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Abstract

In this thesis we study some nonlinear partial differential equations which appear
in several physical phenomena of the real world. Exact solutions and conserva-
tion laws are obtained for such equations using various methods. The equations
which are studied in this work are: a hyperbolic Lane-Emden system, a gener-
alized hyperbolic Lane-Emden system, a coupled Jaulent-Miodek system and a

(2+41)-dimensional Jaulent-Miodek equation power-law nonlinearity.

We carry out a complete Noether and Lie group classification of the radial form of a
coupled system of hyperbolic equations. From the Noether symmetries we establish
the corresponding conserved vectors. We also determine constraints that the non-
linearities should satisfy in order for the scaling symmetries to be Noetherian.
This led us to a critical hyperbola for the systems under consideration. An explicit

solution is also obtained for a particular choice of the parameters.

We perform a complete Noether symmetry analysis of a generalized hyperbolic
LaneEmden system. Several constraints for which Noether symmetries exist are
derived. In addition, we construct conservation laws associated with the admitted
Noether symmetries. Thereafter, we briefly discuss the physical meaning of the

derived conserved vectors.

We carry out a complete group classification of a generalized coupled hyperbolic
Lane-Emden system. It is shown that the underling system admits six-dimensional
equivalence Lie algebra. We further show that the principle Lie algebra which is
one dimensional extends in several cases. We also carry out Lie reductions for some

cases.

Symmetry analysis is performed on a coupled Jaulent-Miodek system, which arises
in many branches of physics such as particle physics and fluid dynamics. The

similarity reductions and new exact solutions are constructed. Subsequently, con-

viil



servation laws are derived using the multiplier approach.

We study complete Noether symmetry classification of a (2+41)-dimensional Jaulent-
Miodek equation with power-law nonlinearity. Conservation laws for several cases

which admit Noether point symmetries are established.
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Introduction

Many physical phenomena of the real world are governed by nonlinear partial dif-
ferential equations (NLPDESs). Therefore, it is imperative to study these NLPDEs
from different points of view. One important aspect of studying NLPDEs is to
find their exact explicit solutions. However, this is a very difficult task because
there are no specific tools or techniques which can be used to find exact solutions

of NLPDEs.

Nevertheless in recent years many scientists have developed various methods of
finding exact solutions of NLPDEs. Some of these methods are variable separation
approach [1], the ansatz method [2, 3], inverse scattering transform method [4],
homogeneous balance method [5], Bécklund transformation [6], Darboux transfor-
mation [7] and Hirota’s bilinear method [8], Kudryashov method [9] and the Lie

symmetry method [10-21].

Lie symmetry method, also called Lie group method, is one of the most powerful
methods to determine solutions of nonlinear partial differential equations. It is
based upon the study of the invariance under one parameter Lie group of point
transformations. Lie symmetry method was developed by Sophus Lie (1842-1899)
in the latter half of the nineteenth century and is highly algorithmic. These meth-
ods systematically unify and extend well known ad hoc techniques to construct ex-

plicit solutions for differential equations, especially for nonlinear differential equa-



tions.

In the study of differential equations (DEs), conservation laws are of undisputed
importance. They are the keystone for every fundamental theory of nature. They
can provide valuable physical information about the complicated behavior non-
linear systems. From the mathematical point of view, when analyzed, they can
detect integrability; they can also be employed to check accuracy of numerical
methods and they provide an insight into the development of good discretizations
technique. In fact, the existence of a large number of conservation laws of a partial
differential equation (PDE) is a strong indication of its integrability [10-21]. An
association among symmetries and conservation laws for differential equations is
set up through Noether theorem [22]. In addition to Lie point symmetries, Noether
symmetries are also widely studied and are associated, in particular, with those
differential equations which possess Lagrangians. The Noether symmetries, which
are symmetries of the Euler-Lagrange systems, have interesting applications in the
study of properties of particles moving under the influence of gravitational field.
Noether theorem allows construction of conservation laws systematically. However,
it can only be applied to differential equations with a Lagrangian. In order to

overcome this limitation, several works have been done. See for example [23-29],

Recently, in [29] the conserved quantity was used to determine the unknown ex-
ponent in the similarity solution which cannot be obtained from the homogeneous
boundary conditions. Thus, it is essential to study conservation laws of differential

equations.
This thesis is structured as follows:

In Chapter one we present the preliminaries that are going to be needed in our

study.

In Chapter two we carry out a complete Noether and Lie group classification of the



radial form of a coupled system of hyperbolic equations. As a result, the arbitrary

constants which appear in the system are specified.

Chapter three deals with the Noether symmetry classification of a generalized
hyperbolic Lane-Emden system and conservation laws are constructed for various

cases.

In Chapter four we perform a complete Lie group classification of the generalized

coupled hyperbolic Lane-Emden system, which is studied in chapter 3.

In Chapter five Lie reductions and conservation laws are obtained for a coupled
Jaulent-Miodek system, which is encountered in fluid dynamics, particle physics

and many other areas of physics and mathematical sciences.

Chapter six studies the (2+1)-dimensional Jaulent-Miodek equation with power-
law nonlinearity. Noether symmetry classification is performed and thereafter con-

servation laws are constructed for various cases that arise.

Finally in Chapter seven a summary of the results of the thesis is presented and

future work is suggested.

Bibliography is given at the end.



Chapter 1

Preliminaries

In this chapter, we present some preliminaries on Lie symmetry analysis and con-
servation laws of differential equations, which will be used throughout this work

and are based on references [10-21].

1.1 One-parameter group of continuous transfor-

mations

Let z = (x',...,2") be the independent variables with coordinates z' and u =
(u',...,u™) be the dependent variables with coordinates u® (n and m finite). Con-

sider a change of the variables x and u involving a real parameter a:
T,: 2t = fi(z,u,a), u® = ¢*(z,u,a), (1.1)
where a continuously ranges in values from a neighborhood D' € D C R of a = 0,

and f* and ¢® are differentiable functions.

Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin-

uous one-parameter (local) Lie group of transformations in the space of variables



z and wu if

(i) For T,, T, € G where a,b € D' C D then T, T, =T, € G, ¢ = ¢(a,b) € D

(Closure)

(ii) Tp € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)

(iii) For T, € G,a e D' C D, T; ' =T,-1+ € G, a~* € D such that

To Ty =Ty T, =T, (Inverse)

We note that the associativity property follows from (i). The group property (i)

can be written as

.l

[z, a,b) = f(x,u, ¢(a,b)),
u* = ¢%(z,u,b) = ¢%(x,u, P(a,b))

(1.2)

and the function ¢ is called the group composition law. A group parameter a is

called canonical if ¢(a,b) = a + b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

N /“ ds _ 09¢(s,b)
0

a= 0 where w(s) = |,

1.2 Prolongations

The derivatives of u with respect to x are defined as
u = Di(ua), u% = D]DZ(’LLZ), R

where

(1.3)



is the operator of total differentiation. The collection of all first derivatives " is

denoted by u(y), i.e.,

uny ={ui'} a=1,...m, i=1..,n.
Similarly

upgy ={uy} a=1,...m, i,j=1,..,n

u(g) contains only ug; for

and u(z) = {ug,} and likewise u) etc. Since uf; = ug;,

i < j. In the same manner u) has only terms for + < j < k. There is natural

ordering in u), ues) -

In group analysis, all variables x, u, u() - - - are considered functionally independent
variables connected only by the differential relations (1.3). Thus the u¢ are called

differential variables [14].

We now consider a pth-order partial differential equations, namely

Eo(x,u,uy, ..., ug)) = 0. (1.5)

Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

J?i:fi(x7u7a)7 fi|a=0:xi7

u® = ¢*(z,u,a), ¢“4=0 = u®. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equiv-

alent to the determination of the corresponding infinitesimal transformations:

vt Fali(xu), u~u® 4 an®(x,u) (1.7)



obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a,

about a = 0 and also taking into account the initial conditions
fi‘a:O :xi’ (ba’a:O =u”.

Thus, we have

- af 0p”
e =L =2

a=0

(1.8)

a=0
One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

v (1+aX)r, u=(1+aX)u,
where

, 9, 0
ngz(xvu)%—f_na(xau)%‘ (19)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).
We now see how the derivatives are transformed.

The D; transforms as
D, = Di(f)D;, (1.10)
where Dj is the total differentiations in transformed variables 7. So

af = Dy(u),  a = Dy(ag) = Di(a), -

]
Applying (1.6) and (1.10), we obtain

Di(¢%) = Di(f")D;(a")
= Di(fHus (1.11)



and so

(1.12)

off  g0f7N\ _, 09 = 50¢°
(Gxi M aM)“j = or T Yigur

The quantities u$ can be represented as functions of x, u, u;), i.e., (1.12) is locally

invertible:

uy =Py (x,u,umy, a), YY)l = ui (1.13)

The transformations in z,u,un) space given by (1.6) and (1.13) form a one-
parameter group (one can prove this but we do not consider the proof) called

the first prolongation or just extension of the group G and denoted by GIU.

Letting
u; ~ ug + ag; (1.14)
to be the infinitesimal transformation of the first derivatives so that the infinitesi-

mal transformation of the group G is (1.7) and (1.14).

Higher-order prolongations of G, viz. G, GPl can be obtained by derivatives of
(1.11).

Prolonged generators
Using (1.11) together with (1.7) and (1.14) we get

Di(f)(@}) = Di(¢")
Di(x’ + ag’)(uf +ac}') = Di(u® + an®)
(67 + aD&)(uf +all) = uf +aDin®
u + al + au?szj = u+aDn®

¢ = Di(n*) —u$Di(¢’), (sumonj).  (1.15)

)



This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

5 = D) —ugDi(€"),  (sum on k). (1.16)

]
By induction (recursively)

o = D (¢ ) — ug D; (¢), (sumonj). (1.17)

11,825.-yip 11,0250 yip—1 11,82,0ytp—1J

The first and higher prolongations of the group G form a group denoted by

G ... GP. The corresponding prolonged generators are

X = X+<?aaa
U

(sum on i, ),

X — xlp-1 + ¢ 9 p>1
115000p 8%“1 ..... ip o
where
A= e g
&' (@, u)z s + 1%z, u) 52

1.3 Group admitted by a partial differential equa-

tion

Definition 1.2 (Point symmetry) The vector field

Xz{i(x,u)%—f—na(x,u)%, (1.18)
is a point symmetry of the pth-order partial differential equation (1.5), if
XP(E,) =0 (1.19)
whenever E, = 0. This can also be written as
XPE,|, _,=0, (1.20)



where the symbol |, _ means evaluated on the equation £, = 0.

Definition 1.3 (Determining equation) Equation (1.19) is called the deter-
mining equation of (1.5) because it determines all the infinitesimal symmetries of

(1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transforma-
tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant

(has the same form) in the new variables Z and @, i.e.,
Eo(Z, 1, upy, -+ ,ugp) =0, (1.21)

where the function E, is the same as in equation (1.5).

1.4 Infinitesimal criterion of invariance

Definition 1.5 (Invariant) A function F(z,u) is called an invariant of the group

of transformation (1.1) if
F(z,u) = F(f'(z,u,a), ¢"(z,u,a)) = F(z,u), (1.22)
identically in x, v and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi-

cient condition for a function F'(z,u) to be an invariant is that

+77a(x,u)a—F =0. (1.23)

: oF
X F=¢"(z,u) P

oxt

It follows from the above theorem that every one-parameter group of point trans-

formations (1.1) has n — 1 functionally independent invariants, which can be taken

10



to be the left-hand side of any first integrals
Ji(zu) =cp, - Iz, u) = ¢,

of the characteristic equations

dz! dz™ du! du™

gl(x’u) B B f”(m,u) a 771<:U7u) 77n<x7u).

Theorem 1.3 (Lie equations) If the infinitesimal transformation (1.7) or its
symbol X is given, then the corresponding one-parameter group G is obtained

by solving the Lie equations

W_dwan, W) (1.24)

subject to the initial conditions

" — e _
X ‘a:O_x’ U™ | f=0 =

1.5 Conservation laws

1.5.1 Fundamental operators and their relationship

Consider a pth-order system of partial differential equations of n independent vari-
ables x = (2%, 2%,...,2") and m dependent variables u = (u',u?,...,u™), given

by equation (1.5).

Definition 1.6 (Euler-Lagrange operator) The Euler-Lagrange operator, for
each «, is defined by

KB 0
. =1,...,m. 1.
=35 +Z D;, DZSa a ., a=1...,m (1.25)

(e}
u s>1 1112...15

11



Definition 1.7 (Lagrangian) If there exists a function
L = L(x,u,umy, Uz, - Us) , S < p, p being the order of equation (1.5), such
that

oL
5u_a_0 a—l,---,m (126)

then L is called a Lagrangian of equation (1.5). Equation (1.26) is known as the

FEuler-Lagrange equation.

Definition 1.8 (Lie-Backlund operator) The Lie-Bécklund operator is given
by

0

, 0
X =g T 50

£ €A, (1.27)

where A is the space of differential functions [14]. The operator (1.27) is an ab-

breviated form of infinite formal sum

- 0 0 0
X =¢— @ E = 1.2
5 axl + 77 aua + — Clllz...ZS au?lwmis’ ( 8)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

7

Cq = D1<Wa)+§]uf;
¢ . = Diy...Di,(W*) +&us s>1, (1.29)

11...1s j’il...is7

in which W is the Lie characteristic function given by
We =n* =&l (1.30)

One can write the Lie-Bécklund operator (1.28) in characteristic form as

7 (e 8 (e a
X =D+ W %vLZD“...DZS(W )

1 i102..0s

(1.31)

12



Definition 1.9 (Conservation law) The n-tuple vector T = (T, T?,...,T"), T’ €

A, j=1,...,n,is a conserved vector of (1.5) if T" satisfies
D;T"|1.5 = 0. (1.32)

The equation (1.32) defines a local conservation law of system (1.5).

1.5.2 Multiplier method

The multiplier approach is an effective algorithmic for finding the conservation laws
for partial differential equations with any number of independent and dependent
variables. Authors in [23] gave this algorithm by using the multipliers presented
in [15]. A local conservation law of a given differential system arises from a lin-
ear combination formed by local multipliers (characteristics) with each differential
equation in the system, where the multipliers depend on the independent and de-
pendent variables as well as at most a finite number of derivatives of the dependent

variables of the given differential equation system.

The advantage of this approach is that it does not require the use or existence of
a variational principle and reduces the calculation of conservation laws to solving

a system of linear determining equations similar to that for finding symmetries.

A multiplier Ay (2, u, u(),...) has the property that
A E, = DT (1.33)

hold identically, where E,, D; are defined by equations (1.5), (1.4) and T" is defined
in definition (1.9).

The right hand side of (1.33) is a divergence expression. The determining equation

for the multiplier A, is
d(ALEL)

= 1.34
ou® 0, (1.34)

13



Once the multipliers are obtained the conserved vectors are constructed by invoking

the homotopy operator [23].

1.5.3 Preliminaries on Noether symmetry

In this section we give some salient features of Noether symmetries concerning the
system of two second-order partial differential equations (PDEs). For more details

see for example [22,30].

We now consider the vector field

0 0 1 0
X = T(t,r,u,v)a—i—g(t,r,u,v)E%—n (t,r,u,v)%
+n*(t, T, u, U)% (1.35)
The first-order prolongation of X is given by
0 0 0 0 0 0 0 0
n_ 9 o 1 9 2 O 1 9 2 O 1 2
X Tat +£8x i ou i ov +G Ouy +G vy +G ou, G ov,.’ (1.36)
where
¢ = D) = wDi(r) — e Di(€), ¢ = Du(n') — weDu(r) — u, D, (€)(1.37)
(¢ = Di(n”) = v Dy(7) = v, Di(€), ¢Z = Dp(1°) — 01 Dy(7) — 0D, (),(1.38)
and
0 0 0 0 0 0 0
D, = — il - i . i 4. (1
Y + ou o ov + U ou, + st ov, + ou, + Ui ov, oo (1.39)
0 0 0 0 0 0 0
Dr = E + UT% + U,«% + U,«ra—ur —+ Uwa—vr -+ Utra_ut —+ Utrﬁ_vt + - (140)
Recall that the Euler-Lagrange operators are defined by
) 0 0 0 0 0
- = ——_D,— —D D? D?
ou ou You, "Ou, * L Oy + " Oy + ’
) 0 0 0 0 0
— = ——Dy— —D,— + D? D?
ov ov Lov, "Ov, + E vy o OVpy +

14



Definition 1.10 A function L(¢, 7, u, v, us, v¢, uy, vy, - - - ) is said to be a Lagrangian
of the system of two PDEs of two independent variables (¢,7) and two dependent

variables (u,v), viz.,

U1 (t, 7y Uy U,y Uy Vg, Vg Uggy Uy Uy =+ ) = 0, (1.41)

¢2(ta T, U, Uy Uy, Up,y Vgt Uty Upyry Uppy = * ) = 07 (142)

if (1.41)-(1.42) are equivalent to the Euler-Lagrange equations

L L
oL _, 0L _

2= = 0. 1.4
du Y 0 (1.43)

Definition 1.11 The vector field X, given by (1.35), is called a Noether point
symmetry generator associated with a Lagrangian L(t,r, u,v, us, vy, u,, v,) of Egs.

(1.41)-(1.42) if there exists gauge functions B (¢, r, u,v) and B%(t,r, u,v) such that
XU(L) +{Di(7) + Dr(€)}L = Di(B") + Dy (B?). (1.44)
Theorem 1.4 (Noether [30]) If X given by (1.35) is a Noether point symmetry

generator corresponding to a Lagrangian L(t,r,w, v, u, vy, Uy, v,.) of Egs. (1.41) —

(1.42), then the vector T = (T, T?) with components

L L
T =70+ Wla— +W2a— — B,
aut &)t
oL oL
T =¢'L4+wt wW?-— — B* 1.45
L+ ou, + ov, ’ (1.45)

is a conserved vector for Eqs. (1.41) — (1.42) associated with the operator X. Here
W1 and W? are the characteristic functions, given by W' = n' — u,7 — u,& and

W2 =n? — v, —v,&.

Remark 1.1 We recall that if (T, T?) is a conserved vector for the system (1.41)—
(1.42), then D,T* + D, T? = 0 on the solutions of (1.41) — (1.42). Therefore this

provides a conservation law for such system. If D,T' 4+ D, T? provides a vanishing

15



divergency, then we say that (77, 7?) is a trivial conservation law. If (7", T?) and
(T, T?) are two conserved vectors such that (T" — T, T? — T?) is a trivial one,
then they are said to be equivalent and provide the same conservation law. For

further details, see [31] and Chapter 5 of [15].

From the above observations, if the components B' and B? in (1.45) — (1.45)
provides a vanishing divergency D,B' + D, B> = 0, the components 7" and T2 can

therefore be simplified to

L L
T' =1L+ w19k - WQa—,
8ut (%t
OL OL
T? = 'L+ W =—= 4+ W?==. 1.46
SL+ ou, + ov, ( )

1.6 Concluding remarks

In this chapter we presented a brief introduction to the Lie group analysis and
conservation laws of partial differential equations and gave some results which
will be used throughout this thesis. We also presented methods to determine

conservation laws of differential equations.

16



Chapter 2

Group analysis of a hyperbolic

Lane-Emden system

In this chapter we carry out a complete Noether and Lie group classification of
the radial form of a coupled system of hyperbolic equations. From the Noether
symmetries we establish the corresponding conserved vectors. We also determine
constraints that the nonlinearities should satisfy in order for the scaling symme-
tries to be Noetherian. This led us to a critical hyperbola for the systems under
consideration. An explicit solution is also obtained for a particular choice of the

parameters.

The study of the coupled elliptic equations

Au+v? =0,
(2.1)

Av+uP =0,

called Lane-Emden systems, is an active branch in nonlinear analysis. In (2.1),
u = u(x), v = v(x) and x € R"™. Such a system, particularly when n > 3

and p,q > 0, has been widely investigated from different point of views. See for
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example [32-35].

System (4.1) can be considered as a natural generalisation of the celebrated Lane-

Emden equation
{ Au+ uP =0, (2.2)

where u = u(z), z € R" [34]. Equation (2.2) has a “natural hyperbolic partner”,

given by the following nonlinear wave equation:

{ Uy — Au — uP = 0, (2.3)

where (¢,z) € R'"™" and u = u(t, ). In this case, ¢t can be interpreted as a time
variable, while x corresponds to the spatial ones. It is then natural to consider the
hyperbolic generalisation of (2.1), which we shall refer as hyperbolic Lane-Emden

system, given by

tht—A&—f)q:O,

(2.4)
’l’}tt—Af)—ﬂp:O,
If we define r := ||z||, @(t,x) = wu(t,r) and 0(t,z) = v(t,r), system (2.4) can
therefore be rewritten in its radial form as
Ut — Upp — anlur —vl = 07
(2.5)
Vi — Upp — nT_lvr —uf =0,

A simple generalisation of (2.5) can easily be obtained if we replace the integer n—1,
related with the dimension on the space of spatial coordinates, by an arbitrary real

parameter v.
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Thus, in this chapter we consider the following hyperbolic version of the Lane-

Emden system:

v J—
Uy — Upp — TUp — VT =0,
14
Ut — Upp — S0 —uP =0,

from the point of view of Lie group analysis.

As far as we know, it was the PhD thesis of Gilli Martins [36], and the works
arisen from there (see [37] and references therein), that started the investigation of
symmetry properties of the Lane-Emden systems in the sense of S. Lie symmetry
theory [11,13,15,20,38]. Since then several works have been done in this direction.
See for example [30,39-45].

If at least one of the powers in (2.4) is 0 we obtain a coupled system such that one
of the equations satisfies wy — Aw — 1 = 0, which does not have any dependence
with respect to the other variable and leads us to a not interesting case. On the
other hand, if at least one of them is 1, say ¢, we can consequently obtain the
biwave equation (1*w — w? = 0, where [0 := 9, — A, a case already investigated,
from the point of view of Lie symmetries, in [46]. For this reason, in this chapter
we assume that p,q # 0,1. The later condition is the only one to be assumed

regarding the nonlinearities.

With regard to the parameter v, we only assume that it is different from 0. Actu-
ally, the case v = 0 can either be obtained from [40], under the complex transforma-
tion (z,y,u,v) — (t,ir,u,v) into the original variables of the mentioned reference,
or from [45], making use of projections on the (t,z)—space once it is assumed that
in [45] the functions u and v depend only on (¢, ) instead of (¢,z,y). In this case,

the symmetries for system (2.6), with v = 0, for any p and ¢, are given by
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:a7 :E’

d o _ .0 d 2.7
{ T R H=r2 +t2. (2.7)
For other generators, depending on the powers p and ¢, see [45].

The work of this chapter has been published in [47].

2.1 Noether symmetries and conservation laws

of the system (2.6)

We first find the Noether symmetries of the hyperbolic Lane-Emden system (2.6),
viz.,

14
q _
utt_uTr_;ur_U —07

v p
Utt—vw—;vr—u = 0.

We need to study four cases separately.

2.1.1 p#-—1,qg+#—1

It can be seen that the hyperbolic Lane-Emden system (2.6) has a variational

structure. This is given in the following Lemma.
Lemma.

The hyperbolic Lane-Emden system (2.6) constitutes of the Euler-Lagrange equa-

tions with the functional

J(u,v):/ / L(t,r, u,v, us, vy, U, v, )dtdr,
o Jo

where the corresponding function of Lagrange is given by

v

7,-.11
q+1UQ+1+mUp+l7 p# -1, ¢# -1 (2.8)

L = r"uwv; — r’u,v, +
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Proof. Follows from (1.43).

R T P Dr  Phg + Di
= r"u? — Dy(r*v;) — Dy(—1"v,)
= ruP — vy + vr’ o, + o,
= (v — Vpp — v 0, — uP)
=0
oL _ 0L Dta—L—DTa—L—i—DQaL—i—Dz&L—i—---,

ov o o, ov, o " vy

= r"v? — Dy(r"us) — Dp(—1"u,.)

= 0% — rYuy + v’y + Vg,

1

= —r"(uy — Upr — v Uy — 09)

= 0.

We now substitute the value of L from (2.8) into Eq. (1.44) and split the resulting
equation with respect to derivatives of v and v. This yields the following linear

overdetermined system of PDEs:

v = 0, (2.9)

Tn = 0, (2.10)

&, = 0, (2.11)

& = 0, (2.12)

n” = 0, (2.13)

nt =0, (2.14)

v b, — T ety e = 0, (2.15)
T =, e — s =t = 0, (2.16)
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r’r. —r’& = 0, (2.17)
vyt = Bl (2.18)
™ = By, (2.19)
—r'n, = B, (2.20)
—r'n? = B, (2.21)
Vo v1e g+l Vo w1 pil
—r vt ——r (A
qg+1 ¢ p+1 ¢
v, 1l p v, 2, q r q+1
rnu’ +rontvt 4+ TV +
n n g+ 1 t
ot et et — BleBL (22

The above system is now solved for 7, &, nt, n?, Bt and B?.

Egs. (2.9) and (2.10) imply that

T =a(t,T), (2.23)
where a(t, r) is an arbitrary function of ¢ and r. Eqgs.(2.11) and (2.12), imply that
£&=0b(t,r), (2.24)
where b(t,r) is an arbitrary function of ¢ and r. Eq. (2.14), gives
n't = c(t,r,u), (2.25)
where ¢(t,7,v) is an arbitrary function of ¢,r and v. Solving Eq. (2.13), we get
n® = d(t,r,v), (2.26)

where d(t,r,v) is an arbitrary function of ¢,r and v. Substituting the values of

7,&,n' and n? into (2.15) and solving for c(t,r,u) gives

n' = c(t,r,u) = (a(t,r) — b.(t,r) — dy(t,r,v) — ;b(t,r))u +e(t,r). (2.27)
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Substituting the value of n' into (2.16) gives
by(t,r) — au(t,r) = 0. (2.28)
Solving Eq. (2.17), we obtain
a,(t,r) — b(t,r) = 0. (2.29)
Replacing the values of 7,&, 7' and n? back into Eqgs. (2.18) and (2.19), we get
B' = rYdyu +r’eqv + g(t, 7). (2.30)
Similarly by solving Eqgs. (2.20) and (2.21), yield

B* = —rVd,u — Ve + k(t,r). (2.31)

Now substituting these values of 7, &, 1!, 7% B and B? into (2.22) and simplifying

yields
T = a(tr),
£ = blt,r),
0t = —dyu— Zbu+e(t,r),
r
/’72 = d(t7 T7U)7

B = rdu+rew + g(t,r),

B* = —r"dou—1r"e + k(t,r),
Y it + Yty + o a ™t v du? +
g+1 p+1 q+1
v rY rY
r’uP (—dyu — —bu + e(t, 7)) + aguP ™+ ——b vt 4
r p+1 g+1
:_ 1bTup+1 = rdyu — r’du — vr* Y dou + rreyv — Ve
b
—vr’ e v 4 g + k. (2.32)
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The examination of Eq.(2.32) gives rise to the four cases. In what follows, g =

g(t,r) and k = k(t,r) are arbitrary functions.
Case 1: v arbitrary but not in the form in Case 2 — Case 4

This case gives only one Noether point symmetry, namely

with B! = g, B> = k and ¢, + k., = 0. The use of Theorem 1.4 and Remark 1.1

yield the following nontrivial conserved vector associated with this Noether point

symmetry:
v ,rJ/
T! = —r"u; — rumv, + I —— Pt
! o q+1 p+1
T} = r"uw, + r’u,v,. (2.34)
29+ 2p+4

Case 2: p#gq, v =
pqg—1

In this case we obtain two Noether point symmetries, viz., X given by (2.33) and

0 0 0 0
Xpg=(1- PQ)TE +(1 —pq)ta +2(1 + q)u% +2(1 +p)v%, (2.35)

with B! = g, B> = k and ¢, + k, = 0. The application of Noether conserved
vectors (1.46) gives the following two nontrivial conserved vectors corresponding
to the two Noether symmetries. The first one, established from X, was already

obtained in (2.34), while the new one, obtained by using (2.35) is given by

2 1
T? = —truw; — tru,v, — v’ Pue, — r'Muw, — —(q + )r”uvt
pqg—1
2 1 t t
_ (p + >TVUtU + TVUq+1 ‘I‘ Tyup—‘,-l’
pqg—1 +1 p+1
2 1
T22 = "y, + rV e, + trfug, + trfue, + —(q + 1)r”uvr
pq —
2(p+1 vl vl
—i—LT”urv ST R e — (2.36)
pq—1 qg+1 p+1
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4

Case 3: p=¢q,v=——

qg—1

For this case we obtain three Noether point symmetry operators, viz., X; given by

(2.33), X, defined by

1 0 0 0 0

X, =—X,,=(1—p)r— 1 —p)it— +2u— + 20— 2.37
p 1+p p,p ( p>rar+( p) at_'_ uau+ Uav ( )
and
1 0 0 2 0 2 0
X3 =—(t? H— t— + ——ut— t— 2.
s 2< +T)8t+rar+1—puau+1—pvc% (2:38)
: 1 2 v 2
with B =1 r“uv + g, B =k and ¢g; + k. = 0.

Remark 1.1 yields the three nontrivial conserved vectors. Those obtained from X,

and X, are given, respectively, by (2.34) and (2.36) with p = ¢. Using Theorem 1.4,

we obtain the following conserved vector corresponding to the Noether operator

(2.38):

7 =

1

——t*r"u,v, — =7

2
+

qg—1 q— q—

t,r.ll+].

1 trlj+1

1
20, — =2V u, — =1 u, — tr' e, — UV,
2 2 2
1 1

1
tQTVUq—I—l + tQTqu—i-l + TV+2’Uq+1 + ’I"V+2Uq+1
2(¢+1) 2(¢+1) 2(¢g+1) 2(¢g+1)

tr’uv; — 1 trfusv + 1r”uv,

1 2 1
UV + 1157“”+1vq+1 + ———trV iyt 4 —1t7”’uvr + étzr”utw.

q+1 q—

4

Case 4: p=q, v # ——

qg—1

One Noether point symmetry operator is obtained in this case, which is X; given

by (2.33) and so the use of Theorem 1.4 gives again the nontrivial conserved vector

(2.34) with p = q.
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2.1.2 p=-1,q=-1

When p = —1 and ¢ = —1 the hyperbolic Lane-Emden system (2.6) becomes

1

Ut — Upr — Zur - - = O, (239)
r v
1

Vg — Upp — zvr ——=0. (2.40)
r u

Then the associated function of Lagrange of system (2.39)-(2.40) is defined by

L = r"uwy — r’upv, + 77 1n |u| + 77 In|ul. (2.41)

Following the above procedure as in Case 1, one obtains two Noether point sym-

metries, viz., X given by (2.33) and

Xo=u— —v— (2.42)

with B! = ¢, B> =k and g, + k. = 0.

The components (1.46) therefore gives, respectively, the following conserved vectors

associated with these Noether point symmetries:

' = —r’uv, — r’u +r Infv| + 7 1n ul,
1
T, = r’uw, +r"uv;
and
T2 o v v
To= ruv — rouy,
T2 o v v
5 = r’uv, — r’ou,.
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2.1.3 p=-1,q# -1

For the case when p = —1 and ¢ # —1, the hyperbolic Lane-Emden system (2.6)

becomes
v
U — Upp — — Uy — VI =0, (2.43)
r
1
Vit — Uy — vy — — = 0. (2.44)
r u

The corresponding Lagrange of system (2.43)-(2.44) is given by

1
L = r’uvy — r’u,v, + ?r”vqﬂ +rVInu|, ¢ # —1. (2.45)
q

This case provide us with one Noether point symmetry, viz., X; given by (2.33).
The application of Theorem 1.4 gives the nontrivial conserved vector
! = —rYu, — r’uy +r” In ol +r” Inul,

T21 = r’ww, + rfu,v;

associated with the Noether operator (2.33).

214 p#-—-1,q=-1

In this case the hyperbolic Lane-Emden system (2.6) becomes

1
Upg — Upp — Kur ——=0, (2.46)
r v

Vg — Upp — zvr —uP =0 (2.47)
r

The assosiated Lagrangian for system (2.46)-(2.47) is

L = r"uwy — r’upv, + r¥ In fu| + r’uf, p # —1. (2.48)
D

+1
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Following the above proceedure, we obtain one Noether point symmetry viz., X;
given by (2.33) and making use of Theorem 1.4 we obtain the associated nontrivial

conserved vector

up+17

' = —rYuv, — ruo, + ¥ In o] + 77 +
! e+ ol 4 4

T21 = r’uw, + r’uv;.

2.2 Comparison of Lie and Noether symmetries

of (2.6)

Here we carry out a complete group classification of system (2.6). According to
the Lie symmetry theory, a differential operator X, given by (1.35) generates a

one-parameter group of transformations

T.(t,r,u,v) = =X (¢, 7, u,) (2.49)

preserving the solutions (symmetries) of the system (2.6) if and only if

b (Ugy — Upp — Zur —v?) =0, XxW (Vg — Vg — Zvr — uP) =0, (2.50)
r (2.6) r (2.6)
where
0 0 0 0
xP2 = x0l 1 1 2 2
+ Crr aurr + Ctt autt + Crr avmn + Ctt 8%:

is the extension of X to the jet space (,7,u, v, Uy, Uy, Uy ), where X is given by

(1.36) and

Cﬁr = Dr(g) = U Dy (T) = D1 (8), (2.51)
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Ctlt = Dt(Ctl) - UttDt(T) - UtrDt(f);

37, = DT(CE) — UrtDr<7_) - Uerr(g)a

Cft = Dt((f) - UttDt(T) - UtrDt(g)'

The reader is referred to [11,13,15,20,38] for further details.

The conditions (2.50) lead us to the system of the determining equations:

2,
T
T
Mo
T

1
T

2
Thuw

1
Thuw

Tu
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T
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r(v& +2rm,) —vgt = 0, (2.74)

r(vé +2rm,) —vE = 0, (2.75)

2rnp, + VT 1 (T — &) = 0, (2.76)

2rn 4 vr + 1 (T — &) = 0,  (2.77)

u (ruPn; 4+ rotn + gy, — vt — 2ruPé — ) —prufnt o= 0, (2.78)
v (ruPny + rotn, + gy — vgy = 2rv%, — ) — gro®ny? = 0. (2.79)

The solution of system (2.6) leads the following theorem.

Theorem 2.1 Let (1.35) be a Lie point symmetry generator of (2.6). Then

1. For any values of p,q and v, X is a linear combination of the generators

(2.33) and (2.35).
2. If p=gqand v # p%l, the generators are (2.33) and (2.37).
3. Ifp=q, q# —1,and v = qf—l, the generators are (2.33), (2.37) and (2.38).

4. If p=¢q=—1 and v = —2, the generators are (2.33), (2.38), (2.42) and

0 0 0

5. If p=¢q = —1 and v # —2, the generators are (2.33), (2.42) and (2.80).

Remark 2.1 We observe that X, , = (14 p)X,.
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Remark 2.2 From Section 2.1 we observe that (2.35) is a Noether symmetry
depending on certain values of the parameters v, p and ¢. According to Theorem
2.2, (2.35) is always a Lie point symmetry generator. Thus we shall now look for

when it is also a Noether symmetry.

The left hand side of (1.44), namely

XW(L) +{Dy(7) + D)L = [(1 — pg) (v +2) + 2(1 + p + q + pg)] L, (2.81)

for all Lagrangian L given in Section 2.1. This implies that (2.35) is a Noether

symmetry if and only if

(1—pg)(v+2)+2(1+p+q+pg) =0. (2.82)

If we assume that p,q # —1, (2.82) is equivalent to the hyperbola

v+2 v+2
=y

+ 2.83
p+1 qg+1 ( )

Additionally, according to the results of Case 3 and those presented in Theorem 2.2,
all Lie point symmetries are Noether symmetries. Then the condition (2.83) can be
considered as a critical hyperbola for the system (2.6). Such condition was already
observed in Lane-Emden systems in [36, 37,40, 41, 48]. For further discussions,
see [48,49]. References [48,50] provides enough and interesting discussions about

this fact.
In particular, if v =n — 1 in (2.6), (2.83) reads

n-+1 n+1_
p+1 q¢g+1

n—1,

a well known result, see [48], Theorem 10.
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Remark 2.3

If we consider v = 0 in (2.82) we obtain the constraint

p+q+2=0. (2.84)

Condition (2.84) was called critical straight line in [40] with respect to the system
U + Uy + vl = 0,

Vg + Uy + 1P =0 (2.85)

on IR 2. In fact, according to the results obtained in [40], if p, ¢ # —1 satisfy (2.84),
then all Lie point symmetries are also Noether symmetries. Combining the results

of Case 1, Case 2 and Theorem 2.2, we recover the same conclusion.

Additionaly, from (2.5) and (2.6) we observe that v = 0 correspond to the case
n = 1. This implies that we have just the system (2.4) in R'*!. In this case,
generators (2.7) correspond to the generators of the isometry group of (IR ?, ds?),

with ds? = dt* — dr?.

Remark 2.4 From (2.6) we conclude that u(t,r) = ¢(t) and v(r,t) = 1(t), where
¢ and v satisfy

¢" + 97 =0,
W+ ¢ = 0. (2.86)
From the results obtained in [42], we conclude that
W(t) = V21, ¢(t) =2 (2.87)
are solutions of (2.86) with p = ¢ = —3.

Using that the hyperbolic rotation (¢, 7, u,v) — (t coshe+rsinh e, r cosh e+t sinh e, u, v)

is a symmetry of
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Vg — Vyy — u > = 0. (2.88)

Then, from (2.87) we obtain a one-parameter family of solutions to (2.88) given by

us(t,r) = v.(t,r) = \/2(t coshe + rsinhe),

provided that ¢ coshe + rsinhe > 0.

2.3 Concluding remarks

In this chapter we carry out a complete Noether and Lie group classication of
the radial form of a coupled system of hyperbolic equations. From the Noether
symmetries we establish the corresponding conserved vectors. We also determine
constraints that the non-linearities should satisfy in order for the scaling symme-
tries to be Noetherian. This led us to a critical hyperbola for the systems under
consideration. An explicit solution is also obtained for a particular choice of the

parameters.
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Chapter 3

Variational principle and
conservation laws of a generalized

hyperbolic Lane-Emden system

In this chapter we study the coupled generalized hyperbolic Lane-Emden system

m
Ut — Upp — 7U7«+f(?]) =0,

Vi — Vpp — %vr + g(u) =0, (3.1)

with the spatial dimensions m # 0 and f(v), g(u) are non-zero arbitrary self-
interaction functions of v and u respectively. The parameter m is assumed to be
different from 0. Actually if m = 0, system (3.1) can be obtained from [30], under
the complex transformation (z,y, u,v) — (t,ir, u,v) into the original variables of

the mentioned reference.

Systems of this type arise in many physical applications, see for example [35,37,40,

47,48,51] and references therein. System (3.1) can also be considered as a natural
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two-component generalization of the nonlinear wave equation:
m
Ugyp — Upy — 7ur —uP =0, (3.2)

where u = u(t,r) is a real-valued function, with p denoting the interaction power

and (t,r) represent time and radial coordinates respectively in m # 0 dimensions.

The methods of modern group analysis have be used to study equations (3.1)-(3.2).
However, to the authors knowledge, the method of Noether symmetry analysis has
not been used in the study of the generalized hyperbolic Lane-Emden system (3.1).
Hence the aim of this chapter is to compensate this absence by performing a com-
plete Noether symmetry classification of system (3.1) and construct conservation
laws of system (3.1). Conservation laws are mathematical expressions of the phys-
ical laws, such as conservation of energy, mass, momentum and so on. They play
a very crucial role in the solution and reduction of partial differential equations.
Conservation laws have been extensively used in studying the existence, uniqueness
and stability of solutions of nonlinear partial differential equations. See for exam-
ple [52] and references therein. They have also been used in the development and
use of numerical methods. Noether theorem [22] gives us an elegant way to derive
conservation laws provided a Lagrangian is known for an EulerLagrange equation.

Thus, the knowledge of a Lagrangian is important in this work.

The work of this chapter has been published in [53].

3.1 Noether symmetries and conservation laws

The hyperbolic Lane-Emden system (3.1) admits a general variational structure.

This yields the following Lemma.

Lemma.
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The generalized hyperbolic wave system (3.1) constitutes of the Fuler-Lagrange

equations with the functional

J(u,v):/ / L(t,r, u,v,u, vy, U, v, )dtdr,
o Jo

where the corresponding function of Lagrange is given by

L =r"wuv, — r"uv, — ™ / fw)dv —r™ /g(u)du. (3.3)

Substituting L in the Euler-Lagrange equations (1.43) yields

oL oL
E:vtt—Av—l—g(u):O,%:utt—Au%—f(v):O. (3.4)

Note that these Euler-Lagrange equations are twisted in the sense that the varia-
tional derivative of L with respect to u, v yields the hyperbolic Lane-Emden system

(3.1) for v, u respectively.

We now insert the expression of L from (3.3) into Eq.(1.44) and following the

Noether algorithm, yields the symmetries determining equations:

& = 0,
& = 0,
& =0,
& =0,
n = 0,
n, = 0,

mrmle? 4 T I i/ rmff = 0,
—mr™ N — L+ — T — e =0,

rmé& - rmé'f = 07
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r™n, = B,

m, 2 1

r 77t — Bu?
m, 1 2

r 777‘ - Bva
m, 2 2
-rn. = Bm

e 3¢ [ fydo = mim 1€ [ gladu =g gl — ()
—rmﬁtl/f(v)dv—rmftl/g(u)du—rmﬁf/f(v)dv—rmff/g(u)du = B!+ B2

After some substantial algebra, the above system of PDEs yields

& = alt,r),

& = oft,r),

n' = —cvu—%bu—i-d(t,r),
n = c(t,rv),

B = r"cu+r"dw +w(t,r),

B* = —r"cau—r"dov+ z(t,7r),

—mrmlb/f(v)dv — mrmlb/g(u)du + 1r"Muc,g(u) + mr™ thug(u) — r™dg(u)

—rmef (v) — r™ay / f(w)dv — r™a, / g(u)du — r™b, / f(w)dv — ™, / g(u)du

= r"ucy — r"™uc, — mr™ tuc, + r"vdy — r"vd,,. — mr™ tod, + wg + 2. (3.5)

A complete analysis of Eq. (3.5) prompts the following cases.

Case 1. m # 0, f(v), g(u) are arbitrary functions but not in the form contained

in Cases 2-11.

Here the generalized hyperbolic Lane-Emden system (3.1) admits a one-dimensional

Noether algebra, viz.,

0
Xl:&’ BII’LU,BZIZ, wt—i—zx:(). (36)
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The application of Theorem 1.4, yields the nontrivial conserved vector associated

with this Noether point symmetry as

T! = —r™uw; — r™uv, — Tm/f(v)dv - Tm/!J(“)d“’

Ty = r"ww, + r™u,uv,. (3.7)

We have set w = 0 and z = 0 as they contribute to the trivial part of the conserved

vector. This observations will be used in the latter cases without further discussion.

Case 2. f(v) = av+ f,9(u) = yu + A, with «, v, 8, A are constants, «,y # 0 and

m arbitrary.

In this case the generalized hyperbolic Lane-Emden system (3.1) admits two Noether

symmetries, viz., X; given by (3.6), and

0 0
Xy = d(t, r)% + e(t, T)%, B' = r™ue; + r™udy, B* = r"ue, — r™ud,, (3.8)

Employing Theorem 1.4, the two nontrivial conserved vectors associated with these

Noether point symmetries is (3.7) established from X; while the new one is

Ty = r"euy + r'"dv, — r™ue; — r"™vd,,

T? = r"™ue, + r"™vd, — r"eu, — r"dv, (3.9)
obtained by using (3.8) where d(¢,7) and e(t,r) are any solutions of the system
dyt — dpp — 2dy + e =0, € — €, — Ze, +yd = 0, Ad + fe = 0.

Here we observe that due to the presence of the arbitrary functions d(¢,r) and

e(t,r), one obtains infinitely many local conserved vectors for system (3.1).
Case 3. f(v) = av?, g(u) = yuPf, o,y # 0.

Here we have two subcases:
2+ 2p+4

Case 3.1. p# ¢, m =
pq—1
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Here system (3.1) admits two Noether generators, namely X; given by (3.6) and

9 9 2+l 8 2p+l) 9 )
Xy = t— —_——y—— ——v—, B =0,B“=0, (3.10
2 ot +T8r pg— 1 “ou pg — 1 You ’  (3.10)

and the associated nontrivial conserved vectors are (3.7) obtained from X; while

the extra one is

+1 2((1 + 1)

T21 = _trmutvt - trmurvr - Tm+1urvt —r" UtV — —Tmuvt
pg—1
2(p+1 at t
pg—1 q+1 p+1
2 1
5 = r"Muw + ", 4 Mg, 4 "y + 2t 1) 1) ™ u,
p p—
2 1 Oé’r‘erl Terl
Mrmuw + 2 et I e (3.11)
pg—1 q+1 p+1

obtained from (3.10).

It should be noted that when pqg = 1, we get only the one-dimensional Noether

algebra (3.6).

4
Case 3.2. p=gqg.m=——.
qg—1

In this case system (3.1) admits X; given by (3.6) and two extra Noether operators,

namely

X, = (1 —p)rﬁ +(1 —p)t2 + 2u2 + 21}2 B'=0,B*=0, (3.12)

or ot ou ov’
1 0 0 2 0 2 9,
Xs = (P4 = +rt—+ ——ut— t—
3 2( +T)8t+rar+1—pu8u+1—pv ov’
2
B = i 17’muv, B*=0 (3.13)

and the resulting nontrivial conserved vectors are (3.7) obtained from X; and (3.11)

established from X, with p = ¢, while the extra one is

1 1

T, = —§t2rmurvr — §rm+2urvr — §t2rmutvt — §Tm+2utvt — tr"™ v — tr™ T,
o 2. m, q+1 2 2. m, q+1 o m+2, q+1 Y m+2, g+1
" ———— " ———— T f ———— T
2(¢+1) 2(¢+1) 2(¢+1) 2(¢g+1)
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tr'’uv, — 1trmutv + r'"uv,

qg—1 q— q—

Ty = tr"™ My, —

2 1
I 1trm+1vq+1 — qj_—ltrmﬂu(“l + q—ltrmuvr + §t2rmutvr

1 1
= 1trmuw + §t2rmurvt + §rm+2urvt (3.14)

1
+§rm+2utvr + tr™ Ty, 4+

obtained by using (3.13).

Note that when ¢ = 1, then this case is subsumed in case 6.

Case 4. f(v) arbitrary, g(u) = yu™!, v # 0.

In this case we have two subcases:

Case 4.1. m arbitrary.

Here the generalized hyperbolic wave system (3.1) has two Noether generators,
namely X; given by (3.6) and

Xo=u——v=—, B'=w, B*=z, w +z =r"vf(v)—yr", (3.15)

and the use of the components (1.45) give the nontrivial conserved vectors; (3.7)

derived from X; and X5 yields

T21 = r"uv, — r'"ou; — w,

T = r™uv —r™uv, — 2. (3.16)

Case 4.2. m = —2.
In this case system (3.1) admits X;, X5 given by (3.6), (3.15) and extra two new
Noether operators, namely

0 0 0
X3 = t& + e + QU%, B'=w, B*>=2z, w + 2z = —2y", (3.17)

0 0 0
Xy = ta—i—rg—i—%%, B'=w, B*=z, w + 2 =—2r"vf(v),(3.18)

and the invocation of the components (1.45) give the nontrivial conserved vectors;
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(3.7), (3.16) and

T31 = —tr™uw, — tr™u,n, — r™ e, — rm e, + 2rMu, — ytr™ In u
/f )dv —
T32 = utv +r +1urvT + tr"™uv, + tr'"uyve — 2r™Mun, — 7rm+1 Inu
il / fv)dv — z; (3.19)
T = —tr™uw; — tr™uv, — " e, — 1", 4+ 28 e — ytr™ Inw
/f )dv —
T42 = oy + r"™ o, + trmu, + tru, — 2rM v — 77""“ Inu

/ fv)dv —z (3.20)

derived from X3 and X, respectively.
Case 5. g(u) arbitrary, f(v) = av™!, a # 0.
Here we have two subcase:
Case 5.1. m arbitrary.
In this case system (3.1) has two Noether operators, namely X; given by (3.6) and

Xo=u——v—=—, B'=w, B*=z w;+z =ar™ —r"ug(u), (3.21)
thus the components (1.45) yields the nontrivial conserved vectors; (3.7) given by
X and X5 yields

T21 = r"uv; — r'"ou; — w,

7 = r™uv —r"uv, — 2. (3.22)

Case 5.2. m = —2.

Here system (3.1) admits four Noether operators, X;, X, given by (3.6), (3.15)

respectively and
0

0 o)
X3 = ta + e + QU%, B'=w, B*=z, w;+ 2 = —2r"ug(u),(3.23)
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0 0 0
Xy = ta + "o + 211%, B'=w, B*=2z, w + 2 = —2ar™, (3.24)

and the associated nontrivial conserved vectors are: (3.7), (3.22) and

+ +

T31 = —tr"ww, — truv, — e, — e e, + 2rmu,

—atr™Inov — trm/g(u)du —w,

T32 _ Tm+1UtUt + rm“urw + trmutvr + trmurvt _ 27"mU,UT
gt gy gt / g(w)du — (3.25)
T, = —tr"uww, — tr"uv, — " u, — " g, + 25 e

—atr™Inov — trm/g(u)du —w,
T2 = ™ e, +r" M, + ", + " ue — 2r

—ar™ M Iny -yt /g(u)du —z (3.26)

obtained from X3 and X, respectively.

2p+6
—1

Case 6. f(v) = av, g(u) = yu” with a,y # 0, m = ,p# L

In this case system (3.1) admits two Noether generators, namely X; given by (3.6)

and

0 0 du 0 2w(p+1)0 o, s

and the components (1.45) give the nontrivial conserved vectors; (3.7) derived from

X, and X3 yields

2(p+1
T, = —tr"uw, — tr"uo, — r" e, — P g, — A+l 7 )rmutv
p _
4 t t
— r"™uv, — A2 Y PPt
p—1 2 p+1
2 1
T22 = "y, + r" M, + trmue, + trmue, + (p——{_l)?“murv
p —
4 o v
m m+1,2 m+1, p+1
ruv, — =T v — ———r ulm. 3.28
+P —1 2 p+1 (3.28)
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It is worthy mentioning that if p = 1, we recover case 2 and for p = —1, we obtain

case 5. The analysis will also be encountered in case 7.

29+ 6
Case 7. f(v) = av?, g(u) = yu with o,y # 0 and m = d +1
q J—

, q # 1.

Here system (3.1) admits two Noether operators, X; given by (3.6) and X,

X2:tﬁ+rﬁ_wﬂ_ 9 B!

— =0, B2=0 3.29
ot Or g—1 Ou q—10v’ ’ ’ (3.29)

and the corresponding nontrivial conserved vectors are (3.7) and

2 1
T, = —tr"™uw, — tr"uv, — " u, — "y, — —(q +1 )rmuvt
q —
4 t t
— r"uv — lrmu2 — a—rmv‘”l,
q—1 2 g+1
2(g+1
T = " e, +r" e, F e, + e+ et D) . )rmuvr
q JE—
4 «
+q - lrmurv _ %,r,m+1u2 _ mrm—f—lvq-l—I (3.30)

derived from X; and X, respectively.
Case 8. f(v) = av, g(u) = v, a,v,\ # 0, with m = 2.
Here system (3.1) has two Noether generators, namely X; given by (3.6) and

4
ol 2 o oo pe, (3.31)

Xz = or  \ou ov

and the nontrivial conserved vectors are (3.7) obtained from X; while the new one

1S

T, = —tr™uw, — tr"uv, — r" e, — rm M, — 2w
4 at
——Tm’Ut _ _rmUQ _ _rmeku,
A 2 A
T = " e, +rm e, F e, + e 4 2rm
a v
3o — Erm“vz — er“e’\“ (3.32)

obtained from (3.31).
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Case 9. f(v) = ae®, g(u) = yu, «,v,8 #0, with m = 2.

In this case system (3.1) admits two Noether operators, namely X; given by (3.6)

and

0 0 o 490
Xy = t— 41— —2uz———-—, B' =0,B% = :
2 tat +T37“ “ou B ov’ 0 0 (3:33)

and the resulting nontrivial conserved vectors are (3.7) while the new one is

T21 = —tr"uw, — truv, — r"Hu, — e e, — 2rmu,
4 vt at
—Brmut — 7rmu2 — ?rmeﬁv, (3.34)
T22 = Tm+1ut’Ut + Tm+1UrUT + trmutvr + trmurvt + QTmUUT
_'_é,r,mu o zrm+1u2 _ grm-‘rleﬁv
T
5 2 g

established from X5.
2
Case 10. f(v) = ae?, g(u) = yuP, a,v,#0and m = =, p # +1
p
Here system (3.1) provides us with two Noether generators, namely X; given by
(3.6) and

99 wd 2410 o,
Xo =t trg = 5 g0 BB =0 (3.35)

and the components (1.45) give the nontrivial conserved vectors; (3.7) and X gives

2 1
T, = —tr"uw, — tr™uv, — " u, — 7"y, — —(p + )rmut
Bp
2u at t
— Mg, — — e — i Pt
B p+1
2 1
T2 = ™y, +r" M, + "o, + ™, + %r’”ur
p
2u a
+ My, — =MLY eyt (3.36)
p B p+1

2
Case 11. f('U) = av? ’ g(u> = ,.yeku’ 047%)\ 7£ 07 m=-,dq % +1.
q
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In this case system (3.1) has two Noether operators, X; given by (3.6) and X,

o 0 2q+1)0 2w ,
Xy =t L pp L 2MTI VY g oo .
2 8t+r8r Ag Ou q Ov’ 0 ’ (3.37)

then the corresponding nontrivial conserved vectors are (3.7) and

2(g+1
T21 = —tr™uw, — tr™un, — r™ e, — rm e, — —(q)\ )rmvt
q
2 t at
——r"u — D pmexu _ — Myt
q A q+1
2 1
T22 = rm+1utvt + Tm+1u7"vr + tr" v, + " u v+ (q)\+ )var
q
2 «
+=r"u,v — Tpmtthu _ L met a1 (3.38)
q A q+1

derived from X; and X, respectively.
Remark 3.1

It should be noted that all the cases for which the functional forms of the arbi-
trary elements do not extended the one-dimensional Noether algebra (3.6) have
been excluded in the preceding classification. This includes amongst others, the
logarithmic case and the exponential case (analyzed at the same time). The cases

when the functions are constants are also excluded.

We observe that the Lagrangian (3.3) is invariant under the time translation sym-
metry (3.6), and this yields energy conserved vectors. We further notice that the
scaling symmetries e.g., (3.10), (3.12) result in boost momentum conservation laws.
It is interesting to is see that if we set w = 0,2 = 0, f(v) = v, g(u) = au™?
respectively, then the divergence infinitesimal scaling symmetries (3.15) and (3.21)
on space (u,v) become variational symmetries and this yields charge conserved

vectors. We further observe that the time-space inversion symmetry (3.13) can

never be variational in this context [22,54].
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3.2 Concluding remarks

We have performed a complete Noether symmetry classification of the generalized
hyperbolic Lane-Emden system (3.1). We obtained several cases for the arbitrary
elements f(v), g(u) and m which resulted in Noether point symmetries. Further-
more, we constructed the associated conservation laws for the admitted Noether
point symmetry. The results of the problem under study were initiated by the

recent work in [47].

46



Chapter 4

Group classification of a
generalized coupled hyperbolic

Lane-Emden system

The coupled hyperbolic Lane-Emden system

uy — Au+v? =0,

Vgt — Av + ubl = 0, (41)
2
where the radial Laplacian A = r‘mgrmg = 6_ + mr‘l2 with the spatial
or 0 or? or

dimensions m # 0 was studied in [47]. The authors in [47] investigated both Lie
and Noether point symmetries classification of (4.1) with the arbitrary constants
p,q ¢ {0,1} so as to bring truly nonlinearity to the system. Motivated by the work
in [30,47], we study the generalized coupled hyperbolic Lane-Emden system

uy — Au+ f(v) =0,
v — Av + g(u) =0, (4.2)
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where f(v), g(u) are non-zero arbitrary self-interaction functions of v and wu re-
spectively. The parameter m is assumed to be different than 0. In fact, if we
take m = 0, system (4.2) can be obtained from [30], under the complex transfor-
mation (x,y,u,v) —> (t,ir,u,v) into the original variables of the aforementioned
reference. No further restrictions will be placed on m (even allowing negative
and non-integer values). System (4.1) and (4.2) can also be considered as natural

two-component extension of the nonlinear wave equation:
uy — Au—uP =0, (4.3)

where u = u(t,r) is a real-valued function, p symbolizes the interaction power and
(t,r) denote time and radial coordinates respectively in m # 0 dimensions. System

(4.1) and (4.2) are commonly encountered in many physical phenomena, see for

example [35,37,40,45,47,48] and reference therein.

The organization of this chapter is as follows. In Section 4.1, we compute the
equivalent transformations of the generalized coupled hyperbolic Lane-Emden sys-
tem (4.2). In Section 4.2, we determine the principal Lie algebra and carry out the
Lie group classification of the underlying system. In Section 4.3, we perform some
symmetry reductions of system (4.2). Finally, concluding remarks are summarized

in Section 4.4.

The work in this chapter has been published in [55].

4.1 Equivalence transformations

The vector field

0 0 0 0
o 1 2 1 2
Y - 5 (t7r7u7v>6t+§ (t7r7u7v)ar+n (t7rau7v)au+n (t7r7u7v)av
0 0
1 i 2 i
+p (t,r,uw,f,g)af + p (t,r,u,v,f,g)ag, (4.4)
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is said to be the generator of the equivalence group of (4.2) provided it is admitted
by the extended system [1,56]

m m
Ut — Upp — ?ur + f('U) = 07 Vgt — Uppr — ?U’/‘ + g(U) = 07 (45)

ft:frzfuzoa gt:gr:gvzo- (46)

?zwﬁwﬁ%+@£4w%f
t r u

(4.7)

where Y12 is the second-prolongation of (4.4) given by

0 0 0 0 0
Y[Z} - Y 1 1 2 2 1
+ Ct aUt + Cr aur + Ct avt + é‘r 87}7« + gtt 8utt
0 0 0
1> 2 7 2 .
e gy gt

Here the variables (’s and w’s are defined by the prologation formlae

G = Din') —uDy(&") — u,Di(€),
¢ = Di(n")
G = D) —vDi(€') — v, Di(€7),
¢ = Dy(n*) —uD,(&") —v.D,(€7),
G = Du()) —uuDi(€") — u Dy(€7),
(¢)
()
)

S
3
3,_.

|
£

-
<
T

|
<

3

S
3
780
N

Cy}r = DT’ C} _utrDr(gl)_uerr(€2>7
G =

Cfr = DT(CE -

k>
o
|
(4
<
o
—
Iy
>
N—
|
(4
o~
S
5
—
Iy
[\
\.\/

and

wi = Dy(u") = f;Di(€") — fDi(€%) — fuDi(n"),
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wh = Do(p') = fi:Dr(€") = £:D,(€) = fuDr(n"),
wy = Du(p') = fiDu(€") = £, Du(€®) = fuDu(n"),
wi = Dy(*) — :Di(€") = 6o Di(€7) — 9o De(’),
w? = Dp(p?) = 9:D,(&") = - D1 (%) = g0 D; (0
(n

w2 = Dy(1?) — gD, (€") — 9:Du(€?) — gD, (17

)7
);

respectively, where

D=2 10,2 10,2
Yo T "au T o ’
D=2 10,9 1094
“or T ou T o ’

are the new total differentiation operators for the extended system. The invocation
of the generator (4.7) and the invariance conditions of system (4.5)-(4.6) yields the

following equivalence generators:

9 9 9 o o o 9

-2 x99 x-9 x,-u? 9 x_,9.,,9

g 2T gy M T g KaTugy Hgp X vg, g,
9 9 9

KXo =t 7%, fo T

Consequently, the six-parameter equivalence group is

QI
Il

Xy : t=t, F=ri=u-+tay, v=u0, f

=/, g,
/5 g,

QI
I

50



Xy : b=t F=r,a=u 0=v+as, f=Ff §=g,
X4 : f:t,F:r,ﬂ:ue ,77:7)7,]0_:.]06&479:97
XS : {:t,F:r,'&:u, ﬁ:veasaf:fag:ge )
Xog @ t=te™, F=re", t=u, V=0, f=fe 2%, g= ge 2%,
and the associated composition of the aforementioned transformations is

t = 6a6<t+a1)7

— ag

ro= re®,
u = e"(u+az),

v o= e(v+ as),

F oo e,

g = ew6g (4.8)

4.2 Principal Lie algebra and group classification

Following the classical approach of group classification [1], system (4.2) is invariant

under the group with the generator

0 0 0
_ 1 2 3
X - € (t,’f‘, yﬂ% U) at +£ (t7T7 ?J,Ua U) al’ +§ (t7T7 ?J,% U)ay

0 0
1 i 2 .
+n (t,r,ym,v)au +1n (t,r,y,u,v)av, (4.9)

if and only if

X[2} (utt — Upyp — TUT + f('U) = 0)
T

(4.2)

=0, (4.10)

(4.2)

X[Q] (Utt = Upp — @UT‘ + g(u) = 0)
T

where X2 symbolizes the second prolongation of the generator (4.9). The expan-

sion of (4.10) and separate the monomials give rise to linear overdetermined system

o1



of partial differential equations:

1
o
2
Thuu

2
s

2
Ty

nﬁt
Mor
&—&
& — &

& — &+ 6!+ 21,

57}7‘ - gtlt + %fﬁ + 27712;1&

2 -l De o
T T

&~ & -~ + 58— 2,

m
Nl — Ny — 777% — e —gne +2f& + ' (v)n?

m
e — Moy — 7'03 — i — gni + 2982 + ¢ (u)n'*
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Solving the above system of partial differential equations for arbitrary f(v) and
g(u), we conclude that the system (4.2) admits the one-dimensional principal Lie

algebra spanned by

4.3 Lie group classification

Solving the system (4.11)-(4.32), we obtain the following classifying relations:

(ov+¢)f"(v)+ (0 +a+ N f(v)=0, (4.33)

(wu+B)g"(u) + (Y + 7+ p)g'(u) =0,

where «, 8,7,0,0,\,p, 7, p and w are constants. The aforementioned classifying

relations are invariant under the equivalence transformations (4.8) if

G A=A G=w, Fowestfe, =i, @=oast g,

Qi
I

sy

=0, T=m, p=p

Qi
I

g,

The invocation of the classifying relations (4.33) prompted the following cases for
the functional forms of the arbitrary elements f(v), g(u) and m together with the

their associated extra generators.
Case 1. f(v), g(u) and m arbitrary but not of the form in Cases 2-11 given below

In this case, we obtain the principal Lie algebra

0

X, = —.
Y

Case 2. f(v) = asv + a4, g(u) = aju + az and m arbitrary, a;,as # 0 where

ai, ao, az and a4 are constants.
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This case extends the principal Lie algebra by three symmetries, namely

0 0
Xy = Qg0 + (ayu + as)—
2 agvau + (alu + ag)av,
0 0
Xy = Gy + (@30 + y)—
3 L + (aszv + a4)6’v’
0 m 0
Xe = a t? a rr —Cr) 5
aze( r)au—ir(e ew + re)ﬁv
] 2m 2m
Wlth 2€tt7"7“ — €ttt — Crrrr + —Cttr — —Cppr
T T
-2 -2
m=2m  m=Ym L de—o,
T T

Case 3. f(v) = azv + a4, g(u) = ayu+ az and m = 2, a, ag # 0, where ay, as, as

and a4 are constants

This case extends the principal Lie algebra by five symmetries, namely

Xy, = CL3U% + (au + ag)%,

X; = agua% + (Ggv + a4)%,

X, = agrg + agt% — ;agu% — ;(CLLO,U + d4)%,
X5 = agg — %agu% - %(563’1) + @)(%,

X, = aze(t, 7’)(,% + (er — €y + %eﬁ%,

4

with 2€ttrr — €ttt — Crprr T —C€4tp — —€ppp + 1036 = 0.
r r
Case 4. f(v) = azv? and g(u) = auP, ai,as # 0. This case reduces to the
system in [47].
Case 5. f(v) = agv~! and g(u), m arbitrary, az # 0.
In this case the principal Lie algebra extends by one symmetry:
0

0 0
X2 —ta—Fra—'—QU%

o4



Case 6. f(v) is arbitrary, g(u) = a,u~! and m arbitrary, a; # 0.

This case the principal Lie algebra extends by one symmetry, namely

0 0 0

Case 7. m arbitrary, f(v) = aze?” and g(u) = a;eP*, a;,as # 0, where a;, az are

constants.

In this case the principal Lie algebra extends by

0 20 20
Xo=t— _—— = -
2 t8t+rar pou qOv

Case 8. f(v) = azv? and g(u) = a1, ay,as # 0, where a;, as are constants

and m arbitrary.

Here the principal Lie algebra is extended by

0 0 2q+1)0 200
Xo=t—+r—— —>-— .
2 t8t+r8r pqg Ou  q Ov

Case 9. f(v) = aze? and g(u) = a1uP, ay,as # 0, where a;, ag are constants

and m arbitrary.

This case extends the principal Lie algebra by one symmetry

0 0 2ud 2q+1)0
Xy=to ypr 9 T I
2 t@t—i_rar p Ou pq  Ov

Case 10. f(v) = asv and g(u) = auP, ay,a3 # 0, where a;, ag are constants

and m arbitrary.

The principal Lie algebra is extended by

0 0 v 0 2p+1)v 0
XQ_IE”E p—10u p—1 Ov

Case 11. f(v) = agv? and g(u) = aju, ay,as # 0, where a;, as are constants and

m arbitrary.

35



This case extends the principal Lie algebra by one symmetry

0 J 2q+1uo v 0
Xy=teo o TR Y <.
2 8t+rar g—1 Ou ¢q—10v

Remark 4.1 All the cases that do not extend the principal Lie algebra have been
excluded in the preceding classification. The cases when the functions are constants

are also excluded.

4.4 Symmetry reduction of system (4.2)

This section aims to transform system (4.2) into a system of ordinary differential
equations through the invariant surface condition [13,57], by making use of some
of the generators obtained in section 4.3. First we begin with the generator X = 0,
with arbitrary g(u) and f(v) and we get the two general group invariant solutions

of system (4.2) as
u(t,r) = ¢(r),v(t,r) =(r), (4.34)
where ¢(r) and ¥ (r) satisfy the ordinary differential system
#'(r) + 20/ (r) = () =0,
V() + = () — g(9) = 0. (4.35)

Remark 4.2 Observe that when m =n — 1, — f(¢) = 7 and —g(¢) = ¢ system
(4.35) reduces to the well-known Lane-Emden system

n—1

¢"(r) +
v'(r) +

¢'(r) + 41 =0,

"L+ =0, (4.36)

where n—1 is an integer related to the dimension on the space of spatial coordinates
and p,q > 0 are arbitrary constants. System (4.36) has been extensively studied

for both Lie and Noether symmetries. See for example [?,37,58,59].
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Other general group invariant solution of system (4.2) will be obtained from the

generator X = td; + r0, + 2ud, with g(u) = a;u™" and f(v) arbitrary. Here we

obtain the three invariants

E=t/ru=r"¢,v="1,

and consequently employing these invariants, system (4.2) reduces to

(1= €9¢"(€) + (m+2)5¢'(€) — 2(m + 1)¢(€) + f() = 0,

aq

oo "

(1= E99"(&) + (m — 2)s¢/(€) +

Thus, we conclude that

UJ(T? t) = T2¢(§)7 U(T7 t) - w(ﬁ),

(4.37)

(4.38)

(4.39)

is a general group invariant solution of system (4.2) where ¢ and 1) are any solutions

of (4.38).

We now work with the generator X = (2 + r?)0; + 2rt0, + 2utd, + 2vtd, with

1

g(u) = ayu~! and f(v) = azv~! and we obtain the three invariants

§:M,u:r¢,v:rw.

o7

(4.40)



Invoking these invariants, system (4.2) transforms to

§0"() +260/(€) — 20(§) — iG] =0,
EU(€) +260(§) — 2¢(§) - o6 = 0. (4.41)

Consequently, the general group invariant solution of system (4.2) is
u(r,t) =ro(§), v(r,t) = ri(g), (4.42)
where ¢ and 1 are any solutions of the ordinary differential system (4.41).

We now choose the operator X = t0; + r0, — %Gu — %01} with g(u) = a;e” and

f(v) = aze?” and this leads to the following invariants
e - 2mtv—p— 2t (4.43)
t p q
Making use of these invariants system (4.2) reduces to
(€ = DEF(E) + (26 = mIEE) + 26 + Eaae™ =0,
(€ = DO + 26 —mI(©) + €+ Eac =0, (444)
Thus, the general group invariant solution of system (4.2) is
u(r t) = $(€) - ]%hlt,v(r, 1) = b(E) - glnt, (4.45)
with ¢ and ¢ be any solutions of (4.44).

To construct another general group invariant solution of system (4.2), we will use
the generator X = pqtd; + pqro, — 2qud, — 2(p + 1)0, with g(u) = a;u? and

f(v) = age?. This provides us with the following invariants

r 2 2 2
=—-,u=tr LU= — —Int — —Int, 4.46
£=" 6().v =) ~ “lnt — (4.46)
and making use of them, system (4.2) transforms to a second ordinary differential
system
2 " 4 / m 2 4 = _qy
(& —1)¢ (€)+(];+2)5¢ (6)—z¢ (&) + PR ¢(§) + ase™ =0,

o8



2 2 91 2 / 2 1 2 2— p _
(€~ DEW(E) + (26 — m)ey <s>+5(1+5)s L@ (€) = 0. (4.47)

Thus, we conclude that

w(r ) = £ 5 6(8), 0(r £) = () — glnt _ piqlnt, (4.48)

is a general group invariant solution of system (4.2) where ¢ and 1) are any solutions

of (4.47).

Remark 4.3 Likewise, one can construct more general group invariants solutions
of the generalized coupled hyperbolic Lane-Emden system (4.2) using the other

symmetries.

4.5 Concluding remarks

In this chapter we considered the generalized coupled hyperbolic Lane-Emden sys-
tem (4.2) from the point of view of classical Lie symmetry analysis. We found
the non-equivalent forms of the functions f(v) and g(u) for which the one dimen-
sional principal Lie algebra extends. Some general group invariant solutions for

the underlying system were constructed.
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Chapter 5

Lie reductions and conservation
laws of a coupled Jaulent-Miodek

system

5.1 Introduction

In this chapter, we study the coupled Jaulent-Miodek system [60]

uy + 3uu, — 2v, =0, (5.1)

1
Uy + 22UV + uv, — 5 Uz = 0. (5.2)

This system is associated with the Jaulent-Miodek spectral problem [60,61]. These
type of systems are encountered in fluid dynamics, particle physics and many other
areas of physics and mathematical sciences. Integrability of nonlinear evolution
equations has attracted certain attention in the mathematical and physical com-
munities [62-68]. Recent studies have been made on the Jaulent-Miodeks equa-

tions. For example, in [60] exact solutions of system (5.1) were obtained using
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the Darboux transformation method based on the Lax pairs. In [69, 70], Wazwaz
obtained exact solutions of the Jaulent-Miodek system using the Hereman-Nuseir
form, a simplified form of the Hirota’s method, the tanh-coth method and the sech
method. Many other powerful methods have been used in examining solutions on

such systems. See [71-73] and references therein.

The objective of this work is twofold. Firstly, we seek to establish new exact solu-
tions of the coupled Jaulent-Miodek system (5.1) using the Lie symmetry method.
Thereafter, we aim to derive local conservation laws of system (5.1) using the
invariance and multiplier approach based on the well known results that the Euler-

Lagrange operator annihilates the total divergence.

The work of this chapter has been published in [74].

5.2 Symmetry reductions and exact solutions of

(5.1)

The symmetry generator of the coupled Jaulent-Miodek system (5.1) will be gen-
erated by the vector field

0 0 0 0
1 2 1 2
X =& (t,z,u, v)—at +¢& (t,x,u,v)—ax + 1 (t,x,u,v)—au +n(t, z,u, v)—(%. (5.3)

The invocation of the third prolongation pr® X [15] to (5.1) and split the mono-

mials leads to linear overdetermined system partial differential equations. These

are
& =0, (5.4)
& =0, (5.5)
& =0, (5.6)
& =0, (5.7)
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Mw = 0, (5.8)

n, = 0, (5.9)

New —&oe = 0, (5.10)

nt —2n° 4 3unl = 0, (5.11)
&—&+n,—m =0 (5.12)

& =38 +n,—m = 0, (5.13)

Mpge — 4010y — 207 = 2um2 = 0, (5.14)

3ugl — € — 3uEZ 4+ 3nt — 2un? = 0, (5.15)

& — 2u€l —n' +uny, —uny — 2, = 0, (5.16)
B, + dury — 41° — 80E2 — €3, = 0. (5.17)

Solving the above system of partial differential equations we obtain

The above general solution contains four arbitrary constants. Thus, the infinitesi-
mal symmetries of system (5.1) form the four-dimensional Lie algebra spanned by

the following linearly independent generators:

0
Xl_aa
0
XQ_%a
0 0 0

0 0 0 0
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5.2.1 Symmetry reductions of (5.1)

In order to construct symmetry reductions and exact solutions, we need to imple-

ment the associated Lagrange equations

dt B dz B du B dv (5.18)
51(t7x7u7 U) B 52(t7x7u7 U) B nl(t7$7u7 U) B 772<t7$7u7 ,U). ‘

We study the following cases.
Case 1. Cl = 1,02 :O,Cg = 0,04 =0

Here we get the generator X;. Solving the characteristics equations (5.18) with
respect to X yields the three invariants z = x, u = ¢ and v = ¢. Thus, system

(5.1) reduces to the third order ordinary differential equations

36(2)¢ (2) — 2¢'(2) = 0, (5.19)
26 (2)0(2) + 0200 (2) — 56" (:) = 0. (5.20)

After solving system (5.19), we get ¢(z) = Asn(iz + B, i) and ¢(z) = 2 A%sn?(iz + B, 7).
Consequently, the invariant solution for system (5.1) is

u(t,x) = Asn(iz + B,i), wv(t,x)= zAgan(ix + B, i), (5.21)
where A and B are arbitrary constants.
Case 2. ;1 =0,0,=0,C3=1,C, =0

In this case, the operator is X3. Employing the characteristics equations (5.18)

with respect to X3, yields the following invariants

ru 112

T
S TR TE

Implementing these invariants, system (5.1) transforms to the first order ordinary

differential equations

zgzﬁ/(z) +¢(z) =0, (5.22)
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G*(2) + 4 (2) + 42" (2) = 0. (5.23)

Solving system (5.22), we obtain ¢(z) = 2 and 1(z) = é + £. Thus, the group

invariant solution for system (5.1) is

A x? A B
u(t,r) = —+—, v(t,z)= T2 E(m + A) + 7 (5.24)
with A and B being arbitrary constants. A profile of the rational solution is given

in Figure 1.

Figure 5.1: A profile of the rational solution (2.8).

Case 3. 01:0,0220,03:0704:1

In this case by solving the corresponding Lagrange system for the symmetry Xy,
one obtains an invariant z = z%, and the associated group-invariant solution is of

the form
u(ta) = 16(2), lt,7) = (), (5.25)

where ¢ and v are any solutions of the third order ordinary differential equations

¢ (2) — 3¢%(2) — 620(2)d (2) + 4(2) + 429’ (2) = 0, (5.26a)
W (2) + 30(2) — 4p(2)1h(2) — 420 (2)¥(2) — 220(2) (2)
12720 (2) 4 24229 (2) + 42°¢" (2) = 0. (5.26h)
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Remark 5.1 It should be noted that the symmetry X, (Cy = 1,0 = C3 = Cy = 0)

leads to a constant solution for system (5.1).

5.3 Conservation laws

A conservation law of system (5.1) is a total space-time divergence expression that

vanishes on the solution space ¢ of system (5.1),
DT + D,T*|. = 0, (5.27)

where D, and D, are the total derivative operators while T is a conserved density
and 7% is a spatial flux. To determine the conservation law for system (5.1), we
will implement the multiplier method. Since the joint Euler operator annihilates
the total divergence, we get

) 1
50 <(ut + Buu, — 20,)A1 + (v + 2uv + uv, — iumz)/\g) =0, (5.28)

) 1
50 ((ut + Buu, — 2v,) A1 + (v + 2uv + uv, — aumm)/b) =0, (5.29)

where A; and A, are the zeros-order multipliers to be determined. The expansion

of equations (5.28)-(5.29) and split the monomial and simplify yields
Aoyy = 0,
Ay = 0,

2A1t = (3%2—4U)A2x,

Ny = —2uly,,
2Nz = —ulg,,

2Ny = —Ay—2uly,,
Noy = Ay,

Ay, = 0.
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(5.30)

The solution of the above overdetermined systems of partial differential equations

gives the following multipliers

1 1 C
A= 301 (zu =3t +4t0) + 1Cy(dv = 3u%) = ==+ Cy, (5.31)

1
Ay = 501 (2tu — x) + Cou + Cs, (5.32)

where Cj, i = 1,2, 3,4 are arbitrary constants. The multipliers A; and A, of system

(5.1) has the property
1
DT + D, T = (u; + 3uu, — 2v,) Ay + (v + 2uzv + uv, — iumx)AQ, (5.33)

for the arbitrary functions u(t, z), v(t, z) [27], where the predetermined arguments
of T, T* are of some order in derivatives of the field variables u and v. The
computations for 7% and T from equation (5.33) reveal that corresponding to the

above multipliers we have the following four conserved vectors for system (5.1):

1
T = g{mﬂ + Stuv — 2tu® — 41@},

1
7 = E{élxu?’ — 9tu* + 4tz*u — 18tv* + 40tu’v — 16zuv

1
Ty = Z{4uv —1)3},

1

Ty = E{ZLOUQU — Sutlyy — Iut + 422u — 16@2};
1

T?f = 4_1{4U —UQ},
1

Ty = —{4uv —u um},
2

T, = u,

Ty ! 3u® —4

= —q3u”—4v
4 2
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Remark 5.2 It is important to observe that the last three conserved quantities
yields a conserved momentum whereas the first one is typically connected with
integrability. We also noticed that the last two conserved quantities can be derived
directly from system (5.1) by inspection. It is worth mentioning that higher-order
conservation laws can be derived systematically by increasing the order of the

multiplier.

5.4 Concluding remarks

In this chapter we employed the Lie symmetry method to study the coupled
Jaulent-Miodek system. We constructed similarity reductions and exact solutions
for the coupled Jaulent-Miodek system. The correctness of the solutions obtained
were checked by inserting them back into the coupled system (5.1) with the aid of
Maple. The conservation laws of the coupled Jaulent-Miodek system were derived

using the multiplier method.
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Chapter 6

Conservation laws of a (2+1)-
dimensional Jaulent-Miodek
equation with power-law

nonlinearity

The (2+1)-dimensional Jaulent-Miodek equation reads [75]
AWy — Wage + bww, — cwm(?;lwy — dww, — e&;lwyy =0, (6.1)

where a, b, ¢,d and e are free constants and 9, ! = f dx is the inverse transforma-
tion. The author in [75] studied Eq.(6.1) and obtained some solutions based on
symmetry method. Equation (6.1) is a natural three-components extension of the
(141)-dimensional Jaulent-Miodek hierarchy. In [76] some special quasi-periodic
solutions for some (2 + 1)-dimensional integrable models generated by the Jaulent-

Miodek hierarchy were obtained.

In this chapter we study a generalization of the (2+1)-dimensional Jaulent-Miodek
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equation (6.1), namely,
AW — Wagy + bW W, — cwm&;lwy — dww, — e@;lwyy =0, (6.2)

which we shall refer to as the (2+1)-dimensional Jaulent-Miodek equation with
power-law nonlinearity. Employing the transformation w = wu, in conjunction with

the inverse scattered relation and letting d = 2¢ equation (6.2) transforms to
Uty — Upggs + DU Upy — Clzplly — 2CUL Uy — €Uy, = 0. (6.3)

In this chapter we perform Noether symmetry classification and construct conser-

vation laws of eqution (6.3).

This work has been submitted for publication [77].

6.1 Conservation laws

We observe that neither equation (6.1) nor equation (6.2) do admit any Lagrangian
formulation in their present form. However, the (241)-dimensional Jaulent-Miodek
equation with power-law nonlinearity (6.3) possess a Lagrangian structure. The
standard Lagrangian of the (241)-dimensional Jaulent-Miodek equation with power-
law nonlinearity (6.3) is

1 1 1 -
L= §cux2uy — M(uy) — S Wtle — Seu y2 _ Yow (6.4)

where
n+2
bu”

(n+1)(n+2)

if n#£—-1,n+#-2

bug In |u,|, if n=-1

—bln|u,|, if n=-2
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Thus, the Euler-Lagrange equation

8_£
ou

n
= ClUyy + bULUgy — 2CUL ULy — CUGL Uy — Upggy — AUz = 0. (6.5)

Consider the infinitesimal generator of a point symmetry of the form

X=  lnpg + ety + €ty
0
't — 6.6
(e Y u) 5 (6.6)
such that the Killing-type equation
XWL 4+ D€L = DB, (6.7)

holds for some point-dependent gauge terms B = (B%) where B = B'(t, z,y,u), i =
1,2,3 and X is the first prolongation of the generator X. We now recall the
Noether Theorem [22,51,78-80], that is, corresponding to each Noether symmetry,

there exist a vector T = (T*) with components

. . oL . .
T"=¢8L+—n —ul&’) — B, (6.8)
du!
which is a conserved vector of equation (6.3). The expansion of (6.7) leads to an
overdetermining systems of PDEs. Solving the resulting systems of PDEs, prompt

the results in Table 6.1.

The insertion of the components of the Noether symmetries in Table 6.1 above to-
gether with the Langragian £ from (6.4) into (6.8) and perform some computations

yield the following non trivial conserved vectors:

Case 1. n # —1,-2

T b2 — en2uu — 3enulu. — 2cul
! 2(n+2)(n+ 1)( Uz CN Uy Uy — SCNUL Uy — 2CUL Uy +

2,2 2 2 2 2 2 2
en“u, + 3enu, + 2eu, + n-uy, + 3nuy, + 2uy, ),
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Table 6.1: Classification results: a, b, c,n are non-zero constants, with symbol V =

arbitrary

a,b,cn  Noether symmetry generators Gauge terms

v X, =0, B'=0,B2=0,B*=0
Xy, =10, B'=0,B>=0,B*=0
Xs = fi(t)0, — 2 fi ()0, B'=0,B%= “yufl(t),

B = uf()
Xi= f(0)0, B =0, B2 = ~gufy(0),

B3=0
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1
——(—cmu? — auf — 2buu™t + 2enuugty + 2cuugty, +

2(n+1) v
2nutumrx - 2numxutr + 2utuzx:p - 2“:392“151)7
1
3 (Qeutuy — cutu?g) ;
1
§auxuy,
1
—(—anuyu, — augty, — 2buu, T+ 2enugu® +
2(n + 1)( t By Y v
ZCuxqu — 2N Uy Uy + 2Ny — 2Ugg Uy + 2Ugz Uy ),
1

(—anuu, — 3anuu, — 2aun, — 20w, +

2(n+2)(n+1)

en2uy2 + Senui + Qeui -n

@), + achi (002,
2¢(n + 11) (n+2) (—an?yf(t)yu — 3a’nyf(t)yu — 20y f(t)yu +

a*n*yf ()i + 3a*ny f(t) uy + 2a®y £ (£) g + daby f(¢)u," T +

2 2 2 2 .
Upy — 3”“9:36 - 2uxz)’

2abny fiult — 2aen®y f () uzu, — 6acny f () usu, — dacy f(t)juzu,
_2an2yf(t)llua:mc6anyf(t)lluxxz - 4ayf(t)llux:1:x + chfl (t)u;:H_Q +
2ben fi(t)u," T — n? fi () uu, — 3nfi(t)uiu, — 2 i (t)ulu,
—cen’® fi(t)ul — 3cenfi(t)ul — 2ce fi(t)u; — 2cn’ fi(t)Ugaotiz +
en® fi(t)u2, — 6cnfi () Uppetts + 3cnfi(t)u2, — dcfi () Uppatis +

2cfl <t>umc2)7

1

5. (—2aef (t)u — acy f(t)yug + 2aey f () 1wy — S fi(t);

e fu(tugty):

—%afg(t)ux,
Q(n;—{—l)(anféu + aféu —anfy (t)ut —afs (t)ut —2bfs (t)u;H'l
+2cn fo(t)uzuy, + 2¢fo(t)uzy + 20 fo () tprs + 2 fo () Uprs),

5 (eh(t0d — 2efoltu,)

72



Case 2. n = —1

1

3 (—2bu, Inuy + culuy, — euz —Ug”) ,n = —1,

1

3 (auf + 2buy Inuy + 2buy — 2cuiug Uy — 2Uplpey + 2umutz) ,
1

3 (2eutuy — cutui) :

1

§auxuy,

1

5 (autuy + 2buy Inu, + 2bu, — 2cua,u§ — QUgppgly + 2umu$y) ,
1

5 (—augug — 2bug Inu, + eul, — ul,) ;

(a®y flue + acfi(t)u)

%(—anyfu + @y fiug + 2aby fi Inu, — 2acy fiugu,
0yt + it — (B — cef (00 + cfi (B
—2¢f1(t)Ustizer + 2aby f1),

%(—Qaef{u — acyfiu? + 2aey fiu, — ¢ fL(t)ud + 2cefy (t)uzu,);
—%afg(t)ux,

%(a fau — afo(t)uy — 2bfo(t) Inug + 2¢fo(t)ugty + 2 fo(t)Uppe
—2bf>(1)),

? (h (e — 2efo(t)u,)

Casel. n = -2

A

2 2 _ 2
(2bInu, + culu, — eu, — us,)

2 2 1
(aupuy — 2buy — 2cuuity — 2UpUppy Uy + 2Ugy gy ) Uy

N =N =
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T = % (Zeutuy — cutui) ;

T. 21 = %aumuy,

T2 = % (autuxuy — 2bu,, — QCuiui + 20Uy Uy Uy — QUm:cUny) Uglv
T3 = % (—autux +2blnu, + eui — uix) :

T = o (Pufiu+ach(),

T = Syt i, — dacy i, — 20y, ~

2bcf1(t)uy + 2befi(t)uy Inu, — A fi(t)udu, — cefy (t)uxuz —

2¢fi (t)uxmui +cfi (t)uixu:c — 2aby f1),

1
T3 = % (—Qaef{ —acyfiu® + 2aey fiu, — A fi(t)ud + 2cefy (t)uxuy) : (6.9)

T = —%afg(t)uz,

T2 = ugl (aféuxu — afy(t)ugy + 2cfo(t)uluy, + 2 fo(t)Upratis + 2bf2(t)) ;

T = (eh(tnd —2eh(t)u,) (6.10)
respectively.

Remark 6.1 It is interesting to observe that although different Lagrangian (see
(6.4)) may result in same Noether operators (see Table 6.1), this does not hold
with the conservation laws. This can be seen from the above derived conserved
vectors. It is worthy mentioning that due to the presence of the arbitrary elements
in the conserved vectors, one can obtain infinitely local conserved vectors of the

(241)-dimensional Jaulent-Miodek equation with power-law nonlinearity (6.3).
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6.2 Concluding remarks

In this chapter we carried out a complete Noether symmetry classification of a
(2+1)-dimensional Jaulent-Miodek equation with power-law nonlinearity. Con-
servation laws for several cases which admitted Noether point symmetries were

established.
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Chapter 7

Conclusions

Obtaining exact solutions for nonlinear partial differential equations that model
real world problems are important to understand the physical aspects of the prob-
lem. The aim of this work was to determine exact solutions and conservation laws

of some nonlinear partial differential equations by using various methods.

Chapter one provided basic background material, such as, the definitions and the-
orems of important concepts that were used to carry out the calculations in this

work.

In Chapter two we carried out a complete Noether and Lie group classification of
the radial form of a coupled system of hyperbolic equations. From the Noether
symmetries we derived the corresponding conserved vectors. We also determined
constraints that the non-linearities should satisfy in order for the scaling symme-
tries to be Noetherian. An explicit solution was also obtained for a particular

choice of the parameters.

A complete Noether symmetry analysis of a generalized hyperbolic Lane-Emden
system was performed in Chapter three. Several constraints for which Noether

symmetries exist were derived. Furthermore, we constructed conservation laws
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associated with the admitted Noether symmetries. Thereafter, we briefly discussed

the physical meaning of the derived conserved vectors.

In Chapter four we carried out a complete group classification of a generalized
coupled hyperbolic Lane-Emden system. It was shown that the underling system
admitted six-dimensional equivalence Lie algebra. We further showed that the
principle Lie algebra which is one dimensional extended in several cases. We also

carried out Lie reductions for some cases.

Chapter five dealt with the symmetry analysis of a coupled Jaulent-Miodek sys-
tem, which arises in many branches of physics such as particle physics and fluid
dynamics. The similarity reductions and new exact solutions were constructed.

Thereafter, conservation laws were derived using the multiplier approach.

In Chapter six we studied complete Noether symmetry classification of a (2+1)-
dimensional Jaulent-Miodek equation with power-law nonlinearity. Conservation

laws for several cases which admitted Noether point symmetries were established.

In future, we plan to use the conservation laws obtained in this study to find exact

solutions for the corresponding nonlinear partial differential equations studied here.
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