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Abstract 

In this dissertation we study three nonlinear partial differential equations namely the 

Korteweg-de Vries (KdV) equation as an illustrative example, nonintegrable nonlin­

ear equation and two-wave mode Kadomtsev-Petviashvili (TKP) equation. We em­

ploy the multiplier method to find conservation laws. We also use Kudryashov and 

simplest equation methods to obtain exact solutions of a generalized two nonlinear 

partial differential equations. 
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Introduction 

Nonlinear partial differential equations ( LPDEs) have been used to model many 

physical phenomena in various fields such as fluid mechanics, solid state physics, 

plasma physics, chemical physics and geochemistry. Thus, it is important to inves­

tigate the exact solutions of NLPDEs. In general it is not easy to determine exact 

solutions of these equations and rarely can one write down their solutions explicitly. 

Conservation laws [1-3] have been used to determine the existence, uniqueness, sta­

bility of solutions and exact solutions of DEs. Steudel [3] introduced a different 

approach of constructing conservation laws, that involves writing a conserved vector 

in a characteristic form, where the characteristics are the multipliers of the differen­

tial equation. Conservation laws play a remarkable role in the study of differential 

equations. The mathematical idea of conservation laws comes from the formulation 

of well-known physical conserved quantities such as mass, momentum and energy. 

Finding the conservation laws of differential equations is often the first step towards 

finding the exact solutions. Thus, it is essential to study conservation laws of partial 

differential equations (PDEs). 

In the last few decades, a variety of effective methods for finding exact solutions, such 

as homogeneous balance method [4], the ansatz method [5, 6], variable separation 

approach [7], inverse scattering transform method [8], Backlund transformation [9], 

Darboux transformation [10] and Hirota's bilinear method [11] were successfully ap­

plied to NLPDEs. The Kudryashov method was one of the methods for finding exact 

solutions of nonlinear partial differential equations [12]. 

In this dissertation we consider t he Korteweg-de Vries (KdV) equation as an il-
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lustrative example, a generalized nonintegrable nonlinear equation and a two-wave 

mode Kadomtsev-Petviashvili equation. Firstly, we consider the Korteweg-de Vries 

equation of the form 

Ut + UUx + Uxxx = 0 (1) 

as an illustrative example. 

Secondly, we study a generalized nonintegrable nonlinear equation [13] that is given 

by 

(2) 

where u(t,x) is a real valued function and p, µ, >., r, and Qare arbitrary constants. 

Equation (2) models the pressure waves in a mixture of a liquid and gas bubbles by 

taking into account the viscosity of the liquid and the heat transfer . 

Lastly, we consider a two-wave mode Kadomtsev-Petviashvili equation [14] 

-/3s ( Uxxxxx + Uxyy) = 0, 

where u = u(t, x, y) denotes the wave profile. 

The outline of this dissertation is as follows: 

(3) 

In Chapter one, the basic definitions and theorems concerning the multiplier method 

and an illustrative example using multiplier approach to construct conservation laws 

of the Korteweg-de Vries equation are presented. 

In Chapter two, the multiplier method is used to construct conservation laws of a 

generalized nonintegrable nonlinear equation. Moreover, exact solutions of a gen­

eralized nonintegrable nonlinear equation are obtained with the aid of the simplest 

equation method [12]. 

2 



In Chapter three, the conservation laws of a two-wave mode Kadomtsev-Petviashvili 

equation are obtained using multiplier method. Thereafter, we construct the exact 

solutions of a two-wave mode Kadomtsev-Petviashvili equation using Kudryashov 

method. 

In Chapter four, a summary of the results of the dissertation is presented. 

A bibliography is given at the end of this dissertation. 
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Chapter 1 

Preliminaries 

In this chapter, we present some basic methods on how to obtain conservation laws 

and Lie point symmetries of differential equations, which will be utilized in this 

dissertation. We further derive t he conservation laws for the Korteweg-de Vries 

equation via multiplier approach. 

1.1 Fundamental relation on multiplier and Lie 

point symmetries 

In this section, we present the notation that will be used to construct conservation 

laws of (1) by the multiplier method [15]. We will also give some basic definitions 

on Lie point symmetries [16, 17]. 

Consider a kth-order system of partial differential equations of n independent vari­

ables x = ( x1
, x2

, ... , xn) and m dependent variables u = ( u1 , u2 , . .. , um), viz., 

Ea(X, u, U(1), . .. 'U(k)) = 0, O'. = 1, ... ) m, (1.1) 

where U(i), u(2), ... , U(k) denote the collections of all first , second, .. . , kth-order par­

tial derivatives, that is, uf = Di(u0
), u0 = D1Di(u0

), ... respectively, with the total 
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derivative operator with respect to xi is given by 

Di = ~
8

.+uf / + uf1-~
8 + ... , i= l , ... ,n. 

uxi uu°' uu°' 
J 

(1.2) 

The Euler-Lagrange operator, for each a , is given by 

a= 1, ... , m . (1.3) 

Then-tuple vector T = (T1, T 2, . . . , Tn), T1 E A, J 

vector of (1.1) if Ti satisfies 

1, . . . , n , is a conserved 

The equation (1.4) defines a local conservation law of system (1.1 ). 

A mult iplier Aa:(x, u , uci), .. . ) has t he property 

that holds identically. Here we will consider mult ipliers of the zeroth order , 

(1.4) 

(1.5 ) 

i.e., Ao: = Aa: (t, x , u). The right hand side of (1.5) is a divergence expression. The 

determining equation fo r the mult iplier Ao: is 

Definition 1.1 (Point symmetry) The vector field 

X = ~i(x, u) ~
8

. + ri°' (x, u) :::.
8 

, 
uxi uu°' 

(1.6) 

(1.7) 

is said to be a point symmetry of the kth-order part ial differential equation (1.1) , if 

(1.8) 

whenever Ea = 0. This can also be written as 

(1.9) 

where the symbol IEa=D means evaluated on t he equation Ea: = 0. 
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Definition 1.2 (Generator) Consider the vector field 

(1.10) 

which has the second-order prolongation 

where 

(t Dt('fl) - UtDt(T) - UxDt(~), 

(x Dx('fl) - UtDx(T) - UxDx(~), 

(tt Dt((1) - UttDt(T) - UtxDt(O, 

(tx Dx((1) - Utt Dx(T) - UtxDx(O, 

(xx Dx((2) - UtxDx(T) - UxxDx(~). 

and 

a a a a 
-+Ut- +Utt- +Utx- + · .. , ot OU OUt OUx 
a a a a 

-;:_;- + Ux-;:_;- + Uxx-;=_;-- + Utx-;:;-- + · · ·, 
UX UU UUx UUt 

1.2 An illustrative example on finding conserva­

t ion laws via multiplier approach 

In this section we will employ the multiplier method to construct the first-order mul­

tiplier of the Korteweg-de Vries equation. Thereafter, we will derive the associated 

conservation laws of the KdV equation. 

Consider the Korteweg-de Vries equation of the form 

Ut + UUx + Uxxx = 0 (1.12) 
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and take the first order multiplier A(t, x, u, Ut, ux), Then from equation (1.6), we 

have 
5 

bu [A(t , X, u, Ut, Ux)(ut + UUx + Uxxx)] = 0, 

where the Euler-Langrage operator 5 / 5u is defined by 

5 
5u 

and the total differential operators are given by 

[) [) [) [) 
Dt = -+ut- +utt- +utx-+ · · ·, ot OU OUt OUx 

[) [) [) [) 
~ + Ux~ + Uxx~ + Utx~ + · · · • 
UX UU UUx UUt 

Expanding equation (1.13) leads to 

[[) [) [) 2° 2 [) 2 [) 
--Dt--D -+D -+D ---DtD - -
8u OUt x OUx t OUtt x OUxx x OUtxx 

(A(ut + UUx + Uxxx )) = 0, 

Au(Ut + UUx + Uxxx) + UxA - Dt(Aut (Ut + UUx + Uxxx) + A) 

-Dx(Aux(Ut + UUx + Uxxx ) + uA) - D~(A) = 0. 

(1.13) 

(1.14) 

D4 8 ] 
I x OUxxxx 

Since A depends only on t, x, u, Ut and ux, the coefficients of the like derivatives can 

be equated to zero to yield the following system of overdetermined linear partial 

differential equations: 

Auu = 0, 

Aux= 0, 

Axx = 0. 
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(1.15) 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

(1.20) 



Integrating equations (1.15) and (1.16) with respect to Ut and Ux, respectively gives 

A= b(t, x, u). 

Differentiating equation (1.21) with respect to u twice, we obtain 

Then equation (1.18) implies that 

Integrating (1.23) twice with respect to u, we obtain 

b = uc(t, x) + d(t, x). 

Then equation (1.21) becomes 

A= uc(t, x) + d(t, x). 

Again differentiating equation (1.25) twice with respect to x, we obtain 

Now using equation (1.20), we get 

UCxx + dxx = 0. 

Splitting the above equation with respect to u yields 

u 

1 

Cxx = 0, 

dxx = 0. 

Integrating equation (1.28) and (1.29) respectively, with respect to x gives 

c(t, x) = xe(t) + f(t), 

and 

d(t, x) = xg(t) + h(t). 
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(1.21) 

(1.22) 

(1.23) 

(1.24) 

(1.25) 

(1.26) 

(1.27) 

(1.28) 

(1.29) 

(1.30) 

(1.31) 



Therefore equation (1.25) yields the following 

A= xue(t) + uf(t) + xg(t) + h(t). 

Again by differentiating equation (1.32) with respect to t and x, we obtain 

Ax= ue + g. 

Substituting equation (1.33) and (1.34) into (1.17), yields 

Splitting the above equation with respect to the powers of u, we get 

u2 

u 

1 

e = 0, 

Xet +ft+ g = 0, 

X9t +ht= 0. 

Again, splitting (1.37) and (1.38) respectively with respect to x, gives 

X 

1 

and 

X 

1 

ft+ g = 0, 

9t = 0, 

ht= 0. 

Now, simplifying the above equations, yields 

g 

f 

h 

g 

(1.32) 

(1.33) 

(1.34) 

(1.35) 

(1.36) 

(1.37) 

(1.38) 

(1.39) 

(1.40) 

(1.41) 

(1.42) 

(1.43) 

(1.44) 

(1.45) 



Substituting (1.43), (1.44) and (1.45) into (1.32), we get the following multiplier 

(1.46) 

We now recall equation (1.5) , viz., 

(1.47) 

to construct the conservation laws of equation (1.12). Employing the above equation 

(1.47), we get 

[xk1 - tuk1 + uk2 + k3](ut + UUx + Uxxx) 

[
8 8 8 8 8 8 ] 1 = ~ + Ut-;:;- +Utt~+ Utx-;:;-- + Utxx~ + 1lttx~ T (t, X, U, U:r., Uxx) 
ut UU UUt UUx UUxx UUtx 

[8 8 8 8 8 8] 2 + -;:;- + Ux-;:;- + Uxx-;:;-- + Utx--;=;- + Uxxx~ + Utxx~ T (t, X, u, Ux, Uxx)-
uX UU UUx UUt UUxx UUtx 

Simplifying the above equation gives 

Splitting equation (1.48) on Ut, Utx, Utxx and Uxxx yields 

Ut T~ = xk1 - tuk1 + uk2 + k3, (1.49) 

Utx T~x = 0, (1.50) 

Utxx T~xx = 0, (1.51) 

Uxxx ri = xk1 - tuk1 + uk2 + k3, xx (1.52) 

1 ~l + T; + UxTi + Uxxrix = k1UUx(x - tu)+ UUx(uk2 + k3). (1.53) 

We can now solve the above equations for T1 and T 2 . From equation (1.49) , we 

obtain 

(1.54) 

where A(t, x, ux, Uxx) is an arbitrary function of t, x, Ux and Uxx· Using equation 

( 1. 50) and equation ( 1. 54) , we get 

1 tu2k1 u2
k2 

T (t , x, u , Ux, Uxx) = xuk1 - -
2

- + -
2

- + uk3 + B(t , X, Uxx), (1.55) 
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where B(t , x, Uxx) is an arbitrary function oft, x and Uxx· Differentiating equation 

(1.55) with respect to Uxx , gives 

T1 = B Uxx Uxx · (1.56) 

Equating the above equation to zero using equation (1.51), we obtain 

(1.57) 

Integrating equation (1.57) with respect to Uxx, yields 

B = C(t, x). (1.58) 

Thus equation (1.55) becomes 

(1.59) 

where C(t , x) is an arbitrary function oft and x only. The integration of equation 

(1.52) with respect to Uxx, yields 

where D(t, x, u, ux) is an arbitrary function oft, x, u and Ux. Differentiating equation 

(1.59) with respect to t and equation (1.60) with respect to x, u and Ux respectively 

and substituting the resulting derivatives into equation (1.53), we obtain 

Splitting the above equation with respect to Uxx, yields 

1 

k1 - tuxk1 + Uxk2 + Dux = 0, 

u2k1 
--

2
- +Ct+ Dx + UxDu = k1uux(x - tu)+ uux(uk2 + k3). 

Equation (1.62), implies that 

D k tu;k1 u;k2 E( ) = -Ux 1 + -
2
- - -

2
- + t, X, U . 

11 

(1.61) 

(1.62) 

(1.63) 

(1.64) 



Since Dx = Ex and Du= Eu, then equation (1.63) , implies that 

C(t,x) = t2u2uxk1 2 tu2k1 
xtuuxk1 -

2 
+ tu Uxk2 + tuuxk3 + -

2
-

-J Exdt - Ux J Eudt. 

Therefore equations (1.59) and (1.60) reduce to 

u2 
k2 t2u2uxk1 

xuk1 + -
2
- + uk3 + xtuux k1 -

2 

+tu2uxk2 + tuuxk3 - J Exdt - Ux J Eudt, 

XUxxkl - tUUxxkl + UUxxk2 + Uxxk3 - Uxkl 

tu;k1 u;k2 E 
+-2---2-+ . 

(1.65) 

(1.66) 

(1.67) 

Now differentiating equation (1.66) with respect to Ux and using equation (1.50) , we 

obtain 

Simplifying equation (1.68) , yields 

E( ) 
xu2k1 tu3k1 u3

k2 u
2
k3 F( ) txu=-----+--+--+ tx. 

' ' 2 3 3 2 ' 

Now we have 

(1.68) 

(1.69) 

(1.70) 

(1.71) 

(1.72) 

Back substitution of equations (1.69)-(1.72) into (1.66) and (1.67) respectively, we 

obtain 

(1.74) 
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Differentiating equation (1.73) with respect to u, gives 

(1.75) 

Using equation (1.49), equation (1.75) can be written as 

(1. 76) 

Now equation (1.76), becomes 

(1.77) 

Equation (1. 77) implies that 

G = I(x). (1.78) 

Then equations (1.73) and (1.74), becomes 

(1. 79) 

Therefore the components of the conserved vectors associated with the above multi­

plier (1.46) are 

respectively. 

r,t 
2 

r,t 
3 

tu2 

xu- 2 , 
tu2 xu2 tu3 

XUxx - tUUxx - Ux + 
2 

x + 2 - 3 , 
u2 

2' 
u2 u3 

uu - 2 +-xx 2 3 ) 

u, 
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Chapter 2 

Conservation laws and exact 

solutions of a generalized 

nonintegrable nonlinear equation 

It is known that particular kink-shaped wave solutions to nonlinear nonintegrable 

equations may be employed to account for important features of the kink evolut ion 

observed in numerical solutions and to check the last solutions without computations. 

Thus, an exact travelling wave solution may predict boundary condit ions suitable for 

the kink realization in numerics. 

Thus, in this chapter, we consider a generalized nonintegrable nonlinear equation [13] 

given by 

(2. 1) 

where p, µ , >. , 71 and Q are arbitrary constants. The above equation arises to account 

for shear strain waves u(x, t) in a growth plate of a long bone. Equation (2.1) 

possesses nonlinear, dispersive and dissipative terms as well as the term responsible 

for inhomogeneity. Here we will use the multiplier method to construct conservation 

laws of equation (2.1). Thereafter, we will employ the simplest equation method to 

obtain exact solutions of equation (2.1) . 
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2.1 Conservation laws of a generalized noninte­

grable nonlinear equation (2.1) 

In this section we construct the conservation laws of equation (2.1). We will con­

sider multipliers of the second order A(t, x, ·u, 'Ut, Ux, Utt, Uxx, Utx). Thus equation (1.6) 

becomes 

8: [A(t, x, u, Ut , Ux, Utt, Uxx, Utx)(PUtt - µuxx -6..\uu; -3..\u2Uxx -'r]Utxx - Quxxxx)l = 0, 

(2.2) 

where the Euler-Langrage Operator 8/8u is given by 

8 
8u 

and the total differential operators are defined by 

a a a a 
Dt = - + Ut- + Utt- + Utx- + " · , 

at Bu But Bux 

a a a a 
-
8 

+ Ux-
8 

+ Uxx-
8 

+ Utx-
8 

+ .. ·. 
X U Ux Ut 

The expansion of equation (2.2) gives 

[a a a 2 a 2 a 2 a 4 a] --Dt--D -+D -+D --- DtD --+D -­
Bu But X aux t Butt X Buxx X autxx X auxxxx 

(A(putt - µuxx - 6..\uu; - 3..\u2Uxx - 7]Utxx - Quxxxx)) = 0, 

Au(PUtt - µuxx - 6..\uu; - 3..\u2Uxx - 7]Utxx - Quxxxx) - 6..\A(u; + UUxx) 

-Dt(Aut(PUtt - µuxx - 6..\uu; - 3..\u2Uxx - 'r]Utxx - Quxxxx)) 

-Dx(AuJputt - µuxx - 6..\uu; - 3..\u2Uxx - 7]Utxx - Quxxxx) - 12..\uuxA) 

(2.3) 

+D;(AutJPUtt - µuxx - 6..\uu; - 3..\u2Uxx - 'r]Utxx - Quxxxx) + pA) 

+D;(Auxx(PUtt - µuxx - 6..\uu; - 3..\u2Uxx - 'r]Utxx - Quxxxx) +A(µ+ 3..\u2
)) 
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Since A depends only on t, x, u, Ut, Ux, Uxx, Utt and Utx, we then equate the coefficients 

of the like derivatives to zero to obtain the following system of overdetermined linear 

partial differential equations: 

Au= 0, 

Aut = 0, 

Autt = 0, 

A Utx = 0, 

Au,,= 0, 

Au,,,, = 0, 

Att = 0, 

Axx = 0. 

Integrating equation (2.11) twice, with respect to x we obtain 

A= b(t , u, Ut, Ux, Utt, Uxx, Utx)X + c(t, u, Ut, Ux, Utt, Uxx, Utx) , 

Differentiating equation (2.12) with respect to t twice, WP. obtain 

Then equation (2.10) implies that 

bttX + Ctt = 0. 

Splitting the above equation with respect to x yields 

X 

1 

btt = 0, 

Ctt = 0. 

Integrating equation (2.15) and (2.16) respectively, with respect to t gives 

(2.4) 

(2.5) 

(2 .6) 

(2. 7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2 .15) 

(2.16) 

b(t, U, Ut, Ux, Utt, Uxx, Utx) = d( Ux, Ut, Uxx, Utt, Utx)t + e( Ux, Ut, Uxx, Utt, Utx) (2. 17) 

and 

16 



Now equation (2.12) becomes 

A = dtx + ex + ft + g. (2.19) 

Differentiating equation (2. 19) with respect to Ut and using equation (2.5), we get 

Splitting the above equation with respect to x yields 

X 

1 

dutt + eut = 0, 

futt + 9ut = 0. 

Again splitting equation (2.21), with respect tot gives 

t 

1 

Also splitting equation (2.22), with respect tot, we obtain 

t 

1 

Simplifying (2.23), (2.24), (2.25) and (2.26) respectively, we get 

d h( Ux, Uxx, Utt, Utx), 

e i ( Ux , Uxx , Utt , Utx) , 

f j(ux, Uxx, Utt, Utx), 

g k ( Ux , Uxx, Utt, Utx) , 

Now equation (2 .19) reduces to 

A = htx + ix + jt + k. 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2 .26) 

(2.27) 

(2.28) 

(2.29) 

(2 .30) 

(2 .31) 

Differentiating equation (2.31) with respect to Ux and using equation (2.8) gives 

(2. 32) 
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Splitting the above equation with respect to x yields 

X 

1 

huxt + iux = 0, 

Juxt + kux = 0. 

The separation of equation (2.33), with respect to t gives 

t 

1 

Again, splitting equation (2.34), with respect tot gives 

t 

1 

Simplifying (2.35), (2 .36), (2.37) and (2.38) respectively, we obtain 

h = l ( Uxx, Utt , Utx) , 

i = m( Uxx , Utt, Utx), 

J n ( Uxx , Utt, Utx) , 

k o( Uxx, Utt, Utx). 

Now equation (2.31) becomes 

A = ltx + mx + nt + o. 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

Differentiating equation (2.43) with respect to Utt and invoking equation (2.6) gives 

Splitting the above equation with respect to x yields 

X 

1 

luttt + mutt = 0, 

nuttt + o'Utt = 0. 

The separation of equation (2.45), with respect to t gives 

t 

1 

lutt = 0, 

mutt= 0. 
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(2.44) 

(2.45) 

(2.46) 

(2.47) 

(2.48) 



Again, splitting equation (2.46), with respect tot yields 

t 

1 

nutt = 0, 

Dutt= 0. 

Simplifying (2.47), (2.48), (2.49) and (2.50) respectively, we obtain 

q(uxx, Utx) , 

m r(Uxx, Utx) , 

n s( Uxx, Utx), 

0 v( Uxx, Utx) · 

Now equation (2.43) becomes 

A = qtx + rx + st + v. 

(2 .49) 

(2.50) 

(2.51) 

(2.52) 

(2.53) 

(2.54) 

(2 .55) 

The differentiation of equation (2.55) with respect to Uxx and using equation (2.9) 

gives 

Splitting the above equat ion with respect to x yields 

X 

1 

qu,,,, t + ru,,,, = 0, 

Su,,,,t + Vu,,,, = 0. 

The separation of equation (2.57), with respect tot gives 

t 

1 

qUxx = 0, 

ru,,,, = 0. 

Again, splitting equation (2.58), with respect tot implies 

t 

1 
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(2.56) 

(2.57) 

(2.58) 

(2.59) 

(2.60) 

(2 .61) 

(2.62) 



Simplifying (2.59), (2.60), (2.61) and (2.62) respectively, we obtain 

Now equation (2.55) becomes 

q = w(utx), 

r y(utx), 

s 

V 

A = wtx + yx + zt + f3. 

(2 .63) 

(2 .64) 

(2.65) 

(2.66) 

(2.67) 

Differentiating equation (2.67) with respect to Utx and employing equation (2.7) gives 

Splitting the above equation with respect to x yields 

X 

1 

The separation of equation (2.69), with respect to t gives 

t 

1 

Again, splitting equation (2. 70), with respect to t yields 

t 

1 f3uxx = 0. 

Simplifying (2.71), (2.72), (2.73) and (2.74) respectively, we obtain 

w 

y 

z - k2, 

/3 
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(2.68) 

(2.69) 

(2.70) 

(2.71) 

(2.72) 

(2 .73) 

(2.74) 

(2.75) 

(2.76) 

(2.77) 

(2.78) 



Therefore, equation (2.67) yields the following multiplier: 

(2.79) 

We now apply equation (1.5) to construct the conservation laws of equation (2.1) 

(2.80) 

The insertion of equation (2 .79) and equation (2.1) into equation (2.80) and expan­

sion yields 

[(k1X + k2)t + k3X + k4](PUtt - µuxx - 6>-uu; - 3Au2Uxx - 'r/Utxx - Quxxxx) 

[
[) 8 8 8 8 8 8 ] 1 = !'.:it+ Ut~ +Utt~+ Utx~ + Uttt~ + Utxx~ + Uttx~ T 
U UU UUt UUx UUtt UUxx UUtx 

[
[) 8 8 8 8 8 8] 2 + ~ +ux~ +uxx~ +utx~ +uxxx~ +uttx~ +utxx~ T , 

UX UU UUx UUt UUxx UUtt UUtx 
(2.81) 

where T 1 and T 2 depend up to third-order derivatives. 

Solving the above equation for T 1 and T 2 , we obtain the following conservation laws 

corresponding to the above multiplier (2 .79): 

1 1 
- pxu + 3 rJtux - 3 r7txuxx + ptxut, 

T X 2 3 1 Q 1 Q 
1 - - 3 r7u + >-tu + µtu + 3 r1txux + tuxx + 3 r,tut - µtxux - txuxxx -

2 2 

3 r,tXUtx - 3>-txu Ux; 

1 
- pu - 3 r7tuxx + ptut, r,t -2 

2 2 1 
-3>-tu Ux - µtux - Qtuxxx - 3 rJtutx + 3 r,ux; r,x 

2 

1 1 

3 'r/Ux - 3 'ryXUxx + pXUt, r,t 
3 

2 2 1 3 
-µxux - Qxuxxx - 3 r7 XUtx - 3>-xu Ux + µu + Quxx + 3 'r/Ut + AU ; r,x 

3 

1 
- 3 'r/Uxx + PUt, rt 

4 

2 2 
-3AU Ux - µux - Quxxx - 3 'r/Utx· TX -4 
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2.2 Point symmetries of equation (2.1) 

This section aims to compute the Lie point symmetries of a generalized nonintegrable 

nonlinear equation (2. 1) and latter use them to transform a nonintegrable nonlinear 

equation (2.1) into ordinary differential equations (ODEs). Thereafter we construct 

exact solutions of equation (2.1) . 

The symmetry group of the nonintegrable nonlinear equation (2. 1) will be generated 

by the vector field of the form 

(2.82) 

where T and ~ are functions of t, x and u. Applying the third prolongation X(3
) 

to equation (2.1) , we obtain an overdetermined system of linear partial differential 

equations, namely; 

Tx = 0, 

Tu= 0, 

2~; - Tt = 0, 

~~ + 2(; = 0, 

P7 tt - 2p(;u + 'Tl~;xu = 0, 

2p(j + 277~;u - 17(;x = 0, 

-6Q(;x + 4Q(;u - 11a = 0, 

3u2 .\~;x - P~Zt + µ~;x + Q(;xxx + 'Tl~Zxx = 0, 

6u2 >-~; + 6u>-e - 4Q(;xx - 277(ix + 11au + 6Q(;xu + 2µ(; = 0, 

6u2 >-~;u - 3u2 >-(;x + 12u.\(; + Pat - Q~;xxx + 4Q(;xxu - 17(;xt + 217(Zxu + 2µ(;u 

-µ(;x = 0. 

Solving the resulting system of linear partial differential equations, we obtain the 
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following two Lie point symmetries: 

We now invoke the symmetry combination of X = X1 + wX2 , to get the invariant: 

u = </J (z) (2 .83) 

where z = x - wt. 

Substituting equation (2.83) into equation (2 .1) and simplifying yields 

2.2.1 Exact solutions using simplest equation method 

The basic idea in the simplest equation method is as follows. Let us consider the 

solutions of (2 .84) in the form 

M 

</J(z) = L Ai(H(z ))i (2.85) 
i =O 

where H(z) is a solution of Bernoulli or Riccati equation, M is a positive integer t hat 

can be determined by balancing technique as in [12] and A0 , · · · , AM, are parameters 

to be computed. 

The Bernoulli equation 

H'(z) = aH(z) + bH2 (z ), (2 .86) 

where a and b are constants whose solution is given by 

H z = a{ cosh[a(z + C)] + sinh[a(z + C)] } . 
( ) 1 - bcosh[a(z + C)] - bsinh[a(z + C)] 

(2.87) 

For the Riccati equation 

H'(z) = aH2 (z) + bH(z ) + c, (2.88) 
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where a, b and c are constants, we shall employ the solut ions 

H(z) = -- - - tanh -0(z + C) b 0 [1 ] 
2a 2a 2 

(2.89) 

and 

H(z) = _.!!_ - !__ tanh (! ez) + sech (~) 
2a 2a 2 C cosh ( 0

2
z) - 2

0
a sinh ( 8{)' 

(2.90) 

where 02 = b2 
- 4ac > 0 and C is a constant of integration. 

2.2.2 Application of the simplest equation method:Bernoulli 

equation 

In t his case the balancing procedure gives M = 1 so the solut ions of (2. 1) are of the 

form 

(2.91) 

Inserting (2.91) into equation (2.84) and making use of equation (2.86) and then 

equating all coefficients of the functions Hi to zero, yields the following overdeter­

mined system of algebraic equations in terms of Ao and A1: 

-24 Qb4A1 - 12 >-b2 Af = 0, 

-60 Qab3 A1 - 21 >-abAf + 6 rywb3 Ai - 18 >-b2 AoAf = 0, 

-Qa4 A1 + rywa3 A1 - 3>-a2 A6Ai + pw2a2 Ai - µa2 A1 = 0, 

-15Qa3bA1 + 7rywa2bA1 - 12>-a2 AoAi - 9>-abA6A1 + 3pw2abA1 - 3µabAi = 0, 

-50Qa2b2 Ai - 9>-a2 Af + 12rywab2 A1 - 30>-abAoAi - 6>-b2 A6A1 + 2pw2b2 Ai 

-2µb 2 Ai= 0. 

Solving the resulting system of algebraic equations, we get 

µ 

Ao -

2Qb2 

-;r, 
1 

3Q2a2 + 6Qpw2 + ry2w2 

6Q 
A1 (3Qa - ryw) 

6Qb 
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Therefore, the solution of equat ion (2 .1) is 

( ) _ A A { cosh [a(z + C)] + sinh [a (z + C)] } 
u t ,x- o+ 1a 

1 - bcosh[a(z + C)] - bsinh[a(z + C)] 
(2.92) 

where z = x -wt and C is a constant of integration. Thus, the profile of the solution 

Figure 2.1 : Profile of solution (2.92). 

2.2.3 Application of the simplest equation method:Ricatti 

equation 

The balancing procedure yields M = 1, so t he solut ions of (2.84) are of t he form 

(2.93) 

Substituting (2.93) into equation (2.84) and making use of equation (2.88) and t hen 

equating all coefficients of the functions H i to zero, we get the following ovcrdeter-
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mined system of algebraic equations in terms of A0 and A1 : 

-24Qa4A1 - 12>.a2 Af = 0, 

-60Qa3bA1 + frf}wa 3 A1 - 18>.a2 AoAi - '.21>.abA~ = U, 

-8Qabc2A1 - Qb3cA1 + 2rJwac2 A1 + rJwb2cA1 - 3>.bcA6A1 + pw2bcA1 

-6>.c2 A0Af - µbcA1 = 0, 

-40Qa3cA1 - 50Qa2b2 A1 + l2rJwa2bA1 - 6>.a2A6A1 + 2pw2a2 A1 - 30>.abAoAi 

-18>.acAf - 9>.b2 Ai - 2µa2 A1 = 0, 

-60Qa2bcA1 - 15Qab3 A1 + 8rJwa2cA1 + 7rJwab2 A 1 - 9>.abA6A1 + 3pw2abA1 

-24>.acAoAi - 12>.b2 A0Af - 15>.bcAf - 3µabA1 = 0, 

-16Qa2c2A1 - 22Qab2cA1 - Qb4 A1 + 8rJwabcA1 - 6>.acA6A1 + 2pw2 acA1 

+rJwb3 A1 - 3>.b2 A6A1 + pw2b2 A1 - 18>.bcA0Ai - 6>.c2 Ai - 2µacA1 - µb2 A1 = 0. 

Thus the solutions of the above system of algebraic equations are 

Q 
>. Af 
2a2 ' 

µ 
4rJ2w2a4 

- 12,\ p w2a2 Af - 12>.2acAf + 3>.2b2 Af 
12>.a2 Af 

Consequently a solution of equation (2.1) is 

(2.94) 

and 

{ 
b e ( 1 ) sech ( ~) } 

u(t, x) =Ao+ A1 - 2a - 2a tanh 20z + C cosh (0;) _ 2
0
a sinh (0;) (2.95) 

where z = x - vt and C is a constant of integration. 
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Figure 2 .2: Profile of solution (2.94). 

2.3 Concluding remarks 

Exact solutions and conservation laws of a generalized nonintegrable nonlinear equa­

tion were computed. Simplest equation method was employed to find exact solutions 

of the underlying equation, while the conservation laws were computed via the mul­

t iplier approach. 
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Conservation laws and exact 

solutions of a generalized two-wave 

mode Kadomtsev-Petvishvili 

equation 

Lie symmetry analysis is performed on a two-wave mode equation for the integrable 

Kadomtsev-Petviashvili (TKP) equation which describes the propagation of two dif­

ferent wave modes in the same direction simultaneously. The similarity reductions 

and an exact solution are computed. In addition to this, we derive the conservation 

laws for the underlying equation. 

The scholarship of nonlinear evolution equations (NLEEs) has made an extensive 

advancement during the last few decades [1-15]. A plethora of methods has been 

used to carry out the integration of such equations. Some of the most frequently 

used techniques are the tanh method, Hirota's bilinear method and Lie symmetry 

methods. 

The Korteweg-de Vries (KdV) equation [20] 

Ut + 6UUx + Uxxx = 0 (3.1) 
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describes the dynamics of solitary waves. It is an significant equation in the theory 

of integrable systems since it has an infinite number of conservation laws, multiple­

soliton solutions, and many other physical properties. A natural generalization of 

the KdV equation is the Kadomtsev-Petviashvili (KP) equation [21] 

(3.2) 

which is a model for shallow long waves in the x-direction with some mild disper­

sion in the y-direction. It is entirely integrable by the inverse scattering transform 

method and provides multiple-soliton solutions. Korsunsky [22] introduced the non­

linear dispersive two-wave mode Korteweg-de Vries equation (TKdV) for the inte­

grable KdV equation 

Utt - s2uxx + UxUt + UUxt - as(u; + UUxx) + Uxxxt - /3SUxxxx = 0. (3.3) 

The TKdV equation (3.3) models the propagation of two distinct wave modes in the 

same direction concurrently with the same dispersion relation but different phase 

velocities, nonlinearity and dispersion parameters. It should be noted that for s = 0, 

the TKdV equation (3.3) reduces to the classic KdV equation (3.1) after integrating 

with respect to time t. A two-wave mode Kadomtsev-Petviashvili (TKP) equation 

[14] is 

(3.4) 

It describes the propagation of two different wave modes in the same direction si­

multaneously. It should be noted that for s = 0, the TKP reduces to the classical 

KP equation (3.2). 

In this chapter the TKP (3.4) is studied. Lie symmetry method along with the 

Kudryashov method are employed. Moreover, we use the multiplier method to derive 

the conservation laws for (3.4). 
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3.1 Lie point symmetries of (3.4) 

The vector field operator 

X = e(t, x, y, u) :t + e(t, x, y, u) :x + (3(t, x, y, u) :y + rJ(t, x, y, u) :u (3.5) 

is a Lie point symmetry of (3.4) if 

X[5
] { Uttx - s2uxxx + 6( UtxUxx + UxUxxt) - as(6u~x + 6UxUxxx ) + 

Uxxxxt + Utyy - (3s( Uxxxxx + Uxyy) = o} I = 0, 
(3.4) 

where x [5] is the fifth extension of (3 .5) . Expanding the above equation and splitting 

on the derivatives of u leads to an overdetermined system of linear partial differential 

equations: 

~: = 0, 

~t = 0, 

~t = 0, 

~; = 0, 

~~ = 0, 

~; = 0, 

~~ = 0, 

~~ = 0, 

~;x = 0, 

'Tltu = 0, 

'Tlxu = 0, 

'Tluu = 0, 

'T/yyu = 0, 

-~;Y + 2rJyu = 0, 
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-TJxxxas + T/txx = 0, 

-~lt + 6TJxx = 0, 

~; + T/u = 0, 

2~; - ~; = 0, 

-~; + 377x = 0, 

-~;Y + 2TJyu = 0, 

6TJxa +~ls+ ~;s = 0, 

-l2TJxxas + 6TJtx - ~Zt = 0, 

-TJuas - ~las - ~; = 0, 

-TJuas - ~;as - ~; = 0, 

-a (3s + (3s~; - ~; = 0, 

-~l (3s - 3(3s~; + 2(3s~; - ~; = 0, 

-{3STJxyy - f3sTJxxxxx - T/xxxS
2 + T/ttx + T/tyy + T/txxxx = 0. 

Solving the above system with the aid of Maple yields the following symmetries of 

equation (3.4): 

X1 
0 
ot' 

X2 
0 
oy' 

X3 
0 
ox' 

X4 
0 

p(y) OU' 

Xs 
0 

q(t) OU) 

X5 
0 

yr(t ) ou. 
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3.1.1 Symmetry reductions of (3.4) 

Taking the linear combination of the translation symmetries, r = a1X 1 +a2X 2 +a3X 3 

converts (3.4) to a partial differential equation (PDE) in two independent variables. 

The symmetry r yields the following three invariants: 

By employing the above invariants, we construct the transformed equation as 

¢119a23 - s2¢999 a23 + 6¢19a2 4¢99 + 6¢9a2 4¢199 

- as (6¢9a24¢999 + 6¢9/a2 4
) + ¢19999 a25 (3.6) 

+ (- (-¢1f!a1 - ¢119as) a1 - (- ¢119a1 - ¢199as) as) a2 - /3s (¢99999 a2
5 

+ (- (-¢119 a1 - ¢199as) a1 - (- ¢199 a1 - <p999 as) as) a2) = 0. 

The Lie point symmetries of the above equation are as follows: 

8 
y 2 = 8g' 

8 
".f3 = 8¢' 

Considering a linear combination b1 Y 1 + b2 Y 2 , one obtains the invariants 

and this leads to following nonlinear ordinary differential equation 

3.1.2 

Fzzz (a2b2 - a3b1) a/b/ - s2 Fzzz (a2b2 - a3b1)3 

+ 6Fz/ (a2b2 - a3b1) 3 a1b1 + 6Fz (a2b2 - a3b1)3 Fzzz a1b1 

- as (6Fz/ (a2b2 - a3b1)4 + 6Fz (a2b2 - a3b1)
4 Fzzz) 

+ Fzzzzz (a2b2 - a3b1)4 a1b1 + Fzzza13blb1 

- f3s (Fzzzzz (a2b2 - a3b1) 5 + Fzzz a12b/ (a2b2 - a3b1)) = 0. 

Kudryashov method 

(3.7) 

In this subsection we use the Kudryashov method [12, 23, 24]. To the best of our 

knowledge, it is for the first time that this method has been applied to (3 .4). The 

solutions of (3.7) are of the form 

(3.8) 
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Inserting (3.8) into (3.7) and utilizing Riccati equation [12, 23, 24], and thereafter 

setting the coefficients of powers of Hi to zero, gives rise to the following system: 

-,BsA1a~bf - A1a~bf b2 - s2 A1a~bi + A1a~b1b~ - ,BsA1a2a~bi - A1aia2b~ -

,BsA1aia2b1b~ + 2A1a1a2a3b1b~ - A1a2a~bib2 + 2,BsA1a1a2a3bib2 = 0, 

31,BsA1a~bf + 31A1a~bfb2 - 12asAia~bf - 12Aia~bib2 + 7s2 A1a~bi -

7 A1a~b1b~ + 7,BsA1a2a~bi + 7 A1aia2b~ + 7,BsA1aia2b1b~ - 14A1a1a2a3b1b~ + 

7 A1a2a~bib2 - 14,8sA1a1a2a3bib2 = 0, 

-180,BsAia~br - l80A1a~bfb2 + 84asAia~bf + 84Aia~bib2 - 12s2 A1a~bi + 

12A1a~b1b~ - l2,6sA1a2a~bi - 12A1aia2b~ - l2,BsA1aia2b1b~ + 24A1a1a2a3b1b~ -

12A1a2a~bib2 + 24,6sA1a1a2a3bib2 = 0, 

390,BsAia~br + 390A1a~bfb2 - 192asAia~bf - 192Aia~bib2 + 6s2 A1a~bi -

6A1a~b1b~ + 6,BsA1a2a~bi + 6A1aia2b~ + 6,BsA1aia2b1b~ - 12A1a1a2a3b1b~ + 

6A1a2a~bib2 - 12,8sA1a1a2a3bib2 = 0, 

-360,6sA1a~br - 360A1a~bfb2 + 180asAia~bf + l80Aia~bib2 = 0, 

l20,BsA1a~bf + 120A1a~bfb2 - 60asAia~bf - 60Aia~bib2 = 0. 

The solution for the above system with the aid of Maple is 

s 

L 

2 (,Bsa2bi + a2b2b1) 
asb1 + b2 

[ (,Ba~br + ,Ba~bi - 2,8a1a3b2bi + ,6aib~b1) 2 

-4a~bi ( a~b2bf + a~b2bi - a~b~b1 - 2a1a3b~b1 + aib~)] ½. 

Therefore, the solution of equation (3.4) is 

Ao+ 2 ( a2b1b2 + 2a~bi ,8 (-,Ba~bf - ,Ba~b~ + 2f3a1a3bf b2 - ,Baf bib~+ L)) 

33 



3.2 Conservation laws 

In this section ·we compute the conservation law of the (3.4) using the multiplier 

method. Here we will consider multipliers of the zeroth order, 

i.e., Aa = Aa(t, x, u). The right hand side of (1.6) is a divergence expression. The 

determining equation for the multiplier Aa is 

Expanding the above equation with help of Maple computer algebra system prompts 

the following Lemmas: 

Lemma 1. The TKP equation (3.4) establishes the conservation law multiplier of 

the form 

whenever a = f3 . 

Lemma 2. The TKP (3.4) constitutes the conservation law multiplier of the form 

whenever a= f3 = l. 

Lemma 3. The TKP (3.4) admits the conservation law multiplier of the form 

whenever a= f3 = -l. 

P roof of the above Lemmas. One can deduce this from (1.6). Consequentially 

we conclude that the conservation laws corresponding to the above A1 , A2 , A3 are 

respectively given by the following: 

Tf = 
121 2 1 1 23 12 

-3UxxxU - 3UxUt + 3UUtx + 5UUxxxx - 5UxxxUx + 2UxUxxU - 3Ux + 10 Uxx 

1 2 1 
-(3UY + 3UUyy, 
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TX 
1 

TY 
1 

Ti 

1 2 2 3 1 
/3SUxUxxx - 6/3SUUxUxx - 2f3suxx + 

5
utxUxx -

5
uxUtxx -

3
{3sUUyy - /3SUUxxxx 

3 2 2 1 2 10 1 2 4 1 
+2f3sux - s UUxx + 3UUxxUt + rlsuy + 3U'l.lxUtx - 6Ut + 5UUtxxx + 3UUtt 

1 122 42 12 
-

5
UtUxxx + 2s Ux -

3
uxUt + 

3
u Utxx, 

2 1 2 1 
-

3
{3sUUxy + 

3
{3sUxUy + 

3
uuty -

3
utUy, 

1 2 I/ II l 3 I/ l 3 I/ l 2 2 ( ) 
4 X UxxUk2 + X Uxk2 + 4 X UxUxxk2 -

12 
X UxxxUk2 + 3 /3 S Uxk2 Y + 

2 2 k() 1 2 () 1 2 () 1 2 II 1 2 I 

3 S tUtx 2 Y + 5 S tuxxxx k2 Y + 3 S tuyyk2 y + 3 S Utk2 - 3 S tuyc2 + 

1 132 2t2 k" l j3 t 2 k" l 132 2t2 k" l /3 2 t k" l O S XUxxxx ~ 2 + l O S X Uxxxx 2 + 6 S XUyy 2 + 6 X S Uyy 2 -

3 132 2 k ( ) 1 2 2 ( ) 3 2 II 3 2 2 2 II 2, S tUxUxx 2 Y + 2, /3 S UxxxUtk2 Y + 4 /3x StUxUxxk2 + 4 /3 S t XUxUxxk2 

1 132 2t2 k" l j3 t 2 k" l j3 t k" j3 t k" - 4 S XUxxxU 2 - 4 S X UxxxU 2 + 2, S XUxxU 2 + S UUx 2 

1 /33 3t3 k" j3 t 2k" 1 /33 3t3 k" l 132 2t2 k" + 4 S Ux Uxx 2 - S XUx 2 -
12 

S Uxxx U 2 + 4 S Uxx U 2 + 
1 2 I/ l 2 2 2 II 1 2 2 II 1 II 1 2 II 

3 j3stx Utxk2 + 3 /3 s t XUtxk2 - 3 /3 s txuxk2 - 5 j3stxuxxxk2 - 6 /3slx 'Uyk2 

1 1 1 1 1 
-- (32s2t2xu k"' - -j3stxu k" + - j3stx2uk"" + - j32s2t2xuk"" - - x3u k"' 6 Y2 3 t 2 6 2 6 2 18 Y2 

1 11 1 3 1111 1 2 II 1 I/ 3 2 ( ) +5 XUxxk2 + 
18 

X uk2 - 6 X Utk2 -
5

uxk2 + 2 S tuxUxxk2 y 

1 22 () 222 () 1 2 () 1 22 () - 5 /3 S tUxxxxk2 Y - 3 /3 S tUtxk2 Y - 2, S UxxxUtk2 Y - 3 /3 S tUyyk2 Y 

1 1 1 1 +- /33 s3t3u k" - - j32 s2t2u 2 k" + - (33 s3t3u k" + - j33 s3t3 u k" 18 YY 2 2 X 2 30 XXXX 2 9 tx 2 
1 1 1 1 

- - /33 s3t2u k" - - j3sx2u k" + - /32 s2tu k' - - /32 s2t2u k" + 6 X 2 6 X 2 3 y 2 10 XXX 2 
1 1 2 1 1 
- j3stu k" - - j33s3t3u k"' + -j3sxuk" - -j32s2t2u k" - -s2u k (y) 5 XX 2 18 Y 2 3 2 6 t 2 3 X 2 

1 1 1 1 1 +- /32 s2tuk" + - j33 s3t3uk"" - - x2u 2 k" + - x 3u k" + - x 3u k" 3 2 18 2 2 X 2 30 XXXX 2 9 tx 2 

1 3 I/ 1 2 II + 18 X Uyyk2 - 10 X Uxxx k2 , 
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,,.. 

r,x 
2 

222() 1 2 () 122 ) 4 ) 42 /3 S Ux k2 Y + 2 S UxxUk2 Y + S /3 S Uxxxk2(Y - S tUxxk2(Y + S S tUtxxxk2(Y) 

1 22 () 1 2 3 33 +3 f3 S Utk2 Y + 3 S tuttk2(Y) - 6/3s tuxUxxk2(Y) + 6/3 S tuxUxxk2(Y) -

122 () 22 () 1 22 () 2 11 

2 /3 S tUUtxxk2 Y - 4(3 S tUtxUxk2 Y - 2 /3 S tUxxUtk2 Y + S XUtxk2 -

3 2 k" 2 3 k" /33 3t2 2k" (3 2 2k" 2 /3 t k" lO X Utxx 2 + 15 X Utxxx 2 + S Ux 2 + SX Ux 2 + S S Utx 2 -

3 132 2t k" 1 132 2t2 k" 2132 2t2 k" 1 /3 t 2 k" S S Uxx 2 + 4 S XUUtxx 2 + S XUtx Ux 2 + 4 S X UUtxx 2 + 
1 

/32 2t k" /3 t k" 2 /3 t 2 k" 3/33 3t2 k" 2 S XUxx U 2 - S XUt Ux 2 + S X Utx Ux 2 - S XUx Uxx 2 -

1 1 
(3stXUtxk~ + 4 /3

2s2t2XUxxUtk~ + 4 (3stx2UxxUtk~ - 3{32s2tx2UxUxxk~ + 

1 3 k" 1 132 2t 2 k" 1 /33 3t2 k" /3 3t k" /3 k" 
18 

X Utt 2 - 2 S X Uxxxx 2 - 2 S XUxxxx 2 + S XUx ~2 - SUxUxx 2 

+! {33 s3t2u uk" + _!__ {33 s3t3u u k" - ! (32 s2t2u u k" - {3sxuu k" 4 XX 2 12 XX t 2 2 t X 2 X 2 

1 1 
-(32 s2tuu k" + 2/32 s2txu 2 k" - - /32 s2t2uu k" + - {33 s3t3uu k" + x 2 x 2 2 tx 2 12 txx 2 

1 /3 2 k" 2 /33 3t3 k" /34 4t3 k" 2 /3 t 2 k" 4 SX UUxx 2 + 3 S Utx Ux 2 - S Ux Uxx 2 + 5 S X Utxxx 2 + 

~ /32 s2t2xu k" - ~ {3stxu k" - ! /32 s2tx2uk"" - ! /33 s3t2xuk1111 -
5 txxx 2 5 txx 2 6 2 6 2 

1 /3 3t 2 k" 1 132 4t2 k" 1 132 2t 2 k"' 1 /33 3t2 k"' 4 132 2t k" 
2 S X Uxx 2 - 2 S XUxx 2 + (3 S X Uy :i + (3 S XUy 2 + S S XUxxx 2 + 

1 /3 t 2 k" 1 132 2t2 k" 1 132 2t k" 1 132 2t 2 k" (3 S X Utt 2 + (3 S XUtt 2 - :3 S XUt 2 - (3 S X Uyy 2 -

1 332 " 1 22 () 1 33 () 1 3 () 
6 /3 s t XUyyk2 - 3 /3 s tuttk2 y + 3 /3 s tuyyk2 y - 3 (3s tuyyk2 y -

~ /32s2tUtxxxk2(Y) + /32s4tUxxk2(Y) + /33s3tuxxxxk2(Y) - /3s3tUxxxxk2(Y) + 

1 2 ( 1 2 () 1 22 () 2 () 
2 S tUxxUtk2 y) + 2 S tUUtxxk2 Y - 2 /3 S UUxxk2 Y + 4s tUtxUxk2 Y + 

1 /33 3t3 k" 1 /3 2 k" 1 /33 3t2 k" 1 /3 3 k" 
18 

S Utt 2 - (3 SX Ut 2 - (3 S Ut 2 -
18 

SX Uyy 2 -

1 /34 4t3 k" 2 /33 3t3 k" 3 132 2t2 k" 1 /3 3 k"" 18 S Uyy ~2 + 15 S Utxxx 2 - 10 S Utxx 2 - 18 SX U 2 -

1 1 2 4 1 
- /34 s4t3uk"" + - /32 s2xuk" + - /33 s3tuk" - - {3s3tuk" - - {3sx3u k" -18 2 3 2 3 2 3 2 6 xxxx 2 
1 1 1 1 1 
- {33 s5t3u k" - - {34 s4t3u k" + - (32 s4t2u k" + - {3s3tu k' - - (33 s3tu k' + 6 XX 2 6 XXXX 2 2 X 2 3 y 2 3 Y 2 

1 /34 4t3 km 1 /3 3 k111 2 /3 2 k" 3 /3 k" 2 /33 3t2 k" 
18 S Uy 2 + 

18 
SX Uy 2 + S SX Uxxx 2 - S SXUxx 2 + S S Uxxx 2 
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1 22 / 1 22 // 1 22 () 1 /3 () 

3 /3 s txuyk3 - 3 /3 s txuk3 - 3 /3 s txuyyk3 y + 3 stxuttk3 y -

/32 s2tXUxxxxk3(y) - /3s3tXUxxk3(Y) + t /3stXUtxxxk3(y) - /3stUUtxk3(y) + 

i /32s2t2UUtxxk3(y) - 3/33s3t2UxUxxk3(y) - 3j3sx2UxUxxk3(y) + 

1222 222 () 1 () 

4 /3 S t UxxUtk3(y) + 2/3 S t UtxUxk3(y) - /3stutUxk3 Y + 2 /3SXUxxUk3 Y + 
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TY 3 

122 () 12 22 3 2 

2 /3 S tuuxxk3 Y + 6 X Uuk3(y) + 5 X Utxxxk3(y) - 5 XUtxxk3(y) - S uk3(y) + 

1 /32 2 2 ( ) 1 ( ) 1 2 2 ( ) 1 2 ( ) 
6 s t Uttk3 y - 3 (3sxutk3 y - 3 (3 s tutk3 y - 6 (3sx Uyyk3 y -

1 332 () 2 222 () 3 ( 1 2 ( 

6 /3 S t Uyyk3 Y + 5 /3 S t Utxxxk3 Y - 5 (3stUtxxk3 y) - 2 (Jsx Uxxxxk3 y) -

1 242 ·() 1332 () 3 () 422 () 
2 /3 S t Uxxk3 Y - 2 /3 S t Uxxxxk3 Y + (3s tuxk3 Y + 5 /3 S tuxxx k3 Y + 

1 (3sxuxxxk3(y) + 2(32 s2tu;k3(y ) - (3suuxk3(y) + 2(3sxu; k3(y) -

! (33 s3t2uk" - ! (3sx2uk" + ! (33 s3t2u k' + ! (3sx2u k' - ~ (3su k (y) 6 3 6 3 6 y 3 6 y 3 5 xx 3 

+s2 xuxk3(y) - 1 s2 x2Uxxk3(y) +} (3 2s2uk3(y) - XUtUxk3(y) + 2x2UtxUxk3(y) 

+l X2UxxUtk3 (y) - XUUtx k3(y) + 1 X2UUtxxk3(y) - 6(3 2 s2tXUxUxx k3(y) + 
1 1 2 

2 /3stXUxxUtk3 (y) + 2 /3s tXUUtxxk3(y ) + 4(3stXUtxUxk3(Y) + 5 Utxk3(y), 

2 1 1 2 1 , 1 () 
-uxk4(y) - 3 Utk4(Y) - S Uxxxk4 (Y) + 3 XUtxk4(Y) - 3 XUyk4 + 3 XUyyk4 Y + 

1 UUxxk4(Y) + i xukl + i XUxxxx k4(Y) - 1 (3s tUUxxxk4 (Y) + ~ (3s tuxUxxk4(Y) 

-~ XUUxxxk4(Y) + ~ XUxUxxk4(Y) - i (3sux k4(Y) + i (3stuyyk4(y) + i (3stukl 

-i (3s tuyk~ + ~ (3stutx k4(Y) + i (3s tuxxxxk4(Y) , 

1 1 2 4 () Tf - 2 XUxxUtk4( y) + 2 XUUtxx k4(Y) + 4XUtxUxk4(Y) + 2(3sux k4(Y) + 5 (3suxxxk4 Y 

2 1 1 () 22 () -s XUxxk4(Y) - 3 (3sut k4(Y) + 2 (3s tUUtxxk4 Y - 6(3 S tuxUxxk4 Y -

1 1 
6(3sxuxUxxk4(Y) + 4(3stutxUxk4(Y) + 2 (3stuxxUtk4(Y) + 3 (3stuuk4(y) + 

~ (3stutxxxk4 (Y) -1 (3sxuyyk4(y) - (3s3tUxxk4(Y) + 1 (3suUxx k4(Y) - (3sxuxxxxk4(Y) 

38 



1 2 2 ( ) 2 2 ( ) 1 2 2 I 1 /3 k' 1 
132 2 k" - 3 {3 S tuyyk4 y - {3 S tuxxxxk4 y + 3 {3 S tuyk4 + 3 SXUy 4 - 3 S Ut 4 -

} f3sxuk1 - ~ Utxxk4(Y) + ~ XUtxxxk4(y) - UtUxk4(Y) - UUtxk4(Y) +} XUuk4 (y ) 

+s2uxk4(Y), 

TJ = ~ Utxk5(y) + i Uxxxxk5(y) +} Uyyk5(y) +} uk~ - } Uyk~ -1 UUxxxk5(y) 

3 +2 UxUxxk5(y), 

Tt -6{3suxUxxk5(y) + ~ Utxxxk5(y) +} Uuk5(y) + 1 UxxUtk5(Y) + 1 UUtxxk5(y) 

+4UtxUxk5(Y) - s2uxxk5(y) +} {3suyk~ - {3suxxxxk5(y) - } {3suk~, 

1 
-3 /3SUyyk5(y) 

39 



T X () 2 , 1 , 4 () 1 , 1 k() 
7 -6/3suxUxxk1 t - uxk7 - 5 Uxxxk7 + 5 Utxxxk7 t - 3 Utk7 + 3 Utt 7 t + 

yx 
1 

} uk~ + 4UtxUxk1(t) + 1 UUtxxk1(t) + 1 UxxUtk1(t) + 1 UUxxk; - s
2
Uxxk1(t) 

1 
-/3SUxxxxk1(t) - 3 /3suyyk1(t), 

2 3 l 2 l 2 1 2 
SUxUxxx - 6sUUxUxx + 5 UtxUxx - 5 UxUtxx - 2 SUxx + 6 SUY + 3 U Utxx + 
122 3 42 1 4 1 1 
'.2 S Ux + 2sux - 3 UxUt - 5 UtUxxx + 5 UUtxxx + 3 UUtt - 3 SUUyy + 
10 2 2 1 2 

3 UUxUtx - SUUxxxx - S UUxx + 3 UUxxUt - 6 Ut, 

1 1 1 1 Ti - 3 utf2(z)(Y, z) + 5 uh(zzzz)(Y, z) + 5 Uxh(zzz)(Y, z) + 5 Uxxh(zz)(Y, z) + 
1 1 1 2 
5 Uxxxh(z)(Y, z) - 3 uyh(y)(Y, z) + 3 uh(yy)(Y, z) + 3 Utxh(Y, z) + 
1 1 2 1 ( ) 
5 Uxxxxh(y, z) + 3 Uyyh(Y , z) + uxh(z)(Y, z) - 2 UUxxxh Y, Z + 
3 1 1 2 
2 UxUxxh(Y, z) + 3 SUxh(z)(Y, z) - 2 UUxxh(z)(Y, z) + 3 suh(zz)(Y, z) + 

UUxh(zz)(Y, z), 

Tf i utf2(zzz)(Y, z) + ~ Utxh(zz)(Y, z) +} Utth(Y, z) + 1 Utxxxh(Y, z) + 
3 3 2 1 

5 utxxh(z)(Y, z) - 5 SUxxh(zz)(Y, z) - 5 SUxh(zzz)(Y, z) - 5 suh(zzzz)(Y, z) 
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TY 2 

r,t 
3 

4 1 
+uxUth(z)(Y, z) - 5 SUxxxh(z)(Y, z) + UUtxh (z) (Y, z) + 2 UUtxxfz(y, z) + 

~ UxxUtfz(y, z) +} suyfz(y)(Y, z) - } sufz(yy) (Y, z) - 2su;h(z) (Y, z) + 
} sutf2(z)(Y, z) - S2Uxxfz(y, z) - SUxxxxfz(y, z) -1 SUyyfz(y, z) + 

2 22 ( 1 () 4UxUtxf2(Y, z) - S Uxh(z) (Y , z) - 3 S ufz(zz) Y, z) - 2 SUUxxh(z) Y, Z -

suuxfz(zz)(Y, z) - 6suxuxxfz(y , z), 

1 3 1 I 1 1 - 2 yuuxxx fs(t) + 2 YUxUxxfs(t) - 3 YUxf3(t) - 3 Uyfs(t) + 3 yuyyfs(t) + 
1 2 

5 YUxxxx fs(t) + 3 YUtxfs(t), 

1 1 1 / 2 () 

2 YUUtxxfs(t) + 2 YUxxUtfs(t) + 4yuxUtxfs(t) + 2 YUUxxf3(t) - S YUxxfs t 

-syuxxxxfs(t) -1 syuyyfs(t) + 1 yuff (t) +} YUttfs(t) -1 yutf~(t) + 

} SUyfs(t) +; YUtxxx fs(t) - i YUxxx f~(t ) - yu;J~(t) - 6syuxUxxfs(t) , 

Tf 4UxUtxf4(t) - S2Uxxf4(t) - SUxxxx f4(t) -1 SUyyf4(t) + ~ UUxxf~(t) - u;f~(t) 

+} ufl(t) +} Uttf4(t) -1 utf~(t) +; Utxxxf4(t) - i Uxxxf~(t) - 6sUxUxxf4(t) 

1 1 
+2 UUtxxf4(t) + 2 UxxUtf4(t), 
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TJ -1 Uyf~(y) + ~ 'Utxf5(y) + i Uxxxxf5(y) + 1 uf~(y) + 1 Uyyf5(y) - t UUxxxf5(y) 

3 +2 UxUxxf5(y), 

Tt = 1 Uttf5(y) + ~ Utxxxf5(y) - 6SUxUxxf5(y) + t UxxUtf5(y) + 1 SUyf~(y) -

S2Uxxf5(Y) - SUxxxxf5(y) - 1 SUyyf5(y) - 1 suf~'(y) + t UUtxxf5(y) 

+4uxUtxf5(Y), 

where z = -x - st, 

rt 
1 

yx 
1 

1 2 3 2 10 1 
-SUxUxxx + 2 SUxx - S UxUtxx + S UtxUxx + 3 UUxUtx + SUUxxxx + 3 SUUyy 

2 2 4 1 l 2 1 2 4 2 
-S UUxx + 3 UUxxUt + S UUtxxx - S UtUxxx - 6 SUY + 3 U Utxx - 3 UtUx 

3 122 1 1 2 
2sux + 2 S ux + 3 UUtt - 6 Ut + 6sUUxUxx, 

1 1 1 1 TJ S ug2(rrrr)(Y, r) - S Uxg2(rrr)(Y, r) + S Uxxg2(rr)(Y, r) - S Uxxxg2(r)(Y, r) -

1 2 1 1 1 

3 Utg2(r)(Y, r) + 3 Utxg2(Y, r) + 5 Uxxxxg2(Y, r) + 3 Uyyg2(Y, r) + 3 ug2(yy)(Y, r) 

-1 Uyg2(y)(Y, r) - g2(r)(Y, r)u; + t UUxxg2(r)(Y, r) + UUxg2(rr)(Y, r) 

3 1 1 2 
+2 UxUxxg2(Y, r) - 2 UUxxxg2(Y, r) + 3 suxg2(r)(Y, r) - 3 sug2(rr)(Y, r), 
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T.
x 3 1 2 
2 SUUx92(rr) (y, r) - S Utxx92(r) (y, r) - S Ut92(rrr) (y, r) + S Utx92(rr) (y, r) + 

1 Utxxx92(Y, r) +} Utt92(Y, r) + SUxxxx92(Y, r) - S2Uxx92(Y, r) + S2
Ux92(r)(Y, r) 

1 2 2 1 1 +3 SUyy92(Y, r) - 3 s U92(rr)(Y, r) + 3 SU92(yy)(Y, r) - 3 SUy92(y)(Y, r) + 
1 4 1 2 

3 SUt92(r)(Y, r) - 5 SUxxx92(r)(Y, r) + 5 SU92(rrrr)(Y, r) - 5 SUx92(rrr)(Y, r) + 

~ SUxx92(rr)(Y, r) - UxUt92(r)(Y, r) - 2su;g2(r)(Y, r) + 1 UUtxx92(Y, r) + 
1 1 

2 UtUxx92(Y, r) + 4UxUtx92(Y, r) - UUtx92(r)(Y, r) - 2 SUUxx92(r)(Y, r) + 

6suxUxx92(Y, r), 

3 1 2 1 1 TJ 2 YUxUxx93(t) - 2 YUUxxx93(t) + 3 YUtx93(t) + 5 YUxxxx93(t) + 3 YUyy93(t) -

1 YUx9;(t) -1 Uy93(t), 

Tf 6syuxUxx93(t) + ~ SYUyy93(t) - S2YUxx93(t) + SYUxxxx93(t) + 1 YUUtxx93(t) + 

1 YUtUxx93(t) + 4yuxUtx93(t) + 1 YUUxx9;(t) - yu;g;(t) - ~ SUy93(t) -

1 YUxxx9;(t) + 1 YUtxxx93(t) - ~ YUt9;(t) + ~ YUtt93(t) + ~ Uy9I(t), 

2 1 1 1 , 1 TJ 3 Utx94(t) + S Uxxxx94(t) + 3 Uyy94(t) - 3 Ux94(t) - 2 UUxxx94(t) + 
3 
2 UxUxx94(t), 

Tt -u;g~(t) - 1 Uxxx9~(t) + 1 Utxxx94(t) -1 Ut9~(t) + 1 Utt94(t) + 1 ugi(t) 

1 1 1 
+6sUxUxx94(t) + 2 UUtxx94(t) + 2 UtUxx94(t) + 4UxUtx94(t) + 3 SUyy94(t) 

-s2Uxx94(t) + SUxxxx94(t) + 1 UUxx9~(t), 
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TJ i Utx95(y) + i Uxxxx95(Y) + 1 Uyy95(Y) + 1 ugi(y) -1 Uyg~(y) + ~ UxUxx95(Y) 

1 - 2 UUxxx95(Y), 

Tt : Utxxx95 (y) + } Utt95 (y) + } sugi (y) + } SUyy95 (y) - S2Uxx95 (y) + 

SUxxxx95(Y) -1 SUyg~(y) + 6SUxUxx95(Y) + ~ UtUxx95(Y) + 4uxUtx95(Y) 

1 
+2 UUtxx95(Y), 

where r =-st+ x. 

Here we notice that due to the presence of the arbitrary functions in the conservation 

laws, one can generate an infinite number of conservation laws for the two-wave mode 

Kadomtsev-Petviashvili (TKP). 

3.3 Concluding Remarks 

In this chapter, we computed the Lie point symmetries of a two-wave mode equation 

for the integrable Kadomtsev-Petviashvili equation. An exact solution with the aid 

of the Kudryashov method was obtained. It was shown that the equation admitted 

an infinitely large number of conservation laws. 
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Chapter 4 

Conclusions and Discussions 

In this dissertation we first briefly reviewed some basic concepts and definitions of 

symmetry analysis which were later used through out the dissertation. In Chapter 

two we constructed the conservation laws of a generalized nonintegrable nonlinear 

equation (2.1) by applying the multiplier method. We also derived the symmetries 

of the underlying equation. Thereafter, simplest equation method was employed to 

compute exact solutions of a generalized nonintegrable nonlinear equation(2.1). 

In Chapter three the multiplier method was used to derive the conservation laws of 

a two-wave mode Kadomtsev-Petviashvili (TKP)equation (3.4). We then employed 

the Lie symmetry method in conjunction with Kudryashov method to find the exact 

solutions of a two-wave mode Kadomtsev-Petviashvili (TKP)equation (3.4). Finally, 

in Chapter four we summarized the work done in the dissertation. 
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