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Voorwoord

Met die bereiking van 'n mylpaal - soos die athandeling van 'n tesis - besef mens altyd
dat baie spesiale mense belangrike insette gelewer het. Nie net op akademiese gebied nie,
maar in elke aspek van menswees. Die liefde vir wiskunde kom al van kindsbeen af, daar
op die plaas in Ermelo, waar skape gereeld getel moes word en daar ook op een of ander
manier 'n wiskunde sommetjie gedoen moes word. Tafels leer was van kardinale belang.
Op hoérskool is my wiskundige vaardigheid bevorder deur iemand wat 'n liefde daarvoor
het - dankie Lenie.

Die betowering van die noue wisselwerking tussen wiskunde en die praktyk en die
liefde vir onderrig het gelei tot 'n loopbaan aan die NWU. Na 'n vyf jaar studie tydperk
aan die NWU was daar eers die verdere persoonlike ontwikkeling met 'n studie aan die
universiteit van Eindhoven, Nederland. Daar het ek nie net baie van wiskunde geleer
nie, maar ook van myself. Behalwe vir die wiskunde het my liefde vir hardloop en tennis
my ook in kontak gebring met die kultuur en omgewing van 'n vreemde land, mense en
plekke.

Terug in my geboorteland het my paadjie eers gelei na my oud-skool vir een jaar,
alvorens ek as junior lektor aan die NWU aangestel is. Hier het ek my nessie begin skrop
en Potchefstroom my tuiste gemaak.

Na 'n paar jaar van voete vind, het 'n PhD studie op my gewag. Met soveel moontlike
rigtings was dit moeilik om te kies. Maar deur noue samewerking van my studieleiers,
Gilbert Groenewald en Jan Fourie en met Andre Ran van Amsterdam (NL), was dit gou
duidelik dat hier 'n wen kombinasie is. Tydens 'n besoek van Andre Ran aan die NWU is
daar op 'n PhD projek besluit. Gou het ek my leemte in baie aspekte van die wiskunde
ontdek, maar deur goeie leiding van Gilbert, Jan en veral Andre was daar altyd vordering
gewees. Dit was soms stoei en kopkrap, maar die oplossings was te vinde.

Deur my navorsing saam met Andre het ek in kontak gekom met groot name in die
gebied van Lineére Algebra, Operator Teorie en ander gebiede van Wiskunde. Met die
bywoning van internasionale kongresse en werkswinkels, het ek maar net 'n klein blik
gekry in hoe groot en wyd Wiskunde werklik is.

Die eise van navorsing en onderrig het nie my liefde vir sport gedemp nie, trouens,
dit was altyd 'n welkome ontvlugting. Op die pad, fiets of in die swembad is baie keer
nagedink oor probleme en die soeke na moontlike oplossings. Maar daar was ook tyd vir
ontspanning saam met vriende, wat my soveel ondersteuning gegee het.

Bo dit alles, was dit altyd my Skepper en Verlosser wat my vasgehou en deurgedra het.
Behalwe vir Hom, wil ek net dankie sé vir my familie se getroue ondersteuning - veral my
ouers se gebede en harde werk wat dit moontlik gemaak het vir my om te studeer en my
susters se liefde en bystand deur dik en dun.



Summary

The (definite) inner product between two vectors z,y € R™ is defined by (z,y) =
o xiy;. The length of a vector x € R™ is then described by the inner product as
|z|| = (z,2)1/? = \/2? + ...+ 22. In this thesis the definite inner product is replaced by
an indefinite inner product. This has a substantial impact on the geometry of subspaces.
The indefinite inner product between two vectors in R™ can uniquely be represented by
[z,y] = (Hz,y), for a real invertible symmetric matrix H = H”.

In the literature there exists an extensive theory for the classes of hermitian, unitary
and normal matrices for the definite inner product space. Similar classes are also studied
in the context of indefinite inner product space. In this thesis we focus on a study of
H-positive real and H-expansive matrices. This study is closely related to a thorough
study of H-dissipative and H-contractive matrices, which already exists in the literature.

In Chapter 2 we discuss a class of matrices that is closely related to H-dissipative
matrices, namely, the class of H-positive real matrices. A matrix A is H-dissipative if
5 (HA—A*H) > 0. An n x n complex matrix A is H-positive real if $(HA+ A*H) > 0.
It is easily seen that A is H-positive real if and only if iA is H-dissipative, and hence it
follows that —iA is H-positive real if and only if A is H-dissipative.

A simple form for the matrix H is obtained and thereafter the A-invariant maximal
H-nonnegative and H-nonpositive subspaces are constructed. The main focus however, is
to obtain the uniqueness and stability of these subspaces. The numerical range condition
is used for this purpose. Both the real and complex cases are treated in this chapter.

In Chapter 3 a second class of matrices in the indefinite inner product space is consid-
ered, namely the class of H-expansive matrices. These are matrices A for which A*HA—H
is nonnegative. As in the previous chapter, our purpose is the construction of complex (as
well as real) A-invariant maximal H-nonnegative and A-invariant maximal H-nonpositive
subspaces. Alternatively, we could have used a suitable Cayley transform to obtain the
same results, except for the case when A is real and has both the eigenvalues 1 and -1.
The techniques developed in this thesis covers this case. The techniques again entail that
a simple form for the matrix pair (A, H) is obtained, with A in Jordan canonical form
or in the real canonical form. The simple form is then used to construct the A-invariant
maximal H-nonnegative and A-invariant maximal H-nonpositive subspaces.

The last section of the chapter is devoted to obtaining a simple form for the class of
H-unitary matrices. We say a real matrix A is H-unitary if ATHA — H = 0, for any real
symmetric invertible matrix H. What complicates matters here are if A has eigenvalues
+1 and the corresponding Jordan blocks are of even size.
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In the final chapter of the thesis a different topic is considered, namely, rank-one
perturbations of H-positive real matrices. A rank-one perturbation of a matrix A is given
by B = A + uwv*, where u and v are in C". We mainly consider perturbations that
have the additional structure that uv* is itself H-positive real. We are interested in the
generic behaviour of eigenvalues under such structured rank-one perturbations. A new
and interesting result is obtained; that eigenvalues introduced by the perturbation cannot
lie on the imaginary axis. However, asymptotically, they may tend towards the imaginary
axis.

The chapter ends with a few examples which illustrate an interesting phenomenon
which occurs when considering rank-one perturbations in the real case.



Opsomming

Die (bepaalde) inwendige produk van twee vektore z,y € R™ word gedefinieer deur
(z,y) = > i, x;y;. Die lengte van 'n vektor # € R™ word dan deur die inwendige produk
beskryf as ||z|| = (z,2)1/? = \/2? + ... + 22. In hierdie tesis word die bepaalde inwendige
produk vervang deur 'n onbepaalde inwendige produk. Dit het 'n wesenlike impak op die
meetkunde van die deelruimtes. Die onbepaalde inwendige produk tussen twee vektore in
R™ word uniek beskryf deur [x,y] = (Hz,y), vir 'n reéle omkeerbare simmetriese matriks
H=HT,

In die literatuur bestaan daar 'n uitgebreide teorie vir die klasse van hermitiese, unitére
en normale matrikse in die bepaalde inwendige produkruimte. Soortgelyke klasse is ook
bestudeer in die konteks van die onbepaalde inwendige produkruimte. In hierdie tesis
fokus ons op 'n studie van H-positief reéle en H-ekspansiewe matrikse. Hierdie studie
sluit aan by 'n deeglike studie oor H-dissipatiewe en H-kontraktiewe matrikse, wat reeds
in die literatuur bestaan.

In Hoofstuk 2 word 'n klas van matrikse wat nou verband hou met H-dissipatiewe
matrikse beskou. Dit is die klas van H-positief reéle matrikse. 'n Matriks A is H-
dissipatief as %(H A—A*H) > 0. 'n n x n komplekse matriks A is H-positief reéel as
1(HA+ A*H) > 0. Dit is maklik om te sien dat A H-positief reéel is as en slegs as iA
H-dissipatief is en gevolglik dat —iA H-positief reéel is as en slegs as A H-dissipatief is.

'n Eenvoudige vorm word vir die matriks H verkry en daarna word die A-invariante
maksimaal H-nie-negatiewe en A-invariante maksimaal H-nie-positiewe deelruimtes gekon-
strueer. Die hoof doelwit is egter om te kyk na die uniekheid en stabiliteit van hierdie
deelruimtes. Die numeriese waardeversameling kriterium word hiervoor gebruik. Beide
die re€le en komplekse gevalle word beskou.

In Hoofstuk 3 word 'n tweede klas van matrikse in die onbepaalde produkruimte
beskou, naamlik die klas van H-ekspansiewe matrikse. Dit is matrikse A waarvoor
A*HA — H nie-negatief is. Soos in die vorige hoofstuk is ons doel weereens die konstruk-
sie van komplekse asook reéle A-invariante maksimaal H-nie-negatiewe en A-invariante
maksimaal H-nie-positiewe deelruimtes. As alternatief tot die metode wat ons gebruik
sou dieselfde resultate verkry kon word deur die gebruik van 'n geskikte Cayley trans-
formasie, behalwe vir die geval as A reéel is en beide 1 en -1 as eiewaardes het. Die
tegnieke sluit hierdie geval in. Die tegnieke berus weer daarop dat 'n eenvoudige vorm
vir die matrikspaar (A, H) verkry word, waarby A in Jordan kanonieke vorm of in reéle
kanonieke vorm is en dan deur middel van hierdie eenvoudige vorme, soos in Hoofstuk 2,
die A-invariante maksimaal H-nie-negatiewe en A-invariante maksimaal H-nie-positiewe
deelruimtes te konstrueer.

Die laaste afdeling van die hoofstuk word gewy aan die verkryging van 'n eenvoudige
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vorm vir die klas van H-unitére matrikse. Ons sé dat 'n matriks A H-unitér is, as
ATHA—H = 0 vir enige reéle simmetriese omkeerbare matriks H. Wat sake hier bemoeilik
is die geval as A eiewaardes £1 het en die bybehorende Jordan blokke van ewe grootte is.

Hoofstuk 4 van hierdie proefskrif word aan 'n ander onderwerp gewy, naamlik, rang-
een versteurings van H-positief reéle matrikse. 'n Rang-een versteuring van 'n matriks A
word voorgestel deur B = A + uv*, waar u en v beide in C” is. In hierdie hoofstuk word
hoofsaaklik versteurings beskou wat sodanig gestruktureer is dat uv* self ook H-positief
reéel is. Ons is geinteresseerd in die generiese gedrag van die eiewaardes onder hierdie
gestruktureerde rang-een versteurings. 'n Nuwe en interessante resultaat word verkry,
naamlik dat eiewaardes wat verkry word deur sodanige versteurings nie op die imaginére
as lé nie, maar wel asimptoties na die imaginére as kan neig. Die hoofstuk eindig met n
paar voorbeelde wat dié interessante verskynsel in die reéle geval van rang-een versteurings
illustreer.
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Chapter 1

Introduction

This thesis is concerned with positive real and expansive matrices in finite dimensional
spaces which are equipped with an indefinite inner product. Such matrices occur natu-
rally in several problems in physics and engineering, see e.g. [73, 47] and the references
given there. Of particular interest are invariant subspaces of such matrices, which have
additional properties with respect to the indefinite inner product. The research area orig-
inates with research by Krein and Langer [37]. The study of matrices and operators in an
indefinite inner product space is a rich area, see e.g. the books [5, 12, 35, 24, 25]. There
are many applications to problems in physics (see, e.g. [22]), factorization theory for
rational matrix functions, and systems and control theory (for the last two applications,
see, e.g. [7] and [20].)

The theory for positive real and dissipative matrices in an indefinite inner product
space and their invariant subspaces has been developed for the case of complex matrices
and complex vector spaces, see e.g., [5] for an existence result, and [64, 71, 19] for a
constructive approach. It is the aim of the present thesis to extend this theory to the case
of real matrices in real indefinite inner product spaces.

In addition, attention will be given in this thesis to perturbation theory for positive real
matrices in an indefinite inner product space. Two topics in this area will be discussed in
particular. The first topic is that of stability of maximal semidefinite invariant subspaces
of such matrices under small perturbations of the matrix. This topic is a natural contin-
uation of a research line started in the early eighties of the last century, see e.g., [26, 6]
for the unstructured case. The case of selfadjoint matrices in an indefinite inner product
space was treated in [59, 60]; the analogous real cases were treated in [61, 62]. Other
structured cases with respect to the indefinite inner product were handled in [63, 52].

The second topic we discuss is the effect of low rank perturbations on the eigenvalues
of the matrix. For unstructured matrices this theory has been developed in the recent
decades, see [33, 14, 68, 69]. Rank-one perturbations for matrices with certain symmetries
in indefinite inner product spaces where first discussed [53] and [54]. This line of research
will be continued in this thesis by considering low rank perturbations of matrices which
are positive real in indefinite inner product spaces.

In the remainder of this introductory chapter we shall outline in more detail the
contents of the thesis, giving the necessary background and definitions, and stating the
main results.



CHAPTER 1. INTRODUCTION 2

1.1 The thesis in more detail

Jordan form

Let us start by recalling the Jordan canonical form of a matrix, both in the complex and
in the real case, as this will play an important role in the thesis.

First we consider the vector space C"*". All n x n matrices in this vector space can
be subdivided into disjoint equivalence classes of similar matrices, where each equivalence
class is determined by a unique matrix canonical form.

We define a typical Jordan block as
(A 1 0

0 X 1
Im(A) = : e cmm,

> = O O O

Do A
10 0 0 AJ

The fundamental theorem that specifies the Jordan canonical form can for instance be
found in [24]. We take the statement of the theorem from there.

Theorem 1.1.1 For any A € C™" there is a block-diagonal matriz J € C"*™ of the

form
Ty (A1) 0 e 0
S 0 Jm2.<)\2) - 0 |
: : - 0
0 0 coe I (M)

which is similar to A. Moreover, the matriz J is uniquely determined by A up to permu-
tation of the diagonal blocks, i.e., if A is also similar to a matriz

Jm (Nl) 0 0
0 JTLQ (/L?) 0
: 0 ’
0 0 I, (MS)

then r = s and the collection {Jn, (p1), Jny(12)s - - - Jn, (its)} (possibly with repeated ele-
ments) can be re-arranged so that J,, () = Jm, (A\x) for k=1,2,...,r.

Proofs of this theorem can be found in many textbooks on linear algebra and on
the theory of matrices, e.g. Gantmacher [21], Horn and Johnson [34], Lancaster and
Tismenetsky [43].

Secondly we consider matrices over the vector space R"*". In the real case it can
happen that the eigenvalues are complex, in which case they appear in complex conjugate
pairs. Thus, for real numbers, A and p # 0 we define the real Jordan block of even size,
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say 2m X 2m by

Ao 100 0 0
A 0 1 0 0
0 0 XN u 0 0
0 0 —p A 0 0
T\ Eip) = | = 00
1 0
0 1
0 0 0 0 Ao
0 0 0 0 Sy

In the above matrix, there are m real 2 x 2 blocks on the main diagonal and 2 x 2 identity
matrices making up the super-diagonal blocks. Note that o (Ja,, (Atin)) = {\+iu, \A—iu},
where o(A) denotes the spectrum of the matrix A.

As in the complex case, for any real matrix A € R™" there exists an invertible
S € R™" such that J = SAS™! is of the form

J = Tt (M) B Ty (A2) @ . B T, (Ar) B Jam,  (Arr Fiptr 1) B - B o, (Ag £ipg) (1.1)

where the \; are real and the p; are real and positive. The matrix J of (1.1) is uniquely
determined by A up to permutation of the diagonal blocks. See, e.g., [24].

The matrix J of (1.1) is known as the real Jordan form of A. A complete proof of this
theorem can be found in Gohberg et al. [26]; another source is Shilov [74].

Indefinite inner product

Let x = (21, 29,...,2,)" be a column vector in C*. The standard inner product in C" is
denoted by (.,.). Thus,

(z,y) = Z Ty
j=1

where z = (71, 29,...,2:), y = (y1,¥2,...,9n)" and the bar denotes complex conju-
gation. As much of the thesis will concern the real case, we emphasize that the same
notation is used in R".

A function [.,.] from C" x C" to C is called an indefinite inner product in C™ if the
following axioms are satisfied:

(i) Linearity in the first argument, i.e. [axy + S2,y] = alx, y] + Blxe, yl;
(ii) antisymmetry, i.e. [x,y] = [y,z] for all z,y € C™;
(iii) nondegeneracy, i.e. if [x,y] = 0 for all y € C", then z = 0.

For the real case it is noted that the antisymmetry in condition (ii) becomes symmetry.
Thus, the function [.,.] satisfies all the properties of a standard inner product with the
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possible exception that [z, ] may be nonpositive for x # 0. If H is an invertible Hermitian
matrix, then

[z,y] = (Hz,y), z,yeC” (1.2)

defines an indefinite inner product on C". Conversely, for every indefinite inner product
[.,.] on C™, there exists an n x n invertible and Hermitian matrix H such that (1.2) holds.
The same holds in R™: every indefinite inner product in R™ is of the form (1.2) for some
n X n invertible symmetric real matrix H.

H-Selfadjoint matrices

For a n x n complex pair of matrices (A, H) with an indefinite inner product on C", we
denote the H-adjoint of A as the unique nxn matrix A*, which satisfies [Az, y] = [z, Ay
for all z,y € C". The matrix A is said to be H-selfadjoint (or selfadjoint with respect to
[,.]) if A= AN or, if

HAM = A*H.

Thus, any H-selfadjoint matrix A is similar to A*. The converse is also true, that is, if
a matrix A is similar to its adjoint then A is H-selfadjoint for some H. In other words,
the similarity between A and A* can be carried out by means of an invertible Hermitian
matrix.

For a pair of real n x n matrices (A, H), such that A is H-selfadjoint, there exists a
canonical form for the pair, as stated in the following theorem, from [24]. In the theorem
below the sip matrices are matrices of the following form:

00 ... 01
00 ... 1
P=1: :
01 ...00
10 ... 0 0]

Theorem 1.1.2 Let (A, H) be a pair of real matrices, where H = HT is real and inver-
tible, and let A be H-selfadjoint. Then there is an invertible matrix S € R™™ such that
A=S"1JS and H = STP, ;S, where

J:Jl@--.@Jt@Jt+1@...@Jt+s
is the real Jordan form of A, and
Pe,J:€1P1@---@EtH@Pt+1@...@Pt+s

where Py, Py, ... P,y are sip matrices with sizes of Jy, Jo, ..., Jiis respectively, and € =
{€1,...,€} is an ordered set of signs ¢; = £1, j = 1,...,t. The set of signs €; are
uniquely determined by (A, H) up to permutation of signs in the blocks of P. ;, corre-
sponding to the Jordan blocks of J with the same real eigenvalue and the same size.

Similar results hold for complex matrix pairs.
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H-unitary matrices

A matrix A is said to be H-unitary if it is invertible and A=' = AM or AMA =1 ie., if
A*HA=H.

Canonical forms for H-unitary matrices seem to be less familiar. For the case of Her-
mitian H, canonical forms have been developed in [28] and also earlier in [25]. Literature
can also be found for other special cases of H.

There is however a strong connection between H-unitary and H-selfadjoint matrices.
One way to describe this connection is via Cayley transforms. Recall that if |o| = 1 and
w # w then the map f defined by

f(z) =alz —w)/(z —w) (1.3)

maps the real line in the z-plane onto the unit circle in the ¢-plane, where ¢ = f(z). The
inverse transformation is

z = (ws —wa)/(s — a). (1.4)

If w ¢ o(A), then the function f is defined on o(A) and, if A is H-selfadjoint, one
anticipates that U = f(A) is H-unitary. We rephrase here Proposition 4.3.4 of [24].

Proposition 1.1.3 Let A be an H -selfadjoint matriz. Let w be a nonreal complex number
with w ¢ o(A) and let o be any unimodular complex number. Then

U=a(A—-wl)(A—wl)™! (1.5)

is H-unitary and a ¢ o(U).
Conversely, if U is H-unitary, |o| =1 and a ¢ o(U), then for any w # w the matrix

A= (wU —wal)(U —al)™* (1.6)

is H-selfadjoint and w ¢ o(A). Furthermore, the mappings defined by formulas (1.5) and
(1.6) are inverses to one another.

The transformation in (1.6) is called the Cayley transform.

H-normal matrices

H-selfadjoint and H-unitary matrices are special cases of H-normal matrices. A matrix
A € CY is called H-normal if A commutes with its H-adjoint, i.e., if AAF = AMA.
(See, [48].)

Finding a canonical form for H-normal matrices has proven to be as difficult as clas-
sifying pairs of commuting matrices under simultaneous similarity, see [29]. So far, a
classification of H-normal matrices has only been obtained for some special cases, see
[29, 30, 31]. In the paper [30], Theorem 2, the classification of indecomposable H-normal
operators can be found.

It therefore makes sense to look for proper subsets for which a complete classification
can be obtained. A first approach has been made in [28], where block-Toeplitz H-normal
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matrices have been defined. Thereafter, a complete classification for block-Toeplitz H-
normal matrices was given in [27] for the case that H induces a Hermitian sesquilinear
form. However, in the case that H induces a complex or real bilinear form that is symmet-
ric or skew-symmetric, there exist H-selfadjoint, H-skewadjoint, or H-unitary matrices
that fail to be block-Toeplitz H-normal. Thus, the approach via block-Toeplitz H-normal
matrices only makes sense for the case of a Hermitian sesquilinear form.

In [56], several subsets of the set of H-normal matrices have been considered with the
emphasis on finding a subset that is "large enough’ in order to contain all H-selfadjoint, H-
skewadjoint, and H-unitary matrices, but that is still small enough such that a complete
classification of its elements can be obtained. In [48] a suitable set with these properties
is described: namely, the set of polynomially H-normal matrices. By definition, a matrix
X € C™™ is polynomially H-normal if there exists a polynomial p € CJt] such that
XM = p(X).

Normal operators on infinite dimensional indefinite inner product spaces have been
studied in [9], [10] and [82].

H-dissipative matrices

Let H = H* be an invertible n x n matrix, then an n x n matrix A is called H -dissipative
if %(HA — A*H) > 0, or equivalently, for any vector z € C", Im(H Ax, z) > 0.

In [64] it is shown how a matrix pair (A, H), where H = H* is invertible and A is
H-dissipative, can be reduced to a simple form. That is, an invertible matrix S is found
such that S7'AS is in Jordan canonical form and S*H S has a form which is as simple as
needed by the context.

We start with A in Jordan canonical form. The simple form for the matrix H is in
the following corollary, (Corollary 2.7, p 179 of [64].)

Corollary 1.1.4 Let A = diag|.J1, ..., In] with J, anngxny Jordan block with eigenvalue
Ae fork=1,...N. Let H = (Hkyl),le:l be an invertible Hermitian matrix in corresponding
block form. If A is H-dissipative, then for k,l =1,... N,

1. if Ay € R, then Hyy, has the form
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when ny, is odd, and

a

when ny s even. The lines in the matrices divide the matrices into blocks such that
the left upper block has size my, X my, with my = %(nk + 1) in the odd case and
my = %nk in the even case. In the left upper triangle the entries are 0. Starting
with the skew diagonal, a Hankel structure appears in the right upper and the left
lower block. In the right lower block there is no such particular pattern ;

2. if \y = N € R then Hy; has the form

when ng < ng, and the transposed structure when ng > n;;
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when ny, = ny 1is even;

Hy, =

when ny, = ny 1s odd. The horizontal and vertical lines divide the matrices Hy into
blocks such that the left upper block is of size my, X m;. In case ny = ny is odd, there
is only one nonzero entry in the left upper block. In all cases the off-diagonal blocks
of Hy; have a Hankel structure.

3. if Mg, M € Ry N\, # Ny, then Hy has the form

- (3

where the left upper zero block is of size my X my;

4. if \p € R, N € C\ R, then Hy,; has the form

0
Hit = [*]

where the upper zero block is of size my, X n;.

H-positive real matrices over the complex field and real field

This class of matrices is closely related to H-dissipative matrices. We will say that an
n x n matrix A is H-positive real if 3(HA 4+ A*H) > 0. It is easily seen that A is H-
positive real if and only if 1A is H-dissipative, and hence if follows that —i A is H-positive
real if and only if A is H-dissipative.

The paper [19] considers both the complex and real case. In the real case, H = HT
is an invertible real symmetric matrix, and A is a real matrix satisfying HA + ATH > 0,
i.e. A is H-positive real. Compared to the complex case the additional difficulty is that
the eigenvalues now appear in complex conjugate pairs, and that we shall be interested in
real A-invariant maximal H-nonnegative subspaces. The real Jordan form is used instead
of the complex Jordan form. Recall that the real Jordan form of a real matrix A is given
by A = SJS™1, where S is a real invertible matrix and J = diag(Jy,..., Jy), where J;
is either a standard Jordan block with a real eigenvalue, or a so-called real Jordan block
corresponding to a pair of complex conjugate eigenvalues a + bi, given by

o 1
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where o = {a b}.
-b a

The simple form for the matrix H in the case where o(A) is just a pair of complex
conjugate pure imaginary eigenvalues is given in the next theorem. The 2 X 2 matrix

0 1].
[_1 O] is denoted by Hj.

Theorem 1.1.5 Let A= J,® Jo® ...y be H-positive real, where each J; is a 2n; X 2n;

matriz of the form
a I

I

a
where a = aHy and a # 0. Then H = [H(i’j)]szl, where H®) is an 2n; x 2n; matriz of
the form N N

[HOD) = (Hy )

and each H,S’j) 1s a 2 X 2 matriz. Moreover, fori =7 and n = n; is even H has the form

H(lvz) T

1n

-

(_1)%2}[(@1-)1’

1n

"

7G0T

1n

where H,S’i) is of the form agl’i)l + b,ﬁ",”')Hg for some a,(j,”'), bffl’i) € R, in case max(k,[) < 3
and if n = n; is odd

HOD = (—1)*F

o

i,0)T
L =Y

where H,g’i) is of the form a,(fl’i)]—i—b,(;l’i)Ho for some afjﬁ, bgl’i) € R in case max(k,[) < 2
and Hﬁ;l) =al"J.

1n
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The off-diagonal blocks in H are real lower triangular alternating block 2 x 2 Hankel
matrices, i.e. it is of the form

O oo e e e 0 (_1)n—1H1(iJ)_
: 0 (_1)n—2H1(ivj) (_1)n_2H2(i,j)
0 oo -oo -oo 0 HM gD . . )
with
id)  7.(i)
@d) _ | @ by, (i) 7(isj)
i = [_bu,j) a(m)] 0T ER.
k k

The fact that H is symmetric forces the relation between the block in the upper right
hand corner and the block in the lower left hand corner, as well as the specific form of the
block on the main anti-diagonal in the case when n s odd.

In case A is a single Jordan block with zero eigenvalue then the form of H is as in
Corollary 1.1.4.

Something more can be observed from the proof of Theorem 3.1 in [19]. The observa-
tion to follow here, helps in understanding how the eigenvalues of a rank-one perturbation
move away from the imaginary axis.

First consider the following example.

Example 1.1.6

vHy Iy 0 Hp

Let A = ,and H =
{ 0 ’VHO} {H fy Ha
Assume that HA + ATH > 0. A direct computation gives

1, where Hio = als + bH, for some a,b € R.

0 0
HA+ ATH = :
{0 Hyy + Hly 4+ yHyHy — 'YHOH22:|

Now Hoy = lc for some real numbers ¢, d and e. Further, Hi5 + HIT2 = 2aly. Com-

d
puting the (2,2) block entry, which we denote by D, gives

D 2a — 2vd  ~y(c—e)
| y(e—e) 2a+2yd|’

Now for A to be H-positive real the matrix D needs to positive semidefinite. In particular,
both diagonal entries of D need to be greater than or equal to zero. So 2a > 2vd and
2a > —27d. Tt follows that 2a > |2vd| > 0. In particular we conclude that a > 0.
Something similar holds for all blocks of even size with pure imaginary eigenvalues.

So, let us continue the arguments from the proof of Theorem 3.1 in [19] (or Theorem
1.1.5 stated above). In particular, we follow this up starting from formula (29) in [19].
We assume, using the notation there, that n is even, say n = 2k, and we consider the
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(k+1,k+1)-block-entry of HA+ AT H. Since A is H-positive real, this two by two matrix
must be positive semidefinite. According to formula (29) it is given by

(His1p4100 — aHp1 j41) + Hiprk + Hi g

Using Theorem 1.1.5 we have Hy, o1 = (—1)*1Hy,, and Hyy 1, = (—1)*"1H] . Moreover,
we have Hy, = aj,I + b1, Hy. The symmetric two by two matrix Hyyq 41 we denote by

d . . .
Hyy1 1 = Lcl e] . Then a straightforward computation yields

—2d c—e
(His1 o100 — aHpiq 1) = a lc e 2 1 ’

while Hk+17k + Hk,kJrl = (—1)k_12a1n[2. Thus

(—=1)*12ay,, — 2da a(c—e)

(Hk+1,k+1a - OéHk+1,k+1) + Hip1 0+ Hy g1 = { a(c _ e) (—l)k_12a1n 4 9dal -

This matrix being positive semidefinite implies in particular that its diagonal entries are

greater than or equal to zero. In particular we see that (—1)¥"12a,, > |2da| > 0. Thus

we conclude that for even n the value of ay, in the block H;,, satisfies (_1)%2%” > 0.
The simple forms for H in general, are given in Theorem 3.9 of [19] as follows:

Theorem 1.1.7 Let A = diag(J1, ..., Jn), where either Jy is an ng xny Jordan block with
real eigenvalue A\, or Ji 1s a 2ny X 2ny real Jordan block with a pair of complex conjugate
eigenvalues A\, X, for k = 1,... N. Define my = [(n, 4+ 1)/2]. Let H = (Hy,)n—; be
a real invertible symmetric matriz in corresponding block form. If A is H-positive real,
then for k,l=1,..., N we have

(al) if \y = 0 then Hyy, is as in Corollary 1.1.4,

(a2) if Ji has a pair of complex conjugate pure imaginary nonzero eigenvalues, say ayi
and —ayi, then Hyy 1s as in Theorem 1.1.5,

(bl) if Ji and J; both have zero eigenvalue, then

0| H
Hy, = [TQ‘Tl} )

with Hy and Hy lower triangular alternating Hankel matrices.

(b2) if Ji, and J;, both have pure imaginary nonzero eigenvalue *ayi and +ayi with a; = q,
then
0
ch,l = a H )
HQ *

where Hy and Hy are (square) lower triangular alternating Hankel matrices and a
18 some complex number, which depends on k and [.
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(cl) if Jr has zero eigenvalue, and J, has a pair of complex conjugate pure imaginary
nonzero eigenvalues Lai, then Hy; has the form

Hyy = [ o } , (1.7)

where the left upper zero block is of size my X 2my,

(¢2) if Jy and J; both have a pair of complex conjugate pure imaginary nonzero eigenval-
ues tayi, respectively a1, then Hy; has the form (1.7) where now the left upper
zero block is of size 2my X 2my,

(d1) if Ji has zero eigenvalue, and J; has a real nonzero eigenvalue \;, then Hy; has the
form

Hyy = [0] , (1.8)

*

where the upper zero block is of size my, X ny,

(d2) if Ji has zero eigenvalue, and J; has a pair of complex conjugate eigenvalues a;+ by,
with a;, by # 0 then Hy,; has the form (1.8) where now the upper zero block is of size
my X 271[,

(d3) if Jy has a pair of complex conjugate pure imaginary nonzero eigenvalues *ayi and
Ji has a real nonzero eigenvalue \; then Hy; has the form (1.8) where now the upper
zero block is of size 2my, X ny,

(d4) if Jy has a pair of complex conjugate pure imaginary nonzero eigenvalues *ayi and
J; has a pair of complex conjugate eigenvalues a; =+ bji, with a;,b; # 0 then Hy; has
the form (1.8) where now the upper zero block is of size 2my, x 2n,.

In Chapter 2 of this thesis we continue the investigation of invariant maximal non-
negative subspaces for H-positive real matrices, which started in [19]. There, an explicit
construction was given for the existence of such subspaces, based on the simple form
above. For the readers’ convenience, this construction is largely repeated in Chapter 2,
and refined. In particular, an analoque of the numerical range condition, introduced in [77]
for H-dissipative matrices, is considered here. The uniqueness and stability of A-invariant
maximal H-nonnegative subspaces is the main focus of the chapter. In Theorem 5.3 the
equivalence is proved between uniqueness, stability and the numerical range condition.
The real case is treated largely as a consequence of the complex case.

H-expansive matrices

Let H = HT be an invertible n x n symmetric real matrix, and let A be an n x n real
matrix satisfying ATHA > H or ATHA — H > 0. Such a matrix is called H-expansive.
This is equivalent to [Az, Az| > [z, z] for all x € R™.

We have already seen that there is a connection through Cayley transform between
H-unitary and H-selfadjoint matrices. This is also true for complex H-expansive and
complex H-positive real matrices.
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Let H = H* be an invertible n x n Hermitian matrix, and let A be an n X n complex
matrix satisfying A*HA > H. Again, such a matrix is called H-expansive. Let

B=(n+A)n—A)",

with n ¢ o(A) and || = 1. Note that HB+B*H =2((n—A)*) " {(H—A*HA)(n—A)~' <
0, that is —B is H-positive real. (It can be somewhat confusing that this property is called
H-dissipative in [24], see pages 61, 218 and following.) If n ¢ R, then B will be a complex
matrix, even if A and H were real matrices. Therefore the theory with respect to complex
matrices can be applied, see [19]. Take note that A can also be expressed in terms of B,
that is

A=(B+17B I,

since 1 ¢ o(A) implies —1 ¢ o(B).
For the real case, if 1 ¢ 0(A) or —1 ¢ o(A) then the same argument gives

B=(I+A)I—-A)" or B=(—I+A)(~1-A)",

respectively. Thus, if A is real so is B. Again, in this case HB + BTH < 0. However, if
both 1 and —1 are in o(A), then we cannot directly apply this argument. We therefore
consider the real case without using the Cayley transform.

In Chapter 3 of the thesis we develop for a real symmetric invertible H and for a real
H-expansive matrix A a simple form which is comparable to the one developed in [19] for
real H-positive real matrices. This simple form may then be used in the construction of A-
invariant maximal H-nonnegative and A-invariant maximal H-nonpositive subspaces. In
addition, in that chapter we make some observations concerning real H-unitary matrices.
Canonical forms for H-unitary matrices exist, see e.g. [24] and [66]. These canonical forms
are largely derived by means of Cayley transform. We conjecture that direct methods such
as used in Chapter 2 may lead to a different (obviously equivalent) canonical form. First
steps in this direction are taken in the last section of Chapter 3.

H-Hamiltonian (real case)

0 I,
—I, O
Hamiltonian if HK,, = (HK,)*. Here x represents the conjugate transpose. One can
find the canonical form for a real Hamiltonian matrix # in the paper of Lin et al [46].
(See Theorem 22, page 497.) Other canonical forms for Hamiltonian matrices can also be
found in this article.

CZnX?n

If K, = , where I, is the n x n identity matrix, we call a matrix H €

H-symplectic real

With the notation as in the previous paragraph, we call a matrix S € C?*"*?" symplectic
if S*K,S = K,,. A proof for the canonical form of a real symplectic matrix S can also be
found in [46]. (See Theorem 41, page 529.)
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Invariant subspaces

Definition 1.1.8 A subspace M C C" s said to be invariant for an n X n matriz A, or
to be A-invariant, if v € M implies Ax € M.

Definition 1.1.9 A vector x in C" is called H-nonnegative if [x,z] > 0, H-nonpositive
if [x,z] < 0, and H-neutral if [x,z] = 0. In the same way, a subspace M C C™ is
called H-nonnegative, H-nonpositive and H-neutral, if each vector in the subspace is H -
nonnegative, H-nonpositive, both H-nonnegative and H-nonpositive, respectively.

Definition 1.1.10 A subspace M C C" is called maximal H-nonnegative if it is not
contained in a larger H-nonnegative subspace.

In Section 5.12, Theorem 5.12.1 of [24], it is shown that every H-selfadjoint matrix
has an invariant subspace which is maximal H-nonnegative (or maximal H-nonpositive).
The proof was based on the canonical form for the pair (A, H). In an infinite dimensional
setting, the result is in fact older, see [58], [76] and [37].

The explicit construction of H-nonnegative and H-nonpositive subspaces when A is
H-positive real can be found in Section 3.4 of [19].

Existence of maximal semidefinite invariant subspaces of dissipative operators in an
infinite dimensional indefinite inner product space was first shown in the papers of Azizov
et al., see [2], [3], [4] and also [5]. In the paper [72] the explicit construction for invariant
subspaces of dissipative operators in a space with indefinite metric can be found. In
the PhD thesis [77], the construction for A-invariant H-nonnegative and H-nonpositive
subspaces, where A is a densely defined closed dissipative operator on the Pontryagin
space II,, and A is a real eigenvalue of A, can be found. The stability of the subspaces is
discussed in Section 3.3 of [77]. A discussion of the uniqueness of the H-nonnegative and
H-nonpositive subspaces, when A is an H-dissipative matrix, can be found in Theorem
2.1 of [63).

The second chapter of the thesis completes a study already started in [19] pertaining
to the positive real case. Here, not only the complex case, but also the real case is treated.
The following results (in the form of Theorems) are obtained regarding the uniqueness
and stability of the A-invariant subspaces, where A € A and A denotes the class of all
n x n H-positive real matrices.

Theorem 1.1.11 The following statements are equivalent for a given H-positive real
matriz A:

(i) there exists an A-stable A-invariant mazimal H-nonnegative subspace, say M .
(i) there exists an A-stable A-invariant mazimal H-nonpositive subspace, say M_.
(#ii) the numerical range condition holds for the pair (iA, H).

(i) there is a unique A-invariant mazimal H-nonnegative subspace M.y, with o(A|am, )
contained in the closed right half plane.

(v) there is a unique A-invariant mazimal H-nonpositive subspace M_, with o(A|m_)
contained in the closed left half plane.
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Lemma 1.1.12 The following statements are equivalent for a given real H-positive real
matriz A.

(a) There exists a unique complex A-invariant mazimal H-nonnegative subspace M.,
such that o(Alpm, ) C Ch.

(b) There exists a unique real A-invariant mazimal H-nonnegative subspace M, such
that o(Alm,) € Cy.

(c) There exists a unique complex A-invariant mazimal H-nonpositive subspace M_,
such that o(Ajp_) C C_.

(d) There exists a unique real A-invariant mazximal H-nonpositive subspace M_, such
that o(Alpm_ ) CC_.

Low rank perturbations

A lot is known about generic rank-one perturbation of matrices. Consider a complex n xn
matrix A and arbitrary vectors u,v € C". We now want to study the eigenvalues of the
following matrix as function of ¢:

B(t) = A+ tuv”.
The above equation can be motivated by considering a single input control system, namely
©(t) = Az(t) + Bu(t)
y(t) = Cx(t) + Du(t),

where Aisn xn, Bisn x 1, C'is m x n, and D is m x 1. These type of models often
appear in engineering problems. The state z(¢) usually has coordinates that are position
and speed, the input w(t) might be power (determining acceleration), and the outputs
y(t) may be measurements of position, speed, etc.

If we consider the input-state equation:

&(t) = Ax(t) + Bu(t),

its solution is

t
z(t) = ez (0) + / =4 Bu(s) ds.
0

Usually we expect states to go to zero when there is no input (stability). It is well known
that we have stability if all eigenvalues of A are in the open left half plane.

Thus, we would like to find a controller (a new system) which stabilizes the system. If
we assume for simplicity that the full state is available for control, we try u(t) = Fx(t).
Then the closed loop system becomes

#(t) = Az(t) + Bu(t) = (A + BF)x(t).

So, if we can find a matrix F' so that A+ BF has all its eigenvalues in the open left half
plane we have stability i.e., we have found a stabilizing feedback. Observe that A + BF
is a rank-one perturbation of A. We will explain the basics behind perturbation theory
by means of a few examples where the perturbations considered are of rank two.
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Example 1.1.13

Let A= |1 O},withAl,AzeRandletBZF ﬂ,witha,veRandbeC Now

0 X b
consider the self-adjoint perturbation A + eB, with € € C, i.e.

A+€B:|:)\1+€Oé eb :|

eb Ao + €y
The characteristic polynomial of A + €B reduces to the following expression:

p(A+eB) = det(A —(A+¢€B))
(A=A () (A = Aa(e)),

where

)\14’)\24‘6(0&"‘7)

2

(M = A9)?
4

)\172(6) =

£ | F 2= Aa)(a =) + b + 3 — 2

DN

When, for example, we have A\; = Ay then

1 1
Aig(e) = M+ 5(04 +y)e £ (]b]* + 1(@ —7)?)%€

= ot Gglat ) & (b + 50— )
which can be seen as a power series in € in a neighbourhood of ¢ = 0. When we set
e =01n (1.9), we see that we obtain the eigenvalues of A again, as expected. Hence, the
behavior of the eigenvalues depend on the magnitude of e. (For more details, see [8], page
99 and [36]).

We now give an example of a rank two perturbation.

Example 1.1.14
100 1 00

Let A= {0 0 1|,andlet B= |0 0 0| . Consider
000 010

1+e€

A+eB =

o o+

0 0
01
e 0
Hence we have a rank two perturbation of the matrix A. The characteristic polynomial

of A+ €B reduces to the following:

p(A+eB) = det(AM — (A+¢€B))
= A=(14+e)(N\ —e).
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Putting the characteristic polynomial equal to zero gives the following eigenvalues
At =1+¢, A2 = Ve, A3 = —v/e

Again with € = 0, the original eigenvalues of A are obtained, but if € > 0, the eigenvalues
of A+ eB can change quite dramatically. For more on Puisseux series, see [36], see also
[57].

The above example can be generalized to generic rank-one perturbations of the Jordan
form of matrices, e.g.,

Theorem 1.1.15 Let A € R™" be a matriz having the pairwise distinct eigenvalues
AL, ., Ap with geometric multiplicities g1, . .. g, and having the Jordan canonical form

g1 9p
B JnsM) © .. & ED Jny (M),
k=1 k=1

where njy > ... > njg., j = 1,...,p. Consider the rank-one matriv B = wol', with
u,v € R™. Then generically (with respect to the entries of u and v) the Jordan blocks of
A+ B with eigenvalue \; are just the g; — 1 smallest Jordan blocks of A with eigenvalue
Aj, and all other eigenvalues of A+ B are simple; if g; = 1, then generically A\; is not an
eigenvalue of A+ B.

More precisely, there is a generic set Q@ C R"™ x R™ such that for every (u,v) € Q, the
Jordan structure of A+ uv” is described in (a) and (b) below:

(a) the Jordan structure of A+ uv” for the eigenvalues Ay, ..., N\, is given by
g1 9p
@ Jnl,k(Al) b©...D @ ank()\p);
k=2 k=2

(b) the eigenvalues of A+ uv™ that are different from any of A\, ..., \,, are simple.

The proof of Part (a) of Theorem 1.1.15 was given in [33], later also in [14, 68]. A
similar result for low rank perturbation based on spectral resolvent was obtained in [69].
Numerous papers (see the corresponding references in [36] and [8] are devoted to the
construction of the perturbation theory for eigenvalues of A + tB that do not belong to
the spectrum of A (here ¢ is the perturbation parameter). An alternative proof of Part
(a) of Theorem 1.1.15, using the Brunovsky canonical form, was recently given in [53].

Rank-one perturbations for structured matrices in indefinite inner product spaces was
studied in [54], and for the J-Hamiltonian case in [53]. In [55] the effect on the canonical
form of Theorem 2.3 is considered. In [53] it is shown that structured rank-one perturba-
tions of J-Hamiltonian matrices leads to a surprising new result. The next example shows
this. In the canonical form of real J-Hamiltonian matrices Jordan blocks with eigenvalue
zero of odd size must come in pairs.
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Example 1.1.16
Let

Joma1(0) 0 } { 0 Ezmﬂ
A - H —
0 J2m+1(0) ’ 2]2771—‘,-1 0 ’

where

X =
(-1t

Then a generic unstructured rank-one perturbation A + uv* would have, according to
Theorem 1.1.15, a Jordan block Js,,+1(0) and 2m + 1 simple non-zero eigenvalues. Sur-
prisingly in contrast, a structured rank-one perturbation of the form A + uu*H has a
Jordan block Js,,12(0) and only 2m simple non-zero eigenvalues.

In Chapter 4 we consider structured rank-one perturbation of H-positive real matrices
A, that is, perturbations of the form A + tuu*H for generic vectors u and ¢t > 0. It turns
out that a perturbation uv* is H-positive real if and only if v* = cu*H for some ¢ with
Re ¢ > 0. A new and interesting result is obtained, where the constant c is replaced with
the real positive constant ¢. It is proved that the following holds:

Proposition 1.1.17 For all vectors w and all t > 0, o(A + tuv*H)\o(A) NiR = 0. In
other words, eigenvalues introduced by the perturbation cannot lie on the imaginary axis.
However, asymptotically as t — oo they may tend towards the imaginary axis.

An analogous result for low rank perturbations is proved as well. In addition we shall
show the analogue of Theorem 1.1.15 for this case.



Chapter 2

Uniqueness and stability of
H-positive real matrices

2.1 Introduction

In this paper we study a class of matrices that is closely related to H -dissipative matrices.
We will say an n x n complex matrix A is H-positive real if %(HA + A*H) > 0. Recall
that a complex matrix A is H-dissipative if &-(HA — A*H) > 0. It is easily seen that
A is H-positive real if and only if iA is H-dissipative, and hence it follows that —iA is
H-positive real if and only if A is H-dissipative.

Section 2.2 follows the line of argument of [19] and [77] for the case of complex H-
positive real matrices. Section 2.4 discusses the numerical range condition for H-positive
real matrices, compare [77], where this was introduced for the H-dissipative case. Using
this we discus the uniqueness and stability of invariant maximal semidefinite subspaces,
the construction of which was aready discussed in [19]. Finally, in subsection 2.5.1 the
real case is discussed, see also Theorem 1.1.5 and Example 1.1.6.

2.2 Jordan chains and nondegeneracy

We say that a chain of vectors xy,...,x in C" is a Jordan chain of an n x n matrix A
corresponding to its eigenvalue A if 1 # 0 and

AQ?l :>\LU1, A!L’j:)\xj—l-l'j,h j22,3,,]{7

The natural number k is called the length of the Jordan chain x4, ..., xg.

A subspace M is said to be nondegenerate with respect to the indefinite inner product
[,.]if 2 € M and [z,y] = 0 for all y € M implies that « = 0. Otherwise, M is
degenerate. Alternatively, one can show that M is nondegenerate if and only if MM is
a direct complement of M in C". Here M denotes the orthogonal space of M with
respect to the H-indefinite inner product. Further it is known (see e.g. [5] and [12]) that
for any nondegenerate subspace M there exist subspaces M_ and M of M such that
M_ is negative, M, is positive and M_[+]M; = M, where [+] means the orthogonal
direct sum, with respect to the indefinite inner product. A constructive proof can be
found in [77], Proposition 1.0.3.

19
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Lemma 2.2.1 Let A be an H-positive real matriz. Then Re[Ax,z| = 0 if and only if
Ax = =AMz, for x € C".

Proof. Note that [iAx,z] = i(HAz,z) = i[Az,z]. Thus, Re[Az,z] = Im[iAz,z] and
iA is H-dissipative. Therefore by Lemma 2.1.1 in [77], see also Theorem I1.2.15 in [5], it
follows that Im[iAx, 2] = 0 if and only if iAzx = (iA)¥2z = —iAMz, that is, if and only if

Az = — AWMz, Thus, Re[Az, ] = 0 if and only if Az = —AFlz. O
Lemma 2.2.2 Let xq,...,x, be a Jordan chain of the H-positive real matriz A cor-
responding to its pure imaginary eigenvalue X\ with A € 1R. Let m = ["TH] Then

AMg; = —Az; forj=1,...,m.

Proof. Let zp = 0 and let k € {0,1,...,[%]}. Take note that [%5%] +1 = [%] =m
for all n = 1,2,.... We prove by an induction argument that Re[Axz;,z;] = 0 for all
j €{0,1,...,[%%] + 1}. Note that for j = 0, we have Re[Azy, zo] = Re[0,0] = 0. Now

assume that Re[Ax;,z;] = 0 for all j € {0,1,...,k}, where k € {0,1,...,[*5~]}. Then
by Lemma 2.2.1 we have A[*}:pj = —Azx; for j =0,1,... k. Thus,

[whir, wx] = (A= Naggo, 2] = - = [(A = N woppr, i) = [p2r41, (A = NNz ].
Also,

(A=NMz = (AM 4 N,
= —(AM L )P A = Ny,
= _(A[*]+)\)k—1xk_1
= (=1)*(AY £ N2 A = Ny
) [

= (=D)2(AM £ N2,

= .(—1)'“‘1(14[*] + Az
= (=1)*A - Nz, =0.

Thus, |41, 2] = 0. Therefore,
Re[Azpy1, vp11] = Re[(N)zpi1 + vk, Tpp]
e

Re(A@pq1, Thgr] + [Trs Trg])
= Re(A[Zky1, T141]) =0,

since [xpy1,Try1] € R, because [xpy1, xpy1] = (HTgpi1, Tpr1) and H is selfadjoint. This
completes the induction argument. Hence from Lemma 2.2.1, A[*]xj = —Az; for all
je{0,1,...,[2] + 1} O
Theorem 2.2.3 Let x1,x9,...,2,, and y1,Y2,...,Yn, be two Jordan chains of an H-

positive real matriz A corresponding to its pure imaginary eigenvalue A € iR. Let m; =
(222 and zo = yo = 0. Then,

[IEk, yl] = _[xk—la yl+1]

forallk e {1,...,mi} andl € {0,1,... ,ny — 1}.
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Proof. We first justify the choice of o = yg = 0 by noting that

1,91 = (21, (A = Nyiga] = [(A = My, yiga] = —[(A = Ny, yia] = [0,90] = 0.

Therefore the choice of g = 0 (and by interchanging the roles of x; and ¥;), yo = 0 makes
sense.

It follows from Lemma 2.2.2 that A[*]xj = —Ax; for j = 1,2,...,m;. Thus for
ke {1,2...,m} it holds that

[y, o] = [(A = Nyier, 7] = [yig, (A = )\)[*]fk] = —[yi1, (A = Naw] = =y, 1)

By interchanging the roles of x; and y; it follows that [xy, y)| = —[zk_1, Yis1]- 0

Let ny = ny = n in Theorem 2.2.3. Then, since [zo,y;] = [0,y;] = 0 for all j =
0,1,...,n — 1, it follows that

[Tk y] = —[Te—1, Y] = (=1 [wr—2, Yig2] = - .. = (=" 2w, yrsn] = (=1)*[wo, y14x] = 0,

for all [ 4+ %k < n. If moreover n is even, then m = % and |24, 4] = —[v4_1, Y141 for
k=1,2,...,5and [ =0,1,...,n — 1. Furthermore it follows from Theorem 2.2.3 that
the Gram matriz has the following form

[$1,y1] S [afnayl] n—2

[ml,.yn] [xn,yn]

a

where the horizontal and vertical lines divide the matrix in four submatrices of equal size.
When n is odd, the following Gram matrix structure appears, where the left upper
block is of size (n+1)/2

[z1,01] oo [znsy1] (-1) =z a

[‘Tl’.yn] [xnayn] . (*1)7(1
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In both cases there are zero entries in the upper left triangle. After dividing the
matrix in four blocks as in the picture, the lower left block and upper right block have
an alternating Hankel structure. That is, entries lying on the same skew diagonal and
belonging to the same block have the same absolute value. In the odd case the main skew
diagonal picks out one entry from the upper left block. The central entry, i.e. [x ntl, Yt ],
has the same modulus value as elsewhere on the main skew diagonal. In the lower right
block no particular structure is identified. If x;, = y, for £k = 1,...,n, then in the odd
case the central entry [x nil, Ynpt | is a nonzero real number - and thus in this case the
main skew diagonal consists of real numbers only.

When the lengths of the two chains in Theorem 2.2.3 are different (say ny > nsy), then
the matrix of indefinite scalar products has the following form:

b
—b
0
[xh.yl] [mnl., Y1) - (—1)¥b
: : - (_1) 7 a
[90172/7;2] e [:Enlvynz}
*
—a
- a -
(2.3)
Corollary 2.2.4 Let xq,...,x; be a Jordan chain of the H-positive real matriz A, corre-

sponding to a pure imaginary eigenvalue X of A. Then | < 2k + 1, where K is the number
of negative eigenvalues of H.

Proof. Consider the Jordan chain {z1,zs,...,2;} (I < n). Then this set is linearly
independent. Now [z, 2] = 0 for all j+% <1 by (2.1) and (2.2). Assume that [ > 2x+1
and let X = Sp{zy,xo, ... ,mz%}, i.e [z;,xx] = 0 for z;, x4 in the basis of X. Thus X

is a neutral subspace with dimension Z_Tl Then we have dim X = Z_Tl > k. According
to Theorem 2.3.2 in [24] this is impossible, since  is the maximal dimension of any

nonpositive subspace (X being neutral it is nonpositive). We conclude | < 2k + 1. O

Corollary 2.2.5 Let x1,x,...,x, be a Jordan chain of the H-positive real matriz A,

corresponding to the pure imaginary eigenvalue X\ of A. Then the eigenvector xi is or-
thogonal to Ker(A — \)"~1.
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Proof. Let y € Ker(A — \)""!. Thus,

Ty (A= A"y
(A =N, (A= X2y
—[(A = Nza, (A= X"y
= —lra-1, (A= X"y
—[(A = N1, (A= 2)"%y)
= (=1)*[wn-2, (A= A)""%]

[
[

= (=1)" Mz, (A= X)°%]
(=1)" a1, y).
Thus, [z1,y] = 0 for all y € Ker(A — X\)"~ !, hence z; 1 Ker(A — X)L O

Corollary 2.2.6 Let x1,x9,...,2,, and y1,Y2,...,Yn, be two Jordan chains of the H-

positive real matriz A, both corresponding to the pure imaginary eigenvalue \ of A. Let

my = [”1;1] and let mqy = ["22“]. Ifny # ng, then Sp{xy, za, ..., xm, HLISP Y1, Y25 - -+ s Yy }-

Proof. From (2.3) it follows that [zy,y] = 0 for all k = 1,...,m; and | = 1,...,ma.
Thus, Sp{z1,xa, ..., T, HLISP{Y1, Y2, -+ - Yo }- O

Theorem 2.2.7 Let x1,x9,...,2,, and Y1,Y2,...,Yn, be two Jordan chains of the H-
positive real matrix A, corresponding to the eigenvalues A and p respectively, with \ # p.
Let my = [”1T+1] If X\ is purely imaginary, then [xg,y] = 0 for all k € {1,2,...,m;} and
l e {1,2,...,77,2}.

Proof. From Lemma 2.2.2 it follows that AMz, = —Ax,, & € {1,2,...,m}. Let
xog=yo=0and also y_; = 0. Fix j € {0,1,...,m; +ny — 1}. Assume that [zg,y] =0
for all pairs k,1 € NU{0} such that k+1 < j, k < my and [ < ny. Fix such a pair k,[. If
k <mq—1, then

ply, el = [Ay— Y1, Trga]
= [Ay, 1] — [Yi-1, Trga)
= [ylaA[*]xk+l]
= _[3/17 A$k+1]

= —[y, A\rpq1 + 4]
= = A, Trga] — [y,
= Ay, Trpa)-
Since A # p it follows that [y;, zx41] = 0. If I < ny — 1, then it follows similarly that
Pyt o] = A[yigr, o). Thus, [yig1, 2x] = 0. Hence |24, 3] = 0 for all pairs £, € NU {0},

such that k+1 < j+1, k <my and | < ny. By induction on j it follows that [z, y;] =0
for all pairs k,l € NU {0} such that k£ < m; and | < ns. O

If p is purely imaginary as well, then the roles of the first and second Jordan chains
can be reversed. In this case the Gram matrix has the following structure
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[l’lzyl] [xm;yl] :{%%]' (2.4)

[xhynz} ce [xmvym]
If i is not purely imaginary, then
[xlvyl} s [xnlayl]
: - =[0]x]. (2.5)
[xhynz] cee ['xnlayng]
Summarizing, the following corollary holds.
Corollary 2.2.8 Let x1,x9,...,2,, and y1,Y2,...,Yn, be two Jordan chains of the H-

positive real matrix A, corresponding to the eigenvalues A and p of A respectively, with
A # p. Let my = [”17“] If A € 4R, then Sp{x1,xa, ..., Tm, HLISP{Y1, Y2, Uny}-

We denote by R(A, A) the spectral subspace of A corresponding to the set A € C.

Lemma 2.2.9 Let A be any matriz. For every subset A of C we have R(A,A) =
R(iA,iN).

Proof.

R(A,A) = Sp{Ker(A—NFf | Aeo(A)NA k=1,2,...}
Sp{Ker(iA —i\)* | iAe€o(iA)NiA, k=1,2,...}
= R(iA,il)

O

Let A be an H-positive real matrix and assume A € o(A). Then iA is H-dissipative
and i\ € o(iA). Thus, by Corollary 2.1.3 in [77], R(i4, {i),i\}) is nondegenerate. Also
by Lemma 2.2.9 with A = {\, —A} we get that R(A,{\, —A}) = R(IA, {i\,iA}). We

therefore conclude that:

Corollary 2.2.10 If A us H-positive real and A € C is any eigenvalue of A, then
R(A,{\,—A}) is nondegenerate.

Lemma 2.2.11 Let A be H-positive real and let X be an eigenvalue of A and {x1, o, ..., xx}
a Jordan chain of A which corresponds to \. Let m = [EH1].

(1) If X € Ciepi, then Sp{x1,z2,..., 2} is an A-invariant nonpositive subspace.

(ii) Let A € iR and k be even, then Sp{xi,xza,..., 2} is an A-invariant neutral sub-
space.

(iii) Let A € iR and k be odd, then Sp{xi, 22, ..., xm_1} is an A-invariant neutral sub-
space.

(iv) Let A € iR and k be odd. If [x,, 2] > 0, then Sp{x1,xa, ..., 2y} is an A-invariant
nonnegative subspace.
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(v) Let A € iR and let k be odd. If [xy,, 2] < 0, then Sp{zy1,x2,...,2n} is an A-
mvariant nonpositive subspace.

(vi) Ker(A — \)?"2 = Ker(A — \)?~<+L,

Proof.

(i) Since ¢A is H-dissipative and i\ € Cy,,, it follows from Lemma 2.3.2 (i) in [77] that
Sp{x1,Za, ..., xx} is an iA-invariant (also A-invariant) nonpositive subspace.

(ii) If A =i, with g € R, then i\ = i(in) = —p € R, hence from Lemma 2.3.2 (ii) in
[77], it follows that Sp{xi, z3,...,x,} is an A-invariant neutral subspace.

(iii) If A = ip, with g € R, then iA = —p € R, hence from Lemma 2.3.2 (iii) in [77], it
follows that Sp{z1,xs, ..., %1} is an A-invariant neutral subspace.

(iv) Let #; = (—i)/ 'z, for j = 1,2,...,m. Note that

(A —i\)(z;) = (A=A (=) "ay)
(4)(— )] HA = Ny
= (- ) xa 1

jo1 for 7 =2,3,...,m,

so that {Z1,Zg,..., %y} is a Jordan chain of iA corresponding to the eigenvalue i\
of iA. Now, since \ € iR and

(@ F] = (=)™ T, (=)™ @] = [T, Tmn] 20,

it follows from Lemma 2.3.2 (iv) in [77] that Sp{x1, x2, ..., xm} = Sp{Z1, Ta, ..., Tm}
is an A-invariant nonnegative subspace.

(v) Proof is as in (iv).

(vi) Let z € Ker(A — X\)?>**! then (A — \)* ™2z = (A — \)(A — N>z = 0. Thus
Ker(A — \)#*1 C Ker(A — \)?**2. Conversely, let x € Ker(A — X\)?*™2 and assume
that z ¢ Ker(A — X\)*>*™1. Then the set {(A— \)*"z, (A—N)*z, ... (A= Nz}
consists of the first x + 1 vectors in a Jordan chain of (even) length 2x + 2. The
subspace generated by this linear independent set is of dimension x+1 and is neutral

by equation (2.1), contradicting the fact that such a subspace of dimension larger
than x does not exist. Hence Ker(A — \)?2 = Ker(A — \)*+1, O

Proposition 2.2.12 Let A be H-positive real, \ € iR an eigenvalue of A. Let

{J1,J2, ..., Jaut1} be a Jordan basis for R(A,{\}) where J; is the subset of all Jordan
chains of length j. Then R(A,{\}) is nondegenerate if and only if SpJ; is nondegenerate
forallj=1,2,...,2k+ 1.

Proof. We know ¢A is H-dissipative and ¢\ € R is an eigenvalue of iA. Let z1,22,...,7;
be a Jordan chain in J;. Then {x1, —izy,..., (=)’ 'z;} € J; where Jj is the set of
all Jordan chains of iA corresponding to 7\ of length j. Thus, SpJ; = SpJJ’» and also
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R(A,{\}) = R(iA, {iA}). Therefore the result follows directly from Proposition 2.3.3 in
[77]. O

Let j € {1,3,...,26+ 1} and let z € J\Ker(A =\ k=1,2,.... If 21, 29,..., 2
is a Jordan chain of matrix A corresponding to its eigenvalue A\, then

n=(A-Nn=A-Nlzm=...=(A-N""
and
(A=N"lg= (A=A 0=...= (A= N 2= (A= X" A - Nz =0
for all 1 <k < j—1. Thus in each chain zi, 29, ..., z; only the last element z; belongs to

Jj\Ker(A — \)’~!. There are only a finite number, say r;, of such chains in J;, thus only
a finite number of choices for z; € J;\Ker(A — X)?~". Thus the set {1, 22,..., 2, } is the
set of all the last elements of the Jordan chains of J;.

Let m = J+1 and put

= (A=N""tz, = (A=N)""ty, .., Yr, = (A — )\)m_lej. (2.6)
Since z; is the j™ element of a Jordan chain zy, 2o, . .., z;, we have
(A — )\).Z'l = Zj-1, (A — )\)2171 = (A — )\)ij1 = Zj—2y -, (A — )\)mflxl = Zj—m+1-

Thus, we conclude that y; = (A—X)""'21 = zj_,41 = 2, which is a vector in the middle
of the Jordan chain 21, 2o, ..., 2;.

Lemma 2.2.13 Let A be H-positive real, and X € iR an eigenvalue of A. For j €
{1,3,...,26 + 1} define {y1,y2,...,Yr;} as in (2.6). Then SpJ; is nondegenerate if and
only if Sp{y1, 2, ..., yr;} is nondegenerate.

Proof. We know iA is H-dissipative and i\ € R is an eigenvalue of iA. Let J; be
as in the proof of Proposition 2.2.12. If {z,2s,...,2;} is a Jordan chain in J; then
{z1,—i22,..., (=)’ '2;} is a Jordan chain in J}. Let z} = (—i)' 'xy, for k = 1,2,....
Now consider,

Y, = (1A —i\N)™ '], where m—j%l
= (O"HA=N"T (=)
= (= 1) ()m“ (A=N"a
= ()"
(Z)S(J 1)

Since Sp{yy, ys, - - - ,y;j} = Sp{y1,¥2,- - -, ¥Yr,}, our result follows from Lemma 2.3.4 in
[77]. 0

Note that the Gram matrices associated with y7, (an element of the Jordan chain
with respect to the eigenvalue ¢\ of the H-dissipative matrix ¢A) and y; (an element of
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the Jordan chain with respect to the pure imaginary eigenvalue A\ of the H-positive real

matrix A) are equal. That is [y}, y5,] = [Yjr, Y], since
3G=1) 3G-1)
[y}k,y;ﬂ = [i 2 Yjks 2 Z/j,z]
3(G=1 . ,.3(-=1
= (7 )@ T ) Wik il
= [Yjk Y5l

2.3 The construction of maximal invariant subspaces

Let A be an H-positive real matrix with corresponding eigenvalue A € iR. Let J(\) =
{J(A\,1),....,J(\, 26+ 1)} be a Jordan basis of R(A, {\}), where J(],j) is the set of all
elements of the Jordan basis that belong to some Jordan chain of length j. Let ny; be
the number of Jordan chains in the set J(\, j) and let x;1, 22, ..., %)n, , be the vectors
in J(A, j)\Ker(A — \)?~1. Thus each z; is the last element in one of the n, ; chains in
J(A, 7). Then

JNG) ={(A=NFz, | k=0,1,...,5—1 and [ =1,2,...,ny,}.

Put m; = [J%l] Let yjp = (A= N)™ " a;y for k=1,2,...,ny,. If Sp{y;1,... Yjms }
is nondegenerate, then from Proposition 1.0.3 in [77] it follows that Sp{y;1,. .., ¥jn,,} =
M\ ) [FHIML(N, J) where M_(),7) and M, (], j) are nonpositive and nonnegative
subspaces, respectively. It also follows from the construction that an element, say wu, of
M_ (A, j) (similarly for an element of M, (), 7)) can be written as u = Y. g.y;, for
some choice of g;.

We use the subspaces M_(,j) and M (A, j) to construct invariant maximal non-
negative and nonpositive subspaces as follows:

(i) First observe that
[Ker(A —X)™~1 0 SpJ (A, j)] N M- (A, j) = {0},

because: if u € (Ker(4 — A)™~' N SpJ(A, 7)) N M_(A, ), then u = S Gy
Therefore (A — A\)™ 1y = 0 and thus Y.,/ g.(A — \)™ 1y, = 0. Since
{(A=XNm"1y;s | s=1,...,ny,} is linearly independent, it follows that g; = 0
for s =1,2,...,n5;.

(ii) Let x € Ker(A— )\)mflﬂSpJ()\ 7). Then z € SpJ(A, j) means it can be written as a
linear combination z = 37— SV By /(A—)¥x;; and also since 2 € Ker(A— )"~
it follows that

J—1nx;

Z Z Bra(A=NFA-N™r = (A=N)™ 2 =0, ie.
k=0 =1
J—1 1

Z Z Bk,l(A — )\)k—i_mj_lxj’l = 0.

k=0 l=1
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However, (A — N7ty = 0 for k +my; — 1 > j, that is, for & > j —m; + 1.
We may therefore write 0 = > 707 S/ Bri(A— A)¥™mi~1z; ;. Tt then follows from

the linear independence of the Vectors in the Jordan ba81s that B, = 0 for all
k=0,1,...,7—mjand [ =1,2,...,ny,;. Thus,

77,)\]

xr = Z Zﬁsz /\ JCJZ

k=j—m;+1 =1

On the other hand, let y € M_(X, j), then as before y = >~ 27 g.y, ;. Thus we have,

nx,j LW
[iL‘,y] = Z ZﬁklA )\ x]lazgsyjs
k=j— m]+1l 1
TG M5

— Z ZZ@HQS A )\ x]hyjs]

k=j—m;+1 I=1 s=1

Here y; s = (A — A\)™~'z;, and x;, is the last element of the s Jordan chain i.e.
y;s is the middle term of the s chain. Since z;,; is the last element of the [*
chain, (A — \)*z;, precedes it in the same chain. It follows from Corollary 2.2.6

that [(A — N\)*z;;,y;5] = 0. Thus [z,y] = 0.

We may therefore form the orthogonal direct sum:

NZ(X,j) = (Ker(A = )™~ 0 SpJ (A, 1)) [FIM-(A, ). (2.7)

Similarly, using the same arguments, we may form the following direct sum:

Ni(A, ) = (Ker(A =A™~ 0 SpJ (A, ) [FHML (A, ). (2.8)

It remains to show that N_(X, j) and Ny (), j) are nonpositive and nonnegative sub-
spaces respectively. We only prove the nonpositivity of N_(X,7); the nonnegativity of
N, (), 4) follows similarly.

Let + = u + v with u € M (A, j) and v € (Ker(A — A\)™~' N SpJ(A,j)). Thus,
u = ZS 7 geyjs and v = Y0171 ?Af Bri(A — NFz;y. Now, [x,2] = [u+ v,u+v] =
[u, u] + [u,v] + [v,u] + [v,v]. Clearly [u,u] <0, since u € M_(A,j) and [u,v] = [v,u] =0
from the orthogonal direct sum (see (ii)). We now prove that [v,v] = 0. Let v € (Ker(A—
AN)™i~1 N SpJ(A, 7). As before we obtain

Jj—1 LW

v = Z Z ﬁk7l(A — )\)kij.

k::j—mj—l—l =1

The vector v is the linear combination of the first m; — 1 elements of the Jordan chains of
length j in the Jordan basis. Now from Lemma 2.2.11 (iii) and Corollary 2.2.6, it follows
that [v,v] = 0. Hence N_(},7) is a nonpositive subspace.
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We prove for z € N_(\,7) UNL(),j) that A¥z = —Az. Let o € N_(\,j). As
before, x = u + v with u € M_()\,j) and v € (Ker(A — X\)™~! N SpJ(A,j)). Now,
Ay = AW (y 4 v) = AMy + APy and from Lemma 2.2.2 we have that,

x5 x5

A[*]u — ngA[*}y‘],s —_ — ngij,S — —Au
s=1 s=1

and
J—1 nx;
Ay = 3N AFI(A = NFayy
k=0 1=1
J—1 1

= > Bu(—AA = NFyy)

k=0 I=1

= —Av.

Thus, A¥ly = —Au — Av = —A(u + v) = —Az. Similarly it can be shown that
AMy = — Az for all z € N, (A, j). Thus it holds for all z € N_(\, ) UN, (), 7).

Theorem 2.3.1 Let A be H-positive real and X € iR an eigenvalue of A. Assume
R(A,{\}) is nondegenerate. For any j € {1,3,...,2k + 1} let N_()\,j) and N()\, j)
be as in (2.7) and (2.8). Then the subspace N_(\,j) is A-invariant and nonpositive,
the subspace N (X, j) is A-invariant and nonnegative and dim N_ (A, j) +dim N, (), j) =
dim SpJ (A, j).

Proof. For A a pure imaginary eigenvalue of the H-positive real matrix A, we know 7\
is a real eigenvalue of the H-dissipative matrix iA. We can therefore claim that N_(\, j)
(and also NV, (], 7)) of the matrix A, equals N_(i),j) (and N, (i), j)) of the matrix iA,
respectively. This is true because one finds that for the matrix A (with eigenvalue A € iR)
and ¢A (with eigenvalue i\ € R) that

(i) SpJ(iA, j) = SpJ (A, )
(i) Ker(iA —i\)™~ = Ker((s)™ (A —\)™"1) = Ker(4—\)"~!
(ili) M_(A,j) = M_(i), ), since

X, j

weM_(Nj)su = > a4y,
s=1

UDW
A 3G=1)

= Z(Z) 2 (GsYj,ss

s=1

where y; , is as before (see (i)) and y, is as in the proof of Lemma 2.2.13.
Therefore from Theorem 2.3.5 in [77] it follows that
dim N_(\, j) + dim N, (A, j) = dim SpJ(A, j).

Furthermore,
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(i) dimSpJ(A, j) = jna;

(i) dim A (A, j) = (m; — D, + dim M_(A, )
(iii) dim N (A, j) = (mj — Dnyj + dim M4 (A, 5);
(iv) dim M_(A, ) +dim M (A, j) = ny ;.

The maximality of the subspaces follows from the above properties.

For the even case j = 2,4, ...,2k, let

N G) =N_(\7) =Ni(\j) = Ker(A—N)"™ NSpJ(A,j). (2.9)

From the proof of Theorem 2.3.1 we observe that for an H-positive real matrix A with
eigenvalue A € iR (and ¢A being H-dissipative with eigenvalue i\ € R) that

Ker(A— X" = Ker(iA —i\)™,
SpJ(A\,j) = SpJ(il,j).
Therefore we can conclude that AM'(),j) = N (i), j). Then according to Theorem 2.3.6 in

[77], it follows that N'()\,j) is a neutral subspace. We use Lemma 2.2.11 as follows: if
veN(AJ)=Ker(A—XN)™ NSpJ(A,j), then since v € SpJ (A, j) it follows that

J—1 nxj

V= Z Zﬁk,l(A — >\)k$j,l

k=0 I=1

and because v € Ker(A — \)™, it follows that

J—1 1,5
Z Z Bra(A = NFA =Nz = 0, ie.
k=0 i=1

J—1mnx;

Z Z ﬂk,l(A - )\)k+m'7$j71 = 0.

k=0 I=1

However, (A—\)f*™iz;, = 0 for k+m; > j, that is, for k > j—m;. We may therefore write
0= ?C;g” ! ;Zf Bra(A — N)Etmig, ;. It therefore follows from the linear independence
of the vectors in the Jordan basis that 8;; = 0 for all &k = 0,1,...,5 —m; — 1 and

[=1,2,...,ny;. Thus,

J—1  mxj
k
v = Z Z/Bk’l(A — /\) [EjJ.
k=j—m; =1

The vector v is the linear combination of the first m; elements of the Jordan chains of
length j in the Jordan basis. Now, from Lemma 2.2.11 (iii), it follows that [v,v] = 0.
Hence N (], j) is a neutral subspace.
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In particular it also follows from Lemma 2.3.6 in [77] that N_(\, j) is an A-invariant
(also iA-invariant) nonpositive subspace and N, (], j) is an A-invariant nonnegative sub-
space. From (i) and (ii) in the proof of Theorem 2.3.1 it follows that

dim N_ (A, j) + dim NV (A, j) = dim SpJ (A, 7).

Also, as before A*x = —Ax for all z € N (), j). The maximality of the subspaces also
follows from similar arguments as before.
For odd and even j, it follows from the proof of Theorem 2.3.1 that

N_(Nj) = N_(i\,j),
N+()\,j) = N+(Z)\,j>

With NV_(A, ) and N (A, j) as in (2.7) to (2.9), let
N_-(N) = N_(A D[FHN-(N2)[+] - [FIN_(A, 26 + 1), (2.10)
N () =N D[FHNLOG2)[FH] - [FINL (A 26 + 1), (2.11)
Thus we get that

N =N, N\ =N (6N,

According to Corollary 2.2.6 the direct sums are indeed orthogonal direct sums. The
subspaces N_()) and NV, (\) are nonpositive, respectively, nonnegative subspaces of max-
imal dimension within R(A,{A}). From the preceding discussion and Theorem 2.3.7 in
[77] the following theorem holds:

Theorem 2.3.2 Let \ € iR be an eigenvalue of an H-positive real matriz A. Assume
R(A,{\}) is nondegenerate. The subspace N_(\) from (2.10) is A-invariant nonpositive,
the subspace Ny (\) from (2.11) is A-invariant nonnegative and

dim N_(A) + dim NV, (X)) = dim R(A, {\}).

Moreover, A*x = —Ax for all x € N_(A\) UN,(N).

For A1, Ao, ..., A\; purely imaginary eigenvalues of an H-positive real matrix A, let
N =N_(A)[FIN-N)[H - - [FN_(M\) (2.12)
and . . .
Ny = No (M) [FIVE (M) [H] - - [FING (A). (2.13)

The subspaces N_(\;) and NV, (\;) for i = 1,2,..., k are constructed as in (2.10) and
(2.11). It follows from Corollary 2.2.8 that the direct sums are orthogonal direct sums.
Hence the subspaces N_ and N, are the same as the corresponding subspaces N_ and
N, as in [77], p.36.

Now let,

M- :N—H_]R(Aa(cleft)? (214)
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M = NoHR(A, Crigne)- (2.15)
By Lemma 2.2.9 it means that

M- = ./\/:[‘HR(Z‘Aa(Clow)a
M+ = N+[+]R(i14acum;)-

Thus, we get the same subspaces M _ and M as in [77] for real eigenvalues. Therefore
it follows that M_ from (2.14) and M from (2.15) are A-invariant maximal nonpositive
and nonnegative subspaces, respectively.

2.4 The numerical range condition

Let A be an H-positive real matrix and suppose A € iR is an eigenvalue of A. Then A
is H-dissipative and ‘A € R. As before, let k denote the number of negative eigenvalues
of H. By Corollary 2.2.4, the maximum length of a Jordan chain of A corresponding to
A does not exceed 2k + 1. Consider a Jordan basis for R(A, A) and split it into the sets
J(A, j), where J(A, j) consists of the basis vectors belonging to Jordan chains of length j.
Denote by n, ; the number of chains of length j. Now denote the basis vectors in J(A, j)
that are not in the set Ker(A — A\t by {z;.,... , Tjmy, - These are the vectors at the
J+1

end of a Jordan chain of length j. Let m; be &= in case j is odd, and % in case j is even.

Define as before
Yie = (A= X"

which are the vectors in the middle of the chain. We first deal with the case of Jordan
chains of odd length. Following the arguments of [77] p.50 in this case for (A, A) as above,
we let
(Hyjyin) o (HYjina,» Yi)
CM; = : : ;

(Hyjit Yimny) - (HYjing s Yima )
for j =1,3,...,2k + 1. (Here C'M stands for the characteristic matriz). Define

CModd(Av )‘) = dlag{CMla CM37 ) CM2n+1}'
Let nogq = nag +na3 + ... 4+ ny2.4+1 and put
NRodd<A7 )‘) = {<CModd(Aa )\)fﬂ, :L’>‘£L' S CnOdda T 7& O}

(Here N R stands for the numerical range).

By defining 2, and v}, as in the proof of Lemma 2.2.13 and using that [y} ., v},] =
;.65 Y] we have that our C'Mygq(A, ) is the same matrix as the matrix C'M,qq(iA, i)
in [77], where ¢A is H-dissipative and iA € R. Similarly, N Ry4(A, \) corresponds to
NRpqa(iA,iN) in [77]. Recall from [77], Section 3.1.1, that C'M,y4q(iA, i) is Hermitian
and invertible and N R,44(iA,i\) is independent of the choice of the Jordan basis. Hence
the same properties hold for CM,44(A, A) and N Ryq4(A, A). We may therefore define the
odd numerical range condition for (A, H) as follows:
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Definition 2.4.1 Let A be H-positive real, then the pair (A, H) is said to satisfy the
odd numerical range condition if 0 ¢ N Rogq(A, \) for all X\ € iRNo(A). (Thus, (A, H)
has the odd numerical range condition if and only if (iA, H) has the odd numerical range
condition for the dissipative matrices in [77]).

For even length chains, let j, k € {2,4,...,2x} and put

(H(A = Nyjnuka) - (HA= NYjina,» Yr1)
CM;y = : : ;
<H(A - )‘)yj;b ykm)\,k> s <H<A - )\)yj§n>\,j ) yk?")\,k>
where the vectors y;1,¥;2,- . s Yina and the vectors yi1,Yr2, .- Ykn,, are defined as
before. Let

CMQ’Q CM4,2 ce 0M2,€72
CMeven(Aa )‘) = :
CMQ,QH CM4,2H cee C’le‘i,QK,

With x;k as in the proof of Lemma 2.2.13, we now find with j, k even and m = % that

3j—4
/ - .
Y = (=1)i 2y
9 .3j-4
.37
= Z2yj,l7

and

p 3k
Yeio =02 Ykl
It then follows that _
3 . ’ ’ . 9k+3j
[(GA = i)Y Y] =1 2 [Yj0-1, Yrom]
with respect to the two new Jordan chains yj,,y},,. .. ,yg-’nm and y,’al,yfm, e ,y,’cm’k.
The characteristic matrix for (iA,7\) then becomes

L 9k+3j

CM],,]{Z =1 2 CM]J{;

In particular for j = k we see that

From equation (2.5) in [77] it follows that C M}, = 0 for j < k, hence it also follows
that CM,, = 0 for j < k. Thus CM.ye, (A, A) is a block upper triangular matrix. Using
that C'Mj ; is invertible (as is proved in Proposition 3.1.4 in [77]), it follows that C'Mj; is
invertible for each
Jj€2,4,...,2k and thus CMyen(A, A) is invertible too.

Let Neyen, = na2 +nag + ... + Ny 2.. The numerical range

NRepen (A, N) = {{CMepen (A, Nz, z)  |x € Crevem o 2£ 0}

of C'Meyen (A, N) is called the characteristic even numerical range of A at .
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Lemma 2.4.2 Assume that neyen, = a2 +Nxa + ... + Ny 2, as before. Suppose
T1,T2, ..., Tn,,., denote the vectors in the set

{y2,17 LR 7y2,n>\’2} U {y4,17 o 7y4,n>\,4} u...u {y2n,17 v 7y2n,n>\72,€}-
For & = (§1,82, - &nepen) € Cleven et = > 0" iy, Let CMeypen (A, N) be defined as

=1
before with respect to the above vectors. Then ’
<CMeven(A7 /\)§7 §> = [(A - )\)I, (L’]

Proof. On the one hand, let nyo = 0. The vector CM,ye,(A, N)E consists of k blocks,
the first block being

r=1 an 2r [(A A)yQ'r ED) y2 RN 2]5(2;:1 'n)\’gpfg)ﬁ*s

The m' block in the vector is given by

e [ 222 (A = N Yors Yoma 6T nsapoo)ts

2.

r=1 Zn)\ 2r [(A )\)yQT sy Yom TN gm]g(zz:l n)\12p72)+8

Zn)\ v [(A )\)y2r 53 Y2, 1]5(2;:1 n2p—2)+s

So,
K T 2r
<CMeven(Aa )‘)§75> = 51 A >\ y2r sy Y2 1]5(2;21 ny 2p—2)+s
r=1 s=1
+
Kk NX2r
+ n)\ g1 Z Z A >\ y2r 55 Y4, 1]5 > p=172,2p—2)+S
r=1 s=1
+
Kk TN 2r
+ f(zgzlnmp,g)ﬂ Z Z [(A = N)yars, yzn,l]f(zgzlm,2p,2)+s
r=1 s=1
+
Ko TA20 A 2r
= Z Z Z f(zq 1M\, 2q— 2)—|—t€ p 1M\ 2p— 2 +5[(A A)y27’57y2l W 2l]
Il,r=1 t=1 s=1
Now let zq,zo, ..., x,,,,, denote the vectors in the set

{y2,17 e ;y27n,\,2} U {y471, Ce 7y4,n>\’4} U...U {mela Ce ’y2“vn/\,2ﬁ}'
Put x = &2+ ... + &y, Tneyen, then on the other hand we have

Neven Neven

(A=Nza] = [(A=NY gay, Y &l

Neven Neven

= 2 MA=N ) gyl
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where
Neven X2 DWW X 2k
DG = v+ > Cnnaritiag t oot D S o)tV
j=1 j=1 j=1 j=1
Therefore,
Neven Neven K NX2r
Z [(A - )\) Z gjx]" &xl] = 51[2 Z g(2:;0):1 nx2p—2)+sY2r,s; (A - )‘)[*]yll]
=1 j=1 r=1 s=1
+
Kk NX2r
+ é-n)\,g—l—l[z Z 5(22:1 nA,2p72)+Sy2T,S7 (A - )\)[*]yﬁl,l]
r=1 s=1
_.I_
Kk N 2r
+ f(zgzl nA,2p,2)+1[Z Z f(zgzlnmp_g)ﬂyw,s, (A - )\)Myzn,ﬂ
r=1 s=1
+ ...

K 20 X 27

Z Z E(Zézl m,2q72)+t€(22:1 ”A,2p—2)+5[(A - )‘)y%& y217m,zz]'

lr=1 t=1 s=1

Thus, we have that

<CMeven<A7 )‘)57 5) = [(A - A)Iv ZL‘]

O
By using Lemma 2.4.2 and formula (3.18) of [77] we are now ready to obtain a relation
between the respective even numerical range conditions. Let 7,5, ..., 7, denote the

vectors in the set
(W10 Yoo Y U Wt s Yy J U U ts s Yoy, )
Let £ = (&1,&s, .-+, &neyen,) € CMeven be arbitrary. Then it follows from [77], p.61 that
(CMepen(iA, 1N, €) = [(iA —iN)2', 2],

such that z' = ) 7" &;a). Then

7j=1
/ 6 6
T = (§1Z2y2,1 + A + 571)\’21'2y2,nk,2)
12 12
+ (57’1,)\,2—‘,-17/ 2 y471 + LRI _I_ gnA’2+n)\74Z 2 y4,n)\,4)
+ ..
3K 3K
+ (522:1 nazp—2)+1? Y2kl +...+ fnevenz y2/€,n>\72,€)-
Now, let zq,x9,...,2,,,., denote the vectors

{y2,17 L 73/2,71)\,2} U {3/4,1> LR 7y4,n>\’4} u...U {y2n,17 ] 7y2n,n/\,2,€}
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and let
(—i)¢; for j=1,2,...,n\2
B (—1)¢; for j=mnyo+1,....n02+nr4
Hi=19 (1) for j=mnya+mnaa+1l,....n02+nya+n2e

Then pu = (p1, o, - -+, fhn,,., ) € C'ever and
&' =y + pets + o gy Treyen -
From Lemma 2.4.2 it now follows that
[(A = N)a!, 2] = (CMepen(A, )i, 12)
holds. Hence from [77], formula (3.18) we get that

(CM.,e, (1A IN)E,€) = i[(A— N2’ 2]
= {(C' Meyen (A, N, ).

Therefore we can conclude that

0 ¢ NR.o,(iA4,i) = {(C M, (1A, €)0 £ € € T}

even even

if and only if
0 & N Reyen(A, A) = {(C Mepen(A, N, )]0 # 1 € Ceven

Definition 2.4.3 Let A be H-positive real, then the pair (A, H) is said to satisfy the even
numerical range condition if 0 ¢ N Repen(A, A) for all X € iR N o (A).

Thus, from the above arguments it follows that (A, H) has the numerical range condi-
tion if and only if (iA, H) has the numerical range condition for the dissipative operators
in [77].

Definition 2.4.4 We say that a pair (A, H) satisfies the numerical range condition if it
satisfies both the odd numerical range condition and the even numerical range condition.

Example 2.4.5

Let
010 0 72 0
A=1[10 0 0 and H=]| — 0 0
0 00 0 0 -1

Now HA + A*H > 0, hence A is H-positive real. It is clear that o(A) = {0}, thus
1 = e and z; = eg are eigenvectors of A corresponding to its eigenvalue A = 0. A simple
calculation shows that a Jordan basis for R(A, {0}) is given by {ej, es, e3}, with Jordan
chains of length one and two given by:

J(0,1) ={es} and J(0,2) = {e1,ea}.
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Referring to our discussion above, in this case: For j odd (j = 1 only) we have that
T1,1 = €3 and Yi1,1 = €3. Therefore

CM, = ([y1,1,y1,1]) =-1
and hence C'M,4q(A,{0}) = —1. Now let ny4q = no1 = 1, then

N Rodga(A,{0}) = (=00,0)

and 0 ¢ N Ryqq(A,{0}). Thus the odd numerical range condition is satisfied.
For j even (j = 2 only) we have z91 = y21 = e2. Now,

CMso = ([(A - NY2.1, y2,1]) = —1
and hence C'Mepen (A, {0}) = —i. Let newen, = no2 = 1, then

NReyen(A,{0}) = {2z € C|Re(z) =0,Im(z) < 0}

and 0 ¢ N Repen(A,{0}). Thus the even numerical range condition is satisfied.

Thus, the pair (A, H) satisfies the numerical range condition for H-positive real ma-
trices.

Consider the matrix ¢ A, then

H(iA) — (iA)*H > 0.

Hence A is H-dissipative. As before o(iA) = {0}. A simple calculation shows that a
Jordan basis for R(iA, {0}) is given by {e;, —ies, €3}, with Jordan chains of length one
and two given by:

J'(0,1) = {es} and J'(0,2) = {ey, —ies}.
For j odd (j =1 only)
OM{ = ([3/117911]) = -1
and hence CM!,,(1A,{0}) = —1. Now let nyqq = ng1 = 1, then

NR' ,,(iA,{0}) = (—00,0) = NR,qa(A, {0})

and 0 ¢ NR! ,,(1A,{0}). Thus the odd numerical range condition is satisfied for dissipa-
tive matrices.
For j even (j = 2 only) we have 2, = y5, = es. Now,

CMéQ = ([(14 — M)?J;,h yég]) =—i’=1

and hence C M’

even

(1A, {0}) = 1. Let neyen, = no2 = 1, then
NR!

even

(i4,{0}) = (0,00) = iN Reven(4, {0})

and 0 ¢ N Reyen(A, {0}). Thus the even numerical range condition is satisfied for dissipa-

tive matrices.

Thus, the pair (A, H) satisfies the numerical range condition for dissipative matrices. O
Observe in the next example that the numerical range condition is not stable, i.e., it

may fail to hold for H-positive real matrices arbitrarily close to A.
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Example 2.4.6

Let
0 1 0 0 2 O
A =€ 0 0 and H=| — 0 0
0 0 —e 0 0 —1

Now HA.+ AfH > 0, hence A, is H-positive real. The eigenvalues of A, are found to
be {€, —¢}. The eigenvector of A, corresponding to A = € is (say) z; = (1,¢,0)7 and the
eigenvectors of A, corresponding to A\ = —e¢ is (say) y1 = (1, —¢,0)7 and z; = (0,0,1)7.
There are no generalized eigenvectors associated with any eigenvalues of the matrix A..
A simple calculation shows that a Jordan basis for R(A., {—e€}) is given by {y1, 21}, with
Jordan chains of length one given by:

J(—e, 1) = {y17 21}~

Thus, n_.; = 2. For j odd (j = 1 only) we have that x;; = y; and x;5 = 2. Hence,
y1,1 = y1 and y; 2 = z;. Therefore

0 0
OM, = i1yl [v12, 911 _
' i, v12] (W12, Y12 0 1

and hence
0 0
CModd(Ae,{—E}) = |: 0 1 :| .

Now if x € C"dis a nonzero vector, where n,4 = n_.1 = 2, one finds that 0 €
N Ryqa(Ae, {—€}). Hence the odd numerical range condition is not satisfied for the pair
(Ae, H). Therefore the numerical range condition for the pair (A., H) is not satisfied. O

2.5 Uniqueness and stability

Let M and N be subspaces of C" and let (M, N') = ||Pys — Py|| where Py and Py are
the unique orthogonal projections of M and N. Then it is clear that 6 is a metric on the
set S(C") of all subspaces of C".

Definition 2.5.1 Let A € A, where A denotes the class of all n x n H-positive real
matrices. We call an A-invariant mazximal H-nonnegative (respectively, H-nonpositive)
subspace M, A-stable if for every e > 0 there exists a 6 > 0 such that for every B € A
with ||A — B|| < ¢ there exists a H-nonnegative (respectively, H-nonpositive) B-invariant
subspace N, such that

OM,N) < e.

Definition 2.5.2 Let A € D, where D denotes the class of all H-dissipative matrices. We
call an A-invariant mazimal H-nonnegative (respectively, H-nonpositive) subspace M, D-
stable if for every e > 0 there exist a § > 0 such that for every B € D with |A — B|| < o
there exist a H-nonnegative (respectively, H-nonpositive) B-invariant subspace N, such
that

OM,N) < e.
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In the theorem to follow, we make use of Theorem 2.1 in [63]. We therefore first quote
this theorem.

Theorem 2.5.3 The following statements are equivalent for given H-dissipative matrix

A:
(i) there exists a stable A-invariant maximal H-nonnegative subspace,
(ii) there exists a stable A-invariant maximal H-nonpositive subspace,
(i1i) the numerical range condition, in the sense of [77|, holds for the pair (A, H).

(iv) there is a unique A-invariant maximal H-nonnegative subspace M, with o(A|m)
contained in the closed upper half plane,

(v) there is a unique A-invariant maximal H-nonpositive subspace M, with o(A|m)
contained in the closed lower half plane.

In that case, there is a unique stable A-invariant maximal H-nonnegative subspace, being
the one with o(A|sm) contained in the closed upper half plane, and there is a unique stable
A-invariant mazimal H-nonpositive subspace, being the one with o(A|rp) contained in the
closed lower half plane.

Theorem 2.5.4 The following statements are equivalent for a given H -positive real ma-
triz A:

(i) there exists an A-stable A-invariant mazimal H-nonnegative subspace, say M.,
(i1) there exists an A-stable A-invariant mazimal H-nonpositive subspace, say M_,
(#i) the numerical range condition holds for the pair (A, H),

(i) there is a unique A-invariant mazimal H-nonnegative subspace M.y, with o(A|am, )
contained in the closed right half plane,

(v) there is a unique A-invariant mazimal H-nonpositive subspace M _, with o(A|x_)
contained in the closed left half plane.

Proof. First, note that the pair (A, H) where A € A satisfies the numerical range
condition of Definition 2.4.4 if and only if the pair (1A, H) satisfies the numerical range
condition in the sense of [77].

We prove (i)< (iii). Assume (i): That is, there exists a A-stable A-invariant H-
nonnegative subspace M. Notice that since A € A, A is H-positive real implies that i A
is H-dissipative and also that M is iA- invariant.

It follows from Definition 2.5.1 that if we let € > 0, there exists a ¢ > 0 such that for
all B € A with ||[A— B|| < ¢ there exists a H-nonnegative B-invariant subspace N, such
that 6(M,N,) < e. Let By be any H-dissipative matrix such that [[iA — By|| < §. Since
By is H-dissipative it follows that By is H-positive real, hence iBy, € A and thus

A = (=iBo)ll = [lid — Bol| <o
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Hence, there exists a —iBg-invariant H-nonnegative subspace N such that §( M, N, ) <
e. But NV, is also By-invariant, hence M is D-stable with respect to the pair (A, H).
Therefore, (i) holds in Theorem 2.5.3 and hence also (iii) in Theorem 2.5.3 for the pair
(1A, H).

Conversely, assume that (iii) holds, i.e. the pair (iA, H) satisfies the numerical range
condition. By Theorem 2.5.3 there exists a D-stable i A-invariant maximal H-nonnegative
subspace M. The subspace M is clearly also A-invariant. We now verify that it
is also A-stable: Let ¢ > 0 be given. Then there exists a § > 0 such that for every
B € D with ||[iA — B|| < ¢, there exists a nonnegative B-invariant subspace A, such that
O(M,,Ny) < € (cf. Definition 2.5.2). Now, if we let By € A with ||[A — By| < ¢, then
1By € D and also

[iA —iBol| = [|A = Bo|| < o.

Therefore there exists a i By-invariant H-nonnegative subspace Ao such that §(M, N o) <
€. Since Ny is also By-invariant, it follows that M. is A-stable with respect to the pair
(A, H). This proves (i)< (iii).

The equivalence of (ii) and (iii) follows similarly.

We now prove (iii)< (iv): Assume (iv) holds. There exists a unique A-invariant
maximal H-nonnegative subspace M., with o(A|r, ) contained in the closed right half
plane. Take note that, A € A implies that A is H-dissipative and that M is also 7 A-
invariant. From Theorem 2.5.3, M, with o(iA|x, ) contained in the closed upper half
plane is unique for the pair (¢4, H). Thus, (iii) holds in Theorem 2.5.3 and hence (iii)
holds for the pair (1A, H).

Conversely, let the pair (1A, H) satisfy the numerical range condition. Take note, iA
is H-dissipative and M is ¢A-invariant. From Theorem 2.5.3 it follows that there exists
a unique ¢A-invariant maximal H- nonnegative subspace M., with o(iA4|r, ) contained
in the closed upper half plane. Furthermore, M is also A-invariant and o(iA|x, ) C
“closed upper half plane” implies o(A|r,) C “closed right half plane”. Thus, there is
a unique A-invariant maximal H-nonnegative subspace M, with o(A|x, ) contained in
the closed right half plane.

The equivalence of (iii) and (v) follows similarly. O

2.5.1 The real case

It is now clear (from the previous theorem and from the work done by [77]) to see whether
or not there exist unique complex (real) A-invariant maximal H-nonnegative (nonpositive)
subspaces, respectively. The question now arises whether there is any relation between
the existence of the respectively complex and real subspaces. The following lemma gives
the answer to this question.

Lemma 2.5.5 The following statements are equivalent for a given real H-positive real
matriz A.

(a) There exists a unique complex A-invariant maximal H-nonnegative subspace M,
such that o(A|m) C Crign-
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(b) There exists a unique real A-invariant mazimal H-nonnegative subspace M, such
that o(A|m) C Crighe.-

(c) There ezists a unique complex A-invariant mazimal H-nonpositive subspace M,
such that o(A|pm) C Crepy.

(d) There ezists a unique real A-invariant mazimal H-nonpositive subspace M, such
that O'(A|M) g Cleft-

Proof. We consider A acting on C", so A : C" — C", and, we define an indefinite inner
product on C" by (Hzx,y), where z,y € C", and (., .) denotes the standard inner product
on C".

Assume (a), i.e. there exists a complex A-invariant maximal H-nonnegative subspace
M, with o(A|y) € Crigne, such that (Hz,x) > 0 for all z € M.

By the construction at the end of Section 3.5 there is a real basis for M, compare
formula (2.15). So, let {z1,xa, ...,z } be a real basis in M, and let N be the linear span
over R, i.e.

N={zx= Zajxj|aj € R}.
j=1

Observe that M = N +iN. Let x € N, then

for all j. Now Ax = AT = Ax € M, since M is A-invariant. But z € AN if and
only if x € M and z = 7, thus Ax € N. Hence N is A-invariant. Also, since N
is considered as a subspace over R and has the same basis as M over C, it follows
that dim N = dim M = m. Furthermore, N is H-nonnegative since N' C M, thus if
x € N C M it follows that (Hx,xz) > 0. Hence we have that N is A-invariant and
H-nonnegative. The subspace N satisfies o(A|y) = 0(A|pm) C Crigne: Let A € a(A|um),
then there exist a 0 # x € M, such that Az = \z. Since M = N + N, there exist
x1, T € N such that x = xy + ixy (where either x; # 0 or x9 # 0 or both xy, x5 # 0).
Now, Ax = \x & Axy + iAxy = Axy + idxo, ie., Arxy = Ary and Azy = Axy. Thus,
(A|lm) C o(Aln). The inclusion o(A|x) C o(A|am) is obvious.

We now prove the maximality of N. To see this, let N be a real H- nonnegative
subspace such that o(A|g) € Crgne and N C N and AN) C N. Let M = N +iN,
then M C M. Now A(M) = AN) + ZA(N) C N +iN =M, ie. M is A-invariant.
Let z € M then z = 21 + iz with 21, 29 € . Then

<H(1’1 + ilfg),l‘l + Z!L‘2> = <HZL’1,$1> + i<HJ]2,ZL‘1> — i<H[L‘1,ZL’2> + <HJ}2,ZL‘2>
= (Hzy,m1) + (Hxo, 22)
0,

v

which proves M is H- nonnegative. As before 0(Al ) = 0(Al) C Crigne. The maximality
of M implies that M = M. Thus, N' = N and therefore N is maximal.
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To prove the uniqueness, let A’} and N, be two real A-invariant maximal H-nonnegative
subspaces such that o(A|n;) C @»ight for j =1,2. Set M; = {z+iy|z,y € N;}. As before
M is A-invariant and H-nonnegative such that o(A|r,) C C.ight- We prove that M;
is maximal with these properties: Suppose not. Let /\/l have the same properties where
M; C M;. As before, let M; = N +iN; with N being a real A-invariant, maximal
and H- nonnegatlve subspace. Then N C N for 7 = 1,2. The maximality of N; with
these properties then implies that A, = /\/}, ie. M, ./\/l By the uniqueness property
it follows that M; = M,. Thus, N; = Ns.

Therefore, there exists a unique real A-invariant maximal H-nonnegative subspace M
such that o(A|p) C Cpigne. Thus we have proved that (a) implies (b).

Assume (b). Let N be the unique real A-invariant maximal H-nonnegative subspace
such that o(A|y) C Crigne. Let M = {x +iy|x,y € N}, then clearly M is A-invariant
and M is H-nonnegative. Also, as before o(A|y) = 0(A|x) € Cpigne- The proof of the
maximality is similar to the proof of the maximality in (a) implies (b).

The uniqueness argument also follows similarly as above. Let M; and My be two
complex A-invariant maximal H-nonnegative subspaces such that o(A|r,) C @m-ght for
Jj =1,2. Let Nj for j = 1,2 be the real subspaces such that M; = N + iNj as before.
Recall that j is A-invariant and maximal H-nonnegative such that o(A|y;) = o(A|x,) C
Cright- By the uniqueness assumption in (b), it follows that N} = N5. Hence M; = Ma.

Thus, there exists a unique complex A-invariant maximal H-nonnegative subspace M
such that o(A|ym) C @Mght.

The proof of (¢) equivalent to (d) follows similarly. Since (a) is equivalent to (c) by
Theorem 2.5.4 all the statements of the Lemma are equivalent. O

We want to conclude this section by giving some general examples that appear in the
real case.

Example 2.5.6

Let A = 01 ,and H = 0 /s . Assume that HA+ATH > 0. A direct computation
0 0 his  hao

gives

o vy |00

pomacan=) 0]
Now for A to be H-positive real, the matrix D needs to be positive semidefinite. In
particular, both diagonal entries of D need to be greater than or equal to zero. So
hi2 > 0, and as H is assumed to be invertible we actually have hqs # 0.

Note that this is different from the case of H-skew symmetric matrices, for which we
have HA + ATH = 0. In this case, even sized Jordan blocks necessarily come in coupled
pairs, see the canonical form in [40], also [66], Section 6.

Example 2.5.7

0 Hp

Let A = diag J5(0) ® J2(0), H = {Hﬂ Hy,

computation gives

] and assume that HA+ ATH > 0. A direct
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v [0 0
wavatn=[0 0]

Thus, we need Hyy+ H[, > 0. Setting Hy = [CCL b],we have His+ Hi, = [ 2a b+c].

d b+c 2d
So, we need a > 0,d > 0 and 4ad — (b + ¢)* > 0. Note that in this example it is possible
that HA+ ATH = 0, just take a = 0,d = 0 and b = —c.

Observe that the situation in Example 2.5.7 is actually like the pure imaginary eigen-
values, where we have a block of order two at iy and at —ivy, only now we set v = 0.

Remark. Even sized Jordan blocks corresponding to the zero eigenvalue come in two
flavors: there are some that come uncoupled as in Example 2.5.6, and there are some that
come in coupled pairs, as in the canonical form for H-skew symmetric matrices, compare
Example 2.5.7 for the case where Hy, + H], = 0.

Example 2.5.8

As a more general example, consider a real 2n x 2n matrix A in the following special
Jordan form and with eigenvalue A = 0 (of multiplicity 2n):

o 1 -
0 0

o O
O =

01
0 0 |

Thus, from A we see that there are n Jordan chains of length 2. Suppose the corre-
sponding real matrix H has the following form:

0 1 0 0 0 0 0 0 ...... 0 0
1 * aiq * Q12 * a3 * | ...... A1p—1 *
0 a; 0 1 0 0 0 0 ...... 0 0
0 * 1 * as 1 * a2 L3 R a2 n—2 *
0 Q12 0 az 1 0 1 0 O ...... 0 0
H=190 * 0 * 1 * asi *| ...... asn—3 *
0 a1 n—1 0 a2 n—2 0 a3 .n—3 0 0O ...... 0
0 * 0 * 0 * 0 x| ...... 1 *

Let A and H be as above and let B = HA + AT H. An easy calculation shows that:
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[0 0 0 0 0 0 0 0 ]
0 2 0 ai 0 1.2 0 A1n—1
0 0 0 0 0 0 0 0
0 aii 0 2 0 as 1 0 a2 n—2
B=10 0 0 0 0 0 0 0
0 1.2 0 az 1 0 2 0 a3 n—3
0 0 0 0 0 0 0 0
| 0 a1 n—1 0 a2 n—2 0 a3n—-3 ... 0 2 ]
For the given matrix A, one easily verifies that
[ 1 a1 ar2 ... Gip—1 |
0 1 21 ... A2n-2
CMeven(A7 {O}) = CMQ,Q = 0 0 1 <o A3n-3
0 O 0o ... 1 |

Also, if we let C' = CMyen (A, {0}) + CMepen (A, {0})T, then

2 1,1 a2 <o Q1n-—1

1,1 2 a1 N R

C=| apz a2 2 ... azp-3
| d1n—1 G2pn—2 A3n-3 --. 2 ]

Comparing the n X n matrix C' with the 2n x 2n matrix B, we see that if x =
(a1,...,a,) € C" and = = (0,0a1,0,9,0,...,0,a,) € C?*, then (Cx,z) = (Bz,1).
Thus if B > 0, then C > 0. On the other hand, if z = (By,...,3,) € C* and 7 =
(0,82, ...,0,B2,) € C* then (Bx,z) = (Bx,z) = (Cy,y), where y = (B2, 84, - - ., Pon) €
C". Thus, if C > 0, then B > 0. Hence B > 0 & C > 0. One verifies by direct
calculation that (Cx,x) = 2Re(C'Meyen (A, {0})x, x) for all x € C". Thus, C' > 0 if and
only if Re(C'Meyen(A,{0})z, ) > 0. We conclude that A is H-positive real if and only if
CMeven<A7 {0}) > 0.

Suppose that the even numerical range condition holds at eigenvalue zero for all
blocks of order two, i.e., Re(C'Meyen (A, {0})x,z) > 0 for x # 0. Then this implies that
((CMepen (A, {0}) + CMepen (A, {0} ), 2) > 0 for  # 0. But C = CMepen(A,{0}) +
CMeyen(A, {0} so (Cz,x) > 0 for every z # 0. Since C = C? this implies that C has
full rank.

In conclusion: The even numerical range condition holds if and only if C' is positive
definite.

Example 2.5.9

Let A and H have the above form which in general can be written as follows:
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All A12 Hll H12
A — H =
|: 0 A22 :| ’ |: H1T2 H22 :| ’

with 0(A51) = 0(As) = {0} and A is H-positive real. Furthermore we assume that
HT = H, with Hy; positive semidefinite and H,; negative definite. (It is well known that
every real symmetric matrix is similar to a diagonal matrix with its eigenvalues on the
main diagonal, which may be ordered.)

For € > 0, consider

A — A+ el A
< 0 A22 —el ’

i.e. we consider a small perturbation in A, then

HA, + ATH = HA + ATH + 2 { Au 0 1 > 0.
¢ 0 —Hoy
Since Hy; > 0 and Hyy < 0, we see that A, is H-positive real. Moreover o(A.) NiR = 0,
because € > 0, hence 0(Ay; +€l) C Cyigny and o(Age —el) C Ciepy. (This follows from the
spectral theorem for matrix polynomials.) Hence, CM,ye,(Ae, {—€,€}) > 0 from above,
which means that the even numerical range condition holds. Since we only have Jordan
chains of even length, the odd numerical range condition is automatically satisfied. Thus,
the numerical range condition holds for the pair (A, H) and therefore by Theorem 2.5.4
there exists a unique A-invariant maximal H-nonnegative subspace M, say.



Chapter 3

Simple forms and maximal invariant
subspaces of H-expansive matrices

3.1 Introductory remarks

Let H = H” be an invertible n xn symmetric real matrix, and let A be an n xn real matrix
satisfying AT HA > H. Such a matrix is called H-ezpansive or i.e. ATHA— H > 0.There
exists a connection between H-expansive and H-positive real matrices through a suitable
Cayley transform. To see this, let

B=(n+A)n—-A)",

with ) ¢ o(A) and || = 1. Note that HB+B*H = 2((n—A)*)"'(H—ATHA)(n—A)~' <
0, that is — B is H-positive real. (It can be somewhat confusing that this property is called
H- dissipative in [24], see pages 61, 218 and following.) If n ¢ R, then B will be a complex
matrix. Therefore the theory with respect to complex matrices can be applied and the
B-invariant positive semidefinite and negative semidefinite subspaces can be constructed,
see [19]. Take note that A can also be expressed in terms of B, that is

A= (B+I1)"Y(B~-1)n,

since 1 ¢ o(A) implies —1 ¢ o(B). Since B can be represented as a series in A and also
A can be represented as a series of B, they have the same invariant subspaces.
For the real case, if 1 ¢ 0(A) or —1 ¢ o(A) then the same argument gives

B=(I+A)(I-A)" or B=(-I+A)(-1-A)""

respectively. Thus, if A is real so is B. Again, in this case HB + BTH < 0. However, if
both 1 and —1 are in o(A), then we cannot directly apply this argument. Of course we
can apply Cayley transform B = (n+ A)(n — A)~! with some 7 ¢ o(A), but this B is
now a complex matrix. Therefore, it is difficult to reconstruct real invariant semidefinite
subspaces of A from the complex invariant semidefinite subspaces of B. We prefer to treat
the real case directly. This also yields more insight in the structure of real H-expansive
matrices and their invariant subspaces.

Let A and H be real. We know that the eigenvalues of A can lie on the real axis
(single) or else they will appear as conjugate pairs in C. The eigenvalues of interest are

46
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those for which |A\| = 1. Indeed, consider Az = Az, with 0 #£ x € C", A € C and || # 1.
Then

(ATHA — H)z,7) = (ATHA», ) — (Hz, x)
= |M*Hz,z) — (Hz,z) = (|\* = 1){Hz, ).

Thus, if ((ATHA — H)x,z) > 0, then either |A\| > 1 and (Hx,z) > 0, or || < 1 and
(Hx,z) <0, or |\ =1.

If we let M,,,; be the span of all eigenvectors and generalized eigenvectors correspond-
ing to the eigenvalues inside the unit disc, D, then M,,; is H-nonpositive. If M., is the
span of all eigenvectors and all generalized eigenvectors corresponding to the eigenvalues
outside D, then M.,; is H-nonnegative, see [5]. Both M,;,; and M., are isomorphic to
a real vector space.

Furthermore, if ATHA — H is strictly positive then either |\| > 1 and (Hz,z) > 0 or,
|A| <1 and (Hx,z) < 0. Hence M,,; will then be maximal H-negative and M.,; will be
maximal H-positive.

In this chapter we consider the explicit construction of A-invariant maximal H-nonnegative
and A-invariant maximal H-nonpositive subspaces for a real matrix A which has eigen-
values A with |[A\| = 1. (Existence is known from e.g. [5].)

3.2 Preliminary lemmas

For a matrix X, we usually use the notation z;; or z;; to denote the (i, j)-scalar entry.
Sometimes, however, it is convenient to denote the (i, j)-scalar entry of a block matrix
X (when regarded as a usual matrix) by X;;. Although it will mostly be clear from the
context when we refer to either the (i, j)-scalar entry or the (i, j)-block entry, we agree
to consistently use X, ; for the (i, j)-block of the block matrix X. Note the difference
between X;; and X ;.

Let A = a4 i3 be an eigenvalue of A with [A\| = 1 (i.e. o+ 3% = 1) and assume
B # 0. We therefore look at the case where the eigenvalues lie on the unit circle. If A is
H-expansive we have ATHA— H > 0. Let A be in real Jordan form (e.g., see [24], Section
A2 and [75] Chapter 6). In this chapter, we consider H to be invertible and assume that
H=H* As Hisreal, H=HT.

We start with a remark that will be useful in the developements to follow.

Remark 3.2.1 If ATHA — H > 0 and for some i it holds that (ATHA — H);; = 0, then
(ATHA—H);; =0 for all j and (ATHA — H);; =0 for all j.

Proof. If X > 0 and (Xe;,e;) = 0, then (Xe;,e;) = 0 for all j. Indeed, if (Xe;, e;) =
0, then (Xl/zei,Xl/zel) = 0 and hence X'/2¢; = 0. This implies Xe; = 0, and thus
(Xej,e;) = 0 for all j. This means that the (j,4)"-entry equals zero for all j. Since
XT = X, it follows that the (i, j)"-entry of X equals zero for all j. Finally, take X =
ATHA - H. O

We want to find a simple form for H (A is already in a canonical form, namely the
real Jordan normal form). We explain the procedure by a few simple examples.
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Example 3.2.2

o}
—f
A is H-expansive, then
— hi1 h a p hi1 h
ATHA - H = a —f 11 12}[ ]_{11 12}
[ p o« ] [ hia  hao -5 « hig  hao
_ [ —52(7111 - h22) — 2a8h12 Oéﬁ(hn - h22) - 252h12 ]
af(hir — hao) — 26%h1a [%(hay — haa) +2afhys |

Since both entries on the main diagonal have to be nonnegative and since they have

opposite signs, they have no other choice than to be equal to zero. Using Remark 3.2.1 it
follows that v Hy — H = 0. In particular, we have

6(h11 - h22) + 20éh12 = 0
Oé(hn - h22) - 25h12 = 0,

) g« hit —ho | . B
showing that [ o -8 s = (. Since det “

hi1 = hoy and hio = 0. Hence, H = hy11 for some hq;.

Let A = [ g } where 8 # 0 and o? + 32 =1. If H = [ Iy 1 is invertible and

h12 h22

«

3 } = —1 # 0, we have that

Example 3.2.3

Let
1 | Hix Hip
A_[O 7} and H_|:HEQ H2,2]’
where v = _O[B g } is the 2 x 2-block associated with the pair of eigenvalues A = a+if.

Each H,; is a 2 x 2 block matrix. If A is H-expansive, we have

0 <ATHA-H
_ { Y'Hy v — His Y'Hy 1 +~"Hy oy — Hip

3.1
Hyq v+ ’YTHEQ’Y — HlT,g Hyy+ Hyoy + ’YTHlT,z + T Hyoy — Ho o (3.1)

For ATHA — H to be positive semidefinite it is necessary that the blocks on the main
diagonal should be greater than or equal to zero. So we must have

v Hiay = Hiy >0, (3.2)
Hl,l + Hl,27 + ’}/THEQ + ’)/THQQ’}/ — HQ’Q > 0. (33)

Note that (3.2) implies Hy 1 = hy11 by Example 3.2.2. For the H, 5 and Hs 5 blocks we
need some additional lemmas which will follow next. After these lemmas we come back
to Example 3.2.3.

We first introduce notations and classes of matrices that we will use in the rest of this

chapter. LetKoz{é _01}7K1: (1) é}aﬂd]‘fo:{_ol (1)

E ={al +bHy|a,b e R}.

. Furthermore, we let
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In particular y € €. Using that HZ = —1I, the following lemma follows by straightforward
calculation.

Lemma 3.2.4 If K,L € £ then:

KL = LK .
KK' = KT'K = (k¥ +k%)I. (3.5)
The following lemma is the first of a series of lemmas that will be useful in the simplifi-

cation of the matrix H into a form which we will use in the construction of the H-invariant
subspaces.

«

Lemma 3.2.5 Let v = [ 3

g} be such that B # 0 and o + > = 1. If

hi1 hio
H p—y
{ hig  hao }

and yT'Hy — H >0, then yTHy — H =0 and H = hy1.

The proof of this lemma is actually given in Example 3.2.2. Along with Lemma 3.2.5
we state the following lemma:

Lemma 3.2.6 Let v = { _aﬂ g } be such that B # 0 and o + % = 1. If
y — [ Y11 Y12 }
Y21 Yo2
is any non-symmetric real matriz with ¥'Y~y —Y =0, then Y € £. Conversely, if Y € &
then vTY~y —Y = 0.

Proof. As in the proof of Lemma 3.2.5 we have

0 = ATYyy—Y
[ —52(%1 - y22) - aﬁ(ym + y21) Oéﬂ(yn - y22) - 52(%2 + y21) ]
af(yin —ya2) — B2 +y21) B2 (Y1 — y22) + aB(yia +y21) |

Since 8 # 0 we have, [ g —065 } { zilzi } = 0 and because det { g _aﬁ } # 0,

Y11 = Y22 and Y91 = —y12. Hence, Y = i e or Y =ynl +yi2Hy € €.

—Y12 Y
To prove the converse, let Y € £, then

N i EHIEEEN

S ETIR R D
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Since the matrix H in (3.1) satisfies H = HT, we can apply Lemma 3.2.5 to the (1, 1)-
block of the matrix in (3.1) and obtain v" H; 1y — Hy; = 0, furthermore Hy; = hy 1.
Applying Remark 3.2.1 to the (1, 2)-block of the matrix in (3.1) we obtain

’)/THIJ + ’)/THLQ’)/ — HLQ =0. (36)

Lemma 3.2.7 Let v be defined as before, let X, Y be any 2 x 2 real matrices not nec-
essarily symmetric and suppose that YI' X +~4TY~y —Y = 0. Then X = 21Ky + 112K
Furthermore if X = x111 +x12Hy, then it follows that X = 0 and Y'Y~y —Y = 0 and thus
Y e€.

T11 T12

Proof. Let X = [ ] and consider

Ta1 T22
VX +4TYy—-Y =0. (3.7)
Take the trace of equation (3.7), note that vy% = I, and tr(y7Yy) = tr(y7y7Y). Then

0 = tr(y" X)) +tr(y'Yy-Y)
= tr(y' X) +tr(yy'Y) — tr(Y)
= tr(v'X)
= a1 + T2) + B(z12 — T01). (3.8)

Multiply equation (3.7) by Hy from the left and take the trace again; we have by using
vHyy" = Hy that

0 = tr(Hyy" X)+tr(Hyy'Yy — HyY)
= tr(HY'X) +tr(yH'Y) — tr(HyY)
= tr(Hy"X)
= B(a11 + 72) — (219 — 221). (3.9)

From equations (3.8) and (3.9) it follows that

VY e
f —a Tia—Tor | | 0

and since det | ¢ b # 0, we have 1] = —99 and x15 = To;. Hence X = T Tz | _
f -« T2 —Tn

r11 Ko+ x19 K. If also X = 211 + x19Hy, it is straightforward to see that X must be zero

and hence 77Yy —Y = 0 by (3.7). Therefore by Lemma 3.2.6, Y € &. O

Returning to (3.1), we see from Lemma 3.2.7 and Lemma 3.2.5 that Hy; = 0. It then
follows from Lemma 3.2.6 that H;, € £.

We continue with another lemma which will be useful in the sequel.
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Lemma 3.2.8 Let~ be defined as before and suppose X = x111+x1oHy, Y = y11 I +y12Hp
and let Z be any 2 x 2 real matriz, not necessarily symmetric, satisfying

Xy4+~4TY 4472y - Z =0. (3.10)

Put W = —~% Then X = UTY and Y = UX. Furthermore, Xv + 1Y = 0 and
Y'Zy —Z =0, hence Z € £. In particular if Z is symmetric, then Z = cl for some
constant c.

Proof. Take the trace of equation (3.10). Asin the proof of Lemma 3.2.7, tr(yT Zy—Z) =
0 and tr(Hoy' Z~y — HyZ) = 0. Thus we have

0 = tr(Xy)+tr(y7Y)

a1 — Brie Bx11 + axqo

= <{ —aryy — Bry —fBrie + arn })

ayi + By ayiz — Byir)
+ tr
By — oy Byiz + ayn

= 2awxy — 28712 + 2aynn + 2BY12. (3.11)
Pre-multiplying equation (3.10) by Hy and taking the trace again we have

0 = tr(HoX7)+tr(H'Y)
— 4y <[ —aziy — friy —frie + ary })

—azyy + Briy —fr11 — axe

By — ayia Byi2 + ayi;
+ tr
—ayi — Py —ayie + Byn

= —20éZL’12 — 251’11 - 206y12 + 2By11. (312)

From equations (3.11) and (3.12) it follows that
5] ]
B« T12 f —a Yz |
- } =1 we have
o)
)= 7T
T1o B« po—a ||y
_ 52 —a? —2af3 Y11
B 208  p*—ao? Y12
— [ Y11 }
Y2 |

The second column of X is therefore given by

(0%

Since det [ 3
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[%2] _ { 203 Bz—CYQ}[?/n]
T11 f?—a? —2af Y12
{52—042 208 ][ylz]z\lﬁ[yu}
—2af 52 —a? Y11 Y11

and the first column of X by

T11 _ B — o —2ap Y11
—T12 —2af  —p*+a Y12
_ B —a® 2a8 Y1 g7 Y11
—2aB [*—a? —Y12 —y12 |
Hence X = UTY. By taking the transpose of X = WY and using the fact that ¥7 = ¥~
it follows that Y = WX. Furthermore,
Xy+4"Y = Yy 44Ty
= —()Yy+47Y = "(y'Yy - Y)
— 0,
since Y1Yy—Y = 0 from Lemma 3.2.6. Hence from (3.10), v Z~v—Z = 0. It now follows

from Lemma 3.2.6 that Z € £. From Lemma 3.2.5 it follows that if Z is symmetric then
Z = cl for some constant c. g

Remarks

0 == | Cs | =0 Hence, W — (7

2 2
(11) Ul — gl — |: 6_2a% ﬂfgﬁoﬂ :|

2 _ 2 _ n
(iii) Since (¥~HT = ¥, and det U™ = det ([ ﬁgaﬁa 5 2_0452 } ) = 1 for all n, it

follows that ((v")~1)T = @n.

Example 3.2.3 (continued) From Lemma 3.2.5 and Lemma 3.2.7 we have H;; = 0 and

Hy9 = cl. From the fact that Hs o is symmetric and from Lemma 3.2.8 it follows that
H, 5 € €. Hence,

0 Ola —b
0 0|b a

H = o (3.13)
-b a|l0 ¢
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The following lemma also plays an important role in the sequel:

Lemma 3.2.9 Lety = « B ,and let X, Y and W be of the form al +bHy and let
8 «

Z be any 2 X 2 real matrix such that
W4+~TY + Xy +~"2Zy - Z =0. (3.14)

Put W = —~2. Then,

X =VTY - "W and ~"Zy -7 =0, (3.15)
hence Z € E.
Proof. Take the trace of equation (3.14), that is

tr(W +47Y + Xy ++472Zy - Z) = 0.

From the proof of Lemma 3.2.7, we have already seen that tr(y?Zvy — Z) = 0. Thus

tr(W) + tr(y"Y) + tr(X) = 0.
Since W = [ Wit } Y = [ b iz } and X = [ T } it follows that
—Wi2 Wi —Yi2 Yn —Z12 T11
w11 + aYi1 + Bylg + aATr11 — 61‘12 =0. (316)
Pre-multiplying equation (3.14) by Hj and taking the trace again we have

tr(HoW + Hoy'Y + Ho X~ + Hy' Zy — HyZ) = 0.

As before, tr(Hoy" Zy — HyZ) = 0, by Lemma 3.2.7. The same computation as in (3.12)
leads to

—wig + By — a2 — axie — Py = 0. (3.17)

Rewriting equations (3.16) and (3.17) in matrix form gives:

EHIESR R CAREAE
B «a —T12 - —« —Y12 —wyp |7
T11 _ Tl Un o W11
7 { —Z12 } B 7 [ —Y12 } [ — W12 }

and

(5 2012] - (5 2] (][]
-0 « T11 - —«a Y11 wy |0
Z12 _ 7| Y2 | | W2
7{%1} B V{yu} {wn]'
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Hence,

X =AY —W.

1

Pre-multiplying by 7' = 7%, we have

X = (Y)Y —4'W
= vy — 4w

Substituting the above X into (3.14), we have

W4+ (WY —TWy +4TY +~472y - Z = 0, ie.
(W =" W) + (VY + ")V 47T 2y - Z = 0, ie
—(Y Wy =W) =" (Y =Y)+1"Zy-Z = 0,
By Lemma 3.2.6, we have that v/Y~y—Y = 0 and y? W~ —W = 0, whence y7 Zy—Z = 0.
Again by Lemma 3.2.6, Z € £. a

3.3 Structure of H-expansive matrices

In this section we use examples to illustrate an algorithm to find a simple form for the
matrix pair (A, H). We find the zero structure for the real matrix H, which in return
gives us information needed to construct the invariant subspaces that we are ultimately
looking for.

3.3.1 One Jordan block: one pair of complex eigenvalues

First, consider the case where A is a single real Jordan block with a single pair of eigen-
values o + i on the unit circle. We assume that A is of (scalar) size 2n x 2n, that is,
considered as a block matrix with 2 x 2 blocks, A is a n X n block matrix. Therefore, let

v I
A=| 7 ,
I
~
where v = { _Oéﬁ g } and I is the 2 x 2 identity matrix. Also let H = H” be a real
symmetric matrix. Remember that we shall write H = [H,;]},_,, where each H;; is a

2 x 2 block. If A is H-expansive, i.e. ATHA — H > 0, we formulate the following result
to obtain the simple form for the pair (A, H). Recall that ¥ = —~2.

Proposition 3.3.1 Let A be a single real Jordan block with single pair of eigenvalues
A = a %183, each of multiplicity n, and o® + 3> =1, B # 0. Let H be an invertible real
symmetric n X n block matriz. Suppose A is H-expansive with respect to the indefinite
inner product. Then, when n is odd, H has the following form:



CHAPTER 3. SIMPLE FORM FOR H-EXPANSIVE MATRICES 95

0 0 0 c(¥h)"z
0
: c(\IfT)2
cUT
H = cl . (3.18)
cv
: cU?
0 L *

Here ¢ denotes the real value (Hn+1 n+1)11. For even n we have
2 7 2

[0 0 0 (U"2°)TH |
0
: (U2)TH
v
H
H= T ,
HTW
HT W2 *
0
- HTQ]WTJ -
(3.19)

where H = Hz nyq. The vertical and horizontal lines in the matriz divide the matriz into
four blocks. The left upper block has size m x m, with m = ["T“], and consists of zero
entries in the even case while in the odd case it has the entry cI in the right lower corner
and all other entries are zero. In the lower right block are entries which are not of interest
to us in the construction of the invariant subspaces. However, all other entries below the
skew diagonal in the right upper block and the left lower block are entries which are in £.

If n is even, then it follows for the block matrix H € &, 1.e., H = al + bHy where
a,b € R such that aac — b > 0.

Proof. The result follows from a repeated application of Lemma 3.2.5, Remark 3.2.1,
Lemma 3.2.6, Lemma 3.2.7 and Lemma 3.2.8. The way these lemmas are applied is
demonstrated in the construction of the simple forms for the cases n = 5 and n = 6
below. These cases can easily be extended to the general case.

Consider the case where n is odd first. The (1,1)-block entry of the block matrix
ATHA — H is given by:

(ATHA — H)l,l = "}/THLl’}/ - Hl,l > 0.

By Lemma 3.2.5, VTHLW — Hy; = 0 and there exists a ¢; € R such that Hy; = ¢i1.
Applying Remark 3.2.1, it follows that for all j > 1, (" Hy—H),; = (Y"Hy—H);1 = 0.
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For j > 1, knowing that all the entries in the first block row of ATHA — H are zero,
we have

0 = (ATHA-H),;

— Hyj; = v"Hijo1+~" Hijy— Hyj. (3.20)

O ee

Taking j = 2 we have from (3.20) that

Y'Hy 1+~ "Hy oy — Hip = 0.

Since H;; = ¢;I we have by Lemma 3.2.7 that H;; = 0. Then by Lemma 3.2.6 we have
H, 5 € €. Proceeding in this way for ¢ =1 and j > 1 we find H; j =0forj=1,...,n—1
and Hy, € €.

In general, for ¢ > 1 and 7 > 1 we have

(ATHA-H);;=[0 ... 0 I 7 0 ... 0]H — H,j,

COR ~O

0

where I and 47 in the first block row is in the (i,4— 1) and (4,7) position respectively and
in the block column, I is in the (j — 1, j) position and v in the (7, j) position. Hence,

(ATHA — H)z‘,j = I1;-1,5-1 + Hi—l,j’7 + ’YTHiyj_l + ’YTHW-’)/ - Hi’j. (3.21)
Consider the second block row in ATHA — A, that is, let 4 = 2. Then (3.21) becomes

(ATHA—H)yj = Hyjo1 + Hijy + 7" Hajor + 7" Hyjy — Hay. (3.22)
For j =2 in (3.22), we have

(ATHA— H)ss = Hy 1 + Hi oy +7"Hoy +7  Hooy — Hao > 0.
Since Hy; =0, Hy 5 = 0 (from above) and Hs; = 0 by symmetry, we have

(ATHA— H)ao =~"Hypy — Hoo > 0.
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It now follows from Lemma 3.2.5 that v7 Hy sy — Has = 0 and Hyy = c» for some ¢y € R,
ie, (ATHA — H)y5 = 0. By Remark 3.2.1 we therefore have (ATHA — H)y; = 0 for all
7=12,...,n.

Taking j = 3 in (3.22), it therefore follows that

Hyo+ Hyzy+~"Hoo+ v Hozy — Hyz =0,

Substituting Hyo = 0 and Hy3 = 0 we have v' Hos + v Hy3y — Haz = 0. Also, since
Hjy 9 = col, we realize from Lemma 3.2.7 that Hy 5 = 0 and therefore that

Y Hy 3y — Ho3 = 0.

Now Lemma 3.2.6 kicks in to let us realize that Hy 3 € £. Repeating the above procedure
for j =4 in (3.22), we soon realize that Hy3 = 0 and Hy4 € £.

We may continue in this manner, but for illustration of this procedure, we restrict
ourselves to the case where n = 5. All arguments carry over to the general case. So, if
j =51n (3.22), we have

Hyg+ Hi5v+7" Hoy+~ " Hysy — Ho5 = 0.

Since Hy4 = 0, and Hy 5, Hy4 € &, it follows from Lemma 3.2.8 that H, 5 = W7 Hy 4 and
H275 e€.
For the next block row, let i = 3. For j > 1 in (3.21) we have

(ATHA = H)sj = Hyjor + Hagy + 9" Hyjo + " Hayy — Hyy. (3.23)

Since H = H” we see that Hyy = Hy3 = 0 and Hss = Hss = 0. For the other block entries
in the third row we follow the same arguments as above and see that (ATHA — H); 3 =
Y'H3 37— Hz3=0. So, (AT HA—H)3; = (ATHA—H);3 =0 for all j. Applying Lemma
3.2.5 for j = 3 in (3.23) we find that Hs3 = c31.

For j =4 in (3.23) we have

Hy 4y + VTH3,3 + ’YTH3,4’Y — H34,=0.

Lemma 3.2.8 yields Hyy = WTHy3 = c3¥7 and Hz4 € €. Hence,

Hys=V"Hyy= (V") Hyz = c3(W")%
When j =5 in (3.23) we obtain

Hy 4+ Hy 5y + ’YTH3,4 + ’YTH3,5’Y — H35 = 0.

From Lemma 3.2.9 it follows that Hs5 € €.

The algorithm stops for (ATHA — H);; when i,j > [%!]. We denote the remaining
entries of the matrix by *. Each % in the matrix below denotes a real 2 x 2 block. Also
the zeros in the matrix below represent 2 x 2 blocks. Since H = HT, we can find the
other entries by symmetry. Thus,
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0 0 0| 0 cy(07)2
0 0 0 |97 g
0

H = 0 C3] €9 €3 s
0 ¥ el * *
c3W? el el * *

where e; denotes some 2 x 2 block entries which are in £. The proof for the general case
when n is odd, is completely analogous.
We now focus on the case when n is even. Let

where v = { _aﬁ g 1 . Also, let H = [H;;]},—, and again remember that H = H". If A

is H-expansive, we have

(ATHA — H)l,l = ’}/THLl’}/ — Hl,l Z O

As before, from Lemma 3.2.5 it follows that fyTHLlfy — Hy; =0and Hy; = ¢;/. Hence
from Remark 3.2.1 we have (ATHA — H),; = (ATHA — H);; = 0 for all j. Like in the
odd case (see (3.20)) we obtain:

"}/THLj_l + ")/THL]"')/ - HLj =0. (324)
Using (3.24), Lemma 3.2.6 and Lemma 3.2.7 as in the odd case, we have
Hy ;=0 for j=1,2,...,n—1 and

Hy, €E.

In general, for ¢ > 1 and 7 > 1 we again have
(ATHA—H);j=Hi1jo1+ Hioagy + Hijo1 + 7" Hijy — Hiy. (3.25)

For i =2 and j > 1, equation (3.25) becomes
(ATHA—H)oj=Hyj1 + Hyjy+7" Hoj1 +~" Hayy — Ho . (3.26)

Taking j = 2,...,n—1 we have the same result as in the odd case, i.e., (ATHA—H),; = 0.
As an illustration when we take n = 6, we have for j =5 in (3.26)

Hyg+ Hysy+~"Hoy+ v Hysy — Hys = 0.

Since Hy14 = 0, Hy5 = 0 and Hy4 € &, it follows from Lemma 3.2.7 that Hy4 = 0 and
from Lemma 3.2.6 we obtain Hy 5 € €. Similarly, when j = 6 in (3.26), it follows that

His+ Hioy+7" Hos +7" Hogy — Hog = 0.
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We know H; 5 = 0, H; 6 and Hy 5 are in the set £, hence it follows from Lemma 3.2.8 that

Hl,ﬁ = \IITH275 and H276 ef.

We continue in the same manner for i = 3 and 7 = 4,5,6. Then, when j =4 in (3.25)
we have

(ATHA - H)3’4 = WTH3,3 + ’YTHSA'V - H3,4 = 0.

From Lemma 3.2.7 we have H3 3 = 0 and from Lemma 3.2.6 we obtain Hz 4 € £. If j =5
in (3.25) we see from Lemma 3.2.8 that Hy5 = W' H3,4 and Hs5 € €. Hence,

Hy = (9*)" Hy,.

If we let j = 6 in (3.25), then it follows from Lemma 3.2.9 that Hss € £.
The remaining cross-diagonal entries of H can be found by symmetry. If we let Hs 4 =
H € &£, then we have in the even case for n = 6 that

0 0 0]0 0 (U)TH]
0 0 00 Uiy e1
B 0 0 0 |H €9 €3
i = 0 0 HI| x * ’
0 H' el | x  x
| HTU? el el | x x |

where as in the odd case e; denotes some 2 x 2 block entries which are in £.

We will now prove the last part of Proposition 3.3.1 for even n. When we consider
the (4, 4) block entry of (3.25) we only know that this entry should be greater or equal to
zero. But we obtain some useful information in doing so. Thus,

0<(A"HA—H)yy = Hsz+ Hsyy+~y" Hyz+~v"Hygy — Hyy (3.27)
= Hsyy+~"Hy,+~"Hyyy — Hyy

Since Hs 4 € &, the first two terms reduces to the following expression in terms of o and
5, that is

Hy a7y +~" Hyy = 2(ac = bP)1,

for some a,b € R and where we recall that A = a +10.
If ace — b < 0, then clearly for (3.27) to hold, we should have

Y Hyay — Hyq > 0.
But then by Lemma 3.2.5 we have
WTH4,47 - H4,4 =0.

This then contradicts the fact that (ATHA — H),4 > 0 in (3.27). Therefore, ac — b3 > 0
should hold.
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Applying the same reasoning as in the proof of Lemma 3.2.5 for the last two terms
above, i.e., ”yTH4,4”y — Hy 4 we see that (3.27) reduces to the following observation:

ac — bp > 0.

O

In the remainder of this section, we consider some special cases with only one Jordan
block.

Special case 1 (A = +i)

We consider the special case when A = +i. Now v will be the 2 x 2 matrix

0 1
7:[—1 O]ZHO'

As before, we have to consider the odd case (i.e. when n is odd) and the even case (when
n is even) separately. Again we restrict ourselves to a n x n Jordan block matrix

0 1 1
-1 0 0
0

O = = O

—1

1
0
0

O = = O

—1

In this case ¥ = —* = I. Let H = [H; ;]! ._,. If n is odd we immediately have

INES

0O 0 ... 0 «cf
0 a
: cl
cl
H = cl ;
cl

cl *
0
cl

and when n is even, we have
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0 0 0 H |
0 -
: H
H
H= H
HT ’
fHT
HT *
0
HT

where H € &.

Special case 2 (A = +£1)

It may happen that the unimodular eigenvalue of our matrix A is real, that is A = 1 or
A = —1. The eigenvalues therefore do not appear in conjugate pairs, hence both A and
H are no longer n x n block matrices. When A = 1, we let A be a n x n matrix of the
form

Let H = [hij]Zj:I and H = HY. When A is H-expansive, (ATHA— H)1, = hyy —hyy = 0.
Hence, (ATHA — H)y; = (ATHA — H);1 = 0 for all j. It is therefore clear that hy; = 0
forj=1,...,n— 1.
For i > 1 and 7 > 1 we have
0= (ATHA — H)U = hi—l,j—l + hi—l,j + hi,j—l- (328)

By direct calculation we have for ¢ = 2 that

heyj =0 for j7=1,....,n—=2 and hgp_1 = —hiy,.
In general we obtain
Pimti1 = (=1 hy, for k=1,2,....,n

We can continue in this way as long as i < [%}], because when ¢ > [%1] we only know

2
that (ATHA — H); > 0. Hence

1 1
" e 1<isM

Therefore, the corresponding matrix H has the following form for odd n:

(ATHA—H);;=0 for 1<i<]|
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H= (-1)"z ¢ . (3.29)

When n is even, we obtain the following formula

hinoiir = (—1) 'y, for k=1,2,..., g

Thus, in the case when n is even, the following simplified form for the matrix H is
obtained:

(3.30)

In both cases ¢ = h;,, and k = 1,...,n. Take note that (—1)”7_20 > 0. To see this, take
i=j=7%5+1in (3.28).

When A = —1 the matrix A has the following Jordan form

-1 1 i

The only difference is in (3.28), which becomes

(ATHA — H)z‘j = hi—Lj—l - hz‘—l,j - hi,j—l-
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When we apply the corresponding lemmas to determine the entries of the matrix H we
find that they are exactly the same as in the case when A = 1. So, the form of the matrix
H is as in (3.29) and (3.30) for odd and even n, respectively. But now for even n we have
(—1)”7_20 < 0. As before this is seen by taking i = j = § + 1 in (3.28).

Note that in the above special cases for the specific chosen A and H it will always
hold that ATHA — H # 0.

3.3.2 More Jordan blocks: one pair of complex eigenvalues

In this section we discuss a more general case, where we consider the case that the matrix
A consists of more than one real Jordan block, but still with only one pair of eigenvalues,
A=a=x1if, f#0, on the unit circle. To set up notation, let A =J, & ... ® J;, where J;
is a real Jordan block with eigenvalues o 43, each of multiplicity n;. It is not excluded
that n; = ny for j # k. Hence, A may consist of Jordan blocks which can be all of even
size, or all of odd size, or of both even and odd sizes. We consider the different cases.
Once again we explain the construction of the simple forms for the matrix H by means
of examples.
Firstly, let us consider a matrix A consisting of three real Jordan blocks. Let

1
A= Ja
J3

be in real Jordan form. Let each J,, for p = 1,2, 3, be of the following form

o -

v I
v I
v

with v = al 4+ Hy as before. Furthermore, let J; be a ny xny, Jo ang Xng and Js a nz xXng
Jordan block matrix, so as scalar matrix J, is of size 2n, x 2n,. Put N = ny + ny + ns.
As before the block matrix H is a real symmetric block matrix of size N x N. Let
H = [H,;]?,_,, where each H;; is of appropriate size and consists of 2 x 2 block entries.
If A is H-expansive, we have

0 < ATHA-H
JEH Jy — Hyy JEHy9Jo — Hig JUHy3Js — Hyg
= J;‘FH2,1J1 - H2,1 J2TH2,2JQ - H2,2 J2TH2,3J3 - H2,3
Jg,TH3,1J1 - H3,1 JgH3,2J2 - H3,2 JgH3,3J3 - H3,3

Hence, for A to be H-expansive, it must hold that JpTHp,pJp —H,,>0foreachp=1,2,3.

From the previous section a form for the matrix H,, is already known for both odd and

even n,. Therefore we only need to consider the blocks J! H,,.J, — Hy,, when p # q.
Since (J{ Hi1Ji — Hia)iy = 0for 1 <i < [2H]or 1 < j < [®LH] we have that
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=
+
—_

] and j7=1,...,N

n1+1
2

or jzl,...,{ } and 2=1,...,N.

Also, because (J] HyaJo— Haz2);; = 0forng+1 <i < [%"2“] orni+1<j< [%"2“],
we have

(ATHA—H);; =0,
ng + 1

2
ng + 1

for i:nl—l—l,...,nl—k{ ] and j7=1,...,N

or j:n1+1,...,n1—|—{ } and 7=1,...,N.

Similarly, since (J7 Hz3Js — H33);; = 0 for ny+ny+1 <i < [W"QTW’H] orn;+ny+1<
j S [n1+n++n3+l]’ we have

(ATHA - H),;; =0,

fOT i:n1+n2—|—1,...,n1+n2+[

or j:n1+n2+1,...,n1—|—n2+{

If in our example we let ny = 5,179 = 4 and n3 = 3, then the block matrix ATHA — H
has 2 x 2 block zero entries in the following positions:

000O0O0Ol0OOOO[O0OODO
000O0O0[0OO0O0OO0O[0OO0O0
000O0O0[0OO0O0O0O[0O0O0
000 00 00
000 00 00
T 000O0GO0[0OOOTO[OO0O
ATHA = H = 000O0O0[(0OO0O0O0[0O00O
000 00 00
000 00 00
000O0GO0[0OOOGO[OODO
000O0O0[0OO0O0OO0O[0OO0O0
[0 0 0 00 00 |

The blocks with blanks on the main diagonal must be positive semi-definite. The other
blocks with blanks are not specified. The form of the blocks on the main diagonal of H,
for even and odd n are known. Since H = H”, we now only have to consider the blocks
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below the main diagonal which are not necessarily square matrices. We use the same
algorithm as in the previous construction.

Firstly, let us consider the block JJ Hy1J; — Hay. Let Hyp = [F[m] fori=1,...,n
and j = 1,...,n;. It follows from the above discussion that yTﬁLw — 1:11,1 = 0. From
Lemma 3.2.6 we know that I:IM € £. Compare to the first few paragraphs immediately
after the proof of Proposition 3.3.1. For + =1 and j > 1 we have

0= ’yTHLj,l + fyTHLj’y - Hy ;.
We apply Lemma 3.2.6 and Lemma 3.2.7. As expected, we have Fllﬁj =0 for j =
L,...,ny — 1 and H, n € E. From the fact that (J7 Hy1Jy — Ha1)ay = 0, it follows
that H, 1Y+ TH, 1Y — ﬁgl = 0. And since H1 1 = 0, it follows from Lemma 3.2.6 that
H271 e €.
If i >1and j > 1 we have

(J2TH2,1J1 - H2,1)i,j = ~1‘71,3'71 + ﬁ[i—l,j’y + ’VTHi,jfl + ’YTﬁi,j’Y - ﬁzg (3'31>

For i =2and j =2,...,n; — 1 iteratively in (3.31) together with Lemma 3.2.7, we have
that H21 = H22 = H23 = 0 and H24 € £ When j = n; = 5 in (3.31) we have from
Lemma 3.2.8 that

o, 5= v, A
Increasing ¢ by one and successively increasing j by one we have as before that: H3 1=
H3 o =0 and H3 3 € £. We stop here, because we do not know if the entry (JJ Hoy 1J1

H271)3’4 1S Zero. N N
When ¢ =4 and 1 < 5 <n; —2 we have that Hy; =0, Hy5 € £ and

H373 = \IjTﬁ472_

Again we stop, because it is not clear whether or not the next entry in the block is zero.

Hence, we have a structure for the block Hy;. We now proceed with the remaining
blocks under the main diagonal. Let us consider the block JgT Hs1Ji — Hzy. In what
follows we denote the entries of Hs; by Hz(,j' Note that Hs; in our example is a ng X ny
matrix. For this block we let ¢ =1,...,n3and j =1,...,n;. We know that

(J?TH&lJl HS 1)1]

=0
n3+1:|

for izl,...,{ and j=1,.

n1+1
2

or jzl,...,{ ] and 1=1,...,n;3.

Following the same algorithm as for the previous block, we find that Hj ; = 0 for j =
1,.. — 1 and Hj i € E. We use equation (3.31) for this and all the remaining blocks.
So, as before, we can increase ¢ and run through all possible j’s before we increase ¢ again.
Thus we have Hy ; =0 for j =1,...,n, — 2 and Hy, € & such that

Hi;=V"Hj,.
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We also have Hy ; =0 for j =1,...,n; — 3 and Hj3 4 € £. Hence we have a structure for
the block Hj ;.

It remains to consider the block JI Hs39Jy — Hs 5. We denote the block entries of Hj o
by ﬁ{] Here we have that

(J§ H3oJo — Hsz);; =0,
ng+ 1
2
ny +1
2

for i—l,...,{ and j=1,...,n9

or jzl,...,{ } and i=1,...,n3.

Applying Lemma 3.2.6, Lemma 3.2.7 and Lemma 3.2.8 together with equation (3.31), we
have: ﬁ{,j =0forj=1,...,n0—1, lfl'{m2 € £. Applying this again for i = 2 we obtain
f[ij =0forj=1,...,ny— 2, ﬁ57n2_1 € &£ and ﬁ{m = \IJTﬁém_l. For i = 3 we get
ﬁfz’ﬂ =0 and ]flég el.

Since we have H = H', we immediately find the entries for H in the blocks above
the main diagonal blocks. Note that the (1,1)-block and the (3,3)-block are derived from
(3.18), while the (2,2)-block is obtained from (3.19). Although we have obtained the
(2,1), (3,1) and the (3,2)-blocks, we only exhibit the (2,1)-block. For later application we
are only interested in the position of the zeros within all the blocks. Hence we get the
following form for H:

0 0 0 0 ()T 0 0 0 0 0 0 0
0 0 0 ¥’ 0 0 0 afy, | o o0 0
0 0 oI x * 0 0 HIL,U =« 0 0 =
0 c¥ * * * 0 ~27j4 * * 0 =« *
U2 * * * * ~2T4\Il * * * * * *
0 0 0 0 VT H, 4 0 0 0 UTHy3 | 0 0 0 (3.32)
0 0 0 H274 * 0 0 H273 * 0 0 * '
0 0 \Ijngl,Q * * 0 Fg * * 0 = *
0 ~472 * * * F2T73\Il * * * * ok *
0 0 0 0 * 0 0 0 * 0 0 ¢&uT
0 0 0 * * 0 0 * * 0 ¢l =
0 0 * * * 0 * * * e % *

Finally we also consider the special case where A = +1. As we have seen in the section
where this special case was considered with only one Jordan block, our matrix pair (A, H)
consist of scalar entries. Hence, if A consist of more Jordan blocks, we find on the main
diagonal blocks for H either the form as in (3.29) or (3.30), depending on n.

Below the main diagonal blocks of H, we find something similar to (3.32), but now
with scalar entries on the skew diagonals. These entries alternate in sign and depend in
each block on the (1,n;)-entry. For example, in the (2,1)-block the entries on the main
skew diagonal is given by

hk,nl—k—i-l = (—1)k71h1,n1 for k= 1, ... Ny
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where n; is the dimension of the first Jordan block and ny the dimension of the second
Jordan block.

The case when A = 1 or A = —1 is more complicated. This is illustrated already by
the canonical form for real H-unitary matrices, as given in [66], Section 7. The difficulties
pertain to Jordan blocks with eigenvalues +1 and equal even size. For the purpose of
constructing invariant maximal H-semidefinite subspaces this is not a problem, as we
shall see later on. The precise structure of the blocks in H corresponding to Jordan
blocks in A with eigenvalues +1 and even size is immaterial for this purpose.

However, from point of view of constructing a simple form it would be of interest to
delve into this case a bit deeper. This is left as a future topic of investigation. Just to
show how complicated matters can be, we close this section with an illustrative example.
The example shows that a simple form must of necessity depend very much on the precise
nature of the matrix D = ATHA — H.

Let us analyze the case of two blocks of size two, with eigenvalue one, that is,

1 100 0 ¢t 0 w
01 00 t u w x
A= 0 01 1|° H= 0w 0 y
00 01 voT Yy =z
for some real numbers ¢, u, v, w, z,y and z.
We introduce
0 0 0 0
T {02t 0 wHw
D=A"HA—-H = 0 0 0 0
0 w+v 0 2y

Recall that by assumption D > 0.
The effect of a change of Jordan basis is to replace H by H; = STHS, where S is an
invertible matrix of the following form:

a b ¢ d
0 a 0 c
S_efgh
0 e 0 g

By invertibility of S we have ag—ce # 0. Then A; = S71AS = A. Also, we shall compute
D, = STDS. Note that this does not have an effect on the rank of D.
We have

0 tl 0 (%1
. tl Uy wp I
=1y wy 0y’

V1 1 Y1 1
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where

t1 = (at + ew)a + (av + ey)e,
v, = (at + ew)c + (av + ey)g,
wy = (at + ev)c + (aw + ey)g,
y1 = (ct + gw)c + (cv + gy)g,
up = (at +ev)b+ (bt + au + fw + ex) a+ (aw + ey) f + (bv + ax + fy + ez)e,
z1 = (at +ev)d+ (bt + au+ fw + ex) c+ (aw + ey) h + (bv + ax + fy + ez) g,
21 = (ct + gv)d+ (dt + cu + hw + gz)c+ (cw + gy) h + (dv + cx + hy + gz) g.

Also,

0 0 0 0

0 2t1 0 wy + U1
0 0 0 0

0 w1 + vy 0 2y1

2t wy+v| _ |a e 2t w4+v| la c
wi+vr 2y | |e gl lw+v 2y e g|’

Now by Sylvester’s law of inertia we can choose a, ¢, e and g such that ag — ce # 0 and

D, =

Observe that

(0 if rank D = 0,

2t1 wy +v| 2 0 .
wy + vy 201 - 0 0 if rank D =1,
L 21 it rank D = 2.

Suppose we have chosen a, ¢, e, g such that this holds. Then, in all cases we have v; = wy,
and further we have, in case rank D = 0, also t; = 0,y; = 0. In case rank D = 1 we have
ty =1,y =0, in case rank D = 2 we have t; = y; = 1. Thus, we have

( -~ -

0 O 0 v
0w —un if rank D =0,
0O —v;y 0 O
_U1 I O Zl_
[0 1 0 ]
1 —
H, = “ v if rank D =1,
0O —vy 0 O
_’Ul il O Zl_
[ 0 1 0 Ul-
1 —
“ v if rank D = 2.
0 —U1 0 1
_Ul il ]_ Zl_
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Now let us rewrite the formulas for the remaining variables. We have v; = (¢t + gv)a +
(cw + gy)e, and

uy = 2(at + ev)b + 2(aw + ey) f + (a*u + €’z + 2aex)

21 = 2(ct + gv)d + 2(cw + gy)h + (Pu + gz + 2gcx)

z1 = (at + ev)d + (cw + gy) f + (ct + gv)b + (aw + ey)h
+ (au + ex)c + (ax + ez)g

Rewriting this as a set of equations in b,d, f, h given a,c, e, g, we arrive at

" b
1
d
21| = X + f,
- f
! h
where
2(at + ev) 0 2(aw + ey) 0
X = 0 2(ct + gv) 0 2(cw+gy) |,
ct + gv at + gv cw + gy aw + ey
and

a’u + €%z + 2aex
£ = u+ g%z + 2gcx
(au + ex)c + (ax + ez)g
We claim that X is onto. To see this, we need to show that X has rank three. We show
that the first and the third column are independent. If not, then

(at + ev)(cw + gy) — (aw + ey)(ct 4+ gv) = 0,
which, after some computation, is equivalent to
(ag — ec)(ty — vw) = 0.

Now both terms are non-zero: ag — ec # 0 since S is invertible, and ty — vw # 0 since
H is invertible. So the first and third column are independent. Likewise, the second and
fourth column are independent. The first column is non-zero. Indeed, if it were zero, then
at + ev =0 and ct + gv = 0, that is

MR

c gl |v

Since S is invertible ag — ce # 0, and so this would imply ¢ = v = 0. But then H is not
invertible. Thus the first column is non-zero. In a similar manner the other three columns
are non-zero as well. Hence the rank of X is three.
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It then follows that there exist b, d, f, h such that u; = 0,27 = 0,21 = 0. Thus we can
reduce to the case where

[0 0 0
0 0 —u if rank D =0,
0 —Uq 0
lv7 O 0 0]
[ 0 1 0 Ul-
1 0o - 0
H, = Yt if rank D =1,
0O —v; 0 0
lv7 0O 0 0]
[ 0 1 0 Ul-
0 —u 0 if rank D = 2.
0 —U1 0
| Lu1 0 1 0

ajly cilp

, and we
e1ly 91]2}
put Hy = ST H, S with H; in the form we just obtained. We assume S is invertible. In
case rank D = (, we obtain

Our next step is to do a second similarity, this time with S; = [

0 0 0
I U
Hy = 0 —vy, 0 0
v, 0 0 0

where vy = (a191 — c1e1)v;. Clearly, by choosing a1 = 1,91 = 1/v1,¢; = 0,e5 = 0, we
reduce to the case where

0 0 0 1
0 0 -1 0

Hy 0 -1 0 0
1 0 0 0

Next, consider the case where rank D = 1. Then

0 a% 0 V2
2
Hy = 51 H15: = 0 wy, 0 ¢

v, 0 & 0

where

vy = c1a1 + (a1g1 — creq)vy,

W = C1G1 — (algl — 0161)7}1.
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Taking again a; = 1,¢; = 0,e; = 0 and g; = 1/v; we arrive at

0 1 0 1
1 0 —-10
Hy = 0 -1 0 0
1 0 0 0

For the case rank D = 2 there is no further reduction we perform. So, we arrive at the
following possible simple forms: the pair (A, H) can be reduced by similarity on A and
simultaneous congruence on H to a pair where A = J5(1) @ J2(1), while H is of the form

[0 0 0 1]
00 ~10 if rank D =0,
0 -1 0 0
1 0 0 0]
[0 1 0 1]
H = Lo =00 if rank D =1,
0 -1 0 0
1 0 0 0]
[ 0 1 0 U1
1 0 —u 0 if rank D = 2.
0 —U1 0
lv7 0O 1 0

\

3.3.3 More Jordan blocks with equal size

In this section we discuss what happens if the matrix A has real Jordan blocks which
are of equal size. First consider the case when they are of odd size. For example, let

A= [ g J } be in real Jordan form with respect to the eigenvalue A = o £+ i and
2
where
o, :
v 1
Jp - .. - )
v I
g

for p = 1,2. Each block J, is a n x n block matrix with v = ol + H,. Furthermore, let
H = [H,;]?,_,, with each H;; a n x n block matrix and H = H”. If A is H-expansive we
have as before that

0 < ATHA-H
JlTHLlJl - H1,1 JlTH1,2J2 - H1,2
J2TH2,1<]1 - H2,1 J§H2,2J2 - H2,2
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and hence for p = 1,2 it must hold that J| H,,J, — H,, > 0. The form of H,, is known
when n is odd, see (3.18). We know that the block JI Hy1.J; — Ha; is square and that

(J2TH2,1J1 - HQ,I)i,j =0

1
for i=n+1,...,2n and jzl,...,[n;]

1
or j=1,...,n and i:n+1,...,n+[n_2|_ ].

As in the previous section, we let Hy; = []:IH] For convenience, recall from (3.31) that

(J2TH2,1J1 - H2,1)z‘,j = ~i71,j71 + ﬁz‘—l,j’y + WTI:Iz‘,jA + VTﬁz‘,j’Y - I:I” (3-33>

From Lemma 3.2.6 the entries on the main diagonal of Hs; will be of the form al + bH,
for some a and b. As before Lemma 3.2.6, Lemma 3.2.7 and Lemma 3.2.8 can be applied
to the zero block entries of (3.33). If for example we let n = 5, then we have

]:-’1,5 = ‘I’Tﬁu, ﬁ3,3 = a1l + b Hy, ﬁ2,4 = ‘IJT]:[3,3-
Thus, Hy5 = (V)7 Hs3 = (U?)TH, where Hs3 = H, say. (If the matrix Hy; would have

been symmetric, then H = ¢l for some ¢.) So, in general we have

0 S0
61[ HT

H CQI

It is possible to simplify H even further. By choosing the central block entries of H
(the ones explicitly written out in the above form) we form a matrix B as follows:

C1 0 aq —bl

B{cll ’HT} 0 b o
H ol a; by|ece O

—b1 aq 0 Co

(If Hy; is symmetric then we can omit all zero entries and consider B = { Zl Ccll ] )
1 C2

Since B = BT, there exists an orthogonal matrix P and a diagonal matrix D with the
eigenvalues of B on its main diagonal such that

B =P 'DP.

Because of the special structure of B, we actually obtain something stronger:

H()U

{H € Ker(B — M) & { oo

} € Ker(B — \1y).
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H
Furthermore, the set { { Z } , { HOZ ] } with either u or v nonzero, is linearly independent.
0

Thus B has at most two different eigenvalues which we denote by hy and hs, respectively.
/

Therefore, if [ Y } is an eigenvector of B corresponding to hi and 2, is an eigenvector

!/ !/
of B corresponding to hs, then the set of vectors {{ } { ZOZ } , { u/ ] { ZOZ, }} is
0 0

linearly independent. Thus, let

p_ u Hyu u How'
o v |’ Hyv |’ vl Hy'
D = diag{ilh 711, ;LQ; B2}7
with iLl, iLQ the eigenvalues of B.
Alternatively, we can describe the diagonalization of the matrix B directly in terms

of the Jordan basis. Let x1,...,x9, and yi,..., 42, be two Jordan chains corresponding
to the two Jordan blocks J; and J; respectively. Then we have for the matrix B that:

¢ = Hl‘n, xn) <Hxn+17 xn+1>

(
G2 = <Hyn7yn> <Hyn+1 yn+1>
a1 = (Hrp,yn) = (Hyn,2n) = (HTpi1, Yni1) = (HYnt1, Tny1),
by = (Hwp, yn> (HYn, Ty
b = {

Y

\/\//\

It is easy to verify that any linear combination of x1,...,x9, and ¥y, ..., yo, is again
a Jordan chain. Therefore, consider the new Jordan chains given by

T, = firi+dy;
gi = f2$@+d2y@ for izl,...,Qn,

where fl, fg, dl, dg e R.
In terms of the new Jordan basis, the diagonalization of matrix B is

<an7jN> <Hjnajn+1> <H"Z'nagn> <Hi‘nagn+1>
E — <Hin+1v in) <H~%n+1a -fjn+1> <H~%n+1> gn> <H3~7n+1> ?jn+1>
<H§;n7 gn> <Hin+17 gn> <H3jna gn> <H3jna gn+1>
<Hjn7 gn—i-l) <H‘%n+17 gn+1> <Hgn+17 gn> <H?jn+17 ﬂn+1>
with

(H;,2;) # 0, (Hys,5;) 20 for i=n,n+1

and

(H%;, &) =0, (Hii, 3;) =0 for i# ],
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(HZ,, ;) =0,  (H#;,§;)=0 forall i,j=n,n+1.

Thus, under these conditions B is diagonal and one can solve for fi, fo,dy, ds € R.
The above diagonalizing procedure (for the matrix B) produces two Jordan chains
{Z1,...,%9,} and {71, ..., Y2, } with respect to which H reduces to the following form:

0 10 0
51[ B
HT
~ x* | 0 *
H= 0 010
B . iLQ]
H
| 0 x | .0 *

Suppose that A consists of & Jordan blocks on the diagonal, say each of the same
odd size n, corresponding to only a single pair of eigenvalues A = a £ ¢3. Let each J,
for p = 1,...,k be defined as before. Now, let H = [H;;]¥,_; and H = H". If A is
H-expansive we can again apply Lemma 3.2.6, Lemma 3.2.7 and Lemma 3.2.8 as before
to find the general form for H, say

Cll C'12

C112 C'22 (3 34)

Ckk

*x

Now we pick out all the terms in the middle of each small block to construct B, that is

B C.12 Co . Oy |
Clk e e Ckk:
with Ckk = Ckf and Okl = Clk’lf + bk,lHO for some Q.1 and ka, when & 7é [. Note that B
is symmetric, hence Cy; = Cj . After diagonalization, B will be similar to D

D= diag{ﬁl, ;Ll, R ,;lk, iLk},
with Ay, ..., hy, the eigenvalues of B and

p— Uy Houy U Houy,
B v |’ Hovy |7 77 (. Hyvy, ’

where B = P~'DP. For i = 1,...,k we have that
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U C. . it
1 c K 1,1 1,0+ . )\z] )
{ Uj } er{[ Cz‘+1,7; Ci+1,i+1 4}
With respect to the new Jordan basis as explained above, H will be simplified to
[0 o]0 0 i
Cu .
* | 0 *
0 010
~ Cos
H=| g « . « (3.35)

Ckk
X

This form of H will give us better information on the vectors to be selected from the newly
generated Jordan basis for the construction of the invariant nonnegative and nonpositive
subspaces.

A similar situation occurs in the special case when A = 1 or A = —1. Because we
are interested in constructing a simple form from which one can easily read off invariant
maximal semidefinite subspaces, we only need to look into the case where the sizes of the
Jordan blocks are odd. Note that this avoids the difficulties with blocks of even size which
were illustrated at the end of the previous subsection. Nothing changes in the general
form of the matrix H, see (3.34). The only difference again is that the entries are scalar
entries and not 2 x 2 block entries. The diagonalization process as described above can be
performed when we let B consist of all the central entries of H. The newly formed matrix

H (similar to (3.35)) has the correct signs for the central entries on the main diagonal.

We illustrate the procedure by the following example: Suppose we have obtained the
following 6 x 6 matrix H:

(3.36)

* O Ol % O O
EE I R S
* O Ol % O O

* = Ol % NN O
* X X | ¥ Xk X

* DN O % = O
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Recall that:

[, 1] [zo, 1] (w3, 21] | [y, 2] [y, 7] [ys, 2]
(21, 2] [T, 2] w3, 2] | [y1, 2] [y2,72] [y3, 7]
H— [z, 3] [2, 5] [ws, 23] | [y1, 23] [yo, 73] [y3, 7]
[T, ] [wo] os,u] | [yl ve,wl (sl |7
[T, 92) (2,92 (T390 | (Y192 [v2,92) (Y3, 92)
| [z, 98] [w2,us] (w3, us] | [y, vl (v, ws] [ys,ws] |

where 1, xo, x3 and vy, Y2, y3 are Jordan chains associated with the blocks J;, Jo of the
eigenvalue A = o +1f3.
So, we have 1 = (Hxo,x9) = (Hys,y2) and 2 = (Hxo,ys) = (Hya, x2). According
1 2
2 1
procedure, there exist a diagonal matrix D and an orthogonal matrix P such that B =
P~'DP and where
p_[3 0 ].p_ V21l 1]
0 —1 2 |1 —1

We take the columns of P as coefficients in the following linear combinations,

to our discussion above, we take B = Using the standard diagonalization

T = wity
U = x;—vy; for 1=1,2,3
of the two Jordan chains. So, we obtain two new Jordan chains Zy, Ts, 3 and %1, U2, U3

corresponding to A = « £ i with respect to the Jordan blocks J;, J;. In terms of the
two new Jordan chains we obtain a simplified form of H, given by

00 «x[0 0 O
0 6 x|0 0 =
~ * % *%|0 % %
H=15"07070 0 «| (3.37)
0 0 %[0 —2 =%
_0** * ok k|

where we see that

(HZo,T2) =6, (HUa, T2) =0, (HZo,92) =0, (Hy2,92) =—2.

3.3.4 More Jordan blocks: different eigenvalues on the unit
circle

In this section we consider several Jordan blocks with different eigenvalues. We once again
illustrate this case by an example, after which we will give the simple form for the matrix
H.

Let A= J, ®J, Wit}} J; areal LI ordan block of size n; X n; corresponding to the different
pairs of eigenvalues A1, \; and A, g, respectively. In other words we have o (J;)No(Jz) = )
and o(J;) € T. Let H = [H,;]7,_, and let A be H-expansive, then as before
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J1TH1,1J1 —Hy, J1TH1,2J2 —Hys
J2TH2,1J1 — Hy; J2TH2,2J2 —Hys |’

The two blocks on the main diagonal can be treated as before. The difference in this case
lies in the other two blocks, i.e., JlTHLgJQ — H;5 and J2TH2,1J1 — Hy 1. We know that

0<ATHA - A=

(JLHy 1 J) — Hip)ij=0 for 1<i< [nl i 1] or 1<j5< [m; 1],
(T Hynds — Hyo)is =0 for 1<i<[2Y o 1<j< [”2; 3]
This means that in addition
(Jy HapJy — Hay)ij =0
for i:n1+1,...,n1+[n2;1] and j=1,...,n,
or jzl,...,[nl;l] and i=mn;+1,...,n1 +no.
Let
B=Jj Hy1Jy — Hy;. (3.38)

We have that JI is of size ny X ng, Jy is of size ny x ny and B (in equation 3.38) is a
ne X ni matrix with 2 x 2 blocks as entries. It is also known that B; ; = 0 for

n2+1

i=ni+1,...,n1+] | and j=1,...,m

n1+1

or j=1,...,] ] and i=ny+1,...,n1 +no.

The remaining part of our discussion will make use of the following facts:

Fact 1: Let C = (¢;;) be a r x s (scalar) matrix. Then ¢;; = 0 for j =1,...,[*] and
i=1,...,rif and only if CP =0, where P is the s x [£}] (scalar) matrix
po | e ]
0
Fact 2: Let C' = (¢;;) be a r x s (scalar) matrix. Then ¢;; =0 for ¢ = 1,...,["] and
j=1,...,sif and only if QC' = 0, where @ is the [“:!] x r (scalar) matrix
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We state here Theorem A.4.1 in [24].

Theorem 3.3.2 Let A and B be (real or complex) matrices of sizes m X m and n X n,
respectively. Then the matriz equation

AX -XB=0
with the unknown (real or complex) m x n matriz X has only the trivial solution X =0

if and only if c(A)No(B) = 0.

From the discussion above it is therefore clear that both BP = 0 and @B = 0 hold,

where in this case we let P be the ny x [%52] block matrix

po | T |
0

with 2 x 2 blocks as entries (i.e. P is a 2ny x 2[™H] scalar matrix) and @ the [2£2] x ny
block matrix

Q= Ly 0.

with 2 x 2 blocks as entries (i.e. Q is a 2[22H] x 2ny scalar matrix).
Multiplying (3.38) from the right by P and using Fact 1, we therefore have

Jy Hyy J, P — Hy P = BP = 0. (3.39)
Consider
e 1
v I I
’Y I In1+1 j
— [P _ T 1
AU L]
8l : :
| 0 ... 0

where 7 is the 2x 2 block associated with the eigenvalue A; and where J; is a [Btl] 5 [t

block.
We write Hy; in the following block form:

| Xag X
Hax = {Xm Xoo |’

where each X ; has the suitable dimension, such that the following computation can be
done:

X1 Xip jl X1 T
Hy 1 1P = ’ ’ = ’ Ji,

which is a ny x ["LE] block matrix. Also,
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_ | X
H2,1P - |: X271 :|

ni+1
2

which is a ng x [2E] block matrix. Hence from (3.39) we have

J2T<H271P)jl - H271P = O
By our assumption that o(J;)No(J2) = 0 and o(J;) C T we find that o(J5) No(J ) =0,
where o(J;) = o(J1). Then by Theorem 3.3.2 it follows that Hy 1 P = 0.
Since @B = 0 from Fact 2, if we multiply (3.38) from the left by @) and then take the
transpose, we get
J1TH2T,1J2QT - HQT,lQT = 0.

Following the above arguments, we may therefore also show that

L(H3,QT) ], — (H,Q") = 0.

for the [22H] x [%2] block matrix

such that
J
T _ |J2
Again by Theorem 3.3.2 it then follows that HJ, Q" = 0 and hence that QH,, = 0.
Thus, in our case with a more general J; and J; we have that H; ; = 0 for the same

entries for which (J2TH271J1 — H4)i; = 0. For example, if ny = 6 and ny = 4, we have
that

0 0 0 0 0 0O 0 0 0 ]
0O 0 0 0 O 0 0 0
0 0 0 0O 0 0 0
0 O - * 0 O
0 a 0 0 =«

H= . 0 0 (3.40)

0O 0o O O O o0o}0 0 O
O 0 o O 0 o0j0 O a
0O 0 0 *x % x/|0 a

| 0 0 0 * % % ok ]

Also in this section we briefly want to consider the special case when A\ = +1. So, if
we let A = J; @ Jo, with J; a Jordan block of size n; x n; for i = 1, 2 corresponding to the
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eigenvalues A = 1 and A = —1, respectively or vice versa. It may also happen that one
eigenvalue is A = +1 and the other a complex eigenvalue A\ = a £ ¢ on the unit circle.
In this case the one Jordan block consists of scalar entries and the other Jordan block of
2 x 2 entries. As a convention, we will always put the scalar case in the (1,1) position.

By choosing the dimensions of P and () wisely, we obtain similarly that H;; = 0
for the same entries for which (JI HyyJ; — Hy)ij = 0. So, if we have any of the above
mentioned scenarios, we still obtain a matrix H similar to what we have in (3.40). If we
have eigenvalue A = £1 and eigenvalue A = a £ i3, then the entries in the (1,1)-block of
H are scalar entries, the (2,1)-block has 2 x 1 entries, the (1,2)-block has 1 x 2 entries
and the (2,2)-block has 2 x 2 entries.

3.4 The general case

In this section we will consider the most general form of the matrix A. This is where A
can consist of blocks which fall into the different cases as discussed before. Furthermore
we will also include the eigenvalues which do not belong to the unit circle. Therefore, let

-, )
Ja
J3
+2
A= and H:[Hi,j ]‘Zj:l’
Jp
Jpr1
L Jp+2
where in A we have
o(J1) = {1},
o(J2) = {-1},
o(J;) =A{a; £ i}, q; +52 =1,8#0 for j=3,.
o(Jpt1) CD={A | |>\! <1}
o(Jpi2) CD = A | A > 1)

and o(J;) No(J;) =0for i # j, 1,7 =3,...,p. We assume that H;; is as before.

In this case, J; and J; are Jordan matrices with standard Jordan blocks with eigenval-
ues 1 and -1, respectively, J; for i = 3,...,p are in real canonical form and J,1, Jp42 are
Jordan matrices with blocks that are either in real Jordan canonical form (in case they
have non-real eigenvalues) or in standard Jordan canonical form (in case they have real
eigenvalues). The form of the corresponding matrix H in the odd case is given by (3.29)
and in the even case by (3.30).

Let
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for j = 3,...p. Here, each J;, is an n; x n; real Jordan block belonging to an eigenvalue
A; with its corresponding v = af + fH, and § # 0. Here n; (the number of 2 x 2-blocks)
can be odd or even. In the odd case the corresponding matrix H is of the form given by
(3.18) and in the even case H is of the form (3.19). For j = p+ 1,p + 2 no structure of
H is required.

Theorem 3.4.1 Let H = H” be an n x n real symmetric invertible matriz, and let A
be H-expansive, i.e. ATHA — H > 0. Then there is a real matriz S such that S~YAS is
in real Jordan form STTAS = T, S @ 3D ... D J, D Jpi1 B Jpra, and simultaneously
STHS = (Hy;)Pt2, where

ij=1

Hy = (H ),
Here the blocks J; and H,gf}j) satisfy the following:

1.

Ji = Ja(1)@®... .8 Jia (1)
JQ == Jz,l(—l) ©...0 J2,n2(_1)7

where each Jy j, respectively, Jo; is a Jordan block. The block H,S,;l) has the same
size as J;i for k=1,...,n;, then fori=1,2

H,S,j’ is as in (3.29) if size of J,x is odd

H,glkz) is as in (3.30) if size of J; is even, possibly with ¢ =0

H,Sf) for k # 1 some lower anti-diagonal matrix.

2. For k =3,...,p, Jin, i a real Jordan matriz with eigenvalues oy £ 15y, B, # 0
and o? + 32 = 1. The corresponding simplified form for the matriz H9J) is:

as in (3.18) if size Jy, is odd and n; =1
as in (3.19) if size Jy, is even and n; =1
as in (3.32) ifn; > 1

as in (3.35) if size Ji is odd and contains equal size blocks
(See the end of Sections 3.3.2, 3.5.8 and 3.3.4 if 5=0.)
3. Blocks H,gf;j) with © # j are as in (3.40).

4. Fork=p+1,p+2, Jy is a real matriz in real Jordan canonical form with o(Jp41)
in the open unit disk and o(J,+2) in the exterior of the closed unit disk.

This simplification of H is required for the construction of maximal invariant subspaces
of a H-expansive matrix A in Section 3.5.
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3.5 Construction of invariant subspaces

In this section we will describe how the invariant subspaces are constructed using the
simple form of H. At the end we will also show that these subspaces are indeed maximal.
Let o(A)NT = {\1,..., A, }, where we order the eigenvalues as follows: Ay =1, Ay = —1
(if either or both are in the spectrum of A), As,..., A, are the remaining eigenvalues of
A on the unit circle, grouped so that \y; = XQj,l and ImAg;_1 > 0. See also Section 3.4.
Let AN be the space spanned by all the eigenvectors and generalized eigenvectors
corresponding to

a) the eigenvalue A\; =1 (in case 1 € o(A));
b) the eigenvalue A\; = —1 (in case —1 € o(A));
c) pairs of eigenvalues \; = a; £ i3; with ozjz- + BJQ =1, 5; #0.

Further, let N,.1 be the subspace spanned by all eigenvectors and generalized eigenvec-
tors corresponding to eigenvalues in D, and likewise N, o the spectral subspace of A
corresponding to eigenvalues in D¢, where D¢ = {\ | |A| > 1}.

We have to distinguish between the nonpositive and nonnegative invariant subspaces,
say M, and M _. So, if A is H-expansive then

0<((ATHA - H)z,z) = (]\* = 1){Hx,z),

for every eigenvalue A\ of A and corresponding eigenvector x. Thus, if A € D, then
(Hz,x) < 0 for all x € N,41. Therefore N, is an H-nonpositive subspace. If A € D¢
then (Hz,z) > 0 for all x € N, ;2. Therefore N, ;5 is an H-nonnegative subspace.

For |\j| = 1 we define ;" and N as follows. We assume, as usual, that A is in real
Jordan canonical form, and that H is in the simple form as constructed in the previous
sections. In particular, with respect to odd size blocks we assume the construction at the
end of Section 3.3 to be carried out. Let

le
Jj —
Jinj
as in Section 3.4. Denote by kj; the size of the block Jj; if j = 1,2. Corresponding to each
block construct Aj; as follows. Suppose x;i1, . .. s Tjik;, for j = 1,2, are the corresponding

basis vectors from a real Jordan basis for A. Then set
+ _
'/V’ji = span{acjﬂ, e 7xjikji/2}

when kj; is even, and set
+
Nji = span{zji, . .. ,.Tjikji+1}
2

when k;; is odd and the corresponding sign is +1, (and set this to be /\fj_i when the sign
is —1). Put
N = span{zji, ... ,xj,kjiq}
L



CHAPTER 3. SIMPLE FORM FOR H-EXPANSIVE MATRICES 83

when k;; is odd and the corresponding sign is —1 (and set this to be ./\/'j; when the sign
is +1). Then, for j = 1,2 set

g
+ +
NF = @
=1

For j = 3,...,p, denote by 2kj; the size of the block J;;. Suppose zji1, ... , Tjiok;, are the
corresponding basis vectors from a real Jordan basis for A, then set

+
N = span{zji, . .., Tjin, }

when kj; is even, and set
+ _
'/v’ji = span{a:jﬂ, RN ijikji—l-l}

when kj; is odd and the corresponding sign ¢ on the center position of the corresponding
block in the form H (see the end of Section 3.3.3) is positive, (and set this to be N if
the sign is negative), set

Ny, = span{zji, . .., Tjir;, -1}

when kj; is odd and the corresponding sign is negative (and set this to J\/}; if the sign is
positive). Then, for j =3,...,p, set

Uz
+ +
N = DA
=1

Observe that by the construction of the simple form the spaces ./\fjlr are mutually H -
orthogonal. It is here that we use in particular the final part of Section 3.3.3. Since the
direct sum of H-nonnegative subspaces which are H-orthogonal is again H-nonnegative
(and likewise for H-nonpositive subspaces), we see that the ./\/';r for j = 1,...,p are
H-nonnegative subspaces. Now, let

Mi=N"®... &N, ®Npsa

and

M_=N @©... 0N, ©Npr.

Then M is A-invariant and H-nonnegative, while M _ is A-invariant and H-nonpositive.
Indeed, by construction of the simple form, the spaces /\/;r are mutually H-orthogonal and
H-orthogonal to N,;o. Hence M, is H-nonnegative. Similarly, M_ is H-nonnegative.

The maximality of the subspaces M, and M_ follows from a dimension argument.
Given that A and H are matrices of size n x n with M, a H-nonnegative subspace with
dimension ny and M_ a H-nonpositive subspace with dimension n_, we have n = n, +
n_. Then M, is maximal H-nonnegative and M_ is maximal H-nonpositive: Indeed,
from Theorem 2.3.2 in [24] we know that the dimension of a maximal H-nonnegative
subspace equals k. (H), the number of positive eigenvalues of H and the dimension of a
H-nonpositive subspace equals k_(H), the number of negative eigenvalues of H. Let U,
be this maximal H-nonnegative subspace with M, C U, (n, < dimlU,) and U_ be the
maximal H-nonpositive subspace with M_ C U_ (n_ < dimU_). Now
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n=dmM; +dimM_ < dimU; +dimU_
— ki (H) +r(H)

= N

But then dim M = dimU,, hence M, = U, and also dim M_ = dim/_, hence M_ =
U-.

Returning to the example with H as in (3.36) we now use the form as in (3.37). We
may proceed as follows to find invariant maximal nonnegative and maximal nonpositive
subspaces, respectively. Since [Z1,Z1] = [§1, 1] = 0, it is clear that the vectors ; and ¢
belong to neutral subspaces and in particular to the neutral subspace Sp{Z1,9;}. Since
[Z2, T3] = 6 > 0, we may therefore conclude that

M = Sp{Z1, 22, 41}
is a nonnegative subspace. Similarly, since [gs, 2] = —2 < 0, we may therefore conclude
that

M- = Sp{@1, 91,92}
is a nonpositive subspace.

Both M, , M_ being 3-dimensional mutually orthogonal (with respect to [z,y]) sub-
spaces of R®, we have RS = M [+]M_. Tt is clear that we cannot enlarge either of the
two subspaces. Thus, M should be maximal nonnegative and M _ should be maximal
nonpositive.

When n is even in our example with two Jordan blocks of equal size the invariant
maximal nonnegative and maximal nonpositive subspaces are found easily. There is no
need to diagonalize some matrix B because of the following: Let z1, ..., 2o, and y1, ..., Yo,
be the two Jordan chains associated with Jordan blocks J; and .Js, respectively, both
belonging to the same eigenvalue A = a + 5. Let

N =Sp{x1, ..., T, Y1, Yn}-

Then from (3.30) we know that (Hz,y) = 0 for all z,y € N, hence N is H-neutral. Being
a neutral subspace it is both a nonnegative and a nonpositive subspace.

3.6 On the structure of H-unitary matrices

Recall that a matrix A is called H-unitary if ATHA — H = 0. Obviously the H-unitary
matrices form a subclass of the H-expansive matrices. Hence the lemmas in Section 3.2 for
the H-expansive case are still applicable to the H-unitary case. However, in the unitary
case, it is possible to obtain a further simplification of the matrix H. For instance, it is
possible to calculate all the entries in the matrix H, which were previously only denoted
by an asterisk (*).

The class of H-unitary matrices has been studied extensively, and canonical forms for
pairs (A, H), where H = H* and A is H-unitary exist both for the complex case (see [24])
and for the real case (see [48] and [66]).
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Such canonical forms were developed using the idea of the Cayley transform, and thus
usually do not have A in Jordan canonical form. It is the aim of this Section to show that
the methods we developed so far for H-expansive matrices may be carried further in the
case of H-unitary matrices. We shall not do this all the way through to a canonical form,
though we conjecture this is possible as well, leading to a canonical form with A in real
or complex Jordan normal form.

We just illustrate the procedure for some examples, hoping to return to the topic in a
future publication.

Let us first recall some general properties of H-unitary matrices. If A is H-unitary
and A € o(A) then (A\)~! is an eigenvalue of A as well. Since we are considering the real
case, eigenvalues come in four different kinds:

1. Quadruples A, X, £, (A)~! with A ¢ R and |A] # 1.

2. Tuples )\,i with A € R\ # +£1.

3. Tuples A\ =a £i3, o>+ 32 =1, 8 #0.

4. A=1lor A= -1

Let us agree to denote the (sum of the) root spaces corresponding to such a quadruple,
resp. tuple, resp. eigenvalue by Ry(A). Then these spaces are mutually H-orthogonal
(see e.g. [24] or [66]).

Thus we may restrict attention to unitary matrices for which the spectrum is one of
these four kinds. In what follows we just focus on 0(A) = {a+iB} with a?+ 5% =1, 8 # 0.

General remarks

The following general relations can be deduced from the preceding algorithm involving
applications of Lemma 3.2.6, Lemma 3.2.7, Lemma 3.2.8 and Lemma 3.2.9 for all entries
below and including the main cross diagonal of (ATHA — H). For A in real Jordan form
as in Section 3.3.1 (with one Jordan block) and H = HT | it holds that

H;j = ai;l + bijHy (3.41)
Hiju = ‘I’THiH,j — ’YTHi,j (3.42)

and
H;; = cl, (3.43)

where ¢; has the same meaning as before, namely ¢; = (H[HTHHnTH])u

We will now show by induction that these relations hold for alli,j = 1,...,n (n being
odd or even) in the H-unitary case: Relation (3.43) follows from (3.41) and the fact that
H must be symmetric. For ¢« = j = 1 it immediately follows from Lemma 3.2.5. Assume
(3.41) holds for i+j < k (and k < n). We now show that (3.41) also holds for i+j < k+1.
Recall from (3.21) that

(ATHA — H)i,j+1 = Hi—l,j + Hi—1,j+1’Y + fyTHi,j + fyTHivj-‘rl/y - Hi,j"‘l'
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From (3.41) we know that H;_y ;, H;_1 j+1 and H;; are of the form al 4+ bHj, hence we
have from the proof of Lemma 3.2.9 that

Hi1j+Hi1jay+~"H; ;=0
and
Y Hijyy — Hijy = 0.
Thus, from Lemma 3.2.6 it follows that

Hiji1 = a; i1l + b j1Ho.

Now consider (3.42). This relation holds for all blocks, but it is only of interest for
the nonzero block entries. Assume it holds for ¢ + 7 < k. Again by (3.21) we have

(ATHA H)H—l g+l = Hm + Hz]+17 + Hi—H,j + VTHHLJ‘HV - Hi+1,j+1-

Since (3.41) holds, we immediately have by Lemma 3.2.9 that

T T
Hij1 =Y Hip;—v Hij.

Hence (3.42) holds for ¢ +j < k + 1.

The blocks H; ;1 have a particular structure because of (3.42). Indeed, for those
blocks we have H; ;11 = W' H; 1, — " H;;. Using (3.43) and the fact that H; .y, = H;
we see that H;;; satisfies

T T
Hijp=V"H = "¢

Lemma 3.6.1 If H = al + bH, satisfies H = WTHT — ~T¢ for some ¢ € R then b =
% + %a. In particular, in that case
1 o
H=al +(—+2a —c+—=9T
(25 5 VHo = (5 5
Proof. Insert H = al +bHy in H = $THT —yT¢, using UT = —(77)? = (82 — o) +
2a3Hy, vI' = ol — BHy, to see that

)Ho

al +bHy = ((8*—a*) I +2aBHy)(al —bHy) — (ol — BHp)c
= (8% —aa+2aBb— ac)l + ((8* — )b+ 2apa + Be)H,

where we also used HZ = —1I. It follows that
a=(B*—a*)a+2a8b— ac
b= (B* - a*)b+ 2apBa + Be.

Now recall a? + %2 =1, so
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(& + %)a = (6% — a*)a + 2a8b — ac
(@ + %)b = (8% — a®)b + 2aBa + Bc.

This is equivalent to

204 — 208b = —ac

26%a — 2afa = —fe.

Dividing the first equation by o and the second by [, we see 2aa — 25b = —c from both
equations. This gives b = ﬁ + %a as claimed.

Next, the first form of H now follows directly. To see the second, consider SH Hy =
aBHy — (¢ +ae) = —a(al — BHy) — 3¢ = —ay” — 1. Thus,

«Q 1
H = E")/THO -+ §CHO
as desired. O

T

When 7 is even, we have Hn n,y = VT HT ,,
’ 2.2t 5,511

3.6.1 with Cn = 0 that

—c%'yT. Thus we have, applying Lemma

Hy g0 = [ _ﬁa 3 } d,

for some real number d.

Since every H;; is determined by blocks in the antidiagonal on which it is, and on
the antidiagonal above it (by 3.43), we see that H is completely determined by n real
parameters, one for each non-zero antidiagonal.

We now illustrate the unitary case by means of two examples. We will consider a 5 x5
block matrix and a 4 x 4 block matrix, respectively.

Example 3.6.2

Let A be a 5 x 5 H-unitary matrix, that is ATHA — H = 0. Put

2

Recall that v = [ _aﬁ g } , the matrix H is real and H” = H.

From the algorithm in the H-expansive case (refer to Section 3.3) we have the following:
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Hy ;=0 forj=1,...,4 and H;5= a5/ + bisHy
Hy; =0 forj=1,...,3 and Hyy = asl + byHy
Hy5=V"Hy, and Hys = assl + bysH,y
Hs; =0 forj=1,2 and Hszz=c3l
Hyg=c3U?,  Hsy=agl +bsyHy and Hps=c3(U7)?
Hy1 =0, Hyo=Hy,=cV, Hyg=H], and Hy5=H], =V
This was how far we could go in the H-expansive case. However, in the unitary case

we can now proceed by using Lemma 3.2.9 on the remaining entries. The first entry to
consider is:

(A"THA—H)35 = Haa+ Hosy+~ Hya +7" Hszy — Hy 5 = 0.
Applying Lemma 3.2.9 yields

Hz,s = \I/TH3,4 - ’YTH2,4 and H3,5 = ass] + bzs Hp.
Looking at the (4, 4)-block entry we obtain

(ATHA — H)4’4 = H3,3 -+ H3,4'7 + ’YTH4,3 + P)/TH4,47 - H474 =0.

From Lemma 3.2.9 we have

H374 = \I/TH4,3 — Cg’yT and H4’4 = C4I.

It follows from equation (3.21) and the application of Lemma 3.2.9 on the (4,5)-block
entry that

H375 = \I/TC4 — ’yTHgA and H475 == a45I + b45H0.
Since H = H" we know that

Hsy = Hiy=c30?
Hsy = Hys=H3,W—c3Uy
Hsz = Hiy=c ¥ — Hi.

We again use equation (3.21) and Lemma 3.2.9 to find the (4,5)-block entry and hence
also the (5,4)-block entry. That is,

Hys=V"H;, —cyy" and Hsz=csl.

Hence, for n = 5, the matrix H reduces to the following form

0 0 0 0 03(\I/T)2

0 0 0 CgleT \IJTH374 — Cg’YT\IfT

0 0 csl \IITH§4 —c3yl Ul — fyTHgA

0 63\1’ H3,4\IJ — C37Y C4[ \IJTHZE] — C4”yT
c3U? H§:4\IJ —c3Uy U — H§47 HysV — cyy csl
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Example 3.6.3
Let A and H be real 4 x 4 block matrices such that ATHA — H = 0. Put,
v I
A= v I ) H = [Hi,j]ijzlv
Y
where v = | b and H = H”
Y 8 « .

As in the previous example, it is possible to compute the remaining entries of the
matrix H by using the lemmas in the H-expansive case, together with Lemma 3.2.9.
Hence, the corresponding matrix H in this case simplifies to

0 0 0 UiH
0 0 H 0T —~yTH
0 HT Cg[ H3’4 ’
HT\P Cg\If — HT’Y H37:4 C4I
b«
where H = a0 B d, for some real, non-zero d.

Up to this point we have considered the form that H has for any real Jordan basis for
A. However, by choosing an appropriate Jordan basis it is possible to achieve a canonical
form for H.

First we give a more general form for the new Jordan basis to be constructed. Again

we consider the case of one Jordan block A = J,(v) first, where v = {_046 g ] with

a?+B%2=1,8+#0. Let 21,29, ..., %ou_1, T2, be the basis. We denote by X1, Xs,..., X,

the 2n x 2 matrices with columns x1, x9; 3,24 ... Ton_1, To,, respectively. Note that
AXl = Xl’y, AXJ = X]’)/ + Xj—l for ] = 2, Loy n.

Construct a new Jordan basis as follows: Let

Zl = Xl, Z2 = X2 + thh Zg = X3 + X2h1 + thz, etc,
where the h;’s are 2 x 2 matrices of the form al + bHj. So, in general

j—1
i=1

From the specific form of h; we have that yh; = h;y (see Lemma 3.2.4). Thus indeed for

7 =2,...,n we have
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J—1

AZ; = AX;+ > AXih;_
i=1

j—1
i=2
Jj—1 j—1
= Xy + X+ Z Xihj_iv + Z Xi1hj_;
=1 i=2
j—1

J
= (XJ + Z thj—z)7 + (Xj—l + Z Xihj—l—i)
i=1 =

= Ziy+Zj

With respect to this new Jordan basis we have a new form for H. Indeed, let S =
(Z1Z5 ... Z,] be the 2n x 2n matrix formed with the Z;’s as block columns. Then
S™LAS = A and we compute STHS = [(STHS), ;]* The 7, j** entry then is

i,j=1"
(STHS);,; = ZI'HZ;

i—1 7j—1
= (X;+ Z Xihiog)TH(X; + Z Xih;y)
i—1

7j—1
13+ZHzlh] I+th ka]—FZZhZ kalhj 1. (344)
=1

k=1

Using these relations it may be possible to choose the matrices h;, 7 =1,...,n —1
such that ST HS is brought into a canonical form. We illustrate the idea on two examples,
the cases n = 5 and n = 4 which were already discussed in the previous subsection.

Example 3.6.4

We continue the analysis of Example 3.6.2, so n = 5. First take i = ”T“ = 3 and
Jj = "+3 = 4 in (3.44). The 4,7 entry is then the entry just next to the central entry, so
in (3. 44) the second term becomes HnTJrl7nTHh]_ = c3h;. In the third term we have

W{Hot ngs + hy Hos wys + ... = hi Hot nis = hi ey W7,
The final double summation in (3.44) becomes zero, so in this case (3.44) becomes

H374 + C3h1 + Cgh{‘I/T = H3’4 + Cg(hl + h{\IfT>

Since Hs3 4 is in € and hy € &€ it can be seen by direct computation that h; may be chosen

such that (STHS)34 = 0 (provided that c3 # 0). Obviously, then

(STHS),3=0and (STHS)s5 = —c3Uy, while (STHS)y5 = —c3y’ 0T
In addition, (STHS)35 = ¢, U7 and (STHS)53 = c,¥.



CHAPTER 3. SIMPLE FORM FOR H-EXPANSIVE MATRICES 91

Next, we take in (3.44) i = %3 =4 and j = %2 = 4. We obtain from (3.44), using
that we have chosen h; so that Hy 3 = 0:

3 3 3 3
(S"HS)su = Hia+ Y Hyha+ > by Hoa+ Y > by Hyihao
=1 k=1

k=1 I=1

3
= H474 -+ Cg\I/hQ + h503\IJT + Z h?;Hl,lh'él—l
=1

3 3
+ Z h3 Hy hy  + Z hi Hs hy

=1 =1
= H4,4 + Cg(‘l’hz + hg\I/T + ]’L{hl)
= ¢yl +c3(Why + h3 U™ + T hy).

Now if hy = a1 + by Hy, then hlhy = (a? +02)1 by Lemma 3.2.4. Setting hy = asl + by Hy
and recall that ¥ = —~? we obtain for

\I/hg + thT = 2((52 — OZQ)CLQ + 2016[)2)]

Clearly, provided that ¢z # 0, we can choose ay and by so that (STHS)y4 = 0. This then
implies that (STHS)53 =0 and (STHS);35 = 0 as we already have (STHS)3, = 0. Also,
observe that there is still one degree of freedom in choosing as and by if a # 0.

Further, we take i = ”T% =4 and j = "2 = 5in (3.44). We use the previous steps, so

2
that we may take Hy3 =0 and Hyy = 0 as well as Hs 3 = Hz5 = 0 and Hy5 = —cgyT T

and Hso = —c3Uy. With all this we obtain in (3.44):

1 3 3
(STHS)as = His+ > Hihso+ Y Wi Hes+ > > hy  Highs

=1 k=1 k=1 1=1

4
— H475 —I— Cg\I/hg —|— h§03(\I/T)2 — th3’7T\I/T —f- Z h?):Hl,lh5—l
=1

4 4
+ Z ha Hoyhs_; + Z hi Hs hs_
=1 =1
= Hys+c3(Why + hi (U1)?) — hiesy O + b cs U hy + c3hl hy.

Again viewing this as an equation in hs we see that we can solve this to be zero as well.
So we may take Hy5 = 0, and consequently Hs 4 = 0.
Lastly, consider i = 5, j = 5 in (3.44) using the previous steps:
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4 4 4 4
(STHS)s5 = Hss+ > Hsihsoi+ Y hi yHes+ > Y hi  Highso
=1 k=1

1 1—1
= Hss+ c3VPhy — c3Uvyhg + hj c3(W7)? — cahiy" 0"

4 4 1 4
+ > h{Hyhs+ > hiHyihs_ + Y hiHsihs_+ Y h{ Hyjhs

=1 =1 =1 =1
= Hss+c3(V2hy + hi (U1)?) — c3(RI 0T + Uyhy)
+ c3(hd W hy + h{ Why) + c3hg hs.

We see that this is a multiple of the identity, and moreover, it is linear in h4, and we can
find hy so that this is zero.

Finally, by considering a constant multiple of the Jordan chains, we may scale c3 to
either +1 or —1. We arrive at the following form for the pair (A, H), where

v I
v 1
o
A= v 1 ) 72{_5 ﬂ
v 1
Y
and H is then
0 0 0 0 (wh)?
0 0 0 Ul (47)3
H=¢| 0 0 I 0 0 ,
0O v 0 0 0
U2 43 0 0 0

with ¥ = —~2 and € = £1.

In a very similar way, we can reduce the simple form for the pair (A, H) of Example
3.6.3, that is the 4 x 4 case, to the following, where

v I
- v 1 a f
A= ~ 1|’ 7= [—6 04]
Y
and the H in this case will be
0 0 0 YTH
B 0 0 H —™H
H=el vyt 0o o0 ’
HIW —HTy 0 0
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Simple form for H in the general case

The next step in the unitary case is to see what is the most simple form for the matrix
H when A consists of more than one Jordan block. For this we need to compute all the
entries in the blocks below the main diagonal. As an example we will first look at the
case when the matrix A consists of two real Jordan blocks. Let

J1
|
where
o -
v o1
Jp = for p=1,2
v I
i 7
and v as before. We will illustrate the example, by letting J; be 3 x 3 and J; be 2 x 2
Jordan block matrices with respect to real Jordan bases {z1,...,x¢} and {y1,...,u},

respectively. We can apply the appropriate lemmas to the blocks on the main diagonal
and find the corresponding form of the matrix H on the diagonal. Since H = H' we only
need to look at the (2,1)-block entry of ATHA — H, that is, equation (3.31) of Section
3.2. From the same section we know the entries H1 3 and H2 2, but we could not find
the H2,3 entry in the H-expansive case. However, we can now apply Lemma 3.2.8 to this
entry. Hence we have the following form for the matrix H:

0 0 U7 0 0
0 col \IJTH&Q — eyt 0 I:I2T2
U HI,U — cyy csl v o, |, (3.45)
0 0 UTH,, 0 H
0 Hy, Hy HT ol

with

co = 2(Pbys —aags), c3= (Hsz)n
H = d(ﬁ] + OKH()), 0/2 = (H2’2>,11

Remember that we now know that all entries in H is of the form al + bH, for some a and
b.

Knowing that we can find all the entries in the blocks below the main diagonal blocks
(hence also those entries above the main diagonal blocks, since H = H') we will now
change the Jordan basis of A such that the entries below the main diagonal blocks become
zero. We organize the real Jordan basis {x1,...,26,¥1,...,%4} in the following way: We
denote by X, Xy, X35 the n x 2 matrices with columns x1, xo; x3, Z4; 5, g, respectively.
Likewise Y7, Y5 are the n x 2 matrices Y1 = [y1, 2], Y2 = [y3, y4]. Note that:
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AX3 = X3’)/+X2, AX2:X27+X17 AXIZXI’Y
AY, = Yoy+Yi, AV =Yy

Construct a new Jordan basis as follows: Let

Zy = Xo+Yih
Zl = Xla

where h, k € R**? are of the form al + bH,. From the specific form of h, k and v we have
that vh = hy and vk = k7. (See Lemma 3.2.4). We now find that

AZy = AXz+ AYoh + AYik
= Xzv+ Xo+Yoyh +Yih + Y17k
= (Z3 = Yoh =Yik)y+ Zy — Yih + Yoyh + Yih + Y19k
= U3y + Zs.

Similarly we obtain that

AZy=Zyy+ 7y and AZ, = Zy7.

With the new Jordan basis it is now possible to make [:1272 = a99l + bys Hy = 0 as well
as FIQ,S = a9zl + bygHy = 0. Then it immediately follows that the (1, 3)-block entry of the
(2,1)-block of the matrix in (3.45) is zero, since it is related to the (2,2)-block entry. So,
let us consider the (2,2)-block entry of the (2, 1)-block in matrix (3.45):

Y HZ,

Yy H(X; + Yih)
= Y HX, + Y, HYh
= Hyy+H'h.

Hence, if we take

h=—(H")"H,,
then Y,/ HZ, = 0. For the (2, 3)-block entry to be zero we have to choose k such that

0=YHZs = Y} H(X3+Yoh+Yik)
= Y HX3+ Y, HY;h + Y] HY k
= ]:.]2,3 + Clzh + HT,I{Z

Hence, recalling that we have h = —(H*) "' H, then

k = C/Q(HT)_II:IQQ(HT)_I - ﬁ]273(HT)_1.
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Therefore by changing the Jordan basis we can find zero entries in the blocks below (and
above) the main diagonal blocks, such that our matrix H becomes:

0 0 e Ut 0 0
0 CQ.[ \IJTH372 - CQ’YT 0 0
¥ Hi,U —cyy csl 0 0 (3.46)
0 0 0 0 H
0 0 0 HT T

For each of these two blocks we can now separately apply the procedure sketched in
the previous subsection and finally arrive at the simple form for the pair (A, H):

v 1
v 1
A= v (3.47)
v 1
g
and
0 0 na 0 0
0 al —enT 0 0
H=|a¥V —eay 0 o 0 |, (3.48)
0 0 0 0 esH
0 0 0 eHT 0

with H = [—Ba g} and €,€6, = +1.

The procedure outlined in the previous subsections will eventually lead to a form for
(A, H), which then has to be shown to be canonical.

It should be observed that the case of the eigenvalues +1 is more complicated than
what we have considered separately. Indeed, the canonical form in [66] shows that Jordan
blocks in the Jordan canonical form with eigenvalue +1 and even size must come in
coupled pairs. This complicates the procedure.



Chapter 4

Rank-one perturbations of
H-positive real matrices

4.1 Introduction

In this chapter we consider perturbations of rank-one of positive real matrices. So, let H
be a complex Hermitian invertible n X n matrix, and let A be H-positive real, that is,
HA+A*H=D > 0.

A rank-one perturbation of A is given by B = A + uv*, where u and v are in C". We
shall primarily consider perturbations that have the additional structure that uv* is itself
H-positive real. We are interested in the generic behaviour of eigenvalues under such
structured rank-one perturbations. The genericity of the perturbation can be understood
in various ways. In this chapter it is understood in the sense of algebraic geometry.

The following formulation of genericity is taken from [53]. We say that a set W C F”
(where F denotes either the field of complex numbers or the field of real numbers) is
algebraic if there exists a finite set of polynomials fi(xy,...,x,),..., fe(z1,...,z,) with
coefficients in F such that a vector [ay, ..., a,]" € F" belongs to W if and only if

fj(al,...,an):(), j:].,2,7k'

In particular, the empty set is algebraic and F” is algebraic. We say that a set W C "
is generic if W is not empty and the complement F" \ W is contained in an algebraic
set which is not F”. Note here that the union of finitely many algebraic sets is again
algebraic. Clearly, if the set W C F” is generic and if S € F"*" is invertible then SW is
also generic. In the following, we say that a set W C F" x F" is generic if W, canonically
identified with a subset of F?" is generic as a subset of F?",

In addition further properties of generic sets can be found in Section 2 of [53].

4.2 Preliminaries
As a first important observation we have the following proposition.

Proposition 4.2.1 A rank-one matriz uv* is H-positive real if and only if v = c- Hu for
a non-zero constant c, with Rec > 0.

96
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Proof. We have Huv* + vu*H > 0 if and only if 2*(Huv* + vu*H)x > 0 for all vectors
x. Now Huv* + vu*H is a-priori of rank two at most. Moreover, if x is in the kernel
of Huv* + vu*H, then the inner product z*(Huv* + vu*H)x = 0. So we only need to
consider z in the orthogonal complement of the kernel of Huv* +vu*H. Since this matrix
is Hermitian, we only need to consider x in the image of Huv* + vu*H, that is, we may
consider x = ¢c; Hu + cov. Thus, we compute

(ciu™H + cv™) (Huv® +vu*H) (et Hu + cov)
= |e|Pu*H(Huw* + vu*H)Hu + Crepu* H(Huv* + vu*H)v
+ Gy (Huw* +vu*H)Hu + |ep*v* (Huv* + vu*H)v

This is a quadratic form in ¢;, co and the corresponding two by two matrix is

D - {u*H(HuU*—i—vu*H)Hu u*H(Huv*—i—vu*H)v}

v*(Hw* +vu*H)Hu  v*(Huv* +vu*H)v
_ 2| Hul*Re v* Hu  ||[Hul]*||v]|* + (uHv)?
L uP(ol? + (0" Hu)? 2|lv[IPRe v*Hu |
Thus, we have that Huv* + vu*H > 0 if and only if D > 0. Now for a two by two
matrix to be positive semidefinite, it is necessary and sufficient that the determinants of

the principal submatrices are greater than or equal to zero. Concerning D this comes
down to just two conditions,

Re v*Hu > 0,
2| Hull?[[0]*(Re v* Hu)? — || Hu|*|o]|* - [v" Hul* > 0.

From the second condition we obtain

—(Jo" Hul* — | Hul[*|[v]|*)* = 0.

Hence, |[v*Hul?* = ||Hul]?*||v||>. It follows that equality holds in the Cauchy-Schwarz
inequality, and this is the case if and only if v is a multiple of Hu, i.e., v = ¢- Hu. Then
uv* = cuu*H for some complex number c¢. Since Huv* + vu*H > 0 we conclude that
Re ¢ > 0, and since uv* is of rank-one, we conclude ¢ is non-zero. O

Next, we extend Proposition 4.2.1 to H-positive real matrices of rank-k. But first the
following lemma is required in the proof of Proposition 4.2.3.

Lemma 4.2.2 Let H = H* be an invertible n x n matrixz. For n x k matrices U and V
and invertible matrices S and T of sizes k X k and n X n respectively, let

H, =T*HT, U, =T"'Us", Vii=SV*T.
Then,

HUV*+VU*H >0 < HU\Vy + VU Hy > 0.

Further, rank U = rank Uy, rank V' = rank V;, rank U, V}* = rank UV™* and
rank (HUV* + VU*H) = rank (H,U,V* + ViU Hy).
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Proof. The positive real statement follows from the identity:
T*(HUV* +VU*H)T = T*H(TT HU(S'S)V*T
+ TV(S*(S*) HUu*((T*) 'T*)HT
= H1U1‘/1* + ‘/lele

The rank statements follow from the fact that the invertibility of S and T" preserve rank .
O

Proposition 4.2.3 Let U,V be n x k matrices such that UV* has rank-k. Then UV* is
H -positive real if and only if there exists a k X k invertible matriz E& such that V = HUE
and E* + E > 0. Further, rank (HUV* + VU*H) = rank (E* + F).

Proof. Let V = HUEFE, where E has the properties in the statement of the proposition.
Then,

HUV*+VU*H = HUE'U*H+ HUEU*H
HU(E* + E)U*H.

Since, E* + E > 0, it follows that HUV* + VU*H > 0.
Conversely, assume that UV* is H-positive real. From rank(UV*) = k, it follows that
rank(U) = rank(V*) = k. Therefore we can find invertible matrices S and 7" such that
SV*T = [I, 0].

Using the matrices S and T as in Lemma 4.2.2, we may assume without loss of generality
that V* = [Ik 0} and that our matrices H,U and V were obtained similarly to the

matrices Hy,U; and V] in Lemma 4.2.2. If we let U = {51}7 where U; is a k x k block
2
and Us is a (n — k) x k block, then

. (Ui 0 . U U
UV—{U2 0} and VU—[O O]
If we let H = [HH Hm], where Hi; is a k x k block, then
Hy  Hap

(4.1)

HUV* + VU H = [ D+ D UTHH*U;H??}

Hoy Uy + HyUs 0

where we let D = H1U; + H12U;. Since we assume that HUV* + VU*H > 0, it follows
that H21U1 + H22U2 = Uleg + UQ*HQQ = 0. Thus we have

HUV* + VU*H = {D +D 0}

0 0"
This implies that D + D* > 0 and that rank(HUV* + VU*H) = rank(D + D*), where
D + D* is a k x k matrix. Also, because
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0

it is clear that rank(D) = rank(HU) = rank(U) = k. Since D is a k x k matrix of rank-k,
it should be invertible. Let £ = D~!. An easy calculation shows that

av =[],

(E*+ E)x,z) = (D + D*)(D 'z),D7'z) > 0
for all x. Thus E* + E > 0. Further,

o= (o= 4] =v

and

E+ E*=DY(D*+ D)(D*)™.

It now follows that

rank(E + E*) = rank(D* + D) = rank(HUV* + VU"H).
O

Remark 4.2.4 Our result of Proposition 4.2.1 also follows from Proposition 4.2.3: As-
sume rank(uv*) = 1. Thus in Proposition 4.2.3 we can replace the n x k matrices by the
n X 1 vectors. By Proposition 4.2.3 the matrix uv* is H-positive real if and only if there
exists an invertible 1 x 1 matrix £ (i.e. a number «) such that @ + o > 0, i.e., a >0,
such that v = a - Hu. Since uv* is a non-zero matrix, we have a # 0.

Although the above results are proved for the complex case, it also holds in the real

case, that is, when H is a real symmetric invertible n x n matrix and A being H positive
real, i.e. HA+ ATH > 0.

4.3 Main result

In this section we prove one of the main results of this chapter. In the sequel we shall
restrict our attention to rank-one perturbation of the type tuu*H with real t > 0. This is
in particular motivated by the real case, which we shall discuss later in this chapter. In
order to state this, we need to consider the Jordan form of the H-positive real matrix A.
We denote by A;, 7 =1,...,p the eigenvalues of A, and for every j, we denote by k; the
geometric multiplicity of A;, and by nj1 > nj» > -+ > nj,, the partial multiplicities of
A corresponding to A;.

Theorem 4.3.1 Let A be H-positive real. Then, for generic u and H-positive real rank-
one perturbation B(t) = A+ tuu*H (t > 0), we have the following:

1. For each j =1,...,p, and for every positive t, B(t) has partial multiplicities n;o >
o+ > myk, corresponding to the eigenvalues A;.



CHAPTER 4. RANK-ONE PERTURBATIONS 100

2. For all but finitely many t > 0, B(t) has Z§:1 nj1 simple eigenvalues which are not
eigenvalues of A.

For all u 1t follows that:

3. For all t > 0, all the pure imaginary eigenvalues of B(t) are eigenvalues of A.
Thus the simple eigenvalues of B(t) (for all but possibly a finite number of t > 0)
mentioned in Part 2 are not pure imaginary.

4. The eigenvectors of B(t) corresponding to an eigenvalue \ which is not an eigenvalue
of A are strictly H-positive if Re X\ > 0 and strictly H-negative if Re A < 0, that
is if Ax = Az with x # 0 and Re A > 0, then (Hx,x) > 0, and if Re A < 0, then
(Hz,z) < 0.

We first observe that the major part of the theorem is in line with a result concerning
unstructured rank-one perturbations, see [68], also [14]. In fact, the only statement in
the theorem that is different from the statements in these references is the statement
concerning the location of the simple eigenvalues, i.e., Parts 3 and 4.

Example 4.3.2

As a first example of the result of the theorem, consider

0 2
PO R

Then, according to Proposition 4.2.1, a rank-one H-positive real matrix is of the form
uu*, so the perturbed matriz becomes

"Uq’z 2 +’U/1ﬂ2
-2 + Uus |u2|2

B:A—i—uu*:[

If this matrix would have pure-imaginary eigenvalues, then its trace would have to be
zero, i.e., |up|? + |ug|? = 0. This is only possible if u; = uy = 0. So, we see that for this
example no rank-one positive real perturbation can have pure-imaginary eigenvalues, as
predicted by the theorem.

Observe that the result is not true if we replace the H-positive real rank-one per-
turbation by a general rank-one perturbation, that is, for generic u and v in R™ and
C(t) = A+tuv* it is very well possible that C'(¢) has pure imaginary eigenvalues for some
positive values of t. This is illustrated in the figures below, where the graphs are plotted
in the complex plane and the paths of the perturbed eigenvalues are shown as a function
of time. The first figure presents the case where

01, (4.2)
0

while the second figure presents the case where
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In both cases v = {_02 (2)} .

blue is unstructured rank one perturbation, red is positive real perturbation
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The proofs of Part 1 and 2 in our context follows later. We start with the proofs of
Parts 3 and 4 of Theorem 4.3.1.

Proof. Part 3: Suppose that

-4

-5 L L L I |
-15 05 1 15 2 25

(A+tuwu"H)x = Az, Re )Xy =0,

for some non-zero complex vector x € C", and some ¢ > 0. Multiply the latter equation
with H from the left, and take the inner product with x to obtain

(HA+tHuu H)x,x) = No(Hz, ).
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The right hand side has real part zero, since (Hz,x) is a real number and )y is pure-
imaginary. The real part of the left hand side is given by

Re (HAz,z) + t(Huu"Hzx, ) =

= S((HAw,2) + (r, HAT)) + tlu* Ha,u' He) =

1

§(<HAx,I> + (A*Hz, ) + tlu*Hz|* =
1

= §(Dx,x>+t|u*Hx|2,

where D = HA 4+ A*H. Now since D > 0, we see that the latter expression can only
be zero if both terms are zero. Thus, in particular, u*Hx = 0. But then it follows from
(A + tuwu*H)x = Az that in fact Az = A\gz. That is, the pure-imaginary eigenvalues of
A + tuu*H for any u and any t > 0 are those of A.

Part 4: The computation above actually can be used to prove Part 4 as well. Let A be
an eigenvalue of B(t) and suppose A is not an eigenvalue of A. Following the arguments
in the proof of Part 3, we see that

1
ReAN(Hz,x) = §<Dx,x> +tlu*Hz|* > 0, (4.4)

where D = HA+ A*H, t > 0 and x # 0 is an eigenvector corresponding to A. Since we
assume that A is not an eigenvalue of A, it follows from Part 3 that if ReA > 0 (i.e. A is
in the open right half plane), then we have (Hz,z) > 0. Also, as in the proof of Part 3 we
have seen that (Hz,x) > 0 or else v*Hxz = 0 and then X is an eigenvalue of A. Similarly,
(Hr,xz) < 0if ReA < 0.

Thus we see that the eigenvalues of B(t) which are not eigenvalues of A, as mentioned
in Part 3 of the theorem have the following property: all eigenvectors corresponding to
those eigenvalues that are in the open left half plane are strictly H-negative vectors, all
eigenvectors corresponding to those eigenvalues that are in the open right half plane are
strictly H-positive vectors. a

Next, we consider perturbations of rank larger than one. We shall restrict our attention
to perturbations of the type tUE*U*H with real t > 0. This is in particular motivated
by the real case, which we shall discuss later in this chapter.

Theorem 4.3.3 Let A be H-positive real. Then, for any n X k matrix U and for any
invertible k X k matriz E with E+ E* > 0, the H-positive real rank-k perturbation B(t) =
A+ tUE*U*H (t > 0) has the following properties:

1. For allt > 0, all the pure imaginary eigenvalues of B(t) are eigenvalues of A.

2. The eigenvectors of B(t) corresponding to an eigenvalue X\ which is not an eigenvalue
of A are strictly H-positive if Re A > 0 and strictly H-negative if Re A < 0.

Proof. Part 1: Suppose that

(A+tUE*UH)x = Aoz, Re Xy =0,
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for some non-zero complex vector x € C", and some t > 0. Multiply the latter equation
with H from the left, and take the inner product with x to obtain

(HA+tHUE'U"H)z,z) = N(Hzx,x).

The right hand side has real part zero, since (Hz,x) is a real number and ) is pure-
imaginary. The real part of the left hand side is given by

Re (HAz,z) + t(HUE*U*Hz, x)

= %((HAx, x) + (x, HAx)) + tRe(E*U*Hx,U* Hzx)

= %<(HA + A H)a,x) + t{(E*U*Hz,U*H) + (EU*Hzx, U*Hz)}
= %<(HA + A*H)x,x) + t{((E* + E)U*Hz,U* Hx)
_ %((HA - A H)a,3) + 1| (B + B)Y20" Hal

Now, since HA + A*H > 0, we see that the latter expression can only be zero if both
terms are zero. In particular, (E 4 E*)Y/2U*Hx = 0 and the fact that E + E* has rank-k
implies that U*Hxz = 0. But then it follows from (A + tUE*U*H)x = Aoz that in fact
Ax = Mox. That is, the pure-imaginary eigenvalues of A + tUE*U*H for any U and any
t > 0 are those of A.

The proof of Part 2 of this theorem follows similarly as in the proof of Part 4 in
Theorem 4.3.1. O

Remark 4.3.4 It might seem reasonable to conjecture that the number of eigenvalues
moving into the left/right half plane is determined by the signs corresponding to odd
blocks with pure-imaginary eigenvalues in the Jordan canonical form of A. This turns out
not to be true, at least not in case n;; = n;p and n;; is odd and there is opposite signs.
As an example, consider the case where A\; = 0, and n;; = njs = 1, that is:

T O ]

|’LL1|2 —Ulﬂg
U,Qﬂl —|U2|2
the latter number can be positive or negative, depending on wu, so there is no dependence
on the signs in H.

Then A + uwu*H = { } , which has eigenvalues 0 and |u;|? — |uy|®. Obviously,

The next example illustrates Part 3 of Theorem 4.3.1 in a very explicit computation.
Example 4.3.5

Consider first the pair of matrices given in (4.2). We shall denote the vector u by u* =
0 b

b O}' In this case

* * * 1 2 —
[ul uy u3}, where uy,us and ug are vectors in C%, and 7 = {

det(A — A) = (A\? + b?)? and if A # +ib then one computes that
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A=) A=m72 A=9)7"
A=A = 0 A=7)" A=)
0 0 (A=)t

One has, using det(A — ) = A2 + b,

- 1
()\_7) b= )\2+b2()\+7)7
_ 1
A=7"2 = —(A2+b2)2(k2+2ky+72),
~ 1
A=9)"2 = m()\3+3)\27+3)\72+73).

Then the next computation comes in handy, where we use Lemma 4.6.1 in the third step

det(A] — (A + tuu*H))
det (A= A)(I — (A — A) "tuu*H))

= det(\ — A)det(I — (A — A) "tuu*H)

= det(A— A)(1 —tu*H(A — A) ')

= M+)1—twH\— A) )

= N+)’0—t[-uy up—ui] (A=A |u|)

= N+’ =t {—uj(A =) ug Fus(N =) e — uf (A — ) us}
t{—ui(A —7)Pus + us (A — ) Pus}

+ tui(\ — ) Pus).

Inserting the formulas for (A — )™ for j = 1,2, 3, we obtain from this that

det(A] — (A + tuu™H))
= (W07 —t(W + 1) {—us(A +7)ur + up(A+Y)up — up (A + 7)uz}
EN 4 0%) {=ul(N + 20y + ) us + ub (N + 20y + 7)us }
+ b (A + 302y + 30 4 P )ug
Next, we use the fact that v is skew-symmetric and that v = —b?I,. This means that

for any vectors x,y € R? we have x*yz = 0 and x*yy + y*yx = 0. Thus quite a number
of terms in the above expression cancel, and we are left with

det(A — (A + tuu*H))
= (A2 4+ 0% —t(\ 4+ )N {—2ubu; + ubus}
t(A2 + %) {—d uiyus s + tug (N — 302N\ )us)
= (A2 +b*)? — (4.5)
EIN{ (N + )2 (—2ubur + ubus) + (N + ) (—4uiyus — ujus) + 4b%ulus b .
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Let us denote the polynomial in braces by (), so
r(A) = (A 4 b2 (—2ubuy + ubug) + (A2 + b?) (—duiyug — ujus) + 4b%ubus. (4.6)

Now we are in a position to show that the theorem holds for this example. Indeed, if
A\ = iy are pure-imaginary, then the terms (A% + 0?)3 are real, and so is 7()). If iy would
be an eigenvalue of A + tuu*H, then we would have

(b* —y?*)° — ityr(iy) = 0,
and since both r(iy) and b*> — y? are real, this would mean that they are both zero. Hence
y = £b. This gives a contradiction.
Thus, for this example all eigenvalues of A + tuu*H, which are not eigenvalues of A,
do not lie on the imaginary line and this holds for all ¢ > 0.

It remains to prove Parts 1 and 2 in Theorem 4.3.1. We start with a lemma which
discusses the case where there is just one eigenvalue.

Lemma 4.3.6 Suppose the H-positive real n x n matriz A has one eigenvalue (say \)
and A s in Jordan form, i.e.

A=J,, N @®...¢ Jo, (N

with k > 2 and ny > ny > ... > ny. Then for generic vectors u and all but finitely many

t >0, A is an eigenvalue of
B(t) = A+ tuu™H.

In this case B(t) has partial multiplicities ny > ... > ny with respect to the eigenvalue A
and has ny simple eigenvalues which are not eigenvalues of A.

Proof. To show that A is an eigenvalue of B (t) = A+ tuu*H for a generic set of vectors
u and to determine the partial multiplicities of B(t) at A in this case, we simplify the
calculations by replacing B(t) by the matrix B(t) — AI (and thus A by 0).

Write H in the form

Hll H12 e Hlk
i H.21 H‘22 ]—I'Qk 7

where Hy; is of dimension ng X ny.
By (2.1) each diagonal block Hj; is an anti-triangular matrix of the form

H, = , for some ¢, # 0

and all off-diagonal blocks Hj;, are anti-triangular of the form
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Hy, = , for some ¢, and vy,.

Vkl

Here ¢, denotes the (1, n)-th entry of the block Hy, and vy, denotes the (n;, 1)-th entry

of Hlk-
We have n = 31 ;. Let

where u®™ € C for I =1,...,k and m = 1,...,n;. Similarly, let

P ISy
v® . 0 »(62)
v=| . |, witho" =

X0 (L)

Since v* = u*H for H-positive real rank-one perturbations, we can write

k
Z le@(r)

r=1

k
Hou™
v=Hu= ; e

k
Z Hkrﬂ(T)
Lr=1

e vl = Zle H,u") forl=1,...,k and H;, and Hy as before. Thus, v® is of the form

Ellu(l’nl) Glzu(2vn2) —€ u(lanl) elkru/(kunk)
o = + +o+ TR
* % * *

This can be written as

k
Z ElTu(Tanv') — € u(lvnl)

r=1
r#l
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Let S7' = Toep(vV) @ Toep(v®) & ... @ Toep(v™®), where Toep(v?) denotes the up-
per triangular Toeplitz matrix with entries on the first row given by v™W’. We assume
generically that vY % 0 for [ = 1,...,k. This implies that S is indeed invertible. Now
consider S~'B(t)S, that is

ST'B#)S = SYA+tuw*H)S
= ST'AS +tS'uurHS
= A+tS'wurHS,

see [43] Section 12.4. Recall that v* = v*H, hence u*HS = v*S. If we let b* = v*S, then

ST'B(t)S = A+tStub*

@
k . e
= @IV +t|. |b

r=1

where S~'u = [V, @@, ..., a®]*. One verifies that b* = [1...0[1...0|...|1...0], hence
the matrix S~'B(¢)S has the form:

S'B(t)S =

[t £\ 1 ol @y o 0 a0 0 ]
a2\ 0| a2 0 0 a2 0
tatm) N otan) 0l...| tat™) 0o ... 0
a2 o 0] ta®) )\ 1 ol...1 @Y o ... 0
22 0| a2 )\ 0l...1 ta®» 0o ... 0
tam) 0 0| ta®m) 0 Ao a0 0

! ! - !

ta&D 0 o ta®b 0 Of...[ta®) 4+ X\ 1 0
tu®k2 0| ta®2 o 0l...1 ta®>» ) 0
takme) 0 0| tatm) 0 o 0. | ta%m) 0 L0 A

(Take note that each diagonal block of the matrix S~'B(¢)S has ones on the superdia-
gonal.)
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Now we consider the matrix:

B(t) = ST'B(t)S — M\ =

ta 1 o0l ™Y oo oo @Y 0 ... 0]
ta® o0 .o 0 ta®® o ... 0. | ta®™ 0 ... 0
ta@m) 0 0 ta@"ﬂ 0 0 ta@m) 0 ... 0
taD 0 0 ta®b 1 0 ta@ 0 ... 0
ta22 0 0| ta®2 0 0 taZ? 0 ... 0
ta@”?) 0 0 ta@m) 0 0f... ta@"z) 0 0
{ { {
ta®D 0 0] ta®b 0 0 ta®D 1 0
ta®2 0 0| ta®2 0 0 ta®2 0 0
tiz@"w 0 ... 0 ta@v"k) 0 ... 0]... m@ank) 0 ... 0

From the above matrix representation of B(t) it is easily verified that B(t)(e;—en, 1) = 0,
i.e. 0is an eigenvalue of B(t) and hence ) is an eigenvalue of B(t) in the case when the
vectors u are generically chosen such that v!) % 0 for [ = 1, ..., k. For the eigenvalue A,
we find Jordan chains (for the matrix S™'B(¢)S5) as

€1 — €ny+15€2 — Cpyt2y - -y Cny — Cnytng (4.7)
€1 — en1+n2+17 €y — 6n1+n2+27 oo 7671,3 — €3
2 nr
r=1
€1 — € k1 , €9 — € k1 ,...,enk—ek .
(2 nr)+l (2 nr)+2 > nr

r=1 r=1 r=1

There are thus at least (k — 1) chains of lengths ny > ng > ... > ny, respectively. Note
that in the chains above, the vectors

€1 —€ | forl=1,2,...;k—1
(3 nr)+1

r=1

are eigenvectors of S~1B(t)S associated with the eigenvalue X. This shows that

dim(Ker(S™'B(t)S — A\I)) > k — 1.



CHAPTER 4. RANK-ONE PERTURBATIONS 109

Recall that if B(t) = S~ B(t)S — A, then the characteristic polynomial of B(t) is
given by

3(1) — AI)
= det((ST'B()S — M) — AI)
= det(B(t) — A — \I)

pB(t)()\) = det(B
(
(
det( —l—tuu*H A — \)
(
(
(

B(t
A

= det((A— M) — A +tuu*H)

= det([(A = X) = M][I +t((A— X) = A\) " uu H]) for X\ # 0

= det((A— M) = X)(1 +tu*H((A— X)) — M) 'u) (Lemma 4.6.1)

= det((A— ) — X))+ tu* H[det(A — A+ AT (A — M) — A

= py_ss(A) +tg(N).
Since we have on both sides of the equation polynomials, it also holds for A = 0. Here
Pa_ss(A) is the characteristic polynomial of degree n. Below we verify that ¢(\) is a
polynomial of degree < n — 1. K

If [|A — M| < |A|, then we may rewrite [(A — AI) — M|}
(A=A =M|7" = DAHA=A) =)}
= —)\‘1(1 A NA- X))—l

= -\ Z A= D)
(A— )\I
_Z A+l
Now,

A==, (0)® J,(0)® ... ® J,, (0).
Thus, (A — A)™ =0 and (A — A\)™ 1y # 0 for generic u # 0. If ny > ny, then

SRR
_ ] 0
00 1 :
00 0 u® (i)
(A= A"ty = D= 0
00 0 u® .
: . 0

(If ny = ny, then (A — X))y = [u@m) 0. 0[u®m)0...0|..]*, etc.) Hence,
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(A= A

) = —eHY A

Judet(A — N\ — XI)

Jj=0

- —((—1)")\")u*H(z_: A=y A_jﬁ] Py

7=0
ni—1
= (=" H N A= M) )
j=0
Thus we have
ni—1 .
PewmN) = pas(A) + (=)™ (tu"H Z AVITHA = MDY Ju
7=0
ni—1 .
= (=D)"\"+ ()" HOY AT A= AL
7=0
ni—1 R
= (=1)"NTM =t H(Y AT THA = M) ). (4.8)
7=0
We may rewrite (4.8) as:
Pae ) = AT (= 1)"A™ + AT+ L+ and + ), (4.9)

where we have

ap = (="t H(A — M)

o = ()" M H(A - XM 2
ay = ()"t H(A = A3y

In general

o = (=1)"""tuH(A - ANy 5 =0,...,n; — 1.

For oy # 0, we must have

(A—\)™u #£ 0.

This is the case when the coordinate u(*™) of the vector u!) is non-zero, i.e. the choice
of all u € R™ such that (A — A)™ Ly £ 0 gives a generic set.

It is then clear that B(t) has an eigenvalue of algebraic multiplicity n — ny at zero, or
equivalently, that B(t) has an eigenvalue of algebraic multiplicity n—n; = ng+nz+...+ny
at .
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To show that the eigenvalues of B(t), different from those of A are simple, we consider
(4.9) again. It suffices to show that the polynomial A(\) = (—=1)"A™ + ay,, (A" 4. ..+
a1 A + o has ny different roots. To show this we slightly adapt an argument from [68].
Write o = ¢3; with

B; = (1) H(A - A)™ .
Then h(A) = 0 if and only if

(—1)"A™ £ 1B, A" BB = 0.
Dividing through by ¢, this is zero if and only if

k(A1) = (=1)" X"t 4 By AN 4 BiA+ By = 0.

Introduce y = t'/™ and = = 2, then

k(N t) = P(x,y) = (—1)"2™ 4 B, —1(xy)™ ' + ... + Broy + Bo.

We now see that P(z,0) = (—1)"a2™ + [y = 0 with 5y # 0 has n; distinct nonzero roots.
Now use the implicit function theorem, see e.g. [15], Section 10.2, in particular (10.2.4)
to deduce that there are n; distinct functions x;(y), j = 1,...,ny, analytic in y for y # 0
small enough, such that P(z;(y),y) = 0. Thus B(t) has ny distinct eigenvalues for ¢ > 0
small enough. To complete the proof for all but finite many ¢ > 0, we use the argument
from [65] Theorem 6.9. See also the final part of the proof of Theorem 4.3.1 below. O

Remark 4.3.7 (1) Note that the proof of Lemma 4.3.6 actually proves Part 1 and 2 of
Theorem 4.3.1 for the case of a single eigenvalue.

(2) The eigenvalues of B(t) which are not eigenvalues of A, close to \g € 0(A) behave as
the roots of (—1)"A™ + ay. (Recall that ag = t0y.)

Proof of Part (1) and (2) of Theorem 4.3.1. Without loss of generality, let A be in
Jordan normal form as before:

p ok
A=P B Jn,.(\)

j=1 i=1

We consider a rank-one perturbation B(t) = A + tuu*H of A as before. The proof of
Lemma 4.3.6 can be used to prove that B(t) generically has k;_; Jordan chains of lengths
Nj2 > Mjg > ... 2 Ny, corresponding to the eigenvalue \;.

The proof of the general case now proceeds as the proof of Lemma 4.3.6 by considering
the characteristic polynomial of B(t).

peiy(A) = pa(N)(1—tu*H(N — A)" ')

= TITI = M)mlmath) — tuma(A) HAL — A)~ )],

j=1i=2
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where ma(A) = [[7_;(A — A;)" is the minimal polynomial. Since we are interested in

those eigenvalues of B(t) which are not eigenvalues of A (i.e., the set o(B(t))\o(A)), and
since these eigenvalues are the roots of

q(A) == ma(\) — tuma(NHN — A)~?

we only consider the latter polynomial. Let us, for sake of simplicity of notation, replace
the subscript n;; by n;. Then g(\) can be expressed as

p

g(\) =[N = ) (1 = tw HA = A) ).

J=1

Since A # A;, we write

(M — A)~ ZZ)\ A) A = NP,

7j=1 m=1

where P; is the spectral projection onto the eigenspace of the eigenvalue A;, cf. Chapter
2.1 of [23].

Since the polynomial ¢(\) above also depends on ¢ > 0, we agree to denote it by g(\, t)
for the moment. Substituting the above expression for (A — A)~! into ¢(\) we then have

g\ = ma\) —t> (JJA - M’”)(ZJ(A — X)Wt H P (A = \I)™ ™ Pyu) (4.10)
j=1 z‘s«éj m=1

= (A=\)" —tH (A= X)™( Z()\—/\ )T HPY(A — M\ )™ Pu)

-t Z(H()\ - /\j)”"(Z(A — X)) H Py (A = \I)™ ™ Pyu)
i=2 it m=1
— - A=A q (A1) — ) (A — A)™, (4.11)

where we put

g\ ) =A=A)" =t > (A=) "u HP(A— MI)™ ' Pu

and

E*@

FA) A — \)™ = (A1) — g\ 1),

J=2

Introduce z = t'/™ and y = 221 then
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(2 + A = A)" [(zy)™ — 2™ > (awy)™ " HPY(A = M) Py

m=1

E%

qg(\t) =

[\

j:
2y ™M, Y).

Observe that the right hand side is a polynomial in  and y, and that all terms contain
x™ as a factor. Divide by x™ and introduce

p ny—1
P(z,y) = H(xy + A=)y - Z (zy)™ " u HP(A = X)) Plu
j=2 m=1

— u'HP(A- Al)"l_lPlu] — "M y"Mr(x,y).

Then
P
P(0,y) = [0 = A)™[y™ — w HP(A = \)™ ' Py,
j=2
Denoting Piu = uy = [un cee Uy, 0Ll 0}* and taking (A, H) in simple form, as
in Lemma 4.3.6, we have
ulnl
-1 0
(A — >\1)n1 Plu = . — Ulnlel
0
and
0 a
u*HPlz[un coe U, 0L O] Do x| 0
a ...
0 0

So, wHP (A —MI)" " 'Piu=aui, if \; € R. Thus

P0,y) = [ =A™ [y™ — aui,, ).

Jj=2

Now by applying the analytic version of the implicit function theorem, see p 272 of [15],
we see that P(z,y) = 0 has ny solutions, namely, y;(z) for j =1,...,ny, with

27 ;

y;(0) = a¥/mruf e,

Translating to \;(t), we have

27
N(t) =M+ al/”luifsleﬁjtl/m +....
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We are now in a position to finish the proof of Part 1 of Theorem 4.3.1 in the same
way as was done in Lemma 4.3.6. Just counting multiplicities we see that the algebraic
multiplicity of A\; as an eigenvalue of B(t) is ny o+ ...+ nyy,. Since the same arguments
will apply to all eigenvalues, Part 1 is proved.

Also, Part 2 is proved for £ > 0 small enough: It remains to prove that for all but
finitely many ¢t > 0 the eigenvalues of B(t) which are not eigenvalues of A are simple
eigenvalues. For this we use the argument from [65], Theorem 6.1. Recall that ma(\) =
[T5—i(A = \j)"t. Now let p(A) = u*ma(A)H(A — A)~'u. If X is a double eigenvalue of
B(t) and A ¢ o(A), then X is a common root of ma(\) — tp(\) and m/,(\) — tp/ ().

Hence the Sylvester resultant matriz of these two polynomials must be singular (see
e.g. [43] Theorem 13.3.2). As in [65] it may be seen that the determinant of the Sylvester
resultant matrix is a polynomial in the variable ¢ which is not identically zero. Hence,
there is only a finite number of values ¢ > 0 for which B(t) has an eigenvalue of multiplicity
at least two. a

An alternative approach to the one discussed above regarding the algebraic multiplicity
of the eigenvalues of p B(t)()‘>7 is to consider Theorem 2.3 in [55].

4.4 Asymptotics of eigenvalues

In this section we study the asymptotics of the eigenvalues of A 4+ tuu*H as t — oo. We
start by continuing the Example 4.3.5.

Example 4.4.1

In the situation of Example 4.3.5 we had computed that the eigenvalues of A + tuu*H
were given by the roots of the polynomial

(A2 +0%)° —tar(N),

where 7()) is given by (4.6).

The next picture shows the eigenvalue curves for the specific vector u given by u =
[—0.4326 —1.6656 0.1253 0.2877 —1.1465 1.1909 r, which is obtained in matlab
with randn(6,1). As can be seen the eigenvalues converge to five points in the finite
complex plane, given by 0, and £(0.8507 4 2.2142¢), and, although this can not be seen
from the first picture, it can be seen from the second, one eigenvalue converges to plus
infinity.
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in red the eigenvalue curves, blue crosses the roots of & p(A) in red the eigenvalue curves, blue crosses the roots of & p(k)
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Applying Lemma 4.6.2 to (\2+b%)® —tAr()), we see that the location of the eigenvalues
of A+ uu*H as t — oo will be at the roots of Ar()\), which are indeed the points 0, and
+(0.8507 £ 2.2142i).

We shall show that this is generically the typical behavior of the eigenvalues. Recall
that the eigenvalues of B(t) which are not eigenvalues of A are the roots of the polynomial
q(A) = ma(\) — tu* Hma(A\) (A — A) .

We denote

p(A) = uw*Hma(A\) (M — A) " tu,
and let [ be the degree of ¢. Then the following proposition holds.

Proposition 4.4.2 Let A be H-positive real, then for generic vectors u € C" the eigen-
values of B(t) = A+ tuu*H will behave as follows: exactly | — 1 of them approzimate the
roots of p, one goes to infinity, asymptotically along the half line tu*Hu, t > 0.

Proof. The proof is immediate from Lemma 4.6.2. O

In the next example we consider the case where there are two blocks of the same
size with zero eigenvalue. This example shows that it is possible that asymptotically the
eigenvalues of A + tuu*H approach the imaginary axis.

Example 4.4.3

In this example we consider the case where

=[5 ) =8

where J3(0) is the 3 x 3 Jordan block with zero eigenvalue, and
—1

0
H =10 0
0

-1

oS = O
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In this case too, we compute det(A] — (A + tuwu*H)). With similar arguments as in
Example 4.3.5, we obtain

det(A] — (A + tuwu"H)) = X* (N> — ¢ {N*(u5 + ui — 2uqus — 2ugue) — (ui + ug) }) -

We see that as predicted by Theorem 4.3.1 there remain three eigenvalues at zero. Ap-
plying Lemma 4.6.2 with p;(\) = A3 and

pa(N) = N (u3 + u2 — 2uqus — 2ugug) — (U3 + ug) = Nu*Hu — (uj + ul)

we observe that the eigenvalues of A 4 tuu*H will be as follows: three at zero, one going
to plus or minus infinity, and two converging to the roots of py. If u is H-positive, that is,
u*Hu > 0, one eigenvalue will go to +00, and the other two will approach two real numbers
++/(u2 + u2) /u*Hu. If u is H-negative, i.e. u*Hu < 0, one eigenvalue will go to —oo, and
the other two will approach two pure imaginary numbers +iy/—(u2 + u2)/u*Hu. Also
observe that p; — tp, again cannot have a pure-imaginary root, thus confirming Theorem
4.3.1.
The following figures show the eigenvalues of B(t) as a function of ¢ > 0.

Taking

u=[1.1892 —0.0376 0.3273 0.1746 —0.1867 0.7258]"
the roots of p are +0.7979:.

Asymptotics of the eigenvalues, A=two blocks size 3, eigenvalue 0
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Letting
u:[—0.1858 0.0089 0.8369 —0.7223 —0.7215 —0.2012}*

the roots of p are £1.1702.
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Asymptotics of the eigenvalues, A=two blocks size 3, eigenvalue 0

As we have seen above, the qualitative behavior of the eigenvalues of B(t) as a function
of t > 0 is always as in either one of these two figures.

Example 4.4.4

The next example analyzes the case where we have

0 0 0 -1
B [H, 0 o 01 0
-1 00 O

for different choices of w.

Again, as predicted by Theorem 4.3.1 there remain four eigenvalues at zero, one eigen-
value goes to plus or minus infinity, the other three approximate finite values. In this case,
the characteristic polynomial of A + tuu*H is

M (M =t {2V (—wus + usuz — usus + ugur) + AN (uj + uf) — (uf +u3)})
As before, applying Lemma 4.6.2 to p;(A) = A* and
pa(A) = 20 (—uyuy + ugus — usug + uguy) + A*(u3 + uz) — (uj + ud),

we see that the eigenvalues of A + tuu*H will be as follows: four at zero (one Jordan
block of size four), one going to infinity, and three approaching the roots of py. Note that
the leading coefficient of po(A) is u*Hu. Hence, if u*Hu > 0, two eigenvalues will go into
the right half-plane and two into the left half-plane. The one eigenvalue to the right goes
to positive infinity and the other one to the positive real root of py(\). The other two
eigenvalues will approach either two negative real roots (see figure case I) or approach
two conjugate complex roots in the left half-plane (see figure case II).

On the other hand, if v*Hu < 0, again two eigenvalues go to the right half-plane and
two eigenvalues to the left half-plane. The one eigenvalue to the left goes to minus infinity
and the other one to a negative real root of pa(A). The other two eigenvalues, to the right,
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will approach either two real roots (see figure case III) or two conjugate complex roots in
the right half-plane (see figure case IV).
Also note that this example as well confirms the result of Theorem 4.3.1

asymptotics of the eigenvalues, two blocks size 4, eigenvalue 0, case | asymptotics of the eigenvalues, two blocks size 4, eigenvalue 0, case Il
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-03}F

04 L L L L L L | 1501

The four different cases when (A, H) is given by (4.12)

Example 4.4.5

The final example concerns a case where the eigenvalues are not on the imaginary line.
Consider
A= Jy(—1£20) @ J3(3 £+ 440), H=—-Ig® I.

This is a pair of 14 x 14 matrices. We again take a 14 x 1 random vector u. As in the
previous examples, let us denote p;(\) = det(A — A), and

det(A — (A+tuwu"H)) = p1(A) — tpa(N).
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Then (with a little help from the symbolic toolbox of Matlab), one computes

288311 4141 4 177401
() = 628831179760 A\ _ 740779731774015 A2

4503599627370496 17592186044416
n 3538118983700225 \1_ 2217132684997471 310
8796093022208 1099511627776
n 3566409675069751 |,  1411268841389411 | ¢
549755813888 137438953472
n 2463976178260191 . 8027690789718847 4
34359738368 137438953472
n 5675411788333239 5 5306559348455229
8589934592 2147483648
n 8911228193448319 3 2527175811903299 ,
1073741824 134217728
n 3027100170486679 n 6126686202701393
134217728 268435456

(Obviously, because of the use of the symbolic toolbox, the fractions shown here are
the best rational approximations to real numbers. The roots of p, can be computed
by converting the symbolic expression to a numerical one, and then asking Matlab to
compute the roots.) The roots of py are given by the following three real numbers and
five pairs of complex conjugate numbers

17.6987,8.2494, —1.7697, 3.0839 £ 4.29921, 2.6395 £ 3.7781z,
—1.6054 £ 2.47824, —0.3779 £ 2.02897, —0.7506 £ 1.5171:.

The following figure shows that again, the roots of ps are limits of eigenvalues of A+tuu*H,
when t — oo.

rank one perturbation for non-pure-imaginary eigenvalues

.

o
e

A question that may rise is: To what extent is all we did here on asymptotics going
through in the general case, i.e., for B(t) = A+tuv*, where A has no particular structure?
This has been done in the work of [65].
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4.5 Rank-one perturbations of H-positive real matri-
ces - The real case

We conclude the main body of the chapter by making a few remarks regarding the real
case. It is especially different at eigenvalue zero, if compared to the complex case. We
will show this with two examples by considering the canonical form for the case when
HA+ATH = 0 and even dimension blocks at eigenvalue zero. (This can also be compared
with what happened with rank-one perturbations for the real J-Hamiltonian matrices, see
[55].) Before turning to the examples we remark that Theorem 4.3.1 is true for the real
case as well when A is invertible.

Example 4.5.1

Let A= J5(0) & J2(0), and let H be given by

0 0 0 1
0 0 —1 0
H=10 1 0o o
1 0 0 0

Then HA+ ATH = 0. Let us consider a generic structured real H-nonnegative perturba-
tion of rank-one of A: B = A+ wu” H. We denote u = [ul Uy Us u4}T. First observe
that a vector zg = [11:01 To2 To3 1:04]T is in ker B if and only if Az = —uu” Hz. Now
Ax has zero as its second and fourth coordinates, and as w is generic, we may assume
that uy # 0 and uy # 0. That implies that both Az = 0 and «Z Hx = 0. In particular,
ZToo = Tos = 0, and —uswo3 + ugrgr = 0. So without loss of generality we can take

To = [UQ 0 Uy O}T
Next, we are looking for a vector x; such that Bx; = xy. Denote x1 = [1:11 Ti12 13 x14]T
Then Bz, = Az +wu? Hxy = 0. In the same way as in the previous paragraph we can
now conclude that u” Hx; = 0, and that Az; = . These two conditions combined imply,
that we may put
T
T =[—ur up —uz wgl
and adding any multiple of z¢y would work as well.
Further, we check whether it is possible that Bxy = x1 for some vector z5. Again, we
denote To = |:l’21 To2 X923 I24]T. Then

T22 Uy —U;
0 U9 U9
Bxy = Axy +uwul Hry = + u'Hxy =
L24 Uus —us
0 Uy Uy

Comparing the second and fourth coordinate, we see that it is necessary that u! Hzy = 1,
and considering the first and third coordinate we note that we should take x99 = —2u;,
Tos = —2usz. We arrive at the condition that

UTH.Z'Q = —T23U9 + TojUy = 1.
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Obviously, it is possible to arrange for this to hold by an appropriate choice of x5 or xsy,
provided not both uy and wuy are zero (which is generically the case).

We conclude that the rank-one perturbation B of A has a Jordan chain of length
at least three corresponding to the zero eigenvalue. Since the trace of B is given by
trB = trA + tr(uu’H) = 0 + tr(u’ Hu) = u” Hu, which is non-zero and positive for
generic u, we have that B generically has one positive eigenvalue. Thus, the Jordan
structure for a generic structured rank-one real perturbation is completely determined:
J3(0)® J1 (o) with A\g > 0. Observe that this is quite different from the complex case, and
that it is also quite different from the case of general unstructured rank-one perturbations.

Example 4.5.2

Let A = J5(0) & J5(0) @ J2(0). Let us denote by ¥ the matrix H from the previous

example, and let P be the two by two sip matrix, that is P = [(1) (1)] Let H=X® P.
Then HA+ ATH > 0 (but not equal to zero). Again, let us consider a generic structured
rank-one perturbation B = A +uul H.

First we observe that the dimension of the kernel of B is two. Then we check that the

following vectors form two Jordan chains of length two:

—Ug —Us 0 0

0 —Ug 0 0

0 0 Ug Us

To1 = 0 ) T11 = 0 ) To2 = 01" T2 = ug
Uy —us Usg —Uu
L 0 ] L Uy i _O_ L (%) 1

So Bxg; = 0, Bry; = xg;, for i = 1,2. Furthermore, one can check that there is no vector
such that By = xy; for either ¢ = 1 or ¢+ = 2. So these are two Jordan chains of length
two. Moreover,

T _ .2 T _ .2

So these blocks are uncoupled in the usual manner. Consider

det (A+uuH — X)) = pa(A) —pa(Nu"HN— A)tu

= )\6 1+[U4 —Uz —Ugy U] Ug U5} R

L hy J
= A — Nujug — Nuguy + Nugus + Nusus
+ Mugug — Nuguy — Nusug — )\4u§ — Nusug

= MO + 2\ (—ugug + ugus — usug) — ul).

Thus it follows that there are generically two non-zero eigenvalues as well as two Jordan
blocks of size two with eigenvalue zero.



CHAPTER 4. RANK-ONE PERTURBATIONS 122

Observe by the way that the computation above also gives insight in the first example:
the characteristic polynomial of B has terms —\*usus and Ausuy which cancel. In the
first example this will also happen, and the characteristic polynomial there will be A\* —
23 (ujuy — upus), which has a triple zero at zero as expected.

4.6 Appendix

In this appendix we first present a simple and well-known lemma which is used in the
proof of part of the main theorem, Theorem 4.3.1.

Lemma 4.6.1 For any p x m matriz X and m X p matriz' Y we have
det(l, — XY) = det({,,, — Y X).

Proof. The lemma is a straightforward consequence of the following identities:
L, X\||I, =X| |, 0
Y I,||0 I,| |Y I,-YX|’

L, x][1, 0] [L—XY X
Y L |-Y L./~ | o L.

and

Indeed, the first identity implies, upon taking determinants that

I, X

det [Y I,

} = det(/,, — Y X),
the second identity implies, again upon taking determinants that

det [I X} = det(I, — XY).

p
Y I,
Hence the lemma is proved. O

Our next result is useful for the considerations in Section 4.4.

Lemma 4.6.2 Let p; and py be real polynomials of degree n and m, respectively, with
n > m. Assume p; and ps have no common roots. Consider for t > 0 the polynomial
¢@t(X) = p1(A) — tp2(X). Denote by Aj, j =1,...,m the roots of ps. Denote by p;(t),j =
1,...,n the roots of g. Then there is an ordering of the p; such that, ast goes to infinity
we have

lim p;(t) =X;, 7=1,...,m.

t—o00

Moreover, for j > m we have lim;_,o p;(t) = to0.

Proof. Instead of ¢; we consider
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Let € > 0 be given, so that the closed discs C; = {A||A — \;| < e} do not intersect. We
have to show that for ¢ large enough, the polynomial ¢; has one root in each closed disc
C;. Now %pl converges uniformly to zero on the union of the closed discs C;. We can then
apply Hurwitz’s theorem (see [67], Theorems II1.11.1 and Theorem III.11.2), to obtain
that there is a tg so that for ¢ > ¢y the polynomial ¢; and hence ¢; has exactly one root
in each of the C;’s. Since this holds for every € > 0, we have proved the first part of the
lemma.

To show the statement about the remaining roots going to infinity, we argue by con-
tradiction. So, suppose that for some complex number a we have that it is a limit of roots
of q; as t goes to infinity. Since the roots of ¢; and ¢ coincide, we will consider ;. Let a(t)
be a root of ¢, that is py(a(t))/t—pa(a(t)) = 0, and suppose a(t) — a. Then by continuity
pa(a(t)) — p2(a), and pi(a(t)) — pi(a). In particular, it follows that pi(a(t))/t — 0 as
t — oo. But then it follows that ps(a) = 0. O



Bibliography

1]

2]

[7]

8]

[9]

T. Ando. Linear Operators on Krein Spaces. Research Institute of Applied Electricity,
Hokkaido University, Sapporo, Japan, 1979.

T. Ya. Azizov. Invariant subspaces and criteria for the completeness of the system of
root vectors of J-dissipative operators in the Pontrjagin II,. (Russian) Dokl. Akad.
Nauk SSSR 200, (1971), 1015-1017.

T. Ya. Azizov. Dissipative operators in a Hilbert space with indefinite metric. (Rus-
sian) Izv. Akad. Nauk SSSR Ser. Mat. 37, (1973), 639-662.

T. Ya. Azizov, E. 1. Iohvidov. Invariant subspaces of maximal J-dissipative operators.
(Russian) Mat. Zametki 12, (1972), 747-754.

T. Ya. Azizov, 1.S. Iohvidov. Linear operators in spaces with an indefinite metric.
John Wiley and Sons, Chicester, 1989 [Russian original 1979].

H. Bart, I. Gohberg, M.A. Kaashoek, A.C.M. Ran. Factorization of matriz and oper-
ator functions: the state space method. OT 178, Birkhauser, Basel etc., 2008.

H. Bart, I. Gohberg, M.A. Kaashoek, A.C.M. Ran. A state space approach to canonical
factorization with applications. OT 200, Birkhauser, Basel etc., 2010.

H. Baumgértel. Analytic Perturbation Theory for Matrices and Operators. Birkhauser,
Basel etc., 1985.

Ts. Bayasgalan. On strongly stable normal operators on Krein space. Acta Math.
Hungar, 81, (1998), 275-278.

[10] Ts. Bayasgalan. Fundamental reducibility of normal operators on Krein space. Stud.

Seci. Math. Hung, 35, (1999), 147-150.

[11] M.A. Beitia, I. de Hoyos and I. Zaballa. The change of the Jordan structure under

one row perturbations. Linear Algebra and its Applications, 401, (2005), 119-134.

[12] J. Bognar. Indefinite Inner Product Spaces. Springer-Verlag, New York- Heidelberg,

1974.

[13] P. Brunovsky. A classification of linear controllable systems. Kybernetika (Prague) 6

(1970), 173-188.

124



BIBLIOGRAPHY 125

[14] F. Dopico, J. Moro. Low rank perturbation of Jordan structure. SIAM J. Matriz
Anal. Appl., 25, (2003), 495-506.

[15] J. Dieudonné. Foundations of modern analysis. Academic Press, Inc., New York,
1960. International edition.

[16] D.Z. Djokovi¢, J. Patera, P. Winternitz and H. Zassenhaus. Normal forms of elements
of classical real and complex Lie and Jordan algebras. J. Math. Phys, 24 (1983), 1363—
1373.

[17] A. Ferrante, B. C. Levy. Canonical form of symplectic matrix pencils. Linear Algebra
and its Applications, 274, (1998), 259-300.

[18] D. T. Finkbeiner. Introduction to Matrices and Linear Transformation. W. H. Free-
man and Co., San Francisco, California-London, 1966. Second Edition.

[19] J.H. Fourie, G. Groenewald, A.C.M. Ran. Positive real matrices in indefinite inner
product spaces and invariant maximal semidefinite subspaces. Linear Algebra and its

Applications, Vol. 424, (2007), 346-370.
[20] B.A. Francis. A course in H..-control theory. Springer Verlag, Berlin etc., 1987.

[21] F. R. Gantmacher. The Theory of Matrices, Volume 1. Chelsea Publishing Company,
New York, N. Y., 1959.

[22] W. Greenberg, C.V.M. van der Mee, V. Protopopescu. Boundary value problems in
abstract kinetic theory. OT 25, Birkhéuser Verlag, Basel, 1986.

[23] 1. Gohberg, S. Goldberg, M.A. Kaashoek. Classes of Linear Operators, Volume 1.
OT 49, Birkhéuser Verlag, 1990.

[24] 1. Gohberg, P. Lancaster, L. Rodman. Indefinite Linear Algebra and Applications.
Birkhauser Verlag, Basel, 2005.

[25] I. Gohberg, P. Lancaster, L. Rodman. Matrices and Indefinite Scalar Products. OT
8, Birkhauser Verlag, Basel, 1983.

[26] 1. Gohberg, P. Lancaster, L. Rodman. Invariant Subspaces of Matrices with Applica-
tions. John Wiley & Sons, Inc., New York, NY, 1986 = Classics in Appl. Math. 51,
SIA M, Philadelphia, PA, 2006.

[27] 1. Gohberg, B. Reichstein. Classification of block-Toeplitz H-normal operators. Lin-
ear and Multilinear Algebra 34, (1993), 213-245.

[28] 1. Gohberg, B. Reichstein. On H-unitary and block-Toeplitz H-normal operators.
Linear and Multilinear Algebra 30, (1991), 17-48.

[29] 1. Gohberg, B. Reichstein. On classification of normal matrices in an indefinite scalar
product. Integral Equations Operator Theory 13, (1990), 364-394.



BIBLIOGRAPHY 126

[30] O.V. Holtz, V.A. Strauss. Classification of normal operators in spaces with indefinite
scalar product of rank 2. Linear Algebra and its Applications 241/243, (1996), 455~
517.

[31] O.V. Holtz, V.A. Strauss. On classification of normal operators in real spaces with
indefinite scalar product. Linear Algebra and its Applications 255, (1997), 113-155.

[32] O.V. Holtz. On indecomposable normal matrices in spaces with indefinite scalar
product. Linear Algebra and its Applications 259, (1997), 155-168.

[33] L. Hormander, A. Melin. A remark on perturbations of compact operators. Math.
Scand. 75 (1994), 255-262.

[34] R. Horn, C. R. Johnson. Matriz Analysis. Cambridge University Press, Cambridge,
1985.

[35] L.S. Iohvidov, M.G. Krein, H. Langer. Introduction to spectral theory of operators
in spaces with indefinite metric. Mathematical Research, Vol. 9, Akademie-Verlag,
Berlin, 1982.

[36] T. Kato. Perturbation Theory for Linear Operators. Springer, New York, NY, 1966.

[37) M.G. Krein, H. Langer. On some mathematical principles in the linear theory of
damped oscillations of continua I, I1. Integral Equations and Operator Theory 1 (1978),
364-399; 539-566 (translation from Russian; original 1965).

[38] M. Krupnik. Changing the spectrum of an operator by perturbation. Linear Algebra
and its Applications 167, (1992), 113-118.

[39] P. Lancaster, L. Rodman. Canonical forms for symmetric/skew-symmetric real ma-
trix pairs under strict equivalence and congruence. Linear Algebra and its Applications

406, (2005), 1-76.

[40] P. Lancaster, L. Rodman. Canonical forms for Hermitian matrix pairs under strict
equivalence and congruence. SIAM Rev. 47, (2005), 407-443.

[41] P. Lancaster, L. Rodman. Algebraic Riccati equations. Oxford University Press, 1995.

[42] H. Langer. Spectral functions of definitizable operators in Krein spaces. Proc. Grad-
uate School “Functional Analysis”, Dubrovnik 1981. Lecture Notes in Math. 948,
Springer Verlag, Berlin, 1982, 1-46.

[43] P. Lancaster, M. Tismenetsky. The Theory of Matrices. Academic Press, Orlando,
1985.

[44] A. J. Laub, K. R. Meyer. Canonical Forms for Symplectic and Hamiltonian Matrices.
Celestial Mech. 9, (1974), 213-238.

[45] V.B. Lidskii. To perturbation theory of non-selfadjoint operators. Zh. Vychisl. Mat.
i Mat. Fiz. (U.S.S.R. Comput. Math. and Math. Phys.) 6, (1966), 52-60.



BIBLIOGRAPHY 127

[46] W.-W. Lin, V. Mehrmann, H. Xu. Canonical Forms for Hamiltonian and Symplectic
Matrices and Pencils. Linear Algebra and its Applications 301-303, (1999), 469-533.

[47] C.V.M. van der Mee, A.C.M. Ran, L. Rodman. Stability of stationary transport equa-
tions with accretive collision operators. Journal of Functional Analysis, 174 (2000),
478-512.

[48] Chr. Mehl. On classification of polynomially normal matrices in indefinite inner prod-
uct spaces. Electron. J. Linear Algebra 15, (2006), 50-83.

[49] Chr. Mehl. Essential decomposition of normal matrices in real indefinite inner product
spaces. FElectron. J. Linear Algebra 15, (2006), 84-106.

[50] Chr. Mehl. Condensed forms for skew-Hamiltonian/Hamiltonian pencils. SIAM J.
Matriz Anal. Appl. 21, (1999), 454-476.

[51] Chr. Mehl, V. Mehrmann, H. Xu. Canonical Forms for Doubly Structured Matrices
and Pencils. Electron. J. Linear Algebra 7, (2000), 112-151.

[52] Chr. Mehl, V. Mehrmann, A.C.M. Ran, L. Rodman. Perturbation analysis of La-
grangian invariant subspaces of symplectic matrices. Linear Multilinear Algebra 57,
(2009), 141-184.

[53] Chr. Mehl, V. Mehrmann, A.C.M. Ran, L. Rodman. Eigenvalue perturbation theory
of classes of structured matrices under generic structured rank one perturbations.
Linear Algebra and its Applications 435, (2011), 687-716.

[54] Chr. Mehl, V. Mehrmann, A.C.M. Ran, L. Rodman. Perturbation theory of selfad-
joint matrices and sign characteristics under generic structured rank one perturba-
tions. Linear Algebra and its Applications 436, (2012), 4027-4042.

[55] Chr. Mehl, V. Mehrmann, A.C.M. Ran, L. Rodman. Jordan forms of real and complex
matrices under generic rank one perturbations. To appear in Operators and Matrices.

[56] C. Mehl, L. Rodman. Classes of normal matrices in indefinite inner products. Linear
Algebra and its Applications 336, (2001), 71-98.

[57] J. Moro, J.V. Burke, M.L. Overton. On the Lidskii-Vishik-Lyusternik perturbation
theory for eigenvalues of matrices with arbitrary Jordan structure. SIAM J. Matrix

Anal. Appl. 18, (1997), 793-817.

[58] L.S. Pontryagin. Hermitian operators in spaces with indefinite metric. (Russian)
Lzvestija Akad. Nauk SSSR Ser. Mat. 8, (1944), 243-280.

[59] A.C.M. Ran, L. Rodman. Stability of invariant maximal semidefinite subspaces I.
Linear Algebra and its Applications 62, (1984), 51-86.

[60] A.C.M. Ran, L. Rodman. Stability of invariant maximal semidefinite subspaces II.
Applications: Self-adjoint rational matrix functions, algebraic Riccati equations. Lin-
ear Algebra and its Applications 63, (1984), 133-173.



BIBLIOGRAPHY 128

[61] A.C.M. Ran, L. Rodman. Stability of invariant Lagrangian subspaces I. OT 32,
Birkhduser Verlag, Basel, (1988), 181-218.

[62] A.C.M. Ran, L. Rodman. Stability of invariant Lagrangian subspaces II. OT 40,
Birkhduser Verlag, Basel, (1989), 391-425.

[63] A.C.M. Ran, L. Rodman, D. Temme. Stability of pseudo-spectral factorizations. In:
Operator Theory and Analysis, The M.A. Kaashoek Anniversary Volume. OT 122,
Birkhéuser Verlag, Basel, (2001), 359-383.

[64] A.C.M. Ran, D. Temme. Invariant semidefinite subspaces of dissipative matrices in an
indefinite inner product space, existence, construction and uniqueness. Linear Algebra
and its Applications 212/213, (1994), 169-214.

[65] A.C.M. Ran, M. Wojtylak. Eigenvalues of rank one perturbations of unstructured
matrices. Linear Algebra and its Applications 437, (2012), 589-600.

[66] L. Rodman. Similarity vs unitary similarity: Complex and real indefinite inner prod-
ucts. Linear Algebra and its Applications 416, (2006), 945-1009.

[67] S. Saks, A. Zygmund. Analytic Functions, 3rd Edition. Elsevier Publishing Company,
1971.

[68] S.V. Savchenko. On a generic change in the spectral properties under perturbation
by an operator of rank one. (Russian) Mat. Zametki 74, (2003), 590-602; translation
in Math. Notes 74, (2003), 557-568.

[69] S.V. Savchenko. On the change in the spectral properties of a matrix under a pertur-
bation of a sufficiently low rank. (Russian) Funktsional. Anal. © Prilozhen. 38 (2004),
85-88; translation in Funct. Anal. Appl. 38, (2004), 69-71.

[70] S.V. Savchenko. Laurent expansion for the determinant of the matrix of scalar resol-
vents. Mathematicheskii Sbornik 196, (2005), 121-144; translation in Sbornik Mathe-
matics 196, (2005), 743-764.

[71] A.A. Shkalikov. Selection principles and properties of some proper and adjoined ele-
ments of operator pencils. Moscow Univ. Math. Bull. 43, (1988), 16-25.

[72] A.A. Shkalikov. On invariant subspaces of dissipative operators in a space with indef-
inite metric. (Russian) Tr. Mat. Inst. Steklova 248, (2005), 294-303. (English trans-
lation in Proc. of Steklov Inst. to appear.)

(73] A.A. Shkalikov. Invariant subspaces of dissipative operators in Krein space and
Sobolev problem on a rotating top. In: Functional analysis and its applications, North-
Holland Math. Stud., 197, Elsevier, Amsterdam (2004), 273-286.

[74] G.E. Shilov. An Introduction to the Theory of Linear Spaces. Dover Publications,
New York, 1974. (Translation from Russian.)

[75] L. Smith. Linear Algebra. Springer-Verlag, New York, 1984.



BIBLIOGRAPHY 129

[76] S.L. Sobolev. The motion of a symmetric top containing a cavity filled with a liquid
(Russian). Z. Prikl. Meh. i Tehn. Fiz 3, (1960), 20-55.

[77] D. Temme. Dissipative Operators in Indefinite Scalar Product Spaces. Ph.D. thesis,
Vrije Universiteit, Amsterdam, 1996.

[78] R.C. Thompson. Pencils of Complex and Real Symmetric and Skew Matrices. Linear
Algebra and its Applications 14, (1991), 323-371

[79] R.C. Thompson. Invariant factors under rank one perturbations. Canad. J. Math.
32, (1980), 240-245.

[80] M.I. Vishik, L.A. Lyusternik. Solutions of some perturbation problems in the case
of matrices and self-adjoint and non-self-adjoint differential equations. Uspehi Mat.
Nauk (Russian Math. Surveys) 15, (1960), 3-80.

[81] J.H. Wilkinson. The Algebraic Eigenvalue Problem. Oxford Univ. Press, Oxford,
1965.

[82] C. Xiaoman, H. Chaocheng. Normal operators in Il,-space. Northeast. Math. J, 1,
(1985), 247-252.



Index

A-invariant neutral subspace, 24
A-invariant nonnegative subspace, 24
A-invariant nonpositive subspace, 24
H-dissipative matrices, 19
H-expansive, 46

H-orthogonal, 83, 85

H-positive real, 19, 96

H-unitary, 84

A-stable, 38

D-stable, 38

algebraic multiplicity, 110, 114
asymptotically, 115

Cauchy-Schwarz inequality, 97
Cayley transform, 46
characteristic matrix, 32
characteristic polynomial, 109, 111

degenerate, 19

even numerical range, 33
even numerical range condition, 36

generic set, 96
geometric multiplicity, 99
Gram matrix, 21

Hankel structure, 22
Hurwitz’s theorem, 123

indefinite inner product, 19

Jordan basis, 25
Jordan chain, 19, 108, 111

length of Jordan chain, 19
minimal polynomial, 112

neutral subspace, 22
nondegenerate, 19

numerical range, 32
odd numerical range condition, 32

partial multiplicities, 99
perturbation, 96
perturbed matrix, 100
positive semidefinite, 97

rank-k matrices, 97

rank-one H-positive real matrix, 100
rank-one matrix, 96

rank-one perturbation, 96

rank-one perturbation matrix, 111

spectral projection, 112
Sylvester resultant matrix, 114

unstructured rank-one perturbations, 100

130



