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Abstract 

In this thesis we study some nonlinear partial differential equations which appear 

in many physical phenomena of science and engineering. Exact solut ions and con­

servation laws are obtained for such equations using various methods. In t his work 

we study a generalized Benney-Luke equation wit h t ime dependent coefficients , 

t he symmetric regularized long wave equation , the Klein-Gordon-Zakharov equa­

tions, a generalized (2+ 1 )-dimensional Burgers-Kadomtsev-Petviashvili equation , 

the Korteweg-de Vries-Burgers equation wit h power law nonlinearity, a four param­

eter Boussinesq system, an integrable coupling with Korteweg-de Vries equation, 

the coupled BBM equations and t he convective Cahn-Hilliard equation. 

A complete Lie group classification is performed on a generalized Benney-Luke 

equation wit h time dependent coefficients. This equation models an approximation 

of the full water wave equation and is formally suitable for describing two-way water 

wave propagation in t he presence of surface tension. The Lie group classification 

of this equation provides us with a two-dimensional principal Lie algebra and has 

several possible extensions. Six distinct cases arise in classifying t he t ime dependent 

coefficients. They include amongst others the power and exponential functions. 

Group-invariant solutions are obtained for all cases. 

Exact solutions of two nonlinear evolut ion equations, namely, the symmetric regu­

larized long wave equation and t he Klein-Gordon-Zakharov Equations are obtained 

using Lie symmetry analysis along with t he simplest equation method and the exp­

function method. Conservation laws are constructed using the multiplier approach. 

The (G'/G)-expansion method is used to obtain solut ions of a generalized (2+ 1)­

dimensional Burgers-Kadomtsev-Petviashvili equation and a (2+ 1)-dimensional in­

tegrable coupling system wit h the Korteweg-de Vries equation. Exact travelling 

wave solutions of t hree types are obtained and these are t he soli tary waves, peri-

Xl 



odic and rational functions. Conservation laws in both cases are obtained using 

t he new conservation t heorem. 

Travelling wave solutions and conservation laws of the Korteweg-de Vries-Burgers 

equation with power law nonlinearity are derived via Lie symmetry analysis along 

with Kudryashov approach and the new conservation theorem, respect ively. 

Conservation laws for a four parameter Boussine q system are derived using t he 

Noether approach and its exact travelling wave solut ions are obtained using t he 

Kudryashov method. 

Exact solutions of the third-order coupled Benjamin-Bona-Mahony equations are 

derived by employing the Kudryashov method and conservation laws are obtained 

using the mult iplier approach. 

Conservation laws and travelling wave solutions of the fourth-order Cahn-Hilliard 

quation are obtained . The conservation laws are constructed using t he multiplier 

approach while Lie symmetry analysis along with t he simplest equation method 

are used to obtain exact solutions. 
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Introduction 

A large variety of real-world physical systems are governed by nonlinear part ial 

differential equations. Such equations are very important because they are able 

to describe the real features in various fields of applications, for example, fluid 

mechanics , gas dynamics, combustion theory, relativity, thermodynamics, biology, 

and many others. Nonlinear partial differential equations of real life problems 

are difficult to solve analytically. Finding exact solutions of the nonlinear part ial 

different ial equations is a very important t ask and plays an important role in 

nonlinear science. There has recently been much attention devoted to the search for 

better and more efficient solution methods for determining solutions to nonlinear 

partial differential equations [1- 29]. 

In the last few decades, a variety of effective methods for finding exact solu­

tions were discovered. These include the homogeneous balance method [3], the 

ansatz method [4, 5], the variable separation approach [6], the inverse scat tering 

transform method [7], th Backlund t ransformation [8], the Darboux transforma­

tion [9], t he Hirota bilinear method [10], t he ( G' / G)-expansion method [11- 13], 

the Kudryashov method [14- 19] and Lie group analysis [20- 26]. Such methods 

were successfully appli d to nonlinear partial differential equations in obtaining 

their exact solutions. 

Lie group analysis is one of the most powerful and systematic methods to determine 
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solutions of nonlinear differential equations. It was originally developed by Marius 

Sophus Lie (1842-1899). His study gave rise to the modern t heory of what is 

now universally known as Lie groups. Ever since, a large amount of work has 

been published in t he li terature on the subject of Lie groups applied to differential 

equations in terms of the Lie point symmetries admitted by the equation under 

study. Lie point symmetry of a differential equation is a one parameter point 

transformation which leaves t he differential equation invariant. Lie theory enables 

one to reduce the order of ordinary differential equations. The reduction of a 

partial differential equation with respect to r-dimensional (solvable) subalgebra 

of its Lie symmetry algebra leads to reducing t he number of independent variables 

by r. 

It is well-known that conservation laws play an important role in the study of 

differential equations. Conservation laws describe physical conserved quantities 

such as mass, energy, momentum and angular momentum , as well as charge and 

other constants of motion [23, 30, 31]. They have been used in investigating the 

existence, uniqueness, and stability of solut ions of nonlinear partial_ differential 

equations [32, 33]. Also , they have been used in the development and use of nu­

merical methods [34, 35]. Recent ly, conservation laws were used to obtain exact 

solutions of some partial differential equations [36- 40]. Thus, it is essential to 

study conservation laws of differential equations. 

Sophus Lie's work had influence on many mathematicians including Emmy Noether 

( 1882-1935). A connection between symmetries and conservation laws for differ­

ent ial equations is established via N aether theorem [41, 42] . In addition to Lie 

point symmetries, Noether symmetries are also widely studied and are associated , 

in part icular , with those differential equat ions which possess Lagrangians. The 

Noether symmetries, which are symmetries of the Euler-Lagrange systems, have 

interesting applications in the study of properties of particles moving under the 
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influence of gravitational fields. 

aether theorem [41 , 42] allows construction of conservation laws systematically. 

However, it can only be applied to differential equations with a Lagrangian. In 

order to overcome this limitation , several works have been done. See for example, 

[43- 48]. Further developments have been made in this direction and the concepts 

of quasi self-adjoint , weak self-adjoint and nonlinear self-adjoint were introduced 

in [49- 54]. 

The outline of this thesis is as follows: 

Chapter one is devoted to definitions, theorems and other preliminaries that form 

the basis of this study. 

In Chapter two, a complete Lie group classification is performed on a generalized 

Benney-Luke equation with time dependent coefficients. As a result , the arbitrary 

functions which appear in t he system are specified. 

In Chapter three exact travelling wave solutions of the symmetric regularized long 

wave equation using the simplest equation method and the exp-function method are 

obtained . Conservation laws for this equation are constructed using the multiplier 

approach. 

In Chapter four , exact solutions for the Klein-Gordon-Zakharov equations are 

found using the travelling wave variable approach and the simplest equation method. 

Chapter five studies the exact solutions and conservation laws of a generalized 

(2+ 1)-dimensional Burgers-Kadomtsev-Petviashvili equation. Exact solutions are 

obtained using direct integration and also by the ( G' / G)-expansion method. The 

new conservation theorem due to Ibragimov is used to find conservation laws. 

In Chapter six, the exact solutions and conservation laws of the Korteweg-de Vries­

Burgers equation with power law nonlinearity are obtained using the Lie symmetry 
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method along with Kudryashov method and the new conservation theorem due to 

Ibragimov, respectively. 

Chapter seven investigates a four parameter Boussinesq system. Conservation laws 

of the system are derived using the oether approach and the K udryashov method 

is employed to obtain exact solut ions of t he system. 

Chapter eight looks at the exact solut ions and conservation laws of an integrable 

coupling with Korteweg-de Vries equation. The ( G' / G)-expansion method and 

multiplier approach are employed for finding the exact solutions and for the con­

struction of conservation laws respectively. 

Chapter nine presents the exact solut ions and conservation laws for a coupled 

Benjamin-Bona-Mahony equations. The Kudryashov method is used to obtain the 

exact solutions and conservation laws are derived using the multiplier method. 

In Chapter ten, conservation laws for a convective Cahn-Hillard equation are con­

structed by applying the multiplier approach and exact solutions obtained using 

t he simplest equation method. 

Finally, in Chapter eleven, a summary of the re ults of the thesis is presented and 

future work is suggested. 

Bibliography is given at the end. 
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Chapter 1 

Preliminaries 

In this chapter , we present some salient features on Lie symmetry analysis, conser­

vation laws of differential equations and solut ion methods for differential equations, 

which are used t hroughout t his work and are based on references [ 11 , 18, 20- 26, 30, 

41]. 

1.1 Introduction 

Lie group analysis was developed in t he 1870s by an eminent mathematician of 

the nineteenth century Sophus Lie (1 42-1899). He showed that t he majority of 

known methods of integration of ordinary differential equations, which until then 

had seemed artificial, could be derived in a unified manner using his theory of 

continuous transformation groups. In particular, Lie reduced the classical four 

hundred types of ordinary different ial equations to four types only. Lie group 

analysis is one of the few universal and effective methods for solving nonlinear 

differential equations analytically. 
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1.2 Continuous group of transformations 

Let x = (x 1
, . . . , xn) be the independent variables with coordinates xi and u = 

(u1
, ... , um) be the dependent variables with coordinates u0 (n and m finite). Con­

sider a change of t he variables x and u involving a real parameter a: 

Ta: xi = t(x, u , a) , u0 = </>0 (x , u , a) , (1. 1) 

where a continuously ranges in values from a neighbourhood 'D' C V C IR of a = 0, 

and f and ¢0 are differentiable functions. 

Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin­

uous one-parameter (local) Lie group of transformations in the space of variables 

x and u if 

(i) For Ta , Tb E G where a,b E 'D' C 'D t hen nTa = Tc E G, c = </> (a , b) E 'D 

(Closure) 

(ii ) T0• E G if and only if a= 0 such that To Ta = Ta To = Ta (Identity) 

(iii) For Ta E G, a E 'D' C 'D , Ta- i = Ta- 1 E G, a- 1 E 'D such that 

Ta Ta-1 = Ta- 1 Ta = To (Inverse) 

We note that the associativity property follows from (i) . The group property (i) 

can be written as 

xi t(x, u, b) = t (x , u, </>(a , b) ), 

¢0 (x, u, b) = </>0 (x, u , </> (a , b)) (1.2) 

and the function </> i called the group composition law. A group parameter a is 

called canonical if </>( a, b) = a + b. 
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Theorem 1.1 For any ¢( a, b) , there exists the canonical parameter ii defined by 

_ la ds 8¢(s ,b) I 
a= - (- ) l where w(s) = a . 

0 w s b b=O 

1.3 Prolongations 

The derivatives of u with respect to x are defined as 

(1.3) 

where 

Di = aa . + uf aa + uf1· aa + .. . ' i = l , ... l n 
x' u0 u 0 

J 

(1.4) 

is the operator of total differentiation. The collection of all first derivatives uf is 

denoted by uci), i. e., 

U(l) = {uf} a= l , .. . ,m, i = 1, ... ,n. 

Similarly 

uc2)={u0} a=l , ... , m, i , j= l , ... , n 

and uc3) = { u0k} and likewise uc4) etc. Since u0 = uJi' uc2) contains only u0 for 

i ~ j. In t he same manner uc3) has only terms for i ~ j ~ k. There is natural 

ordering in uc4), U(5) · · ·. 

In group analysis, all variables x, u , U(l) · · · are considered functionally independent 

variables connected only by the differential relations (1.3). Thus the u~ are called 

differential variables [24]. 

We now consider a pth-order partial differential equations , namely 

(1.5) 
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Prolonged or extended groups 

If z = (x , u) , one-parameter group of transformations G is 

xi = r (x, u, a) , r la=O = xi, 

(1.6) 

According to t he Lie's theory, the con t ruction of the symmetry group G is equiv­

alent to t he determination of t he corresponding infinitesimal t ransformations : 

(1. 7) 

obtained from (1.1) by expanding the functions f and ¢/;, into Taylor series in a, 

about a= 0 and also taking into account the ini t ial conditions 

Ji I i ,i..cr I = u°' . 
a=O = X ' 'f' a=O 

Thus, we have 

i ar l ~ (x ,u) = a , 
a a=O 

er 8</>°' I 'fl (x ,u) = a . 
a a=O 

(1.8) 

One can now introduce the symbol of the infinitesimal transformations by wri t ing 

(1.7) as 

xi ~ (1 + a X )x. U°' ~ (1 + a X )u, 

where 

(1.9) 

This different ial operator X is known as the infinitesimal operator or generator of 

the group G. If t he group G is admitted by (1.5) , we say that X is an admitted 

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5) . 



We now see how the derivatives are transformed. 

The Di tran forms as 

where D 1 is the total differentiations in transformed variables xi. So 

Applying (1.6) and (1.10) , we obtain 

and so 

Di(P)Dj(u0
) 

Di(P )uj , 

(1. 10) 

(1.11) 

(1. 12) 

The quantitie uy can be represented as functions of x , u , u( i ), i.e. , (1.12) is locally 

invertible: 

(1.13) 

The transformations in x , u, U(l) space given by (1.6) and (1.13) form a one­

parameter group ( one can prove this but we do not consider the proof) called 

t he first prolongat ion or just extension of the group e and denoted by e l1l. 

Letting 

(1.14) 

to be the infinitesimal transformation of the first derivatives so that the infinitesi­

mal transformation of the group e l1l is (1.7) and (1.14) . 

Higher-order prolongations of e, viz. el2l, Gi31 can be obtained by derivatives of 

(1.11) . 
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Prolonged generators 

Using (1.11) together with (1.7) and (1. 14) we get 

Di(Jj)(u'f) 

Di(xj + ae)(u'f + a(l) 

(of + aDie)(u'f + a(l) 

uf + a(f + au'f Die 

(f (1. 15) 

This is called the first prolongation formula. Likewise, one can obtain the second 

prolongation , viz., 

(1. 16) 

By induction (recursively) 

10
. . = D (1 0

. . ) - u0
. . Di (d) (sum on 1·). (1 17) 

'n1 ,1.2 , . . . ,ip 1,p "3 1. 1 , 1.2 , .. 11.p - l t1 , t 2, ... 1 'l. p - l J P ~ ' ' 

The first and higher prolongat ions of the group G form a group denoted by 

Gl1l, . • • , GIP]. The corresponding prolonged generators are 

(sum on i , a) , 

p 2 1, 

where 

X = C(x, u) aa + r]° (x, u) aa . xi uo 
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1.4 Group admitted by a partial differential equa­

tion 

D efinition 1.2 (Point symmetry) The vector field 

X = e(x , u) / . + r;o:(x , u) !:'lo , 
uxi uuo: (1.18) 

is a Lie point symmetry of the pth-order partial differential equation ( 1.5), if 

(1.19) 

whenever Eo: = 0. This can also be writ ten as 

(1.20) 

where the symbol IEo=O means evaluated on the equation Eo: = 0. 

D efinit ion 1.3 (D etermining equation) Equation (1.19) is called the deter­

mining equation of (1.5) because it determines all t he infinitesimal symmetries of 

( 1.5). 

D efinit ion 1.4 (Symmetry group) A one-parameter group G of t ransforma­

tions (1.1 ) is called a symmetry group of equation (1.5) if (1.5) is form-invariant 

(has t he ame fo rm) in t he new variables i and ii , i.e. , 

(1.21) 

where t he function Eo: is the same as in equat ion (1.5). 
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1.5 Infinitesimal criterion of invariance 

D efinit ion 1.5 (Invariant ) A function F (x , u) is called an invariant of the group 

of transformation ( 1. 1) if 

F(x , u) = F(f (x , u , a) , <j/'(x , u, a)) = F(x, u), (1.22) 

ident ically in x , u and a. 

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi­

cient condit ion for a function F(x , u) to be an invariant is that 

X F - i( )aF °'( )aF = ~ x, u -
8

. + r; x , u -
8 

= o. 
X" U°' 

(1.23) 

It follows from the above t heorem t hat every one-parameter group of point trans­

formations (1. 1) has n - l functionally independent invariants, which can be taken 

to be t he left-hand side of any first integrals 

of the characterist ic equations 

dxn du1 dx 1 

e(x, u) ~n(x ,u) r; 1(x ,u) 

Theorem 1. 3 (Lie equations) If the infinitesimal transformation (1. 7) or its 

symbol X is given , then the corresponding one-parameter group G is obtained 

by solving t he Lie equations 

dxi . 
da = C(x,u) , 

du°' 
da = r;°'(x , u) (1.24) 

subj ect to t he ini t ial condit ions 
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1.6 Exact solutions 

In this section we provide some solut ion methods for finding exact solutions of 

different ial equations. 

1.6.1 Description of (G'/ G)-expansion m ethod 

The ( G' / G)-expansion method for finding exact solutions of nonlinear differen­

tial equations was introduced in [11]. It provides a very effective and powerfu l 

mathematical tool for solving nonlinear differential equations (see, for example, 

papers [11- 13]. 

Let us consider a nonlinear partial differential equation of two independent vari­

ables x and t given by 

P(u, Ux , Ut , Utt , Ux t , U xx · · ·) = 0, (1.25) 

where u(x, t) is an unknown function , Pis a polynomial in u and its various partial 

derivatives , in which the highest order derivatives and nonlinear terms are involved. 

The ( G' / G)-expansion method is described in the following steps. 

Step 1. The substit ution u(x , t) = U(z ), z = x - vt transforms equat ion (1.25) 

into the ordinary differential equation 

P (U, -vU' , U' , v2U" , -vU" , U" · · ·) = 0. (1.26) 

Step 2 . It is assumed that the solution of equation (1.26) can be expressed by a 

polynomial in ( G' / G) as fo llows: 

m (G')i 
U ( z) = ~ ai G , (1.27) 
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where G = G(z) satisfies the second-order linear ordinary different ial equation in 

the form 

G" + >..G' + µG = 0, ( 1.28) 

with a i, i = 0, 1, 2, · · · , m , >.. and µ being constants to be determined. The posi­

tive integer m is determined by considering the homogenous balance between the 

highest order derivatives and nonlinear terms appearing in ordinary differential 

equation (1.26). 

Step 3. Substituting (1.27) into (1.26) and using t he second-order ordinary differ­

ential equation (1.28) , collecting all terms with same order of ( G' / G) together, the 

left-hand side of (1.26) is converted into another polynomial in (G' / G). Equating 

each coefficient of this polynomial to zero , yields a set of algebraic equations for 

CXo , · · · , CXm V , A, µ. 

Step 4. Finally, t he cc;mstants may be obtained by solving t he algebraic equations 

in Step 3, since t he general solution of (1.28) is known, then substitut ing the 

constants and t he general solutions of (1.28) into (1.27) we obtain solutions of the 

nonlinear partial different ial equat ion ( 1. 25). 

1.6.2 The simplest equation method 

The simplest equation method for finding exact solut ions of nonlinear partial dif­

ferential equations was developed by Kudryashov [14, 15] and has been applied to 

various nonlinear partial differential equations (see, for example, papers [16- 19]) . 

The simplest equation method can be described as follows: 

Consider t he nonlinear partial differential equation of the form 

( 1.29) 
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Using the following transformation 

(1.30) 

reduces equation (1.29) to an ordinary differential equation 

The simplest equations that we use here are the Bernoulli equation: 

H' (z ) = aH (z) + bH2 (z ), (1.32) 

and the Riccati equation: 

G'(z) = aG2 (z) + bG(z) + c, (1.33) 

where a, b and c are constants [14, 19]. We look for solutions of the nonlinear 

ordinary differential equation ( 1. 31 ) that are of t he form 

M 

F( z) = L Ai(G(z))\ (1.34) 
i=O 

where G( z) satisfies the Bernoulli or Riccati equation , M is a positive integer that 

can be determined by balancing procedure and A0 , · · · , AM are parameters to be 

determined. 

The solution of Bernoulli Equation (1.32) we use here is given by: 

H(z) = a{ cosh[a(z + C)] + sinh [a(z + C)] } 
1 - bcosh [a(z + C)] - bsinh[a( z + C)] 

where C is a constant of integration. For the Riccati Equation (1.33), the solutions 

to be used are: 

G(z) = -- - - tanh -0(z + C) b 0 [1 ] 
2a 2a 2 

( 1.35) 

and 

b 0 ( 1 ) sech ( 
0
;) G(z) = -- - - tanh -0z + -------,-..,.......,...-~------,--c--,-

2a 2a 2 C cosh ( 0;) -
2
; sinh ( 8{ ) 

(1.36) 

with 0 = J b2 - 4ac and C is a constant of integration. 
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1.6.3 The Kudryashov m ethod 

This method due to Kudryashov is used for finding exact solutions of nonlinear 

differential equations [1 ] and has been applied to various nonlinear differential 

equations (see, for example, papers [55 , 56]). 

Consider a nonlinear partial differential equation of two independent variables t 

and x given by 

E1 (t , X , U , Ut , Ux , Utt , U xx, · · ·) = 0, (1.37) 

where u(x, t) is an unknown function, E is a polynomial in u and its various partial 

derivatives in which t he highest order derivatives and nonlinear terms are involved. 

The algorithm of Kudryashov method consists of the following five steps: 

Step 1. The transformation u(x , t) = U(z) , z = kx + wt , where k and w are 

constants , reduces equation (1.37) to the ordinary differential equation 

(1.38) 

Step 2. It is assumed that t he exact solution of equat ion (1.38) can be expressed 

by a polynomial in Q as follows: 

N 

U(z) = L anQn(z) , (1.39) 
n = O 

where the coefficients an (n = 0, l , 2, · · · , N) are constants to be determined, such 

t hat aN =/= 0, and Q(z ) is the solution of t he first-order nonlinear ordinary differ­

ential equation 

We note that t he equation (1.40) has the solution given by 

1 
Q(z ) = l + ez. 

(1.40) 

(1.41) 

The positive integer N is determined by taking the pole order of general solution 

for equation (1.38). Substituting U(z) = z-P , p > 0 into monomials of equation 
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(1.38) and comparing the two or more terms with smallest powers in equation we 

find the value for N. 

Step 3. We ubstitute the derivatives of U(z) with respect to z and the expression 

for U(z) into equation (1.38) and as a result we obtain the equation that has the 

function Q, coefficients an (n = 0, l , · · · , N) and parameters k , w of equation 

(1.38). 

Step 4. The method now transforms the problem of finding the exact solut ion 

of ordinary differential equation (1.3 ) into the problem of looking for solut ions of 

the system of algebraic equations. Equating expressions at the different powers of 

Q to zero, we obtain the system of algebraic equat ions in the form 

Pn(aN,aN-1 , ·· · , ao , k ,w, ·· · )= 0, (n= O,· · · , N) . (1.42) 

Step 5 . Solving the system of algebraic equations, we obtain values of coefficients 

aN , aN- l , · · · , a0 and relations for parameters of equation (1.3 ) . As a result , we 

obtain exact solut ions of equation (1.3 ) in the form (1.39). 

1. 7 Conservation laws 

1. 7.1 Fundamental operators and their relationship 

Consider a pth-order system of partial differential equations of n independent vari­

ables x = (x1, x2 , ... , xn) and m dependent variables u = (u1, u2, ... , um), given 

by equation (1.5). 

D efinit ion 1.6 (Euler-Lagrange operator) The Euler-Lagrange operator , for 

each a, is defined by 

a= l , ... ,m. (1.43) 
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D efinition 1. 7 (Lagrangian) If there exists a funct ion 

£ = £ (x, u , u(l ), U(2), · · · , U(s) ) , s ~ p, p being the order of equation (1.5) , such 

that 

(1.44) 

t hen £ is called a Lagrangian of equation (1.5). Equation (1.44) is known as the 

Euler-Lagrange equation. 

D efinition 1.8 (Lie-Backlund operator) The Lie-Backlund operator is given 

by 

(1.45) 

where A is the space of differential functions [24]. The operator (1.45) is an ab­

breviated form of infinite formal sum 

( 1.46) 

where the additional coefficients are determinecl uniquely by the prolongation for­

mulae 

.. i s' s > 1, (1.47) 

in which W 0 is the Lie characteristic function given by 

(1.48) 

One can write the Lie-Backlund operator (1.46) in characteristic form as 

(1.49) 
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Definition 1.9 (Conservation law) The n-tuple vector T = (T 1 , T 2 , ... , T n) , T J E 

A , j = 1, . .. , n , is a conserved vector of (1.5) if T i satisfies 

( 1.50) 

The equation (1.50) defines a local conservation law of system (1.5). 

1.7.2 Multiplier method 

The algorit hm of finding t he conservation laws for differential equations is given 

in [25, 45]. The advantage of this approach is that it does not require the use 

or existence of a variational principle and reduces the calculation of conservation 

laws to solving a system of linear determining equations similar to t hat for finding 

symmetries. 

A multiplier Aa(x, u , u(l ), . . . ) has t he property t hat 

(1.51) 

hold ident ically, where Ea, Di are defined by equations (1.5), (1.4) and T i is defined 

in defini t ion (1.9) . The right hand side of (1.51) is a divergence expression. The 

determining equation for the multiplier Aa is 

(1.52) 

Once the multipliers are obtained the conserved vectors are constructed by invoking 

t he homotopy operator [45]. 

1.7.3 lbragimov method for conservation laws 

A new conservation theorem by lbragimov [48] provides the procedure for com­

puting t he conserved vector associated with all symmetries of the system of the 

pth-order differential equation ( 1. 5). 
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Definition 1.10 (Adjoint equations) Consider a syst em of pth-order part ial 

different ial equations given by (1.5). We introduce t he differential funct ions 

* o(v13 E13 ) 
E 0 (x, u, v, · · · , U (p), V(p ) ) = 

0 
, a= 1, · · · , m , 

U°' 
(1.53) 

where v = (v1, · · · , vm) are new dependent variables, v = v(x) , and define the 

system of adjoint equations to equation (1.5) by 

(1.54) 

Theorem 1.4 Any system of pth-order differential equations (1.5) considered to-

gether with its adjoint equat ion (1.54) has a Lagrangian. 

Lagrange equations (1.44) with t he Lagrangian 

amely, the Euler-

(1.55) 

provide the simultaneous syst em of equat ions (1.5) and (1.53)- (1.54) with 2m 

dependent variables u = u(u1, · · · , um) and v = (v1, · · · , vm). 

Theorem 1.5 Consider a system of m equations (1.5) . The adjoint syst em given 

by (1.54), inherits t he symmetries of the syst em (1.5). Namely, if the system (1.5) 

admits a point t ransformation group wit h a generator (1.45), then the adjoint sys­

tem (1.54) admits t he operator (1.45) extended to the variables v°' by the formula 

i a °' a °' a ( ) Y = E ~ + 77 ~ + 77* ~ 1.56 uxi uu°' uV°' 

with appropriately chosen coefficients 77~ = 17~(x , u , v , · · · ). 

Definition 1.11 (Nonlinearly self-adjoint) A system (1.5) is said to be non­

linearly self-adj oint if t he adjoint system (1.54) is sat isfied for all the solut ions of 

(1.5) after some substitution of v°' given by 

v°' = cp°' (x, u, u(l ), · · · ), a= 1, · · · , m , (1.57) 

under the condition t hat not all </>°' vanish identically [51]. 
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Theorem 1.6 (Ibragimov theorem) Any infinitesimal symmetry (Lie point ,Lie­

Backlund , nonlocal) given by (1.45) of a nonlinearly self-adjoint system (1.5) leads 

to a conservation law D;(Ci) = 0 for t he system (1.50). The components of the 

conserved vector are given by the formula 

where W 0 is is the Lie characteristic function given by (1.48 )and £ is the formal 

Lagrangian (1.55) [48]. 

1. 7.4 N aether theorem 

Definition 1.12 (Noether operator) The Noether operators associated with a 

Lie-Backlund symmetry operator X are given by 

i = 1, . . . ,n, (1.59) 

where the Euler-Lagrange operators with respect to derivatives of u 0 are obtained 

from (1.43) by replacing u 0 by the corresponding derivatives. For example, 

and the Euler-Lagrange, Lie-Backlund and Noether operators are connected by the 

operator ident ity [48] 

( ;) wo o D N i X + D; ~ = ~ + ; . 
uU0 

(1.61) 
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Definition 1.13 (N oether symmetry) A Lie-Backlund operator X of the form 

(1.45) is called a Noether symmetry corresponding to a Lagrangian£ E A , if t here 

exists a vector B i = (B 1
, · · · , B n) , B 1 E A such that 

(1.62) 

if B i = 0 ( i = 1, · · · , n) , then X is called a strict oether symmetry corresponding 

to a Lagrangian£ E A . 

Theorem 1.7 (Noether Theorem) For any Noether symmetry generator X as­

sociated with a given Lagrangian £ E A, there corresponds a vector 

T = (T 1
, ... ' T n) , T i E A , given by 

T i= Ni (r ) _ B i, · l 1..., i = , .. . ,n, (1.63) 

which is a conserved vector of the Euler-Lagrange differential equations (1.44). 

In the Noether approach, we find t he Lagrangian £ and then equation (1.62) is 

used to determine the Noether symmetries. Then, equation (1. 63) will yield the 

corresponding Noether conserved vectors. 

1.8 Conclusion 

In this chapter we provided a brief introduction to t he Lie group analysis and vari­

ous methods for finding exact solutions of different ial equations. We also presented 

different approaches for deriving conservation laws of partial differential equations. 
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Chapter 2 

A study of a generalized 

Benney-Luke equation with time 

dependent coefficients 

The one-dimensional Benney-Luke equation given by 

(2. 1) 

models an approximation of the full water wave equation and is formally sui table 

for describing two-way water wave propagation in t he presence of surface ten ion 

[57,58] . The coefficients a and b are arbitrary positive constants such that a - b = 

o-- 1/ 3. The dimensionless parameter o- is named the Bond number, which captures 

t he effects of surface tension and gravity force and is a formally valid approximation 

for describing two-way water wave propagation in the presence of surface tension 

[58- 60]. 

In [57], Gonzalez examined the question of the minimal Sobolov regularity required 

to construct local solutions to the Cauchy problem for the Benney-Luke equation 

(2.1). Quintero and Munoz Grajales [58] studied asymptotic stability of solitary 
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wave solutions of (2. 1). Gozuk1z1l and Ak<;ag1l [59] used the tanh-coth method and 

obtained some travelling wave solutions of equation (2. 1) while Akter and Akbar 

[60] implemented the modified simple equation method to find exact travelling 

wave and solitary wave solutions of the same equation. 

Other scholars have considered different generalizations of the Benney-Luke equa­

tion. For example, Quintero [61] proved the existence and analyticity of lump 

solutions for the generalized Benney-Luke equation 

where E , µ , a and b are positive numbers . In [62], Quintero and Mu11.oz Grajales , 

studied linear instability of solitary wave solutions for the one-dimensional gener­

alized Benney-Luke equation 

Wang et al. [63] considered t he generalized Benney-Luke of t he form 

<P u - ~<P + a~ 2 <P - b~<Pu + P<Pt(<Px)P- \<Pxx + <Pyy)~tUxx 

+2[(<Px)P<Pxt + (<P y<P yt) ] = 0 (2.4) 

and employed an auxiliary equation algorithm to obtain travelling wave solutions. 

Most recently, Bruzon [64] applied t he Lie group method and the nonclassical 

method to deduce symmetries of t he generalized Benney-Luke equation of the 

form 

(2.5) 

and obtained several new solutions which were not obtainable by Lie classical 

symmetries. More different generalization of the Benney-Luke equations can be 

seen in [65- 68] . 
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In this chapter we study a generalization of (2.1) by replacing the constants a 

and b by nonzero arbitrary functions of t ime, J(t ) and g(t ) re pectively. Thu we 

consider the generalized Benney-Luke (GBL) equation of t he form 

(2.6) 

The out line of the chapter is as follows. In Section 2. 1, equivalence group of trans­

formations for (2.6) is obtained. The principal Lie algebra is computed in Section 

2.2 by solving t he overdetermined system of linear partial differential equat ions gen­

erated by t he symmetry group of (2.6) fo r arbi trary time dependent coefficient . In 

Section 2.3 we provide the classifying relat ions and then use the equivalence trans­

formations to obtain six distinct cases for the time dependent coefficients J(t) and 

g(t) for which t he principal Lie algebra extends. Then in Section 2.4, we present 

symmetry reductions and exact group-invariant solutions corresponding to all five 

cases of t he group clas ification for which the principal Lie algebra extends. Con­

servation laws are obtained in Section 2.5 for two cases by using t he mult iplier 

method. Finally, concluding remarks are made in Section 2.6. 

The work presented in t his chapter has been published in [69]. 

2.1 Equivalence transformations 

An equivalence transform ation [24] of (2.6) is an invertible transformation involv­

ing t he variables t , x and u that map (2.6) into itself. Just as symmetries of a 

different ial equation transform solut ions of the differential equat ion to other solu­

tions of the same differential equat ion , point equivalence transformations transform 

differential equations in some specified class C to other different ial equations in the 

same class C. The operator 
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(2. 7) 

is the generator of the continuous group of equivalence transformations for equation 

(2.6) provided it is admitted by the extended system 

fx = 0, f u = 0, 9x = 0, 9u = 0. (2.8) 

The prolonged operator for t he extended system (2.8) has the form 

(2.9) 

where y l4l is the fourth-prolongation of (2. 7) given by 

The variables ('s and w's are defined by the prolongation formulae 

(t Dlry) - ·ut Dt(T) - Ux Dt(~), 

(x Dx('r/) - Ut Dx(T) - Ux Dx(O , 

(tt Dt((t) - uu Dt(T) - Uxt Dt(~), 

(xx Dx((x) - Utx Dx(T) - Uxx Dx(O, 

(xt Dx((t ) - Uu Dx(T) - Uxt Dx(~) , 

and 
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W~ = Du(µ1
) - ft Du(T ) - fxDu(O - fuDu(rJ ), 

w; = Dx(µ2
) - 9tDx(T) - 9xDx(~) - 9uDx(rJ ), 

W~ = Du(µ2
) - 9tDu(T) - 9xDu(~) - 9uDu(rJ ), 

respectively, where Dt and Dx are the total different ial operators defined by 

and the total differential operators for the extended system are given by 

Dx =ax+ fxaf + 9xa9 , 

Du= au+ fuaf + 9ua9 . 

The system of determining equat ions is obtained by applying the prolonged oper­

ator (2.9) on t he ext ended system (2.8). T hus, 

Y(utt - Uxx + J(t)Uxxxx - g(t)uxxtt + UtUxx + 2uxUxt)b .s) = 0, 

Y(Jx) l(2.8) = 0, Y(Ju)l (2.8) = 0, Y (gx)bs) = 0, Y(gu) l(2.8) = 0. 

The solution of the above determining equations leads to t he following generators: 

T hus the five-parameter equivalence group associated to t hese equivalence genera­

tors is given by 

Y1 : f = a1 + t , i = x , u = u, f = J, g = g, 
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t = t , x = a2 + x, ii= u , f = f , g = g, 

t = t , x = x , ii = a3 + u, f = f , g = g, 

t = t eas ' x = xeas' ii = ueas' J = f e2as' g = g e2as . 

The composition of these gives 

ii 

g ge2a5. 

2.2 Principal Lie algebra 

(2.10) 

The _symmetry group of equation (2.6) is generated by the vector field of the form 

(2.11) 

if and only if 

(2.12) 

where f [4l is the fourth-p rolongation of (2.11). Equation (2 .12) yields the following 

overdetermined system of linear part ial different ial equations (PDEs) : 

Tu = 0, Tx = 0, ~u = 0, ~l = 0, T/x = 0, ~xx = 0, T/tx = 0, 

T/uu = 0, T/tt = 0, Ttt = 0, T/lu = 0, T/xu = 0, T/xx = 0, 

T f t - 4f ~x + 2f Tt = 0, T/u - 4~x + 2Tt = 0. 
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Solving the above system of determining equations for arbitrary f and g we find 

that the principal Lie algebra consists of two translation symmetries, namely 

a a 
r 1 = ax ' r 2 = au. 

2.3 Lie group classification of (2.6) 

Solving the system of determining equations (2.13) also yields the following classi­

fying relations: 

(a+ f3t )f'(t) + , f (t) = 0, 

(>. + 8t)g'(t) + µg (t) = 0, 

where a , /3 , 1 , >. , fl and µ are constants. Using the equivalence transformations ob­

tained in Section 2.1 , these classifying relations are invariant under the equivalence 

transformations ( 2 .10) if 

From these classifying relations we obtain the fo llowing six distinct cases for the 

functions f and g. For each case we also provide the associated symmetrie , which 

extend the principal Lie algebra. 

Case 1. J(t) and g(t) arbitrary but not of the form in Cases 2-6 given below. 

In this case, we obtain t he principal Lie algebra spanned by the operator 

a a 
r 1 = ax ' r 2 = au. 

Case 2. J(t) = At2 and g(t) = Bt2
, where A and B are constants. 

This case extends the principal Lie algebra by one scaling Lie point symmetry, 

namely 

a a a 
f 3 = t-;:;- + x!Cl + u!Cl. 

ut uX uu 
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Case 3. J (t) = Ae2nt and g(t) = B ent, where A , B and n are constants. 

In this case also the principal Lie algebra is extended by one Li point symmetry, 

namely 

a a a 
f 3 = 2- + nx- + 2n(u - t)-. 

at ax au 

Case 4. J(t) = AC2 and g(t) = B , where A and B are constants. 

This case extends t he principal Lie algebra by one Lie point symmetry, namely 

a a r 3 = t- + (2t - u )-. 
at au 

Case 5 . J(t) = A and g(t) = Et , where A and B are constants. 

The principal Lie algebra is extended by one Lie point symmetry 

Case 6. J(t) = A and g(t) = B , where A and B are constants. 

For this case the principal Lie algebra is extended by a translation symmetry in t , 

2.4 Symmetry reductions and group invariant so­

lutions of (2.6) 

In this section we study all the cases of (2.6) for which the principal Lie algebra 

extends. We perform symmetry reductions and obtain exact group-invariant solu­

tions where possible. Given any system of partial differential equations, one may 

construct group-invariant solutions using any group of transformations by reducing 

the number of variables in the system [70]. 
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2.4.1 Case 2 

J (t ) = At2 , g(t ) = Bt2
, where A and B are non-zero constants. 

This case leads to the following form of equation (2.6): 

Its Lie point symmetry 

a a a 
f 3 = t- + x- + u-

at ax au 

has associated Lagrange system given by 

dt dx du 
t X U 

(2. 14) 

dt dx dt du 
Solving - = - and - = -, we obtain , respectively, the two linearly indepen-

t X t U 

dant invariants 

Now, expressing J2 as a function of J 1 we get 

u(t , x) = t¢ (f). (2. 15) 

Substituting t his value of u(t , x) into (2.14) and simplifying, we obtain a nonlinear 

fourth-order ODE 

(z2 
- 2B - 1)¢" - 3z¢' ¢" + ¢¢" - 4Bz¢111 + (A - B z2 )¢"" = 0, (2. 16) 

where z = x / t and the 'prime' denotes differentiation with respect to z . 

2.4.2 Case 3 

J (t) = Ae2nl , g(t) = Bent, where A, B and n are non-zero constants. 
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In this case equation (2.6) has the form 

and its Lie point symmetry 

a a a 
f 3 = 2- + nx- + 2n(u - t )-at ax au 

provides us with t he two invariants 

Expressing J2 as a function of J 1 we get 

The substit ut ion of (2. 18) into (2.17) yields the highly nonlinear ODE 

where z = x 2e-nt and the 'prime' denotes differentiation with respect to z . 

2.4.3 Case 4 

J(t) = Ar2
, g(t) = B , where A and B are non-zero constants. 

For these values of f (t) and g(t) equation (2.6) takes the fo rm 

and its Lie point symmetry 

a a r 3 = t- + (2t - u )-at au 
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gives the two invariants 

Proceeding in the same way as in the previous cases we obtain 

1 
u(t , x) = t + - </>(x) , 

t 

which leads to the nonlinear ODE 

A</>"" (x) - 2B</>" (x) - </>(x)</>" (x) - 2</>'2 (x) + 2</>(x) = 0. 

We now solve (2.22) by u ing the (G'/G)-expan ion method [11]. 

(2.21) 

(2.22) 

The (G' / G)-expansion method assumes the solution of the ODE (2.22) to be of 

t he form 

m (G') i 
</>(x) = ~ ai G , (2.23) 

where G = G(x) satisfies t he second-order linear ordinary different ial equat ion 

G" + >..G' + µG = 0 (2 .24) 

with ai, i = 0, 1, 2, · · · , m, >.. andµ being constants to be determined. T he posit ive 

integer m is determined by considering the homogeneous balance method between 

the highest order derivative and highest order nonlinear term appearing in t he 

ordinary differential equation (2.22). 

In our case the balancing procedure yields m = 2, so the solutions of equation 

(2 .22) are of the form 

(2.25) 

Substituting (2 .25) into (2.22) and making use of the equation (2.24) , collecting 

all terms with same power of ( G' / G) and equating each coefficient to zero leads 

to an overdetermined system of algebraic equations. 
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+ l6Aa2µ 3 
- 2aiµ 2 - 2a0a2µ 2 = 0, 

2a1 - 2a1B>.2 - 12a2B>.µ - 4a1Bµ + Aa1>.4 + 30Aa2>.3 µ + 22Aa1>.2µ 

- aoa1 >.2 + 120Aa2>.µ2 - 5ai >.µ - 6aoa2>.µ + l 6Aa1µ2 - 10a 1a 2µ 2 

2a2 - a2B >.2 - 6a1B>. - l 6a2Bµ + 16Aa 2>. 4 + 15Aa 1>.3 + 232Aa2>.2µ 

- 3ai>.2 - 4aoa2>.2 + 60Aa1>.µ - 23a1a2>.µ - 3aoa1>. - 10a~µ2 

+ 136Aa2µ2 - 6aiµ - 8aoa2µ = 0, 

130Aa2>.3 
- 20a2 B>. - 4a1B + 50Aa1>.2 - 13a 1a 2>.2 - 22a~>.µ 

+ 440Aa2>.µ - 7ai >. - l0aoa2>. + 40Aa1µ - 26a1a2µ - 2aoa1 = 0, 

240Aa2µ - 12a2 B - 12a~>.2 + 330Aa2 >.2 + 60Aa1>. - 29a1a 2>. - 24a~µ 

12Aa 1 - 13a~ >. + 168Aa2>. - 8a1a2 = 0, 

60Aa2 - 7a~ = 0. 

Solving this system of algebraic equations with the aid of Mathematica, we obtain 

60µ 
a - ------=-

o - (>.2 - 4µ)2 ' 

60).. 
a - ------=-

1 - (>.2 -4µ)2 ' 

60 
a - ------=-

2 - (>.2 - 4µ)2 ) 

A = - 7 
(>.2 - 4µ)2 ) 

B = - 5 
2 (>.2 - 4µ)' 

ow substitut ing the values of these constants in (2.25) and making use of (2.21) 

we obtain two types of travelling wave olut ions of the generalized Benney-Luke 

equation (2.6) given below. 
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When ,\.2 - 4µ > 0, we obtain the hyperbolic funct ion solution 

u(t, x) = 

where 51 = ½ J ,\.2 - 4µ , C1 and C2 are arbitrary constants. 

When ,\.2 - 4µ < 0, we obtain t he trigonometric function solution 

u(t , x) = 1 [ ( A x -C1sin (62x) +C2cos(62x) ) ] t + - ao + a1 - - + u2----------
t 2 C1cos(52x)+C2sin (52x) 

1[ ( A x -C1sin (62x)+C2cos(52x) )
2
] +- a2 - - + u2----------

t 2 C1 cos (52x) + C2 sin (52x) ' 

where 52 = ½ J ,\.2 - 4µ , C1 and C2 are arbitrary constants . 

2.4.4 Case 5 

J (t ) = A, g(t) = Et , where A and B are non-zero constants. 

This case yields t he following form of equation (2.6): 

Its Lie point symmetry 

a a a 
2t- + x- + 2t-

at ax au 

a before gives 

u(t ,x) =t+<t> ( ~
2

) , 

where q> satisfies the nonlinear ODE 

(2z - 4B) ¢>' - 10z(¢' )2 + (12A - 32Bz + z2 )¢>" - 12z2¢ '¢" 

+(48Az - 26Bz2 )¢>'" + (l6Az2 
- 4Bz3 )¢>1111 = 0, 

with z = x2 /t and the 'prime' denotes differentiation with respect to z . 
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2.4.5 Case 6 

J(t) = a, g(t ) = b, where a and b are nonzero constants. 

This case leads us to the Benney-Luke equation (2.1 ). Considerable study has 

been done for thi particular case (see, for example, [60 , 64]) . Here we use its Lie 

point symmetries to obtain travelling wave solut ions. Equation (2.1) has three 

translation symmetries 

We seek a solution using the two symmetries r 1 and r 3 and find travelling wave 

solutions of (2. 1). Taking the linear combinat ion of r 1 and r 3 given by r = 

kf 3 -wr 1 , one can solve the corresponding Lagrange system to obtain an invariant 

z = kx + wt , where k and w are constants. Thus, the group-invariant solution of 

(2.1) is of the form 

u = ¢>(z ). (2.31) 

Substitution of t he above value of u into (2. 1) yields the fourth-order nonlinear 

ODE 

(2.32) 

We now solve this ODE by employing Kudryashov method [18, 55 , 56]. Thus we 

assume the exact solution of equation (2.32) can be expressed as 

(2.33) 

where G(z) satisfies the first-order nonlinear ODE 

G'(z) = G2 (z) - G(z). (2.34) 
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An exact solution of t his equation is given by 

1 
G(z) = --. 

l +e2 
(2 .35) 

The posit ive integer N in equat ion (2.33) is determined by the homogenous balance 

proceedure, which in this case yields N = 1. Hence t he solut ion of (2.32) is of the 

form 

(2.36) 

Substituting (2.36) into (2.32) and making use of t he equation (2.34) and t hen 

equating the coefficients of t he functions Q i to zero, we obtain the algebraic system 

of equations in terms of a0 and a 1 given by 

Solving t his system of algebraic equations with t he aid of Maple, one possible set 

of values of the constants is 

4w (a - b) 
Cl1 = ±--;:======= 

J(aw2 - l )(bw2 - 1) 

As a result , a solution of the Benney-Luke equation (2. 1) is given by 

4w(a - b) 
u( t x) = ao ± --:-----:------:-----;:=========== 

' (1 + ekx+wt) J(aw2 - l )(bw2 - 1)' 

where a0 is an arbitrary constant . 

37 



2.5 Conservation laws of (2.6) 

In this section we construct conservation laws for (2.6) for two special cases, namely, 

Cases 4 and 6, using the multiplier method [45 , 55 , 71 , 72]. We note t hat the other 

cases provide only the trivial conservation laws. 

We first consider Case 4, that is equation (2.20). 

We recall t hat a multiplier Q for (2.20) has the property t hat 

(2.37) 

holds identically. Here Dt and D x are the total derivatives as given in Section 2.1. 

We note that the right hand side of (2.37) is a divergence expression. 

The vector T = (T t, T x) is a conserved vector of (2.20) if it satisfies 

(2 .38) 

The determining equation for the first-order multipliers Q (t , x , u , ux, ut) is given 

by 

O: [Q(utt - Uxx + AC
2
Uxxxx - B Uxxtt + UtUxx + 2UxUxt) ] = 0, (2 .39) 

where o / Ou is t he Euler-Lagrange operator 

o o o o 2 0 2 0 o 
i:u ~ - Dx-

0 
- Dt-

0 
+ Dx-

0 
+ Dt -

0 
+ DtDx-

0 u UU Ux Ut Uxx Utt Utx 

4 ° 22° () + Dx--+ Dt Dx-
0
-. 2.40 

OUxxxx Uttxx 

Expanding (2.39) and t hen splitting on derivatives of u yields an over determined 

system of PDEs. Solving these PDEs, we obtain 

(2.41) 

where c1 and c2 are constants. For the conserved vectors of (2.20) corresponding 

to this first-order mult iplier we solve for yt and y x in the equation 
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The computations of this equation are lengthy and cumbersome. However, with 

t he help of Maple using the homotopy method we obtain the two conserved vectors 

y t 
1 

y x 
1 

and 

r,t 
2 

Secondly we consider Case 6 and find conservation laws for 

(2 .43) 

The determining equation for the first-order mult ipliers of (2.43), Q(t , x , u, ux, Ut) 

is given by 

Proceeding in t he same manner as above, the corresponding mult iplier is 

where c1 , c2 and c3 are constants. Consequently we obtain three conserved vectors, 

viz; 

y t 
1 

y x 
1 
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r,x 
2 

and 

1 1 - 2buUttxx - 2uuxx, 

2 2 1 2 1 1 1 1 
--UUtUt - -UUttU + -U Ut + -UUt + -bUUttt - -aUUt - -UtU 3 X 3 X 3 X 2 X 2 X 2 XXX 2 X 

1 1 1 1 - 2bux Uttt + 2auxUtxx - 2auxxUtx + 2auxxxUt 

r,t 
3 

r,x 
3 

1 2 

2uuxx + U x - bUtxx + Ut , 

1 1 - 2UUtx + 2utUx + aUxxx - U x. 

2.6 Conclusion 

In this chapter we studied the generalized Benney-Luke equation (2.6) with t ime 

dependent coefficients. Firstly, Lie group classification was carried out for t his 

equation. The principal Lie algebra was determined , which consisted of two trans­

lat ion symmetries. The equivalence group of transformations for (2.6) was obtained 

and the classifying relations produced six distinct cases for the t ime dependent co­

efficients J(t ) and g(t) for which the principal Lie algebra was extended. Lie point 

symmetries for these different forms of the variable coefficients admitted by the 

equation were obtained. Symmetry reductions were performed for all case and 

exact group-invariant solutions were obtained in two cases . In both cases, travel­

ling wave solutions were derived. Also, conservation laws were constructed for two 

cases by using the multiplier method. 
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Chapter 3 

Solutions and conservation laws of 

the symmetric regularized long 

wave equation 

In this chapter we study the symmetric regularized long wave equation (SRLW) 

given by 

1 2 
Utt - Uxx + 2(u )tx - Uttxx = 0, (3. 1) 

which an se in several physical applications , for example in sound waves m a 

plasma [73]. Exact t ravelling wave solutions of this equation were obtained using 

the ( G' / G)-expansion method [73]. In the present work, Lie symmetry method 

along with the simplest equation method and the exp-function method are used 

to construct exact solutions for this equation. First t he Lie point symmetries of 

the SRLW equation (3.1) are found u ing the Lie algorithm [25]. These Lie point 

symmetries are then used to transform (3.1) into an ordinary differential equation. 

The simplest equation method [14] and the exp-function method [74, 75] are t hen 

u ed to construct exact solutions of the ordinary differential equation, which leads 
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to the exact solut ions of the SRLW equation. Moreover, conservation laws of (3. 1) 

are derived using the multiplier method. 

The work corresponding to t he exact solutions of (3. 1) has been published. See [76]. 

3.1 Exact solutions of (3.1) 

In this section we first find the Lie point symmetries of (3 .1 ) and use them to reduce 

the equation to an ordinary differential equation. We then apply the simplest 

equation method to the ordinary differential equation and obtain exact solutions 

of (3.1). 

3.1.1 Lie point symmetries of (3.1) and symmetry reduc­

tion 

The vector field 

is a Lie point symmetry of the SRLW equation (3. 1) if and only if 

(3.2) 

Here x[4l is the fourth prolongation of X given by 

1( ) a 2( ) a ( ) a t a ( t ,x,u -a +( t,x,u -a + TJ t ,x,u -a +( -a 
t X U Ut 

a a a a a +(x - + (tt- +ex __ + (tx __ + (ttxx __ ' 
aux Dutt auxx 8Utx 8Uttxx 

where 
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(X Dx(rt) - Ut Dx(e ) - UxDx(e) , 

(tt Dt((t ) - Utt Di(e ) - Uxt Dt(e ), 

ex Dx((x) - Utx Dx(e) - Uxx Dx(e), 

ext Di(C) - Utt Di(e) - UtxDt (e) , 

Expanding (3.2) and splitting on the derivatives of u , we obtain the following two 

translation symmetries: 

a 
at' 
a 
ax· 

Let us consider the linear combination of these t ranslation symmetries X 1 = a/ at 
and X 2 = a/ax, namely, the symmetry X = X 1 + vX2 , where vis a constant. The 

associated Lagrange system is 

dt dx du 
l v 0 

and this leads to the two invariants 

z= x - vt , u = F( z ). (3. 3) 

Treating F as t he new dependent variable and z as the new independent variable, 

and then substituting the value of u into the SRLW equation (3. 1) transforms (3. 1) 

to a fourth-order nonlinear ordinary differential equation 

(v2 
- l)F"(z) - vF(z) F" (z) - v(F' (z)) 2 + v2 F(z )"" = 0. (3 .4) 

3.1.2 Exact solutions of (3.1) using simplest equation m ethod 

ow the simplest equation method is used to solve (3.4) and henceforth one obtains 

the exact solut ions of the SRLW equation (3.1) . The Bernoulli and Riccati equa­

tions will be used as the simpl st equations. The B rnoulli and Riccati quation 
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are well known equations whose solutions can be expressed in terms of elementary 

functions. We recall from chapter one t he Bernoulli equation 

H' (z ) = cH(z) + dH2 (z), 

where c and dare constants and whose solution is 

H(z ) = c{ cosh [c(z + C)] + sinh [c(z + C)] } 
1 - dcosh[c(z + C)] - dsinh [c(z + C)] ' 

with C a constant of integration. 

We also recall t he Riccati equation 

G'(z ) = cG2 (z) + dG( z ) + e, 

where c, d and e are constants with t he solutions 

H(z) = -- - - tanh -0(z + C) d 0 [1 ] 
2c 2c 2 

and 

d 0 ( 1 ) sech ( 
0
2z ) H ( z ) = - - - - tanh -0 z + ------,-.,.......,....--,,--------,-~ 

2c 2c 2 C cosh ( 02z) - ~ sinh ( 0; ) ' 

with 02 = d2 
- 4ce > 0 and C a constant of integration. 

Solutions of (3.1) using Bernoulli as the simplest equation 

The solutions of the ODE (3.4) are considered to be in the form 

M 

F (z ) = L Ai(H(z ))\ 
i=O 

(3.5) 

(3.6) 

(3.7) 

where H(z) satisfies the Bernoulli equation , A/ is a positive integer t hat can be 

determined by balancing the highest order derivat ive term with the highest order 

nonlinear term, and Ai, (i = 0, 1, · · · , J\IJ) are parameters to be determined . 

The balancing procedure yields M = 2, so the solutions of (3.4) are of the form 

(3. ) 
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Substituting (3.8) into (3.4) and making use of t he Bernoulli equation (3.5) and 

then equating all coefficients of t he function Hi to zero , we obtain the following 

algebraic system of equations in terms of A o, A 1 and A2 : 

H 0 l0vA~d2 + 120v2 A 2d4 = 0, 

H 1 24v2 A 1d
4 + 12vA1d2 A2 + 336v2 A 2d3e + l8vA~de = 0, 

H 3 8vA ~e2 + 6A2d2 - 6v2 A2d2 + 2lvA1dA2e + 3vAid2 + 60v2 A 1d3e 

+6vAoA 2d2 + 330v2 A2d2e2 = 0, 

H4 3A1de - 3v2 Aide+ 4vAoA2e2 + 4A2e2 - 4v2 A2e2 + 3vAoA1de 

+ 2vAie2 + 16v2 A2e4 + 15v2 A 1de3 = 0, 

H5 2A1d2 + 50v2 A 1d2e2 - 10v2 A 2de + 5vAf de + 130v2 A 2de3 
- 2v2 A1d2 

+ 9vA1e2 A2 + 2vAoA 1d2 + lOvAoA2de + lOA2de = 0. 

Solving this system, with the aid of Maple, we obtain the following values for the 

constants: 

- e2v2 + v2 
- 1 

Ao =------ , 
V 

A 1 = -l2edv, 

A2 = - 12vd2. 

As a result a solution of the symmetric regularized long wave equation (3. 1) using 

the Bernoulli equation as t he simplest equation is 

_ A A { cosh[e(z + C)] + sinh[e(z + C)] } 
u(t , x) - 0 + ie 1 - dcosh [e(z + C)] - dsinh [e(z + C)] 

A 2{ cosh[e(z + C)] + sinh[e(z + C)] }
2 

+ 2e 1 - clcosh[e(z + C)] - dsinh [e(z + C)] ' 

where z = x - vt , C is a constant of integration. 

Solutions of (3 .1) using Ricatti as the simplest equation 
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The balancing procedure yields M = 2, so the solutions of (3.4) are of the form 

(3 .9) 

Substituting (3.9) into (3.4) and making use of the Ricatti equation (3.6) and then 

equating all coefficients of t he function Gi to zero, we obtain an algebraic system 

of equations in terms of Ao, A 1 and A 2 . Solving the resultant algebraic equations 

we obtain the following set of values: 

8cev2 + d2v2 
- v2 + 1 

Ao =--------- , 
V 

A1 = -l2cdv, 

A2 = -12c2v. 

It follows that the solutions for t he symmetric regularized long wave equation (3. 1) 

using the Ricatti equation as the simplest equation are 

u(t ,x) = Ao+ A 1{- !I:_ - i_ tanh [~e(z + C)]} 
2c 2c 2 

+A2{ - !I:_ - £_ tanh [~e(z + c)] }2 

2c 2c 2 

and 

u(t , x) = Ao+ A1 { - !I:_ - £_ tanh (~ez) + (::t (!). (ez)} 
2c 2c 2 C cosh - - - smh -

2 0 2 

+A
2

{ _ !!:_ _ itanh (~ez) + sech (~) }
2 

2c 2c 2 C cosh ( 0n - ¥ sinh ( 0
2z) ' 

where z = x - vt with 02 = cl2 - 4ce > 0 and C is a constant of integration. 

3.1.3 Solution of (3.1) using the exp-function method 

In this section we use the exp-function method [74, 75] to solve the symmetric 

regularized long wave equation (3.1). We consider solutions of (3.4) in the form 

(3 .10) 
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where b, c, p and q are posit ive integers to be determined , an and bm are arbi trary 

constants [74]. The balancing procedure of t he exp-function method produces p = b 

and q = c. For simplicity, we set p = b = l and q = c = l so that (3. 10) is reduced 

to 

(3. 11) 

Substituting (3. 11) into (3.4) and solving the resultant ODE, with the help of 

Maple, one possible set of values of the constants is 

b_l 
a_l = --, 

I/ 

b0 (6v2 
- 1) 

ao= ----, 
I/ 

- b5 
a1 = --

4vb_1' 

b - b5 
i - 4b_1' 

b0 , b_1 arbitrary. 

As a result we obtain the solution of (3 .1) as 

3.2 Conservation laws of (3.1) 

The multiplier approach is used to construct conservation laws of (3 .1). The SRLW 

equation (3.1) can be written in expanded form as 

E = Utt - Uxx + UtUx + UUtx - Uxxtt = 0. (3. 12) 

The determining equation for the zeroth-order multiplier A(t , x, u) is given by 

(3. 13) 
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Here the Euler-Lagrange operator 8 / 8u is 

and the total derivatives D t and D x are given by 

a a a a a a 
-
0 

+ Ut -
0 

+ Utt -
0 

+ Utx -
0 

+ Uttt -
0 

+ U ttx -
0 t U Ut Ux Utt Utx 

a a 
+ utxx -- + · · · + Ux xttt --- + · · · 

OUxx DUxxtt 

a a a a a a 
-
0 

+ U x -
0 

+ Uxx -
0 

+ Uxt -
0 

+ Uxxx -
0 

+ Uxxt -
0 X U U x Ut Uxx U x t 

a a 
+ u xtt -- + · · · + Uxxxtt - -- + · · · 

OUtt OUxxtt 

Thus we can write (3.13) as 

Expanding and simplifying we obtain t he determining equat ion 

Splitting on derivat ives of u and solving t he resultant system of determining equa­

tions we obtain t he multiplier 
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where C1 , C2 , C3 and C4 are arbitrary constants. For t he conserved vectors of (3. 1) 

corresponding to this zeroth order multiplier we have to solve for T 1 and T 2 in the 

equation 

The computations of this equation are lengthy and cumbersome. However, with 

t he help of Maple we obtain t hat 

and 

Hence we obtain t he following four conserved vectors for (3 .1): 

1 1 2 2 1 ( 2 2 1 ( 2 2) T1 2(t +x )uux - tu + 2 t +x )ut+ tuxx - 2 t +x Utxx, 

T 2 1 2 1 ( 2 2) 
l - 2tu - 2 t + X Ux - Ux + XU, 

T,J UUxx + XUt - XUtxx, 
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2 1 2 T3 --u - tu 2 x , 

T l + 4 UUx Ut - Utxx , 

It can be easily verified that the four conservation laws are nontrivial. 

3.3 Conclusion 

In this chapter exact solut ions of the symmetric regularized long wave equation 

(3. 1) were determined successfully using the simplest equation method and the 

exp-function method. The solutions obtained via the simplest equation method 

and the exp-function method are travelling wave solutions. We also constructed 

the conservation laws using the mul t iplier approach for the symmetric regularized 

long wave equation. All the four conserved vectors were verified and found to be 

nontrivial. 
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Chapter 4 

Exact solutions for 

Klein-Gordon-Zakharov equations 

The Klein-Gordon-Zakharov (KGZ) equations [77] 

Utt - Uxx + u + UV + lul 2u 

Vu - Vxx _: (lul 2)xx 

0, 

0, 

(4.la) 

(4 .lb) 

are a coupled system of nonlinear partial different ial equations of two functions 

u(x , t) and v(x , t). This model describes t he interaction of t he Langmuir wave and 

t he ion acoustic wave in plasma. The function u(x, t ) denotes the fast t ime scale 

component of electric field raised by electrons and t he function v(x , t) denotes t he 

deviation of ion density from its equilibrium. Here u(x , t) is a complex function 

and v(x , t) is a real function . Note t hat if we remove the term lul 2u, then t his 

system reduces to t he classical Klein-Gordon-Zakharov system [78] 

Utt - U xx + U + U V 

Vtt - Vxx - (lul2 )xx 
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0, 

0. 

(4 .2a) 

(4.2b) 



A number of studies have been conducted for this system ( 4.2) in different t ime 

space [79- 83]. However, for t he KGZ equations ( 4.1) , Chen [84] considered orbital 

stability of soli tary waves , while Shi et al. [78] employed the sine-cosine method 

and the extended tanh method to construct exact solutions of t he KGZ equations 

( 4.1 ). 

In t his chapter we employ an entirely different approach, namely, the travelling 

wave variable approach along with the simplest equation method to obtain exact 

solutions of t he KGZ equations (4.1 ). 

This work has been published. See [85]. 

4.1 Solution of ( 4.1) using the travelling wave 

variable approach 

The travelling wave variable approach converts t he system of nonlinear partial 

differential equations into a system of nonlinear ordinary differential equations, . 

which we then solve to obtain exact solut ions of the system. 

In order to solve the KGZ equations ( 4.1 ), we first transform it to a system of 

nonlinear ordinary differential equations which can then be solved in order to obtain 

its exact solut ions. 

'vVe make the wave variable transformation 

u = ei<Pu(z), v = v( z), ¢ = px + rt , z = kx + dt , 

where p, r , k and dare real constants, d =I= k. Using this transformation , 

( 4. 1) transforms to 

(p2 
- r2 + l )u + i(2rd - 2pk )u' + (d2 

- k2)u" + uv + u3 = 0, 
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( 4.4b) 

Integrating ( 4.4b) twice and taking the constants of integration to be zero we obtain 

u2 
V = d2 - k2 . 

Now substituting (4.5) into (4 .4a) we get 

which can be written in the form 

u" = Pu + Qu3
, 

where 
r2 - p 2 - 1 

P = ---­
d2 - k2 

d2 
- k2 + 1 

and Q = (d2 - k2)2 . 

Solving (4.7), with the aid of Mathematica, we obtain the solution 

where sn (F lw) is a J acobian elliptic function of the sine-amplitude [86], 

and 

(4.5) 

( 4.6) 

(4 .7) 

(4.8) 

is the modulus of the ellipt ic function wit h O < w < l. Here c1 and c2 are constants 

of integration. Reverting back to our original variables, we can now write the 

solution of our Klein-Gordon-Zakharov equations as 

1 
u(x, t) = ± H isn (Flw) , (4. 9) 

where 
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w and H are as above. 

Now v(x, t ) can be obtained from (4.5). 

It should be noted t hat the solution (4.9) is valid for O < w < l and as w approaches 

zero, the solut ion becomes t he normal sine function, sin z, and as w approaches 1, 

t he solution tends to the tanh function , tanh z . 

The profile of the solution (4. 9) is given in the F igure 4.1. 

3 

Figure 4.1: Profile of solution (4.9) 

4.2 Solutions of ( 4.1) using the simplest equation 

method 

We consider t he solut ions of (4.6) in t he form 

M 

u(z) = L Ai (G(z)) \ 
i=O 
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where G(z ) satisfies the Bernoulli or the Riccati equation. 

Solutions of ( 4.1) using Bernoulli as the simplest equation 

We consider t he Bernoulli equation 

G'( z ) = aG(z ) + bG2 (z ), 

where a and b are constants. 

(4 .11 ) 

The balancing procedure yields M = 1, so the solution of (4. 6) is of the form 

( 4.12) 

Substituting ( 4.12) into ( 4.6) and making use of the Bernoulli equation ( 4.11 ) and 

t hen equating all coefficients of the funct ion Ci to zero , we obtain t he fo llowing 

algebraic system of equations 

2 A1k4b2 
- k2 A/ + d2 A/ - 4 A1d2k2b2 + A/ + 2 A1d

4b2 = 0, 

3A1k4ab + 3d2AoA/ - 3k2AoA12 - 6A 1d2k2ab + 3A0A1
2 + 3A 1d4ab = 0, 

p2 A0d2 
- p2 Aok2 - r 2 Aod2 + r 2 Aok2 

- Aok2 + d2 Ao3 
- k2 Ao3 + Aod2 + Ao3 = 0, 

A1d2 + 3 d2 Aa2 A1 - p2 A1k2 + r 2 A1k2 + p2 A1d2 + A 1d4a2 
- 3 k2 Aa2 A1 + A1k4a2 

+ 3 Aa2 A1 - 2 A1d2k2a2 - r 2 A 1d2 
- A1k2 = 0. 

Solving this system, with the aid of Maple, we obtain t he following values for t he 

constants 

a(d2 
- k2 ) 

A - ----;::==== 0 
- J2(k2 - d2 - 1) ' 

v'2b(d2 
- k2

) 
A1 - -----

- k2 - d2 - 1 ' 

p = 
r2d2 - r2k2 + k2 - cl2 Ao2 + k2 Ao2 - cl2 - Ao2 

cl2 _ k2 
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As a result a solution of the Klein-Gordon-Zakharov equations (4. 1), using the 

Bernoulli equation as the simplest equation , is 

( ) 
i(px+rt ) [ v12ab (d2 - k2) (cosh(a(kx + dt + c)) + sinh(a(kx + dt + c))) 

u x , t = e 
Jk2 - d2 - 1(1 - bcosh(a(kx + dt + c)) - bsinh (a(kx + dt + c) )) 

a(d2 -k2
) ] 

+ J 2(k2 _ d2 _ l ) , (4. 13) 

where c is a constant of integration. 

Solutions of ( 4.1) using Riccati as the simplest equation 

We use the Riccati equation given by 

G'(z ) = aG2 (z) + bG(z) + c, ( 4. 14) 

where a, b and c are constants. The balancing procedure yields M = 1, so the 

solution of ( 4.6) is of t he form 

Similar calculations yield t he following set of values: 

A _ __ v12_2_a_( d_2 _-_k_2_) V_k_2_-_d2_-_1 
i - d2 - k2 + 1 , 

J2(k2 - d2 - l )(d2b2 
- k2b2 

- 2 - 2p2 + 2r2
) 

C = -----------------
4A1(d2 - k2 + 1) . 

As a result t he two solut ions of ( 4.1) are 

u(x, t) = ei¢ [Ao+ A1 { - ;a - ;a tanh [~e(z + c)]}] (4. 15) 

and 

u(x, t ) = ei¢ [Ao + A1 { - ~ - !_ tanh (~ez) 
2a 2a 2 
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+ sech (-°f) } ] 
C cosh ( 0

2
z) - 2; sinh ( 0

2
z) ' 

(4. 16) 

where ¢ = px + rt and z = kx + dt. 0 is given by jb2 - 4ac, C is a constant of 

integration, and Ao and A1 are as obtained above. 

It should be noted that by substitut ing the above values of u(x , t) into (4.5) , one 

can now obtain the solutions for the variable v(x , t ). 

4.3 Conclusion 

In this chapter we studied the Klein-Gordon-Zakharov equations (4. 1). The trav­

elling wave hypothesis approach along with the simplest equation method were 

utilized to obtain new exact solutions of the Klein-Gordon-Zakharov equations. 

The solutions obtained were travelling wave solutions. 
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Chapter 5 

Travelling wave solutions and 

conservation laws of a generalized 

(2+ 1 )-dimensional 

B urgers-Kadomtsev-Petviashvili 

equation 

In this chapter we study the (2 + 1 )-dimensional Burgers-Kadomtsev-Petviashvili 

(Burgers-KP) equation with power law nonlinearity, that is given by 

(5. 1) 

Here, in (5. 1) a, /3,, and n are arbitrary constants. When n = l in (5. 1) we obtain 

(5 .2) 

This equation (5. 2) is a dissipative version of the Kadomtsev-Petviashvili (KP) 

equation. It is widely accepted that the Burgers-KP equation is a natural model for 
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the propagation of the two-dimensional damped waves [87]. The solutions of (5.2) 

have been studied in various aspects. See for example the recent papers [88- 90]. 

Wazwaz [ 8] used the tanh-coth method to obtain kink solutions and periodic 

solutions of (5.2). In the same paper Hirota's bilinear method was used to establish 

exact N-soliton solutions of equation (5 .2). Ren and Wang [89] employed the 

modified direct Clarkson-Kruskal method to find new solutions of this equation. 

Chun and Sakthivel [90] applied t he exp-function method and constructed a variety 

of new generalized soli tonary and periodic solutions for (5.2). 

In the present work we study equation (5. 1) and obtain its exact solutions using 

Lie group analysis. Also t he solution of t he resultant ordinary differential equation 

is constructed using the (G'/ G)-expansion method. In addition conservation laws 

are derived for ( 5 .1) using t he new conservation theorem by Ibragimov. 

The results of this chapter have been published in [91]. 

5.1 Exact solutio:11s of (5.1) 

In this section we obtain exact solutions of (5.1) using Lie group analysis. 

5.1.1 Exact solutions of (5.1) using Lie point symmetries 

The vector field given by 

1 a 2 a 3 )a ( · )a X = ( (t , x, y, u) at + ( (t, x, y, u) ax + ( (t , x, y , u ay + T/ t , x , y , u au 

is a Lie point symmetry of (5 .1) if 

(5.3) 
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whenever (ut+Cl'Un ux+,Buxx)x+')'Uyy = 0. Here pr(3)X denotes the 3rd prolongation 

of X and is given by 

where 

qi Dt(rJ ) - UtDt(e) - UxDt(e) - UyDt(e) , 

(r Dx(rJ ) - UtDx(e ) - UxDx(e ) - UyDx(e) , 

¢tx Dx(rJt) - uuDx(e) - UtxDx(e) - UtyDx(e) , 

¢xx Dx(rJx) - Uxt Dx(e) - Uxx Dx(e) - Uxy Dx(e) , 

¢YY Dy(T/y) - UytDy(e) - UyxDy(e) - UyyDy(e) , 

¢xxx Dx('f/xx) - Uxxt Dx(e) - Uxxx Dx(e) - Uxxy Dx(e) , 

and the total derivat ives Dt, Dx and Dy are given by 

a a a a 
- + Ut- + Uu- + Utx- + · · · at OU OUt OUx 
a a a a 
~ + Ux ~ + Uxx ~ + Uxt -

0 
+ ... 

uX UU UUx Ut 
a a a a 
~ + Uy~ + Uyy-

0 
+ Uyt ~ + · · · . 

uy uU Uy UUt 

Expanding (5.3) we obtain the determining equation 

+ 2no:u ri un- l + no:riu un- l + 3no:,Bu4 C1 un-l + 6no:,Bu3C 1 un- l x ·,x 'I xx x ~uu x ~xu 

3 ,8 2c l n-1 3 ,eel 2 n cl n + cl n c2 n + no: Ux'> xxu + O'. '>uuxxU + O'.<, t UxxU O'.Ut'>uUxxU - O'.Ux'>uUxxU 
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~l n 3 i:2 n 2 2 i:2 n i: 2 n 2 i:3 n + 2 {3 cl n - aUt-,xxU - a ux'> uuU - aux'> xuU - aux'> xxU - aUxUY'> uuU a Ux-,uUxxxU 

2 i: 3 n ~ 3 n 2 n + 2 n n + 2 13i: 1 n - aux Uy'> xu U - auY'>xx U + aux 'f}uu U aux rJxu U + arJxx U a '>x Uxxx U 

- Ux~tutt - ~;Utt - 2"(Uy~t u ty - 2"(~~Uty - Ux~~Uty - ~; uty - ~i Uxx - Ut~~Uxx 

- 2"(Uy~~Uxy - 21~;uxy - ~ZUxy - Ut~~Uxy - 3{3~~UxxUxy + 'Y~(Uyy + "fUt~tuyy 

+ "fUx~~Uyy + "(~; uyy - 2"(Uy~~Uyy - 2"(~; Uyy + 3{3"(~~UxxUyy - UtUx~(u - Ut~(x 

- "fUtU; ~tu - UiUx~tu - 3f3UtUxUxx~tu + 3{3"(u; uyy~tu - u;~;u - 3f3UtUxx~;u 

+ 6{3"(UxUyy~;u + 3{3"(Uyy~;x - 2"fUtUy~~u - "fUt~~y - u; ~iu - Ux~ix - Utu; ~~u 

- "fUxu; ~~u - 6{3u; uxx~~u - UtUx~;u - 9/3UxUxx~;u - 3f3uxx~;x - 2"fUxUy~;u 

- "fUx~;y - UxUy~Zu - uyax - "(Ui ~~u - UtUx'Uy~~u - 3f3uxUyUxx~~u - 3{3u; uxy~~u 

- UtUy~;u - 3{3uyUxx~;u - 6f3uxUxy~;u - 3f3 u xy~;x - 21u;~;u - "(Uy~;Y + UxrJtu 

+ rJtx + "fU; rJuu + UtUxrJuu + 3f3uxUxx 77uu + UtrJxu + 3/3Uxx77xu + 2"(Uy'f}yu + "('f}yy 

- 3f3ux ~t Utxx - 3{3~;Utxx + {3~(Uxxx + f3ut~tUxxx - 2f3ux~~Uxxx - 2{3~; uxxx 

+ 3{3
2
~tUxxUxxx + 3{3

2
u; ~tuuxxx + 6{3

2
Ux~;uuxxx + 3{32~;xuxxx - 3f3ux ~~Uxxy 

- 3{3~; uxxy - f3ut ui ~tuu - 3f3utu; ~;uu - 3f3utUx~;xu - f3 ut~;xx - f3u; ~~uu 

- 3{3u~ ~;uu - 3{3u; ~;xu - f3ux ~;xx - f3ui uy~~uu - 3{3u; u y~;uu - 3f3ux Uy~;xu 

- /3u y~;xx + {3U~ rJuuu + 3{3u; rJxuu + 3/3UxrJxxu + f3 rJxxx = 0. 

Splitting on the derivatives of u , yields the following overdetermined system of 

sixteen linear partial differential equations: 

~~ = 0, ~; = 0, ~~ = 0, ~~ = 0, ~; = 0 , ~t = 0, rJxu = 0, rJuu = 0, 

21 ~; + ~; = 0, ~iy - 27]yu = 0, 3~; - 2~; = 0, ~; - 2~; + a = 0, 

aUnrJxx + "('f}yy + f3 77xxx77xt = 0, n 77 + UrJu - 2u~; + 2u~; - 7] = 0, 

a nun'f} - 2aunu~; + 2aunu~; - 3{3u~;x - u~; = 0, 

2a nunrJx - aunu~;x - {3u~;xx - "(U~;Y + UrJut - u~; t = 0. 
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Solving this system one obtains the following five Lie point symmetries: 

Xs = 

a 
at ' 
a 
ax' 
a 
ay ' 

a a 
2, t-a - y-a , 

y X 

a a a a 
4nt- + 2nx- + 3ny- - 2u- . 

at ax ay au 

The linear combination of t he translation symmetries, r = X 1 + X 2 + X 3 reduces 

( 5.1 ) to a partial different ial equation in two independent variables. The symmetry 

r yields t he following three invariants: 

J = t - Y, g = x - y, e = u . (5.4) 

Using t he above invariants we can wri te t he transformed equation as 

which is a nonlinear PDE in two independent variables f and g. The above equation 

has two translation symmetries, namely 

By taking a linear combination Y 1 + cY 2 of t he above symmetries, we see that it 

yields the invariants 

z = g - cf , e = VJ . 

ow treating VJ as new dependent variable and z as the new independent variable, 

(5.5) is reduced to the following third-order nonlinear ODE: 
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where ' denotes t he differentiat ion with respect to the variable z. We can integrate 

(5 .6) twice to obtain 

(5.7) 

where t he constants of integration are taken to be zero. With the aid of Maple, 

equation (5. 7) can be integrated to give the solut ion 

I 

'I/J (z)= [((nl+ l) {-a + C1 (n + l )(e7 }] - ", (5.8) 

where ( =, (1 - c)2 - c. Reverting back to our original variables and at the same 

t ime writing t he olution in terms of trigonometric functions, we have 

u(t,x, y) ~ [ ( (nl+ I){-<>+ C1 (n + I) ( (cosh (n~z) + sinh (n~z))} r 
(5.9) 

where ( =, (1 - c)2 - c, z = x - (1 - c)y - ct and C1 is a constant of integration. 

By taking n = 2, a = 1, /3 = 1,, = 1, C1 = 1, c = 2 and t = 0 in (5.9) , the profile 

of the solution (5.9) is given in Figure 5. 1. 
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5 

Figure 5.1: Profile of solution (5.9) 

5.1.2 Exact solutions of (5.1) using the (G'/ G)-expansion 

method 

In this section we use the ( G' / G) -expansion method [11 , 92], to obtain a few exact 

solutions of t he Burgers-KP equation (5 .1). 

By introducing t he transformat ion 

I 
'lj; (z) = F (z )n, (5. 10) 

equation (5.6) t ransforms to t he third-order nonlinear ordinary differential equation 

for F , viz. , 

cmF(z)2 F
1 

(z)2 + cm2 F (z)3 F"(z ) + n( l - n)(F (z)F' (z)2 

+ n2(F(z)2 F" (z) + (2n2 
- 3n + l )(F' (z)3 
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+3n(l - n) /3 F (z )F'(z )F" (z) + f3n2 F (z)2F"'(z) = 0. (5. 11) 

where ( =, (1 - c) 2 - c. 

Let us consider the solutions of (5 .11) in the form 

M (G' (z) )i 
F( z ) = ~ ~ G(z) ' (5. 12) 

where G(z) satisfies 

G" + >-.G' + µG = 0 (5. 13) 

and >-. and µ are constants. The homogeneous balance method between the highest 

order derivative and highest order nonlinear term appearing in (5. 11) determines 

the value of l\!l and Ao , ··· , AM , are constants to be determined. 

Application of the balancing procedure to the ODE (5.11) yields M = 1, so the 

solutions of (5. 11) are of the form 

F(z) =Ao+ A1(~g; ). (5. 14) 

Substituting (5. 14) into (5. 11 ) and using (5 .13) leads to an overdetermined system 

of algebraic equations. Solving this system of algebraic equations with the aid of 

Maple, we obtain 

2, n + n - J4, n2 + n2 - 4/3,nJ>-.2 
- 4µ 

c= ----~----------2, n l 

A _ ( n + 1) (/3 >-. - , n ( c - 1) 2 + en) 
0 

- 2an ' 

A1 = f3( n + 1). 
an 

Now using the general solution of (5.13) in (5.14) , we have the following three types 

of travelling wave solutions of the Burgers-KP equation (5.1): 

When >-.2 - 4µ > 0, we obtain the hyperbolic function solution 

(, )- [A A(-~ , C1sinh (01z)+C2cosh (01z) )]l /n 
U x, y , t - o + l + u1 C (' ) C . (' ) , 2 1 cash u1 z + 2 smh u1 z 
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where z = x - (l - c)y - ct, 61 = ½J>- 2 - 4µ , C1 and C2 are arbitrary constants. 

When ).2 
- 4µ < 0, we obtain the t rigonometric function solut ion 

where z = x - (l - c)y - ct , 62 = ½J4µ - >-2 , C1 and C2 are arbitrary constants . 

When >.2 
- 4µ = 0, we obtain the rational function solution 

where z = x - (l - c)y - ct, C1 and C2 are arbitrary constants. 

5.2 Conservation laws of (5.1) 

In this sect ion we construct conservation laws for ( 5. 1) using t he conservation 

theorem due to Ibragimov [48]. First we find the adjoint equation for (5. 1), which 

is given by 

(5. 15) 

where v = v(t, x, y) is t he new vari able. The operator 6/bu is t he Euler-Lagrange 

operator given by 

and the total derivatives Dt, Dx and Dy are given by 

a a a a 
- + Ut- + Utt- + Utx- + ... 
at au But Bux 
a a a a 

-
8 

+ Ux-
8 

+ Uxx -
8 

+ Uxt -
8 

+ · · · 
X U Ux Ut 

a a a a 
-a+ uy-a + uyy-a + Uyt -a + . .. . 

y U Uy Ut 
(5 .17) 
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Now expanding equation (5. 15) using (5 .16) and (5 .17) we obtain t he adjoint equa­

tion as 

(5.18) 

We now consider t he system fo rmed by the equation (5. 1) and the adjoint equation 

(5 .18) , i.e. , 

(5. 19) 

The third-order Lagrangian for this system is given by 

(5 .20) 

Applying Ibragimov 's theorem [48] we deduce that the conserved quantities of 

system (5. 19) associated with a symmetry of (5.1) are given by 

where W = T/ - ~ i u i is the Lie characteristic function. We have five cases. 

(i) Considering t he Lie point symmetry X1 = 8 / 8t , the Lie characteristic funct ion 

is W = -Ut. Hence t he conserved vector corresponding to the Lie point symmet ry 

X1 is 

t { n- 1 ( 2) Utx } 1 Tl = v cw UUxx + nux + 2 + f3 uxxx + "(Uyy + 2UtVx, 

Tf = - Ut { cxun-l (nvux - UVx) - ~t + /3Vxx } - Utx (cxvun - f3vx) 

1 
- /3VUtxx -

2
vutt, 
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(ii ) For t he Lie point symmetry X 2 = 8/ ox, the Lie characteristic function 1s 

HI = - ux and hence the conserved v ctor is 

1 TJ 2 (uxVx - VUxx ) , 

T{ aUxVxUn + }v (utx + 2,uyy) + }ux (Vt - 2/3Vxx) + /3UxxVx , 

T!j_ 1 (uxVy - VUxy ). 

(iii ) For X3 = 8/oy , the Lie characteristic function is W = -uy, the conserved 

vector is 

1 
Tj 2 ( UyVx - VUxy), 

Tf -Uxy (avun - f3vx) - Uy { aun-l (nvux - UVx) - ~t + /3Vxx } 

1 
-/3VUxxy - 2vuty , 

Tf = V { aun-l ( UUxx + nu;) + Utx + f3uxxx } + , uyvy. 

(iv) For the Lie point symmetry X 4 = 21t8/8y - yo/ox, the Lie characteristic 

function is W = yux - 21tuy and the conserved vector is 

1 

2 { V (YUxx - 2,tuxy) + Vx (2, tuy - YUx) } , 

1 
-- [2aun {2,tv (uxyU + nuxuy) + VxU (yux - 2, tuy)} 

2u 

+u { V (21 (2/3tuxxy + tUty +Uy+ YUyy) + YUtx) + 2f3vx (YUxx - 2, tuxy) 

(v) Finally taking t he symmetry X 5 = 4nt8/8t + 2nx8/ 8x + 3ny8/8y - 2u8/8u, 

we have W = -2u - 4ntut - 2nxux - 3nyuy. The corresponding conserved vector 

IS 
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+ V {n (4tUtx + 3yuxy + 2xuxx) + 2(n + l )ux} 

-Vx {2u + n (4tut + 2xux + 3yuy)}], 

Tt = - 2nxv { aun- l ( UxxU + nu;) + Utx + f3 uxxx + , uyy } 

+ {2u + n (4tut + 2xux + 3yuy )} { aun- l (nuxv - Vx u ) - ~t + f3vxx } 

+ {n (4tUtx + 3yuxy + 2xuxx) + 2(n + l )ux } (avun - f3vx) 

+ {3v {n (4tUtxx + 3yuxxy + 2xuxxx ) + (4n + 2)uxx } 

1 
+ 2v { n (2xutx + 3yuty + 4tuu) + ( 4n + 2)ut} , 

Tf = V [n { - 3ayun- l ( UxxU + nu; ) - 3y (utx + f3uxxx) + 21 (2tuty + XUxy)} 

otice t hat t hese conserved vectors involve v , the solution of t he adjoint equat ion , 

and hence gives an infini te number of conservation laws. 

5.3 Conclusion 

In t his chapter we obtained exact solutions of t he generalized (2+ 1 )-dimensional 

Burgers-Kadomtsev-Petviashvili equation (5.1) by employing the Lie symmetry 

analysis to reduce the part ial different ial equation to an ordinary different ial equa­

tion then integrating the resultant equation. The (G' / G)-expan ion method was 

also employed to obtain travelling wave solutions. Moreover , t he conservation laws 

for t he underlying equation were derived by using the new conservation theorem 

due to Ibragimov. We obtained five conservation laws corresponding to the five 

Lie point ymmetries of the equation. 
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Chapter 6 

Traveling wave solutions and 

Conservation laws of the 

Korteweg-de Vries-Burgers 

equation with power law 

nonlinearity· 

In this chapter we study t he Korteweg-de Vries-Burgers equation with power law 

nonlineari ty (KdVBp) given by 

(6. 1) 

where 0: , /3 and "( are constants. When n = l , this equation becomes the Korteweg­

de Vries-Burgers equation , which was derived for a wide class of nonlinear system 

in weak nonlinearity and long wavelength approximation [93]. In this study we 

employ Lie symmetry analysis along with the Kudryashov approach to find exact 

solutions of ( 6.1). Furthermore, we construct conservation laws for ( 6.1 ) using the 
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new conservation theorem due to Ibragimov. 

The work contained in this chapter has been published in [56]. 

6.1 Similarity reduction and exact solutions 

In t his section we first compute Lie point symmetries of (6.1 ) and t hen use t hem 

along with the Kudryashov method to find exact solutions of (6 .1). 

6.1.1 Similarity reduction of (6.1) 

Firstly we calculate the Lie point symmetries of ( 6.1) using the Lie algorit hm. 

These Lie point symmetries are then used to t ransform (6.1 ) into an ordinary 

differential equation. Kudryashov approach [18] is then applied to the ordinary 

differential equation and as a result we obtain the exact solutions of (6.1). 

The symmetries of (6.1 ) will be generated by the vector field 

X = e(t ,x, u) :t + e(t ,x,u) :x + r, (t,x ,u) :u . 

The application of the third prolongation, pr(3) X to ( 6 .1 ) leads to the overdeter­

mined system of linear part ial different ial equations 

~; = 0, eL = 0, ~~UU = 0, /3 ~~U - 3,,~;UU + r''r/uuu = 0, 

2un(:t,'~~u - /32
~ ~u + 3/3,'~;uu - /3, 'r/uuu = 0, 

4unar'~~u - /32
~ ~u + 3/3,~;uu - /3, 'r/uuu = 0, 

6unar'~~u - /32
~~u + 3/3, ~;uu - /3, 'r/uuu = 0, 

2/3~;u - f3'r/uu - 3, ~;xu + 3,''r/xuu = 0, 

aun'r/x - f3 rtxx + 1'r/xxx + 'r/t = 0, 

6, rtxuu - 6,'~;xu + 4/3~;u - 2f3 rtuu + 3aun~~ = 0, 
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3c:mn~; + 2/3~;u - 3, ~;xu + 3, 'Tlxuu - f3 T7uu = 0, 

5af3un~; - 9a, un~;u + 3a, un'Tluu + 4/32~;u - 2/32 T7uu - 6/3,~;xu 

+6/3,'Tlxuu = 0, 

U~Z - 2auun~; - anUnT/ - 3, UT/xxu - /3u~;x + 2/3UT/xu + , u~;xx = 0, 

2af3un~; - 9a, un~;u + 4/32~;u + 3a, un'Tluu - 2/32 T7uu - 6/3,~;xu 

+6/3, 'Tlxuu = 0, 

3a 2
1u2n~; - 2af3 2un~; + 9a(31un~;u - 3af3,un'Tluu - 2/33~;u + /3 3T7uu 

+3/3 2, ~;xu - 3/32, 'Tlxuu = 0, 

+3r UT/xxu = 0, 

3a,uun~;x - a /3nUnT7 + /3u~z - a/3uun~; - /32u~;x - 3a, UUnT/xu + 2/32UT/xu 

+/3,u~;xx - 3/3, 'Tlxxu = 0. 

Solving t his syst em we obtain two t ranslat ion symmet ries 

and 

Considering t he linear combination symmetry X = kX1 -wX 2 , one can easily solve 

t he corresponding Lagrange system to obtain an invariant z = kx + wt , where k 

and ware constants , and so t he group-invariant solut ion of (6. 1) is of the form 

u = F (z ). (6.2) 

Substit ut ing t he values of (6.2) into (6. 1) we obtain the t hird-order nonlinear or­

dinary different ial equation 

1k3 F'"(z) - /3k2 F" (z) + a kF (zt F' (z) + wF' (z) = 0. (6.3) 

Integrating (6.3) once with respect to the variable z and t aking the constant of inte­

gration to be zero reduces (6.3) to t he second-order nonlinear ordinary differential 
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equation 

, k3 F"( z ) - /3k2 F'( z ) + akF(zt +i + wF( z) = 0. 
n+l 

(6.4) 

This ordinary differential equation can not be integrated direct ly so we introduce 

the transformation 

1 
F (z ) = G(z )n (6.5) 

which then transforms (6.4) to the nonlinear ordinary differential equation for G, 

namely, 

n2wG(z)2 + n3wG(z)2 + a kn2G(z) 3 
- 1 k

3 (n2 
- l )G'(z)2 

+k2n(n + l )G(z) (k, G"(z ) - (3G'( z )) = 0. (6.6) 

6.1.2 Exact solutions of (6.6) using Kudryashov approach 

In this subsection we employ Kudryashov method [18] to find exact solutions of the 

nonlinear ordinary differential equation (6. 6). We consider the solut ions of (6.6) in 

the form 

N 

G(z) = L aiQ(z)\ 
i=O 

where the funct ion Q(z ) satisfies the first-order ODE 

Q'(z ) = Q(z)2 
- Q(z ), 

whose solution can be written as 

1 
Q(z ) = 1 + ez. 

(6.7) 

(6.8) 

(6 .9) 

The balancing procedure yields N = 2, and so the solution of (6.6) is of the form 

(6. 10) 
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Substituting (6.10) into (6.6) and making use of the equation (6.8) and t hen equat­

ing the coefficients of Qi to zero, we obtain an algebraic system of equations in 

t erms of ai (i = 0, 1, 2). 

Solving t he resultant system of algebraic equations with t he aid of Maple, one 

possible set of values of the constants is 

As a result , a solution of the Korteweg-de Vries Burgers equat ion with power law 

nonlineari ty (6.1) is of the form 

u(t , x) = { ao + a1 (1 + e\ x+wt ) + a2 (1 + e\ x+wt ) 2 } 1/n' (6.11) 

where a0 , a 1 and a2 are as given above. 

6.2 Construction of conservation laws for ( 6.1) 

In this section we construct conservation laws for the KdVBp equation (6.1 ). The 

new conservation theorem due to Ibragimov will be used [48]. First we find t he 

adjoint of equation ( 6.1) given by 

fl: [v(ut + CtUnUx - /3Uxx + 'YUxxx)] = 0, 

where 5/ fiu is the Euler-Lagrange operator 

5 [) [) [) 2 0 3 0 - = - - Dt- - D - + D -- - D -­
flu OU OUt x OUx x OUxx x OUxxx 
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and the total derivatives Dt and Dx are given by 

(6. 14) 

Now expanding equation (6. 12) with the help of (6.13) and (6.14) we obtain the 

adjoint equation 

(6 .15) 

In t his case the system formed by the KdVBp equation (6. 1) together with its 

adjoint equation is given by 

The third-order Lagrangian for this system of equations ( 6.16) is 

(6.16a) 

(6 .16b) 

(6 .17) 

Now ap_plying the conservation theorem due to Ibragimov [48], the conserved vector 

components are obtained using 

(6.18) 

where Lis the Lagrangian given in (6. 17) and W = r, - eut - eux is the Lie 

characteristic function. 

The KdVBp equation (6.1) has two translation symmetries, namely, X 1 = ajot 

and X 2 = 8/ ox. The Lie characterist ic function corresponding to the Lie point 

symmetry X 1 = 8/ot is W = -ut. Applying the new conservation theorem, the 

components of t he conserved vector associated to this Lie point symmetry are given 

by 
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which gives the conservation of energy. In the same manner, the Lie characteristic 

function corresponding to the Lie point symmetry X2 = 8/ 8x is W = - ux and 

hence t he corresponding conserved vector is 

which gives t he conservation of momentum. 

6.3 Conclusion 

In this chapter we studied t he Korteweg-de Vries-Burgers equation with power 

law nonlinearity (6.1). Exact solutions of (6. 1) were obtained using Lie symmetry 

analysis along with the Kudryashov method . The solutions obtained were travelling 

wave solutions. Furthermore we derived two cons~rvation laws corresponding to t he 

two translation symmetries using the new conservation theorem due to Ibragimov. 
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Chapter 7 

N aether symmetries, conservation 

laws and exact solutions of a four 

parameter Boussinesq system 

The main aim of t his chapter is to derive conservat ion laws using Noether theorem 

and obtain exact travelling wave solut ions for t he t hird-order Boussinesq type 

system [94] 

Vt + Ux + VVx + CUxxx - dVtxx = 0, (7. 1) 

which models bi-directional propagation of nonlinear dispersive long surface waves 

wit h small amplitudes in a channel. Here x denotes t he distance along the channel 

scaled by still water of depth ho and t is the t ime scaled by }hJg, with t he 

gravitational acceleration g. The dependent variable u = u(x , t ) is proportional to 

t he derivation of t he liquid 's free surface from its rest position at the location x at 

t ime t and v = v(x , t ) is proportional to t he horizontal velocity at t he height 0h0 

where 0 E [O, 1]. Boussinesq was the first to explain t he existence of Scott Russel's 
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solitary wave mathematically. He employed a variety of asymptotically equivalent 

equations to describe water waves in the small-amplitude, long-wave regime. This 

four-parameter class of model equations was derived by Bona et al. [95], where the 

parameters a, b, c and d are real constants satisfying the restrictions 

where >. , µ E R. 

In [94] the authors used t he collocation method based on exponential cubic B­

spline functions to solve the one dimensional Boussinesq system numerically. Naz 

et al. [96] obtained conservation laws for a third-order variant Boussinesq system 

of the form 

Ut + VUx + UVx + Vxxx = 0, Vt+ U x + VVx = 0 (7.2) 

by first increasing the order of the system to guarantee a Lagrangian and then 

employed aether t heorem to construct the conservation laws. Ya§ar and Gire­

sunlu [97] also worked on (7.2) to obtain exact solutions using the simplest equation 

method and derived conservation laws using the multiplier method. 

Dougalis et al. [98] made a numerical study of some aspects of stability of solitary­

wave solut ions of t he Bona-Smith family of Boussinesq systems of equations (7.1). 

In that study, long t ime stability and possible blow-up solutions were examined 

under small and large perturbations covering perturbation of amplitudes, system 

coefficients, etc. In [99], the Galerkin finite element periodic B-spline method was 

used to approximate t he cnoidal and solitary wave solut ions of periodic init ial value 

problem for a four variable Boussinesq system. 

The results of this chapter have been submitted to [100]. 
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7.1 Conservation laws of (7.1) using Noether ap­

proach 

The four parameter Boussinesq system is a third-order system of two partial dif­

ferential equations and does not possess a Lagrangian. Using the transformations 

u = Ux, v = Vx, we can increase the order of (7.1) by one, and at the same time 

taking d = b, system (7.1 ) becomes 

(7.3) 

It can easily be verified that a Lagrangian of system (7.3) is 

as it satisfies fJLjoU = 0 and fJLjoV = 0. Here the Euler-Lagrange operators fJ / fJU 

and 6 / !JV are defined by 

and 

where 

are the operators of total differentiation. The Lie-Backlund operator given by, 

1 a 2( ) a 1( ) a X = ~ (t , x , U,V)at + ~ t , x , U,V ax + rJ t , x , U,V au 
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is a Noether operator corresponding to t he Lagrangian (7.4) if it satisfies 

(7.8) 

where B 1 (t , x , U, V) , B 2 (t , x , U, V ) are the gauge terms. The expansion of equa­

t ion (7.8) with the Lagrangian (7.4) yields the following overdetermined system of 

partial differential equations: 

T he solut ion of t he above system yields the following Noether point symmetries 

and gauge terms 

TJ 1 = E(t) , 

T72 = F(t) , 

B 1 = a(t , x) , 
1 1 

B2 = - 2 V E'(t) - 2u F' (t) + j3(t , x) , 
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Ctt + f3t = 0. (7.9) 

The above results will now be used to find the components of the conserved vectors 

associated with the Lagrangian (7.4). Here we set a(t , x) = 0 and (3( t , x) = 0 

as they contribute to the trivial part of the conserved vector. The formula for 

conserved vectors due to Noether theorem for the second-order Lagrangian (7.4) is 

defined by 

(7.10) 

(7.11) 

where W 1 = TJ 1 
- Ute - Uxe and W 2 = TJ 2 

- ½e - Vxe are the characteristic 

functions. Using equations (7.10) and (7.11) together with (7.9) yields the inde­

pendent conserved vectors for system (7 .3). Setting C1 = 1 and C2 = 0 we have 

e = l , e = 0, T/ 1 = 0, T/2 = 0, B 1 = 0, B 2 = 0, W 1 = -Ut and W 2 = -½­

Substituting these into equation (7.10) and equation (7. 11 ) gives 

TX 
1 
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Using the transformation u = Ux , v = Vx and reverting back to the original vari­

ables we have 

T1t = ~av2 
- ~bv J Utdx - ~bu J Vtdx - ~bv Ut - ~bu Vt 2 X 4 XX 4 XX 4 X 4 X 

1 1 u 2 v2 

+ - cu2 - -uv2 
- - - -

2 X 2 2 2 ' 

Tf (avxx - fbutx + uv + v) J Vtdx + lbvx J uudx + lbux J vudx 

+(cuxx - f bvtx + lu2 + u) J UtdX + J UtdX J VtdX - avxVt 

+butVt - CUxUt. 

ow setting C2 = 1, C1 = 0, we have e = 0, e = 1, 'r} 1 = 0, 'r/2 = 0, B 1 = 0, 

B 2 = 0, W 1 = -Ux and W 2 = -Vx and substituting these results into equations 

(7. 10) and (7.11) and thereafter, using the transformation u -+ Ux, v -+ Vx and 

revert ing back to the original variables, we obtain 

1 1 1 
TJ Ux Vx - 4bUxxx Vx - 4bUx Vxxx + 2bUxx Vxx 

1 1 1 
UV - 4bvUxx - 4buVxx + 2buxVx, 

1 2 3 1 1 
T{ aVx Vxxx - 2aVxx - 4bUx ½xx+ 4bVxxUtx + 4bUxx ½x 

3 1 2 2 U; v x2 - 4bVxUtxx + cUxxxUx - 2cUxx + UxVx + 2 + 2 
1 2 3 1 1 

aVVxx - 2,avx - 4.bUVtx + 4.bVx Ut + 4.bUxVt 

3 1 u2 v2 

--bvut + cuu . - -cu2 + uv2 + - + - . 4 X XX 2 X 2 2 

In the same way setting 'r/ 1 = E(t) , 'r}2 = 0, C1 = 0, C2 = 0, e = 0, e = 0, B 1 = 0, 

B 2 = -½ V E'(t) , we get W 1 = E(t) and W 2 = 0. Substituting these into equations 

(7. 10) and (7.11) and then reverting back to the original variables we get 
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Setting E(t) = 1 we obtain the nonlocal conservation law 

1 1 

4
bvxx - 2v, 

-bVt - cu - u - -v - - Vt dX. 3 1 2 1 / 
4 X XX 2 2 

Similarly for when f/2 = F(t) , rJ 1 = 0, C1 = 0, C2 = 0, e = 0, e = 0, B 1 = 0 and 

B 2 = -½U F'(t) , we get W 1 = 0 and W 2 = F(t). The same procedure yields the 

conserved quantities 

T{F) = lbF(t)Uxxx - tF(t)Ux 

1 1 
= 

4
bF(t)uxx - 2uF(t), 

TtF) = (tu - lbUxx) F'(t) + ( !bUtxx - aVxxx - UxVx - tut - Vx ) F (t) 

( t / udx - lbux) F'(t) + ( ! butx - avxx - UV - t J UtdX - v) F(t) . 

Also setting F(t) = 1 we obtain the nonlocal conservation law 

1 1 
-bu - -u 4 xx 2 ' 

3 1 / -aVxx + 4bUtx - UV - 2 UtdX - v. 

For arbitrary values of E(t) and F (t) infinitely many nonlocal conservation laws 

exist for system ( 7 .1). 
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7.2 Exact solutions of (7.1) using Kudryashov 

method 

In this section we employ Kudryashov method to find exact solutions of the four 

parameter Boussinesq system (7.1 ). First we transform t he PDE system (7.1 ) to 

a system of ordinary differential equations using the ansatz 

u(t , x) = 8(~) , v(t , x ) = <P(~), ~ = kx + wt . (7. 13) 

Substitution of (7. 13) into (7.1) we obtain t he system of ordinary differential equa­

tions 

ak3<Pm - bk2w8m + k<l>E. + k<l>GE. + k8<PE. + w8E. = 0, 

ck38m - dk2w<Pm + k<l><PE. + k8E. + w<PE. = 0. 

We consider the solut ions of (7.14) to be of the forms 

A1 M 

8(~) = L AiQ(~ )i, <P(~) = L BiQ(~t 
i=O i=O 

where the function Q(~) satisfies the first-order ODE 

whose solution can be written in t erms of t he hyperbolic functions as 

1 
Q(~) = . . 

1 + cosh(~) + smh (~) 

(7. 14) 

(7. 15) 

(7 .16) 

(7. 17) 

In (7.15) M is a positive integer that can be determined by the balancing procedure 

and A;, B; are constants to be determined. For (7.14) the balancing procedure 

yields M = 2, and so t he solutions of (7.14) are of the form 
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(7. 18) 

The substitution of (7.18) into (7.14) and making use of (7.16) yields the following 

system of algebraic equations in terms of Ai and Bi, i = 0, 1, 2: 

Arbk2w - aBrk3 
- ArBok - AoBrk - Arw - Erk = 0, 

7aBrk3 
- aB2k3 

- 7 Arbk2w + 8A2bk2w + Ai Bok - 2A2Bok 

+ AoBrk - 2ArBrk - 2AoB2k + Arw - 2A2w + Erk - 2B2k = 0, 

38aB2k3 
- 12aBrk3 + 12Arbk2w - 38A2bk2w + 2A2Bok + 2ArBrk - 3A2Brk 

+ 2AoB2k - 3ArB2k + 2A2w + 2B2k = 0, 

6aBrk3 
- 54aB2k3 

- 6Arbk2w + 54A2bk2w + 3A2Brk + 3A1B2k - 4A2B2k = 0, 

24aB2k3 
- 24A2bk2w + 4A2B2k = 0, 

Brdk2w - Ar ck3 
- Ark - BoBrk - Brw = 0, 

7 Arck3 
- 8A2ck3 + Ark - 2A2k - 7 Brdk2w + 8B2dk2w - B~k 

+ BoBrk - 2BoB2k + Brw - 2B2w = 0, 

3 A2ck3 
- 12A 1ck3 + 2A2k + 12Brdk2w - 38B2dk2w + B~ k + 2B0B2k 

+ 2B2w - 3BrB2k = 0, 

6Ar ck3 
- 54A2ck3 

- 6Brdk2w + 54B2dk2w - 2B?k + 3BrB2k = 0, 

24A2ck3 
- 24B2dk2w + 2Bik = 0. 

Solving this system of algebraic equations with t he aid of Mathematica, one pos­

sible set of values of the constants is 
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B1 = 
3 

2 { ±J6cd2w2 (ck2 - 9)
2 

(ck2 - 5) + 6cdkw (ck2 - 9)} , 
c(ck2 - 9) 

B _ l 8dkw 
2 

- 9 - ck2 ' 

24B2dkw + 54Bl + l08B2B1 + 49B? 
a=-----_::_------~ 

216k2 

b = 2 (3d - cdk2) 
ck2 - 9 . 

As a result we obtain the solutions of (7. 1) as 

( 1 ) ( 1 )
2 

u t , x = Ao + A1 . + A2 . , 
( ) 1 + cosh(() + smh(O 1 + cosh(O + smh(() 

(7.19) 

( 1 ) ( 1 )
2 

v t , x = Bo + B1 + B2 
( ) 1 + cosh(() + sinh(() 1 + cosh(() + sinh(O 

(7.20) 

where ( = kx + wt. 

0 

Figure 7.1: Profile of solut ion (7.19) 
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Figure 7.2: Profile of solut ion (7.20) 

7 .3 Conclusion 

In this chapter we have studied the four parameter Boussinesq system (7.1 ). In 

order to apply Noether approach, the t ransformations u = Ux , v = Vx were ut i­

lized. The system was then transformed to the fourth-order system in U and V 

variables which admits a Lagrangian. Noether symmetries and conservation laws 

were obtained for the fourth order system. The inverse transformations were then 

used to obtain the conservation laws for t he original third-order Boussinesq system. 

Travelling wave solutions were also obtained using t he Kudryashov method for the 

four parameter third-order Boussinesq system (7.1 ) . 
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Chapter 8 

Exact solutions and conservation 

laws of an integrable coupling 

with Korteweg-de Vries equation 

The Korteweg-de Vries (KdV) equation [101] 

Ut + 6 UUx + Uxxx = 0 (8. 1) 

is an important equation in the scientific field and in the theory of integrable 

systems. It describes the unidirectional propagation of long waves of small am­

plitude and has a lot of applications in a number of physical contexts such as 

hydromagnetic waves, st ratified internal waves, ion-acoustic waves, plasma physics 

and lat t ice dynamics [102]. Equation (8. 1) has multiple-soliton solutions and an 

infinite number of conservation laws and many other physical properties. See for 

example [103, 104] and references therein . 

Recently focus has shifted to the study of coupled Korteweg-de Vries equations 

because of their many applications in scientific fields. See for example [105- 108]. 
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In this chapter we study the (2+ 1 )-dimensional integrable coupling system with 

t he Korteweg-de Vries equation [102] 

Ut - 6uux - Uxxx = 0, 

Vt - 6(uv)x - 6uuy - 3Uxxy - Vxxx = 0. 

(8.2a) 

(8 .2b) 

We determine the exact solut ions for t he system (8.2) using the ( G' / G)-expansion 

method . Furthermore, conservation laws for (8.2) will be constructed by employing 

the new conservation theorem due to Ibragimov [48] and multiplier approach [45]. 

This work has been submitted for publication . See [109]. 

8.1 Lie point symmetries and symmetry reduc­

tions of (8.2) 

The vector field 

. 1 ) a 2( a 3( ) a r =~ (t,x , y ,u,v at + ~ t , x , y,u, v )ax + ~ t , x , y , u , v 8y 

i a 2 a 
+ r; (t , x , y ,u , v)au + r; (t , x , y, u ,v )av (8.3) 

is used to generate the symmetry group of (8.2). The system of equations (8.2) is 

invariant under the generator (8.3) if and only if 

r l3l (ut - 6uux - Uxxx )l (8 2) = 0, 

r l3l (vt - 6(uv)x - 6uuy - 3Uxxy - Vxxx)l (8 2) = 0, 

where r l3l is the t hird prolongation of (8.3) given by 

89 

(8.4a) 

(8.4b) 



Expanding (8.4) and then splitting on t he derivatives of u and v , we obtain the 

following overdetermined system of linear partial differential equations: 

(; = 0, (~ = 0, (~ = 0, (~ = 0, (~ = 0, (~ = 0, (; = 0, 

a = 0, (~ = 0, (i = 0, r;~ = 0, r;~u = 0, r;;,u = 0, r;~v = 0, r;~v = 0, 

-3(; + (i = 0, 4u(; + 2r;1 + r;;xu = 0, 

1 1 6 1 0 1 ~3 2 ~2 0 1'lxxx - 1'lt + ur;x = , - r;u + '>y + 1'lv - '>x = , 

2v(; + 2v(; + 2r;2 + r;;xu + 2r;;yu = 0, 

12u(; + 6r;1 
- (;xx+ 3r;;xu + (; = 0, -2(; - (; - 7'/~ + a + 1'/~ = 0, 

6 1 6 1 2 31 2 6 2 0 ur;y + vr;x - 1'lt + 1'/yxx + 1'lxxx + ur;x = ) 

6u(; + 6u(; - 6ur;~ + 6r; 1 
- (;xx+ 3r;;xv + ([ + 6ur;~ = 0. 

Solving t he above system of partial differential equations, one obtains t he fo llowing 

four Lie point symmetries: 

time translation 

space translation 

space translation 

scaling 

a 
r1 = at, 

a 
f 2 = ax ) 

a 
f 3 = ay' 

a a a a 
f 4 = 3t- + x - - 2u- - v - . at ax au av 

Taking t he symmetry given by r = r 1 + r 2 + r 3 and solving the resultant Lagrange 

system we obtain four invariants 

f = t - Y, g = x - Y, u = 0, v = 'ljJ . 

Applying t hese invariants, system (8.2) is reduced to a system of partial differential 

equations of two functions 0 and 'ljJ in two independent variables f and g: 

01 - 6009 - 0999 = 0, (8 .5a) 
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'l/J1 - 6(0'1/J)9 + 6001 + 6009 + 30991 + 30999 - 'lj;999 = 0. (8.5b) 

Equations (8.5) has the fo llowing three Lie point symmetries: 

a 
X1 = aj' 

a 
X2 = ag ' 

a a 1 a 1 a 
X 3 = 6f- + (2g + 3f)- - (40 + - )- - (8'1/J + 20 + -)-

8 J ag 2 a0 2 8'1/J' 

Considering t he symmetry X = X 1 + aX 2 given by t he linear combination of X 1 

and X 2 we get the invariants 

z = g - af, 0 = H , 'ljJ = J. 

This furt her reduces (8 .2) to a coupled system of t hird-order ordinary differential 

equations in two functions H ( z) and J ( z), i.e. , 

ad-I' + 6H H' + H 111 = 0, (8 .6a) 

a J' + 6( H J )' - 6(1 - a) H H' - 3(1 - a) H 111 + J 111 = 0, (8.6b) 

where the prime denotes derivative with respect to z. 

8.2 Exact solutions of (8.2) using the (G'/G)-expansion 

method 

In t his section we employ the ( G' / G)-expansion method to construct travelling 

wave solutions of the system of third-order OD Es (8. 6). The ( G' / G)-expansion 

method assumes the solutions of equation (8.6) to be of the form 

M ( G'(z) )i 
H(z) = ~A G(z ) , 

M ( G'(z) )i 
J( z) = ~Bi G(z) , (8 .7) 
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where G(z) satisfies the second-order ODE given by 

G" + >..G' + µG = 0, (8.8) 

where >.. and µ arbitrary constants. The value of NI is determined by using the 

homogeneous balance method between the highest order derivative and highest 

order nonlinear term appearing in (8 .6). The Ai and Bi (i = 0, 1, · · · , M) are 

parameters to be determined. In our case the balancing procedure yields M = 2, 

so the solut ions of the ordinary differential equation (8.6) are of the form 

H (z ) = A o + A1(G'/G) + A2(G1/G)2, 

J (z ) = Bo + B1 (G' / G) + B2(G'/ G)2. 

(8.9a) 

(8.9b) 

Substituting (8.9) into (8.6) and making use of (8.8) , and then collecting all t erms 

with same powers of ( G' / G) and equating each coefficient to zero, yields a system 

of algebraic equations in A and Bi, i = 0, 1, 2. Solving this system with the aid of 

Mathematica gives the following set of values: 

A o= -i (a +·>..2 + 8µ) , A1 = - 2>.. , A2 = - 2, 

B0 = i ( a - 1) ( a - 2 >.. 2 
- 16 µ) , B 1 = 4 >.. ( 1 - a) , B2 = 4 ( 1 - a). 

Hence we obtain the following three types of t ravelling wave solut ions for the sys­

tem (8.2) : 

Case l. 

When >..2 - 4µ > 0, we obtain t he hyperbolic function solution 
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where z = x - (l - a)y - at, 01 = ½J>-2 - 4µ , C1 and C2 are arbitrary constants. 

Case 2. 

When ,\2 
- 4µ < 0, we obtain the trigonometric function solution 

where z = x - (l - a)y - at , 52 = ½ J 4µ - ,\2 , C1 and C2 are arbitrary constants. 

Case 3. 

When ,\2 - 4µ = 0, we obtain t he rational solution 

where z = x - (l - a) y - at, C1 and C2 are arbitrary constants. 
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8.3 Conservation laws of (8.2) using the multi­

plier approach 

In this section we construct conservation laws for system (8 .2) using the multiplier 

approach. The determining equations fo r t he mult ipliers are given by 

(8.10a) 

(8.10b) 

where Q1 and Q2 are t he second-order mult ipliers. ow expanding equations (8. 10) 

and solving for Q1 and Q2 we obtain the second-order multipliers 

Q1 = - x (~u3 + UUxx - l(u; - Utx)) f~ (y) - (6tux + x2
) f{ (y) + vf4(y) 

- x (3 u2 + Uxx) f~(y) - xuf~(y) + 6 tuJ;(y) + ~
5 

vu2 + 6tvfi(y) 

1 
+ 4 ( ( 8 Uxy + 4 Vxx ) U + 4 Uxx V + ( - 2 Uy - 2 Vx) Ux + Uty + Vtx) h (y) 

+ l (10u3 + 4uuxx - u/ + Utx) f5(y ) + (6uv + 2Uxy + Vxx ) h (y) 

+ (3u2 + Uxx) h(y) + (6tu + x) f s(Y) + u fg(y) + f10 (y) , 

Q2 = l (10u3 + 4uuxx - Ux 2 + Utx ) h(y) + (6tu + x) fi(y) 

+ (3u2 + Uxx ) h (y) + f4 (y ) U + f5(y) , 

where Ji, i = 1, · · · , 10 are arbitrary functions of the variable y. As a result we 

have the following ten conserved vectors: 

T; = 6uvf(y)t - 3 x j' (y)tu2 
- ux2 J'(y) + v f (y) x , 

T{ = 3 u2x2 J'(y) - xuxf'(y) + Uxx x2 J' (y) - 2 Uxy f (y) X - Vxx f(y)x 

- 12 UUxy f (y) t - 6 UVxx f(y)t - 6 VUxx f (y)t + 6 Vx Ux f(y)t 

- 6 vuf(y) x - 3 Ux 2x j' (y)t + 6 Ux Uy J(y)t + 6 UUxx x j' (y) t 
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+ f(y)vx + 'Uy J (y) - 36 vf(y)u2t + 12 x j'(y)tu3, 

Tf = f (y)ux - 6 'U'Uxx f(y)t - 'Uxx J(y)x - 12 u3 J(y)t + 3 'Ux 2 J(y)t 

- 3u2 J(y) x; 

t 1 1 7 2 1 
T2 = 

16
J(y)vuxxxx + 

16
J(y)'U'Uty + fJ(y)u 'Uxy + 4 f(y)u'Uxxxy 

1 7 2 1 1 2 + 
16 

f(y)'UVtx + 
12

J(y )u Vxx + 
16 

f(y)uvxxxx -
12 

J(y )ux V 

-i x j'(y)u4 + 1 v f(y)u3 - /
6 

f (y) 'Uxxx Vx + /
6 

'Uy f (y)ut 

1 3 1 1 
-

16 
'Uy f(y)uxxx -

16 
'Ux f(y)uxxy + 

16 
'Ux f(y)vt -

16 
'Ux f(y) vxxx 

+ /
6 

f (y)ut Vx -
1

7

2
J'(y)u2

'Uxx X + /
2 

'U'Ux 2 J' (y)x - ~ uf(y)ux 'Uy 

-
1

1

6 
'Ux J' (y )ut X + /

6 
'Ux J' (y )uxxx X - /

6 
'U'Utx J' (y )x 

1 , 7 1 1 
-

16 
'U'Uxxxx f (y)x + 6 vf (y) 'U'Uxx - 6 uf(y)ux Vx + 

16 
f(y)V'Utx, 

X 3 . 1 2 1 1 
T2 = -

16 
f(y)U'Utxxy - 2 V'Uxx f (y) - 8 'Uxx f(y)'Uty - S 'Uxx f(y)Vt x 

1 . 1 1 1 - 8vxx f (y)utx - 4uxy { (Y)'Utx -
16 

f (y)uxxxVt + 8uyf(y)utxx 

1 , 2 3 1 1 
-

16 
f (y)ut X -

16 
'Ut f (y)uxxy + 8 'Ut f(y)vt -

16 
'Ut f (y) Vxxx 

1 1 7 2 1 
-

16 
f(y)v'U txxx -

16 
J (y)vutt -

12
J (y)u 'Uty -

16 
J(y)uvtt 

7 2 1 1 · ' 3 () - - J(y)u Vtx - - f (y)UVtxxx + -
6 

'Uxf (y) 'U'Ut X - 5 'U 'Uxy f Y 
12 16 
1 . 4 1 . 1 . 2 + - J(y)ux Vtxx - 15 v f (y) 'U + 4 f(y )ux 'Utxy + 4 Vxx f(y)ux 

5 3 . 1 ')5 1 )2 - 2 'U Vxx f (y) + S Vx f (y )'Utxx + 3 X f (y 'U + 2 'Uxy J (y 'Ux 

1 , 1 1 . 7 + 
16 

utf (y)uxxx X - 6 uf(y)ux Vt - 6 f (y)ux V'Ut - 6 v f(y)u'Utx 

+ 1 'U3'Uxx f' (y)x - ~ 'Ux 2 (J'(y)) X'U2 + ~ 'Ux 'Uy f (y) u 2 

(
3 2 7 2 3 2 ) ( ) + 2 Vx 'Ux 'U - 2 'U 'Uxx V + 2 V'U'Ux - 2 'U'Uxx 'Uxy f Y 
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1 2 '( ) 1 () 7 2 ' () - 4 Uxx Ux f Y X + '.2 Uxx Ux f Y Uy+ 
12 

U Utx f Y X 

1 2 I 1 1 + 2 UUxx (f (y)) X - UUxx f (y)vxx + 2 Vx f (y)ux Uxx - 6 Uy f(y )uut 

-i Ut f(y )uvx + t Uxx J' (y) XUtx - t Utxx (J'(y)) Ux X 

+ /
6 

UUtt (f' (y)) X + 
1

1

6 
UUtxxx J' (y) x - 2UUxx J (y )uxy , 

y 7 2 1 1 . 1 
T2 = -

12
J (y)u Utx -

16 
f (y) UUtt + S f (y)ux Utxx -

16 
f (y )UUtxxx 

5 3 3 2 2 1 2 . ) 1 ( 2 - 2 U f(y)uxx + 4 U f (y)ux + 4 Ux f (y Uxx - '.2 uf y)uxx 

1 1 5 1 2 
-

16 
Ut f(y )uxxx - S Uxx f (y)Utx - 3 U f (y) + 

16 
Ut f (y) 

1 - 6 u f (y)ux Ut ; 

TJ = - x j' (y)u3 + 3 J(y)u2v + J(y)uuxy + t f (y)uvxx 

+ t f(y)uxx V - t x j' (y)uuxx, 

T{ = tf' (y)ux/x - 2 uxx J (y)uxy - Uxx f (y)vxx - t f (y )uuty 

( 
2 1 2 1 ) () 9 ' () 4 - 6 U Uxy + 2uvtx + 3u Vxx + 2vutx f Y + 2 x f Y U 

- 18 v f (y)u3 + l Uy J (y)ut + t Ux J (y)vt + l f (y)ut Vx 

+ 3j' (y) u2Uxx X - tuxf' (y)ut X + l UUtx f' (y) X - 6 v f (y)uuxx, 

2 1 l ) 9 4() Tj = -3u J(y)uxx + 2ux f (y)ut - 2uJ(y Utx - 2u f Y 

-t Ux/ f (y); 

TJ = l u (- J'(y) xu + 2 f (y)v ) , 

TI = 2 x j' (y) u3 -6f(y)u2v -t x f'(y)u/ - 2f(y)uuxy 

- J (y)uvxx + J (y)ux Uy+ J(y)ux Vx - f (y )uxx V + x j' (y)uuxx, 
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TJ = J (y)v + 3 tu2 J' (y) , 

Tt = - 6 UUxx tj' (y) + Ux J' (y) - 2 f (y)Uxy - f (y)Vxx - 6 f (y)uv 

- 12 tu3 J' (y) + 3 u/tJ' (y) , 

Tf = - 3u2 f (y) - Uxx f (y) ; 

t 1 2 1 1 7 2 
T5 = -

12 
u f (y)ux + 

16 
UUxxxx f (y) -

16 
Ux f (y)uxxx + 

12 
U J (y)uxx 

1 1 5 4 + 
16 

Ux f (y)ut + 
16 

uf(y )utx + 8 U J (y) , 

X 7 2 1 1 1 
T5 = -

12
J (y)u Utx -

16 
f (y) UUtt + S f (y)ux Utxx -

16 
J (y)uutxxx 

5 3 3 2 2 l 2 1 2 - 2 U f(y )uxx + 4 U f (y)ux + 4 Ux f (y)uxx - 2 uf(y)uxx 

1 1 5 · 1 2 
-

16 
Ut J (y)uxxx - S Uxx J (y)Utx - 3u f (y) + 

16 
Ut f (y) 

-i u f (y)ux Ut, 

T[ = 0; 

Tl = 0; 

TJ = 3 tu2 J (y) + ux f (y) , 

T{ = J (y)ux - 6 UUxx J (y)t - Uxx J (y) x - 12 u3 J (y)t + 3 Ux 2 J (y) t 

- 3u2f (y)x , 
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Tl = 0; 

1 TJ = 2 u2 J(y), 

Tt = - 2 u3 J (y) + } Ux 
2 J (y ) - UUxx J (y), 

TJ = 0; 

Tio= J(y)u, 

T fo = - 3 U2 f (y) - Uxx f( y), 

T fo = 0. 

8.4 Conclusion 

In this chapter we studied the (2+ 1 )-dimensional coupling system with the KdV 

equation (8. 2). Lie symmetry analysis along with the (G' / G)- expansion method 

was used to derive exact travelling wave solutions of (8. 2). The solutions obtained 

were expressed in the form of hyperbolic function , t rigonometric function and ra­

tional solutions. Furthermore, t en conservation laws were derived by using t he 

mult iplier approach. 
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Chapter 9 

Exact solutions and conservation 

laws for the coupled 

Benjamin-Bona-Mahony 

equations 

In this chapter we study the third-order coupled Benjamin-Bona-Mahony (BBM) 

equations [110] 

Ut + Vx + V U x + U Vx - Utxx = 0, 

(9. 1) 

which are used to model small-amplit ude long waves on the surface of water in a 

channel. In [110], t ravelling wave solutions of the coupled BBM equat ions were 

obtained using the (G' / G)- expansion method. Cui and Zhao [111], worked on the 

existence and orbital stability of bell-shaped solitary waves with zero and nonzero 

asymptotic value. In this study, exact solutions are obtained using Kudryashov 

method and the multiplier met hod is used to construct conservation laws. 
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The contents of this chapter have been accepted for publication. See [112]. 

9.1 Exact solutions of (9.1) using Kudryashov 

method 

In this section we employ Kudryashov method to find exact solutions of t he cou­

pled Benjamin-Bona -Mahony equations (9.1). However , first we transform the 

PDE system (9.1) into a system of ordinary differential equations using the trans­

formations 

u(t , x) = ¢(z), v(t , x) = 'l/J (z), z = kx + wt. (9.2) 

Substituting of (9.2) into (9. 1) we obtain the system of ordinary differential equa­

tions 

w¢' + k'l/}¢' + k'l/} + k¢'l/}' - k2w¢111 = 0, 

k¢' + ¢¢' + w'l/J' + k'l/}'l/J' - k2w'l/J"' = 0. 

We consider the solutions of (9.3) in t he form 

M N 

¢(z) = L AiQ(z)\ 'l/J (z) = L BiQ(z)\ 
i=O i=O 

where the function Q(z) satisfies 

Q'(z) = Q(z)2 
- Q(z) 

whose solution can be written in terms of elementary functions as 

1 
Q(z) = ------. 

1 + cosh(z) + sinh (z) 

(9.3) 

(9.4) 

(9.5) 

(9.6) 

In equation (9.4) M and N are positive integers. In our case the balancing proce-

dure gives M = 2 and N = 2, and so the solutions of (9.3) are of the form 
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(9.7) 

The substitution of (9.7) into (9.3) and making use of (9.5) yields the following 

overdetermined system of algebraic equations in terms of Ai and Bi, i = 0, 1, 2: 

A1k2w - A1Bok - AoB1k - A1w - B1k = 0, 

A1Bok - 2A2Bok + AoB1k - 2A1B1k - 2AoB2k - 7 A1k2w + 8A2k2w 

+ A 1w - 2A2w + B 1k - 2B2k = 0, 

2A2Bok + 2A1B1k - 3A2B1k + 2AoB2k - 3A 1B2k + 12A1k2w - 38A2k2w 

+ 2A2w + 2B2k = 0, 

3A2B1k + 3A1B2k - 4A2B2k - 6A1k2w + 54A2k2w = 0, 

4A2B2k - 24A2k2w = 0, 

B1k2w - AoA1k - A1k - BoB1k - B1w = 0 

A1k - Aik + AoA1k - 2AoA2k - 2A2k - 7B1k2w + 8B2k2w - Bfk + BoB1 k 

- 2BoB2k + B1w - 2B2w = 0, 

Aik + 2AoA2k - 3A1A2k + 2A2k + 12B1k2w - 38B2k2w + Bf k + 2BoB2k 

- 3B1B2k + 2B2w = 0, 

Bf k - 38B2k2w + 2BoB2k - 3B1B2k + 2B2w = 0, 

3A1A2k - 2A~k - 6B1k2w + 54B2k2w - 2B~k + 3B1B2k = 0, 

2A~k - 24B2k2
w + 2B~k = 0. 

Solving t his system of algebraic equat ions with the aid of Mathematica, one pos­

sible set of values of the constants is 

A0 arbitrary , 

A2 = - 6kw , 
w 

Bo =Ao + kw - k + l , 
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B1 = - 6kw , 

As a result we obtain the solution of (9.1) as 

( 1 ) ( 1 )
2 

u t , x) = Ao + A1 + A2 , 
( 1 + cosh(z) + sinh(z) 1 + cosh (z) + sinh(z) 

( 1 ) ( 1 )
2 

v(t, x) = Bo+ B1 ------- + B2 ---,---,---- , 
1 + cosh(z) + sinh(z) 1 + cosh(z) + sinh(z) 

where z = kx + wt and t he values of Ai and Bi, i = 0, 1, 2 are as given above. 

9.2 Conservation laws of (9.1) 

In t his section we use the multiplier method to find conservation laws of the coupled 

BBM system (9. 1), namely, 

(9.8) 

A conservation law of the system (9.8) is a space-t ime divergence such that 

(9 .9) 

holds for all solutions (u(t, x), v(t , x)) of the system (9.8). The vector T = (Tt , T x) 

is called t he conserved vector of the system (9.8). We look for zero-order multipliers 

A1 and A2 , t hat is, A1 and A2 depend on t , x , u , v. The mult ipliers A1 and A2 of 

t he system (9.8) have t he property t hat 

(9. 10) 

for all funct ions u( t , x) and v ( t , x) and Di, Dx are the usual operators of total 

different iation. The determining equations for the mult ipliers are obtained by 

solving the system 
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where 5 / fm and 5 / 5v are t he standard Euler-Lagrange operators. 

and 

(9. lla) 

(9. llb) 

(9. 12) 

(9. 13) 

respectively. Expanding system ( 9 .11) yields an overdetermined system of partial 

differential equation . After solving this with the help of Maple, we obtain the two 

multipliers 

J\.1 (t , x ,u ,v) = C1v + C2u + C4 

J\.2 (t , x , u , v) = C1u + C2v + C3 (9 .14) 

where C1 , C2 , C3 and C4 are constants. Hence we obtain the following four con­

served vectors: 

Tj =3v - Vxx, 

T f =6u + 3u2 + 3v2 
- 4 Vtx, 
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Tj =3u - Uxx , 

Tf =3vu + 3v - 2utx · 

9.3 Conclusion 

In t his chapter we obtained the exact solutions of the coupled Benjamin-Bona-

fahony system (9.1) using Kudryashov method. The solutions obtained are trav­

elling wave solutions. The conservation laws for the coupled BBM system (9. 1) 

were also derived by using the mult iplier method , which resulted into four conser­

vation laws. 
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Chapter 10 

Conservation laws and exact 

solutions of the convective 

Cahn-Hilliard Equation 

In this chapter we obtain conservation laws as well as travelling wave solutions of 

the fourth-order convective Cahn-Hilliard (CCH) equation [113] 

(10.1) 

Equation (10.1) is relevant to t he study of phase transit ions 111 alloys, glasses 

and polymers. The constant c represents t he width of the interfaces. Stationary 

solutions of this equation were obtained by an extension of t he method of matched 

asymptotic expansions t hat retains exponentially small terms [113]. Several aspects 

in various forms of this equation including phase transitions, t hermodynamics, 

natural boundary condit ions , equilibrium solutions and their stability have been 

considered [114, 115]. 

The results of this chapter have been submitted for publication. See [116]. 
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10.1 Conservation laws of (10.1) 

In this section we construct conservation laws of the CCH equation (10. 1) using 

the multiplier approach. 

The CCH equation (10.1) can be written in expanded form as 

(10.2) 

ow the determining equation for the zeroth-order mult iplier A(t , x, u) is 

c5 
c5u (AE) = 0, (10.3) 

where c5 / c5u is the usual Euler-Lagrange operator. 

Expanding equation (10.3) and then splitting on derivatives of u leads to an overde­

termined system of twelve determining equations. Solving the resultant system we 

obtain t he multiplier 

(10.4) 

where C1 and C2 are arbitrary constants. 

For the conserved vectors of (10.1) corresponding to this multiplier we have to 

solve for T 1 and T 2 in the equation 

(10.5) 

We obtain 

rt (10.6) 

and 

106 



(10.7) 

where C1 and C2 are arbitrary constants. Thus corresponding to the above multi­

plier we obtain t he following two local conserved vectors fo r (10.1 ); 

10.2 

Tl 
1 

T2 
1 

r,J 
2 

r,2 
2 

xu, 

3 2 2 3 2 
- XU Ux + E: X Uxxx + U - E: U xx + X U x - u, 

u , 

3 2 2 
- U Ux + E: Uxxx + Ux . 

Travelling wave solutions of (10.1) 

First the Lie point symmetries of the CCH equation (10.1) are found using the Lie 

algorithm [24] . These Lie point symmetries are then used to transform (10.1) into 

an ordinary differential equation. The simplest equation method is then used to 

obtain solutions of the resultant ODE, and whence t he exact solution of t he CCH 

equation. 

10.2.1 Lie point symmetries and symmetry reduction of 

(10 .1) 

The symmetry group of t he CCH equation (10.1 ) is generated by the vector field 

(10.8) 

Applying the fourth prolongation x l4l to (10 .1) and solving the resultant over­

determined system of linear partial differential equations, we obtain the following 
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two translation symmetries: 

The linear combination of X 1 and X 2 , namely, X 

constant , yields t he following two invariants: 

z=x -vt , u = F (z) . (10.9) 

Treating F as the new dependent variable and z as the new independent variable, 

t he convective Cahn-Hilliard equation (10.1) transforms to a fourth-order nonlinear 

ODE 

c: 2F
1111

(z) + F"( z) - 3F(z) 2 F"( z) - 6F(z)(F'(z)) 2 
- vF' (z) = 0. (10.10) 

10.2.2 Exact solutions of (10.10) using simplest equation 

m ethod 

W~ now use t he simplest equation method to solve t he ODE (10.10). 

The simplest equations t hat will be used here are the Bernoulli and Riccati equa­

tions. These are well-known nonlinear ordinary differential equat ions whose solu­

tions can be expressed in terms of elementary functions. 

The Bernoulli equation we consider here is 

H' (z ) = aH (z ) + bH2 (z), (10. 11) 

where a and b are constants. Its solution can be written as 

{ 
cosh[a(z + C)] + sinh[a(z + C)] } 

H (z) = a l - bcosh [a(z + C)] - bsinh [a(z + C)] · 

The Riccati equat ion 

H' (z ) = aH2 (z ) + bH(z) + c, (10 .12) 
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where a, b and c are constants, allows the following two solutions: 

H( z) = -- - - tanh -0(z + C) b 0 [l ] 
2a 2a 2 

and 

H(z) = _ _!!_ - !!_ tanh (! 0z) + sech (~ ) 
2a 2a 2 C cash ( 0

2
z) - 2

0
a sinh (0; ) ' 

where 02 = b2 
- 4ac > 0 and C is a constant of integration . 

Let us consider the solutions of (10.10) in the form 

M 

F( z) = L Ai(H(z ))\ (10.13) 
i=O 

where H(z) satisfies the Bernoulli or Riccati equations, M is a positive integer 

t hat can be determined by the balancing procedure and Ai , (i = 0, 1, · · · , M) , are 

parameters to be determined. 

Solutions of (10.1) using the Bernoulli equation as the simplest equation 

The balancing procedure yields M = l , and so t he solution of (10.10) is of t he 

form 

(10. 14) 

Substituting (10.14) into (10. 10) and making use of the Bernoulli equation (10. 11) 

and then equating the coefficients of t he functions Hi to zero, we obtain an algebraic 

system of equations in terms of Ai, (i = 0, 1). Solving this system with the aid of 

Maple, one possible set of values of the constants is 

Ao 
10 2 7 1 A __ ma C' __ km 
-mk --m+- e-
9 18 18 ' 

1 3b ' 3b ' 
b 

-
36 

( 400k4m 2 
- 180k2m 2 + 40k2m - 7m2 

- 18m + 1) , 

where m is any solution of t he equation 3m2 + 1 = 0, and k is any solution of 

the equation 2k2 - 1 = 0. As a result a solution of the convective Cahn-Hilliard 
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equation (10.1) using the Bernoulli equation as the simplest equation is 

( ) _ A A { cosh [c(z + C)] + sinh[c(z + C)] } 
U t , X - O + 1C [ ( , 

1 - d cosh c z + C)] - d sinh[c(z + C)] 
(10.15) 

where z = x - vt , C is a constant of integrat ion, Ao and A1 are as obtained above. 

Solutions of (10.1) using Riccati equation as the simplest equation 

The balancing procedure yields M = 1, and so the solution of (10.10) is of the 

form 

(10.16) 

Proceeding in t he same manner as above we obtain 

Ao = - 60kbE - - + 1 1 ( 2lbE ) 
18 k ' 

where k is any solution of t he equation 2k2 
- 1 = 0. 

It follows that t he solutions for the convective Cahn-Hilliard equation (10.1) using 

t he Ricatti equation as the simplest equation are 

u(t , x) = A0 + A1 { - !!:.._ - !!_ t anh [~0 (z + C)]} 
2c 2c 2 

and 

{ 
d 0 ( 1 ) sech (' ) } u(t , x) = A0 + A1 - - - - t anh -0z + (Oz ) 2c . ( 02 ) , 
2c 2c 2 C cosh - - - smh -2 0 2 

where z = x - vt with 02 = d2 
- 4ce and C is a constant of integration . The values 

of A0 and A 1 are as given above. 
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10.3 Conclusion 

In this chapter we studied t he convective Cahn-Hilliard equation ( 10.1). The mul­

tiplier method was employed to construct the conservation laws, which resulted 

into two conservat ion law . Lie Symmetry analysis along with the simplest equa­

tion method were used to find solutions of this equation. The solut ions obtained 

are travelling wave solut ions. 
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Chapter 11 

Concluding remarks 

The main objective of this work was to obtain exact solutions and conservation 

laws of some nonlinear partial differential equations of mathematical physics by 

using various methods. The exact solut ions for these nonlinear partial differential 

equations play a vital role in the explanation of their physical phenomena. 

In Chapter one, we provided the background to t h~ study. This included defi­

nit ions, t heorems and the structures of methods that were used to carry out the 

various calculations in this work. 

Chapter two presented a study of the generalized Benney-Luke equation with t ime 

dependent coefficients. A complete Lie group classification was performed on this 

equation. Equivalence transformations were used to simplify t he forms of t he 

symmetry operators. The principal Lie algebra consisting of two translation sym­

metries was found. The Lie group classification produced six different cases for 

t he time dependent coefficients . Possible extensions of the principal Lie algebra 

were presented for each of the six cases. Exact group-invariant solutions in the 

two possible cases were calculated . In both cases, travelling wave solutions were 

obtained. Also, conservation laws were constructed for t hese two cases. 
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In Chapter three exact t ravelling wave solut ions of the symmet ric regularized long 

wave equat ion were comput ed using the simplest equat ion met hod and t he exp­

function method. Solut ions obtained were travelling wave solut ions. Conservation 

laws for t his equation were also const ructed using the mult iplier approach. 

A system fo rmed by t he Klein-Gordon- Zakharov equat ions was studied in Chapter 

four. Exact solut ions for this system were found using t he travelling wave variable 

approach and the simplest equation method . A profile of t he solut ion produced 

via t he travelling wave variable approach was also presented graphically. 

Chapter five st udied the exact solut ions and conservat ion laws of a generalized 

(2+ 1 )-dimensional Burgers-Kadomtsev-Petviashvili equat ion. Exact solut ions were 

obtained using direct integrat ion and also by t he ( G' / G)- expansion method . T he 

new conservat ion t heorem due to lbragimov was used to find conservat ion laws. 

In Chapter six , the exact solutions and conservation laws of the Korteweg-de Vries­

Burgers equation wit h power law nonlinearity were obtained using the Lie sym­

metry met hod along with Kudryashov method and the new conservat ion theorem 

due to Ibragimov, respectively. 

Chapter seven studied a four parameter Boussinesq system. N aether approach was 

used to find the conservation laws of t he system whereas t he Kudryashov method 

was employed to obtain exact solutions of t he system. 

In chapter eight t he exact solutions and conservat ion laws of an integrable coupling 

wit h Korteweg-de Vries equat ion were obtained . T he ( G' / G)-expansion method 

and mult iplier approach were employed fo r finding the exact solut ions and for the 

construction of conservat ion laws respect ively. 

Chapter nine presented the exact solutions and conservat ion laws for coupled 

Benjamin-Bona-Mahony equations. T he Kudryashov met hod was used to obtain 

t he exact solut ions and the multiplier method was applied to derive the conserva-
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tion laws of the system. 

In Chapter ten, conservation laws for a convective Cahn-Hillard equation were 

constructed by applying the mult iplier approach and exact solutions were obtained 

using the simplest equation method. 

Future studies could focus on t he stability of the exact solutions obtained in this re­

search work. Furthermore, conservation laws obtained for the nonlinear differential 

equations could be used to construct more exact solut ions. 
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