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Abstract

This project seeks to investigate the effects of dimensionless parameters affecting flow dynam-

ics and heat distribution during filtration process which leads to optimal out flow (maximum

permeates). The study carried out a detailed mathematical modeling process based on conser-

vation of mass, momentum and energy to construct mathematical representation of flow and

heat transfer during filtration process. Also dimensionless parameters that affect the flow dy-

namics and heat distribution are indicated based on the design of the filter. To understand the

dynamics of underlying study better, basic governing partial differential equations representing

the internal flow and heat transfer are reduced to a system of ordinary differential equations

by using the Lie symmetry analysis. Thereafter, double perturbation is used to approximate

solutions of velocity variation and heat distribution inside the filter chamber analytically. Re-

sults are presented graphically for effects of parameter affecting the flow dynamics and heat

distribution. Also analysis is carried out to obtain combination of parameters that lead to

optimal filtration process.

Key words: MHD flow; magnetic field; thermal radiation; buoyancy effects; stable filtration

process; Lie group analysis; perturbation method; conservation laws.
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List of Symbols

NOMENCLATURE

cp-specific heat, Jk/gK

2h-distance between walls, m

ḣ- wall dilation rate, m/s

t̄-time, s

ū-axial-velocity, m/s

v̄-normal-velocity, m/s

x̄-axial coordinate, m

ȳ-normal coordinate, m

t-dimensionless time

u-dimensionless axial-velocity

v-dimensionless normal-velocity

x-dimensionless axial coordinate

y-dimensionless normal coordinate

P̄ -pressure, Pa

µ-dynamic viscosity, kg/ms

Gr-Grashoff number

g-gravitational acceleration, m/s2

k-permeability of porous medium m2

B0-magnetic field strength Nm/A

P -dimensionless pressure

Re-permeation Reynolds number

N -Stuart number

K-dimensionless porosity variable

T -temperature of the fluid, K

Tw- temperature at wall, K

Th- temperature of the fluid at a certain

height from the wall, K

ν-kinematic viscosity, m2/s

Pr- Prandtl number

R-dimensionless radiation parameter

J-dimensionless Joule heating

Greek symbols

ρ-density, kg/m3

Ψ-dimensionless stream function

φ-dimensionless porosity

Ψ̄-stream function m2/s

σ-electrical conductivity of fluid S/m

µ-magnetic permeability H/m

θ-dimensionless temperature function

α-thermal diffusion

γ-angle of inclination

subscrips

w-wall condition

h-fluid height
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Introduction

Mathematical modelling by making use of basic conservation laws to formulate mathemati-

cal representation of flow behaviour and heat transfer in various fluid dynamics systems have

received a considerable amount of attention in various fields of science and engineering. To un-

derstand momentum change and energy variation of various systems modelled by conservation

laws, finding solutions of momentum and energy equations became critical part of research.

Various techniques to obtain solutions of momentum and energy equations representing dif-

ferent scientific applications have also been established by researchers. Some of established

techniques are homotopy analysis method [1], perturbation method [2], numerical methods [3]

and Lie group methods [4] to mention a few.

Lie symmetry theory [4], by Sophus Lie gives an invariant transformations that preserve the

dynamics of flow and heat transfer of systems modelled by conservations laws under a sym-

metry transformation. Lie’s theory is known to be a powerful tool that conserves complicated

dynamics when transforming a complex system to a simpler system. Lie symmetry technique

has been applied to various areas of fluid dynamics since the method preserve the dynamics

of the flow, see for example [2, 5, 6].

In this project, we consider a two-dimensional incompressible and electrically conducting vis-

cous fluid in an inclined porous rectangular channel bounded by two permeable walls which

represent internal flow and heat distribution during filtration process. To understand filtration

process better, the current study further investigates the work of [7] by studying the effects of

buoyancy force, magnetic field, radiation, Joule heating and angle of inclination on the internal

6



flow and heat distribution. The equations representing the current case study are given by

∂ū

∂x̄
+
∂v̄

∂ȳ
= 0, (1)

∂ū

∂t
+ ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ
= −1

ρ

∂P̄

∂x̄
+ ν

[
∂2ū

∂x̄2
+
∂2ū

∂ȳ2

]
− νφ

k
ū− σB2

0

ρ
ū, (2)

∂v̄

∂t
+ ū

∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ
= −1

ρ

∂P̄

∂ȳ
+ ν

[
∂2v̄

∂x̄2
+
∂2v̄

∂ȳ2

]
− νφ

k
v̄

+gβ(T − Th) cos (γ), (3)

∂T

∂t
+ ū

∂T

∂x̄
+ v̄

∂T

∂ȳ
=

k̄

ρcp

[
∂2T

∂x̄2
+
∂2T

∂ȳ2

]
− 1

ρcp

∂qr
∂ȳ

+
σB2

0

ρcp
ū2 (4)

together with the following boundary conditions

(i) ū = 0, v̄ = −Vw, T = Tw at ȳ = h(t),

(ii)
∂ū

∂ȳ
= 0, v̄ = 0,

∂T

∂ȳ
= 0 at ȳ = 0,

(iii) ū = 0 at x̄ = 0. (5)

This project uses Lie symmetry analysis and double perturbation to obtain approximate so-

lutions that can be used to seek a combination of parameters affecting the process that yields

optimal outflow (maximum permeates) during filtration process.

The layout of the mini-dissertation is as follows:

In Chapter one, we briefly provide an introduction to Lie symmetry analysis of partial differ-

ential equations and include the necessary results which will be used throughout this work. In

particular, an algorithm to calculate symmetries of partial differential equations is given.

In Chapter two, we illustrate how to obtain symmetries of Burger’s equation which has direct

application in fluid dynamics. Also, we obtain the invariant solutions of the Burger’s equation.

In Chapter three, we use Lie symmetry analysis together with perturbation method to study

flow and heat transfer in an inclined deformable channel under the influence of magnetic field

during filtration process.

Finally, in Chapter four we summarize the work done in this mini-dissertation. Bibliography

is given at the end.
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Chapter 1

Preliminaries

This chapter presents the algorithm to determine symmetries of partial differential equations,

which will be used through out this mini-dissertation.

1.1 Introduction

Mathematical representations of real life phenomena evolve in both space and time, thus lead

to partial differential equations. These equations representing real life phenomena can be

difficult if not possible to solve analytically due to higher dimensions that differ from one

phenomena to another. The Norwegian mathematician by the name of Sophus Lie, discovered

a way to transform a system of such higher dimension to a simpler system while preserving the

behaviour of the original system using Lie symmetry analysis more than hundred years ago. Lie

symmetry analysis provides group of transforms that maps a partial differential equations to

ordinary differential equations without changing the dynamics of the phenomenon represented

by partial differential equations. Due to the importance of the method (Lie symmetry analysis)

to differential equations several books have been written on this topic, see [4,8–11] to mention

a few. The results and definitions below are from the books mentioned above and

we will not refer to them again.
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1.2 Local one-parameter Lie group

Let x = (x1, ..., xn) be the independent variables with coordinates xi and u = (u1, ..., um)

be the dependent variables with coordinates uα (n and m finite). Consider a change of the

variables x and u involving a real parameter a:

Ta : x̄i = f i(x, u, a), ūα = φα(x, u, a), (1.1)

where a continuously ranges in values from a neighborhood D′ ⊂ D ⊂ R of a = 0, and f i and

φα are differentiable functions.

Definition 1.1 A set G of transformations (1.1) is called a continuous one-parameter (local)

Lie group of transformations in the space of variables x and u if

(i) For Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb Ta = Tc ∈ G, c = φ(a, b) ∈ D (Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)

(iii) For Ta ∈ G, a ∈ D′ ⊂ D, T−1
a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

We note that the associativity property follows from (i). The group property (i) can be written

as

¯̄
xi ≡ f i(x̄, ū, b) = f i(x, u, φ(a, b)),

¯̄uα ≡ φα(x̄, ū, b) = φα(x, u, φ(a, b)) (1.2)

and the function φ is called the group composition law. A group parameter a is called canonical

if φ(a, b) = a+ b.

Theorem 1.1 For any φ(a, b), there exists the canonical parameter ã defined by

ã =

∫ a

0

ds

w(s)
, where w(s) =

∂ φ(s, b)

∂b

∣∣∣∣
b=0

.
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1.3 Prolongation of point transformations and Group

generator

The derivatives of u with respect to x are defined as

uαi = Di(u
α), uαij = DjDi(ui), · · · , (1.3)

where

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, ..., n (1.4)

is the operator of total differentiation. The collection of all first derivatives uαi is denoted by

u(1), i.e.,

u(1) = {uαi } α = 1, ...,m, i = 1, ..., n.

Similarly

u(2) = {uαij} α = 1, ...,m, i, j = 1, ..., n

and u(3) = {uαijk} and likewise u(4) etc. Since uαij = uαji, u(2) contains only uαij for i ≤ j. In the

same manner u(3) has only terms for i ≤ j ≤ k. There is natural ordering in u(4), u(5) · · · .

In group analysis all variables x, u, u(1) · · · are considered functionally independent variables

connected only by the differential relations (1.3). Thus the uαs are called differential variables

[12].

We now consider a pth-order PDE(s), namely

Eα(x, u, u(1), ..., u(p)) = 0. (1.5)

Prolonged or extended groups

If z = (x, u), one-parameter group of transformations G is

x̄i = f i(x, u, a), f i|a=0 = xi,
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ūα = φα(x, u, a), φα|a=0 = uα. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations :

x̄i ≈ xi + a ξi(x, u), ūα ≈ uα + a ηα(x, u) (1.7)

obtained from (1.1) by expanding the functions f i and φα into Taylor series in a about a = 0

and also taking into account the initial conditions

f i
∣∣
a=0

= xi, φα|a=0 = uα.

Thus, we have

ξi(x, u) =
∂f i

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂φα

∂a

∣∣∣∣
a=0

. (1.8)

One can now introduce the symbol of the infinitesimal transformations by writing (1.7) as

x̄i ≈ (1 + aX)x, ūα ≈ (1 + aX)u,

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.9)

This differential operator X is known as the infinitesimal operator or generator of the group

G. If the group G is admitted by (1.5), we say that X is an admitted operator of (1.5) or X

is an infinitesimal symmetry of equation (1.5).

We now see how the derivatives are transformed.

The Di transforms as

Di = Di(f
j)D̄j, (1.10)

where D̄j is the total differentiations in transformed variables x̄i. So

ūαi = D̄j(u
α), ūαij = D̄j(ū

α
i ) = D̄i(ū

α
j ), · · · .

Now let us apply (1.10) and (1.6)

Di(φ
α) = Di(f

j)D̄j(ū
α)

= Di(f
j)ūαj . (1.11)
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Thus (
∂f j

∂xi
+ uβi

∂f j

∂uβ

)
ūαj =

∂φα

∂xi
+ uβi

∂φα

∂uβ
. (1.12)

The quantities ūαj can be represented as functions of x, u, u(i), a for small a, ie., (1.12) is locally

invertible:

ūαi = ψαi (x, u, u(1), a), ψα|a=0 = uαi . (1.13)

The transformations in x, u, u(1) space given by (1.6) and (1.13) form a one-parameter group

(one can prove this but we do not consider the proof) called the first prolongation or just

extension of the group G and denoted by G[1].

We let

ūαi ≈ uαi + aζαi (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal transforma-

tion of the group G[1] is (1.7) and (1.14).

Higher-order prolongations of G, viz. G[2], G[3] can be obtained by derivatives of (1.11).

Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f
j)(ūαj ) = Di(φ

α)

Di(x
j + aξj)(uαj + aζαj ) = Di(u

α + aηα)

(δji + aDiξ
j)(uαj + aζαj ) = uαi + aDiη

α

uαi + aζαi + auαjDiξ
j = uαi + aDiη

α

ζαi = Di(η
α)− uαjDi(ξ

j), (sum on j). (1.15)

This is called the first prolongation formula. Likewise, one can obtain the second prolongation,

viz.,

ζαij = Dj(η
α
i )− uαikDj(ξ

k), (sum on k). (1.16)
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By induction (recursively)

ζαi1,i2,...,ip = Dip(ζ
α
i1,i2,...,ip−1

)− uαi1,i2,...,ip−1 j
Dip(ξ

j), (sum on j). (1.17)

The first and higher prolongations of the group G form a group denoted by G[1], · · · , G[p]. The

corresponding prolonged generators are

X [1] = X + ζαi
∂

∂uαi
(sum on i, α),

.

.

.

X [p] = X [p−1] + ζαi1,...,ip
∂

∂uαi1,...,ip
p ≥ 1,

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
.

1.3.1 Prolongation of (1+1)-dimensional PDE

Consider a second-order PDE

E(t, x, u, ut, ux, utt, uxx, utx) = 0, (1.18)

where t and x are two independent variables and u is a dependent variable. Let

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
, (1.19)

be the infinitesimal generator of the one-parameter group G of transformation (1.1). The first

prolongation of the operator X is denoted by X [1] and is given by

X [1] = X + ζ1(t, x, u, ut, ux)
∂

∂ut
+ ζ2(t, x, u, ut, ux)

∂

∂ux

where

ζ1 = Dt(η)− utDt(τ)− uxDt(ξ),

ζ2 = Dx(η)− utDx(τ)− uxDx(ξ)

13



and the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · · , (1.20)

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · . (1.21)

Likewise, the the second prolongation of X is given by

X [2] = X + ζ1
∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt
+ ζ12

∂

∂utx
+ ζ22

∂

∂uxx
. (1.22)

where

ζ11 = Dt(ζ1)− uttDt(τ)− utxDt(ξ),

ζ12 = Dx(ζ1)− uttDx(τ)− utxDx(ξ),

ζ22 = Dx(ζ2)− utxDx(τ)− uxxDx(ξ).

Applying the definitions of Dt and Dx given above, we obtain

ζ1 = ηt + utηu − utτt − u2
t τu − uxξt − utuxξu. (1.23)

ζ2 = ηx + uxηu − utτx − utuxτu − uxξx − u2
xξu. (1.24)

ζ11 = ηtt + 2utηtu + uttηu + (ut)
2ηuu − 2uttτt − utτtt − 2(ut)

2τtu

−3ututtτu − (ut)
3τuu − 2utxξt − uxξtt − 2utuxξtu − (ut)

2uxξuu

−(uxutt + 2ututx)ξu. (1.25)

ζ12 = ηtx + uxηtu + utηxu + utxηu + utuxηuu − utx(τt + ξx)− utτtx − uttτx

−utux(τtu + ξxu)− u2
t τxu − (2ututx + uxutt)τu − (ut)

2uxτuu − uxξtx

−uxxξt − (ux)
2ξtu − (2uxutx + utuxx)ξu − ut(ux)2ξuu. (1.26)

ζ22 = ηxx + 2uxηxu + uxxηu + (ux)
2ηuu − 2uxxξx − uxξxx − 2(ux)

2ξxu

−3uxuxxξu − (ux)
3ξuu − 2utxτx − utτxx

−2utuxτxu − (utuxx + 2uxutx)τu − ut(ux)2τuu. (1.27)

1.4 Group admitted by a PDE

Definition 1.2 The vector field
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X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
, (1.28)

is a point symmetry of the pth-order PDE (1.5), if

X [p](Eα) = 0 (1.29)

whenever Eα = 0. This can also be written as

X [p] Eα
∣∣
Eα=0

= 0, (1.30)

where the symbol |Eα=0 means evaluated on the equation Eα = 0.

Definition 1.3 Equation (1.29) is called the determining equation of (1.5) because it deter-

mines all the infinitesimal symmetries of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transformations (1.1) is

called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the same form) in the

new variables x̄ and ū, i.e.,

Eα(x̄, ū, ¯u(1), · · · , ¯u(p)) = 0, (1.31)

where the function Eα is the same as in equation (1.5).

1.5 Group invariants

Definition 1.5 A function F (x, u) is called an invariant of the group of transformation (1.1)

if

F (x̄, ū) ≡ F (f i(x, u, a), φα(x, u, a)) = F (x, u), (1.32)

identically in x, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient condi-

tion for a function F (x, u) to be an invariant is that

X F ≡ ξi(x, u)
∂F

∂xi
+ ηα(x, u)

∂F

∂uα
= 0 . (1.33)
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It follows from the above theorem that every one-parameter group of point transformations

(1.1) has n − 1 functionally independent invariants, which can be taken to be the left-hand

side of any first integrals

J1(x, u) = c1, · · · , Jn−1(x, u) = cn

of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dun

ηn(x, u)
.

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then the

corresponding one-parameter group G is obtained by solving the Lie equations

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū) (1.34)

subject to the initial conditions

x̄i
∣∣
a=0

= x, ūα|a=0 = u .

1.6 Lie algebras

Let us consider two operators X1 and X2 defined by

X1 = τ1(t, x, u)
∂

∂t
+ ξ1(t, x, u)

∂

∂x
+ η1(t, x, u)

∂

∂u
,

and

X2 = τ2(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η2(t, x, u)

∂

∂u
.

Definition 1.6 (Commutator) The commutator of X1 and X2, written as [X1, X2], is de-

fined by [X1, X2] = X1(X2)−X2(X1).

Definition 1.7 (Lie algebra) A Lie algebra is a vector space L of operators with the follow-

ing property : For all X1, X2 ∈ L, the commutator [X1, X2] ∈ L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.4 The set of all solutions of any determining equation forms a Lie algebra.

16



1.7 Conclusion

In this chapter, we have given some basic definitions and results of the Lie symmetry analysis

of PDEs. These included the algorithm to determine the Lie point symmetries.
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Chapter 2

Symmetries analysis of the Burger’s

equation in fluid dynamics: Illustrative

example

In this chapter, we consider a basic partial differential equation from fluid mechanics called

Burger’s equation. It occurs in various applications, such as modelling of gas dynamics, viscous

and turbulence flows to name a few. Lie symmetries of the Burger’s equation are calculated

and its group-invariant solutions under certain symmetry generators are obtained.

2.1 Lie symmetries of the Burger’s equation

Example 2.1 :

We consider the general incompressible Navier-Stokes equation, see [13]

ρ(
∂u

∂t
+ u· ∇u) = −∇P + µ∆u + F, (2.1)

where ρ is the fluid density, u is the velocity of the fluid, P is the pressure, µ is dynamic

viscosity and F is an external body force.

The special case of equation (2.1), by assuming that the flow is unsteady and one-dimensional

in space. Also, neglecting the external force and taking pressure gradient to be minimal, the
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above equation (2.1) becomes a (1+1)-dimensional Navier-Stokes equation (2.1) in time and

x-direction, named after Johannes Martinus Burger, which is called the Burger’s equation [14]

given by

ut + uux − νuxx = 0, (2.2)

where u is the flow velocity, t and x are independent time and space variables respectively.

We now determine the Lie point symmetries of the one-dimensional Burger’s equation (2.2)

above which admits the one-parameter Lie group of transformations with infinitesimal gener-

ator

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.3)

if and only if

X [2](ut + uux − νuxx)
∣∣
νuxx=ut+uux

= 0. (2.4)

Using the definition of X [2] from chapter one, we get[
τ(t, x, u)

∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
+ ζ1

∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt

+ζ12
∂

∂utx
+ ζ22

∂

∂uxx

](
ut + uux − νuxx

)∣∣∣
νuxx=ut+uux

= 0,

and this gives

η(ux) + ζ1(1) + ζ2(u)− ζ22(1)
∣∣∣
νuxx=ut+uux

= 0, (2.5)

substituting the values of ζ1, ζ2 and ζ22 given by (1.23), (1.24) and (1.27) into equation (2.5)

and replacing uxx by ut − uux, we have

uxη + ηt + utηu − utτt − u2
t τu − uxξt − utuxξu + uηx

+uuxηu + uutτx − uutuxτu − uuxξx − uu2
xξu − νηxx

−2νuxηxu − utηu − uuxηuνu2
xηuu + 2utξx + 2uuxξx

+νuxξxx + 2νu2
xξxu + 3utuxξu = 3uu2

xξu + νu3
xξuu + 2νutxτx

+νutτxx + 2νutuxτxu + u2
t τu + uutuxτu + 2νuxutxτu + νutu

2
xτuu = 0 (2.6)

where τ , ξ and η depend on t, x and u. Treating t, x, u, ut, ux, and utx as independent

variables, yields the following overdetermined system of linear partial differential equations:
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uxutx : τu = 0, (2.7)

utx : τx = 0, (2.8)

utu
2
x : τuu = 0, (2.9)

utux : ξu + ντxu = 0, (2.10)

u3
x : ξuu = 0, (2.11)

u2
x : 2uξu + ν2ξxu − νηuu = 0, (2.12)

ux : η − ξt + uξx − 2νηxu + νξxx = 0, (2.13)

ut : 2ξx − τt − uτx + ντxx = 0, (2.14)

1 : ηt + uηx − νηxx = 0. (2.15)

From equation (2.9), we get

τ = a(t, x)u+ b(t, x), (2.16)

where both a(t, x) and b(t, x) are arbitrary functions of t and x. Using the value of τ from

equation (2.16) into equations (2.8) and (2.7) respectively, yields

τ = b(t), (2.17)

where b(t) is an arbitrary function of t. From equation (2.11), we get

ξ = c(t, x)u+ d(t, x), (2.18)

where c(t, x) and d(t, x) are arbitrary functions of t and x. Substituting the above values of τ

and ξ into equation (2.10), yields c(t, x) = 0, thus

ξ = d(t, x). (2.19)

Substituting the above value of ξ from equation (2.19) into equation (2.12) and thereafter

solving for η, gives

η = e(t, x)u+ f(t, x), (2.20)

where e(t, x) and f(t, x) are arbitrary functions of t and x. Using equations (2.19) and (2.20)

in equation (2.13), given

e(t, x)u+ f(t, x)− dt(t, x) + udx(t, x)− 2νex(t, x) + νdxx(t, x) = 0. (2.21)
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Equating powers of u from equation (2.21) above, yields the following two equations

u : e(t, x) + dx(t, x) = 0, (2.22)

u0 : f(t, x)− dt(t, x)− 2νex(t, x) + νdxx(t, x) = 0. (2.23)

Substituting equation (2.20) into equation (2.15), yields

et(t, x)u+ ft(t, x) + u2ex(t, x) + ufx(t, x)− νexx(t, x)u− νfxx(t, x) = 0, (2.24)

Splitting powers of u from equation (2.24), yields

u2 : ex(t, x) = 0, (2.25)

u1 : et(t, x) + fx(t, x)− νexx(t, x) = 0, (2.26)

u0 : ft(t, x)− νfxx(t, x) = 0. (2.27)

Integrating equation (2.25) with respect to x, we get e as a function of t only, thus

e(t, x) = e(t). (2.28)

Substituting (2.28) into (2.22) and integrating the resulting equation, with respect to x, yields

d(t, x) = e(t)x+ d(t), (2.29)

where d(t) is an arbitrary function of t. Similarly using (2.28) into (1.13) and solving the

resultant equation we get

f(t, x) = −e′(t)x+ f(t), (2.30)

thus, values of ξ and η, becomes

η = e(t)u− e′(t)x+ f(t), (2.31)

ξ = e(t)x+ d(t). (2.32)

Taking (2.30) into (2.27) and solving the resulting equation, gives

e′′(t)x+ f ′(t) = 0. (2.33)

Separating equation (2.33) on x, yields

x : e′′(t) = 0, (2.34)

x0 : f ′(t) = 0. (2.35)
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Integration (2.34) and (2.35) with respect to t respectively, yields

e(t) = A1t+ A2, (2.36)

f(t) = A3, (2.37)

where A1, A2 and A3 are constants of integration. Using the above results in equation (2.29)

and solving the resultant equation, gives

d(t) = −A3t+ A4, (2.38)

where A4 is a constant of integration. Thus, the values of τ , ξ and η are given by

τ = b(t), (2.39)

ξ = (A1t+ A2)x− A3t+ A4, (2.40)

η = (A1t+ A2)u− A1x+ A3. (2.41)

Substituting (2.39)-(2.41) into (2.14) and solving the resulting equation, we get

b(t) = A1t
2 + 2A2t+ A6, (2.42)

where A6 =
A5

2
is a constant. Finally the values of τ , ξ and η are as follows

τ = A1t
2 + 2A2t+ A6, (2.43)

ξ = A1tx+ A2x− A3t+ A4, (2.44)

η = A1tu+ A2u− A1x+ A3. (2.45)

Thus the infinitesimal symmetries of the Burgers equation are given by

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 = t
∂

∂x
− ∂

∂u
,

X4 = 2t
∂

∂t
+ x

∂

∂x
− u ∂

∂u
,

X5 = t2
∂

∂t
+ tx

∂

∂x
− (x+ tu)

∂

∂u
.
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2.2 Group-invariant solutions of the Burgers equation

A group-invariant solution with respect to a subgroup of the symmetry group is an exact

solution which is unchanged by all the transformations G of the subgroup. Invariant solutions

are expressed in terms of invariant of the subgroup. The number of independent variables in

the reduced system is fewer than the original system. Thus, if an equation is invariant under

G, the solution of the original system can be obtained from the reduced system.

The group-invariants solution of the Burgers equation

ut + uux = uxx, (2.46)

are as follows. Case 1: We calculate the invariant solution under the symmetry operator

X1 =
∂

∂t
. (2.47)

The characteristic equations associated with the above operator are

dt

1
=
dx

0
=
u

0
, (2.48)

which gives two invariants

J1 = x, J2 = u. (2.49)

Thus, u = f(x) is the group-invariant solution and f is an arbitrary function. Substituting u

into (2.46), yields

f
′′
(x) + f(x)f

′
(x) = 0,

which result into the following solution

f(x) = C1 tanh

(
1

2
C1x+ C2

)
,

where C1 and C2 are arbitrary constants. Under X1, the group-invariant solution of (2.46) is

given by

u(t, x) = C1 tanh

(
1

2
C1x+ C2

)
.

Case 2: We consider the symmetry operator

X3 = t
∂

∂x
− ∂

∂u
.
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Now

X3J = 0
∂J

∂t
+ t

∂J

∂x
− ∂J

∂u
= 0. (2.50)

The characteristic equations are

dt

0
=
dx

t
=
du

−1
.

Thus, one invariant solution is J1 = t. The other is obtained from the equation

dx

t
=
du

−1

and is given by J2 = x
t

+ u. Consequently, the invariant solution of (2.46) under X3 is

J2 = f(J1), i.e.,

u = −x
t

+ f(t), (2.51)

where f is an arbitrary function. Substituting (2.51) into equation (2.46), gives

x

t2
+ f ′(t)−

(
− x

t
+ f(t)

)(
− 1

t

)
= 0

and the second-order PDE (2.46) reduces to the first-order ODE

df

dt
+
f

t
= 0.

Solving for f , we obtain

f(t) =
C3

t
,

where C3 is an arbitrary constant, hence the invariant solution is given by

u(t, x) = −x
t

+
C3

t
.

Case 3: Let us construct an invariant solution under the group of dilations generated by

X4 = 2t
∂

∂t
+ x

∂

∂x
− u ∂

∂u
.

The characteristic equations

dt

2t
=
dx

x
=

du

−u
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provide the two invariants J1 = x√
t

and J2 =
√
tu. Thus the invariant solution is given by

J2 = f(J1), i.e.,

u =
1√
t
f(λ),where λ =

x√
t
.

Substituting this value of u in (2.46), we obtain

f ′′ + ff ′ +
1

2
(λf ′ + f) = 0.

This equation can be written as

(f ′)′ +
1

2
(f 2)′ +

1

2
(λf)′ = 0,

which on integration, yields

f ′ +
1

2
f 2 +

1

2
λf = C4,

where C4 is an arbitrary constant of integration. If C4 = 0, then one can solve the corresponding

Bernoulli’s equation for f and obtain

f(λ) =
2√
π

[
exp(−λ2

4
)

C5 + erf(λ
2
)
],

where C5 is an arbitrary constant and

erf(z) =
2

π

∫
exp(−s2)ds

is the error function. Thus

u(t, x) =
2√
πt

exp(−x2

4t
)

C5 + erf( x
2
√
t
)

is an invariant solution (2.46) under X4.

Case 4: Finally, we consider symmetry operator

X5 = t2
∂

∂t
+ tx

∂

∂x
− (x+ tu)

∂

∂u
. (2.52)

We construct the group-invariant solution of (2.46) under the above symmetry operator and

it is given by

u(t, x) =
C6

t
tanh

[
C6x

2t
+ C7

]
− x

t
,

with C6 and C7 being constants.
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2.3 Conclusion

In this chapter, we have looked at an example of a non-linear partial differential equation,

namely the Burger’s equation which arises from fluid dynamics by calculating its Lie point

symmetries. We then obtained invariant solutions under certain symmetry generators.
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Chapter 3

Lie symmetry analysis of flow and heat

transfer inside a filter chamber

In this chapter, we investigate flow dynamics and heat distribution during filtration process.

The flow inside the filter chamber is caused by injecting fluid through permeable walls and

pressure difference along the axial direction. Also the chapter studies the natural convection

due to temperature effect from the walls.

3.1 Introduction

There are advantages to both industry and mathematics that arise from the application of

mathematics to industrial case studies. Various industries have used mathematical models to

understand the complicated processes better, to increase profit and to improve production.

Hence, it is very important to have mathematical models of different industrial phenomena

that symbolize real life events. Most of industrial applications lead to (3+1)-dimensional

mathematical models due to the fact that the behaviour of such phenomenon are in space

and evolve with time, thus yield complex models. On the other hand, a simpler model can

be obtain by careful consideration of the system design that might lead to lower dimension

without loss of generality. The design of the system is one of the most important step during

modelling process that leads to a realistic model and appropriated boundary condition(s).
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The study of Newtonian and non-Newtonian fluid flow have been an active area of interest in

the past several decades in relation to heat and mass transfer processes through porous media

in commercial and industrial processes. Filtration process is one amongst various phenomena

which has application of such mass and heat transfer. During filtration process it is important

to study heat transfer which is one of the important factors that transform the state of the

fluid from Non-Newtonian to Newtonian. Thus, heat transfer affects the mass in flow (through

porous medium) and out flow (permeates) during this process. Due to the latter process, many

researchers have studied various models in the past and recent to gain better insight of the

dynamics of filtration process. Such studies provide engineers, physicists, etc with theoretical

insight information of what to expect from the final product produced during filtration process.

During extraction of oil from underground reservoirs, the oil consists of substances which lead

to pollution (contaminations), damage to equipment, inefficient burning and other problems.

However, various methods are used during filtration process to remove suspended contamina-

tions from oil for either protection of equipment or to extend the life span of the oil. Some

examples of filters which are used to purify oil are magnets and filter media. Flow restriction

owing to fine pore size of the filter medium is one of the most common challenges during

filtration.

To overcome such flow restriction, it is important to have a system design which produce

enough permeates while minimizing blockages of filter pores. In order to produce optimal

permeates, the design of the current study is such that magnets are integrated in the system

to produce load zone that collects iron, steel particles, etc. Thus, the permeable surface will

then filter fewer particles as a result pores will take time to become plugged with particles.

The system is such that it filters particles before the fluid is refined and separated, most easily

by distillation. It is therefore desirable to formulate a mathematical model which can be used

to predict the effects of parameters that arise from the design, dynamics of the flow and heat

distribution.

Lot of work have been done to study various parameters which are important to the current

case study of a laminar flow driven by fluid injection. Such flows have been the subject

of many experimental, theoretical and computational studies. Berman [15] introduced the
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study of a channel flow by investigating a two-dimensional incompressible viscous laminar flow

in a channel with porous walls. The author used regular perturbation method to present the

analytical solution of the problem. Thereafter, the research work was done to understand more

about the dynamics of the flow in a channel with porous walls for small and large injection or

suction such as the works done in references [16–18].

The above mentioned studies did not investigate the effects of expanding or contracting walls

of channel, thus led to investigations of deformable channel to understand flow through de-

formable channel. Due to various applications of flow through deformable channels with per-

meable walls in sciences and engineering such as the transport of biological fluids through

contracting or expanding vessels, filtration in kidneys and lungs, regression of the burning

surface in the solid rocket motors, air circulation in respiratory systems and etc. These ap-

plications led to research efforts to investigate the flow dynamics inside a deformable channel

with permeable walls. Uchida and Aoki [19] studied an unsteady flows in a semi-infinite con-

tracting or expanding pipe. Their study modelled the unsteady blood flow produced by forced

contractions or expansions of a valved vein.

Dauenhauer and Majdalani [20] considered unsteady flows in semi-infinite rectangular channels

with porous and uniformly expanding walls. Exact self-similarity solution of the Navier-Stokes

equations for a laminar, incompressible and time-dependent flow in a deforming channel with

permeable walls was established by Dauenhauer and Majdalani [21]. The study presents ex-

ceptional application of the deforming channel in bio-mechanics. Subsequently, Majdalani et

al. [22] investigated the flow field in [21] by using double perturbations in permeation Reynolds

number R and wall dilation rate α to obtain analytical solution. Boutros et al. [2] further stud-

ied the flow in [21,22] for slowly expanding or contracting walls with weak permeability. They

used Lie-group method to present the similarity transformation of the problem. The differ-

ence between [2] and [22] is the transformation technique used to transform partial differential

equations representing the flow to ordinary differential equations. Both studies applied double

perturbation technique to obtain analytical solutions.

The above mentioned works have studied laminar flow in a deformable channel with permeable

walls without taking into consideration forces affecting the flow. Porous media and permeabil-
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ity generate an internal pressure due to the change in momentum (surface force) of the fluid,

thus these forces are of great interest in many applications, such as petroleum reservoirs, flows

through tobacco rods, pollutant dispersion in aquifers and foam metals, to name a few [23,24].

Porous media plays an important role during filtration process to decrease contaminations and

filter particles of a size which are bigger than the pore size.

M. Mahmood et al. [25] extended the model in [22] by taking into consideration the effect

of surface forces on the flow field. Authors investigated effect of wall dilation caused by

deformable walls, injection or suction due to permeability of the walls and porosity which

is due the porous nature of the medium. They used homotopy perturbation and shooting

method to find analytical and numerical solutions respectively. Authors observed that the

increase in the permeability of medium decreases the axial-velocity of the fluid at the centre

of the channel. The results found to be in good agreement with existing non-porous results

when the permeability of the medium is zero.

The subject of fluid flow through porous media influenced by magnetic field represents an

important area of rapid growth in the present heat transfer research. Hence, heat transfer

flow through porous medium has attract considerable attention and has been motivated by a

broad range of engineering applications. In relation to these applications, the work of many

researchers have studied different system designs to investigate the influence of magnetic field,

Joule heating due to magnetic effects, radiation and buoyancy, for more information the reader

is referred to [3, 26–37].

Sheikholeslami et al. [38] conducted a numerical simulation for two-phase unsteady nanofluid

flow and heat transfer between parallel plates in the presence of time-dependent magnetic field.

They found out that since magnetic field is applied in the normal direction it brings the so

called Lorentz force, which acts against the flow and slows down the fluid velocity. Authors

also showed that the absolute values of skin friction coefficient have reverse relationship with

the squeeze number and Hartmann number. Sheikholeslami et al. [39] investigated a three-

dimensional nanofluid flow between two horizontal parallel rotating plates. The study found

that the thermal boundary layer thickness increases when the magnetic parameter increases.

Also velocity decreases with increase of magnetic parameter, which is in agreement with results
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found in [38].

Sharma and Sinha [40] studied an unsteady MHD flow and heat transfer of a fluid over a

stretching sheet through porous medium in the presence of viscous dissipation and Joule heat-

ing. Their study found that temperature of the fluid increases by increasing radiation parame-

ter, thus fluid particles consume the radiated heat from the heated sheet. Authors also showed

that the effect of heat source and dissipation parameter are important to increase the rate

of energy transport to the fluid, hence results in increasing fluid temperature and decreasing

Nusselt number. Balamurugan et al. [41] studied MHD free convection chemically reactive

and radiative flow and heat transfer in a moving inclined porous plate. Authors discussed

the effects of radiation, viscous and Joules dissipation on the flow field and heat distribution.

They found that the increase in radiation parameter lead to the decrease in temperature and

the increase in velocity.

The study to analyse the effects of Joules heating and radiation absorbtion on MHD convective

and chemically reactive flow past an inclined porous plate in the presence of heat source

and thermal diffusion was conducted by Vijaykumar and Keshava Reddy [42]. Authors used

similarity transformation to transform the non-linear partial differential equations governing

the fluid flow into a two-point boundary value problem and applied the fourth order Runge-

Kutta method with shooting technique to obtain numerical solution. The study showed that

by increasing the values of Grashof number, porosity and radiation absorption parameter lead

to an increase in fluid velocity but in the case of increasing values of magnetic field and

angle of inclination reverse tendency is experienced. Also fluid temperature increases with the

increase in values of Prandtl number. Thermal radiation is one of the important factors when

the system is operating at high temperature. During operation, the fluid absorbs and emits

thermal radiation, thus it is very important to study effect of thermal radiation on the system.

In this project, Lie symmetry analysis [2, 4, 6–12, 43, 44, 53] is used to solve a problem which

represents internal flow and heat transfer during filtration process. The main advantage of sym-

metry analysis method is that it can successfully be applied to non-linear differential equations.

The Lie symmetries of differential equations are continuous groups of transformations which

leaves the equations invariant under such transformations. The symmetries are quite popular
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because they result in the reduction of the number of independent variables of the problem.

Thereafter, an approximate-analytical solutions for the velocity and temperature profiles are

obtained using double perturbation method [45].

The study of flow and heat transfer of an incompressible laminar and viscous fluid in a rectan-

gular domain bounded by porous walls with minimal buoyancy effects was conducted by [7].

The authors studied the effects of various physical parameters affecting the self-axial velocity

both analytically and numerically. Also the study found that effects of buoyancy becomes

minimal when temperature is constant throughout the system.

The current case study, seeks to find the approximate-analytical solutions of the model repre-

senting the above phenomena, thus study equations of continuity, momentum and energy. The

resulting flow representing the above mentioned phenomena may be treated as two-dimensional

incompressible, viscous and magneto-hydrodynamic (MHD) flow in an inclined porous chan-

nel with two walls of weak permeability in the presence of a uniform magnetic field and heat

transfer. The nature of porous medium and permeable walls have an influence on fluid flow

hence it important to study the effects of permeability and porosity. Motivated by the above

mentioned works, the purpose of this study is to generalize the flow analysis of Magalakwe and

Khalique [7] in four ways by taking into consideration various forces affecting flow field during

filtration process. The first direction is concerned with the influence of a constant magnetic

field on the fluid flow while the second investigates the effect of an inclined porous channel on

the axial-velocity. Thirdly, the effect of Joule heating due to the presence of uniform magnetic

field on an electrically conducting fluid is investigated. Lastly, effects of heat transfer (Thermal

radiation) are taken into consideration.

3.2 Mathematical formulation

In this section, we derive set of differential equations representing the internal flow and heat

distribution inside an inclined porous channel during filtration process. The mathematical

representation of the above mentioned phenomenon is derived in detail using conservation

laws of mass, momentum and energy. Forces affecting flow dynamics and heat transfer are also
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derived based on physical laws such as Darcy’s law, Lorenz’s law and Fourier’s law.

3.2.1 Flow configuration

A two-dimensional, magneto-hydrodynamic (MHD), laminar flow of a viscous incompressible

electrically conducting and radiating fluid in an inclined porous filter channel influenced by

magnetic field with uniform strength B0 is considered as shown in figure 3.1 below. One end

of the filter chamber is open and other end is closed with a solid insulated wall while the top

and the bottom pearmeable walls are kept at a uniform temperature Tw. The walls allow fluid

injection inside the filter chamber or fluid suction out of the filter chamber. The chamber is

such that it can uniformly expand or contract at a time dependent rate ḣ(t). The fluid emits

radiation as soon as the fluid enters the filter chamber with a uniform normal velocity Vw at

the walls. The length of the walls are assumed to be infinitely longer than the distance between

them. The parallel walls are located at a distance y = h(t) and y = −h(t) from the center of

the filter chamber.

Figure 3.1: Physical model of a filter chamber in the x and y coordinates inclined at angle γ.

Note: For this configuration, the symmetric nature of flow is taken into account at y=0.

The system design is such that there is no flow (no fluid injection) in the direction perpendicular

to the x-y plane, thus the flow is two-dimensional.
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3.2.2 Derivation of equations representing internal flow and heat

distribution during filtration process

The mathematical formulation of the internal flow and heat distribution during filtration

process is represented by equations derived below. The equations representing the above

phenomenon are derived from basic conservation laws such as mass, momentum and energy.

Appropriate boundary conditions are formulated based on the filter design, the internal flow

dynamics and heat transfer dynamics.

Conservation of mass inside the filter chamber

To have a balanced system, the amount of inflow and outflow through boundaries together

with the change of fluid mass in a system must be in balance. That is, the rate of change of

fluid mass in a system remains constant, this is known as conservation of mass, which is given

by the following equation in Einstein tensor notation [13]

∂ρ

∂t
+
∂(ρ.uk)

∂xk
= 0, (3.1)

where k = 1, 2 and 3 represents the x, y and z directions of flow respectively.

The flow under investigation is considered to be a two-dimensional, along the x and y directions

and incompressible, thus equation (3.1) becomes

∂u

∂x
+
∂v

∂y
= 0, (3.2)

for k = 1 and 2.

Conservation of momentum inside the filter chamber

Inside the filtration chamber (control volume), any rate of change in the momentum of a fluid

mass within the chamber is due to the action of external forces on the fluid within the chamber.

This rate of change of momentum of a fluid mass in a chamber is equal to the net external

forces acting on the fluid mass [13] and this is called conservation of momentum. The external

forces acting on a fluid mass are classified as surface forces and body forces. Surface forces
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act across the surface of the fluid mass, examples of such forces are pressure and viscosity

forces. Body forces act throughout the body of the fluid which are gravitational, centrifugal

and electromagnetic forces. The conservation of momentum equation is given by the following

Naiver-Stokes equation in Einstein tensor notation:

ρ

(
∂ui
∂t

+ ui
∂uj
∂xj

)
= −∂P

∂xi
+

∂

∂xj

(
µ
∂ui
∂xj

)
+ Fi, (3.3)

where the subscript i and j are used to denote the components of the velocity vector and Fi

represent the resultant external force. P is the total pressure given by

P = Pw + Pm, (3.4)

where Pw is the pressure created by the chamber walls and Pm is the pressure created by the

medium. Using (3.4) into (3.3), we have

ρ

(
∂ui
∂t

+ ui
∂uj
∂xj

)
= −∂Pw

∂xi
− ∂Pm

∂xi
+

∂

∂xj

(
µ
∂ui
∂xj

)
+ Fi. (3.5)

The total pressure at the chamber wall is given by the following equation (Bernoulli) at the

wall and a point inside the filter chamber along the same streamline [13]

Pw = p+ ρwgih, (3.6)

where p is fluid pressure and ρwgih is the pressure due to weight of the fluid. Substituting

(3.6) into (3.5), we get

ρ

(
∂ui
∂t

+ ui
∂uj
∂xj

)
= − ∂p

∂xi
− ∂ρwgih

∂xi
− ∂Pm

∂xi
+

∂

∂xj

(
µ
∂ui
∂xj

)
+ Fi, (3.7)

which reduces to

ρ

(
∂ui
∂t

+ ui
∂uj
∂xj

)
= − ∂p

∂xi
− ρwgi −

∂Pm
∂xi

+
∂

∂xj

(
µ
∂ui
∂xj

)
+ Fi. (3.8)

Since
∂h

∂xi
= 1.

The above result is due the fact that variation of chamber volume changes with respect to y

only. The fluid flow under consideration is influenced by the gravitational force gi acting on
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the fluid mass and the electromagnetic force Fei. Therefore, the net external body force acting

on a fluid mass is given by

Fi = gi + Fei. (3.9)

Substituting (3.9) into (3.8), yields

ρ

(
∂ui
∂t

+ ui
∂uj
∂xj

)
= − ∂p

∂xi
− ρwgi +

∂Pm
∂xi

+
∂

∂xj

(
µ
∂ui
∂xj

)
+ ρgi + ρFei, (3.10)

which can be simplified as follows

ρ

(
∂ui
∂t

+ ui
∂uj
∂xj

)
= − ∂p

∂xi
− ∂Pm

∂xi
+

∂

∂xj

(
µ
∂ui
∂xj

)
− (ρw − ρ)gi + ρFei. (3.11)

According to the design, the flow is unsteady two-dimensional in the x-y plane, thus we have

the following momentum equations

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

[
∂2u

∂x2
+
∂2u

∂y2

]
− ∂Pm

∂x
− (ρw − ρ)gx + ρFex, (3.12)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

[
∂2v

∂x2
+
∂2v

∂y2

]
− ∂Pm

∂y
− (ρw − ρ)gy + ρFey. (3.13)

Since there is no density variation and gravitational force along the x-axis. Also, magnetic

field is applied normal to the walls producing a Lorentz force only along the x-axis, thus the

above equations become

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

[
∂2u

∂x2
+
∂2u

∂y2

]
− ∂Pm

∂x
+ ρFex, (3.14)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

[
∂2v

∂x2
+
∂2v

∂y2

]
− ∂Pm

∂y
− (ρw − ρ)gy. (3.15)

Now, we construct the forces affecting momentum in detail.

Surface force: Porosity

Flow in a porous medium can be understood by examining Darcy’s law. Darcy’s law is a

generalized relationship for flow in porous medium and it represents fluid flow through porous

medium. The law was formulated by Henry Darcy as a result of his experiments on the flow

of water through sand beds. Darcy discovered that the volumetric flow rate of the fluid is
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dependant on number of variables namely, the flow area through which the fluid is flowing,

elevation, fluid pressure/hydraulic head and a proportionality constant.

Thus, the mathematical representation of Darcy’s law is

Q = AK
∆h

∆L
, (3.16)

where Q is volumetric flow rate, A is the flow area perpendicular to the flow path L, K is the

hydraulic conductivity (proportionality constant) and h is the hydraulic head. The hydraulic

head h at a specific point is the sum of the pressure head and the elevation z given by the

following equation:

h =
Pm
ρg

+ z, (3.17)

where Pm is the fluid pressure created by the medium, ρ is the fluid density, g is the gravi-

tational acceleration and z is the elevation. For the problem at hand there is no change in

elevation between any two points within the filter chamber (fully developed) and it follows

that z = 0. Taking into account that the flow is incompressible, Darcy’s law in differential

form takes the form

Q = −AK d

dL

(
Pm
ρg

)
. (3.18)

The negative sign accounts for the known fact that a fluid flows from a region of high to low

pressure. We also note that the velocity and flux equations are given by

u =
q

φ
, (3.19)

q =
Q

A
, (3.20)

where φ is the porosity of the medium and q is the Darcy flux. Substituting equations (3.19)

and (3.20) into equation (3.18) and making pressure gradient the subject of the formula yields

∂Pm
∂L

= −φρg
K

u. (3.21)

The conductivity K can be replaced by the permeability of the media. The two properties are

related by the following equation:

K =
kρg

ν
, (3.22)
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such that
∂Pm
∂L

= −νφ
k

u, (3.23)

where k is the permeability, ν is the fluid kinetic viscosity and u is the velocity vector. Since

L is the flow path and the problem under investigation is two-dimensional, along the x-y

directions. Thus (3.23) yields two surface forces in x and y directions as

∂Pm
∂x

= −νφ
k
u and

∂Pm
∂y

= −νφ
k
v. (3.24)

Since the flow under investigation is a pressure driven flow, number of deductions can be made

from equation (3.24) based on work and energy principle. The pressure difference in the y-

direction is constant since the work done on the surface by fluid is constant due to constant

injection. The symmetric nature of the configuration results in no driving force along the

y-direction. Also the pressure gradient along the axial direction yields a driving force towards

the right, since the work done by the wall on the left side (closed) is more that the work done

on right (open). The pressure is force per area, since the system has a closed area on the left

only, the pressure on the left is more than the atmospheric pressure on the right (open). Thus,

the filtrates outflow is towards the right.

Body force: Buoyancy

Flow between the chamber walls has net force (the difference between the buoyancy and

gravity) acting on a unit volume of the fluid inside the boundary layers and it is always in the

vertical direction, thus, the net force [46] is given by

Fn = g(ρw − ρ), (3.25)

where g is gravity, ρw is density of the fluid at the wall (at the boundary layer) and ρ is the

density of the fluid inside the boundary layer.

Since the filter chamber is inclined the force given by equation (3.25) can be resolved in two

components along the x-y directions as follows

Fx = Fn sin(γ) (3.26)
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which is the force parallel to the walls and force

Fy = Fn cos(γ) (3.27)

which is normal to the chamber walls. For the case study under investigation, the density is a

function of temperature, hence the density variation of the fluid with temperature at constant

pressure can be expressed in terms of the volumetric expansion coefficient β as follows:

β = −1

ρ

(
∂ρ

∂T

)
P

, (3.28)

≈ −1

ρ

(
M ρ

M T

)
. (3.29)

The current flow is incompressible which means the fluid density is constant except in the grav-

itational term due to Boussinesq approximation [13] which states that for any incompressible

fluid that has density variation due temperature difference, density variation can be neglected

except along the direction of gravity. Equation (3.29) can be expressed by replacing differential

quantities by differences such that

β ≈ −1

ρ

M ρ

M T
= −1

ρ

ρ− ρw
T − Tw

(3.30)

which can be rewritten as

ρw − ρ = ρβ(T − Tw), (3.31)

where T and Tw are fluid temperature and temperature at the boundary layer respectively.

Substituting (3.31) into (3.26) and (3.27), yields the buoyancy force in the x and y directions

respectively

Fx = gρβ(T − Tw) sin(γ) (3.32)

and

Fy = gρβ(T − Tw) cos(γ). (3.33)

Body force: Magnetic field

The fluid under investigation is electrically conducting in the presence of a transverse uniform

magnetic field. This flow can be understood by a careful consideration of Lorenz’s law of
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electromagnetism. Lorenz’s law describes the electromagnetic force Fe acting on a moving

charged particle. For more information the reader is referred to the following books [47–49].

To illustrate the basic concept describing magneto-hydrodynamics phenomena, we consider an

electrically conducting fluid moving with a velocity vector u. A magnetic field Bapp is applied

perpendicular to the velocity vector as shown in figure 3.2 below.

Figure 3.2: Flow of an electrically conducting fluid through magnetic load zone.

A number of deductions can be made from the interaction of the two vector fields. Firstly,

an electric field is induced perpendicular to both u and Bapp. This electric field, denoted by

Eind, is formulated as Ohm’s law given by

Eind = u×Bapp. (3.34)

Secondly, a current is induced in the fluid. That is, the positive and the negative charges

comprising the fluid are each accelerated in such a way that their average motion gives rise to

an electric current, the current density is denoted by J and is given by

J = σ(u×B). (3.35)

Here σ is the electrical conductivity of the fluid and B is the total magnetic field. The magnetic

field (Bind) is induced as a result of the induced current (J). That is, intrinsic to a current

flowing through a medium (a fluid in our case) is a magnetic field. Thus the total magnetic

field in the filter chamber is given by the sum of the applied magnetic field (Bapp) and the

induced magnetic field (Bind), given by

B = (Bapp + Bind). (3.36)
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Using the result from (3.36), equation (3.35) becomes

J = σ[u× (Bapp + Bind)]. (3.37)

Simultaneously occurring with the induced current J, is the induced electromagnetic force or

the so called Lorentz force denoted by Fe, given by

Fe = J×B. (3.38)

The Lorentz force occurs because the conducting fluid which gives rise to a current perpen-

dicular to the magnetic field. The vector Fe is the cross product of vectors J and B and is

perpendicular to the plane of both J and B. In the current case study, the induced magnetic

field is assumed to be small in comparison to the applied magnetic field, i.e. (Bapp >> Bind),

thus its effect is negligible. Hence, equation (3.37) reduces to

J = σ(u×Bapp). (3.39)

For this case study, the MHD fluid is moving with a velocity u along the x-axis, thus

u = ui (3.40)

and the magnetic field acts perpendicular to the direction of fluid flow, which gives

B = B0j. (3.41)

Substituting equation (3.40) and equation (3.41) into (3.39), gives a current density along the

z-axis given by

J = σuB0k. (3.42)

Also substituting (3.41) and (3.42) into (3.38), yields the Lorentz force acting along the negative

x-axis as

Fe = −σuB2
0i. (3.43)

Therefore, the Lorentz force induced by the interaction of the axial-velocity u and the trans-

verse magnetic field act opposite to the axial-velocity. The electromagnetic force acts as a drag

force. We note that a change in the direction of the magnetic field or the velocity changes the

Lorenz’s force (3.43) into a flow propelling force.
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Substituting the above surface forces (3.24) and body forces (3.33) and (3.43) into the mo-

mentum equations (3.14) and (3.15) respectively, yields

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

[
∂2u

∂x2
+
∂2u

∂y2

]
− νφ

k
u− σB2

0

ρ
u, (3.44)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

[
∂2v

∂x2
+
∂2v

∂y2

]
− νφ

k
v + gβ(T − Tw) cos γ. (3.45)

Conservation of energy inside the filter chamber

Law of conservation of energy state that the rate of storage plus rate of transport of total

energy in the control volume (filter chamber) must be balanced by the rate of work done

inside the filter chamber and heat transfer to the filter chamber. The differential equation

representing incompressible fluid energy transport is as follows

ρ

(
∂e

∂t
+ u· ∇e

)
= −∇·q + µΦ +Q, (3.46)

where e is the internal energy, u is the velocity vector, q is the total heat flux vector, Φ is the

dissipation function and Q is the heat generated (such as energy generated by electromagnetic).

For more information the reader is referred to [50].

The heat flux term in equation (3.46), is given by

q = qc + qr, (3.47)

where qc is the heat conduction and qr is the radiative heat flux respectively.

The change in energy can be represented in terms of the change in temperature [51] as

de = cpdT, (3.48)

where cp is specific heat capacity.

By using Fourier’s law [51] for heat conduction, equation (3.47) can be written as

q = qc + qr = −k∇T + qr. (3.49)

Using equations (3.48) and (3.49) in equation (3.46), yields

ρcp

(
∂T

∂t
+ u· ∇T

)
= ∇· (k∇T ) + µΦ +Q−∇·qr. (3.50)
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For convective heat transfer processes of practical interest, the reversible work and the viscous

dissipation are small enough to be neglected, thus we have

ρcp

(
∂T

∂t
+ u· ∇T

)
= ∇· (k∇T ) +Q−∇·qr. (3.51)

Since the radiative heat transfer along the x-axis is much small than the one along the y-axis,

say

(
∂qr
∂x
� ∂qr

∂y

)
. Also the flow is an unsteady two-dimensional, hence, equation (3.51) yields

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

k

ρcp

(
∂2T

∂x2
+
∂2T

∂y2

)
− 1

ρcp

∂qr
∂y

+
Q

ρcp
. (3.52)

Joule heating

The fluid is electrically conducting in the presence of a transverse uniform magnetic field.

Thus, it is taken as the current resistance between the upper wall and the lower wall. When

the electric current flows through an electrically conducting fluid, electric energy is converted

to heat. This is called Joule heating which can be written as a generalized power equation [52]:

P = IVol, (3.53)

where P is energy dissipated per unit time, Vol is a vector representing energy dissipated per

charged fluid particle passing through the fluid and I is a vector representing the charged fluid

particles passing through fluid per unit time.

From the design of the filter chamber under investigation, the Joule heating is calculated per

volume, hence differentiating equation (3.53) with respect to the volume (V), yields power per

unit volume as
dP

dV
= JEind. (3.54)

Substituting the induced electric field (3.34) into equation (3.54), we get

dP

dV
= J(u×B). (3.55)

Similarly, substituting (3.40), (3.41) and (3.42) into (3.55), yields

dP

dV
= σB2

0u
2. (3.56)
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Since producing power per unit volume is the same as internal energy/heat generated Q by

electric current through an electrically conducting fluid, the internal work done per unit time

inside the filter chamber generates internal energy given by

Q =
dP

dV
= σB2

0u
2. (3.57)

Finally, equation (3.52) takes the form

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

k

ρcp

(
∂2T

∂x2
+
∂2T

∂y2

)
− 1

ρcp

∂qr
∂y

+
σB2

0

ρcp
u2, (3.58)

which represents heat transfer inside the filter chamber.

Boundary conditions

The boundary conditions according to the flow configuration given in figure 3.1 is as follows.

Since the flow is symmetric at y = 0, we will show the boundary of the upper section only.

At the upper wall, we have

ū = 0, v̄ = −Vw, T = Tw at ȳ = h(t). (3.59)

The above conditions at wall are based on the reasons below. There is no movement of the

chamber wall in the axial direction, thus ū = 0 at the wall. This is a result owing to the

no slip condition at the boundary, that is the fluid layer closest to the wall approximates the

axial-velocity of the wall. The normal velocity v̄ is given by −Vw = −Adh(t)
dy

due to fluid

injection through the surface of the permeable wall where A is the injection coefficient. Let it

be noted that negating the normal velocity Vw yields suction of the fluid from the surface of

the permeable wall. The system is such that the wall is kept at constant temperature T = Tw.

At the centre, we have

∂ū

∂ȳ
= 0, v̄ = 0,

∂T

∂ȳ
= 0 at ȳ = 0. (3.60)

The above conditions at the centre of the chamber are due to the symmetric nature of the flow.

We can deduce that the axial velocity profile will be parabolic and hence the axial-velocity

will be maximum at the centre of the filter chamber, thus
∂ū

∂ȳ
= 0. Furthermore the normal
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velocity v̄ of the fluid is zero at the centre of the chamber. Since there is no movement of fluid

in the y-direction at the centre. The temperature will decrease until it reaches its minimum

value at the centre, thus
∂T

∂y
= 0.

Along the y-axis, we have

ū = 0 at x̄ = 0. (3.61)

The chamber is such that the is no inflow at x = 0, thus the axial-velocity is zero at x = 0.

3.3 Mathematical representation of the case study

The two-dimensional flow of incompressible and electrically conducting viscous fluid in an

inclined porous rectangular channel bounded by two permeable walls is represented by the

following equations and boundary conditions.

3.3.1 Equations and boundary conditions

Mathematical model representing filtration process flow and heat distribution is given by

∂ū

∂x̄
+
∂v̄

∂ȳ
= 0, (3.62)

∂ū

∂t
+ ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ
= −1

ρ

∂P̄

∂x̄
+ ν

[
∂2ū

∂x̄2
+
∂2ū

∂ȳ2

]
− νφ

k
ū− σB2

0

ρ
ū, (3.63)

∂v̄

∂t
+ ū

∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ
= −1

ρ

∂P̄

∂ȳ
+ ν

[
∂2v̄

∂x̄2
+
∂2v̄

∂ȳ2

]
− νφ

k
v̄

+gβ(T − Th) cos (γ), (3.64)

∂T

∂t
+ ū

∂T

∂x̄
+ v̄

∂T

∂ȳ
=

k̄

ρcp

[
∂2T

∂x̄2
+
∂2T

∂ȳ2

]
− 1

ρcp

∂qr
∂ȳ

+
σB2

0

ρcp
ū2. (3.65)

The appropriate boundary conditions are:

(i) ū = 0, v̄ = −Vw, T = Tw at ȳ = h(t),

(ii)
∂ū

∂ȳ
= 0, v̄ = 0,

∂T

∂ȳ
= 0 at ȳ = 0,

(iii) ū = 0 at x̄ = 0, (3.66)
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3.3.2 Non-dimensional analysis

In this subsection, we introduce dimensionless variables to transform equations (3.62)-(3.65)

representing the flow and heat distribution inside the filter chamber and boundary conditions

(3.66) to a dimensionless system. The introduction of dimensionless variable decreases number

of unknown that the system dynamics depends on.

The introduction of dimensional stream function Ψ in terms of velocity components ū and v̄

is as follows

ū =
∂Ψ̄

∂ȳ
, v̄ = −∂Ψ̄

∂x̄
(3.67)

satisfies the continuity equation (3.62).

Scaling the chamber height by introducing the dimensionless coordinate y = ȳ/h(t) into equa-

tion (3.67), we get

ū =
1

h

∂Ψ̄

∂y
, v̄ = −∂Ψ̄

∂x̄
. (3.68)

Substituting the values of ū and v̄ from (3.68) into (3.63)-(3.65), we obtain

1

h
Ψ̄yt −

ḣ

h2
Ψ̄y −

ḣ

h3
ȳΨ̄yy +

1

h2
Ψ̄yΨ̄x̄y −

1

h
Ψ̄x̄Ψ̄yȳ = −1

ρ
P̄x̄ +

ν

h
[Ψ̄x̄x̄y + Ψ̄ȳȳy]

−νφ
kh

Ψ̄y −
σνB2

0

ρh
Ψ̄y, (3.69)

ḣ

h2
ȳΨ̄x̄y − Ψ̄x̄t −

1

h
Ψ̄yΨ̄x̄x̄ + Ψ̄x̄Ψ̄x̄ȳ = −1

ρ
P̄ȳ − ν[Ψ̄x̄x̄x̄ + Ψ̄x̄ȳȳ] +

νφ

k
Ψ̄x̄

+gβ(T − Th) cos(γ), (3.70)

∂T

∂t
+

1

h
Ψ̄y

∂T

∂x̄
− Ψ̄x̄

∂T

∂ȳ
=

k̄

ρcp

[
∂2T

∂x̄2
+
∂2T

∂ȳ2

]
− 1

ρcp

∂qr
∂ȳ

+
σB2

0

ρcph2
Ψ̄2
y, (3.71)

respectively. The dot in the above equations represents how the filter chamber height changes

with time t.

Multiplying momentum equation along axial direction (3.69) by h3 and momentum equation
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along the normal direction (3.70) with h2 respectively, yields

h2Ψ̄yt − ḣhΨ̄y − ḣȳΨ̄yy + hΨ̄yΨ̄x̄y − h2Ψ̄x̄Ψ̄yȳ = −h
3

ρ
P̄x̄ + νh2[Ψ̄x̄x̄y + Ψ̄ȳȳy]

−h
2νφ

k
Ψ̄y −

h2σνB2
0

ρ
Ψ̄y, (3.72)

ḣȳΨ̄x̄y − h2Ψ̄x̄t − hΨ̄yΨ̄x̄x̄ + h2Ψ̄x̄Ψ̄x̄ȳ = −h
2

ρ
P̄ȳ − h2ν[Ψ̄x̄x̄x̄ + Ψ̄x̄ȳȳ] +

h2νφ

k
Ψ̄x̄

+h2gβ(T − Th) cos(γ). (3.73)

Before constructing dimensionless energy representation, the heat flux equation in (3.71) is

firstly represented in terms of temperature. The standard Rosseland approximation of radiative

heat flux (energy source) term qr given by [53]

qr = −4σ∗
3kr

∂T 4

∂y
, (3.74)

where σ∗ and kr are the Stefan–Boltzmann constant and mean absorption coefficient respec-

tively. The dynamics of the system is such that the temperature difference inside the fluid

chamber is sufficiently small such that T 4 can be expressed as a linear combination of temper-

ature using Taylor’s series expansion about T , thus

T 4 = T 4
h + 4T 3

h (T − Th) + 6T 2
h (T − Th)2 + · · · . (3.75)

Neglecting higher order terms beyond the first degree in (T − Th), gives

T 4 ∼= 4T 3
hT − 3T 4

h . (3.76)

Substituting (3.76) into (3.74) yields

qr = −4σ∗
3kr

∂

∂y

[
4T 3

hT − 3T 4
h

]
. (3.77)

Using the above equation (3.77) into energy equation (3.71), yields

∂T

∂t
+

1

h
Ψ̄y

∂T

∂x̄
− Ψ̄x̄

∂T

∂ȳ
=

k̄

ρcp

[
∂2T

∂x̄2
+
∂2T

∂ȳ2

]
+

4σ∗
3cpkrρ

∂2

∂y2

[
4T 3

hT − 3T 4
h

]
+

σB2
0

ρcph2
Ψ̄2
y. (3.78)

Substituting dimensionless variables defined below:

u =
ū

Vw
, v =

ū

Vw
, x =

x̄

h(t)
, y =

ȳ

h(t)
, Ψ =

Ψ̄

hVw
, P =

P̄

ρV 2
w

,

t =
t̄h

Vw
, α =

hḣ

ν
, θ =

T − Th
Tw − Th

. (3.79)
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into (3.72), (3.73) and (3.78), we obtain the following dimensionless system

Ψyt̄ + ΨyΨxy −ΨxΨyy + Px −
1

Re

[αΨy + αyΨyy + Ψxxy + Ψyyy] +
1

K
Ψy

+NΨy = 0, (3.80)

Ψxt̄ + ΨyΨxx −ΨxΨxy − Py −
1

Re

[αyΨxy + Ψxyy + Ψxxx] +
1

K
Ψx

+
Gr

R2
e

θ cos γ = 0, (3.81)

θt̄ + Ψyθx −Ψxθy −
1

PrRe

[
θxx + (1 + 4R)θyy

]
− JΨ2

y = 0, (3.82)

where α =
hḣ

ν
is the wall dilation rate, Re =

hVw
ν

is the permeation Reynolds number,

K =
kVw
νφh

is the porosity parameter, Pr = ρCpν

k̄
is the Prandtl number, R =

4σrT 3
h

3kr k̄
is the

radiation parameter, Gr = hgβθ(Tw−Th)
V 2
w

is the Grashoff number, J =
σB2

0hVw
ρcp(Tw−Th)

is the Joule

heating parameter and N =
σνhB2

0

ρVw
is the Stuarts number.

Through (3.68) and (3.79), we have

u =
∂Ψ

∂y
, v = −∂Ψ

∂x
. (3.83)

The boundary conditions take the following forms

(i) Ψy = 0, Ψx = 1, θ = 1, at y = 1,

(ii) Ψyy = 0, Ψx = 0, θy = 0, at y = 0,

(iii) Ψy = 0 at x = 0. (3.84)

3.3.3 Parameters affecting filtration process

The flow and heat distribution inside the filter chamber are influenced by the following dimen-

sionless parameters:

Wall dilation rate

The change in chamber height resulting from expanding or contracting of walls is given by wall

dilation rate (α). The dilation rate is positive when the filter chamber expand, negative when
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the filter chamber contract and zero when the filter chamber volume stays the same. Thus,

the magnitude of the dilation rate is given by

α =
hḣ

ν
. (3.85)

Permeation Reynolds number

Reynolds number is defined as the ratio of the inertial to viscous forces of a fluid. This

parameter is positive when there is fluid injected inside the filter chamber, negative when the

fluid is sucked out of the filter chamber or zero when there is no fluid injection or suction. The

magnitude of the Reynolds number is given by

Re =
hVw
ν
. (3.86)

Porosity variable

The porosity of the medium (K) is a measure of the medium’s ability to allow fluid flow. This

parameter takes into account the permeability and porosity of the medium as well as some

properties of the fluid flow such as fluid viscosity and velocity. The magnitude of the porosity

variable has a bearing on the fluid flow. It is expected that the porous medium allows more

free flow as the porosity variable becomes large. The porous medium looses its porous nature

(theoretically) as R approaches infinity. Thus, porosity is given by

K =
kVw
νφh

. (3.87)

which can also be written as

K =
kVmaterialVw
νVvoidh

, (3.88)

where φ =
Vvoid

Vmaterial
.

Stuart Number

The Stuart number, also known as the magnetic interaction parameter is defined as the ratio

of the electro-magnetic to inertial forces of the fluid. Stuart number is relevant for the flow of
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electrically conducting fluids and it is given by

N =
σνhB2

0

ρVw
. (3.89)

It can also be rewritten as

N =
σµhB2

0

Vw
, (3.90)

where µ =
ν

ρ
is the dynamic viscosity.

Grashof number

The Grashof number represents the ratio between the buoyancy force due to spatial variation

in the fluid density (caused by temperature difference) to the restraining force due to the

viscosity of the fluid. Thus, the Grashof number is defined as follows

Gr =
hβg θ(Tw − Th)

V 2
w

. (3.91)

Prandtl number

The Prandtl number is given as the ratio of velocity diffusivity to thermal energy diffusivity

defined by

Pr =
ρνcp
k̄

. (3.92)

When the Prandtl number is small that is, Pr � 1, it means that the heat diffuses quickly

compared to velocity (i.e. thermal energy diffusivity dominates). On the other hand, with

large Prandtl number, Pr � 1, the momentum diffusivity dominates the fluid behaviour. The

relative thickness of both momentum and thermal energy boundary layers is controlled by the

Prandtl number.

Radiation parameter

The radiation parameter is defined as the measure of how the fluid emits or absorbs heat

energy in the form of electromagnetic waves. Radiation parameter is given by

R =
4σrT

3
h

3Krk̄
. (3.93)
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Joule heating parameter

The Joule heating parameter is defined as the measure of how the electric current flows through

an electrically conducting fluid which transfers electric energy to heat.

J =
σB2

0hVw
ρcp(Tw − Th)

. (3.94)

3.4 Solution of the case study

In this section, Lie symmetry analysis is used to find the similarity solutions which leaves the

system of partial differential equations (3.80)-(3.82) together with the boundary conditions

(3.84) representing the internal flow and heat distribution during filtration process invariant.

3.4.1 Lie symmetry analysis

Consider the one-parameter group of infinitesimal transformations in (x, y, t̄,Ψ, P, θ) which

leaves the dynamics of the phenomenon represented by equations (3.80)-(3.82) and boundary

conditions (3.84) unchanged, given by

x∗ = x+ εξ(x, y, t̄,Ψ, P, θ) + 0(ε2),

y∗ = y + εζ(x, y, t̄,Ψ, P, θ) + 0(ε2),

t∗ = t̄+ ετ(x, y, t̄,Ψ, P, θ) + 0(ε2), (3.95)

Ψ∗ = Ψ + εη(x, y, t̄,Ψ, P, θ) + 0(ε2),

P ∗ = P + εφ(x, y, t̄,Ψ, P, θ) + 0(ε2),

θ∗ = θ + εψ(x, y, t̄,Ψ, P, θ) + 0(ε2),

where ε is the small group parameter. The symmetry group of equations (3.80)-(3.82) will be

generated by the vector field of the form

X = ξ
∂

∂x
+ ζ

∂

∂y
+ τ

∂

∂t̄
+ η

∂

∂Ψ
+ φ

∂

∂P
+ ψ

∂

∂θ
, (3.96)

where ξ, ζ, τ, η, φ and ψ are functions of t, x, y,Ψ, P and θ.
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The solutions Ψ = Ψ(x, y, t̄), P = P (x, y, t̄) and θ = θ(x, y, t̄) leave the dynamics of the flow,

pressure and heat distribution invariant under the transformation (3.96) if

ΦΨ = X
(
Ψ−Ψ(x, y, t̄)

)
= 0,

ΦP = X
(
P − P (x, y, t̄)

)
= 0, (3.97)

Φθ = X
(
θ − θ(x, y, t̄)

)
= 0,

where Φ is the transformation which leaves the dynamics of the flow, pressure and heat distri-

bution unchanged.

Letting

∆1 = Ψyt̄ + ΨyΨxy −ΨxΨyy + Px −
1

Re

[αΨy + αyΨyy + Ψxxy + Ψyyy] +
1

K
Ψy +NΨy,

∆2 = Ψxt̄ + ΨyΨxx −ΨxΨxy − Py −
1

Re

[αyΨxy + Ψxyy + Ψxxx] +
1

K
Ψx +

Gr

R2
e

θ cos(γ),

∆3 = θt̄ + Ψyθx −Ψxθy −
1

PrRe

[
θxx + (1 + 4R)θyy

]
− J(Ψy)

2,

a vector X is said to be a symmetry generator of equations (3.80)-(3.82) if and only if

X [3](∆j)
∣∣
∆j=0

= 0, j = 1, 2, 3, (3.98)

where

X [3] = ξ
∂

∂x
+ ζ

∂

∂y
+ τ

∂

∂t̄
+ η

∂

∂Ψ
+ φ

∂

∂P
+ ψ

∂

∂θ
+ ηx

∂

∂Ψx

+ ηy
∂

∂Ψy

+ φx
∂

∂Px
+ φy

∂

∂Py

+ψx
∂

∂θx
+ ψy

∂

∂θy
+ ψt̄

∂

∂θt̄
+ ηxy

∂

∂Ψxy

+ ηxt̄
∂

∂Ψxt̄

+ ηyt̄
∂

∂Ψyt̄

+ ηxx
∂

∂Ψxx

+ ηyy
∂

∂Ψyy

+ψxx
∂

∂θxx
+ ψyy

∂

∂θyy
+ ηxxy

∂

∂Ψxxy

+ ηxyy
∂

∂Ψxyy

+ ηxxx
∂

∂Ψxxx

+ ηyyy
∂

∂Ψyyy

(3.99)

is called the third prolongation of X.

The total derivatives are introduced by differentiating the dependent variables from (3.95) to

investigate the change of fluid flow, pressure and temperature inside the filter chamber with

respect to time and space variables, thus

Dx = ∂x + Ψx∂Ψ + φx∂p + θx∂θ + Ψxx∂Ψx + Pxx∂Px + θxx∂θx + Ψxy∂Ψy + θxy∂θy + · · · ,

Dy = ∂y + Ψy∂Ψ + Py∂P + θy∂θ + Ψyy∂Ψy + Pyy∂Py + θyy∂θy + Ψxy∂Ψx + θxy∂θx + · · · ,

Dt̄ = ∂t̄ + Ψt̄∂Ψ + Pt̄∂P + θt̄∂θ + Ψt̄t∂Ψt̄ + Pt̄t∂Pt̄ + θt̄t∂θt̄ + Ψxt̄∂Ψx + θxt̄∂θx + · · · .(3.100)
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Since τ , ξ, ζ, η, φ and ψ depend only on x, y, Ψ, P and θ by treating the variables t,x, y,

Ψ, P , θ and the derivatives of Ψ, P and θ as independent variables. We obtain the following

determining equations by separating the resulting equations from (3.98) on derivatives of Ψ,

P and θ with aid of Mathematica

τθ = 0, (3.101)

τP = 0, (3.102)

τΨ = 0, (3.103)

τy = 0, (3.104)

τx = 0, (3.105)

ξθ = 0, (3.106)

ξP = 0, (3.107)

ξΨ = 0, (3.108)

ξy = 0, (3.109)

ξxx = 0, (3.110)

ζθ = 0, (3.111)

ζP = 0, (3.112)

ζΨ = 0, (3.113)

ζx = 0, (3.114)

ζyy = 0, (3.115)

ηθ = 0, (3.116)

ηP = 0, (3.117)

ηΨΨ = 0, (3.118)

φθ = 0, (3.119)

ψP = 0, (3.120)
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ψΨ = 0, (3.121)

ψy = 0, (3.122)

ψθθ = 0, (3.123)

ηyΨ = 0, (3.124)

ηxΨ = 0, (3.125)

ξx − ζy = 0, (3.126)

ξx − ζy − ηΨ = 0, (3.127)

2ζy − τt̄ = 0, (3.128)

3ζy − ξx − ηΨ + φP = 0, (3.129)

−φP + ηΨ + ζy − ξx − τt̄ = 0, (3.130)

−φP + ηΨ + ζy − ξx − ηxy + ηtΨ − ξt̄x = 0, (3.131)

−ηx − ζt̄ = 0, (3.132)

ηy − ξt̄ = 0, (3.133)

φΨ − ηyy = 0, (3.134)

PrReηy − 2ψxθ − PrReξx = 0, (3.135)

Jψθ − 2JηΨ − 2Jηy + ψx = 0, (3.136)

αζ + αyζy + ηx + ζt̄ = 0, (3.137)

Re

(
1

K
+N − α

Re

)
ηy − αyηyy − ηyyy + φx − ηxxy + ηt̄y = 0, (3.138)

−ψxx + PrReψt̄ = 0, (3.139)

KReGr cos(γ)Ψ−KReGrθ cos(γ)φP +KReGrθ cos(γ)ζy

−KReφy +Reηx −Kyαηxy −Kηxyy −Kηxxx + ηt̄x = 0, (3.140)

ηy − ξt̄ = 0, (3.141)

ηΨ + ζy − ξx = 0, (3.142)(
2

K
+ 2N − 2α

Re

)
ζy + ηxy + ηtΨ + ζt̄y = 0, (3.143)
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φP − ηΨ + ζy + ξx = 0, (3.144)

φP − ηΨ − ζy + ξx = 0, (3.145)

−φP + 2ηΨ − 2ξx = 0, (3.146)

φP − 2ηΨ + 2ξx = 0, (3.147)

−αζ + yαφP − yαηΨ −Reηx + yαξx −Reζt̄ (3.148)

−φΨ + ηxx = 0, (3.149)

ηΨ + ζy − ξx = 0, (3.150)

−ζy + ξx = 0, (3.151)

−ηΨ − ζy + ξx = 0, (3.152)

2ζy − τt̄ = 0, (3.153)

Equations (3.101)-(3.105) imply that

τ = a(t̄), (3.154)

where a(t̄) is an arbitrary function of t̄. From equations (3.106)-(3.110), we have

ξ = b(t̄)x+ c(t̄), (3.155)

where both b(t̄) and c(t̄) are arbitrary functions of t̄. It also follows from equations (3.111)-

(3.115), that

ζ = d(t̄)y + e(t̄), (3.156)

where d(t̄) and e(t̄) are arbitrary functions of t̄. From equations (3.116)-(3.118), we have

η = f(t̄, x, y)Ψ + g(t̄, x, y), (3.157)

where both f(t̄, x, y) and g(t̄, x, y) are arbitrary functions of t̄, x and y. Equation (3.119)

implies that

φ = h(t̄, x, y,Ψ, P ), (3.158)

where h(t̄, x, y,Ψ) is an arbitrary function of t̄, x, y and Ψ. From equations (3.120)-(3.123),

we obtain

ψ = r(t̄, x)θ + s(t̄, x), (3.159)
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where r(t̄, x) and s(t̄, x) are arbitrary functions of t and x. Substituting the expression for η

from (3.157) into equation (3.124), thereafter integrating with respect to y, we obtain

η = f1(t̄, x)Ψ + g(t̄, x, y), (3.160)

where f = f1 now depend on t̄ and x. Similarly by substituting equation (3.160) into equation

(3.125) and integrating the resulting equation with respect x, yields

η = f2(t)Ψ + g(t, x, y), (3.161)

here f2 = f1 becomes a function of t̄ only. It follows that using equation (3.155) and equation

(3.156) into equation (3.126) and solving the obtained equation, gives

b(t̄) = d(t̄). (3.162)

Therefore equation (3.155) and equation (3.156), becomes

ξ = b(t̄)x+ c(t̄), (3.163)

ζ = b(t̄)y + e(t̄). (3.164)

Substituting equations (3.163), (3.164) and (3.161) into equation (3.127), gives the solution

f2(t̄) = 0,

which reduces equation (3.161) to

η = g(t̄, x, y). (3.165)

Using (3.154) and (3.164) into (3.128), we obtain

2b(t) = a′(t). (3.166)

Subtituting equations (3.163), (3.164) and (3.165) into (3.129) and integrating the obtained

equation with respect to P , yields

h = −2b(t̄)P + h1(t̄, x, y,Ψ). (3.167)

Using (3.167) into (3.158), gives the value of φ as

φ = −2b(t̄)P + h1(t̄, x, y,Ψ). (3.168)
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Using (3.163), (3.164), (3.165) and (3.168) into (3.130), we get

−b(t̄)− a′(t̄) = 0, (3.169)

which along with (3.166) equation (3.169), yields

a′(t̄) = 0,

thus

a(t̄) = C1,

hence τ , becomes

τ = C1, (3.170)

where C1 is an arbitrary constant. Also since

a′(t̄) = 0,

then b(t̄) from equation (3.166), becomes

b(t̄) = 0 (3.171)

Thus ζ, ξ and φ become

ξ = c(t̄), (3.172)

ζ = e(t̄) (3.173)

and

φ = h1(t̄, x, y,Ψ). (3.174)

Now using (3.165), (3.172)-(3.174) into equation (3.131) and integrating the resulting equation

with respect to y, we get

gx = g1(t̄, x). (3.175)

using (3.165) and (3.173) into equation (3.132) and integrating the resulting equation with

respect to x, we obtain

g = −e′(t̄)x+ g1(t̄, y). (3.176)

Thus equation (3.165) becomes

η = −e′(t̄)x+ g1(t̄, y). (3.177)

57



Subtituting (3.173) and (3.177) into (3.133) and thereafter integrating resulting equation with

respect to y, yields

η = −e′(t̄)x+ c′(t̄)y + g2(t̄). (3.178)

Using (3.174) and (3.178) into (3.134) and solving equation obtained, yields

φ = h2(t̄, x, y). (3.179)

Using the expression for η, ξ and ψ into (3.135) and integrating the resulting equation with

respect to x, gives the expression for ψ as

ψ =
PrRe

2
c′(t̄)xθ + r1(t̄)θ + s(t̄, x). (3.180)

From substituting (3.178) and (3.180) into (3.136) and spliting the resulting equation on powers

of θ, we get

θ : c′(t̄) = 0, (3.181)

1 :
JPrRe

2
c′(t̄)x+ Jr1(t̄)− 2Jc′(t̄) + s(t̄, x) = 0. (3.182)

The above equations respectively gives the following solution

c(t̄) = C2,

and

s(t̄, x) = −Jr1(t̄)x+ s1(t̄).

Thus the expressions for τ , ξ, ζ, η, φ and ψ, becomes

τ = C1, (3.183)

ξ = C2, (3.184)

ζ = e(t̄), (3.185)

η = −e′(t̄)x+ g2(t̄), (3.186)

φ = h2(t̄, x, y), (3.187)

ψ = r1(t̄)θ − Jr1(t̄)x+ s1(t̄). (3.188)
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From using (3.185) and (3.186) into (3.137), we obtain

e(t̄) = 0,

which implies that its derivative is also equal to zero i.e e′(t̄) = 0. Therefore the expressions

for ζ and η becomes

ζ = 0 (3.189)

and

η = g2(t̄). (3.190)

Substituting the expressions for η and φ into (3.138) and integrating the resulting equation

with respect to x, we get φ to be

φ = h3(t̄, y). (3.191)

Substituting the expression for ψ into (3.139) and splitting the resulting equation by powers

of θ, we get

θ : r′1(t̄) = 0, (3.192)

1 : Jr′1(t̄)x+ s′1(t̄) = 0. (3.193)

From the above equations, we get that

r1(t̄) = C3,

and

s1(t̄) = C4,

Thus

ψ = C3θ − JC3x+ C4. (3.194)

Substituting (3.189), (3.190), (3.191) and (3.194) into (3.140) and splitting the resulting equa-

tion on powers of θ and solving the two obtained equations, we get that

C3 = 0 (3.195)

and

h3 = Gr cos(γ)C4y + h4(t̄). (3.196)
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Hence, the general solution of equations (3.101)-(3.153) is given by

τ = C1, ξ = C2, ζ = 0, η = g2(t̄), φ = Gr cos(γ)C4y + h4(t̄), ψ = C4.

The system of equations (3.80)-(3.82) has the following Lie-group point symmetries generated

by

X1 =
∂

∂t̄
, X2 =

∂

∂x
, X3 = g2(t̄)

∂

∂Ψ
, X4 = Gr cos(γ)y

∂

∂P
+

∂

∂θ
, X5 = h4(t̄)

∂

∂P
.

Invariant solution

We now use the Lie symmetries that leave the equations representing the flow field, pressure,

heat distribution and boundaries invariant. According to solutions (3.97), the generator X3,

X4 and X5 have no invariant solutions. The generators X2 gives the unsteady state regime

solutions of the case study. Whereas the symmetry, X1 gives the steady state regime of the

case study which preserve the steady state dynamics of the system, hence the characteristic

Φ = (ΦΨ,ΦP ,Φθ) has the components

ΦΨ = −Ψt̄, ΦP = −Pt̄, Φθ = −θt̄

for steady state operation during filtration process. The general solutions of the above invariant

conditions satisfying the boundary conditions are given by

Ψ = h(y)H(x, y), P = Γ(x, y), θ = τ(x, y). (3.197)

Substituting (3.197) into (3.80), we get

h′hHHxy + (h′)2HHx + h2HyHxy − hh′HxHy − hh′′HHx − h2HxHyy

+Γx − 1
Re

(
αh′H + αhHy + αyh′′H + 2αyh′Hy + αyhHyy

+h′Hxx + hHxxy + h′′′H + 3h′′Hy + 3h′Hyy + hHyyy

)
+ 1
K
h′H + 1

K
hHy +Nh′H +NhHy = 0, (3.198)
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which after multiplying by 1
H

, becomes

h′hHxy + (h′)2Hx + h2HyHxy
H
− hh′HxHy

H
− hh′′Hx − h2HxHyy

H

+ 1
H

Γx − 1
Re

(
αh′ + αhHy

H
+ αyh′′ + 2αyh′Hy

H
+ αyhHyy

H

+h′Hxx
H

+ hHxxy
H

+ h′′′ + 3h′′Hy
H

+ 3h′Hyy
H

+ hHyyy
H

)
+ 1
K
h′ + 1

K
hHy
H

+Nh′ +NhHy
H

= 0. (3.199)

By letting

B1 = Hx, B2 =
Hy

H
, B3 =

HxHy

H
, B4 = Hxy, B5 =

Hxx

H
, B6 =

Hyy

H
,

B7 =
HyHxy

H
, B8 =

HxHyy

H
, B9 =

Hxxy

H
, B10 =

Hyyy

H
, B =

1

Re

. (3.200)

Equation (3.199) in terms of the values given in (3.200) takes the form

−Bd
3h

dy3
+

[
− αBy − hB1 − 3BB2

]
d2h

dy2

+

[
− αB − 2αByB2 − hB3 + hB4 −BB5 − 3BB6 +

1

K
+N

]
dh

dy

B1

(
dh

dy

)2

+

[
− αBB2 +

1

K
B2 +NB2 − αBB6y −BB9 −BB10

]
h

+

[
B7 −B8

]
h2 +

1

H

dΓ

dx
= 0. (3.201)

Integrating Hx = B1 from (3.200), we get the steady state velocity as

H(x, y) = xB1(y) +B11(y). (3.202)

Substituting above equation into Ψ = h(y)H(x, y), we obtain dimensionless stream function

for steady state regime as

Ψ = [xB1(y) +B11(y)]h(y). (3.203)

Differentiating the above dimensionless stream function from equation (3.203) with respect to

y and imposing boundary conditions (3.84) (iii), we get

B11(y)h(y) = B12, (3.204)

where B12 is a constant of integration.
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Substituting B12 into the stream function (3.203), yields

Ψ = xG(y) +B12, (3.205)

where G(y) = B1(y)h(y). Substitution of the steady state pressure P = Γ(x, y) and (3.202)

into momentum equation along x (3.201), yields

B11 = 0. (3.206)

Equation (3.202) when B11 = 0 becomes

H(x, y) = xB1(y) (3.207)

and B12 becomes zero from equation (3.204). Using B12 = 0 from the above results, the

dimensionless stream function (3.205) becomes

Ψ = xG(y). (3.208)

Substituting equation (3.208) into (3.83), yields the axial and normal velocity components as

u

x
=
dG(y)

dy
, v = −G(y), (3.209)

for steady state regime. The above results confirms the laminar nature of the flow field inside

the filter chamber. It can be noted that the axial-velocity profile is parabolic since the system

is symmetric. The axial-velocity component also shows how the velocity varies per length of

the filter chamber while the normal velocity component shows flow injection into the chamber

is a function y.

Using (3.208) in (3.81) and thereafter differentiating with respect to x, we arrive at the following

result

Pxy = Grθx cos(γ). (3.210)

Substituting (3.208) into (3.80) and differentiating with respect to y, we obtain

d4G

dy4
x+ α

[
y
d3G

dy3
+ 2

d2G

dy2

]
x+ReG

d3G

dy3
x− Re

K

d2G

dy2
x−Red

2G

dy2
Nx

−Re
dG

dy

d2G

dy2
x−RePxy = 0. (3.211)
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Using equation (3.210) in (3.211), yields

d4G

dy4
x+ α

[
y
d3G

dy3
+ 2

d2G

dy2

]
x+ReG

d3G

dy3
x− Re

K

d2G

dy2
x−Red

2G

dy2
Nx

−Re
dG

dy

d2G

dy2
x−ReGrθx cos(γ) = 0, (3.212)

which after differentiating with respect to x twice, becomes

ReGrθxxx cos(γ) = 0. (3.213)

Since the fluid is injected into the filter chamber (forced convection), density varies due to

temperature difference (natural convection) which generates fluid motion and the filter chamber

is inclined, thus Re, Gr and cos(γ) cannot be zero from equation (3.213), therefore

θxxx = 0. (3.214)

Integrating equation (3.214) with respect to x twice, we get

θx = A(y)x+B(y), (3.215)

where A(y) and B(y) are arbitrary functions of y. Substituting equation (3.215) into equation

(3.212) and comparing powers of x from the resultant equation, we get the following equations:

x0 : ReGrB(y) cos(γ) = 0, (3.216)

x1 :
d4G

dy4
+ α

[
y
d3G

dy3
+ 2

d2G

dy2

]
+ReG

d3G

dy3
− Re

K

d2G

dy2
−Red

2G

dy2
N

−Re
dG

dy

d2G

dy2
−ReGrA(y) cos(γ) = 0. (3.217)

From equation (3.216) it can be noticed that

B(y) = 0.

Since other parameters are non-zero constants. Thus, the ordinary differential equation for

momentum becomes

d4G

dy4
+ α

[
y
d3G

dy3
+ 2

d2G

dy2

]
+ReG

d3G

dy3
− Re

K

d2G

dy2
−Red

2G

dy2
N

−Re
dG

dy

d2G

dy2
−ReGrA(y) cos(γ) = 0. (3.218)
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Using expression for θ = τ(x, y) from (3.197) and (3.208) into (3.82), we get the steady state

regimes of temperature as follows

x
dG

dy

∂τ

∂x
−G∂τ

∂y
− 1

PrRe

(
∂2τ

∂x2
+
∂2τ

∂y2

)
− 4R

PrRe

∂2τ

∂y2
− J

(
x
dG

dy

)2

= 0. (3.219)

Also equation (3.215), becomes

θx = A(y)x (3.220)

since B(y) = 0. Integrating equation (3.220) with respect to x, we get

θ =
x2

2
A(y) + C(y). (3.221)

Using the boundary condition (iii) at x = 0, we get C(y) = 0. Since the temperature is zero

due to insulated wall at x = 0, the temperature (3.221) becomes

θ =
x2

2
A(y) (3.222)

which confirms the parabolic nature of the temperature.

Equation (3.220) can be rewritten as

θx
x

= A(y), (3.223)

which shows that the temperature change per length throughout the wall of the chamber is

constant with respect x and changes with y only. The above equation (3.223) illustrates the

that temperature from the walls affect the system in the y-direction only. Thus, there is no

diffusion of particles in the x direction (θxx = 0).

Using the fact that θ = τ(x, y) from (3.197) and (3.223), equation (3.219) takes the form

dG

dy
A−GdA

dy
− 1

PrRe

(1− 4R)
d2A

dy2
− 2J

(
dG

dy

)2

= 0. (3.224)

Finally the system of ordinary differential equations representing the case study under inves-

tigation is given by

d4G

dy4
+ α

[
y
d3G

dy3
+ 2

d2G

dy2

]
+ReG

d3G

dy3
− Re

K

d2G

dy2
−Red

2G

dy2
N

−Re
dG

dy

d2G

dy2
−ReGrA(y) cos(γ) = 0, (3.225)

dG

dy
A−GdA

dy
− 1

PrRe

(1− 4R)
d2A

dy2
− 2J

(
dG

dy

)2

= 0 (3.226)
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and the boundary conditions are

(i)
dG(1)

dy
= 0, (ii) G(1) = 1, (iii)

d2G(0)

dy2
= 0, (3.227)

(iv) G(0) = 0 (v) A(1) = 1, (vi)
dA(0)

dy
= 0.

3.4.2 Approximate analytical solutions

The aim of this subsection is to find the approximate-analytical solutions of equations (3.225)-

(3.226) and subject to boundary conditions (3.227) using double perturbation method [7] for

both momentum and energy equations. The design of the filter is such that the permeation of

fluid into the filter chamber is weak. Thus, for such weak permeation (small) Re, we assume

that the approximate solutions of the velocity G(y) and temperature A(y) can be expanded in

the series form as

G(y) = G1 +ReG2 +O(R2
e),

A(y) = A1 +ReA2 +O(R2
e), (3.228)

where Gi(y) and Ai(y) for i = 1, 2 are independent of the parameter Re.

Substituting (3.228) into (3.225)-(3.226) and boundary conditions (3.227), for small Re, we get

the leading order equation from momentum of the system as

G1
(4)(y) + α

(
yG1

(3)(y) + 2G′′1(y)
)

= 0, (3.229)

and from energy equation as

−A
′′
1(y)

Pr
(1− 4R) = 0, (3.230)

with the following boundary conditions for both velocity and energy

(i)G′1(1) = 0, (ii)G1(1) = 1, (iii)G′′1(0) = 0, (iv)G1(0) = 0,

(v)A1(1) = 1, (vi)A′1(0) = 0. (3.231)

First order equations are given by

− cos(γ)GrA1(y)− G′′1(y)

K
−NG′′1(y)−G′1(y)G′′1(y) + 2αG′′2(y)

+G1(y)G
(3)
1 (y) + yαG

(3)
2 (y) +G

(4)
2 (y) = 0, (3.232)
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−G1(y)A′1(y) + 2A1(y)G′1(y) +
4R

Pr
A′′2(y)− A′′2(y)

Pr
− 2J(G′1(y))2 = 0, (3.233)

with the following boundary conditions

(i) G′2(1) = 0, (ii) G2(1) = 0, (iii) G′′2(0) = 0, (iv) G2(0) = 0,

(v) A2(1) = 0, (vi) A′2(0) = 0. (3.234)

Since the walls dilate slowly at a constant rate and energy generated by natural convection is

small. Thus for small α and Gr, the parameters α and Gr are used as secondary perturbation

parameters for velocity G1(y) and temperature A1(y) respectively. Similarly G1(y) and A1(y)

takes the forms

G1(y) = G10(y) + αG11(y) +O(α2) (3.235)

and

A1(y) = A10(y) +GrA11(y) +O(G2
r). (3.236)

Substituting equations arising from secondary perturbation parameters (3.235) and (3.236)

into the leading order equations of Re (3.229) and (3.230) respectively, yields the leading order

equations in wall dilation rate (α) and Grashof number (Gr) as

G
(4)
10 (y) = 0, (3.237)

−A
′′
10(y)

Pr
+

4RA′′10(y)

Pr
= 0. (3.238)

Similarly the appropriate boundary conditions becomes

(i) G′10(1) = 0, (ii) G10(1) = 0, (iii) G′′10(0) = 0,

(iv) G10(0) = 0, (v) A10(1) = 1, (vi) A′10(0) = 0. (3.239)

The first order equations arising from secondary perturbation parameters, wall dilation rate

(α) and Grashof (Gr) yield

2G′′10(y) + yG
(3)
10 (y) +G

(4)
11 (y) = 0, (3.240)

−A
′′
11(y)

Pr
+

4RA′′11(y)

Pr
= 0, (3.241)
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with boundary conditions

(i) G′11(1) = 0, (ii) G11(1) = 0, (iii) G′′11(0) = 0,

(iv) G11(0) = 0, (v) A11(1) = 0, (vi) A′11(0) = 0. (3.242)

Solving equation (3.237) subject to the boundary conditions (3.239), gives

G10(y) =
1

2

(
3y − y3

)
. (3.243)

Similarly solving equation (3.238) along with boundary conditions (3.239), we obtain

A10(y) = 1. (3.244)

The solutions of equations (3.240)-(3.241) and subject to boundary conditions (3.242) with

the aid of (3.243) and (3.244) is given by

G11(y) =
3

40

(
y − 2y3 + y5

)
(3.245)

and

A11(y) = 0 (3.246)

respectively. Substituting (3.243) and (3.245) into (3.235), gives the leading order term of

velocity as

G1(y) =
1

2
(3y − y3) +

3

40
α
(
y − 2y3 + y5

)
. (3.247)

Similarly from (3.244) and (3.246), equation (3.236) yields the leading order term of temper-

ature

A1(y) = 1. (3.248)

To evaluate the first order solution of the velocity G2(y), the secondary perturbation parameter

α yields velocity G2(y) as

G2(y) = G20(y) + αG21(y) +O(α2). (3.249)

Using (3.247) and (3.249) into the first order equation (3.232) together with the boundary

conditions (3.234), the leading order equation in wall dilation rate (α) yields

G4
20(y)− cos(γ)GrA10(y) +

3y

K
+ 3Ny − 3y3 = 0 (3.250)
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with the following boundary conditions

(i) G′20(1) = 0, (ii) G20(1) = 0, (iii) G′′20(0) = 0, (iv) G20(0) = 0. (3.251)

Substituting (3.244) into (3.250), we get

G4
20(y)− cos(γ)Gr +

3y

K
+ 3Ny − 3y3 (3.252)

which gives the following solution

G20(y) =
1

1680K

(
− 42y + 2532Ky − 42KNy + 84y3 − 858Ky3 + 84KNy3

−42y5 − 42KNy5 + 6Ky7 +
(
35Ky − 105Ky3 + 70Ky4

)
cos(γ)Gr

)
(3.253)

that satisfies boundary conditions (3.251). Similarly the first order equation in wall dilation

rate (α), yields

G
(4)
21 (y) + yG

(3)
20 (y) + 2G′′20(y) +

9y

10K
+

9Ny

10
+

27y3

10
− 3y3

2K

−3Ny3

2
+

9y5

10
= 0 (3.254)

and the boundary conditions

(i) G′21(1) = 0, (ii) G21(1) = 0, (iii) G′′21(0) = 0, (iv) G21(0) = 0. (3.255)

Using equations (3.248), (3.253) and the boundary condition (3.255), gives the solution of

(3.254) as

G21(y) =
1

100800K

(
6879Ky − 552y − 552KNy + 1584y3 − 14212Ky3

+1584KNy3 − 1512y5 + 7722Ky5 − 1512KNy5 − 324Ky7 + 480KNy7

−65Ky9 +
(
2205y − 6790y3 + 4200y4 + 945y5 − 560y6

)
K cos γGr

)
. (3.256)

Substituting (3.253) and (3.256) into (3.249), yields the first order velocity term as

G2(y) =
1

1680K

(
− 42y + 2532Ky − 42KNy + 84y3 − 858Ky3 + 84KNy3

−42y5 − 42KNy5 + 6Ky7 +
(
35y − 105y3 + 70y4

)
K cos(γ)Gr

)
+

α

100800K

(
6879Ky − 552y − 552KNy + 1584y3 − 14212Ky3

+1584KNy3 − 1512y5 + 7722Ky5 − 1512KNy5 − 324Ky7 + 480KNy7

−65Ky9 +
(
2205y − 6790y3 + 4200y4 + 945y5 − 560y6

)
K cos γGr

)
.
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Finally the fluid velocity inside the filter chamber is given by

G(y) =
1

2

(
3y − y3

)
+

3

40

(
y − 2y3 + y5

)
α +

1

1680K

(
− 42y + 2532Ky

−42KNy + 84y3 − 858Ky3 + 84KNy3 − 42y5 − 42KNy5 + 6Ky7

+35Ky cos(γ)Gr − 105Ky3 cos(γ)Gr + 70Ky4 cos(γ)Gr

)
+

α

100800K

(
6879Ky − 552y − 552KNy + 1584y3 − 14212Ky3 + 1584KNy3

−1512y5 + 7722Ky5 − 1512KNy5 + 480y7 − 324Ky7 + 480KNy7

−65Ky9 +
(
2205y − 6790y3 + 4200y4 + 945y5 − 560y6

)
K cos(γ)Gr

)
Re. (3.257)

The leading quantity of temperature A2(y) takes the form

A2(y) = A20(y) +GrA21(y) +O(G2
r). (3.258)

Substituting (3.258) into (3.233), yields the leading equation of Grashof number (Gr) as

2G′10(y)− A′′20(y)

Pr
+

4RA′′20(y)

Pr
− 2J

(
G′10(y)

)2
= 0 (3.259)

and boundary conditions

(i) A′20(0) = 0, (ii) A20(1) = 0. (3.260)

The first order equation gives

2G′11(y)− A′′21(y)

Pr
+

4RA′′21(y)

Pr
− 4JG′′10(y)G′′11(y) = 0 (3.261)

with boundary conditions

(i) A′21(0) = 0, (ii) A21(1) = 0. (3.262)

Using equation (3.243) into (3.259) and thereafter integrating the resulting equation together

with conditions (3.260), gives

A20(y) =
Pr

20(4R− 1)

(
25− 33J − 30y2 + 45Jy2 − 5y4 − 15Jy4 + 3Jy6

)
. (3.263)

Similarly equations (3.245), (3.261), (3.263) and boundary conditions (3.262), yields

A21(y) = − Pr
5600(4R− 1)

(
140− 489J − 420y2 + 1260Jy2 + 420y4

−1470Jy4 − 140y6 + 924Jy6 − 225Jy8

)
. (3.264)
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Thus, substituting equations (3.263) and (3.264) into (3.258), gives the first order of temper-

ature as

A2(y) =
Pr

20(4R− 1)

(
25− 33J − 30y2 + 45Jy2 − 5y4 − 15Jy4 + 3Jy6

)
− GrPr

5600(4R− 1)

(
140− 489J − 420y2 + 1260Jy2 + 420y4 (3.265)

−1470Jy4 − 140y6 + 924Jy6 − 225Jy8

)
. (3.266)

Finally the temperature distribution inside the filter chamber is given by

A(y) = 1 +Re

[
Pr

20(4R− 1)

(
25− 33J − 30y2 + 45Jy2 − 5y4 − 15Jy4 + 3Jy6

)
− GrPr

5600(4R− 1)

(
140− 489J − 420y2 + 1260Jy2 + 420y4 (3.267)

−1470Jy4 − 140y6 + 924Jy6 − 225Jy8

)]
. (3.268)

Pressure Drop

Using the dimensionless stream function (3.208) into equation (3.81), gives the normal pressure

as

Py =
1

K
G(y) +Grθ cos(γ)−G(y)G′(y)− 1

Re

[
αyG′(y) +G′′(y)

]
. (3.269)

Similarly, the axial pressure is obtained by substituting the dimensionless stream function

(3.208) into equation (3.80), thus

Px = x
[
G(y)G′′(y) +

1

Re

(
αG′(y) + αyG′′(y) +G′′′(y)

)
− 1

K
G′(y)−NG′(y)− (G′(y))2

]
. (3.270)

From the design of the filter chamber, the left side is closed with an insulated wall which create

the force per area of the wall (Pa) and the right side of the chamber is opened to atmospheric

pressure (Pat ≈ 0), then the pressure drop along the x-axis can be written as

∆Px = Pa − Pat. (3.271)
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Therefore from equation (3.270) the resulting axial pressure becomes

Pa =
x2

2

[
G(y)G′′(y) +

1

Re

(
αG′(y) + αyG′′(y) +G′′′(y)

)
− 1

K
G′(y)−NG′(y)− (G′(y))2

]
. (3.272)

This confirms that axial pressure drop behaviour, at any value for y, takes a parabolic profile [2].

3.5 Results and Discussions

In this section analysis of graphical representations of flow dynamics and heat distributions

that lead to optimal permeates production during filtration process are presented. In order to

obtain the optimal out flow (optimal permeates) effects of various parameters arising from the

flow dynamics, heat transfer and filter chamber design such as wall dilation rate (α), Prandtl

number (Pr), Grashof number (Gr), permeation Reynolds number (Re), Stuart number (N),

radiation parameter (R), Joule parameter (J) and porosity parameter (K) are investigated.

A detailed interpretation of the axial-velocity, temperature distribution, axial and normal

pressure distributions are used to understand the physics (dynamics) of the problem which are

important during the design phase of filters. The results obtained are verified by comparing

them with other works reported in the literature.

3.5.1 Axial flow velocity under the influence of various parameters

In this subsection analysis is carried out to understand the influence of various parameters

affecting momentum equation (3.225) during filtration process, by analysing graphical repre-

sentations of the velocity of the system given by equation (3.257).
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Effects of wall dilation rate α on the fluid inside the filter chamber
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Figure 3.3: Axial-velocity profiles

over a range of α at fixed values of

K = 0.1, N = 10, Gr = 2, Re = 0.12

and γ = 30.
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Figure 3.4: Axial-velocity profiles

over a range of α at fixed values of

K = 0.1, N = 10, Gr = 2, Re = −0.12

and γ = 30.

Figures 3.3 and 3.4 show that for expansion (α > 0), the axial-velocity increases towards the

centre and decreases towards the chamber walls when filter chamber volume increases due to

expansion for both fluid injection and suction. Also for contraction (α < 0), figures illustrate

that the axial-velocity decreases towards the centre and increases towards the chamber walls

when chamber volume decreases due to contraction for both fluid injection and suction. The

results are in good agreement with the results in [20]. It can be seen that the velocity of the fluid

is higher when fluid is injected inside the filter chamber (figure 3.3) compared to sucking fluid

out of the chamber (figure 3.4). Thus, more space (expansion) and fluid injection is needed

to produce more permeates. The above figures show that sucking fluid from the chamber is

not ideal during filtration process since it decreases the outflow.
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Effects of Reynolds number Re inside the filter chamber
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Figure 3.5: Axial-velocity profiles

over a range of Re at fixed values of

α = 1, K = 0.01, N = 10 , Gr = 2,

and γ = 30.
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Figure 3.6: Axial-velocity profiles

over a range of Re at fixed values of

α = −1, K = 0.01, N = 10 , Gr = 2,

and γ = 30.

Figures 3.5 and 3.6 show that for fluid injection (Re > 0), the axial-velocity increases towards

the chamber walls and decreases towards the centre for both contracting and expanding filter

chamber. Also for fluid suction (Re < 0), the axial-velocity increases towards the centre and

decreases towards the filter chamber walls for both contracting and expanding filter chamber.

The analysis agrees with results found in [38]. It can be seen that the fluid moves at high

speed/velocity when chamber walls expand (figure 3.5) compared to when chamber walls

contract (figure 3.6). To produce more permeates, more filter chamber space (expansion)

is ideal and fluid injection. Both figures show that injection yields more permeates at a low

speed whereas suction yields less permeates faster compared to injection.
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Effects of Porosity parameter K of the medium inside the filter chamber
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Figure 3.7: Axial-velocity profiles

over a range of K at fixed values of

α = 1, N = 10, Gr = 2, Re = 0.1, and

γ = 30.
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Figure 3.8: Axial-velocity profiles

over a range of K at fixed values of

α = 1, N = 10, Gr = 2, Re = −0.1,

and γ = 30.
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Figure 3.9: Axial-velocity profiles over a range of K at fixed values of α = −1, N = 10, Gr = 2,

Re = 0.1, and γ = 30.

Figures 3.7 and 3.8 show that for poroisty (K), the increases in pore size leads to the

increase in axial-velocity towards the centre of the chamber and the decrease in axial-velocity

towards the filter chamber walls for fluid injection (figures 3.7). The increases in pore size

leads to the decrease in axial-velocity towards the centre of the chamber and the increase

towards the filter chamber walls for fluid suction (figure 3.8). For both contraction (figures

3.7) and expansion (figures 3.9), the increases in pore size leads to the increase in axial-

velocity increases towards the centre and the decrease towards the filter chamber walls for

fluid injection. This behaviour is due to the fact that the increase in porosity along with fluid
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injection allows more fluid flow inside the chamber which leads to the increase in axial-velocity

while the increase in porosity for fluid suction means that fluid can be easily sucked out of

the filter chamber, thus fluid velocity decreases towards the centre with the increase in pores

size. For the system to produce more permeates while filtering particles effectively, it is ideal

to inject fluid, maximize the chamber volume (expansion) and the pore sizes must be small

during filtration process.

Effects of inclination angle γ of the filter chamber
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Figure 3.10: Axial-velocity profiles

over a range of γ at fixed values of α =

1, K = 0.01, N = 10, Gr = 2 and

Re = 0.1.
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Figure 3.11: Axial-velocity profiles

over a range of γ at fixed values of α =

1, K = 0.01, N = 10, Gr = 2 and

Re = −0.1.

Figure 3.10 shows that the system produces more permeates at a slow rate when fluid is

injected inside the chamber with no inclination. Both figures show that inclining the chamber

more while injecting fluid into the system leads to the increase velocity since buoyancy effects

decrease with the increase in inclination. This also indicates that the system produces less

permeates fast when fluid is sucked out of the chamber with no inclination. Thus fluid injection

is needed to produce more permeates. Both figures show that angle of inclination affects the

flow velocity towards the bottom of the chamber only. The figure also indicate that the increase

in angle of inclination of the filter chamber decreases the axial-velocity towards the center and

increases the axial-velocity near the bottom when fluid is injected inside the filter chamber.

To produce more permeates, fluid injection in the filter chamber positioned perpendicular

(γ = 90o vertical) is ideal for this design. Illustrates that the increase in angle of inclination
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of the filter chamber increases the axial-velocity towards the center of the filter chamber and

decreases velocity near the chamber walls creating the reverse flow during fluid suction. The

system will produce less permeates fast when fluid is sucked and filter chamber angle increases

to (γ = 90o vertical).

Effects of Stuart number N inside the filter chamber
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Figure 3.12: Axial-velocity profiles

over a range of of N at fixed values of

α = 1, K = 0.1, Gr = 2, Re = 0.1 and

γ = 30.
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Figure 3.13: Axial-velocity profiles

over a range of of N at fixed values of

α = 1, K = 0.1, Gr = 2, Re = −0.1

and γ = 30.

Figures 3.12 and 3.13 show that for Stuart number (N), the increase in magnetic strength

leads to the decrease in axial-velocity towards the centre and the increase towards the walls

of the filter chamber when injecting fluid (figures 3.12). Whereas during fluid suction, the

increase in magnetic strength leads to the increases in axial-velocity towards the centre of

the filter chamber and the decrease towards the chamber walls (figure 3.13). The increase

in magnetic strength leads to the increase in Lorentz force which oppose fluid motion since

this force develops more during fluid injection compared to suction, the system will produce

more permeates slow during injection while produce less permeates fast during suction. For

the system to produce more permeates, while restricting contaminated particle from entering

the filter chamber fluid injection is needed together with integration of magnetic field during

filtration process.
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Effects of Grashof number Gr inside the filter chamber
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Figure 3.14: Axial-velocity profiles

over a range of Gr at fixed values of

α = 1, K = 0.1, N = 50, Re = 0.12

and γ = 60.
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Figure 3.15: Axial-velocity profiles

over a range of Gr at fixed values of

α = 1, K = 0.1, N = 50, Re = −0.12

and γ = 60.

Figures 3.14 and 3.15 show that for Grashof number (Gr), the increase in Grashof number

due density variation arising from temperature difference leads high axial-velocity towards the

chamber walls and low velocity towards the centre of the chamber for injection (figures 3.14).

The increase in Grashof number leads to the increase in axial-velocity towards the centre and

the decrease towards the chamber walls for suction (figure 3.15). The increase in Grashof

number leads to movement of more dense fluid particles to the bottom of the filter chamber

and the less dense particle to move towards the top of the filter chamber for both injection

and suction. Thus the effects of Grashof number will affect the flow at bottom since gravity

pulls the more dense particle towards the bottom.

3.5.2 Temperature distribution under the effects of various param-

eters

In this subsection analysis is carried out to understand the influence of various parameters

affecting the energy (3.226) during filtration process, thus studying the temperature distri-

butions inside the filter chamber by analysing solution of energy (3.226) given by equation

(3.267).
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Effects of Reynolds number Re inside the filter chamber
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Figure 3.16: Temperature distribu-

tions over a range of Re at fixed values

of α = 1, Gr = 10, J = 0.5, Pr = 0.6

and R = 5.
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Figure 3.17: Temperature distribu-

tions over a range of Re at fixed values

of α = −1 Gr = 10, J = 0.5, Pr = 0.6

and R = 5.

Figures 3.16 and 3.17 show temperature distributions for both fluid injection and suction

during expansion and contraction respectively. It can be observed that injecting fluid inside

the filter chamber for both contracting or expanding the chamber, increases the temperature

from the chamber walls towards the centre of the filter chamber. When fluid is sucked out of

the filter chamber both figures show that the temperature decreases from the walls towards the

centre of filter chamber. The increase in temperature when fluid is injected into the chamber

is due work done by additional particles which increase Joule heating effect, thus increase

temperature. The decrease in temperature when fluid is sucked out of the chamber is due to

fact that particles decreases inside the chamber which lead to the decrease in work done by

particles and decrease in Joule heating effect, thus decrease temperature. When there is no

fluid injection or suction, the system does not inject or suck particles into or out of the filter

chamber, this leads to same work done by the particles inside the chamber, hence there is no

effects of Joule heating inside the filter chamber.
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Effects of Joule heating parameter J inside the filter chamber
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Figure 3.18: Temperature distribu-

tions over a range of J at fixed values

of α = 1, Gr = 2, R = 10, Pr = 0.6

and Re = 0.12.
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Figure 3.19: Temperature distribu-

tions over a range of J at fixed values

of α = −1, Gr = 2, R = 10, Pr = 0.6

and Re = −0.12.

Figure 3.18 shows that when the Joule heating parameter (source) increases the fluid tem-

perature inside the chamber decreases towards the centre of the chamber when fluid is injected

inside the filter chamber. Increasing the Joule heating parameter reduces movement of particles

inside the chamber which result in less energy generation by particles hence the temperature

decreases. It can also be noted that for high Joule heating parameter, the temperature ap-

proximate the temperature of the chamber walls. In case of fluid suction while contracting the

chamber, the temperature decreases as the Joule heating parameter increases, since sucking

fluid reduce fluid particles which contribute to the net energy from the chamber, thus lead to

the decrease in temperature as shown in (figure 3.19).
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Effects of Grashof number Gr inside the filter chamber
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Figure 3.20: Temperaure distribu-

tions over a range of Gr at fixed value

of Re = 0.1, α = 1, Pr = 0.6, R = 10

and J = 0.5.
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Figure 3.21: Temperaure distribu-

tions over a range of Gr at fixed value

of Re = −0.1, α = 1, Pr = 0.6, R = 10

and J = 0.5.

Figures 3.20 and 3.21 show respectively that the increase in Grashof number increases

the temperature from the chamber walls towards the centre when fluid is injected inside the

filter chamber and decrease in temperature from the walls towards the centre of the filter

chamber when fluid is sucked out of the filter chamber. Also (figure 3.20) illustrates that

the temperature increase more at a lower Grashof number. The decrease in temperature when

Grashof number increases is caused by the fact that for high Grashof number the fluid absorb

temperature from the walls at a high rate, thus decrease fluid density. The less dense particles

moves more freely inside the filter chamber with minimal internal frictional between particles

as a result contribute minimal temperature. This illustrates that the temperature decreases

more at a lower Grashof number. The decrease in temperature at a lower Grashof number is

caused by the fact that the less dense particles (more temperature) due to high temperature

decreases internal temperature during suction since temperature in taken out of the filter

chamber inform of less dense particles.
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Effects of Radiation R inside the filter chamber
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Figure 3.22: Temperature distribu-

tions over a range of R at fixed values

of α = 1, Gr = 1, J = 0.5, Pr = 0.6

and Re = 0.10.
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Figure 3.23: Temperature distribu-

tions over a range of R at fixed values

of α = 1, Gr = 1, J = 0.5, Pr = 0.6

and Re = −0.10.

Figures 3.22 and 3.23 show that the increase in radiation leads to the increase in tem-

perature from the chamber walls towards the centre when fluid is injected inside the filter

chamber and the decrease in temperature from the chamber walls towards the centre of the

filter chamber when fluid is sucked out of the filter chamber. Also (figure 3.22) illustrates that

the temperature decreases more when radiation increases for fluid injection. This decrease is

caused by the fact that radiating MHD fluid gives away energy in form of radiation as a results

fluid temperature will decrease with increase in radiation. For fluid injection, more particles

are injected and give away more energy and conserve less, thus temperature increment will

be less for high radiation. Figure 3.23 illustrates that the temperature decreases more when

fluid radiates at a lower rate. Sucking out fluid leads to the decrease in temperature since heat

transfer from the walls decreases when warm particles closed to chamber walls are sucked out.

Also when particles radiates at lower rate they keep more energy and give away less, sucking

those particle leads to more energy out of the system, thus sucking less radiative particles leads

to more decrease of temperature compared more radiative particles.

81



Effects of Prandtl number Pr inside the filter chamber
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Figure 3.24: Temperature distribu-

tions over a range of Pr at fixed values

of α = 1, Gr = 10, J = 0.5, R = 10

and Re = 0.10.
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Figure 3.25: Temperature distribu-

tions over a range of Pr at fixed values

of α = 1, Gr = 10, J = 0.5, R = 10

and Re = −0.10.

From figure 3.24 it can be observed that increasing the Prandtl number while injecting the

fluid into the filter chamber leads to the increase in fluid temperature distribution towards the

centre of the chamber. Due to small values of Prandtl number, the thermal diffusivity tends

to dominate inside the filter chamber, which increase heat diffusion through the fluid bulk and

increase temperature distribution towards the centre of the chamber. Similarly sucking fluid

out of the filter chamber decrease thermal conduction of fluid particles, thus resulting in low

heat diffusion hence the temperature inside the filter chamber decreases see (figure 3.25).

3.6 Concluding remarks

Lie symmetry analysis along with double perturbation method are used to study the flow and

heat distribution inside an inclined filter channel during filtration process. The design of the

filter and nature of the fluid revealed the important parameters which affect the internal flow

and heat distribution during filtration process which are wall dilationn (α), Reynolds number

(Re), Grashof number (Gr), Prandtl number (Pr), Radiation number (R), angle of inclination

(γ) and Joule heating parameter (J). Also proficient mathematical formation of the problem

was obtained from basic conservation laws of mass, momentum and energy respectively. The

findings from the study indicate that to have an optimal outflow which leads to more permeates,
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the following dynamics were found to be vital to maximize permeates during filtration process.

(1) Wall dilation rate: The increase in wall dilation rate creates more space inside the

filter chamber such that the internal pressure decreases and external pressure increases

in such a way that the system allows more fluid injection due to pressure difference.

Thus, the work done by pressure results in more fluid inside the filter chamber which

leads to more flow out (permeates) of the chamber. Since temperature is independent of

wall dilation rate, the chamber walls can be moved to created optimal pressure without

affecting temperature distribution of the system.

(2) Reynolds: To maximize production of permeates, it is ideal to inject more fluid inside

the filter chamber. Suction is not ideal, since the increase in temperature decreases

particles inside the filter chamber which lead to less permeates. Increasing fluid particles

increases internal friction which leads to the increase in Joule heating effects and a rise in

internal temperature which is ideal during filtration process since it decrease the viscous

effects of the fluid as a result fluid bulk moves freely, thus optimize permeates.

(3) Porosity: The increase in pore size of the medium leads to more inflow into the chamber

and more outflow on the other hand allows contaminations to pass through the medium

which is not ideal during filtration process. To deal with this challenge while producing

enough permeates, the filter design must have small medium pore size, allow only fluid

injection (no suction) and have relatively big enough filter chamber space. Temperature

distribution is independent of porosity effects.

(4) Stuart: The increase in magnetic load zone leads to a reverse flow away from the centre

of the chamber while minimizing steel and ferro particles from entering the chamber or

blocking the pores of the chamber walls, on the other hand it decreases the outflow. To

counter the negative effects of magnetic force, more injection during operation is needed

since both magnetic field and the injection act normal the surface.

(5) Prandtl: Momentum of the system is independent of the Prandtl number, thus Prandtl

number does not affect permeates out flow. This is due to thermal boundary layer

being more dominant compared to momentum boundary. For the system to maintain
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good quality of the permeates, it is ideal to adjust the Prandtl number in such a way

that is does not change the quality of the final product (permeates) while increasing

temperature.

(6) Grashof: Increasing Grashof number leads to instability of fluid velocity towards the

bottom of the filter chamber due to buoyancy effects. For the system to produce more

permeates while injecting fluid, relative small Grashof number is needed to balance nat-

ural convection (minimize buoyancy effects).

(7) Inclination: To produce more permeates, the system’s angle of inclination has to be

90o (vertical) to allow gravity to act in the direction of the out flow.

(8) Radiation: To optimize internal temperature, lower radiation parameter is ideal during

filtration process since it increases the internal fluid temperature.

(9) Joule heating: Similarly the increase in Joule heating parameter increases internal

temperature and increases the internal work done which is ideal during filtration, thus

increases permeates output.

(10) Axial pressure: For the system to produce more permeates the chamber walls should

dilate in such a way that the work done by the movement of the chamber walls increases

the axial internal pressure to produce more permeates.
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