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Summary

The traditional bootstrap is a sophisticated resampling procedure that has received a great deal
of attention in the literature over the past three decades. This thesis focuses on a variation of
the traditional bootstrap, called the m-out-of-n bootstrap, where one resamples fewer than n
observations from a sample of size n. It is shown, by referring to various sources in the literature,
that this modification of the traditional bootstrap has many desirable properties, not least of which
is that it rectifies certain inconsistencies suffered by the traditional bootstrap.

The aim of this thesis is twofold: First, to explore the collection of applications of the m-out-of-n
bootstrap and examine their usefulness, and second, to contribute to this collection by developing
new applications, providing the necessary tools to apply them correctly, and to obtain estimators
for the resample size, m.

The first few chapters of this thesis are a literature study which examines the development of the
theory underlying the traditional bootstrap and the m-~out-of-n bootstrap as well as considering
the practical applications of these two techniques. Included is a discussion of situations where
the traditional bootstrap method fails to produce consistent results, but where the m-out-of-n
bootstrap is consistent under minimal conditions.

Once the basic theoretical background of the m-out-of-n bootstrap has been established, a new
methodology for applying the m-out-of-n bootstrap in point estimation problems is presented. A
contrast is made between the naive application of the m-out-of-n bootstrap and the new method-
ology by referring to the new method as the ‘corrected m-out-of-n ’ bootstrap.

The use of the m~out-of-n bootstrap is considered for two new areas of application:

* First, a new method for point estimation of parameters based on BRAGGing (Bootstrap Ro-
bust AGGregating) estimation methods is proposed using both the original naive m-out-of-n
bootstrap methodology, as well as the newer, corrected m-out-of-n bootstrap methodology.
The estimation of the resample size for this estimation problem is also addressed by consid-
ering Cornish-Fisher and other expansions.

* Second, the application of the m-out-of-n bootstrap to hypothesis testing is considered. Two
new data-based choices of the resample size, m, are proposed in this setup. The first estimator
is based on a bootstrap estimate of the size of the test when using a bootstrap critical value,
and the second is based on the probability structure of the p-values of a test under the null
hypothesis.

In both of these new areas of application, the data-dependent choices of m are theoretically and
numerically motivated, the former being accomplished through the use of comprehensive mathe-
matical arguments and the latter through the use of extensive Monte-Carlo simulations.

iil



Uittreksel

Die tradisionele n-uit-n skoenlusprosedure is 'n gesofistikeerde hersteekproefnemingsmetode wat
ruim aandag gekry het in die literatuur die afgelope drie dekades. Hierdie verhandeling fokus
op 'n variasie van die tradisionele metode, naamlik die m-uit-n skoenlus, waar daar minder as
n waarnemings geneem word uit ‘n steekproef van grootte n. Deur na verskillende bronne uit
die literatuur te verwys, word aangetoon dat hierdie wysiging van die tradisionele skoenlus talle
gewenste eienskappe besit, onder meer dat dit sekere nie-konsekwenthede eie aan die tradisionele
skoenlus, herstel.

Die doel van die verhandeling is tweevoudig: Eerstens, om die versameling toepassings van die
m-uit-n skoenlus te vind, te ondersoek en die nut daarvan te bepaal, en tweedens, om by te dra
tot die versameling deur nuwe toepassings te ontwikkel, die nodige tegnieke en gereedskap daar te
stel en dit korrek toe te pas om sodoende beramers vir die hersteekproefgroottes m te bepaal.

Die eerste paar hoofstukke van die verhandeling is 'n literatuurstudie waarin die ontwikkeling
van die tradisionele skoenlus en die m-uit-n skoenlus bestudeer word, asook die praktiese uitvoer-
baarheid van die twee tegnieke. Ingesluit is 'n bespreking van situasies waar die tradisionele metode
faal in die daarstelling van konsekwente resultate, maar waar die m-uit-n skoenlus wel konsekwente
resultate behaal onder minimale voorwaardes.

Sodra die teorietiese agtergrond vir die m-uit-n skoenlus gevestig is, word ’n nuwe metodologie
daargestel om die m-uit-n skoenlus in puntberamingsprobleme toe te pas. Kontraste word uitgewys
tussen die naiewe toepassing van die m~uit-n skoenlus en die nuwe metodologie, deur na die nuwe
metode te verwys as die “gekorrigeerde m-uit-n skoenlus”.

Die m~uit-n skoenlus word aangewend op twee nuwe toepassingsgebiede:

* FEerstens word 'n nuwe metode vir puntberaming van parameters voorgestel, gebaseer op
die sogenaamde BRAGGing (“Bootstrap Robust AGGregating”) beramingsmetodes, deur
gebruik te maak van beide die oorspronklike naiewe m~uit-n skoenlusmetodologie en die nuwe
gekorrigeerde skoenlusmetodologie. Die beraming van die hersteekproefgrootte vir hierdie
beramingssprobleem word ook aangespreek deur gebruikmaking van Cornish-Fisher en ander
ontwikkelings.

+ Tweedens word die toepassing van die m-uit-n skoenlus op hipotesetoetsing aangepak. Twee
nuwe data-afhanklike keuses van die hersteekproefgroote, m, word voorgestel in die hipotese-
toetsingopset. Die eerste beramer word gegrond op die skoenlusberamer van die toetsgrootte
as 'n skoenluskriticke waarde gebruik word, en die tweede beramer word gebaseer op die
waarskynlikheidstrukture van die p-waardes van die toets onder die nulhipotese.

In albei van hierdie nuwe toepassingsgebiede word die data-afhanklike keuses van m beide teoreties
en numeries gemotiveer. Die teoretiese doelwit word bereik deur die gebruik van omvattende
wiskundige argumente en numeries word uitgebreide Monte-Carlo simulasies uitgevoer.
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Chapter 1

Introduction

1.1 Overview

First discussed in Efron (1979), the bootstrap is a resampling procedure that, over the last 30 years,
has been on the receiving end of a great deal of attention in statistical literature. The reason for
this can possibly be ascribed to the large number of attractive properties of this procedure, namely,

* the bootstrap is easily applied by the practitioner,
* it requires very few, non-restrictive, assumptions, and

* it can be applied to a vast number of situations where traditional theory can become unwieldy,
almost regardless of the theoretical complexity of the problem being considered.

However, the procedure is not without its flaws, since while it is applicable in a large number
of situations, there are cases where it fails. These cases are referred to as the non-regular cases
(Shao and Tu 1995). The remedies for these non-regular cases typically involve changing either the
statistic being used or the scheme used to resample the data. The simplest of these remedies uses
the latter solution, and involves resampling fewer observations than appear in the original sample,
in particular it samples m observations from the n original observations. This modification of the
bootstrap has been called the m~out-of-n bootstrap, but it has not enjoyed the same degree of
exposure in the literature shared by its cousin, the traditional n-out-of-n bootstrap . In this thesis
overviews of both the traditional bootstrap and the m-out-of-n bootstrap are provided.

The m~out-of-n bootstrap, while being a very useful techinique for rectifying the inconsistency
problems suffered by the traditional bootstrap, does unfortunately require that we know the re-
sample size m. Data~-dependent choices of m differ depending on the problems being comsidered.
Some of these choices have been discussed for a handful of these problems in the literature. This
thesis contributes to this collection of methods for selecting m by considering two new problems:
point estimation using robust aggregating methods, and bootstrap hypothesis testing.

1.2 Objectives

* Provide an overview of the traditional nonparametric bootstrap by looking at various appli-
cations of the technique.

* Discuss the consistency of the traditional bootstrap, focusing in particular on the situations
where the bootstrap is not consistent.
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* Describe various modifications that can be made to the traditional bootstrap by altering the
resampling scheme.

* Provide an overview of the m~-out-of-n bootstrap.

* Investigate the literature on the remedies to the bootstrap consistency failures, focusing on
those remedies that make use of the m-out-of-n bootstrap and then briefly discussing the
consistency of the results obtained from these methods.

* Review the literature on the choice of the resample size m when using the m-out-of-n boot-
strap applied in some settings.

* Provide an overview of Edgeworth expansions and Cornish-Fisher expansions.
* Briefly describe bootstrap aggregating and bootstrap robust aggregating.

% Develop a new method, based on bootstrap robust aggregating, for the estimation of a pa-
rameter using the m-out-of-n bootstrap approach. A number of data-dependent choices of m
for this technique are also derived.

x Conduct simulation studies to determine the effectiveness of the new estimation method and
of the data-based choices of m which have been developed.

* Briefly describe the concepts related to bootstrap hypothesis testing. The application of the
m~out-of-n bootstrap for hypothesis testing is also discussed.

* Possible data~-dependent choices of m, when the m-out-of-n bootstrap is applied to hypothesis
testing, are discussed. The methods are based on the calculation of bootstrap critical values
and bootstrap p-values.

1.3 Thesis outline

After this introductory chapter, the thesis begins by looking at a basic review of the traditional
bootstrap in Chapter 2. This chapter discusses all of the necessary basic techniques and notation
that one needs in order to understand the subsequent chapters.

Chapter 3 discusses the consistency of the bootstrap. The chapter begins by declaring some
notation that is used throughout the chapter. The consistency of the bootstrap is then investigated
by considering the various cases in the literature where it has been found to be inconsistent. Fach
of the cases is defined fairly thoroughly before the bootstrap consistency result is stated.

In Chapter 4 the m~-out-of-n bootstrap is discussed by first considering the variations of the m-
out-of-n bootstrap that are mentioned in various sources (see for example, Bickel, Gétze and van
Ziwet (1997), Politis, Romano and Wolf (1999), etc.) The consistency of the m-out-of-n bootstrap is
discussed by comparing the inconsistent results which arose in Chapter 3 with the results obtained
from the m-out-of-n bootstrap. A framework for the ‘correct’ implementation of the m-out-of-n
bootstrap is then provided and the chapter concludes with a short literature study of the assorted
data-based methods used to select m when applying the m~out-of-n bootstrap in a handful of sce-
narios. For each of these choices an algorithm is provided.

A nonparametric point estimation method which employs BAGGing, BRAGGing and the m-
out-of-n bootstrap is developed in Chapter 5. In this chapter the construction of an estimator using
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the BRAGGing techniques found in Swanepoel (1988) and Berrendero (2007) is discussed. In ad-
dition to this, potential data-dependent choices of m in this new estimation procedures are derived
by making use of Cornish-Fisher expansions and population moment estimators. The derivations
found in this chapter are quite lengthy, making their inclusion in the chapter quite awkward. The
full derivations of theoretical statments which appear in this chapter are presented in Appendix D.
A number of data-based choices of m derived from these results are proposed in this chapter and
a simulation study is conducted to determine the adequacy of each one.

The final chapter in this thesis, Chapter 6, provides a more detailed description of bootstrap
hypothesis testing than is provided in Chapter 2. The m-out-of-n bootstrap is considered with the
primary aim of selecting the resample size in a practical application of hypothesis testing. Two
different possible data-dependent methods of choosing m are developed; the first is based on the
calculation of bootstrap critical values and the second is based on the calculation of bootstrap
p-values . Both choices are extentively evaluated by making use of Monte-Carlo simulation studies.

1.4 Notation

Some of the notation which is used in this thesis is briefly summarized here.

| Symbol | Meaning |

3 LAlmost sure convergence.

2 Convergence in probability.

2 Convergence in distribution or weak convergence.

R Real numbers.

N Natural numbers.

p General distance measure for functions.

Poo Distance measure for functions generated by the sup norm.

Probability measure.
Bootstrap probability measure.
Expected value.

Bootstrap expected value.
Var(-) Variance.

Var*(-) | Bootstrap variance.

g
-
N

av]
*
o
~—

el e
¥
~—|
|
—




Chapter 2

The traditional bootstrap

2.1 Introduction

The bootstrap method is a sub-branch of a much larger collection of methods broadly known
as resampling methods. Included in this set of methods are the Jackknife and cross-validation
methods, to name but two. Clearly the idea of resampling has been around for many years, but
interest was renewed with the advent of powerful computer hardware which allowed, for the first
time, for viable and practical applications of Monte-Carlo simulation methods. Resampling was
explored from a different perspective in an article by Bradley Efron (Efron 1979) where he first
introduced what has since been labeled “the bootstrap” *. A possible reason why this name was
associated with this method is because the method appears to be able to obtain results concerning
the sampling distribution of random variables based solely on a single set of sample data, making
it almost appear as if we get ‘something for nothing’.

Efron and Tibshirani (1993) define the bootstrap method as a computer based method for as-
signing measures of accuracy to statistical estimates. However, this definition is rather restrictive
for two reasons:

1. the bootstrap method is capable of more than simply assigning measures of accuracy (such
as standard error) to statistical measures, since one can also calculate measures of precision
(such as bias), among other things;

2. it is not always necessary to make use of a computer to calculate these measures since occa-
sionally these results can be obtained analytically.

A slightly more informative (but less succinct) definition might be the following: The bootstrap
is a technique that can estimate population parameters and distributional properties of statistics
by substituting the population mechanism used to obtain the parameter with an empirical equiva-
lent. These estimates can be obtained analytically, but they are mostly obtained through the use of
resampling and Monte-Carlo methods carried out on a computer.

The bootstrap discussed in this chapter will be called the traditional bootstrap to distinguish it
from other types of bootstraps which will also be discussed in this thesis. The traditional bootstrap
enjoys a wide variety of applications including estimation of standard error and bias, construction
of confidence intervals, and hypothesis testing. These topics will be briefly covered in this chapter.
In addition to this, many of these applications require one to iterate the bootstrap with what is
commonly called the “double bootstrap”. This technique will also be briefly discussed.

*The etymology of the word “bootstrap” apparently derives from the concept of being able to pull oneself up out of
a hole by tugging on one’s bootstraps (Efron and Tibshirani 1993). This apparently impossible feat was accomplished
by the title character in the novel “The Adventures of Baron Munchausen” by Rudolph Erich Raspe.

4
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The chapter that follows this one will pick up on these ideas with a topic which is quite pertinent
to this thesis, i.e., situations where the bootstrap can fail. This discussion will include some
necessary conditions for these failures to occur.

2.2 Notation

The notation used in bootstrap calculations is quite peculiar and can be slightly confusing to
the uninitiated. The following list is a summary of the basic notation that is used in the basic
application of the bootstrap and also in the application of the double bootstrap. Further iterations
of the bootstrap (beyond the double bootstrap) require more notation, but the extension of the
listed notation is logical (typically only requiring the addition of more ‘stars’). This notation will
be used in this and all subsequent chapters.

* Let X, = {X1,X>,...,Xn} denote independent and identically distributed (i.i.d) random
variables (R.V.’s) from some unknown distribution function, F, i.e., X, = {X1, Xo,..., Xn}
is a random sample of size n drawn from F.

* Let X% = {X},X%,...,X*} denote a sample of size n drawn independently from F', where
F'is an estimator of the true distribution function F'.

x Let X = {X* X3*...,X*} denote a sample of size n drawn independently from £*,
where F'* is an estimator of the distribution function F.

* Let 8 be a population parameter of interest. This parameter is sometimes given as a func-
tional, say %, of the unknown distribution function F. The parameter can then be written as
6 = t(F).

* Let 8, = 0, (X1, X, ...,Xn) be the estimate for the population parameter § based on sample
data. Occasionally this statistic will be expressed in terms of a functional, say ¢, of an
empirical estimate of F, denoted F', which is based on the observed sample X1, Xa, ..., Xn.
The statistic is then given by 8, = ¢t(£).

* Let 6% = 0,(XF,X%,..., X% be the bootstrap statistic based on ‘resampled’ sample data.
Occasionally this bootstrap statistic will be expressed in terms of a functional, say ¢, of an
empirical estimate of ¥, denoted £*, based on the bootstrap sample X5, X5, ..., X5 The
statistic is then given by % = t(£™).

* Let % = §,(X7*, X3* ..., X*) be the double bootstrap statistic, based on X3*, X§*..., X*
obtained by resampling from X7, X35,..., X},

* Let P(-) denote the probability operator

* Let P*(-) denote the bootstrap probability operator. The relationship between the probability
operators P and P* is:

P* (X} < o) =P (X} < x| X1, Xs, ..., Xn).

That is, the bootstrap probability operator is a conditional probability where one conditions
on the sample data.

* Let P**(-) denote the double bootstrap probability operator.

* Let E(-) denote the expectation operator when working with the sample data and statistics.
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* Let E*(-) denote the expectation operator when working with resampled (bootstrap) data
and statistics. Under the “star” version of expectation, the sample data and sample statistics
are viewed as constant. The following describes the relationship between E and E*:

E* (X]) =B (X]|X1, X0, .-, Xn) .-

* Let E**(-) denote the expectation operator when working with double bootstrap data and
statistics. Under the “star-star” version of expectation, the bootstrap sample data and boot-
strap sample statistics are viewed as constant.

* Let Var(-) denote the variance operator when working with sample data or statistics.

* Let Var*(-) denote the variance operator when working with resampled (bootstrap) data and
statistics. Again, under the “star” version of variance, the sample data and sample statistics
are viewed as constant. The following describes the relationship between Var and Var™:

Var* (X}) = Var (XF| X1, Xa, - ., Xn) -

* Let Var*(-) denote the variance operator when working with double bootstrap data and
statistics. Again, under the “star-star” version of variance, the bootstrap sample data and
bootstrap sample statistics are viewed as constant.

2.3 Basic concepts: Applying the bootstrap

In this section the basic concepts necessary to apply the bootstrap method will be discussed. The
two methods for obtaining estimates include deriving exact expressions for the estimates through
the plug-in principle (discussed next) and Monte-Carlo simulations executed on a computer.

2.3.1 The plug-in principle

A fundamental concept underlying the correct usage of the bootstrap is that of the plug-in principle.
Efron and Tibshirani (1993) describe the use of the plug-in principle by making reference to, what
they call, the “Bootstrap World” and the “Real World”. The plug-in principle is the mechanism
that allows one to “shift” from the real world to the bootstrap world as represented graphically in
Figure 2.1.

Colourful descriptions aside, these concepts help to illustrate how the method works. Efron and
Tibshirani (1993) reasoned that a set of sample data, X1, Xo, ..., Xy, generated from some unknown
probability distribution, say, F, situated in the real world, can be viewed as a ‘population’ or
pseudo-population in the bootstrap world. The ‘shifting’ between the real world and the bootstrap
world occurs when one replaces the unknown probability structure, F', with an empirical equivalent.
Therefore, when one shifts into the bootstrap world using the plug-in principle, one shifts into a
situation where the probability structure and population parameters are known. Estimates of real
world elements are then simply the corresponding bootstrap world equivalents.

Consider the situation where 8 is some parameter of interest and that this parameter can be
expressed as 8 = t(F"), Le., it can be expressed as some functional, ¢, of the unknown distribution
function F. The plug-in principle then asserts that the bootstrap estimator of the parameter 6 is
simply: A A

On = t(F)
where F' is some empirical estimate of the true distribution function, F. In other words, the plug-in
principle involves estimating the parameter 8, a functional of the unknown distribution function
F, by simply applying the same functional to an estimated distribution function, P
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Figure 2.1: Schematic representation of the Plug-in principle with the bootstrap

The choice of F' is usually taken to be the empirical distribution function (EDF), defined as:

Fu(z) = =S 1(X: < 2) (2.1)

n 4
t=1
where 7 is the indicator function and is defined as follows:

1, if A occurs
I(4) = { 0, if A€ occurs.

Different choices of E' lead to different types of bootstrap resampling schemes. However, for this
thesis the EDF F), will be chosen to be the primary estimate of the distribution function F'.

The reason why the EDF is chosen as the default approximation for the distribution function F
is twofold:

1. First, the EDF has many desirable properties as an estimator for F'. Primary among these
is the fact that, according to the Glivenko-Cantelli theorem, F,, converges uniformly, with
probability 1, to F' as n becomes large.

2. Second, drawing samples independently from the EDF reduces to drawing samples with re-
placement from the original sample.

Thus, Monte-Carlo simulations which rely on the EDF have a solid asymptotic basis and are also
easy to implement in practice.

Iterating the plug-in principle (Double bootstrap)

One should note that the bootstrap estimates of real world parameters are just sample statistics
in the real world. This means that if, after the plug-in principle is applied once, interest lies
in determining the unknown distributional properties of the bootstrap estimators (such as the
expected value or variance of the bootstrap estimator), then one can iterate the plug-in principle
to obtain these estimates. The real and bootstrap world ideas found in Efron and Tibshirani
(1993) can be applied once again. However, the shifting now occurs from the real world into the
bootstrap world and then into the “Double Bootstrap” world. Figure 2.2 represents this shifting
graphically. Quantities that were obtained from the initial application of the plug-in principle are
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Figure 2.2: Schematic representation of the Plug-in principle with the double bootstrap

now ‘estimated’ again using a second application of the plug-in principle. These new statistics are
based on the EDF, F}' of the resampled data, X§, X3,..., X;>. Define F* as

* 1 - *
Er(z) = T,L_ZI(X% <z .
i=1

Once again, if the parameter of interest is § = t(F'), the estimator of this parameter is the bootstrap
or plug-in estimate 8, = £(F},), then the double bootstrap ‘estimator’ of 6, is 6% = t(F;¥). Some
examples of this double bootstrap will be explored in Section 2.4.

2.3.2 Simulation

The practical implementation of the bootstrap method will often involve a Monte-Carlo simulation
carried out on a computer, but it is sometimes possible to apply the bootstrap without writing
a single line of code.- This is because it is possible (in some circumstances) to obtain explicit
expressions for the estimates. The simplest example of this is to make use of the bootstrap method
to obtain an estimate for the population mean. If it is assumed that the population mean p is the
mean of the entire population data, and that it can be expressed in functional form as u = #(F),
then by applying the plug-in principle, an estimate would simply be the mean of the sample data
expressed as X, = t(Fp). Thus, the sample mean is the bootstrap estimate of the population
mean. Taking this idea further we can easily show that the bootstrap estimator of Var(Xy) is equal
to S2/n, where S2 = 1377 (X; — X,)?. In the trivial example presented above, the population
distribution function was replaced with the EDF'; this is the basic idea behind the plug-in principle
and it is the essence of the bootstrap method. Naturally, more complex examples will not reduce
to simple expressions like it did with the sample mean, but fortunately the results in these cases
can easily be approximated using Monte-Carlo simulations. '

Monte-Carlo simulations in general involves repeatedly drawing samples from a specified, known
distribution and then calculating the statistic of interest for each of these generated samples. How-
ever, in the context of the bootstrap Monte-Carlo simulations, repeated samples will be drawn from
the EDF defined in (2.1).

The Monte-Carlo algorithms that will be discussed include a number of terms which need to be
defined:

* The number of iterations specified in the algorithm are known as the number of bootstrap
replications and is usually denoted by B.
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x The samples drawn at each iteration are called the bootstrap samples.

* The statistics calculated at each iteration of the simulation (i.e., for each bootstrap sample)
are known as bootstrap replications or bootstrap statistics.

The following algorithm now briefly describes how a basic bootstrap Monte-Carlo simulation will
be conducted in order to create B bootstrap replications of a statistic 6,,.

Basic Monte-Carlo bootstrap algorithm:

1. Generate a bootstrap sample of n independent observations, X7, X3,..., X, from the EDF,
By, ie., sample with replacement from X7, X, ..., Xn.

2. Calculate the statistic 6% = 8,(X¥, X%, ..., X*) for the sample generated in step (1).

3. Independently repeat steps (1) and (2) B times. The statistic calculated in step (2) in the
bth iteration will be denoted by 67,- The result is the following set of bootstrap replications:

D¥ Nk A%
82,0700 00

A histogram of the generated bootstrap replications obtained in the above algorithm can be
used as an approximation of the sampling distribution of the statistic @n.

At this point it seems important to state that the above algorithm is used to approximate the
ideal bootstrap estimate of the sampling distribution of the statistic 0. Tn other words, the Monte-
Carlo result can only provide an approximation of the estimate and not the estimate itself. Only
when the number of iterations is increased to infinity (or when every possible combination of samples
are drawn from the original sample) does the answer approach the ideal bootstrap estimate value.
Fortunately, it has been documented (Efron and Tibshirani 1993) that using repetitions as small as
B = 1000 can still produce sufficiently accurate results for certain applications of the bootstrap such
as for standard error estimation. However, modern technology allows larger numbers of replications
to be calculated without & significant increase in computational time. Thus one can make accurate
approximations of the ideal bootstrap estimate rather quickly.

2.4 Application of the bootstrap

In this section various applications of the bootstrap will be briefly discussed. In each case the
‘plug-in’ expression for the estimate will be given and the Monte-Carlo algorithm which can be
used to approximate the estimate will be provided.

2.4.1 Estimating standard error

The standard error of some statistic 8, = t(F,) based on the sample data Xi, Xs,..., X, can

be expressed as SE(f,) = 1/ Var(,) = /Var(t(F,)). The bootstrap estimate of this quantity is
obtained by making use of the plug-in principle, and an ideal bootstrap estimate of the standard
error of Oy, is given by SE*(8%) = 1/ Var*(8%) = /Var*(t(F)), (Efron and Tibshirani 1993, Davison
and Hinkley 1997).

The estimated standard error of a general statistic, 8, can be then approximated using a Monte-
Carlo simulation. Note that the ideal bootstrap estimated standard error of the statistic is denoted
by SE* (9;), while the Monte-Carlo approximation of this quantity is denoted by SE% (@;*L)
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Monte-Carlo bootstrap algorithm for SE%(6Z) :

1. Generate a bootstrap sample of n independent observations, X7, X3, ..., X} from the EDF,
Fp, i.e., sample with replacement from X7, Xo,..., Xn.

2. Calculate the statistic 6% = 8, (X*, X%,..., X for the sample generated in step (1).

3. Independently repeat steps (1) and (2) B times. The statistic calculated in step (2) in
the b*Biteration will be denoted by 055 We obtain the following bootstrap replications:

~

n% * Hx
851,02 0y, 0% 5.

4. Now, calculate:

R 1 R R
SEB(fn) = 4| 51 D Gry -85,

where

2.4.2 Double bootstrap: Estimating the standard error of bootstrap standard
error

Once one has an estimate of the standard error of a statistic ,, (obtained using the bootstrap), it
is possible to also obtain the standard error of this bootstrap estimator. This technique requires
iteratively applying the plug-in principle, also called the double bootstrap as explained previously.
The algorithm for the double bootstrap (given below) is derived by applying the plug-in principle
to the standard error of the bootstrap estimate of standard error (Efron and Tibshirani 1993). The
standard error of the bootstrap estimate of standard error is given by

SE (SE*(33)) = \/Vax ( Var*(é;a),

and the plug-in principle applied to this quantity yields the following expression:

SE* <SE**(9:;*)) = \/ Var* ( Var**(éiz*))

where 9* =4 (X7, X5* ., X5
If the ideal double bootstrap estimate for the sta.ndard error of the bootstrap standard error is

represented by Fgg = SE* SE**(G;*L*) then the simulation approximation will be given by dggy.
The algorithm for applying this double bootstrap is provided below.
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Approximating the standard error of the estimated bootstrap standard error of fy:

1. Generate a bootstrap sample X7, X3, ..., X} from the EDF, F),, i.e., sample with replacement
frorn.)(l,JKé,...,JKﬁ.

a. Generate a double bootstrap sample X7*, X3* ..., X** from the EDF F, i.e., sample
with replacement from X7, X3,..., X7,
b. Calculate 6% = 8, (X, X5 ..., X™).
c. Repeat steps (a) and (b) R times. The statistic calculated in step (b) in the
th iteration will be denoted by Onyr- We obtain the following double bootstrap replica-
tions 6**

Ak Ak
n,1» en 25 en,R’
d. Now calculate:

Gsmp = _12(0** —~ )2,

r==1

where

o RZ@** :

r=1

2. Independently repeat step (1) B times. The statistic calculated in step (1) in the
bth iteration will be denoted by Osmgp- We obtaining the following bootstrap replications:
GSER,1,0SER,2; - -1 0SER,B-

3. Now, calculate:

Gsms = \| 51 2_(O5map — FsBne)?

where

B
GSER. = E E GSERb
b=

2.4.3 Estimating bias
Let the bias of some estimator 6, which estimates the population parameter 6, be denoted by:

B = E(6,) -0
= BE(s(Xn)) — t(F). (2:2)

The function s(-) is a function applied to the sample data to obtain fn, such that 6, is not
necessarily the plug-in estimate of 6. Note that the plug-in estimate of § = t(F") would have been
denoted &, = t(F,). The distinction between s(X,) and #(F,) is made because the estimator
f,, does not have to be the plug-in estimate for 6. Of course, if 0, is the plug-in estimate, then

é = 5(Xp) = t(Fy).
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In order to estimate the quantity in (2.2) with the bootstrap, the plug-in principle is applied,
le.,

~

B = B0 -0,
= B(s(X3)) — t(Fn). (2.3)

Note that if the estimator 8, is indeed the plug-in estimate of § then the above expression becomes
B =E*(4(Fy)) — t(Fn)- (2.4)

A good feature of the plug-in principle is that, even though the plug-in estimates t(F),) are not
necessarily completely unbiased for ¢(F") (consider the plug-in estimate for the standard deviation),
they do tend to have small biases (Efron and Tibshirani 1993, p. 125).

Both equations (2.3) and (2.4) are the ideal bootstrap results as discussed in Efron and Tib-
shirani (1993) and Davison and Hinkley (1997). As usual, these values have to be estimated by
making use of a Monte Carlo algorithm and this approximation will be denoted by Bz. The fol-
lowing algorithm estimates the ideal bootstrap estimate of bias:

Monte-Carlo bootstrap algorithm for bootstrap bias
1. Calculate the plug-in estimate of the parameter § = t(F), i.e., calculate t(Fy,).

2. Generate a bootstrap sample of n independent observations, X7, X5,..., X, from the EDF,
Fy, ie., sample with replacement from Xq, Xos,..., Xn.

3. Calculate the bootstrap statistic 6% = s(X7,) for the sample generated in step (2).

4. Independently repeat steps (2) and (3) B times. The statistic calculated in step (2) in the
bth iteration will be denoted by 05 p- The result is that we obtain the following bootstrap

~

replications: 8% 1,65 ,,...,0% 5.
5. Calculate the approximate estimated bias as:
B = GA;‘L’. — t(Fn),

Ax . 1 B Ax
where en,- - B Eb:l en,b‘

Other improved algorithms are available for approximating the bootstrap bias, see Efron and
Tibshirani (1993) and Davison and Hinkley (1997).

2.4.4 Estimation of sampling distributions

The traditional bootstrap is, in general, able to estimate the sampling distribution of a random
variable R, (Xn;F'"), which may now depend on the unknown distribution function F', using the
same methods that have already been discussed. The distribution of the random variable is given
by:

G(z) = P(Rp(Xp; F) < z) z €R.

The bootstrap estimator of G(z) is obtained by once again applying the plug-in principle, i.e.,

G(z) = P*(Ru(X2; Fp) <2z) z€R
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C(znsider the following example: If the random variable in question is defined as Bn(Xp; F) =
V1 Xn — 1)/ Sn(Xy), where X, and Sp(Xy,) are the sample mean and sample standard deviation
respectively, then the bootstrap statistic becomes

B (X5 Fa) = vn(Xy — ) /Sn(X3).

G(z), the bootstrap estimate of the sampling distribution of Ry, (Xn, F) can be approximated using
G (). The Monte-Carlo simulation algorithm for calculating Gg(z) is

Basic Monte-Carlo bootstrap algorithm:

1. Generate a bootstrap sample of n independent observations, X7, X3,..., X}, from the EDF,
Fy, l.e., sample with replacement from X1, Xo,..., Xn-

2. Calculate the statistic R} = R,(X}; Fy) for the sample generated in step (1).

3. Independently repeat steps (1) and (2) B times. The statistic calculated in step (2) in the
bt iteration will be denoted by R:,b' The result is the following set of bootstrap replications:

* * *
m,1yttn21 i, B
4. Finally, calculate
B
A 1
Gp(a) = = S I(R}, <)
b=1

|

Remarks:

1. The bootstrap estimator é’(w) for G(z) can be shown to be asymptotically valid for many
statistics. The proof of this validity typically involves proving whether or not the maximum
difference between the two distributions G(z) and G(z) converges to zero in probability or
almost surely as n — oo, i.e.,

sup |G(z) — G(z)| = o(1),

zeR
almost surely (or in probability). The estimator is said to be first-order accurate if o(1) can be
replaced by O(n~1/2). If the rate of convergence is of the order o(n~/?), then the estimator
is said to be second-order accurate. Recall that a simple normal approximation is usually
only first-order accurate, while the bootstrap estimator is usually second-order accurate.

2. Statistical literature contains many examples of statistics that have been shown to be ei-
ther first or second-order accurate. Some examples include L-estimators, M-estimators,
U-statistics, nonparametric density and regression estimators, U-quantiles, empirical and
quantile processes, and general classes of statistical functlonals (see, e.g., Hall (1992); Shao
and Tu (1995); Janssen (1997); Jiménez-Gamero, Mufioz-Garcia and Pino-Mejfas (2003)).

2.4.5 Bootstrap confidence intervals

In the following section the five most common ways in which the bootstrap can be applied to
construct confidence intervals for a parameter are investigated. The extension to confidence upper
and lower bounds is arbitrarily easy and will not be discussed. The five methods are:

1. The Basic or Backwards Percentile Method.
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2. The Bias-Corrected Percentile Method (BC).

3. The Accelerated Bias-Corrected Percentile Method (BC,).
4. The Bootstrap-t Interval (Bootstrap-t).

5. The Hybrid Percentile Method T.

All of these methods involve the estimation of percentiles in one way or another. That is, the
quantiles of the distribution of the statistic are used in the interval in some way. These quantiles are
typically estimated by using the distribution function of the bootstrap statistic. All the simulation
algorithms which are then used to approximate these intervals will thus involve arranging the
bootstrap replications in ascending order and then choosing the element that occurs at a certain
index, i.e., the bootstrap distribution’s approximate quantiles. The index is calculated as some
function of the number of bootstrap replications, B, and the chosen significance level, «. Methods
1, 2, 3 and 5 make use of this method almost directly while the method listed as number 4 makes
use of the more traditional Student-t concept (i.e., it employs the quantiles from some Studentized
distribution).

In order to explain these methods the following distribution functions must be defined first. Let
G denote the distribution function of the statistic b, = én(Xl, Xoy.ooy Xn), ie.,

G(z)=Pl,<z), zecR
Making use of the plug-in principle, let G denote the distribution function of the bootstrap statistic
OF = 0, (X5, X35,..., X5, Le,

G(z)=P*@: <z), =zekR (2.5)

The basic percentile method

Percentile confidence interval methods are based on the percentiles of the distribution function G,
i.e., the lower and upper bounds of the interval for the parameter 8 can be obtained by simply using
the quantiles G™!(a) and G™*(1— ) (DiCiccio and Efron 1996). These quantiles can be estimated
by using é, the plug-in estimate of . The resulting interval is called the basic or backwards
percentile interval. The basic percentile 100(1 — a)% confidence interval for € is then defined as:

he [ ()ie (0-3)

The following Monte-Carlo algorithm can be used to approximate this estimated interval:

TNote: The names ‘Backward’ and ‘Hybrid’ are adopted since they are also used in Chung and Lee (2001).
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Approximating the basic percentile confidence interval through simulation

1. Generate X}, X5,..., X} independently from the EDF, I, i.e., generate X}, XJ5,..., X} by
sampling with replacement from X7, Xs,...,X,.

2. Calculate % = 0, (X¥, X2, ..., X5).
3. Repeat steps 1 and 2 B times obtaining é;,l, éfz’z, e @*L’B.
4. Obtain the order statistics é;’(l) < é: @) <--- < é: (B)-

5. The interval is then: X X
Io,s = [92,@)39;,(3)} ’

where

r=[(B+1)-(%)J and S:L(B+1).(1_%)J.

The bias-corrected (BC) percentile method

According to Davison and Hinkley (1997) the basic percentile method suffers from bias and so
a correction was introduced to correct for this bias. The biased basic percentile method can
be corrected by altering the quantiles calculated for the interval. The bias-corrected percentile
100(1 — @)% confidence interval for 6 is given by:

= 07 o (32 ()6 3 (202 (2))]

where @ is the standard normal distribution function, 2(§) is defined as the standard normal
quantiles such that & (z (%)) = 1 — §. The quantity z is known as the bias correction. The
bias correction can roughly be seen as a measure of the median discrepancy, or bias, between the
quantities 6% and @, in normal units (Efron and Tibshirani 1993). It can be estimated by 2q as
follows:

®(50) =GB, or 5 =20"YG(6,)).
A detailed description of the reasoning behind this estimator can be found in Efron and Tibshirani

(1993) and Efron (1987).
To approximate this interval the same algorithm for the basic percentile is used. The only dif-

ference is that the last step is replaced with the following:
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Approximating the BC percentile confidence interval through simulation

5. The interval is then:
Toe,5 = [97’9,@)597’2,@)] )

= [(B+ 1)-@ (220 —z (%))J

s=|B+12(22+2(3))],

where £y = &1 G <§n>>, and the expression é(én) appearing in the definition of 2y, can be

where

and

approximated by:

]

The accelerated bias-corrected (BC,) percentile method

In addition to correcting for bias, it is also possible to correct for skewness. The accelerated bias-
corrected percentile method does this by not only including the properties of the bias-corrected
method, but also by adjusting for any problems arising from skewness. The method is described
in Efron and Tibshirani (1993) and Efron (1987). The interval, denoted Ipe,, is given by:

Tpca = [é_l (&1) 5(;—1 (&2)] )

. (20— 2 (%)) ;
1=2 ([1+a,(z(g-) o °> ’

&2=@< (zo—l—z(%)) ]+ZO>>

where

and

[1~a(z(§) + )
The parameter a can be estimated by & defined as:
b = E ’?:1 Kf

6 (yr k23

One possible choice of Kj; is the Jackknife influence function of the original statistic b, ie.,

(2.6)

Ki = (’I‘L - 1) (én,[O] - én—l,[i])7 Vi = 17 27 R (2

where én—-l,[i] = én_l(Xl)Xz, e X1, X1, - - - X)), én_l’[i] is calculated from the original sample
data with the i*® element “deleted”, and én,[-] = % 1 th_l,[i] (Efron 1992). Other choices for K;
can be found in the literature (Efron 1987). ‘

Once again the interval can be estimated using the basic percentile Monte-Carlo algorithm de-
scribed in the previous sections with the exception that the last step is replaced with the following:
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Approximating the BC, percentile confidence interval through simulation

5. The interval is then: A
Toca,B = [9;,@;0;,(5)} L

where
= [(B+1)-a] ,
s=|(B+ 1) &g .
(20 %)) ,
( + 20)] -+ zO) 3
and

Gy =® <[ (o +2(5)) +20>,

1—a(z (%) + 20)]

where 7y = &1 (@ (én)) , and the expression G’(@n) appearing in the definition of £y, can be
approximated by:

Obtain & by performing the calculation as described in equation (2.6).

For additional information on this topic see Davison and Hinkley (1997).

The bootstrap-t interval

The bootstrap-t interval is related to the Student-£ interval for the sample mean,
— o - o
[Xn —tp—1 (1 - 5) Sn/\/ﬁ§ Xn — tp—1 (”2“) Sn/\/ﬁ} ?

where S2 = 5% | (X; — Xn)? and tp—1(-) is the quantile function for the Student t-distribution
with n — 1 degrees of. freedom. This interval works very well for the sample mean and when
the underlying data are normal. The bootstrap-t interval attempts to mimic the above interval by
replacing the sample mean with any estimator, the ¢ quantile function with a’critical value obtained
from the bootstrap (or bootstrap critical value) and the standard error with a bootstrap estimate
of the standard error.

Let § = t(F) be some parameter of interest. Let 8, = t(Fy,) be the plug-in estimate of 6, and let
6n = SE(6,) be the estimated standard error of 8,,. Through Studentizing one can then construct
a 100(1 — )% confidence interval for 6 by first considering the following quantity:

Z = 9”—_9 (2.7)
SE(6,)

where the quantity SAE(é’An) is possibly obtained by making use of the bootstrap. Applying the
plug-in principle to the Studentized statistic (2.7), the following expression is obtained:


http:where.io
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where SE(8%) is the standard error of §%. In other words, the bootstrap statistic is centered around
the parameter estimate , and then divided by its own (estimated) standard error, SE (6%). (Note
that when estimating this statistic in a bootstrap simulation it may be necessary to use the double
bootstrap to calculate the value of the standard error, 6% = SE" (6%)).

Let H(z) be defined as the distribution function of Z*, i.e.,

H(z) = P*(Z* < 2).

Once we have this Studentized statistic, we need to find the value £(c) such that it satisfies the

following expression: A
' H(t{a)) =P*(2" < ¥a)) = o,
that is, we define #(c) A
tHa) = H(a).

The 100(1 — @)% bootstrap-t equal-tailed, two-sided confidence interval for 8, denoted I (not
to be confused with the notation for the indicator function), is given by:

e 7 () 27 (§) ]

or

o= o1 8) ot t(3) 0]

where &, is the estimated standard error of (possibly estimated using the bootstrap). The
algorithm for approximating this bootstrap-t interval is provided next.

Approximating the bootstrap-t confidence interval

1. Calculate the statistics §, = én(Xl, Xo,...,Xy) and & = SAE(HAn)‘ = 4/ \/fa\r(gn), where &,
could be obtained by using some non-parametric procedure like the bootstrap if a closed form
is not available. :

2. Generate X7, X3, ..., X} from the EDF, Fp, ie., generate X7, X3,..., X, by sampling with
replacement from X3, Xo, ..., X,.

3. Calculate 6% = 0, (X7, X3,..., X7).
4. Repeat steps 2 and 3 B times obtaining @:’1, @:’2 e A;i B

5. Calculate . R
05y — bn
b T

Un,b

ZF = , b=1,2,...B.

6. From Z7,75,...,Z%, obtain the order statistics Zz‘l) < Z(*z) <--- L Z(*B).

7. The interval is then: R .
L = [ — 2y 6m b — 2050

where

r=|@B+1)-(1-5)] ama s=|E+0-(5)]-
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The hybrid percentile interval

The hybrid percentile method is a mixture of the ideas underlying the bootstrap-t method and the
basic percentile method.

Define the distribution of 8, — 6§ as K(z) = P(f, — § < z). To determine this interval one
must first ind the quantiles ¢(g) and d(;_g) defined as K(cg)) = P, -0 < cg)) = § and

K(dp—g)) =P(fn—6 < d(1-g)) =1 — §. This means that
P (C(%) < én —6< d(l—%)) =l—a

=>P(§n~d(1_%)§9§§n—6(%)> =1—c.

This in turn means that the interval for 8 will have the form
[én —d1-5);0n — C(%)} : (2-8)

However, the values c(g) and d(l_%) are unknown (since F' is unknown) and are estimated by &(%)

and a?(l_%), given by:

N 2 « -
&ay =G (§> — On, (2.9)
and o
. _A-1(q_ @\ 2
dngy =G (1-5) = bn. (2.10)
This leads to the estimated interval:
In= |Bn—du-g)i8n— &) - (2.11)

Therefore if the estimated values of ¢ and d found in equations (2.9) and (2.10) are substituted
into the interval (2.11), the following interval is obtained:

= [h= (67 (1-3) =) 5 B (67(5) - 00)]
a o o A Aq O
I = [29n—G 1 (1—§> . 20, -G 1@)}.

Tt is clear from this derivation that the term ‘Hybrid’ stems from the fact that this interval is a
mixture (or hybrid) of the bootstrap-t and basic percentile method of bootstrap confidence interval
estimation. This method uses a similar standardization technique used in the bootstrap-t interval
(the parameter is subtracted, but it is not divided by the standard error) and it also uses the simple
percentile ideas found in the basic percentile interval.

A simple Monte-Carlo algorithm for approximating this interval can now be stated.
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Approximating the hybrid percentile confidence interval using the bootstrap
1. Calculate the statistic én = én(Xl, Xo,...,X,) from the observed sample X1, X, ..., Xn.

2. Generate X{,XJ,..., X from the EDF, Fp, i.e., generate X7, X5, ..., X} by sampling with
replacement from X3, Xo, ..., X,.

3. Calculate 8% = 0, (X}, X%,...,X5).

O

4. Repeat steps 2 and 3 B times obtaining 0, ;, é;’Q .- é:’ B
5. Obtain the order statistics é:,(l) < é:,(z) <. < é;’(B).

6. The interval is then: A A A
Ih,B — ':26n —_ 9:;’(7_), 29’!1 — 9:;’(3)] 3

where

e (- 9)] w o=|E ()

2.4.6 Bootstrap hypothesis testing

It is also possible to employ the bootstrap to test hypotheses regarding population parameters.
However, some care should be taken to apply the bootstrap in these situations since the bootstrap
can fail when the method is applied naively (see Sakov (1998)).

Define the hypothesis statement for the set of parameters T of the distribution F+ in general as:

Hy: €% vs. Hag: 7 €%y,

where Tp and ¥4 are two disjoint subsets of some parameter space ¥ = %o U % 4. The distribution
function that satisfies the specified null hypothesis is denoted by F7.

The bootstrap procedure for testing hypotheses of this form involves a resampling scheme that
attempts to estimate the distribution Fr,, and not Fr. In other words, the resampling scheme
should try and enforce the condition stated in the null hypothesis in the bootstrap world.

Naturally, the relationship between hypotheses of this form and confidence intervals are well
known, and one might believe that a separate technique for dealing with hypothesis tests is redun-
dant if there already exist techniques for the construction of confidence intervals. However, this
type of thinking is contested in Shao and Tu (1995), where they state that the comstruction of
confidence intervals, as a proxy for a hypothesis test, is “impossible in some cases”, and also that
the hypothesis test technique is better since “they usually take account of the special nature of
the hypothesis.” In addition to these reasons, hypothesis testing techniques are attractive because
they allow us to calculate p-values and critical values for the tests; something which is not possible
if one follows the confidence interval route. The virtues of enforcing Hy in the bootstrap world rule
are discussed in, among others, Efron and Tibshirani (1993), Davison and Hinkley (1997), Hall and
Wilson (1991), Young (1986), Beran (1988), Fisher and Hall (1990), Westfall and Young (1993),
Martin (2007) and Allison (2008).

To clarify, suppose that the relevant statistic for testing some hypothesis is 7,,(X,) and the
observed value of the statistic is t, = Tp(xp) then a p-value, in the real world, would be defined as

p = P(Tn(Xn) = tn|Ho)- (2.12)
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The application of the bootstrap to estimate this p-value then simply involves applying the plug-in
principle to (2.12) so that the bootstrap p-value is given by

Pboot = p* (Tn(WEr)L*) = tn)a (2‘13)

where W2 = {W2 WJQ,..., W0} is the transformed sample data modified to reflect the condition
stipulated under the null hypothesis, Fy, ¢ is the EDF of W2, and Wo* = (WX W, ..., Wi} is
the bootstrap sample created by independently sampling from Fi, g.

The Monte Carlo algorithm for approximating ppee: is then as follows:

Approximating bootstrap p-values:

1. Given data X1, Xo, ..., Xy. Calculate the statistic T), = T),(X1, Xo, ..., Xp).

2. Apply any necessary modifications to Xi, Xo,..., X, so that the distributional proper-
ties in the bootstrap world comply with the stated null hypothesis, Hyg. We now have
WO, WY, ..., Wo.

3. Sample with replacement from W2, W3, ..., W2 to get W W, ..., W .

4. Calculate the statistics T = T (WP* WO, ..., W2*).

5. Repeat step 4 B times to obtain T 1,15 o, .-, T} 5-

6. Approximate the quantity ppeer with:

1 E
Pboot,B = 5 ; I(T5; > tn),
where I(-) is the indicator function.
Remark:

One can also easily determine a bootstrap critical value associated with a nominal significance level
a, by ordering the bootstrap statistics obtained in step 5, denoting them by T;,(l) < T;@) <<

E‘;’( B)’ and then define a right one-sided critical value as T;,(L(l— QB

Bootstrap hypothesis testing will be discussed in greater detail in Chapter 6.




Chapter 3

Bootstrap consistency

3.1 Introduction

In the cases discussed up to this point we assumed that the bootstrap will return correct results
in the sense that the results can be used as estimators for unknown quantities in the real world.
Unfortunately, this is not always the case since there are a number of situations where the bootstrap
can fail to produce the desired results; these situations are called the non-regular cases by Shao
and Tu (1995). One of the causes of this type of inconsistency is that, when the plug-in principle is
applied, the bootstrap world quantities do not reflect the properties of their real world counterparts.
The numerous remedies for these situations often depend on the type of failure which occurs and
usually involve some sort of modification of the bootstrap sampling scheme or the bootstrap statistic
so that the modified versions mimic the real world quantities better.

These non-regular cases give one pause to think before applying the bootstrap, and not simply
treat it as an ‘apply-and-forget’ type of method. Some thought must be given to the data, the
statistic, and the nature of the problem before applying it. While the situations where the bootstrap
fails are fairly rare in practice, diagnostics for determining whether a potential failure can occur
are still limited (Beran 1997, Bickel and Sakov 1999).

3.2 Comnsistency

Non-regular cases lead to bootstrap failure because the consistency of the bootstrap estimators
breaks down in these cases. The concept of consistency, as given by Shao and Tu (1995), can be
stated as follows:

Pirst, let X1, Xo, ..., X, be d-dimensional random observations from some unknown probability
distribution F, and T, = Tp(X1, Xo,...,Xn ; F) be a s-dimensional statistic constructed from
X1,Xo,...,Xn and F. Define the true sampling distribution of 7, as

Gn(z) = P(T}, < z|F).

Denote the estimated distribution function by F. Let T = T, (X}, X%,..., X ; I) denote the
bootstrap version of Tp,, where X7, X5, ..., X} is a bootstrap sample obtained from X1, Xa, ..., X,.
‘We now estimate G, with

Gn(z) = P(TF < o|F) = P*(T < ).

Finally, the definition of consistency can be given by:
Let p be a metric on Frs = { all distributions on R}.

22
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* G is weakly consistent if p(é’n, Gr) 20 asn— .
% G is strongly consistent if p(Gp, Gn) %5 0 as n — co.

A popular choice of the metric p is peo, the distance generated by the sup-norm, e.g., peo(F, H )=
Supcn [F(z) — H()|.

This definition of consistency will be used in the description of the non-regular cases in order to
show when G, is a consistent estimator of the true sampling distribution Gy.

3.2.1 Consistency and the bootstrap

Different situations will be mentioned where the bootstrap produces consistent results, but, to
emphasize these situations, counter-situations (or non-regular cases) will also be mentioned. Where
possible, examples of the consistency (or inconsistency) will be provided. Some remedies for the
consistency of the non-regular cases will also be mentioned, but in general these remedies will be
deferred to the next chapter where a modification to the bootstrap is used.

Non-regular cases, which lead to bootstrap inconsistemicy, occur for a number of reasons. Shao
and Tu (1995) broadly define three conditions that can help identify non-regular cases:

* The bootstrap is sensitive to the ‘heavy tailed’ behaviour of the population distribution
F', for example if F' has infinite variance. Bootstrap consistency in these cases requires
stronger moment conditions than those typically required for standard theoretical limiting
distributions.

* The lack of certain smoothness conditions of the statistics used in the bootstrap can influence
whether or not the bootstrap will be consistent.

* The behaviour of the bootstrap estimator sometimes depends on the method used to obtain
the bootstrap sample data.

3.3 U-statistics and bootstrap consistency

3.3.1 U-statistics

Many statistics fall within a general class of statistics which can be expressed as a generalization
of the sample mean; these statistics are called U-statistics (Serfling 1980). These U-statistics have
been shown to have a number of desirable properties including asymptotic normality and the fact
that minimum variance unbiased estimators of the central moments can be expressed as U-statistics
(see Hoeflding (1948)).

These U-statistics are defined (see for example Serfling (1980) and Janssen (1997)) as follows:
Let X1,Xa, ..., X, be i.i.d. random variables from some unknown distribution function F'. Define
some measurable function h, symmetric in its p arguments, which maps R? onto R, i.e.,

Ch:RP =R

Note that the function h with p arguments is often referred to as the kernel of degree p of the
U-statistic. Now define a subset of the ordered indices {1,2,...,n} to be

Crp = {(11,12,...,1p) ENP 1 1 <y <ig < -+ < ip <}
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The U-statistic is then defined as the ‘average’ of the values hg,, = h(Xs, Xiy, - .., Xi,), Where
(1,92, .. .,%p) € Cpp, i.e., the U-statistic is defined as

—1
n
U'n. = ( ) Zh(Xi17Xi27'“7Xip)~
v Crp

The notation Zc'm, refers to the summation over the (;) combinations of the p distinct ordered
elements {41, 42, ...,1p} from the set of indices {1,2,...,n}.

The U-statistic is then an estimator for the parameter § = §(F"), which is a regular functional
which maps, Lo, a subset of £ (i.e., the set of all univariate distributions), onto R, i.e.,

0:Lo— R,
and where
O(F) = B(A(X1,Xs,...,Xp))
_ /.../h(;gl,z%‘..,ccp)dF(ccl)dF(332)oudF(mp)-
RP

We assume that BE(|h(X7, Xo,...,Xp)|) is finite.

Examples of U-statistics

k‘th

Some examples of statistics that can be expressed as U-statistics include the sample moment

and the sample variance.

The k" sample moment : The k™ moment, ug, is a regular functional of F, since
s = O(F) = / oFdF ().
R

The U-statistic created with a kernel of degree, one defined as h(z) = z*, is then given by

U, = (?)d ST R(X)

Cn1={1,2,...,n}
1 n
k
= S Xk
i=1

which is the ordinary k™ sample moment.

The variance : The variance, o2, as with the & moment described above, is a regular functional
of F', as can be seen by the following expression,

0% = 6(F) = /R (¢ — p)%dF ()

_ /R /R @;—deF(m)dF(y)‘
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In this case a kernel of degree two, defined as h(z,y) = (z — y)2/2, will be used. As a result, the
U-statistic estimator is given by

U, = (75)_1 S AXL X))

Cha={1<i<j<n}

n{n—1) £ 2
1<i<j<n

1 = _
= n—1 Z(X"' - X)2 = S‘r%~1:

which is the unbiased estimate of variance.

3.3.2 Hoeffding decompositions

In this section we will restrict ourselves to U-statistics with kernels of, at most, degree two. An
important bootstrap failure is one that occurs with degenerate or pure U-statistics. In order to
define these degenerate U-statistics it is easiest to first consider the Hoeffding decomposition of the
U-statistic (see for example Lee (1990), Dehling and Mikosch (1994), Janssen (1997)).

The Hoeffding decomposition defines a new statistic Uy, as a sequence of other functions such
that it has the same asymptotic characteristics as U,,.

This decomposition of the U-statistic Uy, is defined as

O =" B(Un|X:) — (n— 1)6(F),

i=1
or equivalently,
X 2.
Un ~0(F) = = > gr(Xa),
i=1

where

gﬂ@=AM@WW@—Mﬂ-

‘We can then define a degenerate U-statistic as follows:

The U-statistic U, is a degenerate (or pure) U-statistic if gp(z) = 0 for all z. If we define
oz := Var(gr(X;)), then an equivalent definition is to say that a U-statistic is degenerate (or pure)
if o2 =0 (Lee 1990, Janssen 1997).

3.3.3 Asymptotics of degenerate and non-degenerate U-statistics

The asymptotic distributions of degenerate and non-degenerate U-statistics have been discussed at
length in Serfling (1980). If we limit our discussion to results pertaining to U-statistics with kernels
of degree two, then these statistics have the following limiting distributions:

x Non-degenerate U-statistics: If o2 = Var(gr(X1)) > 0 and E(h?(X3, X3)) < o0, then

Vn(Un = 0(F)) o
20, — Z ~N(0, 1),

i.e., the standardized statistic has a limiting standard normal distribution.
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* Degenerate U-statistics: If o7 = Var(gr(X1)) = 0 and E(h2?(X1, X2)) < oo, then
n(Un — 6(F)) =Y,

where ¥ = >°2°, /\i(X%,z‘ — 1), X%,z’? i =1,2,..., are 1.i.d. chi-squared random variables
with one degree of freedom each, and Aq, Ag, ..., are the eigenvalues defined in, for example,
Serfling (1980), pp. 193 — 194. In other words, the degenerate U-statistic does not have an
asymptotic normal distribution, but rather an asymptotic distribution related to the infinite
sum of independent chi-squared random variables.

3.3.4 Bootstrapping U-statistics

In this section we will look at some successes and failures of the bootstrap applied to U-statistics,
but we must first establish some new notation before we proceed. Let the distribution of the
quantity /n(Un — 6(F)) be given by

Fy, (z) = P(vn(Un — 0(F)) < ).
The bootstrap estimate of this quantity will then be given by

Fyx(z) = P*(v/n(Uy; — 0(Fn)) < z), (3.1)
where 1
n
= (5) > mxnx,
1<i<j<n
and

0(Fn) = EXUR)

1 n kel
= = >0 A(Xi, X5).
i=1 j=1
Note that since the terms 6(F,) and U, are asymptotically equivalent, one can replace the term
(U¥ — 6(Fy,)) in equation (3.1) with (U} — Up,).

Bootstrapping non-degenerate U-statistics

It has been shown in Bickel and Freedman (1981) and Shao and Tu (1995) that, under the same
conditions required for the asymptotic normality of the U-statistics in the real world, the bootstrap
‘fails’, i.e., it produces an inconsistent result. However, it was shown (also in Bickel and Freedman
(1981) and Shao and Tu (1995)) that the introduction of an additional assumption rescues the
bootstrap in this scenario, viz.

E(]h(Xl,Xl)D < 0.
The consistency of the bootstrap for non-degenerate U-statistics can then be stated using the
following theorem stated in Shao and Tu (1995):
Theorem .
Let X1, Xo, ..., X, bei.d.d. random variables and let Uy, be a U-statistic with kernel of degree two, as
defined previously. Let Fy, (z) = P(v/n(Up—0(F)) < ), and let Fyx(z) = P*(/n(Uy—0(Fy)) < ).
If B(h(X1, X2)?) < o0, B(Jh(X1, X1)]) < 00 and o, = Var(gr(X;)) > 0, then

P (sup ‘FU;; (z) — Fu, (x)‘ ﬁ>O> =1
zER oo

or
Poo(Furz, Frr ) 3 0.
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Bootstrapping degenerate U-statistics

Blind application of the plug-in principle to degenerate U-statistics is the downfall of the consistency
of the bootstrap in this case. This is because the property which defines a degenerate U-statistic,
ie., gp(z) = 0 for all z, is not mimicked in the bootstrap world when the plug-in principle is
applied naively (see Arcones and Giné (1992), Janssen (1997) and, for an alternative perspective,
see Mammen (1992)).

In order to overcome this inconsistency it is necessary to force this property in the bootstrap
world by redefining the U-statistic kernel function. From Arcones and Giné (1992) and Janssen
(1997) and for U-statistics with kernels of degree two, we redefine the kernel in the bootstrap world
as

kg, (z,v) = h(z,y) — gr, () — gm, (1) — 6(Fn)-

The bootstrap version of the U-statistic then becomes

)= (3) 3 Fa0ax.

1<i<j<n

If this corrected statistic is used in conjunction with the additional assumption used for bootstrap-
ping non-degenerate U-statistics, i.e., E(|h(X71, X1)|) < oo, then the inconsistency is remedied. The
consistency of the bootstrap for degenerate U-statistics can then be expressed using the following
theorem (Arcones and Giné 1992, Dehling and Mikosch 1994).

Theorem
Let X1,Xo,..., X, be 1.i.d. random variables and let U, be a U-statistic with kernel of degree two,

as defined previously. Let Fy, n(z) =P(n({Un — 0(F)) < z), and let Fys n(z) = P*(nUj (hr,) < z).
IFE(h(X1, X2)?) < co, E(|R(X1,X1)|) < 00 and 02 = Var(gr(X;)) = 0, then

P (sup IFU;;,n(:E) — FUn,n(l')‘ —n+0> =1
R >

or
a.s.
,Doo(FU;;,n; FUn,n) —0.

3.4 Super-efficient estimators and bootstrap consistency

Tt has been found that the bootstrap is inconsistent when applied to super-efficient estimators (see
for example Beran (1997), Polansky (1999)). In this section we will discuss the specific case where
the bootstrap fails when it is applied to Hodges’ super-efficient estimator.

3.4.1 Super-efficient estimators

Super-efficient estimators are estimators whose asymptotic efficiency exceeds 1. The asymptotic
efficiency of an estimator, én, which estimates the parameter 8, is defined next.

Let X1, Xs,...,Xn be i.i.d. random variables from some distribution function F' characterized by
a real valued parameter 6, then the asymptotic efficiency is

_ 1/1(9)
¢( )" ’U(G) )

where I(6) is the Fisher Information of the statistic defined as

I(8) = ~B(L" (6, X1)),
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v(8)/n is the asymptotic variance of f, and L(-) is the likelihood function.
Typically all estimators have the property that ¢(6) < 1. However, it is possible to construct
an estimator such that ¢(8) > 1 (Kotze, Johnson and Read 1983).

Hodges’ super-efficient estimator

A commonly used example of a super-efficient estimator for the population mean, u, is Hodges’
super-efficient estimator defined as follows:
Let X3, Xo,..., X, beiid. N(u,1) random variables, then

0, { Xn, | Zn| >n” O<a<l,

IO

" aXn: ‘Xn‘ S n-

where X, =n"! >t X;. The statistic by, is called Hodges’ super-efficient estimator.

When p # 0 then the asymptotic efficiency of this estimator is ¢(u) = 1. However, when p =0
the asymptotic efficiency exceeds 1, i.e., ¢(u) > 1.

Beran (1997) notes that the distribution function H(z), defined as

H(@) =P (Vllo— 1) < ),

converges weakly to ®(z) if 4 # 0 and converges weakly to ®(z/a) if 4 = 0, where ®(-) is the
standard normal distribution function. In other words,

14 o [ Z ~N(0,1), 0
7’L2(9n_/~1')_){YNNEO’a)2), Zio .

3.4.2 Bootstrapping super-efficient estimators

‘When considering Hodges’ super-efficient estimator, the bootstrap estimate of the distribution H(z)
is Hp(z), defined as
Hy(z) =P* <n% <é: — Xn> < a:) .

When p # 0, then the limiting distribution of H, and H are the same, i.e., H, converges weakly
in probability to N(0,1). Unfortunately, when p = 0 one finds that it converges “in distribution,
as a random element of the space of all probability measures on the real line metrized by weak
convergence, to the random probability measure N((a — 1)Z, 2)” (Beran 1997), where Z ~ N(0, 1).
Two possible remedies for this inconsistency are discussed in Corollary 2.1 of Beran (1997). One
of these methods, called the ‘m-out-of-n bootstrap’, will be discussed in greater detail in the next
chapter.

3.5 Mean in the infinite variance case and bootstrap consistency

Usually when one applies the bootstrap method to the distribution of the sample mean one can
expect the result to be comsistent, i.e., the bootstrap estimate of the distribution converges to
the true distribution as the sample size becomes large. However, there is one very important
assumption that must be satisfied for the consistency to hold; the second moment must be finite.
Bickel and Freedman (1981) and Singh (1981) both show that if this assumption is not met then
the bootstrap fails for this very simple statistic. Formally, Singh (1981) states in his Theorem 1.A
that if X1, X5,..., X, are i.i.d. random variables from some unknown distribution F' and if Gy, is
the distribution defined as
Gn() = (/% — 1) < ),
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and Gy, is the distribution defined as
Gr(z) =P*(Vn(X; — Xn) < @),

then we require that E(X2) < oo for the following statements to be true:

P (502163 (o) — Gnle)| 20) =1,
zeR S

or
pOO(G"rkm G’n) 0;3)-07 as 1 — o0.

Babu (1984) notes that in almost all of the situations where the bootstrap method is applied,
- the distribution of the population is assumed to have at least a finite second moment. The papers
by Athreya (1987) and Knight (1989) each provide different proofs of the inconsistency of the
bootstrap in the infinite variance case. Giné and Zinn (1989) and Hall (1990) go further and
discuss the necessity and sufficiency of the finite second moment.

Remark:

The finite second moment must also hold in cases where the statistic being bootstrapped is a
function of the sample mean (Shao and Tu 1995). This will be discussed in the next section.

3.6 Functions of the sample mean and bootstrap consistency

Additional bootstrap consistency problems occur when one works with statistics that are functions
of the sample mean, i.e., we now have a parameter of the form

0= g(u), (32)

where g(-) is some known function, and which is estimated by the plug-in estimator
b, = 9(Xn), (3.3)
where X,, = n™? > g Xy with X1, X, ..., X 1i.d. random variables from an unknown distribution

function F.

Usually there would be no consistency problems when applying the bootstrap in this situation.
However, when the function g(-) exhibits certain undesirable properties, or when certain moment
conditions on the X;’s are not met, the bootstrap can fail to produce consistent results.

3.6.1 Smooth functions of thé sample mean

As in the previous section, which dealt with the mean in the infinite variance case, statistics that
are smooth functions of the sample mean also exhibit bootstrap consistency problems when the
second moment is not finite. Theorem 3.1 in Shao and Tu (1995) states quite simply that if we
have a finite variance and the function being considered is a smooth function of the sample mean,
then the bootstrap is strongly consistent. Stated formally we have:
Theorem:
If B(|X:|%) < oo, the statistic br, is defined as in equation (9.8), the function g(-) is continuously
differentiable at p = BE(X;), with ¢'(u) # 0, Gn is the distribution function defined as Gn(z) =
P(vVA(Bn — 0) < z) and G is the distribution function defined as G (z) = P*(y/n(0% — 6n) < z),
then

P (sup[63(0) - Gule)| 30) =1,

zER oo

or
Poo (G, Gp) 25 0.
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3.6.2 Non-smooth functions of the sample mean

When the underlying distribution has a finite variance, but the function g is non-smooth, then the
bootstrap can still fail. This is most easily seen by considering the following example which is also
presented in Shao and Tu (1995):

Let 6 and 6, be defined as in (3.2) and (3.3), and suppose that the function g is continuously
second order differentiable in a neighbourhood of . Suppose further that the derivative of ¢ in the
point 4 is equal to zero, ie., ¢'(u) = % g(rz:)|z=“ = 0, and that the second derivative of g in the

point 4 is non-zero, i.e., g"(u) = %Zg g (.'z:)l = 0. This situation produces an inconsistency when
o=

the traditional bootstrap is applied because the bootstrap statistic does not mimic the behaviour
of the sample statistic. This can be seen by applying Taylor expansions to the statistic §, —6. The
expansion is then expressed as follows:

bh~0 = g(W)(En—p)+ 39" (W) En =)+ 0p(n ™)
= 59" (W) (&n — 1) + 0p(n ™).

Note that the first term in the expansion falls away due to the fact that g’(u) = 0.
From the Central Limit Theorem we can see the following;:

(0 — 0) 5> 9" (1) Z2, (34)
where 7, is a normally distributed random variable with mean 0 and variance o2.

Let X{,X3,...,X bean i.i.d.ﬁ sample drawn from the empirical distribution function of the
sample data X1, Xo,...,Xn. Let 6% = g(X};) where X/} is the mean of X7, X3,...,X}. Applying
the traditional bootstrap to this statistic and performing a Taylor expansion we find that:

9 —bp=g X)) (X — Xp) +35 19"(Xn)(Xx — Xn)? + op«(n71), (3.5)

where oy~ is defined in Appendix C. From Theorem 3.1 of Shao and Tu (1995) we find that
n -~
39" (X (Xg — Xy B 36" (022

where the notation 2 is defined in Appendix C. Unfortunately, the first term in the Taylor
expansion does not converge to zero (this is because it is not necessarily true that ¢’(X,) = 0 if
g'(1) = 0). We see this fact from a Taylor expansion and applying the Central Limit Theorem:

Vg (Xn) = v/ng" ()(Xn — 1) + 0p(1) 29" (1) Z5 a.5.
Furthermore, Theorem 3.1 of Shao and Tu (1995) implies that /7 (X7 — Xn) z Z,. Hence,

ng'(Xn) (Xz — Xn) = Vg (Za) v (X5 — Xn) B 9" (WZ2 #0 as.

This shows the inconsistency of traditional bootstrap, since the distribution of n times the quantity
in equation (3.5) does not converge to the same quantity as the distribution of the quantity in
equation (3.4).

The article by Shao (1994) not only includes the above example, but also includes examples
where the function g(-) is non-differentiable. The bootstrap is also inconsistent in those cases.
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3.7 Extremes and bootstrap consistency

One of the earliest discussed examples of bootstrap inconsistency involved attempts to bootstrap
sample extremes such as the sample minimum or maximum. (see Bickel and Freedman (1981),
Swanepoel (1986), Deheuvels, Mason and Shorack (1993), Shao and Tu (1995) Bickel et al. (1997),
Politis et al. (1999), and Chernick (2008) ). Limiting this discussion to the sample maximum we
will show why the bootstrap fails to produce a consistent result.

Let X1,X3,...,Xn be independent uniformly distributed random variables with support [0, 6].

Choose 0, = X(n) = max(X1, Xy, ..., Xp).
It is well known that following statistic has a limiting distribution given by:

0 —
nZWﬂZ

where Z is a standard exponential random variable.
Unfortunately, the bootstrap version of M, viz.

where X, = max (X}, X5,...,X}), does not have a weak limit (see for example Bickel and Freed-
man (1981)). The reason for this can be seen from the following derivation:

P*(My=0) = P*(X(ny = X(m))
= 1- P*(X(*n) < X(n-1))
= 1~ (F(XEp-n)"

- (-

— 1-e L

3.8 Other bootstrap inconsistency problems

The literature is positively littered with examples where the bootstrap is inconsistent and the
contents of this chapter really only scratches the surface of the research which has gone into the
topic. To illustrate, the following list, compiled by considering some of the situations listed in
Andrews (2000) and through an extensive scouring of the literature, is a small sample of the
examples which have been investigated by other authors, but were excluded from this thesis:

* Estimators of the eigenvalues of a covariance matrix whose eigenvalues are not distinct (Beran
and Srivastava 1985).

* Nonparametric kernel estimators of the mode of a smooth unimodal density when the smooth-
ing parameter for both the bootstrap and real world are optimally chosen (Romano 1988).

* Nondifferentiable functions of the EDF (Diimbgen 1993).
* Extrema for unbounded distributions (Fukuchi 1994, Deheuvels et al. 1993).

% The distribution of the squared sample mean, X2, when the population mean is zero, i.e.,
u =0 (Datta 1995, Dodd and Korn 2007).
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* Approximating the null distribution of Cramér - von Mises goodness-of-fit tests with doubly
censored data (Bickel and Ren 1996).

* A sample quantile when the density has a jump (Huang, Sen and Shao 1996).
* Confidence intervals for endpoints of a distribution function (Athreya and Fukuchi 1997).
* When a parameter is on the boundary of a parameter space (Andrews 2000).

Comment: It is difficult to see any sort of common ground linking these failures. Intuitively
it feels as if there should be a general cause of the failure of the bootstrap, and while many of
the above-mentioned articles do provide largely generalized discussions of the particular bootstrap
failure being considered, each one seems to be isolated from the others, that is, each one seems to
have its own set of reasons for failing and remedies for correcting them.

A possible (but highly ambitious and optimistic) avenue for future research might be to try and
unify these situations and determine a simple set of rules which could be used to indicate bootstrap

failure in any situation.



Chapter 4

The m-out-of-n bootstrap

4.1 Introduction

A modification to the traditional bootstrap proposed by, among others, Bickel and Freedman (1981),
Bretagnolle (1983), and Swanepoel (1986), has been shown to remedy many of the inconsistency
problems associated with the non-regular cases discussed in Chapter 3. The modification typically
involves sampling fewer than n observations from Xi, Xo,...,X,. The notation that will be em-
ployed to denote this smaller resampling size is m, where m < n. Other restrictions on m will be
discussed shortly. This procedure has been labeled the modified bootstrap (Swanepoel 1986), the
rescaled bootstrap (Dilmbgen 1993, Andrews 2000), the m/n bootstrap (Bickel et al. 1997, Chung
and Lee 2001) and the m-out-of-n bootstrap (see, for example, Bickel and Sakov (2008)). However,
for the purposes of this text only the terms m-out-of-n and MOON bootstrap will be adopted (the
abbreviation ‘MOON’ is an acronym for ‘m-out-of-n’). In addition to this we will also distinguish
between a naive application of the m~out-of-n bootstrap and a corrected version of the m~out-of-n
bootstrap, which will be referred to as the CMOON bootstrap.

In order to achieve consistency when applying the m-out-of-n bootstrap one must note that
the parameter m is a function of the original sample size n. Therefore, a more accurate way of
representing this quantity might be to use m, rather than simply m. The subscript n will be
introduced where necessary to emphasize the dependency on n.

The purpose of the MOON bootstrap is twofold (Bickel and Sakov 2002):

* Typically, when the traditional bootstrap is not consistent, then the MOON bootstrap is
consistent under minimal conditions (Bickel and Freedman 1981, Bickel et al. 1997, Politis
and Romano 1994, Politis et al. 1999).

‘When the m-out-of-n bootstrap is applied in order to obtain a weakly consistent estimator,
then we require the following restriction on the relationship between m and n :

™m
m — oo and — — 0 as n — 00,
n

or simply m = o(n).

On the other hand, if one needs strong consistency, then the relationship needs to change to

mloglogn

m — oo and — 0 as n — o0,

orm=o (@c?ng)) (Shao and Tu 1995).

33
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* When the traditional bootstrap is consistent, then the MOON bootstrap is used to attain
equivalent behaviour, but with second or higher order accuracy, with reduced computational
time (Bickel and Yahav 1988, Bickel et al. 1997, Beran 1997, Sakov 1998).

4.1.1 Different types of m-out-of-n bootstrap

In Bickel et al. (1997) they discuss three different ways of sampling fewer than n observations. The
bootstrap schemes discussed there are listed below.

* The n/n bootstrap, which we refer to as the ‘traditional bootstrap’ done with replacement.
That is, we randomly sample n observations with replacement from the n observations in the
sample.

* The m/n bootstrap, which we refer to as the ‘m-out-of-n bootstrap’ done with replacement.
That is, we randomly sample m observations with replacement from the n observations in
the sample.

* The (:L), which is known as the ‘m-out-of-n bootstrap’ done without replacement. That is, we
randomly sample without replacement m observations from the n observations in the sample.
This type of bootstrap is more commonly referred to as subsampling. Subsampling will be
discussed in more detail in the next subsection.

* Sample Splitting. In this case we create samples of size m by simply splitting the original
sample into k blocks, each of size m (i.e., n = mk).

For the purposes of this chapter, and for future reference, we will be primarily focused on the
case where samples of size m are drawn independently (with replacement) from the sample, i.e.,
the m/n or m-out-of-n bootstrap. The other cases will be largely disregarded as they are not
useful in this discussion. However, a short description of one of the methods (the (:TLL) bootstrap
or subsampling) will be presented in the next subsection so that a contrast can be drawn with the
m~out-of-n bootstrap method which will form the bulk of this chapter.

4.1.2 Subsampling

Before continuing with the m-out-of-n bootstrap we will briefly look at the bootstrap method
referred to as the (:TLL) ootstrap or subsampling. This technique was introduced by Wu (1990)
and subsequently championed by Dimitris N. Politis and Joseph P. Romano in a number of articles
(Politis and Romano 1994, Politis, Romano and Wolf 2001) and also in a book written on the
subject (Politis et al. 1999). The basics of subsampling for the i.i.d. case, found in Politis et al.
(1999), are summarized here.

Let X1, X5,...,X, beiid. from some distribution F. Let 6 be the parameter of interest, and
let 6, = én(Xl,Xz, ..., Xpn) be an estimator for 6. Let the sampling distribution function of the
quantity (6, — 6), where 7, is some normalizing value (e.g., 7» = +/n), be given by

In(z, F) =Pr (’Tn(én —0) < cz:) .

Assumption:
Assume that there exists a nondegenerate distribution function J(z, F) such that J,(z, F') converges
weakly to J(z, F') as n — oo, uniformly in x.

Let X1, X2, ..., an denote a subset of size my, drawn without replacement from X1, Xo, ..., Xn.
There are (T:n) ways of drawing these samples. Note that in this case the sample size m, is
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dependent on n (as indicated by the subgcripj: n)~ For simplicity we will drop the subscript and
denote the sample size as m. Let 0, = 6,,(X7, Xo, ..., X)) denote the statistic calculated from

the sample X1, Xo, ..., Xm. We will assume that m and n are related as follows:
m
— —0 as n — oo.
n

Define the following estimator for J,(z, F) as

Lm(%:(:%)‘l T I(Tm(9m<xil,gi2,...,xim>_én)gx)‘

1<ip<ip <o <im<n

This estimator has good asymptotic properties as defined by Theorem 2.2.1 in Politis et al.
(1999). If 7 /7 — 0, m — oo and m/n — 0 as n — oo, then the main points of interest in that
theorem are:

*x fzisa continuity point of the limiting distribution J(-, F), then Ly, (z) 2 J(z, F).

* If J(-, F) is continuous, then

sup | Ly (z) — Jn(z, F)| 2 0.
zER

If we adopt the additional restriction that 7, (6 — 6) %% 0 and that > onexp(—d(n/m)) < oo for
every d > 0, then:

* If ¢ is a continuity point of the limiting distribution J(-, F), then L, (z) 5% J(z, F).

* If J(-,F) is continuous, then

sup |Lm(37) - Jn(ma F)| “%o0.
zER

Clearly the subsampling technique has some good properties, but one of the major criticisms of
the technique is that it requires the rather restrictive assumption that the quantity J,(z, F") must
have a wealk limit. Also, like the traditional bootstrap, it suffers from ‘nonregular’ situations where
it is inconsistent (Politis et al. 1999, Example 2.3.2).

4.2 Does the m~out-of-n bootstrap work?

This section will discuss, by referring to the situations mentioned in Chapter 3, how the m-out-
of-n bootstrap can remedy the inconsistencies experienced by the traditional bootstrap in the
non-regular cases.

4.2.1 The m~out-of-n bootstrap and U-statistics

The bootstrap applied to non-degenerate and degenerate U-statistics (discussed in the previous
chapter) were both shown to be consistent (Bickel and Freedman 1981, Arcones and Giné 1992,
Janssen 1997). However, the application to the degenerate U-statistic did require one to modify
the kernel of the U-statistic in order to reflect the ‘degeneracy’ of the U-statistic in the bootstrap
world.

Bretagnolle (1983) investigated the option of using the m-out-of-n bootstrap to gain consistency
of the bootstrap without having to resort to modifications of the kernel. Bretagnolle states that
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if the bootstrap is applied to the naive bootstrap estimate of the degenerate U-statistic, then
consistency can be achieved in probability if the bootstrap sample size, m, has the property m/n —
0 as n — oo, and almost sure consistency can be achieved if it has the property m(log(n))®/n — 0
as n — oo and for some b > 1. However, these results are obtained under some. rather strong
moment conditions on the kernel of the U-statistic (see for example Arcones and Giné (1992)).

4.2.2 The m-out-of-n bootstrap and super-efficient estimators

Beran (1997) shows that if we choose the resample size, m, such that m/n — 0 as m — co and
n — 00, then the bootstrap is consistent for Hodges’ super-efficient estimator.

4.2.3 The m-out-of-n bootstrap and functions of the sample mean
The sample mean in the infinite variance case

In the case where the function of the sample mean is g(z) = =, then the condition for consistency
of the bootstrap is simply that the second moment must be finite. The inconsistency that occurs
when the second moment is not finite can be remedied by choosing the resample size, m, to be
smaller than the original sample’s size, n. This is discussed in Arcones (1991), Arcones and Giné
(1989) and Wu, Carlstein and Cambanis (1989).

Non-smooth functions of the sample mean in the finite variance case

We will consider the example presented in Section 3.6.2 (also found in Shao and Tu (1995)) to show
that the m-out-of~n bootstrap remedies the inconsistency or failure of the traditional bootstrap
found there. A A _ A _

Lot O = g(Kn), 0% = 0n(07, X5, ., X3) = 9(X2), By = O, X5, X3) = g(X3) and
X} =1/m> ", X¥. Recall that in this example ¢'(u) = 7‘% ( i =0 and that the second
derivative of g in the point u is non-zero. Also, let B(X?) < o0, i =1,2,...,n. Then,

O = 0n = g (X)) (B — X)) + 39"(%0) (X5 — X0)? + ope(m™h).
By Theorem 2.1 in Bickel and Freedman (1981), for almost all sequences X1, Xs, ...,

m £
20" (Xn) (X5~ X0)" 5 30" ()22, as.,

as m — oo and n — oo. _ _ _
Tt can be shown that if mloglogn/n — 0 then the term ¢'(X,) (X, — Xn) is op«(m™1), ie,,

A ~

0%, — 6, = 39"(Xn) (X2, — X0)? + ope (m™1).

Therefore, P*(m (@* — 0p) < ) is strongly consistent if m = my — oo, and my loglogn/n — 0,

since ¢'(X,) = O(+/loglogn/n) a.s.

It can also be shown that it is weakly comsistent if m = m, — oo and m,/n — 0, since
g'(Xn) = Op(n_l/2)~
4.2.4 The m-out-of-n bootstrap and extremes

In Section 3.7, the bootstrap was shown to be inconsistent for the sample maximum. It has been
shown in the case when the distribution of the data, F, is uniform on [0, 4] that the application
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of the m~out-of-n bootstrap can rectify this inconsistency. Swanepoel (1986) showed that if m =

0 (n(f+1)/2/«/log(n)>, with 0 < e < 1, then

m(X(’n) B Xekm)) 2t

=7, a.s., 4.1
X (4.1)

where Z is a standard exponential random variable and X( ) is defined as the maximum of
X7, X3,..., X}, which are i.i.d. from the EDF, F,.
Deheuvels et al. (1993) improved on this result by showing that:

* If m/n — 0 then the convergence in equation (4.1) holds in probability.

* If mloglog(n)/n — 0 then the convergence in equation (4.1) holds almost surely.

4.3 The naive m-out-of-n bootstrap versus the corrected m-out-
of-n bootstrap

In the following section the importance of first investigating the statistic being used before applying
the m~out-of-n bootstrap is discussed, in particular we need to examine the normalization constant
which causes the statistic to have a non-degenerate limiting distribution. This discussion is moti-
vated using simple examples involving the sample mean; examples where the tradtional bootstrap
is consistent. The naive application of the m-out-of-n bootstrap to statistics which do not have a
non-degenerate limiting distribution can produce results which do not agree with the traditional
bootstrap.

We propose rewriting a statistic which does not have a non-degenerate limiting distribution in
terms of a statistic that does have a non-degenerate limiting distribution, and then applying the
m-out-of-n bootstrap plug-in principle to the portion of the statistic that has the non-degenerate
limiting distribution whilé replacing parameters by their estimators. This procedure will be referred
to as the ‘corrected’ m-out-of-n bootstrap or CMOON bootstrap.

To illustrate these ideas, consider the following example. Suppose that X1, Xo,..., X, are ii.d.
random variables. We start by looking at the statistic X, i1 Xi- The Variance of this
statistic can be estimated using the traditional bootstrap through the following expression:

Var*(X3),
where X =21 5" | XF and X},X3,..., X}, is a random sample of size n drawn with replacement
from X1, Xo,..., Xn. ’
The MOON bootstrap estimate of this quantity is then:
Var*(X?),

where X r o= 1 T X} and X7, X3, .. X * is a random sample of size m drawn with replacement
from Xl, Xz, . e Xn.
The MOON bootstrap estimate simplifies to:

ety — e (155)

i=1

- e ()

i=1
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_ 1 * *
= mVa;c (X7)

= [ (3 ~ B ()]

1 n 9 1 n 2
(i)

i=1

; (4.2)

38R 3=

where S2 =257, (X;— X'n)z.

n —
Now, consider rewriting the statistic, X, as:

n = NG . L

This form of the statistic is preferable because it is now expressed in terms of a statistic with a
non-degenerate limiting distribution. In fact, X, has been expressed in terms of an asymptotic
pivotal statistic. When it is possible, it is always better to express a statistic in a pivotal form
because, when applying the bootstrap, any good choice of an estimator of F will usually result in
bootstrap consistency. Cases where this is not the case are discussed in Chapter 3.

The variance of X,, can now be expressed as:

o {\/E(Xn—#)]7

Var(X,) = - Var -

and we can now estimate the variance of X,, using the CMOON bootstrap principle as follows:

— s2 (m(ﬁ—&))

Var(X,) = fVar*

Sn
S2 m - -
= Wns“g * (X - Xn)
= ZVar* (X7) (4.3)
2
= %, from equation (4.2),

which is the same as the traditional ideal bootstrap estimate of the variance of the mean.

From equation (4.3) it is clear that the naive MOON bootstrap estimator, (4.2), multiplied by
a simple correction factor, (%), can be used to obtain the same result as the traditional n-out-of-n
bootstrap.

Rewriting a statistic in terms of a statistic with a non-degenerate limiting distribution:
The corrected m-out-of-n bootstrap form )

In the above example we saw that the sample mean, X,,, was rewritten in such a way that it con-
tained a statistic with a non-degenerate limiting distribution. In general, this method of rewriting
simple statistics so that they contain a statistic with a non-degenerate limiting distribution is only
possible if we know the normalization constant beforehand. In our discussion we will assume that
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the normalization constant is known for the statistic being studied. We will now propose a general
method for rewriting these simple statistics in terms of quantities with non-degenerate limiting
distributions:

Let 0y, denote some estimator for the parameter 0. Assume that na(én—ﬁ) has a non-degenerate
limiting distribution, where the normalizing constant n® is known with o > 0. Then, in order to
apply the m-out-of-n bootstrap correctly we will rewrite the statistic b, as

o= [n(0n— 6)] +0. (4.4)

,na

When this technique is coupled with the m-out-of-n bootstrap we will refer to the result as the ‘cor-
rected’ m-out-of-n bootstrap, or the CMOQON bootstrap.

Remark:

Tt should be noted that this CMOON technique is only required when the statistic being studied
does mot have a non-degenerate limiting distribution. When the statistic has a non-degenerate
limiting distribution the CMOON bootstrap and the naive m-out-of-n bootstrap are equivalent.

4.3.1 The ‘naive’ bootstrap applied to standard error estimation

Application of the m~out-of-n bootstrap in the estimation of standard error may seem simple since
one only has to calculate the statistic from the bootstrap samples of size m, and determine the
standard error using the usual techniques. However, as illustrated with the sample mean in the
previous section, it is not always as simple as this.

Consider the standard error of an estimator Gp:

SE(@,) = 4/ Var (én).
A ‘naive’ application of the m-out-of-n bootstrap is:

SEmén) = 1/ Var*(8%,). (4.5)

This implementation of the m-out-of-n bootstrap is clearly flawed because the bootstrap has been
applied to a quantity which might not have a non-degenerate limiting distribution. A more reliable
way is to use the corrected method described next.

4.3.2 The ‘corrected’ m-out-of-n bootstrap applied to standard error estimation

In order for one to correctly apply the m-out-of-n bootstrap it is necessary to make an assumption
about the limiting distribution of the statistic being studied.
We assume that the statistic n®*(0, — 6) has a non-degenerate limiting distribution, i.e.,

n?(6, —6) 2 2, (4.6)

where Z is a non-degenerate random variable for some o > 0.
Consider rewriting the standard error of the statistic 8, in terms of the form given in (4.6) as

follows:
SE(6,) = +/Var(d,)
- \/%Var (na(én - e)), from (4.4).
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Applying the m-out-of-n plug-in principle, we find the following:
SBmeen (Bn) = g V" (e (85, — )
= \/ —_ Var* maéi‘n)
- \/ M et (4.)
mya [
(Z)a var (F)

= (E) ,S’Emén), from equation (4.5). (4.7)

I

Thus, we find that the standard error of the ‘corrected m-out-of-n bootstrap’ technique reduces to
the standard error of the ‘naive m-out-of-n bootstrap’ multiplied by the factor (m/n)%.

Some remarks:

We use the more general notation of & and not the more common exponent of because there are
some cases where it is not equal to 1 . For example,

1. For so-called ‘degenerate U-statistics’ we have that & = 1. For an example see Bickel and
Freedman (1981).

2. For extreme order statistics (Swanepoel 1986), we typically have that « is equal to 1.

3. For the non-smooth statistic presented in Section 3.6.2 (and also Shao and Tu (1995)) w
once again have that o = 1.

Example:
We will now consider the case where 6, = X,,. That is,

VA(Zn— 1) B Z ~ N0, 0?).

In this case we have a = 0.5. This is a relatively simple example, but it helps illustrate the correct
method of using the m-~out-of-n bootstrap to estimate standard error. We will now compare the
theoretical results using the ‘naive’ m~out-of-n bootstrap, and the corrected m-out-of-n bootstrap
when estimating the standard error of the sample mean.

As shown in (4.3), the ‘naive m-out-of-n bootstrap’ estimate of standard error of X, is equal to

4/ ‘—f—nﬁ The correct implementation of the m-out-of-n bootstrap will remedy this error. It is easy to

see that if one chooses a = % in equation (4.7) and applies the equation on the statistic O = Xn,
then the result is equal to %, which is the same as the traditional n-out-of-n bootstrap estimate

of the standard error of the sample mean.

Remarks:

1. We can now also provide an expression for a ‘corrected m-out-of-n bootstrap’ estimator for
the mean squared error of an estimator, namely MSE(f,) = (SE(0,))? + (Bias(f,))>.

2. We focused in the above example on the sample mean because, in an overwhelming number
of cases, 0, can be expressed asymptotically as an average of i.i.d. random variables.



CHAPTER 4. THE M-OUT-OF-N BOOTSTRAP 41

3. Naturally, it would not be reasonable to expect that this correction will work this ‘perfectly’
for all statistics (if it did, then there would be absolutely no need to determine the size of m:
m does not affect the result). In these cases one would expect that m will only play a role in
higher order terms.

4. In applying the bootstrap procedure and drawing samples X{, X3,..., X}, it means that
we can choose m relatively ‘small’ — this translates into a saving in computer time. When
performing bootstrap simulations we will make use of m € M C {1,2,...,n}, and we will
choose M to be a relatively small subset of {1,2,...,n}.

5. This is a possible inspiration for finding a data-based estimator for m.

4.3.3 A limited simulation study comparing the corrected and naive m-out-of-n
bootstrap

In this section the results of a limited simulation study are presented. This study compares the
performance of the traditional n-out-of-n bootstrap, the naive m-out-of-n bootstrap, and the cor-
rected m-out-of-n bootstrap when estimating the standard error of the mean and the median. The
results are compared to the true standard errors of the mean and median.

It should be noted that the statistics used here form part of the ‘regular’ cases, i.e., when the
traditional bootstrap is consistent. The point of this simulation is simply to illustrate the effec-
tiveness of applying the correct method of m-out-of-n bootstrapping in cases where the traditional
bootstrap is typically applied.

The distribution and parameter configuration of the study is as follows:

* The number of Monte-Carlo iterations is set to M = 1000,
* the number of bootstrap replications is set to B = 1000,

* the original sample size is taken to be equal to n = 101,

* the bootstrap resample size is taken to be equal to m = 30,
* the distributions used are

— Exponential with parameter A = 0.5,

— Contaminated normal with parameters p; = 0, pug = 0.5, 01 = 2.5, o9 = 3.5 and
contamination probability equal to p = 0.5,

+ the statistics used are

— the sample mean, X, and
— the sample median, Med(X1, Xa, ..., Xn)-

In the results of this Monte-Carlo study we provide the true standard error (SE) of the sample
mean and median (denoted by SE(X,,) and SE(Med (X1, Xo, ..., X)) respectively). The standard
errors of the mean and median are estimated using a bootstrap simulation, these estimates are
denoted by SEF,.., = SE*(X}) and SE} ., = SE*(Med (X}, X3, ..., X})) respectively. The boot-
strap estimation procedure is repeated MC = 1000 times and the Monte-Carlo expected values
of SE7 oo and SE, ., are obtained (these expected values are shown in the table and are denoted
by Emc,sEmean = E(SEfean) and Eyc semed = E(SEF,.;) respectively). In addition to these
results, the standard errors of these standard error estimates are also calculated are denoted by

SEmc,sEmean = SE(SE} con) and SExc smmed = SE(SE},.;) respectively. Finally, the standard
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errors of the Monte-Carlo expected values, denoted by SE(Ensc,sEmean) and SE(Epc sBmed) Te-

spectively, are determined.

These three calculations are repeated using the traditional bootstrap, the naive m-out-of-n

bootstrap and the corrected m-out-of-n bootstrap.

Distribution used: | Ezp (A = 1)
The Mean
Theoretical value: SE(X,)= | 0.19901
Traditional bootstrap
EMC’,SEmea.n = E(SE;knean) = | 0.19658
SEmc,sEmean = SE(SEfeqn) = | 0.02729
SE(Eamc,sBmean) = | 0.00086
Naive m-out-of-n bootstrap
Exc,sBmean = E(SEq c0n) = | 0.36081
SEamc,s5Bmean = SE(SEqeqn) = | 0.05070
SE(EMC’,SEmea ) 0.00160
Corrected m-out-of-n bootstrap
Ervc,sEmean = E(SEjean) = | 0.19664
SEMC’ SEmean — SE(SEmean) = | 0.02763
SE(EMC’,SEmean) = | 0.00087
[ The Median |
Theoretical value: SE(Med(X1, Xo,...,Xs))= | 0.19949
Traditional bootstrap
Erve,58med = E(SE;,.q) = | 0.20567
SErc,sEmed = SE(SEy,4) = | 0.04847
SE(Enrg,5Emed) = | 0.00153
Naive m-out-of-n bootstrap
Erc,sBmed = E(SEmed) = | 0.36656
SExrc,sEmed = SE(SEpeq) = | 0.06463
SE(Erc,sEmed) = | 0.00204
Corrected m-out-of-n bootstrap
Ene,sBmed = B(SEq,.q) = | 0.19978
SEMC',SEmed = SE(SE* ed) 0.03522
SE(Eac,5Bmed) = | 0.00111

Table 4.1: Standard errors of the traditional, naive m-out-of-n and
corrected m~out-of-n bootstrap for the sample mean and sample median:

Exponential distribution with A = 0.5.
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Distribution used: | ConlN O'rm
(;1,1 = 0, 0‘1 = 6.25,
;LQ L, 02 = 12.25,
= l)
2

The Mean

Theoretical value: SE(X,)= | 0.30365

Traditional bootstrap
EMC’ SEmean = E(SE:nean) 0.30127
SEnrc,sEmean = SE(SEjean) = | 0.02406
SE(Enc,sEmean) = | 0.00076
Naive m~out-of-n bootstrap
Errc,sEmean = B(SE},0qn) = | 0.55340
SEnmc,sEmean = SE(SEN 00n) = | 0.04341
SE(EMC,SEmean) 0.00137
Corrected m-out-of-n bootstrap
Eirc,sEmean = E(SEjc0r) = | 0.30160
SEnrc,sBmean = SE(SEjeqn) = | 0.02366
SE(Enc,5Bmean) = | 0.00075

| The Median |

| Theoretical value: SE(Med (X1, Xy, ..., Xn))= | 0.36447
] Traditional bootstrap

Enc,sBmed = B(SE,q4) 0.37401

SEnc,sEmed = SE(SE;, .4) 0.08169

SE(Enc,sEmed) = | 0.00258

Naive m-out-of-n bootstrap

Enc,sEmed = E(SEqe) 0.66450

SEarc,sEmed = SE(SEY,,;) = | 0.10057

SE(Enrc,sEmed) = | 0.00318

Corrected m-out-of-n bootstrap

Emc,sEmed = E(SE}, .4) 0.36216

SEnrc,sEmed = SE(SE} .q) 0.05481

SE(Enrc,sEmed) = | 0.00173

i

I

Table 4.2: Standard errors of the traditional, naive m-out-of-n and corrected
m~out-of-n bootstrap for the sample mean and sample medzan Contaminated
normal distribution with (u1 = 0,02 = 6.25, uo = %,04 = 12.25,p = 1)

We see from these simulation results that the naive m-out-of-n bootstrap estimate of the stan-
dard error of the mean and median deviates greatly from the correct standard error. The traditional
estimate and corrected m-out-of-n bootstrap estimates, on the other hand are very close to the
correct answer.

Surprisingly, for the corrected m-out-of-n bootstrap estimated standard error of the sample
median, we see that the Monte-Carlo standard error of this result is smaller than the standard
error of the traditional bootstrap standard error estimate. However, this result is not seen when
we consider the standard error of the sample mean. This is a promising result, but we will need to
investigate further to see if this is a significant result or just a fluke of the Monte-Carlo procedure.
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4.4 How to choose m

‘We will now briefly look at some of the techniques that have been suggested in the literature to
select the value m in the m-out-of-n bootstrap.

4.4.1 A suggestion by Swanepoel (1986)

Swanepoel (1986) proved that the m-out-of-n bootstrap will correct one of the non-regular cases
outlined in Bickel and Freedman (1981). Additionally, this paper presents a Monte-Carlo study
whereby values of m are selected by calculating the coverage probability of a confidence interval
for i based on the m-out-of-n bootstrap. The value of m that produced a confidence interval with
coverage probability closest to the specified nominal confidence level was deemed the ‘best’.

The results of the Monte-Carlo study produced the following simple rule-of-thumb: m = 2n/3.

4.4.2 A suggestion by Gotze & Rackauskas (2001)

Define T;, = T (X1, Xo, ..., Xn; F), a sequence of statistics, possibly dependent on an unknown
distribution F. Let L,(F,z) =P(In < z) and Ly (Fy, ) = P*(Tn (X7, X%, ..., X5, Fp) < ).
Gotze and Rackauskas (2001) studied a rule first proposed by Bickel, Gotzé and van Zwet
(personal communication) whereby the value of m is selected by minimizing the ‘distance’ between
the quantities Ly, (Fy, z) and LL% | (Fn, ), where || is the largest integer less than or equal to z.
The motivation for this procedure is that the authors showed that the random distance between

the quantities
L (Fp,z) and Lim) (Frn, z),

is stochastically equivalent to the random distance between

L, (F,z) and Ly, (Fp, ).

A suggestion by Sakov (1998)

This method was also considered in a PhD thesis by Sakov (1998) (supervised by Peter J. Bickel).
Sakov (1998), using a sequence of possible m values m; = |_q7n_| ,7=0,1,2,...,0 < g < 1, defines
the choice of m as follows:

3

Th = arg II#Li;J sup ‘Lmj (Fn,z) — Ly (P, x)
J T
where Ly, (Fy, z) is defined as above.

4.4.3 A suggestion by Chung & Lee (2001)

Chung and Lee (2001) worked on the choice of m for the construction of bootstrap percentile confi-
dence bounds. Their work is based on a combination of two of the bootstrap percentile confidence
bounds, namely the hybrid and backwards bootstrap percentile confidence bounds discussed in
Section 2.4.5. Their confidence upper bound is also based on m-out-of-n bootstrap concepts and
is denoted by

I(m,6,c) = (1— 5m1/2n—1/2)§n + 5m1/2’n,_1/2'&{1_*_5(2(1_1)}/2’7,1

_ S b= ()Y (tam— ) H6=-1 (4.8)
o (2 (G — ) iS5 =1,

>
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where m is the resample size used in the bootstrap procedure to calculate I(m, d, &) and is defined
as m = yn where 0 < -y < 1. Here ¢ is a parameter which determines whether the bound calculated
is a hybrid or backwards percentile bound, « is the specified nominal coverage probability and the
quantile 4y s, is defined as

P*(éfn < lgm) = a.

Through the use of the smooth function model, the authors provide the following expansion of
the coverage probability:

PO < 10m,8,0)) = a2 { (7)™ b e (@) ~ e (@) o (@) + 007,

where z(a) = & 1(a), ®(-) is the standard normal distribution function, and ¢(-) is the standard
normal density function. The polynomials p; and ¢; are obtained from the Edgeworth expansions
of the distribution of the standardized and studentized version of 6y, respectively. Their estimated
forms, 1 and g1, appear in the article, but will not be presented here. To reduce the coverage
error for this percentile confidence bound to O(n~1) they select (m/n)"Y2 6§ = g1(z (@) /p1(2 (),
or equivalently v = (6p1(z (@))/q1(z (2)))?, where v = m/n. This choice of v leads directly to the
optimal choice of m.
They show (through a lengthy proof) that if the following estimates are used

My = \‘n {%}1 and & = —sign (%) ;

then the confidence bound I (71, 81, o) has coverage probability error O(n™1).

In practice if one does not have knowledge of the explicit forms of the polynomials p; and g1,
then one can still approximate the choice of m and § using a double bootstrap algorithm presented
below. The algorithm approximates 7y and 61 and these approximations are denoted by 775 and d5
respectively. Chung and Lee (2001) state that these approximations are asymptotically equivalent
to the estimates 1 and 31, and that the intervals constructed using these values will have the same
coverage probability error as the original estimates, i.e., the interval I (s, 5a, «) also has coverage
probability error O(n™1).

The algorithm below employs a double bootstrap procedure and the following double bootstrap
version of the expanded coverage probability

P*(Bn < I"(k, L, 0) = a—m™3 {77 351( () + @12 () } (2 (@) + Op(m™). (49

where v = k/m, I*(k, 1, @) = 6% 4 (k/m)/? (0, % —b%) and 1%, 1, is defined as the value that satisfies
the following expression A

P < 1) = o
In equation (4.9) they choose § = 1 because the resulting estimates are asymptotically equivalent
to the case where § = —1.
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Approximating the optimal m for percentile confidence bounds using the method of
Chung and Lee (2001)

1. Select a fixed mg < n. Also select ¢ possible values for v: ~1,7v9,---,% where 0 < v < 1.
Next define double bootstrap resample sizes k1, ko, - - -, kt as k; = ~vmo-

2. For each -y; calculate &;, where
&; = P* (én < I*(ki, 6, a)) . (4.10)

The steps for obtaining the values &1, &o, ..., & are:

a. Given X1, X, ..., Xp, calculate 6, = 0,(X1, Xo, ..., Xn).
b. Sample Wi’Eh replacement from Xi, Xo,..., X, to get X7, X3,..., X} .
Calculate 07, = Omo (X7, X3, .-, X )-
c. Sample with replacement from X7, X7, ..., X7 to get X{*, XJ7*, ... X7*
Calculate 05 = 0, (X7*, X3*, ..., X3¥).
d. Repeat step 2¢ R times to get Hk 1 9,’;:2, ceny @,‘;: g~ Order these replications to get élt:,(l) <

e. Apprommate the value 4 k with the value Hk (L))

ku(R)

f. Repeat 2b to 2e B times to obtain the following quantities:

[ 4 *
emo 13 emo 2372 emo,
akz,1> ak,,27 < ak,,B
%
I17I27 )IB

where I = 65, + (ka/mo)/> (@ 1, — Ory )-
g. Finally, approximate a with

where I(-) is the indicator function.

3. Calculate step 2 for all £ chosen values of ;. We now have the following values: vy,7v2, ..., 7%
and &1, &o, - .., 0.

4. We now need to find that value ~; that makes &; =~ a. We can argue from the expansion
given in equation (4.9) and the definition of &; given in (4.10) that the quantities (a — &;)
and 7y; /2 have an approximate linear relationship, i.e.,

a—&i=G+K"yi—l/2,

where C and K are parameters which will need to be estimated.
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Using the Ordinary Least Squares equations we can estimate K and C by

t ~N_ —1/2 - —1/2
jr Ei:l(a - ai)’)’i /2 % f:l(a — &) z~1 Y /

t — —1/2
Doie1 i t- % (21;:1 Y / )

and
1 L1 ~1/2
;E a— &;) K;g /

The optimal value of ;, denoted 4, is obtained when a— &; = 0. Using the above linear least
squares approximation we find that

Therefore,

3
N
I
N
Q| =
N—
N
>
&
B
o,
Oq
I
|
@,
B
N
Q)' N)

)

4.4.4 A suggestion by Samworth (2003)

In Samworth (2003), a class of data-based choices of m are discussed for Hodges’ super-efficient
estimator (given in Section 3.4). This class is given by

. An®, if |Xn| < Bn=#
m = —
n, if | Xp| > Bn=5,

where A >0, B>0,0<a<land0<f < % A drawback of this procedure is that 4, B, «
and B are all parameters which need to be estimated, but no estimators are proposed in the paper.
Putter and van Zwet (1996) showed, in their Corollary 1.1, that bootstrap estimators based on 7
are consistent.

4.4.5 A suggestion by Cheung & Lee (2005)

Cheung and Lee (2005) attempted to determine the best m when the m-out-of-n bootstrap is
applied to the estimation of the variance of a sample quantile. The method employs an exact
expression for the bootstrap estimate of standard error of the sample quantiles (Hall and Martin
1988). The algorithm used here is fairly convoluted, and uses an l-out-of-m bootstrap sampling
scheme nested within an m-out-of-n bootstrap sampling scheme to determine the value of 7. The
basic idea employed in the method is to obtain sample sizes that minimise estimated mean squared
error (MSE) values. Fortunately the exact expression for the variance simplifies the algorithm
somewhat and only one ‘level’ of sampling is necessary to perform a double bootstrap. The choice
of m is based on the following form: m = ¢cn”, ¢ > 0 and v > 0.
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Approximating m for variance estimation of the ptP sample quantiles using the method
of Cheung and Lee (2005)

1. Given X1, Xb,..., Xy, fix a set of resample sizes m1 < me < --- < mg < n where § > 2.

2. For a chosen value s, use the explicit expression for the variance of the pt2 m-out-of-n boot-
strap sample quantile and calculate

where
n

o= (5 ;(X(j) = X)) wma gy

z
Wi j = k'(rn;S> /]_-n_l P71 — m)™e Ry,

k= |msp] +1 and X(l) < X(z) <. < X(n) are the order statistics of the original sample.

3. Sample with replacement from Xi, Xo,...,X, using sample size ms to obtain the sample
X{, X3, ..., X}, - Sorting this sample produces

Xy <X = = Xy

4. Select a value ! from the set {1,2,...,ms}. Calculate the l-out-of-mg; double bootstrap

variance 0‘::;2 using the following explicit expression (there is no need to generate a double

bootstrap sample):

o _ (L5 (X —xr V(! ;%:vkl_l(l— VR o
sl = Mg Zl D) {rs) L kl i—1 z ?
= ms

where k; = |lp| + 1 and 75 = |msp| + 1.

5. Repeat steps 3 to 4 B times to obtain

*x2 k%2 *%2
Og1,1098,1,20- -2 95 1. B>
and calculate B
1 ok
— 2 *2\2
MSEs(l) = 5 Y (o35, — o).
b=1

6. Repeat steps 4 to 5 for each possible value of [ € {1,2,...,ms}, i.e., obtain

MSE;(1), MSE4(2), .. ., MSEs(ms).-
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Find the value I that minimizes MSE(l) for I € {1,2,...,ms}, ie.,

ls=arg min }(MSES(Z)) .

1€{1,2,...,ms
7. Repeat steps 2 to 6 for all choices of ms, s =1,2,...,5, i.e.,, we now have
M1, Ma, - .., Mg and Ii,lo,...,1lg.
8. Using the pairs (m1, 1), (ma,l2),.-., (msg,ls) and the approximate relationship
ls = em],

to approximate the parameters ¢ and « using Ordinary Least Squares techniques. We start
by noting that ’
Ys ™ o+ 35,

where v} = log(ls), o’ = log(c) and z} = log(ms). The estimates of a’ and « are then given

by
S S S
;5, _ s=1 m{s‘y.,s - -%’. Es:l m{? Es:l y.’?
= 5 y
S 2 1 S
s=1 mls - F <ZS=1 w{?)
and
L1 1E
/=§§ y;_'z)\/§§:ms
s=1 s=1

The estimate of ¢ can then be written as &= .

9. Finally, the optimal value of m, denoted 7, is given by

~

m = én’.

Remark:
In the following chapters we will develop our own data-based methods of choosing the bootstrap
sample size m for two new problems, viz. point estimation of a parameter, and bootstrap hypothesis

testing.



Chapter 5

A nonparametric point estimation
technique using the m-out-of-n
bootstrap

5.1 Introduction

The bootstrap has been used in a wide variety of areas of estimation, from estimating standard
errors and bias of statistics, to estimating confidence bounds for parameters. In this chapter we
will investigate a bootstrap method which can be used to improve an existing point estimate by
a modification of the statistic and by using the corrected m-out-of-n bootstrap methods already
discussed.

The methods which will be used have come to be known as bootstrap aggregating (or BAGGing)
and bootstrap robust aggregating (or BRAGGing). The name BAGGing was coined in the field
of machine learning by Breiman (1994), but the concept applied to statistical point estimates
is slightly older, having first appeared in Swanepoel (1988) and Swanepoel (1990) (these papers
referred to the technique as an approzimating functional approach). In recent years this topic
has been the recipient of renewed interest with articles concerning BAGGing being published by
Biihlmann (2002), Buja and Stuetzle (2006) and Croux, Joossens and Lemmens (2007), and articles
concerning BRAGGing being published by Biihlmann (2003) and Berrendero (2007).

In this discussion we will primarily focus on the work done concerning BRAGGing which appears
in Swanepoel (1988) and Berrendero (2007). In particular we will take the view held by Swanepoel
(1988) which enables a more general approach. We will look at the naive BRAGGing estimate, but
we will also investigate three other statistics based on corrected m-out-of-n bootstrap concepts.
The choice of which of these four statistics is ‘best’ will be determined based on a set of pilot
Monte-Carlo simulations. Ultimately, since these estimation techniques are based on m-out-of-n
bootstrap ideas, we will be interested in a data-based choice of the resample size m. This chapter
will conclude with a proposed data-based choice of the resample size in this situation.

5.2 BAGGing and BRAGGing

The definition of a BAGGing and BRAGGing point estimator of a parameter will now be discussed.
Let 6 be a parameter of interest which can be expressed as some functional ¢ of an unknown

distribution F' as
0 =t(F).

50
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Suppose also that £(F") can be approximated by a sequence of functionals ¢ (F), i.e.,
tm(F) = 1(F),

with the approximation becoming increasingly accurate as m — co. The proposed estimator for
f makes use of this smoothed functional sequence approximation and the empirical distribution
function F;, to create the plug-in expression

Onm = tm(F).-
As discussed in Swanepoel (1990) and Berrendero (2007), two possibilities for this estimator are

* Onmpag = tm(Fn) = E*(%), where 8%, = 0 (X1, X3, ..., X2) and On = (X1, Xa, ..., X,) =
t(Fn). The estimator 0, m pag is known as the BAGGing estimator in the literature.

* 0n mprag = tm(Fpn) = Med* (0* ). This estimator is known as the BRAGGing estimator in the
literature because of the use of the median which is considered to be more robust.

Both techniques are defined in such a way that one can easily implement a simple Monte-Carlo
algorithm to approximate their values. For example, the Monte-Carlo algorithm for approximating
the BAGGing estimator would be as follows:

BAGGing algorithm:

1. Sample with replacement from Xi,Xs,...,X, to obtain a bootstrap sample of size m,
X5, .., X5

2. Calculate the bootstrap statistic é;“n = ém(Xf, X5, ., X%).

3. Repeat the previous two steps B times to obtain the bootstrap replications
(1), 07.(2), - - -, 65, (B). '
4. Calculate:

B
0 el "*
n,m,bag,B = B m

The algorithm for the BRAGGing estimator follows in a similar fashion except that the last step
is replaced with the calculation of the sample median of the statistics.

BRAGGing algorithm:

4. Calculate: _ R .
Hn,m,brag,B = Med(e;kn (1): sy H:n(B))

Our primary focus in this thesis will lie with the BRAGGing estimator, since it has been shown
in the literature to improve an estimation procedure (e.g., see Bithlmann (2003)).

5.3 Variants of the BRAGGing estimator

The BRAGGing estimate discussed in the previous two sections was based on the bootstrap world’s
version of the median of the bootstrap statistic 6},. If one employs the corrected m-out-of-n
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bootstrap ideas discussed in Section 4.3 then it is possible to derive three new versions of this

BRAGGing estimator.
We will now show how these estimators are defined and later we will show (through the use of

a basic Monte-Carlo study) which of these estimators are preferable in certain situations.

* The original version of the estimator: To distinguish between the new BRAGGing
estimators and the original one we will adopt a new notation for these estimators. Let the
original BRAGGing estimator be renamed as

9brag,1 = en,m,b'ra.g -

* The first new version of the estimator: The first new version of the BRAGGing estima-
tor, denoted by Hbmg 5, is derived by first noting that the estimator &, can be written using
the corrected m-out-of-n form given in (4.4) (we select o = 0.5 without loss of generality)

~ 1 ~
n = ZeVln—0) +0.

Applying the corrected m-out-of-n bootstrap (CMOON) to the median of the above expression
we get the following estimator

0~bmg,2 = —1—Med* <\/_ <§fn — An>

= 1/ Med* 9* ( \/E)“n
n
m A
H eb'ra.g,l =+ (1 - H n
n

Note that this CMOON estimator is a convex combination between the original BRAGGing
estimator, Hbmg 1, and the estimator O

i

* The second new version of the estimator: The second new version of the BRAGGing
estimator, denoted by éMag,3; is similar to the previous one, except that it is based on the
assumption that the distribution of \/ﬁ(én —0) is symmetric. This means that the derivation
deviates from the previous derivation as follows: We first note that, due to symmetry, we can
write

Med(fr) = % Med (V/ri(fn — 6)) + 6= % Med (—/m(fn — 6)) +6.

Therefore, the CMOON bootstrap estimator of the above quantity is

- % Med* (—\/ﬁ (é:n - én>> + 6,

= ) Plprag + <1+ \/@) B
n n

*x The third new version of the estimator: The third and final version of the estimator,
denoted by Gprag,4, is simply an amalgamation of the previous two. It is written as

~ m ~ m ~
9brag,4 = 51/ ;ebra.g,l + (1 - 5’\/ ;) On
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Opragn, H6=1

Oprag s, if 6=—1.

The choice of § will be discussed in the next section.
Remark:

* Note that the estimators éb,-ag’g and éb,-ag’g appear to be stochastically equivalent, and
that it may not seem necessary to consider both of them. However, there two estimators
are used in the construction of the estimator fprqg,4, and will thus also be employed.

* The estimator ébrag,él is highly reminiscent of the percentile confidence bound discussed
in Chung and Lee (2001). In fact, Oprqq4 is equivalent to the upper 0.5-level of the
m-out-of-n bootstrap percentile confidence bound given in (4.8).

5.3.1 Some considerations for fprqg4

For the practical application of the last statistic the value of § needs to be approximated, i.e.,
one needs to determine whether or not the distribution of /(6 — 6) is symmetric or not before
deciding on a value for §.

An elementary choice of § involves applying a hypothesis test for skewness using the bootstrap
replications 8% (1), ..., 0% (B) as the observed set of sample data. One possible test for testing for
skewness is the /by test described next.

The /b1 test for skewness
The following is a test for testing the hypothesis
Hj : Fis symmetric vs. Hy : F not symmetric.

The /b1 test for symmetry, as described in Ngatchou-Wandji (2006), is based on the sample version
of the skewness coefficient W, defined as

_ Ps
Wn = ~3/27
Ho

where fix, is the k' sample central moment defined as
. 1 5 \k
b = EZ (X —Xn)”- (5.1)
i=1

If we define n? as
o _ M — Buppa + 93

Ui

2 b
M
and if the sample X1, Xs,..., X, was generated from a symmetric distribution (i.e., under Hp)
with the property that E(Xf) < oo, then
VnWn 2 Z asn— oo,
n

where Z is a N(0, 1) random variable. Estimate n? by its sample version

.2 Pe— 60204+ 93
= -3
Hay

7
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then, by using Kolmogorov’s Strong Law of Large Numbers and Slutsky’s Theorem, we obtain that

_ AWa
7

)
= Z, as n — oo under Hy,

SQn :
where Z is a N(0,1) random variable.

Application of the /b; test to determine &

‘We will now briefly describe the algorithm that was used to determine the value of § in the Monte-
Carlo simulations which will be presented in the next section. To determine whether the value of
¢ in the statistic gbmgA should be equal to 1 or —1 we need to test the skewness of the distribution
of v/n(f, — 6) using a data-dependent approach. Since we do not know the true distribution of
this statistic, we will make use of the bootstrap replications §%,(1),. .., 8% (B), obtained through a
simple m-out-of-n bootstrap Monte-Carlo simulation.

The replications 6% (1),..., 0% (B) are then treated as the data points X1, Xs, ..., X, and used
in the calculation of the test statistic SQy (as described above). If the absolute value of SQ, is
greater than a specified standard normal quantile, say =z (1 — %), where z(z) = & !(z), then we
will reject the null hypothesis of symmetry (concluding skewness) and set § = 1. If the absolute
value of SQ), is less than =z (1 — %) then we will conclude symmetry and set § = —1.

The algorithm is then:

Determining &

1. Sample with replacement from X7, Xs,...,X, to obtain a bootstrap sample of size m,
X5 X5, X5

2. Calculate the bootstrap statistic 6%, = 8, (XF, X2, ..., X5).

3. Repeat the previous two steps B times to obtain the bootstrap replications
65, (1),05,(2), ..., 65, (B).

4. Calculate: BT
~ BW,
SQp =-"——2
7B
where . L s
_o _ fe — Bliafia + 903
B — ~3 )
)
= [
B = ~3/27
2
1S/ R
=53 (05.0) = ()
b=1
and

5. T [5Q5| > 2 (1 - §) then § =1, else, if |SQp| < 2 (1 — §) then 5 = —1.
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5.4 Monte-Carlo study: Determining the “best” BRAGGing es-
timate

In this section we present a pilot Monte-Carlo study which attempts to determine which of the
four methods is best when applied to the estimation of the population mean p. The Monte-Carlo
method will be based on the repeated calculation of the following statistic:

MSE(X,)

C(Qbrag) = MSE(ngag)’

where gbmg is any one of the estimators gbmg,l, ébra,g,Z; ébmg,g or gbrag’4. The purpose of calculating
the statistic ¢(Oprag) is to compare the relative performance of the BRAGGing estimator to the
traditional sample mean for the estimation of the population mean. Large values of ¢ (gbmg) will
indicate that the BRAGGing estimator outperforms the sample mean in the sense that its standard
error or the bias (or both) are smaller than the corresponding quantities of the sample mean.

The configurations used in this Monte-Carlo study for the BRAGGing estimators 5bmg,1, ébrag’g
and ébmg,,g are:

* Sample sizes: n = 10, 30, 50, 100, 300.

* Resample sizes (for the calculation of 9meg,1): m=%, 27”, n. In this example we will use fixed
choices for the resample sizes.

+ Monte Carlo number of iterations is 100 000.

* Bootstrap number of iterations for the calculation of the BRAGGing estimator is 5 000.

* Distributions:
— Normal with =0 and o =1, :
— Contaminated normal with p1 = pe =0, 01 =1, 09 = 6 and p = 0.05,
— Contaminated normal with g1 = pe =0, 01 =1, 0o =6 and p = 0.1,
— Double exponential with u =0 and o = /2,
— F with 8 and 5 degrees of freedom,

The configuration for the calculation of §bmg,4 is the same as above except that the Monte-Carlo
number of iterations was taken to be equal to 30 000.

The output for the statistics ¢ (ébmg,l) , ¢ (éb,-ag,g), ¢ (ébmg,g) and ¢ (ébmg’Al)
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Distribution used | NNormal

Parameters used | p=0and o =1

n =10 n =30

—_n 2n — —_n — 2n —
m—3 m—3 m=n m—3 m—3 m="mn

C(bbrag,1) || 09775 | 0.9962 | 0.9971 || 1.0010 | 0.9883 | 0.9902
C(ébrag,Z) 1.0006 | 0.9936 | 0.9977 || 1.0002 | 1.0046 | 1.0007
C(ébmgﬁ) 0.9904 | 0.9895 | 0.9943 || 0.9890 | 1.0091 | 1.0012
C(ébmgA) 1.0112 | 0.9852 | 1.0026 || 0.9969 | 1.0000 | 0.9972
n =50 n = 100

m=g m=2|m=n m=2 | m=% | m=n

C(Obraga) || 0-9985 | 1.0007 | 1.0045 | 1. 0034 | 1.0033 | 0.9983
¢(Bbrag,2) | 1.0034 | 0.9923 | 1.0041 | 0.9980 | 1.0060 | 1.0002
¢(Bbrag,s) || 0-9942 | 1.0029 | 0.9967 | 9991 | 0.9877 | 0.9972

C(Opraga) || 1.0061 | 0.9976 | 1.0035 || 0.9877 | 0.9938 | 0.9967

Table 5.1: The ratio of the MSE of the sample mean X, to the MSE of
each of the four estimators, Gyrag,1, §bmg,2, ébrag’g and 5bmg,4~

Distribution used | Contaminated Normal

Parameters used | yy =pua=0,01 =1, 09 =6, p=0.05

n=10 n = 30

—n — 2n — —n — 2n —
’ITL—3 m = = m =11 ’ITL—3 ’ITL—3 m=n

C(bbrag,1) | 1.9355 | 1.4320 | 1.0887 || 1.4722 | 1.1777 1.1133
C(ébrag,z) 1.4967 | 1.3334 | 1.0905 | 1.2707 | 1.1460 1.1048
C(ébmg,g) 0.6690 | 0.7181 | 0.9162 || 0.7766 | 0.8633 0.9109
C(@ﬂbmg#l) 1.4829 | 1.3569 | 1.0827 | 1.2821 | 1.1381 1.1114

n=2>50. n =100
—n — 2n — - — 2n —
m=3 | m=% | m=n|m=35 | m==%3 m=mn

C(Bbrag1) | 1.3513 | 1.1386 | 1.0954 | 1.1850 | 1.0804 | 1.0520
C(Brag2) | 1.1931 | 1.1175 | 1.0804 | 1.0978 | 1.0697 = 1.0582
C(Borag,s) | 0.9948 | 0.9976 | 0.9984 || 0.9124 | 0.9381 | 0.9555
C(Boraga) || 1.1887 | 1.1126 | 1.0851 | 1.1049 | 1.0684 & 1.0517

Table 5.2: The ratio of the MSE of the sample mean X, to the MSE of
each of the four estimators, 9bmg,1, 9bmg,2, 9bmg 3 and Gbmg4
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Distribution used Contaminated INormal

Parameters used | p1 =ps =0,01=1,00=6,p=0.1

m=% m—z—” m=n|m=% m—2” m=n
C(Obrag,1) || 2.1884 | 1. 4566 1.1093 || 1.4558 | 1. 1736 1.0949
((Obrag,2) || 1.5767 | 1.3441 | 1.1076 || 1.2405 | 1.1324 | 1.1094
((Obrag,3) | 0.6449 | 0.7291 | 0.9002 || 0.7915 | 0.8866 | 0.9015
C(t%ragA) 1.5799 | 1.3298 | 1.0881 || 1.2398 | 1.1429 | 1.1052
n =50 n =100 ]
m=2% | m= gﬂ m=n

((Gbrag) || 1.3011 | 1. 1799 | 1.0846 | 11420 | 1.0790 | 1.0531
¢ (Bhrago) | 1-1660 | 1.1020 | 1.0761 | 1.0809 | 1.0538 | 1.0296
(Bbrag,s) || 0-8528 | 0.9095 | 0.9179 || 0.9259 | 0.9484 | 0.9572
(Obrag.s) | 1.1682 | 1.0923 | 1.0802 | 1.0881 | 1.0526 | 1.0413

Table 5.3: The ratio of the MSE of the sample mean X, to the MSE of
each of the four estimators, §bmg,1, gbrag,z, gbmg,g and §bmg,4.

Distribution used | Double Exponential ]
Parameters used | =0 and o =2
n =10 n =30
m=5g m——2n m=n|m=% m_2” m=n
(Gbmg, ) || 1.1836 | 1. 0753 1.0396 || 1.0849 | 1. 0380 1.0140
C(@bmg, ) || 1.1177 | 1.0671 | 1.0436 || 1.0498 | 1.0336 | 1.0188
(Gbmg’ ) || 0.8839 | 0.9377 | 0.9531 | 0.9538 | 0.9632 | 0.9789
(Gbmg’ ) || 1.1116 | 1.0647 | 1.0283 | 1.0368 | 1.0190 | 1.0261
n =50 n =100 ]
m=7% m=%” m=n|m=% m—z—” m=n

C(Boraga) || 1.0504 | 1.0249 | 1.0206 || 1. 0915 | 1.0147 | L0041
¢(Bprago) || 1.0337 | 1.0218 | 1.0119 || 1.0150 | 1.0133 | 1.0064
¢(Bbrag,3) | 0-9648 | 0.9822 | 0.9781 | 0.9807 | 0.9865 | 0.9869
(Boraga) | 1.0312 | 1.0169 | 1.0121 | 1.0084 | 1.0072 | 1.0078

Table 5.4: The ratio of the MSE of the .sample mean X, to the MSE of
each of the four estimators, 9bmg,1, Hbmg 2, Hbmg,g and’ Hbmg,
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Distribution usedT F
Parameters used | dff =8 and dfs =5

( n =10 n =30

=n = 2n — ) — 2n —
’ITL—3 m—3 m=n m—3 m—3 m="mn

brag,1) || 2-5621 | 2.2811 | 1.1545 || 2.0670 | 1.6059 | 1.2541

1 Qb

¢(
¢(Bprag,o) || 21681 | 21250 | 1.2562 | 1.8241 | 1.5357 | 1.2303
(_,“(~bmg, ) || 0.6781 | 0.6597 | 1.0921 || 0.6995 | 0.7959 | 1.0674
(_,“(5 rag4) | 2.1227 | 21074 | 1.1154 || 1.8361 | 1.5175 | 1.3181
n =50 n =100
n _ iZ'n.T n 2n

C(Obrag,1) || 1.9424 | 1.6461 | 1.2617 | 1.7562 | 1.5196 | 1.2694
C(ébmg, ) || 1.7325 | 1.5837 | 1.2569 | 1.5968 | 1.4853 | 1.2566
C(Gbrag, ) || 0.7266 | 0.8219 | 1.0782 | 0.7890 | 0.8411 | 1.0677
C(Qbmg,ll) 1.7145 | 1.5217 | 1.2106 { 1.6874 | 1.4831 | 1.2592

Table 5.5: The ratio of the MSE of the sample mean X, to the MSE

of each of the four estimators, Oprag,1, Obrag,2; Obrag,3 and Opraga-

5.4.1 Remarks on the output
Looking at the output from the tables separately we find the following:

x Table 5.1: The output here is as we expected it to be; all the values are close to 1. This is
because, in the case where we generate from a normal distribution, the sample mean is an
admissible estimator for the population mean, i.e., any estimator we propose will perform at
most as well as the sample mean.

* Table 5.2: Introducing heavier tails into the standard normal distribution using the contam-
inated normal distribution, we find that all the estimators (except fprqg,3) suddenly perform
much better for smaller resample sizes. In most cases the traditional n-out-of-n bootstrap
estimator produces values close to 1, while the m-out-of-n estimators produce values greater
than 1 (up to 90% greater in the case of §bmg,1 and sample size n = 10).

* Table 5.3: Here we see the same result as in Table 5.2, but to a greater degree because of
the increased contamination.

* Table 5.4: We see here that the performance of the BRAGGing estimator is very good for
small o moderate samples and small resample sizes (we get improvements of up to 10% in
the case of 9bmg,1, Gbmg 5 and 9bmg 4)-

%« Table 5.5: The distribution used here (the F'(8,5) distribution) is the most skewed distribu-
tion considered in this study, but it is also the one which shows the greatest improvement of
the BRAGGing estimator over the sample mean. For the statistics Gbmg 1, Gbmg 5 and Gbmg 4
we routinely obtain values which improve on the sample mean’s values by more than 20%
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(in some cases it improves by more than 150%!). A probable, and logical reason why the
estimator Op.q53 performs so poorly in this case can be possibly ascribed to the fact that,

while the original statistic /n <§n — 9> was assumed to have a symmetric distribution, we are

not assured that the distribution of the m-out-of-n bootstrap statistic, i.e., «/m (é;*n — §n>,

is also symmetric. Typically it will not be symmetric and so the calculations are performed
under false assumptions.

* We see in all the tables that, as n becomes larger, the statistic ¢ converges to 1.

Based on this preliminary run it would seem that the estimators ébrag)l, gbrag’Q and (possibly)
ébmgA will have the desirable property that their MSEs are smaller than the MSE of the sample
mean. The poor behaviour of ébmg)g can possibly be ascribed to the fact that, while we assumed in
the construction of €~bmg)3 that \/ﬁ(én — 0) has a symmetric distribution, we are not assured that
the distribution of the m-out-of-n bootstrap statistic, \/'r_n(é;l — én), is also symmetric (typically
it will not be symmetric). Note that, due to the complexity of the calculation of ébmgA and its
almost negligible benefits, we will continue our investigation of these estimators by focusing only
on gbra,g,l and gbmg)g‘

5.5 The choice of m

In this section we will consider the various ways of selecting an optimal value of m when estimating
the population mean using the BRAGGing technique. The discussion will follow from Cornish-
Fisher expansions discussed in detail in Hall (1992) and Chung and Lee (2001). The basic derivation
of these expansions are summarized in Appendix A.

We will begin the discussion by first finding an expansion for a general BRAGGing estimator
that falls in a class of statistics determined by the smooth function model (as discussed in Hall
(1992)), and we will then go on to derive an expression for the BRAGGing mean estimator. This
expansion will facilitate the development of a general rule for selecting m which will finally lead to
a data-dependent rule for selecting m in the case of the BRAGGing mean estimator.

5.5.1 Cornish-Fisher expansion

A Cornish-Fisher expansion will be employed to determine an asymptotic expression for the general
BRAGGing statistic that satisfies the smooth function model discussed in Appendix A.3. If all of
terms in the expansion are known then the optimal value of m can easily be derived.

General statistic

Considering the smooth function model, let § be defined as some parameter which is a function of a
d-dimensional mean g = E(X) and where X is a d-dimensional column vector whose i*® component
is denoted by X ®. In other words, we have that § = g(u), where g is defined such that g R? — R.
An estimator for 6 is then the simple plug-in estimator given by 8, = g(X,), where X, is defined

as
T

2 I 0 I @ 1N 5@
o= | 2D X700 % n 2 X0 | (5.2)

=1 =1 =1
Define the standardized version of én as the statistic T}, in the following way:

— \/7_7‘ (g(Xn) - g(.u’))
n - h(/_jl) 3
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where {h(u)}? is the asymptotic variance of /ng(X,). We assume therefore that T, satisfies the
agssumptions of the smooth function model as discussed in Appendix A.3. The m-out-of-n bootstrap
version of this statistic is then

o _ VM (0(X5) = 9(X0n))
m h(X5) '

Let the median of the bootstrap distribution of the statistic 9(X7,) be denoted by Med*(g(X7,)) =
Obrag,1- Using the Cornish-Fisher expansion we can obtain an expansion for fprqg,1. We proceed by
first noting that

P*(Q(X:n) < ~lrrag,l) ~
Ao A (Boragr — (X))
° (Tm = A% )

Now, the Cornish-Fisher expansion of the o' quantile of the bootstrap distribution of T3, denoted
by v(a), is given by

v(a) = 2(e) +m Y25 (2()) + m™ 5 (2(@)) + Op(m™3/2).

z

However, since we are interested in calculating the median we choose @ = 0.6 and obtain the
following expression:

VT (Goraga — 9(Xn)) R(Kn) = w75 (0) +m™55 (0) + Op(m /%)

d
= —m ™5 (0) +m~? {ﬁl(o) Ex_ﬁl(m)
d
= —m™%p; (0) + m$1(0) P (z)

- ﬁz(o)} + Op(m~9%)

z=0

—mHs(0) + Op(m™3/2).

z=0

Note the following (Hall 1992):

* f’ff(z) = —p1(z), so that .
AC ~
77 (0) = —$1(0),

* ﬁgf(m) = p1(x) [%f’l (CIJ)] - %m{ﬁl(a:)}z — Pa(z), so that

. . d .
50 =50 | 25| | -5a00),
Zz 2=0
*x Py (:I:) = —(2;1’2 -+ %Z:3,1(Z2 — 1)) so that
. - 1
$1(0) = —ky2 + 6k3,1,
* E%ﬁl(m) = —%Zi&lw so that
E‘ﬁl(w) =0,
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* ﬁg(m) = —x [%(7‘;2’2 + 7{\:%72) +2~14(7<\:4,1 —{—47{\:1’27{‘:3,1)(372 — 3) +7—127€\:32,)1(.'134 — 10z + 15)} so that
$2(0) =0.

Tt should also be noted that the &; ; terms are defined in Appendix A.3 in equation (1.15).
The Cornish-Fisher expansion then becomes

) . . N
Vs (Borag = 9(Xn)) ) /A(X) = m ™ |:kl,2 - Eks,l} + Op(m=2/2).
Solving for §bmg71 we get
3 . L L.
Ovrags = 9(Xn) +m ™ h(X4) ["“'1,2 - gks,l} + Op(m™?). (5.3)

5.5.2 A general rule for selecting an optimal m using the smooth function model

‘We begin the development of a general rule for selecting an optimal m by first defining an approx-
imation to the quantity fpreg,1- This approximation is simply based on the leading terms of the
Cornish-Fisher expansion. Therefore, we will approximate 0441 With Qbé.ag’l which is defined as

(i.e., dropping the Oy(m~2) term in (5.3)),
~ — — ~ 1la
gbé'ag,l = g(Xn) + m T A(X5) [kl,z — 67‘&3,1} . (5.4)

The rule for selecting m based on 55%9,1 will involve finding the m value that minimizes the MSE,

i.e., we will minimize MSE(f{: ag,1) over the possible m values.

The optimal choice of m when estimating 6 using 554;%1

We will now obtain the MSE of éﬁag’l using the definition given in (5.4).
~ . ~ 2
MSB(Feg) = B{ (Fhapa —9)) |

B { (6(%n) +m8(%e) [Fn = hoa| = 900)) }

|

= B{(o(Xn) ~9()*} + 20 B (5(Kn) ~ 900) HE) Fag = o |
2
+m—2E {hQ(Xn) [211,2 — %7{\:3,1} } = q(m) (5.5)
The first derivative of g(m) is

% — om—2F { (Q(Xn) _ 9(/-")> h(X5) [@1,2 - %%3,1} } —2m 2 E {hZ(Xn) [@1,2 - %7;:3,1} 2} .

Setting % to zero and solving for m we get:
_ o . 72
E {hz(Xn) [%kg,l - kl’g] }
my = — — - — .
B { (9(Xn) — 9(1)) B(Xn) [Bhos — ra) }

‘We will estimate m, by making use of this expression for my and by

(5.6)
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* linear approximations or

* bootstrap methods.

These techniques will be discussed in the next section.

Remark:

A problem for future research is to determine the coefficient of the m~2 term in (5.3) and proceed
as above to obtain a new estimator, i.e., Hl‘fmg’l + [coefficient]- m—2, ultimately leading to a more
accurate version of the corresponding optimal bootstrap resample size.

The optimal choice of m when estimating 6 using éﬁag 5

~ m ~ m =
eéra.g,Q = \/ Eeéra.g,l + (1 - \/%) g(Xn),

then we can obtain a similar general expression for the optimal choice of m when using the estimator
éfr ag,2 O estimate 8. The derivation is analogous to the previous one since it also relies on the
expression obtained in (5.4).

‘We begin by defining the MSE of ég‘kmgﬁ in the general case:

If we define ég‘lmgﬂ as

MSB@egs) = B{ (Fhaps— o))’ |
- & { (2t + (142 % —g(u>)2}
- ® { (y2 {gotn) +m ) [haa = ghea] b+ (12 /2 () - g<u>)2}
~ B{ (%)~ 9(u))?} +2m™ b 2] (6(%n) - 6) B(Xr) [Baa - haa ] |
+m—1n~1E{h2(X ) [zm - —723,1]2 i r(m).
The first derivative of r(m) is

dr(m) - &, %E{(Q(Xn) —g(p)) h(Xy) [751,2 - %7%3,1} } —m72n iR {hQ(X ) {kl 9 — lfcg 1:|2} .

= —m

wfte

dm

Setting (m) to zero and solving for m we get:

E {hQ(Xn) [%7’{\;3,1 — 7;;1,2]2}

_ 1
T n E{(Q(Xn)“g(ﬂ))h(xn) [%7%3,1—7%1,2]}
= . (5:7)

Remark:
Further discussion will focus only on the derivation of an estimator for mq, since, once this value is
determined, an estimator for meo can be obtained trivially through the relationship given in (5.7).
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The optimal choice of m when estimating the population mean 4 using §£ag)1

Let X1, X3, ..., X, beiid. observations and let X,, = % S X Setx = (a:(l), z@HT | where z
is the i** component of x. Then define g(x) = (1) and h2(x) = z(® — (az(l))2. Choosing z(1) = ¢
and z® = 22 we find g(X,) = X, and r3(X,) = IS X — (A>3, Xi)z = o, where X, is
defined as in equation (5.2). Finally, the quantities stated in equation (5.4) are then given by

Q(X'n) = Xm g(l‘l’) =M h2(Xn) = flo, z;3,1 = ks, é1,2 = 0.

Therefore,
1. 1. 1 g

Zhay — k1o =Sk =2
6 3,1 1,2 6,€3 6ﬂ3/2’

where &3 = fig/ ﬂg/ % and i = 2500 (X; — Xn)?, so the approximate Cornish-Fisher expansion of
the median of the bootstrap sample mean is now given by:

5 s 1 _g.1/0,
eﬁag,l = Xn_gm 1.“'2/ k3-

"The approximate optimal choice of m in this case is then obtained by substituting the appropriate
values into (5.6). This gives us the expression

B [47]
B [(% —u) o/’

Now, since we define ¥; = X; — E(X;) we have the following form of m:

me = L.
17 %

1 E[a2/52

g = 2. ELs/ ] (5.8)
6 E [Y'n/l@/ /142]

Remark: :

Asymptotic expansions for the numerator and denominator of (5.8) will be derived in the next

section.

5.6 Estimators for m; when estimating p

Using equation (5.8) as a theoretical starting point we will now attempt to estimate this optimal
choice of m using various strategies. The strategies which will be followed are:

1. A bootstrap approximation of (5.8).

2. A Taylor series expansion of the numerator and denominator of (5.8) (individually) and then
using a simple sample moment substitution scheme.

3. A Taylor series expansion of the numerator and denominator of (5.8) (individually) followed
by the estimation of the products of population moments using a bias correction approach
(to order 1/n and 1/n?).

4. Bstimation of the numerator of (5.8) with an unbiased sample moment estimator and then
applying a Taylor series expansion to the denominator followed by a bias correction approach
for the estimation of population moment product terms (to the order 1/n and 1/n?).

Techniques 2 to 4 rely on a Taylor series expansion of the numerator and denominator in (5.8)
which we will need to show before any further discussion can take place.
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5.6.1 Taylor series expansions of the numerator and denominator of m;

‘We begin by noting that the multivariate version of the Taylor series expansion of a function f
evaluated in the points z1,..., x4 around the points ag, ..., aq is given by

onatetnd

flz1, .., za) = Z Z (z1— al) 7(:'1 — ag) (8:1:71’1 ST flaz... ad)> .

n1=0 ng=0

Expression for the numerator:

Using the above multivariable Taylor series expansion, we find that the numerator of (5.8) can be
written as the expected value of the function f(z,7) = (z/y)? evaluated in the points = = iz and
y = [lo, expanded about the values uz and po. The expansion is provided below:

~ 2 2 2
H3 H3 3/ n H3
Eql = ~ B <—> + 2= (3 — p3) — 2—5 (flo — p2
{(/@) } { p2 2(# ) #3( #)
1,. "
+F(M3 — us)? + 3#3 (D2 — p2)® — 4M3 (s — p3)(f2 — M2)}
2
ps\® s 13
=) +25 E(fs — ps) — 255 B2 — po)
u2> 7 ( I
N 2 V3 N 2 H3 N N
((Ms — p3)?) + 3-#—4 E ((f2 — p2)®) — 4@ E ((fis — ps)(fiz — p2))
2 2

3
2 2
3 ~ ~ ~
(83) — 22 B (ps) + 355 B (03) — 623 B (o)
Ha e, Ha

(
- ()

E
#2

2
3 M3 1 H3 i a
=) +25E(a3) — 2= E(js
E

,,;

2

2
PO 3 ~ 1% N
~4ES T (B50) + 455 B (1) + 453 B () - (5.9)
Ha Hy Ha

The expected values in this expression can be simplified by making use of the expressions found
in Appendix D. The expressions become:

E(f2) = /JJ2+l {—n2},

E(As) = 3+ {— 3#3}+ {2#3},

E(p3) = z+ { s — 3uz}+ {—2ps + 5#2}+ {ma —3p3},
E(p3) = “§+E {16 + 9§ — 7p3 — 6popa}+0 (%) )

- 1 1
E(fofis) = /L2/J:3+E {ps — 8uaus }+0 <F> ]

Once all of the above expressions have been substituted into equation (5.9) then we obtain the
final expression for the expansion of the numerator of (5.8).

~ 2 2

1(1 _

E <@> = <@> + = {—z (13106 + Opi5 + Bpigps3 — Bpsdpsa + BuFua — 4#2#3#5]} +0(n7?).
Ha M2 L)
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Expression for the denominator:

The expression for the denominator is obtained in a similar fashion to the numerator except that
the Taylor expansion is carried out on a function of three variables as opposed to the two variable
Taylor expansion used for the numerator.

The denominator of (5.8) (without the multiplier 6) can now be written as a multivariable
Taylor series expansion of the expected value of the function f(z,y,2) = zz/y evaluated in the
points z = Yy, y = fl2 and 2z = [i3, expanded about the values u; = 0, pug and 3. The expansion
is given below:

> 3 H1pg | 1. u
B(7L2) ~ B{EEE Bl ) - — ) +
<n m) { p uz(“?’ Iy 7 (B2 — po) m( — p1)

13 . 1 .= o
+“13 (fio — 2 )2——( Yo — p1)(fe — p2) + —(¥n — p1) (P — ps)
&) /1‘2 Ha
" ~ H13 . 3 5 ~
( — o) (fiz — 1’: (uz—uz)3+%(1’n—u1)(uz—uz)2
2 2

By

(2 — p2)?
2

1 .
+£%(uz — p)*(fia — p3) — —5 (Vo — p1) (P2 — p2) (fis —
M2 13
HB o N — ) — P — )3 (e — A T Ve — w2 —
7 (Yo — pa)(fiz — po) 7 (o — po)°(fiz — pa) + —5 (Yo — p1)(fio — po)*(fiz — pa)
253 5} Mo
13 o . 1 5 H3 S a 2
= —SE{Va(pe—po)} + —E{¥a(hs — p3)} + =5 E{¥a(f2 — u2)*}
) H2 )
P . .
— S E{Tn(pa — p2)(Bs — p3)} — 2B (T2 — p2)®}
Hy K2
1 . .
3 E{¥ (00 — puo)?(fs — ps) } - (5.10)

The expected values in the above equation simplify as follows (brief derivations of these terms
can be found in Appendix D):

E (Vn(io — p2)) = % {M3}+% {—ps},

B (7a (s — 13)) = % (s = 304y {80 + 92} HO(™),

E (Yn(f2 — 12)?) = — {2M3us o+ i — Apdps — 8pdps + 35 }+O(n73),

E (Yn(ps — pa) (P2 — M2)) o {MS — 10ugpg — Tp3 + 1545 1 +0(n %),

E (Yn(pe — p2)®) = 3 {3M3/L4 — 3u3us 40 (n™%),

E (Yoo — p2)*(fis — pa)) = —5 L (2paps + 12 — 4Bua — 8pdus + 34 1+0(n).

Once all of these expressions have been substituted into (5.10) and the terms have been collected,
we find that the denominator becomes

o [i3 1 { 1 3_ 2 }
E(7,28) = ={= —3ud —
( nM2> n /J‘% [/1‘2/1‘4 Mo /1‘3]
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1 1
+—5972 |:3/J’g/~1’4 - /J'%/J'G - 3#3 + 3uaps s
e e
+popg — pdps — 5/@/@] } +O0(n™®)

Combining the numerator and denominator

Combining the numerator and the denominator terms in the expression (5.8) we get

a_n A+ 5B
Y6 C(w) + LD(w)’

(5.11)

where p is the vector containing the elements {(2, 13, tia, 45, 6 }, and the functions A(w), B(w),
C(p) and D(p) are defined as follows:

2
Alp) = Z—%

1
Blw) =77 (14156 + 915 + Bpdp3 — 6udpa + BuFus — dpapisys]
2
1
) =5 [popa — 38 — 13]
2

1
D(w)= -7 (31 s — papse — Bu3 + Buapiaiss + ol — 3pif e — Sudpd] .
2

A variation of the quantity in (5.11) is one where the terms have been simplified such that the
terms 1/u2 and 1/u5 no longer appear, i.e.,

(5.12)

where

A(R) = 1u3,

B(jv) = p3pe+9ps+8s 13 —6ud uat3uipa—ipops s,

C(i) = 13 pa—3ug—uaps,

D(jn) = 31 pua—pis s — 35 +8 popsa pus+pio g —3 143 pa—B a3,

where i is the vector consisting of the products of population moments {u3u3, pues, p3pa, 13,
Wapa, pousps, pouat. Note that (5.11) and (5.12) are identical; these two different forms were
created to enable us to derive different estimators for mf'.

Remarks:

* In the above approximations of 7n; we do not convert the result to an integer. This conversion
will take place when we develop data-dependent choices of m‘f.

* Notice that m#' can take on a wide range of values, depending on the complexity of the
underlying distribution (i.e., it is dependent on the behaviour of the central moments).
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5.6.2 Practical estimates

Expressions (5.11) and (5.12) now allow us to formally define the practical estimates for m men-
tioned at the beginning of this section. We will now present a list of various estimators for the
resample size m when estimating the population mean with the statistic gb‘rag,l' The letters in
parentheses indicate the abbreviations which will be used to represent these estimators.

1. The bootstrap (BS) estimator: The bootstrap estimate for m will be based on the
quantity given in (5.8). This estimator simply employs the bootstrap estimate of the two
expected values which appear in that equation. It will be denoted with the subscript BS and
it is given by:

BS:

1 E*[pg?/ 05
6 B [72a/p3]"

where the terms ﬁ;‘-‘ are the sample moments based on the resampled bootstrap data.

hy pg = (5.13)

When we apply the bootstrap to calculate (5.13) we can once again sample fewer than n
observations to determine the value. To avoid confusion, we will refer to the resample size
used in the bootstrap calculation of the quantity (5.13) as k, thus leading to a k-out-of-n
bootstrap. Different choices of & in this k-out-of-n bootstrap lead to different estimators.
In particular, we will consider three simple choices of k for the bootstrap calculation of this
estimator, ie, k = n/3, k = 2n/3 and k = n. We will distinguish between the resulting
estimators as follows:

* The BS1 estimator: When we use the k-out-of-n bootstrap with £ = n/3 in (5.13)
then the resulting estimator is denoted 7h1 Bg1.

* The BS2 estimator: When we use the k-out-of-n bootstrap with k& = 2n/3 in (5.13)
then the resulting estimator is denoted 7M1, 5g2.

* The BS8 estimator: When we use the traditional n-out-of-n bootstrap, i.e., with
k =mn, in (5.13) then the resulting estimator is denoted 71 Bg3.

2. The naive biased (NB) estimator: The second estimate of (5.8) involves using the form of
m found in (5.11). An estimator is then obtained by simply plugging in the sample estimates of
the population parameters. The estimator will be called the ‘naive biased’ estimator, because
it does not use ‘good’ estimators for the products of population moments. For example, the
product u2ug is estimated by the biased estimator 3Z0.

This estimator for m will be denoted with the subscript NB and it is expressed as follows:

NB:

n A(B) + 7 B(f)

6 C(i) + =D(in)’

where 1 is the vector containing the sample moments i = (02, I3, 4, 5, fi6), and the
functions A(f1), B{ix), C(ix) and D(fx) are defined as follows:

1,NB =

~2
Alp) = £2,
() i3
N 1 5. N o A3 DA JU
B(p) = = [A3fis -+ 973 + 813025 — 60304 -+ 30304 — 4fiafiafls] ,

™

2
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R - . .
C(f) = —5 [fafia — 308 — 4],
Hy
N 1 3. aD N I . "D aD
D) = 27 (30304 — D3 fis — 3035 + 3iafisfis + Ao — 3304 — BAZA3] -
2
L

3. The bias corrected (BC) estimators: The third technique makes use of the alternative
expression for m# given in (5.12). For the previous estimate we naively substituted sample
moments for population moments to obtain an estimator. Unfortunately, the estimators
obtained in this way are highly biased for small samples. To counteract this effect we will now
estimate the product of population moments by estimators that have been slightly corrected
for bias. Three separate estimators will be constructed from (5.12):

x The BCO estimator: This estimator for m contains uncorrected estimators for the
population moments (similar to the previous estimator, but without the 1/n terms).
This estimator is denoted by 7711, Bco-

*x The BC1 estimator: This estimator for m contains estimators for the products of
population moments that are ‘corrected’ to order 1/n. This estimator is denoted by
M1,BC1-

*x The BC2 estimator: The final estimator for m of this type contains estimators for
the products of population moments that are ‘corrected’ to order 1/n2. This estimator
is denoted by T'le’Bog_

The accuracy of the estimator will depend on the accuracy of the bias corrected estimates of
the population moments.

‘We will now present three different sets of bias corrected products of sample moments; the
ones used in the estimator that are uncorrected will be denoted using the subscript B CO,
those that are accurate up to order 1/n will be denoted using the subscript BC1, and the
ones used for the estimator which are accurate up to order 1/n? will be denoted using the
stubscript BC2. The products of population moments that we are required to ‘correct’ in this
estimator are pgu3, pdus, Lo, 13, H3p4, popapis, and poif.
Remark: The method of bias correction used to obtain these estimators consists of three
parts:

(i) Obtain the naive plug-in estimator for the product of population moments. For ezample,

if we wish to estimate u2u then we obtain f2A3.
(i3) Determine the expected value of this naive estimator. For ezample, the expected value of

n202 -
Haopiz s

. 1
B(a3A3) = b3+ —{udue + dpspispss + e — 266305 — 6ubpia + 95}
1
+-5 {208 + papis — 23340 -+ 2y + 2015 — T piapis
—31pd s + 3540303 + 174p3 s — 220 % — 18043} + O(n™%).

Obtaining expressions for these expected values is a very long and incredibly tedious
process. Fortunately, all of the relevant expected values have been derived and are listed
in Appendiz D. The terms used in the derivation of these expressions are also provided.
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(i) To correct the naive plug-in estimator up to order, say 1/nk, we subtract the plug-in
estimate of the 1/n® terms of the expected value from the naive plug-in estimate of the
product of population moments. For ezample, to correct the naive estimator i2fi3 to
order 1/n, we subtract the plug-in estimator of the 1/n terms in E(A242) from p2[3.
Since we correct up to the order of 1/n, this estimator is of the BC1 type, and will be
denoted by

pe——

D, 1. .5, n A2 A A2 A 3 .
(4308) poy = B3P3 — —{A3he + 4finflais + Ji3la — 26013713 — 6/1501a + P53}

The BCO estimators for products of population moments: The relevant uncorrected
estimators are then simply the plug-in estimators as before, i.e.,

% For p2u2, the uncorrected estimator is

(M%#@Bco = 303,

% for puZus, the uncorrected estimator is

Il

(/J'g/J'ﬁ)BCO : /:}'gﬂ'ﬁa

% for pdug, the uncorrected estimator is

(MSM/;)BCO = :U'gla'4:

% for pg, the uncorrected estimator is

(Mg)Bco = p3,

% for p2ug, the uncorrected estimator is

(M%/-M:)BCO = ﬂ§ﬂ4)

* for poiais, the uncorrected estimator is

—
~

(popsps) poo = fafials,

* for ps ,uZ, the uncorrected estimator is

(w2b?) pog = Dafid-

The BC1 estimators for products of population moments: The relevant corrected
estimators up to the order of 1/n (as explained above) are then:

% For p3u3, the bias corrected estimator up to the order of 1/n is

(1318) g = M%/J%—;{u3u6+4u2u3u5+u§u4~26u§M§-‘6M3u4+9u3},

% for p2ue, the bias corrected estimator up to the order of 1/n is

e —

aoa Lo o . DA SN .3 A
(1B16) oy = b5~ {Pafio+2ofs—1173fis~ 12 lafis+ 15054},



http:j.t~f.t6
http:j.t~j.t5
http:j.t2j.t3j.tS
http:j.t~j.t4
http:j.t~j.t4
http:j.t~j.t6
http:j.t2j.t4
http:j.t2j.t3
http:j.t2j.t3j.tS
http:j.t2j.t6
http:j.t2j.t3
http:j.t2j.t3

CHAPTER 5. POINT ESTIMATION USING THE MOON BOOTSTRAP 70

* for pdjy, the bias corrected estimator up to the order of 1 /m is

—

3. 1 3 A 2. . ADn N
(H31a) poy = Pofa—={—130504+33 00 +3 Mot 1203 p3+65},

% for uj, the bias corrected estimator up to the order of 1 /n is

—

(18) gy = B——{—1505+1023 04},

S

* for pZp4, the bias corrected estimator up to the order of 1/n is

—,

a2 1 ~2 oo ~2 o a ~3 .
(B314) pon = B3Pa— {2103 a+2fia 7+ Bafls+30AE3 — 1800 /f — 1802 s s+ 9P},

* for pousps, the bias corrected estimator up to the order of 1/n is

e ——

e o a 3 A 9.
(popsps)por = Hallafls — ;L‘{MW? + Do, = — 15000315 + 150304 + 2 — 513104
—5iofif + 10303 — 305 0s},
x for g2, the bias corrected estimator up to the order of 1/n is

—

NPT o o A "2 o n 3 .2
(1218) gy = Py — —{ 1202+ 2fiafie + Pofis — 83 ra — 8fiafiafis + 1203 e + 160503 .

The BC2 estimators for products of population moments: The corrected estimators
up to the order of 1/n? are then

% For p2uZ, the bias corrected estimator up to the order of 1/ n? is
e ’ o 1 oA o oA . 2. .
(W318) poo = PR3 — —{DARs + 4finfiafls + P3fa — 26P5P3 — 6[51s + 913}
1. . . O A N . PN
~—5{2Pafis + paPis — 23030 + 2fiair + 2055 — T4flaflafis
—3103 04 + 354/ /33 + 1740304 — 2202 — 18005,

% for pdpg, the bias corrected estimator up to the order of 1/ n? is

—

a3 n 1 A3 A0 A o o a0 n N
(H3ha) oy, = PB4 — {1380 + 3713006 + 3ot} — 1213035 + 613}
1 "D A ~3 . ~2n oo A a n
“F{m&éﬂg + 1583 fig — 1803 ks — 30fia 07 — 482flafls
—30/2 016 + 3iofis + 4ilafle — 12303},
% for ug, the bias corrected estimator up to the order of 1/ n? is

——

(“@302 =

The three estimators will then be denoted with the subscripts BC0, BC1 and BC2, and are
given by:

ﬂg_E{—15Mg+1oﬂgﬂ4}—m{115ﬂg—110/$g#4+15/£2#2+10#%#6—60M§M§}-
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BCO:

where

fi(/beoo) = (ﬂ%#g)ch

Clhnco) = (K1) poo—3(18) soo— (HBHE) mcor

and where figg is the vector consisting of the uncorrected products of sample mo-

ments, .ZI‘BCO = <(ﬂ%ﬂ%)3007 ('U'%'U'ES)BCO’ (,U'%,UML)BCW (,u‘g)BC(p ('U%'U'4)BGO’ (:u'2,u‘3,u‘5)BCO)
(”2”2)300)
BCl1: . 15,8
n A(bpe1) + zB(Esco)
ml,BCl '—.é“ = .0 YR P
Clbper) + 7z D(peo)
where

Alfipen) = (H313) oy
B(f"BCO) = (:U'%:U'G)Bgo'l'g (,U'g) BC’0+8 (ﬂ%ﬂ%)300—6(ﬂ%ﬂ4)300+3 (ﬂ%/"4)300—4(p‘m5)B00>

—— e

. CNY(/jBC'l) = (/‘%/‘4) BO1™S (“g) BC1 (/‘%/’%) BC1?

e —

D(ipco) = 3(1‘%#4)300 - (IU‘%IU‘G)BCO - 3(#3)300 + 3(“2/“;5)300 + (“2“‘21)300

—

2 [ 2, 2
~3(k314) oo — 5(H313) B>
and where figg is the vector consisting of the uncorrected products of sample mo-

ments, fpco = ((#?}M%)ch (H316) poor (H314) poor (M3) Boor (H3P4) Boos (“mS)ch

(,u,z,u,ﬁ) B C’O) and [ o1 is the vector consisting of the bias corrected products of sample mo-

ments to the first order, /fLBgl = <(,u,%,u,§) BO1? (M%ﬂs)BCla (#gﬂfl)gol) (ﬂg) BCO1? (P‘%PA) BC1?

(papsps)pors (B2td) por
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BC2: -
B(ge)

D(fiper)’

{1(/31302) +
Cirpos) +

381

N n
Mi1,BC2 ‘= 6
where

A(f"BCZ) = (/‘1’%/‘1%)_3027

B (fipor) = (/J%/J’S) Bal"'g(Ng)Baf“g(#%M%)Bal“‘G(#%M4>301+3 (#9?/1'4)301“4(“2/”3“5)301’

Clipos) = (/‘g/‘4>302_3 Wg)BCf—(ngg)BCT

—

D(iiper) = 3(M3M4)Bgl - (M%MS)Bol —3 (/J'g>301 + 3(1112//;;5)301 + (/‘1’2/‘1’Z>BCI

e —

"‘3(#%:“'4)301 —5 (/J'%/J%)Boli

and where ipo; is the vector consisting of the bias corrected products of sample mo-

——

ments to the first order, f‘BCI = ((/J'%/J%)BCI’ (/‘%W)Bov (/J’glj"l)BCl’ (/J'g>3017 (N§“4>Bol’

(n2psps)por, (Hopd) BCl) and figge is the vector consisting of the bias corrected prod-

e —

ucts of sample moments to the second order, fipgy = ((M%M%)Bom (13) oy (H8H4) pogs

—, — .

(MS)BCQ) (M§M4>Bc’27 (/1'2//1';5)3027 (MZI‘L%:)BCQ) .

4. The ‘UNbiased’ numerator & Bias Corrected denominator (UNBC) estimators:
The final estimator makes use of the fact that the ratio i2/42 is an unbiased estimator of the
parameter B ( 2/ ﬁ%) This fact leads us to a completely unbiased estimator of the numerator
in (5.8). The denominator is then estimated using the bias correction techniques discussed
in the previous methods. Once again we will have two versions of this statistic: the first will
estimate the denominator up to order 1/n and the second will estimate it up to order 1/n2.
The estimators will be denoted with the subscripts UNBC1 and UNBC2 which are used
to indicate that the numerator is UNbiased, and the denominator is Bias Corrected up to
order 1 and 2 respectively. The estimators are then given by:
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WNBCL \
s
C(bper) + 2D(kpeo)

oa!;’,

TM1,UNBC1 =

where

T

Clitper) = (#814) o1 —3(18) on— (MB13) 5o

D(fipco) = 3(#3#‘1)300 - (M%MG)BCO - 3(“3)300 -+ 3(#@&30@ -+ (MZMZ)BCO

*3<“§“4)Bco - 5(#3#?)3007

and where [1ggo is the vector consisting of the uncorrected products of sample mo-
ments, i"BO’O = ((M%N’%)BC’O’ (M%MG)BC’O’ (M%MLL)BC’O’ (/’Lg)Bcoa (/1'%/1'4)3007 (/1'2/1'3/1'5)BC’07

(ugui) B C’O) and [ipo is the vector consisting of the bias corrected products of sample mo-

e —,

ments to the first order, i”BC’l = ((M%#:%)BO:L) (/’1’%/'[‘6)3017 (Iu'g/'[“l)Bcrlz (MS)BCP <M§#’4>BCI’

(popaps)sor, (Hapsd) BCl) as defined previously.

UNBC2:

3/ 04
~ x ~ b
Clirpas) + 2D(iipcr)

N n
MLUNBGC2 = ¢~

where

——

Cliipos) = (H314) pon—3(M3) poa— (1313) poas

— e

D(hpr) = 3(u3na) poy — (4316) sor — 3(18) pon + 3(bamsits) ser + (B2rd) pon
—3(kna) por — 5(H313) pon
and where 1o is the vector consisting of the bias corrected products of sample mo-

ments to the first order, jipg; = ((“%“3)3017 (”%“6)3017 (“%M)Bov (/J‘g)BC’l’ (u314) pors

(MZ/M;S) BC1 (pdg/u\ﬁ) BC’l) and fLBOQ is the vector consisting of the bias corrected prod-
ucts of sample moments to the second order, Loy = ((M%M%) Boos (H318) gans (M3144) poos

@BC’Z’ (/1%#4)3027 (/’l‘m5)BC’27 (/'1‘2/1‘421) BC’Z) .

73
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5.6.3 Truncation

The nature of the sampling variation of the m-out-of-n bootstrap resample size estimators listed
in the previous section is such that, occasionally, they lead to very small choices of the resarple
size. This is obviously problematic and it must be rectified. The solution to the problem that we
use involves using a simple truncation of the estimated m values.

Truncation for the choice of the resample size for ébmg,lt This truncation is given by

NPn, if 1 x < npn
ml,X,t'runc = ’ﬁ’?'l,X; if npn, < ml,X <n (514)
7, if 7y x > n,

where p,, is some function of n decreasing to zero at a slow rate such that np, — co, and M1, x is
any one of the data-dependent choices of m discussed in the previous section, i.e., X can be BS1,
BS2, BS3, NB, BCO, BC1, BC2, UNBC1 or UNBC2. One possible choice, suggested by a referee,
is to choose pp, = ¢, with j, — oo (slowly enough so that np, = ngir — ) and q € (0, 1).
However, there are a multitude of other choices for p,,.

Remark:

% According to, among others, del Barrio, Cuesta-Albertos and Matran (2002), the choice of m
should not be too small because it can lead to instability of the estimators.

* With the above remark in mind, and for the practical purposes of the Monte-Carlo studies,
we will set the value p, to be equal to the constant values 0.1 (or 10% of the original sample
size) or 0.2 (or 20% of the original sample size).

Truncation for the choice of the resample size for éb'ra.g,2: The truncation applied to G:bmgyz,
the corrected m~-out-of-n bootstrap estimator, is slightly different from the one applied to Oprqg,1,
the m~out-of-n bootstrap estimator, since this we will define the estimator as

Mo, x = —~ (M1, X truncl” »

where X can be any one of BS1, BS2, BS3, NB, BC0, BC1, BC2, UNBC1 or UNBC2.

Clearly, the estimator 110, x will always be less than or equal to the original truncated estimator
M1,X,trunc, Which follows from the relationship between 7 x and 7h1 x trunc stated above. The
result is that a different truncation has to be applied to the corrected m~out-of-n estimator:

1, if o, x < 1
mZ,X,t'runc = mz,x, ifl< mZ,X <n
n, if o, x > n.

5.7 Monte-Carlo simulation results

The performance of the data-dependent choices of m discussed in the previous section is evaluated
in this section by using Monte-Carlo simulations. As in Section 5.4, the performance of the m-out-
of-n bootstrap and the corrected m-out-of-n bootstrap using the various choices of m is measured

by calculating the ratios _
MSE(Xn)

C(Obrag) = — =",
(6brag,1) NSE(Gyrag.)
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where Gbmg 1 is calculated using one of the estimated choices of m. If ¢ (Gbmg 1) is greater than 1,
then it indicates that €bmg 1 performs better (in a mean squared error sense) than the sample mean
when estimating the population mean. Similarly, if ¢ (Qbra_g’g) is greater than 1 it indicates that
Hbmg 2 performs better than the sample mean in estimating the population mean.

The configurations for this set of Monte-Carlo simulations are:

* The number of Monte-Carlo simulations performed for each calculation in the tables is M =
3000.

+ The sample sizes used are n = 20, 50, 100, 500 and 1000.

* The distributions used are the double exponential distribution, F-distribution, normal distri-
bution and the contaminated normal distribution (the specific parameter choices for each of
these distributions are given in each table’s caption).

* The values of p, = 0.1 and 0.2 are chosen as the lower bound truncation proportions (as
discussed in equation (5.14)), i.e., the estimated resample size lower bound for the m-out-of-n
bootstrap estimate is npp.

Displayed in each of these tables is the value ¢(yrag.1) O ((Fprag,2) for the different choices of m.
The mean of the data-dependent choice of m and its standard error calculated over the Monte-Carlo
iterations are also provided in a separate table.

L MSE ratios for the different estimates of m
‘n | BS1 | BS2 | BS3 NB [ BCo | BC1 | BC2 | UNBC1 | UNBC2 |
20 | 1.204 | 1.239 | 1.200 | 1.221 | 1.224 | 1.292 | 1.182 1.278 1.231
50 | 1.167 | 1.149 | 1.118 | 1.131 | 1.122 | 1.163 | 1.152 1.137 1.113
100 | 1.089 | 1.106 | 1.083 | 1.088 | 1.085 | 1.094 | 1.072 1.086 1.063
500 ! 1.018 | 1.014 | 1.018 | 1.025 | 1.019 | 1.028 | 1.053 1.026 1.032
wOO 1.012 | 0.989 | 1.012 | 0.994 | 0.992 | 1.013 | 1.041 1.002 1.021
Mean and standard error of chosen m values
Stat n BS1 BS2 BS3 NB BCo BC1 BC2 | UNBC1 | UNBC2
Vg 20 2.524 3.29 414 | 3.685 | 4.139 2.234 | 8.067 2.343 4.243
SE(m) 20 0.042 | 0.062 0.081 | 0.074 | 0.089 0.03 0.12 0.031 0.092
0 50 5.501 6.249 | 7.273 | 7.054 7.097 | 5.279 L6.788 5.913 7.5T\
SE(m) 50 | 0.062 | 0.099 | 0.I29 | 0.123 [ 0.121 | 0.045 | 0.124 | . 0.061 0.127 |
]_ ™ LIOO 10.233 | 10.509 | 10.827 | 10.876 | 10.826 | 10.203 | 10.553 10.627 11.303
| SE(m) | 100 0.062 0.095 0.090 | 0.110 0.100 | 0.065 0.410 0.107 0.123
\ 7 | 500 L 50 } 50 | 50.005 50 50 50 50 50 50
] SE(m) | 500 L 0 | 0 0.005 . 0 0 0 0 0
m | 1000 100 100 100 100 100 100 100 100 L 1@
SE(m) | 1000 0 0 0 0 0 0 0 0]

Table 5.6: MOON: Data generated: Double exponential p =0, o = /2. The values for
the lower bound of truncation of 7, i.e., lower bound = np, where p, = 0.1.



CHAPTER 5. POINT ESTIMATION USING THE MOON BOOTSTRAP

76
[ MSE ratios for the different estimates of m ]
L n | BS1 ] BS2 | BS3 | NB ] BC0 | BC1 LBC2 | UNBC1 | UNBC2 |
L 20 | 1.641 [ 1.931 | 1.820 | 1.673 | 1.680 | 1.638 | 1.614 | 2.020 | 1.690 |
L 50 1.59ﬂ1.906 1.804 | 1.405 | 1.488 | 1.574 | 1.156 \ 1.828 | 1.687 |
LIOO 1.541 | 1.742 | 1.715 | 1.375 | 1.385 | 1.520 | 1.204 | 1.390 | 1.663 |
LSOOT 1.411 | 1.484 | 1.499 | 1.364 | 1.294 | 1.446 | 1.119 | 1.284 | 1.4447
LlOOO—Ll.344 1.364 | 1.336 | 1.152 | 1.092 [ 1.385 | 1.115 \ 1.076 | 1.381 |
Mean and standard error of chosen m values
| Stat n BS1 BS2 BS3 NB| BC0|[ BCI| BC2] UNBCI | UNBC2
m 20 2.797 5.173 7.294 7.27ﬂ 4.826 2.758 2.306L 3.96?} 2.249
SE(m) 20 0.053 0.089 } 0.113 0.12ﬂ 0.118 0.051 0.042—L 0.05ﬂ 0.037
L 0 50 7.341 | 14.976 | 21.963 24.82ﬂ 32.202 7.520 | 25.831 20.715—L 30.568
| SE(m) 50 0.130 | 0.221 0.264 | 0.296 | 0.359 | 0.147 | 0.377 0.148 [  0.379
L m | 100 14.2421 30.059 | 46.470 [ 50.500 | 71.083 | 16.124 | 46.515 62.286 64.111
LSE(T?L) 100 D.225L 0.393 0.481 0.506 0.519 | 0.308 0.738 0.292 0.698
L m | 500 57.728u12.375 173.691 | 162.815 211.51'ﬂ 79.462 | 190.512 325.148 264.910
LSE(TTL) 500 0,549L 1.218 1.628 1.120 1.436—L 0.947 | 3.356 1.985 2.742
7 | 1000 || 108.892 [ 200.623 | 307.611 280.581 | 347.364 | 164.227 | 347.911 560.689—L 454.655
SE(T?L)W 1000 0.710 2.266 2.986 1.80ﬂ 2.568 2.016 6.369 4.360 | 4741
Table 5.7: MOON: Data generated= F(8,5). The values for the lower bound of truncation
of M, i.e., lower bound = np, where p, = 0.1.
MSE ratios for the different estimates of m
n| BS1| BS2 | BS3| NB | BCO | BC1 [ BC2 | UNBC1 | UNBC?2 |
| 20/ 0.920 | 0.914 | 0.922 | 0.917 | 0.919 p0.918j 0.915 0.920 0.910 |
50 | 0.965 | 0.968 | 0.975 | 0.971 | 0.977 | 0.959 | 0.994 0.965 0.994
100 | 1.035 | 1.035 | 1.033 | 1.036 1.039u.036 1.000 1.034 0.993
500 | 1.004 | 0.996 | 1.000 | 0.998 | 0.995 | 0.998 | 1.015 0.998 0.997
1000 | 1.001 | 0.997 | 0.996 | 0.995 | 0.986 | 0.988 1.01ﬂ 0.987 | 1.027
Mean and standard error of chosen m values
Stat | n | BS1 BS2 BS3 NB BCo BCL | BC2 ]| UNBCL | UNBC2
0 20 || 2.699 2.894 3.159 2.957 2.637 2413 [ 5.758 2.509 3.057
SE(m) 20 | 0.051 0.057 0.065 0.061 0.052 | 0.040 | 0.113 0.042 0.064
[ m] 50 6315 6.712 ] 6872 | 7073 | 6.184| 5780 | 8127 ] = 6.275 6.614 |
| SE(m) | 50| 0.109] 0.124 0.131 0.140 | 0.108 0.0861 0.165L 0.106 0.12T\
[ /m [ 100 11.956] 12713 ] 13.188 [ 13.449 | 11.518 [ 11.695 | 13.006 12.260 12.057
[ SE(m) | 100 ]| 0.186 0.227 0.239 0.253 0.164 0.183 0.233 0.207 0.193
7| 500 || 55.801 [ 54.912 | 56.844 | 57.280 | 53.493 | 54.119 | 54.806 54.402 54.6451
SE(m) | 500 0.784 | 0.667 | 0.800 0.821 0570 | 0671 0.706 |  0.697 |  0.701 |
7 | 1000 || 106.878 | 107.155 | 107.097 | 109.686 | 104.694 | 107.131 | 104.831 | 107.351 | 104.7'@
SE(m) | 1000 1.141 1.188 1.183 1.366 0917 [ 1252 | 0950 1270 |  0.943]

Table 5.8: MOON: Data generated= Standard Normal. The values for the lower bound of
truncation of ™, i.e., lower bound = np, where p, = 0.1. .



CHAPTER 5. POINT ESTIMATION USING THE MOON BOOTSTRAP 7
MSE ratios for the different estimates of m
n | BS1 | BS2 | BST‘ NB | BCO | BC1 | BC2 | UNBC1 | UNBC2
20 | 4.626 | 2.884 | 2.007 | 1.963 | 2.981 | 4.227 | 3.787 3.316 4.137
50 | 3.198 | 2.164 | 1.662 | 1.633 | 1.472 | 3.257 | 1.809 1.551 1.586
L 100 | 2.097 | 1.776 | 1.528 | 1.538 | 1.416 | 2.082 | 1.766 1.297 1.337
500 | 1.131 | 1.181 | 1.124 | 1.121 | 1.111 | 1.122 | 1.138 1.118 1.121
1000 | 1.044 | 1.046 | 1.057 | 1.049 | 1.046 | 1.048 | 1.019 1.041 1.014
Mean and standard error of chosen m values
Stat | 7 BS1 BS2 | BS3 NB BCO BC1 BC2 | UNBC1 | UNBC2
i) 20 2.200 3.024 4.835 5.672 6.663 2.190 5.239 2.746 3.456
SE(m) | 20 0.025 0.046 0.077 | 0.106 0.129 0.027 | 0.113|  0.031 0.079
L bid) 50 5.05816.3011 9.2@) 9.724 u5.438 6.38?) 18.871 11.952 14.0671
\iE(ﬁlTL 50 0.022—| 0.064—L 0.1ﬂ 0.172 LO.Q?? 0.129—L 0.351 0.146 0.286 W
h 100 || 10.017 | 11.091 13.842 13.597 | 17.380 | 13.080 | 25.309 24.353 | 24.998
SE(m) 100 0.006 | 0.074 0.173 0.179 0.306 | 0.273 0.562 0.397 0.482
): i | 500 50 | 50.043 50.301 50.258 50..02 50.032—| 50.023 50.758 50.978 ]
SE(m) 500 0 0.027 0.057 0.056 0.065 0.02?7L 0.013 0.114 0.132 ]
7 | 1000 100 100 | 100.020 | 100.018 | 100.018 10@ 100 100.038 100.044
SE(m) | 1000 0 0 0.014 0.013 0.014 O—L 0 0.025 0.019
Table 5.9: MOON: Data generated= Contaminated Normal p1 =0, o1 =1, g =0, o9 =
8, »p = 0.1. The values for the lower bound of truncation of ™, i.e., lower bound = np,
where pn, = 0.1.
L MSE ratios for the different estimates of m l
L ]281 | BS2 | BS3 NB—uBCO BC1 BCT[ UNBC1 | UNBC2
f 20 | 1.824 | 1.545 | 1.502 1.56@.718 1.834 | 1.708 1.603 1.882
| 50] 1.287 [ 1.177 | 1.122 ] 1.138 | 1.122 | 1.280 | 1.222 1.147 1.116
LlOO 1.095 | 1.067 | 1.051 1.047—L1.038 1.082 | 1.071 1.042 1.030
E5OO 0.959 | 0.966 | 0.964 L0.95213.956 | 0.949 | 0.983 0.960 0.988
LLOOO 0.967 0.9@ 0.977\ 0.958—u].968—|i966 wQQ 0. 971 0.9977
Mean and standard error of chosen m values
J Stat | n BS1| BS2 BS3 NB BC0 | BC1| BC2 | UNBCL | UNBC2
f i) 20 2.273 3.360 4.448 4.286 5.272 | 2.201 7.675 2.526 4.296
{ SE(m) | 20 0.029 0.064 0.081 0.086 0.109 0.024 | 0.124 |  0.026 0.095
L "1 50 5.1577 6.442 8.231 8.090 9.599 5.311 7.912 7.065 11.107
} SE(m) ] 0.029 | 0.095 0.151 0.149 0.194 | 0.048 0.161 0.082 0.211
f m | 100 ( 10.105 ] 10.960 12.4@ 12.180 | 12.739 | 10.333 18.637‘) 10.9247 13.323 ]
@E(rﬁ) 100—] 0.036 0.101 0.171 ]  0.153 0.182 0.051 0.108 | 0.113 ] 0.171 }
L i) 500 50 | 50.005 50.3m 50.046 50.045 | 50.009 | 50.067 50.063 50.175
FSE(TT’L) 500 0| 0.003 0.072 L 0.013 0.013 | 0.005 0.016 0.016 0.033
7R | 1000 100 L 100 | 100.363 | 100.004 | 100.003 100 100 100.005 100.003 W
'EE(ﬁl) 1000 0 | 0 0.135 0.002 0.002 0 0 0.003 0.003 ]

Table 5.10: MOON: Data generated= Contaminated Normal py = 0, o1 = 1, g
lower bound

1, o9 =5, p=
= np, where p, = 0.1.

0.3. The values for the lower bound of truncation of m, i.e.,



CHAPTER 5. POINT ESTIMATION USING THE MOON BOOTSTRAP 78
MSE ratios for the different estimates of m
n | BS1 | BS2 | BS3 NB | BCO | BC1 | BC2 | UNBC1 | UNBC2
20 | 1.336 | 1.294 | 1.285 | 1.302 | 1.376 | 1.323 | 1.276 1.265 1.343
50 | 1.079 | 1.036 | 1.069 | 1.088 | 1.054 | 1.077 | 1.032 1.028 1.019
100 | 1.082 | 1.080 | 1.072 | 1.073 | 1.072 | 1.085 | 1.011 1.026 1.004
500 | 0.983 | 0.979 | 0.981 | 0.970 | 0.970 | 0.968 | 0.964 0.971 0.969
1000 | 0.989 | 0.987 | 0.994 | 0.993 | 0.972 | 0.992 | 1.002 0.983 1.014
Mean and standard error of chosen m values
Stat 0 BS1 BS2 BS3 NB BCO BC1 BC2 | UNBC1 | UNBC2
™ 20 2.398 3.270 4.117 3.821 4.104 | 2.391 7.778 2.586 4.003
SE(m) 20 0.036 0.064 0.080 0.078 0.089 0.037 | 0.118 0.038 0.086
™ 50 5.576 6.792 8.001 8.044 8.634 | 5.769 7.443 6.678 8.442
SE(m) 50 0.072 0.118 0.152 0.155 | 0.176 | 0.078 0.135 0.096 0.154
ﬁﬂ 100 || 10.271 11.478 12.833 12.589 12.894 | 11.016 | 11.310 11.930{ 12.236
EE(?TE)" 100 | 0.081 0.146 | 0.198 0.178 0.195 0.120 | 0.119 0.143 [ 0.152
m—| 500 || 50.003 | 50.304 51.003“0.126 50.1217 50.065 | 50.035 50.108 [ 50.064—|
SE(m) | 500 || 0.003 0.168 0259 | 0.028 0.028 | 0.018 | 0.013 0.025 | 0.018 |
L ™. | 1000 100 | 100.181 | 101.230 | 100.002 | 100.002 100 100 100.002 100—|
|£E(TTL) 1000 0 0.091 0.475 0.002 0.002 0 0 0.002 OT
Table 5.11: MOON: Data generated= Contaminated Normal pg = 0, o1 = 1, pa =
2, oo = 8, p =0.5. The values for the lower bound of truncation of ™, i.e., lower bound
= np, where p, = 0.1.
MSE ratios for the different estimates of m
e LBSlT BSTLBS.‘%T NB LBCOT BC1 | BC2 | UNBC1 | UNBC2
20 | 1.185 | 1.172 | 1.140 | 1.152 | 1.146 | 1.185 | 1.056 1190 |  1.088
L5O 1.079 | 1.077 | 1.078 | 1.074 | 1.084 | 1.077 | 1.037 1.076‘L 1.036
100 | 1.074 | 1.074 | 1.076 | 1.074 | 1.085 | 1.080 | 1.028 1.075 | 1.029
500 | 0.998 | 0.994 | 0.991 | 0.994 | 0.991 | 0.995 | 0.993 0.993 0.999
1000 | 1.028 | 1.024 | 1.034 | 1.028 | 1.030 | 1.029 | 0.990 |  1.029 0.987
Mean and standard error of chosen m values
Stat n BS1 BS2 BS3 NB L BCoO BC1 BC2 | UNBC1 | UNBC2
b0 20 4.469 | 4.779 5.338 | 5.142 | 5.742 | 4.160 9.297 4.160 6.031
h.S’E(ﬁz) 20 0.042 | 0.051 0.067 | 0.064 | 0.080 0.025 0.112 0.024 |  0.086
7 | 50 || 10.336 | 10.790 [ 11.188 | 11.273 | 11.402 | 10.218 | 11.319 10.348 11.546
E;E(m) 50 | 0.05TL 0.087 | 0.099 | 0.105 L O.l(ﬁ 0.048 0.117 0.053 0.111
| 100 || 20.158 | 20.431 | 20.562 | 20.408 [ 20.388 | 20.071 | 20.471 |  20.149 20.671 |
WE(TTL) 100 0.057 | 0.092 0.099 0.083 0.080 | 0.030 | 0.106 ] 0.039 O.llT]
m | 500 100 100 100 100 100 100 100 | 100L 1@
SE(m) 500 0 0 0 0 0 0 0 | OL T{
7 | 1000 200 [ 200 200 ] 200 ] 200 ] 200 200 200 200
SE(m) | 1000 0] 0] 0—| 0] 0 0 0 0 0

Table 5.12: MOON: Data generated= Double exponential u =0, o = v/2. The values for

the lower bound of truncation of 1, i.e., lower bound = np, where p, = 0.2.
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MSE ratios for the different estimates of m
n | BS1 | BS2 | BS3 NB | BCO | BC1 | BC2 | UNBC1 | UNBC2
20 | 2.238 | 2.131 | 2.096 | 1.999 | 2.344 | 2.255 | 2.298 2.238 2.293
50 | 1.875 | 1.877 | 1.824 | 1.510 | 1.620 | 1.885 | 1.051 1.827 1.955
100 | 1.799 | 1.774 | 1.651 | 1.295 | 1.343 | 1.794 | 0.997 1.271 1.690
L 500 | 1.534 | 1.515 | 1.472 | 1.265 | 1.201 | 1.531 | 0.997 1.192 1.487
LlOOO 1.451 | 1.457 | 1.426 | 1.328 | 1.251 | 1.460 | 0.996 1.240 1.424
\ Mean and standard error of chosen m values
Stat 7 BS1 BS2 BS3 NB BCO BC1 BC2 | UNBC1 | UNBC2
m 20 4.558 5.858 7.992 8.487 6.582 4.557 4.325 4.760 4.264
SE(m) 20 0.046 0.075 0.099 0.112 0.107 0.045 0.041 0.048 0.036
e L 50 11.369 | 16.267 | 23.212 | 25.778 | 33.369 | 11.965 | 28.345 21.044 32.496
SE(m) L 50 0.111 0.202 0.245 0.277 0.321 0.133 0.340 0.149 0.338
m | 100 22.057—| 31.880 | 47.031 50.8071 71.142 | 24.339 51.031 ] 62.791 66.652
SE(m) 100 0.1801 0.380 { 0.462 0.4941 0.491 0.265 0.669 ] 0.293 0.619
\ m | 500 || 101.772 | 123.634 | 180.072 | 166.125 | 213.640 | 114.873 | 214.415 325.596 275.131
[ SE(mh) 500 0.341 1.067 1.693 1.146 1.458 0.682 3.071 1.987 2.414
7 | 1000 || 202.524 | 229.966 | 318.062 | 283.561 | 343.077 | 227.539 | 378.677 549.803 486.157
SE(m) | 1000 0.569 1.710 3.133 1.609 2.441 1.467 5.675 4.266 4.310
Table 5.13: MOON: Data generated= F(8,5). The values for the lower bound of truncation
of M, t.e., lower bound = np,, where p, = 0.2.
B MSE ratios for the different estimates of m
n| BS1| BS2 | BS3 NB | BCO | BC1 | BC2 | UNBC1 | UNBC2
L 20 | 0.990 | 0.988 | 0.988 | 0.989 | 0.991 | 0.982 | 0.984 0.984 0.977
50 | 0.987 | 0.979 | 0.979 | 0.985 | 0.989 | 0.976 | 1.003 0.986 1.005
100 | 0.993 | 0.991 | 0.983 | 0.995 | 0.991 | 0.988 | 0.979 0.996 0.972
500 | 0.969 | 0.961 | 0.968 | 0.965 | 0.964 | 0.965 | 0.991 0.968 0.993
1000 | 0.978 [ 0.980 | 0.982 | 0.975 | 0.976 | 0.978 | 1.009 0.978 1.012
Mean and standard error of chosen m values
Stat 7 BS1 BS2 BS3 NB BCO BC1 BC2 | UNBC1 | UNBC2
i’ 20 4.463 4.711 4.806 4.709 4.459 4.304 7.104 4.358 4.953
SE(m) 20 0.042 0.052 0.055 0.053 0.042 0.034 0.100 0.036 0.061
m L 50 10.852 | 11.158 11.487 | 11.659 10.829 10.594 | 12.236 11.007 11.139
\ SE(m) L 50 0.088 0.104 0.119 0.128 0.090 0.075 0.142 0.096 0.102
m | 100 91.890 | 21.610 | 22.120 | 22.270 | 21.183 | 21.091 22.042 | 21.477 21.472
SE(m) 100 0.194 0.173 0.201 0.209 0.151 0.150 0.197 | 0.172 | 0.167
— s | 500 || 103.919 | 104.846 | 105.136 | 105.811 102.861 | 103.731 | 102.276 104.050 102.250
SE(m) 500 0.640 0.675 | 0.723 0.754 0.539 0.623 | 0.455 0.657 0.455
TTTLIOOO 204.165 | 206.231 | 204.469 205.6801 202.220 | 202.849 | 206.049 | 202.973 205.995
SE(m) | 1000 0.862 1.158 | 0.930 1.028 ‘ 0.670 0.729 | 1.102 | 0.743 1.103

Table 5.14: MOON: Data generated= Standard Normal. The values for the lower bound

of truncation of M, i.e., lower bound = npp where pp = 0.2.




CHAPTER 5. POINT ESTIMATION USING THE MOON BOOTSTRAP

80

MSE ratios for the different estimates of m ]
n| BS1| BS2 | BS3 | NB | BC0 | BCl1 | BC2 | UNBC1 | UNBC?2 |
20 | 3.115 | 2.622 | 1.934 | 1.758 | 2.268 | 3.119 | 2.706 3.006 |  2.762 |
50 | 1.957 | 1.839 | 1.566 | 1.527 | 1.356 | 1.940 | 1. 504L 1. 488L 1.438 |
100 [ 1.328' [ 1.306 | 1.254 | 1.245 | 1.190 | 1.327 | 1.326 |  1.322 [  1.233 |
500 | 1.068 | 1.066 | 1.073 | 1.065 | 1.068 | 1.069 | 1.049 1.067 1.046 |
10ﬂ 1.014 | 1.009 | 1. 0111 014—L1 014—L1 013 M) 987 | 1017 0.996 |
Mean and standard error of chosen m values
Stat | n || BS1 BS2] BS3| NB] BCo| BCl]| BC2]| UNBCL | UNBC2
| 20| 4137 ] 4520 ©5.536 | 6.772 | 8107 | 4076 | 6.546 |  4.108 5.134
 SE(m) | 20| 0.023] 0.043 | 0.062 ] 0.093 ] 0.118 | 0.017 | 0.096 | 0.019 0.068
m | 50 || 10.091 w.404112.1m 12.987 | 18.008 | 11.247 | 21.548 | 13.891 |  17.630 |
SE(m) | 50| 0030 ] 0.048] 0.110[ 0.146 | 0.245 | 0.118 | 0.311 | 0.116 | 0.256 |
i 7 | 100 ][ 20.002 | 20.321 | 21.977 [ 21.906 | 24.974 [ 22.393 | 32.608 [ 29.520 | 31.479 |
| SE(fm) 1 100 || 0.002 | 0.048 0.151 | 0.145 [ 0259 | 0233 | 0.494 | 0.328 | O.43T)
| 7 | 500 | 100 100 | 100.006 100 | 100 | 100 | 100.133 100.069 100.122
rE m) UDJ 0 0 0.006 0] 0] 0 0.133 0.025 0.039
1000 200 [ 200 200 200 [ 200 ] 200 | 200 | 200 200 |
S(m) 1000 0] 0] 0] 0 | 0 0 0 | 0 0
Table 5.15: MOON: Data generated= Contaminated Normal (n = 0, o1 = 1, pe =

0, oo = 8, p =0.1. The values for the lower bound of truncation of ™, i.e.,

= np,, where p, = 0.2.

lower bound

1, og =5, p = 0.3. The values for the lower bound of truncation of ™, i.e.,

= np, where p, = 0.2.

MSE ratios for the different estimates of m
n | BS1| BS2 | BS3| NB | BCo | BC1 | BC2 | UNBC1 | UNBC2
20 | 1.385 [ 1.283 | 1.214 | 1.234 | 1.267 | 1.388 | 1.353 1.371 1.404
50 | 1.126 | 1.112 | 1.084 | 1.089 | 1.063 | 1.126 | 1.153 1.102 1.118
100 [ 1.098 | 1.099 | 1.092 | 1.088 | 1.083 | 1.100 | 0.993 | ~ 1.089 0.990
| 500 [ 0.997 [ 0.995 | 0.997 | 0.996 | 1.001 | 0.996 | 1. 0451 0.995 [ 1.037
1000 | 0.993 | 0.989 | 0.974 [ 0.981 | 0. 978 [ 0.969 | 0.973 | 0.968 [  0.979
Mean and standard error of chosen m values
Stat n BS1L| BS2| BS3 NB | BCo| BC1| BC2 | UNBCL1 | UNBC2
m 20 4157 ] 4753 | 5811 5.828 6.721 | 4137 | 8.522 | 4.155 | 5.855
| SE(m) 20 0.024 ] 0.049 | 0.074] 0.078 ] 0.098 | 0.022 | 0.112 | 0.022 0.084
m | 50 ][ 10.093 | 10.651 | 11.978 | 12.013 [ 13.306 | 10.172 [ 12.009 | 10.838 [ 13.791 |
| SE(m) 50 0.028 0.067 0124 | 0129 [ 0.167 | 0.037 [ 0.141 |  0.057 | 0.171 |
7 | 100 ][ 20.044 | 20.343 [ 21.065 | 20.996 | 21.450 | 20.110 | 20.606 | 20.717 |  21.780 |
SE(m) | 100 || 0.026 0.068 0.119 | 0.116 [ 0.145 [ 0.031 [ 0.102 [ 0.072] 0.143 |
m | 500 100 | 100.013 | 100.123 | 100 [ 100 | 100 [ 100 100 | 100.002
' SE(m) | 500 0] 0013 0073 0] ol of 0 0/ 0.002
m ] 1000 | 200 | 200 [ 200.001 | 200 ] 200 | 200 200 ] 200 200 |
SE(m) | 1000 | 0] 0 0001 0] 0] 0| 0] 0 0|
Table 5.16: MOON: Data generated= Contaminated Normal py = 0, o7 = 1, pe =

lower bound
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r MSE ratios for the different estimates of m
( n | BS1 [ BS2 | BS3 NB | BCo | BC1 | BC2 | UNBC1 | UNBC2
20 | 1.090 | 1.063 | 1.061 | 1.057 | 1.073 | 1.098 | 1.105 1.094 1.118
50 | 1.112 | 1.104 | 1.099 | 1.091 | 1.097 | 1.103 | 0.998 1.096 0.988
100 | 1.024 | 1.023 | 1.025 | 1.026 | 1.025 | 1.028 | 0.960 | 1.029 0.962
500 | 0.986 | 0.985 | 0.992 | 0.990 | 0.990 [ 0.990 | 0.986 | 0.987 0.981
1000 | 0.950 | 0.948 | 0.946 | 0.949 | 0.953 0.947E.OB4L 0.949 1.028
Mean and standard error of chosen m values
Stat 7 BS1 BS2 | BS3 NBLBCO—L BCT BC2 [UNBCTLUNBCZ
m 20 | 4335 | 4.827] 5498 5.383 | 5.677 | 4.273 | 8.403 4.286 | 5.510
SE(7m) 20 0.036 | 0.064 | 0.071] 0.07] 0.078 | 0.032 [ 0.106 0.032 | 0.075
. 50 || 10.406 | 11.095 12 12.107@2.428—L10.525‘L11.787L IO.QZTL 12.467—|
SE(m) 50 0.064 | 0.098 0.130 [ 0.137 | 0.145 | 0.068 | 0.126 | 0.08TL 0.139 |
[ mUOO [ﬁ.362j 20.839 | 21.479 1&1.284 21.405 | 20.562 | 20.639 | 20.86.‘7L 21.03@
F‘E(m) | 100 || 0.086 0.121 0.155 D.143 0.146—L 0.0E)?L 0.100 | 0.115 | O.llﬂ
r mUoo 100 | 100.040 | 100.380 [ 100 100 100 100 100 | 100
| SE(m) | 500 0] 0040 0197 0 0] 0 0
L muooo } 200 | 200. 2ﬂ200 556 | 2001 20@ 2ﬂ 200 200 20@
| SE(m) 1000 ][ 0 0268 0242] 0] 0 0] 0 0 0 |

Table 5.17: MOON: Data generated= Contaminated Normal 3 = 0, o1 = 1, g =

2, oo = 8, p=0.5. The values for the lower bound of truncation of M, i.e.,

= np, where p, = 0.2.

lower bound

L MSE ratios for the different estimates of m
T [ BS1| BS2 | BS3| NB [ BCO0 | BC1L | BC2 [ UNBC1 | UNBC2 |
20 ] 1.190 | 1.189 [ 1.179 | 1.179 [ 1.185 | 1.191 | 1.111 1.192 1.140 |
50 | 1.089 | 1.088 | 1.089 | 1.089 | 1.086 | 1.088 | 1.135 1.086 |  1.128
100 [ 1.088 | 1.087 | 1.087 | 1.086 | 1.088 | 1.089 | 1.104 | ~ 1.088 |  1.102
500 | 1.063 | 1.002 | 1.001 | 1.000 | 0.999 | 1.001 [ 0.999 | ~ 0.999 |  1.001
1000 | 1.037 [ 1.038 | 1.037 | 1.039 | 1.036 | 1.036 | 1.0561 |  1.040 [  1.051
Mean and standard error of chosen m values
\ Stat n | BS1| BS2| BS3 | NB | BCO [ BC1 | BC2 | UNBCL | UNBC2 |
| 20 [ 1.319 | 1.765 [ 2.393 | 2.107 | 2.651 | 1.160 | 5.727 | 1.165 |  2.788 |
ﬁE(m—L 20 | 0.040 | 0.059 [ 0.079 [ 0.070 [ 0.087 [ 0.029 | 0.127 |  0.029 |  0.092 |
| 50 [[ 1.312 [ 1.800 | 2.438 [ 2.305 | 2.276 | 1.163 | 2.271 1.344 | 2.476
%E(mn 50 |/ 0.056 | 0.094 | 0.124 [ 0.119 [ 0.112 [ 0.040 | 0.124 | 0.050 0.117
7| 100 || 1.163 | 1.376 | 1.415 | 1.544 | 1.475 | 1.167 [ 1.460 | 1314 |  1.729 |
SE(m—L 100 || 0.057 [ 0.093 | 0.078 [ 0.106 [ 0.092 [ 0.067 [ 0.113 |  0.072 [  0.110 |
m | 500 5 | 5 | 5.001 | 5] 5 5] 5] 5 5
SE(m) | 500 0 0 | 0.001 0 | 0 0] 0] 0 0
m 1000 107 10 10 101 0] 10] 10[ 10 [ 10
SE(m) (1000 0] 0] 0] 0] 0 | 0] 0] 0] 0

Table 5.18: CMOON: Data generated= Double ezponential u = 0, o = /2. Based on ™
values that used p, = 0.1 as the lower bound of truncation, i.e., lower bound = np,, where
P = 0.1.
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[ MSE ratios for the different estimates of m
n| BS1 [ BS2 | BS3 | NB | BCo | BC1L | BC2 [ UNBCL | UNBC2
20 [ 1.308 | 1.306 | 1.406 | 1.251 [ 1.311 | 1.306 | 1.816 |  1.303 1.810
50 | 1.229 | 1.258 | 1.387 | 1.168 | 1.157 | 1.233 | 1.220 |  1.579 1.366
100 | 1.208 | 1.289 | 1.39 | 1.220 | 1.170 | 1.212 | 1.267 1.072 1.369
500 | 1.318 | 1.368 | 1.406 | 1.365 | 1.307 | 1.341 | 1.085 1.284 1.158
1000 | 1.128 [ 1.165 | 1.210 | 1.149 | 1.102 | 1.146 | 1.142 1.081 1.192
Mean and standard error of chosen m values
Stat | n ] BS1| BS2 BS3| NB]| BC0| BCi1]| BC2] UNBCL ]| UNBC2
m | 20 ]| 1513 ] 2.931 | 4921 | 5447 | 3040 | 1480 1.314 1.596 1.245
| SE(m) 20 [ 0.050 | 0.090 | 0.11G ] 0.129 | 0.124 | 0.047 [ 0.044 0.049 0.038
| 50| 2468 ] 7.484] 13.909 | 17.670 | 28.614 | 2.845 | 22.062 9.913 27.490
SE(m) 50 | 0.125 | 0237 | 0.300 | 0.339 ] 0.396 | 0.141 [ 0.419 0.174 0.410
|  /m ] 100 || 3.549 | 13.658 | 28.525 | 33.176 | 58.610 | 5.449 | 37.975 41.347 |  55.722 |
[ SE(m) ] 100 ]| 0214 ] 0418 [ 0572 0.606 [ 0.663 | 0.296 | 0.823 0.380 [  0.762 |
7 | 500 || 8476 | 34151 | 76.233 | 60.543 | 101.845 | 18.014 | 140.185 | 235.073 | 185.458 |
SE(m) | 500 || 0457 | 1.169 | 1.800 | 1.015 | 1.624 | 0563 | 3.791 |  2.862 2.992 |
7 | 1000 [ 13.371 | 55.649 | 121.374 | 83.446 [ 140.445 | 39.166 | 242.736 | 371.395 [ 274.131
SE(m) | 1000 || 0.571 | 2.170 | 3.178 | 1574 | 2.795 | 1.638 | 7.231 5.907 5.187

Table 5.19: CMOON: Data generated= F(8,5). Based on 1 values that used p, = 0.1 as
the lower bound of truncation, i.e., lower bound = np, where p, = 0.1.

MSE ratios for the different estimates of m

n L BS1 | BS2 | BS3 NB BCTLBCIj BC2 LUNBCIENBCQ
20 L0.942—L0.935 0.935 | 0.941 O.QELO.QBZ 0.941 L 0.939L 0.93?\
50 LO.QSOﬁ 0.981 [ 0.980 | 0.981 | 0.982 | 0.979 | 0.993 0.9827 0.988 |
100 | 1.043 | 1.044 1.04@.048 1.047 | 1.046 | 1.011 1.0487 1.008
500 | 1.010 | 1.010 | 1.011 [ 1.010 | 1.009 | 1.012 | 0.986 l.OllL 0.983
1000 | 1.006 | 1.006 | 1.006 | 1.004 1.0@1.003 1.040 L 1.0047 1.04@
Mean and standard error of chosen m values
Stat n]| BS1] BS2| BS3|] NB| BC0O| BCl| BC2]| UNBC1 | UNBC2
| Tﬂ 20 { 1.485 ( 1.6@5—L I.SZTL 1.698 1.494 | 1.285 4,111 | 1.326 | 1.778
LSE(T_YL) L 20 L0.049 \ 0.0W 0.0GTL0.0SQ 0.0507 0.037 | 0.114 0.039 0.06ﬂ
™ 50 1.962 2.2—67—L 2.406 2.603 1.934 | 1.581 3.353 1.906 2.188
EE(m) 50 [ 0107 | 0.121 | 0.180 | 0.138 | 0.108 | 0.083 | 0.166 0.103 0.120
m | 100 2.470 3.156 3.449 3.725 2.133 | 2.367 | 3.325 [ 2.790 2.571
SE(m) 100 0.182 0.226 0.235 | 0.252 | 0.159 0.182 0.229 | 0.205 0.191
L m | 500 9.920 8.7@10.305 10.605—|;7.670 8.556 | S.QWL 8.833 | 8.91ﬂ
L—SE(TTL) 500 0.801 0.674=5—L 0.795 0.80ﬂ0.554 0.683 | O.7m 0.715 | O.715ﬂ
T‘rTLlOOO 15.331 | 15.713 | 15.669 17.633'—|13.485T16.182 \ 1&6@ 16.361 | 13.64ﬂ
SE(m) | 1000 1.144 1.185 1.171 1.35&0.911u295 [ O‘QWL 1.315 | 0.94@

Table 5.20: CMOON: Data generated= Standard Normal. Based on 7h values that used
pn = 0.1 as the lower bound of truncation, i.e., lower bound = np, where p, = 0.1.
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MSE ratios for the different estimates of m
n| BS1]| BS2 ] BS3| NB | BC0 ] BC1 | BC2 [ UNBC1 | UNBC2
20 [ 1.469 | 1.45 ] 1.417 | 1.383 | 1.432 | 1.463 | 1.409 1.469 1.419
50 | 1.279 | 1.309 | 1.316 | 1.291 | 1.245 | 1.276 | 1.221 1.409 1.188
100 [ 1.152 [ 1.180 | 1.194 | 1.185 [ 1.171 | 1.153 [ 1.175 1184 1.162
500 | 1.114 | 1.116 | 1.116 | 1.114 | 1.116 | 1.116 | 1.125 1.116 1.125
1000 | 1.073 | 1.074 | 1.073 [ 1. 071 073 | 1. oﬂl 047—| 1. oﬁ 1.046 |
Mean and standard error of chosen m values
' Stat[ =] BS1| BS2| BS3 NB | BCo| BC1]| BC2 | UNBC1 | UNBC2
| m | 20 11051408 | 2453 | 3.769 | 5233 | 1.130 | 3.896 1.161 2.222
SE(m) | 20 0.021  0.043 | 0.074 | 0.107 | 0.134 [ 0.025 | 0.115 0.028 | 0.078 |
{ m | 50 1.038 [ 1.402 | 3.096 | 3.953 | 9.626 | 2.280 [ 14.806 |  4.324 | 9.191
[ SE(m) ] 501 0.023[0.049 | 0.120 | 0.161 | 0.289 [ 0.132 [ 0.382 [  0.124 0.298
m | 100 [ 1.005 | 1.393 | 2.818 | 2.807 | 5.823 | 3.952 | 15.895 [ 10.653 | 13.232
SE(r) | 100 || 0.002 [ 0.047 | 0.138 ] 0.138 | 0.277 | 0.286 | 0.601 |  0.365 |  0.487
\ m | 500 55.013 ] 5.080 | 5.071 | 5.086 | 5.009 [ 5.006 [ 5.230 | 5.302 |
| SE(m) | 500 00010 0.017 ] 0.020 | 0.024 | 0.007 | 0.003 | 0.046 |  0.054 |
[ m ] 1000 10 | 10 [ 10.005 | 10.004 | 10.004 10 10 [ 10.010 10.010
[ SE(m) | 1000 0] 0] 0.003] 0.003] 0.003 0 0] 0.007 0.004

Table 5.21: CMOON: Data generated= Contaminated Normal p3 = 0, o1 = 1, U

0, o9 =8, p=0.1. Based on 7h values that used p, = 0.1 as the lower bound of truncation,
i.e., lower bound = npn, where p, = 0.1.

L MSE ratios for the different estimates of m ]
| n] BSI| BS2] BS3| NB ]| BCO0 | BCl | BC2 | UNBC1 | UNBC2
| 20112521216 1.213 | 1.221 | 1.231 | 1.247 | 1.296 1.249 1.335
| 50 [1.145]1.125 [ 1.105 [ 1.102 | 1.098 | 1.142 | 1.143 1.128 1.114
| 100 [ 1.078 | 1.070 | 1.064 [ 1.064 | 1.062 | 1.077 | 1.071 1.067 1.057 |
500 | 0.989 | 0.987 | 0.984 | 0.983 ] 0.982 | 0.981 | 1.013 0.981 1.010 |
1000 | 0.986 [ 0.986 | 0.985 [ 0.987 | 0.986 u84 Lo 969—L 0.984 0.969 |
Mean and standard error of chosen m values
StatL n| BS1|[ BS2| BS3| NB | BC0]| BC1l ]| BC2 | UNBC1 | UNBC2 |
20 || 1.149 | 1.802 | 2475 | 2.585 | 3.741 | 1.096 | 5.610 1.113 2.912 |
SE(m) 20 [ 0.026 | 0.061 [ 0.078 | 0.083 | 01—Lo 020L130 | 0.020 0.096 |
[ /] B50] 1073 1791 [ 3.081 | 3.002 | 4.455 [ 1.185 | 3.190 1.749 |  5.440 |
EE(mLE)O [ 0.022 [ 0.085 | 0.145 | 0.140 | 0.191 [ 0.045 | 0.161 0.057 0.208
100 || 1.060 [ 1.509 | 2.429 [ 2.185 | 2.611 [ 1.144 [ 1.545 1.842 2.655
SE(m) 100 [ 0.034 [ 0.087 | 0.154 [ 0.131 | 0.159 | 0.033 [ 0.098 0.070 |  0.128
. m ] 500 5]5.001 [ 5.100 | 5.010 [ 5.010 [ 5.002 | 5.015 | 5.014 [  5.041
' SE(m) [ 500 0 [ 0.001 [ 0.024 | 0.003 ] 0.003 | 0.001 | 0.004 | 0.004 |  0.008
7 | 1000 10 10 [ 10.127 | 10.001 | 10.001 10 10 [ 10.001 10.001 |
SE(m) | 1000 0 0 0.055 | 0.001 0 0 0] 0.001 0.001 |

Table 5.22: CMOON: Data generated= Contaminated Normal pp = 0, o1 = 1, pp =

1, o3 =5, p=0.3. Based on 7 values that used pn,

i.e., lower bound = np, where p, = 0.1.

0.1 as the lower bound of truncation,
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MSE ratios for the different estimates of m T
n | BS1 | BS2 | BS3 NB | BC0 | BC1 | BC2 | UNBC1 | UNBC2
20 | 1.305 | 1.288 | 1.269 | 1.275 | 1.304 | 1.291 | 1.227 1.282 1.284
50 | 1.164 | 1.148 | 1.129 | 1.135 | 1.132 | 1.136 | 1.118 1.129 1.109
100 | 1.177 | 1.155 | 1.139 | 1.140 | 1.139 | 1.160 | 1.075 1.143 1.063
500 | 0.978 | 0.977 | 0.979 | 0.980 | 0.980 | 0.975 | 0.972 0.977 0.97(ﬂ
1000 | 1.001 | 0.997 | 1.001 | 0.997 | 1.000 | 1.000 | 1.026 1.000 1.022—]
Mean and standard error of chosen m values
. Stat| n | BS1| BS2| BS3| NB | BCO | BC1 | BC2 | UNBCI1 | UNBC2
) 20 | 1.228 | 1.788 | 2.366 | 2.267 | 2.657 | 1.250 | 5.401 | 1.262 2.540
SE(m) | 20 || 0.032 | 0.062 | 0.076 [ 0.076 | 0.088 | 0.035 | 0.125 0.035 0.085
m 50 || 1.411 | 2.170 | 3.037 | 3.112 | 3.725 | 1.499 | 2.594 1.841 3.219
SE(m) 50 || 0.070 | 0.112 | 0.147 | 0.150 | 0.174 | 0.074 | 0.128 0.085 0.143
m | 100 || 1.134 | 1.956 | 2.826 | 2.535 | 2.806 | 1.643 | 1.705 | 2.039 | 2.190
I SE(m) | 100 || 0.040 | 0.138 | 0.184 [ 0.161 | 0.177 | 0.113 | 0.102 | 0.125 | ~ 0.127
7, | 500 | 5.001 | 5.231 | 5.606 | 5.030 | 5.02. | 5.015 | 5.008 5.026 5.015
SE(n) 500 || 0.001 | 0.171 | 0.246 | 0.007 | 0.007 | 0.004 | 0.003 0.006 0.004
m | 1000 || 10 [ 10.061 | 10.924 10 10 10 10 10 10
['SE(TT%) | 1000 0] 0034] 0461] 0] 0 o0, 0 0 0
Table 5.23: CMOON: Data generated= Contaminated Normal 1 = 0, o1 = 1, pg =
2, oo = 8, p=0.5. Based on 1 values that used p, = 0.1 as the lower bound of truncation,
i.e., lower bound = np, where p, = 0.1.
\ MSE ratios for the different estimates of m
[ n| BS1 ]| BS2 | BS3 | NB | BCO BC1 | BC2 | UNBC1 | UNBC2
}7 20 ] 1.190 | 1.189 | 1.179 | 1.179 | 1.185 | 1.191 | 1.076 | 1.192 1.104
50 | 1.089 | 1.083 | 1.079 | 1.080 | 1.076 | 1.088 | 1.059 1.086 1.053
uOO 1.088 | 1.087 | 1.087 | 1.086 | 1.088 | 1.089 | 1.039 1.088 1.035ﬂ
500 | 1.043 | 1.042 | 1.041 | 1.040 | 1.040 | 1.041 | 1.001 0.999 l.OOﬂ
| 1000 [ 1.037 | 1.038 | 1.037 | 1.039 | 1.036 | 1.036 | 0.991 1.040 | 0.991 |
Mean and standard error of chosen m values
Stat n| BS1 | BS2 | BS3 | NB | BCo | BC1 | BC2 | UNBC1 UNBCﬂ
) 20 || 1.443 | 1.703 | 2.244 | 2.096 | 2.761 | 1.153 | 6.277 1.143 3.08@
ﬁS‘E(m) 20 || 0.046 [ 0.056 | 0.074 -0.071 | 0.090 | 0.027 | 0.132 0.026 0.098 |
! m | 50 [ 2.323 | 2.781 | 3.089 | 3.207 | 3.266 | 2.227 [ 3.388 | 2.309 3.404
@E(mﬂ 50 0.0GIW 0.098 | 0.108 | 0.117 | 0.115 r0.055 0.136 | 0.059 O.lQﬂ
m 100 || 4.162 | 4.429 | 4.524 | 4.369 | 4.350 ] 4.055 | 4.525 ’ 4.1067 4.646"
SE() 100 | 0.066 | 0.103 | 0.108 | 0.090 | 0.088 | 0.028 | 0.124 | 0.038 | 0.126 |
m | 500 20 20 20 20 20 20] 20 20 | 20
SE(m) 500 0 0 0 0 0 0 0 0 | 0
| 1000 40| 40 40 40 40 [ 40 40 | 40 | 40
SE(im) | 1000 0| 0 0 | 0 0 0 0 | 0 | 0

Table 5.24: CMOON: Data generated= Double ezponential p =0, o = V2. Based on 1
values that used p, = 0.2 as the lower bound of truncation, i.e., lower bound = np, where

Pn = 0.2.
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MSE ratios for the different estimates of m

n| BS1| BS2 ] BS3] NB ]| BC0 | BCl1 | BC2 | UNBC1 | UNBC2

20 | 1.569 | 1.554 | 1.586 | 1.465 | 1.570 | 1.572 | 1.495 1.573 1.496

50 | 1.344 | 1.348 | 1.433 | 1.261 | 1.262 | 1.351 | 1.052 1.593 1.290

100 | 1.310 | 1.313 | 1.375 | 1.208 | 1.175 | 1.312 | 0.996 1.047 1.170

500 | 1.316 | 1.317 | 1.337 | 1.263 | 1.212 | 1.322 | 0.996 1.196 1.138

1000 | 1.322 | 1.322 | 1.335 | 1.316 | 1.264 | 1.326 | 0.991 1.243 1.107

Mean and standard error of chosen m values
Stat n] BS1I]| BS2| BS3 NB BCO | BC1 BC2 | UNBC1 | UNBC2
7 20 1.533 2.688 | 4.748 5.601 4.035 1.529 1.380 1.642 1.297
SE(m) 20 0.051 0.084 0.116 0.131 0.126 0.050 0.048 0.052 0.041
M 50 3.32@ 7.747 | 14.376 | 17.908 28.470 3.929 22.992 10.181 27.965
{ SE () 50 0.12?] 0.229 0.296 0.338 0.391 0.149 | 0411 0.184 0.404
0 100 5.835 | 14.488 28.531 | 33.147 | 57.841 8.030 39.481 42.005 55.915
SE(m) 100 0.196 0.426 0.564 | 0.608 0.653 0.290 0.808 0.391 0.739
7 | 500 || 21.413 | 37.403 82.043 | 63.078 | 104.035 | 29.186 | 148.530 | 235.703 186.367
SE(m) 500 0.359 1.088 1.917 1.071 1.661 0.536 3.726 2.864 2.879
| 1000 || 41.989 | 61.655 | 130.612 | 88.172 | 135.583 L58.232 [239.998 356.878 \J92.074 \
SE(m) | 1000 [ 0.601 1.722 3.427 | 1.381 2.666 L 1.511 [ 6.874 5.795 L 5.245 {

Table 5.25: CMOON: Data generated= F(8,5). Based on 7 values that used p, = 0.2 as
the lower bound of truncation, i.e., lower bound = np, where v, = 0.2.

’7 MSE ratios for the different estimates of m
[ n] BS1] BS2| BS3| NB | BCO | BC1 | BC2 | UNBC1 | UNBC2
[ 20 | 0.975 | 0.972 | 0.976 | 0.974 | 0.975 | 0.978 | 0.971 0.980 0.973
50 | 0.983 | 0.981 | 0.982 | 0.984 | 0.984 | 0.981 | 1.010 0.983 1.010 \
100 | 1.000 | 0.997 | 0.997 | 0.996 | 0.995 | 0.996 | 0.978 0.997 0.981
500 | 0.973 | 0.972 | 0.975 | 0.971 | 0.971 | 0.973 | 1.003 |  0.974 1.000 |
1000—| 0.9817 0‘984W 0.986 | 0.982 O.98LLO.98O \ 1.018 L 0.982 1.0&]

Mean and standard error of chosen m values
Stat n]] BS1]| BS2| BS3 NB | BCO| BCl| BC2 | UNBCL | UNBC2
m | 20| 1.441] 1.690 [ 1.793 | 1.715 | 1450 | 1.294 | 4.141 1.335 1.969
| SE(m 20 | 0.046 | 0.058 | 0.062 | 0.060 | 0.047 [ 0.038 | 0.114 0.040 0.069
7 | 50| 2.822 ] 3.137 ] 3.48 | 3.706 | 2.830 | 2.581 | 4.201 2.979 3.109
| SE(m) | 50 0097 | 0116 | 0134 | 0.146 | 0.101 | 0.083 | 0.159 0.107 0.114
7n | 100 ]| 5.800 [ 5.568 | 6.101 | 6.268 [ 5.175 | 5.124 | 6.022 5.501 5.446
SE(m) | 100 | 0220 0.190 | 0.225 | 0.235 | 0.168 | 0.170 | 0.221 0.196 0.187
| 7n | 500 [| 24.058 | 24.723 | 25.245 | 25.804 | 22.906 | 23.848 | 22.163 | 24.239 [  22.150 |
| SE(m) | 500 | 0.725 [ 0.751 | 0.821 | 0.854 | 0.613 | 0.701 | 0.498 | 0.744 | 0.499 |
7 | 1000 || 43.913 | 46.556 | 44.404 | 45.476 | 42.241 | 42.742 | 46.101 42.853 46.082
SE(rn) | 1000 || 0.950 [ 1.326 | 1.044 | 1.146 | 0.772 | 0.787 | 1.237 0.803 1.241

Table 5.26: CMOON: Data generated= Standard Normal. Based on ™ wvalues that used
pp, = 0.2 as the lower bound of truncation, i.e., lower bound = np, where p, = 0.2.
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[ MSE ratios for the different estimates of m v \
n] BS1] BS2| BS3| NB | BCO0 | BC1 | BC2 | UNBC1 | UNBC2
20 | 1.439 | 1.427 | 1.407 | 1.368 | 1.393 | 1.445 | 1.367 1.440 1.372
50 | 1.384 | 1.371 | 1.360 | 1.333 | 1.281 | 1.382 | 1.306 1.434 1.246
100 | 1.234 | 1.222 | 1.206 | 1.198 | 1.175 | 1.231 | 1.272 1.176 1.209
500 | 1.092 | 1.091 | 1.091 | 1.094 | 1.094 | 1.09 | 1.072 1.092 1.074
| 1000 | 1.022 | 1.025 | 1.024 | 1.025 | 1.025 | 1.024 | 1.002 1.024 1.003 |
Mean and standard error of chosen m values
Stat n || BS1L | BS2 BS3 | NB | BCO | BC1| BC2 | UNBC1 | UNBC2
m 20 || 1.128 | 1.480 | 2.229 | 3.719 | 5.492 | 1.072 | 3.687 1.089 2.184
| SE(m) 20 ] 0.025 | 0.048 | 0.068 | 0.106 | 0.138 | 0.019 | 0.110 0.020 0.077
T 50 | 2.092 | 2.302 | 3.659 | 4.653 | 10.084 | 3.367 | 15.093 4.667 10.149
| SE(m) 50 [| 0.034 | 0.046 | 0.113 | 0.157 | 0.281 | 0.137 | 0.371 0.116 0.298
L 7m | 100 || 4.001 [ 4200 | 5.512 | 5.430 | 8.246 | 6.647 | 18.009 11.937 15.572
| SE(/m) | 100 [ 0.001 | 0.039 | 0.153 [ 0.139 | 0.269 | 0.272 | 0.577 0.339 0.492
m | 500 20 20 | 20.003 20 20 | 20 ] 20.160 20.031 |  20.058
SE(m) | 500 0 0 | 0.003 0 0 0| 0.160 0.011 0.019
7 | 1000 40] 40 40 40 40 40 40 40 | 40 |
| SE(m) | 1000 o] 0 0 0 0 0 0 0] 0|

Table 5.27: CMOON: Data generated= Contaminated Normal up = 0, o1 = 1, ug

0, 0o = 8, p=0.1. Based on 1h values that used p, = 0.2 as the lower bound of truncation,
i.e., lower bound = np, where p, = 0.2.

MSE ratios for the different estimates of m

|
| n ] BSIL]| BS2

BS3 | NB | BCO | BC1 [ BC2 | UNBC1 | UNBC2
| 20| 1.269 | 1.244 | 1.221 | 1.227 | 1.235 [ 1.257 | 1.269 1.257 1.295
50 [ 1.181 | 1.166 | 1.135 | 1.134 | 1.122 | 1.179 | 1.198 1.159 1.169
100 | 1.145 | 1.137 | 1.120 | 1.129 | 1.124 | 1.142 | 1.032 1.131 1.023 |
500 | 1.002 | 1.004 | 1.001 | 1.002 | 1.003 | 1.006 | 1.053 1.003 1.050 |
1000 [ 0.976 [ 0.979 | 0.978 | 0.974 [ 0.977 [ 0.975 | 0.981 0.974 0.981 |
Mean and standard error of chosen m values
Stat n]| BS1]| BS2| BS3| NB ]| BCO0 | BC1]| BC2 | UNBC1 | UNBC2
| | 20 1.148 | 1.659 | 2.656 | 2.765 | 3.855 | 1.127 | 5.606 1.129 2.932
| SE(m) | 20 | 0.027 ] 0.053 | 0.082 | 0.088 | 0.113 | 0.024 | 0.131 0.024 0.096
m | 501 2.083] 2.535 | 3.794 | 3.878 | 5.214 | 2.150 | 4.071 2.542 | 5.567
| SE(m) | 50 [ 0.029 [ 0.069 | 0.135 | 0.141 | 0.187 | 0.038 | 0.161 0.053 |  0.188
7 | 100 [ 4.038 | 4.277 | 4.865 | 4.811 | 5.233 | 4.073 | 4.558 4.449 5.353
| SE(m) | 100 [ 0.025 | 0.071 ] 0.122 | 0.120 [ 0.154 | 0.026 | 0.111 0.057 0.139
m [ 500 20 | 20.006 | 20.081 20 20 20 20 20 20.001
SE(in) | 500 0] 0.006  0.055 0 0 0 0 0 0.001
m | 1000 40 40 | 40.001 40 40] 40 40 | 40 40
SE(m) | 1000 0 0] 0.001 0] 0] 0 0 | 0 0

Table 5.28: CMOON: Data generated= Contaminated Normal py = 0, o1 = 1, peo

1, oo =5, p=0.3. Based on 7 values that used p, = 0.2 as the lower bound of truncation,
i.e., lower bound = np, where p, = 0.2.
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[ MSE ratios for the different estimates of m ]
n | BS1 | BS2 | BS3 NB | BC0O | BC1 | BC2 | UNBC1 | UNBC2
20 | 1.243 | 1.224 | 1.214 | 1.212 | 1.240 | 1.241 | 1.208 1.236 1.269
50 | 1.202 | 1.185 | 1.166 | 1.163 | 1.169 | 1.194 | 1.061 1.171 1.051
100 | 1.042 | 1.036 | 1.034 | 1.033 | 1.031 | 1.039 | 0.97 1.036 0.968
500 | 0.995 | 0.993 | 0.994 | 0.995 | 0.994 | 0.995 | 0.988 |  0.996 | 0.986
1000 | 0.955 | 0.953 | 0.952 | 0.955 [ 0.956 [ 0.954 | 1.036 |  0.052 [  1.038 |

Mean and standard error of chosen m values

Stat n] BS1| BS2| BS3| NB | BC0 | BC1 | BC2 | UNBCI1 | UNBC2

m | 20 ) 1.329 [ 1774 | 2.418 [ 2.348 | 2.677 | 1.259 | 5.283 1.258 | 2.526
SE(m) | 20 ) 0.041] 0.060 | 0.079 | 0.079 | 0.088 | 0.035 | 0.124 0.034 0.085
| m | 50[2414] 3042 ] 3.892 [ 4.050 | 4.351 | 2.493 | 3.728 2.779 4.269
| SE(m) | 50 | 0.073 | 0.108 | 0.144 | 0.154 | 0.162 | 0.074 | 0.141 |  0.086 |  0.152
m | 100 | 4369 [ 4.779 | 5.331 | 5.141 | 5.223 [ 4.505 [ 4.557 [ 4748 |  4.809

| SE(m) | 100 [[ 0.097 [ 0.131 [ 0.169 [ 0.155 | 0.156 [ 0.102 | 0.110 [  0.122 |  0.11I8

|
|
[ 2
|

T m | 500 20 | 20.026 | 20.385 | 20| 20| 20| 20 20] 20|
[ SE(m) | 500 0| 0.026 | 0.229 0 0 0] 0] 0] 0]
[ m | 1000 40 [ 40.335 [ 40.399 | 40| 40| 40| 40| 40 40
SE(m) | 1000 0 0.320 | 0.195 0 0 0 0 0 0

Table 5.29: CMOON: Data generated= Contaminated Normal py = 0, o1 = 1, ps =
2, o5 = 8, p=0.5. Based on 1 values that used p, = 0.2 as the lower bound of truncation,
i.e., lower bound = np, where p, = 0.2

5.7.1. Conclusions drawn from the tables

The conclusions drawn from the tables will be broken down into two sections; the first section deals
with the performance of the MOON estimators, and the second section deals with the performance
of the CMOON estimators. We make conclusions concerning the classes of distributions used and
comment on the overall performance of the estimators. An indication of which ones performed the
best will also be given.

* When we consider the statistic ¢ (gbmg,l) for the MOON estimators in Tables 5.6 to 5.17 we
find that the performance of the estimators is very good (i.e., producing values larger than
1) for small to moderate sample sizes, and that it converges to 1 as the sample size becomes
larger. However, the tendency differs for the various distributions considered. When we
categorise the distributions according to general properties we find the following:

~— Symmetric, heavy-tailed distributions: The distributions that are symmetric and
heavy-tailed include the double exponential distribution and the unimodal contaminated
normal distribution (displayed in Tables 5.6, 5.12, 5.9 and 5.15). These distributions
show massive improvements over the sample mean when estimating the population mean
for small sample sizes (in Table 5.9, we find that the maximum recorded improvement
is 362% for small sample sizes!). It is clear from these tables that the choice of a smaller
truncation lower bound produces better results for small to moderate sample sizes.
For the double exponential distribution in Tables 5.6 and 5.12 one would be hard pressed
to choose which estimators perform the best (although in Table 5.12 we see that BC2
and UNBC2 have rather poorer performances than the other estimators). When we
consider the symmetric contaminated normal distribution in Tables 5.9 and 5.15 we
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find that BS1, BC1 and UNBC2 have very good performance relative to the other
estimators.

— Heavily skewed, heavy-tailed distributions: The only distribution we considered

that is both heavily skewed and heavy-tailed is the F' distribution (found in Tables 5.7
and 5.13). The estimators applied to this distribution improved on the performance of
the sample mean by up to 134% for small to moderate sample sizes. For this distribution
we obtain better performance by choosing a larger truncation lower bound.
Deciding which estimator performs best in Table 5.13 is rather difficult since they mostly
all have the same performance (except INB which performs slightly less well). In Table
5.7, on the other hand, three estimators stand out as being better than the rest, viz.,
BS2, BS3 and UNBC1.

— Bimodal, heavy-tailed distributions: The distributions we considered that are bi-

modal and heavy-tailed include the contaminated normal distribution with p; ¢ ug
(found in Tables 5.10, 5.16, 5.11, and 5.17). For these distributions we obtain results
which exceeded the performance of the sample mean by more than 80% in some cases
(see for example the n = 20 row of Table 5.10). In this instance we obtained better
results with the smaller truncation lower bound, i.e., p, = 0.1.
For pp = 0.2 (i.e., Tables 5.16 and 5.17) all of the estimators work roughly equally well
for these chstnbutlons For p, = 0.1 in Table 5.11 we also find that the estimators have
equal performance, but in Table 5.10 we find that BS1, BC1 and UNBC2 all have
slightly better performance than the others.

— Standard normal distribution: The results for the standard normal distribution are
displayed in Tables 5.8 and 5.14. Since the sample mean is admissible as an estimator
for the mean of a normal distribution we can not expect to see any improvement over
the sample mean in this case. However, the estimators using the various choices of m
for this distribution routinely achieve at least 91% of the performance of the sample
mean when the truncation lower bound is taken as p, = 0.1, and at least 96% when
the truncation lower bound is taken as p, = 0.2. We can also see that the estimators
improve as the sample size increases.

As one might expect, all of the estimators perform equally well for this distribution (for
n = 0.1 and p, = 0.2).

In general, we see a marked improvement over the sample mean when the underlying data
has heavier tails. This improvement is most acute when working with small to moderate
sample sizes, but is less impressive when one has larger samples (except in the case of the F*
distribution where we still see improvements of up to 40% for samples as large as 1000).

In most cases the data-dependent choices of m are very close to the truncation lower bound
(i-e., npn where p, = 0.1 or p, = 0.2) as the sample size becomes larger.

+ When we consider the statistic ¢ (ébmg,g) for the CMOON estimators in Tables 5.18 to 5.29
we can make similar conclusions to those made concerning the MOON estimators. Once
again the estimators are found to perform very well for small to moderate sample sizes, but
the results are not as impressive as those observed in the MOON estimators’ results. The
tendency of the estimators’ performance is that, as the sample size increases, the performance
starts to match the performance of the sample mean. When we categorise the distributions
according to general properties we find that we can make the following conclusions:

— Symmetric, heavy-tailed distributions: As before, the distributions that are sym-
metric and heavy-tailed include the double exponential distribution and the unimodal
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contaminated normal distribution (found in Tables 5.18, 5.24, 5.21 and 5.27). The ta-
bles for these distributions show nearly equivalent behaviour of the performance of the
estimators for both choices of the truncation lower bound. For the contaminated normal
distribution we obtain performance up to 46% better than the sample mean, and for the
double exponential we get an improvement of up to 19%.

All of the estimators seem to perform equally well for these distributions (for p, = 0.1
and p, = 0.2).

— Heavily skewed, heavy-tailed distributions: The F' distribution (found in Tables

5.19 and 5.25), also shows a significant increase in performance over the sample mean.
However, the improvement in this case was not restricted to small sample sizes, because
we can clearly see that even large sample sizes display an improvement between 8%
and 21%, depending on the statistic when p, = 0.1. For p, = 0.2 we find that the
performance of the estimators is better still.
This distribution is an exception among the CMOON estimators, because it is the only
one where different estimators have significantly different performance. We see in Table
5.19 that the estimator BC2 and UNBC2 have a slight advantage over the other
estimators for small sample sizes. However, in Table 5.25, we find that no estimators
stand out among the rest.

— Bimodal, heavy-tailed distributions: Bimodal and heavy-tailed distributions (found
in Tables 5.22, 5.28, 5.23, and 5.29) also show that the estimators perform better than
the sample mean when estimating the population mean (up to 30% or more in some
cases). The choice of the truncation lower bound p, does not seem to significantly affect
the results for these distributions.

The estimators all perform almost equally well.:

— Standard normal distribution: The results related to the standard normal distri-
bution are displayed in Tables 5.8 and 5.14. Again, we do not expect to see any im-
provement over the sample mean for the standard normal distribution. Most results
were found to be within 7% of the performance of the population mean (we obtained
slightly better results with a larger truncation lower bound). An interesting result was
that the convergence of the estimators’ performance to the performance of the sample
mean happened very quickly (i.e., for smaller samples than other distributions).

As before, all of the estimators perform equally well for this distribution (for p, = 0.1
and p, = 0.2).

In general, we see that these estimators perform not nearly as well as the MOON estimators,
but the choice of truncation lower bound does not seem to be as critical as it is for the MOON
estimators.

The choice of which estimator performs best in the CMOON context is much more difficult
because it would appear that they all perform equally well across the distributions. However,
this may be attributed to the fact that most of them choose very similar resample sizes.

Remarks:

1. It is difficult to choose a single estimator which performs well in all of the situations consid-
ered, but, if a choice has to be made, then it would be fair to choose the following estimators
from the three classes of estimators:

x For the BS class of estimators one would prefer to use the BS1 estimator.
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* For the BC class of estimators we can see that the BC1 estimator performs well for all
of the situations considered.

* For the UNBC class of estimators one would most likely choose to use UNBC2 based
on the results provided.

The INB estimator, while not bad, seems to have the worst performance relative to the other
estimators. This is mot surprising since it was based on a naive estimation of products of
population moments.

The relatively small resample sizes obtained for the MOON and CMOON estimators are
similar to the findings of Chung and Lee (2001) (recall that the CMOON estimator for m is
closely related to the estimator proposed by Chung and Lee (2001) for the estimation of the
resample size used to determine a bootstrap confidence bound). If one calculates the estimated
resample size for the confidence bound that they propose, one can easily see that it chooses
very small m values when we work with the mean. See the example on page 281 of Chung
and Lee (2001) where they determine a 95% upper confidence bound for the population mean
using the formula given on page 229. Unfortunately, this estimator for the resample size is
shown to be independent of the sample data. The resample size is then given by

X 1—22\? 1—1.645% \°
= [“ (m) J = {” (m = 10-07n].

This choice, while much smaller than the choices given in the above tables, indicates that one
might expect to find very small values of m when working with the mean.

At the request of a referee, the computational time of the m-out-of-n bootstrap procedures
required to calculate the estimator are given in Table 5.830. The table also shows the time
taken to calculate the choice of the data-dependent resample sizes.

n m=n | BS1 | BS2 | BSs | NB | BCO | BC1 | BC2 | UNBCL | UNBC? |
20 CPU time j j j
for 7hy,x <0.01 | 0.25 | 0.26 | 0.27 | <0.01 | <0.01 0.01 0.01 <0.01 0.01
CPU time
for gbrag,l 0.05 0.04 | 0.04 | 0.05 0.04 0.04 0.04 0.05 0.04 0.04
50 CPU time
for ™, x <0.01 | 0.27 | 0.28 | 0.29 | <0.01 | <0.01 | <0.01 | 0.02 <0.01 0.01
CPU time )
for ébrag,l 0.05 0.04 | 0.04 | 0.05 0.06 0.05 0.04 LO 04 1 0.05
100 | CPU time L L 1 1
for thy,x <0.01 | 0.31 | 0.31 | 0.33 | <0.01 | <0.01 | <0.01 | 0.02 <0.01 0.01
CPU time 1 W
for Bprag. r 0.07 | 0.05 / 0.05 o.oﬂ 0.05 | 005 | 0.05 L 0.04 0.05
1000 | CPU time T [ } L } W 1
| for M1 x <0.01 | 0.42 | 0.59 | 0.75 0.01 <0.01 0.01 0.05 0.03
CPU time
B [ for Borag,t } 0.26 | 0.07 [ 0.06 1 0.06 L 0.07 uoe 0.06 J 0.06

Table 5.30: Computational time (given in seconds) taken to calculate the resample
size Thy, x, and the corresponding estimator ébmg,l.

All calculations were performed in R version 2.4.1 using a 1.7 GHz Intel Centrino processor.
The number of bootstrap replications chosen for this table is B = 1000. '
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We can see from this table that the computational times required to calculate the statistic
gbmg,l Jor sample sizes n = 20 to n = 100 are not substantially different for the traditional
and m-out-of-n bootstrap procedures. However, if one considers the time taken to calculate
the resample size ™hy x, then the procedures used to obtain i x through the bootstrap (i.e.,
BS1, BS2, and BS8) perform slower than the traditional bootstrap (although, to be fair, all
of the procedures run in less than a second).

The m-out-of-n bootstrap procedures that determine the resample size hy x using the sample
moment calculations (i.e., NB, BC0O, BC1, BC2, UNBC1 and UNBC2) proved to be able
to calculate both the choice of ™y x and the estimator Oprag,1 in Toughly the same amount of
time as the traditional bootstrap for the sample sizes n = 20 to n = 100, and they actually
perform better than the traditional bootstrap for larger samples (n = 1000). This is possibly
due to the fact that these procedures are able to select the resample size using elementary
calculations that do not require iterations, and because the bootstrap calculation of gbng 18
based on fewer observations.

For practical purposes we see that even for samples as large as n = 1000, the m-out-of-n
bootstrap procedures for calculating the estimated icsample size and the estimator itself are
still very quick. For n = 1000 we see that the time taken to obtain the result (i.e., performing
both calculations) ranges from 0.07 seconds to 0.81 seconds.



Chapter 6

The m-out-of-n bootstrap applied to
hypothesis testing

6.1 Introduction

The construction of bootstrap confidence intervals is linked to the execution of bootstrap hypothesis
tests because of the duality between confidence intervals and hypothesis testing, i.e., the null
hypothesis is rejected if, and only if, the hypothesized value under the null hypothesis lies outside
the confidence interval. However, Shao and Tu (1995) provide two reasons why it is important to
consider bootstrap hypothesis testing separately: “ Firstly, finding a test directly is much easier
than getting a test through constructing a confidence interval, which is impossible in some cases.
Secondly, the test obtained directly may be better since they usually take account of the special
nature of the hypothesis.”

Although there is a great deal of literature on the bootstrap, only a small proportion of it is
devoted to bootstrap-based hypothesis testing. This is because the literature typically focuses on
deriving bootstrap standard errors and constructing confidence intervals rather than hypothesis
testing. Hall and Wilson (1991) highlighted two important guidelines for bootstrap hypothesis
testing. Their first guideline states that, when one wants to estimate the critical value, resampling
must be done in a way that reflects the null hypothesis. This must be done even if the data were
generated from a distribution specified by the alternative hypothesis. In their second guideline,
they recommend that bootstrap hypothesis tests should be based on test statistics that are (at
least asymptotically) pivotal. In a recent paper, Martin (2007) investigated bootstrap hypothesis
testing for some common statistical problems. Allison (2008) developed a new method to evaluate
the performance of bootstrap-based tests, and found that this new evaluation method can, among
other things, detect defects of bootstrap critical values that can not be observed if the traditional
evaluation method is employed.

The traditional n-out-of-n bootstrap was used in all of the above-mentioned papers. Sakov
(1998) applied the m-out-of-n bootstrap in hypothesis testing to estimate the critical values and
p-values of a test. However, it should be noted that Sakov (1998) only attempted to use the
m-out-of-n bootstrap to correct the test when one violates the first guideline stated in Hall and
Wilson (1991). Moreover, Sakov (1998) only made use of non-pivotal statistics, which contradicts
the second guideline of Hall and Wilson (1991).

In the next section two data-dependent methods of choosing the bootstrap resample size m,
when testing hypotheses using the bootstrap, are derived. It would appear that this topic has been
neglected in the bootstrap literature.

92
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6.2 Two data-based methods for choosing the bootstrap resample
size

Before introducing these two new data-dependent methods for choosing m in hypothesis testing,
some new notation needs to be established.

Let X, = (X1, Xs,...,X,) be a sample of i.i.d. random variables with unknown distribution
function F. Consider, without loss of generality, the right-sided alternative hypothesis

Ho:H(F)=90 Vvs. HA:H(F)>90,

where the parameter 6(F') is some functional of F.
Suppose that the test rejects Hy if and only if

Tn(Xn) = Cn(a),
where Cp () is defined as the critical value satisfying
P(Tn(Xn) > Cr(a) | Ho) = o,

with 7,(X ) an appropriate test statistic, and & (0 < @ < 1) the prescribed nominal significance
level of the test.

Unfortunately, the critical value C, () is unknown, since F' is unknown and so we will need to
estimate this quantity. Two possible bootstrap estimators for Cp(c) will be considered, namely
Cn(c; X p) derived from the traditional bootstrap and Cp,(a; Xp) obtained from the m-out-of-n
bootstrap. Define Cp,(a; Xp,) as follows:

Let X7} = (X7, X2,...,X}) be abootstrap random sample drawn with replacement from the EDF
of Xy, Fp. In the bootstrap world we require that §(F,) = 6y. However, this is seldom if ever the
case, hence we need to transform the data X7, Xs,..., Xn. Denote the transformed variables by

WP = WP(X,), i=1,2,...,n.

These variables are chosen such that 6(Gp) = 6o in the bootstrap world, where Gy, is the EDF of
WO = (W2, WP,...,W2). The bootstrap random sample is now given by Wi = (W2* W* ... W2
drawn with replacement from G,. Usually W?,*[ will depend on both X, and X,. The bootstrap
estimator Cp,(c; Xp,) is now chosen such that

P*(Tn (W) 2 Cm(e; Xn)) = o

where P* denotes the conditional probability law of W?,*[ given X,. The bootstrap critical value
Cr(a; X ) is obtained by simply setting m = n in the above formulation. Note that Cp(a; Xp)
and Cy(a; X ) can be approximated by a simple Monte-Carlo algorithm suggested by Efron (1979).
These approximations are denoted by Cp, p(e; Xp) and Cp p(o; X ) respectively.

In addition to bootstrap critical values one can also define bootstrap p-values. Recall that the
p-value of the test is given by:

70(xpn) =P (Tn(Xn) = Tn(xs) | Ho),
for each realisation x, = (1, T3, - - ., Tn). Hence the m-out-of-n bootstrap estimate of 70(-) is given
by:
Pboot,m ‘= p* (Tm(Wg;:) = Tn(Xn))
Once again we define the traditional bootstrap p-value, Ppoot,n, by simply substituting m = n in

the above expression. The Monte-Carlo approximations of the above ideal bootstrap quantities are
denoted throughout by Dsoot,m,B and Dooot,n,B Tespectively.
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6.2.1 A data-dependent choice of m based on critical values

‘We base our first choice of the bootstrap resample size m when applied to bootstrap hypothesis
testing on a measure used to assess the accuracy of bootstrap critical values. This measure considers
the size of the test using this bootstrap critical value, i.e.,

p (Tn(Xn) > Cm(aEXn) | HO) ’ (6~1)

and it deems the bootstrap critical value to be accurate if this size is approximately equal to the
nominal significance level a. This method of evaluating the traditional bootstrap critical value is
used in a number of articles in the bootstrap literature, see for example Boos and Brownie (1989),
Boos, Janssen and Veraverbeke (1989), Fisher and Hall (1990), Nankervis and Savin (1996), Cao
and van Keilegom (2006), Davidson and MacKinnon (2004), and Martin (2007).

The procedure we propose is based on the following m-out-of-n bootstrap estimator of the
probability given in (6.1):

Gy = PH(Tin(W) 2 O W), (6.2)
where we define Cp,(c;; W) as the value satisfying
P (T (VES) > Cr(o; W) ~ a.

Here P** refers to the conditional probability law of V0¥* given W2*, and V2 is defined as follows:
Consider the bootstrap sample W2, In the double bootstrap world we would like to have that
9(Gx,) = 6o, where G, is the EDF of W2, Unfortunately, this is seldom (if ever) the case, hence
we need to transform W* W*, ..., W2 . Denote the transformed variables by

T/'EO*ET/'L‘O*(W?;): i=1,2,...,m.

These variables are chosen such that (H},) = 6o, in the double bootstrap world, where H}, is
the EDF of V¥ = (Vo Vo, ..., V;%). The double bootstrap sample is now given by VO —
(Vo VO, V.9**) drawn with replacement from HF,.

Various choices of m are used in (6.2) and the choice which leads to a value closest to the nominal
significance level « is considered to be the best choice of m. We can now define our first data-based
method of choosing m as follows:

h = argnoléj;innSn la’, — af , (6.3)

where ng is some suitably chosen non-zero positive integer.
The ideal bootstrap estimator 7 given in (6.3) can be approximated by the following Monte-

Carlo algorithm:

Approximating 7 for bootstrap hypothesis testing (using the critical value approach)

1. Given the sample X1, Xy, ..., Xy, transform the values such that they reflect the conditions
stated in the null hypothesis, i.e., we now have WP, W3,..., W3. Next, for some fixed value
ng, fix a set of resample sizes o = m1 < mg < --- < mg = N where 5 > 2.
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2. For a chosen value s € {1,2,...,5} proceed as follows:

a. Obtain the bootstrap sample W2* W*, ... W2 by sampling ms observations with
replacement from the transformed sample Wlo, We, ..., W9. Calculate the statistic

Tk = T, (W s W),

b. Now, transform W*, W*, . W,?j; to obtain V¥, V¥, ..., V,?{’; so that the transformed
bootstrap sample reflects the conditions stated in the null hypothesis. Using this sample:

i. Obtain a double bootstrap sample V7**, V2**, ..., V;0** by sampling m observations

with replacement from the transformed bootstrap sample V7, V¥, . . .| Vo

ii. For the double bootstrap sample calculate the statistic

T** _T ( O** V'20** VO** .

T2 Tms

iii. Repeat steps 2.b.i and 2.b.ii R times to obtain the A statistics denoted by

T 13Ty 20+ -3 Ly g~ Sort these statistics and denote them by T W < iy @ <
. < T* ‘32 2]
msa(R)

iv. Approximate the double bootstrap critical value Cpm, (e W?ﬁ:) by

ms;R(a W ) Tms:(l_(l Q)RJ)

c. Repeat steps 2.a and 2.b B times so that we now have T}, o1 Loy, 2,..‘,T:T‘LS’B, and
Ciny 51 (0s W), Crmy r2(0s W), ..., Oy 5, 8(c; WO,

d. Calculate
Alme) = |5 ZI o5 2 Omy mp(as Wi )) —af .

3. Repeat step 2 for each s = 1,2, ...,5 to obtain
A<ml)7 A<m2)7 s A<m5)'

4. Calculate,

Mmp,R = aIg min A(m).
me{mlam2:-")ms}

In order to evaluate the performance of the estimated sample size 7 the following criterion is

used:
P(T(Xy) = Cale; X3) | Ho), (6.4)

and is compare to the behaviour of the traditional bootstrap using the criterion:

P(Tn(X4n) = Cnle; Xn) | Ho)- (6.5)

6.2.2 A data-dependent choice of m based on p-values

The second data-based method of choosing m is derived by making use of the fact that the p-
value of a test (considered as a random variable with respect to X,) is uniformly distributed on
the interval (0,1) under the null hypothesis. We employ a double bootstrap procedure to obtain
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bootstrap replications of the bootstrap estimator of the p-value and then use these values in a
goodness-of-fit test for uniformity.
The estimator that we propose for m is
= a'rgn]?ln< V(L(pbootm) U) (66)

where U denotes the uniform (0,1) distribution, pg‘oot,m is the double bootstrap p-value, based on
a double bootstrap sample of size m, defined as

p;oot,m =P (Tm(vg:*) Z Tm(W?:)) 3

L(p;oot,m) denotes the bootstrap distribution of p,, ,, and 7(-,-) is some discrepancy measure
which 1s able to measure the difference between two distributions.

The ideal bootstrap estimator, 7, given in (6.6) can be approximated by the following Monte-
Carlo algorithm:

Approximating 7 for bootstrap hypothesis testing (using the p-value approach)

1. Given the sample X3, X, ..., Xy, transform the values such that they reflect the conditions
stated in the null hypothesis, i.e., we now have Wlo, W9, ..., W2. Next, for some fixed value
ng, fix a set of resample sizes ng = my1 < mo < --- < mg =mn where S > 2.

2. For a chosen value s € {1,2,..., S} proceed as follows:

a. Obtain the bootstrap sample Wf*,WS*,...,WT?;; by sampling ms observations with
replacement from the transformed sample WP, W3,...,W2.  Calculate Ty, =

Tms (WJ[_)*: WQO*: AR} WT?’:; -
b. Now, transform W2, W* . WO* to obtain V2*, VJ9*, ..., Vng* so that the transformed
bootstrap sample reflects the condltlons stated in the null hypothesis. Using this sample:

i. Obtain a double bootstrap sample VP**, VP**, .. | V2** by samphng Mg observations
with replacement from the transformed bootstrap sample |7 A VT,Q[:

ii. For the double bootstrap sample calculate the statistic
TT?; = T (VO** ‘/20** 7V791:* .

iii. Repeat steps 2.b.i and 2.b.ii R times to obtain the R statistics denoted by
D1 D20+ -+ Lo -

iv. Approximate the double bootstrap p-value, pZoot,my by

p;oot,ma,R = R ZI TTT’: T 2 T* ) .

r=1

¢. Repeat steps 2.a and 2.b B times to obtain P;oot,ma,R,laP?;oot,ms,R,m . e 7P§oot,m3,R,B~

" d. Calculate
Yms = W(FE,maa U)7

where FE,ma is the EDF of Phoot m, mp: 0 =1,2,-.., B.
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3. Repeat step 2 for each s =1,2,...,5 to obtain
Ymas Ymas -+ -3 Yms-

4. Calculate,

™TpB,R = arg min Y-
me{mi,me,...mg}

L

There exist several choices for the function « in the above algorithm. In the simulation study
below, we consider using the well known Kolmogorov-Smirnov (KS) and Cramér-von Mises (CvM)
discrepancy measures. These measures are defined (see, for example, D’agostino and Stephens
(1986)) as

Kolmogorov-Smirnov:

b b—1
e o s (320) o= 2251}

Crameér-von Mises:

5 -1 1
Yo, OVM =D {Z@ ~ 5 ( tum
b=1

where Z;y denotes the bt order statistic of pgoot,ms, Rb b=1,2,...,B, in the algorithm stated

above.
To evaluate the performance of the estimated sample size 7 we use the following criterion:

Amoon =B (‘pboot,ﬁr. - WO(Xn)D > (6'7)

and compare this to
Atrag = E ('pboot,n - WO(-X'n.)D ) (6.8)

where We will approximate 7°(x,) using a Monte-Carlo simulation for each realized sample x,.

Remark: Sakov (1998) introduced the following data-based choices of m based on a grid of m-~
values, g =m1 <me < ---<mg=mn, S > 2

1. A data-dependent choice of m based on critical values:
Choose ™ as follows:

™m = arg {mj;jI:I.]g,I.Bl,.,.,S} |Omj (O{; X'I’L) - Omj_l (Oﬁ, X'I’L) \ . (6’9)

2. A dota-dependent choice of m based on p-values:
Choose ™ as follows:

= arg {mj:j]ilzi,%,...,S} ipboot,mj - pbOOt,mj_li . (6.10)

In both of the cases stated above the value 7 is obtained from Monte-Carlo approximations as
suggested by Efron (1979).
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6.3 Monte-Carlo study

In this section we present the results of two Monte-Carlo studies. The first study compares the tra-
ditional bootstrap critical value Cp(o; Xr) to the /i-out-of-n bootstrap critical value Cp,(c; X r),
based on both choices of m given in (6.3) and (6.9). The second study compares the traditional boot-
strap p-value ppoot,n and the -out-of-n bootstrap p-value ppoot,m, again using our data-dependent
choice of m and the choice proposed by Sakov (1998), defined in (6.6) and (6.10) respectively.

For the first Monte-Carlo study the size estimates were calculated as the proportion of MC =
4000 Monte-Carlo samples that resulted in the rejection of Hy using the bootstrap critical values
Cn,B(0; Xp) and Cp, g(o; Xp). The size estimate based on Cp, g(e; X,,) is denoted by Sirqq, the
size estimate based on Cp, p(a; X ) using the choice of m given in (6.3) is denoted by Spew, and
the size estimation based on Cs, g(c; Xp) using the choice of m given in (6.9) is denoted by Sguk-
The standard errors of these estimated sizes are less than or equal to 1/0.25/4000 = 0.0079. '

For the second Monte-Carlo study, Amoeon defined in equation (6.7), was approximated as the
average (over MC = 1500 replications) of the absolute differences between the rh-out-of-n bootstrap
p-value, Dpoot,m,B, and the theoretical p-value, 79. A similar calculation, using the same set of data,
was done for Agag defined in equation (6.8). These approximations are denoted by Amoon,mc and
Atrad,mc Tespectively. To facilitate comparison we then calculate the following ratio

RATIO = AmoomMC 14507
Atrad,Mmc

Note that when the calculated value of RATIO is greater than 100, then it implies that the
traditional bootstrap performs better than the m-out-of-n bootstrap. When RATIO is calculated
using the data-dependent choice of m given in (6.6), then we denote the result by Rpey, and when it
is calculated using the data-dependent choice given in (6.10) it is denoted by Rgqx- The maximum
standard error of these absolute differences was found to be 0.0008 (for samples of size n = 20).

Various configurations of distributions, sample sizes and testing scenarios (viz. testing the mean
and the variance of a population) were used in both Monte-Carlo studies. A nominal significance
level of & = 0.05 was adopted. Bootstrap critical values and p-values were based on B = 1000
independent bootstrap replications and R = 200 independent double bootstrap replications. The
sample sizes, n, which were employed differed depending on the study being performed, but the

grid of resample sizes mi,Ma,...,mg which were utilized for m-out-of-n bootstrap calculations
were defined throughout as ms; = n (ﬁi%l), s =12 ...,9. Calculations were performed using R

and FORTRAN (using the IMSL library and in double precision).

6.3.1 The mean in the univariate case

Let X, = (X1, Xs,...,Xn) denote a random sample from some unknown univariate distribution
function F' with finite mean y. For simplicity we consider testing the hypothesis

Ho:p=po vs. Hyg > po.
The test is based on the following asymptotically pivotal test statistic

\/T—L(Xn - ,U'O)
Sn(Xn) 7

where S2(X,) =137 (Xi — Xn)? and Xpn = L% 1 Xi. We define the quantities W, W2*, V,o*
and V2** which appear in the Monte-Carlo algorithm, as

Tn(Xn) =

W/;ZO:Xi_Xﬂ—{—/'LO) i=1,2,...,m,
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mo*:X;_Xn'i_MO: 1=1,2,...,m,
WO*:MO*—WTQL*'*‘FLO) 1=1,2,...,m,

and
WO**:WZ'O**_WT%*"_MO’ 1=1,2,...,m.

The corresponding test statistics are then defined as

o T — ) AR - X,)
Tn(Wo) =g Wy = Sa(xn)

where S2,(W3%) = & SR (WP — WE)?, S4(X%) = & S0 (X7 — X2, W = L T8, W,
X = Lym e g

Tm(Vg;:*) — \/m(vﬂoz** - IUO) . \/T_H(X:: - X;;L)

Sa(VE) | Sa(Xm)
where 2 <v°**>—— T (VO T2, SR = & Sl (X7 =~ X, Ve = & 0, v,

and X = X

The configurations for this Monte-Carlo study were:
* Sample sizes: n = 20,30 and 50.

* Distributions: standard normal, standard exponential, and double exponential with mean 0
and variance 2.

Double ]
L Normal Exponential Exponential
‘J?' / St’mdL Snew—’ Ssak Strad [ Snew L Ssak - St’rﬂ SnewT Ssak
(20 0.047] 0.046]| 0.043 0.037 | 0.036 | 0.036 0.062 | 0.054 | 0.058 |
0.051 | 0.048] 0.044| 0043 ] 0.042 | 0.042 0.059 | 0.053 | 0.056
50 0040 0089 0047 0046 0043 | 0047 | 0.055] 0052 0053

Table 6.1: The estimated sizes of the test Hy : i = pp using the traditional bootstrap and
the h-out-of-n bootstrap.

Double
Normal Exponential Exponential
Rsak L Ryew Rsak Ruew Rsak Ropew
n | KS [ CvM KS | CvM KS | CvM
(20 ][ 117.06 [ 99.06 | 98.67 ]| 106.29 | 91.03 | 87.82 [ 103.48 | 93.62 | 93.36
(30 | 110.91 [ 98.73 | 96.98 || 111.73 | 85.18 | 85.09 | 103.92 | 94.13 | 92.12

(50 | 95.59 [90.42 [ 87.73 [ 109.41 [ 90.19 | 88.05 || 96.87 | 89.45 | 90.13

Table 6.2: The ratio of Amoon,mc t0 Awrad,mc (expressed as a percentage) using
different choices of ™ for the test Ho : pt = pg.
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Conclusions for the mean in the univariate case:
+ From Table 6.1:

— In the normal case the three test procedures perform satisfactorily, although Si.qq and
Snew are slightly closer to the prescribed significance level than Sgu-

— For the exponential distribution, all three procedures yield almost identical estimated
sizes.

— As far as the double exponential distribution is concerned, Spey noticeably outperforms
both Sireq and Ssap.

— We note that, for this rather easy problem of testing the population mean, all three tests
have estimated sizes close to the prescribed significance level of 5% for all distributions
considered (even for sample sizes as small as n = 30).

— The average resample sizes obtained for the calculations found in this table are roughly
n/2.
+ From Table 6.2:
— The most striking feature of this table is that Rne, outperforms both the traditional
bootstrap and Rggx for all distributions and sample sizes considered.
— In most cases Rgeux performs worse than even the traditional bootstrap.

— In the normal case the improvement of Ruey over Rgur is between 8% and 19%, for
the exponential case the improvement is between 19% and 26%, and for the double
exponential case it is between 6% and 11%.

— Another feature which is also quite evident in this table is that R, based on the
Cramér-von Mises discrepancy measure (CvM) is better than Rpe,, based on the Kolmogorov-
Smirnov (KS) discrepancy measure in all cases except for the double exponential distri-
bution with n = 50, where it is only slightly inferior.

— For this table we find that the average resample sizes vary between 2n/3 and 3n/4.

6.3.2 The variance in the univariate case

Let X, = (X1,Xo,...,X,) denote a random sample from some unknown univariate distribution
function F with variance o2, 0 < 02 < co. In this scenario we test the hypothesis

Ho:02=0f" vs. Hy:0% > dd.
The asymptotically pivotal test statistic which is used to test this hypothesis is

_  VA(SA(X ) — o)

Tl ) V(X ) — SA(Xn)’
where n
pa(Xn) = = >0 — Xo)'.
i=1

We define the quantities W2, W*, V%% and V°**, which appear in the Monte-Carlo algorithm, as

X;00 .
W‘O':—Z— :1727"'7 )
NG L "
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Xioo )
mo*:ma i=1,2,...,m,
Wa
0 0 .
Vl*:m7 7':1727"'7777’1
m

and Qs
W o
(E23 i 0 .
= 1=1,2,...,m.
’ Sn(W)'

The corresponding test statistics are then defined as

VI(SE(Wm) —ot)  _ Vm(SR(X},) — SA(Xn))

Tm(WO*) = - ~ y
" e —se Wi V(X — ShG)
where
- LN oo vrr0md A * 1 — —
BalWE) = S W R and pu(Xp) = = DO - Xa),
and 2 O 2 2 l
m ~ T3 EZ3 ’
1/ﬂ4(V7O;*) — S%(V?:*) '\//1’4(Xm) - S#L(Xm)
where

~ E23 1 . 23 7Ok P Kk 1 G * Kk
B(VE) =SSV TR and (X)) = (X - Xt
i=1

The configurations for this Monte-Carlo study were:
* Sample sizes: n = 50,100 and 150.

* Distributions: standard normal, standard exponential, and double exponential with mean 0
and variance 2.

Double
Normal Exponential Exponential
n Strad ( Snew ] Ssak Strad L Snew L Ssak Strad ’ Snew ’ Ssak

50 0.043 0.047 0.047 0.027 0.035 0.034 0.034 0.042 0.039
100 0.051 0.053 0.055 0.036 0.045 0.044 0.040 0.049 0.051
150 0.053 0.052 0.055 0.039 | 0.047 | 0.046 0.041 0.050 0.048

Table 6.3: The estimated sizes of the test Hy : 02 = 02 using the traditional bootstrap and
the M-out-of-n bootstrap.

Conclusions for the variance in the univariate case:

+ From Table 6.3:

— For the normal distribution all three methods yielded estimated sizes quite close to the
prescribed level (even for n = 50).
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Double
Normal Exponential Exponential
] ]

Rsak R'new Rsak R'new Rsak R'new
. n LKS CvM | KS | CvM \l{S LCVM
50 ][ 95.32 | 83.27 [ 82.76 | 89.61 | 93.38 | 93.20 || 78.92 | 87.41 | 86.79
100 || 99.91 | 87.21 | 86.38 || 84.87 | 93.09 | 92.79 || 83.38 | 86.92 | 86.80
150 [| 99.97 | 93.70 | 91.25 [[ 92.94 | 91.90 [ 90.29 [ 86.99 | 85.74 | 85.70

Table 6.4: The ratio of Amoon,mc 10 Airad,mo (expressed as a percentage) using
different choices of ™ for the test Hy : 0? = of.

— For both the exponential and the double exponential distributions we find that S, and
Snew have very similar estimated sizes, and that they both outperform Sqq4 significantly.

— Once again we find that the average resample sizes used are taken to be roughly n/2.

* BFrom Table 6.4:

— In all cases R and Ry outperform the traditional bootstrap p-values.

— For the normal distribution the improvement of R,ey, over R,y is between 8% and 13%.

— For the exponential and the double exponential distributions, Rk performs slightly
better than Fney for sample sizes n = 50 and n = 100, but Rjew is slightly better than
Rsqx when n = 150.

— Omnce again, R,ew based on CvM is slightly better than R,y based on KS.

— The average resample sizes which are used in these calculations are typically in the region
of 4n/5. '

6.4 Conclusions

In this chapter we considered the problem of choosing a data~-dependent choice of m when applying
the m-~out-of-n bootstrap to hypothesis testing, a topic which has been largely neglected in the
bootstrap statistical literature. The methods we proposed are quite general, and can be applied in
a variety of testing scenarios. The testing methods which employed the data-dependent choices of m
(developed in this chapter), were found to be very effective when compared to both the traditional
bootstrap test and a testing procedure where m was chosen using an alternative method suggested
in the literature.

Finally, when using the p-value approach to derive data-dependent choices of m, we strongly
recommend that the procedure based on the Cramér-von Mises discrepancy measure should be

used.



Appendix A

The Edgeworth and Cornish—Fisher
expansion

This section will be devoted to the explanation and derivation of the Edgeworth expansion. This
expansion is inverted to form the Cornish-Fisher expansion which is mentioned in Chapter 5. The
derivations provided here are simply a summary of the work found in Hall (1992) and Chung and
Lee (2001).

A.1 Edgeworth expansions of the sum of i.i.d random variables

The derivation of the Edgeworth expansion is a fairly involved process, incorporating, among other
things, characteristic functions, cumulants, Taylor expansions, Hermite polynomials and Fourier-
Stieltjes transforms. Definitions of some of these concepts can be found in the appendices that
follow.

For the beginning of the discussion we will focus on the Edgeworth expansion of the distribution
of the simple statistic ) 5, X;, with i.i.d. X, Xs,...,Xs. This may seem like a trivial starting
point, but many statistics of interest have a form similar to this and they typically also have limiting
normal distributions (consider U-statistics for example).

To begin the derivation a few definitions are required.

* Let X1,Xq,..., X, beiid random variables with mean p and standard deviation o.

% Let X, be defined as the sample mean of the X;’s:

* Let ¥7,Y5,...,Y, be defined as the standardized variables ¥; = (X; — w)/o. (i.e., the ¥i’s
have mean 0 and standard deviation 1.)

% Let 70, be defined as the standardized version of X,

Xn_p‘
o/\/n

, 1 —
= \/_ﬁ;m

T, =

103
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* Let xy(t) be the characteristic function of the ¥;’s.
* Let xy () be the cumulant function of the ¥;’s.

* Let xr, (t) be the characteristic function of Tr,.

x Let x; be the 78 cumulant of the ¥;’s.

We know from the Central Limit Theorem that T3, is asymptotically standard normal. Therefore,
the characteristic function of Tp,, x7, (t), will converge to the characteristic function of the standard
normal distribution, i.e.,

xr,(t) =E () - B (e2) = e P, —oo<t< oo, (1.1)

where Z ~ N(0, 1). This convergence is useful, but it will be more useful to know at what rate this
happens. To show this we will need the following result:

xz, @) = [xv (t/vn)]", (1.2)

the proof of which is fairly simple.
To show the rate of convergence we will apply series expansions of the right-hand side of equation
(1.2), and then equate that series to the left-hand side cf the equation, providing an expansion for

XT'n. (t> . )
We will now show that xz, () can be expanded into the following expression:

xT, (t) = e~P/2 4 2=t 20, (it) + n_16~t2/27°2(it) +---+ n_j/2e_t2/27°j (it)y + ... (1.3)

Proof:
The Taylor series expansion of the cumulant function, sy () = In xy (¢), is:

Ky (‘l’:) =

1 .
= itk + %(it)2’$2 +---+ ﬁ(’it)jh}j +...

(where 7 k; = % Ky (£)]4—o), therefore, an expansion of the characteristic function, xy (t), is:

xy(®) = e~®
= exp (itr@l + 3(t)°ko + - + %(’it}jlﬁj +.. > (1.4)

Combining equations (1.2) and (1.4), and using the fact that BE(Y) = x1 = 0 and Var(Y) =
Ko = 1, we get:

xr.(®) = [xv @#/vn)]" | )
oo (e () ot () o 5 () )

I
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- [exp (% (z%>2+% (71%)3@,—!-..-—!—% (i%)jnj—l-...)r

- [om (G () e () )|

1 1 . .
= exp (—Etz + n“l/zg(it)Bmg +-- 4 %(it)ﬂn(“-”z)/zmj +.. ) (1.5)

exp <—%t2> exp (n_1/2 E(it}3m3:l + -+ n(It2/2 [%(it)jmj} + .. )

-~

[

a(t)
A Taylor expansion and then some simplification of the a(t) term above yields*:

L

144(7375)7/&3&4—1—..‘] + ...

- 1. 11, 1.
a(t) = 1+4+n712 l:.é-(’ll'f,')?’l{,g} +n1 {ﬁ(ﬁ)%gﬁ-ﬂ(ﬁﬁm] _l_n—a/z{

= 14072 (it) + n "o (it) + - + P (it) + . ..

where the 7;’s are polynomials with real coefficients, of degree 37, depending on ks, ..., kjtg, but
not on n. Of particular interest are the first two r;’s, defined as:

ri(u) = lu3m3
6
and 1 1,
ro(u) = ?Q—usng + 2—411,4&4‘

Finally, putting it together we get:

1
X7, (t) = exp (—51?) a(t)
1 .
= exp (—57&2) <1 + 0 Y2 (68) + n g (i) + - - + n=I2r;(it) + .. )
e /2 T2 2, (1t) + n"le"tz/zrg(it) + o+ n"j/ze”tz/grj(it) +...

Q.ED.nm
Note: From this we can determine the rate of convergence of the limit in equation (1.1), that is,

X, () = e~ /2 + 0(n %),

‘We now note the following forms of the characteristic functions of 7}, and the standard normal
variable Z:

xr, (t) = E () = /ﬁoo 4P (T, < ) (1.6)
and
eP/2=E (e2) = / = dd (). (1.7)

*In order to obtain this expansion for a(t) you will need to apply the Taylor expansion about zero up to at least
seven terms. The expression appears the way it does because many of the first few terms resolve to zero. This process
involves many simple, but tedious, calculations and will be omitted from this discussion.
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We can also find, through the use of Fourier-Stieltjes transforms, functions R; such that:
—t2/2, . ¢: < e
e r5(it) = e"dR;(x) (1.8)
—00

(more detail on how these R; functions are obtained will be discussed momentarily)
Now, substituting equations (1.6), (1.7) and (1.8) into (1.3), we get:

o0 3
/ edP(Ty, < z) =
—00

(e ] N oo . oo . . oo .
/ 2 d® (z) + n~Y? / e®d Ry (z) +n~t / e®®dRy(z) + - - - + nI/? / edR;(x) ...
—o0 —00

—0Q —00

‘Which can be rewritten as:
P(T, < 1) = ®(z) + n~Y2Ry(z) + ™  Ro(z) + - - - +n~I/2R;i(z) ... (1.9)

This is the basic form of an Edgeworth expansion. The only thing left to do now is to determine
what the functions R; are.
We will now show that the R; terms can be expressed as

Rj(z) =5 <—di> &(z), =1 (1.10)

X

Proof:
To find these R;’s we start by looking at how the function E(er) = [ €2 d®(z) = e*'/2 behaves
under repeated integration by parts:

0o
E(eitTn) — e—t2/2 — / eitzd@(m)

—0Q

= 7 [ 0; 2 (im@(m)>

Therefore

L= ((‘adzy %)) = Gy

We now need to find a way to change the above equation so that it equals the left hand side of

equation (1.8). As it turns out, substituting (—%)j with 7y (—%) will do this, i.e.,

/_ o; &4 <7~j <—Ed;> @(m)> — o= 2(31).
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(One can confirm the validity of this equation by substituting in the polynomials 7 and 79.)
Therefore, the form of the function Rj is:

R =y () o), 521

Q.E.D.n
We will now determine the first two functions, R; and Ry with the help of Hermite polynomi-

als’. Hermite polynomials are like shortcuts that can be used when deriving the standard normal
distribution function ®(z). Using equation (1.10) and the identity

(“%)J 3(z) = — Hej_1(z)d(z), (1.11)

where He; is the j*® Hermite polynomial, and ¢(z) is the standard normal density function, we get
the following expression for R;:

Ri(z) = (— j)@(w)

— %53 K-%) i @(z)}
= 2k [ Hea(w)$(s)]
= (&~ Drad(a),
and similarly for Ra:
Ry(z) = —z {i(zz — 3)kg + %(z"‘ —~ 10z + 15),4,3} B(z).

To make notation a bit simpler we will denote the polynomial that is multiplied by the function
¢(z) in R; by the polynomial p;(z), so that we can write

Fi(z) =pi(z)¢(z) and  Rp(z) = pa(z)d(),
where

1 ' 1 1, )
pi(z) = —6(51;2 — 1)xs and  p(z)=—z {ﬁ(zz — 3)ka + —i(.’z: — 10z + 15)/s3} . (1.12)

In general we can say

Rj(z) = pj(z)p(z)-

Using these new forms of R;, we can rewrite equation (1.9) as:
P(Ty < z) = &(z) +n Y 2pi(2)p(z) + n " pa(a)d(z) + - - - + 07 2p; (@) () . . . (1.13)

This is known as the Edgeworth ezpansion of the distribution function P(T, < z).

tSee Appendix B for more details on Hermite polynomials.
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Some comments

* The polynomial p;(z) in the Edgeworth expansion is known as a skewness correction and
p2() is known as a correction for kurtosis and for the secondary effect of skewness.

* For the remainder of these notes the term p;(z) will be used to denote the Edgeworth polyno-
mial terms obtained from standardized statistics, while the term g;(z) will be used to denote
the Edgeworth polynomial terms obtained from studentized statistics.

* For ii.d. random variables X1, X3, ..., X, with mean p (estimated by X, = n~! 1 X5)
and variance ¢ > 0 (and o? is estimated by 62 = n~! m 1 (Xi — X)), the form of the
Edgeworth expansion for the statistic T, = /n(X, — u)/&, the studentized sum of ii.d
random variables, where &2 is a consistent estimate of the asymptotic variance o of nt/2X,
is:

P(In < z) = o(z) + n~1/2§11<$)¢<$) +n g (z)p(z) + - + n_j/2qj(x)¢(x) + o(n”j/Q),
where

1 1 1 1
q1(z) = 8(2:1;2 +1)kz and @qz) =z {1—2—(:1:2 —3)kg — TS—(:I:4= + 2z — 3)K3 — Z(:z:2 + 3)} ,

and x; is the 7% cumulant of (X; — p)/o.

* The Edgeworth expansions discussed in this section can rarely be considered to be a converg-
ing infinite series. Only under certain conditions on the underlying data and the statistic will
they converge. The series can, however, be seen as an asymptotic series, i.e., if the series is
stopped after a certain number of terms, then the remainder is of smaller order than the last

term that was included.

* Also, these expansions only hold under certain conditions on the moments and continuity of
.the underlying data. These conditions are, fortunately, not very strict at all. For further

reading see Hall (1992).

A.2 Edgeworth Expansion for a slightly more general statistic

The extension of the concepts found in the previous section is as follows: The statistic of interest
is now broadly defined as one with a limiting standard normal distribution. The statistic can be
defined as either the standardized version: 73, = n'/ 2(9,1 — @)/o or as the studentized version:
T, = nt/? (én — 0)/&, where 52 is a consistent estimate of the asymptotic variance o2 of nt/24,,.
Both versions of the statistic are assumed to have a limiting standard normal distribution.

The Edgeworth expansion of this slightly more general statistic follows in a similar fashion to
the expansion found in the previous section.

Let

* X7, (u) denote the characteristic function of 75, and
* k4T, denote the 4™ cumulant of T),.

Now,

xr,(t) = B("")
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) 1 . 1 g
= exp (Hl,TnZt+ o7 Tn ()7 + -+ 19T (@) +.. ) - (1.14)

(compare this with equation (1.5) and note the similarities). The cumulant terms, k;1,, can be
expressed in terms of polynomials. These polynomials are of order n—(G~2/2, In general these
polynomials have the following form:

KiTn =192 (kg 40V + 2 his+...), (1.15)

where k1,1 = 0, k1 = 1 and the rest of the kj;i terms will depend on the statistic being calculated?.
The proof of this equation is rather complicated and will not be discussed here. Carrying on with
the derivation: Combine equations (1.14) and (1.15) to get:

xr () = exp (%# 4l [kl,zit + %kg,l(it)aJ 4ol [%kz,z(it)z + %k,i,l(it)ﬂ 4. )
et/ (1 + 72 [kmit + ékg,l(it)e’J
+n1 [%kz,z(it)z + ik4’1(it)4 + i {kmit + %kg,l(it)a}zJ
+0 (n2))

6—t2/2 (1 -+ ’I’l,—l/2 l:kl’zit + %k&l (it)?’:l

- . 1 . 1 .
+n~t [% (ko2 + k2 ) (i6)* + o o + der,oka 1) (i) + 57932,,1(“5)6}

+0 (=% )

6—t2/2 4 ’I’L_l/2 l:kl’git + -é—kg)l(it)ﬂ 6~t2/2

+n71 {% (koo + K2 o) (i8)* + 2—14 (ka1 + 4k1,2k3,1) (i) + 7157“3%,1(”)6} et/
+0 (n—?’/z) . (1.16)
The derivation of this is similar to the one used to get equation (1.3).
Equation (1.16) leads us to the general forms of r1 and ry, i.e.,
r1(u) = k1ou + ékg,l(u)?’, (1.17)
and
ra(u) = § (kaa k) ()7 + o (a1 + Ahaala) (0)* + s (). (1.18)
We now write xr, (t) as
xr (t) = e /2 4 V2 (it)e /2 - n iy (it)e P2 4 n"j/zrj(it)e—t2/2 +... (1.19)

1f we look at the simple case where the statistic is 7n, the sum of i.i.d random variables, as discussed in the
previous section, then we can see that cumulants also have the form described by (1.15). This expansion of the
cumulants is critically important to the development of an Edgeworth expansion of the distribution of the statistic,
because all of the polynomials related to an Edgeworth expansion have components which can be obtained from the
above expansion.

In particular, if you look at the forms of (1.5) and (1.14), the form of the individual cumulants is clearly k1, =
n~U~A/25. Y § > 2 where k1, is the j*® cumulant of T}, and x; is the 7*® cumulant of Y.
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This is the more general form of equation (1.3). Using the same steps already used to get from
equation (1.3) to equation (1.9) we have:

P(Tn <z) = ®(z)+n "2Ry(z) +n " Ro(z) +--- +n9/2R;() ...
= ®(z) +n"?pi(2)$(z) + n 7 pa(2)B(x) + - + I 2ps(2)p(z) ... (1.20)

Now, using (1.17), (1.18), (1.10), the identity (1.11) and the fact that R;(z) = p;(z)¢(z), we get
the general forms of p; and ps:

1
m) = = (st g Hae))
1 2
= — k1,2 -+ 6k3’1(m — 1) R
and
1 1
pa(z) = — <% (ka2 + 7 5) Hea () + oq (ke + d1,2ks,1) Hes (z) + = k3, Hes ($)>

1 1
= —zx (% (ko2 + kiQ) + ﬂ(kzl,l + 4k1,2k3,1)($2 —-3)+ ﬁkg’l(:lfl — 102 + 15)) .

We now have the somewhat more general form of the Edgeworth expansion up to the first two
terms (further terms can also be derived):

P(Tn < @) = 8(2) + 0 p1(2)¢(@) + " pa()(2) + - - - + 0 ps(2)$(3) + o(n /).

Remark: The fact that k1 2 = 0 and that k31 = x3 in the expansion given in (1.13) can be seen
considering the general forms of the characteristic function of 7j,, given in (1.14), and the cumulants
of Tp,, given in (1.15). These general forms can then be compared to the form of the characteristic
function for the specific statistic 75, given in (1.5). This leads to the conclusion that k1 9 = 0 and
k3,1 = w3 for the expansion of I7,.

A.3 Edgeworth expansions for statistics that satisfy the “smooth
function model”

Finally, a general model which can be manipulated to accommodate a large variety of statistics and
for which the rigorous derivation of the cumulant expansion presented in equation (1.15) and the
Edgeworth expansion presented in equation (1.20) can be determined, will now be presented. The
statistics which can be expressed in terms of this general formulation include the mean, the vari-
ance, difference between means, differences between variances, ratios of means, ratios of variances,
correlations, and so on.

This model, called the “Smooth Function Model”, was developed by Bhattacharya and Ghosh
(1978) and is stated here in a form adapted from Hall (1992), who focused on using this model
with the bootstrap.

The Smooth Function Model: Let X1, Xs,... be i.i.d. random column d-vectors from some
distribution Fy with mean p. Define the mean of these variables as X, = %z;;l X;. Suppose
that we are interested in estimating a parameter = g(u) with the statistic 0, = g(X,) and define
(h(w))? as the asymptotic variance of n/28,, where h is some known function. The quantity k()
is estimated by h(Xn).
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Let A be a smooth function so that A : R — R and is defined such that A(p) = 0. The function
A is typically given by:

9(x) — g(n) 9(x) — g(r)
Alx) = =22 or Alx) ="’
5= k) 0 ="
As mentioned, this smooth function model can be used to express a large number of different
scenarios, but requires an almost artful choice of the column vectors X1, Xo,... and the functions

g and h. If we define a sample from a population with mean m and variance 52 then Hall (1992)
llustrates on pp. 52 and 53 how to choose the values of d, w1, X;, g and A so that one can find
appropriate expressions for 6, Op, h(u) and A(X,) when estimating either m or 2.

Let the it® element of a d-vector x be denoted by z(9, and define the vector Z as

Z = nl/z(Xn — p)-
The Taylor expansion of the statistic Tp,, defined at the beginning of Section A.2, is

T, = n'?,—80)/c
nl/zA(Xn)
= Tpr+0p(n™?%),  r>1, (1.21)

Il

since A(p) =0 and Z = Op(1). We define Ty, as

d d d
Tr = 3 @i 2O + 0723 "N 055,20 200 4

i=1 t1=114p=1

d d
b DN Y gy 26 g,

i1=1 ip=1
where 21, Z (?), ... are the elements of the d-vector Z, and

o7

Qi i,y — m

A(x) . (1.22)
X=[4
According to Theorem 2.1 stated in Hall (1992), the cumulants of the statistic T, can be
expanded as .
Kjnr = n—0-2/2 (kj,l + ’rflkj,z + ’n_zk',g + .. ) , (1.23)

where the constants k;; depend only on the a coefficients, the moments of X (up to the j7*® moment), .
and on 7. The series only has a finite number of nonzero terms. Under the assumption that the
first 7 moments of the Op(n~"/?) terms in (1.21) are all of order n~"/2, then the j** cumulant of T,
equals the 7** camulant of Ty, plus a term of order n~"/2 (which can be made arbitrarily small by

choosing a large value for ).
Through another set of lengthy calculations we can also express the first three cumulants of T

as
K15 = B(Ty) =n 241 + O(n™1),

Ko = B(T2) — (B(Ty))* = o+ O(n™),

and
Kan = B(T3) — 3B(T2) B(Ty) + 2 (B(Ty))? = n" /245 + O(n™),
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where

d 4
1l .
E(Tn) =n 1/25 > > asipig + O(nY),

1=1 j=1

d d
E(sz) = ZZ ;@ i + O(n_l),

i=1 j=1

E(T3) = ”_1/2{ Z'Lii=1 Z?:l E;cf:l Q05 Ak fhigk

d d d d
+% 2 i =1 Zk:l D e 0405 QK (peig fhr + ik it~ [hit fhik) }

+0(n™),
d d
= D aiazpg, (1.24)
i=1 j=1
18
A=y Z Z Qs ig, (1.25)
i=1 j=1
d d d d d d 4
Az=2_ 0 D aisgonpisn+33_ D D > aiajampai, (1.26)
i=1 j=1 k=1 i=1 j=1 k=1 I=1
and, finally, where
piriy = B((X =)@ (X —w®), j21 (1.27)

If the o term, defined in (1.24) as the standard error of T}, is not equal to one, then the statistic
T, is redefined such that it has unit variance, i.e., we redefine it as follows:

Tpn = n'?A(X ) /0.

The Edgeworth expansion of the distribution of 7;, can now be stated. This theorem is also
stated as Theorem 2.2 in Hall (1992).

Before the theorem is stated, first define a d-vector ¢t = (t(l), R t(d))T, and let

”t” = \/(t(1)>2 S (t(d)>2

x(t)=E (exp {izd:t(j)X(j)}> .
j=1

Theorem 1. Edgeworth expansion for the smooth function model:
Assume that the function A has j+2 continuous derivatives in a neighbourhood of p = BE(X), that
A(p) =0, that B(|| X |"*2) < oo, and that the characteristic function x of X satisfies

limsup |x(t)| < 1,

[[—oo

(i.e., Cramer’s condition). Define a;,..;,. and lq,..i,. as in equation (1.22) and (1.27), and o, A
and Ag as in equations (1.24), (1.25) and (1.26). Suppose that o > 0. Then for j > 1,

P <n1/2A(Xn)/a < :z;> = d(z) +n"2p(x)(z) + ...
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+0792p; (@) () + o(nI/?), (1.28)

uniformly in x, where p; is a polynomial of degree at most 37 — 1, odd for even § and even for odd
J, with coefficients depending on the moments of X up to order § -+ 2. In particular,

pi(z) =~ {Aw”l + %A2(7~3(z2 — 1)} :

It is shown in Hall (1992) that it is possible to obtain the same polynomials, p; and ps, which
were derived in Sections A.1 and A.2 by applying this theorem.

A.4 Cornish-Fisher expansion

We will now look at the “inverse” version of the Edgeworth expansion, known as the Cornish-Fisher
ezpansion. The Cornish-Fisher expansion is an expansion for the quantile of a distribution of a
statistic 17,. Note: In this discussion we assume that T}, is a standardized statistic with a limiting
standard normal distribution. Formally we define this quantile, w(a), as

w(o) = inf {z : P(T, < z) > a}

l.e., the smallest value = such that the probability that 7, is smaller than z is greater than or equal
to «. But, for simplicity’s sake, we will simply define w(a) as:

P(T, < w(a)) = q,

for a given 0 < v < 1.
If we look at the Edgeworth expansion

P(T, < z) = &(z) + 1" 2p1(2)d(z) + 1 p2(2)p(@) + - - - + n I 2p;(2)p(z) + o(n™I/?),

we can ‘invert’ this expression so that it becomes an expansion for the quantile. The general form
of this expansion is:

w(e) = z(a) + n"Y2pGF (2(a)) + - - - + n"j/2p3¢F(z(a)) + o(n~9/?),

where z(a) = (), i.e., the a level quantile of the standard normal distribution, and p$* (u) are
the Cornish-Fisher polynomials. These expansions are interpreted as an asymptotic series uniformly
ine<a<l—eforanyee€ (0,1).

The derivation of these Cornish-Fisher polynomials will not be discussed. One only has to note
that they are functions of the Edgeworth polynomials p;(u), and the relationship, for the first two
polynomials for the derivations discussed in Sections A.l and A.2 are:

d
W@ =) a7 =nb) | 206 - lne) - me)
The formal theorem provided in Hall (1992) for the smooth function model will now be repeated

here.

Theorem 2. Cornish-Fisher expansion for the smooth function model:
Assume the conditions of Theorem 1 on the function A and the distribution of X. Define

w(e) = inf {:13 :P (nl/zA(Xn) < z) > a} .
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Let p1,...,p; denote the polynomials which appear in (1.28), and define p ., pfF as polyno-
mials which satisfy the equality ’

& z(a) +Zn”~7/2 CF(z(a))

j>1

+ Y 0T p; < 2(0) + > 0TI 2pPF (2(a))

i>1 i>1

X¢ < z(c) +Zn_j/2pfF(z(a)) =a O0<a<l.
jz1

Then,
w(a) = z(e) +n"Y2pfF (2(a)) + -+ - + n”j/2pfF(z(a)) + o(n=9/?),

uniformly in e < @ <1 —¢ for each € > 0.

Remark: Similar expansions can be obtained for the quantiles of the distribution of studentized
statistics.

A.5 Edgeworth and Cornish-Fisher expansions for bootstrap dis-
tributions

This section will briefly state the Edgeworth and Cornish-Fisher expansions as they are applied
to bootstrap estimated distributions. To make these expressions as general as possible we will
consider the expansions given in Chung and Lee (2001) for the m-out-of-n bootstrap statistics.
These formulations are more general because they can be applied to both the traditional (m = n)
and the m-out-of-n (m <'n) bootstrap resampling schemes.

‘We will limit our discussion to the parameters, statistics and distribution functions which are
covered by the smooth function model. Let X7, Xo, ..., X, be data generated from the distribution
function F' with mean 4, and let 8 = g(u) be estimated by 8, = g(X,) where X, = £ -7 | X;. The
asymptotic variance of n1/28,, is given by h(y) and it is estimated by h(Xp). Deﬁne the followmg
two distribution functions for the standardized and studentized statistics respectively:

Hy(z) =P (n**(0n — 0)/h() < ),

and
() =P (n¥2(6n — 0) /h(%n) < x) .

Next, define the bootstrap statistics as 8%, = g(X%), h(X%) and X7, = LS. Xf. The
bootstrap versions of the standardized and studentized distribution functions are respectively:

Hom(z) = P* ( 126, —en)/h(xn)<m)

and
Rp(z) = P* (nl/z(é;; — 8,)/h(XE) < :z:) :

The lemmas stated in Chung and Lee (2001) are simple extensions of the expausions given in
Hall (1992) which were discussed in the previous sections.
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Lemma 1. m-out-of-n bootstrap Edgeworth expansion:

Suppose m = O(n) and m — oo as n — co. Assume that the functions g and h (defined in Section
A.8) are continuously differentiable up to a sufficiently high order in an open neighbourhood of u,
that the characteristic function x of X satisfies Cramer’s condition, and that there exist sufficiently

many moments of X. Then, for some large positive integer j,
Hp(z) = () +m pi(zx)p(z) + ...
5 (z)d(z) + Oplm= /),

and

K@) = 3(@)+m g (a)¢(z) + ...
+m~25(2)g(z) + Op(m™=0+I/2),

uniformly in =, where P; and §; are obtained by applying the plug-in principle to population elements
in the definitions of p; and g; respectively, and O, refers to an unconditional probability.
Lemma 2. m-out-of-n bootstrap Cornish-Fisher expansions
Under the conditions of Lemma 1, we have that

Wm () = 2(0) + m2pTF (2(e)) + - - - + mTIPBFE (2(a)) + 0p(m /),
and ) .

() = () + 207 (2(0)) + -+ mI2GFF (o(0)) + gl 1),

uniformly ine < a« <1 —¢ for any € € (0, %), where the (jiOF and (jic'Fpolynomials are obtained by
applying the plug-in principle on the population elements in piGF and qic'F respectively, and where
op refers to an unconditional probability.
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Hermite Polynomials

Hermite polynomials are tools used to help obtain the higher order derivatives of the standard
normal density or distribution function. We define the 7** Hermite polynomial as:

(@)
He(z) = (-1) —¢($)

%( 1)/ OF(24) () =
= zHe,—1(z) — (r — 1) Her_a(z),

where ¢(z) is the standard normal density function, |z| denotes the largest integer smaller than
z, and OF(z) is called the odd factorial, and is defined as

T

OF(z) = !/ [2% (EN .

The following table is a summary of the first eleven Hermite polynomials:

Hermite polynomial

Heo(z) =1

Hei(z) ==z

Heo(z) =22 —1

Hes(z) = z° — 3z

Heq(z) = z* — 62% + 3

Hes(z) = z® — 10z® + 152

Heg(z) = = — 15z* + 452° — 15

Her(z) = 7 — 212° + 1052° — 105z

Hes(z) = 28 — 28455 + 210z* — 4202% + 105
Heg(z) = z° — 363" + 378x° — 1260a° + 945z
Heyo(x) = *° — 4528 + 630z° + 472527 — 945

Table B.1: Table of the first eleven Hermite polynomials.
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Appendix C

Big-O and little-o notation

C.1 Stochastic convergence in the real and bootstrap world

‘We begin by first defining convergence almost surely, convergence in probability, LP convergence
and convergence in distribution in both the real world and the bootstrap world:
Let X1, Xo,... and X be random variables. Let R}, R3, ..., and R* be bootstrap random variables.

% Convergence almost surely: We say X, converges almost surely to X (or X, 3 X) if

P(lim X, =X)=1.

n—0o0

* LP convergence: We say that X, converges in £P to X (or X, 2 x ) if

lim BE(|X, —X?) =0.
n—oo

* Convergence in probability: We say X, converges in probability to X (or X, 5 X ) if
for every e > 0,
lim P{| X, —X|>¢€) =0.

n—oo

% Convergence in distribution (or convergence in law): Let Fyx, be the distribution
function of X,,, n=1,2,..., and Fx be the distribution function of X. We say X, converges

in distribution to X (or X, > X) if
Jim Fy,(z) = Fx(2),
for all z at which Fix(z) is continuous. Convergence in distribution is also known as weak
convergence.
As far as the bootstrap world is concerned, we define the following two concepts:

* Bootstrap convergence in probability: We say R}, a statistic in the bootstrap world,

converges in conditional (given X1, X, ..., Xn) probability to R* (or R} 7, g a.s.) if for
every € > 0,

lim P*(|R; — R*| > ¢€) =0, a.s.

71—0o0
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* Bootstrap convergence in distribution: Let Fgx be the distribution function of R}, n =
1,2,..., and Fgr~ be the distribution function of R*. We say R} converges in conditional

(given X1, Xo,...,Xp) distribution to R* (or R} 2 R a.s.) if

Jim Fpe(z) = Fp=(z)  a.s,

for all z at which Fp«(z) is continuous.

C.2 Big-O and little-o notation

Deterministic Big-O and little-o

Let {an} and {b,} be two seciuences of numbers.
* Big-O: We say that the sequence {a,} is “Big-O” {b,}, or an, = O(by,), if

lim sup |an/bn| < K,

n—o0

or alternatively, if
lan| < K|bp|, for all sufficiently large n,

where K is some finite constant.

* little-o: We say that the term ay, is “little-0” by, or ap = o(by), if

lim a,/b, =0.
n—oo
Stochastic Big-O and little-o

Let {X,} and {Y,p} be two sequences of random variables.

* Big-O a.s.: We say that the sequence {X,} is “Big-O almost surely” {Yp}, or X, =
O(Y,) a-s., if X, = O(Y,) for almost all sequences { X1, Xo,...} and {¥1,Ys,... }.

* little-o a.s.: We say that the term X, is “little-o almost surely” Yy, or X, = o(Yy,) a.s., if

X’n a.s.
- —0.
Yn

* Big-Op: We say that the sequence {X,} is “Big-Op” {Yn}, or Xp = Op(Yy), if for any € > 0
there exists a constant K. > 0, and an integer ne, such that

X
P<||Yn||§KE>Zl~6, Y n > ne.
n

* little-0,: We say that the term X, is “little-0,” Yy, or Xy, = 0p(¥y), if

Xl 2,
¥zl

In the bootstrap world we can also define the following:
Let {X}} and {Y;¥} be two sequences of random variables in the bootstrap world.
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* Big-Op«: We say that the sequence {X}} is “Big-Op«” {Y;}, or Xt = Op«(Y;¥), if for any
€ > 0 there exists a constant in the bootstrap world (i.e., a random variable in the real world)
K¢ > 0, and an integer n., such that

| X3

P* <WSK€> >1—e¢, a.s., Y n > ne.

% little-op~: We say that the term X* is “little-op” Y, or X% = op«(Y), if

*
@ p_*,()’ a.s.

Yzl



Appendix D.

Expected values of functions of
sample moments

The following expected values presented in this appendix are used in the discussions in Chapter
5. We will attempt to express all of the expected values in terms of population moments. Where
possible intermediate steps are also provided.

We will use the variable ¥; = X; — E(X;) so that the variable Y; is centered on zero. This
addition has no real effect on the results since the sample moments of order 2 and higher are
location invariant, but it helps to have this condition in some of the expressions.

D.1 Expressions for the expected values of sample moments

‘We will now provide expressions for the expected values of the following products of sample mo-
ments: [is, p'%: ﬂg; ﬂ&_ﬂ% f2fis, ﬂ2/:"ZJ ﬂ%ﬂﬁ) ﬂ%ﬂ‘l) ﬂ%ﬂ%) ﬂ2ﬂ3l:1'5: ﬁ’%ﬂ‘l; 17'n.(ﬁ'B - /"'3)7 ?'n.(/l2 - /"'2)7
Y (fis — p3) (B2 — p2), Ya(fio — p12)?, Yu(fio — p2)?(fis — pis), and Yo (fig — pia)®. These expected values
of products of sample moments are expressed in terms of the expected values of sums of random
variables. The expected values of the sums of random variables are then resolved and the terms
are collected. The expressions of the expected values of the sums of random variables are given in
the next section of this appendix. Clearly, many steps have been ommitted, but these steps largely
involve the collection of terms, and as such are considered trivially easy (but incredibly tedious).
These calculations are available on request from the candidate.

1.
E(f2) = E{%Z(n—mﬂ
ECORA (0
=1 i=1
= M2+%{—M2}-
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- (B 2 (e () ) e (29

1 1
= 1B+ {ua— 33} + — {—2pa+5u3} + g {a— 33}

121

3.
n 5
-
i=1
n n 2 n 4 n 4 n 3
o] e ()2
i=1 i=1 i=1 i=1 i=1
0 n [ n 8 n ) n 10
ol ()2 )
i=1 i=1 i= L d=1 =1
= w3+ %{—15;@ + 10p3pa} + %{115;@ — 110u3 4 + 1504
+10uzus — 604513} + O(n™%).
4.
B(fs) = B E S (- Yn)?’J
=1
i) 2ol o)
=1 i=1 i=1 i=1
= pz+ % {—3us}t + % {2ps} -
5.

i=1 i=1 i=1

w2 ((§) (?21@2)2)”‘E(nﬁ2(?§‘ﬂ>4)+%E((

1
= ui+ - {16 + 98 — Tpz — Bpopa} +

i=1 i=1

1
=5 {61t + 45punpss + 2843 — 6303} +

£))
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D.2 FExpressions for the expected value of sums of random vari-

ables

This section will present the expressions for the expected value of the sums of random variables
which were utilised in the previous section.
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i=1 j3i kA B i=1 jsti kA B
ECI ] B
Lk
n
5 IDID I PR CALE
i=1 jAi kA BA mf
WA B mA
Bk mtk
A
n
3202 2 WHRY
=1 jki kA BA
WA B
bk
n
62,000 > 2 WGRYY,
i=1 j#i kA B&  mA
W mA
Bk otk
A
n
DI NP I IAC T
=1 g kA A mA oA
WA B mA o
Bk mik ok
mA oA
opm
nug -+ 8n o — 8npuoie + 12n2 s s — 12nu3 s
+TnPuf — Tnpd -+ 160> psug — 48n° sy + 32np5 g
+20n° uop§ — 60n®ugpf + 40npap3
4,4 3,4 2,4 4
+3n s — 18n°us + 33n°us — 18nuy
37.

*| (&

n n n n
DYEAD D WA D V¥ +4) D VPV

i=1 i=1 jgki i=1 jski i=1 jgki

n n n
4D DD WYfYEH6) D VYF 43} D > WY

=1 g A i1 gk il jAi A
i ki



http:32nJ.t~J.t4
http:48n2J.t~J.t4
http:16n3J.t~J.t4
http:12nJ.t3J.t5
http:J.t3J.t5
http:BnJ.t2J.t6
http:J.t2J.t6
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+ 622 > Y +12ZZ > vvEYE

i=1 j7&i I#z =1 j7&i II;Z.
+ 622 > YYY,3Y4+4ZZ > > vvny?
i=1 j£i ﬁ b& =1 ji I#z. ZZ
bgc

333 > nvinyive
i i kR B mE
W

= nps +n’pg — npj + 4n’paps — dnpspis
+6n°ugjs — 6npgis + 3n®pdpa — In® B + 6rpud g

38.

EKZY” = E(i1€8+i21€4194)

i=1 i=1 i

= npg+n’pg—npy

39. For the following expressions we will only provide the result of the expected value because of
the length of some of the expressions; the intermediate steps are obtained in a similar manner
to the previous expressions but they will be ommitted. These calculations can be obtained

from the candidate on request.

n 10
E KZ K) } = npio + 45n°popg — 45nusps + 120n?pgur — 120nugpy
i=1
+210n2 paps — 210nug s + 63002 L2 — 1890n2u2us 4+ 126042 ug
+126n2u2 — 126nu2 + 2520n3 uopa s — 756002 g s s 4+ 5040n g s s
+1575n2 ugu? — 472502 ug il 4+ 3150nuau2 + 210013 12 1y — 6300n3 12 1y
+4200n3 g + 3150n* S g — 18900n° 18 g + 34650n2 1S g — 18900n.13 g
+6300n4p,§p,§ — 37800n°% 2 2 + 693002 23 — 37800nu3 L2

+945n5 13 — 9450n4 13 + 3307502 u§ — 472500213 + 22680nu5

40.

n (el
E KZ 5’1) ZY?} =m0+ 29n° tspg — 29nuspg + 64n>ua g — 64nugiy



http:18900nJ.L~J.L4
http:J.L~J.L4
http:J.L~J.L4
http:J.L~J.L4
http:4200nJ.L~J.L4
http:J.L~J.L4
http:J.L~J.L4
http:5040nJ.L2J.L3J.L5
http:7560nJ.L2J.L3J.L5
http:2520nJ.L2J.L3J.L5
http:126nJ.Lg
http:126nJ.Lg
http:1260nJ.L~J.L6
http:J.L~J.L6
http:J.L~J.L6
http:210nJ.L4J.L6
http:J.L4J.L6
http:6nJ.L~J.L4
http:J.L~J.L4
http:J.L~J.L4
http:6nJ.L2J.L6
http:J.L2J.L6
http:4nJ.L3J.L5
http:J.L3J.L5
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+98n2puspe — 98npsps + 238083 ue — T14n*udps
+476nu3 s + 5612 U2 — 56nu2 + 784n> 1o g s
—2352n° uopa s + 1568nuspa s + 455n3/1,2/1,2
—1365n2 pppg + 910nuou2 + 56013 2 1y
—1680n2 13 pss + 1120m43 g + 630n* 13 g

— 378073 18 pus + 6930n2 1S s — 3780m 3 s
+1120n4 2 ud — 672003 2 4 1232002 2
—6720nu2 12 4 10505 1y — 10500 L3 + 3675n° 13
—5250n2u5 + 2520mu3

41.

o 7 o
E (Z YZ> Z Y3 npgo + 2102 uspg — 21nusus + 3602 uaur — 36nusur 4+ 42n2 1L
i=1 i=1

I
|

— 4246 + 10503 u3ue — 31502 udue + 210nu g + 21n2u2
—21np + 23103 popsus — 693n2uaps s + 462nuops s
+105n3u2/1,421 — 31502 ugus + 210npuous + 10503 u2 g
—315n2u2 g + 21002 pg + 1050 pd g — 63003 1S 11y
1115502 13 g — 630nu 14 + 1050 u2u2 — 63008 u3ud
+1155n%p2uf — 630nuus

42.

n 6 / n 2
B (Z Yi> (Z Yf) ] = nuio+ 17’ uaps — 17npgps + 32n° uspr — 32nuspr
i=1 i=1
+467°% g g — A6npaps + 7603 paus — 22802 Lalie
+152nudue + 2602 u2 — 26nu2 4 232n° Los s
—696n°2 pouaps + 464nugus s + 13502 up 2
—405n2 pops + 270nuous + 160n3/1,§/1,4
— 4802 12 4 + 320mp2 g + 12004 1S 1y
—720m3 3 g + 132002 S g — 720mp g
+220n% 2 g — 1320n3 2 + 24200 313
—1320nu2 2 4 15n°ud — 150n*us + 5251343
—750n2 3 + 360nu3

43.

T . 6 T
E KZ Yi) > Yf] = npu1o+ 16n°uaps — 16npu4pe + 6n°u3 — 6nud + 150 uops

i=1 i=1


http:720nf.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:320nf.t~f.t4
http:270nf.t2f.t1
http:464nf.t2f.t3f.t5
http:f.t2f.t3f.t5
http:f.t2f.t3f.t5
http:152nf.t~f.t6
http:f.t~f.t6
http:f.t~f.t6
http:46nf.t4f.t6
http:f.t4f.t6
http:630nf.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:21Onf.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:21Onf.t2f.t1
http:462nf.t2f.t3f.t5
http:f.t2f.t3f.t5
http:f.t2f.t3f.t5
http:210nf.t~f.t6
http:f.t~f.t6
http:f.t~f.t6
http:42nf.t4f.t6
http:3780nf.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:f.t~f.t4
http:1120n~f.t4
http:f.t~f.t4
http:910nf.t2f.t1
http:f.t2f.t1
http:455nf.t2f.t1
http:1568nf.t2f.t3f.t5
http:2352nf.t2f.t3f.t5
http:f.t2f.t3f.t5
http:476nf.t~f.t6
http:f.t~f.t6
http:f.t~f.t6
http:98nf.t4f.t6
http:f.t4f.t6

APPENDIX D. EXPECTED VALUES OF FUNCTIONS OF SAMPLE MOMENTS 148

—15nuaus + 15n3/1,2/J,Z — 45n2/1,2/1,2 + BOnp,z,u,Z + 20n2 3y
—20npz 7 + 10n° P31y — 30n° 3 g + 20mus3pug + 60n° popia s
—180n” o ps s + 120nusps s

44.
n 5 n n
E (Z Yl) SOYEY VP | = npo+11nPpoug — 1lnugps + 160 sy — 16nuspy
+20n% g pis — 20npape + 2508 3 g — T5n? g e
+50nu s + 11n° 1 — 11nuZ + 61nP uspsps
—183n2uspais + 122n o i3 s + 35n3,u,2y,2
—105n® o + TO0npuopg -+ 35n° p3 s — 1050° 13104
+70np3 g + 150 i3 g — 9003 13 11y + 16502 13 1y
—90nudps + 25n* psp3 — 150n° u3u3 + 2750 u3 3
—150nu313
45.
n 5 n
E (Z Yi;) Y Y| = nuo+n’pd —nud +5n’papes — Snpape
=1 1=1
+10n2pspg — 10nusps + 100> papr — 10nusuy
+10n3 pops s — 30n> Lo pis s + 20n s g s
+15n° p3 g — 450> 3 e + 30nu3ug
46.
B KZ Yz> (Z Yf) = nuio -+ In’pous — Inuaus + 160>y — 16nuspy
i=1 i=1

+22n*papis — 22npuspis + 24n° 3 g — 24nu3 e
+12n°pF — 12np8 + T2n° popz s — 2160 sz s
+1ddnpopaps + 390 poud — 1170 popd + T8nusus
+A48n2 3y — 1440 i3 g + 96np3 s + 28n* 15114
—168n3 1 g 4 30802 S g — 16803 114 + 48ntp2 2
—288n8 2 ud + 528n2/1,§y,§ — 288ny,%/1,§

+3n8 48 — 30n* 13 + 105n° 1§ — 150n2uS + 7203



http:30n4J.Lg
http:168nJ.L~J.L4
http:308n2J.L~J.L4
http:168n3J.L~J.L4
http:J.L~J.L4
http:96nJ.L�J.L4
http:J.LgJ.L4
http:J.L~J.L4
http:144nJ.L2J.L3J.L5
http:216n2J.L2J.L3J.L5
http:72n3J.L2J.L3J.L5
http:12n2J.Lg
http:24nJ.L~J.L6
http:J.L~J.L6
http:22nJ.L4J.L6
http:J.L4J.L6
http:30nJ.L~J.L6
http:J.L~J.L6
http:20nJ.L2J.L3J.L5
http:30nJ.L2J.L3J.L5
http:IOnJ.L3J.L7
http:IOnJ.L3J.L7
http:10nJ.L2J.LS
http:J.L~J.L6
http:J.L2J.L3J.L5
http:lOnJ.L2J.LS
http:90nJ.L~J.L4
http:J.L~J.L4
http:J.L~J.L4
http:J.L~J.L4
http:70nJ.L~J.L4
http:J.L~J.L4
http:J.L�J.L4
http:122nJ.L2J.L3J.L5
http:J.L2J.L3J.L5
http:J.L2J.L3J.L5
http:50nJ.L~J.L6
http:J.L~J.L6
http:J.L~J.L6
http:20nJ.L4J.L6
http:J.L4J.L6
http:120nJ.L2J.L3J.L5
http:180nJ.L2J.L3J.L5
http:J.L2J.L3J.L5
http:20nJ.L~J.L4
http:J.L~J.L4
http:10nJ.LgJ.L4
http:20nJ.L3J.L7
http:J.L3J.L7
http:15nJ.L2J.LS
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47,
E (Z Yz’) (Z Yf) = npo + 6n’pops — Bnpaus + 6n° sy — 6nus iy
i=1 i=1
+9n g pis — Inpsapss + 3n®pdue — In*ud e
+6npu5ps + 6n°pg — 6nuZ + 12n° pops s
—36n*popsiis + 24npgpsps + 12n° o
—36n° gy + 24npgpf + In® 3
—27n? 13 g + 28np3 g + 30t 33
—18n® 53 + 330 33 — 18nu3u3
48.
/ n 4
E (Z Yz> STYE| = npo+nPpaps — npaps + AnPuspr — dnpspn + 6n2pgps — 6nusps
i=1 i=1
+3n° 3 e — In* 3 e + 6npisus
49.
n 4 n n
E (Z Yz> SCVPD V| = npo+8n’uaps — Snpaps + Tnusus — Trpaps + TnPugpd
i=1 =1 i=1
—21n® ol + Tdnpopg + 4n® g — dnpd + 8n° gy
—8npgpir + 4nPudps — 120”3 pus + 83
+16n8 o s is — 48n® papspis + 32npaps s -+ In° ud e
—27n? 12 s + 18npue + 3nt Sy — 18n8uduy
+33n2 13 phs — 18npdp
50.
B (Z Yi) (Z Yf) S OYP| = mupo+ 50 ugus — Snpsps + 8n’uaur — 8npuspy
i=1 i=1 i=1

+nPpaps — npaps + T pgues — 210 ud e
+14nu3us + 5n®ug — 5npd + 19n° uous s
—B5Tn®Lgpspis + 38npapsps + 9n popl — 270 ol
+18npap] -+ 1303 3 s — 39015 1a + 26005 11a
+3n* pd pus — 18n° pdpus + 330 1 pug — 18npud pug
+Tn*p3ud — A2nPp3pd + TP g s — A2nuful




APPENDIX D. EXPECTED VALUES OF FUNCTIONS OF SAMPLE MOMENTS 150

51.

n 3 n n
E {(Z Yi) R Yiﬂ = nuio+n’ug — npf + 4n’pops — dnpss + 4n® sy
i=1

i=1 =1
—dnpspr + 4n° pops s — 12n° popsiis + 8npa s
+3n” papis — 3npuapss + 3n® b s — In® s e + 6npgue

52.

n 3 n n
E (Z Yi> DOYES VH = npao+4nPpape — dnpaps + 2n° pspr — 2npspr + 0P g
i=1

i=1 i=1
—3n° 34 + 2npz g + 307 pd — 3npf + 3n°uaps — Bnpaps
+3n®uopg — 9n?popg + 6npsp + 3n®pops s

—9n® s s + 6npaps s

53.

n 3 n n
E (Z Yi) STVESI VA = npao+ 4nPuaps — dnpgps + 20° pajir — 2npajir + P

=1 i=1 i=1
—3n° 3 s + 2np3 s + 30713 — 3npd + 3n’usus — 3nusug
+3n® oy — In® ol + 6npuspg + 3nPusps s

—9n® L s + Bniais s

54.

n 2/ n 4
E (Z y;) (Z Yf) } = mpno -+ 5n’pops — Snpaps + 8n” sy — 8npus iy + 100 pajs
i=1 i=1
—10n4uape -+ 10n3p2us — 300213 us + 20np2 e + 602
—6npug + 15n° uopi — 45n° ugpsd + 30nuop] 4 24n pops s
—T72n% pops s + 48npinpis s + 12n° 31 — 360° 3
1 24mpdpug + 1004 g — 60n3 S s + 110023 g — 60mpud g
+12n*udug — 7203 s + 13202 i g — T2npubpE 4 ndpd
—10n*u8 + 3503 1§ — 50n2ud + 24nud

55.

E KZ 11) DY (Z Yf) } = nu1o + 2n°pops — 2niaps + 4n®papr — dnpg
i=1

=1 =1


http:50n2J.tg
http:35n3J.tg
http:lOn4J.tg
http:60nJ.t~J.t4
http:J.t~J.t4
http:J.t~J.t4
http:J.t~J.t4
http:24nJ.t~J.t4
http:J.t~J.t4
http:J.t~J.t4
http:48nJ.t2J.t3J.t5
http:J.t2J.t3J.t5
http:J.t2J.t3J.t5
http:20nJ.t~J.t6
http:J.t~J.t6
http:J.t~J.t6
http:lOnJ.t4J.t6
http:6nJ.t2J.t3J.t5
http:9nJ.t2J.t3J.t5
http:J.t2J.t3J.t5
http:J.t2J.tS
http:nJ.t3J.t4
http:J.t3J.t4
http:6nJ.t~J.t6
http:J.t~J.t6
http:J.t~J.t6
http:3nJ.t4J.t6
http:J.t4J.t6
http:SnJ.t2J.t3J.t5
http:J.t2J.t3J.t5
http:4nJ.t2J.t3J.t5
http:4nJ.t3J.t7
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+5n° aps — 5npaps + n’ugpes — 3n° paus
F2npugpe -+ 202 g — 2npE -+ 4nugps s
—12n*papaps + 8npaiaps + 2n°usug — 6n° sy
+dnpopg + 50l s — 15023 g + 10nug s

+ntpsp — 6n’pdpd + 1nPpdud — 6npdug

56.

n 2 n n
B KZ 11) DY ZYf} = npuio -+ n’uais — nisaps + 2n>pops — 2njisps

+n° u3ue — 3n®pbpe + 2nudue + 2n’ sy — 2npspy

57.

E KZ Yz) (Z Yi2> > lfi{l = npao + 4n° usps — dnpiaps + 30> pojs — 3npsps

i=1 =1 i=1
+3n8 o pl — InPpopd + 6npspf + 3n® i e
—9n® b e + 6npzus +n*udug — 6n°pdpy
+11n2pd g — 6npd s + 2n2u2 — 2nuZ + 4n?ugu,
—Anpg iy + 2n° PE g — 602 uF g + dnpgg
+4n® popapis — 12n2popia i + Snpspapia

58.
n 2 n n
E (Z Y> SVES VP = nuo+nPuf —nud + nPuspr — npspr +n’uops — npgus
i=1 i=1 i=1
+n8 ugpaps — 3n® papia s + 2npapsis + 20 tages — 2niapes
59.
E RZ Yi) <Z Yf) =m0 + 20" paps — 2npapis + 1’ pops — npsis + n° gyl
i=1 i=1

—3n® g g + 2npgpf + 2n°pud — 2npd
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60.

|5 (S) 5o

=1 i=1 i=1

np10 + 3n°pops — 3nuous + 4n’puapr — dnpspr

+dnugps — dnpaps + 3n® 12 — 3nug + 3n®udug
—9n®u3 6 + S + In® oy s — 27Tn poja s
+18nugpaps + 3n° uapd — In® s + 6npopd
+3n° p3 s — InPpdpa + SnpFus + s — 6nBpd g
+11n2 pd g — 6npdpa + 3ntpd g — 18nPud3

+33n°usud — 18np3u3

61.

10 -+ n® g — npd + 2n® pops — 2npopg + 2n° gy

—2n gy + 2n3 pops s — 6n°puopa s + dnpopsps
+nP s — npsapss + nPusps — 3n’pdpe + 2npsue

62.
n n
E (Z Yf’) D Y| = npo-+ 3npapr — 3nuspr -+ 30 tapis — 3npape
i=1 i=1
+3n°p3 s — InPud g + 6npdpg
63.
{z Y; Z \73 Z 7 Z Yﬂ o + 1’ o — Nigis + 20> papy — 2nus iy
i=1 i=1 i=1 i=1
+2n2 uape — 2npiaps + n2pE — npg + n’ugps s
—3n2uguaps + 2npopsis + n’uopf — 3ndpouf
+2npopg 4+ n’pips — 3n*udpa + 2npdpa
64.

= nuo + 5n’paps — Snusps + 100> uaps — 10npaps + 10n° g

—30n? s + 20np2ug + 15n3 uopd — 45n2pou? + 30n o

152
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+10n*u3 g — 6008 p3g + 11002 pd g — 60npdus
+ndus — 1Dn4yg + 351815 — 50n2p,‘; + 24nud

65.
k(3 3 k(3
E(Xﬁ%)iﬁ? = npo + 40 uaps — dnpaps + 3n>paps — 3nusps + 3nluopd
=1 =1 .
—9n? ol + 6np g + 3n°pi s — In®p3ps + Enpsug
+ntudpg — 6nPudpg + 1In2pdug — 6npd g
66.
E (Z Yf) DOVP| = npao + nPusps — npaps + 2n’pous — 2npsps
+nBudpe — 3?3 e -+ 2npd e
67.
E @:W><Zﬁ%) = 10+ 2n’paus — 2npsps -+ 1 paps — npkake -+ n°uape
i=1 i=1
—3n” U3 e + 2nuspe + 2n° pspr — 2npspr + 2n° pf — 2npd
+4n® ugpapis — 12n° pops s + 8npsps s +nludps — 3n 3
+2np3 s + ntugud — 6n’usps + 1in’pdps — 6nudps
68.
n k(3 n
EhEWEF?Zﬁﬂ = npio+n’ud — nud + n’uspr — nuapr + n’pous — nuaps
i=1 i=1 i=1
+n° popaps — 3n’paps s + 2npsps s
69.
k(3 k(3 2
EE:#(XP{) = nu10 + n’psps — nusps + 21 tajie — 2njiape
i=1 i=1

+n° g g — 3n®popd + 2o



http:lln2p,~f.l4
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70.

k) 2 k)
E [(Z Yf) > 5’%4} = nuo + n’paps — npaps + 2n’papr — 2nugpr

+n3 uf g — 3n*udpg + 2npFig

154


http:nJ.LsJ.L4
http:J.LSJ.L4
http:J.LSJ.L4
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