitivity 

to drivers used. The procedure also accounted for additional complexities introduced by the 

machine learning models. A scoring technique was applied to evaluate the performance of model 

types across the five case studies. 

The results obtained are verified based on what is expected from literature. The study shows that 

no specific model type stands out with differences changing from case study to case study. 

Savings and errors of the different model types tend to fall within the same range. The specific 

energy drivers used, however, tend to influence the predicted savings and accuracy more than 

the type of model. This indicates that great care should be taken when considering energy drivers 

while the different model types can thus be used as verification and to identify anomalies. 
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GLOSSARY 

“CV(RMSE)” is an error metric that is a measure of the absolute error between the true and 

predicted values. 

“Driver set” means those variable(s) chosen to form the independent variables in the model for 

energy usage prediction. 

 “Hyperparameter” refers to a selection that must be made before model construction that 

influences the functional form of the model but is not calculated by the regression process. 

“NMBE” is an error metric that is a measure of the bias between the true and predicted values. 

“Observation” or data point means a singular instance that includes all the relevant variables 

measured together at that point in time. 

“Regression” means the process of calculating the parameters or constants or weights of a 

model based on a dataset with independent and dependent variables.  

“Statistical regression model” refers to any model constructed through the process of 

regression. 

“Training” with respect to models refers to the application of the regression process or model 

construction. 

“Training dataset” refers to the dataset used to train the model of which all the observations 

influence the final model constructed. 

“Validation dataset” means the dataset used to test the model of which the observations were 

not included in the training dataset. 
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CHAPTER 1 – INTRODUCTION 

1.1 Quantification of energy efficiency 

The worldwide energy consumption is increasing due to population growth and economic 

development [1], [2]. This leads to an increasing scarcity of fossil fuels, the most used energy 

source [3]–[5]. There is also increased pressure from various legislative bodies to decrease the 

use of fossil fuels due to the environmental damage associated with its use [6]–[8].  

Energy efficiency is seen as one of the most promising ways to improve environmental 

sustainability by decreasing energy usage [9]–[11]. There is a need not only to ensure energy 

efficiency with the construction of new facilities (greenfield projects), but also to improve the 

energy efficiency of existing facilities (brown field projects). These outcomes can be reached 

through the implementation of energy saving measures (ESMs) [12], also referred to as energy 

conservation measures (ECMs) [13], [14], energy efficiency measures (EEMs) [9] or 

interventions. 

The implementation of ESMs often requires capital to be invested [10], [15], [16]. Convincing 

stakeholders of the potential positive impacts of ESMs could ease the process of obtaining the 

necessary capital [17]–[19]. To this end stakeholders can be provided with the necessary 

information to objectively evaluate an ESM, including savings that are quantified in a reliable and 

assured manner [20], [21].  

Savings achieved is not only an indicator for investors, but also to those implementing the 

projects, such as energy services companies (ESCOs). This is especially of concern when the 

remuneration of such companies is dependent on the savings achieved [20], [22]. There is 

therefore a need to quantify savings that are accurate with a low degree of uncertainty. 

Unfortunately, energy efficiency savings cannot be directly measured and therefore mathematical 

and other calculation techniques are needed to quantify energy efficiency savings [13], [23]. 

Quantifying the savings achieved by an ESM or the “avoided energy use” is a subject of the field 

of measurement and verification (M&V) [19]. M&V forms an integral part of energy management 

[24] and has become a well-studied field [25]. Rigorously applying the fundamental principles of 

in the M&V process could provide the confidence required by various stakeholders [26]. 
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1.2 The M&V process for energy savings calculation 

Many protocols and standards have been set up to describe the basic principles of M&V and 

ensure that a standard process is followed when performing M&V analyses. These include: 

• The International Performance Measurement and Verification Protocol (IPMVP) [27] 

• The American Society of Heating, Refrigeration, and Air-Conditioning Engineers’ 

(ASHRAE’s) Guideline 14 [28] 

• ISO 50015-2014 [29] 

• The South African National Standard (SANS) 50010 – Measurement and verification of 

energy savings [30] 

 

Figure 1.1: The M&V process 
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Although these standards were set up for different M&V applications, there are common generic 

steps that form the standard M&V process. Six generic steps were determined from these 

standards that are presented in Figure 1.1. It involves (1) identification of and ESM that is to be 

applied, (2) construction of a baseline model, (3) application of the ESM, (4) prediction of the 

energy usage in the assessment period, (5) calculating the energy savings and (6) reporting.  

Step 1 and 2:  Identifying and applying an ESM as an initiative 

An ESM is identified to be applied to a certain process or facility. Examples of these include 

lighting changes, improved process control, load management and combining heat and power 

[12]. Formalising this process and informing different stakeholders of ESM before it is 

implemented can help to ensure that each step in the M&V process can be sufficiently planned 

before implementation [27]. 

Step 3:    Constructing a baseline model 

Once the ESM has been applied, a model must be constructed through which to predict what the 

energy usage would have been had the ESM not been implemented [31]. This can be either a 

physical or a statistical model or a combination of both, which is discussed in more detail in 

section 1.3. However, before this can be done there are two parameters influencing the process 

that must be decided on: 

(i) The measurement boundary; 

(ii) The baseline period. 

The measurement boundary is the part of the facility that will be included in the evaluation and is 

an important consideration in the M&V process [12]. There are various options of the 

measurement boundary can be chosen [12], [27]. An example of different measurement boundary 

options for a hypothetical facility is given in Figure 1.2. The measurement boundary should be 

chosen to include the entire effect of the ESM while avoiding interactive effects [32]. This can be 

done by expanding the measurement boundary to include a larger portion of the facility [27]. 
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Figure 1.2: Different measurement boundary options 

There are three time periods of interest for M&V process. These are (1) the baseline period, (2) 

the implementation period and (3) the reporting period. These periods are illustrated in Figure 1.3. 

 

Figure 1.3: The three periods of interest during M&V 

The baseline period is the period on which the model construction is based [27], [32]. It should 

therefore be representative of the conditions before the implementation of the ESM [31]. Provision 

should be made to insure that enough data is included to represent the different operating modes 

[20], [32]. Many authors thus suggest a 12-month period to insure that seasonal effects are 

included which often influences the operation of the system [20], [33], [34]. 
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The implementation period represents the period of change during the implementation of the ESM 

before stable operation is achieved [20]. This period is normally excluded from both the baseline 

and the reporting periods. The reporting period is the period after the implementation of the ESM 

for which savings achieved need to be quantified [31]. The IPMVP recommends that the user of 

the savings report should determine the length of the reporting period [27]. The reporting period 

can thus be decided on prior to implementing the ESM or when savings calculation is done. 

Once the measurement boundary and the baseline period have been decided on, the model can 

be constructed. For this, a choice must first be made about the modelling option that will be used. 

The model must then be calibrated (physical model) or trained (statistical model) so that it 

represents operation prior to the ESM being implemented [12], [27]. 

Step 4-6:  Apply the ESM, predict energy usage for the assessment period, calculate 

energy savings and reporting 

The model constructed in step 3 is used to predict what the energy usage would have been in the 

reporting period if the ESM had not been implemented. This is called the baseline [27] and is 

illustrated in Figure 1.4 along with true energy usage over the period. These two sets of values 

can be used to calculate the savings according to (Eq. 1) [35], [36]:  

 
∑ 𝐸𝑠𝑎𝑣𝑒,𝑗

𝑁

𝑗
= ∑ (𝐸̂𝑝𝑟𝑒,𝑗 − 𝐸𝑡𝑟𝑢𝑒,𝑗)

𝑁

𝑗
  (Eq. 1) 

 

 

Figure 1.4: Quantifying energy savings 
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The total true energy usage for the 𝑗-th period, 𝐸𝑡𝑟𝑢𝑒,𝑗, is subtracted from the total predicted energy 

usage for the period, 𝐸̂𝑝𝑟𝑒,𝑗 and the sum of the savings for each period. Both the predicted values 

and the measured values have uncertainties associated with it [37], [38]. Therefore, the final 

savings will also have a measure of uncertainty associated with it. 

 

Figure 1.5: Different measurement frequencies for the same data 

It is important to note that a particular measurement frequency is associated with the true energy 

usage (e.g. every two minutes, once a day, once a month, etc.) [27]. An illustration of high, 

medium and low measurement frequencies for the same data is given in Figure 1.5. The more 

regular measurements are taken, the higher the measurement frequency is. This is also referred 

to as the data resolution [25] and it determines the length of each individual period during the 

savings calculation. A lower measurement frequency will have less noise while a higher 

measurement frequency will have greater variation in the data. 

The predictions made for the baseline must be of the same frequency as the measurement 

frequency to ensure fair comparison and should be considered during model construction. If 

specific parameters are measured at a lower frequency (e.g. electricity is measured every two 

minutes, but production is determined daily), all the parameters measured must be adjusted to 

that frequency (in this case, daily). 

Once the savings achieved by the ESM has been quantified, it should be reported in the required 

manner [23], [27], [31]. How the reporting should be done is determined by the specific standard 

or governmental law that should be adhered to. For example, SANS 50010 first only required 

management of uncertainty [39]. However, later it required uncertainty to be quantified [30]. 
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The standards mentioned and other literature have compiled certain fundamental principles that 

should be applied during the application of the M&V process. These are presented in Table 1.1. 

Table 1.1: Principles of the M&V process 

Principle Reference Description 

Accuracy [20], [27] The quantified savings should be within acceptable limits from the 

actual savings 

Completeness [27] All the effects of the ESM should be considered 

Conservativeness [20], [27] Savings should be underestimated where uncertainties arise 

Consistency [27] Principles and the process itself consistently applied across ESMs 

Relevancy [27] All the relevant parameters should be measured or known 

Transparency / Audibility [20], [27], [40] 
All steps in the process should be traceable and clearly 

communicated 

Independence [20] The process should be administrated by an independent party as 

far as possible 

The principles listed help to create a reference framework that M&V practitioners can refer to 

when decisions need to be made in the process. Consistently applying these principles to multiple 

M&V evaluations help to ensure a fair comparison between projects. However, this implies that 

the principles should also be consistently applied during each of the individual steps of the M&V 

process. 

The steps discussed form the basis for the M&V process, but certain additional steps or 

adjustments can be made [27], [40]. Each standard will provide guidance towards applying the 

fundamental principles in different ways. Each application of the process will differ based on the 

type of ESM, the type of facility, the measurement boundary selected, among other factors. [32]. 

For example, the IPMVP, one of the most reference standards in literature, lists four options [23], 

[26], [27], [37], [41], [42]: 

• Option A: Retrofit isolation – Key parameter measurement 

Isolating a part of the facility to reduce the number of variables that must be monitored 

and eliminate the effect of other ESMs implemented. Only key parameters are measured 

while others are estimated. 

• Option B: Retrofit isolation – All parameter measurement 

The same as Option A, except that all influencing parameters are measured. 

• Option C: Whole facility 

Consideration is given to the whole facility or a major section of it. The effect of the ESM 

on the entire section is determined and positive and negative effects of non-ESM changes 
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made are thus also included. The IPMVP suggests this method where savings are 10% 

of total energy use or larger. 

• Option D: Calibrated simulation 

Using simulation software to determine either baseline and/or true energy use. The 

simulation must be calibrated to approximately match the pattern of energy measured for 

the measurement boundary. This option is useful to separate the effects of different ESMs. 

Any of these options can be used to predict energy use, depending on the given scenario. As 

mentioned, the choice depends on the various factors influencing the M&V process. However, 

the final option chosen will determine the modelling option used. 

1.3 Modelling options 

There are qualitative and quantitative methods for predicting energy usage. Qualitative methods 

are based on the opinions of experts and can therefore be controversial [43]. However, 

quantitative methods are based on a physical or statistical model of which the uncertainty can be 

quantified [14], [44]–[46]. 

A quantitative model is based on a predictable relationship between the energy usage and 

independent variable(s) [27], [47]. These variables are referred to as the energy driver(s) because 

it, conceptually speaking, drives the energy usage [27]. These independent variables can 

potentially be anything that influences the energy usage process or facility. For example, it is 

common in the building industry to use environmental conditions (such as temperature) and the 

occupancy of the building [13], [48]. 

 

Figure 1.6: A hypothetical process, X, with different energy carriers and drivers 
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As another example, consider Figure 1.6 where a hypothetical production process is shown. The 

process consists of certain input and output streams (energy or material). All the streams 

providing some form of energy to the process forms part of the total energy, in this case, natural 

gas (NG) and electricity. These are referred to as energy carriers and none of the variables 

associated with it should be used as drivers [40]. All the remaining variables can be used as 

potential drivers. Different combinations of the energy carriers and drivers can be used to predict 

the energy usage of the process. 

Over the years different options have been developed and used to predict the energy usage, each 

having different advantages for different applications. These options are classified in one of three 

categories [14], [25], [49], [50]: 

(i) White box models (referred to as an engineering method); 

(ii) Black box models (referred to as statistical or artificial intelligence (AI) methods); 

(iii) Grey box models (referred to as combination models or hybrid methods). 

White box models are based on simulations using known physical relationships and fundamental 

principles [19], [50], [51]. These are typically expected under Option D of the IPMVP because of 

the use of simulation. Black box models are based on statistical learning between the energy 

drivers and the energy usage from historical data [50]. Here, the actual relationship is unknown, 

but is approximated by a mathematical function or a group of mathematical functions. Grey box 

models are obtained when combining physical simulations and regression [52], [53]. This is done 

when some of the relationships between variables cannot be approximated or are poorly 

approximated by physical laws [54]. These relationships are then predicted using black box 

models, while the others are based on fundamental physical principles. 

White box models require expert knowledge to set up, can be costly and tend to be less accurate 

[50], [51], [55]–[57]. However, it has the advantage that other, similar facilities can be used to 

calibrate the simulation for the baseline, if baseline data is not available [14], especially for 

greenfield projects. Thus, white box models are the most relevant when facility design 

specifications are available [49]. 

The disadvantages associated with the requirement for expert knowledge and cost also apply to 

some extent to grey box models [50], which can also suffer from computational inefficiencies [52]. 

However, grey box models have shown promising levels of accuracy in some instances [58]. 
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Black box models can be either regression, absolute or intensity-based [59]. Absolute and 

intensity-based approaches are not suitable when there is a high degree of variability in operating 

conditions or significant baseload [60]. Due to its simplicity and speed of calculation [61], 

regression techniques are the most popular method for establishing baselines in M&V [50], [60]–

[62].  

1.4 Statistical regression models 

Statistical regression can be described as the process of obtaining an approximation of the 

relationship between two sets of variables, usually a set of dependent variables, 𝒚, and set of 

independent variables, 𝒙, by changing some parameters using known data [63], [64]. A statistical 

regression model (SRM) is thus any mathematical model (or function) that approximates this 

relationship to within a certain error, 𝜀, through the process of regression. This can be expressed 

mathematically as, 

 𝒚 = 𝑓(𝒙; 𝒘) + 𝜀 (Eq. 2) 

where 𝒘 is the set of parameters or weights that are changed during the process of regression. 

The field of M&V has looked into applying SRMs in four different sectors – residential, commercial, 

industrial and education and research [19], [46], [65], [66]. Much work has been done on energy 

modelling and M&V for the residential, commercial and education and research sectors, but not 

so much for the industrial sector. A review done by Wang and Srinivasan showed that 17%, 33% 

and 42% of energy modelling studies focus on the residential, commercial and education and 

research sectors respectively [50]. However, the industrial sector can differ substantially from the 

residential and commercial sectors and in 2012 accounted for 54% of delivered energy use in the 

world [46], [67]. 

Predicting energy use does not only allow calculation of savings (M&V) but further allows the 

evaluation of energy efficiency, detection of faulty systems and control amongst other things [50], 

[68]. Therefore, to understand the work done on SRMs, the broader field of energy modelling 

must be considered. 

Many different types of SRMs have been used in energy modelling. This includes linear 

regression (LIN), non-linear regression, the machine learning methods and the hybrid and 

ensemble methods [25]. These four classes of SRMs are shown in Figure 1.7. 
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Figure 1.7: Different types of SRMs 

Linear regression (LIN) is a common technique used in many different areas of study [69]–[72]. It 

assumes that there is a linear relationship (or relationships) between the dependent and 

independent variables [73], [74]. This can be expanded to non-linear regression where the 

relationship is assumed to be non-linear. 

Over the past couple of decades, machine learning models have also come to be frequently used 

[63]. Models in this category include artificial neural networks (ANNs), support vector machines 

(SVMs), genetic algorithms, 𝑘-nearest neighbour (KNNs) and regression trees. Any of the models 

in the different categories mentioned here can be combined to form hybrid or ensemble models 

[75]. 

Machine learning models have become widely used in the residential and commercial 

sectors [76], [77]. ANNs have become a popular choice because of their ability to account for non-

linear dependencies on multiple independent variables. Other models in this category such as 

SVMs, regression trees and genetic algorithms, are also commonly used as it holds significance 

for the field of energy modelling [49], [51], [52], [78]. 

One of the main drivers of advances in energy modelling is the progress made in computer 

technology [79]. The increased availability of open-source machine learning packages in popular 

data processing software like Python and R makes it easy for practitioners to set up more complex 

models [14], [46], [80].  

This has given rise to a revolution in M&V referred to as M&V 2.0 [17]. M&V 2.0 refers to advanced, 

automated M&V that tend to use higher measurement frequencies due to the increased 

availability of data [19], [25]. It also allows multiple models to be set up using different model types 
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and different combinations of drivers. Consequently, it has increased research towards the use 

of machine learning models for M&V purposes. A need arose from these multiple modelling 

options to evaluate the models effectively to choose the best model for the required purposes. 

1.5 Model evaluation 

When looking at model evaluation, the fundamental principles of M&V given in Table 1.1 in section 

1.2 can be considered. Completeness and relevancy are dependent on data quality and the 

choice of variables [81]. Factors like transparency and independence are determined by the 

holistic approach to the M&V process. Therefore, only accuracy, conservativeness and 

consistency are dependent on the model developed. 

Most studies are concerned with model accuracy [12], [25], [82]–[84]. A more accurate model will 

reduce the uncertainty of the final savings calculation. Three sources of uncertainty exist during 

the M&V process – (1) sampling, (2) measurement (data capturing) and (3) modelling [27], [46]. 

Sampling uncertainty is based on the completeness of the data collected and the final data 

selected to represent the process. Measurement uncertainty involves the accuracy of the 

measurements taken during data collection and the amount of noise present in the data. The 

remaining uncertainty is the modelling uncertainty which arises from simplifications and general 

imperfections of the model [85]. 

Reducing measurement uncertainty may have a small impact and is potentially unnecessary [86]. 

Therefore, this study only focuses on uncertainties originating from the model and the data 

sampling process. Both these uncertainties are assumed to be independent of measurement 

uncertainty.  

Usually, the accuracy of models is evaluated by calculation of an error metric for a test dataset 

and through use of some visualisation technique [20], [77], [84], [87], [88]. Different studies 

employ a variety of statistical metrics, which have different advantages and disadvantages. 

However, in many cases these metrics deliver similar rankings between models. 

Models have also been evaluated for sensitivity, which relates to model consistency (i.e. a model 

that is less sensitive to changes can be said to be more consistent). Different authors have 

subjected models to different types of sensitivity analyses. Granderson et al. performed a 

sensitivity analysis by applying their selected models to many commercial buildings in different 

climate zones without varying the inputs used for each model [19]. Gallagher et al. investigated 
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the sensitivity of their selected models to measurement frequency [14]. Other studies have looked 

at the influence of different seasonal periods or months of the year [83], [89], [90]. Although, these 

studies also considered model accuracy, each study only looked at a specific aspect of 

consistency. 

Many studies have looked at optimising a single model type for a specific case study based on 

accuracy [55], [56], [87], [88]. Studies that do compare multiple model types, usually also consider 

a certain specific case study that are not aimed at M&V [77], [83], [91]. Few studies have 

evaluated different model types for both accuracy and consistency. There is thus a need for a 

comprehensive model evaluation technique to evaluate multiple model types in the context of 

M&V. 

The evaluation of the multiple model types for M&V purposes, especially machine learning 

models, have been limited in the industrial sector. Studies in this area have only looked at isolated 

case studies. Therefore, there is also a need for more practical examples of applying and 

evaluating multiple models, particularly the newer machine learning models, for M&V in the 

industrial sector. 

1.6 Model selection 

As mentioned, several studies have focused on the accuracy of different model types in the non-

industrial sectors. The results of these studies can be used for the initial screening of the models 

available. 

Carstens et. al. presents the case for applying Bayesian analysis during the M&V process rather 

than the traditional frequentist approach (given in most standards like ASHRAE and IPMVP) [37]. 

They argue that Bayesian analysis offer a better representation of uncertainty while being simple 

and robust to outliers. They also argue that the inclusion of a prior (an initial assumption of the 

saving) as required by the Bayesian approach is an advantage, although they acknowledge that 

it is often seen by others as a draw-back. Bayesian analysis requires more thinking from the M&V 

practitioner(s) [86]. 

Heo & Zavala described a Gaussian process modelling framework for M&V [92]. They 

demonstrated that unlike LIN, Gaussian process  models can capture complex non-linear and 

multivariable interactions. However, Gaussian process  models are developed under a Bayesian 

setting, so priors are still required [93]. Therefore, machine learning models are a promising 

alternative because they can capture non-linear behaviour without the requirement of a prior. 
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ANNs generally gain focus in many energy modelling applications [52]. ANNs have been used for 

many purposes, including the accurate estimation of wind turbine power curves [94]. Its use has 

yielded high accuracies, achieving errors in the range of 1.3% to 5.1% in the residential sector 

[51], [55], [56], [61], [95], 0.01% to 21.0% in the commercial sector [13], [57], [68], [81], [87], [96]–

[100], 0.5% to 11.2% [48], [77] in the education and research sector and 0.02% to 21% industrial 

sector [14], [46], [101], [102]. However, ANNs appear to be more sensitive [46]. In a comparison 

done by Platon et al. between ANNs and case-based reasoning, overall, the ANNs were more 

accurate but were more sensitive to the length of time forecasted [81]. 

In the study by Yildiz et al. in the commercial sector, the simpler linear models performed well in 

comparison to more advanced machine learning options [77]. However, the best performing 

model was an ANN, showing the lowest mean absolute percentage error (MAPE) and root-mean 

squared error (RMSE). In another case, Li & Huang found better accuracy and precision with LIN 

than with ANN [68]. In a comparison done by Zhang et al., the ANN tended to perform worse than 

the other models, although all models were comparable [13]. Therefore, when there is a simple 

relationship between the input variables and the predicted field, ANNs will not necessarily produce 

better results than LIN [103]. 

Catalina et al. obtained errors between 0.67% and 3.04% for different residential case studies 

with LIN [104]. For the study done in the industrial sector by Therkelsen et al., single variable LIN 

models performed better than multivariate linear regression models based on statistical validity 

tests [59]. 

In the comparison done between SVM and different types of ANNs by Li et al., SVM performed 

slightly better than the ANNs [99], [100]. Gallagher et al. compared the accuracy and sensitivity 

of popular machine learning models with that of LIN models for a single industrial case study [46]. 

The SVM models’ performance was the most erratic in terms of average savings across 

measurement frequencies, while LIN was the most consistent across all measurement 

frequencies. KNN models showed the lowest error across all measurement frequencies. 

Massana et al. concluded that linear models are easier to implement and use than machine 

learning models, but that machine learning models can be advantageous for obtaining a higher 

accuracy [77]. Thus, there is no decisive best performing algorithm, as noted by 

Gallagher et al. [46]. 

Many other models exist besides those already mentioned [105]. For example, Yildiz et al. have 

suggested auto-regressive models that appear to work well for electricity load forecasting [77], 
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[106]. However, it (like many other well-performing models) is a time-series model, meaning that 

each successive prediction is dependent on the measurement of the predicted field made directly 

prior to it. This makes it unsuitable for M&V where predictions in the reporting period must be 

representative of the old system and may not be influenced by the new system. 

Of the models mentioned, LIN, ANN and SVM are popular and performed well in previous studies. 

Therefore, these three models are also chosen for the current study. Although regression trees 

are also popular, it tends to perform worse than other models [46], [48], [77] and will not be 

included. Given the promising results obtained by Gallagher et al. with KNN, it is also added to 

the study. 

Although machine learning models are more complex, the M&V practitioner does not have to 

understand the inner workings of the model, but only needs to evaluate the model(s) according 

to the chosen criteria [14]. However, a brief overview of these models is presented to allow the 

reader to understand the concepts mentioned in this work better. 

Linear regression (LIN) 

As mentioned, LIN is one of the most well-known and used techniques in the academic world. It 

tries to fit some linear relationship between the dependent variable and each of the independent 

variables [107]. This is illustrated in Figure 1.8. 

 

Figure 1.8: Illustration of fitting a linear model 

LIN is often divided into simple linear regression and multiple linear regression to distinguish 

between a single and multiple independent variables [74], [108]. While different algorithms exist, 

these algorithms apply to both simple and multiple linear regression [107], [109]. However, each 
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of these algorithms tries to distribute the residuals evenly between positive and negative values 

[107]. The residuals refer to the difference between the true and predicted values for each of the 

data points provided in the training set. This can be calculated using (Eq. 3): 

 𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 = 𝑦𝑖 − 𝑦̂𝑖 (Eq. 3) 

Artificial neural networks (ANNs) 

 

Figure 1.9: The structure or architecture of a simple ANN 

Although an ANN represents a complex mathematical function, its structure can be represented 

in a relatively simple manner, as with the example given in Figure 1.9. An ANN consists of nodes 

that are organised in layers [13], [50], [51], [94]. Each node in a layer is connected to every other 

node in the layer that follows. Three groups of layers form the layout or architecture of the network: 

(i) An input layer; 

(ii) Hidden layer(s) (single or multiple); 

(iii) An output layer. 

Each node represents a mathematical function (known as an activation function) and each 

connection has a weight associated with it [50]. The number of inputs is equal to the number of 

independent variables. The exact calculation procedure is given in Appendix A1. 
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Support vector machines (SVMs) 

 

Figure 1.10: Non-linear SVM 

SVMs entail transforming a potential non-linear regression problem to a linear one by applying a 

mathematical function known as a kernel function [110]. This type of “mapping” is represented in 

Figure 1.10 where variables 𝒙𝟏 and 𝑥2 are transformed to new variables 𝝓(𝒙𝟏) and 𝝓(𝒙𝟐). After 

this is done, the problem becomes a LIN problem. Examples of the different types of kernel 

functions and a simple discussion on the mathematics used are provided in Appendix A1 

K-nearest neighbours (KNNs) 

The application of the KNN algorithm is conceptually simple. An example is given in Figure 1.11. 

 
Figure 1.11: Illustration of KNN for k = 5 
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The algorithm calculates all outputs directly from the training dataset provided [111]. To predict 

the output for any new data point, the average is taken of the 𝑘 data points nearest to the desired 

point [63], [112]–[114]. In the example provided, the five nearest data points were used (i.e. 𝑘 = 

5) and the result is 33.8. The algorithm becomes more complex when the averaging is done on a 

weighted basis by using a function also known as a kernel function [114]. The details for this 

process are presented in Appendix A1. 

For each of these models, certain parameters must be chosen that are not calculated by the 

regression process. These parameters are known as hyperparameters, which are, for the LIN 

model, the use (or absence) of a constant or intercept term. Other examples of these include the 

number of hidden layers for the ANN and the kernel functions for both the SVM and KNN models. 

A complete list of hyperparameters for the chosen models is given in Appendix A2.  

1.7 Hybrid and ensemble models 

There also exist hybrid and ensemble models, which uses single models in combination, as 

illustrated in Figure 1.12 [50]. The term hybrid model is used when models are combined in series 

(Figure 1.12(a)) while an ensemble model combines the results of different models used in parallel 

through some integration technique (Figure 1.12(b)). Many examples exist of model type 

combinations and more complex models that are created through it to yield more accurate results 

[52]. 

 

Figure 1.12: Illustration of the working principles of (a) hybrid; and (b) ensemble models 

Many of the models investigated by Granderson et al. were combination-type models [19]. Da 

Costa e Cruz proposed a method for combining several models using a regression tree approach 

where certain branches are activated (turned on or off) based on certain conditions [115]. A well-

studied hybrid model is change-point models [77], which is a simple combination or a regression 
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tree and LIN and relates to the approach followed by Da Costa e Cruz. Mittal et al. found that their 

proposed hybrid model reduced error variance in comparison to independent models [88]. A 

review on some hybrid models is given by Ahmad et al. [78]. 

For ensemble models, the models can either be the same type of models trained with different 

data or different types of models [50]. The most common integration technique is averaging of the 

outputs of the different models. Fan et al. combined the outputs of eight popular regression 

algorithms using a genetic algorithm for a commercial building in Hong Kong [116]. They obtained 

good results with a MAPE between 2.32% and 2.85%. Jovanović et al. analysed three different 

integration methods using a university campus as a case study – simple (model) averaging 

(SMA), weighted (model) averaging (WMA) and taking the median [117]. Their results did show 

notable differences between the integration approaches. However, in both studies the use of an 

ensemble model yielded better results than the single models tested by them. A review of 

ensemble models is given by Wang and Srinivasan [78]. 

1.8 Objectives 

Based on the literature reviewed, there is a need for a more comprehensive model evaluation 

technique for comparing model types for the purpose of M&V. Also, research into the application 

of different models for the M&V purposes has been very limited in the industrial sector. There is 

also a need in particular to consider model-averaging for use in the industrial sector, given the 

potential improvement in accuracy that can be obtained from it. 

The aim of this study therefore is to comprehensively evaluate the use of different models 

regarding accuracy and consistency for various industrial M&V case studies including model-

averaging. This will provide a more holistic view of the suitability of the use of different models, 

specifically the newer machine learning models, in the industrial sector. 

The objectives of this study are: 

(i) To develop a more comprehensive model evaluation procedure, focusing on different 

model types for application within the M&V context by giving consideration to the 

applicable fundamental principles of M&V; 

(ii) To apply the developed evaluation procedure to multiple industrial case studies; 

(iii) To determine whether the different types of SRMs perform consistently across multiple 

case studies within the industrial sector; 

(iv) To test the suitability of the use of model-averaging in the industrial sector; 
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1.9 Scope of investigation 

In order to convince stakeholders of the benefit of ESMs, savings need to be quantified in a 

reliable manner. This can be done through diligent application of the fundamental principles of 

M&V within the M&V process. A critical part of the M&V process is the construction of a model to 

predict the energy usage within the reporting period. 

Although white box and grey box models exist, the black box approach of using SRMs provide 

high accuracy and user-ease. Various types of SRMs exist. These model types must be evaluated 

for accuracy and consistency and various studies have done so within various sectors in M&V. 

However, limited evaluations of different types of SRMs within the industrial sector has been done 

for M&V, specifically the use of ensemble models. 

Four model types were chosen based on the results of previous studies. These are the LIN, ANN, 

SVM and KNN model types. Two model-averaging techniques, namely SMA and WMA, are also 

included so that six model types are investigated in total. In order to evaluate these model types 

for accuracy and consistency, a comprehensive evaluation procedure will be developed. This will 

be used during the application of the different models to five selected M&V case studies within 

the industrial sector. 

Chapter 1 explained the background for the use of SRMs in the field of M&V and the relevant 

research done on it in the broader field of energy modelling. In Chapter 2, the development of the 

model evaluation procedure is given together with details about the five chosen case studies. 

Chapter 3 presents the results of the evaluation of the models according to each case study and 

a discussion of the general observations drawn from it. Conclusions from the study and 

recommendations for future studies are given in Chapter 4. 
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CHAPTER 2 METHODOLOGY FOR MODEL EVALUATION 

2.1 Introduction to general evaluation procedure 

In Chapter 1, six models were chosen for evaluation within the industrial M&V sector. Four of 

these models were single models (LIN, ANN, SVM and KNN) and two were ensemble models 

(SMA and WMA). The chapter also motivated why these different models should be evaluated 

within an M&V process, specifically for accuracy and consistency. To do this, a general evaluation 

procedure must be developed which will be described in this chapter. 

Different evaluation procedures have been developed and reported in literature. As mentioned, 

most studies focus on model accuracy while some have taken consistency into account. Although 

these procedures differ in their approach and purpose, there are certain steps that are common 

to most procedures. Based on observations from literature, a seven-step evaluation procedure 

was developed: 

Step 1: Data gathering and selection of measurement boundary and data periods [14], [19], [36], 

[68], [82], [118]–[120] 

Step 2: Data treatment [14], [19], [68] 

Step 3: Selection of driver sets [14], [82] 

Step 4: Selection of hyperparameters for each model type [14], [46], [102], [118] 

Step 5: Model training [14], [19], [46], [68], [82], [102], [118]–[120] 

Step 6: Model evaluation [14], [19], [46], [68], [82], [102], [118]–[120] 

Step 7: Model-scoring and interpretation of results [14], [19], [82]  

The purpose of this study in part is to investigate the influence of different measurement 

frequencies on the results. Daily, weekly and monthly frequencies were chosen as used by 

Gallagher et al. [46]. These frequencies are created in step 2 of the procedure. Steps 3 to 6 are 

then iteratively applied to each measurement frequency, as illustrated in Figure 2.1. Step 7 is then 

applied by considering the results of the different measurement frequencies collectively. 
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Figure 2.1: Illustration of the once-off and iterative parts of the process 

2.2 Step 1: Data gathering and M&V process parameter selection 

The purpose of the first step is to do the initial preparation of the datasets needed for the rest of 

the procedure. It involves (1) gathering information about the ESM, (2) selecting the general 

parameters needed for the application of the M&V process, (3) gathering data and creating plots, 

(4) preparing variables and (5) splitting the data into separate sets. The flow diagram showing 

these sub-steps is given in Figure 2.2. 

 

Figure 2.2: Flow diagram for step 1 
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The first sub-step is to obtain as much information about the ESM as possible. This will include 

details like the part of the process to which the ESM was applied, what ESM was and when the 

ESM was applied. This will help to ensure that the measurement boundary and the data periods 

(baseline and reporting) are correctly chosen and all applicable data sources are considered. 

Considerations for choosing the measurement boundary, the baseline and reporting periods, 

were discussed in section 1.2 as part of the general M&V process. These are summarised in 

Table 2.1 along with other, additional considerations. Once each of these parameters has been 

selected, the data for the variables that fall within the measurement boundary can be obtained for 

the applicable periods. 

Table 2.1: Considerations for choosing the baseline and the reporting period 

Period Reference Consideration 

Measurement boundary  Encapsulate the entire ESM while avoiding interactive effects. 

Baseline period [20], [27] 
The baseline period must represent all the operating modes of the 

facility. 

  
Only periods of known energy use should be included if possible. If not 

possible, the energy use can be estimated through simulation. 

 
[20], [27] 

A 12-month baseline period is suggested to include the entire range of 

production and weather. 

 
[27] 

Where interactive effects of other ESMs must be avoided, shorter 

baseline periods can be chosen. 

Reporting period 
[27] 

The user of the savings report should determine the length of the 

reporting period. 

 
[20] 

A popular time period is 12 months so that it is comparable to the 

baseline period. 

Additional 

considerations  
[27] 

Only choose adjacent periods for the baseline and reporting when the 

ESM can easily be turned “on and off”. Otherwise, allowance must be 

made to remove the transition period (where possible) in order to avoid 

inclusion of unstable operation that affects model quality negatively. 

In industrial applications, there are various data sources available [60], [121]. Examples of these 

include log sheets and different forms of databases [14], [20]. These values can come from 

periodic analyses taken by practitioners or online measurements from permanent sensors 

installed at the facility. 

The M&V practitioner can use a variety of sources when compiling the final dataset. However, all 

these sources must be adjusted to the same measurement frequency, as explained in Chapter 1. 

This can be done by averaging or summating over the shorter data periods in the higher frequency 

that fall within the longer data periods of the lower frequency. An example of this is given in Figure 

2.3. 
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Figure 2.3: Illustration of taking a single variable from a higher measurement frequency to a lower 

measurement frequency 

It is suggested that averaging be used for potential drivers, while summation should be used for 

variables that form part of the total energy use so that savings calculations can be explicit. Once 

this is done and the final dataset (𝐹𝐷) is constructed it can be split into the baseline (𝐵𝐷) and 

assessment (reporting) (𝐴𝐷) datasets respectively according to the time periods chosen. 

The M&V practitioner must include all the potentially relevant variables in the final dataset used. 

However, if any of the variables used were influenced purposefully by the ESM, that variable must 

not be included in the dataset, e.g. if the pressure setpoint was reduced in a compressed air 

system to reduce energy usage, pressure cannot be included. Variables must be identified either 

as (1) energy drivers (input variables) or (2) energy carriers and grouped accordingly. Also, any 

non-measured variables that might be relevant must be calculated. This might be cooling duties, 

production totals or the average operating temperature for similar process equipment included in 

the measurement boundary. 

After all the relevant variables have been grouped, different inspection plots can be created. 

These include (1) time-series plots of each of the variables and (2) scatter plots of each of the 

energy usage against each of the potential drivers. For the scatter plots, a simple linear model is 

also fitted and the resulting R2 is calculated. An example of each of the plots is shown in Figure 

2.4. 
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Figure 2.4: Example of (a) time-series plot and (b) scatter plot of energy usage vs a potential driver 

The plots are constructed based on the full dataset. From the time-series plot, major events (such 

as shutdowns or upsets) can be identified. Any general patterns in the operation of the process 

can also become visible. Inspection of the scatter plot gives a general indication of the linearity of 

the process with the help of the R2-value. More detail regarding the significance of the R2-value 

is given in section 2.7. 

Each of the sub-steps mentioned here assists in creating a final dataset with relevant variables 

for the representative period. However, the quality of the raw data gathered may be poor, which 

will be transferred to the variables included in the final dataset. In this event, the accuracy of 

models constructed from the dataset can be influenced negatively [122]. To prevent this, a data 

treatment step should be applied. 

2.3 Step 2: Data treatment 

Data treatment involves, in most procedures, detection of outliers and the scaling of data [14], 

[19], [68]. This improves the quality of data and enhances model training in later steps. The flow 

diagram for this step is given in Figure 2.5. 

(a) (b) 
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Figure 2.5: Illustration of the data treatment step 

Much has been done to detect outliers by considering each variable individually (univariate 

approach), but also by considering interactions between variables (multivariate approach) [123]–

[125]. Although univariate approaches can be useful, improved results can be obtained when 

taking multivariate interactions into account [125]. Yet critique has been expressed against the 

reliability of traditional multivariate detection methods, such as the Mahalanobis distance and hat 

matrix leverages [123], [124]. 

Zhang et al. developed a new outlier detection method for sequential multivariate data referred to 

as dynamic sequential outlier detection (DSOD) [126]. They demonstrated improved performance 

of the method over the optimal subset scheme and the principal components scheme. Data for 

M&V regression is always multivariate (there is always at least one energy driver and the energy 

usage). Further data is recorded for industrial facilities sequentially. Having considered these 

reasons, their approach was adopted in this study to flag potential outliers.  

Booysen et al. pointed out that a simple, structured, intuitive approach can deliver similar results 

to complex statistical procedures [127]. Also, not all inconsistent data points should be treated as 

outliers as it is not necessarily incorrect [112]. Rather, inclusion of certain inconsistent data points 

can add variation to the data to improve model applicability. 

Therefore, the DSOD method is only applied to flag any potential outliers. These points are then 

highlighted on a time-series plots of all applicable variables along with a series scatter plots of 

energy usage against each potential driver. Examples of these are given in Figure 2.6. 
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Figure 2.6: Inspection plots for outlier removal; (a) Time-series plot with flagged points and (b) scatter plot 

with flagged points and points selected for removal 

Each flagged data point (the red dots) is then inspected intuitively. If the flagged point appears to 

lie within the normal operating ranges when collectively considering the plots, the point is retained. 

In the example in Figure 2.5(b), three of the five flagged points lie close to what appears to be the 

standard operating line in the scatter plot, and these points will be retained. If the point seems to 

fall outside the standard operating ranges, an attempt will be made to account for it through 

information obtained about the ESM like major events at the facility, etc. If the point can be 

accounted for, it is retained, otherwise it is identified as an outlier. 

Outliers are removed from the raw dataset, which in turn is set up at the highest possible 

measurement frequency. Furthermore, all observations where data is missing for one of the 

variables should also be removed as it cannot be used during modelling. After that the dataset 

can be aggregated to the lower measurement frequencies for investigation by summating the data 

points in each period. 

It is common to scale or normalise the data before modelling [84]. When scaling the data, all 

variables are adjusted to have the same minimum and maximum values. This is done to prevent 

variables with greater numerical values from dwarfing the effect of variables with smaller 

numerical values [128].  

It thus allows suitable comparison between variables and further helps to improve calculation 

efficiency of the machine learning models that uses kernel- or activation functions [48], [100], 

(b) (a) 
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[103], [128]. A popular method is to scale values between zero and one using (Eq. 4) [100], [128], 

[129], which will also be employed in this study: 

 𝑧𝑖,𝑠𝑐𝑎𝑙𝑒𝑑 =
𝑧𝑖 − 𝑧𝑚𝑖𝑛 

𝑧𝑚𝑎𝑥 − 𝑧𝑚𝑖𝑛
 

(Eq. 4) 

The use of this method creates unitless variables. Scaling is done after the removal of outliers so 

that the range of retained data points are not limited by outliers with very high or low values. It is 

also important to apply the process to the complete dataset in order to ensure that the relationship 

between values in the baseline period and the reporting period stays the same. However, the 

normalisation must be done separately for each measurement frequency to be investigated as 

the values in lower measurement frequencies will be of a higher order. 

The sub-steps described here prepare the dataset for model training by improving data quality 

and normalising the variables. However, before models can be trained, other selections must be 

made to determine the functional form of the models. The first of these are the drivers to be used 

for the energy-use prediction. 

2.4 Step 3: Selection of driver sets 

Unlike in the residential, commercial and research and education sectors, the type of energy 

drivers in the industrial sector vary much from case study to case study. There is a need to 

differentiate between variables that are potential energy drivers and those used within the 

regression process. The term inputs will be used for the former and the term driver sets for the 

latter. An example of this distinction is given in Figure 2.7. 

 

Figure 2.7: Illustration of the distinction between inputs and driver sets 
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In the example, the system has three inputs referred to as 𝑥1 to 𝑥3. Any combination of these can 

be used as a set of inputs to the SRMs and forms the possible driver sets, including the use of 

any of the inputs on its own. However, one problem that must be avoided when selecting inputs 

is multicollinearity. Multicollinearity refers to linear relationships that may exist between various 

independent variables that lead to various potential complications [130]. 

One of the most popular techniques to counteract this effect within the field of energy modelling 

is principal component analysis (PCA), which has yielded favourable results [77], [81]. It entails 

the transformation of a set of variables to a new set that accounts for most of the variability by 

including effects from each respective variable [131]. The new variables created are referred to 

as principal components. To illustrate this concept, an example is given in Figure 2.8. 

 

Figure 2.8: Conceptual illustration of PCA 

It shows multivariate dataset with two variables, with a strong linear relationship between them. 

Each data point has a coordinate on the axes of 𝑥1 and 𝑥2. A new dataset can be created by 

“rotating” the axes so that the two new variables, 𝑥1
′  and 𝑥2

′  are entirely independent of one 

another. Each data point now has a new set of coordinates along these new axes. It is noted that 

the explanation is only a conceptual illustration of how PCA transforms a dataset but does not 

represent the actual process of the algorithm. 

This example is for a set of two variables, but the PCA algorithm works the same for any 

multivariate dataset. The algorithm produces the same number of variables as contained by the 
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original dataset. For example, if the dataset has five variables, then the PCA dataset will have 

five variables. Another algorithm is then used to select the number of PCA components to be 

used, starting with the one that captures the most variance. In the example given here, it is the 

first PCA component, 𝑥1
′ . For this study the element-wise 𝑘-fold (EKF) algorithm will be used to 

select the number of PCA components [132]. 

When applying the PCA algorithm to the dataset, only the measured inputs should be included. It 

is unnecessary to include calculated variables as they do not add additional variance to the model. 

The energy usage should also not be included, as this will create an inherent relationship between 

PCA variables and the total energy usage, even when the total energy use is entirely independent 

of the inputs. The PCA algorithm should also be applied to the entire dataset so that, as mentioned 

before, the relationship between the baseline period and the assessment period remains the 

same. 

Although PCA has yielded good results in the energy modelling sector, its use within the M&V 

industry is uncommon [81]. Further, each M&V practitioner may decide on different drivers 

depending on the case study. Selecting multiple driver sets will increase the number of modelling 

options available, which can all be included in the final evaluation to determine the sensitivity of 

different model types to the inputs selected. For this procedure, four techniques were chosen, 

including PCA, to choose four driver sets. These are: 

(i) Technique for driver set A: An intuitive selection of the single most relevant variable or 

combining several variables into one (for example by summation) 

(ii) Technique for driver set B: Using all the measured potential drivers (not calculated) 

(iii) Technique for driver set C: The method given by Gallagher et al. [14] to select the most 

relevant inputs from the measured variables 

(iv) Technique for driver set D: Using PCA with the EKF method to select the number of 

PCA components [133] 

Each of the four selection options is illustrated in Figure 2.9. 
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Figure 2.9: Illustration of the four driver set selection options 

The diagram represents each of the different drivers available for a hypothetical process. It 

includes four measured variables (MVs), a calculated variable and the four principal components 

created through the application of the PCA process. Each of the selection options select different 

drivers from the available list. 

For the intuitive selection of a single variable, the calculated variable is chosen (driver set A). This 

might be the total production if more than one of the MVs are production variables. For the second 

driver set, all the MVs are included (driver set B). The procedure given by Gallagher et al. [14] 

might select, for example, the first MV (driver set C). Finally, application of the EKF algorithm 

might select the first two principal components for the PCA driver set (driver set D). 

These methods are only applicable where there is more than one potential energy driver. As with 

PCA, only the measured variables are used for driver sets B and C because the calculated 

variables do not add additional variance. The inclusion of driver set B ignores the risk of 

multicollinearity. This can be done because the goal of its inclusion is to determine the sensitivity 

of model types towards the inputs provided during model evaluation rather than to construct an 

optimal model. For this option, it is important not to include any derived variables determined by 

summation or averaging in step 1. 

Once PCA has been applied and the driver sets selected, the dataset finally includes all the 

variables necessary for model training. However, before the models can be trained for the 

predictive purposes, the hyperparameters of the different models must be selected. 
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2.5 Step 4: Selection of hyperparameters 

As explained in Chapter 1, hyperparameters (details in Appendix A2) are selections that influence 

the functional form of the model. They are not the parameters or “weights” changed during the 

training process, although they do influence the final number of parameters. Its choice also 

influences the final model accuracy. Therefore, it is critical to choose the best hyperparameter 

combination possible. 

 

Figure 2.10: Illustration of grid-search through combinations of hyperparameters for KNN 

Most hyperparameter selection techniques are based on some structured form of “trial-and-error”. 

Once such common technique is referred to as grid-search [77]. This concept is illustrated in 

Figure 2.10, using KNN as an example. 

There are four different types of hyperparameters which must be chosen in this case. For each 

of these hyperparameters, there are different options which can be chosen from. These options 

can be used in different combinations and can be represented in a grid. Not all combinations are 

possible, e.g. for the triangular and gaussian kernel functions, 𝑘 must be greater than two.  

A simple form of the grid-search algorithm involves training and evaluating the model for each 

combination of hyperparameters. Only a portion of the total data available is used to train each 
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model option which is referred to as the training set. The remaining portion is referred to as the 

testing or validation set and is used to calculate the error through some metric (a standard 

calculation technique). The combination with the smallest error value is then chosen. This 

approach is referred to as cross-validation [61], [134]. A common split during cross-validation is 

70% for training and 30% for testing [77], [101], [135], [136], although an 80%-20% [94] and other 

similar splits [55], [56], [102] have also been employed. 

The problem with cross-validation is that a larger training set means a smaller testing set and vice 

versa. In order to effectively increase the size of both the training and testing set, an improved 

version of cross-validation known as 𝑘-fold cross-validation has come into use [14], [46], [88], 

[118]. The concept behind this technique is illustrated in Figure 2.11. 

 

Figure 2.11: K-fold cross-validation illustration for k = 5 

During 𝑘-fold cross-validation, the dataset is split into 𝑘 equally sized datasets, normally after 

undergoing random shuffling. For the example given in Figure 2.11, 𝑘 is chosen as five. An 

iterative process with five repetitions is then followed. For each iteration, a different portion is 

reserved as the testing set and the remaining datasets are combined to form the training set. The 

chosen error metric is calculated for each iteration and the average error for the different iterations 

is then calculated at the end. 
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The user must choose the number of equally sized datasets. In this study, five sets were used to 

obtain an 80%-20% split for each iteration. MAPE was chosen as the error metric. The formula 

for its calculation is given in Appendix B2. The method is applied separately to each model type 

and repeated for each of the driver sets. Based on the standard M&V process, this step is based 

solely on the baseline dataset. The different alternatives for the different hyperparameters that 

will be used in this study are given in Table 2.2. 

Table 2.2: Different hyperparameter alternatives for each model type 

SRM Hyperparameters Alternatives 

LIN Intercept With intercept / without intercept 

ANN Number of neurons 1:11 (in a single layer) 

 Activation functions Hyperbolic tangent 

SVM Kernel function Linear, Radial, Sigmoid 

 Lambda 1, 2, 3 

 Cost 1, 2, 4, 10 

KNN 𝑘-value 1, 2, 3, 4, 5 

 Calculation method Euclidean, Mahalanobis 

 Kernel functions Unifrom, Triangular 

 Lambda 1, 2, 3 

The hyperparameter selection must be completed for each combination between the respective 

model types and the different driver sets. Generally, if there are 𝑴 model types and 𝑺 driver sets, 

the selection process must be repeated for 𝑴 × 𝑺 times. In this study, there are 24 combinations 

(six model types and four driver sets). This can be represented using a flow diagram, as done in 

Figure 2.12. 

 

Figure 2.12: Illustration of the hyperparameter choice step 

Once the hyperparameters have been selected, all the steps necessary to prepare for final model 

training will have been completed. 
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2.6 Step 5: Model training 

Training machine learning models using more common software like Microsoft Excel is not 

practically feasible, especially if multiple repetitions are involved. The R-programming language 

has become a popular language for statistical processing due in part to the many external 

packages available [137]. Training these models in the R-programming environment further eases 

the processes of prediction and evaluation of the models. Therefore, model training was 

completed using different packages available for the R-programming language. The exact 

packages used are provided in Appendix B1 with additional details on the model training, 

specifically model-averaging. 

The standard approach for machine learning applications is to use only a portion of the data 

available for training and the rest for testing, as explained for cross-validation in section 2.5. This 

is done to determine whether a model suffers from overfitting. Overfitting occurs when a model 

predicts the training data very well but fails to predict new data well. The concept is conceptually 

illustrated in Figure 2.13. 

 

Figure 2.13: Example of overfitting of data with a fourth-order order polynomial in contrast to the true trend 

given by the linear model 

The graph shows a random dataset with five data points used to fit a fourth-order polynomial 

model. Each of the points in the dataset is predicted perfectly. However, the true trend is more 

likely to be linear. Thus, new data points further away from the existing data points will be over or 

underestimated. Therefore, some data is excluded during model training so that it can be used to 

test the model’s general applicability. 
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ANNs are especially susceptible to overfitting [83], [138]. The chances are higher for ANNs with 

larger architectures because more weights can be changed to fit the model to the data, as with 

the example between the polynomial and the linear model given in Figure 2.13. 

In contrast to the machine learning approach, the standard approach in many M&V applications 

is to use all the data available for training [12], [20], [62], [121]. This method is used because the 

models considered in these cases are usually simple models like LIN models or variants thereof 

(e.g. change-point models). These models cannot be overfitted because it cannot capture 

complex non-linear trends. 

The machine learning approach can be applied to these simpler models, but the standard M&V 

approach cannot be used for the more complex machine learning models. This implies that the 

machine learning approach (or sampling approach) must be used. However, to illustrate the effect 

of the different approaches, the models are also trained using all the data. These approaches are 

respectively referred to as the sample-data and all-data approaches. 

When using the sample-data approach, the final model constructed for a specific model type and 

driver set will differ based on the data sampled for model training. In order to obtain a more general 

or average result, a procedure is adapted from Jain et al. where the model is trained 𝑁 times by 

resampling 70% of the data each time with replacement [118]. This is illustrated in Figure 2.14. 

 

Figure 2.14: The iterative sampling process to form a training and testing set 
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The example shows a dataset with 16 data points, represented in a square grid. During each 

iteration, 11 data points (70%) are sampled from the original dataset to form the training set (blue), 

while the remaining five data points form the testing set (orange). The data points sampled differ 

in each iteration, but each pair of iterations has certain common data points in the training set. 

For example, the training sets for the first and second iteration both include the data point in the 

top-left corner and other data points also agree. 

The training set from each iteration is used to train the model so that 𝑁 individual models are 

constructed for each specific model type using each specific driver set. These are referred to as 

the sample models. Each of these models will then be used for predictions (of either the testing 

set or the assessment dataset) and the average predicted value for each data point will be 

determined at the end. For this study 𝑁 is set to 100. When both the all-data models and the 

sample models has been created, these models can be evaluated 

2.7 Step 6: Model evaluation 

As discussed in Chapter 1, the models are to be evaluated for (1) accuracy and (2) consistency, 

of which both are referred to as model attributes. However, as explained in section 1.5, there are 

different ways to evaluate models for each of these attributes.  

The standard approach of calculating different errors was chosen to evaluate accuracy. Two 

popular metrics that is often used in combination are the coefficient of variation for root-mean 

squared error (CV(RMSE)) and the normalised mean bias error (NMBE), because they highlight 

different aspects of model accuracy [25], [35], [84]. CV(RMSE) provides information on the 

absolute-error sizes, i.e. how closely the true and the predicted values are to one another, 

irrespective of the direction of the errors. The NMBE predicts the bias of the model – whether the 

predicted values tend to be greater or less than the true values. The calculation of each chosen 

metric is based on the residuals across the entire prediction range. The formulas for the 

calculation of these metrics are given in Appendix B2. 
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Figure 2.15: Example of the residuals of data leading to (a) high CV(RMSE) and low NMBE and (b) low 

CV(RMSE) and high NMBE 

The conceptual difference between the CV(RMSE) and NMBE can be demonstrated by 

visualisation of the residuals for a dataset, as done in Figure 2.15. If the residuals are close in 

magnitude and are equally distributed between positive and negative, the NMBE, and thus the 

bias, will be small (see Figure 2.15(a)). In this case, it will be more likely that residuals in the final 

prediction will cancel each other out during savings calculations. However, if the absolute 

magnitudes of the residuals are significant, the CV(RMSE) will be high even if the NMBE is small. 

If the magnitudes of the residuals are lower, but tend to positive rather than negative values, the 

CV(RMSE) will be lower than in the first case, while the NMBE will be higher (see Figure 2.15(b)). 

The second model attribute to be evaluated is consistency. As explained in Chapter 1, the 

consistency of the model relates to the model’s sensitivity. Two aspects that influence the 

sensitivity of the model were included: 

(i) Sensitivity to the data sampling process; 

(ii) Sensitivity to the driver set used. 

During the sampling approach to model training, a set of 100 different values is created for the 

savings and each of the error metrics. The model’s sensitivity towards the data sampled can be 

determined by calculating the standard deviations for each of these value sets. The standard 

deviation is a measure of the spread around the mean of normal distribution. This is illustrated in 

the density plot given in Figure 2.16. 
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Figure 2.16: Example of a density plot showing a normal distribution 

A density plot represents the distribution of data points for a series of values over the range 

provided. The greater the portion of values that are within a certain distance of a certain value, 

the higher the metric’s density at that value. The portion of values that occur between two values 

is proportional to the area under the curve between the values. In Figure 2.16, for example, a 

much greater portion of the values in the series falls between 𝑥𝑎 and 𝑥𝑏 than between 𝑥𝑐 and 𝑥𝑑, 

even though the range included in each case is identical. 

Most random sampling processes create a normal distribution where the values are distributed 

equally on both sides of the mean [139]. This is characterised by a bell-shaped density curve, as 

shown in Figure 2.16. The peak of the curve occurs at the mean (or average) of the series. The 

standard deviation is the distance between 𝑥𝑎 and 𝑥𝑏 and contains 68% of the data. Thus, the 

wider the density curve is, the greater the standard deviation. The greater the standard deviation, 

the greater the model’s sensitivity to the sampling process because the distribution of values is 

greater. The formula for calculating the standard deviation is given in Appendix B2. 

The standard deviation can also be determined for the series of savings calculated using the 

different driver sets. Although the series only includes four values (one for each driver set), the 

standard deviation still gives an indication of the spread of the savings calculated. If the different 

savings calculated lie closer together for a certain type of model, the model is less sensitive to 

the driver set selected. 
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A third measure of consistency is also determined, namely the difference between the “forward” 

and “backward”-calculated savings. This test assumes that there is supposed to be a de-savings 

(negative savings) in the baseline period that is proportionally equal to the normal savings 

calculated. This concept is illustrated in Figure 2.17. 

The diagram in the figure shows the two variations for steps three to five of the standard M&V 

process described in section 1.2. On the left-hand side the standard M&V process is given where 

construction of the model is based on the baseline period (step 3) and the energy usage is 

predicted for the reporting period (step 4). The savings is then calculated in the usual manner 

(step 5). On the right-hand side the “backward” savings or de-savings calculation is shown. Here, 

the data from the reporting period is used to construct the model (step 3) while the energy usage 

is predicted for the baseline period. Thus, the role of the baseline and reporting periods are 

switched around. The terms for the savings calculation are then also switched around to calculate 

the de-saving (step 5). The de-savings need to be adjusted then to the according to the length in 

the baseline period. The savings and de-savings can then be compared to determine the 

consistency of the model type investigated by calculating the percentage difference between the 

two results. 
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Figure 2.17: The concept of back-casting to determine savings 
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The results obtained from the different approaches can be effectively visualised to obtain different 

insights regarding the different model types. A series of plots are created to do this. These include: 

(i) A bar plot comparing the forward and backward-calculated savings for both approaches; 

(ii) Density plots for the savings, CV(RMSE) and NMBE; 

(iii) Scatter plots of NMBE vs CV(RMSE) for both the all-data and sample-data approach. 

 

Figure 2.18: An example of a bar plot comparing the forward and backward-calculated savings for both 

approaches for each driver set of each of the different model types 

An example of the suggested bar plot is given in Figure 2.18. The example is set up for two 

generic model types, type 1 and type 2. Each model type is shown in a separate block while 

sharing a common y-axis. The block splits the bars into four sets that correspond to the different 

driver sets. A set contains two pairs of bars – a pair of blue bars on the left for the forward-

calculated savings and a pair of orange bars on the right for the backward-calculated savings. For 

each pair, the value calculated using the sample-data approach is shown as a narrower bar in a 

darker shade in front of the wider showing the savings calculated using the all-data approach. 

This type of plot shows three things (as illustrated in Figure 2.18): 

(i) The differences between the all-data and sample-data approach for each driver set in 

each direction for each model type; 
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(ii) The differences between the forward and backward-calculated savings for each approach 

for each driver set for each model type; 

(iii) The differences between model types for each driver set and each approach in each 

direction. 

This visualisation represents a lot of information on a single plot. As such, it can be used as a tool 

to determine whether a certain model type stands out from the rest or whether values appear to 

be distributed randomly. It also provides a general overview of the consistency of the different 

model types. The closer the savings of the different for options for a certain model type are to one 

another, the more consistent the model type is. 

 

Figure 2.19: A generic example of a density plot comparing the distributions for the different driver sets for 
each model type 

A similar example is provided for the density plots to be constructed in Figure 2.19. Again, it is set 

up for two generic model types in different blocks sharing a common x-axis. The density curves 

for the set of values generated from the sample iterations are shown for each driver set for each 

model type. 
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Three different aspects can be gathered from the plot (as shown in the figure): 

(i) The distribution width of each driver set for each model type thus indicating the sensitivity 

to the sampling process; 

(ii) The spread of the average savings for the different driver sets of a model type thus 

indicating the sensitivity towards the driver set used; 

(iii) The differences in the average savings between model types for a specific driver set. 

The plots thus provide a way to compare both the averages and sensitivity of different models for 

different driver sets. These distribution plots are only set up for the forward-savings (and error 

calculations) as the purpose of the backward approach is only to determine the model consistency 

and is captured in the bar plot shown in Figure 2.18. 

 

Figure 2.20: Scatter plots for the evaluation step 

A scatter plot is created of the NMBE vs the CV(RMSE) for each model type, as done by Gallagher 

et al. [46]. This is to determine if any relationships exist between the error metrics for any of the 

model types. An example of this plot is shown in Figure 2.20. 

Many different possibilities exist for the relationship between the two metrics. These possibilities 

can be classified under four categories – (1) no relationship, (2) weak to moderate linear 

relationship, (3) strong linear relationship and (4) a non-linear relationship [62], [74], [139]. Each 

of these is illustrated in Figure 2.20 using driver sets A to D. 
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If the plotted points are scattered regularly along both axes around a central mean, then it can be 

said that there exists no relationship (shown with driver set A). This is because a two-dimensional 

normal distribution is formed which is characteristic of independent variables [139]. Therefore, the 

R²-value is typically very low (<0.1). For a weak to moderate linear relationship, the R2-value will 

fall between 0.1 and 0.5. This is true for driver set B. For any R2 greater than 0.5 the relationship 

can be considered as a strong linear relationship and specifically as a very strong relationship if 

the values is greater than 0.8 [140]. A non-linear relationship cannot necessarily be identified 

based on R2 alone. Rather, it should be identified based on intuitive inspection of the plot. This is 

true for driver set D which shows an exponential relationship between the two variables (although 

the R²-value is high). 

The use of plots can help the practitioner to identify patterns that might otherwise have been 

missed based on the inspection of the values of the various metrics. However, the use of plots 

alone does not provide enough information for model evaluation, because the information that 

can be gathered from these plots still need to be interpreted in a structured manner to evaluate 

the model type. 

2.8 Step 7: Model-scoring and interpretation of results 

Determining a single best model based on both accuracy and consistency will always be subject 

to some degree bias. Based on the assumption that these attributes are independent of one 

another, there will always be some form of scoring involved that will give more merit to one of the 

attributes. One such example is a matrix scoring method developed by Botes [62]. Even within 

each individual attribute, determining the best model type will involve some level of bias towards 

a certain aspect contributing towards that attribute. 

In an effort to eliminate as much bias as possible, the method used here does not aim to determine 

an overall best model (winner). Rather, models are evaluated in separate categories that highlight 

different aspects of the model. Each category consists of different metric(s) calculated for each 

model, using each driver set separately. These categories are indicated in Table 2.3 along with 

the metrics used. 
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Table 2.3: Scoring categories and metrics for final evaluation 

Category Metric 

Accuracy CV(RMSE) 

 NMBE 

Sensitivity to driver set used Standard deviation of savings across driver sets 

Sensitivity to sampling process Standard deviation of savings for sensitivity repetitions 

 Standard deviation of CV(RMSE) for sensitivity repetitions 

 Standard deviation of NMBE for sensitivity repetitions 

Consistency test Consistency difference between forward and backward-savings 

A metric winner is determined for each driver set in each case study by finding the model with the 

minimum value for that metric. Once the metric winners are obtained, the category winner is 

determined as the model that achieved the most metric wins. To avoid the complication of having 

to decide between ties, no category winner is selected when two or models achieved the same 

number of metric wins. This simple equal-weight system is used to avoid bias introduced by a 

scoring system. 

It is recognised that even with the equal-weight system used here, there is still a level of bias. 

Equal merit is given to each driver set and to the different metrics used within the categories for 

accuracy and the sensitivity to the sampling process. However, the simplicity of the method used 

results in simplicity of the interpretation of the results. 

As mentioned, the standard M&V procedure is to use all the available data for model training and 

base errors and other metrics on these models. However, as explained earlier, given the purpose 

to evaluate the effect of different model types and avoid overfitting for the ANN model type, all the 

metrics used in the final evaluation was based on the sampling-data approach. Also, except for 

the consistency test, only the values in the forward direction were used as this standard approach 

for M&V, while the backward calculation was introduced solely to test the consistency. 

Once the different category winners are determined, it should be determined if the results can be 

explained by knowledge about the ESM, the system to which it was applied and the different 

model types. Even though purely statistical metrics can be calculated, the intuitive nature of M&V 

is continuously recognised in literature and should thus be applied in the evaluation procedure. 

2.9 Final implementation and summary of procedure 

The entire evaluation procedure discussed here was developed using the R-programming 

language, and the benefits of using such a system were explained. However, the developed 
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procedure remains generic and thus can be transferred to any digital environment with the ability 

to perform the statistical methods given. The procedure is summarised in this section to provide 

clarity and to place each of the different steps into context. 

 

Figure 2.21: Part 1 of the methodology 
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The first part of the procedure is presented in Figure 2.21. The M&V practitioner must possess 

enough knowledge of the ESM to apply the intuitive steps included in this procedure, and should 

therefore first obtain as much information as possible regarding the ESM. Based on this 

knowledge, the practitioner can select a relevant measurement boundary, all relevant variables 

and both the baseline and reporting period. The applicable data for the periods and measurement 

boundary chosen can then be gathered.  

If the data includes variables of different measurement frequencies, the variables at higher 

frequencies must then be aggregated to lower frequencies as part of the data gathering step. 

Different time-series and scatter plots can then be constructed to identify major events that 

occurred at the facility. Similar variables can then be grouped together and new potentially 

relevant variables can be calculated from others (such as duties, totals, etc.). After the data has 

been split to form the baseline and reporting datasets, step 1 will have been completed. 

Step 2 entails treatment of the data. The DSOD method is applied to flag potential outliers. These 

points are then indicated on scatter and time-series plots used for inspection. Each potential 

outlier is evaluated separately to determine whether it falls within the normal range of operation 

in the inspection plots or whether it can otherwise be accounted for. If this is so, the data point is 

retained but is otherwise removed as an outlier from the dataset. After this step, the dataset can 

be aggregated to form new measurement frequencies as determined by the practitioner. 

However, each of these new datasets is scaled independently and the process is continued using 

scaled dataset for the highest measurement frequency. This scaled dataset is then used for the 

driver set selection in the next step. 

Four different driver sets are selected in step 3. This includes (A) an intuitive selection of a single 

variable, (B) selecting all the measured variables (C) choosing a single variable through the 

method given by Gallagher et al. [14] and (D) selecting the appropriate number of PCA variables 

with the EKF algorithm. Different hyperparameters are then selected for each combination 

between each of the 𝑺 driver sets selected and the 𝑴 model types investigated. The selection of 

the hyperparameters concludes the preparation for model training, which forms the first step of 

the second part, as given in Figure 2.22. 
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Figure 2.22: Part 2 of the methodology 
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For the second part of the procedure, models are trained using both the standard M&V approach 

and the sampling approach from the field of machine learning. These are referred to as the all-

data approach and the sample-data approach respectively. The all-data approach is applied first 

in the procedure. This approach is repeated for each model type using each of the driver sets 

selected. After repeating the process for each combination, the applicable savings and error 

metrics are calculated, which forms part of step 6. After all the models have been trained using 

the different model types and driver sets, the baseline dataset and the reporting dataset are 

switched around to calculate the applicable de-savings for each combination. This forms part A. 

The sample-data approach is done in a similar manner. However, it is repeated 𝑁 times to obtain 

an average result. For each repetition 𝑛, the baseline data is split into a training set (𝑻𝒊) and a 

validation set (𝑽𝒊) according to a 70%-30% ratio. A separate model is trained for each model type 

using each driver set within the training set. The error metrics are then calculated based on the 

predictions for the validation set and the savings based on the entire reporting period. The 

baseline and reporting datasets are again switched around and the sampling process is repeated 

to calculate the de-savings. Only when all these calculations are completed does the procedure 

continue to the next iteration of the sample-data approach. This repetitive process forms part B. 

A series of plots are created using the different results that were obtained. These include a bar 

plot of the various savings calculated and density plots for the savings calculated in the forward 

direction, the CV(RMSE) and the NMBE using the sample-data approach. The final plots are 

scatter plots of the NMBE against the CV(RMSE) for both approaches to determine if any 

relationships exist between the metrics. The plots created assist with the visual evaluation of the 

accuracy and consistency. The consistency can be evaluated based on the differences between 

the forward and backward-calculated savings, the standard deviations of the density curves and 

the standard deviation across the average savings calculated for each driver set for a certain 

model type. This forms part C in Figure 2.22. 

Steps 3 to 6 are repeated using each of the scaled datasets created for each of the 𝑩 

measurement frequencies to be investigated and complete the explicit part of the process. The 

results can then be compared to determine differences introduced due to different measurement 

frequencies.  

Finally, the models are scored within four different categories. As part of the interpretation of the 

results, an intuitive explanation is sought for the category winners based on the knowledge 

obtained throughout the procedure. 
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2.10 Conclusion of evaluation procedure 

This chapter discussed the seven-step procedure developed to evaluate different model types 

according to accuracy and consistency for M&V purposes. The steps in the procedure were 

developed from what has been observed in literature and provided for the standard M&V 

approach as well as for the machine learning approach of cross-validation. Through this provision 

could be made to evaluate the models according to accuracy and consistency according to 

different metrics in a simple model scoring technique.   
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CHAPTER 3 DISCUSSION OF RESULTS AND VERIFICATION 

3.1 Introduction to results 

To answer the research questions, five real-life case studies of M&V initiatives applied in the 

South African industrial sector were selected and the developed evaluation procedure was 

applied. This chapter discusses the results of the selected case studies according to the steps 

given in Chapter 2. The results of most of the case studies highlighted similar findings. To illustrate 

and discuss these findings, focus is placed on the first case study. Other significant findings are 

also highlighted. 

3.2 Selected case studies 

The case studies selected for this study included three case studies from industrial production 

facilities and two case studies from the mining industry. Due to the confidentiality of the data, only 

critical details regarding the layout of the facilities/mines and the initiatives applied are presented. 

In most of the case studies, there were several ESMs applied or changes in the ESMs occurred 

during different stages (making it difficult to identify a single transition period). However, the 

purpose of the study is not to determine the most accurate saving for a single ESM, but to 

determine the effect of using different models in the M&V procedure (be that for a single ESM or 

multiple ESMs). 

Rather than trying to isolate a single ESM or remove the effect of the transition period, a simple 

year-on-year assessment was done for each case study. Given that multiple events and changes 

are characteristic of industrial systems, retaining these multiple ESMs will thus maintain a true 

representation of the dynamics of industrial data. The baseline and reporting years are 

consistently referred to as year 1 and year 2 for all the case studies. These years are fiscal years 

for the facilities or mines considered and not calendar years. 

Case study I 

The first case study is for an ESM applied to an industrial production facility, referred to here as 

Facility A. The facility introduced several ESM projects, of which the greatest was a change in a 

critical setpoint on the facility. The measurement boundary was selected as the whole facility to 

encapsulate all the ESMs. The highest measurement frequency available was daily (due to the 
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frequency of measurement of certain variables). Figure 3.1 provides a process diagram of the 

facility with the applicable measurement locations.  

 

Figure 3.1: Process diagram for Facility A 

The energy used by the facility comes from a variety of energy carriers, including the raw materials 

used to make the products. The energy content of each energy stream into the facility was added 

together on a non-weighted basis to calculate the total energy supply. The energy is used by the 

facility to produce five products. These products are referred to as product A to E and the normal 

volume flowrate (F) of each is measured. A plot of the product fractions against the total energy 

usage based on a daily frequency over the two years of interest is given in Figure 3.2. 

 

Figure 3.2: Average product distribution over the two years 

R2 = 0.13 

R2 = 0.02 

R2 = 0.00 

R2 = 0.05 

R2 = 0.18 
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The plot shows that the fraction of each product is relatively constant in comparison to one 

another. There is a clear separation between the fractions of each product, except between 

product D and E. Product A is produced most and thereafter product D, product E, product C and 

then product B. 

Variation within each product fraction occurs within a certain band across the entire range energy 

usage. In many cases, a certain amount of energy usage corresponds to many different product 

distributions, as illustrated by the vertical line in the plot. The product distribution is thus 

independent of the energy usage which is confirmed by low R2-values (shown in the plot) and 

thus the energy usage is independent of product distribution. Differences in the distribution are 

caused by process changes and can be considered random with respect to energy usage. 

Figure 3.3 and Figure 3.4 respectively show the variation in the energy usage and the production 

in time-series plots. The most noteworthy events seen in these plots are the multiple shutdown 

periods. Also, of note is the high variation in the production of product B seen in Figure 3.4. 

 

Figure 3.3: Time -series plot of energy usage (scaled) 

From Figure 3.3 multiple shutdowns can be seen where the energy usage is reduced 

substantially; these include routine and non-routine shutdowns. The shutdowns help to add 

additional variation in the data beyond the variation in the more constant energy usage periods 

that constitute normal operation. 
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Figure 3.4: Time-series plot of the production (scaled) 

 

Figure 3.4 shows the scaled production values for each product as well for the total production. 

The same reduction seen in the energy usage can be seen in the total production during shutdown 

periods. The same type of pattern is also seen for each individual product except for product B. 

For product B, more significant day-to-day changes can be seen. It should be noted that these 

changes are relative to the maximum production of product B because of the scaling applied. 

These relatively large changes are to be expected since product B makes up the smallest portion 

of the total production. A smaller relative change in another product will thus cause a greater 

relative change in product B and vice versa. 

Figure 3.5 shows the relationships between the total energy usage and the production of each 

product as well as the relationship between the energy usage and the total production. The energy 

usage shows strong linear relationships with product A, product E and the total production (based 

on high R²-values). 
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Figure 3.5: Scatter plots of energy usage vs the various drivers 

 

 

(a) (b) 

(b) (d) 

(e) (f) 
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Except for the plot for product B, the plots show a higher density of points at higher energy use 

(>0.6) and higher production (>0.6). The remaining points are scattered randomly along and 

around the fitted linear trend. These points are the result of the various shutdowns. The areas 

with the higher densities of points represent the day-to-day variation in energy supply, with a 

degree of randomness being caused by process changes. The weak linear relationship between 

the energy usage and product B is due to the greater influence of random variations on its 

production, as explained for Figure 3.4. 

A summary is given in Table 3.1 of the applicable parameters for case study I. It provides a short 

system description, the potential energy drivers, the highest measurement frequency and a 

description of the ESM applied. The potential drivers include each of the five products and the 

calculated total production. Such a summary is given after the overview of each case study. 

Table 3.1: Summary of case study I 

Property Specification 

System description Full (industrial production) facility 

Potential drivers Product A to E; Total production (calculated) 

Highest measurement frequency Daily 

ESM applied Several, including change in a critical setpoint on the facility 

Case study II 

 

Figure 3.6: System layout for Facility B 
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Case study II entailed the improved operation of a waste heat recovery system on gas engines. 

A layout of the system is given in Figure 3.6. 

The gas engines receive natural gas of which the normal volume flow (F) and the heating value 

are measured. The heating value is measured using an on-line analyser (A). A heat exchanger 

was installed in the year prior to the baseline year to use the waste gas to produce steam from 

boiler feedwater (BFW). Because of the locations of the measurement points, all the gas engines 

are viewed as a single system, including all the boilers. 

The system was operated in a more stable manner during year 2. Thus, more energy was 

recovered from the system rather than using less energy. In this case, the terms in the formula 

for calculating the “savings” must be switched around because the total energy recovered from 

the system is predicted, which can be thought of as “negative” energy use. 

 
∑ 𝐸𝑠𝑎𝑣𝑒,𝑗

𝑁

𝑗
= ∑ 𝐸𝑚𝑒𝑎𝑠,𝑗

−
𝑁

𝑗
−  ∑ 𝐸𝑝𝑟𝑒,𝑗

−
𝑁

𝑗
 

𝐸−: Energy recovered 

∑ 𝐸𝑠𝑎𝑣𝑒,𝑗

𝑁

𝑗
: Sum of energy saved from period 𝑖 to 𝑁 

∑ 𝐸𝑚𝑒𝑎𝑠,𝑗
−

𝑁

𝑗
: Sum of measured energy recovered from period 𝑖 to 𝑁 

∑ 𝐸𝑝𝑟𝑒,𝑗
−

𝑁

𝑗
: Sum of predicted energy recovered from period 𝑖 to 𝑁 

(Eq. 5) 

Table 3.2: Summary of case study II 

Property Specification 

System description Gas engines with a waste heat recovery system 

Potential drivers Natural gas: flow and heating value; BFW: flow and temperature; Total energy 

input (calculated) 

Highest measurement frequency Daily 

ESM applied Improved (more stable) operation of the system 

 

Case study III 

Facility C is a ferrochrome production facility with several furnaces. A representation of a single 

furnace is given in Figure 3.7 with the available measurements indicated. 
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Figure 3.7: Representation of a typical furnace for industrial production facility C 

The furnace receives reductant, ore and flux as raw material. Energy is supplied in the form of 

electricity. The main product of the process is ferrochrome (Fe-Cr) with off-gas and slag as by-

products. The type of flux used was systematically changed at each furnace in the baseline year. 

The purpose of the M&V procedure was to determine whether a change in flux type produced an 

energy saving. As the ESM was applied to each of the furnaces, the measurement boundary was 

selected across all the furnaces. The furnaces were viewed as a single “virtual” furnace by adding 

together similar streams across all the furnaces. 

Table 3.3: Summary of case study III 

Property Specification 

System description Ferrochrome furnaces 

Potential drivers Mass flow: reductant, ore, flux and ferrochrome product 

Highest measurement frequency Daily 

ESM applied Change in flux type 

Case study IV 

Mine A used four chillers to supply the different systems and operations with cold water. The ESM 

applied was increased operation of the more efficient chillers. A representation of a single chiller 

is given in Figure 3.8. 
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Figure 3.8: Representation of a single chiller system for mine A 

 

The diagram illustrates the main components of the chiller – a compressor, an expansion valve 

and the evaporator and condenser side heat-exchangers. The chiller cools incoming process 

water on the evaporator-side through heat exchange with cooler refrigerant circulated in a closed-

loop inside the chiller. This circulation is provided by the compressor using electricity as an energy 

source. The compressor also increases the pressure, which changes the thermo-physical state 

of the refrigerant so that its temperature increases. It can then transfer the heat picked up on the 

evaporator side to condenser water at the condenser heat-exchanger. The pressure of the 

refrigerant is then reduced over the expansion valve to reduce the temperature and complete the 

cycle. 

Similar to the previous case study all four chillers were treated as a single unit, by taking the sum 

of extrinsic variables (flow and power) and the weighted average of intrinsic variables (inlet and 

outlet temperatures) across the chillers. 
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Table 3.4: Summary of case study IV 

Property Specification 

System description Four industrial chillers 

Potential drivers Evaporator: flow, temperature in and out; Condenser: flow, temperature in and 

out;  

Total cooling delivered (calculated) 

Highest measurement frequency Daily 

ESM applied Increased operation of the more efficient chiller 

 

Case study V 

For case study V, the compressor network of mine B was used. A layout of the system is given in 

Figure 3.9. 

 

Figure 3.9: The compressor network for mine B 

The network uses nine compressors as well as auxiliaries. Each compressor compresses ambient 

air to supply a flow of high-pressure air to the system header. This header in return supplies the 

different processes of the mine. Similar to the previous case study, the mine used the more 

efficient compressors more than in the baseline year. Here, total flow, the average pressure 

(weighted) and the total ore retrieved from the mine was used as potential variables. 
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Table 3.5: Summary of case study V 

Property Specification 

System description Compressor network with nine compressors 

Potential drivers Total flow; Total mine production (ore removed); Flow power (calculated) 

Highest measurement frequency Daily 

ESM applied Improved utilisation of more efficient compressors 

3.3 Removal of outliers 

As suggested in Chapter 2, the DSOD method was applied. The method makes use of several 

user defined parameters and the chosen values for these are given in Appendix C2. 

Because the DSOD method highlights points based on unexpected paths followed (in a 

multivariate space), upsets or irregular operation is highlighted. However, these points are not 

necessarily wrong. It is possible that the measurements are correct and that these points are true 

but represent less likely operating conditions of the process. 

To illustrate the process and the argument presented here, two of the selected case studies are 

used. Consideration is first given to case study I. The time-series plot of the total production is 

shown in Figure 3.10, while the scatter plot of the energy usage vs the total production is given in 

Figure 3.11. In each case the DSOD outliers are indicated in red. 

 

Figure 3.10: Time-series plot of the total production showing the DSOD outliers 
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Eleven flagged data points can be seen in the plot. Each of the flagged points occur at a sudden 

drop in the production. Not all the data points occurring at sudden drops are flagged by the 

algorithm because the algorithm does not consider each change in isolation but takes into 

consideration changes before and after a point under investigation. If the change that occurs is 

relatively large in comparison to the changes immediately before and after it, it is more likely to 

be flagged. Also, a point is more likely to be flagged if the change occurred in all the variables 

considered.  

 

Figure 3.11: Scatter plot of the energy usage vs total production showing the DSOD outliers for case study III 

 

The scatter plot shows the total energy usage of the facility is shown on the y-axis and the total 

production on the x-axis. It has already been mentioned that there is a strong linear relationship 

between the two variables. The points flagged by the DSOD algorithm still fall close to the normal 

linear trend. This suggests that the flagged data points represent less likely events but are still 

representative of the system. Thus, all the points are retained because no reason can be found 

to remove them. 

Next consideration is given to case study III. The time-series plot for the ore supplied is given in 

Figure 3.12, while the scatter plot of the energy usage vs the ore supplied is given in Figure 3.13.  
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Figure 3.12: Time-series plot with DSOD outliers for the total ore 

The time-series plot shows multiple step-changes that occur between different operational 

modes (1-8). These modes occur as different amounts of furnaces are used. The step-changes 

are not flagged because the process almost immediately stabilises to a new operating point. 

However, again it is seen that a sudden drop and recovery causes some points to be flagged as 

potential outliers.  

 

Figure 3.13: Scatter plot of the energy usage vs the ore usage showing the DSOD outliers and the point 
removed 
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The scatter plot given in Figure 3.13 shows that most of these points fall within the normal linear 

trend, as with the previous case study. However, there is a single point where no raw ore is 

supplied to the process, but the energy usage is high. This is probably due to data loss and the 

point is removed. 

For each of the case studies, data quality was good with very few outliers removed. The plots for 

the remaining case studies are given in Appendix C2. After the removal of the outliers, the driver 

set could be done. 

3.4 Selected driver sets 

The techniques discussed in section 2.4 were applied to each case study to produce four different 

sets for each case study. These sets are referred to as driver sets A to D and the method used 

for each is given in Table 3.6. The four driver sets were selected in a similar manner for each 

case study, however, the final variables selected differed due to the differences in the processes. 

Table 3.6: Selection methods for the different driver sets 

Driver set Method 

A Intuitive selection of a single driver 

B All variables included 

C Method given by Gallagher et al. [14] 

D PCA with EKF selection 

The selection of driver sets B to D is based on to explicit methods. However, the intuitive selection 

of the single driver for driver set A may differ between practitioners. For case study I, the strong 

linear relationship between the total production and the energy usage motivates its use as a 

driver. The five production variables are relatively independent of one another so that fluctuations 

in the distribution of the products are suspected to be independent of energy usage. Using the 

total production variable removes this random variation. 
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Figure 3.14: The relationship between (a) the energy produced and the energy supplied for case study II and 

(b) the energy usage and the evaporator duty for case study IV 

For case study II, the total energy supplied to the engines (from the natural gas and the boiler 

feed water) and the total energy produced (in the form of electricity and steam) showed a strong 

linear relationship (shown in Figure 3.14(a)). Thus, the total energy into the system was used. For 

case study III the total production was used because it is the only variable on the output side of 

the process and should therefore include all the variation of the process. 

For case study IV, a similar argument was used as for case study II but it is based on the strong 

linear relationship between the total evaporator duty (cooling delivered) and the energy supplied 

to the system (shown in Figure 3.14(b)). For case study V, the flow and pressure were multiplied, 

which relates to the kinetic energy of the compressed air. The different variables selected for each 

driver set of each case study are given in Table 3.7. 

Table 3.7: Driver sets for each case study 

Case study Driver set Variables 

Case study I A One variable: Total production 

 B Five variables: Production for product A to E 

 C One variable: Production of product A 

 D One variable: 1st PCA variable 

Case study II A One variable: Total energy in 

 
B Four variables: Natural gas normal volume flow; Natural gas heating value,   

                         BFW flow, BFW temperature 

 C One variable BFW volume flow 

 D One variable: 1st and 2nd PCA variables 

   

(a) (b) 
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Case study Driver set Variables 

Case study III A One variable: Total ferrochrome production 

 B Four variables: Reductant mass; Production mass; Ore mass; Flux mass 

 C One variable: Ore mass 

 D One variable: 1st PCA variable 

Case study IV A One variable: Total evaporator duty 

 B 
Six variables: Evaporator volume flow; Evaporator TI; Evaporator TO;  

                      Condenser volume flow; Condenser TI; Condenser TO 

 C One variable: Evaporator volume flow 

 D Two variables: 1st, 2nd and 3rd PCA variables 

Case study V A One variable: Flow power1 

 B 
Three variables: Normal volume flow of air; Air pressure; Total production                 

                          (tonnes hoisted) 

 C One variable: Total production (tonnes hoisted) 

 D One variable: 1st PCA variable 

1 Flow multiplied by pressure (which relates to the kinetic energy) 

3.5 Savings, errors and consistencies obtained 

As explained in section 2.6, two approaches were used when training the models: 

(i) The standard M&V approach of using all the available data – the all-data approach 

(ii) The machine learning approach of determining the average when taking a random 70% 

sample for model construction (remaining 30% used for determination of model accuracy) 

Each of these approaches was used to calculate savings. Further, two different methods were 

used to calculate the savings for each approach: 

(i) The traditional forward-direction calculation method 

(ii) The backward-direction calculation method 

Thus, a total of four calculation methods were used to calculate the savings for each combination 

of the model types and selected driver sets, thus producing 24 calculation options per model type. 

The savings calculated for case study I using daily frequency is shown in Figure 3.15. The savings 

are shown on the y-axis, while the different driver sets are grouped according to model type on 

the x-axis. The differences are interpreted according to the guideline of Figure 2.18. 
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Figure 3.15: The savings calculated for case study I (daily) 

Every calculation option shows a saving. However, the savings vary between 1.9% and 4.2%, 

with an overall average of 3.1%. Thus, the savings calculated can differ by up to 127% in 

comparison to the most conservative calculation, depending on the method used. For almost all 

the model types, the greatest savings occur when using driver set A or D (the total production or 

the PCA variable), either in the forward or the backward direction. The exception occurs for the 

ANN, where the greatest savings occurs when using the driver set B (all the measured variables) 

in the forward direction, which then transfers to the SMA model type. The smallest savings for 

each model type occurs when using driver set B or C, except for ANN model type, where it occurs 

when using driver set C in the backward direction which is again transferred to the SMA model 

type. Savings are just as much influenced by the type of driver set used than the model type 

chosen. The LIN model type does, however, show the most consistent savings between the 

various calculation options. 

For most of the calculation options, the savings based on the all-data approach compare well with 

the sample-data savings across the different models, with differences of less than 10%. However, 

some calculation options did show higher differences. This includes the SMA and WMA model 

types that show 15.3% and 27.8% difference in the forward direction when using driver set C. The 

WMA model type further shows a difference of 13.3% when using driver set D in the forward 

direction. The ANN model type shows large differences in the backward direction for all of the 

driver sets (>10%). 
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There are thus differences between the all-data and sample-data approaches. In this case, the 

only non-ensemble model that stands out is the ANN model. As mentioned in Chapter 1, the ANN 

model can be prone to overfitting and thus it is important to use sample data as there is higher 

uncertainty (on a conceptual basis) when using all the data. The model-averaging techniques 

show larger differences because the differences between the two approaches are aggregated for 

each of the single model types (LIN, ANN, SVM and KNN). 

The differences between the forward and backward-calculated savings vary from slight (approx. 

0% for the LIN model with the all-data approach and driver set C) to great (45.6% for the LIN 

model with the all-data approach and driver set B). In particular, the LIN and SVM model types 

show differences of more than 39% for both the all-data and sample-data approaches when using 

the driver set B. Both these models are linear-type models and are thus greatly influenced by the 

randomness in the product distribution. 

For the ANN, the greatest inconsistencies occur when using the all-data approach with driver 

set B and the sample-data approach with driver set B (17.6% and 16.9% respectively). For the 

KNN model type it occurs when using driver set A for both approaches (28.3% and 24.6%). This 

is due to the level of inter- and extrapolation being higher when using this driver set (further details 

on this are provided when discussing savings for the other frequencies).  

Each of the model types shows some inconsistency between the forward and the backward 

calculations. These inconsistencies are transferred to the model-averaging techniques. The SMA 

shows the greatest difference when using driver set B (all the variables) because the differences 

for each of the single models are especially predominant for this driver set. This, in turn, is likely 

caused by the randomness of the product distribution. The greatest differences for the WMA on 

average for the different approaches occur when using driver set A because it tends to give 

preference to the KNN model. This is shown in Figure 3.16. 
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Figure 3.16: Weights for the WMA model for case study I (daily) 

The figure shows the weights assigned by the WMA model to each model type for each driver set 

in the forward and backward direction when using the all-data approach. In each case the KNN 

model type has the greatest weights assigned to it and is thus favoured more. As shown in 

Appendix C4, the same was found for the other case studies. For the all-variable driver set the 

KNN model is favoured slightly less in comparison to the other driver sets while the ANN is 

favoured slightly more. 

The savings differ when using different measurement frequencies. The bar plots for the savings 

for the weekly and monthly frequencies are shown in Figure 3.17 and Figure 3.18 respectively. 

 

Figure 3.17: The savings calculated for case study I (weekly) 
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Figure 3.18: The savings calculated for case study I (monthly) 

Both frequencies still show positive savings with each calculation but with three exceptions at the 

LIN model when using driver set B (highlighted in the figures). However, the differences between 

calculation options and between model types are more extreme as savings range from -0.3% to 

6.6% and from -1.4% to 8.4% for the weekly and monthly frequencies respectively. 

Generally, certain patterns tend to emerge across the different driver sets between the different 

model types at each of the measurement frequencies. For each type the greatest savings occur 

either when using driver set A or B. The greatest differences between the forward and backward-

calculated savings also occur here. Each of the model types is more consistent between the two 

directions when using the other driver sets, except for the KNN model. The lowest savings tends 

to occur when using driver set D (the PCA variable), with similar savings for driver sets A and C. 

However, overall differences between different driver sets are even more prominent at higher 

measurement frequencies (weekly and monthly). 

When comparing the daily and weekly frequencies, 36 of the 48 combinations (when accounting 

for the forward and backward direction separately) increased in the difference between the all-

data and sample-data approach. Of these, 32 combinations showed even greater differences 

when using the monthly frequency. Overall the average difference between the all-data and the 

sample-data approach increased from 4.8% for the daily frequency, to 9.5% and 28.0% for the 

weekly and monthly frequencies respectively. Overall, the decrease in measurement frequency 

increases the difference between the two approaches. 
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The same observation can be made regarding the consistency between the forward and 

backward calculations. Of the 48 combinations, 38 increased in difference between the forward 

and backward direction from the daily to the weekly frequency. Overall, the average difference 

increased from 15.4% for the daily frequency to 35.7% and 38.3% for the weekly and monthly 

frequencies respectively. 

Similar to the daily frequency, most of the model types show large differences (>15%) when using 

driver set B for both the weekly and monthly frequencies. The ANN model type is the sole 

exception when using the sample-data approach with this driver set at the weekly frequency and 

is considered a random occurrence because the ANN is likely suffering from overfitting. For both 

the weekly and monthly frequencies the KNN model shows poor consistency between the forward 

and backward directions for all the driver sets used. As mentioned before, this can be explained 

by considering the level of inter- and extrapolation. Figure 3.19 shows the density distributions of 

the total production for each measurement frequency in each year. 

 

Figure 3.19: Data distribution for the total production for Year 1 and Year 2 

The KNN model is greatly dependent on the distribution of data points throughout the range of 

use, which means it can be sensitive to inter- or extrapolation. For each frequency, there are 

portions where the ranges indicated by the density curves do not overlap between the two years. 

To illustrate, these ranges are indicated for the monthly frequency in Figure 3.19. Thus, there is 

a level of inter- and extrapolation in both the forward and backward directions. The extent of inter- 

and extrapolation is greater for the weekly and monthly frequencies than the daily frequency. 
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As explained in Chapter 2, the consistency of the model can also be determined by its sensitivity 

towards the sampling process (when using the sample-data approach). The savings density plot 

for the daily frequency is shown Figure 3.20 (also for case study I). 

 

Figure 3.20: Savings density distribution for case study I (daily) 

The plot shows the density curves for each driver set for each of the model types. The savings 

calculated range from 2.1% (minimum for KNN model type when using driver set C) to 5.4% (for 

the ANN model using driver set B). The savings agree well between the different model types 

when using the driver set A or D, while less so when using driver set B or C. 

The LIN model shows the narrowest distributions for driver sets A, C and D. However, the 

narrowest distribution for the driver set B occurs when using the KNN model. The ANN model 

shows the widest distributions for each of the driver sets. Thus, while there is no model type that 

appears to be considerably less sensitive to the sampling process, the ANN model appears to be 

most sensitive to it. However, as with the average savings the widths of the distributions differ 

more between different driver sets. Overall, driver set B has the widest distributions. This agrees 

with the high level of inconsistency between the forward and backward-calculated savings when 

using this driver set. 
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The density curves of the CV(RMSE) for the daily and monthly frequencies are shown in Figure 

3.21 and Figure 3.22, respectively. Note that the ranges of the x-axes are different for the two 

plots. 

 

Figure 3.21: Density plot for the CV(RMSE) for the sensitivity repetitions for case study I (daily) 

The CV(RMSEs) for the daily frequency range from 5.3% (for the WMA model driver set B) to 

10.8%. (for the KNN model type when using driver set D). As with the savings, the average error 

values for the different model types agree for driver sets A and D, but also to some extent for the 

other two driver sets. Overall, no model type is clearly different from the others. Thus, there is an 

inherent average error associated with each driver set. Slight differences do occur, however, 

between the model types, most notably the LIN model in comparison to the others when using 

driver set C. Further discussion on the differences between the averages of model types follows 

later. 

A distinction can be made between driver sets based on error. However, a more accurate driver 

set does not necessarily relate to greater consistency. Here, driver set B showed the lowest 

average CV(RMSE), but with noticeable inconsistencies in the savings. This is seen when 

considering the differences between the forward and backward calculations and the width of the 

sensitivity distributions. 
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Figure 3.22: Density plot for the CV(RMSE) for the sensitivity repetitions for case study I (monthly) 

The monthly frequency showed a much greater of CV(RMSEs) of 1.2% to 53.3% than the daily 

frequency. For most of the model types, the average errors for each driver sets increased from 

the daily to the monthly frequency. The exceptions are the LIN model type using driver sets A, C 

or D and the SVM model type when using driver set D. 

The greatest increase in error for each model type occurred when using driver set B (all the 

measured variables). Each of the curves for driver set B shows extended tails to the right. These 

tails also occur when using the other driver sets for the KNN model. The predominant 

inconsistencies between the forward and backward calculations also occurred when using driver 

set B for the different model types and each driver set for the KNN model. The occurrence of 

these tails thus appears to be indicative of a high level of inconsistency. 

The savings and CV(RMSE) for the different model types across the different frequencies show 

that a decrease in the measurement frequency increases the overall error and decreases the 

consistency for a specific model type. It also increases the differences between different model 

types and between different driver sets. Therefore, only the results for the daily frequency are 

discussed further, which was also the only measurement frequency used for the other case 

studies. 

 



Evaluating different statistical regression models for industrial M&V  

Chapter 3 Discussion of Results and Verification 76 

 

However, the general trend across all the measurement frequencies for case study I is that the 

order of savings calculated tend to agree across different models for the same driver set. The 

same trend was seen for other case studies, as shown in Appendix C3 and Appendix C5. Thus, 

in it appears that the driver set used has a greater influence than the model type on the final 

savings calculated. 

 

Figure 3.23: Density plot for the NMBE for the sensitivity repetitions for case study I (daily) 

The NMBEs range from -3.6% (for the KNN model type when using driver set A) to 3.3% (for 

WMA model when using driver set C). Thus, on average the models show little bias so that the 

positive and negative errors tend to cancel out. The most notable exception to this, however, is 

the curve for the LIN model when using driver set C, which leans more to the right, thus having a 

positive bias. The WMA model shows the widest distributions for each of the driver sets, while 

curves for the other models tend to be similar besides the exception. As mentioned earlier, this is 

because the WMA model favours slightly different models with each iteration, thus causing greater 

variation. 

As mentioned in Chapter 2, the NMBE and CV(RMSE) can be plotted against each other to 

determine whether a relationship exists between them and thus determine whether a greater 

CV(RMSE) leads to a greater NMBE. Consideration is first given to the all-data approach. The 

NMBE vs the CV(RMSE) for each model type using the different driver sets with this approach is 

given in Figure 3.24 (for the forward calculations). 
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Figure 3.24: NMBE vs CV(RMSE) for the forward models when using all the training data 

As the points are scattered randomly across both ranges; no definitive relationship is present. 

Based on CV(RMSE), the most accurate models for each driver set in order are (1) KNN (), (2) 

SMA () and (3) WMA (). The least accurate model types are the ANN (), SVM () and LIN 

() types in varying order. The LIN model using driver set C is the worst model based on both 

CV(RMSE) and NMBE. The NMBEs tend to vary for the different models, with slightly more 

options showing a negative bias. However, the KNN model type shows a negative bias for each 

driver set, which is transferred to the WMA model type as the WMA favours the KNN model more. 

As with the sample-data approach, grouping tends to occur according to driver set for the 

CV(RMSE), except for the KNN model type. 

From the error values given in the plot, the KNN model type appears to be the most accurate. 

However, it should be noted this is for the daily frequency where a good distribution of points is 

available. As shown in Appendix C8, at the weekly and monthly frequencies the CV(RMSE)s for 

the KNN model type is amongst the worst. Further, the same is not observed when looking at the 

average errors for the sample-data approach, which is summarised using the same plot type in 

Figure 3.25. 
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Figure 3.25: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) 

Here, the errors are even more strongly grouped according to the driver set used. The range of 

errors within each driver set is also reduced for the sample-data approach. For each driver set 

the SMA model type shows the lowest CV(RMSE) and thereafter the model types occur in varying 

order for the different driver sets. The LIN model using driver set C still shows the highest 

CV(RMSE) and NMBE. However, unlike with the all-data approach, the CV(RMSEs) for the KNN 

model type are amongst the highest for each driver set. 

To explain this occurrence, reference is made to the working of the KNN model. As explained in 

Chapter 1, the basic working of the model entails taking the average of the nearest 𝑘 points. 

Figure 3.26 contrasts the sample-data and the all-data approach for a single variable.  

 

Figure 3.26: Difference between the all-data and sample-data approach for the KNN prediction 
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In each case the prediction is made for the last value. The five values used to calculate the 

average (for the prediction) are encircled. When using the sample-data approach, the distribution 

throughout the range of data points is not necessarily good. Further, the errors calculated are for 

the validation dataset (the orange points), which are those points that are not included in the 

training set. Therefore, in certain cases the values used to calculate the average can be far away 

from the points to be predicted.  

For the all-data approach, the errors are calculated across all the data points so that the training 

dataset and the validation dataset are the same (i.e. the full baseline dataset). Thus, when making 

a prediction for a certain data point, one of the data points that will be included when calculating 

the average is the data point itself, which will help to reduce the error. Calculating the error in this 

way is thus inherently flawed for the KNN model type. 

When using all the data for training, it can be considered as a single-sample dataset because it 

is one of many possibilities for data selection. As mentioned, the all-data approach results in 

greater variation between model errors. Thus, for a certain sample dataset, model types will differ 

although average differences are reduced by repetition significantly. 

When applying a standard M&V process, for most cases it is valid to base the model choice on 

the errors calculated if a specific dataset was used to train the models. This is because each 

model has specific parameters that are considered as final. However, in this specific study (i.e. 

where model type is evaluated), basing the evaluation on the single-sample dataset is not valid 

because it does not provide for sampling uncertainty. This justifies the model-scoring performed 

based on the sample-data approach, of which the results are given in section 3.6. 

The discussion of the results has thus far focused on case study I. However, for the remaining 

case studies the same findings were predominant – model types showed the same savings/errors 

for a given driver set with random deviations for certain models at certain instances. No pattern 

was observable for these deviations and no model type tended to deviate more times from the 

average than other models in most of the cases. Worth noting though is that all-variable driver set 

(driver set B) and the driver selected using the method of Gallagher et al. [14] (driver set C) tended 

to increase the standard deviation at either the savings or error density plots for each of the cases. 

All these results are given in Appendix C. An exception was found, however, in case study II. 

Figure 3.27 shows the density curves for the CV(RMSE) for case study II. 
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Figure 3.27: The density plot of the CV(RMSE) for case study II 

Driver sets A and C have significantly larger errors than driver set B and D. In fact, on a conceptual 

level the BFW flow (driver set C) is a very poor predictor for the energy recovered from natural 

gas engines. However, the LIN model responded far worse to these driver sets than the other 

models. This due to the non-linear relationship between the energy usage and these driver sets. 

Most of the driver sets in the other case studies had a strong degree of linearity. It has been 

mentioned that SVM is also a type of linear model and it also performs worse for case study II 

than the other models when using driver set D. This highlights an important limitation of the linear 

model – the non-linear model types (ANN, KNN and to an extent SVM) can be used to model a 

linear process but the linear model cannot be used to model a non-linear process. 

From the results presented so far, no model stood out clearly in terms of accuracy and 

consistency. The model-scoring technique was applied to each case study to identify potential 

patterns. 

3.6 Results of model-scoring 

The metric and category winners for each case study are given in Table 3.8 to Table 3.12, while 

the values which were used to do the scoring are given in Appendix C10. A summary of the 

category winners for each case study is presented in Table 3.13. 
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Table 3.8: Scoring table for case study I 

 

Table 3.9: Scoring table for case study II 

 

A B C D

Accuracy

Error -  CV(RMSE) SMA SMA SMA SMA

Error -  NMBE SMA ANN SMA SVM

Overall

Sensitivity to driver set used

Savings std. dev.  across driver sets

Sensitivity to data sampling process

Savings std. dev. for  sensitivity repetitions LIN KNN LIN LIN

CV(RMSE) std. dev. for  sensitivity repetitions SVM SVM SVM SVM

NMBE std. dev. for sensitivity  repetitions LIN WMA SMA SMA

Overall

Consistency test

Consistency difference  between forward and backward ANN KNN LIN ANN

Overall ANN

Driver set
Parameter

SMA

LIN

LIN

A B C D

Accuracy

Error -  CV(RMSE) SMA SMA ANN ANN

Error -  NMBE WMA LIN WMA LIN

Overall

Sensitivity to driver set used

Savings std. dev.  across driver sets

Sensitivity to data sampling process

Savings std. dev. for  sensitivity repetitions LIN LIN SMA KNN

CV(RMSE) std. dev. for  sensitivity repetitions KNN KNN SMA SVM

NMBE std. dev. for sensitivity  repetitions WMA WMA SVM KNN

Overall

Consistency test

Consistency difference  between forward and backward LIN SVM SVM WMA

Overall SVM

Driver set
Parameter

None

KNN

KNN
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Table 3.10: Scoring table for case study III 

 

Table 3.11: Scoring table for case study IV 

 

A B C D

Accuracy

Error -  CV(RMSE) SMA SMA SMA SMA

Error -  NMBE KNN KNN SVM ANN

Overall

Sensitivity to driver set used

Savings std. dev.  across driver sets

Sensitivity to data sampling process

Savings std. dev. for  sensitivity repetitions LIN SMA LIN LIN

CV(RMSE) std. dev. for  sensitivity repetitions ANN LIN SMA LIN

NMBE std. dev. for sensitivity  repetitions SMA LIN SMA LIN

Overall

Consistency test

Consistency difference  between forward and backward SMA SVM SVM SVM

Overall SVM

Driver set
Parameter

SMA

LIN

KNN

A B C D

Accuracy

Error -  CV(RMSE) ANN SMA ANN SMA

Error -  NMBE WMA LIN LIN LIN

Overall

Sensitivity to driver set used

Savings std. dev.  across driver sets

Sensitivity to data sampling process

Savings std. dev. for  sensitivity repetitions LIN SMA LIN SMA

CV(RMSE) std. dev. for  sensitivity repetitions LIN SMA LIN ANN

NMBE std. dev. for sensitivity  repetitions SMA SMA LIN SMA

Overall

Consistency test

Consistency difference  between forward and backward SMA ANN ANN KNN

Overall ANN

Driver set
Parameter

LIN

SMA

KNN
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Table 3.12: Scoring table for case study V 

 

All the model types appear at least once as a metric winner in each category in one of the case 

studies, except for the ANN, SMA and WMA model types in the sensitivity to driver set used 

category. Furthermore, where multiple metrics/driver sets are applicable, there is a good 

distribution of model types as metric winners in each category and with at least three model types 

in a category (except for the consistency test at case study II). For example, for case study I, the 

ANN, SMA and WMA model types appear in the accuracy category, while the LIN, SVM, KNN, 

SMA and WMA model types appear in category for the sensitivity to the data sampling process. 

Table 3.13: Summary of category winners for each case study 

 

CS = Case study 

A B C D

Accuracy

Error -  CV(RMSE) SMA SMA SMA SVM

Error -  NMBE KNN ANN LIN WMA

Overall

Sensitivity to driver set used

Savings std. dev.  across driver sets

Sensitivity to data sampling process

Savings std. dev. for  sensitivity repetitions SVM SVM LIN SVM

CV(RMSE) std. dev. for  sensitivity repetitions LIN WMA LIN KNN

NMBE std. dev. for sensitivity  repetitions SVM SVM WMA WMA

Overall

Consistency test

Consistency difference  between forward and backward KNN SMA ANN ANN

Overall ANN

Driver set
Parameter

SMA

SVM

KNN

CS I CS II CS III CS IV CS V

Accuracy SMA None SMA LIN SMA

Sensitivity to driver set used LIN KNN KNN KNN KNN

Sensitivity to the data sampling process LIN KNN LIN SMA SVM

Consistency test ANN SVM SVM ANN ANN

Driver set
Parameter
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In some of the case studies, a particular model type appear strong in multiple categories, but in 

no case study does a particular model type dominate all of the categories. Each model type 

appears at least once as a category winner, while SMA appeared the most times and dominated 

the accuracy category. This observation implies two things: 

1. Model-averaging can be advantageous in the M&V process, but not necessarily WMA, 

which tends to favour a particular model type; 

2. The fact that the simple average of the models tends to be (slightly) more accurate than 

the models themselves confirms that the models included in the averaging technique all 

compare well in terms of accuracy. However, a certain type of model may be more 

accurate in a particular part of the prediction range. A short discussion on this is given in 

Appendix C11. 

The KNN model type is the winner most often in the second category. This can be understood on 

a conceptual level given that there often exists some relationship between different potential 

drivers. Case study IV is used to illustrate this argument.  

Industrial chillers are typically operated in a predictable manner – a certain evaporator flow and 

inlet temperature will be matched with a certain condenser flow and it will produce certain outlet 

temperatures. In other words, specific conditions on the condenser side are matched by specific 

conditions on the evaporator side which relate to a certain evaporator duty. Thus, the five data 

points that are the closest to a data point to be predicted when using all the variables are likely to 

be the five data points that are the closest when using the calculated evaporator duty as predictor. 

Thus, the total energy usage predicted will be the same. The same argument can be applied to 

other processes. However, this is not the case for case study I, where the distribution between 

the different products are random and do not relate to the total production. Here, the LIN model 

type performed better, which can be expected given the strong degree of linearity between the 

different products and the energy usage. 

The linear-type models (LIN and SVM) dominate the category of sensitivity to data sampled when 

looking solely at the category winners. Most of the case studies are relatively linear when 

considering the different driver sets (as shown in Appendix C1). These models are thus not 

dependent on having data throughout the applicable range. If the data points that are included 

during training fall close to the “true” linear line (or the “true” derived linear line for SVM), the line 

of best fit will be close for each iteration. 
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3.7 Implications of the results for M&V 

The differences between models for the different values calculated (savings, errors, etc.) vary 

from slight to extreme. These differences are also not dependent on one another (i.e. a large 

difference in savings does not imply a large difference in error). The size of the differences 

between the models are dependent on: 

1. The data sampled for the calculation 

2. The degree of linearity or non-linearity of the process 

3. The underlying data quality – the distribution between true variation in the data and noise 

4. The driver set used 

The driver set used can strongly influence data quality. From the case studies it appears that, in 

most cases, the driver set used influences the size of the savings more than the type of model 

used. It also appears that although driver sets can be distinguished based on error, a lower error 

does not necessarily relate to improved consistency. However, finding a driver set that allows for 

a good balance between accuracy and consistency can reduce the range of savings, as seen 

with driver set D for case study I. Distinguishing between model types appears to be more difficult 

than distinguishing between driver sets.  

The LIN model cannot capture non-linearities and is also more sensitive to randomness in the 

data. The ANN and SVMs models can be slightly less accurate at times or suffer from a high level 

of inconsistency, while the KNN model type requires a good distribution of data points throughout 

the entire range of the driver set used. Thus, each model type has different drawbacks so that no 

one model stands out in terms of the performance metrics used. 

This is verified by the findings of related studies. In section 1.6 it was mentioned that different 

models have been found to be superior in terms of accuracy for different cases presented in 

literature. From this it can be concluded that there is no clear superior model. This study shows 

that this finding extends to the field of M&V in terms of both accuracy and consistency. 

Granderson et al. tested the accuracy of different models for commercial buildings by using one 

year for training and the subsequent year for testing [19]. They found that the different models 

yielded similar errors in each of the regions in the United States where they had been tested. 

However, not all the models used the same driver set. Thus, their study suggests that the 

geographical region (which influences various factors of the datasets) have a greater impact on 

error than the model type. The same was found in this study when using different driver sets. 



Evaluating different statistical regression models for industrial M&V  

Chapter 3 Discussion of Results and Verification 86 

 

They further varied the length of the training set to change the amount of data provided to the 

models. No one model performed better or worse across the different training periods. 

Gallagher et al. used tested the accuracy of different model types for an industrial facility using a 

very similar approach to Granderson et al. [46]. They found different rankings for the different 

model types, based on CV(RMSE) for different measurement frequencies. The same was 

observed in this for the different case studies investigated. Gallagher et al. did, however, find that 

while for some cases a decrease in measurement frequency increased the error size, in other 

cases it decreased, which was also true (although less so) for this study. 

In a follow-up study Gallagher et al. investigated a case study where an ESM was applied to the 

same facility [14]. They found that different models tended to give similar savings ranges when 

using CV(RMSE) to calculate uncertainty, which corroborates the results of this study. 

Although only five case studies were considered in this study, the “randomness” that they 

exhibited in model type behaviour is enough to confirm the existence thereof within the industrial 

sector. Using the more complex models does not guarantee improved accuracy over a linear 

model but rather appears to be quite similar in many cases. These models also require more 

expertise to set up than a linear model. The question thus arises of whether it is beneficial to 

consider these models at all. 

In the case studies presented here, if one model showed a saving for a particular driver set, the 

other models also showed a saving most of the time. Where a large difference did occur, these 

models helped to highlight non-linearity. These models can thus be used as a check for the simple 

linear model and be of significance not necessarily when it shows a similar saving but when it 

clearly shows a difference. Further, because model-averaging tends to produce lower error 

values, the use of these additional models can help to improve confidence in the results obtained 

by reducing uncertainty. Different models may also be more applicable in different cases due to 

the different advantages and disadvantages shown by each. 

It is noted that especially the machine learning models perform better when using higher 

measurement frequencies, which might limit its performance in certain cases where higher 

frequencies are not available. However, M&V 2.0 has been enabled specifically due to higher 

frequencies becoming increasingly more common. Further, the LIN model type was also 

adversely affected in consistency by lower measurement frequencies. Thus, overall higher 

measurement frequencies appear to be more suitable. 
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Although model development from a single dataset may show large differences in errors, 

introducing sample iteration reduces the difference. The principle of iteration from the field of 

machine learning has not been adopted in M&V yet. However, it can help to remove the effect of 

sampling uncertainty, as a sample dataset must be used to identify possible overfitting. 

The given approach requires additional expertise from the M&V practitioner, which will likely 

increase cost. The availability of low-cost, user-friendly software may help to mitigate this. 

However, such software must be developed and provide for the fundamental principles of M&V. 

Lastly, different groups in the M&V sector will have to decide whether it agrees with commonly 

accepted machine learning approaches, which do not appear to have been formally applied within 

M&V. 

3.8 Conclusion of results 

The chapter demonstrated the application of each of the steps given in the evaluation procedure 

developed in Chapter 2 to five industrial case studies. The main findings of the application of the 

procedure were discussed. Focus was placed on case study I as most of the case studies yielded 

similar findings.  

The results show that for a particular case study and driver set, certain model types may yield 

similar savings while the savings calculated using other model types may differ significantly. 

However, there is no pattern that emerges regarding the similarity or differences between the 

result of different model types while the driver set used tend to influence the final results more 

than the model type. There is also no clear superior model type in terms of accuracy and 

consistency although different model types may tend to perform slightly better in different 

categories. This leaves a question to the M&V industry that needs to way the additional complexity 

of the machine learning models against the possible benefit that it can supply through verification 

of simpler models and the accurate modelling of non-linear systems.  
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CHAPTER 4 CONCLUSION 

4.1 Summary of study 

The application of the M&V process fulfils an important role in many industries. Through the 

correct and rigorous application thereof, savings achieved by ESMs can be quantified accurately. 

Savings quantified can influence stakeholders’ decisions regarding the provision of capital for 

similar projects. In other cases, it can determine the remuneration of ESCOs or the monetary 

value of government incentives. 

An important consideration during the M&V process is the construction of a model to predict the 

energy usage. The model influences core aspects of the M&V process, mainly accuracy and 

consistency. Work done towards the use of different types of SRMs for M&V applications in the 

industrial sector, a key contributor towards energy usage, has been limited. 

This study evaluated the influence of different types of SRMs on accuracy and consistency during 

the calculation of energy savings within the industrial sector. This was done by developing a 

comprehensive evaluation procedure to evaluate the accuracy and consistency of different model 

types. The potential benefit of using ensemble models, specifically model-averaging, was also 

investigated by applying different model types and model-averaging techniques to five industrial 

case studies. The use of multiple case studies provided a holistic view of the performance of 

different model types.  

Based on the findings of previous studies, four model types were selected in Chapter 1. This was 

the simple linear model (LIN) type and three machine learning models – ANNs, SVMs and KNNs. 

Based on these models, SMA and WMA could also be applied. 

In order to evaluate these models, an evaluation procedure was developed in Chapter 2. The 

procedure included several steps to prepare for model development and evaluation. These steps 

were based on similar procedures found in literature and included common machine learning 

practices. The model development or training step made provision for the standard M&V approach 

of using all available data for model training and for the machine learning approach of using 

sample data.  

Model accuracy was determined through the calculation of the CV(RMSE) and NMBE metrics. To 

evaluate model consistency, the sensitivity of the models towards the data sampling process and 

the drivers used for predication were determined. A third consistency test was also introduced in 
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this study based on the comparison between savings calculated in the reporting period and the 

de-savings calculated in the baseline period. Model-scoring was done within four categories, 

namely model accuracy and the three aspects of model consistency. 

The results given in Chapter 3 for case study I showed that all the models behaved and performed 

similarly for a specific driver set. The models predicted similar savings for a driver set when 

looking at the daily measurement frequency. Generally, each model type yielded high consistency 

between the all-data and the sample-data approach for the savings calculated. In many cases, 

good consistency was also found between the prediction of the savings and the de-savings. 

Although certain types were prone to exceptions in a certain category, the exceptions did not all 

occur for the same model types. Overall, reducing the measurement frequency increased the 

number of exceptions and error sizes while decreasing the model consistencies. Therefore, the 

daily frequency, which was the highest measurement frequency available, was the only frequency 

used for the other case studies. 

Concerning the model error, there were more significant differences between model types when 

using the all-data approach in comparison to the sample-data approach. It also gave a more 

consistent ranking of models between different driver sets. In contrast, the error values grouped 

more according to different driver sets when using the sample-data approach. For none of the 

approaches was there a definite relationship between the CV(RMSE) and the NMBE. 

The various case studies highlighted different drawbacks for some of the model types. This 

includes the sensitivity of the KNN model to the level inter- and extrapolation, the sensitivity of the 

LIN model type to the degree of linearity of the data and the susceptibility of the ANN model type 

to overfitting. 

Overall, differences in accuracy and consistency were not so much between different model 

types. The different driver sets, however, have a much bigger impact on savings and accuracy. 

A distinction could be made between different driver sets based on the absolute error (CV(RMSE)) 

but not based on the bias (NMBE). However, a lower absolute error did not necessarily yield 

improved consistency. 

The results showed that a more accurate model is not necessarily more consistent and vice versa. 

A certain model type is not always more accurate or more consistent than its counterparts, 

although, model-scoring did highlight that certain model types may tend to perform slightly better 

within certain categories. This can be explained through the consideration of the different 

attributes of the respective model types. 
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SMA tended to be more accurate. This confirms the results from previous studies that showed 

that model-averaging increased accuracy because different model types have better accuracy in 

different regions of the prediction range. Model-averaging provides a way to capture the improved 

accuracy from different models. The KNN model type tends to be less sensitive to the driver set 

used as industrial facilities are often operated in a predictable manner. This forms localised 

relationships between different sets of variables. Further, the linear-type models, LIN and SVM, 

tend to be less sensitive to the data sampling process because industrial processes are often 

linear and any data points sampled along the standard linear trend will capture that trend. 

Different model types may thus be beneficial for different cases, as demonstrated by the case 

studies used for this research. However, overall the results suggest that the driver set selected 

tends to influence the final uncertainty and the final savings calculated more so than the type of 

model selected given that most processes in industry have a strong degree of linearity. 

Overall, this study indicated that different SRMs can be used to calculate the savings for M&V 

applications in the industrial sector by providing several practical examples. It demonstrated a 

comprehensive evaluation technique by considering applicable fundamental principles of M&V. 

The study also highlighted potential practical implications of employing the more complex 

machine learning models within the M&V industry as far as data selection and the possible need 

for repetitions are concerned. 

The study showed that different energy drivers play a more prominent role than the model type 

used. There is therefore not a single, superior model type, but the different types tend to predict 

similar savings and yield similar accuracies for a certain driver set. However, certain types may 

differ significantly in certain cases because of drawbacks of each model type and due to the 

general imprecise nature of M&V. Nevertheless, different model types can be used to confirm the 

savings predicted by others and provide improved accuracy through model-averaging. Together 

with the machine learning approach of repetition based on sample data, the use of multiple model 

types can also help to reduce uncertainty and supply assurance to stakeholders. 

4.2 Limitations and recommendations 

This study aimed to evaluate the most common and promising model types although many more 

model types and ensemble techniques exist. Also, only a limited set of different hyperparameter 

options were considered. Therefore, further research can focus on expanding the list of model 

types investigated and hyperparameters considered to determine whether they yield additional 

findings. 
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While different driver set selection methods were included in this study, focus was not placed on 

the best selection method but rather on how a variation in driver sets influences different model 

types. However, the results obtained warrant further research towards the selection of driver sets. 

This can include exploration of other selection methods not included in this study and the impact 

of different methods on uncertainty. Consideration should also be given to the practical 

implications of different selection methods. 

The repetitive approach given in this study has been used to provide for the newer machine 

learning models. However, the approach introduces potential additional complexities into the M&V 

process, such as the exact quantification of uncertainty and the implementation thereof within the 

standard M&V process. 

Although this study evaluated different model types for application of M&V in the industrial sector, 

it has not considered the exact quantification of the uncertainties according to statistical principles. 

Rather, consideration was given to accuracy, which is only a relative indication of uncertainty. 

The exact quantification of uncertainty may be required by some stakeholders in certain 

applications of the M&V process. If uncertainty can be reduced through the inclusion of different 

model types and the process of repetition, stakeholders might be more easily convinced of the 

benefits of a project. 

It is recommended that future studies look towards the exact quantification of uncertainty, based 

on this new approach. To this end it might be necessary to consider the Bayesian approach. 

Further, it may be useful to make provision for the inclusion of multiple models so that the 

uncertainty is based on the saving ranges given by these models and the density of repetitions 

around the final savings quantified. However, even if the approach given does reduce uncertainty, 

its inclusion into the standard M&V process adds complexity. 

This study has also not considered potential techno-economical barriers prohibiting the 

implementation of the given methodology within the accepted M&V process. Examples of these 

may be cost, technical expertise and the need for a paradigm shift. Determining what these 

barriers are and how they can be overcome, will contribute towards a methodology for its practical 

implementation within the M&V industry and improve the evaluation and implementation of ESMs. 
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APPENDIX A – ADDITIONAL DETAIL REGARDING MODELS 

Appendix A1 – Overview of algorithms of models 

In this dissertation, only the necessary details regarding the functional working of the different 

model types were provided. However, to understand the purpose of different hyperparameters 

and how it influences the different model types, a deeper understanding of each of the model 

types and how it is constructed (trained) is beneficial. 

Linear models (LIN) 

Linear regression can take single- or multivariate form (using either one of multiple independent 

variables). This can be expressed mathematically using Eq. A-1 and Eq. A-2 respectively. 

 𝑦 = 𝑤𝑥 + 𝑏 

𝑤: Slope/gradient 

𝑏: Intercept/constant 

(Eq. A-1) 

 

 𝑦 = 𝑤1𝑥1 + 𝑤2𝑥2 + ⋯ + 𝑤𝑖𝑥𝑖  + ⋯ + 𝑤𝑛𝑚𝑛 + 𝑏 

𝑤𝑖: Slope (weight parameter) for indepent variable 𝑖 

𝑛: Number of independent variables 

𝑏: Intercept/constant 

(Eq. A-2) 

The underlying assumption is that the residuals are normally and independently distributed with 

an average value of zero [82]. The most used algorithm to minimise the error by adjusting 𝒘 and 

𝑏 is the ordinary least squares algorithm (OLS) [107], [109]. For a simple linear regression model, 

the parameters can be calculated as follows [73]: 

 

𝑤 =  
(∑ 𝑥𝑗𝑦𝑗 −

1
𝑁

∑ 𝑥𝑗
𝑁
𝑗=1 ∑ 𝑦𝑗

𝑁
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) 

(Eq. A-3) 
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 𝑗: The 𝑗th observation 

𝑁: The total number of observations 

 

 

The calculation of the parameters is thus always explicit when using OLS. This contrasts with the 

ANN algorithm where the calculation of the parameters is influenced by several algorithm 

decisions. 

Artificial neural networks (ANN) 

The first ANN model was developed by McCulloch and Pitts [141]. It was developed to resemble 

the biological neural system [135]. For the discussion, we are going to consider a simple, but 

popular type of ANNs, the multi-layer perceptron (MLP) [13], [55], [138], [142], [56], [57], [68], 

[81], [87], [102], [135], [136]. This is the same type of ANN discussed in section 1.6. A more 

detailed representation than that given in section 1.6 of this type ANN is shown in Figure A.1. 

 

Figure A.1: A representation of a simple ANN or MLP 

As mentioned in section 1.6, a MLP typically consists of three layers – an input layer, a hidden 

layer and an output layer [50], [102], [135], [136], [142], although multiple hidden layers are also 

possible [13], [51], [55], [94], [101]. Each layer consists of nodes and each node in a layer is 
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connected to each node in the next layer with a connection. A weight is assigned to each 

connection. 

The input layer only feeds the inputs 𝑥1,1, …, 𝑥1,𝑛 to the next layer. Each input is multiplied with 

the weight of each connection from that input node. Each node in the hidden layer has an 

activation function assigned to it, 𝑓(𝑥) [50]. Except for the input nodes, each node also has a bias 

assigned to it. For node 𝑖, the input to this function is the sum of the products between the relevant 

weights to that node and inputs plus the bias, i.e. ∑ (𝑤𝑖,𝑗𝑥1,𝑗 + 𝑏𝑖)𝑛
𝑗=1 . The result of the function is 

the output of the node, 𝑥2,𝑖. This is then multiplied with the different weights of the relevant 

connections and the process repeated in the next layer. 

There is thus a set of weights 𝑊 and biases 𝐵 that can be adjusted to minimise some objective 

function. This is done with some training algorithm, normally some variant of a technique called 

backpropagation. The algorithm uses repeated steps or epochs [143]. During each step, the 

algorithm cycles through the training instances provided and the weights are adjusted to decrease 

the average error of some error function. The weights are initially randomised to avoid symmetry 

[141]. 

Besides standard backpropagation [89], [96], [99], [135], popular training algorithms for training 

ANNs are the Levenberg-Marquardt Backpropagation [61], [68], [77], [87], [98], [136], [143], [144], 

resilient backpropagation [55], [88], [102] and Bayesian Regularisation Backpropagation [77], 

[83]. The Levenberg-Marquardt algorithm is especially popular as it has relatively good 

convergence speed without the need for computing the Hessian matrix [136]. A detailed review 

and comparison of these algorithms is given by De Jesús and Hagan [134]. 

The quality of an ANN is dependent on the quantity and the quality of the data. ANN performance 

can be improved by using data that is well distributed and void of instrumental noise and errors 

[141], [145]. 

Support Vector Machines (SVM) 

Many authors have reviewed the working of SVM and its application to regression (SVR) [48], 

[99], [100], [118], [146] after its introduction by Vapnik et al. [147]. Therefore, only a simple review 

of the basic principles of SVMs is offered here. 
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Figure A.2: Demonstration of separating two classes with a hyperplane with a certain margin (in a two-
dimensional space) 

The application of SVM to a classification problem is first considered. This is represented in 

Figure A.2. The goal of SVM is to find the separator(s) or hyperplane(s) that best separates 

between the classes of data [113]. For the case presented, there are only two classes of data, so 

there is only one hyperplane. The hyperplane is a straight line because the problem occurs in a 

two-dimensional space. In a three-dimensional space, the hyperplane would be a flat plane and 

in higher spaces it would be a multi-dimensional plane. 

There are infinitely many lines that can be drawn to separate the two classes (illustrated in 

Figure A.2(a)). However, the goal is to find the line that best separates the two classes by 

maximising the margin between the data points (illustrated in Figure A.2(b)). The margin is the 

sum of the distances from the hyperplane to the closest data point of each class [113]. 

 

Figure A.3: Illustration of the mapping of non-linear SVM 



Evaluating different statistical regression models for industrial M&V  

Appendix A – Additional Detail Regarding Models 112 

 

For the example in Figure A.2, the classes are linearly separable. This is, however, not the case 

for the adjusted scenario presented in Figure A.3. A linear separating line can be fit to minimise 

the number of wrongly classified data points, but there is a better approach. 

The feature space can be transformed from 𝒙 = (𝑥1, 𝑥2) to 𝝓(𝒙) = (𝜙(𝑥1), 𝜙(𝑥2)) so that it 

becomes a linear problem. This is done by applying functions 𝑓1 and 𝑓2 to 𝑥1 and 𝑥2 respectively. 

In this example these functions are 

 𝑓1(𝑥1) = sin (𝑥1) (Eq. A-4) 

 𝑓2(𝑥2) = 𝑥2 (Eq. A-5) 

Another option might have been to apply a multivariable function 𝑓3 that take both 𝑥1 and 𝑥2 into 

account to create a new variable 𝑦 and transform the non-linear two-dimensional problem to a 

linear three-dimensional problem. 

 𝑦 = 𝑓3(𝑥1, 𝑥2) (Eq. A-6) 

As mentioned, the principle of SVM can be transferred to regression. Consider again the scenario 

of Figure A.2. Suppose that we are not interested in the classes of data, but in the relationship 

between 𝑥1 and 𝑥2. 

Now, let 𝑥1 be 𝑥 and 𝑥2 be 𝑦. The problem now becomes a simple linear equation [99], [100]. 

 𝑦 = 𝑓(𝒙) = 𝒘 ⋅ 𝒙 + 𝑏 (Eq. A-7) 

For the purpose of a generic discussion, we will consider 𝒙 as an 𝑛-dimensional vector. However, 

instead of trying to minimise the total error as with linear regression, all errors that are within a 

certain distance, 𝜀, of the true value is ignored and only the errors greater than 𝜀 is considered 

[99], [100], [118]. This is the epsilon-SVR method, the most popular in literature, as opposed to 

the Least Squares SVR method [118]. The solution is 

 
min (

1

2
‖𝒘‖2 + 𝐶

1

𝑁
∑ 𝐿𝜀(𝑦𝑖 , 𝑓(𝑥𝑖))

𝑁

𝑖=1

) 

𝐿𝜀(𝑦𝑖, 𝑓(𝑥𝑖)) =  {
0

|𝑦𝑖 − 𝑓(𝑥𝑖)| − 𝜀
   

for |𝑦𝑖 − 𝑓(𝑥𝑖)| ≤ 𝜀
for others

 

(Eq.A-8) 

where 𝑁 is the number of data points used to train the SVM. 
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The term for the weights vector, 𝒘, is included to make the function as flat as possible to control 

the capacity of the function, called the regularised term [100], [118]. The preference that is given 

to the second term is controlled by the cost or penalty parameter, 𝐶. This determines how much 

the error terms influence the algorithm. 

The function can now be rewritten as 

 
min (

1

2
‖𝒘‖2 + 𝐶

1

𝑁
∑(𝜉𝑖 + 𝜉𝑖

∗)

𝑁

𝑖=1

)  𝑏𝑦 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 𝒘, 𝜉𝑖 , 𝜉𝑖
∗ (Eq. A-9) 

where 𝜉𝑖 and 𝜉𝑖
∗ is the residue of the absolute error greater than 𝜀, i.e. 

 

subject to: {

𝑦𝑖 − 𝒘𝒊 ∙ 𝒙 − 𝑏 ≤ 𝜀 + 𝜉𝑖
∗

𝒘𝒊 ∙ 𝒙 + 𝑏 − 𝑦𝑖 ≤ 𝜀 + 𝜉𝑖

𝜉𝑖 ≥ 0, 𝜉𝑖
∗ ≥ 0

 (Eq. A-10) 

This problem can be transformed to a maximisation problem based on another set of weights, 

{𝛼𝑖} , {𝛼𝑖
∗} ∀ 𝑖 = 1, … , 𝑁 (referred to as the Lagrange multipliers) and the dot product between the 

various vectors that form the dataset. 

 

max (−
1

2
∑ ∑ ((𝛼𝑖 − 𝛼𝑖

∗)(𝛼𝑗 − 𝛼𝑗
∗)(𝒙𝒊 ⋅ 𝒙𝒋))

𝑁

𝑗=1

− 𝜀 ∑(𝛼𝑖 − 𝛼𝑖
∗)

𝑁

𝑖=1

𝑁

𝑖=1

+ ∑ 𝑦𝑖(𝛼𝑖 − 𝛼𝑖
∗)

𝑁

𝑖=1

)  𝑏𝑦 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 𝛼𝑖 , 𝛼𝑖
∗   

subject to: {
∑(𝛼𝑖 − 𝛼𝑖

∗)

𝑁

𝑖=1

= 0

𝛼𝑖 , 𝛼𝑖
∗ ϵ [0, 𝐶]

 

(Eq. A-11) 

However, the problem becomes more difficult when considering the non-linear problem given in 

Figure A.3. As before, a function can be applied to map 𝒙 to higher dimensional space where the 

problem is linear, 𝜙(𝒙). Unfortunately finding a suitable function is often not simple and now the 

dot product that needs to be calculated is between 𝜙(𝒙𝒊) and 𝜙(𝒙𝒋). 

Here, a clever idea called the kernel trick allows us to transform the data to a higher-dimensional 

space without the actual function of 𝜙(𝑥) being known [148]. Instead of trying to find a function 
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𝜙(𝒙), we assume a kernel function, 𝐾(𝒙𝒊, 𝒙𝒋), which satisfies Mercer’s Theorem and calculates 

the dot product of 𝜙(𝒙𝒊) and 𝜙(𝒙𝒋) [149]. 

 𝐾(𝒙𝒊, 𝒙𝒋) =  𝜙(𝒙𝒊) ⋅ 𝜙(𝒙𝒋)  (Eq. A-12) 

The final model then becomes 

 
𝑦 = 𝑓(𝒙) = ∑(𝛼𝑖 − 𝛼𝑖

∗)𝐾(𝒙𝒊, 𝒙𝒋)

𝑁

𝑖=1

+ 𝑏 (Eq. A-13) 

So instead of having a vector of weights, 𝒘, we now have two sets of weights {𝛼𝑖} , {𝛼𝑖
∗} ∀ 𝑖 =

1, … , 𝑁. 

There are many different types of kernel functions. A popular function is the Gaussian radial basis 

function (RBF) [90], [99], [100], [128]. 

SVMs can solve non-linear problems even with small quantities of data [58]. One advantage that 

SVMs have over ANNs is that global minima can be located instead of local minima [150]. SVMs 

are also referred to as SVR when used for regression [118]. The main advantage of SVMs, is that 

the structure risk minimisation principle is adopted which has been shown to be superior to the 

empirical risk minimisation principle [99], [128]. 

ANNs need a lot of training data, but can be set up in a generic manner with good results [49]. 

For SVMs the kernel function must be assumed, but it does not need the same amount of data 

for each variable and retains some level of interpretability. 

The working of the MLP has been discussed, but different kinds of ANNs exist, such as 

backpropagation neural nets and recurrent neural nets [52]. There are various uses of ANNs – 

diagnostics, optimisation, process control and energy management [89], [151]. 

k-Nearest Neighbours (KNN) 

As mentioned in section 1.6, KNN is a simple algorithm that predicts the output value for a new 

data point based on the 𝑘-nearest data points in an 𝑛-dimensional space [152].  

Consider again the example given Figure 1.11 in section 1.6. It shows a two-dimensional mapping 

of three-dimensional dataset, 𝑦 ~𝑓(𝑥1, 𝑥2). The 𝑦-value for each data point is shown next to it. As 

mentioned, if we want to approximate the output value for a new data point, 𝒙∗, referred to as the 
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query point, for 𝑘 = 5. To do this, the five closest values to that data point in the input space (in 

this case a two-dimensional space) is identified and the average determined of the corresponding 

𝑦-values (
1

𝑘
∑ 𝑦𝑖

𝑘
𝑖=1 ). 

However, with this method equal preference is given to each data point. In many cases it might 

be better to give less preference to data points that are further away from our query point, 𝒙∗. To 

do this, larger weights are assigned to points close to the query point and smaller weights to 

points further away from it and then normalise according to the sum of the weights. 

 
𝑦∗ =

∑ 𝑦𝑖𝑐𝑖
𝑘
𝑖=1

∑ 𝑐𝑖
𝑘
𝑖=1

 (Eq. A-17) 

To determine the weights, we turn again to kernel functions of which the output decreases as 

distance increases. This is further discussed in Appendix A2. 

Appendix A2 – Review on hyperparameter options 

As mentioned, each of the different models has different hyperparameters. The applicable 

hyperparameters are listed per model in Table A.1, along with a description of each. 

Table A.1: Description of hyperparameters 

Model Hyperparameter Description 

LIN Intercept The inclusion or omission of the intercept or constant 

ANN Number of hidden layers The number of hidden layers influence the number of passes and 

ultimately the number of weights 

 Number of neurons The number of neurons used in each hidden layer 

 Activation functions The function used to transform the net input to a neuron. 

SVM Kernel function The function to transform the non-linear problem into a linear problem. 

Specifically, it is the function that is used to predict the dot product of 

the transformed variables (see Appendix A1). 

 Lambda The constant parameter of the kernel function. 

 Cost The penalty parameter that determines the combined influence of the 

error terms on the SVM algorithm. 

KNN 𝑘-value The number of closest points that should be used when determining the 

average. 

 Calculation method The method for calculating the distances. 

 Kernel functions The function used to assign a weight to the dependent value of each 

data point when calculating the average. 

 Lambda The constant parameter of the kernel function. 
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The LIN model type only has one hyperparameter – the inclusion or omission of the intercept 

term. (as used by Gallagher et al. [46]). Many of the hyperparameters for the machine learning 

model types are either positive integers or positive real numbers. The number of hidden layers 

and the number of neurons in each hidden layer for ANN and the number of nearest-neighbours 

(the 𝑘-value) for the KNN are positive integers greater than zero. The lambda and cost value of 

the SVM model type are positive real numbers greater than zero. 

Each of the machine learning models also use some function as a hyperparameter – the activation 

function for the ANN model type and the kernel functions for the SVM and KNN model types. For 

each of these there are different options. Table A.2 gives four different options for the activation 

function of the ANN model type and occurrences of the use thereof in literature. 

Table A.2: Different activation functions used in literature for ANNs 

Activation function 
Used in hidden layer Used in output layer 

Name Formula 

Hyperbolic 

tangent 
tanh(𝑥) 

[13], [55], [143], [144], [56], [68], 

[77], [87], [96]–[98], [101]  
[13], [55], [56], [77], [96] 

Logistic sigmoid 
1

1 + 𝑒−𝑥 
[55], [56], [61], [83], [95], [99], 

[100], [102], [136], [138] 
[55], [56], [61], [83], [99], [100], [138] 

Linear 𝑐𝑥 [143] 
[55]–[57], [68], [98], [101], [102], [136], 

[144][87], [143] 

Rectified linear 

unit 
max{0, 𝑥} [51] [51] 

For the ANN activation function, the function must have the property that the output is between 

negative one and one. Often a different activation function is used in the hidden layers than in the 

output layer. Thus, multiple activation functions can be used for a single ANN model. This is not 

the case for the kernel functions of the SVM and KNN model types. 

For the SVM model type, there are different examples. These include the linear function, the 

Gaussian RBF and the sigmoid function, given respectively in Eq. A-18 to Eq. A-20. 

 𝐾(𝒙𝒊, 𝒙𝒋) =  𝒙𝒊 ∙ 𝒙𝒋 (Eq. A-18) 
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𝐾(𝒙𝒊, 𝒙𝒋) = exp (−

‖𝒙𝒊 − 𝒙𝒋‖
2

𝜆2
) (Eq. A-19) 

 𝐾(𝒙𝒊, 𝒙𝒋) = tanh( 𝜆𝑥𝑖
𝑇𝑥𝑗 + 𝑐) (Eq. A-20) 

The linear kernel function is the dot product between two data points (𝑥𝑖 and 𝑥𝑗) in the calculation 

procedure. That is, the data remains unchanged and no transformation of the domain is done. 

The only difference between the SVM model when using the linear kernel function and a standard 

LIN model, is that the SVM model fits the parameters in a different manner, as explained in 

Appendix A1. The remaining functions each represent a different type of transformation. The 

kernel functions of the SVM model type relate to the kernel functions of the KNN model type. 

Different examples of these are illustrated in Figure A.4, with the mathematical equations given 

in Table A.3. 

As far as the KNN model type is concerned, the first hyperparameter after the 𝑘-value is the 

distance calculation method, The distance between various data points can be calculated using 

various techniques [114]. Examples include: 

Euclidean distance: 

 

𝑑(𝑥𝑖, 𝑥𝑗) = (∑(𝑥𝑖𝑠 − 𝑥𝑗𝑠)

𝑛

𝑠=1

)

1
2

 (Eq. A-21) 

Absolute distance: 

 
𝑑(𝑥𝑖, 𝑥𝑗) =  ∑|𝑥𝑖𝑠 − 𝑥𝑗𝑠|

𝑛

𝑠=1

 (Eq. A-22) 
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Figure A.4: Illustration of different kernel functions for KNN 

 

Table A.3: Mathematical equations of different kernel functions for KNN [63], [114] 

Name Formula 

Rectangular kernel 𝐾(𝑑) =
1

2
∙ 𝐼(|𝑑| ≤ 𝜆) 

Triangular kernel 𝐾(𝑑) = (𝜆 − |𝑑|) ∙ 𝐼(|𝑑| ≤ 𝜆) 

Epanechnikov kernel 𝐾(𝑑) = (
3

4
(𝜆 − 𝑑2)) ∙ 𝐼(|𝑑| ≤ 𝜆) 

Quartic kernel 𝐾(𝑑) = (
15

16
(𝜆 − 𝑑2)2) ∙ 𝐼(|𝑑| ≤ 𝜆) 

Triweight kernel 𝐾(𝑑) = (
35

32
(𝜆 − 𝑑2)3) ∙ 𝐼(|𝑑| ≤ 𝜆) 

Gaussian kernel 𝐾(𝑑) =
1

√2𝜋𝜎
exp (−

𝑑2

2𝜆2) 

Inversion kernel 𝐾(𝑑) =
1

|𝑑|
 

The different functions have different deterioration rates from the centre. Many of the functions 

ignore points beyond a distance of 𝜆, such as the rectangular- and triangular kernel functions. 

With the use of these types of kernel functions, it is especially important that there is a good 

distribution of data points, so that there is at least one data point closer than a distance of 𝜆 from 

any point to be predicted. 



Evaluating different statistical regression models for industrial M&V  

Appendix A – Additional Detail Regarding Models 119 

 

For the ANN model type, only one hidden layer was used according to common practice [77], 

[83], [103], [135], [136], [143]. The maximum number of neurons to be included was chosen as 

11. For the SVM model type, the linear, radial and sigmoid kernel functions were chosen to include 

a variety of function forms. The lambda and cost values were chosen accordingly by giving 

consideration to that included by Gallagher et al. [46]. 

From the available list of kernel functions for the KNN model type, the uniform and triangular 

kernel types were chosen. This ensures that bot an equal-weight option (where no preference is 

given between the different data points) and an option where greater preference is given to the 

values of points closer to the point to be predicted. The lambda-value is chosen to be the integer 

values greater and equal to one (1,2 and 3) to ensure that no points are excluded in the scaled 

dataset. The Mahalanobis, a more complex distance calculation method [153], and the Euclidean 

distance calculation method were both included. 
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APPENDIX B – MODEL CONSTRUCTION & METRIC CALCULATION 

Appendix B1 – Model construction with the R-programming language 

This section provides additional details regarding the R-programming packages used for model 

construction and also gives additional details regarding model training.  

The R-programming packages and the main functions used from it are summarised per model 

type in Table B.1. 

Table B.1: Summary of the R-packages used per model type 

Model Package Version Reference Function Purpose 

LIN stats 3.5.3 [154] lm Training 

    predict.lm Prediction 

ANN h2o 3.20.0.2 [155] h2o.deeplearning Training 

    h2o.predict Prediction 

SVM e1071 1.7-0 [156]  Training 

 stats 3.5.3 [154] predict Prediction 

KNN KernelKnn 1.0.8 [157] KernelKnn Training / Prediction 

SMA base 3.5.3 [154] mean Prediction1 

WMA nnls 1.4 [158] nnls Training2 

1Model training is done separately for each of the constituting functions 

2Prediction is done through matrix multiplication from the coefficients determined using the “nnls” function 

Other packages that had been used include: 

• lubridate (v. 1.7.4) [159] 

• ggplot2 (v. 3.2.0) [160] 

• reshape2 (v. 1.4.3) [161] 

• formula.tools (v.1.7.1) [162] 

• ggridges (v. 0.5.1) [163] 

• plotly (v. 4.9.0) [164] 

For the ANN model training, a maximum number of epochs for the ANN training process was 

decided upon and kept constant throughout the entire procedure to remove the influence of a 

varying number of epochs. The “seed”-value on which the random number generation process is 

based when assigning the initial weights to the ANN was also fixed. This ensures that only the 

training data provided will influence the results produced by the ANN training process. 
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The WMA model training was done through non-negative least squares (NNLS) regression 

without the use of an intercept. Thus, the output of each model type was treated as a variable in 

the dataset and NNLS regression used to match outputs of the model types with the true energy 

usage. The final function can be expressed mathematically as, 

 𝒚̂𝑾𝑴𝑨 = 𝑘𝐿𝐼𝑁𝒚̂𝑳𝑰𝑵 +  𝑘𝐴𝑁𝑁𝒚̂𝑨𝑵𝑵 + 𝑘𝑆𝑉𝑀𝒚̂𝑺𝑽𝑴 + 𝑘𝐾𝑁𝑁𝒚̂𝑲𝑵𝑵 

 𝒚̂𝒊: Series of output predicted by model 𝑖  

𝑘𝑖: Non-negative weight assigned to model 𝑖 

(Eq. B-1) 

Appendix B2 – Formulas for error metrics 

The formulas for the different error metrics that are referred to in this study are given in Eq. B-2 

to Eq. B-6. 

 
MAPE =

1

𝑁
∑ |

𝑦𝑗 − 𝑦̂𝑗

𝑦𝑗
|

2

× 100% 
𝑁

𝑗=1
 (Eq. B-2) 

 𝑦𝑗: The 𝑗𝑡ℎ true value  

𝑦̂𝑗: The 𝑗𝑡ℎ predicted output  

 

 

 

RMSE = √
1

𝑁
∑ (𝑦𝑗 − 𝑦̂𝑗)

2
 

𝑁

𝑗=1
 (Eq. B-3) 

 𝑦𝑗: The 𝑗𝑡ℎ true value  

𝑦̂𝑗: The 𝑗𝑡ℎ predicted output  

 

 

 
CV(RMSE) =

RMSE

𝑦̅
× 100% (Eq. B-4) 

 𝑦̅:  The average (mean ) of 𝑦        

 

 

NMBE =

1
𝑁

∑ (𝑦𝑗 − 𝑦̂𝑗)
2

 𝑁
𝑗=1

𝑦̅
× 100% (Eq. B-5) 
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Std. dev. =  √
1

𝑁
∑ (𝑦𝑗 − 𝑦̅)

2
 

𝑁

𝑗=1
  (Eq. B-6) 
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APPENDIX C – ADDITIONAL RESULTS 

Appendix C1 – Initial Inspection Plots 

This section provides the inspection plots for case studies II to IV, as done for case study I in 

section 3.1. The case studies are discussed consecutively. 

Case study II 

The time-series plots for the energy produced and for the various potential drivers are given in 

Figure C.1 and Figure C.2. 

 

Figure C.1: Time-series plot of the energy produced for case study II 

In Figure C.1, clear dips in the energy produced are seen as well as an overall, systematic 

reduction over time of the average energy output. The same is true when looking at the total 

energy supplied or the natural gas flow in Figure C.2. This is because the supply of natural gas is 

quite variable and reduced over time. The NG flow and the total energy supplied is closely related 

to one another as there is very little variation in the NG HV, which can also be seen from Figure 

C.2.  
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Figure C.2: Time-series plot of the potential variables for case study II 

 

Figure C.3: Scatterplots of the energy produced vs (a) the natural gas flow; (b) the NG heating value; (c) BFW 

flow; and (d) BFW temperature for case study II 

(a) (b) 

(c) (d) 



Evaluating different statistical regression models for industrial M&V  

Appendix C – Additional Results 125 

 

Figure C.3 shows the various scatter plots of the energy produced against the different potential 

drivers. It has already been shown in section 3.4 that there is a strong linear relationship between 

the energy supplied and the energy produced. This is consequently also true for the energy flow, 

as seen in Figure C.3(a). However, all the other potential drivers show very weak linear 

relationships with the energy output and do not seem to be non-linear. This explains the poor 

performance of the linear model when using the BFW flow as a driver, as discussed under section 

3.5. 

Case study III 

The time-series plot of the energy usage for case study III is shown in Figure C.4 while the same 

is shown for the potential drivers in Figure C.5. 

 

Figure C.4: Time-series plot of the energy usage for case study III 

In Figure C.4, the different modes of operation that occur due to the different amounts of furnaces 

being used are again apparent as it was with the outlier inspection plot given in section 3.3. The 

same can be seen when looking at the reductants and ore used as well as the total production in 

Figure C.5. This is somewhat less apparent when looking at the flux used, as changes in the flux 

type were made. 
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Figure C.5: Time-series plot of the potential drivers for case study III 

 

 

Figure C.6: Scatterplots of the energy usage vs (a) the reductant usage; (b) the ferrochrome function; (c) the 

ore usage; and (d) flux usage for case study III 

(a) (b) 

(c) (d) 
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Figure C.6 shows the scatter plots of the energy usage against the respective potential drivers. 

There is a strong linear relationship between the energy usage and the reductants used, the ore 

used and the ferrochrome production. There is a weak linear relationship between the energy 

usage and the flux used due to the changes that occurred. 

Case study IV 

The time-series plots for the energy usage and the different potential drivers are shown in 

Figure C.7 and Figure C.8 respectively. Seasonal effects are apparent when looking at most of 

the parameters, except the evaporator outlet temperature that needs to be maintained between 

certain limits for the different min services. Certain dips can also be seen in the different 

parameters, which is done purposefully by the mine to save energy during certain times of the 

day and over non-production weekends. 

 

Figure C.7: Time-series plot of the energy usage for case study IV 
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Figure C.8: Time-series plot of the potential drivers for case study IV 

Figure C.9 shows the respective scatter plots of the energy usage against the potential drivers. 

The strongest degree of linearity appears between the energy usage and the evaporator and 

condenser flows. There are positive linear relationships between the energy usage and the 

condenser temperatures but a very weak relationship between the energy usage and the 

evaporator inlet temperature (TI). 

There appears to be a non-linear relationship between the evaporator outlet temperature (TO) 

and the energy usage, specifically an inversely proportional relationship. As the TO increases, 

the energy usage decreases less and less. Put differently, the greater the reduction in TO, the 

greater the relative increase in energy usage to obtain the reduction. This explains the low R² 

value. 
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Figure C.9: Scatterplots of the energy usage vs (a) the evaporator flow; (b) the evaporator temperature in; 

(c) the evaporator temperature out; and (d) the condenser flow; (e) the condenser temperature in; and (f) the 

condenser temperature out for case study IV 

 

 

(a) (b) 

(c) (d) 

(e) (f) 
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Case study V 

From the time-series plots for case study V shown in Figure C.10 and Figure C.11, it is apparent 

there are several regular dips in the energy usage and the different potential energy drivers. 

These dips occur over weekends when the mine is extracting much less or no ore and thus less 

flow and pressure are needed. There are also three noteworthy dips that occur over a longer 

period. These dips occur due to shutdowns on the mine when focus is placed on maintenance. 

 

Figure C.10: Time-series plot of the energy usage for case study V 

 

Figure C.11: Time-series plot of the potential drivers for case study V 
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The respective scatter plots of the energy usage vs the different potential drivers are shown in 

Figure C.12. There is a strong linear relationship between the energy usage and the flow. 

However, there are weak linear relationships between the energy usage and the flow power and 

the production. There is almost no relationship between the energy usage and pressure. 

 

 

Figure C.12: Scatterplots of the energy produced vs (a) the reductant usage; (b) the ferrochrome function; 

(c) the ore usage; and (d) flux usage for case study III 

 

Appendix C2 – DSOD parameters and outlier inspection plots 

As mentioned in section 3.3, the DSOD method makes use of four user defined parameters. The 

values for these parameters were chosen based on values used by Zhang et al [126]. The 

different parameters as declared by Zhang et al. are given in Table C.1 along with the chosen 

values [126]. 

 

(a) (b) 

(c) (d) 
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Table C.1: The parameters for the DSOD method with the chosen values 

Parameter Description Chosen value 

𝑔 The search length for the close-neighbour-distance 2 

𝑘 The search length for the far-neighbour-distance 6 

𝜃 The set threshold for the backward outlier factor and the forward outlier factor 2 

𝜙 The set threshold for the dynamic sequential outlier factor 2 

The process described in section 2.3 and demonstrated in section 3.3 was applied to each of the 

case studies. The same arguments apply in each case and the plots for each of the case studies 

are given hereafter in Figure C.13 to Figure C.22. 

 

 

 

Figure C.13: Time-series plots of (a) the energy usage and (b)-(f) the products with the DSOD outliers for 

case study I 

(c) (d) 

(e) (f) 

(a) (b) 
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Figure C.14: Scatter plots of the energy usage against (a) product A; (b) product B, (c) product C; (d) 

product D; (e) product E for case study I 

(a) (b) 

(c) (d) 

(e) 
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Figure C.15: Time-series plots of (a) the energy produced; (b) the energy supplied; (c) the natural gas flow; 

(d) the natural gas heating value; (e) the BFW flow and (f) the BFW temperature with the DSOD outliers for 

case study II 

(a) (b) 

(c) (d) 

(e) (f) 
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Figure C.16: Scatter plots of the energy produced against (a) the energy supplied; (b) natural gas flow; (c) the 

natural gas heating value; (d) BFW flow and (e) BFW temperature with the DSOD outliers and removed data 

points for case study II 

(a) (b) 

(c) (d) 

(e) 
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Figure C.17: Time-series plots of (a) the energy usage; (b) the reductants used; (c) the ferrochrome 

production; and (d) the flux used for case study III with the DSOD outliers 

 

 

 

 

 

 

(a) (b) 

(c) (d) 
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Figure C.18: Scatter plots of the energy usage against (a) the reductants used; (b) the ferrochrome 

production; (c) the flux used and (d) the evaporator duty with the DSOD outliers for case study III 

 

 

 

 

 

(a) (b) 

(d) (c) 
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Figure C.19: Time-series plots of (a) the energy usage (b) the evaporator duty; (c) the evaporator flow; (d) the 

evaporator TI; (e) the evaporator TO; (f) the condenser flow; (g) the condenser TI; and (h) the condenser TO 

for case study IV 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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Figure C.20: Scatter plots of the energy usage against (a) the evaporator temperature out; (b) the condenser 

flow; (c) the condenser temperature in; and (d) the condenser temperature out for case study IV 

 

 

 

 

 

 

 

 

(a) (b) 

(c) (d) 
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Figure C.21: Time-series plots of (a) the energy usage; (b) the flow power; (c) the compressed air flow; (d) the 

compressed air pressure; and (e) production for case study V 

 

 

 

 

 

(a) (b) 

(d) (c) 

(e) 
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Figure C.22: Scatter plots of the energy usage against (a) flow power; (b) the flow; (c) the pressure and; 

(d) the production for case study V 

 

 

 

 

 

 

 

 

 

(a) (b) 

(c) (d) 
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Appendix C3 – Bar plots for the calculated savings 

In this section, the bar plots of the savings calculated using the different approaches are given for 

each case study. A short discussion is given on each. As mentioned in Chapter 3, the same 

findings were generally apparent for each case study. 

 

Figure C.23: The savings calculated for case study II 

The bar plot of the savings calculated for case study II is given in Figure C.23. The saving ranges 

between -57.7% and 24.7%. The large variation in savings is due to the weak relationship with 

many potential drivers. These variables effectively add noise to the data which influence driver 

sets B to D greatly. Driver set A (the total energy supplied) is mainly uninfluenced by this as it is 

mostly determined by the NG flow. 

In most of the cases there is a good consistency between the all-data and the sample-data 

approach. The greatest exception is the ANN model type for driver set B and D in the backward 

direction. The difference between the forward and backward-calculated savings varies from small 

to great and no model type is excluded from this, although the WMA model type is the least 

affected by it on average across the different driver sets. 

The case study also demonstrates that differences are greater between model types than 

between different driver sets. Each of the model types shows smaller positive savings for driver 

set A with good consistency between the four different techniques. All the model types also show 

large negative savings for driver set C while showing relatively small positive or negative savings 

for driver set B. The greatest exceptions occur at driver set D where the linear-type models (LIN 

and SVM) show large positive savings for the backward calculation. 
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Figure C.24: The savings calculated for case study III 

Figure C.24 gives the bar plot with the savings for case study III. The savings range 

between -4.0% and 7.6%. There is good consistency between the all-data and sample-data 

approach in most of the cases and the consistency between the forward and backward-calculated 

savings vary from small to great, although all the model types show good consistency between 

the forward and backward-direction when using driver set A or D. The sole exception to this is the 

ANN model type when using driver set A. 

All the model types show positive savings of comparable size for driver set A but smaller savings 

for driver set C. Each of the model types show negative savings for driver set D of relatively the 

same size. As with case study I, the greatest exceptions occur when using driver set B. Here the 

LIN and ANN model types show relatively large positive savings in the backward direction while 

the SVM and KNN model types large negative savings in the backward direction. The differences 

are transferred to the model-averaging techniques. 
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Figure C.25: The savings calculated for case study IV 

The influence of the driver set is especially apparent for case study IV, as seen in Figure C.25. 

All the model types show positive savings for all the different calculation options. However, for 

each model type significantly larger savings are found when using driver set A or C in comparison 

to driver sets B and D. For each of the model types the saving for the backward-calculation is also 

greater than the forward-calculated saving when using driver set D. 

 

Figure C.26: The savings calculated for case study V 
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For case study V there is good consistency between savings calculated by the all-data and 

sample-data approaches, as with the other case studies (see Figure C.26). For each model type, 

the smallest savings occur when using driver set B. The greatest differences between the forward 

and backward-calculated savings occur when using driver set B for most of the model types with 

the backward-calculated savings being significantly larger. The sole exception to this is the KNN 

model type which consequently influences the model-averaging techniques. All the model types 

show larger savings when using driver sets A, C or D which are comparable in size. 

Appendix C4 – Bar plots for the WMA weights 

The bar plots with the weights to the different model types are given in Figure C.58 to Figure C.63 

for the respective case studies. For case studies II to V, the greatest weights are assigned to the 

KNN model type for most of the options (see Figure C.27 to Figure C.32). However, for case 

studies II to IV there are certain exceptions that occur where greater weights are assigned to the 

ANN or SVM model types. For the weekly and monthly frequencies of case study I, the greatest 

weights were assigned to the LIN or ANN model types for most of the situations due to the poor 

performance of the KNN model type at these frequencies. 

 

Figure C.27: The weights calculated for case study I (weekly) 

 



Evaluating different statistical regression models for industrial M&V  

Appendix C – Additional Results 146 

 

 

Figure C.28: The weights calculated for case study I (monthly) 

 

 

Figure C.29: The weights calculated for case study II 
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Figure C.30: The weights calculated for case study III 

 

 

Figure C.31: The weights calculated for case study IV 
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Figure C.32: The weights calculated for case study V 

Appendix C5 – Savings density plots 

The savings density plots for the different case studies are given in Figure C.33 to Figure C.36. 

The savings calculated for each case study have already been discussed in Appendix C3. 

Therefore, a more general discussion is presented here. 

For most of the case studies, a split between the different driver sets is apparent. For case study 

II, driver sets C and A are split from driver sets B and D. The greatest differences occur here 

when using the LIN model with driver set A, the ANN model with driver sets B and D and the SVM 

model type with driver set C. 

For case studies III and IV, the splits are relatively clear between the different driver sets with 

some variation between the different model types for a certain driver set. The greatest exception 

is the SVM model type at case study IV when using driver set C. The widest distributions occur 

when using the SVM model type with driver set B at case study III and when using the ANN model 

type with driver set C. 

For case study V, the savings for driver set B are significantly lower for all the model types. 

However, the savings split between driver sets A, C and D is weak. Yet ranking the average 

savings size in decreasing order, for most of the model types, is as follows: (1) C, (2) A, (3) D and 

(4) B. 
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Figure C.33: The savings density plot for case study II 

 

 

Figure C.34: The savings density plot for case study III 
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Figure C.35: The savings density plot for case study IV 

 

Figure C.36: The savings density plot for case study V 
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Appendix C6 – CV(RMSE) density plots 

The density plots for the CV(RMSE) for the respective case studies that were not shown in 

Chapter 3 are given in Figure C.37 to Figure C.39. The splits between driver sets are less clear 

for driver set for case studies III and IV although driver sets A and C show significantly higher 

error values at the respective case studies. In each of the case studies, the ranking of average 

errors for the different driver sets is consistent between each of the model types. This confirms 

that there is an inherent absolute error that can be associated with each driver set. 

 

Figure C.37: The savings density plot of the CV(RMSE) for case study III 
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Figure C.38: The density plot of the CV(RMSE) for case study IV 

 

 

Figure C.39: The density plot of the CV(RMSE) for case study V 
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Appendix C7 – NMBE density plots 

The density plots of the NMBE distributions for the respective case studies are shown in 

Figure C.40 to Figure C.43. In most of the cases close to normal distributions are formed with an 

average at zero, as with was the case when using the daily frequency for case study I. However, 

the widths of the distributions vary predominantly according to the driver set used. 

The most noteworthy exceptions are: 

Case study II (Figure C.40) 

(i) The LIN model type using driver set C; 

(ii) The SVM model using driver set C; 

(iii) Consequently, the SMA model type using driver set C. 

Case study III (Figure C.41) 

(iv) The LIN model type when using driver set A; 

(v) Consequently, the SMA model type when using driver set A, 

(vi) The KNN model type using driver sets B and D. 

Case study IV (Figure C.42) 

(vii) All the model types when using driver set C, except for the KNN model type and 

consequently the WMA model type; 

(viii) The SVM model type using driver set D; 

(ix) The KNN model type using driver sets B and D. 

Case study V (Figure C.43) 

(x) The SVM model type when using driver sets A and C. 
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Figure C.40: The density plot of the NMBE for case study II 

 

 

Figure C.41: The density plot of the NMBE for case study III 
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Figure C.42: The density plot of the NMBE for case study IV 

 

Figure C.43: The density plot of the NMBE for case study V 
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Appendix C8 – The error scatter plots 

The scatter plots of the NMBE vs the CV(RMSE) for both the all-data approach and the sample-

data approach for the respective case studies are shown in Figure C.44 to Figure C.55. The 

following general observations are made: 

(i) As with the daily frequency for case study I, the error values tend to group according to 

the different driver sets and especially so for the sample-data approach; 

(ii) As shown by the model-scoring, the SMA model type fall amongst the most accurate 

model types based on the CV(RMSE) when using the sample-data approach; 

(iii) As with the daily frequency for case study I, the KNN model type is amongst the most 

accurate model types when using the all-data approach, but amongst the least accurate 

model types when using the sample-data approach (based on the CV(RMSE)) values. 

 

Figure C.44: NMBE vs CV(RMSE) for the forward models when using all the training data for the weekly 

frequency of case study I 
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Figure C.45: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) for the 

weekly frequency of case study I 

 

 

Figure C.46: NMBE vs CV(RMSE) for the forward models when using all the training data for the monthly 

frequency of case study I 
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Figure C.47: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) for the 

monthly frequency of case study I 

 

 

Figure C.48: NMBE vs CV(RMSE) for the forward models when using all the training data for case study II 
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Figure C.49: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) for case 

study II 

 

Figure C.50: NMBE vs CV(RMSE) for the forward models when using all the training data for case study III 
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Figure C.51: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) for case 

study III 

 

Figure C.52: NMBE vs CV(RMSE) for the forward models when using all the training data for case study IV 
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Figure C.53: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) for case 

study IV 

 

Figure C.54: NMBE vs CV(RMSE) for the forward models when using all the training data for case study V 
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Figure C.55: NMBE vs CV(RMSE) for the sample-data approach in the forward direction (averages) for case 

study V 

 

Appendix C9 – Selected hyperparameters for the different case studies 

The selected hyperparameters for the different model types are given in Table C.1 to Table C.8. 

The following general patterns appear: 

(i) The numerical hyperparameters vary in range across different case studies and driver 

sets; 

(ii) The most optimal ANN according to the k-fold cross-validation did not always use the 

maximum number of nodes available and in some cases as few as one node was used in 

the hidden layer; 

(iii) The chosen kernel functions for the SVM and KNN model types, the distance calculation 

method and the use of an intercept tend to agree across driver sets for a certain case 

study with some exceptions. 
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Table C.1: Selected hyperparameters for case study I (daily) 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept Without intercept Without intercept Without intercept With intercept 

ANN     

  Nodes 11 8 11 10 

SVM     

  Kernel function linear linear linear linear 

  Gamma 2 1 2 3 

  Cost 10 1 2 2 

KNN     

  𝑘-Value 3 5 3 3 

  Method Euclidean Euclidean Euclidean Euclidean 

  Kernel function uniform uniform uniform uniform 

  Lambda 1 1 1 1 

 

 

Table C.2: Selected hyperparameters for case study I (weekly) 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept Without intercept Without intercept Without intercept With intercept 

ANN     

  Nodes 10 4 3 9 

SVM     

  Kernel function Linear Linear Linear Linear 

  Gamma 1 1 1 1 

  Cost 1 2 10 2 

KNN     

  𝑘-Value 5 3 3 5 

  Method Euclidean Euclidean Euclidean Euclidean 

  Kernel function Uniform Uniform Uniform Uniform 

  Lambda 1 1 1 1 
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Table C.3: Selected hyperparameters for case study I (monthly) 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept Without intercept Without intercept Without intercept With intercept 

ANN     

  Nodes 11 8 11 10 

SVM     

  Kernel function Linear Linear Linear Linear 

  Gamma 2 1 2 3 

  Cost 10 1 2 2 

KNN     

  𝑘-Value 3 5 3 3 

  Method Euclidean Euclidean Euclidean Euclidean 

  Kernel function Uniform Uniform Uniform Uniform 

  Lambda 1 1 1 1 

 

 

Table C.4: Selected hyperparameters for case study II 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept Without intercept Without intercept Without intercept With intercept 

ANN     

  Nodes 9 11 1 11 

SVM     

  Kernel function Radial Linear Linear Linear 

  Gamma 2 2 2 3 

  Cost 10 10 1 10 

KNN     

  𝑘-Value 3 3 3 3 

  Method Euclidean Euclidean Euclidean Mahalanobis 

  Kernel function Triangular Triangular Triangular Triangular 

  Lambda 1 1 1 1 
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Table C.6: Selected hyperparameters for case study III 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept Without intercept With intercept With intercept With intercept 

ANN     

  Nodes 11 4 10 10 

SVM     

  Kernel function Radial Radial Linear Radial 

  Gamma 2 1 3 2 

  Cost 10 10 10 10 

KNN     

  𝑘-Value 3 3 3 3 

  Method Euclidean Euclidean Euclidean Euclidean 

  Kernel function Triangular Triangular Triangular Triangular 

  Lambda 1 1 1 1 

 

 

Table C.7: Selected hyperparameters for case study IV 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept With intercept With intercept With intercept With intercept 

ANN     

  Nodes 8 9 7 11 

SVM     

  Kernel function Linear Linear Linear Linear 

  Gamma 1 1 1 3 

  Cost 4 4 2 2 

KNN     

  𝑘-Value 3 3 3 3 

  Method Euclidean Euclidean Euclidean Euclidean 

  Kernel function Triangular Triangular Triangular Triangular 

  Lambda 1 1 1 1 
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Table C.8: Selected hyperparameters for case study V 

Hyperparameter 
Driver set 

A B C D 

LIN     

  Intercept With intercept With intercept With intercept With intercept 

ANN     

  Nodes 3 2 1 2 

SVM     

  Kernel function radial linear radial radial 

  Gamma 2 1 3 2 

  Cost 10 10 4 4 

KNN     

  𝑘-Value 3 3 3 3 

  Method euclidean euclidean euclidean euclidean 

  Kernel function Triangular Triangular Triangular Triangular 

  Lambda 1 1 1 1 
 

Appendix C10 – The calculated metrics 

The metrics calculated for each case study for the model-scoring is given in Table C.9 to 

Table C.13 

Table C.9: The metrics calculated for case study I (daily frequency) 

Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

Error -  
CV(RMSE) 

A 7.66 7.46 7.52 8.17 7.32 8.05 

B 7.50 7.01 7.19 7.45 6.79 6.97 

C 8.86 7.68 7.98 8.24 7.60 8.18 

D 7.50 7.51 7.51 8.44 7.43 8.33 

Average 7.88 7.41 7.55 8.08 7.28 7.88 

Error -  
NMBE 

A 0.29 0.12 0.10 0.30 0.01 0.27 

B 0.30 0.13 0.17 0.51 0.13 0.23 

C 0.85 0.15 0.39 0.30 0.00 0.34 

D 0.18 0.25 0.07 0.40 0.22 0.16 

Average 0.40 0.16 0.18 0.37 0.09 0.25 

Savings std. 
dev.  

across driver 
sets 

NA 0.11 0.58 0.20 0.50 0.60 0.28 

Savings std. 
dev. for  

sensitivity 
repetitions 

A 0.12 0.23 0.20 0.20 0.14 0.18 

B 0.42 0.44 0.34 0.18 0.26 0.32 

C 0.15 0.26 0.16 0.19 0.15 0.19 

D 0.12 0.28 0.15 0.16 0.13 0.16 

Average 0.20 0.30 0.21 0.18 0.17 0.22 
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Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

CV(RMSE) 
std. dev. for 
 sensitivity 
repetitions 

A 0.65 0.65 0.58 0.72 0.59 0.69 

B 0.64 0.70 0.55 0.80 0.60 0.74 

C 0.73 0.69 0.58 0.68 0.61 0.68 

D 0.61 0.67 0.60 0.88 0.65 0.88 

Average 0.66 0.68 0.58 0.77 0.61 0.75 

NMBE std. 
dev. for 

sensitivity 
 repetitions 

A 0.85 0.94 1.02 0.94 0.88 0.87 

B 0.79 0.87 0.79 0.77 0.72 0.65 

C 0.99 0.91 0.98 0.86 0.86 1.00 

D 0.86 0.89 0.90 0.87 0.83 0.93 

Average 0.87 0.90 0.92 0.86 0.82 0.86 

Consistency 
difference  
between 

forward & 
backward 

A 9.21 5.68 19.92 24.59 9.66 20.24 

B 44.58 16.90 40.93 9.84 30.05 12.04 

C 0.41 7.44 4.07 3.59 22.39 13.37 

D 7.66 3.10 20.57 23.27 10.55 28.20 

Average 15.46 8.28 21.37 15.32 18.16 18.46 

 

Table C.10: The metrics calculated for case study II 

Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

Error -  
CV(RMSE) 

A 9.16 8.71 8.49 9.42 8.34 9.17 

B 3.98 4.39 3.95 4.60 3.69 3.92 

C 55.66 18.10 19.80 20.46 21.84 19.15 

D 6.08 4.20 6.06 4.36 4.62 4.31 

Average 18.72 8.85 9.58 9.71 9.62 9.14 

Error -  
NMBE 

A 0.42 0.27 1.08 0.31 0.31 0.17 

B 0.02 0.07 0.29 0.84 0.31 0.09 

C 31.48 0.07 5.89 0.22 6.47 0.05 

D 0.04 0.12 0.11 0.51 0.14 0.27 

Average 7.99 0.13 1.84 0.47 1.81 0.14 

Savings std. 
dev.  

across driver 
sets 

NA 12.97 12.73 15.41 11.32 12.19 13.01 

Savings std. 
dev. for  

sensitivity 
repetitions 

A 0.29 1.30 0.98 0.74 0.60 0.74 

B 0.21 1.10 0.28 0.39 0.30 0.97 

C 0.72 0.67 0.57 0.96 0.51 1.34 

D 0.43 0.92 0.44 0.30 0.36 0.31 

Average 0.41 1.00 0.57 0.60 0.44 0.84 

CV(RMSE) 
std. dev. for 
 sensitivity 
repetitions 

A 1.35 1.16 1.19 0.90 1.03 0.95 

B 1.88 1.98 1.94 1.31 1.59 1.49 

C 3.03 2.63 3.14 2.95 1.86 2.56 

D 1.01 1.51 1.00 1.10 1.20 1.13 

Average 1.82 1.82 1.82 1.56 1.42 1.53 

A 1.02 1.19 1.09 1.04 1.00 0.62 
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Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

NMBE std. 
dev. for 

sensitivity 
 repetitions 

B 0.51 0.60 0.49 0.53 0.46 0.33 

C 3.77 2.10 1.95 4.08 2.24 2.59 

D 0.71 0.55 0.64 0.46 0.51 0.58 

Average 1.50 1.11 1.04 1.53 1.05 1.03 

Consistency 
difference  
between 

forward & 
backward 

A 11.45 107.48 37.11 51.99 68.81 11.73 

B 79.63 77.62 74.75 311.06 106.57 142.08 

C 136.61 7.27 1.85 2.04 39.75 10.40 

D 323.95 126.79 538.10 17.02 321.15 7.07 

Average 137.91 79.79 162.95 95.53 134.07 42.82 

 

Table C.11: The metrics calculated for case study III 

Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

Error -  
CV(RMSE) 

A 7.83 7.24 7.19 8.05 7.15 7.89 

B 3.93 3.97 4.38 4.52 3.81 4.22 

C 5.05 4.94 5.06 5.55 4.88 5.42 

D 4.55 4.43 4.44 5.07 4.38 4.91 

Average 5.34 5.15 5.27 5.80 5.05 5.61 

Error -  
NMBE 

A 0.98 0.13 0.13 0.02 0.31 0.09 

B 0.04 0.03 0.02 0.02 0.02 0.18 

C 0.03 0.01 0.00 0.11 0.02 0.10 

D 0.06 0.01 0.17 0.11 0.03 0.03 

Average 0.28 0.05 0.08 0.06 0.10 0.10 

Savings std. 
dev.  

across driver 
sets 

NA 3.65 3.16 3.09 2.98 3.07 3.19 

Savings std. 
dev. for  

sensitivity 
repetitions 

A 0.18 0.39 0.40 0.28 0.19 0.27 

B 0.36 0.59 0.99 0.34 0.34 0.70 

C 0.15 0.26 0.21 0.27 0.16 0.25 

D 0.10 0.25 0.20 0.22 0.15 0.22 

Average 0.20 0.37 0.45 0.28 0.21 0.36 

CV(RMSE) 
std. dev. for 
 sensitivity 
repetitions 

A 0.59 0.46 0.92 0.51 0.49 0.50 

B 0.33 0.34 1.31 0.44 0.46 0.98 

C 0.34 0.32 0.34 0.39 0.31 0.37 

D 0.31 0.35 0.72 0.44 0.39 0.44 

Average 0.39 0.37 0.82 0.44 0.41 0.57 

NMBE std. 
dev. for 

sensitivity 
 repetitions 

A 0.74 0.82 0.75 0.83 0.72 0.92 

B 0.43 0.60 0.57 0.51 0.46 0.70 

C 0.60 0.63 0.63 0.67 0.59 0.89 

D 0.45 0.55 0.51 0.53 0.46 0.94 

Average 0.55 0.65 0.62 0.63 0.56 0.86 

A 4.74 30.76 4.56 16.71 1.73 15.35 
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Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

Consistency 
difference  
between 

forward & 
backward 

B 943.16 412.42 82.52 481.50 256.29 148.40 

C 30.75 38.75 20.53 138.17 115.65 21.90 

D 2.46 6.68 0.09 6.69 3.49 4.00 

Average 245.28 122.15 26.92 160.77 94.29 47.41 

 

Table C.12: The metrics calculated for case study IV 

Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

Error -  
CV(RMSE) 

A 7.88 7.79 7.89 8.94 7.84 8.85 

B 6.63 5.53 6.71 7.17 5.23 5.34 

C 17.80 17.70 18.10 19.87 17.75 19.83 

D 7.76 6.48 7.81 7.63 6.48 6.69 

Average 10.02 9.38 10.13 10.90 9.32 10.18 

Error -  
NMBE 

A 0.13 0.06 0.19 0.02 0.10 0.01 

B 0.04 0.18 0.14 1.55 0.39 0.47 

C 0.01 0.15 2.67 0.63 0.86 0.29 

D 0.01 0.15 0.40 0.91 0.36 0.48 

Average 0.05 0.14 0.85 0.78 0.43 0.31 

Savings std. 
dev.  

across driver 
sets 

NA 3.60 3.33 4.47 2.31 2.72 3.32 

Savings std. 
dev. for  

sensitivity 
repetitions 

A 0.33 0.70 0.41 0.40 0.37 0.42 

B 0.75 0.98 0.61 0.56 0.48 0.57 

C 0.74 1.37 0.82 1.15 0.85 1.17 

D 0.39 0.66 0.47 0.57 0.38 0.48 

Average 0.56 0.93 0.58 0.67 0.52 0.66 

CV(RMSE) 
std. dev. for 
 sensitivity 
repetitions 

A 0.65 0.68 0.65 0.73 0.65 0.73 

B 0.87 0.82 1.04 0.84 0.68 0.71 

C 1.54 1.58 1.69 1.62 1.62 1.58 

D 0.89 0.62 0.97 0.83 0.75 0.76 

Average 0.99 0.92 1.09 1.00 0.93 0.95 

NMBE std. 
dev. for 

sensitivity 
 repetitions 

A 0.87 0.98 0.91 0.94 0.87 1.43 

B 0.74 0.72 0.79 0.77 0.57 0.67 

C 2.07 2.43 2.12 2.17 2.10 2.33 

D 0.86 0.85 0.91 0.83 0.75 0.86 

Average 1.14 1.25 1.18 1.18 1.07 1.32 

Consistency 
difference  
between 

forward & 
backward 

A 5.74 7.74 12.28 5.32 4.98 10.25 

B 22.59 5.37 59.98 53.84 17.26 11.48 

C 11.94 11.58 11.75 44.26 50.25 11.99 

D 162.44 181.71 119.41 15.46 68.85 103.79 

Average 50.68 51.60 50.85 29.72 35.34 34.38 
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Table C.13: The metrics calculated for case study V 

Parameter Driver set 
Models 

LIN ANN SVM KNN SMA WMA 

Error -  
CV(RMSE) 

A 13.38 12.53 12.40 13.49 12.31 13.46 

B 8.42 8.51 8.49 9.46 8.21 9.16 

C 17.10 17.17 17.83 18.78 16.90 18.48 

D 13.86 12.82 12.62 14.32 12.70 14.17 

Average 13.19 12.76 12.83 14.01 12.53 13.82 

Error -  
NMBE 

A 0.05 0.08 0.96 0.00 0.21 0.12 

B 0.04 0.00 0.53 0.62 0.28 0.28 

C 0.01 0.04 1.49 0.39 0.28 0.19 

D 0.01 0.03 0.54 0.06 0.12 0.00 

Average 0.03 0.04 0.88 0.27 0.22 0.15 

Savings std. 
dev.  

across driver 
sets 

NA 2.27 2.09 2.57 0.93 1.20 1.94 

Savings std. 
dev. for  

sensitivity 
repetitions 

A 0.36 0.58 0.29 0.35 0.33 0.35 

B 0.31 0.52 0.18 0.28 0.25 0.32 

C 0.42 0.58 0.78 0.56 0.48 0.54 

D 0.36 0.52 0.32 0.43 0.34 0.44 

Average 0.36 0.55 0.39 0.41 0.35 0.41 

CV(RMSE) 
std. dev. for 
 sensitivity 
repetitions 

A 1.24 1.34 1.41 1.36 1.31 1.34 

B 1.02 1.07 1.12 0.90 1.04 0.87 

C 1.35 1.44 1.93 1.65 1.45 1.74 

D 1.07 1.16 1.12 1.03 1.05 1.05 

Average 1.17 1.25 1.40 1.24 1.21 1.25 

NMBE std. 
dev. for 

sensitivity 
 repetitions 

A 1.60 1.65 1.29 1.44 1.40 1.69 

B 0.90 1.02 0.76 0.93 0.85 0.81 

C 1.94 2.03 2.24 1.95 1.93 1.75 

D 1.55 1.56 1.28 1.59 1.40 1.27 

Average 1.50 1.56 1.39 1.48 1.40 1.38 

Consistency 
difference  
between 

forward & 
backward 

A 1.00 4.68 19.27 0.24 6.94 2.12 

B 586.87 639.95 729.59 29.69 7.87 132.13 

C 0.57 0.40 41.35 19.20 2.84 3.99 

D 0.69 0.60 7.94 10.94 8.89 7.89 

Average 147.28 161.41 199.54 15.02 6.63 36.53 
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Appendix C11 – The baseline test predictions 

 

Figure C.56: The baseline test predictions for case study I using driver set A for case study I 

This section only looks at the daily frequency of case study I as an example. Figure C.56 shows 

the predictions of the baseline models for both the all-data (AD) and sample-data (SD) 

approaches for the baseline dataset when using driver set A and the true energy usage (solid 

black line). I.e., it shows how well the respective models can match the training data. All the 

models tend to match the predictions of one another more than the true energy usage. However, 

there is still some variation, as can be seen when enlarging a portion of the graph (in the red block 

below the graph). 

It can be understood why the SMA model type yields improved accuracy (as discussed in 

section 3.6) on average (based on the CV(RMSE)) when considering the enlarged portion of the 
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graph. The KNN model type can be used as an example to illustrate this. It should be remembered 

that the SMA models are only influenced by the single model types (LIN, ANN, SVM and KNN). 

For some of the data points, the predictions of the KNN model type are the closest to true values 

for both approaches while for other datapoints it is the furthest away. The same argument can be 

applied to each of the model types. This explains why SMA gives the best result in terms of 

absolute accuracy. 

The same arguments presented here are also true for the other driver sets of case study I and for 

the remaining case studies. The baseline prediction plots for case study I for driver sets B to D 

are shown in Figure C.57 to Figure C.59. 

 

Figure C.57: The baseline test predictions for case study I using driver set A for case study I 
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Figure C.58: The baseline test predictions for case study I using driver set A for case study I 

 

 

Figure C.59: The baseline test predictions for case study I using driver set A for case study I 
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