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Abstract 

In this dissertation exact solutions of the (2+1) dimensional Zakharov-Kuznctsov 

modified equal width equation arc obtained. The Lie group analysis is used to 

carry out the integration of this equation. The solutions obtained include the non­

topological soliton solut ion , c.:noida.l waves and the traveling wave solutiot1s. 

Also exact solutions to the Zakharov-Kuznetsov modified equal width equation with 

power Jaw nonlinearity arc obtained. The Lie symmetry approach along with the 

simplest equation method is used to obtain these solutions. Moreover, conservation 

laws of the generalized Zarkharov-Kuznctsov modified equal width equation with 

power law nonl inearity arc derived using the new com;crvation theorem and the 

mult iplier method. Finally, both the topological as well as non-topological soliton 

solutions arc obtained using the solitary wave anstaz method for the underlying 

equation. 
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Introduction 

~onlinear evolut ion equations (:\LEEs) have been used to model many physical 

phenomcua in various fields such as fl ui<.l mechauics, soliu s tate physics, plas1wt 

physics, chemical physics, optical fiber and geochemistry. Thus, it is important 

to investigate the exact explicit solutions of :'-JLEEs. Finding solutions of such an 

equation is an arduous task and only iu certain special cases can one write down 

the solutions explicitly. However, a massive amount of work has been done in the 

past few decades and important progress has been made in obtaining exact solut ions 

of NLEEs. In order to obtain the exact solut ions. a number of methods have been 

proposed in the literature. Some of the well known methods include the solitary 

wave ansatz method , the inverse scattering, Ilirota 's bi li near method , homogeneous 

balance m<'thocl. Lie group analysis, etc. [1 11]. 

Among the above meutioned methods, the Lie group analysis method , also called 

the symmet ry method. is one of the most cffecth·c methods to determine solutions 

of noulincar partial d ifl'crential equations. lu the scconu half oft lie 19th century ami 

about 200 years after Leibniz and :\cwton introduced the concept of the derivativr, 

::;olving ordinary d i(fercntial equations (ODEs) had bcwrne ouc of the 1110st impor­

tant problems in applied mathematics. Sophus Lie (1842-1899) became interested in 

this problem and with inspiration from Galois's theory for solving algebraic equations 

discovered what is known today as Lie group analysis . He showed that the majority 

of known methods of integration of ordinary differential equations, which until t hen 

had seemed artificial , could be derived in a unified manner using his t heory of contin­

uous t ransformation groups. Recently there have been considerable developments in 
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symmetry methods for diffe rent ial equations CIS is evident by the number of research 

papers, books and amount of new symbolic software devoted to the subject [11 17]. 

Conservation laws pla:y a very important role in the solut ion process of differential 

equations. Finding the conservation laws of system of differential equations is often 

the first step towards finding the solution. In fact, the existence of a la rge num ber of 

conservalion laws of a system of partial differential equations is a strong indication 

of its integrability [11]. 

One of the most important one-dimensional nonlinear wave equations is the Kort<'weg 

de Vries (I<dV) equation [18] 

1ft+ 61L1l:z: + 11xxx = 0 

which describes the evolution of weakly nonlinear and weakly dispersive waves used 

in va rious fields such as solid state physics, plasma physics, fluid physics and quantum 

field th0or.v [19,20]. On<' of t.he best known 2-dimcnsional gcn<'rali7.at ions of thf' I<riV 

equation b th<' Zakharov-Kuznetsov (ZK) equation [21] in the form 

which governs the behavior of weakly nonlinear ion-acoustic waves in a plasma conl­

prising cold-ions and hot isothermal electrons in the presence of a uniform magnetic 

field [22- 27]. The ZK equation is not integrable by the inverse scattering transform 

method. Shivamoggi [28] showed that the ZJ< equat ion has t he Painlevc property. 

T he modified eq ual width (MEW) equation is of the form 

which appears in many physical applications [29 32]. The generalized form of the 

MEW equation in the ZK sense [33] is given by 

( L) 

It is natural to call this equation as the Zakharov-Kuznetsov 111odified equal width 

(ZK-MEW) equation. Wazwaz [33] studied equation (1) using t h e sine-cosine method 

and t he tanh technique. 
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In this dissertation the ZK-\.1EW equation wit h power law nonlineari ty in (2+1) 

dimensions, given by 

(2) 

will be studied. Here a, b and n are real valued constants with n >0. 

The outline of t his dissertation is as fo1lows. 

In Chapter one the basic definitions a nd theorems concerning the one-parameter 

groups of transformations a rc presented. 

Chapter two deals wit h a s pecial case o:f the ZK-MEW equation (2) with n = 3. The 

Lie group analysis method is employed to obtain exact solut ions. Profiles of these 

exact solutions arc plotted. The results of this Chapter have been published in [35]. 

In Chapter th ree exact solut ions of the ZK-~IEW equation (2) a rc obtained with the 

aid of the Lie symmetry method along wit h the simplest equation method [36- 39]. 

Furthermore, conserva tion laws of the ZK-MEW equation (2) are derived using t he 

new conservation theorem [40] and the multiplier method [41- 44]. Tho results of this 

Chapter have been published in [45] . 

In Chapter four topological and non-topological soliton solutions for the ZK-~lE\\ " 

equation (2) arc obtained using the solitary wave anstaz method [1]. 

Finally, in Chapter five, a summary of the' result s of th0 dissertation arc pr0s0nt 0cl 

and future work is discussed. 

A bibliography is presented at the end of this dissertation . 
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Chapter 1 

Lie symmetry methods for partial 

differential equations 

In this chapter we give a brief introduction to the Lie group theory of partial d ifferen­

tial equations. This will include the algorithm to determine the Lie point symmetries 

of partial differential equations. 

1.1 Introduction 

:More than a hundred years ago, the ~orwegian mathematician Marius Sophus Lie 

realized that many of the methods for solving differential equations could be unified 

using group theory. He developed a symmetry-based approach to obtaining exact 

solut ions of differential equations. Symmetry methods have great power and gener­

ality. In fact, nearly all well-known techniques for solving different ial cquaiious arc 

specia.l cases of Lie's methods. Recently, several books have been written on this 

topic. We list a few of them here. Bluman and Kumei [11], Olver [12], Ovsian­

nikov [13], lbragimov [14, 15], Stephani [46), Cantwell [?]. 

The definitions and results presented in this chapter are taken from the books men­

t ioned above and we will not refer to them. 
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1.2 Local one-paramet.er Lie group 

llere a transformation will be understood to mean an invertible transformation, i.e. 

a bijective map. Lett , y and l be three independent variables and u be a dependent 

variable. We consider a cha nge of the variables x, y, t and u : 

Ta : i: = f(x, y, t. u. a) . fl = g(x. y, l. u . a), l = h(x . y . t . u. a) . 

u= z(x,y,t,u,a) (1.1) 

with a being a rea l parameter, which continuously ranges in values from a neigh­

bourhood 'D' C V CR of a = 0 and where f , g, h and z a re differentiable functions. 

Defin ition 1.1 A cont·imwus one-parameter (local} Lie group of transformations is 

a set G of transformation {1.1) which satisfic· t he following three cond itions: 

(i) For Ta, n E C where a, b E 'D' C 'D t hen 7b, ~~ = Tc E G, c = dJ(a,b) E V 

(Closure) 

(ii ) T0 E C if and only if a = 0 such t hat To Ta = '0, To = Ta (Identity) 

(iii ) For Ta E C . a E V ' C V, Ta- 1 =Ta- t E G, a- 1 E V such that 

Ta Ta- l = Ta t 7'u = To (Inverse) 

From (i) 'vve see tha t the associativity property is satis fied. Also, if the ident ity 

transformation occurs a t n = o0 f= 0 i.e, Tao is the ident ity, then a shift of t he 

parameter a= a+ a0 will give T0 as above. The property (i) can be written as 

.1: - f(.l: , y,l, u, b)= f(.r, y,l, u, ¢(a, b)), 

fi - g(.l:, '[j , T, fi , b)= g(x, y, l,1.t , cp(a, b)), 

[ - h(x, fi , [, u, b)= h(x, y, t , u, ¢(a, b)), 

u - z(x, y,[, u,b) = z(x, y ,t,u ,¢(a, b)). (1.2) 

The function ¢ is termed as the group composition law. A group parameter a is 

called canonical if «P( a, b) = a+ b. 
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Theore m 1.1 For any dJ(a, b), there exists the canonical parameter o defined hy 

_ t ds 8¢(s, b) l 
a = Jo w(s), where w(s) = f)b b= O. 

We now give the definition of a symmetry group fo r t he third-order PDE 

(1.3) 

D efini tion 1.2 (Sym met ry g ro up) A one-parameter group G of transformations 

(1.1 ) is called a symmetry group of (1.3) if it is form-invariant (has the same form) 

in t he new variables x, y, [and u, i.e. , 

( 1. L) 

where t he function F is the same as in (1.3). 

1.3 Infinitesimal transformations 

Lie's theory tells us that the construction of the symmetry group G is equivalent to 

the determination of the corresponding infinitesimal transformations : 

u ~ u+a iJ (.~.:,y, l , u ) ( 1.5) 

obtained from (1.1) by expanding the functions f , g, hand z into Taylor seri('S in a 

about a = 0 and also taking into account the initial cond itions 

Thus, we have 

e(x, y , t , u) 

7'J(X , y. t, u) 

fla=O = X, 9la= O = Y· hla-0 = I, =la,.O = U · 

= ~~la-O' 
ozl 
Oa a = O . 

ecx, y , t , u) = ~9 1 ' 
ua a-O 

12 

3 8h l ~ (x,y, t,u) = T , 
ua a~o 

(1.6) 



Now one can write {1.5) as 

where 

x :::::: (1 + a V )x, fj :::::: (1 + a V )y , l :::::: (1 +a V )t. 

i1 :::::: · (1 +a V )u, 

1 a 2 a 3 a a 
V = ~ (x. y, t ,u)-;)+ ~ (x, y , t , u)~+~ (x,y,L,u):-) + 17(x ,y.t ,u)71 . (1.7) 

u :r oy r. l u 11 

T his differential operator V is known as the infinitesimal ope·ralor (genemlot) of the 

group G. If the group G is admitted by (1.3) , we say that V is an admitted operator 

of (1.3) or V is an infinitesimal symmetry of (1.3) . 

1.4 Group invariants 

D efinit io n 1.3 A function P (.r. y.t. n) is called an invanant of the group of trans­

formations {1.1 ) if 

F(i.y,T,iJ) _ F(J(.I",y.l,u,a),g(x,y,L,tt.a),h(.J:,y, f,u, a ) . .: (x,y. l , v,a)) 

- F(J', y, t , u), ( l. ) 

identically iu .r;, y , I , , and o. 

T heorem 1.2 (Infini t esima l criterion o f invaria n ce) A necessary a ud sufficient 

condition for 1:1 fun ction F(x, y , t, u) to be an invariant is t hut 

VF 
, ()p ()p . iJfi' ()F 

- ( ' (J·, y , l. u) -a + ec.c, y, l , u)-a + (i(.c, y.l, u)~ + t}(.c, y, l ' u)n-
x y vl uu 

= 0. (1.9) 

From t he above t heorem it follows that every one-parameter group of point t rans­

formations (1.1) has t hree functionally independent invariants, which can be taken 

to be the left-hand side of any first integrals 

J1 (x, y , L, u) = c1, J2(x, y , t , u) = Cz, J3(x, y, l , u) = c3, 
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of the characteristic equations 

dx dy dt du 
---- - = = ~------:-
(1(.1:. y, I,, u) (2(x, y. L, u) (3(x. y, l , u) TJ(:r , y, I , u)" 

Theorem 1.3 Given the infinitesimal transformation (1.5) or its symbol X , the 

corresponding one-parameter group G is obtained by solving the Lie equations 

dx 
da = ('(x, y, [, u) , 

d'il 
- TJ(x, y,[, u) 

da 

subject to the init ial conditions 

d-y ~2c - - t- -) 
da = '> x, y , 'u ' 

dl 3 -- - ­
da = ( (x,y,t.u), 

xla:::O = x, Yla=O = y , tla=O = l, ul,.=o = u. 

1.5 Construction of a symmetry group 

(1.10) 

Here we describe the algorithm to determine a symmetry group for a given PDE but 

fi rst we gh·e some definitions. 

1.5 .1 Pro longation of point transformations 

Consider a thrid-ordcr PDE 

(1.11) 

where x, y and l a rc three independent variables and u is a dependent variable. Let 

l a 2 a 3 a a 
V = ( (x, y, t. u)!:l + ~ (x, y, t. u)::~ + ~ (x, y, t . u)~ + T}(x, y, t , u)!:l, (1.12) 

ux uy ul uu 

be the infinitesimal generator of the one-parameter group G of t ransformation (1.1) . 

The first pmlongation of the operator V is denoted by Vl11 and is given by 

v ii) = 

14 



where 

(1 = D x(TJ) - nxDx(~ 1 )- v 11 D x(e) - ntDx(e). 

(2 D 11(TJ)- uxDy(e)- uy D y(e )- utDy(e). 

(3 = Dt(TJ) - uxDt(~ 1 )- uy D t(e)- utDt(e) 

and the total derivatives D x, Dy and Dt arc given by 

a a a a a 
D x = -;:;- + Ux"!l + Uxx~ + Uxt~ + Uxy~ + · · · , (1.13) 

v X vU VUx VUt VUy 

a a a a a 
D11 = "!l + Uy"!l + Uxy~ + Uyy~ + Uty~ + · · · , (1.14) 

vy vu vUx vUy vUt 

a a a a a 
/)t = !:)+ llt "!l+ llxt~+ llty~+1Ltt~+ ··· . (1.15) 

vi vU VU;r VUy VUt 

The second prolongation of t he operator V is denoted by Vl21 and is given by 

a a a D a 
\f[:!J = V +(I-.-+ (2-, - + (3-,- +(II--+ (12-. -

Du.x D lty D Itt 0 ll.xx ,(}llxy 

where 

Likewise. the the third prolongation of V is given by 

where 

y i3J = 

C113 = D.c(( IJ) - 1LxxxDx(ci) - vuy Dx(e) - ·t':ut DA,e), 

(m = D 11 ((I2)- uxx11 D11 (e)- ux1111 D11(e)- urt11 Dx(e). 

Applying the definitions of Dx. 0 11 and D 1 given above, we obtain 

(J = e 2 ~ 1 e e e e 1Jx + Ux1Ju - Ux x - 1Lx u- 1Ly x - Ux1Ly t• - Ut x - HtUx u> 

(2 = ~~ e e 2e e , e T/y + Uyflu- Ux y - UxUy u - Uy y - Uy u - Ut y - l<.tUy u> 

(3 = ~ I ~I ~2 ~2 ~3 2~3 flt + Utflu - Ux t - UtUx u - Uy t - UtUy u - Ut t - Ut U' 

15 

(1.17) 

(1.18) 

(1.19) 



(II = TJxx + 1L;TJuu + 2Ux 17xtt + nxxTJu - 1.L(tt;{~11 - 2'nxt~; - 1Lt'tLxx{~ 

-Ut{;x- u;uy{~u- 2ux'Uxy~~- 2uxy~; - Uy(;x- 2Ux'Uy(;,. 

-Uyt:xx~~ - u;~~u- 3Ux'Uxx{~- 2UtUx(~ - 2u;~;u 

-ux(!x- 2uxx~;- 2uxUxt(~, 

r 2 cl 2cl 
'>12 = T/xy + UxUyTJ11u + UxTJyu + Uxy1]u + UyTJ:~:u - Ux'UY<,1,.u - Ux'>yn 

-2UxUxy~~- UxUy~!u - Ux~!y- UyUx:~:(~ - Uxx~~ - 'Uxy(! 

16 
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(113 = n + 4t '11 1'3 cl 4J ,,3 cl 3 ·t•2u cl 1127' c2 ·rxxt ' t·rxxu - •x<...tuu - ' t •x'>mm - •x xt'>uu - x "YL'>uu 

-UtU;{tuu :- uzu;{~uu + 2UxUxt1'/uu- 3 UxUxx(lu - 3U..r;UtUxx{1~u 

-4UxU..ct{ ;u - 2UxUxy{~, - 2UxUyUxt(~11 - 2UtUxUxy~~u - uz{~xu 

- 2UxUyt{ ; 1, - 2UxUxt{tu - 4Ut'UxUxt{;u - 2U:r;Utt{; 11 - 2uxU:z:u{ ; 

-31LxU.rxt{t~ - 2UxUxyt{; + 2Ux1'/xtu + 2UxUtlJxuu - 2UtUxUy(;uu 

-UtUx{;xu - 2ttxUy(;tu - 2u..cUt{;tu - 2 ·uxuzf,;uu - 2u;,E,~ - 'UttUxxE~ 

3 3 2 1 2 3 
-uu{xx - 2Uxtt(x + 1lxxt17u - Uyt{ xx - 2ux..ct{x - Uyll..cxt{,. - 1.lxxtEt 

- 2Ut1txxt(; - Uxxx(f - UtU..c:u.:(~ - Uxxy(Z- lltUxxy{; - 2(;1lxyt 

(1.22) 

-3UxUyUyy{~u - 3uy1Lyyf,;,. - 4UyUxy{~u- 2Ut1LyU..cy{~u- 2UxUy'llytf.~u 

-2Uy'Uyt{;u - 2uyU..ct{~u - 2UytLxxyE,~ - 2UyUxyt(~ - 3Uyllxyy(~ + 2Uyl].cyu 

;-2llx11yTJyuu - 2n.c11y~~Y" - 2nyu;E,~uu - nyf,;!JY - 11x11yf,~yu - 211 t1tyf,~yu 

3 2 1 :l :l I 2 
- 2UtU..r;1.Ly{yuu - 2uxy{u - 2U2 yUyt{11 - UxtUyy{,. - U..r;x'llyy(u - 3Uxy1lyy(" 

4-UxUyyT]1111 + UyyTJxu + 2Uxy1'/y11 - u;Uyy(~u - Ux Uyy(!,. - 2Uxy{ ;y 

-4UxlLxy(~u - 1Lxx(~y- 2uyy(;y - 2uxUyy(;,. - U:z;y(~v + UxU~TJ,.,,u 
3 3 3 3 3 I 

-UtUyy(xu- 2Uyt{xy- 2 UtUxy ; yu - 2u..cUyt{yu- Uxt{yy- 2 u..cxy{y 

- 2 nxytf.; + 1Lxyy rJu - 2 ·nx 1Lxyy(~ - 11 xyyf,; - 2nxyyf,; - 1Lt II xyyf,~ 

3 2 2 2 3 3 I 21 
- Uyyt{x - 1LxUyyy{u - U yyy{ x - UyUxt{uu- UtUxtLyy{uu- Ux{xyy- Ux(yyu 

(1.23) 

l7 



1.5.2 Group admitted by a PDE 

The operator 

• . ) o 2 ) a 3( a ( a V={ (:1;,y.t.u ox+{ (x,y,t,u oy +( x,y.t,u)
0

t +TJ x,y,t .u)au (1.24) 

is a point symmetry of the th ird-order PDE (1.11) if 

(1.25) 

whenever E = 0. This can also be written as (symmetry condition) 

y f3J El = 0 
E::O ' 

(1 .26) 

where the symbol IE= O means evaluated on the equation E = 0. 

D efinition 1.4 Equation (1.26) is called the deter·mining equat·ion of (1. 11), became 

it determines a ll the infinitesimal symmetries of (1.11). 

The theorem below enables us to construct some solutions of { 1.11) from a known 

()11('. 

Theor em 1.4 A symmetry of (1. 11) transforms any solution of (l.l l ) into another 

~olution of the same equation. 

1.6 Lie algebras 

Let us consider two operators V1 and V2 defined by 

and 

• a 2 )a 3 )a ( )a \!2 = ~2 (x,y,t,u)~ +(2(x,y.t,u -a +(?(x,y, t ,u -
0 

+ 112 x,y,t,u -D . 
ux y - l u 

Definition 1.5 (Commutator) The commutator of V1 and V2 , written as [\!1, V2J, 

is defined by [\!1, V2] = V1 (VJ!) - V2(V1). 
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D efinition 1.6 (Lie algebra) A Lie algebra is a vector space L of operators with 

t he following property : For all V1, V2 E L, the commutator {V1 , V2] E L. 

The dimension of a Lie algebra is the dimension of the vector space L. 

Theorem L 5 The set of all solutions of any determining equation forms a Lie 

algebra. 

1. 7 Conclusion 

In this chapt·er we presented briefly some basic definitions and results of the Lie 

group analysis of PDEs. These included thr a lgorithm to determine the Lie point 

symmetries of PDEs. 
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Chapter 2 

Solutions of (2+ 1 )-dimensional 

Zarkharov-Kuznetsov modified 

equal width equation 

In t his chapter we obtain exact solut ions of the (2+ I )-dimensiona l Zarkharov-Kuznetsm· 

modified equal width (ZI<-l\1EW) equation, nam ely 

(2. 1) 

where a and b are constants. Here, in (2.1 ), the first term represents the evolu tion 

term, the coefficient of a is the nonlinea r term wh ile the t hird t erm and fourth term 

together , in pa rentheses, arc t he dispersion terms. 

In [34] t he a uthors used t he exp-function method to construct generalized solitary and 

periodic solutions of (2.1 ) . Numerical solut ion was also obtained and was compared 

with the solution obtained by cxp-function method . 

Here we usc t he Lie group ana lysis to carry ou t the integrat ion of this equat ion. The 

solutions obtained include t he non-topological soliton solution , cnoidal waves and 

the traveling wave solutions. This work bas been published in (35]. 
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2.1 Symmetries of the (2+ 1)-dimensional ZK-MEW 

equation 

\Ve determine the Lie point symmetries of the (2+1)-dimensional ZI<-i\IEW equation 

(2.1). This equation admits the one-parameter Lie group of transformations with 

infinitesimal generator 

1( D 2 D 3 D D 
V = ~ x, y.l, u) ox + ~ (x, y.l, u) oy + ~ (x, y, t , u) 

01 
+ ry(x , y , t. u) ou (2.2) 

if and only if 

(2.3) 

Using the definitiou of Vl31 from chapter one, we get 

[ 
1 • o 2 • iJ 3 u . a 

~ (x, y, l , u) ox+~ (.t. y , t , u) fJy + ~ (x. y , l , u) ol + ry(x, y.l, u) au 

a o a o a o 
+(t~) + (2n-+(r:-J- + (u -.1-+ (t2-;-- +(t l3~ 

( ll x U'Uy (lit ( ll.r;;c Ull xy Oll x.~:l 

D 
-(122--] (ut + 3au

2
ux + b(Uxrt + Uxyy)) I . , = 0 au :ryy tl,--3rw·ux - llll.rxl - lmryy 

and this gives 

wher<' (I, ( 3 , ( 113 and ( 122 a rc given by (1.17) , (1.19), (1.22) and (1.23) respec­

tively. Substituting t he values of ( 1• ( 3 . ( 113 and ( 122 in (2.4) and replacing u1 by 

- 3au2 ux - buxxt - buxyy 1 the following overdetermined system of linea r partial dif-
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ferential equations arc obtained: 

c3 = 0 
'>u ' 

~~ = 0, 

~~ = 0, 

TJuu = 0, 

c3 = 0 
O..,x l 

c t = 0 
'>x ' 

(~ = 0, 

~~- 2~~ = 0, 

c2 = 0 
'>x ' 

1}tu = 0, 

'7xu = 0, 

21/yu - ~~y = 0, 

6aW} + 3att2~7 + &r,yyu = 0, 

(z = o. 

From (2.5), (2.9) and (2.11) . we get 

e = C(t) = J\(t ). 

where A(l) is an arbitrary function oft. 

From (2.6), {2.10), (2.12) and (2.13). we get 

cl = cl- ( ' 
<, - 0.., - I J> 

where C1 is an arbitrary constant. 

Also from (2. 7) , (2. 15) and (2.20), we get 

e- ecy) = B(y) , 
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(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2. 12) 

(2.13) 

(2.1Ll) 

(2.15) 

(2. 16) 

(2.17) 

(2.1 ) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2. 24) 



where B(y) is an arbitrary function of y. 

Equation (2.8) implies that 

r1 = C(x, y, t.)n + D(x, y, ! ). 

Substituting the values of e and e in (2.14), we obtain 

A'(t.)- 2R'(y) = 0. 

Substituting the value of TJ in {2.16) , we get 

and in (2. 17), we obtain 

Substituting the values of TJ and e in (2.18), we get 

2Cy- B"(y) = 0. 

Substituting t he values of TJ and e in (2.19), gives 

(2 .25) 

(2.26) 

(2.27) 

(2.28) 

{2.29) 

6au2C(x, y , t) + 6auD(x. y , l ) + 3au2 A'(L ) + bCyy = 0. (2.30) 

Also substituting the value of 17 in (2.21), we get 

3 2 uCL + Dt + 3au Cx + 3au Dx + buC.xxt + bDxxt + buCx!I'J + Dxyy = 0. (2.31) 

From {2.27) and (2.28) we deduce that 

where c2 is an arbitrary constant. 

From (2.26) A'(t) = 28'(y) = I< , which implies t hat 

B(y) 
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From (2.29) applying (2.32) and (2.34) we get 

C(y) = Cs. 

Now from equation (2.30) substituting the values of (2.33) and (2.35) gives 

separating (2.36) with respect ton. we have 

6aC5 + 3aC2 = 0, 

u D = O. 

This implies thal 

and so equation (2.31) is sa.tisfied. 

Hence the general solution of the system (2.5) - (2.21) is 

e = c1. 

e 1 
= 2c2Y + c". 

(' = C2t + C:1-
1 

T} = - -C2u. 
2 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

Thus the Lie point symmetries of the (2+1) dimensional ZK-rv!EW equation gives 

th E> following infinitesilllal generators: 

\11 
a 

= ox' 
\12 

a 
- oy ' 

\13 
0 

= at ' 
\14 

a a a 
= y-+2t- -u-. ay 81 an 
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We now compute the commutation relations for all the symmetry generators. F irst 

we compute [VI> V4] . By t he definition of the Lie bracket, we have 

[V1 , \14] = V1 v4 - v4 vi 
= (~yi_ + t.2_ - ~u~) ~ - i_ (~y~ + t,E_- ~u~) 

2 ()y ot 2 au ox ox 2 oy ot 2 [)u 

- 2V1. 

Likewise, one can obtain the commutation relations between other vector fields. In 

Table 1 below we present t he commutator table of the Lie algebra of eq uation (2.1}. 

Here the entry in row i and column j is represented by [V. , Vi] : 

Table 1. Commutator table of the Lie algebra of equation (2. 1} 

[\f V.] 
1l J v, v2 \13 v.1 

VI 0 0 0 2\11 

v2 0 0 0 0 

v3 0 0 0 V3 

v., -2V1 0 -V3 0 

2.2 Exact solutions of ZK-MEW equation 

One of the main reasons for finding symmetries of a different ial equation is to use 

t hem for finding exact solut ions. In this section we will ut ilize t he symmet riC'S cal­

culated in the previous section to calculate exact solut ions of (2.1 ). 

One way to obtain exact solutions of (2.1 ) is by reducing it to ordinary different ia l 

equations. This can be achieved with the usc of Lie point symmetries admitted 

by (2.1). It is well known that the reduction of a partial diflcrcntial equation with 

respect to r-clirnensional (solvable) subalgebra of its Lie sy mmetry algebra leads to 

reducing t he number of independent variables by 1·. 

First of all we ut ilize t he symmetry V = a:V1 + .BV2 +1V3 , where a , /J,/ arc constants, 

and reduce the ZK-MEW equation (2.1) to a PDE in two independent variables. We 
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calculate the invariant solution under the operator V , namely 

8 8 8 v = Q- +/3- +'Y-· 
8x oy 8t 

The associated Lagrange equations yields the following three invariants: 

.f = ay- {3x, 
Q 

9 = ext - -yx and () = u. 
Q 

(2.10) 

~ow treating e as the new dependent variable and f and 9 as new independent 

variables, the ZI<-?v[EW equation (2.1) transforms to 

a2
()9 - 3aa{3()2 ()J - 3cx-y02

(}9 - baf3BJJJ 

- ba:-y()ffg + b/320ffg + 2b{3-y(}/gg + b-y20ggg = 0, {2.<11} 

which is a non linear PDE in two independent variables. We further reduce (2.'11) 

using its symmetries. We now determine Lie point symmetries of the equation (2 .41 ). 

After some lengthy calculations we obtain the following two translational symmetries: 

['I 
8 

= of' 
r2 8 

= og 

The combination r I + Jr 2· where 0 is a constant , of the two symmetries r 1 and r 2 

yields the following two invariants: 

6f - 9 
r = and 'lj; = e, 

c5 

which gives a group invariant solution t:J = t:J(r) . Treating u as our new depcndmt 

variable and r as new independent variable the equation (2.41) is t ransformed into 

the third-order nonlinear ODE 

One can integrate the above equation three times easily. Solving this equation and 

taking the first two constants of integration to be zero and reverting back to the 
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qriginal variables, we obtain the following group-invariant solut ion of the ZK-MEW 

equation (2.1): 

(2.43) 

where 

A1 = 262a?, 

A2 = aa:62 (/36 - -y), 

A3 = 2b(a:{363
- CX/02 + {3262

- 2/3!0 + 1 2
), 

7' = ( a:-y- {38 ) 1 
CXO X+ :IJ - ;st. 

Likewise. using :\laple on the equation (2.42) , one can obtain more invariant solutions 

of the ZK-MEW equation (2.1). However , we list here a few exact solutions. 

u(x, y, t) = a(b;a_ -y) csch ( 6(cxr + 1)Ff) , (2.44) 

u(x, y, t) = - a(o~~ I) soch ( o(cxr + l)Ff) , (2.'15) 

n(x, y, t) = J-a(<5; _ I) tanh ( ~(fl'r + 1) If) , (2.46) 

JAG 
u(.r;,y, l )= ( )' 

en J - 1/ A1 o.or , 6. m 
(2.47) 

Ji18 u(x.y,t)= , 
sn ( y'1/A; a:8r + 6, m) 

(2.118) 
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where 

A2 = · aa62(1- (36), 

A3 = 2b(a"(c52 
- af3<53

- {3252 + 2{3"(6- 1 2
), 

A4 b(-l + (3262 - 2rf36 + (3a63 - 621a), 

As = 2b{r2 + (3262
- 2rf36 + {Ja63

- 62~ta) , 
2a(m2

- 1) 

r = 

a(26(3m2 - 2"(m2 - 6(3 + 'Y)' 
b( -[3262 + 62"(a + 2{(36- "(2 + 2"(2m2

- (3a6"J 

-'lr/Mm2 + 2B262m2 
- 2627 rx:m2 + 2{3ao3m2

), 

2a 
a(6(3- 1m2 - "'+ 68m2 )' 

b(f3a63 
- 62

"(a - 62
"(cm7

2 
- 2rf36rn2 + 1 2 

+12m2- 2rf36 + [3262 + /3a63m2 + (3262m2) . 

(
Q"(- (36 ) 1 

ao x+ y - -gt. 

Here cn(Zim) and sn (Zim) a rc the Jacobian ell iptic functions [48], which arc defined 

as follows: If 

where the angle <Pis called the amplitude, then the functions cn(Zim) and sn(Zim) 

a re def-ined as cn(Zim) =cos</> and sn(Zim) = s in ¢, respectively, where miscalled 

the modulus of the elliptic function and 0 ~ m ~ l. 

Solution (2.15) has no singularities. By taking c5 = 1, a= 1, a= - 1. b = - 1. (3 = 2. 

"' = 1 and l = 0 in (2.45) we have the following profile. 
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Figure 2.1: Profile of solution (2.45) 

Solutiou (2 . 18) has infini tely many singular it ics. These si ngularities occur when the 

denominator of (2 .48) is zero. 

By taking rn = 0.8, 6 = 2, a:= 0.1 , a= 1, b = 1, /3 = - 3, 'Y = 2 and t = 3 in (2. '1 

we have the following profile of solution (2.48): 
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y 

Figure 2.2: Profile of solution (2.4 

We now make use of the symmetry r = V1 + a:V2 to obtain another group-invaria nt 

solu tion of the ZK-iVlEW equation {2.1). Using the associated Lagnmge equations 

for the symmetry r , we obtain the following three invariants: 

f=t. 
ox -y 

g = and 
Q 

e =u. {2.<19) 

Treating () as the new dependent variable and f and g as new independent vari­

ables, the ZK-MEW equation (2.1) transforms to a nonlinear third-order PDE in 

two independent variables. namely 

(2.50) 

'(jsing thC' standard method of fi ncling Lie point symme-triC's of a POE, wC' sec that 

the equation (2.50) has two Lie point symmetries, viz. , 

a a 
f 1 = a j and f 2 = fJg 

and their combination f 1 .,- {3f2 y ields t he following two invariants 

r = 
! !3 - g 

f3 
a nd '1/J=B, 
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which gives a group invariant solution '1/; = '1/J(r-) and (2.50) is then transformed to 

(2.51) 

which is a third-order nonlinear ODE. The equation (2.51) can be directly integrated 

three t ime. ~ow solving t his equation and taking the first two constants of integra­

t ion to be zero and reverting back to the original variables, we obtain the following 

solutions of the ZK-~EW equation (2.1 ): 

{ 
r.::. 3 ( et{3t - CtX + y ) } u(x,y,t) = · sec v2etf32 ± J + C , 

et.{3 2b(f3 et2 - 1) 
(2,52) 

where et, {3 and C are arbit rary constants. 

Solution (2.52) has infinitely many singularities, 

By taking a = 1, b = 1, fJ = 2, et = 1, y = 0, C = 1 and positive sign in the solution 

of (2.52) we have its following profile: 

1.0 X 

0 II 

10 

0.0 

Figure 2.3: Profile of solution (2.52) 
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2. 3 Conclusion 

In this chapter we obtained some exact solutions of (2+1)-dimensional ZK-MEW 

equation (2.1 ). The· integration of the ZI<-MEW equation was performed using 

the Lie group analysis method. The solutions obtained include the non-topological 

soliton solution, cnoidal waves and the traveling wave solutions. This ~pproach is 

different from the regular methods of integrabili ty that includes Hirota's bilinea r 

method, Exp-function method and others. The obtained exact solutions can be 

used as benchmarks against numerical inLegrators. We have also verified that the 

solutions we have found arc indeed solutions to the original equations and that we 

have reduced the number of arbitrary constants to a minimum. 
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Chapter 3 

Solutions and conservation laws of 

ZK-MEW equation with power 

law nonlinearity 

In this chapter we usc Lie symmetry method along with the simplest equation method 

'36, 37], to obtain exact solutions of Zakharov-Kuznctsov modified equal width (ZI<­

\IE\Y) equation with power law nonlinearity that b given by 

(3. 1) 

where a, b and narc real valued constants with n > 0. Here, in (3 .1), the first ten 11 

r<'pr<'scnts thc> ~\·o l ution term, the coeffici<'nt of a is the nonlinear tcrlll while the 

third term and fourth term together, in parentheses, arc the dispersion terms. The 

solitons arc a result of a delicate balance between dispersion and nonlinearity. 

We also derive the conservation laws for t he ZK-MEW (3.1) using the new conserva­

tion theorem [40] and t he multiplier method [42, 43]. This work has beeu published 

in [45]. 

A similar equation to our (3.1) was studied in [3]. Solitary wave ansatz method was 

used to carry out the integration of the equation and 1-soliton solution was obtained. 

Also, a couple of conserved quantities were calculated. 
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3.1 Solutions of ZK-MEW equation with power 

law nonlinearity 

3.1.1 Solutions of (3.1) using Lie point symmetries 

Thr symmetry group of ZI<-J\IEW equation with power law nonlinearity (3.1) will 

be generated by the vector field of the form 

1 a 2 ) o 3( ) o ( ) a f = ~ (x, y, l , u)?:} + ~ (x, y , l , tL !::I+~ X, y. l , U !5""" + 1] X, y , l , U !::)· 
uX uy ut utL 

(3.2) 

Applying the third prolongation pr<3>r to (3.1 ) we obtain the overdeienuined system 

of linear partial differential equations (PDEs) 

~! = o. 

~~ = 0, 

~~ = o. 

17tu = 0, 

~~ = 0, 

:J ~y = 0. 

1]yyu = 0. 
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Tlx = 0, 

~; = 0, 

c:; = 0. 

~;X = 0, 

-n7JtLt + u~!Ut - ueut + UTJt = 0. 

nry + u~; + u~l = 0, 

217yu - ~2yy = 0, 

nrJ + 2ut:~ = 0. 

Solving t he above system for {', i = 1, 2, 3 and '7 we deduce t ha t the symmetry 

a lgebra of ZI<-~IEW equation with power law nonlinearity (3. 1) is spanned b.v the 

four vector fields 

r1 a 
= ox 

r2 a 
= oy 

r3 
[) 

= 
[)( 

and r, D D () 
= ny- + 2nl- - 2u- . oy ot fJu 

The commutation relations between these vector fields is gi,·en in Table 1, where the 

entry in row i and column j is represented by [r " r j ]: 

Table 1. Commutator table of the Lie algebra of equation {1) 

[r i, r j] r1 r 2 r3 r~ 

r 1 0 0 0 0 

r 2 0 0 0 nr 2 

r 3 0 0 0 2n f 3 

r4 0 -nr2 - 2nr3 0 
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We now construct group-invariant solutions of ZK-MEW equation with power law 

nonlineari ty {3.1) by us ing the symmetries calculated above. One way to derive 

such solutions of (:3.1) is by reducing it to ordinary differentia l equation~ (ODEs). 

The form of the ODE. in general, depends on the particular subg:roup chosen. The 

reduction of a partial differential equat ion with respect to r-dimensional (solvable) 

subalgcbra of its Lie symmetry algebra leads to reducing the number of independent 

variables by 1· [12]. 

We consider a linear combination of space translations 8 I ax. a I O:t.J and time trans­

lation 81Dt, na mely t he symmetry r = af1 + /3f 2 + 1r 3 and reduce the Zl<-MEW 

equation (3.1 ) to a POE in two independent variables. The symmetry r gives the 

following three invariants: 

f 
= fJt, -IY 

f3 ' 

fh:- Ct.IJ 
9 = and 

f3 
e = u. {3.3) 

Now t reating () as t he new dependent variable a nd f and g as t he new independent 

variables, the ZK-MEW equation (3.1) transforms to 

which is a nonlinear POE in two independent variables. We will now further reduce 

{3.4) using its symmetries. Equation (3.4) has the two t ra nslation symmetries 

a a 
Y1 = r")_/· and Y2 = -. Dg 

The combinatio•n Y 1 + 8Y 2 of the two symmet ries Y 1 andY2 y ields the invariants 

6!- 9 
q = a nd 1/J = e' 8 

which gives a group invariant solution w = '1/J(q) and consequently using t hese invari­

ants. {3.4) is transformed to the third-order nonlinear ODE 

where 
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Integrating equation (3.5) twice with respect to q and taking the constants to be 

zero we obtain 

(3.7) 

Integrating the above equation and reverting back to the origina l variables, we obtain 

the following ~olution of the ZI<-MEW equation (3.1) for arbitrary values of n in the 

form 

( /\3) ~ 2 u(.r.y.i)= -A
2 

sech;;(x), 

·where 

1 2 3 
;13 = - - (3 6 . 

2 

The solution (3.8) represents a non-topological 1-soli ton solution. 

(3. ) 

3.1.2 Solutions of (3.1) for n=1,2 using simplest equation 

m ethod 

\\'c now usc the simplest equation method which was introduced by Kuclryashov 

[36. 37J to ~olvc (3.5) for n = 1. 2. The simplest equations that will be used ar<' tlw 

Bernoulli and Ricatti equations. 

Let us consider the solution of (3.5) in the form 

/II 

1/;(q) = L At(G(q))t . 
i=O 

(3.9) 

where G(q) satisfies the Bernoulli and Ricatti equations, !VI is a positive integer t hat 

can be determined by balancing procedure as in [38J and A 0 , • • • • A 111 arc parameters 

to be determined. We note that the Bernoulli and Ricatti equations arc well-known 

nonlinear ODEs whose solutions can be expressed in terms of e lementary functions. 

For the Bernoulli equation 

G'(q) = cG(q) + clGk(q) , (3.10) 
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where c and rl are constants and k is an integer and k > 1, we shall use the solutions 

[39] 
...L. 

C(q) = ( cexp(c(k- 1)(q + C)] ) k -
1 

. 1 - dexp[c(k - 1)(q +C)) 
(3.11) 

for the case (" > 0, d < 0 and 

_ I 

C(q) = ( _ ccxp[c(k - 1) (q +C)] ) k 
1 

1 + dcxp[c(k- l )(q +C)} 
{3. 12) 

for the case c: < 0 and d > 0. Here C is a constant of integration. For the Ricatti 

equation 

G'(q) = cG2(q) + dG(q) + (' (3.13) 

where c, d and e arc constants, we shall usc the solutions [39] 

d () [1 ] G(q) = ----tanh - O(q +C) 
2c 2c 2 

(3. 1'1 ) 

and 

d () (q()) cxp(~) 
G( q) = - - - - tanh - , . 

2c 2c 2 2 cosh (~)[~, 2C cxp(~) cosh ( ~)] 
(3.15) 

with 82 = cP - 4ce > 0 and C is a constant of integration. 

Solutions of (3.1) u sing the B ernoulli equation as the simplest equation 

Solutions of (3.1) for n = 1 

The balanciug procedure with k = 2 [38] y ields [\] = 2 so tbt' solut ions in (3.9) arc 

of the form 

(3.16) 

SubstituUng (3. 16) into (3.5) and equating all coefficients of the funct ions Ct to 

zero, we obta.in an algebraic system of equations in terms of A 0 , A1 and A2 . T hese 

38 



algebraic equations a re 

3 2 2 8/\2Bt c + 7 A tB Jc d + A 1 B2c + 2A0A2B2c + 2A2B3c + A0 AtB2d + A 18 3d = 0. 

38A2Btc2d + 12AtBtcd2 + 3A1A2B2c + AiB2d + 2AoA2B2d + 2A2B3d = 0. 

54A2Btcd2 + 2A~B2c + 6A t B1d3 + 3A1A2 B2d = 0. 

24A2B td3 + 2A~B2d = 0, 

where B1, B2 and 8 3 arc given by (3.6). Solving the above system of a lgebra ic 

equations with the ajd of Mathematica, we obtain the fo llowing values of A0 , !\ 1 and 

A2: 

Therefore when c > 0 and d < 0 the solution of (3.1) with n = 1 is given by 

A \ 
cexp[c(q + C)J A ( cexp[c(q + C)J )

2 

ux, y,l = o +/ 1 + 2 
( ) 1 - d exp[c(q+C)] 1 - dcxp[r·(q +C)J 

(3.17) 

<1 11d when c < 0 and d > 0 the solution of (3.1) for n = l is 

ccxp[c(q +C)] ( cexp[c(q +C)] )
2 

tt(x, y, t ) = Ao- At d [ ( C)J + A2 - d [ ( C )] 1 + ~pcq+ 1 + ~p c q + 
(3.1 ) 

when' q = - .cf& + y(n - ~t6)/(fJ6) + l and C is a constant of integration . 

Solntwns of (3.1} for 11 = 2 

The ba lancing procedure wit h k = 2 yields M = 1 so by (3.9) the solutions fl n ' of 

tlw form 

w(q) = Ao + At C. (3. 19) 

As before. substit uting (3 .19) into (3.5), we obtain t he following algebraic system of 

equations 

A1 B1c
3 + A6A1B2c + /\183c = 0, 

7 AtBtc2d + 2AoAiB2c + A6A1B2d + A tB3d = 0, 

12A 1 B1 cd2 +A~B2c+2A0A~B2d= 0, 

6A1B1d3 + A~B2d = 0. 
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which on solving yields 

Hence when c > 0 and d < 0 the solution of'(3. 1) for n = 2 is g iven by 

cexp[c(q +C)] 
u(x, y, t) = Ao + A1 d I ( C)] 1- exp c q + (3.20) 

and when c < 0 and d > 0 the solution of (3.1) for then= 2 case is 

cexp[c(q +C)] 
u(x, y, l) = A0 - A1 d [ ( C)]' 1 + exp c q + (3.21) 

where q = - x/8 + y(a: - r8)j(/38) + t and Cis a constant of integration. 

Solutions of {3.1) using the R icatti equation as the simplest equation 

Sohttions of (3. 1} for n. = 1 

The balancing procedure yields M = 2 so the solutions in (3.9) are of the form 

(3.22) 

Substituting (3.22) into (3.5), we obtain an algebraic system of equations in terms of 

A0. A 1• A2 by equating a ll coefficients of the function G' to zero . The corresponding 

algebraic equations are 

2A1B1ce2 + A 1B 1d2e+ 6A2B1de2 + AoA 1B2e + A1B3e = 0, 

8A1B1cde + 16A2B1ce2 + A1B 1d3 + 14A2B1d2e + A0 A1 B2d 

+A1 B3d + AiB2e + 2A0A2B2e + 2A2B3e = 0. 

8A1B1c2e + 7 A1 B1cd2 + 52A2B1cde + AoA1 B2c+ A1B3c 

3 2 +8A2/31d + A 1IJ2d + 2AoA2B2d + 2A2/J3d + 3J\1A2B2t> = 0. 

12A1B 1c2d + 40A2B1c2e + 33A2B1cd2 + Ai B2c 

+2A0 A2B2c + 2A2 B3c + 3A1A2B2d + 2A~B2e = 0, 

6A1 B1c3 + 54A2B1c
2d + 3A1A 2 B2c + 2A~B2d = 0, 

24A2B1c3 + 2A~B2c = 0, 
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where B1, /J2 and 83 arc given by (3 .6). Solving the above equations yields 

and hence the solutions of (3.1) for n = 1 arc 

u(x, y, l) = Ao + A1{-!!:_ -!.._tanh [~e(q +C)]} 
2c 2c 2 

-L- A2{ - !!:_ - !.._tanh [~e(q +C)] }
2 

2c 2c 2 
(3.23) 

and 

u(x. y, t ) = A0 + A1 { - !!:_-!.._tanh (qB) + 
0 

exp(~ ) 
0 0 

} 
2c 2c 2 2cosh(~)(~+ 2Ccxp(~)cosh(~)] 

+ 1\2 { - !!:_-!_tanh (qe) 
2c 2c 2 

cxp(~) }
2 

+ 2 (3.2'1) 
2 cosh(~)(~+ 2C exp(~) cosh(~)] ' 

where q = -.r/6 + y(o: - {6)/({36) + t and Cis a constant of integration. 

Sol~ttiuns uf (J. J) for n = 2 

The balanciug procedure yields !If = 1 so the solutions in (3.9) arc of the form 

'!,;J(q) = Ao + A.c. 

Substit uting (3.25) into (3.5), we obtain the algebraic system of equations 

2A 1B1ce2 + A1B 1d2e + A~A1B2e + Atl33e = 0, 

111 B 1cde + J\ 1 U1d
3 + A~AdJ2d + J\1B3d- 21\o; \i ll2c = 0. 

8AtBtc2e + ?A1 B1cd2 + A~A 1 B2c+ A1 8 3c + 2A 0 Ai B 2d+ A~B2e = 0, 

Solving the above equations with the aid of Mathematica, we obtain 
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Hence we have the following solutions of (3.1) for n = 2: 

u(x , Y1 t ) - Ao + A1 { - !!:._-!._tanh (!e(q +C)] } · 
2c 2c 2 

(3.26) 

u(x1 y. t) = Ao + A1{ - !!:._-!._tanh (qB) 
2c 2c 2 

exp(~) } 
+ -2-co_s_h_(!lf"11 )-=-[

8
-c -+-2~C exp(~) cosh(~)] 1 (3.27) 

where q = -.t/6 + y(a- /0)/({36) + t and Cis a constant of iutegration. 

Solution (3 .20) has no singularit ies. By taking a= - 1
1 

b = 1
1 

a = J 
1 

{3 = 2, o = 3, 

1 = 4, c = 1, d = 2, e = -3, y = 0 and C = 0 in the negative solut ion of (3.20) we 

have the following profile. 

F igure 3.1: Profile of solution (3.20) 

Solution (3.23) has no singularities. By taking a= 1, b = 1, a = 1, 8 = 2, 6 = 3. 

1 = 4, r = 1, d = 2, P = - 3, y = 0 and C = 0 in (3.23) we have the following profile. 
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X 

0 

F igure 3.2: Profile of solution (3.23) 

3 .2 Conservation laws of ZK-MEW equation with 

power law nonlinearity 

In this section we obtain consen·ation laws for the Zarkharov-Kuznetsov modified 

equal width (ZK-:\ lEW) equation with power law nonlinearity (3. 1) using two dif­

f<'rent approaches; the new conservation theorem due to 1bragimov [40] and the 

multiplier method [42, 43]. First we present some preliminaries which we will need 

later in thi~ section. 

Preliminaries 

\Ve briefly present the notation and pertinent results which we ut ilil::e below. For 

details the reader is referred to [15,40- 43]. 

Fundamental operators and their relationship 

Consider a kth-order system of PDEs of n independent variables x = (x1, x2
, ... , xn) 
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and rn dependent va riables 11 = ( IL 1, 1£
2

, ... , um) 

Ea(X, u, U(t)• ... ''U(k)) = 0, Q = 1, . .. 'm, (3.2 ) 

where U( 1), u(2), ... , u{k} denote t he colledions of all first , second , ... , kth-order par­

tial derivatives, that is, uf = Di('u0
), uij == D1 Di(ucr), .. . respectively, with the total 

derivative operator with respect to xi given by 

Di = Do + u~ 
0
° + uf}· }) + ... , i = 1 .. .. , n, 

.r~ tL0 ulL~ 
J 

(3.29) 

where the summation convent ion is used whenever appropriate . 

The following a rc known (sec for example, [15J and the references therein) . 

The Euler-Lagrange oper·ator·, for each a, is given by 

a = l .... . m. (3.30) 

and the Lie-Biicklund operator is 

X - ci~ +'Ylo-_!!__ t:~,'Yla E A, 
- .., ~ t ., a (l, ., ., ux . u 

(3.31) 

where A is the space of differ'ential functions. The operator (3.31) is an abb reviat<·cl 

form of th<' infinite formal sum 

whNr t hr additiona l codfkir nts a rr determined un iCJIIC]y by t he prolongation for-

mulac 

(1° = Di(\t! -a) +eufJ 
(~ ... t. = 0 ,, ... Di. (\ vo) -4- ( J uj l) ..... , s > 1. (3.33) 

in which 1 vo is the Lie characteristic function 

(3.3tl) 

One can write the Lie-Backlund operator (3.32) in characteristic form as 

(3.35) 
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The Noether operators associated with a Lic-Backlund symmetry operator X arc 

given by 

N i _ i _ 1Af<~~ ~ D· D· (\;ri a) 0 
- ~ t- VI ou<? + L..J tj • • • '• ' I ou':l: • • I 

t s ;::: l nt t:~ ... t. 
i = 11 ... In, (3.36) 

where the Euler-Lagrange operators with respect to derivatives of u0 arc obtained 

from (3.30) by replacing un- by the corresponding derivatives. For example, 

6 iJ ~ s a . r-=~+ (-1) D11 ... D10 . t=1, ... 1 n, o=l, .... nt. 
oua utt0 • u<?. · 

t t s? I t}IJ2 ... ]. 

(3.37) 

and the EulcJ·-Lagrange , Lie-Backlund and Nocthcr operators are connected by the 

operator identity 

X+ Di(~i) = wo~ + DiNi . (3.38) 
oua 

The n-tuplc ve·ctor T = (T 1,'f2 , ... ,Tn) , TJ E A , j = 1, ... , n. is a conserved 

vector of (3.28) if T' satisfies 

DiT il(3.2 > = 0. (3.39) 

The equation (:3.39) defines a local conservation law of sy!->tem (3.2.8). 

Multipl·ie1· Method 

A multiplier i\0 (x, u. U( J) · ... ) has the property that 

(3. 10) 

hold identically. Here we will consider multiplier of the second order, tha t is A,; = 

i\ 0 (l, X 1 u. v . Ux 1 Vx 1 Uxx 1 Vxx) · The right hand side of (3.~0) is a divergence expression. 

T'hc determining equations for the multiplier i\0 is 

(3. 11) 

Once the multipliers arc obtained the conserved vectors arc calculated via a homotopy 

formula [42-44}. 

Variational met:lwd for a system and its adjoint 

T he system of adjoint equations for the system of ktb-order different ial equations 

(3.28) is defined by [41} 

E~(X 1 u. v . .. . , U(k)• V(k)) = 0. a= 1, . ... m. (3.112) 
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where 

• o(v.B E13 ) 
Ea(x. u. v, .. . 'U(k)• V(k)) = oua ' Q = 1, .. . ' m , v = v(x) (3 .t13) 

and 'II = ( v 1, v2 , •.• , vm) arc new dependent variables. 

We recall here the following results as given in Ibragimov [40]. 

Assume that the system of equations (3.28) admits the symmetry generator 

(3 .rll ) 

T hen the system of adjoint equations (3.42) admits the operator 

y Cl a + ...,o a + na a ...,*o = -[X~v.fl + VO' D;(Ci)]. 
= ... OX' 'I auo 'I* OV0 ' 'I " .... 

{3.'15) 

where the operator (3.45) is an extension of (3.44) to the variable va and the ;\ fi arc 

obtainable from 

(3.16) 

Theo1·cm 3.1. [40] Every Lie point , Lie~ Backlund and non local symmetry (3.11,1) 

admitted by the system of equat ions (3.28) gives rise to a conservation law for the 

system consisting of the equation (3.28) and t he adjoint equation (3.42), wlwn• the 

components T' of the conscr\'cd vector T = (T 1 •• •• , T'') arc determined by 

1,, = C' L ,,.(l oL " D· D· (l l' 0 ) oL .., + r 0 + ~ ,1 • . • '• 
0 

Q , i = l , ... , n, 
UU · U 

t s!:: 1 Ht t2 · ··' ·• 

(3. 17) 

with Lagrangian given by 

(3.'1. ) 

3.2.1 Construction of conservation laws for ZK-MEW equa­

tion with power law nonlinearity 

We now construct conservation laws for the ZK-MEW with power law nonlinearity 

using the two approaches described above. 
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Application of the new Conservation Theorem 

The ZK-MEW equat ion with power Jaw nonlinearity together with its adjoint equa­

tion arc given by 

/?0 := 1Lt + 01Ln1tx + bnxxt + b11xyy = 0, 

E~ = Vt + aunvx + bV;.;xt + buxyy = 0. 

(3.49a) 

{3.49b) 

By recalling {3.48), we get the following third-order Lagrangian for the system of 

equations (3.49a) and {3.49b): 

(3 .50) 

We reduce the third-order Lagrangian to second-order Lagrangian which is given by 

{3.51) 

We recall that the ZK-~IEW equation with power law nonlinearity 

admits the following Lie point symmetry generators: 

r1 = Ox , 

r2 = Bu , 

r3 = {)L! 

and r4 nyoy + 2nl8t - 2u8u. 

We have the following four cases: 

{i) We fi rst consider the Lie point symmetry generator r 1 = Bx of the ZK-MEW 

equation with power law nonlinearity. Corresponding to this symmetry the Lie char­

acteristic functions arc W 1 = -ux and W 2 = -vx. T hus by using {3.47), the 
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components of the conserved vector arc given by 

yt 
1 = -VUr + bvxUxx• 

y x 
1 = 'UUt- bU:cVtx> 

rv 
1 = - b1t:xVxy + lmx'ILu· 

(ii) The Lie point ::;ynunctry generator r 2 = ay has Lie characteristic functions given 

by I1' 1 = -uy and W2 = - v!l . lienee using (3.47) , one can obtain the conserved 

vector whose components arc 

T.Y = 2 

(iii) The Lie point symmetry generator r 3 = at has Lie characteristic functions given 

by I \1 1 = - ut and H1 2 = - ut. lienee using (3.47), one can obtain the conserved 

vector whose components arc 

(iv) Finally, we consider the sym metry generator f 4 = nyay + 2nlot- 2u8.,. admitt<'d 

by the ZK-1\IIEW equation with power law nonlinearity and extend it to the var iabk 

v . The pronlogation of f 4 to the derivatives involved in the ZK-~1IEW has tlw form 

a a fJ fJ a 
2nl- + riiJ-- 2n- + {-2u1 - 2m,t)- - 2u -

8t . oy au OUt X ox 
a a 

+ { -2Ux:ct- 2nuxxt)-!:l-- + ( -2Uxyy- 2nu:cyy)-~---
uUxxt uUxyy 

This shows that (3.46) is written as r (ut + au'~ux + buxxt + buxyv) = - 2 - 2n(ut + 
au11Ux + buxxt + buxyy), hence >. = - 2 - 2n. Noting that in our case Di(~') =/= 0 and 

using (3.45) we obtain ry2 = v(2 - n). Hence. the extension {3.45) of the symmetry 
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generator r4 to u has the form 

Y = ny8y + 2nt8t- 2u8u + (2 - n)v8v 

Thus the Lie characteristic functions of tho extended symmetry arc W 1 = - 2'11 -

2nt·u1 - nyuy and W2 = 2v- nv- 2ntv1 - nyvy· Hence using (3.47), one can obtain 

the conserved vector whose components arc 

T~ = 2antu'l'vun + bnuxxV - 2buxxV - nyuyv- 2uv- 2bntuyyVx + bnyuuvy, 

T,~ = -anyuyvtt't- 2anlu1vun + bnuyyV - 2bv1xu- 2buyyV - 2avun+l + bnyv1tt;,..v 

-bnyuyVtx + 2bntVtUtx- 2bntutVtx + 2bntV(Uy11 + bnyuyyVy + 2bVtUn 

Tr = 2anyu4 V'tt" - 2bt'xy ll + nyut't' - 2bnl tt1llxy - lmy11111xx + 2lmf.llx'ILty + lmllyllr 

-bnyuy Vxy + 2bu11 Vx. 

Remark 1. T he components of t he conserved vectors contain t he arbitrary solut.ions 

1' of the adjoint equat ion (3.49b) and hence one ClUJ obtain an infini te Humber of 

conservation laws. 
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Application of the Multiplier Method 

For the ZK-MEW equation with power law nonlinea rity, we obtain the zeroth-order 

mul tiplier , i\(t . x, y, u) that is given by 

i\ = Cu + J(y) (3.52) 

where C is a constant and f(y) is an arbitrary function. 

Corresponding to the above multiplier we have the following conserved vectors of 

(3.1): 

<J> ~ = ~ { 2btLzxU + 3u2 - btL; } . 

<I>f = 
6

(n ~ 
2
) { 2bnuyy'U + 1bnu1rll + lbuyyu + 8bu1ru 

+6a11n+2
- 2&nntllx - /muy2

- 4bu1u.x- 2lmy2 
} , 

<Pt = ~ { 2buxy11- buxuy } , 

<I>~ = ~ {3/(y)u+bf(y)un } · 

<I>2 = ( 
1 

) { 'Jaf(y)un+l + bnf"(y)u + bf"(v)u - bnf'(y)uy 
3 n + 1 · · 

- l>f'(y)'lly + 2/mf(y)ntx + lmf (:y) uyy + 2bf (y)ntx + lJf (y)Hyy } · 

<I>~ = ~ { 2bf(y)u:ry- bf'(y)ux } · 

Remark 2. Due to the presence of the arbitrary function in t he multiplier , one can 

obtain infinitely many conservation laws for the ZK-MEW equation wit h power law 

non lincari ty. 
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3.3 Conclusion 

In this chapter we obtained the solutions of the ZK-MEW equation \>vith power 

law nonlinearity by using its Lie point symmetries along with the simplest equation 

method. Solutions obtained were solit ary wave solutions. We also obtained conser­

vation laws for the ZK-ME\V equation with power law nonlinearity by applying the 

new conservation theorem [40] a nd the multiplier method [42, 43]. T hese solutions 

obtained could be used as benchmarks against numerical integrators. 
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Chapter 4 

Topological and non-topological 

solitons for Zakharov-Kuznetsov 

MEW equation with power law 

nonlinearity 

In thi~ chapter we obtain both topological as well as non-topological soliton :-;oln­

lions of the Zl\-:VIEW equation (3.1) with power law nonli nearity using th<' solit a r.v 

waYc ansatz method [1]. The constraint relation between the parameters is also 

determined. 

4.1 Topological solitons 

In order to obt ain the topological 1-soliton solution to (3.1), the starting hypothesis 

is given by 

tt(x, y, t) = A tanhP -r, (4.1) 

where 

(4.2) 
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Here in (4.1) and (4.2), A, 8 1 and 8 2 arc free parameters while v is the velocity of 

the soliton. Thus from ( 4.1) , 

• Ut = pAv (tanhp+1 r- tanhp- I r), (4.3) 

(4 .4) 

'l£xxt = - pvABi [(P - 1)(7' - 2) tanh7J- J r - {2p2 + (p - 1)(p - 2)} tanhp- l r 

+ { 2p2 + (p + 1)(p + 2) } tanhp+1 r - (p + 1)(p + 2) t a nhp+J r] (L1.5) 

and 

1Lxyy = pABtBi [(P - 1){p - 2) tanhP- 3 r- {2p2 + (p -1)(7J- 2)} tanhp-l r 

+ { 2p2 + (p + 1)(p + 2)} tanhp+t r - (p + 1)(p + 2) tanhP+3 r] . (4.6) 

Substitut ing (4.3)- (4 .6) into (3.1) gives 

p!\v ( tanhP+l r - tanh p - I r ) 

+ apAn+l 8 1 (tanh"P+T>- l T- t anhnp+p+l r) 

+ bpAB1 (Bi- v B 1) [(P - l )(p- 2) tanhP-3 r - {2p2 + (p - l) (p- 2)} tanhp- l r 

+ {2p2 + (p + 1)(p + 2) } tanhP+l T - (p + l )(p + 2) tanhP+3 r] = 0. (4.7) 

Now from {4.7) . setting the exponents np + p - 1 and p + 1 equal to one another 

gives 

which gives 

np + p - 1 = p + 1, 

2 
p = - . 

n 

(4.8) 

{4.9) 

The same result is yielded when the exponents np + p + 1 and p + 3 arc equated. 

Now in ( 4. 7) the linearly independent functions arc tanhP+j r , where j = - 3. - 1, 1 

and 3. However tanhP- 3 r is a stand alone linearly independent function. So setting 

its coefficient to zero yields 

p = l {4.10) 
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or 

p = 2. (4 .11 ) 

:\ow, if p = 1, then 

n=2 (4.12) 

while if p = 2, then 

n= 1. (4.13) 

This shows that topological solitons of the ZK-MEW equation with power law non­

linearity will only exist if n = 1 or n = 2 and for no other values of n. This is a very 

important observation that is being made here for the first time. :'\ow. setting the 

coefficients of the other linearly independent functions to zero gives 

- aAnB, - 2p2bBtB"i- bBtBi(P + 1)(p + 2) v = ---------,,..---=---::--....::.,-'---~--'-
1 - 2p2bB[ - bBr(P + l)(p + 2) ' 

(4.14) 

(4.15) 

and 
l 

A= [~(p + 1)(p + 2) (v /31 - 13i)] ;;- (t1.16) 

:\ow equating the two values of the velocity, v, from (4.14) and (4.15) also gives (4.16) 

and thus th is closes the system of topological soliton parameters. In the following 

two subsections the special cases where n = 1 and n = 2 will be studied . 

4.1.1 p = l OR n =2 

In this case the power law ZK-MEW equation is 

( 4.17) 

Thus the velocity of the soliton is given by 

-aA2 B1 - 8bBt Bi 
v = 1- sbBr (4.18) 
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or 

which leads to 

- 2bB1Bi 
v = 1 - 2bB?' 

For t his case t he topological 1-soliton solution to ( 4.17) is 

u(x,y,t) = Atanh(B1x+ B2y -vt) 

(4.19) 

( 4.20) 

where the free parameters A, 8 1 and B2 a rc in (4.20) and t he velocity of the soliton 

is given by (4 .18) or (4 .19) . 

4.1.2 p = 2 OR n = l 

In this case th<· power law ZK-.\1E\\. equation is 

Thus the vclo<:it , of the soliton is given by 

or 

which leads to 

- aAB1 - 20&B, Hi 
v = 1- 20bB[ 

- 8bl3, 13i 
-u = 1 - sbsr · 

12b 
1\ = - ( uB1 - 13i). 

a 

For this case the topological 1-soliton solution to (4.22) is 

(4.22) 

(4.23) 

(4. 24 ) 

( 1.25) 

(4 .26) 

where the free parameters A, 8 1 and B2 are in {4.25) and t he velocity of the soli ton 

is given by (4.23) or (4.24). 
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4.2 Non-topological solitons 

For non-topological soli~ons t he starting hypothesis is given by 

A 
u(x. y, t) = 

1 
P 

COS1 T 
(4 .27) 

In thi!:i case A represents the amplitude of the soliton while 131 and 8 2 arc the inverse 

width!:i in the x and y directions, respectively, while v is the velocity of the soliton. 

Here, from (4.27), 

. tanh r 
Ut = pv A hP ' 

COS T 
(4.28) 

tanh T 
Ux = - pA81 hp , 

COS T 
(4 .29) 

3 2 tanh3 
T 2 ta nh T 

Ux.ct = r vA8l hp - p(3p + 2)vA81 +2 
cos T cosh7' T 

(4.30) 

and 

(4 .31) 

Substituting (4.28)-(4.31) into (3.1) gives 

A tanh T An+ I B tanh T 
7-JV - ap 1 

cosh1' T coshnP+7' T 

3 
3 2 t anh r 2 tanh T + bp ABt(VBt - 8 2 ) hv - bp(3p + 2)ABt (V Bt - B2 ) 

1
+2 = 0. 

cos T cosh' T 

(4 .32) 

From (t1.32), equating the exponents np + p and p + 2 gives 

np+p = p+ 2, (4.33) 

which leads to t he same value of pas in ( 4.9). ::'\ow from ( 4.32) setting the coefficients 

of the linearly independen t functions 1/ coshv+1 T for j = 0, 2 to zero gives 

(4.34) 
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and 

[ 
2b ] ~ A= -(n + 3)(Bi- v81) 
an 

(4.35) 

Thus the non-topological 1-soliton solution to (3.1) is given by 

A 
u(x. y.l) = 2 , 

cosh;; (8 1x + 8 2y- vt) 
( 4.36) 

where the amplitude A is related to the other parameters as in (4.35) while the 

velocity of the sol iton is given by {4 .34). 

Solu tion (4.36) has no singularit ies. By taking a= 1, b = 1, n = 2, 8 1 = 1, 82 = 1 

aud y = 0 in ( 4.36) we have the following profile. 

I 5 I" 
1.0 

II ' 

(Is \ 

u.u ~ ..... 
() 

0 

6 

Figure 4.1: Profile of solution (4.36) 

4.3 Conclusion 

In this chapter t he topological as well as non-topological soli ton solutions arc ob­

tained for the ZI<-~£EW equation with power law nonlinearity by ansatz method. 

The solutions obtained arc the solitary wave solutions. In this context it has been 

shown that the topological solitons will only exit for the two special cases when 

n = 1 and n = 2. These solutions arc going to be useful in further analysis of this 

equation, for example when time dependent or stochastic coefficients are taken into 

consideration. 
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Chapter 5 

Concluding remarks 

In this research project we first recalled some important definitions and results from 

Lie group theory, which were later used in the d issertation. 

In Chapter two we obtained the non-topological soli ton solution, cnoidal waves and 

the traveling wave solutions of the generalized (2 + I )-dimensional ZK-:\lE\\' equa­

tion (2) with n = 3. The integration of this ZK-:\ lE\V equation was performed by 

th<' aid of Lie symm<'t ry analysis. Profiles of thcs<' exact solu tions ar<' plott<'d. 

In Chapter t hrcc W<' first obtained cxa.ct solutions of t lw (2+ 1)-dimrnsional ZK­

l'v!EW equation with power law non-linearity by us ing the Lie symmetry method 

along wit h t he simplest equation method. Fur thermore, conservation laws of t his 

equation arc derived using the new conservation theorem and t h<' multiplier method. 

F inally, in chapter four topological as well as non-topological soli toll solutions arc 

obtained for the ZK-MEW equation with power law nonlineari ty by solita ry wave 

ansatz method. 

In the fu ture, exact, numerical solutions and conservation laws of certain nonlinear 

partial differential equations, such as coupled nonlinear Schrodinger. G ross-Pi te and 

coupled Ramani equations will be studied. 
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