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Abstract. In this paper, we study the well-posedness of a nonlinear
non-autonomous integro-differential equation modeling coagulation-
fragmentation processes. We construct two monotone sequences of
upper and lower solutions, and establish their convergence to a unique
solution thanks to the comparison principle.
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1. Introduction

Coagulation-fragmentation processes arise in applied sciences. In re-

cent years, the solvability of such problems have been widely investigated

in the literature (see [5-14]). The method using the theory semigroup of

linear operator is extensively used in the literature. In [11] the author in-

vestigated the result of a Coagulation-fragmentation equation by using the

substochastic semigroup theory and semilinear abstract Cauchy problem.

He analyzed the space of solution of the problem

o0

Sults) = —a@uta)+ [ a@blu(dy

x+xg

— U2(I) / k(x =y, y)ult,z —yult,y)dy, (1)
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and extended it to the space X1 = L1 ([x0,00), zdz). This has been done in
the past only in the space X1 = L1([zg, 20), (1 +x)dz) since the fragmen-
tation equation is known to behave well in the space X; and the coagulation

operator in the space Xo = Ly ([zg, 00), dx).

In this paper, we consider a similar equation and additionally, we
suppose that the fragmentation rate a is a function of mass and time. This
assumption is realistic in the sense that, in certain situations observed in
phytoplankton population with aggregates, the fragmentation rate evolved
over time. Moreover, we present a constructive method used by Ackleh in
([1-4]). This technique allowed us to get a result similar to the resolution

obtained in [11].

The model considered here is as follows:

%u(t,x) = —a(t,x)u(t,x)—I—/CE:COa(t,y)b(:v|y)u(t,y)dy
8 [ ke it =t @)

—u(t, x) /00 k(z, v)u(t,y)dy, (t,x)€ (0,T) x (x9,0)

0

u(0, x) ug(x), x € [xg,00)

where x,, is the characteristic function of the interval U = [2z¢, 00). In this
equation u is the particle mass distribution function, a is the fragmentation
rate and b(z|y) is the distribution of particle masses x spawned by the
fragmentation of a particle of mass y. The coagulation kernel k(z,y) is the
rate at which particles of mass = coalesce with particles of mass y. The
characteristic function x, ensures no particle of mass x < 2z( can emerge

as a result of coagulation.

The terms on the right side of (2) describe, from left to right, the
reduction in the number of particles in the mass range (x; 2 + dz) due to

the fragmentation of particles in the same range, the increase in the number
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of particles in the range due to fragmentation of larger particles, the increase
in the number of particles of mass x > 2x( as the result of particles of mass
x—yand massy (xo <y < x— xo) merging to form a particle of mass x
and the last term accounts for the loss of particles of mass = because they
have coalesced with particles of mass y, y > zo. Note that the factor 1/2
takes into account that either a particle of mass x — y coalesces with one of
mass y or vice versa. To the best of our knowledge, comparison principle
and approximation method based on monotone sequences have not been
developed for the coagulation- fragmentation model (2). Therefore, in this
paper we undertake such a task to establish the existence and uniqueness

of the solution to (2).

For simplicity, let Dp = (0,00) x (x9,00) and C§,.(Dr) = {¢ €
CY(Dr) : Jzy € (x0,00) such that ¢ = 0 for x > zy}. We begin by

defining what we mean by a solution to (2).

Definition 1.1. u(¢,z) is called a solution of (2) on Dy if all the following
hold:

(i) v € X1 = LY(Dr,zdz).
(i) wu(z,0) = up(z) a.e. in (xg, 00).

(iii) For every t € (0,T) and every non-negative £(t, z) € Cg,.(Dr),

/zoo zu(t, z)E(t, z) de = /Oo 2u(0, 2)€(0, z)dx

0

oo t
—|—/ / xu(s, x)€s (s, z) ds dx
o 0

+/Ot /: a(s, y)uls, y) /H 2€(s, 2)b(aly) dudyds  (3)

" /: /Ot z€(s, ) (Fu)(s,z) ds dx
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_/Oo /txg(s,x)u(s,x) /Oo Kz, y)u(s, y) dy ds da

o 0 o

_/°° /txg(s,:v)a(s,x)u(s,:v) ds de

zy J0
where
Xy (@) [T
Fuen =297 [ ket e d @
We organize this paper as follows. In Section 2, we give the definition
of upper and lower solutions and establish a comparison principle. In Sec-
tion 3, we construct two monotone sequences of upper and lower solutions

and show their convergence to the unique local solution of (2).

2. Comparison principle

In order to carry out our analysis, the following assumptions will be

imposed throughout the paper:

(H1) a(t,z) € L*>([0,T] x (zo,00)). Particles of sizes less than 2zy do not
fragment since the minimum size of a particle is xy. Therefore we

assume that a(t,x) = 0 for z < 2z.

(H2) b(z|y) is a continuous, non-negative function on (xg,00) X (29, 00)

Y—=To
with [|b]|eo < 00; b(z|y) =0 for y < z + x¢ and / xzb(z|y)dr =y
Zo

for each y > 2xy.
(H3) k(z,y) > 0 in L ((xo,00) X (xg,00)).
(H4) uo(z) > 0 on [z, 00) and ug(x) € L' ((z0,00)) N L ((xg, 0)).

We then introduce the definition of coupled upper and lower solutions

of problem (2) as follow.

Definition 2.1. A pair of functions @(¢, ) and (¢, z) are called an upper

and a lower solution of (2) on Dy, respectively, if all of the following hold.
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(i) w,u € Xy = L*(Dr, zdx).
(ii) w(0,z) > up(z) > u(0,x) a.e. in (2, 00).

(iii) For every t € (0,T) and every non-negative £(t, ) € Cg,.(Dr),

/:o au(t, x)¢(t, @) do = /00 2u(0, )£(0, x)da

0

e} t
+ / / 20(s, )€ (s, x) ds dx
o 0

[ st [ setscopteli) ednds 9
+/OO /Ot w¢(s,x)(F1)(s, x) ds dx
—/Oo /Ot 2 (s, 2)(s, @) /°° k(e (s, ) dy ds d
= [ttt et o) ds
[ ottt < [ oo e,
+/:O /Ot zu(s, ©)€s (s, ) ds da
! /o /Oo als.vhuls) | 2t (s, 2)b(aly) drdyds  (6)
* / Oo /0 at(s,0)(Fu)(s. ) dsda
_/OO /ot 28(s, 2)uls, 7) / OO k(x,y)a(s,y) dy ds dz
_/:o /Ot 2€(s, x)a(s, x)u(s, z) ds dz.

Based on such a definition, we now establish the following comparison

principle.

Theorem 2.2. Suppose that (H1) — (H4) hold. Let @ and u be an upper

solution and a lower solution of (2), respectively. Then U > u a.e. in Dr.
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Proof. Let v = u—w and choose £ € C§ .((0,T)x (0, n)), where Cj .((0,T') x
(zo,n)) = {¢ € C1((0,T) x (x0,n)) : Jzy € (x0,n) such that ¢ = 0 for

x > xy}. Then w satisfies
v(0,z) = u(0,2) —w(0,2) <0 a.e. in [xg,0) (7)
and

/:) zo(t, 2)(t, ) de < /9: 20(0, 2)£(0, 7)da

# [ [ et et dsa

+/ot /zoo (o 9)0(e9) / y_ w&(s, 2)b(xly) dw dy ds

. [t (0 - Fs ) s
! /°° /ot =, o)ils z) / Oo k(a,y)o(s,y) dy ds du

- /:O /ot w(s, 2Jv(s, @) /:o k(z,y)a(s,y) dy ds dz

[T [ s rats. sy asan

Upon manipulation, we have

/00/0 x&(s,z) [(Fu)(s,x) — (Fu)(s,z)] dsdx

- l/m:O/t:r{S ), (@ /m:zok(x—y,y)[a(s,x—y)v(s,y)

+o(s,z —y)u(s,y)] dydsdx

_ // y/+ 2t (5, 2)x,, (@)h(@ — y,y) (9)

sca—y)dedyds +3 [ [t [ st @)
y+xo
k(x —y,y)v(s,x —y)dedyds

= // sy/ (y +2)&(s,y + 2)x, (y + 2)
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1 t o0 o0
Meuts, 2y dzdyds+ 5 [ [ atsw) [+ g2
0 Jzo o
Xo (Y + 2)k(z,y)v(s, 2) dzdy ds.
Let £(t, ) = eM((t,2), where ¢ € C§ .((0,T) x (z0,n)) and A(> 0) is
chosen so that A —a(t,z) — / k(z,y)u(s,y)dy > 0 on Dp. Then we find

e)‘t/ zv(t, )((t, x) dz

0

g/wm(o,x)c(o,x)dwr/: /Otzzzv(s,:zr)eMCs(S,:r) ds dx

Zo

t oS} y—a0
As
+/ /%Oa(s,y)v(s,y)/% ze* (s, x)b(x|y) dx dy ds

/ /:Evs:v s:v)()\—a(s,x)—/z:ok(xay)

u(s,y) dy) dsdx (10)
l// v@w)/ (y+ 205,y + 2)xo (g + 2)
u(s, z)dzdyds
/’/ Syt/ (y+ 20 C(s,y + 2)x0 (9 + 2)
(s,2)dzdyds

/ /xe>‘5<s:c 5:17)/ k(z,y)v(s,y) dy ds dz.

We now set up a backward problem as follows:

Cs(s,x) = 0, O<s<t, zo<zx<n
¢(s,n) = 0, 0<s<t (11)
C(t,I) = Xl('r)v To <z < n.

Here x' € C§°((z0,n)), 0 < x' < L.

The existence of ¢ € Cj,.((0,T) x (20,n)) follows from the fact that

by the variable change 7 = ¢t — s, the above problem (11) can be written



94 R. Guiem and S.C. Oukouomi Noutchie

into

¢r(myz) = 0, 0<s<t, xg<z<n
¢(r,m) = 0, 0<s<t
C(O,.I) = Xl(x)v ro <z <n.

(12)

Note that the initial and boundary values for ¢ imply that 0 < ( <1

on (0,T) x (zg,n).

Substituting such a ¢ in (10) yields

/On wo(t,x)y (z)dr < /:O 2v(0,2)* dz

t o)
—|—/ / za(s,r)v(s,z)" dvds  (13)
0 2I0

t 00
+1// / zv(s,2)" dods
0 o

where
v o= lef [(A —a(s,xz) — /w:o k(z, y)u(t,y) dy)
+% /:" Xo (@ + 2)k(z, 2)ult, 2) dz
+ gko /:(1 + xu (@ +y))ult,y) dy}
and

v(s,z)t = sup {v(s,z),0}.
Dt

From the condition on initial data in (7), we have
n t o)
/ zo(t, x)x (z)de < / / za(s,x)v(s,z)" drds
x 0 2x0

0
t o]
+1/// zv(s,2)" do ds.
0 o
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From the assumption (H1) we have a(t,z) = 0 for x < 2z, and then

/ xv(t,x)x da:</ / (s,2) + v)zv(s,z)T dwds.
o

Since this inequality holds for every x', we can choose a sequence {X;lg}

on (0,n) converging to

1) 1 if w(t,z) >0
X =91 0 otherwise.

Consequently, we find

/ xvtw+d$<// (s,2) +v)av(s, )T drds.

Note that v is independent of n, letting n — oo we further have

/xvt:v+dx<// a(s,x) +v)zv(s,z)t dxds.
xo

From the assumption (H1), there exists M € R4 such that ||a(t, z)||c <
M. Thus

/m:oxv(t,xﬁd;vg(y—l—M)/Ot/m:oxU(S’x)erde' (14)

Upon application of Gronwall’s inequality, (14) leads to

/ av(t,z) T dr = 0.

Zo

Thus, the proof is completed. O

Remark 2.3. From the proof of Theorem 2.2, it easily follows that for any
function v € LY(Dr,xdx), if v(0,2) < 0 a.e. in (zg,00), and the following

inequality holds for every non-negative ¢ € Cg ,.(Dr):

/:O zv(t, r)&(t, x) dx < /;o 2v(0, 2)£(0, z)dw

o] t
+/ / xv(s, x)és(s,x) ds dx
o 0
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/ /on 5,9)0(s,y) /y h x€(s,x)b(z|y)dxdyds  (15)

/w / z(s, x)A(s, x)v(s, x) ds dx
+/zo /0 zv(s,2) / E(s,x +y)B(s,z,y) dy ds da,

with A € L>*(Dr), B> 0,and [ B(t,2,y)dy € L*(Dr), then v(t,z) <0

a.e. in Dp. Such a result will be used in Section 3.

Corollary 2.4. Suppose that (H1) — (H4) hold. Let u and u be a non-
negative lower solution and a non-negative upper solution of (2), respec-

tively. If u is the solution of (2), then

u<u<u a.e. in Drp.

Proof. We first claim that u > 0, since if v = —u, v satisfies (15) with

Ats) = —aft,a) - [ " k(e y)u(t.y) dy

0

and

Blt,2,9) = 5, (& + )k(z, y)u(t, ).

Then let v = u — @. Since —u(t, a:)/ E(x,y)u(t,y) dy <0 and u satisfies

0

/ﬂ: xT(t, x)E(t, x) dr > /: 20(0, 2)€(0, z)da

+/Oo /Ot 2T(s, x)€s (s, 7) ds dx

+/ | /200 (e y)uls,9) / y w¢(s, 2)b(xly) dx dy ds
/10 /”355 ©)(Fu)(s, ) ds dx

—/% /O (s, x)a(s, 2)u(s,z) ds da.
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One can see that v satisfies (15) with A(¢,x) = —af(t, x), and

Blt,2,9) = o (2 + y)[(, y)ult,y) + b, y)act, ),

which shows u < u. Now let v = u — u. Since
[kttt iy < [ byttt gy,
ZTo o

v satisfies (15) with

oo

A(t,z) = —a(t,x) —/ k(x,y)u(t,y) dy

Zo

and

Blt,,9) = 50 (@ + )k ult,y) + K, y)u(t,v)),
hence u < u.

3. Existence and uniqueness of the solution

We begin this section by constructing monotone sequences of upper
and lower solutions. Suppose that u’(¢,z) and @°(¢,z) are a lower solu-
tion and an upper solutions of (2), respectively, and they are continuously
differentiable in ¢. Under the hypothesis (H1), we can choose a positive
constant M such that M —a(t, z) — f;: k(z,y)u(t,y) dy > 0 for (z,y) € Dr
and u0(¢,7) < u(t,z) < w(t,z). Based on the general idea from [4], we

then set up two sequences {u*}2° ; and {@*}22 , by the following procedure:

For k= 1,2,... let u* and @* satisfy the equation

oo

uf = —a(t, z)u*! +/ a(t,y)b(xy)u* ' (t,y)dy — M(u* — ")

T+xo

+Fut! —Q’H/ k(x,y)@*(t,y)dy on Dr
Zo

w(0,z) = ug(z) in [0, 00), (16)
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and

uy = — =y t,y)b(aly)u " (t,y)dy — M(u* —u*~")
T+xo
+Fat —ah 1/ E(x,y)u" (t,y)dy on Dr
u(0,z) = ug(z) in [0, 00). (17)

The existence of solutions to problems (16) and (17) follows from the fact
that (16) and (17) are both linear problems with initial condition. We first
show that u® < u' <@' <u. Let v(t,2) = u® — u'. Then v satisfies (15)

with A(t,x) = —M, and B(t,z,y) = 0. Thus by Remark 2.3 v < 0, which

implies u 0 < y!'. In a similar manner, it can be shown that !l <uP

Then let v(t, ) = u! —u°. Since u° < u' and w! < u°, v satisfies (15)
with A(t,z) = —a(t,z) — [~ k(z,y)u’(t,y) dy, and B(t,z,y) = 5x, (x +
y)[k(z,y)ut(t,y) + k(z,y)a°(t,y)]. Thus by comparison u! < @°. Similarly,

it can be seen that u® < @!.

We now claim that u' and 7' are a lower solution and an upper solu-
tion of (2), respectively. Since u® < u' and @' < u°, on the one hand, the

<
right-hand side of the equation in (16) satisfies

~a(t. o’ + | T alt y)blaly)u (¢ y)dy — M(u' — o)

+zo

HF = [ byt dy

Zo

= [ el @y -

+xo0

+ (0 - att0) - [ ke ) of

Zo

T r—xo
+XUT() / k(z =y, y)u’ (t, @ — y)u’(t,y)dy
o

IN

T

+xo0
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+ (M= attn) — [ ke e dy) o

Zo

XU :L, r—Io
+T() / k(z —y,y)u' (t, 2 — y)u' (¢, y)dy

0
oo

= a(t, ) + / alt, y)b(aly)ul (¢, y)dy + Fu' — u!
x+xo

/Oo k(z,y)a' (t,y) dy.

Zo

On the other hand, the right-hand side of the equation in (17) satisfies

oo

—a(t 0T+ [ alt )T 1)y — MG~ )
x+xo

+F° —ﬂo/ k(a, y)u’(t,y) dy

Zo

- / alt,y)b(aly)a (t, y)dy — MT"
x+x0

+ <M —a(t,z) - /OO k(z,y)u’(t,y) dy) w’

Zo

" T T—xo _ —
—i—XT() / k(z —y,y) @tz — y)u’(t, y)dy

0

> / alt, y)b(xly)T (. y)dy — Mz
x+xg

+ (0 - atto) - [ rantepa)w

zo

¥, (@ Tz—x0 _ _
—i—%) / k(z —y,y)a' (t,x — y)u' (t,y)dy
Zo
= —a(t,2)u' +/ alt,y)b(zly)u' (t,y)dy + Fu' —u'
T+xo

/Oo k(z,y)u' (t,y) dy.

Zo

We then assume that for some k > 1, u* and @* are a lower solution and an
upper solution of (2), respectively. Proceeding analogously, we can show
that uf < w1 < @+ < 7* and that v**! and @**! are also a lower

solution and an upper solution of (2), respectively. Hence by induction, we
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obtain two monotone sequences that satisfy

W<y < <dfF <@ <o <7 <7 aein Dy

for each k = 0,1,2,---. From the monotonicity of the sequences {u*}?°
and {ﬂk}iozo, it follows that there exist functions u and @ such that u* — u

and 7" — 7 pointwise in Dp. Clearly u <@ a.e in Drp.

We now show that v = w. To this end, let v = uw — u. Since w > u,
v(t,x) > 0 and v(0,z) = 0. In view of (8), by choosing £(¢, z) = £(x), where
fxy=1forxg <z <n,&(x)=0forn+2<z<oo,and —1<¢ <0 for

n <z <n+ 2, we have that
n t o)
/ zo(t,z)de < / / z [(Fu)(s,z) — (Fu)(s,x)] deds
xo 0 xo
t o) o)
[ [ et [ kel dydeais)
0 xo Zo

t o)
17/ / xv(s, z) dx ds,
0 o

IN

where

UV = sup B /:0 X (T + 2)k(z,2)u(t, z) dz

Dr 0

J%ko /00(1 + X (2 +y))ult,y) dy| .

Zo

Since v is independent of n, letting n — oo, we have

oo t o)
/ zv(t,z)de < 17/ / 2v(s, z) dx ds.
ZTo 0 Zo

Hence, it follows from Gronwall’s inequality that v(¢,z) =0, i.e. u =

u. Defining this common limit by «, we find that u is a solution of (2).

Suppose that w is another solution of (2). Since for each k, u* and T*
are a lower solution and an upper solution of (2), respectively, by Corollary

2.4, u* < w < @*, which shows u = w.
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To sum up, we have the following existence-uniqueness result.

Theorem 3.1. Suppose that hypotheses (H1) — (H4) hold. Furthermore,
suppose that u®(t,x) and ©(t,z) are a non-negative lower solution and a
non-negative upper solution of (2), respectively. Then there exist monotone
sequences {gk(t, :C)} and {ﬂk(t, :C)} converging to the unique solution u of

(2)-

We now show that the solution of (2) possesses the following property.

Theorem 3.2. Suppose that hypotheses (H1) — (H4) hold. Then for the

solution u(t, ) of (2), P(t) = au(t, z)dx is continuous in the existence
interval. o

Proof. In view of hypothesis (H1) — (H4), to show P(t) € C(]0,T]), it
suffices to establish the following equality:

/OO zu(t,z)dr = /:O xu(O,x)dx—i—/I:o /Ot z(Fu)(s,z)dsdz

o _/j /Otw(w) /:O k(z, y)u(s, y) dy ds da(19)

To this end, we again choose £(¢,z) = &(z), where £(z) = 1 for 29 <
x<n é(x)=0forn+2<z<oo,and -1 <& <0forn<z<n+2.
By the definition of the solution of (2) we find

o) o} o) t
/ zu(t, x) d;C—/ xu(O,x)dx—/ / z(Fu)(s,z)dsdz
To o zo JO
oo t oo
+/ / xu(s,:c)/ kE(x,y)u(s,y)dydsdz
xo 0 xo

/00 zlu(t,x) —u(0,x)][1 — &(z)] dx

7 [ ernean - ewiasa o)
+/:° /Ot:vu(s,x)[l—ﬂx)] /Oo ko, y)u(s,y) dy ds da
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3 o0
< (2+ —[|k]| 0o sup || w(t,-) |1> sup/ au(t, z) dz.
2 [0.7] 071 /n

Since u € LY (Dr,z dz), sup/ zu(t,z)de — 0 as n — oo, which
0,71 Jn

yields (19).
As a consequence, we obtain the following global existence result.

Theorem 3.3. Suppose that hypotheses (H1)—(H4) hold. Then the unique

solution of (2), exists for 0 <t < co.

Proof. By the definition of the solution, we only need to show that
P(t) does not blow-up at infinity. Making use of (19) we have that

0<P(t) = P(0)-— %/00/0 xu(s, ) /OO k(x,y)u(s,y)dydsdz
P(0).

<

It follows that P(t) is bounded at all time. Thus, the proof is com-
pleted. O

Acknowledgements. We are grateful to the anonymous referee for his/her
careful reading of the paper and helpful suggestions and constructive com-

ments which helped us to improve the above presentation.
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