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Abstract

In this dissertation exact solutions of the (2+1) dimensional Zakharov-Kuznetsov
modified equal width equation are obtained. The Lie group analysis is used to
carry out the integration of this equation. The solutions obtained include the non-

topological soliton solution, cnoidal waves and the traveling wave solutions.

Also exact solutions to the Zakharov-Kuznetsov modified equal width equation with
power law nonlinearity are obtained. The Lie symmetry approach along with the
simplest equation method is used to obtain these solutions. Morecover, conservation
laws of the generalized Zarkharov-Kuznetsov modified equal width equation with
power law nonlinecarity are derived using the new conservation theorem and the
multiplier method. Finally, both the topological as well as non-topological soliton
solutions are obtained using the solitary wave anstaz method for the underlying

equation.



Introduction

Nonlinear evolution equations (NLEEs) have been used to model many physical
phenomena in various fields such as fluid mechanics, solid state physics, plasma
physics, chemical physics, optical fiber and geochemistry. Thus, it is important
to investigate the exact explicit solutions of NLEEs. Finding solutions of such an
equation is an arduous task and only in certain special cases can one write down
the solutions explicitly. However, a massive amount of work has been done in the
past few decades and important progress has been made in obtaining exact solutions
of NLEEs. In order to obtain the exact solutions, a number of methods have been
proposed in the literature. Some of the well known methods include the solitary
wave ansatz method, the inverse scattering, Hirota's bilinear method, homogencous

balance method, Lie group analysis, ete. [1-11].

Among the above mentioned methods, the Lie group analysis method, also called
the symmetry method, is one of the most effective methods to determine solutions
of nonlincar partial differential equations. In the second half of the 19th century and
about 200 years after Leibniz and Newton introduced the concept of the derivative,
solving ordinary differential equations (ODEs) had become one of the most impor-
tant problems in applied mathematics. Sophus Lie (1842-1899) became interested in
this problem and with inspiration from Galois’s theory for solving algebraic equations
discovered what is known today as Lic group analysis. He showed that the majority
of known methods of integration of ordinary differential equations, which until then
had seemed artificial, could be derived in a unified manner using his theory of contin-

nous transformation groups. Recently there have been considerable developments in



symmetry methods for differential equations as is evident by the number of resecarch

papers, books and amount of new symbolic software devoted to the subject [11-17].

Conservation laws play a very important role in the solution process of differential
equations. Finding the conservation laws of system of differential equations is often
the first step towards finding the solution. In fact, the existence of a large number of
conservation laws of a system of partial differential equations is a strong indication

of its integrability [11].

One of the most important one-dimensional nonlinear wave equations is the Korteweg

de Vries (KdV) equation [18]
wy + 6ty + tppy = 0

which describes the evolution of weakly nonlinear and weakly dispersive waves used
in various fields such as solid state physics. plasma physics, fluid physics and quantum
field theory [19,20]. One of the best known 2-dimensional generalizations of the KdV

equation is the Zakharov-Kuznetsov (ZK) equation [21] in the form
Up + QUUy + (Uge + Uy, ), =0

which governs the behavior of weakly nonlinear ion-acoustic waves in a plasma com-
prising cold-ions and hot isothermal electrons in the presence of a uniform magnetic
field [22-27|. The ZK equation is not integrable by the inverse scattering transform
method. Shivamoggi [28] showed that the ZK cquation has the Painleve property.

The modified equal width (MEW) equation is of the form
Uy + ﬂ(u:")I — Uy = 0

which appears in many physical applications [29-32]. The generalized form of the

MEW equation in the ZK sense [33] is given by
wy + a(u")z + (bugy + ruy,). = 0. (1)

It is natural to call this equation as the Zakharov-Kuznetsov modified equal width
(ZK-MEW) equation. Wazwaz [33] studied equation (1) using the sine-cosine method

and the tanh technique.



In this dissertation the ZK-MEW equation with power law nonlinearity in (2+1)

dimensions, given by
g + au™ g + bty + by )z = 0 (2)

will be studied. Here a,b and n are real valued constants with n >0.
The outline of this dissertation is as follows.

In Chapter one the basic definitions and theorems concerning the one-parameter

groups of transformations are presented.

Chapter two deals with a special case of the ZK-MEW equation (2) with n = 3. The
Lie group analysis method is employed to obtain exact solutions. Profiles of these

exact solutions are plotted. The results of this Chapter have been published in [35].

In Chapter three exact solutions of the ZK-MEW equation (2) are obtained with the
aid of the Lic symmetry method along with the simplest equation method [36-39].
Furthermore, conservation laws of the ZK-MEW equation (2) are derived using the
new conservation theorem [40] and the multiplier method [41-44]. The results of this

Chapter have been published in [45].

In Chapter four topological and non-topological soliton solutions for the ZK-MEW

equation (2) are obtained using the solitary wave anstaz method [1].

Finally, in Chapter five, a summary of the results of the dissertation are presented

and future work is discussed.

A bibliography is presented at the end of this dissertation.



Chapter 1

Lie symmetry methods for partial

differential equations

In this chapter we give a brief introduction to the Lie group theory of partial differen-
tial equations. This will include the algorithm to determine the Lie point symmetries

of partial differential equations.

1.1 Introduction

More than a hundred years ago, the Norwegian mathematician Marius Sophus Lie
realized that many of the methods for solving differential equations could be unified
using group theory. He developed a symmetry-based approach to obtaining exact
solutions of differential equations. Symmetry methods have great power and gener-
ality. In fact, nearly all well-known techniques for solving differential equations are
special cases of Lie’s methods. Recently, several books have been written on this
topic. We list a few of them here. Bluman and Kumei [11], Olver [12], Ovsian-
nikov [13], Ibragimov [14,15], Stephani [46], Cantwell [?].

The definitions and results presented in this chapter are taken from the books men-

tioned above and we will not refer to them.
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1.2 Local one-parameter Lie group

Here a transformation will be understood to mean an invertible transformation, i.c.
a bijective map. Let &, y and { be three independent variables and u be a dependent

variable. We consider a change of the variables x, y, t and u:
T, : == f(x,y,t.u,a), y=g(z.y.t,u.a), [ =h(z.y.t,ua).
u=2z(zy,t, ua) (1.1)

with a being a recal paramecter, which continuously ranges in values from a neigh-

bourhood D' € D C R of a = 0 and where f, g, h and z are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations is

a set GG of transformations (1.1) which satisfies the following three conditions:

(i) For T,, T, € G where a,b e D ¢ Dthen 7,, T, = T, € G. ¢ = é(a,b) € D
(Closure)

(1) Ty € G if and only if @ = 0 such that T, T, =T, T, = T, (Identity)

(iii) For T, € G,ae D' c D, T, =T,-+ € GG, a~! € D such that
T.T,-+ =T, T, =Ty (Inverse)

From (i) we see that the associativity property is satisfied. Also, if the identity
transformation occurs at a = ag # 0 ie, T,is the identity, then a shift of the

parameter a = @ + ag will give Ty as above. The property (i) can be written as

[z g.tu,b)= f(x,y,t, u,d(a,b)),

o1l

§j = g(z.7,0,ub) = glz,y. l,u,o(a,b)),
{ = h(zg.0u.b) = hiz,y,t u é(a,b)),
i@ = z2(z,7,t,ub) = z(z,y,t,u, ¢(a,b)). (1.2)

The function ¢ is termed as the group composition law. A group parameter a is

called canonical if ¢(a,b) = a+b.

11



Theorem 1.1 For any &(a,b), there exists the canonical parameter a defined by
“ d: J (s, b
a= / -——gm, where w(s) = M ;
Jo w(s) b |0
We now give the definition of a symmetry group for the third-order PDE

oF

a“xrt

wy = F(l, 2, y, 1w, g, Uy, U, Vrg, Yy, Wt Ygze, Uayy; --), # 0. (1.3)
Definition 1.2 (Symmetry group) A one-parameter group G of transformations
(1.1) is called a symmetry group of (1.3) if it is form-invariant (has the same form)

in the new variables z, 4.1 and , i.e. ,

f{i = [‘ (j‘ ' f, i, l_l'j., 1:'.&', I_I[, ﬁii‘! &ig.'&ji‘ T—I_ﬁ-f, ﬁj.g;.. ) [ll)

where the function F is the same as in (1.3).

1.3 Infinitesimal transformations

Lie’s theory tells us that the construction of the symmetry group G is equivalent to

the determination of the corresponding infinitesimal transformations :

F = z+afl(z.ytu), gry+ali(zytu), Ixt+a(z,y t u),

0 = u+an(e,yl,w) (1.5)

obtained from (1.1) by expanding the functions f, ¢, h and z into Taylor series in a

about a = 0 and also taking into account the initial conditions

flfl-:l] =2, gl,0=Y hlig=t 2oq=u-

Thus, we have

_— P ﬂ 2. - QQ 3 L= %

ey tu) = 0a |, B b da |, b Oal,—’
0z

n(z,yt,u) = = )
da|,—,

12



Now one can write (1.5) as

T~ (1+aV)z, g=QQ+aV)y, t=(1+aV)t,

2 = (1+aV)u,
where

V =€ (z,y.t, u)% + &(z,, t,u)}% + &3z, . L, u.}% +n(x,y.t, u)% W 1
This differential operator V' is known as the infinitesimal operator (generator) of the
group (/. If the group G is admitted by (1.3), we say that V is an admitted operator
of (1.3) or V is an infinitesimal symmetry of (1.3).

1.4 Group invariants

Definition 1.3 A function FF(x.y,t,u) is called an invariant of the group of trans-

formations (1.1) if

F(z.y,t.4)

i

F(f(zx,y.t,u,a),9(r,y,t,u,a)h(z,y,t,u.a) z(z,y.t.u,a))

Il

F(z,y,t, u), (1.8)

identically in =, y, I, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for a function F(x,y,t.u) to be an invariant is that

. 7] (- Fr. o I
VF = €£(z.p,l. u)ic,-j; + & (x,y, L, u)(d—y + &z, y. L, 'u)f(,T +n(xz,y, L, u)((_.)—?;
=0, (1.9)

From the above theorem it follows that every one-parameter group of point trans-
formations (1.1) has three functionally independent invariants, which can be taken

to be the left-hand side of any first integrals

Jl(Ilylt?u) = €1, J2(I|y1tlu) = Ca; JB(IJ‘JJI} = €3y

13



of the characteristic equations

dz K dy y dt H, du
E(x,y, tiu)  E(z,y.t,u)  (xy tou)  nlx,y, bu)

Theorem 1.3 Given the infinitesimal transformation (1.5) or its symbol X, the

corresponding one-parameter group G is obtained by solving the Lie equations

PN TTC S TN ST - S R

da == E (l‘,y1f,‘?), da_£ [$1yst1u)t E"& (Isya'{*u)e

dii o B

g = n(z,7.t,1) (1.10)

subject to the initial conditions

Ilﬂ::ll =T, glz;r.:ﬂ =Y E1|r1.—_l] = t’ ﬁla—;ﬂ =Uu.

1.5 Construction of a symmetry group

Here we describe the algorithm to determine a symmetry group for a given PDE but

first we give some definitions.

1.5.1 Prolongation of point transformations
Consider a thrid-order PDE
E(J-', i, [w Uy Uy, T-""y' gy Uy uyy: Ut u'z:y: Uyt uytr Ugprts ”Iyyl ) = Us (111)

where z, y and ! are three independent variables and u is a dependent variable. Let

d ) y d 0
¥ e EL P 2 S 3 o Al ¥ S
V=¢ 2,y t.u)— +& (x.y,t.u)ay + &(x,y, t,u) +r;(.1,.y.t.u)a_u

Oz ot (1.12)

be the infinitesimal generator of the one-parameter group G of transformation (1.1).

The first prolongation of the operator V is denoted by V! and is given by

0 d
vl = vV +¢(x, 0.t ux,uy,m)a + Gz, y, t,u, ug, uy, 1:,)5;1—
z y

dJ
+C3(f'a T, U, Uy, uyw ut)a
t

14



where
G = De(n) = uzDe(€') = uyDo(€%) — u Do (7).
G = Dy(n) —ueDy(€') —uyDy(€%) — uDy (&%),
G = Din) —u:Di(€") — uyDi(€%) — ur De(€°)

and the total derivatives D,, D, and D, are given by

L, = ;_x + uI(% + Uy Bi, + Uy — 66 - u’”&u (1.13)
D, = %+uy%+uzy;ﬁ+uwb‘?—ﬁy +ut”3%: + e, (1.14)
D, = o B maa + uzta +n 1yaa +"H;3?_: + oo (1.15)
The second prolongation of the operator V is denoted by VI and is given by
VB = v ¢ Hi; + Cz}:—ty Jui Cu + G2 diy

where

(u = DAG) - urxl)x('{l) 0 r‘:y‘():(fz) = n:z[);(iﬂl'),
Ga = Dy(G) - ”n‘Dy(El] - ":yDy{Ez) - uﬂ[)y(fa).

Likewise, the the third prolungation of V' is given by

%) J J o
v . +C“dr, Cnd Cma + Cn:;aum (1.16)

where
Cus = Da(Ci1) = Ueza Da(€') — thoay D2(€%) — 1z D2 (£%),
Gz = Dy(Ciz) = tzay Dy(€') = tayy Dy (%) — tzey D2 (£°).
Applying the definitions of D,, D, and D, given above, we obtain
G = Mot tafh = uefy —u36 — w87 — uzu €l — w7 —wue€y,  (117)
G = T+ Uyl — Uy — uguy€l — w €l — uill — w€y — un s, (1.18)

':3 = M+ UMy — uxftl —y u!u:l:{‘i = uygtz - utuy{g S ut&t = U Eur (119)

15
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G2

Nez T ui"?ﬂu = 2"‘27?:1& + Ugz Ty — "t“ﬁ‘sgu = 2“1‘.‘.62 = "-turxgi

2, —ugu b, — ugu €2 — i, £ — bl — 2wkl
_uylfxrgi == Ugﬁ},u . 3“::“:::53, i | QU:uszm ~ 2“3-‘5;-“

—u €L, — 2u., € — 2uunl, (1.20)
Nay + UzlyNuy + UrDyu + UzyNu + UyTleu — uiuyft}m b= Ug&;u

—2Ug Uy €, — Uty bl — el — Uylinaly — Ueaby — Un]

—uxuﬁfﬁu =4 “:uyggu s 2"9‘”3!;6:-1 = "':ry{g i ulm‘faz: = '“;2; gu

—uy, €2, — uE5 — uLduy — upuguy€l, — g€l — wyuzél

3 3 3 3 3
_uﬂ-'sy - ufuTUEu ) uUtEI il u‘-uy&zu ok u'-'—‘s.:ry? (121)
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1.5.2 Group admitted by a PDE
The operator

0 8 a d
V =¢(z,y.4, u)a + %(x,y. t'u)a_y + &(z, y., u.)E +n(z,y, i.u)ga (1.24)

is a point symmetry of the third-order PDE (1.11) if
VBI(E) =0 (1.25)
whenever ' = (. This can also be written as (symmetry condition)
VEIE|, =0, (1.26)
where the symbol |, _, means evaluated on the equation £ = 0.

Definition 1.4 Equation (1.26) is called the determining equation of (1.11), because

it determines all the infinitesimal symmetries of (1.11).

The theorem below enables us to construct some solutions of (1.11) from a known

one.

Theorem 1.4 A syvmmetry of (1.11) transforms any solution of (1.11) into another

solution of the same equation.

1.6 Lie algebras

Let us consider two operators Vi and V5 defined by

1%, d y d 5]
Vi = {{(:r,y. t, u)g + £12(:L‘._ ¥, u)a—y + E_'f(:r:,y. t, u)a + m(x,y,t, H)a.

d ; d . d d
Va = &zt u)a + & (x, y.t, u)a-; + & (. t, ")E + ma(x, y. L, ")ﬁ'
Definition 1.5 (Commutator) The commutator of Vi and Vs, written as [V}, V5],

is defined by [Vi, Vo] = Vi(Va) — Va(V4).

L ,B{V Wi



Definition 1.6 (Lie algebra) A Lie algebra is a vector space L of operators with

the following property : For all Vl., % € L, the commutator [V;, V3] € L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.5 The set of all solutions of any determining equation forms a Lie
algebra.

1.7 Conclusion

In this chapter we presented briefly some basic definitions and results of the Lie
group analysis of PDEs. These included the algorithm to determine the Lie point

symmetries of PDEs,
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Chapter 2

Solutions of (2-+1)-dimensional
Zarkharov-Kuznetsov modified

equal width equation

In this chapter we obtain exact solutions of the (2+1)-dimensional Zarkharov-Kuznetsov

modified equal width (ZK-MEW) equation, namely
uy + 3autu, + b(uyy + Uzyy) = 0, (2.1)

where a and b are constants. Here, in (2.1), the first term represents the evolution
term, the coefficient of a is the nonlincar term while the third term and fourth term

together, in parentheses, are the dispersion terms.

In [34] the authors used the exp-function method to construct generalized solitary and
L - -
periodic solutions of (2.1). Numerical solution was also obtained and was compared

with the solution obtained by exp-function method.

Here we use the Lie group analysis to carry out the integration of this equation. The
solutions obtained include the non-topological soliton solution, cnoidal waves and

the traveling wave solutions. This work has been published in [35].



2.1 Symmetries of the (2+41)-dimensional ZK-MEW

equation

We determine the Lie point symmetries of the (2+1)-dimensional ZK-MEW equation
(2.1). This equation admits the one-parameter Lie group of transformations with

infinitesimal generator

3] 1] ; 1% 3]
V = €\(z, y.t, u)—a—;r + £%(z, yut,u)a—i,r + £z, y. t, u)a +n(z,y, I..u)a (2.2)

if and only if
V3w + 3au*u, + b(ugm + um})hm = 0. (2.3)

Using the definition of VB! from chapter one, we get

d

W, o G s BN ik AN 28 9 : a
[E (z 9, b, u)— + &(2. 9, L, u)i)y + £ (J:.y.!,,u)m +n(:r,y..".,u)au

Ox
d J ) d d g d
il Lo+ + + Cuuas
Ou, G2 Oy G iy G ity Giz Oy, ('HJ()HH,_
d

+(199- ] (u, + 3au*u, + b(tprs + uIyy])‘ ={)

d’-’-xyy wp=—3au vy —bit g —bus Yy

+G1

and this gives

G(I'HN.,_!,\‘ + 3u112C1 + (3 + b(u;; o 14 bC:zz = [, (21}

wp=—3au? s bty oy — bty
where ¢, (s, (i3 and (ypp are given by (1.17), (1.19), (1.22) and (1.23) respec-
tivelv. Substituting the values of ;. (3, (113 and (y22 in (2.4) and replacing u, by

—3aulu, — bt — bttzyy, the following overdetermined system of linear partial dif-
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ferential equations are obtained:

2=0, (2.5)
g1, (2.6)
& =0, (2.7)
Thiu = 0, (2.8)
£ =0, (2.9)
& =0, (2.10)

=0, (2.11)
& =0, (2.12)
£ =0, (2.13)
& -2 =0, (2.14)
£2 =0, (2.15)
Mw = 0, (2.16)
New = 0, (2.17)
21y — &y =0, (2.18)
6aun + 3au’&} + by, = 0, (2.19)
& =0, (2.20)
M+ 3au*ne + b1y + by, = 0. (2.21)

From (2.5), (2.9) and (2.11), we get
£ = £3(t) = At). (2.22)

where A(t) is an arbitrary function of .

From (2.6), (2.10), (2.12) and (2.13). we get
g =&=0, (2.23)

where C) is an arbitrary constant.

Also from (2.7), (2.15) and (2.20), we get

€ =€(y) = By), (2.24)
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where B(y) is an arbitrary function of y.
Equation (2.8) implies that

n=C(z,y.)u+ D(zx,y,t).
Substituting the values of £€* and £2 in (2.14), we obtain
A(t) - 2B'(y) = 0.

Substituting the value of 7 in (2.16), we get

and in (2.17), we obtain

Substituting the values of  and €% in (2.18), we get
2C, — B"(y) =0.
Substituting the values of  and & in (2.19), gives
6au’C(z, y,t) + 6auD(z.y,t) + 3au®A'(t) + bCy, = 0.

Also substituting the value of 7 in (2.21), we get

uCy + Dy + 3au®C, + 3au® D, + buCppy + bDyy + uC,yy, + D,y = 0.

From (2.27) and (2.28) we deduce that
C=C) =0,

where (U is an arbitrary constant.

From (2.26) A'(t) = 2B'(y) = K, which implies that

A(t) = Cat+C;,
1
B(y) = §C2y+ Cy.
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(2.30)
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From (2.29) applying (2.32) and (2.34) e get
C(y) =Cs. (2.35)
Now from equation (2-.30) substituting the values of (2.33) and (2.35) gives
6auCy + 6auD + 3au*C, = 0, _ (2.36)

separating (2.36) with respect to 1, we have

u? : 6aCs+ 3aC, =0, (2.37)
w > D=0, (2.38)
This implies that
3
Cs = —5 4Dy (239)

and so equation (2.31) is satisfied.

Hence the general solution of the system (2.5)-(2.21) is

£] = Cl
¢ = %Czy + Cy.
£‘1 = (r‘gf + (z‘g.

1
n = —i(fgu.

Thus the Lie point symmetries of the (2+1) dimensional ZK-MEW equation gives

the following infinitesimal generators:

(@
W = -(E
Ve = y(ﬁ;+2t;ﬁ—um.
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We now compute the commutation relations for all the symmetry generators. First

we compute [Vi, V4]. By the definition of the Lie bracket, we have

ViVi] = WW-ViW
Lfid g i g%e wH B 8 &8
= Y5 "ot T 2%8u/) 8z "2 \2Y5y T et T 25
o 2V1

Likewise, one can obtain the commutation relations between other vector fields. In
Table 1 below we present the commutator table of the Lie algebra of equation (2.1).

Here the entry in row ¢ and column j is represented by [V,, V)]

Table 1. Commutator table of the Lie algebra of equation (2.1)

Vuvil|v |[Va |V |V
Vi 0 010 2V
Va 0 010 0
Vs 0 0 [0 Vs
Vi -2V (0 [=V5]0

2.2 Exact solutions of ZK-MEW equation

One of the main reasons for finding symmetries of a differential equation is to use
them for finding exact solutions. In this section we will utilize the svmmetries cal-

culated in the previous section to calculate exact solutions of (2.1).

One way to obtzain exact solutions of (2.1) is by reducing it to ordinary differential
equations. This can be achieved with the use of Lie point symmetries admitted
by (2.1). It is well known that the reduction of a partial differential equation with
respect to r-dimensional (solvable) subalgebra of its Lic symmetry algebra leads to

reducing the number of independent variables by r.

First of all we utilize the symmetry V = aV) + gV, ++V3, where a, 4, v are constants,

and reduce the ZK-MEW equation (2.1) to a PDE in two independent variables. We
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calculate the invariant solution under the operator V', namely

0 o 7}
V—Oar--l-ﬁa—y-i- ;‘a.

The associated Lagrange equations yields the following three invariants:

f — Ctg,r_—ﬁ:[-“ g= u and 0 = u. (2’“]]
(a1 (a3

Now treating # as the new dependent variable and f and ¢ as new independent

variables, the ZK-MEW equation (2.1) transforms to

a-zﬂg - 3ar.v,(3929f - 3cr7829y — baBOssy
—bayO; g + bB%0s 1 + 26870144 + by205qe = 0, (2.41)
which is a nonlinear PDE in two independent variables. We further reduce (2.41)

using its symmetries. We now determine Lie point symmetries of the equation (2.41).

After some lengthy calculations we obtain the following two translational symmetries:

. . @
ll == af-
A d

12 = 0—9

The combination I'y 4 dI'y, where 4 is a constant, of the two symmetries I'y and I')
yields the following two invariants:

0f—g
B

and =4,

which gives a group invariant solution ¥» = ¥(r). Treating ¢ as our new dependent
variable and 7 as new independent variable the equation (2.41) is transformed into

the third-order nonlincar ODE
8202Y + 3aad® (B8 — )V + b(aBé® — ayd? + B%6% — 2876 + YU = 0. (2.42)

One can integrate the above equation three times easily. Solving this equation and

taking the first two constants of integration to be zero and reverting back to the
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original variables, we obtain the following group-invariant solution of the ZK-MEW
u(z,y,t) ==+ —il—l cse C\/Zl +r éi 3 (2.43)
: V™4, As

A1 == 2(520.’2.

equation (2.1):
where

Ay = aad®(B6 —7),
A3 = 2b(aBs® — ayd® + B%6% — 28y0 +42),

RN =1 L T
i — ( por ).f,+y 6[.

Likewise, using Maple on the equation (2.42), one can obtain more invariant solutions

of the ZK-MEW equation (2.1). However, we list here a few exact solutions.

{ 26 k-l
u(z,y,t) = m csch ((5(01‘ +1) _Td) ; (2.44)
[ 20 1 -
H(I, Yy, f) = —m&i(lf,'h (6(0’?" + 1) —-"‘A—q) ; (2"1‘-’)

/ o . 1 o AR
?.I',{I. 1/, f) = —m tanh (d(m" == 1) Aﬁ) 3 (2’1())
/A
u(x,y, 1) = 1 (2.47)
e (V=17A7 adr +6,m)
u(z,y,t) = As (2.48)

sn(\/l/_Agordr +6,m) j
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where

A = 264

Ay =- aad?(y - B9),

As = 2b(avé® — aBs® — p26% + 2870 — 42),
Ay = by + B%6% — 2985 + Bad® — 82ya),

As = 2b(~*+ B26% — 2986 + Bad® — §%va),
2a(m? — 1)
" a(208m? — 2ym? — 68 +7)’
Ay = b(—B%?% + 6*va + 2988 — ¥* + 2v°m® — Bad®

—4ypom® + 28%62m? - 262yam® + 2Bad* m?),

B A 2a
8T T a(68 — ym2 — vy + 4Bm?)’
Ag = b(Bad® — 8*ya — 62yam? — 2yB6m? + +°

+v2m® — 2v86 + B20% + Bad*m® + B*6*m?),
r o= ot ) T4y — l1'
= ak )R E"

Here en(Z|m) and sn(Z|m) are the Jacobian elliptic functions (48], which are defined

as follows: If

go ol
0 1 — msin®6
where the angle ¢ is called the amplitude, then the functions en(Z|m) and sn(Z|m)
are defined as en(Z|m) = cos ¢ and sn(Z|m) = sin ¢, respectively, where m is called
the modulus of the elliptic function and 0 < m < 1.
Solution (2.45) has no singularitics. By takingd =1, a=1l,a=-1,b= -1, 3= 2.

v =1and ¢ =0 in (2.45) we have the following profile.
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Figure 2.1: Profile of solution (2.45)

Solution (2.48) has infinitely many singularitics. These singularities occur when the

denominator of (2.48) is zero.

By takingm =0.8,6=2,a=01,a=1,b=1,=-3,y=2and t = 3 in (2.48)

we have the following profile of solution (2.48):
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Figure 2.2: Profile of solution (2.48)

We now make use of the symmetry I' = V| + V5 to obtain another group-invariant
solution of the ZK-MEW equation (2.1). Using the associated Lagrange cquations
for the symmetry I', we obtain the following three invariants:

ar — .
=i, g= =¥ 4d O=u (2.49)
a

Treating # as the new dependent variable and f and g as new independent vari-
ables, the ZK-MEW equation (2.1) transforms to a nonlinear third-order PDE in

two independent variables, namely
(rgﬂf + 3rm")926’g - f)f’l‘gl()if_,m + 0850, = 0. (2.50)

Using the standard method of finding Lie point symmetries of a PDE, we see that
the equation (2.50) has two Lie point symmetries, viz..
. d J
I 1= 7 and F-_g = —
of dg

and their combination I'y + AT'; vields the following two invariants

ey
B

and ¥ =20,
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which gives a group invariant solution ¢ = )(r) and (2.50) is then transformed to
o B2y — 3aB%a® Y + b(Ba’® — 1)¥" =0, (2.51)

which is a third-order nonlincar ODE. The equation (2.51) can be directly integrated
three time. Now solving this equation and taking the first two constants of integra-
tion to be zero and reverting back to the original variables, we obtain the following

solutions of the ZK-MEW equation (2.1):

u(z, y, t) =4/ @ sec 4 V2aB82 | + ol o vy +C , (2.52)
a af\/2b(Ba? - 1)

where a, 3 and C' are arbitrary constants.
Solution (2.52) has infinitely many singularities.

By takinga=1,b=1, =2, a=1, y =0, C'=1 and positive sign in the solution

of (2.52) we have its following profile:

Figure 2.3: Profile of solution (2.52)
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2.3 Conclusion

In this chapter we obtained some exact solutions of (2+1)-dimensional ZK-MEW
equation (2.1). The integration of the ZK-MEW equation was performed using
the Lie group analysis method. The solutions obtained include the non-topological
soliton solution, cnoidal waves and the traveling wave solutions. This approach is
different from the regular methods of integrability that includes Hirota’s bilinear
method, Exp-function method and others. The obtained exact solutions can be
used as benchmarks against numerical integrators. We have also verified that the
solutions we have found are indeed solutions to the original equations and that we

have reduced the number of arbitrary constants to a minimum.
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Chapter 3

Solutions and conservation laws of
ZK-MEW equation with power

law nonlinearity

In this chapter we use Lie symmetry method along with the simplest equation method
136,37], to obtain exact solutions of Zakharov-Kuznetsov modified equal width (ZK-

Ik

MEW) equation with power law nonlinearity that is given by
g + auug + b (g + uyy), = 0, (3.1)

where a, b and n arc real valued constants with n > 0. Here, in (3.1), the first term
represents the evolution term, the coefficient of a is the nonlinear term while the
third term and fourth term together, in parentheses, are the dispersion terms. The
solitons arc a result of a delicate balance between dispersion and nonlinearity.

We also derive the conservation laws for the ZK-MEW (3.1) using the new conserva-
tion theorem [40] and the multiplier method [42,43]. This work has been published

in [45].

A similar equation to our (3.1) was studied in [3]. Solitary wave ansatz method was
used to carry out the integration of the equation and 1-soliton solution was obtained.

Also, a couple of conserved quantities were calculated.
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3.1 Solutions of ZK-MEW equation with power

law nonlinearity

3.1.1 Solutions of (3.1) using Lie point symmetries

The symmetry group of ZK-MEW equation with power law nonlinearity (3.1) will

be generated by the vector field of the form
5 ; . ,
I'=£Y(2, 9.t “)(;_1 + €2 (x,y, L, u)% + &z, y, ¢, u)% +n(z,y, L,-u)}%. (3.2)

Applying the third prolongation pr®T to (3.1) we obtain the overdetermined system

of linear partial differential equations (PDEs)

& =0,
=0
£ =0
Taw = 0,
& =0,
£ =0,
M =0,
& =0,
£ =0,
Myyu = 0.
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??z=01

£2 =i,
£ =0,
£z =0,

—nnuy + u€luy — uElu, + un, = 0,
nmn + uE; + u&f =)
2y — €24y = 0,

ni + 2u£: =0

Solving the above system for €', ¢ = 1,2,3 and n we deduce that the symmetry
algebra of ZK-MEW equation with power law nonlinearity (3.1) is spanned by the

four vector fields

£ = 5‘6}
I'y: = 3_1;
= 2
and I'y = ny%i-?ulé*?u%.

The commutation relations between these vector fields is given in Table 1, where the

entry in row 7 and column j is represented by [I',,T,]:

Table 1. Commutator table of the Lie algebra of equation (1)

i, L] | Ty [ T2 Iy Iy

I, 0 |0 0 0

| 0 |0 0 1 )
Iy 010 0 2nTy
I'y 0 | —nl'y | =2nT3 | 0
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We now construct group-invariant solﬁtions of ZK-MEW equation with power law
nonlinearity (3.1) by using the symmetries calculated above. One way to derive
such solutions of (3.1) is by reducing it to ordinary differential equations (ODEs).
The form of the ODE, in general, depends on the particular subgroup chosen. The
reduction of a partial differential equation with respect to r-dimensional (solvable)
subalgebra of its Lie symmetry algebra leads to reducing the number of independent

variables by r [12].

We consider a linear combination of space translations d/dz, d/dy and time trans-
lation d/0t, namely the symmetry I' = oI’y + A’y + 4T3 and reduce the ZK-MEW
equation (3.1) to a PDE in two independent variables. The symmetry I' gives the

following three invariants:

T Al — vy e Br— ay
R

Now treating f as the new dependent variable and [ and ¢ as the new independent

;g and 0 =u. (3.3)

variables, the ZK-MEW equation (3.1) transforms to
307 + aB20"0, + bB*0 14y + b¥20 1y + 260700 + b0*0yy, = 0, (3.4)

which is a nonlincar PDE in two independent variables. We will now further reduce
(3.4) using its symmetries. Equation (3.4) has the two translation symmetries
J J
=— and T,= —.
a9y * g
The combination T; + dY5 of the two symmetries T, and Y, vields the invariants

_0/-9g

and ¢ =46,
q p and v

which gives a group invariant solution ¥» = ¥(q) and consequently using these invari-

ants, (3.4) is transformed to the third-order nonlinear ODE
By (q) + Ba0"(q)¢' (q) + Bsd'(q) = 0, (3.5)
where

By = —bdB?% + by?6% — 2bayd + ba®, B, =ad®B?, By = -2 (3.6)
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Integrating equation (3.5) twice with respect to ¢ and taking the constants to be

zero we obtain

By 2 B, n+2 B; 12 _ Q=
5 ¥ (q) + P TP T (9)+—¥"(a) = 0. (3.7)

Integrating the above equation and reverting back to the original variables, we obtain
the following solution of the ZK-MEW equation (3.1) for arbitrary values of n in the

form

u(z.y,t) = (— %) - scch?ﬂ(}(). (3.8)

2
where

x = E/n‘f (£V=Asa - VA A),
q=—z/6+y(a —13)/(88) +1,

2 52
M= b((a—102-p9), A= 0 A g

m+1)(n+2)

The solution (3.8) represents a non-topological 1-soliton solution.

3.1.2 Solutions of (3.1) for n=1,2 using simplest equation
method
We now use the simplest equation method which was introduced by Kudryashov

136.37] to solve (3.5) for n = 1,2, The simplest equations that will be used are the

Bernoulli and Ricatti equations.

Let us consider the solution of (3.5) in the form

M
¢(g) =) AG(q))" (3.9)
—

where (7(g) satisfies the Bernoulli and Ricatti equations, M is a positive integer that
can be determined by balancing procedure as in [38] and Ay, -+ - , Ay, are parameters
to be determined. We note that the Bernoulli and Ricatti equations are well-known

nonlinear ODEs whose solutions can be expressed in terms of elementary functions.
For the Bernoulli equation

G'(q) = cG(q) +dG*(q), (3.10)
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where ¢ and d are constants and k is an integer and k£ > 1, we shall use the solutions

39]

[ cexple(k—1)(g+C)] == =
)= (1 — dexple(k - 1)(q+C)]) (3.11)
for the case ¢ > 0, d < 0 and
_ [ _ _cexple(k = 1)(g+ C)] = ,
P ( 1 + dexple(k — 1)(g + C)]) (3.12)

for the case ¢ < 0 and d > 0. Here C is a constant of integration. For the Ricatti
cquation

('(q) = cG*(q) + dG(q) + ¢ (3.13)

where ¢, d and e are constants, we shall use the solutions [39)

d ¢ 1 . )
Glq) = 5 —Zztanh [59((; +C )] (3.14)
and
d 7] exp(Z) cena® s
G(q) = —— — — tanh [ — 2 ; 3.1¢
@) 2¢  2¢c o ( 2 ) % 2cosh(5§}[g + 2chp[_%?) (_-.ush(f‘_'f—)] (9:19)

with #% = d* — 4ce > () and C' is a constant of integration.

Solutions of (3.1) using the Bernoulli equation as the simplest equation
Solutions of (3.1) for n =1

The balancing procedure with k& = 2 [38] yields M = 2 so the solutions in (3.9) are
of the form

U(q) = Ao + A;G + A,G2 (3.16)

Substituting (3.16) into (3.5) and equating all coefficients of the functions G' to

zero, we obtain an algebraic system of equations in terms of Ay, Ay and A,. These
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algebraic equations are

A B, + AgA; Bac + A, Bse = 0,

8A,B1c® + TA,Bic?d + A?Bayc + 2AgA;Byc + 24, Byc + AgA1Bad + Ay Bad = 0,
38A42Bc*d + 12A, Bycd? + 3A1 Ay Byc + A2 Byd + 2AgAaBad + 24, Bad = 0,
54AyBicd® + 2A2Byc + 6A, Byd® + 3A, A3 B,yd = 0.

24A,B, d? + 2A§Bgd =0,

where By, By and Bj are given by (3.6). Solving the above system of algebraic
cquations with the aid of Mathematica, we obtain the following values of Ay, A; and
Ay

Ao = —(Byc® + B3)/Bs, Ay = —12Bycd/B,, A = Ad/c.

Therefore when ¢ > 0 and d < 0 the solution of (3.1) with n = 1 is given by

u(z,y,t) = Ag + Ay

cexple(g + C)) ( cexple(g + C)) )2
1 — dexple(g + C)] Ay Y e e (3.17)

and when ¢ < 0 and d > 0 the solution of (3.1) for n =1 is

: _ 4 _ 4 _cexple(g+C)] ( __cexple(g+C)] )2 5 3
w(z,y,t) = Ag — A4y 1 + dexple(q+ C)] + Az 1+dexple(g+C)]) (3.18)

where ¢ = —z/8 + y(oo — vd)/(86) + t and C is a constant of integration.
Solutions of (3.1) for n = 2
The balancing procedure with k£ = 2 yields M = 1 so by (3.9) the solutions are of
the form
U(g) = Ao + A1G. (3.19)

As before, substituting (3.19) into (3.5), we obtain the following algebraic system of

cquations
A Bic® + A2A 1 Byc+ Ay Bse = 0,
TA, Blczd -+ QAQAfBgC = AgAled + Alsad = (I
12AIBICd2 = A?B:_;C'f‘ 2AOA¥82d = 0,
6A181d3 + A?Bgd — 0,
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which on solving yields

c=FV2B3/B,, Ay=F-3B3/B;, A;=2Aqd/c.

Hence when ¢ > 0 and d < 0 the solution of (3.1) for n = 2 is given by

cexple(q + C)]

u(z,y,t) = Ag+ Ay i — Bty + ) (3.20)
and when ¢ < 0 and d > 0 the solution of (3.1) for the n = 2 case is
exple C
u(x,y,t) = Ay cexploly +0)] (3.21)

T Mt dexple(g+ O

where ¢ = —z/6 + y(a — v0)/(Bd) + t and C is a constant of integration.

Solutions of (3.1) using the Ricatii equation as the simplest equation
Solutions of (3.1) forn =1

The balancing procedure yields M = 2 so the solutions in (3.9) are of the form
¥(q) = Ao+ A,G + A,G2. (3.22)

Substituting (3.22) into (3.5), we obtain an algebraic system of equations in terms of
Ap. Ay, Ay by equating all coefficients of the functions G* to zero. The corresponding

algebraic equations are

2A;1Bice? + Ay Byd%e + 6A3Bde* + AgAyBse + Ay Bse = 0,
8A;Bjcde + 16A;,Bce® + Ay Bid® + 14A5 B d%e + AgA; Bsyd
+A; Bsd + A} Bae + 245 A3 Bae + 2A;Bse = 0,

8A,Byc’e + TA; Bicd® + 524, B cde + AgAy Boc+ Ay Bsc
+8A5B1d® 4+ A2Bod + 2AgAs Bad + 243 B3d + 34, A Bae = 0,
124, Bi*d + 40 A3 B c*e + 38 A3 Bycd® + ABse

+2A40AyBgc + 2A3Bsc + 3A1 A3 Byd + 2A%Bye = 0,

6A; B¢ + 54A2Bic?d + 3A1 A3 Byc + 2A3Bad = 0,

24A3 B¢ + 2A2Byc = 0,
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where B, By and Bj are given by (3.6j. Solving the above equations yields
Ay = —(8Byce + Bid* + B3)/B,;, A= —12Bcd/B,;, A, = Aic/d

and hence the solutions of (3.1) for n =1 are

G C

u(z,y,t) = Ay+ Al{ - Ed— - ;tallh [-;—9((; - C)} }

d 0 1 ¢ o
+.‘-’Ig{ —_ é; = % tanh [EG(Q + C)] } (‘52‘3)

d 0 qf exp(2)
u(r.y,t) = /l+A{————t h(_)+ 2 }
=69 ¢ : 2% 2 T\ 2 2 cosh(%)[£ + 2C exp( %) cosh(2)]

exp(Z .
2cosh(%)[£ + 2C exp(%) cosh(%))
where ¢ = —x/§ + y(la — 46)/(Bd) + t and C is a constant of integration.
Solutions of (3.1) for n = 2
The balancing procedure yields M = 1 so the solutions in (3.9) arc of the form
t,'(q) = Ay + A1G. (3.25)

Substituting (3.25) into (3.5), we obtain the algebraic system of equations

2A;Byce’ + A Bid*e + A2A, Bae + Ay Bse = 0,

8A;Biede + Ay Byd® + A2A, Byd + Ay Bad + 2A0 A3 Bye = 0,

8A;Bic?e + TA; Bicd® + A3A Bye + Ay Byc + 240 A2 Bod + Al Bye = 0,
124, Bic?d + 240 A2 Bye + A3Byd = 0,

6A,Byc* + ABye = 0.

Solving the above equations with the aid of Mathematica, we obtain

c= &%_%%, Ag=Fv—=38B,/2Bd, A = 2‘;""'.
]
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Hence we have the following solutions of (3.1) for n = 2:

u(z,y,t) = Ag+ Al{ - ;E - %tanh [%B(Q ~ C)] } (3.26)

exp(%)

+ - ——ths
2 cosh(%)[-g- +2C exp(g,;) cosh(-";)] }

(3.27)

where g = —x/d + y(a — 0)/(B0) + t and C is a constant of integration.

Solution (3.20) has no singularitics. By takinga=—1,b=1,a=1,3=2,6 = 3,
Y=4,¢=1,d=2¢e= -3, y=0and C =0 in the negative solution of (3.20) we

have the following profile.

Figure 3.1: Profile of solution (3.20)

Solution (3.23) has no singularities. By takinga=1,b=1, a=1,8=2,46 = 3,
y=4c=1d=2e= -3, y=0and C = 0in (3.23) we have the following profile.
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Figure 3.2: Profile of solution (3.23)

3.2 Conservation laws of ZK-MEW equation with

power law nonlinearity

In this section we obtain conservation laws for the Zarkharov-Kuznetsov modified
cqual width (ZK-MEW) equation with power law nonlinearity (3.1) using two dif-
ferent approaches; the new conservation theorem due to Ibragimov [40] and the
multiplier method [42,43]. First we present some preliminaries which we will need

later in this section.

Preliminaries

We briefly present the notation and pertinent results which we utilize below. For
details the reader is referred to [15,40-43].
Fundamental operators and their relationship

Consider a kth-order system of PDEs of n independent variables z = (z!, 2%, ..., 2")
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and m dependent variables u = (u',u?,...,u™)
Eo(z,u,upy,. .« %) =0, a=1,....m (3.28)

where gy, u(2), . . ., uixy denote the collections of all first, second, ..., kth-order par-
tial derivatives, that is, uf = D;(u®),uf; = D;D;(u®),... respectively, with the total

derivative operator with respect to z' given by

Jd
-=f+u‘-’_—+u“'-_—+..., i=1....,'ﬂ., 3.29
o Ont ' duo Y ous ( )
where the summation convention is used whenever appropriate.
The following are known (see for example, [15] and the references therein).

The Euler-Lagrange operator, for cach «, is given by

i) Jd _ d
— = = -1)*D;, ... D; ¢ = FEer, ! 3.1
et ;( 1)°D,, Dl.au:,mmh. P (3.30)
and the Lie-Bdacklund operator is
i a o 6 1 (8 0o
X -—E %4-”6”0‘ f 'n EAq (\3.!.”1)

where A is the space of differential functions. The operator (3.31) is an abbreviated
form of the infinite formal sum

(8 .0 3 ? e
‘\, == ‘E _(-); T Ul Bu“ 5 Z Cur;;.,.ha;(_t_r__' (-5-"2)

551 116208

where the additional coefficients are determined uniquely by the prolongation for-

mulae

iy Di(W*) + &7ug
@i = Dy D (W8S . s>1, (3.33)

 § .

in which W is the Lie characteristic function
W =q9% — {*t;j’. (3.34)

One can write the Lie-Bicklund operator (3.32) in characteristic form as

d d
X=D;+ W —+ D, . .. Dy (W) . (3.35)
ou ; oug;, ..
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The Noether operators associated with a Lie-Backlund symmetry operator X are

given by

: : )
N =g+Wor + Y Dy Dy(Wo) e, i=1,...,n, (3.36)
ou 551 0UG ..,
where the Euler-Lagrange operators with respect to derivatives of u® are obtained

from (3.30) by replacing u” by the corresponding derivatives. For example,
) 7]

u  Oul

+}:(~1)’D,-l...Dha—w_d—. i=1...,n, a=1,....m. (3.37)

s>1 171720
and the Euler-Lagrange , Lie-Bécklund and Noether operators are connected by the

operator identity

X + Di(&) = W"‘&fi—a + D;N*. (3.38)

The n-tuple vector T = (T, T%,....,T"), T? € A, j =1,...,n, is a conserved
vector of (3.28) if T" satisfies

D ey = 0 (3.39)

The equation (3.39) defines a local conservation law of system (3.28).
Multiplier Method
A multiplier A, (z, u.uy),...) has the property that
Aol = DT (3.40)

hold identically. Here we will consider multipliers of the second order, that is A, =
Ao(l, e, u, v Uy, Uy, Uy, Upp). The right hand side of (3.40) is a divergence expression.
The determining equations for the multiplier A, is

6(AuFa)

= 0. (3.41)

Once the multipliers are obtained the conserved vectors are calculated via a homotopy

formula [42-44].
Variational method for a system and its adjoint

The system of adjoint equations for the system of kth-order differential equations
(3.28) is defined by [41]

E;(I,U,L‘.... ,u(k,,v(k,) =0, ‘@a=1..:;1M; (342)
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where

é(vﬁE,g)
B (20 V50 3 Vay) = ———y a=1,...;m, v=1u(2 3.4
olZ. 1, v U(k), Viky) 0 a m, v =1v(x) (3.43)
and v = (v',v%, ..., v™) are new dependent variables.

We recall here the following results as given in Ibragimov [40].

Assume that the system of equations (3.28) admits the symmetry generator

d d
X =§— s : 3.44
¢ ox' w4 ou® ( )
Then the system of adjoint equations (3.42) admits the operator
d d d ;
S . o -, A o 1 Q4
Y=l % -+ ﬂaafl:; + M. %. T}f = —[/\g’tf +v Di(g )] (3[5}

where the operator (3.45) is an extension of (3.44) to the variable v® and the A% are
obtainable from

X(E,) = M E;. (3.46)

Theorem 3.1. [40] Every Lie point, Lie-Béacklund and non local symmetry (3.44)
admitted by the system of equations (3.28) gives rise to a conservation law for the

system consisting of the equation (3.28) and the adjoint equation (3.42), where the

components T of the conserved vector T = (T, ..., T") are determined by
5 OL oL
T"=¢&L+W°- D;...D;,( W*)—-—-voi=1,..., . 347
€L+ 5ue T Z)i: oo e ddik )Oﬂﬁ-m...],' i=1 n (3.47)

with Lagrangian given by

L=v"Es(x,u,...,up). (3.48)

3.2.1 Construction of conservation laws for ZK-MEW equa-

tion with power law nonlinearity

We now construct conservation laws for the ZK-MEW with power law nonlinearity

using the two approaches described above.
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Application of the new Conservation Theorem

The ZK-MEW equation with power law nonlinearity together with its adjoint equa-

tion are given by

Fo = w + au™u, + by + bug,, =0, (3.49a)
o = Vg + QU™ + bugg + bugy, = 0. (3.49b)

By recalling (3.48), we get the following third-order Lagrangian for the system of

cquations (3.49a) and (3.49b):
L = v(uy + au™uy + by + bigy,). (3.50)
We reduce the third-order Lagrangian to second-order Lagrangian which is given by

L = v(u + au™u;) — bvyug, — buyuy,. (3.51)

We recall that the ZK-MEW cequation with power law nonlinearity
y 4+ auu, + b (ﬂ.m + '”'yy); =),

admits the following Lie point symmetry generators:

I‘ §3 = d.r 3
1-'2 [ By .
F:i — at ¥

and Ty = nyd, + 2ntd, — 2ud,.

We have the following four cases:

(i) We first consider the Lie point symmetry generator I'y = 9, of the ZK-MEW
equation with power law nonlinearity. Corresponding to this symmetry the Lie char-

acteristic functions are W' = —u, and W? = —v,. Thus by using (3.47), the
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components of the conserved vector are given by

T = —vu, +bvau,,,
7 = wvuy — buyvy,
T} = —buvgy+ bugtiz,.

(ii) The Lie point symmetry generator I's = d, has Lie characteristic functions given
by W! = —u, and W? = —y,. Hence using (3.47), one can obtain the conserved

vector whose components are

| AR .
T, = —vuy+bvyug,,

r n
Ty = —avu"u, — buyv, + bvyuy, + by,
T} = v+ avu"u; — bvu,, — buyv,,.

(i1i) The Lie point symmetry generator I'y; = @, has Lic characteristic functions given
by W! = —u, and W2 = —u;,. Hence using (3.47), one can obtain the conserved

vector whose components are

Ty = avuu, — bvyuy,.
Iy = —avu"u — buve, + boguy, + bog,.
T3 = —buw,, + by,

(iv) Finally, we consider the symmetry generator I'y = nyd, +2ntd, —2ud,, admitted
by the ZK-MEW equation with power law nonlinearity and extend it to the variable

v. The pronlogation of I'; to the derivatives involved in the ZK-MEW has the form

a i 7] a 3]
Py = 2“’5? B n.y(:)?j - 211‘—3—1: + (—2u — 2n:u.¢)ﬂ - 21&1&
+ (—‘zug:zt = QHU.xz!)m + (_2u:yy - 2Tlu1yy)m.

This shows that (3.46) is written as I'(u, + au™u, + bugge + bugy,) = —2 — 2n(u, +
au™uy + btz + bizy,), hence A = —2 — 2n. Noting that in our case D;(€') # 0 and

using (3.45) we obtain 7% = v(2 — n). Hence, the extension (3.45) of the symmetry
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generator I'y to v has the form

T = nyd, + 2nt0; — 2ud, + (2 — n)vd,

Thus the Lie characteristic functions of the extended symmetry are W' = —2u —

2ntu, — nyu, and W? = 2v —nv — 2ntv, — nyv,. Hence using (3.47), one can obtain

the conserved vector whose components are

R
74

FYy
'rl

2antuvu™ + b, v — 2buzv — nyu,v — 2uv — 2bntuy, v, + bnyu,,v,,
—anyu,vu" — 2antuou” + bnuyyw — 2bv,u — 2bu,,v — 2avu™tt + bnyvyuy,
—bnyu, vy, + 2bntvay, — 2bntuvy, + 2bntvu,, + bnyuy,v, + 2bvu,,
2anyugou” — 2bvg,u + nyuww — 2bntwyv,, — nyvgug, + 2bnlv g, + nugv,

—bnyu, vy, + 2bu,v,.

Remark 1. The components of the conserved vectors contain the arbitrary solutions

v of the adjoint equation (3.49b) and hence one can obtain an infinite number of

conservation laws,
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Application of the Multiplier Method

For the ZK-MEW ecquation with power law nonlinecarity, we obtain the zeroth-order

multiplier, A(¢. 2, y,u) that is given by

A = Cu+f(y) (3.52)

where C' is a constant and f(y) is an arbitrary function.

Corresponding to the above multiplier we have the following conserved vectors of

(3.1):

1
P = a{ﬂmuu +3u® — bui}.

1
o7 = m{%“”w“ + 4bnuy, u + dbuyu + 8buy,u

+6au™? — nug, — i’nrn.fsl,"E — 4bugu, — 2buy2}‘

Py = l; {Qbuwu - bu,uy},

% = 3{arwur s

1

$: = 3(_71_*“_1){3{1“5*)“““ + bnf"(y)u + bf"(y)u — bn f'(y)u,

b (y)uy + 2bnf (y)wez + bnf (y) 1y + 20 (y)ree, + b_[(y)'i-'.yv}.

o = {2~

Remark 2. Due to the presence of the arbitrary function in the multiplier, one can
obtain infinitely many conservation laws for the ZK-MEW equation with power law

nonlinearity.
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3.3 Conclusion

In this chapter we obtained the solutions of the ZK-MEW equation with power
law nonlinearity by using its Lic point symmetries along with the simplest equation
method. Solutions obtained were solitary wave solutions. We also obtained conser-
vation laws for the ZK-MEW equation with power law nonlincarity by applying the
new conservation theorem [40] and the multiplier method [42,43]. These solutions

obtained could be used as benchmarks against numerical integrators.
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Chapter 4

Topological and non-topological
solitons for Zakharov-Kuznetsov
MEW equation with power law

nonlinearity

[n this chapter we obtain both topological as well as non-topological soliton solu-
tions of the ZK-MEW ecquation (3.1) with power law nonlinearity using the solitary
wave ansatz method [1]. The constraint relation between the parameters is also

determined.

4.1 Topological solitons

In order to obtain the topological 1-soliton solution to (3.1), the starting hypothesis

is given by

u(z,y,t) = A tanh? 7, (4.1)
where
T = Byz + Bay — vi. (4.2)
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Here in (4.1) and (4.2), A, B; and B, are free parameters while v is the velocity of

the soliton. Thus from (4.1),

. uy = pAv (tanh”*' 7 — tanh?~' 7) , (4.3)
u, = pAB, (tanh?™' 7 — tanh”*' 1) , (4.4)

Upst = —puAB} [(;n —1)(p — 2)tanh? * 7 — {2p* + (p — 1)(p — 2) } tanh? ' 7
+ {20+ (p+1)(p+2)} tank”' 7 — (p + 1)(p + 2) tanh?*3 7] (4.5)

and

by = PABBS [(p —1)(p— 2)tanh” * 1 — {2;)2 +(p—1)(p— 2)} tanh? ' 7

+ {29+ (p+1)(p+2)} tanh?' 7 — (p+ 1)(p + 2) tanh?* 7] . (4.6)
Substituting (4.3)-(4.6) into (3.1) gives
pAv (tanh?*! 7 — tanh” ' 1)
+ apA™'B, (1::3.1111"’”"'_1 7 — tanh"PHrH! 7)
+ bpAB; (B —vBy) [(p—1)(p—2)tanh”* 7 — {2p* + (p — 1)(p — 2)} tanh? ' 7
+ {20°+ (p+1)(p+2)} tanh?"' 7 — (p + 1)(p + 2) tanh”** T] ={). (4.7)

Now from (4.7). setting the exponents np +p — 1 and p + 1 equal to one another

gives
np+p—1=p+1, (4.8)

which gives

2

p = - (4.9)
n

The same result is yielded when the exponents np + p+ 1 and p + 3 are equated.
Now in (4.7) the linearly independent functions are tanh*’ 7, where j = —3. 1,1
and 3. However tanh” 7 is a stand alone linearly independent function. So setting

its coefficient to zero yields

p=1 (4.10)
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or

p=2. (4.11)
Now, if p = 1, then

n=23 (4.12)
while if p = 2, then |

n=1. (4.13)

This shows that topological solitons of the ZK-MEW equation with power law non-
linearity will only exist if n = 1 or n = 2 and for no other values of n. This is a very
important observation that is being made here for the first time. Now, setting the
coefficients of the other linearly independent functions to zero gives

_ —aA"B, — 2p*bBB} — bB, B3 (p+ 1)(p +2) (4.14)
- 1 _2p2be—bBI2(P+1)(P+ 2) ' .

- —2p*bB, B3 — bB, B3 (p — 1)(p — 2)
 1-2p%B} - bB(p-1)(p—2)

and
o1

L

A= g(p+1)(p+2)(wnl—Bg)] : (1.16)

Now equating the two values of the velocity, v, from (4.14) and (4.15) also gives (4.16)
and thus this closes the system of topological soliton parameters. In the following

two subsections the special cases where n = 1 and n = 2 will be studied.

41.1 p=1 OR n=2

In this case the power law ZK-MEW equation is
w4+ autty + b (Uggt + Ugyy) = 0. (4.17)

Thus the velocity of the soliton is given by

—G.A231 i SbBlB%
[— 8B

V=

(4.18)
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or

—2bB, B?
v=T5" (4.19)
which leads to

1

6b ™
A e (vB, — B3)| . (4.20)
For this case the topological 1-soliton solution to (4.17) is
w(x,y,t) = Atanh (Byr + Byy — vt) (4.21)

where the free parameters A, By and B, are in (4.20) and the velocity of the soliton

is given by (4.18) or (4.19).

4,1.2 »p=2 OR n=1
In this case the power law ZK-MEW equation is
Wy + attty + b (Upry + Ugy,) = 0. (4.22)

Thus the velocity of the soliton is given by

—aAB, — 20bB, B2

T T 120 s
or
—8bB3y B
e 1——868f’ (4.24)
which leads to
2=22 (u8, -BY). (1.25)
a

For this case the topological 1-soliton solution to (4.22) is
u(z,y,t) = Atanh® (Byx + Byy — vt), (4.26)
where the free parameters A, B; and B, are in (4.25) and the velocity of the soliton

is given by (4.23) or (4.24).
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4.2 Non-topological solitons

For non-topological solitons the starting hypothesis is given by

A

cosh” 7’

u(z, y,t) = (4.27)

In this case A represents the amplitude of the soliton while B; and B, are the inverse
widths in the x and y directions, respectively, while v is the velocity of the soliton.

Here, from (4.27),

tanh 7

= pA——— 4.
U = prA—— (4.28)
tanh 7
r = —pAB;——— 4.
% = 'cosh? 7 4:29)
ey ,tanh® 7 o tanhTt :
Uzt = P T.-ABI (,_OSF‘; (3]’) -+ 2)? AB )th (130)
and
e 2tanh o tanhTt :
Mgy = AB,B; +p(3p +2)AB, B; Sl (4.31)
osh? 7 2 cosh?*2 7
Substituting (4.28)-(4.31) into (3.1) gives
tanh 7 tanh 7
Al n+1 s i M
PU oshP By cosh™*?
; ; o\ tanh® 7 . o, tanhT
=1 bﬂ’Afh(t.'[% B )——5]-?;? bp(.ip+2)ABl('uBl — !gg)(_fosl]p+27
(4.32)
From (4.32), equating the exponents np + p and p + 2 gives
np+p=p+ 2, (4.33)

which leads to the same value of p as in (4.9). Now from (4.32) setting the coefficients

of the lincarly independent functions 1/ cosh?* r for j = 0, 2 to zero gives

1bB, B
o 2 34
g 4bB? ()
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and
2b D
A= ;;(n +3)(B: —vBy)| . (4.35)
Thus the non-topological 1-soliton solution to (3.1) is given by
A

cosh (Byz + By — rf.)'

u(z,y, t) = (4.36)

where the amplitude A is related to the other parameters as in (4.35) while the
velocity of the soliton is given by (4.34).

Solution (4.36) has no singularities. By takinga=1,b=1,n=2, By =1, B, =1

and y = 0 in (4.36) we have the following profile.

G

Figure 4.1: Profile of solution (4.36)

4.3 Conclusion

In this chapter the topological as well as non-topological soliton solutions are ob-
tained for the ZK-MEW equation with power law nonlinearity by ansatz method.
The solutions obtained are the solitary wave solutions. In this context it has been
shown that the topological solitons will only exit for the two special cases when
n =1 and n = 2. These solutions are going to be useful in further analysis of this
equation, for example when time dependent or stochastic coefficients are taken into

consideration.
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Chapter 5

Concluding remarks

In this research project we first recalled some important definitions and results from

Lie group theory, which were later used in the dissertation.

In Chapter two we obtained the non-topological soliton solution, cnoidal waves and
the traveling wave solutions of the generalized (2 + 1)-dimensional ZK-MEW equa-
tion (2) with n = 3. The integration of this ZK-MEW equation was performed by

the aid of Lie symmetry analysis. Profiles of these exact solutions are plotted.

In Chapter three we first obtained exact solutions of the (2+1)-dimensional ZK-
MEW equation with power law non-linearity by using the Lie symmetry method
along with the simplest equation method. Furthermore, conservation laws of this

equation are derived using the new conservation theorem and the multiplier method.

Finally, in chapter four topological as well as non-topological soliton solutions are
obtained for the ZK-MEW equation with power law nonlinecarity by solitary wave

ansatz method.

In the future, exact, numerical solutions and conservation laws of certain nonlinear
partial differential equations, such as coupled nonlinear Schrodinger, Gross-Pite and

coupled Ramani equations will be studied.
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