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Abstract 

Active portfolio managers are judged on their ability to outperform agent's benchmarks, 

hence optimising fund returns is critically important. Maximising fund outperformance 

is, however, non-trivial because active portfolios are subject to tracking error (TE) (and 

other) constraints. Portfolios constrained by a TE are fenced by an elliptical frontier in 

mean/variance space and may not be efficient. The ellipse's flat shape suggests an addi-

tional constraint which improves the performance of the active portfolio. Some at-

tempts have been made to identify optimal portfolios subject to the restrictions im-

posed by TEs, i.e. to locate these on the frontier. Although subsequent work isolated 

and explored different portfolios subject to these constraints, absolute portfolio risk has 

been consistently ignored.  

First a different restriction – maximisation of the traditional Sharpe ratio on the constant 

tracking error frontier in absolute risk/return space – is added to the existing constraint 

set, and a method to generate this portfolio is explained. The resultant portfolio has a 

lower volatility and higher return than the benchmark, it satisfies the tracking error con-

straint and the ratio of excess absolute return to risk is maximised (i.e. maximum Sharpe 

ratio in absolute space). Second, we review these portfolio assemblies and introduce 

more possibilities using the previously derived method: portfolios which are maximally 

diversified, exhibit risk parity, have minimal intra-correlation, and minimum risk. Such 

portfolios behave differently to those which are part of the efficient set, i.e. populate 

the efficient frontier and are TE-unconstrained, giving managers constrained by TEs 

portfolio selection options based on risk preferences and/or investment strategies.  

Key words: Active management, tracking error, benchmarks, portfolio asset allocation. 
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Chapter 1 

Introduction 

1.1 Background 

Tracking error (TE) is an active risk measure that reflects a portfolio manager's decision to 

deviate from weights of benchmark positions to achieve returns in excess of the benchmark. 

This deviation introduces a measure of benchmark risk – called TE – defined as the standard 

deviation of the difference between portfolio and benchmark returns. Generally, TE is not a 

metric used in isolation when determining manager performance and is best used in combi-

nation with other performance evaluators such as the information ratio, Value at Risk, etc. 

The optimal level of TE is dependent on the portfolio’s investment policy, i.e. outperformance 

target, risk-return profile and growth strategy (value or growth). Thomas, Rottschafer and 

Zvingelis (2013) outline several causes of TE (fees, transaction costs, taxes, factor tilts, cash 

management and general market volatility), but a principal objective that research has aimed 

to solve is optimisation: maximising excess returns while maintaining a prescribed TE. 

Thomas et al., (2013) noted that TE does not provide a directional metric since it only 

measures excess return volatility, thus it provides no information about the direction of the 

return differences (i.e. whether they are positive or negative). Portfolio managers generally 

pursue low TEs and positive excess returns, because although higher TEs may indeed translate 

into higher returns, this is not always the case.  

Standard portfolio construction allows portfolio managers to select assets and determine 

their exposures (weights) based on factor tilts, volatilities, expected returns and correlations 

with one another. This information provides the basis for the calculation of an expected TE 

relative to the benchmark and it is this forecast which enables portfolio managers to remain 

within the TE bounds, set by investors, rebalancing (if necessary) to prevent punitive charges 

from mandate violations.  

Roll (1992) argued that the dual goals of benchmark return outperformance and TE reduction 

were equivalent to standard Markowitz mean-variance objectives with subtle alterations. In-

stead of identifying a Markowitz-efficient portfolio (i.e. a portfolio with the smallest total re-
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turn volatility for a given expected total return), fund managers were obliged to isolate a port-

folio with a minimum TE for a given performance relative to the benchmark. Roll (1992) la-

belled this the "tracking error criterion": minimisation of TE for given expected benchmark 

outperformance, and formalised this criterion along with its consequences for portfolio man-

agement. Fund managers pursuing the TE criterion intentionally did not generate mean/vari-

ance Markowitz efficient portfolios under many – indeed most – circumstances. Roll (1992) 

speculated that the inherent flaw in TE optimisation could be mitigated by diversifying among 

managers, but Jorion (2003) demonstrated that this was not the case. 

By imposing additional constraints on the active portfolio (whilst maintaining the usual TE 

constraint), Jorion (2003) extended this analysis to determine the constant TE frontier, 

namely the frontier in mean/variance space on whose boundary all portfolios have the same 

TE. Jorion (2003) asserted that, because the TE constraint was so widely used in the industry, 

it could be taken as given, even though the restriction did not lead to optimal portfolio con-

struction. Jorion (2003) proposed an additional constraint: that of maximising portfolio ex-

cess return for a given TE, whilst restricting the portfolio volatility to be the same as that of 

the benchmark. Because of the 'flatness' of the TE ellipse, the lower portfolio volatility com-

pensated for the slight reduction in excess return.  

Alternative 'optimal' portfolios are proposed which satisfy the TE constraint (i.e. the proposed 

portfolio still lies on the constant TE ellipse), but which have different levels of absolute risk 

(and thus different levels of return) relative to the benchmark risk. These portfolios reflect 

the portfolio manager's risk sensitivity, so different levels of portfolio return can be expected 

depending on the risk aversion level and investment strategy. 

1.2 Problem statement 

Portfolio managers, constrained by a tracking error to a benchmark and seeking only to max-

imise returns, naïvely select sub-optimal portfolios with unnecessarily high volatility. 'Opti-

mal' does not necessarily mean maximum portfolio return, or minimum portfolio variance: a 

combination of these factors (such as a maximal risk-adjusted return), under the tracking er-

ror constraint, may better reflect optimality. Identifying, isolating and characterising tracking 

error-constrained portfolios which deliver such optimal investment performance are non-triv-

ial endeavours which have, to date, eluded the industry.  
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1.3 Research question 

What is the procedure for establishing the optimal portfolio (that which generates the maxi-

mum possible excess return per unit risk taken) weights for tracking error-constrained port-

folios given a risk preference/investment strategy? 

1.4 Study motivation 

Tracking error (TE) is an active risk measure that reflects a portfolio manager's decision to 

deviate from the weights of benchmark positions to achieve returns in excess of a benchmark. 

This deviation introduces a measure of benchmark risk – called TE – defined as the standard 

deviation of the difference between portfolio and benchmark returns. Portfolio managers 

have historically selected the maximum return portfolio under these constraints (or, more 

recently, that portfolio which has the same risk as the benchmark) as the optimal portfolio, 

but both these choices consider portfolio attributes (risk and return) in isolation.  

The combination of these features may offer fresh insights into constrained portfolio optimi-

sation. Such alternative 'optimal' portfolios would reflect the portfolio manager's risk sensi-

tivity, so different levels of portfolio return are expected depending on the level of risk aver-

sion and the investment strategy chosen. 

1.5 Dissertation structure 

This dissertation is structured as follows: Chapter 2 presents the literature governing the his-

tory of asset allocation and optimal portfolio assembly and construction. The frameworks 

governing such activities evolved as a natural consequence of market efficiency and serve as 

tests for its validity. Accepting the tenets of market efficiency, this chapter also investigates 

the history of constrained portfolio optimisation – a far wider, and more relevant, field than 

unconstrained optimisation. Performance of actively-managed portfolios is assessed and re-

warded based on outperformance of a prescribed benchmark, and portfolio managers are 

constrained by a plethora of investment restrictions. These include ranges of permissible con-

stituent asset weights, ceilings and floors of portfolio betas, maximum risk allowed relative to 

the benchmark, and so on. The simultaneous observation of these curbs increase the com-

plexity of portfolio management enormously and the underlying mathematics describing 

these activities is non-trivial. All these issues are presented in this chapter. 
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Chapter 3 sets out Article 1: Optimising tracking error-constrained portfolios. Active portfolios 

subject to tracking error constraints are the typical setup for active managers tasked with 

outperforming a benchmark. The risk and return relationship of such constrained portfolios 

is described by an ellipse in traditional mean-variance space and the ellipse's flat shape sug-

gests an additional constraint which improves the performance of the active portfolio. Alt-

hough subsequent work isolated and explored different portfolios subject to these con-

straints, absolute portfolio risk has been consistently ignored. A different restriction – maxi-

misation of the traditional Sharpe ratio on the constant tracking error frontier in absolute 

risk/return space – is added here to the existing constraint set, and a method to generate this 

portfolio is explained. The resultant portfolio has a lower volatility and higher return than the 

benchmark, it satisfies the tracking error constraint and the ratio of excess absolute return to 

risk is maximised (i.e. maximum Sharpe ratio in absolute space). 

Chapter 4 presents Article 2: Active investment strategies under tracking error constraints. 

Active portfolio managers are judged on their ability to outperform agent's benchmarks, so 

optimising fund returns is critically important. Maximising fund outperformance is, however, 

non-trivial because active portfolios are subject to tracking error (TE) (and other) constraints. 

Portfolios constrained by a TE are fenced by an elliptical frontier in mean/variance space and 

may not be efficient. Some attempts have been made to identify optimal portfolios subject 

to the restrictions imposed by TEs, i.e. to locate these on the frontier. We review these port-

folio assemblies and introduce more possibilities: portfolios which are maximally diversified, 

exhibit risk parity, have minimal intra-correlation, and minimum risk. Such portfolios behave 

differently to those which are part of the efficient set, i.e. populate the efficient frontier and 

are TE-unconstrained. 

Chapter 5 concludes the dissertation by summarising the findings of the entire study and pro-

posing suggestions for future research.  

1.6 General objective 

The general objective of this research is to establish the portfolio weights required for vari-

ous investment strategies' risk/return profiles, subject to industry constraints such as track-

ing error and 𝛽. 
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1.7 Specific objectives 

Specific objectives of this research are: 

1. identify and calculate the allowable investment universe in risk/return space when port-

folios are subject to a tracking error constraint  

2. isolate on this frontier the position (in risk/return space) of various investment strategy 

portfolios such as the  

a. minimum variance  

b. maximum return  

c. benchmark return  

d. maximum diversification  

e. risk parity  

f. minimum intra-asset corre-

lation and  

g. maximum Sharpe ratio.   

3. Establish the relative investment weights of these portfolios: how do they differ   

a. from each other and   

b. under different economic conditions?  

1.8 Research design 

The research design of this dissertation follows in the outline below: 

Pose research problem statement and question: Portfolio optimality (in whatever form) as 

well as constrained portfolio optimality are complex pursuits. How may component asset 

weights be determined for actively managed portfolios subject to tracking-error constraints? 

Critical literature review: Critical literature reviews are conducted through Chapters 2 

through 4 by consulting and considering existing literature. Adjustments to existing risk man-

agement procedures, techniques and methodologies to solve problems are documented and 

highlighted in the literature studies. The existing literature for this research theme is copious. 

Where an entirely new approach to risk practices is required, the literature was less obliging, 

but this was not a constraint in this study, because popular, well-established mathematical 
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techniques are almost always available for research endeavours and again, abundant litera-

ture exists to address and divulge these. 

Theory building/adapting/testing: Adaptation of existing financial tools and mathematical 

techniques for practical implementation enjoys rich precedent. The bulk of the results re-

ported in this dissertation were from empirical analyses of simulated data derived using both 

known and innovative risk metrics. 

Data collection: Data used were either simulated or from third-party, internet-based, elec-

tronic databases (e.g. McGregor BFA,1 Opendata and BloombergTM for historic index prices). 

Adequate data were available for all the chapters, so sample error was minimised. Data in this 

study comprised several published, historical time series, available from both proprietary (e.g. 

BloombergTM) and non-proprietary sources (e.g. internet databases). 

Conceptual development and empirical investigation: This research is intended to provide 

robust, but practical, solutions for use by investors and traders. As a direct result, the primary 

source of analytical work was Microsoft ExcelTM since this tool is used by most financial insti-

tutions. These spreadsheet-based models use visual basic programming language (a flexible, 

functional desktop tool available to all quantitative analysts and risk managers) to develop 

macros to replace onerous and repetitive computing tasks. The empirical study comprises the 

practical implementation of the research method, using techniques and models developed in 

Microsoft ExcelTM. 

The variables employed are data assembled from various historical time series. All data are 

available in the public domain. Some pricing data were simulated for illustration. 

Illustrate and reason findings: Having analysed the data, obtained meaningful results and 

displayed these appropriately, the findings were written up into article-style reports for peer 

review and publication. The articles which comprise Chapter 3 and 4 have been published as 

detailed in Table 1.2. 

 
1 McGregor BFA was acquired by (and renamed as) IRESS in late 2016. 
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Further work: To complement major findings of and ensure the continuation of much needed 

work not addressed in this dissertation, future work regarding the many consequences of 

optimal constrained portfolios is proposed for active fund managers and academics. 

1.8.1 Literature review 

The literature reviews focus on the origin, development, history and applications of the issues 

identified through problem statements and research questions, in this case the development 

and identification of optimal portfolio selection. These literature studies explain and clarify 

the problem of portfolio optimality and elucidate how previous studies have addressed the 

problem. Alternative ideas – explored for the first time here – are also presented. 

1.8.2 Data 

Data requirements, frequency and source are shown in Table 1.1 below. 

Table 1.1: Data requirements, frequency and source. 

# Topic Data required 
Fre-

quency 
Sources 

1 
Optimising track-
ing error-con-
strained portfolios 

Historical asset returns and 
covariance matrices (in-
cluding individual asset vol-
atilities and correlations). 

Portfolio weights calcu-
lated. 

Monthly 

Bloomberg, McGregor 
BFA, Opendata, non-
proprietary internet da-
tabases 2 

Active investment 
strategies under 
tracking error con-
straints 

1.8.3 Research output 

The research output is shown in Table 1.2 below.  

Table 1.2: Research output. 

# Topic Mathematics 
Research 

methodology 

1 
Maxwell, M., Daly, M., Thomson, D. and van Vuuren, 
G. 2017. Optimising tracking error-constrained port-
folios. Applied Economics, 50(54): 5846–5858. 

Proprietary, 
bespoke Mi-
crosoft Excel 
models 

Calculus (dif-
ferentiation 
techniques to 

Portfolio opti-
misation ap-
proaches 

Asset selec-
tion under 
prescribed 

2 
Maxwell, M. and van Vuuren, G. 2019. Active 
investment strategies under tracking error 
constraints. International Advances in Economic 
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Research, https://doi.org/10.1007/s11294-019-
09746-3: 1 – 14. 

identify opti-
mal solutions) 

Linear algebra 

Lagrangian 
dynamics 

portfolio con-
straints 

1.9 Conclusion 

The conclusion presents a summary of the findings of both topics, providing details of recom-

mendations for possible future research. The next chapter presents a literature survey gov-

erning the background information relevant to the dissertation.  

https://doi.org/10.1007/s11294-019-09746-3
https://doi.org/10.1007/s11294-019-09746-3
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Chapter 2 

Literature study 

2.1 Absolute portfolio optimisation 

Inherent in the success of a portfolio manager is the skill of portfolio optimisation, forming 

part of Modern Portfolio Theory, or Portfolio Selection Theory (PST). The principal objective 

of PST (in addition to maximising returns) is to find the optimal allocation of investments be-

tween different assets, given the investor’s risk profile/preference, i.e. to diversify away as 

much risk (volatility of returns) as possible. This ‘optimal’ allocation results in a portfolio of 

selected assets whose risk matches the investors risk preference, thus maximising their utility 

(Ghosh & Mahanti, 2014). This suggests that the trade-off between risk and return (mean/var-

iance trade-off) is different for each investor, but Markowitz (1952) indicated that, although 

this may be the case, the preferences of all investors lie on a curve, namely the efficient fron-

tier. The efficient frontier comprises efficient (diversified) portfolios which have the lowest 

risk for a given level of return or, equivalently, the highest return for a given level of risk, i.e. 

the set of the best risk/return combinations forms this frontier.  

Portfolio optimisation falls in as one of the phases of what is known as the investment man-

agement process. This process encapsulates the general procedure followed by portfolio 

managers when selecting an ‘optimal’ portfolio for the investor. The other phases involve 

capturing the risk preference/profile of an investor, recorded in their investment policy along 

with; the investment objectives, constraints, permitted investment allocations in asset classes 

and/or sectors, the investment strategy (e.g. passive/active, value/growth), and the perfor-

mance measures and evaluators (Fabozzi & Markowitz, 2011). These form part of portfolio 

planning and optimisation models used to solve the “portfolio optimisation (or selection) 

problem”.  

The portfolio optimisation problem, formulated by Markowitz (1952), consists of two criteria, 

namely expected return (mean) and risk (standard deviation), measuring the volatility/varia-

bility of returns. Markowitz (1952) formulated this problem into a single investment period 

model, in which the investor allocates the capital amongst several assets. Over the course of 

the investment period, a random rate of return is generated by the portfolio resulting in 
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greater or lower capital value at the end of the period (relative to the principal amount). Sub-

sequent research has extended this model to multiple periods and it remains the foundation 

upon which Modern Portfolio theory is based (Mansini, Ogryczak & Speranza, 2014).  

Markowitz (1952) stated that the portfolio selection process can be divided into two main 

phases. The first phase couples experience and observation in order to forecast the future 

performance of the assets of interest, and the second uses these forecasts in choosing the 

most suitable portfolio. The first stage depends largely on the ability of the fund manager, the 

models used for forecasting and the way estimation error is dealt with. There has been ex-

tensive research done on this and it is beyond the scope of this dissertation. Markowitz (1952) 

concludes that investors should focus on return and risk in conjunction when selecting desired 

portfolios. In doing so, they will most likely choose a portfolio aligned with their preferences, 

thereby maximising their utility.  

Utility maximisation is ultimately the desired outcome for the investor, and forms part of an 

extensively researched field of economics called Utility Theory (Nawrocki & Viole, 2014). The 

utility of an investor is the total satisfaction received from consumption or investment of cap-

ital. It is described by a utility function, which assigns numeric values to all possible choices 

faced by the investor where the higher the numeric value of a choice, the greater the satis-

faction derived from it (Fabozzi & Markowitz, 2011). As such, PST sets out to find the optimal 

choice (portfolio) resulting in the maximum possible utility, given a set of investor constraints. 

This is achieved using indifference curves. An indifference curve represents a set of choices 

(in this case portfolios with different risk/return combinations) for which the investor derives 

the same level of utility from each and is therefore indifferent to which is chosen (Carlsson, 

Fullér & Majlender, 2002). These indifference curves can be mapped out in the same space 

(mean/variance) as the efficient frontier, enabling the portfolio manager to select the optimal 

portfolio from the point where the maximum indifference curve is tangential to the efficient 

frontier (Fabozzi & Markowitz, 2011). This results in the selection of an efficient portfolio 

which is optimal for the investor, i.e. satisfies their risk profile/preferences.  

Markowitz (1952, 1959) formulated mean variance optimisation into a quadratic program-

ming model, providing a quantitative tool to use when making the investment allocation de-

cision by considering the trade-off between risk and return (mean and variance) of a portfolio 
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of assets (Ghosh & Mahanti, 2014). Markowitz (1959) extended his 1952 work and trans-

formed it into the Markowitz model (aforementioned), in which this optimal allocation of 

holdings/investments is determined through the solution of this quadratic programming 

model (Ghosh & Mahanti, 2014). This mean variance model has been altered in various ways 

since its inception, namely; the single index/market model which ignores the covariance be-

tween asset returns, the CAPM (Capital Asset Pricing Model) as an extension of the single 

index model (considering the returns of securities to depend on the market index and not the 

covariance between asset pairs), and the multiple period Mean Variance model.  

Ghosh and Mahanti (2014) restated that an important implication of Modern Portfolio Theory 

(based on the work of Markowitz (1952, 1959)) is that when selecting an asset for a portfolio, 

the risk and return of an asset should not be considered in isolation but rather in conjunction 

with the correlation of that asset with the other constituents. This co-movement with other 

assets, if negligible or in the opposite direction, can reduce the risk (volatility of returns) of 

the portfolio significantly, whilst maintaining the same overall portfolio return. The process 

of adding additional uncorrelated or negatively correlated assets to reduce the overall risk of 

portfolio is known as diversification.  

Once the optimal portfolio is selected, its performance (and hence the manager's) must be 

measured and evaluated, a fundamental issue in portfolio management. Various perfor-

mance measures and attribution models (performance evaluation) have been proposed, two 

of which are used in this paper to ‘reverse engineer’ the optimal portfolio. The most note-

worthy performance attribution model is the Fama Decomposition of Total Return (Fabozzi & 

Markowitz, 2011), which identifies the sources of the portfolio’s return, indicating how much 

of the return can be attributed to the manager and how and why he/she earned that return. 

Notable performance measures include: the Treynor ratio (“ratio of excess returns, above 

risk-free rate, to Beta (systematic risk)”) indicating the manager’s skill in market timing; the 

Jensen index, as an absolute measure, indicating the ability of the manager in forecasting 

returns and portfolio diversification against risk (Ghosh & Mahanti, 2014); the Information 

ratio (“ratio of excess return, above the benchmark, to the TE of the portfolio”), not only 

highlighting the manager’s ability to generate excess returns but also the consistency of those 

returns. Lastly, the Sharpe ratio (“ratio of excess return, above the risk free rate, to total port-

folio risk”), indicating the manger’s aptitude in security selection; and the TE, measuring the 
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volatility of the excess returns above the benchmark. These are used in the final phase of the 

Investment management process and give the investor an overall picture of the ability of the 

manager, the performance of the portfolio, and the level of satisfaction the investor has de-

rived (whether performance is aligned with their preferences).  

2.2 Relative portfolio optimisation  

Portfolio Selection Theory, although widely used, is based on several assumptions which are 

often not observed in practice. Fund managers, who often use this theory as a base, are clas-

sified into two broad types: passive and active. Passive managers primarily buy and hold se-

curities, closely corresponding to mandated benchmark weights (thereby keeping fees to a 

minimum and somewhat replicating benchmark returns), while active managers tend to de-

viate from the prescribed benchmark, trading securities dynamically, with the goal of max-

imising return through asset allocation, stock selection and market timing. A continuous dis-

pute over which approach (active versus passive) provides superior returns causes healthy 

contention in the industry, with a resolution on which is more optimal2 never widely accepted. 

While it is true that many active portfolios underperform their benchmark, all truly passive 

funds underperform theirs. It is only with an element – however small – of active manage-

ment (or zero management, administration and trading costs) that a 'passive' fund can match 

its benchmark performance.  

Active and passive managers generally optimise their portfolio returns in relative, rather than 

absolute, return space, leading to higher unsystematic risk and greater absolute portfolio vol-

atility (often used as a measure of risk, however the terminology contentiously debated as 

volatility is directionless and risk refers to capital loss). As asset managers are assessed on 

total return performance relative to prescribed benchmarks – which may comprise broad, 

diversified indices of assets or be specific, often limited to only two or three asset classes such 

as "cash" and "local equity" for example (Roll, 1992) - the services of active managers will be 

worth retaining if the performance contribution is above that of the benchmark. To satisfy 

the absolute return performance condition of an investor's utility function, choosing compo-

nent weights close to the benchmark in bull market conditions is sufficient. In bear market 

 
2 Protagonists also argue over the definition of optimal. 
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conditions, however, when the benchmark is generally inefficient, fund managers must ma-

terially outperform the benchmark. This requires superior relative return performance, only 

possible if the manager takes on active risk, but taking substantial bets which breach man-

dates incurs corresponding punitive penalty charges. To limit these costs, constraints are im-

posed on the active portfolio (Jorion, 2003). 

Asset returns are, however, noisy and reported infrequently, thus many months of return 

data are required before reliable average performance is known. Minimising the TE – the 

standard deviation of the differences between portfolio and benchmark returns – is a univer-

sal gauge of active manager performance. Consequently, active fund managers are con-

strained by (amongst other agency-mandated requirements) TE, also an active risk measure 

reflecting portfolio managers’ decisions to deviate from benchmark positions to achieve pos-

itive excess returns (note, that TE is directionless so deviations from benchmark positions 

could equally results in negative 'excess' returns). When used to determine manager compe-

tence, TE is not used in isolation and is best applied in combination with other performance 

evaluators. The optimal level of TE depends on the portfolio's investment policies, i.e. outper-

formance target, risk-return profile, growth strategy (value or growth), etc. Thomas, 

Rottschafer & Zvingelis, (2013) outline several causes of TE (fees, transaction costs, taxes, 

factor tilts, cash management), however the prime driver is return maximisation. In the pro-

cess of portfolio construction, not all assets which constitute the benchmark will be held, and 

those that are will be held in different proportions. Hence, benchmark and portfolio returns 

differ from month to month, resulting in a TE.  

Outperformance of the benchmark by the fund is synonymous with the generation of a posi-

tive expected TE. Roll (1992) asserted that these criteria amounted to mean/variance analysis, 

but rather than establishing portfolios with the smallest total return volatility for a given ex-

pected total return, fund managers constrained by a TE must seek portfolios with a minimum 

TE for a given expected performance relative to a benchmark.  

Performance fee incentives compel fund managers to sometimes adopt unnecessary risk to 

achieve high excess returns, but as asset returns are noisy the average manager's perfor-

mance can only be accurately assessed after sufficient performance data have been accumu-

lated. As such, the value added by such managers is not obvious, so instead investors focus 
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on TE as an important performance measure, leading to portfolio selection in the relative 

space.  

The principal problem associated with this approach is that absolute portfolio risk is ne-

glected. These portfolios are not, then, optimal in a mean-variance sense and they are riskier 

than the benchmark. Fund managers must balance their investment strategy such that they 

simultaneously maximise benchmark outperformance (i.e. increase TE) while minimising ex-

cess return variance (i.e. decrease TE) - a seemingly contradictory endeavor. By applying an 

additional constraint on portfolio 𝛽,3 Roll (1992) set out the description, established the con-

straints and obtained the solution for the "TE frontier" (Figure 1), and found that all managed 

portfolios (under the TE constraint) with positive expected performance will have 𝛽 > 1, 

while portfolios that have higher expected returns and lower total volatility have 𝛽 < 1. Roll 

(1992) generated TE frontiers with a constraint on 𝛽 and found that minimising the TE did not 

result in more efficiently-managed portfolios. Roll (1992) proved that it is impossible to pro-

duce a portfolio that is simultaneously constrained by a TE, a given expected performance 

and a specified 𝛽. Roll (1992) also recommended that, because portfolio analysis is subject to 

significant expected return estimation errors, estimating the expected TE rather than these 

individual asset returns could be used as a more feasible manager goal.  

Roll (1992) constructed portfolios than maximised excess returns over a benchmark for a 

given TE and illustrated that a TE frontier comprises all such portfolios, one at each level if TE 

volatility. This frontier has a similar shape to the standard efficient frontier but is shifted to 

the right in mean-variance space.  These portfolios are mean/variance inefficient if the bench-

mark is inefficient (which is most often the case), i.e. TE managed portfolios are dominated 

by other portfolios that have both lower volatility and higher total return. 

In Figure 2.1, the solid black curve represents the ‘universal’ efficient frontier, i.e. the frontier 

that would result if all assets (and all combinations of assets) were available to the fund man-

ager. Since the benchmark is prescribed, it will not always be efficient and it is, indeed, unu-

sual for a benchmark to lie on the universal efficient frontier. Fund returns, constrained fur-

ther by a mandated TE target, lie on a TE frontier – the grey curve in Figure 2.1. The TE frontier, 

 
3 Where 𝛽 (a measure of systematic risk) has the standard definition, namely 𝛽 = covar(𝑟𝑃, 𝑟𝐵)/var(𝑟𝐵) where 𝑟𝑃 are port-
folio returns and 𝑟𝐵 are benchmark returns. 
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then, does not reflect the maximum total return of portfolios comprising deviations from the 

benchmark, but rather the maximum total return for a given TE. 

 

Figure 2.1: TE frontier and TE-constrained portfolio. In this example, 𝑇𝐸 = 5%. 

Source: Roll (1992) and own calculations. 

Each point/marker on the TE curve is the maximum total return possible for a given level of 

TE relative to the benchmark. Markers are placed at intervals of 1%, so the TE-constrained 

portfolio point indicated represents the maximum excess return possible for a fund relative 

to the indicated benchmark with a TE constraint of 5%. 

Bertrand, Prigent and Sobotka (2001) considered the problem of mean-variance maximisation 

under a TE constraint and thus reintroduced both absolute and relative risk (i.e. TE) aversion 

into the optimisation program. Larsen & Resnick (2001) considered a range of optimisation 

and holding periods, but did not consider transaction cost constraints. These rebalancing 

costs must be offset against the gains in risk control, but Larsen & Resnick (2001) argued that, 

beyond certain (threshold) risk levels, these would be untenable. El-Hassan & Kofman (2003) 

found that frequent rebalancing was necessary to maintain control over total risk (though not 

necessarily TE risk) when actively managing portfolios (see also Plaxco & Arnott, 2002), but 

this did not necessarily lead to optimal portfolios.  

Rather than using the TE to value the risks undertaken by the asset manager, overall portfolio 

volatility may be a better metric to compare with benchmark volatility. The asset manage-

ment industry, however, maintains emphasis on TE risk control, so Jorion (2003) returned to 

the problem by first establishing the shape of constant TE portfolios, finding that these are 
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described by an ellipse on the traditional mean-variance plane, but not in the efficient frontier 

(𝜇/𝜎) plane, where 𝜇 represents the portfolio return and 𝜎 the portfolio volatility – usually a 

measure of the portfolio's risk. The shape of the constant TE frontier in 𝜇/𝜎 space is a dis-

torted ellipse in which the bi-axial symmetry associated with ellipses is lost. In this work, "el-

lipse" will be used when referring to the shape in either space.  

In the discussion that follows, 𝜎𝑃 is the portfolio volatility, 𝜎𝐵  the benchmark volatility, 𝑟𝑃 the 

return on the portfolio and 𝑟𝐵 the return on the benchmark.  

Figure 2.2 plots the constant TE frontier for a TE of 5% where all portfolios on this ellipse have 

a TE of 5%. The maximum excess return portfolio subject to this TE constraint is above the 

benchmark (higher return than the benchmark) and to the right of the benchmark (higher risk 

than the benchmark: Figure 2.2a). The flat shape of the ellipse, however, led Jorion (2003) to 

suggest the addition of a constraint on total portfolio volatility, namely the selection of a port-

folio with the same total risk as that of the benchmark (𝜎𝑃 = 𝜎𝐵: Figure 2.2b). 

 

Figure 2.2: TE frontier, TE-constrained portfolio and constant TE frontier (with TE = 5%). (a) 
shows the naïve portfolio: excess return is maximised for a given TE constraint. (b) shows 
Jorion's (2003) suggestion: observe constraints from (a) but restrict portfolio risk to that of 
the benchmark.  

Source: Roll (1992), Jorion (2003) and own calculations. 
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This portfolio volatility constraint leads to portfolios with lower excess returns than are pos-

sible (but still higher than the benchmark return) and the same volatility as the benchmark, 

as shown in Figure 2b. Jorion (2003) found that this constraint substantially improved man-

aged portfolio performance, in particular, for those with lower TEs and less efficient bench-

marks. For these portfolios, the information ratio (IR), given by: 

𝐼𝑅 =
𝑟𝑃 − 𝑟𝐵
𝑇𝐸

 (1) 

 is not maximised. 

Bertrand (2009) examined the TE minimisation problem from another perspective. Instead of 

considering constant TE frontiers, he allowed the TE to vary and fixed risk aversion, thereby 

establishing an optimal portfolio with several desirable attributes and which lies on what he 

termed as iso-aversion frontier. All portfolios on this frontier have the same IR, allowing the 

selection of portfolio to satisfy volatility preference and/or TE preference. Bertrand (2010) 

analyses and discusses the IR decomposition proposed by Menchero and Hu (2006) in the 

light of the analysis of consistency between the risk-adjusted performance attribution process 

and portfolio optimisation under TE constraints, developed in Bertrand (2005, 2009). Con-

sistency was only attained when optimising the TE constraint in isolation: additional con-

straints, on total risk for example, distorts the information ratio of the entire portfolio (com-

ponent IRs are no longer uniform nor equal to the IR of the entire portfolio) indicating that 

no equilibrium between expected return and relative risk has been reached. 

Bertrand (2010) also found that, to increase TE, portfolio managers tend to decrease portfolio 

IRs with the result that extra TE is not rewarded by sufficient extra return. Basing decisions 

on IR alone, portfolio managers have no incentive to move away from the benchmark and, 

since 𝜎𝑝 = 𝜎𝑏, taking total risk into account does not provide more incentive to move away 

from the benchmark: a "disturbing feature" (Bertrand, 2010). 

Wu and Jakshoj (2011) decompose excess returns into selection and allocation effects and 

then apply this attribution approach for an unconstrained portfolio and a TE-constrained op-

timal portfolio. Wu and Jakshoj (2011) found that the TE optimised weights do improve the 

expected IR for a given portfolio, a result confirmed over several time periods. TE-optimised 

portfolios were also easier to implement. 
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Chow (1995) suggested a utility function, that measures return, variance and TE, was a more 

appropriate performance metric than standard portfolio performance evaluators (such as re-

turn and variance) because it accounts for both total risk and TE. Chow (1995) found that the 

implementation of this utility function generated a set of efficient portfolios which included 

the mean-variance efficient set, the mean tracking-error efficient set and all convex combi-

nations of both sets. 

Stowe (2014) noted that the conventional practices of 𝛽 constraints, studied in Roll (1992), 

and TE volatility constraints, studied in Jorion (2003), assure utility improvements for the in-

vestor. If these constraints are implemented properly (optimisation over a TE-parameterised 

utility function), they force the delegated manager to buy a more efficient portfolio than the 

benchmark. Thus, even though relative utility maximisation is sub-optimal and inefficient, if 

the delegated manager is more skilful than the investor, delegated portfolio management is 

still likely preferred to naïvely holding the benchmark. 

2.3 Active investment strategies under the Tracking error constraint  

In the early 2000s, an extended bear market shifted the investment focus from naïve TE min-

imisation, to outperformance of the benchmark whilst remaining within an (agency-imposed) 

TE limit. El-Hassan & Kofman (2003) proposed a strategy of dynamic portfolio allocation using 

Jorion's (2002) TE frontier and pointed out that TE can either be an investment goal or invest-

ment constraint, leading to two interpretations: one in the passive, the other in the active 

sense. While both approaches incur incidental risk, only active management incurs 'intention-

al' risk (asset specific or idiosyncratic). Since there is an element (however small) of active 

management in passive investment, both strategies are susceptible to an increase in overall 

idiosyncratic portfolio risk. This additional portfolio risk is overlooked when optimising in the 

relative, TE, space.  

Bajeux-Besnainou, Portait & Tergny (2011) investigated active portfolios subject to TE and 

component weight constraints (a common agency-mandated feature of active portfolios, e.g. 

no more than 10% equity, only investment grade sovereign bonds, and so on) and found these 

restrictions to be simultaneously binding. 
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Riccetti (2010) derived analytical methods that indicated whether managers using active 

strategies could simultaneously generate a positive excess return large enough to cover per-

formance fees and limit the portfolio's variance to be less than that of the benchmark. This 

formulation was a required, yet insufficient, condition to outperform the benchmark's re-

turns, without increasing portfolio variance. 

Previous work highlights the limitations of the TE constraint on portfolio management, alt-

hough taken as a given by the industry, and the difficulty in optimising under such conditions. 

Outperforming the benchmark whilst adequately managing overall portfolio volatility is task 

not deliberately achieved amongst fund managers. 

The ultimate objective of portfolio management is to select a portfolio which best describes 

an investor’s goals and satisfies their utility desires. With the entire unconstrained investable 

universe to choose from, i.e. the efficient frontier, there are a number of investment strate-

gies at a manager’s disposal that can satisfy the requirements set forth by the investor. While 

this list is not all-encompassing, the more commonly used strategies are set forth; namely, 

maximum return, minimum variance, maximum diversification, risk parity/inverse volatility, 

minimum intra-portfolio correlation and Maximum Sharpe ratio portfolio.  

The work discussed above describes optimal portfolios on the efficient frontier and introduces 

new optimal investment suggestions. Our contribution applies optimal investment strategies 

to portfolios constrained by TE. We connect these ideas and adapt these efficient frontier 

strategies to the constant TE constrained frontier. No work to our knowledge has, to date, 

established such optimal investment strategies subject to constant TE constraints. This work 

develops (mathematically where possible) approaches for determining the requisite optimal 

portfolio asset weights for various investment strategies constrained by the TE. 
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Chapter 3 

Optimising tracking error-constrained portfolios 

Michael Maxwell,4 Michael Daly,5 Daniel Thomson6 and Gary van Vuuren7 

      

Abstract 

Active portfolios subject to tracking error constraints are the typical setup for active managers 
tasked with outperforming a benchmark. The risk and return relationship of such constrained 
portfolios is described by an ellipse in traditional mean-variance space and the ellipse's flat 
shape suggests an additional constraint which improves the performance of the active port-
folio. Although subsequent work isolated and explored different portfolios subject to these 
constraints, absolute portfolio risk has been consistently ignored. A different restriction – 
maximisation of the traditional Sharpe ratio on the constant tracking error frontier in absolute 
risk/return space – is added here to the existing constraint set, and a method to generate this 
portfolio is explained. The resultant portfolio has a lower volatility and higher return than the 
benchmark, it satisfies the tracking error constraint and the ratio of excess absolute return to 
risk is maximised (i.e. maximum Sharpe ratio in absolute space).  

Keywords 
Tracking error frontier, optimisation, Sharpe ratio, risk-
adjusted returns 

JEL classification C52, G11 

3.1  Introduction 

Tracking error (TE) is an active risk measure that reflects a portfolio manager's decision to 

deviate from weights of benchmark positions to achieve returns in excess of the benchmark. 

This deviation introduces a measure of benchmark risk – called TE – defined as the standard 

deviation of the difference between portfolio and benchmark returns. Generally, TE is not a 

metric used in isolation when determining manager performance and is best used in combi-

nation with other performance evaluators such as the information ratio, Value at Risk, etc. 

The optimal level of TE is dependent on the portfolio’s investment policy, i.e. outperformance 

target, risk-return profile and growth strategy (value or growth). Thomas, Rottschafer and 

Zvingelis (2013) outline several causes of TE (fees, transaction costs, taxes, factor tilts, cash 

management and general market volatility), but a principal objective that research has aimed 

to solve is optimisation: maximising excess returns while maintaining a prescribed TE. 

 
4 Postgraduate student, School of Economics, Department of Risk Management, North West University, Potchefstroom, 
South Africa. 
5 Postgraduate student, North West University, Potchefstroom, South Africa. 
6 Postgraduate student, North West University, Potchefstroom, South Africa. 
7 Extraorindary professor, North West University, Potchefstroom, South Africa. 
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Thomas et al., (2013) noted that TE does not provide a directional metric since it only 

measures excess return volatility, thus it provides no information about the direction of the 

return differences (i.e. whether they are positive or negative). Portfolio managers generally 

pursue low TEs and positive excess returns, because although higher TEs may indeed translate 

into higher returns, this is not always the case.  

Standard portfolio construction allows portfolio managers to select assets and determine 

their exposures (weights) based on factor tilts, volatilities, expected returns and correlations 

with one another (Clarke, de Silva & Thorley, 2002). This information provides the basis for 

the calculation of an expected TE relative to the benchmark and it is this forecast which ena-

bles portfolio managers to remain within the TE bounds, set by investors, rebalancing (if nec-

essary) to prevent punitive charges from mandate violations (Ammann & Zimmerman, 2001).  

Roll (1992) argued that the dual goals of benchmark return outperformance and TE reduction 

were equivalent to standard Markowitz mean-variance objectives with subtle alterations. In-

stead of identifying a Markowitz-efficient portfolio (i.e. a portfolio with the smallest total re-

turn volatility for a given expected total return), fund managers were obliged to isolate a port-

folio with a minimum TE for a given performance relative to the benchmark. Roll (1992) la-

belled this the "tracking error criterion": minimisation of TE for given expected benchmark 

outperformance, and formalised this criterion along with its consequences for portfolio man-

agement. Fund managers pursuing the TE criterion intentionally did not generate mean/vari-

ance Markowitz efficient portfolios under many – indeed most – circumstances. Roll (1992) 

speculated that the inherent flaw in TE optimisation could be mitigated by diversifying among 

managers, but Jorion (1992, 2003) demonstrated that this was not the case. 

By imposing additional constraints on the active portfolio (whilst maintaining the usual TE 

constraint), Jorion (2003) extended this analysis to determine the constant TE frontier, 

namely the frontier in mean/variance space on whose boundary all portfolios have the same 

TE. Jorion (2003) asserted that, because the TE constraint was so widely used in the industry, 

it could be taken as given, even though the restriction did not lead to optimal portfolio con-

struction. Jorion (2003) proposed an additional constraint: that of maximising portfolio excess 

return for a given TE, whilst restricting the portfolio volatility to be the same as that of the 

benchmark. Because of the 'flatness' of the TE ellipse, the lower portfolio volatility compen-

sated for the slight reduction in excess return.  
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In this article, an alternative 'optimal' portfolio is proposed which satisfies the TE constraint 

(i.e. the proposed portfolio still lies on the constant TE ellipse), but which has lower absolute 

risk relative to the benchmark risk and which has the highest Sharpe ratio – i.e. is located on 

a capital market line (CML) tangential to the constant TE frontier so it generates the highest 

excess return per unit of absolute risk. This portfolio exhibits these benefits by sacrificing 

some excess return over the benchmark but, again, because the constant TE ellipse is more 

or less flat, the resulting excess return reduction is not substantial but the reduction in total 

portfolio volatility is substantial. This leads to significantly improved performance (i.e. ratio 

of return to risk). 

The remainder of this article proceeds as follows: Section 3.2 provides a literature study which 

covers the evolution of ideas regarding TE frontiers and constant TE frontiers as well as other 

proposals of portfolio optimisation in relative and absolute risk/return space. Data used and 

methodology adopted – including relevant mathematics – are provided in Section 3.3. Section 

3.4 presents and discusses results of existing and new proposals. Section 3.5 concludes. 

3.2 Literature survey 

Asset managers are assessed on total return performance relative to prescribed benchmarks 

– which may comprise broad, diversified indices of assets or be specific, often limited to only 

two or three asset classes such as "cash" and "local equity" for example (Roll, 1992). The ser-

vices of active managers will be worth retaining if the performance contribution is – on aver-

age – positive. Asset returns are, however, noisy and reported infrequently, thus many 

months of return data are required before reliable average performance is known. Minimising 

the TE – the volatility of the difference between managed fund and benchmark returns – is 

an important criterion for active manager performance. Outperformance of the benchmark 

by the fund is synonymous with the generation of a positive expected TE. Roll (1992) asserted 

that these criteria amounted to mean/variance analysis, but rather than establishing portfo-

lios with the smallest total return volatility for a given expected total return, fund managers 

constrained by a TE must seek portfolios with a minimum TE for a given expected perfor-

mance relative to a benchmark.  

The principal problem associated with this approach is that absolute portfolio risk is ne-

glected. These portfolios are not, then, optimal in a mean-variance sense and they are riskier 
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than the benchmark. By applying an additional constraint on portfolio 𝛽,8 Roll (1992) set out 

the description, established the constraints and obtained the solution for the "TE frontier" 

(Figure 3.1), and found that all managed portfolios (under the TE constraint) with positive 

expected performance will have 𝛽 > 1, while portfolios that have higher expected returns 

and lower total volatility have 𝛽 < 1. Roll (1992) generated TE frontiers with a constraint on 

𝛽 and found that minimising the TE did not result in more efficiently-managed portfolios. Roll 

(1992) proved that it is impossible to produce a portfolio that is simultaneously constrained 

by a TE, a given expected performance and a specified 𝛽. 

The location of the global total return efficient frontier portfolio is not known with absolute 

certainty, since it depends on individual asset expected returns and these are beset with large 

noise components. Roll (1992) recommended that, because portfolio analysis is subject to 

these considerable estimation errors, estimating the expected TE rather than individual asset 

returns could be used as a more feasible manager goal.  

In Figure 3.1, the solid black curve represents the ‘universal’ efficient frontier, i.e. the frontier 

that would result if all assets (and all combinations of assets) were available to the fund man-

ager. Since the benchmark is prescribed, it will not always be efficient. Indeed, it is unusual 

for a benchmark to lie on the universal efficient frontier. Fund returns, constrained further by 

a prescribed TE target, lie on a TE frontier – the grey curve in Figure 3.1. The TE frontier, then, 

does not reflect the maximum return of portfolios comprising deviations from the benchmark, 

but rather the maximum total return for a given TE. 

 
8 Where 𝛽 (a measure of systematic risk) has the standard definition, namely 𝛽 = covar(𝑟𝑃, 𝑟𝐵)/var(𝑟𝐵) where 𝑟𝑃 are port-
folio returns and 𝑟𝐵 are benchmark returns. 
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Figure 3.1: TE frontier and TE-constrained portfolio. In this example, 𝑇𝐸 = 5%. 

Source: Roll (1992) and own calculations. 

Each point/marker on the TE curve is the maximum total return possible for a given level of 

TE relative to the benchmark. Markers are placed at intervals of 1%, so the TE-constrained 

portfolio point indicated represents the maximum excess return possible for a fund relative 

to the benchmark indicated with a TE constraint of 5%. 

Bertrand, Prigent and Sobotka (2001) considered the problem of mean-variance maximisation 

under a TE constraint and thus reintroduced both absolute and relative risk (i.e. TE) aversion 

into the optimisation program. Larsen & Resnick (2001) considered a range of optimisation 

and holding periods, but did not consider transaction cost constraints. These rebalancing 

costs must be offset against the gains in risk control, but Larsen & Resnick (2001) argued that, 

beyond certain (threshold) risk levels, these would be untenable. El-Hassan & Kofman (2003) 

found that frequent rebalancing was necessary to maintain control over total risk (though not 

necessarily TE risk) when actively managing portfolios (see also Plaxco & Arnott, 2002), but 

this did not necessarily lead to optimal portfolios.  

Rather than using the TE to value the risks undertaken by the asset manager, overall portfolio 

volatility may be a better metric to compare with benchmark volatility. The asset manage-

ment industry, however, maintains emphasis on TE risk control, so Jorion (2003) returned to 

the problem by first establishing the shape of constant TE portfolios, finding that these are 

described by an ellipse on the traditional mean-variance plane, but not in the efficient frontier 

6%

8%

10%

12%

14%

16%

18%

20%

12% 14% 16% 18% 20% 22% 24%

To
ta

l e
xp

e
ct

e
d

 r
e

tu
rn

Absolute risk

Efficient frontier

TE frontier

TE constrained 

portfolio
Benchmark



32 

 

(𝜇/𝜎) plane, where 𝜇 represents the portfolio return and 𝜎 the portfolio risk – usually a meas-

ure of the portfolio's volatility. The shape of the constant TE frontier in 𝜇/𝜎 space is a dis-

torted ellipse in which the bi-axial symmetry associated with ellipses is lost. In this article, 

"ellipse" will be used when referring to the shape in either space.  

In the discussion that follows, 𝜎𝑃 is the portfolio volatility, 𝜎𝐵  the benchmark volatility, 𝑟𝑃 the 

return on the portfolio and 𝑟𝐵 the return on the benchmark.  

Figure 3.2 plots the constant TE frontier for a TE of 5%. All portfolios on the ellipse have a TE 

of 5%. The maximum excess return portfolio subject to this TE constraint is above the bench-

mark (higher return than the benchmark) and to the right of the benchmark (higher risk than 

the benchmark: Figure 3.2a). The flat shape of the ellipse, however, led Jorion (2003) to sug-

gest the addition of a constraint on total portfolio volatility, namely the selection of a portfolio 

with the same total risk as that of the benchmark (𝜎𝑃 = 𝜎𝐵: Figure 3.2b). 

 

Figure 3.2: TE frontier, TE-constrained portfolio and constant TE frontier (with TE = 5%). (a) 
shows the naïve portfolio: excess return is maximised for a given TE constraint. (b) shows 
Jorion's (2003) suggestion: observe constraints from (a), but restrict portfolio risk to that of 
the benchmark.  

Source: Roll (1992), Jorion (2003) and own calculations. 
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shown in Figure 3.2b. Jorion (2003) found that this constraint substantially improved man-

aged portfolio performance, in particular for those with lower TEs and less efficient bench-

marks. For these portfolios, the information ratio (IR), given by: 

𝐼𝑅 =
𝑟𝑃 − 𝑟𝐵
𝑇𝐸

 (1) 

 is not maximised. 

Bertrand (2009) allowed the TE to vary and fixed the risk aversion, rather than consider only 

constant TE frontier-constrained portfolios. The resulting optimal portfolios were found to 

exhibit several desirable properties. They all have the same IR, allowing a portfolio to be se-

lected on a TE frontier according to desired volatility and/or to desired TE. Bertrand (2010) 

analyses and discusses the IR decomposition proposed by Menchero and Hu (2006) in the 

light of the analysis of risk-adjusted performance attribution developed in Bertrand (2005). 

Bertrand (2009) showed that only optimisation under the TE constraint alone is consistent 

with the risk-adjusted performance attribution process. When additional constraints (e.g. on 

total risk) are introduced, component IRs are no longer uniform nor equal to the IR of the 

entire portfolio, meaning that no equilibrium between expected return and relative risk has 

been reached. 

Bertrand (2010) also found that, to increase TE, portfolio managers tend to decrease portfolio 

IRs with the result that extra TE is not rewarded by sufficient extra return. Basing decisions 

on IR alone, portfolio managers have no incentive to move away from the benchmark and, 

since 𝜎𝑝 = 𝜎𝑏, taking total risk into account does not provide more incentive to move away 

from the benchmark: a "disturbing feature" (Bertrand, 2010). 

Stowe (2014) noted that the conventional practices of 𝛽 constraints, studied in Roll (1992), 

and TE volatility constraints, studied in Jorion (2003), assure utility improvements for the in-

vestor. If these constraints are implemented properly, they force the delegated manager to 

buy a more efficient portfolio than the benchmark. Thus, even though relative utility maximi-

sation is sub-optimal, if the delegated manager is more skilful than the investor, delegated 

portfolio management is still likely preferred to naïvely holding the benchmark. 

The existing literature ignores absolute portfolio risk, so an optimal portfolio is proposed 

which embraces the mandated TE, but which also maximises the Sharpe ratio (i.e. the ratio of 

excess return to absolute risk taken). 
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3.3 Data and methodology 

3.3.1 Data 

The data comprised simulated realistic weights, returns, volatilities and correlations for a 

small benchmark comprising three assets. Portfolio constituents were derived only from the 

benchmark universe (including short-selling of benchmark components).  

Note that the "assets" which constitute the portfolio could easily be asset classes (such as 

equity, bonds and cash) or specific industry sectors within an asset class (e.g. an industrial 

equity index, a banking and finance index, etc.) or individual assets such as single name stocks 

or bonds. 

3.3.2 Methodology 

To set out the methodologies required for the various frontiers, some definitions are neces-

sary. These are recreated below in line with the notation developed by Roll (1992) and per-

petuated by Jorion (2003).  

Fund managers, tasked with outperforming benchmarks, must take positions in assets which 

may or may not be components of the benchmark (depending on the fund mandate).  

Define  

𝒒:  vector of benchmark weights for a sample of 𝑁 assets 

𝒙:  vector of deviations from the benchmark 

𝒒𝑷 (= 𝒒 + 𝒙): vector of portfolio weights 

𝑬:  vector of expected returns, and 

𝑽:  covariance matrix of asset returns. 

Net short sales are allowed in this formulation, so the total active weight 𝒒𝑖 + 𝒙𝑖 may be 

negative for any individual asset, 𝑖. The universe of assets can generally exceed the compo-

nents of the benchmark, but for Roll's (1992) methodology, assets in the benchmark must be 

included. 

Expected returns and variances are expressed in matrix notation as: 

𝜇𝐵 = 𝒒
′𝑬: expected benchmark return 
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𝜎𝐵
2 = 𝒒′𝑽𝒒: variance of benchmark return 

𝜇𝜀 = 𝒙
′𝑬: expected excess return and 

𝜎𝜀
2 = 𝒙′𝑽𝒙: TE variance (𝑇𝐸2). 

The active portfolio expected return and variance is given by: 

𝜇𝑃 = (𝒒 + 𝒙)
′𝑬 = 𝜇𝐵 + 𝜇𝜀 (2) 

𝜎𝑃
2 = (𝒒 + 𝒙)′𝑽(𝒒 + 𝒙) = 𝜎𝐵

2 + 2𝒒′𝑽𝒙 + 𝒙′𝑽𝒙 

= 𝜎𝐵
2 + 2𝒒′𝑽𝒙 + 𝜎𝜀

2 
(3) 

The portfolio must be fully invested, defined as: 

(𝒒 + 𝒙)′𝟏 = 1 (4) 

where 𝟏 represents an 𝑁-dimensional vector of 1s.  

Using Merton's (1972) terminology, the following parameters are also defined: 

𝑎 = 𝑬′𝑽−𝟏𝑬 

𝑏 = 𝑬′𝑽−𝟏𝟏 

𝑐 = 𝟏′𝑽−𝟏𝟏 

𝑑 = 𝑎 −
𝑏2

𝑐
 

Note that Jorion's (2003) paper contains an erroneous definition of 𝑐, here corrected. 

Jorion (2003) also defined the quantities: 

Δ1 = 𝜇𝐵 −
𝑏

𝑐
 (5) 

where 𝑏/𝑐 = 𝜇𝑀𝑉 and 

Δ2 = 𝜎𝐵
2 −

1

𝑐
 (6) 

where 1/𝑐 = 𝜎𝑀𝑉
2 . 

With these definitions in place, the frontiers are developed and distinguished by constraints 

imposed upon them.  

3.3.2.1 Mean variance frontier in absolute return space 

Minimise 𝒒𝑷
′ 𝑽𝒒𝑷 subject to: 
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𝒒𝑷
′ 𝟏 = 1 

𝒒𝑷
′ 𝑬 = 𝐺 

where 𝐺 is the target return.  

The vector of portfolio weights is determined using 

𝒒𝑷 = (
𝑎 − 𝑏𝐺

𝑑
)𝒒𝑴𝑽 + (

𝑏𝐺 −
𝑏2

𝑐
𝑑

)𝒒𝑻𝑮 

where 𝑞𝑀𝑉 is the vector of asset weights for the minimum variance portfolio given by: 

𝒒𝑴𝑽 = 𝑽
−1
𝟏

𝑐
 

and 𝑞𝑇𝐺 is the vector of asset weights for the tangent (optimal) portfolio given by: 

𝒒𝑻𝑮 = 𝑽
−1
𝑬

𝑏
 

3.3.2.2 TE frontier 

Maximise 𝒙′𝑬 subject to: 

𝒙′𝟏 = 0 

𝒙′𝑽𝒙 = 𝜎𝜀
2 

The solution for the vector of deviations from the benchmark, 𝒙, is: 

𝒙 = ±√
𝜎𝜀2

𝑑
𝑽−1 (𝑬 −

𝑏

𝑐
𝟏) 

3.3.2.3 Constant TE frontier 

Maximise 𝒙′𝑬 subject to: 

𝒙′𝟏 = 0 

𝒙′𝑽𝒙 = 𝜎𝜀
2 

(𝒒 + 𝒙)′𝑽(𝒒 + 𝒙) = 𝜎𝑃
2 

The solution for the vector of deviations from the benchmark, 𝒙, is: 

𝒙 = −
1

𝜆2 + 𝜆3
𝑽−1(𝑬 + 𝜆1 + 𝜆3𝑽𝒒) (7) 
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where 

𝜆1 = −
𝜆3 + 𝑏 

𝑐
 (8) 

𝜆2 = ±(−2)√
𝑑𝛥2 − 𝛥1

2

4𝜎𝜀2𝛥2 − 𝑦2
− 𝜆3 (9) 

𝜆3 = −
𝛥1
𝛥2
±
𝑦

𝛥2
√
𝑑𝛥2 − 𝛥1

2

4𝜎𝜀2𝛥2 − 𝑦2
 (10) 

Jorion (2003) defined  

𝑧 = 𝜇𝑃 − 𝜇𝐵 (11) 

and 

𝑦 = 𝜎𝑃
2 − 𝜎𝐵

2 − 𝜎𝜀
2 (12) 

and established that the relationship between 𝑦 and 𝑧 is: 

𝑑𝑦2 + 4Δ2𝑧
2 − 4Δ1𝑦𝑧 − 4𝜎𝜀

2(𝑑Δ2 − Δ1
2) = 0 

which is a quadratic equation in both 𝑦 and 𝑧.  

Solving for 𝑧: 

(4Δ2)𝑧
2 − 4Δ1𝑦𝑧 + 𝑑𝑦

2 − 4𝜎𝜀
2(𝑑Δ2 − Δ1

2) = 0 

𝑧 =
4Δ1𝑦 ± √(4Δ1𝑦)2 − 4(4Δ2)(𝑑𝑦2 − 4𝜎𝜀2(𝑑Δ2 − Δ1

2)) 

8Δ2
 

=
Δ1𝑦 ± √(Δ1𝑦)2 − Δ2(𝑑𝑦2 − 4𝜎𝜀2(𝑑Δ2 − Δ1

2)) 

2Δ2
 

𝑧 =
Δ1𝑦 ± √(Δ1

2 − 𝑑Δ2) ⋅ (𝑦2 − 4Δ2𝜎𝜀2) 

2Δ2
 

(13) 

which describes an ellipse – a constant TE frontier – in return/risk space (Figure 3.4) once the 

definitions of 𝑦 and 𝑧 have been reinstalled. In Figure 3.4, each point on the ellipse represents 

a portfolio with TE = 5%. The point on the ellipse corresponding to the largest outperfor-

mance of the portfolio over the benchmark is common to both the TE frontier and the con-

stant TE frontier. Managers attempting to maximise excess return need to move up and to 
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the right of the benchmark in the 𝜇/𝜎 plane – so the portfolio will always exhibit higher risk 

than that of the benchmark. This led Jorion (2003) to propose a constraint on total risk. Jorion 

(2003) suggested that the portfolio risk could be constrained to equal that of the benchmark 

(i.e. that 𝜎𝑃 = 𝜎𝐵), which implies that 2𝒒′𝑽𝒙 = −𝜎𝜀
2 (from 3). 

The shape of the constant TE frontier in Figure 3.2a suggests that the reduction in return from 

this restriction may not be large because the upper hemisphere of the ellipse is flat. The ef-

fects of a constraint on total volatility are illustrated in Table 3.1, which reports the reduction 

in expected return and total portfolio risk (relative to the maximum return portfolio) for var-

ious levels of Δ1. This philosophy is also used in the subsequent development. 

Table 3.1: Change in 𝜇𝑃 and 𝜎𝑃 for various levels of Δ1 (constraints: TE prescribed, 𝜎𝑃 = 𝜎𝐵) 
and 𝑟𝑓 = 2.0%. All values in %. 

 

3.4 Results and discussion 

The maximum return possible for a portfolio subject to a TE constraint is represented in Figure 

3.2a by the open white circle (above the benchmark return). The associated absolute risk for 

such a constrained portfolio is also greater than that of the benchmark (i.e. to the right of the 

benchmark in Figure 3.2a). Jorion's (2003) additional constraint generates portfolios with 

both diminished return and risk relative to the maximum return portfolio. Because of the flat-

ness of the constant TE ellipse, the reduction of the former is not substantial, and this return 

reduction represents the price for the reduction in risk (see results in Table 3.2).  

 TE → 2% 4% 6% 8% 

  Δ𝜇𝑃 Δ𝜎𝑃 Δ𝜇𝑃 Δ𝜎𝑃 Δ𝜇𝑃 Δ𝜎𝑃 Δ𝜇𝑃 Δ𝜎𝑃 

𝚫𝟏 = 𝟎% 

𝜎𝑀𝑉 = 6% 0.00 -0.11 -0.03 -0.43 -0.09 -0.96 -0.21 -1.68 

𝜎𝑀𝑉 = 8% 0.00 -0.11 -0.02 -0.42 -0.07 -0.94 -0.17 -1.64 

𝜎𝑀𝑉 = 10% 0.00 -0.10 -0.02 -0.41 -0.06 -0.92 -0.14 -1.60 

𝚫𝟏 = 𝟏% 

𝜎𝑀𝑉 = 6% -0.02 -0.22 -0.06 -0.65 -0.16 -1.27 -0.33 -2.07 

𝜎𝑀𝑉 = 8% -0.02 -0.25 -0.06 -0.70 -0.15 -1.34 -0.30 -2.16 

𝜎𝑀𝑉 = 10% -0.02 -0.27 -0.06 -0.75 -0.15 -1.40 -0.28 -2.22 

𝚫𝟏 = 𝟐% 

𝜎𝑀𝑉 = 6% -0.03 -0.33 -0.11 -0.86 -0.25 -1.58 -0.47 -2.46 

𝜎𝑀𝑉 = 8% -0.04 -0.39 -0.12 -0.98 -0.25 -1.74 -0.46 -2.66 

𝜎𝑀𝑉 = 10% -0.04 -0.44 -0.13 -1.07 -0.26 -1.87 -0.46 -2.82 
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The question arises as to whether Jorion's (2003) constraint represents an "optimal portfolio" 

in some sense. Portfolios subject to a TE constraint have been demonstrated to be non-opti-

mal, but given the industry's emphasis on TE, like Jorion (2003), it is taken here as a given. 

Other definitions of "optimality" were considered, among them the possibility of determining 

portfolios which satisfy the original Sharpe ratio criterion: namely that the quotient of the 

portfolio's excess return (over the risk-free rate, 𝑟𝑓) and absolute portfolio volatility is maxim-

ised: 

𝑆𝑅 =
𝜇𝑃 − 𝑟𝑓

𝜎𝑃
 (14) 

To characterise such a portfolio (i.e. the determination of 𝑥, the vector of deviations from the 

benchmark and thus ultimately, 𝑞𝑃, the vector of portfolio weights) requires some convoluted 

algebra.  

The equation of the capital market line (CML) in this case, the line linking 𝑟𝑓 and the tangent 

portfolio on the constant TE ellipse rather than the efficient frontier in traditional mean-vari-

ance analysis, must first be established. Once this has been determined, the relevant weights 

may be backed out of the resultant tangent portfolio's return and risk coordinates using the 

results obtained from Jorion’s (2003) analysis.  

3.4.1 CML line and maximum Sharpe portfolio 

To obtain the intersection point between the ellipse and the CML line, note that the equation 

of the upper half of the ellipse in Figure 3.2 may be calculated using (11) and (13): 

𝑧 = 𝜇𝑃 − 𝜇𝐵 

𝜇𝑃 =
Δ1(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀

2) + √(Δ1
2 − 𝑑Δ2) ⋅ [(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀2)2 − 4Δ2𝜎𝜀2]  

2Δ2
+ 𝜇𝐵 

(15) 

The equation of the CML linking 𝑟𝑓 and the optimal portfolio on the constant TE ellipse is: 

𝜇𝑃 = 𝑚𝜎𝑃 + 𝑟𝑓 (16) 

where 𝑚 is the slope of the CML line and the coordinates of the optimal portfolio are (𝜎𝑃, 𝜇𝑃). 

Setting (15) and (16) equal and rearranging terms to make 𝑚 the subject of the formula: 

𝑚 =
𝜇𝐵 − 𝑟𝑓

𝜎𝑃
+
Δ1(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀

2) + √(Δ1
2 − 𝑑Δ2) ⋅ [(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀2)2 − 4Δ2𝜎𝜀2]  

2Δ2𝜎𝑃
 (17) 
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As 𝜎𝑃 increases, 𝑚 (which intersects the constant TE frontier in two places) increases until it 

reaches a maximum (when there is only one intersection point) and then decreases (again 

with two intersection points) as shown in Figure 3.3. 

Differentiating (17) gives  

𝑑𝑚

𝑑𝜎𝑃
=
(𝑟𝑓 − 𝜇𝐵)

𝜎𝑃
2 +

(Δ1
2 − 𝑑Δ2) ⋅ (𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀

2)

√(Δ1
2 − 𝑑Δ2)[(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀2)2 − 4Δ2𝜎𝜀2]

+ Δ1

Δ2

−
√(Δ1

2 − 𝑑Δ2)[(𝜎𝑃
2 − 𝜎𝐵

2 − 𝜎𝜀
2)2 − 4Δ2𝜎𝜀

2] + Δ1 ⋅ (𝜎𝑃
2 − 𝜎𝐵

2 − 𝜎𝜀
2)

2Δ2𝜎𝑃
2  

(18) 

Setting (18) = 0, i.e. the point at which the change in the slope with respect to 𝜎𝑃 reverses 

direction, and solving for 𝜇𝑃 and 𝜎𝑃 establishes the maximum Sharpe ratio portfolio coordi-

nates. 

 

Figure 3.3: Constant TE frontier (TE = 5%) and intersection with CML for increasing values of 
𝜎𝑃 from (a) through (d). The slope increases from (a) → (b) and then decreases from (b) → (d) 
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as 𝜎𝑃 increases. Where the slope changes direction, 𝑑𝑚/𝑑𝜎𝑃 = 0, gives the tangent portfolio. 
Note the two intersection points in (a), (c) and (d), but only the single (tangent) point in (b). 

Source: Own calculations 

3.4.2 Vector of portfolio deviations from benchmark: 𝒙 

Jorion (2003) solved for 𝒙, the vector of deviations from the benchmark and used these to 

determine the relevant portfolio on the constant TE frontier (with TE known).  

In this work, the process is reversed. The return and risk of the desired (maximum Sharpe 

ratio) portfolio are known (from 18), so the 𝒙s are calculated using (7) through (10). Recall 

that the inputs for 𝜆1, 𝜆2 and 𝜆3 as well as the values for 𝜎𝜀, 𝜎𝑃 and 𝜇𝑃 are all known, so 

determining the 𝒙s is a trivial exercise. The results are shown in Figure 3.4. 

 

Figure 3.4: (a) TE-constrained portfolio, constant TE frontier and CML with optimal portfolio 
and (b) enlarged view showing all three portfolios. TE = 5% and 𝑟𝑓 = 2%. 

Source: Jorion (2003) and own calculations.  

Continuing the philosophy detailed in Table 3.2, the effects of a constraint on the portfolio's 

Sharpe ratio are illustrated in Table 3.2, which reports the reduction in expected return and 

total portfolio risk (again relative to the maximum return portfolio) for various levels of Δ1. 

While the reduction in expected return is greater than that for Jorion's (2003) proposal, the 

reduction in total volatility is significantly greater, so the relative performance improvement 

is considerably better. 
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Table 3.2: Change in 𝜇𝑃 and 𝜎𝑃 for various levels of Δ1 (constraints: TE prescribed, 𝑆𝑅 = 𝑆𝑅max) 
and 𝑟𝑓 = 2.0%. All values in %. 

 TE → 2% 4% 6% 8% 

  Δ𝜇𝑃 Δ𝜎𝑃 Δ𝜇𝑃 Δ𝜎𝑃 Δ𝜇𝑃 Δ𝜎𝑃 Δ𝜇𝑃 Δ𝜎𝑃 

𝚫𝟏 = 𝟎% 

𝜎𝑀𝑉 = 6% -0.37 -1.14 -1.03 -2.73 -2.10 -4.76 -3.62 -7.19 

𝜎𝑀𝑉 = 8% -0.35 -1.21 -0.93 -2.80 -1.78 -4.73 -2.89 -6.92 

𝜎𝑀𝑉 = 10% -0.32 -1.21 -0.81 -2.72 -1.48 -4.48 -2.32 -6.41 

𝚫𝟏 = 𝟏% 

𝜎𝑀𝑉 = 6% -0.38 -1.16 -1.07 -2.77 -2.18 -4.83 -3.78 -7.31 

𝜎𝑀𝑉 = 8% -0.38 -1.26 -1.00 -2.91 -1.90 -4.90 -3.11 -7.18 

𝜎𝑀𝑉 = 10% -0.35 -1.28 -0.89 -2.87 -1.63 -4.73 -2.55 -6.77 

𝚫𝟏 = 𝟐% 

𝜎𝑀𝑉 = 6% -0.39 -1.20 -1.10 -2.84 -2.23 -4.93 -3.86 -7.45 

𝜎𝑀𝑉 = 8% -0.40 -1.32 -1.05 -3.03 -2.00 -5.09 -3.27 -7.44 

𝜎𝑀𝑉 = 10% -0.39 -1.36 -0.97 -3.04 -1.76 -4.99 -2.75 -7.12 

The benefits of this approach are most pronounced for lower levels of TE (also found by 

Jorion, 2003), higher levels of absolute risk (𝜎𝑀𝑉), higher 𝑟𝑓 (see Table 3.3 which shows the 

improvement in the max Sharpe portfolio as 𝑟𝑓 increases, where the return decrease is lower 

for higher 𝑟𝑓) and benchmark returns close to minimum variance portfolio levels (Δ1 = 0%). 

Table 3.3: The effect of increasing 𝑟𝑓 on 𝜇 and 𝜎 for the TE-constrained and maximum Sharpe 

portfolios. Δ1 = 1.0%, 𝜎𝑀𝑉 = 8%. All 𝜇 and 𝜎 values in %. 

  
TE → 2% 4% 6% 8% 

𝒓𝒇 

↓ 
TE constrained 

𝜇 13.60 15.07 16.55 18.02 

𝜎 17.72 18.21 18.89 19.76 

2% 

Max Sharpe 

𝜇 13.20 14.01 14.54 14.76 

𝜎 16.44 15.26 13.94 12.54 

Δ𝜇 -0.40 -1.06 -2.01 -3.26 

Δ𝜎 -1.28 -2.95 -4.96 -7.22 

Cost: 𝚫(𝝁/𝝈)  0.31 0.36 0.41 0.45 

6% 

𝜇 13.40 14.49 15.35 15.93 

𝜎 16.81 15.99 15.02 13.92 

Δ𝜇 -0.20 -0.58 -1.20 -2.10 

Δ𝜎 -0.91 -2.21 -3.88 -5.84 

Cost: 𝚫(𝝁/𝝈) 0.22 0.26 0.31 0.36 
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3.4.3 Weights 

The maximum return possible for a portfolio subject to a TE constraint and a maximum Sharpe 

ratio constraint is, again, lower than the maximum return possible for only a TE-constrained 

portfolio. The Sharpe ratio constraint added here results in portfolios with, like Jorion's (2003) 

work, both diminished return and risk relative to only TE-constrained portfolios and Jorion's 

(2003) TE-constrained and absolute risk-constrained portfolios. The flatness of the constant 

TE ellipse again means that the reduction of portfolio return is not substantial, again paying 

only a small price for the reduction in risk (see results in Table 3.3). The maximum Sharpe 

ratio portfolio is below and to the left of Jorion's (2003) proposed portfolio. 

The weights of a three-asset portfolio for the three portfolios are shown in Figure 3.5.  

 

Figure 3.5: Deviations from the benchmark determined using (7) for the three portfolios: max-
imum return on TE frontier, position on TE frontier where 𝜎𝑃 = 𝜎𝐵  (Jorion, 2003) and position 
on TE frontier corresponding to a maximum Sharpe ratio.  

Source: Jorion (2003) and own calculations. 

Although this is a stylised example, it demonstrates that differences can be considerable: in 

this example, even changing sign (asset 1). These large differences could potentially represent 

substantial changes in portfolio construction (rather than minor tweaks to the existing pro-

posals). 

3.4.4 Sharpe ratio portfolio and Jorion's (2003) proposal 

The maximum Sharpe ratio portfolio coincides with Jorion's (2003) proposal when 𝜎𝑃 = 𝜎𝐵. 

Substituting this condition into (17) gives the value of 𝑚 when the two portfolios are equiva-

lent: 
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𝑚 =
𝜇𝐵 − 𝑟𝑓

𝜎𝐵
+
𝜎𝜀 ⋅ √(Δ1

2 − 𝑑Δ2) ⋅ (𝜎𝜀2 − 4Δ2) − Δ1𝜎𝜀
2

2Δ2𝜎𝐵
 

But it is also known that, at this point, the slope of the CML is 

𝑚 =
𝜇𝑃 − 𝑟𝑓

𝜎𝐵
 

since at this point, 𝜎𝐵 = 𝜎𝑃.  

Equating the two slopes: 

𝜇𝑃 − 𝑟𝑓

𝜎𝐵
=
𝜇𝐵 − 𝑟𝑓

𝜎𝐵
+
𝜎𝜀 ⋅ √(Δ1

2 − 𝑑Δ2) ⋅ (𝜎𝜀2 − 4Δ2) − Δ1𝜎𝜀
2

2Δ2𝜎𝐵
 

𝜇𝑃 = 𝜇𝐵 +
𝜎𝜀
2Δ2

(√(Δ1
2 − 𝑑Δ2) ⋅ (𝜎𝜀2 − 4Δ2) − Δ1𝜎𝜀)

⏟                          
Excess return over benchmark

 

3.4.5 Maximum Sharpe ratio portfolio locus  

Figure 3.6 presents the locus of the maximum Sharpe ratio portfolio as a function of TE (in 

this case, with static 𝑟𝑓 = 2%).  

 

Figure 3.6: Locus of maximum Sharpe ratio portfolios for 2% ≤ 𝑇𝐸 ≤ 10% (𝑟𝑓 = 2%). 

Source: Jorion (2003) and own calculations. 

As TE increases, the portfolio first moves up (increased return) and to the left (decreased risk) 

of the benchmark. At higher levels of TE, the portfolio continues to move up but then moves 

to the right, i.e. absolute risk increases. At some value of TE, the maximum Sharpe ratio port-

folio will be coincident upon Jorion's (2003) proposal (i.e. where 𝜎𝐵 = 𝜎𝑃, see Section 3.4.4) 
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and for higher TE values, the portfolio will continue to move up and right – eventually coinci-

dent with the maximum return portfolio. The maximum Sharpe portfolio, therefore, is best 

suited for low levels of TE, but even for portfolios with 𝜎𝑃 > 𝜎𝐵, these are still maximum 

Sharpe ratio portfolios and thus, still optimal.  

Figure 3.7 shows the locus of the maximum Sharpe ratio portfolio as a function of 𝑟𝑓 – in this 

case with static 𝑇𝐸 = 5%. As 𝑟𝑓 increases, the maximum Sharpe ratio portfolio traverses the 

constant TE frontier ellipse in the clockwise direction. At a certain level of 𝑟𝑓, the maximum 

Sharpe portfolio will be coincident with Jorion's (2003) proposal, and the portfolio's maximum 

return = 𝑟𝑓 when the CML line is horizontal. At higher levels of 𝑟𝑓, the maximum Sharpe ratio 

portfolio moves along the ellipse with reduced returns and increased risk. This is not unex-

pected: at such high levels of 𝑟𝑓, optimal portfolios should comprise the risk-free asset only.  

 

Figure 3.7: Locus of maximum Sharpe ratio portfolios for 2% ≤ 𝑟𝑓 ≤ 20% (𝑇𝐸 = 5%). 

Source: Jorion (2003) and own calculations. 

3.5 Conclusions 

Using benchmarks to gauge relative performance allows investors to evaluate value-added 

relative to risks taken. Benchmarks generally comprise a combination of disparate assets, de-

pendent on investors' risk preference/profiles, but they tend to be inefficient as both the 

components of – and weights within – the benchmark are somewhat arbitrarily chosen. Op-

timisation in excess return space with an inefficient benchmark for performance comparison 

and performance measures such as the information ratio, results in inefficient/sub-optimal 

portfolio selection.  
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Applying tracking error constraints result in more inefficiency if fund managers naïvely pursue 

maximum excess returns as a sole investment objective, as this leads to higher total risk which 

can be diversified away. Accepting the TE mandate as given (since it is widely used in the 

industry), optimisation efforts have concentrated on various performance ratios and features 

of the TE frontier. In all previous work, absolute risk is consistently ignored.  

Maximising the Sharpe ratio with respect to the constant TE frontier selects portfolios which 

achieve higher excess returns and lower absolute risk relative to the benchmark. Several in-

teresting (and important) aspects of this approach have been identified and explored. The 

work should prove useful as it allows fund managers to calculate deviations from the bench-

mark (and thus, ultimately, actual portfolio weights) explicitly. These deviations have been 

shown to vary considerably depending on the desired portfolio selected (i.e. maximum return, 

benchmark risk or maximum Sharpe ratio tracking error-constrained portfolios). While this 

new approach does not account for tax considerations, regulatory constraints or rebalancing 

costs, these should be simple to implement in practice. As such, the usual due diligence should 

be observed in selecting assets and forecasting expected returns. 
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Chapter 4 

Active investment strategies under tracking error constraints 

Michael Maxwell9 and Gary van Vuuren10  

      

Abstract 

Active portfolio managers are judged on their ability to outperform agent's benchmarks, so 
optimising fund returns is critically important. Maximising fund outperformance is, however, 
non-trivial because active portfolios are subject to tracking error (TE) (and other) con-
straints. Portfolios constrained by a TE are fenced by an elliptical frontier in mean/variance 
space and may not be efficient. Some attempts have been made to identify optimal portfo-
lios subject to the restrictions imposed by TEs, i.e. to locate these on the frontier. We review 
these portfolio assemblies and introduce more possibilities: portfolios which are maximally 
diversified, exhibit risk parity, have minimal intra-correlation, and minimum risk. Such port-
folios behave differently to those which are part of the efficient set, i.e. populate the effi-
cient frontier and are TE-unconstrained. 

Keywords 
Tracking error frontier, optimal portfolios, investment 
constraints, benchmark 

JEL classification C52, G11 

4.1 Introduction 

Modern portfolio theory (MPT) treats portfolios of assets as single, connected entities whose 

mean returns are a linear combination of the individual component returns and whose return 

variance embraces not only individual constituent variances, but correlations between them 

as well (Markowitz, 1952). MPT introduced the notion of an efficient frontier in mean/vari-

ance space: portfolios which lie on the frontier are efficient, i.e. their locus traces out a path 

of maximum return for given variance levels.11 Using MPT, Sharpe (1966) established the cap-

ital market line (CML) whose origin on the return axis is the risk-free rate and whose tangen-

tial intersection with the efficient frontier is the portfolio with the highest risk-adjusted return 

for the associated level of risk, i.e. the maximum Sharpe ratio. 

 
9 Postgraduate student, North West University, Potchefstroom Campus, South Africa. 
10 Extraordinary Professor, North-West University, South Africa. 
11 Henceforth, the standard deviation (or the square root of the variance) is used as the risk metric.  
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Portfolio optimisation on the efficient frontier has generated copious research: the literature 

is replete with different examples of 'optimised' efficient frontier portfolios, their position in 

mean/risk space and the calculations required to determine the asset weights which consti-

tute the portfolio. Example portfolios include the maximum risk-adjusted (Sharpe, 1966), tra-

ditional 60% stock/40% bond (Cheng, 1971), maximum diversified (Choueifaty & Coignard, 

2008), risk-parity (Maillard, Roncalli & Teiletche, 2010), minimum intra-portfolio correlation 

(Livingstone, 2013) and global minimum variance (Bodnar, Parolya, & Schmid, 2018). The fo-

cus in this work adapts the portfolio optimisation techniques, mentioned above, to TE con-

strained portfolios. Other approaches – which will not be considered here – exist to accom-

plish this, such as taking liquidity and higher moments of asset returns into account (Beards-

ley, Field & Xiao, 2012) and using momentum (Mattei, 2017).  

The efficient frontier and the efficient portfolios on it, represent an idealised world in which 

component positions may be long or short (of any size) and which are not constrained by 

agent mandates. The reality is that active portfolio construction is restricted by many agent 

requirements, for example: portfolio performance constrained by a range of permissible port-

folio 𝛽s or 𝛼s and/or lower than a tracking error (the standard deviation of the difference 

between portfolio and benchmark returns). Violating these constraints can have serious legal 

and reputational consequences for fund managers (Penhall, 2015). 

A prominent restriction imposed on active fund managers is that of the TE. Roll (1992) ex-

plored the relationship between fund returns and variance when subjected to different levels 

of TEs and formulated the TE frontier: the locus of maximum portfolio returns (and associated 

risk) for different TE levels. Jorion (2003) examined the set of portfolios which satisfied TE 

constraints and found that, for a given TE level, the set of possible mean/risk values was an 

ellipse, which at low TE levels enclosed the benchmark. Jorion (2003) argued that a possible 

'optimal' portfolio subject to a TE should be that which has the same risk as the benchmark, 

rather than that which has the maximum return for a prescribed TE. Maxwell, Daly, Thomson 

& van Vuuren (2018) continued this work and determined the position of a maximum Sharpe 

ratio portfolio on this constant TE frontier, i.e. where the CML tangentially intersects the con-

stant TE ellipse.  

As investment strategies shift from passive back to active management approaches (Gilreath, 

2017; Financial Times, 2017), portfolio optimisation is once again becoming important (while 
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still constrained by TEs, 𝛽s and 𝛼s). No work to our knowledge has, to date, established opti-

mal investment strategies subject to the constant TE constraint. The contribution of this work 

then is to establish, mathematically if possible, methodologies for determining the requisite 

portfolio asset weights for various investment strategies which are subject to TE constraints.  

The remainder of this article proceeds as follows. Section 4.2 provides a literature survey 

which establishes the timeline and development of portfolio optimisation techniques. Section 

4.3 presents the data used for the analysis and sets out the relevant quantitative techniques 

and mathematics used for the determination of the various strategy portfolio weights. In Sec-

tion 4.4, the results obtained from the analysis are presented and discussed and Section 4.5 

concludes. 

4.2 Literature survey 

Portfolio theory governs the process by which managers construct portfolios to optimise re-

turns, given investors' risk tolerance. Although widely used, portfolio selection theory is based 

on several assumptions which are often not observed in practice.  

Fund managers are classified into two broad types: passive and active: the former tend to buy 

and hold securities, closely matching mandated benchmark weights (thereby keeping trans-

action costs and fees low and closely matching benchmark returns) while the latter trade se-

curities dynamically, seeking to maximise profits through stock selection and market timing. 

There is a contentious debate over which approach (active versus passive) provides optimal12 

returns. While it is true that many active portfolios underperform their benchmark, all truly 

passive funds underperform theirs. It is only with an element – however small – of active 

management (or zero management plus administration and trading costs) that a 'passive' 

fund can match its benchmark performance.  

Both types of fund manager – active and passive – generally optimise their portfolio returns 

in relative (rather than absolute) return space, which leads to higher unsystematic risk and 

greater absolute portfolio volatility. To satisfy the absolute return performance condition of 

an investor's utility function, choosing constituent weights close to the benchmark in bull 

market conditions is sufficient. In bear market conditions, however, when the benchmark is 

generally inefficient, fund managers must outperform the benchmark. This requires superior 

 
12 Protagonists also argue over the definition of optimal. 
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relative return performance, only possible if the manager takes on active risk, but taking sub-

stantial bets which breach mandates incurs corresponding punitive penalty charges. To limit 

these costs, constraints are imposed on the active portfolio (Jorion, 2003). 

Active fund managers are constrained by (amongst other agency-mandated requirements) TE 

(the standard deviation of the differences between portfolio and benchmark returns), an ac-

tive risk measure that reflects portfolio manager decisions to deviate from benchmark posi-

tions to achieve positive excess returns (note, that TE is directionless so deviations from 

benchmark positions could equally results in negative 'excess' returns). When used to deter-

mine manager competence, TE is not used in isolation and is best applied in combination with 

other performance evaluators. The optimal level of TE depends on the portfolio's investment 

policies, i.e. outperformance target, risk-return profile, growth strategy (value or growth), etc. 

Thomas, Rottschafer & Zvingelis, (2013) outline several causes of TE (fees, transaction costs, 

taxes, factor tilts, cash management), however the prime driver is return maximisation. In the 

process of portfolio construction, not all assets which constitute the benchmark will be held, 

and those that are will be held in different proportions. Consequently, benchmark and port-

folio returns differ from month to month, resulting in a TE.  

Performance fee incentives compel fund managers to sometimes adopt unnecessary risk to 

achieve high excess returns, but asset returns are noisy and the average manager's perfor-

mance can only be accurately assessed after sufficient performance data have been accumu-

lated. The value added by such managers is not obvious, so instead investors focus on TE as 

an important performance measure. Fund managers must balance their investment strategy 

such that they simultaneously maximise benchmark outperformance (i.e. increase TE) while 

minimising excess return variance (i.e. decrease TE). 

Roll (1992) constructed portfolios that maximised excess returns over a benchmark for a given 

TE and illustrated that a TE frontier comprises all such portfolios, one at each level of TE vol-

atility. This frontier has a similar shape to the standard efficient frontier shifted to the right in 

mean-variance space.13 These portfolios are mean/variance inefficient if the benchmark is 

 
13 The true position of the global total return efficient frontier is unknown as this depends on individual asset expected 
returns whose estimation is fraught with error because of the large component of noise in observed returns (Rudolf, Wolter 
& Zimmermann, 1999). 
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inefficient (which is most often the case), i.e. TE managed portfolios are dominated by other 

portfolios that have both lower volatility and higher total return.  

Jorion (2003) proposed an approach to optimise the risk/return relationship of TE-constrained 

active portfolios by imposing an additional, absolute risk, constraint. Jorion (2003) derived 

the constant tracking-error frontier in the original mean-variance plane. This frontier is an 

ellipse, and the flatness of this ellipse allowed Jorion (2003) to impose an additional constraint 

of requiring that total portfolio volatility must be the same as the benchmark volatility. This 

additional restriction substantially improved active portfolio performance.  

Rudolf, Wolter & Zimmermann (1999) compared four linear models for minimising the TE of 

a portfolio's returns, arguing that because performance fees are linear, linear deviations pro-

vide a more accurate representation of investors' risk preferences (as opposed to non-linear, 

squared deviations).  

Ammann and Zimmermann (2001) investigated the relationship between TE and restrictions 

on deviations of asset weights from the benchmark. Constraints were imposed on these de-

viations as it is more convenient for investors to specify limits on non-tactical deviations from 

the benchmark weights defined for various asset classes rather than on the portfolio man-

ager.  

Chow (1995) suggested a utility function that measures return, variance and TE was a more 

appropriate performance metric than standard portfolio performance evaluators (such as re-

turn and variance) because it accounts for both total risk and TE. Chow (1995) found that the 

implementation of this utility function generated a set of efficient portfolios which included 

the mean-variance efficient set, the mean tracking-error efficient set and all convex combi-

nations of both sets.  

Bertrand (2005) examined the consistency between the risk-adjusted performance attribu-

tion process and portfolio optimisation under TE constraints. Consistency was only attained 

when optimising the TE constraint in isolation: additional constraints, on total risk for exam-

ple, distorts the information ratio of the entire portfolio indicating that no equilibrium be-

tween expected return and relative risk has been achieved.  

Bertrand (2009) examined the TE minimisation problem from another perspective. Instead of 

considering constant TE frontiers, he allowed the TE to vary and fixed risk aversion, thereby 
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establishing an optimal portfolio with several desirable attributes and which lies on what he 

termed as iso-aversion frontier. All portfolios on this frontier have the same IR, allowing the 

selection of portfolio to satisfy volatility preference and/or TE preference.  

Riccetti (2010) derived analytical methods that indicated whether managers using active 

strategies could simultaneously generate a positive excess return large enough to cover per-

formance fees and limit the portfolio's variance to be less than that of the benchmark. This 

formulation was a required, yet insufficient, condition to outperform the benchmark's re-

turns, without increasing portfolio variance.  

Wu and Jakshoj (2011) decompose excess returns into selection and allocation effects and 

then apply this attribution approach for an unconstrained portfolio and a TE-constrained op-

timal portfolio. Wu and Jakshoj (2011) found that the TE optimised weights do improve the 

expected IR for a given portfolio, a result confirmed over several time periods. TE-optimised 

portfolios were also easier to implement.  

Bajeux-Besnainou, Portait & Tergny (2011) investigated active portfolios subject to TE and 

component weight constraints (a common agency-mandated feature of active portfolios, e.g. 

no more than 10% equity, only investment grade sovereign bonds, and so on) and found that 

these restrictions to be simultaneously binding.  

Zibri (2014) examined the relative risk reduction of minimum TE portfolios for global assets 

(equities and bonds) and found that weight constraints have no effect on out-of-sample TE 

reduction. The result was robust when applied to different scenarios of transaction costs and 

revision frequencies.  

Stowe (2014) demonstrated that active managers optimise over a TE-parameterised utility 

function (a commonly-applied framework in active management and a consequence of per-

formance incentives). Stowe (2014) showed that relative optimisation over TE is inefficient 

and sub-optimal portfolios are selected by active managers (i.e. active managers are ineffi-

cient and inferior for investors when constrained by TEs, even though they may have more 

skill, information, expertise and opportunity).  

Maxwell, Daly, Thomson & van Vuuren (2018) applied a different (rather than an additional) 

restriction to that of Jorion (2003) to the existing constraint set on the constant TE frontier in 

absolute risk/return space. Maxwell et al., (2018) derived a methodology for maximising the 
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traditional Sharpe ratio on the constant TE frontier which generated portfolios with a lower 

volatility but higher return than the benchmark, satisfied the TE constraint and maximised the 

ratio of excess absolute return to risk. 

This work describes optimal portfolios on the efficient frontier and introduces new optimal 

investment suggestions. Our contribution applies optimal investment strategies to portfolios 

constrained by TE. We connect these ideas and adapt these efficient frontier strategies to the 

constant TE constrained frontier. No work to our knowledge has, to date, established such 

optimal investment strategies subject to constant TE constraints. This work develops (math-

ematically where possible) approaches for determining the requisite optimal portfolio asset 

weights for various investment strategies constrained by the TE. 

4.3 Data and methodology 

4.3.1 Data 

The data comprised simulated realistic weights, returns, volatilities and correlations for a 

small, standardised benchmark comprising three assets with the stylised description as given 

in Table 4.1. 

Table 4.1: Stylised input data. 

Assets A B C 

Mean annual return 15% 19% 6% 

Annual volatility 28% 25% 18% 

Correlation matrix 

1 0.09 0.16 

0.09 1 0.12 

0.16 0.12 1 

Benchmark weights 50% 22% 28% 

Portfolio constituents were derived only from the benchmark universe (and short-selling of 

benchmark constituents was permitted). This may constitute an unrealistic representation of 

what usually occurs in practice: most managed, TE-constrained portfolios are low-risk pension 

funds. The mandates governing investments in such funds will usually stipulate conservative 

investment strategies, so the high risks which arise from short selling will not be permitted. 

See Daly (2018) for a discussion on the differences between unconstrained and constrained 

(in the long/short sense) constant TE frontiers. 
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Note that the "assets" which constitute the portfolio in the examples which follow could be 

asset classes (such as equity, bonds and cash), specific industry sectors within an asset class 

(e.g. an industrial equity index, a banking and finance index, etc.) or individual assets such as 

single name stocks or bonds. 

4.3.2 Methodology 

To establish the methodologies required for the various frontiers, some definitions are first 

required. This section proceeds by introducing and describing the relevant variables and al-

gebraic components. The mathematics governing the generation of the efficient frontier is 

then set out, followed by the algebra which defines the TE frontier and then the constant TE 

frontier. Having built these foundations, the algebraic methodology which is required to ex-

tract the portfolio weights for each possible strategy, is presented. This section follows 

Jorion’s (2003) terminology and approach closely. 

4.3.2.1 Components  

Active fund managers are tasked with outperforming specified benchmarks and the active 

asset positions they take may or may not be benchmark components (depending on the man-

date governing the fund). The algebra required to derive the relevant investment strategy 

weights uses the same underlying variables, matrices and matrix notation, defined below. 

𝒒:  vector of benchmark weights for a sample of 𝑁 assets 

𝒙:  vector of deviations from the benchmark 

𝒒𝑷 (= 𝒒 + 𝒙): vector of portfolio weights 

𝑬:  vector of expected returns,  

𝝈:  vector of benchmark component volatilities  

𝜌:  benchmark correlation matrix 

𝑽:  covariance matrix of asset returns and 

𝑟𝑓:  is the risk-free rate. 
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Net short sales are allowed in this formulation, so the total active weight 𝒒𝑖 + 𝒙𝑖 may be 

negative for any individual asset, 𝑖. The universe of assets can generally exceed the compo-

nents of the benchmark, but for Roll's (1992) methodology, assets in the benchmark must be 

included. 

Expected returns and variances are expressed in matrix notation as: 

𝜇𝐵 = 𝒒
′𝑬: expected benchmark return 

𝜎𝐵
2 = 𝒒′𝑽𝒒: variance of benchmark return 

𝜇𝜀 = 𝒙
′𝑬: expected excess return; and 

𝜎𝜀
2 = 𝒙′𝑽𝒙: TE variance (i.e. 𝑇𝐸2). 

The active portfolio expected return and variance is given by: 

𝜇𝑃 = (𝒒 + 𝒙)
′𝑬 = 𝜇𝐵 + 𝜇𝜀 (1) 

𝜎𝑃
2 = (𝒒 + 𝒙)′𝑽(𝒒 + 𝒙) = 𝜎𝐵

2 + 2𝒒′𝑽𝒙 + 𝒙′𝑽𝒙 

= 𝜎𝐵
2 + 2𝒒′𝑽𝒙 + 𝜎𝜀

2 
(2) 

The portfolio must be fully invested, defined as: 

(𝒒 + 𝒙)′𝟏 = 1 (3) 

where 𝟏 represents an 𝑁-dimensional vector of 1s.  

Using Merton's (1972) terminology, the following parameters are also defined: 

𝑎 = 𝑬′𝑽−𝟏𝑬, 𝑏 = 𝑬′𝑽−𝟏𝟏, 𝑐 = 𝟏′𝑽−𝟏𝟏, 𝑑 = 𝑎 −
𝑏2

𝑐
 

Δ1 = 𝜇𝐵 −
𝑏

𝑐
 (4) 

where 𝑏/𝑐 = 𝜇𝑀𝑉 and 

Δ2 = 𝜎𝐵
2 −

1

𝑐
 (5) 

where 1/𝑐 = 𝜎𝑀𝑉
2 . 

With these definitions in place, the frontiers are developed and distinguished by constraints 

imposed upon them. Note that, where the algebra allows for deviations from the benchmark 

to be calculated (𝒙) these are presented and the total portfolio component weights required 
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are simply 𝒒 + 𝒙 (= 𝒒𝑷). In other cases, where the investment strategy is unaffected by the 

imposition of a TE constraint, the relevant portfolio weights, 𝑤, are used instead. 

4.3.2.2 Mean variance frontier in absolute return space 

Minimise 𝒒𝑷
′ 𝑽𝒒𝑷 subject to: 

𝒒𝑷
′ 𝟏 = 1 

𝒒𝑷
′ 𝑬 = 𝐺 

where 𝐺 is the target return.  

The vector of portfolio weights is determined using 

𝒒𝑷 = (
𝑎 − 𝑏𝐺

𝑑
)𝒒𝑴𝑽 + (

𝑏𝐺 −
𝑏2

𝑐
𝑑

)𝒒𝑻𝑮 (6) 

where 𝑞𝑀𝑉 is the vector of asset weights for the minimum variance portfolio given by: 

𝒒𝑴𝑽 = 𝑽
−1
𝟏

𝑐
 

and 𝑞𝑇𝐺 is the vector of asset weights for the tangent (optimal) portfolio given by: 

𝒒𝑻𝑮 = 𝑽
−1
𝑬

𝑏
 

4.3.2.3 TE frontier 

Maximise 𝒙′𝑬 subject to: 

𝒙′𝟏 = 0 

𝒙′𝑽𝒙 = 𝜎𝜀
2 

The solution for the vector of deviations from the benchmark, 𝒙, is: 

𝒙 = ±√
𝜎𝜀2

𝑑
𝑽−1 (𝑬 −

𝑏

𝑐
𝟏) (7) 

4.3.2.4 Constant TE frontier 

Maximise 𝒙′𝑬 subject to: 

𝒙′𝟏 = 0 

𝒙′𝑽𝒙 = 𝜎𝜀
2 
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(𝒒 + 𝒙)′𝑽(𝒒 + 𝒙) = 𝜎𝑃
2 

The solution for the vector of deviations from the benchmark, 𝒙, is: 

𝒙 = −
1

𝜆2 + 𝜆3
𝑽−1(𝑬 + 𝜆1 + 𝜆3𝑽𝒒) (8) 

where 

𝜆1 = −
𝜆3 + 𝑏 

𝑐
 (9) 

𝜆2 = ±(−2)√
𝑑Δ2 − Δ1

2

4𝜎𝜀2Δ2 − 𝑦2
− 𝜆3 (10) 

𝜆3 = −
Δ1
Δ2
±
𝑦

Δ2
√
𝑑Δ2 − Δ1

2

4𝜎𝜀2Δ2 − 𝑦2
 (11) 

Jorion (2003) defined  

𝑧 = 𝜇𝑃 − 𝜇𝐵 (12) 

and 

𝑦 = 𝜎𝑃
2 − 𝜎𝐵

2 − 𝜎𝜀
2 (13) 

and established that the relationship between 𝑦 and 𝑧 is: 

𝑑𝑦2 + 4Δ2𝑧
2 − 4Δ1𝑦𝑧 − 4𝜎𝜀

2(𝑑Δ2 − Δ1
2) = 0 

which describes an ellipse – a constant TE frontier – in return/risk space Solving for 𝑧: 

𝑧 =
Δ1𝑦 ± √(Δ1

2 − 𝑑Δ2) ⋅ (𝑦2 − 4Δ2𝜎𝜀2) 

2Δ2
 (14) 

The constant TE frontier shown in Figure 10 establishes the boundary of possible risk-return 

combinations of permissible (i.e. satisfy the TE constraint imposed by the mandate), active 

portfolios. The upper segment of this frontier, shown in Figure 4.1, is bounded on the left by 

the minimum variance portfolio and above by the maximum return portfolio; both portfolios 

are TE-constrained. This segment of the constant TE frontier represents the efficient set of 

portfolios in a TE-constrained milieu. The question is: which of these portfolios represents the 

optimal portfolio? Several possibilities are considered, each satisfying various investment ob-

jectives and utility requirements.  
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Figure 4.1: Efficient frontier, TE frontier and constant TE frontier in mean/standard deviation 
space. The square marker indicates the maximum Sharpe ratio on the global efficient frontier 
with no constraints imposed. 𝑇𝐸 = 7% and 𝑟𝑓 = 5%. 

A highly risk-averse manager may opt for a minimum variance portfolio (extreme left end of 

the ellipse), foregoing potential higher returns in exchange for the lowest possible risk, while 

a risky manager may select the maximum return portfolio at the expense of associated high 

risk. Managers seeking optimal risk/reward trade-offs would choose tangent (maximum 

Sharpe ratio) portfolios (Maxwell, Daly, Thomson & van Vuuren, 2018), shown in Figure 4.2, 

while others may seek portfolios for which the diversification ratio is at a maximum, and still 

others might desire a minimum intra-correlation portfolio, or one which exhibited risk parity, 

etc. Note that component volatilities, correlations, expected returns and benchmark weights 

are all fixed, the variables in this exposition are the active portfolio weights. This is a major 

contribution of this paper – describing and defining these weights for active portfolios subject 

to a TE constraint. 
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Figure 4.2: TE frontier, constant TE frontier and CML (associated with the constant TE frontier) 
in mean/standard deviation space. The square marker in this figure indicates the maximum 
Sharpe ratio on the constant TE frontier. 𝑇𝐸 = 7% and 𝑟𝑓 = 5%. 

4.3.2.5 Maximum return 

Jorion (2003) showed that the absolute maximum return on the constant TE frontier would 

be reached at the intersection of the TE frontier with the constant TE frontier, i.e. where 

𝜇𝑃 = 𝜇𝐵 + √𝑑𝑇. 

The associated portfolio volatility is calculated using (2) 

𝜎𝑃
2 = 𝜎𝐵

2 + 2Δ1√
𝑇

𝑑
+ 𝜎𝜀

2. 

With the component quantities in (13) now known, 𝑦 is substituted into (9), (10) and (11) 

which then yields the vector of portfolio weight deviations from the benchmark, 𝒙, in (8). 

Note that this portfolio is equivalent to maximising the information ratio, IR, given by: 

𝐼𝑅 =
Excess return

𝑇𝐸
. 

With a fixed TE, the maximum IR is reached when the numerator reaches a maximum, i.e. 

where 𝜇𝑃 = 𝜇𝐵 + √𝑑𝑇. 

4.3.2.6 Benchmark risk 

For this constraint, Jorion (2003) set 𝜎𝑃
2 = 𝜎𝐵

2 so that, from (2), this constraint implies that 
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2𝒒′𝑽𝒙 = −𝜎𝜀
2 (15) 

From (15), the vector of portfolio weight deviations from the benchmark, 𝒙, in (8) may be 

determined.  

4.3.2.7 Maximum Sharpe ratio (risk-adjusted return) 

Using the approach devised by Maxwell et al., (2018), the tangent portfolio (maximum Sharpe 

ratio portfolio) on the constant TE frontier occurs where the slopes of the tangent line and 

the constant TE frontier are equal, i.e. where: 

(𝑟𝑓 − 𝜇𝐵)

𝜎𝑃
2 =

√(Δ1
2 − 𝑑Δ2)[(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀2)2 − 4Δ2𝜎𝜀2] + Δ1 ⋅ (𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀

2)

2Δ2𝜎𝑃
2  

−

(

 
 

(Δ1
2 − 𝑑Δ2) ⋅ (𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀

2)

√(Δ1
2 − 𝑑Δ2)[(𝜎𝑃

2 − 𝜎𝐵
2 − 𝜎𝜀2)2 − 4Δ2𝜎𝜀2]

+ Δ1

Δ2

)

 
 

 

(16) 

Solving for 𝜇𝑃 and 𝜎𝑃 establishes the maximum Sharpe ratio portfolio coordinates in re-

turn/risk space. Because these coordinates are unique, the portfolio weight deviations from 

the benchmark, 𝒙, are easily reverse engineered from (16). Recall that the Sharpe ratio is  

𝑆𝑅 =
𝜇𝑃 − 𝑟𝑓

𝜎𝑃
 (17) 

4.3.2.8 Minimum variance 

Jorion (2003) showed that, using (3) and (7), the active portfolio volatility is: 

𝜎𝑃
2 = 𝜎𝐵

2 ± 2√
𝑇

𝑑
(𝜇𝐵 − 𝜇𝑀𝑉) + 𝜎𝜀

2 

and that the absolute minimum variance (of a portfolio subject to a TE constraint) is: 

𝜎𝑃
2 = 𝜎𝐵

2 − 2√𝑇(𝜎𝐵
2 − 𝜎𝑀𝑉

2 ) + 𝜎𝜀
2. 

As before, with the component quantities in (13) now known, 𝑦 is substituted into (9), (10) 

and (11) which then yields the vector of portfolio weight deviations from the benchmark in 

(8). The associated expected return is calculated using (1). 
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4.3.2.9 Maximum diversification 

The diversification ratio was introduced by Choueifaty (2006) and is defined as: 

𝐷𝑅 =
(𝒒 + 𝒙)′𝝈

√(𝒒 + 𝒙)′𝑽(𝒒 + 𝒙)
 (18) 

Choueifaty (2006) asserted that portfolios with maximum 𝐷𝑅 provided an efficient alterna-

tive to market cap-weighted portfolios. Maximum diversification portfolios have the following 

Lagrange function (Pemberton & Rau, 2007): 

𝐿(𝒒 + 𝒙, 𝜆) =
1

2
(𝒒 + 𝒙)′𝐕(𝒒 + 𝒙) − 𝜆((𝒒 + 𝒙)′𝝈 − 1) 

where 𝜆 is a Lagrange multiplier and 𝐿 is the Lagrangian function which, at its maximum, sat-

isfies:  

𝜕𝐿(𝒒 + 𝒙, 𝜆)

𝜕(𝒒 + 𝒙)
=
1

2
⋅ 2𝑽(𝒒 + 𝒙𝑴𝑫) − 𝜆𝝈 = 0 

𝜕𝐿(𝒒 + 𝒙, 𝜆)

𝜕𝜆
= (𝒒 + 𝒙𝑴𝑫)′𝝈 − 1 = 0  

where 𝒙𝑴𝑫 is the vector of active portfolio weights for the maximum diversification ratio. 

Solving these simultaneous equations gives: 

𝒙𝑴𝑫 =
𝑽−𝟏𝝈

𝝈′𝑽−𝟏𝝈
− 𝒒. 

Note that these weights generate a universal, non-TE-constrained, MD portfolio (so it is not 

necessarily on, or inside, the constant TE frontier). A closed-form solution for a TE-constrained 

MD portfolio has not been identified, but such a portfolio may be identified empirically. Using 

(18), active portfolio weights, 𝒙, which define the efficient TE-constrained set (from (8)) were 

used to calculate the 𝐷𝑅 at various 𝜎𝑃 values. The active portfolio weights which generate 

the maximum 𝐷𝑅 are easily identified.  

4.3.2.10 Risk parity/inverse volatility 

Portfolios in which the risk contribution from each component is made equal is a form of di-

versification maximisation because such portfolios are like minimum variance portfolios sub-

ject to diversification constraints on component weights (Maillard, Roncalli & Teiletche, 

2010). The components weights for such portfolios are: 
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𝑤𝑖 =
1

𝑛𝛽𝑖
 

where 𝛽𝑖 are the component 𝛽s and 𝑛 is the number of assets of which the portfolio com-

prises. The problem of endogeneity arises here because since 𝑤𝑖 is a function of the compo-

nent 𝛽𝑖 which in turn depends on the portfolio composition (i.e. 𝑤𝑖). Various iterative numer-

ical solutions are used (Maillard, Roncalli & Teiletche, 2010).  

The TE constraint does not affect these weights – the constituents of the weights are affected 

by the number of constituents and their respective 𝛽. Neither of these are altered by imposing 

a TE constraint. These portfolios are included for comparison only. Inverse volatility portfolios 

are similar in construction. The portfolio weights are assembled in proportion to the inverse 

of their volatility, so 

𝑤𝑖 =

1
𝜎𝑖

∑
1
𝜎𝑖

𝑛
𝑖

 (19) 

where 𝜎𝑖  are the individual component volatilities. This approach ignores correlation between 

asset components and again, the TE constraint does not affect these weights: they are shown 

for comparison only. 

4.3.2.11 Minimum intra-portfolio correlation 

There are competing definitions of intra-portfolio correlation, but the one used here avoids 

most of the problems associated with the measure (Hedge Fund Consistency Index, 2011 and 

Livingstone, 2013): 

𝐼𝑃𝐶 =
∑ ∑ (𝒒 + 𝒙)𝑖(𝒒 + 𝒙)𝑗𝜌𝑖𝑗𝑗𝑖

∑ ∑ (𝒒 + 𝒙)𝑖(𝒒 + 𝒙)𝑗𝑗𝑖
 

= [(𝒒 + 𝒙)′(𝒒 + 𝒙)]−1(𝒒 + 𝒙)′[𝜌 − diag(𝜌)](𝒒 + 𝒙) 

(20) 

where diag(𝜌) is the matrix of the diagonal elements of 𝜌. 

As with the maximum diversification portfolio, the IPC as defined above is a universal, non-

TE-constrained, IPC portfolio (so, again, it is not necessarily on or inside the constant TE fron-

tier). A closed-form solution for a TE-constrained IPC portfolio must be found empirically. Us-

ing (20), active portfolio weights, 𝒙, which define the efficient TE-constrained set (from (8)) 

are used to calculate the IPC at different values for 𝜎𝑃. The active portfolio weights which 
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generate the minimum IPC are easily identified. For a constant 𝑇𝐸 = 7% the intra-correlation 

and maximum diversification portfolio returns/standard deviations are shown in Figure 4.3. 

 

Figure 4.3: Intra-correlation and diversification ratio subject to a 𝑇𝐸 = 7% using (20) and (18) 
respectively. 

4.4 Results and discussion 

The weights for the optimal portfolios of the various strategies discussed in Section 4.3.2 were 

calculated and identified on the constant TE frontier (if possible). These are shown in Figure 

4.4 for the stylised example as described in Table 4.1. Although the absolute positions of the 

portfolios in mean/risk space depend on the level of TE, risk-free rate, and underlying asset 

components, the relative positions are not strongly dependent on these factors. The maxi-

mum Sharpe ratio portfolio approaches (and can be co-incident with) the maximum return 

portfolio at high risk-free rates – but these, along with Jorion's (2003) benchmark risk portfo-

lio, are clustered in the upper right quadrant of the constant TE ellipse while the minimum 

variance, minimum intra-correlation, risk parity, inverse volatility and maximum diversifica-

tion portfolios all occupy the upper left quadrant.  
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Figure 4.4: TE frontier, constant TE frontier and positions of optimised portfolios on constant 
TE frontier (a 𝑇𝐸 = 7% and 𝑟𝑓 = 5%). At these values, the inverse volatility, unconstrained 

maximum diversification, and minimum intra-correlation portfolios lie inside the constant TE 
ellipse.  

The loci of the portfolios in mean/risk space as the TE is increased are shown in Figure 4.5 for 

1% ≤ 𝑇𝐸 ≤ 12%. The constant TE ellipses are shown as faint, grey dotted lines, in 1% steps.  
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Figure 4.5: Loci of relevant portfolios in mean/risk space for 1% ≤ 𝑇𝐸 ≤ 12%. 

 

4.4.1 Maximum return 

The locus of the maximum return portfolio in mean/risk space is monotonically upwards and 

to the right as TE increases – so increasing return, but with increasing risk. Unless it is the 

investment objective of the investor or mandate, active managers naïvely select this portfolio 

by focusing on relative (as opposed to absolute) performance metrics, incur too much risk per 

unit of return, which results in suboptimal portfolios. Much of this risk can be diversified away 

to achieve more optimal portfolios.  

4.4.2 Maximum Sharpe ratio (risk-adjusted return) 

As expected, the locus of the maximum Sharpe ratio portfolio is also monotonically upwards 

and to the right in mean/risk space as TE increases. The slope of this increase is greater than 

that for maximum return portfolio, demonstrating the superiority (in maximum Sharpe ratio 

terms) of this strategy over all others. The maximum Sharpe ratio portfolio is the maximum 

risk-adjusted return portfolio attainable: these portfolios also maximise utility. However, this 

is not observed in practice and the literature is almost silent on this point (but see Daly, Max-

well, van Vuuren, 2018). 

4.4.3 Jorion benchmark risk 

The locus of the benchmark risk portfolio increases vertically upwards in mean/risk space for 

increasing TE until 𝑇𝐸 ≤ 6%. For 𝑇𝐸 ≥ 6% the locus decreases vertically – i.e. diminishing 

return for the same level of (benchmark) risk. Recall that the constant TE frontier pulls away 

(downwards) from the efficient frontier and to the right (Jorion, 2003; Maxwell et al., 2018), 

so the benchmark risk portfolio return increases for 𝑇𝐸 ≤ 6% then diminishes as TE in-

creases. For low TEs, the flatness of the ellipse allows for a significant risk reduction for a 

minor reduction in return (representing the price for risk reduction through efficient strate-

gic/tactical asset allocation). This does not hold for higher TEs as the slope of the ellipse steep-

ens considerably at the ellipse's left and right extremes. 

4.4.4 Minimum variance 

The locus of this portfolio is downwards and to the left (and for higher values of TE, continues 

downwards, but then to the right – i.e. with increasing absolute risk, the constant TE frontier 
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pulls downwards and to the right). In terms of the Sharpe ratio, these portfolios are always 

suboptimal. This portfolio functions more as a placeholder for the constant tracking error 

frontier's turning point and should not be considered as a portfolio for selection. Although 

the frontier's flatness benefits most portfolios (small reduction in return for large reductions 

in risk), this is less true at the left and right extremes of the ellipse where the slope steepens. 

As the minimum variance portfolio is at the left extreme of the ellipse, significant positive 

returns can always be achieved for small risk increases so the minimum variance will always 

be a sub-optimal portfolio in more than just Sharpe ratio terms (i.e. relative to other selec-

tions along the frontier). 

4.4.5 Minimum intra-correlation 

The minimum intra-correlation portfolio locus is slightly upwards and to the left with increas-

ing TE up to 𝑇𝐸 = 7% and then slightly upwards and to the right for 𝑇𝐸 ≥ 7%. These port-

folios have low absolute risk, but the associated low returns may not compensate for these 

risks. This portfolio does, however, offer a more stable solution across the TE spectrum, where 

the risk remains relatively stable (slightly improves for smaller TEs) for a marginal improve-

ment in return. Consequently, this may be a satisfactory selection to satisfy certain risk averse 

utility requirements. The position of the global minimum intra-correlation portfolio (i.e. with 

no TE constraints imposed) is shown in Figure 15.  

4.4.6 Maximum diversification 

The locus of the maximum diversification ratio portfolio is slightly downwards to the left for 

𝑇𝐸 ≤ 9% and then slightly downwards to the right for 𝑇𝐸 ≥ 9%. Again, as with the minimum 

intra-correlation portfolios, these have low absolute risk, but the associated low returns do 

not compensate for this. This is more prevalent in this case as the associated returns for taking 

on more TE are relatively lower than others (e.g. minimum intra-correlation and Jorion bench-

mark risk) albeit for lower risk. The position of the global maximum diversification ratio port-

folio, with no TE constraints imposed, is shown in Figure 15. 

4.4.7 Risk parity (inverse volatility) 

This portfolio has only one position – it is not influenced by the TE (see 19) as the weights are 

a function of the equality of asset volatility contributions to the portfolio (i.e. each asset con-

tributing equal volatility to the portfolio and the weights are adjusted accordingly to achieve 
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this). Although this approach reduces overall portfolio volatility versus other portfolio selec-

tions (e.g. maximum return), it reflects the notion that volatility is risk and that it is symmet-

rical (i.e. as many positive as negative returns). This may often not be the case. The global risk 

parity portfolio is shown in Figure 4.6. 

 

Figure 4.6: Positions of global minimum intra-correlation, maximum diversification and in-
verse volatility portfolios in mean/risk space (on the same scale as that given in Figure 14). 

4.5 Conclusions and suggestions 

It has been well established that benchmarks are generally inefficient and any relative perfor-

mance measure to these benchmarks provides an inaccurate measure of true investor satis-

faction. Optimising under such performance measures, in this excess/relative space, results 

in sub-optimal portfolios and failure to capture the best result for the investor. As it is more 

difficult to change investor mind-sets than to navigate these restrictions, the latter has been 

researched extensively.  

Under the awareness of the detriment caused by ignoring absolute risk (when subject to TE 

restrictions), there are various investment selections available to the investor depending on 

their objectives. These investment solutions cannot be conclusively established as optimal or 

sub-optimal versus one another, as optimality is dependent on various factors over and above 

risk and return. All else equal, a portfolio that is optimal to one investor may not be the same 
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as that for another investor, as it depends on whether their utility has been maximised (i.e. 

maximum satisfaction gained from the portfolio selection). The difference lies in the investor 

policy statement, where their objectives and goals are laid out. As the investor is often naïve 

in the investment realm, so are their goals and objectives, many of which are subjective by 

nature (e.g. realising large gains vs avoiding large losses). Consequently, the full benefits 

gained from portfolio optimisation cannot be captured and thus determining which the most 

optimal portfolio is, rendered moot. Without this much needed change in comprehension of 

optimality, risk and utility (and their association), a range of selections have been analysed on 

individual merits and a depicted argument provided upon which the reader can decide. Here 

risk is associated with volatility, however, there lies another important differentiation. Vola-

tility is directionless and comprises of both positive and negative returns, whereas risk is the 

permanent loss of capital. Often these terms are used interchangeably where they shouldn’t 

be but, as with TE, it is industry standard to use volatility as a risk measure and this has been 

carried through into this research (see Daly, Maxwell & van Vuuren, 2018).  

The relationship along the constant efficient frontier between various possibilities, provides 

the portfolio manager with a range of selections based on the investment goals. Although 

some of these look fairly similar in risk return space, their allocations of the portfolio constit-

uents to achieve the desired outcome can differ substantially. In many cases, the choice be-

tween different portfolios can determine whether one goes overweight or underweight the 

benchmark for a particular (or multiple) assets (i.e. change in sign). This represents substantial 

changes in portfolio construction (rather than minor tweaks) which could differ substantially 

from the house view or market sentiment around certain asset classes. This provides value in 

many different ways (e.g. consequent change in market view, alpha opportunity against gen-

eral market sentiment, etc.). In such cases, where the proposed asset allocation for a selected 

portfolio does not align with the house view, it can also be used as an opportunity to revisit 

the investment policy statement and re-adjust the investors’ constraints (objectives) on the 

portfolio and start a shift in mind-set away from inefficient performance measures, con-

straints and, ultimately, benchmarks. 

This work developed the loci, in risk/return space, of various optimal portfolio strategies sub-

ject to TE constraints. Because an infinite number of portfolios exist (dependent on the num-
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ber of portfolio constituents, the benchmark selected, benchmark constituent weights, re-

strictions on benchmark and portfolio weights, and component volatilities and correlations) 

a simple example portfolio (with fixed benchmark weights, expected returns, volatilities and 

correlations) was employed to demonstrate possible stylised outcomes. A more thorough in-

vestigation of the loci of TE-constrained optimal portfolio strategies deserves attention. Fu-

ture work could involve studies which interrogate the impact of changing these factors on 

portfolio performance. While we have demonstrated the variation of optimal TE-constrained 

portfolio performance dependent on the level of TE, results from work which investigates 

other aspects of portfolio construction would be of great benefit to active portfolio managers 

seeking optimal performance. 
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Chapter 5 

Conclusions and suggestions for future research 

5.1. Summary and conclusions 

The investment nous of active managers is judged on their ability to outperform their bench-

marks. Using benchmarks to gauge relative performance allows investors to evaluate value 

added relative to risks taken. Benchmarks generally comprise a combination of disparate as-

sets, de-pendent on investors' risk preferences/profiles, but they tend to be inefficient as 

both the components of – and weights within – the benchmark are somewhat arbitrarily cho-

sen (a well-established flaw). Any relative performance measure to these benchmarks pro-

vides an inaccurate measure of true investor satisfaction. Optimising under such performance 

measures, in this excess/relative space, results in sub-optimal portfolio selection and failure 

to capture the best result for the investor. As it is far more difficult to change investor mind-

set than to find a solution around these restrictions, the latter has been researched exten-

sively and resulted in interesting observations. 

Applying tracking error constraints result in more inefficiency if fund managers naïvely pursue 

maximum excess returns as a sole investment objective, as this leads to higher total risk which 

can be diversified away. Accepting the TE mandate as given (since it is widely used in the 

industry), optimisation efforts have concentrated on various performance ratios and features 

of the TE frontier. In all previous work, absolute risk is consistently ignored. 

The work of Jorion (2003) lead to the awareness of the detriment caused by ignoring absolute 

risk (when subject to TE restrictions), which spurred testing of various additional other re-

strictions to the existing constraint set (previously only tested on the efficient frontier). These 

restrictions provide positions on the frontier satisfying differing investment strategies, im-

proving investor utility. The resulting various investment selections now available to the in-

vestor, dependent on their objectives, offers a dynamic to portfolio optimization further to 

the simple generic maximise return, reduce volatility by offering a goal-based approach to the 

same ultimate objective, providing a platform to satisfy investor utility maximisation via more 

precise and robust asset allocation through LaGrangian reverse engineering. It addresses the 
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fundamental meaning of an “optimal portfolio”, where the investors’ objectives are quanti-

tatively considered in addition to risk-adjusted return maximisation. 

The relationship along the constant efficient frontier between various possibilities, provides 

the portfolio manager with a range of selections based on the investment goals. Although 

some of these look fairly similar in risk return space, their allocations of the portfolio constit-

uents to achieve the desired outcome can differ substantially. In many cases, the choice be-

tween different portfolios can determine whether one goes overweight or underweight the 

benchmark for a particular (or multiple) assets (i.e. change in sign). This represents substantial 

changes in portfolio construction (rather than minor tweaks) which could differ considerably 

from the house view or market sentiment around certain asset classes. This provides value in 

many different ways (e.g. consequent change in market view, alpha opportunity against gen-

eral market sentiment, etc.). In such cases, where the proposed asset allocation for a selected 

portfolio does not align with the house view, it can also be used as an opportunity to revisit 

the investment policy statement and re-adjust the investors’ constraints (objectives) on the 

portfolio and start a shift in mind-set away from inefficient performance measures, con-

straints and, ultimately, benchmarks. 

5.1.1. Paper 1: Optimising tracking error-constrained portfolios 

Jorion (2003) proposed an approach to optimise the risk/return relationship of TE-constrained 

active portfolios by imposing an additional, absolute risk, constraint. Jorion (2003) derived 

the constant tracking-error frontier in the original mean-variance plane. This frontier is an 

ellipse, and the flatness of this ellipse allowed Jorion (2003) to impose this additional con-

straint of requiring that total portfolio volatility must be the same as the benchmark volatility. 

This additional restriction substantially improved active portfolio performance. 

Applying a different (rather than additional) restriction to that of Jorion (2003) to the existing 

constraint set on this constant TE frontier, in absolute risk/rerurn space, offered a more effi-

cient solution. Maximising the traditional Sharpe ratio with respect to the constant TE frontier 

selects portfolios which achieve higher excess returns and lower absolute risk relative to the 

benchmark, whilst satisfying the TE constraint and maximising the ratio of excess absolute 

return to risk.  
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5.1.2. Paper 2: Active investment strategies under tracking error constraints 

Maximising benchmark outperformance, whilst desirable, is a complex task as most active 

portfolios are subject to tracking error (and other) constraints. Given these restrictions, the-

oretically possible portfolios are enclosed by a tracking error frontier – an ellipse in risk/return 

space. The portfolios which constitute the frontier are not necessarily efficient. Some at-

tempts have been made to identify optimal portfolios subject to the restrictions imposed by 

tracking errors, i.e. to locate these on the frontier. Examples include portfolios having the 

maximum return, the same risk as the benchmark and the maximum Sharpe ratio (risk-ad-

justed returns). Extending these portfolio assemblies and introducing more possibilities, pro-

vides the manager with a suite of options for different investors, namely: portfolios which are 

maximally diversified, exhibit risk parity, have minimal intra-correlation, and minimum vari-

ance. Such portfolios behave differently to those which are part of the efficient set, i.e. pop-

ulate the efficient frontier and which are not constrained by tracking errors. 

These investment solutions cannot be conclusively established as optimal or sub-optimal ver-

sus one another, as optimality is dependent on various factors over and above risk and return. 

All else equal, a portfolio that is optimal to one investor may not be the same as that for 

another investor, as it depends on whether their utility has been maximised (i.e. maximum 

satisfaction gained from the portfolio selection). The difference lies in the investor policy 

statement, where their objectives and goals are laid out. As the investor is often naïve in the 

investment realm, so are their goals and objectives, many of which are subjective by nature 

(e.g. realising large gains vs avoiding large losses). Consequently, the full benefits gained from 

portfolio optimisation cannot be captured and thus determining which the most optimal port-

folio is, rendered moot. Without this much needed change in comprehension of optimality, 

risk and utility (and their association), a range of selections have been analysed on individual 

merits and a depicted argument provided upon which the reader can decide. Here risk is as-

sociated with volatility, however, there lies another important differentiation. Volatility is di-

rectionless and comprises of both positive and negative returns, whereas risk is the perma-

nent loss of capital. Often these terms are used interchangeably where they shouldn’t be, but, 

as with TE, it is industry standard to use volatility as a risk measure and this has been carried 

through into this research (see Daly et al., 2018).  
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The relationship along the constant efficient frontier between various possibilities, although 

seemingly similar visually (in risk return space), their allocations of the portfolio constituents 

to achieve the desired outcome can differ substantially. In many cases, the choice between 

different portfolios can determine whether one goes overweight or underweight the bench-

mark for a particular (or multiple) assets (i.e. change in sign). This represents substantial 

changes in portfolio construction (rather than minor tweaks), providing value-add to the in-

dustry.  

5.2. Suggestions for future research 

Several interesting (and important) aspects of the various approaches have been identified 

and explored. The work should prove useful as it allows fund managers to calculate deviations 

from the benchmark (and thus, ultimately, actual portfolio weights) explicitly. While the strat-

egies do not account for tax considerations, regulatory constraints or rebalancing costs, these 

should be simple to implement in practice (a possible further study). In so doing, the usual 

due diligence should be observed in selecting assets and forecasting expected returns. 

This work developed the loci, in risk/return space, of various optimal portfolio strategies sub-

ject to TE constraints. Because an infinite number of portfolios exist (dependent on the num-

ber of portfolio constituents, the benchmark selected, benchmark constituent weights, re-

strictions on benchmark and portfolio weights, and component volatilities and correlations) 

a simple example portfolio (with fixed benchmark weights, expected returns, volatilities and 

correlations) was employed to demonstrate possible stylised outcomes. A more thorough in-

vestigation of the loci of TE-constrained optimal portfolio strategies deserves attention.  

Future work could involve studies which interrogate the impact of changing these factors on 

portfolio performance. While we have demonstrated the variation of optimal TE-constrained 

portfolio performance dependent on the level of TE, results from work which investigates 

other aspects of portfolio construction would be of great benefit to active portfolio managers 

seeking optimal performance. 
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