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Abstract

The Pareto distributions are a class of distributions containing several members with

varying levels of flexibility. Two of these members, the Pareto Type I and the Lomax

distributions, are of particular interest in this thesis. The Pareto Type I distribution is a

popular choice of model in many applications where heavy tailed data are modelled. This

flexible distribution if often used to model the tails of, for example, observed insurance

claims or salaries. The Lomax distribution is a generalisation of the Pareto Type I distri-

bution (and a special case of the Pareto Type II distribution) which was initially proposed

as a model for business failure, but has since found a wide range of other applications.

We propose several classes of goodness-of-fit tests for the Pareto Type I distribution based

on two characterisations. The first characterisation relates to the distribution of order

statistics while the second is based on conditional expectation. We derive the asymptotic

properties of the tests based on the first of these characterisations. Extensive Monte

Carlo studies are included in order to examine the finite sample power performance of the

proposed tests and it is found that these tests are competitive, often outperforming the

existing tests considered.

In the Monte Carlo power studies mentioned above, we employ different estimators to fit

the Pareto distribution. The choice of estimation technique is shown to have a surpris-

ingly profound effect on the resulting empirical powers. This prompted research into a

comparison between various parameter estimation techniques. The Lomax distribution is

a popular variant of the Pareto class and it is frequently fit to observed financial data. We

compare the performance of various classical estimation techniques to techniques based

on the minimisation of some distance measure. Interestingly, these minimum distance

estimators outperform the classical techniques in various settings.

The use of the goodness-of-fit tests developed in the thesis are illustrated using practical

data. The same holds for the minimum distance estimators considered.

Keywords: Lomax distribution; goodness-of-fit; characterisation; conditional expectation;

Pareto distribution.
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Preface

Chapter 1 provides an overview and outlines the objectives of the research. This thesis is

presented in article format and comprises of three journal papers: one has been accepted

for publication, one has been submitted for publication and is at the second round of

revisions, and one is a draft to be submitted in the near future. The three articles are

presented in Chapters 2, 3 and 4. In Chapter 5 we report the main findings along with

conclusions and some directions for future research.

First article: On classes of consistent tests for the Pareto distribution based on a charac-

terization involving order statistics, submitted to Statistics and is currently in the second

round of revisions.

Second article: New classes of tests for the Pareto distribution based on a conditional

expectation characterisation, will be submitted to Computational Statistics.

Third article: On fitting the Lomax distribution: A comparison between minimum dis-

tance estimators and other estimation techniques, was accepted for publication in the

journal Computation.

The promoters agreed on co-authorship and gave consent for the use of these articles

as part of the final thesis. The candidate was solely responsible for the initial planning

and proposal of the thesis, literature searches, writing all programs used in the Monte

Carlo studies, interpretation of results, as well as planning and writing of the articles and

the entire thesis.
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Chapter 1

Introduction

1.1 Overview

The Pareto distribution, named after the Italian economist Vilfredo Pareto, is a probability

distribution that finds application in a wide range of fields, including economics, finance,

sociology, and natural sciences. It is well known for its ability to model phenomena where

a small number of elements in a system accounts for a large proportion of the overall

impact; this is often referred to as the “80-20” principle. Many real-world phenomena

exhibit measurements with heavy-tailed behaviour and, as such, lend themselves to be

modelled using the Pareto distribution. Due to its popularity, this distribution has enjoyed

the attention of numerous researchers, resulting in a number of different versions of the

Pareto distribution, including Types I, II, III, IV, and Generalised Pareto distributions.

However, in this PhD study we will only focus on the Type I distribution (both the one

and two parameter versions) and a special case of the Type II Pareto distribution, known

as the Lomax distribution. We will now briefly introduce these distributions as well as

explain the relationship between them.

We say that a random variable X follows a Pareto Type I distribution with shape param-

eter β > 0 if its cumulative distribution function (CDF) is

FX(x) = 1− x−β, x ≥ 1,

with corresponding probability density function (PDF)

fX(x) = βx−(β+1), x ≥ 1.

Consider the random variable Y = σX, where σ > 0 is a scale parameter. Then Y follows

a general Pareto Type I distribution with CDF and PDF given by

FY (y) = 1−
( y
σ

)−β
, y ≥ σ,

1



CHAPTER 1. INTRODUCTION 2

and

fY (y) = βσβy−(β+1), y ≥ σ,

respectively. Next, consider the random variable

Z = Y + µ− σ,

where −∞ < µ < ∞ is a location parameter. The random variable Z follows a Pareto

Type II distribution with CDF

FZ(z) = 1−
[
1 +

(
z − µ

σ

)]−β

z ≥ µ, (1.1)

and PDF

fZ(z) =
β

σ

[
1 +

(
z − µ

σ

)]−(β+1)

z ≥ µ.

Setting µ = 0 in (1.1), we have a special case of the Pareto Type II distribution, called

the Lomax distribution, which has found extended application in real world problems (see

Chapter 4).

In Chapters 2 and 3 we propose and study new classes of goodness-of-fit tests for the

Pareto Type I distribution. In Chapter 4 we compare various estimation techniques for

the parameters of the Lomax distribution.

1.2 Objectives

The objectives of this thesis, which consists of three research papers, can be summarised

as follows:

• To develop new classes of goodness-of -fit tests for the Pareto Type I distribution.

• To derive the asymptotic properties pertaining to some of these new classes of

goodness-of-fit tests.

• To critically evaluate the performance of the newly proposed tests under different

estimation methods using Monte Carlo simulation.

• To apply the newly proposed tests to real-world data settings and draw conclusions.

• To investigate different estimation methods used to estimate the shape and scale

parameters of the Lomax distribution as well as determine whether the minimum

distance estimators are suitable estimation alternatives for this distribution when

compared to traditional methods of estimation.
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1.3 Thesis outline

This section is a synopsis of the ‘golden thread’ running through the three research papers

presented in this thesis. First note that the overall goal in this text is to investigate

goodness-of-fit testing for the Pareto distribution and, tangentially, to compare various

estimation methods and to determine the effect that the estimation methods have on the

power of the tests.

Summaries of the three articles found in Chapters 2, 3 and 4, respectively, are given next.

The relationship between these papers and the overarching theme is discussed and the

connections between the papers are made clear.

1.3.1 On classes of consistent tests for the Pareto distribution based on

a characterization involving order statistics

The first paper that will be presented is one in which a new class of goodness-of-fit tests

based on a order statistic characterization is proposed. This paper can be considered a

‘straightforward’ goodness-of-fit article in which a novel goodness-of-fit test is proposed, its

asymptotic properties derived, and then extensively studied via a finite sample simulation

studies to assess its suitability and to compare its power performance relative to existing

tests in the literature. The Pareto Type I distribution, using both the one and two

parameter versions, were considered in this paper. An interesting consequence of this

research was that it was found that the estimation method used to estimate parameters

for these tests for the Pareto distribution had a notable effect on the powers of both the

newly proposed tests and existing ones.

The paper’s abstract is given below.

We propose new classes of goodness-of-fit tests for the Pareto Type I distribution.

These tests are based on a characterization of the Pareto distribution involving order

statistics. We derive the limiting null distribution of the tests and also show that the

tests are consistent against fixed alternatives. The finite-sample performance of the

newly proposed tests are evaluated and compared to some of the existing tests, where

it is found that the new tests are competitive in terms of powers. The paper concludes

with an application to a real world data set, namely the earnings of the 22 highest paid

participants in the inaugural season of LIV golf.

1.3.2 New classes of tests for the Pareto distribution based on a condi-

tional expectation characterisation

Following-up on the first paper, the second paper introduces classes of goodness-of-fit tests

for the Pareto Type I distribution based on a conditional expectation characterisation.

Once again the newly proposed tests are thoroughly investigated and the effect of a wider
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variety of estimation techniques on the power of the tests is explored. Below is the abstract

for this paper.

We propose and investigate new classes of goodness-of-fit tests for the Pareto Type I

distribution based on a characterisation involving a conditional expectation. A Monte

Carlo power study is included in order to assess the finite sample performance of

the newly developed tests for four different estimation methods. The results from the

simulation study shows that the newly proposed tests are competitive in terms of power

performance when compared to some existing tests. It also shows that the majority of

tests produce their highest powers when the unknown shape parameter is estimated by

the method of moments. A practical example, where we consider the annual salaries of

English Premier League football players for two consecutive seasons, is also included

to illustrate the use of the newly proposed tests.

1.3.3 On fitting the Lomax distribution: A comparison between mini-

mum distance estimators and other estimation techniques

Informed by the results of the previous papers, and with the aim towards future research

related to the Pareto Type II distribution, this paper investigates the performance of

different estimation methods when estimating the parameters of the Lomax distribution.

A multitude of estimation techniques are investigated in an extensive Monte Carlo study

to ascertain their suitability in the context of the Lomax distribution under a variety of

settings. The abstract that accompanied the original article is given below:

We investigate the performance of a variety of frequentist estimation techniques for

the scale and shape parameters of the Lomax distribution. These methods include

traditional methods such as the maximum likelihood estimator and the method of mo-

ments estimator. A version of the maximum likelihood estimator adjusted for bias is

included as well. Furthermore, an alternative moment-based estimation technique, the

L-moment estimator, is included, along with three different minimum distance estima-

tors. The finite sample performances of each of these estimators are compared in an

extensive Monte Carlo study. We find that no single estimator outperforms its com-

petitors uniformly. We recommend one of the minimum distance estimators for use

with smaller samples, while a bias-reduced version of maximum likelihood estimation is

recommended for use with larger samples. In addition, the desirable asymptotic prop-

erties of traditional maximum likelihood estimators make them appealing for larger

samples. We include a practical application demonstrating the use of the described

techniques on observed data.

In Chapter 5, we summarise the final outcomes and reach conclusions, and also highlight

potential areas for further exploration.



Chapter 2

Article 1: On classes of consistent

tests for the Pareto distribution

based on a characterization

involving order statistics

The first article, On classes of consistent tests for the Pareto distribution based on a char-

acterization involving order statistics, is under review in GSTA-2023-0063. A summary

of the guidelines to authors from the journal is now presented.

Manuscript No page limit.

Title The title should be concise and informative.

Abstract and Keywords

Please provide an abstract of 150 to 250 words. The abstract
should not contain any undefined abbreviations or unspecified
references and 4 to 6 keywords can be used for indexing pur-
poses.

Tables

All tables are to be numbered using Arabic numerals. Tables
should always be cited in text in consecutive numerical order.
For each table, a table caption explaining the components of
the table must be supplied.

References
The list of references should only include works that are cited
in the text and that have been published or accepted for pub-
lication.

General formatting
A LATEX template is provided for submission, Word files are
also accepted.

Additional information https://tinyurl.com/486kbupt
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On classes of consistent tests for the Pareto distribution based on
a characterization involving order statistics

Joseph Ngatchou–Wandjia, Thobeka Nombebeb, Leonard Santanab, James Allisonb

aUniversité de Rennes (EHESP) & Institut Élie Cartan de Lorraine, Nancy, France
bPure and Applied Analytics, North–West University, Potchefstroom, South Africa

Abstract
We propose new classes of goodness-of-fit tests for the Pareto Type I distribution. These

tests are based on a characterization of the Pareto distribution involving order statistics. We
derive the limiting null distribution of the tests and also show that the tests are consistent
against fixed alternatives. The finite-sample performance of the newly proposed tests are
evaluated and compared to some of the existing tests, where it is found that the new tests
are competitive in terms of powers. The paper concludes with an application to a real world
data set, namely the earnings of the 22 highest paid participants in the inaugural season of
LIV golf.

1 Introduction

Many real-world phenomena exhibit measurements with heavy-tailed behaviour and, as such,
lend themselves to be modelled using the Pareto distribution. First developed by economist
and socialist, Vilfredo Pareto (Pareto, 1897), the heavy-tailed Pareto distribution was initially
used to model the unequal distribution of wealth in a population, but has found application in
a number of other scenarios. Examples of situations modelled using this distribution include
studies involving insurance claim premiums (Brazauskas, 2000; Beirlant et al., 2004; Mert &
Saykan, 2005), studies involving medical insurance claims (Zisheng & Chi, 2006), and studies
investigating gestation duration (Keiding et al., 2002, 2012), to name a few (see Arnold, 2015).

Due to its popularity, this distribution has enjoyed the attention of numerous researchers
resulting in a number of different versions of the Pareto distribution, including the Types I, II,
III, IV, and Generalised Pareto distributions. However, in this paper we will focus only on the
use of the Type I Pareto distribution, which has cumulative distribution function (CDF) and
probability density function (PDF) respectively given by

Fβ,σ(x) =

{
1−

(x
σ

)−β
, x ≥ σ

0, x < σ
and fβ,σ(x) =

{
βσβx−β−1, x ≥ σ
0, x < σ

where σ > 0 and β > 0 denote respectively the scale and the shape parameters. The Type I
version of the Pareto distribution with σ = 1 has a number of practical applications as shown in a
variety of old and new research works. In the earlier works, for example, Fisk (1961) and Steindl
(1965) cited several examples of economic data which follow the Type I Pareto distribution,
whereas Berger & Mandelbrot (1963) proposed using the Type I Pareto distribution in studies
of error clusters in communication circuits. It has also been shown to be useful in applications
where service times and queuing systems are modelled, as discussed in Harris (1968). More
recent applications include using the Type I Pareto distribution to model the wealth distribution
in the Forbes 400 list (Klass et al., 2006), and modelling the city size distribution in the United
States (Ioannides & Skouras, 2013).

Hence, under these considerations, it is important to determine whether a realised data set,
x1, . . . , xn, from a non-negative random variable X with distribution function F (x), is well-
described by a Type I Pareto distribution with parameters β and σ, denoted here by P(β, σ). In
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this paper we will therefore consider using a goodness-of-fit (GOF) test to evaluate the following
hypotheses regarding these data:

H0 : X follows a P(β, σ) distribution; ∃ β, σ > 0 such that F (x) = Fβ,σ(x), x ∈ [σ,∞),

and
H1 : X does not follow a P(β, σ) distribution; ∄ β, σ > 0 such that F (x) = Fβ,σ(x), x ∈ [σ,∞).

(1)

Several tests have been suggested to check the goodness-of-fit of Pareto distributions; the
most commonly used formal goodness-of-fit tests for Pareto distributions are those based on the
empirical distribution function (EDF), such as the Kolmogorov-Smirnov (KS) test, Cramér-von
Mises (CvM) test, or Anderson-Darling (AD) test. These tests compare the empirical distribution
of the data with the hypothesised theoretical Pareto distribution and assess the likelihood that the
data were generated by a Pareto distribution. The results of these tests can be used to determine
whether the Pareto distribution is a good fit for the data, or whether another distribution may
be more appropriate.

Goodness-of-fit tests for the Pareto distribution have been discussed in Beirlant et al. (2006),
Gulati & Shapiro (2008), Martynov (2009), and Rizzo (2009), among others. In Chu et al. (2019)
a review of established tests for the Generalized Pareto, Pareto Type I and Pareto Type II distri-
butions is provided, whereas goodness-of-fit tests based on a variety of different characterizations
for the Pareto distribution can be found in Obradovíc et al. (2015), Obradovíc (2015), Volkova
(2016), and Miloševíc & Obradovíc (2016b). Ndwandwe et al. (2022) provides an extensive
review of the existing goodness-of-fit tests for the Pareto Type I distribution, focusing on the
myriad characterisations of this distribution. In what follows we will refer to the Pareto Type I
distribution as just the Pareto distribution.

In this paper we propose new classes of tests for the Pareto distribution. These tests are
based on characterization of the Pareto distribution involving order statistics. In Section 2 we
consider the case of the Type I Pareto with unit scale parameter. We present the characterization,
introduce the new test statistics and derive the limiting null distribution of the tests and show
that they are consistent against fixed alternatives. Section 3 is devoted to a discussion on the
general Type I Pareto distribution. In Section 4 we compare the powers of our newly proposed
tests with some existing tests (in the case of the general Type I Pareto distribution), while
Section 5 illustrates the use of the tests in order to test the hypothesis that the 2022 season’s
earnings of LIV golfers (exceeding some known threshold), follows a Pareto distribution. The
paper concludes in Section 6.

2 The Type I Pareto distribution with unit scale parameter

In this section, we study the case of a Type I Pareto distribution with unit scale parameter, that
is, P(β, 1), β > 0.

2.1 The test statistic

Consider the following characterisation of the Pareto distribution denoted here by P(β, 1), dis-
cussed in Allison et al. (2022).
Characterisation. Let X1, . . . , Xn be independent copies of a non-negative random variable X
with common density function f and cumulative distribution function F . Let m be an integer
such that 2 ≤ m ≤ n. Then the random variables X

1
m and X(1) = min{X1, . . . , Xm} have the

same distribution if and only if F (x) = Fβ(x) = Fβ,1(x), x ∈ R, β > 0.
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From this characterisation we have the following Theorem

Theorem 1. Let X1, . . . , Xn be copies of a non-negative random variable X with common density
function f and cumulative distribution function F . Let m be an integer such that 2 ≤ m ≤ n.
Then the random variables X

1
m and min{X1, . . . , Xm} have the same distribution if and only if

for any t ∈ R,

E
{

1

m
exp

(
−itX

1
m

)
− [1− F (X)]m−1 exp (−itX)

}
= 0. (2)

Proof - Let 2 ≤ m ≤ n. It is well known that X(1) = min{X1, . . . , Xm} has density function

f̃(x) = m [1− F (x)]m−1 f(x), x ∈ R.

It is then clear that the random variables X
1
m and X(1) have the same distribution if and only

if they have the same characteristic functions, that is, if and only if for any t ∈ R,
∫

R
exp

(
−itx

1
m

)
f(x)dx = m

∫

R
exp (−itx) [1− F (x)]m−1 f(x)dx.

It is easy to see that the above equality is equivalent to
∫

R

{
1

m
exp

(
−itx

1
m

)
− exp (−itx) [1− F (x)]m−1

}
f(x)dx = 0,

which can be written as

E
{

1

m
exp

(
−itX

1
m

)
− [1− F (X)]m−1 exp (−itX)

}
= 0.

From the characterisation and Theorem 1 we have that (2) characterises the P(β, 1) distri-
bution. Thus, suitable normalizations of empirical versions of the expectation in (2) can be used
as basis for the construction of tests for that particular Pareto distribution. To this end, we
propose the following test statistic

Tm,n,w =

∫

R

∣∣∣Sm,n,β̂n
(t)
∣∣∣
2
w(t)dt, (3)

where for all t ∈ R

Sm,n,β(t) =
1√
n

n∑

j=1

[
1

m
exp

(
−itX

1
m
j

)
−X

−β(m−1)
j exp (−itXj)

]
,

β̂n = n/
∑n

j=1 log(Xj) is the maximum likelihood estimator for β, and w(t) is a suitably chosen
weight function satisfying some standard conditions (see Section 3).

Proposition 1. Let 2 ≤ m ≤ n. Then
∫

R
|S

m,n,β̂n
(t)|2w(t)dt =

∫

R
|S†

m,n,β̂n
(t)|2w(t)dt,

where for all t ∈ R,

S†
m,n,β(t) =

1√
n

n∑

j=1

[
1

m
ν

(
X

1
m
j ; t

)
−X

−β(m−1)
j ν(Xj ; t)

]
, (4)

and ν is the function defined on R× R by

ν(x; t) = cos (tx) + sin(tx). (5)
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Proof - Denote by z the conjugate of any complex number z. One has the following equalities :
∫

R
|S

m,n,β̂n
(t)|2w(t)dt =

∫

R
S
m,n,β̂n

(t)S
m,n,β̂n

(t)w(t)dt

=
1

n

n∑

j=1

n∑

k=1

∫

R

{
1

m2
exp

[
−it

(
X

1
m
j −X

1
m
k

)]
− 1

m
X

−β̂n(m−1)
k exp

[
−it

(
X

1
m
j −Xk

)]

− 1

m
X

−β̂n(m−1)
j exp

[
−it

(
X

1
m
k −Xj

)]
+ (XjXk)

−β̂n(m−1) exp [−it (Xj −Xk)]

}
w(t)dt.

By (6), since x 7→ sin(x) is an odd function, one has that
∫

R
|S

m,n,β̂n
(t)|2w(t)dt

=
1

n

n∑

j=1

n∑

k=1

∫

R

{
1

m2
cos

[
t

(
X

1
m
j −X

1
m
k

)]
− 1

m
X

−β̂n(m−1)
k cos

[
t

(
X

1
m
j −Xk

)]

− 1

m
X

−β̂n(m−1)
j cos

[
t

(
X

1
m
k −Xj

)]
+ (XjXk)

−β̂n(m−1) cos [t (Xj −Xk)]

}
w(t)dt.

Using the identity cos(a − b) = cos(a) cos(b) + sin(a) sin(b) and the fact that the function x 7→
cos(x) sin(x) is odd, one finally has :

∫

R
|S

m,n,β̂n
(t)|2w(t)dt =

∫

R
|S†

m,n,β̂n
(t)|2w(t)dt.

For practical applications (and for the Monte-Carlo study in Section 4) we will choose w(t) =
e−a|t| and w(t) = e−at2 , the choices of which lead to the following calculable forms of the test
statistic:

T (1)
n,m,a =

1

n

n∑

j=1

n∑

k=1


 1

m2

2a

a2 + (X
1
m
j −X

1
m
k )2

− 1

m
X

−β̂n(m−1)
k

2a

a2 + (X
1
m
j −Xk)2

− 1

m
X

−β̂n(m−1)
j

2a

a2 + (X
1
m
k −Xj)2

+ X
−β̂n(m−1)
j X

−β̂n(m−1)
k

2a

a2 + (Xj −Xk)2

]
.

and

T (2)
n,m,a =

1

n

√
π

a

n∑

j=1

n∑

k=1


 1

m2
exp


−

(
X

1
m
j −Xk

1
m

)2

4a


 − 1

m
X

−β̂n(m−1)
k exp


−

(
X

1
m
j −Xk

)2

4a




− 1

m
X

−β̂n(m−1)
j exp


−

(
X

1
m
k −Xj

)2

4a


+ X

−β̂n(m−1)
j X

−β̂n(m−1)
k exp

(
− (Xj −Xk)

2

4a

)]

respectively.

2.2 Large sample properties

In this section we study the asymptotic properties of the newly proposed tests under the null
hypothesis as well as under fixed alternatives. It is well known that under H0, the maximum
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likelihood estimator of β is β̂n = n/
∑n

i=1 log(Xi) and E(β̂n) = nβ/(n − 1). From this, under
H0, one can deduce the following equalities :

√
n(β̂n − β) =

nβ∑n
j=1 log(Xj)

{
√
n

[
1

β
−
∑n

j=1 log(Xj)

n

]}

√
n(β̂n − β) =

β2

√
n

n∑

j=1

[
1

β
− log(Xj)

]
+ oP (1),

where oP (1) is a sequence of random variables converging in probability to 0.

Recalling that under H0, for any j = 1, . . . , n, log(Xj) follows a gamma distribution with pa-
rameters 1 and β,

∑n
j=1 log(Xj) follows a gamma distribution with parameters n and β and

1/
∑n

j=1 log(Xj) follows an inverse gamma distribution with parameters n and β, it is easy to
see that the last equality results from the Central Limit Theorem (CLT) and the Law of Large
Numbers (LLN) applied to the random variables log(Xj).

Let w(·) be any continuous function satisfying

w(t) > 0, lim
t→±∞

w(t) = 0, t ∈ R, 0 <

∫

R
w(t)dt < ∞ and

∫

R
ζ(tx)w(x)dx = 0, t ∈ R, (6)

for any real-valued odd function ζ. We recall that an odd real-valued function ζ has the property
ζ(x) = −ζ(−x), x ∈ R.
Denote by C = C(R,R), the set of R-valued continuous functions defined on R. Define on C the
metric

ρ(x, y) =

∞∑

j=1

2−j ρj(x, y)

1 + ρj(x, y)
, ∀j ≥ 1, ρj(x, y) = sup

||w||≤j
|x(w)− y(w)| .

It is well known (see, for example, Bilodeau & Lafaye de Micheaux, 2005) that endowed with ρ,
C is a separable Fréchet space, and that convergence in this metric corresponds to the uniform
convergence on all compact sets. That is for all x, y ∈ C, ρ(x, y) = 0 ⇐⇒ ∀j ≥ 1, ρj(x, y) = 0.
For random elements xn and yn of C, ρ(xn, yn)

P−→ 0 ⇐⇒ ∀j ≥ 1, ρj(xn, yn)
P−→ 0.

Proposition 2. Let 2 ≤ m ≤ n. Under H0, in C, as n tends to infinity, in probability,

S†
m,n,β̂n

(·) = S̃m,n,β(·) + oP (1),

and for all t ∈ R,

S̃m,n,β(t) =
1√
n

n∑

j=1

{
1

m
ν

(
X

1
m
j ; t

)
−X

−β(m−1)
j ν (Xj ; t) +

[
1

β
− log(Xj)

]
φ(t)

}
, (7)

with φ standing for the function defined for any t ∈ R by :

φ(t) = (m− 1)β4

∫ ∞

1
x−βm−2ν (x; t) dx. (8)
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Proof - Write for all t ∈ R,

S
m,n,β̂n

(t) = Sm,n,β(t) + Ŝm,n(t),

where

Ŝm,n(t) =
1√
n

n∑

j=1

(
X

−β(m−1)
j −X

−β̂n(m−1)
j

)
ν (Xj ; t) .

Now, from a first-order Taylor expansion, one has

X
−β(m−1)
j −X

−β̂n(m−1)
j = (β̂n − β)(m− 1)βX

−β(m−1)−1
j + oP (1).

Then, under H0, for all t ∈ R, one has the equalities :

Ŝm,n(t) = (β̂n − β)(m− 1)β
1√
n

n∑

j=1

X
−β(m−1)−1
j ν (Xj ; t) + oP (1),

=
√
n(β̂n − β)


(m− 1)β

n

n∑

j=1

X
−β(m−1)−1
j ν (Xj ; t)


+ oP (1).

For all t ∈ R, define the term in the brackets as φn(t). By the law of large numbers, it is easy
to see that φn(t) converges point-wise to φ(t) and that it is equicontinuous on every compact
subset of R. Therefore, it converges uniformly to φ(t) on any compact subset Θ of R. This result
could also be obtained by applying Proposition 1 of Csörgö (1983).

As a consequence of the above convergence, uniformly in t ∈ Θ,

Ŝm,n(t) =
1√
n

n∑

j=1

[
1

β
− log(Xj)

]
φ(t) + oP (1)

and uniformly in t ∈ Θ,

S
m,n,β̂n

(t) = Sm,n,β(t) + Ŝm,n(t)

=
1√
n

n∑

j=1

{
1

m
ν

(
X

1
m
j ; t

)
−X

−β(m−1)
j ν (Xj ; t) +

[
1

β
− log(Xj)

]
φ(t)

}
+ oP (1)

= S†
m,n,β̂n

+ oP (1).

As this holds for arbitrary compact Θ, one can conclude that as n tends to infinity, in probability,

ρ(S
m,n,β̂n

, S†
m,n,β̂n

) −→ 0,

which establishes the proposition.

Now, let k be the real-valued function defined for any (x, t) ∈ R× R by

k(x, t) =
1

m
ν
(
x

1
m ; t
)
− x−β(m−1)ν (x; t) +

[
1

β
− log(x)

]
φ(t).
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Also consider the function K defined for any t ∈ R by

K(t) =

∫

R
k(x, t)dF (x),

and Fn the empirical cumulative distribution function of X1, X2, . . . , Xn. Then one sees that

ϖn(t) =
1√
n

n∑

j=1

[k(Xj , t)−K(t)] =

∫

R
k(x, t)d{√n[Fn(x, t)− F (t)]}.

Under suitable conditions (see Csörgö, 1983), ϖn converges weakly to a zero-mean Gaussian
process with covariance kernel

E [ϖn(t)ϖn(s)] =

∫

R
k(x, t)k(x, s)dF (x)−K(t)K(s).

Theorem 2. Let m ∈ {2, . . . , n}, fixed. If β > 1/m, then under H0, S̃m,n,β(·) converges weakly
in C to a zero-mean Gaussian process Sm(·) with covariance kernel Γm defined for any s, t ∈ R
by

Γm(s, t) = β

∫ ∞

1

{
1

m2
ν
(
x

1
m ; t
)
ν
(
x

1
m ; s

)
+ x−2β(m−1)ν (x; t) ν (x; s)

+

(
1

β
− log(x)

)2

φ(t)φ(s)− 1

m
x−β(m−1)ν (t; s) ν

(
x

1
m ; s

)

+
1

m

(
1

β
− log(x)

)2

ν
(
x

1
m ; t
)
φ(s)− 1

m
x−β(m−1)ν (x; t) ν

(
x

1
m ; s

)

−x−β(m−1)

(
1

β
− log(x)

)
ν (x; t)φ(s) +

1

m

(
1

β
− log(x)

)
φ(t)ν

(
x

1
m ; s

)

−x−β(m−1)

(
1

β
− log(x)

)
φ(t)ν (x; s)

}
x−β−1dx. (9)

Proof - We prove this result by showing that S̃m,n,β(·) is tight and its finite-dimensional dis-
tributions converge to those of any zero-mean Gaussian process with covariance kernel Γm. For
this, we check the conditions (i), (i)* and (ii)* of Csörgö (1983).

As k(x, t) is bounded with respect to t on any compact subset of R, so is |k(x, t)|2+δ, for any
δ > 0. Thus, one can find t0 ∈ Θ such that for any x ≥ 1

sup
t∈Θ

|k(x, t)|2+δ = |k(x, t0)|2+δ.

Consequently,
∫

R
sup
t∈Θ

|k(x, t)|2+δdF (x) =

∫

R
|k(x, t0)|2+δdF (x)

≤ Cst

∫

R

[
1 + x−(2+δ)β(m−1) +

(
1

β
+ log(x)

)2+δ
]
dF (x)

< ∞.
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This establishes the convergence of the finite-dimensional distributions of S̃m,n,β and the point
(i)* of Csörgö (1983).

It remains to show (ii)*. One can write :

|k(x, t)− k(x, s)| ≤ 1

m

∣∣∣ν
(
x

1
m ; t
)
− ν

(
x

1
m ; s

)∣∣∣+ x−β(m−1)|ν(x; t)− ν(x; s)|

+

∣∣∣∣
1

β
− log(x)

∣∣∣∣ |φ(t)− φ(s)|.

By a first-order Taylor expansion of the function t 7→ ν(x; t) = cos(xt) + sin(xt), one has :

|k(x, t)− k(x, s)| ≤ x
1
m

m
|t− s|+ x−β(m−1)+1|t− s|+ Cst

∣∣∣∣
1

β
− log(x)

∣∣∣∣ |t− s|.

Then, one easily sees that for any s, t ∈ Θ, one can find α ∈ (0, 1] such that

|k(x, t)− k(x, s)| ≤ |t− s|αCst

(
x

1
m

m
+ x−β(m−1)+1 +

∣∣∣∣
1

β
− log(x)

∣∣∣∣

)

= |t− s|αM(x, v(t, s)),

where v is any Θ-valued function defined on Θ×Θ, and for any x ≥ 1 and t ∈ Θ, M stands for
the function defined as

M(x, t) = Cst

(
x

1
m

m
+ x−β(m−1)+1 +

∣∣∣∣
1

β
− log(x)

∣∣∣∣

)
.

Since M(x, t) does not depend on t, supt∈ΘM2(x; t) = M2(x; t) and by our assumptions
∫

R
sup
t∈Θ

M2(x; t)dF (x) =

∫

R
M2(x; t)dF (x) < ∞.

From all these, by Csörgö (1983), one can conclude that
∫

R
k(x, t)d{√n[Fn(x, t)− F (t)]}

converges weakly to any zero-mean Gaussian process with covariance kernel
∫

R
k(x, t)k(x, s)dF (x)−K(s)K(t).

From the following equality
∫

R
k(x, t)d{√n[Fn(x, t)− F (t)]} = S̃m,n,β(t)−

√
nK(t), (10)

since under H0, K(t) = 0, S̃m,n,β(·) converges weakly to the Gaussian process invoked in the
theorem. This establishes the theorem.
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Theorem 3. Let m ∈ {2, . . . , n}, fixed. Assume that under H1, E[log(X1)] < ∞. Then under
H1, in probability, for any t ∈ R, S

m,n,β̂n
(t) has the same asymptotic behavior as

√
nQ(t), where

Q(t) = E
[
1

m
exp

(
−itX

1
m
1

)
− [1− F (X1)]

(m−1) exp (−itX1)

]

+E
{[

X
− (m−1)

E[log(X1)]

1 − [1− F (X1)]
(m−1)

]
exp (−itX1)

}
, t ∈ R.

Proof - Define, for any t ∈ R,

Ṡm,n,F =
1√
n

n∑

j=1

[
1

m
exp

(
−itX

1
m
j

)
− [1− F (Xj)]

(m−1) exp (−itXj)

]
.

Now, adding and subtracting one has

S
m,n,β̂n

(t)
√
n

=
Ṡm,n,F (t)√

n
+

1

n

n∑

j=1

{
X

−β̂(m−1)
j − [1− F (Xj)]

(m−1)
}
exp (−itXj) + oP (1).

Then by the LLN the first and second terms in the right-hand side of the above equation converge
point-wise respectively to

Q1(t) = E
[
1

m
exp

(
−itX

1
m
1

)
− [1− F (X1)]

(m−1) exp (−itX1)

]

and

Q2(t) = E
{[

X
− (m−1)

E[log(X1)]

1 − [1− F (X1)]
(m−1)

]
exp (−itX1)

}
.

This establishes the theorem.

Theorem 4. Let w be any function satisfying (6). Let m ∈ {2, . . . , n}, fixed.

(i)- If β > 1/m, then, under H0, as n tends to infinity, in distribution

Tm,n,w −→
∫

R
S2
m(t)w(t)dt,

where Sm is the Gaussian process invoked in Theorem 2.

(ii)- Under H1, if E[log(X1)] < ∞, then as n tends to infinity,

Tm,n,w −→ ∞.

Proof - For Part (i), first observe that since the Xi’s are iid, under H0, one has by simple
computations

E
[
S̃2
m,n,β(t)

]
= E

{
1

m
ν

(
X

1
m
1 ; t

)
−X

−β(m−1)
1 ν (X1; t) +

[
1

β
− log(X1)

]
φ(t)

}2

.



2.2 Large sample properties 10

Denote by Br ⊂ R a ball of radius r, and Br its complementary in R. Integrating both sides of
the above equality with respect to w(t)dt on Br, one has :

∫

Br

E
[
S̃2
m,n,β(t)

]
w(t)dt

=

∫

Br

E
{

1

m
ν

(
X

1
m
1 ; t

)
−X

−β(m−1)
1 ν (X1; t) +

[
1

β
− log(X1)

]
φ(t)

}2

w(t)dt.

Since the functions t 7→ ν(x, t) and t 7→ φ(t) are bounded, since w(t) −→ 0 as t tends to infinity,
it is easy to see that as r tends to infinity, the right-hand side of the last equality converges to
0. From an adaption of Theorem 2.3 of Bilodeau & Lafaye de Micheaux (2005) with f(x) = x2

and α = 1, one has that, under H0, as n tends to infinity,

Tm,n,w −→
∫

R
S2
m(t)w(t)dt.

For the proof of the second part, it follows easily from Theorem 3 that for larger values of n,

Tm,n,w = n

∫

R
|Q(t)|2w(t)dt.

Under H1, there exists a t1 ∈ R, such that Q1(t1) ̸= 0. The quantity mQ2(t) is the difference
between the characteristic function of X(1) = min{X1, . . . , Xm} under H0 (F = F1/E[log(X1)])
and its characteristic function under H1. Since F ̸= F1/E[log(X1)] under H1, Q2(t2) ̸= 0 for some
t2 ∈ R. This means that under H1, there is some t0 ∈ R for which Q(t0) ̸= 0. By the continuity
of |Q|,

∫
R |Q(t)|2w(t)dt > 0. Whence, under H1, as n tends to infinity, in probability,

Tm,n,w −→ ∞.

Now, assume that w(·) is the density function (with respect to the Lebesgue’s measure) of
some positive measure µ with support R. Let L2 = L2(µ) be the collection of functions g
defined on R such that

∫
R g2(t)dµ(t) < ∞. For h1, h2, h ∈ L2, ⟨h1, h2⟩ =

∫
R h1(t)h2(t)dµ(t) and

||h||L2 = ⟨h, h⟩ 1
2 respectively stand for the usual inner product and norm on L2.

From our assumptions, it is easy to prove that the function Γm(s, t) defined by (9) is a positive
semidefinite kernel. Consequently, the integral operator ∇Γm defined on L2 by

∇Γmh(t) =

∫

R
Γm(s, t)h(s)dµ(s), t ∈ R. (11)

admits eigenvalues ξ1, ξ2, . . . sorted so that ξ1 ≥ ξ2 ≥ . . . ≥ 0, and eigenfunctions g1, g2, . . . which
form an orthonormal basis for L2.

Corollary 1. Under the conditions of Theorem 4, under H0, Tm,n,w has asymptotically the same
distribution as

∑
j≥1 ξjχ

2
j , where ξj and χ2

j , j ≥ 1, are respectively the eigenvalues of ∇Γm and
i.i.d. random variables following a chi–squared distribution with one degree of freedom.
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Proof - The Gaussian process Sm(·) defined in Theorem 2 can be viewed as a random element
of L2. Its Karhunen-Loève representation is given by

Sm(t) =

∞∑

j=1

Gjfj(t), t ∈ R,

where for all j ≥ 1, Gj = ⟨Sm(·), fj⟩ are independent zero–mean Gaussian random variables
with variances ξj . Thus, ||Sm(·)||2L2

=
∑∞

j=1G
2
j . Recalling that E(G2

j ) = ξj ≥ 0, j ≥ 1, for
nil ξj ’s, the corresponding Gj ’s are nil in probability. For positive ξj ’s, one can observe that
Zj = Gj/

√
ξj , j ≥ 1, are iid standard Gaussian random variables. Thus,

∫

R
S2
m(t)dµ(t) = ||Sm(·)||2L2

=
∞∑

j=1

ξjZ
2
j .

One can approximate the distribution of
∑∞

j=1 ξjχ
2
j by that of

∑J
j=1 ξjχ

2
j for any integer J large

enough. Since the ξj ’s are unknown, they can be estimated by the eigenvalues of the operator
∇

Γ̂m,n
(t), where Γ̂m(t) is any consistent estimator of Γm(t). A possible way is to estimate them

by the ξ̂j ’s from the integral equations

∇
Γ̂m,n

f̂j = ξ̂j f̂j , j ≥ 1.

A natural estimator of Γm(s, t) can be obtained by taking the empirical counterpart in the
expression given in (9), in which β is replaced by β̂n. Some indications on the computation of
the cumulative distribution function of

∑J
j=1 ξ̂jχ

2
j can be found in Ngatchou-Wandji (2009) or

in Fan et al. (2017). We will not pursue this further in this paper.

3 The case of the general Type I Pareto distribution

In this section, we indicate how to treat the case where the observations follow a more general
P(β, σ) distribution. That is, we consider testing the following more general hypotheses :

H0 : ∃ β, σ > 0 such that F (x) = Fβ,σ(x), x ∈ R

and

H1 : ∄ β, σ > 0 such that F (x) = Fβ,σ(x), x ∈ R,

where we recall that

Fβ,σ(x) =

{
1−

(x
σ

)−β
, x ≥ σ

0, x < σ

Remark 1. The above testing problem can be related to that of the preceding sections by using
the fact that a non-negative random variable X follows a P(β, σ) distribution if and only if the
scaled random variable X/σ follows a P(β, 1) distribution. This can be seen easily by observing
that :
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• if X ∼ P(β, σ) then for any x ≥ 1,

P
(
X

σ
≤ x

)
= P(X ≤ σx) = 1− x−β

• if X/σ ∼ P(β, 1) then for any x ≥ σ,

P (X ≤ x) = P
(
X

σ
≤ x

σ

)
= 1−

(x
σ

)−β
.

Now, let Y1, . . . , Yn be an independent and identically distributed sample following a P(β, σ)
distribution. By Remark 1, the current testing problem can be done as the one studied in Section
2, by considering the scaled observations Xj = Yj/σ, j = 1, . . . , n. In the case σ is unknown,
one would rather consider Xj = Yj/σ̂n, j = 1, . . . , n, where σ̂n is a consistent estimator of σ (the
maximum likelihood estimator of σ is σ̂n = min{Y1, . . . , Yn}). The last argument is motivated
by the fact that for larger values of n, the Yj/σ̂n’s are approximately the Yj/σ’s which are iid
with a P(β, 1) distribution.

Then, the corresponding test statistic would be computed based on the Xj = Yj/σ̂n’s while its
asymptotic behavior would be studied with the Xj = Yj/σ’s. With this, Theorem 2 becomes

Theorem 5. Let m ∈ {2, . . . , n}, fixed. If β > 1/m, then under H0, S̃m,n,β(·) converges weakly
in C to a zero-mean Gaussian process Sm(·) with covariance kernel Γm defined for any s, t ∈ R
by

Γm(s, t) = β

∫ ∞

1

{
1

m2
ν

[(x
σ

) 1
m
; t

]
ν

((x
σ

) 1
m
; s

)
+
(x
σ

)−2β(m−1)
ν
(x
σ
; t
)
ν
(x
σ
; s
)

+

[
1

β
− log

(x
σ

)]2
φ(t)φ(s)− 1

m

(x
σ

)−β(m−1)
ν (t; s) ν

[(x
σ

) 1
m
; s

]

+
1

m

{
1

β
− log

[(x
σ

)]}2

ν

[(x
σ

) 1
m
; t

]
φ(s)− 1

m

(x
σ

)−β(m−1)
ν
[(x

σ

)
; t
]
ν

[(x
σ

) 1
m
; s

]

−
(x
σ

)−β(m−1)
{
1

β
− log

[(x
σ

)]}
ν
[(x

σ

)
; t
]
φ(s) +

1

m

{
1

β
− log

[(x
σ

)]}
φ(t)ν

[(x
σ

) 1
m
; s

]

−
(x
σ

)−β(m−1)
{
1

β
− log

[(x
σ

)]}
φ(t)ν

[(x
σ

)
; s
]}(x

σ

)−β−1
dx. (12)

Proof - The proof can be handled in the same lines as the proof of Theorem 2 and is left to the
reader.

The null distribution of the test statistic can be computed along the same lines as at the end
of Section 2. One can use a natural estimator of Γm(s, t) obtained by taking the empirical
counterpart in the expression given in (12), where β and σ are replaced by consistent estimators
β̂n and σ̂n.

Also, the consistency of the test can be handled by establishing a result similar to Theorem 3
and another similar to the second part of Theorem 4.
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4 Monte Carlo simulation study and results

This section contains the results of a Monte Carlo study where the finite-sample performance of
the newly proposed tests T

(1)
n,m,a and T

(2)
n,m,a are compared to the following existing tests for the

hypothesis in (1); i.e., the general Type I Pareto distribution:

• The traditional Kolmogorov-Smirnov (KSn) and Cramer-von Mises (CVn) tests.

• Two tests proposed by Zhang (2002) based on the likelihood ratio, with test statistics given
by

ZAn = −
n∑

j=1



log
{
1−X−β̂n

(j)

}

n− j + 1
2

+
log
{
X−β̂n

(j)

}

j − 1
2




and

ZBn =
n∑

j=1


log




(
1−X−β̂n

(j)

)−1
− 1

(n− 1
2)

(j− 3
4)−1







2

,

where X(1) < X(2) < · · · < X(n) denote the order statistics of X1, X2, . . . , Xn.

• A test based on entropy utilizing the Kullback-Leibler divergence measure (see, e.g., Ahrari
et al. (2002)). The test statistic is given by

KLn,m = −Hn,m − log
(
β̂n

)
+
(
β̂n + 1

) 1

n

n∑

j=1

log(Xj),

where

Hn,m =
1

n

n∑

j=1

log
{( n

2m

)
(X(j+m) −X(j−m))

}

is an estimator for the entropy, with X(j) = X(1) for j < 1, X(j) = X(n) for j > n, and m
is a window width subject to m ≤ n

2 .

We implement the test for m = 1 and m = 10.

• A test based on the empirical characteristic function proposed by Meintanis (2009b). The
test is a weighted L2 distance between the empirical characteristic function of transformed
data and the characteristic function of the standard uniform distribution. Based on the
transformation Ûj = F

β̂n
(Xj), j = 1, ..., n, the test statistic is

Mn,a =
1

n

n∑

j,k=1

2a

(Ûj − Ûk)2 + a2
+ 2n

[
2 tan−1

(
1

a

)
− a log

(
1 +

1

a2

)]

− 4

n∑

j=1

[
tan−1

(
Ûj

a

)
+ tan−1

(
1− Ûj

a

)]
.

The value of the tuning parameter is set to a = 0.5 and a = 1 in order to obtain the Monte
Carlo results presented.
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• A test based on the Mellin transform proposed by Meintanis (2009a). The test statistic is
given by

Gn,a =
1

n


(β̂n + 1)2

n∑

j,k=1

I(0)w (XjXk) +

n∑

j,k=1

I(2)w (XjXk) + 2(β̂n + 1)

n∑

j,k=1

I(1)w (XjXk)




+β̂n


nβ̂nI(0)w (1)− 2(β̂n + 1)

n∑

j=1

I(0)w (Xj)− 2

n∑

j=1

I(1)w (Xj)


 ,

where
I(m)
w (t) =

∫ ∞

0
(t− 1)m

1

xt
w(t)dt, m = 0, 1, 2.

Choosing w(x) = e−ax, one has

I(0)a (x) = (a+ log x)−1,

I(1)a (x) =
1− a− log x

(a+ log x)2
,

and

I(2)a (x) =
2− 2a+ a2 + 2(a− 1) log x+ log2 x

(a+ log x)3
.

We present results for a = 0.5 and a = 2.

• A test proposed by Allison et al. (2022). The test statistic measures the difference between
the empirical distribution of min{X1, ..., Xm} and the V -empirical distribution of m

√
X,

defined as

∆n,m(x) =
1

n

n∑

j=1

I{X
1
m
j ≤ x} − 1

nm

n∑

j1,...,jm=1

I{min(Xj1 , ..., Xjm) ≤ x}.

Based on ∆n,m, the authors propose the following test statistic

In,m =

∫ ∞

1
∆n,m(x)dFn(x).

We show results for m = 2.

4.1 Simulation settings

A Monte Carlo study is carried out to examine the empirical power performance of the tests
discussed in the previous sections against various fixed alternative distributions; this includes
those listed in Table 1 along with two Pareto mixture distributions. Note that the alternatives
listed in Table 1 natively have support (0,∞) and so we were required to shift these distributions
by σ = 1 unit to ensure that the simulated data has the same support as the Pareto distribution.

The first of the two mixture distributions that we use in this study places mixture probability
1−p on the Pareto distribution with parameter θ = 3 (P(3)) and probability p on the lognormal
distribution with parameters µ = −2.69 and θ = 2 (LN(−2.69, 2)). The second family of mixture
distributions similarly places probability 1− p on the P(3) distribution and probability p on the
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Table 1: Summary of various choices of the alternative distributions.

Alternative Density function Notation
Gamma (θ) 1

Γ(θ)(x− 1)θ−1e−(x−1) Γ(θ)

Weibull(λ, θ) θ
λ

(
x−1
λ

)θ−1
exp

{
−
(
x−1
λ

)θ}
W (λ, θ)

Log-normal(µ, θ) exp
{
−1

2 ((log(x− 1)− µ)/θ)2
}
/
{
θ(x− 1)

√
2π
}

LN(µ, θ)

Linear failure rate(θ) (1 + θ(x− 1)) exp(−(x− 1)− θ(x− 1)2/2) LF (θ)

Beta exponential(θ) θe−(x−1)(1− e−(x−1))θ−1 BE(θ)

Dhillon(θ) θ+1
x+1 exp

{
−(log(x+ 1))θ+1

}
(log(x+ 1))θ DH(θ)

Log-Weibull(θ) (1+θ) logθ x
x2+θ LW (θ)

Benini(θ) exp−θ log2 x

x2 (1 + 2θ log x) BN(θ)

Weibull distribution with parameter λ = 0.5 and θ = 0.25 (W (0.5, 0.25)). These parameter
configurations are chosen to ensure that both distributions used in the mixtures share the same
expected values. Random variates from many of these distributions can be obtained using, for
example, the R package PoweR (de Micheaux & Tran, 2016).

The results are given in Tables 2–5 and display the estimated powers (the percentage of times
the null hypothesis is rejected in MC = 20 000 independent Monte Carlo replications) calculated
for sample sizes n = 20 and n = 30. Note that the results from the test statistic T

(1)
n,m,a are

omitted from the simulation results as they were found to be similar to T
(2)
n,m,a. The ‘warp-speed’

bootstrap method (Giacomini et al., 2013) is employed in order to simultaneously calculate the
bootstrap critical values and Monte Carlo approximations of the power. In addition, all results
are calculated by estimating the parameters using either maximum likelihood estimation (MLE),

σ̂MLE = min(X1, . . . , Xn) and β̂MLE =
n∑n

i=1 log (Xi/σ̂MLE)

or method of moments estimation (MME),

σ̂MME =
X̄n(β̂MME − 1)

β̂MME

and β̂MME =
nX̄ −min(X1, . . . , Xn)

n(X̄n −min(X1, . . . , Xn))
.

The results obtained when MLE is employed are given in Tables 2 and 4, whereas the results
associated with MME are given in Tables 3 and 5. A significance level of 5 % is used throughout
the study and all calculations were executed using R v4.2.2 (R Core Team, 2021). Note that all
of the code used in these simulations can be found here: http://bit.ly/3EwubZf.

The empirical power results for the two test statistics developed in this paper make use of
specific configurations of the tuning parameters m and a, as these combinations were found to
produce high powers in a separate exploratory preliminary simulation. Specifically, for T (2), the
parameter settings used are the pairings of m = 2 & a = 0.5, m = 3 & a = 0.5 and m = 4 &
a = 0.5.

4.2 Simulation results

We begin by discussing the results obtained using MLE estimators for the parameters for n = 20
and n = 30, respectively, and then move on to the results obtained when using MME estima-
tion. The two highest values for each alternative distribution (rows) are highlighted to make
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comparison easier. From Tables 2 to 5 it is clear that all the tests closely maintain the nominal
significance level of 5%.

When considering the estimated powers under MLE estimation, the test KLn,10 does best
for the majority of the alternatives given in Table 1, closely followed by T

(2)
n,2,0.5. However, we

note that while the KLn,10 test has good performance among these non-mixture alternatives, it
has remarkably poor performance when applied to the mixture distributions; displaying almost
no power for this sequence of alternatives. When considering the two mixture alternatives, the
statistic T

(2)
n,4,0.5 produces some of the highest estimated powers across all mixing proportions

used. In particular, it has the best performance for the Pareto-log-normal mixture alternative
and is tied for the best performing test statistic (with ZAn and ZBn) for the Pareto-Weibull
mixture.

Turning our attention to the performance of the tests under the MME estimation scheme,
we find that the Gn,2 test statistic generally produces the best power performance among the
non-mixture alternatives, followed, once again, by T

(2)
n,2,0.5. We note that, in stark contrast to the

powers obtained under MLE estimation, the KLn,10 test is not competitive at all when using
the MME estimation technique for the alternatives in Table 1. For the mixture alternatives, the
test proposed in this paper produces some of the highest estimated powers for almost all of their
parameter configurations. In particular, our test with setting m = 4 and a = 0.5 performs best
for both of these mixture alternatives under almost all mixing proportions considered.

It is clear that the proposed test produces higher estimated powers for the alternatives in
Table 1 when using MME estimation compared to the corresponding powers obtained under MLE
estimation. Conversely, these tests calculated under MLE have much higher powers than their
MME counterparts when considering the mixture alternatives. As is common with these kinds
of analyses, we conclude that there is no single test with the best overall power performance,
but we find that our proposed test is competitive against the majority of other tests encountered
in the literature when either MLE or MME estimation is used; this is true for both mixed and
non-mixed alternatives.

Finally, it is clear from Tables 2 to 5 that, for the test statistic T
(2)
n,m,a, the choice of the

parameters m and a potentially have a pronounced impact on the estimated powers produced.
This fluctuation in power performance is briefly explored in Table 6 for the ‘Benini’ and ‘log-
Weibull’ alternatives using a variety of different configurations of the parameters m and a. These
particular alternatives were selected because they can be considered local alternatives; setting the
parameter θ to zero the Pareto distribution is obtained, with deviations from Pareto occurring
when θ > 0. The powers are obtained using a sample size of n = 20 and the parameters σ and
β are estimated using MME. From Table 6 it is clear that, in general, the highest powers are
associated with smaller values of both m and a; the powers taper off as both m and a increase.
This tendency is observed in all six alternatives considered here but was also found to be true
for many of the other alternatives considered in the main simulation study. There were a few
exceptions to this, but we only report these results as they are representative of the common
trend observed.
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Table 2: Estimated powers for sample size n = 20 based on MLE.

KSn CVn ZAn ZBn KLn,1 KLn,10 Mn,0.5 Mn,1 Gn,0.5 Gn,2 A1n T
(2)
n,2,0.5 T

(2)
n,3,0.5 T

(2)
n,4,0.5

P(5,1) 5 5 5 6 5 4 5 5 5 5 5 5 5 5
P(10,1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5
Γ(0.5) 23 25 38 37 26 1 25 23 26 12 28 15 26 32
Γ(0.8) 7 7 6 5 10 18 7 4 1 4 3 7 3 2
Γ(1.0) 15 16 10 4 12 39 16 13 2 11 8 19 9 3
Γ(1.2) 25 29 19 6 18 56 29 25 3 21 16 32 18 7
W(0.5) 34 37 52 50 35 1 38 35 49 29 39 30 39 46
W(0.8) 6 6 6 6 10 15 6 4 2 2 3 7 3 2
W(1.2) 29 32 21 6 18 63 31 28 6 24 19 32 19 7
W(1.5) 47 56 42 14 30 83 55 52 21 48 38 53 38 19
LN(0,1.0) 13 13 7 3 8 26 13 11 1 10 8 14 9 3
LN(0,1.2) 7 7 4 2 6 16 7 6 1 4 4 9 4 2
LN(0,1.5) 4 4 3 3 6 7 4 3 2 2 3 6 3 2
LN(0,2.5) 29 32 37 33 21 0 33 31 43 34 32 25 38 41
LFR(0.2) 20 23 15 6 16 51 22 19 4 17 11 24 12 4
LFR(0.5) 24 27 18 6 18 60 27 23 6 22 14 28 14 5
LFR(0.8) 27 30 21 7 19 64 30 27 8 24 17 29 16 6
LFR(1.0) 28 32 23 7 21 66 31 28 9 25 18 30 17 6
BE(0.5) 19 21 35 34 26 2 22 19 22 9 22 11 21 26
BE(0.8) 8 8 7 6 11 21 8 6 1 5 4 8 3 2
BE(1.0) 15 16 10 4 13 39 15 12 2 11 7 19 8 3
BE(1.5) 34 41 28 9 20 66 40 37 7 33 25 44 29 12
DH(0.2) 6 6 3 3 6 11 6 4 1 3 3 7 4 2
DH(0.4) 11 12 6 2 7 23 11 10 1 7 6 13 8 3
DH(0.6) 21 22 12 4 11 36 23 20 1 16 13 23 16 7
DH(0.8) 30 34 22 6 16 50 33 31 3 27 21 34 25 12
LW(0.1) 4 4 3 3 5 7 4 3 2 3 3 4 3 3
LW(0.3) 8 8 4 2 6 17 8 7 1 5 4 8 6 5
LW(0.5) 15 15 9 3 9 29 16 14 1 11 8 16 12 11
LW(0.7) 25 29 16 5 13 44 28 26 2 21 17 25 22 21
BN(0.1) 4 4 3 4 6 7 4 3 2 2 3 4 3 3
BN(0.3) 6 6 4 4 7 15 6 4 1 3 3 5 4 3
BN(0.5) 8 8 5 3 7 20 8 6 1 5 4 6 5 4
BN(0.7) 11 11 6 3 8 26 11 9 1 7 5 8 6 6
P(3,1) & LN(-2.69,2), p =0.1 7 8 9 9 6 3 8 8 9 9 8 9 9 9
P(3,1) & LN(-2.69,2), p =0.3 18 21 24 21 11 1 20 23 25 21 21 22 25 27
P(3,1) & LN(-2.69,2), p =0.5 34 39 43 37 20 0 38 41 45 37 39 40 45 48
P(3,1) & LN(-2.69,2), p =0.7 56 62 63 55 33 0 61 64 67 58 57 62 67 69
P(3,1) & W(0.5,0.25), p =0.1 6 6 8 8 6 4 7 7 7 7 7 7 7 8
P(3,1) & W(0.5,0.25), p =0.3 11 13 19 18 11 2 13 14 16 14 15 14 16 17
P(3,1) & W(0.5,0.25), p =0.5 24 26 37 34 20 1 25 27 32 23 30 25 32 35
P(3,1) & W(0.5,0.25), p =0.7 39 43 54 50 33 0 42 45 49 37 47 40 49 54
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Table 3: Estimated powers for sample size n = 20 based on MME.

KSn CVn ZAn ZBn KLn,1 KLn,10 Mn,0.5 Mn,1 Gn,0.5 Gn,2 A1n T
(2)
n,2,0.5 T

(2)
n,3,0.5 T

(2)
n,4,0.5

P(5,1) 5 5 5 5 5 4 5 5 5 5 5 5 5 5
P(10,1) 5 5 5 5 5 5 5 5 5 4 5 5 5 5
Γ(0.5) 10 10 10 11 26 1 11 8 9 4 12 6 12 15
Γ(0.8) 16 18 15 17 10 18 17 19 15 22 10 21 15 12
Γ(1.0) 34 41 37 40 13 37 40 43 36 48 22 45 37 31
Γ(1.2) 54 61 57 61 20 53 60 63 57 68 39 64 58 51
W(0.5) 12 10 14 16 35 1 12 8 12 5 16 14 15 20
W(0.8) 16 18 15 17 10 15 18 19 12 22 8 20 14 11
W(1.2) 53 60 57 61 20 61 59 62 58 67 42 63 57 50
W(1.5) 71 79 78 81 32 82 78 80 80 82 66 81 77 71
LN(0,1.0) 32 38 37 38 9 24 37 40 37 44 24 38 40 36
LN(0,1.2) 24 29 27 27 7 15 27 30 24 33 12 27 27 25
LN(0,1.5) 14 16 16 16 7 6 15 17 10 18 5 14 12 11
LN(0,2.5) 12 11 31 36 28 0 12 9 3 8 22 11 11 11
LFR(0.2) 41 49 45 50 17 50 48 50 45 55 30 52 45 38
LFR(0.5) 45 53 51 57 19 59 52 55 51 61 36 59 49 42
LFR(0.8) 47 55 54 59 20 62 54 57 55 61 40 59 53 45
LFR(1.0) 50 58 57 62 21 65 57 60 58 63 42 60 54 47
BE(0.5) 8 8 8 10 26 3 9 6 7 4 10 5 8 11
BE(0.8) 19 21 18 21 11 20 21 22 18 26 10 23 18 15
BE(1.0) 35 40 36 40 14 37 39 42 36 48 22 44 37 33
BE(1.5) 64 71 69 73 23 64 70 73 69 77 51 76 69 63
DH(0.2) 22 25 24 23 7 10 24 26 18 28 10 21 21 20
DH(0.4) 35 43 41 41 9 21 41 44 35 47 19 40 39 36
DH(0.6) 50 57 54 55 14 34 56 59 51 62 33 55 55 51
DH(0.8) 61 69 66 67 19 47 68 71 64 74 46 71 67 63
LW(0.1) 13 16 17 16 6 6 15 17 10 18 6 18 12 12
LW(0.3) 28 34 33 32 8 16 33 36 27 38 14 34 29 31
LW(0.5) 42 50 47 47 11 27 48 52 43 55 26 52 45 47
LW(0.7) 54 64 61 62 16 41 62 65 58 68 39 66 60 61
BN(0.1) 13 16 14 15 6 7 15 16 10 17 6 15 11 12
BN(0.3) 20 24 20 21 8 14 22 24 18 27 10 25 19 20
BN(0.5) 22 27 23 25 8 19 25 28 23 31 14 28 24 24
BN(0.7) 26 31 27 29 9 25 30 32 28 36 19 33 28 29
P(3,1) & LN(-2.69,2), p =0.1 6 6 6 5 7 3 6 6 6 6 5 6 6 6
P(3,1) & LN(-2.69,2), p =0.3 12 13 12 10 12 1 13 12 13 11 9 12 14 16
P(3,1) & LN(-2.69,2), p =0.5 24 25 24 22 22 0 26 25 27 20 14 24 29 32
P(3,1) & LN(-2.69,2), p =0.7 43 46 45 42 36 0 46 45 48 35 18 42 50 54
P(3,1) & W(0.5,0.25), p =0.1 5 5 5 5 6 4 5 5 5 5 5 5 5 6
P(3,1) & W(0.5,0.25), p =0.3 7 7 7 6 11 2 7 7 8 6 8 7 8 9
P(3,1) & W(0.5,0.25), p =0.5 12 14 13 12 20 1 14 13 15 10 13 12 16 20
P(3,1) & W(0.5,0.25), p =0.7 23 25 27 25 34 0 26 24 27 17 22 22 30 35
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Table 4: Estimated powers for sample size n = 30 based on MLE.

KSn CVn ZAn ZBn KLn,1 KLn,10 Mn,0.5 Mn,1 Gn,0.5 Gn,2 A1n T
(2)
n,2,0.5 T

(2)
n,3,0.5 T

(2)
n,4,0.5

P(5,1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5
P(10,1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5
Γ(0.5) 33 36 54 52 35 2 37 33 36 16 41 21 36 44
Γ(0.8) 10 11 12 7 11 26 10 8 3 7 5 14 5 3
Γ(1.0) 24 29 23 8 16 54 28 28 9 25 16 35 21 10
Γ(1.2) 45 54 45 16 26 76 53 53 21 51 38 59 44 27
W(0.5) 49 54 71 69 49 1 54 50 66 41 58 43 55 63
W(0.8) 9 9 11 8 12 22 9 6 2 5 4 12 4 3
W(1.2) 50 59 49 16 27 79 58 58 31 55 42 62 47 31
W(1.5) 77 86 79 45 50 95 85 86 66 83 73 85 76 60
LN(0,1.0) 26 30 20 6 11 36 29 30 13 28 21 28 26 18
LN(0,1.2) 12 13 8 2 7 21 13 12 3 11 8 15 11 6
LN(0,1.5) 4 4 3 2 5 9 4 3 2 3 3 9 3 2
LN(0,2.5) 41 45 52 45 28 0 46 43 57 46 48 34 52 57
LFR(0.2) 35 42 34 10 21 68 41 39 16 38 25 46 29 15
LFR(0.5) 42 50 44 14 26 79 48 49 24 47 33 54 35 20
LFR(0.8) 47 57 51 18 30 83 55 55 30 54 38 59 40 24
LFR(1.0) 51 60 54 20 31 85 58 59 35 57 41 61 44 27
BE(0.5) 27 30 50 49 33 3 32 25 31 11 33 15 28 37
BE(0.8) 11 12 13 7 12 30 12 9 3 9 5 14 6 3
BE(1.0) 26 30 23 7 16 53 29 28 10 27 17 35 21 11
BE(1.5) 60 71 60 23 33 85 70 71 37 68 56 74 62 44
DH(0.2) 8 8 5 3 6 14 8 7 1 6 5 9 6 3
DH(0.4) 22 24 15 4 10 30 24 24 5 21 16 24 21 13
DH(0.6) 37 44 32 10 16 50 44 45 15 41 32 44 40 28
DH(0.8) 54 62 49 19 25 68 62 62 27 60 49 62 57 41
LW(0.1) 5 5 4 3 5 8 5 4 2 4 3 5 4 4
LW(0.3) 14 15 9 3 8 21 14 14 2 11 9 14 12 12
LW(0.5) 29 34 23 7 13 41 33 34 8 29 24 33 30 30
LW(0.7) 47 54 40 15 21 60 53 55 21 50 41 53 49 49
BN(0.1) 5 5 4 4 6 8 5 4 2 3 3 5 4 4
BN(0.3) 9 9 7 4 8 19 9 8 2 7 5 11 7 7
BN(0.5) 14 16 10 4 9 28 16 14 4 12 9 16 12 11
BN(0.7) 18 20 14 4 11 35 20 19 6 17 12 19 15 14
P(3,1) & LN(-2.69,2), p =0.1 8 8 10 10 7 3 8 9 10 9 10 9 10 11
P(3,1) & LN(-2.69,2), p =0.3 23 26 32 27 13 1 26 28 32 26 30 27 32 35
P(3,1) & LN(-2.69,2), p =0.5 48 54 58 50 26 0 53 56 61 50 57 54 61 64
P(3,1) & LN(-2.69,2), p =0.7 73 79 79 71 45 0 78 80 82 73 76 78 83 85
P(3,1) & W(0.5,0.25), p =0.1 6 7 9 9 6 4 7 7 8 7 8 7 8 9
P(3,1) & W(0.5,0.25), p =0.3 15 17 25 24 14 2 17 18 21 16 21 17 21 23
P(3,1) & W(0.5,0.25), p =0.5 31 35 50 48 26 1 34 36 41 30 42 33 41 48
P(3,1) & W(0.5,0.25), p =0.7 53 59 72 67 44 0 57 59 64 49 64 54 65 69
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Table 5: Estimated powers for sample size n = 30 based on MME.

KSn CVn ZAn ZBn KLn,1 KLn,10 Mn,0.5 Mn,1 Gn,0.5 Gn,2 A1n T
(2)
n,2,0.5 T

(2)
n,3,0.5 T

(2)
n,4,0.5

P(5,1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5
P(10,1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5
Γ(0.5) 15 15 18 22 35 2 16 11 14 4 27 8 16 24
Γ(0.8) 21 23 19 24 12 25 22 23 18 27 12 25 18 14
Γ(1.0) 48 56 51 57 18 51 54 58 51 64 35 61 51 43
Γ(1.2) 74 81 78 82 30 73 80 83 78 86 61 84 78 70
W(0.5) 17 15 25 30 49 1 19 10 21 5 42 19 24 31
W(0.8) 21 24 19 23 13 20 23 24 16 28 9 26 17 13
W(1.2) 72 81 79 82 30 78 80 83 80 86 65 84 78 71
W(1.5) 91 95 95 96 53 95 95 96 95 96 89 96 94 90
LN(0,1.0) 49 57 56 57 14 34 55 58 57 61 40 56 58 56
LN(0,1.2) 33 39 39 40 9 20 37 40 36 44 20 36 37 36
LN(0,1.5) 17 20 20 20 7 8 19 20 13 22 6 16 15 13
LN(0,2.5) 13 11 38 46 35 0 13 8 5 6 40 13 14 16
LFR(0.2) 59 67 64 70 23 67 66 69 63 73 46 71 62 53
LFR(0.5) 64 73 72 77 27 77 72 75 70 79 56 78 68 59
LFR(0.8) 69 78 76 81 31 82 76 79 76 82 61 80 72 63
LFR(1.0) 71 79 79 82 32 84 78 81 78 83 64 83 74 66
BE(0.5) 11 10 14 18 33 3 12 7 9 3 20 5 10 16
BE(0.8) 25 29 24 28 13 29 28 29 23 34 14 31 22 17
BE(1.0) 49 58 52 58 18 51 56 59 52 64 35 61 54 45
BE(1.5) 84 90 88 90 38 83 89 91 88 92 77 92 88 83
DH(0.2) 27 33 32 32 8 13 32 34 26 35 13 28 28 27
DH(0.4) 51 59 56 56 14 28 57 60 52 62 33 54 55 53
DH(0.6) 69 77 74 75 22 48 76 78 73 80 54 75 76 72
DH(0.8) 81 87 85 86 32 65 86 88 85 89 71 89 88 82
LW(0.1) 17 20 20 20 7 7 19 20 14 21 7 20 14 15
LW(0.3) 40 46 46 45 11 20 45 46 39 50 22 46 41 43
LW(0.5) 61 69 67 67 18 38 68 71 63 72 43 72 65 66
LW(0.7) 76 83 81 82 27 56 82 85 80 86 63 84 81 82
BN(0.1) 17 20 18 19 7 8 19 20 13 22 7 19 14 15
BN(0.3) 26 30 27 28 9 18 29 31 23 34 14 31 25 26
BN(0.5) 33 39 34 37 11 26 37 40 33 44 21 41 34 35
BN(0.7) 38 44 40 43 12 33 43 46 41 50 26 47 42 41
P(3,1) & LN(-2.69,2), p =0.1 6 6 6 5 7 3 6 6 6 6 6 6 7 7
P(3,1) & LN(-2.69,2), p =0.3 16 17 17 16 14 1 17 17 19 15 17 17 20 22
P(3,1) & LN(-2.69,2), p =0.5 37 40 39 38 28 0 40 39 43 31 35 37 46 50
P(3,1) & LN(-2.69,2), p =0.7 63 66 65 64 49 0 66 65 69 52 48 60 70 75
P(3,1) & W(0.5,0.25), p =0.1 5 5 5 5 6 4 5 5 5 5 5 5 5 6
P(3,1) & W(0.5,0.25), p =0.3 9 9 9 9 14 2 9 9 10 8 13 9 11 13
P(3,1) & W(0.5,0.25), p =0.5 18 20 22 22 27 1 20 19 23 14 26 18 24 29
P(3,1) & W(0.5,0.25), p =0.7 36 39 42 43 45 1 39 36 42 25 45 34 46 53
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Table 6: Estimated powers of the test statistic T
(2)
n,m,a for varying choices of a and m (using MME

estimation and sample size n = 20) for 6 alternatives.

LW(0.1) m = 2 m = 3 m = 4 m = 10 BN(0.1) m = 2 m = 3 m = 4 m = 10

a = 0.5 18 12 12 12 a = 0.5 15 11 12 12
a = 0.75 13 13 11 11 a = 0.75 13 13 10 11
a = 1 11 12 12 9 a = 1 11 11 11 8
a = 2 9 9 9 9 a = 2 9 9 9 9

LW(0.5) m = 2 m = 3 m = 4 m = 10 BN(0.5) m = 2 m = 3 m = 4 m = 10

a = 0.5 52 45 47 48 a = 0.5 28 24 24 24
a = 0.75 48 49 42 44 a = 0.75 25 25 21 21
a = 1 44 44 44 30 a = 1 21 21 22 14
a = 2 30 30 30 30 a = 2 14 14 14 14

LW(0.9) m = 2 m = 3 m = 4 m = 10 BN(0.9) m = 2 m = 3 m = 4 m = 10

a = 0.5 76 70 71 72 a = 0.5 36 31 31 32
a = 0.75 72 72 66 67 a = 0.75 32 32 28 28
a = 1 67 67 67 47 a = 1 28 28 28 19
a = 2 47 47 47 47 a = 2 19 19 19 19

5 Practical data application

To further investigate the behaviour of the test statistics studied in this paper, we now present
the results obtained by applying those tests to a practical data set. The data set concerns the
earnings for the 2022 inaugural season of LIV golf. LIV golf is a new golf series backed by
the Saudi Ariabian sovereign wealth fund which aims to be an alternative to the PGA Tour by
attracting star players and providing larger paydays for winners. The data were obtained from
www.spotrac.com (2023) and collects the player earnings in the 2022 season. The data are shown
in Table 7 and a box-plot of these values is provided in Figure 1.

It is clear from Figure 1 that the data values have a right-skewed tendency, with some
extremely large outliers. The Pareto distribution is a distribution with heavy tails and is often
used to model income above a specified threshold, so it sensible to also consider this distribution
as a possible model for these earnings values above a threshold. We therefore focus our attention
on the LIV golf earnings above the threshold of 3 500 000, indicated in Figure 1 with a dashed
grey line. The values above the threshold are extracted from the data set, scaled by dividing
them by the known value of 3 500 000, and their empirical distribution is plotted in Figure 2.
Overlaid on this empirical distribution plot are two parametric Pareto distributions: one where
the parameter is estimated using MLE (producing the estimate β̂ = 1.781) and the other where
the parameter is estimated using MME (producing the estimate β̂n = 1.932). From these figures
it seems that the Pareto might be a good fit for the data, but to more formally test this assertion
we now apply all of the tests discussed in this paper to the above-threshold, scaled LIV golf
earnings data, with the results found in Table 8. The estimated p-values reported in Table
8 were obtained by making use of a parametric bootstrap employing B = 10 000 bootstrap
replications from a Pareto distribution with parameter estimated using either the MLE or the
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MME. From these p-values it is clear that all the tests do not reject the null hypothesis that the
2022 season’s earnings of LIV golfers exceeding 3 500 000, follows a Pareto distribution.

Table 7: Data set: LIV golf earnings data set (accessed 2023-09-11).

33509017 16700083 13726499 13254785 11040714 9297500 8068000 8033500
7982785 7345000 7268167 5580314 5518500 4992618 4849000 4596000
4454500 4408000 4230964 4195367 3726583 3558666 3424333 3411314
3399100 3248000 3085000 2948500 2944950 2676500 2675833 2569917
2533833 2421714 2379700 2188285 2016350 1899000 1861667 1573000
1566999 1471200 1377000 1366000 1321950 1274285 1185000 1097000
1050000 1043000 1019000 958750 958750 840000 800000 800000
683000 651000 540000 530000 437000 360000 324000 268000
250000 232000 208750 190000 160000 156000 150000 140000
140000 133750 120000

Table 8: p-values for the LIV golf earnings data set (accessed 2023-09-11).

Test MLE MME
KSn 0.45 0.22
CVn 0.55 0.24
ZAn 0.80 0.50
ZBn 0.68 0.50
KLn,1 0.75 0.72
KLn,10 0.39 0.46
Mn,0.5 0.58 0.27
Mn,1 0.40 0.20
Gn,0.5 0.38 0.22
Gn,2 0.30 0.16
T
(2)
n,2,0.5 0.47 0.22

T
(2)
n,3,0.5 0.36 0.22

T
(2)
n,4,0.5 0.37 0.24

6 Concluding remarks

In this paper, we propose two new classes of goodness-of-fit tests for the Pareto Type I distribu-
tion based on a characterization involving order statistics. In addition, we also derive the null
distribution of these test statistics and show that the tests are indeed consistent. A Monte Carlo
simulation study is presented to demonstrate the finite-sample performance of these tests under
a variety of alternative distributions. Through the inclusion of other similar tests for the Pareto
distribution, the simulation study also demonstrates that our tests are competitive when com-
pared to these other tests. Finally, the choice of the two tuning parameters appearing in these
tests was also roughly explored, with the finding that, when the tests are to be implemented in
a practical setting, the choices a = 0.5 and m = 2 or m = 3 can be recommended.
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Figure 1: Box-plot of the LIV golf 2022 earnings. The dashed line represents the threshold of
$3 500 000.
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other where it is estimated via MME).
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conditional expectation characterisation
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Abstract

We propose and investigate new classes of goodness-of-fit tests for the Pareto Type I distri-

bution based on a characterisation involving a conditional expectation. A Monte Carlo power

study is included in order to assess the finite sample performance of the newly developed tests

for four different estimation methods. The results from the simulation study shows that the

newly proposed tests are competitive in terms of power performance when compared to some

existing tests. It also shows that the majority of tests produce their highest powers when the

unknown shape parameter is estimated by the method of moments. A practical example, where

we consider the annual salaries of English Premier League football players for two consecutive

seasons, is also included to illustrate the use of the newly proposed tests.

Key words: characterisation, conditional expectation, goodness-of-fit testing, Pareto distribution.

1 Introduction

Characterisations of probability distributions play an important role in understanding the properties

of random variables. A characterisation of a distribution is a specific statistical or distributional

attribute that uniquely identifies a given random variable (Koudou & Ley, 2014; Nagaraja, 2006).

Characterisations are often exploited in order to construct goodness-of-fit tests for the distribution

in question with the advantage being that such a test is often consistent. In recent years, the char-

acterisation of probability distributions based on conditional expectations has grown in popularity,

with a possible reason being that assuming knowledge of conditional expected values may be more

1



reasonable in many practical situations than assuming knowledge of the full probability distribution

(Shanbhag, 1970).

When studying characterisations of probability distributions, Galambos & Kotz (1978) is an impor-

tant reference, it collates and summarises the literature on this topic up to the date of publication.

Specifically, this text provides an overview of the available characterisations of probability distri-

butions using conditional expectations including, for example, the work of Shanbhag (1970) which

characterised the exponential and geometric distributions in terms of their conditional expectations.

The generalisations of this result by Hamdan (1972), Kotlarski (1972) and Shanbhag & Bhaskara

Rao (1975), are also contained therein. However, the necessary and sufficient conditions for the

implementation of the theory developed in the mentioned papers was only provided in Zoroa et al.

(1990). Other important resources on the topic of conditional expectation include those by Gupta

(1975) as well as Kotz & Shanbhag (1980). These references provide useful general representations of

the entire distribution function of a random variable in terms of conditional expectations. Further-

more, Su & Huang (2000) extends the results of Ahmed (1991), Ruiz & Navarro (1994) and Ghitany

et al. (1995) to characterise a distribution by considering the relationship between a conditional

expectation and the hazard rate of the distribution.

While the literature discussed above generally pertains to large classes of distributions, this study

specifically concentrates on the Pareto Type I distribution, simply referred to as the Pareto distribu-

tion below. The Pareto distribution is commonly used in various fields such as economics, finance,

and insurance, where the occurrence of rare events or extreme values is of interest. Arnold (2015)

gives an extensive historical survey of its use in the context of income distribution.

The density and distribution functions of the Pareto distribution are

fβ,σ(x) =
βσβ+1

xβ+1
, and Fβ,σ(x) = 1−

(x
σ

)−β

, x ≥ σ,

respectively, where β > 0 is a shape parameter and σ > 0 is a scale parameter. Note that the value

of σ determines the support of the distribution. Since, in many practical applications, the support

of the underlying distribution is known, the value of σ is frequently known a priori. This situation is

demonstrated using the practical examples presented in Section 5. In these cases, a simple rescaling

of the data can be employed in order to reduce the density and distribution functions above to

fβ(x) =
β

xβ+1
, and Fβ(x) = 1− x−β , x ≥ 1. (1.1)

In the remainder of this paper, we consider the case where σ is known, meaning that the we define

a Pareto distribution via the functions in (1.1).
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We are interested in the construction of new goodness-of-fit tests for the Pareto distribution based

on a characterisation involving a conditional expectation. Dallas (1976) investigated the character-

isation of the Pareto and power distributions by using the relationship between these distributions

and the exponential distribution. That is, if X is exponentially distributed, then eX follows a Pareto

distribution. The characterisation used in Dallas (1976) is based on the lack-of-memory property of

the transformed variable and it is shown that this characterisation can be expressed in terms of con-

ditional expectations rather than conditional distributions. Khan & Abu-Salih (1989) characterised

many well-known continuous probability distributions, including the Pareto and power distribu-

tions, using conditional expectations of functions of order statistics. Wu & Lee (2001) employed

conditional expectations of record values to characterise the generalised extreme value, power, and

Pareto distributions. Lee (2003) discussed characterisations of the Pareto distribution by conditional

expectations of record values.

The specific focus of this paper is a characterisation based on conditional expectation by Nofal &

El Gebaly (2017), discussed in some detail in Section 2. Let X1, . . . , Xn be a random sample from

some unknown distribution F . We are interested in testing the composite hypothesis that these data

are realised from the Pareto distribution;

H0 : F (x) = Fβ(x), (1.2)

for all x > 1 and some β > 0, tested against general alternatives.

The remainder of the paper is organised as follows. In Section 2, we introduce new classes of

goodness-of-fit tests based on a conditional expectation characterisation proposed by Nofal &

El Gebaly (2017) to test the hypothesis stated in (1.2). Section 3 is devoted to a discussion of

the methods of parameter estimation used in the paper as well as the calculation of critical values.

Results of a Monte Carlo simulation to compare the power performance of the newly proposed tests

to some commonly used existing tests are presented in Section 4. Section 5 demonstrates the use

of the tests applied to observed data. Finally, in Section 6 some concluding remarks are provided.

Some details about the derivations of the test statistics are referred to the Appendix.

2 Newly proposed test statistics

In this section we develop classes of goodness-of-fit tests based on a conditional expectation charac-

terisation of the Pareto distribution. This characterisation is proposed in Nofal & El Gebaly (2017)
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and can be restated as follows:

Theorem 2.1. Let X be a nonnegative continuous random variable with distribution, survival and

density functions F , S and f , respectively. Then X is said to follow the Pareto distribution with

parameter β if, and only if, for all t ≥ 1

E[Xs|X ≥ t] = E(Xs)ts, s < β.

It easily follows from Theorem 2.1 that X has a Pareto distribution if, and only if, for all t ≥ 1

E[XsI(X ≥ t)] = S(t)E(Xs)ts, s < β, (2.1)

where I(·) is the indicator function.

From (2.1) we have that X follows a Pareto distribution if, and only if, for all t ≥ 1

Ψs(t) := E[XsI(X ≥ t)]− S(t)E(Xs)ts = 0.

We can now estimate Ψ(t) from the observed data X1, ..., Xn. Two possible estimators for Ψ(t) are

Ψ[1]
n,s(t) =

1

n

n∑

j=1

Xs
j I(Xj > t)− Sβ̂(t)

ts

n

n∑

j=1

Xs
j

and

Ψ[2]
n,s(t) =

1

n

n∑

j=1

Xs
j I(Xj > t)− ts

n

n∑

j=1

Xs
j

1

n

n∑

j=1

I(Xj > t),

where Sβ̂(t) = t−β̂ , for some estimator β̂ of the shape parameter β. Different estimation methods

are discussed in Section 3. The only difference between these two estimators is the way in which

S(t) is estimated. In Ψ
[2]
n we estimate the survival function non-parametrically, while in Ψ

[1]
n we use

a parametric estimate, Sβ̂(t).

If the null hypothesis is true, then both Ψ
[1]
n,s(t) and Ψ

[2]
n,s(t) should be close to zero. Therefore, we

propose the following two weighted L2-type test statistics:

L[1]
n,s,a =

∫ ∞

1

(
Ψ[1]

n,s(t)
)2

wa(t)dt

and

L[2]
n,s,a =

∫ ∞

1

(
Ψ[2]

n,s(t)
)2

wa(t)dt,

where wa(t) is a weight function ensuring the existence of the integrals above. Henceforth choose

wa(t) = t−a, with a > 1 being a user-defined tuning parameter.
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After some simplification we obtain the following easily calculable forms of the two test statistics

L[1]
n,s,a =

n∑

j=1

n∑

k=1

Xs
jX

s
k

n2





1−min(Xj , Xk)
−a+1

a− 1
−

2(Xs−β̂−a+1
j − 1)

s− β̂ − a+ 1
− 1

2s− 2β̂ − a+ 1





and

L[2]
n,s,a =

n∑

j=1

n∑

k=1

Xs
jX

s
k

n2

{
1−min(Xj , Xk)

−a+1

a− 1

−2(min(Xj , Xk)
s−a+1 − 1)

n(s− a+ 1)
+

min(Xk, Xj)
2s−a+1 − 1

n2(2s− a+ 1)

}
.

We can obtain two additional test statistics by noting that the right-hand side of (2.1) can be written

as

S(t)E(Xs)ts = P (X > t)
β

β − s

ts+1

β

β

t
=

fβ(t)t
s+1

β − s
, (2.2)

using the fact that E(Xs) = β/(β − s), if X follows a Pareto distribution.

Substituting (2.2) into (2.1) we now have that X follows the Pareto law, if and only if, for all t ≥ 1

Λs(t) := E[XsI(X ≥ t)]− fβ(t)t
s+1

β − s
= 0.

Again, we can estimate this quantity from the observed data X1, ..., Xn. Two possible estimators

for Λs(t) are

Λ[1]
n,s(t) =

1

n

n∑

j=1

Xs
j I(Xj > t)−

fβ̂(t)t
s+1

β̂ − s

and

Λ[2]
n,s(t) =

1

n

n∑

j=1

Xs
j I(Xj > t)− f̂h(t)t

s+1

β̂ − s
,

where fβ̂(t) = β̂x−β̂−1 and f̂h(t) is a kernel density estimator with bandwidth h. In Λ
[1]
n,s the density

function is estimated parametrically, while in Λ
[2]
n,s we make use of a non-parametric kernel density

estimator.

As before, we propose the following two weighted L2-type test statistics

T [1]
n,s,a =

∫ ∞

1

(
Λ[1]
n,s(t)

)2
wa(t)dt

and

T [2]
n,s,a =

∫ ∞

1

(
Λ[2]
n,s(t)

)2
wa(t)dt.
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Unfortunately, for the most common kernel functions used in f̂h, the test statistic T
[2]
n,s,a cannot be

expressed in a simple closed-form expression. Even though it is possible to calculate the value of

this statistic for any kernel using numerical integration, the results of some preliminary simulations

show that this statistic exhibits erratic power, so we will not pursue it further in this paper.

The calculable form for T
[1]
n,s,a is given by

T [1]
n,s,a =

1

n2(a− 1)

n∑

j=1

n∑

k=1

Xs
jX

s
k

(
1−min(Xj , Xk)

−a+1
)

− 2β̂

n(β̂ − s)(s− β̂ − a+ 1)

n∑

j=1

Xs
j (X

s−β̂−a+1
j − 1) − β̂2

(2s− 2β̂ − a+ 1)(β̂ − s)2
.

All of the newly proposed tests reject the null hypothesis for large values of the test statistics.

3 Parameter and critical value estimation

Below we consider four estimators for the shape parameter β; the maximum likelihood estimator

(MLE), the method of moments estimator (MME) and two minimum distance estimators. The MLE

and MME are well known and we include only the required formulas. The first minimum distance

estimator considered minimises squared differences while the second minimises a Cramér-von Mises

type distance. After considering the estimation techniques, we turn our attention to the calculation

of critical values.

3.1 Parameter estimation

The MLE of β is given by

β̂ =
n∑n

j=1 logXj
.

The MME is obtained by equating the first moment of the fitted distribution to the first sample

moment. Of course, this implicitly assumes that the first moment exists or, equivalently, that β > 1.

The MME is then

β̃ =
X̄n

X̄n − 1
,

where X̄n =
∑n

j=1 Xj/n.

6



We now consider the two minimum distance estimators. These estimators are obtained by minimising

some discrepancy measure between Fβ̂ and the empirical distribution function,

Fn(x) =
1

n

n∑

j=1

I (Xj ≤ x) .

The Cramér–von Mises (CV) distance measure is based on the squared integral difference between

Fn and Fβ , and is given by

DCV
n (β) =

∫ ∞

1

(Fn(x)− Fβ(x))
2
fβ(x)dx, (3.1)

with calculable form

DCV
n (β) =

1

12n
+

n∑

j=1

(
1−X−β

(j) − 2j − 1

2n

)2

,

with X(1), . . . , X(n) denoting the order statistics. The resulting estimator is

β̂CV = argmin
β

DCV
n (β).

The final estimator considered is the so-called squared difference estimator. The discrepancy measure

to be minimised is similar to (3.1), but the integrand is now weighted by Fn;

DSD
n (β) =

∫ ∞

1

(Fn(x)− Fβ(x))
2
dFn(x)

=
n∑

j=1

(
1−X−β

(j) − j

n+ 1

)2

.

The corresponding estimator is

β̂SD = argmin
β

DSD
n (β).

When computing MDEs, we use the optim function in R together with the “BFGS” optimisation

method (see Broyden, 1970; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970). These calculations

require starting values for the optimisation procedure, the MMEs are used for this purpose.

We only consider two minimum distance estimators above. For a full treatment of the subject, the

interested reader is referred to Wolfowitz (1953), Beran (1977, 1978), Boos (1981), as well as Parr

& Schucany (1980). A recent reference on minimum distance estimators, specifically in the context

of the Lomax distribution, is Nombebe et al. (2023).
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3.2 Estimation of critical values

We now turn our attention to the calculation of numerical critical values. When using MLEs together

with the transformed data

Yj = Xj
β̂ , j = 1, ..., n,

the critical value are independent of the value of β̂. In this case, we obtain the critical values via

Monte Carlo simulation. However, when using the other estimation techniques, the critical value

depends on the value of β̂. In these cases, we employ the parametric bootstrap procedure outlined

in Ndwandwe et al. (2023a).

4 Monte Carlo study

A Monte Carlo study is employed to examine the empirical power performance of the tests discussed

in the previous sections against various fixed alternative distributions. The aim of this simulation

study is to compare the finite-sample power performance of the newly proposed tests to the following

existing goodness-of-fit tests for the Pareto distribution.

• The traditional Kolmogorov-Smirnov (KSn), Cramer-von Mises (CVn), Anderson-Darling

(ADn) and modified Anderson-Darling (MAn) tests.

• A test proposed by Zhang (2002) based on the likelihood ratio. The test statistic has calculable

form

ZAn = −
n∑

j=1



log
{
1−X−β̂n

(j)

}

n− j + 1
2

+
log
{
X−β̂n

(j)

}

j − 1
2


 .

• A test based on the Mellin transform proposed by Meintanis (2009). The test statistic is

Gn,a =
1

n


(β̂n + 1)2

n∑

j,k=1

I(0)w (XjXk) +
n∑

j,k=1

I(2)w (XjXk) + 2(β̂n + 1)
n∑

j,k=1

I(1)w (XjXk)




+β̂n


nβ̂nI

(0)
w (1)− 2(β̂n + 1)

n∑

j=1

I(0)w (Xj)− 2
n∑

j=1

I(1)w (Xj)


 ,

where

I(m)
w (t) =

∫ ∞

0

(t− 1)m
1

xt
w(t)dt, m = 0, 1, 2.
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For the choice w(t) = e−at, we have that

I(0)a (t) = (a+ log t)−1,

I(1)a (t) =
1− a− log t

(a+ log t)2
,

I(2)a (t) =
2− 2a+ a2 + 2(a− 1) log t+ log2 t

(a+ log t)3
.

We show powers obtained using a = 2 in the numerical results below as this has been shown

to produce good powers.

• A test based on the difference between two empirical characteristic functions proposed by

Ndwandwe et al. (2023b). The test statistic is

NAn,m,a = n

∫ ∞

−∞
|ϕn,m(t)− ξn,m(t)|2e−at2dt,

where

ϕn,m(t) =
1

n

n∑

j=1

e
itX

1/m

(j)

and

ξn,m(t) =
1

nm

n∑

k1=1

· · ·
n∑

km=1

eitmin(Xk1
,...,Xkm ).

The test statistic has the following simplified form

NAn,m,a =
1

n

√
π

a

n∑

j=1

n∑

k=1




exp



−
(
X

1/m
(j) −X

1/m
(k)

)2

4a


− 2nvj,m exp



−
(
X(j) −X

1/m
(k)

)2

4a




+ n2vj,mvk,m exp

[
−
(
X(j) −X(k)

)2

4a

]


,

where

vj,m :=
1

nm
[(n− j + 1)m − (n− j)m] .

For implementing the test, Ndwandwe et al. (2023b) recommend choosing m = 3 and a = 2;

results for these choices are therefore shown in the tables below.

All tests reject for large values of the test statistics.
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4.1 Monte Carlo setup

Our aim is to compare the numerical sizes and powers achieved by the newly proposed tests to

those of the existing tests for the Pareto distribution discussed above. We consider the powers

achieved against a range of fixed alternative distributions with support x > 1 in various settings.

Two different sample sizes, n = 20 and n = 30, are used, as well as different estimation methods for

β. The alternative distributions considered, together with their density functions and the notation

used for these distributions, are specified in Table 1.

Table 1: Probability density functions for choices of the alternative distributions.

Alternative Density function Notation

Pareto (θ) θ
xθ+1 P (θ)

Gamma (θ) 1
Γ(θ) (x− 1)θ−1e−(x−1) Γ(θ)

Log-normal(θ) exp
{
− 1

2 (log(x− 1)/θ)
2
}
/
{
θ(x− 1)

√
2π
}

LN(θ)

Linear failure rate(θ) (1 + θ(x− 1)) exp
(
−(x− 1)− θ(x− 1)2/2

)
LF (θ)

Beta exponential(θ) θe−(x−1)(1− e−(x−1))θ−1 BE(θ)

Tilted Pareto(θ) 1+θ
(x+θ)2 TP (θ)

Log-Weibull(θ) (1+θ) logθ x
x2+θ LW (θ)

Benini(θ)
exp(−θ log2 x)

x2 (1 + 2θ log x) BN(θ)

A nominal significance level of 5% is used throughout and all calculations are performed using R

v4.2.2 (R Core Team, 2021). The estimated powers, reported in Tables 4 to 7, are the percentages

of rejections of the null hypothesis in 10 000 independent Monte Carlo replications (rounded to the

nearest integer). In an attempt to aid comparison, the highest and second highest powers against

each alternative distribution are printed in bold and highlighted in black and grey, respectively.

When β is estimated by its MLE, the empirical critical values of all the tests are obtained using

MC = 50 000 independent Monte Carlo replications. For all other estimation techniques, the critical

values are obtained using Giacomini et al.’s (2013) ‘warp-speed’ bootstrap procedure over each of

the MC = 10 000 Monte Carlo replications.

For both sample sizes considered, we calculate the numerical powers obtained when estimating β

using the four different estimators discussed in Section 3. However, the minimum distance estima-

tors are omitted from the power tables due to their inferior power performance compared to those

associated with the MLE and MME. In order to illustrate the differences between the numerical

10



powers achieved by the different estimation techniques, consider Figure 1. This figure illustrates the

empirical powers against the TP , LW and BN alternative distributions, calculated when n = 20,

for each of the four estimation methods for the tests L
[2]
n,0.1,3, T

[1]
n,0.1,3 and ADn. These three dis-

tributions have the Pareto distribution as a special case when θ = 0, with deviations from the null

hypothesis for θ > 0. That is, they can be used to illustrate contiguous alternatives to the Pareto

distribution as θ increases above zero. When considering the numerical powers shown in Figure 1, it

is clear that MME produces the highest power, while the second highest powers are obtained using

MLE. The two minimum distance estimators are associated with the lowest powers in each of the

distributions considered. This trend is also observed when considering other alternative distribu-

tions. As a result, we concern ourselves only with the powers achieved using the MLE and the MME

in the power tables to follow.
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Figure 1: Numerical powers achieved using the different estimation techniques.

11



Each of the newly proposed tests contains two tuning parameters: a and s. The construction of

the tests implicitly assumes that at least the sth moment of the underlying distribution exists and

so we recommend using fairly small values for s. A preliminary power study indicated that the

combination of a = 3 and s = 0.1 generally provide high powers against a wide range of alternative

distributions. As a result, we recommend this combination of tuning parameters when using the

test. The empirical powers reported in Tables 4 to 7 were obtained using these parameters.

4.2 Discussion of numerical results

In the discussion presented below we first consider those results associated with the MLE before

turning our attention to the empirical powers obtained using the MME. Thereafter we compare

these two sets of results to one another.

4.2.1 Sizes and powers obtained using MLE

Consider the numerical sizes and powers obtained using MLE, see Tables 4 and 6.

All of the tests considered largely maintain the specified nominal significance level of 5% for both of

the sample sizes used. As is to be expected, the powers of the tests generally increase with sample

size.

The tests that generally achieve the highest powers against the specified alternative distributions are

the L
[2]
n,0.1,3 and NAn,3,2 tests. Specifically, the L

[2]
n,0.1,3 test is shown to produce very high powers

against LN , TP , LW and BN for the majority of the choices of the parameters of these alternative

distributions. This test either outperforms all competitors outright, or produces powers close to

the best performing competitor against these distributions for both of the sample sizes considered.

However, we note that while the test has excellent performance in the majority of cases investigated,

it produces no power for the alternatives Γ(0.4), LN(2.5), and BE(0.5).

4.2.2 Sizes and powers obtained using MME

Interestingly, the two tests with the best performance when using the MLE, namely L
[2]
n,0.1,3 and

NAn,3,2, are undersized when using the MME for both sample sizes. This phenomenon is especially
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pronounced in the case of the L
[2]
n,0.1,3. However, both of these tests achieve high powers against a

wide range of alternatives. In fact, these two tests, together with MAn and T
[1]
n,0.1,3 generally provide

the highest power against the widest range of alternative distributions. The most powerful of the

newly proposed tests remains L
[2]
n,0.1,3 test which is shown to be especially powerful against the TP

and LW distributions.

4.2.3 A comparison between the results obtained using MLE and MME

For each of the tests considered, the average power against all of the alternatives considered is higher

when using MME than is the case when using MLE. That is, both the existing and new tests produce

higher powers when estimating the shape parameter of the Pareto distribution using MME rather

than MLE. This finding is supported by the empirical results shown in Figure 1. As a result, we

recommend using MME in order to do parameter estimation regardless of the test used.

Based on all of the numerical results presented, we would recommend using either L
[2]
n,0.1,3 or NAn,3,2,

with β estimated using MME, when testing the hypothesis that data are realised from a Pareto

distribution.

5 Practical data application

As was mentioned in the introduction, the Pareto distribution is used as a model for a wide variety

of phenomena. In the field of extreme value theory, this distribution is often used to model the tails

of a distribution, especially in cases where we expect a priori that the underlying distribution will

exhibit a heavy tail.

Below we consider the observed annual salaries of English Premier League (EPL) football players for

the seasons 2021–2022 as well as 2022–2023. Specifically, we are interested in determining whether

or not the Pareto distribution is an appropriate model for the distribution of the salaries of players

in excess of 10 million GBP. As a result, the hypothesis of interest is whether or not the reported

salaries, rescaled by a factor of 10 million, are realised from the Pareto distribution. We consider the

salaries from the two seasons separately. Both data sets used are obtained from www.spotrac.com

(2023). These salaries (reported in millions of GBP) can be found in Table 2. The sample sizes are

20 and 28, respectively.
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Table 2: Practical data example: EPL earnings above 10 million GBP for the 2021-2022 and 2022-

2023 seasons (values are reported in millions).

2021–2022

10.31 10.40 10.40 10.40 10.40

10.40 11.44 13.00 13.00 14.14

15.08 15.08 15.60 15.60 16.90

17.68 18.20 19.50 20.80 26.80

2022–2023

10.40 10.40 10.40 10.40 10.40

10.40 10.40 10.40 11.44 11.44

11.70 12.48 13.00 13.00 13.00

13.78 15.08 15.34 15.47 15.60

15.60 16.90 17.68 18.20 18.20

19.50 19.50 20.80

We use each of the tests discussed in Section 4 to test the hypothesis of interest for

both of the data sets considered. The code for this application can be found here:

https://tinyurl.com/CondExp2023.

However, before turning our attention to these formal hypothesis testing procedures, we present

some graphical tests below. The empirical distribution functions (EDF) of each of the data sets are

plotted in Figure 2. These distributions are overlaid with two fitted Pareto distributions in each

case; these correspond to the fitted distributions obtained using MLE and MME.

The distributions showcased in Figure 2 indicate that the salaries in the 2021–2022 season correspond

quite closely to what would be expected under the Pareto distribution. While no glaringly obvious

departure from this distribution is visible in the comparison for the 2022–2023 salaries, the tail of the

empirical distribution seems to be lighter than is the case for the fitted distributions. Furthermore,

around the 15 million GBP mark (indicated by 1.5 on the x-axis), the empirical distribution seems

to be systematically lower than the fitted distributions.

Another graphical test that we employ is side-by-side violin plots (with overlaid boxplots). These

are shown, for both data sets considered, in Figure 3. One can see from these plots that both data

sets have a pronounced positive third central sample moment, which is indicative of a right-skewed
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Figure 2: EDF plots of the EPL earnings above 10 million GBP for the two seasons; two theoretical

Pareto CDFs are overlaid using MLE and MME for the parameter.

underlying distribution. Again, it should be noted that the salaries associated with 2021–2022 seem

to be realised from a distribution with a heavier tail than is the case for the salaries in the 2022–2023

season.

We now formally test the hypothesis that each of the data sets considered are realised from the

Pareto distribution. That is, we compute the p-values for each test considered. Table 3 shows the

estimated p-values obtained by using a parametric bootstrap with B = 10 000 bootstrap replications,

that is, the bootstrap samples are obtained from a Pareto distribution with the parameter estimated

using either the MLE or MME.

The p-values from the first data set show that the majority of the tests do not reject the null

hypothesis at a nominal significance level of 10%. With the second data set, the majority of tests,
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Figure 3: Side-by-side violin plots (with overlaid boxplots) of the EPL earnings above 10 million

GBP for the two seasons.

with the exception of KSn, Gn,2, NAn,3,2, and L
[2]
n,0.1,3, reject the null hypothesis that the data

are realised from a Pareto distribution. To summarise these results, we conclude that the Pareto

distribution is an appropriate model for the salaries in the 2021–2022 season, but not necessarily for

the 2022–2023 season.

6 Conclusions

In this paper we proposed and investigated new tests for the hypothesis that observed data are

realisations from a Pareto distribution. These tests are based on a characterisation involving a

conditional expectation. Using a simulation study, the finite sample power performance of the newly
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Table 3: p-values (multiplied by 100) for testing the Pareto null hypothesis for the earnings above

10 million GBP for the EPL’s 2021–2022 and 2022–2023 seasons (highlighted values are significant

at a α = 0.1 level).

2021–2022 2022–2023

MLE MME MLE MME

KSn 17 15 16 12

CVn 10 11 9 8

ADn 10 11 6 6

MAn 11 9 5 4

ZAn 20 21 2 2

Gn,2 41 32 30 20

NAn,3,2 35 31 25 21

L
[1]
n,0.1,3 9 9 6 6

L
[2]
n,0.1,3 38 27 32 20

T
[1]
n,0.1,3 9 10 6 6

proposed tests are compared to that of the existing tests under a range of alternative distributions

and overall the newly proposed test, L
[2]
n,s,a, performs very well when compared to the other tests.

From extensive Monte Carlo simulations we recommend using a = 3 and s = 0.1 as this choice

produced good powers for the majority of the alternatives considered.
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Table 4: The approximated sizes and powers of the tests under MLE estimation, n = 20.

KSn CVn ADn MAn ZAn Gn,2 NAn,3,2 L
[1]
n,0.1,3 L

[2]
n,0.1,3 T

[1]
n,0.1,3

P(4) 5 5 5 5 5 5 5 5 5 5

P(10) 5 5 5 5 5 5 5 5 5 5

Γ(0.4) 49 52 77 42 75 48 26 59 0 60

Γ(0.8) 9 10 10 12 11 9 16 9 11 9

Γ(1.0) 24 30 25 30 29 32 41 26 36 25

Γ(1.3) 57 68 64 67 68 73 79 65 77 64

LN(1.0) 56 66 64 54 80 69 72 68 86 67

LN(1.2) 24 30 27 23 43 33 37 31 50 30

LN(1.6) 5 5 4 5 6 5 7 5 8 5

LN(2.5) 26 29 44 24 27 26 13 34 0 34

LFR(0.3) 34 42 36 45 39 44 55 37 46 36

LFR(0.6) 41 50 44 53 47 53 63 44 54 44

LFR(0.9) 44 54 48 56 50 56 67 48 57 48

LFR(1.2) 47 57 52 60 54 60 70 51 60 51

BE(0.5) 18 20 42 16 39 15 10 24 0 25

BE(0.8) 11 12 11 14 12 11 19 10 14 10

BE(1.0) 24 30 25 30 29 32 41 26 36 26

BE(1.5) 69 80 77 79 81 85 89 78 88 77

TP(0.5) 7 8 7 7 9 8 11 8 12 8

TP(1.0) 12 13 11 12 14 13 18 12 19 12

TP(2.0) 22 26 21 23 25 26 34 24 34 24

TP(3.0) 32 38 33 35 36 39 48 36 48 35

LW(0.2) 12 13 11 11 16 13 18 13 22 13

LW(0.4) 30 36 31 30 40 38 44 35 51 35

LW(0.6) 51 62 58 54 66 65 70 61 77 61

LW(0.8) 72 82 80 77 85 86 88 81 92 81

BN(0.2) 9 10 8 9 11 10 14 9 15 9

BN(0.4) 14 16 13 15 17 16 23 15 22 15

BN(0.6) 17 20 17 19 20 21 29 18 27 18

BN(0.8) 20 24 20 23 23 25 33 22 32 22
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Table 5: The approximated sizes and powers of the tests under MME estimation, n = 20.

KSn CVn ADn MAn ZAn Gn,2 NAn,3,2 L
[1]
n,0.1,3 L

[2]
n,0.1,3 T

[1]
n,0.1,3

P(4) 5 6 5 5 5 5 4 5 2 5

P(10) 5 5 5 5 5 5 4 5 2 5

Γ(0.4) 41 43 72 31 73 34 10 34 0 34

Γ(0.8) 14 16 15 20 11 16 19 17 15 17

Γ(1.0) 37 45 42 47 33 47 50 46 39 47

Γ(1.3) 76 84 83 84 76 87 87 85 79 85

LN(1.0) 71 81 83 74 90 84 86 83 82 85

LN(1.2) 41 49 50 45 58 55 53 51 58 53

LN(1.6) 13 16 17 21 14 17 16 16 26 18

LN(2.5) 11 9 27 26 22 6 36 9 13 10

LFR(0.3) 46 55 52 58 44 58 62 56 46 56

LFR(0.6) 51 60 56 63 47 62 66 62 47 62

LFR(0.9) 57 65 63 69 53 67 70 66 51 66

LFR(1.2) 58 66 63 70 54 69 71 68 50 68

BE(0.5) 13 12 32 10 34 7 3 11 2 10

BE(0.8) 18 20 19 25 14 21 25 22 18 23

BE(1.0) 37 44 41 46 31 45 50 45 38 46

BE(1.5) 84 91 90 90 86 93 93 91 86 92

TP(0.5) 27 32 35 40 30 33 28 33 49 37

TP(1.0) 46 54 58 63 52 55 44 55 71 61

TP(2.0) 76 82 87 88 82 84 67 83 92 88

TP(3.0) 90 94 96 96 93 94 80 94 98 96

LW(0.2) 25 30 30 32 30 34 31 32 38 34

LW(0.4) 50 57 58 57 55 62 59 60 64 62

LW(0.6) 73 82 83 80 80 85 84 84 82 85

LW(0.8) 88 94 94 92 93 95 95 95 92 95

BN(0.2) 18 20 20 23 16 22 22 21 25 23

BN(0.4) 24 28 26 29 22 30 32 29 31 30

BN(0.6) 26 32 29 32 25 34 38 33 31 34

BN(0.8) 32 38 36 38 31 40 44 39 34 40
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Table 6: The approximated sizes and powers of the tests under MLE estimation, n = 30.

KSn CVn ADn MAn ZAn Gn,2 NAn,3,2 L
[1]
n,0.1,3 L

[2]
n,0.1,3 T

[1]
n,0.1,3

P(4) 5 5 5 5 5 5 5 5 5 5

P(10) 5 5 5 5 5 5 5 5 5 5

Γ(0.4) 66 70 89 60 88 64 49 76 0 76

Γ(0.8) 12 14 13 17 14 13 20 12 14 12

Γ(1.0) 35 45 39 47 43 48 56 39 49 39

Γ(1.3) 76 87 85 88 87 91 93 84 91 83

LN(1.0) 77 86 87 77 96 89 88 88 97 88

LN(1.2) 36 44 44 35 63 48 50 46 68 46

LN(1.6) 6 6 5 5 8 6 8 5 9 6

LN(2.5) 39 43 58 35 40 36 26 48 0 49

LFR(0.3) 49 61 56 65 59 65 73 55 63 54

LFR(0.6) 57 69 64 73 67 73 80 62 69 61

LFR(0.9) 61 74 69 78 71 78 84 67 73 66

LFR(1.2) 66 78 74 81 75 81 86 72 77 71

BE(0.5) 27 30 55 23 53 20 19 35 0 36

BE(0.8) 15 17 15 21 17 16 25 14 16 14

BE(1.0) 35 43 38 47 42 48 55 39 48 38

BE(1.5) 86 94 93 94 95 96 97 93 97 92

TP(0.5) 9 9 8 8 10 9 12 9 14 9

TP(1.0) 15 17 15 16 17 18 23 16 25 16

TP(2.0) 31 37 32 34 34 38 44 35 47 34

TP(3.0) 45 54 49 51 48 57 63 52 64 52

LW(0.2) 16 19 16 16 22 20 24 18 30 18

LW(0.4) 42 51 48 44 56 55 59 51 68 50

LW(0.6) 70 81 80 76 84 86 87 81 91 80

LW(0.8) 89 95 95 93 96 97 97 95 99 95

BN(0.2) 11 12 10 12 13 13 17 11 17 11

BN(0.4) 18 22 18 22 21 24 29 20 29 19

BN(0.6) 25 30 25 29 29 33 38 27 38 27

BN(0.8) 30 36 32 35 34 39 46 33 45 33
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Table 7: The approximated sizes and powers of the tests under MME estimation, n = 30.

KSn CVn ADn MAn ZAn Gn,2 NAn,3,2 L
[1]
n,0.1,3 L

[2]
n,0.1,3 T

[1]
n,0.1,3

P(4) 5 5 5 5 5 5 4 5 1 5

P(10) 5 5 5 5 5 5 4 5 2 5

Γ(0.4) 56 58 85 45 86 47 27 49 0 49

Γ(0.8) 19 21 21 27 13 21 26 23 21 24

Γ(1.0) 53 61 59 65 48 63 65 62 54 63

Γ(1.3) 90 96 95 96 91 96 96 96 92 96

LN(1.0) 89 95 96 90 98 95 96 95 95 96

LN(1.2) 55 66 68 61 78 70 69 69 74 70

LN(1.6) 16 20 22 26 20 21 18 20 32 23

LN(2.5) 13 10 31 31 31 5 53 9 12 9

LFR(0.3) 65 74 73 78 61 76 77 75 61 74

LFR(0.6) 69 79 76 81 65 79 82 79 65 79

LFR(0.9) 75 82 79 85 70 83 84 82 66 82

LFR(1.2) 76 84 82 86 73 85 86 85 68 85

BE(0.5) 14 13 40 11 44 7 4 11 2 10

BE(0.8) 23 26 25 33 15 26 30 28 24 28

BE(1.0) 52 60 58 65 45 63 66 61 54 62

BE(1.5) 95 98 98 98 97 99 99 98 96 98

TP(0.5) 33 37 42 47 38 40 32 39 60 45

TP(1.0) 58 66 70 73 63 67 50 67 83 73

TP(2.0) 89 93 95 96 93 93 77 93 98 96

TP(3.0) 97 99 99 99 99 99 88 99 100 99

LW(0.2) 33 39 40 39 37 42 39 41 49 43

LW(0.4) 67 75 76 73 74 78 77 78 82 79

LW(0.6) 89 94 94 92 93 95 95 95 95 95

LW(0.8) 98 99 99 99 99 100 99 99 99 100

BN(0.2) 23 28 28 31 22 29 29 29 33 31

BN(0.4) 33 39 38 41 28 41 43 40 37 41

BN(0.6) 37 43 41 44 32 45 49 44 39 45

BN(0.8) 41 47 46 48 38 50 55 49 44 49
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A Appendix

This appendix contains the details about the simplification of the three newly proposed test statistics.

The first test statistic is:
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We consider each term separately:

T1 =

∫ min(Xj ,Xk)

1

1

n2

n∑

j=1

n∑

k=1

Xs
jX

s
kt

−adt

=
1

n2

n∑

j=1

n∑

k=1

Xs
jX

s
kI(Xj > t)I(Xk > t)

t−a+1

−a+ 1

∣∣∣∣
min(Xj ,Xk)

1

=
1

n2(a− 1)

n∑

j=1

n∑

k=1

Xs
jX

s
kI(Xj > t)I(Xk > t)

[
1−min(Xj , Xk)

−a+1
]

T2 =
2

n2

∫ Xj

1

n∑

j=1

n∑

k=1

Xs
jX

s
kt

s−β̂−adt

=
2

n2

n∑

j=1

n∑

k=1

Xs
jX

s
k

ts−β̂−a+1

s− β̂ − a+ 1

∣∣∣∣∣

Xj

1

=
2

n2(s− β̂ − a+ 1)

n∑

j=1

n∑

k=1

Xs
jX

s
k

[
(Xj)

s−β̂−a+1 − 1
]

25



T3 =

∫ ∞

1

1

n2

n∑

j=1

n∑

k=1

Xs
jX

s
kt

2s−2β̂−adt

=
1

n2

n∑

j=1

n∑

k=1

Xs
jX

s
k

t2s−2β̂−a+1

2s− 2β̂ − a+ 1

∣∣∣∣∣

∞

1

= − 1

n2(2s− 2β̂ − a+ 1)

n∑

j=1

n∑

k=1

Xs
jX

s
k

Therefore,

L[1]
n,s,a =

n∑

j=1

n∑

k=1

Xs
jX

s
k

n2

[
1

(a− 1)
[1−min(Xj , Xk)

−a+1]

− 2

(s− β̂ − a+ 1)
[Xs−β̂−a+1

j − 1]

− 1

(2s− 2β̂ − a+ 1)

]

The second test statistic is:
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Abstract: In this paper, we investigate the performance of a variety of frequentist estimation tech-
niques for the scale and shape parameters of the Lomax distribution. These methods include
traditional methods such as the maximum likelihood estimator and the method of moments estimator.
A version of the maximum likelihood estimator adjusted for bias is included as well. Furthermore,
an alternative moment-based estimation technique, the L-moment estimator, is included, along with
three different minimum distance estimators. The finite sample performances of each of these estima-
tors are compared in an extensive Monte Carlo study. We find that no single estimator outperforms
its competitors uniformly. We recommend one of the minimum distance estimators for use with
smaller samples, while a bias-reduced version of maximum likelihood estimation is recommended
for use with larger samples. In addition, the desirable asymptotic properties of traditional maximum
likelihood estimators make them appealing for larger samples. We include a practical application
demonstrating the use of the described techniques on observed data.

Keywords: Lomax distribution; estimation; minimum distance estimators

1. Introduction

The Pareto distribution is a heavy-tailed distribution that was originally developed
in the 19th century to model the distribution of income among individuals [1]. However,
in the years following its introduction it has been extensively modified and changed to
produce several variants, referred to as the Type I, II, III, and IV Pareto distributions, as
well as the so-called generalised Pareto distribution (GPD). The focus of this paper is on
the Pareto Type II distribution, in which the location parameter is zero, which is known
as the Lomax distribution. This rather popular distribution was originally introduced to
model business failure data [2], and has subsequently been employed as a model in a wide
range of settings. This distribution has proven useful in modelling survival times when
censoring is present, e.g., in the lifetimes of electric power transformers [3]; as the times
are left-truncated and right-censored, when they are modelled it is found that the Lomax
distribution provides the best fit among the various distributions considered. As another
example, the exponential Lomax and Weibull Lomax are a good fit for right-censored lung
cancer survival data [4].

Other scenarios in which the Lomax distribution has been used as a model include
wealth distribution [5], the distribution of queueing service times [6], life testing [7], and
the sizes of files on a computer server [8], to name only a few.

We can say that a random variable X follows a Lomax distribution with scale parameter
σ > 0 and shape parameter β > 0 if its cumulative distribution function (CDF) is

Fσ,β(x) = 1−
[
1 +

( x
σ

)]−β
, x > 0,
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with a probability density function (PDF) of

fσ,β(x) =
β

σ

(
1 +

x
σ

)−(β+1)
, x > 0.

In this paper, we investigate different approaches used for estimating the parameters
of the Lomax distribution. We draw parallels with the methods used to estimate the
parameters of other distributions in order to ascertain how one might go about obtaining
reliable estimators. For example, when considering the estimation of the parameters
of the GPD, a number of approaches have been studied, such as maximum likelihood
estimation (MLE), method of moment estimation (MME), L-moment estimation (LME),
and probability-weighted moment estimation (PWME). However, not all approaches are
equally viable in all settings. It was noted in [9], for example, that MLE experiences
difficulty when estimating the parameters of the GPD under a variety of configurations
of the shape and scale parameter values. Similarly, ref. [10] found that the usefulness
of MLE is restricted to very large sample sizes; instead, the use of PWME is advocated
in case of moderate sample sizes. Several studies similar to the one presented in this
paper have been conducted for other distributions; to mention only a few examples,
ref. [11] considered improved estimators for the generalised gamma distribution using
small samples, whereas [12,13] compared a variety of different estimators for the parameters
of the unit-gamma and Weibull distributions, respectively. For the Lomax distribution
in particular, studies include [14,15]. These papers are concerned with the estimation
of Lomax parameters using diverse traditional methods of estimation, including MLE,
MME, and PWME. The results of these methods have been compared to one another and
recommendations have been made concerning the use of these more traditional estimation
approaches. From previous papers, it is clear that MLE approaches are not particularly
reliable when used with moderately large samples. The conclusion from these studies
is that though traditional approaches have utility in certain settings, none are generally
applicable.

The aim of this paper is twofold. First, we provide an overview of estimation tech-
niques used for the Lomax distribution and compare the performance of various estimators.
Second, we focus on the minimum distance estimators (MDEs), which represent an unex-
plored avenue for estimating the parameters of the Lomax distribution. While a number
of these procedures have already been examined in [16] for the GPD, focusing on the
Lomax distribution can provide specific insight into the usefulness of these methods for this
particular distribution. In addition, the MDEs we consider here differ substantially from
those proposed in [16,17] in that their paper only considered density power divergence
measures, whereas we additionally explore distribution function-based methods.

Generally speaking, MDEs measure the difference between an empirical estimate of
the probability density or distribution function and the theoretical function [18]. The use
of minimum distance estimation measures has been advocated by a number of authors,
including [19–21], when modelling data containing extreme values, as these estimators
have good robustness qualities.

This paper studies the general case in which both the scale (σ) and shape (β) parameters
of the Lomax distribution are unknown. We start by considering the myriad different
traditional estimation methods proposed for related distributions, including the L-moment
estimator, the MLE, and the MME. We then proceed to propose the use of MDEs in the
hope that these may represent competitive alternatives to the more traditional estimators.
Although we do not consider any Bayesian estimators in this study, we refer interested
readers to [22] and the very recent paper by [23], where Bayesian estimators for the Lomax
distribution are discussed and compared, as well as to [24], where Bayesian estimation of
the two-parameter gamma distribution is discussed. The performance of the estimators
are compared to one another through a comprehensive numerical study involving Monte
Carlo simulations in which the finite sample variance, relative bias, and mean squared
error (MSE) of each estimator are approximated. In addition, an omnibus measure allowing
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the MSE of the estimation of both σ and β to be gauged simultaneously is employed in the
simulation study.

The remainder of this article is organised as follows. In Section 2, the different param-
eter estimation methods are introduced and discussed. Next, the Monte Carlo study is
presented in Section 3, including a detailed discussion of the simulation results. In Section 4,
we apply the different estimators to a real world example. Finally, in Section 5, we con-
clude the paper by making a number of general observations regarding the estimators and
provide recommendations concerning their use.

2. Estimation of Parameters

In this section, we discuss the parameter estimation methods used to estimate the
shape and scale parameters of the Lomax distribution. Included here are traditional meth-
ods of parameter estimation as well as methods based on optimising a variety of distance
measures. In addition to the performance of the MDEs, we provide an overview of the
performance of a wide variety of competing estimators. This facilitates recommendations
regarding the choice of estimator to be used in various settings. Theoretical details relevant
to the estimation of the parameters are provided in each case.

For the remainder of the section, we assume that we have data X1, X2, . . . , Xn which
are independently and identically distributed (i.i.d.) from the Lomax distribution with
parameters β > 0 and σ > 0. The order statistics based on this sample are denoted using
X1:n ≤ X2:n ≤ · · · ≤ Xn:n.

2.1. Method of Moment Estimators (MMES)

MME is one of the most widely used estimation techniques. It has been used to
investigate key aspects of probability distributions, such as central tendency, spread, skew-
ness, and kurtosis. However, for the Lomax distribution, due to the fact that with shape
parameter β only moments lower than β are finite, this approach is often not ideal for the
parameters of the Lomax distribution. It is ultimately presented here and in the Monte
Carlo in Section 3.1 in order to illustrate its functionality for a range of values of β.

To derive the MMEs for the Lomax distribution, we can note that the rth theoretical
raw moment of the distribution is

E(Xr) = µr =
σrΓ(β− r)Γ(1 + r)

Γ(β)
, 0 < r < β r = 1, 2, . . . .

The first and second theoretical raw moments are then provided by

E(X) = µ1 =
σ

β− 1
, and E(X2) = µ2 =

2σ2

(β− 1)(β− 2)
. (1)

From (1), we can express β and σ as

β =
2µ2 − 2µ2

1
µ2 − 2µ2

1
and σ = µ1(β− 1). (2)

By simply substituting µ1 and µ2 with their sample estimators in (2), the MMEs of these
parameters are obtained:

β̂MM =
2µ̂2 − 2µ̂2

1
µ̂2 − 2µ̂2

1
and σ̂MM = µ̂1(β̂MM − 1),

where µ̂r =
1
n ∑n

i=1 Xr
i , r = 1, 2.
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2.2. L-Moment Estimators (LMEs)

L-moments provide an alternative way to describe the shapes of probability distri-
butions, and are defined as the expected values of linear combinations of order statistics.
They were proposed in [25] as robust alternatives to classical moments. The method of
L-moments has advantages over classical moments, including unbiasedness, robustness to
the presence of outliers in the data, and lower sensitivity to sampling variability, especially
when the data of interest are heavy-tailed, as is the case in our context. If the mean of
the distribution exists, it follows that all of the L-moments exist and uniquely define the
distribution [25]. The rth population L-moment is provided by

λr =
1
r

r−1

∑
k=0

(−1)k
(

r− 1
k

)
E(Xr−k:r), r = 1, 2, . . . ,

where r is the integer order of the L-moment and E(Xr−k:r) is the expectation of the (r− k)th

order statistic of a sample of size r. The sample L-moment is provided by

lr =
(

n
r

)−1

∑ ∑ · · ·∑
1≤i1<...<ir≤n

1
r

r−1

∑
k=0

(−1)k
(

r− 1
k

)
Xir−k :n r = 1, 2, · · · , n.

Therefore, the expressions of the first two sample L-moments are

l1 =
1
n

n

∑
i=1

Xi:n = X̄ and l2 =
1
2

(
n
2

)−1

∑ ∑
i>j

(Xi:n − Xj:n),

where X̄ is the sample mean.
Similar to the method of moments, the L-moments can be used to obtain parameter

estimates by equating the theoretical L-moments of the distribution to the corresponding
L-moments of a sample. Therefore, the L-moment estimators of the parameters of the
Lomax distribution are provided by

β̂LM =
l2

2l2 − l1
and σ̂LM =

l2
1 − l1l2
2l2 − l1

;

see [15]. L-moments can be a good starting point for the iterative numerical procedure
needed to obtain maximum likelihood estimates [26].

Remark 1. Note that the probability-weighted moment estimators (PWMEs) proposed in [27] were
considered for this paper as well; however, they were omitted because they turn out to simply be
linear combinations of the LMEs [25,28].

2.3. Maximum Likelihood Estimators (MLEs)

Maximum likelihood estimation is one of the most popular methods for estimat-
ing the unknown parameters of probability distributions. The popularity of MLE can
be attributable to its desirable asymptotic properties, such as unbiasedness and consis-
tency. However, for small sample sizes, these properties may not hold true, resulting in
biased MLEs.

In this section, we first use the MLEs to estimate the unknown parameters; then, in
the section that follows, we consider a bias-adjusted approach which reduces the bias of
the MLEs to order O(n−1); see [14].
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2.3.1. MLE of the Lomax Distribution

The MLEs for the Lomax distribution are obtained by maximising the log-likelihood
function:

` := `(β, σ; X1, . . . , Xn) = n log(β)− n log(σ)− (1 + β)
n

∑
i=1

log
(

1 +
Xi
σ

)
. (3)

Differentiating the log-likelihood with respect to β and σ, respectively, yields the equations

∂`

∂β
=

n
β
−

n

∑
i=1

log
(

1 +
Xi
σ

)
, (4)

∂`

∂σ
= −n

σ
+

1 + β

σ

n

∑
i=1

Xi
σ + Xi

. (5)

Unfortunately, we cannot obtain closed-form solutions for both estimators using (4) and (5);
thus, numerical procedures are required for optimisation purposes. To simplify the optimi-
sation problem, the expressions can be reduced to the optimisation of a single parameter
using the concentrated likelihood estimation approach (the approach followed in [29] using
their flomax function). This is accomplished by first noting that when setting (4) to zero
and solving, we obtain the MLE β̂ML expressed in terms of σ̂ML:

β̂ML =
n

∑n
i=1 log(1 + Xi/σ̂ML)

. (6)

The maximised log-likelihood ̂̀ := `(β̂ML, σ̂ML; X1, . . . , Xn) can therefore be expressed
solely in terms of the MLE σ̂ML by substituting the form of β̂ML provided in (6) and σ̂ML
into (3):

̂̀= −n log

(
1
n

n

∑
i=1

log
(

1 +
Xi

σ̂ML

))
− n log(σ̂ML)− n

(
1
n

n

∑
i=1

log
(

1 +
Xi

σ̂ML

)
+ 1

)
.

Then, using R’s one-dimensional optimize [30] function, the MLEs σ̂ML and β̂ML (via (6))
are obtained.

2.3.2. MLEs of the Lomax Distribution Adjusted for Bias (MLE.b)

For small sample sizes, the MLEs sometimes perform poorly. In order to solve this
problem, [14] proposed the use of second-order bias-adjusted versions of the MLEs. To
obtain these estimators, the bias of the MLE is first approximated and then subtracted from
the MLE to produce the bias-corrected estimate.

Let K be the Fisher information matrix for the Lomax distribution, as provided in [14].
Furthermore, it can be shown that

K−1 =

[
σ2

nβ (β + 2)(β + 1)2 σβ
n (β + 1)(β + 2)

σβ
n (β + 1)(β + 2) β2

n (β + 1)2

]
.

The O(n−1) bias is obtained in [14] as

Bias
(

σ̂ML

β̂ML

)
= K−1 Avec(K−1) + O(n−2),

where vec(· ) is an operator that, when applied to a (m × n) matrix, produces a single
column vector of dimension (mn× 1) by piling up the column vectors below one another;
here, the matrix A is provided by
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A = n

[ 2β

σ3(β+2)(β+3)
−1

σ2(β+1)(β+2)
β

σ2(β+2)2
−1

σ(β+1)2

−1
σ2(β+1)(β+2) 0 −1

σ(β+1)2
1
β3

]
.

The bias-adjusted estimators proposed in [14] are then obtained by subtracting an
estimator of this approximated bias from the original MLEs:

(
σ̂MLB

β̂MLB

)
=

(
σ̂ML

β̂ML

)
− B̂ias

(
σ̂ML

β̂ML

)
=

(
σ̂ML

β̂ML

)
− K̂−1 Âvec(K̂−1), (7)

where
K̂ = K|

σ=σ̂ML ;β=β̂ML
and Â = A|

σ=σ̂ML ;β=β̂ML
.

The bias-adjusted estimators in (7) have simple closed-form expressions, making them
computationally appealing.

Remark 2. Note that a robust alternative to maximum likelihood for parameter estimation of
univariate continuous distributions is the maximum product of spacings estimator (MPSE) pro-
posed by [31,32]. As this approach essentially employs a discretised analogue of the log-likelihood,
maximisation yields similar results to the MLE, and for this reason is omitted from our simulations.

2.4. Minimum Distance Estimators (MDEs) Based on Distribution Functions

MDEs are estimators that minimise (for example) some distance measure between the
theoretical CDF and the empirical distribution function (EDF) of the observed sample data.
Note that we define the EDF as

Fn(x) =
1
n

n

∑
j=1

I
(
Xj:n ≤ x

)
,

where I(·) is the indicator function and n is the sample size. The main idea is to deter-
mine how close the theoretical CDF is to the EDF; the distance between two probability
distributions captures the difference in information between them. Minimum distance
estimation was first subjected to in-depth study in a series of papers discussed in [33],
and has subsequently been considered a good method for deriving efficient and robust
estimators in [19,34,35] as well as in [20], among others.

Several minimum distance estimation methods have been proposed, including those
derived from empirical distribution functions, such as Cramér–von Mises, and those
derived from entropy, such as Kullback–Liebler divergence. We discuss these estimators
in two separate sections; the first is based on distance measures between distribution
functions, while the second considers distances between density functions. Below, we
consider the Cramér–von Mises (CvM) and squared difference (SD) statistics.

In Section 3, we calculate these MDEs using the optim function in R; specifically we use
the “BFGS” optimisation method (see [36–39]). This is a quasi-Newton method reliant on
gradients to perform optimisation. We use the LMEs as initial values, as they are available
in closed-form and generally perform well compared to other estimators.

2.4.1. A Cramér–Von Mises Distance Measure (MDE.CvM)

The Cramér–von Mises (CvM) statistic is based on the squared integral difference
between the EDF and the theoretical distribution. It has the form

Qn = n
∫ ∞

−∞
[Fn(x)− F(x)]2dF(x).

We can define the CvM distance measure used to estimate the parameters of the Lomax
distribution using the MDE approach as follows:
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DCM
n (σ, β) =

∫ ∞

0

[
Fn(x)− Fσ,β(x)

]2 fσ,β(x)dx,

where Fσ,β(x) and fσ,β(x) are the CDF and PDF of the Lomax distribution with scale
parameter σ and shape parameter β, respectively. This distance measure permits a simple
calculable form provided by

DCM
n (σ, β) =

1
12n

+
n

∑
j=1

(
Fσ,β

(
Xj:n

)
− 2j− 1

2n

)2

=
1

12n
+

n

∑
j=1


1−

(
σ

Xj:n + σ

)β

− 2j− 1
2n




2

.

Finally, the resulting estimators for σ and β can be expressed simply as the values of those
parameters that minimise this distance measure:

(σ̂CM, β̂CM) = arg min
(σ,β)

DCM
n (σ, β).

2.4.2. A ‘Squared Difference’ Distance Estimator (MDE.SD)

An alternative to the Cramér–von Mises distance measure is the much simpler ‘squared
difference’ measure. This distance measure focuses only on the squared difference between
the quantities Fn and F, and has the following general expression:

Sn =
∫ ∞

−∞
[Fn(x)− F(x)]2dFn(x).

Now, using the Lomax distribution function Fσ,β(· ), the distance measure can be defined as

DSD
n (σ, β) =

∫ ∞

0

[
Fn(x)− Fσ,β(x)

]2dFn(x),

where, upon simplification, we obtain the following tractable calculation form:

DSD
n (σ, β) =

n

∑
j=1

(
Fσ,β(Xj:n)−

j
n + 1

)2

=
n

∑
j=1


1−

(
σ

Xj:n + σ

)β

− j
n + 1




2

.

Therefore, the estimators obtained by minimising this ‘squared difference’ distance measure
can be expressed as

(σ̂SD, β̂SD) = arg min
(σ,β)

DSD
n (σ, β).

2.5. Minimum Distance Estimators (MDEs) Based on Density Functions (φ-Divergence
Distance Measures)

The estimators discussed below are similar to those discussed in Section 2.4, the
principal difference being that the distance to be minimised is between density functions
instead of distribution functions. The resulting estimators are often referred to as φ-
divergence distance measures, and represent a broad class of distance measures that
describe the distance between two densities f and g, defined as

δ( f , g) = E
[

φ

(
f (X)

g(X)

)
g(X)

f (X)

]
, (8)
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where X is a random variable from a distribution function with density f and φ(·) is a

convex function such that φ(1) = 0 and ∂2φ(x)
∂x2

∣∣∣
x=1

= φ′′(1) > 0. In (8), we set g(x) to be

the Lomax density function, fσ,β(x), and set f (x) to be some empirical estimator for the
density, f̂ (x), to obtain the following distance measure to be minimised in order to estimate
the parameters σ and β:

Dφ
n (σ, β) =

1
n

n

∑
j=1

φ

(
f̂ (Xj)

fσ,β(Xj)

)
fσ,β(Xj)

f̂ (Xj)
.

The required parameters estimates are

(σ̂, β̂) = arg min
(σ,β)

Dφ
n (σ, β).

In this setting, we estimate the density using the kernel density estimator f̂h(x),
defined as

f̂h(x) =
1

nh

n

∑
i=1

k
(

x− Xi
h

)
,

where k(·) is the kernel function chosen to be the standard normal density function and h is
the bandwidth, chosen using Silverman’s rule-of-thumb (h = 0.9n−1/5 min(s, (q3 − q1)/1.34),
where q1 and q3 denote the sample quartiles and s denotes the sample standard devia-
tion [40]). The practical implementation of the kernel density estimator is executed using
the density function in R [30].

Different choices of the function φ(·) lead to different forms of the distance measure
described above. Here, we consider three choices of φ(·) resulting in the Kullback–Leibler
(KL) divergence, chi-square (χ2) divergence, and total variation (TV) distance. These
choices are described below.

2.5.1. Kullback–Liebler φ-Divergence Distance Measure (MDE.KL)

The Kullback–Liebler φ-divergence distance measure can be obtained by setting

φ(t) = t log(t).

The resulting distance measure is

DKL
n (σ, β) =

1
n

n

∑
j=1

log

(
f̂h(Xj)

fσ,β(Xj)

)
,

and we denote the estimator by (σ̂KL, β̂KL) [17]; note that this Kullback–Liebler form simply
represents a robust extension of MLE. This approach is followed in [16], where a general
class of density power divergent estimators are employed to estimate the parameters of
the GPD.

2.5.2. Chi-Squared φ-Divergence Distance Measure (MDE.χ2)

Setting φ(t) = (t− 1)2 yields the chi-square φ-divergence distance measure, denoted as

DCS
n (σ, β) =

1
n

n

∑
j=1

(
f̂h(Xj)− fσ,β(Xj)

)2

fσ,β(Xj) f̂h(Xj)
,

and we can express the resulting estimator as (σ̂CS, β̂CS)
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2.5.3. Total Variation φ-Divergence Distance Measure (MDE.TV)

When specifying φ(t) = |t− 1|, we obtain the total variation φ-divergence distance
measure, provided by

DTV
n (σ, β) =

1
n

n

∑
j=1

∣∣∣∣∣1−
fσ,β(Xj)

f̂h(Xj)

∣∣∣∣∣,

and we can designate the resulting estimator by (σ̂TV , β̂TV).

3. Finite Sample Results

Below, we consider the Monte Carlo settings before turning our attention to the results.

3.1. Monte Carlo Simulation Settings

In order to compare the performance of the various estimators to one another, a
comprehensive Monte Carlo simulation study was conducted. The simulation study
sets out to approximate several distributional properties of the estimators, including the
expected value, variance, mean squared error (MSE), and relative bias (RB), which we
define to be the calculated bias divided by the true parameter value. Using these various
approximations, it is possible to compare the estimators to one another in a sensible manner.

The Monte Carlo simulation was conducted by simulating MC = 150, 000 samples
of size n ∈ {30, 50, 100, 200, 500} from the Lomax distribution using a variety of parameter
settings. For the σ parameter, the values used included σ ∈ {1, 2}, whereas for the β
parameter we used β ∈ {1.1, 1.5, 2, 2.1}. We considered only values of β exceeding 1, as the
mean of the distribution is infinite if β ≤ 1; see (1). Furthermore, the value of β = 2.1 is
included in order to consider the case in which variance exists.

For each randomly generated sample, the parameters were estimated and collected
to ultimately obtain the approximations of the distributional properties mentioned. All
calculations were performed using R v4.2.2 [30].

In addition to calculating the MSE for each parameter separately, a combined MSE
yielding a single value was calculated as follows: for every pair of estimates, define

ς j =

∥∥∥∥
[

β̂ j
σ̂j

]
−
[

β
σ

]∥∥∥∥
2

=
(

β̂ j − β
)2

+
(
σ̂j − σ

)2,

then calculate TMSE = 1
MC ∑MC

j=1 ς j as the measure of the total mean squared error (TMSE)
of the estimation technique.

Tables 1–4 present the Monte Carlo approximations of the expected value, variance,
RB, and MSE for all estimators of σ and β as well as the TMSE described above for sample
sizes n = 30 and 50. The remaining tables for samples sizes n = 100, 200, and 500 are
presented in the Appendix A Tables A1–A6.
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Table 1. Comparison of different estimation methods for different values of β (σ = 1 and n = 30).

n = 30

β = 1.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.631 (1.388) 242.871 (0.455) 48.245 (26.164) 243.151 (0.538) 1.859 (1.432) 1301.721 (1.091) 85.949 (43.278) 1302.451 (1.278) 1545.602 (1.816)
MLE.b 1.356 (1.111) 243.050 (0.501) 23.297 (0.964) 243.114 (0.501) 1.409 (0.978) 1302.131 (1.116) 40.923 (−2.203) 1302.290 (1.116) 1545.404 (1.617)
LME 1.752 (1.698) 1.443 (0.249) 59.261 (54.331) 1.867 (0.606) 1.965 (1.883) 3.558 (0.736) 96.479 (88.254) 4.489 (1.515) 6.356 (2.122)

MDE.CvM 1.289 (1.221) 1.638 (0.283) 17.165 (11.008) 1.673 (0.298) 1.282 (1.180) 3.860 (0.605) 28.231 (18.032) 3.940 (0.638) 5.613 (0.936)
MDE.SD 1.067 (1.021) 1.277 (0.140) −3.044 (−7.145) 1.278 (0.146) 0.989 (0.919) 3.068 (0.304) −1.133 (−8.109) 3.068 (0.310) 4.346 (0.457)
MDE.χ2 1.400 (0.658) 142.589 (64.907) 27.266 (−40.158) 142.678 (65.102) 5.828 (3.689) 709.410 (10.567) 482.831 (268.909) 732.718 (17.798) 875.395 (82.901)
MDE.TV 4.310 (3.088) 308.406 (162.076) 291.837 (180.755) 318.709 (166.028) 13.234 (8.817) 3050.295 (1054.581) 1223.385 (781.723) 3199.942 (1115.683) 3518.651 (1281.711)
MDE.KL 1.538 (1.388) 7.591 (0.455) 39.804 (26.165) 7.783 (0.538) 1.663 (1.433) 21.395 (1.091) 66.250 (43.278) 21.833 (1.278) 29.616 (1.816)

MME 3.566 (3.183) 402.398 (1.534) 224.178 (189.368) 408.476 (5.873) 7.944 (6.573) 73, 758.684 (8.391) 694.391 (557.345) 73, 806.410 (39.454) 74, 214.887 (45.327)

β = 1.5 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.576 (1.904) 1328.191 (1.713) 71.749 (26.911) 1329.341 (1.876) 2.124 (1.446) 1248.991 (1.958) 112.409 (44.569) 1250.247 (2.157) 2579.587 (4.033)
MLE.b 2.292 (1.617) 1328.862 (2.004) 52.818 (7.789) 1329.481 (2.017) 1.822 (1.140) 1249.680 (2.238) 82.176 (14.030) 1250.347 (2.258) 2579.828 (4.275)
LME 2.119 (2.020) 4.407 (0.555) 41.261 (34.635) 4.790 (0.825) 1.606 (1.503) 4.733 (0.686) 60.632 (50.340) 5.101 (0.939) 9.891 (1.764)

MDE.CvM 1.645 (1.527) 4.824 (0.618) 9.677 (1.796) 4.845 (0.619) 1.180 (1.056) 5.088 (0.647) 18.004 (5.574) 5.120 (0.650) 9.965 (1.269)
MDE.SD 1.319 (1.233) 4.058 (0.252) −12.076 (−17.833) 4.091 (0.323) 0.884 (0.793) 4.285 (0.266) −11.649 (−20.725) 4.298 (0.309) 8.389 (0.632)
MDE.χ2 3.691 (2.407) 249.441 (86.961) 146.080 (60.489) 254.241 (87.784) 7.321 (4.588) 984.263 (221.195) 632.149 (358.751) 1024.217 (234.064) 1278.458 (321.848)
MDE.TV 8.985 (7.700) 779.077 (621.789) 498.994 (413.342) 835.096 (660.226) 17.796 (14.366) 3307.599 (2137.419) 1679.607 (1336.634) 3589.685 (2316.063) 4424.781 (2976.290)
MDE.KL 2.235 (1.904) 24.311 (1.713) 49.005 (26.910) 24.851 (1.876) 1.793 (1.446) 27.346 (1.958) 79.332 (44.568) 27.976 (2.157) 52.827 (4.032)

MME 5.033 (3.949) 2382.947 (5.832) 235.503 (163.261) 2395.410 (11.830) 5.627 (4.518) 2253.515 (7.249) 462.743 (351.785) 2274.913 (19.624) 4670.323 (31.454)

β = 2 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 10.631 (2.483) 6, 374, 279.987 (4.146) 431.530 (24.163) 6, 374, 311.979 (4.380) 8.050 (1.425) 4, 411, 470.525 (2.571) 704.975 (42.546) 4, 411, 490.815 (2.752) 10, 785, 802.793 (7.131)
MLE.b 10.379 (2.230) 6, 374, 284.603 (4.675) 418.975 (11.481) 6, 374, 312.324 (4.728) 7.866 (1.234) 4, 411, 473.226 (2.841) 686.612 (23.997) 4, 411, 490.960 (2.899) 10, 785, 803.284 (7.627)
LME 2.590 (2.340) 16.215 (0.813) 29.521 (17.002) 16.564 (0.929) 1.430 (1.252) 8.343 (0.533) 42.991 (25.178) 8.528 (0.596) 25.092 (1.525)

MDE.CvM 2.094 (1.817) 17.499 (0.951) 4.700 (−9.160) 17.508 (0.984) 1.125 (0.923) 8.779 (0.523) 12.484 (−7.229) 8.794 (0.528) 26.302 (1.512)
MDE.SD 1.667 (1.425) 16.001 (0.344) −16.649 (−28.771) 16.111 (0.675) 0.850 (0.678) 8.127 (0.191) −15.047 (−32.233) 8.150 (0.295) 24.261 (0.970)
MDE.χ2 5.751 (4.396) 440.292 (260.872) 187.574 (119.806) 454.363 (266.611) 7.995 (5.744) 931.582 (424.717) 699.467 (474.422) 980.502 (447.221) 1434.864 (713.832)
MDE.TV 14.132 (12.812) 1313.540 (1152.541) 606.596 (540.613) 1460.715 (1269.438) 19.502 (16.988) 2718.308 (2104.381) 1850.233 (1598.769) 3060.626 (2359.973) 4521.341 (3629.411)
MDE.KL 3.080 (2.483) 58.598 (4.142) 53.982 (24.154) 59.763 (4.376) 1.880 (1.425) 34.722 (2.568) 88.012 (42.531) 35.497 (2.749) 95.260 (7.124)

MME 10.502 (4.847) 1, 519, 554.747 (13.880) 425.099 (142.374) 1, 519, 616.900 (21.988) 8.101 (3.617) 1, 049, 846.183 (8.816) 710.103 (261.746) 1, 049, 889.609 (15.667) 2, 569, 506.509 (37.655)

β = 2.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 3.968 (2.583) 4052.394 (4.795) 88.931 (23.023) 4055.854 (5.028) 2.408 (1.417) 2121.562 (2.695) 140.780 (41.714) 2123.530 (2.869) 6179.385 (7.897)
MLE.b 3.725 (2.339) 4053.619 (5.354) 77.387 (11.362) 4056.233 (5.410) 2.241 (1.249) 2122.147 (2.951) 124.091 (24.856) 2123.673 (3.013) 6179.905 (8.423)
LME 2.683 (2.392) 20.284 (0.857) 27.739 (13.913) 20.623 (0.942) 1.406 (1.215) 9.003 (0.512) 40.628 (21.536) 9.168 (0.558) 29.791 (1.500)

MDE.CvM 2.189 (1.867) 21.999 (1.033) 4.258 (−11.083) 22.007 (1.087) 1.120 (0.909) 9.521 (0.513) 12.045 (−9.116) 9.535 (0.522) 31.542 (1.609)
MDE.SD 1.741 (1.456) 20.114 (0.365) −17.108 (−30.653) 20.243 (0.780) 0.847 (0.660) 8.863 (0.182) −15.258 (−33.966) 8.886 (0.298) 29.129 (1.077)
MDE.χ2 6.338 (4.970) 506.733 (324.538) 201.832 (136.686) 524.694 (332.775) 8.337 (6.143) 965.206 (485.821) 733.660 (514.313) 1019.025 (512.270) 1543.719 (845.044)
MDE.TV 15.028 (13.701) 1407.830 (1245.632) 615.639 (552.412) 1574.965 (1380.198) 19.563 (17.179) 2592.689 (2043.054) 1856.338 (1617.909) 2937.271 (2304.803) 4512.236 (3685.001)
MDE.KL 3.230 (2.583) 66.156 (4.790) 53.819 (23.009) 67.432 (5.023) 1.874 (1.417) 33.640 (2.692) 87.407 (41.694) 34.404 (2.866) 101.836 (7.889)

MME 7.206 (4.999) 10764.703 (15.688) 243.140 (138.039) 10790.702 (24.091) 5.098 (3.503) 5326.312 (8.978) 409.809 (250.286) 5343.071 (15.242) 16133.772 (39.333)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table 2. Comparison of different estimation methods for different values of β (σ = 2 and n = 30).

n = 30

β = 1.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.654 (1.336) 80, 051.393 (0.316) 141.251 (21.473) 80, 053.273 (0.372) 5.885 (2.335) 45, 6819.670 (2.234) 194.234 (16.734) 456831.715 (2.346) 536, 884.988 (2.718)
MLE.b 2.366 (1.045) 80, 052.166 (0.330) 115.071 (−4.971) 80, 053.235 (0.333) 5.070 (1.512) 456, 825.356 (2.129) 153.505 (−24.408) 456, 831.736 (2.367) 536, 884.971 (2.700)
LME 1.737 (1.646) 2.859 (0.195) 57.919 (49.670) 3.265 (0.494) 3.352 (3.070) 26.767 (1.619) 67.586 (53.514) 28.594 (2.764) 31.859 (3.258)

MDE.CvM 1.333 (1.215) 3.468 (0.241) 21.183 (10.461) 3.522 (0.254) 2.406 (2.035) 33.547 (1.679) 20.284 (1.767) 33.712 (1.680) 37.234 (1.934)
MDE.SD 1.108 (1.021) 2.787 (0.118) 0.734 (−7.190) 2.787 (0.125) 1.867 (1.593) 26.395 (0.838) −6.674 (−20.374) 26.412 (1.004) 29.200 (1.129)
MDE.χ2 −1.802 (−2.472) 519.986 (458.735) −263.855 (−324.714) 528.407 (471.490) 8.987 (5.647) 1787.035 (18.494) 349.330 (182.333) 1835.836 (31.792) 2364.243 (503.283)
MDE.TV 3.114 (2.000) 179.513 (57.251) 183.069 (81.857) 183.567 (58.062) 16.174 (9.895) 5035.891 (988.450) 708.695 (394.731) 5236.757 (1050.769) 5420.324 (1108.830)
MDE.KL 1.549 (1.336) 12.625 (0.316) 40.824 (21.474) 12.826 (0.372) 3.011 (2.335) 139.137 (2.234) 50.568 (16.735) 140.159 (2.346) 152.985 (2.718)

MME 4.587 (3.041) 104, 262.039 (0.983) 317.029 (176.484) 104, 273.505 (4.752) 15.807 (11.049) 620, 871.008 (20.274) 690.332 (452.457) 621057.492 (102.160) 725, 330.997 (106.913)

β = 1.5 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 3.840 (1.768) 303, 171.263 (1.239) 156.002 (17.885) 303, 174.717 (1.311) 6.526 (2.470) 1, 070, 845.334 (4.535) 226.281 (23.507) 1, 070, 858.676 (4.756) 1, 374, 033.393 (6.067)
MLE.b 3.540 (1.465) 303, 172.728 (1.462) 135.984 (−2.336) 303, 174.868 (1.463) 5.907 (1.846) 1, 070, 851.049 (5.240) 195.372 (−7.714) 1, 070, 859.178 (5.264) 1, 374, 034.046 (6.727)
LME 2.097 (1.953) 6.287 (0.469) 39.804 (30.189) 6.643 (0.674) 3.039 (2.735) 27.573 (1.824) 51.931 (36.773) 28.652 (2.365) 35.295 (3.039)

MDE.CvM 1.633 (1.460) 7.163 (0.627) 8.881 (−2.673) 7.181 (0.629) 2.260 (1.892) 31.451 (2.132) 12.989 (−5.409) 31.519 (2.143) 38.699 (2.772)
MDE.SD 1.328 (1.187) 6.142 (0.251) −11.492 (−20.868) 6.172 (0.349) 1.731 (1.432) 27.114 (0.878) −13.461 (−28.379) 27.187 (1.200) 33.358 (1.549)
MDE.χ2 2.601 (1.438) 211.051 (77.716) 73.417 (−4.124) 212.262 (77.719) 10.979 (6.649) 2166.770 (223.677) 448.972 (232.431) 2247.386 (245.285) 2459.648 (323.004)
MDE.TV 6.649 (5.472) 486.172 (352.656) 343.236 (264.823) 512.677 (368.434) 24.295 (18.812) 6861.384 (3870.786) 1114.764 (840.592) 7358.418 (4153.398) 7871.094 (4521.831)
MDE.KL 2.112 (1.768) 24.414 (1.239) 40.796 (17.885) 24.788 (1.311) 3.193 (2.470) 113.933 (4.535) 59.672 (23.507) 115.357 (4.756) 140.145 (6.067)

MME 5.558 (3.713) 134, 131.052 (3.674) 270.516 (147.511) 134, 146.624 (8.570) 11.891 (8.226) 474, 718.074 (16.034) 494.542 (311.289) 474, 812.737 (54.794) 608, 959.361 (63.364)

β = 2 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 4.651 (2.542) 40, 521.568 (5.325) 132.553 (27.104) 40, 528.326 (5.619) 5.796 (2.743) 90, 043.271 (9.927) 189.790 (37.143) 90, 057.079 (10.478) 130, 585.405 (16.097)
MLE.b 4.393 (2.282) 40, 523.226 (5.900) 119.658 (14.078) 40, 528.683 (5.979) 5.433 (2.376) 90, 046.502 (10.951) 171.652 (18.822) 90, 057.687 (11.093) 130, 586.370 (17.072)
LME 2.626 (2.378) 14.325 (1.017) 31.302 (18.909) 14.717 (1.160) 2.773 (2.418) 29.559 (1.987) 38.651 (20.895) 30.156 (2.162) 44.873 (3.322)

MDE.CvM 2.121 (1.849) 15.686 (1.569) 6.048 (−7.561) 15.700 (1.592) 2.206 (1.814) 32.171 (2.826) 10.306 (−9.319) 32.213 (2.861) 47.913 (4.453)
MDE.SD 1.675 (1.429) 14.142 (0.504) −16.232 (−28.568) 14.247 (0.830) 1.656 (1.301) 29.152 (0.946) −17.193 (−34.936) 29.270 (1.435) 43.517 (2.265)
MDE.χ2 5.823 (4.584) 413.157 (263.767) 191.143 (129.198) 427.769 (270.442) 14.546 (10.837) 2668.173 (1287.792) 627.296 (441.825) 2825.555 (1365.867) 3253.324 (1636.309)
MDE.TV 13.483 (12.285) 1121.905 (989.562) 574.169 (514.248) 1253.765 (1095.335) 33.639 (29.381) 7502.526 (5733.947) 1581.944 (1369.057) 8503.495 (6483.635) 9757.260 (7578.970)
MDE.KL 3.148 (2.542) 57.284 (5.324) 57.420 (27.099) 58.602 (5.618) 3.589 (2.743) 115.121 (9.924) 79.429 (37.137) 117.643 (10.475) 176.246 (16.093)

MME 8.056 (4.920) 91, 678.128 (14.940) 302.823 (146.019) 91, 714.198 (23.468) 11.400 (6.907) 202185.798 (28.506) 470.023 (245.339) 202, 272.819 (52.582) 293, 987.017 (76.050)

β = 2.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 13.168 (2.715) 10, 525, 237.701 (6.682) 527.064 (29.283) 10, 525, 290.041 (7.060) 17.472 (2.807) 21, 231, 339.379 (11.375) 773.583 (40.354) 21, 231, 437.209 (12.027) 31, 756, 727.250 (19.087)
MLE.b 12.920 (2.464) 10, 525, 243.524 (7.320) 515.243 (17.342) 10, 525, 290.430 (7.453) 17.144 (2.476) 21, 231, 349.999 (12.397) 757.204 (23.809) 21, 231, 437.800 (12.624) 31, 756, 728.230 (20.076)
LME 2.716 (2.457) 15.407 (1.125) 29.331 (17.011) 15.787 (1.252) 2.719 (2.370) 27.909 (1.988) 35.970 (18.494) 28.426 (2.124) 44.213 (3.377)

MDE.CvM 2.208 (1.927) 16.753 (1.785) 5.159 (−8.257) 16.765 (1.815) 2.188 (1.805) 30.354 (2.926) 9.395 (−9.729) 30.389 (2.963) 47.154 (4.778)
MDE.SD 1.732 (1.475) 15.097 (0.556) −17.540 (−29.781) 15.233 (0.947) 1.631 (1.282) 27.579 (0.946) −18.455 (−35.923) 27.715 (1.462) 42.948 (2.409)
MDE.χ2 6.539 (5.294) 478.575 (328.370) 211.360 (152.080) 498.272 (338.567) 15.386 (11.804) 2773.641 (1493.532) 669.291 (490.205) 2952.803 (1589.642) 3451.075 (1928.209)
MDE.TV 14.883 (13.685) 1251.153 (1120.351) 608.694 (551.673) 1414.538 (1254.559) 34.890 (30.857) 7381.902 (5805.013) 1644.486 (1442.828) 8463.586 (6637.675) 9878.124 (7892.233)
MDE.KL 3.366 (2.715) 64.459 (6.677) 60.280 (29.274) 66.061 (7.054) 3.675 (2.807) 117.214 (11.368) 83.757 (40.344) 120.019 (12.019) 186.080 (19.074)

MME 13.670 (5.185) 4, 448, 857.662 (18.755) 550.967 (146.909) 4, 448, 961.875 (28.273) 18.554 (6.799) 8, 964, 986.987 (32.460) 827.684 (239.955) 8, 965, 201.245 (55.492) 13, 414, 163.120 (83.765)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.



Computation 2023, 11, 44 12 of 28

Table 3. Comparison of different estimation methods for different values of β (σ = 1 and n = 50).

n = 50

β = 1.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.337 (1.279) 17.087 (0.179) 21.575 (16.301) 17.143 (0.211) 1.362 (1.278) 26.143 (0.451) 36.187 (27.806) 26.273 (0.528) 43.417 (0.739)
MLE.b 1.121 (1.061) 17.023 (0.088) 1.919 (−3.554) 17.024 (0.090) 1.008 (0.921) 25.944 (0.194) 0.758 (−7.915) 25.944 (0.201) 42.968 (0.291)
LME 1.619 (1.589) 0.566 (0.141) 47.154 (44.486) 0.835 (0.380) 1.805 (1.761) 1.175 (0.437) 80.507 (76.078) 1.823 (1.016) 2.658 (1.397)

MDE.CvM 1.255 (1.226) 0.645 (0.204) 14.071 (11.420) 0.669 (0.219) 1.235 (1.192) 1.203 (0.430) 23.469 (19.160) 1.258 (0.467) 1.927 (0.686)
MDE.SD 1.123 (1.100) 0.533 (0.135) 2.048 (−0.008) 0.534 (0.135) 1.059 (1.025) 0.969 (0.286) 5.921 (2.521) 0.972 (0.287) 1.506 (0.422)
MDE.χ2 0.576 (0.454) 52.779 (44.175) −47.631 (−58.730) 53.053 (44.592) 2.643 (2.302) 64.223 (1.739) 164.331 (130.241) 66.923 (3.435) 119.976 (48.028)
MDE.TV 1.469 (1.023) 44.461 (0.558) 33.536 (−7.039) 44.597 (0.564) 4.124 (2.883) 356.464 (5.102) 312.391 (188.318) 366.220 (8.648) 410.817 (9.212)
MDE.KL 1.324 (1.279) 1.142 (0.179) 20.398 (16.301) 1.192 (0.211) 1.346 (1.278) 2.594 (0.451) 34.592 (27.806) 2.714 (0.528) 3.906 (0.739)

MME 2.819 (2.731) 18.958 (0.429) 156.255 (148.298) 21.912 (3.091) 6.047 (5.850) 35.892 (4.301) 504.663 (484.988) 61.360 (27.822) 83.272 (30.913)

β = 1.5 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.910 (1.742) 29.072 (0.600) 27.336 (16.113) 29.240 (0.658) 1.435 (1.261) 29.125 (0.655) 43.471 (26.132) 29.314 (0.723) 58.554 (1.382)
MLE.b 1.594 (1.422) 29.160 (0.580) 6.259 (−5.177) 29.168 (0.586) 1.099 (0.922) 29.195 (0.606) 9.870 (−7.809) 29.204 (0.613) 58.373 (1.199)
LME 2.006 (1.939) 2.268 (0.375) 33.746 (29.268) 2.525 (0.568) 1.497 (1.428) 2.143 (0.431) 49.655 (42.835) 2.390 (0.614) 4.914 (1.182)

MDE.CvM 1.643 (1.570) 2.388 (0.373) 9.524 (4.650) 2.409 (0.378) 1.159 (1.084) 2.216 (0.360) 15.887 (8.438) 2.241 (0.367) 4.650 (0.745)
MDE.SD 1.435 (1.378) 2.054 (0.228) −4.353 (−8.123) 2.058 (0.243) 0.972 (0.915) 1.885 (0.224) −2.778 (−8.537) 1.886 (0.232) 3.944 (0.474)
MDE.χ2 1.777 (1.190) 64.224 (1.210) 18.480 (−20.645) 64.301 (1.306) 3.088 (2.071) 197.156 (2.661) 208.762 (107.097) 201.513 (3.808) 265.814 (5.114)
MDE.TV 3.474 (2.185) 213.434 (49.292) 131.589 (45.654) 217.328 (49.760) 6.070 (3.667) 704.911 (118.023) 506.972 (266.731) 730.609 (125.137) 947.937 (174.897)
MDE.KL 1.884 (1.742) 6.843 (0.600) 25.604 (16.114) 6.991 (0.658) 1.409 (1.261) 7.616 (0.655) 40.948 (26.132) 7.784 (0.723) 14.775 (1.382)

MME 3.525 (3.268) 68.985 (1.662) 135.021 (117.847) 73.086 (4.787) 3.915 (3.653) 56.723 (2.081) 291.549 (265.328) 65.223 (9.121) 138.309 (13.908)

β = 2 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 4.064 (2.322) 88, 391.676 (1.469) 103.208 (16.076) 88, 395.348 (1.572) 2.550 (1.262) 53, 460.738 (0.839) 154.964 (26.202) 53, 462.783 (0.907) 141, 858.131 (2.479)
MLE.b 3.687 (1.941) 88, 393.256 (1.737) 84.370 (−2.952) 88, 395.514 (1.740) 2.275 (0.985) 53, 461.571 (0.965) 127.540 (−1.500) 53, 462.841 (0.966) 141, 858.355 (2.706)
LME 2.541 (2.362) 10.175 (0.656) 27.056 (18.080) 10.468 (0.787) 1.379 (1.251) 5.002 (0.373) 37.875 (25.133) 5.145 (0.436) 15.613 (1.223)

MDE.CvM 2.147 (1.950) 11.017 (0.672) 7.369 (−2.515) 11.039 (0.674) 1.130 (0.991) 5.261 (0.311) 13.028 (−0.918) 5.278 (0.311) 16.317 (0.985)
MDE.SD 1.844 (1.671) 9.964 (0.366) −7.824 (−16.474) 9.989 (0.474) 0.939 (0.817) 4.853 (0.174) −6.084 (−18.329) 4.856 (0.207) 14.845 (0.682)
MDE.χ2 3.234 (1.907) 184.224 (8.655) 61.702 (−4.626) 185.745 (8.664) 3.858 (2.219) 289.266 (13.104) 285.820 (121.906) 297.434 (14.590) 483.179 (23.254)
MDE.TV 6.526 (5.154) 508.122 (325.038) 226.284 (157.708) 528.600 (334.985) 7.836 (5.878) 805.664 (426.266) 683.559 (487.831) 852.384 (450.061) 1380.985 (785.046)
MDE.KL 2.681 (2.321) 30.242 (1.468) 34.065 (16.074) 30.706 (1.571) 1.523 (1.262) 15.553 (0.838) 52.308 (26.199) 15.826 (0.907) 46.533 (2.479)

MME 6.154 (4.024) 117, 688.362 (4.352) 207.707 (101.200) 117, 704.835 (8.448) 4.407 (2.830) 71, 115.685 (2.552) 340.671 (182.997) 71, 126.816 (5.901) 188, 831.651 (14.349)

β = 2.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 3.683 (2.425) 15, 372.855 (1.606) 75.395 (15.489) 15, 375.260 (1.712) 2.144 (1.258) 9856.006 (0.824) 114.436 (25.797) 9857.250 (0.891) 25, 232.509 (2.602)
MLE.b 3.299 (2.037) 15, 374.150 (1.936) 57.099 (−2.992) 15, 375.485 (1.940) 1.881 (0.992) 9856.614 (0.965) 88.066 (−0.839) 9857.324 (0.965) 25, 232.809 (2.905)
LME 2.628 (2.435) 11.262 (0.687) 25.125 (15.946) 11.541 (0.799) 1.354 (1.225) 5.092 (0.350) 35.444 (22.513) 5.218 (0.401) 16.759 (1.200)

MDE.CvM 2.237 (2.022) 12.392 (0.728) 6.532 (−3.711) 12.411 (0.734) 1.122 (0.979) 5.413 (0.299) 12.212 (−2.110) 5.428 (0.299) 17.838 (1.033)
MDE.SD 1.912 (1.725) 11.068 (0.389) −8.935 (−17.851) 11.103 (0.530) 0.929 (0.804) 4.978 (0.165) −7.089 (−19.626) 4.983 (0.203) 16.086 (0.733)
MDE.χ2 3.456 (2.091) 202.280 (17.788) 64.571 (−0.425) 204.118 (17.788) 3.896 (2.281) 286.675 (21.194) 289.624 (128.129) 295.061 (22.836) 499.179 (40.624)
MDE.TV 7.182 (5.800) 576.829 (391.624) 242.007 (176.209) 602.653 (405.314) 8.175 (6.272) 829.944 (472.227) 717.500 (527.232) 881.419 (500.021) 1484.072 (905.335)
MDE.KL 2.816 (2.425) 34.535 (1.606) 34.086 (15.490) 35.047 (1.712) 1.526 (1.258) 16.273 (0.824) 52.628 (25.797) 16.550 (0.891) 51.597 (2.602)

MME 5.797 (4.153) 30, 610.691 (4.790) 176.068 (97.777) 30, 624.158 (9.006) 3.925 (2.730) 22, 527.694 (2.531) 292.536 (173.042) 22, 536.102 (5.525) 53, 160.260 (14.531)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table 4. Comparison of different estimation methods for different values of β (σ = 2 and n = 50).

n = 50

β = 1.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.321 (1.271) 7.676 (0.130) 20.075 (15.576) 7.724 (0.159) 2.446 (2.300) 58.608 (1.118) 22.292 (14.976) 58.806 (1.207) 66.531 (1.367)
MLE.b 1.103 (1.053) 7.613 (0.048) 0.270 (−4.310) 7.613 (0.050) 1.795 (1.651) 58.000 (0.391) −10.229 (−17.446) 58.041 (0.513) 65.654 (0.563)
LME 1.598 (1.571) 0.459 (0.112) 45.313 (42.838) 0.707 (0.334) 3.194 (3.113) 3.822 (1.118) 59.701 (55.631) 5.247 (2.356) 5.955 (2.689)

MDE.CvM 1.262 (1.232) 0.599 (0.157) 14.738 (11.971) 0.625 (0.175) 2.283 (2.188) 4.956 (1.228) 14.135 (9.423) 5.036 (1.263) 5.661 (1.438)
MDE.SD 1.131 (1.108) 0.444 (0.106) 2.851 (0.722) 0.445 (0.106) 1.962 (1.889) 3.498 (0.832) −1.897 (−5.562) 3.499 (0.845) 3.944 (0.951)
MDE.χ2 −2.443 (−2.559) 432.103 (430.062) −322.096 (−332.608) 444.653 (443.445) 4.567 (4.071) 143.225 (4.875) 128.353 (103.562) 149.814 (9.165) 594.468 (452.610)
MDE.TV 1.195 (0.966) 18.898 (0.343) 8.655 (−12.149) 18.907 (0.361) 5.975 (4.822) 493.736 (9.713) 198.729 (141.079) 509.530 (17.674) 528.437 (18.035)
MDE.KL 1.314 (1.271) 1.379 (0.130) 19.457 (15.577) 1.425 (0.159) 2.427 (2.300) 13.544 (1.118) 21.357 (14.976) 13.726 (1.207) 15.151 (1.367)

MME 2.758 (2.688) 9.027 (0.306) 150.697 (144.400) 11.774 (2.829) 10.963 (10.449) 113.818 (11.941) 448.140 (422.473) 194.149 (83.335) 205.924 (86.164)

β = 1.5 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.901 (1.635) 1222.016 (0.360) 26.749 (8.975) 1222.169 (0.378) 2.790 (2.267) 3893.460 (1.445) 39.491 (13.349) 3894.057 (1.516) 5116.226 (1.895)
MLE.b 1.586 (1.316) 1222.114 (0.289) 5.734 (−12.252) 1222.113 (0.323) 2.130 (1.600) 3893.758 (1.045) 6.496 (−19.980) 3893.749 (1.205) 5115.862 (1.528)
LME 1.945 (1.872) 2.313 (0.260) 29.683 (24.769) 2.511 (0.398) 2.829 (2.683) 9.341 (1.145) 41.442 (34.155) 10.028 (1.612) 12.539 (2.010)

MDE.CvM 1.556 (1.471) 2.566 (0.264) 3.723 (−1.942) 2.569 (0.265) 2.122 (1.952) 10.429 (0.988) 6.081 (−2.408) 10.444 (0.991) 13.013 (1.256)
MDE.SD 1.372 (1.303) 2.203 (0.167) −8.515 (−13.118) 2.219 (0.206) 1.801 (1.662) 8.880 (0.637) −9.964 (−16.876) 8.920 (0.751) 11.139 (0.957)
MDE.χ2 1.272 (0.903) 59.656 (25.287) −15.204 (−39.807) 59.708 (25.644) 4.937 (3.750) 372.382 (5.471) 146.837 (87.524) 381.004 (8.536) 440.712 (34.179)
MDE.TV 2.517 (1.565) 104.788 (2.606) 67.820 (4.316) 105.822 (2.610) 8.412 (5.254) 1201.454 (32.218) 320.602 (162.680) 1242.561 (42.804) 1348.383 (45.414)
MDE.KL 1.773 (1.635) 7.148 (0.360) 18.170 (8.975) 7.222 (0.378) 2.549 (2.67) 32.956 (1.445) 27.432 (13.349) 33.257 (1.516) 40.479 (1.895)

MME 3.487 (3.133) 2302.496 (0.974) 132.488 (108.849) 2306.430 (3.640) 7.675 (6.982) 7317.771 (5.416) 283.772 (249.093) 7349.933 (30.235) 9656.363 (33.875)

β = 2 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 3.964 (2.294) 87, 007.295 (1.892) 98.197 (14.702) 87, 010.572 (1.979) 4.811 (2.410) 209, 557.330 (3.584) 140.568 (20.522) 209, 563.836 (3.753) 296, 574.408 (5.731)
MLE.b 3.592 (1.919) 87, 008.800 (2.157) 79.611 (−4.072) 87, 010.756 (2.164) 4.280 (1.873) 209, 560.318 (4.021) 113.978 (−6.337) 209, 564.118 (4.037) 296, 574.873 (6.201)
LME 2.540 (2.349) 9.617 (0.813) 27.016 (17.454) 9.909 (0.935) 2.690 (2.420) 19.220 (1.570) 34.494 (21.013) 19.696 (1.747) 29.605 (2.682)

MDE.CvM 2.086 (1.876) 10.282 (0.925) 4.282 (−6.206) 10.289 (0.940) 2.143 (1.848) 20.472 (1.684) 7.157 (−7.577) 20.493 (1.707) 30.782 (2.648)
MDE.SD 1.800 (1.610) 9.404 (0.462) −9.987 (−19.497) 9.444 (0.615) 1.792 (1.523) 18.879 (0.854) −10.383 (−23.865) 18.922 (1.081) 28.366 (1.696)
MDE.χ2 3.158 (1.929) 162.550 (13.023) 57.896 (−3.538) 163.890 (13.028) 7.065 (4.326) 826.859 (59.570) 253.272 (116.290) 852.512 (64.979) 1016.402 (78.007)
MDE.TV 6.245 (5.002) 432.995 (282.844) 212.245 (150.104) 451.011 (291.854) 14.062 (10.739) 2329.501 (1232.378) 603.122 (436.940) 2474.988 (1308.737) 2925.999 (1600.591)
MDE.KL 2.700 (2.294) 32.588 (1.891) 35.001 (14.698) 33.078 (1.977) 2.980 (2.410) 65.105 (3.583) 49.011 (20.517) 66.065 (3.751) 99.143 (5.729)

MME 6.068 (4.028) 116, 001.156 (4.733) 203.376 (101.383) 116, 016.928 (8.845) 8.449 (5.521) 278, 863.728 (9.167) 322.454 (176.057) 278, 903.459 (21.565) 394, 920.387 (30.410)

β = 2.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 3.792 (2.431) 12, 233.774 (2.372) 80.558 (15.770) 12, 236.554 (2.482) 4.344 (2.436) 31, 226.068 (3.994) 117.180 (21.824) 31, 231.352 (4.185) 43, 467.907 (6.667)
MLE.b 3.418 (2.053) 12, 235.142 (2.725) 62.746 (−2.223) 12, 236.797 (2.727) 3.842 (1.930) 31, 228.517 (4.532) 92.091 (−3.518) 31, 231.701 (4.537) 43, 468.497 (7.264)
LME 2.639 (2.440) 10.710 (0.934) 25.676 (16.193) 11.001 (1.050) 2.643 (2.382) 18.616 (1.598) 32.159 (19.099) 19.029 (1.744) 30.030 (2.794)

MDE.CvM 2.164 (1.947) 11.349 (1.078) 3.062 (−7.287) 11.353 (1.101) 2.110 (1.825) 19.753 (1.762) 5.496 (−8.728) 19.765 (1.793) 31.118 (2.894)
MDE.SD 1.859 (1.662) 10.413 (0.524) −11.467 (−20.869) 10.470 (0.716) 1.755 (1.495) 18.274 (0.868) −12.230 (−25.263) 18.333 (1.124) 28.804 (1.839)
MDE.χ2 3.521 (2.274) 190.586 (36.774) 67.675 (8.271) 192.604 (36.804) 7.400 (4.700) 864.422 (127.551) 269.986 (135.003) 893.573 (134.841) 1086.177 (171.645)
MDE.TV 7.138 (5.888) 516.606 (365.525) 239.903 (180.380) 541.984 (379.871) 15.073 (11.903) 2439.587 (1445.992) 653.643 (495.143) 2610.470 (1544.049) 3152.454 (1923.921)
MDE.KL 2.853 (2.431) 34.842 (2.371) 35.839 (15.766) 35.408 (2.481) 2.990 (2.436) 61.063 (3.992) 49.499 (21.820) 62.043 (4.183) 97.451 (6.663)

MME 5.909 (4.218) 16, 449.516 (5.815) 181.398 (100.875) 16, 463.918 (10.302) 7.785 (5.383) 47, 121.621 (9.898) 289.267 (169.145) 47154.777 (21.342) 63, 618.695 (31.645)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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The main entries in Tables 1–4 and A1–A6 represent the unadjusted calculation of
these quantities; however, due to issues with a small number of aberrant samples in the
simulation, the optimisation produced extreme values for the estimators in these cases.
Therefore, in order to better understand the behaviour of the estimators, a ‘trimmed’
version of each of these quantities is provided in parentheses. These were obtained by
first removing the largest 1% of the estimator values produced in the simulation and
then calculating the various metrics. The effect of this trimming is most pronounced for
smaller samples.

Furthermore, each of the columns in the tables have a single value printed in bold
that highlights which of the estimators perform ‘best’. Mean values in bold font indicate
that the estimated values are closest to the true parameter value on average, whereas for
variance, RB, MSE and TMSE bold indicates that these values are the smallest among the
estimators considered.

Figures 1 and 2 show the logarithm of the TMSE as a function of sample size. We
choose to use a logarithmic scale, as this increases the separation between the lines on the
graph, which makes the figures easier to interpret.
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Figure 1. Plots of the log of the trimmed TMSE measure against sample size for five different
estimation techniques when σ = 1.
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Figure 2. Plots of the log of the trimmed TMSE measure against sample size for five different
estimation techniques when σ = 2.

Remark 3. The reason for setting the number of Monte Carlo simulations to the relatively high
number of 150,000 was due to the extreme sampling variation observed with the MLE and MLE.b
estimators. This variability was exacerbated whenever using a particularly small sample size
combined with a β value close to 2; therefore, we thought it best to make the number of simulations
as large as possible in order to mitigate this issue. The variability is likely due to numerical issues
related to the small sample sizes; note, however, that as the sample increases to n = 100 and above
this artefact disappears almost entirely. In addition, when considering the trimmed version of the
measures calculated for each estimator in the simulation it is apparent that the sampling variability
exhibited by these estimators is damped, which we feel is a more accurate reflection of the true value
of these measures.

3.2. Results

To obtain a better understanding of the performance of the estimators considered in
this study, we present a brief discussion of the simulation results presented in Tables 1–4
and A1–A6. We compare the trimmed versions of the variance, RB, and MSE performance
of the estimators to one another in various parameter settings in the Monte Carlo study.

We start by first noting that the RB, variance, and MSE of each of the estimation
methods improve when the sample size increases. The most notable improvements in
overall MSE as the sample size increases from 30 to 500 are in the MLE, MDE.TV, and
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MME; however, as we mention later, the MME method should likely not be considered for
estimation even for large samples. Interestingly, we find that the methods that perform well
for smaller sample sizes do not always perform well for larger samples when compared to
the competing methods. In particular, when the sample size is small (n = 30 or n = 50), it
can be seen that in the majority of cases MDE.SD, MDE.CvM, and LME have the smallest
variance, RB, and MSE values. Note that this small sample behaviour of the variance and
MSE measures holds for all but the β = 1.1 parameter. However, when considering the
case in which the sample size is small and the parameter β is specified to be small, there are
instances where the MDE.CvM exhibits comparatively larger bias than MDE.SD, LME, and
even MLE.b. Thus, it is clear that the underlying parameter values play a role in the relative
performance of the various estimation techniques considered. Finally, when considering
the RB for the various estimators, we note that MDE.SD most frequently gives rise to
negative RB values for small samples. Based on the generally positive RB values associated
with the remaining estimators, it seems that these other estimators tend to overestimate
the true parameter value in these cases. This behaviour of MDE.SD (and indeed all other
MDE-type estimators that we considered) is difficult to explain, as their distributional
properties depend on the parameters and do not permit simple closed-form expressions.

Note that while MDE.KL, MDE.SD, and LME are relatively good estimators (in an
MSE sense) when the sample size is large (n = 200 or n = 500), the MLE method now has
the best performance among all methods considered in this setting.

Next, we consider the behaviour of the estimators as the parameter settings of the
Monte Carlo change from one value to the next. As β increases from 1.1 to 2, the values
of the approximated variance, RB, and MSE of the estimators for both β and σ have the
tendency to increase as well. However, these values then immediately start to decrease
again when β is strictly larger than 2.

When the value of σ increases from 1 to 2, the simulation approximation of the variance
of the estimators of σ generally increases for all of the different estimation methods. The
same is not necessarily true for the estimation of β, where we find that there are instances
in which the approximated variance of the estimator of β (using a given estimation method)
decreases when the true σ increases from 1 to 2, and increases in others.

When comparing the class of estimators based on minimum distance measures to the
remaining methods, it can be readily seen that the MDE.SD and MDE.CvM estimators are
the best performers in terms of the MSE for small to moderate samples. While LME is an
excellent competitor, the MLE and MLE.b estimators perform relatively poorly in terms
of the MSE in these cases. However, for larger sample sizes, the MLE and MLE.b clearly
outperform the entire MDE class of estimators. Interestingly, the LME remains competitive
here too, though it is almost never found to have the best MSE performance.

The performances of the estimators within the class of MDE methods differ wildly from
one another. We have already noted that the MDE.SD and MDE.CvM methods generally
have good MSE performance for small to moderate samples sizes; however, within this
class we find that the MDE.TV and MDE.χ2 are among the worst performances. The
MDE.KL method is something of a mixed bag; certain parameter settings yield good MSE
performance, while others yield extremely poor MSE performance. Generally, however,
we can state that the MDE.KL method is a better performer than MDE.TV and MDE.χ2,
although this does not place this estimator near the top performers among the estimation
methods considered.

The overall worst performing estimator is MME, regardless of which value of β or σ is
considered. While this estimator improves with an increase in sample size, it nonetheless
has the worst performance when compared to all other estimation methods.

In Figures 1 and 2, the logarithm of the trimmed TMSE measure is plotted against
the samples sizes in order to produce a more intuitive representation of the behaviour of
a selection of estimators over varying sample sizes. The estimators MLE, MLE.b, LME,
MDE.CvM, and MDE.SD are selected for inclusion in these figures, as according to the
tables these estimators generally perform well (the TMSE and trimmed TMSE values of
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the remaining estimators can be found in the tables). It can be seen that, as expected, the
trimmed TMSE measure’s value generally decreases as the sample size increases. Note,
however, that the trimmed TMSE indicates that the MLE and MLE.b estimators are erratic
for small samples (see for example the graphs associated with β = 2 in Figures 1 and 2).
Furthermore, it is apparent that while the MLE and MLE.b estimators have among the
worst trimmed TMSE performance for small sample sizes, this trend is reversed when the
sample size increases. Conversely, it clear that the MDE.CvM and MDE.SD estimators
perform well in terms of TMSE for smaller sample sizes, in many cases being outperformed
only when the sample size increases to n = 100 and higher. It should be noted that while
the performance of LME is comparable to the performance of MDE.CvM for choices of β
larger than 2, it performs poorly for smaller β values. Furthermore, these numerical results
indicate that the relative performance of the estimators depends to a certain degree on the
specific parameter values considered.

4. Practical Applications

We now apply the various Lomax parameter estimation techniques to a practical data
set, namely, the airborne communication transceiver data shown in Table 5, originally
discussed in [41], and previously analysed in [22].

Table 5. Repair times for the airborne communication transceiver dataset.

0.2 0.3 0.5 0.5 0.5 0.5 0.6 0.6 0.7 0.7 0.7 0.8
0.8 1.0 1.0 1.0 1.0 1.1 1.3 1.5 1.5 1.5 1.5 2.0
2.0 2.2 2.5 2.7 3.0 3.0 3.3 3.3 4.0 4.0 4.5 4.7
5.0 5.4 5.4 7.0 7.5 8.8 9.0 10.3 22.0 24.5

The dataset contains 46 observed repair times (measured in hours) of airborne com-
munication transceiver equipment recorded during active operation. Assuming a Lomax
distribution for these data, we use each of the estimation techniques to obtain the parameter
estimates of the distribution. The resulting parameter estimates, along with 95% parametric
bootstrap confidence intervals using B = 1000 bootstrap replications, are shown in Table 6.
Note that for each estimation method the parametric bootstrap samples used in these
intervals are constructed by first estimating the parameters and then generating samples
from a Lomax distribution with the estimators as the parameters [42]. The output in Table 6
indicates that the estimated parameter values are all reasonably close to one another, with
the exception of MDE.CvM, MDE.χ2, MDE.TV, and MME. The discrepancies observed for
these four estimators relative to the other estimators considered is perhaps unsurprising in
light of the irregular performance of these estimators observed in the Monte Carlo study
presented earlier.

Table 6. Estimated parameters for the airborne communication transceiver dataset (with a 95%
percentile bootstrap confidence interval).

Estimation Technique β̂ CI0.95 σ̂ CI0.95

MLE 3.549 [1.540; 56.744] 9.236 [2.672; 166.270]
MLE.b 3.549 [1.222; 43.509] 9.236 [1.792; 138.151]
LME 3.387 [1.692; 16.621] 8.608 [3.171; 52.699]

MDE.CvM 4.105 [0.965; 34.123] 10.685 [1.223; 112.835]
MDE.SD 3.399 [0.933; 26.084] 8.670 [1.312; 78.789]
MDE.χ2 1.820 [0.583; 19.904] 7.706 [5.077; 178.639]
MDE.TV 2.402 [0.819; 105.179] 9.732 [5.293; 920.561]
MDE.KL 3.549 [1.474; 52.620] 9.236 [2.653; 191.968]

MME 4.385 [2.603; 81.117] 12.209 [6.540; 290.507]

The code for this example can be found here: https://tinyurl.com/LomaxPracticalCode
(accessed on 26 November 2023).

Figure 3 shows the boundary-corrected kernel density estimator (BC.KDE) of the data
(obtained using the bckden suite of functions in R’s evmix package [43]) overlaid on a
simple histogram. Two separate Lomax density functions are added to the plot using two
different methods of parameter estimation, namely, MLE and MDE.SD, the latter being
chosen because this method performed well for smaller sample sizes. In addition, the fitted
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two-parameter Weibull and gamma densities are added to the plot in order to facilitate
comparison between the Lomax density and other theoretical densities containing two
parameters. The parameters from both of these theoretical densities are estimated via
maximum likelihood. Visual inspection of the graph indicates that the Lomax densities can
be considered good candidate models, as they most closely match the empirical estimate of
the density of these data, whereas the gamma distribution exhibits the greatest deviation
from the others.
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Figure 3. The kernel density estimate and fitted density functions based on the airborne commu-
nication transceiver repair time data (AIC values for the MLE estimated distributions provided in
parentheses in the legend).

The Akaike information criterion (AIC) is calculated for each of the three distinct
distributions by employing the maximum likelihood estimators, with the results presented
in Table 7. From Table 7, it can be seen that the Lomax distribution has the lowest AIC
value, closely followed by the AIC of the Weibull and gamma distributions, which supports
the conclusions made above.

Table 7. The AIC values for the fitted distributions of the airborne communications transceiver data.

Weibull Gamma Lomax∗

212.9 213.9 209.9

∗ The AIC value reported for the Lomax distribution employs the MLE.

5. Conclusions

In this study, different parameter estimation methods for the two parameters of the
Lomax distribution have been explored and discussed. We have reviewed L-moment
estimators, maximum likelihood estimators (with and without a bias adjustment), method
of moments estimators, and three different minimum distance estimators. The specific
goals of the study were to provide an overview of the different estimation methods as
well as to determine whether the minimum distance estimators are feasible estimation
alternatives for this distribution when compared to traditional methods of estimation such
as maximum likelihood. In an attempt to ascertain the properties of these estimators, all of
the methods were compared to one another in a comprehensive Monte Carlo simulation
while assuming different parametric values for small to large samples. Unsurprisingly,
this study showed that while the MLEs perform well in large samples, they yield severely
biased answers in small samples. The bias correction outlined in [14], however, noticeably
reduces the bias of the MLE estimates for moderate to large sample sizes.

The traditional MME is found to be a universally poor performer in terms of MSE for
all settings of the β and σ parameters and the given sample sizes. Our simulation showed
that LME is stable under different parameter settings, including varying values of β, σ, and
sample size. Thus, while this estimator is almost never found to have the best performance
in either small or large sample settings, it can be considered a ‘safe’ option for estimating of
the parameters of the Lomax distribution.
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Finally, several estimation methods based on distance measures were investigated, and
were found to produce varied results. These methods all attempt to estimate the parameters
of the Lomax distribution by considering different measures of distance measures that need
to be minimised. The studied measures considered include the Cramér–von Mises (CvM),
squared difference, and several phi-divergence measures (including the Kullback–Leibler
(KL) divergence, total variation (TV) distance, and chi-square divergence). The results
of the simulation study established that, for this class of MDE methods, the MDE.SD
and MDE.CvM methods have the best overall MSE performance for small to moderate
samples sizes; we would recommend either of these methods for the estimation of the
Lomax parameters σ and β when sample sizes are smaller than 100. However, within
this MDE class we find two of the worst performing methods, namely, the MDE.TV and
MDE.χ2 methods. The MDE.KL method produces reasonably good MSE performance for
the moderate to large sample sizes, however, as with MLE, the quality of the estimator
fluctuates tremendously for smaller samples.

These results show that while no single estimator has the best overall performance,
we can identify the distance-based measure, that is, MDE.SD, as generally having the best
MSE performance for small sample sizes (n = 30 and n = 50), whereas MLE.b is found to
be the better choice for moderate and large sample sizes (n = 100, n = 200 and n = 500)
for almost all of the σ and β values considered here.

The related literature contains finds competing views about the usefulness of MDEs
and MLEs. In the case of multivariate data (specifically estimators for the parameters of a
copula), [44] advocates for the use of MDEs because MLEs have the disadvantage that of
requiring the density of the copula, whereas MDEs only require its empirical distribution
estimate. However, in an extensive overview paper comparing MDEs and MLEs for
parameter estimation of copulas, [45] found that MLEs have a lower computational cost
while producing lower estimation biases. Naturally, the other main advantages of the
traditional MLEs are the ease with which asymptotic standard errors can be obtained, the
fact that they have asymptotically normal distributions, and, consequently, that confidence
intervals for the parameter being estimated are easy to obtain. In contrast, the standard
errors of the other estimators considered in this paper require either complex analytical
derivations (possibly with no tractable forms) or require the use of resampling methods.

Finally, we note that another important application of the Lomax distribution, not
mentioned yet in this paper, is found in autoregressive conditional duration (ACD) models,
which model high frequency financial data; in this context, the duration between market
events are of great interest. Without discussing the details of the model, we briefly describe
the role of the Lomax distribution in ACD models here; for an in-depth exposition of ACD
models, see [46,47]. We only note that the error terms of the ACD model are historically as-
sumed to be exponential or Weibull distributed; see, for example, [48]. However, in [49,50],
it is found that these choices do not adequately describe the characteristics of the observed
data. In [51], the authors advocate the use of infinite mixtures of exponential distributions
to model the distribution of the error term, finding that this choice improves the fit of the
model. If the scale parameter of this mixing exponential distribution follows an inverse
Gaussian distribution, then the resulting distribution of the error term is Lomax. It is
therefore important for the efficient implementation of these ACD models that we are able
to accurately estimate the parameters of this distribution. Another important avenue for
future research can be found in goodness-of-fit tests for the Lomax and related distributions,
as these tests check the assumptions underlying the ACD models.
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Appendix A. Additional Tables

Tables A1–A6 report the results of the Monte Carlo experiments for sample sizes
n = 100, n = 200, and n = 500. Each table shows the empirical expected value, variance,
RB, MSE, and TMSE for the various estimators considered, as in the body of the paper.
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Table A1. Comparison of different estimation methods for different values of β (σ = 1 and n = 100).

n = 100

β = 1.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.204 (1.190) 0.089 (0.067) 9.443 (8.157) 0.099 (0.075) 1.161 (1.139) 0.215 (0.163) 16.122 (13.906) 0.241 (0.182) 0.340 (0.258)
MLE.b 1.109 (1.099) 0.057 (0.046) 0.805 (−0.113) 0.057 (0.046) 1.007 (0.992) 0.133 (0.107) 0.714 (−0.850) 0.133 (0.107) 0.190 (0.154)
LME 1.471 (1.458) 0.079 (0.061) 33.698 (32.518) 0.216 (0.189) 1.593 (1.572) 0.232 (0.188) 59.307 (57.215) 0.584 (0.515) 0.800 (0.705)

MDE.CvM 1.201 (1.186) 0.138 (0.116) 9.186 (7.814) 0.148 (0.123) 1.153 (1.131) 0.286 (0.237) 15.314 (13.097) 0.309 (0.255) 0.457 (0.378)
MDE.SD 1.139 (1.126) 0.111 (0.095) 3.553 (2.360) 0.113 (0.095) 1.071 (1.052) 0.232 (0.195) 7.149 (5.203) 0.237 (0.197) 0.350 (0.293)
MDE.χ2 −0.012 (−0.034) 77.255 (77.879) −101.064 (−103.103) 78.491 (79.164) 1.718 (1.544) 5.834 (0.394) 71.761 (54.417) 6.348 (0.690) 84.839 (79.854)
MDE.TV 0.766 (0.742) 0.318 (0.104) −30.374 (−32.568) 0.430 (0.233) 1.852 (1.789) 2.022 (0.685) 85.230 (78.875) 2.749 (1.307) 3.178 (1.540)
MDE.KL 1.204 (1.190) 0.089 (0.067) 9.443 (8.157) 0.099 (0.076) 1.161 (1.139) 0.215 (0.163) 16.122 (13.906) 0.241 (0.182) 0.340 (0.258)

MME 2.421 (2.400) 0.150 (0.103) 120.116 (118.218) 1.896 (1.794) 5.579 (5.426) 5.865 (2.744) 457.943 (442.637) 26.836 (22.336) 28.732 (24.130)

β = 1.5 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.654 (1.621) 0.429 (0.204) 10.260 (8.088) 0.452 (0.219) 1.165 (1.131) 0.482 (0.220) 16.474 (13.072) 0.509 (0.237) 0.962 (0.456)
MLE.b 1.462 (1.436) 0.312 (0.103) −2.534 (−4.297) 0.313 (0.108) 0.962 (0.934) 0.350 (0.107) −3.802 (−6.589) 0.351 (0.111) 0.665 (0.219)
LME 1.834 (1.809) 0.263 (0.189) 22.265 (20.605) 0.375 (0.284) 1.331 (1.305) 0.294 (0.212) 33.066 (30.476) 0.403 (0.305) 0.778 (0.590)

MDE.CvM 1.605 (1.581) 0.317 (0.245) 7.013 (5.426) 0.328 (0.252) 1.114 (1.089) 0.317 (0.239) 11.370 (8.921) 0.330 (0.247) 0.658 (0.499)
MDE.SD 1.502 (1.482) 0.241 (0.191) 0.106 (−1.218) 0.241 (0.191) 1.021 (1.000) 0.243 (0.187) 2.148 (0.086) 0.244 (0.187) 0.485 (0.378)
MDE.χ2 1.007 (0.928) 5.467 (0.842) −32.854 (−38.143) 5.710 (1.170) 1.512 (1.386) 12.397 (0.492) 51.212 (38.599) 12.659 (0.641) 18.369 (1.811)
MDE.TV 1.301 (1.164) 10.168 (0.383) −13.251 (−22.423) 10.207 (0.496) 1.890 (1.668) 26.650 (0.938) 89.003 (66.827) 27.442 (1.385) 37.649 (1.881)
MDE.KL 1.654 (1.621) 0.429 (0.204) 10.261 (8.088) 0.453 (0.219) 1.165 (1.131) 0.483 (0.220) 16.474 (13.073) 0.510 (0.237) 0.963 (0.456)

MME 2.813 (2.762) 0.939 (0.399) 87.515 (84.162) 2.662 (1.993) 3.082 (3.031) 1.231 (0.582) 208.215 (203.059) 5.567 (4.705) 8.229 (6.698)

β = 2 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.358 (2.185) 1253.813 (0.527) 17.902 (9.228) 1253.933 (0.561) 1.257 (1.139) 516.870 (0.274) 25.711 (13.943) 516.933 (0.293) 1770.866 (0.854)
MLE.b 2.012 (1.835) 1253.708 (0.298) 0.586 (−8.264) 1253.700 (0.326) 1.007 (0.887) 516.806 (0.149) 0.681 (−11.339) 516.802 (0.162) 1770.503 (0.487)
LME 2.345 (2.298) 1.351 (0.416) 17.241 (14.878) 1.470 (0.504) 1.234 (1.199) 0.655 (0.216) 23.360 (19.926) 0.709 (0.256) 2.179 (0.760)

MDE.CvM 2.071 (2.020) 1.472 (0.475) 3.533 (1.004) 1.477 (0.476) 1.060 (1.026) 0.684 (0.223) 5.994 (2.559) 0.687 (0.224) 2.164 (0.700)
MDE.SD 1.909 (1.866) 1.257 (0.347) −4.575 (−6.707) 1.266 (0.365) 0.959 (0.930) 0.585 (0.164) −4.116 (−7.043) 0.587 (0.169) 1.852 (0.535)
MDE.χ2 1.784 (1.430) 36.496 (0.708) −10.784 (−28.485) 36.542 (1.033) 1.795 (1.411) 43.330 (0.804) 79.511 (41.099) 43.962 (0.973) 80.504 (2.005)
MDE.TV 2.326 (1.816) 55.816 (1.368) 16.315 (−9.222) 55.922 (1.402) 2.282 (1.727) 66.700 (1.559) 128.234 (72.668) 68.344 (2.087) 124.266 (3.489)
MDE.KL 2.262 (2.185) 3.326 (0.527) 13.082 (9.228) 3.394 (0.561) 1.195 (1.139) 1.559 (0.274) 19.514 (13.943) 1.597 (0.293) 4.991 (0.854)

MME 3.583 (3.361) 1651.397 (1.147) 79.138 (68.033) 1653.891 (2.999) 2.380 (2.228) 680.774 (0.611) 137.966 (122.766) 682.673 (2.118) 2336.564 (5.117)

β = 2.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.400 (2.290) 21.204 (0.585) 14.303 (9.028) 21.294 (0.621) 1.211 (1.135) 9.059 (0.272) 21.059 (13.518) 9.104 (0.290) 30.397 (0.911)
MLE.b 2.024 (1.910) 21.064 (0.358) −3.596 (−9.052) 21.069 (0.394) 0.956 (0.878) 8.989 (0.161) −4.438 (−12.237) 8.991 (0.176) 30.060 (0.571)
LME 2.446 (2.387) 2.061 (0.451) 16.478 (13.664) 2.180 (0.534) 1.220 (1.180) 0.902 (0.210) 22.026 (18.025) 0.951 (0.242) 3.131 (0.776)

MDE.CvM 2.170 (2.105) 2.293 (0.532) 3.314 (0.242) 2.297 (0.532) 1.056 (1.015) 0.959 (0.222) 5.580 (1.477) 0.962 (0.222) 3.260 (0.753)
MDE.SD 1.995 (1.939) 1.989 (0.383) −5.018 (−7.673) 2.000 (0.409) 0.953 (0.917) 0.843 (0.161) −4.690 (−8.279) 0.845 (0.168) 2.846 (0.576)
MDE.χ2 1.957 (1.527) 47.611 (0.833) −6.787 (−27.277) 47.631 (1.161) 1.853 (1.411) 50.949 (0.838) 85.315 (41.077) 51.677 (1.007) 99.307 (2.168)
MDE.TV 2.552 (1.944) 69.816 (1.653) 21.518 (−7.430) 70.020 (1.678) 2.357 (1.730) 75.235 (1.673) 135.743 (73.041) 77.077 (2.206) 147.097 (3.884)
MDE.KL 2.380 (2.290) 4.145 (0.585) 13.316 (9.028) 4.223 (0.621) 1.197 (1.135) 1.947 (0.272) 19.704 (13.518) 1.986 (0.290) 6.208 (0.911)

MME 3.625 (3.475) 29.416 (1.294) 72.610 (65.458) 31.741 (3.184) 2.243 (2.140) 12.877 (0.618) 124.317 (113.988) 14.422 (1.917) 46.163 (5.101)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table A2. Comparison of different estimation methods for different values of β (σ = 2 and n = 100).

n = 100

β = 1.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.211 (1.198) 0.079 (0.060) 10.063 (8.923) 0.091 (0.070) 2.236 (2.198) 0.720 (0.557) 11.809 (9.916) 0.775 (0.596) 0.866 (0.666)
MLE.b 1.116 (1.106) 0.052 (0.042) 1.424 (0.590) 0.052 (0.042) 1.941 (1.914) 0.460 (0.368) −2.949 (−4.322) 0.463 (0.376) 0.516 (0.418)
LME 1.477 (1.465) 0.074 (0.060) 34.254 (33.208) 0.216 (0.194) 3.043 (3.001) 0.800 (0.663) 52.134 (50.309) 1.887 (1.676) 2.104 (1.870)

MDE.CvM 1.197 (1.184) 0.108 (0.089) 8.857 (7.626) 0.117 (0.096) 2.196 (2.156) 0.885 (0.721) 9.798 (7.797) 0.923 (0.746) 1.040 (0.842)
MDE.SD 1.137 (1.125) 0.088 (0.074) 3.377 (2.292) 0.090 (0.074) 2.044 (2.008) 0.727 (0.597) 2.190 (0.418) 0.729 (0.597) 0.819 (0.672)
MDE.χ2 −1.923 (−1.961) 308.580 (311.545) −274.775 (−278.280) 317.714 (320.913) 3.408 (3.105) 15.342 (3.025) 70.386 (55.254) 17.324 (4.246) 335.038 (325.159)
MDE.TV 0.772 (0.751) 0.249 (0.101) −29.833 (−31.699) 0.357 (0.223) 3.532 (3.427) 6.016 (2.313) 76.586 (71.367) 8.362 (4.351) 8.719 (4.574)
MDE.KL 1.211 (1.198) 0.079 (0.060) 10.063 (8.923) 0.091 (0.070) 2.236 (2.198) 0.720 (0.557) 11.809 (9.916) 0.775 (0.596) 0.866 (0.666)

MME 2.429 (2.411) 0.136 (0.100) 120.813 (119.167) 1.902 (1.818) 10.919 (10.420) 52.861 (12.498) 445.964 (421.005) 132.414 (83.396) 134.316 (85.214)

β = 1.5 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.622 (1.596) 0.365 (0.176) 8.129 (6.419) 0.380 (0.186) 2.252 (2.200) 1.531 (0.745) 12.610 (10.023) 1.595 (0.785) 1.975 (0.971)
MLE.b 1.437 (1.419) 0.260 (0.094) −4.209 (−5.387) 0.264 (0.101) 1.864 (1.828) 1.073 (0.382) −6.787 (−8.598) 1.091 (0.411) 1.355 (0.512)
LME 1.821 (1.800) 0.253 (0.166) 21.433 (20.026) 0.356 (0.256) 2.625 (2.582) 1.089 (0.741) 31.259 (29.118) 1.480 (1.080) 1.836 (1.336)

MDE.CvM 1.546 (1.525) 0.281 (0.196) 3.070 (1.693) 0.284 (0.197) 2.101 (2.059) 1.077 (0.731) 5.048 (2.936) 1.087 (0.734) 1.370 (0.931)
MDE.SD 1.451 (1.433) 0.231 (0.155) −3.255 (−4.447) 0.233 (0.159) 1.935 (1.898) 0.888 (0.580) −3.268 (−5.115) 0.892 (0.591) 1.125 (0.750)
MDE.χ2 0.846 (0.801) 16.560 (15.088) −43.601 (−46.627) 16.987 (15.577) 2.898 (2.744) 16.697 (1.679) 44.882 (37.210) 17.503 (2.233) 34.490 (17.810)
MDE.TV 1.230 (1.153) 3.956 (0.326) −18.010 (−23.157) 4.029 (0.446) 3.539 (3.296) 39.080 (3.168) 76.964 (64.807) 41.449 (4.848) 45.478 (5.294)
MDE.KL 1.622 (1.596) 0.365 (0.176) 8.130 (6.420) 0.380 (0.186) 2.252 (2.200) 1.531 (0.745) 12.611 (10.024) 1.595 (0.785) 1.975 (0.971)

MME 2.794 (2.756) 0.669 (0.344) 86.259 (83.724) 2.343 (1.921) 6.122 (6.023) 4.008 (2.145) 206.117 (201.172) 21.001 (18.333) 23.344 (20.254)

β = 2 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.380 (2.154) 1376.246 (0.501) 18.987 (7.707) 1376.381 (0.524) 2.525 (2.223) 2299.944 (1.004) 26.244 (11.132) 2300.204 (1.054) 3676.585 (1.578)
MLE.b 2.041 (1.812) 1376.175 (0.275) 2.074 (−9.377) 1376.168 (0.310) 2.039 (1.732) 2299.762 (0.521) 1.958 (−13.398) 2299.748 (0.593) 3675.916 (0.903)
LME 2.333 (2.278) 1.505 (0.394) 16.671 (13.898) 1.616 (0.472) 2.433 (2.356) 3.045 (0.796) 21.630 (17.812) 3.233 (0.923) 4.849 (1.394)

MDE.CvM 2.015 (1.959) 1.566 (0.394) 0.744 (−2.068) 1.566 (0.395) 2.034 (1.957) 3.074 (0.716) 1.724 (−2.166) 3.075 (0.718) 4.642 (1.114)
MDE.SD 1.863 (1.814) 1.379 (0.294) −6.852 (−9.295) 1.398 (0.328) 1.847 (1.779) 2.752 (0.541) −7.642 (−11.055) 2.776 (0.590) 4.174 (0.918)
MDE.χ2 1.725 (1.413) 28.719 (1.087) −13.764 (−29.353) 28.795 (1.431) 3.409 (2.779) 115.965 (2.995) 70.431 (38.966) 117.948 (3.603) 146.743 (5.034)
MDE.TV 2.258 (1.802) 43.929 (1.343) 12.906 (−9.911) 43.995 (1.382) 4.354 (3.409) 191.143 (5.892) 117.721 (70.460) 196.684 (7.878) 240.680 (9.260)
MDE.KL 2.241 (2.154) 3.589 (0.501) 12.050 (7.708) 3.647 (0.524) 2.342 (2.223) 6.888 (1.004) 17.088 (11.133) 7.005 (1.054) 10.652 (1.578)

MME 3.619 (3.350) 1768.602 (1.110) 80.940 (67.495) 1771.211 (2.933) 4.779 (4.419) 2951.022 (2.270) 138.930 (120.933) 2958.723 (8.120) 4729.933 (11.052)

β = 2.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.420 (2.270) 72.245 (0.606) 15.245 (8.116) 72.347 (0.635) 2.427 (2.231) 120.427 (1.071) 21.347 (11.558) 120.609 (1.124) 192.956 (1.759)
MLE.b 2.052 (1.899) 72.134 (0.382) −2.286 (−9.593) 72.136 (0.422) 1.931 (1.730) 120.201 (0.643) −3.474 (−13.514) 120.205 (0.716) 192.341 (1.139)
LME 2.446 (2.377) 2.152 (0.453) 16.473 (13.178) 2.272 (0.529) 2.421 (2.332) 3.693 (0.804) 21.034 (16.594) 3.870 (0.915) 6.142 (1.444)

MDE.CvM 2.112 (2.039) 2.263 (0.442) 0.591 (−2.887) 2.263 (0.446) 2.031 (1.937) 3.808 (0.717) 1.546 (−3.168) 3.809 (0.721) 6.073 (1.166)
MDE.SD 1.947 (1.884) 2.012 (0.326) −7.264 (−10.295) 2.036 (0.373) 1.839 (1.756) 3.420 (0.536) −8.056 (−12.192) 3.446 (0.595) 5.481 (0.968)
MDE.χ2 1.958 (1.531) 42.717 (1.002) −6.750 (−27.114) 42.737 (1.326) 3.624 (2.815) 153.838 (3.423) 81.189 (40.747) 156.474 (4.087) 199.211 (5.413)
MDE.TV 2.588 (1.958) 66.640 (1.847) 23.240 (−6.783) 66.878 (1.868) 4.681 (3.469) 250.358 (7.044) 134.064 (73.445) 257.545 (9.202) 324.423 (11.070)
MDE.KL 2.381 (2.270) 4.894 (0.606) 13.358 (8.117) 4.973 (0.635) 2.374 (2.231) 8.788 (1.071) 18.711 (11.559) 8.928 (1.124) 13.901 (1.759)

MME 3.680 (3.486) 101.650 (1.352) 75.219 (66.021) 104.144 (3.274) 4.528 (4.275) 172.607 (2.428) 126.379 (113.741) 178.995 (7.603) 283.139 (10.877)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table A3. Comparison of different estimation methods for different values of β (σ = 1 and n = 200).

n = 200

β = 1.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.147 (1.139) 0.033 (0.028) 4.232 (3.583) 0.036 (0.030) 1.073 (1.061) 0.080 (0.067) 7.256 (6.134) 0.085 (0.071) 0.120 (0.101)
MLE.b 1.106 (1.099) 0.028 (0.024) 0.512 (−0.072) 0.028 (0.024) 1.007 (0.997) 0.066 (0.056) 0.664 (−0.336) 0.066 (0.056) 0.095 (0.081)
LME 1.365 (1.357) 0.036 (0.030) 24.048 (23.385) 0.106 (0.097) 1.430 (1.418) 0.106 (0.092) 43.011 (41.801) 0.291 (0.266) 0.396 (0.363)

MDE.CvM 1.157 (1.147) 0.064 (0.054) 5.163 (4.251) 0.067 (0.056) 1.085 (1.071) 0.130 (0.110) 8.507 (7.075) 0.137 (0.115) 0.204 (0.171)
MDE.SD 1.128 (1.119) 0.058 (0.049) 2.561 (1.705) 0.058 (0.049) 1.048 (1.034) 0.118 (0.100) 4.774 (3.426) 0.120 (0.101) 0.179 (0.151)
MDE.χ2 0.409 (0.400) 15.554 (15.703) −62.774 (−63.594) 16.031 (16.192) 1.299 (1.233) 2.178 (0.103) 29.851 (23.340) 2.267 (0.158) 18.298 (16.350)
MDE.TV 0.648 (0.638) 0.050 (0.041) −41.109 (−41.962) 0.254 (0.254) 1.408 (1.386) 0.213 (0.167) 40.752 (38.647) 0.379 (0.317) 0.633 (0.571)
MDE.KL 1.147 (1.139) 0.033 (0.028) 4.231 (3.582) 0.036 (0.030) 1.073 (1.061) 0.079 (0.067) 7.252 (6.133) 0.085 (0.071) 0.120 (0.101)

MME 2.234 (2.225) 0.041 (0.032) 103.100 (102.234) 1.328 (1.297) 6.674 (5.539) 148721.693 (3.235) 567.367 (453.901) 148752.893 (23.838) 148754.220 (25.135)

β = 1.5 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.569 (1.555) 0.099 (0.080) 4.603 (3.684) 0.104 (0.083) 1.073 (1.059) 0.105 (0.084) 7.343 (5.920) 0.110 (0.087) 0.214 (0.170)
MLE.b 1.487 (1.476) 0.075 (0.062) −0.846 (−1.598) 0.075 (0.063) 0.988 (0.976) 0.078 (0.064) −1.222 (−2.379) 0.078 (0.065) 0.153 (0.127)
LME 1.710 (1.697) 0.109 (0.092) 13.986 (13.100) 0.153 (0.130) 1.208 (1.194) 0.119 (0.100) 20.774 (19.392) 0.162 (0.138) 0.316 (0.268)

MDE.CvM 1.576 (1.561) 0.158 (0.137) 5.041 (4.052) 0.163 (0.140) 1.078 (1.063) 0.150 (0.128) 7.800 (6.287) 0.157 (0.132) 0.320 (0.273)
MDE.SD 1.526 (1.512) 0.139 (0.121) 1.720 (0.810) 0.139 (0.121) 1.034 (1.020) 0.133 (0.114) 3.412 (2.013) 0.134 (0.114) 0.273 (0.235)
MDE.χ2 0.857 (0.839) 0.243 (0.091) −42.851 (−44.069) 0.656 (0.528) 1.132 (1.106) 0.557 (0.160) 13.195 (10.592) 0.574 (0.171) 1.230 (0.699)
MDE.TV 1.014 (0.995) 0.282 (0.131) −32.367 (−33.678) 0.518 (0.387) 1.266 (1.238) 0.610 (0.220) 26.552 (23.753) 0.680 (0.277) 1.198 (0.663)
MDE.KL 1.569 (1.555) 0.099 (0.080) 4.603 (3.684) 0.104 (0.083) 1.073 (1.059) 0.105 (0.084) 7.343 (5.920) 0.110 (0.087) 0.214 (0.170)

MME 2.506 (2.487) 0.170 (0.132) 67.047 (65.775) 1.182 (1.105) 2.745 (2.704) 0.453 (0.278) 174.452 (170.418) 3.496 (3.182) 4.678 (4.287)

β = 2 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.121 (2.096) 0.282 (0.216) 6.037 (4.797) 0.296 (0.225) 1.087 (1.069) 0.143 (0.109) 8.682 (6.896) 0.150 (0.113) 0.446 (0.339)
MLE.b 1.954 (1.937) 0.176 (0.143) −2.303 (−3.160) 0.178 (0.147) 0.967 (0.955) 0.088 (0.070) −3.276 (−4.510) 0.089 (0.072) 0.267 (0.219)
LME 2.220 (2.198) 0.261 (0.214) 10.993 (9.910) 0.310 (0.253) 1.146 (1.130) 0.132 (0.107) 14.572 (13.015) 0.153 (0.124) 0.463 (0.377)

MDE.CvM 2.069 (2.046) 0.364 (0.308) 3.456 (2.279) 0.368 (0.310) 1.050 (1.034) 0.164 (0.138) 5.004 (3.398) 0.167 (0.140) 0.535 (0.450)
MDE.SD 1.987 (1.966) 0.307 (0.263) −0.666 (−1.718) 0.307 (0.264) 0.999 (0.985) 0.139 (0.119) −0.096 (−1.541) 0.139 (0.119) 0.446 (0.383)
MDE.χ2 1.360 (1.310) 1.481 (0.294) −32.004 (−34.481) 1.890 (0.770) 1.191 (1.143) 1.433 (0.255) 19.146 (14.270) 1.470 (0.275) 3.360 (1.045)
MDE.TV 1.570 (1.527) 0.962 (0.351) −21.498 (−23.634) 1.147 (0.575) 1.288 (1.247) 0.920 (0.290) 28.837 (24.678) 1.003 (0.351) 2.150 (0.926)
MDE.KL 2.121 (2.096) 0.282 (0.216) 6.037 (4.798) 0.296 (0.225) 1.087 (1.069) 0.143 (0.109) 8.682 (6.897) 0.150 (0.113) 0.446 (0.339)

MME 3.004 (2.969) 0.540 (0.405) 50.209 (48.437) 1.548 (1.343) 1.913 (1.887) 0.285 (0.210) 91.340 (88.721) 1.119 (0.998) 2.667 (2.341)

β = 2.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.234 (2.207) 0.337 (0.256) 6.366 (5.076) 0.355 (0.267) 1.091 (1.072) 0.151 (0.114) 9.059 (7.221) 0.160 (0.119) 0.515 (0.386)
MLE.b 2.045 (2.026) 0.208 (0.162) −2.621 (−3.511) 0.211 (0.167) 0.963 (0.951) 0.092 (0.071) −3.654 (−4.926) 0.093 (0.073) 0.304 (0.240)
LME 2.323 (2.300) 0.303 (0.246) 10.634 (9.525) 0.353 (0.286) 1.139 (1.123) 0.135 (0.109) 13.907 (12.330) 0.154 (0.124) 0.507 (0.410)

MDE.CvM 2.171 (2.146) 0.424 (0.357) 3.401 (2.172) 0.430 (0.359) 1.049 (1.032) 0.170 (0.142) 4.893 (3.239) 0.172 (0.143) 0.602 (0.502)
MDE.SD 2.081 (2.058) 0.355 (0.302) −0.903 (−1.994) 0.355 (0.303) 0.996 (0.981) 0.143 (0.121) −0.384 (−1.864) 0.143 (0.121) 0.499 (0.424)
MDE.χ2 1.474 (1.414) 2.263 (0.366) −29.827 (−32.678) 2.655 (0.837) 1.211 (1.156) 2.027 (0.280) 21.123 (15.604) 2.072 (0.304) 4.727 (1.141)
MDE.TV 1.691 (1.638) 1.696 (0.417) −19.454 (−22.012) 1.863 (0.631) 1.302 (1.253) 1.422 (0.305) 30.154 (25.252) 1.513 (0.369) 3.375 (0.999)
MDE.KL 2.234 (2.207) 0.337 (0.256) 6.367 (5.076) 0.355 (0.267) 1.091 (1.072) 0.151 (0.114) 9.060 (7.222) 0.160 (0.119) 0.515 (0.386)

MME 3.115 (3.076) 0.647 (0.484) 48.330 (46.480) 1.677 (1.436) 1.843 (1.816) 0.297 (0.220) 84.276 (81.618) 1.007 (0.886) 2.685 (2.323)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table A4. Comparison of different estimation methods for different values of β (σ = 2 and n = 200).

n = 200

β = 1.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.155 (1.148) 0.032 (0.027) 4.976 (4.352) 0.035 (0.029) 2.129 (2.101) 0.302 (0.257) 6.442 (5.370) 0.319 (0.269) 0.354 (0.298)
MLE.b 1.113 (1.107) 0.027 (0.023) 1.209 (0.648) 0.027 (0.023) 1.998 (1.978) 0.251 (0.216) −0.122 (−1.079) 0.251 (0.216) 0.278 (0.240)
LME 1.377 (1.370) 0.036 (0.031) 25.210 (24.580) 0.113 (0.104) 2.841 (2.819) 0.421 (0.371) 42.071 (40.930) 1.129 (1.041) 1.241 (1.145)

MDE.CvM 1.158 (1.149) 0.055 (0.048) 5.231 (4.435) 0.059 (0.050) 2.134 (2.108) 0.456 (0.393) 6.683 (5.398) 0.474 (0.405) 0.533 (0.455)
MDE.SD 1.129 (1.121) 0.050 (0.044) 2.655 (1.906) 0.051 (0.044) 2.061 (2.037) 0.415 (0.358) 3.050 (1.836) 0.419 (0.360) 0.470 (0.404)
MDE.χ2 −0.708 (−0.728) 138.432 (139.790) −164.363 (−166.183) 141.700 (143.131) 2.874 (2.516) 15.770 (0.960) 43.687 (25.825) 16.533 (1.227) 158.233 (144.357)
MDE.TV 0.663 (0.654) 0.050 (0.042) −39.749 (−40.561) 0.241 (0.241) 2.798 (2.759) 0.813 (0.655) 39.921 (37.942) 1.450 (1.231) 1.691 (1.472)
MDE.KL 1.155 (1.148) 0.032 (0.027) 4.976 (4.352) 0.035 (0.029) 2.129 (2.107) 0.302 (0.257) 6.441 (5.370) 0.319 (0.269) 0.354 (0.298)

MME 2.248 (2.238) 0.042 (0.033) 104.324 (103.488) 1.359 (1.329) 11.479 (10.883) 78.896 (18.161) 473.937 (444.125) 168.742 (97.060) 170.100 (98.389)

β = 1.5 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.561 (1.548) 0.094 (0.077) 4.037 (3.172) 0.098 (0.079) 2.125 (2.098) 0.395 (0.323) 6.238 (4.906) 0.411 (0.333) 0.508 (0.412)
MLE.b 1.480 (1.469) 0.072 (0.060) −1.335 (−2.048) 0.072 (0.061) 1.956 (1.935) 0.295 (0.248) −2.179 (−3.270) 0.297 (0.253) 0.369 (0.314)
LME 1.716 (1.703) 0.104 (0.089) 14.387 (13.552) 0.151 (0.130) 2.423 (2.397) 0.456 (0.390) 21.169 (19.869) 0.636 (0.548) 0.786 (0.678)

MDE.CvM 1.539 (1.526) 0.130 (0.113) 2.611 (1.727) 0.131 (0.113) 2.081 (2.054) 0.483 (0.415) 4.034 (2.714) 0.490 (0.418) 0.621 (0.531)
MDE.SD 1.492 (1.480) 0.115 (0.100) −0.538 (−1.356) 0.115 (0.100) 1.998 (1.974) 0.429 (0.370) −0.095 (−1.323) 0.429 (0.371) 0.543 (0.471)
MDE.χ2 0.829 (0.813) 3.953 (3.960) −44.710 (−45.806) 4.403 (4.433) 2.284 (2.229) 1.367 (0.636) 14.205 (11.433) 1.447 (0.688) 5.850 (5.121)
MDE.TV 1.023 (1.005) 0.163 (0.128) −31.817 (−33.012) 0.390 (0.373) 2.546 (2.495) 1.152 (0.869) 27.308 (24.760) 1.451 (1.114) 1.841 (1.487)
MDE.KL 1.561 (1.548) 0.094 (0.077) 4.037 (3.172) 0.098 (0.079) 2.125 (2.098) 0.395 (0.323) 6.238 (4.906) 0.411 (0.333) 0.508 (0.412)

MME 2.517 (2.498) 0.163 (0.130) 67.767 (66.563) 1.197 (1.127) 5.469 (5.388) 1.920 (0.996) 173.472 (169.404) 13.957 (12.475) 15.154 (13.602)

β = 2 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.103 (2.078) 0.282 (0.209) 5.166 (3.883) 0.292 (0.215) 2.148 (2.112) 0.561 (0.420) 7.405 (5.601) 0.583 (0.432) 0.876 (0.648)
MLE.b 1.940 (1.922) 0.177 (0.139) −3.019 (−3.907) 0.181 (0.145) 1.914 (1.889) 0.348 (0.273) −4.311 (−5.556) 0.355 (0.286) 0.536 (0.430)
LME 2.207 (2.185) 0.263 (0.211) 10.354 (9.236) 0.306 (0.245) 2.272 (2.240) 0.524 (0.422) 13.592 (12.025) 0.598 (0.480) 0.903 (0.725)

MDE.CvM 2.015 (1.993) 0.292 (0.244) 0.740 (−0.330) 0.292 (0.245) 2.028 (1.998) 0.535 (0.443) 1.398 (−0.089) 0.536 (0.443) 0.829 (0.687)
MDE.SD 1.937 (1.918) 0.249 (0.210) −3.137 (−4.103) 0.253 (0.217) 1.932 (1.905) 0.458 (0.383) −3.382 (−4.731) 0.463 (0.392) 0.715 (0.609)
MDE.χ2 1.355 (1.303) 1.670 (0.298) −32.250 (−34.857) 2.086 (0.784) 2.374 (2.276) 5.678 (1.028) 18.699 (13.776) 5.818 (1.104) 7.904 (1.888)
MDE.TV 1.563 (1.518) 1.031 (0.354) −21.848 (−24.103) 1.222 (0.586) 2.568 (2.482) 3.462 (1.166) 28.383 (24.109) 3.785 (1.399) 5.006 (1.985)
MDE.KL 2.103 (2.078) 0.282 (0.209) 5.167 (3.884) 0.292 (0.215) 2.148 (2.112) 0.561 (0.420) 7.406 (5.602) 0.583 (0.432) 0.876 (0.648)

MME 3.001 (2.965) 0.552 (0.410) 50.063 (48.256) 1.554 (1.341) 3.829 (3.777) 1.124 (0.842) 91.429 (88.865) 4.467 (4.001) 6.022 (5.342)

β = 2.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.217 (2.188) 0.386 (0.254) 5.592 (4.211) 0.400 (0.262) 2.159 (2.120) 0.685 (0.452) 7.935 (6.011) 0.711 (0.466) 1.110 (0.728)
MLE.b 2.031 (2.011) 0.252 (0.161) −3.279 (−4.222) 0.257 (0.169) 1.908 (1.882) 0.443 (0.281) −4.596 (−5.909) 0.452 (0.295) 0.709 (0.464)
LME 2.312 (2.288) 0.313 (0.247) 10.091 (8.929) 0.358 (0.282) 2.261 (2.229) 0.552 (0.436) 13.066 (11.454) 0.620 (0.489) 0.978 (0.771)

MDE.CvM 2.105 (2.081) 0.341 (0.277) 0.253 (−0.884) 0.341 (0.278) 2.016 (1.985) 0.557 (0.448) 0.801 (−0.754) 0.557 (0.449) 0.898 (0.726)
MDE.SD 2.021 (2.000) 0.290 (0.237) −3.748 (−4.774) 0.296 (0.247) 1.918 (1.890) 0.477 (0.386) −4.088 (−5.498) 0.484 (0.398) 0.780 (0.645)
MDE.χ2 1.471 (1.410) 2.315 (0.377) −29.934 (−32.876) 2.710 (0.853) 2.420 (2.310) 7.146 (1.154) 21.024 (15.484) 7.323 (1.250) 10.033 (2.103)
MDE.TV 1.685 (1.630) 1.656 (0.422) −19.747 (−22.369) 1.828 (0.643) 2.597 (2.498) 5.049 (1.234) 29.859 (24.920) 5.406 (1.482) 7.234 (2.126)
MDE.KL 2.217 (2.188) 0.386 (0.254) 5.592 (4.211) 0.400 (0.262) 2.159 (2.120) 0.686 (0.452) 7.936 (6.012) 0.711 (0.466) 1.111 (0.728)

MME 3.118 (3.077) 0.734 (0.499) 48.461 (46.528) 1.770 (1.454) 3.695 (3.641) 1.322 (0.901) 84.746 (82.026) 4.194 (3.593) 5.964 (5.047)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table A5. Comparison of different estimation methods for different values of β (σ = 1 and n = 500).

n = 500

β = 1.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.117 (1.113) 0.012 (0.010) 1.546 (1.217) 0.012 (0.011) 1.026 (1.021) 0.027 (0.024) 2.640 (2.077) 0.028 (0.025) 0.040 (0.035)
MLE.b 1.102 (1.098) 0.011 (0.010) 0.165 (−0.154) 0.011 (0.010) 1.002 (0.997) 0.026 (0.023) 0.205 (−0.338) 0.026 (0.023) 0.037 (0.033)
LME 1.288 (1.284) 0.016 (0.015) 17.082 (16.714) 0.052 (0.048) 1.309 (1.302) 0.047 (0.043) 30.900 (30.219) 0.143 (0.134) 0.194 (0.183)

MDE.CvM 1.122 (1.117) 0.022 (0.019) 2.003 (1.516) 0.022 (0.019) 1.033 (1.025) 0.045 (0.039) 3.275 (2.500) 0.046 (0.039) 0.068 (0.059)
MDE.SD 1.111 (1.106) 0.021 (0.018) 1.032 (0.555) 0.021 (0.019) 1.019 (1.011) 0.043 (0.037) 1.894 (1.135) 0.043 (0.038) 0.065 (0.056)
MDE.χ2 0.579 (0.575) 0.009 (0.008) −47.335 (−47.707) 0.280 (0.283) 1.273 (1.266) 0.037 (0.033) 27.297 (26.642) 0.112 (0.104) 0.392 (0.387)
MDE.TV 0.652 (0.647) 0.016 (0.014) −40.725 (−41.147) 0.216 (0.218) 1.351 (1.343) 0.055 (0.049) 35.093 (34.308) 0.178 (0.167) 0.394 (0.385)
MDE.KL 1.117 (1.113) 0.012 (0.010) 1.545 (1.216) 0.012 (0.011) 1.026 (1.021) 0.027 (0.024) 2.637 (2.076) 0.028 (0.025) 0.040 (0.035)

MME 2.119 (2.115) 0.011 (0.009) 92.666 (92.273) 1.050 (1.039) 6.334 (5.811) 23513.706 (4.323) 533.382 (481.139) 23541.999 (27.472) 23543.048 (28.511)

β = 1.5 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.529 (1.523) 0.032 (0.028) 1.926 (1.503) 0.033 (0.029) 1.031 (1.024) 0.033 (0.029) 3.052 (2.401) 0.034 (0.030) 0.067 (0.058)
MLE.b 1.499 (1.493) 0.029 (0.026) −0.053 (−0.453) 0.029 (0.026) 1.000 (0.993) 0.030 (0.027) −0.044 (−0.659) 0.030 (0.027) 0.059 (0.052)
LME 1.622 (1.615) 0.046 (0.042) 8.133 (7.679) 0.061 (0.055) 1.121 (1.114) 0.049 (0.044) 12.119 (11.408) 0.064 (0.057) 0.125 (0.112)

MDE.CvM 1.543 (1.533) 0.065 (0.057) 2.841 (2.228) 0.067 (0.059) 1.043 (1.034) 0.061 (0.053) 4.273 (3.371) 0.063 (0.054) 0.130 (0.113)
MDE.SD 1.524 (1.515) 0.062 (0.055) 1.579 (0.985) 0.063 (0.055) 1.026 (1.017) 0.058 (0.051) 2.618 (1.742) 0.058 (0.051) 0.121 (0.106)
MDE.χ2 0.860 (0.851) 0.053 (0.045) −42.690 (−43.278) 0.463 (0.467) 1.024 (1.014) 0.060 (0.049) 2.434 (1.376) 0.061 (0.049) 0.524 (0.516)
MDE.TV 0.971 (0.963) 0.060 (0.053) −35.252 (−35.821) 0.340 (0.342) 1.063 (1.053) 0.060 (0.050) 6.278 (5.305) 0.064 (0.053) 0.404 (0.395)
MDE.KL 1.529 (1.523) 0.032 (0.028) 1.926 (1.503) 0.033 (0.029) 1.031 (1.024) 0.033 (0.029) 3.052 (2.401) 0.034 (0.030) 0.067 (0.058)

MME 2.311 (2.302) 0.051 (0.044) 54.069 (53.487) 0.709 (0.688) 2.492 (2.451) 0.317 (0.121) 149.154 (145.139) 2.542 (2.227) 3.251 (2.915)

β = 2 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.050 (2.039) 0.087 (0.074) 2.491 (1.936) 0.089 (0.076) 1.035 (1.028) 0.043 (0.037) 3.543 (2.756) 0.045 (0.038) 0.134 (0.114)
MLE.b 1.992 (1.982) 0.075 (0.065) −0.396 (−0.903) 0.075 (0.065) 0.994 (0.987) 0.037 (0.032) −0.581 (−1.296) 0.037 (0.033) 0.113 (0.098)
LME 2.112 (2.101) 0.101 (0.090) 5.587 (5.033) 0.114 (0.100) 1.074 (1.066) 0.050 (0.044) 7.410 (6.625) 0.056 (0.049) 0.170 (0.148)

MDE.CvM 2.056 (2.040) 0.168 (0.145) 2.780 (2.007) 0.171 (0.147) 1.038 (1.028) 0.075 (0.065) 3.828 (2.806) 0.076 (0.066) 0.248 (0.212)
MDE.SD 2.023 (2.009) 0.157 (0.136) 1.164 (0.425) 0.157 (0.136) 1.018 (1.009) 0.070 (0.061) 1.837 (0.858) 0.070 (0.061) 0.228 (0.197)
MDE.χ2 1.325 (1.308) 0.178 (0.149) −33.737 (−34.576) 0.633 (0.627) 1.029 (1.015) 0.115 (0.094) 2.906 (1.468) 0.116 (0.094) 0.749 (0.722)
MDE.TV 1.451 (1.437) 0.159 (0.138) −27.426 (−28.163) 0.460 (0.455) 1.021 (1.009) 0.090 (0.075) 2.124 (0.911) 0.090 (0.075) 0.550 (0.530)
MDE.KL 2.050 (2.039) 0.087 (0.074) 2.491 (1.936) 0.089 (0.076) 1.035 (1.028) 0.043 (0.037) 3.543 (2.756) 0.045 (0.038) 0.134 (0.114)

MME 2.688 (2.672) 0.166 (0.143) 34.384 (33.617) 0.639 (0.595) 1.646 (1.634) 0.088 (0.074) 64.589 (63.430) 0.506 (0.476) 1.145 (1.072)

β = 2.1 σ = 1
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.157 (2.145) 0.105 (0.089) 2.738 (2.147) 0.108 (0.091) 1.038 (1.030) 0.046 (0.040) 3.835 (3.011) 0.048 (0.040) 0.155 (0.132)
MLE.b 2.092 (2.081) 0.089 (0.077) −0.365 (−0.898) 0.090 (0.078) 0.995 (0.987) 0.039 (0.034) −0.536 (−1.279) 0.039 (0.034) 0.129 (0.112)
LME 2.215 (2.203) 0.117 (0.103) 5.494 (4.913) 0.130 (0.113) 1.072 (1.064) 0.051 (0.045) 7.188 (6.378) 0.056 (0.049) 0.187 (0.162)

MDE.CvM 2.163 (2.145) 0.205 (0.176) 2.995 (2.166) 0.209 (0.178) 1.041 (1.030) 0.081 (0.070) 4.077 (2.987) 0.083 (0.071) 0.292 (0.249)
MDE.SD 2.127 (2.111) 0.191 (0.164) 1.293 (0.506) 0.191 (0.164) 1.020 (1.010) 0.076 (0.065) 1.997 (0.960) 0.076 (0.065) 0.267 (0.230)
MDE.χ2 1.428 (1.409) 0.215 (0.179) −31.983 (−32.886) 0.666 (0.656) 1.040 (1.025) 0.126 (0.102) 4.031 (2.500) 0.128 (0.103) 0.794 (0.758)
MDE.TV 1.553 (1.537) 0.185 (0.160) −26.025 (−26.795) 0.484 (0.477) 1.024 (1.011) 0.095 (0.080) 2.398 (1.146) 0.096 (0.080) 0.580 (0.556)
MDE.KL 2.157 (2.145) 0.105 (0.089) 2.738 (2.147) 0.108 (0.091) 1.038 (1.030) 0.046 (0.040) 3.835 (3.011) 0.048 (0.040) 0.156 (0.132)

MME 2.777 (2.760) 0.198 (0.171) 32.230 (31.427) 0.657 (0.606) 1.578 (1.566) 0.094 (0.079) 57.773 (56.593) 0.427 (0.399) 1.084 (1.006)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Table A6. Comparison of different estimation methods for different values of β (σ = 2 and n = 500).

n = 500

β = 1.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.119 (1.115) 0.011 (0.010) 1.710 (1.386) 0.012 (0.010) 2.052 (2.041) 0.108 (0.096) 2.591 (2.039) 0.111 (0.098) 0.122 (0.108)
MLE.b 1.104 (1.100) 0.011 (0.010) 0.325 (0.011) 0.011 (0.010) 2.003 (1.992) 0.101 (0.090) 0.155 (−0.377) 0.101 (0.090) 0.112 (0.100)
LME 1.290 (1.286) 0.017 (0.015) 17.252 (16.889) 0.053 (0.050) 2.615 (2.602) 0.196 (0.180) 30.754 (30.090) 0.574 (0.542) 0.627 (0.592)

MDE.CvM 1.124 (1.119) 0.021 (0.019) 2.199 (1.738) 0.022 (0.019) 2.065 (2.051) 0.174 (0.153) 3.265 (2.527) 0.178 (0.155) 0.199 (0.174)
MDE.SD 1.114 (1.109) 0.020 (0.018) 1.232 (0.782) 0.021 (0.018) 2.038 (2.023) 0.167 (0.147) 1.894 (1.172) 0.169 (0.148) 0.189 (0.166)
MDE.χ2 0.432 (0.426) 14.995 (15.144) −60.746 (−61.249) 15.442 (15.597) 2.587 (2.511) 3.121 (0.124) 29.333 (25.569) 3.466 (0.385) 18.907 (15.983)
MDE.TV 0.652 (0.647) 0.017 (0.015) −40.733 (−41.151) 0.218 (0.220) 2.676 (2.660) 0.211 (0.188) 33.779 (33.003) 0.667 (0.624) 0.885 (0.844)
MDE.KL 1.119 (1.115) 0.011 (0.010) 1.710 (1.386) 0.012 (0.010) 2.052 (2.041) 0.108 (0.096) 2.591 (2.038) 0.111 (0.098) 0.122 (0.108)

MME 2.121 (2.117) 0.011 (0.009) 92.851 (92.461) 1.054 (1.043) 12.397 (11.748) 94.988 (24.968) 519.827 (487.399) 203.075 (119.991) 204.129 (121.034)

β = 1.5 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 1.525 (1.519) 0.031 (0.028) 1.700 (1.279) 0.032 (0.028) 2.053 (2.040) 0.131 (0.115) 2.666 (2.018) 0.134 (0.117) 0.166 (0.145)
MLE.b 1.496 (1.490) 0.029 (0.025) −0.269 (−0.668) 0.029 (0.025) 1.992 (1.978) 0.119 (0.105) −0.412 (−1.025) 0.119 (0.105) 0.148 (0.131)
LME 1.626 (1.619) 0.045 (0.041) 8.367 (7.914) 0.061 (0.055) 2.249 (2.235) 0.194 (0.175) 12.437 (11.729) 0.256 (0.230) 0.317 (0.285)

MDE.CvM 1.530 (1.521) 0.058 (0.051) 1.980 (1.416) 0.059 (0.052) 2.060 (2.043) 0.214 (0.188) 2.986 (2.166) 0.217 (0.190) 0.276 (0.242)
MDE.SD 1.511 (1.503) 0.055 (0.049) 0.737 (0.191) 0.055 (0.049) 2.027 (2.011) 0.204 (0.180) 1.360 (0.563) 0.204 (0.180) 0.260 (0.229)
MDE.χ2 0.863 (0.854) 0.053 (0.045) −42.465 (−43.053) 0.459 (0.462) 2.053 (2.032) 0.242 (0.197) 2.670 (1.612) 0.244 (0.198) 0.703 (0.660)
MDE.TV 0.975 (0.967) 0.060 (0.053) −34.974 (−35.541) 0.335 (0.337) 2.131 (2.111) 0.239 (0.202) 6.525 (5.553) 0.256 (0.214) 0.591 (0.552)
MDE.KL 1.525 (1.519) 0.031 (0.028) 1.700 (1.279) 0.032 (0.028) 2.053 (2.040) 0.131 (0.115) 2.666 (2.018) 0.134 (0.117) 0.166 (0.145)

MME 2.315 (2.306) 0.051 (0.044) 54.343 (53.762) 0.716 (0.694) 4.969 (4.892) 1.266 (0.441) 148.433 (144.616) 10.079 (8.807) 10.795 (9.501)

β = 2 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.043 (2.032) 0.085 (0.073) 2.173 (1.620) 0.087 (0.074) 2.062 (2.046) 0.170 (0.146) 3.095 (2.310) 0.174 (0.148) 0.261 (0.222)
MLE.b 1.986 (1.976) 0.074 (0.064) −0.692 (−1.197) 0.074 (0.064) 1.980 (1.966) 0.147 (0.127) −0.996 (−1.710) 0.147 (0.128) 0.221 (0.192)
LME 2.107 (2.096) 0.101 (0.090) 5.355 (4.801) 0.113 (0.099) 2.141 (2.126) 0.200 (0.177) 7.071 (6.287) 0.220 (0.192) 0.333 (0.291)

MDE.CvM 2.031 (2.018) 0.140 (0.125) 1.535 (0.907) 0.141 (0.126) 2.044 (2.027) 0.253 (0.225) 2.196 (1.336) 0.255 (0.225) 0.395 (0.351)
MDE.SD 1.999 (1.987) 0.131 (0.118) −0.043 (−0.644) 0.131 (0.118) 2.005 (1.989) 0.237 (0.211) 0.254 (−0.572) 0.237 (0.211) 0.368 (0.329)
MDE.χ2 1.323 (1.306) 0.179 (0.150) −33.866 (−34.708) 0.638 (0.632) 2.056 (2.027) 0.465 (0.379) 2.821 (1.375) 0.468 (0.380) 1.106 (1.012)
MDE.TV 1.448 (1.433) 0.159 (0.138) −27.609 (−28.342) 0.464 (0.460) 2.040 (2.015) 0.360 (0.301) 1.979 (0.772) 0.361 (0.302) 0.825 (0.761)
MDE.KL 2.043 (2.032) 0.085 (0.073) 2.173 (1.620) 0.087 (0.074) 2.062 (2.046) 0.170 (0.146) 3.095 (2.310) 0.174 (0.148) 0.261 (0.222)

MME 2.687 (2.671) 0.168 (0.145) 34.337 (33.567) 0.640 (0.596) 3.294 (3.270) 0.355 (0.299) 64.680 (63.520) 2.028 (1.913) 2.668 (2.509)

β = 2.1 σ = 2
Method Mean Var RB MSE Mean Var RB MSE TMSE

MLE 2.150 (2.137) 0.101 (0.087) 2.359 (1.778) 0.104 (0.088) 2.066 (2.050) 0.180 (0.154) 3.317 (2.504) 0.184 (0.156) 0.288 (0.245)
MLE.b 2.085 (2.074) 0.087 (0.075) −0.714 (−1.240) 0.087 (0.076) 1.980 (1.965) 0.153 (0.133) −1.012 (−1.745) 0.154 (0.134) 0.241 (0.210)
LME 2.210 (2.198) 0.116 (0.102) 5.218 (4.645) 0.128 (0.112) 2.136 (2.120) 0.202 (0.178) 6.794 (5.994) 0.221 (0.192) 0.349 (0.304)

MDE.CvM 2.131 (2.118) 0.164 (0.147) 1.488 (0.845) 0.165 (0.147) 2.043 (2.025) 0.262 (0.234) 2.127 (1.254) 0.264 (0.234) 0.429 (0.381)
MDE.SD 2.097 (2.084) 0.153 (0.137) −0.159 (−0.773) 0.153 (0.137) 2.002 (1.986) 0.245 (0.219) 0.117 (−0.718) 0.245 (0.219) 0.398 (0.357)
MDE.χ2 1.425 (1.406) 0.216 (0.180) −32.125 (−33.026) 0.671 (0.661) 2.078 (2.048) 0.506 (0.410) 3.915 (2.388) 0.512 (0.412) 1.183 (1.073)
MDE.TV 1.549 (1.533) 0.186 (0.160) −26.222 (−26.988) 0.489 (0.482) 2.044 (2.019) 0.381 (0.319) 2.203 (0.956) 0.383 (0.320) 0.872 (0.801)
MDE.KL 2.150 (2.137) 0.101 (0.087) 2.360 (1.778) 0.104 (0.088) 2.066 (2.050) 0.180 (0.154) 3.317 (2.504) 0.184 (0.156) 0.288 (0.245)

MME 2.776 (2.759) 0.200 (0.172) 32.179 (31.378) 0.656 (0.606) 3.157 (3.133) 0.372 (0.318) 57.842 (56.675) 1.711 (1.602) 2.367 (2.209)

Note: Main entries correspond to the untrimmed values; the 1% trimmed values are provided in parentheses.
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Chapter 5

Conclusion

This chapter contains some conclusions as well as directions for future research. We begin

by considering the goals of the papers contained in the thesis.

5.1 Overview of the goals of the papers presented

• To develop new classes of goodness-of-fit tests for the Pareto Type I

distribution. New classes of goodness-of-fit tests are developed in both Chapters 2

and 3. In the former, we exploit a characterisation involving order statistics, while

the tests proposed in the latter are based on a characterisation involving conditional

expectations.

• To derive the asymptotic properties pertaining to some of these new

classes of goodness-of-fit tests. The asymptotic properties of the tests based

on the order statistics characterisation of Chapter 2 are extensively studied. The

asymptotic null distributions of the tests are derived and consistency against a wide

class of fixed alternatives is shown.

• To critically evaluate the performance of the newly proposed tests un-

der different estimation methods using Monte Carlo simulation. Extensive

Monte Carlo studies are carried out in both Chapters 2 and 3 to examine the nu-

merical sizes and powers, against a wide range of fixed alternative distributions,

achieved by the newly proposed tests. The calculated powers are compared to those

of existing tests for the Pareto distribution and we find that the newly proposed

tests are competitive, often outperforming the other tests considered.

• To apply the newly proposed tests to real-world data settings and draw

conclusions. The newly proposed goodness-of-fit tests based on a characterisation

involving a conditional expectation are applied to the observed annual salaries of

English Premier League (EPL) football players for the seasons 2021–2022 as well

as 2022–2023. The aim is to determine whether or not the Pareto distribution is
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an appropriate model for the distribution of the salaries of players in excess of 10

million GBP in Chapter 3. We find that the Pareto distribution is an appropriate

model for salaries in one of the seasons, while this is not the case for the other season.

Furthermore, the newly proposed tests based on an order statistic characterisation

are applied to test whether or not observed LIV golf earnings, in excess of 3.5 million

USD, are realised from the Pareto distribution in Chapter 2. The results indicate

that the Pareto distribution is an appropriate model for the data.

• To investigate different estimation methods used to estimate the shape

and scale parameters of the Lomax distribution as well as determine

whether the minimum distance estimators are suitable estimation alter-

natives for this distribution when compared to traditional methods of

estimation. The different estimation methods are compared to one another in a

comprehensive Monte Carlo study. This study, included in Chapter 4, considers var-

ious parameter combinations as well as a range of sample sizes. The results obtained

indicate that, while a bias reduced version of maximum likelihood estimation is a

good choice for estimation using large samples, a minimum distance estimator is

recommended for use with smaller samples.

5.2 Concluding remarks and future research

The aim of this thesis is to contribute to the literature regarding the Pareto distribu-

tions, specifically that of the Pareto Type I and Lomax distributions. We propose several

classes of goodness-of-fit tests for the Pareto Type I distribution and we demonstrate

that, in addition to desirable asymptotic properties, the tests perform well in finite sam-

ple settings. Additionally, parameter estimation for the Lomax distribution is considered.

Special attention is paid to estimators based on distance minimisation and it is found that

these estimators often outperform classical techniques such as the maximum likelihood

estimation and the method of moments, especially for small sample sizes. The use of all

of the techniques developed in the thesis, including goodness-of-fit tests and estimation

techniques, are illustrated using observed data.

We now provide some directions for future research. An important shortcoming in the

literature can be filled when developing goodness-of-fit tests specifically for the Lomax

distribution. Such a test will have application in parametric frailty models in survival

analysis where the assumption is that the frailty parameter has a gamma distribution.

If this is the case, then the distribution of the so-called residuals should follow a Lomax

distribution under the null hypothesis. Furthermore, there is little available in the liter-

ature regarding the Pareto Types II, III and IV distributions. We plan to address this

by developing goodness-of-fit tests for these distributions and to investigate and compare

estimation techniques for these distributions. The larger number of parameters which

require estimation when using these distributions results in an increase in the complexity

associated with the development of the mentioned techniques.


