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Abstract
We propose a goodness-of-fit test for a class of count time series models with covari-
ates which includes the Poisson autoregressive model with covariates (PARX) as a
special case. The test criteria are derived from a specific characterization for the con-
ditional probability generating function, and the test statistic is formulated as a L2
weighting norm of the corresponding sample counterpart. The asymptotic properties
of the proposed test statistic are provided under the null hypothesis as well as under
specific alternatives. A bootstrap version of the test is explored in aMonte–Carlo study
and illustrated on a real data set on road safety.

Keywords Count time series with covariates · PARX · INGARCH-X ·
Goodness-of-fit test · Probability generating function · Bootstrap test

Mathematics Subject Classification 62M10 · 62F03

1 Introduction

Let {Yt } be a time series of counts, i.e., a time series of variables taking values in N0,
and let {Xt } be a m-dimensional vector time series of exogenous covariates. Denote
as I t the information set available up to time t and let {Zt } be a time series of d-
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dimensional random vectors such that Zt may contain past values of both endogenous
and exogenous covariates. Our aim is to develop procedures for parametric specifica-
tions of the conditional distribution of Yt given It−1, i.e., we are interested in testing
the null hypothesis

H0 : Yt |I t−1 ∼ Fλt , λt = h(Zt ; θ), (1)

where Fλ denotes a fixed count distribution with a mean λ, h is a specified function,
and θ is an unspecified vector of parameters. Notice that the manner in which λt

depends on the covariate vector Zt is fixed under H0 apart from a finite-dimensional
parameter θ which must be estimated from the data.

We will restrict ourselves to a class of cumulative distribution functions {Fλ} such
that λ > 0 is the mean of Fλ and the family {Fλ} satisfies

λ1 ≤ λ2 ⇒ Fλ1(y) ≥ Fλ2(y) for all y ∈ R. (2)

Classes of distributions satisfying (2) are discussed in Aknouche and Francq (2021),
where it is shown that the condition (2) holds, for instance, for Poisson distribution
with mean λ, for Negative Binomial distribution with mean λ and fixed dispersion
parameter φ, or for a zero-inflated Poisson distribution. Aknouche and Francq (2021)
also provide conditions for existence of a stationary and ergodic solution to (1) with
a conditional distribution satisfying (2).

If Fλ denotes the Poisson distributionwithmeanλ and if no exogenous variables are
considered then (1) corresponds to the INGARCHmodel of (Fokianos and Tjøstheim
2009). An extension to this model, abbreviated sometimes as PARX, incorporating
also exogenous variables was proposed and studied by Agosto et al. (2016), and the
model has already found a number of important extensions and applications in various
fields. In finance, Agosto et al. (2016) used PARX to model US corporate default
counts, while Agosto and Raffinetti (2019) analyzed Italian corporate default counts
data in the real estate sector. Other applications are in sports (Angelini and De Angelis
2017) and disease modelling (Agosto and Giudici 2020). Alternative specifications
forFλ include the Negative Binomial (NB) distribution (Christou and Fokianos 2014;
Zhu 2011; Liboschik et al. 2017), and the zero-inflated Poisson distribution (Aknouche
and Francq 2021), among others.

If the main objective of a data analysis is to consistently estimate the model param-
eters θ (and so the conditional mean), then the conditional distribution Fλ does not
have to be specified, because one can use quasi-maximum likelihood methods (QML)
for the estimation, see Aknouche and Francq (2021) for the Poisson QML in this
context. However, in many applications a probability forecast is of interest in a sense
that the whole conditional distribution of future YT +1 needs to be estimated given data
up to time T . Then the correct specification of Fλ is crucial. It is, therefore, impor-
tant to have a goodness-of-fit test that is sensitive to an incorrect specification of the
conditional mean λt as well as to an incorrect conditional distribution Fλ in (1).

In problems when the whole underlying distribution is being tested, goodness-of-fit
tests for continuous data typically employ the cumulative distribution function. When
dealing with count distributions however, the use of a cumulative distribution func-
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tion is often inconvenient due to its non-continuous nature; see for instance Gürtler
and Henze (2000) where even in the case of testing for the Poisson distribution, the
application of the Cramér–vonMises test is non-trivial. On the other hand, Gürtler and
Henze (2000) propose the use of tests based on the probability generating function
(PGF) as straightforward to apply and outperforming other more classical procedures.
In this connection we wish to point out that PGF-based inference procedures, dating
back to Bishop (1979), have proved quite efficient in a number of instances with i.i.d.
count data. The reader is referred to Baringhaus and Henze (1992), and to Nakamura
and Pérez-Abreu (1993) for review of earlier uses of the PGF. More recent references
include Rémillard and Theodorescu (2000); Meintanis and Bassiakos (2005); Mein-
tanis and Nikitin (2008); Novoa-Muñoz and Jiménez-Gamero (2014), and Novoa-
Muñoz and Jiménez-Gamero (2016), among others. The theoretical underpinnings
are that the PGF (see (Johnson et al. 2005, Chapter 1) and (Zayed 1996, Chapter 34)),
uniquely determines the corresponding count distribution, while its empirical coun-
terpart, the empirical PGF, is continuous in its argument, unbiased as estimator, and
converges almost surely to the population PGF pointwise as well as uniformly on
[0,1]; see for instance Rémillard and Theodorescu (2000), where weak convergence
of the empirical PGF process on [0,1] is also shown.

The problem of testing goodness-of-fit within INGARCH models without covari-
ates has been considered by many authors, for instance (Fokianos and Neumann 2013;
Weiss andSchweer 2015; Schweer 2016;Hudecová et al. 2015, 2021) tomention some
of them. Several of these procedures make use of the PGF and share much of the same
favorable features as in the i.i.d. case. Unfortunately, generalization of these methods
to models with exogenous covariates is not straightforward. We propose a method for
testing the more general dynamic model specified in H0 for an arbitrary family of
conditional distributions satisfying (2), a possibly nonlinear function h and a setup
with external covariates. To the best of our knowledge, a goodness-of-fit test for this
situation has not yet been investigated in the literature. Moreover and while our test is
based on a characterization of the conditional mean by Bierens (1982), which has been
successfully used in construction of various specification tests in different contexts,
e.g., see (Escanciano and Velasco 2006; Hlávka et al. 2017) and references therein,
and despite the fact of earlier uses of PGFs with related problems, our test formulation
is new in that it combines Bierens’ characterization and PGFs in a novel way not to be
found in the existing literature. In this connection we also wish to refer to the recent
article by Jiménez-Gamero et al. (2020) where this characterization is employed in
order to test for correct specification of covariance in GARCH models, but this is a
rather direct application of Bierens’ result, whereas in the present work the incorpo-
ration of the population PGF within Bierens’ characterization brought forward new
computational and methodological challenges.

Hence, the novelty of theoretical andmethodological contribution of this papermay
be summarized as follows:

• We propose for a first time a goodness-of-fit test for an INGARCH model with
external covariates. The test statistic is formulated by combining Bierens’ charac-
terization and the population (null) PGF in a novel way.

• The test is applicable to nonlinear models as well as non-Poisson models.
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• The proposed test is sensitive to both types of model misspecification: An incor-
rectly specified conditional mean λt as well as incorrect conditional distribution
Fλt .

The rest of the paper is outlined as follows. Section2 introduces the considered
model. The test statistic is proposed in Sect. 3, while its asymptotic properties are
studied in Sect. 4. Section5 describes the practical computation of the test and presents
a bootstrap version. An application to the Poisson autoregression with covariates
(PARX) is discussed in Sect. 5.3. Section6 presents results of a Monte Carlo study. A
real data application of road safety is included in Sect. 7. We finally conclude with
discussion of our finding and further outlook in Sect. 8. Proofs of all assertions are
provided in an online Supplementary file.

2 Model specification

Let p ≥ 1 and q ≥ 0 be given integers. Let {Fλ, λ ∈ � ⊂ (0,∞)} be some
family of discrete distributions on N0 indexed by a mean parameter λ ∈ (0,∞) and
satisfying (2). Let � be a subset of RK for some K ≥ 1 such that � = �(1) × �(2),
where �(i) ⊂ R

Ki for Ki ≥ 0, K1 + K2 = K . Consider a model

Yt |I t−1 ∼ Fλt , λt = h(Zt ; θ), (3)

where θ ∈ � is a vector of unknown model parameters such that θ = (θ	
1 , θ	

2 )	,
θ i ∈ �(i), i = 1, 2,

Zt = (Yt−1, . . . , Yt−p, λt−1, . . . , λt−q , X	
t−1)

	 (4)

is a vector of dimension d = p+q+m, which contains past values of both endogenous
and exogenous covariates, and h : [0,∞)p+q × R

m+K → (0,∞) is a link function
such that

h(z; θ) = h( y, l, x; θ) = r( y, l; θ1) + π(x; θ2) (5)

for z ∈ [0,∞)p+q ×R
m such that z = ( y	, l	, x	)	, y ∈ [0,∞)p, l ∈ [0,∞)q , x ∈

R
m and for some non-negative functions r : [0,∞)p+q × R

K1 → (0,∞) and π :
R

m+K2 → (0,∞). This means that the conditional mean of Yt given It−1 is specified
as

E [Yt |It−1] = λt = r(Yt−1, . . . , Yt−p, λt−1, . . . , λt−q; θ1) + π(X t−1; θ2).

Notice that the random vector Zt implicitly depends on the value of the model param-
eter θ , but we do not stress this dependence if not necessary. If q = 0 then the vector
Zt contains only past values of Yt and X t , and the conditional mean is specified using
a (nonlinear) autoregressive model with exogenous covariates (ARX).
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If the exogenous covariate process {X t } is stationary and ergodic, then there exists
a stationary and ergodic solution {Yt } to the model (3) with the link function h given
by (5) provided that the function r satisfies

|r( y1,λ1; θ1) − r( y2,λ2; θ1)| ≤
p∑

i=1

αi |y1i − y2i | +
q∑

j=1

β j |λ1 j − λ2 j | (6)

for all yi = (y1i , . . . , y1p)
	 ∈ [0,∞)p, λi = (λi1, . . . , λiq)	 ∈ [0,∞)q , i = 1, 2,

for all θ1 ∈ �(1) and for some αi ≥ 0, β j ≥ 0, i = 1, . . . , p, j = 1, . . . , q such that

p∑

i=1

αi +
q∑

j=1

β j < 1, (7)

see (Aknouche and Francq 2021).
Model (5) includes as a special case a linear model, which can be for non-negative

components of X t formulated as (3) for a link function

h( y, l, x; θ) = ω + α	 y + β	l + π	x (8)

for θ = (ω,α	,β	,π	)	 with ω > 0, α ∈ [0, 1]p, β ∈ [0, 1]q and π ∈ (0,∞)m .
The condition for existence of a stationary and ergodic solution then reduces to (7).
In that case

E [Yt |It−1] = λt = ω +
p∑

i=1

αi Yt−i +
q∑

j=1

β jλt− j + π	X t−1. (9)

A model with the conditional mean specified by (9) and Poisson Fλ, often referred to
as PARX, has been proposed by Agosto et al. (2016). Various properties of this model
and the corresponding maximum likelihood estimator of θ are provided therein.

The PARX model often serves as a baseline model in practical applications, so
a goodness-of-fit test for this particular model is of special importance in practice.

Remark 1 It is assumed after (3) that the vector θ can be split into θ1 and θ2 such that
in (5) the function r depends on endogenous variables and θ1, while π depends on
exogenous covariates X t−1 and θ2. This division into θ1 and θ2, and r and π is not
always unique. A typical example is a situation when h contains an intercept, because
that can be included to both r and π . For the goodness–fit–test defined in the next
section this non-uniqueness is not important.

Furthermore, note that if h contains an intercept, then the constant term can be
treated as one of the components of the covariate process. To see that consider the
linear model (9). For this model one can take θ1 = (ω,α	,β	)	 and θ2 = π and
exogenous covariates X t . Alternatively, it is possible to work with covariate process of
vectors qX t = (1, X	

t )	 so that θ1 = (α	,β	)	 and θ2 = (ω,π	)	. In that case the
vector Zt defined in (4) would contain an extra element 1. However, in the following
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we implicitly assume that we work with a non-trivial X t (without an constant term)
due to simpler dimensionality. This is also in agreement with the approach in Agosto
et al. (2016).

3 Goodness-of-fit test

Let {(Yt , X t−1)}T
t=1 be observed data. We develop test for the null hypothesis

H0 :{(Yt , X t−1)}T
t=1 follow model ((3)) with a specified class of distributions Fλ,

and specified function h(·; θ0) for some inner point θ0 = (θ	
01, θ

	
02)

	 ∈ �0,

against a general alternative H1 : not H0, where�0 stands for a compact subset of the
parametric space �. The model orders (p, q) are implicitly specified by the function
h, so they are assumed to be known under the null hypothesis.

Our test utilizes the characterization of Bierens (1982) which for a random vari-
able U and a d-dimensional random vector W may be formulated via the following
equivalence relation

E [U |W ] = μ0(W) ⇐⇒ E [{U − μ0(W)}eiv	W ] = 0, ∀v ∈ R
d , (10)

where i = √−1 and μ0(·) denotes a specific regression function possibly involving
an unknown parameter vector.

In the current context, we rephrase (10) for model (3) in terms of the conditional
probability generating function (PGF). Recall that a PGF of a count variable Y is
defined as gY (u) := E(uY ) for u ∈ R for which the expectation is finite. The PGF is
always well defined and, as a power series, is absolutely convergent and differentiable
for |u| ≤ 1, and thus the probabilities P(Y = k), k = 0, 1, ..., may be obtained from
the derivatives of gY (u) at u = 0, so that the distribution of Y is uniquely determined
from the values of gY (·) in a neighborhood of the origin; see Esquível (2008) and
(Zayed 1996, Section 34.3.4). Let gλ(u) be the PGF corresponding to Fλ. Under H0
it holds that

E [uYt |I t−1] = E [uYt |Zt ] = gλt (u) = gh(Zt ;θ0)(u), u ∈ [0, 1].

Hence, the characterization featuring in (10) can be reformulated that H0 holds if and
only if

E [{uYt − gλt (u)}eiv	Zt ] = 0,∀u ∈ (0, 1), v ∈ R
d , λt = h(Zt ; θ0). (11)

Our test procedure will be based on a weighted L2 norm of an estimator of the expec-
tation in (11). Let θ̂ := θ̂T be a suitable estimator of the model parameter θ and
define

ε̂t (u) = uYt − ĝλt
(u), t = 1, ..., T , (12)
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where λ̂t are for t = 1, . . . , T , defined recursively as λ̂t = h(Ẑt ; θ̂), with Ẑt being
an estimated version of Zt , computed from some initial values for Yt , λ̂t for t ≤ 0,
i.e., Ẑt = (Yt−1, . . . , Yt−p, λ̂t−1, . . . , λ̂t−q , X	

t−1)
	 for t ≥ p + 1. Let W : Rd+1 →

(0,∞) be a non-negative weight function. Define the test statistic


T ,W = T
∫ 1

0

∫

Rd
|DT (u; v)|2 W (u, v)dvdu, (13)

where

DT (u; v) = 1

T

T∑

t=1

ε̂t (u)eiv	 Ẑt , (u, v) ∈ (0, 1) × R
d

is an estimate of the expectation featuring in (11). The test statistic 
T ,W in (13) is
an L2-type distance statistic which, at least for large sample size T , should be small
under the null hypothesis H0. On the other hand, it follows from the equivalence in
(10) that E [{uYt − gλt (u)}eiv	Zt ] �= 0 whenever the conditional PGF of Yt is not
correctly specified, i.e., if either λt or Fλ is misspecified. This nonzero quantity is
estimated by DT (u; v), which implies that the test statistic 
T ,W is expected to be
large under alternatives. Therefore large values of the test statistic indicate that (11)
is violated and H0 should be rejected.

The estimator θ̂ can be either a maximum likelihood estimator (MLE), or, more
generally, a Poisson quasimaximum likelihood estimator (QMLE). The latter method
has been studied in Ahmad and Francq (2016) and Aknouche and Francq (2021),
where it is shown that the resulting estimator is consistent and asymptotically normal
under mild regularity conditions.

For practical computation of 
T ,W , it is useful to notice that

|DT (u; v)|2 = 1

T 2

T∑

t,s=1

ε̂t (u)̂εs(u) cos
(
v	(Ẑt − Ẑs)

)
. (14)

If the weight function can be decomposed as W (u, v) = w(u)ω(v), with w(·) and
ω(·) satisfying some additional assumptions, then further simplification is possible;
see Sect. 5 for more details on the practical aspects of computing the test statistic

T ,W . Furthermore, it is mentioned in the previous sections that the linear Poisson
model (PARX) has been used in various applications, so the computation of 
T ,W for
this class of models is explored in more detail Sect. 5.3.

Remark 2 Note that the integral in (13) is computed for u ∈ [0, 1], which is an
approach consistent with most previous works, see, e.g., Rueda et al. (1991); Bar-
inghaus and Henze (1992); Novoa-Muñoz and Jiménez-Gamero (2014), Nakamura
and Pérez-Abreu (1993), and Jiménez-Gamero and Batsidis (2017), among others. In
this connection, the main asymptotic analysis is due to Feuerverger (1988) and Rémil-
lard and Theodorescu (2000) showingweak convergence of the empirical PGF process
on [0,1], while Szűcs (2005) also studies the bootstrap in the context of the empirical
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PGF. In principle though, integration can be carried over the interval [−1, 1], or over
an interval I ⊂ [−1, 1] containing the origin, and the asymptotic distribution of the
corresponding test statistics should be obtained analogously as for 
T ,W , but here we
keep in line with most authors and work on [0,1].

Remark 3 The test statistic 
T ,W is designed to be sensitive to all violations from
H0, so it not only detects an incorrect specification of the conditional mean, but also
violation of the distributional assumption specified byFλ. If one is interested solely in
the specification ofE [Yt |It−1], then a suitable test can be derived from (10) formulated
directly for Yt as it is done in Bierens (1982) for a general regression situation. Indeed,
E [Yt |It−1] = h(Zt ; θ0) if and only ifE [{Yt − h(Zt ; θ0)} eiv	Zt ] = 0, for all v ∈ R

d ,
so a suitable test statistic is obtained by replacing ε̂t (u) in (13) by η̂t = Yt − h(Ẑt ; θ̂).

Remark 4 An important advantage of
T ,W defined in (13) is that it is derived from the
equivalence relationship in (11). Relaxing this equivalence can lead to a construction
of simpler test statistics. See thatH0 implies that {εt (u)}, with εt (u) := uYt − gλt (u),
is a martingale difference sequence for all u ∈ [0, 1]. Define



(0)
T ,w = T

∫ 1

0

(
1

T

T∑

t=1

ε̂t (u)

)2

w(u)du, 

(1)
T = √

T sup
0<u<1

∣∣∣∣∣
1

T

T∑

t=1

ε̂t (u)

∣∣∣∣∣

for some weight function w : [0, 1] → (0,∞). Then 

(0)
T ,w and 


(1)
T are the Cramér

von-Mises-type and theKolmogorov-Smirnov-type test statistics, respectively, derived
from DT (u; 0). Hence, they are expected to be small under H0 and they should, to
some extend, react to violations fromH0. The small sample behavior of these two test
statistics is compared to 
T ,W in a Monte Carlo study in Sect. 6.

Remark 5 The covariate process {X t } is treated as stochastic, and the asymptotic dis-
tribution of the test statistic 
T ,W is derived in Sect. 4 under the assumption that it
is stationary and ergodic. This approach is consistent with Agosto et al. (2016) or
Aknouche and Francq (2021).

However, a large number of count time series encountered in practice contain a
deterministic periodic component. For instance, daily number of accidents exhibit
weak periodicity, monthly series of tourists counts show month periodicity, or daily
counts of respiratory diseases can exhibit even more complicated periodic behavior;
see, e.g., Prezotti Filho et al. (2021). If there are no other regressors next to the purely
deterministic periodicity, then (3) fits into the class of periodic count time series
models considered by Bentarzi and Aries (2022). In this case the limiting distribution
of 
T ,W could be derived along the same lines as in Sect. 4 under the assumption
that the process {Yt } is strictly periodically stationary and periodically ergodic, see,
e.g., Aknouche and Al-Eid (2012) for formal definitions. An estimator of the model
parameters can be constructed using the Poisson QML (Bentarzi and Aries 2022).

Kedem and Fokianos (2002) deal with regression models for count time series and
consider log-linear type of models with “well-behaved” regressors, see Assumption
A4 in their Section 1.4 for an exact formulation and examples in their Chapter 4. In
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particular, their approach allows a mix of periodic deterministic variables and station-
ary stochastic variables. Hence, it is expected that the limiting distribution of 
T ,W

could be derived similarly under more general assumptions, when part of the vector
is deterministic periodic function and the rest forms stationary ergodic series. Such
covariate process is considered in the practical data application in Sect. 7.

4 Asymptotic distribution

This section describes the asymptotic behavior of the test statistic 
T ,W under the
null hypothesis (Sect. 4.1) as well as under some alternatives (Sect. 4.3). Since some
of the assumptions can be substantially weakened for an autoregressive type of model,
where q = 0, the behavior under the null for these models is treated in more detail in
Sect. 4.2.

4.1 Behavior under the null hypothesis

We start with some assumptions on the link function and the weight function. We
use the notation int(A) for the interior of a set A and‖x‖ is the Euclidean norm of a
vector x.

Assumption A1
Let h : [0,∞)p+q × R

m+K → (ch,∞) for some ch > 0 be a function of the form
(5) for some continuous non-negative functions r : [0,∞)p+q × R

K1 → (0,∞) and
π : Rm+K2 → (0,∞). Let � = �(1) × �(2) ⊂ R

K be such that (6) holds for all
θ ∈ � and for some αi , β j , i = 1, . . . , p, j = 1, . . . , q, satisfying (7).

Assumption A2
Let {X t } be a strictly stationary and ergodic sequence of m-dimensional random
vectors. Let {Fλ} satisfy (2) and let {Yt } be the stationary and ergodic solution
of (3) with λt = h(Zt ; θ0), where Zt is defined by (4), for a true parameter
θ0 = (θ	

01, θ
	
02)

	 ∈ int(�0), where �0 is a compact subset of �. Assume further
that E ‖Zt‖2 < ∞.

Assumption A3
Let r and π be the functions from Assumption A1. Let r( y, ·, ·) be three times con-
tinuously differentiable on (0,∞)q × �(1) for all y ∈ (0,∞)p and denote

rλ( y,λ; θ1) = ∂r( y,λ; θ1)

∂λ
, rθ ( y,λ; θ1) = ∂r( y,λ; θ1)

∂θ1

for λ ∈ R
q and θ1 ∈ �(1). Suppose rλ( y,λ; θ1) = d(θ1) is constant with respect to

y and λ such that

sup
θ∈
0

ρ(D) < 1, D =
(

d(θ1)

Iq−1 0

)
,
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where ρ(·) is a spectral radius and Ik is a k × k identity matrix. Let π be two times
continuously differentiable with respect to θ2 and denote

πθ (x; θ2) = ∂π(x; θ2)

∂θ2
.

Assume that for the stationary variables Yt , λt , X t there exists κ > 0 such that

E sup
θ∈
0

‖πθ (X t−1; θ2)‖κ < ∞, E sup
θ∈
0

‖rθ (Y t−1:t−p,�t−1:t−q; θ1)‖κ < ∞,

(15)

where Y t−1:t−p = (Yt−1, . . . , Yt−p)
	 and �t−1:t−q = (λt−1, . . . , λt−q)	.

Assumption A4 Assume that the PGF gλ(u) of the distribution Fλ, considered as a
function gz(u) of (u, z)	, is twice continuously differentiable and that

∣∣∣∣
∂gz(u)

∂z

∣∣∣∣ ≤ M1,

∣∣∣∣
∂2gz(u)

∂z2

∣∣∣∣ ≤ M2,

∣∣∣∣
∂2gz(u)

∂z∂u

∣∣∣∣ ≤ H(z)

for all (u, z)	 ∈ (0, 1) × (0,∞), and some constants M1, M2 < ∞, where H(·)
denotes a finite positive function.

AssumptionA5 Let (Yt , λt (θ)) be the stationary solution of (3) for parameter θ ∈ �.

Let the second derivative ∂2λt (θ)

∂θ∂θ	 exist and be continuous in θ and let there exist a
neighborhood V(θ0) of θ0 such that

E sup
θ∈V(θ0)

∂λt (θ)

∂θ

(
∂λt (θ)

∂θ

)	
and E sup

θ∈V(θ0)

∂2λt (θ)

∂θ∂θ	 (16)

are finite. Furthermore, assume that E H2(λt (θ0)) < ∞, where the function H(·) is
from Assumption A4.

Assumption A6 Let θ̂T be an estimator of θ satisfying

√
T (̂θT − θ0) = 1√

T

T∑

i=1

st (θ0, Yt , It−1) + oP(1),

where θ0 is from A2, {st (θ0, Yt , It−1)} is a stationary martingale difference
sequence with respect to the filtration {It } with a finite variance such that

T −1/2 ∑T
t=1 st (θ0, Yt , It−1)

D→N(0,	) for some K×K positive semidefinitematrix	.

Assumption A7
Let W : R

d+1 → (0, 1) be W (u, v) = w(u)ω(v) for some measurable functions
w : (0, 1) → (0,∞) and ω : Rd → (0,∞) such that ω(v) = ω(−v) for all v ∈ R

d
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and

0 <

∫ 1

0
w(u)du < ∞, 0 <

∫

Rd
||v||kω(v)dv < ∞

for k ≤ 4.
The existence of a stationary ergodic solution from AssumptionA2 is proved for h

satisfying Assumption A1 in (Aknouche and Francq 2021, Theorem 3.3). Under the
same conditions, the process (Yt , X	

t )	 is stationary and ergodic and the same holds
for the multivariate process {Zt }. Sufficient conditions for the existence of moments
for the linear case with p = q = 1 are provided in (Aknouche and Francq 2021,
Theorem 3.2). Also notice that we assume θ0 lies in the interior of the parameter
space �0; for estimation and specification testing which allow the parameter to lie on
the boundary of the parameter space we refer to Francq and Zakoïan (2007); Ahmad
and Francq (2016); Cavaliere et al. (2024) and a discussion in Agosto et al. (2016).

AssumptionA3 is related to the smoothness of the mean function and the required
conditions ensure that the effect of the initial values is asymptotically negligible. A
similar set of assumptions is invoked by Aknouche and Francq (2021) to prove the
asymptotic normality of the QMLE. Notice that AssumptionA3 is satisfied by a linear
function (8) provided that (7) and A2 hold.

AssumptionA4 ensures that the PGF gλ as a function λ is sufficiently smooth. For
a Poisson distribution, one can take M1 = M2 = 1 and H(z) = z +1. AssumptionA6
is satisfied under some additional regularity conditions by the MLE, see Agosto et al.
(2016) for a linear Poissonmodel.More generally, the estimator θ̂T may be the Poisson
QMLE, see Ahmad and Francq (2016); Aknouche and Francq (2021).

Example 1 Since the PARX model (9) with Poisson Fλ is an important special case,
we discuss the assumptions A1–A6 for this situation in more detail. Let {X t } be a
strictly stationary, ergodic and non-negative such that E ‖X t‖2 < ∞. It follows from
the above discussion that Assumption A4 holds for the Poisson distribution, and the
remaining assumptions simplify as follows:

• A1 is satisfied if the parameters αi and β j , i = 1, . . . , p, j = 1, . . . , q, satisfy
(7) and the parametric space � is such that ω > ch > 0 for some ch for all θ ∈ �.

• A2 reduces to the standard requirement that the true parameter is an inner point
of a compact set and that E λ2t < ∞. Sufficient conditions for the latter are given
in Agosto et al. (2016) for Markovian {X t }.

• A3: Since r and π are both linear functions, A3 is entailed by the previous
assumptions.

• A5: This assumption follows from the linearity of h and from the finiteness of the
second-order moments of Zt .

• A6: For Fλ Poisson, the two mentioned estimation methods, MLE and Poisson
QMLE, coincide. Next to the previously stated assumptions, the following identifi-
ability condition is required: [λ1(θ A) = λ1(θ B) a.s. holds if and only if θ A = θ B].
A necessary condition for this is that the components of X t are linearly indepen-
dent. A detailed discussion on this condition is provided in (Aknouche and Francq
2021, page 261).
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Define for v1, v2 ∈ R
d and u ∈ [0, 1]

α(v1, v2) = cos
(
v	
1 v2

)
+ sin

(
v	
1 v2

)
,

β(u, v1) = −E

{
∂gz(u)

∂z

∣∣∣
z=λ1

∂λ1(θ)

∂θ

∣∣∣
θ=θ0

α(Z1, v1)

}
.

Note that β(u, v1) is finite for all u ∈ [0, 1] and v ∈ R
d due to Assumptions A4

andA5. The following theorem describes the asymptotic distribution of the proposed
test statistic under the null hypothesis H0.

Theorem 1 Let Assumptions A1–A7 be satisfied. Then the test statistic 
T ,W

converges in distribution for T → ∞ to
∫ 1
0

∫
Rd |Z(u, v)|2W (u, v)dvdu,

where Z = {Z(u, v), u ∈ [0, 1], v ∈ R
d} is a centered Gaussian process with a

covariance function

E {Z(u1, v1)Z(u2, v2)} =E

[(
uY1
1 − gλ1(u1)

)
α(Z1, v1) + s1(θ0, Y1, I0)	β(u1, v1)

]

×
[(

uY1
2 − gλ1(u2)

)
α(Z1, v2) + s1(θ0, Y1, I0)	β(u2, v2)

]
.

The assertion provides an approximation of the distribution of
T ,W under the null
hypothesis. It follows from Theorem 1 that 
T ,W is asymptotically distributed as an
infinite weighted sum of χ2

1 distributed random variables, where, however, the weights
depend on the unknown parameters via a highly non-trivial way. Hence, it is extremely
complicated to use this asymptotic distribution in order to determine critical points
and actually carry out the test. Instead, in Sect. 5 we recommend the use of a bootstrap
test which is straightforward to apply.

4.2 Behavior under the null for an ARX type of model

An important special case of the model (3) is obtained for q = 0, when the conditional
mean λt depends only on the past values of Yt and on X t−1 via some kind of an ARX
structure. Some of the assumptions specified in the previous section can be weakened
for these models, so we treat this situation in more detail. If q = 0, then

h( y, x; θ) = r( y; θ1) + π(x; θ2), y ∈ [0,∞)p, x ∈ R
m, θ = (θ	

1 , θ	
2 )	 ∈ R

K

for some functions r andπ , and Zt = (Yt−1, . . . , Yt−q , X	
t−1)

	 depends solely on past
values of Yt and on X t−1. This fact enables us to reduce and simplify the assumptions
required in A3, A5 and A7, into the following versions:
Assumption A3∗
Let r : [0,∞)p × R

K1 → (0,∞) and π : R
K2+m → (0,∞) be functions such

that r( y; ·)̇ and π(x; ·) are twice continuously differentiable for all y ∈ [0,∞)p and
x ∈ R

m . Assume that there exists a neighborhood V(θ0) of θ0 such that
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E sup
θ∈V(θ0)

∣∣∣∣
∂r(Y t−1:t−p; θ1)

∂θi

∂r(Y t−1:t−p; θ1)

∂θ j

∣∣∣∣ < ∞, E sup
θ∈V(θ0)

∣∣∣∣
∂2r(Y t−1:t−p; θ1)

∂θi∂θ j

∣∣∣∣ < ∞,

E sup
θ∈V(θ0)

∣∣∣∣
∂π(X t−1; θ2)

∂θk

∂π(X t−1; θ2)

∂θl

∣∣∣∣ < ∞, E sup
θ∈V(θ0)

∣∣∣∣
∂2π(X t−1; θ2)

∂θk∂θl

∣∣∣∣ < ∞

for all i, j = 1, . . . , K1, k, l = K1 + 1, . . . , K , where θ = (θ1, . . . , θK )	, Y t−1:t−p

is defined below (15) and Yt , X t are the stationary variables from Assumption A2.

Assumption A5∗ Assume that E H2(λt ) < ∞, where the function H(·) is from
Assumption A4 and (Yt , λt ) are the stationary variables from Assumption A2.

AssumptionA7∗ Let W : Rd+1 → (0, 1) be W (u, v) = w(u)ω(v) for some measur-
able functions w : (0, 1) → (0,∞) and ω : Rd → (0,∞) such that ω(v) = ω(−v)

for all v ∈ R
d and

0 <

∫ 1

0
w(u)du < ∞, 0 <

∫

Rd
ω(v)dv < ∞.

AssumptionA7∗ is clearly a weakened version ofA7, because only integrability of
ω is required. Assumptions A3∗ and A5∗ together imply A5 and the main advantage
of this reformulation is that conditions in A3∗ are very easily verifiable in practical
applications. For instance, if both r and π are linear, then the conditions inA3∗ reduce
to the requirement of finiteness of second-order moments of Yt and X t .

Theorem 2 Let assumptions A1–A2 hold for q = 0, and A3∗, A4, A5∗, A6 and A7∗
be satisfied. Then the test statistic 
T ,W converges in distribution for T → ∞ to a
random variable

∫ 1
0

∫
Rd |Z(u, v)|2W (u, v)dvdu, where Z is the process specified in

Theorem 1.

4.3 Behavior under some alternatives

The limit behavior of the test statistic is provided also for some types of alter-
natives. To this end analogously to the notation below (15), we write Y k:l for
(Yk, Yk−1, . . . , Yk−(k−l))

	 and �k:l for (λk, λk−1, . . . , λk−(k−l))
	, for any integers

(k, l) with k ≥ l.
Let p0 > 0, q0 ≥ 0, K0 ≥ 1 and write h0 : [0,∞)p0+q0 × R

m+K0 → (0,∞) for
a particular link function. Consider the null hypothesisH0 whereby the link function
is specified by h0 and a fixed family of distributions {Fλ, λ > 0}, that is

H0 : there exists θ ∈ int(�0) such that Yt |It−1 ∼ Fλt

λt = h0(Y t−1:t−p0 ,�t−1:t−q0 , X t−1; θ),

for �0 ⊂ � a compact set. A general alternative admits an incorrect specification
of the conditional mean function as well as the conditional distribution. Specifically
suppose that the actual model is given by
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Yt |It−1 ∼ FA
λt

λt = h A(Y t−1:t−pA ,�t−1:t−qA , X t−1; θ A)

for some family of distributions {FA
λ , λ > 0}, a link function h A : [0,∞)pA+qA ×

R
m+K A → (0,∞), with pA > 0, qA ≥ 0, K A ≥ 1, and for some θ A ∈ R

K A . Hence if
the true pair (FA

λ , h A) differs from (Fλ, h0) then the model is not correctly specified
underH0. Let 
T ,W be the test statistic defined by (13) for testingH0, based on some
estimator θ̂T computed under H0, with the sequence {̂λt,0} defined recursively using
the link function h0, and a d-dimensional sequence {Ẑt,0} where d = p0 + q0 + m.
Assume that the PGF gλ(u) of Fλ satisfies

|∂gλ(u)/∂λ| < M1 for all u ∈ [0, 1] and all λ ∈ (0,∞) (17)

for some M1 > 0 and that there exists θ0 ∈ int(�0) such that

θ̂T
P→ θ0, T → ∞. (18)

Notice that θ0 generally differs from the true parameter θ A. If the mean function h
is specified correctly, i.e., if h A = h0, then it is possible to construct θ̂ such that
(18) is satisfied for θ0 = θ A. For instance, a Poisson QML estimator θ̂ has this
property if FA

λ satisfies (2) and some other standard assumptions, see Aknouche and
Francq (2021). On the other hand, if h A �= h0, then θ0 is typically a point which
optimizes the corresponding theoretical counterpart of the estimation criterion, see,
e.g., White (1982) for the ML case. In the i.i.d. setting assumptions as that in (18)
are rather common, we refer e.g., to eqn. (2.7) of Hušková and Meintanis (2010) and
Theorem 5.1 in Meintanis et al. (2014), but also see Section 3 of Jiménez-Gamero
et al. (2020) and Theorem 5 of Jiménez-Gamero (2014) for similar assumptions in
analogous situations.

In the following two sections we discuss separately the two important situations: an
incorrectly specified conditional distribution combined with the correct link function,
i.e., (FA

λ , h A) = (FA
λ , h0), FA

λ �= Fλ, and a correct distribution FA
λ = Fλ combined

with an incorrect mean function h A �= h0.

4.3.1 Misspecified conditional distribution

Consider first an alternative whereby themean function is correctly specified h A = h0,
but Fλ �= FA

λ , and write g A
λ for the PGF corresponding to FA

λ . As mentioned above,
in this case it is possible to assume that (18) holds with θ0 = θ A.

Theorem 3 Let {Yt , λt } and {X t } satisfy A2 with the conditional distribution FA
λ , the

link function h0 and a true parameter θ A. Let A1, A3, A5, A7, (17) and (18) hold
for θ0 = θ A. Then


T ,W

T
P→

∫ 1

0

∫

Rd
ζ 2(u, v)W (u, v)dvdu,

123



1028 Š. Hudecová et al.

as T → ∞, where

ζ(u, v) = E

{[
g A
λ1

(u) − gλ1(u)
]
α(Z1, v)

}
, Zt = (Y	

t−1:t−p0 ,�
	
t−1:t−q0 , X

	
t−1).

4.3.2 Misspecified conditional mean

Consider now a situation whereby the conditional distribution is correctly specified
under the null hypothesis, but the link function is misspecified, i.e., FA

λ = Fλ but
h A �= h0. This class of alternatives involves the following important examples:

• Amodel with incorrect orders. As an example consider a test for ARX-type linear
model (9) with p = 1, q = 0, while the data are generated from (9) with p > 1
or q > 0.

• Test for a linear model, while the true model is nonlinear. As a particular example
consider a test of (9) with p = q = 1, while the true model is log-linear with
covariates

log(λt ) = ω + α1 log(Yt−1 + 1) + β1 log λt−1 + π	X t−1.

Note that such log-linear Poissonmodelswithout covariates are studied inFokianos
and Tjøstheim (2011).

• A model with incorrectly specified π function which models the dependence on
the exogenous covariates, see Sect. 6 for particular examples.

Weprovide the asymptotic behavior of
T ,W in twopractically important situations,
when either h0 corresponds to a linear model, or when h0 is nonlinear with q0 = 0,
i.e., the tested link h0 corresponds to an ARX type of a model. For both situations we
show that the test based on 
T ,W is consistent.

Let us start with the latter (nonlinear) case, whereby we test the link function of
form h0( y, x; θ) = r0( y; θ1) + π0(x; θ2) for some r : [0,∞)p0 × R

K1 → (0,∞)

and π : RK2+m → (0,∞).
Similarly as in Sect. 4.2, we have Ẑt,0 = Zt,0 = (Y	

t−1:t−p0
, X	

t−1)
	 for t ≥ p0+1.

Notice that nothing is assumed about the true orders (pA, qA) of the true link function
h A, so these can be completely arbitrary. In the followingwedenoteλt,A = E [Yt |It−1]
the true conditional mean satisfying λt,A = h A(Y t−1:t−pA ,�t−1:t−qA , X t−1; θ A).

Theorem 4 Let h0 : [0,∞)p0 × R
K0+m → (0,∞) be a function satisfying A1 on

� ⊂ R
K0 for some p0 > 0, K0 ≥ 1. Let {(Yt , λt,A)} and {X t } satisfy A2 with a link

function h A, parameter θ A and distribution Fλ. Assume that (17), (18) and A7∗ hold,
and there exists a neighborhood V(θ0) of θ0 such that

E sup
θ∈V(θ0)

∣∣h0(Y t−1:t−p0 , X t−1; θ)
∣∣ < ∞, E sup

θ∈V(θ0)

∣∣∣∣
∂h0(Y t−1:t−p0 , X t−1; θ)

∂θ

∣∣∣∣ < ∞.

Then

1

T

T ,W

P→
∫ 1

0

∫

Rd
ζ 2(u, v)w(u)ω(v)dvdu
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as T → ∞, where

ζ(u, v) = E
{ [

gλ1,A(u) − gλ1,0(u)
]
α(Z1,0, v)

}
, λ1,0 = h0(Y0:1−p0 , X0; θ0).

Since the linear model (9) is a very important special case, we consider properties
of the goodness-of-fit test for a null hypothesis with a linear h0 in more detail. For
simplicity, we focus on a linear model with orders p = q = 1, that is

h0(y, λ, x, ; θ) = ω + αy + βλ + γ 	x (19)

for θ = (ω, α, β, γ 	)	. Let � be a subset of R3+m such that for any θ ∈ �,
θ = (ω, α, β, γ 	)	, it holds that ω, α, β > 0 and α + β < 1. Again, nothing is
assumed about the true orders (pA, qA) and only the standard assumptions are posed
for the true link function h A.

Theorem 5 Let {Yt , λt,A} and {X t } satisfy A2 with a link function h A, true parameter
θ A and distributionFλ. Let h0 be given by (19) and �0 ⊂ � be a compact set. Assume
that (17), (18) and A7 hold. Then

1

T

T ,W

P→
∫ 1

0

∫

Rd
ζ 2(u, v)w(u)ω(v)dvdu

as T → ∞, where

ζ(u, v) = E
{ [

gλ1,A(u) − gλ1,0(θ0)(u)
]
α
(
Z1,0(θ0), v

)}
,

and {λt,0(θ0))} is a stationary sequence such that

λt,0(θ) = ω

1 − β
+

∞∑

j=0

β j [αYt−1− j + γ 	X t−1− j ],

and Zt,0(θ) = (Yt−1, λt−1,0(θ), X	
t−1)

	.

In order to further discuss the conditions of consistency, write 

ζ
∞,W for each

probability limit of 
T ,W /T figuring in Theorems 3, 4 and 5. Since ζ is a continuous
function on (0, 1) × R

d , 

ζ
∞,W = 0 only if ζ(u, v) is equal to zero identically in

(u, v) ∈ (0, 1) ×R
d . On the other hand if ζ(u, v) �= 0 for some (u, v) ∈ (0, 1) ×R

d ,
then it follows from assumptionA7 that
ζ

∞,W > 0, and consequently the correspond-
ing test that rejects the null hypothesis H0 for large values of
T ,W is consistent, in the
sense that the rejection probability is equal to one asymptotically under the violations
of H0 considered herein.

In this connection note that in Theorem 3 g A
λ �= gλ, and therefore g A

λ1
(u) − gλ1(u)

is generally a nonzero random variable. If in addition g A
λ (u) > gλ(u) for all u ∈ (0, 1)

(which is the case forFλ Poisson andFA
λ aNegativeBinomial), then g A

λ1
(u)−gλ1(u) >
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0 for all u ∈ (0, 1). In the case of Theorems 4 and 5, if the condition (2) holds sharply
in the sense that {λ1 < λ2 �⇒ gλ1(u) > gλ2(u) for all u ∈ (0, 1)} (as, e.g., for the
Poisson distribution), then λ1,A − λ1,0 �= 0 a.s. implies that gλ1,A(u) − gλ1,0(u) �= 0
a.s. for all u ∈ (0, 1). Also observe that α(v1, v2) = 0 only if v	

1 v2 = (3π/4) +
kπ, k = 0,±1,±2, . . . . Hence in each of the three cases of alternatives considered
by Theorems 3–5, the random function within the corresponding expectation in the
definition of ζ(u, v) is generally nonzero. This of course does not rule out the case
of ζ(·, ·) being identically equal to zero, but alludes to the very special circumstances
under which the test based on 
T ,W will miss any of the alternatives considered
herein, at least for large sample size T . In this connection, the small sample behavior
of the test based on 
T ,W under various realizations of the alternatives considered in
Theorems 3–5 is investigated by means of a Monte Carlo simulation study in Sect. 6
and shows that the new test has non-trivial power against several instances of violations
of the null hypothesis.

5 Practical computation and bootstrap test

5.1 Analytic computations

Let the weight function W be of the form W (u, v) = w(u)ω(v). Due to (14) the test
statistic 
T ,W takes the form


T ,W = 1

T

T∑

t,s=1

Kw,ts K̃ω,ts, (20)

with

Kw,ts =
∫ 1

0
ε̂t (u)̂εs(u)w(u)du =

∫ 1

0

[
uYt − gλ̂t

(u)
] [

uYs − gλ̂s
(u)

]
w(u)du,

and K̃ω,ts := K̃ω(Ẑt − Ẑs), where K̃ω(z) = ∫
Rd cos(v	z)ω(v)dv. The integral

K̃ω(·) can be easily analytically computed if the weight function ω(·) corresponds to
the density of a spherical distribution. Then we immediately have K̃ω(z) = �(‖z‖)
with the function �(·) being the generator of the characteristic function of the chosen
spherical distribution. Hereafter we use � := �γ,η, with

�γ,η(ξ) = e−γ ξη

, ξ, γ > 0, η ∈ (0, 2],

corresponding to the spherical stable characteristic function. Notice that Assump-
tion A7∗ is satisfied for all γ > 0 and η ∈ (0, 2],, while only η = 2 fulfills the
requirements of Assumption A7.

The integral Kw,ts can be further simplified depending on the PGF gλ and the choice
of w(u). Commonly used function is wρ(u) = uρ for ρ ≥ 0. Another possibility is
to take a weight function proportional to a density of a beta distribution wρ,κ(u) =
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uρ(1−u)κ for ρ, κ ≥ 0, which enables to regulate the weight given to neighborhoods
of the origin and point u = 1. The case of linear Poisson PARX model and weight
function wρ is considered in more detail in Sect. 5.3.

5.2 Bootstrap version of the test

Theorem 1 provides the asymptotic distribution of the test statistics 
T ,W under the
null hypothesisH0, but this distribution depends on several unknown quantities. To get
an approximation for the desired critical value one can generate the Gaussian process
described in Theorem 1 with the unknown quantities replaced by their estimators and
then calculate the integral and its quantiles. However, this approach is typically com-
putationally demanding, and appropriately chosen resampling methods have proved
useful in similar setups.

In a model without external covariates, that is when π ≡ 0 in (5), a parametric
bootstrap is a natural solution, see Neumann (2021). Indeed, under the null hypothesis
the conditional distribution of Yt given It−1 is completely specified up to the finite
dimensional parameter θ . Given an estimator θ̂ , one can recursively generate bootstrap
copies of the series and compute bootstrap replications of the test statistic 


(b)
T ,W for

b = 1, . . . , B. Analogous approach can be used if X t consists solely from determin-
istic periodic components in a sense of Remark 5. Then one can successively generate
bootstrap series {Y (∗b)

t }T
t=1, for fixed {X t }T −1

t=0 , and the parametric bootstrap is anal-
ogous to the parametric residual bootstrap in a regression. If X t is fully stochastic,
then the same approach (taking fixed {X t }T −1

t=0 ) can be applied as well, leading to an
inferencewhich could be understood as conditional on this observed covariate process.
A slightly more general approach, which takes into account the stochastic nature of
{X t }T −1

t=0 , performs also resampling of this covariate process, leading to bootstrap ver-

sions {X(∗b)
t }T −1

t=0 used for generating the bootstrap outcome series {Y (∗b)
t }T

t=1. Since
the observations in {X t } are generally correlated, a block bootstrap by Künch (1989) is
suitable here, as it mimics the original structure of the data while generating resamples.
It proceeds as follows: The original series {X t }T −1

t=0 is divided into blocks of length l
of successive observations and then a random sampling with replacement is used for
these blocks. The blocks can be taken either overlapping or non-overlapping. If the
block length is l = T , then the method simplifies to the fixed regressors approach.
Alternatively, one can use the stationary bootstrap of Politis and Romano (1994),
where the resampling is applied to properly chosen blocks with a random length and
which yields a stationary process {X(∗b)

t }T −1
t=0 .

Hence, we propose a parametric bootstrap based on a certain combination of the
bootstrap developed by Neumann (2021) adjusted for models with covariates by com-
bining it with the stationary bootstrap by Politis and Romano (1994) or the classical
block bootstrap by Künch (1989).

For given the observed data (Y1, . . . , YT ; X0, . . . , XT −1) and specified weight
function W the test proceeds as follows:

1. Calculate the estimator θ̂T of θ from data (Y1, . . . , YT ; X0, . . . , XT −1) and the
corresponding value of the test statistic 
T ,W .
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2. For b = 1, . . . , B do:

(i) Generate bootstrap observations X(∗b)
0 , . . . , X (∗b)

T −1 from X0, . . . , XT −1.

(ii) Generate the bootstrap observations Y (∗b)
1 , . . . , Y (∗b)

T recursively such that

Y (∗b)
t is generated from the distribution F

λ̂
(∗b)
t

, where

λ̂
(∗b)
t = r(Y (∗b)

t−1 , . . . , Y (∗b)
t−p ; θ̂1) + π(X(∗b)

t−1 ; θ̂2).

(iii) Calculate the estimator θ̂
(∗b)

T of θ and the bootstrap version of the test statistic



(∗b)
T ,W from data (Y (∗b)

1 , . . . , Y (∗b)
T ; X (∗b)

0 , . . . , X (∗b)
T −1).

3. Compute the p-value of the test as

p = 1

B + 1

B∑

b=1

I[
(∗b)
T ,W ≥ 
T ,W ].

The steps 1. and (iii) require initial values for computation of λ̂t and λ̂
(∗b)
t . One

possibility, used also in Sect. 6, is to take λ̂t = 0, Yt = Y1 for t ≤ 0.
As mentioned above, in (ii) we can take either X(∗b)

t = X t (no bootstrapping of
covariates), or apply one of the suitable resampling methods, of combination of both
in a case when part of the covariates are deterministic and the rest is stochastic, see
Section 7 for an example. The simulation study in the next section uses overlapping
block bootstrap with fixed block length l with l ≈ n1/3.

Using similar tools as in Neumann (2021) while examining step–by–step the proof
of Theorem 1, it is expected that the approximation of the critical value by the above
parametric bootstrap is asymptotically correct if the original data follow the null
hypothesis. This claim is supported by the results of the Monte Carlo simulations
conducted in Sect. 6. However, a detail proof of this statement is beyond the scope of
this paper.

5.3 Application to PARXmodel

The linear Poisson autoregression with exogenous covariates (PARX) assumes thatFλ

is Poisson, so the corresponding PGF takes form gλ(u) = eλ(u−1), and the conditional
mean is modelled as (9) for some p ≥ 1 and q ≥ 0 and an unspecified model
parameter θ . In the following this particular hypothesis is referred to as HP

0 . Then

ε̂t (u) = uYt − êλt (u−1), where λ̂t are computed recursively as described in Sect. 3.
The integral Kw,ts from (20) can be computed as Kw,ts := Kw(̂εt , ε̂s) for

Kw(ε1, ε2) =
∫ 1

0
(uy1 − eλ1(u−1))(uy2 − eλ2(u−1))w(u)du,

where λt and yt , t = 1, 2, are used as generic notations for pairs of parameters and
associated responses, respectively. To proceed further hereafter we adopt the weight
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functionw(u) = wρ(u) = uρ , ρ ≥ 0, and write K (ρ)(ε1, ε2) := K (ρ)(y1, y2; λ1, λ2),
for the resulting integral which after some straightforward algebra is rendered as

K (ρ)(y1, y2; λ1, λ2) = 1

1 + y1 + y2 + ρ

− e−λ2 I (y1 + ρ, λ2) − e−λ1 I (y2 + ρ, λ1)

+ e−(λ1+λ2) I (ρ, λ1 + λ2),

where I (a, θ) = ∫ 1
0 uaeθudu = (−θ)−a

θ
(�(1 + a,−θ) − �(1 + a)) . Then the test

statistic figuring in (20) may be written as


T ,W = 1

T

T∑

t,s=1

K̂ (ρ)
ts �γ,η(‖Ẑt − Ẑs‖),

with K̂ (ρ)
ts = K (ρ)(yt , ys; λ̂t , λ̂s) and Ẑt defined recursively as described in Sect. 3.

The weight functionw in general allows one to assign different weights to different
points u ∈ [0, 1] in the definition of 
T ,W . In the context of PARX models without
covariates, Hudecová et al. (2015) considered a different weighted L2-type GOF test
statistic and employed the same weighting function wρ(u) = uρ . Their Monte Carlo
simulations show that test statistics corresponding to different choices of ρ yield
different powers against different alternatives, and it is not possible to choose a fixed
ρ whichwould lead to the largest power against all kinds of alternatives. Exploration of
other weighting functions and the problem of an optimal choice of ρ remains an open
problem. Clearly, the simplest case is ρ = 0, i.e., no weighting. In the simulations in
the next section we take this simplest choice for w and focus rather on a comparison
of powers of 
T ,W for different ω functions.

6 Simulations

This simulation study explores the finite sample behavior of the suggested bootstrap
test based on 
T ,W for the null hypothesisHP

0 , where the conditional distribution Fλ

is Poisson. The conditional mean is specified either as an ARX(1) kind of model

λt = ω + α1Yt−1 + c (cos Xt−1 + 1) , (S1)

or as a GARCHX(1,1) type of model

λt = ω + α1Yt−1 + β1λt−1 + c (cos Xt−1 + 1) . (S2)

The exogenous series {Xt } was generated from a stationary AR(1) model Xt =
ρX Xt−1 + εt for ρX = 0.5 and {εt } iid centered normal with variance (1 − ρ2

X )−1.
Themodel parameters were estimated by the conditional maximum likelihoodmethod
as proposed by Agosto et al. (2016), so the estimator is the same as obtained by the

123



1034 Š. Hudecová et al.

Poisson QML fromAknouche and Francq (2021). The performance of the testing pro-
cedurewas investigated under the null hypothesis.Moreover the alternative hypothesis
settings considered are the cases whereby we have:

(1) Incorrect model specification. Observations were generated from a model of an
incorrect order, while the function π from (5) and the conditional distribution Fλ

were specified correctly. Namely, the test for (S1) was conducted for observations
from the GARCHX(1,1) model (S2) and from a ARX(2) kind of model

λt = ω + α1Yt−1 + α2Yt−2 + c (cos Xt−1 + 1) , (S3)

which was used as an alternative for testing (S2) as well.
(2) Incorrect conditional distribution. Observationswere generated from amodelwith

a correctly specified conditional mean λt , but the conditional distribution was the
NegativeBinomialNB(λt , r)with a dispersion parameter r . Recall that if a random
variable follows NB(λ, r) then its mean is λ and variance is λ(1 + λ/r).

(3) Incorrectly specifieddependenceon the exogenous variable Xt .Observationswere
generated from a Poisson model with a correct orders p, q and π(Xt−1; c) =
c(sin Xt−1 + 1) (abbreviated as “sin” alternative) or π(Xt−1; c) = c(2 −
|Xt−1|)I [|Xt−1| < 2] (abbreviated as “abs” alternative) and we test for (S1)
or (S2), where π(Xt−1; c) = c(cos Xt−1 + 1).

Results are presented for sample sizes T = 100, 200, 500 and T = 1 000 at level
of significance α = 0.05. The test statistic 
T ,W is computed for a weight function
W (u, v) = w(u)ω(v), where ω(·) = ωγ,η(·) depends on tuning parameters γ > 0,
η ∈ (0, 2] as described in Sect. 5.3. As mentioned at the end of the previous section,
we focus on exploration of the impact ofω on the power, so we takew(u) = 1, so there
is simply no weighting with respect to u, while the parameters γ, η were considered
in the following combinations

(γ, η) ∈
{
(1/4, 1/4) , (1/2, 1/2) , (1/2, 1) , (1, 1/2) , (1, 1), (1, 2), (2, 2)

}
, (21)

leading to 7 differentω functions. For model (S1) all these settings satisfy the assump-
tions required by theweight function, but for (S2)we have theoretical justification only
for the last two choices of (γ, η) due to the stronger requirements in AssumptionA7.
Despite this fact, we explore the behavior of the bootstrap test for all the choices of
(γ, η) listed above, so we can investigate how sensitive the procedure is to violation of
Assumption A7. In addition, the behavior of the test statistic 
T ,W was compared to
tests based on the test statistics 


(0)
T := 


(0)
T ,w for w(u) = 1 and 


(1)
T from Remark 4.

The significance of 
T ,W and 

(i)
T , i = 0, 1, was evaluated using the parametric

bootstrap described in Sect. 5 with resampling size B = 499. The simulations were
conducted in the R-computing environment for M = 1 000 repetitions.

The size of the test in Table 1 is presented for the setting ω = 0.2, α1 = 0.3,
π1 = 0.5 for (S1) and for ω = 0.2, α1 = 0.3, β1 = 0.3, c = 0.5 for (S2). The results
show that the test based on 
T ,W and 


(0)
T keeps the prescribed confidence level.
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Table 1 Size of the bootstrap test for λt specified by (S1) and (S2) for α = 0.05

The test corresponding to 

(1)
T seems to be slightly conservative for (S1) model with

T < 1 000.
The power of the test for (S1) in Table 2 was computed for data generated from

a ARX(2) type of model (S3) with ω = 0.2, α1 = 0.3, α2 = 0.6, c = 0.5, a
GARCHX(1,1) model (S2) with ω = 0.2, α1 = 0.3, β1 = 0.6, c = 0.5, a Negative
Binomial model with r = 3 and λt given by (S1) for ω = 0.2, α1 = 0.3, c = 0.5, and
for a model with misspecified π with ω = 0.2, α1 = 0.3, c = 0.5.

Afirst observation is that the test based on
T ,W clearly outperforms its competitors
for the “sin” misspecification alternative of the π function regardless of the choice of
the tuning parameters γ and η. Otherwise the new test appears to be often sensitive to
the choice of γ and η, with the choices (γ, η) = (1/4, 1/4), and (γ, η) = (1/2, 1/2)
being overall preferable. In this connection, the test based on (γ, η) = (1/4, 1/4), out-
performs the tests based on


(0)
T , and


(1)
T , nearly uniformly over the sample size T and

against all alternatives, but often the power differential is small. The test corresponding
to (γ, η) = (1/2, 1/2) also performs well against competitors. In fact in the case of
the “sin” alternative, even larger values of the pair (γ, η) lead to improved power, but
at the same time all tests find it rather hard to distinguish an “abs” misspecification
alternative of the π function.

The power of test for (S2) for the considered alternatives is shown in Table 3. The
data were generated from an ARX(2) model (S3) with ω = 0.2, α1 = 0.3, α2 = 0.6,
and c = 0.5, from a Negative Binomial GARCHX(1,1) model with r = 3 and a pair
of GARCHX(1,1) models with misspecifiedψ function (“sin" and “abs") forω = 0.2,
α1 = 0.3, β1 = 0.3, c = 0.5.

The results in Table 3 are quantitatively similar with those of Table 2 for the NB
distributional alternative and the “abs" misspecification of the π function, and qual-
itatively similar for the other two types of alternatives, but in this case it is harder
to identify a ARX(2) alternative, while the power against a “sin" misspecification of
the π function is somewhat lower for all tests. Comparisonwise, the conclusions are
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Table 2 Power of test for ARX(1) model (S1) for data generated from ARX(2) model (S3), data from
GARCHX(1,1) model (S2), data from the Negative Binomial distribution with r = 3 (NB), and data
from incorrectly specified link part π , where the data are generated using π(x; c) = c(sin x + 1) (sin) or
π(x; c) = c(2 − |x |)I [|x | < 2] (abs), while we test π(x; c) = c(cos x + 1)

T

also analogous to those drawn from the results of Table 2, overall favoring the tests
based on 
T ,W , with γ = η = 1/4 and γ = η = 1/2. It is interesting to see that the
procedure leads to reasonable results even if η < 2. The corresponding bootstrap test
keeps the prescribed level, and this choice seems to be even preferable against some
alternatives.

7 Real data analysis

Road crashes have not only a devastating impact on victims and their families, but
they also bear a heavy economic cost, see, e.g., (Peden et al. 2004, Table 2.9). The
total cost of motor vehicle collisions involve lost productivity, medical costs, legal
and court costs, emergency services, insurance administration, travel delay, property
damage, and workplace losses (Blincoe et al. 2015). Among all accidents, injuries to
pedestrians and bicyclists caused 7 % of the total economic costs and 10 % of the total
societal harm in USA in 2010 (Blincoe et al. 2015).

It is well known that weather affects both the driver capabilities and road conditions
via visibility impairments, precipitation, and temperature extremes. In this application,
we model daily numbers of accidents involving at least one pedestrian in Prague, the
capital of the Czech Republic, in years 2018–2019. The aim is to built a time series
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Table 3 Power of test for GARCHX(1,1) model (S2) for data generated from ARX(2) model (S3), data
from the Negative Binomial distribution with r = 3 (NB), and data from incorrectly specified π , where the
data are generated using π(x; c) = c(sin x + 1) (sin) or π(x; c) = c(2 − |x |)I [|x | < 2] (abs), while we
test π(x; c) = c(cos x + 1)

model for the number of collisions that allows dependence on variables reflecting
the actual weather, namely the average daily temperature (AT) and precipitation (P).
Beside the weather variables, also the weekly and yearly patterns need to be taken into
account. Details regarding the data set are provided in the Supplementary file.

Various transformations of the explanatory variables were considered. The condi-
tional distribution Fλ was assumed to be Poisson. Competitive models were fitted by
Poisson ML and compared using information criteria, similarly as in Agosto et al.
(2016). The following model was chosen as the best one:

λt = 0.572
(0.101)

+ 0.020
(0.034)

Yt−1 + 0.967
(0.101)

Wt + 0.318
(0.066)

cos

(
2π t

365

)
+ 0.229

(0.097)
I(Pt > 0), (22)

where the numbers in parentheses are the standard deviations. Note that if Fλ was not
Poisson, then the estimates in (22) are the Poisson QMLE, which are still valid under
mild regularity conditions, see Aknouche and Francq (2021), (however, with different
standard deviations).

Since the assumption of the Poisson distribution can be questionable in applica-
tions, we conduct the goodness-of-fit test. It is visible that the coefficient next to Yt−1
is not statistically significant, which indicates that the explanatory variables might
explain all temporary dependence in the series. However, for illustrative purposes, we
keep this term in the model and conduct the goodness-of-fit test for the null hypothesis
HP

0 : Yt |It−1 ∼ Po(λt ), with λt = ω + αYt−1 + γ1Wt + γ2 cos
( 2π t
365

) + γ3I(Pt > 0)
for some parameter (ω, α, γ1, γ2, γ3)

	. The test statistic 
T ,W and its significance
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were computed as described in Sect. 5. Namely, we made use of the same weighting
function ω as in Sect. 6 for the same set of tuning parameters (γ, η) as in (21). The
bootstrap goodness-of-fit model was performed for B = 1000, where the block boot-
strap was applied solely to the stochastic variable I(Pt > 0), with block length l = 10,
while the deterministic variables are held fixed. The obtained p-values for (γ, η) as in
(21) are 0.132, 0.114, 0.154, 0.115, 0.175, 0.220, 0.219, respectively. Since none of
the obtained p-values is significant, the Poisson distributional assumption seems to be
plausible for these data. This is also supported by a probability integral transforma-
tion (PIT) diagnostic plot constructed as in Czado et al. (2009) and presented in the
Supplementary file.

8 Discussion and conclusion

A goodness-of-fit test for count time series with exogenous covariates is proposed.
The new test statistic is formulated in terms of Bieren’s characterization and may be
applied to general models of this type provided that the conditional PGF is specified.
The limit distribution of this statistic is obtained under the null hypothesis of fixed,
but otherwise arbitrary, order and rather general form of the link function. Asymp-
totic results for non-null situations are also presented, including consistency of the
test against distributional misspecification as well as against certain types of viola-
tions of the hypothesized functional form of the conditional mean. The finite-sample
performance of a bootstrap version of the suggested test is investigated by a Monte
Carlo study against competing procedures, and corroborates the consistency features
of our test. Finally the proposed methodology is used in order to perform explanatory
analysis of the main factors affecting road accidents in the city of Prague.

Supplementary information

The online Supplementary file contains a description of the data set used in Sect. 7,
some additional details about the analysis, implementation and proofs of all assertions.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s11749-024-00933-x.
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