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With the advent of the internet and advances in computing power, the collec-

tion of very large high-dimensional datasets has become feasible – understanding

and modelling high-dimensional data has thus become a crucial activity, especially

in the field of pattern recognition. Since non-parametric density estimators are

data-driven and do not require or impose a pre-defined probability density function

on data, they are very powerful tools for probabilistic data modelling and analysis.

Conventional non-parametric density estimation methods, however, originated from

the field of statistics and were not originally intended to perform density estimation

in high-dimensional features spaces – as is often encountered in real-world pattern

recognition tasks. Therefore we address the fundamental problem of non-parametric

density estimation in high-dimensional feature spaces in this study.

Recent advances in maximum-likelihood (ML) kernel density estimation have shown

that kernel density estimators hold much promise for estimating nonparametric prob-

ability density functions in high-dimensional feature spaces. We therefore derive two

new iterative kernel bandwidth estimators from the maximum-likelihood (ML) leave-

one-out objective function and also introduce a new non-iterative kernel bandwidth

estimator (based on the theoretical bounds of the ML bandwidths) for the purpose



of bandwidth initialisation. We name the iterative kernel bandwidth estimators the

minimum leave-one-out entropy (MLE) and global MLE estimators, and name the

non-iterative kernel bandwidth estimator the MLE rule-of-thumb estimator.

We compare the performance of the MLE rule-of-thumb estimator and conventional

kernel density estimators on artificial data with data properties that are varied in a con-

trolled fashion and on a number of representative real-world pattern recognition tasks,

to gain a better understanding of the behaviour of these estimators in high-dimensional

spaces and to determine whether these estimators are suitable for initialising the band-

widths of iterative ML bandwidth estimators in high dimensions. We find that there

are several regularities in the relative performance of conventional kernel density esti-

mators across different tasks and dimensionalities and that the Silverman rule-of-thumb

bandwidth estimator performs reliably across most tasks and dimensionalities of the

pattern recognition datasets considered, even in high-dimensional feature spaces. Based

on this empirical evidence and the intuitive theoretical motivation that the Silverman

estimator optimises the asymptotic mean integrated squared error (assuming a Gaus-

sian reference distribution), we select this estimator to initialise the bandwidths of the

iterative ML kernel bandwidth estimators compared in our simulation studies.

We then perform a comparative simulation study of the newly introduced itera-

tive MLE estimators and other state-of-the-art iterative ML estimators on a number

of artificial and real-world high-dimensional pattern recognition tasks. We illustrate

with artificial data (guided by theoretical motivations) under what conditions certain

estimators should be preferred and we empirically confirm on real-world data that no

estimator performs optimally on all tasks and that the optimal estimator depends on

the properties of the underlying density function being estimated. We also observe an

interesting case of the bias-variance trade-off where ML estimators with fewer param-

eters than the MLE estimator perform exceptionally well on a wide variety of tasks;

however, for the cases where these estimators do not perform well, the MLE estimator

generally performs well.

The newly introduced MLE kernel bandwidth estimators prove to be a useful con-

tribution to the field of pattern recognition, since they perform optimally on a num-

ber of real-world pattern recognition tasks investigated and provide researchers and

practitioners with two alternative estimators to employ for the task of kernel density

estimation.
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Die ontwikkeling van die internet en toename in rekenaarkrag het die versamel-

ing van baie groot hoë-dimensionele datastelle moontlik gemaak; gevolglik het die

modellering en analise van hoë-dimensionele data hoogs noodsaaklik geword, veral in

die veld van patroonherkenning. Nie-parametriese digtheidskatters is baie kragtige

gereedskap vir die modellering en analise van data omdat hierdie skatters datagedrewe

is en nie ’n parametriese vorm vir die digtheidsfunkie voorskryf nie. Konvensionele

nie-parametriese dighteidskatters het hulle oorsprong in the veld van statistiek en is

nie oorspronklik ontwikkel om digtheidsfunksies in hoë-dimensionale ruimtes te skat

nie soos gereeld in patroonherkenning teëgekom word. Om hierdie rede ondersoek ons

die fundamentele probleem van nie-parametriese digtheidskatting in hoë-dimensionele

ruimtes in hierdie studie.

Onlangse deurbrake in maksimumwaarskynlikheid (MW) -kerndigtheidskatting

het getoon dat kerndigtheidskatters baie belowend lyk om nie-parametriese

waarskynlikheid-digtheidsfunksies te skat in hoë-dimensionele ruimtes. Om hi-

erdie rede bewys ons twee nuwe iteratiewe kerndigtheidskatters vanuit die MW-

raamwerk en ons stel ’n nuwe nie-iteratiewe kerndigtheidskatter (gebaseer op die

teoretiese grense van MW-bandwydtes) voor. Ons noem die nuwe iteratiewe



kernbandwydteskatters die minimum-laat-een-uit-entropie (MLE) en die globale

MLE-kernbandwydteskatter; ons noem die nie-iteratiewe kernbandwydteskatter die

MLE-algemenereël-kernbandwydteskatter.

Ons vergelyk die akuraatheid van die MLE-algemenereëlbandwydteskatter en kon-

vensionele kerndigtheidskatters op kunsmatige datastelle met data-einskappe wat sis-

tematies gevarieer word; asook op regtewêrelddatastelle om die gedrag van konven-

sionele skatters in hoëdimensionele ruimtes beter te verstaan en om te bepaal of hi-

erdie skatters geskik is om die bandwydtes van iteratiewe MW-digtheidskatters te in-

isialiseer in hoëdimensionele ruimtes. Ons vind dat daar verskeie reëlmatighede is

in die relatiewe akuraathede van konvensionele kerndigtheidskatters tussen verskeie

datastelle en dimensionaliteite en dat die Silverman-algemenereël-bandwydteskatter

baie betroubaar presteer op die meeste van die patroonherkenningdatastelle wat on-

dersoek is, selfs in hoë-dimensionele ruimtes. Gegewe hierdie empiriese bewyse en die

intüıtiewe teoretiese motivering dat the Silverman-skatter die asimptotiese gemiddelde

gëıntegreerde kwadratiese fout optimeer (gegewe ’n Gaussiese verwysingsverspreiding),

maak ons gebruik van die Silverman-skatter om die bandwydtes van die iteratiewe

MW-kernbandwydteskatters te inisialiseer in ons ondersoek.

Ons voer ’n vergelykende simulasiestudie uit tussen die nuut voorgestelde iteratiewe

MLE-skatters en van die mees akkurate bestaande MW-skatters oor verkeie kunsmatige

en regtewêreld-hoëdimensionelepatroonherkenning-datastelle. Ons illustreer met die

kunsmatige data (gemotiveer deur teoretiese insigte) in watter toestande die verskeie

skatters verkies moet word en ons bewys empiries op regtewêrelddata dat geen skatter

optimaal presteer op alle datastelle nie en dat die optimaledigtheidskatter bepaal word

deur die eienskappe van die onderliggende digtheidsfunksie wat geskat word.

Die nuut voorgestelde MLE-kernbandwydteskatters is ’n nuttige bydrae tot die veld

van patroonherkernning, gegewe dat hierdie skatters optimaal presteer op versekeie

regtewêreld-patroonherkenningdatastelle; die MLE-kernbandwydteskatters lewer dus

twee alternatiewe metodes om kerndigtheidskatting te doen.
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1.1 INTRODUCTION

When data samples are observed in applications of statistics and pattern recognition

a probability density function (PDF) of the observed data is typically estimated to

mathematically describe the model that generated the observations. Important infer-

ences regarding the properties of a set of observations can be made by investigating

the estimated PDF of a dataset, such as: the distribution of the data, modality, scale

variations, anisotropy and so on; this use of PDFs is usually found in statistics for

the purpose of data analysis. PDFs are also used as tools for probabilistic reasoning,

since they predict the likelihoods of observations occurring; this form of probabilistic

reasoning is typically used in pattern recognition to make predictions for new obser-

vations based on previous examples. Probability density estimation is the process of

estimating the PDF of observed data, and thus lies at the heart of data analysis and
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model-based pattern recognition. Scientists have mainly focussed on defining and fit-

ting predefined PDFs to data since the mathematical foundations for probability theory

were laid though the study of games of chance by two scientists named Blaise Pascal

and Pierre de Fermat in 1654 [1]. Since then many parametric distributions have been

proposed as well as measures for goodness of fit to test how well observation fit an

estimated distribution. This form of density estimation is known as parametric density

estimation.

The strict distributional assumptions made in parametric density estimation re-

stricted its use in practical applications, since data observed from real-world (RW)

problems do not always follow a predefined parametric distribution. The first notable

attempt to free discriminant analysis from strict distributional assumptions (where the

distribution is not predefined but rather determined by the data) was made in 1951

by Fix and Hodges [2, 3] with the introduction of the näıve estimator. Kernel density

estimators were formalised by Parzen in 1962 [4], which built on the work of Rosenblatt

[5] and Whittle [6]. Since then, many approaches to non-parametric density estimation

have been developed, most notably: k-nearest-neighbour density estimators [7], vari-

able kernel density estimators [8], projection pursuit density estimators [9, 10], mixture

model density estimators [11, 12, 13] and Bayesian networks [14, 15].

Since KDEs were formalised by Parzen, they have proven themselves to be use-

ful tools for the task of nonparametric density estimation. However, it was not until

the advent of the personal computer and the increase in computing power combined

with the internet, that the collection of very large high-dimensional datasets became

feasible. Scientists are no longer constrained by computing power and storage on com-

puters, but now face the challenge of analysing and modelling massive datasets. The

constraint thus moved from computing power and storage, to the ability of statistical

techniques to function in very high dimensional spaces. The quest for developing sta-

tistical techniques for data analysis and modelling in high dimensional spaces has thus

been initiated.

1.2 PROBLEM STATEMENT

Pattern recognition tasks cover a wide-range of applications and are often structured

as high-dimensional feature sets. In this work, for example, we experiment with pat-

tern recognition tasks in speech recognition, image segmentation, optical handwritten

character recognition, letter recognition and satellite land cover classification, these

tasks have datasets with dimensionalities of 617, 18, 62, 16 and 36 respectively. Since

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University
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conventional density estimation algorithms were developed in the field of statistics,

they were not intended to perform density estimation in the high-dimensional features

spaces often encountered in pattern recognition tasks [3, 16]. Scott [16, Sec 5.2] states,

for example, that kernel density estimation of a full density function is only feasible up

to six dimensions. We therefore define density estimation tasks with dimensionalities

of 10 and higher as high-dimensional.

The behaviour of conventional density estimators on high-dimensional pattern recog-

nition tasks is not fully understood, and has only recently been investigated in the context

of such high-dimensional spaces for the purpose of pattern recognition[17, 18].

Recent advances in maximum-likelihood (ML) kernel density estimation have shown

that KDEs hold much promise for estimating nonparametric density functions in high-

dimensional spaces. Two notable contributions are the Maximum Leave-one-out Likeli-

hood (MLL) KDE of Barnard [17] and the Maximum Likelihood Leave-One-Out (ML-

LOO) estimator of Leiva-Murillo [18]. Both estimators were independently derived

from the ML theoretical framework, the only differences being the simplifying assump-

tions made in their derivations to limit the complexity of the bandwidth optimisation

problem. For both estimators, it was shown that non-parametric kernel density estima-

tion can be performed in high-dimensional spaces with a reasonable degree of success.

The practical implications of the simplifying assumptions made in the derivations

of the MLL and ML-LOO estimators on RW density estimation tasks are, however,

not known since a derivation of a kernel bandwidth estimation technique without these

assumptions does not exist.

1.3 RESEARCH OBJECTIVES

We address two fundamental problems in this work. First, we investigate the per-

formance of conventional statistical density estimators on a number of representative

pattern-recognition tasks, to gain a better understanding of the behaviour of these

estimators in high-dimensional spaces. Second, we derive a kernel bandwidth estima-

tion technique from the ML framework, similar to the approaches followed by Barnard

[17] and Leiva-Murillo and Artés-Rodŕıguez [18]. The derivations of these approaches,

however, contain simplifying assumptions to limit the complexity of the bandwidth

optimisation problem.

In particular, the ML-LOO estimator by Leiva-Murillo and Artés-Rodŕıguez limits

the number of free parameters in the bandwidth optimisation problem by estimating

an identical full-covariance or spherical bandwidth matrix for all kernels. The MLL

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University
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estimator by Barnard assumes that the density function changes slowly throughout

feature space, which limits the complexity of the objective function being optimised.

Specifically, when the kernel bandwidth Hi for data point xi is estimated, it is assumed

that the kernel bandwidths of the remaining N − 1 kernels are equal to Hi. Therefore,

the optimisation of the bandwidth Hi does not require the estimation of the bandwidths

of the remaining N-1 kernels.

The main theoretical objective of this study is to derive an ML kernel bandwidth

estimator without the simplifying assumptions imposed by state-of-the-art ML kernel

bandwidth estimators.

The main empirical objectives of this study are (1) to gain a better understand-

ing of the behaviour of conventional kernel bandwidth estimators (specifically in the

context of high-dimensional feature spaces), and (2) to investigate, on a number of

representative pattern recognition tasks, whether the increased flexibility of a more

general ML kernel bandwidth estimator will yield an improvement in performance over

state-of-the-art ML kernel bandwidth estimators.

1.4 OUTLINE OF THESIS

The remainder of this thesis is structured as follows: Chapter 2 gives an overview

of non-parametric density estimation and in Chapter 3 we discuss the non-intuitive

implications of high-dimensional data. In Chapter 4 we describe the ML framework

for kernel density estimation and we derive the state-of-the art ML kernel bandwidth

estimation algorithms from first principles. We then give the proof of a novel kernel

bandwidth estimation algorithm, derived from the same framework. In Chapter 5 we

investigate the performances of conventional kernel bandwidth estimators on a number

of artificial and RW datasets, and in Chapter 6 we compare the performances of ML

kernel bandwidth estimation algorithms derived in Chapter 4. In Chapter 7 we make

concluding remarks and suggest future work.

ML Kernel Density Estimation in High-dimensional Feature Spaces
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Probability Density Estimation
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2.3.2 Näıve density estimation . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.3 Kernel density estimation . . . . . . . . . . . . . . . . . . . . . . 9

2.3.4 k-nearest-neighbour density estimation . . . . . . . . . . . . . . . 10

2.3.5 Variable kernel density estimation . . . . . . . . . . . . . . . . . 11

2.3.6 Projection pursuit density estimation . . . . . . . . . . . . . . . 12

2.3.7 Mixture model density estimation . . . . . . . . . . . . . . . . . 13

2.3.8 Bayesian networks . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Fitting criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4.1 Goodness-of-fit for known distributions . . . . . . . . . . . . . . 17

2.4.2 Goodness-of-fit for unknown distributions . . . . . . . . . . . . . 18

2.5 Kernel Density Estimation Considerations . . . . . . . . . . . 20

2.5.1 Selecting an appropriate kernel function for kernel density esti-

mation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

5



Chapter Two Probability Density Estimation

2.5.2 Conventional kernel bandwidth estimation approaches . . . . . . 21

2.6 Statistical paired difference testing . . . . . . . . . . . . . . . . 25

2.6.1 Paired-sample t-test . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.6.2 Wilcoxon signed-rank test . . . . . . . . . . . . . . . . . . . . . . 27

2.6.3 Wilcoxon rank-sum test . . . . . . . . . . . . . . . . . . . . . . . 27

2.6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.1 INTRODUCTION

In Chapter 1 we briefly described the difference between parametric and non-parametric

density estimation and pointed out that non-parametric density estimation is required

for most RW applications to free density estimators from distributional assumptions.

This is crucial since the underlying distribution of the data is typically not known in

many RW applications and often does not follow any known parametric distribution.

In this chapter we define non-parametric density estimation more formally in Sec-

tion 2.2, existing approaches to non-parametric density estimation are surveyed in Sec-

tion 2.3, goodness-of-fit criteria are described in Section 2.4, detailed considerations for

KDEs are discussed in Section 2.5, statistical paired difference tests that are relevant

to our work are briefly described in Section 2.6 and we make concluding remarks in

Section 2.7.

2.2 PROBABILITY DENSITY ESTIMATION

The probability distribution of a univariate random variable X with independent and

identically distributed (iid) data samples x1, ..., xN is defined as

P (a < X < b) =

∫ b

a

p(x) dx for all a < b (2.1)

where P (a < X < b) is the probability that a sample, x, from the distribution, X, will

fall within the range [a, b] and p(x) is the PDF of X defined as

p(x) = lim
h→0

1

2h
P (x− h < X < x+ h) (2.2)

where P (x− h < X < x+ h) can be estimated by the proportion of samples falling

within the interval [x− h, x+ h].

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University
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The probability distribution of a D-dimensional multivariate random variable X

with iid data samples x1, ...,xN is defined as

P (a1 < x1 < b1, ..., aD < xD < bD) =
∫ bD
aD
· · ·
∫ aD
a1

p(x1, ..., xD) dx1...dxD for all ai < bi

(2.3)

where P (a < X < b) is the probability that a sample, x = [x1, ...,xD], from the distri-

bution, X, will fall within the range [a, b] and p(x) is the joint PDF of X

p(x) = p(x1, ..., xD) = lim
h→0

1

2h
P (x1 − h < X1 < x1 + h, ..., xD − h < XD < xD + h)

(2.4)

where P (x1 − h < X1 < x1 + h, ..., xD − h < XD < xD + h) can be estimated by the

proportion of samples that fall within the intervals specified for the D variables.

Probability density estimation is thus the process of estimating the unknown prob-

ability density function p(x), from a set of observed data samples X. If the parametric

form of p(x) is specified, the estimation process is known as parametric density esti-

mation and if the parametric form of p(x) is not specified, the estimation process is

known as non-parametric density estimation.

Parametric density estimation is thus the process of estimating parameters required

to fit a known parametric distribution to a set of data points. For example, if we assume

that the observed dataset, X, was sampled from a univariate Gaussian distribution,

the mean and standard deviation of the data must be estimated. These two quantities

will provide a complete parametric description of the estimated univariate Gaussian

distribution p(X). Similarly, other parametric distributions can be fitted to an observed

set of data points. One caveat, however, is that the parametric form of the distribution

must be known prior to estimating the parameters of the distribution.

If a multivariate dataset X consists of only a few variables, the distribution of the

data may be visualised in order to select an appropriate parametric distribution to fit

to the data. When visualisation is not feasible, certain test are available to test how

well the data fits a specified parametric distribution, e.g. the Kolomogorov-Smirnov

test for multivariate normality [19]. This framework, however, limits the parametric

form of the distribution fitted to the universe of known parametric forms. There are

some cases when parametric density estimation is advantageous, e.g. when very few

data samples are available and the parametric form of the distribution is known, then

a good estimate of the parametric distribution can be obtained with very few data

points, since only the parameters of the parametric distribution need to be estimated

and not the shape of the distribution as well.

Non-parametric density estimation, on the other hand, does not require that the

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University
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parametric form of distribution be defined prior to density estimation. The density

estimator is thus freed from distributional assumptions, with one major caveat: the

distribution must be learned from the data. Thus, a sufficient number of representative

data points are required in order to the estimate the true underlying distribution of

the data accurately. The number of data points typically required to give a represen-

tative representation of the true distribution increases significantly with an increase in

dimensionality of the feature space. We will give a detailed discussion of the implica-

tions of high-dimensional data in the next chapter. In the next section, we give a brief

summary of the most widely used non-parametric density estimators in practice.

2.3 NON-PARAMETRIC PROBABILITY DENSITY

ESTIMATION

The earliest approach to non-parametric density estimation is based on grouping data

into bins, and counting the frequency of data points in each bin. This approach is

known as the histogram approach and dates back to the 17th century [16]. The esti-

mation of a histogram was formalised by Sturges in 1926 [20], and since then several

refinements have been made to the histogram approach (such as frequency polygons

[21] and average shifted histograms [22]) and a number of more advanced approaches to

non-parametric density estimation have been developed. We will give a brief survey of

these approaches in the remainder of this section. The textbook by Silverman [3] and

tutorial by Scott [16] provides a more comprehensive survey of non-parametric density

estimation techniques.

2.3.1 HISTOGRAMS

Histograms estimate the PDF of a D-dimensional dataset, X, by partitioning the

feature space into a pre-defined number of bins, K, and counting the number of data

samples that fall within each bin. The density of a data point xi falling into bin k is

p̂(xi) =
nk∑K

j=1 njvolj
(2.5)

where nk is the number of data points grouped into bin k and volj is the volume of

the jth bin. If the D-dimensional feature space is divided into equally sized bins (with

bin width h), volj will be hD for all j. Note that the denominator is a normalisation

factor that ensures that the density integrates to 1.

Rules to determine the appropriate bin width have been derived, such as the rules

by Sturges [20] and Scott [16]. The unknown distribution (which we are trying to
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estimate) is typically required in the derivations of these rules, and therefore these

rules typically assume that the distribution is Gaussian, in order to derive practically

useful rules.

The main drawback of histograms is that they are typically not feasible in high-

dimensional spaces, since the number of bins increases exponentially with the number

of dimensions, which creates numerous empty bins in high-dimensional spaces that will

give probability density values of 0. For example, if each dimension is divided into

10 bins, then in 10 dimensions there will be 1010 bins, which implies that at least ten

billion data points will be required to place a single data point in each bin.

2.3.2 NAÏVE DENSITY ESTIMATION

The näıve estimator was proposed by Fix and Hodges in 1951 [2] to free discriminant

analysis from strict distributional assumptions. The näıve estimator places a rectangu-

lar region with width 2h and height 1/2Nh over each data point, where h is a bin width

selected by the user, and N is the number of data points. The density of any data

point x, is then estimated by summing the contributions 1/(2nh) of all the rectangular

regions within which the data point falls. The density estimate is defined as

p̂(x) =
1

N

N∑
i=1

1

h
w

(
x− xi
h

)
(2.6)

where

w(x) =

{
1/2 if |x| < 1

0 otherwise
(2.7)

This approach is similar to the histogram approach where a bin centre is placed over

each data point, and eliminates the need for the user to select appropriate bin positions.

The näıve estimator, however, has three major drawbacks: (1) the estimated PDF is

not continuous (since rectangular regions are summed), (2) if we want to obtain the

density of an unseen test point, the data point may fall outside all of the rectangular

regions fitted over the training points, which will give a probability density value of 0,

and (3) the bin width, h, must be specified.

2.3.3 KERNEL DENSITY ESTIMATION

The KDE was proposed in 1958 by Ronsenblat [5] to overcome the non-continuous

nature of the probability density estimate produced by the näıve estimator, by re-

placing the rectangular weight function in the näıve estimator with a kernel function.

The kernel estimator thus centres a kernel function over each data point and sums
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the contributions of the kernels to estimate the density of a data point x. If the ker-

nel function is non-negative and is a PDF itself, the estimated PDF will inherit the

smoothness properties (continuity and differentiability) of the kernel function and will

also be PDF [3, Sec. 2.4]

More formally, a KDE estimates the density function of a D-dimensional dataset

X, sampled iid from an unknown PDF, p(x), with the sum

p̂(x) =
1

N

N∑
i=1

KH (xi,x) (2.8)

where KH (·) is the kernel function with bandwidth matrix H, x is the data point for

which a density is estimated and xi is the kernel centred at data point i in the training

set.

If the kernel function satisfies∫ ∞
−∞

KH (xi,x) dx = 1 (2.9)

and

KH (xi,x) ≥ 0 for all xi and x (2.10)

the density estimate in Eq. 2.8 will be a PDF, and will inherit the smoothness prop-

erties of the kernel function.

Since the bandwidth matrix H is fixed across all kernels, kernel estimators are not

able to model data accurately with variable scale. For example, if data points are dense

in one region of the feature space, and sparse in another region, the estimator will over

smooth in the dense region and under smooth in the sparse region. This typically

leads to under smoothing of densities in the tails, since data points in the tails are

typically very sparse [3, Sec. 2.4]. Variable kernel estimators attempt to address this

shortcoming by adapting the bandwidth of an estimator throughout the feature space,

and will be discussed later in this section.

2.3.4 K-NEAREST-NEIGHBOUR DENSITY ESTIMATION

The k-nearest-neighbour estimator adapts the density estimate throughout feature

space based on local variations in scale, and was proposed by Loftsgaarden [7] in 1965.

The estimated density of a data point x is adapted based on the volume of feature

space required around point x to capture the k-nearest neighbour. More formally, the

density is defined as

p̂(x) =
k/N

volk(x)
(2.11)
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where k is the pre-defined number of nearest-neighbours, N is the total number of

data points in the D-dimensional training dataset X and volk(x) is the volume of the

D-dimensional sphere with radius equal to the Euclidean distance from x to its kth

nearest neighbour; this volume is defined as

volk(x) = cd[dk(x)]D (2.12)

where dk(x) is the distance between x and its kth nearest neighbour and cd is the

volume of the D-dimensional unit sphere.

The k-nearest neighbour density estimate is not a smooth curve because of discon-

tinuities in the derivative of dk(x), and the estimate is not a PDF since it does not

integrate to one [3, Sec. 2.5].

2.3.5 VARIABLE KERNEL DENSITY ESTIMATION

Another approach that adapts the density estimate based on local scale variations in

feature space is the variable kernel method introduced by Breiman [8, 23] in 1977. The

variable kernel method is similar to the kernel method, except that the bandwidths of

kernels are unique (as opposed to having an identical kernel matrix for all kernels).

More formally, variable kernel estimators are defined as

p̂(x) =
1

N

N∑
i=1

Khik (xi,x) (2.13)

where hik = hdk(x) is the bandwidth matrix for kernel i, that is adapted based on the

global smoothing parameter h and the distance to the kth nearest neighbour dk(x).

The variable kernel estimator thus adapts the degree of smoothing based on local

scale, inherits the smoothness properties (continuity and differentiability) of the se-

lected kernel function (as opposed to the k-nearest-neighbour method), and does not

suffer from zero likelihood scores if an unbounded kernel such as the Gaussian kernel is

selected (as opposed to the näıve estimator). Similar to the standard kernel estimator,

a smoothing parameter h must be provided by the user, the smoothing parameter is

then scaled for each kernel with the distance to the kth nearest neighbour dk(x). This

variable kernel density estimator thus still requires the choice of h and k as design

parameters.

Note that the kernel function K is radially symmetric, i.e. the same bandwidth

is estimated per data point across all D dimensions. Consequently, the same scaling

is used in all dimensions. This formulation thus generally works best if the data

is whitened as a pre-processing step to account for the variation in scale between
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dimensions. The variable kernel estimator this accounts for scale variations within

features but not for scale variations between features. For example, if a certain part of

the feature space x = [x1, x2] has low density around x1 and high density around x2

(after the data have been whitened), then these variations in scale across dimensions

will not be captured.

Numerous approaches to bandwidth estimation for kernel density estimation have

been proposed since the introduction of the variable kernel density estimator. These

approaches have been derived from various optimisation criteria, and make different

assumptions in the derivation of the bandwidth estimation objective function. We will

elaborate on these approaches in Section 2.5.

2.3.6 PROJECTION PURSUIT DENSITY ESTIMATION

Projection pursuit density estimators (PPDE) [9, 10] estimate the PDF of multivariate

data as the product of univariate PDFs. Univariate PDFs (usually estimated with

KDEs) are constructed from the ”most interesting” orthogonal projections of the fea-

ture space, which are typically defined to be the most ”non-normal” projections. An

iterative approach is followed where the estimated multivariate PDF is updated with

each iteration until a pre-defined stopping criterion is reached. The estimated density

of a multivariate data point x is defined as

pM(x) = p0(x)
M∏
m=1

fm (θm · x) (2.14)

where pM is the density estimate after M iterations of the algorithm, p0 is the initial

density function which must be specified (typically a Gaussian distribution with sample

mean and sample covariance), θm is a unit vector specifying the direction of interest

and fm is a univariate density function (typically estimated with a KDE).

PPDEs thus overcome the curse of dimensionality (described in Section 3.3) by

restricting PDE to the univariate case and extending these estimates to higher di-

mensions. The main drawback of PPDEs is that the algorithm estimates a density

function in the ”most interesting” projected space. The PDF is thus not estimated in

the original feature space, which is a requirement in certain applications.
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2.3.7 MIXTURE MODEL DENSITY ESTIMATION

Mixture models estimate the PDF of observed data as a weighted sum of a specified

parametric distribution

p̂(xi) =
M∑
j=1

wj p̂j(xi|θj) (2.15)

where M is the number of mixtures, p̂j is the jth mixture component with estimated

parameters θj, and xi is the data point for which the density is estimated.

Mixture models may thus be regarded as parametric estimators (on the one extreme)

if the number of mixtures are specified apriori, and may be regarded as non-parametric

estimators (on the other extreme) if the number of mixtures are automatically selected

with a data-driven approach. When a Gaussian distribution is used as the paramet-

ric for of each mixture, the expectation maximisation (EM) algorithm [11, 12, 13] is

typically used to estimate the mixture parameters θj, namely the mean and covariance

matrix of each mixture. Kernel density estimators may also be regarded as a special

case of mixture models, since each kernel centred on a data point can be regarded as

a mixture, and each data point may be regarded as the centre of a mixture.

Mixture models, specifically Gaussian mixture models (GMMs), have been used

with great success in practice, but suffer from two drawbacks. When the EM algo-

rithm is used to estimate the mean and covariance of the various mixtures, there are

specific cases where the covariance matrix is near singular i.e. may have at least one

eigenvalue very close to zero. The second difficulty with mixture models is the selection

of the appropriate number of mixture components. Various approaches, e.g. mixture

splitting [24] and merging kernels into mixtures [25], have been proposed. However,

these approaches still contain design parameters that must be set by the user to deter-

mine the degree of splitting or merging. The other alternative, often used in practice,

is to specify the number of mixtures for the EM algorithm, and then iterate through a

number of mixture components. Cross-validation (CV) can then be used to determine

the optimal number of mixtures (based on the optimal performance, e.g. error rate

for classification tasks or entropy for density estimation tasks). This approach is often

used in classification tasks to select the number of mixtures of class-conditional density

functions that optimises classification performance [26]. This approach is, however,

computationally expensive (especially in light of the local minima that requires several

random initialisations to be performed) and the user must still specify the range from

which the optimal number of mixtures is selected.

Bayesian mixture models define the mixture weights and model parameters of a
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mixture model as random variables and assign prior distributions over these random

variables. Parametric Bayesian mixture models assign a parametric prior distribution

to the mixture weights and parameters, while non-parametric Bayesian mixture mod-

els use stochastic processes (such as the Dirichlet Process (DP) which is an infinite

sequence of probability distributions) to obtain non-parametric prior distributions for

the mixture model parameters [27]. Note that the reference to parametric and non-

parametric in the Bayesian context refers to the nature of the priors; the estimates of

the probability distributions for both the parametric Bayes and non-parametric Bayes

mixture models are non-parametric.

DPs are infinite sequences of discrete random variables or can be regarded as in-

finite sequence of discrete probability distributions. DPs provide a way to place non-

parametric priors on mixture model parameters (thus freeing the user from selecting a

parametric prior). DPs also have the additional advantage of providing an alternative

to model selection for selecting the optimal number of mixtures for a mixture model

by assuming an infinite number of mixtures. For finite datasets, however, the number

of mixtures is finite and increases as the number of samples in the dataset increases.

A DP mixture model is constructed by repeatedly drawing a discrete distribution,

G, from a DP, DP (α,G0), with scaling parameter α (that controls the degree of vari-

ability of the drawn distributions, G, from the base distribution, G0, where the base

distribution is an arbitrary distribution that must be specified. The base distribu-

tion can be either continuous or discrete, but the distributions drawn from a DP will

always be discrete. Parameters, ηn, are drawn from G and samples are drawn from

distributions conditions on these parameters, p(·|ηn). If we repeatedly draw from DP,

the parameters ηn will cluster into log(n)clusters on average, owing to the fact that the

draw from a DP will always be discrete, which will result in repeated values if enough

draws are performed. On average log(n) distinct parameter values will exist (due to

the clustering nature of DPs), and if we draw samples from distributions conditioned

on these parameters, there will be on average log(n) mixtures.

The mixture model parameters can be obtained by inferring the posterior distri-

butions of the mixture weights and parameters through either sampling methods or

approximate variational inference methods. Approximate variational inference meth-

ods, such as mean-field variational inference [28], are preferred in high-dimensional fea-

ture spaces since they provide fast deterministic approximations, while Markov chain

Monte Carlo approaches such as Gibbs sampling are more accurate but may become too

computationally expensive in high-dimensional feature spaces to be useful in practice.

Since DP mixture models assume an infinite number of mixtures, they are also
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referred to as infinite mixture models. However, for a finite dataset the number of

mixtures will be finite owing to the clustering properties of the parameters drawn from

discrete distributions drawn from a DP. Infinite mixture models were introduced by

Rasmussen [29], who assumed multivariate Gaussian densities for the mixture compo-

nents; these mixture models were called infinite GMMs. Rasmussen showed that DPs

can provide an alternative to selecting the optimal number of mixtures by allowing an

infinite number of mixtures. Rasmussen also introduced a sampling strategy (based on

Gibbs sampling) to estimate the posterior mixture parameters of an infinite GMM.

In some applications where data is divided into groups, the sharing of mixtures

between groups of data is required. DP mixture models have been extended to share

mixture models between groups by defining a hierarchical DP, DP (α,H) from which

a shared base distribution, G0, is drawn [27]. For each of the J groups of data a base

distribution, Gj, is drawn from the DP, DP (α0, G0), that is conditioned on the shared

base distribution G0; thus G0 becomes the base distribution of the DP from which the

base distribution, Gj, for each group is drawn, and α0 controls the degree to which the

base distributions for the groups varies from the shared base distribution. Similar to

the standard DP, parameters are drawn from Gj for each of the J groups and samples

are drawn from distributions conditioned on these parameters. The hierarchical DP

thus serves as a prior distribution for the parameters drawn from Gj for each group and

ensures that parameters (on which the data distributions are conditioned) are shared

across groups, which results in shared mixtures across groups.

The sharing of mixtures across groups is very useful in applications such as topic

modelling, where each document in a corpus can be regarded as a group, words in a

document can be regarded as data points, a topic (which consists of a collection of

words) can be regarded as a mixture and a document comprises a number of topics

(or mixtures). Since the same topic (or mixture) can occur in numerous documents

(or groups), the sharing of mixtures between groups is required. Hierarchical DPs thus

allow for documents to be described as a mixture of topics, where the topics can be

shared across documents in a corpus.

2.3.8 BAYESIAN NETWORKS

The joint PDF of a dataset may be expressed as the product of conditional density

functions (based on the chain rule), in the following manner:

p(x1, ...,xD) = p(xD|x1, ...,xD−1)p(xD−1|x1, ...,xD−2)...p(x2|x1)p(x1) (2.16)

where D is the number of variables in the feature space.
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Bayesian networks attempt to simplify the conditional density functions in the

factorisation of the joint PDF, by eliminating the modelling of some conditional de-

pendencies between variables, e.g.

p(xD|x1, ...,xD−1) = p(xD|x1,x3) (2.17)

Bayesian networks are typically represented graphically, where each node in a graph

represents a variable, and the directional links between nodes represent conditional

relationships between variables [14, 15]. Bayesian networks are thus visually appealing,

since they give a graphical representation of a joint PDF and they explicitly indicate

the conditional dependencies between variables.

Bayesian networks do, however, suffer from a significant drawback. The number

of possible network configurations explodes exponentially as the number of variables

increase. This limits their use in practice on high-dimensional data if the structure of

the network is not known and must be learnt from data [30], since there will typically

not be enough data to learn the optimal network topology in very high dimensions.

If domain experts, however, specify the network structure (which includes the condi-

tional dependencies between variables), this drawback may be circumvented; but this

is typically a very time consuming process and may then be regarded as more of an

expert system than a non-parametric density estimator of data.

2.4 FITTING CRITERION

There are broadly two approaches to measure how well a density estimator estimates the

underlying PDF of a dataset, namely goodness-of-fit for known distributions (where the

true PDF of the data is known or assumed) and goodness-of-fit measures for unknown

distributions (where the true PDF of the data is not known or assumed).

Goodness-of-fit measures for known distributions are typically based on least-

squares approaches that attempt to minimise the squared distance between the PDF

estimated from a dataset and the true underlying PDF from which data were sampled.

These measures include the mean-squared error (MSE), mean integrated squared error

(MISE) and the asymptotic mean integrated squared error (AMISE). These measures

work well for artificial data where data is sampled from a known distribution, but

for RW data either a parametric form must be assumed for the distribution (called a

reference distribution) or a pilot density must be constructed to get an initial PDF.

To estimate the pilot density, however, comes down to the same initial problem of

bandwidth estimation. Least-squares measures are very useful in deriving bandwidth
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estimation algorithms for kernel density estimation, since these measures can be used

as an objective function to minimise with respect to the bandwidths. We will discuss

kernel bandwidth estimation approaches based on these measures in Section 2.5.

Goodness-of-fit measures for unknown distributions are typically based on ML ap-

proaches that attempt to maximise the product of the likelihood of each data point

belonging to the estimated distribution (without knowing or assuming the true PDF

of the data). The main drawback of the ML formulation is that there is a non-valid

trivial solution at 0 for kernel bandwidth estimators, since the likelihood score of a

data point falling directly onto a kernel centre with zero bandwidth will be infinite.

We will show in Chapter 4 that this problem can be circumvented by making use of a

leave-one-out (LOUT) ML estimation. Measures based on the likelihood score include

the log-likelihood and entropy measures. Likelihood measures are also very useful for

deriving kernel bandwidth estimators, since the LOUT ML measure can be used as an

objective function to optimise with respect to the kernel bandwidths. We will discuss

kernel bandwidth estimation approaches based on the ML measure in Section 2.5.

2.4.1 GOODNESS-OF-FIT FOR KNOWN DISTRIBUTIONS

The MSE measures the performance of an estimator by calculating the squared dif-

ference between the likelihood scores of a known distribution, p(x), and an estimated

distribution, p̂(x), at a specified location x. The mean of these differences is then

calculated to estimate the MSE. More formally, the MSE is defined as

MSEx = E [p̂(x)− p(x)]2 (2.18)

where E [·] is the expected value operator, p(x) is the known PDF of the data assumed

to be square integral and p̂(x) is the estimated PDF of the data.

The MISE calculates how well the entire curve p̂(x) estimates p(x) and is calculated

as the expected value of the integrated squared distance between p(x) and p̂(x) over

all values of x. More formally, the MISE is defined as

MISE = E

∫
[p̂(x)− p(x)]2 dx (2.19)

Note that since the integrant is non-negative the order of integration and the ex-

pectation operator can be reversed, and makes the MISE equivalent to the integrated

MSE.

The MISE term can be expressed in an alternative form as the sum of an integrated

squared bias and an integrated variance term [3, Sec. 3.3]. If we assume that p̂(x)is
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estimated with a kernel estimator, and that the kernel bandwidth h tends to 0 and

the number of data points N tend to infinity, the bias and variance terms can be

approximated with a Taylor series and results in

AMISE =
1

4
h4
(∫

t2K(t)dt

)∫
p′′(x)2dx+

1

Nh

∫
K(t)2dt (2.20)

where h is the kernel bandwidth, K(t) is a symmetric kernel that integrates to 1 and

p′′(x) is the second derivative of the unknown density. The optimal bandwidth can

thus be calculated by taking the derivative of the AMISE expression with respect to

the bandwidth. Unfortunately the optimal bandwidth is also a function of the unknown

density p(x). The Silverman rule-of-thumb estimator derives a practically useful so-

lution for the optimal bandwidth by substituting the unknown density, p(x), with a

standard normal distribution. The Maximal Smoothing Principle (MSP) bandwidth

estimator is also derived from the AMISE. We will describe these estimators in more

detail in Section 2.5.

2.4.2 GOODNESS-OF-FIT FOR UNKNOWN DISTRIBUTIONS

The task of estimating the goodness-of-fit of an estimated distribution, without know-

ing the true distribution from which the data was sampled is more challenging, since

there is no reference distribution against which to compare the estimated distribution.

The ML approach uses the product of the likelihood of each data point belonging to

the estimated distribution (without knowing or assuming the true PDF of the data) as

a measure for goodness of fit. More formally, the ML score of an estimated distribution

p̂(x) for a D-dimensional dataset X with N iid samples, can be expressed as

L(X) =
N∏
i=1

p̂(xi) (2.21)

We will show in Section 4.2 that the ML measure is analogous to the log-likelihood

measure and that minimising entropy is equivalent to maximising the log-likelihood.

We will also show in Section 4.3 how the likelihood measure can be restated in terms

of the LOUT log-likelihood function to prevent the trivial solution, where h=0, that

maximizes the likelihood function when p(x) is estimated with the kernel estimator.

Alternative measures for goodness-of-fit for an unknown density function are the

Bayesian Information Criterion (BIC), the Akaike Information Criterion (AIC) and

Minimum Description Length (MDL). The BIC and AIC measures are also based on

measuring the likelihood of observations, and penalise likelihood scores based on the
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number of free parameters optimised in the estimator and the number of data points

used in the estimate. The BIC measure is defined as

BIC = −2 ln (L (X)) + k ln (N) (2.22)

where L (X) is the likelihood score as estimated in Eq. 2.21, k is the number of free

parameters used in the estimation of p̂(x) and N is the number of data points used in

the estimation.

Similarly, the AIC measure is defined as

AIC = 2k − 2 ln (L (X)) . (2.23)

The AIC measure thus only penalises the model based on the number of free parameters

and does not penalise the model for the number of data points used in the estimator.

The MDL criterion attempts to find a trade-off between the likelihood of data given

a model and the model complexity. The MDL criterion selects the optimal model

describing a dataset, X, as the model that minimises the description length [31]

DL(X, θ) = DL(X|θ) +DL(θ), (2.24)

where DL(X|θ) is the description length of the data, X, given the model with param-

eters, θ, and DL(θ) is the description length of the model parameters.

If the model is assumed to be a PDF, p(x), the description length of the data given

p(x), can be calculated with

DL(X|θ) = −
N∑
i=1

log [p(xi)] , (2.25)

since the optimal code assigns a code length of log [p(x)] according to Shannon’s noise-

less coding theorem [32]. Note that this description length is equivalent to sample

entropy and the ML score and does not consider the model complexity.

The description length of the model, DL(θ), depends on the K parameters used

to describe the model and on the quantisation of the K model parameters to a finite

precision (if the parameters are continuous). Risannen [31] first introduced the MDL

criterion and derived an ML approximation for the description length of the model

that selects the optimal quantisation precision (assuming the model is a PDF p(x|θ));
this approximation is given by

DL(θ) = K log ‖θ‖M(θ) + log [C(K)] , (2.26)
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where K is the number of model parameters, θ is the parameter vector of length

K, M(θ) is the K × K matrix of the second derivatives of − log [p(x|θ)], ‖θ‖M(θ) =√
θ′M(θ)θ and C(K) is the volume of the K-dimensional unit hypersphere.

We note that a similar penalisation of model complexity is performed by making use

of CV to measure performance. CV measures implicitly penalise models for overfitting,

since the respective test points are left out of the estimation process and will have lower

likelihood scores if the estimator overfits on the training data. For our experiments in

Chapters 5 and 6 we will make use of entropy to measure the performance of kernel

bandwidth estimators. This is equivalent to measuring the log-likelihood scores of the

estimators (which will be shown in Section 4.2). We will make use of either CV or

an independent test set to measure likelihood scores, which will implicitly penalise

estimators for overfitting. CV and test set entropy thus gives a good measure of

generalisation performance, since the data points used to obtain likelihood scores for

the entropy calculation are not used in the the density estimate.

2.5 KERNEL DENSITY ESTIMATION

CONSIDERATIONS

We have given a brief survey of the most notable approaches to non-parametric density

estimation, during which we discussed the advantages and shortcomings of the various

approaches. Specifically, we highlighted the theoretical and practical advantages of

the kernel and variable kernel density estimators. We will discuss kernel bandwidth

estimators in more detail in this section.

2.5.1 SELECTING AN APPROPRIATE KERNEL FUNCTION FOR

KERNEL DENSITY ESTIMATION

The selection of the appropriate kernel function has both theoretical and practical

considerations. In theory, the Epanechnikov kernel is optimal in an AMISE sense,

since it has been derived by minimising the optimal AMISE with respect to the kernel

function [33]. The efficiency of the Epanechnikov kernel have been compared to other

symmetrical kernels (with respect to the MISE), and it has been shown in [3, Sec. 3.3]

that the relative efficiencies of the Gaussian, Biweight, Triangular and Rectangular

kernels do not differ significantly. Since the PDF produced by the kernel estimator will

inherit the smoothness properties of the selected kernel, the choice of kernel should

rather be based on mathematical properties (such as continuity and differentiability)
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and practical considerations (such as not obtaining zero likelihood values for test data

points that fall outside the region of training data points).

In practice, the Epanechnikov kernel has one significant shortcoming: it has a

bounded tail. More specifically, an Epanechnikov kernel will only produce non-zero

likelihood scores for values that fall within a distance of
√

5 from the kernel centre.

In practice, this might lead to zero likelihood scores for test data points that do not

fall within the radius covered by the Epanechnikov kernel of any training point, this

will in turn lead to an infinite test entropy score. The Gaussian kernel, on the other

hand is not bounded (thus zero likelihood scores will never occur for test points) and

has an efficiency of 0.9512 relative to the efficiency of the Epanechnikov kernel (with

respect to the MISE). The Gaussian kernel has another practical advantage over the

Epanechnikov kernel, namely that the number of modes is monotonically non-increasing

as the kernel bandwidth increases [16, Sec. 3.2].

Once an appropriate kernel function has been selected, selection of appropriate

kernel bandwidths must be performed. We will discuss conventional approaches to

kernel bandwidth estimation in more detail in the next section.

2.5.2 CONVENTIONAL KERNEL BANDWIDTH ESTIMATION

APPROACHES

Kernel bandwidth estimation procedures are typically derived by optimising an ob-

jective function (that measures how well the data fits an estimated distribution) with

respect to the kernel bandwidths. We have given a brief survey of the three most

notable measures for goodness-of-fit that can be used as objective functions to opti-

mise with respect to kernel bandwidths, namely the MSE, MISE and AMISE. In this

section we will show how conventional kernel bandwidth estimators are derived from

these measures.

Conventional approaches to kernel bandwidth estimation can be broadly categorised

into rule-of-thumb, CV and plug-in approaches. Rule-of-thumb estimators are typi-

cally derived from the AMISE, and when certain assumptions are made regarding the

unknown density function, analytical expressions can be derived for bandwidth esti-

mation. The Silverman rule-of-thumb and MSP estimators assume a normal reference

distribution, and fall into this category. CV approaches are typically based on either

least-squares CV (LSCV) or ML CV. Least-squares approaches optimise the integrated

squared error (ISE), and make use of a LOUT estimate in the approximation of the ISE

between the true and estimated distribution. The LSCV estimator falls into this cate-

gory. ML CV approaches are based on optimising the ML objective function. LOUT
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CV is used to prevent the trivial solution to the optimisation of the ML bandwidth,

where the bandwidth is 0 and the ML score is infinite. The likelihood cross-validation

(LCV) and local LCV methods fall into this category. Plug-in methods attempt to find a

closed-form solution for the optimisation of the AMISE with respect to the bandwidth.

Similar to rule-of-thumb approaches, calculation of the optimal bandwidth requires the

unknown distribution. Thus, instead of assuming a reference distribution for the un-

known density, a pilot estimate of the unknown density is calculated. The pilot density,

unfortunately, also requires the estimation of a bandwidth. The Hall Sheather Jones

Marron (HSJM) estimator estimates the unknown functionals of f that are required in

the calculation of the pilot bandwidth with a kernel estimator that makes use of normal

rule-of-thumb bandwidths. This results in a closed form analytical expression for the

optimal bandwidth. We will now give a more formal description of these estimators.

To reflect conventional notation for a continuous distribution we will use f to denote

the unknown distribution to be estimated, and f̂ to denote the estimate of f .

2.5.2.1 RULES OF THUMB

The Silverman rule-of-thumb kernel bandwidth estimator optimises the AMISE with

respect to the kernel bandwidth. The optimal bandwidth hSilv can be derived from the

AMISE by differentiating with respect to h and calculating the root of the derivative.

This results in an expression for the optimal bandwidth that relies on the unknown

distribution. It has been shown in [3, Sec. 3.4] that if the unknown distribution is

assumed to be Gaussian and a Gaussian kernel is selected, then optimal bandwidth for

the univariate case results in

hSilv = 1.06σ̂N−
1
5 (2.27)

where σ̂2 is the sample variance and N is the number of samples. To extend this

rule to the multivariate case, the bandwidth can be estimated for each dimension

independently.

The MSP kernel bandwidth estimator is derived in a similar fashion, but instead of

assuming a Gaussian distribution for the unknown density function, a density f that

minimises R(f ′′) is assumed, where

R(f ′′) =

∫
(f(x)′′)

2
(2.28)

This will yield the upper bound of the optimal AMISE bandwidth [34] which gives

the maximal smoothing compatible with the scale of the density estimate [35]. It has

been shown [23] that the beta distribution minimises R(f ′′)if the variance is used as
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scale parameter. If a Gaussian kernel is assumed, the bandwidth that maximizes the

smoothing of the density estimate for a given scale, can be expressed as

hMSP = 1.144σ̂N−
1
5 (2.29)

We see in Eq. 2.27 and Eq. 2.29 that the estimated kernel bandwidths for Silverman

and the MSP only differ by a factor of 1.08.

Jones, Marron and Sheather [36][34, Sec. 4a][35, Sec. 3.1] have studied the band-

width estimate in Eq. 2.27 and have found that in the multivariate case, the Silverman

estimate typically over smoothes the density estimate. We thus expect these band-

width estimates to be slightly larger than the ideal bandwidth for high-dimensional

data.

The MSP also over smoothes the density estimate since it has been designed to

maximize the smoothing of a density estimate for a given scale. It has, however,

been suggested by [23][34, Sec. 4a] that over smoothing does not force structure on

the data, and forces us to rather find structure by further refining the bandwidths.

These bandwidth estimates may thus be useful for the purpose of initialising iterative

bandwidth estimation algorithms that will refine the initial bandwidth estimates.

2.5.2.2 CROSS-VALIDATION METHODS

LSCV procedures attempt to minimise the ISE. By using a method of moments estimate

[37] the LSCV objective function is estimated as

LSCV (h) =

∫ (
f̂h(y)

)2
dy − 2

N∑
i=1

f̂−i,h(xi), (2.30)

where f̂−i,h(x) denotes the LOUT kernel density estimate with bandwidth h for data

point y, when data point xi is left out.

Eq. 2.30 shows that the objective function will require an iterative optimisation

procedure and the selection of an initial bandwidth in to estimate the optimal LSCV

bandwidth denoted by hLSCV . We note that in practice the optimization problem

becomes ill conditioned and practically infeasible if a unique bandwidth is estimated

for each kernel, thus an identical bandwidth is typically estimate for all kernels.

For the multivariate case scaling of the features is performed by normalising features

with their respective standard deviations. Bandwidths are estimated on the scaled

data, and are re-scaled for the respective features after they have been determined.

This approach results in a unique bandwidth for each feature.
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The LSCV suffers from sample variability, thus the variability in bandwidths are

high for different samples sampled from the same distribution [34, Sec. 4a]; the LSCV

approach also suffers from local minima, which makes the performance of optimisation

procedures that are susceptible to local minima, such as the Newton-Rhapson method,

sub-optimal.

The uniform LCV estimator attempts to maximize the LOUT ML criteria (which

we will define more formally in Chapter 4). Since the maximisation of the ML criteria

has a trivial solution at h = 0, LOUT CV is employed to prevent this degenerate

solution. The LOUT ML objective function is defined as

LCV (h) =
1

N

N∑
i=1

log
(
f̂−i,h(xi)

)
. (2.31)

If a single bandwidth is estimated to optimise Eq. 2.31 the procedure is known as

uniform LCV. The optimal uniform LCV bandwidth, denoted by hCV , is thus the

bandwidth that minimises the objective function in Eq. 2.31. Similar to the LSCV, a

single bandwidth is employed everywhere, and the estimation of unique bandwidths for

each kernel tend to make the optimisation problem ill-conditioned and practically in-

feasible. This approach also requires the estimation of an initial bandwidth to initialise

the optimisation procedure, similar to the LSCV estimator.

The local LCV estimator makes the estimation of a unique bandwidth for each

kernel practically feasible by circumventing the optimisation of numerous bandwidths

simultaneously. The uniform LCV bandwidth for each kernel is adapted locally by

scaling each bandwidth with the distance to its nearest-neighbour.

2.5.2.3 PLUG-IN METHODS

Plugin methods attempt to find a closed-form solution for the optimisation of the

AMISE with respect to the bandwidth. Similar to rule-of-thumb approaches, calcula-

tion of the optimal bandwidth requires the unknown distribution f . Thus, instead of

assuming a reference distribution for the unknown density, a pilot density is estimated

to obtain an estimate for R(f ′′) given in Eq. 2.28. If the pilot density is estimated

with a kernel estimator, a kernel bandwidth is required, and for the HSJM plug-in rule

it has been shown [38] that the pilot bandwidth, g, can be written as a function of the

bandwidth, h, being estimated as

g(h) = C(K)

[
R(f ′′)

R(f ′′′)

] 1
7

h
5
7 . (2.32)
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where the constant C(K) is determined by the kernel type, K(t) , and is given by

C(K) =

[∫
t2K(t)dt

] 2
5
(∫

K(t)2dt

) 4
5

. (2.33)

If the unknown functionals of f in Eq. 2.32 are solved with a kernel estimator that

makes use of normal rule-of-thumb kernel bandwidths, the following expression is ob-

tained

h =

[
R(K)(∫

x2K(x)dx
)2
R(f̂

′′
g(h))

] 1
5

N−
1
5 , (2.34)

where R(K) is given in Eq. 2.28, K(·) is the kernel function and f̂
′′

g(h) is the pilot kernel

density estimate with bandwidth g(h) given in Eq. 2.32.

Eq. 2.34 shows that the only variable to be solved is the bandwidth h and that h

occurs on both sides of the equation owing to the dependence of the pilot bandwidth

on h. To solve for the optimal value of h, denoted as hHSJM , the objective function in

Eq. 2.34 must be initialised with a value for h; the right-hand side of the equation can

then be calculated which will yield an updated value for h. The updated value for h

can then be substituted into the right-hand side of Eq. 2.34 again, and the process can

be repeated iteratively until the bandwidth, h, converges to the optimal bandwidth

hHSJM .

2.6 STATISTICAL PAIRED DIFFERENCE TESTING

We will consider paired difference tests in this study to determine the statistical sig-

nificance of the differences between estimator results. Paired difference tests are used

to determine whether the means or medians of two sets of measurements are different,

given a certain significance level. First, the difference between the paired measurements

is calculated as

Z = X − Y (2.35)

where Z is the paired difference of measurements X and Y .

The objective of a paired difference test is then to determine whether Z is sufficiently

close to 0, given the confidence level. The selection of the appropriate difference test

is dependent on the assumptions made regarding Z. If the paired differences, Z, are

assumed to be normally distributed around the zero mean, then the paired Student’s

t-test may be used. If Z is not normally distributed around the zero mean, but is

symmetrically distributed around the zero median, the Wilcoxon signed-rank test may

be used. Typically, the Kolomogorov-Smirnov test statistic for MVN can be used to
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test whether Z is normally distributed and the g statistic for skewness [39, 40] can be

used to test whether Z is symmetric around the median. If Z is not symmetrically

distributed around the 0 median, the Wilcoxon rank-sum test can be employed.

We will give a brief overview of the Student’s t-test, the Wilcoxon signed-rank test

and the Wilcoxon rank-sum test in the remainder of this section.

2.6.1 PAIRED-SAMPLE T-TEST

The paired-sample t-test (sometimes called the dependent t-test for paired samples or

the paired student’s t-test) can be performed by calculating

t =
µZ − µ0

σZ/
√
N

(2.36)

where µZ is the mean of the paired differences (Z), µ0 is the hypothesized population

mean (in this case zero) and N is the number of sample pairs in the test statistic. The

degree of freedom used for the test is N − 1.

The null hypothesis that the sample Z comes from a normal distribution with mean

equal to zero, with a 1% significance level (α = 0.01) can be tested by comparing the

t-statistic calculated in Eq. 2.36 with the critical values of a Student’s t-distribution

computed using the cumulative distribution function at the α significance level, with

N − 1 degrees of freedom. Otherwise, the critical values of the Student’s t-distribution

can be read from a reference table [41]. Note that for a two-sided test the column

corresponding to 1− α/2 must be used, thus 0.995 for α = 0.01. If the test statistic is

greater than the critical value of t1−α/2,ν in the table, the null hypothesis is rejected for

the specified significance level (the means are thus regarded as significantly different),

else the null hypothesis is accepted (in which case we will regard the means as not

significantly different).

Alternatively, the probability of the observation given the null hypothesis is true

(p-value) can be calculated from the test statistic calculated in Eq. 2.36. If p is

smaller than the probability threshold we reject the null hypothesis and regard the

means of X and Y as significantly different. Otherwise, if p is equal or larger than the

probability threshold, we accept the null hypothesis and regard the means of X and Y

as not significantly different. Note that the probability threshold for the p-value is not

necessarily the same as α, but both are regarded as significance levels and are typically

set to 0.01. We prefer to make use of p values in our experiments, since they give a

meaningful accept or reject hypothesis result (similar to the critical values approach),

and the p value itself is meaningful as a probability that the means of X and Y are

not significantly different for the confidence level provided.
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Since the hypothesis that is tested with the paired-sample t-test, is whether Z is nor-

mally distributed and has zero mean, the hypothesis can be rejected if the distribution

is not normal (even though the mean might be sufficiently close to zero). Therefore, a

test for MVN must be performed to test whether Z is normally distributed, to ensure

that the t-test result is valid. The Kolmogorov-Smirnov test for MVN is a reliable test

statistic for multivariate normality [19].

2.6.2 WILCOXON SIGNED-RANK TEST

The Wilcoxon signed-rank-test follows a similar procedure to the Student’s t-test. A

test statistic for the paired-differences is calculated and then either compared to a

critical value from a reference table, or alternatively a p-value can be calculated and

compared to the probability threshold provided. The null hypothesis for the Wilcoxon

signed-rank test is that the paired-differences have zero median. To test this hypothesis,

the Wilcoxon test statistic is calculated as follows: first all zero values of the paired-

difference test statistic, Z, are removed. The remaining values of Z are then ranked

according to their absolute values, where a rank of 1 is assigned to the smallest absolute

value and a rank of M is assigned to the largest absolute value, where M is the number

of non-zero values in Z. Whenever two values in Z have the same value, they are

assigned an average rank value. For example, if two values identical and are ranked as

the second smallest value, the average rank assigned to both values will be 2.5. The

ranks of all positive Z values are then summed to give the test statistic W+. If there

is a significant difference between the pairs X and Y , W+ is expected to be far from

its expected value, and is expected to converge to a normal distribution as the number

of samples, M , increase. Therefore, a z-statistic of W+ is typically calculated (when

M ≥ 10) and compared to a critical z-score value to accept or reject the null hypothesis

at the specified significance level. If M < 10, W+ is compared to a critical value in a

reference, to determine if the null hypothesis should be accepted or rejected.

2.6.3 WILCOXON RANK-SUM TEST

The Wilcoxon rank-sum groups the values in X and Y together and ranks them from

smallest to largest. The smallest value receives a rank of 1 and the largest value a rank

of N (where N is the total number of samples in X and Y ). The ranks of all values

in X are then summed to give the test statistic W . If there is a significant difference

between the pairs X and Y , W is expected to be far from its mean. Similar to the

rank-sum test, a z-statistic can be calculated and compared to a critical value to accept
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or reject the null hypothesis at the specified significance level.

2.6.4 CONCLUSION

In this chapter we provided an overview of the most notable approaches to non-

parametric density estimation and discussed criteria that are typically used to evaluate

the performance of density estimators. We then gave a more detailed discussion on

conventional kernel density estimation and briefly described statistical paired difference

tests that are relevant to our work.
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Chapter Three

High-dimensional Data
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3.1 INTRODUCTION

In Chapter 1 we stated that pattern recognition tasks are often structured as high-

dimensional feature sets, and that conventional density estimation algorithms (typically

developed in the field of statistics), were not intended to perform density estimation in

high-dimensional feature spaces often encountered in pattern recognition tasks [3, 16].

Scott [16, Sec 5.2], for example, states that density estimation beyond six dimensions

with conventional approaches is often regarded as practically infeasible. We therefore

defined high-dimensional data as data with dimensionalities of 10 and higher.
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In the same light we mentioned that recent advances in pattern recognition have

shown that density estimation is indeed possible on high-dimensional pattern recog-

nition tasks [18]. We therefore devote this chapter to describing and illustrating the

counter-intuitive nature of high-dimensional feature spaces.

In this chapter we give examples of high-dimensional pattern recognition tasks in

Section 3.2, illustrate the counter-intuitive properties of high-dimensional data in Sec-

tion 3.3, describe the geometry of feature spaces in Section 3.4, discuss dimensionality

reduction approaches in Section 3.5 and make concluding remarks in Section 3.6.

3.2 HIGH-DIMENSIONAL PATTERN RECOGNITION

DATA

Pattern recognition problems are typically structured as D-dimensional datasets, where

each dimension represents a feature based on measurements that describe the problem

of interest, and each sample is represented as a D-dimensional feature vector. From a

geometric perspective, each D-dimensional feature vector may be regarded as a data

point in a D-dimensional feature space; in this context each feature thus represents an

axis of the feature space.

Pattern recognition covers a wide range of applications, and problems in pattern

recognition are often structured as high-dimensional datasets. For example, in auto-

matic speech recognition 39-dimensional feature vectors are constructed from regular

time intervals of speech signals and these features are then used to describe phonemes

in spoken language that are in turn used to recognise speech. In fingerprint recognition,

Gabor filters with various orientations are typically used to filter a centralised region of

a fingerprint and variances of sectors of these fingerprints are then used as features to

describe a fingerprint. The dimensionality of features depends on the number of filter

orientations and segments, and often comprises more than 100 dimensions. In this

work, for example, we experiment with pattern recognition tasks in speech recognition,

image segmentation, optical handwritten character recognition, letter recognition and

satellite land cover classification. These datasets have dimensionalities of 617, 18, 62,

16 and 36 respectively.

There are numerous more such examples, as a quick survey of the UCI Machine

Learning Repository [42] will show. The UCI Machine Learning Repository is one of

the most comprehensive databases for pattern recognition data sets on the internet,

and contains a collection of over 200 datasets contributed by scientists from various

fields of research. A survey of this database indicates that approximately three in
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four datasets have a dimensionality of 10 and more. This illustrates why data analysis

techniques, such as density estimators, must be able to function in high-dimensional

spaces to be practically useful for pattern recognition tasks.

3.3 PROPERTIES OF HIGH-DIMENSIONAL DATA AND

THE CURSE OF DIMENSIONALITY

It has been shown in [3, Sec. 4.5] that intuitions that hold for one, two and three

dimensions often do not hold for higher dimensions. We illustrate by several examples

how lower-dimensional intuitions are often misleading for higher-dimensional data.

A first example illustrates how the lower-dimensional intuition that most of the

mass of a standard normal distribution is centred on the mean is misleading. For a

standard normal distribution, nearly 90% of the mass of the distribution falls within

distance 1.6 from the centre in the one-dimensional case. For the 10-dimensional MVN

distribution, however, less than 1% of the mass falls within distance 1.6 from the centre.

This implies that the mass of an MVN density moves to the tails as dimensionality

increases. This point is further illustrated by the fact that more than half of the samples

of a 10-dimensional MVN distribution lie at density values less than a hundredth of

the maximum density value. Thus, as dimensionality increases, more samples lie at

the tails of the distribution (on average) and fewer samples occur near the centre of

the distribution, thus resulting in large regions in the feature space that are relatively

empty. This phenomenon is known as the empty space phenomenon [43, 44].

This phenomenon can also be illustrated geometrically by considering the ratio

between the volume of a hyper-cube and a hyper-sphere with the same centre, where the

diameter of the hyper-sphere is equal to the width of the hypercube. As dimensionality

increases, the ratio between the volume of the hyper-sphere and hyper-cube reduces

drastically. This again implies that as dimensionality increases, the volume of the

feature space moves towards the outer edges.

The practical implication of the empty space phenomenon is that modelling the tail

accurately becomes increasingly important as dimensionality increases, and is much

more important than lower-dimensional intuitions make us believe.

A second example illustrates how lower-dimensional intuitions are misleading re-

garding the number of data points that are required to estimate a density function

accurately. Silverman [3, Sec. 4.5] constructed a table for the standard MVN distri-

bution containing the minimum number of samples sizes required to achieve a relative

MSE < 0.1, for dimensionalities ranging from 1-10. More formally, the relative MSE
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for a density p(x) at data point 0 is defined as

E {p̂(x)− p(0)}2 /p(0)2 (3.1)

where p(x) is the standard MVN density at location x, and p̂(x) is the density at

point 0 estimated with a Gaussian kernel for which the bandwidth has been selected

to minimise the MSE at this point.

The table indicates that in one dimension, only four samples are required; in two

dimensions 19 samples, in three dimensions 67 samples, in five dimensions 768 samples

and in 10 dimensions 842 000 samples are required to achieve a relative MSE of less

than 0.1. As is seen from this sequence, the number of required data points increases

non-linearly as the dimensionality increases, and the non-linearity of this increase might

not be so clear for dimensionalities up to five.

We use another example to illustrate how the volume of feature space increases

exponentially as dimensionality increases. This leads to significant data sparsity, and

is typically referred to as the curse of dimensionality. Consider, for example, how

the numbers of bins of a histogram increase as the dimensionality increases. If each

dimension contains 10 discrete intervals, we will require 10D data points to place only

a single data point in each bin. Thus, for three dimensions we will need a thousand

data points and for 10 dimensions we will require ten billion data points.

These theoretical and geometrical examples all illustrate that our lower dimensional

intuitions are often misleading in higher dimensions. These lessons imply that we

should be mindful of these counter-intuitive examples when we develop and evaluate

algorithms for pattern recognition based on lower dimensional intuitions. We will,

however, explain in the next section why the intrinsic dimensionalities of datasets in

practice are, fortunately, often of lower dimensionality than the feature spaces in which

they are structured.

3.4 THE GEOMETRY OF FEATURE SPACE

In practice, pattern recognition algorithms are often successful in high-dimensional

spaces, even in the absence of such a large number of samples that are, for example,

suggested when finding the minimum required number of samples for a certain relative

MSE. It is therefore reasonable to assume that data might be concentrated in localised

regions with lower intrinsic dimensionalities than the feature space in which they are

embedded.
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A practical example to illustrate this is given by Bruske [45]. If we consider an

example of a body suit with N sensors capturing motion in three dimensions, a feature

space of dimensionality 3N is constructed if each measurement is regarded as a feature.

The exact position of a body can actually be specified by k angles between the joints of

the body. The intrinsic dimensionality of the problem (k) is thus significantly smaller

than the dimensionality of the feature space (3N). Similarly, it has been illustrated by

Lee, Pederson and Mumford [46] that high-dimensional natural images can (to a good

approximation) be reduced to points on a 7-sphere. These properties of data imply

that data points are not uniformly distributed throughout feature space and that data

points are concentrated in small parts of the feature space that contribute to most data

density.

These examples suggest that high-dimensional data can be described by manifolds

with intrinsic dimensionalities k much lower than the dimensionality of the feature

space (where we define intrinsic dimensionality as the minimum number of free param-

eters required to describe the data). We have proposed in [47] that the geometry of

feature space can be defined with the following components: (1) the positions of man-

ifolds in feature space, (2) the geometrical shapes of manifolds, and (3) the variation

of data points from manifolds.

We note that KDEs capture these components implicitly, since (1) the positions

of manifolds are modelled by kernel locations, (2) the geometrical shapes of manifolds

are modelled by the combination of kernel locations and kernel bandwidths, and (3)

the variation of data points from manifolds are modelled by kernel bandwidths that

control the degree of smoothing of the density estimate, and consequently the data

variation. Kernel estimators are thus capable of modelling the geometry of feature

space (if density estimation is performed in the original feature space) and are capable

of modelling the underlying manifold of the data (if density estimation is performed

on a lower-dimensional feature space where features have been compressed). Kernel

density estimates can also be used to visualise data by either visualising the density of

projected features or visualising two-dimensional sections of a D-dimensional feature

space; we refer the reader to [16, Sec. 3.4] and [48] for illustrations of these data

visualisation techniques.

We have provided some examples in this section that indicate that RW pattern

recognition tasks often have much lower intrinsic dimensionalities than the feature

spaces in which they are structured. We will discuss dimensionality reduction tech-

niques in the next section, since they are concerned with compressing data to lower

dimensions while retaining as much information of the original feature space as possible.
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It is also worth noting that dimensionality reduction is often structured as a manifold

learning problem, corresponding to our intuition that RW data can be described by

manifolds of lower dimensionality.

3.5 DIMENSIONALITY REDUCTION

Dimensionality reduction techniques attempt to project data in a feature space, X,

with dimensionality, D, to a lower dimensional feature space, Y, with dimensionality

k, where k << D. Geometrically, data points in dataset X are typically presumed to

lie on or near a manifold with dimensionality k, that is embedded in a D-dimensional

space [49]. Dimensionality reduction techniques thus attempt to transform the data

from X to Y, while retaining the geometry of the underlying k-dimensional manifold.

Dimensionality reduction approaches can be broadly classified into linear and non-

linear approaches. Linear dimensionality reduction techniques perform a linear trans-

formation of X to Y, while non-linear techniques perform a non-linear transformation

of X to Y.

A comparative study was performed by van der Maaten [49], where linear principal

component analysis (PCA) was compared to 12 state-of-the art non-linear dimension-

ality reduction techniques, on five artificial and five RW datasets. The results of the

study indicated that the non-linear techniques performed well on artificial data with

complex geometrical structures (compared to PCA), but did not clearly indicate that

the non-linear techniques outperform PCA on RW tasks. Van der Maaten also stated

that these results support other studies in the literature, and that there is no clear

indication that non-linear techniques outperform linear techniques on RW datasets.

We therefore focus our attention on PCA as a dimensionality reduction technique.

We also prefer PCA as a dimensionality reduction technique, since this is one of the

most widely used and well-studied dimensionality reduction techniques [49].

The PCA linear transformation re-aligns the feature axes to the directions of most

variation, and thus minimises the variance orthogonal to the projection. Features with

small variations in the transformed feature space (small eigenvalues), are regarded as

unimportant, and are typically disregarded. The transformed features with largest

eigenvalues are typically referred to as the principal components. The PCA transfor-

mation also ensures that the features in the transformed feature space are orthogonal,

thus ensuring that the data are decorrelated.

It should be noted that the PCA transformation is scale-dependent; thus, the scale

of the input variables will influence the directions and weights of the principal compo-
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nents. In practice, a first step to PCA is thus to normalise all features in the original

feature space to 0 mean and 1 standard deviation. The sample covariance of the nor-

malised data is then calculated, and an eigenvalue transformation is performed on the

covariance matrix. The eigenvectors of the transformation provide the weights of the

linear transform, while the eigenvalues provide the variance of the transformed features

(and thus, possibly, their relative importance).

More formally, a D-dimensional dataset X, can be normalised as

Z = (X− µ)Σ−1 (3.2)

where Z is the normalised data with features that have 0 mean and 1 standard devia-

tion, µ is the multivariate sample mean of X, and Σ is a diagonal covariance matrix

with the sample variances of the D features on the diagonal.

If A is a DxD matrix that defines a linear transformation, then the eigenvalue

equation can be written as

Av = λv (3.3)

for some scalar vector λ, where λ gives the eigenvalues of transformation A and the

DxD matrix, v, gives the eigenvectors of transformation A.

The eigenvalue equation can be re-written as

(A− λI)X = 0 (3.4)

where I is the DxD identity matrix.

Solving Eq. 3.4 can be viewed as solving a linear system of D equations. The

non-trivial solution can thus be obtained by setting the determinant of (A− λI) equal

to zero

det(A− λI) = 0. (3.5)

This is known as the characteristic equation, and the solution to the characteristic

equation provides the solutions to the D eigenvalues in λ. The eigenvectors, v, are

then solved by substituting the D eigenvalues into Eq. 3.3.

The PCA linear transformation of the data X is calculated by substituting the linear

transformation matrix A, with the sample covariance Σ into Eq. 3.3. The eigenvalue

solution thus gives the linear transformation of the data (eigenvectors) and variances

of the features in the transformed space (eigenvalues). This linear transformation is

applied to the normalised data, to obtain the transformed data

Zt = Zv (3.6)
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where Zt is the transformed D-dimensional data.

The D-dimensional data, Zt, can now be reduced to a k-dimensional feature space,

Y, by simply finding the features with the k largest eigenvalues, and selecting only

these k features from Zt.

3.6 CONCLUSION

In this chapter we have motivated why it is important in practice for density estimation

algorithms to function in high-dimensional spaces, we provided some examples of the

non-intuitive nature of high-dimensional data, elaborated on the geometry of feature

spaces, explained how KDEs can be used to model the geometry of feature space and

explained how linear PCA can be used to perform dimensionality reduction on pattern

recognition datasets.

In the next chapter we will turn our attention to kernel bandwidth estimation, and

we derive promising bandwidth estimators to make non-parametric density estimation

in high-dimensional feature spaces feasible.
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4.1 INTRODUCTION

In Chapter 2 we surveyed non-parametric density estimation techniques, and specif-

ically focussed on considerations for kernel estimators. We also briefly surveyed the

most promising conventional kernel bandwidth estimators and highlighted some of the

short-comings of conventional kernel bandwidth estimation algorithms. The most no-

table short-coming of conventional kernel estimators is that they were not developed

for the purpose of high-dimensional density estimation problems as often encountered

in pattern recognition. In Chapter 3 we motivated why it is important in practice for

density estimation algorithms to function in high-dimensional spaces, specifically in

the context of pattern recognition – and also why such spaces may not admit straight-

forward extension of low-dimensional approaches.

In this chapter we give a more formal description of kernel density estimation in

Section 4.2, define the ML objective function in the context of kernel density estimation

in Section 4.3, present the ML LOUT likelihood criterion in Section 4.4, derive ML

LOUT kernel bandwidth estimators from first principles in Section 4.5, discuss kernel

bandwidth initialisation in Section 4.6 and make concluding remarks in Section 4.7.

4.2 KERNEL DENSITY ESTIMATION

KDEs estimate the PDF of a D-dimensional dataset X, with N iid samples x1, ...,xN

with the sum

pH(xi) =
1

N

N∑
j=1

KHj
(xi − xj|Hj) (4.1)

where KHj
(xi − xj|Hj) is the kernel smoothing function fitted over each data point

xj with bandwidth matrix Hj. The kernel density estimate is thus non-parametric,

since no parametric distribution is imposed on the estimate; instead the estimated

distribution is defined by the sum of the kernel functions fitted over the data points.

We see in Eq.4.1 that an appropriate kernel function K (·) must, however, be se-

lected. We discussed the selection of an appropriate kernel function in Section 2.5.1

and noted that the efficiencies of various kernel types in terms of MISE are so close,

that the choice of kernel type should rather be based on mathematical properties such

as continuity and differentiability, since the estimated PDF will inherit the smoothness

properties of the selected kernel. We therefore select the Gaussian kernel based on

these properties and will assume a Gaussian kernel for all our derivations.

The bandwidth of each kernel, Hj, determines the amount of smoothing of the

density function around each data point xj. The selection of the appropriate band-
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width for each data point is thus crucial for kernel density estimation, since the degree

of smoothness of the PDF might vary and the directions of variation might change

throughout the feature space.

The estimator must thus be able to (1) model spatial variability in length (to ac-

count for variation in density and smoothness), (2) model spatial anisotropy (to account

for change in the direction of variation), and (3) function in high dimensional feature

spaces. The bandwidth estimation procedure must ensure that all these requirements

are met, in order to estimate PDFs of unknown distributions in high-dimensional spaces

successfully.

In the next section we will define the ML objective function that can be optimised

with respect to kernel bandwidths, Hj, to derive an optimal solution to kernel band-

widths in the ML sense.

4.3 OBJECTIVE FUNCTIONS FOR OPTIMISATION OF

BANDWIDTH SELECTION PROCEDURES

The likelihood that the N iid samples in dataset X, sampled form an unknown PDF,

p(x), fits the estimated PDF, pH(xi), is defined as

LH(X) =
N∏
i=1

pH(xi). (4.2)

Since the logarithm function is monotonically increasing, optimising the log-likelihood

function is equivalent to optimising the likelihood function. For mathematical and

computational convenience, we prefer to make use of the log-likelihood function

lH(X) =
N∑
i=1

log [pH(xi)] . (4.3)

Maximising the log-likelihood in Eq. 4.3 is often referred to as the ML criterion.

Similarly, sample entropy (introduced by Shannon [32]) can be defined as

H(X) = − 1

N

N∑
i=1

log [pH(xi)] . (4.4)

Substituting Eq. 4.3 into Eq.4.4 shows that the sample entropy can be expressed in

terms of the log-likelihood function

H(X) = − lH(X)

N
. (4.5)
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This indicates that minimising the sample entropy in Eq. 4.4 is equivalent to maxi-

mizing the log-likelihood function in Eq. 4.3. This is an important observation, since

this result shows that deriving kernel bandwidth estimators that maximise the ML cri-

terion is equivalent to deriving kernel bandwidth estimators that minimise the sample

entropy.

4.4 LEAVE-ONE-OUT LIKELIHOOD ESTIMATION

From the definition of a KDE in Eq. 4.1 and the log-likelihood function in Eq. 4.3 the

inherent shortcoming of the ML criterion is clear - as the bandwidth for each kernel

tends to zero, the likelihood for that data point will tend to infinity. This thus leads to a

trivial degenerate solution for the ML objective function. To address this shortcoming

the LOUT estimate can be used. Thus, the data point, xi, for which the density is

evaluated, should be left out of the summation in Eq. 4.1. The LOUT formulation of

Eq. 4.1 can thus be expressed as

pH(−i)(xi) =
1

N − 1

∑
j 6=i

KHj
(xi − xj|Hj) (4.6)

The LOUT likelihood function thus leaves out an observation, xi, from the dataset X

in order to obtain an independent observation that is not part of the dataset. The

likelihood of the left out data point, xi, is then determined by estimating the density,

pH(−i)(x), on the remaining N − 1 data points.

The LOUT ML objective function for dataset X is thus obtained by substituting

Eq. 4.6 into Eq. 4.3

lH(−i)(X) =
N∑
i=1

log
[
pH(−i)(xi)

]
(4.7)

Optimising the LOUT ML objective function in Eq. 4.7 with respect to kernel band-

width matrix will thus prevent the trivial solution of the ML objective function, where

lH(X) =∞ when Hj = 0.

4.5 KERNEL BANDWIDTH ESTIMATORS

Kernel bandwidth estimation algorithms can be derived from the ML LOUT objective

function by either maximising the log-likelihood score or minimising the entropy with

respect to the kernel bandwidths. In this section we derive a novel kernel bandwidth

estimator, called the minimum leave-one-out entropy (MLE) estimator, that optimises

the objective function provided in Eq. 4.7 with respect to the kernel bandwidth matrix
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(or equivalently minimise the sample entropy), and makes use of the LOUT formulation

for kernel density estimation in Eq. 4.6. We will also show that if certain restrictions

are placed on the LOUT formulation in Eq. 4.6, then the MLL and ML-LOO estimators

(discussed in Section 1.2 and Section 1.3) can be derived from the same ML framework.

4.5.1 MLE KERNEL BANDWIDTH ESTIMATION

The definition of MLE objective function is obtained by substituting the LOUT KDE,

pH(−i)(x), defined in Eq. 4.6 into the ML objective function defined in Eq. 4.7

lMLE(X) =
∑N

i=1 log
[
pH(−i)(xi)

]
=
∑N

i=1 log
[

1
N−1

∑N
j 6=iKHj

(xi − xj|Hj)
] (4.8)

To estimate the bandwidth Hk of the kernel centred on data point xk, from a

dataset X with samples drawn iid from an unknown density function p(x), we set the

partial derivative of the MLE objective function (given in Eq. 4.8) with respect to

the bandwidths Hk equal to zero and solve for Hk. The partial derivative of the MLE

objective function with respect to the bandwidth Hk can be expressed as

∂
∂Hk

(lMLE(X)) = ∂
∂Hk

(∑N
i=1 log

[
pH(−i)(xi)

])
=
∑N

i=1
∂

∂Hk

(
log
[
pH(−i)(xi)

]) (4.9)

and the partial derivative of the log term as

∂
∂Hk

(
log
[
pH(−i)(xi)

])
=

∂
∂Hk

(pH(−i)(xi))
pH(−i)(xi)

=
∂

∂Hk
( 1
N−1

∑
j 6=iKHj

(xi−xj |Hj))
pH(−i)(xi)

(4.10)

Since partial derivative with respect to Hk will only be non-zero for j=k, Eq. 4.10 can

be simplified to

∂

∂Hk

(
log
[
pH(−i)(xi)

])
=

1
N−1

∂
∂Hk

[KHk
(xi − xk|Hk)]

pH(−i)(xi)
(4.11)

If we substitute the partial derivative in Eq. 4.11 into Eq. 4.9, we obtain the partial

derivative of the MLE objective function

d

dHk

(lMLE(X)) =
1

N − 1

N∑
i=1

∂
∂Hk

[KHk
(xi − xk|Hk)]

pH(−i)(xi)
(4.12)

We can now obtain the MLE bandwidth estimate Hk by setting this derivative to zero

and solving for Hk. We note, however, that the derivative in Eq. 4.12 is dependent on

the derivative of the kernel function. We will therefore provide the derivatives of the
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univariate Gaussian kernel, multivariate Gaussian kernel with full-covariance matrix

and multivariate Gaussian kernel with diagonal covariance matrix and will substitute

these derivatives into Eq. 4.12 to obtain the MLE solutions for Hk.

4.5.1.1 UNIVARIATE GAUSSIAN KERNEL

If we assume a univariate Gaussian kernel, the kernel function can be expressed as

the standard univariate normal density function and the derivative of the kernel with

respect to hk as

d

dhk

[
Khk

(
xi − xk
hk

)]
=

1

h2k

K
(
xi−xk
hk

)
(xi − xk)2

h2k
−K

(
xi − xk
hk

) (4.13)

We now substitute Eq. 4.13 into the MLE objective function in Eq. 4.12 to obtain

d

dhk
(lMLE(X)) =

1

(N − 1)h2k

N∑
i=1

[
1
h2k
K
(
xi−xk
hk

)
(xi − xk)2 −K

(
xi−xk
hk

)]
pH(−i)(xi)

(4.14)

We set the derivative in Eq. 4.14 to zero

1

h2k

N∑
i=1

K
(
xi−xk
hk

)
(xi − xk)2

pH(−i)(xi)
=

N∑
i=1

K
(
xi−xk
hk

)
pH(−i)(xi)

(4.15)

and solve for h2k

h2k =

∑N
i=1

K
(

xi−xk
hk

)
(xi−xk)2

pH(−i)(xi)∑N
i=1

K
(

xi−xk
hk

)
pH(−i)(xi)

(4.16)

The calculation of h2k in Eq. 4.16 requires N evaluations of the leave-one-out like-

lihood estimate, pH(−i)(xi), where the calculation of pH(−i)(xi) requires N − 1 evalua-

tions of the univariate Gaussian kernel function. This yields a time complexity of order

O(N2) for the calculation of Eq. 4.16 and since h2k must be calculated for each of the

N training samples, this yields a time complexity of O(N3) for the univariate MLE

Gaussian estimator.

The parameters to estimate are the N bandwidths, h2k, and thus scale linearly with

the number of data points.

4.5.1.2 MULTIVARIATE GAUSSIAN KERNEL (FULL COVARIANCE MATRIX)

The multivariate Gaussian density function with full covariance matrix Hk can be

expressed as

KHk
(xi − xk|Hk) =

1

(2π)D/2 |Hk|
1
2

e−
1
2
(xi−xk)

TH−1
k (xi−xk) (4.17)
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The partial derivative of this density function with respect to full covariance matrix

Hk can be derived as follows. First, we set

a(Hk) =
|Hk|

1
2

(2π)D/2
(4.18)

and

b(Hk) = ec(Hk) (4.19)

where

c(Hk) = −1

2
(xi − xk)

T H−1k (xi − xk) (4.20)

We then derive the partial derivative of a(Hk) by means of the chain rule

∂

∂Hk

a(Hk) =
−1

2
∂

∂Hk
(|Hk|) |Hk|−

3
2

(2π)D/2
(4.21)

If we substitute the matrix derivative identity [50]

∂
∂X

(|X|) = |X| (X−1)T

= |X|X−1
(4.22)

where the second step uses the matrix property (X−1)T = (XT )−1 and assumes that

|X|is symmetric and therefore |X| is equal to its transpose, thus (X−1)T = X−1, we

obtain
∂

∂Hk

a(Hk) =
−1

2
|Hk|−

1
2 H−1k

(2π)D/2
(4.23)

The partial derive of b(Hk)is given by

∂

∂Hk

b(Hk) = c(Hk)e
c(Hk) (4.24)

and the partial derivative of c(Hk)is

∂

∂Hk

c(Hk) =
1

2

[
H−1k (xi − xk)(xi − xk)

TH−1k
]

(4.25)

where we make use of the matrix derivative identity

∂
∂X

(aX−1b) = −X−TabX−T

= X−1abX−1
(4.26)

and the second step assumes again that Xis symmetric.

We now substitute these derivatives into

∂

∂Hk

KHk
(xi − xk|Hk) = a(Hk)

∂

∂Hk

b(Hk) + b(Hk)
∂

∂Hk

a(Hk) (4.27)
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to obtain the partial derivative of the multivariate Gaussian density function with full

covariance matrix Hk

∂
∂Hk

KHk
(xi − xk|Hk) = 1

2
H−2k (xi − xk)(xi − xk)

TKHk
(xi − xk|Hk)− 1

2
H−1k KHk

(xi − xk|Hk)

(4.28)

We obtain the partial derivative of the MLE objective function by substituting Eq.

4.28 into the MLE objective function in Eq. 4.12

d
dHk

(lMLE(X)) = 1
N−1

∑N
i=1

[ 1
2
H−2

k (xi−xk)(xi−xk)
TKHk

(xi−xk|Hk)− 1
2
H−1

k KHk
(xi−xk|Hk)

pH(−i)(xi)

]
(4.29)

We then set the partial derivative of the MLE objective function in Eq. 4.29 to zero

N∑
i=1

(xi − xk)(xi − xk)
TKHk

(xi − xk|Hk)

pH(−i)(xi)
= Hk

N∑
i=1

KHk
(xi − xk|Hk)

pH(−i)(xi)
(4.30)

and solve for Hk

Hk =

∑N
i=1

(xi−xk)(xi−xk)
TKHk

(xi−xk|Hk)

pH(−i)(xi)∑N
i=1

KHk
(xi−xk|Hk)

pH(−i)(xi)

(4.31)

where Hk is the estimate of the MLE full covariance bandwidth matrix for the kernel

centred on data point xk.

The time complexity of evaluating the multivariate Gaussian kernel,

KHk
(xi − xk|Hk), with full covariance matrix, Hk, is of order O(D3) if Gauss-

Jordan elimination is used to calculate the inverse of Hk and LU decomposition is

used to calculate the determinant of Hk, since both these algorithms have a time

complexity of order O(D3). Therefore, the time complexity of evaluating the LOUT

likelihood function, pH(−i)(xi), in Eq. 4.31 is of order O(ND3) since N −1 calculations

of the kernel function are required. The calculation of Hk in Eq. 4.31 requires N

evaluations of pH(−i)(xi), which yields a time complexity of order O(N2D3). Since Hk

must be calculated for each of the N training data points, the time complexity of the

MLE full covariance estimator is of order O(N3D3).

The parameters to estimate are the D(D + 1)/2 parameters for each of the N

symmetric full covariance matrices; therefore the number of parameters to estimate is

ND(D+ 1)/2. The number of parameters thus scales linearly with number of training

points and quadratically with the dimensionality of the dataset.
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4.5.1.3 MULTIVARIATE GAUSSIAN KERNEL (DIAGONAL COVARIANCE

MATRIX)

The multivariate Gaussian density function with diagonal covariance matrix Hj can

be expressed as the product of univariate Gaussian density functions

KHj
(xi − xj|Hj) =

D∏
p=1

Khjp

(
xip − xjp
hjp

)
(4.32)

where xip is the value of data point xi in dimension p, xjp is the value of data point

xj in dimension p and hjp is the bandwidth of the univariate Gaussian kernel Khjp (·)
centred on data point xj in dimension p and Hj is the diagonal bandwidth matrix such

that Hj(p,p) = h2jp.

The partial derivative of the multivariate Gaussian expression in Eq. 4.32 with

respect to the diagonal bandwidth matrix Hj in dimension d can be derived by means

of the product rule

∂
∂hjd

[
KHj

(xi − xj|Hj)
]

= ∂
∂hjd

[∏D
p=1Khjd

(
xid−xjd
hjd

)]
= 1

h2jd

[
Khjd

(
xid−xjd

hjd

)
(xid−xjd)2

h2jd
−Khjd

(
xid−xjd
hjd

)]∏
p6=dKhjp

(
xip−xjp
hjp

)
(4.33)

If we substitute the derivative of the kernel function in Eq. 4.33 into Eq. 4.12, then

the partial derivative of the MLE objective function with respect to the bandwidth Hk

in dimension d is

d
dhkd

(lMLE(X)) = 1
(N−1)h2kd

∑N
i=1

[
Khkd

(
xid−xkd

hkd

)
(xid−xkd)2

pH(−i)(xi)h2kd
−

Khkd

(
xid−xkd

hkd

)
pH(−i)(xi)

]∏
p 6=dKhkp

(
xip−xkp
hkp

)
(4.34)

where hkd is the bandwidth of the univariate Gaussian kernel Khkd (·) centred on data

point xk in dimension d.

If we set the derivative in Eq. 4.34 to zero and solve for h2kd we obtain

h2kd =

∑N
i=1

Khkd

(
xid−xkd

hkd

)
(xid−xkd)2

pH(−i)(xi)

∏
p 6=dKhkp

(
xip−xkp
hkp

)
∑N

i=1

Khkd

(
xid−xkd

hkd

)
pH(−i)(xi)

∏
p 6=dKhkp

(
xip−xkp
hkp

) (4.35)

If we substitute the definition of the multivariate Gaussian density function in Eq. 4.32

into Eq. 4.35, we finally obtain

Hk(d,d) =

∑N
i=1

KHk
(xi−xk|Hk)(xid−xkd)2

pH(−i)(xi)∑N
i=1

KHk
(xi−xk|Hk)

pH(−i)(xi)

(4.36)
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where Hk is the diagonal bandwidth matrix such that Hk(d,d) = h2kd.

If we compare the bandwidth solutions in Eq. 4.31 and Eq. 4.36, we see that the

outer product (xi − xk)(xi − xk)
T can simply be replaced with the squared distance

measure (xid−xkd)2 for each dimension d, instead of a DxD matrix. Note that assuming

diagonal kernel bandwidth matrices is not the same as assuming independence between

variables. Kernel estimators with diagonal bandwidth matrices are capable of modelling

correlation to some degree, since they are centred on data points and if data points vary

together between dimensions, the kernel density function will capture the co-variance.

If, however, only a single Gaussian is fitted on the data, then a diagonal covariance

matrix will assume independence between variables – this is, however, not applicable

to KDEs.

The time complexity of evaluating the multivariate Gaussian kernel,

KHk
(xi − xk|Hk), with diagonal covariance matrix, Hk, is of order O(D) since

the inverse of the covariance matrix is simply the inverse of each of the diagonal

elements and the determinant is simply the product of the diagonal elements. Eq.

4.36 requires N calculations of the leave-one-out likelihood estimate, pH(−i)(xi), which

in turn requires N − 1 calculations of the multivariate Gaussian kernel function. This

yields a time complexity of order O(N2D) for Eq. 4.36. Since Hk must be calculated

for the N training data points, the time complexity of the diagonal MLE estimator is

of order O(N3D).

The parameters to estimate are the D parameters for each of the N diagonal covari-

ance matrices; therefore the number of parameters to estimate is ND. The number of

parameters thus scales linearly with the number of data points in the training set and

with the dimensionality of the dataset.

4.5.1.4 GLOBAL MLE ESTIMATOR

We also derive an MLE kernel bandwidth estimator that estimates an identical diagonal

bandwidth matrix for all kernels (as opposed to a unique bandwidth matrix per kernel

as in the case of the standard MLE estimator). We call this estimator the global MLE

estimator, since it estimates a single diagonal bandwidth matrix used globally.

More formally, the LOUT KDE estimate for the global MLE estimator is defined

pHg(−i)(xi) =
1

N − 1

N∑
j 6=i

KHg (xi − xj|Hg) (4.37)

where Hg is the diagonal bandwidth matrix that is identical for all kernels. The global
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MLE objective function can thus be written as

lMLE(g)(X) =
∑N

i=1 log
[
pHg(−i)(xi)

]
=
∑N

i=1 log
[

1
N−1

∑N
j 6=iKHg (xi − xj|Hg)

] (4.38)

and the partial derivative of the global MLE objective function with respect to the

diagonal bandwidth matrix Hg can be expressed as

∂
∂Hg

(
lMLE(g)(X)

)
= ∂

∂Hg

(∑N
i=1 log

[
pHg(−i)(xi)

])
=
∑N

i=1
∂

∂Hg

(
log
[
pHg(−i)(xi)

]) (4.39)

where the partial derivative of the log term is

∂
∂Hg

(
log
[
pHg(−i)(xi)

])
=

∂
∂Hg

(pH(−i)(xi))
pHg(−i)(xi)

=
∂

∂Hg
( 1
N−1

∑
j 6=iKHg (xi−xj |Hg))

pHg(−i)(xi)

(4.40)

We note that we cannot remove the summation term in Eq. 4.40 as in the case of the

MLE estimator in Eq. 4.11, since the derivative is with respect to Hg instead of Hj,

and will not necessarily be zero for all summands where j 6= k.

If we substitute the partial derivative in Eq. 4.40 into the partial derivative of the

global MLE objective function in Eq. 4.39 we obtain

d

dHg

(
lMLE(g)(X)

)
=

N∑
i=1

1
N−1

∑
j 6=i

∂
∂Hg

[
KHg (xi − xj|Hg)

]
pHg(−i)(xi)

(4.41)

The partial derivative of the multivariate Gaussian distribution with diagonal band-

width matrix Hg in dimension d can be derived (similar to Eq. 4.33) as

∂
∂hd

[
KHg (xi − xj|Hg)

]
= 1

h2d

[
Khd

(
xid−xjd

hd

)
(xid−xjd)2

h2d
−Khd

(
xid−xjd
hd

)]∏
p 6=dKhp

(
xip−xjp
hp

)
(4.42)

where hd is the kernel bandwidth in dimension d used for all kernels.

If we substitute this derivative into the global MLE objective function in Eq. 4.41

then set the objective function to zero and solve for h2d we obtain

h2d =

∑N
i=1

∑
j 6=iKhd

(
xid−xjd

hd

)
(xid−xjd)2

∏
p6=dKhp

(
xip−xjp

hp

)
pHg(−i)(xi)∑N

i=1

∑
j 6=iKhd

(
xid−xjd

hd

)∏
p 6=dKhp

(
xip−xjp

hp

)
pHg(−i)(xi)

(4.43)

If we substitute the definition of the multivariate Gaussian density function in Eq. 4.32

into Eq. 4.43, we obtain the solution of the dth diagonal component of the global MLE
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diagonal bandwidth matrix

Hg(d,d) =

∑N
i=1

∑
j 6=iKHg(xid−xjd|Hg)(xid−xjd)2

pHg(−i)(xi)∑N
i=1

∑
j 6=iKHg(xid−xjd|Hg)

pHg(−i)(xi)

(4.44)

The time complexity of evaluating the multivariate Gaussian kernel,

KHg (xid − xjd|Hg), with diagonal covariance matrix, Hg, is of order O(D). Therefore,

time complexity of evaluating the LOUT likelihood function, pHg(−i)(xi), in Eq. 4.44

is of order O(ND) since N − 1 calculations of the kernel function are required. The

calculation of Hg(d,d) in Eq. 4.44 requires N evaluations of pHg(−i)(xi), which yields a

time complexity of order O(N2D).

The parameters to estimate are the D diagonal elements of Hg, the number of

parameters thus scales linearly with the dimensionality and is not influenced by the

number of training data points, N .

4.5.2 MLL KERNEL BANDWIDTH ESTIMATION

We have thus far derived the MLE bandwidth estimator from the ML LOUT framework

and in this section we will show that the MLL bandwidth estimation algorithm that was

recently introduced by Barnard [17], can also be derived from the same ML framework.

We perform the derivations of the MLL estimator since the full proof of this algorithm

was not published and since this will allow us to compare the MLL estimator to the

other ML estimators derived in this chapter in a common theoretical framework.

A key insight observed by [51, 17] is that if the density function changes rela-

tively slowly throughout feature space, the optimal kernel bandwidths will also change

slowly throughout feature space. If it assumed that the density function changes slowly

throughout feature space, a simplification can be made by assuming that the band-

widths of kernels in the neighbourhood of a kernel, are the same as that of the kernel.

Thus, when the bandwidth Hi is being estimated, it is assumed that all other band-

widths are equal to Hi. This reduces the complexity of the bandwidth optimisation

problem significantly, since the LOUT kernel density estimate in Eq. 4.6 can be reduced

to

pHi(−i)(xi) =
1

N − 1

∑
j 6=i

KHi
(xi − xj|Hi) (4.45)

This implies that the optimisation of the ML objective function in Eq. 4.7 with respect

to the bandwidths, will not require partial derivatives with respect to the N − 1 band-

widths Hj, and will require only the derivative with respect to the bandwidth being

estimated Hi.

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

48



Chapter Four Maximum-likelihood Kernel Bandwidth Estimation

If an exponential kernel, such as the Gaussian kernel, is used the value of

KHi
(xi − xj|Hi) will decrease exponentially as the distance ‖xi − xj‖ increases. Thus

the contributions of the kernels centred at locations xj will decrease exponentially as

the distance ‖xi − xj‖ increases. This implies that the estimate of the density for data

point xi, given in Eq. 4.45 will not be significantly influenced by data points that are

not in the neighbourhood of xi. Given this observation, the assumption that all kernels

have bandwidth Hi when estimating Hi in Eq. 4.45, might be reasonable if the density

changes slowly within the neighbourhood of xi.

If, however, the density varies quickly throughout feature space, the effect of this

assumption is not negligible. The kernels of nearby data points will have significantly

different bandwidths from Hi (since the density varies quickly), and since the data

points in the neighbourhood of xi are not far enough such that KHi
(xi − xj|Hi) ≈ 0,

their contributions to the sum in Eq. 4.45 will not be negligible.

We will refer to the kernel bandwidth estimator based on pH(−i)(x) as the MLL

estimator, since this formulation is based on the MLL estimator introduced by [17].

We thus define the ML objective function for the MLL estimator by substituting Eq.

4.45 into Eq. 4.7

lMLL(X) =
∑N

i=1 log
[
pHi(−i)(xi)

]
=
∑N

i=1 log
[

1
N−1

∑N
j 6=iKHi

(xi − xj|Hi)
] (4.46)

The main distinction between the MLL and MLE algorithms is the difference in formu-

lations of the LOUT KDE, which is caused by the assumption of the MLL estimator

that the density function changes slowly throughout feature space.

We estimate the kernel bandwidth matrix Hk of the kernel centred on data point xk,

from a dataset X drawn iid from an unknown density function p(x) by optimising the

MLL objective function in Eq. 4.46 with respect to the bandwidth Hk. The partial

derivative of the MLL objective function with respect to the bandwidth Hk can be

expressed as
∂

∂Hk
(lMLL(X)) = ∂

∂Hk

(∑N
i=1 log

[
pHi(−i)(xi)

])
=
∑N

i=1
∂

∂Hk

(
log
[
pHi(−i)(xi)

]) (4.47)

where the derivative of the log term is

∂
∂Hk

(
log
[
pHi(−i)(xi)

])
=

∂
∂Hk

(pHi(−i)(xi))
pHi(−i)(xi)

=
1

N−1

∑
j 6=i

∂
∂Hk

KHi
(xi−xj |Hi)

pHi(−i)(xi)

(4.48)

Since the partial derivative in the summation term in Eq. 4.47 will be zero where i 6= k
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the summation term can be dropped and we can substitute Eq. 4.48 to obtain

∂

∂Hi

(lMLL(X)) =
1

N−1
∑

j 6=i
∂
∂Hi

KHi
(xi − xj|Hi)

pHi(−i)(xi)
(4.49)

The optimal MLL bandwidth can now be obtained by setting the derivative of the

MLL objective function in Eq. 4.49 to zero and solving for Hi. We will first solve this

derivative for the univariate Gaussian case, and then extend the formulation to the

multivariate Gaussian case for both a full and diagonal covariance matrix.

4.5.2.1 UNIVARIATE GAUSSIAN KERNEL

If we assume a univariate Gaussian kernel, the kernel function can be expressed as the

standard univariate normal density function

K

(
xi − xj
hi

)
=

1√
2π
e
− 1

2

(
xi−xj

hi

)2
(4.50)

and its derivative with respect to hi

d

dhi

[
K

(
xi − xj
hi

)]
=

(xi − xj)2

h3i
K

(
xi − xj
hi

)
(4.51)

The univariate Gaussian density function can be expressed as

Khi

(
xi − xj
hi

)
=

1

hi
K

(
xi − xj
hi

)
(4.52)

and its derivative with respect to hi

d

dhi

[
Khi

(
xi − xj
hi

)]
=
K
(
xi−xj
hi

)
(xi − xj)2

h4i
−
K
(
xi−xj
hi

)
h2i

(4.53)

We obtain the numerator in Eq. 4.49 by substituting Eq. 4.53 into Eq. 4.45 (for the

univariate case)

d
dhi

(
phi(−i)(xi)

)
= 1

N−1

[∑
j 6=i

K
(

xi−xj
hi

)
(xi−xj)2

h4i
−
∑

j 6=i
K
(

xi−xj
hi

)
h2i

]
(4.54)

We now substitute Eq. 4.54 into Eq. 4.49 to obtain the derivative of the MLL objective

function, and set the derivative to zero to solve for h2i

h2i =
∑

j 6=iK
(

xi−xj
hi

)
(xi−xj)2∑

j 6=iK
(

xi−xj
hi

)
(4.55)
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The solution to the optimal MLL bandwidth given in Eq. 4.55 can be obtained by either

making use of a conventional optimisation algorithm e.g. a gradient based optimiser,

or hi can be solved with a more direct approach where the right-hand side is initialised

with a given bandwidth, the left hand side is updated, and the updated bandwidth

is then substituted into the right-hand side again. This process can be performed

iteratively until the bandwidth converges.

The calculation of h2i in Eq. 4.55 requires N-1 evaluations of the univariate Gaussian

kernel, K
(
xi−xj
hi

)
, which yields a time complexity of order O(N) for Eq. 4.55. Since

h2i must be calculated N times, this yields a time complexity of order O(N2) for the

MLL univariate Gaussian estimator.

The parameters to estimate are simply the N bandwidth values, and therefore the

number of parameters scales linearly with the number of training data points, N .

We note that this expression for the optimal MLE bandwidth is very similar to the

MLL bandwidth expression in Eq. 4.55, and that we can express both equations more

generally as

h2k =

∑N
i=1wik(xi − xk)2∑N

i=1wik
, (4.56)

where the weight function, wik, for the MLL bandwidth estimator is

wik(MLL) = K

(
xi − xk
hk

)
, (4.57)

and for the MLE bandwidth estimator is

wik(MLE) =
K
(
xi−xk
hk

)
pH(−i)(xi)

, (4.58)

From this formulation we see that the MLE weight function, in Eq. 4.58, has a nor-

malisation factor, pHi(−i)(xi), at each iteration i, where the value of pHi(−i)(xi) is the

MLE LOUT likelihood score for data point xi. Thus, as the likelihood of data point

xi increases, the relative weight of xi decreases, and as the likelihood of xi decreases,

the relative weight of xi increases. If we apply this insight to Eq. 4.56, it is clear that

when the bandwidth hk is estimated for data point xk, the contribution of the distance

(xi − xk)2 to each data point xi is normalised by the likelihood of xi.

The effect on the bandwidth hk of data points that fall within dense regions is thus

reduced, while the effect of data points that lie in lower density regions is increased.

This may thus be regarded as a form of bandwidth regularisation. To illustrate the

regularisation effect, consider two data points, x1 and x2, that lie very close to each

other. Both x1 and x2 will have relatively high density values for pH(−1)(x1) and
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pH(−2)(x2), since they are close in feature space and will increase each other’s density.

If the bandwidth,h1, is estimated for the kernel centred on x1, the distance (x1 − x2)2

will be very small, but since the value of pH(−1)(x2) will be large, the contribution of

(x1 − x2)2 to h1 will be reduced, thus preventing h1 from becoming too small.

4.5.2.2 MULTIVARIATE GAUSSIAN KERNEL (FULL COVARIANCE MATRIX)

Similar to the univariate case, the multivariate Gaussian kernel function with a full

covariance matrix , Hi, can be expressed as the standard multivariate normal density

function

K (xi − xj|Hi) =
1

(2π)D/2
e−

1
2
(xi−xj)

TH−1
i (xi−xj). (4.59)

The multivariate Gaussian density function with full covariance matrix, Hi, can be

expressed as

KHi
(xi − xj|Hi) =

1

(2π)D/2 |Hi|
1
2

e−
1
2
(xi−xj)

TH−1
i (xi−xj) (4.60)

and its partial derivative with respect to Hi as

∂
∂Hi

KHi
(xi − xj|Hi) = 1

2
H−2i (xi − xj)(xi − xj)

TKHi
(xi − xj|Hi)− 1

2
H−1i KHi

(xi − xj|Hi)

(4.61)

We now obtain the partial derivative of the LOUT estimate in Eq. 4.45 by substituting

the partial derivative of the kernel function in Eq. 4.61

∂
∂Hi

(
pHi(−i)(xi)

)
= 1

N−1

[∑
j 6=i

1
2
H−2i (xi − xj)(xi − xj)

TKHi
(xi − xj|Hi)

]
− 1
N−1

[∑
j 6=i

1
2
H−1i KHi

(xi − xj|Hi)
] (4.62)

We then substitute Eq. 4.62 into Eq. 4.49 to obtain the partial derivative of the MLL

objective function, and set the derivative to zero to solve for Hi

Hi =

∑
j 6=i(xi − xj)(xi − xj)

TKHi
(xi − xj|Hi)∑

j 6=iKHi
(xi − xj|Hi)

, (4.63)

where Hi is the MLL full covariance bandwidth matrix estimate for the kernel centred

on data point xi.

The time complexity of evaluating the multivariate Gaussian kernel, K (xi − xj|Hi),

with full covariance matrix, Hi, is of order O(D3) if Gauss-Jordan elimination is used to

calculate the inverse of Hi and LU decomposition is used to calculate the determinant

of Hi. Therefore, the time complexity of evaluating Eq. 4.63 will be of order O(ND3)

owing to the N−1 evaluations of the kernel function in the numerator and denominator.

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

52



Chapter Four Maximum-likelihood Kernel Bandwidth Estimation

Since Hi must be calculated for each of the N training data points, the time complexity

of the MLL full covariance estimator is of order O(N2D3).

The parameters to estimate are the D(D + 1)/2 parameters for each of the N

symmetric full covariance matrices; therefore the number of parameters isND(D+1)/2.

4.5.2.3 MULTIVARIATE GAUSSIAN KERNEL (DIAGONAL COVARIANCE

MATRIX)

The partial derivative of the multivariate Gaussian expression in Eq. 4.32 with respect

to the bandwidth matrix Hi in dimension d can be obtained by simply substituting

hjd in Eq. 4.33 with hid to give

∂
∂hid

[KHi
(xi − xj|Hi)] = 1

h2id

[
Khid

(
xid−xjd

hid

)
(xid−xjd)2

h2id
−Khid

(
xid−xjd
hid

)]∏
p 6=dKhip

(
xip−xjp
hip

)
(4.64)

If we substitute this derivative into Eq. 4.49, then the partial derivative of the MLL

objective function with respect to the diagonal bandwidth matrix Hi in dimension dis

d
dhid

(lMLL(X)) = 1
(N−1)h2id

∑
j 6=i

[
Khid

(
xid−xjd

hid

)
(xid−xjd)2

pH(−i)(xi)h2id
−

Khid

(
xid−xjd

hid

)
pH(−i)(xi)

]∏
p6=dKhip

(
xip−xjp
hip

)
(4.65)

where hid is the bandwidth of the univariate Gaussian kernel Khid (·) centred on data

point xi in dimension d.

We then set the derivative in Eq. 4.65 to zero and solve for h2id

h2id =

∑
j 6=iKhid

(
xid−xjd
hid

)
(xid − xjd)2

∏
p 6=dKhip

(
xip−xjp
hip

)
∑

j 6=iKhid

(
xid−xjd
hid

) (4.66)

Note that the term pHi(−i)(xi) in Eq. 4.65 may be moved outside of the summation

since it is not a function of j, and therefore this term is cancelled out when Eq. 4.65

is set to zero.

If we substitute the definition of the multivariate Gaussian density function in Eq.

4.32 into Eq. 4.66, we obtain the solution of the dth diagonal component of the MLL

diagonal bandwidth matrix centred on data point xi

Hi(d,d) =

∑
j 6=iKHi

(xi − xj|Hi) (xid − xjd)2∑
j 6=iKHi

(xi − xj|Hi)
(4.67)

The time complexity of evaluating the multivariate Gaussian kernel,

KHi
(xi − xj|Hi), with diagonal covariance matrix, Hi, is of order O(D) since

the inverse of the covariance matrix is simply the inverse of each of the diagonal
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elements and the determinant is simply the product of the diagonal elements. Eq.

4.67 requires the N − 1 calculations of the kernel function, KHi
(xi − xj|Hi), which

yields a time complexity of order O(ND) for Eq. 4.67. Since Hi must be calculated

for the N training data points, the time complexity of the diagonal MLL estimator is

of order O(N2D).

The parameters to estimate are the D parameters for each of the N diagonal covari-

ance matrices; therefore the number of parameters to estimate is ND. The parameters

thus scale linearly with the number of training data points and the dimensionality of

the dataset.

4.5.3 ML-LOO KERNEL BANDWIDTH ESTIMATION

We have thus far derived MLL and MLE bandwidth estimators from the ML LOUT

framework and in this section we will show that the ML-LOO bandwidth estimation

algorithm that was recently introduced by Leiva-Murillo and Artés-Rodŕıguez [18], can

also be derived from the same ML framework. We perform the derivations of these

algorithms since the full proofs of these algorithms were not published and this will

allow us to compare the ML-LOO estimators to the MLE and MLL algorithms in a

common theoretical framework.

Leiva-Murillo and Artés-Rodŕıguez derived the ML-LOO estimator for the full co-

variance and spherical covariance Gaussian kernels. The main restriction placed on

the ML-LOO estimator is that an identical bandwidth is estimated for all kernels, as

opposed to the MLL and MLE estimators that estimate a unique bandwidth matrix

for each kernel.

We will compare both variants of the ML-LOO estimator to the MLE and MLL

estimators in our simulation studies to investigate the effect of this simplification.

4.5.3.1 SPHERICAL ML-LOO ESTIMATOR

The LOUT KDE for a multivariate spherical kernel can be defined as

ph(−i)(xi) =
1

N − 1

N∑
j 6=i

K (xi − xj|h) (4.68)

where h is the spherical bandwidth that is identical for all kernels in all dimensions.

The spherical ML-LOO objective function can thus be written as

lML−LOO(s)(X) =
∑N

i=1 log
[
ph(−i)(xi)

]
=
∑N

i=1 log
[

1
N−1

∑N
j 6=iK (xi − xj|h)

] (4.69)
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and the derivative of this objective function with respect to the spherical bandwidth h

can be expressed as

d
dh

(
lML−LOO(s)(X)

)
=
∑N

i=1
d
dh

(
log
[
ph(−i)(xi)

])
=
∑N

i=1

d
dh(ph(−i)(xi))
ph(−i)(xi)

=
∑N

i=1

1
N−1

∑
j 6=i

d
dh
K(xi−xj |h)

ph(−i)(xi)

(4.70)

The optimal spherical ML-LOO bandwidth can now be obtained by setting the

derivative of the objective function in Eq. 4.70 to zero and solving for h.

The multivariate Gaussian density function with spherical covariance matrix can

be expressed as

Kh (xi − xj|h) =
1

hD(2π)D/2
e−

1
2

‖xi−xj‖2
h2 (4.71)

where h is the standard deviation or bandwidth used in all dimensions and ‖xi − xj‖2is
the squared D-dimensional Euclidean distance between data points xi and xj.

The derivative of the spherical multivariate Gaussian expression in Eq. 4.5.1.31

with respect to the bandwidth h, can be derived by means of the product rule to

obtain

d

dh
[Kh (xi − xj|h)] = Kh (xi − xj|h)h−3 ‖xi − xj‖2 −DKh (xi − xj|h)h−1 (4.72)

If we substitute this derivative into the spherical ML-LOO objective function in Eq.

4.70, set the objective function to zero and solve for h we obtain the following expression

for the spherical ML-LOO bandwidth estimate

h2 =
1

D

∑N
i=1

1
ph(−i)(xi)

∑
j 6=iK (xi − xj|h) ‖xi − xj‖2∑N

i=1
1

ph(−i)(xi)

∑
j 6=iK (xi − xj|h)

(4.73)

Leiva-Murillo and Artés-Rodŕıguez further simplify this expression in [18] by substi-

tuting ∑
j 6=i

K (xi − xj|h) = (N − 1)ph(−i)(xi) (4.74)

to obtain the following expression for the spherical ML-LOO bandwidth estimate

h2 =
1

D(N − 1)N

N∑
i=1

1

ph(−i)(xi)

∑
j 6=i

K (xi − xj|h) ‖xi − xj‖2 (4.75)

The time complexity of evaluating the multivariate Gaussian kernel, K (xi − xj|h),

with spherical covariance, h, is of order O(D) owing to the calculation of the D-

dimensional squared Euclidean distance in Eq. 4.71. The calculation of the leave-

one-out likelihood, ph(−i)(xi), requires N − 1 evaluations of the spherical Gaussian
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kernel and thus has a time complexity of order O(ND). The calculation of the term∑
j 6=iK (xi − xj|h) ‖xi − xj‖2 in Eq. 4.73 also requires N − 1 evaluations of the spher-

ical kernel and the D-dimensional squared Euclidean distance. This term as well as

the leave-one-out likelihood term requires N evaluations in Eq. 4.73 and the simplified

version in Eq. 4.75, which yields a time complexity of order O(N2D) for the spherical

ML-LOO estimator.

The spherical bandwidth, that is identical for all kernels, is the only parameter that

needs to be estimated. The number of parameters to estimate thus does not scale with

the number of training samples or the number of dimensions.

4.5.3.2 FULL COVARIANCE ML-LOO ESTIMATOR

The LOUT KDE for a multivariate full covariance kernel can be defined as

pH(−i)(xi) =
1

N − 1

N∑
j 6=i

K (xi − xj|H) (4.76)

where H is the full covariance bandwidth matrix that is identical for all kernels. The

full covariance ML-LOO objective function can thus be written as

lML−LOO(f)(X) =
∑N

i=1 log
[
pH(−i)(xi)

]
=
∑N

i=1 log
[

1
N−1

∑N
j 6=iK (xi − xj|H)

] (4.77)

and the partial derivative of this objective function with respect to the full covariance

bandwidth matrix H can be expressed as

∂
∂H

(
lML−LOO(f)(X)

)
=
∑N

i=1
∂
∂H

(
log
[
pH(−i)(xi)

])
=
∑N

i=1

∂
∂H(pH(−i)(xi))
pH(−i)(xi)

=
∑N

i=1

1
N−1

∑
j 6=i

∂
∂H

K(xi−xj |H)

pH(−i)(xi)

(4.78)

The optimal full covariance ML-LOO bandwidth can now be obtained by setting the

derivative of the objective function in Eq. 4.78 to zero and solving for H.

The multivariate Gaussian density function with full covariance matrix is given in

Eq. 4.17 and its partial derivative with respect to the full covariance matrix H in Eq.

4.28. If we substitute the partial derivative in Eq. 4.28 into the numerator of the

derivative of the full covariance ML-LOO objective function in Eq. 4.78, we obtain

∂
∂H

(
pH(−i)(xi)

)
= 1

N−1

[∑
j 6=i

1
2
H−2(xi − xj)(xi − xj)

TKH (xi − xj|H)
]

− 1
N−1

[∑
j 6=i

1
2
H−1KH (xi − xj|H)

] (4.79)
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If we substitute the partial derivative in Eq. 4.79 into the derivative of the full co-

variance ML-LOO objective function in Eq. 4.78 and set the derivative to zero, we

obtain

H =

∑N
i=1

1
pH(−i)(xi)

∑
j 6=i(xi − xj)(xi − xj)

TKH (xi − xj|H)∑N
i=1

1
pH(−i)(xi)

∑
j 6=iKH (xi − xj|H)

. (4.80)

Leiva-Murillo and Artés-Rodŕıguez also simplify this expression by substituting Eq.

4.74 to obtain the following expression for the full covariance ML-LOO bandwidth

estimate

H =
1

N(N − 1)

N∑
i=1

1

pH(−i)(xi)

∑
j 6=i

(xi − xj)(xi − xj)
TKH (xi − xj|H) . (4.81)

Eq. 4.73 and Eq. 4.80 show that both variants of the ML-LOO estimator estimate an

identical kernel bandwidth for all kernels. We will compare these estimators to the MLL

and MLE estimators in our simulation study in Chapter 6, to determine whether these

estimators perform competitively. The time complexity of evaluating the multivariate

Gaussian kernel, KH (xi − xj|H), with full covariance matrix, H, is of order O(D3) if

Gauss-Jordan elimination is used to calculate the inverse of H and LU decomposition

is used to calculate the determinant of H. Therefore, the time complexity of evaluating

Eq. 4.79 will be of order O(N2D3), owing to the N−1 evaluations of the kernel function

in the calculation of pH(−i)(xi), and the N evaluations of pH(−i)(xi) in Eq. 4.79.

The full covariance bandwidth matrix, H, is identical for all kernels, and D(D+1)/2

parameters are estimated since the covariance matrix is symmetric. The estimated

number of parameters thus does not scale with the number of training points and

scales quadratically with dimensionality.

4.5.4 SUMMARY OF ML KDES COMPUTATIONAL COMPLEXITIES

AND PARAMETERS TO BE ESTIMATED

Table 4.1 summarises the computational complexities and the number of parameters to

be estimated as a function of N and D for all variants of the MLE, MLL and ML-LOO

estimators that were derived in Sections 4.5.1 – 4.5.3
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Table 4.1: Summary of computational complexities and parameters to be estimated

for ML KDEs

Algorithm Bandwidth Type Computational Complexity Parameters Estimated

MLE Univariate O(N3) N

MLE Full covariance O(N3D3) ND(D + 1)/2

MLE Diagonal covariance O(N3D) ND

MLE Global diagonal covariance O(N2D) D

MLL Univariate O(N2) N

MLL Full covariance O(N2D3) ND(D + 1)/2

MLL Diagonal covariance O(N2D) ND

ML-LOO Global spherical covariance O(N2D) 1

ML-LOO Global full covariance O(N2D3) D(D + 1)/2

4.6 KERNEL BANDWIDTH INITIALISATION

We have shown that all ML bandwidth estimation procedures derived in Section 4.5

required a form of bandwidth initialisation to initialise the optimisation procedure for

bandwidth estimation.

Barnard [17] and Leiva-Murillo and Artés-Rodŕıguez [18] made interesting obser-

vations regarding the range in which the optimal ML LOUT bandwidths should lie,

by evaluating the zero-variance and infinite-variance limits of the MLL and ML-LOO

bandwidth estimation equations. Leiva-Murillo and Artés-Rodŕıguez rewrote the band-

width estimation equation for the spherical case in Eq. 4.75 as

g
(
h2
)

=
1

ND

∑
i

∑
j 6=i

‖xi − xj‖2

1 +
∑

k 6=i,j e

‖xi−xj‖2−‖xi−xk‖2

2h2

 (4.82)

and calculated the limit of g (h2) at zero variance

lim
h2→0

g
(
h2
)

=
d2NN
D

(4.83)

where d2NN is the squared nearest-neighbour D-dimensional Euclidean distance between

any two data points in the dataset. They also calculated the limit of g (h2) at infinite

variance as

lim
h2→∞

g
(
h2
)

=
d2

D
(4.84)

where d2 is the average squared D-dimensional Euclidean-distance between all data

points in the dataset.
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To prove that the estimated kernel bandwidth, h2, will always be in the range

[d2NN/D, d
2/D], Leiva-Murillo and Artés-Rodŕıguez also showed that g (h2) is mono-

tonic in the interval, thus showing that the smallest possible estimated bandwidth

value is d2NN/D and the largest possible estimated bandwidth is d2/D for the spherical

Ml-LOO bandwidth estimator.

Based on these theoretical bounds, we propose a rule-of-thumb bandwidth ini-

tialisation method, which we will call the MLE rule-of-thumb estimator. The MLE

rule-of-thumb estimator simply estimates the initial bandwidth of a kernel between the

theoretical lower and upper bounds.

More formally, the bandwidth hi(0) is estimated as

hi(0) =

√
d2NN + d2

2
(4.85)

where d2NN is the squared Euclidean distance from xi to its nearest-neighbour, and d2

is the squared average Euclidean distance from xi to all other data points. For the

multivariate case, the nearest neighbour to data point xi is be selected based on a

D-dimensional Euclidean distance, and the initial bandwidths are calculated indepen-

dently per dimension. Thus Eq. 4.85 can be used for each dimension independently.

We will compare the MLE rule-of-thumb estimator to other rule-of-thumb estima-

tors in our simulation study in the next chapter.

4.7 CONCLUSION

In this chapter we have shown how different formulations of LOUT kernel density

estimation can be used to define various ML objective functions. We also showed how

these objective functions can be used to derive ML bandwidth estimation algorithms.

In particular, we proved the existing MLL and ML-LOO bandwidth estimators, and we

derived two novel MLE bandwidth estimators from first principles. We also proposed

a rule-of-thumb bandwidth initialisation procedure based on the theoretical bounds of

ML bandwidth estimators.

In the next chapter we will perform a comparative simulation study of conventional

kernel bandwidth estimators. We will also include the MLE rule-of-thumb estimator in

the comparative study to gain a better understanding of its performance in practice. In

Chapter 6 we will perform a comparative simulation study of all bandwidth estimators

that were derived in this chapter.
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5.1 INTRODUCTION

In this chapter we compare the performance of conventional KDE bandwidth estimators

on numerous artificial and RW data sets. We simulate artificial data to investigate

the performance of bandwidth estimators under various conditions. We structure our

simulations to investigate the following data properties: dimensionality, number of

samples, modality, scale, correlation and anisotropy. As discussed in Section 3.4 and

[52, 26, 47], these properties are fundamental data properties that should be captured

by estimators to describe data accurately. The advantage of using artificial data is that

these properties can be manipulated in a controlled fashion and to various degrees. We

can thus perform estimation on the sampled artificial datasets to probe the performance

of the estimators as the data properties are varied.

We also compare the performance of the bandwidth estimators on RW datasets. We

distinguish between two types of RW datasets, namely datasets with no independent

test set, and datasets with separate train and test sets. We will refer to the RW datasets

with no independent test sets as CV datasets, and to the datasets with separate train

and test sets simply as RW datasets.

We describe the methodology for artificial data generation, the methods that will

be compared and the data pre-processing in Section 5.2, and design our experiments

for artificial, CV and RW data simulation studies in Section 5.3; we present the results

of the simulation studies in Section 5.4 and conclude our findings in Section 5.5.

5.2 METHODS AND DATA

5.2.1 DATA SAMPLING PROCEDURE

In order to probe the performance of bandwidth estimators for varying data properties,

we sample artificial datasets from the multivariate normal (MVN) distribution. The

MVN distribution only requires the specification of a mean and covariance matrix, and

we explain in this section how various data properties can be modelled by introducing

linear transformations to generate the appropriate covariance matrices.

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

61



Chapter Five
Comparison of Conventional Kernel

Bandwidth Estimators

We initialise the sampling process by sampling data from a standard MVN distribu-

tion with 0 mean and the identity matrix as covariance (i.e. a standard deviation of 1

in all dimensions). We introduce scale into the data with a simple linear transformation

Ydiag = AdiagX (5.1)

where X is the data sampled from a standard MVN distribution and A is the scaling

matrix such that the covariance of the transformed data Ydiag is equal to

Σdiag = AdiagA
T
diag (5.2)

Adiag is a diagonal matrix, where the diagonal components are the standard deviations

of the transformed features. Consequently, the resulting covariance matrix will also be

diagonal. The linearly transformed data Ydiagthus also has dimensionality D, and are

scaled according to the diagonal covariance matrix, Σdiag.

We now introduce correlation into the data by first generating an orthogonal fea-

ture space with the Gram Schmidt orthogonalisation procedure. The Gram Schmidt

procedure is required to ensure that the standard deviations of the features in the

transformed space remain the same as the standard deviations in Σdiag.

We thus generate an orthogonal D-dimensional scale matrix AGS from the Gram

Schmidt procedure, and construct a covariance matrix with orthogonal dimensions as

follows:

ΣGS = AGSAT
GS. (5.3)

In order to introduce correlation into the transformed data Ydiag, we perform another

linear transformation. The linear transformation is obtained by performing an eigen-

value transformation on ΣGS. This linear transformation will introduce correlation

into the data, but will ensure that the resulting covariance matrix of the transformed

data is of full rank. If the eigenvectors of the eigenvalue transformation are denoted

by V, the transformation can be expressed as

Yfull = YdiagV + BV (5.4)

where Yfull is the linearly transformed data with eigenvalues equal to the variance

values in Σdiag, and B is the mean of the data in the original feature space Ydiag, that

is then transformed to the new feature space containing correlation,Yfull.

To introduce various modes into the data, we simply sample data with the above

procedure, and add different mean values (B) to the data, in order to perform trans-

lation of the data. We then concatenate the data of the various modes into a single

data matrix.
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We then introduce anisotropy to the data by making data sampled from different

modes vary in different directions; more than one mode is thus required to make data

anisotropic. More formally, we multiply the values of the first feature in Yfull with −1,

which reverses the direction of the first dimension, thus ensuring that first features of

the two modes vary in different directions. If we have two modes in a dataset, the data

for the first mode will be generated with

YM1 = Ytrans + BM1V (5.5)

where V is the eigenvector transformation obtained from ΣGS, BM1 is the mean of

mode 1 in the diagonal feature space and where

Ytrans = YdiagVM1. (5.6)

The data for the second mode arethen generated with

YM2 = [−Ytrans1 , Ytrans2 , · · · , YtransD ] + BM2V (5.7)

where Ytransi is the data for the ith feature in dataset Ytrans and BM2 is the mean of

mode 2 in the diagonal feature space.

This will thus ensure that the data for YM1 and YM2 will vary in different directions

in the first dimension.We note that anisotropy is only relevant for multi-modal data

where the features are correlated, since the change indirection of the first dimension

will not change the distribution of uncorrelated data.

5.2.2 CROSS-VALIDATION DATA

We select eight CV datasets (with no independent test sets) from the UCI Machine

Learning Repository [42] for the purpose of simulation studies. These datasets are

selected to cover a wide range of applications in pattern recognition, and to be rep-

resentative of the samples sizes and dimensionalities of typical pattern recognition

problems. We briefly describe each of these datasets in this section, and summarise

the most important dataset properties in Table 5.1.

The Old Faithful dataset consists of 272 observations of eruptions of the Old Faithful

geyser in the Yellowstone national park. The observations consist of two measures,

namely the duration since the previous eruption and the duration of the observed

eruption. No class labels are assigned to the observations.

The Balance Scale dataset consists of 625 observations of a balance scale that is

tipped to the left, balanced or tipped to the right. The observations consist of four

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

63



Chapter Five
Comparison of Conventional Kernel

Bandwidth Estimators

features that measure the left weight, distance to the left, right weight and distance

to the right. The classification of each observation is the positioning of the scale, thus

left, right or balanced.

The Iris dataset consists of 150 observations of iris flowers. Each observation con-

sists of four measures of an iris flower, and the classification of each observation is the

type of iris species to which the flower belongs, namely Iris Setosa, Iris Versicolour or

Iris Virginica.

The Diabetes dataset consists of records of 768 patient records obtained from the

National Institute of Diabetes and Digestive and Kidney Diseases. Each observation

consists of eight features that may be used to predict the onset of diabetes. The

classification of each observation is a diagnostic of whether the patient shows signs of

diabetes according to the World Health Organization criteria.

The Heart (Statlog) dataset consists of 270 patient records that each consists of 13

features that may be used to predict the presence of heart disease. The classification

of each observation is the absence or presence of heart disease in a patient.

The Vehicle dataset consists of 946 observations of vehicle silhouettes. The obser-

vations consist of 18 features that describe the scale-independent features and heuristic

measures of a vehicle silhouette. The classification of each observation is the type of

vehicle model, namely a bus, Chevrolet van, Saab 9000 or Opel Mantra 400.

The Waveform dataset consists of 5 000 observations from waveforms generated

from two or three base waveforms with added noise of unit variance. Each observation is

sampled from one of three waveforms and is described by 21 features. The classification

of each observation is the type of waveform.

The Ionosphere dataset consists of 351 radar observations of the ionosphere mea-

sured at Goosebay, Labrador. The observations consist of 17 pairs of complex values

resulting from the radar returns. There are thus 34 features per observation, and the

classification of each observation is whether radar returns show evidence of structure in

the ionosphere (measured by collisions with free electrons) or whether signals mostly

passed through the ionosphere.

We summarise the CV datasets according to class, dimensionality and total number

of samples in Table 5.1. The total number of classes are denoted as “C”, the number

of dimensions as “D” and the total number of samples as “N”.

5.2.3 REAL-WORLD DATA

We selected five RW datasets (with independent train and test sets)for the purpose of

simulation studies. These datasets were also obtained from the UCI Machine Learning
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Table 5.1: CV dataset summary

Dataset C D N

Old Faithful 1 2 272

Balance Scale 3 4 625

Iris 3 4 150

Diabetes 2 8 768

Heart (Statlog) 2 13 270

Vehicle 4 18 946

Waveform 3 21 5000

Ionosphere 2 33 351

Repository and were selected to have relatively high dimensionality, since these high

dimensionalities are typical in RW pattern recognition tasks. We briefly describe each

of these datasets in this section, and summarise the most important dataset properties

in Table 5.2.

The Letter dataset consists of 16 000 training and 4 000 test observations of the

26 capital letters in English. Observations for 20 different fonts of each letter were

generated and random distortions were introduced. The observations consist of 16

numerical features that are derived from statistical moments and edge counts. The

classification of each observation is the letter category.

The Statlog Image Segmentation dataset consists of 2 100 train and 210 test obser-

vations, each corresponding to a 3x3 pixel region randomly selected from seven outdoor

images. The observations consist of 18 features that describe various properties of the

region, such as the position, contrast with neighbouring pixels, intensity and colour

properties of the region. The classification of each observation is the class of segment

to which the centre pixel of the 3x3 region belongs, compared to the segmentation class

of hand segmentations. The segmentation classes are brickface, sky, foliage, cement,

window, path and grass.

The Landsat satellite dataset consists of 4435 train and 2 000 test observations.

Digital satellite images of the same scene were taken at four different spectral bands,

two in the visible region and two in the near-infrared region. Each observation in the

dataset corresponds to measurements in the four spectral bands for a 3x3 pixel region,

which results in 36 features per observation. The classification of each observation is

the class of land coverage of the centre pixel in the 3x3 region. The land coverage

classes are: red soil, cotton crop, grey soil, damp grey soil, soil with vegetation stubble

and very damp grey soil.
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The Optdigits handwritten digits dataset consists of 3 823 train and 1 797 test

observations. Handwritten digits of 43 people were used, 30 people for training and

13 people for testing. The image of each handwritten digit was divided into an 8x8

grid, resulting in 64 features per observation, where each feature describes the pixel

intensity of a block in the 8x8 grid. The classification of each observation is the digit

value, which ranges from 0 to 9.

The Isolet spoken letters dataset consists of 6 238 train and 1 559 test observations.

Two utterances of each letter in the English alphabet were recorded for 150 speakers.

The utterances of 120 speakers are used in the train set and those of 30 speakers are used

in the test set. Three utterances have been omitted from the dataset owing to recording

difficulties. The observations consist of 617 features that describe various properties

of a speech utterance; these features include spectral coefficients, contour features,

sonant features, pre-sonant features and post-sonant features. The classification of

each observation is the letter category.

We summarise the most important dataset properties of the RW datasets in Table

5.2. We denote the total number of classes as “C”, the dimensionality of the dataset

as “D”, the total number of training samples as “NCtr” and the total number of test

samples as “NCte”.

Table 5.2: RW dataset summary

Dataset C D NCtr NCte

Letter 26 16 16000 4000

Segmentation 7 18 2100 210

Landsat 6 36 4435 2000

Optdigits 10 64 3823 1797

Isolet 26 617 6238 1559

5.2.4 DATA PRE-PROCESSING

PCA is performed on RW and CV datasets as a pre-processing step prior to density

estimation. PCA is used to reduce the dimensionality of datasets by performing a linear

transformation that re-aligns the feature axes to the directions of most variation, and

thus minimises the variance orthogonal to the projection. Features with the smallest

eigenvalues (or variance in the transformed feature space) may thus be disregarded.

PCA also ensures that the features of the transformed feature space are orthogonal,

thus ensuring the features are decorrelated.
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A more subtle implication of PCA is that it serves as a form of bandwidth regular-

isation for ML kernel bandwidth estimators, which is a crucial task for kernel density

estimation in high-dimensional spaces. Because of the formulation of the ML objective

function, an infinite likelihood score is obtained when two data points have corre-

sponding values in any dimension. When, for example, a Gaussian kernel is fitted over

a training data point, and a test point has the same value in any of the dimensions, the

bandwidth that will maximise the likelihood score in the dimension with correspond-

ing values will be 0. This phenomenon becomes more problematic as dimensionality

increases, since the probability of having two observations with the same value in any

dimension increases significantly, thus leading to more degenerate kernel bandwidths.

PCA reduces the probability of identical values in a dimension since the linear

transformation of a new feature is the weighted sum of the values of all dimensions

in the original feature space. Two data points thus need to satisfy the same linear

equation(i.e. have identical values in all dimensions) to have the same value in a

transformed dimension.

The dimensionality of all RW and CV datasets can be reduced with PCA in two

ways. The first approach is to remove all transformed features that have eigenvalues

smaller than 1% of the eigenvalue of the principal component. An alternative approach

is to keep the features with largest eigenvalues such that their eigenvalues sum to

95% of the total of all eigenvalues. This approach attempts to capture 95% of the

variance, but fails when, for example, all the features have approximately the same

eigenvalues. In this case, features will be removed that do not necessarily have much

smaller eigenvalues than the selected features. This scenario is prevented with the

first approach that retains all features with eigenvalues larger than 1% of the principal

component eigenvalue. We make use of this approach in our experiments, and denote

this pre-processing step for dimensionality reduction as PCA1.

We employ a second dimensionality reduction approach in our experiments that

selects only the five transformed features with the largest eigenvalues. This approach

allows us to compare estimators in this relatively low dimensional space, since in some

instances the first dimensionality reduction approach will still select more than 10

transformed features. We denote this pre-processing step for dimensionality reduction

as PCA5.

We also consider two variants of PCA transformations for PCA5 and PCA1, namely

class-specific PCA and global PCA. Class-specific PCA transforms each class in a

dataset independently and thus provides a unique transformation per class that decorre-

lates the features for each class. This transformation has proved to be more effective[48]
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in compressing features, than when all classes are transformed simultaneously. Global

PCA transforms all classes simultaneously and uses the same transformation across all

classes. We report on class-specific PCA results in the body of this chapter and attach

the global PCA results in Appendix A for comparative purposes.

5.2.5 METHODS

We make use of the conventional Silverman rule-of-thumb, MSP, LSCV, ULCV, LLCV

and the HSJM plug-in rule estimators as implemented in the KDE toolbox[53] in our

simulation studies.

The LSCV, ULCV and LLCV estimators employ a golden section search to optimise

the bandwidth for the respective objective functions, and the search is initialised with

a bandwidth based on the average nearest neighbour distance. All implementations

assume a Gaussian kernel, and the Silverman estimator assumes a Gaussian reference

distribution.

The LSCV, ULCV and LLCV estimator scale the features independently to one

standard deviation prior to bandwidth estimation, and the optimal bandwidth is re-

scaled per dimension according to the initial standard deviations after estimation. We

denote scaling with (s) at the end of the names of the scaled estimators. Since PCA

is performed as a pre-processing step on all data, this is necessary to prevent the over-

smoothing of dimensions with small eigenvalues and the under-smoothing of dimensions

with large eigenvalues, when only a single bandwidth is estimated per dimension.

We also implement the ML Gauss estimator, which simply estimates the sample

mean and covariance of each class. We make use of a full covariance matrix estimate

for dimensionalities between 1 and 10, and make use of a diagonal covariance matrix

for dimensionalities higher than 10. Finally, we implement the MLE rule-of-thumb

estimator introduced in Chapter 4 and denote this estimator as “MLE(i)” for the

remainder of this chapter, where “i” indicates that this estimator is regarded as a

bandwidth initialisation procedure for the purpose of this study.

5.2.6 PERFORMANCE EVALUATION

We sample independent test sets for artificial data to compare the performance of the

estimators on these datasets. For each distribution, we sample 10 training and 10 test

sets. We will discuss the experimental design of artificial data in more detail in the next

section. A density is estimated for each of the 10 training sets, and for each training

set a corresponding test set is used to calculate the likelihood scores of the test data
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points. The likelihood scores of each test set are used to calculate an entropy score

per test set, and the average of the 10 entropy scores is used to report on the final

performance of the estimators.

We make use of 10-fold CV to estimate the performance of the estimators on CV

datasets with no independent test sets. A density is estimated for each of the 10 folds,

and the left-out test fold is used to calculate the likelihood scores of the test data

points. After all 10 test folds have been evaluated, the likelihood scores are combined

to estimate the entropy of the estimators.

We estimate a density function on the training set of RW datasets with independent

training and test sets. The likelihood scores of the test set are obtained and combined

to calculate the entropy of the test set.

5.3 EXPERIMENTAL DESIGN

We perform simulation studies on artificial, CV and RW datasets. Artificial datasets

are generated as described in section 5.2.1, since this allows us to probe the performance

of the estimators, as data properties are varied in a controlled fashion. We also exper-

iment with the CV datasets described in Section 5.2.2, and evaluate the performance

of estimators as described in Section 5.2.6. We use these datasets to gain a better un-

derstanding of the performance of the estimators over a wide range of application and

under a varying number of dimensions and data points. We also experiment with the

RW datasets with an independent test set, as described in Section 5.2.3. These test sets

have been carefully selected by the authors of the datasets to test the generalisation

performance of algorithms, and therefore we rely on the performance of estimators on

these datasets to indicate how well the estimators can be expected to perform on other

RW density estimation tasks.

5.3.1 EXPERIMENT 1

We generate seven sets of artificial data to investigate the effects of the following data

properties on the estimators listed in Section 5.2.4: dimensionality, number of samples,

modality, scale, correlation and anisotropy. We summarise the permutations of data

properties for the seven artificial sets of data in Table 5.3.

Artificial Set 1 allows us to establish baseline performances for the estimators on the

standard MVN distribution; this distribution has no scale variations within or between

features, no correlation between features and no anisotropy, since there is only one

mode.
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Table 5.3: Summary of artificial dataset properties

Artificial Set Modes Scaled Correlation Anisotropic

Artificial 1 1 No No No

Artificial 2 1 Yes No No

Artificial 3 1 Yes Yes No

Artificial 4 2 No No No

Artificial 5 2 Yes No No

Artificial 6 2 Yes Yes No

Artificial 7 2 Yes Yes Yes

Artificial Set 2 allows us to probe the effect of scale variations on the estimators,

since the standard deviations of the features are increased from 1 to D.

Artificial Set 3 allows us to probe the effect of correlation on the estimators, since

the data are sampled from an MVN distribution with correlation between features.

Note that scaling of features is also employed, since correlation between features will

have no effect on a spherical distribution.

Artificial Set 4 allows us to probe the effect of bimodality on the estimators. The

data are sampled from two modes and there are no scale variations within or between

features, no correlation between features and no anisotropy, since the distributions of

the modes are spherical.

Artificial Set 5 allows us to probe the effect of scale variations within features. This

is accomplished by increasing the standard deviations of features in the first mode from

1 to D, and decreasing the standard deviations of features in the second mode from D

to 1. Scale changes within features are thus simulated, since the sampled data will, for

example, contain values sampled from the first mode with standard deviation 1, and

the second mode with standard deviation D.

Artificial Set 6 consists of data sampled from two modes that have scale variations

similar to Artificial Set 5 and correlation between features. The covariance matrices of

the two modes, are, however, identical, thus variations will be in the same direction,

which results in no anisotropy.

Artificial Set 7 consists of data sampled from two modes that have scale varia-

tions and correlation between features. The covariance matrices of the two modes are,

however, not identical as in the case of Artificial Set 6 and are constructed such that

the two modes vary in opposing directions in the first dimension, thus simulating a

manifold with curvature.

For each of the artificial sets the dimensionalities of the distributions are varied
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from 1 to 10 and 10 to 100 (in intervals of 10). We sample 10 training and 10 test

sets per distribution for the purpose of our experiments, which results in 180 datasets

per artificial set and 1 080 artificial datasets in total. The training sets contain 500

samples and the test sets 100 samples per dataset.

5.3.2 EXPERIMENT 2

We compare the performance of the estimators listed in Section 5.2.4 on the CV datasets

described in Section 5.2.2, and we evaluate the performance of the estimators on the CV

datasets as described in Section 5.2.6.We perform four variants of PCA pre-processing,

namely class-specific PCA5, global PCA5, class-specific PCA1 and global PCA1, as

described in Section 5.2.4.

5.3.3 EXPERIMENT 3

We compare the performance of the estimators listed in Section 5.2.4 on the RW

datasets described in Section 5.2.3, and we evaluate the performance of the independent

test set as described in Section 5.2.6.We again perform four variants of PCA pre-

processing, namely class-specific PCA5, global PCA5, class-specific PCA1 and global

PCA1, as described in Section 5.2.4.

5.4 RESULTS

In this section we present the results of the experiments, as discussed in Sections 5.3.1

– 5.3.3. We denote the MLE rule-of-thumb initialisation method as MLE(i), the scaled

uniform LCV estimator as ULCV(s), the scaled local LCV estimator as LLCV(s), the

scaled LSCV estimator as LSCV(s), the Silverman rule-of-thumb estimator as Silver-

man, the MSP estimator as MSP, the HSJM plug-in estimator as HSJM and the ML

Gaussian estimator as ML Gauss.

5.4.1 EXPERIMENT 1

Figures 5.1-5.12 show the comparative entropy results of the conventional estimators

(listed in Section 5.2.5) on Artificial Sets 1-7 for dimensionalities ranging from 1 to 10

and 10 to 100.

Artificial Set 1 contains data sets sampled from the standard MVN distribution.

Figure 5.1 shows that the ML Gauss estimator performs best over all the dimensions,

with the exception of the one-dimensional case where LLCV performs best. This is
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not surprising, since the datasets are samples from the standard Gaussian distribution.

The LSCV estimator performs significantly worse than the other estimators in the one-

dimensional case; there might be different reasons for this performance, namely that

the LSCV suffers from local minima and consequently the performance is very sensitive

to the initial bandwidth selected for the optimisation procedure and that the LSCV

estimator suffers from sample variability, which leads to highly variable bandwidth

results for different samples sets from the same distribution. The HSJM estimator

performs significantly worse than the other estimators for dimensionalities 3-7. This is

surprising, since the HSJM plug-in uses a Gaussian distribution as reference distribu-

tion in the derivation of the plug-in rule, and the Silverman and MSP estimators (which

are also derived from the AMISE) perform well. The MLE(i) estimator performs well

in all dimensions, and the relative performance of this estimator seems to improve

as dimensionality increases. This might be attributed to the fact that the estimator

generally over-smooths bandwidths, and as dimensionality increases over-smoothing of

bandwidths generally becomes more acceptable, since the volume of the feature space

increases exponentially and larger bandwidths tend to lead to better generalisation

performance. The MSP estimator performs relatively better than the Silverman esti-

mator, and the relative difference in performance also increases with dimensionality.

Since the MSP estimator over-smooths bandwidths, this confirms our intuition that

larger bandwidths become more appropriate as dimensionality increases.

Figure 5.2 shows that LLCV and LSCV perform significantly worse than the other

estimators on the high-dimensional standard MVN data. We also observe that the

performance of the ML Gauss remains optimal for these high dimensions (even though

a diagonal covariance matrix has been used for these dimensions). We also observe

that the MSP and MLE(i) estimators consistently outperform the Silverman estimator

in these high dimensions, thus verifying that larger bandwidths are more appropriate

for higher dimensions.

In Artificial Set 2, we introduce scale variations by increasing the standard devi-

ations of the features systematically. Figure 5.3 shows that the performances of the

estimators are very similar for the first five dimensions. The LSCV(s) and LLCV(s)

estimators, however, show degradation in performance relative to the other estimators,

as the dimensionality increases beyond 5. This implies that these two estimators do not

perform well when features of different scales are introduced (compared to the other

estimators), even though bandwidths are scaled according to the standard deviations

of the features. We also observe that the entropy scores of all estimators are generally

higher than their entropy scores on Artificial Set 1.
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Figure 5.1: Test entropy results for Artificial Set 1 (D 1-10)

Figure 5.2: Test entropy results for Artificial Set 1 (D 10-1000)
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In Figure 5.4 we observe similar performance behaviour to Artificial Set 1 in high

dimensions. The LSCV and LLCV estimators perform significantly worse than the

other estimators and the ML Gauss consistently outperforms the other estimators.

Figure 5.3: Test entropy results for Artificial Set 2 (D 1-10)

In Artificial Set 3 we introduce correlation to the MVN distribution with features

of different scales. Figure 5.5 shows that the ML Gauss performs best across all di-

mensions. This is to be expected, since the data sets are sampled from an MVN Gauss

distribution and since the ML Gauss is capable of modelling features with different

standard deviations and correlation by estimating a covariance matrix.

We observe in Figure 5.6 that the relative performance of the ML Gauss estimator

increases even more as dimensionality increases, and that similar to Artificial Set 1

and Artificial Set 2, the LSCV and LLCV methods underperform significantly. The

remaining estimators perform competitively.

In Artificial Set 4, we sample datasets from two standard MVN distributions to

simulate bimodal data. Figure 5.7 shows that the relative performance of the MLE(i)

estimator is significantly worse compared to the other estimators, except for the one-

dimensional case where the LSCV(s) estimator performs worse. The bimodality of the

datasets causes the MLE(i) to over-smooth the bandwidths, since the MLE(i) estimates

the bandwidth for a kernel based on the average distances to all other data points.

The distances from a data point (for which the kernel bandwidth is estimated) to data
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Figure 5.4: Test entropy results for Artificial Set 2 (D 10-100)

Figure 5.5: Test entropy results for Artificial Set 3 (D 1-10)
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Figure 5.6: Test entropy results for Artificial Set 3 (D 10-100)

points belonging to a different mode will increase the average distance beyond what is

optimal, thus leading to over-smoothed bandwidths. Ideally distances to data points

should be weighed such that closer data points have more weight (as in the case of the

MLL, MLE and ML-LOO estimators). Since the MLE(i) does not weigh the distances,

the bandwidths are generally over-smoothed and even more so for multi-modal data.

We also observe that the performance of the ML Gauss estimator relative to the

other estimators has decreased significantly compared to its relative performance on

Artificial Sets 1-3. Since the ML Gauss assumes a unimodal distribution, this degrada-

tion in performance is to be expected. The performances of the remaining estimators

are comparable, except for the LSCV(s) estimator in the one-dimensional case.

Figure 5.8 shows that the relative performance increase of the ML Gauss estimator

increases as dimensionality increases, which is interesting, since the bimodality of the

data does not fit the underlying assumptions of the ML Gauss estimator. It thus seems

that as dimensionality increases, the effect of the bimodality on the ML Gauss esti-

mator decreases. A surprising observation is that the Silverman estimator consistently

outperforms the MSP estimator. This is surprising, since the MSP bandwidths are

larger, and on the unimodal data sets, these larger bandwidths were advantageous in

high dimensions. It thus seems that the Silverman estimator is more suitable for bi-

modal data than the MSP estimator, even though both estimators are derived from an
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MVN reference distribution. The relative performance of the MLE(i) estimator seems

to improve with dimensionality, which is consistent with the theory that bandwidth

over-smoothing becomes more appropriate with an increase in dimensionality.

Figure 5.7: Test entropy results for Artificial Set 4 (D 1-10)

In Artificial Set 5, we introduce intra-feature scale variations to the bimodal data,

as explained in the experimental design. Figure 5.9 shows that the LSCV(s) again

underperforms compared to the other estimators on one-dimensional data. The MLE(i)

estimator consistently performs worse compared to the other estimators, as in the

case of Artificial Set 4. This is again to be expected in view of the bimodality of

the datasets in Artificial Set 5 that leads to over-smoothing of bandwidths, which is

more detrimental in lower dimensions. The HSJM, LSCV(s) and LLCV(s) seem to

have the best performance. This is not surprising for the LLCV(s) estimator, since the

bandwidths are adapted based on the nearest neighbour distances, which thus accounts

for scale variations within features. It is, however, surprising that the HSJM and

LSCV(s) perform so well under intra-feature scale variations, since a single bandwidth

is estimated per feature across the entire dataset.

Figure 5.10 shows that, similar to our previous observations, the performances of the

LSCV and LLCV estimators degrade significantly as dimensionality increases. The ML

Gauss estimator performs consistently optimally for dimensionalities of 20 and higher

and the Silverman estimator consistently outperforms the MSP estimator. The relative
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Figure 5.8: Test entropy results for Artificial Set 4 (D 10-10)

performance of the MLE(i) estimator, however, seems to improve as dimensionality

increases.

In Artificial Set 6 we introduce correlation between the features of the bimodal

data with intra-feature scale variations. Figure 5.11 shows that the LSCV(s) estimator

again underperforms for one-dimensional data, and that the MLE(i) estimator consis-

tently underperforms for these low dimensions. The results are very similar to those

in Artificial Set 5, and the performance of the ML Gauss estimator improves relative

to the other estimators as dimensionality increases. It should be noted that the two

modes from which data were sampled have identical covariance matrices, which makes

this form of correlation more acceptable for the ML Gauss estimator.

Figure 5.12 shows that the LSCV and LLCV experience severe performance degra-

dation on the high-dimensional data. The ML Gauss estimator consistently performs

optimally, the Silverman estimator consistently outperforms the MSP estimator, and

the relative performance of the MLE(i) estimator improves as dimensionality increases.

It is surprising that the effect of anisotropy on the performance of the ML Gauss esti-

mator does not hold for high dimensions. (This unexpected trend clearly results from

the way we have chosen to parameterise our random scale factors and offsets, since

very poor ML Gauss estimation can be ensured by choosing widely separated means

for the two modes.)

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

78



Chapter Five
Comparison of Conventional Kernel

Bandwidth Estimators

Figure 5.9: Test entropy results for Artificial Set 5 (D 1-10)

Figure 5.10: Test entropy results for Artificial Set 5 (D 1-10)
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Figure 5.11: Test entropy results for Artificial Set 6 (D 1-10)

Figure 5.12: Test entropy results for Artificial Set 6 (D 10-100)
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In Artificial Set 7 the covariance matrices of the two MVN Gaussian modes are

not identical, since the two modes point in opposite directions in the first dimension.

Figure 5.13 shows that the relative performances of the estimators are very similar to

the results in Artificial Set 6, with the exception of the ML Gauss estimator. The

ML Gauss does not outperform the other estimators in dimensions 8-10 as in Artificial

Set 6. This is to be expected, since the covariance matrices of the two modes are no

longer identical, which makes the unimodal assumption of the ML Gauss estimator less

suitable.

Figure 5.14 shows, similar to all our observations for high-dimensional data, that

the performances of the LSCV and LLCV estimators degrade significantly as dimen-

sionality increases. The ML Gauss estimator again consistently performs optimally,

the Silverman estimator consistently outperforms the MSP estimator, and the relative

performance of the MLE(i) estimator improves as dimensionality increases. Again, the

effect of anisotropy on the performance of the ML Gauss estimator does not hold for

high dimensions, as a consequence of our chosen parameterisation.

Figure 5.13: Test entropy results for Artificial Set 7 (D 1-10)

5.4.2 EXPERIMENT 2

Tables 5.4 and 5.5 show the comparative CV entropy results of the conventional estima-

tors on the CV datasets for class-specific PCA5 and PCA1 pre-processing respectively.
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Figure 5.14: Test entropy results for Artificial Set 7 (D 10-100)

Note that where the dimensionality of a dataset is less than five, PCA5 will only decor-

relate the data and the dimensionality thus remains the same. The dataset name is

indicated with “DS”, the class number with “C” and the dimensionality of the class

after pre-processing with“K”. We also abbreviate the dataset names with two letter

acronyms, the MLE(i) estimator as “MLE(i)” and the ML Gauss estimator as “Gauss”.

We make use of colour to visually represent the relative performance of the estimators,

where green indicates the lowest entropy for a specific class and red the highest entropy

for a specific class.

The Old Faithful dataset results in in Table 5.4 show that the ULCV, LLCV and

HSJM estimators perform competitively on the two-dimensional dataset, and that the

MLE(i) and ML Gauss estimators under-perform.

The Balance Scale dataset results in Table 5.4 show that the Silverman, MSP and

HSJM estimators perform competitively on all classes of the four-dimensional dataset.

Interestingly, the excellent performance of these estimators on the PCA5 dataset for

class 2 does not hold for the PCA1 results in Table 5.5, although they still perform

competitively on the PCA data. We observe that for the PCA1 dataset, class 2 only

has three dimensions. This implies that the fourth dimension (that has been dropped

in PCA1), might have contained useful information for the purpose of density estima-

tion. We also note that for the class 2 PCA5 data, the ULCV and LSCV estimators
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Table 5.4: CV entropy results (class-specific PCA5)

DS C K MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

OF 1 2 2.1619 1.5114 1.5190 1.6933 1.6418 1.7041 1.5120 2.0179

BS 1 4 5.7768 6.0706 6.4392 6.0706 5.4861 5.4534 5.4718 5.5393

2 4 3.8108 10.9974 10.9706 10.9974 -28.7634 -28.8503 -27.7191 4.2203

3 4 5.7672 6.0643 6.4294 6.0643 5.4947 5.4553 5.4409 5.5254

IR 1 4 5.5010 5.7345 6.7486 5.7581 5.6587 5.5549 7.1666 5.6510

2 4 4.8085 4.9665 4.9535 4.9731 4.8840 4.7888 5.3478 4.6654

3 4 5.0323 4.9976 5.2579 5.1485 5.0947 5.0032 5.5725 4.9727

DB 1 5 7.6345 7.2352 8.3182 7.2195 7.2378 7.2376 8.7124 7.6905

2 5 7.7473 7.4508 7.6156 7.4624 7.4759 7.4759 8.3736 7.6592

HS 1 5 8.3855 8.1854 8.3171 8.1928 8.1676 8.1849 8.9343 8.2867

2 5 8.3709 8.2130 8.4184 8.2571 8.3159 8.2435 9.4678 8.2640

VC 1 5 9.0967 8.5931 8.4109 8.5931 8.4350 8.5600 8.5136 8.9478

2 5 8.9493 8.7049 8.5827 8.7313 8.3850 8.4799 8.5244 8.7638

3 5 8.7628 7.7522 11.6123 7.8590 7.6507 7.6942 8.7665 9.5198

4 5 9.1234 8.2437 8.3692 8.2256 8.1073 8.2510 8.2330 9.4099

WF 1 5 8.5599 8.2734 8.2803 8.4415 8.2850 8.2736 8.8006 8.2073

2 5 8.4912 8.2186 8.2510 8.3847 8.2345 8.2189 8.6721 8.1328

3 5 8.4642 8.1953 8.2139 8.3495 8.2147 8.1956 8.7014 8.1192

IS 1 5 9.7102 9.7017 9.8104 20.9404 10.1500 9.8599 15.9452 9.8734

2 5 10.3325 8.9376 9.5393 9.1564 9.0250 9.1386 10.5080 10.7312

have identical results. Since both estimators are initialised with identical bandwidths,

the optimal entropy results of these estimators are identical if both estimators have

higher entropy values when the bandwidths are updated iteratively – for such cases,

the estimators thus do not improve on the initial entropy score. The optimal entropy

score is thus the entropy score of the Silverman bandwidth estimate.

The Iris dataset results in Tables 5.4 and 5.5 show that the PCA5 and PCA1

transformations reduce the dataset to the same intrinsic dimensionality; the results

are thus identical. We observe in these tables that the ML Gauss, MLE(i), Silverman

and MSP estimators perform competitively on the four-dimensional Iris dataset. The

HSJM estimator consistently underperforms on all three classes.

The Diabetes dataset results in Table 5.4 show that the ULCV, LSCV, Silverman

and MSP estimators perform competitively on the five–dimensional dataset. The re-

sults in Table 5.2 show that the performance of the Silverman and MSP estimators

remains competitive on the eight-dimensional dataset and that the ULCV and LSCV

experience degradation in performance (relative to the other datasets). The LLCV, on

the other hand, experiences a relative increase in performance as the dimensionality

increases from 5 to 8. The HSJM, MLE(i) and ML Gauss estimators underperform
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Table 5.5: CV entropy results (class-specific PCA1)

DS C K MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

OF 1 2 2.1619 1.5114 1.5190 1.6933 1.6418 1.7041 1.5120 2.0179

BS 1 4 5.7768 6.0706 6.4392 6.0706 5.4861 5.4534 5.4718 5.5393

2 3 5.0003 4.9890 5.1079 5.1893 4.8653 4.8488 4.8127 4.8764

3 4 5.7672 6.0643 6.4294 6.0643 5.4947 5.4553 5.4409 5.5254

IR 1 4 5.5010 5.6716 6.7132 5.7023 5.6587 5.5549 7.1666 5.6510

2 4 4.8085 4.9665 4.9535 4.9731 4.8840 4.7888 5.3478 4.6654

3 4 5.0323 4.9976 5.2579 5.1485 5.0947 5.0032 5.5725 4.9727

DB 1 8 10.4242 10.4729 9.9768 10.4729 10.0000 9.9474 11.3712 10.7987

2 8 10.8681 10.6695 10.5866 10.6695 10.5426 10.5469 11.1479 11.0914

HS 1 13 18.3467 23.7675 24.1119 23.7675 18.6033 18.4294 18.3579 18.4897

2 13 17.8388 18.8418 21.4540 20.4495 17.7807 17.7338 17.9350 18.3348

VC 1 9 11.5707 16.1516 15.4709 16.1516 10.9220 11.0842 10.9019 11.5029

2 8 10.8556 15.1835 14.5981 15.1835 10.2151 10.3520 10.2152 10.7001

3 8 10.8859 12.6065 20.9062 12.6065 9.3708 9.5106 10.1298 11.8372

4 11 12.7546 14.7682 14.8125 14.8003 12.1415 12.2842 12.2024 14.1832

WF 1 21 26.5689 47.9183 46.4132 47.9183 27.1867 26.7686 38.3311 24.9595

2 21 29.0202 44.9225 46.4381 44.9225 29.6012 29.2137 38.9844 27.4697

3 21 28.9282 46.9280 49.5978 46.9280 29.5804 29.1566 40.6167 27.3635

IS 1 33 42.2876 49.9981 50.0368 58.4048 46.9883 44.0018 60.6990 52.1698

2 12 14.9079 17.6331 18.4547 17.6331 18.0641 16.6253 25.3506 17.1796

consistently on both the five-and eight-dimensional datasets. We also observe an in-

crease in entropy between the results for PCA5 and PCA1, which is due to the higher

dimensionality of the PCA1 dataset.

The Heart(Statlog) dataset results in Table 5.4 show that the ULCV, LSCV, Sil-

verman and MSP estimators, again, perform competitively on the five-dimensional

dataset. The results in Table 5.5 show that the performance of the Silverman and MSP

estimators remains competitive on the 13-dimensional dataset and that the ULCV and

LSCV again experience a relative degradation in performance. The LLCV estimator

underperforms on both datasets, and also experiences degradation in relative perfor-

mance as dimensionality increases. The MLE(i)and HSJM estimators, on the other

hand, experience a relative improvement in performance as dimensionality increases,

and performs competitively on the 13-dimensional dataset. The relative performance

of the ML Gauss estimator remains similar, and this estimator does not perform com-

petitively on both the PCA5 and PCA1 datasets.

The Vehicle dataset results in Tables 5.4 and 5.5 show that the Silverman and

MSP estimators perform competitively on the five-dimensional PCA5 dataset and on

the higher-dimensional PCA1 dataset. The HSJM estimator experiences a relative

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

84



Chapter Five
Comparison of Conventional Kernel

Bandwidth Estimators

increase in performance as dimensionality increases, and performs competitively on the

PCA1 dataset. The MLE(i), ULCV, LSCV and ML Gauss estimators underperform

on most classes of the PCA5 and PCA1 datasets.

The Waveform dataset results in Tables 5.4 and 5.5 show that the ML Gauss es-

timator performs optimally across all classes on both the five-dimensional PCA5 and

21-dimensional PCA1 datasets. The Silverman and MSP estimators perform com-

petitively across all classes, and the HSJM estimator consistently underperforms on

the PCA5 and PCA1 datasets. The ULCV, LLCV and LSCV estimators consistently

underperform across all classes, and experience a drastic degradation in relative per-

formance as the dimensionality increases from 5 to 21. Conversely, the relative perfor-

mance of the ML Gauss and MLE(i) estimators increase drastically as dimensionality

increases.

The Ionosphere dataset results in Table 5.4 show that the ULCV, Silverman and

MSP estimators perform competitively across all classes on the five-dimensional PCA5

dataset. We see that the LSCV underperforms severely on class 1 of the PCA5 dataset,

and that a valid bandwidth estimate was not obtained for the 33-dimensional class

1 of the PCA1 dataset in Table 5.2. The MLE(i) estimator experiences a drastic

improvement in relative performance across both classes as dimensionality increases.

We also note that the entropy scores of class 1 on the PCA1 dataset are much higher

than the entropy scores of class 2 on the PCA dataset because of the large difference

in dimensionality (33 as opposed to 12).

In summary, we have observed in this experiment that the Silverman and MSP

estimators perform consistently well across all dimensions, and that the relative per-

formances of ML-Gauss and MLE(i) estimators increase with dimensionality. We also

observed that the ULCV, LLCV and LSCV estimators generally did not perform well

on dimensionalities of 9 and higher, and that the HSJM estimator significantly under-

performed on the high-dimensional PCA1 Waveform and Ionosphere datasets.

We report on the results of the global PCA5 and PCA1 datasets in Appendix A,

where we make general comments regarding the differences between the class-specific

and global PCA results.

5.4.3 EXPERIMENT 3
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Table 5.6: Letter test entropy results (class-specific PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 789 8.5010 6.1808 6.2032 6.1596 6.8899 7.1586 6.4662 8.8204

2 5 766 9.2746 7.5052 7.8272 7.9781 7.9753 8.1984 7.9463 9.4780

3 5 736 9.0447 7.1479 7.1755 7.2868 7.7186 7.9532 7.3644 9.1031

4 5 805 8.6534 6.7295 6.7326 7.2920 7.2326 7.4644 7.6237 8.9201

5 5 768 8.8843 6.5675 6.6839 7.2536 7.3937 7.6787 6.7275 8.9505

6 5 775 8.9909 6.9747 7.6123 7.0571 7.5746 7.8235 7.2301 8.9826

7 5 773 8.9098 7.0713 7.1257 7.0716 7.6217 7.8498 7.4057 8.8665

8 5 734 8.7473 6.6398 6.7005 6.8395 7.1379 7.3701 7.5861 8.9307

9 5 755 8.7662 5.8551 5.9796 6.7905 7.0534 7.3922 5.9927 8.9958

10 5 747 9.1996 6.6060 6.8621 6.6055 7.6609 7.9615 6.6198 9.2554

11 5 739 8.9522 6.8819 6.8975 6.9326 7.5672 7.8222 7.2443 9.0397

12 5 761 8.8066 5.9326 6.7099 5.9494 7.2057 7.5336 5.9771 8.9155

13 5 792 8.6851 6.0365 6.1745 6.0921 7.0623 7.3464 6.0944 8.8657

14 5 783 8.9441 6.3179 6.7553 6.8151 7.2403 7.5297 6.4774 9.3321

15 5 753 8.8595 7.6466 7.6545 8.0578 7.8057 7.9529 8.5382 9.0477

16 5 803 9.1070 7.1168 7.4353 7.2499 7.7852 8.0293 7.3492 9.0725

17 5 783 8.7441 6.8391 6.9470 6.8556 7.2906 7.5207 7.4603 9.0645

18 5 758 9.0200 7.1711 7.1989 7.2538 7.7392 7.9863 7.5312 9.0243

19 5 748 8.9538 6.5028 6.4594 6.4896 7.6016 7.8947 6.3888 8.8047

20 5 796 9.1107 6.6207 7.0889 6.6262 7.5966 7.8883 6.6370 9.0690

21 5 813 8.7536 6.4467 6.5019 7.1448 7.1924 7.4615 7.1288 8.8848

22 5 764 8.9768 6.7560 6.9498 6.7704 7.5578 7.8194 6.8375 9.1319

23 5 752 9.2657 7.1362 7.5099 7.4382 7.7438 8.0064 7.6131 9.5949

24 5 787 8.8773 6.6471 7.1030 7.0633 7.2540 7.5080 7.0525 9.1758

25 5 786 8.8556 6.2757 6.4317 6.2740 7.3537 7.6512 6.3087 8.7377

26 5 734 9.0164 6.9555 6.9810 8.9270 7.5629 7.8185 7.5565 8.9785
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Table 5.7: Letter test entropy results (class-specific PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 15 789 13.2926 19.9349 18.0448 19.9349 11.2248 11.9195 10.6207 15.1444

2 15 766 14.7607 17.6263 18.2540 17.6263 13.2300 13.7460 12.8959 16.0683

3 15 736 14.1119 16.4159 15.7291 16.4159 12.5233 13.1484 12.1285 15.1427

4 14 805 14.1077 14.4740 13.2003 14.4740 12.2357 12.8792 11.9151 15.4898

5 15 768 13.1069 16.9629 15.5996 16.9629 11.2543 11.9690 10.5711 14.2677

6 13 775 13.1498 13.1674 13.1961 13.1674 11.1886 11.8443 10.5422 14.2545

7 15 773 14.9531 21.5078 20.7061 21.5078 13.2091 13.8168 12.9103 16.4409

8 14 734 14.6584 15.6469 14.2643 15.6469 12.0327 12.7703 11.5800 16.5885

9 13 755 13.5458 13.7429 14.8962 13.7429 10.9446 11.7310 10.8178 16.1792

10 13 747 12.4767 13.6645 12.4283 13.6645 10.3277 11.0836 9.3387 13.8763

11 15 739 13.6784 17.2278 16.6712 17.2278 11.8128 12.5628 11.2306 15.2347

12 12 761 11.5495 11.9264 12.1383 11.9264 9.6349 10.3763 8.6058 12.8659

13 14 792 13.7735 13.3229 12.8881 13.3229 11.1204 12.0003 9.9798 15.6487

14 14 783 13.7528 16.0171 17.9213 16.0171 11.4153 12.0858 11.0703 16.0152

15 16 753 15.2257 18.7668 18.1951 18.7668 13.9470 14.4486 13.6313 16.8445

16 15 803 13.9270 19.8545 17.6055 19.8545 12.1621 12.8541 11.6101 15.1049

17 15 783 14.1865 20.0228 17.8473 20.0228 12.4594 13.0680 12.0017 15.7706

18 15 758 14.3232 20.1125 19.7045 20.1125 12.6791 13.3217 12.2919 15.3979

19 15 748 13.6627 23.9613 24.7224 23.9613 11.7087 12.6267 10.7761 14.8713

20 13 796 12.0510 15.8027 15.3266 15.8027 10.1052 10.7146 9.9396 13.3641

21 13 813 13.1536 13.9737 13.2000 13.9737 10.8012 11.4191 11.3568 14.6759

22 14 764 13.6603 16.1495 16.4227 16.1495 11.9660 12.6572 11.5475 14.9304

23 15 752 14.5485 16.5111 17.8693 16.5111 12.4537 13.1731 12.0028 16.6306

24 15 787 14.4447 14.7889 14.0680 14.7889 12.5252 13.1195 12.4355 16.2315

25 14 786 13.1325 16.7760 14.5764 16.7760 10.8837 11.6950 10.2508 14.8458

26 15 734 14.0939 17.0518 16.6731 17.0518 12.0371 12.6910 12.6700 16.1451

The Letter PCA5 dataset results in Table 5.6 show that the ULCV estimator per-

forms optimally on all classes (with the exception of class 19, where the performance

is competitive). The LLCV and LSCV estimators perform competitively on most

classes, and the Silverman, MSP and HSJM estimators perform moderately on most

classes. The MLE(i) and Gauss estimators, however, underperform on all classes.We

observe converse estimator performance behaviour for the ULCV, LLCV and LSCV

estimators on the higher-dimensional PCA1 results shown in Table 5.4. These estima-

tors underperform on most classes, while the Silverman and HSJM estimators perform

competitively. The relative performance of the ML Gauss estimator increases with the

increase in dimensionality, but still remains sub-optimal.

The Segmentation dataset results in Tables 5.8 and 5.9 show that the Silverman

and MSP estimators perform competitively on both the five-dimensional PCA5 dataset
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Table 5.8: Segmentation test entropy results (class-specific PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 330 8.9567 8.6571 9.4309 8.6400 8.6097 8.5353 10.5575 9.1783

2 5 330 8.6969 7.9876 7.7229 8.8720 7.7100 7.7971 10.6039 9.2186

3 5 330 8.1240 6.6543 8.9703 10.8726 7.0207 7.0412 13.8225 9.0371

4 5 330 8.1394 8.7773 10.0652 14.5373 11.0827 10.0475 26.0267 10.0415

5 5 330 7.8425 7.7285 16.3031 28.9613 8.0964 7.7062 25.3649 8.9870

6 5 330 8.6377 8.1480 8.2896 7.9676 8.0393 8.0272 9.1536 8.6815

7 5 330 7.2834 4.8831 5.0227 4.7681 5.6182 5.9123 4.8821 7.3298

Table 5.9: Segmentation test entropy results (class-specific PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 13 330 15.8936 19.7828 19.7140 19.7828 15.2068 15.0066 16.0416 19.4171

2 11 330 14.0655 16.0282 19.8177 16.0282 12.9305 13.0771 15.7156 15.6992

3 12 330 12.4763 10.1055 13.9903 26.2003 10.5969 10.8379 20.6875 15.7573

4 11 330 12.9607 13.8961 14.1103 13.8961 17.5817 15.9097 11.6879 18.0036

5 11 330 12.1976 14.8880 28.4377 16.5385 16.4508 14.8832 56.2277 17.1998

6 11 330 13.3608 18.1200 16.0733 18.1200 11.3063 11.5558 11.2357 14.8150

7 10 330 10.1812 9.8896 11.5070 9.8896 8.5376 8.8146 11.4790 11.1225

and the higher-dimensional PCA1 dataset. Again, the ULCV, LLCV and LSCV esti-

mators experience a relative decrease in performance when the dimensionality of the

data increases. The MLE(i) estimator, on the other hand, again experiences an in-

crease in relative performance as dimensionality increases. The ML Gauss estimator

underperforms on both the PCA5 and PCA1 datasets.
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Table 5.10: Landsat test entropy results (class-specific PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 1533 9.1219 8.4065 8.5952 8.4809 8.5251 8.5239 10.8315 9.1363

2 5 703 10.0996 8.1881 8.1793 8.2670 8.5457 8.7830 9.8281 10.4275

3 5 1358 9.9283 9.4269 11.3001 9.4937 9.5859 9.4692 12.6314 10.2360

4 5 626 9.5682 8.6614 10.1450 8.7826 8.5052 8.5341 10.7932 9.9060

5 5 707 10.3927 9.5970 9.5845 9.7385 9.6460 9.7217 10.9622 10.5202

6 5 1508 9.6239 9.0323 12.6993 9.2426 9.2208 9.0951 14.0773 9.9167

Table 5.11: Landsat test entropy results (class-specific PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 8 1533 11.6149 11.3411 10.9108 11.3411 10.9399 10.8943 13.9897 11.8245

2 10 703 13.8418 13.3700 12.4680 13.3700 12.3249 12.5838 14.8169 14.8997

3 14 1358 17.1282 26.3911 38.3289 26.3911 17.1899 16.7990 16.8388 18.0135

4 13 626 15.9430 21.6951 34.4233 21.6951 14.7206 14.7212 14.8199 16.8540

5 11 707 15.4558 18.1305 20.7268 18.1305 14.7804 14.8053 15.6636 16.2852

6 11 1508 15.0525 16.4696 28.7230 16.4696 15.1227 14.6888 17.6072 16.0888

The Landsat dataset results in Tables 5.10 and 5.11 show that the ULCV estimator

performs optimally on the PCA5 dataset, and that the relative performance of the

estimator decreases for the higher-dimensional PCA1 dataset. The LLCV and LSCV

again experience a relative decrease in performance as dimensionality increases, and

conversely the MLE(i) experiences a relative increase in performance as dimensionality

increases. The Silverman and MSP estimators perform competitively on both the

PCA5 and PCA1 datasets, and also experience a relative performance increase with an

increase in dimensionality. The HSJM estimator underperforms on all classes on the

PCA5 dataset, and experiences a relative increase in performance in some classes for

the PCA1 dataset. The ML Gauss estimator underperforms on both the PCA5 and

PCA1 datasets.

The Optdigits dataset results in Tables 5.12 and 5.13 show that the ULCV and

LSCV estimators perform competitively on the PCA5 data for most classes, and under-

perform for most classes of the higher-dimensional PCA1 dataset. The LLCV estimator

performs competitively on some classes on the PCA5 dataset, and underperforms on all

classes for the PCA1 dataset. The Silverman and MSP estimators again perform com-

petitively on most classes for both the PCA5 and higher-dimensional PCA1 datasets.

The HSJM and ML Gauss estimators experience a relative increase in performance as

dimensionality increases. The HSJM estimator underperforms on the PCA5 dataset
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Table 5.12: Optdigits test entropy results (class-specific PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 554 10.8597 10.4546 11.4455 10.4511 10.4373 10.4590 11.4862 10.7261

2 5 571 11.2238 9.7869 11.3589 10.0520 9.9005 10.0060 12.2221 11.9799

3 5 557 11.1693 10.6538 10.8321 10.6852 10.7486 10.7175 12.6983 11.3608

4 5 572 10.8052 10.7150 14.7925 10.6734 10.7458 10.6480 12.5776 10.9551

5 5 568 10.3482 9.4964 8.8947 8.7507 9.0864 9.2828 9.2950 10.5059

6 5 558 10.9935 10.3020 10.4525 10.3047 10.3475 10.3837 11.4935 10.9721

7 5 558 10.8467 10.8575 12.3872 11.1234 11.6699 11.3303 16.1433 11.0407

8 5 566 11.0645 10.8667 11.0906 10.8023 10.7893 10.7510 13.4742 10.9401

9 5 554 11.1262 10.8674 10.8646 10.9231 10.8886 10.8482 11.5301 10.8957

10 5 562 10.9813 10.3198 10.3184 10.3495 10.3603 10.4193 11.0516 11.0665

and performs moderately on the PCA1 dataset. The ML Gauss estimator performs

moderately on most classes of the PCA5 dataset and performs competitively on the

PCA1 dataset.

Table 5.13: Optdigitstest entropy results (class-specific PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 46 554 53.8426 140.2504 162.1402 140.2504 55.0121 53.3564 121.8120 52.9456

2 36 571 40.1827 75.0960 102.7028 75.0960 40.0183 39.9282 46.1139 45.7599

3 41 557 55.7362 117.7803 140.3123 117.7803 61.1132 57.3356 90.9314 60.4556

4 50 572 63.4517 142.2787 183.0795 142.2787 69.7068 65.8302 153.2374 78.1272

5 39 568 45.2993 95.3545 92.8862 95.3545 45.1332 45.2913 60.2590 48.6055

6 46 558 57.0661 130.0414 136.8794 130.0414 58.9782 57.0790 112.0333 58.9781

7 37 558 46.9708 97.5448 124.2272 97.5448 46.9650 47.9311 78.2761 50.1364

8 41 566 53.4834 105.5003 121.7572 105.5003 55.9758 53.7137 77.1611 57.4866

9 50 554 62.8508 123.9320 124.8377 123.9320 64.2079 62.0098 96.3983 62.6491

10 43 562 57.4619 113.7416 124.5037 113.7416 56.5346 59.7310 99.0382 60.1219

The Isolet PCA5 dataset results in Table 5.14 show that the ULCV, LSCV, Silver-

man and MSP estimators perform competitively on most classes of the five-dimensional

dataset, and that the HSJM estimator generally underperforms. The PCA1 results in

Table 5.15 show that the ULCV, LLCV and LSCV estimators consistently underper-

form on the high-dimensional data and that the MLE(i), Silverman and MSP estimators

perform competitively on most classes, compared to the ML Gauss estimator that con-

sistently performs optimally on all classes. We also observe that the HSJM estimator

does not give meaningful results for 13 of the 26 classes. The bandwidths of these

classes were investigated, and we found that all bandwidths for these classes were very

large (in the order of 104), thus the likelihood scores of all test samples are 0 owing
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Table 5.14: Isolet test entropy results (class-specific PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 300 16.3464 15.9057 15.9305 16.0074 15.9339 15.9987 16.2760 15.9659

2 5 300 15.8114 15.2251 18.3920 15.2241 15.2733 15.2433 16.3991 15.6929

3 5 300 16.5776 16.3727 16.8537 16.2808 16.2951 16.3109 17.0933 16.1481

4 5 300 16.2090 15.8296 17.3434 15.8353 15.8267 15.8636 16.5559 15.8717

5 5 300 16.3759 16.0439 16.0694 16.1243 16.0378 16.0765 16.4481 16.0460

6 5 300 16.1510 15.4689 15.6772 15.4689 15.3722 15.4680 16.0273 16.0258

7 5 300 16.1280 15.6802 15.7055 15.5995 15.5534 15.6669 15.7452 15.7445

8 5 300 16.3568 15.8340 16.5158 15.9362 15.8135 15.9158 15.9893 16.0152

9 5 300 16.4492 17.2587 17.6673 16.7972 17.3416 17.0154 20.1168 16.6718

10 5 300 16.0164 15.2372 15.3291 15.2178 15.2038 15.3194 15.4599 15.7890

11 5 300 16.2246 15.9499 15.9935 15.9499 15.9712 15.9801 17.2820 16.3152

12 5 300 16.4872 17.4557 16.8878 17.3693 17.7369 17.3147 21.1982 17.0577

13 5 300 15.7348 14.9685 14.9230 15.0245 15.0318 15.1681 15.0796 15.5537

14 5 300 15.7358 15.4938 15.3305 15.2028 15.0641 15.0627 16.1588 15.6874

15 5 300 15.7739 15.4970 15.4083 15.4196 15.6394 15.5821 17.5251 17.5199

16 5 300 15.8505 15.0747 16.1217 15.0820 15.1094 15.1591 15.6495 15.7309

17 5 300 16.1152 15.8602 15.8457 15.8594 15.8228 15.8669 16.3323 15.5785

18 5 300 16.6431 16.4367 16.3174 16.3223 16.3284 16.3198 17.0791 16.2938

19 5 300 16.2124 16.2619 16.7708 16.4205 16.9965 16.6701 19.2783 16.0424

20 5 300 16.0753 15.4843 15.5004 15.5234 15.5288 15.6273 15.8112 15.6931

21 5 300 15.7672 14.9134 14.9830 15.1015 15.0450 15.1949 14.9224 15.4109

22 5 300 16.4810 16.3396 16.2952 16.2391 16.2573 16.2285 17.4357 16.0978

23 5 300 16.5390 15.1784 15.5481 15.1917 15.3991 15.5940 15.4764 16.5725

24 5 300 16.0764 15.7645 15.7892 15.7645 15.7648 15.7637 16.4547 15.7773

25 5 300 16.2465 15.8996 15.9449 15.9193 15.8708 15.8948 16.6089 15.8751

26 5 300 16.5589 16.5905 17.4176 16.4409 16.4852 16.4229 17.6562 16.1449
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to the large bandwidths, and consequently valid entropy scores cannot be calculated

for these classes. Note that the intrinsic dimensionalities of the classes in the PCA1

dataset are very high; the average dimensionality is approximately 103, which explains

why the HSJM estimator does not find a valid bandwidth on 13 of the 26 classes, and

why most estimators struggle to find suitable bandwidths for classes 9, 12 and 17.

Table 5.15: Isolet test entropy results (class-specific PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 92 300 187.3541 375.7138 387.2360 375.7138 190.8883 188.9199 643.0318 176.0779

2 107 300 206.4788 454.5484 484.0007 454.5484 212.5131 210.5833 NaN 188.5294

3 98 300 197.1934 391.7476 411.6608 391.7476 202.9675 200.5494 633.2168 181.4612

4 101 300 200.7884 390.2165 417.8238 390.2165 207.8165 205.1302 636.6129 189.0299

5 103 300 214.7763 410.1299 422.4844 410.1299 218.9028 214.2833 649.6709 201.1150

6 100 300 197.4903 397.4712 417.3551 397.4712 200.6515 198.9031 663.2106 182.3910

7 90 300 183.4525 377.4078 378.5666 377.4078 188.2732 186.6014 683.4447 171.1568

8 88 300 177.7234 361.6492 379.6527 361.6492 182.0967 180.7303 517.8069 165.9693

9 108 300 232.5091 463.5239 471.7874 463.5239 226.6732 232.2718 NaN 207.4642

10 85 300 180.4786 336.7212 339.9663 336.7212 184.6028 181.7460 334.2881 172.9212

11 89 300 185.8624 357.5171 351.0308 357.5171 190.9604 188.3001 593.8495 177.9836

12 118 300 247.0241 496.0116 502.4767 496.0116 250.0967 243.5696 NaN 239.5606

13 123 300 244.0540 518.7484 512.9274 518.7484 249.8319 245.1665 NaN 225.1900

14 119 300 235.7570 491.6797 487.4691 491.6797 241.8353 237.7011 NaN 214.9670

15 103 300 209.4080 415.0969 425.4027 415.0969 213.1697 210.0544 NaN 199.9210

16 104 300 200.9151 399.1593 425.1918 399.1593 207.3090 205.6443 626.9011 184.8603

17 108 300 226.0176 440.4785 444.7663 440.4785 227.7496 223.3443 NaN 209.0767

18 106 300 218.1320 436.1860 434.6972 436.1860 221.2660 217.4032 NaN 203.9322

19 96 300 199.3624 397.9212 404.6384 397.9212 203.7217 200.2767 677.9093 184.4343

20 100 300 196.5860 403.8593 400.5862 403.8593 202.6541 201.3852 NaN 180.6759

21 121 300 235.8053 530.3606 523.0984 530.3606 244.1695 239.9305 NaN 214.3276

22 113 300 223.8469 470.3953 479.0622 470.3953 230.1947 226.4570 NaN 203.2678

23 104 300 203.8252 421.6485 423.3247 421.6485 209.0204 207.2332 NaN 187.6081

24 92 300 196.2914 365.6939 386.3800 365.6939 197.9059 194.6568 523.0979 185.3459

25 109 300 213.5672 448.5116 452.7414 448.5116 221.0781 218.0630 NaN 196.0630

26 100 300 201.6605 399.3444 399.1497 399.3444 206.7172 204.5203 460.3485 185.5410

5.5 CONCLUSION

In this chapter we compared the performance of conventional density estimators and

the MLE(i) estimator on a representative set of artificial, CV and RW datasets. The

artificial data experiments were very informative, since the properties of the artificial

data were known and allowed us to investigate the behaviour of the estimators under

different conditions.
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On the unimodal artificial data we observed that the ML Gauss estimator generally

performed optimally and that the introduction of correlation and scale variations did

not adversely affect the performance of the ML Gauss estimator. This was expected,

since a full covariance matrix is capable of modelling correlation and scale for unimodal

data. The ULCV, Silverman and MSP and MLE(i) estimators performed well on all

dimensions, and the LLCV and LSCV estimators generally performed well on lower

dimensions (dimensions of 1-10). The LLCV and LSCV estimators experienced severe

performance degradation as dimensionalities increased beyond 10.

On the bimodal artificial data the MLE(i) estimator suffered severe performance

degradation in lower dimensions because of the bimodality, but performed well in

higher dimensions with improved relative performance as dimensionality increased. The

remaining estimators were all competitive in lower dimensions. In higher dimensions

(dimensions larger than 10), the ML Gauss estimator generally performed optimally,

even though the ML Gauss assumed a unimodal distribution.We know that this superior

performance of the ML Gauss estimator might change if the distance between the means

of the two modes is increased. The Silverman and MSP estimators performed well on

the high-dimensional data, and the Silverman estimator generally outperformed the

MSP estimator on bimodal data.

On CV and RW data we observed that the ULCV estimator performed very com-

petitively on the low-dimensional PCA5 datasets, but generally suffered severe perfor-

mance degradation on the higher-dimensional PCA1 datasets. The ULCV, LLCV and

LSCV also experienced severe performance degradation on high-dimensional PCA1

data. The performances of the Silverman and MSP estimators were quite consis-

tent across all dimensionalities and tasks, and were generally very competitive. The

MLE(i) and ML Gauss estimators experience relative performance increases with in-

creased dimensionality, and might be favoured in very high-dimensional settings. The

performance of the HSJM estimator is more difficult to predict, since it performs com-

petitively on some PCA5 and PCA1 tasks, and on other tasks it underperforms. We

note, however, that this estimator did not give meaningful results on the Isolet PCA1

dataset, which had an average intrinsic dimensionality of 103.

In summary, we found that the conventional ULCV, LLCV and LSCV estimators

are not suitable for dimensionalities larger than 10, and that the Silverman and MSP

estimators consistently performed well across all dimensions for the artificial, CV and

RW datasets investigated. We also noted that the HSJM estimator performance was

more difficult to predict.

In the next chapter we will compare ML bandwidth estimators that require band-
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width initialisation to initialise the bandwidth optimisation procedure. Given the

consistent performance of the Silverman rule-of-thumb estimator, and the intuitive

theoretical motivation that the Silverman estimator optimises the AMISE (assuming

a Gaussian reference distribution), we will use the Silverman estimator as the band-

width initialisation procedure for our ML estimators. Since the relative performance

of the MLE(i) and ML Gauss estimators increased as dimensionality increased, these

estimators might be suitable bandwidth initialisation candidates for datasets with di-

mensionalities higher than those we considered in our experiments.
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6.1 INTRODUCTION

In Chapter 4, we derived the MLE and global MLE kernel bandwidth estimators from

the ML LOUT framework. This approach was motivated by the MLL and ML-LOO ML

estimators, since these estimators have shown much promise for nonparametric density

estimation of high-dimensional pattern recognition tasks [17, 18]. We provided the

proofs of these algorithms in the context of the same framework as the MLE algorithm,

and pointed out the simplifying assumptions that were made in the derivations of these

estimators.

In this chapter we compare the performance of the MLE, global MLE, MLL, spher-

ical covariance ML-LOO and full covariance ML-LOO estimators, to gain a better

understanding of whether the more general derivation of the MLE algorithm will give

an improvement in practice.

As in Chapter 5, we investigate the performance of the bandwidth estimators on

artificial data with data properties that are varied in a controlled fashion. We also

compare the performance of the bandwidth estimators on real-world datasets, and

make the same distinction between CV datasets and RW datasets. We do, however,

consider two additional factors in the experimental design, namely (1) the selection

of initial bandwidths to initialise the bandwidth optimisation procedures of the ML

estimators, and (2) the selection of the optimal number of training iterations for the

bandwidth optimisation procedures.

We describe the methodology for artificial data generation, the methods that will

be compared, data pre-processing, bandwidth initialisation, bandwidth regularisation,

selecting the optimal number of training iterations, performance evaluation and statis-

tical difference testing in Section 6.2, and design our experiments for artificial, CV and
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RW data simulation studies in Section 6.3. We present the results of the simulation

studies in Section 6.4 and conclude on our findings in Section 6.5.

6.2 METHODS AND DATA

6.2.1 DATA SAMPLING PROCEDURE

We make use of the same artificial data as explained in Section 5.2.1.

6.2.2 CROSS-VALIDATION DATA

We make use of the same CV datasets described in Section 5.2.2 and summarised in

Table 5.1.

6.2.3 REAL-WORLD DATA

We make use of the same RW datasets described in Section 5.2.3 and summarised in

Table 5.2.

6.2.4 DATA PRE-PROCESSING

We make use of class-specific and global PCA5 and PCA1 data pre-processing as

described in Section 5.2.4 for CV and RW datasets.

6.2.5 METHODS

We compare the MLE, global MLE, MLL, spherical covariance ML-LOO and full co-

variance ML-LOO estimators as derived in Chapter 4.

6.2.6 KERNEL BANDWIDTH INITIALISATION

In Chapter 5, we compared the performance of conventional density estimators and

the MLE rule-of-thumb estimator on a representative set of artificial, CV and RW

datasets. We showed that there were several regularities in the relative performance of

conventional kernel bandwidth estimators across different tasks and dimensionalities.

In particular, we found that the Silverman and MSP estimators consistently performed

well across most tasks and dimensions for the artificial, CV and RW datasets investi-

gated and the that performance the MLE rule-of-thumb estimator improved relative

to the conventional estimators as dimensionality increased.
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Given the consistent performance of the Silverman rule-of-thumb estimator, and

the intuitive theoretical motivation that the Silverman estimator optimises the AMISE

(assuming a Gaussian reference distribution), we concluded that the Silverman esti-

mator is the preferred conventional density estimator on the datasets investigated in

this study. However, it is important to note that this does not necessarily imply that

the Silverman estimator will perform optimally as the default bandwidth initialisation

procedure, since the bandwidths to which the ML estimators (presented in Chapter 4)

converge are dependent on their initialisation, and are thus susceptible to local minima

(as illustrated in [17]). Therefore, it is possible that a different initialisation procedure

might yield a higher entropy score at initialisation but converges to ML bandwidths

that yield a lower entropy score. Given that the MLE rule-of-thumb estimator guaran-

tees that bandwidths are initialised within the range of the optimal ML bandwidths,

and is also derived from the ML criteria, we perform a number of tests in Appendix

B to compare the performance of the ML estimators when initialised with the Silver-

man rule-of-thumb and MLE rule-of-thumb estimators. These results show that the

MLE rule-of-thumb estimator does in fact frequently yield better performance for the

MLE and MLL estimators, and that this improved performance does not hold for the

ML-LOO(f) and ML-LOO(s) estimators.

However, since Silverman initialisation gives more consistent performance behaviour

across the different ML estimators compared, and does not give a clear advantage to the

MLL and MLE estimators, we prefer to use the Silverman estimator as the bandwidth

initialisation algorithm for our comparative experiments. We do, however, recognise

that bandwidth initialisation has a notable effect on the results of ML estimators, and

that other estimators might be even more advantageous than the Silverman and MLE

rule-of-thumb estimators considered. It is also possible that no bandwidth initialisation

procedure will be optimal for all types of data; therefore this will require a comprehen-

sive study of its own, and is a matter for further research. The focus of this study is to

gain a better understanding of the relative performances of the ML estimators consid-

ered, and therefore we prefer the consistency of the Silverman estimator for bandwidth

initialisation.

For this experiment, the Silverman initial bandwidths were adapted to suit the

initialisation of the spherical covariance ML-LOO and full covariance ML-LOO esti-

mators, since the Silverman estimator estimates a unique bandwidth per dimension

across all training data points. For the spherical covariance ML-LOO estimator we use

the average bandwidth across all dimensions as the initial spherical bandwidth. For

the full covariance ML-LOO estimator we initialise the diagonal components of the co-
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variance matrix with the respective bandwidths for each dimension; the full covariance

ML-LOO estimator is thus initialised with a diagonal covariance matrix.

6.2.7 KERNEL BANDWIDTH REGULARISATION

In practice the optimal ML kernel bandwidth, hid, centred on data point xi in dimension

d, is degenerate under certain circumstances and tends to 0. Pre-processing with

PCA reduces the number of such occurrences significantly as explained in Section

5.2.4. As a further measure of regularisation we make use of the theoretical lower

bound of the optimal bandwidth for the MLE criterion discussed in Section 4.6. The

lower bound states that the minimum optimal bandwidth, h2id, is equal to the squared

Euclidean distance to the nearest-neighbour of xi. In practice it often happens that

two samples have the same values in a certain dimension, thus making the nearest-

neighbour distance 0. We thus set the lower bound of a bandwidth in each dimension

to the nearest data point with a non-zero distance. For all estimators we validate

that all bandwidths are above their respective lower bounds, after each iteration of the

bandwidth optimisation procedure. The bandwidths that are below their respective

lower bounds after an iteration are thus replaced by the corresponding lower bound

value.

6.2.8 SELECTING THE OPTIMAL NUMBER OF TRAINING

ITERATIONS

For artificial data, we train the estimators for 10 iterations on each training set, and

select the optimal training model as the model with the lowest entropy score across 10

iterations. Similarly for CV datasets, the estimators are trained for 10 iterations on

each training fold. The likelihood scores across all folds are combined for each of the

10 models produced by an iteration, and the model with the lowest entropy is selected

as the model with optimal CV entropy. For RW datasets, we calculate the CV entropy

score (as for the CV data), on the training set for the 10 iterations. The optimal

number of iterations is then selected as the CV model with the lowest entropy scores.

We then train the estimators for 10 iterations on the full training set, and calculate

the entropy score of the test set for each of the 10 models. We select the optimal

test entropy, by selecting the test entropy of the model with the optimal number of

iterations (selected by CV entropy on the training set).
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6.2.9 PERFORMANCE EVALUATION

We use the same performance evaluation methodology as described in Section 5.2.7,

with the additional consideration of selecting the optimal training model to test on as

described in Section 6.2.8.

6.2.10 STATISTICAL DIFFERENCE TESTING

Each entropy result provided in the results section is calculated as the negative of the

mean of the log-likelihood scores (thus the sample entropy as given in Eq. 4.3.3), where

the likelihood scores are obtained by substituting the test samples into the optimal

training model.

For each class, the test likelihood scores of the estimator with lowest entropy are

compared to the remaining four estimators with statistical difference tests. We thus

test whether the estimator with the lowest entropy performs significantly better than

the remaining estimators with a 5% significance level.

Since the statistical difference test that may be employed is determined by the

assumptions of the difference between the likelihoods of the optimal estimator, x, and

the likelihoods of the other estimator, y, we first test the assumptions of the distribution

z = x− y. As explained in Section 2.6, the null hypothesis of the paired t-test is that

z is a normally distributed random variable with zero mean and unknown variance.

We therefore first need to test for normality before this test can be employed. The

null hypothesis of the Kolmogorov-Smirnov test for normality is that z is normally

distributed with 0 mean and 1 standard deviation. We therefore first normalise z, prior

to testing z for normality with the KS test. If the decision for the null hypothesis is true,

the variable z is regarded as normally distributed, and the paired t-test is performed.

Since the paired t-test tests whether z has zero mean, and assumes normality, the null

hypothesis will be true if the mean is sufficiently close to zero, thus indicating that x

and y are not significantly different at the 5% significance level.

If the Kolmogorov-Smirnov test indicates that z is not normally distributed, the

Wilcoxon signed-rank test is considered next. The null hypothesis of the Wilcoxon

signed-rank test is that z has a zero median, and that z has a continuous distribution

that is symmetric around the median. We therefore need to test whether z is symmetric

around the median before the Wilcoxon signed-rank test is employed. We make use

of the g-statistic hypothesis test for symmetry to determine whether z is symmetric

at the 5% significance level. If the null-hypothesis that z is symmetric is accepted by

the g-statistic hypothesis test, the Wilcoxon signed-rank test is employed at the 5%
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significance level. The null hypothesis of the Wilcoxon rank-sum is that two continuous

random variables x and y have equal medians, and it does thus not assume that the

difference between x and y has a normal or symmetric distribution. We therefore

employ this test if z did not pass the Kolmogorov-Smirnov test for normality and did

not pass the g-statistic hypothesis tests for symmetry.

We empirically observed that the distributions of the likelihood scores, x and y, in

many cases do not follow a normal distribution, but rather a distribution similar to

the log-normal distribution. We therefore considered two alternatives, where z = x−y
and where z = log(x) − log(y). We found for z = x − y , that z did not pass the

Kolmogorov-Smirnov test for normality (at a significance level of 5%) for any of the

300 tests that were employed, and that z passed the test for symmetry in only one

instance, thus leading to 299 rank-sum tests for the CSPEC, PCA1 data. (Note that

there are 75 classes for the five RW datasets in total, and for each of these classes four

difference tests are performed.)For z = log(x)− log(y), we found that z passed the test

for normality for 98 of the 300 tests, and passed the test for symmetry for only seven

of the remaining 202 tests. In summary, the paired t-test was performed 98 times, the

Wilcoxon signed-rank test seven times, and the Wilcoxon rank-sum test was employed

for the remaining 195 tests.

Another motivation for making use of the difference z = log(x)− log(y) as the test

statistic, is that if we take the negative of the mean of z, then we obtain the sample

entropy. The paired t-test will thus measure whether the means of log(x) and log(y)

are sufficiently close at a significance level of 5%. The paired t-test thus measures

if the entropy scores are statistically different or similar. The Wilcoxon signed-rank

and rank-sum tests, however, measure if the median values of log(x) and log(y) are

sufficiently close at a significance level of 5%. These tests thus do not measure directly

if the entropy scores are similar, but rather if the median values of the log-likelihood

scores log(x) and log(y) have similar medians. The median value of log-likelihood scores

is not affected by outliers as much as the mean value of log-likelihood scores. Typically

outliers are caused by test data points that fall within regions of very low density,

thus resulting in very small likelihood values; outliers may also be caused where a test

data point falls very close to or directly on a kernel with very small bandwidth centred

on a training data point. The Wilcoxon tests thus give a comparison of estimator

performance when the effects of such outliers is reduced. This alternative comparison

of performance is also interesting, since entropy is very sensitive to outliers; e.g. if we

have a set of likelihood measures, and all likelihoods are unremarkable except for a

single likelihood value that is very low, then the entropy score will be very low, since
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the sample entropy is similar to calculating the product of all likelihood scores.

Theoretically, different tests can be employed between the estimator with the lowest

entropy score and the remaining four estimators per class, where the type of test is

determined by the assumptions we make regarding z as explained above. For compar-

ative purposes, however, we select only one type of difference test per class, so that

the four outcomes of the tests per class can be compared. Therefore, for each class we

select the appropriate difference test by selecting the test that will suit the assumptions

of all four test statistics, z, for the class. If we assign the paired t-test a value of 1,

the Wilcoxon signed-rank test a value of 2 and the Wilcoxon rank-sum test a value of

3, then for each class we take the highest value assigned to any of the four difference

tests that were selected based on the assumptions, i.e. if for a class we determine that

the following tests can be performed [1 2 3 3], then we select the Wilcoxon rank-sum

test as the test to perform for all four tests; if for a class we determine that the tests [1

2 1 2] can be performed, we perform the Wilcoxon signed-rank test for the four tests.

Thus only if the tests [1 1 1 1] can be performed, do we employ the paired t-test.

In Section 6.4.3 we report on the outcome of the statistical difference tests for each

class and indicate which type of test was selected for each class.

6.3 EXPERIMENTAL DESIGN

In this section we describe the experimental design of the simulation studies performed

on artificial, CV and RW data in Experiments 1-3, respectively.

6.3.1 EXPERIMENT 1

We compare the performance of the ML estimators listed in Section 6.2.5 on the artifi-

cial datasets as described in Section 6.2.1. The artificial datasets are not pre-processed,

and kernel bandwidth initialisation and regularisation are performed as described in

Sections 6.2.6 and 6.2.7. The optimal number of training iterations for each estimator

is selected as described in Section 6.2.8 and the performances of the estimators are

estimated as described in Section 6.2.9.

6.3.2 EXPERIMENT 2

We compare the performance of the ML estimators listed in Section 6.2.5 on the CV

datasets as described in Section 6.2.2. The CV datasets are pre-processed as described

in Section 6.2.4 and kernel bandwidth initialisation and regularisation are performed
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as described in Sections 6.2.6 and 6.2.7. The optimal number of training iterations for

each estimator is selected as described in Section 6.2.8 and the performances of the

estimators are estimated as described in Section 6.2.9.

6.3.3 EXPERIMENT 3

We compare the performance of the ML estimators listed in Section 6.2.5 on the RW

datasets as described in Section 6.2.3. The RW datasets are pre-processed as described

in Section 6.2.4 and kernel bandwidth initialisation and regularisation are performed

as described in Sections 6.2.6 and 6.2.7. The optimal number of training iterations for

each estimator is selected as described in Section 6.2.8 and the performances of the

estimators are estimated as described in Section 6.2.9.For each set of entropy results,

we also report on the statistical difference tests as described in section 6.2.10.

We also show the CV and test entropy results of the ML estimators over the number

of training iterations to illustrate the convergence of the estimators on different tasks.

6.4 RESULTS

The results of Experiments 1-3 are presented in this section. We denote the MLE

estimator as MLE, the global MLE estimator as MLE(g), the MLL estimator as MLL,

the spherical covariance ML-LOO estimator as ML-LOO(s) and the full covariance

estimator as ML-LOO(f).

6.4.1 EXPERIMENT 1

Figures 6.1-6.12 show the comparative entropy results of the ML estimators listed in

Section 6.2.5 on Artificial Sets 1-7 for dimensionalities ranging from 1 to 10 and 10 to

100.

Artificial Set 1 contains data sets sampled from the standard MVN distribution.

Figure 6.1 shows that all estimators perform competitively on the one- to three-

dimensional datasets. The MLL and MLE estimators underperform for dimension-

alities higher than 3, while the remaining estimators remain competitive. Given the

performance difference between the MLE and MLE(g) estimator, it is clear that the

degradation in performance of the MLE and MLL algorithms for dimensionalities above

3 is due to the large number of free parameters these estimators need to estimate. The

MLE estimator only requires the estimation of D bandwidths (i.e. a bandwidth for

each dimension), while the MLE and MLL estimators required ND bandwidths (i.e. a
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bandwidth for each training data point in each dimension). We have shown in Section

3.3 that the number of data points required to achieve a specific MSE increases ex-

ponentially as the dimensionality increases. Since the number of training data points

remains constant across dimensionalities in this experiment, data sparsity increases

significantly. These results thus indicate that the performance of the MLE and MLL

estimators is more adversely affected by the curse of dimensionality than the MLE(g),

ML-LOO(s) and ML-LOO(f) estimators, since these estimators require the estimation

of a larger number of bandwidths.

Figure 6.2 shows that the effect of the curse of dimensionality on the MLE and MLL

estimators increases as dimensionality is further increased, and that the performance

of the MLL estimator is impaired even more drastically than the MLE estimator on

the 40- to 100-dimensional datasets. We also see that the MLE(g) and ML-LOO(s)

have almost identical results across all dimensions. This is to be expected, since the

theoretical performance of the estimators will be identical if the data is spherically

distributed. We also see that the ML-LOO(f) estimator outperforms the ML-LOO(s)

and MLE(g) estimators on the 90- and 100-dimensional datasets. Since the data is

uncorrelated, the ML-LOO(f) estimator should asymptotically have the same perfor-

mance as the ML-LOO(s) and MLE(g) estimators. However, for finite datasets, the

MLL-LOO(f) estimator has additional co-variance parameters to estimate, impacting

its performance.

In Artificial Set 2 we introduce scale variations by increasing the standard devia-

tions of the features systematically. Figure 6.3 shows that the ML-LOO(s) estimator

underperforms for dimensionalities of 3 and higher. This is to be expected, since the

ML-LOO(s) estimator estimates the same bandwidth for each dimension, and thus

does not model scale variations. The remaining estimators perform competitively over

all dimensions.

Figure 6.4 shows that the relative performance of the ML-LOO(s) decreases even

further as dimensionality increases. Again we observe that the relative performance of

the MLL and MLE estimators decreases as dimensionality increases (similar to Figure

6.2). (Note that the scale change between Figure 6.2 and Figure 6.4 makes the relative

difference between the ML-LOO(f) and MLL estimator seem smaller; the absolute

difference in entropy, however, remains approximately 0.1.) The remaining estimators

perform competitively over all higher dimensions, similar to Artificial Set 1.

In Artificial Set 3 we introduce correlation to the MVN distribution with features

of different scales. Figure 6.5 shows that the estimators perform competitively on

dimensions 1 to 3, and that the relative performance of the ML-LOO(f) estimator
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Figure 6.1: Test entropy results for Artificial Set 1 (D 1-10)

Figure 6.2: Test entropy results for Artificial Set 1 (D 10-100)
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Figure 6.3: Test entropy results for Artificial Set 2 (D 1-10)

Figure 6.4: Test entropy results for Artificial Set 2 (D 10-100)
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improves as dimensionality increases and is clearly optimal for dimensions of 5 and

higher. This is to be expected, since the ML-LOO(f) estimator estimates an identical

full covariance bandwidth matrix for all data points, and thus models correlation.

The remaining estimators do not estimate correlation, and perform similarly across all

dimensions.

Figure 6.6 shows that the relative increase in performance of the ML-LOO(f) es-

timator increases even more as dimensionality increases, and that the performance of

the remaining estimators are similar over all dimensions.

Figure 6.5: Test entropy results for Artificial Set 3 (D 1-10)

In Artificial Set 4 we sample datasets from two standard MVN distributions to sim-

ulate bimodal data. Figure 6.7 shows that the ML-LOO(f), ML-LOO(s) and MLE(g)

estimators perform competitively across all dimensions (with the exception of the MLL

and MLE estimators that perform optimally on the one-dimensional data). The rela-

tive performance of the MLE and MLL estimators decrease as dimensionality increases.

It is expected that the ML-LOO(f), ML-LOO(s) and MLE(g) estimators will perform

similarly, since the data contains no scale variations and no correlation.

Figure 6.8 shows that the relative performance of the ML-LOO(f), ML-LOO(s) and

MLE(g) estimators decreases as dimensionality increases, and that the ML-LOO(f) esti-

mator underperforms for all dimensions. Since the ML-LOO(s) and MLE(g) estimators

do not estimate correlation, the underperformance of the ML-LOO(f) estimator might
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Figure 6.6: Test entropy results for Artificial Set 3 (D 10-100)

be caused by the estimation of correlation coefficients in the full-covariance bandwidth

matrix that should theoretically be zero (since the data has no correlation). The ef-

fect of the estimated correlation coefficients thus seems to increase as data becomes

sparser with an increase in dimensionality. We note that for the unimodal MVN data

in Figure 6.2, the same behaviour was not observed, thus the estimation of false cor-

relation coefficients might be caused by the bimodality of the data. Surprisingly, the

relative performance of the MLL and MLE estimators improves as dimensionality is

increased. This shows that these estimators estimate the bandwidths of bimodal data

more accurately than the remaining estimators in high dimensions.

In Artificial Set 5 we introduce intra feature scale variations to the bimodal data as

explained in the experimental design. Figure 6.9 shows that the ML-LOO(s) estimator

underperforms for dimensionalities of 5 and higher, as is to be expected, since this

estimator does not model scale variations between features. The MLL and MLE esti-

mators perform optimally over all dimensions. This is expected since these estimators

model scale variations within and between features, by estimating a unique bandwidth

for each kernel. The MLE(g) and ML-LOO(s) estimators model scale variations be-

tween features (since the bandwidths differ across features), but do not model scale

variations within features (since bandwidths do not differ across data points).

Figure 6.10 shows that the relative performance of the MLE and MLL estimators
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Figure 6.7: Test entropy results for Artificial Set 4 (D 1-10)

Figure 6.8: Test entropy results for Artificial Set 4 (D 10-100)
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improves even more as dimensionality increases, and that the remaining estimators

underperform over all dimensions.

Figure 6.9: Test entropy results for Artificial Set 5 (D 1-10)

In Artificial Set 6 we introduce correlation between the features of the bimodal

data with intra-feature scale variations. Figure 6.11 shows that the estimators perform

competitively on dimensions 1 to 3, and that the ML-LOO(f) estimator performs op-

timally on the remaining dimensions. This shows that the introduction of correlation

between features gives the ML-LOO(f) estimator a significant improvement over the

other estimators. Note that even though the data is bimodal, the covariance matrices

of the modes are identical. Thus the bimodality of the data does not influence the

relative performance of the ML-LOO(f) estimator.

In Figure 6.12 we see that the relative performance of the ML-LOO(f) estimator

improves even more as dimensionality increases, and that this estimator performs opti-

mally across all the dimensions. We also observe that the remaining estimators perform

similarly for dimensions of 10-30, and that the MLL estimator experiences a relative

performance degradation compared to the MLE, MLE(g) and ML-LOO(s) estimators

for dimensionalities of 40 to 100. The MLE(g) and ML-LOO(s) estimator performances

are similar. This is to be expected since the scale variations are within features, and

not between features. The average scale per dimension is thus similar for this data,

although the scale in each dimension varies depending on the mode from which the
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Figure 6.10: Test entropy results for Artificial Set 5 (D 10-100)

data is sampled. The MLE(g) estimator underperforms against the ML-LOO(s) and

MLE(g) estimators, which is surprising since this estimator is capable of modelling

intra-feature scale variations.

In Artificial Set 7 the covariance matrices of the two MVN Gaussian modes are

not identical, since the two modes point in opposite directions in the first dimension.

Figure 6.13 shows that tall estimators perform competitively for dimensions 1 to 4, and

the ML-LOO(f) estimator performs optimally for dimensions 5 to 10. The remaining

estimators perform similarly on all dimensions.

In Figure 6.14 we see that the MLL and MLE estimators underperform for dimen-

sions 40 to 100. The performance of the ML-LOO(f) estimator remains close to optimal,

but seems to degrade as dimensionality increases (e.g. for the 90- and 100-dimensional

data, the ML-LOO(s) and MLE(g) estimators perform better than the ML-LOO(f)

estimator). This indicates that the ML-LOO(s) is not influenced too much by the

difference in covariance matrices between the two modes. This might be due to our

parameterisation of the covariance matrices, since the data in the two modes only differ

in one dimension, which makes the estimation of the same covariance for both modes

more realistic.
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Figure 6.11: Test entropy results for Artificial Set 6 (D 1-10)

Figure 6.12: Test entropy results for Artificial Set 6 (D 10-100)
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Figure 6.13: Test entropy results for Artificial Set 7 (D 1-10)

Figure 6.14: Test entropy results for Artificial Set 7 (D 10-100)
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6.4.2 EXPERIMENT 2

Tables 6.1 and 6.2 show the comparative CV entropy results of the ML estimators on

the CV datasets for class-specific PCA5 and PCA1 pre-processing respectively. Note

that where the dimensionality of a dataset is less than 5, PCA5 will only decorrelate the

data and the dimensionality thus remains the same. The dataset name is indicated with

“DS”, the class number with “C”, the dimensionality of the class after pre-processing

with “K”, and we abbreviate the dataset names with two-letter acronyms. We make

use of colour to represent the relative performance of the estimators visually, where

green indicates the lowest entropy for a specific class and red the highest entropy for a

specific class.

Table 6.1: CV entropy results (class-specific PCA5)

DS C K MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

OF 1 2 1.4815 1.4641 1.4653 1.4781 1.4946

BS 1 4 5.4476 -1.0283 2.1900 5.4503 5.4660

2 4 -26.1479 -26.1479 -26.5435 -28.7634 5.3657

3 4 5.4418 -1.2970 2.2335 5.4446 5.4624

IR 1 4 5.5414 5.5205 5.5474 5.5789 5.6942

2 4 4.8158 4.8840 4.8840 4.8442 4.9101

3 4 5.0435 5.0798 5.0798 5.0776 5.1759

DB 1 5 7.2291 7.1022 7.1175 7.2268 7.2467

2 5 7.4277 7.4778 7.4778 7.3686 7.4364

HS 1 5 8.1620 8.1620 8.1620 8.1270 8.1702

2 5 8.1965 8.2260 8.3019 7.9948 8.2015

VC 1 5 8.2779 8.2684 8.2923 8.2903 8.3712

2 5 8.2926 8.2375 8.2715 8.2881 8.2997

3 5 7.1625 6.9422 7.0612 7.6507 7.2193

4 5 7.7114 8.0964 8.0964 7.7848 7.8292

WF 1 5 8.2643 8.2850 8.2850 8.2658 8.2655

2 5 8.2132 8.2345 8.2345 8.2145 8.2115

3 5 8.1898 8.2147 8.2147 8.1909 8.1885

IS 1 5 9.6743 9.6604 9.9790 9.7254 9.6488

2 5 8.3689 8.5333 8.5752 8.3399 8.4064

The Old Faithful dataset results in Table 6.1 show that MLE and MLL estimators

perform competitively on the two-dimensional dataset, and that the ML-LOO(s) esti-

mator underperforms. The underperformance of the ML-LOO(s) estimator indicates

that there are scale variations between features, and the superior performance of the

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

114



Chapter Six
Comparison of Maximum-likelihood

Kernel Bandwidth Estimators

Table 6.2: CV entropy results (class-specific PCA1)

DS C K MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

OF 1 2 1.4815 1.4641 1.4653 1.4781 1.4946

BS 1 4 5.4476 -1.0283 2.1900 5.4503 5.4660

2 3 4.8336 4.8649 4.8649 4.8546 4.8720

3 4 5.4418 -1.2970 2.2335 5.4446 5.4624

IR 1 4 5.5414 5.5205 5.5474 5.5789 5.6942

2 4 4.8158 4.8840 4.8840 4.8442 4.9101

3 4 5.0435 5.0798 5.0798 5.0776 5.1759

DB 1 8 9.8422 9.9005 9.9455 9.6644 9.9346

2 8 10.4833 10.4459 10.5278 10.3307 10.4336

HS 1 13 18.1319 18.5913 18.5913 14.3833 18.3462

2 13 17.5738 17.7804 17.7804 10.8952 17.7250

VC 1 9 10.5104 10.8288 10.9117 10.3832 11.2043

2 8 9.8030 10.0864 10.2151 9.6618 10.4235

3 8 8.9059 8.7243 8.8984 9.3708 9.2334

4 11 11.1508 11.3137 11.6883 11.6020 12.0935

WF 1 21 26.7635 27.1857 27.1857 26.7922 27.4237

2 21 29.2129 29.6012 29.6012 29.2531 29.5631

3 21 29.1510 29.5804 29.5804 29.1949 29.5093

IS 1 33 42.4526 41.6154 46.9883 46.9883 45.7913

2 12 13.5870 12.9432 14.2051 13.7731 14.2113
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MLE and MLL estimators indicate that there might be scale variations within features.

The Balance Scale dataset results in Table 6.1 show that the MLE estimator per-

forms optimally with a large margin on classes 1 and 3, while the ML-LOO(f) estima-

tor performs optimally on class 3. The optimal performance of the MLE estimator on

classes 1 and 3 is consistent with the results presented in Appendix B; we refer the

reader to Section B.2 for a more detailed analysis of estimator performance on these

two classes.

The PCA1 results in Table 6.2 show similar relative performance behaviour on

the PCA1 data. Note that only the dimensionality of class 2 has changed, and that

the excellent performance of the MLE(g), MLE, MLL and ML-LOO(f) increases when

the dimensionality is reduced from four to three dimensions. This indicates that the

dimension that was dropped with the PCA1 transformation might have contained

useful information.

The Iris dataset results in Tables 6.1 and 6.2 show that the PCA5 and PCA1

transformations reduce the dataset to the same intrinsic dimensionality; the results

are thus identical. We observe in these tables that the MLE(g) estimator performs

optimally on classes 2 and 3, and close to optimally on class 3. The ML-LOO(s)

estimator again underperforms on all classes because of the variation in eigenvalues

between features.

The Diabetes dataset results in Table 6.1 show that the MLE and MLL estimators

perform competitively on class 1 of the five-dimensional dataset, and that the ML-

LOO(f) estimator performs optimally on class 2, while the MLE and MLL estimators

underperform on class 2. The PCA1 results in Table 6.2 show that the ML-LOO(f)

estimator performs optimally on the eight-dimensional PCA1 dataset, and that the

MLL estimator underperforms. The increase in dimensionality thus increased the rela-

tive performance of the ML-LOO(f) estimator on both classes, while the relative MLL

estimator experienced a relative performance degradation. This is consistent with the

MLL behaviour on Artificial Set 1 and Artificial Set 3.

The Heart(Statlog) dataset results in Table 6.1 show that the ML-LOO(f) estimator

performs optimally on both classes of the five-dimensional dataset, while the ML-

LOO(s) estimator underperforms on class 1 and the MLL estimator underperforms on

class 2. The PCA1 results in Table 6.2 show that the performance of the ML-LOO(f)

estimator remains optimal on the eight-dimensional PCA1 datasets, and that the MLE

and MLL estimators experiences a severe performance degradation with the increase

in dimensionality.

The Vehicle dataset results in Table 6.1 show that the MLE estimator performs
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optimally on classes 1-3 of the five-dimensional dataset, while the MLE(g) estimator

performs optimally on class 4. Interestingly, the MLE and MLL estimators underper-

form on class 4. The PCA1 results in table 6.2 show that the ML-LOO(f) estimator

performs optimally on classes 1 and 2, while the MLE estimator performs optimally

on class 3, and the MLE(g) estimator on class 4. We also observe that the MLE(g)

estimator has the best general performance over all classes.

The Waveform dataset results in Table 6.1 show that the MLE(g) and ML-LOO(s)

estimators perform competitively on all classes of the five-dimensional dataset. The

good performance of the ML-LOO(s) estimator indicates that the eigenvalues of the

five features are similar, thus causing the transformed data to be close to spherical. The

PCA1 results in Table 6.2 show, that the MLE(g) estimator performs optimally on all

classes of the higher-dimensional data, and that the ML-LOO(s) estimator experiences

a severe degradation in relative performance. This implies that the additional features

that were added for the high-dimensional data, added local structure to the data that

is not suited to spherical bandwidth matrices as used by the ML-LOO(s) estimator.

The results in Table 6.1 also show that the MLE and MLL estimators underperform

on the five-dimensional data on all classes. These estimators also underperform on

classes 2 and 3 of the higher-dimensional PCA1 data. Finally, the results in Table 6.1

and Table 6.2 show that the ML-LOO(f) estimator experiences an increase in relative

performance as dimensionality increases, and performs competitively on the higher-

dimensional PCA1 data.

The Ionosphere dataset results in Tables 6.1 and 6.2 show that all estimators, except

for the MLL estimator, perform competitively on the five-dimensional dataset, and that

the MLL estimator also underperforms on the higher-dimensional PCA1 data. We also

observe in Table 6.2 that the MLE estimator performs optimally on both classes of the

PCA1 dataset. We note as well that the entropy scores of class 1 on the PCA1 dataset

are much higher than the entropy scores of class 2 on the PCA dataset owing to the

large difference in dimensionality (33 as opposed to 12).

In summary, we have observed in this experiment that the MLE and MLE(g) es-

timators performed well on most classes of the five-dimensional PCA5 datasets, and

the MLE(g) performed well on most classes of the higher-dimensional PCA1 datasets,

followed by the ML-LOO(f) and MLE estimators. The ML-LOO(f) estimator experi-

enced an improvement in relative performance as dimensionality increased, while the

MLL and ML-LOO(s) estimators experienced a degradation in performance as dimen-

sionality increased.

We report on the results of the global PCA5 and PCA1 datasets in Appendix C,

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

117



Chapter Six
Comparison of Maximum-likelihood

Kernel Bandwidth Estimators

where we make general comments on the differences between the class-specific and

global PCA results.

6.4.3 EXPERIMENT 3

The Letter dataset results in Tables 6.3 and 6.4 show that the ML-LOO(f) estimator

performs optimally on most classes for both the five-dimensional PCA5 data, and the

higher-dimensional PCA1 data. The ML-LOO(s) estimator, on the other hand, under-

performs on most classes for the PCA5 and PCA1 data. The MLL estimator performs

moderately for most classes of the PCA5 data, and experiences relative performance

degradation for the PCA1 data. Conversely, the MLE(g) estimator underperforms on a

number of classes for the PCA5 data, and experiences a relative performance improve-

ment on the PCA1 data. The MLE estimator performs well on a number of classes for

the PCA5 data, and similar to the MLL estimator, experiences a relative degradation

in performance as dimensionality increases for the PCA1 data.

The relative degradation in performance of the MLL and MLE estimators when the

dimensionality of the data is increased from PCA5 to PCA1 might be explained by the

significant increase in the number of parameters to estimate when the dimensionality

increases. For example, the dimensionality of class 1 in the Letter dataset increases

from 5 to 15, while the number of samples in class 1 is fixed at 789. The number of

parameters to estimate (which we summarised in Table 4.1) for the MLL estimator

thus increases from ND=789x5 for the PCA5 dataset to ND=789x15 for the PCA1

dataset. The ratio between the number of samples and number of parameters will thus

decrease from 0.2 samples/parameter to 0.067 samples/parameter, which leads to an

increase in data sparsity that might explain the relative degradation in performance.

Conversely, the relative improvement in performance of the ML-LOO(f) and

MLE(g) estimators might be explained by the smaller number of parameters to es-

timate when compared to the MLL and MLE estimators. For the Letter dataset class

1, the ML-LOO(f) estimator will estimate D(D + 1)/2 parameters per class. For the

PCA5 dataset, the ML-LOO(f) estimator will thus estimate 5(5+1)/2=15 parameters

and for the PCA1 dataset 15(15+1)/2=120 parameters. The ratio between the number

of samples and number of parameters will thus decrease from 52.5 samples/parameter

to 6.575 samples/parameter. Even in the 15-dimensional case, the ML-LOO(f) esti-

mator has 6.575/0.2=32.875 times more samples/parameter than the MLE and MLL

estimators for the five-dimensional case. The MLE(g) estimator needs to estimate even

fewer parameters than the ML-LOO(f) estimator (only D parameters), and therefore

the number of samples per parameter will be even higher than that of the ML-LOO(f)
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estimator; for PCA5 data the ratio is 789/5=157.8 samples/parameter and for PCA1

data the ratio is 789/15=52.6 samples/parameter.

This example illustrates that the number of samples per parameter to be esti-

mated should be considered when selecting an estimator, and that estimators with

fewer parameters might lead to better generalisation performance when the number of

samples/dimension ratio is very small.

Table 6.3: Letter test entropy results (class-specific PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 789 6.1653 6.1786 6.1750 5.9772 6.2620

2 5 766 7.4753 7.2150 7.2107 7.2271 7.6006

3 5 736 7.1287 7.1089 7.1023 6.9025 7.1505

4 5 805 6.7478 6.3395 6.5235 6.5860 6.7890

5 5 768 6.5361 6.4266 6.4462 6.1686 6.5595

6 5 775 6.8708 6.7795 6.7891 6.7111 6.8970

7 5 773 7.0607 6.9871 6.9752 6.8964 7.0529

8 5 734 6.5832 6.4309 6.4479 6.0982 6.5792

9 5 755 5.8674 5.2918 5.4175 5.6007 5.9317

10 5 747 6.5710 6.4170 6.4262 6.4027 6.6224

11 5 739 6.7653 6.6544 6.6964 6.5889 6.7564

12 5 761 5.8378 5.6657 5.7381 5.5734 5.8204

13 5 792 6.0048 6.0412 6.0817 5.8205 6.1440

14 5 783 6.2698 6.0737 5.9840 6.1940 6.4741

15 5 753 7.6773 7.4707 7.4034 7.5396 7.6481

16 5 803 7.0580 7.0263 7.1152 6.9694 7.1261

17 5 783 6.8312 6.9166 6.7962 6.6505 6.8761

18 5 758 7.0294 7.1174 6.9854 6.8324 7.0414

19 5 748 6.4988 6.5811 6.5529 6.2064 6.5550

20 5 796 6.4601 6.4457 6.4933 6.2711 6.4866

21 5 813 6.2496 6.1510 6.2548 6.0624 6.2960

22 5 764 6.6892 6.7701 6.8066 6.5264 6.7054

23 5 752 7.0167 6.9532 6.9839 6.7140 7.3462

24 5 787 6.5997 6.4873 6.5736 6.4897 6.8772

25 5 786 6.1810 6.2319 6.1728 6.0200 6.2323

26 5 734 6.9033 6.6380 6.6154 6.7288 7.0168

We provide the statistical difference test results for the Letter dataset in Tables

6.5 and 6.6. We denote the type of difference test as “TE”, where the paired t-test is

represented by “1”, the Wilcoxon signed-rank test by “2” and the Wilcoxon rank-sum
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Table 6.4: Letter test entropy results (class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 15 789 9.2873 10.2996 10.5922 7.9763 10.1448

2 15 766 11.8521 12.4504 13.2300 10.6214 12.5788

3 15 736 10.9114 10.9152 11.4798 10.2541 11.8211

4 14 805 10.6806 10.8480 11.2551 9.8986 11.1240

5 15 768 9.0948 10.0307 10.6545 7.4805 9.8392

6 13 775 9.3735 9.8056 10.0067 8.2964 10.0040

7 15 773 11.6837 12.4585 12.7124 10.6560 12.3793

8 14 734 10.6712 10.6509 10.6427 8.9762 11.4651

9 13 755 8.7703 7.4315 7.4505 7.6537 9.1916

10 13 747 8.0048 8.2247 8.5730 6.9398 8.5478

11 15 739 10.1285 10.7803 10.6981 9.1266 11.0117

12 12 761 6.9545 7.0843 7.2469 5.9676 7.4122

13 14 792 8.3489 8.4041 8.7171 6.7962 9.0203

14 14 783 9.3522 8.7992 9.7257 8.4742 10.1868

15 16 753 12.7908 13.0909 13.9332 11.5703 13.7332

16 15 803 9.9907 11.1816 11.5641 9.4843 10.8242

17 15 783 10.8606 11.8567 12.0359 9.6828 11.8571

18 15 758 10.9078 12.1141 12.4231 9.9914 11.3758

19 15 748 9.0280 9.8751 10.0427 7.5570 9.7640

20 13 796 7.8998 8.1263 8.4534 6.6746 8.7879

21 13 813 8.8809 9.0425 9.2017 7.9219 9.2352

22 14 764 10.0613 10.3505 10.6758 8.7185 10.8547

23 15 752 10.5571 10.9732 11.4986 9.3987 11.8726

24 15 787 11.0415 11.1224 11.6708 9.7728 12.2909

25 14 786 8.7009 9.3734 9.8168 7.4867 9.2290

26 15 734 10.2744 10.0557 10.8011 9.1422 11.2895
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test by “3”. Note that these results correspond to the entropy results in Tables 6.3

and 6.4. We indicate the estimator with optimal entropy for a specific class as “-“, a

significant difference at the 5% significance level as 1, and a non-significant difference

at the 5% significance level as 0. We note that statistical differences indicate superior

performance of the estimator with the lowest entropy score, since for each class the

optimal estimator is compared to the other estimators. We also note that wherever we

refer to statistically significant, the significance level is 5%.

It is important to note that the non-parametric Wilcoxon signed-rank and rank-sum

tests are typically less powerful in determining differences between two paired sets of

measurement, compared to the parametric paired t-test. In addition, owing to the fact

that we perform an independent test per class, our statistical tests are not sensitive to

the regularities that appear across classes. We will show in our results that for most

classes in which the Wilcoxon tests are employed, the test statistics are generally not

normally distributed at a significance level of 95%; therefore we observe regularities in

entropy scores that are not always indicated by the Wilcoxon difference tests, because

of the relatively low statistical power of our tests. We will highlight such cases in our

discussion of the results.

The Letter class-specific PCA5 statistical difference test results show that the ML-

LOO(f) estimator performs significantly better than the ML-LOO(s) estimator on six of

the 26 classes – this confirms our observation on Table 6.3. The ML-LOO(f) estimator

also performs significantly better than the MLE(g), MLE and MLL estimators on two,

one and three classes respectively. The estimators perform statistically similarly on the

remaining tests. These results confirm our conclusion that the ML-LOO(f) estimator

generally performs better than the other estimators, and that the ML-LOO(s) estimator

generally underperforms for this dataset. We observe that the Wilcoxon rank-sum test

was used for all classes, except class 3, which indicates that the test data was not

normally distributed or symmetric for at least one estimator for each of the 25 classes.

The Letter class-specific PCA1 statistical difference test results show that the rel-

ative performance of the ML-LOO(f) estimator improved compared to the PCA5 re-

sults, since there are more classes where statistical differences were found between the

ML-LOO(f) estimator and the other estimators. From these results it is clear that

the ML-LOO(f) estimator performs optimally on all classes 3, 17 and 23, and performs

statistically similarly compared to the other estimators on the remaining classes. These

results confirm our conclusion drawn from Table 6.4, that the ML-LOO(f) estimator

generally performs optimally, the ML-LOO(s) estimator generally performs subopti-

mally and that the MLE and MLL estimators experience a relative degradation in
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Table 6.5: Letter statistical difference test results (class-specific PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 789 3 0 0 0 - 1

2 5 766 3 0 0 - 0 0

3 5 736 1 1 0 1 - 1

4 5 805 3 0 - 0 0 0

5 5 768 3 0 0 0 - 1

6 5 775 3 0 0 0 - 0

7 5 773 3 0 0 0 - 0

8 5 734 3 0 0 0 - 1

9 5 755 3 0 - 0 0 0

10 5 747 3 0 0 0 - 0

11 5 739 3 0 0 0 - 0

12 5 761 3 0 0 0 - 0

13 5 792 3 0 0 0 - 0

14 5 783 3 0 0 - 0 0

15 5 753 3 0 0 - 0 0

16 5 803 3 0 0 0 - 0

17 5 783 3 0 0 0 - 0

18 5 758 3 0 0 0 - 0

19 5 748 3 1 1 0 - 1

20 5 796 3 0 0 1 - 0

21 5 813 3 0 0 0 - 0

22 5 764 3 0 0 1 - 0

23 5 752 3 0 0 0 - 1

24 5 787 3 0 - 0 0 0

25 5 786 3 0 0 0 - 0

26 5 734 3 0 0 - 0 0
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performance compared to the PCA5 data. We observe that the Wilcoxon rank-sum

test was performed on all classes, except class 5 where the Wilcoxon signed-rank test

was performed. The test data for class 5 was thus symmetric around the median, but

not normally distributed.

Table 6.6: Letter statistical difference test results (class-specific PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 15 789 3 1 0 0 - 0

2 15 766 3 1 0 1 - 1

3 15 736 3 1 1 1 - 1

4 14 805 3 1 1 0 - 1

5 15 768 2 1 0 0 - 0

6 13 775 3 0 0 1 - 0

7 15 773 3 1 1 0 - 1

8 14 734 3 1 0 0 - 1

9 13 755 3 0 - 0 0 1

10 13 747 3 0 0 1 - 1

11 15 739 3 1 1 0 - 1

12 12 761 3 1 0 0 - 1

13 14 792 3 1 0 0 - 1

14 14 783 3 0 0 0 - 1

15 16 753 3 0 0 1 - 1

16 15 803 3 0 1 1 - 1

17 15 783 3 1 1 1 - 1

18 15 758 3 1 1 0 - 1

19 15 748 3 1 0 0 - 0

20 13 796 3 1 1 1 - 1

21 13 813 3 1 0 0 - 1

22 14 764 3 1 0 0 - 0

23 15 752 3 1 1 1 - 1

24 15 787 3 1 0 0 - 0

25 14 786 3 0 1 1 - 1

26 15 734 3 0 0 0 - 1

The Segmentation dataset results in Tables 6.7 and 6.8 show that the MLE and

MLL estimators perform competitively on most classes for the PCA5 and PCA1 data,

with the exception of class 2 for the PCA5 data and classes 2 and 7 of the PCA1 data.

The MLE(g) and ML-LOO(s) estimators underperform on most classes for the PCA5

and PCA1 data. The ML-LOO(f) estimator performs optimally on class 2 for the
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PCA5 data, and classes 2 and 7 for the PCA1 data – thus for the same classes where

the MLE and MLL estimators underperformed. The ML-LOO(f) estimator, however,

does not perform competitively on the remaining classes.

Table 6.7: Segmentation test entropy results (class-specific PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 330 8.7886 8.4363 8.4789 8.7740 9.0469

2 5 330 8.0941 7.7080 7.7931 6.7962 7.9038

3 5 330 5.9737 3.4367 3.6945 6.5749 6.0940

4 5 330 11.0808 6.8538 6.7601 11.6064 8.0821

5 5 330 7.6424 4.6877 5.0381 8.0332 7.7044

6 5 330 7.9777 7.6515 7.7691 8.1101 7.8086

7 5 330 4.7858 4.1647 4.3740 4.4453 5.0026

Table 6.8: Segmentation test entropy results (class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 13 330 14.7612 14.3396 14.5128 15.2068 16.6483

2 11 330 13.3975 13.5591 15.3803 12.9305 13.8543

3 12 330 10.8880 2.7401 3.5781 10.5969 9.6920

4 11 330 15.4156 7.7225 11.9012 17.5817 13.2768

5 11 330 15.4297 6.7261 7.2938 9.9464 17.4564

6 11 330 11.2927 10.7688 11.0891 11.3063 11.7564

7 10 330 7.1770 6.8176 6.8371 3.1038 7.3919

The statistical difference test results for the PCA5 Segmentation dataset in Table

6.9 show that the MLE estimator performs significantly better than the MLE(g), ML-

LOO(f) and ML-LOO(s) estimators on class 3, and the MLE(g) and ML-LOO(s) on

class 5. The MLL estimator also performs significantly better than the ML-LOO(s)

estimator on class 4. The remaining estimators perform statistically similarly (or com-

petitively) for all other results.

The statistical difference test results for the PCA1 Segmentation dataset in Table

6.10 show that the MLE performs significantly better than the MLE(g) estimator on

three classes and significantly better than the ML-LOO(f) and ML-LOO(s) estimators

on two classes. The ML-LOO(f) estimator performed significantly better than all other

estimators on class 7, and the MLL estimator performs statistically similarly to the

optimal estimators for all classes, except class 7. These results confirm our conclusions
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(on Tables 6.7 and 6.8) that the MLE and MLL estimators perform competitively on

most classes for the PCA5 and PCA1 data.

Table 6.9: Segmentation statistical difference test results (class-specific PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 330 3 0 - 0 0 0

2 5 330 3 0 0 0 - 0

3 5 330 1 1 - 0 1 1

4 5 330 3 0 0 - 0 1

5 5 330 3 1 - 0 0 1

6 5 330 3 0 - 0 0 0

7 5 330 3 0 - 0 0 0

Table 6.10: Segmentation statistical difference test results (class-specific PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 13 330 2 0 - 0 0 0

2 11 330 3 0 0 0 - 0

3 12 330 3 1 - 0 1 0

4 11 330 3 1 - 0 1 1

5 11 330 3 1 - 0 0 1

6 11 330 3 0 - 0 0 0

7 10 330 1 1 1 1 - 1

The Landsat results in Tables 6.11 and 6.12 show that the MLE(g) estimator per-

forms competitively on class 5 for both PCA5 and PCA1 data. The MLE estimator

performs optimally on five classes of the PCA5 data, experiences relative performance

degradation for the PCA1 data and only performs optimally on two classes on the PCA1

data. Similarly, the MLL estimator performs optimally on one class on the PCA5 data,

and experiences degradation in performance with the increase in dimensionality of the

PCA1 data. Conversely, the ML-LOO(f) estimator performs competitively on only two

classes of the PCA5 data, and experiences a relative performance improvement on the

PCA1 data on which the ML-LOO(f) estimator performs competitively on five classes.

Similarly to the Letter dataset, we observe degradation in the performance of the

MLE and MLL estimators when the dimensionality of the dataset is increased from

PCA5 to PCA1, and we observe an improvement in performance of the MLE(g) and

ML-LOO(f) estimators. This again might be explained by the relative decrease in the
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number of samples/parameter as dimensionality increases, as in the example given for

the Letter dataset.

Table 6.11: Landsat test entropy results (class-specific PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 1533 8.3463 8.3396 8.3249 8.3519 8.4456

2 5 703 8.1212 7.8695 7.9616 8.1172 8.2582

3 5 1358 9.4238 9.3575 9.4478 9.4210 9.5558

4 5 626 8.4932 8.4234 8.5772 8.4374 8.8392

5 5 707 9.5215 9.5349 9.5361 9.5220 9.5678

6 5 1508 9.0352 8.9075 8.9776 9.0256 9.2311

Table 6.12: Landsat test entropy results (class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 8 1533 10.6246 10.6571 10.6958 10.5527 11.0285

2 10 703 11.4557 11.2188 11.2724 11.3094 12.0536

3 14 1358 16.6442 16.7766 17.1863 16.4641 17.8911

4 13 626 14.6303 14.6583 14.7188 14.6150 15.8079

5 11 707 14.1853 14.6757 14.6641 14.2129 14.8374

6 11 1508 14.2989 14.2268 14.5458 14.2334 15.0980

The statistical difference test results for the Landsat PCA5 dataset in Table 6.13

show that all estimators performed statistically similarly, except for the ML-LOO(s)

estimator that performed significantly worse on three of the six classes. The optimal

performance of the MLE estimator observed in Table 6.11 and the relative degradation

in performance observed in Table 6.12 are thus not statistically significant. We also

note that although the ML-LOO(s) estimator underperforms on all classes of the PCA5

data, the difference tests only indicate a statistically significant difference for three of

the five classes. This shows that the hypothesis test of the Wilcoxon rank-sum test

statistic might be overly weak to detect that two samples are significantly different (at

a 5% significance level). If the results for all classes were combined, it is likely that this

test would indicate that the ML-LOO(s) estimator performs significantly worse than

the other estimators.

The PCA1 results in Table 6.14 show that the relative performance of the ML-

LOO(s) estimator degrades, and that for the higher-dimensional data the ML-LOO(s)
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estimator performs significantly worse on all classes. These results also show that

the MLE(g) estimator performs statistically similarly to the optimal estimator for all

classes. In addition, they show that the relative degradation in performance of the

MLL estimator from PCA5 to PCA1 seen in Tables 6.11 and 6.12 is not statistically

significant, since the test results in Table 6.14 show that the MLL estimator performs

statistically similarly to the optimal estimators.

Table 6.13: Landsat statistical difference test results (class-specific PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 1533 3 0 0 - 0 0

2 5 703 3 0 - 0 0 1

3 5 1358 1 0 - 0 0 0

4 5 626 3 0 - 0 0 1

5 5 707 3 - 0 0 0 0

6 5 1508 3 0 - 0 0 1

Table 6.14: Landsat statistical difference test results (class-specific PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 8 1533 3 0 0 0 - 1

2 10 703 3 0 - 0 0 1

3 14 1358 3 0 0 0 - 1

4 13 626 3 0 0 0 - 1

5 11 707 3 - 0 0 0 1

6 11 1508 3 0 0 0 - 1

The Optdigits dataset results in Tables 6.15 and 6.16 show that the ML-LOO(f)

estimator performs competitively on five classes of the PCA5 data, and that this per-

formance does not generalise to the PCA1 data, since this estimator does not perform

competitively on any of the classes of the PCA1 data. The MLE(g) estimator, on the

other hand, performs competitively on only two classes of the PCA5 data, and per-

forms competitively on seven classes of the PCA1 data. This shows that the estimation

of correlation affects the ML-LOO(f) estimator adversely as the dimensionality of the

classes increases (since the ML-LOO(f) estimator estimates a full covariance bandwidth

matrix). The MLE and MLL estimators perform competitively on some classes of the

PCA5 data, and experience slight performance degradation on the PCA1 data. The
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ML-LOO(s) estimator generally underperforms on the PCA5 data, and performs com-

petitively on more classes of the PCA1 data – this estimator thus experiences a slight

improvement in relative performance as dimensionality increases. We note that the

MLE and MLL estimators have identical entropy values on the PCA1 class 7 data. We

have investigated and confirmed that for this class and other such instances, the esti-

mators do not improve on the initial entropy values when the bandwidths are updated,

and since they are initialised with identical bandwidths the initial entropy scores are

the same, thus resulting in identical entropy scores. The optimal entropy score is thus

the entropy score of the Silverman bandwidth estimate.

As in the Letter and Landsat datasets, we observe degradation in performance of

the MLE and MLL estimators when the dimensionality of the dataset is increased

from PCA5 to PCA1 for the Optdigits dataset, and we observe an improvement in

performance of the MLE(g) estimator. We do not, however, see a relative improvement

of the ML-LOO(f) estimator for the Optdigits dataset. This might be because of the

significant increase in dimensionality, e.g. the dimensionality increases from 5 to 46 for

class 1 between PCA5 and PCA1. The ML-LOO(f) estimator, must estimate D(D +

1)/2 parameters, which causes the number of parameters to estimate to increase from

5(5+1)/2=15 parameters to 46(46+1)/2=1081 parameters. This causes the number of

samples per parameter to decrease from 554/15=36.93 to 554/1081=0.541. As was the

case for the Letter and Segmentation datasets, the degradation in performance of these

estimators as dimensionality increases might be explained by the relative decrease in

the number of samples/parameter as dimensionality increases.

Table 6.15: Optdigits test entropy results (class-specific PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 554 10.4372 10.4789 10.4584 10.4373 10.4915

2 5 571 9.6967 9.6537 9.5757 9.6905 9.7080

3 5 557 10.5627 10.6060 10.5163 10.5040 10.5311

4 5 572 10.3737 10.3141 10.3879 10.5734 10.4704

5 5 568 9.0819 8.7344 8.7181 9.0864 9.2245

6 5 558 10.1294 10.2500 10.2737 10.1951 10.1885

7 5 558 11.0836 10.3956 10.5549 10.9724 10.7495

8 5 566 10.7315 10.6860 10.6933 10.6483 10.7030

9 5 554 10.8419 10.8843 10.8843 10.8239 10.8431

10 5 562 10.2479 10.3508 10.3302 10.2245 10.2248

The statistical difference test results for the Optdigits PCA5 dataset in Table 6.17
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Table 6.16: Optdigits test entropy results (class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 46 554 52.7315 54.9642 54.9642 55.0121 57.2316

2 36 571 37.8930 39.9837 39.9837 40.0183 39.8571

3 41 557 55.1442 60.8972 60.8972 61.1132 55.9001

4 50 572 63.7679 67.9808 67.9808 69.7068 69.8641

5 39 568 45.1030 45.1030 45.1030 45.1332 44.2904

6 46 558 55.7444 58.8748 58.8748 58.9782 59.6404

7 37 558 46.8292 46.7069 46.7069 46.9650 48.8804

8 41 566 52.9752 55.9436 55.9436 55.9758 55.6049

9 50 554 61.2910 63.9965 63.9965 64.2079 65.3601

10 43 562 57.9241 56.2229 56.2229 51.2123 59.1375

show that the performances of all estimators are statistically similar on 8 of the 10

classes. For class 7, the ML-LOO(f) and ML-LOO(s) estimators perform significantly

worse than the other estimators, and for class 9 the MLE and MLL estimators perform

significantly worse than the other estimators. This confirms our observation in Table

6.15, that the ML-LOO(f) estimator performs competitively.

The PCA1 results in Table 6.18 show that the relative performance of the ML-

LOO(s) estimator degrades (similar to the Landsat results) as dimensionality increases,

and that the ML-LOO(s) estimator performs significantly worse than the other esti-

mators on five of the 10 classes – this confirms our observation on Tables 6.15 and

6.16. The remaining estimators do not show a statistically significant difference in

performance on all classes, except for class 10 where the ML-LOO(f) estimator per-

forms significantly better than all other estimators. These tests show that the relative

performance degradation of the ML-LOO(f) estimator in Tables 6.15 and 6.16 is not

statistically significant, and also that the optimal performance of the MLE(g) estimator

in Table 6.16 is also not statistically significant.

The Isolet PCA5 dataset results in Table 6.19 show that no estimator clearly out-

performs all other estimators, since each estimator performs optimally on some classes

and least optimally on other classes. The PCA1 results in Table 6.20 show that the

MLE(g) estimator experiences a relative improvement in performance, and performs

optimally on most classes of the higher-dimensional data, while the ML-LOO(s) estima-

tor, conversely, experiences a relative degradation in performance, and underperforms

on all classes of the PCA1 data. These results indicate that for the high-dimensional

PCA1 data, the variance (i.e. eigenvalues) of the transformed variables differ signifi-

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

129



Chapter Six
Comparison of Maximum-likelihood

Kernel Bandwidth Estimators

Table 6.17: Optdigits statistical difference test results (class-specific PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 554 3 - 0 0 0 0

2 5 571 3 0 0 - 0 0

3 5 557 1 0 0 - 0 0

4 5 572 3 0 - 0 0 0

5 5 568 3 0 0 - 0 0

6 5 558 3 - 0 0 0 0

7 5 558 3 0 - 0 1 1

8 5 566 3 0 0 0 - 0

9 5 554 3 0 1 1 - 0

10 5 562 3 0 0 0 - 0

Table 6.18: Optdigits statistical difference test results (class-specific PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 46 554 3 - 0 0 0 1

2 36 571 3 - 0 0 0 0

3 41 557 3 - 0 0 0 1

4 50 572 3 - 0 0 0 1

5 39 568 3 0 0 0 0 -

6 46 558 3 - 0 0 0 0

7 37 558 3 0 - 0 0 0

8 41 566 3 - 0 0 0 1

9 50 554 3 - 0 0 0 0

10 43 562 3 1 1 1 - 1

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

130



Chapter Six
Comparison of Maximum-likelihood

Kernel Bandwidth Estimators

cantly (thus leading to poor ML-LOO(s) performance) and that the assumption of no

correlation seems to be more suitable (given the difference in performance between the

MLE(g) and ML-LOO(f) estimators) for the high-dimensional data.

Again, the good generalisation performance of the MLE(g) estimator in high dimen-

sions might be explained by the small number of parameters that must be estimated.

For example, for the PCA1 class 1 data, the MLE(g) needs to estimate only 92 param-

eters, while the ML-LOO(f) requires the estimation of 92(92+1)/2=4278 parameters

and the MLE and MLL estimators require the estimation of ND=300=27600 parame-

ters. Given the small number of training samples per class, these more flexible methods

are at a disadvantage.

The statistical difference test results for the Isolet PCA5 dataset in Table 6.21

show that all estimators perform statistically similarly except for classes 13 and 21,

this confirms our observation on Table 6.19 that no estimator generally performs best.

For class 13, the ML-LOO(f) and ML-LOO(s) estimators perform significantly worse

than the other estimators, and for class 21 the MLE estimator performs significantly

worse than the other estimators.

The PCA1 results in Table 6.22 show that the relative performance of the ML-

LOO(s) again degrades as the dimensionality increases. The ML-LOO(s) estimator

performs significantly worse than the optimal estimator for 10 of the 26 classes. There

is no statistically significant difference in the performance of the remaining estimators

and optimal estimators for all classes, except classes 2, 16 and 22. For classes 2 and

22, the MLL, ML-LOO(s) and ML-LOO(f) estimators perform significantly worse than

the MLE estimator, and for class 16 the MLE estimator performs significantly worse

than the MLE(g) estimator. This shows that the optimal performance of the MLE(g)

estimator in Table 6.20 is not statistically significant. Similar to the Landsat dataset,

we observe that although the ML-LOO(s) estimator underperforms for all classes of

the PCA1 data, the difference tests only indicate a statistically significant difference

for 10 of the 26 datasets, again illustrating the weakness of these tests.

We have explained in Section 6.2.8 that the optimal test entropy is calculated by

selecting the test entropy of the model with the optimal number of training iterations

(selected by CV entropy on the training set). All test entropy results for RW datasets

presented thus far, only reported on the optimal test set entropy. We will now in-

vestigate the CV and test set entropy of the estimators over the number of training

iterations, to gain a better understanding of the convergence performance of the esti-

mators on different tasks. We show the results of only one class per dataset, where this

class is selected as the class with the highest intrinsic dimensionality (as determined by
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Table 6.19: Isolet test entropy results (class-specific PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 300 15.8607 15.9339 15.9339 15.8813 15.8468

2 5 300 15.2731 15.2619 15.2655 15.1603 15.2114

3 5 300 16.2714 16.2951 16.2951 16.3190 16.2675

4 5 300 15.8201 15.7429 15.7984 15.8697 15.8393

5 5 300 15.9924 16.0375 16.0375 15.9802 16.0121

6 5 300 15.3304 15.2806 15.2870 15.2903 15.4209

7 5 300 15.6160 15.5452 15.5395 15.5965 15.5696

8 5 300 15.7104 15.7602 15.7629 15.6860 15.7867

9 5 300 16.9600 17.2859 17.2859 17.1408 16.9469

10 5 300 15.1778 15.2037 15.2040 15.1900 15.3320

11 5 300 15.7678 15.8327 15.8025 15.8551 15.7736

12 5 300 17.5882 16.5873 16.6023 17.5936 17.5082

13 5 300 14.9260 14.9641 14.9474 14.9642 15.0078

14 5 300 15.0635 15.0635 15.2451 15.0641 15.2452

15 5 300 15.1259 15.0920 15.1016 15.6394 15.2775

16 5 300 15.0720 15.0435 15.1094 15.0096 15.0043

17 5 300 15.8266 15.8046 15.8225 15.8819 15.8094

18 5 300 16.3976 16.3282 16.3282 16.4231 16.4296

19 5 300 16.5864 15.9832 16.0932 16.0988 16.3513

20 5 300 15.4371 15.4574 15.4568 15.3718 15.4746

21 5 300 14.8951 15.0450 14.9417 14.9061 14.9033

22 5 300 16.3253 16.2548 16.3105 16.3106 16.3329

23 5 300 14.9877 15.2028 15.0208 14.9294 15.0812

24 5 300 15.6869 15.6942 15.7648 15.6179 15.7433

25 5 300 15.8849 15.8584 15.8855 15.9412 15.9006

26 5 300 16.4605 16.5053 16.5738 16.5097 16.4618
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Table 6.20: Isolet test entropy results (class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 92 300 189.0759 191.2731 190.8883 190.8883 205.5452

2 107 300 211.6703 210.8217 212.5131 212.5131 227.0795

3 98 300 203.3099 202.9658 202.9658 202.9675 218.5153

4 101 300 205.9877 209.6424 207.7975 207.8165 220.4039

5 103 300 213.3857 215.8229 218.8905 218.9028 230.3118

6 100 300 199.3268 199.7004 200.6295 200.6515 219.3737

7 90 300 186.8359 189.5903 188.2592 188.2732 198.8510

8 88 300 180.7441 182.4256 181.7845 182.0967 195.6949

9 108 300 230.2376 236.3707 226.6773 226.6732 243.0001

10 85 300 182.6589 184.5528 184.5528 184.6028 193.5564

11 89 300 189.1564 190.9196 190.9196 190.9604 199.9672

12 118 300 241.4164 252.6089 249.7367 250.0967 267.3455

13 123 300 244.3422 248.1532 249.8309 249.8319 269.9968

14 119 300 239.3669 239.3669 261.6026 241.8353 264.3237

15 103 300 209.7407 215.6002 213.0124 213.1697 232.1384

16 104 300 206.8094 208.4278 207.3090 207.3090 221.1164

17 108 300 222.6612 227.7650 227.7650 227.7496 244.1215

18 106 300 217.0238 224.1280 221.0936 221.2660 235.8874

19 96 300 199.3421 201.4060 203.1794 203.7217 219.1281

20 100 300 203.0767 202.6541 202.6541 202.6541 217.6525

21 121 300 239.3333 241.4055 244.0612 244.1695 260.1166

22 113 300 228.0789 226.9123 230.1929 230.1947 248.3391

23 104 300 207.1714 208.6037 209.0199 209.0204 220.9262

24 92 300 194.4274 199.8320 197.9024 197.9059 209.3233

25 109 300 218.3860 219.9983 220.8091 221.0781 239.4411

26 100 300 206.8940 206.6910 206.6910 206.7172 224.4596
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Table 6.21: Isolet statistical difference test results (class-specific PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 300 3 0 0 0 0 -

2 5 300 3 0 0 0 - 0

3 5 300 1 0 0 0 0 -

4 5 300 3 0 - 0 0 0

5 5 300 3 0 0 0 - 0

6 5 300 3 0 - 0 0 0

7 5 300 3 0 0 - 0 0

8 5 300 3 0 0 0 - 0

9 5 300 3 0 0 0 0 -

10 5 300 3 - 0 0 0 0

11 5 300 3 - 0 0 0 0

12 5 300 3 0 - 0 0 0

13 5 300 3 - 0 0 1 1

14 5 300 3 - 0 0 0 0

15 5 300 3 0 - 0 0 0

16 5 300 3 0 0 0 0 -

17 5 300 3 0 - 0 0 0

18 5 300 3 0 - 0 0 0

19 5 300 3 0 - 0 0 0

20 5 300 3 0 0 0 - 0

21 5 300 3 - 1 0 0 0

22 5 300 3 0 - 0 0 0

23 5 300 3 0 0 0 - 0

24 5 300 3 0 0 0 - 0

25 5 300 3 0 - 0 0 0

26 5 300 3 - 0 0 0 0
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Table 6.22: Isolet statistical difference test results (class-specific PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 92 300 3 - 0 0 0 0

2 107 300 1 0 - 1 1 1

3 98 300 3 0 - 0 0 0

4 101 300 3 - 0 0 0 1

5 103 300 3 - 0 0 0 0

6 100 300 1 - 0 0 0 1

7 90 300 3 - 0 0 0 0

8 88 300 3 - 0 0 0 0

9 108 300 3 0 0 0 - 0

10 85 300 3 - 0 0 0 0

11 89 300 3 - 0 0 0 0

12 118 300 3 - 0 0 0 1

13 123 300 3 - 0 0 0 0

14 119 300 3 - 0 0 0 0

15 103 300 3 - 0 0 0 1

16 104 300 1 - 1 0 0 1

17 108 300 3 - 0 0 0 1

18 106 300 3 - 0 0 0 0

19 96 300 3 - 0 0 0 1

20 100 300 3 0 - 0 0 0

21 121 300 3 - 0 0 0 0

22 113 300 1 0 - 1 1 1

23 104 300 3 - 0 0 0 0

24 92 300 3 - 0 0 0 0

25 109 300 3 - 0 0 0 1

26 100 300 3 0 - 0 0 0
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the CSPEC PCA1 transformation). We summarise the classes with the highest intrin-

sic dimensionalities in Table 6.23. We denote the class number as “Ci”, the number

of training samples for class Ci as “Ntri”, the number of test samples for class C as

“Ntei”, the original dimensionality of class Ci as “Di” and the intrinsic dimensionality

of class Ci as “Ki”.

Table 6.23: RW dataset summary for selected classes

Dataset Ci Ntri Ntei Di Ki

Letter 15 608 145 16 16

Segmentation 1 300 30 18 13

Landsat 3 961 397 36 14

Optdigits 4 389 183 62 50

Isolet 13 240 59 617 123

We provide only the class-specific PCA5 and PCA1 results in this chapter, and

provide the results of the corresponding classes for global PCA5 and PCA1 in Appendix

C. Note that the entropy results for CV are calculated by combining the likelihood

scores of each of the samples in the training set; CV entropy is thus calculated for

NCtr samples. The test entropy results are calculated by combining the likelihood

scores of each of the test data points; test entropy is thus calculated for NCte samples.

Table 6.23 shows that NCtr is larger than NCte for all of the RW datasets considered,

therefore the CV entropy scores are on average larger than the test entropy scores in

the results presented.

The class-specific CV and test entropy scores of class 15 of the PCA5 Letter dataset,

for 10 training iterations are shown for each estimator in Figure 6.15. We observe that

the MLL and MLE estimators converge to the optimal entropy score within two to

three training iterations, and that the entropy score diverges as training is continued.

These estimators thus have the advantage that they converge very quickly compared

to the other estimators, but are also susceptible to overtraining. Since the CV and test

entropy reach the optimal entropy at approximately the same number of iterations,

the optimal CV entropy can be used to determine the optimal number of training

iterations, and consequently overtraining can be prevented by stopping training when

the CV entropy starts to increase. We also observe that the MLL estimator experiences

more severe performance degradation when the optimal number of training iterations

is exceeded. Thus MLE might suffer less from overtraining, since the MLE estimator

has an extra denominator in the bandwidth update equation that reduces overfitting

(as explained in Section 4.5.1).
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The remaining estimators converge more slowly to the optimal entropy, and are

not so susceptible to overtraining, since their performance does not degrade as severely

as that of MLL and MLE estimators if training continues after the optimal entropy

has been reached. The overtraining of the MLL and MLE estimators might be caused

by the unique bandwidth matrix that is estimated for each kernel, as opposed to an

identical bandwidth matrix per kernel for the other estimators.

Figure 6.15: Letter entropy results for training iterations(Class 15, CSPEC, PCA5)

Figure 6.16 shows the class-specific entropy results for class 15 of the 16-dimensional

PCA1 Letter dataset. We observe behaviour similar to that of the PCA5 dataset,

except that the optimal entropy scores of the MLE and MLL estimators are not lower

than those of the MLE(g) and ML-LOO(f) estimators. We also observe that the effect

of overtraining on the MLL and MLE estimators seems to be more adverse compared

to the lower-dimensional PCA5 dataset.

The class-specific entropy results of class 1 of the PCA5 Segmentation dataset in

Figure 6.17 shows that the MLL and MLE estimators converge to the optimal entropy

in only one iteration, and that they suffer severe performance degradation as training is

continued. The entropy scores of the MLE(g) estimator increases relative to the initial

entropy score, in this case the Silverman estimator thus gives a better entropy score.

Similarly, the test entropy score of the ML-LOO(f) estimator increases relative to the

initial Silverman entropy score; the CV entropy scores, however, reach the optimal
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Figure 6.16: Letter entropy results for training iterations(Class 15, CSPEC,PCA1)

entropy score after one iteration.

Figure 6.18 shows the class-specific entropy results of class 1 of the 13-dimensional

PCA1 Segmentation dataset. We again observe that the MLL and MLE estimators

converge to the optimal entropy after one training iteration, and that the entropy

increases as training is continued. The remaining estimators, again, converge more

slowly to the optimal entropy, and are not so susceptible to overtraining, since their

performance does not degrade as severely as that of the MLL and MLE estimators if

training continues after the optimal entropy has been reached.

The class-specific entropy results of class 3 of the PCA5 Landsat dataset in Figure

6.19 shows that the MLL and MLE estimators converge to the optimal entropy in only

one iteration and that the remaining estimators converge more slowly to the optimal

entropy.

Figure 6.20 shows the class-specific entropy results for class 3 of the 14-dimensional

PCA1 Landsat dataset. We observe that the MLE estimator converges to the opti-

mal entropy in only one iteration, and the entropy of the MLL estimator increases

monotonically relative to the initial Silverman entropy score. Again, the remaining

estimators converge more slowly to the optimal entropy.

The class-specific entropy results of class 4 of the PCA5 Optdigits dataset in Figure

6.21 show that the MLL and MLE estimators converge to the optimal entropy in only
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Figure 6.17: Segmentation entropy results for training iterations (Class 1, CSPEC,

PCA5)

Figure 6.18: Segmentation entropy results for training iterations (Class 1, CSPEC,

PCA1)
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Figure 6.19: Landsat entropy results for training iterations (Class 3, CSPEC, PCA5)

Figure 6.20: Landsat entropy results for training iterations (Class 3, CSPEC, PCA1)
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one iteration. The entropy of the ML-LOO(s) estimator increases drastically on the

first training iteration, and thereafter decreases very slowly as the training continues.

The CV entropy of the ML-LOO(f) and MLE(g) estimators converges more slowly to

the optimal entropy.

Figure 6.21: Landsat entropy results for training iterations (Class 4, CSPEC, PCA5)

Figure 6.22 shows the class-specific entropy results for class 4 of the 50-dimensional

PCA1 Optdigits dataset. We observe that the optimal MLL and MLE entropy scores

are at initialisation, and that the other estimators converge to the optimal entropy more

slowly, with the exception of the ML-LOO(f) estimator that experiences an increase in

test entropy at iteration 2.

The class-specific entropy results of class 13 of the PCA5 Isolet dataset in Figure

6.23 shows that the MLL and MLE estimators converge to the optimal entropy in only

one iteration, and that the remaining estimator converges more slowly to the optimal

entropy.

Figure 6.24 shows the class-specific entropy results for class 13 of the 123-

dimensional PCA1 Isolet dataset. We observe that the optimal MLL and ML-LOO(f)

entropy is at initialisation and that the optimal MLE and MLE(g) entropy is reached

after one training iteration.

In summary, we have observed in Figures 6.15-6.24, that the MLL and MLE esti-

mators converged to the optimal entropy very rapidly (mostly in one iteration), and
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Figure 6.22: Landsat entropy results for training iterations (Class 4, CSPEC, PCA1)

Figure 6.23: Landsat entropy results for training iterations (Class 13, CSPEC, PCA5)
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Figure 6.24: Landsat entropy results for training iterations (Class 13, CSPEC, PCA1)

that they suffered a severe performance degradation if training continued after the op-

timal entropy had been reached. We also observed that the other estimators converged

more slowly, and did not suffer such severe performance degradations after the optimal

number of training iterations had been reached.

6.5 ANALYSIS OF MLE AND MLE(G) BANDWIDTHS

The performance results that we have measured point to a complicated set of rela-

tionships between the different estimators. To gain a better understanding of these

relationships; we investigate the comparative bandwidths estimated by the MLE and

MLE(g) estimators. To this end, we calculate the average and standard deviation of the

MLE bandwidths per dimension for each optimal training model of the RW datasets.

We then compare the average MLE bandwidths and standard deviations to the MLE(g)

bandwidths across dimensions by visually illustrating these calculations for both the

optimal PCA5 and PCA1 training models of the RW datasets in Figures 6.25-6.34. We

represent the MLE bandwidth information in blue and indicate the average bandwidth

per dimension with “x”; we also indicate the standard deviation intervals for each av-

erage bandwidth value. The MLE(g) information is indicated in red and we denote

the MLE(g) bandwidth per dimension with “o”. We denote dimensions with “D” and
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bandwidth values with “BW”.

We observe in Figures 6.25-6.34 that the average MLE bandwidths and MLE(g)

bandwidths generally reduce as dimensionality increases. The dimensions on the x-

axes are ordered by principal components such that the dth dimension represents the

dth principal component; consequently the eigenvalue of the dth principal component

will be equal to the variance of the dth dimension. The variance of the dimensions thus

decreases as dimensionality on the x-axis increases (since the eigenvalues decrease as

dimensionality increases). The decrease in variance thus leads to a general trend of

reduction in average bandwidth as dimensionality increases.

Figure 6.25 shows that for the Letter PCA5 data the average MLE bandwidths

per dimension are in most cases higher than the MLE(g) bandwidths. Figure 6.26,

however, shows that as dimensionality increases, the average MLE bandwidths per

dimension decrease relative to the MLE(g) bandwidths per dimension, such that the

MLE(g) bandwidths are greater than the average MLE bandwidths for dimensions of

10 and higher. We also observe in Figures 6.25-6.26 that all the MLE(g) bandwidths

fall within one standard deviation of the MLE bandwidth means.

We have illustrated with some examples in Section 6.2.3 that as the dimensionality

of the datasets increases from PCA5 to PCA1, the number of parameters to estimate

increases significantly for the MLE estimator. The reduction in average bandwidth

per dimension for the MLE estimator relative the MLE(g) estimator as dimensional-

ity increases might thus be explained by overfitting due to the increasing number of

parameters to estimate.

Figure 6.27 shows that for the Segmentation PCA5 dataset there is no clear decrease

in the average MLE bandwidth per dimension relative to the MLE(g) bandwidth per

dimension. Similarly, there is no clear trend for the PCA1 dataset in Figure 6.28.

We also observe in Table 6.7 and Table 6.8 that the MLE estimator does not undergo

a severe performance degradation when dimensionality is increased from PCA5 to

PCA1, which suggests that MLE estimator does not suffer from overfitting for the

Segmentation dataset, and therefore we also do not observe a relative decrease in

the average MLE bandwidths relative to the MLE(g) bandwidths as dimensionality

increases. As with the Letter dataset results, we again observe in Figures 6.27-6.28 that

all the MLE(g) bandwidths fall within one standard deviation of the MLE bandwidth

means.

Figures 6.29-6.30 show that for the Landsat PCA5 and PCA1 datasets, the aver-

age MLE bandwidth for the principal component is always greater than the MLE(g)

bandwidth; conversely, the MLE(g) bandwidth is always greater than the average MLE
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Figure 6.25: Letter MLE and MLE(g) bandwidths (class-specific PCA5)

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

145



Chapter Six
Comparison of Maximum-likelihood

Kernel Bandwidth Estimators

Figure 6.26: Letter MLE and MLE(g) bandwidths (class-specific PCA1)
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Figure 6.27: Segmentation MLE and MLE(g) bandwidths (class-specific PCA5)

Figure 6.28: Segmentation MLE and MLE(g) bandwidths (class-specific PCA1)

bandwidth for the fifth dimension in the PCA5 dataset and the highest dimension for

the PCA1 dataset. This observation again implies that generally the average MLE

bandwidth is larger than the MLE(g) bandwidth for lower dimensions, and that the

MLE bandwidth becomes smaller relative to the MLE(g) bandwidth as dimensionality

increases; this suggests that overfitting of the MLE bandwidths increases as dimen-

sionality increases. The results in Table 6.11 and 6.12 show that the MLE estimator

performs optimally on four of the six classes for the PCA5 dataset and experiences a

relative degradation in performance since it performs optimally on only two of the six

classes on the PCA1 dataset. These results seem to support to possibility of overfitting

on the PCA1 data due to the higher number of parameters to estimate.

We also observe in Figures 6.29-6.30 that most of the MLE(g) bandwidths fall

within one standard deviation of the MLE bandwidth means, with four exceptions on

the Landsat PCA1 data and two exceptions of the Landsat PCA5 data. These large
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Figure 6.29: Landsat MLE and MLE(g) bandwidths (class-specific PCA5)

Figure 6.30: Landsat MLE and MLE(g) bandwidths (class-specific PCA1)

bandwidths for the MLE(g) bandwidth estimates are caused by some data points in the

training set that are very far from the remaining data points in a certain dimension.

A single data points that is far removed from the remaining data points in a certain

dimension can cause the bandwidth in that dimension to become extremely big in order

to maximise the ML LOUT criteria. This is one inherent drawback of the ML LOUT

criteria if an identical bandwidth is estimated for all kernels; fortunately this drawback

does not apply to the MLE estimator since the bandwidths for kernels are adjusted

individually and a training data point that is far removed from all other data points in

a certain dimension will have a large bandwidth in that dimension for only the specific

kernel; the bandwidths of the remaining kernels far from the outlier data points will

not be susceptible to over smoothing.

The Optdigits PCA5 bandwidth results in Figure 6.31 show that the average of the

MLE bandwidths per dimension and the MLE(g) bandwidths have very similar trends
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Figure 6.31: Optdigits MLE and MLE(g) bandwidths (class-specific PCA5)

with the exception of a few large bandwidth outliers e.g. class 1, dimension 1; class 4,

dimensions 1 and 5 and class 7, dimension 3. Similar to the MLE(g) bandwidth outliers

in the Landsat dataset, the large bandwidths for the MLE(g) bandwidth estimates are

caused by some data points in the training set that are very far from the remaining

data points in the specific dimension.

The Optdigits PCA1 bandwidth results in Figure 6.32 show that the standard devi-

ations of the MLE bandwidths in all dimensions for all classes are zero. We confirmed

that for these classes all kernels are identical in all dimensions, which results in a zero

standard deviation of bandwidths in all dimensions. Zero standard deviation of the

MLE bandwidths for a class in all dimensions are caused in cases where the initial

Silverman kernel bandwidths (which are identical for all kernels in a dimension) yield

a better entropy score than the updated bandwidths (see, for example, Figure 6.22).

This will cause all the initial kernel bandwidths in a class to be identical since Silver-

man initialisation is used, which only estimates a unique bandwidth per dimension and

makes use of the same bandwidth for each dimension across all kernels (see Section

6.2.6 for a more detailed explanation). If the bandwidths for all kernels are identical

at initialisation and are not updated, the standard deviation of the bandwidth for each

dimension will be zero.

Zero standard deviations of the MLE bandwidths for only certain dimensions within
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Figure 6.32: Optdigits MLE and MLE(g) bandwidths (class-specific PCA1)

a class are encountered in cases where the initial bandwidths do not result in the op-

timal entropy; the optimal entropy is reached after the bandwidths are updated, and

bandwidth regularisation is performed on all of the bandwidths for the dimensions

with zeros standard deviation. After each iteration MLE regularisation is performed

by comparing the updated bandwidths to their respective minimum bandwidths, which

is calculated for each kernel as the distance to its nearest neighbour (with non-zero dis-

tance) per dimension. If the BW of a kernel is below this minimum threshold in any

of the dimensions, the bandwidths in those dimensions are replaced with the initial

Silverman bandwidths. The dimensions with zero standard deviation bandwidths are

thus examples where the bandwidths of all kernels in those dimensions were below their

respective minimum bandwidths, and were replaced with the initial Silverman band-

widths. The dimensions that do not have bandwidths with zero standard deviations

are the dimensions where not all the bandwidths went below their minimum threshold

and were thus updated and different from the initial Silverman bandwidths.

We observe, for example, that the standard deviations of the MLE bandwidths

for the Optdigits, PCA1 class 1 dataset are zero. For this class the Silverman initial

bandwidths were thus the optimal bandwidths. In, for example, class 2 we see that

the MLE bandwidths of most dimensions have zero standard deviation, which shows

that all the bandwidths in these dimensions were identical and equal to their initial
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Silverman bandwidths (since they underwent regularisation). Dimensions 9, 10 and 11

have non-zero standard deviations, which show that some of the bandwidths in these

dimensions were updated without going below their respective minimum bandwidths;

thus not all the bandwidths in these dimensions underwent regularisation. We have

verified that the optimal bandwidths for this class were identical in all dimensions,

except dimensions 9, 10 and 11.

We also observe that for the Optdigits, PCA1 class 5 data, the average MLE band-

widths and MLE(g) bandwidths are identical for all dimensions except dimensions 3

and 4. Since the standard deviations of the MLE bandwidths for dimensions 3 and 4

are non-zero, this implies that some of the kernels were updated in these dimensions.

The remaining dimensions have zero standard deviation, which shows that they were

not updated after initialisation. The MLE(g) bandwidths are identical to the average

MLE bandwidths for the dimensions with zero standard deviation since the MLE(g)

estimator optimal bandwidths were the initial bandwidths. The MLE and MLE(g)

estimators use the same initial Silverman bandwidths, and therefore the bandwidths

are identical for all dimension that were not updated. Table 6.16 shows that for this

class the MLE and MLE(g) estimators have identical entropy values, since they have

the same optimal bandwidths.

In summary, for classes where the standard deviations of the MLE bandwidths for

all dimensions are zeros, the optimal BWs for those classes were at initialisation. For

classes that have MLE bandwidths with zero standard deviation in only some dimen-

sions, all kernels have undergone regularisation in the dimensions with zero standard

deviations. The dimensions with non-zero standard deviations have not undergone

regularisation on all kernels in that dimension, but may have undergone regularisation

on some kernels in that dimension.

The Isolet, PCA5 dataset bandwidth results in Figure 6.33 show that the opti-

mal bandwidths for class 1 are the initial Silverman bandwidths since the standard

deviations of the MLE bandwidths for all dimensions are zero. classes 3, 5, 9, 10

and 14 have zero standard deviation in some dimensions; for these classes all MLE

bandwidths underwent regularisation in the dimensions for which the MLE bandwidth

standard deviations are zero; the bandwidths in these dimension where thus reset to

the initial Silverman bandwidths.

The Isolet, PCA1 bandwidth results in Figure 6.34 show that for class 11 the

initial bandwidths were the optimal bandwidths for the MLE estimator, since the MLE

bandwidths have zero standard deviations in all dimensions. For classes 3, 10, 14, 17,

20 and 26 all the MLE bandwidths underwent regularisation in the dimensions with
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zero standard deviations which reset the bandwidths in these dimension to their initial

Silverman bandwidths. The dimensions with non-zero standard deviations, such as

class 3, dimension 11 might have undergone regularisation on some of the bandwidths

but not all of the bandwidths. The bandwidths that did not undergo regularisation

in dimension 11 were thus updated and are different to the initial bandwidths which

results in a non-zero standard deviation for this dimension.

The analysis of the MLE and MLE(g) bandwidths in this section have shown that

valuable insight can be obtained by visualising the average and standard deviations

of the MLE bandwidths and comparing these bandwidths to the MLE(g) bandwidths

across dimensions.
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Figure 6.33: Isolet MLE and MLE(g) bandwidths (class-specific PCA5)

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

153



Chapter Six
Comparison of Maximum-likelihood

Kernel Bandwidth Estimators

Figure 6.34: Isolet MLE and MLE(g) bandwidths (class-specific PCA1)
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6.6 CONCLUSION

In this chapter we compared the performance of iterative ML bandwidth estimators on

artificial, CV and RW datasets. The artificial data experiments were very informative,

since the properties of the artificial data were known and allowed us to investigate the

behaviour of the estimators under different conditions.

On the unimodal artificial data we observed that the MLL and MLE estimators

underperformed for dimensionalities higher than 3; these estimators seem to suffer more

from the curse of dimensionality since they estimate more parameters. These estimators

estimate a unique bandwidth matrix for each kernel, while the other ML estimators

estimate an identical bandwidth matrix per kernel. The MLE(g), ML-LOO(s) and ML-

LOO(f) estimators performed well on the standard MVN data. When scale variations

between features were introduced, the ML-LOO(s) estimator underperformed since the

same bandwidth is used for all dimensions. When correlation was introduced between

features the ML-LOO(f) estimator performed optimally, and the relative performance

of this estimator improved further as dimensionality was increased.

On the bimodal artificial data we observed that the ML-LOO(f) and ML-LOO(s)

estimators underperformed for high dimensionalities, and that the relative performance

of the MLL and MLE estimators improved as dimensionality increased, for bimodal

data that consist of two MVN distributions. When we introduced scale variations

within features, the MLL and MLE estimators performed optimally for all dimensions,

and their relative performance improved as dimensionality increased. When correlation

was introduced into the data (with identical covariance matrices for the two modes),

the ML-LOO(f) estimator performed optimally on all dimensions. When we introduced

anisotropy by using different covariance matrices for the two modes, the ML-LOO(f)

estimator performed optimally in most dimensions; the other estimators were, however,

more competitive.

On the PCA5 CV data, the MLE(g) estimator performed well on all classes of the

Iris and Waveform datasets. For the PCA5 CV data the MLE estimator performed well

on some classes of the Old Faithful, Balance Scale, Iris, Diabetes and Vehicle datasets.

The MLL estimator performed well on some classes of the Old Faithful, Balance Scale,

Diabetes, and Vehicle datasets. The ML-LOO(f) estimator performed well on some

classes of the Balance Scale, Diabetes, Vehicle and Ionosphere datasets, and optimally

on both classes of the Heart-statlog dataset. The ML-LOO(s) estimator performed well

on the Waveform dataset, and on one class of the Ionosphere dataset. The ML-LOO(s)

estimator underperformed on the Old Faithful, Balance Scale and Iris datasets, and on
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some classes of the Diabetes, Heart-statlog and Vehicle datasets.

On the PCA1 CV data, the MLE(g) estimator performed optimally on the Wave-

form dataset and well on some classes of the Balance Scale, Iris, Vehicle and Ionosphere

datasets. The MLE estimator performed optimally on the Ionosphere dataset, and on

some classes of the Balance Scale, Iris and Vehicle datasets. The MLL estimator per-

formed well on some classes of the Balance Scale dataset. The ML-LOO(f) estimator

performed optimally on the Diabetes and Heart-statlog datasets and well on the Wave-

form and some classes of the Vehicle, Iris and Balance Scale datasets. The ML-LOO(s)

did not perform well on any of the classes for all datasets, it underperformed on the

Old Faithful, Balance Scale and Iris datasets, and underperformed on some classes of

the Diabetes, Vehicle, Waveform and Ionosphere datasets.

On the Letter dataset the ML-LOO(f) estimator performed optimally on most

classes for both PCA5 and PCA1 data, while the ML-LOO(s) underperformed on

most classes of the PCA5 and PCA1 data. On the Segmentation dataset, the MLE

estimator performed optimally on most classes, followed by the MLL and the ML-

LOO(f) estimator underperformed on most classes of the PCA5 data, while the ML-

LOO(s) underperformed on most classes of the PCA1 data. On the Landsat dataset,

the MLE estimator performed optimally on most classes of the PCA5 data, and the

ML-LOO(f) estimator performed optimally on most classes of the PCA1 data. The

ML-LOO(s) estimator underperformed on all classes of both the PCA5 and PCA1

data. On the Optdigits dataset, the ML-LOO(f) estimator performed optimally on

most classes of the PCA5 data, and the MLE(g) estimator performed optimally on

most classes of the PCA1 data. The MLE and ML-LOO(s) estimators underperformed

on most classes of the PCA5 data, and the ML-LOO(f) and ML-LOO(s) estimators

underperformed on most classes of the PCA1 data. On the Isolet dataset the MLE

and MLE(g) estimators performed optimally on most classes on the PCA5 data, and

the MLE(g) performed optimally on most classes of the PCA1 data. The ML-LOO(s)

underperformed on most classes of the PCA5 data, and underperformed on all classes

of the PCA1 data.

In summary, the results in this chapter indicate that none of the kernel bandwidth

estimators performed optimally on all tasks, and that the optimal estimator should be

selected based on the following data properties: scale variation between features, scale

variation within features, and correlation between features.

The artificial dataset experiments indicated that the MLE(s) estimator should be

selected if there are no significant scale variations between and within features, and if

there is no correlation between features. The ML-LOO(f) estimator should be selected
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if there are no scale variations within features, and if there is correlation between fea-

tures. The MLE(g) estimator should be selected if there are no scale variations within

features, and if the features are uncorrelated. The MLL and MLE estimators should

be selected if there are scale variations within features and no correlation between

features, or if there are scale variations within features and the correlation between

features is removed with a class-specific PCA transformation.

Since these data properties are not easily measured and quantified from data, it

is not always clear which estimator will perform optimally on a given task. We have

shown that we can empirically compare the performance of these estimators by making

use of either CV or test set entropy to determine the optimal estimator for a given task.

We have shown that the newly introduced MLE(g) and MLE estimators are valu-

able, since they provide researchers and practitioners with two alternative estimators

to employ, which might perform optimally under the conditions mentioned above. We

have also shown that the MLE and MLL estimators converge rapidly, and in many cases

converge to the optimal entropy in only a single iteration. This fast convergence perfor-

mance of these estimators presents two advantages over the other ML estimators, (1)

reduced training times due to fewer training iterations and (2) the fact that they may

be used without an iterative bandwidth update procedure; thus if they are initialised

with the Silverman rule-of-thumb, an analytical equation can be used to calculate a

unique bandwidth matrix for each kernel. The MLE(g) and MLE estimators also have

sound theoretical foundations, which provide us with an intuitive understanding of

their behaviour.
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7.1 INTRODUCTION AND THESIS SUMMARY

In Chapter 1 we stated that the behaviour of conventional density estimators on high-

dimensional pattern recognition tasks is not fully understood, and has only recently

been investigated in the context of such high-dimensional spaces for the purpose of

pattern recognition [17]. We also stated that recent advances in ML kernel density

estimation have shown that KDEs hold much promise for estimating nonparametric

density functions in high-dimensional spaces, and that two notable kernel bandwidth

estimators were recently introduced to the field of pattern recognition, namely the

MLL and ML-LOO estimators. These estimators have proven to be effective at the

task of kernel bandwidth estimation on real-world pattern-recognition tasks. Both

estimators were independently derived from the ML theoretical framework, the only
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differences being the simplifying assumptions made in their derivations to limit the

complexity of the bandwidth optimisation problem. For both estimators, it was shown

that non-parametric kernel density estimation can be performed in high-dimensional

spaces with a reasonable degree of success [17, 18]. However, the practical implications

of the simplifying assumptions made in the derivations of the MLL and ML-LOO

estimators on RW density estimation tasks were not understood since a derivation of

a kernel bandwidth estimator without these assumptions did not exist.

Therefore the main theoretical objective of this study was to derive an ML kernel

bandwidth estimator without the simplifying assumptions imposed by state-of-the-art

ML kernel bandwidth estimators; and the main empirical objectives were (1) to gain

a better understanding of the behaviour of conventional kernel bandwidth estimators

(specifically in the context of high-dimensional feature spaces), and (2) to investigate,

on a number of representative pattern recognition tasks, whether the increased flexi-

bility of a more general ML kernel bandwidth estimator will yield an improvement in

performance over state-of-the-art ML kernel bandwidth estimators.

In Chapter 2, we presented a brief survey of existing approaches to non-parametric

density estimation, and motivated why kernel density estimation is a suitable candidate

for this task. Thereafter, in Chapter 3, we explained why non-parametric density

estimation in high-dimensional spaces is important in practice, and presented some

non-intuitive examples of high-dimensional data properties.

Chapter 4 was devoted to the derivation of two new kernel bandwidth estimation

techniques from the ML framework, namely the MLE and global MLE bandwidth

estimators and also derived the MLL and ML-LOO estimators from the same theo-

retical framework. The MLE estimator was derived without the constraints imposed

on the MLL and ML-LOO estimators, and therefore fulfilled our theoretical objective.

We also proposed a new kernel bandwidth initialisation algorithm, named the MLE

rule-of-thumb, since the MLE, MLL and ML-LOO estimators require bandwidth ini-

tialisation to initialise the optimisation procedure of the ML objective function with

respect to the kernel bandwidths

In Chapter 5, we investigated the performance of conventional kernel bandwidth

estimators and the MLE rule-of-thumb kernel bandwidth estimator on a number of

representative pattern-recognition tasks, to gain a better understanding of the per-

formance of these estimators, specifically on high-dimensional tasks, and to suggest a

suitable bandwidth initialisation algorithm for the ML estimators derived in Chapter

4.

In Chapter 6, we performed simulation studies to compare the performances of
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the MLE, global MLE, MLL, spherical covariance ML-LOO and full covariance ML-

LOO estimators on artificial, CV and RW data, to gain a better understanding of

the conditions under which the different estimators perform optimally, and to investi-

gate whether the increased flexibility of the MLE estimator leads to improved density

estimation in practice specifically in high-dimensional spaces.

In this chapter we summarise our findings of the above-mentioned experiments in

Section 7.2; we summarise the contribution of this work in Section 7.3; we suggest

future work in Section 7.4 and make concluding remarks in Section 7.5.

7.2 SUMMARY OF FINDINGS

In our theoretical derivations we found that the optimal bandwidth expression of the

MLE and MLL estimators are very similar, except that the numerator and denomi-

nator of the MLE bandwidth expression is normalised with a LOUT likelihood score

that serves as a bandwidth regularisation term. We also showed that the new global

MLE estimator is a compromise between the spherical ML-LOO and the full covariance

ML-LOO estimators. Since an identical diagonal bandwidth matrix is estimated for

all kernels it is similar to the spherical ML-LOO estimator, except that the different

features are allowed different bandwidths. Therefore the global MLE is similar to the

full covariance ML-LOO estimator, except that it does not have non-zero off-diagonal

components in the bandwidth matrix. In the comparative study of the conventional

kernel bandwidth estimators and the MLE rule-of-thumb kernel bandwidth estimator,

we found that the Silverman rule-of-thumb estimator performed consistently across

numerous tasks and dimensionalities and therefore recommended that this estimator

is a suitable bandwidth initialisation procedure for ML estimators, even in high di-

mensions. We also noted that the Silverman estimator has an intuitive theoretical

motivation, since it minimizes the AMISE under the assumption of Gaussian data dis-

tributions, which made the choice of this estimator more appealing. We also found that

the relative performance of the MLE rule-of-thumb estimator improved as dimension-

ality increases, and it was therefore suggested that this estimator should be considered

as a suitable estimator for very high-dimensionalities.

In the comparative study of the ML bandwidth estimators we simulated various

data properties with artificial data and showed that no estimator is optimal, and that

the performance of an estimator is determined by the properties of the dataset. We

confirmed this conclusion with our experiments on CV and RW datasets - since no esti-

mator performed optimally on all classes of the datasets considered. We did, however,
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find that the full covariance ML-LOO and global MLE estimators often outperformed

the MLE and MLL estimators that have more parameters, and that the spherical ML-

LOO estimator often underperformed relative to the other estimators by a significant

margin.

We have obtained the following insights with respect to the selection of the opti-

mal ML kernel bandwidth estimator based on the intuition gained from our theoretical

derivations of the ML estimators and our experiments on artificial data. The spherical

ML-LOO estimator cannot accurately model significant scale variations between and

within features and no outliers. Since an identical bandwidth matrix is estimated for

all kernels, the spherical ML-LOO estimator cannot adapt the bandwidth of kernels

throughout feature space to model scale within features and thus cannot adapt band-

widths to be sufficiently wide for outliers. Since an identical bandwidth is used in all

dimensions, the spherical ML-LOO estimator can also not adapt kernel bandwidths

between dimensions to model scale variations between features. The local density

function in the proximity of kernels is also restricted to be parallel to the feature axes

since a spherical covariance matrix is used. We note, however, that this does not imply

that the spherical estimator cannot model correlation between features to some degree.

Since kernels are placed over data points, the density estimate can capture directions

of variation that are not necessarily parallel to the feature axes (e.g. if data points are

not aligned in direction parallel to the feature space).

The full covariance ML-LOO estimator cannot model significant scale variations

within features. Similar to the spherical ML-LOO estimator, the full ML-LOO esti-

mator estimates a single bandwidth matrix for all kernels, and can thus not adapt

bandwidths based on local variations in scale. This also implies that his estimator

will not be able to model outliers well, since the bandwidth cannot be spread out for

kernels centred on data points in low density regions. The full ML-LOO estimator

can, however, model local variations in the proximity of kernels that are not parallel

to the feature axes since a full covariance matrix is used. The global MLE estimator

should be selected if there are no significant scale variations within features and no

outliers. The global MLE estimator estimates an identical bandwidth matrix for all

kernels, and therefore cannot accurately model variations within features or outliers.

The global MLE estimator can model correlation between features to some degree,

similar to the spherical ML-LOO estimator. However, local variations of the estimated

density function in the proximity of the kernels are restricted to be parallel to the

feature axes.

The MLL and MLE estimators can accurately model scale variation between fea-
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tures since a unique kernel bandwidth matrix is estimated for each kernel, this implies

that these estimators should be able to model outliers, since they can make bandwidths

of kernels centred on outliers sufficiently wide. The estimators can also model correla-

tion between features to some degree, similar to the spherical ML-LOO and global MLE

estimators, but are also restricted to estimate local scale variations parallel to the fea-

ture axes in the proximity of kernels. In our theoretical derivation, we have also noted

that the MLL estimator implicitly assumes that the density function changes relatively

slowly throughout feature space, therefore the MLE estimator should be preferred if

some regions of the density function change quite fast.

7.3 SUMMARY OF CONTRIBUTIONS

We have introduced two new ML kernel bandwidth estimators, named the MLE and

global MLE estimators, as well as a new bandwidth initialisation procedure named the

MLE rule-of-thumb estimator. We have provided theoretical proofs of these estimators,

and have derived the MLL and ML-LOO estimators from the same ML framework

these theoretical derivations provide us with a better intuitive understanding of the

behaviour of these estimators. We have shown that the contribution of the global MLE

and MLE estimators are valuable since they provide researchers and practitioners with

two alternative estimators to employ, which might perform optimally under certain

conditions. We have also shown that the MLE and MLL estimators converge rapidly

(often in only a single iteration), and therefore these estimators present two advantages

of the other ML estimators investigated, namely (1) reduced training times due to

fewer training iterations and (2) they may be used without an iterative bandwidth

optimisation procedure e.g. if they are initialised with the Silverman rule-of-thumb,

an analytical expression can be used to calculate a unique bandwidth matrix for each

kernel, and no iterative bandwidth optimisation procedure will be required to update

the bandwidths.

We have also gathered additional evidence that the full covariance ML-LOO and

global MLE estimators are extremely powerful tools for density estimation in general

pattern recognition problems these estimators often outperform the MLE and MLL

estimators that have more parameters. This is an interesting case of the bias-variance

trade-off: having fewer parameters, these estimators are less flexible than the MLE and

MLL estimators; however, those parameters can be estimated with greater reliability,

leading to the best performance in many cases. We return to this matter below.

The methodology that we have developed for using artificial data sets to understand
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the strengths and weaknesses of different approaches has proven to be useful in this

and other work [26]. We believe that this methodology in itself presents a useful

contribution to the pattern-recognition researchers toolbox.

7.4 SUGGESTIONS FOR FURTHER RESEARCH

The full covariance ML-LOO, global MLE and MLE estimators have proven to be very

powerful bandwidth estimator in this study. We noted in Section 7.2 that the global

MLE estimator is identical in all respects to the full covariance ML-LOO estimator,

except that it does not model correlation in the estimated bandwidth matrix. The

superior performance of the full covariance ML-LOO estimator over the global MLE

estimator on global PCA data shows that making use of a full covariance matrix, as

opposed to a diagonal covariance matrix leads to performance improvements in practice

when no class-specific transformation is performed. This is somewhat surprising, since

we also explained in Section 7.2 that kernel estimators with diagonal bandwidth matri-

ces can model correlation between features to some degree, since kernels are placed over

data points and the density estimate can capture directions of variation that are not

necessarily parallel to the feature axes (e.g. if data points are not aligned in direction

parallel to the feature space). Diagonal kernel bandwidths do, however, restrict the

local density function in the proximity of kernels to be parallel to the feature axes.

We have also noted that since the full covariance ML-LOO estimator estimates an

identical bandwidth matrix for all kernels, this estimator cannot adapt the bandwidth

of kernels throughout feature space to model scale within features and thus cannot

adapt bandwidths to be sufficiently wide for outliers. Modelling spatial variability is,

however, the strength of the MLE estimator and we observed in many cases that the

MLE estimator performed optimally where the ML-LOO(f) estimator underperformed.

From these theoretical and empirical insights it is clear that the optimal estimator

should somehow function like the full covariance ML-LOO estimator in regions with

low spatial variability, and must function like the MLE estimator and be able to adapt

bandwidths in regions with high spatial variability, especially for outliers.

We therefore believe that it would be interesting to investigate a hybrid kernel

bandwidth estimator, where the correlation coefficients of the kernel bandwidth esti-

mated by the full covariance ML-LOO estimator are used to adapt the unique diagonal

kernel bandwidth matrices of each kernel. Geometrically this will imply that each

kernel will have a unique kernel bandwidth that can vary in the directions parallel

to the eigenvectors of the ML-LOO full covariance bandwidth matrix. This estimator
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will thus be able to model more accurately scale variations between features (including

outliers), and will be able to account for local variations in scale that are not parallel

to the features axes, but are parallel to the eigenvectors of the ML-LOO full covariance

bandwidth matrix.

For future work we propose to implement this hybrid ML kernel bandwidth esti-

mator and perform a comparative study between the MLE, full covariance ML-LOO

and the hybrid estimator.

An alternative hybrid approach with fewer parameters can also be employed by first

detecting and removing outliers. Clustering can then be performed on the remaining

data and the full covariance ML-LOO bandwidth estimator can be used to estimate a

unique full covariance kernel bandwidth for each cluster, each kernel with thus make

use the full covariance bandwidth matrix of the cluster to which it belongs. The MLE

estimator can then be used to estimate a unique bandwidth for each outlier. Since the

MLE estimator can model scale variations, this will ensure that outliers have sufficiently

wide bandwidths. This proposed hybrid approach will thus lead to less variance than

the first hybrid approach, since fewer bandwidth parameters are estimated.

We therefore propose the implement this hybrid ML kernel bandwidth estimator in

future work and perform a comparative study between this approach, the MLE, full

covariance ML-LOO and the first hybrid approach proposed above.

We have highlighted some of the effects of bandwidth initialisation on the perfor-

mance of ML estimators in this study. We noted that the bandwidth to which the

ML bandwidth estimators converge is dependent on the initial bandwidth and there-

fore the ideal bandwidth initialisation algorithm should initialise bandwidths close to

global minima. Our comparative investigation of the MLE rule-of-thumb and Silver-

man rule-of-thumb estimators for bandwidth initialisation showed that neither of these

estimators were optimal for all estimators on all tasks, and therefore the selection of

the ideal bandwidth initialisation estimator will probably be dependent on the prop-

erties of the data and the properties of the ML bandwidth estimator being initialised.

We propose to perform a comparative study of bandwidth initialisation algorithms

in the future, to gain a better understanding of the behaviour of the ML bandwidth

estimators for different bandwidth initialisation algorithms on different tasks.

In future work we will also like to extend our work to unsupervised learning by

performing mean-shift clustering that makes use of the ML KDEs proposed and inves-

tigated in this study. The mean-shift clustering algorithm requires the estimation of a

pilot density and data points are clustered by assigning each data point to the nearest

mode of the underlying density function. Each data point is assigned to a mode by
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iteratively moving the data point in the direction of most density, therefore the esti-

mation of the underlying density function is crucial to the success of the mean-shift

clustering algorithm.

We will also like to extend our work to supervised learning by performing model-

based classification on class-conditional PDFs estimated with the ML KDEs proposed

and investigated in this work. We note that there are some challenges with performing

model-based Bayes classification, most notably that the same transformation needs to

be applied to all classes, in order to compare the likelihood scores between classes.

Therefore, several innovations will be required to perform model-based classification

on data that is transformed with class-specific transformations, since the likelihoods

obtained from class-conditional PDFs that are estimated from class-specific PCA data

are not directly comparable between classes.

7.5 CONCLUSION

This research has shown that kernel density estimation with ML kernel bandwidth

estimation is a suitable candidate for non-parametric density estimation on real-world

high-dimensional pattern-recognition tasks. This study also showed that conventional

density estimators, such as the Silverman rule-of-thumb, can also be used for kernel

density estimation on real-world high-dimensional pattern-recognition tasks with some

degree of success. The ML kernel bandwidth estimators proposed and derived in this

study do, however, give significant performance improvements over the conventional

density estimators investigated in this study.

We simulated artificial data sets with data properties that were varied in a con-

trolled fashion to show the strengths and weaknesses of the ML bandwidth estimators

investigated. The theoretical insights obtained from our derivation of the ML band-

width estimators guided us in selecting the appropriate data properties to simulate and

vary.

The results of our comparative simulation studies showed that no conventional or

ML kernel bandwidth estimator performed optimally on all tasks, and that the selec-

tion of the appropriate bandwidth estimator should rather be based on the properties

of the data. The MLE and full covariance ML-LOO estimators did, however, show

much promise and we therefore proposed two potential hybrid approaches based on

these estimators to perform kernel bandwidth estimation, in the quest to find a kernel

bandwidth estimator that performs optimally on all types of data.

Kernel density estimation has great theoretical interest and practical importance
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and we hope that our theoretical contributions of the MLE and global MLE ML kernel

bandwidth estimators and the results of our empirical studies will lead to further

progress in the field of pattern recognition.
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Appendix A

Conventional Estimator Results

(Global PCA)
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A.1 INTRODUCTION

In Chapter 5 we presented the comparative entropy results of the MLE (init), and

the conventional ULCV, LLCV, LSCV, Silverman, MSP and ML Gauss estimators for

class-specific PCA5 and PCA1 datasets. In this appendix, we present similar compar-

ative results for data pre-processed with the global PCA transformation (i.e. where

the data of all classes are pre-processed simultaneously and not separately).

The results for the global PCA5 and PCA1 CV datasets are be presented in Section

A.2, the results for the global PCA5 and PCA1 RW datasets are presented in Section

A.3, and we make concluding remarks regarding the difference in estimator performance

for class-specific and globally pre-processed data in Section A.4.
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A.2 CV GLOBAL PCA RESULTS

Table A.1: CV entropy results (global PCA5)

DS C K MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

OF 1 2 2.1619 1.5114 1.5190 1.6933 1.6418 1.7041 1.5120 2.0179

BS 1 4 5.5255 5.3827 5.7912 5.4015 5.0586 5.0803 5.3441 5.1328

2 4 5.8723 6.1056 6.3945 6.1056 5.3802 5.4675 5.6115 4.2340

3 4 5.5156 5.3312 5.7345 5.3924 5.0530 5.0735 5.3489 5.1190

IR 1 4 0.4097 0.6097 0.8339 0.6160 0.6054 0.4742 2.0713 0.3856

2 4 1.6872 3.0288 2.9977 3.0288 1.3272 1.3701 1.7273 1.1959

3 4 2.6355 2.6899 2.7264 2.7189 2.3406 2.3654 2.8414 2.2284

DB 1 5 7.0784 6.6440 7.8185 6.6322 6.6602 6.6504 8.1268 7.1364

2 5 8.0751 7.6870 7.8621 7.6890 7.7061 7.7200 8.6654 7.9521

HS 1 5 8.0708 7.9029 7.9119 7.8905 7.9363 7.9079 8.9801 7.8740

2 5 7.9269 7.7098 8.1904 7.7278 7.7300 7.7216 8.6364 7.7928

VC 1 5 8.4126 8.3095 8.0612 8.3095 7.7023 7.8448 7.7250 8.1341

2 5 8.2524 8.5665 8.2942 8.5665 7.5803 7.6898 7.6911 7.9314

3 5 8.2543 7.2191 11.1752 7.3468 7.2683 7.3624 8.2200 8.8648

4 5 8.2262 7.4560 7.3807 7.4780 7.0155 7.0756 7.6642 8.4850

WF 1 5 7.9968 7.7105 7.8827 7.8704 7.7245 7.7105 8.2330 7.6424

2 5 8.0400 7.4660 7.6244 7.6038 7.4709 7.5056 7.9823 7.3162

3 5 8.0889 7.4788 7.4880 7.6200 7.4900 7.5339 7.9882 7.3367

IS 1 5 10.1883 10.0472 10.0877 15.1409 10.4351 10.2326 14.7161 10.1244

2 5 8.2399 6.5278 6.6624 6.6534 6.7033 6.7698 10.2014 8.7116
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Table A.2: CV entropy results (global PCA1)

DS C K MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

OF 1 2 2.1619 1.5114 1.5190 1.6933 1.6418 1.7041 1.5120 2.0179

BS 1 4 5.5255 5.3827 5.7912 5.4015 5.0586 5.0803 5.3441 5.1328

2 4 5.8723 6.1056 6.3945 6.1056 5.3802 5.4675 5.6115 4.2340

3 4 5.5156 5.3312 5.7345 5.3924 5.0530 5.0735 5.3489 5.1190

IR 1 3 1.1919 1.1504 1.6419 1.2447 1.2482 1.1872 2.3054 1.1224

2 3 2.3819 2.0399 2.1092 2.2753 2.0380 2.0891 2.3086 1.9404

3 3 2.8695 2.6038 2.5946 2.7340 2.5585 2.5912 3.0824 2.5816

DB 1 8 9.6896 9.5820 9.1986 9.5820 9.2695 9.1916 10.5263 10.0603

2 8 11.3546 11.1065 11.0432 11.1065 10.9108 10.9148 11.5358 11.5527

HS 1 13 18.0994 21.1561 21.8631 21.1561 18.4087 18.1940 18.2825 17.9901

2 13 16.5999 17.0466 19.7891 20.4335 16.4582 16.5064 16.4933 16.9467

VC 1 9 10.9098 14.5636 13.7379 14.5636 9.8325 10.1829 9.6362 9.9579

2 9 10.5295 15.5109 14.8863 15.5109 9.4816 9.7974 9.4029 9.5411

3 9 10.6489 11.3088 21.0048 11.3088 9.2641 9.5578 9.8224 10.9718

4 9 10.7090 13.5783 13.6598 13.5783 9.3178 9.4997 9.8865 11.2336

WF 1 21 24.7860 43.2885 41.7748 43.2885 25.3210 24.9533 35.5649 23.1161

2 21 24.8560 43.6120 44.5429 43.6120 25.2677 24.9739 34.3139 22.8894

3 21 24.9922 44.1091 47.0836 44.1091 25.4349 25.1159 35.4929 22.9442

IS 1 32 49.3361 55.1791 54.2179 55.3489 53.1453 50.6898 67.0522 57.7260

2 32 4.1282 16.0464 19.9399 16.0464 8.0738 6.2969 22.7313 8.4025
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A.3 RW GLOBAL PCA RESULTS

Table A.3: Letter test entropy results (global PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 789 6.1498 4.1064 4.3868 4.0940 4.4807 4.7038 4.6905 5.2942

2 5 766 6.2292 4.4555 4.7257 4.4589 4.8409 5.0366 4.9525 6.0746

3 5 736 6.7996 4.7643 4.8396 4.7561 5.3525 5.6044 4.9714 6.2851

4 5 805 6.2742 4.3556 4.3987 4.3504 4.7560 4.9642 4.6678 5.9210

5 5 768 6.9594 4.4097 4.6408 4.4231 5.2943 5.5828 4.4801 6.7013

6 5 775 7.2440 4.9457 5.2264 4.9450 5.6877 5.9501 5.2401 6.7902

7 5 773 6.5573 4.7071 4.8739 4.7075 5.2665 5.5054 5.0942 6.3984

8 5 734 7.1654 4.6567 5.1964 4.6567 5.4588 5.7403 5.0005 6.9831

9 5 755 6.8758 3.6115 4.0422 3.6368 5.0464 5.4137 3.7013 6.9592

10 5 747 7.7839 5.0126 5.5566 5.0230 6.0874 6.3818 4.9640 7.1299

11 5 739 7.6884 4.9167 5.4839 4.9212 5.9215 6.2263 5.0231 7.3387

12 5 761 6.7813 4.5921 4.8841 4.6277 5.2227 5.4832 4.8724 6.3389

13 5 792 7.8202 5.0740 5.3804 5.1295 6.1587 6.4619 5.1562 7.5492

14 5 783 7.7416 4.7042 5.3528 4.8006 5.8310 6.1458 4.5372 7.4804

15 5 753 5.4484 4.2068 4.2631 4.2049 4.4154 4.5763 4.6840 5.3744

16 5 803 6.8005 5.1427 5.3780 5.1501 5.5873 5.7958 5.3732 6.6207

17 5 783 6.2659 5.1162 5.1685 5.1162 5.1108 5.2456 5.9776 6.0837

18 5 758 6.2570 4.2855 4.5201 4.3040 4.8538 5.0920 4.6190 5.6479

19 5 748 7.1526 4.4674 4.4238 4.4887 5.5000 5.8003 4.4624 6.9611

20 5 796 6.9132 4.5730 4.6516 4.5737 5.3380 5.6100 4.7902 6.6295

21 5 813 6.9531 4.2899 4.6156 4.3285 5.3533 5.6659 4.4274 6.1887

22 5 764 6.0499 3.9004 4.2525 3.9034 4.6480 4.9201 4.0948 5.4878

23 5 752 7.0389 5.1723 5.2026 5.1631 5.6260 5.8505 5.4747 6.9459

24 5 787 6.9244 4.4769 5.0570 4.5596 5.3235 5.6127 4.5449 6.8430

25 5 786 7.3411 5.0071 5.3345 5.0071 5.8097 6.0933 5.1580 6.8003

26 5 734 7.1631 4.6547 4.7435 4.7241 5.6337 5.9365 4.6770 6.8704
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Table A.4: Letter test entropy results (global PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 16 789 11.3753 15.6692 14.9798 15.6692 7.8747 9.0246 5.8065 10.4935

2 16 766 10.2394 12.9995 13.4936 12.9995 7.5631 8.5807 6.2579 9.3682

3 16 736 10.9874 17.3584 15.9312 17.3584 8.2122 9.3968 6.1344 9.8206

4 16 805 10.2153 17.0530 15.4219 17.0530 7.0506 8.1016 5.4732 9.6923

5 16 768 10.8532 14.4589 15.5591 14.4589 7.9685 9.2030 5.4085 9.5728

6 16 775 11.6353 15.8793 18.4380 15.8793 8.6868 9.9453 5.8131 9.7828

7 16 773 10.9785 17.8397 16.7626 17.8397 8.4623 9.4983 7.0052 10.5565

8 16 734 12.5717 18.4147 18.7142 18.4147 9.5594 10.7406 7.3730 12.2497

9 16 755 10.4617 13.8791 14.2682 13.8791 7.0100 8.2681 4.5387 10.2531

10 16 747 12.8932 18.1627 18.4949 18.1627 9.6965 11.0388 6.2228 10.7591

11 16 739 12.9629 19.0078 19.7162 19.0078 10.1542 11.3248 8.1946 11.8430

12 16 761 13.5193 18.7324 21.6551 18.7324 10.1923 11.5270 6.8285 10.8425

13 16 792 13.9988 17.6139 16.8868 17.6139 10.6838 11.9781 7.5545 13.3691

14 16 783 12.9034 15.2040 17.1869 15.2040 9.4188 10.6648 6.5658 12.2999

15 16 753 8.7092 13.9967 14.3050 13.9967 6.1856 7.0848 5.1879 8.7089

16 16 803 12.0619 15.7966 15.1072 15.7966 9.2493 10.4548 6.8437 10.7307

17 16 783 11.8239 17.0519 15.0905 17.0519 8.9068 10.0102 7.0638 11.2537

18 16 758 11.1283 14.2565 15.1711 14.2565 8.4048 9.5836 6.3970 9.8374

19 16 748 11.9392 21.7858 22.8846 21.7858 8.8927 10.1373 6.6633 10.7833

20 16 796 12.1750 18.9012 20.5288 18.9012 9.3176 10.6618 5.5912 10.0264

21 16 813 12.8726 19.9928 22.0630 19.9928 10.0412 11.3864 6.3094 11.3174

22 16 764 11.2419 13.4049 14.9466 13.4049 8.5769 9.7894 5.9781 9.6703

23 16 752 12.3585 12.5989 14.0896 12.5989 9.5264 10.7568 7.1849 11.6283

24 16 787 10.6294 13.4397 13.0390 13.4397 8.0153 9.1819 6.1487 10.2765

25 16 786 13.9051 14.2886 13.5259 14.2886 10.7121 12.0284 7.4923 12.6734

26 16 734 11.0935 14.3976 13.3042 14.3976 7.9734 9.0731 6.4490 10.9005

Table A.5: Segmentation test entropy results (global PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 330 4.0340 2.9175 2.8849 2.4596 2.8943 3.0760 2.7400 3.8737

2 5 330 4.6505 3.7075 3.3986 4.3252 3.6381 3.8354 4.5699 4.5099

3 5 330 5.2272 2.4087 2.0866 5.3730 3.2260 3.5407 2.5943 5.4168

4 5 330 5.7606 4.1997 4.6464 4.4912 4.4665 4.7016 4.4187 5.9348

5 5 330 7.1597 7.8546 19.4183 24.5875 10.5345 9.2133 25.5708 7.7506

6 5 330 2.5603 0.5759 0.0473 0.0604 1.2509 1.5327 0.2334 2.3545

7 5 330 3.8162 0.4341 0.5844 0.0614 1.9749 2.3639 -0.0153 3.0062
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Table A.6: Segmentation test entropy results (global PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 13 330 3.9872 3.7943 4.6353 3.7943 1.1732 1.9836 0.0555 2.9833

2 13 330 6.7069 5.6263 9.2153 5.6263 1.6428 2.4973 1.4855 0.3542

3 13 330 7.7302 2.4249 2.8152 41.7236 4.3784 5.0890 9.0779 7.1357

4 13 330 9.8721 10.1214 10.9195 10.1214 13.5635 12.5517 8.8971 10.7352

5 13 330 14.6143 16.2057 40.0529 30.8928 33.9773 27.5999 49.8414 15.7465

6 13 330 3.0450 0.6104 -0.8392 0.6104 0.0030 1.1641 -4.2616 -7.5550

7 13 330 -0.0452 2.3311 6.1404 2.3311 -3.5933 -2.3950 -7.8366 -6.1529

Table A.7: Landsat test entropy results (global PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 1533 6.2102 4.9099 5.1117 4.9341 5.1065 5.2262 6.2531 5.7720

2 5 703 8.0346 5.9907 6.3507 6.0880 6.4365 6.6699 7.0110 7.6676

3 5 1358 4.8215 3.6802 6.2167 3.7053 3.7548 3.7882 5.9507 4.7301

4 5 626 5.1791 4.0797 5.3616 4.0377 4.1524 4.2286 5.5860 5.1979

5 5 707 7.7632 6.5923 6.8530 6.5923 6.7684 6.9147 7.3250 7.6813

6 5 1508 5.2712 4.1213 7.6954 4.1288 4.2341 4.3301 6.1242 5.1635

Table A.8: Landsat test entropy results (global PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 8 1533 7.7838 7.2893 6.6939 7.2893 6.6706 6.7556 9.3083 7.5483

2 8 703 11.2533 10.5407 9.7608 10.5407 8.9160 9.3267 10.1519 10.8913

3 8 1358 6.1882 5.5664 11.6865 5.5664 5.0805 5.0445 7.9326 6.1619

4 8 626 6.6553 6.4194 12.7370 6.4194 5.3579 5.3912 7.4971 7.0353

5 8 707 10.3179 9.8178 11.2083 9.8178 9.1022 9.2759 10.3406 10.5415

6 8 1508 6.6896 5.4840 13.7740 5.4840 5.5442 5.5770 9.4711 6.8484

Table A.9: Optdigits test entropy results (global PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 554 6.3192 5.9477 7.6553 5.9484 5.9822 5.9460 7.3914 6.0264

2 5 571 9.0498 7.4581 7.7544 7.4478 7.6059 7.7221 8.6235 9.0345

3 5 557 8.6072 8.0880 8.2234 8.0880 8.0652 8.0632 10.1366 8.5774

4 5 572 7.9542 7.5846 9.4451 7.5776 7.6286 7.5781 9.3064 7.9401

5 5 568 9.5142 8.5888 9.8001 8.5940 8.6468 8.7775 9.3918 9.0481

6 5 558 8.7944 8.0489 8.0437 8.0290 8.0347 8.0867 9.2676 8.5004

7 5 558 7.5305 6.8448 8.2073 6.8485 6.8414 6.8952 8.0015 6.9048

8 5 566 8.1911 7.5605 8.7557 7.5605 7.4467 7.4933 9.5622 7.9468

9 5 554 8.1172 7.8436 7.8294 7.8228 7.8588 7.8193 8.9829 7.7942

10 5 562 8.5331 7.6750 7.6708 7.6752 7.7433 7.8630 8.6066 8.3154

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

177



Conventional Estimator Results (Global PCA)

Table A.10: Optdigits test entropy results (global PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 60 554 32.8501 125.6073 142.4578 125.6073 32.2529 34.1598 115.4551 46.9870

2 60 571 45.6307 139.6125 166.3361 139.6125 41.5517 43.4502 73.9364 71.0936

3 60 557 55.5458 172.8604 195.5486 172.8604 53.4374 54.7818 112.9349 73.5198

4 60 572 48.5282 141.6640 183.7962 141.6640 50.8373 50.8819 128.7071 58.9548

5 60 568 60.5200 174.4953 168.6387 174.4953 59.3826 61.0577 105.7475 76.2713

6 60 558 53.9097 148.2743 148.4916 148.2743 52.4564 53.4266 118.2641 64.4287

7 60 558 40.2889 175.0980 199.4358 175.0980 38.9048 41.5438 100.7760 61.7806

8 60 566 52.1771 170.1742 175.1781 170.1742 49.9243 52.0542 105.4759 67.1796

9 60 554 52.4554 159.8908 164.1701 159.8908 54.6098 54.5826 96.0278 62.3070

10 60 562 50.9729 150.6896 165.0364 150.6896 51.4175 52.4227 135.9377 61.7475

Table A.11: Isolet test entropy results (global PCA5)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 5 300 13.6826 13.1761 13.5548 13.1364 13.1284 13.1881 13.9180 13.1435

2 5 300 13.5864 12.9340 13.6223 12.9440 12.9724 13.0661 13.5205 12.6873

3 5 300 13.6581 13.0532 13.0756 13.1722 13.0650 13.1372 13.5378 12.9690

4 5 300 13.8139 13.1848 13.6858 13.1428 13.1473 13.2301 13.9431 13.0933

5 5 300 13.7466 13.3967 13.3714 13.2993 13.3030 13.3360 14.3865 13.1159

6 5 300 12.9329 12.6161 12.7756 12.6161 12.5353 12.5767 13.3058 12.3290

7 5 300 13.7066 12.6403 12.6031 12.7522 12.7704 12.9294 12.8696 12.6422

8 5 300 13.6086 12.8378 12.9983 12.9804 12.8956 13.0195 13.0502 12.8903

9 5 300 13.2040 12.9747 12.9196 12.9254 12.9402 12.9078 14.0511 12.6381

10 5 300 13.3962 12.5610 12.8437 12.6424 12.6352 12.7522 13.0166 12.6210

11 5 300 13.2970 12.3166 12.3179 12.3987 12.4507 12.5976 12.7647 12.4801

12 5 300 13.2306 12.8426 12.8410 12.8856 12.7974 12.8295 13.4235 12.8327

13 5 300 13.3959 13.0219 13.2182 13.0555 13.0223 13.0536 13.7909 12.8847

14 5 300 13.1888 12.8383 13.0280 12.8664 12.8364 12.8638 13.5921 12.5203

15 5 300 14.0114 13.4727 13.4729 13.5936 13.4837 13.5540 13.8097 13.3002

16 5 300 13.7617 12.7350 12.8675 12.8556 12.8926 13.0451 13.1415 12.9142

17 5 300 13.4015 12.8616 12.9029 12.9580 12.8922 12.9725 13.1855 12.6206

18 5 300 13.1691 12.7379 12.8285 12.7745 12.7024 12.7281 13.2797 12.4501

19 5 300 12.8291 12.6223 12.6264 12.6090 12.6011 12.5886 13.6206 12.3023

20 5 300 13.8776 13.1097 13.1411 13.0797 13.1377 13.2448 13.9112 13.3980

21 5 300 13.3528 13.0094 13.0632 13.1903 13.0068 13.0738 13.2708 12.8313

22 5 300 14.0808 13.8112 13.8977 13.7592 13.7915 13.7922 14.8014 13.5000

23 5 300 14.8005 14.4976 14.7081 14.5508 14.5052 14.5081 15.1903 14.4493

24 5 300 12.7981 12.5008 12.5170 12.4856 12.4785 12.4836 13.8555 12.3098

25 5 300 12.5823 12.1508 12.2643 12.1785 12.1508 12.1828 12.8613 11.7191

26 5 300 14.0726 14.0239 14.0040 13.8603 13.9536 13.8631 15.2133 13.6283
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Table A.12: Isolet test entropy results (global PCA1)

C K NC MLE(i) ULCV(s) LLCV(s) LSCV(s) Silverman MSP HSJM Gauss

1 64 300 123.1327 237.0268 251.7373 237.0268 124.7601 123.8568 264.5351 112.9564

2 64 300 122.8669 229.2356 266.5634 229.2356 123.7344 123.9629 249.3259 112.9246

3 64 300 123.9538 228.8303 239.1685 228.8303 125.8186 126.0061 229.6165 114.8896

4 64 300 123.8000 224.7701 263.2216 224.7701 125.3082 124.6732 204.7872 115.9373

5 64 300 126.5324 224.0191 229.0790 224.0191 127.8184 127.4056 200.7209 119.7994

6 64 300 123.3641 209.4881 213.8762 209.4881 124.3480 124.3639 221.4123 116.1408

7 64 300 121.8413 237.4826 243.0240 237.4826 122.8798 122.3443 267.1798 111.5281

8 64 300 127.5440 230.1955 246.2644 230.1955 128.2589 128.4186 225.2097 112.7244

9 64 300 126.1583 237.0714 234.3474 237.0714 127.3955 126.5686 296.4544 116.8452

10 64 300 120.8410 198.3507 206.1101 198.3507 121.3175 120.8250 180.1479 121.1442

11 64 300 119.8680 220.5076 216.1074 220.5076 120.8827 120.3111 248.4044 115.3458

12 64 300 126.1216 241.9755 249.1572 241.9755 127.1991 126.8980 270.9614 117.2820

13 64 300 133.1551 230.0215 231.6339 230.0215 134.3412 133.5393 221.3869 124.1159

14 64 300 131.9258 230.7119 227.1286 230.7119 133.2158 132.6251 238.0965 122.2879

15 64 300 126.7855 230.9099 228.3920 230.9099 127.7360 127.5378 268.5666 111.0721

16 64 300 123.4145 237.8886 256.2286 237.8886 124.2682 124.4464 201.1682 116.7388

17 64 300 125.3721 228.5423 229.7811 228.5423 127.1580 127.2650 233.0865 113.0233

18 64 300 127.1201 231.5271 226.6796 231.5271 127.5601 127.0100 239.3960 114.7173

19 64 300 127.3590 223.1497 231.4997 223.1497 128.0174 127.9805 230.4330 118.7226

20 64 300 123.5392 207.8140 204.2328 207.8140 124.0755 124.0673 233.6703 114.8415

21 64 300 130.6404 240.6090 240.4045 240.6090 132.1341 131.9790 258.2710 120.9178

22 64 300 129.5498 236.0287 237.1053 236.0287 131.3154 130.0442 264.6039 124.7434

23 64 300 140.6231 241.7470 243.3339 241.7470 139.8064 141.2052 218.8068 132.9026

24 64 300 127.5683 243.2129 251.5641 243.2129 127.8106 127.8314 238.7809 114.3150

25 64 300 127.7553 233.8843 243.3128 233.8843 128.3753 128.5783 251.9680 114.8254

26 64 300 131.7804 219.8858 219.4519 219.8858 132.7288 132.3935 215.9656 123.6958
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A.4 CONCLUSION

In Chapter 5 we concluded that for class-specific PCA data, the conventional ULCV,

LLCV and LSCV estimators performed competitively on low-dimensional PCA5 data,

and were mostly not suited for PCA1 datasets with dimensionalities larger than 10.

The performances of the Silverman and MSP estimators were very consistent across

all dimensionalities and tasks, and were generally very competitive; and the MLE(i)

and ML Gauss estimators experienced relative performance increases with increased

dimensionality, and might be favoured in higher dimensions that were experimented

with. We also noted that the HSJM estimator performance was more difficult to

predict.

The CV and RW global PCA results presented in Section A.2 and Section A.3 show

that similar relative performance behaviour holds for all except the LSCV estimator.

For the PCA5 Letter, Landsat and Optdigits datasets, the LSCV estimator performs

more competitively than for the class-specific PCA5 data. However, this relative im-

provement in performance of the LSCV estimator for global PCA5 data, does not

hold for the higher-dimensional PCA1 data – which confirms our observation that the

LSCV is mostly not suited for datasets with high dimensionalities. We also note that

the actual values of entropy scores are not comparable between datasets with different

transformations, since the scaling of the transformed features are different for different

transformations, owing to the different eigenvalues of the PCA transformations. The

entropy of a Gaussian distribution, for example, is related to the determinant of the

covariance matrix, therefore a higher entropy value will be obtained if the feature axes

are scaled to have the same variance. This illustrates how different scaling of features

results in non-comparable entropy values.

In summary, the relative performances of the conventional and MLE(i) estimators

on the global PCA data are not markedly different from the class-specific estimator

performances - with the exception of the LSCV estimator on PCA5 data.
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Appendix B

Comparison of MLE and

Silverman Initialisation
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B.1 INTRODUCTION

In Section 6.2.6 we discussed the selection of an appropriate bandwidth initialisation

procedure for the global MLE, MLE, MLL and ML-LOO ML estimators. We noted

that the consistent performance of the Silverman rule-of-thumb estimator does not

necessarily imply that the Silverman estimator will perform optimally as the default

bandwidth initialisation procedure, since the bandwidths to which the ML estimators

converge are dependent on their initialisation, and are thus susceptible to local minima.

We motivated that the MLE rule-of-thumb estimator might be a good alternative, since
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it is derived from the same framework as the ML estimators and it guarantees that

bandwidths are within the bounds of the optimal ML bandwidths.

In this appendix we compare the performance of the ML estimators when initialised

with the Silverman rule-of-thumb and MLE rule-of-thumb estimators. We restrict our

comparison to CV and RW class-specific PCA1 data, since the purpose of this appendix

is not to perform a comprehensive study of bandwidth initialisation procedures, but

rather to highlight the implications of selecting different bandwidth initialisation pro-

cedures and to confirm that the regularities in the relative performance of the ML

estimators when initialised with the MLE rule-of-thumb estimator are consistent with

the results of the ML estimators initialised with the Silverman rule-of-thumb estimator,

as presented in Chapter 6.

B.2 COMPARISON OF MLE RULE-OF-THUMB AND

SILVERMAN RULE-OF-THUMB INITIALISATION

B.2.1 CV DATASET RESULTS

Table B.1 shows the comparative CV class-specific PCA1 entropy results of the ML

estimators initialised with the MLE rule-of-thumb estimator. The dataset name is

indicated with “DS”, the class number with “C”, the dimensionality of the class af-

ter pre-processing with “K”, and we abbreviate the dataset names with two-letter

acronyms. We make use of color scales to visually represent the relative performance

of the estimators, where green indicates the lowest entropy for a specific class and red

the highest entropy for a specific class. We use the same experimental design as in

Section 6.3.2, except for the initialisation procedure.

If we compare the results of the ML estimators initialised with the MLE rule-of-

thumb bandwidths in Table B.1 to the results of the ML estimator initialised with

the Silverman rule-of-thumb bandwidths in Table 6.1, we observe that the results are

similar for the MLE(g), ML-LOO(f) and ML-LOO(s) estimators. However, the MLE

and MLL estimators experience performance improvements for most classes and for

some classes drastic improvements are observed, for example, on classes 1 and 3 of the

Balance Scale dataset.

From the definition of entropy, we know that the entropy score is similar to the

product of the likelihood scores, thus a single likelihood score can have a significant

effect on the entropy score. We therefore investigate the entropy scores of the Balance

Scale dataset classes 1 and 3, by removing the effect on the entropy score one sample at
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Table B.1: CV entropy results (MLE initialisation)(class-specific PCA1)

DS C K MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

OF 1 2 1.4791 1.4597 1.6042 1.4722 1.4856

BS 1 4 5.4498 -9.6157 -4.5769 5.4532 5.4680

2 3 4.8351 4.9986 5.0003 4.8615 4.8717

3 4 5.4336 -10.4157 -5.0491 5.4287 5.4636

IR 1 4 5.5401 5.4680 5.4661 5.5738 5.6912

2 4 4.7940 4.8085 4.8085 4.8136 4.9217

3 4 5.0203 5.0253 5.0323 5.0464 5.2165

DB 1 8 9.8402 9.7251 9.7455 9.6812 9.9478

2 8 10.4846 10.3122 10.3793 10.3283 10.4337

HS 1 13 18.1078 18.3467 18.3467 15.8792 18.3481

2 13 17.5534 17.5955 17.6582 14.9996 17.7300

VC 1 9 10.5107 10.8497 11.0679 10.3810 11.2042

2 8 9.7975 10.0659 10.2778 9.6309 10.4234

3 8 8.9019 8.7250 8.7453 8.4708 9.2330

4 11 11.1391 11.1859 11.4430 11.7201 12.0935

WF 1 21 26.7618 26.5689 26.5689 26.7907 27.4237

2 21 29.2118 29.0202 29.0202 29.2533 29.5631

3 21 29.1504 28.9282 28.9282 29.1900 29.5093

IS 1 33 42.3937 41.4014 42.2876 42.3950 45.7906

2 12 13.5817 12.2670 12.7409 13.6711 14.2113
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a time. We first sort the likelihood scores of all test data points (from the 10 test folds)

in a class from highest to lowest and then systematically remove the highest likelihood

score (without replacement). We re-calculate the entropy score after each removal and

plot the entropy. Figures B.1 and B.2 illustrate the entropy graphs obtained in this

manner, for classes 1 and 3 of the Balance Scale dataset.

Figure B.1: Balance Scale entropy results as likelihoods are removed (Class 1, class-

specific PCA1)

We observe very similar behaviour in Figures B.1 and B.2 for all estimators. The

MLE performs optimally, followed by the MLL estimator. For the MLE estimator, at

least 250 of the highest likelihood scores must be removed to yield an entropy score

similar to the MLE(g), ML-LOO(s) and ML-LOO(f) estimators, and for the MLL

estimator at least 100 of the highest likelihood scores must be removed to yield an

entropy score similar to the MLE(g), ML-LOO(s) and ML-LOO(f) estimators. These

results show that the superior entropy score of the MLE and MLL estimators are the

result of a significant number of test data points with superior likelihood scores, and not

the result of only a few test data points with exceptionally large likelihood scores. We

note that this superior performance may be caused by over fitting, since no independent

test sets were provided for the CV datasets, and the optimal model was selected and

tested on the same cross-validation test folds. There is thus not an independent test set

to verify the generalisation performance of the optimal model selected and if data points
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Figure B.2: Balance Scale entropy results as likelihoods are removed (Class 3, class-

specific PCA1)

between different folds of the dataset are very close in feature space, the likelihood

scores of data points close to each other can be significantly increased be decreasing

the bandwidths of these data points.

Since the MLE and MLL estimators estimate a unique bandwidth per kernel, as

opposed to the other estimators that estimate an identical kernel bandwidth for all

kernels,they have more free parameters and are more susceptible to overtraining. In

the next section we will verify whether this superior performance is indeed the result

of overtraining by testing whether the MLE and MLL estimators show similar superior

performance on the RW datasets with independent test sets. If similar superior per-

formance of the MLE and MLL estimators is not observed on the RW datasets (with

independent training and test sets), then this indicates that the MLE and MLL estima-

tors are susceptible to overtraining when CV is used, and that the MLE rule-of-thumb

initialisation increases the effect of overtraining, since the same degree of overtraining

is not observed for the CV results in Table 6.2. For example, we observe in Table

6.2 that the Balance Scale entropy scores of the MLE estimator on classes 1 and 3

are -1.0283 and -1.2970 when initialised with the Silverman rule-of-thumb bandwidths,

whereas the entropy results in Table B.1 for the same classes are -4.579 and -5.0491

respectively when the MLE bandwidths are initialised with the MLE rule-of-thumb
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bandwidths.

B.2.2 RW DATASET RESULTS

Table B.2 shows the comparative class-specific PCA1 entropy results of the ML esti-

mators initialised with the MLE rule-of-thumb estimator for the Letter dataset.

Table B.2: Letter test entropy results (MLE initialisation)(class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 15 789 9.2839 10.1071 10.3585 8.0562 10.1490

2 15 766 11.8519 12.3283 12.4573 10.6145 12.5777

3 15 736 10.9051 11.2052 11.3901 10.2583 11.8198

4 14 805 10.6827 11.1028 11.1752 9.9238 11.1285

5 15 768 9.0923 9.9453 10.0564 7.4655 9.8397

6 13 775 9.3750 9.6458 9.7526 8.3397 10.0095

7 15 773 11.6828 12.0998 12.2476 10.6827 12.3795

8 14 734 10.6841 10.5431 10.5522 8.9877 11.4681

9 13 755 8.7685 6.6297 6.1548 7.3886 9.1985

10 13 747 7.9987 8.1356 8.2729 6.9327 8.5561

11 15 739 10.1304 10.5326 10.6065 9.1376 11.0120

12 12 761 6.9569 6.9068 6.8784 5.9943 7.4229

13 14 792 8.3513 9.1453 9.2862 6.8357 9.0251

14 14 783 9.3556 9.5293 8.2142 8.4246 10.1888

15 16 753 12.7934 12.8139 12.6994 11.5766 13.7354

16 15 803 9.9916 10.9968 11.1859 9.4706 10.8269

17 15 783 10.8592 11.5855 11.6745 9.7270 11.8547

18 15 758 10.9090 11.6637 11.7861 10.0001 11.3790

19 15 748 9.0289 9.9074 9.8645 7.5860 9.7707

20 13 796 7.9007 8.2578 8.4002 6.7434 8.7922

21 13 813 8.8813 8.9520 8.9088 7.9459 9.2364

22 14 764 10.0594 10.3158 10.6220 8.7746 10.8550

23 15 752 10.5563 10.8136 11.0401 9.3770 11.8689

24 15 787 11.0388 10.9528 10.8425 9.7799 12.2916

25 14 786 8.6997 9.1915 9.3148 7.4566 9.2300

26 15 734 10.2944 9.8884 9.9282 9.1276 11.2879

If we compare the results of the ML estimators initialised with the MLE rule-of-

thumb bandwidths in Table B.2 to the results of the ML estimators initialised with

the Silverman rule-of-thumb bandwidths in Table 6.4, we observe that the results are

similar for the MLE(g), ML-LOO(f) and ML-LOO(s) estimators. This is consistent
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with our observations on the CV results in Table B.1. An important observation

is that although the MLE and MLL estimator experience relative improvements in

performance, the ML-LOO(f) estimator still performs optimally on most classes, and

the relative performances between all estimators remain consistent – irrespective of the

initialisation procedure.

Table B.3 shows the comparative class-specific PCA1 entropy results of the ML esti-

mators initialised with the MLE rule-of-thumb estimator for the Segmentation dataset.

Table B.3: Segmentation test entropy results (MLE initialisation)(class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 13 330 14.7862 14.4223 14.1016 14.0612 16.6909

2 11 330 13.4029 11.9142 11.6911 8.1211 13.8239

3 12 330 10.8952 2.2743 1.9325 8.5740 9.7009

4 11 330 15.3963 7.7054 7.2726 4.8036 13.2683

5 11 330 15.5017 7.7815 6.5676 9.2814 17.6808

6 11 330 11.9213 10.6857 10.6653 10.8369 12.2270

7 10 330 7.1897 6.2268 6.5207 3.5381 7.4221

We observe that the MLL estimator in Table B.3 experiences relative performance

improvements on all classes and interestingly the ML-LOO(f) estimator experiences

relative performance improvements on six of the seven classes, compared to the results

in Table 6.8. The MLE estimator, however, only experiences a performance improve-

ment on class 7. The MLE estimator thus experienced degradation in performance for

the MLE rule-of-thumb initialisation since the MLE performed optimally on six classes

in Table 6.8 and performs optimally on only two classes in Table B.3.

Table B.4 shows the comparative class-specific PCA1 entropy results of the ML

estimators initialised with the MLE rule-of-thumb estimator for the Landsat dataset.

Table B.4: Landsat test entropy results (MLE initialisation)(class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 8 1533 10.6458 10.5521 10.8456 10.5672 11.0781

2 10 703 11.4595 11.0589 11.2062 11.3104 12.0685

3 14 1358 16.6453 16.3367 16.4281 16.4253 17.8978

4 13 626 14.6365 14.5462 14.4505 14.7884 15.7918

5 11 707 14.1894 14.2939 14.1562 14.1767 14.8323

6 11 1508 14.3085 13.8502 14.1883 14.2131 15.1071
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We observe that the MLL estimator in Table B.4 experiences relative performance

improvements on six of the seven classes, and the MLE estimator on all classes com-

pared to the results in Table 6.12. The relative performances of the remaining es-

timators remain consistent. We also observe that the MLE estimator experienced a

relative increase in performance compared to the ML-LOO(f) estimator, since the MLE

performed optimally on only two classes for the Silverman initialisation and performs

optimally on four classes for the MLE initialisation. Conversely, the ML-LOO(f) es-

timator performed optimally on five of the six classes for Silverman initialisation and

performs optimally on only one class for the MLE initialisation.

Table B.5 shows the comparative class-specific PCA1 entropy results of the ML

estimators initialised with the MLE rule-of-thumb estimator for the Optdigits dataset.

Table B.5: Optdigits test entropy results (MLE initialisation)(class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 46 554 52.6667 53.8426 53.8426 53.6575 57.2346

2 36 571 37.9291 40.1827 40.1827 36.8352 39.8576

3 41 557 55.1568 55.7373 55.7373 57.5336 55.8896

4 50 572 63.7816 63.4517 63.4517 76.7163 69.8444

5 39 568 43.0227 45.2993 45.2993 37.2329 44.7705

6 46 558 55.7480 57.0661 57.0661 57.2695 59.6361

7 37 558 46.8943 46.9708 46.9708 44.3374 48.7581

8 41 566 52.9535 53.4834 53.4834 50.9872 56.0250

9 50 554 61.2927 62.8508 62.8508 62.0969 65.3551

10 43 562 58.1301 57.4619 57.4619 50.8143 59.1577

We observe that the MLE and MLL estimators in Table B.5 experience relative per-

formance improvements on three of the 10 classes, the ML-LOO(f) estimator in seven

of the 10 classes and the MLE(g) on only one class, compared to the results in Table

6.16. The relative performances of the remaining estimators remain consistent. We also

observe that the ML-LOO(f) estimator experienced a relative improvement in perfor-

mance, since this estimator performed optimally on only one class for the Silverman

initialisation and performed optimally on five classes for the MLE initialisation.

Table B.6 shows the comparative class-specific PCA1 entropy results of the ML

estimators initialised with the MLE rule-of-thumb estimator for the Isolet dataset.

We observe that the MLE and MLL estimators in Table B.6 experience relative

performance improvements on most classes, compared to the results in Table 6.20 and

the relative performances of the remaining estimators remain mostly consistent. For
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Table B.6: Isolet test entropy results (MLE initialisation)(class-specific PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 92 300 189.0757 187.3541 187.3541 189.1424 205.5436

2 107 300 211.6831 206.4788 206.4788 211.0833 227.0845

3 98 300 203.3344 197.1934 197.1934 200.8515 218.5132

4 101 300 205.8297 200.7884 200.7884 205.3712 220.4028

5 103 300 213.4577 214.7763 214.7763 215.2791 230.2526

6 100 300 199.3415 197.4903 197.4903 199.3451 216.9816

7 90 300 186.8601 183.4525 183.4525 186.5587 198.8575

8 88 300 180.7644 177.7234 177.7234 180.7331 195.6963

9 108 300 230.3365 232.5091 232.5091 233.5874 242.9945

10 85 300 182.6356 180.4786 180.4786 182.2690 193.5533

11 89 300 188.6171 185.8624 185.8624 188.3154 199.9651

12 118 300 241.4118 247.0241 247.0241 245.1218 260.2248

13 123 300 244.2866 244.0540 244.0540 246.5306 265.4168

14 119 300 235.5346 235.7297 235.7297 238.8468 258.6651

15 103 300 209.8113 209.4096 209.4096 210.3239 228.0077

16 104 300 206.8461 200.9151 200.9151 206.0977 221.1179

17 108 300 222.7288 226.0176 226.0176 224.0843 240.0169

18 106 300 217.0423 218.1320 218.1320 218.1609 235.8836

19 96 300 199.3797 199.3623 199.3623 200.3635 215.3954

20 100 300 202.9346 196.5860 196.5860 201.4843 217.6514

21 121 300 239.3337 235.8053 235.8053 240.6877 256.6692

22 113 300 226.9840 223.8469 223.8469 227.1875 248.2845

23 104 300 207.1395 203.8252 203.8252 207.2196 220.9296

24 92 300 194.4145 196.2914 196.2914 195.1491 209.3186

25 109 300 218.3484 213.5680 213.5680 218.2181 235.8036

26 100 300 206.8304 201.6605 201.6605 204.8902 224.3891

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

189



Comparison of MLE and Silverman Initialisation

all classes where the MLE and MLL estimators perform optimally they have identical

entropy scores - this indicates that these entropy scores were obtained at initialisa-

tion and that the superior performance of these estimators are actually caused by the

superior performance of the MLE rule-of-thumb estimator. We also observe that the

MLE(g) estimator performed optimally on 21 of the 26 classes for the Silverman initial-

isation, and performs optimally on only 7 of the 26 classes for the MLE initialisation.

Interestingly, the results for the MLE and MLL estimators are exactly the same for all

classes when initialised with the MLE, we confirmed that the optimal entropy results

for these estimators were at initialisation and that for both estimators the CV entropy

on the training set and the test set entropy increased after initialisation similar to,

for example, the MLL results for class 3 of the Landsat dataset in Figure 6.20. The

seemingly superior performance of the MLE and MLL estimators is thus because of

the good MLE rule-of-thumb initialisation for these estimators, and the estimators do

not improve the performance with additional iterations.

B.3 CONCLUSION

In Section B.1 we observed on the CV datasets that the MLE and MLL estimators

experienced relative improvements in performance on most classes when using the

MLE rule-of-thumb bandwidths for initialisation as opposed to the Silverman rule-

of-thumb bandwidths. The ML-LOO(f) estimator experienced relative performance

improvements on some classes and a degradation in performance on other classes, while

the MLE(g) and ML-LOO(s) estimators showed relatively small performance variations

between the two initialisation methods. We investigated the significant difference in

performance of the MLE and MLL estimators compared to the other estimators on

classes 1 and 3 of the Balance Scale dataset, and motivated that the large margin in

superior performance is probably caused by the fact that the results were obtained

with CV and not with an independent test set as in the case of the RW datasets.

We showed in Section B.2 that the MLE and MLL estimator did not outperform the

other estimators on any class with such a large margin as in the case of classes 1 and 3

of the CV Balance Scale dataset. We therefore suspect that the superior performance

of the MLE and MLL estimators on some CV dataset might be a consequence of

overtraining and might thus not generalise to truly unrelated test cases.

In Section B.2 we observed on the RW datasets that the MLE and MLL estimators

again experienced relative improvements in performance on most classes when using

the MLE rule-of-thumb bandwidths for initialisation as opposed to the Silverman rule-
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of-thumb bandwidths. We also observed that the ML-LOO(f) estimator experiences

relative improvements in performance on the Segmentation and Optdigits datasets,

and a performance degradation on the Letter dataset. On the Letter dataset, the

ML-LOO(f) estimator performed optimally on most classes for both initialisations; on

the Segmentation dataset the MLE estimator performed optimally on most classes for

Silverman initialisation and the ML-LOO(f) estimator performed optimally on most

classes for the MLE initialisation. On the Landsat dataset, the ML-LOO(f) estima-

tor performed optimally on most classes for the Silverman initialisation and the MLE

estimator performed optimally on most classes for the MLE initialisation. On the

Optdigits dataset the MLE(g) estimator performed optimally on most classes for the

Silverman initialisation and performed well (together with the ML-LOO(f) estimator)

on most classes for the MLE initialisation. On the Isolet dataset the MLE(g) per-

formed optimally on most classes for the Silverman initialisation and the MLE and

MLL algorithms performed optimally on most classes for the MLE initialisation.

These results show that the MLE rule-of-thumb estimator does in fact frequently

yield better performance for the MLE and MLL estimators, and that this improved

performance does not hold for the ML-LOO(s) and MLE(g) estimators, and holds only

in some cases for the ML-LOO(f) estimator.

However, since Silverman initialisation gives more consistent performance behaviour

across the different ML estimators compared, and does not give a clear advantage to the

MLL and MLE estimators, we prefer to use the Silverman estimator as the bandwidth

initialisation algorithm for our comparative experiments. We do, however, recognise

that bandwidth initialisation has a notable effect on the results of ML estimators, and

that other estimators might be even more advantageous than the Silverman and MLE

rule-of-thumb estimators considered. It is also possible that no bandwidth initialisation

procedure will be optimal for all types of data; therefore this will require a comprehen-

sive study of its own, and is a matter for further research. The focus of this study is on

gaining better understanding of the relative performances of the ML estimators consid-

ered, and therefore we prefer the consistency of the Silverman estimator for bandwidth

initialisation.
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Appendix C

Maximum-likelihood Estimator

Results (Global PCA)
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C.1 INTRODUCTION

In Chapter 6 we presented the comparative entropy results of the MLE(g), MLE, MLL,

ML-LOO(f) and ML-LOO(s) estimators for class-specific PCA5 and PCA1 datasets.

In this appendix, we present similar comparative results for data pre-processed with

the global PCA transformation (i.e. where the data of all classes are pre-processed

simultaneously and not separately). We also compare the CV and test performance of

the ML estimators over the number of training iterations to illustrate the convergence

of the estimators on different tasks.

The results for the global PCA5 and PCA1 CV datasets are presented in Section

C.2; the results for the global PCA5 and PCA1 RW datasets are presented in Section
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C.3 and the entropy results of the ML estimators over training iterations are presented

in Section C.4. We make concluding remarks regarding the difference in estimator

performance for class-specific and globally pre-processed data in Section C.5.

C.2 CV GLOBAL PCA RESULTS

Table C.1: CV entropy results (global PCA5)

DS C K MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

OF 1 2 1.4815 1.4641 1.4653 1.4781 1.4946

BS 1 4 5.0717 3.8911 4.3158 5.0446 5.0842

2 4 5.3998 5.4046 5.4046 4.2193 5.3923

3 4 5.0303 3.9025 4.2922 5.0243 5.0584

IR 1 4 0.3640 0.4805 0.0809 0.3311 1.2622

2 4 1.3247 1.3247 1.3247 1.3272 1.7807

3 4 2.3421 2.3421 2.3421 2.3077 2.6583

DB 1 5 6.6377 6.5715 6.6001 6.6500 6.6841

2 5 7.6831 7.7030 7.7047 7.6794 7.6768

HS 1 5 7.8999 7.9098 7.9366 7.8393 7.8789

2 5 7.7205 7.6662 7.7293 7.5638 7.6836

VC 1 5 7.5296 7.5152 7.5361 7.5238 7.7480

2 5 7.4860 7.4502 7.4780 7.4614 7.6873

3 5 6.5442 6.7565 6.4202 6.6851 6.4655

4 5 6.9685 6.8094 6.9685 6.9412 6.9734

WF 1 5 7.6989 7.7245 7.7245 7.6992 7.7094

2 5 7.4130 7.4708 7.4585 7.3917 7.4023

3 5 7.4380 7.4781 7.4714 7.4131 7.4265

IS 1 5 10.0059 10.0409 10.2469 10.0633 10.0376

2 5 6.1999 5.9269 5.8518 6.1799 6.2873
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Maximum-likelihood Estimator Results (Global PCA)

Table C.2: CV entropy results (global PCA1)

DS C K MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

OF 1 2 1.4815 1.4641 1.4653 1.4781 1.4946

BS 1 4 5.0717 3.8911 4.3158 5.0446 5.0842

2 4 5.3998 5.4046 5.4046 4.2193 5.3923

3 4 5.0303 3.9025 4.2922 5.0243 5.0584

IR 1 3 1.1139 1.1175 1.1870 1.1083 1.6499

2 3 2.0303 2.0363 2.0363 2.0310 2.1371

3 3 2.5697 2.5697 2.5697 2.5585 2.6456

DB 1 8 9.0959 9.0731 9.1325 8.9352 9.1808

2 8 10.8040 10.8747 10.9021 10.7716 10.7945

HS 1 13 18.0056 18.2799 18.4083 14.0344 18.1098

2 13 16.2138 16.4577 16.4577 15.1323 16.3107

VC 1 9 9.3899 9.6916 9.7765 8.9755 10.1689

2 9 9.1220 9.3322 9.4815 8.3568 10.0788

3 9 8.1371 8.1282 7.9935 7.6488 9.4209

4 9 9.0398 8.7603 9.0526 8.9208 9.1690

WF 1 21 24.9552 25.3210 25.3210 24.9612 25.5374

2 21 24.8054 25.2675 25.2675 24.7123 25.1262

3 21 24.9187 25.4349 25.4349 24.8139 25.2488

IS 1 32 49.3211 48.9020 53.1074 53.1453 51.7992

2 32 3.8457 -0.5367 7.2051 3.4136 6.9623
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Maximum-likelihood Estimator Results (Global PCA)

C.3 RW GLOBAL PCA RESULTS

Table C.3: Letter test entropy results (global PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 789 4.0880 4.0618 4.0900 3.9857 4.2397

2 5 766 4.4272 4.4858 4.4812 4.3572 4.9370

3 5 736 4.7731 4.6082 4.7371 4.7302 4.8610

4 5 805 4.3461 4.3267 4.3845 4.2842 4.5026

5 5 768 4.2930 4.3701 4.4288 4.1231 4.5013

6 5 775 4.9626 4.8318 4.8370 4.8033 5.0838

7 5 773 4.7121 4.6926 4.6686 4.6421 4.8458

8 5 734 4.4389 4.4703 4.4655 4.3260 4.7025

9 5 755 3.5859 3.2418 3.2154 3.4715 4.9006

10 5 747 4.9097 4.9078 5.0175 4.6910 5.0588

11 5 739 4.8489 4.7704 4.7643 4.7753 5.1093

12 5 761 4.5094 4.3252 4.3699 4.3749 4.6698

13 5 792 4.9695 5.0054 5.0799 4.8081 5.3559

14 5 783 4.4686 4.3263 4.3244 4.3530 4.9314

15 5 753 4.1657 4.1559 4.1666 4.1602 4.3431

16 5 803 5.1434 5.2004 5.2020 5.1148 5.3473

17 5 783 4.9647 5.0337 5.0683 4.9164 5.1855

18 5 758 4.2484 4.2967 4.3169 4.2069 4.3891

19 5 748 4.3807 4.4318 4.4149 4.2794 4.6714

20 5 796 4.5710 4.5823 4.6261 4.4731 4.8116

21 5 813 4.2179 4.1446 4.2217 4.1697 4.4335

22 5 764 3.8193 3.7591 3.8067 3.7281 4.0594

23 5 752 5.0081 5.1391 5.1450 4.9444 5.4080

24 5 787 4.3654 4.3706 4.3036 4.2201 4.7040

25 5 786 4.9398 4.9164 4.9715 4.8539 5.1509

26 5 734 4.6133 4.3580 4.4561 4.5351 4.9161
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Maximum-likelihood Estimator Results (Global PCA)

Table C.4: Letter test entropy results (global PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 16 789 4.9680 5.6431 5.6744 3.4714 6.0986

2 16 766 5.4892 5.7428 6.1824 3.9922 6.2779

3 16 736 5.5469 5.5330 5.5343 4.3942 6.4143

4 16 805 4.6576 4.8866 5.0856 3.6990 5.5053

5 16 768 4.3192 4.5326 4.6792 2.8250 5.2816

6 16 775 5.1597 5.2613 5.1569 4.0331 6.0690

7 16 773 6.2129 6.8173 6.9593 5.0988 6.6914

8 16 734 5.8387 5.9901 6.0634 4.0197 7.0463

9 16 755 2.5944 1.8990 1.9194 1.1661 3.4184

10 16 747 5.0055 5.1695 5.1423 3.6313 5.6700

11 16 739 6.7691 6.9698 7.1124 5.7621 7.7322

12 16 761 4.7266 4.8214 4.7733 3.6339 5.5692

13 16 792 6.1479 6.1078 6.3934 4.5447 7.5130

14 16 783 5.4640 5.0749 4.8263 4.3939 6.5482

15 16 753 4.5659 4.9169 5.2170 3.5174 5.1242

16 16 803 6.0274 6.5295 6.7330 5.2372 7.0169

17 16 783 6.6242 7.0892 7.1931 5.3494 8.0633

18 16 758 5.3725 5.8630 5.7499 4.4403 6.1516

19 16 748 5.0435 5.3111 5.7553 3.5336 5.7707

20 16 796 4.4441 4.9228 4.9503 3.2380 5.4605

21 16 813 5.0613 5.2453 5.3264 4.0059 5.8970

22 16 764 4.7432 5.1204 5.3265 3.2760 5.6601

23 16 752 6.1765 6.5310 6.7846 3.9968 8.0031

24 16 787 4.8942 4.8481 4.9278 3.2593 6.2510

25 16 786 6.0730 6.5970 6.4980 4.8763 7.1285

26 16 734 5.0860 5.4515 5.7159 3.8378 6.1453
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Maximum-likelihood Estimator Results (Global PCA)

Table C.5: Letter statistical difference test results (global PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 789 3 0 0 0 - 0

2 5 766 3 0 0 0 - 1

3 5 736 3 0 - 0 0 0

4 5 805 3 0 0 0 - 0

5 5 768 3 0 0 0 - 0

6 5 775 3 0 0 0 - 0

7 5 773 3 0 0 0 - 0

8 5 734 3 0 0 0 - 0

9 5 755 1 1 0 - 1 1

10 5 747 3 0 0 0 - 1

11 5 739 3 0 0 - 0 0

12 5 761 3 0 - 0 0 0

13 5 792 3 0 0 0 - 1

14 5 783 3 0 0 - 0 0

15 5 753 3 - 0 0 0 0

16 5 803 3 0 0 0 - 0

17 5 783 3 0 0 0 - 0

18 5 758 3 0 0 0 - 0

19 5 748 3 0 0 0 - 0

20 5 796 3 0 0 0 - 0

21 5 813 3 0 - 0 0 0

22 5 764 3 0 0 0 - 1

23 5 752 3 0 0 0 - 1

24 5 787 3 0 0 0 - 1

25 5 786 3 0 0 0 - 0

26 5 734 3 0 - 0 0 0
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Maximum-likelihood Estimator Results (Global PCA)

Table C.6: Letter statistical difference test results (global PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 16 789 3 1 0 1 - 0

2 16 766 1 1 1 1 - 1

3 16 736 3 1 1 1 - 0

4 16 805 3 1 1 0 - 1

5 16 768 3 1 0 0 - 0

6 16 775 2 0 0 0 - 1

7 16 773 3 1 1 1 - 1

8 16 734 3 1 0 0 - 0

9 16 755 3 1 0 0 - 0

10 16 747 3 1 1 0 - 1

11 16 739 3 1 0 0 - 0

12 16 761 3 0 1 0 - 0

13 16 792 3 1 0 0 - 1

14 16 783 3 1 0 0 - 0

15 16 753 3 0 1 0 - 0

16 16 803 3 0 0 1 - 0

17 16 783 3 1 1 1 - 1

18 16 758 3 1 0 0 - 0

19 16 748 1 1 1 1 - 1

20 16 796 3 1 1 1 - 1

21 16 813 3 1 1 1 - 1

22 16 764 3 1 1 0 - 1

23 16 752 3 1 1 1 - 1

24 16 787 3 1 0 0 - 0

25 16 786 3 1 1 1 - 1

26 16 734 3 0 0 0 - 1

Table C.7: Segmentation test entropy results (global PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 330 2.3017 2.2266 2.3706 1.9706 2.2902

2 5 330 3.4112 3.4995 2.9079 2.5082 4.2487

3 5 330 2.5371 0.1336 0.4054 2.4492 2.3935

4 5 330 3.8852 3.1247 3.2680 3.8043 3.9319

5 5 330 7.6962 3.6320 3.9032 7.6590 8.2734

6 5 330 -0.0955 0.0527 0.1962 0.8145 -0.1446

7 5 330 -0.0780 -0.9630 -0.7859 0.1651 -0.1734
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Maximum-likelihood Estimator Results (Global PCA)

Table C.8: Segmentation test entropy results (global PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 13 330 1.1732 -0.3325 -0.1548 1.1732 1.3198

2 13 330 0.6258 3.6090 5.2923 1.6428 4.5516

3 13 330 0.2193 -6.2477 -4.5293 4.3785 1.5777

4 13 330 12.8055 9.0327 12.9528 13.5635 10.2183

5 13 330 21.9523 21.9523 5.9553 33.9773 31.0458

6 13 330 -2.6906 -4.4826 -4.6384 0.0030 -2.5681

7 13 330 -8.7849 -8.5209 -8.7112 -23.8403 -7.6394

Table C.9: Segmentation statistical difference test results (global PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 330 3 0 0 0 - 0

2 5 330 3 0 0 0 - 0

3 5 330 3 1 - 0 1 0

4 5 330 3 0 - 0 0 0

5 5 330 3 1 - 0 0 1

6 5 330 3 - 0 0 0 0

7 5 330 1 1 - 0 1 1

Table C.10: Segmentation statistical difference test results (global PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 13 330 1 1 - 0 1 1

2 13 330 3 - 0 0 1 0

3 13 330 1 1 - 0 1 1

4 13 330 3 1 - 0 1 1

5 13 330 3 1 1 - 1 1

6 13 330 1 1 0 - 1 1

7 13 330 1 1 1 1 - 1
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Maximum-likelihood Estimator Results (Global PCA)

Table C.11: Landsat test entropy results (global PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 1533 4.8139 4.8046 4.8286 4.7444 5.0022

2 5 703 5.9260 5.7680 5.8026 5.7423 6.3208

3 5 1358 3.6676 3.6976 3.7447 3.5325 3.9484

4 5 626 4.1328 3.9694 4.0405 3.9114 4.3172

5 5 707 6.4714 6.5138 6.4623 6.4902 6.8060

6 5 1508 4.1157 4.0732 4.1171 4.0563 4.3587

Table C.12: Landsat test entropy results (global PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 8 1533 6.1385 6.2419 6.3429 5.9897 6.6426

2 8 703 8.0974 7.9978 7.9198 7.7103 8.8443

3 8 1358 4.8316 4.7894 4.7554 4.5217 5.4330

4 8 626 5.1371 5.2007 5.3579 4.9495 5.6109

5 8 707 8.6172 8.7447 8.7798 8.6181 9.1252

6 8 1508 5.2880 5.1039 5.3391 5.1248 5.8552

Table C.13: Landsat statistical difference test results (global PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 1533 3 0 0 0 - 1

2 5 703 3 0 0 0 - 1

3 5 1358 3 0 0 0 - 1

4 5 626 3 0 0 0 - 1

5 5 707 3 0 0 - 0 0

6 5 1508 3 0 0 0 - 1

Table C.14: Landsat statistical difference test results (global PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 8 1533 3 0 1 1 - 1

2 8 703 3 1 0 0 - 1

3 8 1358 3 1 0 0 - 1

4 8 626 3 0 0 0 - 1

5 8 707 3 0 0 0 - 0

6 8 1508 3 0 - 0 0 1
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Maximum-likelihood Estimator Results (Global PCA)

Table C.15: Optdigits test entropy results (global PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 554 5.9358 5.9733 6.0502 5.9228 5.9482

2 5 571 7.4323 7.4416 7.4754 7.4508 7.4056

3 5 557 8.0508 7.9038 7.8826 7.9590 8.2283

4 5 572 7.6085 7.5700 7.6496 7.5221 7.6541

5 5 568 8.4995 8.4617 8.4336 8.3718 8.4651

6 5 558 8.0324 8.0347 8.0347 8.0285 7.9960

7 5 558 6.8092 6.7119 6.7533 6.6912 6.8557

8 5 566 7.5076 7.4534 7.4758 7.5347 7.5941

9 5 554 7.8588 7.8588 7.8588 7.8447 7.8454

10 5 562 7.6240 7.6583 7.6133 7.6134 7.5816

Table C.16: Optdigits test entropy results (global PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 60 554 30.3421 32.2522 32.2522 32.2529 33.8393

2 60 571 41.6246 41.6246 41.6246 41.5517 43.2299

3 60 557 53.9065 53.9065 53.9065 53.4374 57.1524

4 60 572 50.1513 50.1870 50.1870 50.8373 53.6511

5 60 568 58.4932 58.4932 58.4932 59.3826 60.2437

6 60 558 52.4742 52.4742 52.4742 52.4564 53.9241

7 60 558 34.8564 38.6712 38.6712 38.9048 38.9006

8 60 566 47.8951 49.9260 49.9260 49.9243 51.8968

9 60 554 50.3352 50.3352 50.3352 54.6098 53.5366

10 60 562 50.1016 51.4106 51.4106 51.4175 53.9883
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Maximum-likelihood Estimator Results (Global PCA)

Table C.17: Optdigits statistical difference test results (global PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 554 3 0 0 0 - 0

2 5 571 3 0 0 0 0 -

3 5 557 3 0 0 - 0 0

4 5 572 3 0 0 0 - 0

5 5 568 3 0 0 0 - 0

6 5 558 3 0 0 0 0 -

7 5 558 3 0 0 0 - 0

8 5 566 3 0 - 0 0 0

9 5 554 3 0 0 0 - 0

10 5 562 3 0 0 0 0 -

Table C.18: Optdigits statistical difference test results (global PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 60 554 3 - 1 1 1 1

2 60 571 3 0 0 0 - 1

3 60 557 3 0 0 0 - 1

4 60 572 3 - 1 1 1 1

5 60 568 3 - 0 0 0 1

6 60 558 3 0 0 0 - 0

7 60 558 3 - 1 1 1 1

8 60 566 3 - 1 1 1 1

9 60 554 3 - 0 0 0 0

10 60 562 3 - 1 1 1 1
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Maximum-likelihood Estimator Results (Global PCA)

Table C.19: Isolet test entropy results (global PCA5)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 300 13.0863 13.0951 13.1545 13.0723 13.1017

2 5 300 12.8671 12.9635 12.9453 12.8105 12.8780

3 5 300 13.0416 13.0650 13.0650 13.0475 13.0389

4 5 300 13.0601 13.0173 13.0190 13.2104 13.1160

5 5 300 13.3311 13.3203 13.3014 13.3864 13.3605

6 5 300 12.5353 12.5353 12.5353 12.5353 12.5958

7 5 300 12.6008 12.6389 12.6299 12.5868 12.6254

8 5 300 12.8328 12.8457 12.8943 12.8308 12.8494

9 5 300 12.8927 12.9389 12.9389 12.8674 12.9400

10 5 300 12.5076 12.5604 12.4981 12.4904 12.5449

11 5 300 12.2917 12.4003 12.3633 12.2254 12.2909

12 5 300 12.8060 12.7974 12.7974 12.8621 12.8609

13 5 300 12.9958 13.0223 13.0223 12.9765 13.0454

14 5 300 12.9126 12.8362 12.8362 12.9029 12.9385

15 5 300 13.4747 13.4837 13.4837 13.4272 13.4481

16 5 300 12.6930 12.7796 12.7261 12.6836 12.7151

17 5 300 12.8691 12.8910 12.8910 12.8580 12.8764

18 5 300 12.7414 12.7024 12.7024 12.7361 12.8249

19 5 300 12.6569 12.5997 12.5997 12.6681 12.6284

20 5 300 13.0398 13.2217 13.1329 13.0405 13.0803

21 5 300 13.0067 13.0067 13.0067 13.0237 13.0623

22 5 300 13.7971 13.7915 13.7915 13.7591 13.7467

23 5 300 14.5195 14.5122 14.5122 14.5263 14.5262

24 5 300 12.4988 12.5197 12.5641 12.4780 12.4966

25 5 300 12.1015 12.1507 12.1507 11.9941 12.0949

26 5 300 13.8779 13.8779 13.8779 13.9428 13.9093
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Maximum-likelihood Estimator Results (Global PCA)

Table C.20: Isolet test entropy results (global PCA1)

C K NC MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 64 300 124.0725 124.7566 124.7566 119.7868 128.3926

2 64 300 123.1627 123.7344 123.7344 123.7344 127.1733

3 64 300 127.7478 125.8152 125.8152 131.4812 131.4010

4 64 300 125.4631 125.3081 125.3081 127.0843 129.3957

5 64 300 127.0310 127.8182 127.8182 127.1430 131.1347

6 64 300 123.8140 124.3480 124.3480 124.3480 127.7725

7 64 300 121.4934 122.8798 122.8798 122.8798 125.6208

8 64 300 127.5587 128.2588 128.2588 121.5776 131.5577

9 64 300 126.5822 127.3955 127.3955 125.7656 130.6337

10 64 300 121.3383 121.3175 121.3175 121.3175 124.2896

11 64 300 121.4095 120.8827 120.8827 123.8298 124.3416

12 64 300 127.2162 127.1965 127.1965 127.1991 131.0166

13 64 300 135.2625 134.3412 134.3412 134.3412 138.4939

14 64 300 134.1782 133.2138 133.2138 133.2158 137.9280

15 64 300 127.2380 127.7343 127.7343 118.6807 131.2456

16 64 300 123.8867 124.2682 124.2682 124.2682 127.6566

17 64 300 126.9284 127.1580 127.1580 128.2636 130.7530

18 64 300 127.3455 127.5601 127.5601 123.0358 132.2074

19 64 300 127.8255 127.9822 127.9822 125.6169 131.5347

20 64 300 125.5412 124.0871 124.0871 126.7370 129.3125

21 64 300 131.2789 132.1340 132.1340 128.4535 133.2765

22 64 300 131.6845 131.3152 131.3152 138.0931 136.5793

23 64 300 137.7149 139.7964 139.7964 138.8284 142.1018

24 64 300 127.1421 127.8106 127.8106 123.4715 130.9123

25 64 300 127.8249 128.3595 128.3595 121.4945 130.8595

26 64 300 135.4506 132.7287 132.7287 132.7288 139.7210
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Maximum-likelihood Estimator Results (Global PCA)

Table C.21: Isolet statistical difference test results (global PCA5)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 5 300 3 0 0 0 - 0

2 5 300 3 0 0 0 - 0

3 5 300 1 0 0 0 0 -

4 5 300 3 0 - 0 0 0

5 5 300 3 0 0 - 0 0

6 5 300 3 - 0 0 0 0

7 5 300 3 0 0 0 - 0

8 5 300 3 - 0 0 0 0

9 5 300 3 0 0 0 - 0

10 5 300 1 0 0 0 - 0

11 5 300 1 1 1 1 - 0

12 5 300 3 0 - 0 0 0

13 5 300 1 0 0 0 - 0

14 5 300 3 0 - 0 0 0

15 5 300 1 0 0 0 - 0

16 5 300 3 0 0 0 - 0

17 5 300 1 0 0 0 - 0

18 5 300 3 0 - 0 0 0

19 5 300 3 0 - 0 0 0

20 5 300 3 0 0 0 - 0

21 5 300 3 - 0 0 0 0

22 5 300 1 1 0 0 0 -

23 5 300 3 0 - 0 0 0

24 5 300 1 0 0 0 - 0

25 5 300 3 0 0 0 - 0

26 5 300 3 - 0 0 0 0

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

205



Maximum-likelihood Estimator Results (Global PCA)

Table C.22: Isolet statistical difference test results (global PCA1)

C K NC TE MLE(g) MLE MLL ML- ML-

LOO(f) LOO(s)

1 64 300 1 1 1 1 - 1

2 64 300 1 - 1 1 1 1

3 64 300 3 0 - 0 0 0

4 64 300 3 0 - 0 0 0

5 64 300 3 - 0 0 0 0

6 64 300 1 - 1 1 1 1

7 64 300 1 - 1 1 1 1

8 64 300 1 1 1 1 - 1

9 64 300 3 1 1 1 - 1

10 64 300 3 0 - 0 0 0

11 64 300 3 0 - 0 0 0

12 64 300 3 0 - 0 0 0

13 64 300 3 0 - 0 0 0

14 64 300 3 0 - 0 0 0

15 64 300 3 1 1 1 - 1

16 64 300 1 - 0 0 0 1

17 64 300 1 - 0 0 0 1

18 64 300 3 1 1 1 - 1

19 64 300 3 0 0 0 - 1

20 64 300 3 0 - 0 0 0

21 64 300 3 1 1 1 - 1

22 64 300 3 0 - 0 0 0

23 64 300 3 - 0 0 0 0

24 64 300 1 1 1 1 - 1

25 64 300 3 1 1 1 - 1

26 64 300 3 0 - 0 0 0
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Maximum-likelihood Estimator Results (Global PCA)

C.4 CONVERGENCE EXAMPLES OF ML ESTIMATORS

In this section we present the global PCA CV and test entropy results of the ML

estimators for 10 training iterations. We report on the same classes as summarised in

Table 6.23 for comparative purposes.

Figure C.1: Letter entropy results for training iterations (Class 15, Global, PCA5)
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Maximum-likelihood Estimator Results (Global PCA)

Figure C.2: Letter entropy results for training iterations (Class 15, Global, PCA1)

Figure C.3: Segmentation entropy results for training iterations (Class 1, Global,

PCA5)
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Figure C.4: Segmentation entropy results for training iterations (Class 1, Global,

PCA1)

Figure C.5: Landsat entropy results for training iterations (Class 3, Global, PCA5)
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Figure C.6: Landsat entropy results for training iterations (Class 3, Global, PCA1)

Figure C.7: Optdigits entropy results for training iterations (Class 4, Global, PCA5)
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Figure C.8: Optdigits entropy results for training iterations (Class 4, Global, PCA1)

Figure C.9: Isolet entropy results for training iterations (Class 13, Global, PCA5)
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Figure C.10: Isolet entropy results for training iterations (Class 13, Global, PCA1)

C.5 CONCLUSION

In Chapter 6 we concluded that for the CV and RW datasets investigated, no estimator

clearly performed optimally on all tasks and that the optimal estimator varied between

datasets and between classes within the same dataset. We also illustrated with artificial

data that the optimal estimator is determined by the properties of the data, such

as scale variation between features, scale variation within features, and correlation

between features.

In Sections C.2 and C.3 we observe the same relative performance behaviour on the

CV and RW datasets for the globally pre-processed PCA data, with some exceptions.

On the CV PCA5 data the ML-LOO(f) estimator performs more competitively on the

Vehicle and Waveform datasets, while on the CV PCA1 data the ML-LOO(f) estimator

performs more competitively on the Balance Scale, Iris, Vehicle and Waveform datasets.

On the Letter dataset, the MLE(g) experiences a relative improvement in performance

on the PCA5 data and the MLL on the PCA1 data. On the Segmentation dataset, the

MLE and MLL estimators perform more competitively on the PCA5 data, while the

ML-LOO(f) estimator experiences a relative degradation in performance on the PCA1

data. On the Landsat dataset, the ML-LOO(f) estimator performs more competitively

on the PCA5 and PCA1 data. On the Optdigits dataset, the ML-LOO(s) estimator
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experiences a relative improvement in performance for both the PCA5 and PCA1

data. On the Isolet dataset, the ML-LOO(f) estimator performs more competitively

on the PCA5 and PCA1 data, while the MLE(g) experiences a relative decrease in

performance on the PCA1 data.

Generally the ML-LOO(f) estimator experienced a relative improvement in perfor-

mance on the globally pre-processed data, compared to the class-specific pre-processed

data. This is expected, since the ML-LOO(f) estimator, estimates an identical full-

covariance matrix for all kernels. It is thus capable of modelling class-specific corre-

lation. When global pre-processing is performed, the class-specific correlation is not

removed as in the case of the class-specific PCA, thus the relative performance of

the ML-LOO(f) estimator improves. The relative changes in behaviour of the other

estimators are less predictable.

We also concluded in Chapter 6 that for class-specific PCA data, the MLE and MLL

estimators converge rapidly, and in many cases converge to the optimal entropy in only

a single iteration. We also observed that the MLE and MLL estimators were very

susceptible to overtraining and that the test entropy scores drastically increased when

the optimal number of training iterations was exceeded. The remaining estimators

were not so susceptible to overtraining and converged more slowly to the optimal

entropy. The results in Section C.4 show that the same conclusions hold for globally

pre-processed PCA data.

ML Kernel Density Estimation in High-dimensional Feature Spaces
North-West University

213


