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Abstract

In this study, Lie symmetries, spectral quasilinearization method, multi-domain bi-

variate spectral quasilinearization method, and block-hybrid method are utilized

in solving the second order nonlinear evolution problems. The spectral quasilin-

earization method is attained by applying the spectral collocation technique in space

derivatives, the multi-domain bivariate spectral quasilinearization method is applied

both in time and space derivatives and the block-hybrid method is applied only on the

time derivatives. The applicability of these techniques is presented by solving a class

of second-order nonlinear evolution PDEs, specifically the Burgers-Huxley equation,

Burgers-Fisher equation, FitzHugh-Nagumo equation, and Coupled Burgers’ equa-

tion. The numerical outcomes are confirmed for accuracy by comparing them with

analytical solutions. Tables for the spectral quasilinearization method, multi-domain

bivariate spectral quasilinearization method, and Block-Hybrid method with their

computational times were produced for comparing the order of precision for each

technique, and error graphs are displayed.

Keywords : Lie symmetries, Spectral quasilinearization method, Multi-domain bivari-

ate spectral quasilinearization method, Block-hybrid method, Nonlinear evolution

equations
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Chapter 1

Introduction

Numerous natural phenomena are modelled using differential equations, such as fluid

mechanics, mathematical biology and financial mathematics. Analytical techniques

such as the Tanh method, G’/G-expansion technique, Lie group method, homotopy

perturbation technique and many others are frequently utilized to determine the

exact outcomes of nonlinear differential equations. Although many schemes have

already been developed by academics, computational efficiency can still be improved

significantly. New schemes should be developed, current numerical methods should

be improved, and effective techniques should be created to enhance computing ca-

pacity. However, some numerical techniques for approximating NLPDEs have been

proposed. These comprise, but are not restricted to, the spectral method, the finite

element method, the block-hybrid method, as well as the finite difference method.

In Section 1, we tackle the literature review of the nonlinear evolution problems.

In Section 2 and 3, we look at the advantages and disadvantages of numerical and

analytical methods respectively. Section 4 presents the project’s aims and objectives.

This dissertation’s outline is presented in Section 5.
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1.1 Literature review

Nonlinear partial differential equations can accurately describe natural phenomena

and their dynamics. Nonlinear evolution equations such as the Burgers equation

became utilized as mathematical archetypal for agitation [1], Burgers-Huxley equa-

tion classifies how convection effects, reaction mechanisms, including the diffusion

transports interact [2], FitzHugh-Nagumo equation, on the other hand, is employed

in population inheritances and electrical circuit idea to model nerve impulse trans-

mission [3]. In literature, a great number of numerical techniques for approximating

a solution of nonlinear evolution problems have been suggested. Inan et al., [4] came

up with a new implicit exponential finite difference method for solving the general-

ized Burgers-Huxley equation. For the numerical solution of the nonlinear generalized

Burgers-Huxley equation, the technigue provides high accuracy. The Burgers-Huxley

equation was solved by Alinia et al., [5] implementing the B-spline method. When

compared to the solutions presented in literature, the obtained results are quite ac-

ceptable and stable. The collocation method with radial basis functions was utilized

to obtain the numerical result to the Korteweg-De Vries (KdV) equation by Dris et

al., [6]. In terms of accuracy in obtaining the KdV equation solution, a contrast of

the typical radial basis functions in the collocation technique discloses that the mul-

tiquadric radial basis function is far superior, while the collocation technique with

the reedy plate spline function has the lowest accuracy. As a result, the multiquadric

radial basis function can also be used to compute KdV equation solutions. To in-

vestigate the synchronization of two FitzHugh-Nagumo neurons through or devoid

of external current, the Laplace transform along with the Adomian decomposition

technique was employed by Zhen et al., [7]. The numerical simulations validate

that the principle obtainable in this article is effectual. The exact result derived

from the Adomian decomposition method, which describes the synchronous dynam-

ics of the two FitzHugh-Nagumo neurons, is sufficiently accurate. FitzHugh-Nagumo

equation was solved utilizing Galerkin finite element method by Ali et al., [8]. Ac-

cording to this result, this technique has a higher estimated order of convergence.
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As a result, Galerkin finite element method was determined to be an effective, un-

reservedly steady, highly flexible, and simply expandable method for solving more

complex engineering problems. Fernandino et al., [9] used the least-squares spec-

tral element method (LS-SEM) to solve the one-dimensional Cahn-Hilliard equation.

The LS-SEM was applied in a time-space coupled formulation, in which the same

discretization method was used simultaneously to solve space and time dependencies.

Concerning numerical result, mass conservation, energy level, along with dissipation,

the solution detected with the LS-SEM was the same as that established by other

studies in literature [10–12]. According to the convergence study, when the problem

is properly determined, the technique pleases the predictable spectral convergence

in the residual. The nonpolynomial B-spline collocation technique is used by Zahra

et al., [13] to solve time-dependent problems such as the PHI-Four and Allen-Cahn

equations. The findings of the study are reassuring. When compared to the numerical

results of time-dependent problems, the presented scheme is not complicated, and

is a good substitute for some other techniques. A compact analysis of numerical

methods follows next.

1.2 Numerical methods

A numerical method is a computer technique that in most cases is used to solve a

mathematical problem that does not have an analytical solution. Other fields, such as

science, medicine, economics, and engineering, have made use of numerical methods.

Applications frequently generate mathematical problems that are inconvenient to

solve using exact solutions [14]. In most cases, developing numerical methods entails

employing a small number of general and relatively simple ideas. Iteration is a

concept that appears frequently in many contexts. Iteration, in its broadest sense,

refers to the repetition of a process or action pattern [14]. This section goes over a few

numerical methods for solving nonlinear PDEs. We talk about their characteristics,

benefits, and drawbacks.
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1.2.1 Finite difference method

The finite difference method, the finite element method, and the finite volume method

are the three methods for solving PDEs numerically. The finite difference methods

are a type of a numerical technique for solving differential equations by approxi-

mating derivatives with finite differences. It has been used to solve a diversity of

problems. These consist of linear and nonlinear problems, plus problems that are

time-independent and time-dependent. The technique was first used to solve the

Dirichlet biharmonic equations in 1930 [15]. This results from a Taylor series that

approximates the unknown function derivatives utilizing central difference, back-

ward, including forward schemes [16]. Finite difference method is categorized into

many types but for the purpose of this study we chose the following: Crank-Nicolson

approximation, which implements the central difference scheme, the explicit finite

difference method, that uses the forward difference approximation, and the implicit

finite difference method, that utilizes the backward difference approximation. The

values at present time interval must be known in order to calculate values at the

following time interval, which is why this method is known as an explicit finite dif-

ference method. In these circumstances, the time-to-space step ratio determines

convergence and stability. The implicit technique is monotonous and detailed when

solving a system of equations because each time step entails the result of a system

of numerical equations. Although the Crank-Nicolson method combines the forward

and backward methods, it is not merely the average of those two approaches because

the backward difference method has an implicit dependence on the result. To approx-

imate a function, finite difference methods use a local polynomial interpolant. The

function’s derivatives are estimated by deriving local polynomial. A local approxi-

mation is the utilization of delicately dispersed grid points to approach a function or

its derivative at a point.

The finite element technique, like the finite difference technique, is a numerical

method that is common and potent in its application to practical problems including

multi-physics, complex geometry, and boundary conditions [17]. In the finite element
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method, a particular domain is regarded as a collection of subdomains, and the key

equation is approximated over each subdomain using any of the old variational meth-

ods or any method that is appropriate. The key motive for pursuing approximate

solutions on a collection of subdomains is that a complex function is clearer to rep-

resent than a collection of basic polynomials. The finite element method is made up

of dual numerical approaches, the Galerkin and the Ritz approaches. The variables

are approached within the component by means of continuous piecewise functions

in Galerkin technique. Ritz technique employs calculus of difference to change the

problem to integral form [18]. Galerkin technique performs for smooth solutions,

whereas the deep Ritz method performs better for low-regularity solutions. Deep

Ritz methods can outperform deep Galerkin methods for smooth solutions, and vice

versa for low-regularity solutions. However, the two methods are clearly dimension-

ally dependent.

The Finite Volume Method is a numerical procedure for converting PDEs in place of

conservation laws in excess of discrete volumes keen on detached algebraic equations

over finite volumes (or elements or cells) [19]. It has been widely used in a range

of engineering disciplines, as well as fluid mechanics, heat along with mass transfer,

and petroleum engineering. Volume integrals in a PDE with a deviation term are

changed to surface integrals in the finite volume method by way of the divergence

theorem. Some of the major traits of the finite volume method are like those of

the finite element method: it can be applied to arbitrary irregular geometries with

planned or unplanned meshes, and yields powerful schemes [20]. The finite-volume

method’s power is that it only necessitates flux evaluation at the cell boundaries.

This holds true for nonlinear problems as well, making it mainly beneficial for finance

with nonlinear conservation laws in transportation problems. Local precision of the

finite-volume technique, such as near a point of curiosity, can be improved by refining

the mesh about that point, as with the finite-element method. The functions that

approximate the result, however, cannot be easily made of higher order when using

the finite-volume method.

We have a need for numerical methods that allow us to use coarser grids with smaller
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quantities of computational resources. Spectral techniques are an illustration of such

approaches as they employed all obtainable function values to assemble essential

estimations. The concise overview of spectral methods is presented below.

1.2.2 Spectral collocation methods

To find an approximate numerical result to a differential equation, the spectral col-

location method employs a finite set of differentiable basis functions. The precision

of these methods for a given number of unknowns is their main advantage. They

provide exponential convergence rates and spectral accuracy for smooth problems

in simple geometries. A more recent method for solving nonlinear equation systems

is the spectral quasi-linearization method (SQLM). The quasi-linearization method

(QLM), which was first proposed by Bellman and Kalaba [21], is a simplification

of the Newton-Raphson technique for resolving nonlinear boundary value problems.

The iterative technique is achieved by linearizing the nonlinear elements of the dif-

ferential equations utilizing the addition of the Taylor multivariable sequence. This

method works for both ODEs and PDEs. It only takes a few iterations to get con-

verged solutions with a lower number of grid points [?], and it provides precise results

in few seconds. Spectral local linearization method (SLLM) separates and also lin-

earizes the systems of equations by merging a univariate linearization technique along

with a spectral collocation discretization [22]. The SLLM algorithm’s key aspect is

to divide a huge coupled system of equations to become a series of reduced sub-

systems that can be dissolved in sequence in an absolute computationally efficient

manner [22]. The spectral relaxation method (SRM) is created on direct iteration

schemes that are put together by decreasing the order of the first equation and then

reordering the subsequent governing nonlinear equation systems [24]. The SRM,

unlike most iterative schemes for solving nonlinear systems of equations, does not

need any evaluation of derivatives, linearization, as well as perturbation [24]. Motsa

et al., [25] used SQLM and SRM to study the unsteady boundary layer flow prob-

lems. Dlamini et al., [26] verified the synchronization of two similar chaotic Lorenz
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structures using the same method. The SLLM was used by Shateyi and Marewo [27]

to investigate the movement of warmth over a porous surface that prolongs thermal

radiation. Motsa et al., [28] implemented the SLLM to comprehend the conditions

that are ideal for a two-dimensional nanofluid stream over a warmed perpendicular

surface with a sinusoidal temperature. Motsa et al., [29] developed the BSQLM as an

upgrade to the SQLM for solving NLPDEs. Among the problems effectively resolved

by the BSQLM are the modified KdV equation, Burger equation, Cahn-Hillard equa-

tion, including FitzHugh-Nagumo equation [29]. Researchers came to the conclusion

that the technique is precise, and dependable. The acquired outcomes further ver-

ified that the technique converges quickly to the exact solution and achieves high

accuracy while utilizing a lower number of spatial grid points. Additionally, Shateyi

et al., [30], employed the BSQLM to solve the Bratu problem in two dimensions.

BSQLM was found to be faster and more computationally efficient. The enhanced

SRM is known as bivariate interpolation spectral relaxation method (BI-SRM). Ma-

gagula et al., [31] used bivariate interpolation spectral relaxation (BSRM) to solve

for magnetohydrodynamic flow in porous media. The major benefit of the BSRM

is that it provides enhanced precision on coarser grids, which ominously increases

the method’s computational rapidity [31]. The bivariate spectral local linearization

method (BSLLM) was invented as an addition to the local linearization method,

which has beforehand been magnificently useful to systems of ODEs [22]. Motsa

et al., [32] solved the problem of unstable heat and mass transmission past a semi-

infinite perpendicular plate with diffusion-thermo along with thermophoresis effects

in the attendance of resistance and found it to be accurate. This technique can also

be modified to solve other types of NLPDE systems with fluid mechanics applications

or problems from disparate scientific and engineering specialities that are defined in

terms of NLPDE systems.

1.2.2.1 Multidomain methods

The multidomain bivariate spectral quasilinearization method (MD-BSQLM) is an

improvement on the BSQLM. The multidomain method can be applied to either
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space or time domain but not both. MD-BSQLM can be used on equations with time

t > 1. The domain is divided into nonoverlapping subintervals, and the equations

are calculated by means of the Chebyshev spectral collocation method. The MD-

BSQLM for NLPDE systems was solved by Magagula et al., [33]. It was established

that the method entails nominal calculation time and that its precision does not

quickly decline as the time domain is increased. Using MD-BSQLM, Oyelakin et

al., [34] solved non-Darcian mixed convection movement in a power-law liquid by

viscous dissipation, including the outcomes display that the numerical technique is

simple to employ, rapidly converges, and yields precise results. The multidomain

bivariate spectral local linearization method (MD-BSLLM) is an addition of the

BSLLM that was advanced for computing systems of coupled nonsimilar boundary

layer PDEs [35]. Magagula [35] utilized the MD-BSLLM to solve the systems of

nonsimilar boundary layer PDEs. It was perceived that this method uses the least

calculation time and that its precision does not degrade with time. The multistep

methods are briefly described next.

1.2.3 Multistep methods

A broad linear multistep method is established for attaining an approximate solu-

tion of a class of useful differential equations comprehending both fixed and vari-

able delays [36]. Linear multistep methods are used to solve ODEs numerically.

A numerical technique begins at an initial point and then moves onward in time

to discover the next result point. The procedure is repeated in order to map out

the solution. To determine the modern value, single-step methods (such as Euler’s

method) speak of merely one previous point including its derivative. Runge-Kutta

methods, for example, take some middle steps (for example, a half-step) to obtain

a higher-order technique, even though it sheds all prior data before proceeding to

the subsequent step. Multistep techniques try to improve effectiveness by retaining

and utilizing data from existing steps rather than negating it. As a result, multistep

method makes use of more than a few preceding points and derivatives. The abil-
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ity to determine the local truncation error and contain a rectification term, which

improves the accuracy of the solution at each step, is a required feature of a multi-

step method. The Adams-Bashforth method, the Adams-Moulton method, and the

backward differentiation method are the three utmost common linear multistep meth-

ods [37]. The Adams-Bashforth method is an explicit method that only entails one

function evaluation per time step [38]. However, Adams-Moulton method and back-

ward differentiation formulas are implicit techniques. Predictor–corrector is attained

by mingling Adams–Bashforth and Adams–Moulton methods [39]. The predictor-

corrector technique is utilized to solve the implicit linear multistep technique, which

has enhanced steadiness conditions than the explicit method [40]. Regardless of the

method’s success, the pressing drawback is that the predictors are in decreasing or-

der of precision, so the technique does not offer a restored approximation, aside from

the computational liability allied with the technique [40]. A brief overview of BHM

follows.

1.2.4 Block-Hybrid methods

Hybrid block methods, as opposed to the Runge-Kutta method, are self-starting

schemes that yield more accurate results because they are implemented as a block

[41]. Block techniques have been established to achieve numerical results at further

than one point at a time. The block method was suggested in 1953 as one of the

efficient methods for improving the performance of numerical methods [42]. Some

benefits of block methods consist of the ability to overcome overlapping pieces of

results and the ability to self-start, which eliminates the need for other methods to

obtain starting solutions [43]. Following that, [44] pioneered hybrid methods, which

involve evaluating functions at off-step points. The use of hybrid (off-step) points

in block techniques provides numerous benefits, in the same way as the capability

to adjust step size, use information off-step points, and minimize the zero stabil-

ity barrier condition [42]. Step and off-step node points are unified to structure a

single block in the hybrid block strategy for solving ODEs [45]. Academics such
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as [46,47] recommended a high-method derivative to overcome difficulty in ODEs in

order to increase the precision of numerical approaches even further. They then pro-

posed a second-derivative method of Simpson’s type for solving an inflexible system

of first-order initial value problems (IVPs). These academics inspired Alkasassbeh

et al., [48] to create a new common three-hybrid one-step third-derivative implicit

technique for solving second-order ODEs straight utilizing the method of interpo-

lation also collocation for common use in order to increase the effectiveness of the

approximate result. Alkasassbeh et al., [48] tried the implicit one-step block hybrid

third-derivative method on initial value problems of second-order ODEs. In terms of

precision, the numerical results confirm the recent technique’s superiority over the

prevailing methods. Following is a brief overview of analytical methods.

1.3 Analytical methods

As a result of the enlarged curiosity in these problems, a variety of exact techniques,

for instance Hirota’s bilinear technique, inverse scattering transform, Painlevé anal-

ysis, and so on, have been developed. Furthermore, numerical simulation with more

influential computers has changed existing computation methods. On the other hand,

those analytical techniques are often challenging to apply and need a detailed un-

derstanding of their properties and capabilities before being applied to the problem

at hand [49]. This section discusses some analytical techniques for solving nonlinear

PDEs. We go over their properties, benefits, and shortcomings.

1.3.1 The Tanh method

As a result of the growing concern in the discovery of exact solutions to those prob-

lems, a wide variety of analytical methods are now obtainable [50]. One of these

techniques is the Tanh (or hyperbolic tangent). A Tanh technique is an effective

tool for locating traveling waves that emerge from one-dimensional nonlinear wave

and evolution equations. The Tanh method plays a vital part in problems involving
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dispersive effects, reaction, diffusion, and/or convection [49]. For an extensive range

of nonlinear ODEs and PDEs, exact as well as approximate solutions can be found

in a direct and efficient manner [51]. For extensiveness, we ought to indicate that

this method is limited to the examination of traveling waves [52]. In consequence, in

a moving frame of reference, we basically compact with one-dimensional shock waves

(kink type) and solitary wave (pulse type) results.

1.3.2 G’/ G-expansion method

In engineering sciences, mathematical physics, and actual application fields, the

G’/G-expansion technique is a simple and effective mathematical instrument for solv-

ing nonlinear evolution equations. The pioneering effort Wang et al., [53] proposed

the G’/ G-expansion technique for unfailingly treating nonlinear wave equations. Nu-

merous researchers have conducted additional research to launch the competence and

firmness of the G’/ G-expansion technique and to expand its variety of applicability.

Zhang et al., [54], for example, generalized the G’/G-expansion method for evolution

equations with variable coefficients. Zhang et al., [55] also established an enhanced

G’/ G-expansion technique for locating new wide-ranging traveling wave solutions.

The application of these methods to the KdV equation exemplifies their originality

and advantages [56]. The results demonstrate the efficacy of the suggested approach.

Furthermore, these methods could be used to deal with advanced dimensional and

higher-order nonlinear evolution equations, which are common in a lot of scientific

actual application fields.

1.3.3 Lie group method

The Lie group technique is a potent and straight method for obtaining precise results

for nonlinear differential equations [57]. The Lie group method can also produce

other types of exact solutions for PDEs, for instance traveling wave solutions, soliton

solutions, power series solutions, fundamental solutions, and many others [58]. To

solve differential equations that arise as mathematical models in financial problems,
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Lie group theory is used. Lie group analysis is a mathematical concept which unifies

the symmetry of differential equations [59]. Sophus Lie (1842-1899), the creator of

this concept, was the first to categorize differential equations based on their symmetry

groups in order to determine the set of equations that could be integrated or abridged

to lower-order equations using group theoretical algorithms [60]. Methods for their

integration, in particular, as well as the set arrangement of linear second-order PDEs

with double self-reliant variables, were established. As stated by Lie’s arrangement,

entirely parabolic equations that admit the highest-order symmetry group reduces

to the equation of heat conduction. The study and advancement of mathematics and

physics are currently heavily reliant on the concept of symmetry. In fact, Lie group

and Lie algebra theory is used in a variety of mathematical disciplines, together

with differential geometry, algebraic topology, and bifurcation theory, to name a

limited. Lie’s unique theories had a significant impact on the study of physically

significant systems of differential equations in classical and quantum mechanics, fluid

dynamics, elasticity, and numerous other applicable fields [61,62]. Lie’s infinitesimal

transformation approach offers a technique for finding closed-form results for ODEs.

Symmetries can be used to describe common solutions to first-order or linear ODEs.

Lie was able to locate ODEs that can be entirely integrated using group theoretic

methods or reduced to lower-order ones by categorizing them into groups. Lie’s

approach generates group-invariant solutions and conservation laws [63] to PDEs.

Equivalence classes can be created by utilizing the symmetries of PDEs, allowing

for the derivation of new solutions from existing sites. Application of Lie group

techniques to concrete physical systems necessitates time-consuming computations.

When performed by hand, even a simple system of differential equations’ continuous

symmetry group calculation is prone to errors. Computer algebra systems (CAS) for

instance Mathematica and Maple can greatly assist with such calculations.
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1.4 Aims and Objectives

The purpose of this research is to implement numerical methods, specifically the

SQLM in space and the BHM in time to work out the nonlinear evolution problems.

The objective is to analyze the results obtained by the BHM and SQLM and com-

pare them with the MD-BSQLM in space and time when solving nonlinear evolution

problems. These techniques will then be applied to work out the Burgers-Huxley

equation, Burgers-Fisher equation, FitzHugh-Nagomu eqution. The accuracy, con-

vergence rate, CPU time, and efficiency of all the methods are investigated by ana-

lyzing the errors.

1.5 Dissertation outline

The study is in the following order: In chapter 2, we convey the Lie group and numer-

ical methods that are employed to solve the nonlinear problems. A brief literature

review of the Burgers-Huxley equation is displayed in chapter 3. For demonstration

purposes, we present the numerical solutions of the Burgers-Huxley equation utilizing

the SQLM, MD-BSQLM, and the BHM. We also illustrate how Lie symmetries and

steady state are used to reduce the Burgers-Huxley equation to an ODE. In chapter

4, an appraisal of the literature on evolution equations is given. These methods will

be used to solve a family of evolution problems, specifically the Burgers-Fisher equa-

tion, the FitzHugh-Nagumo equation, and the coupled Burgers equation. In chapter

5, we present the results obtained from chapter 4 and discuss them. The conclusion

of this dissertation’s work is provided in Chapter 6.
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Chapter 2

Lie group and numerical methods

for solving NLPDEs

2.1 Lie group theory of PDEs

This unit offers a concise overview of the Lie group theory of PDEs. This will entail

determining the Lie point symmetries of PDEs utilizing an algorithm.

2.1.1 Local one-parameter Lie group

In this context, a transformations refers to inverting transformations, i.e., a bijective

map. Consider t as well as x to be self-governing variables , including u represent

the reliant on variable. Examine the following modifications to variables t, x, and u:

Rc : t̄ = q(t, x, u, c), x̄ = p(t, x, u, c), ū = k(t, x, u, c), (2.1)

with c being an actual limiting factor with values that vary continuously from a

neighborhood D′ ⊂ D ⊂ R of c = 0 as well as q, p including k are differentiable

functions.

Definition 2.1 A continuing one-parameter (local) Lie group of transformations is
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a set Q of transformations (2.1) that complies with the three requirements listed

below:

(i) For Rc, Rd ∈ Q where c, d ∈ D′ ⊂ D then Rd, Rc = Rc ∈ Q, c = ϕ(c, d) ∈ D

(Closure).

(ii) R0 ∈ Q just incase a = 0 such that R0Rc = Rc R0 = Rc (uniqueness).

(iii) For Rc ∈ Q, c ∈ D′ ⊂ D, R−1
c = Rc−1 ∈ Q, c−1 ∈ D such that

RcRc−1 = Rc−1 Rc = R0 (Inverse).

We can discern from (i) that, the associativity property is satisfactory. Additionally,

if the uniqueness transformation ensues at c = c0 ̸= 0 i.e, Rc0 is the uniqueness, then

shifting the parameter c = c̄+ c0 yields R0 as per above. (i) is a property that may

be expressed as

¯̄t ≡ q(t̄, x̄, ū, d) = q(t, x, u, ϕ(c, d)),

¯̄x ≡ p(t̄, x̄, ū, d) = p(t, x, u, ϕ(c, d)),

¯̄u ≡ k(t̄, x̄, ū, d) = k(t, x, u, ϕ(c, d)). (2.2)

The function ϕ is identified as the set composition law. A set parameter c is termed

canonical if ϕ(c, d) = c+ d.

Theorem 2.1 For every ϕ(c, d), there subsists the canonical parameter c̃ identified

as

c̃ =

∫ c

0

db

z(b)
, where z(b) =

∂ ϕ(b, d)

∂d

∣∣∣∣
d=0

.

We now define a symmetry group for the second-order PDE

ut = H(t, x, u, ux, uxx),
∂H

∂uxx

̸= 0. (2.3)

Definition 2.2 (Symmetry group) symmetry group

ūt̄ = H(t̄, x̄, ū, ūx̄, ūx̄x̄), (2.4)

where function H is similar as in Eq. (2.3).
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2.1.2 Infinitesimal transformations

Conferring to Lie’s concept, assembling a symmetry set Q is equal to determining

the equidistant infinitesimal transformations :

t̄ ≈ t+ c τ(t, x, u), x̄ ≈ x+ c ξ(t, x, u), ū ≈ u+ c η(t, x, u), (2.5)

attained from Eq. (2.1) by extending the functions q, p including k into Taylor series

in c about c = 0, additionally considering the first conditions

q|c=0 = t, p|c=0 = x, k|c=0 = u .

Hence, we obtain

τ(t, x, u) =
∂q

∂c

∣∣∣∣
c=0

, ξ(t, x, u) =
∂p

∂c

∣∣∣∣
c=0

, η(t, x, u) =
∂k

∂c

∣∣∣∣
c=0

. (2.6)

Now one can write (2.5) as

t̄ ≈ (1 + c J)t, x̄ ≈ (1 + c J)x, ū ≈ (1 + c J)u ,

where

J = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
. (2.7)

This differential operator J is notorious as the infinitesimal operator of the set Q. If

the set Q is permitted by Eq. (2.3), we say that J is an permitted operator of Eq.

(2.3) alternatively J is an infinitesimal symmetry of Eq. (2.3).

2.1.3 Group (Set) invariants

Definition 2.3 function H(t, x, u) is labeled an invariant of set of transformation

(2.1) if

H(t̄, x̄, ū) ≡ H(q(t, x, u, c), p(t, x, u, c), k(t, x, u, c)) = H(t, x, u), (2.8)

equal within t, x, u including c.
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Theorem 2.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for function H(t, x, u) to be an invariable is that

J H ≡ τ(t, x, u)
∂H

∂t
+ ξ(t, x, u)

∂H

∂x
+ η(t, x, u)

∂H

∂u
= 0 . (2.9)

As of the above theorem, it follows that every one-parameter group of point trans-

formations (2.1) has dual functionally independent invariants, which can be taken to

be the left-hand side of any first integrals

K1(t, x, u) = b1, K2(t, x, u) = b2,

of the characteristic equations

dt

τ(t, x, u)
=

dx

ξ(t, x, u)
=

du

η(t, x, u)
.

Theorem 2.3 Provided the infinitesimal transformation (2.5) alternatively its char-

acter J , the equivalent one-parameter set Q is attained by working out Lie equations

dt̄

dc
= τ(t̄, x̄, ū),

dx̄

dc
= ξ(t̄, x̄, ū),

dū

dc
= η(t̄, x̄, ū), (2.10)

subject to the initial conditions

t̄|c=0 = t, x̄|c=0 = x, ū|c=0 = u .

2.1.4 Symmetry set construction

Procedure for determining a symmetry set for a specified PDE is described here, but

first, a handful of denotations are provided.

2.1.4.1 Prolongation of point transformations

Consider a PDE of second order

B(t, x, u, ut, ux, utt, uxx, utx) = 0, (2.11)
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where t and x are two independent variables and u is a dependent variable. Let

J = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
, (2.12)

be the infinitesimal generator of the one-parameter group Q of transformation (2.1).

The first prolongation of the operator J is implied by J [1] and is given by

J [1] = J + ζ1(t, x, u, ut, ux)
∂

∂ut

+ ζ2(t, x, u, ut, ux)
∂

∂ux

,

where

ζ1 = Et(η)− utEt(τ)− uxEt(ξ),

ζ2 = Ex(η)− utEx(τ)− uxEx(ξ),

and the total derivatives Et and Ex are given by

Et =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux

+ utt
∂

∂ut

+ · · · , (2.13)

Ex =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux

+ utx
∂

∂ut

+ · · · . (2.14)

A Lie algebra is a vector space T of operators as an accessory to the property de-

scribed below: For all J1, J2 ∈ T , the commutator [J1, J2] ∈ T .

J [2] = J + ζ1
∂

∂ut

+ ζ2
∂

∂ux

+ ζ11
∂

∂utt

+ ζ12
∂

∂utx

+ ζ22
∂

∂uxx

. (2.15)

where

ζ11 = Et(ζ1)− uttEt(τ)− utxEt(ξ),

ζ12 = Ex(ζ1)− uttEx(τ)− utxEx(ξ),

ζ22 = Ex(ζ2)− utxEx(τ)− uxxEx(ξ).
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Using the above definitions of Et and Ex, we get

ζ1 = ηt + utηu − utτt − u2
t τu − uxξt − utuxξu. (2.16)

ζ2 = ηx + uxηu − utτx − utuxτu − uxξx − u2
xξu. (2.17)

ζ11 = ηtt + 2utηtu + uttηu + (ut)
2ηuu − 2uttτt − utτtt − 2(ut)

2τtu

−3ututtτu − (ut)
3τuu − 2utxξt − uxξtt − 2utuxξtu − (ut)

2uxξuu

−(uxutt + 2ututx)ξu. (2.18)

ζ12 = ηtx + uxηtu + utηxu + uxtηu + utuxηuu − utx(τt + ξx)− utτtx − uttτx

−utux(τtu + ξxu)− u2
t τxu − (2ututx + uxutt)τu − (ut)

2uxτuu − uxξtx

−uxxξt − (ux)
2ξtu − (2uxutx + utuxx)ξu − ut(ux)

2ξuu. (2.19)

ζ22 = ηxx + 2uxηxu + uxxηu + (ux)
2ηuu − 2uxxξx − uxξxx − 2(ux)

2ξxu

−3uxuxxξu − (ux)
3ξuu − 2utxτx − utτxx

−2utuxτxu − (utuxx + 2uxutx)τu − ut(ux)
2τuu. (2.20)

2.1.4.2 Group (set) admitted by a PDE

Operator

J = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
, (2.21)

is a symmetry of second-order PDE

B(t, x, u, ut, ux, utt, utx, uxx) = 0, (2.22)

if

J [2](B) = 0, (2.23)

whenever B = 0. This is equivalently known as the ”symmetry condition”

J [2]B
∣∣
B=0

= 0, (2.24)

hence the character |B=0 means determined on the equation B = 0.

Definition 2.4 Equation (2.24) describes the determining equation of (2.22), since

it determines each and every one of the infinitesimal symmetries of (2.22).
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2.1.5 Lie algebras

Consider the subsequent two operators J1 and J2 defined by

J1 = τ1(t, x, u)
∂

∂t
+ ξ1(t, x, u)

∂

∂x
+ η1(t, x, u)

∂

∂u
,

and

J2 = τ2(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η2(t, x, u)

∂

∂u
.

Definition 2.5 (Commutator) The commutator of J1 and J2, written as [J1, J2],

is defined by [J1, J2] = J1(J2)− J2(J1).

Definition 2.6 (Lie algebra) A Lie algebra is a vector space T of operators with

the property described below: For all J1, J2 ∈ T , the commutator [J1, J2] ∈ T .

The dimension of a Lie algebra is the vector space T dimension .

Theorem 2.4 The set of all solutions of any determining equation forms a Lie

algebra.

2.2 Numerical methods

2.2.1 Spectral methods

The spectral methods use a shortened series of orthogonal functions to approxi-

mate various functions [64]. The Fourier series, which is employed to solve periodic

problems, Chebyshev, Legendre polynomials, etc. are examples of such orthogonal

functions. One of the key benefits of spectral methods is the efficiency of conver-

gence. Compared to comparable numerical techniques for instance finite differences

and finite elements, they are considerably more accurate. In the 1970s, the methods

earned recognition [65,66].
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The Chebyshev spectral method uses reduced series of Chebyshev orthogonal poly-

nomials to approximate functions. The Chebyshev polynomials PNx(x) of order Nx

are given by

PNx(x) = cos(Nx cos
−1(x)), Nx ∈ N. (2.25)

The Chebyshev interpolation uNx(x) of a function u(x) at x = xi is expressed by

uNx(x) =
Nx∑
i=0

u(xi)Mi(x), (2.26)

where the collocation points xi are selected to be the extrema of PNx(x):

xi =

{
cos
( πi

Nx

)}Nx

i=0

, (2.27)

that are the Chebyshev-Gauss-Lobatto points. Mi(x), i = 0, 1, ..., Nx are Lagrange

polynomials of order Nx based on the Chebyshev-Gauss- Lobatto points described

as

Mi(x) =
(−1)i+1(1− x2)P ′

Nx
(x)

b̄iN2
x(x− xi)

, i = 0, 1, . . . , Nx (2.28)

where b̄0 = b̄Nx = 2, b̄i = 1 for i = 1, 2, . . . , Nx − 1. The approximate result at the

collocation points is approximated by the derivatives, which are calculated as

dn

dxn
u(xi) =

Nx∑
j=0

u(xi)M
(n)(xj) =

Nx∑
j=0

D
(n)
i j u(xi), (2.29)

where D
(n)
i j = M (n)(xi) is an (Nx + 1)(Nx + 1) Chebyshev differentiation matrix

for i, j = 0, 1, . . . , Nx. At the collocation points, the initial sequence Chebyshev

derivative matrix is given by [65,66]

Di j = D
(1)
i j =



ci(−1)j+i

cj(xj−xi)
, i ̸= j,

− xi

2(1−x2
i )
, (i = j) ̸= 0, Nx,

2N2
x+1
6

, i, j = 0,

−2N2
x+1
6

, i, j = Nx.

(2.30)
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Adding PDEs to the spectral collocation concept (Bivariate Chebyshev spectral

method), Chebyshev polynomials PNx(ξ) of sequence Nx are defined as

PNx(ξ) = cos(Nx cos
−1(ξ)), Nx ∈ N. (2.31)

Chebyshev interpolation uNx(ξ, τ) of function u(ξ, τ) at ξ = ξi and τ = τj is defined

by

uNx(ξ, τ) =
Nt∑
j=0

Nx∑
I=0

uj iMj(τ)Mi(ξ), (2.32)

whilst the collocation points ξi and τj are selected to be extrema of PNx :

ξi =

{
cos
( πi

Nx

)}Nx

i=0

, τj =

{
cos
( πi
Nt

)}Nt

j=0

, (2.33)

which are the Chebyshev-Gauss-Lobatto points. Mi(ξ), i = 0, 1, . . . , Nx, are La-

grange polynomials of arrangementNx based on the Chebyshev-Gauss-Lobatto points

described as

Mi(ξ) =
(−1)i+1(1− ξ2)P ′

Nx
(ξ)

b̄iN2
x(ξ − ξi)

, i = 0, 1, . . . , Nx, (2.34)

where b̄0 = b̄Nx = 2, b̄i = 1 for i = 1, 2, . . . , Nx − 1. The polynomials Mj(τ) are

stated similarly.

The approximate solution’s nth sequence time and space derivatives at the colloca-

tion points are calculated as

∂n

∂ξn
u(ξi, τj) =

Nt∑
q=0

Nx∑
p=0

u(ξp, τq)Mq(τj)
dnMp(ξi)

dξn
=

Nx∑
p=0

Dn
i pu(ξp, τj) = DnUj, (2.35)

∂n

∂τn
u(ξi, τj) =

Nt∑
q=0

Nx∑
p=0

u(ξp, τq)
dnMq(τj)

dτn
Mp(ξi) =

Nt∑
q=0

dnj qu(ξi, τq), (2.36)

where Di p = dMp(ξi)

dξ
is an (Nx + 1)(Nx + 1) Chebyshev differentiation matrix for

i, p = 0, 1, . . . , Nx, and dj q =
dMq(τj)

dτ
is an (Nt+1)(Nt+1) Chebyshev differentiation

matrix for j, q = 0, 1, . . . , Nt.
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The collocation points’ original sequence Chebyshev derivative matrix is given by

[65,66]

Di p = D
(1)
i p =



ci(−1)p+i

cp(ξp−ξi)
, i ̸= p,

− ξi
2(1−ξ2i )

, (i = p) ̸= 0, Nx,

2N2
x+1
6

, i, p = 0,

−2N2
x+1
6

, i, p = Nx.

(2.37)

The first order Chebyshev differentiation matrix dj q can be calculated in a similar

manner.

2.2.2 Spectral quasi-linearization method

We detail the algorithm in this subsection to exemplify how the spectral quasi-

linearization method can be utilized to resolve nonlinear evolution PDEs. We exam-

ine the nonlinear PDE of the form

∂u

∂t
= G

(
u,

∂u

∂x
,
∂2u

∂x2
, . . . ,

∂nu

∂xn

)
, (x, t) ∈ [a, b]× [0, T ], (2.38)

where n is the order of the PDE, u(x, t) is problem variable, also G is a non-linear

operator that hold any of u’s spatial derivatives. The region t ∈ [0, T ] is transformed

into τ ∈ [−1, 1] by utilizing the linear transformation t = T (τ + 1)/2, as well as

x ∈ [a, b] is transformed into ξ ∈ [−1, 1] by utilizing the linear transformation x =

1
2
(b− a)ξ + 1

2
(b+ a).

Eq. (2.38) becomes

∂u

∂τ
= G

(
u,

∂u

∂ξ
,
∂2u

∂ξ2
, . . . ,

∂nu

∂ξn

)
, (ξ, τ) ∈ [−1, 1]× [−1, 1]. (2.39)
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2.2.2.1 Quasi-linearization method

Bellman and Kalaba’s quasilinearization (QLM) [21] is an approach that is utilized

to simplify nonlinear ODEs and PDEs. The Newton-Raphson method is utilized to

establish the QLM, which is composed of linear expressions of Taylor series about a

first approach to the result. The QLM presumes that the variation in solution among

two consecutive iterations is very small. The QLM determines the approximate result

of the linear equation at (s+ 1)

G
(
us, u

′
s, u

′′
s , . . . , u

(n)
s

)
+

n∑
p=0

∂G

∂up

(
us, u

′
s, u

′′
s , . . . , u

n
s

)(
u
(p)
s+1 − u(p)

s

)
= 0, (2.40)

whilst the Chebyshev spectral collocation method is employed to resolve the now

linear Eq. (2.40), it can be written as

a0,s(x, t)u
(n)
s+1+a1,s(x, t)u

(n−1)
s+1 +. . . , an−1,s(x, t)u

′

s+1+an,s(x, t)us+1 = Rr(x, t), (2.41)

where

ap,s(x, t) =
∂G

∂u
(p)
s

(
us, u

′
s, u

′′
s , . . . , u

(n)
s

)
, p = 0, 1, . . . , n, (2.42)

and

Rs(x, t) =
n∑

p=0

ap,s(x, t)u
(n)
s −G

(
us, u

′
s, u

′′
s , . . . , u

(n)
s

)
. (2.43)

2.2.2.2 Bivariate spectral quasi-linearization method

This unit introduces the BSQLM for solving nonlinear PDE solutions. We look

at NLPDEs of the form Eq. (2.39). The process of solving the problem presume

that the result can be approached by a Chebyshev interpolation of the structure Eq.

(2.32), interpolates at u(ξ, τ) at certain points in ξ and τ directions expressed by Eq.

(2.33). The option of Chebyshev-Gauss-Lobatto grid terms Eq. (2.33), certifies the

continuing derivatives, in space and time, is easily converted to discrete derivatives

at the grid terms. Pre-conveying Eq. (2.39) in linear stracture, it is appropriate to
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divide G to become linear and nonlinear operators also rephrase the equation in the

structure,

T [u, u′, . . . , u(n)] +K[u, u′, . . . , u(n)]− u̇ = 0, (2.44)

providing that dot and prime represent the time and space derivatives, respectively,

T is a linear operator, and K is a non-linear operator. Supposing the variation

us+1 − us including each and every one of its space derivatives are minor, we start

by approximating the nonlinear operator K with the linear expressions of the Taylor

series. Therefore

K[u, u′, . . . , u(n)] ≈ K[u, u′, . . . , u(n)] +
n∑

p=0

∂K

∂u(p)
(u

(p)
s+1 − u(p)

s ), (2.45)

where s and s + 1 signify the preceding and the recent iterations, respectively. Eq.

(2.45) can be stated as

K[u, u′, . . . , u(n)] ≈K[u, u′, . . . , u(n)] +
n∑

p=0

ap,s[u, u
′, . . . , u(n)]u

(p)
s+1

− ap,s[u, u
′, . . . , u(n)]u(p)

s ,
(2.46)

where

ap,s[u, u
′, . . . , u(n)] =

∂K

∂u(p)
[u, u′, . . . , u(n)]. (2.47)

Substituting equation (2.46) into (2.44), we get

T [us+1, u
′
s+1, . . . , u

(n)
s+1] +

n∑
p=0

ap,su
(p)
s+1 − u̇s+1 = Rr[us, u

′
s, . . . , u

(n)
s ], (2.48)

where

Rr[us, u
′
s, . . . , u

(n)
s ] =

n∑
p=0

ap,su
(p)
s −G[us, u

′
s, . . . , u

(n)
s ].

The time derivative values at the Chebyshev-Gauss-Lobatto terms xi, tj, are com-

puted utilizing Eq. (2.36) for j = 0, 1, . . . , Nt and values of space derivatives

at chebyshev-Gauss-Lobatto terms xi, tj, are calculated employing Eq. (2.35) for

i = 0, 1, . . . , Nx. Substituting Eq. (2.35) into Eq. (2.48) we attain
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T [Us+1,j,U
′
s+1,j, . . . ,U

(n)
s+1,j] +

n∑
p=0

ap,sU
(p)
s+1,j −

Nt∑
p=0

dj pUs+1,p

= Rr[Us,j,U
′
s,j, . . . ,U

(n)
s+,j],

(2.49)

for j = 0, 1, 2, . . . , Nt, where

U
(n)
s+1,j = DnUs+1,j, ap,s =


ap,s(x0, tj)

ap,s(x1, tj)
. . .

ap,s(xNx , tj)

 . (2.50)

The initial condition for Eq. (2.39) is equivalent to τNt = −1 as a result, we articulate

Eq. (2.49) as

T [Us+1,j,U
′
s+1,j, . . . ,U

(n)
s+1,j] +

n∑
p=0

ap,sU
(p)
s+1,j −

Nt−1∑
p=0

dj pUs+1,p = Rj, (2.51)

where

Rj = Rr[Us,j,U
′
s,j, . . . ,U

(n)
s,j ] + dj NtUNt , j = 0, 1, . . . , Nt − 1.

Eq. (2.51) could be conveyed as the subsequent Nt(Nx + 1) × Nt(Nx + 1) matrix

system


B0,0 B0,1 . . . B0,Nt−1

B0,0 B0,1 . . . B0,Nt−1

...
...

. . .
...

BNt−1,0 BNt−1,1
... BNt−1,Nt−1




U0

U1

...

UNt−1

 =


R0

R1

...

RNt−1

 , (2.52)

where

Bi,i = T [I,D, . . .Dn] +
n∑

p=0

ap,sD
(p) − di,iI, (2.53)

Bi,j = −di,jI, where i ̸= j, (2.54)

with I being the identity matrix size (Nx + 1) × (Nx + 1). Desolving Eq. (2.52)

produces the approaching value of u(x, t).
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2.2.2.3 Multi-domain approach

Multi-domain methods permit preferable-conditioned matrices with bigger step sizes

apart from single-domain methods [67]. Another advantage of using a multiple-

domain approach is that they improve approximation precision significantly. The

problem is solved in each sub-domain using such methods, that also divide the par-

ticular domain into two or more sub-domains as well as connect the solutions across

the sub-domain boundaries using the appropriate interface conditions. We begin by

breaking down the integration interval Ω = [0, T ] into intervals that are not overlap-

ping Ωk = [tk−1, tk] where k = 1, 2, 3, ..., p, whereas t0 = 0 with tp = T . The foremost

notion behind this technique is to determine the result of the differential equation

singly on every sub-interval, in succession, starting with the original condition [68].

The known original condition is utilized to calculate the result in the starting sub-

interval and is regarded as the time interval’s left boundary. The calculated result at

the right side boundary of the starting interval is utilized as original condition in the

following sub-interval to compute the result in the following sub-interval. Procedure

continues pending the final sub-interval being reached. The procedure of matching

results from different intervals along their typical boundary is identified as patching.

First, we decompose the interval 0 ≤ t ≤ T before resolving the linearized form of

the nonlinear evolution equation per non-overlapping intervals described as

Γk = [tk−1, tk], k = 1, 2, . . . , p,

where

0 = t0 ≤ t1 ≤ t2 ≤ . . . ≤ tp = T.

This method’s objective is to resolve u in Eq. (2.38) within every sub-interval.

The first condition is employed to find the result in the original sub-interval [t0, t1].

Subsequently, we utilize the continuity condition within neighboring sub-intervals to

determine the final condition for the following intervals. As a result, the result at

the end of every interval gets to be the starting point for the succeeding interval.

Patching condition necessitates that

u(k)(x, tk−1) = u(k−1)(x, tk−1), x ∈ [a, b], (2.55)
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whereas u(k)(x, t) signifies result of Eq. (2.38) for every sub-interval Γk and 1 ≤ k ≤ p.

The domain t = [tk−1, tk] is changed into τ ∈ [−1, 1] utilizing linear transformation

t =
1

2
(tk − tk−1)τ +

1

2
(tk + tk−1), (2.56)

and similarly the spatial domain x ∈ [0, 1] is changed to η ∈ [−1, 1] utilizing linear

transformation

x =
1

2
(b− a)η +

1

2
(b+ a). (2.57)

Thus, in every sub-interval, we are obliged to work out

a0,s(x, t)u
′′(k)
s+1 (x, t) + a1,s(x, t)u

′(k)
s+1(x, t) + a2,s(x, t)u

(k)
s+1(x, t)− u̇

(k)
s+1

= R(k)
s (x, t), x ∈ [a, b], t ∈ [tk−1, tk],

(2.58)

subjected to

u(k)(x, tk−1) = u(k−1)(x, tk−1). (2.59)

2.3 Block-Hybrid method for PDEs

The development of block hybrid linear multi-step methods with off-step points for

the solution of nonlinear differential equation systems is considered. The extra off-

step points improve method accuracy while also ensuring consistency, zero-stability,

and convergence. The hybrid method’s precision is increased by including more off-

step points at the same time keeping the grid size consistent. These methods have

an advantage over traditional methods such as Runge-Kutta methods due to their

flexibility. Our aim is to approximate the exact solution of general second-order PDE

In the nature of,

ẏ = f(x, t, y, y′, y′′), (2.60)

where the dot denotes the differentiation with respect to time and primes signify

differentiation with respect to space variable. Eq. (2.60) is to be solved subject to

the intial and boundary conditions

y(x, 0) = y0(x), y(a, t) = ya(t) y(b, t) = yb(t),
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where y0(x), ya(t) and yb(t) are known functions. The PDE Eq. (2.60) is solved

using the BHM in time t and the spectral collocation method in space x following the

utilization of a suitable linear transformation to transform x ∈ [a, b] to ξ ∈ [−1, 1]. To

exemplify the spectral method’s application, consider linear PDE, which is expressed

in general for second order as follows,

f(x, t, y, y′, y′′) = q2(x, t)y
′′(x, t) + q1(x, t)y

′(x, t) + q0(x, t)y(x, t)q + g(x, t),

where g(x, t) and qk(x, t) for k = 0, 1, 2 are known fuctions. NLPDEs are linearised

before the spectral method is applied. Applying the spectral method with Nx + 1

collocation points on (2.60) gives,

ẏ = f(t,y), y(0) = y0, (2.61)

with boundary conditions given by

y(ξNx , t) = ya(t), y(ξ0, t) = yb(t), (2.62)

and

f(t, (y)) = [Q2(t)D
2 +Q1(t)D+Q0(t)]y +G(t). (2.63)

In the above equations, D = 2D/(b − a), where D is the chebyshev differentiation

matrix including the matrices and vectors are

Qk =


qk(ξ0, t)

qk(ξ1, t)
. . .

qk(ξNx , t)

 ,

y = [y(ξ0, t), y(ξ1, t), . . . , y(ξNx , t)]
T , G = [g(ξ0, t), g(ξ1, t), . . . , g(ξNx , t)]

T .

2.3.1 Development of the Method

The continuous method works by approximating the analytical solution y(t) of the

non-linear differential equation of Eq. (2.60) by

y(t) ≈ Y (t) =
M+1∑
i=0

cn,i(t− tn)
i, (2.64)
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where t ∈ [a, b], cn,i are unknown coefficients to be determined and M is the number

of collocation points. The continuous approximation is established by enforcing the

following conditions:

Ẏn+pi = f(tn+pi , yn+pi), i = 0, 1, 2, . . .M,

Y (tn) = cn,0 = yn, n = 0, 1, . . . N − 1, (2.65)

where the dot points out differentiation with respect to time t. Working out the

equations that emerge in Eq. (2.65), gives cn,0 = yn and cn,1 = fn for all values of

M . The coefficients cn,k for k ≥ 2 are

when M = 2,

cn,2 = −
3fn + fn+1 − 4fn+ 1

2

2h
, cn,3 =

2(fn + fn+1 − 2fn+ 1
2
)

3h2
.

When M = 3

cn,2 = −
11fn − 2fn+1 − 18fn+ 1

3
+ 9fn+ 2

3

4h
,

cn,3 =
3(2fn − fn+1 − 5fn+ 1

3
+ 4fn+ 2

3
)

2h2
,

cn,4 = −
9(2fn − fn+1 − 3fn+ 1

3
+ 3fn+ 2

3
)

2h2
.

When M = 4

cn,2 = −
25fn + 3fn+1 + 36fn+ 1

2
− 48fn+ 1

4
− 16fn+ 3

4

6h
,

cn,3 =
2(35fn + 11fn+1 + 114fn+ 1

2
− 104fn+ 1

4
− 56fn+ 3

4
)

9h2
,

cn,4 = −
2(5fn + 3fn+1 + 24fn+ 1

2
− 18fn+ 1

4
− 14fn+ 3

4
)

3h3
,

cn,5 =
32(fn + fn+1 + 6fn+ 1

2
− 4fn+ 1

4
− 4fn+ 3

4
)

15h14
.

30



The BHM equations are then obtained by subtituting the solutions for cn,k in the

continuous approximation Y (t) and evaluating the result at the collocation points

tn+pi for i = 1, 2 . . . ,M . That is,

yn+pi = Y (tn+pi), i = 1, 2, . . . ,M,

for equally spaced nodes (0, 1
2
, 1) with M = 2, we obtain

yn+ 1
2
= yn +

1

24
h(5fn − fn+1 + 8fn+ 1

2
),

yn+1 = yn +
1

6
h(fn + fn+1 + 4fn+ 1

2
).

When M = 2 with equally spaced nodes (0, 1
3
, 2
3
, 1), we attained

yn+ 1
3
= yn +

1

72
h(9fn + fn+1 + 19fn+ 1

3
− 5fn+ 2

3
),

yn+ 2
3
= yn +

1

9
h(fn + 4fn+ 1

3
+ fn+ 2

3
),

yn+1 = yn +
1

8
h(fn + fn+1 + 3fn+ 1

3
+ 3fn+ 2

3
).

Applying the BHM on the first order Eq. (2.61) gives

yn+pi = yn + h
M∑
j=1

[αi,jfn+pj + βi,jfn], i = 1, 2, . . . ,M. (2.66)

Where fn+pj = f(tn+pj ,yn+pj) and fn = f(tn,yn). For general linear PDEs, spectral

method decomposed scheme Eq. (2.66) can be expressed as

yn+pi = yn + h
M∑
j=1

[αi,j(Φn+pjyn+pj +Ψn+pj) + βi,jfn], i = 1, 2, . . . ,M, (2.67)

31



which in matrix form becomes
A1,1 A1,2 . . . A1,M

A2,1 A2,2 . . . A2,M

...
...

. . .
...

AM,1 AM,2 . . . AM,M




yn+p1

yn+p2

...

yn+pM

 =


yn

yn

...

yn

+


B1,1 B1,2 . . . B1,M

B2,1 B2,2 . . . B2,M

...
...

. . .
...

BM,1 BM,2 . . . BM,M




fn

fn
...

fn



+


C1,1 C1,2 . . . C1,M

C2,1 C2,2 . . . C2,M

...
...

. . .
...

CM,1 CM,2 . . . CM,M




Ψn+p1

Ψn+p2

...

Ψn+pM


(2.68)

where

Φn+pi = Qv,n+piD
v +Qv−1,n+piD

v−1 + · · ·+Q1,n+piD+Q0,n+pi ,

and

Ai,j =

−hαi,jΦn+pj i ̸= j

I− hαi,iΦn+pi i = j

Bi,j = hβi,jI, Ci,j = hαi,jI.

A compact representation of Eq. (2.68) is

AMYn+M = Yn +BmFn + CMΨn+M fn+M , (2.69)

with AM , BM , CM being the coefficient matrices from Eq. (2.68) and

Yn+M = [yn+p1 ,yn+p2 , . . . ,yn+pM ]T ,

Gn+M = [Gn+p1 ,Gn+p2 , . . . ,Gn+pM ]T ,

Yn = [yn,yn, . . . ,yn]
T , Fn = [fn, fn, . . . , fn]

T .

In essence, since the right hand side of Eq. (2.69) is known, the equation can be

expressed as

AMYn+M = Kn+M , (2.70)
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where Kn+M = Yn +BmFFn +CMΨfn+M . The boundary conditions for the PDE

are enforced on the initial and final row of collectively Ai,j with the corresponding

row entry of Kn+M in Eq. (2.70).

2.4 Summary

In this chapter, we detailed several fundamental descriptions and outcomes of Lie

group analysis of PDEs. The algorithm for determining the Lie symmetries of the

PDEs was among them. Furthermore, we discussed how the SQLM, MD-BSQLM,

and BHM can be applied to nonlinear evolution problems, beginning with a descrip-

tion of how the QLM and the multidomain approach work on nonlinear evolution

PDEs. In the following chapter, we will demonstrate how these techniques are im-

plemented to the Burgers-Huxley equation.
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Chapter 3

A comparative study of a spectral

quasilinearization, multidomain

spectral quasilinearization and

block-hybrid methods for solving

Burgers-Huxley equation

3.1 The generalized Burgers-Huxley equation

The generalized Burgers-Huxley equation is a NLPDE which implies a comprehensive

class of physical nonlinear phenomena. It describes the interaction between reaction

mechanisms, convection effects and diffusion transports. It finds its application in

plenty of fields such as biology, nonlinear acoustics, metallurgy, chemistry, combus-

tion, mathematics and engineering. Harry Bateman first introduced this equation

in 1915 [69,70], succeeding Johannes Martinus Burgers who examined it in 1948 [1],

and was named after him. It contains a convection term uδuxx and dissipative term

uxx [71, 72]. The generalized Burgers-Huxley equation with all possible parameters

is given by
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∂u

∂t
= ξ

∂2u

∂x2
− νuδ ∂u

∂x
+ ηu(1− uδ)(uδ − µ), (3.1)

where ξ, ν, δ, η andµ ∈ R, t > 0.

When a vague condition is enforced on the parameters, the generalized Burgers-

Huxley equation simplifies to numerous parabolic evolution equations of physical

insight. When δ = 1 and η = 0 Eq. (3.1) is simplified to the Burgers equation,

which can be employed to investigate sound waves in a viscous medium [1]. When

δ = 0, ν = 0 and µ = −1, we have the Newell-Whitehead-Segel equation [73] which

is utilized to simulate the transmission of nerve impulses. The FitzHugh-Nagumo

equation is acquired when δ = 1 and ν = 0. This equation has a variety of ap-

plications, including neurophysiology, logistic population growth, and auto-catalytic

reactions [74]. The Huxley equation which is obtained, depicts the propagation of

nerve pulses, the motion of liquid crystal walls, and nerve fibers when ν = 0 [75].

We note that Eq. (3.1) yields the Burgers-Huxley equation when δ = 1.

3.2 Numerical solution of Burger-Huxley equation

In this section we illustrate how Lie symmetry, steady state case, SQLM, MD-

BSQLM and BHM are used to solve the Burgers-Huxley equation.

We solve the Burgers-Huxley equation

ut + νuux − uxx − η(1 + µ)u2 + ηµu+ ηu3 = 0, ∀ (x, t) ∈ [0, 1]× [0, T ], (3.2)

subject to the initial condition

u(x, 0) =
µ

2
+

µ

2
tanh(A1x), (3.3)

and boundary conditions

u(0, t) =
µ

2
+

µ

2
tanh(−A1A2t), u(1, t) =

µ

2
+

µ

2
tanh [A1(1− A2t)] , (3.4)
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where ν, η ∈ IR + and T = 10. For ν = η = 0.5 as well as µ = 0.001. The analytical

result is obtained by Deng [72] as

u(x, t) =
µ

2
+

µ

2
tanh [A1(x− A2t)] , (3.5)

where

A1 =
−ν +

√
ν2 + 8η

8
µ, and A2 =

(ν −
√

ν2 + 8η)µ+ 2(ν +
√
ν2 + 8η)

4
. (3.6)

3.2.1 Lie symmetry

In this subsection, we utilize the Lie symmetry attained by [76] to reduce the Burgers-

Huxley equation to an ODE. The translation symmetries are given by,

X1 =
∂

∂x
, X2 =

∂

∂t
, (3.7)

and the travelling wave equation is obtained by combining the translation symmetries

which is given by,

X = A2
∂

∂x
+

∂

∂t
. (3.8)

In this instance, we utilize travelling wave equation to reduce the Burgers-Huxley

equation. Thus the characteristic of travelling wave equation is given by,

dt

1
=

dx

A2

=
du

0
, (3.9)

since du = 0, then

k1 = u. (3.10)

From Eq. (3.8), we get,
dt

1
=

dx

A2

, (3.11)

which implies that,

k2 = x− A2t, (3.12)

where k1 and k2 are arbitary constants.

Thus the general solution is expressed by writting k1 = f(k2). That being the case,

the general solution is given by,

u(x, t) = f(x− A2t). (3.13)
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Let ξ = x− A2t, then our equation becomes,

u = f(ξ), (3.14)

where f(ξ) is an arbitary function. We differentiate Eq. (3.14) with respect x and t

and we obtain the following,

ut = −A2f
′(ξ), ux = f ′(ξ), uxx = f ′′(ξ). (3.15)

We now subtitute Eq. (3.15) into Eq. (3.2), therefore an ODE of Burgers-Huxley

equation becomes,

−A2f
′(ξ) + νf(ξ)f ′(ξ)− f ′′(ξ)− η(1 + µ)f(ξ)2 + ηµf(ξ) + ηf(ξ)3 = 0. (3.16)

When t = 0, ξ = x, thus Eq. (3.16) and Eq. (3.3) becomes,

−A2f
′(x) + νf(x)f ′(x)− f ′′(x)− η(1 + µ)f(x)2 + ηµf(x) + ηf(x)3 = 0. (3.17)

and the exact solution

f(x) =
µ

2
+

µ

2
tanh(A1x). (3.18)

3.2.2 Spectral Quasi-linearizaation Method

In this sub-division, we illustrate how the implementation of the SQLM is employed

to solve the Burgers-Huxley equation. In this study the SQLM is utilized to solve

ODE. Consider the Burgers-Huxley equation given by Eq. 3.2. Let

F (t, f, f ′, f ′′) ≡ A2f
′ − νff ′ + f ′′ + η(1 + µ)f 2 − ηµf − ηf 3 = 0. (3.19)

We attain the QLM scheme to approximate the result fr+1 at (r+1)th iteration level

as;

a0,r(x)f
′′
r+1(x) + a1,r(x)f

′
r+1(x) + a2,r(x)fr+1(x) = Rr(x), (3.20)

where,

a0,r(x) =
∂F

∂f ′′ = 1, a1,r(x) =
∂F

∂f ′ = A2 − νfr,

a2,r(x) =
∂F

∂f
= −νf ′

r + 2η(1 + µ)fr − ηµ− 3ηf 2
r ,

(3.21)
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and

Rr(x) = −νfrf
′
r + η(1 + µ)f 2

r − 2ηf 3
r . (3.22)

The domain x ∈ [0, 1] is trasformed to κ ∈ [−1, 1] using linear trasformation,

ξ =
b− a

2
κ+

b+ a

2
. (3.23)

The boundary conditions becomes,

f(κN) =
µ

2
, f(κ0)

µ

2
+

µ

2
tanh(A1). (3.24)

Applying spectral collocation on (3.20) gives,

Af r+1 = Rr, where A = D2 + a1,rD+ a2,r (3.25)

where fr+1 = [f(xo), f(x1), . . . , f(xN)]
T , Rr = [Rr(xo), Rr(x1), . . . , Rr(xN)]

T and

ap,r are diagonal matrices of [ap,r(xo), ap,r(x1), . . . , ap,r(xN)]
T for p = 0, 1, 2. The

boundary conditions Eq. (3.24) are applied on the first and the last row of Eq.

(3.25) as shown below,

1 0 0 . . . 0 0

A1,0 A1,1 A1,2 . . . A1,N−1 A1,N

A2,0 A2,1 A2,2 . . . A2,N−1 A2,N

...
...

...
. . . . . .

...

AN−1,0 AN−1,1 AN−1,2 . . . AN−1,N−1 AN−1,N

0 0 0 . . . 0 1





f(κ0)

f(κ1)

f(κ2)
...

f(κN−1)

f(κN)


=



µ

2
+

µ

2
tanh(A1)

Rr(κ1)

Rr(κ2)
...

Rr(xκN−1)
µ

2


.

3.2.3 Multi-Domain Bivariate Spectral Quasi-linearization

Method

In this subsection we illustrate the implementation of the MD-BSQLM. The MD-

BSQLM is a method that utilizes the spectral collocation method independently on

more than one variable. In this case, the time and space variable. . Since our

t > 1, we use the multidomain technique on the time (t) variable in this study. The

38



multidomain approach is used to decompose the givem domain in the time variable

into smaller nonoverlapping subintervals. From Eq. (3.2), we set,

F [u̇, u, u′, u′′] ≡ −νuu′ + u′′ + η(1 + µ)u2 − ηµu− ηu3 = 0. (3.26)

Applying the QLM and spectral collocation, we obtain the linearized system and k

denote solution at the kth subinterval

[a0,r(x, tj)D
2 + a1,r(x, tj)D+ a2,r(x, tj)]U

(k)
i −

Nt∑
q=0

dj,qU
(k)
q = R(k)

r (x, tj), (3.27)

where,

a0,r(x, tj) =
∂F

∂u′′ = 1,

a1,r(x, tj) =
∂F

∂u′ = −νur,

a2,r(x, tj) =
∂F

∂u
= −νu′

r + 2η(1 + µ)ur − ηµ− 3ηu2
r,


(3.28)

and

Rr(x, tj) = −νuru
′
r + η(1 + µ)u2

r − 2ηu3
r. (3.29)

The multidomain approach is implemented on the linearized scheme Eq. (3.27) ,

which is solely implemented to the time variable t. In each subinterval k = 1, 2, . . . , p,

we solve

[a0,r(x, ti)D
2 + a1,r(x, ti)D+ a2,r(x, ti)]U

(k)
i −

Nt−1∑
j=0

di,jU
(k)
j = R(k)

r (x, ti) + di,NtU
(k)
tNt

x ∈ [0, 1], t ∈ [tk−1, tk],

with boundary conditions:

u(k)(0, t) =
µ

2
+

µ

2
tanh(−A1A2t),

u(k)(1, t) =
µ

2
+

µ

2
tanh [A1(1− A2t)] ,

 (3.30)

and initial conditions at each interval given by,

u(1)(x, 0) =
µ

2
+

µ

2
tanh(A1x), k = 1 and,

u(k)(x, tk−1) = u(k−1)(x, tk−1), k = 2, 3, . . . , p.

 (3.31)
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Eq. (3.27) results into the subsequent set of coefficient matrices:

Ai,i = D2 + a1,r(x, ti)D+ a2,r(x, ti)− di,iI,

Ai,j = −di,jI, when i ̸= j,

R
(k)
i = R(k)

r + di,NtU
(k)
Nt
,

 (3.32)

where I is an identity matrix as size (Nx + 1)× (Nx + 1). The boundary conditions

at the collocation points are

U (k)(xN , ti) =
µ

2
+

µ

2
tanh(−A1A2ti),

U (k)(x0, ti) =
µ

2
+

µ

2
tanh [A1(1− A2ti)] .

 (3.33)

The first condition at different subintervals is specified by

U
(1)
tNt

=
µ

2
+

µ

2
tanh(A1x), for k = 1 and

U
(k)
tNt

= U
(k−1)
t0 , for k = 2, 3, . . . , p.

 (3.34)

The boundary conditions are imposed on Eq. (3.33) and we obtain the subsequent

Nt(Nx + 1)×Nt(Nx + 1) matrix system

1 0 0 . . . 0

A1,0 A1,1 A1,2 . . . A1,Nt−1

...
...

...
. . .

...

AN−2,0 AN−2,1 AN−2,2 . . . ANt−2,Nt−1

0 0 0 . . . 1





U
(k)
0

U
(k)
1

U
(k)
2

...

U
(k)
Nt−1


=



µ

2
+

µ

2
tanh [A1(1− A2ti)]

R
(k)
1

R
(k)
2

...
µ

2
+

µ

2
tanh(−A1A2ti)


.

3.2.4 Block-Hybrid Method

In this subsection we illustrate how the BHM with spectral method are utilized to

solve the Burgers-Huxley equation. We apply the BHM in time t as well as the

spectral collocation method in space x.

From Eq. 3.2, we set,

u̇ ≡ f(x, u, u′, u′′) = −νuu′ + u′′ + η(1 + µ)u2 − ηµu− ηu3, (3.35)
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Thus, the QLM scheme becomes,

u̇ = a0,r(x, t)u
′′
r+1 + a1,r(x, t)u

′
r+1 + a2,r(x,t)ur+1 +Rr(x, t), (3.36)

where,

a0,r(x, t) =
∂f

∂u′′ = 1,

a1,r(x, t) =
∂f

∂u′ = −νur,

a2,r(x, t) =
∂f

∂u
= −νu′

r + 2η(1 + µ)ur − ηµ− 3ηu2
r,


(3.37)

and

Rr(x, t) = νuru
′
r − η(1 + µ)u2

r + 2ηu3
r. (3.38)

The domain x ∈ [0, 1] is trasformed to κ ∈ [−1, 1] utilizing linear trasformation,

x =
b− a

2
κ+

b+ a

2
. (3.39)

Applying the spectral method with Nx + 1 collocation points on Eq. (3.36) gives,

u̇ = f(t, u), u(x, 0) =
µ

2
+

µ

2
tanh(A1x) (3.40)

with the boundary conditions given by,

u(xNx , t) =
µ

2
+

µ

2
tanh(−A1A2t),

u(x0, t) =
µ

2
+

µ

2
tanh [A1(1− A2)t] ,

 (3.41)

and

f(t, u) = [a0,r(x, t)D
2 + a1,r(x, t)D+ a2,r(x, t)I]ur+1 +G(t), (3.42)

ap,r are diagonal matrices of [ap,r(x0, t), ap,r(x1, t), . . . , ap,r(xNx , t)]
T , p = 0, 1, 2,

u = [u(x0, t), u(x1, t), . . . , u(xNx , t)]
T , G = [g(x0, t), g(x1, t), . . . , g(xNx , t)]

T .

Applying the BHM on the first order equation Eq. (3.40) yields

un+pi = un + h

M∑
j=1

[δi,j(Φn+pjun+pj +Ψn+pj) + ζi,jfn], i = 1, 2, . . . ,M, (3.43)

41



where

fn = f(tn, un), Φn+pj = a0,r(x, t)D
2 + a1,r(x, t)D+ a2,r(x, t)I,

and

Ai,j =

−hδi,jΦn+pj i ̸= j

I− hδi,iΦn+pi i = j

, Bi,j = hζi,jI, Ci,j = hδi,jI.

The boundary conditions are imposed on Eq. (3.43) and we attain the succeeding

matrix system
1 0 . . . 0

A2,1 A2,2 . . . A2,M

...
...

. . .
...

0 0 . . . 1




yn+p1

yn+p2

...

yn+pM

 =


yn

yn

...

yn

+


B1,1 B1,2 . . . B1,M

B2,1 B2,2 . . . B2,M

...
...

. . .
...

BM,1 BM,2 . . . BM,M




fn

fn
...

fn



+


C1,1 C1,2 . . . C1,M

C2,1 C2,2 . . . C2,M

...
...

. . .
...

CM,1 CM,2 . . . CM,M





µ

2
+

µ

2
tanh [A1(1− A2)t]

g(xN−1, t)
...

µ

2
+

µ

2
tanh(−A1A2t)

 .

(3.44)

3.3 Results and Discussion

We display numerical results to Burgers-Huxley equation in this section when ν =

η = 0.5 and µ = 0.001 is attained utilizing the SQLM, MD-BSQLM, and BHM.

The number of collocation points in the spatial x variable results is Nx = 20 for the

SQLM, MD-BSQLM, and BHM. In the same way, the number of collocations in time t

variable is Nt = 40 for the MD-BSQLM and BHM. It was instituted that satisfactory

precision was reached by utilizing above-mentioned values in all simulations. The

results were obtained using MATLAB R2022a.
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3.3.1 Numerical convergence analysis

The error norm is employed in order to assess the schemes’ convergence and pre-

cision. Because the equations possess analytical results, the norm can certainly be

determined at every iteration. The level of precision of the methods is calculated

by the approximate result at each time level and the equivalent analytical solution.

The error norm for any bounded function is well-defined as

ENx = ||ur − u∗
r||∞ , 0 ≦ r ≦ Nx, (3.45)

where ur exemplifies the approximated solution and u∗
r, denotes the analytical result

at time level t. When compared to the analytical result, we use the maximum error

to evaluate the precision for SQLM, MD-BSQLM, and BHM approximate solutions

at a given time are defined as

ENx = maxr|u(xr)− u∗(xr)| , 0 ≦ r ≦ Nx, for the SQLM,

ENx = maxr|u(xr, t)− u∗(xr, t)| , 0 ≦ r ≦ Nx,

for the MD-BSQLM and BHM

 (3.46)

where u(xr) and u(xr, t) are the exact solutions at the time level t, as indicated by

Motsa et al., [29], and u∗(xr) and u∗(xr, t) are the approximate result. These meth-

ods will converge if the maximum errors reach zero as the number of collocation

points enhances. It also converges when the maximum errors decline as the num-

ber of collocation points increases. Maximum and norm errors will be represented

graphically and displayed in tabular form.

Figures 3.1, 3.2 and 3.3 provide the comparison of the analytical and approximate

solutions to Burgers-Huxley equation utilizing SQLM, MD-BSQLM, and BHM. The

approximate solutions agree with the analytical solution very well, proving the pre-

cision of the algorithms utilized in this study. Figures 3.4, 3.5 and 3.6 show error

analysis graphs for SQLM, MD-BSQLM, and BHM, respectively.
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Figure 3.1: Exact solution vs Numer-

ical solution of Burgers-Huxley equation

utilizing the SQLM at t = 0.
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Figure 3.2: Exact solution vs Numer-

ical solution of Burgers-Huxley equation

utilizing the MD-BSQLM at t = 10.
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Figure 3.3: Exact solution vs Numer-

ical solution of Burgers-Huxley equation

at t = 10 utilizing the BHM.
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Figure 3.4: Error profile of the numer-

ical results of Burgers-Huxley equation

utilizing SQLM at t = 0.
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Figure 3.5: Error profile of the numer-

ical results of Burgers-Huxley equation

utilizing MD-BSQLM at t = 10.
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Figure 3.6: Error profile of the numer-

ical results of Burgers-Huxley equation

utilizing BHM at t = 10.

The maximum errors of the Burgers-Huxley equation obtained using SQLM, MD-

BSQLM, and BHM have been given in Tables 3.1, 3.2 and 3.3, respectively, at t = 0

for the SQLM and t ∈ [0, 10] for both MD-BSQLM and BHM. The outcomes were

calculated in the x ∈ [0, 1] space domain. The computational time to produce the
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outcomes are also acquired in order to give a significance of the methods’ computa-

tional efficiency. The reliability of these methods is made very clear through tables

3.1, 3.2, and 3.3.

The maximum errors of Burgers-Huxley equation obtained with the SQLM are pre-

sented in Table 3.1. The accuracy appears to increase as the number of collocation

points Nx significantly increases. It is clear that using a small number of colloca-

tion points in the spatial x variable Nx ≤ 20 yields precise findings with errors of

order 10−19. This simply proves that SQLM is an effective technique for solving the

Burgers-Huxley equation. We should also mention that SQLM is computationally

fast, generating reliable data in split seconds.

t = 0 \Nx 14 16 18 20

3.90e-18 3.04e-18 3.80e-18 1.52e-18

4.01e-18 2.17e-18 3.58e-18 1.41e-18

3.90e-18 9.76e-19 4.12e-18 1.08e-18

3.90e-18 1.08e-18 3.14e-18 4.34e-19

3.69e-18 1.08e-18 1.63e-18 8.67e-19

3.36e-18 1.63e-18 7.59e-19 1.52e-18

2.71e-18 1.41e-18 8.674e-19 1.95e-18

1.951e-18 4.34e-19 1.084e-19 2.168e-18

CPU time(sec) 0.002250 0.000236 0.000280 0.001727

Table 3.1: Maximum errors for Burgers-Huxley equation using SQLM.

The Burgers-Huxley equation was solved utilized the MD-BSQLM. The maximum

errors are displayed in Table 3.2. The accuracy varies as the number of collocation

pointsNx increases. Notably, precise outcomes with errors of order 10−18 are attained

with only a small number of collocation points in the x as well as t variables: Nt ≤

40, Nx ≤ 20. It clearly demonstrates the efficiency of the MD-BSQLM in solving the

Burgers-Huxley problem. We should also take into account that the MD-BSQLM is
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computationally quick and efficient, achieving accurate data in a matter of seconds.

t \Nx 14 16 18 20

0.50 4.955e-17 4.987e-18 1.867e-16 6.222e-16

2.50 1.236e-17 7.199e-17 7.698e-17 7.878e-16

5.00 2.840e-16 1.468e-16 5.996e-16 4.505e-16

7.50 1.284e-16 2.585e-16 1.064e-16 1.597e-16

10.00 6.928e-17 3.863e-16 3.618e-16 3.523e-16

CPU time(sec) 0.128877 0.161370 0.168589 0.187094

Table 3.2: Maximum errors for Burgers-Huxley equation using MD-BSQLM.

The maximum error of Burgers-Huxley problem attained utilizing BHM is displayed

in Table 3.3. The precision declines as the M increases. Using a small number

of collocation points Nt ≤ 40 and Nx ≤ 20, precise outcomes with errors of order

to 10−18 are achieved. This clearly displays that the BHM is a powerful technique

suitable for working out the Burgers-Huxley equation, and it is also computationally

fast, as precise fallouts are produced in a few seconds.

t M = 3 M = 4 M = 5 M = 6

0.00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

2.50 9.9747e-18 1.5613e-17 1.1352e-16 9.0748e-17

5.00 9.7578e-18 2.6021e-17 7.4810e-17 4.4019e-17

7.50 9.9747e-18 3.3827e-17 1.1655e-16 4.9223e-17

10.00 1.7456e-17 3.4044e-17 1.2089e-16 9.8229e-17

CPU time(sec) 0.179115 0.270916 0.342384 0.511625

Table 3.3: Maximum errors for Burgers-Huxley equation using BHM.

Figure 3.7 depicts a comparison of the Burgers-Huxley equation’s exact and nu-

merical solutions. The numerical solution admits perfectly with the exact solution,

illustrating the precision of the algorithms reported in this research.
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Figure 3.7: Exact solution and Numerical solution of Burgers-Huxley equation

3.4 summary

In this chapter, we reduced the Burgers-Huxley equation to an ODE utilizing Lie

symmetries, solved the ODE utilizing SQLM, and solved the Burgers-Huxley problem

utilizing MD-BSQLM and BHM. To compare the SQLM, MD-BSQLM, and BHM,

the norm error was calculated using both the exact and approximate solutions. The

objective of this chapter was to contrast and compare the SQLM, MD-BSQLM,

and BHM for solving the Burgers-Huxley equation. It was discovered in this study

that MD-BSQLM generates more computationally efficient results than SQLM and

BHM. Further to that, evidence suggests that a larger number of nonoverlapping

intervals leads to greater precision, more rapid convergence, and quicker time to

generate solutions when utilizing the MD-BSQLM. In the next chapter, we solve the

examples of nonlinear evolution equations using the four proposed methods.
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Chapter 4

Numerical results of evolution

problems

In this chapter, we examine the results of the family of the evolution equation which

are the Burgers-Fisher equation, Fitzhugh-Nagumo equation, and coupled Burgers’

equation. The equations are solved separately using the lie symmetries, SQLM, MD-

BSQLM, and BHM. We demonstrate the numerical results against the analytical

solution of each equation and compare the three approaches grounded on the error

given by each method.

4.1 Nonlinear evolution equations

An evolution equation is a PDE that explains the time evolution of a physical system

commencing from given initial data. Evolution equations appear in a range of ap-

plied and engineering sciences. Scientists whose study aims are to enhance a better

comprehension of such enticing nonlinear problems are still interested in the improve-

ment of numerical and analytical techniques for solving complex, greatly nonlinear

evolution PDEs. Countless questions can be raised about evolution equations, such

as the existence of specific types of results, such as stability results, traveling waves,

self-similar solutions, and time-periodic solutions, the dynamic stability of these so-
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lutions, the long time asymptotic behavior of solutions, chaotic dynamics, complete

integrability, singular perturbation expressions for solutions, evolution of random

solutions, numerical scheme convergence, and etc. [77]. The greatest fundamental

query is about the existence and exceptionality of results. Burgers-Huxley equation,

Cahn-Allen equation, Burgers-Fisher equation, KdV equation, Newell-Whitehead-

Segel equation, also FitzHugh-Nagumo equations, just to name a few are the family

of evolution equations. The search for exact traveling wave solutions to nonlinear

evolution equations in mathematical physics is critical in a variety of scientific and

engineering fields, including soliton theory, plasma physics, nonlinear optics, fluid dy-

namics, biophysics, and many others. As a result, many prevailing techniques, such as

the homogeneous balance method, the tanh method, the tanh-coth method, the mod-

ified tanh-coth method, the inverse scattering method, Hirota’s bilinear method, the

sine-cosine method, the Exp-function method, the F-expansion method, and others,

have been developed [78]. Also, evolution equations has being solved using different

numerical schemes such as, the Adomain decomposition method, spectral collocation

method, finite difference method, and B-spline method [79–82].

4.2 Numerical Experimentations

This section examines the solutions of the families of evolution equations, namely;

the Burgers-Fisher equation, Fitzhugh-Nagumo equation, as well as Coupled Burg-

ers’ equation. We put forward solutions acquired from the Lie symmetries, SQLM,

MD-BSQLM, and BHM for the three examples examined. The key purpose of this

study is to prove the exactness and appearance of the applicability of the method

utilized. A comparability of the norm error solutions is achieved from the numerical

approximation and exact results. The results were obtained using ten iterations.

4.2.1 Example 1: The generalized Burgers-Fisher equation

The generalized Burgers-Fisher [83] equation is considered
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∂u

∂t
+ νun∂u

∂x
− ∂2u

∂t2
= ηu, (x, t) ∈ [0, 1]× [0, 10], (4.1)

subject to initial condition

u(x, 0) =
[1
2
+

1

2
tanh(a1x)

] 1
n
, (4.2)

and exact solution

u(x, t) =

(
1

2
+

1

2
tanh [a1(x− a2t)]

) 1
n

, (4.3)

where a1 =
−νn

2(1 + n)
and a2 =

ν

1 + n
+

η(1 + n)

ν
. Where ν, η and n are parameters.

We chose these parameters to be ν = η = n = 1 for illustration purposes. This

equation contains numerous applications in plasma physics, fluid physics, capillary

gravity waves, nonlinear optics, chemical physics, and other fields [84].

The symmetries of this equation obtained using Mathemetica are

X1 =
∂

∂x
, X2 =

∂

∂t
,

and combining X1 and X2 we obtain the travelling wave equation which is given by

X = a2
∂

∂x
+

∂

∂t
. (4.4)

Therefore the ODE of the Burger-Fisher equation is given by

νf(ξ)f ′(ξ) + ηf 2(ξ)− a2f
′(ξ)− ηf(ξ)− f ′′(ξ) = 0, where ξ = x− a2t. (4.5)

When t = 0 on Eq. (4.5) we obtain ξ = x. Thefore the ODE becomes

νf(x)f ′(x) + ηf 2(x)− a2f
′(x)− ηf(x)− f ′′(x) = 0, (4.6)

and the exact solution of Eq. (4.6) becomes

f(x) =

(
1

2
+

1

2
tanh(a1x)

) 1
n

. (4.7)
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The appropriate nonlinear operator F is preferred in this SQLM example, as

F (f, f ′, f ′′) = f ′′ − νff ′ − ηf 2 + a2f
′ + ηf. (4.8)

The appropriate nonlinear operator H for this example using MD-BSQLM is selected

as

H(u, u′, u′′) = u′′ − νuu′ − ηu2 + ηu. (4.9)

For the purposes of this example using BHM, the suitable nonlinear operator H is

taken as

u̇ ≡ H(u, u′, u′′) = u′′ − νuu′ − ηu2 + ηu, (4.10)

thus

Φn+pj = D2 + diag(−νu)D+ diag(νu′ + η − 2ηu)I, and

Ψn+pj = νuu′ − ηu2.

 (4.11)

We utilise Taylor series expansion to linearize the nonlinear operators F and H.

4.2.2 Example 2: The FitzHugh-Nagumo equation

Consider the FitzHugh-Nagumo equation

∂u

∂t
− ∂2u

∂x2
= ηu(1− u)(u− µ), (x, t) ∈ [0, 1]× [0, 10] (4.12)

with initial condition

u(x, 0) =
1

2
− 1

2
tanh(A1x), (4.13)

and analytical solution [74]

u(x, 0) =
1

2
− 1

2
tanh [A1(x− A2t)], (4.14)

where A1 =

√
η

2
√
2
, A2 =

√
η

2
(2µ − 1), µ ∈ (0, 1) and η is a real parameter. For

illustration purposes we chose µ = 5 × 10−11and η = 2 × 10−13. This equation

has numerous applications in the disciplines of neurophysiology, flame propagation,
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neurophysiology, logistic population growth, nuclear reactor theory, neurophysiology,

and branching Brownian motion process [85].

The symmetries [86] of this equation are as follows:

X1 =
∂

∂x
, X2 =

∂

∂t
,

and combining X1 and X2 we get the travelling wave equation which is given by

X = A2
∂

∂x
+

∂

∂t
. (4.15)

The ODE of the Fitzhugh-Nagumo equation becomes

−A2f
′(ξ)− f ′′(ξ)− ηf(ξ)(1− f(ξ))(f(ξ)− µ) = 0, where ξ = x− A2t. (4.16)

For t = 0 on Eq. (4.16) we obtain ξ = x. Thefore the ODE becomes

A2f
′(x) + f ′′(x) + ηf(x)(1− f(x))(f(x)− µ) = 0, (4.17)

and exact solution becomes

f(x) =
1

2
− 1

2
tanh(A1x). (4.18)

Using SQLM for this equation, the suitable nonlinear operator F is selected as

F (f ′, f ′, f ′′) = f ′′ +A2f
′ + ηf 2(1 + µ)− ηµf − ηf 3. (4.19)

The appropriate nonlinear operator H for this example using MD-BSQLM is selected

as

H(u, u′, u′′) = u′′ + βu2(1 + µ)− ηµu− ηu3. (4.20)

The appropriate nonlinear operator H for this example using BHM is selected as

u̇ ≡ H(u, u′, u′′) = u′′ + ηu2(1 + µ)− ηµu− ηu3, (4.21)

thus

Φn+pj = diag(1)D2 + diag(2ηu(1 + µ)− ηµ− 3ηu2)I, and

Ψn+pj = −ηu2(1 + µ) + 2ηu3.

 (4.22)

We utilize Taylor series expansion to linearize the nonlinear operators F and H.
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4.2.3 Example 3: The Coupled Burgers’equation

We consider the Coupled Burgers’equation

∂u

∂t
− ∂2u

∂x2
− 2u

∂u

∂x
+

∂(uv)

∂x
= 0, −π < x < π, t > 0,

∂v

∂t
− ∂2v

∂x2
− 2v

∂v

∂x
+

∂(uv)

∂x
= 0, −π < x < π, t > 0,

 (4.23)

subjected to initial conditions

u(x, 0) = sin(x), v(x, 0) = sin(x), (4.24)

with exact solutions [87]

u(x, t) = e−t sin(x), v(x, t) = e−t sin(x). (4.25)

This coupled system Burgers’ equation is a simple model of gravity-induced sedi-

mentation or evolution of scaled volume concentrations of two types of particles in

fluid suspensions or colloids [87].

Eq. (4.23) can be rewritten as,

∂u

∂t
− ∂2u

∂x2
− 2u

∂u

∂x
+ v

∂u

∂x
+ u

∂v

∂x
= 0, −π < x < π, t > 0,

∂v

∂t
− ∂2v

∂x2
− 2v

∂v

∂x
+ v

∂u

∂x
+ u

∂v

∂x
= 0, −π < x < π, t > 0.

 (4.26)

Lie symmetries of Eq. (4.26) are given by [88]

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = −x

∂

∂x
− 2t

∂

∂t
+ u

∂

∂u
+ v

∂

∂v
,

and combining X1 and X2 we attein the travelling wave solution given by,

X =
∂

∂x
+

∂

∂t
. (4.27)

Therefore the ODE of the Coupled Burgers’ equation is provided by,

f ′′(ξ) + f ′(ξ) + 2f(ξ)f ′(ξ)− h(ξ)f ′(ξ)− f(ξ)h′(ξ) = 0, ξ = x− t,

h′′(ξ) + h′(ξ) + 2h(ξ)h′(ξ)− h(ξ)f ′(ξ)− f(ξ)h′(ξ) = 0, ξ = x− t.

 (4.28)
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When t = 0, we get ξ = x, thus Eq. (4.28) becomes,

f ′′(x) + f ′(x) + 2f(x)f ′(x)− h(x)f ′(x)− f(x)h′(x) = 0, −π < x < π,

h′′(x) + h′(x) + 2h(x)h′(x)− h(x)f ′(x)− f(x)h′(x) = 0, −π < x < π,

 (4.29)

with exact solutions

f(x) = sin(x), h(x) = sin(x). (4.30)

For this illustration, the nonlinear appropriate operators F and H are preferred using

the SQLM

F (f, h, f ′, h′, f ′′, h′′) = f ′′ + f ′ + 2ff ′ − hf ′ − fh′,

H(f, h, f ′, h′, f ′′, h′′) = h′′ + h′ + 2hh′ − hf ′ − fh′.

 (4.31)

The appropriate nonlinear operators for F andH for this example using MD-BSQLM

are given by

F (u, v, u′, v′, u′′, v′′) = u′′ + 2uu′ − vu′ − uv′,

H(u, v, u′, v′, u′′, v′′) = v′′ + 2vv′ − vu′ − uv′.

 (4.32)

The appropriate nonlinear operators for F and H for this example using BHM are

chosen as

u̇ ≈ F (u, v, u′, v′, u′′, v′′) = u′′ + 2uu′ − vu′ − uv′,

v̇ ≈ H(u, v, u′, v′, u′′, v′′) = v′′ + 2vv′ − vu′ − uv′,

 (4.33)

thus

Φ1
n+pj

=
[
diag(1)D2 + (diag(2u− v)D + diag(2u′ − v′)I

]
+
[
diag(−u)D + (diag(−u′)I

]
Ψ1

n+pj
= −2uu′ + uv′ + vu′,

Φ2
n+pj

=
[
diag(−v)D + (diag(−v′)I

]
+
[
diag(1)D2 + diag(2v − u)D + diag(2v′ − u′)I

]
Ψ2

n+pj
= −2vv′ + uv′ + vu′.



(4.34)

By utilizing the Taylor series expansion, we linearize the nonlinear operators F and

H.
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4.3 Summary

We used Lie symmetry and the proposed algorithms SQLM, MD-BSQLM, and BHM

to solve three examples of evolution equations in this chapter. In the succeeding

chapter we discuss the outcomes obtained in this chapter using the three proposed

methods to solve the examples.
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Chapter 5

Results and Discussion

The approximate solutions attained utilizing the SQLM, MD-BSQLM, and BHM al-

gorithms are presented in this chapter. For SQLM, MD-BSQLM, and BHM, the num-

ber of collocation points in the x variable utilized to produce outcomes is Nx = 20.

For MD-BSQLM and BHM for different M values, the number of collocation points

in the time t variable utilized to produced the data is Nt = 40. It was discovered that

using these values yielded sufficient results in all numerical simulations. MATLAB

R2022a was used to produce the results Tables 5.1-5.8 and Figures 5.1-5.20.

Figures 5.1 and 5.2 shows the comparison of analytical and approximate solutions to

the Burgers-Fisher equation and FitzHugh-Nagumo equation that used SQLM. The

approximate solutions agree well with the exact solution, exemplifying the precision

of the algorithms provided in this study. Figures 5.3 and 5.4 of the SQLM for

Burgers-Fisher equation and FitzHugh-Nagumo equation show error analysis graphs.

The SQLM does not generate numerical results for the Coupled Burgers’ equation.
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Figure 5.1: Exact VS Numerical of

Burgers-Fisher equation using SQLM for

ν = η = n = 1.
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Figure 5.2: Exact VS Numerical of

FitzHugh-Nagumo equation using SQLM

for µ = 5× 10−11and η = 2× 10−13.
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Figure 5.3: Error profile of Burgers-

Fisher equation using SQLM for ν = η =

n = 1.
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Figure 5.4: Error profile of FitzHugh-

Nagumo equation using SQLM for µ =

5× 10−11and η = 2× 10−13.

In Tables 5.1 and 5.2 we provide the maximum errors among the analytical and

SQLM at t = 0 of Burgers-Fisher equation and FitzHugh-Nagumo equation. The

outcomes were calculated in the space domain x ∈ [0, 1]. The computational time to
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produce the solutions is also given to give a understanding of the methods’ compu-

tational efficiency. Tables 5.1 and 5.2 show clearly the accuracy of these methods.

The maximum errors of the Burgers-Fisher equation and FitzHugh-Nagumo equa-

tion obtained with SQLM are presented in Table 5.1 and 5.2. The precision appears

to increase with the number of collocation points Nx. It is apparent that precise

solutions with errors of order 10−17 are attained utilizing a small number of collo-

cation points in the x variable Nx ≤ 20. This evidently illustrates that SQLM is a

powerful technique for solving the Burgers-Fisher equation, and FitzHugh-Nagumo

equation, expect for Coupled Burgers’ equation. We also note that the SQLM is

computationally effective, generating precise solutions in few seconds.

t = 0 \Nx 14 16 18 20

1.254e-02 9.607e-03 7.596e-03 6.156e-03

1.499e-15 5.551e-17 1.832e-15 1.721e-15

1.166e-15 3.886e-16 1.499e-15 1.665e-15

9.437e-16 8.327e-16 1.499e-15 1.443e-15

8.882e-16 1.055e-15 7.216e-16 9.437e-16

6.106e-16 4.996e-16 3.886e-16 6.661e-16

4.996e-16 4.441e-16 1.665e-16 5.551e-17

CPU time(sec) 0.015313 0.000558 0.000593 0.000610

Table 5.1: Maximum errors for Burgers-Fisher equation utilizing SQLM for ν = η =

n = 1.
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t = 0 \Nx 14 16 18 20

7.61e-15 3.28e-15 7.22e-16 2.33e-15

5.16e-15 2.89e-15 1.89e-15 1.721e-15

2.22e-16 6.11e-16 3.55e-15 2.220e-16

3.94e-15 2.78e-15 6.94e-15 1.776e-15

4.50e-15 5.33e-15 9.10e-15 84.330e-15

2.89e-15 6.05e-15 6.66e-15 5.274e-15

1.50e-15 4.05e-15 3.99e-15 5.607e-15

CPU time(sec) 0.015425 0.000371 0.003633 0.001055

Table 5.2: Maximum errors for FitzHugh-Nagumo equation utilizing SQLM for µ =

5× 10−11and η = 2× 10−13.

Figures 5.5, 5.6 and 5.7 compare analytical and approximate solutions to the Burgers-

Fisher equation, FitzHugh-Nagumo equation, and coupled Burgers’equation using

MD-BSQLM. The approximate solutions agree with the analytical results quite well,

exemplifying the precision of the algorithms displayed in this study. Figures 5.8,

5.9, and 5.10 of the MD-BSQLM for Burgers-Fisher equation, FitzHugh-Nagumo

equation, also Coupled Burgers’equation show error analysis graphs.
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Figure 5.5: Exact VS Numerical of

Burgers-Fisher equation for MD-BSQLM

for µ = η = n = 1.
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Figure 5.6: Exact VS Numerical of

FitzHugh-Nagumo equation using MD-

BSQLM for µ = 5 × 10−11and η = 2 ×

10−13.

-4 -3 -2 -1 0 1 2 3 4
-5

-4

-3

-2

-1

0

1

2

3

4

5
10-5

Analytical solution
Numerical solution

(a) Exact vs Numerical solution of u(x, t).
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(b) Exact vs Numerical solution of v(x, t).

Figure 5.7: Exact vs Numerical solution of Coupled Burgers’ equation using MD-

BSQLM.
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Figure 5.8: Error profile of Burgers-

Fisher equation using MD-BSQLM ν =

η = n = 1.
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Figure 5.9: Error profile of MD-

BSQLM for FitzHugh-Nagumo equation

for µ = 5× 10−11and η = 2× 10−13.
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(a) Error profile of u(x, t).
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(b) Error profile of v(x, t).

Figure 5.10: Error profile of MD-BSQLM for Coupled Burgers’ equation.

The maximum errors among the analytical as well as MD-BSQLM in time domain

t ∈ [0, 10] of the Burgers-Fisher equation, FitzHugh-Nagumo equation, including

62



Coupled Burgers’ equation are given in Tables 5.3, 5.4, and 5.5. The outcomes

were calculated in the x ∈ [0, 1] space domain. The computational time required

to produce the solutions is provided as an indication of the methods’ computational

efficiency. The accuracy of these methods is demonstrated clearly in 5.3, 5.4, and 5.5.

The maximum errors of the Burgers-Fisher equation, FitzHugh-Nagumo equation,

and Coupled Burgers’ equation obtained with the MD-BSQLM could be seen in ta-

bles 5.3, 5.4, and 5.5. As the number of collocation points Nx increases, the accuracy

appears to improve. It is noticeable when utilizing a small number of collocation

points in x as well as t variables Nx ≤ 20 and Nt ≤ 40 achieves precise findings with

errors of order 10−17. This simply proves that MD-BSQLM is an effective method

for solving the Burgers-Fisher equation, the FitzHugh-Nagumo equation, including

the Coupled Burgers’ equation. It is also noteworthy to mention that MD-BSQLM

is computationally fast, yielding precise findings in split seconds.

t \Nx 14 16 18 20

0.50 1.972e-13 7.550e-15 7.849e-13 5.360e-13

2.50 4.663e-14 1.295e-13 1.674e-13 1.132e-14

5.00 2.620e-13 2.398e-14 8.116e-14 3.847e-13

7.50 1.110e-14 2.901e-13 1.927e-12 3.058e-12

10.00 2.224e-13 5.298e-13 1.096e-12 6.750e-14

CPU time(sec) 0.061981 0.072012 0.098814 0.103631

Table 5.3: Maximum errors for Burgers-Fisher equation utilizing MD-BSQLM for

ν = η = n = 1.
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t \Nx 14 16 18 20

0.00 3.109e-14 1.328e-12 3.453e-13 1.647e-12

2.50 2.787e-14 7.269e-13 8.582e-13 1.917e-12

5.00 5.163e-15 2.550e-13 8.593e-14 1.260e-12

7.50 4.330e-15 1.218e-13 6.989e-14 1.994e-12

10.00 4.885e-14 3.170e-13 5.884e-14 1.963e-12

CPU time(sec) 0.130587 0.145790 0.160565 0.198814

Table 5.4: Maximum errors for FitzHugh-Nagumo equation utilizing MD-BSQLM

for µ = 5× 10−11and η = 2× 10−13.

t \Nx 14 16 18 20

0.50 4.501e-11 1.334e-12 2.498e-15 3.497e-15

2.50 1.118e-11 2.627e-13 1.089e-15 2.637e-16

5.00 2.598e-12 2.897e-14 1.262e-15 9.059e-17

7.50 3.511e-13 2.988e-15 3.869e-16 1.507e-17

10.00 4.009e-14 2.967e-16 3.3.773e-16 7.813e-18

CPU time(sec) 0.046956 0.066319 0.087233 0.112457

(a) Maximum error for u(x, t).

t \Nx 14 16 18 20

0.50 4.501e-11 1.334e-12 2.498e-15 3.497e-15

2.50 1.118e-11 2.627e-13 1.089e-15 2.637e-16

5.00 2.598e-12 2.897e-14 1.262e-15 9.059e-17

7.50 3.511e-13 2.988e-15 3.869e-16 1.507e-17

10.00 4.009e-14 2.967e-16 3.3.773e-16 7.813e-18

CPU time(sec) 0.046956 0.066319 0.087233 0.112457

(b) Maximum error for v(x, t).

Table 5.5: Maximum errors for the Coupled Burgers’ equation obtained utilizing

MD-BSQLM.
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Figures 5.11, 5.12 and 5.13 shows the comparison of analytical and approximate

solutions to the Burgers-Fisher equation, FitzHugh-Nagumo equation, and Coupled

Burgers’equation using BHM. The approximate solutions agree with the analyti-

cal solution quite well, exemplifying the precision of the algorithms presented in

this study. Figures 5.14, 5.15, and 5.16 show error analysis graphs of the BHM

for Burgers-Fisher equation, FitzHugh-Nagumo equation, including Coupled Burg-

ers’equation.
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Figure 5.11: Exact vs Numerical solu-

tion of Burgers-Fisher equation for BHM

for ν = η = n = 1.
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Figure 5.12: Exact vs Numerical solu-

tion of FitzHugh-Nagumo equation using

BHM for µ = 5×10−11and η = 2×10−13.
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(a) Exact vs Numerical solution of u(x, t).
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(b) Exact vs Numerical solution of v(x, t).

Figure 5.13: Exact vs Numerical solution of Coupled Burgers’ equation using BHM.
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Figure 5.14: Error profile of Burgers-

Fisher equation for BHM for α = β =

n = 1.
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Figure 5.15: Error profile of BHM for

FitzHugh-Nagumo equation for µ = 5 ×

10−11and η = 2× 10−13.
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(a) Error profile of u(x, t).
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(b) Error profile of v(x, t).

Figure 5.16: Error profile of BHM for Coupled Burgers’ equation.

In Tables 5.6, 5.7 and 5.8, the maximum errors among the exact as well as BHM

in the time domain t ∈ [0, 10] of the Burgers-Fisher equation, FitzHugh-Nagumo

equation, including Coupled Burgers’ equation are provided. The outcomes were

calculated in the space region of x ∈ [0, 1]. The time required to generate the results

is also provided as an indicator of the methods’ computational efficiency. Tables 5.6,

5.7 and 5.8 amply attest the precision of these techniques. The maximum error of the

Burgers-Fisher equation, FitzHugh-Nagumoo equation, including Coupled Burgers’

equation attained using BHM can be found in Tables 5.6, 5.7 and 5.8. Accuracy

decreases for the FitzHugh-Nagomu equation and increases for the Burgers-Fisher

equation and Coupled Burgers’eqaution as M increases. Using a small number of

collocation points Nx ≤ 20 and Nt ≤ 40, precise solutions with errors of order

10−15 are achieved. This clearly illustrates that the BHM is a powerful method for

solving the Burgers-Fisher equation, FitzHugh-Nagumo equation, including Coupled

Burgers’ equation, and it is also computationally reliable, achieving precise data in

a matter of seconds.
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t M = 3 M = 4 M = 5 M = 6

0.00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

2.50 7.4933e-09 3.2794e-10 5.0350e-12 1.0514e-13

5.00 8.3324e-10 3.1085e-11 4.4287e-13 6.2395e-14

7.50 2.2348e-10 1.7964e-11 2.2182e-13 7.0055e-14

10.00 1.5796e-10 1.2352e-11 3.2951e-13 9.2371e-14

CPU time(sec) 0.190243 0.186671 0.320958 0.385719

Table 5.6: Maximum errors for Burgers-Fisher equation utilizing BHM for ν = η =

n = 1.

t M = 3 M = 4 M = 5 M = 6

0.00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

2.50 9.1038e-15 4.8517e-14 5.3124e-14 1.9962e-13

5.00 8.5487e-15 7.4329e-14 5.3124e-14 3.5677e-13

7.50 8.4377e-15 8.8984e-14 5.3457e-14 4.8933e-13

10.00 8.5487e-15 9.9976e-14 5.3457e-14 6.0485e-13

CPU time(sec) 0.170630 0.268356 0.258403 0.385030

Table 5.7: Maximum errors for FitzHugh-Nagumo equation utilizing BHM for µ =

5× 10−11and η = 2× 10−13.
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t M = 3 M = 4 M = 5 M = 6

0.00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

2.50 5.5749e-09 1.2730e-10 7.1783e-13 4.0037e-14

5.00 4.5357e-10 4.7354e-11 5.8224e-14 2.4936e-14

7.50 2.2915e-10 2.4827e-11 2.5557e-14 1.8284e-14

10.00 1.6314e-10 1.5115e-11 2.0866e-14 1.4523e-14

CPU time(sec) 0.278920 0.405877 0.506662 0.624847

(a) Maximum error for u(x, t).

t M = 3 M = 4 M = 5 M = 6

0.00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

2.50 5.5749e-09 1.2730e-10 7.1783e-13 4.0037e-14

5.00 4.5357e-10 4.7354e-11 5.8224e-14 2.4936e-14

7.50 2.2915e-10 2.4827e-11 2.5557e-14 1.8284e-14

10.00 1.6314e-10 1.5115e-11 2.0866e-14 1.4523e-14

CPU time(sec) 0.278920 0.405877 0.506662 0.624847

(b) Maximum error for v(x, t).

Table 5.8: Maximum errors for Coupled Burgers’ equation utilizing BHM.

Figures 5.17 - 5.20 compares the exact and numerical solutions to the Burgers-Fisher,

FitzHugh-Nagumo, and Coupled Burgers’ equations. The numerical solutions agree

perfectly with the exact solutions, signifying the precision of the algorithms utilized

in this research.
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Figure 5.17: Exact solution and Numerical solution of Burgers-Fisher equation

Figure 5.18: Exact solution and Numerical solution of FitzHugh-Nagumo equation
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(a) Exact solution of u(x, t) (b) Exact solution of v(x, t)

Figure 5.19: Exact solution of Coupled Burgers’ equation

(a) Numerical solution of u(x, t) (b) Numerical solution of v(x, t)

Figure 5.20: Numerical solution of Coupled Burgers’ equation

5.1 Summary

We discussed the numerical results generated in Chapter 4 that used SQLM, MD-

BSQLM, and BHM in this chapter. The norm error was calculated using both the

exact and approximate solutions to make comparisons to the SQLM, MD-BSQLM,
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and BHM. In this study, it was proven that MD-BSQLM outperforms SQLM and

BHM in precision, convergence, and CPU time for the three nonlinear equations

solved in the preceding chapter. Furthermore, the concept of dividing the major do-

main into sub-intervals enhances the technique’s precision significantly. The greater

the number of sub-intervals, the more reliable the technique. Additionally, evidence

suggests that a larger number of nonoverlapping intervals results in greater precision,

faster convergence, and a relatively short time to achieve solutions when using the

MD-BSQLM.
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Chapter 6

Conclusion

The purpose of this work was to look into the applicability of three methods: SQLM,

MD-BSQLM, and BHM. The most important goal was to carry out an evaluation

study and apply the three methods to the Burgers-Huxley equation and other non-

linear evolution PDEs. NLPDEs of the second order that were utilized in this study.

First, the discussion focused on the history of the nonlinear evolution of PDEs, in

order to gain a perception of what encouraged researchers to seek out solutions to

these equations. The Lie group methods, spectral methods, and BHMs were then

exhaustively discussed, investigating the benefits of using them as well as the motives

for using them as the methods of preference for numerous researchers and also for

this study.

Chapter 2 goes over some of the most essential denotations and outcomes of the Lie

group analysis of PDEs, as well as the procedure for determining the Lie symmetries

of PDEs. Moreover, SQLM, MD-BSQLM, and BHM were discussed on how to be

applied to nonlinear evolution problems, together with a description of how QLM

and multidomain approach work on nonlinear evolution PDEs.

Chapter 3 discussed the study’s main focuses, which include Lie symmetries, the

SQLM, MD-BSQLM, and BHM, respectively. The most important objective of this

research was to evaluate these techniques for solving the nonlinear Burgers-Huxley

equation and analyze the precision, robustness, and efficiency of each approach. The
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numerical simulations were conducted and the outcomes were discussed. When the

results from these three methods are compared, it is comprehensible that the MD-

BSQLM produces more precise solutions than the SQLM and the BHM. According to

the results, the MD-BSQLM provides effective solutions in spite of the small intervals

in both space including time variables, with a CPU time of under a second (0.187094

seconds), whereas the SQLM generates results in the x variable only in the small

interval within 0.001727 seconds and the BHM yields solutions in the small interval

in both the x and t variables within 0.511625 seconds. The marks of this study show

that MD-BSQLM performs computationally better than SQLM and BHM.

In Chapters 4 and 5, numerical simulations were performed and the results were

discussed. The equations of Burgers-Fisher, FitzHugh-Nagumo, and Coupled Burgers

were solved. When the three proposed methods’ results are compared, it is evident

that the MD-BSQLM provides more reliable data than the SQLM and BHM. The

study revealed that the MD-BSQLM provides better performance including small

space and also time intervals, with CPU time of less than a second. In addition, no

solution to the Coupled Burgers’ equation is provided by the SQLM. As a result, we

can conclude that SQLM is inefficient for solving some evolution problems. According

to the findings of this study, MDBSQLM outperforms SQLM and BHM significantly.

The SQLM, MD-BSQLM, and BHM were implemented in my dissertation to solve

second-order nonlinear evolution equations with analytical solutions. It is evident

that the MD-BSQLM is a very effective and also efficient approach for solving broad

classes of problems such as the ones examined. In terms of applications, it was proved

that the previously described MD-BSQLM was significantly more computationally

efficient than the SQLM and BHM, requiring less computational time and producing

smaller norm errors. All three methods were linearized using QLM. In this study,

MD-BSQLM outperformed SQLM and BHM in solving the examples.
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