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Abstract

In this thesis we study nine nonlinear partial differential equations (NLPDEs)
from the point of view of classical Lie point symmetries and conserved quantities.
These equations of choice have real world applications, primarily in the field of
fluid dynamics and plasma physics. One equation models wave propagation in a
hyperelastic-rod. Several (3+1)-dimensional equations are studied in detail, these
are the modified Korteweg-de Vries (mKdV) and Benjamin-Bona-Mahony (BBM)
equations. We also study a (3+1)-dimensional generalised Kadomtsev-Petviashvili
(KP) equation. Higher dimensional equations tend to be more apt models of
nonlinear interrelations between physical quantities. Moreover, we study three
systems, that is, the generalised coupled mKdV, Broer-Kaup-Kupershmidt (BKK)
and coupled complex mKdV systems. We also explore two fifth-order nonlinear

integrable models.

Using Lie algebras, we obtain group invariant solutions, optimal systems of one di-
mensional subalgebras and their corresponding reductions. Techniques such as the
extended Jacobi elliptic function, (G'/G)-expansion, power series solution, multiple
exp-function methods are used in this work. Furthermore, we derive conservation
laws for the underlying equations. Three and two dimensional renderings of se-
lected solutions are provided. Techniques such as Noether’s approach, multiplier
method and Ibragimov’s conservation theorem are used. In several instances we
demonstrate explicitly the use of the first homotopy integral formula from varia-

tional calculus, which is sometimes attached to the multiplier method.
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Introduction

Nonlinear partial differential equations (NLPDEs) have rapidly become indispens-
able in the quest to conceptualise the world around us. It is against this backdrop
that countless research papers today explore various aspects of NLPDEs. The
value attached to seeking exact solutions of NLPDEs is thus immense. However,
compared to linear partial differential equations, there is no systematic way to
obtain exact solutions of NLPDEs due to their complexity. Nonetheless, many ad
hoc methods of finding exact solutions of NLPDEs have been developed, for ex-
ample, the improved tanh method [1] the Riccati-Bernoulli sub-ODE method [2],
the homogeneous balance of undetermined coefficients method [3-6], the first inte-
gral method [7], the bifurcation technique [8], the generalised unified method [9],
the multiple exp-function method [10-13|, dynamical system approach [14-16

Y

simplified Hirota’s method [17, 18], the (G’/G)-expansion function method [19

]
]
B
Kudryashov’s method [20], Jacobi elliptic function expansion technique [21-24],
the power series technique [25-27], and Lie group analysis approach [28-32].

Lie group theory is one of the most proficient methods for treatment of differential
equations (DEs). Marius Sophus Lie (1842-99) is credited for this quintessential
body of knowledge. He understood that the myriad of apparently different methods
for obtaining analytic solutions of DEs were, in essence, all special cases of a broad
integration approach; the theory of transformation groups. This theory is an analog

of Galois theory and continues to impact mathematics and mathematical physics to



this day. It is easy to view Lie group theory as one of the most eminent techniques

to derive analytic solutions of DEs.

Conservation laws are crucial for determining the extent of integrability of DEs,
development of numerical schemes, reduction and solutions of partial differential
equations (PDEs) amongst others. Methods for finding conservation laws include
the celebrated Noether’s theorem [33-35] for determining conserved vectors of sys-
tems of PDEs with a variational principle. In order to sidestep the requirement
for a variational principle imposed by Noether’s theorem, a modern form has been
developed [36-50]. For example, the aptly named multiplier approach [45]. An-
other such method is the conservation theorem by Ibragimov [39,40] whose method
associates every infinitesimal vector with a conservation law. Moreover, there is
the partial Noether approach, which works like the Noether approach for the DEs
with or without a Lagrangian [51,52].

We give a few recent studies of NLPDEs presented in the literature. For instance,
Kadomtsev-Petviashvili-Benjamin-Bona-Mahony (KP-BBM) equation was investi-
gated in [53] and exact solutions were constructed. In [54], the (2+41)-dimensional
B-type KP equation of fluid mechanics was studied and soliton molecules and
some novel interaction solutions were discussed. The (2+1)-dimensional modified
dispersive water-wave system was considered in [55] and variable separation so-
lutions were obtained. The authors of [56] examined the KP-BBM equation and
constructed periodic, multi wave, cross-kink wave and breather wave solutions.
The Boiti-Leon-Manna-Pempinelli equation was studied using the Hirota bilinear
form and rational wave solutions were obtained in [57]. Lie symmetry analysis was
carried out on a generalized (2+1)-dimensional KP equation [58] and in [59], the
(2+1)-dimensional dispersive long wave equation was investigated via the trun-
cated Painlevé series method. A new method was introduced in [60] to find exact

solutions for NLPDEs of mathematical physics.



This thesis is structured as follows.

In Chapter one, we provide a synopsis of pertinent concepts in Lie group theory
that will be used throughout this thesis. We also outline the methods of exact

solutions and conserved quantities that we will utilise.

Chapter two is a study of three (341)-dimensional mKdV equations. Similarity
reductions along with extended Jacobi elliptic method are used to obtain exact

solutions. Conserved quantities are obtained via the direct method.

In Chapter three, we explore three (341)-dimensional BBM equations and obtain
exact solutions via symmetry reductions and simplest equation method. Noether’s

theorem is used to derive conservation laws.

Chapter four studies a (1+1)-dimensional mKdV system. We use elements of the
optimal system of one-dimensional subalgebras to reduce the system. The power
series method is used to solve the resultant ODEs. We obtain conservation laws

using a homotopy integral approach.

Chapter five deals with group invariant solutions of a (341)-dimensional gener-
alised KP equation. The multiplier approach and Ibragimov’s conservation theo-

rem are applied successfully to obtained local conservation laws.

Chapter six investigates the bounded travelling wave solutions of a (241)-dimensional
BKK system using bifurcation analysis. The first homotopy integral approach is

used to obtain conserved vectors.

In Chapter seven, we investigate the optimal system of group invariant solutions
of a new integrable fifth-order nonlinear partial differential equation. We analyse
the equation for a variational principle and in turn apply Noether’s theorem and

the multiplier method to get conservation laws.

In Chapter eight, we examine a (1+1)-dimensional coupled complex mKdV system.



We derive group transformations using the nine-dimensional Lie algebra of this

equation. Exact solutions are obtained and conserved quantities are computed.

Chapter nine is an application of symmetry reductions on a generalized hyperelastic-
rod wave equation. Using the travelling wave variable, we perform a triple reduc-

tion on the conserved vectors of the equation.

In Chapter ten, we study a (1+1)-dimensional fifth-order equation. Using the
optimal systems of Lie algebras we obtain exact solutions. We also use the multiple
exp-function method to obtain one and two wave solutions. Conservation are

derived at the end of the chapter.

Chapter eleven provides a summary of the results in the thesis and future work is

contemplated.

Bibliography is given at the end.



Chapter 1

Preliminaries

This chapter presents some preliminaries on Lie symmetry analysis and conserva-
tion laws of differential equations, which are used throughout this work. Selected
methods of obtaining analytic solutions and conserved quantities of differential

equations are also outlined.

1.1 One-parameter group of continuous transfor-

mations

Let = (z',...,2") be the independent variables with coordinates z' and u =
(u',...,u™) be the dependent variables with coordinates u® (n and m finite). Con-

sider a change of the variables z and w involving a real parameter a:
T, z' = fi(z,u,a), u® = ¢*(z,u,a), (1.1)

where a continuously ranges in values from a neighborhood D' € D C R of a = 0,

and f* and ¢ are differentiable functions.



Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin-

uous one-parameter (local) Lie group of transformations in the space of variables

z and wu if

(i) For T,, T, € G where a,b € D' C D then T, T, = T. € G, ¢ = ¢(a,b) € D
(Closure)

(ii) Tp € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)

(iii) For T, € G,ae D' C D, T, ' =T,-1 € G, a~* € D such that
ToTy-2 =T,-1 T, =Ty (Inverse)

We note that the associativity property follows from (i). The group property (i)

can be written as

7= i@ b) = fi(z,u(a,b)),
© = ¢ (3,1,b) = ¢°(x,u, $(a, b)) (1.2)

<
Il

and the function ¢ is called the group composition law. A group parameter a is

called canonical if ¢(a,b) = a + b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

. (" ds _ 09¢(s,b)
a /0 w(s) where w(s) = %

b=0

1.2 Prolongations

The derivatives of u with respect to x are defined as

u = Di(u®), = D;Diwi), -, (13)



where

9 9
= oai i gue T i gye ’

D; i=1,..,n (1.4)

is the operator of total differentiation. The collection of all first derivatives u* is

denoted by uy), i.e.,
un = {uf} a=1..m, i=1..,n
Similarly

UGz = {u%} a=1...m, i,j=1..n

(e}

and u(z) = {ug,} and likewise u(4) etc. Since ug; = us;

%> U(2) contains only uf; for
i < j. In the same manner ) has only terms for 7 < j < k. There is natural

ordering in u), ues) -« - .

In group analysis all variables x,u,u() - - - are considered functionally independent
variables connected only by the differential relations (1.3). Thus the u% are called

differential variables [31,65].

Now let us consider a pth-order system of PDEs of n independent variables x =

(x', 2% -+ 2™) and m dependent variables u = (u',u?,--- ,u™) given by
Eo(x,u,uqy, - up) =0, a=1--- m. (1.5)
Here wy, w9y, - . ., uq) represent the collections of all first, second, ..., pth-order
(1), %(2) (p)

partial derivatives, that is, u$ = D;(u®), u,

,ugi = DiDi(u®), . . ., respectively, and the

total derivative operator D; given by (1.4).

1.2.1 Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

xi:fi(x7u7a)7 fi|a:0:‘ri7



u® = ¢%(z,u,a), ¢%|a=o = u”. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equiv-

alent to the determination of the corresponding infinitesimal transformations:
v+ ali(ru), ud=ut 4 an®(z,u) (1.7)

obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a,

about a = 0 and also taking into account the initial conditions
fi‘a:O :Ii’ ¢a|a:0 = u.

Thus, we have

O i 0
da |,_,’ AU = da |,_,

£(x,u) = (1.8)

One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

i~ (1+aX)z, ue=(1+aX)u,

where

0

, 0
X =& (z,u) WS

oxt

+n*(z,u) (1.9)

This differential operator X is known as the infinitesimal operator or generator of
the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).
We now see how the derivatives are transformed.

The D; transforms as
where Dj is the total differentiation in transformed variables z*. So

ug = Dj(u®), ;= D;(uf) = Di(af),- -

ij



Now let us apply (1.6) and (1.10) as follows:
Di(¢™) = Di(f’)D;(a”)
= Di(f7)us. (1.11)

Thus

(Wj 65_fj>ua _ 09" | 50¢°

oz ouf )" T aai T P (1.12)

The quantities uf can be represented as functions of x, u, u(), a for small a, ie.,

(1.12) is locally invertible:

ug = Ui (r,u,uy, a), V|, = (1.13)

The transformations in x,u,un) space given by (1.6) and (1.13) form a one-
parameter group (one can prove this but we do not consider the proof) called

the first prolongation or just extension of the group G and denoted by GIU.

We let
u; = u; +ad (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group G is (1.7) and (1.14).

Higher-order prolongations of G, viz. G, GB! can be obtained by derivatives of
(1.11).

1.2.1.1 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f))(@) = Di(¢")
D;(z7 + afj)(uj“ +agf) = Di(u”+an®)



(0] + aDif")(uj +alf) = uf +aDi”
u + aC + auj“Dij = u+aDn”

¢ = Di(no‘)—u?‘Di(fj), (sum on j). (1.15)

This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

¢ = Di(nf) —ugDi(€"),  (sumon k). (1.16)

ij
By induction (recursively)

o = Dy (¢ ) —ud D; (¢), (sumon j). (1.17)

1,02,.-05Tp 11,82, y0p—1 11,02,.5Tp—1]

The first and higher prolongations of the group G form a group denoted by

GW, ... G The corresponding prolonged generators are

Xt = X—l—Caia (sum on 7, @),

X = Xl e o =
115000p 8%“1 ..... ip o
where
X =¢&'(x,u) o e
= T Ot ! 0w

1.3 Group admitted by a partial differential equa-

tions

Definition 1.2 (Point symmetry) The vector field

; 0
X = ga,u) g

+n*(z,u) (1.18)

ou®’

10



is a point symmetry of the pth-order partial differential equations (1.5), if
XP(E,) =0 (1.19)
whenever E, = 0. This can also be written as
XV E,|, =0, (1.20)

where the symbol |, _, means evaluated on the equation £, = 0.

Definition 1.3 (Determining equation) Equation (1.19) is called the deter-

mining equation of (1.5) because it determines all the infinitesimal symmetries

of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transforma-
tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant

(has the same form) in the new variables Z and @, i.e.,
Ea(f,ﬂ,U(l),--- ,u(p)) =0, (1.21)

where the function E, is the same as in equation (1.5).

1.4 Infinitesimal criterion of invariance

Definition 1.5 (Invariant) A function F(z,u) is called an invariant of the

group of transformation (1.1) if
F(z,a) = F(f'(z,u,a), ¢"(z,u,a)) = F(z,u), (1.22)

identically in z, v and a.

11



Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi-
cient condition for a function F'(z,u) to be an invariant is that
OF

, OF
X F=¢&"(z,u) o

It follows from the above theorem that every one-parameter group of point trans-
formations (1.1) has n — 1 functionally independent invariants, which can be taken

to be the left-hand side of any first integrals
Jl(xa U) =C1y Jn_1<I,U) = Cp

of the characteristic equations

dz! B dx" B du! B B du™

r,u)  e(ru) i) 0 (w,u)

Theorem 1.3 (Lie equations) If the infinitesimal transformation (1.7) or its
symbol X is given, then the corresponding one-parameter group G is obtained
by solving the Lie equations

doi du®

o= &(z,u), — =n%(z,u) (1.24)

subject to the initial conditions

i — «
X ‘a:O x, u

1.5 Conservation laws

1.5.1 Fundamental operators and their relationship

Definition 1.6 (Euler-Lagrange operator) The FEuler-Lagrange operator, for
each «, is defined by
) 0

Sue  Que

0
+Z<_1>SD“DZSauO¢—’ a = 1,...,m. (125)

=1 i102..0s

12



Definition 1.7 (Lie-Bécklund operator) The Lie-Bicklund operator is given
by

0
oxt

, 9 ,
X = fZ + 7’]&%, Sz,na S ./4, (126)

where A is the space of differential functions [31]. The generator (1.26) can be

prolonged to some arbitrary order using the infinite formal sum

X=¢ 88 2 s 6‘% (1.27)
where the prolongation coefficients are obtained by the following formulae:
Go= D)+ €
oo = Dy ... D (W?) + &l U g, S > 1, (1.28)
with Lie characteristic function W given by
We =n* =&l (1.29)
The characteristic form of (1.27) is
0
X =¢D; + Wa— + ;Du ...D;. Wa)m (1.30)

Definition 1.8 (Conservation law) The n-tuple vector T' = (T*,T2,...,T"), T’ €

A, j=1,...,n,is a conserved vector of (1.5) if T* satisfies
DT = (131)

The equation (1.31) defines a local conservation law of system (1.5).

1.5.2 Noether Approach

In this section, we recall certain salient features of the Noether approach [33] to

finding conserved quantities.
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Definition 1.9 (Lagrangian) If there exists a function
L = L(x,u,uny, U@y, - ,Us) , S < p, p being the order of equation (1.5), such

that
oL

m:() 06217"',7717 (132)
then L is called a Lagrangian of equation (1.5). Equation (1.32) is known as the

Euler-Lagrange equation.

The vector T = (T, T?%,--- | T"), T' € A, j =1,---,n, is said to be a conserved

vector of (1.5) provided T* satisfies the equation
This defines a local conservation law of (1.5).

The Noether operators associated with a Lie-Bécklund symmetry operator (1.26)
X are

§’+WO‘—+ZD“-- W W) s =1 o, (1.34)

S>1 lei2~~~is
where the Euler-Lagrange operators with respect to derivatives of u® are obtained

from (1.25) by replacing u® with the corresponding derivatives. For example,

0
+Z ]1.. ]gaa—,izlj...’ma:l,...’m, (1'35)

6u 13132 )s
and the Euler-Lagrange, Lie-Backlund and Noether operators are linked by the
operator identity [31,32]

, 5
X+ Dif€) =W s + DN (1.36)

A Lie-Bécklund operator (1.27) X is called a Noether symmetry corresponding to
a Lagrangian £ € A, if

X (L) + LD;(¢") = Dy(BY), (1.37)

where B' = (B',--- | B"), B" € A are known as gauge functions.
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Theorem 1.4 (Noether’s Theorem) For any Noether symmetry generator X
connected to a Lagrangian L € A, there correlates a vector T = (T',---,T"),

T € A, given by
T'=NY(L)-B', i=1,---,n, (1.38)

which is a conserved vector of the Euler-Lagrange DEs (1.52).

In using this method, it is imperative to begin by seeking for the unique Lagrangian
associated with system (1.5), this is followed by determining the variational sym-
metries by using the determining condition (1.37). Finally, from (1.38) we obtain

conserved quantities of system (1.5).

1.5.3 Ibragimov’s method for finding conservation laws

The gist of Ibragimov’s method [39,40] is that every infinitesimal generator is
associated with a conserved quantity, notwithstanding the absence of traditional
Lagrangians which are envisaged in Noether’s theorem [33]. Below we provide a

synopsis of the method.

Consider the system of NLPDEs (1.5) and its adjoint equations system given by

)
EX(x,u,v,- - up), vp)) = 6—(7}E5), a=1---,m, (1.39)
uOé
where §/dv® is the Euler-Lagrange operator (1.25) and where v = (v!,... v™) are

m novel field variables .

Theorem 1.5 Consider a system of m Equations (1.5). The adjoint system given
by (1.39), inherits the symmetries of the system (1.5). Namely, if the system (1.5)
admits a point transformation group with a generator X = £'0/0t +nd/ou®, then
the adjoint system (1.39) admits the operator X extended to the variables v® by
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the formula

-0 0 0
Y:gaxi +ﬁa%+nf% (1.40)

with appropriately chosen n® = n(x,u,v).

The functions & and 7® are infinitiesimal generator coefficients dependent on x

and u. In [39], the coefficients n¢ in (1.40) are given by
n = — [)\g + D;(&")]v, (1.41)
where Aj is a constant and can be computed by utilising the equation
X(E,) = N Es. (1.42)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by

applying the formula

i e ol OC oL oL
C' =L+ 55 DJaT%+DJDk <—8u%k> +
a | OL oL o OL
+ D; (W) ous — Dk@u%k +...| + D;D(W )auzjk e (1.43)

where £ is the Lagrangian of the system F and E* that is defined as
L=v"E, (1.44)
and W is the Lie characteristic function given by
Wa:no‘—gju;‘, a=1,...,m. (1.45)

The reader is referred to [39,40] for a more comprehensive discussion of this method.
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1.5.4 Multiplier method

The multiplier method is one of the most robust and preferred methods for deriving
conserved quantities of DEs [30,43,46,47,61-63]. This method attempts to mitigate
the shortcomings of Noether’s theorem [33], which requires amongst other things,
the existence of a variational principle or a Lagrangian before the theorem can be

applied. We begin by providing a concise basis of the method.

Consider system FE (1.5) of m PDEs of order p. A local conserved quantity
T'(z,u, uy, w), - - - ug) of system (1.5) is a continuity equation (1.33) valid for

the solution space ¢ of system (1.5).
In general, local nontrivial conserved quantities emanate from the divergence iden-
tity

DmlTl + DIzT2 +--+ Dann = Aa<l’, u, U(l), ’LL(Q), cee ,U(T))E. (146)
Here, Aq(z,u,umy, w2), -+ ,uq)) is a series of conservation law multipiers which
are dependent on x, u and the derivatives of u, up to some arbitrary order r <

k. The relationship (1.46) brings to light the pre-eminent interrelation between

conserved quantities 7% and multipliers A,. A determining condition to derive a

set of multipliers A, (2, u, uny, ue), -+, uq)) for system (1.5) is that
)
W<AQE> :O7 a = 1, ,m, (147)

where §/6u® is the Euler-Lagrange operator (1.25).

The condition (1.47) is requisite and adequate for A to be a multiplier. In this

research work, we will explore the lesser known first homotopy integral formula [43]

1 p P
L INEION G
@:/ E a)\@] IU()\) (E <—D>l J. ( au )
0 j=1

I=j

ua%) dA, (1.48)

where o = 1, -+ ,m, and m is the number of dependent variables. Also, ® = (7', X)

is a conserved quantity composed of conserved density T" and spatial flux X. A more
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rigorous and detailed treatment of the theoretical justification of the multiplier
approach including proofs of the formulas utilised in this section can be found

in [45].

1.6 Exact solutions

We now review some of the methods used in this work to find analytic solutions

differential equations.

1.6.1 Multiple exp-function method

In order to obtain multiple wave solutions of equation (1.5) we will use the multiple
exponential function method [10-13]. Here we provide a brief outline of the method.

First we define the auxillary first-order PDEs
0ir = —wibi, Ui = ki, (1.49)

for some constants w; and k;, where 1 < ¢ < m. Equations (1.49) have the exact

solutions

where ¢; represents arbitrary constants. Now suppose that NLPDE (1.5) admits

the solution

p(‘gi)
u(t,z) = 20 (1.51)
where
n N
p=2_ > priiit]
r,s=11,7=0
and
n N
9= > 900
r,s=11,7=0



We seek to determine values of the arbitrary constants p,,;; and g, ;. By taking all
derivatives of (1.51) and substituting in equation (1.5) we obtain the determining
equation

W(t,l’,@l,gg,"' 7877,) (152)

Collecting coefficients of 6; in equation (1.52) results in an overdetermined system of
algebraic equations. The use of computer software such as Maple or Mathematica
proves indispensable in executing this algorithm, culminating in the solutions of
polynomials p and g. In essence, the multiple wave solutions of equation (1.5) are
given by

p (qlekw—mt7 e ,qneknfv—wnt)

u<t7 .T) = g <qlek11‘—w1t’ cee e 7qn€kn$—wnt) ’ (153>

1.6.2 The extended Jacobi elliptic function method

This method was first used in [21]. It has however undergone minor modifications

over time, see for example [22-24]. The space-time group invariant
u(t,x) = ¢(§), &=z—ut, (1.54)
transforms NLPDE (1.5) into a NLODE, say,
F(o,¢,¢", o). (1.55)
Now suppose ¢(§) can be expressed as

$(&) = 'Z AH (), (1.56)

where M is a positive integer obtained by the balancing procedure [64]. Here H ()
satisfies the first-order ODE

H'(€) = —v/(1 - H2()(1 —w +wH(€)) (1.57)
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or

H'(€) = /(1 - H2(€))(1 — wH?(€)). (1.58)

We recall that

H(¢) = en(€lw), (1.59)

the Jacobi cosine-amplitude function, is a solution to (1.57), whereas the Jacobi

sine-amplitude function

H(E) = sn(¢|w) (1.60)
is a solution to (1.58). Here w is a parameter such that 0 < w <1 [66,67].

The third step of our procedure entails substituting (1.56) subject to (1.57) or
(1.58) into the ODE mentioned earlier. This produces an equation in powers of
H(¢). Finally separating coefficients with respect to like powers of H () yields
an algebraic system of equations which we solve for potential values of A;, 1 =

0,41, & M.

We note that when w — 1, then cn(§|w) — sech(§) and sn(§|w) — tanh(&). Also,

when w — 0, then cn(§|w) — cos(€) and sn(§|w) — sin(&).

Delta amplitude dn(£|w) solutions can be obtained by using the ODE

H(E) = — {(1 - HXO)(HX ) +w -1} (1.61)

This would complete the copolar trio, see [66].

1.6.3 Synopsis of (G'/G)—expansion method

Suppose that the solution(s) of NLODE (1.55) take the following series form [19]:

o0 =34 (%) (1.62)
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where G = G(§) satisfies the second-order linear ODE
G(€) + AG'(€) + §G(€) = . (1.63)

Here X\ and p take arbitrary real values. The integer M is found by considering
the homogenous balance between the highest order derivatives and nonlinear terms
appearing in ODE (1.55). The next step entails substituting equation (1.62) along
with ODE (1.63) into equation (1.55) yielding an algebraic equation in powers of
(G'/G). Collecting all terms with same order of (G'/G) together gives an overde-
termined system of algebraic equations whose solutions are the desired values of
A;. Finally, ODE (1.63) has three types of well known general solutions, namely,
hyperbolic, trigonometric and rational. These are substituted along with computed
parameter values of A;’s into equation (1.62) to give three types of solutions of the

ODE (1.55). These are by extension, solutions of NLPDE (1.5).

1.6.4 Power series solution method

The power series solution method for DEs [25-27] will also be utilised in this work.

This method entails using the infinite series

B&) = 9.
z=0

and its respective derivatives, which are then substituted into equation (1.55). This

method will be outlined in full in Chapter 4.

1.7 Concluding remarks

In this chapter, we provided a concise outline of some notable aspects of Lie group

analysis which provide a basis for this research work. We outlined several conserved
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quantity methods which will be implemented throughout our work. Finally, we
presented the methods for determining exact solutions of DEs that will be utilised

in this thesis.
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Chapter 2

Cnoidal and snoidal waves and
conservation laws for physical
space-time (3+1)-dimensional

modified KdV models

2.1 Introduction

The nonlinear space-time (3+1)-dimensional modified Korteweg-de Vries (KdV)
model given by
ug + 6uu, + Ugyz = 0 (2.1)

was studied by Wazwaz [68], which was proposed by Hereman [69,70]. A variety of
exact solutions that contained soliton, kink and periodic solutions were obtained in

[68]. Also, two new nonlinear (3+1) dimensional modified KdV equations, namely,

U + 6u2uy + Uy, =0 (2.2)
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and

ug + 6ulu, + Ugyr = 0 (2.3)

were introduced in [68] and soliton, kink and periodic solutions were presented
along with the constraints that guarantee their existence. The importance of
studying the (3+1)-dimensional equations has been given in [68]. For example,
Wazwaz [71] studied an extended (341)-dimensional nonlinear evolution equation
and found multiple soliton solutions with the aid of the simplified Hirota’s method.
Furthermore, the linear superposition principle was applied to a (3+1)-dimensional
nonlinear evolution equation and two sets of the resonant multiple wave solutions

were presented in [72].

In this chapter, we study the three nonlinear (341)-dimensional modified KdV
equations (2.1)—(2.3). Firstly using the Lie symmetry method along with the ex-
tended Jacobi elliptic function expansion method we obtain their soliton, cnoidal
and snoidal wave solutions. Furthermore, we construct conservation laws using the

direct method.

The work done in this chapter has been published in [24].

2.2  Solutions and conservation laws of (2.1)

2.2.1 Lie point symmetries

We begin the solution of (2.1) by first determining its Lie point symmetries. The

vector field

0 0 0 0
_ 1 . 2 . 3 . 4 .
X_g (taxayazau)at+f (taxayaz7u>ax+§ (t7'ray7zau)ay+€ (t7w7y727u)az

0

+n(t7x7y7z7u)%a (24)
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where £%,4 = 1,2,--- ,4 and 1 depend on ¢, z, y, z and u, is a Lie point symmetry

of (2.1) provided
pr® X (u, 4+ 6ulu, + Ugpyz )|y +6u2ug+uugy.—0 = 0. (2.5)

Here pr® X is the third prolongation [30] of X and is defined by

8 8 0
8uxyz
where ¢, ¢z, and (., are determined as follows:
G = Diy(n) — wyDy(€") — 1y Dy(€7) — uy Dy(€) — u.Dy(€7),
G = Do(n) — utD:c(51> - u$D$(§2) - “yDﬂc(§3) - usz(§4)7
Cy = Dy(n) - utDy(gl) - uny(§2> - uyDy(€3> - usz<§4>7
ny = Dx(Cy) - uxtDa:(gl) - ua:xD:c(§2) - u:r:yD:c(gg) - ua:sz(€4)a
Cayz = DZ(Cmy) - ufcytDZ(gl) - uxnyZ(§2) - uwnyZ<€3) - uxyzDz(€4)
with the total derivatives Dy, D,, D, and D, given by
D, = 8+ua+ua+u8+ua+u8+
ot lou ' "ou,  Tou,  You, ' ou. ’
D—£+ua+u a+u 8+u a+u aJr
YT 0r T Tou Tou,  TOuy  You, " Ou, ’ oo
P R A A A 0
Yoy T ou T au, T o T ou, Y O, ’
D—g—f—ua—l—u a+u a—i—u a+u i—I—

Expanding (2.5) and separating the resultant determining equation with respect
to the derivatives of u, yields the system of twenty two linear partial differential

equations

=0,§=0£=0,§=0,8=08=0&=0¢=0,8=0,
5320752:075;1:075?:07 gizoag;lzoanyuzoanzuzoa
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Nuu = 0, Nz = 0, 77t+6u277x+773:yz:0> €§+52+53_£Itl:07

€2 — 12un — 6u’E! + 6u*E2 = 0.
On solving the above system of PDEs for &1, £2,£3, €% and 1 we obtain

¢' = Cy+ Cst,
£ =01+ (03— Cs — Cy)z,
& = Cy+ Csy,
¢t = Cs+ Crz,

1
n= —5(05 + C7)U,

where C;,1 = 1,2,--- |7 are arbitrary constants. The symmetry algebra is thus

generated by the operators

Xl_%,

XQZ%,

X3 oy

X= 2

X5—t%+x%,

X6_2x%—2y%+ua,
0 0 0

Xy = 20— — 22— + u—.
7 x@x 28z+u8u

We remark here that the groups corresponding to X;, X5, X3 and X, demonstrate
the time- and space-invariance of the equation, while the groups corresponding to

X5, X¢ and X7 represent scaling symmetries.
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2.2.2 Exact solutions by using Lie point symmetries and

direct integration

In this section we find exact closed form solutions of the (3+1)-dimensional mod-
ified KdV equation (2.1). We first use the Lie symmetry method to convert the
NLPDE (2.1) to a nonlinear ordinary differential equation (NLODE). We consider

a linear combination of the four translation symmetries X;, X5, X5 and Xy, namely
X = X1 + O{XQ + X3 + X4, (28)

where « is a constant. Solving the associated Lagrange equations of (2.8), we
obtain three invariants f = at —x, g = * — ay and h = y — z and consequently

the group invariant solution
u(t,z,y,z) =0(f,9,h) (2.9)
of (2.1). Using the above invariants, equation (2.1) is transformed into the NLPDE
al; — 66°0; + 6a60°0, — abhyr + Opny + gy — Onng =0 (2.10)

with three independent variables f, ¢ and h. The Lie point symmetries of (2.10)

are
0

R/ VN S
of dg oh
Again, by taking a linear combination of (2.11), i.e., ' = T’y 4+ 'y + T'3, 5 is an

T, = (2.11)

arbitrary constant, we obtain two invariants r = f — h and s = g — Sh. Hence the

group invariant 0(f, g, h) = ¢(r, s) satisfies the NLPDE

a¢r - 6¢2¢7‘ + 6¢2¢8 + Oé¢srr + Oéﬂ(bssr + ¢7“rr + 26¢srr + /82¢SST‘
- a¢ssr - aﬁgbsss - aﬁqbsrr - Qﬁgbssr - 52¢ss7‘ =0 (212)

with two independent variables r and s. Equation (2.12) has two infinitesimal

symmetry generators

21 — A 22 - = (213)



and as before, the linear combination >, + v3, (v an arbitrary constant) yields

the group invariant solution
o(r, s) = (§), (2.14)

where £ = s — vr as a solution of (2.1). Using (2.14), equation (2.12) is trans-
formed into the third-order NLODE

" (€) + 60y ()Y (§) — ci'(€) = 0, (2.15)

where ¢ = (v + 1)(8 —v) (e + 8 —v), b=v+1 and ¢ = av. Integrating (2.15)
twice with respect to £ while setting the constants of integration to zero (since we

are seeking a soliton solution) gives

V(€)= Av(€)* — B(€)", (2.16)

where A = ¢/a and B = b/a. Basic manipulation of (2.16) gives

d

eV (8 = +VBU (O VET - (e (2.17)

where K? = A/B. Evidently (2.17) is a variables-separable ODE. Thus separating

the variables and integrating yields
sech™* <%) — VB¢ +C, (2.18)

where C' is an arbitrary constant of integration. Solving for ¢ and reverting to

original variables we get

av 1
u(t,x,y,z)z:l:,/y_i_lsech (Ci\/(ﬁ—y)(a—l—ﬂ—y) 5), (2.19)

where { = (v+ 1)z + (v—a—B)y+ (8 —v)z— avt, as a solution of (2.1). It

should be noted that this bell shaped soliton solution (2.19) was obtained in [68]

by ansatz method.
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2.2.3 Exact solutions using the extended Jacobi elliptic

function expansion method

In this subsection we use the extended Jacobi elliptic function expansion method

[22] to obtain more closed form solutions of (2.1).

2.2.3.1 Cnoidal wave solutions

Considering the NLODE (2.15), the balancing procedure yields M = 1, thus (1.56)
is
$(€) = A H™H(€) + Ao+ A H(E). (2.20)

We now substitute the value of ¢ from (2.20) into (2.15) and utilise (1.57) to obtain

6aA,wH (€)® — 20A,wH (6)* 4+ 20 A_1wH (€)* + a A H(E)* — aA_H(£)?
—6aA_w +6aA_; —6A3DH(E)S — 12A40A2DH (€)° — 6A_1 ATbH (€)*
+6A_1ADH (£)* — 6AJADH ()" + 6A%, A1bH (€)? + 12A%, ApbH ()

+ 643 b+ AcH(E)* — A_1cH(£)* = 0. (2.21)

Equation (2.21) can be separated on like powers of H(§) to obtain an overdeter-

mined system of four algebraic equations

aw — bAT =0

awA_; —aA_; + bAil =0,

aA; — 2waA; — 6bA; AL — 6bA_1 AT+ cAy =0,
2awA_1 — aA_1 4+ 6bA; A% + 6bAFA_| — cA_ = 0.

Solving the above system gives

a -+ av a -+ av
= A1 =A,=0, A==+ :
W o0 1 0 ;A1 20 + 1)
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Therefore the solution to equation (2.1) is

a+ av
t =4

a+ av
2a ’

where £ = v+ 1)z +v—a—-py+ (f—v)z—avt and a = (v + 1)(f —
v)(a+f—v).

2.2.3.2 Snoidal wave solutions

In this subsection we obtain snoidal wave solutions for the equation (2.1). We
recall that the balancing procedure yields M = 1, thus substituting the value of 1
from (2.20) into (2.15) and making use of (1.58) we obtain

6aA,wH () — aAiwH ()" + aA_\wH(€)? — aALH(E)* + aA_H(£)?
—6aA_; + 6A3DH(€)° + 12A0A3bH (£)° + 6A_1 ATOH (€)* + 6 AZA1bH (€)*
— 6A_ AZDH (€)? — 6A% | AbH (€)% — 1242 | AgbH (€) — 6A% b — AjcH(€)*
+ A_1cH(§)* =0,

which splits into the four algebraic system of equations

aw + bA? =0,

aA_; +bA*, =0,

6bA; Af — awA; — aA; + 6bA_1 AT — cA; =0,
aA_jw+aA_; —6bA A% | —6bATA | +cA | =0.

One possible solution of the above system is

av av(v+1)
N Ty i G i By )
ot evmrl T Voo 0T

1 av(v+ 1w

A =— .
vt w6+l
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Consequently, the solution to (2.1) is

av(v +1) (

w2 =\ e 1

1
us(€le) — v n(ele) ).

where{ = (v+ 1) 2+ (v —a— B)y+(8 —v) z—avt,a= (v+1)(f—v) (o + 5 —v),
ns(§lw) = 1/sn(€|w) and 0 < w < 1.

2.2.4 Conservation laws

In this subsection we apply the direct approach to determine the conservation laws

for equation (2.1). We begin by computing the zeroth-order multiplier using

)
5o [A(t, 2y, 2, ) (u + 6uty + ugy.)] =0, (2.22)

where ¢ /du is the Euler-Lagrange operator which in this case is given by

) 0 0 0 0
—=—-Dy——-D,— - D, D,D,—— 2.2
ou ou ¢ 0ut v aux YT au:pyz ’ ( 3)

and Dy, D,, D, and D, are the total derivatives as in (2.7). Expanding (2.22) and
splitting the resultant equation with respect to derivatives of u yields the twelve

determining equations

Ayu = 07 Azu = 07 Auu = 07 Azu = O> Auuu = 07 Aiuu = 0, Ayuu = 07
Azuu = 07Awyu = O, Amzu = 07 Ayzu = 0; 6U2A:p + At + Azyz = 0.

We solve the above system of equations for A and obtain
A(t,z,y,z,u) = Cru+ Fy (y, 2), (2.24)

where (' is an arbitrary constant and F5 is an arbitrary function of y and z. Thus

the conserved vectors corresponding to (2.24) are [73, 74]

1
Tlt = 5’21,2,
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3 1 1
Tlx = §U4 + guuyz guyuz,
1 1
le = guuasz guzum
1 1
T? guuxy Eugﬁuy7
T, = uF(y, 2),
o 1 1 1 1
T2 = 2u’F (ya Z) + gupyz (y, Z) - 6 Uz Fy <y7 Z) - éusz (y, Z) + guyzF (y> Z) 9
1 1
T2y = _u:sz (yu Z) - _usz (yu Z) )
3 6
1 1
Ty = guxyF (y,2) — éuxFy (y,2) .

2.3 Exact solutions and conservation laws of (2.2)

In this section we study the second (341)-dimensional modified KdV equation,
namely

us + 6u2uy + Ugy, = 0.

Using the Lie symmetry method together with direct integration, as in Section 2.2,

we obtain the 1-soliton solution

av 1
u(t,z,y, 2) :i«/m sech (Ci\/(ﬂ_y) (V+1)§> , (2.25)

where £ = (v+ 1)z + (v—a—-B)y+ (8—v)z— avt. We have recovered the

solution obtained in [68] by ansatz method. Furthermore using the extended Jacobi

elliptic function expansion method we obtain the cnoidal and snoidal wave solutions
a—+av

of (2.2) in the form
n (¢ a+av
2v —a—p) ¢ 2a ’

B av(v —a — ) B 1 = (€l
u<t,x,y,z>—i\/w+m+1 (n5(61) = (=g VG (6l

u(t,x,y,z) =+
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respectively. Here { = (v+ 1)z + (v—a—-p)y+(f—v)z—avtand a = (v +
DB -v)(a+6-v).

Following the method outlined in the previous section, we obtain the zeroth-order
multiplier as

A(t,z,y,z,u) = Cru+ Fy (z, 2), (2.26)

where (] is an arbitrary constant and F3 is an arbitrary function of z and z and

the corresponding conserved vectors of (2.2) are

1
Tlt = _U'27
2
1 1
= _EUZ Uy + 3 Uy,
1 1
7Y = §u4 + guum 6uxuz
1 1
Ty* —g ey + 3 UWlkay;

2.4 Exact solutions and conservation laws of (2.3)

Finally we consider the third (3+1)-dimensional modified KdV equation
up + 6ulu, + Ugy, = 0.

Proceeding as in Section 3, we obtain the soliton solution

av 1
U(t7xay7z)::|: B_VSGCh (Ci\/(oﬁ—ﬁ—V)(V‘i‘l)g),
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where £ = v+ 1)z + (v—a—08)y+ (8 —v)z— avt and recover the solution

obtained in [68]. Moreover, we obtain the cnoidal and snoidal wave solutions of

(2.3) in the form
a+ av )

ul(t. 2y, 2) a—l—oa/cn(
1Qma )+ V(e )

§

av(f —v)

u(t, z,y,
Yz W+ 6y/w +

w

respectively. Here ¢ = (v+ 1)o+(v—a—-0)y+(f—v)z—avtand a = (v +
(3 =) (a+ )

The zeroth-order multiplier in this case is

At z,y,z,u) = Cru+ Fy (2,y) (2.27)

where (] is an arbitrary constant and F3 is an arbitrary function of  and y and

the corresponding conserved vectors of (2.3) are

1
Tlt = §U2,
1 1
Tlx = —guz Uy + g uuyza
1 1
7Y = —guz Uy + guua:za
3 1 1
T = §u4 + 3 Wllay — Sl Uy}
Ty = UF<=Tay)7
x 1 1
Ty = §F (T,y) uy> — EFy (z,y) uz,
1 1
T2y = gF (ZL’, y) Ugy — éFx (ZE, y> Uz,

1 1 1 1
Ty" =2F (x,y)u® + gquy (x,y) — EFI (,y) uy, — ng (,y) uy + §F (2, Y) Ugy-



2.5 Concluding remarks

In this chapter we studied three space-time (3+1)-dimensional modified Korteweg-
de Vries equations. Such partial differential equations model many realistic prob-
lems in engineering, wave propagation, fluids, etc. The closed form exact solutions
for the three equations (2.1)—(2.3) were obtained using Lie symmetry method along
with the extended Jacobi elliptic expansion method. Soliton, cnoidal and snoidal
waves solutions were derived. Moreover, conservation laws for the three equations

(2.1)—(2.3) were obtained by the application of direct method.
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Chapter 3

A symbolic computational
approach to finding solutions and
conservation laws for (3+1)-

dimensional modified BBM

models

3.1 Introduction

The regularized long-wave (RLW) equation
Up + Uy + Uy — Uggy = 0 (3.1)

is a (1+1)-dimensional equation and is an evolution equation. In equation (3.1), u;
represents time evolution, whereas uu, is nonlinear term that describes the rising

or falling of a wave sharply. The mixed derivative term —u,,; is a result of a
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bounded dispersion relation. Since the (3+1)-dimensional nonlinear differential
equations are considered to be more realistic compared to the (1+1) and (2+1)-
dimensional equations, Wazwaz [68] recently introduced a set of three equations,

viz., (34+1)-dimensional modified Benjamin-Bona-Mahony (D mBBM) equations

that read
U + Uy + u2uy — Uy, = 0, (3.2)
U+ Uy + Uy — Uyt = 0 (3.3)
and
Up + Uy + U, — Uyyy = 0. (3.4)

Using a variety of ansatz, exact solutions to (3.2)—(3.4) were derived that described
distinct physical structures of solutions along with some constraints. In this work,
we study three (3+1)-D mBBM equations (3.2)—(3.4). By employing Noether’s ap-
proach [34,46] we construct the conservation laws of these three equations. There-
after, we construct soliton and Jacobi elliptic function solutions of (3.2)—(3.4) by

using Lie group techniques with the aid of the simplest equation technique.

The work presented in this chapter has been published in [75].

3.2 Conservation laws and analytic solutions

3.2.1 Conservation laws

Here conservation laws of the (3+1)-D mBBM equation (3.2) are constructed by
employing Noether’s approach. To utilise Noether’s theorem one needs to have a
Lagrangian for the corresponding Euler-Lagrange equation. Since equation (3.2)
is of order three, its Lagrangian does not exist. However, to implement Noether’s

theorem we raise the order of (3.2) to the fourth-order by letting v = v,. Thus
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(3.2) becomes

Uty + Vay + V2V — Vg = 0. (3.5)

It can easily be verified that equation (3.5) has a Lagrangian

1 1 1 1
L= — Uy — 5 Usly — Evg — 5 VyVaz (3.6)
as 0L/0v = 0, where in our case
oL oL oL oL oL oL
—=-Dy—-Dy——-Dy—+D,Dy—+D,D,—.
ov Lov, ov, 8 Tt Y Ouyy + vy,

Noether symmetries for (3.5) of the form

et 2y 0)

0
X :§1<t?x7 y? Z7 U) az

0 3 0
at+§ (t,z,y, 2, v)a—+§ (t,z,y,z,v0)—

dy

t -
+n(7x7y7z7v>av7
corresponding to Lagrangian (3.6) may be obtained by solving the determining

equation

XPILH{Dy(€1)+Do(€2)+Dy(6%)+D. (6"} L = Dy(B")+Dy(B*)+Dy(B*)+D.(B*),

(3.7)
where X2, the second prolongation of X, is given by [32]
0 0 0 0 0 0
1 0 2 39 9
S I s 4 G G sy
0 0
_I_ Cty f%ty + sz avzz )

and B'(t,x,y,z,v), (i = 1,---,4) are gauge functions. Now expanding (3.7), we

have
1 1 1 1 1 1
vazvaS?U - 5”{&1@63 - §vxvy£j - §Uzzvyntv - §Utyvznxv - §szvt77yv - §Utyvx77vv
1 1 1 1 1
+ §Utyvz2€;;lv + §v$zvt2§;y + §Uty%2§zv + §Ua:zvt€fy + §Umzvx§1€2y + §Uaczvy€t3y
1 1 1
+ évxzvz’ffy + évtyvtfinz + ivtyvxfa%z + §Utyvy§§z + ivtyvzgclz = UyUglly — UyUsT)y
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1 1 1 1 1 1
_vat2§1; + _Uy4vt§11; + _vyvm2€12; + _Uy4vac§12; + _Uy2vt€3 + _'UyQ'U:L’gz?;)

- Uaczvtynv + 9
1 1 1
+ 4Uy 'sz 'Uazvyé-t + 2vyvx§t + vazvmygt + 2vmzvyy§t _'_ 2vxzvyz€t + 2vaz£t

1 1 1 1 1 1 1
+ §vat§x + §vtyvt25; - évtvygi + §Utyvyz€§ + §vaz§;l + évtyvzzg;l + E’Utvzg;

1 1 1

+ gUth3€; + 5?]3321)15155; + évm@vt +
1

+ gvzvy?’g; +

1 1 1 1
§Umvy3£§ + évrzvtxgs + §Uzvt£; + 5

1
’Utyvt:cg . T

0,056,

2 1
— Uz, Ut ’Uyg'm)

Utyvxyfg + 2

1 1
_U:L‘zvtzg;’c + = Utyvxxfz +

2 2 2 2
V22U 0yEL,

1
et +

1
_Utyvz2va:§3v + 2

2 3
_Uzzvy Utém) + 2

+ évtyvaz2vz§12m + 2

1
3
S Vzz vy Uy gy'u

1
_Uzzvxvtgzv + 9

3
_Utyvyvzng + 9

1
~ Uy Uz, €2, + 5

1
~ UV U;E 5, + 5

1
+ _szvzvygzlv + 9

2

1
+ §Uwzvzvt§;lv +

1
+ évmvttvyﬁi +

1
+ §vmvmvy§3 +

1 1
+ §’Uﬂ}y1)z€3 + 5

1 1
_Ua:vyvtév + Uaczvtvtygy

4
_/Utyvzvxgvz + 2

3
_vtyvyvl’gvz + 9

1
_Utyvtvxgzv + 2

2

1
2 2 2
_vtvyvzév + U.’L‘Z,vatyfy + Umzvzyvtfv

1
_Utyvtxvzév + 9

1
_UtyUtZU$€U + 92

2 2
3 3
_'Utvayvz 51; + Uty Uyz Uxfy

3
Vg Uy Vel + 5

2 3
§,Utyvxccvz§v + 'Uzzvyvtygv + 5 5
1 1 1
vayvzgg + §szvtzvy£3 + Umzvzvtygg + §szvyz£3rut + §Utyvzzvx£3

1
3
—Upy Uy Uz V€, +

1
1 2
“Uy VU084, + ZVUp V000 + 5

2 2
1
Qszvtvymv — B>~ 33 —-B!- B} -
1 1 )

2’Uz7]y 3Uy37]y 12 y 5t Uy2£?

- §Utyvxvz77vv +

§szUzUth§3v
1 1 1 1 1
gvy477v + Z“yf)fg T U T GV = Sy
1 1
462 - 2&3 + Ut2€1 + vx2£2

1 1

FVzMty — FVtyNez = 0.

2 2

12 Y
1 1
+ vy {3 — —vy f — vtBl — U$B2 vyBS — szfj —

The above equation now splits on derivatives of v yielding twenty seven homoge-

neous linear partial differential equations (PDEs)

2 =0, & =0, &=0, &=0,
§=0, &£=0, £=0, &£=0,
§=0, &=0, &£=0, &=0,
& =0, =0, =0, &=0,
E4+E=0, §+&=0,
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§+E+E-35=0, n.=0,
=0, 0y =0, 7. =0,
Bl=0, B2=0, B:=0,
B§=—%(m+m),

B + B2+ B} + B, =0.

Solving the above PDEs, albeit easy calculations, we obtain

¢ =Cit + Cy,
& = Oz + Oy,
&= %Cﬂ/ + Cj,
&= —Ciz+Cy,

n=F'tx)+ F°(t,z),
B'=F'(t,z,y,2),

B*=F?*(t,x,y,2),

B} = Fo(t,z,y,2) — % (Ft4 + F 4 FtS) v,
B*=F*(t,x,y,2).

Thus, Noether symmetries and their corresponding gauge functions are

0 )

X,=2, Bi=0 (i=1,---,4

1 ata 07 (l ) ; )7
X—ﬁ B'=0, (i=1 4)

2_8I7 — Y ) ; )
X—ﬁ B'=0, (i=1 4)

3_8y7 — Yy — 4 ) 9
X—3 B'=0, (i=1 4)

4_8Z7 — Y — 4 ) )

0 0 0 0 ,

X5 = 3t— — — —32—. B'= =1.-.. .4

5 =3 8t+3x8x+y8y 3282’ 0, (i g4,
4&M:F%a@§? 31:B2ZB4ZQB3:—%@?+Ebv

v
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1
Xps = F5(t,z)§, B'=B*=B'=0,B*= 2Ft5v.
(

The conserved vector components corresponding to the above Noether point sym-

metries can be obtained by using [34]

o o . OL
Z Dt ( o )) +l (Cl B uxlxjgj) augkzl B

TF = Efk—i—('r}a —u¢) (

—k
(3.8)
Thus, in our case the conserved vectors corresponding to the Noether point sym-
metries Xy, -+, X5, Xps and Xps are
1 1
t_ 4
T, = — §vxvy — Evy,
1 1
TV = §Utvy + §vtzvty,
1 1 1 1
le = §Ut2 + EU{UQD + g’Ut’U?:j — évtvtm,
1
le = - §Utvta:y;
1 1
T2t = §vay + 5%2"%2’
T 1 1 4
1y = — SV~ 5%
1
TQy 2 x + QUtULU + gvmvs - évzvtxzv
1
TQZ = - évxvt:ry;
1 1
T?f 2 y + QUyyUm27
. 1
15 = 3 v, 24 2vtyvyz,
1 1 1
éj - Zv;l - évtyvazz - §'vat1:za
. 1
15 = — §vyvmy;
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1 1

Tj = §vyvz + §vyzvm,
1 1
Ty = §vyvz + §vtyvzz,
1 1 1 1
Ti/ = §Utvz + 5”1‘7]2; + gvzvg - évzvtxzy
1 1 1 1
T; = — §vtvy - ivxvy - ﬁv; - Evmvty — VyVtqy;
. 1., 3 1 5 3 1 3 1
15 = — §tvxvy — Ztvy + §$vxvy + §yvy — §zvyvz + Evyvzz + §a:vxyvm + §yvmvyy
— ZRUz Uy,
2
- 3 1 4, 3 1 3 1
15 = — §xvtvy — Za:vy + §tvtvy + éyvy — Ezvyvz — ivzvty + §tvtyvtz + Eyvtyuz
3
- §thyvzz7
1 3 3 3 3 3
TY = — Zyvg — SYVasty + §tvt2 + uvs + v, — 5 VU= + 500 + §xv§ + T,
3 1 3 3 3
— =XV Vg — =YUyUtgsy — =2V U0 — —2ZUpU, — ZU,U — 20, Vi,
g Veltaz = Yty ttes T 50U T y T
. 3 1, 3 3 3
Ts = Ezvtvy + Ezvxvy + szy + Ezvmvty — itvtvmy — §xvxvmy — Eyvyvmy
+ §zvzvmy;
¢ 1 4
TF4 = — §’UyF (t,x),
1
1?4 = — §UyF4(t,$),
1 1 1 1 1 1
T;_{4 = (—?Ut — évx — gv;’ + §Um) F4(t, x) + §UFt4 + §UF;‘,
. 1
F4 = §F4(t7x)vtzy;
¢ 1 5
TF5 = - §va (t,Z),
T 1 5 1 5
s = — §va (t,2) — §vtsz (t,2),
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1 1 1 1 1
T = — §vtF5(t, z) — évxF‘r’(t, z) — §v2F5(t, z) + §UWF5(t’ z) + §th5,
1
T}is = §UtxyF5 (t, Z).

Now reverting to variable u, we get nonlocal conservation laws of (3.2) as

1 1
T = —Qu/uxdy—ﬁu‘l,

1
U/utdy+§ut/utzdy7
2
1 1, 1
updy +§ wdy [ ugdy + 3 updy — 3 wdy | Ugody,

1
Tf = — §utm/utdy;

7 =

N~ N~

TV —

—_

1

1 1
Ty = —Eu/utdy——u"‘

12
1 21 1 1
Ty =3 (/uxdy) + §/utdy/uxdy+ gu?’/uxdy— i/uxdy/utmdy,

1
Ty = — §utm/ua;dy;

1 1
T?f = §u2 + §uy/umdy,

1 1
15 = —u® + —upu,,

2 2
1 1 1
T?EJ = Zu4 — §ut/uxzdy — §u/ut:r:zdya
1
TZ = a x)
3 QUUt

1 1

1 1
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T = /utdy/u dy + = /uxdy/uzdy—l— —u /uzdy— —/uzdy/umzdy,
= — Eu/utdy— iu/uxdy— Eu - Eut/uxzdy /uzaly7

3 1 3 1 3 1
T = — Etu/umdy — ZtU4 + §a:u/uxdy + §yu2 — ézu/uzdy + §u/umdy

3 1 3
+ ézrux/umdy—i— éyuy/umdy— gzuz/umdy,
3

1 3

1 3
T8 = — —xu/utdy — Zwu4 + §tu/utdy + §yu2 — §Zu/uz Yy — §ut/uzdy

s

W N W

2

1 1 3
T = — Zyu4 — §yut/umdy+ it (/ utdy> /utdy/uxdy+u3 ugdy
3 3
—3 ugdy umdy—i- udy uxdy+ x uzdy | + xu Uy dy
3
- _x/uxdy/utzzdy_ _yu/utxzdy_ _Z/uzdy/utdy
/umdy/uzdy—zu /uzdy—l— z/uzdy/utmdy,

1
Tz :§Zu/utdy+ 2zu/uzdy+ 4zu + QZut/umdy— §t/utdyum

3 1 3
— 5Ttz Uz dy — S YUt + —zuy [ u.dy;

1 3
+ §tut U dy + —yuu, — 52Ut U dy,

2
¢ |-
Ty = — §UF (t,x),
1
.= — §uF4(t,x),
y L., Ly |- Loy
Thi = — §F (t,x) | wdy — §F (t,x) | u.dy — gu F*(t,z) + §F (t,z) | w.dy
1 1
—|—2F4/udy—|—2F4/udy,
z 1 4
4 :§Uth (t,.ﬁlﬁ),
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1
Ths = — §uF5(t,z),
1 1
= — §UF5<757 z) = iutFZE’,
y L5 L L3 L s
Tps = — EF (t,2) [ udy — §F (t,2) | udy — U F°(t,z) + §F (t,2) | Udy
1
+§Ft5/udy,
z 1 5
TF5 = §umF (t,Z)

3.2.2 Closed form solutions

In this section, we compute soliton and Jacobi elliptic function solutions of the
(34+1)-D mBBM equation (3.2) by invoking Lie point symmetry and simplest equa-

tion techniques.
Lie symmetries

The vector field (2.4) is a Lie symmetry of (3.2) if
XBl g + 1y + 0Puy — g2 3.2) = 0, (3.9)

where X the third prolongation of X, is given by [32]

0 0 0 0
xBl = x — — — _
+ gt aut + Ca: au + Cy 8Uy + Ct:cz 8th;z

T

(3.10)
with (, (o, Coy (e and (g, being defined as

G = Di(n) — wDy(€") — up Dy(€?) — uy Dy(€%) — u.Di(€Y),

Co = Da(n) — ueDo(€') — up Do (€) — uy D1 (€%) — u. Dy (€Y),

Cy = Dy(n) — wDy(€') — 1 Dy(E?) — uyDy(€%) — u.Dy(£Y),

o = Du(8) — uDa(€') — Do (€7) — iy Dy (€%) — wiz Do (€7),

Giaz = D2(C) = Ut D2 (€") = Utz D2 (€%) = gy D= (€) — 1o D (EY).
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The total differential operators D, D,, D,, and D, are given by (2.7). Equation

(3.9) now splits on derivatives of v yielding twenty one homogeneous linear PDEs

=0, =0 &=0, =0 =0, £=0, =0, §=0, §=0, & =0,

§—&=0, 2n+u(—¢)=0.

After some simple calculations, one obtains the following values of €', €2, €3, £* and

n:
¢'=Cy+ Cet,
§2 = 05 + CG'I;
53 = Cl + Oan
54 = C3 - CGZJ
1
n = §u<02 — 06);
where C;, (i =1,2,---,6) are constants. Thus, Lie symmetries of (3.2) are
0 0 0 0 0 0
=2 x5-2 x-2 x,-2L x,—uL .z
1= T gy T gy T 5y y8y+u8u’

0 0 0 0

which includes four translation and two scaling operators.

3.2.2.1 Soliton solution

We first perform symmetry reductions and transform the (3+1)-D mBBM equation
(3.2) to a third-order nonlinear ODE. Consider the four translation symmetries X,
X5, X3 and X,. Taking a linear combination of the aforementioned generators,

viz., X = X1 + aXs + X35+ Xy, (o a constant) yields the invariants f = —z + at,
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g = —ay +x and h = —z + y. Using these invariants, the invariant solution

u=40(f, g,h) satisfies
(99 — (1 — Oé)(9f + 02(9h - Oéeg) - Oé(@ffh — Hfgh) =0. (3.11)

Likewise, making use of the linear combination I' = I'; + 8I'y + I's of the Lie point

symmetries

.
of g oh
of (3.11) gives r = —h + f and s = —fh + g as two invariants. Hence 6 = ¢(r, s)

I, = (3.12)

solves

¢S - (1 - a)¢r - (bz(a/(bs + ¢r + B¢S) - 04(1 - B>¢rrs + Od(ﬁrrr - aﬂ(bsrs = 0.
(3.13)

As before, we now utilise the two infinitesimal symmetry generators of (3.13),
namely ¥; = 9/0r and ¥y = 0/0s. The symmetry ¥ = ¥y 4+ v¥s provides us
with the invariant solution ¢(r,s) = 1(§) with & = s — vr. Thus, equation (3.13)
transforms to
a" + byp*p — ey’ =0, (3.14)
with a =va(v+1)(r—0),b=a—v+ f and ¢ = v — av + 1. Double integration
of (3.14) with integration constants zero (as we are looking for a soliton solution)
yields
V? = Ay? — By, (3.15)

where A = ¢/a and B = b/(6a). Integration of equation (3.15) yields
sech™! <%) = +VB¢+ C*, (3.16)

where K? = A/B and C* is a constant. Equation (3.16) gives the value of ¢ and

hence we have
B 6(r—av+1) . a—v+f
u= jE\/ Ta—vip O (O - \/ Gvaly + (v —5) 5) - B
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where { = —avt+ (1 +v)z— (a+ 8 —v)y— (v — B) z. Thus, we recuperate the
bell-shaped soliton solution (3.17), which was derived in [68] by using an ad hoc
method. The beauty of the above method is that the form of the solution was not
chosen in advance. See the graphical representation below which has been drawn

using suitable parameter values of solution (3.17).

Figure 3.1: Profile of soliton solution (3.17).

3.2.2.2 Exact solutions using the simplest equation method

We now construct exact explicit solutions of the (34+1)-D mBBM equation (3.2) in
terms of Jacobi elliptic functions following the method of Section 1.6.2. We apply
this method to ODE (3.14).

Solutions of (3.14) using (1.57) as the simplest equation

We note that for the equation (3.14), using the balancing procedure, we get M = 1.
Thus, (1.56) is
(&) = A HHE) + Ao+ ALH(E). (3.18)

Using this value of ¥ in (3.14) along with (1.57) we obtain eleven algebraic equa-

tions:

OéA0A12 + 61401412 - VA0A12 = 07
o A,12A0 —aw A,12A0 — Bw A712A0 +rw A,12A0 + B A712A0
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—vA_?A) =0,

20w A _12A)—WwA Ay —aA Ay — BA A VA PA =0,

2vwAgA;Z —2aw AgA2 — 2w AgAi2 + a AgA? + B AgAL® — v AgA? = 0,
6afriwA; —6arPwA +6afrwA —6ar’w A +a A+ BA>3

—-vA3=0,

awAgA? —awA_2A) — BwA_PA)+ BwAcA +vw AP A) — vw AgAq®

+ v AgA2 — a AgA2 — BAA% =0,

6arPw?A_| —6aB WA +12a 81w A —6afrwlA_ —12a1Pw A,
+6arviwtA | —6afrPA +12afrvwA_ +6arPA | —12av*wA 1 —awA_?
+rvwA P —BwA P —6afrA +6arPA +aA P+BA P —vA_ P =0,
Marvdw?A; —14aBriv?A; +TaBrPw A — 1daBrw?d; — Tavdw Ay + 14 aviw? Ay
+7afrwA —Tav’wA +awA A2 +awAPA —2aw AP+ BwA 1A
+BwASzA —2BwAP —vwA AR —vwAPA F2rw Al Favw A +Fa AP
+BA13 —vA?—vwA —wA =0,

Mapriw?A_; —1ldarvPw?A_; —2lafr’wA  +1dafrw?A_

+2larvPw A —Mdarv*A +Tafr*A —2lafBrwA_,

—TarPA 1 +2larvPw A +2awA_ P —awA_2A —awA AP + 28w A3
—BwA_2A —BwA_ A —2vwA P HrvwA A FrvwA A+ TaBrA,
+aA AP —Tar?’Ay —avwA_ —aA P +aA_ A —BA_P+BA A +V AP
+BA AP —VvA_A — VA AP+ av A+ rvwA | —VvA L FwA - A =0,
2a 1wt A_ 1 + 100 812w A — 2a WA — 10 w?A; —afriw Ay — 10a B 1w A,
+2afBrw?A_; +10aBrw?d; +arPw A + 10w A — 2a W’ A — 10av?w?4,;
+afBrPA —afrwA i —10afrwi —arPA; +arPw A + 10w 4

— CY(JJA,12A1 — QWA,1A02 — 20((,014,11412 — 2060.11402141 + CKLUA13 — 6(4]14,12141
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—BwA AR —2BwA_ A —2BwASAL +BwAP FrwA_PA FrwA A’
+2vwA AP+ 2vwAPA —vw AP+ afr A —arvtA —avwA —2avw Ay
+aA A2 FaAPA —a AP+ BALAPFBASCA —BAP —v A AP
—VvAPA VAR Fav Al rvwA F2rwA — VA FwA 1 +2wA — A =0,
—10a B WA —2a VWA, +10a13w?A_ +2a 13w AL+ 100 Briw A,
+3afriwA —10afrw?A_; —2afrw?d; —10arvPw A_; —3ariw A4,
+10arPw?A 1 +2a P04 —aBrPA —aBrPA +10afrwA 1 +3afrwi,;
+arPA  +arPA — 100w A —3arPw A —awA P+ 2awA %A,
+2a0wA AP FawA A FawASA —BwA_ P+ 28w A 2A,;

+2BwA A+ BwA AP+ BwASA FrwA P —2vwA_PA

—2vwA A —rvwA AP —vwASzA —aBr A —aBrA +artA,
+av?A 4+ 2avwA tavwd —aA 2A —aA A2 —a A1 A2 — o A* Ay

— BAA - BALAY — BALA® — BACA + v A A v AL A

+ VA AP+ VAPA —avA L —avA —2vwA  —vwA VA + VA
—2WA 1 —wAI+A 1+ A =0.

Solving the above system, using Maple, we obtain

—a+1+vVat—2a3—a?2—-2a+1

UV =

202 ’
g V(2w—1)+0z7 A=A —0. A, :i\/?)(y(l—a)+1)7
2w—1 a
a#0, a#l, v#§0.
Therefore the solution to (3.2) is
1-— 1
b p2) =y DD e, (3.19)

wherea #0, a# 1,,v# f,and{ = —avi+(1+v)e—(a+ 5 —v)y— (v —p) 2.
We note that the solution (3.17) obtained by direct integration can be derived from
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solution (3.19), since cn(§|w) — sech(§) when w — 1. However, solutions (3.19) are
periodic in nature, consistent with Jacobi amplitude functions. See a 3D rendering

of one of the solutions in Figure 3.2. Here we utilise suitable values for parameters

o and w.

S S -

Figure 3.2: Profile of cnoidal wave solution (3.19)

Solutions of (3.14) using (1.58) as the simplest equation

Substituting (3.18) along with (1.58) into (3.14), we obtain an algebraic equation,

which splits into the following eleven algebraic equations:

aA_PAg+BA_PA — Vv A_PA =0,

v AgA1? — a AgA® — B AAL =0,

vA_PAg—awA PA)— BwA_PAg+rwA_2A)— a A %A

— BA_*4, =0,

aw AgA® 4+ Buw AgA? —vw AgA? + a AgA® 4 B AgAL® — v AgA2 =0,
awA_PAg+ PwA PA)—vwA_2A) — a AgAL® — B AYAL>

+vAyA2 =0,

6arPA —6afBrPA 1 —6afBrA +6arPA +aA P+BA P —vA =0,
6afBrPwA —6arPwA +6afrwA; —6ar’wdA —aA®— A3

—|—I/A13:0,

o1



TaBrPwA_—TavPwA_ 1 +TaBrrPA +TafrwA  —Tar’ A —Tav*wA_,
— WA P —BwA P HrwA P+ TaBrAL —Tav?A  —a AP +a AP A
+aA AZ —BA P HBA A +BALAS VAP — VA PA — v A AL
+avA_ 1 —vA_{—A_ =0,

Tavdw?AL —TafrPw?l, —Tafriw A, —Tafrw?l; + Tavdw Ay + Tarv’w?4,
+T7arPwA —TaBrwA —awA 142 —awAPA +awA?® — fwA 1A
+BwA? —fwASlA FrwA AP+ rwASCA —vw AP —avwA +Fa AP
+BAP —VvAP+rvwA +wA =0,

avdw?A_ | —aBrPuA —8afriwA  —afriwA —afrwA +8ariw A,
+arPw A+ arPW?A —afrPAL —a A —8afrwA —afrwi
+arPA +arPA +8arvPw A +arPw A FawA P —awA_2A —aw A1 A
+BwA P —BwA PA —BwA AR —rvwA P+ rwA A FrwA A
—afrvA s —afrAi+arPA oA —avwA —a A PA — a A A

—a A A2 —aAyA — BA_PA — BALA? — BA_IA? — BASA Vv A_PA
+ VA AP+ VA AP+ VAPA —av A —av Al FrwA +VvA L+ A
+wA +A 1 +A =0,

a WA+ a friw?A; — avdwPA_ | — arPw?A FaBrPu A +8afPw Ay
+afBrwtA +aBrwd —arvPw A —8arviw A —ariW?A_ — arv’w?A,
+afBrrPA +afrwA +8afrwiA —arPA —arvtwA_; —8arviw A,

+awA A+ awA AP Faw A AP+ awAA + Bw A PA + Bw A Az
+BwA AP+ BwAyA —vwA_PA —vwA LAY —vwALAP —vw Ay A,
+afBrA —arv?A+avwA  +avwA +aA AP+ aAYA —a AP
+BALAP FBACA —BAP — VA A2 —VASCA FUAP Fav A

—VvwA L —vwA —vA —wA_ | —wA — A =0.
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A solution of the above system, using Maple, is

?—a+1+Vat—2a3—a2—2a+1

v 202 ’
— 1-— 1

govlwrl—a 4o, Alzi\/6(y( Q) +1)

w+1 a
a#0, a#l, v#p.

Therefore a solution to (3.2) becomes
6(r(1 — 1
b))/ DD G e, (3.20)

where 0 <w < land { = —avt+ (1+v)r — (a+ 8 —v)y — (v —B)z. See the
profile of solution (3.20) in Figure 3.3.

Figure 3.3: Profile of snoidal wave solution (3.20).

3.3 Conservation laws and exact solutions of (3.3)

Following the procedure of the previous section, we have the following nonlocal

conservation laws of the (3+1)-D mBBM equation (3.3):

1 1
T = — §u/uzd:v — ﬁu4,

1 S| 1 1 1
TY =3 (/ utd:c> + §/utdx/uzd:c+ §u3/utdx— §uty/utdx+ §ut/utydx,
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Ty =+ Fusy,
1 1
Ty = ZU4 — Uity
1
Ty = = Uy,
2 ot
. 1
T5 = — Uty uydx

Ty :1 /uydx—l— ;ux/uyyda:

Ty = /utdx/uydx—i- /uydac/uzdx—i- —u /uydx uty/uydx
+ 2uy/utydx

Ty = — 1 /utdx — %u/uzda: — 1—12u4 — %ux/utyda: — %um/uydz,

\)

Uy d;

u/uzdx—i— um/uyzdx,
1 1, 1
wdr | u,dx + 3 u,dr | + gu U dr — §uty u,dx

1
+ 5 /'U/tydaj,
1

Ty:_ T zda
fi 2ut/ux

1 1 1
Tf = — EU,4 — §U/utdx - §u$/utyd'r7

o4



1 1 1 1 1 1
T5t = §tu/uzdx — Ezu/uzdx — EZU4 + Etu‘1 + §yu/uydzp + Euw/uydx
1
+ —yux/uyyda:,

2
. 1 1 1 4 1
Tz =5 udx | udx + 3 udx | u,dx + 5“ udx — §Uty udx
2 2
+t </ utd:c) +t/utd:c/uzda:+ gtu?’/utdx—tuty/utdx
9
+z/utdx/uzdm+z (/uzdx) + gzug/uzdx—zuty/uzdx
1
+ —u/utydx—i-tut/utydx+zuz/utydx,
1
T = — —um/udx - tum/utdx - zum/uzdm,
z 1 4 1
T2 =u | wdr — zu | wdr — ézu — 2Uy | Upydx + §u udzx;

[\

N}

1 1
Tfm = — éuFl(y, Z) — §U1Fyl,
@ J - L4 |- 1 1
FL = — EF (ya 2) Utdﬂf - §F (y,Z) U’zdx - gu F (yv Z) + EutyF (yvz)
1
+§le/udx,
Y 1 1
17 zﬁumF (y, 2),
1
= — §uF1(y, 2);

1
The = — §uF2(t,z),

2

1 1
—|—§ tQ/udx+§F22/ud:c,

1 1
TV, = — —uF>(t,z) — = F? /utydx,
2 2
1
1?’2 - — §UF2(t, Z)

1 1 1 1
T, = — —F2(t, 2) /utdas — §F2(t, Z) /uzdx - §u3F2(t, z) + Eutsz(t, z)
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The Lie symmetry technique and direct integration yields the soliton solution

B 6(av+v—p) v+1
u_j:\/ v+1 sech (Ci\/fiow(y—oﬁ—ﬁ)(u—i-l) é)

of (3.3), where { = —avit+(1+v)z—(a+ [ —v)y—(v — ) zand C is a constant.

As before, we have retrieved the bell shaped soliton solution of [68]. Moreover, the

cnoidal and snoidal wave solutions of (3.3) are

u(t,z,y,z) = £V3acen (€|w), a>0. (3.21)
u(t,z,y,z) = £V6asn (€ |w), a>0, (3.22)

respectively, with { = —avt+ (14+v)e — (a+—v)y— (v —f) 2.

3.4 Conservation laws and exact solutions of (3.4)

For the third (341)-D mBBM equation (3.4), we have the following nonlocal con-

servation laws:

u/uydz - —
1
/utdz+ 2ut/utxdz,
u/utdz
T 1 1 1
15 =3 urdz wdz [ u,dz + 2u wdz — 3 Urdz [ Upppdz;

u | uydz + ux/umdz,

1 1 1 1
Ty = — 5 /utdz — §u/uydz — Eu4 — §Utx/umdzv
1
—u/uxdz,
2

ﬁa
l\:JI»—A [\Jlr—\ wl»—t
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1 1 1 1
T zﬁ/utdz/uxdz—f—§/uxdz/uydz+§u3/uxdz— §/umdz/utmdz;
1 1
:§u/uydz+ §uy/umdz,

1 1
T3 = — §utx/uydz+ éut/uxydz,

1 1 1
Ty = — U wdz — —ut — =uy | ugedz,
12 2

1 1
T; = /utdz/uydz+ (/uydz) + gug/uydz— E/Ude/Utxde;

1

1 1
Ti = 5/&2 + §UZ /wadz,
1 1
Ty = — §Uum + éutuma
1
TY = —4?
4 2“ Y

1 1 1

1 1 1
T5t = — tu/uydz — 6tu4 + §u/udz + yu/uydz + §uz/umdz + yuy/umdz,

1 1
T8 = — §utx/udz - tum/utdz —yum/uydz—i— §ut/uxdz+tut/umdz

+ yuy / Ugydz,

1 1

TY = — yu/utdz — éyu4 — YUy /umdz + JU /

1 1 1, 1
=3 udz | wdz + 5 udz | uydz + §u udz — 5 udz | Upedz

2 2
—I—t(/utdz) —I—t/utdz/uydz—l—gtu?’/utdz—t/
)
—l—y/utdz/uydz—i—y (/ uydz) + gyu?’/uydz —y/uydz/utmdz;

—
I
S
R
_I_
g

¥

o7



Ty

cﬁN

t
TFl

Fl

3 1
= —6yu/ dz+6tu/uydz—yu4—|—tu4—§u/udz+zu2—§u/umdz

—|—3:1:/umdzux —|—zuz/umdz,

1 3
= — Bxu/utdz — 3:1:u/uydz — §xu4 + éum/udz — 6YUysy /utdz

3
+ 6tum/utdz — 32Uy / Updz — ZUly, + §ut/uwdz + 6yuy / U dz

— 6tuy / U dz + ZUsU,,

—6yu/utdz— —u/udz—6tu/utdz+3xu/uzdz/udz+zu
/udz/utdz—i— /udz/uydz—i- —u /udz— —/udz/utmdz
2
+t </ utdz> —i—t/utdz/uydz—i- 3tu /utdz—t/utdz/utmdz
2
+y/utdz/uydz+y </ uydz) + YU /uydz— /uydz/utmdz;

1
= — §qu1(t, Y),

1 1
= §xuthl(t>y) - éuth(t?y)a

1
Tg’l = = §ZI7UF1(t7y),
2 Lo Lo Lo 3
= — §xF (t,y) | wdz — §:cF (t,y) | uwydz — U F(t,y)
L o Lo Lo
+ éxF (t,y) | Uedz + §Ft udz + §Fx udz;
¢ L o
TYF2 = = §UF (t7y>7
1
;2 = EuthZ(t, y),
1
TIZ-7/’2 = = §’U“F2(t7y)7
2 Lo Lo L 3o Lo
Ty = — §F (t,y) | wdz — §F (t,y) [ uydz — U F=(t,y) + §F (t,y) | Uedz

o8



1 1
—|—§Ft2/udz—|—§Fy2/udz.

The one-soliton solution of (3.4) is

u_i\/ﬁ(a+5+au—y)sech<cj: B—v 5),

8—v
a#0, v#0, B#v, v#1,

6av(v+1)2

and the cnoidal and snoidal wave solutions of (3.4) are

L Vorw (v +1) 212w — 12 +2vw —v —1)
202w — 124+ 2vw—v—1

u =

n (§lw),

u==+vV6acn({|lw), a>0,

respectively, with § = —avt+ (1+v)z —(a+ [ —v)y— (v =) 2.

3.5 Concluding remarks

(3.23)

(3.24)

(3.25)

(3.26)

In this chapter, we studied the three (34+1)-D mBBM equations, which were intro-

duced in [68]. We obtained soliton solutions for each equation without any fore-

going assumptions about the form of the solutions. Furthermore, we constructed

Jacobi elliptic function solutions of the three equations with the aid of the sim-

plest equation method. Jacobi elliptic solutions are more general as they contain

trigonometric and hyperbolic functions depending on the behaviour of the param-

eter w. The obtained solutions are presented graphically. Finally, we successfully

derived nonlocal conservation laws for each (3+1)-D mBBM equation by enlisting

the famous Noether’s theorem.
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Chapter 4

Conserved quantities, optimal
system and explicit solutions of a
(141)-dimensional generalised

coupled mKdV-type system

4.1 Introduction

In [76], Foursov performed a classification of coupled potential KdV-type and mod-
ified KdV-type equations that possess higher symmetries, and eleven new systems
were presented for which Hamiltonian and bi-Hamiltonian formulations were pro-
vided for some of the equations. His work focused on coupled and symmetric
systems of type u; = Flu,v] and v; = Flv,u]. It is against this backdrop that the

following previously unknown coupled system was obtained in [76]:

2
Up — UV — SUVUL — Ugpe = 0,

(4.1)

vy — V23U — UV, — Uggy = 0.
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In this chapter, however, we investigate the generalised coupled mKdV-type system

Ey = u — u?v, — quvty, — Upgy = 0,
(4.2)
Fy = v — v*uy — auvv, — Upgy = 0
with o a constant. System (4.1) is interesting in that it is non-decouplable and
possesses higher generalised symmetries. To the best of our knowledge, the above
system (4.2) is studied extensively for the first time in this chapter and the results
are therefore new. With the application of Lie symmetry analysis we seek to
derive conserved quantities and exact solutions for the system (4.2). For this we

shall utilise multiplier approach via the homotopy integral and Lie group analysis

along with power series solution method.

The work presented in this chapter has been published in [77].

4.2 Conserved quantities

For the generalised coupled mKdV-type system (4.2) with multipliers A! and A? we
determine the corresponding conserved quantities by using the homotopy integral

method, but first we find the multipliers.

To compute all multipliers of (4.2), we use the determining condition

5 0
S [A'Ey 4+ A’E,] =0, o [A'Ey + A’E,] = 0. (4.3)

Here the operators ¢ /0u and 6/dv are the well known Euler operators (1.25), which

in this instance are specified as

0 8 0 0 5 0 3 0
) 0 0 0 0 0 '
—=——-D;— —D + D? -D?
ov ov ! 8'Ut * 81)1 v avm v av:m:x
with D; and D, being the total derivatives (1.4) explicitly given by
D, = 8+ua+va+ +v 8+ui+vi+
o 5y T Ve T W g, ou, Vst a0, o5y, 1 Ve, )
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0 0 0 0 0 0 0

Dx:_+ux_+vx_+uazx_+vzx_+uxt_+vmt_+"' .

ox ou ov ou,, v, Ouy ovy

Here we seek to compute second order multipliers

m m
A" = A (t,x,u,v,um,vw,um,vm), m:172

Expanding (4.3) and comparing powers of derivatives of u, v, we acquire a system

of thirty six PDEs. The solution to this system of PDEs is akin to the algorithm

for obtaining Lie point symmetries. Solving this system of PDEs gives

AY =Cy [{(a 4 Dtuv® + 20 + 31, }]

1
—+ Q—H[CQ{(OC -+ 1) UU2 + ?)Umc} + C3 (a + 1) 1}]7 o 7é _17

A =01 [zu+ {(a+ 1) vu® + Bug, | t]
1

+ Q—H[C'Q{((oz + Du*v 4 3ug,) ] + Cau, o —1

with C}, Cy and C3 constants. Thus, we obtain three multipliers given by

Al = (a+ 1) tuv®* + 2v 4+ 3tvg,, A} =zu+ ((a+ 1) vu® + 3ug,) t;
1 1
A§:a+1{(a+1)uv2+3vm},Agza—H

Az =v, A3 =u.

{(a + Do + 3um} :

(4.5)

(4.6)

From these three sets of multipliers, conserved densities 7% and spatial fluxes X*

for i = 1,2,3 can be obtained in several ways [43]. In this work, we use the first
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homotopy integral (1.48), here given explicitly by

1
T:/ <u <8E1A1> OF, N\ u:vm> A,
0 aut

Cupy U
u ’U,(/\) a”[)t

! OE A\ OF A, o (OFA
7 H( Ou ) ey~ s (au—) ey + s (aum> “:““)}
OB A, o (OF A, OE A,
e (9E0) b 51 () v e (52
8E2A2 8E2A2 2 8E2A2
! {( au$ > e - Dﬂﬂ (Wm) e " DI au:ca:a: R
OBy, o (OFaA, OE,Ay
*“w{( . ) *Dw( B ) } e (m)

0F Ay 0E Ay
v {( vy ) T b ( Oy )
O0F\; o (OE A4
e () o+ 22 ()
. 0>\, D 0Es N\,
OV, RS T\ Qg OV

6E2A2 8E2A2 8E2A2
U, { (—avm ) v=v(yy T Di ( > v=v(y } + Vzg (—avzm )

Oy
Choosing the homotopy u(yy = Au, for A} and A} we have

Ok A
2 1431
v:U(A) + D$ ( avxa::): ) v:v()‘> }

aElAl
v=v(y) } + Vg (3U—m)

3E2A2
2
22 (2] )

v=U(y)

Jax

’U:’U(/\)

1
T! = / (2 WA t0? o + 22U N30t + 2 N uvx + 3 uvg,t + 3tv)\um) dA
0

= 1at02u2 + ltv2u2 + xvu + 3tuv + Stvu

and
1
Xt = / (—vw/\ u — Ao, — da NMtouvyu, — 20xu?X30? — 200 tvPu? — AN atudo®
0
—OM U Upy — 2AT UV — 3 MUUy — 2X7tuP0® — 3N wvy — 2\ UV — 4)\3tv2ui
—4)\3tviu2 + 2\TVL Uy + 3NEuL v + 3Muv, + 2\ tu%i — 4 0*N3 Uy,
+2a N tv*u? — 4, tA% (u)2 — 212 \30% + 8 uN3uvugt — 4via Ntuug,
—4/\3oztvu22)m) dA

1 20 1 20 1 9,454 1 99 2 3,3 2
= ——azuv + -atu v’ — -ty + - atu v, — —ataviu® — tug,uv
2 2 v 3 2 3

63



1

— tvu%m — atuly, VU — A tUUL, v 42 tul, VU — « tuQUUm 3 VU — 5 UV,

3 1 1 3
-3 t vy, — tuiv® — 3 zuv? — gtu%?’ + 3 Hy Vp — TUVpp + Ty Vg — TVUgy

— 3 tuyy Uy + 5 tug vy — tuvy — 3 tuvsy.

In a similar manner, we obtain two more conserved quantities of (4.2) associated

with the two multipliers (A}, A2) and (A}, A2). These are

1
T? =——— {au?v? + 0% + 3uvg, + 3ug v,
2(a+1){ }
1
X?=—- {2a2u3v?’ +4auv® + 246303 + 6 auPov,, — 3auzv§+6auuzvvx
6(a+1)

2 2.2
+6 v Uty v —304ux2v2—|—6vmvu2+6u2vz — 12 uu, vu, + 6 vy, v+ 6u, v

+9 uvgy — QU vy + QU v — YUy vy + 18 Ugy Uy } 5

T3 =uv,

X3 =0, Uy — UWpy — Uyy U — 5 (a + 1) uv?

4.3 analytic solutions of (4.2)

Here we utilise point symmetries of the generalised coupled mKdV-type system
(4.2) and build up an optimal system of one-dimensional subalgebras in order to

achieve symmetry reductions as well as symmetry invariant solutions.

4.3.1 Optimal system of one-dimensional subalgebras for

(4.2)

The symmetry group of (4.2) can be obtained using Maple and it consists of

82’ Xy = 0 Xg,zuﬁ—v2 X4:3t2—|—:(32—2u£,
x

Xi = o’ ou  ov’ ot " ox ou
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which are space and time translations and scaling symmetries, respectively. We
now seek to exploit one elementary facet of Lie algebras, that is, the bilinear
product property. The commutators of these Lie symmetries are tabulated in
Table 4.3.1, where the entry at the intersection of ith row with jth column is a

reckoning of Lie bracket [X;, X;| [30,31].

Table 4.31. Commutation relations of 4-dimensional Lie algebra of (4.2)

[,] Xu Xs X3 Xy

X 0 0 0 X1
Xy 0 0 0 3Xy
X3 0 0 0 0

Xy, —-X; -3Xy O 0

We now enlist Lie series [30]

Ad(exp(eXy))X; = Z % (ad X;)"(X;),
n=0

together with bilinear products in Table 4.31 to obtain adjoint representations.

The results are tabulated in Table 4.32.

Table 4.32. Adjoint table of Lie algebra of (4.2)

Ad Xl X2 X3 X4

X1 X1 X2 X3 X4 - 5X1
XQ X1 X2 X3 X4 — SEXQ
X3 X1 X2 XS X4

X4 66X1 €3€X2 X3 X4
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With the aid of Table 4.31 and Table 4.32 and by prudently applying adjoint
maps, see for instance [30,42, 78] we see that the optimal system of 1-dimensional

subalgebras is spanned by

Xo B
xxmd 2
Xa-Xi=g -
o xime w? el el

0 0 0 0
aX; + 00Xy + X3 :a%—l-b%—ku%—v%

with a,b, ¢ constants. The symmetry (z,t,u,v) — (—z,t,u,v) is discrete and
maps Xs — X onto X7 + Xs, thus reducing our optimal system to five inequivalent

subgroups, viz.,

{Xl,XQ,Xl +X2,CX3+X4,CLX1 +bX2+CX3} (48)

4.3.2 Symmetry reductions and explicit solutions of (4.2)

We now present symmetry reductions and some explicit solutions of (4.2) according

to the optimal system (4.8).

4.3.2.1 Symmetry reductions

We proceed to compute the invariant solutions of each of the five cases presented
in (4.8). Firstly we transform the NLPDE system (4.2) into several systems of
nonlinear ordinary differential equations (NLODESs). Furthermore, we present the

solutions for (4.2).
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Case 1. X,
For vector field X, we obtain the invariant £ = x and the group invariant solutions
u(t,z) = U(§) and v(t,z) = V(&). Substitution of these values of u, v in (4.2) gives

the NLODEs
U" +30VU +V'U* =0,
(4.9)
V" +3VUV' + VU = 0.
Case 2. X,
Without giving detail, it can be readily seen that this case leads to the obvious

constant solutions

with ki, ko constants.

Case 3. X| + X,
The third member of (4.8), namely X; 4 X5 provides us with the invariant £ = v —t¢
and group invariant solutions v = U(¢) and v = V(&). Consequently, U and V

satisfy
U" +oUU'V +V'U*+U' =0,
(4.11)
V" +aVUV' +U'V?+ V' =0.
Case 4. cX3+ X,
In this case, the invariants ¢ = xt'/?, u = t(2BU(¢) and v = t3V(€) are
apparent, with functions U, V' conforming to the system
3U" +3aUVU + 30UV + €U — (¢ —2)U =0, 412
4.12
3V" +3aUVV + 3V + £V 4+ ¢V =0.
Case 5. aX; +bXs + X3

In this final instance, we obtain the invariants ¢ = bxr — at, u = €/°U(¢) and

v = e 1’V (€). By substituting these invariant solutions into system (4.2) we find
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the following system of nonlinear ODEs:

VUV + aPUVU 4+ b*U" 4+ abU' — U = 0, (41
4.13

VAU + aPUVV + W +abV' +V = 0.

4.3.2.2 Explicit solutions of (4.2)

In this subsection, we determine exact power series solutions [25-27] for the ODEs

(4.9) and (4.11-4.13). For the ODE (4.9), we have the power series form

J=0

§=> p& and V(&) =) ¢, (4.14)
j=0

where p; and ¢; for j = 1,2,--- are undetermined constants. From (4.14),

obtain
V€)= > 0+ Dpnd, VIO =) i+ Dang,
U"() = > G+ D0 +2pje2é, V(€)= D (G + 1D +2)g5428,
0 =0 (4.15)
U"(€) = Z(j +1)(j +2)(j + 3)pjas’,
V7€) = G+ +2)(G+ 3)QJ+3§j-

=0

.

Substituting (4.14) and (4.15) into (4.9) we have

G+ 1) +2)( + 3)pjrs8 +3 <ij§j) (Z qﬁ) (Z j+1) pmf])

j=0

+ (ZijJ) <Z(J + 1)6]j+15j> =0,

D GHDG+2) +3)g4s8 +3 (Zpﬁ]) (Z qj§j> (Z j+1)giné )
7=0 7=0 7=0

7=0

Mg

<.
Il
o
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(Z qu”> (Z j+ 1)pj+1£j> =0

which simplifies to

0o oo J k
Z(J +1)(G +2)(j + 3)pjysé’ +3 Z Z J—k+ 1)pigr—ipj—k+18’
Jj=0 j=0 k=0 i=0
oo J k
FD D =k Dty =0,
7=0 k=0 =0
N o (4.16)
Z(J +1)(J +2)(J + 3)gj438" + 32 Z Z J—k+ 1)pigr—iqj—r1&
7=0 7=0 k=0 =0
oo J k
+ZZZ J—k+1)qigr-ipj-r+1§ =0
7=0 k=0 =0
From (4.16) the following recursion formulae are understood:
Pj+3 = — ! SZZ]_k+1pzqk iDj—k+1
G+DE+20+3) \ =
J k
+ Z Z J—k+1 pzpkink+1> :
e | (4.17)
1 L&
95+3 = — - ~ - 3 (J =k + Dpige—igj—k+
a (]+1)(J+2)(]+3)< H; T
ik
+ Z Z(] —k+ 1)(]iQk—ipj—k+1> ;
k=0 i=0
for j = 0,1,2,--- . Thus, by choosing the constants p,, and ¢,,, m = 0,1, 2, suc-

cessive coefficients can be obtained, uniquely, from (4.17). We have, for instance,

B 1, 1
P3s = 6POQ1 2190%]91;
B 1, 1
q3 = 6qop1 QPOQOQM
B 1 1 5 1,
Py = — 12170(12 4192]70(10 24]71]9091 8271(10;
- 1 9 1 5 1 2.
qs = 121)2(]0 4POQ2QO 24]?1(11(10 8]90(]17
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1 1 2 7 3 1

2 2
DPs = 20]90(10611 + 12]?1]70% 15]72]70(11 60]?1]?0612 20191]?2% 15]71(117

- 1 1 7 2 1 9 3 '
q5 = 20100101(10 12190(]1% 60]92(11(]0 151)1(]2% 15]91(11 20130(]1(]27

and so on. Consequently, the exact power series solution of (4.9) or in fact (4.2),

is given by
, (1, 1 , (1 1
u(t, ) =po + pr§ + p2£” — GPod + 5podopn | € — 12190612+ 1P2Poto
5 1 oy (] Ll s 2 7
24291]?0611 8191610 20P@QOQ1 12p1poqo 15p2poql 60p1p0Q2
3 1 >l I &
5 .
SoPP — 15p1q1>5 > G5 ( DD =kt Dpige-ipeon
7=3 k=0 =0
7 k
+ Z Z ] —k + 1 pzpk iqdj— k+1> §]+3a (418)
k=0 =0

6

2 L 1 53 B 1 n 1 + 5
qoP1 2p0Q0Q1 12p2q0 4190612(10 24P1Q1QO

v(t,x) =qo + Gi€ + @& — (1

+1 5 + 1 + 1 7 2 1 9
8]70(11 20]00191610 12POQ1CIO 60p2£]1Q0 15291612610 15P1CI1
3 (o)
_Q_OPOQ1Q2) £ — ( ZZ J =k + 1)pige—iqj—r+1
]_3 k=0 i= 0
ik
+3 N G -k+ 1)qiqk_,-pj_k+1> &, (4.19)
k=0 i=0
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Figure 4.1: Profiles of even partial sums for solution (4.18).
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I

Figure 4.2: Profiles of odd partial sums for solution (4.18).

Indications from Figure 4.1 and Figure 4.2 are that solution (4.18) is convergent.

Figure 4.3 is a consolidation of the above solution profiles.

Figure 4.3: Consolidated profiles of partial sums Tj - -- Ty for solution (4.18).

We now employ the same procedure to solve system (4.12). Substituting (4.15)

72



into (4.12), we have

32+ D0 +2)( + 3)psese’ + 30 (Zpﬁ) (Z qg@) (Z j+ 1)pj+1€j>

3 (ZW) (Z 1) g8 ) +¢ (Z(j+1>qj+1£f> (c—2) (Zw) =0,
32 JH 1) +2)(f + 3)g5438 + 3 (Zpﬁ) (Zqﬁ) (Z )qjﬂfj)
+3 (Z qﬁ) (i j+ 1)pj£j> +é (i(j +1)gj 1€’ ) +e (Z q;&”) =0.

Simplifying the above system we now have

00 co ] k
3 G+ DG +2)G +3)pjas +3a D3N k+ Dpigr-ipjo i€

J=0 j=0 k=0 i=0
o~ j k 0
A Y G =kt Dpipre—ig-ra1 & + > _(F — e+ 2)p& =0,
M L (4.20)
3 G+ DU +2)0 +3)g+s8 +3a ) > Y (= k+ Dpigh—iqji&’
=0 j=0 k=0 i=0
© j k
+ > G = k4 D)aige-ipj-pr& +Zj+cquj—0
=0 k=0 i=0 Jj=0
The system (4.20) is true if the coefficients of &7, j € ZT are equal to 0:
1
Pj+s = — 311G £2)(+3) < ag;J—kﬂ'le% iDj—k+1
i k
+ ) (G kA D)pipe—itj—rs1 + J —c+2>
R0 =0 (4.21)
1
UGS TR TEDG 120 1 3) ( ];;J—k‘ﬂpzqk i0j—k+1
i k
+D ) (G = k+ Daige-ipjkn +J+C>
k=0 i=0
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for j =0,1,2,--- . Thus, for arbitrary constants p,, and g,,, m = 0,1,2, we have

1 1 1 1

2
= — -« - — + —c— -,
b3 6 PoGo P1 18 Po 1 13 9

1 1 ., 1
= — — —_ — —C:
g3 6 Poqo q1 18 qo P1 18°

1 1, 1 (3 . 2) 1 20+ 1
= — —« - — — — B« - — —Cc— —
2 19 Do qo P2 36 Po G2 7 Po q1 1 24 P1 qo 7 24’
B 1 1 1 (30 +2) 1 9 1 1 '
qs = 1261290%612 36 qdo P2 7 « qod1P1 24046]1 bo 720 79
p — a2p2q2p1+—1 apy’q QI__l acpo q L apoqo + ! Po’q0°p1
T g0 O 180 0 360 01T 180 0T T 10807 TP
n 1 9 1 1 1 1
c— — o — — - — o — —
1080290 30 Do g1 P2 90190 q1 P2 601?0 P1q2 15 PoP1 G2
1 1 9 1 200+ 1 1
- — — — - — —Cc— —
20 P14qo P2 60 P1 q1 180}?1 q1 180 15’
45 = L a’po’qo’q + L apoqo’pr + > aepoqo + L 90°po°q1 — . cqo”
> 7120 1180 360 1080 1080
n 1 1 1 1 1
540 4o 30 do P1 92 90 4o P1 G2 60 qo 41 P2 15 qdo 41 P2
1 1, 1 . 1 1
- — - — o — — —Cc— —.
20 Do G142 60611 y4! 180611 D1 180 90
(4.22)

Hence the exact power series solution to (4.12) is

1 1 1 1
b o) = ple=2)/3 2 (1 2 1Y .3
u(t, x) Po + p1§ + p2§ 6Oépoqop1+18po 7 180+9 £

! LI (Ba+2) +Lap?
— | —« — — (3« — o
12 Po Qo P2 36 Do q2 7 Podq1P1 21 P19

1 1Ny (1 5 o 1, 1
¢+ )f + (12004 Po qo p1 + 18004170 qo 41 360a0p0 qo
1 1 1

B 2 2 2 4 =
+180&p0 Qo + 1080]70 qo"p1 + —10800]00 30 Do q1 P2 & 90190 q1 D2

1 1 1 1 1

L o o - 2 L 9
60190171(]204 451?0191(]2 2004]71610292 6()@]?1 q1 1801?1 q1

o0

180 45 3 —k 1 14k—iPn—
+1806 45)6 +n22(n_3)! < O‘ZZ(” + D)piGr—iPn—k+1

k=0 =0
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n k

+ (n—k+ 1)piPr—i@nrs1 +n—c+ 2) f"“’} , (4.23)
k=0 i=0

1 1 1 1
v(t, x) =1/* {QO + @€+ @ — (6 apoqoqi+ — qo°p1 + ) & — <— Q@ Po qo 92

—C
18 18 12
1, 1 1o, 11\
— — (3 2 — o4+ —
+36Q0 P2+ 72( a+2)qpqp+ 2404611 Do + 720+ 72)5
+ LOzQPQqu +Lapq3p +La0pq+ ! 90°po’q
120 70T LT g AOHY FLT 55T HOE0 T g H0 0
RN PR 1 1
———c —qo” — — a— — - — e
1080 qo 540(10 30 qo P1 492 QOQOPI q2 60(10 q1 P2
1 1 1, (RIS IS I P
—— - —« - — o — — —Cc— —
45 4o 41 P2 20 Po g1 G2 60% b1 180611 b1 180 90
0o 3TL' n k
- n—3) (3@ > Z(” —k + 1)piGs—iGn—1+1
n=3 k=0 =0
n k
+ Z(n —k+ 1)qiGe—iPn—r+1 +n+ C) §n+3} : (4.24)
k=0 =0

We now provide 3D renderings of (4.23) and (4.24) for n = 0,1, 2 and for arbitrary
values of po, qo, P1, q1, P2, @2 and c¢ in Figures 4.4, 4.5 and 4.6.

Figure 4.4: Profiles of solution (4.23)
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Figure 4.5: Profiles of solution (4.24)

Figure 4.6: Profiles of (4.24) from different vantage points

4.4 Concluding remarks

In this chapter, we considered a (141)-dimensional generalised coupled mKdV-type
system. It has no variational principle and as such, we employed the multiplier
method and used a homotopy integral formula to derive the conserved quantities
to which it conforms. As already seen, the homotopy integral approach is relatively
simple, concise and elegant compared to other traditional avenues of computing
conserved quantities. In this work, we provided a step-by-step illustrative example
of this algorithm with the aid of a system which has not been previously studied.
Again we sought the optimal system of one-dimensional algebras for this system

by invoking its four-dimensional Lie algebras. This enabled us to transform the
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system into several systems of NLODEs. With the aid of the power series solution
method, we solved some of the systems of NLODESs and obtained its exact solutions

which are by extension also solutions of system (4.2).
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Chapter 5

Group invariant solutions and
conserved quantities of a (341)-
dimensional generalized

Kadomtsev—Petviashvili equation

5.1 Introduction

The (3+1)-dimensional Kadomtsev—Petviashvili (KP) equations [79]
(g + 6uly + Uy )y £ 3ty £ 3u,, =0 (5.1)

have their origins in the classic 1970 work of two Soviet physicists Kadomtsev and
Petviashvili [80]. It models waves in scenarios where the ratio between the depth of
water and the wavelength is very small coupled with insubstantial nonlinear restor-
ing forces. It is also a generalisation of the Korteweg—de Vries (KdV) equation,
named after the Dutch mathematicians Korteweg and de Vries [81]. The high-

est order term wu,,, caters for weak dispersion, while the term wu, describes the
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nonlinearity aspect of a wave and the last two terms of (5.1) describe diffractive
divergence [82]. The sign “£” in the last two terms corresponds to either posi-
tive or negative dispersion. Since then, several researchers have studied equations
of the form (5.1), see for instance [83-88]. Investigations into (5.1) have ranged
from establishing the stability of their solitons [85], determining their integrabil-
ity properties [86], Painlevé analysis [87] and deriving their exact multiple wave

solutions [88]. The (3+1)-dimensional generalised KP equation
Uty + Upy + 3Uglyy + Ugg Uy + Ugggy — Uz, =0 (5.2)

to the best of our knowledge was introduced in [89], where the Pliicker relation for
determinants was used to obtain one Wronskian solution. Furthermore, in the same
work, the Jacobi identity for determinants was used to establish a Grammian so-
lution for (5.2). Multiple solitons and multiple singular solitons for Equation (5.2)
were derived in [90] using a simplified form of Hirota’s method. In their work,
the researchers in [90] contrast their results with those obtained in [89] in terms of
the spatial variable z. Later in [91], an extra term wu,,, was added to (5.2), thus
introducing a new form of the (3+1)-dimensional generalised KP equation, which

we denote here by (34+1)-D gKPe, and it reads
Uty + Uty + Uty + 3UpUsy + BUgply + Uy — Uz = 0. (5.3)

In their work [91], the authors showed that addition of the new term affects the
dispersion relations significantly. Furthermore, they applied Hirota’s direct method
to determine the multiple soliton solutions of (5.3). In [92], the Equation (5.3) was
studied and exact solutions were obtained through the use of Hirota’s bilinear

method and an extended homoclinic test approach.

In this chapter, we seek to derive the exact solutions of the (3+1)-D gKPe (5.3) by

making use of its Lie point symmetries and direct integration. We will not employ
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ad hoc methods as often is the case when treating NLPDESs of this nature. Further-
more, we will for the first time derive the conserved quantities of Equation (5.3)

by using two approaches.

We want to reiterate here that a study of higher dimensional NLPDEs is critical
to our understanding of the world around us since they are more realistic models

of natural and man-made phenomena [68].

The work presented in this chapter has been published in [93].

5.2 Exact Solutions of the (3+1)-D gKPe

In this section, we determine the exact solutions of the (34+1)-D gKPe (5.3) by
utilising its Lie point symmetries and direct integration. Roughly speaking, a Lie
point symmetry of a PDE is a local group of transformations acting on the inde-
pendent and dependent variables of the PDE that maps every solution of the PDE
to another solution of the same PDE. That is to say, it maps the solution set of
the PDE to itself. It can be seen, using for example, MathLie package [94], that
equation (5.3) has a finite-dimensional Lie subalgebra Lg, which is generated by

the vector fields

RS R N 1
X5:—t%+z%+z§y+(2t+z)%, 5
X = 15t% + 3(4t + a:)(% +3(3y — 22)% — 3(4t — z)% |
+ (4o + 4y — 3u)6%,
and the two infinite-dimensional subalgebras generated by
Xp = Fl(t)%, Xp, = Fy(t+ z)%, (5.5)
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where F) and I3 are arbitrary functions of their arguments.

5.2.1 Invariant Solutions under the Symmetries X, ---, X,

Firstly, we utilise the translation symmetries and reduce the (3+1)-D gKPe (5.3)
to a fourth-order ODE. Thus, using the four translation symmetries X, Xo, X3

and X, of equation (5.3), we can obtain the following invariant solution:
u(t,z,y,z) =U(p), p=yx+ ay+ fz— vt, (5.6)
where 7, a;, f and v are constants. This reduces equation (5.3) to
ay’U" + 6ay*U'U" — (av + B + Bv +yv)U" = 0. (5.7)
Integrating (5.7) once with respect to p yields
ay*U" +3a7*U"? — (av + B2+ Br+w)U' + Ky =0 (5.8)

with Ky a constant. Now letting

2
K
Up) =7 o(p), w= L EEEVEW g g = Bo
ay? avyt
Equation (5.8) becomes
¢" 4+ 30> —we + K, = 0. (5.9)

This ODE can be integrated easily. Multiplying (5.9) by ¢’ and integrating once

with respect to p gives
¢? = —(2¢° — we? + 2K1¢ + 2K5) (5.10)

with K5 an integration constant. If the algebraic equation ¢ — %w¢2+K 10+ K5 =0

has the roots \; > Ay > A3, then we have

¢ = =2(¢ — M)(d — X2) (¢ — Ng). (5.11)
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Equation (5.11) has the well-known solution expressed in terms of the Jacobi elliptic
function, that is,

A1 — A3
2

A1 — Ao
Al — A3

B(p) = Ao + (A1 — Ap)en® ( P \M2> . M? = (5.12)

Here cn(p|M?) is the Jacobi elliptic cosine function. Furthermore, pertinent to note
is that when M?— 1, cn(p|M?)— sech (p) and when M?— 0, cn(p|M?)— cos (p)
[66]. A comparison of Equations (5.9) and (5.10) reveals that

w = 2()\1 + Ay + )\3), K1 =M+ X3+ A3, Ky = =AM\,

Reverting to original variables, the solution of the (3+1)-D gKPe (5.3) is thus
(e = A= MO (A= Ag) ydn (Ap|MP) E (am (Ap| M) |M?)

M? AM? .\ /dn (A p|M?) 2 ’

(5.13)

u(t,z,y, 2)
where E(p|M?) is the elliptic integral of the second kind, am(p|M?) is the amplitude
function, dn(p|M?) is the delta amplitude function, cn(p|M?) is the Jacobi cosine

function and A = /(A — A3)/2 [66,95]. Figure 5.1 depicts the profile of solution

(5.13) for suitable parameter values.

Figure 5.1: Profiles of solution (5.13).

Figure 5.1 depicts the coexistence of bright and dark solitons. It is well-known that

bright soliton profile are characterized by hyperbolic secant. The bright soliton
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solution usually takes a bell-shaped figure and propagates undistorted without any
change in shape for arbitrarily long distances. However, dark soliton solutions,

configured also as topological optical solitons, are given by hyperbolic tangent.

Important to note is that Equation (5.10) is reminiscent of the ODE obtained in
the quintessential work of Korteweg and de Vries in [96]. This ODE is associated
with long waves propagating along a rectangular canal. The ODE (5.10) describes
stationary waves and by imposing certain constraints such as having the fluid
undisturbed at infinity, Korteweg and de Vries obtained negative and positive

solitary waves as well as cnoidal wave solutions [96,97].

5.2.2 Invariant Solution under the Symmetry X;

We now turn our attention to the point symmetry X5. The usual computations
yield the group invariant solution u(t,x,y,z) = U(§), where & = t(t 4+ z). This,
substituted into (5.3) gives the ODE

U"+ U =0, (5.14)

whose solution is U(§) = Cy + CyIn(€), and hence the group invariant solution of

the (3+1)-D gKPe (5.3) under the symmetry Xj is
u(t,z,y,z) = Cy + Coln{t(t + 2)} (5.15)

with C, Cy integration constants. The corresponding graphical representation of

solution (5.15) is given in Figure 5.2.
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Figure 5.2: Profiles of solution (5.15).

The profiles portrayed in Figure 5.2 are typical of a grey singular soliton solution,

more so the distinctive asymptotic form observable for lim; o u(t, z,y, z) = —o0.

5.2.3 Invariant Solution under the Symmetry Xg

Finally, we compute the group invariant solution under Xg. By following the usual

procedure we obtain the group invariant solution

1 2 2 1 1
u(t7x7y7 Z) = t75U(€> o §t + g'r + §y + §Z7 (516>

where & = t71/°(z — t). Substituting (5.16) into (5.3) and simplifying ultimately
yields the second-order ODE

U 420" = 0. (5.17)

Equation (5.17) can be solved much like Equation (5.14), which in turn gives the
invariant solution of the (34+1)-D gKPe (5.3) under the group generated by Xg:

u(t,x,y,2) = Cy + Cy t*/®(x — t) 7! (5.18)

with C, Cy integration constants. In Figure 5.3, solution (5.18) is depicted.
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Figure 5.3: Profiles of solution (5.18).

The density plot coupled with the two dimensional profile in Figure 5.3 depicts a

singular soliton-like wave with a singularity in the spatial domain at 0 < z < 20.

5.3 Conserved Quantities of the (34+1)-D gKPe

In this section, we compute the conserved quantities of the (3+1)-D gKPe (5.3).
In our work we use the multiplier approach and the conservation theorem due to

Ibragimov to derive the conserved quantities of (5.3).

5.3.1 Application of the Method

In order to determine conserved quantities of Equation (5.3), we begin by comput-

ing the first order multipliers
A=At x,u, ug, uy, us),
by utilising condition (1.47), that is,
)

= (AE) =0, (5.19)
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where

E= Uty + uty + Utz + Bu:r:uxy + 3ux:tuy + uxx:ty — Uzz = 0.

The Euler operator is given by (1.25).

) 0 0 0 0 0 0
=Y p,2 D2 4+ DD+ DDy~ + DD,
ou  Ou ou,, Y Ou, o Oty + 5 Y Oy, o Oy,
0 0 0 0
D? D,D,—— + D? D3D
+ T OULy * Y Oty + 20U, t Y Mgy

and Dy, D,, D, and D, are total derivative operators (1.4). Expanding (5.19)
and splitting on derivatives of u, we obtain the following system of nine multiplier

determining equations:

Aty + Atz - Azz = 07 Atuz = O, Ayuz = 0, Azuz = O, Auzuz = O,
Ay =0, Ay=0, Ay, =0, A, =0. (5.20)

The solution algorithm of system (5.20) is similar to that of obtaining Lie point
symmetries. However, with the aid of Gem, a Maple based package [73], this can
be expedited. We thus have the multiplier

A = Cu, (5.21)

with C' an integration constant. The conserved quantities of (5.3) are obtained via

the divergence identity
D/T" + D, T* + D, TY + D, T* = EA,

where T" is a conserved density and T% 7Y T* are spatial fluxes [43]. Thus, af-

ter some calculations, we obtain the following conservation law:

1 1 1
T :§ux2+ éuyua: + §uzuz>
. ) 1 1 1 1
T = Uy Ugy + 2u, Uy + §uyumm — §uwyum + §umyux + §uuty + §uutz
1
+ 5 uumwcy - 5 Uy,
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1 1

TY = — UlUy Upy — = Uy — = Ulgrrr,
2 2
1 1 1
T = — — Uy + = Uy, — = UZ Ug.
2 T 2

Since the derivatives of u in the multiplier (5.21) are of a lower order than both
leading derivatives of equation (5.3), that is, uy, and ug,,,, the conserved quantities

derived here are low-order conservation laws [43].

5.3.2 Ibragimov’s Approach

We now determine the conservation laws of (5.3) by applying a theorem due to
Ibragimov [39,40]. As in the case of multiplier method, this theorem does not
demand availability of a Lagrangian and is established on a concept of an adjoint
equation. Thus, it applies to an arbitrary differential equation, irrespective of

whether or not it comes from a variational principle.

5.3.2.1 Application of the Method

To begin, we define the adjoint equation of (5.3) as [39]

F* = —{v(uy + Upy + Upz + FUpUgy + SUgally + Ugzry — Usy)}

ou

0 0 0 0 0 0
= (% — Dxa_ux - Dya_uy + DtDmaTm + DtDyaTty + DtDzath
+D? 0 +D,D i+D2 4

¥ Oy Y O, 20U,

0
—) {v (g + uyy

Y
auw:v:cy

+ D2D

+utz + Suxuxy + Buzzuy + uxzmy - uzz)}

= Uiy + Vpy + Uy + 60Uy + 3UpVsy + 3UyVsy + Vagay — Vzz = 0. (5.22)

We have introduced a new variable v = v(t,z,y, 2). According to [39], the Equa-

tion (5.3) considered together with its adjoint (5.22) has a Lagrangian L, given
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L =vF = v(ut + Uy + U + 3Uglyy + 3Upply + Uggay — Usz). (5.23)

Notice how 6L/du = F* and §L/dv = F. The Lagrangian (5.23) is equivalent to

the second order Lagrangian
L =0z + Uy + Uy + 3UpUyy + SUgally — Ussz) + Vpglyy. (5.24)

Now, equation (5.22) admits all the symmetries (5.4) and (5.5) of (5.3) extended
to the new variable v(t, z,y, z). That is, the generators (5.4) and (5.5) become

Y=§1%+§88 +&o +£—+n§ “7*0% (5.25)
with
n* =n*(t,z,y, z,u,v) —{)\—l—Dt £ )+DI(€2)+Dy(£3)+Dz(§4)}v. (5.26)
The parameter A is determined by using
X'(F) = \F, (5.27)

where X' is the generator (5.4) prolonged to all the derivatives in (5.3), that is,

0 0 0 0 0 0
X X + Ca: _I' Cy a + Cta: u + Ctya + Ctz aut + Cxx%
8 8 0

+ nya + sz au + g:c:m:ya

(5.28)
xmzy

Here X = ¢! 8/8t+§2 0/0x+&30/0y +£20/0z+n0/0u and £, - -+ €1 and 7 are
fUIlCtiOIlS Of (t7 x,Y,z, U) Furthermore, ng Cy7 Cta:a Ctyv Ctza C:ca:a nya sz and gxwzy are

coefficient functions, each generally given by (1.17) and explicitly by the following

formulas:
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Co = Da(n) — 0Dy (€") = ue Do (&%) — uy Dy (€%) — uDy(€Y),
Cy = Dy(n) = wDy(€') — uaDy(E%) — uyDy(€%) — u. D, (€Y,
Cto = Do) — un D2 (€') — e Do(€7) — utyDz(£3) — up: Dy (EY),
Gy = Dy(G) — uuDy(€") — e Dy (&%) — iy Dy (€%) — ug Dy (£Y),
G = D2 (G) — unD2(€Y) = ua D (E) — ugy D.(€%) — ui D.(E7),
Cow = Da(Co) = Ut Di(€") = o Do (%) — Uay D (€%) — 2 Do (€),
Coy = Dy(Co) — et Dy(€Y) = o Dy (€%) — iy Dy (€%) — Dy (€9,
Coo =D (Co) = usDo(EY) = w20 D2 (%) — 2y D, (%) — u.. D, (EY),
Coae = D(Cow) = Uaat Da(€") = Uoe Do (%) = Uy D2 (%) — e Do (€7,
Coway = Dy(Cozs) = Uzzat Dy(€") = Uaaww Dy(€2) = Uiy Dy (€3) — Ugiswz Dy (€1).

(5.29)
Now using Equations (5.3), (5.27) and (5.28) we compute the values of the param-
eter A corresponding to each of the vector fields in (5.4) and (5.5).

Cases Xi, ---, X}

For the time translation symmetry X;, we have ¢! =1 and 2 =& =¢t =9 =0.
Thus, it is easy to see that

G = Cy = Cta = Gty = Gtz = Caz = Cay = Coz = Caway = 0.

Consequently, we have X|(F') = 0F, that is A = 0. From (5.26), we obtain n* =0
and the new generator (5.4) retains the form of X, ie., Y7 = 0/0t. Since the

generator coefficients are all constants, the translation symmetries will retain their

form and this leads us to conclude that Yo = 0/0z, Y3 = 0/0y and Y, = 0/0z.
Case X;

Here, we have the generator coefficients &' = —t, €2 = a0, €3 = 2, €* = 2t + z and
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1 = 0 from which we can establish the following:

Cx = 07 Cy = O, Ctx = Uty — 2uxZ7 Cty = Uty — 2uyz, Ctz = _ZUZZ — Uty — Uy,
Cx:c = 07 g:r:y = 07 sz = _2uxz - 2uyz - 2uzza Cmcxy =0.
Consequently, we can verify that X{(F) = 0F, that is, A = 0. From (5.26), we can

further establish that n* = 0. The generator for the adjoint Equation (5.22) is thus
Ys = —t0/0t + 20/0x + 20/0y + (2t + 2)0/0z.

Case Xg

The vector field Xg has the coefficients ¢! = 15t, £2 = 12t + 3z, £ = 9y — 6z,
£ = —12t + 3z and 1 = 42 + 4y — 3u. The reckoning of the coefficient functions
(5.29) yields

C:c =4 — 6uy, Cy =4 - 12uy’ Ct:v = —2lug — 12uyp + 12wy,

Gty = —2Tugy — 12ugy + 12wy, G = —21up, — 12U, + 12U, + Guyy,

Cxx = _guxxa ny = _15uxy> sz = —Yu,, + 12uy27 mecy = _21uazxmy-
Now, from Equations (5.27), (5.28) and (5.29), we have

X§(F) = = 21ugy — 21uyy, — 21ug, — 63Uty — 63Uty — 21Ug0y, + 21u,,
= 21(utx + Uty + Ut + 3u:cuary + 3ux1’uy + Ugray — uzz)

= —21F.
We can thus see that A = —21. Consequently,

n* = — (=21 + Dy(15t) + D, (12t + 3z) + D,(9y — 62) + D.(—12t + 32)) v

=—Tv.

We now have the vector field:
Ys = 15t0t + (12t + 32)0z + (9y — 62)0y + (32 — 12t)0z + (4o + 4y — 3u)Ou — Yv0v,
corresponding to (5.22).
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Cases X7, X3
Finally, considering the infinite-dimensional vector fields X; and Xg we have,
for (5.22), Y7 = F(t)Ou and Yg = F(t + z)Ou, respectively.

To compute the conservation laws of (5.3), we utilise the formula [39]

oL
Ougy,’

oL oL
oue D ous,

cﬂ:y£+wva( )—+dem) (5.30)

where W is the Lie characteristic function given by W& = n® — &/ uf. The reck-

oning of (5.30) gives the following conserved quantities:

1 1
Ti = — vy, + 30UUgy + VUG ULy + Vldggey + Vst + 2 Vylt + 5 Vol + VUt
+ §vuty + §Uutz,
3 3 3 1 3 1
X = §vyuzut + 3uy vy + §vuxyut + vaxyut + §UtUt — §vuzuty — vauty
1 1 3 1
- 3vuyutm - §Umyutac + vauta;y + Zvyutmx - Zvutacmy - §Uutta
3
Y:_xx Y Tx 7 Vzxx a Y aUte — 7 Vg Uty — U Uty
1 2uvut 2vu ut+4v ut+2’utut 2vuut 411 t—|—4 t
1 1
— —VUtggr — =VUt,
4 t 9 tt
1
Zl = — VU + §Utut + VU, — §Uutt;
T ! ! e+ gy + -
= T TUgU — ZUy — ZUgzV Z ULV T ULV, T ULV,
27 T gtesl el T g g!le Ty 2
1 1 3
Xo = 3UglUpyV — U,V + Zuxmyv + UV + UgyU + §umv + ivtux + iuivy + ugty vy,
1 1 1 1
+ Zuatvxxy - §ua:xvxy - vaxu:cy + évxuxxy + Zu:r;a:xvyv
1 1 1 3 5 1 1
}/2 - - Suzxuxv - Zuxxa::vv - §ut:vv + §Utu:c + §uxvz + Zuwvxa::c - Zu:c:rv:m:
1
~Ugza Vs,
4

1

Z2 = UgV — §ut:vv + §Utua; — UgVz;
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1 1 1 1 1

T3 = — FUy=¥ ~ GlUyy? — 5 layV + SUyVa + S UyVs + Uy Vy:
3 3 3 1 1 9 3 3
X3 = — §uyuxyv — iuxuyyv — Zumyyv — §utyv + §vtuy + 3uyvx + éuwuyvy + Zuyvmy
1
- iu:vvay + ivzuxyy - Zuyyvzx + Zvyuxzy;
1 1 3
Y; = —uv+ §uwuxyv + Eumuyv + Zumxyv + UV + §utyv + UV + Qvtuy + iuxuyvx
1 1 1
- vamumy + vaurzy + Zuyvmmxa
1 1
23 = Uy U — —UpyV + =Vl — UyVs;
2 2
T 1 1 n 1 1 n 1 1
= UV, — =VUyy + —UVy — =VUy, + =U U — =VUy,,
YT 2 R R S 2
3 3 1
X4 = §uzvyux — §vuyzux + 3U Uy U, — 3VUYU,, + évuzuxy — §umvxy + §vxuxyz — Zuyzvm
1 1
+ Zvyumxz + Zuzv$my - Zvuxzyz + §Uzvt - §Uutza
v n 1 3 3 1 . 1 1 . 1
= ZU Uz Uy “UgzzVUp — ZVULUg, — ZVUUgy — Uz Ugy “U Vg — 7 VUgzzz ZUuv
1T 4 2 2 4 4 4 2~
1
- Evutza
1
Zy = — UV, + 30U ULy + SVUY Uy + VUggay + éuzvt + §vutz + VUgy + Vg
T: + 1 + L +1 + L + 1 + L L L
= — —VU, VU, + —2V,U, VU, + —20,U, Vplly + —2VU,; — —2VU,, — —VU
> 2 2 yrE oy 2 2 2 Y
1 1 1 1
+ ézvzuy + §zuyvy — tUUy, — 20Uy, — §zvuyy — §Uum + §zvzux + §Zvyum + ézuyvx
1
+ §zuxvx — WUy, — 2VUg, — ZVUgy — VUL Ugyy — §zvum — 3tVUY Uz — TVUgz0y
1

— §tvzut — Etvyut - étvxut - étvutz - §tUUty - étvutz,

3
X5 = 3zvxu§ + ézvyuxuy + 6tu, v Uy + 32UV Uy + 32UV Uy — 60U Uy — 32VUL, Uy
3

1 3
2
— S 2VUgy Uy + =2V Uy — VLU Uy + 52%% + 3tvu Uy + 2V UL — VU — ZVU,

2 4 2

3 3 3 3
+ 3tu,vyu, + Ezuzvyux — 3tV Uy — izvuyzux — S2VUyy Uy + 3TVULUgy + ézvuzuxy

2
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1 1 1 1

+ 320U Uy — Tl Uy — §zumvxy — izuxyvxy + Uy, + §zvxuzyz + §vauxyy
1 1 1 1 1
— §zvxyum — ituyzvm — Zzuyzvm — Z—lzuyyvm - Z—lzuzyvm + §tvyumz
1 1 1 3 3 3 3
+ szyum + szyumy + §zvxumy + Etuzvmy + Zzuzvmy + Zzugcvmy — §tvumyz
3 3 1 1 1
— szumyz — szumyy + szyuwm + szu,ﬂmy + ivut — étvyumut — §tvuxyut
3t +1 + ! + ! 175 t + L +
— — Uy U UV + =2U, 0 + =2U U — =tUVy — TOU, + = 20U, + = 20U
1 y Ut LT3 LT LT Ul t 5 t 5 ty
3 1
+ étvumuty + Ztvmuty + §zvum + §tvxyum - étvxumy — Ztvyutm + Ztvut“y + §tvutt;

3 9 3 3
Y; = 52’%% + 3tu, v U, + izuzvxux + §zuy1136uJJ — 3tvug, U, — §zvumux

3 1 1 3
4 —2VULy Uy — 32VUpp Uy + — 2ZVgpply — —tULU UL + =2V U, + = TVU U,
2" 4 9 27! 2

3 1 1

— VU, — 2VU,, — VUL ULy — Ezvuzum + ézvuyum — —TUp,Vpy — —2ZUgr Vs

2 4
1 1 1 1 1 1
- Zzua:yva:x - Zzuzmvxx + étvmu:pxz + szzuaj:pz + Z_szxumxy + Z_l
1 1 1 1 1 3
2

+ _tuzvxmc + Zzuzvrmg + Zzuyvrxz‘ - Etvumcxz - szuxa:xz + szux:cry
1

1 3 1 1
— szumm + §vut + §tvumut — Ztvmmut + tu, vy + azuzvt + §zuyvt

1 1 1 1
— Etutvt — tvug, + Ezvutz + ézvuty + §zvum + Ztvmxutx — Ztvxutm

+ Ztvuta:mac + §tvutta

Zs = — 2tuv, — 2UV; — UV, — ULV, + LU, + VUy + 20Uy + VUy + 20U,

+ 610U Ugy + 32VULUgy + OLVUYUzy + 32VUYUgy + 200Uy + 2V ULgay

1 1 1 1 1 1
+ §vut + tu, vy + §zuzvt + §zuyvt + §zuxvt — itutvt + §zvutz + 2tvuy,

1 1 1
+ §zvuty + 2tvug, + ézvum + étvutt;

3 9
T = — 3vu, — Ytu,,v — §zuzzv — 3uyv + 6tuy,,v — Eyuyzv + §zuyzv — §yuyyv
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3 3 9
+ 320Uyy — UV — §xumv — §zumv — 6tugyv — §muzyv — Eyuxyv + 32Ugyv

3 15 15
+ 45t Uy Uy v — 6tUL v — §:cumv + 45t Uy Uzp U + 15tUgayv + Etutzv + ?tutyv
3 3 9
+ ?tvum + 4v — 2zv, — 2yv, + §uvz — 6tu,v, + §zuzvz + Eyvzuy — 320Uy

3 3 9
— 2zvy — 2yv, + §uvy — 6tu vy, + Ezuzvy + Eyuyvy — 32Uy vy + 6tV U,

3 3 3 3
+ —xv Uy + 6tvyu, + §:wyux — 2xv, — 2yv, + §uvz — 6tu,v, + —2u,U,

2 2
15 15
+ §yuyvx — 32Uy Uy + 6tu, v, + Exumvm + Etvzut + ?tvyut + ?tvmut,

27
Xe = 27vau§ — 1821}11@ + 12vu, — 36vugu, + ?yvyuxuy — 9z uuy — 122050,
— 12yv,uy, + Yuvguy — 368U, 0,1y + 92U VUy + 368UV Uy + ITULVL Uy

27
+ 360Uy, uy — 92VUL Uy — ?yvumyuy + 920Uy Uy — Vg Uy + —YUgay Uy

4
9 9 5 9 9
— §zvmyuy + 45tvupuy + §yvtuy — 3zvguy — 45tvuguy + 18tvyuy, + ixvyux
9
+ 6vu, — 12tvu,, — 3xvu,, — 6TV U, — 6YV UL + §uvyux — 18tu v u,
9
+ §zuzvyuw + 18tvuyuy — ézvuyzum — 7yvuyyux + 920Uy Uy — 62VULy

9 9
— 6yvugy, + éuvuxy — 18tvu uyy + §zvuzuxy + 360Uz Ugy + ITVUL U,

+ ?vxuw — 3UpVspy + OLUL, Uy — ézumvw — §yu$yvxy + 32UgyVgy + 2Usy
9 9 3
— 6tU Uy, + ézvxuxyz + §yvxumyy — 32V Ugyy + Zvyum — 61Uy Upy — §xvxyum
9
+ 3ty Vg — Z—Lzuyzvm — Zyuyyvm + Ezuyyvm — 3tUgy Vg — quxyvm + Vg
27 9
— 3ty Usy, + Z—lzvyum — Evumy + Z—lyvyumy — §zvyumy + 6tV Uggy
9 9
+ §a:vxumy — 3TVgpy — 3YVgay + Zuvmy — YUV + Zzuzvmy + Uz Vyry
9 9 27 9
+ qumvmy + NHVUppy, — szumyz — Zyvumyy + §zvumyy + 3tvyUszy
3 45 45 45
+ Zwvyuxxx + 3tVUggpy + vaum;y — Yvuy + ?tvyuxut + ?tvumyut + Ztvmyut
3 3 3 15
— 2xv — 2yvy + §uvt — 6tu, v, + §Zuzvt + 6tu,v; + §xumvt + 7tutvt + 18tvuy,

94



3 9 45
+ 3xvuy, — §zvutz + 12tvuyy, + 3rvug, — §yvuty + 320Uy — 7tvuzuty

tU Uy + 6TVU +3:cvu 15151) Ut + 15tv Utey + 5tv U

4 xx Yty tx 9 tx 9 zy Ytx 9 x Ytzy 4 yUWtxx

45 15
— Ztvutwy — ?tvutt,

2 2, 9 2 9
Ys = — 9vu, + 18tv,u;, + §:m;xux — 620U, — BYvLU, + §uvxux — 18tu,vu,
27 9 27

+ §ZUZUIUI + ?yuyvmum — 9zuyv U, + 18tvu, Uy — ézvuzzum + 7yvumyum

3 3
— 920Uy Uy — 36TVULp U, — VTVULL U, — §vmux + 3tUppp s + vamxux

45 3 45
+ ?tvxutuz + 6tviu, + §xvtux — ?tvumum + 6vu, — Yyvu,, + 62vU,,

9 9 27
+ 620Uz, + 6YVUL, — §uvum + 18tvu, g, — §zvuzum + ?yvuyum
9 + ) + 3t ) + ;
— JZVUYU gy —UgUgy UgzVpy — 72Uz Vg — T YUy Vs 5 AUy Uy
yllas 1 g Ytaylen 5 Zlay
3 3 9 3
— Uy Vg — leumﬂ);m + VUgg — Vg Ug, + Z_lzvxum:z + Zyvxum:y - ézvmumcy
3 3
- 3Uu:r}x1‘ + Btvxurxz‘ + Z:E’Uxu:ca;x — TVzxx — YVzza + Zuvx:ﬁx - 3tuzvxmﬁ
3 9 3 3 27
+ Zzuzvrzm + Zyuyvmmx - §Zuyvmxx + 3tvuxmmz - szumrzz + Zyvumzzy

20U 3tvu vau Yvu 45tvu U + — VU — 220
9 TTTY TTTT 4 TTLT t 9 zx Ut 4 xxx Ut t

3 3 9 15
— 2yv; + §uvt — 6tu, vy + §zuzvt + §yuyvt — 3zuyv; + itutvt + Gtvuy,

15 3
+ Youy, — 20U + ZYVUy — 320Uy — 610U, — §xvum + Yyvu,

2 2
15 15
- 6ZUutx - Itvx:cutx + Ztvxuta‘x
1575 15t
— —UVUtgge — — LVU,
4 t 9 tt

3
Ze = 12vu, + 12tv,u, — 3zv,u, — 6tvu, + §zvtuz + 4xv, + dyv, — 3uv,
— 6vuy — Yyv,uy + 620Uy + Yyvu,, — 620Uy, — 6VU, — 12tV u,

— 320Uy + 120Uy, + 310U, — 36tVUL ULy + V2VULULy — 36TVUY UL,
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+ 920Uy Uy — 12E0ULg0y + 320Uy — VU — 1TV Uy — 220 — 2y

9 15 3
+ §uvt + éyuyvt — 3zuyv; + 6tu, v + §xu$vt + 7tutvt + 9tvuy, + §zvutz

9 3 15
— 12tvuy, — §yvuty + 620Uy — 18tV — §xvum + 3zvuy — Etvutt;

1 1 1

TF1 = §F1(t)?}$ — §F1(t)1)y — §F1(t)’l)z,
3 1, 3 3 1
XF1 = — §F1(t)uxyv + §F1U — §F1<t)ux'11y — 3F1(t)uyvx — ZF1(t>Uxmy — §F1(t)’0t,
Y, —3F(t) +1F’ 3F(t) 1F(t) 1F(t)
= 2 1 Ug2V 2 1V 2 1 UgVy 4 1 (o 9 1 Ut,
1 1
Zpl = §F1/U + F1<t)1)z — QFl(t)'Ut,
1, 1 1 1
Tr, = éFQU — §va2(t +2z)— Evag(t +2z)— észQ(t + 2),
3 1 3
Xp = — §F2(t + 2)Ugyv + 5 U — éuxvag(t +2) — Buy v, Fy(t + 2)
3 1
— ZFQ(t + 2) Vg — §Uth(t + 2),
3 1, 3 1 1
Yr, = §UxxF2(t +2)v+ §F2v — §uxva2(t +2z) — vang(t +z) — évth(t + 2),

1 1
Zp, = — §F2/’U +u,F(t+2) — §UtF2(t + 2).

5.4 Concluding remarks

In this chapter, we used Lie symmetry methods to obtain analytic solutions of the
(3+1)-dimensional generalised KP equation (5.3). The first solution contains an
elliptic integral of the second kind, an amplitude function, a delta amplitude func-
tion and a Jacobi cosine function. It is common knowledge that these functions
degenerate to trigonometric or hyperbolic functions depending on the behaviour

of the parameter M?. Thus, the solution (5.13) is to our knowledge the most
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general solution of (5.3) that has been obtained to date. Some of the solutions
obtained were presented graphically. Furthermore, we obtained logarithmic and
rational solutions. Finally, we computed the conserved quantities of equation (5.3)
using the multiplier method as well as Ibragimov’s conservation theorem. The for-
mer method yielded a local low-order conserved quantity, while the later method
yielded eight conservation laws with each conserved vector corresponding to an

infinitesimal generator.
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Chapter 6

Travelling wave solutions and
conservation laws of the (241)-
dimensional Broer-Kaup-

Kupershmidt equations

6.1 Introduction

The Broer-Kaup-Kupershmidt (BKK) system of equations

E1 = Uty — Ugay + 2(uuz>y + 2U:Bx = 07
(6.1)

Ey = v + vy + 2(uv), = 0.

is one of the most popular system of NLPDEs to emerge in the past few decades.
This is evidenced by the vast array of scholars who have researched various aspects
of the system. It has applications in fluid dynamics where it models dispersive

shallow water waves travelling in equal depth. By using a convenient scaling trans-
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formation, it has been shown in [98,99] that the (241)-dimensional asymmetric
Davey-Stewartson system [100]

_ (jx:r —n—1/—— _ Fxm —A—1/——
G+ 5 + 240, Yqr). =0, 7+ — 270, Y(gr). =0,

transforms into (6.1) under the transformation

q:exp(—/ udx), r:—vexp(/ udx).

Solitoff and dromion solutions are obtained in the same work [98]. Also, the
Kadomtsev-Petviashvili equation transforms into the BKK equation under a sym-
metry constraint, see for example, [100,101]. In [101] the modified extended Fan
sub-equation method is used to obtain soliton-like and Jacobi elliptic wave function-
like solutions of (6.1). In [102], Bécklund transformation and variable separation
approach was used to obtain dromions, lumps and peakons through the introduc-
tion of an arbitrary function. Again, in [103,104] an auxiliary equation method
was utilised to obtain its exact travelling wave solutions. He’s semi-inverse method
was applied in [105] to establish a variational principle of the BKK system. Sev-
eral other researchers have utilised different ad hoc methods to establish different
solutions of (6.1). Kassem and Rashed [106] came up with closed form solutions of
(6.1) by using hidden symmetries of its Lie optimal systems. The most recent work
on the BKK system was by Tang et al. [107] who presented the double Wronskian

solutions by using Hirota’s method and binary bell polynomials.

Due to its undeniably vast applicability, continued study of the BKK system re-
mains necessary. In this chapter, we further explore the (2+1)-dimensional BKK
system (6.1). Unlike most of the previous research on this system, we do not em-
ploy ad hoc methods to obtain its analytic solutions, but utilise a standard Lie
based integration method [30]. Here we provide a detailed outline of the derivation
of the bounded travelling wave solutions, which include kink and anti-kink profiles.

We also outline how periodic solutions of a snoidal nature are obtained. Moreover,
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the homotopy integral approach to finding conservation laws is explored in detail.
To the best of our knowledge, the literature is devoid of explicit applications of
this approach, more so for NLPDEs with mixed derivatives, our work is novel in

this regard.

The work presented in this chapter has been submitted for possible publication.

See [108].

6.2 Bounded travelling wave solutions of the BKK

equations (1)
Let £ = x + by + ct, then the BKK equations (6.1) becomes

beu” — bu"" + 2b(uu') + 20" = 0,
(6.2)

cv' + 0"+ 2(uwv) = 0.

Integrating (6.2) once with respect to £ and letting the constants of integration be

zero, one gets

beu' — bu” + 2bun’ + 20" = 0,
(6.3)

(2u+c)v+v' =0.
Integrating the first equation of (6.3) once again and then solving for v gives
1 / 2
v = §(bu — bu® — beu + g), (6.4)

where g is a constant of integration. Substituting the expression of v from (6.4)

into the second equation of system (6.3), we have for the case when b # 0, that

" __ 2 _g @
u —(2u+c)(u + cu b)—l—b. (6.5)

100



Let v/ = y, then equation (6.5) is equivalent to the following planar dynamical

system:

u=y, ¥y =_2u+c) <u2 + cu — %) : (6.6)

Suppose ug > —3 satisfies g = bug(c+uo), then system (6.6) has three equilibrium
points Ey(—c — uo,0), Ex(—5,0) and Es(ug,0), where —c —uy < —§ < ug. By
determining the Jacobian determinant, we know that E; and Ej5 are saddle points
and Fj, is a center. Clearly, system (6.6) is a Hamiltonian system with Hamiltonian

— R J— 2_) _|_ —U. . F

Hence H(E,) = hy and H(Ey) = H(FE3) = hy, where hy = jud(uo + ¢)* and

hy = —55¢*(? 4 8cug + 8uj). Therefore, we have the phase portrait of (6.6) (see
Figure 1). It shows that there are two heteroclinic orbits connecting the two
saddle points F; and E3 which consist of the boundary of a family of periodic
orbits. As is well-known, the two heteroclinic orbits of (6.6) which are determined
by H(u,y) = hy correspond to a kink and an anti-kink for u of (6.1) respectively
and the periodic orbits given by H(u,y) = h with hy < h < h; correspond to
periodic travelling wave solutions. Hence, one sees easily from Figure 1 that there

are a family of periodic wave solutions and a kink and an anti-kink for u of (6.1).

Note that v is determined by (6.4) which is equivalent to

b
v = §(u'—u2—cu—l—u0(c+u0)), (6.8)

so (u,v) is a periodic travelling wave solution of (6.1) if u is periodic.

To derive the kink and anti-kink, we integrate along the heteroclinic orbits H (u,y) =
hq, that is,
y+ = £(u — ug)(u + ¢ + ug).

Substituting the above equation into the first equation of (6.6) and then integrating
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the resulting differential equation yields

ws(€) =5 %<c + 2up) tanh (%@ T 2up) (€ — 50)> | (6.9)

where &, is a constant of integration. It implies that for arbitrary constants &g, ¢
and ug > —35, (6.9) determine a kink and an anti-kink for u of (6.1) respectively.

Taking account of (6.8), we have the corresponding

b

0, (6) = (e + 2 sech® (%(c 4 2u) (6 — go)) (6.10)

and
v-(§) =0,
that is to say, (uy(§),v4(§)) and (u_(&),v_(§)) are two travelling wave solutions

to (6.1).

Figure 6.1: Phase orbit of (6.6) and the corresponding bounded travelling wave

solutions.

For the periodic orbits determined by H(u,y) = h with hy < h < hy, we know
from (6.7) that the periodic orbit passing through (us,0), for arbitrary us € (—c —

ug, —5), is determined by

y =+ (u—uy)(u—ug)(us — u)(ug —u)  (ug < u < ug), (6.11)

where uy, uz and uy4 satisfying u; < —c —wup and —5 < ug < ug < uy are three real

roots of the following cubic algebraic equation:

u + (2c+un)u? 4 ((c + u2)® — 2ug(c + ug)) u+tus(c+us)® — 2ug(c+ug)(c+uz) = 0.
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Inserting equation (6.11) into the first equation of (6.6) and then integrating the

resulting differential equation yields

(ug — up)(ug — uy)

u(é) =uy + , 6.12
© ' (us —ur) — (us — uz)sn?(%, q) (6.12)
where Q = 1\/(us — u2)(uz — 1) and ¢ = % Therefore, we derive

a family of periodic travelling wave solutions u(&),v(£) to (6.1), where u(&) is
given by (6.12) and the associated v(§) is derived by inserting (6.12) into (6.8) for

arbitrary ug € (—c — ug, —5).

(1) u=wuy(§) (2) v=v4(§) with b =1 (3) v =v4(&) with b = —2

Figure 6.2: Bounded travelling wave solutions with ¢ = —2 and ug = 3.

Theorem 6.1 For arbitrary real numbers b, ¢ and ug > —3, let £ = x + by + ct.

Then the (2+1)-dimensional BKK system (6.1) has the following bounded travelling

wave solutions:

(1) two families of travelling wave solutions (uy(§),v.(€)) and (u—_(&),v_(§)),
where uy (§) is of kink shape but the associated v, () is of solitary shape whose
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(1) u=u(f) (2) v=wv(§) withb=1 (3) v =wv(§) with b= -2

Figure 6.3: Periodic travelling wave solutions with ¢ = —2, ug = 3 and ug = 0.

amplitude is determined by b (See Figure 6.2). However, u_(&) is of anti-kink
shape and u_(&) = 0;

(2) a family of periodic travelling wave solutions (u(&),v(&)) given by (6.12) and
the associated v(§) is determined by (6.8) for arbitrary uy € (—c — ug, —5) (See
Figure 6.3).

6.3 Conservation laws of the BKK equations (1.1)

A conservation law is a divergence expression DT + D, X + D,Y = 0 subject to
solutions of the BKK system (6.1). The conserved density 7" and the spatial flux
(X,Y) are functions of ¢, z, y, u, v and the derivatives of u and v. The BKK system
(6.1) does not possess a variational principle as it does not satisfy the Helmholtz

conditions [43]. However, conserved quantities may be obtained using a more
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direct approach which does not require the existence of a variational principle. In

this work we employ the multiplier approach to compute conservation laws. This

approach capitalises on the well known correspondence between multipliers and

conservation laws [43]. Furthermore, we will employ the first homotopy integral

formula to compute conserved quantities. To date, the authors have not come

across an explicit application of this formula to a system with mixed derivatives.

This work will thus serve as an illustrative example, amongst other things. A

determining condition to find multipliers of the BKK system (6.1) is

% [A'Ey 4+ A’Es] =0,
% [A'Ey 4+ AE,] =0,

where 6 /0u and §/dv are Euler-Lagrange operators (1.25), here given by

o 0 0 0 0 0 0
—=—-D,— —-D,— +D,D,— + D,D,—— — D?D ,
ou  Ou ou,, y@uy + 5 yauty + y@umy x yaumy
o 0 0 0 0
—=—-D D, D?
ov  Ov t@vt ov, + T OV
Furthermore, D;, D, and D, are total derivatives (1.4) given by
Dy = a+ua+va+ua+va+u a—irvi—l—
t= 5 ' "9 tt Oy tt o0, tx o, tx 90,
D—£+u a+va—|—u 8 +v a—l—u a+v 8+
T — a$ xa x a T au xT 01} Jzta xt avt
0 0 0 0 0 0 0
D, = 8y+uy8 —|—vya +uyya +vyya —i—uyta +Uyt8vt+

Here we seek to compute first order conservation law multipliers

(0% (6%
A = AY(t, 2,0, 0, Uy, Vg, 0y, vy), a=1,2.

(6.13)

(6.14)

Expanding (6.13) and splitting on derivatives of u and v, we obtain the following

system of multiplier determining equations:

Aiy:O, A?yzo, ZA;H—A?:O, Aiy:o, Af::()? Ai:o) A3:07 Aiz
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Ay=0, A2=0, A7=0, A, =0, A} =0,

A, =0, A2 =0, A, =0, A} =0.

Solving the above system for A' and A2, we obtain

1
A =2F () 2" + By () x + Fu(y) + F (1),

(6.15)
AN =F (y) + F> (1),

where F;, © = 1,--- ,5 are arbitrary functions of their respective arguments. We
thus have the following five multipliers

Ay =0, Al = Fi(y);

Ny = TR0 A= Fy(r)

A3 = Fy(t)z, A3 = 0; (6.16)

Ay = Fi(y), Af=0;

AL = Fx(t), AZ =0.

The homotopy integral formula [43] is a revolutionary approach for computing

conserved vectors and is given by (1.48). In accordance with system (6.1) and
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multipliers (6.15) we give formula (1.48) in explicit form as

1 OF, A OF5yA?
T = D _ inantcuieti I S d\
/0 (“ y( iy, ) e ﬂ( v, > "”’“’) ’
! OF, A OF,A2 OF, A

Oy
RIS OF,A!
0.0, (G o} o ()
zTY

Uy
OF,A! OFE,\?

. OFE,\?
0v,
V=U(y) } d)\a

o OF5\?
N\ Qv
! OF; A OFE, A1
Y = el _ el
/0 {u( (9uy > T +Ut( auty )

N OE A
Uz augmy
(6.17)

Choosing the homotopy uy) = Au, and v(y) = Av as is usually the case, we have

for A} and A?

’U,ZU(/\)

’U=’l)<)\) }

U=

U=t

N OE A
u=upy T Uz Dty

1
le/ UFld)\
0

:UFl,
1
X :/ (A uvFy + vy Fy) dX
0

:2U’UF1 + vazFb
Y; =0.

Ty = vF} is mass density, and X; = 2uv + v, F] is mass flux or momentum.
Similarly, the complete set of flux densities and spatial fluxes are derived to obtain

1
T, = 1 z’u, Fy + vy,
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1 1 1 1
Xy = 3 wu, Fyx® + 2uvFy + 3 zu, Fy — ZmQUJ:yFé —zvFy + §x2vxF2' + v, Fy,

1
Yo =— ik (°Fy + 2zuFy + 2 Fy) ;

T35 = = zuy I3,
X3 = 2xuuy I3 + uy I3 — ugy Fsx — 2vF3 + 220, Fy,

Ys = — auF} + uks;

T4 :Uy F4,
Xy = = 2uuy Fy — ugy Fy + 20, Fy,

Y, =0;

T5 == Uy F5,

X5 = 2uF5uy — Ugy F5 + 21};5 F5,

Ys = — uFy.
The conservation laws obtained here are local and infinitely many because of the
presence of arbitrary functions. Due to the order of the dependencies of the adjoint

symmetries being of a lower order than the leading derivatives of the underlying

system, the conserved quantities are low-order.

6.4 Concluding remarks

In this chapter we carried out a bifurcation analysis of the (2+1)-dimensional BKK
system (6.1). We obtained bounded travelling wave solutions in the form of kink,
bright and dark solitons as well as periodic waves. We also provided the parametric

conditions for which these solutions hold. Finally, using the first homotopy integral
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approach we successfully derived conservation laws for the BKK system. Due to
the presence of arbitrary functions in the multipliers, we obtained infinitely many

conserved vectors.
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Chapter 7

An optimal system of group-
invariant solutions and conserved
quantities of a nonlinear

fifth-order integrable equation

7.1 Introduction

The most general form of a fifth-order KdV equation reads [109]
Uy + Pty + VU Uey + YUWlpre + Uspees = 0 (7.1)

with arbitrary real constants «, v and 7. Equation (7.1) models long waves prop-
agating in shallow water and in the presence of gravity. Several famous fifth-order
KdV equations emanate from equation (7.1), for instance, the fifth-order Sawada-

Kotera equation [110]
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occurs when o = 3v, v = v and v = 15. On the other hand, when o« = 5/2v, v =
5/47v and v = 20, we have the nonlinear fifth-order Kaup-Kupershmidt equation
[111]

up + 200Uy + 25Uptyy + 10Uty + Uppsss = 0.

In this chapter, we study a newly formulated integrable fifth-order equation
F = Bumxz - 4utua::ca: - 12uxa:utz - 8uzutmx — Utzzax + Ut = 07 6 7£ O (72)

Equation (7.2) was developed in [112], where the researchers performed a Painlevé
test to prove its integrability. The authors went further to find different types of
soliton solutions of (7.2) using Hirota’s method. In a sense, equation (7.2) is a

second generation hybrid between the fifth-order Kawahara equation [113]
Ut + QU + Vigar + Vlezzaa (7.3)
and another fifth-order equation [114]
Usze — ilage — 12Us0Uiy — BUglize — Utsaes + U = 0. (7.4)

In other words, equation (7.2) is a progression from equation (7.4) due to the ad-
dition of a second dispersive term (), by lending credence from the Kawahara
equation, which also has the two dispersive terms (tzz;) and (Ugppes). Notwith-
standing this backdrop, integrable models are of great interest to mathematicans
and physicists for the plethora of information they possess. The integrability of
equation (7.2), which has been proven in [112], makes it a significant model and
worth studying. In this chapter, we seek to obtain a more comprehensive set of
solutions with the aid of an optimal system of one-dimensional subalgebras. Also,

we will derive a group of transformations corresponding to the symmetry algebra

of (7.2).

Although the solutions given in [112] are extensive, it will be seen that our solutions

subsume those in [112] since we obtain hyperbolic, parabolic, elliptic and power
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series solutions. We will go a step further to determine the conserved vectors

attributable to this equation.

The work presented in this chapter has been published in [115].

7.2 Lie group analysis of (7.2)

7.2.1 Infinitesimal generators
For a one-parameter group of transformations
t—t+al'(t,o,u), T — o+ al(t,z,u), 4 — u+an(t,z,u)
with a small parameter a, we have the corresponding infinitesimal generator

X = €t wou) 2+ (2, u)L 4 (t, 7, u) 2

ot ox ou’ (7.5)

The vector field (7.5) in conjunction with (7.2) satisfies the invariance condition
pr(5)X(6u:pxx - 4utux:r:p - 12um:rutac - 8uacutw:v — Utgzax + uttt)‘F:O = O (76)

Here, pr® X is the fifth-order extension of (7.5) given by [30]

0 0 0 0 0 0
B)x — i Y Y
pr X X + Ct aUt + Cx 3ux + Ctr (7um + er au:m; + Cttt 6Uttt + <txm 8Utxm
0 0

and (i, Co, Cos Cows Cotts Caws Conas Crowar are prolongation coefficient functions which
can be obtained from (1.16) and (1.17). From (7.6), we obtain the following system

of twelve linear homogeneous PDEs:

5193 - 07 élu - 07 gltt - 07 gltz - 07 gltu - 07 5215 - O, £2u - 07
262, =& =0, nu =0, 0, =0, & +2n, =0, 8n, — 35", = 0.

(7.7)
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Solving system (7.7) yields the generator coefficients

8C 4C 4C
g =5t + 0 €= S2n 4 Oy = —2ut Gt + Gy (7.8)

and ultimately we obtain a four-dimensional Lie algebra L,, spanned by the gen-

erators

P 9 o P o 9
9 g0 0 N
ot a0 X3 = 8ig tdug + (6t —du)mn, Xy=on (79)

7.2.2 Group transformations of known solutions
The one-parameter groups G; of transformations generated by the four-dimensional
Lie algebra (7.9) can be obtained by solving the Lie equations [31] and these are
Gr: (t,z,u) = (t+ a,x,u),
Gy : (t,z,u) = (t,z + a,u),
Gs: (t,z,u) — (tega, zel® ye 1 4 %lﬁteA‘“ (612“ — 1)) ,

Gy (t,z,u) = (t,z,u+ a).
Thus, we have the following theorem.

Theorem 7.1 If u = m(t,x) is a solution of the PDE (7.2), then so are the

functions
Gy uY =m(t —a, ),
Gy u® =m(t,z — a),
1
Gs:u® = e 19m(te 8 ze™10) 4 Zﬁt (1—e ',
Gy :u® =m(t,z) +a.

This means that from any known solution of (7.2) one can obtain infinitely many

new exact solutions of (7.2) by the repeated use of the above family of solutions.
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7.2.3 Optimal system of one-parameter group invariant so-
lutions

We now utilise the method given in [30] to find an optimal system of one-dimensional

subalgebras corresponding to the Lie algebra (7.9). Accordingly, we begin by de-

termining the commutation relations, [X;, X;] = X;(X;) — X;(X;), between vector

fields (7.9). This leads to the commutator table given in Table 7.1.

Table 7.1 Commutation relations of 4-dimensional Lie algebra (7.9)

[(Xi, X5] X4 Xo X3 Xy
X1 0 0 8X1+38Xy O
b 0 0 14X, 0
X3 —8X1 —38Xy —-4X, 0 4Xy
Xy 0 0 —4Xy 0

The Lie series

Ad(exp(eX;))X; = Z ;—T;(Ad Xi)"(X;)

along with the results of Table 7.1 yield adjoint representations, which we present

in Table 7.2.
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Table 7.2 Adjoint table of Lie algebra (7.9)

Ad X, Xy X3 Xy
X1 X1 Xs —8eX1 4+ X3 —30eXy Xy
Xy X5 X —4eXo 4+ X3 X4
X3 ede X, + %,Be_‘le (6126 — 1) e*Xy Xj e %X,
Xs X X5 Xz +4eXy Xy

Using the Tables 7.1 and 7.2, and the procedure given in [30, 78], we obtain an op-
timal system of one-dimensional subalgebras spanned by X, X5, X3, X7+ X5, Xo+
X4. However, we note that the vector field X; — X5 can be mapped to the vec-
tor field X; + X5 by the discrete symmetry (¢, z,u) — (¢, —z,u). This leaves us
with the following optimal system of one-dimensional subalgebras of (7.2) that is

spanned by
X1, X, X3, X1 + Xo, Xo £ Xy (7.10)

We now determine an optimal system of group invariant solutions corresponding

to (7.10). This will give us closed-form solutions of (7.2).

7.2.3.1 Cases X;, X, and X, + X,

From the generators Xy, X5 and X5 £ X, we obtain the group invariant solutions:

ut,z) = ¢1(§), ==, (7.11)
ult, ) = $2(§), £ =1, (7.12)
u(t,z) = ¢3(€) £z, € =t, (7.13)

respectively. Each of the group invariant solutions in (7.11)—(7.13) transform equa-

tion (7.2) into the ODE ¢7'(§) = 0, j = 1,2,3. This is easily solved to give the
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solution

1 .
6;(§) = 5O+ Ot + Ty, § =1,2,3, (7.14)
with C7, Cs, C5 integration constants. Thus,

1

Uy = §C1$2 + CQ$ + Cg, (715)
1

Uy = 501152 + Cgt + 03, (716)
1

Us = 501t2 + OQt + 03 tz (717)

are the group invariant solutions of (7.2) under the optimal system elements X,

Xy and Xy 4+ Xy, respectively.

7.2.3.2 Case X; + X,

We now focus on the optimal system element X; + X5. Using the usual Lie theory,
we obtain the group invariant solution u(t, z) = ¢(§), £ = x — t, which transforms

equation (7.2) into the nonlinear ordinary differential equation (NLODE)

¢///// + (5 _ 1)¢/// + 12(¢///¢/ + ¢//2) =0. (718)

(a) Solutions of (7.2) by direct integration of (7.18)

Integrating (7.18) twice with respect to & gives
" +6¢”+(B—1)¢ +C1é+Cy =0 (7.19)

with integration constants Cy and Cy. Equation (7.19) cannot be solved to produce
solutions in terms of classical functions, see for example [116-118]. At this point we
are compelled to explore two interesting cases which lead to elliptic and hyperbolic

solutions.

(i) The Jacobi elliptic function solutions of (7.2)
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Consider the NLODE (7.19) with C} = 0 and let ¢'(§) = (1/2) ©(¢). Then

equation (7.19) becomes
0" +30% - pO + C, =0, (7.20)

where p = 1—( and C; = 2C5. The solution for equation (7.2) will thus take
the form u(t,z) = 1/2 [ 6(£)d¢. The NLODE (7.20) is a principal equation
and arises from many famous NLPDEs. See for example [116]. Multiplying
(7.20) by ©" and integrating with respect to ¢ yields

07 +20% — pe* + 20,0 + 2C5 = 0. (7.21)

Equation (7.21) leads us to the well-known Jacobi elliptic cosine function

solution of (7.20), namely [66,95]

e(¢) =u2+(u1—u2)cn2{\/M1;M3§,M2}, M2 =BT 7 99
M1 — U3

Here g, p2 and pz (with gy > po > p3, 0 < M? < 1) are roots of the

algebraic equation

1
@3—§p@2+04@+05:()

and thus satisfy the differential equation
0% = —2(0 — 11)(© — 112)(© — pi3).

Moreover, Cy = 20y = pipg + props + paps and Cs = papops. Finally, we
recuperate the variable u to obtain the solution of (7.2) as
(1 — prz) sn (AE|M?) cos™ {dn(AEIM?)}

u(t,x) =
244/1 - dn (Ag[M?)?

+1/2m8,  (7.23)

where A = /iy — pi3/vV/2, 8 =1 —=2(p1 + po + p3) and € =z — £,

The analytic solution (7.23) is periodic in nature, and its profile is sketched

in Figure 7.1.
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{Case Xz + X1}
0k

_30[

Figure 7.1: Profile of periodic solution (7.23).

(ii)) The hyperbolic solutions of (7.2)

By letting the integration constants C; and Cy equal to zero and ¢/ (&) = 1(§)
in (7.19), equation (7.19) becomes

V" + (B — 1)+ 69* = 0. (7.24)
Multiplying by 1" and integrating with respect to & leads us to
U+ 4+ (B - 1w =0, (7.25)

where once again, the integration constant is taken as zero. The solution of

equation (7.25) is

(£v/T=5Cs — V1= 5¢) H (7.26)

N —

9(E) = ~7(6 1) [1 —tanh2{

118



with C5 an integration constant. In order to recover the variable u, we inte-

grate (7.26) with respect to £ to obtain the topological kink soliton solution

u(t,z) = % tanh (%\/1 —p (€L 03)> (7.27)

with its profile shown in Figure 7.2.

Figure 7.2: Profile of topological kink soliton (7.27).

Remark. Travelling wave solutions of (7.2) can be obtained by taking the linear
combination X; + vXs, where v is the wave velocity. The corresponding group
invariant solution for this combination of vector fields is u(t, x) = ¢(§), £ = v — vt,

which consequently yields the travelling wave solution of (7.2) as
(11 — p2) sn (AE|M?) cos™" {dn(A [ M?)}

u(t,z) =
Ay/1 — du (Ag|pzy?

where A = \/iir = Jis/V/2, B = v{v® = 211 + iz + ps)} and € = @ — vt.
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(b) Solutions of (7.2) via the (G'/G)—expansion method Using the (G'/G)—expansion
technique [19], we now solve the NLODE (7.18). Let equation (7.18) have the for-

mal solution (1.62). We aim to find the values of the coefficients Ag, Ay, -+ A,,.

In the case of the NLODE (7.18), we obtain m = 1. See, for example [64]. Thus,

from (1.62) we have

P(§) = Ao+ A (gfg) . (7.29)

Substituting (7.29) into (7.18) and making use of the linear ODE (1.63) we obtain

an algebraic equation in Ay and A;, whose solution is
AOZA(), A1:17 5:1—()\2—4/L)

Thus, we have the following three types of solutions for (7.2):

(i) When 1 — g > 0, we have

(7.30)

u(t. 7) = Ag+ (B1 cosh(Q4&) + By sinh(Qlﬁ)) B %7

Bi sinh(€4&) + By cosh(€2€)
where ) = /1 — /2, { =x —t and Ay, By and B, are arbitrary constants.
The solution profile of (7.30) is presented in Figure 7.3.

{2 - D Profile}

200 ~100

Figure 7.3: Topological kink soliton profile of (7.30).

(i) When 1 — 5 < 0, we get

: (7.31)

DN | >

w(t,z) = Ag + (31 sin(§2:§) — Bo Cos(ng)) -

By cos(£22€) + By sin(£2:¢)
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where 2y =/ —1/2, { = x —t and Ay, B; and B, are arbitrary constants.
The solution profile of (7.31) is sketched in Figure 7.4.

Figure 7.4: Periodic behaviour with singularities for (7.31).

(iii) When g = 1, we obtain
u(t,x) = Ag+ ————— —
(t,2) ’ By + By
where £ = x — t and Ay, B; and B, are arbitrary constants. The profile of

B
2 % (7.32)

solution (7.32) is given in Figure 7.5.

{2 - D Profile}

L L L L
-5 5 10 15
2001

—600]-

Figure 7.5: Bright and dark soliton (7.32) with a singularity.

7.2.3.3 Case X3

Finally, we consider the optimal system element X3, which culminates in the group

invariant solution u(t,z) = (1/vt)¢(€) + 1/4 t, € = x/+/t. Thus, equation (7.2)
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is transformed into the NLODE

4€¢(5) + 20¢(4) + 48§¢/¢”/ o €3¢/// + 96€¢/2 + 966¢¢” + 16¢¢/// + 192¢/¢//
—33¢¢) — 1262¢" — 15¢ = 0. (7.33)

The power series solution method is ideal for solving such complicated nonlinear

differential equations (7.33). See, for example [25-27]. To begin, let the solution
of (7.33) take the form

z=0

with constants g,, z = 0,1,2,---, to be determined. The various derivatives of

(7.34) are thus

#(6) = 2(% gent

5(6) = f;@ P14 2)g o

#(6) = iom 1)+ 2)(z + 3)genst” (7.35)
59(6) = fj( P+ D+ 3)(e At

o (€) = i(z +1)(2+2)(2 +3)(2 +4)(2 +5)gz456".

Substituting the results of (7.35) into (7.33) gives

1) " 2(z+ 1) (2 +2)(z + 3)(2 + 4)gapal” + 20i(z +1)(2 +2)(2 +3)

z=0
oo z—1
(24 4)g-1a8 +48) D (G + D)z =)z +1=5)(z+2 = j)gj110:425€
z=1 j5=0
oo z—1
—Z (z —2)( z—lng£Z+96ZZj+1 J)Gj+192—;&7
z=1 j5=0
oo z—1
+96) > (2= )z +1—j)gig-11-4& +1622z+1—1 (7.36)
z=1 j=0 2=0 j=0
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(2+2=J)(z+3=1)gig45;€ +192) > (G +1)(z+1—)

2=0 j=0

(242 = §)gju1geras& =33 2g:8 — 12 (2 — 1)2g.€7

z=1 z=2
—15) g.£ =0,
z=0
Equation (7.36) leads to

480g5¢ + 2880066 +4 ) 2(z + 1) (2 + 2)(2 + 3)(2 + 4)g=14€” + 4800
z=3

+2400g5€ + 7200g6€% + 20> (2 + 1)(2 + 2)(2 + 3)(2 + 4) g2 44&°
z=3
co z—1

+288g195€ + 11520194 +48 ) > (i + Dz =)z +1=j)(z +2 — )
2=3 j=0

Gin1Ge12-56" = Y (2= 2)(2 — 1)29:€" + 9697€ + 1929192

2=3

oo z—1

+96> ) (+ 1)z — §)gj+19:—;€ + 192g0g2€ + 576g0g5E (7.37)
z=3 j=0

oo z—1

+96> ) (2= )z + 1= §)gjg-+1-55 + 96gags + 384gogal
2=3 j=0

+960g0g56" +16 Y > (2 +1—j)(z+2=5)(z+3 = 1)g;0-155€

z=3 j=0

+ 3849192 + 115201 95€ + 2304g1048> + 192> ) (j+ 1) (2 +1 - j)
2=3 j=0

(242 = J)gj+19=42-76" — 33g1€ — 66g2&” — 33~ 29.67 — 12g5¢”
z=3

—12) (2 — 1)2g.£* — 1590 — 15g:€ — 150,67 — 15 Y g.£* = 0.

z=3 z2=3

Now comparing coefficients of £ in equation (7.37) we have, for z =0, 1, 2:

969093 + 3849192 — 1599 + 480g4 = O, (7.38)
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1929092 + 384G0gs + 96,2 + 1440g1 g5 — 48g1 + 28805 = 0, (7.39)

5764093 + 9609095 + 192¢1 92 + 34569194 — 9392 + 10080gs = 0 (7.40)

and generally for z > 3 we have the recurrence relation

1
4 = — 48 1)(z —
It = T 1 20) (2 + 1)(2 + 2)(2 + 3)(= + 4) { Z” :

(Z +1- ])(Z +2- j)gj+1gz+27j - 33292 - 12('2 - 1)292 - 15gm
z—1 z—1

+96 > (G +1)(2 = 4)gjs19:5 +96 Y (2= )z + 1= )gig=41-
§=0 §=0

+16 Z(z +1=5)(z+2—5)(2+3—5)gig+3—; — (2 — 2)(z — 1)zg.

+192) (j+1D)(+1-j)(z+2— j)gjﬂgm_j} :

(7.41)
From equations (7.38)—(7.40) and for arbitrary go, - - -, g3, we have the following:
1 1 4
g4 = 3290 5 9o g3 5 g1 92;
2 1 L8 8 1 1 1 1
gs —7590 93 15 7= 90 92 75 Jo g1 92 — 24090 30 91 5 59193+ 6091> (7.42)
1 e 4 16 >, 2 2 >, L 1 31 '
n 61 2 n 48 2 L 31
525910500 — 359890 + 750102 — {5019+ 535502
Using the recursion formula (7.41), successive terms g¢,,, m = 7,8,---, can be
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determined uniquely. Thus, the power series solution of (7.33) can be written as

1 1 4 2
. 2 3 _ = _ - 4
H(&) =g0 + @i& + 9267 + g3&” + (32 90— 5 9095~ ¢ 01 92>f + (7590 g3

1 8 1 1 1 1
—— G0t =G G — =G0 — =G — =g+ —g1 | E

15 75 240 30 2 60
n 1 3 4 16 n 2 1 31
2520 15759390 1575919290 3159290 3159190 25209190
61 2 48 2 31 ) -
+525919390 359390 + 1759192 105 33607 ) &+ Z Gza€
(7.43)

Finally, the solution of (7.2) is

x z? z3 1 1 4 zt 2
u(t, ) =go + 91—+ 92—+ sz T | 5500 ~ £ 9095~z 0192 ) 5+ | =909

Vi t 32 5 5
1 8 1 1 1 1 x
—590924—%909192 %90 BETEL —29193‘1‘@91)7557
1, 4 L, 16 2 1 31
+ (252090 T 1575%% 1575919290 + %9290 3159190 25209190
61 2 48 2 31 20
+%g1g390 ~ 359390 + 1759192 105 336092) —
[e'e) z—1
_; 4;:;240 5 (482 FHDE=NE+1-)(z+2-5)  (7.44)
z—1
9j+19z+2—5 — 3329, — 12(2‘ - 1)292 — 15g. + 962(] + 1)(Z - ])
=0
z—1 ’ z
Gi119:— 96> (2= i) (z+1—4)gjgr1; +16 Y (2 +1— )
=0 =0

(z4+2—=5)(2+3—17)gi9zr3-j — (2 —2)(2 — 1)zg.

+192 Z(j +D(z+1-7)(z+2— j)9j+1gz+2—j> (%) :

The graphical depiction of the behavioural pattern of solution (7.44) is given in

Figure 7.6.
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{2 - D Profile}

Figure 7.6: Depiction of cumulative partial sums up to Ty for solution (7.44).

7.3 Conserved quantities of (7.2)

7.3.1 Noether’s approach

We begin by applying the classical Noether’s approach [33] to determine conserved
quantities of (7.2). The Helmholtz conditions dictate that for a NLPDE to have
a variational principle, it must, amongst other things have an even-order [43].
Equation (7.2) is of order five and thus cannot have a variational principle. To

remedy this we introduce v = v, to transform (7.2) into the sixth-order NLPDE

*
F - Bvx:c:cr - 4Utxvaca:mc - 12Uxmcvtmc - 8Uxxvtxxx — Vtxzzax + Vttter = 0 (745)
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For the transformed equation (7.45) to have a variational principle, it must indeed

satisfy the Helmholtz conditions

OF*
0(09)

= (=1)"(E5(F))" (7.46)

Here ¢ =1, -+ ,Q, where @ is the order of equation (7.45). Due to the presence of
the transpose t, generally the number of field variables v should equal the number of
components in system F*, else the Helmholtz conditions do not hold and extension
F* would not possess a variational principle. Also, E? represents higher Euler
operators, which are given by

b OF* (vl OF" o OF
B = g~ (7 )2 sy o ()P g €0

with 7 = 1---q and D represents the total derivatives D = (D, D,). It can be
shown with relative ease that a reckoning of (7.46) will confirm that equation (7.45)
indeed has a variational principle. A Lagrangian can thus be recovered for (7.45)

as

4
E :gvtrm (Uvrmm + Ux”a:m) + gvzmx (thwx + Umvtx) + éﬁver
1

+ §Uxmcvtmc + §Uttvtx - 4vxa:xvvtxx- (748)

The Lagrangian (7.48) conforms with condition 6£/dv = F* = 0, as expected.

In order to obtain the variational symmetries Y = £'9/0t + £20/0x + nd/dv cor-

responding to Lagrangian (7.48), we shall use the invariance condition
®3) 1 2 _ 1 2
prY (L) + LD + D = DyB™ + D, B?, (7.49)

where pr®Y is the third prolongation of Y obtainable from

0 0 0 0 0 0

By vy — — —_—
pr + g:c va + Ctta . + gtx 8vm + Cxx avxm + Ctxac a'th;g; + me avxmc

U
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Note that in (7.49), &', €2 n, B and B? are functions of (¢,z,v). The invariance

condition (7.49) yields the following system of twelve linear PDEs:

5151:07 531::07 511;207 51&220, 6;%:07 53:07
77tt:07 77:13:07 Th;:oa B$:07 B’?):O’ Btl—i_Bi:O

(7.50)

From system (7.50) we can readily infer without any tedious calculations that

51201, 52202, 7]:03t+04, BIZF(t,I‘), BQZH<t,ZE)+P(t)

with H(t,z) = — [ Fy(t,x)dz. The above generator coefficients lead us to the
variational symmetries
0
Yi=—, B'=B>=0
1 ata )
Vo= o, B'= B =0,
o (7.51)
}/3: a0 Bl:B2:07
v
0
Y=, B'=B*=0.

ov’

Following the algorithm outlined in Section 1.5.2 we obtain the following nonlocal

conserved quantities of equation (7.2):

1
T! = % {2 (16u; + 905) ui + 8 (8uum — Quyy (/ utdx)) Uy — 8 <umx /utdx
—Tugligy) u+ 3 (4umum + (QUMI -3 / uttdm) gy + (U — 2Upys) /utdm) } ,

1
Y = B {4 ((96 — 3duy) um/utdm + 2u/uttdx - Sutt) + 32ui/uttdx — 18uy,>

—4 (95% — 20w, + 56wy, /utdx + 16uutt) Uy — 64Uty + SUULy / wdx

2
+ 24Uty — 30ULzza / w dr + 6Ugpy / updr — 9 ( / uttdx>
(e (o))
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1
T: = % { (GUIM -9 / updr — 96uum> Uy — 18u,” + 32u,” — 6uy,”
+ (27utt — Squx:p - 6u:m:xm) U} )
1
Ty = 36 { (4um (98 — 32u;) — 30Upgpy + 9/Utttd$) u + 2 (56u; — 90) uazc

88U Uy — 12Upg sy + Sty (3Upge — 26Uty ) + Suy (3 / Uy dr + 2uzm> } :

1 1
Ty = U + %t {T2Up Uy — 2TUsp + SUUzze + OUssas )

1
Ty = 30 {224tuug, — 4 (2u + 90t — 34tuy) Ugy — Stutlyyy + 30tUsy

+9 / updr — 9t / U AT — 32u92€ — 6uzm} X

2
Ti =2UzpUpy — Zutt + §uu;mm: + guxa:xxa
1

7.3.2 Multiplier approach

One advantage of the multiplier approach is that it does not require the existence of
a variational principle in order to obtain conserved quantities of differential equa-
tions [30]. The determining condition for a multiplier (1.47) will give us multipliers

A(t,z,u). The Euler operator (1.25), in this case, is given by

) 0 0 0 0 0 0
— =—-D— —D,— + D,D,— + D? — D}
ou  Ou You, ou,, + 5 Ol * T Uy E gy
0 0 0
— D,D? - D3 — D,D?
e autx:r * aumzx e autmmmm

and Dy, D, are given by (1.4). From equation (1.47) and by following the procedure

similar to the usual Lie symmetry algorithm, six multiplier determining equations
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are realised, which are
Auu = 07 Aa:u = 0, Aa:x = O, Atu - 0; Atac - 0; Attt =0. (752)

Solving equations (7.52) one obtains the multipliers corresponding to equation (7.2)
as

1
A = Ciu+ Cox + 503# + Cyt + Cs, (7.53)

where C1,. .. ,C5 are constants. We now employ the first homotopy integral formula

(1.48) with equation (7.2) along with multipliers (7.53). We obtain
1 1 9
T = Couuy — 2CTuty, — 4CuuzU,, + Cu — §Cguumm — §Cgut — Cstuy — u Cy
1
+ Crouy + §C3t2utt + Cutuy + Csuy
and
1, 5 1 2
X == CSBumc - Clwutmx:r; - C4tutxxm - Olﬁux - §C3t Utzzx + Clﬁwumc + ECBﬂt Ugzy

1 1
+ C4Btuxm - 502uut$xm - 8O5uaxut;v + GOlutux - 502utzua:x - 4O5utux$

2

— 405Uttty — A0, XU Uy — 20562 U Uy — AC U Uy — SC T UL Uy — AC5E 2 U Uy,

1 1 1
+ _utx:pCQUI + 2uutxcl + 4ut02u?3 + §C2utuzx:p - 5025u3; - CSUtmcm + Clutxm

+ Cyuttyy — 8Cytugty, — 4Coutu,
and consequently, we have the following five conserved quantities of (7.2):

T = 2uy — 2Ullyy,

TV =gy + BrUzy — 8TUL Uy — 4TU Uz, + 2Upy — PUy + OUUL — TUpggy;

1 1
t 2
T, =uly — —Ulgppy — UULUzy — §ut,

2
N ) 1 1 1
T2 = 4utux - §uut:cxa: + §uxutacac - §u$zutm + Eutuwwx - 4uuxut$ + Buuxa: - 4uutuzx

1 2
- §/Bufb )
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1
T: = §t2utt +u — tuy,

1 1
Tér - §ﬂt2ug;x o Etzumzm - 2t2utuzx - 4t2umutff;

t
Ty =tuy — uy,

t
T5 = Uy,

x
T5 - Buwac - 4utuxa: - 8u:cutz — Uizzz-

Remarks As can be seen, the conserved vectors obtained here are first integrals

of equation (7.2).

7.4 Concluding remarks

In this chapter, we performed an extensive study of a fifth-order integrable NLPDE
(7.2), which was lately established in the literature and consisted of two dispersive
terms. We obtained group transformations under which the equation (its solu-
tions) remained invariant. Furthermore, we deduced an optimal system of one-
dimensional subalgebras culminating in several group invariant solutions. This
resulted in parabolic, trigonometric, hyperbolic, elliptic and power series solutions.
The corresponding solution profiles depict topological kink soliton and periodic
behaviour. Moreover, we investigated the existence of a variational principle in
relation to Helmholtz conditions and went on to derive nonlocal conserved vectors
corresponding to the variational principle obtained. Local and low-order conserved

quantities were computed using a homotopy integral formula and multipliers.
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Chapter 8

Analytic solutions and conserved
quantities of the coupled complex
modified Korteweg-de Vries

equations of plasma physics

8.1 Introduction

The complex modified Korteweg-de Vries (cmKdV) equation [118] is given by
uy + 6€|ul?uy + Uger = 0, € £ 1. (8.1)

This equation is a model for weakly dispersive shallow water waves. Equation (8.1)
is integrable and belongs to a hierarchy of nonlinear Schrédinger (NLS) equations.
Several researchers have explored various aspects of the cmKdV equation. For
instance, in [119] researchers managed to show that equation (8.1) is gauge equiv-
alent to a spin equation by utilising gauge transformations. They also found exact

soliton and periodic solutions via Darboux transformation. In [120], the existence
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and orbital stability of travelling wave solutions of (8.1) was determined. Further-
more, breathers and localised solitons of the cmKdV equation were found in [121].
Of note however is that the cmKdV equation (8.1) was extended to the coupled
cmKdV system (cemKdV)

Uy + Ugge + 6(|u)? + |v[*)uy = 0,
(8.2)

Vs + Vga + 6(|u® + [v]*)v, = 0,
which was seen for the first time in [122]. System (8.2) has been put forward
as a nonlinear model for the propagation of plasma waves as well as transverse
waves in a molecular chain model. The authors of [122] gave a binary Darboux
transformation for the ccemKdV system (8.2). Furthermore, the authors manage to
obtain several types of solutions which are in terms of trigonometric, hyperbolic,
exponential and rational functions. The solution profiles, as expected are differ-
ent forms of solitons. By introducing transformations u(t, ) = p(t, z) + iq(t, x),
v(t,x) = r(t,x) + is(t,r) and a parameter generalisation, system (8.2) becomes a

(14-1)-dimensional generalised coupled mKdV ((141)-dgemKdV) system

Ey =i+ Poge +a(p* + @ + 17+ 8H)p, =

(8.3)

0,
2
Es =1+ roge +a(p* + ¢+ 12+ sH)r, =0,
2 07

)
Ey = Gt + Guoa + (0" + ¢ +1° + )2

)

)

E4ESt+Smxm+a(p2+q2+r2+3 Sz

where « is a non-zero real constant. In this chapter, we study the (141)-dgemKdV
system (8.3). Firstly, using Lie symmetry analysis, we establish a one-parameter
group of transformations of the solutions of this system. Moreover, we find group
invariant solutions and utilise a simplest equation approach along with three dif-
ferential equations, each satisfied by the copolar trio of elliptic functions cn, sn
and dn to obtain analytic solutions. Furthermore, using the power series solution

method we secure an extensive and unique set of solutions of the system under
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study. Finally, we determine conserved quantities to which system (8.3) conforms

by using the multiplier approach and provide an explicit form of the first homotopy

integral formula.

The work presented in this chapter has been submitted for possible publication

[123].

8.2 Lie algebra and one-parameter group trans-

formations

The infinitesimal transformations corresponding to system (8.3) are given by [25]

E%t_}—agl(t?x?p’q?’r?s)? jzx+a§2(tax7p7Qar7s)7

prp+an'(t,z,p,q,rs), ¢~q+an*(t,z,p,q,r,s),
77%7’—"_CI/T]?)(t71‘7297Q7747<9>7 §%S+an4<t7$7p7Q7T78)
with a < 1.

An infinitesimal vector field of transformations (8.4) is given by

0

0 0
X :fl(t,x,p,q,r, S)a + 52@7%]97(]77“73)% + nl(tvxap7Q7ra S)a_p

2 3 4
( aI7p7Q7r78) 9(] ( 7xap7Q7T78) 97“ n ( 7I7p7QaT7S) 98

The third prolongation of vector field (8.5)
0 0 5 O 5 0 9
0 0

o] g 05y

0

0

0
pr¥X =X + G=—+¢
Opy

0
Oory

+ ¢

9 9
+@5ﬁﬁi +¢ +¢%f{§ +¢

(8.4)

(8.6)

with prolongation coefficients (1.16) and (1.17). Equation (8.6) gives the deter-

mining equation for obtaining an r-dimensional Lie algebra associated with system
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(8.3). Using Maple the following nine-dimensional Lie algebra Lg is obtained:

9 9 o o o8 o o 0

X, =2 x,= 2 x,=3 24,2 9 _ 9 9

1 gp A2 T gy KT S TG by UG T e T Sy
o 0 o 0 o 0

X, =pZ 02 x. =2 _ 9 _ _
o 0 o 0 o 0
T o T Par oy 0T Tas Tor

We now construct one-parameter group of transformations Gy, ...

by Lg (8.7) by solving the Lie equations

, Gy generated

dt dz
== 2R TS, fmo =t - = E(EE PG, Tlamo = 2,
dp o g 5, _

t a=0 — P 4 » 1 a=0 — 4, 88
7 =n'(t,2,p,q,7,5), Pla=o P o= n*(t,%,5,4,7,5), qlazo=q (8.8)
dr _ ds
d_Z :773(75,55725, (_7777, §)7 T|a*0 =T, dfl n (t z ﬁa Cj,f '§) 8|a:0 = S.

Thus, we obtain

Gy: (t,z,p,q,7,8) = (t+ai,x,p,q,1,5),

Gy : (t,2,p,q,7,5) = (t,x + as,p,q,7, ),

Gs: (1,2,p,q,7,5) — (te33, xe® pe™ ™, qe " re” %, se” ),

Gy: (t,7,p,q,7,5) = (t,x,pcosay — gsinay, psinay + qcosay, r, s),
Gs: (t,%,p,q,7,5) = (t,x,p,qcosas — ssinas, r, gsin as + s cos as),
Gs : (t,7,p,q,7,5) = (t,x,pcosag — ssinag, q, 7, psinag + s cos ag),
Gr: (t,%,p,q,7,5) — (t,x,p,qcosa; — rsinayr, gsina; + rcosar, s),
Gs: (t,%,p,q,7,5) — (t,x,pcosag — rsinag, q, psinag + r cos as, s),
Gy : (t,7,p,q,7,5) = (t,x,p,q, 7 cOSag — ssinag, rsin ag + $ cos ag).

Using the above results, we can now state the following theorem:

Theorem 8.1 Ifp = f(t,x),q = g(t,x),r = h(t,z) and s = w(t,x) is a solution

of (8.3), then the one-parameter family of solutions generated by group G, ..., Gy
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are.

Goy:p=flt+ay,x),qg=gt+a,z),r="h(t+a,z),s=w(t+a,z);
Gay :p=flt,x+a2),qg=g(t,x+az),r = h(t,x + as),s = w(t,z + az);
Gas i D = f(te?® we™)e™ g = g(te™s, ze)e™,

Gay o 7 = h(te’™ xe®)e™ s) = w(te™, e )e’;

Ga, :p = f(t,x)secas + g(t,x) tanay, ¢ = g(t,x) secay — f(t,z) tan ay,
Ga, 7 =h(t,z),s =w(t,z);

G :p = f(t,x),q(t,x) = g(t, z)secas + w(t, x) tan as,

Gay i 7 = h(t,x),s(t,z) = w(t, z)secas — g(t, x) tan as;

Gag - p = f(t,x)secas +w(t,z) tanag, ¢ = g(t, x),

Gae 7 =h(t,z),s = w(t,z)secag — f(t, z)tan ag;

Ga, :p = f(t,x),q = g(t,x)seca; + h(t, z) tan ay,

Gg, 7 = h(t,z)seca; — g(t, ) tanar, s = w(t, x);

G - p = f(t,x)secas + h(t,z)tanag,q = g(t, x),

G : 7= h(t,z)secag — f(t,z)tanas, s = w(t, x);

Gag :p = f(t,7),q0 = g(t,2),

Gao : 7 = h(t,z)secag + s(t,x) tanag, s = s(t, x) sec ag — h(t, x) tan ag.

8.3 Analytic solutions

We now seek to derive exact solutions of system (8.3) by making use of the time
translation symmetry X, space translation symmetry X, and scaling symmetry
X3. Group invariant solutions [93] for the rotation symmetries Xy, ..., Xo cannot
be recovered unless perhaps by taking linear combinations of X; and/or X, with

any of Xy, ..., Xy. In this work, we will only explore exact solutions emanating
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from symmetries X;, Xy and X3 as already alluded to.

8.3.1 Case X+ cXy

Using Lie theory this linear combination gives the group invariant (travelling wave)

solutions
p:w(f)v q:h(ﬁ), T:g(g)a Szf(f), fZZE—Ct, (89>

where ¢ is the speed of the wave. With (8.9) we transform system (8.3) into the

system of nonlinear ordinary differential equations (NLODESs)

w'” —cw/+a(w2+h2+92+f2)w' — 07
h/// —ch’+a(w2 —|—h2 +92 +f2)h/ — 0’

(8.10)
g”’—cg'+a(w2+h2+gz+f2)g':0,

f”’—cf’+oz(w2—|—h2+92+f2)f':O.

We seek to obtain solutions of system (8.10) in terms of the main copolar trio of
Jacobian elliptic functions, that is, elliptic cosine cn(£|w), elliptic sine sn(€|w) and
delta amplitude dn(¢|w). Here w represents a parameter such that 0 < w < 1. All
remaining nine Jacobian functions can be written in terms of at least one of the
elliptic functions in this copolar trio. See for example [66,67]. What makes Jacobi
elliptic functions interesting is that they degenerate to trigonometric, hyperbolic

and by extension exponential functions depending on the value of parameter w, see

Table 8.3.1.
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Table 8.3.1. Copolar trio for w =0 and w =1

w=0 w=1

sn(jw) sinw  tanhw
cn(élw) cosw  sechw

dn(élw) 1 sech w

The elliptic functions cn(£|w), sn(£|w) and dn(&|w) are solutions of the following

NLODEs:

3(6) = — {(1— ¢*(€)(1 — w + wd?(€)) }'2, (8.11)
3(€) = {(1 - 6*(©))(1 — wd?(€))}'2, (8.12)
$(6) = — {(1 = P*E)(¢*(&) +w — 1)}, (8.13)

respectively. Suppose system (8.3) has solutions of the form

f(&) = Z Aid(©), g(&) = Z Bip(€), h(&) = Z Cip(€), w(§) = Z D;i¢(¢).

(8.14)
Here A;, B;, C; and D; are constants to be determined. For system (8.10), M =1

and is determined by the balancing procedure. Thus, (8.14) becomes

(&) =40+ A16(§), 9(§) = Bo + B19(§),
h(§) =Co + C16(§), w(§) = Do + D19(§).

(8.15)

8.3.1.1 Elliptic cosine solutions

Periodic solutions

Substituting (8.15) along with (8.11) into NLODE system (8.10), we get a system
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of four algebraic equations in terms of ¢(£). We can further split this system by
collecting coefficients of powers of ¢(¢) leading to a system of twenty one equations

in terms of parameters A;, B;, C; D;, ¢, o and w. Using Maple we get the following

solution
1
c = W (3 « A04 + 3« BO2A02 + « B12A02 +3a 002A02 + « 0121402 + 3« D02A02
0

G+« D12A02 + 302312 + 2 B()Blcool + 2a BoB1DOD1 + 002012 -3 A02
+2a CyC1DyD; + « D02D12) ;

1 1
w :6 (8% <A12 =+ B12 + 012 =+ D12) s Al = _A_ (B()Bl + 0001 + DODl) N
0

a =a, Ay = Ao, By = By, B1 = B1, Co=Cy, C1 =C1, Dy= Dy, Dy = D.
Thus for ¢(§) = en(&|w) we have the solution

1
5o (Ai® + By + Ci* + Dy? (8.16)

).
), (8.17)
).

p(t,z) = Do+ Dicn (x —ct

1
q(t,x) =Cy + Cicen (x —ct 6 o (A12 + B2+ % + D,?

)
) (8.18)

1
r(t,x) = By + Bicn (x —ct 5 Q (A12 + B2+ C,%> + D,?

1 1
S(t,l’) = A_O {A% — (B[)Bl -+ CoCl -+ DoDl) cn (.Z' —ct 6 (0% (A12 + B12 -+ 012 + D12) ) } y

(8.19)

For brevity we will only pay attention to the graphical depiction of solution (8.19),
which is provided in Figure 8.1.
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Figure 8.1: Periodic wave, a depiction of solution (8.19) with parameter values

Ay=1,By=1,B1=1,Co=1,C,=1,0=02,Dyg=1,D; = 1.

The periodic nature of solution (8.19) is aptly depicted in Figure 8.1 and is typical
behaviour of an elliptic cosine function. In this instance, the resultant value of
w corresponding to the selected parameter values is w = 0.4. As evidenced by
the two-dimensional profile in Figure 8.1, taken at t = 0, ¢ = 10 and ¢t = 20, the

periodic transverse wave propagates with constant amplitude and frequency.

Bell-shaped dark solitons
Maintaining the parameter values in Figure 8.1 but replacing a = 0.2 with o = 0.5

leads to w = 1 and solutions (8.16)—(8.19) degenerate to

p(t,z) = Do + Dysech(x — ct), (8.20)

(
q(t,z) =Co + Cysech(x — ct), (8.21)
r(t,z) = By + Bysech(z — ct), (8.22)

(

1
s(t,x) = T {A(Q) — (ByB1 + CoCy + DoDy) sech(x — ct)} ) (8.23)
0

A bell-shaped dark soliton profile of solution (8.23), typical of the hyperbolic secant

is observed in Figure 8.2.
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Figure 8.2: A depiction of dark soliton solution (8.23) with parameter values

Ay=1,By=1,B1=1,Co=1,C,=1,a0=05Dy=1,D; = 1.

Periodic sine wave solutions
Although « # 0, it should be noted that as @« — 0 then w — 0 and solutions

(8.16)—(8.19) begin to exhibit an increasingly sinusoidal behaviour, that is,

p(t,x) = Dy + Dy sin(z — ct), (8.24)
q(t,x) =Cy + Cysin(z — ct), (8.25)
r(t,z) = By + By sin(x — ct), (8.26)
s(t,x) = Aio {A§ — (BoB1 + CoCy + DoDy)sin(z — ct) } (8.27)

with a typical sine wave-like deportment as shown in Figure 8.3.
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Figure 8.3: Periodic wave solution (8.27) with parameter values

A0:1,30:1,31:1,00:1,01:1,a—>0,D0:1,D1 =1.

8.3.1.2 Elliptic sine solutions

Periodic wave solutions

Elliptic sine solutions can be obtained by substituting equations (8.15) along with
NLODE (8.12) into (8.10). The resultant parameter values are

c= @ <60é A04 + 6 CMA02B()2 + OzAOQBl2 +6 CYA02C[)2 + CYA02012 + 60./A02D02
0
+a A02D12 +« BOQBl2 + 2« BoBlcocl + 2« BoBlDoDl + 002012
+2aC’OC’1D0D1 + D02D12 — 6A02) s
1 1
w=— 6 «Q (A12 + B2+ C 2+ D12) , Al = A (BoB1 + CoCh + DoDy)
0

a=a, Ag= Ay, Bo = By, By = By, Co =Cy, Cy =Cy, Dy =Dy, Dy =Dy,
and consequently the set of solutions satisfying system (8.3) are given by

p(t,x) = Dy + Dysn (:v —ct

1
—g° <A12 +Bi*+ G + D12)) 5 (8.28)

q(t,z) =Cp+ Cisn (x —ct

1
_6 (0% (A12 + 812 + 012 + DIQ)) ) (829)
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r(t,z) = By + Bisn (x —ct

1
—sa (A + B* + C* + Dﬁ)) : (8.30)
1
S(t,ﬂf) - A_O {Ag - (B[)Bl + C()Cl _|_ DODl)

xsn(x—ct

1
5@ (A12 + B2+ G+ D12) ) } : (8.31)

Obviously the restriction o < 0 is necessary for solutions (8.28)—(8.31) to hold.

For brevity we will only explore various aspects of (8.31).

Figure 8.4: Periodic wave solution (8.31) with parameter values

A():l,Bozl,Bl :1,00:1,01:1,a:—0.2,D0:1,D1:1.

Figure 8.4 depicts a periodic profile of the elliptic sine solution (8.31). Variation
of parameter Dy for 0 < Dy < 1 directly leads to vertical translation as seen in
the two-dimensional profile of Figure 10.4. In this instance the value of parameter

w=0.4.

Topological kink and anti-kink solitons
Hyperbolic tangent soliton solutions are recovered when a = —0.5 since this leads
to w = 1 provided the parameter values given in Figure 10.4 remain unchanged.

Thus, solutions (8.28) —(8.31) become

p(t,x) = Dy + Ditanh(z — ct), (8.32)
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q(t,z) = Cp + Citanh(z — ct), (8.33)
r(t,x) = By + Bitanh(xz — ct), (8.34)

s(t,z) = ALO {A§ — (BoB1 + CoCy + DoDy) tanh(z — ct)} . (8.35)

The corresponding solution profiles for (8.35) are provided in Figure 8.5.

-20 -10 K
4]

[— 0 — =1 — 2] [— 0 — =1 — 2]

44
1 1
2 ; : :
-20 -10 0 10
X
1]
\\0 7
1 =
=1

Figure 8.5: Topological kink and anti-kink soliton profiles of (8.31) with parameter
values AO = :l:l,Bo = 1,Bl = 1,00 = 1,C1 = 1,04 = —0.5,D0 = 1,D1 = 1.

A topological kink soliton profile is observable, for instance, when Ay = 1 while an

anti-kink profile can be seen when Ag = —1.
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Periodic cosine solutions
Periodic cosine solutions can be recovered by considering the case o — 0 resulting

in the trigonometric solution

p(t,x) = Dy + Dycos(z — ct), (8.36)
q(t,z) =Cp + Cicos(z — ct), (8.37)
r(t,x) = B() + Bjcos(xz — ct), (8.38)

s(t,x) =— {A2 (BoBi + CoCy + DoDy) cos(z — ct) } . (8.39)

The resultant solution profile is depicted by the Figure 8.6.

[—— +=0,D_0=1 —— =D_0=2 —— =D_0=4]

Figure 8.6: Periodic wave profiles of (8.35) with parameter values Ay = 1, By =
1,B1=1,Co=1,C1 =1,a=—-0.5,D¢ € (1,2,4),D1 = 1.

As can be seen in Figure 8.6, an increase in at least one of the parameters A;,
, D; leads to a commensurate increase in wave amplitude, while period and

frequency remain unchanged.
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8.3.1.3 Delta amplitude solutions

Periodic wave solutions
Likewise, we obtain delta amplitude solutions of system (8.3) by utilising (8.15)

together with (8.13) and obtain parameter values

w=a (Af+ By + C§ + Dj) — c+ 2,
a=a, c=c, Ay = Ay, By =By, Cy=Cy, C, =C1, Dy= Dy, D= Dx,

_ CY(A(Q) + Bg)(COCl + DOD1> - Bo((XBOcoCl + OZB()D().DI — \/Z)
aAg(A3 + B?) ’

(aBOC’()Cl + aByDyD; — \/Z> )

Alz

By

A= 60(1402 (A02 + BOQ) - 0421404012 - a2A04D12 - 062A02302012 - Oé2A02BOQD12

By =

— 0521402002012 -2 @2A020001D0D1 — CK2A02D02D12.

For certain « such that 0 < a < 1, we can ensure that the parameter values hold.

Consequently, we have the delta amplitude solutions

p(t,z) = Do + Dydn (z — ct | (AJ + By + Cg + Dg) — c+2), (8.40)
q(t,z) =Co+ Chdn (z — ct | (Af + Bg + C + D§) —c+2), (8.41)
1
=By<1— B ByDyD; — VA

r(t, ) 0{ ado(A2 + BY) (Oé 0CoC1 + aByDy D, \/_>

xdn (z —ct|a (A5 + Bj +C3+ D§) —c+2)}, (8.42)

1 2 (0% (Ag + Bg) (C(]Ol + D(]Dl) - BO (OZBOC()Cl + OéBoD()Dl)
s(t,z) =—< Aj — 5 5

By

et _ 2 2 2 2\
+a(A%+Bg)\/Z}an(I ct|a (A2 + B3+ C2 + D3) c+2)}.

(8.43)

Not surprisingly, solutions (8.40)—(8.43) are periodic in nature. Let us explore, say,
solution (8.42). For example, when o = 0.5,¢c=3.5,4g=1,By=1,B; =1,Cy =

1,C1 =1,Dy =1, D; = 1, we have the periodic wave profile shown in Figure 8.7.
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Figure 8.7: Periodic wave profiles of (8.43) with parameter values a = 0.5,¢ =

35,A40=1,By=1,B1=1,C0=1,C, =1,Dg=1,D; = 1.

Bell-shaped bright solitons
If we take the wave speed, say ¢ = 3, we have hyperbolic secant solutions akin to

(8.40)—(8.43). For example, solution (8.42) becomes

1
r(t,x) = By {1 — oA (A2 5 BY) <ongC'OC'1 + aByDyD; — \/Z> sech (z — ct)}

(8.44)

and is depicted in Figure 8.8.
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— 0 — &1

Figure 8.8: Bell-shaped bright soliton profile of (8.44) with parameter values o =
0.5,c=3,4=1,By=1,B1=1,Co=1,C1=1,Dyg=1,D; = 1.

Constant solution

A constant is often part of the set of solutions of a system of NLPDEs and system
(8.3) is not an exception. Of interest, however, is that solutions (8.40)—(8.43)
degenerate to arbitrary constants for the non-unique instance ¢ = 4 and a =
05,c=4,A4=1,By=1,B, =1,Cy =1,y =1,Dy = 1,D; = 1, which gives
w = 0. See Table 8.3.1.

8.3.2 Case X3

From the symmetry generator X3, we have the group invariant solution

p= (), g = 7 FRE), P =17(e), s = (e, €= r (849
which transforms system (8.3) into
S3af?f' 4+ 3aw? ' + 3ah*f + 3ag’f — f —Ef +3f" =0,
3af?g + 3aw?q + 3ah’g’ 4+ 3ag’d — g — g’ + 39" =0, (5.46)
3af?h + 3aw?h + 3ah*h + 3ag®h — h — EW + 3R =0,

3af?w + 3aw’w’ + 3ah*w’ + 3ag®w’ —w — &w' + 3w” = 0.

148



We now use the power series method [77] to obtain analytic solutions of NLODE
system (8.46). Let the solutions of system (8.46) take the form

FO) =D a.&, g =) b8,

. = (8.47)
WE) =D el w§) =) d.g?

2=0 2=0

with constants a,,b,,c,,d., z = 0,1,2,... to be determined. Substituting (8.47)
into (8.46), we have

a(agar + bar + char + dgar) — ag + 18as +3 Y (24 1)(2 + 2)(z + 3)b.43

z=1
© oz k oz k
a(Z Zz—k+1aak Oy k+1+ZZZz—k+1)bbk O
z=1 k=0 i=0 z=1 k=0 =0

Mk

ooz k
(z —k+ Deicp—ia, 41 + Z Z(z —k+ 1)didk_iaz_k+1> &

z=1 k=0 i=0 z=1 k=0 =0
— Z za,&* — Z a,&* =0, (8.48)
z=1 z=1

3av(aZby + b2by + c2by + d2dy) — by + 18bs + 3 Z (z4 (24 2)(z + 3)boy 587

z=1
+30z<§:
1k

k 00

Z_k+1)azak iUz — k+1+
0

N

z k
YD (z—k+ bbb

z =0 = z=1 k=0 =0
© oz k © oz k
1) D) DI AN o o oy 1)didk_ibz_k+1> .
z=1 k=0 =0 z=1 k=0 =0

- Z 2b. &% — Z be* =0, (8.49)
z=1 z=1

3a(ade; + bicy + caer + dicy) — co + 18¢3 + 3 Z(z +1)(z+2)(z+ 3)c.138

z=1
0oz k 0oz k
+ 3« <Z Z z—k+ 1)aap_iCopi1 + Z Z Z(z —k+ D)bibp_ico i1
z=1 k=0 =0 z=1 k=0 i=0
ooz k 0oz k
+Z Zz_k+1czck iCa— k+1+zzzz_k+1)ddk iCz— k+1>€
z=1 k=0 =0 z=1 k=0 i=0
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- Z 20,67 — Z .67 =0, (8.50)

z=1

3a(agdy + bydy + chdy + dgdy) — do + 18ds + 3 ) (2 + 1)(2 + 2)(2 + 3)d.15€°

z=1
0oz k 0oz k
a(Z Zz—k—{—lalaklzk+1+2222—k‘+1bbk il g
—1 k=0 =0 z=1 k=0 i=0
00 k 0oz k
+Z Z(Z_k+1)czck ithz— k+1+zzzz_k+ ddk zdz k+1)§
z=1 k=0 i= z=1 k=0 =0
=) 2.7 =) d.E =0 (8.51)
z=1 z=1

From equations (8.48)—-(8.51) and for arbitrary a;, b;, ¢;,d;, i = 0, 1,2, we have

% (a0 — 3a(aday + Bay + Gar + dar))
1_18 (bo — 3av(agby + bgby + cgbr + dgbr))
1_18(CO a(ager + bier + cger + djer))
1_18 (do — 3a(aldy + b2y + 2dy + d2dy)) |
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respectively, and the following recursion formulae:

1 z k

- 1) — —k+1Dasar_.a.
T3 D+ 2)(= 1 3) {W“ 3@(2 + 1)1

z k z k
+ Z Z(z — k4 1)bbg_ija, g1 + Z Z(z — k4 1)eick_ia, g1

k=0 =0 k=0 =0
z k
+ Z Z(Z —k + 1)didk_iaz_k+1> } s
k=0 =0

b 1
T3+ 1) (242

=0 =0

z k
b,(z+1)—3 —k+ 1Daap_ib,—
5 3) { (z ) «Q (k (z )a;ay, kel

z k z k
+ Z Z(Z’ —k + 1>bibk,ibsz+1 + Z Z(Z —k + 1)Cick,ibsz+1

k=0 i=0 k=0 =0
+§:§: k+1d@l@kﬂ>}
k=0 =0

1 z k

Cz+3:3(z+1)(z+2)(2+3){ e a(k—o i=

z k z
+ Z Z(z — k4 )bibg_ic g1 + Z Z(z — k4 1)cick_iCopi1

Z_k+1aak iCo—k+1
0

k=0 i=0 k=0 i=0
z k
+ Z Z(Z —k + 1)didk—icz—k+1> } s
k=0 i=0
1 z k
d, 3= d, 1)—3 —k+ Dajag_;d._
BT3G D) +2)(z+3) { (z41) = 3a (MZZ;(Z D)tz
z k z k
+ Z Z(Z’ —k+ 1>bibk,idsz+1 + Z Z(Z —k+ 1)Cick7idsz+1
k=0 i=0 k=0 i=0
+§:§:z—k+1d@1@kﬂ)}
0 =0
for = = 1,2,.... Therefore, the explicit power series solution of system (8.56)

under the action of infinitesimal vector field X3 is
2

x 1 3
p(t,x) =ap+ ay <t1/3) + as (m) + F (a0 — 3a(agar + bjay + char + djar)) (7)
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1 & z! &
+ 3 Z 13 {az(z +1) -3« ( Z(z —k+ Dajagp_ia, i1
z=1 k=0 =0
z k z k
+ Z Z(z —k+ 1)bibp_ja, 11 + (z —k+1)cicp_ia, i1
k=0 i=0 k=0 i=
z k
+ (Z —k + 1)d dk iy k+1> } (tl/S y (852)
k=0 =0
T ) 3
alt.w) =bo+ b1 (775) + b2 (57 ) + 15 L (b — 302t + B0, + by + d2by)) =

1 0o ‘ z k
+§Z(Zj_3)!{b —304(222—/64- a;ap—ibs k1

z=1 =0 =0
z k z k
+ Z Z(Z —k + 1)bbk ,bz k+1 + Z Z —k + 1)CiCkz—ibz—k+1
k=0 i=0 k=0 i=
z k
+ (z =k + 1)didy—ib.— k+1> } <t1/3 (8.53)
k=0 i=0
ta) = ’ ~3 B2 d v
7"( ,iB) =cCp+ C1 m + C t2/3 18 ( Od(CL()Cl + 0C1 + 0061 + 061)) ?
1 00 1 z k
+§;(2+3)!{ (z+1) a(kX;; (z — k+ Daap_ic, k11
z k z k
+ZZ(z—k+1)b br_iCopi1 —i—ZZ (z —k+ 1)cick—iCopi
k=0 i=0 k=0 i=0
z k
+ Z(Z —k + 1 d; dk iCrr k+1> <t1/3 (854)
k=0 i=0
toa)=do+di (—) +d d3dbddd2dx3
s(t,x) =do + dy 7/ + d t2/3 1 (0—04% L+ bgdy + ¢ 1+01)) ry
1 & z! 2
+ = Z —| dZ(Z + ].) — 3« Z Z(Z —k + 1)aiak_idz_k+1
3 z=1 (2 +3)! k=0 i=0
z k z k
+ Z Z(Z —k + 1)bibk,idsz+1 + Z Z(Z —k + 1)Cick,idsz+1
k=0 i=0 k=0 i=0
z k T 243
+ >3 (2 =k + V) didy_sdopir (W) . (8.55)
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Figure 8.9 is a depiction of solution (8.52) and solutions (8.53)-(8.55) have analo-

gous profiles.

2

Figure 8.9: Cumulative partial sums of solution (8.52) up to 75 with parameter
values ag = 1,a1 = 1l,a0 = 0.5,b9 = 2,b1 = 2,b0 = 2,¢c90 = 2,¢1 = 1,c0 = 1,dg =

1,d; = 0.9,ds = 3, = 0.29.

8.4 Conserved currents

In this Section, we employ the first homotopy integral formula [43] explicitly to
obtain nine local and low-order conserved quantities of the (14+1)-dgemKdV system
(8.3). The reckoning of

51 [A'Ey + N°E> + N°E5 + A'Ey| =0,
p

o [A'Ey + N’E> + N°E5 + A'Ey| =0,

559 (8.56)
5 [AlEl + A2E2 —|— A3E3 + A4E4} == 0,
)

5s [AlEl + AN°Ey+ A°F3 + A4E4} =0,

indeed yields all multipliers of system (8.3). The well-known Euler operator §/dp
is given by [45]

) 0 0 0 0 0
—=——-Dy— —D,— + D? - D3

(8.57)
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and analogously for each field variable in system (8.3). The total differential oper-

ators D; and D, are, respectively given by

Dt:2+pt£+%a+ta+ta‘|‘pﬁ + qu— "’rtta +5tta
ot dp dq or 0s Opy 0q; ory 0s;
0 0
+pt;ca—m+%x8—qx+“' )
" oz 8 8 or 0s Op, 0q, or, 0S8,
0 0
+pztap +qgﬁtaqt + -
(8.58)

Here we seek to compute second-order multipliers with dependencies
Am:Am(thﬁp?q?TaSvpxaq:vardhswapxxaq:m:?rxxaSxx)a m:17“"4' (8'59)

The choice of multiplier dependencies stems from the fact that all the leading

derivatives of system (8.3) can be recovered by deriving the dependencies p, g, r, s, . ..

in (8.57) with respect to ¢ or . Due to the voluminous nature of computations
involved in (8.56), we can use software such as Maple or Mathematica to solve
the resultant system of partial differential equations. The following set of nine

conserved quantity multipliers represent solutions of determining condition (8.56):
Al = (Clw +Cg — %a (3Cit — Cy) (¢* + 1% + 32)) p— %a (3C.t — Cy) p*
— 3C1tpre — C555 + Capre — Csrp — Coq,
A2:<Clx+6’6—%a(301t—04) P’ + 17+ %) q——a (3Ct —Cy) ¢

- 3C1t(1m 023:1: + C4q:m: + C7rm + Cgpmv
(8.60)

ASZ <Clx+06—%a(301t—04) p +q +5 )7“——04 30175-04)
- 3Cltr:m: + C4sz + C7qx + CBpacv

1
A4:<C1x+C’6—§a(3Clt—C4) p—l—q +T S——Oé 30175-04)

- 301t3:mc + C2q:p + C3rm + 04533:1: + C5p:r
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with C1, ..., Cy as free constants. Conserved densities 7% and spatial fluxes X* for
i=1,...,9 can be obtained by using the first homotopy integral formula (1.48),
see also [77]. Thus, for (8.3) and (8.60), formula (1.48) is explicitly given by

T /1 OB, A™ s OE,A™ s OE,A™ |
- 0 p 3pt P=pA q 8% q=qA r (97} r=r\
oE,,A™
+s < aSt ) ‘s:sA) d)\,
1 OFE,,A™ OE,, A™ OE,,A™
o LA b e (555 e 22 (55 o
ok, A™ o (OB, A™ oE,, A™
TP apm |p=p/\ + Dx m |p=p)\ + Dax m |p=p>\
OE,,A™ OE,,A™ oE,,A™
+q { <3—qz) lg=ar — Dz (m) lg=qr + D3 (m) |q=qA}
oE,,A™ o [ EnA™ oE,,A™
T4z W lg=qx + D;, m lg=gr ¢ T Qe m |g=a
oE,,A™ oE,,A™ o (OB, A™
AT ) o = 2n (5 ) b 22 (52 e}
oE,,A™ o [ OE,A™ 0E5A\,
e (T e 22 (T e e (G222 b
oE,,A™ oE,,A™ o [OE,A™
+s {( an ) |s:s)\ - Dx ( 85m¢ ) ‘s:s)\ + Dx < 8595” ) ‘s:s)\}
oE,, A™ 5 [ OE,A™ ok, A™
+8$ {( aszx > |s:s)\ + Dg; ( aSmx ) |s:s)\} + Szx ( asgmm ) |s:s)\ } d)\

(8.61)

Now considering the case

Ai =Ip— « tp3 — atpq2 — atpr2 — oztps2 — 3tPrs,
A2 =2q — atp’q — atq® — atqr? — atqs® — 3tq.,
A:{’ =xr — atp2r — atq2r —atr® — atrs® — 3ty

A‘l1 =zs— atpgs — atqQS — atr’s — ats® — 3tSpe,
we have

1
T = / ()\po — at\3pt — 20t N3p? @ — 20t N3pPr? — 20t N3 p? s — 3Ntppas
0
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—atA3¢t — 2X\3at®r? — 2X\3atq? s + \eq® — 3Mqqe, — atAPrt

—2X3atr?s® + \xr? — 3N\trry, — Natst + \xs? — 3)\tssm) dA

1 1 1 1 1 3
= 51’])2 — Zatp4 — §Oztp2q2 — iatp2r2 — §atp2$2 — Etppm
1 1 1 1 3 1
— Zoafq4 — §atq2r2 — §atq2$2 + §:Bq2 — §tqqggz — ZoztrA‘
1 1 1 1
— 504257‘252 + §x7‘2 — §t7’rm — Zoafs4 + §x82 — §t88m

and

1
X! :/ (2/\xqqm — 3AMtq.q; — /\xqi — 3/\tq§x + 3Atq, — )\IL‘pi + 20\TPPs
0

—3/\th$ + 3PP — SANEPipe + SAESSty + 2A18S 40 — 3ALSL S — /\xsi

—3)\255:%93 + 3AErT L + 2AXT Ty — 3Nt — )\xri — 3)\t7“32m — 6N’ tp?Ps?

—6XN° A% tpPris? — 6A5a’ts P r? 4+ 8\3atpssyp, + SA3atqss,q. + 8N atrss,r,

+8N3atppLqqs + SaX3tprpyr, — 6N tp* P r? + 8\3atrqq,re + Naxp!

+ X 3axst — Na?ts® — AN3tsPas,, — Naltr® + Maxrt — 4a\3tr3r,, + Maxg!

— AN 0t P gy — NPtq® — NoaPtp® — AN atp®p,, — AN ats*pE — AN ats?

—4X3atp®s? — AN atq®s? — AN atr?s? — ANPatsp®s,, — AN atsqP s,

— 4N atsr?s,, — 4aX3ts®rE + 2a\3xs%p? + 203 axs? + 2a\3r? e — 3N aPtstpt

—3Na’ts?stq? — 3N a’tgts® — 3N0rstalt — 3NPaltrts? — 3N attstp?
2N axr?q? — AN argPro.t — AN ars®r,t — 4)‘30”"21% — 4N ar?git
—AN3atp®r2 — AN at@PrE — AN ratp®r,, — 3N QP trip? — 3Nl tptr?
—3N5a2tgPrt — 3N A%t r? + 2aX3zp*r? 4+ 2aX3xpP? — AN agp*tay,

— ANt qr que — 4N} @5 Qe — ANt P2 — AN at@Zp? — AN patrip,,
—AN3at 2 ppes — 3N Q2tpP gt — 3PNl tpt — AN3atpgPpes + Apps + AsSy

+Arry 4+ Aqqy) dA

3

_tqgcQt -3

Lo+
=X TPPra
5 5 Py +xpp

2 3 2 3

=LqGry — 5
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3., 3 3 3 3 1,
- _tpmm + _tppta: - _tptpx + _tSSta: + TSSzy — _tS.Z’St — xS

— §ts2 + §t7’r + Xrry, — —trr, — —xr? — §tr2 — a2tp2q252
2 xT 2 tx T 2 tT 9 . 5 .

2

— o2tp*r?s? — aPts?@Pr? + 20tpssy e + 20tqSS, Qs + 20t SS,Ty

1
+ 20Pp.qq. + 20tprpLT. — a2tp2q2r2 + 2atrqq,r,. + —ozxp4

4

1
+ —ars’ — -

4 6

1 1
a?ts® — tsPas,, — —a?tr® + Zozxr

4

1
4_ atr?’rm + Zozxq4

6

1 1
— at@P g — =0t — EOthpG — atp®pe, — ats?p? — ats?q?

6

— atpzsi — atqzsi — atrQSi — at8p2sm — atquSm

1 1

1 1
— atsr?s,, — ats*r? + —axs’p® + —xas’t + —awr?® — §a2t32p4

2

2 2 2

1 1 1 1 1
— —a2t3234q2 — —a2tq452 — —r?sta’t — —a’tris? — —a2t34p2

2 2 2 2

2 2 2 2 2, 2 2 2
+ —axr?q” — arqryt — arsryt —ar‘pit — ar‘q.t

2

1 1
— athTg — atqzri — Tatp2rm — —a2t7“4p2 — —a2tp4r2

L o 5y
— =a’tqg’r
5 q

2

2 2

1 2 2

1 1
— —a2tq4r2 + —ozxp2r2 + —axp’q” — oqu2tqm

2 2

— atqr’qe, — atqs’qee — at@*pt — at@ep® — patr’py,

1 1 1 1
— ats’ppes — —Ptp’qt — PPt — atp@Ppes + =pps + =SS,

2

1 1
+ STy + 599

2 2

2 2 2

Likewise, conserved quantities corresponding to the different sets of multipliers

AL oUAS ALLLUAS; L

laws:

1 1
T2 - 55%8 - §q5m7

1

.5 A§ ... Ag are computed to give the following conservation

1

X2 =545t + QeSzx — SaxQex — 55415

2

1 1
T3 = Zsry — =
2 2

rSe,

2
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1 1

X3 = §T8t + TyeSzx — SgTzx — 587};
1 1 1 1 1 1 1 1
T4:_4_22_22_22_m_4_22_22
12ap —|—6apq —|—6apr —|—604ps +2pp +12aq +6aqr +6aqs
+1 +1 4+1 22+1 +1 4+1
—QQer + —Qr —ares —TTpr + —Qs —S8Suz,
9ddwe T 75 6 2 12 2
1 1 1 02 1 1 1 1 1
X4 —— 8,2 — = = L6 2 s, ~p, _62__36
181 T g1%a — 5Py P T P @ T gSeSt b Gl AT = oI
1 I 60 1 1 I 9o L ooy 1oy 1 5,
+ Qe + 758 A7 — ZSSip + STl + sapTS, + aTpTsT + —atpsT + sarts;
o dde T 73 g *Ste T QTalt T gaP S T g prs g DS T g
1 1 1 1 1 1 1
+ gaqin + gC]iO”Q + ganSi + 60{261432+ 6{727“4042 + 6a2q234+ 50482(1;3
1 1 1 1 1 1 1
+ gasssm + 5047"372,395 + gOéq3wa + gongpm + garzpi + 6a2r4p2 + 60427“2194
1 1 1 1 1 1 1
+ 6a2r2q4 + 60427“432 + 6a2r254 + garfch + gariqz + gCW’?CSQ + Eoﬂq‘lp2
+ 10426121)4 + 1oqup2 + 1oz82p2 - gas SPPy — 2ozs 5qQq; — gasrr S
6 3 T3 S S A 3 e
— garpmpz - garqqm — 2Oapqqxpm + laqp2qm - lapzrrm + 1049288”
3 3 3 3 3 3
1 1 1 1 1 1
+ gaSQQQJaw + 5@32rrm + §a232p2r2 + §a232q2r2 + §a282p2q2 + §a2r2p2q2
+ Zar’ppe + 1owﬁqqm + L arss,. + 1oafzozom + laqzrrm + quassm
3 3 3 3 3 3
1 9 1, 1, 1 1, '
1 1
T5 — 59Px — F PS5z,
25p 2ps
1 1
X5 - §p8t +px5xz — SgPrx — §Spt;

1 1 1 1
T6 — 202 1“2 4 Zp2 0 g2
2p +2q —|—2r +2s,

1 1 1 1 1 1 1 1
X6 :Zozs4 + Zozr4 + Zozq4 + Zap4 + §aq252 + §p2a32 + §ap2q2 + §ozp2r2
1 1 1 1 1 1
+ 5"+ S ar’q = 51l = 58% = SPL A PP+ Qe — 55 F SS00 + T
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1 1
T = Sqre — 5qrs,

2 2
1 1
X7 = §qrt + QzTzx — TzQza — 57"Qt3
1 1
T8 =3Pz — SPx
27"]9 2p7’
1 1
XSZ_T 2Tz — TePza — TPt
229 t+D D 5 Dt
1 1
Tg = 5349Px — Sz,
2qp qu
1 1
X = §th + PaQee — QuDrx — iqpt-

A casual glance at these results reveals that the conserved quantities are local and
low-order. They are also non-trivial first integrals of system (8.3). The multiplier
approach via the first homotopy integral formula proves to be a reliable method
for determining local conservation laws of a system of differential equations. Sys-
tem (8.3) does not possess a variational principle. This is where the classical
Noether’s approach falters as the conservation laws for this system cannot be re-
trieved. However, with the multiplier method, we could obtain local non-trivial

conserved vectors with relative ease.

8.5 Concluding remarks

In this work, we studied the (141)-dimensional generalised coupled mKdV sys-
tem (8.3) of four equations, which was derived from the extended complex cou-
pled cmKdV system (8.2), using the transformations u(t,xz) = p(t,x) + iq(t, x),
v(t,x) = r(t,x) + is(t,z). We obtained a nine-dimensional Lie algebra for sys-

tem (8.3). A one-parameter group of transformations for the solutions of (8.3)
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were determined. These were the most general solutions of system (8.3). Using
infinitesimal vector fields X;, X5 and X3 we obtained group invariant solutions.
With the aid of the main copolar trio elliptic functions along with simplest equation
method, we obtained elliptic cosine and sine solutions as well as delta amplitude
function solutions. Also, we gave parameter conditions suitable for degeneration
of the elliptic functions into trigonometric, hyperbolic and constant solutions. As
evidenced in the graphical depictions, solutions of system (8.3) obtained here are
periodic, bell-shaped bright and dark solitons, topological kink and anti-kink soli-
tons. Furthermore, by using the multiplier method coupled with the first homotopy
integral formula, we computed nine local and low-order conserved quantities. The
multiplier approach coupled with the first homotopy integral formula is one of the

most effective, efficient and reliable methods for determining conserved quantities.
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Chapter 9

Conservation laws and symmetry
reductions for a generalized

hyperelastic-rod wave equation

9.1 Introduction

The generalized hyperelastic-rod wave (gHRW) equation

1
E=u — Upy + Eg(u)x — (2Uplyy + Ulgey) =0, g(u) # 0, (9.1)

was seen for the first time in [124], where the authors proved the existence of a
strongly continuous semigroup of global weak solutions for t > 0 and z € . This
equation describes dispersive waves propagating in hyperelastic-rods. By using the
transformation g(u) = 2rxu+3u?, equation (9.1) becomes the well known Camassa-

Holm equation [125]

Up + 26Uy — Ugyt + ULy — 2UplUpy — Ulgye = 0. (9.2)
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For x > 0, equation (9.2) represents the one directional motion of shallow waves.
The time and spatial dimensions are represented by ¢ and x, while the wave velocity

is given by u(t, x). For the case g(u) = 3u® we obtain the equation
Ut — Uzt + BUUy — 2UpUpy — Ulggy = 0, (9.3)

which made its debut appearance in [126], where the authors found its unbounded
travelling wave solutions. It is in the work of Dai [126] that we find the name
hyperelastic-rod wave equation. Equation (9.3) can be obtained from the Camassa-
Holm equation by taking x = 0. While the hyperelastic-rod equation appears to
be a variation of the Camassa-Holm equation (9.2), its physical significance is
different because it was derived independently of equation (9.2) by Dai, see for

example [126,127].

The gHRW equation (9.1) along with other nonlinear dispersive equations made
another appearance in [128] where their geometric integrators were presented. In
this present work we seek to explore the gHRW equation further. We derive the low-
order conservation laws of the gHRW equation. We will make use of conservation
laws to obtain a multi-reduction of the gHRW equation to a first-order ordinary
differential equation (ODE), without having to do successive single reductions.
Furthermore, we study several plausible cases of the arbitrary function g(u) with
the aim of utilising Lie group analysis to obtain symmetry reductions to first or

second-order ODEs and where possible, to obtain exact solutions.

The work presented in this chapter has been submitted for possible publication

[129).
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9.2 Conserved quantities

In this section we obtain low-order conservation laws [43] of the gHRW equation
which are invariant under the time and space translation group. We use these
conserved quantities to obtain a set of first integrals of the gHRW equation. Since
each first integral yields a further reduction of the ODE, we directly obtain a
triple-reduction of the PDE under the symmetry, to a first-order ODE [130].

Given a PDE
G(t,x,u, up, Uy, . ..) =0,

a (local) conservation law is a continuity equation
DT + D,® =0 (9.4)

holding on the space of solutions u(z,t) of the PDE, where T" and ® are the con-
served density and the spatial flux, which are functions of ¢, z, u, and derivatives
of u. Here Dy, D, are total derivatives, and (T, ®) is the conserved current. Ev-
ery non-trivial conservation law, modulo a trivial conservation law, arises from a

multiplier () which is a function of ¢, x, u, and derivatives of u, such that

D,T + D,® = QG

For the gHRW equation (9.1) we will consider the low-order multipliers

Q(t7xauaut7uxauta:auxx)> (95)

for which the determining equation (1.47) splits into an overdetermined linear

system which is straightforward to solve for @ and ¢'(u) # 0.

Invariance of a PDE G(t, x, u, uy, uy, . ..) = 0 under the translation symmetry

o 0
Y=o tvo (9.6)
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gives rise to travelling wave solutions, with v = U and & = x — vt being the

mvariants.

Proposition 9.1 All low-order multipliers (9.5) admitted by the gHRW equation
(9.1) with ¢'(u) # 0, give rise to conservation laws which are invariant under the
translation group and they are given by

(i) g(u) arbitrary:

Qla == 17 (9 7)
Q1b = u, (9 8)
O — %(a(?uum +u2) + 2up — g(u)). (9.9)

(ii) g(u) = 3au® + au + b:

1

2= _204\/4a(um —u) — a

(9.10)

These multipliers yield non-trivial conservation laws of low-order, summarized as

follows.

Theorem 9.1 (i) The conservation laws admitted by the gRHW equation (9.1) for
g'(u) # 0 are given by:

Case 1a: g(u) arbitrary

Tla =u,
. | (9.11)
X1 = — QUUL, — Uy — = + =g(u).
2 2
Case 1b: g(u) arbitrary
1 1
le :§Ui + 5’&2,
. (9.12)
X1y = — avPug, — uty, + 5 /ug(u)du.
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Case 1c: g(u) arbitrary

1 1
Ti.=— —uui - —a/gdu,

2 2
L s L
Xie =—u; + v, — —au u;, (9.13)
2a 2
+ ~ Uy (ug(u) — au? — 2uy,) — i(g(u)2 — au? — 2uy,)
2 Tx x tr SCY T tr)-
Case 2: g(u) = 3au® + ciu +a
1
T, :—2\/40¢um —4dou — a,
da (9.14)
Xy =——/4au,, — dau — au.
4o
Substituting the group invariant
u(t,x) = U(x — vt) (9.15)
into equation (9.1), with g(u) = u” yields the nonlinear third-order ODE
2(aU — v)U" — (pUP™! — 4aU” — 20)U' = 0. (9.16)

First integrals of the travelling wave ODE (9.16) can be found by symmetry reduc-
tions of all conservation laws that are invariant under the travelling wave symmetry
(9.6) of the PDE. The reduction can be understood through considering the action

of (9.6) on a conservation law expressed in terms of the canonical variables.

On travelling wave solutions u = U(§), a symmetry-invariant conservation law
D,T + D,¢ = 0 reduces to the form D¢(¢ — vT) = 0. This yields a first integral
Y = ¢ —vT = C(const.) of the travelling wave ODE [130].

By using the conservation laws (9.11), (9.12), (9.13) we get three first integrals,
that is,

U, = (aU —v)U" 4+ vU +1/2(aU” — UP) = (4, (9.17)
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Uy = (alU? — vU)U" + g(U’2 LU — UPH = O, (9.18)

_r
2(p+1)
vy = (02— + ) 0y (et — oy — L ur — avry) U
5= | 3 v +2a + 2(a V) 2@(1/ « )

1
+ %U"‘ + (gU — —(aU” + 2u2)) U (9.19)

1
~8am 1D (AU — (p+1)U?) = Cs.

By combining the two first integrals (9.17) and (9.18) we obtain a triple reduction

to a first-order autonomous equation

2 1 p—i—l_y 2 _ _
U=+ TSN (U (p+ 1)U +2(p+1)C1U —2(p+1))Cy = 0. (9.20)

The third first integral is not functionally independent. The remaining conservation

laws are also invariant under the translation group yielding first integrals.

9.3 Exact solutions

In this section we perform a symmetry classification of equation (9.1). An infinites-
imal vector field is given by

X = €t wou) 2+ (2, u)L 4 (t, 7, u) 2

ot ox ou’ (9-21)

for some generator coefficient functions £, ¢€2 and 7 to be determined. The invari-
ance condition

pr® X (A)|azo =0 (9.22)

yields the determining equation for the generator coefficients. Here, pr®®X is a
third order extension of generator (9.21). Taking into consideration determining

condition (9.22) we now consider different cases for the coefficient function g(u).
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9.3.1 Quadratic function case

In this subsection we consider the case
g(u) = 3au® +au +b (9.23)
where a and b are free constants. Thus equation (9.1) is now
1
Up — Uggr + SOUU, + §aux — a(2Uglyy + Ullyyy) = 0 (9.24)
and admits the following 3-dimensional Lie algebra:

0 0 X3 = 4(Ja§2 - aatﬁ — (a + 4au) 0

"o’ ot Ox ou’ (9.25)

(i) Travelling wave reduction
The linear combination X;+v X, gives the group invariant u(t, z) = ¢(§) with
¢ = x — vt which transforms nonlinear partial differential equation (NLPDE)

(9.24) into the nonlinear ordinary differential equation (NLODE)
1
vd" — apd” — 20¢'¢" + 3apd + 5(& —v)¢' = 0. (9.26)
Integrating equation (9.26) once with respect to & gives
1" 7 3 2 1 /2 1 2
ve" — apd +§a¢ —Eagb —|—§a¢—ad) —vp+Cy =0 (9.27)

with integration constant C. Equation (9.27) admits the Lie point symmetry
X = 0/0¢ with first-order invariants z = ¢(§) and ¢(z) = ¢’ which reduce
NLODE (9.27) into the first-order Bernoulli differential equation (DE)

dyp N « 3z’ = (2v —a)z + 20y

dz = 2(az —v) 2(az —v) v (9.28)

Letting w(z) = ¢? we have a first-order linear differential equation given by

N :30zz2+az—2uz—i—26’1' (9.29)
az—v az—v
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(i)

(iii)

Equation (9.29) has solution

B 20023 4+ 2%a — 2u2? + 4C 2 + 20,

w(z) = oz =) : (9.30)

where C5 is a constant of integration. Reverting to original variables we have

u<t,$)¢ig/\/Qo@i%—t—(a21/)¢2+4Cl(b+202d£+03’ 931

ap — v

where (3 is an integration constant.

Symmetry reduction using vector field Xj;

From infinitesimal generator X3 in (9.25) we have the group invariant solution

_ dap(§) — at

1
Aot with ¢ = Zat + x,

u (t, )
such that equation (9.24) is transformed into the NLODE
apd” +2a¢'¢" — ¢ — 3add + ¢ = 0. (9.32)

Equation (9.32) has the symmetry X = 0/0¢ with differential invariants
z = ¢(&) and f(z) = ¢’. Using these invariants, equation (9.32) is reduced
to the second-order NLODE

azfif" +azff?+2aff —3azf — ff +2=0. (9.33)
We have thus obtained a reduced form of equation (9.24).

Special case g(u) = 3au?
By taking a = b =0 in (9.23), equation (9.24) becomes
Up — Uzt + 30Ul — A(2UpUyy + Ulzry) = 0. (9.34)
Equation (9.34) admits the Lie algebra
0 0 0 0
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Travelling wave reduction and solutions
As before, a linear combination of Lie point symmetries X; and X5 transforms

equation (9.35) into the NLODE
ve" — apd” — 2a¢'¢" + 3apd’ — ve' = 0. (9.36)
Integrating (9.36) with respect to & gives the second order ODE
v — apd” + gaqbQ - %agba —vp+Cp =0, (9.37)

where C} is an integration constant. Equation (9.37) can be reduced to the

first-order DE

dw o 3az? — 2vz + 20
w =
2(az —v)

L (9.38)

dz 2(az —v)
by using generator X = 0/0¢. Solving (9.38) and reverting to original vari-
ables gives

ad® — v ¢* +2C1¢ + Cy

o (9.39)

¢/2 —

Thus for arbitrary « and v the integral equation

u(t, z) / \/¢2 201¢ i 02 e e+ G (9.40)

is understood. For the special instance o = 2C; and v = —C5 we have the

solutions

u(t,z) = £ sinh(Cy + &) (9.41)

with the following profile:
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Figure 9.1: Depiction of solution (9.41) with parameter values Cy = —0.05,v =
0.08.

Alternatively, taking the constants of integration C; = Cy = 0 we have the

solution

u(t, z) = Cse™, (9.42)

Symmetry reduction using generator Xj

Using the usual Lie theory, vector field X3 yields the group invariant solution
u(t,z) = ¢(&)/t, £ = x. Accordingly, equation (9.34) is transformed into the
NLODE

agg” +20¢'¢" — ¢" — 3agg’ + ¢ =0, (9-43)

which is identical to (9.32) and thus the reduced equation (9.33) follows.

9.3.2 Power law nonlinearity case

For the case g(u) = u?, we have NLPDE

1
Up — Upgt + épup_lux — a(2UzUyy + Ulyry) = 0, (9.44)
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which admits time and space translation symmetries X; = 0/0t and X, = 0/0x

respectively. Hence (9.44) becomes
1
V¢/,/ o a¢¢//l 4 §p¢p—1¢/ o 2a¢/¢// o I/Qb/ — O (945>
Integrating (9.45) once with respect to £ we get NLODE
// // 1 /2 1
l/gb — a¢¢ - §Oé¢) + §¢p - ng + Cl = 0, (946)

which admits the Lie point symmetry X = 0/0¢ with differential invariants ¢(z) =
¢'(€) and z = ¢(§). Using these invariants, the differential order of equation (9.46)

is reduced by one to give the first-order DE

dep « 2P =2wz+20C)
dz * 2(az — y)w  2(az —v) v (9.47)

Solving (9.47) and reintroducing the native variables we have

¢ — (p+ D(ve? — 2016 - C)
(ad—1)(p+ 1)

with constant of integration C5. Thus we have managed to perform a double

=0

¢/2

symmetry reduction of equation (9.44). Interesting to note is the convergence of
two different approaches for reduction of order of differential equations, that is, the
reduced equation (9.20) obtained by making use of conservation laws is similar to

the equation obtained via symmetry reduction.

9.3.3 Exponential function case.

Suppose g(u) = AeP¥, then equation (9.1) becomes
1 B
Uy — Ugyt + §ABuxe Y — a(2uptyy + Ulggy) =0 (9.48)

with free constants A and B. Equation (9.48) only admits translation symmetries,

that is, X; = 0/0t and X; = 9/0x. Thus symmetry reduction via the travelling
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wave variable is appropriate as in the previous sections. This gives the third-order
NLODE
1
vd" — apd” + §AB¢’eB¢ — 20/ ¢" — vg' = 0. (9.49)

The second-order DE
1 1
ve" — apd” + §AeB¢ — Eagba —vp+C; =0, (9.50)

is a first integral of (9.49) with respect to £. As in previous sections, equation (9.50)

can be written in terms of the differential invariants z = ¢(§) and ¥(z) = ¢'(§) to

get
d « AeP* — vz 4+ 2C
w, ) = ! (9.51)
dz = 2(az —v) 2(az — V)Y
Making the substitution w(z) = 9?2, equation (9.51) is transformed into
AeP* —2 2C
W — gy = 2 veret (9.52)
az—v az—v

which is a linear DE with integrating factor

1(2) =exp < / — de)

=z — V.

Multiplying (9.52) with p(z) and integrating the resultant variables separable DE

we finally have
ult,z) = 6(6) = + é / [A(Bad — (Bv + )" — B (2/3vad® — (Cra +12) &
+2Cyp — Cy)} 2 dE + Cy

where Cj is a constant of integration.

9.3.4 Logarithmic function case.
Finally, for the case g(u) = In(u), we have

1
Up — Uyt + §u’1ux — a(2uzUyy + Ulyry) = 0, (9.53)
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and following the method of the previous section we finally have

u(t,z) = (&) ==+ é / {18(ac — 2v)p In ¢ — 24av¢® — Y — 4C v — 4v%) ¢

+360(1 — 2C1)p + 36C, /2 de + O

9.4 Concluding remarks

In this paper we reduced the third-order gHRW equation into a first-order au-
tonomous ODE. By making use of the time and space translation group, conser-
vation laws were reduced into first integrals, which in turn led to the reduced form
of the gHRW equation . We went further to perform several symmetry reductions
of the gHRW equation for different cases of the arbitrary function g(u). For the
case g(u) = uP, we applied the travelling wave variable directly onto our equation
(9.1) and managed to recover the reduced form of the gHRW equation obtained
via triple reduction using conservation laws. Lie point symmetries are an efficient
way of transforming a NLPDE into an ODE of a lower-order. For special values of
the free constants we managed to obtain hyperbolic sine and exponential solutions

for the instance g(u) = 3au?.
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Chapter 10

Lie symmetry analysis and
conserved quantities of a (1+1)-
dimensional fifth-order integrable

equation

10.1 Introduction

In this chapter, we study a newly formulated integrable fifth-order equation

E = Uy — Qg — Dltgee — C(2UipUsy + Ulpae + Uplier) — A(Uiglae 4 Upliey) = 0,

(10.1)
where a, b, ¢, d are nonzero constants. Equation (10.1) can be used as a model for
bidirectional water waves propagating in a shallow medium. This is a new equation
first seen in [131] where its integrability was demonstrated by using a singularity
manifold analysis. Several methods, including the simplified Hirota approach and

a form of Riccati expansion method, are used to obtain various types of solutions
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of equation (10.1). Some solutions obtained include multiple solitons, kink and
periodic waves. By taking a = 1, b = 0,¢ = d = 4, equation (10.1) becomes the
fiftth-order integrable equation

F= ﬁu:r:mv - 4utumx:r - 12umzutac - 8u:vut:r:v — Utzzzx + Uttt = O, ﬁ # 07 (102>

which has been studied extensively in [112,115].

In our work we seek to use the classical Lie Group approach to derive analytic
solutions of equation (10.1). We begin by deriving elements of a one dimensional
optimal system of subalgebras and obtain the corresponding similarity reductions.
As such, the group invariant solutions take rational, hyperbolic, Jacobian elliptic
and elliptic integral of the second kind forms. Furthermore, power series solutions
are obtained for the highly nonlinear transformed equation in one of the cases.
One and two wave solutions are also obtained via a multiple exponential function
method. Finally, five low-order conserved quantities are obtained via the multiplier

approach.

The work presented in this chapter has been submitted for possible publication

132].

10.2 Lie group analysis

We shall now perform Lie group analysis on the underlying equation (10.1).

10.2.1 Classical symmetries

The one-parameter group of transformations

t—t+al'(t,r,u), T — o+ al(t,z,u), @ — u+an(t,z,u)
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with a small parameter a, correspond to vector field

X = & (tanw) 2+ 20t 2, u) 2 4t 2, u) L

BT o v (10.3)

The vector field (10.3) in conjunction with (10.1) conforms to condition

Pr® X (Ut — A nza—DUine—C(2UtaUae T U Uggr +Ul s ) — A (Urglag+UaUiar ) ) =0 = 0.
(10.4)

Here, pr® X is a fifth-order extension of (10.3), see for example [30] and the refer-

ences therein. Following the usual Lie theory and using Maple it is easy to see that

equation (10.1) has a four-dimensional Lie algebra L4, spanned by the generators

Xlz

0 0 0 0 2bx 0 0

10.2.2 Optimal system of one dimensional subalgebras

The optimal system of one-dimensional subalgebras for the Lie algebra (10.5) can
be obtained by using the commutation relations and the adjoint representations

given in Tables 10.1 and 10.2, respectively [30,78,133].

Table 10.1. Commutation relations of 4-dimensional Lie algebra (10.5)

(Xi, X;] Xa X, X X,
X 0 0 2X, 0
X, 0 0 Xo— 25X, 0
X5 —2X; —Xo+ ff X, 0 X4
X, 0 0 -X, 0

Table 10.2. Adjoint table of Lie algebra (10.5)
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Ad X1 X2 X3 X4

X, X X, —2eX; + X3 X,
X, X X5 —eXy+ X3+ 24Xy Xy
X3 €*Xy e Xp— Lge(—1+e¥) Xs e Xy
X, X X, X354 eXy Xy

Using Table 10.2 and following the method detailed in, for example [30,78,133],

we obtain the following set of elements of the optimal system:

{Xo, X3, X1+ Xo, X7+ X4} (10.6)

10.3 Group Invariant solutions

Using results of the previous section we will now proceed to construct an optimal

system of group invariant solutions through symmetry reductions [30, 133].

10.3.1 Case X + kX,

In this section we seek to obtain group invariant solutions corresponding to the
travelling wave variable. The linear combination X; + kX,, with k£ a constant,
gives the invariant solution u = U(§), £ = x — kt leading to the nonlinear ordinary

differential equation (NLODE)
aU"" + (b — K )U" + (2¢ + d)U'U" + (2¢ + d)U"™ = 0. (10.7)
Integrating (10.7) twice with respect to & we obtain the third-order NLODE
aU"’+%(20+d)U’2+ (b—kHU +Cié+Cy =0 (10.8)

for some arbitrary constants of integration C; and Cb.
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10.3.1.1 Elliptic integral solutions

Suppose we take C; = 0 and let

B 6a
 2c+4d

!

V(&)

then from equation (10.8) we have
V" +3V2 —wV 4+ Cy = 0. (10.9)

Here, w = 6(k* — b)/(2c + d) and C3 = Cy(2c + d)/6. The solution of NLODE
(10.7) is thus given by

waziﬁd/V@@. (10.10)
Many NLPDEs can be reduced to equation (10.9), see for example [20,93]. Mul-
tiplying equation (10.9) by V' and integrating with respect to & we have the first-
order ODE

V2 42V3 —wV? 4+ 205V + 20, = 0, (10.11)
which we can write as
V2= 2V —a)(V—ag)(V —az). (10.12)

Here oy, ap and a3 are some roots of the equation V3 — wV?/2 + C3V + Cy = 0,
with a1 > ay > az. According to [95] and taking into account equation (10.10), we
have the elliptic solution

6a { (a1 — a3)’ B (sn (AE, M?), M?) — A ((an — 23) +as?) ¢}

t =
U( 7x) A(2C+d) (Oél - Oég)
(10.13)
with
M2 = Qp — Qg A — 0y — a3
CYl—CKg’ 2

Here, F is the incomplete elliptic integral of the second kind, which is given by

= /1= 122
E(Z,k):/ 1—k:tdt
0

1 —¢2 ’
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whereas (sn) is the Jacobi elliptic sine function. Figure 10.1 is a depiction of

solution (10.13).

Figure 10.1: Profile of elliptic solution (10.13) fora =c =k =a3 = 1,b =d =

042:2,041:3.

10.3.1.2 Rational and hyperbolic solutions

Considering the NLODE (10.8) again, multiplying by U” and integrating with
respect to & we have the second-order ODE

3akU" + 2ckU" + dkU" + 3k(b — K*)U"™ + 6(C1& + Co)U' — 6CLU + 6C5 = 0.
(10.14)

In order to obtain solutions in terms of elementary functions, we take the arbitrary
constants C; =0, i =1,...,3. Equation (10.14) with C; = Cy = C3 = 0 will thus

admit the Lie point symmetries
X, =0/0¢, Xy =0/0U. (10.15)
From generator X; we can reduce equation (10.14) into the first-order ODE

3aG"™ + 2¢G°(2) + G°(2)d — 3k*G?(2) + 3bG*(2) = 0. (10.16)
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The reader should note the use of appropriate invariants z = ¢ and G(z) = U’ cul-
minating in (10.16). Solving (10.16) with the aid of Maple and reverting to native

variables we have the following rational and hyperbolic solutions respectively:

u(t,z) = Cy + %;db)(x — kt) (10.17)
B 6a (k* — b) o a(k?=0)(x — kt — Cy)
u(t,z) = Cs + @t d) JalZ D) h o , (10.18)

where Cy and Cj are integration constants. Profile of solution (10.18) is given in

Figure 10.2.
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Figure 10.2: Profile of singular soliton solution (10.18) fora =b=c=Cs =1,d =
5,k =0.5,C4 =3.

Likewise, using symmetry generator Xs, equation (10.14) is reduced to the first-
order ODE

3aG" + (2c + d)G(2) +3(b— k*) = 0. (10.19)
From (10.19) we recover the rational solution (10.17) as is, and the hyperbolic

solution

a(k?—0)(Cr+x — kt)
2c+d 2a

+ Cg (10.20)
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with integration constants Cg and (7. Taking the same parameter values as in

Figure 10.2, the one soliton profile of solution (10.20) is given in Figure 10.3.

Figure 10.3: Profile of singular soliton solution (10.20) fora =b=c=Cs =1,d =
5 k=0.5,C4y = 3.
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10.3.2 Case X5

Using optimal system element X5 we have the invariant v = U(t), which in turn

gives us the ODE U"” = 0 and thus we obtain
L o
u(t, l’) = 50175 + Cgt + Cg

as a solution of (10.1), where Cy, Cy and Cj are arbitrary constants.

10.3.3 Case X; + X}

The optimal system element X; + X, provides the invariant solution u =t + U(x)

that leads us to the solution
1 2
U,(t, .27) = 50127 + CQ.CE + Cg

of (10.1). Here C}, Cy and Cj are arbitrary constants.

10.3.4 Case X;

The group invariant solution corresponding to vector Xs is u(t, z) = 1/t/2U (&) —
b/(c+ d)x, where £ = x/t'/2. Accordingly, the NLPDE (10.1) is transformed into
the fifth-order highly nonlinear ODE

4a£U® 4 20aUW + 46(2¢ + A)U'U" + 4cUU" — £3U™ — 1262U" : )
10.21
+4(Tc + 5d)U'U" + 4€(d + 2c)U"™ — 33¢U" — 15U = 0.
Equation (10.21) can be integrated once with respect to &, giving
4aU® 4+ 16aU" + 4cUU" — E3U" + 46(d + 2¢)U'U" — 92U’ + 8(d + ¢) U™

— 156U + C =0,
(10.22)
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where (] is a constant of integration. We will use the power series solution method

[25,27,77] to solve equation (10.22). If we let

Ul =) g.¢, (10.23)
z=0
where g,, 2 = 0,1, ..., are constants to be determined, then the various derivatives
of (10.22) are
U'(€) = Y (= + g€,
z=0
U"(€) = Y (2 +1)(2 +2)gssaf’,
=) (10.24)
U"(€) =Y (z+1)(2+2)(z + 3)g:43¢",
z=0
UD(E) =) (z+ 1)(2+2)(2+ 3)(z + 4)g:44&.
z=0

By taking into account the derivatives (10.24), equation (10.22) is transformed into

96ags + 480agsé + 1440age€” +4a Y (2 +1)(2 +2)(2 + 3)(2 + 4)gz44€’

2=3
96ags + 384agsé + 960agsE” + 16a Y (2 + 1)(2 +2)(z + 3)ga43E
z=3
8cgoga + 24cgogsé + 48cgogal® +4c > Y (21— j)(2 42— j)gjgeyas&
z=3 j=0
- Z(z —2)(z = 1)g.1& + 4(d + 2¢) (291926 + 69195€7) + 4(d +2¢)  (10.25)
z=3
oo z—1
X3 N G+ D= )z + 1= 5)gg41-8 — 9 (g1 + 926 + g5&%)
2=3 j=0
00 co z—2
—9) (24 1)gen1& +8(d+ )i +8(d+ ) D> (j+1)(z— 1)
z=3 z=3 j=0

X gjy10s-1-5€" — 15916 = 15g,6" =15 . + C1 = 0.
z=3
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For more details, see [25,77] and the references therein. Now splitting equation

(10.25) with respect to powers of £, we have

€% 8cgogo+96ags +96ag, +C, —9g; =0, (10.26)

€' 24cgygs +16cgr g + 8dgy go + 384 ags +480ags — 1591 — 9gy = 0,
(10.27)

€2 48cgy gs + 8cqi? + 48 cqr g5 + 8dgi? + 24 dgy g3 + 960 ags + 1440 ags

— 15 go — 993 = 0, (1028)

and generally for z > 3 we have the recurrence relation

1 . . .
T T G D1 D3+ ) {4C§(Z+ IR e

—(z—=2)(z—1)g.—1 + 16a(z + 1)(z + 2)(z + 3)g.+3

F4(d+2¢) Y (G+1)(z =) (z+1=4)gj119201-5 — Uz +1)g-11

—

| .
o

LS|

z

+8(d+c) ) (G +1(z—1-])gjt19:—1-5 — 159z} .

=

[en]

(10.29)
Taking g;, 1 = 0, ..., 3 arbitrary, we can determine explicit values for g4, g5 and gg.

From equations (10.26)—(10.28), we have the following:

1
g1 = — (991 — 8cgog2 — 96ags — C1) ,

96a
1
% = 1300 {((—=16¢ — 8d) g1 + 32cgo + 9) g2 — 24cgogs + 384ags + 4C, — 21¢1 },
96 = g (—15360°gs + ((~16¢ — 16d) 9* + ((64g2 — 96gs) ¢ + 32dgz  (10.30)
a

—48dgs + 84) g1 — 12840 (g2 — 3/2g3) ¢ — 16C, — 6g2 + 18¢g3) a

+Cg() (809092 + Cl — 991)) .
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Likewise, from (10.29) we can deduce exact values of successive terms g,,, m =

7,8, .... Thus, the power series solution of (10.1) can be written as

1
u(t,x) =go + i€ + g€ + g3&° + 9%6a (991 — 8cgoga — 96ags — Cy) &'
1

1704 {((—16¢c — 8d) g1 + 32¢cgo + 9) g2 — 24cgogs + 384ags + 4C, — 21g,} €°

1
+ 783047 (—1536a’gs + ((—16c — 16d) g* + ((64g2 — 96g3) ¢ + 32dg»

—48dgs + 84) g1 — 12890 (g2 — 3/2g3) ¢ — 16Cy — 6g2 + 18¢g3) a
+cgo (8cgogz + C1 — 9g1)) £°

1 z!
" 4da (5 1 4)1
da = (z +4)!

o0

{%Z(z F1=5)(2+2—)giGsr0-;
j=0

—(2=2)(z —1)g—1 + 16a(z + 1)(2 + 2)(2 + 3) g3
+4(d + 2c) ' G+ —=5)z+1—7)gjr19:41—5 — Nz + 1)gzp1

|
—

|
=)

z

+8(d+c)y (G+1)(z—1—7)gj419:—1—j — 15gz} g,

[e=]

10.4 One and two-wave solutions

In this section we seek multiple-wave solutions of equation (10.1) using the multiple
exponential function method [10].
10.4.1 One-soliton solutions

In order to obtain one-wave solutions we take p(6;) = Ay + A16; and g(6;) =
By + B;16;. Following the steps alluded to in Section 1.6.1, we obtain the following

two sets of dispersion relations:
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(i) Case 1.

(1230ak1+2A00+A0d>Bl 2
A= =Vak bk, . 10.
1 By 2c+d) ;w1 ar1” + bk (10.31)
(ii) Case 2.
Ay B
A =220 0 = (10.32)
By

In both cases Ag, By and Bj are arbitrary constants. Thus, the one-wave solutions
corresponding to (10.31) and (10.32) are given by

AO +A1€k1a}—w1t

U(t,ﬂf) - BO 4 Bleklx,wlt

(10.33)

and the one-soliton profile of (10.32) is depicted in Figure 10.4.
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f T T |
-5 0 5 10 15
X

[— =0 — = — =2]
Figure 10.4: Profile of kink soliton (10.20) for a« = A9 = By = 1, ¢ = By = 0.1,
ki=3b=d=0.5.

10.4.2 Two-soliton solutions

As outlined in Section 1.6.1, two-wave solutions are obtained by taking u = p/g,

where

p(91, 92) = 2(]{3191 + k292 + Alg(k’l + k2)9102), 9(91, 92) = (1 + 01 + 92 + A120192)
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and 0; = eki*=«it . Also, Ay is a constant to be determined. Consequently, we have

the following parameter relations:

(i) Case 1.
(aki® + bky -+ (aks? + ) (aky? + ) ks ) Ky
Wy = )
\/ aki* + aky® + bky® 4 bka® + 2 ky ko \/ (aks® +b) (aki® +b)
(aks® + ks + 1/ (aks? +b) (ki + )k ) Ko
Wy = — )
\/ aky® + k' + Uy 4 bl + 2k b\ (aks® + ) (aka® + )
(10.34)
ak® + aky® + ki + blo? + 2l ho? (ks + ) (aka® + )
Ay = ,
2 (lﬁ + /{32)2 (ak12 + CL/{}22 + b)
c=d = 2a.
(i) Case 2.
Bk (ln® = 285) \Ja (b — 20) (207 k0 + bk
w1 = 3 2 3 ,
(ky — 2ky) (ky® — ko bey® — 2h3°)
Bk (= ks — k%) yfa (s — 20) (20" —n® + ol
wy = - — . (10.35)
(ky — 2ka) (ki® — ko bo” — 215°)
2 k?l -3 k’z a (k16 -2 k15k2 + 4k26)
Ay — h— — =d = 2a.
12 ky (b — 2ks) (k1° — by k2 — 2hy) " © ¢
(iii) Case 3.
2
w; = wy = Vak® +bky, A= (2a+d);€1 +2b7

1
c 3a 9 ) 2 1

The profiles of solutions (10.34)—(10.36) are given in Figures 10.5-10.7.
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-40 -30 -20 -10 0 10 20 30 40
X

=0 —— =10 —— =5 —— t==5 —— t=10|

Figure 10.5: Interaction of kink and anti-kink solitons. Solution (10.34) for a =
b=k =1landky = 2.
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0 P

-20 -10 0 10 20
X

Figure 10.6: Interaction of two kink solitons with different vertical displacements.

Solution (10.35) for a = —2, k1=5, and ko = 0.65.

=0 —— =10 —— =5 —— t==5 —— t=10|
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[— =0 —r15

=5 =10]

Figure 10.7: Interaction of dark and bright solitons. Solution (10.36) for a = b =
d=k =1
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10.5 Conservation laws of (10.1)

Using the multiplier approach [45,77,134], we determine local low-order conser-
vation laws of equation (10.1). This method is a modern form of the classical
Noether’s approach, see for example [43].

Multipliers (A) can be determined via the determining condition

% (AE) =0 (10.37)

with E given by equation (10.1) and where 6/du is the Euler operator as given
in [115]. Multiplier determining condition (10.37) gives the following six linear
PDEs:

Auu — 0, Awu — 0, Axa: — 07 Atu — O, At:l: — O, Attt — 0 (1038)

The solution algorithm of (10.38) is analogous to that of obtaining Lie point sym-

metries. In this instance we obtain the zeroth-order multipliers A(¢, x, u)
1
A =Cix+ Cou+ 503162 + Cyt + Cs, (10.39)

where C1,...,C5 are constants. For the case (10.1) and (10.39), formula (1.48)

takes the form
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= {5

OFEA
D2
+ ( autmﬁ )

-2 (22
R (autxxm: >

. } dA,

! OEA OEA
X = — — —D, | —
() b =2 (52)
OFEA OFEA OFEA
—_— - —D, | — - - D3 _
“+uy (( aUtgp ) U=y T (aUtxm) u=1u(y) T (8utxl'xm) u=u(y) )
n OFEA D OFEA n OFEA
Uy augmc U=U( ) T au:mvx U=U(y) Uty 8utm
OFEA OFEA
+D§ (autmxmm) e ) e ((aum:a?) e )
OFEA OFEA
e (_Dz (autxmcac) e ) M <(autac$xx) e > } A

OFA
U=u D2 A
e M (auttt)

OFA
)0 ()

’U/:’U‘oq

’u:’u,(/\> )

DEA
2
e +22 (Gu o)

’U,Z’u,()\)

(10.40)
Thus the conserved quantities of equation (10.1) are
" 1
T = — §cxuuxm — §catu$um — dxUzUyy + TUy — bTUL, — ATUpgps,
Te 1 N 1 1
= —CXUUppy — —CUUp + = ClUUy — = CTUpy Uy
L g e g T 2 !
1 2 1 1 1
Th = — — U Uy — CUUG Uy — —AUUG Uy + Uy — —Up> — =DUUgy — — AU
3 3 2 2 2
2 1 1 1 1 1
T = —cuPUypy + —custiy® + —dugtiy® + —bugtyy — —bUtlyy — —AUUppy + — QUpUppy
2 3 U Uy 3 t 3 Uy 9 Uy 9 t 9 t B t
1 N 1 2 1d 1
— QU Uiy + = QlUpprly — = CUU Uy — = AUU Uy — = CUgy Uy,
2 g Lot 3 3 !
1 3 1 1 1 1
Tz,f = — Zcut2umx - Z—luwuth - édtzuzum +u — tuy + §t2utt - ibt2um - iatzumm,
R 1 Lo, 1 o 1 o
15 = Zcut Upge + §ctuum + 5075% + §dtux — th Uplgy + DtUy 4+ AlUspyy;
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Ti = — %ctuumm — gctugjumC — dtugty, — Uy + tuy — btug, — atiypr,,
TY = %ctuutm + %cuum + %cui + %dum2 — %ctumut + buy + algys;
Th = Ut — bt — gtz + Uy — Dl — Ol

1Y = %cuutm — %cutum.

Remark: These conserved vectors are local and low-order conserved vectors.

10.6 Concluding remarks

In this chapter we studied the new fifth-order integrable equation (10.1) from the
point of view of Lie symmetries. We obtained an optimal system of group invariant
solutions which culminated in various types of exact solutions, namely, rational,
quadratic, hyperbolic, incomplete elliptic integral of the second kind solutions. The
solution profiles depicted one singular soliton and periodic waves. Furthermore,
with the aid of the multiple exponential method we constructed one and two soliton
solutions. Kink, anti-kink, dark and bright soliton were observed. Five low-order

conservation laws were obtained by utilising the multiplier method.
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Chapter 11

Conclusions and future work

The aim of this work was to derive closed form solutions of selected nonlinear
partial differential equations (NLPDESs) and to determine their conservation laws.

We did this from the point of view of Lie group analysis.

In Chapter one we gave a brief theoretical justification of ideas that are pertinent
to this thesis. This, amongst other things included definitions and theorems of
certain concepts in Lie symmetry analysis, conserved quantities and other selected

ad hoc methods for obtaining analytic solutions of NLPDEs.

Chapter two presented local conservation laws of three mKdV models. Through
similarity reductions and direct integration we also obtained one-soliton solutions
of each equation. Periodic solutions were obtained via the extended Jacobi elliptic

function method.

In Chapter three we derived the variational symmetries of three (3+1)-D mBBM
equations by using the Noether condition. Thereafter, nonlocal conserved vectors
for the underlying equations were obtained. By taking a linear combination of
the space-time Lie point symmetries we performed successive similarity reductions

culminating in a bright one-soliton solution and periodic solutions from the Jacobi
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elliptic function method.

Chapter four outlined an in-depth study of the four-dimensional Lie algebras of
a coupled mKdV system. Five inequivalent subgroups were constructed and were
used to obtain systems of ODEs. The power series solution method was used to
solve some of these ODEs. We also introduced and utilised the first homotopy

integral formula here to obtain three local conservation laws.

In Chapter five we obtained an eight-dimensional Lie algebra for (341)-dimensional
generalised KP equation. Two of these were infinite dimensional symmetries. We
thus obtained group invariant solutions from the remaining six vector fields. We
obtained elliptic, logarithmic and rational solutions. Conserved quantities of this
equation were computed using the multiplier method as well as Ibragimov’s con-

servation theorem.

In Chapter six we performed a bifurcation analysis of a (2+1)-dimensional BKK
system. We managed to decouple the system and consequently obtained a second-
order ODE which coincided with a Hamiltonian planar dynamical system with
three arbitrary constants. Ultimately, bounded travelling wave solutions were ob-
tained and these included kink, anti-kink and periodic waves. By employing a
homotopy integral approach, we derived five local conserved quantities of the BKK

system.

Chapter seven is an extensive study of a fifth-order integrable NLPDE. A one pa-
rameter group of transformations corresponding to the four-dimensional Lie algebra
was derived. An optimal system of group invariant solutions were obtained. Using
Helmholtz conditions, the fifth-order integrable was proven to have a variational
principle after increasing the order by one, thus we derived nonlocal conserved
vectors using Noether’s theorem. Finally, local and low-order conserved quantities

were computed using a homotopy integral formula.
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In Chapter eight we presented group transformations of a nine-dimensional Lie
algebra for the (1+1)-dimensional generalised coupled mKdV system of four equa-
tions. One-parameter group of transformations for the nine-dimensional Lie alge-
bra was derived. Using the copolar trio along with the simplest equation method,
we obtained various kinds of analytic solutions. Nine local conservation laws of the

system were also derived.

Chapter nine gave a triple-reduction of a third-order generalized hyperelastic-
rod wave equation into a first-order autonomous ODE. Using the transformation
u(t,x) = U(x — ct), conserved quantities were reduced into first integrals. We also
performed symmetry reductions of the equation for various possible cases of the

arbitrary coefficient function.

In Chapter ten we investigated various types of solutions of a fifth-order NLPDE.
Using an optimal system we obtained several varieties of group invariant solutions.
We also computed one and two-wave solutions with the aid of the multiple exp-
function method. Kink, anti-kink, interactions of dark and bright soliton were
observed. Five low-order conservation laws were obtained by utilising the multiplier

method.

For future work we plan to use the conservation laws derived here to obtain exact

solutions of the nonlinear partial differential equations studied in this thesis.
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