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Abstract This paper delves into the late-time accelerated
expansion of the universe and the evolution of cosmic struc-
tures within the context of a specific f (R, L,,) gravity model,
formulated as f(R, Ly) = AR + BLS, + n. To study the
cosmological viability of the model, we employed the lat-
est cosmic measurement datasets: (i) 57 observational Hub-
ble parameter data points (OHD); (i) 1048 distance moduli
data points (SNIa); (iii) a combined dataset (OHD+SNIa);
and large scale structure datasets, including (iv) 14 growth
rate data points (£); and (v) 30 redshift space distortion data
points (fog). These datasets facilitated the constraint of the
f(R, L,,)-gravity model via MCMC simulations, followed
by a comparative analysis with the ACDM model. A com-
prehensive statistical analysis has been conducted to evalu-
ate the f (R, L,,)-gravity model’s efficacy in explaining both
the accelerated expansion of the universe and the growth of
cosmic structures. Using large-scale structure data, we find
the best-fit values of £2,, = 0.24270010 o = 1157020,

p = 112708 4 = 0727079 and y = 0.555 £ 0.014

using £-data and £2,, = 0.28470025. o5 = 0.79970 (¢,

a = 076670028, 8 = 1.0810 and 1 = 0.27970078
using fog-data at the 1o and 20 confidence levels, respec-
tively, with the model showing substantial observational sup-
port based on AAIC values but less observational support
based on the ABIC values on Jeffreys’ statistical criteria. On
the other hand, from the joint analysis of the OHD+SNIa

data, we obtain @ = 1.0917003, B = 1.237700%° and
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A= 0.630f8:gg(1) with the Jeffreys’ scale statistical crite-
ria showing the f (R, L,,) model having substantial support
when using OHD data, less observational support with the
joint analysis OHD+SN1Ia, and rejected using SNIa data,
compared with ACDM at the background level.

1 Introduction

Over the last couple of decades, several observational data
[1-3] have consistently demonstrated that the universe is cur-
rently undergoing an accelerating expansion. The accelera-
tion is generally assumed to have been caused by the enig-
matic dark energy (DE), which is formally represented by
the cosmological constant A in Einstein’s gravitational field
equations. Despite its nature being unknown, it is regarded as
one of, if not the most significant, cosmological challenges
to date. Several hypotheses have been devised to address the
issue of dark energy and dark matter (DM), another unknown
component of the matter-energy content whose existence is
inferred through its gravitational effects. There are several
avenues to addressing these challenges: e.g., we can consider
time-varying (dynamical) DE models or introducing exotic
matter fields, which are currently beyond the scope of this
article, or we can modify the general theory of relativity (GR).
The primary goal of the modified theory of gravity (MTG) is
to forecast the cosmic acceleration that occurs at later times
by modifications to the Einstein’s—Hilbert action of GR. For
instance, the modification of Einstein’s equations for the
gravitational field includes introducing the functions f(R)
[4,5] in the Einstein—Hilbert action as opposed to just the
Ricci scalar R in standard general relativity (GR). f(T) grav-
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ity [6,7] is another modification of gravity that incorporates
torsion within the framework of the Teleparallel Equivalent
of General Relativity (TEGR). The concept of f(Q) gravity
[8,9] attributes gravity to the nonmetricity Q of the metric,
which mathematically specifies how the length of a vector
changes during parallel transport. The approach is referred
to as symmetric teleparallel gravity (STEGR). Other more
exotic models considered in the literature include f (R, .7)
[10] and f(Q, 7) [11] where .7 here denotes the trace of
the energy-momentum tensor.

Another addition to an already crowded field of modifica-
tions to gravity is the f (R, L,,) model proposed by [12,13],
L,, denoting the matter Lagrangian density. Being a relative
newcomer, the model promises to shed light on the coupling
between matter and geometry and the cosmological impli-
cations thereof, but there has so far been no comprehensive
work in terms of constraining data coming from the back-
ground evolution and large-scale structure of the universe.
Most of the existing work has focused on constraints from
the background evolution (see, for example, the work in [14]
and references therein) but even then the focus has been on
very specific forms of the coupling.

Motivated by the above discussion, in this manuscript,
we constrain the cosmological model’s free parameters in
the context of a more general model chosen to have a valid
ACDMlimit, f(R, L) = AR+ BLS +n, using the observa-
tional data set of the background expansion history, and then
investigate the cosmological perturbations and the growth
of large-scale structure. Moreover, we compare the model
against the traditional ACDM model and test the validity of
the model using well-known statistical criteria.

In this manuscript, we consider the recent cosmic mea-
surement data namely: OHD and SNIa; and the growth
measurement data: including the growth rate £ and the red-
shift space distortion fog for further analysis.

— Type I Supernova data. We use Type I Supernova distance
moduli measurements from the Pantheon [3], which con-
sists of 1048 distinct SNela ranging in the redshift interval
z € [0.001, 2.26]. We refer to this dataset as SNIa.

— Observational Hubble parameter data: We consider the
measurements of the expansion rate Hubble parameter
H (z) which consists of 57 data points in total [15-18], 31
data points from the relative ages of massive, early-time,
passively-evolving galaxies, known as cosmic chronome-
ters (CC) with 26 data points the baryon acoustic oscilla-
tions (BAO), which are provided by the Sloan Digital Sky
Survey (SDSS), DR9, and DR11 0.0708 < z < 2.36. We
refer to this dataset as OHD.

— Large scale structure data: We have implemented the sets
of redshift-space distortions data fog with the latest sep-
arate measurements of the growth rate f£-data from the
VIPERS and SDSS collaborations, (see Table 1). In par-
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Table 1 This study incorporates a collection of structure data, consist-
ing of 30 data points for redshift space distortion ( fog), and fourteen
data points for the growth rate ( f)

Dataset z f Ref.
ALFALFA 0.013 0.56 £ 0.07 [21]
SDSS 0.10 0.464 £ 0.040 [22]
SDSS-MGS 0.15 0.490 = 0.145 [23]
GAMA 0.18 0.49 £0.12 [24]
Wigglez 0.22 0.6 £0.10 [25]
SDSS-LRG 0.35 0.7£0.18 [26]
WiggleZ 0.41 0.7 £0.07 [25]
2SLAQ 0.55 0.75 £ 0.18 [27]
WiggleZ 0.60 0.73 £ 0.07 [28]
WiggleZ 0.77 0.91 +£0.36 [29]
Vipers PDR-2 0.60 0.93 £0.22 [30,31]
Vipers PDR-2 0.86 0.99 £0.19 [30,31]
VIMOS-VLT DS 0.77 0.91 £0.36 [32]
2QZ&2SLAQ 1.40 0.90 £ 0.24 [33]
Dataset z fog Ref.
2MTF 0.001 0.505 £+ 0.085 [34]
6dFGS+SNIa 0.02 0.428 £ 0.0465 [35]
IRAS+SNIa 0.02 0.398 £ 0.065 [36,37]
2MASS 0.02 0.314 £ 0.048 [36,38]
SDSS 0.10 0.376 £ 0.038 [22]
SDSS-MGS 0.15 0.490 £ 0.145 [23]
2dFGRS 0.17 0.510 £ 0.060 [39]
GAMA 0.18 0.360 £ 0.090 [24]
GAMA 0.38 0.440 £ 0.060 [24]
SDSS-LRG-200 0.25 0.3512 £+ 0.0583 [40]
SDSS-LRG-200 0.37 0.4602 £ 0.0378 [40]
BOSS DR12 0.31 0.469 £ 0.098 [41]
BOSS DR12 0.36 0.474 £ 0.097 [41]
BOSS DR12 0.40 0.473 £ 0.086 [41]
BOSS DR12 0.44 0.481 £+ 0.076 [41]
BOSS DR12 0.48 0.482 £ 0.067 [41]
BOSS DR12 0.52 0.488 =+ 0.065 [41]
BOSS DR12 0.56 0.482 +0.067 [41]
BOSS DR12 0.59 0.481 =+ 0.066 [41]
BOSS DR12 0.64 0.486 +0.070 [41]
WiggleZ 0.44 0.413 £ 0.080 [28]
WiggleZ 0.60 0.390 £ 0.063 [28]
WiggleZ 0.73 0.437 £0.072 [28]
Vipers PDR-2 0.60 0.550 £0.120 [30,31]
Vipers PDR-2 0.86 0.400 £0.110 [30,31]
FastSound 1.40 0.482 +£0.116 [42]
SDSS-IV 0.978 0.379 £0.176 [32]
SDSS-1V 1.23 0.385 £ 0.099 [32]
SDSS-IV 1.526 0.342 £ 0.070 [32]
SDSS-IV 1.944 0.364 £0.106 [32]
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ticular, we will use: (i) the 30 redshift-distortion measure-
ments of f£og, dubbed fog, covering the redshift range
0.001 < z < 1.944 and; (ii) fourteen f£og data points in
the red-shift ranges of 0.001 < z < 1.4.

— Different Software and Python packages MCMC ham-
mer [19], GetDist [20] are considered to parameter esti-
mations.

The paper is organized in the following manner: In Sect. 2,
we introduce the alternative theory of gravity f (R, L,,). In
this section, the modified field equations within the FLRW
geometry are outlined. The free parameters of the cosmo-
logical model, represented by f(R, L) = AR+ BLS, +n,
are determined by constraining them using the observational
data sets discussed in Sect. 3. The perturbations and the struc-
ture growth parameters in the framework of the f (R, L,,)
gravitation are explained in Sects. 4 and 5. The results and
consequences of the article are reported in Sect. 6.

2 The f(R, L,,) theory of gravity

The generalized form of the Einstein—Hilbert action for the
modified theory of gravity f(R, L,,) that was introduced in
[12,43-46] is given by the following expression:

5= / F(R. L) v/=gd*x. )

where f (R, L,,) is an arbitrary function of the Ricci scalar R
and L,,, the matter Lagrangian term L,,. Here g is the deter-
minant of the metric tensor. Throughout this paper natural
units 87 G = ¢ = 1 will be adopted unless stated otherwise.
The field equations are obtained by varying the action in Eq.
(1) with respect to the metric tensor g,,, as follows:

1
fRR;w + (g;wD - vuvv) fr— E (f - fLmLm) 8uv

1
= EfLm T/,Ll)y (2)

where fr = df/0R, fi1, = 0f/dL, and T}, is the energy-
momentum tensor of the matter content “a perfect type fluid”,
which is defined by

2 5(/—8Lm)
V=g g

The general relativity (GR) limit can be recovered if
f(R,Ly) = R/2+ L, obtained when « = 1 = B and
A = 1/2,n = 0. The ACDM limit, on the other hand,
requires setting = — A. By contracting Eq. (2), we could
obtain an equation of a similar type that is dependent on the
trace of the energy-momentum tensor .7, the Ricci scalar R,
and the Lagrangian density of matter L,, as

T;w = - (3)

1
Rfg+30fr = 2(f = frLm) = 5 fL, T “)

where LJF is the d’ Alembertian of a scalar function F, given
by

1
OF = ——0,(v/—gg*P a5 F).
= B

Taking the covariant derivative of Eq. (2), produced auxiliary
equation as

L

0
VHT,w =2VHIn(fr,)

dghv VAR fL) Tw — guvLm}-

&)

This equation determines the evolution equation for the
energy density of the specific fluid you have selected. We
consider the spatially homogeneous and isotropic Universe
of a flat Friedmann-Lemaitre-Robertson—Walker (FLRW)
metric,

ds? = —dt* + a*()[dx? + dy* + dZ2), (6)

where a(t) is the universe scale factor that measures the
expansion of the universe at a certain time ¢. In the context
of this metric, the Ricci scalar is calculated as

R =6(H +2H?), (7

where H = a/a, a are the Hubble parameter and the time
derivative of the scale factor a respectively.

For a universe that is filled by a perfect fluid, the energy-
momentum tensor is given by the following expression:

Ty = (o + puyuy + pguv, (8)

where p, p, and u”* = (1,0,0,0) are the matter-energy
density, the spatially isotropic pressure, and the fluid’s four-
velocity vector, respectively.

Within the context of f(R, L,,) gravity, the generalized
Friedmann equations that govern the Universe’s dynamics
can be written as:

.1 .1

3H  fr + 3 (f — fRR = fr,,Lm) +3H fr = EfLm,O,
©)

Hfr+3H*fr — fr —3H fr + % (fLuLm = f)

1
= S JL,p. (10)
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3 Background cosmology in f (R, L,,) gravity

To confront the model with observational data, we consider
the following general functional form of f (R, L,):

f(R,Ly) =AR+ BL;, + 1, an

where «, 8, A, and 1 are constants that will be determined
from the cosmological observational data as we will see later.
When o = 1,8 = 1 and A = 1/2, the classic Friedmann
equations of GR are retrieved, specifically. When plugging
Eq. (11) into Egs. (9) and (10) yields:

p LA

2 0

- B 1 n

2H 3H2:—[ —1L% —apL% ]—— 13
+ 7 (a—1) ap o (13)

These equations, as we may see, entirely depend on the mat-
ter Lagrangian L,, form choice and the form of the matter
Lagrangian, and the energy- momentum tensor, are strongly
dependent on the equation of state (EoS) [47].

As indicated in [47,48], we shall now proceed using the
natural and simple form of L,, = p, which corresponds to a
dust-fluid particle. Therefore, substituting L,, = p into Egs.
(12) and (13), the generalized Friedman equations may be
reformulated as:

32 = 2 [aL“ lp—(l—a)L;]— , (12)

— _‘é _ n
3H? = (2a 1)p* ~ o (14)
2 _ :6 a—1 n
2H +3H? = 7 [(« = Dp —aplp ~ (15)

The divergence of the energy-momentum tensor 7}, gives
Qo — Dpm +3(0 +w)Hp,, =0, (16)

which can be integrated with respect to cosmic time ¢ to
produce

=3(+w)

p = p(o)la (Qa-1) | 17

where pq is the current energy density, and w being equa-
tion of state parameter of the cosmic fluid. It is evident that
equations (16) and (17) can be simplified to the conventional
energy conservation form of the ACDM model when the free
parameter « is equal to 1, resulting in

0= p0a73(w+1)’ (18)
and consequently
pr = proa” ", pa = pao. (19)

-3
Pm = Pmoad ~,

if the universe were filled with dust, radiation, and dark
energy respectively. The degree of non-conservation can also

@ Springer

be expressed by writing the ratio of the conserved and non-
conserved solutions for p — let’s denote them by p. and py,
for our current purpose:

=3(1+w)
Pne _ ppa ®D

pe poa=31FwW)

(e—1)g 6(l+w)((;t D

=p (20)
In the appropriate limiting case of « = 1, this ratio goes to
unity as expected. Thus, inserting the expression of p of (17)
into Eq. (12) and rearrange for H yields

200 — 1

where ,08‘ = 3H§.Qm , N = 3H02.Q,7. £2,;, and 2, referees
to the normalized energy density of matter fluid and dark
energy. From Eq. (21), the normalized energy density E(z) =
H (z)/Hy define as

E(z) = \/(Zaz#ﬁmo [(1 —l—z)}zﬁﬁ) — 1] +1, (22)

where £2, = 20 —1)B82,, —2)\. For the case of « = B =1
and A = 1/2, §2; yields as £2, = —1+ £, = —£24 and Eq.
(22) reduced to ACDM limit as

EGZ) =vV2u(1+2)3+1—£2,. (23)

3e(l+w) .Q,]
2,1 4+7) Ge=D — R 2D

Combining Egs. (14) and (15), the the deceleration parameter
for the case of f(R, L,,) it becomes

q@) = —
3a(l+w)
Loepd +w) 2ol +2) e
40 _ 3a(14+w)
% ((1 +2z) Q- _ 1> +1

(24)

and the effective equation of state EoS which relates the cos-
mological fluid pressure to its energy density is calculated as
follows:

Weyy (2) = + 2q (z)

—3 3 (25)

The distance modulus that can be obtained by combining the
different cosmological distance definitions is given by’

=25 -5 x log, [3000h " +2) / (26)

E(z ’)}

where h = Hp/100. In this model, the Hubble parameter
is characterise by «, B, A, Hy, §2,; and §2,,. In the follow-
ing two consecutive subsections, the model-free parameters

! This distance modulus is given in terms of Mpc.
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Table 2 The best-fit values of parameters £2,,, Ho, «, B, A are deter-
mined for both models, ACDM and f (R, L,,), using three data sets:
OHD, SNIa and OHD+SNIa.From the full-mission Planck measure-
ments of the cosmic microwave background (CMB) [49], the values of
the Hubble constant Hy = (67.4£0.5) inkms~! Mpc*l and the matter
density parameter £2,, = 0.315 £ 0.007 are obtained

Dataset Parameters ACDM f(R, L) gravity
OHD a - 1.13075:97
p - 1265020
A - 0.69170002
o 0.2599.92¢ 0.328 70052
Hy 70.7911 33 71.9910%3
SNIa o - 1.0520:923
B - 1.162759%0
A - 0.6407015
o 0.2785:923 0.30610058
Hy 72781047 71.827933
OHD+SNIa  « - 1.091 0.5
B - 1.237+00%
A - 0.63010:03)
o 0.2619913 0.28719031
Ho 7219200 71.72%02¢

p = p(eo, B, A, Hy, §2,,;,) that will be determined from the
observational data, and the detailed analysis of the late-time
accelerating expansion of the universe will be studied using
the constraining values of these parameters.

3.1 Constraining cosmological parameters

In this section, the constraining of the cosmological model
parameters, {£2,,, Ho, o, B, A} as presented in Table 2. Both
the MCMC hammer [19] and GetDist [20] software pack-
ages have been implemented for parameter estimations,
and the combined MCMC results using OHD, SNIa and
OHD+SNTa have been presented in Fig. 1 for f(R, L,,)-
gravity. Using the best-fit values of the constraining param-
eters from Table 2, the numerical results of the following
parameters are presented: (i) The Hubble parameter H(z)
in Fig. 2 provides insights into the expansion rate at dif-
ferent epochs, differentiates between cosmological models,
estimates the age of the universe, and aids in understanding
the universe’s composition. (ii) The deceleration parameter
q(z) in Fig. 3 shows whether the universe is accelerating or
decelerating, with positive values indicating deceleration and
negative values indicating acceleration. This parameter helps
identify the transition from a matter-dominated deceleration
to adark energy-dominated acceleration, offering clues about
the nature of dark energy. (iii) The equation of state parameter
w(z) in Fig. 4 describes the relationship between pressure p

= OHD
- sNia
WEN OHD+SNIa

02 [ TR 72 7510 11 12 10 1z 14 04 o6 08 10
On Ho « B A

Fig. 1 The best-fit values of £2,,, Hy, o, B and A for the f(R, L,,)
gravity model are shown. The values were calculated using combined
datasets OHD, SNIa, and OHD+SNIa atlo and 20 confidence levels

A

—— H(z) in ACDM using OHD+SNIa data
2501 --- H(z)in fiR,Lm) model using OHD data 47
=== H(z)in iR, Lm) model using SNla data

—==- H(z)in fiR, Lm) model using OHD+SNIa data

2001 ¢ Hiz)-data

H(z) in km/s/Mpc
=
w
o

=
o
o

50 1

0.0 0.5 1.0 15 2.0 2.5

Fig. 2 Hubble parameter for ACDM and f (R, L,,) using the best-fit
values from OHD, SNIa and OHD+SNIa

and density p of the universe’s components, especially dark
energy, allowing cosmologists to predict the future expansion
behavior of the universe. (iv) The distance modulus w(z)
in Fig. 5 is crucial in the cosmic distance ladder, facilitat-
ing measurements of cosmological distances, constraining
cosmological parameters and models, and exploring the uni-
verse’s geometry and curvature. These results are presented
for both ACDM and f(R, L,,)-gravity theories. Together,
these parameters H(z), q(z), werr(2), n(z) provide a com-
prehensive understanding of the universe’s expansion history,
its components, and the underlying cosmological models.

@ Springer
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o4y =
0.2 1 Se
0.0 1
. —0.2
N
T
-0.4
-0.6 . .
—— q(2) in ACDM using OHD+SNIla data
08 === q(2) in f(R,Lm) model using OHD data
—== q(2) in f(R, Lm) modelusing SNla data
-1.0 === q(2) in f(R,Lm) model using OHD+SNIa data

-1 0 1 2 3
z
Fig. 3 Deceleration parameter, ¢(z) is shown for ACDM and
f(R, Ly,). We use the best-fit values of the constraining parameters

Omegay,, Hy, o, f and A using from OHD, SNTIa and OHD+SNIa for
illustrative purpose. see Table 2

0.0
-0.2 .
-0.4
N
K
=
-0.6
08 w(z) in ACDM using OHD+SNla data
' —==- w(z)in f(R, Lm) model using OHD data
—==- w(z)in f(R, Lm) model using SNla data
~1.0 === w(2)in f(R, Lm) model using OHD+SNla data

0.0 0.5 1.0 15 2.0 2.5 3.0 3.5
z

Fig. 4 Equation of state parameter w,yr(z) versus cosmological red-
shift for ACDM and f (R, L,,) using the best-fit values from Table 2
using OHD, SNIa and OHD+SNIa data

3.2 Statistical analysis

We conduct a statistical analysis using the Akaike Infor-
mation Criterion (AIC) and the Bayesian/Schwarz Informa-
tion Criterion (BIC) methods to evaluate the viability of
the f(R, L,,) gravity models in comparison to the ACDM
model. For comparison, we treat the ACDM model as the
“accepted” benchmark to validate the f(R, L,) gravity
model based on the AIC and BIC criteria. These criteria allow
us to establish the acceptance or rejection of the f (R, Ly,)-
gravity model. The AIC and BIC values in the ACDM and
f(R, L,,) gravity models are calculated considering the fol-
lowing formulation:

@ Springer

46 1

42

40 1

u(z) in Mpc

38 1

—— u(2) inin ACDM using OHD data
36 === u(2) in f(R, Lm) model using OHD data
=== u(2) in f(R, Lm) model using SNla data

34 === u(2) in f(R, Lm) model using OHD+SNIla data
§ Snia-data
0.0 0.5 1.0 15 2.0

z

Fig. 5 The distance modules (x(z)) diagram with cosmological red-
shift. For illustrative purpose, we use constraining parameters Omega,y,,
Hy, a, B and A using from Table 2 for OHD, SNIa and OHD+SNIa

o AIC = x*>+2K,

) 27)
e BIC = x~ + K log(N;),

where x? is calculated using the model’s Gaussian likeli-
hood function . (é |data) value and K is the number of free
parameters for the particular model. At the same time, N; is
the number of data points for the ith data set. In this context,
we will use Jeffreys’ scale to quantify the degree to which the
f(R, L,,) gravity model should be “accepted” or “rejected”
compared to ACDM. Specifically,a AIC < 2 indicates that
the proposed theoretical model has substantial observational
support for the fitted data®, a 4 < AIC < 7 suggests less
observational support and a AIC > 10 signifies no observa-
tional support.

As presented in Table 2, the best-fit parameters of £2,,,
Hp, o, B and A are constrained using the OHD, SNIa, and
OHD + SNIa datasets.

Then, the total X2 and other statistical quantities, namely
the likelihood function . (é|d ata), the reduced Chi-Square,
Xf, AIC, the change of AIC, |AAIC|, BIC and the change of
BIC, |ABIC| are presented in Table 3 for OHD, SNIa,and
OHD + SNIa. Our statistical results show that the AAIC
values for the f (R, L,,) gravity model are 1.1, 7.7, and 3.8
for the OHD, SNTa, and OHD + SNIa datasets, respec-
tively. These results indicate substantial observational sup-
port for the model with the OHD and OHD+SNIa data but
not when using SNIa. And the corresponding values of the
ABIC values for the same model are 2.8, 22.7, and 6.7 for
the respective datasets, suggesting that the f (R, L,,) gravity
model lacks observational support for the SNIa data and has
less support for the combined OHD + SNIa data based on

2 N.B AIC represents both AAIC and ABIC.
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Table 3 The calculated statistical values of.i”(é |data), xz, X&» AIC, |AAIC|,BIC and |ABIC]| for both models (ACDM) and f (R, L,,)-gravity)

using OHD, SNIa and OHD+SNIa datasets

Data Model ZL@\data) X2 x2 AIC |AAIC| BIC |ABIC]|
ACDM
OHD —16.1 33.9 0.70 39.9 0 45.7 0
SNIa —-517.8 1035.7 0.99 1039.7 0 1049.6 0
OHD+SNIa —537.96 1075.9 0.85 1069.2 0 1091.3 0
F(R, L)
OHD —14.4 28.8 0.6 38.8 1.1 48.5 2.8
SNIa —518.7 1037.4 0.99 1047.4 7.7 1072.3 22.7
OHD +SNIa —531.8 1063.6 0.97 1073.1 3.8 1098.01 6.7
Jeffreys’ scale criteria. Due to this discrepancy in the compet- 6 = _192 _ l(] T 3w)p + Vi, (29)
itiveness of the f(R, L,,) model, we are compelled to con- 3 2

sider linear cosmological perturbations and conduct further
investigations to compare the predictions of the f(R, L)
gravity model with relevant growth structure data f and fog.

4 Cosmological perturbation equations

One way of checking the viability of cosmological and grav-
itational models is by scrutinising their predictions of large-
scale structure formation. This is often done using the pow-
erful tool of perturbation theory, which treats the real uni-
verse as lumpy and full of inhomogeneities that lead to the
formation of galaxies, clusters, voids, filaments, and walls.
According to cosmological perturbation theory, the seeds of
such structures, set up during inflation, were amplified due
to gravitational instabilities [50] in the expanding universe.
While there are two ways of studying the mechanism of these
gravitational instabilities and how the seeds evolve in an
expanding background, the metric [51,52] and the covariant
[53-55] approaches, we will follow the latter in this work.
While the two approaches have their own pros and cons, one
can in principle write down a correspondence between them
once a specific gauge is chosen (see [56] and the references
therein for more details).

In this section, the growth structure of the universe whose
underlying gravitational theory is the f(R, L,,) gravity
model is studied using the 14-3 covariant and gauge-invariant
formalism of perturbations. We do this by defining the covari-
ant and gauge-invariant gradients of the energy density o,
and the volume expansion 8 = 3 H, respectively, as:

a
AZ” = — VaPm, Zs =aV,0. (28)

Pm

Here the differential operator V,, defines the covariant spatial
derivative. The linearised evolution of the volume expansion
is given by the Raychaudhuri equation

where u, is the four-vector velocity of the matter fluid and
w is the equation of state parameter for the matter fluid. The
corresponding conservation equations for the fluid (assumed
perfect) are given by

p+0(p+p) =0, (30)
(P + pitg + Vap = 0. 31)

Taking the time derivatives of the gauge-invariant variables
Egs. (28), we obtain the following system of first-order evo-
lution equations:

Al = —(14+w)Z, + wo ALY, (32)

: 26 V2
Ge= -z, <ﬁ+ v )A;". (33)

3 2 1+w

As presented in [56-59], scalar perturbations play a signifi-
cant role in the formation of large-scale structures. We intro-
duce the method of isolating any scalar variable Y from the
first-order evolution equations. This is achieved through the
standard decomposition, resulting in:

1
aVa¥y = Yap = ShapY + =Y 4 Y (34)

where Y = aV,Y“%, whereas Z‘Zh = Yup) — %hahY and
Yap) represent the shear (distortion) and vorticity (rotation)
of the density gradient field, respectively. We applied the
same decomposition techniques using the scalar perturbation
equations derived from Eqgs. (32)—(33), resulting in:

S =aViA™, ¥ =aViZ,. (35)

@ Springer
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These variables evolve according to the first-order perturba-
tion evolution equations:

§M = —(1 4 w) 2, + wos™,

. 20 0 wV?2
Zy=—" |5+ —5s
“ 37 (2+1+w>“

After identifying the system (36)—(37) of scalar evolution
equations, we apply the harmonic decomposition method as
outlined in [56,58,60] to obtain the eigenfunctions and the

(36)

(37

corresponding wave number V2 = —k2/a? (where the wave
number k = ZHT“ [61] and A is the wavelength) for har-

monic oscillator differential equations in f (R, L,,) gravity.
To extract eigenfunctions and wave numbers, the harmonic
decomposition technique is applied to the first-order linear
cosmological perturbation equations of scalar variables [57]
as those in (36)—(37). For any second-order functions X and
Y the harmonic oscillator equation is given as

X =AX+BX —C(.,Y), (38)

where the frictional force, restoring force, and source force
are expressed by A, B, and C, respectively, and the separation
of variables takes theform X = )", X k)ok(x), and Y =
>k Y*(1) 0% (x), where k is the wave number and Q*(x)
is the eigenfunction of the covariantly defined Laplace—
Beltrami operator in (almost) FLRW space-times, V2 Qk (x) =
_(1;_2 Qk (x). After we perform the scalar and harmonic
decomposition techniques, the second-order evolution equa-
tion is yielded as

. 26 :
sk :—<?—w9)5k

2
—[g(l — 2w —3w?) — ka—ﬂa". (39)

In this manuscript, we assume a matter-dominated universe
with w = 0, considering that the formation and evolution of
large-scale structures, galaxy clusters, and voids significantly
depend on the matter components of the universe. Matter’s
gravitational influence is crucial during the initial stages of
structure formation and in determining the observable char-
acteristics and intricate details of galaxies and galaxy clus-
ters. We shall also use the redshift-space transformation tech-
nique so that any first-order and second-order time derivative
functions ¥ and ¥ become

Y =—(+2)HY,
VY= +2)HY + (1+2)2H>Y +(1+2)2H' HY'.
(40)

@ Springer

By admitting Eq. (40), the second-order time derivative of
the evolution equation Eq. 39 read as

1 H 3
8 =(1— ——— )8 — =%(2)$ 41
il
since Z(z) = W

5 Structure growth in f (R, L,,) gravity

The growth structure of the universe is influenced by dark
matter, dark energy, and the initial conditions set by the Big
Bang. Observing the distribution of galaxies aids in under-
standing the underlying cosmological model, as the rate at
which cosmic structures grow provides clues about the nature
of dark energy. Faster growth rates suggest a universe with
less influence from dark energy, while slower rates indicate
stronger dark energy effects, leading to accelerated cosmic
expansion. Understanding growth structure refines models
of the universe’s origin and fate, offering insights into its
age, composition, and ultimate destiny. Large-scale surveys,
such as the Sloan Digital Sky Survey, map these cosmic
structures to study growth patterns, and analyzing cosmic
microwave background radiation provides information about
early growth structures. These observations connect to theo-
ries of cosmic inflation and the formation of the cosmic web,
helping to test and constrain various cosmological theories
and parameters.

One of the main aspects of this work is the study of the
growth structure of the universe within the framework of the
f (R, L,,)-gravity model by implementing the 1 4+ 3 covari-
ant formalism. In this section, we examine the ability of the
f(R, L,,)-gravity model to statistically fit large-scale struc-
ture data. The large scale structure data used for comparison
with the observational data are sourced from Table 1, provid-
ing relevant empirical information on the growth of cosmic
structures. As presented in [62—64], the growth factor is a
crucial measure that describes how cosmic structures, such
as galaxies and clusters of galaxies, evolve over time due to
gravitational instability. The growth factor denoted by D(z)

(42)

is a function of the z representing the expansion of the uni-
verse. The growth factor quantifies the amplitude of density
perturbations at any given time relative to their initial val-
ues. It is often normalized to be §(z;,) = 1 at the present
time (z = 0). Mathematically, the growth factor’s evolution
is governed by a differential equation that includes the Hub-
ble parameter and the matter density parameter [65]. This
factor is essential for understanding how small initial over-
densities in the matter distribution grow due to gravitational
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attraction, leading to the formation of large-scale structures.
The growth factor’s dependence on the universe’s composi-
tion, including dark matter and dark energy, highlights how
these components influence structure formation. In a dark
energy-dominated universe, the growth of structures slows
as the accelerated expansion counteracts gravitational col-
lapse. The growth factor is vital for modeling galaxy forma-
tion and large-scale structures, and for comparing theoretical
predictions with observations from the cosmic microwave
background (CMB), galaxy surveys, and other large-scale
structure surveys. Additionally, the related growth rate f(z),
which measures the rate at which structures grow, is used in
various observational probes, including redshift-space dis-
tortions. The growth rate f(z), as obtained from the density
contrast §,,, yields

dlnés,

8.(2)
dlna —1+2)

O (2) ’

f= (43)
Thus, the growth factor is fundamental in understanding the
dynamic evolution of the universe’s structure. Thus, by sub-
stituting the definition of (43) into the second-order evolution
equation (41), the evolution of the growth rate is governed
by the following expression’

/

(1+z)f/=f2—[(1+Z)%—2:|f—;%’(z). (45)

As presented in [63,64] a good approximation of the growth
rate f(z) is yield as

@) =2, (46)

where f)(z) = #}2{3,

presented in [66], the theoretical values growth index values,
y = 3(w — 1)/(6w — 5). For the case of w = —1, in the
ACDM model the value of y = 6/11, but this value varies
for different alternative gravity models.

and y is the growth index. As

5.1 Constraining cosmological parameters

By implementing the MCMC simulations, the constrained
parameters are provided in Fig. 6 using £ datasets. The pre-
dicted value of y is 0.549£0.029 using £-data in the ACDM
model, while inthe f(R, L,,) analysis, y is 0.55540.014, as
shown in Fig. 6. Additionally, the values of y and the param-
eters {§2,,, a, B, A} are constrained using £ datasets with the
results detailed in Table 4.

From these plots, we notice that the constraining param-
eters £2,, = 0.242%001 o = 1157030, g = 1127033,

3 For the case of ACDM, it is straightforward to obtain

o H 7. 3% . s
A+af =7 {(1+z)H Z]f S L+ (44)

Qm=0.2463938

y=0.549 + 0.029

T T
0.60 - b
> 055 1
0.50 - b
L 1 A I TEAS
0.2 0.3 0.50 0.55 0.60
Qm 14

Fig. 6 The constrained parametersof §2,, = 0.246f8:8§8, y = 0.549+

0.029 are shown in ACDM model using f-data

Table 4 The best-fit values of parameters £2,,, @, 8, A, and y are con-
strained for both models, ACDM and f(R, L,,), using three data sets:
f and fog. From the full-mission Planck measurements of the cosmic
microwave background (CMB) [49], the value for the matter fluctuation
amplitude (og) is obtained as og = 0.811 £ 0.006

Dataset Parameters ACDM f(R, Ly,) gravity
: @ - 1L15E00
B - 1127033
A - 0.72%92%
2 0.2519:943 0.2420:918
% 0.56179:9¢7 0.555001%
fos a - 0.7673:927
B - 1087518
) - 0.2817997
o 0.2789:923 0.28370:03¢
o 0805*008 079805

A =0.72703 and y = 0.555 4 0.014 at 1o and 20 confi-
dence levels (Fig. 7). We also presented the numerical solu-
tions of the growth factor D(z) as shown in Fig. 8 and the
evolution of growth rate f(z) diagram as shown in Fig. 9.

A combination of the linear growth rate f (z) with the root
mean square normalization of the matter power spectrum og
within the radius sphere 842~ Mpc, yields the redshift-space
distortion fog which directly measures the matter density
perturbation rate as expressed

fog(z) = —(1 4 2)08,08,,(2), (47)
and og(z) for the given redshift z can be expressed as [67]
08(z) = 08,06m(2)- (48)

@ Springer
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Qm=0.242331

a=1.15%020

B=1.12:313

1.6
14
@ 12
1.0
= A=0724331
1.0
08
~ 06
0.4
y=0.555%0.014
0.58 § ?
>056
0.54
0.52 ]
0.2 03 08 1.0 12 14 16 08 1.0 12 14 16 04 06 08 1.0 0.54 0.56 0.58
Qm a B A Y
. . _ +0.016 _
Fig. 7 The constrained parameters of £2,, = 0.2427)0, a =

1157920 g = 1.1279:%, and & = 0.72703 are shown in f(R, L)
model using f-data

104 ==eew - --- ACDM
\“~\\ -=- fiR, Lm) using fog
~
\\ === fiR, Lm) using f
0.8 Say
.,
%,
N s
-~ Ay
Q &\\\\
S N
= 0.6 4 Va
@ 2
s O
< SO
=] NN
E NN
o SN
= ACY
O 0.4 AN
NSNS
NSNS
\\\\\\
\\\\\\\
\\\\ N
0.2 AN
N
\.
0.0 0.5 1.0 1.5 2.0 2.5
Redshift z

Fig. 8 Growth factor D(z) with cosmological redshift for ACDM and
f(R)-gravity model

In this paper, we also study the redshift space-distortion fog
in f(R, L,,) gravity model which refers to the apparent dis-
tortion of galaxy positions in redshift space due to their pecu-
liar velocities. It provides valuable information about the
growth rate of cosmic structures and the underlying matter
density, offering insights into the dynamics of the universe’s
expansion and the nature of dark matter and dark energy.
We also implemented the MCMC simulation to constrain
the best-fit values of £2,, = 0.28470:93 55 = 0.79975:983,
a = 076670020 g = 1.08701%, and A = 0.27970Y78,
using the fog as presented in Fig. 10 in f(R, L,,) gravity

@ Springer

—— ACDM
1.2 === fiR, Lm)
& fdata
1.0
= 0.8
0.6
0.4

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
z

Fig. 9 The growthrate f(z) with cosmological redshiftin ACDM and
f(R, L,,)-gravity models. The best fit values of the parameters have
been considered using £ and fog datasets from Table 4

QO =0.30833938

- o8

05 = 0.805+33%

a=0767:332]

B=1.07*

0.4
01

e

A= 02907985

02 0.3 0.4 07 08 09 10 070 075 0.80 085 0.5 1.0 15 0'1 02 03 04 OS
Qm s a B A
Fig. 10 The constrained parameters of £2,, = 0,284f8:823, oy =
+0.045 _ +0.026 _ +0.40 _ +0.078
0.7997 5 0se- o= 0.766" ) 064> B _.1.08_0‘16, and A = 0.279757]
are presented in f (R, L,,) model using fog-data at lo and 20 confi-
dence levels

approach. Using these constraining parameter’s values, the
evolution of foyg is presented in f(R, L,,) gravity model
through cosmological red-shift (see Fig. 11).

5.2 The statistical analysis

To establish the viability of the f(R, L,,) gravity model,
it is essential to present and analyze several statistical val-
ues. These include the likelihood function .Z(6|data), the
reduced Chi-square Xf, the Chi-square 2, the Akaike Infor-
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— ACDM
=== fiR, Lm)
0.6 & fos-data
0.5 4
)
3
s}
0.4
0.3 4
0.2 4

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
z

Fig. 11 The redshift space-distortion, £og with cosmological redshift
in ACDM and f (R, L,,)-gravity models. We use the best-fit values of
the parameters using £ and fog datasets from Table 4

mation Criterion (AIC), the absolute difference in AIC
(JAAIC|), the Bayesian Information Criterion (BIC), and
the absolute difference in BIC (JABIC]). These statistical
measures will be used to compare the performance of the
f (R, L,,) gravity model against the well-established ACDM
model, which will serve as the benchmark or accepted stan-
dard model in this analysis. The statistical values will help
quantify the models’ goodness-of-fit, with lower values of
AIC and BIC indicating a better model. The differences
|AAIC]|and |ABIC| will highlight the relative performance
of the f(R, L,,) model compared to the ACDM model. This
thorough statistical analysis is crucial in determining whether
the f (R, L,,) gravity model can be considered a viable alter-
native to the ACDM model in explaining cosmic phenomena.

As shown in Table 5 the statistical values of AAIC for
the f(R, L,,) gravity model are 3.767 and 2.40 comapere
with the ACDM using the £ and fog datasets respectively.
These statistical figures indicate that the model has substan-
tial observational support. In contrast, the corresponding val-
ues of ABIC read 5.25 and 5.405 for the same datasets,
suggesting that the f (R, L,,) gravity model has less obser-
vational support based on Jeffreys’ scale criteria.

6 Conclusion

Using recent cosmic measurements such as OHD, SNTIa, and
OHD+SNIa, along with large-scale structure data like the
growth rate f data and redshift space distortion data fog, this
paper investigated the constraints of the background and per-
turbed cosmology within the framework of f(R, L,,) grav-
ity, and provided a detailed analysis of the late-time acceler-
ating universe and structure growth in it.

After we discussed the general theory of f (R, L,,) gravi-
tation and its corresponding field equations in Sect. 2, we
proposed the model f(R,L,) = AR + BLS + n, cho-
sen in such a way that for the case of « = f = 1 and
A = 1/2, this model exactly reduces to ACDM cosmol-
ogy for the constant term n = —A. In Sect. 3, the best-fit
values of the model parameters £2,,,, Ho, «, B, and A are con-
straining using OHD, SNIa, and OHD+SNIa and presented
in Table 2. For example, from the joint analysis OHD+SNIa
the constrained values, we obtained §2,, = 0.287 £ 0.031,
Hy = 71727038, o = 1.09170:03, B = 1.237709%¢ and
A= 0.6301‘8:826. Using the cosmological parameter’s val-
ues presented in Table 2, the detailed analysis of the accel-
erating expansion of the late time has been discussed, and
the diagram of the key cosmological parameters, H (z) ¢ (z),
w(z) and p(z) presented in Figs. 2, 3, 4 and 5 respectively.
Specifically, we conducted curve fitting of H(z) and wu(z)
within the framework of the ACDM model and the consid-
ered f (R, L,,) model with the OHD and SNIa datasets using
the constrained parameter values from MCMC output. Visu-
ally, the f(R, L,,) model appears to be closer to ACDM,
particularly in the diagrams of H(z) and u(z) at Figs. 2 and
5. However, when examining the numerical values of the
deceleration parameter and the equation of state parameter
(Figs. 3 and 4 ) visually, the deviation between the f (R, L,,)
model and ACDM becomes worse. Then, we move on to the
statistical analysis to further investigate this discrepancy, and
we performed a detailed statistical analysis to cross-check
the viability of the f (R, L,,) model compared with ACDM.
Our statistical analysis employed various techniques to com-
pare the models, including calculations of .& (é|data), %2,
Xf, AIC, |[AAIC|, BIC, and |[ABIC|. As shown in Table 3,
the two models have different values of . (é |data) and 2.
This deviation become higher in the other statistical param-
eters, particularly AIC and BIC because of the dependent
number of parameters K and the number of data points N;
in the ith dataset. Given that ACDM has two free param-
eters {§2,,, Hp} and the f(R, L,;) model has five parame-
ters {$2,,, Ho, «, B, A}, the AIC and BIC values, including
|AAIC| and |ABIC|, vary significantly between the mod-
els. Consequently, according to Jeffrey’s scale criteria, the
f(R, L,) model is found in weak observational support
ranges statistically compared with ACDM.

As discussed in Sect. 4, we implemented the 1 + 3 covari-
ant gauge-invariant formalism, and the linear cosmological
perturbations have been analyzed by introducing the spatial
covariant gradients for the matter fluid and volume expan-
sion. We derived the first- and second-order evolution equa-
tions using harmonic and scalar decomposition techniques,
which have a significant role in studying the large-scale struc-
ture of the universe. As presented in Eq. (41), the set of den-
sity contrast equations has been derived which is crucial for
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Table 5 The calculated statistical values of .i”(éldata), %2, x2-red, AIC, | AAIC]|, BIC and |ABIC| for both models (ACDM) and f(R, Ly)-

gravity) using £ and fog datasets

Data Model Z@\data) x?2 x2 AIC |AAIC)| BIC |ABIC]|
ACDM
£ —3.126 6.252 0.521 10.252 0 11.963 0
fog —8.00 16.00 0.57 20.00 0 24.00 0
F(R, L)
£ —2.01 4.02 0.630 14.02 3.767 17.215 5.25
fog —6.20 12.40 0.770 22.40 2.40 29.405 5.405

understanding the formation and evolution of cosmic struc-
tures, such as galaxies, galaxy clusters, and large-scale fila-
ments, as it quantifies the level of overdensity or underdensity
in different parts of the universe.

Section 5 is dedicated to examining the growth of cos-
mic structure within the f(R, L,,) gravity model for sev-
eral reasons: (i) understanding structure growth is crucial
for predicting the unique patterns of formation in f (R, L,,)
gravity compared to ACDM; (ii) analyzing structure growth
provides insights into dark energy, which affects the cosmic
expansion rate and, consequently, the growth of structures;
and (iii) studying structure growth helps probe the universe’s
initial conditions, revealing details about its early history
and evolution. Utilizing the large-scale structure datasets £
and fog listed in Table 4, we conducted a detailed statisti-
cal analysis after determining the best-fit parameters using
MCMC simulation. For instance, at the 1o and 20 con-
fidence levels, respectively, the best-fit values of £2,, =
0.2427001 o = 1.15%030, p = 1127033 o = 0.72709

_ . _ +0.035
and y = 0.555+0.014 using f-data and £2,,, = 0.284" 7115,

og = 07997008 o = 0.7667092 g = 1.08707, and

A = 0.279708 using the oy data in the limit of f (R, Ly,)
model The most important statistical quantities, namely:
ZL(O\|data), x2, x*-red, AIC, |AAIC|, BIC, and |ABIC|
have been calculated for both (ACDM and f (R, L,,)-gravity
models using the £ and fog datasets. Based on Jeffreys’ scale
criteria, the f (R, L,,) gravity models show substantial obser-
vational support based on AAIC values but less observational
support based on the ABIC values (see Table 5).

In summary, this paper presents a thorough analysis aimed
at constraining the f(R, L,,) gravity model, taking into
account the universe’s accelerating expansion within the con-
text of background cosmology, as well as the growth of cos-
mic structures at the perturbation level, supported by obser-
vational data. By constraining the free parameters £2,,, Ho,
o3, «, B, A at both levels, we performed a detailed statisti-
cal evaluation to assess the compatibility of the f(R) grav-
ity model against observational data, in comparison to the
ACDM model. Our findings suggest that the f (R, L,,) grav-
ity model is significantly supported by OHD data, but shows
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less support when OHD+SNIa, f, and fog data are consid-
ered. Whereas the model is not supported when using SNIa
datasets alone. A similar analysis using more data, both in
terms of sample size and type of data — latest or forthcom-
ing — needs to be done before a concrete pronouncement on
viability or the ruling out of the gravitational model is made.
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