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Abstract

This project seeks to investigate the effects of dimensionless parameters affecting low dynam-
ics and heat distribution during filtration process which leads to optimal out flow (maximum
permeates). The study carried out a detailed mathematical modeling process based on conser-
vation of mass, momentum and energy to construct mathematical representation of flow and
heat transfer during filtration process. Also dimensionless parameters that affect the flow dy-
namics and heat distribution are indicated based on the design of the filter. To understand the
dynamics of underlying study better, basic governing partial differential equations representing
the internal flow and heat transfer are reduced to a system of ordinary differential equations
by using the Lie symmetry analysis. Thereafter, double perturbation is used to approximate
solutions of velocity variation and heat distribution inside the filter chamber analytically. Re-
sults are presented graphically for effects of parameter affecting the flow dynamics and heat
distribution. Also analysis is carried out to obtain combination of parameters that lead to

optimal filtration process.

Key words: MHD flow; magnetic field; thermal radiation; buoyancy effects; stable filtration

process; Lie group analysis; perturbation method; conservation laws.
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cp-specific heat, Jk/gK
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t-time, s
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v-normal-velocity, m/s
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G,-Grashoff number
g-gravitational acceleration, m/s?
k-permeability of porous medium m?
By-magnetic field strength Nm /A
P-dimensionless pressure
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T),- temperature of the fluid at a certain
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v-kinematic viscosity, m?/s

P.- Prandtl number

R-dimensionless radiation parameter
J-dimensionless Joule heating
Greek symbols

p-density, kg/m3

W-dimensionless stream function
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p-magnetic permeability H/m
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w-wall condition
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Introduction

Mathematical modelling by making use of basic conservation laws to formulate mathemati-
cal representation of flow behaviour and heat transfer in various fluid dynamics systems have
received a considerable amount of attention in various fields of science and engineering. To un-
derstand momentum change and energy variation of various systems modelled by conservation
laws, finding solutions of momentum and energy equations became critical part of research.
Various techniques to obtain solutions of momentum and energy equations representing dif-
ferent scientific applications have also been established by researchers. Some of established
techniques are homotopy analysis method [1], perturbation method [2], numerical methods [3]

and Lie group methods [4] to mention a few.

Lie symmetry theory [4], by Sophus Lie gives an invariant transformations that preserve the
dynamics of flow and heat transfer of systems modelled by conservations laws under a sym-
metry transformation. Lie’s theory is known to be a powerful tool that conserves complicated
dynamics when transforming a complex system to a simpler system. Lie symmetry technique
has been applied to various areas of fluid dynamics since the method preserve the dynamics

of the flow, see for example [2,5,6].

In this project, we consider a two-dimensional incompressible and electrically conducting vis-
cous fluid in an inclined porous rectangular channel bounded by two permeable walls which
represent internal flow and heat distribution during filtration process. To understand filtration
process better, the current study further investigates the work of [7] by studying the effects of

buoyancy force, magnetic field, radiation, Joule heating and angle of inclination on the internal



flow and heat distribution. The equations representing the current case study are given by

ou 0v
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oz Tag (1)
@ ﬁ@—{—@@——l@ v @ @ _@Q_U_Bza (2)
ot ox 0y  pozx 0z2 02 k o
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together with the following boundary conditions
i) u=0, v=-V, T=T, aty=h(t),
(ii) g—;—o, v =0, g—:;_o at g =0,
(ii) w=0 atz=0. (5)

This project uses Lie symmetry analysis and double perturbation to obtain approximate so-
lutions that can be used to seek a combination of parameters affecting the process that yields

optimal outflow (maximum permeates) during filtration process.
The layout of the mini-dissertation is as follows:

In Chapter one, we briefly provide an introduction to Lie symmetry analysis of partial differ-
ential equations and include the necessary results which will be used throughout this work. In

particular, an algorithm to calculate symmetries of partial differential equations is given.

In Chapter two, we illustrate how to obtain symmetries of Burger’s equation which has direct

application in fluid dynamics. Also, we obtain the invariant solutions of the Burger’s equation.

In Chapter three, we use Lie symmetry analysis together with perturbation method to study
flow and heat transfer in an inclined deformable channel under the influence of magnetic field

during filtration process.

Finally, in Chapter four we summarize the work done in this mini-dissertation. Bibliography

is given at the end.



Chapter 1

Preliminaries

This chapter presents the algorithm to determine symmetries of partial differential equations,

which will be used through out this mini-dissertation.

1.1 Introduction

Mathematical representations of real life phenomena evolve in both space and time, thus lead
to partial differential equations. These equations representing real life phenomena can be
difficult if not possible to solve analytically due to higher dimensions that differ from one
phenomena to another. The Norwegian mathematician by the name of Sophus Lie, discovered
a way to transform a system of such higher dimension to a simpler system while preserving the
behaviour of the original system using Lie symmetry analysis more than hundred years ago. Lie
symmetry analysis provides group of transforms that maps a partial differential equations to
ordinary differential equations without changing the dynamics of the phenomenon represented
by partial differential equations. Due to the importance of the method (Lie symmetry analysis)
to differential equations several books have been written on this topic, see [4,8-11] to mention
a few. The results and definitions below are from the books mentioned above and

we will not refer to them again.



1.2 Local one-parameter Lie group

Let x = (z!',...,2™) be the independent variables with coordinates z* and v = (u!,...,u™)

be the dependent variables with coordinates u® (n and m finite). Consider a change of the

variables x and u involving a real parameter a:
T, : 2t = fi(z,u,a), u* = ¢°(z,u,a), (1.1)

where a continuously ranges in values from a neighborhood D' C D C R of a = 0, and f* and

¢* are differentiable functions.

Definition 1.1 A set G of transformations (1.1) is called a continuous one-parameter (local)

Lie group of transformations in the space of variables z and w if

(i) For T,, T, € G where a,b € D' C D then T, T, =T, € G, ¢ = ¢(a,b) € D (Closure)
(ii) Tp € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)
(iii) For T, € G,ae D' C D, T, ' =T,-+ € G, a~* € D such that

T.T,-1 =T,-1 T, =Ty (Inverse)

We note that the associativity property follows from (i). The group property (i) can be written

as

.l

fi(j7ﬂv b) = fi([B,u, ¢(a’ b))a
u® = ¢%(x,u,b) = ¢%(z,u, p(a,b)) (1.2)

Q

and the function ¢ is called the group composition law. A group parameter a is called canonical

if ¢(a,b) = a+b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

rds _99(s,b)
a—/o 2(5) where w(s) = 5%

b=0



1.3 Prolongation of point transformations and Group

generator

The derivatives of u with respect to x are defined as

uf = Di(u®), = D;Di(ws),--- (1.3)
where
0 0 0
D, = : a_— a e, =1, .., 1.4
o U g o + i n (1.4)

is the operator of total differentiation. The collection of all first derivatives u{ is denoted by

u(, l.e.,

uny ={uiy a=1,...m, i=1.,n.
Similarly

upy ={ui} a=1,..m, i,j=1..,n

and ) = {ug;, } and likewise u() etc. Since uf; = uf;, u() contains only ug; for i < j. In the

same manner ) has only terms for 7 < j < k. There is natural ordering in w4y, ue) - -.

In group analysis all variables x,u,u) -+ are considered functionally independent variables
connected only by the differential relations (1.3). Thus the u¢ are called differential variables

12].

We now consider a pth-order PDE(s), namely

Ea(CL’,u,U(l),...,U(p)) =0. (15)

Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

ii:fi(xuuaa)a fi|a:0:xi)

10



u® = ¢%(z,u,a), ¢*a=0 = u®. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equivalent to the
determination of the corresponding infinitesimal transformations :
v 4 al(z,u), udmu® +an®(z,u) (1.7)

obtained from (1.1) by expanding the functions f* and ¢* into Taylor series in a about a = 0

and also taking into account the initial conditions
fi|a:0 :xi’ qba|a:0 = u®.

Thus, we have

afz N _a¢a
| mw =] (1.8)

a=0 a=0

fi(xu u) =
Omne can now introduce the symbol of the infinitesimal transformations by writing (1.7) as
v (1+aX)r, u*=(1+aX)u,

where

9
ou®

X = fz(‘%u) 0

(o)

(1.9)

This differential operator X is known as the infinitesimal operator or generator of the group
G. If the group G is admitted by (1.5), we say that X is an admitted operator of (1.5) or X

is an infinitesimal symmetry of equation (1.5).
We now see how the derivatives are transformed.
The D; transforms as
D; = D;(f7)D;, (1.10)
where D; is the total differentiations in transformed variables Z'. So

uf = Dj(u®),  af = Dy(af) = Di(ag), -

v

Now let us apply (1.10) and (1.6)

Di(¢*) = Di(f)D;(a)
= Di(f7)as. (1.11)

11



Thus

(2L 4028 )eg - 2 4 22

CouB’

+u (1.12)

-+ Uy S = .
oxt Youp ) oxt

The quantities u§ can be represented as functions of x, u, u;), a for small a, ie., (1.12) is locally

invertible:

uy =Pz, uuny,a), Y| ,_ = Uy (1.13)

The transformations in x,u, u() space given by (1.6) and (1.13) form a one-parameter group
(one can prove this but we do not consider the proof) called the first prolongation or just

extension of the group G and denoted by G
We let

us’ =~ ug + ad (1.14)
be the infinitesimal transformation of the first derivatives so that the infinitesimal transforma-
tion of the group G is (1.7) and (1.14).

Higher-order prolongations of G, viz. G? G¥! can be obtained by derivatives of (1.11).

Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f))(@$) = Di(¢”)
Di(a? +a&?)(u§ +aCf) = Di(u®+an®)
(6] + aD&) (ud + all) = uf +aDym°
ug + ag + au?Difj = uy +aDn”

¢ = Di(n”) —uD(€),  (sum on j). (1.15)

7

This is called the first prolongation formula. Likewise, one can obtain the second prolongation,
viz.,
5= Di(nf) —ug.Dy(€"),  (sum on k). (1.16)

ij

12



By induction (recursively)

a = Dy (¢ ) — ug D; (¢7), (sum on j). (1.17)

01,02, ip 1,125eip—1 01,2y ip—1 J

The first and higher prolongations of the group G form a group denoted by G, .. Gl The

corresponding prolonged generators are

XU = x4 0

Ew (sum on 7, @),
7

Xl X1 4 e 0 p>1
Tl yeeny ip au% i i
where
. 0 0
X=¢ — +n° —
5@’“)(%% +1 (x,u)au

1.3.1 Prolongation of (1+1)-dimensional PDE

Consider a second-order PDE
Et,x, u, ty, U, Uggy Uy, Ugee) = 0, (1.18)
where t and z are two independent variables and wu is a dependent variable. Let

X = vt u) 2+ €t 2 )2+l u) 2

ot ox ou’ (1.19)

be the infinitesimal generator of the one-parameter group G of transformation (1.1). The first

prolongation of the operator X is denoted by X! and is given by

o 0
X[l] =X+ Cl(tv z,u, utyux)% + CQ(Tf,.’E,U, ut’ux) ou
t €T

where

G = Di(n) —wDy(7) — uzDy(§),
G = Dx(ﬁ)—Uth(T)—utz(f)

13



and the total derivatives D; and D, are given by

D — 2+ ﬁ+ i-i- i_{_
N T Ouy, e Ouy ’
0 0 0 0

ox ou Oou, ouy

Likewise, the the second prolongation of X is given by

where

0 0
X[2]=X+C1—+C2 +(n + Ci2
Ut 3’% 8utt

0 0 +e 0
226um-

8U,tl=

ST Dt(Cl) - UttDt(T) - Ut:th(f)a
G2 = Dz(Cl) - Utth(T) - Ut:Jch<£)7
C22 = DI(CZ) - utxD:(:(T> - uxxDx(g)

Applying the definitions of D; and D, given above, we obtain

G
G2
Ci1

G12

C22

M+ Wiy — WTy — U Ty — gy — UpUaEo-

Mo + Unly — W Ty — Uty Ty — Ugy — UFEo:

Net + 2U Ny, + Uy + (ut>2nuu — 2Uy Ty — W Ty — 2(ut)2Ttu
—3UgUpt Ty, — (ut)gTuu - 2Ut:cft - ngtt - 2Utux§tu - (Ut)Qszuu
—(ugss + 2ty )y

Niw + UsNty + Uty + Ute Ty + Ul My, — Ut (Tt + E2) — UTre — Upt Ty
Ut (To 4 &) = U Tou — (2t + Uty Ty — (W)U Ty — U
g€t — (Ue) Eu — (Uapttyy + Uptls) &y — Ur(Ug)*Eu-

M + 200w+ U + () N = 2000E0 — Uabie — 2(t1)
—3ug Ul — (Ue)*Eun — 2UtaTy — WiTon

_2utu:p7—xu - (utuxm + 2uxutx>7—u — Ut (ua:)QTuu-

1.4 Group admitted by a PDE

Definition 1.2 The vector field

14

(1.20)

(1.21)

(1.22)

(1.23)
(1.24)

(1.25)

(1.26)

(1.27)



X = Ei(:c,u)aii + na(x,u)%, (1.28)
is a point symmetry of the pth-order PDE (1.5), if
XP(E,) =0 (1.29)
whenever E, = 0. This can also be written as
XV E,|, =0, (1.30)

where the symbol |, _, means evaluated on the equation E, = 0.

Definition 1.3 Equation (1.29) is called the determining equation of (1.5) because it deter-

mines all the infinitesimal symmetries of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transformations (1.1) is
called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the same form) in the

new variables z and u, i.e.,
Eo(Z, 0, ugy, -, up)) =0, (1.31)

where the function £, is the same as in equation (1.5).

1.5 Group invariants

Definition 1.5 A function F'(x,u) is called an invariant of the group of transformation (1.1)

if
F(z,u) = F(f'(z,u,a), ¢*(z,u,a)) = F(z,u), (1.32)

identically in z, v and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient condi-
tion for a function F'(x,u) to be an invariant is that

oF
+ n%(z,u) Sue 0. (1.33)

' OF
XF=¢&(x,u) o

15



It follows from the above theorem that every one-parameter group of point transformations
(1.1) has n — 1 functionally independent invariants, which can be taken to be the left-hand

side of any first integrals
Ji(x,u) =cp, 0 Jpoa(x,u) = ¢y

of the characteristic equations

dz! B dz"™ B dut B B du™

Er,u)  e(ru) npi(wu) (@)

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then the

corresponding one-parameter group G is obtained by solving the Lie equations

det . du>

subject to the initial conditions

1.6 Lie algebras

Let us consider two operators X; and X, defined by

0 0 0
Xl = Tl(t7$7u>§ + €1<t,£€,u>£ + nl(t7x7u)%7

and

0 0 0
X2 - TQ(txvu)a + 52(taxvu)% + 772(1571'7“)%‘

Definition 1.6 (Commutator) The commutator of X; and X, written as [X;, Xs], is de-
fined by [X1, Xo] = Xi(X5) — Xa(X7).

Definition 1.7 (Lie algebra) A Lie algebra is a vector space L of operators with the follow-
ing property : For all X7, X5 € L, the commutator [ X7, X5] € L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.4 The set of all solutions of any determining equation forms a Lie algebra.

16



1.7 Conclusion

In this chapter, we have given some basic definitions and results of the Lie symmetry analysis

of PDEs. These included the algorithm to determine the Lie point symmetries.

17



Chapter 2

Symmetries analysis of the Burger’s
equation in fluid dynamics: Illustrative

example

In this chapter, we consider a basic partial differential equation from fluid mechanics called
Burger’s equation. It occurs in various applications, such as modelling of gas dynamics, viscous
and turbulence flows to name a few. Lie symmetries of the Burger’s equation are calculated

and its group-invariant solutions under certain symmetry generators are obtained.

2.1 Lie symmetries of the Burger’s equation

Example 2.1 :

We consider the general incompressible Navier-Stokes equation, see [13]

p(({?)—lt1 +uVu) = -VP+ uAu+F, (2.1)

where p is the fluid density, u is the velocity of the fluid, P is the pressure, p is dynamic

viscosity and F is an external body force.

The special case of equation (2.1), by assuming that the flow is unsteady and one-dimensional

in space. Also, neglecting the external force and taking pressure gradient to be minimal, the

18



above equation (2.1) becomes a (1+1)-dimensional Navier-Stokes equation (2.1) in time and
x-direction, named after Johannes Martinus Burger, which is called the Burger’s equation [14]
given by

Up + Uy — Vg = 0, (2.2)

where wu is the flow velocity, ¢t and = are independent time and space variables respectively.

We now determine the Lie point symmetries of the one-dimensional Burger’s equation (2.2)

above which admits the one-parameter Lie group of transformations with infinitesimal gener-

ator
0 0 0
X =71(t,, u)a + (¢, x,u)% + n(t, x,u)% (2.3)
if and only if
X® w4 iy — Vil )| = 0. (2.4)

VUgg=Ut+Ulyg

Using the definition of X[ from chapter one, we get

0 0 0 0 0 0
[T(t,x, U)E + (¢, x,u)% + n(t, x,u)% + Clé’_ut + Cgauz + CnaTtt
0
+C12 autw + €22 aumc] <Ut + uux B VUxx) VUge =Ut+UUg B 07
and this gives
) + G+ Gl ()] =0, 2.5

substituting the values of (i, (» and (2 given by (1.23), (1.24) and (1.27) into equation (2.5)

and replacing u,, by u; — uu,, we have

U]+ T A Ul — UgTy — U Ty — Ugy — UpthpEy + UT)y

FUUG Ny + YTy — WUy Ty — Uy — WULE, — Vag

— 20U Mg — UpThy — Wk VU D+ 24 42Uy

F VU e 4 20U E gy + BUgUy €y = Uy + VU iy + 20U T,

VU T+ 2VU UG Ty + UPTy + WU UL Ty + 20U Uy Ty + VU Ty = 0 (2.6)

where 7, £ and n depend on t, x and u. Treating ¢, =, u, u;, u,, and u, as independent

variables, yields the following overdetermined system of linear partial differential equations:

19



Ugllyy : Ty =0, (2.7)
Uy : T =0, (2.8)
ugu? Tuuw = 0, (2.9)
Uty gu + VTgu = 07 (210)
w) &y =0, (2.11)
ul o 2uéy, + 26y — Uy = 0, (2.12)

up 28, — Ty — UTp + VT = 0, (2.14)

1 o me4un, —vng =0. (2.15)

From equation (2.9), we get

T =a(t,z)u+b(t, ), (2.16)

where both a(t,z) and b(t,x) are arbitrary functions of ¢t and z. Using the value of 7 from

equation (2.16) into equations (2.8) and (2.7) respectively, yields
T = b(t), (2.17)
where b(t) is an arbitrary function of t. From equation (2.11), we get
E=c(t,x)u+d(t, x), (2.18)

where ¢(t, z) and d(t,z) are arbitrary functions of ¢t and x. Substituting the above values of 7

and ¢ into equation (2.10), yields ¢(¢, x) = 0, thus
¢ =d(t, z). (2.19)

Substituting the above value of ¢ from equation (2.19) into equation (2.12) and thereafter
solving for 7, gives

n=e(t,v)u+ f(t,z), (2.20)
where e(t,x) and f(t,x) are arbitrary functions of ¢ and z. Using equations (2.19) and (2.20)

in equation (2.13), given

e(t,v)u+ f(t,z) — di(t,x) + ud,(t, z) — 2ve,(t, x) + vdy,(t,z) = 0. (2.21)

20



Equating powers of u from equation (2.21) above, yields the following two equations

u :oe(t,r)+dy(t,x) =0, (2.22)

u’ o f(t,w) —di(t, ) — 2ue,(t, ) + vdye(t, z) = 0. (2.23)
Substituting equation (2.20) into equation (2.15), yields
er(t, v)u+ fi(t,x) + ulen(t, x) + ufo(t, ©) — vew(t, x)u — v (t,x) = 0, (2.24)

Splitting powers of u from equation (2.24), yields

u? o oe,(t,r) =0, (2.25)
ut et )+ folt,T) — veg(t,z) =0, (2.26)
u’ o fi(t,w) — vfe(t,x) = 0. (2.27)

Integrating equation (2.25) with respect to x, we get e as a function of ¢ only, thus
e(t,z) = e(t). (2.28)
Substituting (2.28) into (2.22) and integrating the resulting equation, with respect to z, yields
d(t,x) = e(t)x + d(t), (2.29)

where d(t) is an arbitrary function of ¢. Similarly using (2.28) into (1.13) and solving the

resultant equation we get

f(t,z) = =€)z + f(t), (2.30)

thus, values of ¢ and 7, becomes
n=-e(t)u—eét)x+ f(t), (2.31)
& =ce(t)z+d(t). (2.32)

Taking (2.30) into (2.27) and solving the resulting equation, gives
'(t)x + f'(t) = 0. (2.33)
Separating equation (2.33) on z, yields

x : €'(t)=0, (2.34)

2 o fl(t)=0. (2.35)
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Integration (2.34) and (2.35) with respect to t respectively, yields

e(t) = Alt + AQ, (236)
f(t) = As, (2.37)

where Ay, A; and Aj are constants of integration. Using the above results in equation (2.29)

and solving the resultant equation, gives
d(t) = —Ast + Ay, (2.38)

where A, is a constant of integration. Thus, the values of 7, £ and 7 are given by

T =0b(1), (2.39)
§= (At + Ag)z — At + Ay, (2.40)
n=(Ait + Ag)u — Az + As. (2.41)

Substituting (2.39)-(2.41) into (2.14) and solving the resulting equation, we get
b(t) = Ait? + 2Ast + A, (2.42)

A
where Ag = —> is a constant. Finally the values of 7, £ and n are as follows

T = Ayt? + 245t + Aq, (2.43)
f = Alth‘ + AQIL’ — Agt + A4, (244)

Thus the infinitesimal symmetries of the Burgers equation are given by

X, = %

S,

X = o T o

Xy = Qt%—i—x%—u%,

X5 = t2%+m%—($—l—tu)%.
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2.2 Group-invariant solutions of the Burgers equation

A group-invariant solution with respect to a subgroup of the symmetry group is an exact
solution which is unchanged by all the transformations G of the subgroup. Invariant solutions
are expressed in terms of invariant of the subgroup. The number of independent variables in
the reduced system is fewer than the original system. Thus, if an equation is invariant under

G, the solution of the original system can be obtained from the reduced system.

The group-invariants solution of the Burgers equation
Uy + Uy = Uyy, (2.46)

are as follows. Case 1: We calculate the invariant solution under the symmetry operator

0
X =—. 2.47
=2 (2.47)
The characteristic equations associated with the above operator are
dt  dr wu
o 2.48
=0 "0 (2.48)
which gives two invariants
Jl =, J2 = Uu. (249)

Thus, u = f(x) is the group-invariant solution and f is an arbitrary function. Substituting u

into (2.46), yields
(@) + f(2)f (z) =0,

which result into the following solution
1
f(z) = Cy tanh (gClx + C’g),

where C} and Cj are arbitrary constants. Under X, the group-invariant solution of (2.46) is
given by
1
u(t,z) = C tanh (§C’1x + Cg).

Case 2: We consider the symmetry operator

0 0
X3—t%—%.
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Now

oJ oJ 0J
X3J=0—+t———=0. 2.
3J 08t+ 9% Du 0 (2.50)
The characteristic equations are
dt _dr_du
o t -1

Thus, one invariant solution is J; = ¢. The other is obtained from the equation

dr  du
t -1
and is given by Jo = % 4+ u. Consequently, the invariant solution of (2.46) under Xj is
JQ = f(Jl), i.e.,
T
u=-—3 + f(1), (2.51)

where f is an arbitrary function. Substituting (2.51) into equation (2.46), gives

sarw-(-5+s0)(-1) =0

and the second-order PDE (2.46) reduces to the first-order ODE

a f
— 4+ =0
i

Solving for f, we obtain

0 0 0
Xy =2t— — —u—
T T e T Yo
The characteristic equations
dt dr  du
26 x —u
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provide the two invariants J; = % and J, = v/tu. Thus the invariant solution is given by

Vit
Jr = f(h), ie
1
u=—f(\),where \=

Vi

Substituting this value of u in (2.46), we obtain

<

"1+ (Af +/)=0
This equation can be written as
1AV 1 2\/ 1 /
(f") +§(f ) +§(/\f) =0,
which on integration, yields
1 1
/ ~f2 - _
[t 5l 5M =Gy

where CY is an arbitrary constant of integration. If Cy = 0, then one can solve the corresponding

Bernoulli’s equation for f and obtain

F) = =l 5]

where (5 is an arbitrary constant and
2 2
erf(z)=— [ exp(—s-)ds
T

is the error function. Thus

2 exp(—

)
\/_C5+€Tf( z

u(t,x) =

i)

is an invariant solution (2.46) under Xj.

Case 4: Finally, we consider symmetry operator

X5—t22+tx£—(w+tu) 0

5 p v (2.52)

We construct the group-invariant solution of (2.46) under the above symmetry operator and

it is given by

u(t,z) = %tanh [C;Gtx 07} - %,

with (s and C7 being constants.
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2.3 Conclusion

In this chapter, we have looked at an example of a non-linear partial differential equation,
namely the Burger’s equation which arises from fluid dynamics by calculating its Lie point

symmetries. We then obtained invariant solutions under certain symmetry generators.
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Chapter 3

Lie symmetry analysis of flow and heat

transfer inside a filter chamber

In this chapter, we investigate flow dynamics and heat distribution during filtration process.
The flow inside the filter chamber is caused by injecting fluid through permeable walls and
pressure difference along the axial direction. Also the chapter studies the natural convection

due to temperature effect from the walls.

3.1 Introduction

There are advantages to both industry and mathematics that arise from the application of
mathematics to industrial case studies. Various industries have used mathematical models to
understand the complicated processes better, to increase profit and to improve production.
Hence, it is very important to have mathematical models of different industrial phenomena
that symbolize real life events. Most of industrial applications lead to (3+1)-dimensional
mathematical models due to the fact that the behaviour of such phenomenon are in space
and evolve with time, thus yield complex models. On the other hand, a simpler model can
be obtain by careful consideration of the system design that might lead to lower dimension
without loss of generality. The design of the system is one of the most important step during

modelling process that leads to a realistic model and appropriated boundary condition(s).
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The study of Newtonian and non-Newtonian fluid flow have been an active area of interest in
the past several decades in relation to heat and mass transfer processes through porous media
in commercial and industrial processes. Filtration process is one amongst various phenomena
which has application of such mass and heat transfer. During filtration process it is important
to study heat transfer which is one of the important factors that transform the state of the
fluid from Non-Newtonian to Newtonian. Thus, heat transfer affects the mass in flow (through
porous medium) and out flow (permeates) during this process. Due to the latter process, many
researchers have studied various models in the past and recent to gain better insight of the
dynamics of filtration process. Such studies provide engineers, physicists, etc with theoretical

insight information of what to expect from the final product produced during filtration process.

During extraction of oil from underground reservoirs, the oil consists of substances which lead
to pollution (contaminations), damage to equipment, inefficient burning and other problems.
However, various methods are used during filtration process to remove suspended contamina-
tions from oil for either protection of equipment or to extend the life span of the oil. Some
examples of filters which are used to purify oil are magnets and filter media. Flow restriction
owing to fine pore size of the filter medium is one of the most common challenges during

filtration.

To overcome such flow restriction, it is important to have a system design which produce
enough permeates while minimizing blockages of filter pores. In order to produce optimal
permeates, the design of the current study is such that magnets are integrated in the system
to produce load zone that collects iron, steel particles, etc. Thus, the permeable surface will
then filter fewer particles as a result pores will take time to become plugged with particles.
The system is such that it filters particles before the fluid is refined and separated, most easily
by distillation. It is therefore desirable to formulate a mathematical model which can be used
to predict the effects of parameters that arise from the design, dynamics of the flow and heat

distribution.

Lot of work have been done to study various parameters which are important to the current
case study of a laminar flow driven by fluid injection. Such flows have been the subject

of many experimental, theoretical and computational studies. Berman [15] introduced the
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study of a channel flow by investigating a two-dimensional incompressible viscous laminar flow
in a channel with porous walls. The author used regular perturbation method to present the
analytical solution of the problem. Thereafter, the research work was done to understand more
about the dynamics of the flow in a channel with porous walls for small and large injection or

suction such as the works done in references [16-18].

The above mentioned studies did not investigate the effects of expanding or contracting walls
of channel, thus led to investigations of deformable channel to understand flow through de-
formable channel. Due to various applications of flow through deformable channels with per-
meable walls in sciences and engineering such as the transport of biological fluids through
contracting or expanding vessels, filtration in kidneys and lungs, regression of the burning
surface in the solid rocket motors, air circulation in respiratory systems and etc. These ap-
plications led to research efforts to investigate the flow dynamics inside a deformable channel
with permeable walls. Uchida and Aoki [19] studied an unsteady flows in a semi-infinite con-
tracting or expanding pipe. Their study modelled the unsteady blood flow produced by forced

contractions or expansions of a valved vein.

Dauenhauer and Majdalani [20] considered unsteady flows in semi-infinite rectangular channels
with porous and uniformly expanding walls. Exact self-similarity solution of the Navier-Stokes
equations for a laminar, incompressible and time-dependent flow in a deforming channel with
permeable walls was established by Dauenhauer and Majdalani [21]. The study presents ex-
ceptional application of the deforming channel in bio-mechanics. Subsequently, Majdalani et
al. [22] investigated the flow field in [21] by using double perturbations in permeation Reynolds
number R and wall dilation rate « to obtain analytical solution. Boutros et al. [2] further stud-
ied the flow in [21,22] for slowly expanding or contracting walls with weak permeability. They
used Lie-group method to present the similarity transformation of the problem. The differ-
ence between [2] and [22] is the transformation technique used to transform partial differential
equations representing the flow to ordinary differential equations. Both studies applied double

perturbation technique to obtain analytical solutions.

The above mentioned works have studied laminar flow in a deformable channel with permeable

walls without taking into consideration forces affecting the flow. Porous media and permeabil-

29



ity generate an internal pressure due to the change in momentum (surface force) of the fluid,
thus these forces are of great interest in many applications, such as petroleum reservoirs, flows
through tobacco rods, pollutant dispersion in aquifers and foam metals, to name a few [23,24].
Porous media plays an important role during filtration process to decrease contaminations and

filter particles of a size which are bigger than the pore size.

M. Mahmood et al. [25] extended the model in [22] by taking into consideration the effect
of surface forces on the flow field. Authors investigated effect of wall dilation caused by
deformable walls, injection or suction due to permeability of the walls and porosity which
is due the porous nature of the medium. They used homotopy perturbation and shooting
method to find analytical and numerical solutions respectively. Authors observed that the
increase in the permeability of medium decreases the axial-velocity of the fluid at the centre
of the channel. The results found to be in good agreement with existing non-porous results

when the permeability of the medium is zero.

The subject of fluid flow through porous media influenced by magnetic field represents an
important area of rapid growth in the present heat transfer research. Hence, heat transfer
flow through porous medium has attract considerable attention and has been motivated by a
broad range of engineering applications. In relation to these applications, the work of many
researchers have studied different system designs to investigate the influence of magnetic field,
Joule heating due to magnetic effects, radiation and buoyancy, for more information the reader

is referred to [3,26-37].

Sheikholeslami et al. [38] conducted a numerical simulation for two-phase unsteady nanofluid
flow and heat transfer between parallel plates in the presence of time-dependent magnetic field.
They found out that since magnetic field is applied in the normal direction it brings the so
called Lorentz force, which acts against the flow and slows down the fluid velocity. Authors
also showed that the absolute values of skin friction coefficient have reverse relationship with
the squeeze number and Hartmann number. Sheikholeslami et al. [39] investigated a three-
dimensional nanofluid flow between two horizontal parallel rotating plates. The study found
that the thermal boundary layer thickness increases when the magnetic parameter increases.

Also velocity decreases with increase of magnetic parameter, which is in agreement with results
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found in [38].

Sharma and Sinha [40] studied an unsteady MHD flow and heat transfer of a fluid over a
stretching sheet through porous medium in the presence of viscous dissipation and Joule heat-
ing. Their study found that temperature of the fluid increases by increasing radiation parame-
ter, thus fluid particles consume the radiated heat from the heated sheet. Authors also showed
that the effect of heat source and dissipation parameter are important to increase the rate
of energy transport to the fluid, hence results in increasing fluid temperature and decreasing
Nusselt number. Balamurugan et al. [41] studied MHD free convection chemically reactive
and radiative flow and heat transfer in a moving inclined porous plate. Authors discussed
the effects of radiation, viscous and Joules dissipation on the flow field and heat distribution.
They found that the increase in radiation parameter lead to the decrease in temperature and

the increase in velocity.

The study to analyse the effects of Joules heating and radiation absorbtion on MHD convective
and chemically reactive flow past an inclined porous plate in the presence of heat source
and thermal diffusion was conducted by Vijaykumar and Keshava Reddy [42]. Authors used
similarity transformation to transform the non-linear partial differential equations governing
the fluid flow into a two-point boundary value problem and applied the fourth order Runge-
Kutta method with shooting technique to obtain numerical solution. The study showed that
by increasing the values of Grashof number, porosity and radiation absorption parameter lead
to an increase in fluid velocity but in the case of increasing values of magnetic field and
angle of inclination reverse tendency is experienced. Also fluid temperature increases with the
increase in values of Prandtl number. Thermal radiation is one of the important factors when
the system is operating at high temperature. During operation, the fluid absorbs and emits

thermal radiation, thus it is very important to study effect of thermal radiation on the system.

In this project, Lie symmetry analysis [2,4,6-12, 43,44, 53] is used to solve a problem which
represents internal flow and heat transfer during filtration process. The main advantage of sym-
metry analysis method is that it can successfully be applied to non-linear differential equations.
The Lie symmetries of differential equations are continuous groups of transformations which

leaves the equations invariant under such transformations. The symmetries are quite popular
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because they result in the reduction of the number of independent variables of the problem.
Thereafter, an approximate-analytical solutions for the velocity and temperature profiles are

obtained using double perturbation method [45].

The study of flow and heat transfer of an incompressible laminar and viscous fluid in a rectan-
gular domain bounded by porous walls with minimal buoyancy effects was conducted by [7].
The authors studied the effects of various physical parameters affecting the self-axial velocity
both analytically and numerically. Also the study found that effects of buoyancy becomes

minimal when temperature is constant throughout the system.

The current case study, seeks to find the approximate-analytical solutions of the model repre-
senting the above phenomena, thus study equations of continuity, momentum and energy. The
resulting flow representing the above mentioned phenomena may be treated as two-dimensional
incompressible, viscous and magneto-hydrodynamic (MHD) flow in an inclined porous chan-
nel with two walls of weak permeability in the presence of a uniform magnetic field and heat
transfer. The nature of porous medium and permeable walls have an influence on fluid flow
hence it important to study the effects of permeability and porosity. Motivated by the above
mentioned works, the purpose of this study is to generalize the flow analysis of Magalakwe and
Khalique [7] in four ways by taking into consideration various forces affecting flow field during
filtration process. The first direction is concerned with the influence of a constant magnetic
field on the fluid flow while the second investigates the effect of an inclined porous channel on
the axial-velocity. Thirdly, the effect of Joule heating due to the presence of uniform magnetic
field on an electrically conducting fluid is investigated. Lastly, effects of heat transfer (Thermal

radiation) are taken into consideration.

3.2 Mathematical formulation

In this section, we derive set of differential equations representing the internal flow and heat
distribution inside an inclined porous channel during filtration process. The mathematical
representation of the above mentioned phenomenon is derived in detail using conservation

laws of mass, momentum and energy. Forces affecting flow dynamics and heat transfer are also
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derived based on physical laws such as Darcy’s law, Lorenz’s law and Fourier’s law.

3.2.1 Flow configuration

A two-dimensional, magneto-hydrodynamic (MHD), laminar flow of a viscous incompressible
electrically conducting and radiating fluid in an inclined porous filter channel influenced by
magnetic field with uniform strength By is considered as shown in figure 3.1 below. One end
of the filter chamber is open and other end is closed with a solid insulated wall while the top
and the bottom pearmeable walls are kept at a uniform temperature T,,. The walls allow fluid
injection inside the filter chamber or fluid suction out of the filter chamber. The chamber is
such that it can uniformly expand or contract at a time dependent rate /(t). The fluid emits
radiation as soon as the fluid enters the filter chamber with a uniform normal velocity V,, at
the walls. The length of the walls are assumed to be infinitely longer than the distance between
them. The parallel walls are located at a distance y = h(t) and y = —h(t) from the center of
the filter chamber.

Figure 3.1: Physical model of a filter chamber in the z and y coordinates inclined at angle .

Note: For this configuration, the symmetric nature of flow is taken into account at y=0.

The system design is such that there is no flow (no fluid injection) in the direction perpendicular

to the x-y plane, thus the flow is two-dimensional.

33



3.2.2 Derivation of equations representing internal flow and heat

distribution during filtration process

The mathematical formulation of the internal flow and heat distribution during filtration
process is represented by equations derived below. The equations representing the above
phenomenon are derived from basic conservation laws such as mass, momentum and energy.
Appropriate boundary conditions are formulated based on the filter design, the internal flow

dynamics and heat transfer dynamics.

Conservation of mass inside the filter chamber

To have a balanced system, the amount of inflow and outflow through boundaries together
with the change of fluid mass in a system must be in balance. That is, the rate of change of
fluid mass in a system remains constant, this is known as conservation of mass, which is given
by the following equation in Einstein tensor notation [13]

Op | Op-ur)

5 oz, =0, (3.1)

where k£ = 1,2 and 3 represents the z,y and z directions of flow respectively.

The flow under investigation is considered to be a two-dimensional, along the x and y directions

and incompressible, thus equation (3.1) becomes

ou Ov
— — . 2

for k=1 and 2.

Conservation of momentum inside the filter chamber

Inside the filtration chamber (control volume), any rate of change in the momentum of a fluid
mass within the chamber is due to the action of external forces on the fluid within the chamber.
This rate of change of momentum of a fluid mass in a chamber is equal to the net external
forces acting on the fluid mass [13] and this is called conservation of momentum. The external

forces acting on a fluid mass are classified as surface forces and body forces. Surface forces
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act across the surface of the fluid mass, examples of such forces are pressure and viscosity
forces. Body forces act throughout the body of the fluid which are gravitational, centrifugal
and electromagnetic forces. The conservation of momentum equation is given by the following

Naiver-Stokes equation in Einstein tensor notation:

p( ot +“Za_xj> = o 0w, <“axj) + 5 (3:3)

where the subscript ¢ and j are used to denote the components of the velocity vector and F;

represent the resultant external force. P is the total pressure given by
P=P,+ P, (3.4)

where P, is the pressure created by the chamber walls and P, is the pressure created by the
medium. Using (3.4) into (3.3), we have

Oui 0uj . an aPm 0 8“2
p( ot +“Za_xj) T T on  om | ox <“aa;j) + & (8:5)

The total pressure at the chamber wall is given by the following equation (Bernoulli) at the

wall and a point inside the filter chamber along the same streamline [13]
Py =p+ pugih, (3.6)

where p is fluid pressure and p,g;h is the pressure due to weight of the fluid. Substituting
(3.6) into (3.5), we get

ou; Ouj\ B dp B 0pwgih B oP,, 0 ou; .

which reduces to

ou; Ou; dp or,, 0 ou;
LT I F. .
P ( ot “Zaxj) or, "% on, T oa, (“axj) T (3:8)

Since

oh
8:@- N

The above result is due the fact that variation of chamber volume changes with respect to y

1.

only. The fluid flow under consideration is influenced by the gravitational force g; acting on
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the fluid mass and the electromagnetic force F,;. Therefore, the net external body force acting
on a fluid mass is given by

Fi = G; + Fei- (39)
Substituting (3.9) into (3.8), yields

ou; Ou, op oP,, 0 ou;
) = _ A , F.. 1
p( 8t + ul@xj) 8.17 Pwi + ax * alﬂj (Max]) + P * Pled (3 0)

) 7

which can be simplified as follows

ou; Ou, Jdp 0P, 0 ou;
U\ op (o — DVas + pEL. 11
p ( ot +“Zaxj) or, 0z, | o, (“axj) (Pw = P)gi + pEei (3.11)

According to the design, the flow is unsteady two-dimensional in the z-y plane, thus we have

the following momentum equations

ou ou  Ou 19p *u  0*u| 0P,
En —f-u% —f-Ua—y = _;a_I +v [81‘2 + ay2:| T or (Pw = P)gz + pFeq, (3.12)

ov ov ov 10p {820 021)} oP,,

ot oxr ' oy poy - — (pw — F.,. 1
e p@y+y 92+ o2 9 (Pw = P)gy + pFey (3.13)

Since there is no density variation and gravitational force along the z-axis. Also, magnetic
field is applied normal to the walls producing a Lorentz force only along the z-axis, thus the

above equations become

E‘i‘u%—i-va—y = —;%4‘ 972 + 8y2 o +pFez7 (314)
ov ov ov 10p , [82’0 82"0} 0P,

E + U& + Ua—y = —;a—y 61‘2 + ay2 8y - (pw - p)gy (315)

ou ou  Ou  10p , [Ozu OQU] 0P,

Now, we construct the forces affecting momentum in detail.

Surface force: Porosity

Flow in a porous medium can be understood by examining Darcy’s law. Darcy’s law is a
generalized relationship for flow in porous medium and it represents fluid flow through porous
medium. The law was formulated by Henry Darcy as a result of his experiments on the flow

of water through sand beds. Darcy discovered that the volumetric flow rate of the fluid is
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dependant on number of variables namely, the flow area through which the fluid is flowing,

elevation, fluid pressure/hydraulic head and a proportionality constant.

Thus, the mathematical representation of Darcy’s law is

Ah

Q:AKE7

(3.16)

where @ is volumetric flow rate, A is the flow area perpendicular to the flow path L, K is the
hydraulic conductivity (proportionality constant) and A is the hydraulic head. The hydraulic
head h at a specific point is the sum of the pressure head and the elevation z given by the

following equation:

Py,
h=—+z%, (3.17)

Pg
where P, is the fluid pressure created by the medium, p is the fluid density, g is the gravi-
tational acceleration and z is the elevation. For the problem at hand there is no change in

elevation between any two points within the filter chamber (fully developed) and it follows

that z = 0. Taking into account that the flow is incompressible, Darcy’s law in differential

Q- _AKdiL (%). (3.18)

The negative sign accounts for the known fact that a fluid flows from a region of high to low

form takes the form

pressure. We also note that the velocity and flux equations are given by

: (3.19)

u =

a=-, (3.20)

SNEGRSHIS

where ¢ is the porosity of the medium and q is the Darcy flux. Substituting equations (3.19)
and (3.20) into equation (3.18) and making pressure gradient the subject of the formula yields

OFm _ —@u.

- =% (3.21)

The conductivity K can be replaced by the permeability of the media. The two properties are

related by the following equation:
K =~

14

: (3.22)
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such that
oPn v
oL kO

where k is the permeability, v is the fluid kinetic viscosity and u is the velocity vector. Since

(3.23)

L is the flow path and the problem under investigation is two-dimensional, along the z-y

directions. Thus (3.23) yields two surface forces in x and y directions as

P,  vo OPn Vo
=——u and = ——0.

e & oy k v (3.24)
Since the flow under investigation is a pressure driven flow, number of deductions can be made
from equation (3.24) based on work and energy principle. The pressure difference in the y-
direction is constant since the work done on the surface by fluid is constant due to constant
injection. The symmetric nature of the configuration results in no driving force along the
y-direction. Also the pressure gradient along the axial direction yields a driving force towards
the right, since the work done by the wall on the left side (closed) is more that the work done
on right (open). The pressure is force per area, since the system has a closed area on the left

only, the pressure on the left is more than the atmospheric pressure on the right (open). Thus,

the filtrates outflow is towards the right.

Body force: Buoyancy

Flow between the chamber walls has net force (the difference between the buoyancy and
gravity) acting on a unit volume of the fluid inside the boundary layers and it is always in the

vertical direction, thus, the net force [46] is given by

F,= g<pw - P), (3'25)

where g is gravity, p,, is density of the fluid at the wall (at the boundary layer) and p is the
density of the fluid inside the boundary layer.

Since the filter chamber is inclined the force given by equation (3.25) can be resolved in two

components along the z-y directions as follows

F, = Fysin(y) (3.26)
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which is the force parallel to the walls and force
F, =F,cos(y) (3.27)

which is normal to the chamber walls. For the case study under investigation, the density is a
function of temperature, hence the density variation of the fluid with temperature at constant

pressure can be expressed in terms of the volumetric expansion coefficient 3 as follows:
1/ 0p
=——(=£) 3.28
v P <8T) P ( )

o _%(%) (3.29)

The current flow is incompressible which means the fluid density is constant except in the grav-
itational term due to Boussinesq approximation [13] which states that for any incompressible
fluid that has density variation due temperature difference, density variation can be neglected
except along the direction of gravity. Equation (3.29) can be expressed by replacing differential
quantities by differences such that

L p—pw
~o-oP 2 3.30
p pAT pT —T, (3:30)

which can be rewritten as
pw—p=pB(T —Ty), (3.31)

where T" and T, are fluid temperature and temperature at the boundary layer respectively.
Substituting (3.31) into (3.26) and (3.27), yields the buoyancy force in the z and y directions

respectively
Fy = gpB(T — T,,)sin(3) (3.32)

and

Fy = gpB(T — T,) cos(7). (3.33)

Body force: Magnetic field

The fluid under investigation is electrically conducting in the presence of a transverse uniform

magnetic field. This flow can be understood by a careful consideration of Lorenz’s law of
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electromagnetism. Lorenz’s law describes the electromagnetic force Fo acting on a moving
charged particle. For more information the reader is referred to the following books [47-49].
To illustrate the basic concept describing magneto-hydrodynamics phenomena, we consider an
electrically conducting fluid moving with a velocity vector u. A magnetic field B,pp is applied

perpendicular to the velocity vector as shown in figure 3.2 below.

Bapp

Figure 3.2: Flow of an electrically conducting fluid through magnetic load zone.

A number of deductions can be made from the interaction of the two vector fields. Firstly,
an electric field is induced perpendicular to both u and Bapp. This electric field, denoted by

Eina, is formulated as Ohm’s law given by

Eind =ux Bapp‘ (334)

Secondly, a current is induced in the fluid. That is, the positive and the negative charges
comprising the fluid are each accelerated in such a way that their average motion gives rise to

an electric current, the current density is denoted by J and is given by
J=o0(uxB). (3.35)

Here o is the electrical conductivity of the fluid and B is the total magnetic field. The magnetic
field (Bing) is induced as a result of the induced current (J). That is, intrinsic to a current
flowing through a medium (a fluid in our case) is a magnetic field. Thus the total magnetic
field in the filter chamber is given by the sum of the applied magnetic field (Bapp) and the
induced magnetic field (Bjna), given by

B = (Bapp + Bina)- (3.36)

40



Using the result from (3.36), equation (3.35) becomes
J= O’[u X (Bapp + Bind)}- (337)

Simultaneously occurring with the induced current J, is the induced electromagnetic force or

the so called Lorentz force denoted by Fg, given by
F.=J xB. (3.38)

The Lorentz force occurs because the conducting fluid which gives rise to a current perpen-
dicular to the magnetic field. The vector F, is the cross product of vectors J and B and is
perpendicular to the plane of both J and B. In the current case study, the induced magnetic
field is assumed to be small in comparison to the applied magnetic field, i.e. (Bapp >> Bina),

thus its effect is negligible. Hence, equation (3.37) reduces to
J=0(u X Bapp). (3.39)
For this case study, the MHD fluid is moving with a velocity u along the z-axis, thus
u = ui (3.40)
and the magnetic field acts perpendicular to the direction of fluid flow, which gives
B = Byj. (3.41)

Substituting equation (3.40) and equation (3.41) into (3.39), gives a current density along the
z-axis given by

Also substituting (3.41) and (3.42) into (3.38), yields the Lorentz force acting along the negative
r-axis as

F. = —ouBji. (3.43)

Therefore, the Lorentz force induced by the interaction of the axial-velocity v and the trans-
verse magnetic field act opposite to the axial-velocity. The electromagnetic force acts as a drag
force. We note that a change in the direction of the magnetic field or the velocity changes the

Lorenz’s force (3.43) into a flow propelling force.
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Substituting the above surface forces (3.24) and body forces (3.33) and (3.43) into the mo-
mentum equations (3.14) and (3.15) respectively, yields

ou ou ou 10p Pu  *u veo oB?
AT YA e RV ) e 44
ot “or +U8y p Ox v [8x2 N 0y2] " “ (3:44)

k p
ov ov ov 10p y{@% 821)} vo

- - — == —t —| - — T-1T, . !
T +u8x+v(‘9y >y o2 +8y2 k v+ gf( w) COS 7Y (3.45)

Conservation of energy inside the filter chamber

Law of conservation of energy state that the rate of storage plus rate of transport of total
energy in the control volume (filter chamber) must be balanced by the rate of work done
inside the filter chamber and heat transfer to the filter chamber. The differential equation

representing incompressible fluid energy transport is as follows

0
p(a—: +u Ve) =-V-q+pud+Q, (3.46)

where e is the internal energy, u is the velocity vector, q is the total heat flux vector, ® is the
dissipation function and @) is the heat generated (such as energy generated by electromagnetic).

For more information the reader is referred to [50].

The heat flux term in equation (3.46), is given by

q = qC + qr7 (347)

where q. is the heat conduction and q, is the radiative heat flux respectively.

The change in energy can be represented in terms of the change in temperature [51] as
de = ¢,dT, (3.48)

where ¢, is specific heat capacity.

By using Fourier’s law [51] for heat conduction, equation (3.47) can be written as
q=dc+ 9 = —kVT + q,. (3.49)
Using equations (3.48) and (3.49) in equation (3.46), yields

orT
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For convective heat transfer processes of practical interest, the reversible work and the viscous

dissipation are small enough to be neglected, thus we have

PCp (%—f +u VT) =V-(kVT)+Q — V- q,. (3.51)

Since the radiative heat transfer along the x-axis is much small than the one along the y-axis,

say <%i; < %—‘Z). Also the flow is an unsteady two-dimensional, hence, equation (3.51) yields

oT oT oT k (0?°T 0°T 1 0q. @
hall il Y [ E i, [ —. .52
ot +U8x+vay pcp(8$2+8y2> pc, Oy +pcp (3:52)

Joule heating

The fluid is electrically conducting in the presence of a transverse uniform magnetic field.
Thus, it is taken as the current resistance between the upper wall and the lower wall. When
the electric current flows through an electrically conducting fluid, electric energy is converted

to heat. This is called Joule heating which can be written as a generalized power equation [52]:
P =1V, (3.53)

where P is energy dissipated per unit time, Vg is a vector representing energy dissipated per
charged fluid particle passing through the fluid and I is a vector representing the charged fluid

particles passing through fluid per unit time.

From the design of the filter chamber under investigation, the Joule heating is calculated per
volume, hence differentiating equation (3.53) with respect to the volume (V), yields power per
unit volume as

dpP

— = JE;pq. 3.54
o d (3.54)

Substituting the induced electric field (3.34) into equation (3.54), we get

dP
Similarly, substituting (3.40), (3.41) and (3.42) into (3.55), yields

dpP
v o Bau®. (3.56)
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Since producing power per unit volume is the same as internal energy/heat generated @ by
electric current through an electrically conducting fluid, the internal work done per unit time
inside the filter chamber generates internal energy given by

_dpP

Q=7

= o Bju*. (3.57)

Finally, equation (3.52) takes the form

or  OT ATk (a?:r a2T> L dg , 0B}

o o = () - — 3.58
ot +u(9x +U3y pcy \ 0x? * oy? pc, Oy pcpu’ (3:58)

which represents heat transfer inside the filter chamber.

Boundary conditions

The boundary conditions according to the flow configuration given in figure 3.1 is as follows.

Since the flow is symmetric at y = 0, we will show the boundary of the upper section only.

At the upper wall, we have
u=0, v=-V,, T=T, aty=h(t). (3.59)

The above conditions at wall are based on the reasons below. There is no movement of the
chamber wall in the axial direction, thus u = 0 at the wall. This is a result owing to the
no slip condition at the boundary, that is the fluid layer closest to the wall approximates the
axial-velocity of the wall. The normal velocity v is given by —V,, = —A%g) due to fluid
injection through the surface of the permeable wall where A is the injection coefficient. Let it
be noted that negating the normal velocity V,, yields suction of the fluid from the surface of

the permeable wall. The system is such that the wall is kept at constant temperature T' = T,,.

At the centre, we have

di or

——=0. 9=0. = =0 aty=0. 3.60
837 , U , 8@ at y ( )

The above conditions at the centre of the chamber are due to the symmetric nature of the flow.

We can deduce that the axial velocity profile will be parabolic and hence the axial-velocity
ou

will be maximum at the centre of the filter chamber, thus — = 0. Furthermore the normal

dy
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velocity v of the fluid is zero at the centre of the chamber. Since there is no movement of fluid
in the y-direction at the centre. The temperature will decrease until it reaches its minimum

value at the centre, thus — = 0.

dy

Along the y-axis, we have

(3.61)

Kl
I
(@]

at

|
I
(@]

The chamber is such that the is no inflow at x = 0, thus the axial-velocity is zero at x = 0.

3.3 Mathematical representation of the case study

The two-dimensional flow of incompressible and electrically conducting viscous fluid in an
inclined porous rectangular channel bounded by two permeable walls is represented by the

following equations and boundary conditions.

3.3.1 Equations and boundary conditions

Mathematical model representing filtration process flow and heat distribution is given by

ou 0v
D T .62
7+ 5 0, (3.62)
ou _Ou _0Ou 10P o*u  9*u] wvé_  oBE_
o ez Ty T oz T [T*@] TR, (3.63)

k p
ov ov ov 10P [5’2_ 8273] B @_
k

+ U+ U = ———— +

ot 0T 8y p 0y 0x?  0y?
+9B(T — Tj) cos (7), (3.64)
or ~or AT _ k[T O°T] 1 dq  oBj 22
— — = — + — 3.65
ot +u8m o Y pey [8x2 * 8y2} pcy 0y e, PCp (3:65)
The appropriate boundary conditions are:
i) u=0, v=-V, T=T, aty=h(t),
u T
(ii) 2—320, v =0, g—yzo at y =0,
(iii) =0 atz=0, (3.66)
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3.3.2 Non-dimensional analysis

In this subsection, we introduce dimensionless variables to transform equations (3.62)-(3.65)
representing the flow and heat distribution inside the filter chamber and boundary conditions
(3.66) to a dimensionless system. The introduction of dimensionless variable decreases number

of unknown that the system dynamics depends on.

The introduction of dimensional stream function ¥ in terms of velocity components # and ©

is as follows
U= —— v=—— (3.67)

satisfies the continuity equation (3.62).
Scaling the chamber height by introducing the dimensionless coordinate y = ¢/h(t) into equa-
tion (3.67), we get

U= ——— U= —;. (3.68)

_ I 1- - V.-

7 Vo = 53 Vy = 5y + 55 Wy Way — 5 Wallyy = —;P- + o [Yamy + Vg

vo - ovB} -

U v .

kh Yy ph Y (3 69)
h - o 1o o 1 _ _ Ve -
ﬁyq/iy — Wy E\qujii + W U5 = —;Pg — V[Wszz + Wagy) + ?\Iji‘
+9B(T" — Tj,) cos(7), (3.70)
or 1- 0T _ T  k [0*T O°T 1 g, 0B -
F t Vo Ve = — st q_ 7 . (3.71)
ot  h "0z dy  pc, | 072 0y? pc, Oy peyh? Y

respectively. The dot in the above equations represents how the filter chamber height changes
with time t.

Multiplying momentum equation along axial direction (3.69) by h* and momentum equation
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along the normal direction (3.70) with h? respectively, yields

W20, — hhO, — hg¥,, + hU, Uy, — h2U, 0, = —?Pj + R [ Wz, + Vyp]
h?vep - hovB?

Uy - Toxify, (3.72)
- - - - - - h? _ - - h2vg -
P
+h*gB(T — Ty,) cos(). (3.73)

Before constructing dimensionless energy representation, the heat flux equation in (3.71) is
firstly represented in terms of temperature. The standard Rosseland approximation of radiative
heat flux (energy source) term g, given by [53]

40, OT*
3k, Oy’

4 = (3.74)

where o, and k, are the Stefan—Boltzmann constant and mean absorption coefficient respec-
tively. The dynamics of the system is such that the temperature difference inside the fluid
chamber is sufficiently small such that 7% can be expressed as a linear combination of temper-

ature using Taylor’s series expansion about 7', thus
T =T} + AT (T — Ty) + 6T (T — Tp)* + -+ - . (3.75)
Neglecting higher order terms beyond the first degree in (7" — T},), gives
T* =2 ATPT — 3T} (3.76)
Substituting (3.76) into (3.74) yields
40, 0

"= 3oy [AT3T — 3T3] . (3.77)

Using the above equation (3.77) into energy equation (3.71), yields

or 1. 9T - 0T k [0*T 0T 4o, O* oB? -
— U, - = — - ATPT — 3T}, 2. (3.78
ot * hYox dy  pcy {8.%2 * ayZ] 3cpkrp 0y? 4T3 s pcpyh? Y (3.78)
Substituting dimensionless variables defined below:
u u T ¥ G P
T YTV TRy YT Ry IV, pV2’
th hh T T,
t—Vw, (1—7, 0= Tw—Th‘ (379)
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into (3.72), (3.73) and (3.78), we obtain the following dimensionless system

1 1
U+ U Wy — W, Uy + P — E[O‘\Py +ayWyy + Vary + Wy | + ?\I’y

e

+NV, =0, (3.80)
1 1
‘I}xf + \Py\Ij:px - \le\llmy - Py - ﬁ[ayq]my + \I/myy + ‘I}mmm] + E\px
G,
+§9 cosy =0, (3.81)
1
Oz + Wy 0, — V.0, — PR Ozo + (1 +4R)0,, | — JU2 =0, (3.82)
where @ = — is the wall dilation rate, R, = —= is the permeation Reynolds number,
v v
kVy, v o T3 .
= % is the porosity parameter, P, = % is the Prandtl number, R = 43,;55 is the
radiation parameter, G, = W is the Grashoff number, J = % is the Joule
m/hB(QJ

heating parameter and N = is the Stuarts number.

PV

Through (3.68) and (3.79), we have
U=— v=——. (3.83)
The boundary conditions take the following forms
i) W,=0, W,=1, =1, aty=1,
(i) v,=0 V,=0, 6,=0 aty=0,
(i) v,=0 atxz=0. (3.84)
3.3.3 Parameters affecting filtration process

The flow and heat distribution inside the filter chamber are influenced by the following dimen-

sionless parameters:

Wall dilation rate

The change in chamber height resulting from expanding or contracting of walls is given by wall

dilation rate («). The dilation rate is positive when the filter chamber expand, negative when
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the filter chamber contract and zero when the filter chamber volume stays the same. Thus,

the magnitude of the dilation rate is given by

a=— (3.85)

Permeation Reynolds number

Reynolds number is defined as the ratio of the inertial to viscous forces of a fluid. This
parameter is positive when there is fluid injected inside the filter chamber, negative when the
fluid is sucked out of the filter chamber or zero when there is no fluid injection or suction. The

magnitude of the Reynolds number is given by

_

v

R, (3.86)

Porosity variable

The porosity of the medium (K) is a measure of the medium’s ability to allow fluid flow. This
parameter takes into account the permeability and porosity of the medium as well as some
properties of the fluid flow such as fluid viscosity and velocity. The magnitude of the porosity
variable has a bearing on the fluid flow. It is expected that the porous medium allows more
free flow as the porosity variable becomes large. The porous medium looses its porous nature

(theoretically) as R approaches infinity. Thus, porosity is given by
kV.,
K —

=Y 3.87
which can also be written as
kvmaterial Vw
K = hatenal 7w 3.88
V‘/;)oidh ’ ( )
‘/void
where ¢ = —————.
¢ Vmatem'al

Stuart Number

The Stuart number, also known as the magnetic interaction parameter is defined as the ratio

of the electro-magnetic to inertial forces of the fluid. Stuart number is relevant for the flow of
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electrically conducting fluids and it is given by

hB?
N = UZV 0 (3.89)
It can also be rewritten as
hB?
N = U“V 0 (3.90)

v
where 4 = — is the dynamic viscosity.
p

Grashof number

The Grashof number represents the ratio between the buoyancy force due to spatial variation
in the fluid density (caused by temperature difference) to the restraining force due to the
viscosity of the fluid. Thus, the Grashof number is defined as follows

hﬁg Q(Tw - Th)

G, = V2

. (3.91)

Prandt]l number

The Prandtl number is given as the ratio of velocity diffusivity to thermal energy diffusivity
defined by

_ PYS

P, =
k

When the Prandtl number is small that is, P. < 1, it means that the heat diffuses quickly

(3.92)

compared to velocity (i.e. thermal energy diffusivity dominates). On the other hand, with
large Prandtl number, P, > 1, the momentum diffusivity dominates the fluid behaviour. The
relative thickness of both momentum and thermal energy boundary layers is controlled by the

Prandt]l number.

Radiation parameter

The radiation parameter is defined as the measure of how the fluid emits or absorbs heat

energy in the form of electromagnetic waves. Radiation parameter is given by

4o, T}

R = .
3K,k

(3.93)

50



Joule heating parameter

The Joule heating parameter is defined as the measure of how the electric current flows through
an electrically conducting fluid which transfers electric energy to heat.

oBEhV,,

J= 0w
pcp<Tw - Th)

(3.94)

3.4 Solution of the case study

In this section, Lie symmetry analysis is used to find the similarity solutions which leaves the
system of partial differential equations (3.80)-(3.82) together with the boundary conditions

(3.84) representing the internal flow and heat distribution during filtration process invariant.

3.4.1 Lie symmetry analysis

Consider the one-parameter group of infinitesimal transformations in (z,y,t, ¥, P,6) which
leaves the dynamics of the phenomenon represented by equations (3.80)-(3.82) and boundary
conditions (3.84) unchanged, given by

v = x+ef(x,yt, U, P0)+0(?),
v = y+el(z,y,t, 0, P o)+ 0(c?),
t* = t4er(z,yt,V, P0) +0(?), (3.95)
U = WU4en(nyt, U, Po)+0(?),
P* = P+ep(n,y,t, VU, P0)+0(e?)

Y

0 = 0+cp(z,y,t, ¥, P,6)+0(c?),

where ¢ is the small group parameter. The symmetry group of equations (3.80)-(3.82) will be
generated by the vector field of the form

0 0] 0 0 0 0

where &, (, 7,1, ¢ and v are functions of ¢, x,y, ¥, P and 6.
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The solutions ¥ = ¥(z,y,t), P = P(x,y,t) and = 0(z,y,t) leave the dynamics of the flow,

pressure and heat distribution invariant under the transformation (3.96) if
v = X( )

Oy = X(@—@(;E,y,ﬂ) =

(3.97)

where ® is the transformation which leaves the dynamics of the flow, pressure and heat distri-

bution unchanged.

Letting
1 1
Ay = U+ W, — U,V + P, — E[O‘q’y +ayVyy + Wopy + Wy + ?‘yy + NV,
1 1 G,
Ny = Vi +V0, 0, -0V, —P, — E[ay\llxy + Wy + Vira] + ?\Px + EQ cos(7y),

Az = 0+ V0,0, — V.0, — Ope + (1 +4R)0,, | — J(T,)?,

1
P.R.

a vector X is said to be a symmetry generator of equations (3.80)-(3.82) if and only if

X[g}(AJ)‘A:O =0, j=1,2,3, (3.98)
where
0 0 0 8 0 0 0 0
xB = = v v Y z y
Sox Ty T Tar T “b “/’ o ow, T aw, T ap, T an,
0 0 (3 0 0 0 0 0
y__— _ Ty xt yt Yy
et et e T g T g T oy, T au, T gy,
0 0 0 0 0 0
+1 FT (0 a0, +1n 9. +1n 9., I g — 5, (3.99)

is called the third prolongation of X.
The total derivatives are introduced by differentiating the dependent variables from (3.95) to
investigate the change of fluid flow, pressure and temperature inside the filter chamber with

respect to time and space variables, thus

Dy == 8y + \ija\ll + Pyap _l_ ane + \ijya\lly + Pyyapy _l_ nyaey + \I]:Cya\lfz + eccyagz +

Dy = 0r+ Y0y + PiOp + 0:05 + \I/{taq;{ + P{tap{ + 9,5}89{ + V,i0y, + waagx + - .(3.100)
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Since 7, &, (, 1, ¢ and ¥ depend only on x, y, ¥, P and 6 by treating the variables ¢,x, vy,
U, P, 0 and the derivatives of ¥, P and 6 as independent variables. We obtain the following
determining equations by separating the resulting equations from (3.98) on derivatives of W,

P and 0 with aid of Mathematica

79 =0, (3.101)
7P = 0, (3.102)
Ty = 0, (3.103)
7y =0, (3.104)
T =0, (3.105)
& =0, (3.106)
&p =0, (3.107)
§o =0, (3.108)
& =0, (3.109)
oz = 0, (3.110)
o =0, (3.111)
(p =0, (3.112)
Cw =0, (3.113)
(=0, (3.114)
Cpy =0, (3.115)
ne =0, (3.116)
np =0, (3.117)
nvy = 0, (3.118)
Py =0, (3.119)
Yp =0, (3.120)
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3¢y

Yy =0,
Yy =0,
Yoo = 0,
nyw = 0,
Nww = 0,
£ — G =0,
§o — Gy — 1w =0,
20y — 1 =0,

—& — N+ op =0,

—¢p+nw+ G —& — 1 =0,

—op+nu+ G — & — Nay + 1w — & =0,

1

|l =+ N
R+

KR.G, cos(y)¥ — KR.G.0cos(v)pp + KR.G.0 cos(7)(,

_KRe(by + Renw - KyOéTb:y - anyy - Knxxx + Nz =

(

P.R.n

Jg —

_nm_Cz?:O,
T]y_é-fzoa
925\1f—77yy=0;

y szB - PrRegx = O;

2Jny —2Jny + v, =0,

ag + ayCy +n. + G =0,

R,

_wzx + PrRewt_ = 07

2
K

2
Z 42N -

77y_’51?207
77\I/+<y_£xzo?

«
E)Cy + Ney + New + ny =0,

o4

8
- _)ny — QYNyy — Nyyy + Oy — Newy T Niy = 0,

0,

(3.121)
(3.122)
(3.123)
(3.124)
(3.125)
(3.126)
(3.127)
(3.128)
(3.129)
(3.130)
(3.131)
(3.132)
(3.133)
(3.134)
(3.135)
(3.136)
(3.137)
(3.138)

(3.139)

(3.140)
(3.141)
(3.142)

(3.143)



¢p =M + G+ & =0, (3.144)

op — v — Gy + & =0, (3.145)

—¢p + 2ng — 2§, =0, (3.146)

op — 20y + 2§, =0, (3.147)

—aC + yadp — yany — Reny + yal, — Re(q (3.148)
—¢u + Nye =0, (3.149)

N + Gy — & =0, (3.150)

—Cy+& =0, (3.151)

—nw — G+ & =0, (3.152)

20y — 1 =0, (3.153)

Equations (3.101)-(3.105) imply that
T = a(t), (3.154)

where a(t) is an arbitrary function of ¢. From equations (3.106)-(3.110), we have

E=b(t)x + c(t), (3.155)

where both b(t) and ¢(t) are arbitrary functions of ¢. It also follows from equations (3.111)-
(3.115), that
¢ =d(t)y +e(b), (3.156)

where d(t) and e(t) are arbitrary functions of ¢. From equations (3.116)-(3.118), we have

n=f(t,z,y)¥+g(t,z,y), (3.157)

where both f(¢,z,y) and g¢(f,x,y) are arbitrary functions of ¢, x and y. Equation (3.119)
implies that
¢ =h(t,z,y, ¥V, P), (3.158)

where h(t,z,y, V) is an arbitrary function of ¢, z, y and ¥. From equations (3.120)-(3.123),
we obtain

Y =r(t,x)0+ s(t, ), (3.159)
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where r(t, ) and s(¢,x) are arbitrary functions of ¢ and z. Substituting the expression for 7

from (3.157) into equation (3.124), thereafter integrating with respect to y, we obtain

n=filt,x)V +g(t z,y), (3.160)

where f = f; now depend on ¢t and x. Similarly by substituting equation (3.160) into equation
(3.125) and integrating the resulting equation with respect x, yields

n= L)Y +g(t z,y), (3.161)

here fo = f; becomes a function of ¢ only. It follows that using equation (3.155) and equation

(3.156) into equation (3.126) and solving the obtained equation, gives
b(F) = d(D). (3.162)
Therefore equation (3.155) and equation (3.156), becomes
& =b(l)z + (), (3.163)

¢ =0b(t)y +e(t). (3.164)

Substituting equations (3.163), (3.164) and (3.161) into equation (3.127), gives the solution

f2(f> =0,

which reduces equation (3.161) to
n=g(t,z,y). (3.165)

2b(t) = d(t). (3.166)

Subtituting equations (3.163), (3.164) and (3.165) into (3.129) and integrating the obtained
equation with respect to P, yields

h = =2b(t)P + hy(t,x,y, V). (3.167)
Using (3.167) into (3.158), gives the value of ¢ as

o= —=2b(t)P+ hy(t,z,y, V). (3.168)
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Using (3.163), (3.164), (3.165) and (3.168) into (3.130), we get

—b(t) — a'(f) = 0,

which along with (3.166) equation (3.169), yields

a/(t_) =0,
thus
a(ﬂ = Ch,
hence 7, becomes
T = Cl,

where (' is an arbitrary constant. Also since

a'(t) =0,

then b(f) from equation (3.166), becomes

b(f) =0
Thus ¢, £ and ¢ become
£ = c(l),
¢=e(l)
and
¢ = hy(E,2,y, ).

(3.169)

(3.170)

(3.171)

(3.172)

(3.173)

(3.174)

Now using (3.165), (3.172)-(3.174) into equation (3.131) and integrating the resulting equation

with respect to y, we get

Gz = gl(t> .73)

(3.175)

using (3.165) and (3.173) into equation (3.132) and integrating the resulting equation with

respect to x, we obtain

g=—eB)x+gl(ly).

Thus equation (3.165) becomes

n=—et)r+gqlty).
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Subtituting (3.173) and (3.177) into (3.133) and thereafter integrating resulting equation with

respect to y, yields
n=—€e )z + )y +g(). (3.178)

Using (3.174) and (3.178) into (3.134) and solving equation obtained, yields
&= ho(t, z,y). (3.179)

Using the expression for 7, £ and 1 into (3.135) and integrating the resulting equation with

respect to x, gives the expression for ¢ as

) = %c’(t‘)xG +71(t)0 + s(t, x). (3.180)

From substituting (3.178) and (3.180) into (3.136) and spliting the resulting equation on powers
of 6, we get

6 . d(t)=0, (3.181)

JP. R,

1 d(O)x+ Jri(t) —2JC(t) + s(t, ) = 0. (3.182)

The above equations respectively gives the following solution
C(E) = (%,

and

s(t,z) = —Jri(t)x + s1(t).

Thus the expressions for 7, &, ¢, n, ¢ and 1, becomes

T =Ch, (3.183)

£ =0, (3.184)

¢ =e(t), (3.185)
n=—e(t)x+ go(1), (3.186)

¢ = ha(t,z,y), (3.187)

b =100 — Jri(D)z + (D). (3.188)
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From using (3.185) and (3.186) into (3.137), we obtain

e(t) =0,

which implies that its derivative is also equal to zero i.e /() = 0. Therefore the expressions

for ¢ and n becomes

¢=0 (3.189)
and
n = ga(l). (3.190)

Substituting the expressions for 7 and ¢ into (3.138) and integrating the resulting equation
with respect to x, we get ¢ to be

¢ = hs(t,y). (3.191)

Substituting the expression for ¢ into (3.139) and splitting the resulting equation by powers
of 0, we get

0 : ri(t)=0, (3.192)

1 Jrit)x + sy(t) = 0. (3.193)

From the above equations, we get that

7’1(1?) = 037
and
SI(D - C’47
Thus
Y = C30 — JCsx + Ch. (3.194)

Substituting (3.189), (3.190), (3.191) and (3.194) into (3.140) and splitting the resulting equa-

tion on powers of € and solving the two obtained equations, we get that
C3=0 (3.195)

and

hg = Gr COS(’}/)OZL:U + h4(£) (3196)
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Hence, the general solution of equations (3.101)-(3.153) is given by

T=C, =0y (=0, n=g(), ¢=_Gcos(7)Cay+ha(t), ¢ =Cy
The system of equations (3.80)-(3.82) has the following Lie-group point symmetries generated
by

0 0 0 0 0

0
X1 = a Xo = B X3 = 92@6’_\1/’ X1=G, COS(’Y)ZJ@—P + 90’ X5 = h4(t_)(9_P'

Invariant solution

We now use the Lie symmetries that leave the equations representing the flow field, pressure,
heat distribution and boundaries invariant. According to solutions (3.97), the generator X,
X4 and X5 have no invariant solutions. The generators X, gives the unsteady state regime
solutions of the case study. Whereas the symmetry, X; gives the steady state regime of the
case study which preserve the steady state dynamics of the system, hence the characteristic

O = (Py, Pp, Py) has the components
Oy = -3, Pp=-F, PQ9=-0

for steady state operation during filtration process. The general solutions of the above invariant

conditions satisfying the boundary conditions are given by
U=nh(yH(xy), P=CI(xy), 0O=r(zy). (3.197)
Substituting (3.197) into (3.80), we get

WhHH,, + (h'\*HH, + h*H,H,, — hh' H,H, — hh" HH, — h*H,H,,,

+I'y — RL@ (Oéh/H +ahH, + ayh"H + 2ayh’H, + ayhH,,

+h' Hyy + hHyyy + R H + 30" H, + 30 Hy,, + thyy)

+%hH + +hH,+ NWH + NhH, = 0, (3.198)
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which after multiplying by %, becomes

WhH,y + ()2 H, + W25l _ gy Bty gy, g2 el

—I—%I’JC — R% (ah' + ah% + ayh” + 2ayh’% - ayh%

b/ e g p e o g 3prEe g B hHT)

+Ln+ tnie 4 NI+ NR = 0. (3.199)
By letting
Bi=H. By="2 By="=l p_m, B=T p-lw
B; Hygw, Bs = H‘f@’y, By = H;I"”y, By = Hj?y, = Rie. (3.200)

Equation (3.199) in terms of the values given in (3.200) takes the form

d3h d*h
—B— —aBy —hB; —3BB;| —

dy3+{ aEymaE *| dy?

1 dh

dh\? 1

B1 d_ + —OéBBQ—FEBQ—FNBQ—QBBGy—BBg—BBlO h
Y
1 dI’

B; — Bg|h® + —— =0. 201

—f-{ 7 8} +Hdm 0 (3.201)

Integrating H, = B; from (3.200), we get the steady state velocity as
H(z,y) = xBi(y) + Bu(y). (3.202)

Substituting above equation into W = h(y)H (z,y), we obtain dimensionless stream function

for steady state regime as
U = [zBi(y) + Bu(y)]h(y). (3.203)

Differentiating the above dimensionless stream function from equation (3.203) with respect to

y and imposing boundary conditions (3.84) (iii), we get
Bu(y)h(y) = Bz, (3.204)

where By, is a constant of integration.
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Substituting Bjs into the stream function (3.203), yields

where G(y) = Bi(y)h(y). Substitution of the steady state pressure P = I'(x,y) and (3.202)

into momentum equation along x (3.201), yields
Bi = 0. (3.206)
Equation (3.202) when Bj; = 0 becomes
H(z,y) = xBi(y) (3.207)

and Bjs becomes zero from equation (3.204). Using Bjs = 0 from the above results, the

dimensionless stream function (3.205) becomes
U =2G(y). (3.208)

Substituting equation (3.208) into (3.83), yields the axial and normal velocity components as

u  dG(y) B
Lol v- o), (3.209)

for steady state regime. The above results confirms the laminar nature of the flow field inside
the filter chamber. It can be noted that the axial-velocity profile is parabolic since the system
is symmetric. The axial-velocity component also shows how the velocity varies per length of
the filter chamber while the normal velocity component shows flow injection into the chamber

is a function y.

Using (3.208) in (3.81) and thereafter differentiating with respect to x, we arrive at the following

result
P, = G0, cos(7). (3.210)

Substituting (3.208) into (3.80) and differentiating with respect to y, we obtain

d*G 3G d*G 3G R, d*G d*G
d—y41’ + « |:yd—y3 + 2d_y2:| T + ReGd—ygl’ — ?d—ygx — Red—yQNI
dG d*G
—Red—yd—le’ — Rery = 0. (3211)
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Using equation (3.210) in (3.211), yields

d*G 3G G 3G R, d*G e
d—y4$ + « |:yd_y3 + Qd—y2:| xr + ReGd—y:gl' — ?d—yQﬂf — R@d—QZN.’L'
dG d*G
—Red—yd—yzl' - ReGTQI COS(’}/) = 0, (3212)

which after differentiating with respect to x twice, becomes
R.G 0y, cos(y) = 0. (3.213)

Since the fluid is injected into the filter chamber (forced convection), density varies due to
temperature difference (natural convection) which generates fluid motion and the filter chamber

is inclined, thus R., G, and cos(7y) cannot be zero from equation (3.213), therefore
- (3.214)
Integrating equation (3.214) with respect to x twice, we get
0, = A(y)x + B(y), (3.215)

where A(y) and B(y) are arbitrary functions of y. Substituting equation (3.215) into equation

(3.212) and comparing powers of = from the resultant equation, we get the following equations:

° : R.G,B(y)cos(y) =0, (3.216)
d*G 3G d*G &G R, d*G d*G
1 . = - - _ e _ il
T dy4+a[yd3+2dy2}+ReGdy3 K dy? RedyQN
dG d*°G
_Red_yd_yQ - ReGrA(y) COS(’Y) =0. (3217)

From equation (3.216) it can be noticed that
B(y) = 0.

Since other parameters are non-zero constants. Thus, the ordinary differential equation for

momentum becomes

d*G G d*G &G R.d*G d*G
- T pa— . el T N
i +oz{y 0 + dyQ] +R Gdy3 K d Re a0
dG d*G
—Re@d—y2 - ReGrA(y) COS(’}/) = 0. (3218)
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Using expression for § = 7(x,y) from (3.197) and (3.208) into (3.82), we get the steady state

regimes of temperature as follows

dG or or 1 P’ O*r AR O*r dd
Zr — — =0. 21
dy 8:16 Gﬁy PrRe <a$2 + ay2) PrRe ayZ J( dy) =0 (3 9)

Also equation (3.215), becomes
0, = A(y)x (3.220)

since B(y) = 0. Integrating equation (3.220) with respect to =, we get

2
- %A(y) +C(y). (3.221)
Using the boundary condition (iii) at = 0, we get C'(y) = 0. Since the temperature is zero

due to insulated wall at x = 0, the temperature (3.221) becomes

0= %A(y) (3.222)

which confirms the parabolic nature of the temperature.

Equation (3.220) can be rewritten as

% = A(y), (3.223)
which shows that the temperature change per length throughout the wall of the chamber is
constant with respect x and changes with y only. The above equation (3.223) illustrates the
that temperature from the walls affect the system in the y-direction only. Thus, there is no

diffusion of particles in the = direction (6., = 0).

Using the fact that = 7(x,y) from (3.197) and (3.223), equation (3.219) takes the form

2
EA GdA 1 d*A <dG> _o.

- G— — 1—4R)—— — 2J
dy dy PTR( )dy dy

(3.224)

Finally the system of ordinary differential equations representing the case study under inves-

tigation is given by

d*G é3G 4G &G R.d*G d*G
—_— — +2— R.G —R N
a { Yay dy2}+ df T K dp Ay
dG d?
—R.— GG — R.G,A(y) cos(y) = 0, (3.225)
d dy dy?
dG dA 1 d*A dG
—A— 1—4R——2J =0 3.226
dy dy PR, ( ) dy? ( dy ) ( )
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and the boundary conditions are

(i) %;1) =0, (i)G1)=1, (i) dizg()) — 0, (3.227)
dA(0)

) GO)=0 (v) A)=1,  (vi)

3.4.2 Approximate analytical solutions

The aim of this subsection is to find the approximate-analytical solutions of equations (3.225)-
(3.226) and subject to boundary conditions (3.227) using double perturbation method [7] for
both momentum and energy equations. The design of the filter is such that the permeation of
fluid into the filter chamber is weak. Thus, for such weak permeation (small) R., we assume
that the approximate solutions of the velocity G(y) and temperature A(y) can be expanded in

the series form as

G(y) = Gl + ReGQ + O(RE),

A(y) = A1+ R.As + O(RY), (3.228)
where G;(y) and A;(y) for i = 1,2 are independent of the parameter R,.

Substituting (3.228) into (3.225)-(3.226) and boundary conditions (3.227), for small R., we get

the leading order equation from momentum of the system as
Gi(y) + a(yGD(y) + 261 (y)) =0, (3.229)

and from energy equation as

_ATW)
I

(1-4R) =0, (3.230)
with the following boundary conditions for both velocity and energy

() Gi(1) =0, (i)G:i(1)=1, (iii)G{(0) =0, (iv)G1(0) =0,
(V) Ay (1) =1, (vi) A}(0) = 0. (3.231)

First order equations are given by

—cos()GeA(5) ~ I - NGH) - GL)GL) + 2064()
+G1 ()G (y) + yaGs (y) + G5 (y) = 0, (3.232)
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4R A5 (y)

—Gi(y) AL (y) +2A:(y) G (y) + 5 As(y) — P

B —2J(Gh(y))* =0, (3.233)

with the following boundary conditions

() Gy(1) =0, (i) Go(1) =0,  (iii) G4(0) =0, (iv) Go(0) =0,
(v) Ay(1) =0, (vi) AL(0) = 0. (3.234)

Since the walls dilate slowly at a constant rate and energy generated by natural convection is
small. Thus for small o and G,., the parameters « and G, are used as secondary perturbation
parameters for velocity G1(y) and temperature A;(y) respectively. Similarly G;(y) and A;(y)

takes the forms
G1(y) = Gio(y) + aG11(y) + O(a?) (3.235)
and
Ai(y) = Awoly) + G, An(y) + O(G?). (3.236)

Substituting equations arising from secondary perturbation parameters (3.235) and (3.236)
into the leading order equations of R, (3.229) and (3.230) respectively, yields the leading order

equations in wall dilation rate («) and Grashof number (G,) as

Gig (y) =0, (3.237)
Afo(y) | 4RAY(y) _
L R =0 (3.238)

Similarly the appropriate boundary conditions becomes

(i) Gip(1) =0, (i) Gr(1) =0, (i) G (0) =0,
(iv) G1o(0) =0, (v) Aip(1) =1, (vi) A}4(0) =0. (3.239)

The first order equations arising from secondary perturbation parameters, wall dilation rate

() and Grashof (G,.) yield

2GY(y) + yGi () + G (y) = 0, (3.240)
Al(y) | ARAY (y)
- = 241
r T p (3:241)
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with boundary conditions
(i) Gy, (1) =0, (i) Gu(1) =0, (i) G1,(0) =0,
(iv) G11(0) =0, (v) A11(1) =0, (vi) Al;(0) = 0. (3.242)

Solving equation (3.237) subject to the boundary conditions (3.239), gives

Gio(y) = % (Sy - y3). (3.243)

Similarly solving equation (3.238) along with boundary conditions (3.239), we obtain
Ap(y) = 1. (3.244)

The solutions of equations (3.240)-(3.241) and subject to boundary conditions (3.242) with
the aid of (3.243) and (3.244) is given by

3
Guly) = 35 (v —24° +9°) (3.245)
and
An(y) =0 (3.246)

respectively. Substituting (3.243) and (3.245) into (3.235), gives the leading order term of

velocity as

1 3
Giy) = 5By —v") + 5o (v —2" + 7). (3.247)

Similarly from (3.244) and (3.246), equation (3.236) yields the leading order term of temper-

ature
A (y) =1. (3.248)

To evaluate the first order solution of the velocity Gs(y), the secondary perturbation parameter

a yields velocity Ga(y) as
Ga(y) = Gaoly) + aGa(y) + O(a®). (3.249)

Using (3.247) and (3.249) into the first order equation (3.232) together with the boundary

conditions (3.234), the leading order equation in wall dilation rate («) yields

3
Gao(y) — cos(7)Gr Ao(y) + Ey +3Ny -3y’ =0 (3.250)
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with the following boundary conditions
(i) Goo(1) =0, (il) Goo(1) =0, (iii) Goy(0) =0, (iv) Gao(0) = 0. (3.251)

Substituting (3.244) into (3.250), we get

3
Gao(y) — cos(7)Gr + % +3Ny — 3y° (3.252)

which gives the following solution

Ga(y) = ( — 42y + 2532 Ky — 42K Ny + 84y° — 858 K y® + 84K Ny

1680 K
—42y° — 412K Ny° + 6Ky" + (35Ky — 105Ky’ + T0Ky*) cos(v)GT> (3.253)

that satisfies boundary conditions (3.251). Similarly the first order equation in wall dilation

rate («), yields

9y 9Ny 27y 33
G(4) G(3) 2" - —
o1 () +yGag (y) + 2G5 (y) + 10K - 10 10 2K

3Ny 9yd
— = = 254
5 + 10 0 (3.254)
and the boundary conditions
() Ga(1) =0, (i) Ga(1) =0, (ii}) GH(0) =0, (iv) Gu(0)=0.  (3.255)

Using equations (3.248), (3.253) and the boundary condition (3.255), gives the solution of
(3.254) as

Galy) = 6379Ky — 552y — 552K Ny + 1584y° — 14212 Ky°

100800K (
+1584K Ny — 1512y° + 7722 Ky — 1512K Ny® — 324 Ky" + 480K Ny”

—65Ky” 4+ (2205y — 6790y° + 4200y* + 945y° — 560y°) K cos 7Gr) . (3.256)

Substituting (3.253) and (3.256) into (3.249), yields the first order velocity term as

1
Gy(y) = 60 ( — 42y 4 2532K7y — 42K Ny + 84y® — 858 Ky® + 84K Ny/°

—42y° — 412K Ny° + 6Ky" + (35y — 105y° + 7Oy4)Kcos(7)Gr)

o
— Ky — 552y — 552K Ny + 1584y> — 14212K¢?
+100800K(6879 Yy — 552y — 55 y + 1584y Y
+1584K Ny — 1512y° + 7722 Ky — 1512K Ny°® — 324 Ky" + 480K Ny”

—65Ky° + (2205y — 6790y + 4200y* + 945y° — 560y°) K cos ’yGr).
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Finally the fluid velocity inside the filter chamber is given by

I N N A - 1
Gly) = 5By—9)+ 55 W-2"+y) o+ i

—42K Ny + 8412 — 858Ky + 84K Ny® — 42y° — 42K Ny 4+ 6 Ky”

< — 42y + 2532Ky

+35K7y cos(7)G, — 105K y? cos(v)G, + T0Ky* cos(v)Gr)

(0
— [ 6879Ky — 552y — 552K Ny + 1584y> — 14212Ky> + 1584 K N*
+100800K( Yy oosy Y+ ool v Y
—1512y° + 7722 K1 — 1512K Ny® + 480y" — 324 Ky" + 480K Ny”

—65Ky° + (2205y — 6790y + 4200y* + 945y° — 560y°) K cos(’y)G’T) R.. (3.257)
The leading quantity of temperature Ay(y) takes the form
As(y) = Aso(y) + GrAai(y) + O(GY). (3.258)

Substituting (3.258) into (3.233), yields the leading equation of Grashof number (G,) as

2G",(y) — A%’D(y) + 4R’%’°(y) - 2J(G’10(y))2 =0 (3.259)
and boundary conditions
(i) A5 (0) =0, (i) Ag(1) = 0. (3.260)
The first order equation gives
26, y) ~ 2 W)y )6 ) = 0 (3.261)
with boundary conditions
(i) A5 (0) =0, (il) A (1) = 0. (3.262)

Using equation (3.243) into (3.259) and thereafter integrating the resulting equation together
with conditions (3.260), gives

Ago(y) = ﬁ (25 — 33J — 30y* + 45Jy* — by* — 15Jy* + 3Jy°) . (3.263)
Similarly equations (3.245), (3.261), (3.263) and boundary conditions (3.262), yields
Ag () IR S (140 — 489J — 420y* + 1260Jy* 4 420y*
5600(4R — 1)
—1470Jy* — 1405 4 924.Jy5 — 225Jy8>. (3.264)
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Thus, substituting equations (3.263) and (3.264) into (3.258), gives the first order of temper-

ature as
Asy) = __& (25 — 33J — 30y° + 45.Jy* — 5y* — 15Jy* + 3.Jy°)
20(4R — 1)
G (40— as0g - 420y* + 1260.Jy> + 420y* (3.265)
5600(4R — 1)
—1470Jy"* — 140y° + 924.J¢° — 225Jy8). (3.266)

Finally the temperature distribution inside the filter chamber is given by

P,
A = 1+ R |———— (25 —33J — 30y + 45Jy> — 5y* — 15Jy* + 3J4°
() + {20(41%_1)( y® +45Jy° — 5y y'+3Jy°)
___Gh 140 — 489J — 420y* + 1260.Jy* 4 420y* (3.267)
5600(4R — 1)
—1470Jy* — 14045 + 924745 — 225Jy8)1 . (3.268)

Pressure Drop

Using the dimensionless stream function (3.208) into equation (3.81), gives the normal pressure

as

Py = G(y) + Grfeos(r) ~ G)C'(y) — o [ C ) + ()] (3.260)

Similarly, the axial pressure is obtained by substituting the dimensionless stream function

(3.208) into equation (3.80), thus

P, = z[G(y)G"(y) + R%(aG’(y) +ayG"(y) + G"(y))

~ G ()~ NG'(y) ~ (G'(0))?] (3.270)

From the design of the filter chamber, the left side is closed with an insulated wall which create
the force per area of the wall (P,) and the right side of the chamber is opened to atmospheric

pressure (P, =~ 0), then the pressure drop along the x-axis can be written as

AP, = P, — P,,. (3.271)
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Therefore from equation (3.270) the resulting axial pressure becomes

P = Zeawcw) + 4 (06w + a0 ) + )
— Gy~ NC'() ~ (W) (3272

This confirms that axial pressure drop behaviour, at any value for y, takes a parabolic profile [2].

3.5 Results and Discussions

In this section analysis of graphical representations of flow dynamics and heat distributions
that lead to optimal permeates production during filtration process are presented. In order to
obtain the optimal out flow (optimal permeates) effects of various parameters arising from the
flow dynamics, heat transfer and filter chamber design such as wall dilation rate («), Prandtl
number (P,), Grashof number (G, ), permeation Reynolds number (R.), Stuart number (N),
radiation parameter (R), Joule parameter (J) and porosity parameter (K) are investigated.
A detailed interpretation of the axial-velocity, temperature distribution, axial and normal
pressure distributions are used to understand the physics (dynamics) of the problem which are
important during the design phase of filters. The results obtained are verified by comparing

them with other works reported in the literature.

3.5.1 Axial flow velocity under the influence of various parameters

In this subsection analysis is carried out to understand the influence of various parameters
affecting momentum equation (3.225) during filtration process, by analysing graphical repre-

sentations of the velocity of the system given by equation (3.257).
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Effects of wall dilation rate « on the fluid inside the filter chamber
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Figure 3.3: Axial-velocity profiles
over a range of « at fixed values of
K=01, N=10, G, =2, R, = 0.12
and ~ = 30.

Figures 3.3 and 3.4 show that for expansion (« > 0), the axial-velocity increases towards the
centre and decreases towards the chamber walls when filter chamber volume increases due to
expansion for both fluid injection and suction. Also for contraction (a < 0), figures illustrate
that the axial-velocity decreases towards the centre and increases towards the chamber walls
when chamber volume decreases due to contraction for both fluid injection and suction. The
results are in good agreement with the results in [20]. It can be seen that the velocity of the fluid
is higher when fluid is injected inside the filter chamber (figure 3.3) compared to sucking fluid
out of the chamber (figure 3.4). Thus, more space (expansion) and fluid injection is needed

to produce more permeates. The above figures show that sucking fluid from the chamber is
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Figure 3.4: Axial-velocity profiles
over a range of a at fixed values of
K=01,N=10,G, =2, R. = —0.12
and v = 30.

not ideal during filtration process since it decreases the outflow.
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Effects of Reynolds number R, inside the filter chamber
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Figure 3.5: Axial-velocity profiles Figure 3.6: Axial-velocity profiles
over a range of R, at fixed values of over a range of R, at fixed values of
a=1,K=00,N=10,G. =2  a=-1,K=00l,N=10, G, =2,
and v = 30. and v = 30.

Figures 3.5 and 3.6 show that for fluid injection (R, > 0), the axial-velocity increases towards
the chamber walls and decreases towards the centre for both contracting and expanding filter
chamber. Also for fluid suction (R, < 0), the axial-velocity increases towards the centre and
decreases towards the filter chamber walls for both contracting and expanding filter chamber.
The analysis agrees with results found in [38]. It can be seen that the fluid moves at high
speed/velocity when chamber walls expand (figure 3.5) compared to when chamber walls
contract (figure 3.6). To produce more permeates, more filter chamber space (expansion)
is ideal and fluid injection. Both figures show that injection yields more permeates at a low

speed whereas suction yields less permeates faster compared to injection.
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Effects of Porosity parameter K of the medium inside the filter chamber
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Figure 3.7: Axial-velocity profiles
over a range of K at fixed values of
a=1, N=10, G, =2, R. =0.1, and

v = 30.
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Figure 3.8: Axial-velocity profiles
over a range of K at fixed values of
a=1 N =10, G, = 2, R,

and v = 30.
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Figure 3.9: Axial-velocity profiles over a range of K at fixed values of @« = —1, N = 10, G, = 2,
R, = 0.1, and v = 30.

Figures 3.7 and 3.8 show that for poroisty (K), the increases in pore size leads to the
increase in axial-velocity towards the centre of the chamber and the decrease in axial-velocity
towards the filter chamber walls for fluid injection (figures 3.7). The increases in pore size
leads to the decrease in axial-velocity towards the centre of the chamber and the increase
towards the filter chamber walls for fluid suction (figure 3.8). For both contraction (figures
3.7) and expansion (figures 3.9), the increases in pore size leads to the increase in axial-
velocity increases towards the centre and the decrease towards the filter chamber walls for

fluid injection. This behaviour is due to the fact that the increase in porosity along with fluid
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injection allows more fluid flow inside the chamber which leads to the increase in axial-velocity
while the increase in porosity for fluid suction means that fluid can be easily sucked out of
the filter chamber, thus fluid velocity decreases towards the centre with the increase in pores
size. For the system to produce more permeates while filtering particles effectively, it is ideal
to inject fluid, maximize the chamber volume (expansion) and the pore sizes must be small

during filtration process.

Effects of inclination angle v of the filter chamber
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Figure 3.10: Axial-velocity profiles Figure 3.11: Axial-velocity profiles

over a range of v at fixed values of a = over a range of v at fixed values of a =
1, K = 0.01, N = 10, G, = 2 and 1, K = 0.01, N = 10, G, = 2 and
R, =0.1. R, = —0.1.

Figure 3.10 shows that the system produces more permeates at a slow rate when fluid is
injected inside the chamber with no inclination. Both figures show that inclining the chamber
more while injecting fluid into the system leads to the increase velocity since buoyancy effects
decrease with the increase in inclination. This also indicates that the system produces less
permeates fast when fluid is sucked out of the chamber with no inclination. Thus fluid injection
is needed to produce more permeates. Both figures show that angle of inclination affects the
flow velocity towards the bottom of the chamber only. The figure also indicate that the increase
in angle of inclination of the filter chamber decreases the axial-velocity towards the center and
increases the axial-velocity near the bottom when fluid is injected inside the filter chamber.
To produce more permeates, fluid injection in the filter chamber positioned perpendicular

(v = 90° vertical) is ideal for this design. Illustrates that the increase in angle of inclination
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of the filter chamber increases the axial-velocity towards the center of the filter chamber and
decreases velocity near the chamber walls creating the reverse flow during fluid suction. The
system will produce less permeates fast when fluid is sucked and filter chamber angle increases

to (v = 90° vertical).

Effects of Stuart number N inside the filter chamber
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Figure 3.12: Axial-velocity profiles
over a range of of NV at fixed values of
a=1,K=01,G, =2, Re =0.1 and
v = 30.
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Figure 3.13: Axial-velocity profiles
over a range of of IV at fixed values of
a=1K=01, G =2 R, = —0.1
and v = 30.

Figures 3.12 and 3.13 show that for Stuart number (/V), the increase in magnetic strength

leads to the decrease in axial-velocity towards the centre and the increase towards the walls

of the filter chamber when injecting fluid (figures 3.12). Whereas during fluid suction, the

increase in magnetic strength leads to the increases in axial-velocity towards the centre of

the filter chamber and the decrease towards the chamber walls (figure 3.13). The increase

in magnetic strength leads to the increase in Lorentz force which oppose fluid motion since

this force develops more during fluid injection compared to suction, the system will produce

more permeates slow during injection while produce less permeates fast during suction. For

the system to produce more permeates, while restricting contaminated particle from entering

the filter chamber fluid injection is needed together with integration of magnetic field during

filtration process.
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Effects of Grashof number G, inside the filter chamber
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Figure 3.14: Axial-velocity profiles Figure 3.15: Axial-velocity profiles
over a range of G, at fixed values of over a range of G, at fixed values of
a=1 K =01, N =50, R. = 0.12 a=1, K =01, N =50, R, = —0.12
and v = 60. and v = 60.

Figures 3.14 and 3.15 show that for Grashof number (Gr), the increase in Grashof number
due density variation arising from temperature difference leads high axial-velocity towards the
chamber walls and low velocity towards the centre of the chamber for injection (figures 3.14).
The increase in Grashof number leads to the increase in axial-velocity towards the centre and
the decrease towards the chamber walls for suction (figure 3.15). The increase in Grashof
number leads to movement of more dense fluid particles to the bottom of the filter chamber
and the less dense particle to move towards the top of the filter chamber for both injection
and suction. Thus the effects of Grashof number will affect the flow at bottom since gravity

pulls the more dense particle towards the bottom.

3.5.2 Temperature distribution under the effects of various param-

eters

In this subsection analysis is carried out to understand the influence of various parameters
affecting the energy (3.226) during filtration process, thus studying the temperature distri-
butions inside the filter chamber by analysing solution of energy (3.226) given by equation
(3.267).
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Effects of Reynolds number R, inside the filter chamber
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Figure 3.16: Temperature distribu-
tions over a range of R, at fixed values
ofa=1, G, =10, J =0.5, P, = 0.6
and R =5.
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Figure 3.17: Temperature distribu-
tions over a range of R, at fixed values
ofa=-1G, =10, J =05, P. =0.6
and R = 5.

Figures 3.16 and 3.17 show temperature distributions for both fluid injection and suction
during expansion and contraction respectively. It can be observed that injecting fluid inside
the filter chamber for both contracting or expanding the chamber, increases the temperature
from the chamber walls towards the centre of the filter chamber. When fluid is sucked out of
the filter chamber both figures show that the temperature decreases from the walls towards the
centre of filter chamber. The increase in temperature when fluid is injected into the chamber
is due work done by additional particles which increase Joule heating effect, thus increase
temperature. The decrease in temperature when fluid is sucked out of the chamber is due to
fact that particles decreases inside the chamber which lead to the decrease in work done by
particles and decrease in Joule heating effect, thus decrease temperature. When there is no
fluid injection or suction, the system does not inject or suck particles into or out of the filter
chamber, this leads to same work done by the particles inside the chamber, hence there is no

effects of Joule heating inside the filter chamber.
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Effects of Joule heating parameter J inside the filter chamber
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Figure 3.18: Temperature distribu-
tions over a range of J at fixed values
ofa =1, G, =2, R=10, P. = 0.6
and R, = 0.12.
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Figure 3.19: Temperature distribu-
tions over a range of J at fixed values
ofa=-1,G, =2, R=10, P, = 0.6
and R, = —0.12.

Figure 3.18 shows that when the Joule heating parameter (source) increases the fluid tem-
perature inside the chamber decreases towards the centre of the chamber when fluid is injected
inside the filter chamber. Increasing the Joule heating parameter reduces movement of particles
inside the chamber which result in less energy generation by particles hence the temperature
decreases. It can also be noted that for high Joule heating parameter, the temperature ap-
proximate the temperature of the chamber walls. In case of fluid suction while contracting the
chamber, the temperature decreases as the Joule heating parameter increases, since sucking
fluid reduce fluid particles which contribute to the net energy from the chamber, thus lead to

the decrease in temperature as shown in (figure 3.19).
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Effects of Grashof number G, inside the filter chamber
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Figure 3.20: Temperaure distribu-
tions over a range of G, at fixed value
of Re =01, a =1, P, =06, R =10
and J = 0.5.
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Figure 3.21: Temperaure distribu-
tions over a range of G, at fixed value
of Re =—-0.1,a=1,P.=0.6, R=10
and J = 0.5.

Figures 3.20 and 3.21 show respectively that the increase in Grashof number increases
the temperature from the chamber walls towards the centre when fluid is injected inside the
filter chamber and decrease in temperature from the walls towards the centre of the filter
chamber when fluid is sucked out of the filter chamber. Also (figure 3.20) illustrates that
the temperature increase more at a lower Grashof number. The decrease in temperature when
Grashof number increases is caused by the fact that for high Grashof number the fluid absorb
temperature from the walls at a high rate, thus decrease fluid density. The less dense particles
moves more freely inside the filter chamber with minimal internal frictional between particles
as a result contribute minimal temperature. This illustrates that the temperature decreases
more at a lower Grashof number. The decrease in temperature at a lower Grashof number is
caused by the fact that the less dense particles (more temperature) due to high temperature
decreases internal temperature during suction since temperature in taken out of the filter

chamber inform of less dense particles.
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Effects of Radiation R inside the filter chamber
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Figure 3.22: Temperature distribu- Figure 3.23: Temperature distribu-
tions over a range of R at fixed values tions over a range of R at fixed values
ofa=1G,=1,J =05, P. =06 ofa=1, G, =1,J =05, P. =06
and R, = 0.10. and R, = —0.10.

Figures 3.22 and 3.23 show that the increase in radiation leads to the increase in tem-
perature from the chamber walls towards the centre when fluid is injected inside the filter
chamber and the decrease in temperature from the chamber walls towards the centre of the
filter chamber when fluid is sucked out of the filter chamber. Also (figure 3.22) illustrates that
the temperature decreases more when radiation increases for fluid injection. This decrease is
caused by the fact that radiating MHD fluid gives away energy in form of radiation as a results
fluid temperature will decrease with increase in radiation. For fluid injection, more particles
are injected and give away more energy and conserve less, thus temperature increment will
be less for high radiation. Figure 3.23 illustrates that the temperature decreases more when
fluid radiates at a lower rate. Sucking out fluid leads to the decrease in temperature since heat
transfer from the walls decreases when warm particles closed to chamber walls are sucked out.
Also when particles radiates at lower rate they keep more energy and give away less, sucking
those particle leads to more energy out of the system, thus sucking less radiative particles leads

to more decrease of temperature compared more radiative particles.
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Effects of Prandtl number P, inside the filter chamber
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Figure 3.24: Temperature distribu- Figure 3.25: Temperature distribu-
tions over a range of P, at fixed values tions over a range of P, at fixed values
ofa=1,G, =10, J = 0.5, R =10 ofa=1 G, =10, J =05, R =10
and R, = 0.10. and R, = —0.10.

From figure 3.24 it can be observed that increasing the Prandtl number while injecting the
fluid into the filter chamber leads to the increase in fluid temperature distribution towards the
centre of the chamber. Due to small values of Prandtl number, the thermal diffusivity tends
to dominate inside the filter chamber, which increase heat diffusion through the fluid bulk and
increase temperature distribution towards the centre of the chamber. Similarly sucking fluid
out of the filter chamber decrease thermal conduction of fluid particles, thus resulting in low

heat diffusion hence the temperature inside the filter chamber decreases see (figure 3.25).

3.6 Concluding remarks

Lie symmetry analysis along with double perturbation method are used to study the flow and
heat distribution inside an inclined filter channel during filtration process. The design of the
filter and nature of the fluid revealed the important parameters which affect the internal flow
and heat distribution during filtration process which are wall dilationn («), Reynolds number
(R.), Grashof number (G, ), Prandtl number (P,), Radiation number (R), angle of inclination
(7) and Joule heating parameter (J). Also proficient mathematical formation of the problem
was obtained from basic conservation laws of mass, momentum and energy respectively. The

findings from the study indicate that to have an optimal outflow which leads to more permeates,
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the following dynamics were found to be vital to maximize permeates during filtration process.

(1)

Wall dilation rate: The increase in wall dilation rate creates more space inside the
filter chamber such that the internal pressure decreases and external pressure increases
in such a way that the system allows more fluid injection due to pressure difference.
Thus, the work done by pressure results in more fluid inside the filter chamber which
leads to more flow out (permeates) of the chamber. Since temperature is independent of
wall dilation rate, the chamber walls can be moved to created optimal pressure without

affecting temperature distribution of the system.

Reynolds: To maximize production of permeates, it is ideal to inject more fluid inside
the filter chamber. Suction is not ideal, since the increase in temperature decreases
particles inside the filter chamber which lead to less permeates. Increasing fluid particles
increases internal friction which leads to the increase in Joule heating effects and a rise in
internal temperature which is ideal during filtration process since it decrease the viscous

effects of the fluid as a result fluid bulk moves freely, thus optimize permeates.

Porosity: The increase in pore size of the medium leads to more inflow into the chamber
and more outflow on the other hand allows contaminations to pass through the medium
which is not ideal during filtration process. To deal with this challenge while producing
enough permeates, the filter design must have small medium pore size, allow only fluid
injection (no suction) and have relatively big enough filter chamber space. Temperature

distribution is independent of porosity effects.

Stuart: The increase in magnetic load zone leads to a reverse flow away from the centre
of the chamber while minimizing steel and ferro particles from entering the chamber or
blocking the pores of the chamber walls, on the other hand it decreases the outflow. To
counter the negative effects of magnetic force, more injection during operation is needed

since both magnetic field and the injection act normal the surface.

Prandtl: Momentum of the system is independent of the Prandtl number, thus Prandtl
number does not affect permeates out flow. This is due to thermal boundary layer

being more dominant compared to momentum boundary. For the system to maintain
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(10)

good quality of the permeates, it is ideal to adjust the Prandtl number in such a way
that is does not change the quality of the final product (permeates) while increasing

temperature.

Grashof: Increasing Grashof number leads to instability of fluid velocity towards the
bottom of the filter chamber due to buoyancy effects. For the system to produce more
permeates while injecting fluid, relative small Grashof number is needed to balance nat-

ural convection (minimize buoyancy effects).

Inclination: To produce more permeates, the system’s angle of inclination has to be

90° (vertical) to allow gravity to act in the direction of the out flow.

Radiation: To optimize internal temperature, lower radiation parameter is ideal during

filtration process since it increases the internal fluid temperature.

Joule heating: Similarly the increase in Joule heating parameter increases internal
temperature and increases the internal work done which is ideal during filtration, thus

increases permeates output.

Axial pressure: For the system to produce more permeates the chamber walls should
dilate in such a way that the work done by the movement of the chamber walls increases

the axial internal pressure to produce more permeates.
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