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A B S T R A C T 

Numerical simulations of relativistic plasmas have become more feasible, popular, and crucial for various astrophysical sources 
with the availability of computational resources. The necessity for high-accuracy particle dynamics is especially highlighted 

in pulsar modelling due to the extreme associated electromagnetic fields and particle Lorentz factors. Including the radiation- 
reaction force in the particle dynamics adds even more complexity to the problem, but is crucial for such extreme astrophysical 
sources. We have also realized the need for such modelling concerning magnetic mirroring and particle injection models proposed 

for AR Sco, the first white dwarf pulsar. This paper demonstrates the benefits of using higher-order explicit numerical integrators 
with adaptive time-step methods to solve the full particle dynamics with radiation-reaction forces included. We show that for 
standard test scenarios, namely various combinations of uniform E- and B-fields and a static dipole B-field, the schemes we 
use are equi v alent to and in extreme field cases outperform standard symplectic integrators in accuracy. We show that the 
higher-order schemes have massive computational time improvements due to the adaptive time-steps we implement, especially 

in non-uniform field scenarios and included radiation reaction where the particle gyro-radius rapidly changes. When balancing 

accuracy and computational time, we identified the adaptive Dormand–Prince eighth-order scheme to be ideal for our use cases. 
The schemes we use maintain accuracy and stability in describing the particle dynamics and we indicate how a charged particle 
enters radiation-reaction equilibrium and conforms to the analytical Aristotelian Electrodynamics expectations. 
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 I N T RO D U C T I O N  

n recent years, kinetic simulations have been crucial to further our
nderstanding of pulsar electrodynamics. These simulations have
een used to numerically and self-consistently solve the structure
nd geometry of a pulsar magnetosphere and calculate the radiative
rocesses along the particles’ trajectories. The major limiting factor
or these simulations is the large-scale separation between the gyro-
eriod compared to the stellar rotation period. It is unlikely, even
ith drastically increasing computational power, that the problem
ill be solved via brute-force computations in the near future.
article-in-Cell (PIC) approaches cope by scaling up the gyro period

o computationally realistic scales by lowering the electromagnetic
eld values, particle Lortenz factors γ , and radiation-reaction forces
RRF) by orders of magnitude (e.g. Cerutti et al. 2013 ; Brambilla
t al. 2018 ; Kalapotharakos et al. 2018 ; Cruz et al. 2023 ). The
roblem is that these parameters are many orders of magnitude
 E-mail: louisdp95@gmail.com 
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ifferent than what is realized in real pulsars. Simply re-scaling
he parameters and forces to higher values after the simulation is
uestionable, since there are different considerations (that may not
ave been taken into account) when one is in the RRF limit at high
and field strengths (P ́etri 2023 ). 
PIC models start by solving the Maxwell equations self-

onsistently to calculate the fields and use phenomenological de-
criptions of the plasma injection needed to fill the magnetosphere.
hese phenomenological descriptions, and how radiation losses are

reated/scaled, are where the various models differ. After obtaining
he field values, the macro-particle trajectories are calculated with the
quations of motion using the new field values. The new position and
elocity information is then used to calculate the new field values.
ummaries and critiques of the different pulsar PIC schemes can be
ound in Kalapotharakos et al. ( 2018 ) and Cruz et al. ( 2023 ). 

In PIC codes, the particle trajectory calculations are a computation-
lly demanding aspect, since the y solv e the full particle gyration with
ncluded classical RRF. Another technique to deal with the problem
f the large difference in gyro-period versus stellar period is using a
yro-centric approach for the particle trajectories. One may simply
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 

http://orcid.org/0000-0002-5158-4152
http://orcid.org/0000-0002-2666-4812
http://orcid.org/0000-0001-6119-859X
http://orcid.org/0000-0002-9249-0515
http://orcid.org/0000-0003-1080-5286
http://orcid.org/0000-0003-2141-7705
mailto:louisdp95@gmail.com
https://creativecommons.org/licenses/by/4.0/


AR Sco particle dynamics 4409 

s
a  

g
V  

l
d  

u
a

 

m  

a
o  

d
t
a  

p
o  

t
fi
c
f

 

o
s  

i  

o
p
T  

e  

e  

e  

o  

s  

s

M
i
b
(  

T  

e  

s  

c
a
S  

P  

t  

a  

o  

w  

a
a
n
A  

p
b  

s  

a  

o
s
b
s  

b  

m  

s  

m  

h  

c
v
a  

t  

s  

A  

c
l
a
m
a  

w  

d
m  

a  

m  

e  

t
d
O  

a

l  

p
c  

c
c
p
a

 

w
f  

t
a
t
I  

o  

(  

m
t
W  

i
s  

o
 

p  

W  

w

2

I  

t  

r  

w
 

s  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/532/4/4408/7720527 by Potchefstroom
 U

niversity user on 30 Septem
ber 2025
olve the equation of motion describing the gyro-centric curve, 
llowing the use of much larger time or spatial steps, since the particle
yration is not solved. Two examples are the models of Harding, 
enter & Kalapotharakos ( 2021 ) and Gruzinov ( 2012 ), where the

atter uses an Aristotelian Electrodynamics (AE) approach. We will 
iscuss these models as well as the differences and advantages of
sing a gyro-centric approach versus solving the full particle gyration 
nd directly compare the two methods in a future work. 

Our o v erarching goal is to dev elop models to produce emission
aps and spectra for the ‘white dwarf’ pulsar AR Sco, which samples

n interesting regime of plasma parameters that require a rethinking 
f current approaches (see below). Our focus in this paper is to test
ifferent numerical schemes and select the most appropriate one for 
his source and pulsar sources, while we defer detailed calibration 
nd actual model fitting to follow-up works (du Plessis et al., in
reparation). We will initially neglect the self-consistent calculations 
f the fields, i.e. how the particles modify the fields. It is much easier
o test accuracy and calibration of different schemes with analytical 
elds; we will include self-consistent field calculations after we are 
onfident in our particle dynamics. Thus, we initially deviate from a 
ull PIC scheme. 

AR Sco is a unique, close white dwarf (WD) binary system
bserv ed to e xhibit pulsed, non-thermal emission, with its radiation 
pectrum peaking in the optical range (Marsh et al. 2016 ). The
nferred spin period for the WD is 117 s with an orbital period
f 3 . 56 h. Highly linearly polarized optical emission with a 180 ◦

olarization angle swing has been observed (Buckley et al. 2017 ). 
he system exhibits neither an indication of an accretion disc (Marsh
t al. 2016 ), nor of an accretion column (Takata et al. 2018 ; Garnavich
t al. 2019 ). The WD spin-down rate has been constrained (Stiller
t al. 2018 ; Gaibor et al. 2020 ), yielding an inferred surface B-field
f ∼ 5 × 10 8 G. Ho we ver, observ ations by Garnavich et al. ( 2021 )
et an upper limit for the B-field ( B < 100 MG ), since no Zeeman
plitting was observed in the WD emission line spectrum. 

The high inferred B-field of this WD is currently under contention. 
ost authors suggest a high B-field, assuming that the emission 

s powered by the WD spin-down and performing spectral fitting 
y invoking a non-thermal synchrotron radiation (SR) spectrum 

Geng, Zhang & Huang 2016 ; Buckley et al. 2017 ; Katz 2017 ;
akata, Yang & Cheng 2017 ; Potter & Buckley 2018 ; du Plessis
t al. 2019 ). A popular model amongst these is the magnetic mirror
cenario by Takata et al. ( 2017 ) in which particles are injected at the
ompanion and become trapped in the white dwarf magnetosphere 
nd are mirrored between the magnetic poles as they encounter severe 
R losses at the mirror points. This mirroring idea was invoked by
otter & Buckley ( 2018 ) as well and is the first scenario we want

o investigate with our modelling. Ho we ver, Lyutikov et al. ( 2020 )
rgued that such a large B-field would imply a mass transfer rate
f Ṁ ∼ 10 −4 M �yr −1 to spin up AR Sco to its current spin period,
hich is 10 5 times larger than that seen in similar binaries. But this

rgument assumes mass transfer purely via the companion L1 point 
nd neglects another popular idea that allows a large WD B-field, 
amely clumpy mass transfer, which has also been proposed for 
E Aquarii (Wynn & King 1995 ; Wynn, King & Horne 1995 ). A
ropeller/intermediate polar model for AR Sco has been proposed 
y Lyutikov et al. ( 2020 ) and adopted by Garnavich et al. ( 2021 ),
ince this allows for a smaller B-field ( B ∼ 5 × 10 5 G). This may
ddress the large mass transfer rate, but does not address the lack
f observational signatures of an accretion column or a propeller 
cenario. Also unaddressed in this model is a self-consistent broad- 
and radiation scenario that could fit the non-thermal spectrum with 
uch a low B-field. Given the detection of the first AR Sco sibling
y Pelisoli et al. ( 2023b ), which paper uses a similar propeller
odel, but there does seem to be flaring observed in the sibling

ystem (Pelisoli et al. 2023a ). Interestingly, a magnetic WD evolution
odel was proposed by Schreiber et al. ( 2021 ) that may explain the

igh spin rate of AR Sco. This model suggests that the WD in a
ataclysmic variable starts with no B-field and obtains a B-field 
ia a rotational and crystallisation dynamo. Most of these models 
nd others have been summarized in du Plessis et al. ( 2022 ). Given
he large B-field and presence of mildly relativistic particles in this
ystem, it is evident that more sophisticated modelling is required for
R Sco. No emission model has yet adequately modelled the light

urves, spectra, and polarization properties of AR Sco without the 
imiting assumption of super-relativistic particles with small pitch 
ngles. The assumption of small pitch angles is inappropriate when 
agnetic mirroring (and strong cooling) of electrons could occur, 

s expected near the magnetic poles of the WD in AR Sco. Thus,
e hav e dev eloped an emission model using fully general particle
ynamics that can capture both the relativistic and non-relativistic 
otion of particles in large fields, with RRF. This is required to

ccurately capture the physics in AR Sco. We can also compare our
ethods to PIC approaches that incorporate RRF, like that of Cerutti

t al. ( 2013 ). Solving the general equations of motion is important
o understand these systems where particle mirroring, focusing, and 
rift effects impact the particle trajectories and pitch angle evolution. 
ur study also serves as a validation for the gyro-centric approach

nd assesses the applicability of the latter. 
Solving the general equations of motion for pulsars or pulsar- 

ike sources requires high computational accuracy. This is due to the
resence of highly relativistic particles, large B- and E-fields, rapidly 
hanging variables, and added RRF where the particles are in or
lose to the radiation-reaction limit. These calculations are extremely 
omputationally demanding, thus we will investigate higher-order 
article integrators with adaptive time-steps to increase and balance 
ccuracy and computational runtime. 

In this first study, we discuss how we solved our particle dynamics
hile including the RRF by showing accuracy and benchmark results 

or known test scenarios. We thus build-up the complexity of the
est scenarios to identify sufficiently accurate numerical schemes 
nd techniques that can reliably solve the particle dynamics under 
he extreme conditions found in pulsars and pulsar-like systems. 
n our next work, we will present our calibration results between
ur code and those of the pulsar emission model of Harding et al.
 2021 ), given the aspects of overlap between AR Sco and canonical or
illisecond pulsars; we will furthermore discuss our comparison to 

he Aristotelian Electrodynamics (AE) results of Gruzinov ( 2012 ). 
e will thus be using retarded dipole and force-free fields, and

nvestigate different radiation mechanisms to generate skymaps and 
pectra for pulsar cases. Finally, in the third paper, we will present
ur light curve and spectral results for AR Sco. 
In this paper, we start by discussing our methods for solving our

article dynamics in detail and considered test scenarios in Section 2 .
e will then present and discuss our results in Section 3 , and finally
e will make closing remarks in Section 4 . 

 M E T H O D  

n this section, we will discuss how we solve the particle dynamics
hat we will use in our upcoming pulsar simulations, with and without
adiative losses, as well as the benchmarks and accuracy tests that
e implemented. 
To find a particle’s momentum and position at the ne xt giv en time-

tep, we solve the relativistic Lorentz force formula given in cgs
MNRAS 532, 4408–4428 (2024) 
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nits: 

d p 

d t 
= e 

( 

E + 

cp × B √ 

m 

2 c 4 + p 

2 c 2 

) 

, (1) 

here p is the particle momentum, e is the particle charge, E is the
-field, B is the B-field, m is the particle mass, and c the speed of

ight in a vacuum. Using equation ( 1 ) for the equations of motion
ssumes that the particle densities are low enough that the Lorentz
orce dominates o v er other forces, namely inertia and pressure. To
btain equation ( 1 ), one uses p ≡ γm v , with 

= 

√ 

m 

2 c 4 + p 

2 c 2 

mc 2 
, (2) 

s defined by the total particle energy E tot = γmc 2 =
 

m 

2 c 4 + p 

2 c 2 . Using the momentum form of the Lorentz force
quation makes it easier to include relativistic effects. To solve the
rdinary differential equation (ODE) in equation ( 1 ), we compare
arious explicit higher-order schemes with embedded lower-order
rrors in the Runge–Kutta family of solvers as well as a symplectic
cheme for comparison. For these explicit schemes, the order of
he accuracy of the scheme is given, with the order of the error
stimation given in brackets, and the stage indicating the number
f function e v aluations required. The numerical schemes that we
ompared are the Runge–Kutta Fehlberg 4(5)(5 stage) (Dormand &
rince 1980 ), Verner’s pair method DVERK 6(5)(8 stage) (Hairer,
orsett & Wanner 1993 ), Dormand–Prince 8(7)(12 stage) (Prince &
ormand 1981 ), an adapted Curis 10(8)(18 stage) pair scheme,

nd an adapted Hiroshi 12(9)(29 stage) pair scheme. The Curtis
0(8) scheme is adapted from the original explicit Curtis 10 th -order
cheme (Hairer 1978 ) to have an embedded 8 th -order error. Similarly,
he explicit Hiroshi 12 th -order scheme (Hiroshi 2006 ) is adapted to
ave a 9 th -order error. The higher-order schemes’ accuracy comes
t the cost of more function e v aluations; thus for a single time-
tep, the higher-order schemes require many more computations. The
dvantage of the higher-order schemes, however, is that one can use
arger time-steps and achieve the same accuracy as the lower-order
chemes, implying fewer iterations o v er the specified simulation
cale, therefore saving computational time. The mentioned explicit
chemes are also pair schemes, thus they have embedded lower-order
chemes to easily calculate the truncation error needed to calculate
he adaptive step size. Thus one does not have to rerun all the function
 v aluations for a halved/lower step size to obtain the truncation error,
aking them much more efficient. For a general implementation

f the Runge–Kutta family of solvers and how these schemes are
erived, see Shampine & Watts ( 1977 , 1979 ). 
A common problem is that ODE solvers become inaccurate and

nreliable if the ODE is too stiff, namely if the function values
hange drastically. If small enough time-steps are taken, this problem
s a v oided and the higher -order solvers seem to be less affected by
he stiffness of the ODE due to their higher accuracy (Ketcheson &

aheed 2013 ). 
Finally, we also implement the second-order Vay symplectic

cheme (Vay 2008 ), which conserves energy and is modified to work
etter for large field strengths than the more common Boris push
ymplectic scheme (Boris et al. 1970 ). The symplectic integrators
re valuable as benchmarks, since they are implicit, stable, and are
erived from the Hamiltonian to conserve phase space. A drawback
f the symplectic schemes is that they require a constant time-step
r manually changing the time-steps. The main problem with the use
f symplectic integrators for our purposes is that they are derived
y solving the Hamiltonian, with energy conservation, thus the RRF
NRAS 532, 4408–4428 (2024) 
annot be included and still conserve energy. To add the RRF to a
ymplectic integrator, the Hamiltonian would have to be re-derived
nd solved from the start; one cannot just subtract the RRF from
he symplectic result. A few authors have used such a symplectic
ntegrator with the RRF added from Tamburini et al. ( 2010 ) in
heir PIC calculations, but they did not re-derive the corresponding
amiltonian. It has not been demonstrated that the scheme conserves
hase space volume for the scheme to be considered truly symplectic.
ithout energy conservation, it would be similar to using a low-order

cheme with the same order error as the symplectic integrator, namely
econd order for Vay. 

We abbreviate the schemes that we have implemented for the rest
f the paper as follows: 

(i) Runge–Kutta–Fehlberg (Dormand & Prince 1980 ): RKF 

(ii) Verner’s pair method (Hairer et al. 1993 ): DV 

(iii) Dormand–Prince (Prince & Dormand 1981 ): PD 

(iv) Curis pair scheme (Hairer 1978 ): CR 

(v) Hiroshi pair scheme (Hiroshi 2006 ): HR 

(vi) V ay (V ay 2008 ). 

.1 Adapti v e time-step 

he advantage of using higher-order adaptive solvers is that they can
aintain stability using larger time-steps. This is crucial, since each

ime-step, whether using a symplectic, implicit, or explicit scheme,
ntroduces inaccuracy. Thus it is beneficial to minimize the number of
ime-steps as much as possible while maintaining a reliable accuracy.
nother benefit is saving computational time in a dipole-like or

patially changing B-field structure, where one can take larger time-
teps as the particle gyro-radius increases. For our implementation,
e use the chosen explicit schemes that have an embedded lower-
rder result, which allows for an efficient and less computationally
eavy calculation of the truncation error τerr;n that is used to calculate
n adaptive time-step. 

To calculate the truncation error, we use the higher-order result
or the particle momentum p h and the lower-order result p l and
ormalize it: 

err = 

| p h − p l | 
p h 

. (3) 

sing τerr , we can calculate an adaptive time-step as follows
S ̈oderlind & Wang 2006 ): 

t n + 1 = 

(
�t n 

�t n −1 

)− 1 
b 
(

T OL 

τerr;n 

)− 1 
b ( p+ 1 ) ( T OL 

τerr;n −1 

)− 1 
b ( p+ 1 ) 

, (4) 

here �t is the time-step, T OL is the chosen tolerance for τerr , b ∈
 2 , 8 ] , n indicates the n th time-step, and p is the order of the chosen
umerical method. Additionally, we tested v arious adapti ve time-
tep calculations from S ̈oderlind ( 2003 ) to find a suitably accurate
nd stable method, since the standard method (Prince & Dormand
981 ) introduced instabilities, especially when introducing E-fields.
he standard method only uses the previous time-step and truncation
rror whereas equation ( 4 ) uses the 2 prior time-steps and truncation
rrors. 

To constrain how much the new step can increase or decrease while
moothly transitioning to a stable result instead of o v ershooting, we
ntroduce a limiting function. S ̈oderlind & Wang ( 2006 ) provide an
quation for limiting the new time-step �t l : 

t l = �t n 

[
1 + κ arctan 

(
�t n + 1 − �t n 

κ�t n 

)]
, (5) 
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ith κ ∈ [ 0 . 7 , 2 . 0 ] . We find that using κ = 0 . 7 for all schemes, b = 8
or RKF and DV, and b = 4 for PD, CR, and HR yield the most stable
esults. On top of these steps, we add a selection filter by checking that
ach momentum component’s truncation error is below the specified 
olerance T OL , otherwise, we repeat this process with the newly
btained time-step until the truncation error is sufficiently small. We 
lso investigated the addition of an error estimator constant ρ to 
hese equations, similar to No v enta et al. ( 2018 ), but found no major
ncrease in stability, thus we omitted it for simplicity. 

After the described steps, we obtain the updated momentum 

omponents with which we can calculate the new Lorentz factor 
sing equation ( 2 ). We then calculate the particle’s new position by
olving d x / d t = v = p /γm using the Euler method. The reason for
sing the Euler method is that the desired accuracy was already 
btained with the first integration, and there was no noticeable 
ifference when using a higher-order method again, except for an 
ncrease in computational time. This is similar to what was done by
erutti et al. ( 2013 ), P ́etri ( 2017 ), and Ripperda et al. ( 2018 ). 
Note that since the symplectic integrator requires a constant time- 

tep, we compare the results from the explicit schemes to those of the
ymplectic integrator using a constant time-step for these schemes. 

hen calculating the results for the dipole field scenarios, we change 
he time step by ensuring that we sufficiently sample the relativistic 
yro period 

 g = 

2 πγm 

| e| B 

. (6) 

his yielded stable results for all the methods and allowed us to
hange the time-step for the symplectic scheme. The difficulty with 
 fixed-step scheme is knowing if P g or the gyro-radius is sufficiently
ampled. This changes for each scenario, parameter setup, and as the 
ariables change o v er time. This is where the adaptive schemes have
 major advantage in identifying a suitable time-step. 

.2 Particle set-up and dipole B-field 

or this paper, we use a static vacuum dipole B-field for some of
ur test scenarios. To calculate the B-field, we use equations (311)–
3.13) from Dyks & Harding ( 2004 ) for a retarded dipole B-field.
y setting the parameter r/R LC = 0, these equations reduce to the

tatic dipole B-field, where R LC is the light cylinder radius. This
adius, where the corotation speed equals that of light in vacuum, 
an be calculated using R LC = cP s / 2 π , where P s is the spin period
f the star.. 1 For the E-field inside the light cylinder, we use the
erpendicular E-field from Goldreich & Julian ( 1969 ), 

 ⊥ 

= −	 × r 
c 

× B , (7) 

here 	 is the angular velocity of the star and r the radial position. 
It is important to note that linear interpolation of a numerical 

olution of electromagnetic fields on a grid does not necessarily 
reserve the non-divergent nature of the B-field (Schlegel et al. 2020 ). 
his effect is on a scale smaller than the resolution of the B-field
nd is negligible for high-resolution magnetic fields. This does not 
ffect the analytical fields in this paper, but is a consideration for our
ext work where we will be using the force-free field grids similar
o what was done by Harding et al. ( 2021 ). 
 The more general retarded dipole equations were used since we aim to 
mplement them in later work and they represent more realistic stellar B- 
elds than the static dipole case. 

2

t

To solve equation ( 1 ), we need to specify the initial particle
osition and momentum. For the dipole B-field scenarios, we set up
 simple procedure to specify the initial parameters but it is usable
or any case. We specify a Lorentz factor and pitch angle 2 for the
articles at the initial position. We start by defining a momentum
ector in Cartesian coordinates, with the magnitude determined by 
he Lorentz factor. The momentum vector is tilted from the z-axis by
he given pitch angle, with the azimuthal phase initially set to zero.
ince the Cartesian B-field components can be calculated, we can 
alculate the rotation angles to align the momentum vector with the
-field direction. We define the following rotation matrix to rotate 

he momentum vector towards the magnetic field direction: 

 1 = 

⎡ 

⎣ 

cos φ cos θ − sin θ cos φ sin θ
sin φ cos θ cos θ sin φ sin θ

− sin θ 0 cos θ

⎤ 

⎦ . (8) 

n this matrix, θ is the pitch rotation and φ is the yaw rotation. This
hen sets up the particle with the specified Lorentz factor and a pitch
ngle ( θp ) relative to the local B-field. 

.3 E × B-drift frame calculations 

pon introducing an E-field, one needs to calculate some quantities 
n the E × B -drift velocity co-moving frame for the accuracy and
tability tests. These values include the Lorentz factor and relativistic 
yro-radius. Using the drift velocity for uniform fields V EB = cE ×
 /B 

2 and the corresponding drift Lorentz factor γd , we perform
 general Lorentz transformation given by the four-vector matrix 
Furry 1955 ): 

↔ 

T 

= 

⎡ 

⎢ ⎢ ⎢ ⎣ 

γd −γd V x −γd V y −γd V z 

−γd V x 1 + ( γd − 1) V 
2 
x 

V 2 
( γd − 1) V x V y 

V 2 
( γd − 1) V x V z 

V 2 

−γd V y ( γd − 1) V x V y 
V 2 

1 + ( γd − 1) 
V 2 y 

V 2 
( γd − 1) V y V z 

V 2 

−γd V z ( γd − 1) V x V z 
V 2 

( γd − 1) V y V z 
V 2 

1 + ( γd − 1) V 
2 
z 

V 2 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, 

(9) 

here V x , V y , and V z are the drift velocity components of V = V EB 

n this matrix and γd the drift velocity Lorentz factor. Thus with 
↔
T 

e can obtain the transformed velocity and position. To transform 

he fields, we use the following set of equations (Chow 2006 ): 

B 

′ 
‖ = B ‖ 

E 

′ 
‖ = E ‖ 
 

′ 
⊥ 

= ( B ⊥ 

− βEB × E ) 

 

′ 
⊥ 

= ( E ⊥ 

+ βEB × B ) , (10) 

here the perpendicular and parallel components are with respect 
o V EB , and βEB = V EB /c. With these transformed values we
an calculate the transformed frame Lorentz factor using γ ′ = 

d γ
(
1 − V EB · V /c 2 

)
and the relativistic gyro-radius with the stan- 

ard equation 

 g = 

γ v ⊥ 

mc 

eB 

, (11) 

here the v ⊥ 

component is defined with respect to the local B-field.
MNRAS 532, 4408–4428 (2024) 

 We define ‘pitch angle’ θp as the angle between the particle’s velocity and 
he local B-field direction. 
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.4 Radiation-r eaction for ce 

o ensure that we adequately take the effect of radiative losses on the
article momentum into account, we include the generic RRF into
quation ( 1 ). We used the fully generalized classical form for the
RF from Landau & Lifshitz ( 1975 ) written in terms of the particle
omentum 

3 : 

 = 

2 e 3 γ

3 mc 3 

{(
∂ 

∂ t 
+ 

p 

γm 

· ∇ 

)
E + 

p 

γmc 
×

(
∂ 

∂ t 
+ 

p 

γm 

· ∇ 

)
B 

}

+ 

2 e 4 

3 m 

2 c 4 

{
E × B + 

1 

γmc 
B × ( B × p ) + 

1 

γmc 
E ( p · E ) 

}

− 2 e 4 γ

3 m 

3 c 5 
p 

{ (
E + 

p 

γmc 
× B 

)2 

− 1 

γ 2 m 

2 c 2 
( E · p ) 2 

} 

. (12) 

This classical equation holds if the relativistic gyro-radius of the
article R g is larger than the electron Compton length-scale ( h/mc).
n the particle rest frame, it is required that the RRF � Lorentz
orce, but in the observer frame the RRF can be equal to or exceed
he Lorentz force (Landau & Lifshitz 1975 ; Vranic et al. 2016 ). A
imit can also be set where quantum effects need to be accounted for,
amely where the field experienced by the particle E f = | p × B | /mc

s below the Schwinger limit E S = mc 2 / | e| λ̄c , with λ̄c the Compton
 avelength (Sok olov et al. 2010 ). For more detail on the Schwinger

imit and a re vie w of the physics of highly magnetized neutron stars,
ee Harding & Lai ( 2006 ). At this limit, quantum ef fects af fect the
ynchro-curvature radiation as well (see also, Voisin, Bonazzola &

ottez 2017 ). 
The first term in equation ( 12 ) is the contribution from the temporal

nd spatial changes in the fields. Calculating the spatial deri v ati ves of
ll the field components is computationally e xpensiv e. Thus, similar
o Tamburini et al. ( 2010 ) and Cerutti, Philippov & Spitko vsk y
 2016 ), we e v aluated the relati ve contribution of this first term and
ound it to be negligible. A more extensive study was done by
ranic et al. ( 2016 ) comparing different forms and normalizations of

quation ( 12 ). They found that even in extreme field cases neglecting
he first term gives similar results; ho we ver, when dealing with the
quation stochastically in the quantum limit, this term should be
ncluded. Thus unless your field is changing rapidly spatially or
emporally, the first term can be safely neglected. We also e v aluated
he different forms of the different classical RRF equations from
ranic et al. ( 2016 ) and found the results to be similar. 4 

Given the RRF, we can calculate the power radiated by the particle
Jackson 1975 ) 

 rad = F rad · v , (13) 

here F rad is the self-force experienced by the particle due to radi-
ting, namely the RRF. The energy radiated can then be calculated
sing (Jackson 1975 ) 

 rad = 

∫ t 1 

t 2 

( F rad · v )d t . (14) 

sing equation ( 14 ), the total radiated energy can be calculated.
o see if our numerical calculations are self-consistent, we add the
NRAS 532, 4408–4428 (2024) 

 We also implemented the super-relativistic RRF equations from Landau & 

ifshitz ( 1975 ) but found them to be unstable when resolving the particle 
yrations, thus these results were excluded. 
 There is a slight computational time advantage when using equation ( 12 ), 
ince we are using momentum in equation ( 1 ) as well, thereby a v oiding 
epetitiv e conv ersion calculations. 

p  

b  

5

a
b
6

a

article energy and radiated energy to obtain the total energy; and
e e v aluate de viations from the initial total energy. 5 

.5 Comparison to AE 

n the case of extreme radiation reaction, as is thought to be applicable
n pulsar magnetospheres, the particles’ dynamics are go v erned by
he equilibrium of the Lorentz force and the RRF. Since the particles
re accelerated to extreme Lorentz factors, the particles are assumed
o be light-like and are assumed to follow the null geodesic. Such
 limit defines AE, which is crucial in understanding pulsar particle
ynamics for gamma-ray emission (Gruzinov 2013 ; Kalapotharakos
t al. 2019 ). Cai, Gralla & Paschalidis ( 2023a ) summarize AE as well
s highlighting challenges with some of the proposed AE models,
ince it has not yet concretely been confirmed. 

AE seems to have been first proposed by Finkbeiner et al. ( 1989 )
nd later popularized by Gruzinov ( 2012 ). We will continue to
iscuss AE in more detail in follow-up work, more specifically
he application to non-uniform fields namely the retarded vacuum
ipole- and force-free fields. AE assumes the particles are travelling
long the principal null directions, where the leading term of the
RF determines the particle trajectory as it travels at the speed of

ight. The particle trajectory is described as (Gruzinov 2012 ): 

 ± = 

E × B ± ( B 0 B + E 0 E ) 

B 

2 + E 

2 
0 

c, (15) 

here ± is for a positive or ne gativ e charge and E 0 and B 0 are
nvariants. These invariants 6 are calculated using 

 0 = 

√ √ 

( P / 2 ) 2 + Q 

2 − P / 2 

B 0 = 

Q 

| Q | 

√ √ 

( P / 2 ) 2 + Q 

2 + P / 2 , (16) 

here P = B 

2 − E 

2 , Q = E · B , and E 0 > 0. This argues that the
elocity c( E × B ) / ( B 

2 + E 

2 
0 ) transforms to an arbitrary Lorentz

rame where the E-field is parallel to the B-field, so that there is
o E ⊥ 

component to drift the particle off the local B-field. The
 0 addition to the drift velocity means the drift velocity does not
iv erge be yond R LC as the B-field decreases in a dipole-like B-field
tructure (i.e. as r −3 ). Importantly, AE requires the particle to be
apidly accelerated to a critical Lorentz factor obtained by balancing
he power due to the accelerating E-field with the energy lost due to
urvature radiation (Gruzinov 2013 ), 

 e E 0 = 

2 e 2 c γ 4 

3 R c 
. (17) 

his yields 

c = 

(
3 E 0 R 

2 
c 

2 | e| 
) 1 

4 

, (18) 

here R c is the radius of curvature of the particle trajectory. Equation
 18 ) assumes curvature radiation is the dominant loss process. If
ne balances the gained power with the synchro-curvature radiated
ower, one would have a more general expression transitioning
etween the synchrotron and curvature regimes. Equation ( 15 )
 This only holds if there is no E ‖ -field to accelerate the particle. If there is 
n E ⊥ -field but no E ‖ -field parallel to the local B-field, the calculations can 
e done in the frame co-moving with the E × B -drift velocity. 
 Since Q and P are scalar invariants of the electromagnetic field tensor, so 
re the scalars E 0 and B 0 . 
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escribes the particle’s trajectory as the particle travels out to infinity, 
mplying that inside the pulsar magnetosphere ( r < R LC ) a large
ccelerating E-field is required to accelerate the particle to the critical 
orentz factor within a short time-scale for these equations to be 
pplicable close to the pulsar surface. We define a deviation angle θD 

s the angle between our model velocity and the AE limit velocity
s defined in equation ( 15 ). 

To calculate the radius of curvature, we use polynomial differen- 
iation similar to what was done in Barnard et al. ( 2022 ). We adopt
his scheme, since in our next paper we will show our comparison
alibration results with respect to their code. To calculate the second- 
rder spatial deri v ati ve, we use 

 

′′ 
i = 

(−3 x ′ i−1 + 4 x ′ i − x ′ i+ 1 

)
2 ds 

, (19) 

here x ′ is the first-order deri v ati ve and d s is the step length
arclength) along the curved path. The radius of curvature can then 
e calculated using 

 c = 

1 √ 

( x ′′ ) 2 + ( y ′′ ) 2 + ( z ′′ ) 2 
. (20) 

.6 Calibration tests 

o test the accuracy of the various ODE solvers, we have set up
tandard scenarios with known analytical solutions. Apart from 

eing able to compare with known solutions, these test cases are 
lso applicable to a wide range of astrophysical problems and 
nvironments (e.g. local regions in a pulsar magnetosphere, or a 
agnetic mirror in a white dwarf magnetosphere). 
(i) The first scenarios using E = 0 (with and without an RRF)

nclude: 

(i) A constant B-field. 
(ii) A static vacuum magnetic dipole. 

In these listed scenarios, we compare the calculated relativistic 
yro-radius to the analytical result from equation ( 11 ) and track any
hange in γ , since we expect it to stay constant for no RRF. Thus
he relative error in γ allows us to directly track the numerical error
uild-up in the results and the relative error in γ per step allows us
o assess the numerical error per step. For the static dipole case, we
lso consider the first adiabatic invariant μ = p 

2 
⊥ 

/B to evaluate the
ccuracy of our magnetic mirroring result. For the RRF cases with 
 = 0, we use the same scenarios as without the RRF. Ho we ver,
e e v aluate if our total energy is conserved for our accuracy tests,

ince γ changes if RRF is included, and we compare our results to
 ́etri ( 2022 ) where possible. In the co-moving frame, we can once
gain compare to the analytical expression for R g , as well as monitor
ny change in γ ′ in this frame. Some of these tests were similarly
erformed by P ́etri ( 2017 ), Ripperda et al. ( 2018 ) and will serve as a
omparison. 

(ii) The test scenarios when including an E-field (constant B-field 
ith a constant E ⊥ 

-field; we set E ⊥ 

to a fraction of the B-field
trength) are: 

(i) Zero initial momentum. 
(ii) A large initial Lorentz factor. 

We also include the RRF, but with no analytical results available 
o serve as a comparison in this case. 

(iii) As another test and application to AR Sco, we set up the
agnetic mirror scenario proposed by Takata et al. ( 2017 ) and

ompare our results to theirs. They use a static dipole B-field with no
-field, and a magnetic inclination angle of α = 0 ◦. They injected
he particle at the companion centre with an initial γ = 50 and a
itch angle of sin θp = 0 . 1. As far as we can tell, they constrain
he particle to mo v e along the B-field and simply push it along
his field. The surface B-field is set using the magnetic moment as

WD = 6 . 5 × 10 34 G cm 

3 , the WD radius as R WD = 0 . 8 R �, a binary
eparation of a = 8 × 10 10 cm , a WD spin period of P s = 117 s,
nd setting the orbital phase at 0.25 where orbital phase 0.0 would
e at inferior conjunction. They adopt the transport equations from 

arding, Uso v & Muslimo v ( 2005 ), but written in terms of the first
diabatic invariant in the observer frame, 

d γ

d t 
= −P 

2 
⊥ 

t s 

d 

d t 

(
P 

2 
⊥ 

B 

)
= −2 

B 

t s γ

(
P 

2 
⊥ 

B 

)2 

, (21) 

here t s = 3 m 

3 
e c 

5 / 2 e 4 B 

2 and P ⊥ 

= γβ sin θp . These equations as-
ume that the particle is super-relativistic and has a small pitch
ngle. They set E ‖ = 0 since the E-field is assumed to be screened,
ut do not include an E ⊥ 

. They thus neglect any E × B -drift in
he particle dynamics as the particle is just pushed along the B-
eld. Additionally, we reproduce their scenario but include an E ⊥ 

-
omponent to investigate the effect this would have on the results. 

(iv) As a test for the RRF, we investigated the radiation-reaction
imit and compared our results to the AE results in this regime. We
ompare our results to the limiting velocity in equation ( 15 ) as well
s calculate the angle between our velocity vector and that of the
E velocity, as a deviation angle. For the AE results comparison we
nly investigate uniform fields in this paper, but with both E ⊥ 

and E ‖ 
omponents. In a follow-up work, we will investigate AE in retarded
ipole- and force-free fields. 
To find the best scheme for modelling AR Sco and pulsars, we

alance sufficient accuracy (not introducing significant numerical 
rrors in our calculations) with computational efficiency. We track 
he relative error in γ , the error in γ with each step, and the relative
rror in total energy to investigate the numerical error build-up in the
alculations. The relative error build-up should thus be low ( � 1) and
he error introduced per step should be small enough that the amount
f steps required for the simulation does not cause the errors to build
p that would affect the results. We believe a relative error below
0 −3 is ideal, but 10 −2 is passable with some caution. An example
elative error of 10 −6 per step means after ∼ 10 6 iterations the first
ignificant figure is affected. Thus, one would be able to perform
0 3 iterations in this case before hitting the 10 −3 accuracy level. It
s crucial for the numerical errors not to be exceedingly large since
hey could cause the particles’ velocities to increase exponentially 
r have random fluctuations or oscillations. This would affect all 
he emission calculations and emission directions in the emission 
aps and spectra calculations making it impossible to differentiate 

etween actual results and numerical errors. 
To e v aluate the computational cost of each method while also

 v aluating their accuracy, we use the same amount of steps/iterations
or each scheme for the uniform field cases 7 This means that if the
otal time simulated for one scheme is larger than another (or more
yrations occur for gyro-period normalized time) we know the latter 
cheme is taking larger time-steps and will perform fewer iterations 
f given a set simulation time or length-scale, which indicates a faster
untime for that scheme. We also track the time-steps each scheme
MNRAS 532, 4408–4428 (2024) 
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Figure 1. The results for a constant and uniform B-field showing the particle 
trajectory in the xy-plane for each scheme. We use a constant time-step of 
d t = 10 −13 s for the Vay scheme. 
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ses, directly showing which scheme is faster by using larger time-
teps combined with having the larger simulation time with the same
mount of iterations. We also directly compare the schemes against
ne another in benchmark tables in Section 3.3 . 

 RESU LTS  

n this section, we show the results for high field values and
igh particle energies, since these values are closer to standard
ulsar parameters. This allows us to demonstrate that we have
btained sufficient accuracy and stability when using these extreme
arameters. To assess stability, we investigate if the particle follows
he expected trajectory (namely a deviation in R g ) or if there is any
umerical drift in expected values. The results are found to be more
ccurate and stable for lower field v alues, lo wer Lorentz factors, and
mall RRF scenarios. We run each method for the same number of
terations in each scenario, allowing us to assess the runtime of each

ethod in each scenario. This also gives a good standard to indicate
hich schemes would be faster, given a set simulation time or length-

cale. While we used electrons for our simulations, any particle can
e simulated for each scenario. 

.1 B-field scenarios with no RRF 

or the two B-field scenarios (constant and static vacuum dipole
elds) we plot similar variables, thus to reduce repetition we clarify

he details behind the plots first. For the trajectory plots, we show
he 2D normalized position components. In the uniform field case,
e plot the xy-plane and normalize to the R g and in the dipole case
e use the xz-plane, with position coordinates normalized to R LC .
or the γerr , we plot the relative error in Lorentz factor γerr = ( γ −
0 ) /γ0 versus time normalized to P g , allowing us to directly track the
umerical error build-up. For the R g;err , we plot the relative error in
yro-radius R g;err = ( R g − R g;an ) /R g;an o v er normalized time. Here,
0 is the initial Lorentz factor and R g;an is the analytical gyro-radius.
inally, for the time-step plots, we show the time-steps taken o v er
ormalized time. In the static dipole field and RRF scenario, we do
ot normalize the time, since the gyro-period changes as the particle
oses energy or the field strength changes. 

For the uniform B-field scenario, we used a B-field in the z-
irection, namely B z = 10 12 G. We set up our particle to start at the
yro-radius to gyrate around the point (0,0,0), with initial parameters
0 = 10 8 and θp = 90 ◦. In Figs 1 and 2 , we compare the accuracy
nd stability of the various numerical schemes using the adaptive
ime-steps as well as the Vay scheme using a constant time-step of
 t = 10 −13 s. 
In Fig. 1 , we see that the schemes have some discrepancies in their

esulting trajectories, where the CR and HR schemes have slightly
hifted gyro-centres, but all schemes are stable o v er man y gyrations.
he roughness seen in the higher-order schemes’ gyrations is due to

ime resolution, not inaccuracy in the schemes. 
In Fig. 2 , panel (a) we see that all the schemes have exceptionally

mall γerr o v er multiple gyrations, with the cumulative error build-up
isible as the relative error increases over time in the plot. The lower-
rder schemes have relative errors of γerr ∼ 10 −9 , the higher-order
chemes γerr ∼ 10 −11 , and for the Vay scheme γerr ∼ 10 −13 . This
ndicates that the numerical errors are small enough to not affect
he results within expected simulation runtimes of 10 9 iterations as
 high upper limit. It is evident that the CR scheme experienced a
umerical instability, causing a large jump in the relative error. 
In panel (b) of Fig. 2 , we see that the errors in R g are relatively low

or all schemes, but could potentially be a little higher than expected
NRAS 532, 4408–4428 (2024) 
ue to possible imperfect centring around (0,0,0). All the schemes
xcept CR and HR have relative errors of R g;err ∼ 10 −3 , while the CR
nd HR schemes have R g;err ∼ 10 −2 . The results are found to oscillate
o higher and lower values due to the adaptive time-steps and possible
inor instability in the gyro-radius as mentioned with the centring.
hen comparing the adaptive schemes to the Vay scheme, which is

table and reasonably accurate due to it being a symplectic scheme,
he other schemes have similar error le vels, gi ving confidence in the
esults. Similar results were also found by Ripperda et al. ( 2018 )
ith somewhat lower relative errors in R g at R g;err ∼ 10 −5 . Their

rror in R g could be lower due to better centring or a better method
f comparing the R g , but our errors in γ are similar. Our results are
table o v er multiple gyrations, as noted from the trend of the errors,
hich seems to be quite flat. 
In panel (c) of Fig. 2 , we see a major advantage of the adaptive

ime-step method, since it allows the higher-order schemes to take
uch larger time-steps while maintaining the same accuracy as the

ower-order schemes. These results show that the PD, CR, and HR
chemes take ∼ 10 times larger time-steps than the RKF, implying
hat they complete 10 times more gyrations than the RKF with higher
ccuracy in the same number of iterations. It must be noted that the
KF does seem to be more stable than the higher-order schemes,
hich will be more apparent in the E-field results. This is most

ikely due to it requiring much smaller time-steps than the other
chemes. 

In Fig. 3 , we consider the same constant B-field scenario, but
ow using a constant time-step of d t = 10 −13 s for each scheme.
anel (a) indicates that all the schemes’ trajectories are now much
ore stable and o v erlap one another on the plot. Panel (b) shows

hat all the relative errors in γ fall below the Vay scheme error of
err ∼ 10 −13 , except for the case of the RKF scheme. The RKF error
s comparatively high, because d t = 10 −13 s is fractionally abo v e the
table time-step for the RKF as seen in Fig. 2 panel (c), so that the
KF would have significantly higher errors using this time-step. In
anel (c), we see that all the schemes have similar relative errors in
 g just below R g;err ∼ 10 −2 , with quite stable results. 



AR Sco particle dynamics 4415 

Figure 2. The results for a uniform B-field for each scheme, where panel (a) shows the relative error in γ , panel (b) shows the relative error in R g , and panel 
(c) shows the time-step used. We use a constant time step of d t = 10 −13 s for the Vay scheme. 

Figure 3. Results for a constant B-field scenario as in Figs 1 and 2 , but using a constant time-step d t = 10 −13 s for each method. 
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Comparing the adaptive time-step results in Fig. 2 with the constant 

ime-step results in Fig. 3 , we see that decreasing the time-step
ncreases the accuracy of the schemes, as expected. The problem 

ies in identifying an acceptable time-step before the run for an 
rbitrary scenario and setup parameters. This means that one would 
ave to run each scenario multiple times to determine a suitable time-
tep. It is then advantageous when an adaptive time-step method can 
alculate a stable and accurate time step to use generally. The results
f Figs 1 and 2 are without limiting the maximum time-step of
he adaptive schemes. Thus the results can be further impro v ed by
nowing the maximum stable time-step for each scheme and for each
cenario. This would once again require multiple runs to determine 
uch a step, and we therefore only show the adaptive results, without
etting a maximum to show we still obtain stable and accurate
esults. 

For the dipole B-field scenario, we use a surface B-field of
 s = 10 10 G, a stellar radius R s = 0 . 01 R �, spin period P s = 117 s,
nd a magnetic inclination angle of α = 0 . 0 ◦. We initialize the
article at 0 . 8 R LC with a Lorentz factor γ0 = 10 8 and pitch angle
p = 10 ◦. In Fig. 4 panel (a), we plot the trajectory of the particle in
MNRAS 532, 4408–4428 (2024) 
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M

Figure 4. Results for a static dipole B-field scenario where panel (a) indicates the trajectory of the particle in the xz-plane. Panel (b) shows the relative error 
in γ where the dotted lines indicate when using time steps d t = P g / 100. Panel (c) shows the adaptive time-step sampling for three of the schemes. We use the 
time-steps d t = P g / 100 for the Vay scheme. 
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Figure 5. Static dipole B-field scenario with panel (a) showing the adiabatic 
invariant μ using d t = P g / 100 for the Vay scheme. Panel (b) shows p ⊥ in 
red and p ‖ in blue, both normalized by γmc. 
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he xz-plane for the PD scheme as an illustration of the trajectory.
e see the particle bounces between the magnetic mirrors at each
agnetic pole and drifts in the y-direction due to the gradient

rift, as expected. In panel (b), we plot the γerr for each scheme,
here the dotted lines indicate using time steps of d t = P g / 100

or each scheme, including Vay. The relative errors are found to be
ow for multiple magnetic mirrors for all the schemes, where the
iggest jump in error happens at each mirror point. The adaptive
D and HR scheme’s relative errors of γerr ∼ 10 −11 are quite close

n accuracy to those of Vay ( γerr ∼ 10 −12 ), but they are found to
omplete significantly more mirrors due to their larger time-steps.
he RKF and DV schemes’ relative errors were found to be a little
igher, but still accurate at γerr ∼ 10 −10 and γerr ∼ 10 −9 , respectively.
he panel further shows that the PD, CR, and HR schemes are more
ccurate than Vay when using the same time-steps as illustrated by
he dotted lines in the plot. The dotted RKF and DV lines yield
igher relative errors because the time-step used is higher than
he stable time-step required for these schemes. The adaptive CR
s also seen to have experienced instabilities as indicated by the
arge jumps in its relative error. In panel (c), we can see how the
daptive time-step changes, since the B-field changes as the particle
ounces between the two poles and mo v es to different parts of the
agnetosphere. The observed variation in the time steps is a factor
100 for this case, implying that one can take a 100 times more

arge steps far away from the surface than when using a constant
mall time step closer to the surface, saving computation time. If one
urther probes with the adaptive time steps close to the stellar surface
nd far away, this variation can easily become a factor 10 6 − 10 10 .
his is especially true for the pulsar case, where a particle at the
urface mo v es outward be yond R LC . This highlights the crucial
enefits of using an adaptive method in field configurations where
ne would expect more complicated field structures and variations.
n panel c) we also see that the RKF time-steps are below P g / 100,
xplaining why the dotted RKF and DV errors are so high in
anel (b). 
NRAS 532, 4408–4428 (2024) 
To illustrate that we are obtaining magnetic mirroring while
aintaining accuracy, we plotted the first adiabatic invariant and
omentum components. In Fig. 5 , we only show the results of the
D and Vay schemes in the first panel so as not to clutter the plot and
nly the PD in the second plot to show the momentum components.
e find similar results to Soni, Kakad & Kakad ( 2020 ) who simulated

lectrons in Earth’s Van Allen belts, where one expects the average
diabatic invariant to stay constant. Thus even though the adiabatic
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Figure 6. Results for a constant B-field with the RRF included, showing the 
particle trajectory in the xy-plane for each scheme. 
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nvariant oscillates the average stays constant over many particle 
irrors. This is found for both Vay and PD in our results. There

s a minor offset seen between the Vay and PD schemes, which
ould be due to minor numerical instabilities. In panel (b), we show
 ⊥ 

and p ‖ normalized by γmc to identify the mirror points. The
irror points are located where p ‖ changes sign and where p ⊥ 

is a
aximum, since this is where θp = 90 ◦. Thus in this plot, one can

ee the particle bouncing between the magnetic poles multiple times. 

.2 B-field RRF scenarios 

hen calculating the relative error in energy ( E err = ( E n − E 0 ) /E 0 )
 v er time, we use as total energy E n the sum of the particle energy and
he energy radiated by the particle and compare this to the particle’s
nitial energy E 0 . This allows us to self-consistently check if energy
s conserved and if our results are sufficiently accurate. 

For the uniform B-field RRF scenario, we use a B-field B z =
0 8 G with initial Lorentz factor γ0 = 10 4 , pitch angle θp = 90 ◦, and
ncluded RRF. We used a scenario with a large radiation reaction, 
ince these scenarios are the most unstable and inaccurate. In Fig. 
 , we see the particle gyrating around the B-field in the xy-plane,
piralling inwards as the particle loses energy due to the RRF, thus
ausing the gyro-radius to decrease. One can see some offset in 
he higher-order schemes but all the schemes show good stability 
xcept for CR (not indicated), which becomes unstable if we purely 
se the adaptive methods with no limits in time-steps. In Fig. 7
anel (a), we see that the adaptive schemes are accurate o v er man y
yrations, with the RKF and DV schemes having higher accuracy 
 E err ∼ 10 −4 ), since they are more stable even though they have
ower-order accuracy. The PD has a relative error of E err ∼ 10 −3 and
he HR E err ∼ 10 −2 , with all the schemes producing accurate results
 v er an e xtended simulation with multiple mirrors. Panel (b) shows
hat for these parameters, the RRF is initially ∼ 10 per cent of the 
orentz force, but this decreases as the particle loses energy and
he γ decreases. This is quite high and is approaching the radiation-
eaction limit regime, which we will be discussing in Section 3.7 .
his relatively high RRF causes the problem to become more stiff

i.e. rapidly changing variables), meaning that smaller time-steps 
r higher-order schemes are required for adequate stability and 
ccuracy. In panel (c), we see that the higher-order schemes are able
o use ∼ 10 times larger time-steps than the RKF, demonstrating that
ne can reach a much longer simulation time when using the same
umber of iterations. 
For the static dipole scenario with RRF included, we used a surface
-field of B s = 10 8 G, stellar radius R s = 0 . 01 R �, spin period P s =
17 s, and a magnetic inclination angle of α = 0 . 0 ◦. We set the initial
osition of the particle at 0 . 8 R LC with a Lorentz factor γ0 = 10 6 and
itch angle θp = 20 ◦. In Fig. 8 , we plot the Lorentz factor versus
he particle’s radial distance normalized to R LC for each scheme. 
ne can see the Lorentz factor is slowly decreasing as the particle

adiates energy until it is close to the mirror point, where it rapidly
ecreases as the particle radiates most of its energy in this relatively
trong B-field. This therefore forms a step-like pattern as the particle
s bounced between the stellar poles, since most of the energy is
adiated at the mirror points due to the high local B-fields there. 

In Fig. 9 panel (a), we see quite small relative energy errors for
ach scheme, but the RKF and DV schemes were found to have the
mallest errors due to them being more stable as mentioned in the
revious scenario. The higher-order schemes hav e relativ e energy 
rrors of E err ∼ 10 −3 where the RKF has an E err ∼ 10 −5 and the
V an E err ∼ 10 −4 . All the adaptive schemes thus have adequately

mall relative energy errors for this scenario. In this panel, we include
 dotted line for the PD scheme using a time-step dt = P g / 100 to
how that the schemes can be made significantly more accurate upon
sing smaller time-steps or limiting the time-steps, but one needs 
o know beforehand how small to make the time-step. Using this
ime-step, the relative error for the PD scheme was E err ∼ 10 −4 . In
anel (b), we show that in this scenario, the RRF < 0 . 01 per cent of
he Lorentz force, indicating the methods’ accuracy and stability in 
hese high-RRF regimes. We also see increases in the RRF due to the
igher B-fields at the poles and thus we expect most of the energy
o be radiated at the mirror points. Notably, the small oscillations
een in the RRF curve are due to the gyration of the particle. Panel
c) sho ws ho w the time-steps become smaller as the particle loses
nergy and starts mirroring closer to the stellar surface. This panel
lso shows the PD and HR schemes taking ∼ 10 larger time-steps
han the RKF scheme, meaning that these particles encounter many 

ore mirrors with the same amount of iterations. 

.3 ODE benchmarks 

o compare the utility of the adaptive schemes, we set up a
enchmark scenario to assess the runtimes of each scheme directly. 
ur benchmark scenario is a static dipole B-field with surface B-
eld strength of B s = 10 8 G, α = 0 . 0 ◦, R s = 0 . 01 R �, P s = 117 s,
0 = 10 4 , and θp = 160 ◦. We initialize the particle at 0 . 15 R LC and
top when the particle has been mirrored and has again reached
 . 15 R LC . We ran the code with and without the RRF to assess the
un times, and we were mainly interested in the relative energy error
final error after completion of the run) when the RRF was included.
he reason we decided on this scenario as a benchmark is because it

s similar to what we will be using when modelling AR Sco and where
e will be producing emission maps and spectra for in future work.
e normalized the run times to the time the RKF ran without an RRF

or easy comparison. In Table 1 in the second column, without the
MNRAS 532, 4408–4428 (2024) 
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Figure 7. Results for a constant B-field with the RRF included, where panel (a) shows the relative error in total energy. Panel (b) shows the Lorentz force in 
red and RRF in blue. Panel (c) shows the adaptive time-step sampling for three of the schemes where P g / 10 is plotted in magenta and P g / 100 in cyan. 

Figure 8. Results for a static dipole B-field with RRF included, showing the 
Lorentz factor versuss radius for each scheme. 
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RF, one sees that the higher-order schemes are significantly faster
han the RKF, with the HR scheme being ∼ 20 times faster. Column
 shows that when including the RRF, the higher-order schemes are
till much faster than the RKF scheme, but not as much as without
he RRF, since the function e v aluations become much longer when
he RRF is included. With the RRF included, the HR is only ∼ 17
imes faster than the RKF. Evaluating the relative error in energy in
olumn 4, we see that the schemes have similar small relative errors,
 ut the higher -order schemes ha ve slightly larger errors. Thus, it is
mportant to balance runtime, stability, and accuracy when choosing
 numerical scheme. 

To benchmark against the Vay scheme, we can not add the RRF
r the adaptive methods. To address this, we use the same parameter
NRAS 532, 4408–4428 (2024) 
etup as for Table 1 but we specify a relative error threshold γerr ∼
0 −10 and manually change the time-step as a fraction of P g for
ach scheme to achieve that error threshold. We can then see what
raction of P g is required for each scheme to yield the specified error
olerance and assess the runtime of each scheme. Similar to Table 1 ,
e normalize the runtime of the schemes to the RKF runtime for

asy comparison. These results are presented in Table 2 where we
ee in column 3 that the higher-order schemes can take much larger
ime-steps for the same accuracy since they need to sample P g less,
equiring smaller factions of P g . What is highlighted in the table
s how well Vay performs in accuracy and runtime since, it has
ewer function evaluations, outperforming the higher-order schemes
n runtime even when using larger time-steps. Unfortunately, one has
o manually run the simulation a few times to identify an applicable
ime-step or in this case a scaling of P g for each scenario. This
ecomes even more of a problem when introducing E-fields and
RFs that cause P g to change rapidly. Beyond not being able to add

he RRF, we will see in the next section that the Vay scheme begins
o struggle when adding a large E ⊥ 

-field as the problem becomes
tiffer, requiring higher accuracy. 

.4 Reproducing Takata et al.’s results 

n Section 2.6 , we discussed the setup and parameters used to
eproduce the magnetic mirror scenario for AR Sco as implemented
n Takata et al. ( 2017 ). In Fig. 10 , we plot the particle Lorentz factor

versus radial distance, normalized to the binary separation R a .
e plotted our generalized RRF results for this scenario in red, the

esults from Takata et al. ( 2017 ) in green, and our model results when
ncluding an E ⊥ 

-field defined by equation ( 7 ) in blue. We used the
daptive PD scheme for our model results without assuming super-
elativistic particles with small pitch angles, in contrast to Takata et al.
 2017 ). We see that the general RRF results agree surprisingly well
ith those of Takata et al. ( 2017 ), but we do see some deviation after

he first magnetic mirror point. The reason for agreement could be
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Figure 9. Results for a static dipole B-field with RRF included. Panel (a) shows the relative error in the total energy, with the dotted line indicating the use of 
d t = P g / 100. Panel (b) shows the Lorentz force in red and the RRF in blue, while panel (c) shows the adaptive time-step sampling for 3 of the methods. 

Table 1. Benchmark runtimes and relative error of the particle energy for a 
static dipole B-field without losses (column 2) and with the RRF included 
(column 3) for each numerical method indicated in column 1. The runtimes 
are normalized to the RKF method’s runtime when there are no losses. 

Total runtime: Total runtime: Relative error 
Method No losses RRF E err 

RKF 1.0 2.100 4 . 771 × 10 −3 

DV 0.4365 0.9304 4 . 767 × 10 −3 

PD 0.0674 0.1473 4 . 829 × 10 −3 

CV 0.0464 0.0789 4 . 934 × 10 −3 

HR 0.0481 0.1202 4 . 922 × 10 −3 

Table 2. Benchmark runtimes and relative error for a static dipole B- 
field without losses. The methods are given in column 1 with the runtimes 
normalized to the RKF method’s runtime in column 2. Column 4 shows the 
time-step scaling needed to obtain the required total relative γerr in column 3. 

Method Total runtime Relative error γerr Time step: P g fraction 

RKF 1.0 1 . 25 × 10 −10 P g 
2000 

DV 0.487 3 . 89 × 10 −10 P g 
900 

PD 0.03 1 . 96 × 10 −10 P g 
35 

CV 0.038 2 . 43 × 10 −10 P g 
35 

HR 0.047 1 . 85 × 10 −10 P g 
20 

Vay 0.016 2 . 20 × 10 −10 P g 
50 

d  

t  

f  

w
t  

Figure 10. Results from a magnetic mirror model proposed for AR Sco by 
T akata et al. ( 2017 ). W e used the same parameters as discussed in Section 2.6 . 
The plot shows our results using the general RRF equations in red, our results 
when including an E ⊥ in blue, and the results from Takata et al. ( 2017 ) in 
green. 

t  

a  

γ  

E  

c
w
e  

d
o  

t
M  

W  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/532/4/4408/7720527 by Potchefstroom
 U

niversity user on 30 Septem
ber 2025
ue to how small the RRF is in this scenario, with the ratio of the RRF
o the Lorentz force being ∼ 2 × 10 −11 . The relative error in energy
or our results was E err = 7 . 9 × 10 −3 . When including an E ⊥ 

-field,
e see that γ decreases much slower, as the particle mirrors seven 

imes before it has lost the same amount of energy as the particle at
he first mirror in the previous case. The particle also mirrors farther
way from the WD surface in this case. When including an E ⊥ 

-field,
increases as the particle is moving in the same direction as the
 ⊥ 

-field, and then decreases as it mo v es opposite to the field. This
reates an oscillatory effect seen in the blue curve. Unfortunately, 
e cannot compare the particle pitch angle evolution, since Takata 

t al. ( 2017 ) do not show these specific results. We expect quite a big
ifference in the respective pitch angle evolution properties between 
ur approaches, since equations ( 21 ) do not allow feedback due to
he particle dynamics, namely drift, mirroring, and focusing effects. 

oreo v er, those equations are valid in the limit of small pitch angles.
e will study this aspect in more detail and insight in our next paper,
MNRAS 532, 4408–4428 (2024) 
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Figure 11. Results for the E × B -scenario using a constant B-field and E ⊥ -field, and zero initial momentum. In panel (a), we show the particle trajectory in 
the observer frame and in panel (b) the particle trajectory in the transformed frame co-moving with the E × B -drift v elocity. F or the Vay scheme, we used 
d t = 10 −14 . 
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ince we will be able to compare our results in detail with the results
f Harding et al. ( 2021 ) for non-uniform fields in a pulsar scenario. 

.5 Uniform E-field scenarios with no RRF 

s mentioned in Section 2 , to test the accuracy and stability of our
esults when including an E-field, we calculate the transformed gyro-
adius ( R 

′ 
g ) and Lorentz factor ( γ ′ ) in the frame co-moving with the

article E × B -drift velocity. In the trajectory plots, we show the 2D
y-plane of the particle in the observer frame, as well as the frame co-
oving with the particle E × B -drift velocity. The particle position

n the co-moving frame is normalized to R 

′ 
g , but not in the observer

rame, since R g changes constantly due to the E × B -drift effects.
he relative error in Lorentz factor γ ′ 

err = ( γ ′ 
i+ 1 − γ ′ 

i ) /γ
′ 
i is plotted

 v er time normalized to P 

′ 
g showing the numerical error in γ per time-

tep. The relative error in R 

′ 
g is the same as in the previous scenarios,

ut now using the transformed frame quantities and plotted o v er
ormalized time. In the transformed frame, we expect the particle
o have a circular gyration in the 2D position plot (similar to the
niform B-field case) since there is no E ⊥ 

in the transformed frame
o cause the particle to drift. Thus if the particle drifts in this frame,
e expect this to be due to numerical instability. 
For the uniform E ⊥ 

- and B-field scenario with lower fields, we use
 z = 10 5 G and E x = 0 . 9 B z . We set the initial momentum to zero
 γ0 = 1) to allow comparison with the scenario of P ́etri ( 2017 ) and
ipperda et al. ( 2018 ), and initialized the particle to gyrate around the
oint (0,0,0) in the transformed frame. As a comparison, we included
he Vay scheme using d t = 10 −13 s. In Fig. 11 panel (a) we see that
he particle drifts in the ne gativ e y-direction in the observer frame,
s expected. We see that at some points, R g is small and that a small
nough time-step is necessary to sufficiently sample the gyro-period.
e only plotted the PD scheme to show the trajectory, since panel (b)

s more useful for identifying stability. In panel (b), we see that since
NRAS 532, 4408–4428 (2024) 
here is no E ⊥ 

in the co-moving frame, the particle gyrates around
he B-field, similar to the uniform B-field scenario in the lab frame.

e have not plotted results from the CR and HR schemes, since they
ere found to drift, making it difficult to see all the results from all

he schemes. The higher-order schemes seem to be more unstable
or these extreme E-field scenarios, even though they have a higher
ccurac y. We believ e this instability is due to the adaptive time step
ethods not using a sufficiently small time step for the higher-order

chemes. The PD starts to drift a little after many gyrations. Notably,
hese instabilities were also found by P ́etri ( 2017 ) and Ripperda et al.
 2018 ). It is important to remember this is a high-field scenario with
n extremely small R g , since the particle starts with no momentum,
nd the E-field strength is a high fraction of the assumed B-field.
e found that the higher the E-field strength compared to that of the
-field, the more unstable the results become, similar to what was

ound by Ripperda et al. ( 2018 ). This is due to the ODE becoming
ore stiff. 
In Fig. 12 panel (a), we see that all the adaptive schemes are

ccurate, with relative errors γ ′ 
err ∼ 10 −14 , except for the CR scheme.

nterestingly, the Vay scheme is found to have a high relative error
f γ ′ 

err ∼ 10 −7 , so that each step would affect the seventh decimal
nd would cause significant numerical inaccuracies. Thus, using the
ay scheme in this scenario, one would only be able to do ∼ 10 7 

terations before the numerical error is of the order of the results itself.
hen resolving the full particle gyration, one can easily go beyond

0 7 iterations, especially if longer simulation time per particle is
eeded; or one would have to use extremely small time steps. The
ay method is still stable in this regime, as is seen in Fig. 11 and
as a much more reliable accuracy when using a smaller E-field
raction without having to use significantly smaller time-steps than
he adaptive schemes. This highlights the importance of the high-
rder schemes in extreme cases to ensure both stability and accuracy.
he relative errors from our results are of the same order of magnitude



AR Sco particle dynamics 4421 

Figure 12. Results for the E × B -scenario using a constant B-field and E ⊥ -field, and zero initial momentum. Panel (a) shows the relative error in γ ′ for each 
time-step, panel (b) shows the relative error in R 

′ 
g , and panel (c) shows the time-step sampling of three methods. For the Vay scheme, we used d t = 10 −14 . 
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s those found in P ́etri ( 2017 ) and Ripperda et al. ( 2018 ). In panel
b) of Fig. 12 , we note that the RKF, DV, and Vay schemes are quite
table without an increasing trend in their error. There is a small
ncreasing trend visible in the PD scheme, but a noticeable increase 
n the CR and HR schemes. The relative error in R 

′ 
g is reasonably

igh at R 

′ 
g;err ∼ 10 0 but Ripperda et al. ( 2018 ) found similarly high

rrors in R 

′ 
g for a similar scenario. This could be because it is difficult

o accurately centre the particle to gyrate around the origin (0,0,0) in
he transformed frame. In panel (c), we see that unlike in the uniform
-field scenario, in this scenario there is a considerable variation 

n the time-steps used, where the schemes have to use ∼ 100 times
maller time steps when the gyro-radius is small. In this scenario, 
e see that the higher-order schemes complete ∼ 10 times more 
yrations than the RKF scheme. What should be noted is how stable
he RKF is: although it is slower and has lower-order accuracy, it is
 good scheme to compare to. 

For Fig. 13 , we used the same parameters as in the previous
cenario, b ut inv oked a constant time-step d t = 10 −14 s for each
cheme. In panel (a), we see that all the schemes are now stable,
ith no drifting observable. The only scheme that showed some 

nstability if one zoomed in was the Vay scheme which was found
o drift slightly. In panel (b), it is more evident that when using the
ame time-step for each scheme, the Vay scheme is significantly less
ccurate in this extreme regime to the point that one would worry
bout numerical inaccuracies. All schemes hav e relativ e errors of
′ 
err ∼ 10 −15 , with the Vay scheme at γ ′ 

err ∼ 10 −8 (with max at 10 −7 ).
n panel (c), we observe no increasing trend in the error, but with
lightly lo wer relati ve errors than the pre vious adapti ve time-step
esults, with R 

′ 
g;err ∼ 10 −1 . It must be noted that one may obtain a

easonable error for the Vay scheme, but then the time-steps would 
ave to be significantly smaller than what even the RKF requires to
e stable and accurate. 
For the scenario where E ⊥ 

- and B-field are uniform, but with a
arge Lorentz factor and higher fields, we use the fields B z = 10 12 G
nd E x = 0 . 9 B. We set the initial parameters to γ0 = 10 8 , θp = 90 ◦,
nd use d t = 10 −13 s for the Vay scheme. In Fig. 14 panel (a), we
ee the particle drifts in the ne gativ e y-direction, with a small R g due
o the large E-field compared to the B-field. The larger the E-field
ompared to the B-field, the smaller the gyro-radius becomes at the
urning point as the particle travels from parallel to E ⊥ 

to antiparallel.
n panel (b), we note that the RKF, DV, and Vay schemes are quite
table whereas the PD appears reasonably stable with a minor drift
bserv ed o v er man y orbits. The CR and HR schemes were once again
ot included, since they were found to drift, making it difficult to see
ll the schemes on one plot. 

In Fig. 15 panel (a), we see that all the schemes have good
ccurac y, ev en though the CR and HR schemes are a bit unstable.
he errors of the schemes were found to be γ ′ 

err ∼ 10 −14 , except
or the higher value of the CR scheme. The Vay scheme is once
gain found to be significantly less accurate in this extreme scenario,
ith a relative error of γ ′ 

err ∼ 10 −6 (peaks at 10 −5 ); thus, we would
ot recommend using the scheme in this scenario. In panel (b), we
bserve an increasing error trend in the CR and HR schemes, with
 small trend in the PD scheme, whereas the RKF, DV, and Vay
chemes are quite stable. The stable schemes were found to have
elative gyro-radius errors R 

′ 
g;err ∼ 10 −1 (peaks at 10 0 ). 

Fig. 16 is for the same parameters as the previous scenario, but
sing a constant time-step d t = 10 −13 s. In panel (a), all the methods
re once again stable, with no observable drift when using a constant
ime step below their stability threshold. In panel (b), we see all
he schemes are significantly more accurate than the Vay scheme 
hen using the same constant time-step. The adaptive schemes were 

ound to have relative errors of γ ′ 
err ∼ 10 −14 , with the Vay scheme at

′ 
err ∼ 10 −6 . In panel (c), there is no observable increase in the error
rend for any of the schemes, with relative errors R 

′ 
g;err ∼ 10 −1 . 

.6 E-field RRF scenarios 

or the uniform E ⊥ 

- and B-field with an included RRF, we use
 z = 10 8 G and E x = 0 . 9 B. The initial parameters were γ0 = 10 4 ,
MNRAS 532, 4408–4428 (2024) 
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M

Figure 13. Results for the E × B -scenario using a constant B-field and E ⊥ -field, with the same parameters as in Figs 11 and 12 , but using a constant time-step 
d t = 10 −14 . 

Figure 14. Results for the E × B -scenario for large fields, using a constant B-field and E ⊥ -field and a large initial Lorentz factor. In panel (a), we show the 
particle trajectory in the observer frame, and in panel (b) the particle trajectory in the xy-plane in the frame co-moving with the E × B -drift v elocity. F or the 
Vay scheme, we used a constant time-step d t = 10 −13 . 
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p = 90 ◦, and starting at the origin (0,0,0). In Fig. 17 panel (a),
e plot the 2D particle trajectory in the co-moving frame, with
osition components normalized to the initial R 

′ 
g . Here, we see that

he schemes are reasonably well o v erlapping and stable, with no
ajor drift observable. The CR and HR schemes do drift a little and
ere not included in the plot, for clarity. The particle R 

′ 
g decreases

apidly in this strong radiation-reaction scenario, spiralling inward
NRAS 532, 4408–4428 (2024) 
s the particle loses energy. Panel (b) indicates the Lorentz force
nd the RRF versus time. The RRF is initially almost comparable in
agnitude to the Lorentz force. The RRF then decreases, since there

s no E ‖ to accelerate the particle to balance the RRF. The oscillations
n the Lorentz force are due to the particle moving parallel to E ⊥ 

in
ne segment of the gyration and antiparallel in the other. Panel (c)
ndicates the time steps taken by the RKF, PD, and HR schemes o v er
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Figure 15. Results for the E × B -scenario for large fields, using constant B-field and E ⊥ -field and a large initial Lorentz factor. Panel (a) shows the relative 
error in γ ′ at each time-step, panel (b) shows the relative error in R 

′ 
g , and panel (c) shows the time step sampling of three schemes. For the Vay scheme, we used 

a constant time step d t = 10 −13 s. 

Figure 16. Results for the E × B -scenario for large fields, using a constant B-field and E ⊥ -field with the same parameters as in Figs 14 and 15 , but using a 
constant time-step d t = 10 −14 s. 
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ime. There is a large variation due to the changing R g caused by the
 × B -drift. A general decrease is also seen due to the particle losing
nergy. We also note that the higher-order schemes are able to take
uch larger time steps than the RKF scheme. 
Fig. 18 shows the pitch angle evolution o v er time for the uniform

eld test scenarios with and without RRF. The scenarios include a 
niform B-field (and zero E-field) without RRF plotted in red, and 
ne with the RRF included plotted in blue. For the E × B scenarios,
e use a uniform B-field and uniform E ⊥ 

-field; the case without the
RF is plotted in green, and the one with the RRF is plotted in cyan.
or all the cases, we used an initial pitch angle of θp = 60 ◦. In panel
a), we used B z = 10 8 G, E x = 0 . 1 B, and γ = 10 4 . For panel (b), we
sed B z = 10 11 G, E ⊥ 

= 0 . 1 B, and γ = 10 2 . In panel (a), we notice
hat for the E × B scenario, the pitch angle oscillates around the
ean, namely the initial pitch angle. This is because in one gyration

f the particle, the particle is moving parallel and antiparallel with
MNRAS 532, 4408–4428 (2024) 
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M

Figure 17. Results for the E × B -scenario with the RRF included, using a constant B-field and E ⊥ -field. Panel (a) shows the particle trajectory in the xy-plane 
of the frame co-moving with the E × B -drift velocity. Panel (b) shows the Lorentz force and the RRF, while panel (c) shows the adaptive time-step sampling for 
three of the schemes. 

Figure 18. Results for the pitch angle versus time for a uniform B-field in 
red, uniform B-field with RRF in blue, uniform B and E ⊥ -field in green, and 
uniform B and E ⊥ -field with RRF in cyan. In panel (a), we used B = 10 8 G, 
E ⊥ = 0 . 1 B, and γ = 10 4 . In panel (b), we use B = 10 11 G, E ⊥ = 0 . 1 B, and 
γ = 10 2 . 
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espect to the E ⊥ 

-field, i.e. it is accelerated and decelerated by the
 ⊥ 

-field. This effect thus cancels out o v er one gyration so that the
ean pitch angle stays constant. This holds even though the particle

rifts due to the E ⊥ 

-field, because the fields are uniform; as the
article drifts off one local B-field line, the pitch angle is the same
n the next local B-field line. This does not hold for non-uniform
elds, since the field strength and direction are different at various
oints. From panel (a), we notice that for the B-field scenarios with
NRAS 532, 4408–4428 (2024) 
nd without the RRF, the pitch angle stays constant. In the E × B
cenarios, both with and without the RRF, the mean pitch angle stays
onstant. In panel (b), we observe that for the cases with the RRF,
he pitch angle and mean pitch angle decrease. The reason the pitch
ngle is unaffected in panel (a) is because in equation ( 12 ), the third
erm is directly opposite to the particle momentum. This means the
hird term only scales the magnitude of the momentum vector and
oes not change the direction of the vector, which would change the
article pitch angle. Term 3 also scales as γ 2 compared to term 2;
s the γ increases, term 3 quickly becomes the dominant term in
he RRF. Thus in panel (a), the pitch angle seems constant, since γ
s high and term three dominates, but when γ becomes small, the
itch angle decreases as seen in panel b) where we use a low γ and
igh fields that term 2 becomes more rele v ant in the RRF expression.
mportantly, one needs high B-fields or a low γ for the RRF to be
arge enough to affect the particle velocity direction. The pitch angle
ill still decrease with low B-fields, but o v er a long time-scale. That

s why in panel (a), the pitch angle does decrease due to term 2, but
his decrease is exceptionally small and becomes more prominent
t low γ . For super-relativistic particles, Landau & Lifshitz ( 1975 )
efine the RRF to be opposite in direction of the velocity, as was
imilarly shown in Harding & Lai ( 2006 ), which is in agreement
ith our numerical results for the evolution of the pitch angle. In
ur next paper, we will investigate the RRF’s effect on the pitch
ngle in non-uniform fields since this has a significant effect on the
ynchrotron- and synchrocurvature radiation calculations. 

To compare our time-step with the synchrotron cooling time, we
alculate the latter for electrons, using t cool = E / | d E / d t | . Assuming
n isotropic pitch angle, where 〈 sin 2 θ〉 = 2 / 3, the mean radiated
ower becomes 〈 d E/ d t〉 = σT E 

2 B 

2 / 6 πm 

2 c 3 for synchrotron ra-
iation, where σT is the Thomson cross-section. For both panels
a) and (b) of Fig. 18 , we found that our largest time step was
0 times smaller than t cool , thus we more than adequately sample
or synchrotron radiation. To investigate whether the time it takes
o reach a certain γ during synchrotron radiation aligns with the
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Figure 19. Results for the radiation-reaction limit scenario, where the red 
line shows the Lorentz force and the green line the RRF when using our PD 

scheme. 
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heoretically expected time, we integrate d E / d t = −kE 

2 B 

2 sin 2 θp 

here k = σT / 6 πm 

2 c 3 . We use the initial section of the graph where
he pitch angle is constant, namely θp = 60 ◦. After simplification, 
his yields ( γ0 − γ ( t)) /mc 2 γ0 γ ( t) = kB 

2 sin 2 θp ( t 0 − t). Using this
ormula, we found that for our results in panel (a) we had a relative
rror in the time of ∼ 1 . 1 × 10 −3 and ∼ 4 . 4 × 10 −3 for panel (b).
his is surprisingly close to what is expected, considering that we 
re using the general RRF and serves as another justification for the
eliability of our results. When introducing the average pitch angle, 
.e. 〈 sin 2 θp 〉 = 2 / 3, the relative error for panel (a) increases to ∼ 0 . 1
nd in panel (b) to ∼ 0 . 01. 

.7 AE results 

he model of Harding et al. ( 2021 ) assumes that the super-relativistic
articles moving in very large fields attain the AE limit that 
etermines their trajectory. Thus, we use the following case to test a
adiation-reaction limit scenario, and to assess if our results converge 
o the AE limit. We use a uniform B-field B z = 10 8 G and uniform
-field with perpendicular component E x = 10 7 stat V cm 

−1 = 0 . 1B,
nd a parallel component E z = 10 5 stat V cm 

−1 = 0 . 001B. We set the
nitial particle position at (0,0,0) with initial Lorentz factor γ0 = 10 6 

nd pitch angle θp = 60 ◦. For our model results, we used the adaptive
D scheme but still compared it with the other schemes as shown in
ig. 21 panel (a). 
In Fig. 19 , we show the Lorentz force and the RRF for this scenario.
e see that initially, the RRF is larger than the Lorentz force; we

xplained in Section 2.4 that this can occur in the observer frame, one
ust needs to ensure that one does not violate the classical conditions
or the RRF, which holds for our case (see Section 2.4 ). Initially, the
RF is high and drops rapidly in a short time, since the RRF’s leading

erm has a γ 2 dependence. Thus, as γ decreases so does the RRF. The
ccelerating electric field E 0 then accelerates the particle, increasing 
he RRF, until the losses and acceleration reach an equilibrium and 
he RRF and Lorentz forces become equal after a long time period. 

In Fig. 20 , we study the same scenario as before, but in panels (a)–
c), we plot each velocity component normalized to c. Our results are
hown in red and the AE results are in blue. The AE velocity shown
s the local AE velocity at each point. Our results initially deviate
rom the AE results, but eventually converge to the AE velocity 
omponents. Thus our results converge to the local AE velocity after 
ome period and settle into the equilibrium state. In panel (d), we
lot the Lorentz factor from our model where we see a rapid decrease
f γ from our model due to the RRF and then an increase due to E 0 ,
ntil it reaches an equilibrium where γ becomes constant. 
In Fig. 21 panel (a), we show the deviation angle θD 

between our
redicted velocity using the different schemes and the AE velocity 
ersus time. The red line is the standard pitch angle from our model
esults using the PD scheme for comparison. The pitch angle becomes
maller until it reaches a constant value at equilibrium. Importantly, 
he pitch angle does not become zero, because as E ‖ is accelerating
he particle to high γ values, the RRF does not decrease the pitch
ngle significantly as explained in the previous section. All the 
chemes give similar results for θD 

. These results show θD 

becoming 
mall and at the equilibrium, reaching ∼ 0 . 01 ◦ but not zero. This
s because equation ( 15 ) is gyro-centric and our result resolves the
ull particle gyration. This means that there is an offset from the
yro-centre in our results due to the particles gyro-radius and the
on-zero pitch angle. Unfortunately, we have not found a reasonable 
nd accurate method to obtain the gyro-centric velocity for a highly
elativistic scenario including E-fields. The fact that at equilibrium 

e get a constant deviation angle means our particle is gyrating
round the AE trajectory curve with a constant pitch angle, so that
he AE direction coincides with our particle gyro-centre’s direction 
f motion. This is further emphasised in panel (b) where we show θD 

sing the same scenario as before, but changing the uniform B-field
trength, such that the gyro-radius at equilibrium is smaller for higher
eld values. These results were produced using the PD scheme, where 

he red curve is for B z = 10 7 G, the blue curve for B z = 10 8 G, and
he green curve indicating B z = 10 9 G. In each case, we also use
he same E ⊥ 

-field fraction for consistency in the particle E × B -
rift scenario, namely E x = 10 7 stat V cm 

−1 . Here we see deviations
or the red curve of ∼ 0 . 1 ◦, for the blue curve of ∼ 0 . 01 ◦, and
or the green curve of ∼ 0 . 001 ◦. Therefore, for higher uniform B-
eld values and smaller gyro-radii at equilibrium, the constant θD 

t equilibrium becomes smaller. This supports the conclusion that 
ur results follow the AE limit as gyro-centre, and that the particle
s gyrating around the AE trajectory curve at equilibrium. We have
hus demonstrated that we reco v ered the AE limit via our numerical
alculations. 

 C O N C L U S I O N  

n preparation for first-principles modelling of the light curves and 
pectra of the white dwarf system AR Sco, we implemented general
article dynamics. We explained in detail the numerical methods we 
sed to obtain our modelling results in order to ensure that they are
eliable, clear, and reproducible. In all the test scenarios, we obtained
he expected analytical results with good stability and accuracy, thus 
he numerical errors do not affect the results. We believe the results
ave important implications both for our application to AR Sco, 
here RRFs are high and magnetic mirroring changes the particle 
elocity rapidly, and for PIC simulations of pulsar magnetospheres. 

For the B-field scenarios, we found that, as expected, the high-
rder schemes gave better accuracy; but when adding a large E-
eld and the RRF, the lower-order schemes performed better due 

o them being more stable. The results do highlight that integration
chemes can be accurate but have poor stability and vice versa, thus
nsuring that both aspects are adequate is crucial for our astrophysical 
imulations. In our results, we assess our adaptive schemes without 
etting a limit to the maximum time-step each scheme uses. We
o this because unless one does prior runs for each scenario or
nitialization configuration, one does not know what a sufficiently 
mall time-step is for each scheme. This is one of the major problems
MNRAS 532, 4408–4428 (2024) 



4426 L. Du Plessis et al. 

MNRAS 532, 4408–4428 (2024) 

Figure 20. The same scenario as in Fig. 19 , where the red line represents our model results and the blue line the AE limit from equation ( 15 ). Panels (a)–(c) 
show each velocity component normalized to c. Panel (d) shows the Lorentz factor, where the AE results are for equation ( 18 ). 

Figure 21. Panel (a) is the same scenario as in Fig. 19 showing the angle 
between the model velocity and the AE velocity, where the pitch angle θp 

is shown in red. Panel (b) is the same scenario as in Fig. 19 , but using 
different B-field strengths and E ⊥ components. In panel (b) E ⊥ = 0 . 1B is 
used in each case, while the red plot indicates B = 10 7 G, blue B = 10 8 G, 
and green B = 10 9 G. 
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hen using constant time-steps or manually scaling the time-steps
s is used in implicit and symplectic schemes. 

We also show that our adaptive schemes are sufficiently stable and
ccurate for scenarios where the gyro-period drastically changes,
uch as in pulsar magnetospheres where the B-field strength rapidly
rops with distance abo v e the stellar surface. This ensures sufficient
ampling within one gyration of the particle, even if the gyro-period
s rapidly changing. The adaptive schemes can therefore take large
ime-steps where there is a large gyro-period, saving enormous
mounts of computational time and still maintaining accuracy and
tability. This is currently a big problem in PIC codes that mainly
se second-order accuracy symplectic integrators with constant time-
teps. This means that these codes have to start f ar aw ay from the
urface of the star or use unrealistically small magnetic fields to
e able to use time-steps that are large enough for the code to
ave a realistic runtime. We have also shown that the Vay scheme
s unreliable in scenarios with high E-fields compared to the B-
elds, because it is a second-order accuracy scheme. Thus one has

o use exceedingly small time-steps to ensure the results are accurate
ausing it to have an unfeasible runtime. 

Across all the test scenarios, we see that the adaptive time-
tep method does introduce some instability in the higher-order
chemes. This is because the unconstrained adaptive method we
ave implemented takes time-steps that are slightly too large for the
igh-order schemes, causing instability or inaccuracy. We show that
ven though there is instability introduced in the schemes, the DV
nd PD schemes were both sufficiently accurate and stable in all
ases, with the RKF being the most stable. As mentioned, in the
ethods, we used higher accuracy adaptive time-step methods than

s standardly used, as is required for realistic results in our pulsar
odelling. Should better methods be found in future, these will be

mplemented to hopefully make the HR scheme more stable in the
xtreme scenarios, since it can take much larger time-steps, saving
ignificant computational time. Notably, by implementing an upper



AR Sco particle dynamics 4427 

l  

w  

w  

t
a  

i  

d
m

o  

s
E  

s  

s
i  

t
a
o  

p  

s
A

s
fi
W
l
i  

b  

s  

h
o  

t
c
C  

t
m  

c
w
i
m

l
i  

m  

H  

o  

c
p
o
T
p
t

o  

w
f
o  

f
u
a
i  

a

A

W
i  

s
S
fi
p
t  

t
a
w  

r
o
t
(
A
8

D

T  

t

R

B  

B  

B  

B  

C
C  

C
C
C  

D
d
d  

D
F
F
G  

G  

G
G
G
G
G
H
H  

H
H
H
H
J  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/532/4/4408/7720527 by Potchefstroom
 U

niversity user on 30 Septem
ber 2025
imit to the time-steps, the HR scheme is stable and accurate, but we
ould have to do prior runs to find a sufficiently small upper limit
ithout limiting the run time too much, suffering a similar problem as

he constant-time-step solvers. When balancing run time, accuracy, 
nd stability, we found the PD to be ideal for our simulations, since
t is significantly faster and more accurate than the RKF scheme, but
oes not suffer too much instability due to the adaptive time-step 
ethod as the CR and HR schemes do. 
Our results for AR Sco connected to the magnetic mirror scenario 

f Takata et al. ( 2017 ) show agreement with theirs when using the
ame static vacuum dipole B-field. However, when introducing an 
 ⊥ 

-field, the results differ drastically. We agree that E ‖ could be
creened, but it is crucial to include E ⊥ 

, since the E × B -drift has a
ignificant effect on the particle trajectories. This should have a big 
mpact on the model light curves and spectra. It would have been ideal
o compare the particle pitch angle evolution between our respective 
pproaches. Since the transport equations ( 21 ) include no feedback 
n the particles and vice versa, one would have to manually turn the
article around at the magnetic mirror points. In future work, we will
how full emission modelling for this magnetic mirror scenario of 
R Sco with an added E ⊥ 

-field. 
We lastly demonstrate in our results that even in these extreme 

cenarios with an added RRF, as occurs in pulsar magnetospheres, we 
nd accuracy in our self-consistent energy conservation calculations. 
e furthermore obtain the AE results in the radiation-reaction 

imit. Importantly, we show the convergence to the AE results 
n the scenarios that we studied, which we have not seen done
y other authors as of the writing of this paper. This is crucial,
ince the AE describes a solution to the equilibrium state, but not
ow a particle enters this equilibrium. There is thus ambiguity 
n how and when the particle enters this equilibrium to be able
o use the AE equations to describe the particle motion. The 
losest model showing this transition into equilibrium is that of 
ai, Gralla & Paschalidis ( 2023a ) who discretized the problem into

hree regimes, but without consistently using the same equation of 
otion. In our next paper, we will show and analyse the AE

omparison results for retarded dipole fields and force-free fields, 
ith application to pulsar modelling, since this will have important 

mplications on the radiation calculations required for the emission 
odelling. 
In conclusion, our results show that our particle dynamics calcu- 

ations are sufficiently accurate, stable, and have significant runtime 
mpro v ements. In our ne xt paper, we will discuss all our emission
odelling and compare our results to the pulsar emission code of
arding et al. ( 2021 ). By doing this, we can show confidence in
ur emission modelling results as well as discuss the implication of
omparing gyro-centric particle trajectories with full gyro-resolved 
article dynamics. We will also discuss the applicability of the 
ther assumptions used by this model and similar pulsar models. 
hese assumptions include super-relativistic particles with small 
itch angles and no feedback on the particle trajectories from the 
ransport equations and vice versa. 

Due to our general approach to the particle dynamics, we believe 
ur new code and methods we used can be applied to other sources as
ell (beside pulsars) where full particle dynamics are required. In the 

uture, we will self-consistently calculate the field values, similar to 
ther PIC codes. Ho we v er for our ne xt paper, we will use the force-
ree field grids for global pulsar magnetospheres that were obtained 
sing a dissipative model solving the Maxwell equations. We also 
dvise the use of the higher-order solvers with adaptive time-steps 
n such cases, since we have shown that this improves both run time
nd the accuracy of the results. 
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