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Summary

For a semifinite von Neumann algebra M with 7-measurable operators /\7, weighted non-
commutative Banach function spaces, denoted Lg(ﬂ/lv), were first introduced by Labuschagne and
Majewski as a generalisation of noncommutative Banach function spaces. This thesis presents the
first investigation into certain key aspects of the theory of these spaces.

Along with the concept of weighted noncommutative Banach function spaces Labuschagne and
Majewski also introduced a pseudo tracial map 7,.. In our investigation, we start by translating some
basic concepts of noncommutative integration theory into weighted analogues by letting the map
T, take the place of the trace. In particular, we explore the weighted analogues of 7-measurability
and the topology of convergence in measure. Crucially we also show that the weighted noncommu-
tative decreasing rearrangement is related to the tracial noncommutative decreasing rearrangement
through a classical decreasing rearrangement. An alternative definition to the one introduced by
Labuschagne and Majewski is formulated and we show that these definitions define the same class
of spaces.

Next, we investigate weighted noncommutative Orlicz spaces. We first show that both defini-
tions of weighted noncommutative Banach function spaces render the same weighted noncommu-
tative Orlicz space for a given Young function. Next, we investigate Kothe duality of weighted
noncommutative Orlicz spaces. For a certain class of Young functions, we can recover the tracial
result that the Kéthe dual of a weighted space generated by a Young function is, up to an equivalent
norm, the weighted space generated by the convex conjugate of the Young function.

Finally, we develop the theory of real interpolation for the Banach couple (LL(M), M). The
so-called K-functional is crucial to the real interpolation of these spaces. As such an important
task that we undertake is to investigate the nature of the K-functional. Using these results we
follow the theory of real interpolation of an abstract Banach couple to show that every weighted
noncommutative Banach function space generated by a monotone Riesz-Fischer norm, is an ex-

act interpolation space. Conversely every exact monotone interpolation space is generated by a

monotone Riesz-Fischer norm.

Key Words

von Neumann algebras, noncommutative Banach spaces, weighted, noncommutative integration

theory, Kothe duality, real interpolation theory



Samevatting

Vir 'n semi-eindige von Neumann algebra M met 7-meetbare operatore M, was geweegde
niekommutatiewe Banach funksie ruimtes, aangedui deur L% (.K/Iv ), eerste bekendgestel deur Labuschagne
en Majewski as 'n veralgemening van niekommutatiewe Banach funksie ruimtes. Hierdie tesis bied
die eerste ondersoek aan in sekere sleutel aspekte van die teorie van die ruimtes.

Saam met die konsep van geweegde niekommutatiewe Banach funksie ruimtes het Labuschagne
en Majewski ook 'n pseudo spoor afbeelding 7, voorgestel. In ons ondersoek begin ons deur om
sekere basiese concepte te vertaal na hulle geweegde analoé deur om die afbeelding 7, die plek
te neem van die spoor. Ons ondersoek die geweegde analoé van T-meetbaarheid en die topologie
van konvergensie in maat. Krities wys ons ook dat die geweegde niekommutatiewe afnemende
herrangskikking is verwant aan die niekommutatiewe afnemende herrangskikking met betrek tot
die loop deur 'n klassieke afnemende herrangskikking. 'n Alternatiewe definisie tot die een voorgestel
deur Labuschagne en Majewski word geformuleer en ons wys dat die definisies definieer dieselfde
ruimtes.

Volgende ondersoek ons geweegde Orlicz ruimtes. Eers wys ons dat beide definisies van geweegde
niekommutatiewe Banach funksie ruimtes dieselfde Orlicz ruimtes gee vir 'n gegewe Young funksie.
Daarna ondersoek ons Kothe dualiteit van geweegde Orlicz ruimtes. Vir 'n sekere klas van Young
funksies kan ons die loop resultate herkry dat die Kéthe duaal van 'n geweegde ruimte gegenereer
deur 'n Young funksie is, tot op 'n ekwivalent norm, die geweegde ruimte gegenereer deur die
konvekse toegevoegde van die young funksie.

Ten laaste ontwikkel ons die teorie van reéle interpolasie vir die Banach koppel (LL(M), M).
Die sogenaamde K-funksionaal is krities tot die reéle interpolasie van die ruimtes. As sulks 'n
belangrike taak wat ons onderneem is om die natuur van die K-funksionaal te ondersoek. Ons
gebruik dan hierdie resultate en volg die teorie van reé€le interpolasie van ’'n abstrakte Banach
koppel om te wys dat elke geweegde niekommutatiewe Banach funksie ruimte gegenereer deur

'n monotone Riesz-Fischer norm ’n eksakte interpolasie ruimte is. Omgekeerd word elke eksakte

monotone interpolasie ruimte gegenereer deur 'n Riesz-Fischer norm.

Sleutelwoorde

von Neuman algebras, niekommutatiewe Banach ruimtes, geweegde, nieckommutatiewe integrasie

teorie, Kothe dualiteit, reéle interpolasie
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Introduction

The origin of noncommutative Banach function spaces in some way can be traced back to
von Neumann when he published his paper [19] in 1937. It was several more decades, however,
before further progress were made. First by Ovcinnikov in his 1970 paper [13], followed by Dodds,
Dodds and de Pagter in their paper [3] in 1989 which they explicitly formulated the concept of a
noncommutative Banach function space, often denoted L” (Mv) for a Banach function norm p. The
development of the theory of noncommutative decreasing rearrangements by Fack and Kosaki in
their 1986 paper [6] was key to the work of Dodds, Dodds and de Pagter. Shortly thereafter Dodds,
Dodds and de Pagter published two followup papers in which they achieved a robust theory of Kothe
duality [4] and a refined theory of real interpolation [5]. Since then the theory of noncommutative
Banach function spaces has seen further wide-ranging research efforts that developed the theory
even further. Among several other important achievements within the theory of noncommutative
Banach function spaces was the result of Kalton and Sukochev [9] where they showed that one
only needs to assume a symmetric function norm, the most general version of the principle, for the
construction by Dodds, Dodds and de Pagter in [3] to work.

In [10] Labuschagne and Majewski aimed to describe the regular random observables with
respect to a state x € L}F(./T/lJ), a quantisation of the concept of regular random variables. Here
LY(M) refers to the noncommutative Banach function space corresponding to L*([0,00)). They
found that the natural space to describe these observables were the so-called weighted noncommu-
tative Banach function spaces, a concept they introduced in the same paper. The set of regular
random observables, they found is a closed subset of the weighted noncommutative Orlicz space
LgOSh_l(M). In proving these results a pseudo tracial map 7, : M — [0,00] : @ [ ps(a)ps(z)ds
was introduced. It is of some interest to note that in the case when p(z) is the identity function
on [0,7(1)), allowing for 7(1) = oo, then 7, is simply the trace in the sense as it was extended to
//\Z+ in [6]. In this sense, one can think of 7, as a weighted version of the trace. In our further
development, we will take this idea a step further when we define weighted analogues of various
concepts in the tracial theory by letting the map 7, take the place of the trace. In this way, we
will define concepts such as 7,-measurable operators, a weighted topology of convergence in mea-

sure, a weighted noncommutative decreasing rearrangement and indeed an alternative definition

for weighted Banach function spaces. Later we will also define a concept of a weighted Kothe dual.



2 INTRODUCTION

In this thesis, M will always denote a semi-finite von Neumann algebra equipped with a semi-
finite, normal, faithful trace 7. The topological *-algebra of 7-measurable operators will be denoted
by M. For the classical theory, we will refer to a Banach function norm as a map that satisfies the
conditions in [2, Definition 1.1.1].

This thesis assumes a basic understanding of the theory of von Neumann algebras and (non-
commutative) Banach function spaces. In the first chapter, named Preliminaries, we present the
basic concepts and results necessary for the rest of the thesis, all without proof. First, we cover the
concepts of the theory of von Neumann algebras that will be most important to the thesis. The sec-
ond section in the chapter covers the construction of classical Banach function spaces, and the final
section in the chapter shows how one can construct noncommutative Banach function spaces given
a semi-finite von Neumann algebra and a classical Banach function space. This chapter should not
be seen as a comprehensive exposition of these subjects. For readers who are unfamiliar with any
of these topics we highly advise using the various books and papers mentioned in the chapter to
gain some familiarity.

In the second chapter, we start our development of weighted spaces. As mentioned previously
Labuschagne and Majewski introduced a pseudo tracial map 7,,. The philosophy we follow in this
chapter, and in fact, the entire thesis is to let 7,, take the place of the trace in developing the theory.
To do this, we first investigate some of the basic properties of 7,. We then define a concept of a
Te-measurable operator. We denote the set of all such operators as Mx We also define a weighted
topology of convergence in measure, which we show is indeed a topology. In fact we show that ﬂx
equipped with the weighted topology of convergence in measure is exactly M equipped with the
usual topology of convergence in measure. This provides the setting in which we shall develop our
theory. Next, we define a weighted noncommutative decreasing rearrangement p(a,z) and explore
some of its properties, including a classical connection with the tracial noncommutative decreasing
rearrangement. The main aim of this chapter, however, is to provide an alternative definition for
weighted noncommutative Banach function spaces and to show that our definition is equivalent to
that of Labuschagne and Majewski.

Weighted noncommutative Orlicz spaces are the subject of investigation in the third chapter.
First, we show that the equivalence provided by the previous chapter can be refined even further
in the case of weighted noncommutative Orlicz spaces. In particular, we can show that for a given
Young function, both approaches will render the same space. This is of particular importance since,
as the reader may recall, the weighted noncommutative Orlicz space L;F’Sh*l(/(/lv) was shown to be
the home of the regular random observables. The second subject of investigation in this chapter is

that of the Kothe duality of Orlicz spaces. The reader may recall that the theory of Kothe duality of
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noncommutative Banach function spaces developed by Dodds, Dodds and de Pagter encompassed
noncommutative Banach function spaces in general. Unfortunately when applying their strategy
to weighted noncommutative Banach function spaces one encounters significant obstacles at points
where additivity of the trace plays a vital role due to the subadditive nature of 7,. We do however
manage to obtain results for weighted noncommutative Orlicz spaces generated by a certain class
of Young functions.

The final chapter uses the theory of monotone interpolation spaces of an abstract Banach couple
to investigate the real interpolation theory of the Banach couple (LL(M), M). Our development
of the theory is based on the K-method of interpolation. We find that every weighted Banach
function space generated by a monotone Riesz-Fischer norm is an exact interpolation space. In the

converse, we also find that every exact monotone interpolation space is generated by a monotone

Riesz-Fischer norm. Whether every exact space is monotone is not known at this point.






CHAPTER 1

Preliminaries

1.1. Von Neumann algebras

In this section we review the necessary theory on von Neumann algebras. There are numerous
books written on von Neumann algebras, in particular the books Theory of Operator Algebras
(vol. I and II) by Takesaki, Fundamentals of the Theory of Operator Algebras by Kadison and
Ringrose and C*-algebras and W*-algebras by Sakai can each serve as a resource on the theory of
von Neumann algebras.

Let ‘H be a Hilbert space. The strong operator topology is the topology induced by the seminorms
on B(H) given by a — ||a&|| for each £ € H. So the strong operator topology has a neighbourhood

basis of zero of sets of the form

Vso(&1,€2,...,&n,€) ={a € B(H) : ||a&| < €,i € {1,2,...n}}.

Similarly the weak operator topology is the topology induced by the seminorms given by a +—

|(¢1, a&2)| and has a neighbourhood basis of zero of sets of the form

Viwo(&1,8a, ..., &n€) ={a € B(H) : |(&,a;)| <ei,j€{1,2,...n}}.

It is well known that the strong operator and weak operator closures of a convex subset of B(H)

coincide.

DEFINITION 1.1. A subalgebra M of B(H) is called a von Neumann algebra if M is a unital
subalgebra of B(#) that is closed under taking adjoints, i.e. if a € M then a* € M, and closed in

the strong (or weak) operator topology.

Note that M being closed in the strong operator topology implies that M is also closed under
the norm topology of B(H), thus making it a C*-algebra.
For any subset S C B(H) the commutant of S, denoted S, is given by S’ = {a € B(H) : ab =

ba,Vb € S}. With this we can give a characterisation of von Neumann algebras.

THEOREM 1.2. Let M be a unital subalgebra of B(H) that is closed under taking adjoints. Then

M is a von Neumann algebra if and only if M = M".
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The positive elements of a von Neumann algebra are those elements a € M such that the
a = b*b for some b € M. Equivalently the positive elements are those elements with real positive

spectrum. We will denote the cone of positive elements of a von Neumann algebra M as M.

DEFINITION 1.3. A map 7 : M™ — [0,00] is a trace if for all a,b € M and A >0
o 7(a+b)=r7(a)+ 7(b)
e 7(A\a) = A7(a)
e 7(a*a) = 7(aa*).

Additionally, a trace is

e faithful if 7(a) = 0 implies a = 0
e normal if for a net {a;} C M™* with a; ts0 a in M*, then 7(a;) 1 7(a)
o semi-finite if for all @ € M™ there exist a nonzero b with b < a such that 7(b) < oo.

Equivalently there exists a net a; T a such that 7(a;) < oco.

It is well known that a von Neumann M algebra allows a semifinite, faithful, normal (sfn) trace
if and only if M is semifinite. Due to this we will from now constrain our attention to semifinite
von Neumann algebras.

Let a be a self-adjoint densely defined operator on H, then there exists a unique spectral family

{e: : t € R} such that

1) e; is a projection for each t € R
2) t1 <19 implies e, < ey,

3) et4e 4 €+ in the strong operator topology
4) e, Tlastt oo
5) et 0ast| —o0

(
(
(
(
(
(6) a= f_oooo tdey,

)
)
)
)
)
)

6

known as the spectral decomposition of a. If a is positive, then e¢; = 0 for all ¢ < 0 and hence
a= fooo tdey.
Any closed densely defined operator a can be written in its polar decomposition as a = ulal

where u is a partial isometry.

DEFINITION 1.4. A closed densely defined operator a is affilaited with a von Neumann algebra

M if either of the following equivalent conditions hold

e Forallbe M’ ba C ab
e If a = u|a| is the polar decomposition of a and |a| = fooo tde; is the spectral decomposition

of a, then u,e; € M for all ¢t > 0.
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If a is affiliated with M and bounded, then a € M.

If M is a commutative von Neumann algebra, then M is isomorphic to some L* (X, ¥, v) for
a localisable measure space (X, X, v). Conversely, for a localisable measure space, L*(X, 3, v) is
a von Neumann algebra over the Hilbert space L?(X,Y,v), where the operator action is taken
as multiplication. In this case the map 7 : f — f fdv is a sfn trace. This leads to the general
philosophy of noncommutative integration theory. Specifically we regard a general semifinite von
Neumann algebra M as a noncommutative analogue of an L* with the trace taking the role of a

noncommutative integral.

1.2. Classical Banach function spaces

As was mentioned in the previous section, any commutative von Neumann algebra is isomorphic
to L>°(X, X, v) for some measure space (X,3,v). The study of noncommutative Banach function
spaces uses this as a starting point. In order to understand noncommutative Banach function
spaces we must first review the necessary theory of commutative Banach function spaces. For a
measure space (X, Y, v), we will denote the set of all measurable functions that are finite almost
everywhere by LY(X, %, v) and L°(X, X, v)T as the subset of all positive functions. In this chapter
and throughout this thesis we will denote the Lebesgue measure by m.

The concept of a function norm plays an important role in the development of Banach function
spaces. For this text we will follow Bennett and Sharpley as in [2] for our definition. We do however
acknowledge that there are a number of different approaches, some of which are more general than

the one presented here.

DEFINITION 1.5. Let (X, 3, ) be a semi-finite measure space. Then a Banach function norm
on LO(X,%,v)t is amap p : LY(X,%,v)" +— [0,00] that satisfies the following conditions for all
f,ge L°(X,%,v)" and A >0

(1) p(f) =0 if and only if f = 0 almost everywhere

p(f+9) < p(f) +p(9)

p(Af) = Ap(f)
2) 0 < g < f almost everywhere implies p(g) < p(f)
3

4) v(E) < oo implies p(xg) < 0o
(E) < oo implies there exist a constant Cr dependent on E and p but independent of f

(2)
(3) fi T f almost everywhere implies p(f;) T p(f)
(4) v
(5) v

such that [, fdv < Cgp(f).
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Of the above assumptions, only (1) and (2) can be considered universal for function norms. We
will, however, continue with the additional assumptions and use the term Banach function norm
to indicate this.

For a (Banach) function norm p one can extend the domain of p to all of L°(X, ¥, v) using the

prescription p(f) = p(|f]) for all f € L°(X, %, v).

DEFINITION 1.6. The Banach function space associated with the Banach function norm is the
space LP(X, % v) = {f € L° : p(f) < o}. The space L’(X,¥%,v) is a Banach space under the
norm || f|, = p(f) for all f € LP(X,%,v).

In the more general approach a Banach function space is the space generated by a function

norm as above that is complete with respect to the function norm.

DEFINITION 1.7. Let p be a Banach function space on L%(X,¥,v). The associate norm of p,

denoted p’, is the Banch function norm given by

p(5) = sul [ fgdv: f € DX S,0), () < 1)

The associate space of LP(X,%,v) is Lpl(X, S, v).

THEOREM 1.8 (Holder’s inequality). [2, Theorem 1.2.4] Let LP(X,%,v) be a Banach function
space with associate space LPI(X, Y,v). Then for f € LP(X,X,v) and g € LPI(X, Y, v),

/mwgwmww

DEFINITION 1.9. The distribution function of f € L%(X,¥,v) is the map d(f) : [0,00)
[0,00] : s > v{z € X :|f(x)] > s}. We denote d(f) evaluated at s as ds(f).

The decreasing rearrangement of f is the map pu(f) : [0,00) — [0,00] : t — inf{s > 0: ds(f) <
t}. We denote u(f) evaluated at ¢ as p:(f).

A function norm p for which p(f) = p(g) whenever u(f) = u(g) is called symmetric. The Banach
space generated by such a function norm is then referred to as a symmetric Banach function space.
In this text we will exclusively be concerned with symmetric Banach function norms.

We provide the following lemma and theorem due to their importance throughout this text.

LEMMA 1.10 (Hardy’s lamma). Let f and g be nonnegative measurable functions on (0,00) and
suppose that fg f(s)ds < fgg(s)ds for all t > 0. Let h be any nonnegative decreasing function on
(0,00), then [;° f(s)h(s)ds < [;° g(s)h(s)ds.

A totally o-finite measure (X,3,v) space is called resonant if [ u(f)u(g)dm = sup [|fh|dv

where the supremum is taken over all functions h equimeasuarable with g(i.e. d(h) = d(g)) on X.
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THEOREM 1.11 (Luxemburg representation theorem). [2, Theorem 2.4.10] Let p be a symmetric
Banach function norm on (X, 3, v) for a resonant measure space (X, %, v). Then there exists a (not
necessarily unique) symmetric Banach function norm p on Lg(R*,m), where m is the Lebesgue

measure, such that p(f) = p(u(f)) for all f € LO9(X, %, v).

1.3. Noncommutative Banach function spaces

Throughout M will be a semifinite von Neumann algebra equipped with a semifinite normal
faithful (snf) trace 7. The general philosophy of noncommutative integration theory is to treat M
as a noncommutative L> space, and to treat the trace as a noncommutative integral. Following
this philosophy, we will formulate the noncommutative analogues of the concepts presented in the
previous section and recall the results that will be most relevant to our development of weighted

noncommutative Banach function spaces.

DEFINITION 1.12. For a trace 7 on a semifinite von Neumann algebra M, we say that 7 is

(1) semifinite if for all @ € M™ there exist a nonzero 0 < b < a such that 7(b) < oo.
(2) normal if for any net {a;} with a; 1 a in the strong operator topology, then 7(a;) 1 7(a).
(3) faithful if for any a € M™, 7(a) = 0 if and only if a = 0.

DEFINITION 1.13. A closed operator a affiliated with M is T-measurable (a € M) if and only

if for all § > 0 there exists a projection p € M such that pH C D(a), ||ap|| < oo and 7(1 — p) < 4.

The space M is a *-algebra with respect to strong sum and strong multiplication, i.e. for
a,be M the sum and product of a and b in M is taken to be the closures of the operators a + b

and ab respectively.

DEFINITION 1.14. The noncommutative decreasing rearrangement (or generalised singular value
function) of a € M is the map u(a) : [0,00) — [0,00] where the value of u(a) at t > 0, denoted
pe(a), can be calculated using either of the following prescriptions [6]

(1) pe(a) = inf{||ae|| : e € P(M), 7(1 —e) < t}.
(2) pe(a) =inf{s > 0:7(1 —e,) < t}.

Where ey are the spectral projections of |a|.

If the integral is taken as a trace on a classical L space, then the above formulation is exactly
that presented in section 1.2. The nature of the functions u(a) was extensively investigated in
articles such as [6], and subsequently in [3] and [4]. In the subsequent chapters we will prove
weighted analogues of many of their results. In many cases our proofs for our weighted version

of the noncommutative decreasing rearrangements do not vary greatly from the original proofs for
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the non-weighted versions. We do wish to draw the attention of the reader to Lemma 2.5 of [6], of

which we will prove a weighted analogue in Chapter 2.

DEFINITION 1.15. Let p be a symmetric Banach function norm. The noncommutative Banach

function space associated with p and the von Neumann algebra M is the space

LP(M) = {a € M: p(u(a)) < oo}

which is a Banach space under the norm given by ||al|, = p(p(a)) for all a € LP(M).

In the above definition we assumed that p is a Banach function norm, so it satisfies all the
assumptions of 1.5. To ensure that L (/W) is a Banach space it is possible to relax some of the
assumptions. In particular Kalton and Sukochev showed in [9] that one only needs the function

norm to be symmetric, the most general version of this principle.



CHAPTER 2

Weighted Banach Function Spaces

2.1. A first definition of weighted non-commutative Banach function spaces

Noncommutative weighted Banach function spaces were first defined and shown to be Banach
spaces that inject continuously into M in [10], in particular, [10, Definition 3.6] and [10, Theorem
3.7] respectively. In [10] Labuschagne and Majewski had in mind that z should be a state in
the quantum mechanical sense, and as such considered = € Ll(ﬂ). This requirement was entirely
motivated by the physical considerations that lead to Labuschagne and Majewski defining weighted
noncommutative Banach function spaces. If one were to only consider the mathematics of the
situation, one could relax this assumption to 0 < z € L}F(/K/lv) + M. We now state the definition

of a weighted non-commutative Banach function space proposed by Labuschagne and Majewski

under our relaxed assumption.

DEFINITION 2.1. [10, Definition 3.6] Let 0 < x € L'(M,7) 4+ M, and let p be a rearrangement-
invariant Banach function norm on L°((0,00), ps(x)dt). Then the weighted non-commutative Ba-

nach function space is defined as L(M,7) = {a € M : p(a) € LP((0,00), () dt)}.

Comparing this definition with that of the non-commutative Banach function spaces introduced
by Dodds, Dodds and de Pagter [3], we can see a clear parallel. However, the proof that the spaces
LQ(MV ) are Banach spaces under the norm induced by the Banach function norm deviates from the
proofs of Dodds, Dodds and de Pagter non-trivially, but was proven by Labuschagne and Majewski

n [10]. The proof as given in [10] is provided in the appendix with no alteration.

THEOREM 2.2. [10, Theorem 3.7] Let 0 < z € Ll(ﬂ, T) 4+ M, and let p be a rearrangement-

invariant Banach function norm on LO((0,00), ue(x)dt). Then LL(M) is a linear space and || - P

a— p(a) is a norm on LE(M). Equipped with the norm || - ||, the space L (M) is a Banach space

that injects continuously into M.

To justify this we should show that the proof of [10, Theorem 3.7] holds for a positive x €
LY(M,7) + M. To see this first note that the function

Fx(t):/o ws(x)ds

is continuous and strictly increasing on [0, ¢;), where ¢, = inf{s > 0: us(x) = 0}, and constant on

[tz,00) (when t, < o0). In the context of our assumption that 0 <z € L'(M) + M, we have that

11
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F, is a homeomorphism from [0,%;) to [0,7(x)), and we allow for 7(x) = co. We remind the reader
that v was the measure given by p;(x)dt.

Furthermore we need the measure v to be non-atomic. As pointed out in [10], v is mutually
absolutely continuous to the Lebesgue measure m. Let E be a Borel set. We now need to consider
the two possibilities v(E) < oo and v(E) = co. Suppose that v(E) < co. Then we argue exactly as
in [10] to find a measurable subset F' of E with 0 < v(F') < v(E). Now suppose that v(E) = cc.
Then we choose an interval [0, a] such that for F'= EN[0,a], v(F) > 0. It is clear that 0 < v(F) =
Jo xEpe(x)dt < 0o and therefore 0 < v(F) < v(E). This is enough to show that v is non-atomic,
from which the rest of the proof found in [10] follows.

The proof of [10, Theorem 3.7] made implicit use of the map 7, : M—R:a— Jo (@) pa () dt.
This map will be of primary concern to us in the development of the theory of weighted non-

commutative Banach function spaces.

2.2. The map 7,

Our tasks in this section are to show that 7, is a reasonable candidate as a substitution for the
trace and to establish the appropriate setting within which we should develop our theory. For the
former, we will recall Proposition 2.3, proved by Labuschagne and Majewski in [10], which shows
the “trace-like” nature of 7, and inspired us to develop a theory of weighted spaces based on 7,
taking the place of the trace. For the latter, we must answer two questions. The first is what
kind of operators are to be considered in our theory. More specifically, we need to find a weighted
analogue for the 7-measurable operators, the 7,-measurable operators. We answer this question by
showing that our concept of 7,-measurability is equivalent to 7-measurability. The second question
we must answer is what is the appropriately weighted analogue of the topology of convergence in
measure. We will define a neighbourhood basis of zero for a weighted analogue of the topology
of convergence in measure. Much like for the first question we will discover that the topology
this neighbourhood basis of zero generates is nothing other than the topology of convergence in
measure. Together with the answer to the first question, this shows that the topological *-algebra
of 7-measurable functions is the appropriate setting for our theory.

For the map 7, : M — R : a — Jo~ me(a)pe(z)dt we will say that 7, is normal if for every net
{aa} with a4 T a in Mv, we have that 7,(aq) T 72(a). We say that 7, is semi-finite if for every
a € M there exists a non-zero b € M such that b < a and 7(b) < 0.

We begin by citing the result from [10] giving us the foundational properties of the map 7.

The proof as given in [10] is provided in appendix B.
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PROPOSITION 2.3. [10, Proposition 3.10] For any non-zero 0 < z € L'(M,7) + M, the map
7w M—R:a— Jo" me(a)pe(z)dt has the following properties for all 0 < a € M:

It is an exercise showing that property (3) holds using the normality of the map f +— [ fdm in
the von Neumann algebra L>°([0,00)) and [4, Proposition 1.7].

Note that, as before, our assumption is that a € Ll(/\7) +M as opposed to = € Ll(/q), which in-
fluences property (4). To see that our assumption causes 7, to be semifinite, recall that by [4, Propo-
sition 2.6] fo z)dm is finite for all £. Now let a € M™ with spectral decomposition a = [ tde.
Since a € M there exists a spectral projection e; such that 7(1 — e;) < oo. Clearly (1 —e;)a < a
and (1 - e)a) = [ p((1 = eD)a)n(x)dm < [ [lalu(l - e)p(e)dm = [la] 707 j(a)dm < ox,
where we made use of [6, Lemma 2.5(i) and (vii)].

We can see that 7, closely resembles a trace. Recall that for any positive 7-measurable operator
a we have that 7(a) = [ u(a)dt [6, Proposition 2.7]. Comparing this with 7,(a) = [ w(a
we may be motivated to consider 7, as a “weighted trace” acting on M. Inspired by this, the
philosophy we will follow in the development of the theory of weighted Banach function spaces
will be to let 7, take the place of the trace. As such we will define our weighted spaces using the
classical spaces LP((0,00), m) as was done by Dodds, Dodds and de Pagter and 7, as the “trace”.

In order to develop our theory using 7., we will need to develop some of the basic properties of
T.. We will see that for these properties 7, mimics the well-known results for traces. For the most
part, their proofs follow exactly as in the tracial case. The subadditivity of 7, does play a small

role in 2.7, but in such a way that the desired result still follows.
LEMMA 2.4. If p,q € P(M) and p ~ q, then 1,(p) = 7(q).
PROOF. 7,(p) = 7, (v*v) = 1, (v0*) = 74(q). O
LEMMA 2.5. For p,q € P(M), if pAq=0, then 7,(p) < 7.(1 — q).

PROOF. If pAqg =0, then p = 1—p* = (pAg)* —pt =pt Vgt —pt ~ ¢t —gtApt < ¢t =1—¢.
Therefore by Lemma 2.4 7,(p) < 7,(1 — q). O

LEMMA 2.6. Let a,b € M+ and 7:(b) < oo, then Tz(a —b) > Tx(a) — 7:(b). If b < a then
Tz(a —b) > 1p(a) — (b)) > 0.



14 2. WEIGHTED BANACH FUNCTION SPACES

PROOF. From the subadditivity of 7,, we have that 7,(a) = 7.(a — b+ b) < 7,.(a — b) + 7,(b).

Upon rearrangement this becomes 7,(a — b) > 7,(a) — 7,.(b). O

LEMMA 2.7. For p1,p2,...,pn € Mp,

n
Vi) < Talpi).
=1

PROOF. Observe that if 7,(p;) = oo for any ¢ < n, then the result will follow trivially, so we
can assume that 7,(p;) < oo for all i = 1,2,...,n. For n = 1, the result is trivial. Suppose then

that the lemma holds for the case n =k, i.e.

1pz Z Ty pz

Then by the Kaplansky formula \/Z 1]% Prs1 ~ VE_pi — (Pra1 A VE_ pi), whence

(Vv f+11p1) —T2e(Pry1) < Tx(\/?:+11pi — Dkt1)

= Tx(\/?:lpi (pk:+1/\\/ _1Di))

< Tx(\/?:lpi)

Therefore 7, (Vi !'p;) < 7.(VE_pi) + To(prs1), and so by the induction hypothesis we have that
To (VI pi) < D oiy Tw(ps) for all n € N. O

There are however certain properties held by traces not shared by 7,. As an example, let
0<ac M and let @ = fooo tde; be the spectral decomposition of a. It is then well known that 7
induces a measure on [0, 00) through the assignment B +— 7(ep) where B is a Borel set and ep is
the spectral projection associated with B.

Now 7, is a positive, unitarily invariant functional on M, but is clearly not a trace, or even a
weight in the sense of von Neumann algebras.

Furthermore 7, does not induce a measure in the same way 7 does. Let M = L*°([0, 2], dt) be
equipped with the usual trace and x = f(t) = exp(—t). Note that u(z) = exp(—t).

Then 72 (x[02)) = 1—€ 2 <2(1—e ™) = 7(X[0,1)) + 7= (X[1,2)), and therefore 7, does not induce
a measure on [0,00) in this way.

The *-algebra of 7-measurable operators play an important role in the construction of non-
commutative Banach function spaces. If we are to use 7, as a substitute for a trace, we will need

to develop the concept of 7,- “measurability”. First, recall the definition of T-measurability.

DEFINITION 2.8. A closed operator a affiliated with M is 7-measurable (a € M) if and only if

for all 6 > 0 there exists a projection p € M such that pH C D(a), ||ap|| < oo and 7(1 — p) < 6.
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We will now substitute 7, into the role of the trace and thereby define a concept of 7.-

measurability for operators.

DEFINITION 2.9. A closed operator a affiliated with M is 7,-measurable if and only if for all
d > 0 there exists a projection p € M such that pH C D(a), |lap|| < oo and 7,(1 —p) < 6. We

denote the set of all 7, measurable operators Mvm

In order to follow the same development done by Dodds, Dodds and de Pagter, we must work
within the context of M,. We would, therefore, like to know whether M, isa topological *-algebra.
We would also like to know how va is related to M. That va is a *-algebra and the relationship

it has with M can be shown simultaneously.
THEOREM 2.10. An operator a is T-measurable if and only if a is T,-measurable.

PROOF. We first assume a € M and then let § > 0. Since 0 < z € Ll(ﬂ) + M we have that
fg ws(x)ds < oo for every ¢t > 0 [4, Proposition 2.6]. As a function of ¢, the quantity f(f ws(x)ds is
continuous, increasing and foo ps(x)ds = 0. Therefore we can find an e > 0 such that [ us(x)ds < 4.

Since a € M there exists p € P(M) such that pH C D(a), |jap| < oo and
7(1 —p) <e. Then

T(1-p)
ni=n = [ s

IN
>,

It follows that a is 7, measurable and hence McC Mvz

L
Q’VL

Now assume that a € va and again let § > 0. For each n € N we let ¢, = and then let p,
be a projection such that p,H C D(a), [|ap,|| < 0o and 7,(1 — p,) < 5. Clearly 7,(1 — p,) 4 0 as
n — oo.

If there exists an n such that 7(1 — p,) = 0, then by the faithfulness of 7, p, = 1 and
a€EMCM. In light of this we may assume that 7(1 — p,,) > 0 for all n € N.

The measure v = p;(z)dt is mutually absolutely continuous to the Lebesgue measure on the
interval [0, %), when t; = inf{t > 0: us(x) = 0} (where t; = 0o is allowed as a possibility), as was
pointed out in the proof of [10, Theorem 3.7]. Since we assumed that 7(1—p,) > 0 for each n € N,
it follows that fOT(lfp”) pe(x)dt > 0 for all n € N.

We will aim for a contradiction by supposing that 7(1 — p,) > k > 0 for some k£ > 0 and all

n € N. Then
7(1—pn) k
(1= py) = / is(2)ds > / ws(z)ds = B > 0
0 0
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for all n > 0. Thus we have a contradiction. It follows that inf{7(1 — p,) : n € N} = 0. So there
exists an n such that p,H C D(a), ||ap,|| < oo and
7(1 — pn) < 6. Therefore we have that M= M,. O

Since /Wx = M, at least setwise, and the concepts of measurability is equivalent, we can use
either M or Mm In general we will refer to M , but may refer to ./\71« if doing so is more convenient.

Since M is a *-algebra it follows immediately from this result that va is also a *-algebra.
From the previous result we know that //\/lvx would be a topological *-algebra under the topology of
convergence in measure with respect to 7, which we will denote v.,,. As before though, if we are to
develop the theory of weighted noncommutative Banach spaces in the spirit of Dodds, Dodds and
de Pagter, the appropriate topology should be a topology in convergence in measure with respect
to 7. Our first task will be to show that such a topology can be defined and does indeed exist and
then to show its relationship to the topology of convergence in measure with respect to 7.

Recall that 7., has a neighbourhood basis of zero consisting of sets of the form
N(e d) ={a € M:3pe P(M),pH C D(a), |lap|| < €,7(1 —p) <4}

for €,0 > 0. If we follow our prescription of replacing 7 with 7, we can similarly define a family of

sets {Ny(€,0) : € > 0,0 > 0} where
Na(e,8) = {a € M: 3p € P(M),pH C D(a), |lap|| < €, 7(1 - p) < 5}

In the hopes that this family of sets will be a neighbourhood basis of zero for a vector topology,
we will denote this family of sets by e, . We can show that 7ey, , is a vector topology using the

same approach used when showing ., is a vector topology.

LEMMA 2.11. For all €,€1,€2,9,01,02 > 0 and A € C, we have

(1) Mol 6) = AN (e, 6)
(2) €1 < ez and 61 < dy implies that Ny (e1,01) C Ny(€a,d2)
(3) Nx(ﬂ A €2,01 N (52) C /\/'x(el, 51) ﬁNx(€2, 52)
(4)

4 Nx(el,él) +Nx(62,(52) C Nx(q + €9,01 + 52).

ProOOF. All the above claims follow fairly directly from the definition of the neighbourhoods
Nz (e,8). For the convenience of the reader we will include the proofs of each claim.
(1) Let ¢,0 > 0 and let A € C. First suppose that a € NV;(|)\|e, d), that is to say that there exist
ap € P(M) such that pH C D(a), |lap|| < |[Me and 75(1 — p) < §. Clearly we then have that
| +ap|| < €, which shows that +a € Ny (e,d), or equivalently a € AN (e, ).

Now if a € MV, (¢€,6), then a = b for some b € N, (¢,5). Then there exist p € P(M) such
that pH C D(b), ||bp|| < € and 7,(1 — p) < §. Then we clearly also have that [|[Abp| < [Ae, i.e.
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llap|| < |\e, and therefore a € N (| A, §).

(2) Suppose €; < €2 and d; < 2, then it is clear that if for an operator a such that there exist
p € P(M) such that pH C D(a), |lap|| < e; and 7,(1 — p) < 1, that it is the case that [jap| < €2
and 7,(1 — p) < d9, from which the desired result follows.

(3) Is a direct consequence of (2).

(4) Let a € N(€1,01) and b € Ny (e2,02) be given. Then there exists a projection p; € M such
that p1’H C D(a), |lap1| < €1, and 75(1 —p1) < 6;. Similarly there exists a projection ps € M such
that poaH C D(b), ||bp2]] < €2, and 7,(1 — p2) < d2. Let p = p1 A p2. Then

pH C p1rHNpyH C D(a) N D(b) = D(a + b),

[(a+b)pll < [lap| + [|bp]| < €1 + €2,
and
72(1 = p) = 72((m APQ)L) = 7'36(171l \/pé_) < 72(1 = p1) + 72(1 — p2) < 01+ da.

It follows that a + b € N (€1 + €2,d1 + d2) from which the result follows. O

As in the tracial case showed in [18], it follows from the above that the family of sets {N_(e, d) :
€,0} form a neighbourhood base of zero for a vector topology on M. We, therefore, have that /K/lvz

is a topological *-algebra. We can be more precise though, as we will see in our next result.

THEOREM 2.12. The family of sets {N,(¢,d) : € > 0,0 > 0} is a neighbourhood basis at zero for

Yem, i-€. Yem,x = Yem-

PROOF. Let N (e,d) be given. Let Ag be given with \g < f05 pe(x)dt. We will show that then
Nz(e, M) C N(e,0). Given a € Ny(e, \g), there exists a projection ¢ € P(M) such that ¢H C D(a),

llag|| < e, and 7,(1 — q) < Ag. Now since
T(1—-q) o0
/0 pe(z)dt = /0 X(0,r(1—g)) (t) e () dt
= /0 pie(1 = q)pe () ds
5
= 7(l-q) <A< / pe()ds,
0

it is clear that 7(1 — ¢) < 0. Therefore a € N (e, d), whence Ny (e, \g) C N (¢, d) as claimed.

Let N(e,d) be given. Select A > 0 such that fo)\ pi(z)dt < 5. We show that then N (e, \) C
Nz(€,6). Let a € N(e, ) be given. Then there exists a projection g € P(M) such that ¢H C D(a),
llag]l < €, 7(1 —¢q) < X and therefore 7,,(1 — ¢) = fOT(lfq) pe(z)dt < fo’\ pt(z)dt < 5. Therefore
a € Nz(e,9), or equivalently N (e, \) C Ny (e,d) as claimed. O
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So we have that va is not only the same *-algebra as M but that equipped with the topology
Yem,x it is the same topological *-algebra as M. In light of this, we can truly interchange M and
va depending on convenience. This also shows that we are justified in working in the context of
M both in an algebraic sense and in a topological sense. In light of this, we will always refer to M
rather than ./Ww, unless referring to M, is more beneficial.

The proof of the following lemma 2.13 is nearly identical to the proofs of the equivalent state-

ment in the tracial case, but we will present the proof nonetheless for the benefit of the reader.
LEMMA 2.13. a € Ni(¢,0) if and only if To(e(c.0)(lal)) < 9.

PROOF. Let a € M be given with Tz (€(e,00)(|a])) < 0 for some €,0 > 0. Take p = e(. «)(|al).
Then pH C D(a), |||lalpll <€, and Tz(e(c,0)(|a])) < d. Hence a € Ny(e,9).

Conversely suppose a € N;(¢,0). Then of course |a| € N;(¢,0). So there exists a projection
p € P(M) such that pH C D(lal), ||lalp]] < €, and 7:(1 — p) < §. Now for all & € pH, |||alé] =
llalpgll < ell€ll. But for all £ € e(coc)(|al)H we have that [[lalS]] = [[|ale(e,o0)(laDS] = ell€]l. Tt
follows that p A e(c oo)(|al) = 0 and therefore that 7 (e(e0(lal)) < 72(1 —p) < 0. 0

SECTION NOTES. Proposition 2.3 was proved in [10] by Labuschagne and Majewski. Theorem
2.10 was proved in [15] by the author and Theorem 2.12 was proved in [12] by Labuschagne and

the author.

2.3. Weighted non-commutative decreasing rearrangements

The theory of noncommutative Banach function spaces, as developed by Dodds, Dodds and
de Pagter [3], starts by using the results from Fack and Kosaki in [6] for the generalised singular
value function and using said function as a noncommutative decreasing rearrangement. The non-
commutative Banach function spaces are then defined in terms of the generalised singular value
function. Our task in this section is to define a weighted analogue of the generalised singular value
function, which we will call the weighted noncommutative decreasing rearrangement, and explore
the foundational properties of this function. We will find that the function enjoys many of the
same properties held by the generalised singular value function. We will also show the relationship
between our weighted noncommutative decreasing rearrangement and the generalised singular value
function. Specifically that the classical decreasing rearrangement of the generalised singular value
function with respect to the measure given by v = p;(z)dt, one would end up with the weighted
noncommutative decreasing rearrangement. To conclude this section we will apply this result to
demonstrate it’s usefulness.

Recall that in the tracial case the noncommutative decreasing rearrangement (or generalised

singular value function), can be defined in either of the two equivalent ways.
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DEFINITION 2.14. [6, Definition 2.1 and Proposition 2.2] For a € M, the noncommutative
decreasing rearrangement is defined to be the function p(a) : [0, 00) — [0,00] : ¢t — p(a) by either
of the following expressions

(1) pe(a) = inf{|jae|| : e € P(M),7(1 —e) < t}.
(2) pe(a) =inf{s > 0:ds(a) < t},
where d(a) : [0,00) = [0,00] : 5+ ds(a) is the function given by 7(1 — ;) = T(€(5,00))
for the spectral projection es of |a]. The map d(a) is the noncommutative distribution

function of a.

Note that in the above definition, if we treat the trace as an integral and the spectral projections
as characteristic functions of a Borel set, (2) is a direct noncommutative analogue of the classical
decreasing rearrangement.

Since we have a concept of 7,-measurability and a topology of convergence in measure with
respect to 7., which happens to be equivalent to the corresponding tracial concepts, we are justified
in defining a weighted noncommutative decreasing rearrangement (or weighted generalised singular
value function). We will use (1) in Definition 2.14 as the tracial blueprint from which we will define

the weighted analogue, i.e. we will replace the trace in Definition 2.14 with 7.
DEFINITION 2.15. For a € M, we define the function p(a,z) : [0,00) — [0,00] : t — pi(a,x) by
pi(a, z) = inf{ljae|| : e € P(M), 75,(1 —e) < t}.
We also define d(a, x) : [0,00) — [0,00] : t — d¢(a, ) by
di(a, x) = 7o (e(t,00) (la]))-

The fundamental properties of the generalised singular value function, p(a), was demonstrated
by Fack and Kosaki in [6]. If we are to use the weighted noncommutative decreasing rearrangement
p(a, z) in place of p(a) we will need to demonstrate analogues weighted results, which will be done
in the remainder of this section. We found that for these results the proofs in our setting differs
from the proofs in [6] only superficially. For the sake of the reader, we will nevertheless provide

the proofs.
LEMMA 2.16. d(a,x) is decreasing.

PROOF. Let t1 <t2. Then e, oo)(|al) > e, ,o0)(lal)-

By the monotonicity of 7., it follows that

diy (@, ) = To (et 00) ([al) = Tu(e(ty,00)(l0]) = diy(a, ).
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LEMMA 2.17. d(a,x) is right continuous.

PROOF. Suppose t; | t. Then ey, (|al) Lso et(]a|) in the strong operator topology. So e, o (lal) T

€(t,00)(|al). Since 7 is normal, it follows that

di,(a, ) = Tz(et, 00y (al) T Tz(et,00)(lal])) = di(a, x). O

PROPOSITION 2.18. For a € M, we have that p(a,x) = inf{s > 0 : ds(a, ) < t}. Moreover

pe(a, ) is non-increasing and right continuous. Also d,,,(qz)(a,z) <t for all t > 0.

PROOF. Let ¢t > 0 and oy = inf{s > 0 : ds(a,z) < t}. Let (s,) be a sequence in {s > 0 :
ds(a,z) <t} such that s, | ;. Then dg, (a,z) <t for all n € N. Since d(a, x) is right continuous
it follows that dy,(a,z) < t.

Let a = v|a| be the polar decomposition of a.

The inequality dq,(a,7) <t can be written as 7,(1 — e q,)(|a])) < t. Since [Jae(g,q,)(|al)|] =
llale,a,(laD)|l < au, it follows that p:(a,z) < ay.

It follows from the definition of u(a,z) that for an arbitrary € > 0 there is a p € Mp such that
Tz(1 —p) <t and |ap|| < pe(a, x) + €.

If & € pH N e(u(am)teco)(fal)H with [[€]| = 1, then (a*a&,&) > (u(a,x) + €)? since ¢ €
€ (i (a,x)+e00) ([a]) H .

We also have that(a*a&,€) < (u(a,z) + €)? since ¢ € pH and |lap| < us(a,z) + €, a contra-
diction and therefore pH M €(,, (a,2)+¢,00)(|a])H = {0}. Equivalently p A €, (q,2)+e,00)(|@]) = 0. So
Ta(€(uy(a,z)+e,00)(|]) < 72(1 —p) <t by lemma 2.5. But then d,, (q,2)+c(a, ) <t and therefore
ar < pi(a,x) + €. But since € was arbitrary, o < p(a, x). Hence pi(a, ) = oy.

To prove the entirety of the proposition, we now need to show that p(a,z) is right continuous.

Note that the first paragraph in this proof therefore shows that
(2.1) dut(a,m) (a,z) <t

for all ¢ > 0.

If t1 <9, then
{llae|| : e € Mp,1,(1 —€) <t1} C {||ael| : e € Mp, (1 —€) < 3}

and hence pu, (a,z) < p, (a, ).
Suppose p(a,z) is not right continuous at some t € [0,00). Then, since u(a,z) is decreasing,
there exist ¢ > 0 such that p(a, ) > ¢ > pite(a,z) for all € > 0.

Then d.(a,z) < d y(a,x) <t + e Since e was arbitrary, d.(a,z) < t, and it follows that

uite(a,x

pi(a, z) < ¢, a contradiction. O
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LEMMA 2.19. For each t > 0, let Ri(x) be the set of all T-measurable operators b such that

Tz(supp(|b])) < t. Fora € M, we have that

pi(a,x) = inf{|ja — b|| : b € Ry(x)}.

PROOF. Let t > 0 and as before let a = u|a| be the polar decomposition of a. Now let where

a = p(a, ) and let b be the operator

b= u/ sdes(lal).

Then [la —b|| < a = p(a,r) and 7, (supp(|b])) = dala,z) = dy,(az)(a,z) < t. It follows that
inf{||la —b|| : b € Ry(x)} < pu(a, z).

Now let b € R;(z) and set e = 1—sup(|b]). Then |Jae|| = ||(a—b)e|| < |ja—b||. Since 7,(1—e) < t,
it follows that u¢(a,x) < |lael| < ||a — b|| and hence ui(a,z) < inf{|la —b| : b € Ry(x)}.
Therefore pi(a,z) = inf{|la — b|| : b € R(z)}. O

LEMMA 2.20. Fora € M and z € LY(M),
(1) limgyo pe(a, 2) = |a].
(2) pia, ) = p(lal, 2) = pe(a®, x) and pe(Aa, ) = |A|p(a, ).
(3) prrs(a+b,x) < py(a,x) + ps(b, ).
(4) perslabz) < ua,)pis(b, 7).

PROOF. (1) Clearly |la]| > ut(a,x) for all t > 0. Suppose that for all € > 0, it is the case
that |lal| > o > pe(a,x). Then d, (42)(a,z) < e. But then since d(a, ) is decreasing we
have that 0 < do(a,7) < d, (4,2)(a, ) < €. Now since this is true for all € > 0, we must
have that dq(a,z) = 0. By the faithfulness of 7, it must be the case that e, )(la|) = 0.
But this implies that |||a||| = ||la|| < «, a contradiction. It follows that limy g p¢(a, ) = ||a|.

(2) That u(a,x) = p(lal,z) is clear from lemma 2.18. So to show the second part of the
claim let T' = wl|a| be the polar decomposition of a. Then aa* = va*av*. Hence aa*
restricted to the range of a is unitarily equivalent to a*a restricted to the range of a*. It
follows that |a*| = v|a|v*. By the uniqueness of the spectral decomposition it follows that

€(t,00) (10" ]) = ve(t,00)(lal)v* for all £ > 0. From this we have that for ¢ > 0

Talewoo)(107]) = Tu(veq o) (al)v”)
= Tu(ve( oo)(|al) (veq o (|al)®)
= Ta((veq,o0) (la])* (vey o) (lal)))
= Ta(e(t,00)(lal)v ve( o) (lal))

= Tu(e(,00)(lal))-
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Therefore d(a,x) = d(a*,z) which proves that p(a,z) = u(a*, x).
(3) Let € > 0. From lemma 2.19, we can find f,g € M such that

la = fII < pe(a,z) + € ma(supp(|f]) <t
16— gl < ps(b,x) + ¢, Ta(supp(lgl)) < s.
We have that
la+5) = (F+9) < la—Fll+ 15— gll < pelax) + ps(b ) + 2e.
Further we have that

To(supp(lf +91)) = 7(supp(|f]) V supp(|gl))

IN

7z (supp(|f)) + 7z(supp(|g]))

< t+s

It follows that py4s(a +b,2) < wi(a, ) + ps(b, ) + 2¢, and since e was arbitrary, that

tits(a+b,x) < pi(a, z) + ps(b, ).
(4) Let € > 0 and f,g € M be as in (3). Then set h = (a — f)g + fb. We have

lab—hll = llab—(a = f)g — fO
= lla=£) -9l
< lta = HIIG—g)ll

< (uila,2) +€)(s(b,2) +€).

Furthermore we also have the following:

supp(|h|) < supp(|(a — f)gl) V supp(|fd])
supp(|(a — f)gl) < supp(|g])
supp(| fb]) ~ supp(|b™f*[) < supp(|f*]) = supp(|f]).

It follows from this that 7, (supp(|h|)) < ts. Therefore piis(ab, x) < (u(a, x)+€)(ps(b, x)+

€). Since € was arbitrary, we have that p4s(ab, z) < p(a, z)us(b, ).

LEMMA 2.21. Fora € M, Tz(e(eo0)(lal) <t & p(a,r) <e.

PROOF. If 7x(€e(c,00)(la])) <t then py(a,r) = inf{s > 0: 7(e(s o) (la]) <t} < e. Conversely let

pe(a, z) = inf{s > 0 : 7x(e(s00)(Ja]) <t} < ¢ then by Lemma 2.16 and Proposition 2.18, we have

that 7,(€(c,00)(|a]) < Tz(e(u(a,2),00)(|a]) < T O
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LEMMA 2.22. a € Ny(e,t) if and only if pi(a, z) < e.
PROOF. a € My(e,t) & Tu(e(en(lal) <t & pula,z) <e O

LEMMA 2.23. Let (a;) be a sequence in M and a € M. Then the following are equivalent:
(1) aj = a in M
(2) pe(a; —a,z) =0 for allt >0
(3) pe(a; —a) — 0 for allt > 0.

PrOOF. That (1) is equivalent to (3) is a well-known result and proved in [6, Lemma 3.1]. The
proof of the equivalence of (1) and (2) is identical to that of [6, Lemma 3.1], though for the sake of
the reader we reiterate it here in somewhat more detail. The proof essentially follows by observing

that for any net (a;) C M, we have that

a; — ain M < for all €,t > 0 there exists an 79 € I such that a; —a €
Nz (e, t) whenever i > ig
& for all ¢,t > 0 there exists an ¢ € I such that p(a; — O
a,x) < € whenever i > ig

< wl(a; —a,x) — 0.
LEMMA 2.24. Leta € M, z > 0 and 7(x) < 0o0. Then p(a,x) =0 when t > 7(x).

PROOF. Let |a| = [ se(s,)(|al) be the spectral decomposition of |a| and t > 7(x) = [~ ps(z)ds.
Then py(a,r) = inf{s > 0: 7,(e(s,0)(|al)) < t}. But we have that 7.(e(s)(|al)) < 7:(1) = 7(z) <
t for all s > 0. Therefore p(a,x) = 0. O

We can see that p(a, z) is well behaved and displays all of the fundamental properties we would
expect from a noncommutative decreasing rearrangement. In fact, this section was very much a
demonstration that the fundamental theory developed in the first section 2 of [6] still holds in
our case. We remind the reader that in the case where u(z) = p(1), that 7, = 7, and then
trivially p(a) = p(a,x). In light of this, we can say that this section has been a generalisation of
the analogous tracial results in [6]. This both justifies naming it the weighted noncommutative
decreasing rearrangement and shows that u(a,z) is an excellent weighted analogue to substitute
for p(a) in the further development of the theory.

For the final result in this section, we will show that we can find yet another way of computing

pt(a, x). This result was proved in [15, Theorem 3.7].

THEOREM 2.25. Let a € M and consider yu;(a) € LO([0,00),v), where v is the measure given

by pi(x)dt. Then the decreasing rearrangement of u(a) with respect to v is u(a,x).
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PROOF. We denote the distribution function of a function f € L%([0,00),v) with respect to v
by d(f,v) and the decreasing rearrangement with respect to v by p(f, ). We will calculate pu(a, z)
and g (p(a),v) using the prescriptions in Proposition 2.18 and [2, Definition 2.1.5] respectively.
It is well known that dy(u(|al)) = di(|al). Since u(a) is decreasing and therefore x ;o) (11(a)) =
X[0,de (u(]al)))» 1t follows that
di(p(a),v) = v(X(eo)((a)))

[e.e]

X(t,00) (11(@)) (8) s () ds

de(p(|al))
ws(x)ds

|
= /0 X[0,d: (u(lal))) () s (@) ds
|

dy(|al)
= / ws(z)ds
0

B /0 X[O’T(%oo)(la\))(S)Ms(x)ds

= d(a,x).

By using Proposition 2.18 to calculate u¢(a,x) and [2, Definition 2.1.5] to calculate pu(u(a),v), it

is clear that u(a,z) = p(p(a),v). O

Immediately from this, we have the following corollary.

COROLLARY 2.26. Fora € Mv,

/OOO pe(a, z)dt = /OOO pe(a) pe () dt,

/000 wi(a, x)dt = 14 (a).

PROOF. Since z € L'(M)+ M, we have that [ p¢(x)dt < oo for all n € N. It follows that v is
a o-finite measure. The corollary then follows from Theorem 2.25 and [2, Chapter 2, Proposition

1.8] with p = 1. O

Note that the corollary shows that LL(M) = {a € M : u(a,z) € L*(M)}.

In light of Theorem 2.25 it is then no surprise that p(a,x) displays all the characteristics of a
decreasing rearrangement since, in fact, it is one. Theorem 2.25 will be fundamental in many of
our further results and we will make use of it often. The usefulness of this result is that it gives
a connection between the weighted noncommutative decreasing rearrangement and the generalised
singular value function through the classical theory. A strategy that we will often employ is applying

a known result for classical decreasing rearrangements to p(a) and to show that a similar result
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holds for p(a, z) than for p(a). To demonstrate an application of this strategy we end this section
with the following lemma.

LEMMA 2.27. Let a,b € M, then [ u(ab,z)dm < [ p(a,z)p(b, z)dm.

PROOF. By [6, Theorem 4.2] we have that f(f p(ab)dm < fg p(a)u(b)dm for all ¢ > 0. Then
by Hardy’s Lemma ([2, Proposition 2.3.6]), we have that [ p(ab)p(z)dm < [ p(a)p(b)p(z)dm. We

can write this as

[ uabayim = [ p(ab)u(o)in

< [ w@nu®uw)in
- / u(pu(a)u(b), v)dm
< / u(ga(a), v)a(u(b), v)dm

O

In this section, we have seen that we can define a weighted noncommutative decreasing re-
arrangement. Using Fack and Kosaki’s approach in [6] as a guide we found that p(a,z) displays
many important properties that we would expect from a decreasing rearrangement type function,
which in fact it is, as shown in Theorem 2.25. The next step will be to use p(a,z) to construct
weighted noncommutative Banach function spaces similar to the construction of Dodds, Dodds and

de Pagter in [3] for noncommutative Banach function spaces.

SECTION NOTES. The majority of the results in this section first appeared in [15]. Exceptions

are Lemmas 2.21, 2.22 and 2.23. Theorem 2.25 was proved by the author in [15].

2.4. Equivalence of weighted spaces

Having developed pu(a,z) (for a T-measurable operator a) as a weighted noncommutative de-
creasing rearrangement, we can now use Dodds Dodds and de Pagter’s prescription to define a type
of weighted noncommutative Banach function space. The advantage of this is that we would have
a well behaved decreasing rearrangement type function at the heart of our weighted spaces. Then
we can use p(a,x) to develop the theory further, as can be seen in later chapters. Our task in this
section, however, is to show that the weighted spaces defined as previously alluded to are Banach
spaces and to show some correspondence with the weighted noncommutative Banach function space
as defined by Labuschagne and Majewski in [10]. In particular, we will show that our definition

is equivalent to the definition in [10] in the sense that given a weighted space in the sense of [10],
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we can find a Banach function space on L%(0,00) that generates the same Banach space via our

definition. Recall the definition given in [10].

DEFINITION 2.28. [10, Definition 3.6] Let 0 < 2 € L' (M, 7)+M, and let p be a rearrangement-
invariant Banach function norm on L%((0, 00), #¢(x)dt). Then the weighted non-commutative Ba-

nach function space is defined as LE(M, 1) = {a € M : u(a) € LP((0, 00), () dt)}.

We now give an alternative definition. Notice that the given definition is nearly identical to the
definition of a tracial noncommutative Banach function space in the sense of Dodds, Dodds and de
Pagter. The difference is that we have p(a, x) taking the place of u(a).

DEFINITION 2.29. Let 0 < z € L'(M) + M and p a rearrangement-invariant Banach function
function norm on L°([0,0¢)). The space LP(M,7,) is the space of all a € M such that u(a,z) €
LP(]0,00)).

In the previous section we saw that we can write LL(M) = {a € M : p(a,z) € LY(M)} =
Ll(ﬂ, 7z). As mentioned earlier our task is to show that the above definition defines a Banach
space and to show its correspondence with the spaces defined by Labuschagne and Majewski.
While it is possible to show, for a rearrangement-invariant Banach function norm p on L%(0, c0),
that L (.//\/lv, T;) is a Banach space using [2, Theorem 5.1.19], it is not necessary. Instead we will
show there exists a rearrangement-invariant Banach function norm p on L°((0,0),v) such that
Lp(//\\/l/7 7z) is identical to LQ(MV) as Banach spaces. We do this in the following theorem and
corollary. In addition we also show the converse, that LQ(MV) corresponds to L” (.//\/lv , Tz) for some

p. In so doing we show that the two definitions define the same spaces.

THEOREM 2.30. Let L5 (M) be a weighted non-commutative Banach function space. Then there
exists a rearrangement invariant Banach function norm p in the sense of [2] on L°([0,0)) such
that LL(M) = LP(M, ).

Conversely, for the space L (./\7 ,Tz), there exists a weighted non-commutative Banach function

space LE(M) such that LP(M, 1) = LE(M).

PROOF. Let p be a Banach function norm over L°([0, 00), v). We have that p is rearrangement
invariant and that v is nonatomic from the proof of [10, Theorem 3.7], and therefore L°([0, 00), v/) is
a resonant measure space. It then follows from the Luxemburg representation theorem [2, Theorem
2.4.10] that there exists a rearrangement invariant Banach function norm p over L°([0,00)) such

that for all f € L°([0, 00),v)
p(f) = p(u(f,v)),

where p(f,v) is the decreasing rearrangement of f with respect to the measure v.



2.4. EQUIVALENCE OF WEIGHTED SPACES 27

Since for all @ € M it was shown that w(a, x) is the decreasing rearrangement of u(a) with

respect to v, it follows that
p(p(a)) = p(p(a,z)).

Therefore a € L(M) if and only if a € L?(M, 7)), and we also have that lall, = |lall5-

Given a Banach function norm p on L°([0,00)) (in the sense of [2]), the second part follows
from setting p(f) = p(u(f,v)) for all f € L(]0,00),v)". We must show that p is a rearrangement
invariant Banach function norm on L%([0, o), v) in the sense of [2]. Now for 0 < f € L°(]0,00),v)
we have that f =0 v-a.e. if and only if u(f,v) = 0 m-a.e. if and only if p(f) = p(u(f,v)) = 0.

Let 0 < g < f v-a.e. in L°([0,00),v). Then u(g,v) < p(f,v) m-a.e. and therefore p(g) =

p(p(g,v)) < p(p(f;v)) = p(f).

Suppose we have that 0 < f,, 1 f v-a.e., then u(f,,v) T u(f,v) by [2, Proposition 2.1.7] and
therefore p(fa) = p((fr ) T ol 1)) = A1)

Now suppose we have a Borel set E C [0,00) with v(F) < co. We want to show that p(xg) <
co. But p(xe) = p(u(xe)) = p(Xjom(E)) < oo since v(E) < oo and therefore f[o,y(E)) dt <
00. Furthermore we have that there exists Cg > 0, dependent on [0,v(FE)) and p, such that
JYEY u(f,v)dt < Crp(u(f,v)) for all 0 < f € LO([0,00),v). Then it follows from [2, Theorem
2.2.2], with g = x g, that [, fdv < [ py(f,v)dt < Cp(f).

We also need to show that p is subadditive. Let f,g € L°([0,00),v). Then if we consider the
commutative von Neumann algebra L>°([0,00),v), we can conclude from [3, Theorem 3.4] that
lu(f +g,v) — (g, v)| << p(f,v). Then it is routine to show that p(u(f + g,v)) < p(u(f,v)) +
p(u(g,v)), ie. p(f+9g) < p(f)+ p(g) (see [2, Theorem 2.4.6]). So we have that p is a Banach
function norm satisfying the conditions in Theorem 2.2.

Let f,g € L%([0,00),v) such that 1u(f,v) = pu(g,v). Thensince p(f) = p(u(f,v)) = p(u(g,v)) =
p(g) we have that p is rearrangement invariant.

For all a € M it follows from Theorem 2.25 that p(a) = p(u(a)) = p(p(a,z)), and therefore
LM, 72) = TA(M). 0

This theorem shows that the two definitions of weighted spaces are equivalent set-wise. Thus
far we have not equipped L?(M, ;) with a norm. Intuitively we can do so by defining |al| pr =

p(u(a,z)). That LP (Mv ,Tz) is a Banach space will now follows from 2.30 as a corollary.

COROLLARY 2.31. Let p be a rearrangement-invariant Banach function norm. The space
Lp(./\7, Tz) 18 a Banach space with respect to the norm a — p(u(a,x)) for all a € L”(./W, Tz) that

injects continuously into M.
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PrOOF. To see that a — p(u(a,z)) = p(a) is a norm, let p be the Banach function norm for
which LP(/W, Ty) = LQ(MV) setwise. Then for all a € Lp(.//\/lv, Tz), we have that p(a) = p(a). Since
p acts as a norm on L7 (Mv), it follows that p acts as a norm on L” (.K/lv , Tz). Furthermore we know
that Lg(//\Z) is a Banach space with respect to the norm a — p(a) that injects continuously into

M , and hence the corollary follows. O

We have managed to show that we can construct the same spaces as defined in [10] by
Labuschagne and Majewski using a weighted noncommutative decreasing rearrangement. Given a
weighted space LP (JW, Tz), it is clear from the proofs of the previous two sections which Banach
function norm p causes L” (ﬁ/lv VTz) = LQ(/W) Now given a weighted space L% (Mv) the Luxemburg
representation theorem gives us a corresponding Banach function norm. If f* and ¢g* denotes the
classical decreasing rearrangements of functions f € LP((0,00),v) and g € L” ((0,00), v where p/
is the associate norm of p, then p(f) = sup{ [ f*¢g*dm : p’(g) < 1}. While this gives us a concrete
Banach function norm, it may not always be convenient in the given form. We will see in the next
chapter the classical Banach spaces generating weighted noncommutative Orlicz spaces are simply
the classical Orlicz spaces generated by the same function, i.e. that L%(.K/lv) = Lw(ﬂ, 7,) for an

Orlicz function .

In this chapter we have seen that we can use the map 7, : M — [0,00] : a J pn(a)pu(z)dm as a
weighted replacement of the trace 7. In particular, we have seen that we can define 7,-measurability
and a topology T¢m ., which corresponds exactly with 7-measurability and the topology of conver-
gence in measure respectively. We have also seen that we can define a decreasing rearrangement
type function u(a,z) and use these functions to construct weighted noncommutative Banach func-
tion spaces which correspond with the weighted spaces of Labuschagne and Majewski. Essentially
we have managed to construct noncommutative Banach function spaces using a map 7, which does
not have all the structure of a trace. One could view the work we have done in this chapter as a
step away from a purely tracial setting. Of course, the existence of a trace is still needed since we
still rely on the generalised singular value functions to define 7., but regardless we have shown that
there exists at least one non-tracial map with which one could construct noncommutative Banach

function spaces. Further exploring this line of thought is left for future projects.

SECTION NOTES. The results of this chapter were first presented by the author in [15].



CHAPTER 3

Weighted Orlicz Spaces

3.1. Young functions and Orlicz spaces

An important class of Banach function spaces are the Orlicz spaces. Other than being an
interesting generalisation of LP spaces, they also play an important role in probability in Banach
function spaces. In this chapter we want to eventually investigate Kothe duality of Orlicz spaces.
For classical Orlicz spaces the theory is well established. Chapter 4 section 5 of [2] is an excellent
resource for the theory of classical Orlicz spaces. Kothe duality of noncommutative Banach function
spaces is also well established as a consequence of the work done in [4]. Ultimately we will show that
under certain conditions the previously mentioned results also hold for weighted noncommutative
Orlicz spaces.

To start, let’s define what we mean by a Young function.

DEFINITION 3.1. A function ® : [0, 00) — [0, 00] is called a Young function if

e & is convex and increasing with ®(0) = 0.
e & is continuous on [0, by] where by = sup{t > 0 : ®(t) < oo}.
e ® is neither identically zero or infinite valued on all of [0, 00). If ag = inf{t > 0: ®(¢) > 0},

then neither ag = 0 or ag = oo is the case.

Let ® be a Young function. Then & has the property that there exists some function ¢ :
[0,00) + [0,00] for which ®(t) = f[o,t] ¢dm. The function ¢ is a left-continuous, nondecreasing
function that is infinite valued on (bg,00), but is neither identically zero nor infinite on all of
[0, 00).

For a Young function ® we can define the conjugate Young function ®* by setting ®*(s) =
sup{t > 0 : st — ®(¢)}. The conjugate Young function is itself a Young function and ®** = .
Furthermore the pair (®, ®*) satisfies the Hausdorff-Young inequality, i.e. st < ®(t) 4+ ®*(s) for all
s,t > 0. Equality is reached when s = ¢(t) (or ¢t = ¢ (s) where ®*(s) = f[o,s} dm).

To build intuition we give a few examples of some Young functions.

o O(t) =1tP.
e &(t) = cosh(t) — 1
o tlog(t+1)

29



30 3. WEIGHTED ORLICZ SPACES

Our interest in Young functions are in their use to build Banach function spaces. Generally
Orlicz spaces are defined over more general measure spaces, but for our purposes we only need to

define them over (R*, X, o) where o could either be the Lebesgue measure, or the measure v given

by pi(z)dt.

DEFINITION 3.2. An Orlicz space associated with a Young function ®, denoted by L®(R™*, ),
is the space of all functions f € LY(R*, o) such that there exists a constant a > 0 such that

¢(alf]) € L' (R, 0).
L®?(R*,0) is a Banach function space under the Luxemburg-Nakano norm given by:
I flle = mf{A >0 @A f)[l < 1}
The Orlicz norm, given by

111§ = sup{ll foll1 : g € L* (R, 0), glla~ < 1}.

Note that the Orlicz norm is the associate norm of the Luxemburg-Nakano norm generated by
®*. In fact the associate space of L* (RT, ) is in fact L®(R*, o) equipped with the Orlicz norm.
Furthermore the Orlicz norm and the Nakano-Luxemburg norm are equivalent for o-finite measures,
so in general we can say that L*(R*, o) is the associate space of L*" ((R*, o).

Given these classical Orlicz spaces we follow the usual procedure to construct non-commutative
Orlicz spaces. In particular we can define the following three types of non-commutative Orlicz

spaces:

(1) L*(M) = {a € M : p(a) € L*([0,0))};
(2) Ly (M) = {a € M : p(a) € L*([0,00), u(x)dt)};
(3) L®*(M,1,) ={ae M : u(a,z) € L*([0,00))}.

Each of these spaces can be equipped with the Luxemburg-Nakano norm and the Orlicz norm.
It is of interest to note that we can write the Orlicz norm on L®(M) as |la||§ = sup{7(|ab]) : b €
L (M), [blle < 1}.

As can be seen in the book by Bennett and Sharpley, it is well known that in the classical
setting the associate space of L*(R*, o) is L® (R, o) under the Orlicz norm. It then follows by
the work done by Dodds, Dodds and de Pagter in [4] that the Kéthe dual of L?(M) is L®" (M)
under the Orlicz norm.

Weighted Orlicz spaces are significant in the motivation for the importance of weighted noncom-

mutative Banach function spaces. In particular Labuschagne and Majewski showed the following

result.
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THEOREM 3.3. [10, Theorem 3.8] Given some x € (M:bl), f € M is a regular quantum

observable in the sense that t — [° exp(tus(f))ps(x) ds exists in a neighbourhood of 0 if and only
if f € LML (M). Moreover {f € L =1 : 7(fz) = 0} is a closed subspace of L —1(M).

We have two main objectives in this chapter. In the previous chapter we managed to show that
the two approaches to defining weighted noncommutative Banach function spaces are equivalent.
We will take this further by showing that for any Young function ®, we have that Lf(ﬂ) =
L‘P(/\?, 7z). This of course implies that in fact the regular quantum observables correspond to a
subspace of L2 ~1(M, 7).

Our second objective will be explore the Kothe duals of weighted noncommutative Orlicz spaces.
We will manage to show that at least when ® is such that, when written as ®(t) = f[o, 1 ¢dm, the
function ¢ is continuous, we can then recover the tracial results. More specifically we will show
that for such Young functions we have that the Kothe dual of L®" (M) is L®(M) under a norm

that is equivalent to the Luxemburg-Nakano and Orlicz norm on LT (M).

3.2. Equivalence of weighted Orlicz spaces

In the previous chapter we managed to show the equivalence of weighted noncommutative
Banach function spaces. While the Luxemburg representation theorem does provide us with a
Banach function norm under which the two approaches define the same spaces, we can go further
when dealing with Orlicz spaces. In particular we will show that a Young function ® will generate
the same space regardless of which approach is used. That is to say L?(M) = L®(M, 7).

The results in Lemma 3.4 and Corollary 3.5 below can be arrived at by an application of
Theorem 2.25. We believe, however, that the arguments given in [15] are more revealing of the
underlying nature of these results. As such we will first give the proofs as they appeared in [15],

after which we will show how one can arrive at the these results by simply applying Theorem 2.25.

LEMMA 3.4. Let ® be an increasing continuous function on [0,00) that possibly takes on infinite
values on an interval (bg,00) and a € M such that ®(|a|) € M. Set ®(00) = limy_yoo B(t), which

may be infinity, to extend ® to a function on [0,00]. Then ®(u(a,z)) = w(P(lal),z).

PROOF. As was noted by [6, Remark 2.3.1] in their context, the proof of Lemma 2.18 easily
adapts to show that when computing weighted decreasing rearrangements according to the pre-
scription given in Definition 2.15, we may restrict our attention to the commutative von Neumann

algebra generated by the spectral projections of |al.
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Using the Borel functional calculus, we can follow the proof of [10, Lemma 2.1] verbatim to

show that ®(|||ale]]) = ||®(|a|)e||, where values of infinity are allowed. Therefore

(@ (a), 2) = inf{[B(lal)e] ¢ € Mp, (1 — ) < 1)
= inf{®(|||ale]|) : e € Mp,T,(1 —€) <t}
= ®(inf{|||ale]| : e € Mp, (1 —€) < t})

= (p(a, v)).

Since an Orlicz function satisfies the above conditions, we immediately have the following

corollary.

COROLLARY 3.5. Let ® be an Orlicz function on [0,00) and a € M such that ®(|a|) € M. Set

®(00) = 00 to extend P to a function on [0,00]. Then ®(u(a,x)) = u(®(lal), x).

We now show how one can arrive at these results by an application of Theorem 2.25. In the next
lemma we will say that a function F' commutes with noncommutative decreasing rearrangements if
for any semi-finite von Neumann algebra M equipped with a nfs trace 7, we have that u(F(a)) =

F(u(a)) for all a € M.

LEMMA 3.6. Let F' be any function that commutes with noncommutative decreasing rearrange-

ments. Then u(F(a),x) = F(u(a,x)).

PROOF. Let a € M. Then u(F(a)) = F(u(a)). Now recall that, with v being the measure
given by p(x)dt, we have that u(a,z) = p(p(a),v) for all a € M. Tt follows that w(F(a),z) =
p(p(F(a)),v) = w(F(u(a)),v) = F(u(p(a),v)) = F(u(a,x)), where we used the fact that F' com-
mutes with noncommutative decreasing rearrangements twice. (Il

THEOREM 3.7. Let ® be a Young function. Then Lg’(ﬂ) = L‘p(ﬂ, Tz )

PROOF. Recall that

L2(M) = {a € M : u(a) € L2(]0,00),v)}.
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Therefore a € Lf(//\/lv) if and only if u(a) € L®([0,00),v) if and only if there exist an A > 0 such
that ®(Au(a)) € LY(]0,00),v). So we have that

a € Lf(ﬂ) < there exists A > 0 such that / D (Apg(a))pe(z)dt < oo

< there exists A > 0 such that / pe(x)dt < oo
0

< there exists A > 0 such that / e (P ,x)dt < oo
0

< there exists A > 0 such that / O (Apt(a, x))dt < oo
0

Sa€ L(D(//\/lv, Ty)-

Similarly for the norm of the weighted Orlicz space we have that

o =1nf{A>0:||®(u(a)/N) <1}

lallz
=inf{A>0: /OOO O (p(a) /N p(z)dt < 1}
=inf{A>0: /Ooo@(ut(a, )/N)dt < 1}
= llall-.e-
[l

From Theorem 3.7 it follows that LE(M) = LP(M, 7,) for 1 < p < oo and that Lt —1(M) =
Leosh—1 (M, 72). Recall that Lgosh ~1(M) coincides with the set of regular observables, and therefore
so does L 1 (M. 7,.). Since L®(M, 7,) = L2 (M) for all Young functions ®, we will always denote
a weighted Orlicz space generated by ® by L® (Mv) We will do so even when, directly or indirectly,
using ideas from the construction of weighted spaces in the sense of Definition 2.29.

The prescription in defining weighted noncommutative Banach function spaces seen in Defini-
tion 2.29 is not only a useful alternative, in the sense that it has a decreasing rearrangement in
p(a, x) at it centre in a way more reminiscent of tracial noncommutative decreasing rearrangements.
We have also seen that our formulation agrees on a large class of weighted spaces. More precisely
we have seen that any Young function ® will generate the same weighted space regardless of the

approach one uses.

SECTION NOTES. Section 3.1 consists of known results. Lemma 3.4 and Lemma 3.5 appeared

in [15] as a single lemma. Theorem 3.7 was also first proved in [15] by the author.
[15] g p y
3.3. The Kothe dual of weighted noncommutative Orlicz spaces

In this section we will investigate Kéthe duality of weighted noncommutative Orlicz spaces. A

significant challenge when developing Kothe duality for weighted noncommutative Banach function
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spaces is the inability to extend 7, to a linear map on L!(M). In the tracial case the linearity of 7
is a key component to a significant number of results leading up to a description of Kothe duality
for noncommutive Banach function spaces. For this reason we must restrict ourselves to weighted
noncommutative Orlicz spaces.

The differences with the tracial theory first become evident when we define three different norms
in Definition 3.9. In the tracial setting these three norms reduce to two, since as seen in [5] and
noted previously, the Orlicz norm on L®(M) can be written in the form lall§ = sup{r(ab) : b €
LY (M), [blle- < 1}.

The main result of this section will be a description of the Kéthe duals of a class of Orlicz
spaces. Unfortunately the subadditivity of 7, forces us to only consider Young functions ®, and
say ®(t) = f[o,t] ¢dm, where ¢ is continuous. For a general Young function this need not be the
case, but we will need continuity in the proof of Theorem 3.17.

We should first make it clear what is meant by the K&the dual of a weighted noncommutative

Banach function space.

DEFINITION 3.8. The non-commutative Kothe dual of a weighted noncommutative Banach
function space L2 (M) is Lgl(ﬂ) —{aeM:abe L;(/T/l/),b € LA(M)}
with norm ||al|, = sup{7;(ab) : b € Lgl(ﬂ), 6]l, < 1}.

Here we followed our general philosophy by replacing the trace with the map 7,,. As mentioned

before, we can define three norms on Lf(ﬁ/lv)

DEFINITION 3.9. We define the following quantities on M

(3.1) lafo. = inf{A >0 /(@(u(a,x)/)\))dm <1
(3.2) lalll$, = sup{rs(ab) : b€ LI (M), ||bl|o- . < 1}
(3.3) lall$. = llu(a, 2)|| = Sup{/ﬂ(avl’)gdm tg € L (RT,dm), ||glle- <1}

Clearly 3.1 and 3.3 are norms on Lf(ﬂ) In fact they are the Banach function norms on

M generated by the classical Luxemburg-Nakano norm and Orlicz norm respectively. Furthermore

from [2, Theorem 4.8.14] we have that ||al|¢ » < ||a]

norms on L& (M).

8 » < 2|lal|e  and therefore these are equivalent
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The question remains as to the relationship 3.2 has with the other norms. If 7, is a trace it
is clearly equal to the Orlicz norm, but a general answer to this is unknown at the moment. The
demonstration in [4] that the Orlicz norm can be written using the trace fails for 7,, thanks to the
subadditve nature of 7,,. As such whether 3.2 and 3.3 are in fact the same norms are unknown at
the time of writing.

It is important to at least establish that 3.2 is at least a norm. This is not difficult and is done
in the next proposition. The proof is essentially a translation of the proof of [2, Theorem 1.2.2]

into our setting.
PROPOSITION 3.10. The quantity |Ha|Hg’z defines a norm on L2 (M).

PROOF. Clearly if a = 0 then 7,(ab) = 0 for all b € Lf*(ﬂ), |bl|le= > < 1 and therefore
]HaH]g’x = 0. Now suppose ]HaH|g’x = 0. This implies that 7,(ab) = 0 for all b € L2 (M), ]|l a* 2 <
1. Consider supp(a), the support projection of a. If supp(a) = 0 then b = 0. Otherwise, since T
is semifinite, we can choose a nonzero projection p < supp(a) such that 7(p) < oo. Since p is a
nonzero subprojection of the support of a, then ap = 0 if and only if a« = 0, so we will proceed by
showing that ap = 0.

To make sense of the following step we make the observation that v([0, 7, (p fo z)dm <
oo since 0 <z € LI(M) + M. We make the further observation that 7, (p fo x)dm and is
therefore finite. Then we have that u(p, =) = u(u(p),v) = w(X(0,r(p))s ¥) = X[0.w([0,7(p))) = X[0,7 ()"
This ensures that [|p|le. = [|1(p; 2)|le = |Ix[0,7.(p))lle < oo since the Luxemburg-Nakano norm is a
Banach function norm. Now let b = £ where a = ||p||s,.. Then clearly [|b]¢, = 1. This implies
that 0 = 7,(ab) = 17,(ap) = 0 which implies that ap = 0. As observed earlier this shows that
ap = 0, which is a contradiction unless b = 0.

From the properties of 7, it is clear that 7,(Aab) = |\|7y(ab), and therefore \H)\a|]|g,x =
Allllalll .

For a1,b; € L‘I’(MV) we have that 7,((a1 + a2)b) = 7(a1b + agb) < 7,(a1b) + 7, (agb). It follows

that |||la; + a2|||gz <|llalI$ =t |||a2H]¢)x, which completes the proof.

O

Having established that 3.2 defines a norm, we can continue to the main objective of this section.
We will from now refer to the norm defined in 3.2 as the weighted noncommutative Orlicz norm. In
order to describe Kothe duality for weighted noncommutative Orlicz spaces, we will need to show

the equivalence of the following statements.
1) lalllg, < oo

(2) llall§, = llu(a, 2)1§ <
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(3) a € L2(M), i.e. there exists a A > 0 such that 7,(®(\a)) < oo.
ProPOSITION 3.11. For the above statements, 3 = 2 = 1.

PROOF. The implication 3 = 2 is clear from the existing theory of classical Orlicz spaces, so

we only need to show 2 = 1.

We therefore suppose that sup{ [ u(a,z)gdm : g € L®" (R*,dm), ||g[le+ < 1} < co. Then we

have that
lalll$, = sup{rs(ab) : b € LT (M), [b]le+ < 1}

= sup{/,u(ab,@dm be LY (Mv), b]lex < 1}

< sup{/ a,z)pu(b,z)dm : b € L2 (M), ||blle~ < 1}

< Sup{/ﬂ(a,x)gdm tg € L* (RY,dm), [|glle- < 1}
< 0.
O

We will spend the rest of this chapter on showing that under certain conditions the implication
1 = 3 holds, which will show that under those conditions the three statements are equivalent. This
will be enough to show that the Kothe dual of L2" (//\/lv) is Lf(ﬂ) under the norm ||| - | |g7x. To do
this we will prove a number of weighted noncommutative analogues of some classical results. Our

general strategy will be to follow the approach laid out in [2, Section 4.8].

LEMMA 3.12. Leta € L;D(/K/lv) be non-zero.

(1) Then m(®(([lalle,.) " lal)) < 1.
(2) If llalle. <1, then 7(2(lal)) < [|a

3) If lalle. > 1, then T(2(la])) > [|a|

D x-

Therefore 7,,(®(lal)) < 1 if and only if ||afle . < 1.

ProoF. (1) Let (e,) C (|la]loz,00) be a sequence decreasing to ||al| . By the monotone
convergence theorem we have that [ ®(e; u(a,z))dm 1 [ @((||a|o) tp(a, z))dm. It follows from
the definition of ||u(a,z)||e .z, and |lalle s = ||u(a, 7)||ez, that [ @(e, pu(a,z))dm < 1 and there-
fore that [ ®((||alle.) 'u(a,z))dm < 1. Now observe that due to Corollary 3.5 we have that
J @((lallo0)" e, 2))dm = [ & (u((allo.c) " a.2))dm = [ u(@((lallo0) ). 2)dm = 72(@((allo.0) " la])).
So we can restate our previous inequality as 7, (®((||alle.) " tal)) < 1.

(2) Suppose that [all¢, < 1. From (1) we know that 7,,(®((||lalle ) 'la|)) < 1, and therefore

D(( z) Hal) € M, = M. Recall that for any t > 0 and v > 1 we have that ®(yt) > y®(t).
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From this we have that ®((||al|e.) ') > (||lal|e.) 1 ®(¢), and therefore that 0 < (||al|e ) 1 ®(]a|)
®((|allo.z)"t|a]) from which it follows that (||a|e.) 1®(|a|) € M and 72 (([lallo2) "1 @(|al))

7o(®((lalle.0) " al))-
(3) Suppose that ||a|e, > 1. If 7,(®(|a])) = oo, then the inequality follows trivially. So

IN

IN

suppose that 7,(®(]a])) < co. Then ®(|al|) € M. Since lalle,» > 1, there exist an € > 0 such
that ||a||lo — € > 1. Now since |la||¢» — € < ||a||l® 2, we can conclude from the definition of the

Yy(a,z))dm > 1. Using the same argument we

Luxemburg-Nakano norm that [ ®((||alleq. —€)~
used in part (1), we can write this as 7,,(®((||alle. —€) " ta])) = [ @((||allo —€) 'p(a, z))dm < 1.
The convexity of ® ensures that for any t > 0 and v < 1, we have that ®(~t) < v®(¢). From this
we have that ®((||alle . —€)7't) < (||a]lo — €)1 ®(t), and arguing similarly as in (2) we have that
1 < (@((lallee — €)Hal) < (lal

so we therefore have that 7(®(|al)) > ||a||o 2 O

oz — €) 17:(®(la])). Now € > 0 can be made arbitrarily small,

Following from the previous lemma, we have that ]||aH|g’x = sup{7z(ab) : b € L (M), 72(®*(|a)) <

1}.
One of our objectives is to show that the weighted noncommutative Orlicz norm is equivalent

to the other norms defined on L (/T/l/) Half of this is achieved in the following proposition.
PROPOSITION 3.13. For any a € L*(M) we have that ]HaH|g’ac < 2||alle.

PROOF. Let a € Lf(ﬁ/lv) be non-zero. Recall that, if ®* is the conjugate Orlicz function of @,

then for u,v > 0 we have that uv = ®(u) + ®*(v). Now let b € L (M) and a > 0 be given. Then

ru(alalt) = [ ulalb, o)
< / ap(a, 2)pu(b, z)dm
< [ ®ana,a)dm+ [ @ (u(b,z))dm
— (@ (alal)) + 72 (@ (B]).

Now set a = (||lal|ex) !, and recall that 7,(®((||al|e.) tal)) < 1. We showed in Lemma

3.12 that ||b||¢- » < 1 is equivalent to 7,(®*(b)) < 1, so if have that this is the case, then we can

conclude that 7,((||alle.) t|alb) < 2 and therefore that (||ale.) t||allg, < 2, which proves the

proposition. O

In the proof of our main result, we will rely heavily on approximating positive elements of

L? (M) by increasing nets. To clarify, for an increasing net {aq}, we write ao T @ to indicate that
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a € M is the minimal element that dominates all ao. As such we will need to investigate the

behaviour of the weighted noncommutative Orlicz norm with respect to increasing nets.
LEMMA 3.14. Let an T a in M. Then pi(aa, ) T pe(a,x) for all t > 0.

PROOF. Let a 1 a in M. Then we have from [4, Proposition 1.7] that (aq) 1 pe(a) for all
t > 0. Now consider f, = p(aq) to be a net in L*>([0,00),r) that increases to f = p(a). We
can consider N' = L*°([0,00), ) to be a commutative von Neumann algebra with a trace given by
[ -dv. A second application of [4, Proposition 1.7] in the context of N gives us u(fa,v) T p(f,v)
for all t > 0, i.e. pi(aq,z) T pue(a,x). O

Again we have seen the usefulness of Theorem 2.25. A modified proof of [4, Proposition 1.7]
might still be possible even without Lemma 2.25, though it would certainly have been significantly
more challenging had we not had access to Theorem 2.25. Given the continued utility of Theorem
2.25, it could be said that this theorem is perhaps the most important technology in studying
weighted noncommutative Banach function spaces we have developed thus far.

We continue with our investigation of increasing nets. Ultimately we want to show how the
weighted noncommutative Orlicz norm behaves with respect to such nets. Suppose that {a,} C
{ae M:abe LL(M),be L (M)} is a net of positive elements such that as 1 a in {a € M : ab €
LL(M),b e L2 (M)}. This implies that su(aa, ) 1 p(a, ). From the properties of the Luxemburg-
Nakano norm this implies that ||aq|oz = [[#(aa, )|l T [|1(a, z)||le = ||a|lez- In the case where
the net {a,} increases to a in some abelian subalgebra of M, we can show that the above property

also holds for the norm ||| - |||gz We will need this fact later in the proof of Theorem 3.17.

LEMMA 3.15. Let a1,a92,b € M be commuting elements such that 0 < a1 < az. Then 1,(a1b) <
Tz (a2b). Furthermore suppose {aq} C M is a net of positive operators such that ag, T a and b € M.

If a and all the ay’s commute, then T,(aqb) T 7,(ab).

ProoF. Since 0 < a1 < a9 and a; commutes with as, we have that a% < a%. Then we have

that for every ¢t > 0

N

pe(arb, ) = pe(|arb]?, z)

[

— ju(balb, )

ol

< :ut(b*a’%ba I)

N

= pe(|arb]?, z)

= pe(arb, z)
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From this we have that 7,(a1b) = fo (a1, x)dm < fo (ag2b,x)dm = 7,(a2b), which concludes
the first part of the proof.

Now suppose that a, T a as described in the hypothesis. Then a2 1 a? in M and in turn, using
[4, Proposition 1.3], we have that b*a2b 1 b*a?b in M. We then have by Lemma 3.14 that

pi(aab, ©) = ps (b*ab, x)% 0 ut(b*aQb,w)% = p(ab, ).

Finally by the dominated convergence theorem we have that lim,, 7, (aqb) = lim, [ p(agb, z)dm =

[ w(ab, x)dm = 75(ab), i.e. T(anb) T 72(ab). O

COROLLARY 3.16. Let an 1 a in M with a € {f € M : fb € LL{M),b € L2 (M)}, where all

the aq’s commute with a and each other. Then we have that |||ai|]|g7w 0 |||a|]|8,$.

PROOF. First, since 7, (aqab) < 7,(ab) for all o, we have that a, € {f € M: fbe L;(/\?),b €
L2 (M)}. Since 7p(aa,b) < To(aayb) for a1 < ag and all b € L2 (M) such that an,b, aa,b €
Li(//\/lv), we have that \Haalmgw < ]Haazmgw. Furthermore since 7, (anb) 1 72(ab), we have that

llaall$., 1t all$.- =

This last corollary is a key component that we will need in the proof of the main theorem
of this section. In this section thus far we have formulated what we mean by the Ko6the dual
of a weighted noncommutatvie Banach function space, then established three important norms on
weighted noncommutative Orlcicz spaces. Following this we demonstrated some preliminary results
regarding these norms, after which we investigated the behaviour of the weighted noncommutative
Orlicz norm with respect to increasing nets of commuting elements. We now move on to the main

theorem of this section.

THEOREM 3.17. Let ® be an Orlicz function with ®(t fo s)ds for t > 0 such that ¢
is increasing and continuous on [0,bp). For a € M we have that \HaH\q,@ = sup{7y(ab) : b €
L2 (M ) Ibllex < 1} < oo if and only if a € Lq)(/\/l). If a meets this criterion then |lal|o, <

lall1g. < 2[alle.

PROOF. We have already shown that a € L® (Mv) implies that |||al| |g7z < oo and that |||a|| ]g,m

IN

A

2||a||e,. We therefore only need to show that |||a|||§ , < oo implies a € Lf(ﬂ) and that ||al/¢ 4

lallg -

So let a € M be such that |||a|||g7x < 00. Now since 7 (ab) = 7,(|ab|) = 1z(||a|b]) = 7(|a|b) we
may assume that @ > 0. Consider a maximal abelian von Neumann algebra containing the spectral
projections of a, say N. First we note that a is the limit of an increasing sequence of bounded

elements of N of the form a, = ax[o,(a). But each such element is the limit of an increasing
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sequence of simple functions in A (see [1, §2.2 Theorem 6]). So a is the limit of an increasing
sequence of functions of the form a, = Y ", ager where each «y is a positive real number and
the e;’s are mutually orthogonal projections. By the previous argument we have that there exist a
sequence {a,} such that a, 1 a. Each a,, commutes with every member of the sequence, so we can
apply 3.16 to see that |||an|||q,x 0 ]||a|||q,x Since |Ha|||¢x is finite we have that |Han|\|g,x is finite
for each n. So without any loss of generality we may assume that a = > _;* | agey.

Let {po} be a maximal set of mutually orthogonal subprojections of e; with finite trace. The
projection p = ) po is clearly a subprojection of e;. Suppose that p # e;. Then the projection
e1 —p # 0. If 7(e; — p) < oo, then {p,} is not maximal. But if 7(e; — p) = oo, then by the
semi-finiteness of M, there exists a non-zero projection p’ < ey — p such that 7(p') < oo, in which
case {po} is again not maximal. Hence p = ey, so we can write e; as the supremum of a net {eg} of
projections of finite trace. Define the operator ag = aieg + Y -, ageg. Then the net of operators
ag increases to a in the strong operator topology, and therefore |agb| increases to |ab|. If we recall
that 7, is normal, then we get that 7,(agb) T 7»(ab). So |Haa|||g,x 0 |||a|||gyx. Since \Hamg,m is
finite each |Haa|]|g7w will also be finite. So we may assume that e; is finite. Following the same
argument for every e; inductively we see that we can assume that each ej is finite. Note that if

T(ey) < oo, then 5(ex) = [;° 1 (z)dm = [ Xjo,r(p)) (2 dm—foe’“ (z)dm < oco. So we
have that 7,(e;) < oo for each k.

We also rescale a so that |||a|||gw =1.

Now we want to show that a < bg Y -, er. If by = oo, then the inequality holds trivially,
so suppose by < o0o. If ap < bg for all k£, then the inequality will hold, so therefore assume
that there exists a ko such that ag, > be + € for some € > 0. Let h = (boTz(ek,)) ter,. Now
recall that if by < oo, we then have that ®*(s) < bgs for any s > 0. Using this we have that
75 (®*(h)) < Tu(boh) = 74(by(bpTs (e, )) Lex,) < 1. Then

Wk, Dot
bo — bo

0190 = 7a(ah) = (boraler)) 72 (apoen,) = 1,
This contradicts the assumption that \HaH]g’x = 1, and therefore the operator inequality must
hold. For any 0 < 7 < 1 we have that ®(ybp) < oo, and therefore we have that 7,,(®(ya)) <
D(ybo) (S ex) < 0.

Let 0 < v < 1. The function ® as described in the hypothesis is a bounded and increasing
function on [0,7bg]. Recall that ® can be written in the form ®(s f[o ¢dm where ¢ is an
increasing and continuous function on [0, bg) by the hypothesis. Since ¢ is bounded and increasing

n [0,vbg], we have that ¢(ya) is a well defined element of M supported on Y ,_; ex. Now for
s,t € [0,00) we have by the Hausdorff-Young inequality that st < ®(t) + ®*(s). If in fact s = ¢(t)
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then by [2, Theorem 4.8.12] we have that
(3.4) st = O(t) + ©*(s).

We also observe that since ¢ is bounded on [0, ybg], so too is ®* o ¢ by 3.4 above. In particular,
since 7v]|al|co < ba, that ®* o ¢ will be bounded on [0, 7v|/a||sc]. If we set b = ¢(ya), then we have
that ®*(¢(ya)) = ®*(b) € M. Now it follows from the equality condition for the Hausdorff-Young
inequality mentioned earlier that yab = ®(va) + ®*(b). Clearly ~yab is of the form F(a) for the
measurable function F' : t — ~t¢(yt), which is an increasing function, continuous on [0, bs] and

infinite valued on (bg,00). We now have by Lemma 3.4 that for every ¢ > 0,

pi(F(a), 2) = F(pi(a, 2)) = ype(a, ©)d(ype(a, x))
= ®(ype(a,z)) + *(¢(vu(a, x)))
= ®(ype(a, ) + * (1 (v9(a), z)
= O(ype(a, v)) + @*(ue(b, ).

Therefore we have that

D (v (a, x) dm—l—/q)*,utbm

7 (yab) = / ji(yab, z)dm
-/

(3.5) = 72(®(7a)) + 72(27 (D).

Now 7,(®(va)) < oo. Furthermore we have that ¢(ya) < r> ;. ek for some r > 0, and
therefore we have that 0 < yab < rv||al|cc D pe €k, and therefore 7, (vab) < rv||alloo > pey Toler) <
00. We can conclude from this that 7,(®*(b)) < oo, and so b € L2(M). Furthermore 7,(yab) <

HWCLMg,beH@*,x < ||b||= . We can therefore say that
(3.6) Te(yab) < [|b]le- o < max{1, 7,(®*(b)))} <1+ 7(27(b)).

Combining 3.5 and 3.6 we get that 7,(®(ya)) < 1. This is enough to show that a € L2(M).

Furthermore, since 0 < v < 1 was arbitrary, we can conclude that |la|l¢, < 1. This is enough to

< [llalll§ .-

O

It is important to note the significance of equation 3.4. Because 7., is subadditive one encounters
difficulties when investigating Kéthe duality of weighted noncommutative Banach function spaces.
In particular the linear nature of the trace plays an important role in the theory as developed by

Dodds, Dodds and de Pagter in [4]. In the case of the weighted noncommutative Orlicz spaces
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generated by Young functions with continuous derivatives, equation 3.4 allows us to achieve some
degree of linearity even when dealing with 7.

The implications toward Kothe duality in Theorem 3.17 should be stated explicitly.

COROLLARY 3.18. The non-commutative Kéthe dual of LS*(M) is L(D@(J/\/lv), ie. LY (M)

under ||| - || ..

We can say even more regarding the relationship between |||a[||$, and ||a||$ . In particular we

have that %||a||g7:C < |lal

o2 < [lalllg, < 2lalle < 2[|all§,, ie.
L. o o) o)
§||ch1>,$ <llalllg. < 2llallg ;-

This shows that ||| - || \g@ is an equivalent norm to || - Hg’x on L®(M). It may be possible that these
two norms are in fact identical, but this is not known in general yet, apart from some trivial cases,

for example when 7, is a trace.

SECTION NOTES. The results obtained in this section have not been published previously.



CHAPTER 4

Interpolation Spaces of Weighted Banach Function Spaces

We now turn our attention to the real interpolation theory of weighted Banach function spaces.
Having a well-developed interpolation theory is a useful tool in showing that weighted noncommu-
tative Banach function spaces allow sensible dynamics. Our main tool will be the K-method of
interpolation of an abstract Banach couple (X, X1), in particular, the theory of monotone inter-
polation for Banach couples. In our case, the Banach couple will be given by (Lglc(./{/lv), M). Our
aim will be to describe the exact monotone interpolation spaces of this Banach couple. We will see
that every space Lﬁ(//\/lv ), where p is a monotone Riesz-Fischer norm, is an exact interpolation space
and conversely every exact monotone interpolation space is generated by a monotone Riesz-Fischer
norm. A follow-up question that we do not answer here is whether every exact interpolation space
is automatically monotone. In the tracial case, this question was answered by Dodds, Dodds and
de Pagter in [5] where they showed that all such spaces are indeed exact. Their paper [5] relied
heavily on results from [4]. As in the case of Kothe duality, the subadditivity of 7, prevents us
from using the same approach as was taken in [5]. The results in this section are, however, enough
to ensure that we obtain sensible quantum dynamics.

To ease the reading of this text we will at times cite known results from real interpolation
theory, but leave out the proofs. The book by Bennet and Sharpley [2, Chapter 5] can serve as an

excellent resource on the K-method of interpolation.

To start, we give the definition of a Banach couple.

DEFINITION 4.1. [2, Definition 3.1.1] If Xy and X; are Banach spaces, then they are referred
to as a Banach couple, denoted (Xp, X1), if there exists a Hausdorff topological vector space X in

which Xy and X7 are continuously embedded.

Since both Xy and X; exist in some larger Hausdorff topological vector space, we can make
sense of the spaces Xy + X7 and Xg N X7. The space Xg + X7 is a Banach space under the norm

given by
lallxo+x, = inf{|laollx, + lla1llx, : @ = ap + a1,a0 € Xo,a1 € X1},

and the space Xy N X; is a Banach space under the norm given by

||a”X0ﬂX1 = max{”aHXov ”aHXl}'

43
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To describe the objective of interpolation theory we will need to provide some definitions before

proceeding.

DEFINITION 4.2. A bounded linear map T on Xg + X7 is called admissible if T restricted to

either Xg or X; is a bounded linear map. The admissible norm of such a map is then given by

174 = max{[[Tlo, |71}

DEFINITION 4.3. Let (X, X7) be a Banach couple. A Banach space X is called an intermediate
space if Xy N X embeds continuously into X and X embeds continuously into Xo + X;. This can

be written symbolically as

XoNX; — X — Xo+ X3

X is called an interpolation space of the Banach couple (X, X;) if every admissible map on the
couple (Xp, X1) induces a bounded map on X. If additionally the norm on X of any admissible

map 7T is majorised by ||T|| 4, we say that the space X is an exact interpolation space.

For our investigation we need to confirm that (L1(M), M) is in fact a Banach couple. To
see that this is the case we remind the reader that the space (L' + LOO)I(//\/IV) is described by all
a € M such that fol ps(a,x)ds < oo. It then becomes clear that the spaces LL(M) and M both
contractively map into (L' 4+ L), (M).

Having established that (Lglc(//\/lv ), M) is indeed a Banach couple, we can now start investigating
their interpolation theory. Our main tool will be the K-method. The key component of this

method, and the origin of the method’s name, is the so-called K-functional. For a Banach couple

(X0, X1) the K-functional is defined for all a € Xy + X as
K(a,t) = inf{[|ar [z, + tllazllx, - ¢ > 0}

where the infimum is taken over all decompositions a = a1 + as such that ap € Xg and a1 € X;. If

we write this for the Banach couple (LL(M), M), we get
K(a,t) = inf{[|a||1.c + t]lazlloo}-
Now t — K (a,t) is a concave function, so we can write it in the form
t
K(a,t) = K(a,0+) +/ k(a, s)ds.
0

The function ¢t — k(a,t) is a unique non-negative, right-continuous, non-increasing function and is
known as the k-functional.
For the K-method of interpolation we are particularly interested in the so-called monotone

interpolation spaces. These spaces are defined as follows.
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DEFINITION 4.4. Let (X, X1) be a compatible couple of Banach spaces. An intermediate space

X of (Xo, X1), is said to be monotone if and only if the condition
K(g,t) < K(f,t) for each t > 0 where f € X, g9 € Xo + X,
ensures that g € X with ||g]lx < ||fllx-

It is well known that in the tracial case the K-functional can be written as K (a,t) fo ws(a
for alla € M [6, page 289] and therefore that k(a,t) = u:(a). For our investigation reproducing this
result will be a key component of attaining our desired outcome. In particular we would like to show
that, for the Banach couple (L + L), (M) the k-functional is similarly given by k(a,t) = u(a, z)
for all ¢ > 0 and that K(a,0+) = 0. In order to apply the K-method of interpolation, we must
know more about the structure of the K- and k-functionals.

To show this, recall the results from Lemma 2.20.

For a,b € M and z € (L' + L>®)(M),
(1) limeyo pe(a, ) = [].
(2) pu(a,z) = pu(lal, ) = pe(a®, z) and pe(Aa, z) = [N p(a, z).
(3) prs(a+b,2) < pla, z) + ps(b, ).
(4) s o(ab, z) < g, 2)ps(b, ).
The above results provide all the ingredients we need to prove the desired theorem. The proof

of the theorem is simply a repetition of the proof in [6]. As before we still provide the proof of the

theorem, because of its importance and for the sake of completeness of this text.
THEOREM 4.5. Let a € LL(M) + M. Then

t
| etasa)ds = int{ar 1 + sl )
0
where the infimum is taken over all decompositions a = a1+ as for where a; € L;(./K/lv) and as € M.

PROOF. Fix t > 0. Let a = a1 + ay be a decomposition of a where a; € Li(ﬁ/lv) and as € M,

and let 0 < a < 1 be given. Then ps(a, ) < fias(a1, ) + fi(1—a)s(a2, ¥) < pas(a, ¥) + |laz||, whence
t t
/ ps(a, x)ds < / tas(a1, z)ds + t||laz] s
0 0
oo
< / fas(a1, z)ds + t]az oo
0
o
= 04_1/ ps(ar, x)ds + t||az| co-
0

On letting a~! 1 1, we then get that fot ps(a, x)dt < [la1 |1,z + tllaz( -
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It remains to prove the reverse inequality. Again we fix ¢ > 0. Let a = ula| be the polar

decomposition of a and |a| = [; Ade; be the spectral decomposition of |al. Set o = py(a, ),

alr=u f;o()\ — «)dey and ag = a — ay. For the function

we then have that |a1| = f(|]a|). It then follows that

ps(a,z) —a 0<s<t
ps(ar, x) = f(ps(a,z)) =
0 s>t

We also have that |laz|| < a. Therefore
o
farlhe + tlasl < [ palan,z)ds + ta
0

t
/ (us(a, ) — a)ds + ta

0

t
| netazyas,

0

from which the result then follows. [J

O

The above theorem shows that the k-functional for the Banach pair (LL(M), M) ist — u(a, ),

as it is in the tracial case. Achieving this result is the most important step for using the K-method

of interpolation. In fact attaining the desired result will now nearly be a straightforward application

of the K-method.

The next concept we will need to describe is that of a Riesz-Fischer norm. The Riesz-Fischer

norms are very similar to the concept of a Banach function norm we have been using thus far.

In fact, all the relevant Banach function norms we have encountered have also been Riesz-Fischer

norms.

DEFINITION 4.6. A Banach function norm p on L°*(]0, 00), m)*, where m is Lebesgue measure,

is called a Riesz-Fischer norm on ([0,00),m) if p satisfies the following conditions for all f,g €

L%*(]0,00),m)", a > 0 and E a Borel set:

(1) If f and g are equimeasurable, then p(f) = p(g).

(2) p(xE) < oo whenever m(E) < oo.

(3) Whenever m(E) < oo, there exists a constant Cg dependent only on p and E such that

[ fdm < Cgp(f) for all f € LOF([0,00),dt)".
(4) (S ) < S plf) for each sequence (fy) in LO* ([0, 00), ).



4. INTERPOLATION SPACES OF WEIGHTED BANACH FUNCTION SPACES 47

If p also satisfies the condition that p(f) < p(g) whenever fg f(s)dm(s) < fg g*(s) dm(s) for any
t > 0 (where f* and g* denote the rearrangements of f and g), then p is said to be a monotone

Riesz-Fischer norm.

As can be seen, we only require 4 as an additional condition to those we have already required for
a Banach function norm. Before we used a Banach function norm to define various noncommutative
Banach function spaces. For a Banach couple (X, X1) we can define an analogous concept if we

allow the k-functional to take the role that the decreasing rearrangement has taken previously.

DEFINITION 4.7. Let (Xo, X1) be a compatible couple of Banach spaces, and let p be a monotone
Riesz-Fischer norm on ([0, 00), %, m). We denote the completion of XoNX; with respect to the norm
in Xy by m){o‘ The space (Xo, X1),, is defined to be the space of all f € mXO +X1
for which p(k(f,; Xo, X1)) < 0.

In the case when the Banach couple is (L' (M), M), if we also consider the density of MNL!(M)
in Ll(./q), it becomes apparent that this describes the spaces L? (ﬂ/lv) for a Riesz-Fischer norm p.

In order to arrive at a similar conclusion for the Banach couple (L.(M), M), we will need to
show that M N L*(M) is dense in L'(M). But for all a € L}U(/K/lv) + M we have that K(a,t) =
fg p1s(a, 2)ds, so it follows from the general theory of the K-method of interpolation that LL(M)NM
is dense in LL(M) [2, Theorem V.1.15]. Additionally observe that it follows from condition 3
of Definition 4.6 that fol f*(s)dm(s) < oo for all f € LP([0,00),m), or equivalently that f €
(L'4+L>)([0,00),m) if f € LP([0,00), m). If we consider weighted noncommutative Banach function
spaces, this ensures that for any Riesz-Fischer norm p, the requirement that u(a,x) € L*(]0,00),m)

forces a € LL(M) + M. So we have that the prescription in Definition 4.7 encompasses all the
spaces Lg(.ﬂ/lv) as described in Definition 2.1. From this it follows that for the Banach couple

(LL(M), M), we also have that the spaces defined using Definition 4.7 are the spaces L5 (M).

The next step is to introduce the concept of a Gagliardo couple.

DEFINITION 4.8. A Banach couple (X, X7) is a Gagliardo couple if:
e for all f € Xy + X; the quantity lim;_,o K (f,t) is finite if and only if f € Xj. If so, then
limy o0 K(f,1) = || fllx0-
e for all f € Xo + X3 the quantity lim; ot ' K(f,t) is finite if and only if f € X;. If so,
then lim;_,ot K (f,t) = || f|lx,-

For the Banach couple (LL(M), M) observe that for any a € LL(M), we have by Theorem 4.5
that limy_,oo K(f,t) = fooo ps(a,z)ds = 75(a) = ||a||1,z, so the first condition of Definition 4.8 is

satisfied. Furthemore we have that for any a € M we have that llalloo = limg g ¢ (a, ). Now recall
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that p(a,x) is right continuous, particularly p(a,z) is right continuous at 0. This ensures that we
can make sense of limyot 'K (f,t) = limyot™! fg ws(a,z)ds. If we recognise that this is simply
the value of the derivative of the function ¢ — fg ps(a, x)ds at zero, then we clearly have that
limyyot 1K (f,t) = limgot™? fg ps(a,z)ds = limy_o pe(a,z) = |lal]|o. For the converse suppose
that for some a € (Lglc(./\?) + M) we have that lim; ot 1K (f,t) = limgot! fg ps(a, x)ds < oo.
For each t > 0, the fact that s — ps(a,r) is non-decreasing, ensures that ¢! f(f ps(a, z)ds >
t1 fg pe(a, z)ds = p(a, z). Since then ||al|oc = sup;~g pe(a, x) = limy o pe(a, z) < limgg 1 fg ws(a,
00, we have that a € M as required.

With (LL(M), M) established as a Gagliardo couple, we can proceed to use the known inter-

polation results for such couples. In particular, we will use the following theorem.

THEOREM 4.9. Let (Xo, X1) be a Gagliardo couple. Then X is a monotone interpolation space

for the couple (Xg, X1) if it’s one of the following forms:
X
(1) if X € (XoNX1)" "+ X, then there is a monotone Banach function norm p such that X

appears as an equivalent renorming of (Xo, X1),.
X
(2) if X € (XoNX1)

'+ Xo, then there is a monotone Banach function norm p such that X
appears as an equivalent renorming of (X1, Xo),-

(3) X = X0+ Xi otherwise.

Now considering that (L1(M) N M) is dense in LL(M), and recalling that we have already

observed that L5 (M) C LL(M) + M, we then see that

lx

LA(M) C LA M) + M = (LLM)N M) + M.

So for the Gagliardo couple (LL(M), M), it is clear that 1 is applicable. In light of this we can

conclude with the desired result.

THEOREM 4.10. For the Banach couple (LL(M), M) every space of the form Li(M), where p
is a monotone Riesz-Fischer norm on LY*(]0,00),m)", is an exzact interpolation space. Conversely

if X is an exact monotone interpolation space, then there exists a monotone Riesz-Fischer norm p

on L ([0, 00), m)*, such that X = LA(M).

The above theorem is the promised result we have been aiming for. A further question is
whether every exact space is automatically monotone. As of the writing of this text, this remains
an open question. The approach used by Dodds, Dodds and de Pagter in [5] to show this for the

spaces LP(M) presents significant challenges, in particular with the reliance on the linearity of the

trace.

x)ds <
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To end this chapter we will show an application of the technology developed above to show that
quantum dynamical maps associated with the system described by M, have a canonical action on
each of the weighted Banach function spaces. These quantum dynamical maps will consist of the

maps described by the definition below.

DEFINITION 4.11. We define a positive map 7' : M — M to be a (sub-)Markov map, if T is

normal, 7(1) <1, and 7o T < 7.

Let a,b € M. We will say a is submajorised by b, denoted a << b if fo ws(a)ds < fo ps(b

for all t > 0. We will denote the case fo ps(a, x)ds < fo ps(b, z)ds for all t > 0 by a <<z b.

REMARK 4.12. It is known that all maps of the form described above, extend canonically to
maps with a contractive action on L'(M, 1) [7, Theorem 5.1]. As can be seen from [4, Proposition
2.1] and the discussion preceding it, this in turn ensures that T extends canonical to a contractive
map on the space (L' + LOO)(/W) which is “admissible” for the Banach couple (Ll(ﬂ),M), and

that for this canonical extension we have that T(a) << a for every a € (L* + L®)(M).
For this application, we will first need the following results.

LEMMA 4.13. Let 0 < f € LO((O,oo), dt) be non-increasing and t > 0. Then pu(x o4 fv) =

X, )H (f? where th= f() ,Us

PrOOF. If § < f(t), then since f is non-increasing, we have that dg(x (o f,v) = v{s > 0:

(X(0,f)(s) > 0} = v(0,t) fo ps(x)ds = t'. If however 6 > f(t), then dg(x(0.4)f,v) = do(f,v). So

t 0<0<f(t)

do(f,v) 0> f(1).

(4.1) do(x (0, f V) =

Recall that 1s(x () f,v) = inf{f > 0 : dg(x(0,)f,v) < s}. First let 0 < s < t'. Now 6
do(X(0,4)f,V) is non-increasing. From equation 4.1 it is clear that if ¢ € {6 > 0 : dy(x (04 f V) <
s < t'}, then dy(f,v) = dy(x©uf,v) < s, and so ¢ € {6 > 0: dg(f,v) < s}. From this it follows
that ps(x(0,0)f,v) = ps(f,v), since ps(f,v) = inf{@ > 0 : do(f,v) < s}. If on the other hand
Y e {0 >0:dy(f,v) <s <t'}, then of course dy(f,v) < s < t, which by equation 4.1 and the
fact that r — d.(x(0,)f,v) is decreasing, can only be true if ¢» > f(¢), in which case it will then
follow that dy(x(0,4)f, V) = dy(f,v) < s. Therefore 1 € {0 > 0: do(x(04)f,v) < s <t'}. From this
we have that ji,(f,v) = 1s(x(0./> ), and hence that ji,(x(0 ) f>v) = 1s(f ¥).

Suppose s > t', then dg(x(0,)f,v) <t < s for all > 0, and so ps(x (04 f,v) = 0. Therefore

1(x0,0f ) = X 1n(fv). U
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PROPOSITION 4.14. There exists a non-decreasing, continuous map (0,00) +— (0,7(z)] : t —
fot ps(x)ds = t' such that for all non-increasing 0 < f € L°((0,00), ds) and t > 0, we have that

/0 ' F(s) s ds = / " ehv)ds.

0

PRrROOF. We have that

o0

/0 F@ua@ds = [ xon(8)f(5)ms(x)ds

3

ts(X(0,0).f> v)ds

o0

X (o) (8)ps (f, v)ds

t/

pu(f,v)ds.

J
J
J
J

O

COROLLARY 4.15. If a,b € M are given such that a << b then a <<, b in the sense that for

allt >0, fot ps(a,x)ds < fot ps(b, x)ds.

PrROOF. We have that for all ¢ > 0, fg ps(a)ds < fot us(b)ds. By Hardy’s lemma [2, Proposition
2.3.6] we then have that for all t > 0, [J us(a)ps(x)ds < [ ps(b)ps(x)ds.

Now let ¢/ > 0. Suppose that ¢’ > 7(x). From Lemma 2.24 we have that us(a,z) =0 = us(b, x)
for all s > 7(z). Therefore fotl ps(a,x)ds = [7° ps(a,2)ds = 15(a) < 7(b) = [;° ps(b,2)ds =
fg/ s (b, x)ds.

Now suppose that 0 < ¢’ < 7(x). The map t — fg s(x)ds is non-decreasing and continuous,
with 0 mapping onto 0, and lim;_, fot ps(x)ds = [° ps(2)ds = 7(z). So by the intermediate value
theorem, there exists ¢ > 0 such that ¢t — t’. On considering Theorem 2.25 alongside Proposi-
tion 4.14, it now follows that fot ps(a)ps(z)ds = fél ws(p(a),v)ds = fot/ ws(a, z)ds, and similarly
that fot ps(b)ps(x)ds = fotl ps(b,x)ds. The known inequality fot ps(a)ps(x)ds < fg s () s (x)ds,

therefore corresponds to the statement that

¢ ¢
/ ws(a, z)ds < / s (b, z)ds.
0 0

With these results achieved, we can now come back to the promised application.

THEOREM 4.16. For any Riesz-Fischer norm p on LY*([0,00),m)T, each Markov map T :

M — M will canonically induce a contractive map on the space Lg(ﬁ/lv)
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PRrROOF. Let p and T be as in the hypothesis. We have already noted in the preceding remark

that T canonically extends to a map on (L! + L>)(M) for which we have that T(a) << a for

each a € (L' + L®)(M). But by Corollary 4.15 we will then have that T(a) <<, a for each

a € M. Since by Theorem 4.10, the space L.L(M) is a monotone intermediate space of the pair
(LL(M), M) in the sense of Definition 4.4, this in turn ensures that ||7(a)|/1. < ||a|l1.. for each

a € M. Thus T canonically extends to a contractive map on L.(M). But by Theorem 4.5,

contractivity of T on both M and LL(M), ensure that T'(a) <= a for each a € L1(M). The fact

that || T'(a)||,z < ||al|yq for each a € LE(M), is then a direct consequence of Theorem 4.10. O

In this chapter, we have seen that the Banach couple (L. (M), M) allows a robust theory of real
interpolation. The K-method of interpolation was particularly fruitful in the development of the
theory. While there are still some open questions, the results we have achieved are strong enough
to allow us to use the interpolation theory in applications to quantum dynamics.

Throughout this text, we have seen how the weighted spaces first described by Labuschagne and
Majewski in [10] has lead to an approach to describing noncommutative Banach function spaces
that rely on a map 7, that, while it is very similar to a trace, is not generally one. As such the
spaces that were the central objects of our study are novel in the sense that they represent a step
away from an explicit reliance on a trace. Admittedly we still implicitly rely on the trace, as our
map 7, is defined in terms of noncommutative decreasing rearrangements. In Chapter 2 our task
was to develop the basic results upon which we would build our theory. Importantly we showed
that we could define a weighted noncommutative decreasing rearrangement and use these functions
to define the same spaces that were defined in [10]. An important result was Theorem 2.25, which
showed the connection between p(a) and u(a,x) through the classical world. This result proved to
be a key factor in obtaining many of the results that followed.

Furthermore, we showed that for a class of weighted noncommutative Orlicz spaces, we could
describe their Kéthe duals and in so doing recreate some of the results from the tracial theory.

The theory of these spaces are still in their infancy, especially compared to that of tracial
noncommutative Banach function spaces. Even concerning the topics that were the focus of our

study, there remain some open questions.

SECTION NOTES. The results in this section, including Theorem 4.10, were first published in

[12] by the present author and Labuschagne.






APPENDIX A

Noncommutative regular random variables

As was mentioned, weighted noncommutative Banach function spaces were motivated by Labuschagne
and Majewski in response to certain physical considerations. In particular in [10], the authors were
interested in finding the correct space to contain states with well defined entropy and to formulate
the concept of regular random variables in the quantum setting. It is the second consideration that
lead to the formulation of weighted noncommutative Banach function spaces. The formulation of
quantum regular random variables naturally introduces a weight in the form of pu(z) for some state
2. Furthermore in attempting to find a noncommutative analogue of the Pistone-Sempi theorem
A3, the authors found that the natural space for quantum regular random variables is a weighted
noncommutative Orlicz space.

We start by reviewing the classical statistical model and recalling the definition of a regular
random variable in this setting. The review given here closely follows the review given in [10].

Let {Q, %, v} be a measure space. We define the set
(A1) S,={fel'v):f>0 I/—a.s.,/f-gdyzl},

i.e. the densities of all probability measures equivalent to v. S, is referred to as the state space.

DEFINITION A.1. The classical statistical model consists of the measure space {2, 3, v}, state

space S,, and the set of measurable functions L°(Q, 3, v).

Regular random variables are those variables having all finite moments. For a fixed f € S,,, we

define the moment generating function as

(A.2) ur(t) = /ea:p(tu)fdl/, teR.

The function @ has the following properties [20].

(1) 4 is analytic in the interior of its domain,

(2) its derivatives are obtained by differentiating under the integral sign.

With this we can formulate the following definition.

DEFINITION A.2. The set of all random variables such that

(1) 4y is well defined in a neighborhood of the origin 0,

(2) the expectation of u is zero,

53
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will be denoted by L and called the regular random variables.

Finally we present the Pistone-Sempi theorem which shows that the appropriate space to model

regular random variables is a classical Orlicz space with a weighted measure.

THEOREM A.3. (Pistone-Sempi, [14]) Ly is the closed subspace of the Orlicz space LM ~1(f-v)

of zero expectation random variables.

We now move to the noncommutative setting. The strategy employed by Labuschagne and
Majewski was the standard procedure of quantising the classical definitions.
As such we first review the noncommutative statistical model.
Recall the following definitions [16].
(1) n ={x € M :7(z*z) < +00}.
(2) m; = {xy : z,y € n,}. known as the definition ideal of the trace .
3) wely) = 7(2y), ==0.
It is well known that

(1) if x € m;, and x > 0, then w, € M.
(2) LY(M,7) is isometrically isomorphic to M.
(3) M, ={wy : 2 € m;} is norm dense in M,.
By M (./\/l:bl) we denote the set of all normalized normal positive functionals in M, (in M, o

respectively). In this context if we translate the definition of a regular random variable into the

noncommutative setting, we arrive at the following definition.

DEFINITION A.4. The noncommutative statistical model consists of a quantum measure space
(M, 1), “quantum densities with respect to 7”7 in the form of Mjbl, and the set of 7-measurable

operators M .

In the framework of the noncommutative statistical model the noncommutative regular random

variables can be defined in the following way:

DEFINITION A.5.
(A.3) Lavant — fo e M: 0¢€ D(u/ggg(\t))o, reml},
where D(-)? stands for the interior of the domain D(-) and

(A4) F(E) = / expltyis(9))s(a)ds,  tER.
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Here we can already see the "weight” u(x) appearing. If we restrict ourselves to this specific
setting in which « € 2 € m}, then we have that [ ps(x)ds = 7(z) = 1. So u(x) acts as a density
of a probability measure.

From this it we are motivated to consider u(x) as a weight. In this way Labuschagne and
Majewski were motivated to define weighted noncommutative Banach function spaces. We now

recall their definition.

DEFINITION A.6. Let z € L (M, 7) and let p be a Banach function norm on L°((0, 00), f1()dt).

We formally define the weighted noncommutative Banach function space L7 (M) to be the collection

of all a € M for which p(a) belongs to LP((0,00), ¢ (x)dt). For any such a we write ||al|, = p(u(a)).

To show the connection between weighted noncommutative Banach function spaces and non-
commutative regular random variables more explicitly, we recall the result proved by Labuschagne

and Majewski.

THEOREM A.7. The set LI“™ coincides with the closed subspace of the weighted Orlicz space
Lot =1(M) = LY(M) (where 1 = cosh—1) of noncommutative random variables with a fized

expectation.

While this result isn’t exactly a direct translation of the Pistone-Sempi theorem into noncommu-
tative language, it is clear that it does play the role of the noncommutative analogue thereof. The
fact that it is a weighted noncommutative Orlicz space that is the natural home of noncommutative

regular random variables is what initially motivated this study.






APPENDIX B

Additional Proofs

We give the proof of the following theorem and proposition as they appeared in [10] without

alterations.

THEOREM B.1. [10, Definition 3.6] Let = € L}F(ﬂ) If p is a rearrangement-invariant Banach
function norm on L°((0,00), pe(x)dt) which satisfies the Fatou property, then Lg(ﬁ/lv) is a linear

space and || - ||, a norm. Equipped with the norm | - | ,, L%(M) is a Banach space which injects

continuously into M.

Proor. We will not give a detailed proof, but only indicate how the argument in Section 4
of [3] may be adapted to the present context. For the sake of convenience, we will assume that
T(z) = 1.

Since t — p(x) is decreasing, right-continuous on [0,00), and finite-valued on (0,00), it is
actually Riemann-integrable on any bounded sub-interval of (0,00), and zero-valued on [tz, c0)

where t, = inf{t > 0: p;(z) = 0}. These facts enable us to conclude that the function

F.(t) = /0 ws(x)ds t>0

is continuous and strictly increasing on [0, ), and constant on [t;,00). So F is actually a home-
omorphism from [0,¢,) onto [0,1). For any measurable function g : [0,00) — R and any ¢ > 0 we

therefore have
Fy (t) t
| stsas = [ aFoptaas

by the change of variables formula (see for example p 155 of [17]).

For ease of notation we write v, for the Borel measure

ve(E) = / i (O (@)dt.

Since p(x) is non-zero on [0,t;), it is a simple matter to conclude that on [0,¢;), v, < A and
A < vy (here A denotes Lebesgue measure). Since v, is a finite measure, it is in fact € — §
absolutely continuous with respect to A. Using these facts, one is now able to show that v, is
non-atomic. (If v;(E) # 0 then so too A(E) # 0. Now set € = $1,(E), and select F C EN[0,,)
with 0 < A(F') < d(€) to see that v, is non-atomic.) Thus by [2, Theorem 2.2.7], v, is a resonant

measure.
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In view of the fact that p(z) is decreasing, we have that Fy(t) = v.([0,t]) > vz([s,s + t]) for
any s,t > 0. More generally by approximating with intervals, one can show that for any ¢ > 0 and
any Borel set E in [0,00) with A(E) = ¢, we have that v,(E) < v,([0,t]) = F,(t). Given some

measurable function f on [0, 00), these facts ensure that

nf{[| fxelloo s AE®) <t} > inf{|[fxElloo : va(E) < Fu(t)}

In other words
e (fs ) = g, ) (fs va)-

(The centered expressions above respectively denote the decreasing rearrangement of f computed
using A and v;.)

Now if h is decreasing and right-continuous on [0, 00), and finite valued on (0, c0), then more can
be said. It is an exercise to see that in this case inf{[|/hxplle : M(E€) <t} = [|hX(t,00)ll00- (To see
that “<” holds is trivial. For the converse note that if \(EN[0,t]) # 0, then [|hx koo > [[hX(t,00)ll00
by the fact that h is decreasing.) The right-continuity of h combined with the fact that it is
decreasing, ensures that |[Ax(¢00)llco = h(t). A similar argument to the above shows that for any
0 <t < tg, we have that inf{||hxp|lc : v2(E) < Fi(t)} = [[hX(t,00)llo- For functions such as these,

we therefore have

h(t) = pe(h, A) = g, ) (hs vz) forall  0<t<t,.

Finally let a,b € LZ(M) be given. We first show that then a + b € LZ(M), and hence that

L% (M) is linear, before going on to conclude that || - ||, is a norm. By Theorem 3.4 of [3] we have

that
t

t t
[ st p) = o) Nas < [ it s = [ pfaras
for any t > 0. If now we apply Hardy’s Lemma [2, Proposition 2.3.6] to the decreasing function

()Xo, we may conclude that

t t
| Fetuta ) = (e Npuadds < [ aps(oyis
for any ¢ > 0. Next use the facts that ps(a) = fig, ) (1(a), ve) for all 0 < s < t,, and ps(pu(a+0b) —

M(b)7 )‘) 2 /sz(s) (M(a + b) - :u’(b)v Vx)a to get

t t
/ i, (o) (@ + ) — (), va)pis (2)ds < / Tk, (o) (1(a), Vo) 1s () ds
0 0

for any ¢, > t > 0. Since F, is a homeomorphism from [0,t;) to [0, 1), the change of variables

formula now ensures that

/ Ta(pa +5) — u(b), va)ds < / ' Fa(pi(a), vo)ds
0 0
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for any 1 > r > 0. (Simply let F,(t) = r.) Since v, is a probability measure, we in fact have that
fs(p(a +0) — p(b),vy) = ps(u(a),vy) = 0 for all s > 1. Hence the previous centered inequality
actually holds for all » > 0. We may now finally apply [2, Theorem 2.4.6] to conclude that
p(p(a +b) — u(d)) < p(p(a)). But since p(a),u(b) € LP((0,00), ut(x)dt), this inequality surely
forces pu(a + b) — p(b) € LP((0,00), put(x)dt), and hence p(a + b) € LP((0,00), ut(x)dt). Thus by
definition a + b € LA(M), ensuring that L2(M) is linear. (The fact that aa € L2(M) whenever
a € LL(M) is casy to verify.) But then this same inequality also ensures that lla+b|l, < |la|l,+[b]l 5
and hence that || - ||, is a semi-norm on L2(M). Now observe that if lall, = p(p(a)) = 0, then
p(a) = 0 vy-ae. But since we have that A < v, on [0, ), this fact forces us(a) = 0 for A-almost
every t in [0,t;). The right-continuity of ¢ — p(a) then ensures that ||a|| = lim¢jo g (a) = 0, and

hence that a = 0. Thus || - ||, is in fact a norm.

The rest of the proof runs along similar lines as the argument in Section 4 of [3]. t

PROPOSITION B.2. [10, Proposition 3.10] For any 0 # x € L}F(M), the quantity

ralf) = /0 TPyt fe M

1s almost a mormal finite faithful trace in the sense that

e 7, is subadditive, positive-homogeneous, and satisfies T,(a*a) = 1,(aa*) for every a € M;
o 7.(1) < 0o, and for any a € M™ the situation 1.(a) = 0 forces a = 0;

o sup,, 7z (fn) = T2(f) for every sequence {f,} in M™ increasing to some f € M.

PROOF. Note that by [6, Lemma 2.5], we have that p:(f*f) = u:(|f])? = pe(f)? = e (f*)? =
pe(|f*1)? = e (f £*) and also that pg(af) = |afu(f) for each t > 0. This is enough to ensure that 7,
is positive-homogeneous, and satisfies the trace property 7,(a*a) = 7, (aa*). Next let a,b € M™ be
given. From the proof of [3, Theorem 3.4] it is then clear that fg |ps(a+b) — ps(a)lds < fg ws(b)ds
for any t > 0 (simply apply what is proved there to the set 7' = [0,¢]). In view of the fact that

t — py(z) is decreasing, we may then apply Hardy’s Lemma [2, Theorem 2.3.6], to conclude that

rala+b) — o) = /Ooo<ut<a+b>—ut<a>>m<x>dt

VAN

/ " lela+b) — ) )

IN

/0 " () ()t

= 74(b).

Let o = 7(1). Using [6, Lemma 2.6], the fact 7, is finite, is then a simple consequence of the

observation that 7,(1) = [ pe(1)pe(2)dt = [ pe(2)dt = 7() < oo.
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Given any f € M™%, it is clear that if 0 = 7,(f) = [y~ pe(f)pe(a)dt, then puy(f)pe(2) = 0 for
all t > 0. (Use the fact that ¢ — u(f)pe(x) is decreasing.) Since t — py(x) is decreasing, we may
conclude from the inequality 0 < 7(x) = [ p(x)dt, that there exists some ¢ > 0 so that 0 # ()
for all 0 <t < §. But then we must have 0 = p(f) for all 0 < ¢t < §. The fact that ¢t — p(f) is
decreasing, ensures that u:(f) = 0 for all ¢ > 0, and hence that || f|| = lim;_,o+ u:(f) = 0.

It remains to verify the claim about increasing sequences. To this end suppose that we are given
a sequence { f, } C M increasing to some f € M. Since p:(f,) < p(f) for each n and each ¢, it is a
simple matter to conclude from this that lim sup,, 7, (fn) < 72(f). On the other hand [5, Proposition
1.7] ensures that u:(f) = liminf,, u(f,). By the usual Fatou’s lemma, this in turn enables us to
conclude that 7,(f) =[5 liminf,, gy (fo)pe(x)dt < lminfy, [~ pe(fo)pe(z)dt = liminf, 7, (f,). We
then clearly have that 7,.(f) = lim,, 7,.(f,) = sup,, 72 (fn)- O
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