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Abstract

A binary system is a pair of stars that are held together in closed orbits around
their common centre of gravity, under the influence of their mutual gravitation.
The night sky presents a variety of double stars, ranging from wide, optical pairs
to close binary systems. Close binary stars are magnificent laboratories in astro-
physics. They affect each other’s structure and evolution. Multiplicity is one fun-
damental property of stars. Binary systems are as common as single stars in the
universe and about half of the stars in our galaxy are members of so-called binary
star systems. Similar independent proportions of triple, quadruple and quintuple
systems have been reported in the literature. The study of binary stars is fundamen-
tal to our understanding of stellar structure and evolution and also allows physical
stellar parameters to be determined. Multiple systems are of particular interest. For
example, in triple systems, masses and orbital parameters of the constituent stars
can tell about the unclear process of the formation of systems of multiple stars.
The orbital parameter of a triple star system can also inform about the final con-
traction of the interstellar cloud that formed the system, given that the dynamical

evolution of the system leaves the initial configuration relatively unchanged.

The main purpose of this thesis is to use the high quality data observed by the Ke-
pler space telescope to identify binary stars from the samples that have § Sct pulsa-
tion and to determine their orbital parameters (projected semi-major axis, asin,
eccentricity, e, angle of periastron, time of periastron pass: :, T}, orbital
period, P, and the two ancillary parameters:- semi-amplitude of radial velocity
curve, K, and mass function, f(m)). The parameters of binary systems are gen-
erally obtained from astrometric, spectroscopic or photometric observations, and
in favourable cases by a combination of two or even all three, of these methods.

Time-delay is a periodic arrival time of light from a binary system caused by the
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periodic distance variation while the star orbits around its binary companion. The
time-delay method allows the determination of orbital parameters directly with
high precision which avoids the need for spectroscopy. In this thesis we used the
time-delay method and we attempted to achieve the following objectives. The first
objective was to identify the most important pulsation frequencies. Possible binary
stars and their orbital periods were then identified. To achieve this, we searched for
peaks in the ‘binarogram’, which is a plot of the time-delay as a function of orbital
frequency. Once a star has been identified as a possible binary from the binaro-
gram, we inspected a graph of time-delay as a function of time, as given by the 10
pulsation frequencies of highest amplitude. Since the presence of close pulsation
frequencies distorts the time-delay, only a few of these will produce meaningful
time-delay variations. The best time-delay curves were selected and fitted with a
truncated Fourier series and distortions removed using a low-degree polynomial.
These were averaged to produce the final time-delay variation. A code was de-

veloped to determine the best orbital parameters using non-linear least squares.

The data for this analysis was downloaded from the Mikulski Archive for Space
Telescopes (MAST) in FITS format. Data from the full 4-yr Kepler mission were
used. These data were examined and 1646 candidate § Sct stars were identified.
These stars were observed in long-cadence mode which nominally allows only
variations with frequencies less than about 24 cycles per day to be distinguished.
Many 4 Sct stars have pulsations of higher frequency. Fortunately, the slightly
non-uniform time sampling allows pulsation frequencies higher than this nominal
Nyquist limit to be determined with some confidence, provided their amplitudes

are sufficiently high.

Of the 1646 6 Sct stars examined, we detected 131 binary stars and 9 stars which

appear to be triple or multip  systems.
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Chapter 1

Introduction

To calculate the basic physical parameters of stars accurately, binary stars are
among the most important objects in stellar astrophysics. Space based observa-
tions provided by space missions like Kepler are one of the best ways to study
binary systems. With the study of red giants and solar-like pulsators, the Kepler
mission data brought a big change. Since its launch in March 2009 until the end of
the primary mission in May 2013, Kepler obtained high-precision broadband pho-
tometry of about 150,000 stars. With their regular sampling, time span of longer
observation, and micromagnitude precision, the Kepler data are revolutionising
asteroseismic studies. In addition to providing precision time series photometry
from space, Kepler gives the possibility of determining the orbital parameters of
pulsating stars that are members of a binary system. What ever careful photomet-
ric measurements can be done from ground based observations, day-night cycles
and the weather limit observation cycles, and scintillation of the atmosphere also
affects the precision. This is one of the reasons that in the future photometry using
the Transiting Exoplanet Satellite Survey (TESS) and James Webb Space Tele-
scope (JWST) will be in space. However, observations from the ground are still
compulsory. Photometry from Kepler is white-light only and its field of view is
also fixed. Multi-colour observations, spectral classification of many stars and full
abu n yses stil. rec cat  Hw  based ol

Our list of targets are from the groups of ¢ Sct stars. For many reasons, the &
Sct stars are important astrophysically. These stars are the best targets for astero-

seimology, where the structure of their interior can be studied from their pulsations
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and the high amplitude stars can serve as standard candles to measure cosmic dis-
tances. They are one of the most abundant pulsating variables in our Galaxy. Many
& Sct stars pulsate with higher frequencies than nominal Nyquist frequency of long
cadence mode, but because of the slightly unequal time spacing, higher frequen-
cies can be detected if the amplitude is sufficiently high. Balona (unpublished) has
classified a list of over 20000 Kepler stars brighter than 12 magnitude by inspect-
ing the periodogram and the light curve of each star. There are 1679 ¢ Sct stars in
this list. These are the stars which form the basis of this study.

According to the Newtonian mechanics of point masses, the orbit of the binary
system and the physical properties of the individual stars can be determined from
the observational data. The orbit can also be described using Kepler’s third law as
the position and velocity of a star are functions of time. Fundamental parameters
of a binary star orbit can be determined from the radial velocity curve of a com-
panion, or by using the time-delay method shown in this thesis. The time-delay
method allows for the determination of orbital parameters directly with great pre-
cision, which avoids the need for spectroscopy. For best results in time-delay, we
need the shortest possible pulsating period and stable pulsations. The calculation
of the binarogram for the range 0 - 0.1 d~! takes less than one minute. This makes
the time-delay method most effective in detecting binaries. This implies the possi-
bility of using binarograms for different combinations of pulsation frequencies in
a relatively short time. Solar-like oscillations have short periods, but their ampli-
tudes are too low. v Dor and SPB stars, on the other hand, have periods which are
too long. Unfortunately, there are too few Beta Cep stars in the Kepler data. sdB
stars and pulsating white dwarfs have periods that are too unstable. However, §
Sct stars are the best options since they are numerous and also have short periods.
On the other hand, their pulsation periods may sometimes be unstable. Many ¢ Sct
stars have close frequencies which cause interference with the time-delay. This, in

fact, oneofthe eatest “fficu” :sinusi 4 Scts sinthetin delay method.

In general, the following steps were used to determine the orbital prameters of
0 Sct stars using the time-delay method. (i) The frequencies of the 10 modes of
highest amplitude were determined using the periodogram. (ii) Frequencies which
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are too close are removed since these would cause interference. (iii) The binaro-
gram was calculated for each of the remaining frequencies. Those stars in which
the binarogram did not show the same orbital frequency peak were rejected. (iv)
The remaining stars were further analysed by plotting the time-delay curves deter-
mined from each pulsation frequency. Only stars in which at least two frequencies
show consistent time-delay as a function of time were accepted. (v) Since most
of the time-delay curves are distorted owing to close frequencies, these need to be
corrected by fitting a combination of truncated Fourier series and polynomials by
least squares. (vi) The corrected time-delay curves were averaged and a non-linear

least squares solution was applied to determine the orbital parameters.

An important aspect of this thesis is to take the high quality data observed by the
Kepler space telescope, identify the binary stars from the samples that have § Sct
pulsation and finally to determine their orbital parameters. The structure of the
thesis is as follows. The first chapter provides a literature review on binary stars,
Kepler telescope and its observations, binary system orbits, radial velocity and
time-delay methods. Chapter 2 is dedicated to explaining how we identified binary
stars using binarograms. In Chapter 3, the time-delay variations as a function of
time are presented, together with the least squares fits applied to the Kepler data.
Chapter 4 contains the main results and discussions. Finally, conclusions on the
whole thesis are presented in Chapter 5.

1.1 Multiple Star Systems

One fundamental property of stars is their multiplicity. There are many triple sys-
tems, and not a few are quadruples. Many of the purely spectroscopic binaries are
triple or other multiple systems and one in twenty of the known visual binaries has
at least one additional member, either visible or identified by a spec h. Many
systems are quadruple or even more complex, as mentio | by (o 4).
Triple systems, whether visual or spectroscopic, consist of a close binary pair and
arelatively distant companion. Zurhellen (1907), Schlesinger (1915), and Paddock
(1915) reported how the presence of a third body system can be revealed in radial
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velocity curves. There are many ways of identifying triple star systems. These
include: resolving a bound star system visually (Tokovinin et al. 2006; Rucin-
ski et al. 2007; Raghavan et al. 2010), looking for the presence of three different
stellar spectra (Zucker et al. 1995; D’ Angelo et al. 2006) or using radial velocity
techniques (Carter et al. 2011a). For centuries, long-term monitoring of binary
eclipses (Irwin 1952; Steffen et al. 2011; Gies et al. 2012; Borkovits et al. 2013)
has been a dominant way of identifying triple stars. A relatively rare method is the
direct observation of eclipses of the three bodies (Derekas et al. 2011).

In triple systems, masses and orbital parameters of the constituent stars can give
information about the unclear process of the formation of systems of multiple
stars (Boss 1991, 1995; Bodenheimer et al. 2000; Sterzik et al. 2003; Bate 2009;
Reipurth & Mikkola 2012). The orbital parameters of a triple star system can
also inform us about the final contraction of the interstellar cloud that formed the
system, given that the dynamical evolution of the system leaves the initial config-
uration relatively unchanged (Boss 1991; Bate 2009; Reipurth & Mikkola 2012).
Most importantly, understanding the relative ratio of the number of binaries versus
triples and quadruples is very important in predicting what other unseen stars in
any particular system may be present (Tokovinin et al. 2006; Pribulla & Rucinski
2006; Raghavan et al. 2010).

To be stable over a long time scale, multiple stars need to follow a certain hierar-
chical structure in general. The structure can be a star and a binary orbiting around
each other in triple systems or two binaries orbiting around each other in quadruple
systems. Therefore, most multiple systems can be described as binaries with sev-
eral levels. Quadruple stars for example can be ordered in two ways. One option is
that the two pairs can orbit the common centre of gravity, or alternatively, a double
star is orbited by a distant third star, and then even more distantly a fourth star cir-
-t whe ). att of v ownqu ~ e ems is re
to by _.aczyk et al. (2011), CagaS & Pejcha (2012), Lehmann et al. (2012) and
Lohr et al. (2012).

As a good example, we can see the geometry (Fig.1.1) of quadruple system V994
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to the
observer

Figure 1.1: The V994 Her system and its schematic sketch. The celestial plane
and the orbital planes of both A and B pairs are almost perpendicular (i.e. edge-on
to the observer, 84° and 86°, respectively). Image: Zasche & Uhlar (2013).

Her which consists of two bound eclipsing binaries orbiting each other. This sys-
tem is one of the most interesting groups of multiple star systems studied so far
(Perryman et al. 1997; Mason et al. 2001; Lee et al. 2008; Zasche & Uhlar 2013).

A third body can have an effect on eccentricity (Kozai 1962; Mazeh & Shaham
1979; Mazeh 1990) and on tidal friction created (Kiseleva et al. 1998; Eggleton
& Kisseleva-Eggleton 2006; Eggleton 2006; Fabrycky & Tremaine 2007) which
results in a hierarchical multiple system (Reipurth & Mikkola 2012). Being tight
or tightest binary with a tertiary companion further contributes to the evolution
toward an increasingly hierarchical configuration (Law et al. 2010; Dhital et al.
2010). The contribution of apsidal motion is also reported by Bozkurt & Degirmenci
(2007) and nodal precession by Mayor & Mazeh (1987) and Mazeh (2008).

It is common practice to find exoplanets using eclipse timing and transit timing
(Schwarz et al. 2011). Using transit timing, multiple planetary systems were
studied by Steffen et al. (2012), Fabrycky et al. (2012) and Ford et al. (2012).
The discovery of planet Kepler-16b by Doyle et al. (2011) and the two planets

'ple 34b and Kepler-35b by Welsh et al. (2012) are also  sults of the t st
method. Kepler data has also been a vital source of multiple star studies. Gies
et al. (2012) reported timing variations studies in 41 Kepler eclipsing binaries and

Rappaport et al. (2013) published a list of 39 candidate third-body Kepler systems
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using eclipse times. Conroy et al. (2014) found a third body rate of ~ 20 percent.

1.2 Binary Stars

A binary system is a pair of stars that are held together in closed orbits around
their common centre of gravity, under the influence of their mutual gravitation.
Binary systems have been studied for centuries. ( Ursae Majoris (Mizar) was the
first binary to be discovered by Jean Baptiste Riccioli in 1650. Goodricke (1783)
also identified Algol as one of the first eclipsing binary star systems. However,
Herschel (1802) is the one who first introduced and used the term ‘binary star’
from his observations, to designate a union of two stars that are formed together in

one system by the laws of attraction.

The name ‘binary star’ is usually used for a pair of stars which can be seen close
together through a telescope. Closeness of binary star systems can be due to two
reasons. One is that the systems may actually be close together in space, forming a
system in which their mutual gravitational attraction might be the reason for their
orbital motion. The second reason is that the two stars may be at greatly differing
distances from each other, but nearly in the same direction as viewed from the
earth. Thus the stars may be in contact, or may be separated by thousands of
astronomical units. In general, the two members of a binary star have different
brightness. The brighter star is called the primary and the fainter is called the
companion. Fig.1.2 shows the orbits of two stars with a higher mass star A and a
lower mass star B. The stars share a common focus which is the centre of mass or
barycenter of the system and orbit around this point. The radius vector joining the
two stars always cuts through the barycenter.

The night sky presents a variety of double stars, ranging from wide, optical pairs
to close binary systems. Accordi to recent observations amor yor [ stars in

iy carby star f  ing regions, an excess binary population exists (Ghez et al.
1993; Leinert et al. 1993; Simon et al. 1993; Duchéne et al. 2007). This large
number of young doubles, in comparison to field stars in the solar neighbourhood,
is reported by Duquennoy & Mayor (1991). This anti-correlates with the property
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Figure 1.2: A sketch showing two stars A and B in a binary system orbiting about

their centre of mass (Image credit: www.atnf.csiro.au).

of stellar density as demonstrated by Prosser et al. (1994), Petr et al. (1998) and
Patience et al. (2002) and Beck et al. (2003). This shows that the denser clusters
in which most stars form, contain a lower fraction of bound multiple systems that

are comparable to the fraction found among field stars.

The study of binary stars is fundamental to our understanding of stellar structure
and evolution, because of the information it provides. Binaries are very important
in determining fundamental physical stellar parameters. In particular, eclipsing
binaries are the main sources of stellar fundamental parameters such as mass and
radius. With the invention of speckle interferometry, double-star observation un-
derwent a revolution in the 1970s. The launch of the Hipparcos satellite in 1989
also brought a new era of double-star discovery. The other interesting aspect is
that planetary bodies (exoplanets) can exist in binary star systems (Lowrance et al.
2002).

1.3 Proportion of Binary and Multiple ““ar Systems

Binary systems a asc non as single stars in the universe, and since they are
numerous, it is important to study their nature. Argyle (2004) suggested that the
number of binary systems we can find depends on the separation of the compo-

nents. There is a huge range of binary star periods which can extend up to 100,000
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years or more, as mentioned by Argyle (2004). The periods of many of the binaries

lie between 100 and 1000 years and can be easily observed with small telescopes.

Observations show that even higher multiplicity systems exist. The catalogue of
multiple stars (Tokovinin 1997) reported 626 triples, 141 quadruples, 28 quintu-
ples and ten sextuples. Fitzpatrick (2012) also stated that half of the stars in our
galaxy are members of so-called binary star systems. As reported by Karttunen
et al. (2003), less than half of all stars are single stars like the Sun and more than
50 percent belong to systems containing two or more members. The estimated bi-
nary fraction varies from ~ (40 —60) percent for M ~ 1M ® stars (Duquennoy &
Mayor 1991; Raghavan et al. 2010) to almost 100 percent for more massive A/B
and O-stars (Mason et al. 1998; Kobulnicky & Fryer 2007; Kouwenhoven et al.
2007; Mason et al. 2009; Sana et al. 2012; Chini et al. 2012). However, in Sana
et al. (2011) and Mahy et al. (2013) a substantially lower binary fraction for mas-
sive stars is claimed. PrSa et al. (2011) reported that the average occurrence rate of
eclipsing binaries across Kepler field is 1.2 percent.

The spectroscopy and imaging studies by Tokovinin (1997) and Tokovinin et al.
(2006) show that of the multiple star systems they studied, 40 percent were binaries
with periods less than 10 days and 96 percent of these had a wide tertiary compan-
ion. From the General Catalogue of Radial Velocities, Wilson (1953) and Jaschek
& Jaschek (1957) reported that the fraction of spectroscopic binaries among the
main sequence stars ranges between 20 and 30 percent. Petrie (1960) used a dif-
ferent approach on these spectroscopic binaries and estimated the fraction to be
over 50 percent. Further fractions of spectroscopic binaries in galactic clusters
can be referred from Abt and co-workers (Abt & Hunter 1962; Abt & Snowden
1964; Abt 1965; Geary & Abt 1970). The proportion seems to work even when
we ) down to specific types of s 5. For instance 60 — 70 pe ntof Am s
are spectroscopic binaries >  Levy 1985; Carquillat & Prieur 2007; Smalley
et al. 2014). De Loore & Doom (1992) postulated that about 30 percent of the
main sequence stars are binaries, while about 60 percent of the early type stars are
binaries with mass ratio larger than 0.2.
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Carroll & Ostlie (1996) mentioned that at least half of all ‘stars’ in the sky are ac-
tually multiple systems. Similarly, according to Lada (2006), about 50 percent of
visible stars are members of binary or multiple systems. As a general remark, De
Loore & Doom (1992) concluded that 50 percent of the stars observed in the solar
neighbourhood are binary (or multiple star) systems. Further studies of propor-
tions of triple, quadruple and quintuple systems were also reported in other papers
(Worley 1967; Heintz 1969).

1.4 The Origin of Binary Stars

Haghighipour (2010) mentioned that studies of large samples of binaries in a wide
variety of star-forming regions are key to unravelling the nature of binary for-
mation mechanisms and the impact of environment on evolution, distribution and
multiplicity fraction. Studying the isolated formation of binaries does not provide
a complete result of the processes since most star formation occurs in localized star
forming regions and results in clusters (Clarke et al. 2000; Horton et al. 2001). Ac-
cording to Benacquista (2013), stars in binary systems do not evolve in isolation.
Batten (1973) also argues that duplicity is not an isolated phenomenon, but rather
a special case of multiplicity. This means that the existence of large numbers of

multiple systems is a relevant phenomenon.

A general principle regarding the origin of binary systems is that any theory must
explain the observed proportion of multiple systems, even though binary systems
might be produced in more than one way. Different hypotheses on the origin of bi-
nary stars have been suggested. According to the first hypothesis, two stars can be
gravitationally bound due to a chance encounter. For this situation to happen, triple
encounter or influence of a local interstellar medium is required. This restriction
greatly reduces the probability of capture. Ambartsumian (1956) suggested that

Ll y # T
dissociate as a result of encounters, the observed frequency of wide visual pairs is

far too large to be accounted for by the capture hypothesis.

The formation of a double star by fission of a single rapidly rotating star is the
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second hypothesis of origin of binary stars. However, this hypothesis is criticized
for the fact that it applies only to incompressible fluids and it does not consider the
existence of wide pairs. Ambartsumian (1956) mentioned that any rapidly rotating
single star has very little angular momentum within it to form a binary system. The
reason is that the orbital angular momentum of any binary system is much greater
than the rotational angular momentum of its components. There are also studies in
favour of the fission theory. Ostriker (1970) believed that criticisms on the fission
hypothesis are due to misunderstanding of the nature of binaries. Steinitz & Pyper
(1970) discovered correlation between the rotational velocities of the components
of wide visual binaries, which they suggested could be a result of fission. The fact
that some kinds of binaries have been formed through fission cannot be entirely
ruled out, but it seems unlikely that this hypothesis can explain the formation of
all binaries. Chandrasekhar (1944), Ambartsumian (1956) and Yabushita (1966)
studied the possibility of encounters of binary systems to form a binary pair, but
they concluded that through the whole main-sequence lifetime, no great changes
are expected to result in the separation of the system.

The third hypothesis suggests that binary systems can be formed due to condensa-
tion of the interstellar cloud about neighbouring nuclei. Huang (1957) proposed a
theory which supports this idea. However, the major drawback which still exists is
that the formation of one condensation in a pre-stellar medium tends to inhibit the

formation of any nearby ones.

The fourth hypothesis, which seems to be the extension of the separate conden-
sation hypothesis, is that stars form within clusters in small groups containing up
to some tens of members (Worrall 1967; van Albada 1968; Szebehely 1969). The
small groups formed are unstable and disintegrate into multiple systems centred
on a ‘close’ binary. In this context, ‘close’ means a separation of about 10 A.U.
The number of stars left in the final multiple system depends on the number in the
original ¢ 1p. ..is hypothesis relates the fo  ition of binary and multip  sys-
tems. The ratio of multiple to binary systems predicted by this hypothesisd _ :nds
on the number of members in the original group from which the multiple systems
are supposed to form.
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There still exist views on the origin of binary systems which are different from
the four hypotheses mentioned so far. Bleksley (1934) and Blaauw & van Albada
(1967) proposed that binary systems are produced in more than one way. Their
study explains the number of binaries as a function of the semi-major axis of their
orbit in many clusters and associations of early-type stars. This concept actually
eliminates the need to find a way to turn close binaries into wide ones, or vice
versa. Again it remains a fact that neither of the two modes of formation of binary
systems can be ruled out. To explain the origin and evolution of binary stars, infor-
mation on the masses, the mass ratios, the absolute magnitudes, and the spectral
characteristics of the components in the systems is important (Aitken 1964). Some
current theories of star formation propose that multiple stars or stars and planets
are preferential results of gravitating proto-stellar material. Studies of sensitive in-
frared and millimetre wave photometry on molecular clouds have shown that many

of the objects found in these clouds are double or multiple.

Our understanding of the processes behind the formation and evolution of stars has
greatly improved recently due to the use of powerful computer simulations. Binary
star origin related to the process of fragmentation, where multiple proto-stellar
cores were created during the collapse of a molecular cloud, has also been sug-
gested. The distribution of mass ratios in binary stars also explains the processes
involved in their formation (Clarke 2001; Tohline 2002; Bonnell et al. 2003). Bate
& Bonnell (1997) made simulations to produce isolated binary systems, and found
that the mass ratio with which a binary forms is correlated with the separation of
the two components, and hence the orbital period of the system. Their result shows
that long period binaries are expected to have small mass ratios whereas short pe-
riod binaries should have components of more equal mass. Similarly, mass ratio
distribution was measured for short period binaries by Mazeh et al. (2003) and long
period binaries by Duquennoy & Mayor (1991). Another simulation result by Bate
et * (2002) showed the collapse of an entire molecular cloud into a cluster, and
additionally found that frag, :ntation do. not produce binaries with separation
less than about 10 AU. Instead, these close systems form through dynamical inter-
actions, which preferentially create binaries with components of the same masses.

Further reviews on the origins of binary and multiple star systems are explained
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in detail by van den Heuvel and co-workers (van den Heuvel 1983; Bhattacharya
& van den Heuvel 1991; Eggleton 2006; Tauris & van den Heuvel 2006; van den
Heuvel 2011).

1.5 Classification of Binary Stars

There are different techniques for observing binary stars. Their classification based
on these techniques can be useful. It is also logical to look for some form of
classification that can divide the whole group into smaller sub-classes. An easier
and better way to classify binary stars is based on the method of observation which

1s shown below.

e Spectroscopic binaries: These are stars so close together that they appear
to be single in telescopes. Their spectra show a regular variation due to the
Doppler shift as the stars approach and recede from the observer. There are
two subgroups of spectroscopic binaries, the single-lined spectroscopic bi-
nary (SB1) in which the spectrum of only the luminous star is observed, and
the double-lined spectroscopic binary (SB2) where two distinct spectra can
be detected because luminosities of both stars are comparable. Most spec-
troscopic binaries have short orbital periods so that a changing Doppler shift
can be measured easily. Using Doppler shift absorption lines, the line-of-
sight velocity (radial velocity) of the binary system can be measured spectro-
scopically. The radial velocity is negative when the star is moving towards
the observer and the spectra will be blue-shifted. When a star is moving
away from the observer, the spectra will be red-shifted and the radial veloc-
ity will be positive. We will apply a similar concept to this for negative and
positive time delay in this thesis. Measuring radial velocity can yield many

important parameters of the binary orbit.

e Eclipsing binaries: These are binaries where one star passes in front of the
other, as seen from the earth, and blocks the light from the eclipsed compo-
nent so that the light coming from the system varies periodically. Such sys-
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tems can be identified by regular variation of the amount of light received at
the telescope. The variation of apparent magnitude of the eclipsing variable
as a function of time is called a light curve. Based on the shape of the light
curve, eclipsing binaries are divided into three classes: Algol, 3 Lyrae and
W Ursae Majoris. Eclipsing binary systems also provide the best method to
determine masses, radii and luminosities of stars (Andersen 1991). Masses
and radii determined from eclipsing binaries are important in refining stellar
evolution models (Schroder et al. 1997; Guinan et al. 2000; Torres & Ribas
2002).

e Visual binaries: These are binaries which can be resolved by a telescope
and can thus be recognized visually as a double star if the orbital period is
not prohibitively long. By taking appropriate and repeated observations, the
changes in relative position of the stars can be seen while they are in motion
in their orbits. From their mutual centre of mass, the systems provide impor-
tant information about their angular separation. If the distance of the binary
is also known, the linear separation of the stars can also be determined.

e Astrometric binaries: These are stars which look single in all telescopes but
their double nature is known by the effect that a second invisible companion
star has the proper motion or the transverse motion of the star against the
background of fainter stars in the same field. Because Newton’s first law
requires that a constant velocity must be maintained by a mass unless a force
1s acting on it, an oscillatory motion of the system implies the existence of
another component. On such systems of binaries, one of the members is

significantly brighter than the other, so that the second component is hidden.

° um ~°  ies: These bi  ‘es a * show two s} :t ° lines
dial ity cha ob au  tl compo its

widely separated from each her where the orbi  period bect s long.

Because the stars in the binary system are continuously in motion with re-

spect to their center of mass, there must necessarily be periodic shifts in
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wavelength of every spectral line of the stars.

e Optical binaries: These are stars which appear to be close together in the
sky while they are in fact at very different distances. These systems are not
actually binaries and because of their physical separation the stars are not
gravitationally bound systems. They are simply two stars which lie along

the same line of sight when observed from earth.

The classifications shown above are based only on the methods of observation,
but there have been other techniques suggested. This classification which is based
on method of observation, for example, is not unique. For instance, all eclipsing
binaries are at least potentially spectroscopic binaries. Unresolved visual binaries
can also be observed spectroscopically. Some systems can be observed in three
different ways. In general, a given binary can be placed in more than one of the

classifications listed above.

Depending on the position of the component stars in the Hertzsprung-Russell di-
agram, a different scheme of classification has been suggested (Sahade 1960).
Kopal (1955) also proposed a classification based on another criterion, where the
presence of a companion star sets an upper limit to the size that the star can reach.
Classification according to Kopal divides all binaries into three categories: con-
tact, detached and semi-detached systems. The advantage of Kopal’s system is
that it employs information on radii and masses of the stars to classify the binary
system. Plavec (1964) suggested the combination of Kopal’s classification and a
scheme which is based on the Hertzsprung-Russell diagram, and it was considered
to be the best classification. Binary stars can still be classified differently on the
basis of their mutual separation, considering how ‘close’ or ‘wide’ they are from

I .In‘clo bi ‘estl se ion 's from ab¢  one 47" down to
the radius of the stars and the orbital period ranges frr  a few hours to a few years.
In ‘wide’ binaries the separation between the components is tens or hundreds of
astronomical units and their orbital periods range from tens to thousands of years.

In conclusion, it seems that a general or comprehensive system of classification of
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binary systems might not be possible even if classifications which exist so far are

fairly adequate to study binary systems.

1.6 ¢ Scuti Stars

If pulsating variables have spectral type A — F with pulsation periods between 18
min - 8 hr and light amplitudes ranging from thousandths of magnitude to some
tenths, we call them & Scuti stars. These stars have masses in the range of 1.5 - 2.5
M. They have higher density than large amplitude pulsating variables such as
classical Cepheids from their position on the H-R diagram.

The & Sct stars are located on an extension of the Cepheid instability strip to the
main sequence and show multiple frequency pulsations ranging from 5 to 50 cy-
cles per day. Zwintz et al. (2014) pointed out that in addition to main sequence
and more evolved sub-giants, 4 Sct pulsations have also been detected in pre-main
sequence stars, providing important information for early stellar evolution of the
stars. The driving mechanism in these stars is x mechanism (Breger 2000) in the
He II partial ionization zone. They pulsate in radial or non radial modes, low-order,
low-degree pressure (p) or mixed pressure (p) and gravity (g) type modes. The sim-
plest form of pulsation is radial pulsation which is a simple, spherically symmetric
‘in-and-out’ expansion and contraction. Another form of pulsation is non-radial
pulsation, where the star changes shape, not volume. For Cepheid variables, RR
Lyrae stars, 6 Sct stars, 3 Cep stars and for most of the pulsating variables seen in
Fig.1.3 the driving mechanism is connected with the opacity. In those zones of
the star where the gases are partially ionized, part of the work done on the gases
as they are compressed produces further ionization rather than raising the temper-
ature of the gas. With a smaller temperature raise, the increase in density with
compression produces a correspondi  increase in the Kramers opacity. Similarly,
d nsi t ) Joesnotdec 1se as muchas .pected since the
ions now recombine with electrons and release energy. Again, the density term in
Kramers law dominates, and the opacity decreases with decreasing density during

the expansion. This layer of the star can thus absorb heat during compression, be
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pushed outward to release the heat during expansion, and fall back down again to
begin another cycle. Partial ionization zones are the pistons that drive the oscilla-
tions of stars; they modulate the flow of energy through the layers of the star and

are the direct cause of stellar pulsation (Carroll & Ostlie 1996).

Pulsating stars are not generally found uniformly over the HR diagram. Instead,
most pulsating stars occupy a narrow, vertical band of the HR diagram, both above
and below the main sequence. This region in which stars pulsate is called the
instability strip (Fig.1.3). The main instability regions are the Cepheid strip, in-
cluding its intersection with the main sequence (dashed line), the region of the
coolest stars (Miras and their relatives), and the region of the Beta Cepheid and
SPB stars. There are also instability regions along the white dwarf cooling track
(dotted line) at the bottom of the diagram, including the nuclei of planetary neb-
ulae (PNNV) and pulsating white dwarfs (DOV, DBV and DAV). Further reviews
and descriptions of basic properties of 4 Sct stars are given by Breger (2000) and
Percy (2007).

Both ground and space based observations of § Sct stars show they pulsate in many
radial and non-radial modes covering a wide range in frequencies. Much of the
driving mechanism in the cooler § Sct stars is a convective blocking mechanism.
There are a large number of observed frequencies in some  Sct stars and in a few
of these stars the spherical harmonic degree of many of these modes are known.
Pulsating main sequence or giant A-F stars of solar composition (‘classical’ §
Sct stars) have been particularly well studied, since they give good prospects for
asteroseismology. This is because many independent pulsation modes have been

detected, they are bright, numerous and also they are easy to observe.

The high-amplitude § Sct stars (HADS) are intermediate between § Sct stars and
; V-
amplitudes e  ding 0.3  _ in )
are faster rotating with many low-amplitude radial and non-radial modes. The
best candidate for asteroseismology is a star which is rotating very slowly (or not

rotating) and one that is at near zero-age main sequence stage. In determination of
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the large and small separations, slow rotation minimizes confusion by rotational
splitting. It may be due to these cases that no entirely satisfactory asteroseismic
solution has emerged for any ¢ Sct stars.
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Figure 1.3: A pulsation HR diagram showing instability strips of various classes

of pulsating stars for which asteroseismology is possible (Aerts et al. 2010).
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1.6.1 Effect of Pulsation on Binarity

Thousands of stars are now known to be variable. Pulsation is only one mechanism
responsible for variability. A pulsating star is a type of star in which brightness
variations are caused by changes in the area and temperature of the star’s surface
layers. Astronomers use the word pulsation for vibration or oscillation of a star.
The Milky Way Galaxy is estimated to contain several million pulsating stars.
Considering that our Galaxy consists of several hundred billion stars, this implies
that the stellar pulsation must be a transient phenomenon (Carroll & Ostlie 1996).
A pulsating star in a binary system acts as a clock. If the star is one member of a
binary system, its distance will vary as it orbits the barycentre, which results in a
variable phase of pulsation (Shibahashi & Kurtz 2012; Murphy et al. 2014).

The simplest form of pulsation is radial pulsation, which is a simple, spherically
symmetric ‘in-and-out’ expansion and contraction. Another form of pulsation is
non-radial pulsation, where the star changes shape, not volume. The two main
non-radial modes are pressure modes, in which the motion is primarily radial and
the restoring force is pressure and the other modes are gravity modes, in which
the restoring force is buoyancy or gravity. The radial oscillation of a pulsating star
is the result of sound waves resonating in the interior of the star. Such a mecha-
nism can exist in a star as a result of the thermodynamic effect of partial ionization
zones. A driving mechanism for the changes in luminosity of many types of pul-
sating variables located in the instability strip is called the x mechanism. & Sct,
Classical Cepheids, WW Virginis and RR Lyrae are among the group of pulsat-
ing stars. Excellent overviews of pulsating stars in multiple systems is given by
Lampens (2006) and Pigulski (2006).

In a binary system, determination of orbital elements can be affected by the pulsa-

ods and pulsational periods gathered from the literature, and a discussion of their

possible relationship as a function of stellar radius and mass. This resulted in the
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preparation of a list of potential candidates for pulsating variables in close binary
systems in a catalogue prepared by Soydugan et al. (2006b). Originally, Tsvetkov
& Petrova (1993) investigated the idea of pulsational and orbital period.

Different observations have been conducted for a search of ¢ Sct stars in close
binary systems (Mkrtichian et al. 2002; Kim et al. 2002). Additional reports on the
general properties of close binary systems and pulsating components are given by
Pigulski & Michalska (2007), Turcu et al. (2008), Liakos & Niarchos (2009) and
Dvorak (2009). However, despite their benefits, pulsating binaries can be difficult
to analyse since signals of two different origins must be disentangled. As we will
see later in the Kepler observations for § Sct binaries, the periodic flux variations
caused by stellar pulsations are far more prominent than the binary signal. A
better solution is obtained by treating binary and pulsation signals separately and
using an iterative method to solve the problem (Debosscher et al. 2013; Maceroni
et al. 2013, 2014). In our case we have used periodograms and ‘binarograms’
to deal with pulsations and orbital period respectively. The iterative method of

determining the orbital parameters is described in Section 1.8.3.

1.6.2 Periodogram

Any time series can be expressed as a combination of sine or cosine waves with
differing frequencies and amplitudes. The plot of amplitude as a function of fre-
quency is called a periodogram. A periodogram is used to identify the dominant
periods (or frequencies) of a time series of data to identify any intrinsic periodic
signals. This can be a helpful tool for identifying the dominant cyclical behaviour
in a time series, particularly when the cycles are not related to the commonly en-
countered seasonality. For example, Fig.1.4 shows the periodograms of the two ¢
Sct Kepler stars KIC 4936524 and KIC 5200544.

r. i milar to a. vurier _.ansform, but is opti I un
ita a 'd rentsh sinper ic signals. omy.
sampled data is particularly common, where a target might rise anc  : over sevel

nights, day-time changes, due to weather conditions or data gaps that naturally
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Figure 1.4: Periodograms of & Sct Kepler stars KIC 4936524 and KIC 5200544
(Balona et al. 2013).

arise (for example, the time taken for the data to be sent to Earth from the Kepler

spacecraft).

The classical periodogram was defined originally in 1898 by Schuster and it is
called a Schuster periodogram. If the data are regularly spaced in time, the Schus-
ter periodogram is a simple method and a basic tool for evaluating the power spec-
tra (Terebizh 1992). In most cases, it is also adequate for frequency analysis. If
data is sampled at equal time intervals, one can also use the discrete Fourier trans-
form (DFT); and the Fast Fourier transform (FFT) is an efficient algorithm to com-
pute the DFT and its inverse. However, there are few cases where the FFT can be
applied directly to time series in astronomy, although it is widely used in imaging
and signal processing. If the data are nearly equally spaced, one can interpolate to

a grid of evenly spaced times and then use FFT methods.

Another method of data analysis is the Lomb-Scargle Periodogram. This peri-
odogram was introduced by Lomb (1976) and further improved by Ferraz-Mello
(1981) and Scargle (1982). It is defined differently from the classical periodogram.
It is slow and in most cases offers no significant advantage over the Schuster pe-

riodogram. The methods discussed so far are suitable for pulse shapes which are
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approximately sinusoidal. If the shape of the pulse is quite different from sinu-
soidal, power is shared by many Fourier harmonics and these methods perform
poorly. In such a case one can use the phase dispersion minimization method.
Given frequency values, one bins the light curve into 10 phase bins for example
and calculates the scatter within each bin. The value that minimizes the sum of the
variances in the phase bins is the best fitting frequency. If the number of bins is
properly chosen, this method can give good results even when the pulse shape is

far from sinusoidal.

In pulsational frequency analysis, it is the patterns in the frequencies that lead
to astrophysical inference (Unno et al. 1989; Aerts et al. 2010). For the Kepler
data, we used a Fortran program to calculate the Lomb-Scargle periodogram of a
pulsating star in the binary system. This is shown in detail in Chapter 2.

1.7 The Kepler Space Telescope

1.7.1 Overview of Kepler

Kepler is NASA’s tenth ‘Discovery’ mission, an Earth-trailing heliocentric orbit.
It was designed to survey our region of the Milky Way galaxy to detect potentially
hundreds of Earth-size planets orbiting in or near the habitable zone of Sun-like
stars (FGKM dwarfs). The Kepler space telescope was launched on 6 March 2009
and ended its primary mission on 11 May 2013 after a second reaction wheel
failed and pointing could no longer be kept stable. Because the earth’s atmosphere
is a turbulent mix of gases in constant motion which brings distortion to telescope
images, searching Earth-size planets orbiting other stars is almost impossible with
ground-based telescopes. Planets are detected using the transit method as they pass

in front of their stars.
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Figure 1.5: Kepler field of view (Image credit: www.nasa.gov).
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Kepler was kept continuously pointing towards the same field in a region of the sky
in the constellation of Cygnus and Lyra centred on galactic coordinates [ = 76.32°,
b= +13.5° (RA = 1%h 22m 40s, DEC = +44° 30’ 00). Fig.1.5 shows the field
of view of the Kepler Spacecraft. Kepler observed over 150,000 stars over a time
span of four years. One of the main successes of Kepler lies in its unprecedented
near-micromagnitude photometric precision. The Kepler spacecraft is in a 372.5-
days period, heliocentric Earth-trailing orbit, that can maintain a stable trajectory
that keeps the spacecraft within telecommunications capability. Fig.1.6 shows the
orbit of the Kepler satellite around the sun. This orbit is oriented to avoid the high-
radiation risks associated with an Earth orbit, but it is subject to energetic particles

from solar flares and cosmic rays.

Once every three months the spacecraft was pointed towards Earth to download
the data stored, and approximately every 90 day the Kepler space craft rotated 90
degrees around one of its axes to orient the solar panels and sun shields towards
the Sun. Therefore, the data came in so-called Quarters of 90 days. The quarters
are denoted by Qn, and Short Cadence (SC) data are further subdivided into three
one-month segments, denoted Qnm. This shows that the data contains gaps cor-
responding to both the quarterly rolls and monthly downlink times. The first 10
days of science data obtained during the initial commissioning time is referred to
as QO. After this comes the first operational data set, Q1. Subsequent quarters
are referred to as Q2, Q3, etc. During the whole operation time, Kepler collected
data in eighteen quarters. Thus the length of Kepler time series from QO to Q17 is
about 1450 days.

Kepler’s early science results, mission and data characteristics have been presented
by different authors. Description of the mission design was given by Koch et al.
(2010), an overview of the processing pipeline by Jenkins et al. (2010a), science
operations by Haas et al. (2010) and target selection by Batalha et al. (2010). The
firstu ‘data for: eismology wasp ented by Chaplin et al. (2010). Char-
acteristics of the long cadence were given by Jenkins et al. (2010b), characteristics
of the short cadence by Gilliland et al. (2010), findings of the first Kepler planets
by Borucki et al. (2010) and Dunham et al. (2010), instrument performance by
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Figure 1.6: Orbit of Kepler around the Sun (Image credit: www.nasa.gov).

Caldwell et al. (2010), and Kepler point spread function by Bryson et al. (2010).

1.7.2 Scientific Goals and Objectives

The primary goal of the Kepler Space Mission (Koch et al. 2010; Borucki et al.
2010) was to survey our region of the Milky Way galaxy to detect potentially
hundreds of Earth-size or larger planets in or near the habitable zone of sun-like
stars and determine how many of the billions of stars in our galaxy have such
planets. The outcome of the mission will allow scientists to put our solar system

within the continuum of planetary systems in the galaxy.

The scientific objective of the Kepler Mission was to explore the structure and
diversity of extrasolar planetary systems. This was to be achieved through obser-
vation of very large samples of stars. These samples allow us to: determine the
percentage of terrestrial and larger planets that are in or near the habitable zone

of a wide variety of stellar spectral types of stars, determine the distribution of
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sizes and shapes of the orbits of these planets: and estimate the number of planets
in multiple-star systems. The samples of the stars further help us to determine
the variety of orbit sizes and planet reflection properties, and the sizes, masses
and densities of short-period giant planets, to identify additional members of each
photometrically discovered planetary system using different techniques, and to de-
termine the properties of those stars that harbour planetary systems.

Asteroseismology was secondary to the main goal of the mission, however it has
contributed vital information about host stars which can be used for planet char-
acterization. From the original transit method, transit depths give only the ratio of
the planet and the host star radii. However, asteroseismology allows further anal-
ysis of the interior of the star, and according to Stello et al. (2009), it can also give

us the radii of solar-like pulsators.

Kepler has been successful in advancing studies of stellar astrophysics due to its
high-precision photometry from space at a level of a few micromagnitudes. At
this level of precision, it is possible to observe additional interesting properties
of stars which cannot be seen from ground- based observations. One example is
the finding which shows that most ¢ Sct stars have unexpectedly low frequencies

attributed to v Doradus pulsations (Grigahcene et al. 2010).

Prior to the launch of Kepler, the MOST satellite (Walker et al. 2003) and the
CoRoT satellite (Baglin et al. 2006; Auvergne et al. 2009) provided precise pho-
tometry from space. However, because of their Earth orbits, the noise levels were
often very high and the data needed extensive correction before they could be
used. Kepler’s heliocentric orbit and larger telescope aperture allowed for a very
low noise level and even more precise photometry. Because the satellites probed
different regions of the Milky Way, the large numbers of targets from the satellites
allowed for population studies as pioneered by Miglio et al. (2009). In general,
e 1tho 1ther 'n  lof Keplerwastos c:hfort it oplanets, the un-
paralleled quality of the measurements allowed for numerous breakthroughs in the
field of stellar astrophysics through asteroseismology. This seismic analysis of
data is organized in the Kepler Asteroseismic Science Consortium, KASC, cur-
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Figure 1.7: Kepler spacecraft (Image credit: www.nasa.gov).

rently one of the largest consortia in astronomy.

1.7.3 Kepler Instrument

The Kepler Instrument (Fig.1.7) is a photometer with 0.95-meter aperture Schmidt
type telescope and 1.4-meter primary mirror. The spacecraft is in a heliocentric
Earth-trailing orbit allowing continuous coverage of its 115.6 square degrees field
of view. The photometer camera has an array of 42 CCDs arranged in 21 modules
with 2200 x 1024 pixels, where each pixel covers 4 arcsec. The 42 CCDs had
four-fold symmetrical pattern on the sky so that after each quarterly roll the tele-
scope still covers the same area of the sky and the same stars stay visible during

ssion. Kepler _cecrafthasa-  wit | dofv v foran astronomical

telescope of about 15° in diameter.

The Kepler point-spread function has an average of 95 percent encircled energy
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width of 4 pixels diameter. An average of 47 percent of the flux is also recorded
in the central pixel for a star centered on a pixel. Out of about half-million targets
in the field of view brighter than 16th magnitude, only about 30 percent have been
targeted.

Sampling Rate

Kepler observations were taken at regular intervals according to the clock on-board
the spacecraft and obtained in two different sampling rates: in long-cadence (LC)
mode with integration time of 29.43 minutes and short-cadence mode with inte-
gration time of 58.8 seconds. Most photometry observed by Kepler consists of
almost uninterrupted long-cadence (LC) observations. These cadences give the
data an excellent option for asteroseismic investigations. All the data in this thesis
are taken only from the long cadence mode. Characteristics of LC data are further
described in detail by Jenkins et al. (2010b) and SC data descriptions have been
presented by Gilliland et al. (2010).

Nyquist frequency is the highest frequency which can be resolved in a power spec-
trum. It is the inverse of twice the time step for equally spaced sampling. Since
frequency resolution depends on the length of the dataset, it is critical to know
how close together the values of two pulsation frequencies are. Therefore, in-
creasing the number of orbits further sharpens the peaks and resolution will also
be better. In equally spaced data, there can be an infinity of frequencies that fit
the data equally well and true frequency is not uniquely identified. This shows
that in the case of sampling with a uniform cadence, external physical constraints
are necessary to select the frequency range that is appropriate for pulsating stars.
Murphy et al. (2013b) showed how the correction of the times of observations of
Kepler data to the Solar System barycentre generates a time-dependent Nyquist
frequency. This completely removes all Nyquist alias ambiguities in the amplitude

s| trum.

The highest frequency that can be detected in LC mode (the Nyquist frequency) is
about vy, &~ 24.27d~'. Many astrophysical objects, e.g. solar-like oscillations, &
Sct, roAp and sdB stars, etc. pulsate at higher frequencies. A higher sampling rate
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is very expensive in terms of resources and thus SC mode is normally limited to a
few thousand stars in each quarter. If a source varies periodically with frequency
v, then the periodogram of the LC data will show peaks at alias frequencies given
by |v+ 2nvny|, where n is a positive or negative integer. The peak of highest am-
plitude will be at n = 0 or at the smallest value of n within the measured frequency
range. However, if the data is sampled at exact time intervals, the alias peaks will
have the same amplitude. Fortunately, the time sampling in the Kepler light curves
is not quite equally spaced, allowing the true frequency to be selected according to
the peak of highest amplitude.

It should also be noted that a low-frequency signal is sampled more often over its
cycle than a high-frequency signal. For example, a signal with a period of 1 d is
sampled with about 24 data points in LC mode, whereas a signal with a period
of 0.5 d is sampled with only 12 data points over its cycle. During the duration
of an exposure, the intensity of the signal is integrated, which means that even if
the 1 d and 0.5 d signals have exactly the same amplitude, the 0.5 d signal will be
measured with a slightly lower amplitude. For a Fourier peak with true amplitude

Ag , it can be shown that the observed amplitude, A, is described by the equation

sinw/n

A= Ay, (1.1)

w/n

for n points per cycle (Murphy 2012).

The SC exposure time implies that because of integration of more exposures to
make the LC data, there are 30 times more SC points than LC points in a quarter.
For SC data, this results in bringing an increased sampling rate for resolving short
time-scale events such as flares. The Nyquist frequencey of LC data can also be
al ting factor in analysis of short data sets. Therefore, another consideration
related to different cadences in Kepler data is their different Nyquist frequencies.
There are many stars that pulsate with frequencies higher than the Nyquist fre-
quency. For example, Solar-like oscillations and pulsations in roAp occur only at
frequencies much higher than the LC Nyquist frequency. But é Sct stars can have
frequencies on both sides of this Nyquist frequency since § Sct pulsators have
frequency ranges of 5to 50 1.
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Gaps in the Data

Because of its heliocentric orbit, Kepler data may be considered nearly continuous
at its normal micromagnitude precision. Some of the gaps were scheduled while
some were unplanned. Every quarter (four times per orbit), the spacecraft rolled
90 degrees to maximize electric power production and thermal control by making
its solar panels face the sun. This caused short gaps in the observed light curve
and made the stars fall on different CCD modules, which deviated in sensitivity
and lead to observed flux which is variable. In addition to the gap created due to
the downlink that took place at each quarterly roll, there is also another gap due
to two more downlinks occurring at approximately 30-d intervals in the middle
of each quarter which divides the data into three ‘months’ per quarter. These two
events represent the most frequent gaps in Kepler data corresponding to both the
quarterly rolls and monthly downlink times. In the previous sections, we have
seen that Kepler data are available in two cadences, the long cadence (LC) and
short cadence (SC). Both cadences are stored on-board and downlinking every 30-
d introduces gaps up to ~ 24 h in length during which data was not taken by the
photometer.

Other gaps also occurred on Kepler data. For example one gap is due to an occa-
sional safe-mode event. This happened when QS started and this gave about 18 d
of data outage counting from the end of Q7. The other gap is due to fine pointing
loss. This happened due to the regular event of ‘reaction wheel angular momen-
tum desaturation’. Desaturation is necessary since the solar radiation torque causes
angular momentum to build up in the reaction wheels. Christiansen et al. (2012)
explained that the telescope went into coarse point mode and fine pointing control
was not maintained for a few hours. Desaturation occurred approximately every
three days and the events were flagged in the fits files obtained at MAST. Large
gaps in Kepler data have two main consequences. One case is that Earth-like planet
transits that are rare events might be missed. The other is that data for frequency
determination, which is useful for the calculation, can be lost. The largest gap (one
Quarter; ~ 93 d) in Kepler data was due to the failure of Module 3. Module 3,
which consisted of two CCDs, unfortunately failed during its early mission. Due
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to this failure, for three quarters of the year, only a small fraction (~ 4/21) of the

field of view was observable.

Apart from the above cases, for some targets, random flux discontinuities were
observed since the first flight data as shown in Jenkins et al. (2010b). These dis-
continuities were not the same as discontinuities introduced into many of the target
light curves as a result of spacecraft activities and anomalies (monthly downlinks,
safe modes) and commanded altitude adjustments. The random flux discontinu-
ities might be due to the impact of cosmic rays or other energetic particles on CCD

pixels, or abrupt decreases in sensitivity.

Filtering Data

Kepler data processing and calibration pipeline convert raw data numbers recorded
on the spacecraft into calibrated pixels and corrected and time-stamped photomet-
ric light curves in three different software modules. The software modules are
Calibration (CAL), Photometric Analysis (PA) and Pre-Search Data Conditioning
(PDC). Calibration is a program that converts raw data numbers for each obser-
vation (cadence) into calibrated pixels. Raw data include photometric (target with
background observation) pixels and also additional pixels that are used to eliminate
smear, bias and other instrumental artefacts. For the case of PA, timestamps are
assigned, then background signals are removed and photocenters are computed.
Next, PA performs optimal aperture photometry using the aperture definitions de-
termined during target management. A calibrated light curve with the generated
error will be the final result. The science data acquired are processed in the Kepler
science processing Pipeline (Jenkins et al. 2010a; Middour et al. 2010). The task
of PDC is to find systematic error corrections to the light curves derived by PA.
This software module corrects instrumental signatures including thermal effects,

pointing drift, velocity aberration and cosmic rays.

..o fi y woav o€ al : 1
and the Simple Aperture Photometry (SAP). The Kepler SAP photometric data
contains discontinuities, outliers, drifts, jumps, systematic trends and other in-

strumental signatures. There is a zero-point difference between data in different
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quarters and the instrumental drift varies from quarter to quarter. PDC can be con-
sidered as a more processed version of SAP. PDC data have fewer jumps, drifts,
and outliers which therefore gives cleaner light curves and Fourier spectra. There-
fore, PDC can be considered as ‘corrected’ flux. The PDC flux uses the best fit that
simultaneously removes systematic effects while reducing the signal distortion and
noise injection. Stumpe et al. (2012) presented further explanations on the fitting
procedures. The above fact also tells us that noise in the periodogram can be vastly
reduced by analysing the PDC data instead of SAP data. In this thesis, the PDC
flux has been used.

As shown in Klaus et al. (2010a,b), the standard PDC task for LC and SC sci-
ence data processing was a single module output for a duration of one quarter or
one month. Corrected flux light curves (with harmonic content) for LC and SC
targets were then exported periodically to the MAST. PDC is designed to remove
discontinuities as discussed above, but it is still possible that residual long-term
instrumental effects were present at a low level. Balona et al. (2015) performed
a simple simulation where they applied their own correction to the SAP data of a
few stars which appeared to be the least variable among 20000 Kepler stars. The
simulation result showed that frequencies higher than about 0.08 d—! were not af-
fected by the crude correction procedure so that frequencies higher than 0.08 d !
were easily recovered. To correct the SAP data, Balona et al. (2015) fitted and

removed low degree polynomials to each individual quarter.

1.8 Binary Star Orbits

True orbits can be all shapes and sizes from circular to elongated ellipse orbits.

Orbital inclination varies from 0° in which the orbit is face on, to 90°. The actual

tionof | ¢ po: itsof I binary about the iter of mass (also 1own
barycen ). Itis t  to show that this mot | so |

obeys a version of Kepler’s third law. When we can only observe one star in the

binary syst . the orbital shape of the barycentric orbits is important. If we can

see both stars and can identify the motion of the barycenter, then we can identify
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the individual masses of the stars.

In most cases, the motion is described by the fainter star relative to the brighter
star that is located near the focus of the ellipse. This can be calculated from Ke-
pler’s third law where we have to know the geometry of an ellipse. Analysis of
the orbital parameters of binary star systems gives important information about a
variety of stellar characteristics. The methods used to analyse the orbital data vary
somewhat depending on the distance of the observer, geometry of the system and
the relative masses and luminosities of the components (Carroll & Ostlie 1996). In
the following sections, we will review different mechanisms of determining orbital
parameters and then derive time delay as a function of the orbital parameters. We

will also discuss ways of finding differential correction to the elements.

1.8.1 Methods of Determining the Orbital Elements

Six quantities are needed to describe the orbit of a binary system. These are the
projected semi-major axis asint, eccentricity e, angle of periastron w, time of
periastron passage 1., orbital period P and the zero point of velocity (velocity of
the barycenter with respect to the observer 7). Other useful ancillary quantities are
the semi-amplitude of the radial-velocity curve, K and the mass function, f(m).
Stars with K > 300 km/s are likely not to be binaries and K cannot exceed the
upper limit for orbital velocity at the surface of the star. For ¢ Sct stars which have
masses in the range 1.2 < M- < 2.2, and radii in the range 1.5 < R: < 4 solar
radii, this velocity cannot exceed about 300 km/s. The angle of periastron is the
angle between the ascending node and the periastron (the point in the orbit where
the stars are closest together). The ascending node is a point where the orbiting
star would be moving away from the earth. The time of periastron passage on the

other hand is the time at which the orbit of a star goes through its periastron.

Fi  of th an ers (with the exception of ro point of velocity) d
ancillary quantities are also orbital elements which this thesis aimed to find. In
practice, it is usually convenient to determine the orbital period separately from

the other elements, although in theory it is possible to determine it with the other
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elements. In our case, we determined the orbital period separately first as it is
shown in Chapter 2. Sometimes the orbital period P is also regarded as an extra

orbital element since it can be calculated from Kepler’s third law.

The determination of the elements can be carried out in two general ways, using
a graphical method (not used any more) or an analytical method which is usually
based on the principle of least squares. According to Batten (1973), any method
of solution, whether graphical or least squares, must be iterative. Wyse & Kron
(1939) and Kopal (1947) developed methods of finding differential corrections to
graphically determined elements. For the least squares method, the principles can
be applied only when the observational errors are distributed according to the nor-
mal law, and also when the equations of condition are linear in the unknowns. Such
kinds of restriction to linear equations of condition imply that the least squares so-
lution must be used for differential corrections to values of the orbital elements
already approximately known. However, there are some conditions in which least
squares solutions can break down. A spectroscopic binary with an orbit of small

eccentricity is a known example.

In circular orbits, the elements w and 7., do not have significance, and when
the eccentricity is very small the two elements become practically indeterminate
by graphical or geometrical methods. Since the coefficients for the differential
corrections will be nearly equal, it is impossible to find corrections to both ele-
ments from the same least squares solution if approximate values are assumed. As
proposed by Wilsing (1893), Russell (1902), Zurhellen (1907), Plummer (1908)
and Paddock (1915), an analytical method gives better results for such kind of
orbits. This means that the normal equations of Lehmann-Filhés (1894) fail be-
cause the coefficients of the corrections Aw and AT per are almost proportional
to each other and the equations become indeterminate. .. consider such kinds
of situations, Sterne (1941) suggested an alternative method of solution which 1s

particularly important for orbits which are nearly circular.

Since observational errors exist, spectroscopic binaries with eccentricities close to

zero should be assigned circular orbits as proposed by Lucy & Sweeney (1971).
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Their argument was based on statistical considerations to test the reality of an ob-
served orbit being nearly circular regardless of the orbital period. Skuljan et al.
(2004) however, did not agree with such reasoning. There are many further de-
scriptions of the determination of orbits of binary stars. For example, van den
Bos (1962) gave good explanations of visual binaries. Similarly, Kopal (1959) and
Petrie (1962) explained descriptions of orbit determination of eclipsing and spec-
troscopic binaries respectively. Many authors applied either geometrical or ana-
lytical methods to determine the orbit of a binary system in their work. Lehmann-
Filhés (1894) introduced a geometrical method to determine the orbital elements
of a binary system from the geometrical nature of the radial velocity curve, like
properties of the curve at minima and maxima. This method also considers an-
other geometrical condition that the area of the velocity curve must be equal for
the portions of the curve above and below the V-axis where V is velocity of the
center of mass of the binary system. Using the method of least squares, differential
corrections to the preliminary elements can also be used in order to improve the

final solution of the orbit.

Russell (1902) presented an analytical method to change the observed radial veloc-
ity to a Fourier series, and the orbital elements are obtained by comparing this se-
ries with the corresponding analytical expression of the radial velocity. Compared
to the method of Lehmann-Filhés (1894), this one is longer and more laborious,

specially when the eccentricity is much greater than 0.4.

Similar to the method of Russell (1902), Singh (1984) presented a method of ex-
panding radial velocity as a Fourier (trigonometric) series. To determine prelim-
inary elements by a least square correction, this technique gives a standard set of
velocity curves for given values of eccentricity, and the longitude of periastron.
Karami & Teimoorinia (2007) reported a new method of non-linear least squares
velocity curve analysis for spectroscopic binary stars. The method is faster than
the Lehmann . .Ihés (1894) method, and it can also be _ >lied for orbits of all ec-
centricities and inclination angles. They also proved that their method works well
by applying in to a wide range of binaries (Karami & Mohebi 2007a,b; Karami
et al. 2008; Karami & Mohebi 2009). A Non-linear regression method was pro-
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posed by Karami & Mohebi (2007a) which can be used to determine the orbital
parameters of spectroscopic binary stars. To analyse orbital elements of a binary
system, a software application called Spectroscopic Binary Solver (SBS) was in-
troduced by Johnson (2004) which is a different style from methods discussed
before. In recent times, there are still varieties of techniques to describe orbits of
a binary system. Ghaderi et al. (2012) applied the Probabilistic Neural Network
(PNN) technique to obtain the orbital parameters of spectroscopic binary stars,
and this is also applicable to all eccentricity types. This method was also tested
previously by Bazarghan et al. (2008). Repeatability is one good criterion for the
reliability of orbital elements when the systems are observed at different epochs.
However, for spectroscopic binaries for example, independent determinations of
orbital elements at different epochs have been made only for a few systems. Batten
(1968) demonstrated that some of them showed suspected changes in the ‘orbital
elements,” most of which could not be considered as real changes in the binary

system.

The BEER algorithm is also a different approach for binary star detection, espe-
cially for short period binaries (Faigler & Mazeh 2011; Tal-Or et al. 2015). Faigler
& Mazeh (2011) introduced the BEER algorithm to find non-eclipsing short-period
beaming binaries. There are three photometric effects caused by a short-period
companion, namely the BEaming, Ellipsoidal, and Reflection periodic modula-
tions. According to Loeb & Gaudi (2003), Kepler’s photometric precision would
be sufficient to detect short period companions. For instance, for binaries with
typical RV semi-amplitudes of 10 - 100 km s™!, the beaming amplitudes are in
the range of 102 - 10~% mag. From such result Zucker et al. (2007) proposed
that Kepler and CoRoT can also ect hundreds of non-eclipsing binaries of this
type, and create a new observational category of systems, beaming binaries. The
beaming effect can be caused by the modification " the angular distribution of
the radiated ergy ( lara ration). TI sour of lipsoidal variat 1 is tidal
interactions between the two components of the binary. Reflection variation, orig-
inates from the brightness difference between the day side and the night side of

each component.
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Observing beaming binaries can have advantages compared to the eclipsing bi-
naries because systems with edge-on inclinations can be detected. Furthermore,
intrinsically rare systems such as brown dwarf and massive planetary companions
to main-sequence stars can also be detected (Halbwachs et al. 2000; Faigler et al.
2013). Because of the three photometric effects mentioned above, several studies
were effective in detecting the weak beaming effect caused by a transiting brown
dwarf or even a transiting massive planet in Kepler and CoRoT light curves (Mazeh
& Faigler 2010; Shporer et al. 2011; Jackson et al. 2012; Mislis et al. 2012; Mazeh
et al. 2012). In fact, as soon as the first Kepler light curves became available, many
studies reported the beaming effect of a few eclipsing binaries detected by Kepler
(van Kerkwijk et al. 2010; Carter et al. 2011b).

1.8.2 Binary Star Orbit and Orbital Elements

The motion of the stars in a binary system can be considered in two ways relative
to their common centre of mass or relative to each other. The barycentric orbit is an
orbit of each body relative to the common centre of mass or the barycentre. Using
Kepler’s equation, the orbit of a star in a system can be calculated and the position
and velocity of the star are functions of time. The gravitational force (which is
the central force and also a conservative force) plays the most important role in
the motion of stars in a binary system. Theoretically, time-delay is expressed as a
function of time f and the orbital elements (asin, P, e, w and T;,.;). Hence, these
orbital elements can be obtained from the observed time-delay as the best-fitting

set of parameters.

Let us consider the spectroscopic binary system shown in Fig.1.8, where only one
component enables radial velocity measurements to be made (SB1 type binary).
Each star in the system describes an elliptic orbit around the center of gravity, G.

is  :position of one of the stars in its orbit with respect tc is the ascending

yde and we assume thattl  directior motionis fr« A towards ..

Let a sphere be drawn with the center of gravity located at G. The straight line
joining the earth to G cuts the sphere at K. The plane of the great circle where K
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T
V To Sun

Figure 1.8: A representation of the orbit in space which is inclined at an angle
¢ with respect to the observer (direction GT). The sphere centred on G is a con-
struction which makes it easier to visualize directions and angles (Smart & Green
1977).

is its pole, represents the plane of the apparent orbit and KG is the line of sight.
The great circle passing through L and P defines the plane of the true orbit of the
companion star with respect to G. The straight line passing through G and L, which
is the intersection of the two planes considered, is the /ine of nodes. B is the point
on the true orbit at which the companion star is nearest the primary star. This point

is called periastron. The other ext 1 point on the major axis is called apastron.

Let z denote the distance of S from the plane of HLM, having a positive value
when S is on the same side of this plane as K, and let r be the distance between

the centre of gravity and the star when its true anomaly is v.
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Therefore, the distance, z, of the star in the direction of an observer along the line

of sight varies according to
z = rsin(v + w) sin, (1.2)

where ¢ is inclination of the orbit, v is true anomaly and w is angle of periastron. In
a binary system, the orbital plane is inclined to the equator of the celestial sphere by
the angle ¢, which ranges from O to 7. The star has orbital motion in the direction
of increasing position angle, if 0 < i < 7/2. When 7/2 < i < 7, the star moves

in the direction of decreasing position angle.

The distance r is given by:

_a{l—e?)

= — 1.3
1+ecosv’ (1.3)

where a is the semi-major axis and e is eccentricity.

The orbit of a binary star can be determined from the variation of its radial velocity
as shown in Equation (1.4) where V. is the radial velocity of the secondary star
located at S with respect to the sun, -y is the systemic velocity or the radial velocity

4z is the radial

of the center of mass of the binary system with respect to the sun, <2

velocity of star S relative to the center of mass G of the system.

dz
T = TR 1.4
Vi Tt (1.4)
d d
-£ = u sin(v + w) sin ] (1.5)
= Ydin(v+w)sini + (0 + w)sini Y (1.6)
= psin(vtw)sing+reos(v+tw sind—. )
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2 frsin(v +w)] in( +w) % + 7 cos(v +w) (17)
—[rsin = sin{v — 4+ — .
o sin(v + w S wdt cos(v + w o
dr d . a(l-e?)
= [ 1.
dt dt[l—i-ecosv] (1.8)
ae(l — e?)sinv, dv
— 1.
| (1 + ecosw)? ]dt (19)
rlesinv . dv
= [—F]— 1.10
[a(l—e2)]dt (1.10)
- 2mae sin v (1.11)
n P(1 —e2)1/2 '
dv r? dv
_ 21a?(1 — e2)/2(1 + e cosv) (1L13)
Pa(l —e?)
2ma(l + ecosv)
= . 1.14
P(1 — e2)1/2 ( )
Therefore,
dz 2masinz . .
= = P(l_—w[esmvsm(v—i-w)
+ (14 ecosv)cos(v+ w)] (1.15)
2masing [ (0 +w)+ ] (1.16)
= ————lcos(v+w)+ ecoswl. )
P(l—e2)1/2
If we denote the constant terms as
Ko . 2masini (1.17)

P(1—e2)/?
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Figure 1.9: Radial velocity curve of a binary star HR 8800 with a period of 33.3
days (Smart & Green 1977).

then,
V., =~ + Klcos (v + w) + ecosw]. (1.18)

Equation (1.18) describes the radial velocity variations of one star orbiting with
respect to G.. Fig.1.9 is the radial velocity curve and it gives the relation between

the radial velocity V, in km/s and the time ¢ in days.

The radial velocity V,. reaches a maximum value when cos (v + w) = 1, i.e., v +
w = 0Y when the star is entering the plane of the sky, and it reaches a minimum
value when cos (v + w) = —1, i.e. v+ w = 180" when the star is exiting the

plane of the sky.
When measured with respect to v, maximum V,. is given by:
a=V, —y=HK(1l+ecosw), (1.19)

while minimum V.. is given by:

=~ V,=K(l-ecosw) (1.20)
From equations 19 and 20 we get

(a +5)
5

K=

(1.21)
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and
(a—B)
(a+8)

Thus, the measured values of « and 3 can be used to determine the values of K

(1.22)

€CoOsSW =

and e cosw.

Lehmann-Filhés Method

This method is one of the commonly used methods to derive orbital elements from
the velocity curve. ~ can be determined from the fact that the area BCD above this
axis () shown in Fig.1.9 is equal to area DEF below it. Let us measure these areas

relative to y:

P dz

Area BCD = —dt = zp — zp (1.23)
.y At
T dz

Area DEF = —dt = zp — zp (1.24)
. At

But zp = zp which shows that the two areas are equal i.e., Area BCD = Area
DEEF. + therefore can be found either from planimetry or mathematical integration

software. Points where

V, —v = K]cos (v+w) + ecosw] =0 (1.25)
have, cos (v + w) = —ecosw.
Hence,

cos (Vv +w) = —ecosw = H. (1.26)

We can now determine two areas A; and A, where A; = area CYD and A; =
area DZE shown on the radial velocity curve. If we integrate the velocity curve
relative to the points of inflection, which cc  spond to the nodal passage of the

star:

de
Al——-/ d—jdt:zD—zc:z—O:z (1.27)
zc
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Similarly,

ZEd
A2:/ d—idt:zE—zDzo—z:—z (1.28)

D
which shows that the two areas are equal, i.e. Area A, = Area Ay = A;.

At point D, cos (v +w) = —ecosw. Let v; and r; be true anomaly and radius
vector values at point D respectively. Using Equation 1.26 we get,

cos (U] +w) = —ecosw = _(((YQT_B? (1.29)
which then gives:
sin(v] +w) = [1—cos? (v +w)]"/? (1.30)
- [%11/2 (1.32)
_ (iﬁ), (1.33)

A positive sign applies since point D lies between the ascending and descending

nodes where z reaches a maximum positive value, i.e.,
zo = rysin (v) + w)sini = Ay (1.34)

Let v9 and 7, respectively be true anomaly and radius vector values at point F. A

minimum negative value for z is reached at point F,

zp = rosin (v +w)sini = Ay (1.35)
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and

~2yap

sin (v +w) = 1.36
(v2 +w) (a1 B) (1.36)
z2 d
Al = /21 d_idt:ZQ—ZIZZQ_O:ZQ
= rysin(v; + w)sini (1.37)
Z1 d
Ay = /24 d—idt=zl—z4:0—z4:—z4
= —rysin (v + w)sini. (1.38)
From Equations (1.33) and (1.36), sin (v2 + w) = —sin (v; + w).
Hence,
S Ll LU LIy (139)
Ay —rosin(vg +w)sini 7y

This is when we take both A; and A, as positive. Using Equation (1.3) radius
vector at point D is given as:

a (1 - 62)
T =— (1.40)
(1+ecosv)
and
e?)
ro (1.41)

(_l+€CO-S’U2)

Therefore, we can write Equation (1.39) as follows:
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Ay T1
- = = 1.42
_ (1 4+ ecosvy) (1.43)
(1+ecosvy)
_ 1+ e cos[(ve + w) — w] (1.44)
1+ ecos|[(vy + w) — W]
14 ecos(vz +w)cosw + esin (v2 +w)sinw (1.45)
~ 1l+4ecos(v; +w)cosw + esin (v + w)sinw '
208 — Vap (e + B)esinw
— — (1.46)
208 + vaB (a+ B)esinw
Which then gives:
: 2vapB Ay — Ay
= ) 1.4
e sin w (a—I-B)(AQ-I-Al (1.47)

Therefore, using Equations 1.22 and 1.47 we can determine e and w. Time of

periastron passage 1, occurs for v = 0, in other words for:
Vi=v+ K(1+e)cosw (1.48)

V., can be determined since K, e, w and ~ are known. The possible ambiguity in
where T, falls in the velocity curve is resolved by noting that (v + w) = 09 at
point B and (v + w) = 180° at point Fin F 1.9.

The orbital period P can be found by curve fitting to the radial velocity data,
typically by Fourier analysis or other similar techniques. The semi-amplitude of

the velocity curve is

K- 2rasini  (a+ ) (1.49)
S Pa-e)t? 2 '
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Therefore,

Pla+8)(1- 62)1/2
4
When the period is expressed in days (1 day = 86400 seconds) and « and 3 are

asini =

(1.50)

given in Km/s, we get:

21600P(c + B)(1 — 2)1/2
™

asini = (1.51)
Equation (1.51) gives the value of a sin ¢ in kilometers. Unless the inclination ¢ can
be determined by other means, the semi-major axis a with respect to the center of
gravity of the system cannot be determined.

Mass function

The masses of stars are the most useful factors in determining their evolution and
the binary mass function is one important concept which helps to constrain the
masses of the components in a binary system. When only one spectrum is de-
tectable, the information concerning the masses of the stars is contained in the
value of the mass function. If the system is a double-lined spectroscopic binary,
we can determine the mass function for each component. Let a; denote the semi-
major axis of one orbit, with respect to the center of gravity of the system, and
ao the semi-major axis of the other orbit. Semi-amplitudes of the radial velocity
curves can then be written as follows:
2maq sin

K= — 1.52
1= (1.52)

2masgsint
Ky = ————0H+— 1.53
2= (1.53)

Therefore, we can re-arrange these two equations and write again as follows:

,/1_ 2
aqsiné = —2iK1P (1.54)
is
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R /1 _ p2
ag sini = “ K,P (1.55)
i
Since we know that
mia; = maaz (156)
and
GM = 47%a3/P? (1.57)
we make substitutions:
ai
my = my(— (1.58)
az
Y e (1.59)
as sing
K,
= — 1.60
m ( Kg) (1.60)

Thus, the ratio of the masses can be derived. However, individual masses cannot

be found unless ¢ can be derived by other means.

Therefore,

Gml(

m1 sin

3

?

1+ -

Kl 4772 . . .
a1 sini + as sin 1)3/ sin® i

Kg)zﬁ(

47'('2 I(n A/ 1 —P2

- DK, K)?
P2 Gy +Ke) 2T RALS 2)

P
%(1 —e2)¥ 2K + K2)?K,

(1.61)

(1.62)

(1.63)
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This gives an upper limit for m; unless ¢ is known. Interchanging 1 and 2 in
Equation (1.60), we can also find an upper limit for my. If we can measure K,
using Equation (1.57) to determine K, the mass function can be determined and
we get the following:

PK3} ,
mysin®i = (1 —62)3/2(%2”72)2 (1.64)
and so
m3 sin® ¢ PK?
flm) = —2 = —L(1-¢%)? (1.65)

(my +m2)2 G

where f(m) is known as the mass function. The right-hand side of the equation
contains only measurable quantities where G is the gravitational constant. Besides
sin ¢, the terms in the middle contain the main quantities of interest, the masses of
the two components, m; and my. Thus, the mass functions directly relate the two
masses to observable quantities. For a double-lined spectroscopic binary, where
the radial velocity amplitudes of both components can be measured, these rela-
tions can be used to determine mass ratio and we can also determine m; sin® and
mgsin®i. The mass function when we consider time-delay is given in the next

section.

Determining the inclination angle 7 is often difficult, but in cases where this is
possible (e.g., for an eclipsing binary with ¢ ~ 90° or for a visual binary), one
obtains the masses of both components. In fact, this is one of the most important
methods for determining stellar masses, including those of compact objects, such
as black holes.

1.8.3 Time-delay as a Function of Orbital Elements

Using distance to the barycentre, 2y, Equation (1.2) can be written as

z = rsinisin(v + w) + 2. (1.66)
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Time-delay 7 and distance z of the star from the plane of the sky are related as
z
T=- (1.67)
C

where c is speed of light. Distance z and phase ¢ are also defined as follows:

= 1.68
2= o 7 (1.68)
Using Equations (1.2, 1.3 and 1.68) we can write for phase ¢ as follows:
—9 ;
6= ’Tfa(l—ez’)siniw (1.69)
c 1+ecosv
Therefore, we can write distance z as:
asinill — e ginly 4+ o)
z= (1.70)
1+ ecosv
From Equations (1.69 and 1.70) we can write for time-delay 7 as follows:
o asini (1 — e?)sin(v 4+ w) . (1.71)

c 1+ ecosv

where 7y is an arbitrary offset.

Time-delay is defined so that it is negative when the star is nearer to the observer

than the barycentre. A negative delay indicates an early arrival time.

Equation (1.71) gives us expression for time-delay 7 in terms of true anomaly
v. However, it is also possible and better to express 7 in terms of the eccentric
anomaly, E, rather than true anomaly to avoid writing the expression in fractional
form. We know that

rsinv = bsin K (1.72)

but

t aVvl1-—e? (1.73)

where b 1 semi-minor axis.

rsinv =av1—e?sin E (1.74)
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rcosv = a(cos E — e) (1.75)

When we expand Equation (1.66), we can get the following:

z = (rsini)(sinvcosw) + (rsini)(cosvsinw) + zp. (1.76)
z = (rsinv)(sinicosw) + (rcosv)(sinisinw) + zp, (1.77)
z = (asini)(v/1—-e?)coswsinF

+ (asini)(sinw)(cos E — ¢) + 2. (1.78)

Using Equations (1.67 and 1.78) we find the following,

= asmz\/l —e2coswsin E + g sinw(cos E — e) + 79 (1.79)
c

c
Let
A=270 (1.80)
c
Then,
T=AV1—-e?coswsin E + Asinwcos E — Aesinw + 7. (1.81)

Let’s again assign the constants in Equation (1.81) as follows:

ay = —Aesinw+ 1. (1.82)

as = Av1-—e?cosw, (1.83)

az = Asinw, (1.84)
Therefore, we can write Equation (1.81) in a simpler form as follows:

T =a; + azsin F + aszcos F, (1.85)
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where a1, a; and a3 are coefficients which contain the orbital parameters. From

Kepler’s equation, eccentric anomaly, £’ and mean anomaly, M are related as fol-

lows:
E —esinE = M, (1.86)
where
27
M = —(t — Tper). (1.87)
P
Therefore,
. 2T
E —esinE = F(t—Tpe'r). (1.88)

where P is orbital period and T, is time of periastron passage. For any given

time, ¢, we can calculate £ and use it to calculate 7 in Equation (1.85).

If the eccentricity is smaller than the expected error, it is better to assume that the

orbit is circular (e = 0), in which case

2 2
T = 'ro+Acos¢sin—gt+Asin¢cos%t, (1.89)
— 4y +assin t4 . (1.90
= aj +assin Iz a3z cos Pl .90)

The solution to the elements proceeds as before, except that we will not have val-
ues of e, w and T,.,. We also use least squares to solve for ay, ay, az and their

standared deviations from which the parameters can be derived.

..me-delay velocities (radial velocities) of some of the Kepler < : can also be

calculated by taking the time derivative of distance z as

%=Ac(\/l—ezcoswcosE-esinwsinE)%—f. (1.91)
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From Equation (1.88) we can write

OF 2
E(l—ecosE): % (1.92)
Hence
. . 2m Ac
Ve =(V1—¢€?coswcos F —esinwsin B)— ———. (1.93)
P1l—ecosE

From Equation (1.93) radial velocity curve can be constructed and the spectro-

scopic radial velocity amplitude is

2w Ac
K= ———. (1.94
P /1 — €2 )
The mass function we calculated with the time-delay method we used is calculated
in detail as follows.

If a is measured in AU, then the value of A (time-delay) expressed in days is

A =0.0057755183a sin :. (1.95)

where the values of c and AU considered (in mks units) are ¢ = 2.99792458 x 108
m s~ ! and 1 AU= 1.49597871 x 10''m respectively. If P is also in days, the
1

semi-amplitude of radial velocity inkm s " is

27 1.49597871 x 10''asini

K = , 1.96
86400 x P V1 —e2 ( )
. pE Ar
= 1.73145684028 x 10 (1.97)
o1 —e?

If the masses of two stars in a binary are m; and s, the mass function is given as

4 2 -3 .3
f(m) = f(m.ms) = = (GS;Z) = (EZTI:;;)Q (1.98)
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In mks system of units

4m? (1.49597871 x 10'lasind)3
m . (1.99
flm,mz) 6.67384 x 10~ 11 (86400.0 x P)2 (1.99)
. . 3
 9.652972204070216 x 107 23”7 (1.100)

P2

If the mass function is expressed in solar masses, we must devide by the solar mass
M= =1.9891 x 103° kg. Hence

(asini)?

f(my,m2) = 133375.50676035474 2 (1.101)
Equation 1.86 is called a transcendental equation. The equation does not have a
closed-form solution for E given A/. The mean anomaly increases at a constant
rate with time. It indicates where the star would be if it moved in a circular or-
bit of radius a. For circular orbits all three anomalies v , E, and A[ are always
equal. Equation (1.86) is usually solved using numerical techniques. Since Ke-
pler’s equation cannot be solved algebraically, the solution of E can be treated
using iteration methods which we also applied in the Fortran program developed.
The procedure is as follows. A very good estimate of orbital period can be ob-
tained from the binarogram, but we need to guess values of e and T}, in order to
calculate E for each observation. Therefore, we can use the best values of e and
Tper as input to the non-linear least squares routine to get corrections and standard
deviations for the orbital parameters. We can find the standard deviation sigma
for many values of e and T,.;. The values which give the smallest value of o are
the most probable values. The search for minimum o is limited to 0 < e<1 and
0 < T,er<P. A way to proceed is to first do a coarse search with quite large steps,
de, in e and 6T in T}, and obtain first approximations for e and T,.,. A better
suggestion is de = 0.1 and 67},er = 0.1 x P. This means that we only get the value
of e accurate to 0.1 and T},.; accurate to 0.1x P. A better approximation can be
obtained by searching around these values using smaller step sizes. It is possible
to continue in this way until the value of o no longer decreases, at which point we
have found the best solution for e and 1,,.,. We are trying to get values which are

close enough to the true values to be able to use non-linear least squares. The code
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developed will search through all possible values of e and T}, and pick out those
which best fit the data. We used these procedures and concepts to develop the code

which calculates orbital elements.

Preliminary Elements From Time-delay

There are different methods to get initial elements for a binary star orbit (Rabe
1951; Docobo 1985). However, there is no single method which can handle all
cases equally well or which can give the final solution in one step. If time-delay
T is given as a function of time, we can fit observations to Equation 1.85 by least
squares method and get constants a1, a and as by selecting all possible values of e
and T},e;. From best values of ay, az and a3, we can calculate first approximations

for A and w as follows. From Equation 1.83 we write

az

——\/1__—()7:ACOS(U:(YQ, (1102)
Q2
cosw:Z, (1.103)

A=/ad+dd, (1.104)

From Equation 1.84

sinw = (1.105)

as
A
Equation 1.82 also gives

70 = a; + Aesinw. (1.106)

Since we now have good starting values of all the orbital parameters A, e, w, Tper
and P, we can calculate corrections using the partial derivatives calculated. These
parameters just found should actually be very close to the true values. We can use
these parameters to solve for the corrections, and, at the same time, get the standard
deviation of each parameter. Therefore, the next step is to calculate the corrections
required to these starting values using non-linear least squares. In order to solve

for the corrections, we need to find partial derivatives of time delay as a function of
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the five parameters (07 /0A, 07 /0e, 01 /0w, 01 /0T per, Ot /OP). These partial
derivatives were solved in this study, and the values of the derivatives are shown

in Appendix B. ...ese values were used in the program written in this thesis.

Initial elements should be corrected by means of a least squares fit (van den Bos
1937; Heintz 1967). This procedure is an iterative one as a rule. If orbit is too
uncertain for all elements to be corrected simultaneously, one or several elements
have to be fixed. This can be done by limiting the number of elements to be
corrected in one step. From the covariance matrix, it is possible to know which el-
ements are weakly determined and whether there is a strong coupling between two
elements. In addition to this, approximate values for the errors of the individual

elements can be calculated.

Differential Corrections to the Elements

Using the iterative least squares method known as differential corrections, the best
values of the orbital elements can be determined. It is generally advisable to de-
termine the differential corrections to the preliminary elements by the method
of least squares, whatever method may be used in finding the preliminary orbit.
Schlesinger (1910) reported the least squares method, which allows for the differ-
ential corrections to be a set of preliminary orbital elements. The method has great
accuracy and it is also suitable. Sterne (1941) presented two forms of least square
solutions, where both forms differentially correct the preliminary elements. One
of the forms is particularly applicable for orbits having very small eccentricities.
The second form is a modified version of the method of Schlesinger (1910), where
the date of periastron passage is replaced by the date at which the mean longitude
is zero. This second form is suitable for all orbits except for those with very small
eccentricities. Schlesinger (1915) clearly described the advantage of applying the
method of least squares using spectroscopic binary stars as an example. Accord-
ing to Schlesinger (1915), the main advantage of the method of least squares is to
enable us to vary all of the unknowns simultaneously, instead of one or two at a
time. It also eliminates any personal bias or arbitrary steps from the computations
and greater accuracy shows the reliability of the results. A shorter approach on
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least squares method is also proposed by Curtiss (1916).

As a general example, the above concepts of differential corrections can be ap-
plied to orbital analysis of spectroscopic binaries. Orbital parameters of a binary
system can be derived from a set of radial velocities of any spectroscopic binary
system. Radial velocity analysis is based on the well known radial velocity equa-
tion (Equation 1.18): Vr = v + K|[cos(v + w) + e cos w| where v is a function of
Tper and P.

Therefore, the radial velocity at any time is a function of the six parameters: Vrad
(v, K, e, w, Ther, P). Equation 1.18 was introduced by Lehmann-Filhés (1894)
and, as discussed in the previous sections, the orbital elements were determined
using the geometrical method of calculating the areas of radial velocity curves.
The six orbital elements (v, K, e, w, Ter, P) can be obtained from the radial
velocity observations. A small change in any of the orbital elements of Equation
1.18 also leads to a change in the value of the radial velocity. Therefore, using
Taylor’s expansion and ignoring terms higher than the first, Equation 1.18 can be
written as shown in Equation 1.107. The partial derivatives are tedious and were
first shown by Lehmann-Filhés (1894) as indicated in Equation 1.108.
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oF oF oF oF oF OF
= —Av+—AK+—Ae+—A =5 .
AV 5 YgAKo Aet=—Awt aneTATper+ BPAP (1.107)
AV = Ay

+  [cos(v 4+ w) + ecosw]AK

sin(v + w) sinv(2 + e cosv)

s ]

+ Klcosw —

— Klsin(v + w) + esinw]Aw

+ K[sin(u+w)(l+ecosy)2ﬁ#2)3/2]AT
2 —
b Ksin(v + w)(1 4+ ecos)2 2 TP A p (1 108)

P2(1 — ¢2)3/2

The coefficients (the differential correction terms) can be calculated from the pre-
liminary estimation of the orbital elements. The difference between the actual
observed radial velocity and the radial velocity calculated using initial estimation
for the orbital parameters is, AVr = Vr — Vr0. Since it is possible to calculate
the partial derivatives at each time, ¢, this would become a least squares type of
problem where we can determine the coefficients. The coefficients in this case are
" "X, " "o, " Tper and AP. Once we have these values, it is possible
to obtain better estimates of the initial approximate values. If the approximate pa-
rameters are v, K, e, etc, the improved values are v + Ay, K + AK, e + Ae,
etc. Thus, it is possible to use these new values and repeat the proce: e until all
the Ay, AK, Ae, etc are close to zero. One can get n simultaneous equations for
n observations with six unknown differential correction terms. The least squares

solution can be represented in terms of the matrix equation and the coefficients of
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the matrix give corrections to the parameters. Since the longitude of periastron w
and the time of periastron passage 1}, become indeterminate when eccentricity
approaches zero, the solution becomes more unstable for a system with low ec-
centricity as usual. It is also known that the method proposed by Lehmann-Filhés
(1894) provides a reasonable result for a system with eccentricity e > 0.15. In this
case it can be a good choice to use the method suggested by Sterne (1941) where
the date of periastron passage is replaced by the date at which the mean longitude

is zero, which is the time of ascending-node passage.

Similarly, we applied this technique of differential corrections to the elements on
time-delay as follows. The time-delay analysis is based on the time-delay equation
(Equation 1.79) derived before. Therefore, the time-delay at any time is a func-
tion of the parameters 7(A.e.w. Tper. P). Any small changes in orbital elements
brings a change in the time-delay. Suppose we wish to determine the corrections
(0A, de, éw, 6T e, and 0 P) to the approximate parameters. Ignoring terms higher
than the first, and using Taylor’s expansion time-delay equation. Equation 1.79 can
be written as shown in Equation 1.109. ..ierefore, using these partial derivatives
mentioned in Appendix B, Equation 1.109 can be expressed as shown in Equation
1.110.



Introduction 59

or 8 or or or or
or = 1

+ [V1-e€?coswsinE +sinwcos E — esinw]dA

\/1— 2cos B in” £
[(Acosw)(sin E)| T ] — Asinw| -
V1 (1—ecosE)

+ 1]]de

1—ecosE

+ [-AV1—e?sinEsinw+ Acoswcos E — Ae cos w|dw

-2
+ | Pw(l ccos B) [AV'1 — €%(cosw){cos E) — Asinw(sin E)||6Tper
. . =2m(t — Tper)
+ [[AV1—e?(cosw)(cos E) — Asinw(sin F)] |0P.  (1.110)
P2%(1 - ecosE)
This means
Tobs — —57’0+.’L‘15A+.’1325€+1‘35&J+.’L‘45Tper+.’1355P (I.111)

This is a multivariate least squares problem. For each observed value of 7, 7,5, we
can determine the calculated value of 7, 7.4; , using the approximate parameters as
well as the values x1, x2. x3. 24, 5, which are the partial derivatives. Therefore,

we can determine the corrections by least squares fitting.

Error Analysis

As described in the previous sections, we obtained the standard deviations of the

five parameters, asini.e.w.Tper and P from the covariance matrix of the least
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squares solution to the corrections. However, we do not have standard deviations
for the derived parameters K and f(my,m2).

From propagation of errors,

0K\ 0K\’ OK \*
o3 = (8_P> ob+ (ﬂ) o+ <%> ol (1.112)
We have also
1
an:—lnP+ln(asinz’)—§ln(1—62)+const. (1.113)
Therefore,
oK 1
- = _K 1.114
oP F ( )
AK 1
= K (1.115)
OA A
oK e
— = K- —. 1.116
Oe 1 —e? ( )
Which gives
K\? K\? Ke \*
O'%( = <F> 0’%—{— <Z> O'?q—F (1_—62) O'z (1117)
Hence

K 2 K 2 Ke 2
AT (T

T stas red: riation in the mass function is

of \? Of \?
2 _ 2 2
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From Equation 1.101 we have f(mi,ms) = 133375.50676035474M.

P2
So that
In f = 3In(asini) — 2In P + constant. (1.120)
Therefore,
0 3
f__ 3 (1.121)
Jasini asini
of 2f
- L 122
oP P (1.122)
Which gives
3F \? 2f\?
2 _ 2 2
Uf = (asini) T, + (F) Tp, (1.123)
Thus

2
o2, (1.124)

_ (3L 2f
7= \/(asini) 7t (75)

For a circular orbit, we need to find the standard deviation of A and ¢ in

2 2
T = TO+Acos¢sin%t+Asin¢cos——gt, (1.125)

a; 19 sir "+ ag cos P (1.
¥ ¥

given that A2 = a3 + a3 and ¢ = arctan(az/az). The least squares solution

provides standared deviations of the coefficients aj, a2. as.
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We have

814 814 as (9A 8A as
A— =20y, — = —+,2A— =2a3. — = — .
2 8a2 2 8a2 A 72 8a3 2@3 6@3 A (1 127)

Hence by propagation of errors

(1.128)

Therefore,

1
o4 = Z\/agag—kagag. (1.129)

Also

oo 1

sec? g = —, (1.130)
6@2 as
¢ az
2
— == 1.
sec ¢8a3 ol (1.131)
o 2
99 _ s d (1.132)
8@2 as
0 ay cos® ¢
e T 1.1
Oas a? (1.133)
We also note that sec? ¢ = 1 + tan? ¢ = 1 + a3/a%.
Hence
9 n? a2 A2
sec” ¢ = = (1.134)
ajs ajs
2 a%
cos cbzﬁ (1.135)
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and

0o az 0o as
—_— = == .136
das  A?7 das A2 (1.136)

By propagation of errors

a¢ 2 A 2
2 _ 2 2
a2 a2
= A_iag + A—iag, (1.138)

Hence

1 2
UQZF a%a%+a%a§. (1.139)

1.9 The Time-delay Method

1.9.1 Introduction

The time-delay method traces back to Ole Roemer who made the first real mea-
surement of the speed of light by timing eclipses of Jupiter’s moon Jo. The satel-
lite is eclipsed by Jupiter once every orbit, as seen from the Earth. By timing these
eclipses over many years, Roemer noticed that the light from the Jupiter system
has to travel an extra distance represented by the diameter of the Earth’s orbit. This
causes a delay in the timing of the eclipses. As the earth in its orbit moved toward

, the time interval between successive eclipses became steadily shorter and
became steadily longer as the Earth moved away from Jupiter. ...e time difference
is due to the finite speed of light which means that light from the Jupiter system
has to travel farther to reach the Earth when the two planets are on opposite sides

of the Sun than when they are closer together.
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In a binary system, which is also pulsating, the orbital motion of the star leads
to a periodic variation in the distance travelled by light emitted from the star and
arriving on earth. This is called the path length of the light. This is the light time
effect and brings a time-delay that varies and results in the pulsation phase that
also varies. A description equivalent to this is a variation in pulsation frequency
which is periodic and results from the Doppler effect. In a study of variation of
the apparent period, Woltjer (1922) introduced the time-delay method. This was
applied to an eclipsing binary where this system is in orbit around a third star.
Irwin (1952) discussed this idea further. To obtain the radial velocity curve in a
pulsar, Hulse & Taylor (1975) also applied the method. By timing the arrival of
radio signals from a rapidly spinning pulsar, the most convincing evidence so far
for a planetary system outside our solar system was found. The method became
famous after Wolszczan & Frail (1992) used it for the discovery of the millisecond
pulsar PSR1257+12 which has a planetary system around it.

The time-delay method allows the determination of orbital parameters directly
with high precision, thus avoiding the need for spectroscopy. Therefore, mod-
elling the time-delays might be preferred over the radial velocity curve. For many
stars, obtaining the required radial velocity curves from ground-based observations
is not possible. In recent times, it has been possible to get precision time series
photometry from space missions like CoRot and Kepler. In addition, such space
missions offer the chance to calculate orbital elements of a star which is pulsating
and is part of a binary syatem. For example, the method was applied by Telting
et al. (2012) on KIC 11558725, a pulsating sdB star having a companion which is
a white dwarf, and by Murphy et al. (2013a) to find a binary companion of KIC
11754974.

Using modern high-precision photometry from the ground by Zasche & Uhlar
"713) and from space by Rappaport et al. (2013) and ~nroy et al. ~14), the
time-delay method was used to identify third bodies in eclipsing binary systems.
Spectroscopic orbital parameters were also presented for ‘heartbeat’ stars by Smullen
& Kobulnicky (2015) which support the idea that photometric data are sufficient

to derive reliable orbital parameters for these stars.
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In most cases the method is applicable to § Sct Kepler stars, but these stars have
a variable amplitude of close frequencies which can be similar in amplitude with
pulsation frequencies. These close frequencies obscure or distort any effect due
to time- delay variations. Therefore, methods which consider time-delay effects
should be designed to avoid such problems, in order to get the appropriate orbital
period. Balona (2014a) focuses on such issues. Taking Kepler A stars as an ex-
ample, Balona (2011) also showed that about 20 percent of A stars have dominant
low frequencies which are visible in the periodogram. In most A-type stars, these
low frequencies (0.2 < v < 5.0d~!) have typical amplitudes of about 40 ppm
where the low frequency is assumed to be due to rotational modulation caused
by star spots or co-rotating structures. Considering Kepler A stars again, Balona
(2014b) further explained that low frequencies in 0 Sct stars show the presence of
0 Sct pulsations. In fact, a high amplitude with a large number of combination
frequencies is also shown in 4 Sct star KIC 11754974 (Murphy et al. 2013a). Such
a relation between frequency and amplitude is also a topic of discussion on other
types of Kepler pulsating stars (Balona 2013). Balona & Nemec (2012) proposed
high amplitude as a selection effect on taking SX Phe samples among Kepler ¢

Scuti stars.

In general, time-delay is a new technique that avoids the need for time-consuming
spectroscopic observations to determine the orbital parameters of binary star sys-
tems. It allows the orbital solution to be obtained from the light curve alone. The
time-delay method to detect binary companions has a different range of applica-
tions from the usual radial velocity observations. For example, since asin‘ and
time-delay are proportional, the time-delay method is best to identify binaries at
bigger distances from the centre of mass. This implies that long orbital period sys-
tems can be studied with this method. On the other hand, for short-period binaries
1 1 al =~ ity meth: " is preferat” The time-de” ' method has some
| tations. lim" ‘lonisthatit jui hy 1 andh 1 on
photometry. The method is also not suitable for detecting planets having a mass
less than the mass of Jupiter, although the detection of low mass systems might be
possible if the systems have very high frequencies like pulsars.
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1.9.2 Using Phase and Frequency Modulation to Search for Bi-
narity

It is known that if a star is a member of a binary system, its distance varies while
it is in orbit with respect to the barycentre. If one member of this system pul-
sates, the variation in distance brings variation in phase of pulsation. Such changes
can be used to derive orbital information of a binary system. For example, using
data transformed to the frequency domain, Shibahashi & Kurtz (2012) applied
the method called frequency modulation (FM) on artificial data and KIC4150611.
Murphy et al. (2014) also applied the method on entire Kepler light curves using
a direct analysis of phase variation with the method known as phase modulation
(PM). More recently, Murphy & Shibahashi (2015) improved the phase modula-
tion method for finding orbital parameters from light arrival time-delays directly
without converting time-delays to radial velocities by numerical differentiation.
This method was applied to KIC 8264492, KIC 10990452 and KIC 9651065 and
the orbital parameters were obtained for each system. Figure 1.10 shows an ex-
ample of the time-delay method by Murphy & Shibahashi (2015) applied to KIC
9651065.

The PM method is an important way to convert pulsational phase modulation into
light arrival time-delays. From Fig.1.10, it can be seen that the projected size of
the orbit is obtained from the time-delay difference between the maximum and the
minimum. Deviation of the curve from a sinusoid also indicates that the orbit is
eccentric. The pulsating star is nearest to us when the time-delay curve reaches its
minima, while the star is furthest from us when the curve reaches its maxima. The
sharp minima and blunt maxima further show that periapsis is at the near side of the
orbit. The asymmetry of the time-delay curve, which is shown by the fast rise and
slow fall was explained by the fact that the star passes the periapsis after reaching
)
information abo

ot ned which matches with the observed time-delay is shown in Fig.1.11.

The FM method shows the appearance of a frequency multiplet in the Fourier
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Figure 1.10: An example of a time-delay diagram applied to KIC 9651065 using
nine different pulsation modes. The time-delay varies periodically with the binary
orbital period (Murphy & Shibahashi 2015).

transform of the light curve of a pulsating star due to the light-time effect in a
binary system. The members of the multiplet are then separated by the orbital
frequency of the orbiting star. All the orbital information then be derived from
the amplitudes and phases of the components of the frequency multiplet. Fig.1.12
shows a case for KIC 4150611 where the highest amplitude peak at 20.243260
d~! has another pulsation mode frequency nearby. The triplet is shown as the
second-highest peak at 22.619577d ! .

This FM method described by Shibahashi & Kurtz (2012) is especially applica-
ble when the observational time span of the data is long compared to the binary
orbital period. However, since the frequency splitting due to the binary motion be-
comes comparable to the frequency resolution, the FM method is not necessarily

appropriate for wider binary systems.
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Figure 1.11: A phase plot of data presented in Fig.1.10 (Murphy & Shibahashi
2015).
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Figure 1.12: Amplitude spectrum (top panel) for KIC 4150611 where data is cen-
tred on the peak at 22.619577 d ~1. The bottom panel is an amplitude spectrum
showing the two sidelobes split from the central peak by exactly the orbital fre-
quency (Shibahashi & Kurtz 2012).
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Figure 1.13: Time-delay as a function of time (top panel) of KIC 11754974 and
its Fourier transform (lower panel). The time-delay contains information on the
orbital period and the frequency of one of the stars is equal to the separation of the

two pulsation frequencies (Murphy et al. 2014).

On the other hand, the PM method results in a series of time-delay measurements
where binarity is apparent as a periodic modulation whose amplitude gives the
projected light travel time across the orbit. The orbital parameters can be obtained
from Fourier analysis of this time-delay curve. For example, Fig.1.13 illustrates
this for the star KIC 11754974 where the top panel shows time-delay containing
information on the orbital period and the lower panel is a Fourier transform of
the time-delay. One can also find the radial-velocity curve by differentiating the

time-delay curve.

Compared to the FM method, the PM method has the advantage of giving the vari-
ation in the light-travel time at short intervals (PM sampling segments must be

short). However, FM gives better results for short period binaries. The short time
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interval in PM makes it suitable for long-period binaries and it gives a more de-
tectable signal for low-frequency pulsations compared to FM. Murphy et al. (2014)
explained that their method of PM permits companions to be located in orbit at
least as long as the 1400-d Kepler data sets and companions can be found around
very low amplitude pulsators of about 20 umag, regardless of orbital period. They
further suggested that by extrapolating the results, planetary companions could

also be discovered around mmag amplitude pulsators.

1.9.3 Binarogram

Balona et al. (2015) also applied the time-delay method to Am star KIC 3429637
observed by Kepler to calculate orbital elements. Balona (2014a) described a time-
delay method where orbital parameters for a system of pulsating binary star are
calculated. The method was checked using simulations. In addition to the simu-
lations, the method was also tested on the following two real stars whose orbital
parameters were already determined: KIC 4150611 by Shibahashi & Kurtz (2012)
and KIC 11754974 by Murphy et al. (2013a). The method differs from previous
methods because it provides a direct periodogram of the orbital frequency, which
Balona (2014a) called a ‘binarogram’. The application of this method by Balona
(2014a) to 34 Kepler 6 Sct stars also resulted in the detection of five binary stars.

Koen (2014) used a similar method to find binary stars from photometry.

According to Balona (2014a), the first requirement in using the time-delay method
to obtain orbital elements is that the data of the photometry must be precise. The
data also is expected to be sampled well and observations spanning a very long
time. Pulsation frequency and length in time series can result in a better resolu-
tion of the orbital period. One of the stars should act like a clock when there is
no variation in frequency. ..ls is a requirement which is critical. Best time res-

t ‘

¢ i and white dv

roAp stars can al: .
frequency variability and low amplitudes limit their usefulness. Because they are

stochastically driven and also have low amplitudes, solar-like oscillations are not
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Figure 1.14: The mass of the secondary as a function of orbital period for com-
panions of typical ¢ Sct star. The numbers on the different curves are a sin 7 values
(Balona 2014a).

good candidates for this method.

In obtaining orbital parameters. the time-delay method with its sensitivity domain
and radial velocities approach is not the same as previous methods even though
the first derivative in time-delay gives radial velocity. For example, the time-delay
method provides the semi-major axis, a sin¢ directly. Using data taken from Ke-
pler observations, Balona (2014a) further explained that when asini ~ 0.01 AU,
which corresponds to a time-delay amplitude of about 5s, the method would be
limited. This means that if the time travelled by light from the secondary star to
the center of mass of the system is less that 5 s, the two systems cannot be resolved
and what we observe will be a noise. This implies that for § Sct stars, 0.002 M~,
1s the minimum detectable mass of the secondary, where this limit corresponds to
the orbital period of about 20 days. When the orbital period increases to about one
C ill be the minimum mass of the secondary that can be detected.
For ex 114 bk r of a com;
uti star withm  range 1.5 - 2.0 M/M.> on period of the orbit for various « sin i
values. The companion star has an orbital period of about 250 days for a mass of
M =0.01 M3, when the peak value of the binarogram is asin7 = 0.01 AU.
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Figure 1.15: Periodogram of KIC 4150611. The full frequency and amplitude
range are shown in the top panel. Further details around four of the peaks at 17.75,
18.48,20.24 and 22.62 d~ ! are shown in the bottom panel (Balona 2014a).

Rapid identification of star systems that have detectable variations in time-delay is
the main purpose of a binarogram. In this thesis, the binarogram is also used for
the same purpose. The value of a sin ¢ and orbital period can be calculated from the
binarogram. The peaks of the binarogram represent the orbital frequencies. One
peak is usually visible, however, in multiple systems, two orbital frequencies can
be observed. If there is time-delay variation of orbital frequency, a plot of asin?
versus orbital frequency will be a maximum. As an example, Fig.1.16 shows the
binarogram of KIC 4150611 for seven frequencies which are in § Sct range as
given by Balona (2014a). The periodogram of the same star (KIC 4150611) is
in 1.
and 17.75 d~ 1. ) ] ks are

shown.



74 Chapter 1

asini(AU)
o

0 0.02 0.04 0.06
Frequency ™

Figure 1.16: An example of a binarogram plot of KIC 4150611. Seven frequencies
are used and in the range 0-0.06 d™!, there is only one peak visible that corre-
sponds to the orbital period (Balona 2014a).
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Tdentifying sinary Stars and
Determining the Orbital

Period Using the Binarogram

Users can search for Kepler data or light curves in different ways. Common meth-
ods are based on position, time of observation, target name or Kepler Identification
Number (Kepler-1ID). Light curves can also be obtained from Mikulski Archive for
Space Telescopes (MAST). In this chapter we will discuss how one gets the spe-
cific data products archived at MAST and the procedure we followed to get data
and extract the data from the FITS file. There are different ways of identifying
binary star systems. In this chapter we will also discuss our own method of iden-
tifying binary systems using the method called binarogram. Finally the list of

identified binary systems will be given.

2.1 Obtaining Kepler Light Curves

Kepler Data

The Kepler data has been made public and can be retrieved from MAST which
serves as NASA’s primary archive for ultraviolet and optical space-based data.
Kepler data are decompressed and sorted as long and short cadence with pixel type
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(target, background or collateral). Then the data is converted to the FITS (Flexible
Image Transport System) format to comply with astronomical data standards. A
variety of data products are archived for direct download from the public site in
the following form for all users: processed Light curves derived by Photometric
Analysis (PA) and corrected by Pre-search Data Conditioning (PDC), Full-frame
images output from all 84 channels on the detector array, and Target pixel images,
the individual pixel masks collected for each observation during a quarter and
calibrated by Calibration CAL.

In Kepler data, light curve files are produced for each target using simple aperture
photometry. A light curve file contains time series data. At any time, there will be
more than 160,000 long cadence targets and up to 512 short cadence targets being
observed. Data observed by the Kepler photometer are recorded on orbit, down-
linked, archived, processed and calibrated through the Kepler Science Pipeline. Its
primary focus is on scientifically related data sets in the optical, ultraviolet, and
near-infrared parts of the spectrum. The archived data contains the raw and cali-
brated pixel values, background pixels, calibrated and corrected light curves, and
related ancillary engineering data. For this research, we first selected 1646 4 Sct
stars identified by Balona (unpublished) from MAST where all our data belongs
to long cadence sampling rate. The data are in FITS file format and these FITS
files contain only tables and we need a special reader to access these tables. A
simpler way to get the data is to use a script. We used a Fortran program to ex-
tract the required data from a FITS file into an easy and usable four column file
(barycentric Julian date, photometry corrected by our program, photometry using
PDC (Kepler’s own correction), photometry using SAP (uncorrected simple aper-
ture photometry)). Fig.2.1 shows examples of Kepler light curves for two of the
binary stars we identified (KIC 1294670 and KIC 2168333). The corresponding
corrected light curve of these two stars using PDC is given in Fig.2.2.
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Figure 2.1: Kepler light curve for the two sample binary stars we identified: KIC
1294670 (top panel) and KIC 2168333 (bottom panel) using raw (uncorrected)
SAP data. Mostly, the gaps are due to quarterly rolls and monthly downlinks.
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The next step in the research was to search for the pulsation frequencies in a star.
To perform this task, we used the Fortran program to calculate the Lomb-Scargle
periodogram of a pulsating star in the binary system. The photometric input data
we used for the periodogram was the Pre-search Data Conditioning (PDC) where
signatures in the light curves that are correlated with systematic error sources from
the telescope and spacecraft, such as pointing drift, focus changes, and thermal
transients are corrected. We limited the frequencies needed to be used for the pe-
riodogram in the range between 0 to 48 d~! and the number of frequencies to
be extracted was 50. The search from O to 48 d ! extends beyond the nominal
Nyquist frequency of 24 d~!. The reason for this is to use the non-uniform data
spacing to identify peaks at frequencies higher than 24 d~!. Running the program
gives frequencies, amplitudes and phases and their errors. The program also re-
moves everything except about 10 of the frequencies of highest amplitude, avoids
frequencies which are very close to each other and uses only frequencies in the
range 10-30 d~!. Another related assumption we made was that pulsation fre-
quency must be constant. The next task was to use these pulsation frequencies and

identify binary stars using a binarogram. This is discussed in the next section.

Before applying to the real Kepler data, a program was developed which creates
a simulated data file (a synthetic ‘delta Scuti’star) for a pulsating star in a binary
orbit. The simulated data gives time, photometry without error and with standard
error. This allows one to simulate real data more closely. From the simulation,
we can learn the effect of fictitious peaks which are the result of frequencies close
to each other. This happens if we do not include both frequencies in calculating
the binarogram. Fig.2.3 shows the periodogram plot for the synthetic light curve
and the corresponding binarogram for the data is shown in Fig.2.4. The pulsation
frequencies produced are 12.3813, 14.3703 and 15.6727 d~!. Using these artificial
data, it is also possible to recover the time-delay using another program developed

to obtain time-delay as a function of time.
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Figure 2.3: Periodogram of the synthetic data.

2.2 Identifying Binary Stars Using Binarogram

Mathematically, the way in which a binarogram works is given below. The dis-

tance z of a star along the line of sight varies according to the following equation:

(1 —e?)sin(v + w)
1+ ecosv

z = asinz

(2.1)

where asin i is the projected semi-major axis, e is the eccentricity of the orbit, v is
the true anomaly and w is the angle of periastron. For circular orbit, the time-delay

(1 =z/c)is,

asini

sin(Q +w) = a sin Qt + as cos Ot (2.2)

T =
c

where €2 = 27/ P, is the orbital angular frequency, P, is the orbital period and
a7 and «, are coefficients given as,
asinzi asini

COSW, iy = sinw (2.3)
B .

1 =
(¢

For a multiperiodic pulsating star, at time ¢ the observed brightness variation y,

can be written as follows as a Fourier series that is truncated:
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q
Y= a +Z[(12j sinw;(t + 7) + agjs1 cosw;(t + 7)) (2.4)
J=1

where w; = 27 f;. If we assume pulsation frequencies, f; and orbital period, P,
is already known, this indicates that y will be a function of the two coefficients,
y = ylay,az). If we further assume that we know estimates of ajand as. the
corrections to these estimated values are,

Jy 0

Y
Ay =—2A — A 2.5
y Oy art Joy 2 (25)

where calculated and observed brightness variations are expressed by Ay. This
expression is a type of least squares that is linear. Therefore, the corrections A,

and A, can be solved. The partial derivatives can be given by

ﬂ = usin AQ¢. ﬂ = wu cos k€U, (2.6)
8(11 0&2
and
Jdy d
5, U= ;wj las; cosw;(t+ 7) — azjer sinw;(t + 7). (2.7)
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If we are trying to find a periodic time-delay with frequency f,.5, we choose a
value for f,,; to use the least squares to solve the above problem. The calculation
gives «; and « and the values of asin: are obtained. The procedure can be
repeated by choosing another value of f,,, until the corrections are small enough.
When there is variation in time-delay for that frequency in the data, f,,, as a

function of a sin ¢ will be at a maximum. This is what we call a binarogram.

For our case, we used a Fortran program which calculates the binarogram of a
pulsating star. We used the following inputs and assumptions in the program.
First of all, since at least one member of the binary system is a pulsating star,
we need to know the most important pulsation frequencies. These frequencies are
calculated using the periodogram program as discussed previously. It is important
to use pulsation frequencies of the highest amplitude (to maximimize the signal-
to-noise ratio) and as free from neighbouring frequencies as possible. We selected
frequencies in which there are no neighbouring peaks closer than 0.1 d=! with
amplitudes in excess of 0.1 of the peak amplitude. Frequencies were selected
within the range 5 - 100 d~!. In calculating the binarogram we used an orbital
frequency step of 0.001 d=! and arange 0 to 0.10 d~ 1.

The program reads the data and pulsation frequencies. It then automatically selects
and improves the frequencies and calculates up to three binarograms. These last
three binarogram files contain pulsation frequencies and amplitudes used in con-

structing the corresponding binarogram which is ready to be examined by plotting.

The binarogram is only a guide to which stars may be binaries. Because § Sct
stars have many frequencies, they are not perfect clocks. If a star is a binary, the
binarogram will certainly have a peak at the orbital frequency. However, a peak in
the binarogram does not neccessarily imply that the star is indeed a binary. Such
fictitous peaks are a result of intereference between close frequencies. In a true bi-
nary, all pulsation frequencies should result in the same peak in the binaoragram.
Therefore, true binaries are easily identified by the fact that two or more pulsation
frequencies give rise to the same peak. In this way, true binaries are quickly identi-

fied. The resulting list of stars obtained in this way can then be further analysed by
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detailed examination of the time-delay as a function of time for different pulsation

frequencies, as will be discussed in Chapter 3 of this thesis.

The binarogram is affected by close pulsation frequencies, which means that a
peak need not necessarily be due to a binary. It can be a result of interference
by a neighbouring pulsation frequency as already mentioned. To eliminate such
possibilities, the program calculates up to three binarograms for each star. Each of
the three binarograms uses a different set of pulsation frequencies. If the peak is
due to interference, it will not be seen in all three binarograms. If it is a real peak

due to binary motion, then the peak will be present in all the binarograms.

To get the approximate orbital period, we need to select those stars which we think
are binaries and obtain the orbital frequency of the binarogram peak. This does
not have to be obtained very accurately. We used gnuplot, in which the cursor is
placed at the peak and the peak frequency is read. The orbital period will be the
inverse of this frequency. To explain this, one of our binary systems, KIC 1294670,
is used as an example as shown in Fig.2.5. When we put the cursor at the peak
point, the orbital frequency value is 0.00273224 d~—!. Therefore, the orbital period
will be 366 days. Fig.2.6 shows a case of a Kepler star KIC 1434660 where the
peak is not seen in all the three binarograms which indicates that the system is not
binary. The same procedure was applied for the rest of the binary stars identified
and their corresponding binarogram plots are also shown from Fig.2.7 to Fig.2.30.
The horizontal axis is orbital frequency and the vertical axis represents semi-major

axis of the orbits.
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Figure 2.5: Binarogram of KIC 1294670 showing peak value at orbital frequency
of 0.00273224 d~! for three pulsation frequencies ( f1 = 12.6228 d ™!, f,=14.9703

d~'and f5 = 167269 d1).
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Figure 2.6: Binarogram of KIC 1434660 where the three binarograms do not

match (the peak is not visible in all the binarograms) showing that the system

is not binary.
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Figure 2.30: The same as Fig.2.7, in this case for KIC numbers 011910642 and
010226083.
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2.3 List of Identified Binary Stars

By visual inspection of the binarograms of all 1646 § Sct stars we eventually iden-
tified 141 binary candidates as well as some other systems. These are listed in
Table 2.1. In the table, the second column shows the KIC number of the bina-
ries. Effective temperature of the star is given in column three. Column four is
the approximate orbital period determined from the binarogram. The fifth column
shows the pulsation frequencies and the corresponding amplitudes of the frequen-
cies. True binaries are identified by the fact that two or more pulsation frequencies
give rise to the same peak. Only highest amplitude frequency or frequencies are
shown in the table. The result is acceptable since only pulsation frequencies of the
highest amplitude, free from neighbouring frequency are selected. In addition to
this, the binarogram is only a guide to which stars may be binaries. It will be ana-
lyzed further using time-delay. The last column shows the type of systems (binary

or multiple) and uncategorised systems (named as ‘unknown’) we identified.

Table 2.1: List of identified binary stars and other types of systems found using binarogram.

KIC Number Tett Orbital period Frequency (d™ H& Amplitude (ppt) Type
(K) (days)
1 001294670 7076 366 (12.6228, 1.341), (14.9703, 0.934), (16.7269, 0.703) Triple
2 001577039 6001 2525 (10.3573, 1.264), (10.8032, 0.938), (8.0087, 0.510) Binary
3 002168333 8137 360 (13.7211, 0.511), (20.5745, 0.478), (16.6584, 0.244) Binary
4 002168420 7826 1158 (12.51183, 1.423), (8.7043, 1.332), (13.8434, 1.018) Binary
5 002439660 7991 2527 (42.9670.0.117). (43.0681, 0.059), (40.2271, 0.031) Binary
6 002570760 7563 1701 (20.7452,0.712), (21.4675, 0.604), (27.5957, 0.578) Binary
7 002571868 7929 157 (27.0597. 0.359), (19.1301, 0.318), (25.5142. 0.203) Binary
8 002714707 7045 579 (11.5728, 1.710), (11.9498, 1.535), (16.7212, 1.318) Binary
9 002974815 7632 1201 (13.5001, 3.113), (8.3682. 2.439), (18.8910 0.904) Binary
10 002994888 7471 1084 (12.6887, 1.444), (21.2028, 1.123), (15.6727. 1.094) Binary
11 003219256 7292 1263 (17.1530, 0.849), (27.4776, 0.5919), (28.2596, 0.5289) Binary
12 003223460 7932 1007 (40.8953. 0.0909) Triple
13 003346195 7508 421 (20.1493, 1.568), (22.5678, 1.241), (24.8477. 1.162) Binary
14 003425802 8047 1635 (25.1884, 0.174), (36.5718, 0.116), (24.3064, 0.065) Binary
15 003542566 8121 908 (25.4700. 0.289), (40.4961, 0.182), (23.0733, 0.134) Binary
16 00 6765 8229 514 (21.1142.0. ), (15.0504, 0.144), (36.1716. 0.139) Binary
17 003634384 7477 140 (15.1199, 1.103). (9.6915, 0.912), (28.1843. 0.848) Binary
18 003650057 7124 896 (13.7727,0.677), (18.366, 0.670), (16.6630, 0.553) Binary
19 003760002 7032 505 (12.7799, 1.300), (23.3326, 1.2108), (13.3901, 1.1440) Binary
20 003763579 8336 1281 (12.3371, 3.687), (12.8849, 3.335), (7.5627, 3.319) Binary

continued ...
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..continued
KIC Number Ters Orbital period Frequency (d~ 1) & Amplitude (ppt) Type
(K) (days)
21 003975085 7705 972 (7.6375, 0.634) Binary
22 004048494 7621 1635 (14.8942, 3.481), (13.7093, 2.962), (11.0589, 1.420) Binary
23 004072582 7750 1659 (9.4834, 0.358). (11.4666, 0.335), (7.1129. 0.298) Binary
24 004243984 6859 579 (18.0515, 0.813), (17.4119, 0.515), (21.7571, 0.470) Binary
25 004269337 8003 723 (23.6751, 0.438), (13.7235, 0.417). (16.8638, 0.409) Binary
26 004283747 7310 940 (24.4051, 0.525), (12.6962, 0.474), (27.4450, 0.380) Binary
27 004574142 8339 1737 (25.8547, 0.3401), (27.4035, 0.304), (37.5365. 0.296) Binary
28 004679562 7435 997 (29.8944, 0.723), (28.7796, 0.570), (29.3033, 0.346) Binary
29 004902475 7172 922 (13.9283, 1.358), (20.6470, 0.898) Binary
30 004937435 7803 1762 (13.0134,2.916), (11.7965, 2.214), (13.3238, 1.810) Binary
31 005034039 7218 624 (8.694, 0.930). (7.4933, 0.921), (23.0162. 0.861) Binary
32 005042785 7148 1635 (8.3859, 0.971), (8.6969, 0.686), (28.6420. 0.584) Binary
33 005209712 8336 112 (8.6341, 0.419), (31.5446. 0.345). (17.1641. 0.343) Binary
34 005356349 8294 1566 (7.3262, 0.061). (19.6033, 0.051), (46.4871, 0.046) Binary
35 005370646 7010 394 (15.4951, 0.2461). (15.9777,0.172) Binary
36 005391416 8062 1566 (13.3154, 1.448), (10.0362, 1.411), (7.6963, 0.870) Binary
37 005394574 6759 339 (15.3718,0.140) Binary
38 005440852 8327 854 (29.8442, 0.013) Binary
39 005459908 8995 427 (8.5969, 0.047). (14.6732, 0.032) Unknown
40 005466537 6979 993 (19.9703, 0.898), (11.4428, 0.868), (21.1463. 0.856) Binary
41 005475668 8045 140 (36.0251, 0.093). (25.7862. 0.088), (29.1327. 0.086) Binary
42 005643103 10225 1567 (43.4094, 0.248), (13.0862, 0.234) Binary
43 005647514 7178 997 (23.5777, 1.022). (15.0464, 0.986), (14.1576. 0.734) Binary
44 005723310 7942 1655 (36.2410, 0.131). (37.8963, 0.126), (29.5013, 0.120) Binary
45 005737687 7033 1658 (27.8330, 0.650). (10.1506. 0.483). (21.3307.0.469)  Unknown
46 005808231 8181 1544 (45.5737, 0.060), (39.9925, 0.047), (40.3212, 0.041) Binary
47 005904699 6544 235 (20.2947,0.529), (24.0341, 0.388). (23.7102, 0.384) Binary
48 006041680 8291 646 (31.6934, 0.251), (39.3897, 0.228), (35.8864, 0.219) Binary
49 006115466 7983 742 (32.0717,0.205), (38.1104, 0.180). (31.3559. 0.168) Binary
50 006153233 7002 1853 (17.0936, 0.637), (26.3934, 0.539), (16.3116, 0.511) Binary
51 006229130 7276 512 (8.0254, 1.411), (15.3118, 1.282). (16.3045, 1.254) Binary
52 006266750 8166 1658 (6.0709, 0.503), (10.7547, 0.469), (11.5891. 0.446) Binary
53 006280952 7751 1566 (16.4058, 1.091). (17.3545, 0.435), (15.7183, 0.406) Binary
54 006579643 7059 256 (10.3719, 1.480), (10.4948, 0.787) Binary
55 006629106 7074 421 (16,9431, 1.867). (12.8616. 1.716). (11.6577. 1.402) Binary
56 006668729 7767 1128 (10.0544,0.711). (10.5124, 0.669), (18.1642, 0.499) Binary
57 006756386 7992 1762 (13.4862, 0.295). (16.9294. 0.283), (10.1655. 0.225) Binary
58 006762992 7446 695 (12.6064, 4.414), (10.6044, 4.315), (11.4608, 4.070) Binary
59 006854623 7507 112 (23.2460. 1.006). (24.5098, 0.852). (18.5818. 0.682) Binary
60 006865077 7769 512 (9.1701,0.339), (20.8967, 0.267), (23.0361. 0.261) Binary
61 006879594 6794 1112 (12,3446, 3.717), (10.4905, 3.694), (8.0692. 3.128) Binary
62 006939291 7139 881 (14.5862, 0.278), (22.0775. 0.254), (20.9850, 0.164) Binary
63 007467518 7447 624 (25.0157. 0.315). (21.7570. 0.280). (31.1217, 0.270) Binary
64 007551993 6693 341 (13.1445, 0.541), (12.6102, 0.341), (13.4479, 0.303) Binary

continued ...
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..continued
KIC Number Tets Orbital period Frequency (d ') & Amplitude (ppt) Type
14’4 {Adave)
65 007761855 /14y 1000 T (10.0166, 0.406), (b.av.1, u.saa), (154372, 0.283) Binary
66 007834612 7453 369 (15.8819, 2.735), (15.6986, 1.760). (6.1551. 1.528) Binary
67 007848288 7384 543 (16.2084, 0.338), (19.0518, 0.246). (34.0988. 0.218) Binary
68 007977996 7123 1566 (21.4420, 0.360). (21.1943, 0.326), (24.1268, 0.263) Binary
69 008029546 7123 512 (12.1877,0.174), (12.5059, 0.172), (12.9048. 0.157) Binary
70 008082478 7128 2041 (18.8670, 0.180), (40.1267, 0.156), (16.7411, 0.147) Binary
71 008149341 7537 1029 (14.7037, 0.859). (27.0161. 0.828), (24.0340. 0.585) Triple
72 008196840 7936 1701 (15.7569. 1.210), (12.2279, 0.921) Binary
73 008248630 7310 1737 (18.1330, 0.944), (16.3750, 0.858). (14.2623, 0.705) Binary
74 008264543 7850 314 (12.8387.0.141). (16.3719, 0.117). (12.5678. 0.084) Binary
75 008308688 7756 914 (17.5788. 0.470). (20.3124, 0.389). (20.9605. 0.363) Binary
76 008311110 6959 158 (14.9350, 1.021). (14.7590, 0.919), (21.8590. 0.833) Binary
77 008346686 7998 780 (31.8053, 0.455), (26.4354, 0.340). (33.5455. 0.233) Binary
78 008359671 8464 185 (17.0296, 0.239), (20.5755. 0.195). (17.4696. 0.191) Binary
79 008396062 6837 160 (19.4318, 0.492) (6.7015, 0.485) (16.7226, 0.471) Binary
80 008397426 7029 1658 (9.1991, 0.342) (11.6264, 0.332) (7.0057, 0.258) Binary
81 008439566 8218 993 (10.3911, 1.108) (15.7809, 1.090) (17.7732, 1.081) Binary
82 008443311 7821 1658 (21.4470, 0.084) (32.0946. 0.080) (32.5167. 0.068) Binary
83 008491816 7393 1112 (24.5337.0.788) (21.9599, 0.739) (14.66509. 0.657) Binary
84 008507325 7141 1185 (15.4146,0.154) (19.1334, 0.141) (13.0573, 0.138) Binary
85 008516686 8236 172 (21.0924, 0.072) (33.3303. 0.043) (29.0697. 0.042) Binary
86 008560996 7872 1635 (22.9218.0.245) (29.1873, 0.201) (28.3947. 0.110) Binary
87 008565229 7741 1014 (22.5442, 1.760) (21.0106, 1.426) (21.1680. 1.120) Binary
88 008583770 7659 1044 (22.0286, 0.074) (26.7853, 0.073) (25.1136. 0.070) Binary
89 008590553 7304 1737 (23.0265, 0.419) (20.6629, 0.280) (28.7230, 0.228) Binary
90 008630254 7281 1763 (20.9587,0.517) (24.2788, 0.454) (24.6148. 0.452) Binary
91 008819284 7801 1650 (32.0257,0.292) (24.6875, 0.272) (25.7929, 0.222) Unknown
92 008914322 7117 1763 (21.8324,2.281) (9.7184. 1.077) (19.4527, 1.019) Binary
93 008915335 7767 1655 (9.0861, 0.826) (10.7398, 0.661) (7.3642. 0.519) Binary
94 008974140 6807 302 (12.3671, 1.658) (16.3943, 1.177) (23.0344. 0.913) Binary
95 009094694 6737 1762 (9.0545, 1.148) (9.7437, 1.063) (7.3111, 1.018) Binary
96 009108615 6713 1128 (11.3181, 0.274) (7.5860. 0.199) (12.7043. 0.116) Binary
97 009172981 7435 1112 (21.7456, 0.673) (14.4275, 0.487) (14.9139, 0.393) Binary
98 009265050 8290 1112 (28.2129,0.592) (33.9347, 0.376) (30.4122, 0.304) Binary
99 009369547 7024 958 (11.6353,2.129) (15.7391, 2.082) (13.6708. 1.575) Binary
100 009453452 8520 722 (35.5128, 0.026) (32.9828, 0.025) (21.5324, 0.021) Binary
101 009552758 7530 1484 (10.9467, 0.674) (19.6719, 0.609) (22.1837, 0.607) Binary
102 009596355 7421 316 (27.0596, 0.629) (22.5002, 0.512) (25.8445, 0.419) Binary
103 009596469 7543 223 (31.0185, 1.001)(21.1778, 0.721) (11.9314, 0.676) Binary
104 009598448 7650 1570 (23.3695. 0.509) (17.8673. ( ) (17.1079. 0.422) Binary
105 009649801 8461 1281 (31.9075, 0.804) (34.0148, 0.771) (29.6328, 0.675) Binary
106 009655470 7008 1112 (10.5192, 1.238) (16.5239, 1.150) (12.7080, 0.726) Binary
107 009655514 7441 1069 (14.6006, 1.266) (11.4661, 1.042) (11.8989, 0.815) Triple
108 009666465 7032 1029 (22.0896, 1.176) (11.4100, 0.802) (11.2938, 0.725) Binary

continued ...
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..continued
KIC Number Tett Orbital period Frequency (d™ 1) & Amplitude (ppt) Type
(K) (days)

109 009667584 7312 1544 (20.0214, 0.980) (15.6881, 0.628) (17.3643, 0.596) Binary
110 009725543 6809 1175 (9.6311,2.773) (14.1027. 2.057) (8.6591. 1.731) Binary
111 009791112 7121 1658 (9.7691, 0.677) (21.0025, 0.592) (23.2518, 0.526) Binary
112 009823652 7448 1658 (20.4961, 1.184) (18.7550, 1.029) (20.3914, 1.013) Binary
113 009850393 7140 285 (12,9925, 4.824) (11.3186. 1.937) (10.5849. 1.881) Binary
114 009963609 7545 908 (17.8797, 1.433) (17.06110, 1.242) (19.2714, 1.236) Binary
115 010001145 7641 185 (12.9070. 0.988) (16.5888. 0.902) (11.4666. 0.846) Triple
116 010004660 9181 1484 (13.9804.0.279) Binary
117 010130777 8019 1856 (29.5727.0.551) (15.1188, 0.532) (31.6213. 0.476) Binary
118 010416779 7548 1633 (22.0404, 0.120) (5.1226, 0.100) (7.8298, 0.099) Binary
119 010451090 7577 850 (32.8456.0.472) (34.2358, 0.233) (36.9238. 0.193) Binary
120 010489783 7802 1738 (16.7564.0.993) (19.2795, 0.893) (17.9041. 0.874) Binary
121 010679429 7364 666 (26.6042, 1.038) (15.3233,0.934) (11.9169, 0.914) Binary
122 010713398 6990 1158 (18.1957. 1.969) (16.4094, 1.807) (16.2386. 1.739) Binary
123 010717871 7286 168 (10.8033.2.498) (9.8769, 1.718) (15.4823, 1.652) Binary
124 010749793 7634 164 (15.1563. 1.037) (16.8246. 0.955) (19.6155, 0.802) Triple
125 010977859 8052 394 (11.1950, 0.116) (5.5295, 0.064) Binary
126 010989032 8620 1684 (32.4212, 0.433) (31.7922, 0.403) (33.4507. 0.401) Binary
127 011152054 9092 1570 (23.8251, 0.108) (7.6762, 0.082) (18.4422, 0.046) Binary
128 011457198 7274 1701 (7.6375, 0.438) (24.8263, 0.396) (10.2100, 0.396) Binary
129 011495305 7259 842 (19.1361, 2.376) (22.0840, 2.351) (12.1396. 1.303) Binary
130 011508397 7458 598 (22.5274.0.175) (5.1032, 0.174) (6.1498, 0.172) Binary
131 011572666 7043 1323 (7.3418.0.309) (14.1913, 0.298) (15.8458, 0.213) Binary
132 011771670 8256 585 (38.2319, 0.097) (39.0082, 0.077) (41.5776, 0.067) Binary
133 011874676 8219 1658 (30.2666, 0.529) (15.9977, 0.492) (11.9008, 0.383) Binary
134 012020590 8017 434 (23.5319. 0.085) (24.7522, 0.074) (18.8027, 0.044) Binary
135 012257449 8425 1655 (9.1610.0.737) (18.1681, 0.384) Binary
136 012470709 7210 1655 (22.5310, 1.216) (18.4564, 0.904) (21.8526, 0.875) Binary
137 012602250 6879 590 (14.9742,7.681) Binary
138 012736056 9236 1566 (30.3322,0.122) (26.1479, 0.114) (20.7429, 0.085) Binary
139 008712760 7173 97 (18.6886. 0.404) (18.9863, 0.302) (20.5525, 0.136) Binary
140 010226083 7061 70 (14.1612, 0.596) (11.4977.0.595) (11.0945, 0.536) Binary
141 011910642 7663 90 (28.9974.0.433) (22.3314, 0.426) (20.9187, 0.405) Binary




Chapter 3

Correcting the Time-delay

In Chapter 2 we used binarograms to identify possible binaries from Kepler § Scuti
stars. We obtained orbital periods from the peak of the binarograms. In this chapter
we identify real binaries from the list of binaries obtained using binarograms. This
can be done by plotting graphs of time-delay versus time.

3.1 Time-delay as a Function of Time

We can use different approaches to get plots of time-delay versus time. For ex-
ample, we can divide the light curve of Kepler data into equal short segments
(e.g., 20-day segments) and measure the phase of pulsation in each segment. This
means that we are folding the light curve into cycles (over the orbital period found
using the binarogram). Fitting the particular frequency by the least square method
for each segment, we can get the time series for each phase. The choice of the
segment size is related for example to the time or frequency resolution we want.
Shorter segments might have higher scatter in the time delay curve. We can then
calculate phase shifts, subtracting the average phase from each measured phase.
We know also that the phase of the observed pulsations varies over the orbit (Pa-
paro et al. 1988; Silvotti et al. 107, “)11; Telting et al. )" ~". We then obtain
a set ol _ 1ases as a function of time, which could be repeated for each pulsation
mode. The amplitude of the phase variations depends on the geometry of the orbit.
In general, variations in phase are influenced by neighbouring frequencies which

perturb them, thus reducing this effect is necessary.
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To perform the above mentioned tasks we used another program. This program
reads the time series (time, flux) and also the pulsation frequencies. It fits a multi-
frequency Fourier series to part of the data window, moves this window by a given
time interval and repeats the process. In other words, for a given pulsation fre-
quency, the time of the mid-point of the window and the amplitude and phase at
this time are calculated. Therefore, we can plot the amplitude and phase of a par-
ticular pulsation frequency with respect to time. We can calculate the time-delay

easily from the phase, so the time delay as a function of time can also be plotted.

To do these calculations, we have to select the pulsation frequency, the window size
(in days) and the step in time (in days) between each window. The size of the time
window must be carefully chosen. If it is too big (bigger than the orbital period)
then there will be no variation because it is averaged out. If the window size is too
small, there will be too few data points that can be used to calculate the amplitude
and phase, so these values will have large errors and the time delay variation will
have a large scatter. Thus about 10 points per orbital period are needed. This means
that our window size should be about 0.1 times orbital periods. This implies that
in order to select the window size, we need to know the approximate orbital period
for each star. Most stars have orbital periods larger than 100 d. Therefore, for most
stars, a window size of 10 d is an appropriate choice. We used this size for all stars
with orbital period greater than 100 d. For those stars with orbital periods shorter
than 100 d, we used a window size of 4 d. Therefore, the stars were divided into
two groups - those with periods greater than 100 d and those with periods shorter
than 100 d - since the software had to be run separately for the two groups using

the two different window sizes mentioned.

The following assumptions and information are also used in our programme. The
minimum and maximum pulsation frequencies used are 5.0 and 45.0 d~'. Fre-
quencies outside this range are ignored since they will be outside the § Sct range.
The step size to move between one window and the next (the sampling interval)
used is 2 d. The program selects the 10 frequencies of highest amplitude within
the specified frequency range. The program will not select frequencies which are

too close to each other because this will not give a good phase or amplitude mea-
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surement (the frequencies interfere with each other). The minimum acceptable
difference between the chosen frequency and any other selected frequency is set
to 0.1. Having all this information, the program will read the photometry and the
frequencies for the stars in the list. For each frequency, it will calculate the ampli-
tude, phase and time delay as a function of time with their errors. The output also
shows the pulsation frequency (d~!), data files corresponding to each pulsation
frequency and time corresponding to the mid point of the window (days). Time-
delay as a function of time can then be plotted. Fig.3.1 shows the time delay (in d)
for KIC 1294670 obtained from the first three modes of highest amplitude: f; =
10.0457 d=1, fo = 7.4245 d~! and f3 = 12.6227 d~!. The remaining four modes

give similar plots.
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The time-delay curve is sometimes sinusoidal but more often there is an underlying
long-term trend which needs to be removed. A clean time delay curve, including
trends, is obtained only for a few pulsation frequencies. Usually most of the se-
lected 10 pulsation frequencies give rise to a random, noisy, variation. This is due
to interaction with neighbouring modes. In all cases, we need to remove the under-
lying trend before the orbital parameters can de deduced. The correction procedure

is described below.

3.2 Corrected Time-delay as a Function of Time

3.2.1 Least Squares Fitting on Our Kepler Data

In the previous section, we calculated time-delay as a function of time for each
of the stars identified as binaries. We have examined time-delay as a function of
time in these files and have noted those stars that seem to show periodic variations
and have ignored those that do not show anything. We have selected those stars in
which at least two frequencies give roughly the same periodic variation. These are
the stars which are very likely to be binaries. Other stars are rejected because none
of the time-delay curves in the files seem to look right.

Due to close frequencies, most of the time-delay curves are distorted. Fitting the
combination of truncated Fourier series and polynomials by least squares, we need
to correct this. We assumed that the distortion can be represented by a polynomial
of the form:

ao+a1:1:+a2:c2+a3$3. 3.1

With a period equal to the orbital period, the orbital variation is represented by a
Fourier curve of the form:

by sin(wt + ¢1) + by sin(2wt + ¢2) + bz sin(3wt + ¢3) (3.2)

Therefore, the observed time-delay is the sum of these two variations which we
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can fit by least squares with a function of the following type:

T = ag+arz+ar®+azzd+ b sin(wt + ¢1)

+  bosin(2wt + ¢2) + bz sin(3wt + ¢3) (3.3)

where in this case the distortion is chosen to be a polynomial of degree 3 and the
time delay to be a Fourier series of 3rd harmonic. Since time-delay 7 is function
of time, we have to write this equation in terms of # and we have also to make the

equation linear. Therefore, we can write it in compact form as follows:

T = ag + art + axt? + ast> +Zbk sin(kwt + ¢r) 3.4
k=1

Expanding the sine function, sin(kwt + ¢y ) we get the following:

T = ag+at+ast?+ asztd + Z(bk cos ¢y, sin(kwt) (3.5)
k=1
+ by sin ¢y cos(kwt))
m
T = ag+ait+axt? +ast® + Z(bzk_l sin(kwt) + boy cos(kwt))(3.6)
k=1

Writing the summation part in detail, we can finally have the following equation

for time delay, 7:

T = ag+art+ axt? +astd + b sin(wt) + by cos(wt) + bz sin(2wt)
+  bycos(2wt) + ... + bapm—1 sin(mwt) + boy, cos(mwt) (3.7)

By fitting Equation (3.7) to the time-delay data by least squares, we can solve for
the coefficients ag.ay,....a;. b1. b2, ...b;. 1. @2, ..., ¢;. The value of w is known
since the orbital period is known from its binarogram, i.e, w = 27 /P. We can
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Figure 3.2: Time-delay curve of KIC 3429637 which contains two frequency val-

ues with poor agreement between the two plots due to interference.

then subtract the polynomial ag + a1t + ayt? 4 ast? to get the actual undistorted

and corrected time-delay.

As an illustration of the above procedure we use the data for KIC 3429637 and KIC
1294670. In Fig.3.2 the time-delay variation as a function of time for two pulsation
frequencies in KIC 3429637 is shown. We notice that for pulsation frequency f»
there is a sharp drop in phase towards the end of the time series. We presume this

may be a result of amplitude or frequency variation of f5.

In the procedure described above, each of the two time-delay curves is fitted to the
function Equation 3.7 by least squares and the polynomial part removed from the
data. However, the section containing the sharp drop in phase for f was omitted,
though this could possibly be accommodated using a polynomial of higher order.
Fig.3.3 shows Equation 3.7 fitted to f; and Fig.3.4 shows Equation 3.7 fitted to the
good part of fo. Fig.3.5 shows the result after removing the polynomial part of the
fitted function. As can be seen, the corrected time-delay curves are now in very
good it. The  rected data f1and focar Hw :used to obte

mean time-delay curve that is used to determine the orbital parameters. The mean
value is found by weighting each data point in inverse proportion to the variance

of the residuals calculated by the least squares fit to Equation 3.7. In this example
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Figure 3.3: Time-delay curve of KIC 3429637 where the polynomial and Fourier

curve shows a good fit of data when frequency f1 is used.

both pulsation frequencies have approximately the same residual variance.

In Figures 3.6 and 3.7 we show the phase variation for two pulsation frequencies
fi =10.0457d ! and f; = 7.4245d ! in KIC 1294670. In this case the assumed
pulsation frequencies are both slightly in error, giving rise to a linear trend in both
cases. Figure 3.8 shows the time-delay variation for a third pulsation frequency
fs = 12.6227 d~! which shows a similar linear trend but with larger noise level.
Similarly, Figures 3.9 to 3.12 show the time-delay curves for fy = 14.9703, f5 =
16.7269, fo = 18.1998 and f; = 19.7822 d~!. Figure 3.13 shows the time-delay

for all seven pulsation frequencies in one diagram.

After fitting the time-delay for each pulsation frequency using Equation 3.7 and
removing the polynomial part, we obtain Fig.3.14. All seven pulsation frequencies
give the same time-delay curve, though with varying scatter. As before, the mean
time-delay variation is obtained by weighting each point in inverse proportional to
the residual variance of the least squares fit to Equation 3.7. Thus the data from f3

will have little influence in the final value owing toitsla 1 atter.
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Figure 3.6: Time-delay curve of KIC 1294670 for the first pulsation frequency (f;
= 10.0457 d=!) where the polynomial and Fourier curve fits properly.

0.02 r f2
0.01! -
0.0 -
by
o
5
[
E  0.00 4
=
{ .
-0.00! —
1600
Time {(d)
F 20T = ayc = 122 Y70 fort o 7

(fo =7.4245d" 1) where the polynomial and Fourier curve fits properly.
perly



Time-Delay and Corrected Time-Delay as a Function of Time 123

0.015 T T T T T T T

0.0 4

Time delay (d)
i1

-0.015 L 1 I 1 L 1 1 1
0 200 400 600 800 1000 1200 1400 1600

Time (d)

Figure 3.8: Time-delay curve of KIC 1294670 for the third pulsation frequency
(f3 = 12.6227 d™ 1) where the polynomial and Fourier curve fits properly.
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Figure 3.10: Time-delay curve of KIC 1294670 for the fifth pulsation frequency
(fs = 16.7269 d=!) where the polynomial and Fourier curve fits properly.
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Figure 3.12: Time-delay curve of KIC 1294670 for the seventh pulsation frequency

(f7 =19.7822 d~ ) where the polynomial and Fourier curve fits properly.
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Figure 3.14: The corrected time-delay curve of KIC 1294670 for the highest seven

pulsation frequencies after removing the variation due to interference.
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The method of least squares mentioned in this section is further explained in de-
tail in Appendix D. Ten of the best samples of the corrected time-delay plots and
the corresponding phase diagrams are presented from Fig.3.15 to Fig.3.24. The
remaining time-delay plots and the corresponding phase diagrams are shown in
Appendix A.
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solid line in the bottom panel is a fit from the orbital solution.

Figure 3.16: Time-delay curve (top panel) of KIC 2168333 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.17: Time-delay curve (top panel) of KIC 2974815 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.18: Time-delay curve (top panel) of KIC 5370646 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.19: Time-delay curve (top panel) of KIC 9850393 for the five pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.20:
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Figure 3.21: Time-delay curve (top panel) of KIC 9369547 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.22: Time-delay curve (top panel) of KIC 10717871 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.23: Time-delay curve (top panel) of KIC 10977859 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 3.24: Time-delay curve (top panel) of KIC 11495305 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Results and Discussion

In this chapter we present a table of binary orbital parameters. These were obtained
by the iterative method described in Section 1.8.3. Some results are discussed. For
some stars the orbital parameters have been obtained independently by different

methods and these are also discussed.

4.1 Calculation of the Orbital Parameters

Table 4.1 lists the orbital parameters using the code shown in Appendix C. In the
table, the KIC number, the projected semi-major axis, asin¢ in AU, the eccen-
tricity, e, the angle of ascending node, w (radians), the time of periastron passage,
Tper, and the orbital period, P are given. The value of T}, is given with respect
to JD 2454950.00 which was used as the zero point of the system. The two an-
cillary parameters: the semi-ampitude of the radial velocity, K (km s~!), and the
mass function f(m) (solar mass) are also given. The standard deviations in these
quantities are derived from the errors of the corrections obtained in the iterative

least-square solution.

When a solution is obtained, it often happens that the eccentricity is not signifi-
cantly different from zero. In that case, it is best to assume a circular orbit. To do
this, we compared the eccentricity in the final solution to its standard deviation. If
the value of e is less than two or three standard deviations, we sete = 0, i.e. a

circular orbit is assumed. In the table, two forms of parameters are included. One
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is for elliptical orbits and the other is for circular orbits. For circular orbits, T per
and w are not defined.



Table 4.1: List of binary stars and their orbital parameters determined.

001%

001!

0021

0021

002¢

002!

002"
002974815
002994
003219:
003223-
003346195
0034251
003542
003546765
0036.
0036!
0037t
0037t
0039
0040«
0040
0042:
004269337
004283747
00457 2
004679562
004902475

asint e w Tper P K f(m)
(au) (rad) (d) (d) (km/s) (M)
62181 £ 0.00008 0.365 + 0.038 3.848 £ 0.104 2379+ 64 4043 £ 1.9 165+ 02 0.196E+00 £ 0.185E-02
510.1516 £ 0.0005 0.140 £ 0.001 0.040 £ 0.003 2087.8 £2.5 2542.1 £2.6 2026.8 £2.1  0.274E+07 £ 0.558E+04
0.527 £ 0.0001 0.688 £ 0.021 2.398 £ 0.030 HE3£13 3516 £ 0.4 20.6 £ 0.5 0.158E+00 £ 0.383E-03
41650 £ 0.00003 0.477 £0.017 3113 £0.035 1520+ 6.3 1160.7 £ 3.2 4.08 £ 0.04 0.715E-02 £ 0.397E-04
13.9980 £ 0.0002 0.190 £ 0.005 2.926 £ 0.017 1502.7 £ 4.0 1700.8 £ 3.7 83.8+02 0.126E+03 £ 0.560E+00
0.3898 £+ 0.0001 0.383 £ 0.053 0.654 £ 0.134 88.4 £33 1587 £ 0.2 2651+ 0.6 0.313E+00 £ 0.100E-02
0.6510 £ 0.0001 0.074 £ 0.037 1.706 £ 0.515 174 £ 479 5856 24 1114 £0.05  0.107E+00 % 0.906E-03
65335 £ 0.00004 0.167 £ 0.025 4.513 £0.153 590.4 £ 28.7 1202.8 £9.3 5.50 £ 0.04 0.257E-01 £ 0.401E-03
0.7755 £ 0.0001 0.236 £ 0.056 3.655 £ 0.227 379.2 £ 383 1082.9 £ 10.5 73+0.1 0.530E-01 £ 0.103E-02
(.2828 £+ 0.0002 (.783 £ 0.105 5.557 £0.130 1044.1 £ 167 13304 £ 983 3407 0.170E-02 £ 0.251E-03
5.9282 £ 0.0063 0.846 £+ 0.070 3.633 £ 0.092 969.8 + 7.2 1008.7 £ 143 1104 £232  0.273E+02 £ 0.784E+00
48038 £ 0.00003 0.688 £ 0.015 4.990 & 0.022 3595+ 1.0 39831+ 03 16.6 0.3 0.931E-01 £ 0.180E-03
17.6347 £ 0.0002 0.259 £ 0.003 6.190 & 0.007 1ISIL.5 £ 19 1621.7 £2.0 1125 £ 0.1 0.278E+03 £ 0.698E+00
51510 £ 0.00003 0.170 £ 0.020 5.649 £ 0.121 7847+ 17.7 907.5 £ 3.2 5.76 £ 0.02 0.221E-01 £ 0.160E-03
0.3152 4 0.0059 0 514.0 6.1 £0.1 0.158E-01 0.897E-03
0.2627 £ 0.0001 0.361 £ 0.083 3.320 £0.217 60.4 &+ 49 141.0 £0.2 199 + 0.6 0.121E+00 £ 0.523E-03
44289 + 0.00004 0.216 + 0.030 3.109 £ 0.143 843.0 &+ 20.7 895.7 £ 5.1 5.06 £ 0.04 0.144E-01 £ 0.167E-03
0.4017 £ 0.0001 0.810 £ 0.083 1.708 £ 0.115 111.3+46 4703 £ 2.1 145 +£28 0.390E-01 £ 0.358E-03
0.7001 & 0.0614 0 1281.0 54104 0.278E-01 0.734E-02
30437 £ 0.00008 0.103 £ 0.017 3.791 £ 0.161 329+ 241 968.2 2.7 18.73 £ 0.06  0.835E+00 % 0.473E-02
72275 £ 0.00006 0.492 £ 0.019 3.116 £ 0.050 473.8 £10.8 1749.7 £ 289 474 £ 0.09 0.164E-01 £ 0.544E-03
18.7489 £ 0.0004 0.191 £ 0.011 3.154 £ 0.037 1503.9 £ 8.7 1662.8 £ 7.5 1148 £ 0.5 0.317E+03 £ 0.288E+01
37716 £ 0.00005 0.241 1+ 0.047 6.290 £ 0.197 2287 £17.8 571.8 £28 6.79 £ 0.08 0.218E-01 £ 0.217E-03
0.7687 £ 0.0002 0.539 & 0.065 4.150 £ 0.147 6393+ 133 700.4 & 5.7 13.0 £ 0.6 0.123E+00 £ 0.201E-02
0.5999 £ 0.0001 0.512 £+ 0.049 0.729 £ 0.086 662.6 £ 12.4 9427 £ 9.8 74+£02 0.324E-01 £ 0.675E-03
26.4701  0.0002 0.191 & 0.005 6.175 £ 0.018 1663.2 +£ 7.4 17325 £ 4.4 1556 £ 0.4  0.824E+03 £ 0.422E+01
88164 £ 0.00009 0.731 £ 0.011 3.015 £ 0.010 9192 £ 1.7 1000.7 £ 3.5 129 £02 0.912E-01 £ 0.655E-03
43916 £ 0.00001 0.245 £ 0.008  0.432 +0.036 1832 + 5.1 9256 £ 1.3 4.89 + 0.01 0.131E-01 £ 0.377E-04
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...continued
KIC asini e w Tper p K f(m)
(au) (rad) (d) (d) (km/s) (M®)
004937435 10.0483 £ 0.0002 0.198 & 0.010 3.162 = 0.048 20.3 £ 10.8 1743.9 + 10.5 58703 0.444E+02 £ 0.537E+00
005034039 3.1891 £+ 0.0012 0.658 £+ 0.051 6.313 £ 0.065 613.8 5.6 5728 £26 739+ 44 0.131E+02 £ 0.122E+00
005042785 2.4556 £ 0.0001 0.107 £ 0.018 0.536 + 0.333 1306.8 £ 85.1 1728.6 £ 31.4 142 +0.2 0.660E+00 £ 0.240E-01
005209712 1.4954 £ 0.0001 0.356 £ 0.033 3.215 £ 0.094 217.5 £ 163 11154 +62 143 +0.2 0.358E+00 &+ 0.404E-02
005356349 13.4371 £ 0.0001 0.217 £ 0.005 3.177 £ 0.014 12.1 £35 15643 £ 2.5 88.0 £ 0.1 0.132E+03 + 0.430E+00
005370646 0.7107 £+ 0.0001 0.271 + 0.057 11.534 + 0.244 610.4 = 13.6 3755 £ 1.5 19.6 £ 0.3 0.339E+00 £ 0.277E-02
005391416 10.8644 £ 0.0001 0.254 £ 0.005 3.156 &+ 0.014 1478.8 £ 3.2 1549.0 £ 2.6 72.5 £ 0.1 0.712E+02 + 0.240E+00
005394574 0.34324 + 0.00003 0.467 £ 0.026 5.543 £ 0.056 73.4+2.8 336.3 £ 04 1.5+ 0.1 0.476E-01 + 0.142E-03
005440852 0.6695 £+ 0.0002 0.482 £ 0.099 3.851 £ 0.194 605.6 + 25.4 851.7 £ 12.1 89 £ 0.5 0.551E-01 £ 0.157E-02
005459908 1.6390 £ 0.0003 0.266 £ 0.063 9.947 £ 0.218 598.7 £ 12.6 3688 £ 1.4 46.1 £ 0.8 0.431E+01 + 0.337E-01
005466537 1.3197 £ 0.0002 0.134 £ 0.060 5.989 4+ 0.438 186.5 £ 68.8 996.1 + 10.7 13.3 £ 0.1 0.308E+00 + 0.666E-02
005475668 0.3775 £+ 0.0002 0.607 £ 0.155 4.842 £+ 0.264 146.5 £ 4.8 137.6 £ 04 345 £ 5.1 0.379E+00 £ 0.263E-02
005643103 5.3518 £ 0.0002 0.270 £+ 0.017 4715 £ 0.093 3353 £ 22.1 1737.9 £ 20.9 319+ 04 0.676E+01 £+ 0.163E+00
005647514 0.32208 + 0.00001 0.230 + 0.015 2.436 + 0.064 801.2 £ 10.2 996.0 £ 3.2 3.32 £ 0.01 0.449E-02 + 0.293E-04
005723310 1.5025 £ 0.0001 0.088 £+ 0.019 1.179 £ 0.112 1553.7 £ 20.8 1708.1 £ 32.0 8.8 £ 0.1 0.155E+00 £ 0.581E-02
005737687 4.69814 + 0.00008 0.129 + 0.008 4.351 +0.103 1234.6 + 25.1 1730.6 £ 10.8 273+ 0.1 0.461E+01 £ 0.580E-01
005808231 1.2652 £ 0.0001 0.468 + 0.026 3.968 + 0.046 740+ 7.6 15321 £ 11.4 9.3 £ 0.1 0.115E+00 £ 0.171E-02
005904699 0.45853 + 0.00008 0.622 + 0.038 5.468 + 0.059 64.8 £ 2.0 2339 +£0.3 250+ 09 0.234E+00 £ 0.693E-03
006041680 0.3070 £+ 0.0072 0 646.0 47 £ 0.1 0.925E-02 + 0.652E-03
006115466 0.57865 + 0.00002 0.068 + 0.013 5.337 £ 0.197 495.3 + 23.1 7335 £ 1.5 7.90 £ 0.01 0.480E-01 + 0.201E-03
006153233 72,1931 + 0.0009 0.199 + 0.006 6.073 + 0.012 1640.3 &+ 4.9 1844.1 + 5.9 3995+ 1.3 0.147E405 £ 0.944E+02
006229130 0.5518 4 0.0001 0.157 £ 0.103 41.733 +£ 0.650  4082.0 + 71.8 5914 + 6.7 94+ 0.1 0.640E-01 + 0.147E-02
006266750 18.8823 + 0.0004 0.245 £ 0.010 0.036 £ 0.051 1410.7 + 10.6 16759 £ 13.0 116.2 £ 09 0.319E+403 + 0.497E+01
006280952 1.02259 £ 0.00006 0.405 + 0.017 3.533 £ 0.055 520.1 £ 123 1786.4 + 35.0 6.2 £ 0.1 0.446E-01 £ 0.175E-02
006579643 1.4340 £ 0.0005 0.473 £ 0.081 3278 £ 0.155 251.7 + 6.1 2447 £ 0.8 66.4 £33 0.656E+01 + 0.472E-01
006629106 0.33840 + 0.00006 0.381 £ 0.046 6.215 £ 0.113 249.1 + 7.4 3975+ 1.2 92 +£0.1 0.326E-01 + 0.208E-03
006668729 0.60046 + 0.00009 0.400 £+ 0.041 3.338 = 0.095 3647+ 174 1123.7 £ 9.1 58 £0.1 0.228E-01 £ 0.373E-03
006756386 14.0845 + 0.0001 0.169 £ 0.006 6.187 £ 0.017 1604.3 £ 5.9 1772.7 £ 5.1 80.6 £0.2 0.118E+03 £ 0.691E+00
006762992 0.4457 £ 0.0122 0 695.0 6.4 + 0.1 0.244E-01 + 0.201E-02
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...continued
KIC asini e w Trer P K f(m)
(au) (rad) (d) (d) (km/s) (M®)
006854623 0.30074 £+ 0.00002 0.293 + 0.022 3.515 £ 0.075 833.8 + 13.3 11153+ 52 2.82 £ 0.02 0.291E-02 £+ 0.274E-04
006865077 0.76302 £+ 0.00009 0.212 + 0.040 3.606 + 0.187 687.4 £ 13.3 4534+ 1.6 17.2 £ 0.1 0.288E+00 + 0.207E-02
006879594 1.0809 £ 0.0002 0.460 £ 0.066 5.852 + 0.141 77.5 £ 23.8 11168 £ 11.8 109 £ 0.4 0.135E+00 + 0.286E-02
006939291 1.22997 £ 0.00003 0.148 + 0.008 2.222 4+ 0.056 4068 + 7.9 886.1 £ 1.1 14.03 £ 0.02 0.316E+00 + 0.792E-03
007467518 0.45154 £ 0.00001 0.283 + 0.008 1.700 &+ 0.031 2442 £ 29 621.6 + 0.5 7.57 £0.02 0.317E-01 £ 0.606E-04
007551993 0.49895 + 0.00002 0.617 £ 0.013 4.355 £ 0.022 182.0 £ 0.9 3382 £ 0.2 187 £ 0.2 0.144E+00 £+ 0.228E-03
007761855 7.46053 £+ 0.00008 0.205 4 0.004 6.189 + 0.014 1511.2 £ 32 1665.9 + 3.1 45.76 + 0.09 0.199E+02 4+ 0.743E-01
007834612 0.1808 + 0.0108 0 369.0 49 +02 0.579E-02 £ 0.104E-02
007848288 0.53 £ 0.00009 0.484 4+ 0.038 0.074 £ 0.073 270.7 £ 6.9 585.6 £ 2.1 104 £ 0.2 0.596E-01 + 0.442E-03
007977996 1.41102 £ 0.00002 0.190 = 0.006 4.806 = 0.039 2009 + 8.5 1582.8 + 4.7 9.08 £ 0.02 0.149E+00 =+ 0.900E-03
008029546 0.8779 + 0.0002 0.220 4 0.082 4.890 + 0.376 196.6 + 29.6 507.5 £ 3.9 177 £ 0.3 0.350E+00 + 0.548E-02
008082478 190.4274 £ 0.0008 0.132 + 0.003 3.276 4+ 0.009 1829.0 £ 4.8 2082.4 + 4.4 9226 £ 2.0 0.212E+06 £ 0.915E+03
008149341 0.24804 + 0.00007 0.228 + 0.079 3.024 + 0.342 778.6 + 56.5 10274 + 164 2.48 £ 0.06 0.192E-02 £+ 0.617E-04
008196840 15.2366 £ 0.0001 0.177 £ 0.004 3.395 £ 0.010 1616.5 £ 3.3 1716.6 = 2.8 90.1 £ 0.1 0.160E+03 £ 0.530E+00
008248630 0.75355 £ 0.00006 0.221 = 0.035 5.823 £ 0.104 1501.5 £ 23.0 1743.3 £ 28.0 443 £+ 0.08 0.187E-01 £ 0.603E-03
008264543 0.5407 + 0.0003 0.360 + 0.197 1.899 £ 0.559 220.5 £ 26.6 313.6 £ 3.7 184 + 1.5 0.214E+00 £ 0.509E-02
008308688 0.41581 £ 0.00004 0.087 + 0.035 5273 £ 0.417 803.6 £ 60.9 9124 +£53 4.57 £0.03 0.115E-01 £ 0.135E-03
008311110 0.34657 £ 0.00002 0.227 £ 0.024 5.476 + 0.108 154.6 £ 2.6 156.5 + 0.1 227+ 0.1 0.226E+00 + 0.327E-03
008346686 0.38601 + 0.00004 0.051 £ 0.043 1.165 £ 0.848 796.1 £105.1 7784 £ 53 496 + 0.03 0.126E-01 £ 0.175E-03
008359671 0.5115 4+ 0.0001 0.226 £ 0.106 18.469 £ 0.451 6227+ 12.4 174.0 £ 0.5 30.1 £ 0.7 0.589E+00 + 0.408E-02
008396062 0.14675 £ 0.00003 0.606 + 0.069 4,669 = 0.119 569 £25 163.8 £ 0.2 1.2 +0.7 0.156E-01 £ 0.567E-04
008397426 2.2926 £+ 0.0003 0.243 £ 0.063 3.304 +0.144 1523.5 £ 35.2 1612.5 + 35.1 146 £ 04 0.618E+00 + 0.269E-01
008439566 0.53101 =+ 0.00009 0.625 £ 0.029 5.793 4+ 0.039 9079 + 5.9 10025+ 7.9 6.7+02 0.198E-01 £ 0.315E-03
0084433 2.44505 £+ 0.00009 0.190 £ 0.017 6.265 4+ 0.048 1536.0 £ 12.2 1667.4 £ 10.7 14.9 + 0.1 0.701E+00 £ 0.903E-02
008491816 0.6487 + 0.0001 0.723 4+ 0.049 1.124 £ 0.084 34 £ 135 1114.7 £ 10.9 84 +06 0.293E-01 £ 0.576E-03
008507325 0.68759 £ 0.00009 0.089 =+ 0.046 3.410 £ 0.514 809.2 £ 97.5 1184.2 + 10.6 5.82 £ 0.05 0.309E-01 £ 0.558E-03
008516686 0.4187 &+ 0.0001 0.446 £+ 0.060 2.487 + 0.129 783+ 35 171.4 £ 0.3 272 +£09 0.333E+00 £ 0.119E-02
008560996 0.32117 4+ 0.00001 0.179 + 0.015 3.237 £ 0.043 1567.2 £ 12.3 6369 + 84 1.99 £+ 0.01 0.164E-02 £+ 0.170E-04
008565229 0.2188 + 0.0002 0.692 + 0.135 2.775 £ 0.160 685.2 £ 24.6 1055.1 + 359 28+ 0.5 0.125E-02 £ 0.858E-04
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KIC asintg e w Toer P K f(m)
(au) (rad) (d) (d) (km/s) (M@®)
0085837 409 £ 0.00006 0.194 £ 0.028 6.113 £ 0.145 7829 + 244 1044.3 £+ 6.0 6.19 £ 0.05 0.311E-01 &+ 0.360E-03
0085905 697 £+ 0.00003 0.257 £ 0.005 3.504 £+ 0.008 1627.4 £ 3.1 1726.7 4 3.8 17.54 £ 0.04 0.112E+01 +4 0.503E-02
0086302 1079 £+ 0.0003 0.160 + 0.006 0.029 + 0.019 15947 + 5.4 1754.1 £ 5.0 135.1 £ 04 0.555E+03 & 0.317E+01
0087127 603 + 0.0002 0.554 £ 0.049 6.238 + 0.078 374+ 13 99.18 £+ 0.08 1163 £ 4.6 0.120E+02 4 0.233E-01
0088192 3.0033 £ 0.0001 0.172 £ 0.017 3.119 + 0.040 15793 £ 11.8 1685.7 £ 11.5 18.0 £ 0.1 0.127E+01 4 0.174E-01
0089142 3.52720 4+ 0.00003 0.144 £ 0.003 2.658 + 0.057 1371.3 £ 15.1 1899.3 + 104 18.7 £ 0.1 0.162E+01 £ 0.177E-01
0089152 1389 £+ 0.0002 0.166 + 0.004 6.243 + 0.014 1547.5 + 3.9 1659.8 4 2.8 175503 0.114E+04 £ 0.397E+01
0089741 0.5828 £ 0.0001 0.335 £ 0.074 3.060 £ 0.210 249 £ 11.1 3137+ 14 19.7 £ 0.5 0.268E+00 £ 0.251E-02
009094¢ + 0.0002 0.079 £ 0.017 1.896 £ 0.101 351 +£224 17185 £27.6 17.7 £ 0.2 0.127E+01 + 0.409E-01
009108615 + 0.00006 0.428 £+ 0.017 2.931 + 0.038 283.6 & 6.6 1127.1 £ 3.3 9.20 + 0.08 0.864E-01 £ 0.508E-03
0091729 + 0.0001 0.121 = 0.026 4353 £ 0.213 37294+ 374 11158 £ 5.1 20.3 £ 0.1 0.122E+01 £ 0.113E-01
0092650 + 0.00002 0.175 £ 0.013 2.883 4+ 0.080 168.6 £ 14.0 11123 £ 2.6 6.04 £ 0.02 0.313E-01 + 0.148E-03
0093695 1.4076 £ 0.0003 0.608 + 0.036 3.195 4+ 0.046 8352 +72 958.0 = 8.3 185 + 0.6 0.405E+00 £ 0.709E-02
009453452 40898 + 0.00009 0.524 + 0.058 4074 £ 0.113 5417+ 11.8 7156 £ 53 6.7+ 02 0.178E-01 £ 0.268E-03
0095527 3.52468 + 0.00006 0.315 £ 0.006 0.229 + 0.012 347+£28 1479.2 £ 2.0 25.11 £ 0.06 0.266E+01 + 0.738E-02
0095962 0.2594 £+ 0.0001 0.484 £ 0.114 3.490 £ 0.219 758+ 11.0 3141 £ 19 9.4+ 0.6 0.235E-01 £ 0.295E-03
0095964 12337 £ 0.00003 0.148 £ 0.085 2.394 + 0.577 312 +£20.0 2198 £ 0.7 5.67 £ 0.07 0.518E-02 & 0.368E-04
0095984 1.9995 £ 0.0001 0.208 £ 0.020 0.402 + 0.163 1151.5 & 34.5 1570.1 +28.4 13.0 £ 0.2 0.432E+00 + 0.156E-01
0096498 428 £+ 0.00003 0.203 + 0.024 2.628 = 0.109 220.8 + 20.9 12747 £ 9.6 4.60 £ 0.04 0.155E-01 £ 0.235E-03
0096554 0.4938 £+ 0.0002 0.486 £+ 0.109 0.430 £ 0.194 649.6 + 34.0 1130.7 £ 38.4 49 +03 0.125E-01 £ 0.854E-03
0096555 + 0.0001 0.525 £ 0.056 3.332 £ 0.093 715.1 £ 154 1038.0 £ 13.8 49 +£0.2 0.106E-01 £+ 0.283E-03
009666465 + 0.00002 0.426 + 0.046 5.139 £ 0.090 438.5 + 139 10355+ 79 1.74 £ 0.04 0.539E-03 + 0.832E-05
0096675 + 0.00009 0.487 £ 0.026 4.417 £ 0.068 2859 £ 14.0 1782.7 £ 37.0 8.5+02 0.995E-01 &+ 0.413E-02
0097255 1.6022 £ 0.0003 0.538 £ 0.053 4.045 + 0.082 1032.6 &+ 14.0 11720+ 114 162 + 0.6 0.399E+00 + 0.778E-02
0097911 5.7512 £ 0.0001 0.177 £ 0.009 3.164 £ 0.028 1616.3 £ 9.5 1659.4 £ 5.3 352 +£0.1 0.921E+01 £ 0.598E-01
009823652 3.51125 £ 0.00003 0.067 £+ 0.005 0.904 + 0.060 65.6 £ 153 1691.2 £ 4.0 20.80 +0.04 0.201E+01 £ 0.955E-02
0098503 0.3129 £ 0.0001 0.500 £ 0.107 0.795 + 0.205 109.3 1 8.8 2989 £ 1.8 12.0 £0.8 0.457E-01 &+ 0.557E-03
009963609 51569 £ 0.00006 0.113 £ 0.041 5.392 £ 0.372 770.4 + 54.4 910.6 + 6.5 5.69 £ 0.04 0.220E-01 + 0.319E-03
010001145 0.5900 £+ 0.0002 0.323 £ 0.101 2.777 £ 0.305 1443 + 89 1814 £ 0.6 343+£12 0.831E+00 £ 0.585E-02
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TO1C 1660 + 0.0003 0.228 + 0.025 2.461 + 0.072 1440.8 £ 17.6 1480.9 + 9.8 40.0 £ 0.3 0.117E+02 + 0.156E+00
010130777 I £+ 0.0001 0.064 + 0.010 3.150 4+ 0.069 1696.4 £+ 20.9 1988.8 + 11.8 79.6 £ 04 0.133E+03 + 0.158E+01
010226083 0.4340 £+ 0.0001 0.178 + 0.080 9.934 + 0.450 107.6 £ 4.8 68.33 + 0.06 64.5 £ 0.9 0.233E+01 + 0.502E-02
010416779 )y £+ 0.0005 0.241 £ 0.005 3.230 £ 0.010 1546.8 £ 2.9 1629.2 +£ 2.9 2427+ 0.5 0.284E+04 £+ 0.104E+02
010451090 + 0.00001 0.229 + 0.024 5.665 £+ 0.103 3339 £ 13.8 867.5 £33 2.18 £ 0.01 0.111E-02 £ 0.850E-05
010489783 ! £+ 0.0003 0.111 £ 0.011 3.222 £ 0.049 927+ 17.7 1786.5 + 8.6 116.8 £ 0.5 0.372E+03 £ 0.359E+01
01067 9 + 0.00005 0.143 £ 0.017 3.403 £+ 0.131 81.1 £13.8 667.0 &+ 1.2 12.66 £ 0.04 0.175E+00 £ 0.636E-03
010713398 + 0.0004 0.807 £ 0.081 3.188 + 0.072 107.9 £ 134 1169.2 4+ 13.0 55+ 1.0 0.548E-02 £ 0.123E-03
010717871 + 0.0001 0.375 £ 0.105 7.820 + 0.292 1713+ 7.6 I +£05 186 +£0.8 0.120E+00 + 0.765E-03
010749793 4+ 0.0001 0.319 + 0.067 3.930 4+ 0.203 106.1 £5.2 162.2 £ 0.3 435+ 1.0 0.151E+01 + 0.578E-02
010977859 + 0.0001 0.048 £+ 0.017 3.081 £ 0.345 192.0 £ 20.4 3715+ 04 60.66 + 0.08 0.110E+02 £ 0.265E-01
010989032 § £ 0.0002 0.249 £ 0.007 3.161 £0.013 1605.8 £ 5.2 1672.6 + 4.6 90.0 £ 0.3 0.147E+03 £+ 0.822E+00
011152054 + 0.00006 0.207 £ 0.029 5.552 £ 0.191 1310.4 £ 43.0 1570.5 £ 19.3 4.81 + 0.06 0.218E-01 £ 0.540E-03
01145 8 4.3898 £+ 0.0001 0.197 £ 0.011 0.043 + 0.027 1573.0 £ 7.9 1685.4 + 7.2 26.5 + 0.1 0.397E+01 & 0.341E-01
011495305 + 0.00001 0.051 £ 0.013 3.044 £+ 0.263 558.7 £ 35.4 8415+ 1.8 5.56 £0.01 0.192E-01 + 0.828E-04
011508397 + 0.00006 0.284 £+ 0.105 4390 4+ 0.377 27.3 £ 356 6042 + 6.9 3.6 0.1 0.337E-02 £ 0.781E-04
011572666 + 0.00002 0.438 £+ 0.015 4.564 £+ 0.040 12045 + 6.9 13248 + 4.5 391 +£0.03 0.769E-02 + 0.529E-04
0117716 0.2707 £+ 0.0001 0.268 £ 0.114 3214 £0.404 468.1 + 36.9 5689 + 7.5 49 £0.1 0.817E-02 £ 0.216E-03
011874676 .2946 + 0.0001 0.179 £ 0.005 2.807 £ 0.015 15239 + 4.0 1679.5 £3.3 744 £ 0.1 0.878E+02 + 0.355E+00
011910642 0.7377 £+ 0.0002 0.617 £ 0.044 3.086 £+ 0.059 52.7 £ 09 89.38 £+ 0.06 1049 £ 4.6 0.670E+01 £ 0.112E-01
012020590 2254 £+ 0.00001 0.485 £ 0.010 5.375 £ 0.021 101.9 £ 1.3 43504+ 03 8.48 + 0.05 0.236E-01 + 0.334E-04
01225 9 3.6193 £ 0.0001 0.469 £ 0.010 6.219 £+ 0.008 1527.4 + 3.1 15992 £ 5.0 25.6 £ 0.1 0.247E+01 % 0.155E-01
012470709 + 0.00002 0.160 + 0.008 2.883 4+ 0.058 520+ 12.8 1654.2 + 9.6 7.18 £ 0.04 0.786E-01 + 0.920E-03
0126022! 0.533174 £ 0.000006  0.425 £ 0.002 2.771 £+ 0.005 4055+ 0.5 588.7 £ 0.1 10.00 £ 0.0t 0.583E-01 £ 0.369E-04
012736056 '8761 + 0.00008 0.212 £ 0.041 2934+ 0.116 1484.1 £ 27.9 1580.6 + 20.2 5.09 £ 0.08 0.260E-01 £ 0.668E-03
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4.2 Discussion

Table 4.1 contains 141 binaries out of a sample of 1646 § Sct stars which is 8.5
percent of the sample. Quite clearly, this is a lower limit as the time-delay method
cannot be applied to orbits with planes nearly perpendicular to the line of sight. In
these cases, the time-delay will be too small to measure. The greatest limitation to
the method is interference due to neighbouring pulsation frequencies. We suspect
that the time-delay method is not applicable to a considerable fraction of the sam-
ple owing to this limitation. The method fails for orbital periods longer than about
4 yrs, which is the duration of the Kepler observations.

The method is also not suitable for orbital periods shorter than about 50 d. This
is not so much a limitation of the method as a limitation on the applicability to
& Sct stars. For short orbital periods, a short window size (about one-tenth the
duration of the orbital period) must be used to calculate the phase. The short
duration implies a large frequency spread and a higher probability of including
neighbouring frequencies. This is the reason why so few stars with orbital periods
less than 100 d are present in the above Table.

Information From Time-delay Curves

Time-delay diagrams are very helpful in giving us information about the orbit of
binary systems. For example, deviation of the curve from a sinusoid indicates
that the orbit is eccentric. The projected size of the orbit can also be found from
the difference in time-delay between the maximum and the minimum. The other
information we can get from the time-delay curve is that when the pulsating star is
nearest to us, the time-delay curve reaches its minima and when the star is furthest
from us, the tir  delay cur : max 1. Fast fall and slow of t
time-delay curve reveal that the star passes the periapsis after reaching the farthest
point from us. Fast rise and slow fall also shows that the star passes the periapsis
after reaching the nearest point to us.
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Triple Systems

In a heirarchical triple star system, two stars orbit each other at close range, and a
third, more distant, companion orbits around the first binary. It is possible to iden-
tify such systems from the binarogram which will show two peaks corresponding
to the two orbital frequencies. Based on this idea, we suggest that the following
systems are triple star systems as can be seen from the binarogram plots in Chap-
ter 2: KIC 10001145, 9655514, 3223460, 8149341, 10749793 and KIC 11572666.
Their corresponding time-delay plots also support this interpretation. They show
two independent variations as can be seen in Figures 4.1, 4.2, 4.3,4.4, 4.5 and 4.6.

From literature, further information about these stars is given as follows. The
Tycho-2 Catalogue is an astrometric reference catalogue of brightest stars in the
Milky Way. KIC 8149341, 9655514, 10001145 and 11572666 are listed in this
catalogue. In the Simbad astronomical database, KIC 3223460 is described as
a variable star of & Sct type. KIC 8149341 is further mentioned as a star of V-
magnitude 10.48. In the database of physical parameters presented by Uytterho-
even et al. (2011), it is mentioned in the list of Kepler A-F type stars with an
effective temperature value of 7540 K.

KIC 9655514 is listed as a variable star of § Sct type, with a V-magnitude of
11.88 in the Simbad astronomical database. KIC 9655514 is also compiled in
the database of physical parameters which was presented by Uytterhoeven et al.
(2011). According to this catalogue, this star was considered as a binary or multi-
ple system. On the Simbad database, KIC 10001145 is mentioned as a star with a
V-magnitude of 10.9 and KIC 10749793 as a variable star of § Sct type.

Niemczura et al. (2011) mentioned KIC 11572666 as a double-lined spectroscopic
binary with ‘*hybrid’ pulsation (where frequencies of v Dor and § Sct type respec-
tively are visible in the spectra). This spectroscopic confirmation further shows
the binary nature of the star in addition to the photometric result we obtained.
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Figure 4.1: Time-delay curve (top panel) of KIC 3223460 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 4.2: Time-delay curve (top panel) of KIC 8149341 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 4.3:
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Figure 4.4: Time-delay curve (top panel) of KIC 10001145 for the four pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.



146

Chapter 4

Time delay (d)

Time delay (d}

1
2

o013 010749793 g
oo1 B
0 0o -
« 4
0.00! -
-0.01 r B
L s L . N L N
o 200 400 600 800 1000 1200 1400 1600
Time (d)
oo1
o000 g
0 o0 —
) i
0o01s l L N L L
o2 0.4 o6 o8 1 12 14 16

Figure 4.5: Time-delay curve (top panel) of KIC 10749793 for thetwo pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution
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Systems With Two Pulsating Stars

A binary with resolved spectroscopic companions results in two separate radial
velocity curves measured from lines belonging to each companion. These double-
lined systems have radial velocity variations of opposite phase: when one star is
approaching the other is receding and vice-versa. In the same way, two pulsating
stars in a binary system will produce time-delays which are of opposite sign in the
two stars. The following stars appear to be binaries in which both stars pulsate;
KIC 5042785, 5904699, 8443311 and KIC 7977996. This can be seen from the
plots shown in Figures 4.7, 4.8, 4.9 and 4.10.

From literature, information described about these stars is as follows. KIC 5042785,
7977996 and 8443311 are listed in the Tycho-2 astrometric reference catalogue of

brightest stars. KIC 5042785 is mentioned as a star with V-magnitude of 11.69

and KIC 5904699 as a rotationally variable star. KIC 7977996 is described as a ro-

tationally variable star with V-magnitude of 11.35 and Uytterhoeven et al. (2011)

listed this star in a database of Kepler A-F type stars with an effective temperature

value of 7120 K. In the Simbad astronomical database, KIC 8443311 is mentioned

as a variable star of 4 Sct type and V-magnitude of 11.40.
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Figure 4.8: Time-delay curve (top panel) of KIC 5904699 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure 4.9: Time-delay curve (top panel) of KIC 7977996 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Other Kinds of Time-delay Plots

We also observed other new kind of plots (e.g., KIC 5737687, KIC 8819284 and
KIC 5459908) on the corrected time-delay curves. These systems might be further
hierarchical structures, or different pulsation modes. Additional explanation might
be necessary apart from what is mentioned here. The fact that time-delay plots give
information on the nature of the orbit of the binary system implies that these plots

might also mean something about the structure of the orbit.

Stars from our sample which have also been categorised as binaries in the

literature

A literature search was used to confirm that the method we used agrees with pre-
vious studies. Through the analysis of the Kepler light curve of each star, Uyt-
terhoeven et al. (2011) compiled a database of physical parameters. Their sample
of stars were taken from literature and new ground-based observations. The re-
sult of the analysis showed that several stars are considered as binaries or multiple
systems, and are also binaries according to the method we used. These stars are
the ones with the following KIC number: 1577039, 4048494, 4269337, 5356349,
7848288, 8583770 and 9655514. According to our analysis, KIC 965514 is iden-
tified as a triple system. The first two (KIC 1577039, KIC 4048494) are also listed
as binaries in Catalogue of the Components of Double and Multiple stars (CCDM).
This evidence is confirmation that our method works properly and yields results

which are consistent with the results of previous studies.

Independent Confirmations of Our Results

In order to further confirm our results of binary parameters, we sent some of our
samples to two individuals for an independent analysis. The two astronomers, S.
M |, 1y and H. Shibahashi have several publications on orbital parameters of Ke-
pler binari 1 they confirmed that our results are in good a nent witht r
method (personal communication). As an example, Table 4.2 shows the compar-
ison between our results and the values given by Murphy for the case of binary
system KIC 3346195.
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Table 4.2: Comparison of orbital parameters for KIC 3346195 obtained using our method and the one
given by independent analysis by Murphy. Our uncertainties on the orbital elements are considerably
smaller than the analysis given by Murphy.

Source asini e w Lper r K f(m)
{an) frad) AN A (kms) (Myz Y
This wuik v.4oudod G.wooo sy 4.77U0UL :)_n._uoo_ 370.34U0 16.6260 0.09315.21
+ 0.00003 + 0.01514 £ 0.02210 =+ 1.0659 + 0.3832 + 0.3298 + 0.00018
Murphy 0.483 0.65 5.06 not calculated 400.3 not calculated 0.094

+ 0.0001 +0.02 + 0.03 - +05 - + 0.005
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Conclusions

The Kepler space telescope provides a unique opportunity to investigate stellar
variability at a photometric precision which has never been previously attained.
One of the results is the detection of large numbers of 4 Sct stars which are easily
identified by the large number of peaks in the periodogram with frequencies higher
than about 5 d~!. The high pulsation frequency implies good time resolution
which means that these A-F main sequence and giant stars are good clocks. They
can therefore be used to measure the change in time-delay caused by the cyclical
change in distance from the observer as a result of binary motion. The time-delay
is most easily measured by the changing phase of the pulsational light variation at

a given fixed frequency.

The pulsations do not normally vary in amplitude or frequency (although this is not
true in some cases), but the multiple close pulsation frequencies in these stars are a
major problem. In frequency space, the varying time-delay in a binary system can
be represented by the appearance of multiple close peaks surrounding the main
pulsation peak in the periodogram (Shibahashi & Kurtz 2012). To measure the
time-delay requires that these satellite peaks be distinctly resolved, but this cannot
happen if there is another close pulsation mode.

In the time domain, a close pulsation mode results in an interference which mod-
ifies the phase and renders the time-delay measurement unreliable. The result is
a distortion of the time-delay as a function of time which needs to be corrected
in some way. The aim of this work is to examine the 1646 § Sct stars previously
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identified in the Kepler data, identify possible cyclic time-delay variations and cal-

culate the orbital parameters.

To this end we used a method first developed by Balona (2014a) to quickly identify
binary candidates among the § Sct stars. The method is similar in concept to the
periodogram and produces a plot of time-delay amplitude (or a sin) as a function
of orbital frequency which is called a binarogram. In principle, the method pro-
duces just a single peak provided all pulsation frequencies are used in the solution.
However, this is not practical and only the first three modes of highest amplitude
are used. Interference due to other modes which are not taken into account in the
binarogram produces spurious peaks. A true orbital peak is identified if at least
two different pulsation frequencies give the same peak in the binarogram. In this

way we found 325 possible binary candidates.

Further examination of these candidates requires calculation of the phase as a func-
tion of time. To this end a window of a certain duration was chosen and a sinusoid
at the pulsation frequency was fitted to this data segment. From this solution, the
phase at the mid-point time of the window was obtained. The window was shifted
along the time series to obtain the phase as a function of time. Unlike the binaro-
gram, which does not require such a moveable window, a balance between choice
of window size and signal-to-noise must be made. Clearly, the window size needs
to be shorter than the orbital period, but long enough to lead to a phase of suffi-
cient accuracy. Fortunately, the orbital period is available from the binarogram and
a choice can be made. We used a window duration of 10 days for stars with orbital
periods greater than 100 days and a window size of 4 days for stars with orbital

periods less than 100 days.

The resulting phase variation as a function of time for the ten frequencies of high-
est amplitude was visually examined. Variations which clearly showed the same
period in different pulsation frequencies were selected. Most variations did not
show distinct periodicity, most likely because of interference due to close pulsation
frequencies. Even those phase variations that are periodic are generally distorted.

To correct for this distortion we fitted a function which is a combination of a poly-
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nomial and truncated Fourier series by least squares to individual phase variations
from different pulsation frequencies in the same star. The polynomial part models
the distortion which can therefore be removed. The least squares fit also provides
a measure of the goodness of fit: the standard deviation of the residuals. A poor
phase variation leads to a large residual standard deviation, whereas a good phase
variation leads to a small residual standard deviation. The final phase or time-delay
variation is the mean of the individual corrected time-delays weighted inversely as

the variance of the residuals to the model fit.

Using the mean corrected time-delay, we applied an algorithm to deduce the orbital
parameters. This algorithm consists of a scan across the full range of eccentricity,
0 < e < 1. For each chosen eccentricity, a scan across the full range of time
of periastron, 0 < Tpher < Forp is made and the residual error, o, at the given
pair (e, Tper) is calculated. The best estimates of e and Tp,e, are those which
lead to a minimum ¢. Using this estimate as a starting value, an iterative method
was developed which quickly converges on the optimal orbital parameters. At the
same time, the least squares solution of the correction terms provides the standard
deviation in all the parameters. The calculation of these parameters, as presented
in Table 4.1, is the main aim of this work.

As an additional product, we have identified several triple systems and some pairs
in which both components of the binary are § Sct stars. These interesting objects

clearly deserve further study.
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Figure A.1: Time-delay curve (top panel) of KIC 1577039 for the two pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.2: Time-delay curve (top panel) of KIC 2168420 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.3: Time-delay curve (top panel) of KIC 2570760 for the five pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.4: Time-delay curve (top panel) of KIC 2571868 for the four pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.5: Time-delay curve (top panel) of KIC 2714707 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.6: Time-delay curve (top panel) of KIC 2994888 for the seven pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.7: Time-delay curve (top panel) of KIC 3219256 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.8: Time-delay curve (top panel) of KIC 3346195 for the nine pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Time-delay curve (top panel) of KIC 3425802 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is from the orbital solution.

oo

oo

0.0

0 oo

Time delay {d)

-0 00
00
-0 01

-0 ozl
o

o oo

© oo

©.00

o oo

Time delay id)

-0 00
-0 00
-0 oo

-0.00~ —
]

L L
800 1400
Time (d)

s
600 1000 1200

oz oa oe o.8 1 12

Phase

1.4

Figure A.10: Time-delay curve (top panel) of KIC 3542566 for the seven pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.11: Time-delay curve (top panel) of KIC 3546765 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.12: Time-delay curve (top panel) of KIC 3634384 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.13: Time-delay curve (top panel) of KIC 3650057 for the four pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.14: Time-delay curve (top panel) of KIC 3760002 for the eight pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.15: Time-delay curve (top panel) of KIC 3763579 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.16: Time-delay curve (top panel) of KIC 3975085 for the four pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.17: Time-delay curve (top panel) of KIC 4048494 for the five pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.18: Time-delay curve (top panel) of KIC 4072582 for the two pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.19: Time-delay curve (top panel) of KIC 4243984 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.20: Time-delay curve (top panel) of KIC 4269337 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.21: Time-delay curve (top panel) of KIC 4283747 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.22: Time-delay curve (top panel) of KIC 4574142 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.23: Time-delay curve (top panel) of KIC 4679562 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.24: Time-delay curve (top panel) of KIC 4902475 for the four pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.25: Time-delay curve (top panel) of KIC 493735 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.26: Time-delay curve (top panel) of KIC 5034039 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.27: Time-delay curve (top panel) of KIC 5209712 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.28: Time-delay curve (top panel) of KIC 5356349 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.29: Time-delay curve (top panel) of KIC 5391416 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.30: Time-delay curve (top panel) of KIC 5394574 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.31: Time-delay curve (top panel) of KIC 5440852 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.32: Time-delay curve (top panel) of KIC 5459908 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is from the orbital solution.
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Figure A.33: Time-delay curve (top panel) of KIC 5466537 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.34: Time-delay curve (top panel) of KIC 5475668 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.35: Time-delay curve (top panel) of K._ 5643103 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.36: Time-delay curve (top panel) of KIC 5647514 for the nine pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.37: Time-delay curve (top panel) of KIC 5723310 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.38: ..me-delay curve (top panel) of KIC 5737687 for the four pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.39: Time-delay curve (top panel) of KIC 5808231 for the two pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom
panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.40: Time-delay curve (top panel) of KIC 6041680 for tI  four pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.41: Time-delay curve (top panel) of KIC 6115466 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.42: Time-delay curve (top panel) of KIC 6153233 for the two pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.43: Time-delay curve (top panel) of KIC 6229130 for the eight pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.44: Time-delay curve (top panel) of KIC 6266750 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.45: Time-delay curve (top panel) of KIC 6280952 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.46: Time-delay curve (top panel) of KIC 6579643 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom
panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.47: Time-delay curve (top panel) of KIC 6629106 for the eight pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.48: Time-delay curve (top panel) of KIC 6668729 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.49: Time-delay curve (top panel) of KIC 6756386 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.50: Time-delay curve (top panel) of KIC 6762992 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom
panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.51: Time-delay curve (top panel) of KIC 6854623 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.52: Time-delay curve (top panel) of KIC 6865077 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.53: Time-delay curve (top panel) of KIC 6879594 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.54: Time-delay curve (top panel) of KIC 6939291 for the ten pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.55: Time-delay curve (top panel) of KIC 7465518 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.56: Time-delay curve (top panel) of KIC 7551993 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.57: Time-delay curve (top panel) of KIC 7761855 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is from the orbital solution,
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Figure A.58: Time-delay curve (top panel) of KIC 7834612 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.59: Time-delay curve (top panel) of KIC 7848288 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.60: Time-delay curve (top panel) of KIC 8029546 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.61: _.me-delay curve (top panel) of KIC 8082478 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.62: Time-delay curve (top panel) of KIC 8196840 for the four pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.63: Time-delay curve (top panel) of KIC 8248630 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.64: Time-delay curve (top panel) of KIC 8264543 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.65: Time-delay curve (top panel) of KIC 8308688 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.66: Time-delay curve (top panel) of KIC 8311110 for the four pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.

L v v T T T T T f
0.01% - 2
3
14
oo 1 s
0.00 ] fe
s
= 4
=
]
< oo B
E
= oo —
o015 t B
002 B
0025 L " L " L . N
o 200 400 600 800 1000 1200 1400 1600
Time (d}
o oo i
o oo -
k=2
=
=
= 4
b
E
=
0 00 B
-0 0O -
| . . L L
o 02 oa ce o8 1 12 14 16

Phase

Figure A.67: Time-delay curve (top panel) of KIC 8346686 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.68: Time-delay curve (top panel) of KIC 8359671 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.69: Time-delay curve (top panel) of KIC 8396062 for the four pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.70: Time-delay curve (top panel) of KIC 8397426 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.

0004 ¢
0 00"
0.00.

o oo

Time delay (d)

——

400 600 800

Time (d)

1000 1200 1400

1600

f1

Time delay (d)

Phase

Figure A.71: Time-delay curve (top panel) of KIC 8439566 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.72: Time-delay curve (top panel) of KIC 8491816 for the four pulsation
frequencies of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.73: Time-delay curve (top panel) of KIC 8507325 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.74: Time-delay curve (top panel) of KIC 8516686 for the eight pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.75: Time-delay curve (top panel) of KIC 8560996 for the five pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.76: Time-delay curve (top panel) of KIC 8565229 for the two pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.77: Time-delay curve (top panel) of KIC 8583770 for the seven pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.78: Time-delay curve (top panel) of KIC 8590553 for the five pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.79: Time-delay curve (top panel) of KIC 8630254 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.80: Time-delay curve (top panel) of KIC 8819284 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.81: Time-delay curve (top panel) of KIC 8914322 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.82: Time-delay curve (top panel) of KIC 8915335 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.83: Time-delay curve (top panel) of KIC 8974140 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom
panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.84: Time-delay curve (top panel) of KIC 9094694 for the two pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.85: Time-delay curve (top panel) of KIC 9108615 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.86: Time-delay curve (top panel) of KIC 9172981 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.87: Time-delay curve (top panel) of KIC 9453452 for the four pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.

004

f1
2
00! a 13

oo: e

oo -

Time delay (d}

-0.0: -1

-0 0; B

L0 0: —

Time (d)

0.025

o0 -

0.01

oo

o ao

TS W R

Time defay d)

-0.00

o0

-0.01

‘00

L2 ‘ | i

Phase

Figure A.88: Time-delay curve (top panel) of KIC 9552758 for the three pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.89: Time-delay curve (top panel) of KIC 9596355 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.90: Time-delay curve (top panel) of KIC 9596469 for the pulsation fre-
quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.91: Time-delay curve (top panel) of KIC 9598448 for the seven pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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. .gure A.92: Time-delay curve (top panel) of KIC 9649801 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.93: Time-delay curve (top panel) of KIC 9655470 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.94: Time-delay curve (top panel) of KIC 9666465 for the three pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.95: Time-delay curve (top panel) of KIC 9667584 for the two pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.96: Time-delay curve (top panel) of KIC 9725543 for the pulsation fre-

quency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.97: Time-delay curve (top panel) of KIC 9791112 for the four pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.98: Time-delay curve (top panel) of KIC 9823652 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.99: Time-delay curve (top panel) of KIC 9963609 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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..me-delay curve (top panel) of K._ 10004660 for the two pul-

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.



210

Appendix A

Time defay (d)

Time delay (d)

oo
oo
oo
oo

oo
00
-o.0
-o.0

Time (d)

o2z ©a oe o8 1 12 14
Phase

1

13

T T N S

Figure A.101: Time-delay curve (top panel) of KIC 10130777 for the three pul-

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.102: Time-delay curve (top panel) of KIC 10416779 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.104: Time-delay curve (top panel) of KIC 10489783 for the three pul-

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel).
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Figure A.105: Time-delay curve (top panel) of KIC 10679429 for the six pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.106: Time-delay curve (top panel) of KIC 10713398 for the two pul-
sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.

o1

1

oon z

o oe
o o4

ooz

bl kot |

Time defay (d)

-0 02
004
-0.0¢

L

-0 oe

a 200 100 s00 800 1000 1200 1400 1600
Time (3}

o1

oot

oo

0.0

oo

-0 0.

Time delay {d}

-0 0.

Qo

N S SRS S B SO B B 1

-0 01

‘0.

o
[
o
'y
o
o
<]
@
-
~
N
-
IS
I
*

Phase

Ao o ay ¢ (top) ) It 32 [

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottc  panel is a fit from the orbital solution.



214

Appendix A

Time deiay (d)

Time delay (d)

Figure A.108:

-0 08

-0.000

0.0

oo

oo.

-0.0;

-0.04

-0 o

0.008 |

BOO 1000 1200 1400
Time ()

200 aoo ©00

f1
2

0.00

0.00

o.00

-0 0o

-0.00

-0 oo

oz oa oe 0.8 1 12
Phase

16

Time-delay curve (top panel) of KIC 11152054 for the two pul-

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.109: Time-delay curve (top panel) of KIC 11457198 for the three pul-

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.110: Time-delay curve (top panel) of KIC 11508397 for the four pul-
sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.111: Time-delay curve (top panel) of KIC 11771670 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.112: Time-delay curve (top panel) of KIC 11874676 for the four pul-
sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.113: Time-delay curve (top panel) of KIC 12020590 for the five pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.114: Time-delay curve (top panel) of KIC 12257449 for the three pul-
sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.115: Time-delay curve (top panel) of KIC 12470709 for the six pulsation
frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.116: Time-delay curve (top panel) of KIC 12602250 for the two pul-

sation frequencies of highest amplitudes and the corresponding orbital phase plot

(bottom panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.117: Time-delay curve (top panel) of KIC 12736056 for the five pulsation

frequencies of highest amplitudes and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.118: Time-delay curve (top panel) of KIC 8712760 for the pulsation

frequency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.119: Time-delay curve (top panel) of KIC 10226083 for the pulsation

frequency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.
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Figure A.120: Time-delay curve (top panel) of KIC 11910642 for the pulsation

frequency of highest amplitude and the corresponding orbital phase plot (bottom

panel). The solid line in the bottom panel is a fit from the orbital solution.



A»nendix B

The Partial Derivatives Used
to Find Corrections in

rarameters

In order to calculate the corrections to the starting values of the orbital parameters
using non-linear least squares, we need to know the partial derivatives of time
delay as a function of the parameters. The values of the derivatives were used in

the Fortran program developed which calculates orbital parameters.
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Appendix C
The Fortran Program Used to

Calculate Orbital Parameters

A Sl T s Ao o o S e S S RO S AR SN SN SR S AN S
LSQUARE

This program fits tau=a(l) + a(2)*sin(E) + a(3)+sin(E)
to a data (observations) by least squares and solves
coefficients a(l), a(2) \& a(3) with their standared
deviations of each coefficent b(l), b(2), b(3). The
least square is solved for each value of ecn. The best
value of ecn is the one which gives the smallest value
of standared deviation of the fit, ro0.
e S S oo S e
implicit realx8 (a-h,o-z)\\
parameter (NPTS=15000)! ml=3,NMAT=20,
paramet -(p: 3.14159265358979d0,
SLAU=173.1446323270202d0)
dimension t (NPTS),tau\_o (NPTS),y(NPTS),dp(10),
dy (NPTS)
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dimension x(8,NPTS),a(10),b(10),c(10),par(10)

dimension df (10)

character=8 npar (6),npar2(6)

character ynxl

data npar /'Aa’,’e’,’omega’,’Tper’,’P’,’tau\_0"/
data npar2 /'a(l)='","a(2)=",7a(3)=","7a(4)y=","a(b)
ra(e)="/

NCOF=4

ml=3

twop

i

= 2.

*pil

write(x,1006)
1006 format (' Enter Per (days):’,\$)

read (%, =)

Per

open(ll,file='tau.out’,status="0ld’")

i=1

10 read (11, r,end=12) t(i),tau\_o (i)
i+ 1

i =

if(1i.gt.NPTS) then

write(*,x) "Too many data points!"

stop

endif

goto 10
12 close(11)

k:

i

-1

write(x,1007) k
1007 format (' Number of data points:’, 18)

tn =
de =
dt =

emin

twopi/Per

0
0

.05!
.05!
0.0

Step "1 ecn
Step in Tper

!'Starting ecn

-7

’
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emax = 0.95 !Ending ecn

Tmin = 0.0 !Starting Tper

Tmax = Per !Ending Tper
rmin = 1.0e+30
15 do ecn = emin,emax,de

do T\_per = Tmin, Tmax,dt
r0 = 0.0d0
do 1 =1, k

aM = tn» (£t (i) \- T\_per)

eE = eanom{(alM, ecn)
x(1l,i) =1
X(2,1) = sin(eE)
X(3,1) = cos(eE)
x(4,1) = tau\_o (i)
enddo
n=k

call mlstsg{(x,n,ml,a,b,r0,NCOF)

if(r0.1lt.rmin) then
rmin = r0
ebest = ecn
al=a(
bl=Db (
az=a (
b2=Db(
(
(

a3=a
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enddo

Ask to repeat by typing in 'y’ or 'Y’:
write(%x,1025)
write(%x,1026) rO0
10206 format (" Standared deviation =', E14.7)
1025 format (" Repeat? ',\$)
read(*x,1000) yn
1000 format (a)
if((yn.eqg.’y’").or.(yn.eqg.’”Y¥’”) ) then
if(yn.eq.’y’) then
Tmin = Tbest - dt
if(Tmin.1t.0.0) Tmin = 0.0
Tmax = Tbest + dt

if (Tmax.gt.Per) Tmax = Per
emin = ebest - de
if (emin.1lt.0.0) emin = 0.0
emax = ebest + de

if (emax.gt.0.99) emax = 0.99
goto 15
endif

endif
write (x,1010) ebest
print+, "'Time of periastron passage,’, Tbest

1010 format ("Eccentricity at minimum r0 is:’, £10.6)

write(x,1020) al, bl

1c 9 forr ('a(l) =", “14.7, "+, , LT
write(x,1030) a2, b2
1030 format ("a(2) = ', E14.7, "+/~', E14.7)

write(x,1040) a3, Db3\\
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1040

1050

108

format ("a(3) ="', E14.7, '"4+/-', E14.7)

write (x,1050) roO

format (’ Standared deviation =’, E14.7)

Calculating time delay using eccentricity, ebest.
open{unit=1, file='taucal.dat’, status="unknown’)
do 1 =1, k

aM = tnx (t (i) - Tbest)
eE = eanom(alM, ebest)
taul_c = al + al2+sin(eE) + a3*xcos (eE)

write(1,108) t(i),taul\_c
format (£20.12, £20.12)
enddo

close (1)

ecn=ebest
alpha2 = a2/ (sqrt(l.0-ecn*ecn))
Aa = sqgrt(alphaZ2xalpha2 + a3xa3)

som = a3/Aa

com = alpha2/RAa

omega = atanZ2 (som, com)

tau\_0 = al+RAaxecn=*sin (omega)

print*, ’"Aa=’ , Aa
print«, ’‘omega=’', omega

print*, ’“asini=’, Aa*xSLAU

write (*,1060)

1060 format (' Approximate parameters’/

+

"Aa ecn omega Tbest Period tau\_0')
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write(x,1070) Aa, ecn, omega, Tbest, Per, taul\_0
1070 format (5£10.4)

—————— NOW WE CAN IMPROVE THE APPROXIMATE

PARAMETERS———————
par(l) = Aa

par (2) = ecn

par (3) = omega
par (4) = Tbest
par (5) = Per

par (6) = taul\_0

These are maximum error on all 6 parameters.
do 1 =1,6

dp(i) = 1.0e-4
enddo

13 continue

Create matrix for LS fit.

do i = 1,n
call dfdx(t (i), par,df)
do j =1,6
x(3,1) = df(3)
enddo
Obtain residuals, DY= Yobs - Ycal, from calculated

binary time delay.

x(7,1) = y(i) - td(t(i),par
enddo
Fit least squares
call mlstsqg(x,n,6,b,c,r0,7)

Test if corrections small enough.
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1080
1089

ko =1

do i =1,5
if(abs(b(i)).gt.dp(i)) ko = 0
par(i) = par(i) + b (i)

enddo

write (x, x)

write (x, x)

write(%,1089) (npar2(i),par(i),b(i),i=1,6)
Test if corrections are below tolerance.

if (ko.eg.0) goto 13

Write out final parameters.

write (x, *)

write (%,1089) (npar(i),par(i),c(i),i=1,6)
format (a,£10.4,’ +/-7,£10.4)

format (a, E14.7, '+/-", E14.7)

call writetd(’tdfit.tdc’,par,75)
stop

end

e e e S S O e o A o A O O O A A R S S

DFDX (t,A,ecn, omega, Tper, per, df)

Given time t and approximate parameters,

(A,ecn,omega, Tper, per),

this routine calculates corrections to

these parameters in array DF (%)
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e s s o ot S SR S SO S

subroutine dfdx(t,par,df)

implicit realx8 (a-h,o-z)

parameter (TWOPI=6.283185308)/!,
SLAU=173.1446323270202d0

dimension par (x),df (*)

asini = par(l)

Aa = par(l)

ecn = par(2)

omega = par (3)
Tper = par(4)
Tbest = par (4)

Per = par(5)
tau\_0 = par (6)
Mean anomaly, M:
TWOPI/per

tn TWOPI/Per

aM = tnx (t - Tper)
aM = tnx (t - Tbest)

tn

Solve for eccentric anomaly, E:

eE = eanom(aM, ecn)

se = sin(eE)

ce = cos(eE)

so = sin(omega)

co = cos(omega)

el = sqrt{(l.0-ecnxecn)
e2 = 1.0 - ecn*cos(eE)

dtau/da
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df (1) = elxcoxse + so*Ce — ecns*so
dtau/de
df (2) = Aa*coxsex ((—ecn/el) + (elxce/e2)) -

+ Aaxsox((sexse/e2)+1)

dtau/domega

df (3) = —-Aa*el*se*xso + Aa*xcoxce —
+ Aaxecn*co

dtau/dTper

df (4) = ((-TWOPI)/ (Per*e2)) x (Aaxel*co*xce -
+ Aaxsoxse)

dtau/dPer

df (5) = (Raxelxcoxce—-Aaxsoxse) *
+ (-TWOPIx (t-Tbest)/(PerxPerxe2))

dtau/dtau\_0

df(e) =1

return

end

A ol SR

TD (t, par)

Returns time-delay at time T, using binary parameters

in array PAR().

2 I T o i s st S s o S S oS

function td({(t, par)

implicit realx8 (a-h,o-z)

parameter (TWOPI=6.283185308)!,
SLAU=173.1446323270202d0
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dimension par (*)

al=a(l)!-0.00005561

tn = TWOPI/par (5)

Mean anomaly, M:

aM = tn*(t - par(4))

Solve for eccentric anomaly, E:

eE = eanom(aM, par(2))

The time-delay

td = par(l)+*sgrt (l.0-par(2)**2)*cos{(par(3))*sin(ekE)
+ par(l)
x*sin(par(3)) xcos (eE) —-par (1) *par(2) »sin(par(3))
+ al+par(l) +par(2)+sin(par(3))

+ tau\_0

+ o+ o+ o+

return

end
B i e S Sl Sl e e e o S S S S e o i
WRITETD (filn, t, par)

Read (time, time-delay) data from the first
two columns in file FILN. Stores the time in
array T(x) and time-delay in Y (*) and returns
number of data points, N, which must
be less than NPTS.

i At s oh S SR

subroutine writetd(filn,par, num)

implicit realx8 (a-h,o-z)
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parameter (TWOPI=6.283185308)
character*(x) filn

dimension par(x)

open (unit=1, file=filn, status=’unknown’)
dt = par(5)/num
t = -dt
do i = 1,num
t =t + dt
write(1,1030) t,td(t,par)
1030 format (2£20.12)
enddo

close (1)
return

end

e i e O ol s o S

EANOM (aM, ecn)

This function solves the equation E - e sin E = M

when M and e are given.
++++++++++++++++++++ A
function eanom(aM, ecn)

implicit realx8 {(a-h,o-2z)

epsilon = 1.0e-5
eEl = aM

20 eE = aM + ecn*sin(eEl)
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de = abs (eE-eEl)
eEl = eE
if(de.gt.epsilon) goto 20

eanom = ek
return

end

i e S i o 2 e L e o e Al i s T

MLSTSQ (x,n,ml,a,b, r0,NCOF)

Least squares fitting of multivariable

X (NCOF, ») = Matrix of input values

n No of points

ml = No of independent variables

a(x) = Coefficients a(l)=const term etc.
b(x) = Std error of a

r0 = Std error of one observation

e R e e O et

subroutine mlstsqg(x,n,ml,a,b, r0,NCOF)

parameter (NPTS=100000)

implicit real=*8 (a-h,o-2)

dimension X (NCOF,*),a(x),b(x),c(NCOF, NCOF),
d (NCOF, NCOF')

ml + 1
do 1 = 1,m2
do j = 1,m2

m2
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C(lrj) = 0.0
enddo
enddo

do i=1,n
do j=1,m2
do k=1,m2
c(j, k) = c(J, k) + x(J,1)*x(k,1)
enddo
enddo
enddo

call matinv(c,d,ml, NCOF)

do j=1,ml
a(j)=0.0
do i=1,ml
a(j) = a(j) + c{i,m2)=*d(i, J)
enddo
enddo

u = c(m2,m2)
do 1 = 1,ml

u=u- a(i)*~c(i,m2)
enddo

P float (n—ml)
w = u/p

r0 = sqgrt (w)

do i1 = 1,ml

u = wrxd(1i,1)
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b(i) = sgrt(u)
enddo

return

end

T o s T I S i T o i o A o O S S S A S RS A RN RN U R a S

MATINV (a, b, n, nmat)

Inverts matrix A(l:n,l:n) by elimination with
partial pivoting. The inverted matrix is returned
in B(l:n,1l:n); NMAT is the physical dimension

of A and B. On return A is destroyed.

e i e O e

subroutine matinv{(a, b, n, nmat)
implicit realx8 (a—-h,o-z)

dimension a(nmat, x),b (nmat, ~)

set threshold value eps

eps=1.0e-20

construct identity matrix
do 1 i=1,n
do 1 j=1,n

b(i, §)=0.

if(i.eq.3j) bi(i,§)=1.0

1 continue

locate maximum of a(i, J) on or below diagonal
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do 8 k=1,n
if(k.eqg.n) goto 4
1=k
t=abs (a(k,k))
kl=k+1
do 2 i=kl,n
z=abs(a(i, k))
if(t.ge.z) goto 2
1=1i
t=z

2 continue

interchange rows 1 and k 1if 1 is not equal to k
if(l.eg.k) goto 4
do 3 j=1,n
t=a(l,3J)
a(l,j)=a(k,J)
a(k, )=t
t=b (1, J)
b(l,3)=b(k,3J)
3 b(k,Jj)=t

test for non-singular matrix

4 if(abs(a(k,k)).le.eps) goto 9

divide pivot row by its main diagonal element
t=a(k, k)

> 5 J=".n
a(k,j)=a(k,j)/t
b(k,j)=b(k,j)/t

5 continue
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replace each row by linear combinations with pivot row
do 7 i=1,n
t=a(i, k)
if(i.eq.k) goto 7
do 6 j=1,n
a(i,j)=al(i, J)-tra(k,])
6 b(i, J)=b(i,J)-txb(k, J)
7 continue
8 continue

return

if matrix is singular put n=0 and exit

9 n=0
write(»,’ (/" SINGULAR MATRIX - INVERSE IMOSSIBLE!’’)’)
return

end



Appendix D
The Method of Least Squares

Linear Least Squares

In many situations, there is a single response variable y, also called the dependent
variable, which depends on the value of a set of input, also called independent
variables, x1,...,x,. The simplest type of relationship between the dependent
variable y and the input variables z, ..., x,, is a linear relationship. Now we are
interested in constructing the best fitting straight line such that. for each observed
response ;, the corresponding value of y on the straight line will be as close as

possible to the actual response y;.

Fitting a Linear Function of Two Variables
Let us consider an arbitrary straight line:
Yy =ag+ax (Dl)

in which the values of the constants ag and a; are to be determined. Therefore,
it would be possible to exactly predict the dependent variable for any set of imput
values. However, in practice, such precision is almost never attainable and the

»st that one ex| s is that this equation would be valid subject to randc  error
¢;. By this means that the explicit relationship is

yi +e =ap+a1x; (D.2)
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where ¢;, represents the random error.

€; = Qg + a1T; —Y; (D3)
€ = (ap + arz; — y;)° (D.4)

The height of the line is ag + a;x;. Therefore, the vertical distance between the
points (z;, ;) and the line is ag + a1x; — y;. Suppose that the line is to be fitted
to n points, and let S denote the sum of the squares of the vertical distance at the
n points. Then

n n
S = Z e? = Z(ao +ayz; — yi)2 (D.5)
i=1 i=1

The method of least squares specifies that the values of ¢y and a¢; must be chosen
so that the value of S is minimized. It is not difficult to minimize the value of S

with respect to ap and a;. We take the partial derivatives and set these values to

ZE10:
oS "
Daq =2;(ao+a1xi—yi) =0 (D.6)
S "
e =2 ;(ao +a13; =)o =0 (D.7)
This gives
Z(ao +a1z; —y;)) =0 (D.8)
=1
n
Z(aoxi + alx? —z2;4) =0 (D.9)

i=1

Re-writing these equations, we obtain the following pair of equations:

nagp + a; / xI; . Yi 0

i=1 i=1

b n n
a ) rita Yy xi—Y wiyi=0 (D.10)
1=1 =1 =1
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Thses two equations are called normal equations for ag and a;. We can de-
termine the following sums easily: > z;, . vi, > x;y; and ,, x2. The above

notation is clumsy, so let us represent the average of any quantity as follows:

1
n -
1=1
and
1 n
<Yy >= - Y3 (D.12)

This notation allows us to write the above equation as

ag+a; <z >=<y> (D.13)

ag < x> +a, <zi>=<zy> (D.14)

In matrix notation we can write these two simultanious equations as
1 <z > ap <y>
, = =Y (D.15)
<zr> <zx°t> aj <zy>

XA=Y (D.16)

or simply as

from which the unknown coefficient matrix, A, can be obtained:

A= (XYY (D.17)

where X 1 is the inverse of the matriz X. In this simple case we do not need
direct matrix inversion.  gebric manipulation of the normal equations easily leads

to the Hlution

apg = (D.18)
<Ire > —<r >

_<ay>-—<zr><y>
<z?> - < >?

a (D.19)
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Fitting a * inear Function of Several Variables

In the majority of applications, functional relationships can be predicted more ad-
equately not on the basis of a single independent input variable but on a collection
of such variables. A typical situation is one in which there are a set of, say, m
input variables and the response y is related to them by the relation

Yi + € = ag +a1Z1; +axx9; + asxT3; + ... + G Toni (D.20)

where x;,7 = 1,2...,m is the level of the jth input variable, m is the number of
independent variables and ¢; is a random error. The parameters ag, ay, ..., a,, are
assumed to be unknown and must be estimated from the data by the method of
least squares. As before, it is required to minimize the sum of the squares of the

differences between the y; and their estimated expected values as follows:

S = Z(ao—kalx“ 4+ asxiz + ... + amTim —yi)2 (D.21)

i=1

We then repeatedly take partial derivatives of the sum of squares. On equating

equations to 0, we obtain the following set of equations:

n

Z(ao +a1ri1 + aaTin + oo+ A Tim —y;) =0
i=1
n
Z(ao +a1%i1 + a2Ziz + .+ A Tim — Yi)Tin =0
i=1
n

Z(ao +a1x;1 + aaTio + o F A Tim — Yi)Ti2 =0

i=1

ao+ a1xi1 Wi+ ImTim Yi)Tim 0

=1

Re-writing these equations yields the following set of linear equations called the

normal equations:
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n n n n
nap + a1 E i1+ az E Tig + ...+ am E Tim = E Yi
i=1 i=1 i=1 i=1
n n n n n
N2 . _
ag E Ziptap > xh + a2 E iZi2 + ...+ anp E TilTim = E Ti1Yi
; = i—1 i=1 i=1

=1 1=1

n n T n m
. 2 _
agp E Tim + a1 E TimTi1 + ap E TimTi2 + ... + am E Tim = E @R
=1 i=1 i=1 i=1

1=1

Now the simple algebraic solution is more laborious and it is best to use matrix
methods. Therefore, the solutions can be found by matrix inversion using com-
puter programs. Thus this equation can be written in matrix formalism: ¥ = AX,
where Y and A are column vectors [(n + 1) x 1] and X is a matrix of dimensions
[(n + 1) x (n+ 1)]. The elements of the vector A are the required coefficients.
Multiplying Y = AX by the inverse matrix of X ~!1. (XX ~1 = I), where I is the
unit matrix, leads to A = Y X ~!. Finding X ~! and Y X ~! are simple operations
using a computer program where we also used the matrix solution approach to find
the coefficients (orbital parameters in).

Finally, we can get the following two matrices X and Y:

1 < T > < xo > < Ty >
<z > <z?> <TiTe > o0 < TiTym >
X=|<z2> <zi79> <2i> 0 <zorpy > (D.24)
< Ty > < T1Tp > <222 > oh < Ty >
<y>
Ty
Y=\ <xzy> (D.25)

< Iy >
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Fitting a Polynomial r.quation by Least Squares Method

In situations where the functional relationship between the response Y and the
independent variable x cannot be adequately approximated by a linear relationship,
it is sometimes possible to obtain a reasonable fit by considering a polynomial
(degree m) relationship. Most curved calibration lines are fitted to a quadratic
equation ¥y = ag + a1z + aox? or to a third-power (cubic) equation y = ag +
a1z + asz? + azx®. The principle of least squares fitting to these polynomials is
the same as for the linear function. For instance in the case of a quadratic equation,
we want to minimize the S: S = 3", (ag+ai1z+a2z? —y;)?. In the more general
case of a polynomial of degree m, we might try to fit to the data set a functional

relationship of the form

Yi +6 =ag+arz; + a2$? + agm? + ..+ apzt. (D.26)

where the method of least squares specifies that the constants ag, a1, as, ..., am
should be chosen so that the sum S of the squares of the vertical deviations of the
points from the curve is a minimum. In other words, these constants should be

chosen so as to minimize the following expression for S:

n
S = Z(ao +ar1r; + a0x? + .+ apmr —y;)? (D.27)

=1

To minimize S, we take partial der itives with respect  ag,aq,... , of
forgoing sum of squares, and then set these equations to 0. On doing so and re-
arranging the resulting equations, we obtain the following linear equations called

the normal equations.
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n n n n
2
apn + ay g T + ao g i+ . tam E xt = E Yi
i=1 i=1 i=1 i=1
n mn n n n
2 3 1
(Log ;ci+a1§ $i+a2§ $i+...+am§ :1:17-"+ = E TiYi
i=1 i=1 i=1 i=1
7
2 2
ap g i +a; g 3+t an, E ' = g z3y;
j i=1

n
ag ZJJZ" + a; zj:-"“ + o+ am vx?m = ZLCTQD.ZS)

i=1 1=1 =1 i=1
Fourier Fitting

We can still apply the method of least squares further for a different kind of func-
tion. One of the most interesting is for Fourier fitting where we also used it to
represent the variation of time-delay as one star orbits its companion about their
center of mass. For example, periodic functions can be described by a sum of
Fourier components of the following type using sine function:

Y = ag+A; sin(wt+¢; )+ Ag sin(2wt+09 )+ As sin(3wt+¢3)+...+ Ay, sin(mwt+¢,,)
(D.29)

where w = 27/ P, P is the period, ¢ is the phase in radians and ag. A1. As, ... A . &1. G2, ooy Oy
are unknown coefficients to be determined. We can further write this equation

more compactly in the form

Yy = a0+ZAksin(kwf+d>k)
k=1

ag + Z(Ak cos ¢ sin(kwt) + Ag sin ¢k cos(kwt))
k=1

= ap+ Z(agk,l sin(kwt) + ag cos(kwt)) (D.30)
k=1
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This equation finally gives the following:

Y = ag + a; sin(wt) + ag cos(wt) + ag sin(2wt)
+ agcos(2wt) + ... + agp—1 sin(mwt) + agy, cos(muwt) (D.31)

If we have some kind of periodic data of n observations, we can put
ry; = sin(wt;), To; = cos(wt;), 3; = sin(2wt;), x4; = cos(2wt;),....etc. These

values are the same as the expressions we got before:

Yi=yi+ € =ao+a1x1; + a2 +a3r3; + ... + @2m-1T(2m—1)i T G2mTomi
(D.32)

As usual, to detrmine the the unknown coefficients, ag.aj. ....a2,,, we can use

least squares method.

Non-linear Least Squares

Most of the time functional relationships are neither linear nor polynomial but
rather a kind of exponential type. In this case the least squares fitting can be done
iteratively as will be seen in the next section, or in some cases the equation can
be transformed into a linear one, usually by taking the logarithm of the whole
equation.

Suppose we are asked to find the least squares solution to fit the following

equations:
Yi + € = agsin(wt + a,).or (D.33)
Y + € = aoe_‘“t + age*‘”t. or (D.34)
Ui + € = ag + a e~ az)’ (D.35)

“1ich a non-lin ca is very common and it is often very difficult to find t
minimum analytically. This is because equating of the partial derivatives to zero
does not lead to explicit equations for the adjustable parameters. However, it can

often be handled with the aid of a computer program which can find the minimum
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of a function in multidimensional space. Given trial values for the parameters, the

different methods give a procedure that improves the trial solution.

Therefore, the best technique of solving such a problem is to start with approxi-
mate values of the unknown constants and to apply an algorithm which will iter-
atively improve the solution. In the above example of the third expression, y is a
function of the constants ag. a;.az and as i.e., y = y(ap, a1, az,az). Suppose we

know approximate values for these constants. Then to first order, we can write as

follows,
Ay = @Aao + ﬁAa1 + —@—Aag + ﬂAag (D.36)
dag oay day dag
with
Ayi = yi — Yo,

where y. is the value of y at z; calculated using the approximate values. If the func-
tion we are fitting is an analytical function, we can determine the partial deriva-
tives at z;. The above equation is linear and we can solve for the corrections,
Aag, Aay, Aag, and Aag using least squares. This gives us better approxima-
tions:

ap + Aag, a; + Aaq, as + Aas and a3 + Aas.

We can continue in this way until the corrections are sufficiently smaller than the

predefined value. To solve this problem we need to calculate the derivatives:

Sy By By gog P
Bag’ Oai’ Oasz Oas*

As was said in the introduction, there is no closed form solution to a non-linear
least squares problem. Instead, numerical algorithms are used to find the values of
the parameters. Most algorithms involve choosing initial values for the parameters
and then refining the parameters. We also used such procedures and methods in

the programs we wrote.
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