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Abstract. Anisotropic but homogeneous, shear-free cosmological models with imperfect
matter sources in f(R) gravity are investigated. The relationship between the anisotropic
stresses and the electric part of the Weyl tensor, as well as their evolutions in orthogonal f(R)
models, is explored. The late-time behaviour of the de Sitter universe (as an example of a locally
rotationally symmetric spacetimes in orthonormal frames) in f(R) gravity is examined. By
taking initial conditions for the expansion, acceleration and jerk parameters from observational
data, numerical integrations for the evolutionary behavior of the Universe in the Starobinsky
model of f(R) have been carried out.

1. Introduction
Despite General Relativity’s (GR) great successes in explaining many cosmological and
astrophysical scenarios, it miserably fails to provide:
e an elegant solution to the early and current accelerated expansion phases of the Universe,
e the mechanism for dark matter production (if one is convinced that dark matter exists),
e a consistent framework to combine gravity with the other three forces of nature.
As a result, recently a large number of alternative, modified or generalized propositions to GR

have emerged, one of which involves the inclusion of higher-order curvature invariants in the
Einstein-Hilbert action [1, 2, 3, 4, 5]:

A= [dav=glim + 2L, (1)

where f(R) is some differentiable function in the Ricci curvature scalar R, g is the determinant
of the spacetime metric gqp, L, is the standard matter Lagrangian, and the natural units
(h = ¢ = kp = 8tG = 1) have been used. The generalised Einstein Field Equations (EFEs),
obtained from variational principles, is given by

CTYab = TJZ + T;z =Tw ) (2)
where the modified matter energy-momentum tensor is given by

% m 2 5(\/ _gﬁm) (3)
fl ’ ab = \/jg 5gab ’

m
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and the energy-momentum tensor of the curvature fluid can be defined as
1
f
The energy-momentum tensor of standard matter is given by

m o _ 2 5(V_g£m)
“ V=g bg

where we have defined

R
Tab

[5(f = Rf)gab + VsVaf — g VeVef'] swith f' = df /dR, etc . (4)

= mUqUp + Pmhay + qznub + qgnua + ﬂ{zrll) ) (5)

® Ly = nguaub as the energy density

P = %(T gzhab) as the isotropic pressure
e ¢ = —T/"u’h¢ as the heat flux

o =171 C<ahdb> as the anisotropic pressure
of matter. The four-vector u® = % is the normalized 4-velocity of fundamental observers

comoving with the fluid. The covariant time derivative OF any tensor Sg_'ﬁ along an observer’s
worldlines is defined as .
Sg = Uev SC d > (6)

whereas the fully orthogonally projected covariant derivative for any tensor Sg.'.'é’ is given by
b
VeSah = h4he.hhhdhiN 819 | (7)

with total projection on all the free indices. Here rhy, = gap + uaup is known as the projection
tensor. We extract the orthogonally projected symmetric trace-free part of vectors and rank-2
tensors using

V(a) _ hg,Vb 7 S(ab) _ [h(ah? . %habhcd} Scd , (8)

c

and the volume element for the restspaces orthogonal to u® is given by [6]
Eabe = UM gape = \/|?5 51,5253 ut = egpe = Elabe]s Eabet® = 0, 9)
where 7gpeq 18 the 4-dimensional volume element satisfying the conditions
Nabed = Nabed) = 2€ablcUd] — 2U[ablcd- (10)
The covariant spatial divergence and curl of vectors and rank-2 tensors are given as [7]
divV = VeV, (divS), = VS, curlVy = e VPV, curlSy, = scd(a@CSb)d. (11)
In this formalism, u® can be split into its irreducible parts as
Vaup = —Aqup + %hab@ + Oab + EapewS, (12)

where A, = g, © = Vaut, o = @<aub> and w® = £%°Vyu, are the 4-acceleration, (volume)
expansion, shear and vorticity of the fluid. The thermodynamic quantities for the curvature
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fluid can be defined similarly to the standard matter ones:

un =3, [5(RF = 1)~ Of"R+ 197 (13)
R=7 [ (f = Rf) + f'R+ f 52

+3 (@ f'R— f"V?R - f”’@aRﬁaR)} , (14)
qF = —;, { f"RV.R+ f"V.R — 1 f”@?aR} , (15)
ot = 7 [f”v VR + "'V RV, R — aabe”} , (16)

whereas the total thermodynamics of the matter-curvature fluid composition is described by

m

ab
N—T‘FﬂRa p:7+pR, Qa:7+qa7 7Tab_7+7r (17)
The Weyl conformal curvature tensor
R
C%ey = R%cq — 291" R" g + gg[a[cgb]d] (18)

can be split into its “gravito-electric” (GE) and “gravito-magnetic” (GM) parts, respectively:
Eab = Cagbhuguhv Hab = %naeghcghbdueud' (19)

The GE and GM components influence the motion of matter and radiation through the geodesic
deviation for timelike and null-vector fields, respectively [6]. The GM has no Newtonian
analogue, and is responsible for gravitational radiation.

By covariantly 1 + 3-splitting the Bianchi and Ricci identities

v[aRbc]cle =0, (vavb - vbva)uc = Rabcdud (20)

for the total fluid 4-velocity u®, we obtain the following field (propagation and constraint)
equations. The propagation equations uniquely determine the covariant variables on some initial
hypersurface Sy at t = tg:

frm = —(pm + Pm)© — V)" — 24008, — opml ., (21)
1

fir = —(r +PR)O + M?,{ R—Vqf — 2A.q% — ofml (22)
0= _%@2 — %(,u +3p) + Vo A% — A, A% — 0440 + 2waw® | (23)
6}21 = *%@q;n - (Mm +pm)Aa - @apm - @bﬂ'gz - O-Zg{)n - Abﬂgzl; - 5abcwqu1 5 (24)
' L f" =
@i’ = =304 + Z5VaR = Vapr = V'ms} — 00

- (,UR + pR)Azz - Abﬂfb - €abcwb(ﬁ% 9 (25)
Wq = _%@Wa - %@zbcvbAc + Ugwb ) (26)
Oab = *%Gaab — Eqp + %ﬂ-ab + @(aAlﬁ + A(aAb> - U?aglﬁc — W(aWp) » (27)

Egp + 3t = €cd<a@CH1§i> — O (B + 27ap) — 3 (0 +D) 0ab — 3V (0t
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+ 308 (Brye — $71ye) — Aallsy + Ecd(a [2ACH{f> +w(Bg + %wg@)} , (28)
Hab = —@Hab — Ecd<a@CEg> + %€Cd<aﬁcﬂg>
+ 303 Hyyo + 300y — Ecdta [2A0Eb> — Johq" - wcHgﬂ : (29)

Restrictions on the initial data to be specified are provided by the constraint equations:

(Cl)a = 6bo'ab - %@ag + Eabe <@bwc + 2Abwc) +4. =0, (30)
(CQ)Gb = Ecd(aﬁcdb)d + @mwb) — Hy — 2A<awb> =0, (31)
(03)a = 6b}I(JLb + (:U' +p)(")a ~+ Eabe [%@ch + Obd (Edc + %ﬂ-dc):|

+ 3wy (E“b - %w“b) ~0, (32)
(CYa =V Eap + 5V Tap = §Vai + 564a

— 10bqy — 3w Hypy — eqpe[o™ HS — 3wbq] =0, (33)
(CP) := V%W, — Aqw® =0, (34)

and the Gaufl-Codazzi equations, given by

- _ - 1 2
Rap + G apy + O0ap — Vg Ay — AaApy — Tap — 3 <2,u — 3@2> hay =0. (35)

Here Ry, is the Ricci tensor on 3-D spatial hypersurfaces, the trace of which gives the
corresponding (3-curvature) Ricci scalar: R = 2u — %@2 +202. The constraint equations must
remain satisfied on any hypersurface S; for all comoving time ¢.

In orthogonal cosmological models, the matter energy density u,, and isotropic pressure p,,
are measured by an observer moving with the velocity u®. These models are characterised by
the matter energy-momentum tensor representing an anisotropic fluid without heat fluxes [§]

T:I;L = UmUgUp + pmhab + 77211; 5 (36)

and by an irrotational and non-accelerated flow of the vector field u®, w, = 0 = A,. The revised
evolution and constraint equations for orthogonal models are now given by

fm = —(ftm + Pm)© — Jg'”gm ) (37)
. Mmfll 5 —a R a,_b
UR = _(MR + pR)@ + f,2 R-V 9 — OpTaR » (38)
6= —%@2 — %(u +3p) — oo, (39)
"
Ga' = —30q; + “?f VaR = Vapr = V'mg, — 0qay’ (40)
Oab = _%eaab — Eap + %ﬂ'ab - 0'<ca0'b)c ) (41)
Eab + %frab = Scd(aﬁcHg; -© (Ezzb + %ﬂ'ab) - % (M +p) Oab — %@(aQS
+ 3Uc<tc (Eb>c - %ﬂ-b)c) ) (42)

Hop = —OHap — eca(aVOER) + 3ca(aVorsy + 305 Hye

+ %Ecd<a0l§>(ﬁl~2 ) (43)
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(C*)g == Vlou —2V,0+ ¢l =0, (44)
(C*)ab = €ca@V o)’ — Hap =0, (45)
(C"3)y 1= VP Hop + Eape [é@bqg + 0b (Ed + lwdc)} ~0, (46)
(C*)g := VPEqp + 1VPm — iVap + 20¢ — olq,

— eapeo™HS = 0. (47)

We notice that a new constraint
(0*5)a = Vapm + @bﬂg = (48)
comes out of equation (24) as a result of the orthogonality assumption.

2. Shear-free anisotropic models with an imperfect fluid
For imperfect fluids, the the thermodynamic evolution equation for the anisotropic pressure is
given by [9, 10]

TTah + Tap = —A0gp - (49)

Here 7 and )\ are, respectively, relaxation and viscosity parameters. For negligible 7 and a
positive constant A, the equation of state between the shear and anisotropic pressure is given
by [8]

Tab = —ATqp - (50)

Making use of equations (17) and (16), equation (50) can now be rewritten:
w4 'V VR + [V RV R = 0w (BF7 = A1) - (51)

This implies that shear-free in the case of shear-free fluid spacetimes, the above equation and
the GauB-Codazzi equations (35) simplify, respectively, to

= —f"ViVyR— "V RVy R, (52)

- N 1 . . .

Rap — L Rhap = 7o, = 7 <7ng + "V ViR + f”’V<aRVb>R> . (53)
These results show that even in the case of vanishing anisotropic pressure from matter, spacetime
geometries are not necessarily of constant curvature and hence not necessarily FLRW universes.

If we allow the matter anisotropic pressure to be nonzero despite a vanishing shear, constant-
curvature models are allowed, unlike in GR, provided

'V oV R+ "V RVy R =0 (54)

In the case of shear-free fluid spacetimes, we notice from equation (41) that the tidal effect
(represented by the EM component of the Wely tensor) on the anisotropic stress is given by

Tab = 2E4p <55)

Thus the anisotropic stresses are related to the electric part of the Weyl tensor in such a way
that they balance each other, a necessary and sufficient condition for the shear to remain zero
if initially vanishing [8, 11].
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For nonzero, second-order shear contributions, equation (41) can be approximated by
Oub ~ —%@Uab , (02)' ~ —%@(72. (56)

This clearly shows that small perturbations of shear are damped in the class of orthogonal f(R)
models in f(R). In agreement with GR results [8], these models are stable if expanding.

Shear-free orthogonal models satisfying equation (55) are purely EM, i.e., Hy, = 0. Thus,
equation (43) reduces to an identity

5cd(a€CEl()i) = %gcd(aﬁcﬂ-l% ) (57)

whereas using equations (42) and (47), it can be shown that the evolution and divergence of the
EM Weyl tensor are given by

Eab = _%@Eab - i@@,ng > @bEab = % (@a,u - %@‘.If> . (58)

The decaying of the EM Weyl tensor, and hence of the anisotropic stress tensor, with the
expansion is demonstrated by the relation

. 1/« a = (a a
(B%) = —40F* - (Vdf B + V) Ey) . B = EqB™. (59)

3. Illustration using the Starobinsky f(R) model

As a simple illustration, we will try to integrate the Friedmann equation in locally rotationally
symmetric spacetimes

2 + 2 (60)
provided the barotropic EoS , pm = (ym — 1)pm. If we rewrite (60) using equations (17) and
(37) (for shear-free cases, of course), we obtain the model-dependent equation

a2k

1
+ pol pd a=3m 4

1 3a ., -
— |=(Rf' = f)— —f"R 61
5 50 =n=2 (61)
where 10 is the matter density at the time ¢t = ¢y and 1, is the EoS parameter for the matter
content. A qualitative analysis of the late-time behavior of the solutions for (61) in flat k = 0
spacetimes without matter gives a de Sitter (dS) solution, with R = 6HZ and equation (61)
solves to

3

a2

1
Hi = —(Rf' = f). 62
The Friedmann equation (60) for generic f(R) model is, in general, a fourth-order ordinary
differential equation (ODE). There are no known exact solutions for the full evolution history,
but the equation can be solved numerically (such as in terms of quadratures) given appropriate

initial conditions. For the purpose of our illustration, if we choose the Starobinsky model,
f(R) = R+ aR?, (63)

equation (61) reduces to the following differential equation:

4 _ 0 g dym @R —12HR e a 1
3a2 Hm® + 2 14+2aR ’ R=6 a? +a ' (64)
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This is a third-oder ODE in a(t). To solve it, let us use the cosmological initial conditions (ICs)
for the Hubble H, deceleration g, jerk j, and snap s parameters:

_ aa . ad’d’a _a®d*a (65)
1=7% I=@ws T das
evaluated at the present time ¢t = tg, such that
. .. ) d®a 3. 1
a(0)=ap=1, a(0) = Hoa , a(0) = —Hgaoqo ﬁ(o) = Hyjoag ™ - (66)

A series solution using these cosmographic parameters in equation (64), evaluated at ¢ = to
can be given by

a(t) =1+ Hy (t — to) — 1/2 Hy?qo (t — to)”
1 (=3Ho* +54 Hy'a + pim + 12 & pury Ho® — 12 %, Ho?qo + 18 v Ho*qo® + 36 Ho v o)

3
_t t—t
216 o Hy )
1 (t—t)" 4 6 0 772 40 40 6 2
50 T <9H0 162 Hoba — 12 4%, Ho? + 18 Ho*a 1%, + 108 Ho*a 2, qo — 54 HoPav o
0
+324 Ho%a go — 108 a HoSqo® — 6 1° Ho2qo + 9 1% v Ho® + pm + 90 a 1, Ho*qo2 — 12 a 1%, > Ho2qo
+12.a i ® Ho? + 108 i, ym Ho e — 108 i,y Ho' ' qo) +0[(t—t0)°] (67)

and can be used to check observational constraints. If we solve equation (64) numerically and plot the
solutions versus time, we notice from figure 1 that H is an oscillatory function which can be identified in
the late-time as the ACDM era.

1.0 1

0.9

0.8 1

0.7 1

0.6

0.5

0.4

0.3

0.2 1

Figure 1. Numerical solution for H(t). Model: a = 0.02 ;a9 = Hy = 1 ,q0 = —0.7. The
solution, which is oscillatory in nature, can be identified in the late-time as the ACDM era.
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The Hubble parameter and its first, second and third derivatives of H are plotted in figure 2.

Figure 2. Numerical solution for the first three derivatives of the Hubble parameter. Note the
singularity-free nature of the solution, as none of the higher derivatives of H diverges.

No higher derivatives of H diverges and, therefore, our solution is singularity free. Specializing to dust

0
3 0 — Hm _
models, i.e., Q) = SHT =
The model is well established as an attractor. Figure 4 shows that the model is a late-time or
asymptotic attractor, the solutions to the equations of motion have a generic form independent of the

initial conditions.

0.3 ,vm = 1, we plot the phase portrait for the Starobinsky model in figure 3.
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Figure 3. The phase portrait for Starobinsky’s dust model. The scale factor a(t) is a
monotonically increasing function of cosmic time .

Asymptotic solution

Figure 4. Late-time asymptotic attractors for Starobinsky’s model of gravitation. The solutions
to the equations of motion have a generic form independent of the initial conditions.
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4. Conclusion

In this work we have looked at classes of shear-free anisotropic cosmological spacetimes in f(R) gravity.
Specializing to orthogonal models with irrotational and non-accelerated fluid flows without heat fluxes,
we have derived the relationship between the anisotropic stresses and electric part of the Weyl tensor,
which is the necessary and sufficient condition for the shear to be vanishing forever if vanishing initially.

Moreover, we have shown that within the class of orthogonal f(R) models, small perturbations of
shear are damped. Considering a subclass of locally rotationally symmetric spacetimes with barotropic
equations of state, we have shown that the late-time behaviour of the dS universe in f(R) gravity should
satisfy equation (62).

Finally we have provided a power-series solution for a(t) and studied the behavior of the expansion
parameter H(t) by numerically integrating the Friedmann equation (64), where the initial conditions for
Hy ,qo and jg are taken from observational data.

A full computational implementation of the field equations under realistic initial conditions is left for
a subsequent work.
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