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Abstract

Statistical inference of observed lifetimes in survival analysis, reliability theory, medical studies and nu-
merous engineering fields are frequently of interest for researchers. In order to perform inference, it is
important to test the hypothesis that observed times are realised from a specified class of distributions.
Testing this hypothesis is complicated by the fact that random right censoring often occurs in the men-
tioned fields of study; i.e., not all of the lifetimes of interest are observed. Goodness-of-fit testing has been
studied in depth in the statistical literature; however, tests in the presence of random right censoring are
relatively scarce, especially for more flexible distributions such as the Weibull and gamma distributions.
Therefore, the main goal of this thesis is to modify existing goodness-of-fit tests to accommodate ran-
dom right censoring, specifically for three classes of distributions; the exponential, Weibull and gamma
distributions. We compare the finite sample performance of these tests to existing tests, such as the
classical Kolmogorov-Smirnov and Cramér-von Mises tests which have been modified to allow for random
censoring. The majority of the newly modified tests are based on either the characteristic function or the
Laplace transform. Some of the tests developed for the Weibull distribution for use with censored data

are also new in the full sample case.

We compare the finite sample performance of the tests mentioned above against a broad range of alterna-
tives, in both the complete sample case as well as in the presence random right censoring. These classes
of tests are based on Stein’s method for the approximation of integrals. Furthermore, we modify existing
tests based on Stein’s method and the Laplace transform for the gamma distribution to allow for the
presence of random right censoring. We compare the performance of these tests against a wide range of

alternatives as well as three censoring distributions.

In addition, we explore the computational assumptions relating to the Kaplan-Meier estimator which is
commonly used in statistical literature. The effect of these assumptions are investigated in an extensive
Monte Carlo simulation study along with a practical example. The practical example under consideration
is used throughout the study; the data set contains 66 observations of which 14 are censored. A further
contribution is found in new bootstrap algorithms for testing the adequacy of fit of survival models.
The thesis concludes with a model based application of goodness-of-fit testing for the Cox proportional

hazards model.

Key words: Censoring, Exponential distribution, Gamma distribution, Goodness-of-fit, Kaplan-Meier

estimator, Weibull distribution



Preface

This thesis is written in article format and consists of one published article, one article accepted for
publication, one draft article and one accepted proceedings. A general overview of the thesis is given in
Chapter 1, along with the objectives of the study. The three articles as well as the proceedings can be
found in Chapters 2, 3, 4 and 5. In Chapter 6 we report the main findings along with conclusions and

avenues for future research.
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The promoters agreed on co-authorship and gave consent for the use of these articles as part of the
final thesis. The first author was solely responsible for the initial planning and proposal of the thesis,
literature searches, writing all programs used in the Monte Carlo studies, interpretation of results, as well

as planning and writing of the articles and the entire thesis.
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CHAPTER 1

Introduction

1.1 Overview

In this section we provide a framework and general composition of the entire thesis. The research aims

and objectives of the thesis are also stated.

It is often of interested for statistical practitioners as well as for other researchers to model survival,
reliability or failure times. These lifetimes play a central role in various fields including survival analysis,
reliability theory and numerous engineering fields. Before any inference is done, it is important to test the
goodness-of-fit hypothesis that the observed lifetimes are realisations from a specific class of distributions.
In this thesis, we focus on three classes of distributions, namely the exponential, Weibull and gamma
distributions. In the full sample case, there is an abundance of tests available for all three of these classes
of distributions. However, due to the nature of these studies, random right censoring often arises in these
fields of study. For example, we may be interested in the time period that antibodies are detectable in
a patient’s blood after being given a particular type of Covid-19 vaccine. When the relevant data are
collected, we will not necessarily be able to measure this time period for all of the patients in the study.
Some may leave the study for different reasons, such as emigrating to another country while they still
have detectable antibodies. In this case we do not observe the precise time of interest. As a result, testing
the hypothesis of whether these observed lifetimes are realised from a specific distribution is complicated

by the fact that not all of these times are observed.

Tests for lifetime distributions in the presence of random right censoring are relatively scarce. In this
thesis we adapt standard tests used in the full sample case to accommodate for random right censoring.
For the three classes of distributions under consideration we propose newly modified tests for censored
samples. We introduce two new classes of tests for the Weibull distribution that are applicable in both the
full sample case as well as in the case of random censoring. We investigate the finite sample performance
using a comprehensive Monte Carlo study. Most of the tests that we modify or introduce are based on

either the empirical versions of the characteristic function or the Laplace transform.



Throughout the study, we use a single censored data set to demonstrate the application of the newly mod-
ified tests. The practical example consists of 66 observed values, 14 of which are censored. This example
is also used to demonstrate the required computational assumptions when estimating the lifetime and
censoring distribution functions using the Kaplan-Meier estimator. The influence of these assumptions

on the sizes as well as the empirical powers are studied extensively using Monte Carlo simulations.

Additionally, we consider goodness-of-fit testing for survival models by developing an omnibus test of
fit for the parametric Cox proportional hazards model in the presence of random censoring. The test is
able to detect deviations from the hypothesised model when the baseline distribution or the regression

component of the model is misspecified.

In the last section of this thesis we include some concluding remarks along with some avenues for future

research.

1.2 Objectives

The main goal of this thesis is to modify existing tests for the complete sample case to accommodate
random right censoring for three classes of distributions; the exponential, Weibull and gamma classes.
We further aim to propose new classes of tests for the Weibull distribution that can be applied using
both complete samples as well as censored samples. We evaluate the finite sample performance of all
these newly modified or proposed tests in extensive Monte Carlo simulation studies. Additionally, we are
interested in the impact of some of the computational assumptions that are made when estimating the
distribution function using the Kaplan-Meier estimator of the distribution function. The main objectives

and aims of the thesis can be summarised as follows:
e To explore the existing literature to identify work that has already been done on this topic as well
as any open questions relating to this.

e Modify existing goodness-of-fit tests for exponentiality to accommodate random right censoring and

compare the finite sample performance of these tests to existing tests.

e Develop new tests for the Weibull distribution and compare the performance of these tests against
a broad range of alternatives, in both the complete sample case as well as in the presence of random

right censoring.

e Explore theoretical aspects regarding the method the newly proposed test is based on.



e Propose newly modified tests for the gamma distribution in the presence of random right censoring

and compare the performance of these tests to those of existing tests for a broad range of alternatives.

e Explore and evaluate some of the computational assumptions, relating to the Kaplan-Meier esti-

mator.

e Provide new bootstrap algorithms to calculate critical values when testing the adequacy of fit of

survival models are proposed and implemented.

e Develop a new omnibus test for the parametric proportional hazards model

1.3 Thesis outline

In this section the general themes, titles, abstracts as well as the connections between the three articles
and the conference proceedings are presented. The three articles and the proceedings included contributes
to the literature on goodness-of-fit testing in the presence of random right censoring. In Chapter 6 we

present some final findings and conclusions as well as some avenues for future research.

The titles and abstracts of the three articles as well as the proceedings, presented in Chapters 2, 3,

4 and 5 respectively, are given below:

Characteristic function and Laplace transform based tests for exponentiality in the

presence of random right censoring

We test the composite hypothesis that lifetimes follow an exponential distribution based on observed
randomly right censored data. Testing this hypothesis is complicated by the presence of this censoring,
due to the fact that not all lifetimes are observed. To account for this complication, we propose
modifications to tests based on the empirical characteristic function and Laplace transform. In the
full sample case these empirical functions can be expressed as integrals with respect to the empirical
distribution function of the lifetimes. We propose replacing this estimate of the distribution function
by the Kaplan-Meier estimate. The resulting test statistics can be expressed in easily calculable
forms in terms of summations of functionals of the observed data. Additionally, a general framework
for goodness-of-fit testing, in the presence of random right censoring, is outlined. A Monte Carlo
study is performed, the results of which indicate that the newly modified tests generally outperform
the existing tests. A practical application, concerning initial remission times of leukemia patients, is

discussed along with some concluding remarks and avenues for future research.



The scarcity of goodness-of-fit tests in the presence of random right censoring, particularly for more
flexible distributions such as the Weibull distribution, leads us to develop new classes of goodness-of-fit

tests for the Weibull distribution in the second article.

New classes of tests for the Weibull distribution using Stein’s method in the presence of

random right censoring

We develop two new classes of tests for the Weibull distribution based on Stein’s method. The pro-
posed tests are applied in the full sample case as well as in the presence of random right censoring. We
investigate the finite sample performance of the new tests using a comprehensive Monte Carlo study.
In both the absence and presence of censoring, it is found that the newly proposed classes of tests
outperform competing tests against the majority of the distributions considered. In the cases where
censoring is present we consider various censoring distributions. Some remarks on the asymptotic
properties of the proposed tests are included. We present another result of independent interest;
a test initially proposed for use with full samples is amended to allow for testing for the Weibull
distribution in the presence of censoring. The techniques developed in the paper are illustrated using

two practical examples.

In the first two articles we made some computational assumptions relating to the Kaplan-Meier estimator.

We explore the effect of these assumptions in Article 3.

On the effect of the Kaplan-Meier estimator’s assumed tail behaviour on goodness-of-fit

testing

When analysing lifetime data in the presence of censoring one is often required to estimate the
distribution function of the lifetimes nonparametrically. The most popular estimator used for this
purpose is the Kaplan-Meier estimator. Interestingly, in its initial formulation this estimator is only
defined up to the observed sample maximum. For values larger than the sample maximum two
different assumptions are commonly used in the statistical literature. The first is to set the value
of the estimate to one while the second is to use the value of the estimate at the sample maximum
when estimating the tail of the distribution function. This paper illustrates the profound effect of
these assumptions on the sizes and powers of goodness-of-fit tests for three classes of distributions
often used in survival analysis. These differences are illustrated using observed remission time data.
The considered classes of distributions are the exponential, Weibull and gamma. As a result of
independent interest, we amend two classes of tests developed for the gamma distribution in the full

sample case for use with censored data.



In the three main articles we only consider goodness-of-fit testing for censored samples in the indepen-
dently and identically distributed (i.i.d.) case. In the conference proceedings we develop a goodness-of-fit

test for a survival model, specifically for the parametric proportional hazards model.

On an omnibus test for the parametric proportional hazards model

We propose an omnibus test of fit for the parametric Cox proportional hazards model in the presence
of random right censoring. The proposed test results from a modification of an existing test for the
uniform distribution. This test is demonstrated to be able to detect deviations from the hypothesised
model in two cases; first when the baseline distribution is misspecified and second when the regression
component of the model is misspecified. Two modified classical tests are considered and a Monte Carlo
study shows that the newly proposed test outperforms these tests for the majority of alternatives
included. As a result of independent interest, we outline the procedure required to use the newly

modified test in the framework of independent and identically distributed random variables.
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CHAPTER 2

Article 1: Characteristic function and
Laplace transform based tests for
exponentiality in the presence of random
right censoring

The first article, Characteristic function and Laplace transform based tests for exponentiality in the pres-
ence of random right censoring, has been published in Stat. A summary of the guidelines to authors from

the journal is now presented.

Maximum length of 10 pages (excluding references, figures, ta-
Manuscript bles and other forms of exhibit, but including text in appen-
dices).

A full title and a short title of up to 70 characters should be

Title provided.

A maximum of 200 words succinctly describing the article and
Abstract and keywords five or six keywords or key phrases from the list of keywords
on the ScholarOne site.

Tables must be on separate pages after the reference list, and
Tables not be incorporated into the main text. All tables should be
referred to sequentially in the text.

References should be prepared according to the Publication

References Manual of the American Psychological Association (6th edi-
tion).

General formatting A IXTEXtemplate is provided for submission.

Additional information https://tinyurl.com /y4lu7{9f
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1 | INTRODUCTION

The exponential distribution plays a central role in various fields such as survival analysis and reliability theory; see Klein and Moeschberger (2006).
In the complete sample case, several tests for testing the hypothesis that the observed lifetimes are realizations from the exponential distribution
have been developed. For an in-depth discussion of these tests, the reader is referred to Allison et al. (2017) as well as Henze and Meintanis (2005)
and the references therein. In the mentioned fields, random right censoring often arises due to the nature of the study itself. Consider, for
example, a medical study where the aim is to observe the lifetimes of patients with a specific disease. It often happens that a given patient is still
alive at the end of the study or the patient leaves the study due to some other reason, such as dying in a car accident. Testing whether these
observed lifetimes are realizations from a specified distribution is complicated by the fact that not all of these times are observed.

There is a relative scarcity of tests for exponentiality (or any other lifetime distribution) in the presence of random right censoring. One
approach is to transform the censored sample to a complete sample and then use any of the existing tests for exponentiality developed for the full
sample case. This approach is discussed in Balakrishnan et al. (2015). A more common approach is to use the standard tests applicable to complete
samples and modify them to accommodate random right censoring. Koziol and Green (1976) derived a modification of the Cramér-von Mises test
statistic in the case of a simple hypothesis, which is based on the Kaplan-Meier product limit estimate of the distribution function. Kim (2012)

studied modified versions of the Kolmogorov-Smirnov and Cramér-von Mises test statistics for testing a composite hypothesis. However, this

Stat. 2021;10:e394. wileyonlinelibrary.com/journal/sta4 © 2021 John Wiley & Sons, Ltd. | 1 of 14
https://doi.org/10.1002/sta4.394
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study is limited by the fact that they are based on the random censoring model proposed by Koziol and Green (1976). This implies that, under the
null hypothesis, the censoring distribution is known, which is an unrealistic assumption in practice. It is further well known that the null
distribution of the test statistics is dependent on the unknown censoring distribution (see, e.g., D'Agostino & Stephens, 1986). Another test,
specifically developed for the random censoring case, is the test proposed by Cox and Oakes (1984), which is based on a score function. This test
has also been shown to be quite powerful in the full sample case; see Allison et al. (2017).

A number of powerful tests for exponentiality are based on either the empirical characteristic function or the empirical Laplace transform.
These include tests proposed in Epps and Pulley (1986), Baringhaus and Henze (1991), Henze and Meintanis (2002a) and Henze and
Meintanis (2002b). For an overview of testing procedures involving the characteristic function, see the discussion paper by Meintanis (2016). In
this paper, we propose newly modified versions of these tests that can be used in the presence of random right censoring. We assume that the
censoring distribution is unknown and this distribution is estimated non-parametrically. A bootstrap algorithm is employed to estimate the critical
values associated with the tests. This algorithm assumes that the observed data are realized from an infinite population. The interested reader is
referred to a list of references discussing finite population corrections which can be implemented if necessary.

Before proceeding, some notation is introduced. Let Xy, ..., X, be independent and identically distributed (i.i.d.) lifetime variables with

continuous distribution function F, and let C4, ..., C, be i.i.d. censoring variables with distribution function G, independent of X4, ..., X,.. Let

1, if X<G

T;=min(X;,C;) and 5!':{0 if Xj>C;
) j (N

Based on the observed pairs (T;,5;),j=1,...n, we wish to test the composite hypothesis

Ho : Fis the exponential distribution with expectation 1/4, 1)

for some unknown 4 > O against non-exponential alternatives. Denote the order statistics of Xy, ..., X, and Ty, ..., T,, by Xq) < X(2) < ... < X(n) and
Ty < Tz) < ... < T(ny, respectively. Note that §; ) represents the indicator variable corresponding to T; ). Using the notation introduced above, the
Kaplan-Meier estimator, F,, of the distribution function is given by

1, ts< T(l)

s T(k,1> <tST(k), k=2,...,n.

n n—j )(S(j)
n y t>T(n)‘
1 (nfj%»l

For more details about this estimator, see Kaplan and Meier (1958) and Efron (1967). N N

All of the test statistics under consideration make use of scaled lifetime values, denoted by Y;=T;i, where 1= Zéj/z-’—j is the
maximum likelihood estimate of A. The invariance property of the exponential distribution justifies the use of these scdled WAlues (see,
e.g., Gupta & Richards, 1997).

The remainder of the paper is structured as follows. In Section 2, we indicate how four existing tests are modified to accommodate random
right censoring. Since the null distribution of each of the test statistics depends on the unknown censoring distribution, we propose a parametric
bootstrap procedure in Section 3 in order to compute critical values for the tests under consideration. Section 4 contains the results of a Monte
Carlo study where the empirical powers of the newly modified tests are compared to those of existing tests. The paper concludes in Section 5

with an application to observed leukaemia remission times as well as some avenues for future research.

2 | PROPOSED TEST STATISTICS

The statistical literature contains several tests for exponentiality based on the empirical characteristic function and Laplace transform. The tests
below are modifications of these tests obtained by estimating the mentioned functions using the Kaplan-Meier estimate of the distribution
function instead of the empirical distribution function. Below, we consider a test based on the empirical characteristic function before turning our
attention to tests based on the empirical Laplace transform.

Recall that the characteristic function of a random variable, X, with distribution, F, is defined to be
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#()=E[] = [evaF(y),
where i=+/—1. Denote the characteristic function of the standard exponential distribution by ¢(t)=(1+it)"’. Let F, denote the empirical

distribution function of the random variables Y4, ..., Y,

where | denotes the indicator function. Using F,, to estimate F, we obtain the empirical characteristic function
1 n
= |etdF. (v) == itY;
#n(®) = [ () = > e
Upon replacing F,, by F,, we obtain an estimate for the characteristic function based on a censored sample
~ [ . ~ n .
in(®)= [ dFy) = Y s,
=1

where Aj denotes the size of the jump in l:'n(T(j))J =1,..,,n, given by

j—1 5 j ! j-1 8
n—k \°® n—k \°® ) n—k \°% .
A=TT(- ) - - =2,..n-1.
i H(n—k+1> H(n—k+1> n—j+1k:1<n—k+1> A= S

Epps and Pulley (1986) introduced a test statistic based on the difference between the characteristic function and its empirical counterpart. The

proposed test statistic is given by

Py — 5 [1ha(t) d(O]H(-t)ct.

In the presence of random right censoring, we modify the test statistic by replacing ¢, with ?{n The resulting modified test statistic is given by

After straightforward calculations, this test statistic can be expressed as

n
EP,=/48n {ZA,-eYI —%} .
=

The null hypothesis in (1) is rejected for large values of |Ef’n\.
We now turn our attention to tests based on the empirical Laplace transform. Using similar notation to that used for the various versions of
the characteristic function, let v, v, and v, respectively denote the Laplace transform, the empirical Laplace transform and the empirical version

of this function obtained using the Kaplan-Meier estimate of the distribution. The resulting functions can be expressed as
1 n n
_ —tY; ~ —tY;
wlt) = [e dF (). it = e and =3 e

Baringhaus and Henze (1991) proposed a test based on a partial differential equation involving the Laplace transform. In the presence of random

right censoring, the modified version of this test becomes
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Bna= nJ (14 )7, () + (1)) *e“tdlt,
0

where a > O is a user-specified tuning parameter. After some algebra, this test statistic can be expressed as

(1 Yk) Y] + Yk 2ijk 2ijk
- 7t 7t 3
Y+Yl<+a (Y,»+Yk+a) (Yj+Yk+a) (Y;+Yk+a)

Bna 7nZZA,Ak

j=1 k=1

The null hypothesis of exponentiality is rejected for large values of E,,,a.
Another test involving the Laplace transform was proposed in Henze and Meintanis (2002b). This test statistic is based on the squared
difference between the Laplace transform and its empirical counterpart. In the presence of random censoring, this test can be modified to have

test statistic

[na :nj[u?na)—w<t>]2<1+t>2e*“fdt,
0

with the following form that can easily be implemented:

+(Y; +Yit+a+1)?
Y +Yk+a)

n .
=1 (Y;+a)

Loy s

j=1 k=1

The null hypothesis is rejected for large values of [,,,a.
Henze and Meintanis (2002a) proposed a goodness-of-fit test based on a characterization of the exponential distribution via the
characteristic function. Modifying the proposed test, we obtain the test statistic

Hpa = nJ[Sn(t) —tC,(t)]2edt,
0

where S, (t) = 3L, Ajsin(tY}) and C,(t) = Y15 Ajcos(tY;). This statistic admits the following easily calculable form:

- 1 1 4(Yj+Y)
Hna = - -
" lekz i 2+(Yj—Yk)2 02+(YJ+YI<)2 ((12-4-(Y,4—~-Y,()2>2
202 - 6(Y; - Yi)? . 202 - 6(Y;j+Yi)?
3 3
(G2+(ijyk)2> (02+(Yj+yk)2>

The null hypothesis is rejected for large values of Fl,ﬁ,,a.

3 | BOOTSTRAP ALGORITHM

The null distribution of each of the test statistics considered depends on the unknown censoring distribution, even in the case of a simple
hypothesis (see D'Agostino & Stephens, 1986). Since we will not assume any known form of the censoring distribution (e.g., the Koziol-Green

model), we propose the following parametric bootstrap algorithm to estimate the critical values of the tests.

1. Based on the pairs (T},5),j=1,...,n, estimate 2 by A= 3"6/3"T;.

2. Obtain a parametric bootstrap sample X;',X5 ..., X, by sampling from an exponential distribution with parameter A

3. Obtain a non-parametric bootstrap sample C,C;,...,.C;’ by sampling from the Kaplan-Meier estimate of the distribution of the censoring
times.

4. Set
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[N

L if X <G

i 0, if X" >C’.

T =min(X",C;") and & —{

5. Calculate A" = 378 /> _T;", and obtain the scaled bootstrap values Y; =T A"
6. Based on the data (Yj* 5 ),j =1,...,n, calculate the value of the test statistic, say S* =S((Y;,58; ), (Y5 .63 ), (Y58, ))-
7. Repeat steps 2-6 B times to obtain S;,S7 ,...,S5 . Obtain the order statistics, S(;) <S5 <...<Sfg). The estimated critical value is then &(a) =

S|B1—a) Where |A[ denotes the floor of A.

The algorithm provided above is quite general and can easily be amended in order to test for any lifetime distribution in the presence of
random censoring. The algorithm implicitly assumes an infinite underlying population. In the alternative case of a finite population, a finite

population correction can be made; for more details, we refer to the recent paper Conti et al. (2017) and the references therein.

4 | MONTE CARLO STUDY

In this section, the power behaviour of the newly modified tests is investigated by means of a Monte Carlo study. The ﬁ’n, I:,,‘a, én,a and Fln,a tests
are compared to the modified Kolmogorov-Smirnov (I@n) and Cramér-von Mises (EM,,) tests proposed in Koziol and Green (1976) as well as the
Cox and Oakes (1984) test (CNO,,), which was originally proposed for use with censored data.

Let n denote the number of observations which are uncensored, that is, n = 3" ;. The calculable forms of the Kolmogorov-Smirnov, Cramér-
von Mises and Cox and Oakes tests are, respectively, given by

KS, = stlg“:'n(x)7(17e*><)|:max{max{F’n(Y(j))f(17e*Yu>)},max{(l—e*Ym)ff:';(YU))}},

1<jsn 1sjn
1 -
M, = nj(t—I:'n(t))zdt:g—s-niil:'n(\?m) (%= Yia ) [Fa (Y1) = (V34 Y3 1) | and
0 1

The null hypothesis of exponentiality is rejected in the case of large values of I@n and CT/I,1 while the Cox and Oakes test rejects for small or
large values of 66,,.

4.1 | Simulation setting
The nominal significance level is set to 5% throughout. Empirical powers are presented for sample sizes of n =50 and n = 100. The reported empirical

powers are calculated in the case of 10%, 20% and 30% censoring. For each lifetime distribution considered, we include the power achieved using
three different censoring distributions: the exponential, uniform and Lindley distributions. The alternative distributions used are listed in Table 1.

TABLE 1 Density functions of the alternative distributions

Alternative Density Notation
Exponential Oexp(—0x) Exp(60)
Gamma (T(6)) “x*Lexp(—x) T(e)
Weibull 0x"texp(—x?) wW(e)
= .
Lognormal (Gxx/ﬂ) exp<7log2(x)(202) 1) LN(9)
. . >
Chi square (22r(0/2)) x> Texp(~x/2) x0)

Beta x1(1-x)"'T(a+6)(T(a)r(©) " Pla, 0)
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TABLE 2

F
Exp(1)

I(0.6)

I(1.2)

W(0.8)

W(1.2)

LN(1)

LN(1.5)

A1, 1)

£(0.5, 1)

0.7, 1)

4(1, 1.5)

56
55
55
14
14
14
10
11
10
32
31
31
21
20
21
21
19
19
82
81
79
82
81
82
33
34
34
89
89
89
35
34
35
38
37
37
60
59

BOTHMA ET AL.
Estimated powers for 10% censoring for a sample size of n = 50 with three different censoring distributions

E\N/’ 6\6 EF’ ’:.25 ’:.5 3.25 BS F’.S F’l

5 5 5 5 4 5 5

5 5 5 5 5 4 5 5

5 5 5 5 5 4 5 5
63 81 63 82 79 80 75 55 56
62 82 63 82 80 79 75 56 55
62 82 63 82 79 79 75 56 56
16 25 18 27 25 24 22 14 14
16 25 18 27 24 24 22 13 14
16 25 18 28 25 24 21 14 15
12 14 11 11 14 11 10 9 11
12 14 12 12 14 11 10 9 11
11 14 12 11 13 10 8 9 11
37 51 42 49 48 50 47 27 31
37 50 42 49 49 48 47 27 31
38 51 41 48 48 48 46 27 31
25 29 26 23 28 23 23 16 22
25 30 26 23 27 22 22 16 23
25 29 26 22 27 21 20 15 22
26 14 13 27 20 24 18 29 16
23 12 11 28 20 24 18 28 15
23 13 11 28 20 23 16 29 15
87 83 90 70 80 85 87 59 78
86 82 89 68 79 84 87 56 76
84 81 88 66 78 83 85 54 75
87 97 86 97 96 96 94 83 81
86 97 86 97 95 96 94 82 81
87 97 86 97 95 95 94 83 82
40 51 40 46 50 44 42 30 37
40 51 40 45 49 42 39 29 37
41 50 39 46 50 39 34 29 36
97 85 95 54 75 82 88 78 97
97 86 95 55 74 81 87 78 97
97 85 95 54 74 81 87 78 97
47 49 8 69 54 60 43 55 49
47 50 7 69 54 60 42 55 48
46 50 8 69 54 60 43 55 48
49 13 32 9 9 14 15 28 49
48 12 32 9 9 15 16 27 50
49 12 31 9 9 14 15 28 49
76 63 77 32 48 52 61 34 70
75 62 77 & 48 52 59 33 70
75 63 77 32 48 52 60 33 70

59
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TABLE 3 Estimated powers for 20% censoring for a sample size of n = 50 with three different censoring distributions

F KS ™ co EP Los Ls B s Bs Hs Hy
Exp(1) 4 4 5 5 5 5 3 4
5 4 5 5 4 4
5 5 5 5 3 4

I(0.6) 47 57 79 56 80 77 74 67 49 49

48 56 80 55 80 77 73 63 48 48

47 56 80 56 79 76 73 65 49 49

r(.8) 11 14 23 15 26 23 21 17 12 13

11 14 23 15 26 23 21 17 11 12

11 14 24 15 26 23 20 16 12 13

I(1.2) 8 10 13 9 11 13 7 5 7 9

10 13 10 11 13 4 2 7 9

9 13 10 11 12 5 2 7 8

W(0.8) 25 31 46 35 45 44 42 37 21 26

24 30 45 33 44 44 42 37 21 25

24 31 46 34 45 44 41 35 21 26

W(1.2) 16 20 26 20 21 25 14 11 12 18

16 19 26 20 20 24 9 5 12 18

15 20 26 20 20 24 11 6 12 17

LN(1) 17 21 16 11 31 23 20 13 24 14

14 18 16 8 34 25 16 9 23 13

15 18 16 9 32 24 16 10 22 13

LN(1.5) 66 73 67 78 53 66 72 74 40 62

60 69 60 72 45 59 69 69 33 57

60 69 62 72 46 60 67 67 34 57

;(2(1) 75 82 96 79 96 94 94 90 76 75

75 82 96 79 96 94 93 88 76 75

75 82 96 79 96 94 93 88 76 75

7°3) 26 34 48 32 43 46 31 23 24 31

26 32 47 32 42 46 21 10 22 30

25 32 46 30 43 47 19 9 22 29

A, 1) 85 93 77 84 48 68 72 80 70 94

85 93 77 80 48 66 68 76 69 94

85 93 77 82 48 67 70 76 70 94

(0.5, 1) 33 44 56 9 70 57 58 39 49 42

31 43 58 10 71 58 55 33 49 41

33 43 57 9 71 57 56 38 49 42

p(0.7,1) 30 38 9 21 9 8 9 8 23 40

29 35 9 18 10 8 8 6 21 39

29 37 9 19 10 8 8 8 22 39

B, 1.5) 49 65 52 59 27 41 37 43 27 60

48 62 51 57 28 40 32 33 26 58

49 63 52 59 28 41 36 39 26 60
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TABLE 4

F
Exp(1)

I(0.6)

I(1.2)

W(0.8)

W(1.2)

LN(1)

LN(1.5)

A1, 1)

£(0.5, 1)

507, 1)

4(1, 1.5)

33
33
33

v NN NN

16
14
15

BOTHMA ET AL.
Estimated powers for 30% censoring for a sample size of n = 50 with three different censoring distributions

E\N/’ 6\6 EF’ ’:.25 ’:.5 B.ZS BS F’.S F’l

3 5 5 5 3 4

3 5 2 5 5 4 4 4

3 5 3 5 5 3 4
46 76 42 77 73 62 49 38 40
42 77 33 76 73 58 45 35 38
45 77 41 76 72 60 46 38 40
10 22 11 24 21 15 11 9 10
9 22 6 25 21 16 13 8 9
10 23 10 25 21 14 10 9 10
12 6 10 11 2 1 5 7
4 12 5 10 11 1 1 5 6
12 5 10 11 1 1 5 6
23 41 25 41 40 32 24 16 20
20 40 15 40 38 30 25 15 18
22 41 22 41 39 29 22 16 20
13 23 11 19 21 5 1 8 12
9 23 9 18 20 1 0 8 12
11 23 10 18 21 2 1 8 12
14 21 8 34 26 10 6 16 10
9 23 39 29 4 3 16 9
11 21 36 27 4 15 9
53 47 55 36 48 52 51 22 42
42 31 29 25 37 46 44 15 34
46 40 41 29 42 46 44 18 37
74 95 65 94 92 87 76 65 65
71 94 55 94 92 83 70 63 64
74 95 63 94 92 86 73 64 65
23 44 18 40 42 12 16 21
15 42 16 39 39 1 0 15 21
17 43 15 39 41 8 1 13 19
85 67 54 42 59 55 59 58 87
79 64 39 40 55 37 31 51 84
84 66 49 41 57 51 53 56 86
37 63 9 72 59 47 25 40 34
29 67 12 74 63 36 14 39 30
35 64 10 73 59 46 23 40 33
24 7 9 10 7 4 2 16 27
15 5 11 7 0 12 21
22 8 8 10 7 4 1 15 26
46 42 & 23 33 18 14 19 45
34 38 21 22 30 5 1 14 38
45 42 30 23 33 15 10 17 43
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TABLE 5 Estimated powers for 10% censoring for a sample size of n =100 with three different censoring distributions

F KS cM co EP Las Ls Bs Bs Hs Hy
Exp(1) 5 5 5 5 5 5 5 5 5
5 5 5 5 5 5 5 5
5 5 5 5 5 5 4 5 5
1(0.6) 85 90 98 89 97 97 97 96 85 86
85 90 98 89 98 97 97 96 85 86
85 90 97 89 97 97 97 96 86 86
1(0.8) 24 28 42 31 44 41 41 37 24 25
24 28 43 30 45 41 41 37 24 25
24 29 43 30 44 42 41 38 24 26
r(1.2) 16 19 26 20 23 25 22 21 15 18
16 19 25 20 22 24 21 19 15 18
16 20 25 20 22 24 20 18 15 18
W(0.8) 56 65 78 69 75 75 76 75 49 57
56 64 78 69 74 75 76 74 49 57
56 64 77 69 74 75 75 74 50 57
W(1.2) 38 47 56 51 46 51 48 49 29 42
39 46 56 51 46 52 48 47 29 41
38 47 55 51 47 52 46 45 30 41
LN(1) 40 50 18 14 58 36 58 36 58 30
38 48 16 11 60 37 57 37 58 31
38 48 18 11 61 39 55 34 58 30
LN(1.5) 98 99 98 99 93 97 98 99 88 97
98 99 98 99 92 97 98 99 87 97
98 99 98 99 91 97 98 99 86 96
721 98 99 100 99 100 100 100 100 98 98
99 99 100 99 100 100 100 100 98 98
99 99 100 99 100 100 100 100 99 98
73) 62 71 84 71 81 83 80 78 58 67
62 71 83 71 81 83 79 75 58 66
62 71 84 71 80 82 75 71 57 65
A1, 1) 100 100 99 100 87 97 99 100 99 100
100 100 99 100 86 97 99 100 99 100
100 100 99 100 87 97 99 100 99 100
B0.5, 1) 68 83 73 9 91 80 87 74 87 82
67 83 73 9 91 79 87 73 86 82
67 83 73 9 91 80 87 73 86 82
£(0.7,1) 74 87 18 62 10 12 32 34 60 88
74 87 18 61 11 12 31 34 59 88
74 86 18 60 11 12 32 32 58 88
A1, 1.5) 91 98 91 98 61 80 88 92 68 97
92 98 91 98 61 81 88 92 68 97

91 98 91 98 61 81 87 92 69 97
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TABLE 6 Estimated powers for 20% censoring for a sample size of n =100 with three different censoring distributions
F KS c™M co EP Ls Ls B s Bs Hs Hy
Exp(1) 5 5 5 5 5
5 5 5 5 5 4 4 4
5 5 5 5 5 5

I(0.6) 80 86 97 84 97 96 95 92 81 80
80 86 97 85 97 96 94 90 80 79
79 86 97 84 96 96 95 92 81 80
(0.8) 20 25 41 27 42 39 36 30 21 22
20 25 41 26 42 38 34 28 20 22
20 26 41 27 42 39 34 29 21 22
(1.2) 14 17 24 18 22 23 15 11 13 15
13 16 24 18 21 23 9 4 12 14
13 17 23 17 21 22 12 12 14
W(0.8) 47 57 73 61 70 71 69 65 43 49
46 55 73 59 69 70 67 61 42 48
46 56 72 60 70 69 66 61 42 50
wW(1.2) 31 40 51 42 42 47 35 29 24 34
31 39 50 42 42 47 22 13 23 33
31 39 50 43 43 47 30 20 24 34
LN(1) 35 45 25 12 65 44 53 30 53 27
34 41 28 8 70 49 46 24 53 27
33 43 29 10 69 48 46 23 52 26
LN(1.5) 92 95 92 97 81 91 95 95 72 91
90 94 89 96 74 87 92 93 65 88
90 94 88 95 74 87 92 92 67 88
;(2(1) 97 99 100 98 100 100 100 100 97 97
97 99 100 98 100 100 100 99 97 97
97 99 100 98 100 100 100 99 98 97
223) 54 65 81 63 78 80 68 58 51 58
52 64 80 63 78 79 51 32 49 56
50 63 81 64 77 79 51 32 47 54
A1, 1) 100 100 97 99 82 94 98 99 98 100
100 100 97 99 80 93 97 99 98 100
100 100 97 99 81 94 98 99 98 100
(0.5, 1) 66 80 80 11 92 83 86 71 83 76
65 79 82 15 92 83 84 66 82 75
66 80 81 13 92 83 86 69 82 76
p(0.7,1) 69 78 11 45 11 9 20 21 50 80
68 75 11 39 12 9 16 15 49 78
69 76 11 42 11 9 20 18 51 79
A1, 1.5) 86 95 84 94 54 73 77 83 60 94
86 94 82 92 53 72 71 76 58 93
86 95 83 93 54 73 74 81 59 93
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TABLE 7 Estimated powers for 30% censoring for a sample size of n =100 with three different censoring distributions

F KS ™ co EP Los Ls B s Bs Hs H,

Exp(1) 4 4 5 4 5 5 2 4
5 3 5 5 4 3 4
3 4 5 4 5 5 2 4

I(0.6) 66 80 95 73 95 94 90 80 71 71

66 78 96 65 95 94 82 67 68 69

66 80 96 74 95 94 88 77 71 70

1(0.8) 14 20 39 22 40 37 26 17 17 18

12 19 39 14 39 36 22 18 14 15

14 20 39 21 39 36 24 15 16 18

I(1.2) 9 13 23 13 21 21 6 2 9 11

7 8 22 13 19 20 1 1 8 10

7 12 21 12 20 20 3 1 8 10

W(0.8) 34 46 67 48 65 65 55 44 33 39

30 42 65 35 63 63 47 37 28 35

31 45 66 46 65 64 50 38 32 38

W(1.2) 20 &l 46 30 38 42 15 5 16 25

17 21 44 28 37 39 1 0 14 23

18 29 45 29 39 42 8 2 16 23

LN(1) 24 37 35 10 71 51 34 15 41 21

18 28 44 14 77 60 11 5 38 19

19 33 40 11 74 56 23 8 38 20

LN(1.5) 75 85 76 87 61 77 81 80 49 75

65 77 59 62 46 64 70 66 35 66

69 81 67 77 52 70 71 67 41 69

2 93 97 100 93 100 100 99 98 94 93

93 97 100 88 100 100 98 92 93 92

92 97 100 93 100 100 99 96 94 93

7°3) 38 54 77 47 75 76 39 16 38 45

31 41 75 46 73 73 4 0 34 41

28 46 76 44 73 74 14 2 31 39

p(1,1) 100 100 93 90 74 90 95 97 96 100

100 99 92 78 72 86 88 92 94 100

100 100 93 87 73 88 93 97 95 100

0.5, 1) 56 75 86 14 93 85 81 57 75 66

48 66 90 28 94 87 59 22 71 58

56 75 87 16 93 85 79 52 75 65

$(0.7, 1) 59 62 8 25 12 8 9 8 37 64

52 46 8 12 13 8 2 0 29 52

58 60 8 22 12 8 8 5 36 63

A1, 1.5) 78 86 71 74 46 63 54 55 45 85

73 76 67 54 42 58 12 3 36 77

78 86 71 71 45 62 46 46 44 84
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TABLE 8 Initial remission times of leukaemia patients, in days

4,5,8,8,9, 10, 10, 10, 10, 10, 11, 12, 12, 127, 13, 14, 20, 20, 23, 23, 25, 25, 25, 28, 28, 28,
28, 29,31, 31, 31, 32, 37, 40, 41, 41, 48, 48, 57, 62, 70, 74, 75, 89, 99, 100, 103, 124, 139, 143,
1597, 161%, 162, 169, 190%, 195, 196%, 197*, 199*, 205*, 217*, 219", 220, 245*, 258", 269*

TABLE 9 p-values associated with the various tests used

Test ’zg E’TA/ EB Er\ﬁ ’:_25 ’:_5 B_25 3_5 ’:'_5 ’:’1
p-value <0.01 <0.01 0.03 0.11 0.13 0.03 <0.01 <0.01 0.06 <0.01

A warp-speed bootstrap methodology (Giacomini et al., 2013), which essentially entails using a single bootstrap replication for each Monte
Carlo sample generated, is employed in order to calculate empirical powers. This methodology is used in order to reduce the computational cost
of the calculation of these powers and has been employed by a number of authors in the literature to compare Monte Carlo performances (see,
e.g., Huskova et al., 2020).

The estimated powers are reported in Tables 2-7. In the interest of continuity, these tables are deferred to the end of the paper. The
reported empirical powers represent the percentages of 50,000 independent Monte Carlo samples that resulted in the rejection of the null
hypothesis (rounded to the nearest integer). For each test considered, Tables 2-7 show three empirical powers against each of the lifetime distri-
butions, corresponding to the three different censoring distributions used. In each case, the results for the exponential, uniform and Lindley distri-
butions are shown in the first, second and third lines, respectively. For the reader's comfort, the highest power against each alternative
distribution is displayed in bold in the simulation results.

In the discussion below, including the tables, the subscript n is suppressed. For L and B, we include numerical powers in the cases where a is
set to 0.25 and 0.5, while a=0.5 and a=1 are used in conjunction with H. All calculations were performed in R (Core Team R, 2019). The
LindleyR package was used to generate samples from censored distributions; see Mazucheli et al. (2016). The tables were produced using the
Stargazer package (Hlavac, 2018).

4.2 | Simulation results

The size of the tests is maintained closely for all sample sizes and for censoring proportions of 10% and 20%, perhaps with the
single exception of B in the case of 20% censoring. For 30% censoring, we find that KNS, €M, EP and B are all slightly conservative,
obtaining estimated sizes ranging between 2% and 4%. For small censoring proportions, the effect of the censoring distribution on the power of
a given test is not pronounced. However, as the censoring proportion increases, these differences become more noticeable. As one would
expect, the powers generally increase with the sample size and decrease slightly as the censoring proportion increases. We also estimated the
powers for the complete sample case; the results that we obtained are similar to those of Allison et al. (2017) and are not included below.
The choice of the tuning parameter, g, also plays a role in the performance of L, B and H. Overall, these tests have higher powers for smaller
values of a.

In general, the CO and [ tests outperform their competitors. As a result, we recommend using either the CO or L 55 test in practice. It is
interesting to note that, when we disregard the 65 the newly modified tests clearly outperform the modified tests based on the distribution

function.

5 | PRACTICAL APPLICATION AND CONCLUSION

In this section, we apply each of the tests discussed in Section 4 to a real-world data set. The initial remission times of leukaemia patients, in days,
were reported in Lee and Wang (2003); this data set can be found in Table 8. An asterisk is used in order to indicate that the observation is
censored. The original data were segmented into three treatment groups. However, Lee and Wang (2003) showed that the data do not display
significant differences among the various treatments. As a result, we treat the data as i.i.d. realizations from a single, censored, lifetime
distribution. Again, we will assume an infinite population size. The estimated p-values for each of the tests, obtained using 1 million bootstrap

replications, are displayed in Table 9.
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The results from the practical example show that each of the tests, except E‘T’, [ 55 and Hs, rejects the null hypothesis of exponentiality of the
initial remission times at a 5% significance level. This provides some evidence that a more flexible distribution, perhaps with heavier tails, should
be used as a model for this specific data set.

In this paper, we modify four tests for exponentiality, based on either the characteristic function or the Laplace transform, to
accommodate random right censoring. These tests are compared to existing tests using a Monte Carlo study, and it is found that the
newly modified tests are competitive in terms of their power performance. This is especially true for the test based on the squared
difference between the Laplace transform and its empirical counterpart, L, which, together with the co test, is recommended for use
in practice.

Although we only consider these tests in the i.i.d. set-up, these modified tests can also be used to test the adequacy of fit of various survival
models when random right censoring is present. These models include the conventional Cox proportional hazards model (see, e.g., Cockeran et al.,
2019) as well as the mixture cure model, which is currently receiving a lot of attention in the literature; see Amico and Van Keilegom (2018).
Recently, Betsch and Ebner (2019) introduced a novel idea of basing goodness-of-fit tests on a fixed point property of a new transformation
connected to the Stein characterization. These tests were found to be quite powerful in the full sample case, and it will be interesting to see

whether they can be successfully modified to the censored case.
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2.1 Addendum to Article 1

Below, we include the derivations of the computational forms of several of the test statistics discussed in

Section 2 of this paper.

2.1.1 Epps and Pulley (1986)

In the full sample case the Epps and Pulley (1986) test is given by

BPy = [ 10a0) - 9(0)] 50l-0)t

In the presence of random censoring this test is modified to be

P = [ [5ul0) - 610)] 5 ol-0p

oo 27
:zlw _O:o ;Ajeityj_l—lit 1+1itdt

Jj=1
1 i 1 —gt Sl |
= A ”det—/ —dt
o ; J/_m1+t2€ 11
1 n
=5 S AL-I,
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where Iy = [% (1 —it)/(1+t*)e'™idt and I, = [ 1/(1 +¢*)dt.

Next, we calculate these two integrals in turn. The second integral is

< 1 e T T
12:[m1+t2dt:tan (t)_oo—gf(*g):ﬂ'

The first integral above can be divided into two integrals as follows;

26
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When calculating 171, we obtain

I = — it
11 [m 1—|—t2€

o0
:7r/ lLeityfdt
o T 1412

=7E [einT] , with T' ~ Cauchy(1),
— 1e0-1Y5l

=me Y7,

Turning our attention to I2, we have

oo ¢ ]
112 :/ 7eltyjdt
oo 112

e 4
= / I [cos(tY;) + isin(tY;)] dt

e t o t

— oo —0o0
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After putting all of these together we are left with the following easily calculable form for the modified

Epps and Pulley (1986) test

1 — 1 [
EP,=— (Y AL -1,
j=1

= — ZAJ (Ill —iIlg) — T
j=1

n
= — g A (me™Y —jime™) — 1
2 — J( )
=

i n
=5- ZAJQWG I —T
j=1
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2.1.2 Baringhaus and Henze (1991)

For the full sample case the test proposed by Baringhaus and Henze (1991) is

%) , 2
Bra=n [ [0+ 0un® +va0)] et
0

where 1, () is the derivative of 1, (t). In the presence of random right censoring this test becomes

~ 2

Bro=n [ [0+ 07,0+ 3u(0)] e ar

- 2
= n/ (1+1) Z A;Y; et | 4 Z Aje_tYJ e~ dt
0

n

:n/ 2ZZA ALY Ve YT (14 ) 3N " AGA Y e YY)
0

j=1k=1 j=1k=1

(1+1) ZZA ApYye HYitYita) +ZZA Ape tYitYeta) | qq
j=1k=1 Jj=1k=1
n

A A U (1+t)21/jyke—t<¥f+yk+ﬂ)dt—/ (14 t)Yje VitYeta)qy
0 0

L YY) 2Y:Y; 2Y:Y; Y,
=n A-A J + J + J _ J
;; 7 ’“[YjJrYk+a Y, +Yita)? (Y, +YitaP Y, +Yita
Y; Y Y 1
_ J _ _ +
Y;+Yi+a)? Y, +Yi+a Y;+Yi+a)? Y;+Yi+a
G 1-Y, -V, +Y:V% Y. +Y.—2V.YV, 2Y:Y;
=n A:A J Jjtk _1j J J
;; ’ ’“{ Yi+Yi+a (Y; + Vi +a) (Yj+Yk+a)3}
—~ (1-Y;)(1—Yp) Y+ Y 2Y;Ys 2Y;Yy, ]
=n AGA — .
224 ’“{ Y +Yita (Y +Yeta? (G+Yita? (Y +Y+a)P

Henze and Meintanis (2002) proposes the following test in the complete sample case:

Lya=n /OO [t () — ()] (1 + )2~ dt.
0
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In the presence of random right sampling, this test can be amended as follows;

L= n/ooo [{/;n(t) - z/)(t)r (1+1t)2eodt

2

oo
1 2 —at
ZHA ZAJG J_m (1+t)e dt

n/‘ F 12D D A AR YRR 91 4 1) Y " Aje YT o emet | dt
0

j=1k=1 j=1

A]Ak/ (14 t)2e tYitYeta)q QnZA/ (1+1t) *tY+a>dt+n/ e dt
0 0

Il
ﬁq:
11—

k=1

<.
Il
—

n

1+(Y; +Ye+a+1) 1+Y,+a n
2 A —
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CHAPTER 3

Article 2: New classes of tests for the
Weibull distribution using Stein’s method in
the presence of random right censoring

The second article, New classes of tests for the Weibull distribution using Stein’s method in the presence

of random right censoring, has been accepted for publication in Computational Statistics. A summary of
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Abstract

We develop two new classes of tests for the Weibull distribution based on Stein’s
method. The proposed tests are applied in the full sample case as well as in the
presence of random right censoring. We investigate the finite sample performance
of the new tests using a comprehensive Monte Carlo study. In both the absence and
presence of censoring, it is found that the newly proposed classes of tests outperform
competing tests against the majority of the distributions considered. In the cases where
censoring is present we consider various censoring distributions. Some remarks on the
asymptotic properties of the proposed tests are included. We present another result of
independent interest; a test initially proposed for use with full samples is amended
to allow for testing for the Weibull distribution in the presence of censoring. The
techniques developed in the paper are illustrated using two practical examples.

Keywords Goodness-of-fit testing - Hypothesis testing - Random right censoring -
Warp-speed bootstrap - Weibull distribution

1 Introduction

The Weibull distribution is often used in survival analysis as well as reliability the-
ory, see e.g., Kalbfleisch and Prentice (2011). This flexible distribution is a popular
model which allows for constant, increasing and decreasing hazard rates. The Weibull
distribution is also frequently applied in various engineering fields, including elec-
trical and industrial engineering to represent, for example, manufacturing times, see
Jiang and Murthy (2011). As a result of its wide range of practical uses, a number of
goodness-of-fit tests have been developed for the Weibull distribution; see e.g, Mann
etal. (1973), Tiku and Singh (1981), Liao and Shimokawa (1999), Cabafa and Quiroz
(2005) as well as Krit (2014).
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The papers listed above deal with testing for the Weibull distribution in the full
sample case; i.e., where all lifetimes are observed. However, random right censoring
often occurs in the fields mentioned above. For example, we may study the duration
that antibodies remain detectable in a patient’s blood after receiving a specific type
of Covid-19 vaccine, i.e. the duration of the protection that the vaccine affords the
recipient. When gathering the relevant data, we will likely not be able to measure this
duration in all of the patients. For example, some may leave the study by emigrating
to a different country while still having detectable antibodies. In this case, the exact
time of interest is not observed. This situation is referred to as random right censoring,
see e.g., Cox and Oakes (1984).

In the presence of censoring, testing the hypothesis that the distribution of the
lifetimes is Weibull is complicated by the fact that an incomplete sample is observed.
Balakrishnan et al. (2015) suggests a way to perform the required goodness-of-fit tests
by transforming the censored sample to a complete sample. Another approach is to
modify the test statistics used in the full sample case to account for the presence of
censoring. Although fewer in number, tests for the Weibull distribution in the presence
of random censoring are available in the literature. For example, Koziol and Green
(1976) and Kim (2017) propose modified versions of the Cramér-von Mises test and
the test proposed in Liao and Shimokawa (1999), respectively, for use with censored
data.

Throughout this paper we are primarily interested in the situation where censoring is
present; the results relating to the full sample case are treated as special cases obtained
when all lifetimes are observed. Before proceeding some notation is introduced. Let

X1, ..., X, be independent and identically distributed (i.i.d.) lifetime variables with
continuous distribution function F' and let Cy, ..., C, be i.i.d. censoring variables
with distribution function H, independent of X1, ..., X,. We assume non-informative

censoring throughout. Let

1, ifX; <Cj,

T =min(X;,C;) and 81:{0 ifX;, >Cj
, J J*

Note that in the full sample case 7; = X; and §; = 1for j =1,...,n.
Based on the observed pairs (T,5;), j = 1,...n we wish to test the composite
hypothesis

Ho: X ~ Weibull(, 6), (1)

for some unknown A > 0 and 6 > 0. Here X ~ Weibull(A, 0) refers to a Weibull
distributed random variable with distribution function

F(x)=1 —e_(x/k)e, x > 0.

This hypothesis is to be tested against general alternatives. We will make use of
maximum likelihood estimation to estimate A and 6. The log-likelihood of the Weibull
distribution is
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n n
LO.MX1, ..., Xy) =dlog(®) —dflog(h) + (® — 1) Y 8;log(X;) — 1~y " X7,
j=1 j=1
where d = Z';Zl d;j. In the full sample case d = n. No closed form formulae for
the maximum likelihood estimates A and 6 exist, meaning that numerical optimisation
techniques are required to arrive at parameter estimates.

Since the Weibull distribution has a shape parameter the first step for many
goodness-of-fit tests for the Weibull distribution is to transform the data. If X ~
Weibull (), 0) then a frequently used transformation is /og(X), which results in a
random variable that is type I extreme value distributed with parameters log()) and
1/6. The resulting transformed random variable is part of a location scale family, which
is a desirable result when performing goodness-of-fit testing. We therefore have that
if X ~ Weibull(x,6), then X = §(log(X) — log(r)) follows a standard type I
extreme value distribution with distribution function

Gx)=1—-¢e°, —00 <x < 00.

We denote a random variable with this distribution function by EV (0, 1). As a result
the hypothesis in (1) holds, if, and only if, X O~ E V (0, 1). All of the test statistics
considered make use of the transformed observed values

¥; =6 [10g(T)) ~ log()] 2)
with A and @ the maximum likelihood estimates of the Weibull distribution. Let
X0 =4 [log(X - 1og()i)] .

If Xq,..., X, are realised from a Weibull(X, 6) distribution, then X it), o X ,(f) will
approximately follow an E'V (0, 1) distribution see e.g. Kotz and Nadarajah (2000).
The resulting random variables are no longer independent. However, several properties
of the classical testing procedures remain unaffected when performing this type of
transformation; the interested reader is referred to Baringhaus and Henze (1991) as
well as Gupta and Richards (1997) and the references therein for more details. The tests
employed below are based on discrepancy measures between the calculated values of
Y1, ..., Y, and the standard type I extreme value distribution. The order statistics
of Yy,...,Y, are denoted by Y1) < --- < Y(,), while §;, represents the indicator
variable corresponding to Y.

The remainder of the paper is structured as follows. In Sect. 2, we propose two
new classes of tests for the Weibull distribution for both the full sample and censored
case. We also modify the test proposed in Krit (2014) to accommodate random right
censoring. In the presence of censoring the null distribution of all the test statistics
considered depend on the unknown censoring distribution, we therefore propose a
parametric bootstrap procedure in Sect. 2 in order to compute critical values. Section
3 presents the results of a Monte Carlo study where the empirical powers of the newly

@ Springer



E.Bothma et al.

proposed classes of tests as well as the newly modified test are compared to those
of existing tests. The paper concludes in Sect. 4 with two practical applications; one
concerning the survival times of patients diagnosed with a certain type of leukemia
(no censoring is present in these data) and the other relates to observed leukemia
remission times (in the presence of censoring). Some avenues for future research are
also discussed.

2 Proposed test statistics

Our newly proposed classes of tests are based on the following theorem, which char-
acterises the standard type I extreme value distribution.

Theorem 1 Let W be a random variable with absolutely continuous density and
assume that E [eW] < o0. In this case W ~ EV (0, 1), if, and only if,

E[(ir+1—ew>e”w] —0.VteR,

withi = /—1.

Proof The ’if’ part of the theorem can easily be shown using direct calculation. The
‘only if” part is shown below.
Assume E[(it +1—¢e")e"W] = 0. From Fourier analysis we have that the

Fourier transform of f/(w) is e/’ f'(w) = —it E[¢'"]. This implies that

0=E [(it +1— eW) ei’W]
o0

:/ (it—l—l—ew)e”wf(w)dw

—00

— / [—f'(w) + (1 —e”) f(w)] e dw,

—0o0

which is the Fourier transform of A(w) := — f’(w) + (1 —e¥) f(w). The fact that
the Fourier transform of / is 0 implies that #(w) = O for all w € R. Thus, f satisfies
the following differential equation f'(w) — (1 —e¥) f(w) = 0. Using separation of
variables we have

flw) _
fw)

ew

l—¢e¥ = log(f(w)=w—e"+c = f(w)=¢e""°,

where the last step follows from the fact that f must be a density function and hence
integrate to 1. This completes the proof. O

Let w(r) be a non-negative, symmetric weight function. From Theorem 1, we have
that
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n:i[wE[Gt+l—egemquMt

= /OO /OO (ir+1—¢") e'VdG (y)w(r)dr (3)

equals 0if Y ~ EV (0, 1). Note that the inclusion of the weight function, w, above is
required to ensure that 7 1s finite. Clearly n will be unknown because G is unknown.
However, G can be estimated by the Kaplan-Meier estimator, G, of the distribution
function given by

I, t <Y
k=1 ( n—j \°0
1 -G, = 1_[]-=1 (n—j+l> s Y- <t =Yy, k=2,...,n.

W o )
Hj:l (n—j+1> , 1> Y(n)

More details about this estimator can be found in Kaplan and Meier (1958), Efron
(1967) as well as Breslow and Crowley (1974). In the full sample case this estimator
reduces to the standard empirical distribution function, G, (X)) = j/n.

Let A denote the size of the jump in G, (T());

Aj = Gn(T(j)) — lim G,(t),j=1,...,n.
1T

Simple calculable expressions for the A;’s are

-1 . S
A] = 7, An = 1_[ n—-|—1 and

j=t Nt
ﬁ n—k \’® ﬁ n—k \°®
v =G5 1)
bl n—k+1 bl n—k+1
- 5
8y 3 —k \°®
ST & (Rt 0 L
n—j-|-1k:1 n—k+1

In the full sample case A; =1/n, j =1,...,n.
Estimating G by G, in (3), we propose the test statistic

2

0o | n
Sn,a = n/ ZAJ' I:il‘elth + (1 — CYj)Clth] wy (1)dt, “4)

o0 ]=1

where w,(¢) is a weight function containing a user-defined tuning parameter a > O.
The null hypothesis in (1) is rejected for large values of S, 4.

@ Springer



E.Bothma et al.

a

. : 2 e
Straightforward algebra shows that, if w, (r) = e~%", then the test statistic simpli-

fies to

n n
1 i —(Y;j—=Y;)? /4 1 2
S,S’C)l =n/— E E AjAe ¥ k)/al—@ ((Yj—Yk) —2a>

+2 (1 - ;Yf)_(%) (Y; — Yi) + (1 - eYj> (1 - eYk>} ’

and if w, (1) = e~%! the test statistic has the following easily calculable form

i —4a (3(Y; — V) — a?
S(Z)Z”ZZAjAk{ a(3(Y; — Yi)* —a?)

" =1 k=1 ((¥; — Y2 + 0‘2)3
L Sl — Y (1) | 2a(1-e") (1 - eh)
((Y]. — Y2 + a2)2 Y; — Yi)? +a? '

New goodness-of-fit tests containing a tuning parameter are often accompanied by a
recommended value of this parameter; this choice is typically based on the finite sample
power performance of the test. Another approach which may be used is to choose the
value of the tuning parameter data-dependently; see e.g., Allison and Santana (2015).
In this paper, we opt to use the values recommended in the literature for tests containing
a tuning parameter.

The weight functions specified above correspond to scaled Gaussian and Laplace
kernels. These weight functions are popular choices found in the goodness-of-fit litera-
ture; see e.g., Meintanis and Iliopoulos (2003), Allison et al. (2017), Betsch and Ebner
(2018), Betsch and Ebner (2019) as well as Henze and Visagie (2020). The popularity
of these weight functions is, at least in part, due to the fact that their inclusion typically
results in simple calculable forms for L2-type statistics which do not require numerical
integration. As an alternative to the weight functions used, one may employ a symmet-
ric uniform kernel as a weight function; see e.g., Ferndndez et al. (2008). However,
in the mentioned paper, the authors found that the computational time required for
the test statistic obtained using the symmetric uniform kernel was substantial. This,
coupled with the simple computational forms obtained using the weight functions
defined above and the favourable power performance discussed in Sect. 3, motivated
us to restrict our attention to the scaled Gaussian and Laplace kernels.

Although we do not derive the asymptotic results related to the proposed classes of
test statistics we include some remarks in this regard. S, , is a characteristic function
based weighted L2-type statistic. The asymptotic properties of this class of statistics,
in the complete sample case, are studied in detail in Feuerverger and Mureika (1977),
while more recent references include Baringhaus and Henze (1988), Klar and Meinta-
nis (2005) as well as Baringhaus et al. (2017). A convenient setting for the derivation
of the asymptotic properties of these tests is the separable Hilbert space of square
integrable functions. Typically, the asymptotic null distribution of §,, , corresponds to
that of ffooo |Z()|? wa (t)dt =: S,, where Z(-) is a zero-mean Gaussian process. The
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distribution of S, is the same as that of Z?’;l A;Uj, where U; are i.i.d. chi-squared
random variables with parameter 1 and where A ; are eigenvalues of an integral oper-
ator (see e.g., Allison et al. (2021)). These tests are consistent against a large class of
fixed alternative distributions. Additionally, these tests are frequently consitent against
contiguous alternatives converging to the null at a rate of n~1/2.

In the case of random censoring, very little asymptotic results are available in the
literature for test statistics of this type. Very recently, advances have been made in this
regard; see e.g., Cupari¢ and MiloSevi¢ (2021), in which a test for exponentiality is
considered based on so-called inverse probability censoring weights, where the authors
derive the asymptotic properties of the given test. In addition Fernandez and Rivera
(2020) studied Kaplan-Meier U- and V -statistics in order to derive some asymptotic
results relating to the lifetime distribution. Some of these results may be helpful in
deriving the asymptotic properties of the tests proposed in this paper in future research.

The null distribution of each of the test statistics considered depends on the unknown
censoring distribution, even in the case of a simple hypothesis, see D’ Agostino and
Stephens (1986). Since we will not assume any known form of the censoring distribu-
tion, we propose the following parametric bootstrap algorithm to estimate the critical
values of the tests.

1. Basedonthepairs (T}, d;), j =1, ..., nestimatef andkbyé andi,respectively,
using maximum likelihood estimation.

2. Transform T to Y; using the transformation in (2) for j = 1,..., n.

3. Calculate the test statistic, say W, := WY1, ..., Yy;61,...,8).

4. Obtain a parametric bootstrap sample X7, ..., X, by sampling from a Weibull

distribution with parameters 6 and A.
5. Obtain a non-parametric bootstrap sample, C7, ..., C;, by sampling from the

Kaplan-Meier estimate of the distribution of C;t) =0 [log(C i) — log(i)].
6. Set

I, ifX;f < C;‘

T =min(X*, C¥) and §% =
J (X, €)) and ) {o, if X% > C*.

7. Calculate * and A* based on (Tj*, 8;‘7), j=1,...,n.
8. Obtain Y7 = 0* [log(TJf") _ 1og(i*)], i=1,....n

9. Based on the pairs (Y j’.", 6;‘) , j = 1,...,n,calculate the value of the test statistic,
say Wy = WY, ..., Y 87, ...,60).
10. Repeatsteps 4-9 B times to obtain W', ..., Wj. Obtain the order statistics, W(*l) <

- < W(*B). The estimated critical value is then ¢, («) = W["B(l_a) | where [c]
denotes the floor of c.

The algorithm provided above is quite general and can easily be amended in order to
test for any lifetime distribution in the presence of random censoring. In the absence
of censoring there is no need to implement this algorithm; in this case, the critical
values can be obtained via Monte Carlo simulation by sampling from any Weibull
distribution and effecting the transformation discussed above.
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3 Numerical results

In this section, we compare the power performances of the newly proposed tests
to those of existing tests via a Monte Carlo simulation study. The existing tests used
include the classical Kolmogorov-Smirnov (K S, ) and Cramér-von Mises (C M},) tests.
These tests have been modified for use with censored data, see Koziol and Green
(1976). The test introduced in Liao and Shimokawa (1999) is considered in the case
of full samples. A modification making this test suitable for use with censored data is
proposed in Kim (2017); we denote the test statistic by LS,, in both the full sample
and censored cases. The calculable forms of the test statistics mentioned above are

Y.
K S, = max [ max IGn(Y(j)) - (1 —e f)] ,

I<j=n
max {(1 — e_eYj) — G;(Y(j))}] ,
l<j=n

d+1

CM, =

o3 o (42) (- 2)
e ()

i max [j/n — Gu(Y)), Gu(Y}) = (j — 1)/n]
= G )1 = Gur))]

<
Il
—_

Krit (2014) proposes a test for the Weibull distribution in the full sample case. This
test compares the empirical Laplace transform of the random variables resulting from
the transformation in (2) to the Laplace transform of an £V (0, 1) random variable;
Y(t) = I'(l —t) fort < 1. Let i, be the empirical Laplace transform of the
transformed observations, obtained using the Kaplan-Meier estimate of the distribution
function;

00 n
)= [ 4G, 00 =Y A 5)
0 o
The resulting test statistic is
KR, =n [ (00 = 11 = 0P w0 ©)
1

t . . . . .
where w,(t) = e¥" is a weight function, a a user-specified tuning parameter

and / some interval. Based on numerical considerations, Krit (2014) suggests that
I = (—1, 0] should be used. The quantity in (6) can be approximated by a Riemann
sum;
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2
ak/m

-1 n
KRn =n Z ZAje_ij/m _ 1-1(1 _ k/m) eak/m—e ,
j=l1

k=—m

where m is the number of points at which the integrand is evaluated. In the numerical
results shown below, we use a = —5 and m = 100 as recommended in Krit (2014).
In the full sample case, G, in (5), is taken to be the empirical distribution function.
Upon setting A; = 1/n we obtain the test statistic in Krit (2014).

For each of the tests considered above, the null hypothesis in (1) is rejected for
large values of the test statistics.

3.1 Simulation setting

In the numerical results presented below, we use a nominal significance level of 10%
throughout. Empirical powers are presented for sample sizes n = 50 and n = 100.
The empirical powers for complete and censored samples are reported; censoring
proportions of 10% and 20% are included. For each lifetime distribution considered,
we report the powers obtained using three different censoring distributions. The first
censoring distribution used is the exponential distribution, the parameter of which is
chosen so as to obtain the specified level of censoring. The second censoring distri-
bution used is the uniform distribution with support (0, m); again, m is chosen such
that the required censoring level is achieved. The final censoring distribution used is
the Koziol-Green model proposed in Koziol and Green (1976). Denote the survival
function of a given lifetime distribution by §. In this case, the Koziol-Green censoring
distribution, indexed by 8, has survival function § B (). 1t can be shown that the censor-
ing proportion is 8/(1 + B). We chose the value of 8 so as to ensure that the required
level of censoring is achieved. The alternative lifetime distributions considered are
listed in Table 1. Note that each of the alternatives considered have the same support
as that of the Weibull distribution with the exception of the beta distribution which is
restricted to the unit interval (0, 1) (Tables 10, 11, 12 and 13).

The obtained empirical powers are presented in Tables 2, 3, 4, 5, 6, 7, 8 and 9.
These tables report the percentages of 50000 independent Monte Carlo samples that

Table 1 Density functions of the alternative distributions

Alternative Density Notation Support
Weibull 0x? =1 exp(—x?) W) (0, 00)
Gamma (r®) 1 x?=exp(—x) r®) (0, 00)
Lognormal (exm) “exp (—log2 (x) (292) _1> LN(@©) 0, 00)
Chi square (29/2F(9 /2))_1 X921 exp(—x/2) x2(60) 0, 00)
Beta Y1 =) Ir (@ +6) (K@) r®)—! Bla,6) 0, 1)
Lindley 96—431 (14 x) exp(—6x) Lind(6) (0, 00)
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Table 2 Estimated powers for the full sample case where n = 50

F KS, CM, LS, KR, sh st oslos% 58 5@
W (0.5) 010 10 10 10 10 10 10 10 10
W (1) 010 10 10 0 10 10 10 10 10
W(1.5) 011 01 110 10 1 11 10
W(2) 1010 9 10 10 10 10 10 10 10
re) 1315 17 14 7 17 16 14 16 17
re 17 20 25 19 24 25 24 18 22 25
LNOS) 50 62 70 63 76 16 51 68 76
LN(1) 50 6l 70 63 377 71T 51 6 T
x2®) 21 24 31 » 30 32 31 20 28 31
x2(10) 23 28 35 27 3 36 35 23 31 36
(L 1) 6 8l 92 90 8 8 8 8 8 89
BOS, 1 70 8l 93 91 8 8 8 80 8 89
Lind©5 11 11 213 11314 100 113
Lind2 10 10 1 u m 1 1 10 10 1

Table 3 Heatmap of the estimated powers for the full sample case where n = 50

5@

(1) (1) (1) (2) (2)
Sn.l S1L.2 Sn 5 Sn 1 SH 2 n.5

KS, CM, LS, KR,

W(0.5
W(1)
W(1.5)
w(2)
I'(2)
I'(3)
LN(0.5)
LN(1)

x*(10)
5(1,1)
3(0.5,1)
Lind(0.5)
Lind(2)

lead to the rejection of the null hypothesis, rounded to the nearest integer. For ease of
comparison, the highest power in each line is printed in bold. Tables 2 and 4 contain
the results relating to full samples. In order to ease visual comparison of the results
obtained, we include so called "heatmaps”, see Doring and Cramer (2019), of these
results in Tables 3 and 5. For each test considered, Tables 6, 7, 8 and 9 show three
empirical powers against each lifetime distribution, corresponding to the three different
censoring distributions used. In each case, the results for the exponential, uniform and
Koziol-Green models are shown in the first, second and third lines, respectively.

In order to reduce the computational cost associated with the numerical powers
a warp-speed bootstrap procedure, see Giacomini et al. (2013), is employed. This
methodology has been employed by a number of authors in the literature to compare
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Table 4 Estimated powers for the full sample case where n = 100

F KS, CM, LS, KR, sh st oslos% 58 5@
W (0.5) 010 10 10 0 10 10 9 1010
W (1) 010 10 10 0 10 10 10 10 10
W(1.5) 10 10 1010 10 10 10 10 10 10
W(2) 09 10 10 0 10 10 9 10 10
re) 1719 26 19 24 26 21 17 2 26
re 26 31 4 31 39 43 45 24 35 4
LN©.S) 77 88 94 90 95 97 9% 78 93 97
LN(1) 78 88 93 90 95 97 98 78 93 97
x2(®) 2 39 51 4l 49 54 56 31 45 55
x2(10) 36 44 s8 46 56 62 64 34 51 63
(L 1) o4 98 100 100 9 99 99 99 99 100
BOS 1) 94 98 100 100 99 99 99 99 99 99
Lind(0.5) 12 12 1313 2 4 16 11 12 15
Lind2 11 11 1noon o112z 100 1 12

Table 5 Heatmap of the estimated powers for the full sample case where n = 100

- Y - (1) (1) /(1) (2) (2) (2)
KS, CM, LS, KR, SO 55 s® @ & @

~n.5

Lind(0.5)
Lind(2)

Monte Carlo performances; see e.g., Meintanis et al. (2018), Allison et al. (2019) as
well as Mijburgh and Visagie (2020). The bootstrap algorithm in Sect. 2 is implemented
to calculate the critical values used to obtain the results in Tables 6, 7, 8 and 9.

For 5,513, and 5,2?2,, we include numerical powers in the cases where a is setto 1, 2
and 5 in the full sample case and set to 0.75, 1 and 2 in the presence of censoring. The
difference between these two sets of choices is due to the fact that the newly proposed
tests exhibits higher powers in the presence of censoring if slightly smaller values
of a are used. All calculations are performed in R, see [44]. The LindleyR package
is used to generate samples from censored distributions, see Mazucheli et al. (2016).
Parameter estimation is performed using the parmsurvfit package, see Jacobson et al.
(2018), while the tables are produced using the Stargazer package, see Hlavac (2018).
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Table 6 Estimated powers for 10% censoring for a sample size of n = 50 with three different censoring
distributions

F KSi  CMy LSy KRy Sios  Sh 0 Sh S5 3 89
W(0.5) 9 7 8 8 8 8 8
9 4 9 9 9 8 9
10 9 10 9 8 8 9 9 8
w(l) 9 9 8 8 10 9 9 8
9 8 8 8 10 9 9 8
9 9 8 8 9 9 8
W(1.5) 10 10 10 9 9 9 9 9 9
10 10 10 8 9 9 10 10 9
10 10 10 9 8 8 10 9 9 8
140)) 9 10 10 8 9 9 9 9
10 10 10 9 9 9 10 10 9
9 10 10 9 8 9 9 9 9 8
re) 13 14 13 21 15 15 15 12 13 14
13 14 13 21 15 15 15 12 13 14
12 14 12 21 14 14 15 12 12 14
ra) 17 19 18 29 21 22 23 15 17 21
16 19 17 28 20 21 21 14 16 20
16 19 17 29 20 20 20 14 16 19
LN(0.5) 46 56 57 64 64 67 69 36 46 63
45 56 57 63 64 66 68 36 46 62
43 54 56 64 61 63 63 35 44 59
LN(1) 43 54 53 56 60 62 58 34 43 58
42 53 49 48 58 59 53 31 41 56
44 54 56 64 61 63 63 35 44 59
x2(8) 19 23 22 34 26 27 27 16 20 25

3.2 Simulation results

First, we consider the results associated with the full sample case, given in Tables 2
and 4, together with the heatmaps shown in Tables 3 and 5. All of the tests considered
attain the nominal size for both sample sizes used. The tests associated with the highest
powers are Slglé and S ,51) although LS, and S ,(12% also performs well. When analysing

complete samples, we recommend using S,(lg or Slglg

We now turn our attention to the powers achieved in the presence of censoring. The
size of the tests are maintained closely for all sample sizes for censoring proportions
of 10% and 20%, with the single exception of K R, , in the case of small sample sizes.
As expected, the powers generally increase with sample size and decrease marginally
as the censoring proportion increases.
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Table 6 continued

F KSi  CMy LSy KRy S5 S SD 0 S%.s SA 0 s)
19 22 21 33 26 26 27 16 19 25
19 22 21 34 24 25 24 16 18 23
x2(10) 21 25 25 38 29 31 32 17 21 28
21 25 25 38 29 3] 32 18 21 28
21 25 24 37 27 28 27 18 20 26
B(1, 1) 64 75 83 1 78 80 82 68 73 80
63 75 83 1 78 79 81 68 72 80
61 70 79 0 55 50 31 62 63 47
B0.5,1) 61 72 79 0 74 75 76 66 70 76
60 72 79 0 73 74 74 65 69 74
61 69 79 0 54 49 28 62 62 46
Lind(0.5) 10 11 12 8 10 10 11 9 9 9
10 11 12 8 10 10 12 9 9 10
10 10 12 8 9 10 11 9 9 9
Lind(2) 10 10 10 7 9 9 10 9 9 8
10 10 10 6 9 9 10 9 9 9
10 10 11 7 9 9 9 9 9 8

Table 7 Estimated powers for 20% censoring for a sample size of n = 50 with three different censoring

distributions
F KS  CMy LS, KRi  Sjzs S0 S0 Shms S0 S0
W(0.5) 7 6 8 6 7 8 7 7 7 7
8 6 8 6 8 8 8 8 8 8
9 9 9 6 7 7 8 9 8 7
w(l) 8 8 9 6 7 7 7 8 8 7
8 8 8 7 8 8 8 8 8 8
8 8 9 6 7 7 7 8 8 7
W(1.5) 9 9 10 10 8 8 9 9 8 8
9 9 9 9 8 8 9 9 8 8
8 8 9 6 7 7 7 9 8 7
W(2) 9 9 10 8 8 9 9 9 8
9 9 10 8 8 9 9 9 8
8 8 7 7 7 8 8 8 7
re) 12 13 12 12 13 13 13 11 12 12
11 12 11 11 12 13 14 10 11 13
11 12 11 9 11 11 12 11 11 11
ra 15 17 16 12 19 19 19 14 15 18
15 17 16 15 18 18 18 13 14 18
13 16 15 10 15 15 14 13 14 15
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Table 7 continued

F KSi  CMy LSy KRy S5 S SD 0 S%.s SA 0 s)
LN©.5) 40 50 52 24 57 59 58 32 41 55
40 50 50 20 56 57 53 31 40 53
35 45 48 16 49 49 42 29 37 46
LN(1) 34 45 44 17 45 45 37 27 34 42
32 42 34 21 37 37 33 21 28 35
35 45 48 16 50 50 42 29 36 46
x2(8) 17 20 20 12 23 24 23 15 18 22
17 20 19 13 22 23 22 15 17 22
15 18 18 12 19 19 17 14 16 18
x2(10) 20 23 23 14 26 27 27 16 19 26
19 22 2 14 26 27 26 16 19 25
17 21 20 12 21 21 19 16 18 20
B(1, 1) 55 67 74 34 70 71 73 59 64 71
55 66 72 32 68 69 69 58 63 68
51 51 64 0 19 9 0 49 44 6
B(0.5,1) 50 59 64 19 56 54 47 52 55 53
48 54 61 3 39 32 12 48 48 29
51 51 64 0 19 9 0 48 43 6
Lind(0.5) 9 10 12 9 9 9 9 9 8 8
9 9 11 6 9 9 8 8 8 8
9 9 12 6 8 8 8 9 8 8
Lind(2) 8 8 10 6 7 7 7 8 8 7
8 8 9 6 8 8 7 8 8 7
9 9 10 6 7 7 7 8 8 7

Table 8 Estimated powers for 10% censoring for a sample size of n = 100 with three different censoring
distributions

F KSi  CMy LS, KRi  Sjozs S0 S0 Spgas Sel S0
W5 10 10 7 7 7 8 7
9 9 9 8 8 8 8 8
10 10 1010 9 8 9 10 9 8
Wy 10 10 1010 8 8 9 9 8
10 10 10 11 8 8 10 9 8
10 10 1010 9 9 9 10 9 9
W5 10 10 10 9 9 9 10 09
10 10 10 9 9 9 9 8
10 10 10 11 8 8 9 8
w10 10 108 9 9 9 10 109
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Table 8 continued

¥ KSi  CMy LSy KRu 8055 S0 S0 Sz Sel S0
10 10 10 9 9 9 10 10 10 9
10 10 10 11 9 9 9 9 9 8
rQ) 17 19 19 18 21 22 23 14 16 20
17 19 18 18 20 21 22 14 16 20
17 18 18 15 19 20 21 14 16 19
r(3) 25 29 30 30 34 36 38 19 23 33
24 29 29 29 33 35 37 19 23 32
23 28 29 23 32 33 34 19 23 31
LN(0.5) 74 85 87 84 91 92 95 61 74 90
72 84 87 83 90 92 94 61 74 90
71 83 86 79 89 91 93 60 72 89
LN(1) 71 83 85 42 88 90 90 58 71 87
70 82 83 26 87 88 &7 54 68 85
71 83 86 78 89 91 93 60 73 88
x%(8) 30 36 38 38 43 45 49 22 28 41
30 36 38 37 42 45 48 23 28 41
29 34 36 28 39 42 43 22 27 38
x2(10) 34 41 43 44 48 51 56 26 33 47
34 41 44 44 49 52 56 26 33 48
33 40 42 33 46 48 50 25 31 45
B, 1) 91 97 929 98 98 98 99 96 98 99
91 97 929 98 98 98 98 96 97 929
90 95 97 0 84 79 50 91 91 77
B0.5,1) 90 96 98 96 97 98 98 95 97 98
90 96 98 95 97 98 98 95 97 98
91 95 98 0 83 77 45 91 90 74
Lind(0.5) 11 11 13 10 11 11 13 10 10 10
11 11 13 11 10 11 12 10 10 10
11 11 13 11 10 11 12 10 10 10
Lind(2) 10 10 11 10 9 9 10 9 9 9
10 10 11 12 9 9 10 9 9 8
10 10 11 10 9 9 10 9 9 9

Comparing the results associated with a sample size of 50, we see that S,f:%, KR,
and L S, generally tend to provide the highest powers. However, it should be noted that
K R, achieves very low power against certain alternatives; notably against the beta
distributions considered when the censoring distribution is the Kozoil-Green model.

When considering the empirical powers associated with samples of size 100, S,SI%
exhibits the highest powers, followed by Slgli and LS,.
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Table 9 Estimated powers for 20% censoring for a sample size of n = 100 with three different censoring
distributions

F KSi CMy LS KRi  Soss  Spi S Shss S S
W(0.5) 8 7 9 6 7 7 7 7 7 7
9 7 9 6 8 8 8 7 7 8
9 9 9 6 7 7 7 8 8 7
w(l) 9 9 9 6 7 7 7 8 8 7
8 8 8 7 7 8 8 7 7 8
9 9 9 6 7 7 7 8 8 7
W(L.5) 9 10 10 10 8 8 9 9 9 8
9 10 9 12 9 9 10 9 9 9
9 9 9 11 8 8 9 9 8 8
W) 10 10 10 8 9 9 9 9 9 8
10 10 10 10 8 8 9 9 8
9 9 9 6 7 7 9 8 7
reo) 15 17 17 12 18 18 18 14 15 17
15 17 15 12 15 16 16 12 13 15
15 16 16 10 15 15 14 13 13 14
ra) 23 27 28 17 30 32 32 18 22 29
22 26 26 15 28 29 29 17 20 27
20 24 25 12 23 24 21 17 19 22
LN(0.5) 67 80 83 57 86 88 90 55 68 85
65 79 82 37 85 87 87 53 66 83
61 76 80 18 81 82 79 51 63 78
LN(1) 61 75 77 20 76 76 67 47 59 72
43 50 49 26 45 45 37 30 37 42
44 52 54 38 55 56 56 39 45 54
x2(8) 27 32 34 22 38 40 42 21 26 37
27 32 34 18 37 38 39 21 26 36
24 30 31 13 30 31 27 20 23 28
x2(10) 31 38 40 26 44 47 49 24 30 43
23 26 27 22 29 30 31 19 22 28
21 24 25 19 26 27 27 18 20 26
B(1, 1) 87 95 96 84 96 97 97 93 95 97
87 94 96 81 96 96 97 92 94 97
85 85 91 0 23 8 0 78 68 5
0S5, 1) 86 91 92 73 93 93 93 89 92 94
86 89 89 49 87 86 80 86 87 86
85 85 91 0 24 8 0 78 68 5
Lind(0.5) 10 11 13 9 9 9 9 8 8
10 11 13 6 10 9 9 9
10 11 13 6 9 8 8 8
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Table 9 continued

1 1 1 2 2 2

- ks, M L5, KB, U S 8% S0 SO O
Lind(0.5) 9 10 10
9 9 10
10 10

When compiling the numerical results, we also considered a wider range of values
for the tuning parameter a than those reported in the table. Although some power
variation is evident when varying a, the powers achieved by the newly proposed
classes of tests are not particularly sensitive to the choice of the tuning parameter a.
However, based on the observed numerical powers, we recommend using S,% when
testing the hypothesis in question in the presence of censoring.

4 Practical applications and conclusion

In this section, we apply the tests used in Sect. 3 to test the hypothesis in (1) based on
two real-world data sets. The first data set, reported in Table 10, contains the survival

Table 10 Survival times after leukemia diagnosis, in days

7,47,58,74, 177,232,273, 285, 317, 429, 440, 445, 455, 468, 495, 497, 532, 571, 579, 581, 650, 702,
715,779, 881, 900, 930, 968, 1077, 1109, 1314, 1334, 1367, 1534, 1712, 1784, 1877, 1886, 2045,
2056, 2260, 2429, 2509

Table 11 p-values associated with the various tests used in the full sample case

Test KSw CMy LS, KR, s sth g @& @ g2

p-value 0.49 0.62 0.41 0.34 0.68 0.25 0.18 0.32 0.36 0.19

Table 12 Initial remission times of leukemia patients, in days

4,5,8,8,9,10, 10, 10, 10, 10, 11, 12, 12, 12*, 13, 14, 20, 20*, 23, 23, 25, 25, 25, 28, 28, 28, 28, 29, 31,
31,31,32,37,40, 41, 41, 48, 48, 57, 62,70, 74,75, 89, 99, 100, 103, 124, 139, 143, 159*, 161*, 162,
169, 190*, 195, 196*, 197*, 199*, 205%*, 217*, 219*, 220, 245%, 258*, 269*

Table 13 p-values associated with the various tests used in the censored case

Test KSw CMy, LS, KR, s st g & 5@ g2

p-value 0.03 0.04 0.01 0.28 0.13 0.28 0.41 0.66 0.82 0.73
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times, in days, of 43 Leukemia patients. For a discussion of the original data set
see Kotze and Johnson (1983) as well as Allison et al. (2017). This data set is not
subject to censoring, i.e. all lifetimes are observed. The second data set contains the
initial remission times of leukemia patients, in days; for more details see Lee and
Wang (2003), this data set can be found in Table 12. These data contains censored
observations, indicated using an asterisk. The original data were segmented into three
treatment groups. However, Lee and Wang (2003) showed that the data do not display
significant differences among the various treatments. As a result we treat the data as
1.1.d. realisations from a single, censored, lifetime distribution. All reported p-values
are estimated using one hunderd thousand bootstrap replications; these results are
displayed in Tables 11 and 13, respectively.

From the results of the practical example in Table 11 it is clear that none of the
tests reject the null hypothesis that the survival times after a leukemia diagnosis are
Weibull distributed at the 5% or 10% levels of significance. As a result, we conclude
that the Weibull distribution is an appropriate model for these data.

The results associated with the initial remission times, in Table 13, indicate that
K S,, CM, and LS, reject the hypothesis in (1) at a 5% significance level. However,
none of the remaining 7 tests considered result in a rejection of the null hypothesis
at the 5% or 10% levels. We conclude that the Weibull distribution is likely to be
an appropriate model for the observed times. The data set under consideration was
also analysed in Bothma et al. (2020), where the null hypothesis of exponentiality
of the remission time was strongly rejected. The mentioned paper recommended that
a more flexible distribution be used when modelling these data. The results above
indicate that the additional flexibility of the Weibull (compared to the exponential)
distribution indeed ensures that the Weibull distribution is a more appropriate model
than the exponential for the initial remission times considered.

A number of interesting numerical phenomena are evident when considering the
powers of the various tests. It is clear that the achieved powers and, therefore, the null
distribution of the test statistic, is influenced by the shape of the censoring distribution.
The effect of the censoring distribution on the critical values of the tests seem not to
have been investigated in the literature to date. Some authors perform goodness-of-
fit testing by enforcing a parametric assumption on the censoring distribution, see
e.g., Kim (2017). An additional consideration that seems to have been neglected in the
literature is the effect on the null distribution of the test statistic, and hence the power of
the test, of a specific assumption made in the Kaplan-Meier estimate of the distribution
function. Some authors, in order to ensure that G, satisfies the requirements of a
distribution, defines G,(tr) = 1 for all t > X, regardless of whether or not the
sample maximum is censored. We are currently investigating these open questions.
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3.1 Addendum to Article 2

Note that on page 3 of the article there is a typographical error in the formula for the log-likelihood. The

log-likelihood of the Weibull distribution is
L(O, Ty, ..., Ty) = dlog(f) — dflog(\) + (6 — 1) 25 log (T, 02T9

where d = Z?Zl d;. In the full sample case d = n.

Note that on page 8 there are typographical errors in the formulae for KS,,, CM,, and LS, they should
be

K S, = max [lmax {Gn(Y(j)) - (1 _ e—e"u))} ,

<j<n

e {(1-") — )}

where G (Y(;)) = limsy,,) Gu(2),
dt1

w836 (300) (- X2

j=1
x[Go (XG0 = (XG + X0
and

1= [ max [j/n = Ga(Y(y), Ga(Yiy)) = (G = 1)/n]
vr = VG (Yip) [1 = Ga(Yyy))]

Below we include some of the derivations omitted in the main text of the paper. The specific deriva-
tions included relate to the quantity 1 and the function ¢ which are required for the derivation of the

computational form of the test statistic.

We propose the following integral form of the test statistic based on (3):

Sn,a = n/OO on(tw(t)dt, (3.1)

—00

where w, (t) is a weight function containing a user-defined tuning parameter a > 0. Now, let v; = (1—e¥7),

ol



and define ¢ (t),;

on(t) = A [iteityf + vjem/j]

n
Jj=1
2
n

= Z A {it[cos(th) + isin(th)} + v; [cos(th) + isin(th)} }

2

Il
<.
M: i
I

A {—t sin(tY;) + vj cos(tY;) + ¢ [t cos(tY;) + v; sin(th)} }

1

<.
I

n

J J=1

A {Uj cos(tY;) — tsin(th)}) + (Zn: A [t cos(tY;) + v; sin(th)})

3

= Z AjAE (v; cos(tY;) — tsin(tY;)) (v cos(tYy) — tsin(tYy))
1k=1

.
I
£l
Il

A AR (tcos(tY;) + vjsin(tY;)) (t cos(tYy) + vy sin(tYy))

+
M-
M= 1M

|

AjA [vjop cos(tY;) cos(tYy) — 2tv; cos(tY;) sin(tYy,) 4 t* sin(tY;) sin(tYy)

<
Il
s
ol
Il

1

+ 1% cos(tY;) cos(tYy,) + 2tv; sin(tY;) cos(tYr) + vjvy sin(tY;) sin(tYy)]
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n

Z i AGA { [cos (tY;) cos(tYy) + sin(tY;) sm(tYk)}

Jj=1k=1
+ 2twv; {bln (tY;) cos(tYy) — cos(tY;) sm(tYk)}
+ vjv [cos (tY;) cos(tYy) + sin(tY;) sm(tYk)} }

7ZZAJA,€[15 cos (H(Y; — Y3)) + 2tv; sin (£(Y; — Yi)) + vjop cos (£(Y; — Yi)) |.
j=1k=1
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CHAPTER 4

Article 3: On the effect of the Kaplan-Meier
estimator’s assumed tail behaviour on
goodness-of-fit testing

The third article, On the effect of the Kaplan-Meier estimator’s assumed tail behaviour on goodness-of-fit
testing, is a draft article and has therefore not yet been submitted to any journal. We plan to submit

this paper to Computational Statistics and Data Analysis.
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ABSTRACT

When analysing lifetime data in the presence of censoring one is often required to estimate the
distribution function of the lifetimes non-parametrically. The most popular estimator used for this
purpose is the Kaplan-Meier estimator. Interestingly, in its initial formulation this estimator is only
defined up to the observed sample maximum. For values larger than the sample maximum two
different assumptions are commonly used in the statistical literature. The first is to set the value
of the estimate to one while the second is to use the value of the estimate at the sample maximum
when estimating the tail of the distribution function. This paper illustrates the profound effect of
these assumptions on the sizes and powers of goodness-of-fit tests for three classes of distributions
often used in survival analysis. These differences are illustrated using observed remission time data.
The considered classes of distributions are the exponential, Weibull and gamma. As a result of
independent interest, we amend two classes of tests developed for the gamma distribution in the full
sample case for use with censored data.

Keywords Exponential distribution - Gamma distribution - Goodness-of-fit testing - Random right censoring - Weibull
distribution.

1 Introduction

Statistical practitioners and other researchers are often interested in the parametric modelling of observed lifetime data
in survival analysis and reliability theory as well as many other fields. In order to perform inference, it is necessary to
test the goodness-of-fit hypothesis that the observed lifetimes are realised from a specified class of distributions. This
hypothesis is complicated by the fact that random right censoring is often present in the applications of interest. Testing
the goodness-of-fit of a specific class of distributions is a topic of continued interest; recent papers on this topic include
[1] and [2] (in which the assumption of exponentiality is tested) as well as [3] (in which the the assumption of the class
of Weibull distributions is tested).

In the full sample case, the classical goodness-of-fit tests are based on comparisons between non-parametric and
parametric estimates of the distribution function (obtained by estimating the parameters of the specified class of
distributions under the null hypothesis). Consider, for example, the Cramér-von Mises test, see [4]. The idea underlying
this test is to compare the empirical distribution function to a fitted parametric distribution function obtained by
estimating the parameters (using consistent estimators) of the specified class of distributions. If the distance between the
two estimates, as measured by an integral involving the squared difference between the empirical distribution function
and the fitted distribution, is “too large” (to be made precise below), then the null hypothesis is rejected. In fact, this
approach also underlies other classical goodness-of-fit tests such as the Kolmogorov-Smirnov test, which is obtained
upon replacing the distance measure above by the supremum difference.
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A natural approach to the goodness-of-fit problem in the presence of censoring is to extend the techniques described
above to account for censoring. That is, in the presence of censoring, the Cramér-von Mises test for a class of
distributions is based on a specified distance between a non-parametric estimate of the distribution function, similar to
the empirical distribution function, and a parametric estimate of the distribution function under the null hypothesis.
Parameter estimation in the presence of random right censoring has been studied extensively in the literature, see e.g.
[5] as well as [6]. The most popular estimation technique used is the method of maximum likelihood; this method is
used for parameter estimation throughout this paper. It remains to find a non-parametric estimate of the distribution
function. This can be achieved using the well-known Kaplan-Meier estimator, see [7]. In order to proceed we introduce
some notation below.

Let X1,...,X, denote independent and identically distributed (i.i.d.) lifetimes with continuous distribution and
density functions F' and f, respectively. Let C,..., C, be i.i.d. censoring variables with continuous distribution
G, independent of X7, ..., X,,. We assume that the censoring mechanism used is non-informative. The observed
times are 7; = min(Xj, C ) and we define the indicator variables §; = I(X; < C}) and the order statistics of T} as
Ty <- < T(n)» with §;) corresponding to 7| ;). Let Fy denote a parametric class of distribution functions 1ndexed
by some, possrbly vector valued, parameter 6. Based on the observed pairs (T},0;), j = 1,...,n we wish to test the
composite goodness-of-fit hypothesis
Hy: F € Fy,

against general alternatives. In this paper, we present numerical results relating to three classes of distributions, the
exponential, Weibull and gamma. References to recent papers relating to testing for the first two of these are provided
above. However, we have been unable to obtain any papers relating to goodness-of-fit testing for the gamma distribution
in the presence of censoring. In Section 2, we adapt several existing tests for the gamma distribution in the full sample
case for use with random right censored data.

Using the notation introduced above, the Kaplan-Meier estimator, .ﬁn, is a step function given by
0, 0<t< T(l)

n(t) = 1 i \OO
171_[?:11 (nfjfl»l) s T(k—l) <t§T(k)7 k=2,...,n.

6]

Interestingly, in its initial formulation, the Kaplan-Meier estimator of the distribution function is only defined up to
the sample maximum, say 7 = T(,,). In cases where the maximum observation is censored, two different assumptions

or conventions are commonly used in the statistical literature to define F, (t ) for t > 7. The first is to simply set the

value of F), (t) =1, YVt > T, see e.g. [8], while the second is to set Fn(t) = F,(7), Vt > 7, see e.g. [5]. For the sake
of brevity, we refer to this convention as the “set-to-1” convention; i.e., we refer to the first and second conventions
mentioned above as cases where the set-to-1 assumption is made and not made, respectively.

Regardless of the set-to-1 assumption, all jumps in F, occurring before the sample maximum occur at values of T’ for

which §; = 1. If the sample maximum 7 is uncensored, then the final jump in F;, occurs at 7 regardless of the set-to-1
assumption. However, if the sample maximum is censored, then the set-to-1 assumption influences the tail behaviour of
the value of F,,(¢) when t > 7. If the set-to-1 assumption is made the final jump occurs immediately after 7; however, if
this assumption is not made there is no jump immediately following 7. The latter case results in an improper distribution
with positive probability of realising the value co. In summary, the set-to-1 assumption only influences the estimate F;,
if the sample maximum is censored, and then it only affects F,(t),t > 7. This paper illustrates the profound effect that
this seemingly small difference has on the powers of goodness-of-fit tests by conducting an extensive Monte Carlo
simulation study. Before we proceed, the effect of the assumption used in the Kaplan-Meier estimator is demonstrated
using an example based on observed data below.

A data set containing 66 initial remission times of leukemia patients, 14 of which are censored, is presented in [9]. The
data are shown in Table 1, censored observations are indicated using an asterisk in the superscript. Initially, the data
were segmented into three groups based on the treatments that the patients received. However, [9] found no statistically
significant differences between the groups, so we treat the data as realisations from a single distribution. Figure 1
shows the Kaplan-Meier estimate of the distribution function using both of the assumptions discussed above. The
two Kaplan-Meier step functions considered coincide up to the sample maximum value of 269 (indicated in Figure
1 using a dotted vertical line). However, since the last observation is censored, the two versions of this estimate
differ when ¢ > 269. Under the set-to-1 assumption, F,(¢t) = 1, V¢ > 269. If this assumption is not made, then
F,(t) = 0.853, ¥t > 269. As can be seen in the figure, the set-to-1 assumption makes a substantial difference in the
estimated value of the distribution function for large values of ¢. Additionally, Figure 1 shows two parametric estimates
of the distribution function obtained using exponential and Weibull distributions respectively. The techniques used to
obtain these parametric estimates are discussed below.
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Table 1: Initial remission times of leukemia patients in days.
4,5,8,8,9,10,10,10,10,10,11,12,12,12%,13, 14, 20, 20%, 23, 23, 25, 25, 25, 28, 28, 28,

28,29, 31,31,31,32,37,40, 41, 41, 48, 48, 57, 62, 70, 74, 75, 89, 99, 100, 103, 124, 139, 143,
159%,161*,162, 169, 190*, 195, 196*, 197, 199%, 205*, 217*, 219*, 220, 245*, 258", 269*

As a first parametric model, consider the class of exponential distributions, with density () = Ae™*, A >0, t > 0.
We denote a random variable having this density by exp()). The maximum likelihood estimate of the rate parameter of
the exponential distribution is

n

For the example at hand, A = 0.01. Figure 1 shows the fitted exponential distribution function using a solid line.
Additionally, we fit a Weibull distribution to the observed data. The density of the Weibull distribution with parameters
kand \is f(t) = kAR 1e= (A" e > 0, A > 0, t > 0. A random variable with this density is denoted by W (k, A).
The log-likelihood of the W (k, A) distribution given (Tj,0;), j = 1,...,nis

/)::

L(k, N X1,..., Xpn) = dlog(k) + drlog(\) + (k — 1) Y _ 6;log(X;) — A" Y~ XF,
Jj=1 Jj=1

where d = E?Zl d;. Closed form formulae for the maximum likelihood estimators of ~ and A are not available. The
required estimates are obtained using numerical optimisation. All calculations presented are performed in R, see [10].
We estimate the parameters of the Weibull distribution using the fit_data function in the parmsurvfit package, see [11].
For the current example, the parameter estimates obtained are © = 0.812 and X = 0.01. The fitted Weibull distribution
function is shown in Figure 1 using a dotted line.

Fn(t)

0 50 100 150 200 250 300 350

Figure 1: Kaplan-Meier estimate of the lifetimes with fitted exponential and Weibull distributions.

Figure 1 provides us with a visual test of fit for both the exponential and Weibull distributions; the fitted Weibull seems
to resemble the non-parametric estimates more closely than does the fitted exponential. This is to be expected as the
exponential distribution is a special case of the Weibull. In order to formally test the goodness-of-fit hypotheses of
interest, we use the Cramér-von Mises test for both classes of distributions in turn. Goodness-of-fit test statistics for the
exponential and Weibull distributions are typically performed based on transformed data. In the case of the exponential
distribution, we rescale the data by multiplication with the estimated rate parameter. This essentially reduces the
null hypothesis to testing for standard exponentiality. In the same way, we may use a transformation to reduce the
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test for the Weibull class of distributions to a test for the standard extreme value distribution; i.e., X ~ W (k, A) if,
and only if, Y = k(log(X;) —log())), j = 1,...,n follows a standard extreme value distribution. That is, Y has

density h(z) = e*~¢", 2 € R. We denote the variables resulting from the sample version of this transformation by

Y; = p) [log(T;) —log(k)], j = 1,...,n for both the exponential and Weibull classes (as well as for the gamma class
later in the paper) as we believe that there is little possibility of confusion. Using transformations of this kind is standard

practice in the goodness-of-fit literature, see e.g., [12], [13] as well as [14]. Below, we use F and ﬁn to denote the
fitted distribution function and the Kaplan-Meier estimate of the distribution function, respectively.

Let C'M,, denote the Cramér-von Mises test statistic based on (Y;,0;), j = 1,...,n. As was mentioned above, C' M,
is a distance measure between the parametric estimate F7 and the non-parametric estimate F,;

CM, = /Oo (F5(t) — Fp)?dF(t), t > 0. 2

We can exploit the fact that F,isa step function in order to arrive at an easily calculable expression for C'M,,. Using
notation similar to that of [4], denote by y;, 7 = 1,...,d the set of uncensored lifetimes and let 7 be the transformed
value of the sample maximum. The Cramér-von Mises test statistic defined in (2) can be expressed as

d
CM, = % +n Y Fay 1) [Fpy) — Fyy;1)] {F‘n(yjfl) — (F5(y;) — Fé(yjfl))}

+ 1 (ya) [F(7) = Fy(ya)] [Falva) = (F5(7) = Fylva) |
+nF; (7) [L = F(7)] [F (7) - (1= Fp(d)]

where g (t) denotes the right limit of the function g. In the case where the set-to-1 assumption is made the formula
above coincides with the formula given in [4].

For the example under consideration, the sample maximum is censored, meaning that the calculated value of F},, and
therefore the value of C'M,,, depends on the set-to-1 assumption. Consider first the case where Fy is the class of
exponential distributions. When making the set-to-1 assumption, C'M,, is calculated to be 0.543. If this assumption is
not made, then C'M,, equals 0.596.

In order to formally test the hypothesis that the lifetimes are realised from an exponential distribution, we need to
approximate the distribution of the test statistic under the null hypothesis. In the full sample case, the fact that the
exponential class of distributions is a scale family ensures that the distribution of the C'M,, under the null hypothesis is
independent of the value of A. However, in the setup considered in this paper, we are unable to exploit this feature of
the exponential class as even the hypothesis that lifetimes are standard exponential is a composite hypothesis as the
censoring distribution remains unspecified. As a result, we use a bootstrap algorithm in order to approximate the null
distribution of C'M,,. Appropriate bootstrap algorithms for use with the exponential and Weibull classes can be found
in [2] and [13], respectively. However, the provided algorithms specifically assume that the set-to-1 convention is not
used. Below we provide a more general algorithm in which the user can specify whether or not to make the set-to-1
assumption.

In order to proceed, we need to be able to obtain bootstrap samples from both the lifetime and censoring distributions.
Generating samples from the lifetime distribution under the null hypothesis is a simple matter; we estimate the
parameters of the specified class of distributions and we simulate from this fitted distribution (using, e.g. the inverse
transform method). Since the null hypothesis does not specify the censoring distribution, we need to estimate this
distribution from the observed data. We use the Kaplan-Meier estimator of the distribution of the censored observations;

this is done by calculating F;, in (1), but replacing é; by 1 — §; in the calculations. Of course, since we are using
the Kaplan-Meier estimator to estimate the distribution of the censoring times, we are confronted with the set-to-1
assumption once again. Immediately, one is tempted to argue that whatever convention was used to estimate the
distribution function of the lifetimes should be used in order to estimate the distribution of the censoring times. However,
there is no contradiction in, e.g. making the set-to-1 assumption for the censoring times and not for the lifetimes.
In order to ease notation in the remainder of the paper we use the notation “TF” in order to indicate this specific
combination of conventions used since it means that we assume that the set-to-1 assumption is “true” for the censoring
distribution and “false” for the lifetime distribution. As a result, we are left with four distinct possibilities:

* Case 1: The set-to-1 assumption is not made for either of the estimated distributions (indicated by “FF”).

* Case 2: The set-to-1 assumption is made for the lifetime distribution but not for the censoring distribution
(indicated by “FT”).
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* Case 3: The set-to-1 assumption is made for the censoring distribution but not for the lifetime distribution
(indicated by “TF”).

* Case 4: The set-to-1 assumption is made for both of the estimated distributions (indicated by “TT”).
The Kaplan-Meier estimate of the censoring distribution in the practical example is shown in Figure 2. Since the

sample maximum is censored, the Kaplan-Meier estimate achieves the value of 1 at ¢ = 269 regardless of the set-to-1
assumption.

1.0

0.8

Fnit)

04
I

02
I

0.0

0 50 100 150 200 250 300 350

Figure 2: Kaplan-Meier estimate of the censored times.

We now provide the bootstrap algorithm required in order to approximate critical values for goodness-of-fit tests in the
presence of random right censoring.

1. Using (1},6;),5 = 1,...,n estimate the parameters of the class of distributions as specified in H.

2. Obtain a parametric bootstrap sample X7, ..., X by sampling from the fitted distribution.

3. Obtain a non-parametric bootstrap sample C7, ..., C} by sampling from the Kaplan-Meier estimate of the
distribution of the censoring times (setting the set-to-1 assumption to true or false).

4. Set

L, if X7 <Cj

T; = min(X},C}) and 6} = {O, if X5 > O

5. Using (Tf, 5;) estimate the parameters of the class of distributions and use the transformation to obtain
Y j=1,...,n.
J ) ) b

6. Based on the data (YJ’"7 5;) ,j = 1,...,n calculate the value of the test statistic, say S* =
S ((Y1*7 5>1k) IR (Y;7 5:1))
7. Repeat steps 2-6 B times, resulting in ST, ..., Sj. Denote the corresponding order statistics by Sa) <. <

S{p)- The approximate critical value is ¢, () = S7| g(1_)) Where |- denotes the floor function.

The algorithm presented above is general and not only intended for use with the exponential null hypothesis. Using
this algorithm, and setting B = 50 000, we obtain an approximation to the null distribution of the C'M,, statistic when
testing for the exponential class. In the current example, the set-to-1 assumption regarding the Kaplan-Meier estimate
of the censoring distribution is unimportant since it does not influence the resulting estimated distribution function.
However, the set-to-1 convention used influences the value of the test statistic obtained and therefore the p-value of
the test. In this case, an approximate p-value of 0.00072 is obtained when making the set-to-1 assumption, while the
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p-value is estimated to be 0.00032 when not using this assumption. In both cases, we reject the hypothesis that the
lifetimes are realised from an exponential distribution at a significance level of 1%.

We now turn our attention to the hypothesis that the lifetimes are realised from the Weibull class of distributions. The
values of C' M, is calculated to be 0.244 when making the set-to-1 assumption, which corresponds to a p-value of 0.019.
If this assumption is not made, the realised value of C'M,, is 0.290, corresponding to a p -value of 0.011. As a result,
we do not reject the hypothesis that the lifetimes follow a Weibull distribution at a 1% significance level.

The final class of distributions considered is the gamma class. A random variable with density f(f) =
NATH ()t e ™™k > 0, A > 0, t > 0, with A(k) = [;~ 2" 'e""dx, is said to have a gamma distribution
with shape parameter ~ and rate parameter A. We denote a random variable with this density by I'(x, \). When testing
the hypothesis that the remission times considered are realised from a gamma distribution, we calculate C' M, to be
0.376 and 0.326 respectively when making the set-to-1 assumption and not making this assumption. In both cases, the
corresponding p-value is below 1%, meaning that we reject the class of gamma distributions as a suitable model for the
lifetimes. Based on the p-values obtained using the three classes of distributions considered, we recommend using a
Weibull distribution when modelling the observed lifetimes for this data set.

2 Test statistics for the various classes of lifetime distributions

Below, we provide the details of a number of goodness-of-fit tests for the exponential, Weibull and gamma classes. The
performances of the tests in this section are evaluated in a Monte Carlo simulation study presented in Section 3. We
begin by specifying the classical Kolmogorov-Smirnov test. As is the case for the Cramér-von Mises test, discussed
in Section 1, the Kolmogorov-Smirnov test is general in the sense that it can be used to test for any of the classes of
distributions considered.

After considering the Kolmogorov-Smirnov test, we turn our attention to tests developed for each of the considered
classes of distributions separately. The remaining tests are based on the characteristic function and Laplace transform.
These functions and their empirical counterparts have been studied extensively in the full sample case, see e.g. [15].
However, estimates for the empirical versions of these functions are less well known in the presence of censoring. As a
result, we discuss these functions before defining the relevant test statistics.

2.1 The Kolmogorov-Smirnov test

The Kolmogorov-Smirnov (K S,,) test measures the supremum distance between EL and Fp;
K S, = sup, | F5(t) — Fr(t)].

Similar to the full sample case, the differences need only be evaluated in the jump points of the piecewise constant F,.
The value of K'S,, can be calculated as

KSn = maX{KS;_a KS;» 1- hn’lt—)ooﬁn(ﬁ)}7 (3)
where =
KS} = Jax {Fn(Ym) - Fé(Y(ﬂ)}
and

KS, = max {F;(Y(;) = Fa (V)

with Y{gy := 0. Note that, if the set-to-1 assumption is made, then lim;_, oo F, (t) = 1 for all samples and the final term
in (3) can be omitted.

2.2 Empirical characteristic function and Laplace transforms
Recall that the characteristic function of a random variable, Y, with distribution function, F', is defined to be
o(s) =E[e] = [ ar(y)

with ¢ = v/—1. Using the notation introduced above and using F,, to estimate F, we may estimate the characteristic
function based on a censored sample by

Fuls) = / AR, (y) = 3 A0,
j=1
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see e.g. [16], where A; denotes the size of the jump in ﬁn(Y(j)),j =1,...,n, given by

n—1

d(1) n—1 \°® d¢5) = n—k \°®
Al =——2 A, = _— A= J i=2,....,n—1.
! n’ 11_[1(n_l+1> r n—j—l—llcl_ll(n—k—l—l) »J et

Additionally, recall that the Laplace transform of a random variable Y is defined as
vl = [ e rar ().

Upon estimating F' by fn, the resulting estimate of the Laplace transform is

Un(s) =D Aje 0.
j=1

2.3 Tests for the exponential distribution

We now consider four tests for the exponential distribution in the presence of random right censoring. An exponentially
distributed random variable is defined by the following density function; f(¢) = Ae™**, A > 0, ¢ > 0.. Each of the
tests below contains a user defined tuning parameter a > 0. The first two tests are based on the empirical characteristic
function while the last two are based on the empirical Laplace transform.

2.3.1 Epps-Pulley (1986)

A test statistic based on the difference between the characteristic function and the empirical characteristic function is
proposed in [17]. In the current setting, the test statistic is

1

BPy = o [ [2u(0) — 6(0)] o(-t)at.

Straightforward calculations result in a calculable form of this test statistic given by

" 1
EP, =V48n | Y Aje™ - 3

The hypothesis of exponentiality is rejected for large values of |E P, |.

2.3.2 Henze-Meintanis (2002a)

A test statistic based on a characterisation of the exponential distribution via the characteristic function is introduced in
[18]. In the presence of random censoring, the modified test is given by

Hyw—n / (S (£) — £Co (1)]% et dt,
0
where S, (t) = >_7_; Ajsin(tY;) and Cy(t) = 327, A cos(tY;). An easily computable form of the test statistic is

n n

“:%Z AjA 2 - 2 5 : 2 105+ V) 2
=1 k=1 @+ (Y; —Yi)" @+ (Y + V) <a2+(Yj +Yk)2)

TL

2a2 —6(Y; —Yi)® 222 —6(Y; + Vi)’
2 2\ 2 2)?
(a +(Y; — Yi) ) (Cl +(Y; +Yy) )

In the simulation study in Section 3, we set ¢ = 1 in accordance with the recommendation made in [18]. The null
hypothesis of exponentiality is rejected for large values of H, ,.
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2.3.3 Baringhaus-Henze (1991)

[19] introduces a test statistic based on a partial differential equation involving the Laplace transform. In the presence
of random censoring the test statistic becomes

2

By.a= n/oo [(1 + t)zz?;(t) + b (t)]| e~ dt,
0

where 1/;; is the derivative of dn In the simulation study below we use @ = 0.25. The calculable form of the modified
test is given by

Y;)(1 - Yy) Y + Y, 2Y;Yy 2Y;Y;,
B .= AA -
n;; ’“[ Yi+Yita (G +Y%+a? (V+Yit+a? (Y +Y+a)

The null hypothesis of exponentiality is rejected for large values of B,, ,.

2.3.4 Henze-Meintanis (2002b)

A test statistic based on the squared difference between the Laplace transform and its empirical counterpart is proposed
in [20]. In the presence of censoring, the modified test can be expressed as

Lna=n /O h [z/in(t) - ¢(t)} ® (14 )2eotdt.

This test statistic lends itself to the following easily calculable form;

1+ (Y;+ Y, +a+1) ” 1+Y;+a
Ly.= AGA —2m ) A n
n;; ’“{ (Y; + Y + a)3 ] Z { Y+a)2]+

We obtain the results in the simulation study by setting a = 0.25 as is recommended in [20]. The null hypothesis is
rejected for large values of L, ,.

2.4 Tests for the Weibull distribution

Below we consider three tests for the Weibull distribution in the presence of random right censoring. The density of the
Weibull distribution with parameters s and A is f(t) = k\*t"* " le=(A)" k>0, A > 0, t > 0. The first two tests are
based on Stein’s method for the approximation of integrals while the final test is based on the Laplace transform of the
standard extreme value distribution.

2.4.1 Bothma-Allison-Visagie (2021)

[13] proposes new classes of tests for the Weibull distribution based on Stein’s method. This test statistic is defined as
2

S’n,a = n/oo ZA |:ZteZtYJ + (]. ) ZtYi| wa(t)dt7 (4)

where w, (t) is a weight function containing a user-defined tuning parameter a > 0. The use of two weight functions
resulted in two different classes of test statistics. For the first weight function, e ~%*", the test statistic is given by

_n[ZZA Age (Y=Y /4a{—4 5 ((Y; — Yi)? — 2a)

Jj=1k=1

20-09) () 05— Y+ (-0 (1-09) ).

In the simulation study below we use a = 1 as well as a = 2. The second weight function used is e ~/*l. In this case,
the test statistic simplifies to

$@) _n —4a (3(Y; — Y3)? — a?)
ZZA { ((Y; = Y3)? + a2)’

j=1k=1
8a(Y; —Yy) (1—€¥7) 2a(1—e¥) (1—e'F)
+ ((}G—Yk)2+a2)2 + (Yj—Yk) T a2 }
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We obtain the results in the simulation study by setting a = 2. The null hypothesis is rejected for large values of both
57(11()1 and Sy (2)

242 Krit (2014)

A test that compares the empirical Laplace transform of a random variable Y to the Laplace transform of an EV (0, 1)
random variable was introduced in [21]. The resulting test statistic is

0
KR, =n / () — (1 — )2 dt, 5)
-1

where v € R is a user-specified tuning parameter. The following approximation provides an easily implementable form
of KR} ;

n>°
2
n

—1
KR,=n Z Z Aje Yik/m (1 — k/m) oYk/m—e/ ™

k=—m | j=1

)

where m is the number of points at which the integrand is evaluated and + is a user-defined tuning parameter. In the
numerical results shown below, we use ¥ = —5 and m = 100 as recommended in [21].

For a more detailed discussion on the tests above, see [2] as well as [13].

2.5 Tests for the gamma distribution

A random variable with density f(t) = \*A~(k)t" " le ™™, x>0, A >0, t > 0, with A(k) = fo ~le=%dz, is
said to have a gamma distribution with shape parameter x and rate parameter A\. As was mentioned in the 1ntr0ducti0n,
we have been unable to find published papers on testing for the gamma distribution in the presence of random right
censoring. Below we amend three existing tests for this distribution developed for use with full samples, using
techniques similar to those used above. The first and second tests below are based on the empirical Laplace transform
while the third uses the Stein characterisation. Below, Y; = S\Tj7 7 =1,...,n where \ denotes the estimated rate
parameter of the gamma distribution.

2.5.1 Henze-Meintanis-Ebner (2012)
New classes of tests based on a differential equation involving the Laplace transform are proposed in [22] for the full
sample case. Two tests are introduced based on two different weight functions. The modified test is defined as

2

M= n/ooo [(1 + ) (1) + &;n(t)] w,(t)dt,

where w, (t) is a weight function with a user-defined tuning parameter a > 0. If the weight function is, e =%, then the
modified version of the test is given by

& Y.V, — 2kY; + k2 2Y;Y. — 2KY; 2V Yx
MWD = p ALA < J J Ll iy i
e ;; Ik Y;+Yi+a (Y; +Yi+a)2  (Y;+Yr+a)3

and if the weight function is, e"”Q, then the modified test simplifies to

ME =" [ZZAAk Y;Ye — 26 + #2) ori(a)

j=1k=1

+ ?;;A AR (2Y;Y), — 2KY)) ( \/;(Yj +Yk)90jk(a))

+&%i§:AjAk {\/Z(Yj-FYk)?Jr?\/%} @jk(a)—Q(Yj‘FYk)}’
j=1k=1

where @ (a) = {1 —erf (Yéir/?‘ )} exp (W) and erf(x) = % Jy exp(—t?)dt denotes the error function. The

null hypothesis is rejected for large values for both M,(Lll)l and Mézt)l
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2.5.2 Betsch-Ebner (2019)

[23] shows that F' is the gamma distribution if, and only if,

F(t)=E K’i;( Ly i) min(X,t)] > 0.

As aresult,

n 1-7 N
J

should be approximately zero for all t > 0 if the hypothesis of the gamma class is true. We propose the following
statistic based on A (t);

Jj=1

Rya= / A2 (e "t dF, ()
0

=) AL (Y())e W,

Jj=1

where a > 0 is a user defined tuning parameter. In the simulations in Section 3, we use a = 0.5 and @ = 1.The
hypothesis of the gamma class of distributions is rejected for large values of 12, 4.

3 Monte Carlo simulation

This section presents empirical sizes and powers of the tests considered the exponential, Weibull and gamma classes
of distributions; we consider each of these classes in turn. The results presented include two different censoring
proportions; 10% and 30% respectively. All of the results presented in the main text are for samples of size n = 50.
However, Appendix A shows the results corresponding to a sample size of n = 100. Other configurations of sample
size and censoring proportion were also considered when performing the numerical analyses. However, for the sake of
brevity, we do not present all of these results below.

The numerical results presented below are based on a nominal significance level of 5% throughout. For each lifetime
distribution considered, we report the powers obtained using three different censoring distributions; the exponential,
uniform and Lindley distributions. The alternative lifetime distributions considered are listed in Table 2. For each of
these censoring distributions, the parameters used are chosen so as to ensure that the specified censoring proportion
is achieved. In the case of the uniform censoring distribution, this entails choosing the value of the maximum of the
distribution while the minimum remains fixed at 0.

For every test considered, we report the empirical powers for the four possible combinations of whether or not the
set-to-1 assumption is made. The four variations for each of the tests are defined in Section 1 and indicated by F'F/,
FT,TF and TT. The empirical powers obtained for the various distributions are reported in Tables 20 to 8. Tables
20 and 4 show the results pertaining to testing for exponentiality, while Tables 5 and 6 show the results assocaited
with the Weibull class. The results associated with the gamma class can be found in Tables 7 and 8. The reported
powers represent the percentages (rounded to the nearest integer) of 10000 independent Monte Carlo samples for
which the null hypothesis is rejected. For each alternative considered, the empirical powers associated with the three
censoring distributions mentioned above are shown in consecutive rows of the table. The order in which the censoring
distributions are arranged is first the exponential, then the uniform and finally the Lindley distributions. In order to ease
comparisons, the highest power, including ties, in each row is shown in bold. The empirical sizes and powers shown in
Tables 9 to 14 in Appendix A make use of the same conventions listed above.

Samples from censored distributions were generated using the LindleyR package, see [24], while parameter estimation
for the results pertaining to the Weibull and gamma classes were performed using the parmsurvfit package, see [11].
The tables were produced using the Stargazer package, see [25].

3.1 Numerical results

In this section we discuss the performance of the tests against all of the alternative lifetime distributions considered.
We start with a general discussion of the results in Tables 20-8, thereafter we discuss the estimated powers for the
three lifetime distributions under consideration separately. Furthermore, we will make recommendations regarding the
set-to-1 assumption for the best performing test for each of the three lifetime distributions.

10
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Table 2: Density functions of the alternative distributions.

Alternative | Density Notation

Lognormal | (6zv/2m) “Lexp (—log2 (z) (26%) _1) LN(9)
—1

Chi square (29/2r(0/2)) 2%/21 exp(—x/2) Y2(0)

Beta 2 (1 —2)" ' T(a +0) (T(a)T(0)) ™" | Bla,0)

Lindley 09—:1(1 + ) exp(—0z) L(9)

First, consider the performance of the tests for all three of the lifetime distributions against all alternatives. In general,
the sizes as well as the estimated powers are highly dependent on whether the set-to-1 assumption is made or not. It is
important to also note that with an increase in the censoring proportion this dependence becomes more prominent. In
some cases, we observe that the specified sizes are achieved for a specific test under certain assumptions, but under a
different set of assumptions the same test achieves a size of approximately zero. The same phenomenon is observed for
the estimated powers where fluctuating powers are observed for the same test, depending on the assumptions made.
Overall, it seems that the tests for the exponential distribution are less sensitive to the set-to-1 assumption. The influence
of the censoring distribution becomes more pronounced when the censoring proportion is increased. Again, we observe
that the tests for the exponential distribution is less sensitive to the choice of censoring distribution. The empirical
powers are observed to increase with sample size and decrease with the censoring proportion.

3.1.1 Power comparison for the exponential distribution

For the exponential distribution, the nominal significance level is achieved for the majority of the tests for a censoring
proportion of 10%. For a censoring proportion of 30% these sizes are attained for fewer of the tests considered. Lg 25,
is the best performing test against the majority of alternatives, regardless of the set-to-1 assumptions or choice of the
censoring distribution. Therefore we recommend using this test when working with a censored sample that is thought to
be exponentially distributed.

3.1.2 Power comparison for the Weibull distribution

For the Weibull distribution, the specified sizes are attained for most of the tests for smaller censoring proportions, but
as the censoring proportion increases the sizes as well as the estimated powers are more variable. The choice of the
censoring distribution strongly influences the estimated powers for a censoring proportion of 30%, especially against
alternatives such as the chi-squared or beta distributions. The largest differences in power occur when the censoring
distribution is specified to be the uniform distribution. For a censoring proportion of 10% the S;lg test outperforms
the other tests for the majority of the alternatives, but only for the FT assumption, i.e. the case where the set-to-1

assumption is made for the lifetime distribution but not for the censoring distribution. The Sff% test performs the best
overall against the alternatives considered. Once again, this is only for a specific set of assumptions, in this case TT; i.e.,
the set-to-1 assumption is made for both of the estimated distributions. Even though these two tests perform well under

a specific set of assumptions their powers are noticeably erratic for some of the alternatives. The S,(lli test performs
well with competitive estimated powers regardless of the censoring proportion and set-to-1 assumptions. As a result,

we recommend using the 57(11% test in general. However, 57(12% tests can also be used for both censoring proportions
considered.

3.1.3 Power comparison for the gamma distribution

For the gamma distribution the specified sizes are mostly attained for the 10% censoring proportion, but is rarely
attained for the 30% censoring proportion. For the majority of alternatives most of the tests perform poorly, exhibiting
low estimated powers, especially when the censoring proportion is high. The influence of the censoring distribution
increases with an increase in the censoring proportion, specifically for alternatives such as the lognormal distribution.

When working with a censored sample with a low censoring proportion we recommend using the My(llf test along with
the FT assumption, i.e. the case where the set-to-1 assumption is made for the lifetime distribution but not for the
censoring distribution. If the censoring proportion is high, then we recommend using the C'V;, with the FT assumption.
Overall, the C'V/,, test exhibit the most stable powers as it is the least affected by the assumptions made.

11
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Table 3: Estimated powers for the exponential distribution for 10% censoring for a sample size of n = 50 with three
different censoring distributions.

F KSn C‘/n Epn Ln,0425 Bn,0425 Hn,l
FFFI'TFTT FF FTTFTT FF FI'TFTT FF FT' TFTT FF FI' TF TT FF FT TF TT
5 5 4 5 5 5 5 5 5 5 6 5 5 5 5 5 4 5 2 5 5 5 5 b
exp(0.5) 5 5 5 5 5 5 5 5 5 5 6 5 5 5 5 5 4 5 2 5 5 5 5 4
5 5 4 5 5 5 5 5 5 5 5 5 5 5 5 5 4 5 2 5 5 5 5 4
5 5 5 5 5 5 5 5 5 5 6 5 5 5 5 5 5 5 2 5 5 5 5 b
exp(1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 2 5 5 5 5 4
5 5 4 5 5 5 5 5 5 4 5 5 5 5 5 5 4 5 2 5 4 4 5 4
5 5 5 5 5 5 5 5 5 5 6 5 5 5 5 5 4 5 2 5 5 5 5 4
exp(2) 5 5 5 5 5 5 5 5 5 5 6 5 5 5 5 5 5 5 2 5 5 5 5 b
5 5 4 5 5 5 5 5 5 5 6 5 5 5 5 5 4 5 2 5 5 4 5 5

'(0.6) 54 54 55 55 62 62 62 62 63 63 64 63 82 82 82 82 79 79 76 79 56 56 56 55

'(0.8) 13 14 13 14 16 16 16 17 18 18 19 18 27 27 27 27 24 25 19 25 14 14 15 14

I(1.2) 10 10 9 11 12 12 11 12 12 11 13 11 12 12 11 11 10 13 3 13 11 10 11 10

W (0.8) 31 32 32 32 37 37 37 37 42 42 43 42 49 49 48 48 49 49 44 49 31 31 32 32

W(1.2) 20 20 17 22 25 25 24 26 26 25 31 28 22 22 23 23 22 26 7 28 22 22 23 21

LN(1) 19 19 19 20 23 23 23 24 11 11 11 11 27 27 27 27 24 23 15 23 15 16 16 15
1

LN(1.5) 81 81 81 81 8 8 86 8 89 89 90 90 68 68 68 68 84 83 84 83 76 TT TT U7

12
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Table 4: Estimated powers for the exponential distribution for 30% censoring for a sample size of n = 50 with three
different censoring distributions.

F KSn C‘/n Epn Ln,0425 Bn,0425 Hn,l

FFFI'TFTT FF FTTFTT FF FI'TFTT FF FT' TFTT FF FI' TF TT FF FT TF TT

2 3 1 4 3 4 3 3 3 3 4 3 5 5 5 5 3 5 1 5 4 4 5 4

exp(05) 2 3 1 4 3 3 2 3 2 2 2 2 5 5 5 5 3 4 2 4 3 3 4 3
2 3 1 4 3 3 2 3 3 2 2 2 5 5 5 5 3 4 1 4 4 4 5 4

2 3 1 4 3 4 3 3 3 3 4 3 5 5 5 5 3 4 1 5 4 4 5 4

exp(1) 2 3 1 4 3 3 2 3 2 2 2 2 5 5 5 5 4 4 2 4 4 3 4 4
2 3 1 4 3 3 2 3 3 3 3 2 5 5 5 5 3 4 1 5 4 4 5 4

2 3 1 4 3 4 2 3 3 3 4 3 5 5 5 5 3 4 1 5 4 4 5 4

exp(2) 2 3 1 4 3 3 2 2 2 2 2 2 5 5 5 5 4 4 2 4 3 3 4 3
2 3 1 4 3 3 2 3 3 3 3 3 5 5 5 5 3 4 1 5 4 3 5 3

25 32 22 34 46 46 44 46 42 44 43 44 77 77 76 76 62 71 54 72 39 41 41 40

'(0.6) 16 33 14 34 43 43 41 42 32 46 32 46 76 76 76 76 58 69 55 69 38 41 39 41
24 33 20 34 46 46 44 46 41 44 41 44 76 76 77 77 61 71 54 71 39 40 41 41

5 7 3 8 11 11 10 11 11 12 12 11 24 24 25 25 15 21 9 21 10 11 12 11

'(0.8) 4 7 3 8 9 8 8 8 7 11 6 11 24 24 24 24 16 18 13 18 9 11 10 11
4 7 3 8 10 11 9 11 11 12 11 11 25 25 25 25 15 20 9 21 11 11 12 11

2 5 1 6 7 7 4 7 6 5 7 4 10 10 10 10 2 10 O 11 7 6 8 5

P2 1 5 0 6 4 6 3 5 5 3 4 2 1010 10 10 1 11 1 10 6 4 8 4
15 0 6 5 7 4 6 5 4 5 3 10 10 10 11 1 10 O 11 6 5 8 5

11 16 9 17 23 23 22 23 25 27 25 26 42 42 42 42 32 39 25 40 21 21 22 22

W (0.8) 8§ 14 6 15 20 19 19 19 15 24 15 23 39 39 39 39 30 33 27 33 18 21 19 21
9 15 7 16 22 22 20 22 22 25 22 24 41 41 40 40 29 37 23 38 20 21 21 21

4 9 1 12 13 15 8 12 12 10 12 &8 19 19 19 19 4 20 0 20 12 11 15 9

W(1.2) 19 0 12 8 12 5 10 9 6 7 4 18 18 18 19 1 20 0 20 12 8 14 7
2 8 0 11 11 13 7 11 11 9 10 6 19 19 19 20 3 20 0 20 11 9 15 9

5 9 3 11 13 14 12 14 8 7 8 6 34 34 34 34 10 25 4 26 10 10 12 10

LN(1) 2 7 2 9 9 10 7 10 6 4 6 3 38 38 38 38 4 27 3 28 9 8 11 8
3 8 1 9 11 12 9 12 6 5 7 5 37 37 37 37 7 26 3 27 10 9 12 9

LN(1.5) 21 33 20 33 42 40 43 41 20 45 29 46 25 25 25 25 46 34 45 36 35 42 36 43

Y2(1) 36 61 35 63 71 72 71 72 55 71 57 72 94 94 94 94 83 91 82 91 64 67 66 68

6 15 1 19 23 25 15 21 18 16 18 13 40 40 41 42 12 39 1 40 21 18 24 16

Y(3) 1 15 0 20 15 21 9 18 16 10 13 8 40 40 40 40 1 39 0 38 21 15 24 14
2 12 0 18 17 21 9 16 14 11 11 7 38 38 39 39 3 37 0 37 19 14 23 13

66 77 0 90 8 86 18 30 54 53 8 5 42 42 43 45 56 67 0 43 87 86 85 57

B(1,1) 46 74 0 90 78 79 11 23 40 38 3 1 39 39 40 42 36 61 0 38 8 79 82 53
65 77 0 90 85 8 16 29 51 50 7 4 42 42 43 44 53 66 0 43 87 85 84 56

16 24 4 29 36 37 27 35 9 9 10 8 72 72 73 73 47 61 23 62 34 32 39 30

B(0.5,1) 6 22 2 29 29 32 21 30 13 16 12 13 75 75 75 75 37 62 24 63 30 28 36 29
15 24 4 28 36 37 26 34 9 10 9 9 72 72 72 73 46 61 23 62 33 32 39 30

20 35 0 49 46 47 14 25 32 30 18 9 24 24 25 25 18 37 0 30 45 41 48 27

B(1,1.5) 6 31 0 47 34 37 8 17 21 18 6 4 22 22 21 22 4 32 0 26 38 32 43 23
17 34 0 48 44 46 12 23 30 28 14 8 23 23 23 24 15 37 0 29 44 40 46 25

13
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Table 5: Estimated powers for the Weibull distribution for 10% censoring for a sample size of n = 50 with three
different censoring distributions.

- KSh v, KR, S S 5%
FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT
3 4 2 4 4 5 4 4 2 1 0 1 3 3 3 3 3 2 1 1 3 3 1 3
W5 3 4 2 5 4 4 4 5 2 1 1 0 4 4 4 4 3 1 2 1 3 2 2 2
3 4 2 5 4 4 4 4 2 1 1 0 3 3 3 3 3 1 2 1 3 2 2 2
5 5 4 4 5 5 5 5 2 2 0 1 4 4 4 4 4 4 0 3 4 5 0 5
w@a) 4 4 4 4 4 4 4 4 2 1 0 0 3 3 3 3 3 4 0 2 3 4 0 4
4 5 4 5 5 5 5 5 2 2 0 0 3 3 3 3 3 3 0 2 3 4 0 4
5 5 4 5 5 5 4 4 4 3 0 0 4 4 4 4 5 5 0 3 4 5 0 5
W@ 5 5 5 5 5 5 5 5 4 2 00 5 5 5 5 4 5 0 3 45 05
4 4 4 5 5 5 5 5 4 2 0 0 4 4 4 4 4 4 0 3 4 5 0 5
9 9 10 10 11 11 If 12 8 9 0 6 13 13 13 13 14 14 1 13 12 13 3 14
r 9 9 8 & 1L 1L 11 11 7 9 0 5 1313 13 13 13 14 1 12 13 13 3 13
9 10 9 9 11 11 11 11 6 7 0 4 12 12 12 12 11 13 1 11 11 13 3 13
13 13 12 13 16 16 16 16 14 15 0 10 21 21 21 21 21 23 1 22 19 20 6 20
Py 13 13 13 13 16 16 16 17 13 14 0 10 21 21 21 21 21 23 2 22 18 19 7 21
13 13 12 12 16 16 16 16 6 13 0 9 19 19 19 19 18 22 2 20 17 20 6 20
17 17 17 17 23 23 22 22 22 23 0 18 32 32 32 32 33 34 4 32 28 20 12 28
P(lo) 18 18 18 18 23 23 23 23 21 24 0 19 31 31 31 31 32 33 4 32 28 28 13 29
16 16 17 17 21 21 22 22 16 20 0 14 29 29 29 29 29 32 3 30 26 27 10 28
31 31 32 32 45 45 44 44 33 40 0 37 55 55 55 55 56 60 20 60 51 52 35 53
LN(0.5) 32 32 33 33 43 43 44 44 28 40 0 35 55 55 55 55 56 60 17 59 50 52 34 53
30 30 30 31 41 41 42 42 15 37 1 35 52 52 52 52 50 57 17 56 47 50 31 52
30 30 29 20 42 42 40 40 9 31 2 29 50 50 50 50 41 56 18 54 45 49 31 50
LN(1) 29 29 30 31 41 41 41 41 8 28 3 25 45 45 45 45 33 53 18 52 41 48 27 49
27 27 27 28 37 38 39 39 8 24 4 23 40 40 40 40 30 47 16 45 37 43 23 46
24 25 24 25 37 36 36 36 9 15 6 14 20 29 29 29 23 37 18 36 26 38 21 39
LN(2) 22 25 23 26 35 34 35 35 11 4 9 4 26 26 26 26 25 25 23 26 24 30 22 32
21 23 19 23 32 32 33 33 9 6 7 5 24 24 24 24 23 20 19 18 22 28 18 28
9 9 10 10 11 11 12 12 8 9 0 6 13 13 13 13 14 14 1 13 12 13 3 14
X6 9 9 & 8 11 11 11 11 7 9 0 5 13 13 13 13 13 14 1 12 13 13 3 13
9 9 9 9 11 11 10 10 5 7 0 4 12 12 12 12 10 13 1 11 11 13 2 13
11 11 11 11 13 13 13 13 11 12 0 8 17 17 17 17 16 19 1 17 16 16 5 16
NA(s) 1111 11 11 14 14 14 15 9 12 0 8 17 17 17 17 16 19 1 17 15 17 5 17
11 11 11 11 14 14 14 14 7 10 0 7 16 16 16 16 15 18 1 17 15 16 4 18
13 13 12 13 16 16 16 16 14 15 0 10 21 21 21 21 21 23 1 22 18 20 6 20
K210y 13 13 13 13 16 16 16 17 13 14 0 10 21 21 21 21 21 23 2 22 18 19 7 21
13 13 13 13 16 16 16 16 7 13 0 9 19 19 19 19 18 21 2 20 17 19 6 20
49 50 10 52 63 63 49 52 46 47 0 0 66 66 66 66 69 70 0 5 66 68 0 24
B(1,1) 48 49 8 53 64 64 47 51 43 44 0 0 67 67 67 67 70 71 0 5 67 69 0 24
48 48 9 52 61 61 47 52 45 46 0 0 66 66 66 66 68 69 0 5 65 67 0 23
44 46 4 51 60 60 40 45 24 33 0 0 61 61 61 61 59 65 0 3 61 65 0 18
5(05,1) 43 46 3 51 60 60 38 44 19 28 0 0 58 58 58 58 56 63 0 3 57 64 0 17
5 47 3 52 60 61 40 45 24 33 0 0 58 58 58 58 58 64 0 3 57 65 0 18
15 16 10 16 19 19 18 19 6 9 0 0 19 19 19 19 18 24 0 7 18 21 0 14
B(1,2) 15 15 10 16 19 19 17 18 4 7 0 0 17 17 17 17 16 23 0 5 15 21 0 13
14 14 9 16 17 17 17 19 4 7 0 0 17 17 17 17 15 22 0 5 15 20 0 12

14
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Table 6: Estimated powers for the Weibull distribution for 30% censoring for a sample size of n = 50 with three
different censoring distributions.

- KSh v, KR, S S 5%

FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT

2 3 1 5 2 1 1 1 2 1 1 1 4 4 4 4 4 1 3 1 4 1 3 1

wos) 2 4 2 5 2 1 2 1 2 1 2 15 5 5 5 5 1 5 1 5 1 5 1
2 4 2 6 2 1 2 1 2 1 2 1 4 4 4 4 4 1 3 1 4 1 3 1

2 3 1 3 3 3 2 2 2 1 0 0 3 3 3 3 3 1 1 1 3 2 1 2

wa 2 3 1 3 2 1 2 1 2 1 1 0 4 4 4 4 4 1 3 1 4 1 3 1
1 3 1 4 2 2 1 2 2 1 1 1 3 3 3 3 3 1 1 1 3 2 1 2

3 4 2 4 4 4 3 4 2 1 0 0 3 3 3 3 2 3 0 2 3 4 0 4

WwE 3 4 2 4 4 4 3 4 1 1 00 3 3 3 33 2 01 3 3 13
3 4 2 4 4 4 3 4 2 1 0 0 3 3 3 3 3 3 0 1 3 3 0 3

6 7 5 7 8 8 8 8 3 2 0 1 8 8 8 8 7 8 2 7 7 9 2 10

rg 5 6 4 7 7 8 7 7 4 1 1 1 7 7 7 7 T 4 4 4 7 7T 37
5 6 4 6 8 8 7 7 2 2 1 1 6 6 6 6 5 6 2 5 6 8 3 8

8 9 8 9 11 11 1f 12 5 3 0 1 13 13 13 13 11 14 2 14 12 14 4 15

Py 8 8 7 8 11 11 10 11 4 2 1 1 11 11 11 11 10 12 3 10 10 13 4 13
8 9 7 9 11 11 11 11 3 3 1 2 12 12 12 12 9 13 3 11 11 14 4 14

13 13 12 13 17 17 17 17 7 4 0 2 21 21 21 21 19 23 2 21 19 21 7 22

Py 12 13 12 13 17 17 17 17 7 4 0 2 20 20 20 20 16 22 3 22 18 21 T 22
10 11 11 12 15 15 16 16 6 3 0 2 18 18 18 18 14 20 3 19 16 20 6 21

22 22 21 22 31 31 31 31 6 6 1 5 35 35 35 35 26 40 10 39 31 39 10 40
LN(05) 17 18 16 19 27 27 28 29 8 5 3 4 28 28 28 28 21 30 12 30 24 31 15 34
18 20 19 21 28 28 28 29 5 6 2 5 29 29 29 29 20 33 10 34 26 34 16 36

11 14 9 15 23 22 20 22 7 5 4 5 19 19 19 19 16 17 12 17 17 23 13 25

LNy 6 10 6 12 16 13 15 15 8 0 7 1 17 17 17 17 19 1 17 1 16 5 14 5
6 12 6 12 17 18 16 18 6 4 4 4 16 16 16 16 15 11 12 11 14 16 12 18

6 8 5 9 10 7 8 6 8 1 5 1 16 16 16 16 17 2 156 2 14 4 13 4

IN2) 6 5 5 6 7 2 6 1 6 1 5 1 19 19 19 19 21 1 21 1 18 1 17 1
5 6 6 9 7 2 7 3 6 0 6 0 16 16 16 16 17 1 17 1 15 1 14 1

6 7 6 7 8 8 8 8 3 2 0 1 8 8 8 8 7 8 2 7 7 9 2 10

X6 5 6 4 7T T 8 7 7 4 1 1 1 7 7 7 7T 7 4 44 7 7 37
4 6 3 6 7 7 6 7 3 2 1 1 6 6 6 6 5 6 3 5 6 8 3 8

7 8 7 8 10 10 10 10 4 2 0 1 11 1T 11 11 9 12 2 11 10 13 3 13

) 7 8 6 8 9 9 9 9 3 2 1 1 9 9 9 9 8 8 3 7 9 10 4 1
5 7 5 7 9 9 9 9 3 3 1 2 8 8 8 8 7 9 2 8 8 12 3 12

8 9 9 9 1 11 11 12 5 3 0 1 13 13 13 13 11 14 2 14 12 14 4 15

2oy 8 8 7 8 11 11 10 11 4 2 1 1 11 11 11 11 10 12 3 10 10 13 4 13
8 9 7 9 11 11 10 11 4 3 1 2 11 11 11 11 8 12 2 10 9 13 4 14

26 30 1 39 42 42 17 23 3 7 0 0 30 30 30 30 23 39 0 1 29 43 0 9

B(1,1) 21 27 0 39 36 37 8 16 0 5 0 0 17 17 17 17 3 26 0 1 14 34 0 5
24 30 0 38 40 40 15 21 2 6 0 0 27 27 27 27 13 34 0 1 25 39 0 7

6 201 0 39 21 24 1 4 0 5 0 0 3 3 3 3 0 8 0 1 3 17 0 3
B051) L 19 0 4 2 7 0 2 0 2 0 0 1 1 1 1 0 2 0 1 1 5 0 2
4 20 0 41 16 19 1 4 0 3 0 0 3 3 3 3 0 6 0 1 2 12 0 3

£ 8 1 11 9 105 7 1 2 0 0 2 2 2 2 1 6 0 1 2 8 0 4

Bl2) 2 7 0 10 5 7 2 4 0 1 0 0 1 1 1 1 0 3 0 1 1 5 0 3
4 7 0 10 8 9 4 6 0 1 0 0 2 2 2 2 0 5 0 1 1 7 0 4

15
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Table 7: Estimated powers for the gamma distribution for 10% censoring for a sample size of n = 50 with three
different censoring distributions.

. KS, CV, MM M) R0 R

FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT

i 5 4 5 5 5 5 5 3 4 0 4 2 2 0 1 2 1 5 1 2 1 5 1

ros 4 5 4 5 5 5 5 5 4 4 1 4 4 2 1 1 2 2 5 1 2 2 5 1
4 4 3 5 5 5 4 5 3 4 0 4 3 2 0 1 3 2 6 1 3 2 6 1

i 5 5 5 5 5 5 5 3 4 0 4 4 4 0 2 2 1 4 0 2 1 4 0

rg) 4 5 4 5 5 5 5 5 4 4 0 4 4 3 0 2 2 1 40 2 1 40
5 5 4 5 5 5 5 5 3 4 0 4 3 4 0 2 2 1 4 1 2 1 4 1

5 5 4 5 5 5 5 5 4 4 0 3 5 4 0 2 2 1 3 0 2 1 3 0

reg 5 5 5 5 5 5 5 5 5 4.0 3 5 4.0 2 2 1 40 2 1 4 0
5 5 4 5 5 5 5 5 4 5 0 3 4 4 0 2 2 1 4 0 2 1 4 0

10 10 9 11 12 13 12 12 14 18 0 7 8 14 0 3 1 I 7 0 1 1 7 0

W 1111 9 12 13 13 13 13 14 19 0 7 6 14 0 3 1 1 6 0 1 1 6 0
11 12 9 11 13 13 12 12 10 18 0 7 4 12 0 2 1 1 6 0 1 1 6 0

17 17 13 18 21 21 10 20 28 30 0 4 18 21 1 3 1 1 8 0 1 1 8 0

W) 17 17 13 18 21 21 21 21 27 30 0 5 15 20 1 3 2 1 9 0 2 1 9 0
17 17 13 19 21 21 20 21 24 29 0 4 13 19 1 4 1 1 7 0 1 1 7 0

34 34 33 33 41 41 41 41 39 53 14 52 31 53 10 51 2 2 3 2 2 2 3 2

LN(1) 31 31 32 33 39 39 40 40 34 50 16 50 28 50 14 51 3 3 4 3 3 3 4 3
31 31 31 31 38 38 33 38 20 49 14 49 24 49 12 49 4 4 5 3 4 4 5 3

54 54 53 53 66 66 64 64 58 75 40 75 39 67 2 67 3 4 3 4 3 4 3 4
LN(15) 50 51 51 52 62 62 63 63 51 73 41 74 40 64 32 64 4 6 4 6 4 6 4 6
49 50 48 49 61 61 61 61 42 71 34 71 32 58 25 58 5 7 5 6 5 7 5 6

77 78 77 78 87 87 88 88 60 84 54 86 41 53 37 53 4 6 4 6 4 6 4 6
LN(25) 7 77 75 77 87 87 86 8 59 82 56 82 46 42 43 41 3 9 4 9 3 9 4 9
70 75 69 74 84 84 84 84 51 77 48 77 40 32 37 31 5 9 5 9 5 9 5 9

i 5 3 5 5 5 4 4 3 3 1 2 2 I 1 0 3 2 6 I 3 2 6 1

PO 3 4 3 5 4 4 4 4 4 2 2 2 4 1 203 2 7 13 271
4 5 3 5 5 5 4 4 3 2 1 2 3 1 1 0 3 2 7 1 3 2 7 1

i 4 3 5 5 5 4 5 3 4 1 4 3 1 1 1 3 2 6 1 3 2 6 1
o7 4 5 3 5 4 4 4 5 3 3 1.3 3 1 10 2 2 6 1 2 2 6 1
4 5 4 6 5 5 5 5 3 3 1 3 3 1 1 0 3 2 7 1 3 2 7 1

66 66 4 71 81 81 54 60 75 6 0 5 74 7 0 0 2 1 93 0 2 1 93 0

B(1,1) 62 64 3 70 80 80 49 58 T4 75 0 4 T4 74 0 0 1 1 93 0 1 1 930
66 66 3 69 81 81 53 59 76 77 0 4 75 76 0 0 1 1 93 0 1 1 93 0

37 33 7 42 50 50 37 40 44 50 0 15 33 41 0 0 1 0 55 0 1 0 55 0
B(0.5,1) 37 39 6 42 51 52 35 40 41 49 0 12 27 37 0 0 1 0 54 0 1 0 54 0
36 38 6 42 50 51 34 41 42 50 0 13 29 37 0 O 1 1 55 0 1 1 55 0

91 22 11 25 20 20 24 27 25 32 0 12 23 32 0 2 1 1 20 0 1 1 20 0

B(1,2) 22 23 11 25 29 29 24 27 23 31 0 10 21 31 0 2 1 0 22 0 1 0 22 0
21 22 10 24 27 27 23 25 21 31 0 10 20 30 0 2 1 1 20 0 1 1 20 0

7 7 6 8 7 7 7 8 7 Il 0 7 5 9 0 4 I 1 4 0 I 1 4 0
c(025) 7 T 6 7T 8 8 8 8 5 11 0 8 4 8 0 4 1 1 4 0 1 1 4 0
7 7 5 7 7 7 7 7 2 9 0 7 1 6 0 3 2 1 5 0 2 1 5 0

7 7 6 8 8 8 7 8 5 9 0 7 4 7 0 4 1 1 4 0 I 1 4 0

o5 6 6 5 6 7 7T 7T 7 410 0 7 3 7 0 3 2 1 40 2 1 4 0
6 7 5 7 7 7T 7 7 2 9 0 7 1 6 0 3 2 1 4 0 2 1 4 0
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Table 8: Estimated powers for the gamma distribution for 30% censoring for a sample size of n = 50 with three

different censoring distributions.
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4 Conclusions and further research

The numerical results above indicate that the set-to-1 assumption required when using the Kaplan-Meier estimator of
the distribution function plays an unexpectedly important role when testing goodness-of-fit hypotheses. It should also
be noted that this assumption is important not only when estimating the lifetime distribution, but also when estimating
the censoring distribution. Furthermore, it should be noted that the highest powers are often achieved when the set-to-1
assumption is made for one of the two distributions being estimated but not the other.

Further research is currently underway in which we consider the effect of using kernel distribution function estimation
for the lifetime and censoring distributions. The effect of this assumption, as opposed to the dichotomous approaches
used at the sample maximum, will be considered in the goodness-of-fit context. Furthermore, we are testing the effect
of the the set-to-1 assumption in other settings, such as the estimation of the moments of the lifetime distribution. The
effect of kernel distribution function estimations will be considered in this work as well.
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Appendix A

Tables 9 to 14 show the empirical sizes and powers associated with samples of size n = 100. Tables 9 and 10 pertain to
the hypothesis of exponentiality while Tables 11 and 12 contain results associated with testing for the Weibull class.
The results for the gamma class are shown in Tables 13 and 14.

Table 9: Estimated powers for the exponential distribution for 10% censoring for a sample size of n = 100 with three
different censoring distributions.

KS, CV, EP, Lpo.25 Bno.25 H,

,1

Y FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT

5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 2 5 5 5 5 5

exp(05) > 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 2 5 5 5 5 5
5 5 5 5 5 5 5 5 5 5 6 5 5 5 5 5 4 5 2 5 5 5 5 5

5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 2 5 5 5 5 5

exp(ly 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 2 5 5 5 5 5
5 5 5 5 5 5 5 5 5 5 6 5 5 5 5 5 4 5 2 5 5 5 5 4

5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 3 5 5 5 5 5

cxp(2) 5 5 5 5 5 5 5 5 5 5 6 6 5 5 5 5 5 5 3 5 5 5 5 5
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 4 5 2 5 5 5 5 5

(0.6) 85 85 85 85 90 90 90 90 89 89 89 89 97 97 98 98 97 97 96 97 86 86 86 86

r(0.8) 24 25 24 24 29 29 29 29 30 30 31 31 44 44 44 44 42 42 36 42 26 26 26 26

I'(1.2) 16 16 16 17 19 19 20 20 20 19 22 21 22 22 23 23 20 23 11 25 18 17 18 17

W (0.8) 56 56 55 55 64 64 64 64 69 69 69 69 75 TS5 T4 T4 76 75 73 75 57 57 57 57

W(1.2) 38 39 36 39 47 47 47 47 51 51 54 52 45 45 46 46 47 52 23 53 42 42 42 39

LN(1) 38 38 39 39 47 47 48 48 11 11 12 11 61 61 62 62 58 55 51 56 29 30 30 30

LN(1.5) 98 98 98 98 99 99 99 99 99 99 99 99 92 92 92 92 98 98 98 98 97 97 97 97

91 91 19 93 98 98 94 96 98 98 99 98 61 61 62 63 88 89 7 8 97 97 94 83
B(1,1.5) 90 91 18 93 98 98 94 95 98 98 99 98 61 61 62 62 87 88 7 86 97 97 94 82
90 92 17 93 98 98 94 96 98 98 99 98 62 62 62 62 87 89 7 8 97 97 94 83
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Table 10: Estimated powers for the exponential distribution for 30% censoring for a sample size of n = 100 with three
different censoring distributions.

F KSn CVn EPn Ln,0425 Bn,OA25 Hn,l
FFFI'TFTT FFFTTFTT FF FI'TFTT FF FT TF TT FF FT' TF TT FF FI' TF TT
2 3 1 4 4 4 4 4 4 4 5 4 5 5 5 5 3 5 1 5 4 4 5 4
cxp(05) 2 3 2 4 3 4 3 4 3 3 3 3 5 5 5 5 4 4 3 5 4 3 4 3
2 3 1 4 4 4 3 4 4 3 4 3 5 5 5 5 3 5 1 5 4 4 5 4
2 3 1 4 4 4 3 4 4 4 5 4 5 5 5 5 3 5 1 5 4 4 5 3
exp(1) 2 3 2 4 3 4 3 3 3 3 3 3 5 5 5 5 3 4 2 5 4 3 4 3
2 3 1 4 4 4 3 4 4 4 4 4 5 5 5 5 2 5 1 5 4 4 5 4
3 4 1 4 4 5 4 5 4 4 5 4 5 5 5 5 3 5 1 5 4 4 5 4
exp(2) 2 3 2 4 3 4 3 4 3 3 3 3 5 5 5 5 4 5 3 5 4 4 4 4
2 3 1 4 4 4 3 4 4 4 5 4 5 5 5 5 3 5 1 5 4 4 5 4
63 66 61 67 81 81 80 81 74 76 75 76 96 96 96 96 90 94 87 94 71 T2 T2 T2
'(0.6) 38 65 36 66 78 79 78 79 66 81 65 80 95 95 95 95 82 93 81 93 69 72 70 72
60 66 59 67 80 80 80 80 74 76 75 76 96 96 96 96 88 94 85 94 T0 72 72 72
11 14 10 15 21 21 20 21 22 22 23 22 40 40 40 40 26 36 17 37 18 18 19 18
19 18 19

'(0.8) 7 12 6 13 20 19 18 19 14 24 15 24 39 39 39 39 23 32 20 32 16
9 13 7 14 20 20 19 21 20 22 21 22 39 39 39 39 23 34 16 36 17 18 19 17

1—\(1.2)17199127121371272020202012102196116

W(0.8) 15 31 14 31 43 43 42 42 35 51 35 50 63 63 63 63 46 58 44 58 36 41 36 40

W(1.2) 1 15 0 20 21 28 16 26 28 17 26 15 36 37 37 37 1 41 0 42 22 14 25 13

0
1
100 100 0

B(1,1) 99 100 0 100 99 100 46 64 79 78 17 10 71 72 71 73 89 95
99 100 O
5

51 57 17 62 76 76 67 73 14 14 17 13 93 93 93 93 81 88 43 88 67 66 70 58
8(0.5,1) 17 49 58 66 70 56 68 28 32 28 28 94 94 94 94 59 89 39 89 59 56 66 54
48 55 13 60 75 75 66 73 16 17 19 15 93 93 93 93 80 88 41 89 65 64 69 57

65 79 0 87 87 87 48 64 T4 T2 61 41 45 45 46 47 53 73 0 62 8 82 79 51
B(1,1.5) 20 72 0 8 76 79 32 51 55 50 30 19 42 42 42 44 11 66 0 56 77 69 73 44
58
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Table 11: Estimated powers for the Weibull distribution for 10% censoring for a sample size of n = 100 with three
different censoring distributions.

- KSh v, KR, S S 5%

FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT

i 4 3 4 i 4 4 2 2 I 2 2 2 2 2 2 1 2 2 3 1 4
w5 3 4 3 5 5 4 4 2 1 1 3 3 3 3 3 2 2 1 3 3 2 3
3 4 2 5 4 5 5 2 1 1 3 3 3 3 3 1 1 1 3 3 1 3

5 5 4 5 5 4 4 3 3 T 4 4 4 4 4 4 0 4 4 5 0 5

wa 5 5 5 5 4 5 5 2 3 1 3 3 3 3 3 4 0 3 3 4 0 5
5 5 5 5 5 5 5 2 3 2 3 3 3 3 2 4 0 3 3 4 0 5

5 5 5 5 5 4 4 4 3 I 4 4 4 4 4 5 0 4 4 5 0 5

wE 5 5 5 5 5 5 5 4 3 2 4 4 4 4 4 5 0 4 5 5 0 5
5 5 5 5 5 5 5 5 3 1 4 4 4 4 4 4 0 4 4 4 0 5

15 15 15 15 20 18 18 18 23 21 26 26 26 26 28 29 3 29 23 24 9O 24

r@E) 15 15 15 15 19 18 18 14 21 20 24 24 24 24 26 28 3 29 21 23 9 24
14 14 15 15 18 18 18 6 19 22 22 22 22 21 27 3 28 20 23 8 24

23 23 23 23 30 30 30 31 34 33 39 39 30 39 43 45 11 45 36 37 21 39

30 31 31 29 36 35 40 40 40 40 43 45 10 47 36 37 21 39

—_
©
DO R ROOOOCOOOCOOOOCOO0OOO|—FO

22 22 23 23 29 30 30 15 34 33 40 40 40 40 42 46 9 44 35 38 20 38

35 35 33 33 44 45 45 48 51 50 58 58 58 58 62 64 30 62 53 53 40 53

I'(10) 31 31 32 32 42 41 41 46 49 49 56 56 56 56 60 62 29 62 51 52 38 52

32 32 33 33 44 44 44 41 50 50 56 56 56 56 60 63 28 64 51 52 38 54

60 60 60 60 76 75 75 70 79 78 88 88 88 88 90 92 75 92 83 84 T7 84

LN(0.5) 60 60 60 60 76 77T 77T 68 79 79 87 87 87 87 90 91 75 91 83 83 T8 84
60 60 59 59 75 75 75 49 77 76 86 86 8 86 83 91 70 90 82 83 75 83

56 56 56 56 73 73 739 T2 73 82 82 82 82 79 89 56 90 78 82 69 83

LN(1) 56 56 56 56 72 73 73 13 70 70 78 78 78 78 70 88 52 88 73 81 65 82
55 55 54 54 72 71 71 11 66 67 77 77 77 77 64 87 42 87 71 80 59 80

4
4
4
5
4
5
5
5
5
20
19
18
30
30
29
44
42
44
76
76
75
73
72
72
49 50 50 51 67 67 67 67 14 49
66
67
20
18
19
24
24
25
28
30
29
94
94
94
93
93
93
35
39
38

10 49 57 57 57 57 38 78 29 78 50 74 40 74

LN(2) 49 50 48 50 66 68 67 19 22 16 22 42 42 42 42 38 69 35 69 40 66 35 67
47 50 44 49 66 65 65 15 25 13 26 38 38 38 38 32 63 29 63 34 65 30 66

15 15 15 15 20 18 18 18 23 0 21 26 26 26 26 28 29 3 29 23 24 9 24

Y2(6) 15 15 14 14 18 18 18 15 22 0 20 23 23 23 23 25 27 3 28 21 23 8 24
15 15 15 15 19 18 18 6 18 0 18 22 22 22 22 21 27 3 28 19 23 7 24

19 19 19 19 24 25 25 25 29 O 27 32 32 32 32 35 37 6 38 29 30 16 31

Y2(8) 19 19 18 18 24 24 24 21 28 0 27 32 32 32 32 35 38 6 37 29 30 14 31
19 19 21 21 25 26 26 7 27 0 25 32 32 32 32 32 37 6 37 29 31 13 32

21 21 22 22 28 30 30 31 35 0 35 40 40 40 40 43 45 11 45 36 37 21 38

¥2(10) 22 22 21 21 30 29 29 28 34 0 33 38 38 38 38 42 44 12 45 35 36 21 38
22 22 22 22 29 29 29 14 33 0 33 38 38 38 38 39 45 10 45 34 36 20 37

83 83 12 86 94 8 88 93 93 0 0 96 96 96 96 96 97 0 13 96 96 0 50

B(1,1) 83 83 12 85 94 85 87 92 93 0 0 96 96 96 96 96 96 O 12 96 96 0 49
83 84 11 85 94 8 87 91 91 0 0 96 96 9 96 96 96 0 11 96 96 0 47

82 83 4 85 93 78 83 87 88 0 0 95 95 95 95 96 96 O 6 96 96 0 39
8(0.5,1) 81 82 4 85 93 78 82 8 8 0 0 95 95 95 95 95 95 0O 6 96 96 O 37
81 82 3 86 93 76 80 82 82 0 0 94 94 94 94 94 95 0 5 95 96 0 35

27 27 20 29 35 36 38 24 32 0 0 41 41 41 41 42 49 0 16 39 45 0 30

B(1,2) 29 29 19 31 39 36 38 23 31 0 0 41 41 41 41 44 50 0 16 39 46 0 30
29 30 18 31 38 36 37 24 31 0 0 43 43 43 43 44 50 0 15 41 46 0 30
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Table 12: Estimated powers for the Weibull distribution for 30% censoring for a sample size of n = 100 with three
different censoring distributions.

- KSh v, KR, S S 5%
FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT
2 4 1 5 2 1 1 1 2 1 1 1 3 3 3 3 3 1 2 1 3 1 2 1
w5 2 5 2 6 2 1 2 1 2 1 2 1 4 4 4 4 4 1 4 1 4 1 4 1
2 3 1 5 2 1 1 1 2 1 1 1 3 3 3 3 3 1 2 1 3 1 2 1
2 3 1 4 3 4 3 4 2 1 0 1 2 2 2 2 2 2 0 2 2 3 1 3
wa 2 3 2 4 3 2 2 2 3 1 2 1 3 3 333 131 3 1 3 1
1 3 1 3 3 3 2 3 2 1 1 1 2 2 2 2 2 2 1 2 2 2 1 2
i 4 4 4 4 4 4 4 2 1 0 0 3 3 3 3 3 3 0 3 3 4 0 5
WwE 4 4 3 4 5 5 4 5 1 1 00 2 2 2 2 2 30 2 2 3 0 3
4 4 3 4 4 4 4 5 1 1 0 0 2 2 2 2 2 3 0 3 2 4 0 5
11 12 11 12 15 15 14 15 4 5 1 3 15 15 15 15 11 21 2 20 12 19 5 20
rg) 1010 8 10 13 13 12 13 5 4 2 3 9 9 9 9 9 12 4 13 9 14 4 15
9 10 8 9 13 13 12 13 4 4 1 4 10 10 10 10 7 15 3 16 9 16 4 17
17 17 17 18 23 23 23 23 6 6 0 5 27 27 27 27 24 34 4 35 24 20 10 3l
Py 17 17 16 17 22 22 23 23 6 6 1 5 23 23 23 23 18 30 5 31 20 27 8 29
15 16 15 16 22 22 22 22 5 7 1 6 24 24 24 24 17 30 4 32 20 28 8§ 3l
27 27 25 25 36 36 35 35 8 12 0 9 45 45 45 45 46 51 13 51 41 44 25 44
P(l0) 26 26 25 25 34 34 33 33 8 11 1 8 41 41 41 41 38 49 11 50 37 41 22 43
26 26 26 26 33 33 35 35 6 9 1 7 39 39 39 39 34 48 10 50 34 41 20 45
44 44 47 47 61 61 63 63 10 21 3 19 70 70 70 70 62 79 38 80 65 72 52 73
LN(0.5) 43 44 42 43 59 59 59 59 12 17 7 16 57 57 57 57 39 71 26 72 50 67 39 69
44 44 42 43 59 59 58 58 8 21 3 18 65 65 65 65 53 75 30 75 58 69 44 69
28 31 28 32 50 50 50 51 O 20 7 20 33 33 33 33 23 52 18 53 20 56 24 58
LN(1) 17 27 13 28 42 41 41 42 15 1 12 1 22 22 22 22 25 5 22 5 22 18 19 19
21 28 19 28 45 46 44 46 10 18 8 18 25 25 25 25 21 37 17 40 22 46 18 48
11 16 10 18 28 28 27 27 12 4 11 4 17 17 17 17 19 7 17 7 16 12 15 13
IN(2) 10 9 9 12 15 5 14 4 10 1 9 1 22 22 222225 1 25 0 20 0 20 0
10 15 9 17 17 15 17 16 10 1 10 1 17 17 17 17 20 2 19 2 16 4 16 4
11 12 11 12 15 15 14 15 4 5 1 3 15 15 15 15 11 21 2 20 12 19 5 20
X26) 10 10 8 10 13 13 12 13 5 4 2 3 9 9 9 9 9 12 4 13 9 14 4 15
9 9 7 9 13 13 12 13 3 5 1 4 9 9 9 9 7 16 3 16 8 16 4 17
15 15 15 15 19 19 19 19 5 5 0 3 22 22 22 22 190 28 3 28 10 24 7 26
Ni(s) 1313 12 14 18 18 17 18 6 5 1 4 16 16 16 16 12 21 4 22 14 21 5 23
12 13 11 13 18 18 16 17 4 6 1 5 16 16 16 16 11 22 4 24 14 22 6 24
17 17 17 17 23 23 23 23 6 6 0 b5 27 27 27 27 24 34 4 35 24 29 10 31
\2(l0) 17 18 16 16 23 23 21 21 5 7 1 5 22 22 22 22 17 30 5 30 20 28 8 28
16 16 15 16 22 22 21 21 5 7 1 6 22 22 22 22 16 29 5 31 19 27 9 30
64 67 0 75 82 82 46 54 25 26 0 0 83 83 83 83 81 83 0 2 &4 8 0 17
B(1,1) 60 67 0 76 77 77 32 44 12 22 0 0 66 66 66 66 54 7L 0 1 66 78 0 13
64 67 0 74 81 81 43 54 24 26 0 0 80 80 80 80 78 8 0 2 8 8 0 19
32 60 0 8 64 65 7 18 0 17 0 0 14 14 14 14 1 38 0 1 11 56 0 8
B051) L 4 0 771022 1 6 0 2 0 0 0 0 0 0 0 4 0 1 0 120 5
20 59 0 8 60 63 7 16 0 15 0 0 7 7 7 7 0 30 0 1 5 51 0 8
12 16 2 19 21 21 14 19 0 4 0 0 4 4 4 4 0 18 0 3 3 21 0 11
B12) 3 14 0 181518 8 14 0 2 0 0 1 1 1 1 0 7 0 2 0 14 0 8
12 16 1 19 22 23 14 19 0 4 0 0 4 4 4 4 0 17 0 4 3 21 0 12
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Table 13: Estimated powers for the gamma distribution for 10% censoring for a sample size of n = 100 with three
different censoring distributions.

F KS, v, M M) Ruos Roa

FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT

5 5 4 5 5 5 5 5 3 5 0 5 2 3 0 3 2 1 4 0 2 1 4 0

ros 5 5 5 5 5 5 5 5 4 4 1 5 3 2 0 2 2 2 5 1 2 2 5 1
4 5 5 5 4 4 5 5 2 4 0 5 2 2 0 2 3 1 5 1 3 1 5 1

5 5 5 6 6 6 5 5 4 6 0 5 4 5 0 4 2 1 3 0 2 1 3 0

Py 5 5 5 5 5 5 5 5 3 5 0 4 3 4 0 3 2 1 40 2 1 4 0
5 5 5 5 5 5 5 5 3 5 0 5 3 4 0 3 2 1 5 0 2 1 5 0

I 4 4 4 5 5 5 5 4 5 0 4 4 4 0 3 1 1 2 0 1 1 2 0

re) 5 5 5 5 5 5 5 5 4 5 0 4 5 4 03 1 1 3 0 1 1 3 0
5 5 5 5 5 5 5 5 3 4 0 4 4 4 0 3 2 1 4 0 2 1 4 0

19 190 17 19 23 23 23 24 27 34 0 22 18 28 0 13 1 1 8 0 I 1 8 0

Wi(z) 18 18 18 20 22 22 23 23 25 33 0 22 14 27 0 12 1 1 7 0 1 1 7 0
18 18 17 19 22 22 23 23 21 33 0 20 12 27 0 11 1 1 6 0 1 1 6 0

31 31 28 32 39 39 39 40 52 56 0 16 34 35 0 4 2 1 14 0 2 1 14 0

Wi(3) 32 32 27 34 40 40 40 41 51 55 0 15 33 3¢ 0 3 1 1 14 0 1 1 14 0
33 33 28 32 41 41 39 40 49 55 0 16 33 34 0 4 1 1 13 0 1 1 13 0

58 58 59 59 70 70 71 71 75 83 53 83 66 79 35 79 3 3 3 3 3 3 3 3

LN(1) 58 58 59 59 69 68 71 71 70 82 52 84 60 83 39 84 4 5 4 5 4 5 4 5
57 57 56 57 70 70 69 69 62 83 41 82 47 81 30 81 5 6 5 5 5 6 5 5

85 85 85 85 92 92 03 93 03 97 88 97 74 93 61 93 4 6 4 6 4 6 4 6
LN(1.5) 83 83 84 84 91 91 92 92 86 96 82 97 62 94 58 95 5 12 5 12 5 12 5 12
82 82 82 8 91 91 91 91 80 96 70 96 54 93 46 93 7 12 8 12 7 12 8 12

98 98 98 98 100 100 100 100 94 99 92 99 61 92 57 92 6 13 7 13 6 13 7 13
LN(25) 98 98 98 98 99 99 99 99 88 99 86 99 66 88 64 87 5 23 5 22 5 23 5 22
97 97 97 97 99 99 99 99 79 99 77 99 56 79 54 80 7 20 8 20 7 20 8 20

I 5 4 4 5 5 4 5 2 4 1 4 2 1 1 1 3 1 6 1 3 1 6 1
(05 4 5 4 5 5 5 5 5 3 2 2 3 3 0 2 0 4 2 6 1 4 2 6 1
4 5 3 5 4 5 4 5 2 3 1 3 3 1 1 0 3 2 8 1 3 2 8 1

I 4 4 5 4 4 4 5 2 4 0 4 2 2 0 1 2 2 4 1 2 2 4 1
s 5 5 4 5 4 4 4 5 4 4 1 43 1 103 26 1 32 6 1
4 5 4 5 5 5 4 4 3 4 1 4 2 1 1 1 3 2 6 1 3 2 6 1

96 96 3 96 99 99 88 91 98 98 0 11 98 98 0 1 3 3 100 0 3 3 100 0

B1,1) 95 95 3 97 99 99 88 92 98 98 0 10 98 98 0 1 2 2 100 0 2 2 100 O
96 96 3 97 99 99 89 91 98 98 0 12 97 97 0 1 2 1 100 0 2 1 100 O

70 71 8 75 8 85 73 77 8 8 0 37 8 8 0 0 1 1 99 0 1 1 9 0
3(0.5,1) 71 72 6 T4 86 86 70 75 85 8 0 34 87 88 0 0 1 1 9% 0 1 1 98 0
70 71 7 76 86 8 71 75 85 87 0 35 87 8 0 0 1 1 98 0 1 1 98 0

4T 42 21 46 54 54 52 54 55 62 0 29 58 64 0 11 I 0 52 0 1 0 52 0

B(1,2) 43 44 20 47 56 56 51 54 53 62 0 29 54 64 0 10 1 0 52 0 1 0 52 0
43 43 22 43 56 56 50 53 54 62 0 29 56 64 0 10 1 0 48 0 1 0 48 0

9 9 9 9 9 9 1010 9 15 0 15 6 13 0 11 1 1 4 0 1 1 4 0
Co2) 9 9 8 9 9 9 1010 7 16 0 15 4 14 0 11 1 1 4 0 1 1 4 0
9 9 8 9 10 10 10 10 2 15 0 14 1 13 0 9 1 1 4 0 1 1 4 0

9 9 9 9 10 10 10 11 8 14 0 13 4 12 0 9 1 1 3 0 1 1 3 0
co5 9 9 9 10 10 10 11 11 6 15 0 13 3 13 0 9 1 1 3 0 1 1 3 0
9 9 8 9 10 10 10 10 2 14 0 13 1 11 0 8 1 1 4 0 1 1 4 0
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Table 14: Estimated powers for the gamma distribution for 30% censoring for a sample size of n = 100 with three
different censoring distributions.

KS, v, MM M)

=
S
=

,0.5 n,1
F FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT FF FT TF TT
2 3 1 4 2 3 2 3 3 1 1 1 3 1 1 1 4 2 8 2 4 2 8 2
'(0.5) 25 2 6 2 1 2 1 3 1 3 1 3 1 3 1 5 3 7 3 5 3 7 3
2 3 1 5 2 2 2 2 3 1 2 1 3 1 2 1 4 2 9 2 4 2 9 2
2 3 1 3 3 4 3 4 2 2 1 2 2 1 1 1 3 2 7 1 3 2 7 1
(1) 3 3 2 4 3 3 2 2 4 1 2 1 4 1 2 0 4 3 8 2 4 3 8 2
2 3 1 4 4 4 2 3 2 2 1 2 2 1 1 1 3 2 7 2 3 2 7 2
4 4 3 4 5 5 4 5 2 3 0 2 2 3 0 1 2 1 4 1 2 1 4 1
r'(2) 3 4 1 4 4 4 3 3 3 1 1 1 3 1 1 0 3 2 6 1 3 2 6 1
3 4 2 4 4 4 4 5 2 2 0 2 2 2 0 1 3 2 5 1 3 2 5 1
12 13 7 14 16 16 15 16 1 18 0 5 0 1 0 2 1 O 5 0 1 0 5 O
W(2) 9 12 3 12 16 16 13 15 0 11 0 3 0O 5 O 1 1 O 6 O 1 0O 6 O
11 12 5 13 15 15 14 16 0 15 0 5 0O & O 2 1 O 4 0 1 0 4 O
22 23 14 24 31 31 29 30 11 4 O 3 3 11 0 3 1 O 5 0O 1 O 5 O
W(3) 21 23 11 25 30 31 27 30 0 24 0 2 2 8 1 3 1 O 5 O 1 O 5 O
22 23 13 23 30 30 27 29 1 29 0 2 3 100 O 3 1 O 5 0O 1 O 5 O
28 31 28 32 46 46 46 46 22 54 15 56 19 46 13 47 7 8 9 7 7 8 9 7
LN(1) 20 26 17 28 40 38 38 37 28 14 25 15 27 4 23 4 6 16 8 15 6 16 8 15
22 28 22 28 43 43 41 42 18 41 15 44 17 30 13 32 8 9 9 9 8 9 9 9
32 44 32 45 65 66 64 65 30 62 25 64 24 33 21 35 9 14 10 14 9 14 10 14
LN(1.5) 15 31 16 34 43 41 46 43 33 2 33 3 30 1 31 1 5 18 6 19 5 18 6 19
19 34 18 34 54 55 53 57 27 37 25 39 24 16 22 1v 9 17 9 16 9 17 9 16
20 38 18 46 70 71 67 72 37 25 34 25 32 11 29 11 8 21 9 21 8 21 9 21
LN(2.5) 14 35 14 36 31 19 32 20 43 1 42 1 36 1 36 1 3 20 4 21 3 20 4 21
17 30 17 31 46 53 46 51 37 7 36 7 32 3 32 3 7 23 8 23 7 23 8 23
2 4 1 6 2 1 1 1 3 1 2 1 3 1 2 1 5 3 10 3 5 3 10 3
¥2(0.5) 2 4 2 6 2 1 2 1 3 1 3 1 2 1 2 1 4 3 6 2 4 3 6 2
2 3 1 5 2 1 1 1 3 1 2 1 3 1 2 1 5 3 10 3 5 3 10 3
2 3 1 4 2 2 1 1 2 1 2 1 2 1 2 1 5 3 8 2 5 3 8§ 2
X2(0~75) 2 5 2 6 2 1 2 1 4 1 3 1 3 1 3 1 4 3 6 3 4 3 6 3
2 3 1 %5 2 1 1 1 2 1 2 1 3 1 2 1 4 2 10 2 4 2 10 2
86 88 0 94 93 93 40 53 8 8 0 0 8 88 0 0O O 0 8 0 0 0 87 0
B(1,1) 79 8 0 95 90 91 26 41 56 73 O O 38 60 O O O O 77 O O O 77 O
8 88 0 94 93 93 35 48 8 &8 0 O 8 8 0O O O O 8 0 0 O 8 0
20 43 0 65 49 51 10 20 0 31 0 1 O 6 O O O O 34 O O O 34 O
B(0.5,1) 129 0 63 12 22 2 8 0 3 0O 1 O 1 O O 1 0O 28 0 1 O 28 O
17 44 0 65 47 49 8 19 0 25 0 1 O 5 O O O O 30 O O 0O 30 O
18 251 29 34 35 20 27 0 28 0 5 O 13 0 O 1 O 13 0 1 0 13 O
B(1,2) 3 19 0 27 22 26 9 17 0 8 0 2 0 1 O O 1 O 14 0 1 0 14 O
14 22 0 29 30 31 19 25 0 25 0 4 O 7 O O O O 14 O O O 14 O
4 5 2 6 7 8 7 &8 1 9 0 6 1 3 0O 1 2 1 6 0 2 1 6 O
£025) 2 5 1 6 6 7 4 7 2 5 1 3 2 1 1 1 3 1 6 1 3 1 6 1
2 4 1 5 6 7 4 6 1 5 0 4 1 2 o0 1 2 1 b 1 2 1 b 1
4 6 1. 6 7 8 6 7 1 8 0 5 1 2 0 1 2 1 5 0 2 1 5 O
cos 1 5 05 4 6 3 5 1 3 1 2 1 1 1 03 1 7 1 3 1 71
1 4 1 5 6 6 4 6 1 4 O 3 1 1 0 1 2 1 6 1 2 1 6 1

25



A PREPRINT - JANUARY 24, 2022

Table 15: Averages of estimated powers for the exponential distribution for 10% and 30% censoring for a sample size
of n = 50 with three different censoring distributions.

F FF FT TF TT FF FT TF 1TT
5 5 4 5 1 3 1 3
exp(0.5) 5 5 5 5 3 3 3 3
5 5 4 5 4 3 4 3
5 5 5 5 1 3 1 3
exp(1) 5 5 4 5 4 3 3 3
5 5 4 5 4 3 4 3
5 5 5 5 4 3 4 3
exp(2) 5 5 5 5 4 3 3 3
5 5 4 5 5 3 4 3
66 66 66 66 47 48 52 47
1(0.6) 66 66 66 66 46 44 51 43
66 66 66 66 47 48 52 46
v 19 18 19 15 13 14 12
1(0.8) v 19 18 19 14 12 13 11
19 19 19 20 15 13 14 12
T 11 10 12 9 6 7 5
(1.2) n u 10 1 8 4 6 4
0 11 10 129 5 7 4
ar 41 40 41 28 26 28 24
W(0.8) 40 40 39 40 25 2 25 21

W(1.2) 23 23 21 25 15 8 12 7

LN(1) 20 20 18 20 19 11 16 11

LN(1.5) 81 81 81 81 35 33 36 33

Y2(1) 88 88 88 88 71 67 76 68

X2(3) 40 40 35 41 26 16 23 14

8(1,1) 8 8 55 8 39 54 62 23

(0.5, 1) 44 45 38 44 42 32 39 28

B(1,1.5) 60 61 43 58 27 21 29 13
' 61 61 43 57 30 29 35 16
Average sizes 5 5 4 5 3 4 3 4

Average powers 48 48 43 48 30 34 25 32
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Table 16: Averages of estimated powers for the exponential distribution for 10% and 30% censoring for a sample size
of n = 100 with three different censoring distributions.

F FF FT TF TT FF FT TF TT
5 5 4 5 4 4 4 4
exp(0.5) 5 5 4 5 4 4 3 4
5 5 5 5 4 4 3 4
5 5 4 5 4 4 3 4
exp(1) 5 5 4 5 3 4 3 4
5 5 5 5 4 4 3 4
5 5 5 5 4 4 4 4
exp(2) 5 5 5 5 4 4 3 4
5 5 4 5 4 4 3 4
91 91 91 91 79 81 78 81
r(0.6) 91 91 91 91 71 81 71 81
91 91 90 90 78 81 78 81
32 32 31 32 23 25 22 26
I'(0.8) 32 33 32 33 20 24 19 24
32 32 31 32 21 24 20 25
20 20 18 20 11 14 10 14
r(1.2) 19 19 18 20 9 12 8 12
20 20 18 20 10 13 9 13
67 67 66 66 48 50 46 50
W(0.8) 66 66 65 66 40 48 39 47
66 66 65 66 45 49 44 49
45 46 42 46 25 30 22 30
W(1.2) 45 46 41 46 18 25 1T 26
44 45 41 46 22 28 20 28
42 42 40 41 32 38 28 37
LN(1) 41 40 40 41 25 35 25 36
40 40 40 41 28 35 26 37
97 97 97 97 7 78 7 79
LN(1.5) 97 97 97 97 61 68 62 68
97 97 97 97 69 72 68 72
929 99 99 99 96 96 96 96
2(1) 99 99 99 929 92 97 92 97
99 99 99 99 95 96 95 96
72 72 68 72 48 54 39 53
2(3) 72 73 68 72 35 48 33 48
71 72 66 72 38 50 34 48
98 98 67 97 93 93 46 73
B(1,1) 98 98 67 97 90 91 39 67
98 98 66 97 92 92 43 71
70 70 62 70 64 66 51 64
8(0.5,1) 70 70 61 69 54 65 48 65
70 70 62 69 63 65 50 64
89 89 62 86 68 73 39 59
B(1,1.5) 88 89 62 86 47 63 30 50
89 89 62 86 65 72 37 57
Average sizes 5 5 4 5 4 4 3 4
Average powers 68 68 62 68 51 56 43 53
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Table 17: Averages of estimated powers for the Weibull distribution for 10% and 30% censoring for a sample size of
n = 50 with three different censoring distributions.

F FF FT TF T FF FT TF T
3 3 2 3 3 2 2 2
W(0.5) 3 3 2 3 4 2 4 2
3 2 2 2 3 2 3 2
4 4 2 4 3 2 1 2
W(1) 3 3 2 3 3 2 2 2
3 4 2 3 2 2 1 2
4 4 2 4 3 3 1 3
W(2) 4 4 2 4 3 3 2 2
4 4 2 4 3 3 1 2
11 12 6 11 [§ 7 4 7
I'(3) 11 12 6 10 6 6 4 6
10 11 6 10 5 6 4 6
17 18 9 17 10 11 6 11
r'(5) 17 18 10 17 9 10 6 9
15 17 9 16 9 10 6 10
26 26 14 25 16 16 10 16
I'(10) 26 26 15 25 15 16 10 16
23 24 14 23 13 14 9 15
45 47 31 47 25 29 20 29
LN(0.5) 44 47 30 46 21 23 17 24
39 44 29 45 21 25 17 26
36 43 28 42 16 17 13 17
LN(1) 33 41 27 40 14 8 13 8
30 36 25 37 12 13 11 13
25 30 22 30 12 6 10 6
LN(2) 24 24 23 25 13 5 12 5
22 22 20 22 11 4 11 5
11 12 6 11 6 7 4 7
X2(6) 11 12 6 10 6 6 4 6
10 11 6 10 5 6 4 6
14 15 8 14 8 9 6 9
X2(8) 14 15 8 14 8 8 5 8
13 14 8 14 7 8 5 8
17 18 9 17 10 11 6 11
x2(10) 17 18 10 17 9 10 6 9
15 17 9 16 8 10 6 10
60 61 21 33 26 32 8 17
B(1,1) 60 61 20 33 15 24 4 13
59 60 20 33 22 29 7 16
52 55 18 30 6 13 1 8
3(0.5,1) 49 53 16 29 1 6 0 8
50 55 17 29 4 10 1 9
16 18 8 12 3 6 1 4
B(1,2) 14 17 7 12 2 4 0 3
14 16 7 12 2 5 1 4
Average sizes 3 3 2 3 3 2 2 2
Average powers 26 28 15 23 11 12 7 11
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Table 18: Averages of estimated powers for the Weibull distribution for 10% and 30% censoring for a sample size of
n = 100 with three different censoring distributions.

F FF FT TF TT FF FT TF TT
3 3 2 3 2 2 2 2
W(0.5) 3 3 2 3 3 2 3 2
3 3 2 3 2 2 2 2
4 4 2 4 2 2 1 3
w(1) 3 4 2 4 3 2 2 2
3 4 2 4 2 2 1 2
4 4 2 4 3 3 2 3
W(2) 4 4 2 4 3 3 2 3
4 4 2 4 2 10 2 3
22 23 12 22 11 14 8 14
I'(3) 20 22 12 22 9 10 6 10
17 20 11 21 9 11 6 12
34 35 21 35 20 23 14 23
r'(5) 33 35 21 36 18 21 13 21
30 35 20 35 17 21 12 22
50 51 34 50 34 36 24 35
I'(10) 48 49 33 49 31 34 22 33
47 50 33 50 29 33 22 34
78 80 63 80 52 58 46 59
LN(0.5) 7 79 63 80 43 52 38 53
73 79 61 78 48 56 40 55
63 76 57 76 29 40 27 41
LN(1) 60 74 55 74 24 19 22 20
58 73 52 73 24 33 22 34
46 62 42 63 17 14 16 14
LN(2) 42 52 41 53 17 6 16 6
39 51 36 51 15 9 15 10
22 23 12 22 11 14 8 14
X2(6) 20 21 11 21 9 10 6 10
17 21 11 21 8 11 6 11
27 28 16 29 16 19 11 19
X2(8) 27 28 16 28 13 16 9 16
24 28 16 29 12 16 9 16
33 34 21 35 20 23 14 23
x2(10) 32 34 20 34 17 21 12 20
29 34 20 34 17 20 12 21
93 93 32 56 70 71 22 38
B(1,1) 93 93 32 55 56 64 16 33
93 93 32 54 68 70 20 38
92 92 30 51 20 42 4 20
3(0.5,1) 91 91 30 51 2 14 0 15
90 90 29 50 15 38 2 19
35 38 16 26 7 14 3 9
B(1,2) 36 39 16 26 3 9 2 7
36 40 16 26 7 14 3 10
Average sizes 3 4 2 4 2 3 2 2
Average powers 48 52 29 44 23 27 15 23
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Table 19: Averages of estimated powers for the gamma distribution for 10% and 30% censoring for a sample size of
n = 50 with three different censoring distributions.

F FF FT TF TT FF FT TF TT
3 3 3 3 2 2 4 2
1'(0.5) 4 3 4 3 3 2 4 2
4 3 3 3 3 2 4 2
3 3 3 3 2 2 3 2
(1) 4 3 3 3 3 2 4 1
3 3 3 3 2 2 3 2
4 3 2 2 3 2 2 2
r(2) 4 3 3 2 2 2 3 2
4 4 3 2 2 2 3 2
8 10 6 6 3 5 3 3
W(2) 8 10 6 6 3 4 3 3
7 10 6 5 3 4 3 3
14 15 8 8 6 8 5 6
W(3) 14 15 9 8 5 6 4 5
13 15 8 8 5 7 4 5
25 31 17 30 11 13 10 13
LN(1) 23 29 18 30 11 8 10 8
22 29 18 29 11 11 9 11
37 45 31 44 15 16 14 16
LN(L5) 35 4 32 4 13 8 12 8
32 42 30 42 13 10 13 12
46 52 44 53 16 12 15 12
LN(2.5) 46 51 45 51 12 8 12 8
42 48 41 47 14 8 13 8
4 3 4 3 3 2 4 2
2(0.5) 3 3 4 2 3 2 4 2
4 3 4 3 3 2 4 2
4 3 4 3 3 2 4 2
x2(0.75) 3 3 4 2 3 2 4 2
4 3 4 3 3 2 4 2
50 50 41 23 20 28 13 13
B(1,1) 49 49 40 22 13 20 12 12
50 50 40 22 17 27 12 12
28 30 26 16 4 6 7 6
5(0.5,1) 26 30 25 16 1 4 8 5
26 30 25 16 3 6 7 5
17 20 12 11 4 6 4 4
8(1,2) 6 19 13 11 2 4 4 4
15 19 12 10 3 5 4 4
5 6 4 4 2 3 3 2
£(0.25) 4 6 4 4 2 2 3 2
4 5 4 4 2 2 3 2
4 6 4 4 2 2 2 2
£(0.5) 4 5 3 4 2 2 3 2
3 5 3 4 2 2 3 2
Average sizes 4 3 3 3 2 2 3 2
Average powers 19 22 17 17 7 7 7 6
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Table 20: Averages of estimated powers for the gamma distribution for 10% and 30% censoring for a sample size of
n = 100 with three different censoring distributions.

F FF FT TF T FF FT TF T
3 3 3 3 3 2 4 2
1'(0.5) 4 3 4 3 3 2 4 2
3 3 3 3 3 2 4 2
4 4 3 3 2 2 3 2
(1) 3 4 3 3 4 2 4 2
3 4 3 3 3 2 3 2
3 3 2 3 3 3 2 2
r'(2) 4 4 3 3 3 2 3 2
4 3 3 3 3 3 3 2
15 18 9 13 5 10 5 6
W(2) 14 17 9 13 4 7 5 5
12 17 9 12 5 8 4 6
27 27 16 15 12 16 9 10
W(3) 26 27 16 16 9 14 8 10
26 28 16 15 10 15 8 10
46 49 37 50 22 32 20 32
LN(1) 44 50 38 51 21 19 20 19
41 50 34 50 19 27 18 27
59 63 56 63 28 39 27 40
LN(1.5) 55 65 54 65 22 18 23 20
54 64 51 64 24 29 23 30
61 69 60 69 29 31 28 33
LN(2.5) 60 72 60 71 22 16 22 17
58 69 57 69 24 23 24 23
4 3 4 2 3 2 5 3
X2(0-5) 3 2 4 2 2 2 2 2
3 2 4 2 3 2 4 3
3 3 3 3 3 2 4 2
2 (0.75) 4 3 4 3 3 2 4 2
3 3 4 3 3 2 4 2
66 66 48 33 59 60 36 24
B(1,1) 66 66 48 33 44 52 30 23

5(0.5,1) 55 56 45 30 2 9 10 12

35 37 30 23 9 17 8 10

B(1,2) 35 38 29 23 4 9 6 8
35 38 28 22 7 14 8 10

6 8 4 8 3 4 4 4

£(0.25) 8 4 8 3 3 3 3

4 8 4 7 2 3 3 3

6 8 4 7 3 4 3 3

£(0.5) 5 8 4 7 2 3 3 2

4 8 4 7 2 3 3 3

Average sizes 3 3 3 3 3 2 3 2
Average powers 31 34 26 27 14 17 12 13
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We propose an omnibus test of fit for the parametric Cox proportional hazards model in
the presence of random right censoring. The proposed test results from a modification of
an existing test for the uniform distribution. This test is demonstrated to be able to detect
deviations from the hypothesised model in two cases; first when the baseline distribution is
misspecified and second when the regression component of the model is misspecified. Two
modified classical tests are considered and a Monte Carlo study shows that the newly proposed
test outperforms these tests for the majority of alternatives included. As a result of independent
interest, we outline the procedure required to use the newly modified test in the framework of
independent and identically distributed random variables.

Key words: Kaplan-Meier estimate, parametric bootstrap, proportional hazard model, unifor-
mity.

1. Introduction

The parametric Cox proportional hazards (CPH) model is widely used in medical research as well as
financial applications; see, for example, Bover Hidiroglu, Arellano and Bentolila Chocrén (1996),
Klein and Moeschberger (2006) as well as Smuts and Allison (2020). In these fields it is often
important to study the effect of explanatory variables on time-to-event outcomes. The parametric
CPH model specifies the baseline survival function as well as the form of the regression function of
the model. As a result the fitted model includes parameters which allow for a simple interpretation
which is a desirable feature when using the model in practice. However, in order to ensure that
the inference drawn from the fitted model is valid, one has to test the assumptions of the model.
Testing the validity of the model requires simultaneously testing the assumption of the specified
baseline distribution and the regression function included in the model. A testing procedure for this

!'Corresponding author.
MSC2010 subject classifications. 62F03, 62F40, 62NO1.



2 ALLISON, BOTHMA, SMUTS & VISAGIE

goodness-of-fit problem has been proposed for use with full samples in Cockeran, Meintanis and
Allison (2019).

Random right censoring frequently occurs in the fields mentioned above, meaning that the as-
sumptions of the parametric CPH model should be tested based on censored data. Consider, for
example, a medical study estimating the distribution of lifetimes of patients with a specific disease.
For a given patient this distribution will likely depend on several covariates such as the patient’s
smoking habits. Some of the patients’ lifetime’s will be observed while other will not; for instance,
one of the patients may relocate to another country and leave the study, meaning that this patient’s
lifetime is censored. In this case testing the goodness-of-fit of the parametric CPH model is compli-
cated by the presence of the censoring mechanism.

Lin and Spiekerman (1996) proposes a test for the baseline distribution of the parametric CPH
model. However, there are situations in which one wishes to not only test the assumption of the
baseline distribution, but the entire model simultaneously. In this case, it is possible to modify
classical tests such as the Kolmogorov-Smirnov and Cramer-von Mises in order to test the fit of the
entire model; this procedure is illustrated in this paper. In addition, we also propose a new test for the
parametric CPH model based on a test for uniformity found in Meintanis (2009). The main idea of
the test rests on fitting the CPH model and applying the inverse of the probability integral transform
to obtain a censored sample of variables, the lifetime distribution of which is approximately uniform
under the null hypothesis. These statements are made exact in Section 2. Furthermore, we modify the
mentioned test to accommodate censoring when testing simple hypothesis or composite hypotheses
in the classical goodness-of-fit framework of independent and identically distributed (i.i.d.) random
variables; the required procedures are outlined later in the paper.

Some notation is introduced before proceeding. Let Yi,...,Y, be independent lifetime vari-
ables with continuous distribution and survival functions F and S respectively and let Cy,...,C,
be i.i.d. censoring variables with distribution function G, independent of Yi,....Y,. We assume
non-informative censoring throughout. Below we denote the transpose of a vector v by v'. Let

1, ifY;<c,

and X; = (X;1,....x;m) ,j=1,...,n
0, ifY;>Cj, SR T

T; = min(Y;,C;), ;= {

where x; is a possible vector valued set of m realised covariates. Further let S(t|x;) denote the
conditional survival function given an observed set of covariates. Based on the observed triplets
(T;,0;,xj), j=1,...,n we wish to test the composite hypothesis that the conditional survival func-
tion can be modelled by a parametric Cox model, i.e.

BTx;

Hy : So g(t]x;) = Sp(1)* . (1)
where Sg is a specified parametric baseline survival function indexed by a parameter 0 (possibly
a vector) and B = (Bi,...,Bn) ' denotes the vector of regression parameters associated with the
covariates. Denote the order statistics of Y1,...,¥, and T1,...,T, by ¥(;) < -+ <Y, and T(y) <
-+ < Ty, respectively. Note that 5( j) and x( ;) represents the indicator variable and set of covariates
corresponding to 7| ;, respectively.

The remainder of the paper is structured as follows. In Section 2 we indicate how three existing
tests are modified to accommodate random right censoring. Since the null distribution of each of
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the test statistics depends on the unknown censoring distribution, we propose a parametric bootstrap
procedure in Section 2 in order to compute critical values for the tests under consideration. Section
3 contains the results of a Monte Carlo study where the empirical powers of the newly modified
tests are studied and compared. This Monte Carlo study considers various deviations from the null
hypothesis. Section 4 concludes and provides some directions for further research.

2. The proposed test

Under the null hypothesis in (1), § 8,0 (Yi|x;) follows a standard uniform distribution (i.e. uniform

on the interval (0,1)). This is a direct consequence of the probability integral transform. Let E and
6 denote consistent estimators, under Hy, for B and 0, respectively (throughout the paper we make
use of maximum likelihood estimation). Whence § E\A(Y’.‘X’.) should approximately follow a standard
uniform distribution. Let

0, -

Under Hy, (ﬁ ;,0;) are censored observations for which the lifetime distribution is approximately
standard uniform.

Above we have demonstrated that any test for censored uniformity on the basis of (ﬁ ;,0/) is in
effect a test of the fit of the CPH model itself. Note that there are a number of misspecifications of the
model in (1) that could lead to the rejection of the null hypothesis. These include an incorrect choice
of the baseline distribution, a different form of the parametric regression function (e.g., 1+ B 'x
instead of P TX) and covariates dependent on time. Due to page restrictions, we investigate only the
first two of these types of deviations in the Monte Carlo study in Section 3.

To test for uniformity we will use the Kolmogorov-Smirnov (KS,) and Cramér-von Mises (CV,,)
tests which are modified in Koziol and Green (1976) and Barr and Davidson (1973), respectively,
for the random censoring case. In addition, we also modify a complete sample test for uniformity
proposed in Meintanis (2009), where a test statistic based on the difference between the character-
istic function (CF) of the standard uniform distribution and the empirical characteristic function is
introduced. The proposed test statistic in the complete sample case is

Rua=n [ [n(t) = gu(r) Pe~ M ar, @

where @, (1) = [~ e™dF,(x)=n""! Y e is the empirical CF, ¢, (¢) =t~ ! (sint 4 i(1 —cost)) is
the CF of the standard uniform distribution, F,(x) is the empirical distribution function, and @ > 0 is
a user defined tuning parameter. In the presence of random right censoring, we replace @,(¢) in (2)
with

Bnlt) = [ edF (),

—oo

where £, (x) is the Kaplan-Meier estimate of the distribution F. After some straightforward algebra,
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the modified test statistic can be shown to have the calculable form

- n 2a (1 1
Rn7a: ZZA]Ak ,\)2 2+4tan ; —2alog 1+;
+a
n : 1-U;
—42 [tan_1 <]> +tan~! ( ]>
s} a a

6-j_l 5 n—1 1
=S ()| s T (55)

Jj=1

with

where an empty product is understood to be 1. Note that A; corresponds to the size of the jump of
the Kaplan-Meier estimate of the distribution function at 7;. The test rejects for large values of R, ..

In the current context the null distributions of all test statistics depend on the unknown censoring
distribution G. As a result, when approximating the null distribution of a test statistic, we should
take care to estimate G and sample censoring times from this estimated distribution. As a result, we
propose the bootstrap algorithm below which can be used to estimate the critical value of each of the

tests. For ease of notation, let Q := Q <(l71 yO01)ye e ey (ﬁn, 5,,)) be a generic test statistic.

1. Given (7},6,X;),j=1,...,n, calculate 8 and E under Hy.
2. Calculate the Kaplan-Meier estimate, G, of the censored distribution function G.

3. Sample C},...,C; from G,.

4. Generate Y[",...,Y,” from Sé B This is accomplished by generating Uy, ..., U, from a standard
: T . _ -BTx;\ .
uniform distribution and setting Y;* = 55,15 <(UJ~)e j> Jj=1,....n.

5. Let T/ =min(Y;,C}) and 6; =1(Y; <C}),j=1,...,n.

6. Calculate 8* and E* based on (T]*, 5;-‘,X;‘.),j =1,...,n, under Hy.

7. LetU; =8 Trx;),j=1,...,n.

5*73*(

8. Calculate the test statistic 0* = Q((U, 87),...,(US, 85)).

n’»*n
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9. Repeat steps 3-8 B times to obtain Q7,...,Qp. Let QE‘I), ceey Q’(*B) denote the ordered values of
the test statistics.

10. The estimated critical value is @,B = O(|p(1-a)))» With |- | denoting the floor function.

By simply removing all reference to the covariates x;, j = 1,...,n from the above algorithm, we
obtain an algorithm which can be used to approximate critical values for the newly proposed test in
the classical goodness-of-fit testing framework (in which observations are assumed to be realisations
from i.i.d. random variables). In this framework, we can test a simple hypothesis by transforming
the observed sample using the specified distribution function. In the case where the null hypoth-
esis specifies a parametric family of distributions, we may estimate the necessary parameters and
perform the requisite transformation using the estimated parametric distribution function (as is done
above). In either case, if the null hypothesis is true, then we obtain censored realisations, the lifetime
distribution of which should be approximately standard uniform and the testing procedure proposed
above remains valid.

3. Monte Carlo simulation

In this section the finite sample performance of KS,,, CM,, and R,,,a is analysed. The KS,, and CM,,
tests are ubiquitous in the literature and we do not provide their details here, we merely note that these
tests are obtained by replacing the empirical distribution function used in the classical goodness-of-
fit testing framework by the Kaplan-Meier estimate.

The methodology described in the previous section is general and can be applied to test for any
specified baseline distribution. However, due to the page limitations imposed on this publication, the
results shown below are limited to the the case where baseline distribution is Weibull. This baseline
is chosen due to its flexibility and its popularity in practical applications.

We present empirical sizes and powers of the tests for two scenarios below.

Scenario 1

The null hypothesis Hy corresponds to the CPH model with a certain baseline distribution against
an alternative H4 with a different baseline distribution, i.e., we consider the powers achieved by the
various tests when the baseline distribution is misspecified while the regression component of the
model is specified correctly.

Scenario 2

Under Hy and Hy the model has the same baseline distribution, but the regression function under
Hy is either 1+ B x; or log(1 + B "x;), i.e., we consider the powers achieved when the baseline is
correctly specified but the regression component of the model is misspecified.

3.1 Setting

The nominal significance level is set to 10%. We employ the so-called “warp-speed” bootstrap
discussed in Giacomini, Politis and White (2013) to obtain the empirical powers reported in this
section. This methodology is popular for the calculation of empirical powers; see, for example,
Allison, Betsch, Ebner and Visagie (2019). All size and power estimates are calculated based on
50000 independent Monte Carlo samples for sample sizes n = 100 and n = 200. The reported
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powers are calculated in the case of 10% and 20% censoring. As censoring distribution we use a
uniform distribution on the interval (0,), where b is a suitably chosen constant so as to achieve the
desired censoring proportion (obtained using a simple optimization algorithm).

Throughout the study we use a single continuous covariate x;, randomly generated from a stan-
dard uniform distribution. The alternative distributions used for the baseline survival function are
displayed in Table 1.

Table 1. Density functions of the baseline distributions.

Baseline distribution Density Notation
Weibull OA(xA)? Lexp(—(Ax)?) W(A,0)
Gamma (T(6)) % 20x0 " exp(—Ax) r'(1,6)

Lognormal (Gx\/ﬁ)ilexp (—logz(x—l) (292)71) LN(u,0?)
~1
Chi square (2v/2r(v /z)) X2 Vexp(—x/2) x2(v)

All calculations and simulations are performed in R, see R Core Team (2019). All parameter
estimation is performed using maximum likelihood estimation. For this purpose we use Brent opti-
misation, see Brent (1971), built into R’s optim function.

For ease of interpretation, we print the highest power (including ties) against each deviation from
the null hypothesis in bold in each of the power tables presented in this section.

Scenario 1 above, the misspecification of the baseline distribution, is considered in Tables 2 and
3. Table 2 shows empirical sizes and powers when the censoring proportion is set to 10%, while
Table 3 contains sizes and powers in the presence of 20% censoring. When comparing the powers
in these two tables a number of remarks are in order. First, when considering the size of the test
shown in the first line of these tables, we see that the tests typically reject in fewer instances than
the 10% specified by the significance level, especially in the case where the sample size is 100.
Second, as expected, the powers of the tests generally increase with sample size and decrease with
the censoring proportion. Third, although none of the tests outperform the others uniformly, R, o2
and CV,, are clearly quite powerful when compared to their competitors.

Table 2. Empirical powers against misspecified baseline distributions with 10% censoring

Distribution ~ KSj00  CVioo  Rioo2  Rioo.s KSxo  CVao  Rao2  Raoo.s
W(2,2) 7 6 6 6 8 7 8 7
I'(1,3) 15 13 15 14 24 22 24 24
2%(10) 22 21 23 23 36 37 39 39

LN(O.S, 4) 33 27 4 36 56 49 73 62

Next we turn our attention to Scenario 2 above, the misspecification of the regression component.
This scenario is considered in Tables 4 and 5. Again, the results associated with 10% and 20%
censoring are shown in two separate tables. As before, the powers of the tests generally increase
with sample size and decrease with the censoring proportion. Again, R, 2 and CV,, prove to be the
most powerful tests. In addition to comparing the powers for different specifications of the regression
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Table 3. Empirical powers against misspecified baseline distributions with 20% censoring

Distribution ~ KSj00  CVioo  Rioo.2  Rioo.s KSx0  CVao  Raoo2  Raoo.s
W (2,2) 8 7 8 6 10 9 10 8
I(1,3) 11 11 11 11 17 16 17 16
x2(10) 15 16 16 15 24 26 27 25

LN(0.5,4) 16 8 17 13 28 13 31 24

component of the model, Tables 4 and 5 show powers associated with different choices for the value
of B; specifically, this parameter is set either to 1 or 3. We note that the powers achieved against the
different values of 3 are very similar for the cases considered.

Table 4. Empirical powers against misspecified regression function with 10% censoring

Regression

function KSi00 CVioo  Rio2  Rioo.s KSx00 CVaoo  Raoo2  Raoo.s
1+x 18 18 18 16 27 29 29 24
1+3x 18 19 19 17 28 30 30 25
log(1+x) 12 16 13 13 15 23 17 18
log(1+ 3x) 11 15 12 12 13 21 16 16

Table 5. Empirical powers against misspecified regression function with 20% censoring

Regression

function KSi00  CVigo  Rioo2  Rioo.s KSx00 CVago  Rao2  Raoos
1+x 26 23 28 19 45 40 48 32
1+3x 26 23 29 19 44 40 48 32
log(1+x) 9 11 11 8 14 19 19 12
log(1 + 3x) 9 11 12 8 15 18 19 12

4. Conclusion

The Monte Carlo study presented above shows that the CV,, and R,, ¢ > tests are especially powerful.
When considering the empirical powers associated with a sample size of 100, CV,, outperforms the
competing tests, while the Ién’o,z is more powerful when the sample size is increased to 200. The
powers associated with the smaller of these sample sizes do not differ much between the mentioned
tests, while there is a pronounced difference in the case of the larger sample size. As a result, we
recommend using R, , for practical purposes.
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For practical implementation of the new test one needs a so-called compromise choice of the
tuning parameter a. This is a choice of the tuning parameter that provides reasonably high power
for a wide range of alternatives. Based on the limited Monte Carlo study presented we suggest
using a = 0.2. However, a more comprehensive power study is needed including different baseline
distributions as well as other forms of misspecification in order to fully investigate the role of the
parameter a.

The asymptotic properties of the new tests are unknown and should be derived. Specifically one
needs to show that the test is consistent against a wide class of alternatives (or misspecifications).
Furthermore, deriving the asymptotic null distributions of the test statistics for given censoring dis-
tributions are unknown at present. The above are matters of ongoing research.
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CHAPTER 6

Conclusion

6.1 Overview of the goals of the papers presented

In this thesis we set out to modify existing tests for the complete sample case to accommodate random
right censoring for three classes of distributions; the exponential, Weibull and gamma classes of distri-
butions. We further aimed to propose new classes of tests for the Weibull distribution that were applied
when using complete samples as well as censored samples. We tested the finite sample performance of the
newly modified or proposed tests by conducting extensive Monte Carlo simulation studies. Additionally,
we studied the impact of some of the computational assumptions made when estimating the distribution
function with the Kaplan-Meier estimator. The main objectives of this thesis, with their corresponding

outcomes can be summarised as follows:

e To explore the existing literature to identify work that has already been done on this topic as well
as any open questions relating to this.

A review of existing literature was presented in Chapters 2 and 3.

e Modify existing goodness-of-fit tests for exponentiality to accommodate random right censoring and
compare the finite sample performance of these tests to existing tests.

Existing tests for exponentiality were modified in Chapter 2

e Develop new tests for the Weibull distribution and compare the performance of these tests against
a broad range of alternatives, in both the complete sample case as well as in the presence of random
right censoring.

Two new classes of tests were introduced in Chapter 3 along with a modification of an existing test.

e Propose newly modified tests for the gamma distribution in the presence of random right censoring
and compare the performance of these tests to those of existing tests for a broad range of alternatives.

In Chapter 4 we introduced modifications of existing tests for the gamma distribution.

e Explore the computational assumptions, relating to the Kaplan-Meier estimator.

The impact of some of these assumptions was extensively explored in Chapter 4

95



e Provide new bootstrap algorithms, to calculate critical values when testing the adequacy of fit of
survival models are proposed and implemented.

In Chapter 5 we presented bootstrap algorithms that can be employed to calculate critical values.

e Develop a new omnibus test for the parametric proportional hazards model.
A new omnibus test for the parametric proportional hazards model in the presence of random

censoring was developed in Chapter 5.

6.2 Overview of results

The results and conclusions of the three articles as well as the proceedings prepared for this thesis are

now presented:

Characteristic function and Laplace transform based tests for exponentiality in the

presence of random right censoring

In the first article we modified four tests for exponentiality, based on either the characteristic function
or the Laplace transform, to accommodate random right censoring. These tests are compared to
existing tests using a Monte Carlo study and it is found that the newly modified tests are competitive
in terms of their power performance. This is especially true for the test based on the squared difference
between the Laplace transform and its empirical counterpart, hence this is the recommended test for

use in practise.

In the first article we concluded that a more flexible distribution, such as the Weibull distribution, would
be a better fit to model the practical data set. After this we explored goodness-of-fit tests for the Weibull
distribution in the presence of random censoring and we found that tests are relatively scarce. Therefore,

we developed new classes of goodness-of-fit tests for the Weibull distribution in the second article.

New classes of tests for the Weibull distribution using Stein’s method in the presence of

random right censoring

In the second article we developed two new classes of tests for the Weibull distribution based on
Stein’s method. The proposed tests were applied in the full sample case as well as in the presence
of random right censoring. We investigated the finite sample performance of the new tests using a

comprehensive Monte Carlo study. In both the absence and presence of censoring, it is found that the
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newly proposed classes of tests outperform competing tests against the majority of the distributions
considered. In the cases where censoring is present we considered various censoring distributions.
Some remarks on the asymptotic properties of the proposed tests were included. Another result of
independent interest was presented; a test, based on the Laplace transform, initially proposed for use
with full samples was amended to allow for testing for the Weibull distribution in the presence of
censoring. The techniques developed in the paper are illustrated using two practical examples. Based
on the observed numerical powers, we recommend using the newly proposed test which is based on

Stein’s method, when testing the hypothesis under consideration in the presence of censoring.

In the first two article we make some computational assumptions regarding the Kaplan-Meier estimator;
these assumptions are common in the statistical literature. The impact of some of these assumptions was

explored in Article 3.

On the effect of the Kaplan-Meier estimator’s assumed tail behaviour on goodness-of-fit

testing

The numerical results in the article indicate that the set-to-1 assumption required when using the
Kaplan-Meier estimator of the distribution function plays an unexpectedly important role when test-
ing goodness-of-fit hypotheses. It should also be noted that this assumption is important not only
when estimating the lifetime distribution, but also when estimating the censoring distribution. Fur-
thermore, it should be noted that the highest powers are often achieved when the set-to-1 assumption

is made for one of the two distributions being estimated but not the other.

Only goodness-of-fit testing for censored samples in the independently and identically distributed case
was explored in the first three articles. In the conference proceedings we introduced a goodness-of-fit test

for the parametric proportional hazards model.

On an omnibus test for the parametric proportional hazards model

In the proceedings, we proposed an omnibus test of fit for the parametric Cox proportional hazards
model in the presence of random right censoring. The proposed test resulted from a modification of
an existing test for the uniform distribution. This test is demonstrated to be able to detect deviations
from the hypothesised model when the baseline distribution or the regression component of the model
is misspecified. Two modified classical tests are considered and the Monte Carlo study suggested that
the Cramér-von Mises as well as the newly proposed tests are especially powerful. We also outlined
the procedure required to use the newly modified test in the framework of independent and identically

distributed random variables. For practical purposes we recommend using the newly proposed test.
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6.3 Concluding remarks and future research

The overall aim of this thesis was to perform Monte Carlo simulation studies to compare the performances
of various goodness-of-fit tests. The main comparison was between the modified versions of the classical
tests, namely Cramér-von Mises and Kolmogorov-Smirnov tests, and the newly modified tests for the
three different classes of distributions considered. The newly modified tests outperform the classical
tests for the majority of alternatives considered for all three of the lifetime distributions. These new
modifications are derived from tests that are based on either the characteristic function or the Laplace
transform. In most cases of random right censoring we would recommend using one of the newly modified

test statistics presented in the first three articles.

We now conclude by suggesting some future research possibilities. The tests based on the characteristic
function, Laplace transform as well as Stein’s method all contain a tuning parameter. In our study we
used a grid of values to obtain the recommendations made. It would be interesting to see if a data
dependent choice of the tuning parameter would be more suitable, such a method has been proposed for
use in the full sample case. Therefore, future research will entail the development of a data dependent
method to choose this type of tuning parameter in the presence of random censoring. Furthermore, it
is important to explore some of the theoretical aspects of the newly proposed classes of tests, such as
the asymptotic null distribution as well as the consistency of the tests. Additionally, these modified
tests can be used to test the goodness-of-fit of various survival models in the presence of random right
censoring, the proposed tests for exponentiality are particularly useful in this setting. One such model
is the conventional Cox proportional hazards model, another is the mixture cure model. The techniques

developed in this thesis may be useful when performing goodness-of-fit tests for these models.
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