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Abstract

In this thesis we study some nonlinear partial differential equations which appear
in several physical phenomena of the real world. Exact solutions and conserva-
tion laws are obtained for such equations using various methods. The equations
which are studied in this work are a generalized coupled (241)-dimensional hyper-
bolic system, a modified Kortweg-de Vries type equation, the higher-order mod-
ified Boussinesq equation with damping term, coupled Korteweg-de Vries equa-
tions, coupled Boussinesq equations, a generalized Zakharov-Kuznetsov equation,
a generalized Ablowitz-Kaup-Newell-Segur equation and a potential Kadomtsev-

Petviashvili equation with p—power nonlinearity.

We perform a complete Lie symmetry classification of a generalized coupled (2+1)-
dimensional hyperbolic system, which models many physical phenomena in non-
linear sciences. The Lie group classification of the system provides us with eleven-
dimensional equivalence Lie algebra and has several possible extensions. It is fur-
ther shown that several cases arise in classifying the arbitrary parameters, the

forms of which include amongst others the power and exponential functions.

We obtain exact solutions of two nonlinear evolution equations, namely, modified
Kortweg-de Vries equation and higher-order modified Boussinesq equation with
damping term. The (G'/G)—expansion method is employed to obtain the exact
solutions. Travelling wave solutions of three types are obtained and these are the
solitary waves, periodic and rational. In addition, the conservation laws for higher-
order modified Boussinesq equation with a damping term are constructed using the

multiplier approach.

The (G'/G)—expansion method is employed to derive the exact travelling wave
solutions of coupled Korteweg-de Vries equations. The solutions obtained include

the soliton solutions. Furthermore, the conservation laws for these equations are



obtained.

Travelling wave solutions of coupled Boussinesq equations are determined and con-
servation laws are obtained for the system using the new conservation theorem and

multiplier approach.

We study a generalized Zakharov-Kuznetsov equation in three variables, which has
applications in the nonlinear development of ion-acoustic waves in a magnetized
plasma. Conservation laws for this equation are constructed using the new conser-
vation theorem. Furthermore, new exact solutions are obtained by employing the

Lie symmetry method along with the simplest equation method.

Conservation laws of a generalized Ablowitz-Kaup-Newell-Segur equation are con-
structed by using Noether theorem. The exact solutions are obtained using the Lie
symmetry method together with the simplest equation method and direct integra-

tion.

Finally, a potential Kadomtsev-Petviashvili equation with p—power nonlinearity,
which arises in a number of significant nonlinear problems of physics and applied
mathematics is studied. We carry out Noether symmetry classification on this
equation. Four cases arise depending on the values of p and consequently we
construct conservation laws for these cases with respect to the second-order La-
grangian. In addition, exact solutions for this equation are obtained using the Lie

group analysis together with the Kudryashov method and direct integration.
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KdV: Kortweg-de Vries

mKdV: modified Kortweg-de Vries
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gZK: generalized Zakharov-Kuznetsov

KP: Kadomtsev-Petviashvili
PKPp: potential Kadomtsev-Petviashvili with power law nonlinearity
AKNS: Ablowitz-Kaup-Newell-Segur
gAKNS: generalized Ablowitz-Kaup-Newell-Segur
VCPKP variable coefficients potential Kadomtsev-Petviashvili
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Introduction

A large variety of real-world physical systems are governed by nonlinear partial
differential equations. Such equations are very important because they are able
to describe the real features in various fields of applications, for example, fluid
mechanics, gas dynamics, combustion theory, relativity, thermodynamics, biology,
and many others. Nonlinear partial differential equations of real life problems
are difficult to solve analytically. Finding exact solutions of the nonlinear partial
differential equations is a very important task and plays an important role in
nonlinear science. There has recently been much attention devoted to the search for
better and more efficient solution methods for determining solutions to nonlinear

partial differential equations [1-34].

In the last few decades, a variety of effective methods for finding exact solu-
tions were discovered. These include the homogeneous balance method [3], the
ansatz method [4, 5], the variable separation approach [6], the inverse scattering
transform method [7], the Backlund transformation [8], the Darboux transforma-
tion [9], the Hirota bilinear method [10], the (G’/G)—expansion method [11-13],
the Kudryashov method [14-24] and Lie group analysis [25-31]. Such methods
were successfully applied to nonlinear partial differential equations in obtaining

their exact solutions.

Lie group analysis is one of the most powerful and systematic methods to determine



solutions of nonlinear differential equations. It was originally developed by Marius
Sophus Lie (1842-1899). His study gave rise to the modern theory of what is
now universally known as Lie groups. Ever since, a large amount of work has
been published in the literature on the subject of Lie groups applied to differential
equations in terms of the Lie point symmetries admitted by the equation under
study. Lie point symmetry of a differential equation is a one parameter point
transformation which leaves the differential equation invariant. Lie theory enables
one to reduce the order of ordinary differential equations. The reduction of a
partial differential equation with respect to r—dimensional (solvable) subalgebra
of its Lie symmetry algebra leads to reducing the number of independent variables

by r.

It is well-known that conservation laws play an important role in the study of
differential equations. Conservation laws describe physical conserved quantities
such as mass, energy, momentum and angular momentum, as well as charge and
other constants of motion [28,35,36]. They have been used in investigating the
existence, uniqueness, and stability of solutions of nonlinear partial differential
equations [37,38]. Also, they have been used in the development and use of nu-
merical methods [39,40]. Recently, conservation laws were used to obtain exact
solutions of some partial differential equations [41-45]. Thus, it is essential to

study conservation laws of differential equations.

Sophus Lie’s work had influence on many mathematicians including Emmy Noether
(1882-1935). A connection between symmetries and conservation laws for differ-
ential equations is established via Noether theorem [46,47]. In addition to Lie
point symmetries, Noether symmetries are also widely studied and are associated,
in particular, with those differential equations which possess Lagrangians. The
Noether symmetries, which are symmetries of the Euler-Lagrange systems, have

interesting applications in the study of properties of particles moving under the



influence of gravitational fields.

Noether theorem [46,47] allows construction of conservation laws systematically.
However, it can only be applied to differential equations with a Lagrangian. In
order to overcome this limitation, several works have been done. See for example,
[48-53]. Further developments have been made in this direction and the concepts of
quasi self-adjoint, weak self adjointness and nonlinear self-adjoint were introduced

in [54-59].
This thesis is structured as follows:
In Chapter one, we introduce the preliminaries that are needed in our study.

In Chapter two, a complete Lie group classification is performed on a generalized
coupled (2+1)-dimensional hyperbolic system. As a result, the arbitrary functions

which appear in the system are specified.

Chapter three presents the travelling wave solutions of a modified Kortweg-de Vries
type equation and higher-order modified Boussinesq equation with damping term
using the (G’/G)—expansion method. Conservation laws for the latter equation

are constructed using the multiplier approach.

In Chapter four, exact solution and conservation laws for the coupled Korteweg-de
Vries equation are found using (G'/G)—expansion method and the new conserva-

tion theorem due to Ibragimov, respectively.

Chapter five studies the exact solutions and conservation laws of the coupled

Boussinesq equation.

In Chapter six, the exact solutions and conservation laws of a generalized Zakharov-
Kuznetsov equation are obtained using the Lie symmetry method along with the
simplest equation method and the new conservation theorem due to Ibragimov,

respectively.



Chapter seven deals with the exact solutions and conservation laws of a generalized
Ablowitz-Kaup-Newell-Segur equation. The simplest equation method is used to
obtain exact solutions and the Noether approach is employed for the construction

of conservation laws.

In Chapter eight, conservation laws for a potential Kadomtsev-Petviashvili equa-
tion with power law nonlinearity equation are constructed by applying the Noether
theorem. In addition, the exact solutions for this equation are obtained using

Kudryashov method.

Finally, in Chapter nine, a summary of the results of the thesis is presented and

future work is suggested.

Bibliography is given at the end.



Chapter 1

Preliminaries

In this chapter, we present some preliminaries on Lie symmetry analysis and con-
servation laws of differential equations, which are used throughout this work and

are based on references [25-31, 35, 46].

1.1 One-parameter group of continuous transfor-

mations

Let z = (x',...,2") be the independent variables with coordinates z' and u =
(u',...,u™) be the dependent variables with coordinates u® (n and m finite). Con-

sider a change of the variables x and u involving a real parameter a:
T,: 2t = fi(z,u,a), u® = ¢*(z,u,a), (1.1)

where a continuously ranges in values from a neighborhood D' € D C R of a = 0,

and f* and ¢® are differentiable functions.

Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin-

uous one-parameter (local) Lie group of transformations in the space of variables



z and wu if

(i) For T,, T, € G where a,b € D' C D then T, T, =T, € G, ¢ = ¢(a,b) € D

(Closure)

(ii) Tp € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)

(iii) For T, € G,a e D' C D, T; ' =T,-1+ € G, a~* € D such that

To Ty =Ty T, =T, (Inverse)

We note that the associativity property follows from (i). The group property (i)

can be written as

.l

[z, a,b) = f(x,u, ¢(a,b)),
u* = ¢%(z,u,b) = ¢%(x,u, P(a,b))

(1.2)

and the function ¢ is called the group composition law. A group parameter a is

called canonical if ¢(a,b) = a + b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

N /“ ds _ 09¢(s,b)
0

a= () where w(s) = |,

1.2 Prolongations

The derivatives of u with respect to x are defined as
u = Di(ua), u% = D]DZ(’LLZ), R

where

(1.3)



is the operator of total differentiation. The collection of all first derivatives " is

denoted by u(y), i.e.,

uny ={ui'} a=1,...m, i=1..,n.
Similarly

upgy ={uy} a=1,...m, i,j=1,..,n

u(g) contains only ug; for

and u(z) = {ug,} and likewise u) etc. Since uf; = ug;,

i < j. In the same manner u) has only terms for + < j < k. There is natural

ordering in u), ues) -

In group analysis, all variables x, u, u() - - - are considered functionally independent
variables connected only by the differential relations (1.3). Thus the u¢ are called

differential variables [29].

We now consider a pth-order partial differential equations, namely

Eo(x,u,uy, ..., ug)) = 0. (1.5)

Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

J?i:fi(x7u7a)7 fi|a=0:xi7

u® = ¢*(z,u,a), ¢“4=0 = u®. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equiv-

alent to the determination of the corresponding infinitesimal transformations :

vt Fali(xu), u~u® 4 an®(x,u) (1.7)



obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a,

about a = 0 and also taking into account the initial conditions
fi‘a:O :xi’ (ba’a:O =u”.

Thus, we have

- af 0p”
e =L =2

a=0

(1.8)

a=0
One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

v (1+aX)r, u=(1+aX)u,
where

, 9, 0
ngz(xvu)%—f_na(xau)%‘ (19)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).
We now see how the derivatives are transformed.

The D; transforms as
D, = Dy(f)D;, (1.10)
where Dj is the total differentiations in transformed variables 7. So

af = Dy(u), a = Dy(ag) = Di(a), -

j
Applying (1.6) and (1.10), we obtain

Di(¢%) = Di(f’)D;(a")
= Di(f)us (1.11)



and so

(1.12)

off  g0f7N\ _, 09 = 50¢°
(Gxi M aM)“j = or T Yigur

The quantities u$ can be represented as functions of x, u, u;), i.e., (1.12) is locally

invertible:

uy =Py (x,u,umy, a), YY)l = ui (1.13)

The transformations in z,u,un) space given by (1.6) and (1.13) form a one-
parameter group (one can prove this but we do not consider the proof) called

the first prolongation or just extension of the group G and denoted by GIU.

Letting
u; ~ ug + ag; (1.14)
to be the infinitesimal transformation of the first derivatives so that the infinitesi-

mal transformation of the group G is (1.7) and (1.14).

Higher-order prolongations of G, viz. G, GPl can be obtained by derivatives of
(1.11).

Prolonged generators
Using (1.11) together with (1.7) and (1.14) we get

Di(f)(@}) = Di(¢")
Di(x’ + ag’)(uf +ac}') = Di(u® + an®)
(67 + aD&)(uf +all) = uf +aDin®
u + al + au?szj = u+aDn®

¢ = Di(n*) —u$Di(¢’), (sumonj).  (1.15)

)



This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

5 = D) —ugDi(€"),  (sum on k). (1.16)

]
By induction (recursively)

o = D (¢ ) — ug D; (¢), (sumonj). (1.17)

11,825.-yip 11,0250 yip—1 11,82,0ytp—1J

The first and higher prolongations of the group G form a group denoted by

G ... GP. The corresponding prolonged generators are

X = X+<?aaa
U

(sum on i, ),

X — xlp-1 + ¢ 9 p>1
115000p 8%“1 ..... ip o
where
A= e g
&' (@, u)z s + 1%z, u) 52

1.3 Group admitted by a partial differential equa-

tion

Definition 1.2 (Point symmetry) The vector field

Xz{i(x,u)%—f—na(x,u)%, (1.18)
is a point symmetry of the pth-order partial differential equation (1.5), if
XP(E,) =0 (1.19)
whenever F, = 0. This can also be written as
XPE,|, =0, (1.20)

10



where the symbol |, _ means evaluated on the equation £, = 0.

Definition 1.3 (Determining equation) Equation (1.19) is called the deter-
mining equation of (1.5) because it determines all the infinitesimal symmetries

of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transforma-
tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant

(has the same form) in the new variables Z and @, i.e.,
Eo(Z, 1, upy, -+ ,ugp) =0, (1.21)

where the function E, is the same as in equation (1.5).

1.4 Infinitesimal criterion of invariance

Definition 1.5 (Invariant) A function F(z,u) is called an invariant of the

group of transformation (1.1) if
F(z,u) = F(f'(z,u,a), ¢"(z,u,a)) = F(z,u), (1.22)
identically in x, v and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi-

cient condition for a function F'(z,u) to be an invariant is that

+77a(x,u)a—F =0. (1.23)

: oF
X F=¢"(z,u) P

oxt

It follows from the above theorem that every one-parameter group of point trans-

formations (1.1) has n — 1 functionally independent invariants, which can be taken

11



to be the left-hand side of any first integrals
Ji(zu) =cp, - Iz, u) = ¢,

of the characteristic equations

dz! dz™ du! du™

gl(x’u) B B f”(m,u) a 771<:U7u) 77n<x7u).

Theorem 1.3 (Lie equations) If the infinitesimal transformation (1.7) or its
symbol X is given, then the corresponding one-parameter group G is obtained

by solving the Lie equations

W_dwan, W) (1.24)

subject to the initial conditions

" — e _
X ‘a:O_x’ U™ | f=0 =

1.5 Conservation laws

1.5.1 Fundamental operators and their relationship

Consider a pth-order system of partial differential equations of n independent vari-
ables x = (2%, 2%,...,2") and m dependent variables u = (u',u?,...,u™), given

by equation (1.5).

Definition 1.6 (Euler-Lagrange operator) The FEuler-Lagrange operator, for
each «, is defined by

KB 0
. =1,...,m. 1.
=35 +Z D;, DZSa a ., a=1...,m (1.25)

(e}
u s>1 1112...15

12



Definition 1.7 (Lagrangian) If there exists a function
L = L(x,u,umy, Uz, - Us) , S < p, p being the order of equation (1.5), such
that

oL
5u_a_0 a—l,---,m (126)

then L is called a Lagrangian of equation (1.5). Equation (1.26) is known as the

FEuler-Lagrange equation.

Definition 1.8 (Lie-Backlund operator) The Lie-Bécklund operator is given
by

0

, 0
X =g T 50

£ €A, (1.27)

where A is the space of differential functions [29]. The operator (1.27) is an ab-

breviated form of infinite formal sum

- 0 0 0
X =¢— @ E = 1.2
5 axl + 77 aua + — Clllz...ZS au?lwmis’ ( 8)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

7

Cq = D1<Wa)+§]uf;
¢ . = Diy...Di,(W*) +&us s>1, (1.29)

11...1s j’il...is7

in which W is the Lie characteristic function given by
We =n* =&l (1.30)

One can write the Lie-Bécklund operator (1.28) in characteristic form as

7 (e 8 (e a
X =D+ W %vLZD“...DZS(W )

1 i102..0s

(1.31)

13



Definition 1.9 (Conservation law) The n-tuple vector T = (T, T?,...,T"), T’ €

A, j=1,...,n,is a conserved vector of (1.5) if T" satisfies
DT'|15 = 0. (1.32)

The equation (1.32) defines a local conservation law of system (1.5).

1.5.2 Multiplier method

The multiplier approach is an effective algorithmic for finding the conservation laws
for partial differential equations with any number of independent and dependent
variables. Authors in [50] gave this algorithm by using the multipliers presented
n [30]. A local conservation law of a given differential system arises from a lin-
ear combination formed by local multipliers (characteristics) with each differential
equation in the system, where the multipliers depend on the independent and de-
pendent variables as well as at most a finite number of derivatives of the dependent

variables of the given differential equation system.

The advantage of this approach is that it does not require the use or existence of
a variational principle and reduces the calculation of conservation laws to solving

a system of linear determining equations similar to that for finding symmetries.
A multiplier Ao (2, u,u(),...) has the property that
A E, = DT (1.33)

hold identically, where F,,, D; are defined by equations (1.5), (1.4) and T" is defined
in definition (1.9). The right hand side of (1.33) is a divergence expression. The
determining equation for the multiplier A, is

(AL EL)
—— 1- 4
due 0, (1.34)

Once the multipliers are obtained the conserved vectors are constructed by invoking

the homotopy operator [50].
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1.5.3 Ibragimov method for conservation laws

A new conservation theorem by Ibragimov [53] provides the procedure for comput-
ing the conserved vector associated with every symmetry of the system of pth-order

differential equation (1.5).

Definition 1.10 (Adjoint equations) Consider a system of pth-order partial

differential equations given by (1.5). We introduce the differential functions

S(WPE
E;(:U,u,v,--- 7u(p)>v(l7)>:%a CK:L'-- y Ty (135>
ua
where v = (vl,--- v™) are new dependent variables, v = v(x), and define the

system of adjoint equations to equation (1.5) by

EY(x,u,v,- - Jup),vp) =0, a=1--- m. (1.36)

Theorem 1.4 Any system of pth-order differential equations (1.5) considered to-
gether with its adjoint equation (1.36) has a Lagrangian. Namely, the Euler-
Lagrange equations (1.26) with the Lagrangian

,C:UBE;(ZL‘,U,U,--- ,U(p)) (1.37)

provide the simultaneous system of equations (1.5) and (1.35)—(1.36) with 2m

dependent variables u = u(u',- -+ ,u™) and v = (v!,---  0™).

Theorem 1.5 Consider a system of m equations (1.5). The adjoint system given
by (1.36), inherits the symmetries of the system (1.5). Namely, if the system (1.5)
admits a point transformation group with a generator (1.27), then the adjoint sys-

tem (1.36) admits the operator (1.27) extended to the variables v® by the formula

0 0 0

Y= fi oxt o ou® * nf@vo‘

(1.38)

with appropriately chosen coefficients n% = n%(z, u, v, - - ).
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Definition 1.11 (Nonlinearly self-adjoint) A system (1.5) is said to be non-
linearly self-adjoint if the adjoint system (1.36) is satisfied for all the solutions of

(1.5) after some substitution of v* given by
v = ¢*(x,u,uqy, ), a=1---,m, (1.39)

under the condition that not all ¢* vanish identically [56].

Theorem 1.6 (Ibragimov theorem) Any infinitesimal symmetry (Lie point,Lie-
Bécklund , nonlocal) given by (1.27) of a nonlinearly self-adjoint system (1.5) leads
to a conservation law D;(C") = 0 for the system (1.32). The components of the
conserved vector are given by the formula
, oL oL oL
Ct = L+ W — D, + D; Dy, —

ou 8uw dugyy,
8£ oL
ug; ous

+D;(We) [

22, e pprn [ 2]

zjk auzﬂc

(1.40)

where W is is the Lie characteristic function given by (1.30 )and L is the formal

Lagrangian (1.37) [53].

1.5.4 Noether theorem

Definition 1.12 (Noether operator) The Noether operators associated with a
Lie-Backlund symmetry operator X are given by

i Wa— Dy, ...Dy, (W) ———

S>1 11112...1g

i=1,...,n,  (141)

where the Euler-Lagrange operators with respect to derivatives of u® are obtained

from (1.25) by replacing u® by the corresponding derivatives. For example,

) 0 s 0 .
W:%jLZ(—l) D, .. D]Sau—, i=1,...,n, a=1,...,m,(1.42)
7 2 s>1 131J2---Js
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and the Euler-Lagrange, Lie-Backlund and Noether operators are connected by the
operator identity [53]

X + D¢ = Wa% + D;N". (1.43)

Definition 1.13 (Noether symmetry) A Lie-Bécklund operator X of the form
(1.27) is called a Noether symmetry corresponding to a Lagrangian £ € A, if there
exists a vector B' = (B!,--. | B"), B! € A such that

X (L) + LD;(£") = Dy(B") (1.44)

if B=0 (i=1,---,n), then X is called a strict Noether symmetry corresponding
to a Lagrangian £ € A.

Theorem 1.7 (Noether’s Theorem) For any Noether symmetry generator X
associated with a given Lagrangian £ € A, there corresponds a vector T =

(T, ..., T"), T" € A, given by
T'=NY(L)-B', i=1,..,n, (1.45)

which is a conserved vector of the Euler-Lagrange differential equations (1.26).

In the Noether approach, we find the Lagrangian £ and then equation (1.44) is
used to determine the Noether symmetries. Then, equation (1.45) will yield the

corresponding Noether conserved vectors.

1.6 Exact solutions

In this section we recall some methods which can be used to determine exact

solutions of differential equations.
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1.6.1 Description of (G'/G)—expansion method

The (G'/G)—expansion method for finding exact solutions of nonlinear differen-
tial equations was introduced in [11]. Several researchers have recently applied
this method to various nonlinear differential equations. They have shown that this
method provides a very effective and powerful mathematical tool for solving nonlin-

ear equations in various fields of applied sciences (see, for example, papers [11-13].

Consider a nonlinear partial differential equation, say, in two independent variables
x and t, given by

P(uauxautauttvuxtauxx'") = 07 (146)

where u(z,t) is an unknown function, P is a polynomial in u and its various partial
derivatives, in which the highest order derivatives and nonlinear terms are involved.

The essence of the (G'/G)—expansion method is given in the following steps.

e Step 1. The transformation u(z,t) = U(z), z = x — vt reduces equation

(1.46) to the ordinary differential equation

P(U, —vU' U 2U", —vU", U" ) = 0. (1.47)

e Step 2. According to the (G'/G)—expansion method, it is assumed that the
travelling wave solution of equation (1.47) can be expressed by a polynomial

in (G'/QG) as follows:

oS (€). wa

=0
where G = G(z) satisfies the second-order linear ordinary differential equa-

tion in the form

G+ G+ uG =0, (1.49)

with oy, 1 = 0,1,2,--- ;m, XA and u being constants to be determined. The

positive integer m is determined by considering the homogenous balance be-
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tween the highest order derivatives and nonlinear terms appearing in ordinary

differential equation (1.47).

e Step 3. By substituting (1.48) into (1.47) and using the second-order or-
dinary differential equation (1.49), collecting all terms with same order of
(G'/G) together, the left-hand side of (1.47) is converted into another poly-
nomial in (G'/G). Equating each coefficient of this polynomial to zero, yields

a set of algebraic equations for ag, -, v, A, p.

e Step 4. Lastly, assuming that the constants can be obtained by solving the
algebraic equations in Step 3, since the general solution of (1.49) is known,
then substituting the constants and the general solutions of (1.49) into (1.48)
we obtain travelling wave solutions of the nonlinear partial differential equa-

tion (1.46).

1.6.2 The simplest equation method

In this subsection we recall the simplest equation method developed by Kudryashov
[14,15] for finding exact solutions of nonlinear partial differential equations. Several
researchers have recently applied this method to various nonlinear partial differen-
tial equations and it has been shown that this method provides a very effective and
powerful mathematical tool for solving nonlinear differential equations in various
fields of applied sciences (see, for example, papers [16-20]). The basic steps of the

method are as follows:

Consider the nonlinear partial differential equation of the form
El(u7ut7ux7uy7uttauxtaumzauyy'") = 0. (150>
Using the following transformation

u(t,z,y) = F(2), z=kit+ kox + ksy + k4 (1.51)
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reduces equation (1.50) to an ordinary differential equation
Ey[F(2), k1 F'(2), ko F'(2), ks F' (2), kI F" (2), ks F"(2), kaF"(2),---] = 0.  (1.52)
The simplest equations that we use here are the Bernoulli equation:
H'(z) = aH(z) +bH?(2), (1.53)
and the Riccati equation:
G'(2) = aG*(2) + bG(2) + ¢, (1.54)

where a,b and ¢ are constants [14,19,20]. We look for solutions of the nonlinear

ordinary differential equation (1.52) that are of the form

P(z) =} AdG(2), (1.55)

where G(z) satisfies the Bernoulli or Riccatiequation, M is a positive integer that
can be determined by balancing procedure and Ay, --- , Ay, are parameters to be

determined.

The solution of Bernoulli Equation (1.53) we use here is given by:

H(z) = a{ cosh[a(z 4+ C)] + sinh[a(z + C)] }

1 — bcosh[a(z + C)] — bsinh[a(z + C)]
where C' is a constant of integration. For the Riccati Equation (1.54), the solutions

to be used are:

Glz) = =2 — L tann sz + C)] (1.56)

and

G(z) = L ﬁtanh (192

2a  2a 2 ) * Ccosh (%) — 2 sinh (%)

(1.57)

with 0 = v/b? — 4ac and C' is a constant of integration.
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1.6.3 Kudryashov method

In this section we present a method, due to Kudryashov, for finding exact solutions
of nonlinear differential equations, which has recently appeared in [18]. It should
be noted that several researchers have recently applied this method to various
nonlinear differential equations and it has been shown that this method provides
a very effective and powerful mathematical tool for solving nonlinear differential

equations in various fields of applied sciences (see, for example, papers [21-24]).

We now recall this method and give its description. Consider a nonlinear partial

differential equation, say, in two independent variables ¢ and x, given by
El(tyxvuvutvuxvuttaumwf") = 07 (158)

where u(z,t) is an unknown function, E is a polynomial in u and its various partial
derivatives in which the highest order derivatives and nonlinear terms are involved.

The algorithm of Kudryashov method consists of the following six steps:

e Step 1. The transformation u(x,t) = U(z), z = kx + wt, where k and w

are constants, reduces equation (1.58) to the ordinary differential equation

Eo(U,wU., kU.,w*U.., K*U.., ) = 0. (1.59)

e Step 2. It is assumed that the exact solution of equation (1.59) can be
expressed by a polynomial in () as follows:
N n
U(z) =) ay (Q(z)) , (1.60)
n=0
where the coefficients a,, (n = 0,1,2,---, N) are constants to be determined,
such that ay # 0, and Q(z) is the solution of the first-order nonlinear ordi-

nary differential equation

Q.(2) = Q*(2) — Q(2). (1.61)
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We note that the equation (1.61) has the solution given by

Q(z) = : (1.62)

The positive integer N is determined by taking the pole order of general
solution for equation (1.59). Substituting U(z) = 277, p > 0 into monomials
of equation (1.59) and comparing the two or more terms with smallest powers

in equation we find the value for N.

Step 3. We substitute the derivatives of U(z) with respect to z and the
expression for U(z) into equation (1.59) and as a result we obtain the equation
that has the function @, coefficients a,, (n = 0,1,--- | N) and parameters k, w

of equation (1.59).

Step 4. The method now transforms the problem of finding the exact solu-
tion of ordinary differential equation (1.59) into the problem of looking for
solution of the system of algebraic equations. Equating expressions at the
different powers of () to zero, we obtain the system of algebraic equations in

the form

Pn(aNuaN—la"'7a07k7w7'”):07 (n:077N> (163)

Step 5. Solving the system of algebraic equations, we obtain values of
coefficients ay,ay_1,- -+ ,ao and relations for parameters of equation (1.59).

As a result, we obtain exact solutions of equation (1.59) in the form (1.60).

Step 6. The presentation of solution U(z) of equation (1.59) in more con-

venient form and checking up of solutions.
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1.7 Conclusion

In this chapter we presented a brief introduction to the Lie group analysis and
conservation laws of partial differential equations and gave some results which will
be used throughout this thesis. We also presented algorithms of certain methods
that are used to determine the exact solutions of differential equations studied in

this work.
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Chapter 2

Group classification of a
generalized coupled
(241)-dimensional hyperbolic

system

In this chapter we perform a complete Lie group classification of the generalized

coupled (2+1)-dimensional hyperbolic system

Ut — Ugg — uyy + f(’U) = 07
(2.1)

Vgt — Ugg — Uyy + g(“) = 07

which models many physical phenomena in nonlinear sciences. Here f(v) and g(u)
are nonzero arbitrary functions of their respective arguments. The blow up problem
for positive solutions of parabolic and hyperbolic problems with reaction terms of
local and nonlocal type involving a variable exponent was studied in [60]. Parabolic

problems appear in many branches of applied mathematics and can be used to
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model, for example, chemical reactions, heat transfer and population dynamics
(see [60] and references therein). Escobedo and Herrero [61] extended the work

of [60] and studied the system of equations

uy — Au = 09,

(2.2)

vy — Av = uP,

where p, ¢ are arbitrary constants and investigated the boundedness and blow-up
of its solutions. The uniqueness and global existence of solutions of the system (2.2)
were studied in [62]. Recently, the authors of [63] considered nonlinear parabolic
and hyperbolic systems with variable exponents and obtained results concerning

the existence and blow-up property of solutions.

Inspired by the works done in [61-63], more recently the authors of [64] studied
the coupled (2+1)-dimensional hyperbolic system

Upp — Ugg — Uyy + av? =0,

(2.3)

Vit — Vg — Uyy + ﬁup = 07

where ¢, p, « and  are non-zero constants. A complete Noether symmetry classi-
fication was carried out in [64] and it was shown that four main cases arose in the
Noether classification with respect to the standard Lagrangian. The conservation

laws were also constructed for the cases which admitted Noether point symmetries.

The work in this chapter has been submitted for publication. See [65].

2.1 Equivalence transformations

An equivalence transformation (see for example [29]) of (2.1) is an invertible trans-

formation involving the independent variables ¢, x, y and the dependant variables
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u and v that map (2.1) into itself. The vector field

Vo= € u) gt €y )+ €0y 0) 5

ot oy
+nl(t, z,y,u v)£+772(t T, Y, u v)g—i-,u (t,x,y,u,v fg)
) ) Y ) au 7 ) 7 ) av ) f
+1*(t, 2, y, u,0, f, g)a% (2.4)

is the generator of the equivalence group for (2.1) provided it is admitted by the
extended system [25, 66]

Ut — Ugg — Uyy + [(V) =0, Uy — Vg — vy + g(u) =0, (2.5)

ft:fx:fy:fu:07gt:gx:gy:gv:O- (26)

The prolonged operator of (2.4) for the extended system (2.5)-(2.6) is given by

0 0 0 0 5 0 0 5 O
Y = Y[2] 1~ 1 1~
+wtaft+ xafx—f—wyf—i- uafu+wt +w 69 +w y@gy+ ”89U
(2.7)
where Y is the second-prolongation of (2.4) given by
0 0 0 0 0 0
VE = Vgt Gt Gy, g, T, TG,
o0v, Y Ov,
0 ., 0 1 8 (9 , O , O
+Ctta tt+< +nya yy+Cttatt+<xxaxx+<yayy+ .

Here the variables (’s and w’s are defined by

¢ = Din') —wDy(&") — ua Di(€%) — uy Dy(&7),
G = Da(n') —wDu(§") = ueDo(€?) — uy Do (€7),
G = Dy(n') —wDy(€") = usDy(€%) — u, D,y (€7),
;= D) —uDy(€') — v Di(€?) — v, Di(€?),

¢ o= — 0Dy (€") — v, Do (€%) — vy D4 (€7),

(n°)
(5 = y(772) - UtDy(gl) - UwDy(§2) - UyDy(§3>,
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G = Di(¢)) = uunDi(€) — ur Di(€?) — ugy Di(€7),
Coo = Dal() = Da(€") = e Do (€%) — ugy D,
Gy = Dy(Cy) = uyDy(E) = uayDy(€%) — uyy D,
G = D) —vuDy(€") — viwDy(€%) — vy Di(€7),
Go = Dal) = vu2Di(§') = 022 Do (€?) — vy D,
Gy = Dyl(C)) —viyDy(€') = vay Dy(€%) — vyy D,

and
wi = Dy(u') — iDi(€Y) — f.Du(€%) — f,Di(€) —
wy = Do) = iDa(€") = faDa(€®) — £, Da(€”) —
wy = Dy(p') = fiDy(€") = f2Dy(6%) — £, Dy (&%) —
wy = Du(i') = fiDu(§") = f2Du(€”) = f,Du(&®) -
wt2 = ﬁt(ﬂz) - gt[)t(gl) - gwﬁt(£2) gyDt(£ ) —
w? = Do(i?) = giDa(€") — g2 Da(€?) — gy Da(
wy = Dy(i*) = gDy (€") — 9. Dy (6%) — g, Dy (&)
Wl = Dy(p®) = geDu(€") = 92 Do (€%) — g, Du(&?)

D 2+ ﬁ+v£+
ot tou T tow ’
p-2 ,9 ,9. .
© =g Uiy TV, T
D=2 v, L n gy
Yoy Mou T Moe

are the usual total differentiation operators and

~ 0 0
Dt_—+ft f+9t—+
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0 9,

z_+7
ar "9 g

+fonz

T

0
" or
~ 0 0 0
Dy (‘9 +fy8f+gy8 cee
0
" du
0

Ty 6+---
wpg T :

u

0 8
Do= gt fogp t g0

are the new total differentiation operators for the extended system. The application
of the operator (2.7) and the invariance conditions of system (2.5)-(2.6) leads to

the following overdetermined system of linear partial differential equations:

£h=0,6=0,8=0,6=0,6=0,& =0, n, =0, n, =0,

Mo =0, myy =0, my, =0,m, =0, &—¢ =0, —¢ =0, & =0,

§y =& =0, 846 =0, &, +&, — &+ 2, =0, &, + 60, — & — 20, =0,
oy T Eoe = & = 210, = 0, iy — My — Ty, — [0y — gy + 28+ 1" =0,

Mo = 0,700, = 0, 02, = 0, my = 0, 15, = 0,75, = 0, &, + &, — & + 25, = 0,
&+, — =2, =0, &, +&, - & — 25, =0,

Mo — T — Moy — S — g1 + 29& + 1 = 0.

Solving the above system, we obtain the following equivalence generators:

0 0 0 0 0 0 )
Y 9 2T o Yé—a—y, Y, = xajttax Y})_yatha_y,

0 0 0 0 0 0
Ys=2——y—, Yr=u— — v— Il
6 x(‘?y Yo 17 +f8f U@v+gég’

8 0 (9 0 0 ) o

Thus, the eleven-parameter equivalence group is given by
i Z?:al—i_ta T=x,Yy=Y, u=u, v =", f:fa 9=,

Y, i t=t, Z=ayt+x,g=y, u=u v=0v, f=Ff g=g,

Y : t=t, T=x g=a3+y, u=u, v=v, f=f g=uy,



Yo @ t=te™ T=mxe™ §=ye” ti=u, v =0, f=fe ™ g=ge *,
Yio : t=t, T=x§=y, t=ap+u 0=u, f=f g=g,
Y, : t=t, Z=x,9=y, u=u, v=an+v, f=f =g
and their composition gives
t = a;+ aux + asy + te®,
T = ao+ agt — agy + re®,
Yy = az+ast+aer + ye®,
u = € (u+ ayp),
v o= e®(v+an),
Fo g
g = ewing (2.8)

2.2 Principal Lie algebra

According to Lie’s theory the system of differential equations (2.1) is invariant

under the group with generator

0 0 0
_ 2 — 4 &3 —
F - 5 (tax7y7u7v)at+£ (t7x7y7u7v)8x+£ (t7x7y7u7v)8y

0 0
1 2
+n (t,x,y,u,'u)—au +n (t,x,y,u,v)—av (2.9)
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if and only if

= ()’
2.1)

=0, I'? (vtt — Upy — Uy + g(u))

& (utt — Ugy — Uy + f(v)>

(2.1)
(2.10)

where T2 denotes the second prolongation of the generator (2.9) and the symbol
|(2_1) means it is evaluated on system (2.1). As the ¢’s and 1’s do not depend on any
derivatives of u and v, the determining equations (2.10) split with respect to the
derivatives of u and v, yielding the following overdetermined system of thirty-one

linear partial differential equations:

£u=0,6=0,8=0&=0,6=0,&=0,n,=0,n,=0,

Mo =0, My =0, 7, = 0,1, =0, & =& =0, & =& =0, § -6 =0,

&8 =0 &+ =0, &, +6, — &+, =0, &+ &, — & — 2, =0,

oy & = & — 20y = 00 My — Ty — My, — f12, — gy +2f& + f(0)n* =0,

Mo = 0,105y = 0, 15, = 0, 1 = 0, 3, = 0,5, = 0, &, + &y — & + 275 = 0,

Eow+ & — &0 — 205, = 0,65, + & — & — 205, = 0,

T — Mow — Ty — S — g + 29€) + ¢/ (w)n' = 0. (2.11)
Solving the above system for arbitrary f(v) and g(u), we find that the system (2.1)

admits the six-dimensional Lie algebra spanned by

. . 0
time translation I'y = 5
. 0
space translation 'y = s
T
. 0
space translation — I's = 0
Yy
0
Lorentz boost  T'y = en + ta—7
x
0 0
Lorentz boost  I's = Y + ta—,
Y
0 0
Rotation  T'g = ya_ — xa_7
r Y
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which is the principal Lie algebra of the system (2.1).

2.3 Lie group classification

Solving the system (2.11), we obtain the following classifying relations:
(av + B)f(v) +7f(v) +6 =0,
(Bu+ N)g'(u) + pg(u) +w =0,

where «, (3,7,9,0, A\, ¢ and w are constants. Using the equivalence transformations
obtained in Section 2.1, this classifying relation is invariant under the equivalence

transformations (2.8) if

a=ao, 7=7, /8:6“8(5_@1104)7 5266a7_2a97 §:9, o =p,

These classifying relations lead to the following twelve cases for the functions f

and g and for each case we also provide the associated extended symmetries.
Case 1: f(v) and g(u) arbitrary but not of the form in Cases 2-12 given below

In this case, we obtain the principal Lie algebra

0 0 0 0 0
Iy 5 F2—%7 F3—8—y, F4—$§+t%;
0 0 0 0
Dy = ys 42 Ty= Yy — re.
Ve Ty T Var T Moy

Case 2: f(v) =nv+ o and g(u) = mu + 0, where n, o, m and 6 are constants

This case extends the principal Lie algebra by four symmetries, namely

0

b= a0
0 0
Iy = nv%jL(mu—i-@)%,
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0
Iy = nu—+(nv+o0)

ou o’
0 0
'y = nH% + (Hyy + Hyp — Htt)%a

where H (t,z,y) is any solution of the partial differential equation
2Hyyy + 2Hypy — 2H 0y — Hyyyy — Hy — Hyy + mnH — mCy — moCy —nbCs = 0

and C, Cy, C3 are arbitrary constants.

Case 3: f(v) = av™ and g(u) = Ou™, where a, n, § and m are constants
We have four subcases.
Case 3.1: n# —1,m # —1

The principal Lie algebra is extended by one symmetry

0 0 0 0 0
Lo = = 1) (157 4+ 5 ) = 20+ g = 2m + Do

Case 3.2: n=m=—1

This subcase extends the principal Lie algebra by two symmetries, viz.,

o 9
Te = ug, — vy

Py = 124220 09 199
BT e T s T Yay T a0

1
Case 3.3: n = — and m is arbitrary
m

Here the principal Lie algebra extends by one symmetry

0 0
F14 = U=— +Mv—

ou ov’

Case 3.4: n=5and m=5
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In this subcase the principal Lie algebra extends by the following four symmetries:

Scaling — L'i5 = Qt% + Qm% + 23/8% - u(% — %,
Inversion ' = 2ty% + Qxyag + (2 — 22+ y2)§y _ uy(f% _ vy%,
Inversion Iy = 29(:15% + (4 2% — yQ)% + Qxy% _ uxaﬁu _ vx(%,
Inversion T = (£ +2”+y )é?t + maﬁ + 275@/381, uta% — vta%

Case 4: n = —1 and g(u) is arbitrary

This subcase extends the principal Lie algebra by one symmetry

My = 121220 4y 0 19,0
0 = e T, T, Ty

Case 5: f(v) is arbitrary and m = —1

Here the principal Lie algebra extends by one symmetry

ry = t2 422 4,2 10,2
207 Yo T Yoy T Mo

Case 6: f(v) = ae™ and g(u) = #e™", where «, n, § and m are constants

This case extends the principal Lie algebra by one symmetry

Case 7: f(v) = av” and g(u) = 0™, where a, n, 6 and m are constants

This case extends the principal Lie algebra by one symmetry

0 0 0 0 0
[y = mn (at—l—xa——i-ya )—Q(n—i- )%—va%

Case 8: f(v) = ae™ and g(u) = 6u™, where «, n, 6 and m are constants
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This case extends the principal Lie algebra by one symmetry

0 0 0 0 0
Doy = (t§+xa—+ya)—2nu%—2(m+l)av

Case 9: f(v) = nv+ o and g(u) = 6u™, where n, o, § and m are constants with
m#n#1
In this case the principal Lie algebra extends by one symmetry

8 0 o 0

—2(mnv + mo +nv + a)—

ov’
Case 10: f(v) = aw™ and g(u) = mu+ 6, where «, n, m and 6 are constants with

m#n#1

This case extends the principal Lie algebra by one symmetry

0 0 0 0
Iy = m(n—l)( at—l—xa——irya )—2(mnu+na+mu+0)%
—4mv%.

Case 11: f(v) = nv+ o and g(u) = 6™, where n, o, 6 and m are constants

This case extends the principal Lie algebra by one symmetry

0 0 0 0 0
[y = (tﬁ To- + ya—y) — 4n% — 2m(nv + 0’)%.

Case 12: f(v) = ae™ and g(u) = mu + 0, where o, n, m and 6 are constants

This case extends the principal Lie algebra by one symmetry

0 0 0 0 0
I'sy = mn (ta + x% + ya—y) — 2n(mu + 9)% — 4m%
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2.4 Conclusion

In this chapter we have used the Lie group analysis to perform a complete Lie group
classification of the generalized coupled (2+41)-dimensional hyperbolic system (2.1).
We showed that the system admitted eleven-dimensional equivalence Lie algebra.
The functional forms of the arbitrary parameters were specified via the classical
method of group classification and these included the power, exponential and linear
functions. The six-dimensional principal Lie algebra was also obtained and several

possible extensions of it were presented.
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Chapter 3

Exact solutions of a KdV type
equation and higher-order
Boussinesq equation with

damping term

In this chapter we study two nonlinear evolution equations, namely, the modified

Kortweg-de Vries (mKdV) type equation [1]
Uyt — Uglgt — AUBUs + AU ppy — MigUpy — 16uu, = 0 (3.1)
and the higher-order modified Boussinesq equation with damping term [2]
Up + QUgzg + Pllgzze + 7[6u(uz)? + 3uuy,] = 0. (3.2)

It is well known that nonlinear evolution equations, such as (3.1) and (3.2), are
widely used as models to describe physical phenomena in different fields of applied
sciences, such as plasma waves, solid state physics, plasma physics and fluid me-

chanics. One of the basic physical problems for these models is to obtain their
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exact solutions for the better understanding of nonlinear models.

The modified Boussinesq equation
Ut + Uggge T+ (ug)x:c = 07 (33)

arises in various physical applications and is also used to investigate the behavior of
systems which are primarily linear but nonlinearity is introduced as a perturbation

[2,67-69].

Yan et al. [2] obtained three types of symmetry reductions for the higher-order
modified Boussinesq equation with damping term based on the direct method due
to Clarkson and Kruskal and the improved direct method due to Lou. Authors
in [2] also found kink-shape solitary wave solutions for equation (3.2) using direct

transformation, which are of important physical significance.

Although a great deal of research work has been devoted to finding different meth-
ods to solve nonlinear evolution equations, there is no unique method. In 2007
Wang et al. [11] proposed a new method referred to as the (G'/G)—expansion

method for finding travelling wave solutions of nonlinear evolution equations.

This work has been published. See [70].

3.1 Exact solutions of (3.1)

In this section we construct travelling wave solutions of mKdV type equation by

employing the (G'/G)—expansion method.

As a first step we transform the mKdV type equation (3.1) to a nonlinear ordinary

differential equation using the travelling wave variable

u(t,z) = F(z), z=x— vt. (3.4)

37



Applying the above transformation, equation (3.1) transforms to the nonlinear

ordinary differential equation
—VFF" 4+ vF'F" + 4vF3F' 4+ 4FF" — AF'F" — 16F3F' =0, (3.5)
which reduces to
(4 —V)[FF" — F'F" —4F*F'] = 0. (3.6)
Hence if v # 4, we obtain
FF" — F'F" —4F3F' =0, (3.7)

where the prime denotes the derivative with respect to z.

The (G'/G)—expansion method assumes the solution of equation (3.7) to be of
the form given by equation (1.48). The balancing procedure yields M = 1, so the

solution of equation (3.7) is of the form
F(z) = Ay + A (G'/G). (3.8)

Substituting (3.8) into (3.7), making use of the equation(1.49), collecting all terms
with same powers of (G'/G) and equating each coefficient to zero, yields the fol-

lowing system of algebraic equations:

(G')G)° + —Ag AN p — 2A0 A, 1% + AN + daAjan =0 (3.9)
(G')G) + AAZAN+ 12A2 AT + AT — Ag AN — 8 A A A\ = 0 (3.10)
(G')G)? + —TAIN —8ATu — TA AN — 8A A — 243\
+12A40A3 1 + 12AZATN +4A5A, =0 (3.11)
(G'/G)? + 4A T+ 1240 AN + 124247 + 4A2N% + 442
—1240A0 =0 (3.12)
(G'/G)* + AATN + 124047 — TAIN — 6404, =0 (3.13)
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(G'/G)° : 4A] —4A7=0. (3.14)

Solving this system of algebraic equations, with the aid of Mathematica, we obtain

Ay = % A =1. (3.15)

Substituting these values of Ay, A; and the corresponding solution of equation

(1.49) into (3.8), we obtain three types of travelling wave solutions of equation

(3.1). These are

Case 1: When A? — 4 > 0, we obtain the hyperbolic function solutions

A (' sinh (61 2) + Cy cosh (6;2)
ta) = _2 1
w(t, ) Ao+ A1 < 2 o C cosh (012) + Cysinh (812) )’ (3.16)

where z = x — vt, 61 = %\/)\2 — 4u, C7 and Cy are arbitrary constants.

Case 2: When A2 — 4 < 0, we obtain the trigonometric function solutions

B A —C sin (622) + Cy cos (22)
u2(t, I) = Ay + Al( 7 + 09 C: cos (522> S+ Cysin ((522') , (317)

where z = x — vt, 6y = %\/4,u — A2, C; and (5 are arbitrary constants.

Case 3: When \? — 4y = 0, we obtain the rational function solutions

A C
us(t,z) = AO+A1(_§+C1—|——2022>’ (3.18)

where z = x — vt, C7 and Cy are arbitrary constants.

The solution profile for Case 1 is given below in Figure 3.1, with parameters

01:1, CQZOA:2IV:_1
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Figure 3.1: Profile of solution (3.1)

3.2 Exact solutions and conservation laws for higher-
order modified Boussinesq equation with damp-

ing term

This section considers the higher-order modified Boussinesq equation (3.2) with
damping term [2]. Exact solutions using (G’/G—)expansion method are obtained.
Furthermore, conservation laws for this equation are constructed by employing the

multiplier approach.
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3.2.1 Exact solutions of (3.2)

Following the same procedure of the (G’ /G)—expansion method presented in Chap-

ter one, equation (3.2) is transformed to the ordinary differential equation
U" — avU" + U™ + 46U (U')? + 3U%U"] = 0, (3.19)

where the prime denotes the derivative with respect to z. Balancing the order of
U" and U?U” in (3.19) yields M = 1. Hence, the solution to equation (3.19) is

assumed to be of the form
U(z) = ao + a1 (G'/G). (3.20)

Substituting (3.20) into (3.19) and making use of (1.49), we obtain the following
algebraic system of equations in terms of ag, a;, by equating all coefficients of the

functions (G'/G)* to zero.

(G'/GY° o aipIV? 4 2a1pPar + aipdPav + 8ay P AB + a pu)\ips
+6apali®y + 3agaiply = 0 (3.21)
(G')G) : a1 *V* + 2a1? + 8arpdav + a N av + 16a, 4 8
+22a, N2 B 4 ay M B + 18aga’ uhy + 3a2ay N2y + 6aiay uy
+6aip*y =0 (3.22)
(G'/G)? : Bay\? + Saypav + Tar Nav + 60a pu)B + 15a, 133
+15a3 Ay + 24apaipy + 12a9a3 N2y + 9aga; Ay = 0 (3.23)

(G'/G)? 24,0 + 12a1 av + 40a, B + 50a, A% B + 9a3 Ay

+18a? 1y + 30agai Ny + 6aja;y = 0 (3.24)
(G'/GY* : 6ayav + 60a; N3 + 21a3 Ay + 18agaiy = 0 (3.25)
(G'/G)° : 24a,8 + 12a}y = 0. (3.26)
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Solving this system of algebraic equations, with the aid of Mathematica, one pos-

sible set of solution is

a:M 1/:—@, ap =0, a = _—26 (3.27)

V202 =) o gl
Substituting these values from (3.27) and the corresponding solution of equation
(1.49) into (3.20), yields three types of travelling wave solutions of equation (3.19)

and consequently of (3.2) as follows:

Case 1: When A2 — 4 > 0, we obtain hyperbolic function solution:

wlet) — |72 [_3 . 51(Clsinh(5lz)+C’QCosh(51z))}7 3.28)

v 2 C cosh (612) + Cy sinh (07 2)

where z = — vt, §; = £/\2 — 44 and C; and C, are arbitrary constants.

2

Case 2: When A\? — 4u < 0, we obtain trigonometric function solution:

B -2 A —C sin (622) + Cy cos (622)
ualast) = Ty [ 27 52( C1 cos (022) + Cy sin (922) )] - (329)

where z = x — vt, §y = %\/4u — A2 and C] and C, are arbitrary constants.
Case 3: When \? — 4y = 0, we obtain the rational function solution

28/ A Cs
t) = f— -S4+ =—="-— .

where z = x — vt, and C and Cs are arbitrary constants.

3.2.2 Conservation laws of (3.2)

In this section we construct conservation laws for equation (3.2) by using the

multiplier method.

We compute all multipliers of the form

A= A(t,z,u). (3.31)
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We consider the multiplier approach for equation (3.2),

)
5 A + Qg + Biigges + 6yun’ + 3yuug,) | = 0. (3.32)
u
Then
A + Qg + Bligges + 6yun? + 3yu’uy,) = DT + D, T, (3.33)

where T* and T are conserved vectors. From equation (3.32), it follows that
(Att - OéAtzz -+ /BAzzmm + 3’}/U2Amm) + 2uttAu = 0. (334)

Equation (3.34) is a polynomial identity in the variable uy. Hence equation (3.34)

splits into two equations
Ay =0, Ay — Mgy + BArzze + 370*Ayy = 0, (3.35)
whose solution yields the four local conservation law multipliers
A=1, Ao=t, A3=z, A\j=xt. (3.36)
Consequently, we obtain the local conservation laws of equation (3.2), given by

Tf = QTUzy + TU,

TY = BrUpse — BUls + Syruu, — yu®; (3.37)

t
T, = ay, + w

TS = BUges + 37Uy, (3.38)

Ty = axtug, + vtu; — ru,

T = Batuye, — Btug, — oy, + 3vatuu, — ytud + au; (3.39)
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Tj = ally, + tuy — u,

Ty = Blugee + 3vtu Uy — 0ty (3.40)

It is observed that the conserved vector (3.39) does not satisfy the divergence
condition, viz., DZ-Ti|(3_2) = 0, as some excessive terms emerge that require some
further analysis. By making a slight adjustment to these terms, it can be shown

that this can be absorbed into the divergence condition.

For,
Di(TH) + Do(TY) = QUgppe — 0TUz — Ui,
D, (g, — azuy,) (3.41)
hence,
Dy(T3) + Do(T§ + g, — azUy )|z = 0. (3.42)

We now redefine the conserved vectors in the parenthesis as

f?f = x(atug, + tuy —u),

T;f” = Batuges — ftug, + 3yatuiu, — ytu® + ou — azty,. (3.43)

Thus, the modified conserved vectors T and T¥ satisfy the divergence condition.

3.3 Conclusion

In this chapter we studied two nonlinear partial differential equations that appear in
a variety of scientific fields. These are the modified Kortweg de Vries equation and
the higher-order modified Boussinesq equation with damping term. This chapter
showed that (G'/G)—expansion method is an effective method for finding exact

solutions of nonlinear evolution equations. The key ideas of the method are that
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the travelling wave solutions of a complicated nonlinear evolution equation can
be constructed by means of various solutions of a second-order linear ordinary
differential equation as presented in Chapter one. By using this method we have
successfully obtained travelling wave solutions expressed in the form of hyperbolic
function, trigonometric function and rational function. We have also determined
the conservation laws using the multiplier approach for the higher-order modified

Boussinesq equation with damping term.
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Chapter 4

Solutions and conservation laws of
coupled Korteweg-de Vries

equations

The well-known celebrated Korteweg-de Vries (KdV) equation [71]
Uy + 6ty + Ugpyy = 0 (4.1)

describes the dynamics of solitary waves. Initially, it was derived to describe shal-
low water waves of long wavelength and small amplitude. It is an important
equation in the field of theory of integrable systems. It has infinite number of
conservation laws, gives multiple-soliton solutions, and has many other physical

properties. See for example [72,73] and references therein.

The coupled Korteweg-de Vries equations, have recently been the focus of attrac-
tion for scientists, because of their many applications in scientific fields and many

studies have been reported in the literature. See for example [74-77].
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In this chapter we study the coupled Korteweg-de Vries equations [77],

Uy + 6ut, — 6VV, + Uger = 0,

(4.2)
vy + 3Uuvy + Vpge = 0.

We determine the exact solutions for equation (4.2) using the (G'/G)—expansion
method. Furthermore, conservation laws for (4.2) will be constructed by employing

the new conservation theorem due to Ibragimov [53] and multiplier approach [50].

The work on the exact solutions of equation (4.2) has been published. See [78].

4.1 Solutions of (4.2)

In this section we employ the (G'/G)—expansion method and construct the travel-
ling wave solutions of the coupled KdV equation (4.2) where u and v are real-valued

scalar functions, ¢ is time and z is a spatial variable.

As a first step we transform the coupled KdV equations (4.2) to a system of non-

linear ordinary differential equations using the travelling wave variable
u(t,z) =U(z), v(t,z) =V(z), where z=2x — ct. (4.3)
Using the above transformations, equation (4.2) transform to the nonlinear ordi-

nary differential equations

—cU' + 6UU" — 6VV' + U™ = 0,
(4.4)

—cV'+ 30V 4+ V" =0,
where the primes denotes the derivative with respect to z.

The (G'/G)—expansion method assumes the solutions of equation (4.4) to be of

the form given by equation (1.48).
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The balancing procedure yields M = 2, so the solutions of the ordinary differential

equation (4.4) are of the form
U(z) = ao + a1(G'/G) + 0a(G'/G)*, V(2) = B+ Bi(G'/G) + Bo(G'/G)*. (4.5)

Substituting (4.5) into (4.4) and making use of (1.49), and then collecting all
terms with same powers of (G'/G) and equating each coefficient to zero, yields a
system of algebraic equations. Solving this system of algebraic equations, using

Mathematica, we obtain the following two sets of values for the constants a’s and

B’s:

Case A
1 2
oy = §(C — A" —=2u), o = =2\, ag = —2,
A 203
=+ "N —dp—c, Bi=0 By =0
/80 \/6 H /61 )\ BQ
Case B
1 2
oy = §(C_ AT —=8u), oy = —4\ ay=—4
1 12X (s B
=4+——/c2—2c 2+ )\ —16 6412 = = —.
BO 3\/5\/6 & + C,U—i- ne, 51 8”-0)\2’ 62 \

Substituting the values of a’s and f’s from Case A and the corresponding solutions
of ordinary differential equations (1.49) into (4.5), we obtain the following three

types of travelling wave solutions of equation (4.2):

Case 1: When A2 — 4y > 0, we obtain the hyperbolic function solutions

1 9 A C sinh (012) 4+ C cosh (1 2)
= —(c—=XN—2u)—2\| =2
() 3 (e=A i =22 [ 2" 1 (C’l cosh (612) + Cy sinh (6;2)

2[ A 5(Clsinh(élz)+Cgcosh((51z)>r
- 1 3

2 (' cosh (61 2) + Cysinh (6;2)
A 25 A Cy sinh (612) 4+ Cy cosh (612)
t = +—\ /N —du—c+—|—=
vt @) V6 poct A [ 2 o (C’l cosh (812) + Cysinh (612) / |’
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where z = x — ct, 61 = %\/)\2 — 44, C and Cy are arbitrary constants.

Case 2: When \? — 4y < 0, we obtain the trigonometric function solutions

1 ) A —Csin (922) 4+ Cy cos (022)
ualtsr) = 3 (e=A"=2u) 2)\( 2 02 C cos (022) + Cysin (022)
A —C sin (622) + Cy cos (022) \ 2
=2 — -+ 52 . ’
2 C cos (022) + Cysin (092)
A 26 A —(C sin (022) 4+ Cy cos (022)
- + e 2R (2
va(t, 2) V6 A pocet A ( 2 +0; C1 cos (622) + Cysin (622) )’

where z = x — ct, 6y = %\/4/¢ — A2, C and (5 are arbitrary constants.

Case 3: When A\? — 4u = 0, we obtain the rational solutions

2
us(t,z) = %(c—Az—m)—zA(—ﬁ L)—Z(—% L)

2+Ol+022 +01+CQZ
A 26, A Cy
ta) = £ /N —dp—c+ 20 24 2

where z = x — ct, 'y and Cy are arbitrary constants.

In a similar fashion, using the values of Case B we obtain three types of travelling

wave solutions of equations (4.2) as follows:

Case 1: When A? — 4 > 0, we obtain the hyperbolic function solutions

1 A Cysinh (612) + Cy cosh (6;2)
) = —(c—A2—8u)—4r]| -2
uall, ) 3(C 81 { 2 o (Cl cosh (012) + Cy sinh (91 2)

4l A L5 C, sinh (6, 2) + Cy cosh (6,2)\ 17
2 " '\ Cycosh (6,2) + Cysinh (6,2) ) |

1
vy(t,z) = iﬁ\/CQ —2eX\? + M — 16cp + 6442

1276 A 5 C sinh (012) 4+ Cy cosh (1 2)
8 — c\? { 2! (01 cosh (812) + Cy sinh ((5@*))]
+&{_ A 51(01 sinh (012) + Cy cosh (512))]2
A 2 C1 cosh (012) + Cysinh (612) ) | 7

where z = x — ct, 61 = %\/)\2 — 4y, C and Cy are arbitrary constants.
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Case 2: When A2 — 4 < 0, we obtain the trigonometric function solutions

1 A —C sin (022) 4+ Cy cos (022)
t = —(c= N —=8u)—4\ — =
us(t, ) 3(0 81 ( 3t 02 C cos (622) + Cysin (622)
A —C sin (632) + Cy cos (622) \ 2
-4 — -+ 52 . )
2 C1 cos (022) + Oy sin (922)
1
vs(t,z) = :l:ﬁ\/c2 —2eN? + M — 16cp + 64p2
1203 (A N —(C sin (022) 4+ Cy cos (022)
8 — c\? 2 % Oy cos (832) + Cysin (622)
+& A N —Cy sin (632) 4 Cy cos (622)\
A 2 7% Oy cos (032) 4+ Cysin (622) ) 7

where z = x — ct, 65 = %\/4u — A2, C7 and (4 are arbitrary constants.

Case 3: When \? — 44 = 0, we obtain the rational solutions

1 A Cy A o\’
o) = ~(e—N—gu)—dr[ - L2 )42 &2
u(tz) = gle #) ( 2+01+C2Z> ( 2+C'1—|—C'gz)’

1 12 A
ve(t,r) = :|:—2\/02—2c/\2+)\4—16c,u—|-64,u2_|_—/80(_ + Ca )

3\/_ 8/L - C/\2 5 01 + CQZ
Bif A Gy )
* A 2 + 01 + CQZ ’

where z = x — ct, ('} and C are arbitrary constants.

It should be noted that the solutions obtained in this paper by (G’/G)—expansion

method are more general than the solutions obtained in [77].

4.2 Conservation laws of (4.2)

In this section the new conservation theorem due to Ibragimov [53] and multiplier
approach [50] will be used to construct conservation laws for (4.2). To use the new
conservation theorem we need to know the Lie point symmetries for equation (4.2).

Thus, we first compute the symmetries for (4.2).
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4.2.1 Lie point symmetries of (4.2)

The vector field

0 0 0 0
X = gl(ta T,u, U)a + 52(757 T, u, ’U)% + 771(75, T,u, U)% + +n2(ta T, U, U)%
is a Lie point symmetry of (4.2) if

X1l (uy + 6uu, — 6vv, + umz)|(4_2) =0, X8 (ve + 3uv, + vxm)|(4.2) =0. (4.6)
Expanding (4.6) and then splitting on the derivatives of u and v, we obtain the

following overdetermined system of linear partial differential equations:
=0, & =0, §=0, &, &=0 n,=0, n, =0,
N =0y My = 0, Ty =0, 1y =0, 1 — &, =0, 117, — &5, =0,
3G — & =0, & =35 =0, 0} + iy, +3un; =0, Ny + 6un, + 1, — 6vn, =0,
3 — & — Eruy + 3gy + 6uEl = 0, 2067 — 2um; — 208 + 201, — 2% + un, =0,
6us, + 61" — & — Elag + My, — Bugz = 0.

Solving the above system of partial differential equations, one obtains the following

three Lie point symmetries:

0
time translation — X; = —,
ot
: 0
space translation Xy = —,
ox

scaling X3 = 3t% + x% — QU% — 20%.

In the next section we will construct conservation laws corresponding to each of

these symmetries.

4.2.2 Application of the new conservation theorem

This section constructs conservation laws corresponding to each of the above two

translational symmetries X7, Xy and scaling symmetry X3 for the system (4.2).
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Using equation (1.37), a third-order Lagrangian for the system (4.2)

F\ = uy + 6uu, — 6vv, + Upyr = 0,

Fy = v, 4+ 3uv, + vggp = 0.

is given by
L = p(u + 6uu, — 600, + Uprs) + q(vp + 3uv; + Vg ), (4.7)

where p and ¢ are two new dependent variables. Taking into account equation (4.7),
the adjoint system for the coupled KdV equations (4.2) obtained from equation
(1.36) is

FY = 3quy — peoe — 6up, —pr =0,
(4.8)

F2* = 6Ups — Quaw — UGy — 3uzq — ¢ = 0.

According to [53], system (4.2) is said to be nonlinearly self-adjoint if the adjoint
system (4.8) obeys the condition

Fl*|p:¢(t,a},u7fu),q:d}(t,dj,u,’u) - AIIFI + A12F27 (4 9)

Fy| = A1 F1 4 Moo Y

p:¢(t7x’u7,u) 7q:’¢}(t7‘x7u7v)

with regular undetermined coefficients \;; (¢, j = 1,2). Following the substitution

p = ¢<t7 x? u? U)? q = z/)(t7 x? u? ,U) (4'1())

with ¢(t, z,u,v) # 0 or ¥(t,x,u,v) # 0 and since ¢ and ¥ do not depend on the
derivatives g, vy, Uy, - - - , equation (4.9) split into the following equations:

A1 = —Qu;, M2 = =0y, Ao1 = —Pu, Asg = =y,

¢uu =0, gbvv =0, gbuv =0, ¢wu =0, gbxv =0,

7puu = 07 77va = 07 77bm) = 07 77D:su = 07 ¢zv - 07
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6v¢p, + 3up, — 3P =0, Gppe + 6ud, + ¢y = 0,
6v¢p, + 3u, — 3 =0, 6ve, — 6vy, =0,

Solving the above system, we get

b= ¢(t7 x,u, U) = —Cu + C2,

q =t z,u,v) = —2cv, (4.11)
where ¢y, ¢3 are arbitrary constants. The adjoint equation (4.8) becomes equivalent
to the original system (4.2) after substituting the values of p and ¢q. This shows

that the system (4.2) is nonlinearly self-adjoint when p and ¢ take the values given

by (4.11).

We now apply Theorem 1.6 to the nonlinearly self-adjoint equations (4.2) to find

conservation laws for the following three cases:

(i) We first consider the Lie point symmetry X; = 9/0t of (4.2). Corresponding to
this symmetry the Lie characteristic functions are W! = —u, and W2 = —uv,. Thus,
by using the new conservation theorem due to Ibragimov [53], the components of
the conserved vector associated with the symmetry X; are given by

C’f = C3Uggr + 6C3UU; — 6C3VV, — CoUlUgry — 2Co0VVppy — 602u2ux,

C’f = 662u2ut — 6csuny + Collyly, + C%uum — CoC3Upy — cguutm + CoC3Utyy

+6c300; + 2000V, + 4c§vxvm + 2C20Vt05 -

It is observed that the above conserved vectors do not satisfy the divergence condi-
tion, viz., DZC"|( 19) = 0, as some excessive terms emerge that require some further

analysis. By making a slight adjustment to these terms, it can be shown that these

can be absorbed into the divergence condition.
For,

t x 2 2
Dt(cl) + Dr(cl) = C3Utgzrz — CQUUtzzy + CQUtzuz:cCQUIUtx + CQUUtx:c
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—C2C3ltay — Clgliay — CyUlligng + C2C3Uiags + 202010 Ugp
H4CoV1 Ve + CoULViae + 2CoUaUtas

= Di(C3Usza) + Di(C2C3tizs) + Di(Coustier) — Di(Coutiygy)
+ D, (cAuntyy) — Dy(Ciuttyyy) — Dy(cacsty) + Dy (200,04,
+ D, (4¢3, 01, (4.12)

hence,

Dy (6c3utiy — 6300, — 20000500 — 6ot Uy ) + Dy(6cquuy — 6esunsy 4 Cottytiy,

+6c300; 4 20004V + 20200100 — Colllyy — 2CoU Uty ) |(4.2) =0 (4.13)

We now redefine the conserved vectors in the parenthesis as:

Ct = 6eguu, — 6c300; — 2090050, — e’y
cy = 6oty — Gesutly 4 Collylpy + 6300 + 2C904Up0 + 262V Vs
—CollyUyy — 2CoVp Uiy (4.14)

Thus, the modified conserved vectors C’f, and C’f, satisfy the divergence condition

and they represent the energy conservation law.

(ii) Likewise, the Lie point symmetry X, = 0/0z has the Lie characteristic func-
tions W' = —u, and W? = —v,. Invoking Ibragimov theorem we obtain the

conserved vector whose components are:
Cl = couu, — csuy + 2c000,,
Cy = c3up — couuy — 2co0y,
which represents the linear momentum conservation law.

(iii) Finally, the Lie point symmetry X3 = 3t0/0t + 20/0x — 2ud/0u — 2v0/v
gives W = —(3tuy + zu, +2u) and W? = —(3tv; + zv, + 2v) and so the associated

conserved vector has components

C’§ = 18cstuu, — 18¢cotuu, — 18¢stvv, — 3CotUtlppy + 3C3tUgpy — 6C2TVV s
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+2cou? — 2¢3u + CoruUy — C3TUy + degv? + 2coVV,,

C; = csrup — coruuy — 2coxvv; + 12¢ou® — 12¢5u® + 18¢cotu®u; — 18cstuuy
+6CoUl Ly + SCotUpty, — 3021@ — 3eatug Uy — 4C3Upy + 3CatUULLy
—3estuype — 12c0uv? + 12¢50% + 18cstvv, + 12cuv? + 12¢200,,

2 2
+6Cot VU — eV, — 6CatV, V1 — 2020 + 6Cot VU,

which represents the boost momentum conservation law.

4.2.3 Conservation laws for (4.2) using multiplier approach

We now use the multiplier method to find conservation laws of (4.2). The second-
order multipliers A(t, z, w, v, Uy, Uy, Ugy, Uy ) for (4.2) are given by
1, 5 1
Al = 5017] + §CQU + 031) + 04, (415)

Ay = Ci(uv + vg,) + Cov + Cau, (4.16)

where C, Cy, C5 and Cy are constants [79]. Corresponding to the above multipliers

we have the following four conserved vectors:

1
Ct = §(uv2 + VU ),

1 3
C¥ = §(umv2 + 02 4 Uy — VU + 3UP0?) + UV + uvE — UV, — 104; (4.17)

1 1
O; = L_LUZ + §’U2,
1 1
Cy = u® + Vv, + §(uum —02) — Zui; (4.18)
Ct = uv,
CF = UWpp + UgpeV — UV, + 3uv — 20%; (4.19)
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CF = Upy + 3u? — 307, (4.20)

4.3 Conclusion

In this chapter we studied coupled Korteweg-de Vries equation (4.2) that appear
in many scientific fields. The (G'/G)—expansion method was used to derive exact
travelling wave solutions of the coupled KdV equations. The solutions obtained
were expressed in the form of hyperbolic function, trigonometric function and ra-
tional solutions. Furthermore, conservation laws were derived by using the new

conservation theorem and the multiplier approach.
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Chapter 5

Exact solutions and conservation
laws of coupled Boussinesq

equations

In this chapter we study the coupled Boussinesq equations [80]

Uy + Uy + Uy + Algyy = 0,

(5.1)
v + (uv>x + bugys = 07

where u and v are real-valued scalar functions, ¢ is time and x is a spatial variable.
We determine the travelling wave solutions of (5.1) by using the (G'/G)—expansion
method. In addition, the conservation laws for system (5.1) are constructed using

both the new conservation theorem [53] and the multiplier approach [50].

Exact solutions presented in this chapter have been published. See [81].
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5.1 Exact solutions of coupled Boussinesq equa-

tions

In this section we employ the (G'/G)—expansion method and construct the trav-

elling wave solutions of the coupled Boussinesq equations (5.1).
We first transform the coupled Boussinesq equations (5.1) to nonlinear ordinary
differential equations using the traveling wave variable

u(t,z) =U(), v(t,z) =V (€), where & =ux — ct. (5.2)

Using the above transformations, equation (5.1) transform to the nonlinear ordi-

nary differential equations

acU" +cU" —UU — V' =0,
(5.3)

bU" —cV'+ VU +UV' =0,
where the primes denotes the derivative with respect to &.

We assume that the solutions of (5.3) are of the form given by (1.48). The balancing

procedure yields M = 2, so the solutions of equation (5.3) are of the form
U(€) = ap+ a1 (G'/G) + a(G'/G)?, V(€) = o+ Bi(G'/G) + Bo(G'[G)?. (5.4)

Substituting (5.4) into (5.3), making use of the equation (1.49), collecting all terms
with same powers of (G'/G) and equating each coefficient to zero, yields the fol-

lowing system of algebraic equations:

(G')G)°  agayp — aceA®p — 6aaneAp® — 2accp® + By — agep = 0,
(G')G) : apai) — aaicA? — 14aasch? i — 8acchp — 16acncu® + o p
+2apapt + L1 A + 2Pop — areh — 2acu = 0,

(G'/G)? : Bayaop — Sacsch? — TaccA? — 52aacA i — 8aacp + a2\
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+20apa\ + agay + 20\ + 51 — 200¢A — aqc = 0,
(G'/G)? = Baja) — 38aacA? — 12aaich — 40acqcu + 2050 + o
+2a00 + 265 — 20i9¢ = 0,
(G'/G)* : Bayag — bdacse) — Baayjc + 202\ = 0,
(G'/G)° : 2daage + 203 =0,
(G'/G)° + Prep — arfop — apBip + ar(—b)Np — 6asbAu® — 2a,bp® = 0,
(G'/GYT : Bred — a1 Bod — apBid — 20 Bopt — 200 Brpt — 2000 ot + g (—b)A?
—1409b N — 8 bApn — 16apbp® + 2Bocp = 0,
(G'/G)® 2Bk — 20580 — 201 B1 A — 2002X — BB — 3 Bapt — a1 By — o
—8sb A\ — Ta1bA? — 52aubApt — 8o b + frc = 0,
(G')G)? = 2Byc — 3anBi) — 301 o) — daoBapt — 2080 — 201 B1 — 201032 — 38aab?
—1201bA — 40abpu = 0,
(GG 1 —dagfa) — 31 By — 3By — Hdagb\ — 6y b = 0,
(G'JGY'"Y © —daufy — 24ab = 0.

With the aid of Mathematica, we obtain the following set of values for the constants

a’s and f’s:

2ac?(a\? 1
gy = ac (CL)\ _ZSGH + ) * b, = 12@0)\, Qg = 12@0,
ac

b2 — 2a?bc2\? — 16a2bc*u
4a?c?

Bo = , B1 = —6b\, [y = —6b.

Substituting the values of a’s and ’s and the corresponding solutions of second-
order ordinary differential equation (1.49) into (5.4), we obtain the following three

types of travelling wave solutions of equations (5.1):
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Case 1: When \? — 4 > 0, we obtain the hyperbolic function solutions

2ac*(aX® + 8ap + 1) + b

ui(t,x) =
2ac
A C1 sinh (01€) + C5 cosh (6:§)
12ach| — =
e [ o (01 cosh (6;€) 4+ Cy sinh (6,€)
A C sinh (6,€) + Cy cosh (6,6)\ 17
12 — =+
e { " (01 cosh (8:€) + Cy sinh (6:€)
b — 2a2b02)\2 16a2bc?p
vi(t,x) =

4a?c?
A Cy sinh (6:€) 4+ Cy cosh (6:€)
~ b { EERN (01 cosh (6:€) + C sinh (51§)>]
A C sinh (6,€) + Cy cosh (61€)
_66{ o Ta <Cl cosh (8:€) + Cy sinh (515))}

where £ =z — ct, 6, = %\//\2 — 4, C7 and Cy are arbitrary constants.
Case 2: When A2 — 4 < 0, we obtain the trigonometric function solutions

2ac*(aX® + 8ap + 1) + b

us(t,r) = 2ac
112ac) { 5+ C’Cllczisn (55(225): gf;f(gfgq
S el
R
o] 4 s 6 G5

—6b|: )\ 52 Cl sin (525) + Cg COSs ((526):|

(' cos (05€) + Cysin (92€)

where £ = — ct, §y = %\/4u — A2, Cy and Cy are arbitrary constants.

60



Case 3: When A\? — 4u = 0, we obtain the rational solutions

2ac*(aN? 4+ 8ap+ 1) + b A Cy
tx) = 12ach| — 2+ —2
us(t, ) 2ac - Lsac { 2+C'1+C’2§}
A C,
12ac| — 24+ —22
i ac[ 2+01+02J ’
b — 2a*bc* N\ — 16a*bc? A Cy
t = —6b\| — =+ ———
US( 71:) 4a202 6 [ 2 + 01 + Cgf}
A e, 17
—6b| — =+ ——F—| .,
{ 2 G+ 025}

where ¢ = o — ct, C; and Cy are arbitrary constants.

It should be noted that the solutions obtained in this paper by (G’/G)—expansion

method are more general than the solutions obtained in [80].

5.2 Conservation laws of (5.1)

In this section we construct conservation laws for (5.1) by using both the new
conservation theorem and multiplier approach.

5.2.1 Lie point symmetries of (5.1)

The vector field

X = £1<t,ac7u,v>2 + éz(t,x,u,wﬁ +n'(t, z,u, v)2 + +n2<t,oc,u,v>2

ot ox ou ov
is a Lie point symmetry of (5.1) if
X B (ut + Uty + vy + auwt> =0, X0l (Ut + (uv), + buzm) =0.
(5.1) (5.1)
(5.5)
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Expanding (5.5) and then splitting on the derivatives of u and v, we obtain the

following overdetermined system of linear partial differential equations:

£ =0,6=0,6=08=0,6=0,8=0,n=0,1,=0,n,=0,
Mo = 0, @, + 265 =0, my, — &2, =0, 2, — €3, =0,

W)y + uny 1 + 0 = 0, ' 4 2uE2 — un, + un, = 0,

Vg -+ V10 4107+ wis = 0, 2082 = bEZ,, + 3bn,,, +10° =0,

gl — auny,, —u€s +n't =0, 36 — & — 0+l =0,

E — gy — 1y + 15 — 63 =0,

The solution of the above system of partial differential equations yields the follow-

ing two translational Lie point symmetries:

0
time translation X = g
. 0
space translation — X9 = —.
ox

5.2.2 Application of the new conservation theorem
We consider the coupled Boussinesq equation (5.1)
Fi=u +uuy + vy + atigy: = 0,
Fy = u + uuy + vy + atigyy = 0,
and use equation (1.37) to obtain the third-order Lagrangian. This is given by

L= v (uy + uty + vy + Qliger) + 02 (v + (U0)y + Dlgee), (5.6)
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where v! and v? are two new dependent variables. The relation (1.36) yields the

following adjoint equations for the coupled Boussinesq equations:

Fr = —(v} +w} + 00l + b2, + av},,) =0,
(5.7)

Iy

—(vi + vs +uv?) =0.

We now carry out a nonlinear self-adjoint classification of system (5.1). The system
(5.1) is said to be nonlinearly self-adjoint if the adjoint system (5.7) satisfies the

following equations:

Fl*|v1:qb(t,:c,u,v),Uzzw(t,x,u,v) = )\HFl + >‘12F27 (5 8)

F5| ) = Ao B+ Al

’Ul :¢(t’z7u7v)7v2:w (t7x7u7v

with regular undetermined coefficients \;; (¢, 7 = 1,2) and following the substitu-
tion

vt = otz u,v), v =Yt T, u,v) (5.9)

with ¢(t,z,u,v) # 0 or (t,z,u,v) # 0. Since ¢ and ¥ do not depend on the
derivatives uy, vy, Uy, « - -, equations (5.8) split into the following system of equa-

tions:

Al = —¢u, A2 = Aa1 = =y, Ao = —ihy,
bu = Py =ty =1, =0,

sz + Pray + Upy + V9 + P = 0,

uy + P+ ¢p = 0.

Solving the above system, we get
v = o(t,x,u,v) = ¢,

ve =Yt ,u,v) = e, (5.10)
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where ¢; and ¢, are arbitrary constants. The equations (5.7) become identical to
the coupled Boussinesq equation (5.1)) after the substitution of equations (5.10).

Hence the system (5.1) is a nonlinearly self-adjoint system.
We now employ Theorem 1.6 to construct conservation laws for system (5.1).

Case 1: Translation of time X; = —

ot

The Lie characteristic functions for X; are W' = —u,, W? = —uv,. Invoking equa-
tion (1.40) the components of the conserved vector associated with the symmetry

X, are given by
1
Cy = iy + 10z + Cougt + Uy + DColges,
1
C, = —(cuuy + couv + beotiyyy + aC1U, + 10 + couvy),

which represents the energy conservation law.

9
ox

Likewise, the Lie point symmetry X, has the Lie characteristic functions Wt = —u,

Case 2: Translation in z direction X5 =

and W? = —v,, and we obtain the conserved vector whose components are
t
02 = _(Clux + ac1Uszy — CQUx)a
Cy = cug + covy.

The above conserved vectors do not satisfy the divergence condition. Following
the technique presented in the previous chapter it can be shown that these vectors

can be absorbed into the divergence condition.
For X; we have
Dt(CD + Dy (CY) = acites
= Di(acitzy) (5.11)
hence,

Dy(Ct — acityzy) + Do (CF) |5.0) = 0. (5.12)
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We now redefine the conserved vectors as

Cl = cuug + c1vp + UV + Couvy, + bealippy — ACI UL,

Cy = —(cruw + couv + bealiyzy + acityg + vy + couny).

For X5 we have

Dt(C'é) + Dx(C'g) = GC1Uttgx

= Di(acitsyy)

hence,

Dy(C5 — aciUszg) + Do (C3) |(5.1) = 0.

We now redefine the conserved vectors as

C~’§ = —(cr1uy + cav,),

Cy = cu + covy.

(5.13)

(5.14)

(5.15)

(5.16)

Thus, the modified conserved vectors (5.13) and (5.16) satisfy the divergence con-

dition and they represent the linear momentum conservation law.

5.2.3 Conservation laws for (5.1) using multiplier approach

We now construct the conservation laws for equation (5.1) by employing the mul-

tiplier method. The zero-order multipliers A(¢, z, u,v) for (5.1) are given by [79]

Al 2027 A2:Cb

where C; and C are constants. Corresponding to the above multipliers, we have

the following two conserved vectors:
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Cl = uv+ bugy;

and

Ct2 = U+ AUy,
1
C? = 42
- 2u +v

5.3 Conclusion

In this chapter we computed exact travelling wave solutions of coupled Boussinesq
equations using (G'/G)—expansion method. The solutions obtained were expressed
in the form of hyperbolic functions, trigonometric functions and rational solutions.
We further constructed conservation laws by employing the new conservation the-

orem and multiplier approach.
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Chapter 6

Conservation laws and exact
solutions of a generalized

Zakharov-Kuznetsov equation

This chapter aims to study the generalized Zakharov-Kuznetsov (gZK) equation
82, 83]

g+ o uy + B(Ugy + Uyy)r = 0, (6.1)
where «, f and n are nonzero arbitrary constants and u = u(t, x, y).

Many important phenomena and dynamic processes in physics, applied mathe-
matics and engineering can be described by higher-dimensional extensions of the
Kortweg-de Vries (KdV) equation. Zakharov and Kuznetsov successfully proposed
one such model [84]. The Zakharov-Kuznetsov (ZK) equation given by

ur + autty + B(Ugy + Uyy)y =0 (6.2)

is one of the known two dimensional generalizations of the KdV equation studied

in the literature. The ZK equation governs the behaviour of weakly nonlinear ion-
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acoustic waves in a plasma comprising cold ions and hot isothermal electrons in the
presence of a uniform magnetic field [84-86]. In [82,87], Wazwaz used the extended
tanh method and the sine-cosine ansatz to find solitons and periodic solutions for
(6.2). Moussa [88] also obtained some similarity solutions by using symmetry group
method. Equation (6.2) was also studied amongst others by Peng [89] and by using

extended mapping method abundant periodic wave solutions were obtained.

In [82] the extended tanh method was employed and solitons and periodic solutions
were derived for (6.1), which may be helpful to describe waves features in plasma
physics. The Cole-Hopf transformation and the first integral technique were used

in [83] to obtain complex solutions for equation (6.1).

The work presented in this chapter has been published in [90].

6.1 Conservation laws

In this section the new conservation theorem due to Ibragimov [53] will be used
to construct conservation laws for (6.1). For this purpose we need to first find Lie
symmetries of (6.1).

6.1.1 Lie point symmetries of (6.1)

The vector field

0 0 0 0
X = 51(x7y7t7u)_ + 52(x7y7t7u>_ + 53(%%?5#)& + 77('1’17:%257“)% (63)

ox dy
is a Lie point symmetry of (6.1) if
X3 [us + auuy + Bug, + uyy)ﬂﬁ”(al) =0. (6.4)
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Expanding (6.4) and then splitting on the derivatives of u(t,x,y), we obtain the

following overdetermined system of linear partial differential equations:

§=0,6=0, =0, =0, &£=0, &=0,

5; = 07 5111 = 07 ggac = 07 Nzu = O’ Thiw = O’ gjy - Qnyu - O’
But)yy — uf + 20u"TE + nau"n = 0,

Bunyy, — u&f + 20u"E + noun = 0,

Blazz + Blzyy + @t 1y + 1, = 0,

Bunyyu — uff + nau"n + ozu”“ftl — au”“fﬁ = 0.

Solving the above system of partial differential equations one obtains the following

four Lie point symmetries:

translation in time  X; = %,

spatial translational — X9 = %,

spatial translational — X35 = E%’
Scaling X, = 3nt% + nx(% + ny(% — Zu%.

6.1.2 Application of the new conservation theorem

The gZK equation together with its adjoint equation are given by

E = w4 auuy + Buges + Bugyy = 0,

(6.5)
E* = v + av,u” 4 Buggy + Bugy, = 0.
The third-order Lagrangian for equation (6.5) is given by
L = v(u + au™uy + Bugey + Pugyy), (6.6)
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which can be reduced to the second-order Lagrangian
L = v(u + auuy) — Buyuy, — Bugily,. (6.7)

We have the following four cases:

0

Case 1: X; = —

Lot
Corresponding to this symmetry the Lie characteristic functions are W' = —u,
and W? = —v,. Thus, by using Theorem 1.6, the components of the conserved

vector associated with the symmetry X; are given by

Cl = avuu, — Bug(Ugs + uyy),
C“f = szutm + ﬂvt(ux:v + uyy) - Oﬂ]unut - Butvxmy
Ciy = Bvxuty - Butvmy

and this represents the energy conservation law.

0
Case 2: Xy = —
ox
The Lie point symmetry X, has the Lie characteristic functions W' = —u, and
W? = —v,. Invoking Theorem 1.6 we obtain the conserved vector whose compo-
nents are:
Ct = —wvu,,
C2m = 6vxuzz - Buxvxz + vy,
Cg = vauxy - ﬁuxvxya

which represents the linear momentum conservation law.

0
Case 3: X5 =—
dy
The Lie characteristic functions for X3 are W! = —u,, and W? = —u,. Application

of Theorem 1.6 yields the following conserved vectors:

T _
C; = —vuy,
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Oy = Py + Buy(Usy + tyy) — BlyVey — 00Uy,

CY = v(u+ auuy) — Buylyy — Buyvyy,

which represents the linear momentum conservation law.

0 0 0 0
4: X, = — — — —2u—
Case 4 = 3nt 5 +nx p +ny By U EW

Finally, the Lie point symmetry X, gives W' = —(2u + 3ntu, + nzu, + nyu,) and

W? = (2 — 2n)v — 3ntv, — nzv, — nyv, and so the associated conserved vector has

components:
Ci = v(3antu™u, — 2u — nru, — nyuy) — 3Bntv, (Uey + Uyy),
CY = v(nzuy — 20u™™ — 3antuu; — anyu™uy,) + Bnyvy (Ue, + Uyy,)

+30nt0 (Ugy + Uyy) + B4 (2uy + 3ntuy, + nuy + NTUgy + NYUyy)
— Bz (2u + 3ntuy + nau, + nyuy) — 200(Ugy + Uyy) + 20100(Ugy + Uyy),
C] = Py (2uy + 3ntuy, + nxugy + nuy — nyuy,) — Bug, (2u + 3ntu, + nru, + nyuy,)

+nyv(ue + ou"uy),

which represents the boost momentum conservation law.

6.2 Exact solutions of (6.1)

In this section we obtain exact solutions of (6.1) using firstly its Lie point symme-

tries and secondly by employing the simplest equation method.

6.2.1 Exact solutions of (6.1) using its Lie point symme-

tries

First of all we utilize the linear combination of the three translation symmetries,

namely X = X; + vXy + X3 and reduce the gZK equation (6.1) to a partial
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differential equation in two independent variables. The associated Lagrange system

18

which yields the following three invariants:
f=t—vy, g=x—vy, 60=u. (6.8)

By considering # as the new dependent variable and f and g as new independent

variables, the gZK equation (6.1) transforms to
Gf + aH"Qg + B(Vz + 1)(9999 + Qb’y@fgg + Bfog =0, (69)

which is a nonlinear partial differential equation in two independent variables.
Further symmetry reduction of (6.9) can be done by using its symmetries. The

equation (6.9) has the two translational symmetries, viz.,

0 0
— Fg—a—g.

The combination I'y + kI's, of the two symmetries I'y and 'y, for an arbitrary

constant k, yields the two invariants
z=g—kf and W =46,

which gives rise to a group invariant solution W = W (z). Consequently using these
invariants, (6.9) is transformed into the third-order nonlinear ordinary differential

equation
B+ (v — k)W + aW"W' — kW' = 0. (6.10)
The integration of (6.10) yields

B+ (v — D)W + —— W — kW =0, (6.11)

n—+1
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where the constant of integration has been taken to be zero, because we are looking
for soliton solutions. Equation (6.11) can be integrated easily by first multiplying
it by W’. We then obtain the first-order variables separable equation

B(1+(V_k)2) / a n k _
5 W2+ (n+1)(n—|—2)W +2—§W2 =0, (6.12)

which can be integrated easily. After integrating and reverting back to the original
variables, we obtain the following group-invariant solution of the gZK equation

(6.1) for arbitrary values of n in the form

ultz.y) = (k(n +1)(n+2)

" sech 1
o > sechn (R), (6.13)

where

_ nVk(Cy + 2)
2/B(1+ (v —k)2)’

z=x—kt— (v—Fk)y.
Note that (6.13) represents a non-topological soliton solution. A sketch of the
solution (6.13) withn =2, a =2, k=5,v=1,=1,t=0and C; =1 is given
in Figure 6.1.

6.2.2 Exact solutions of (6.1) using simplest equation method

In this subsection we use the simplest equation method described in Section 1.6.2,

to solve the nonlinear third-order ordinary differential equation (6.10) for n = 1,2.

Solutions of (6.1) using the Bernoulli equation as the simplest equation

n=1
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Figure 6.1: Profile of solution (6.13)

In this case the balancing procedure yields M = 2 and solutions of (6.10) are of
the form

We insert this value of W (z) in (6.10). Then using the Bernoulli equation (1.53)
and, thereafter, equating the coefficients of powers of G to zero, we obtain an

algebraic system of five equations in terms of Ay, Ay, Ay, namely

24028 k2 Ay — 482 B kv Ay + 2403812 Ay + 24°8 Ay + 20 bAs? = 0,
ABPKkPA —2aBkv A; + PBVPA + a®B A + aa AyA, — akA, = 0,
54 ab’B k*Ay — 108 ab®B kv Ay + 54 ab’S*As + 636 k2 A — 12636 kv A,
+60°B12 A, + 54 ab’B Ay + 6038 A1 + 2aa A2 +3abA Ay = 0,
38 b k* Ay — 76 a*bf kv Ay + 38 a*bf V2 Ay + 12 ab? B K2 A, — 24 ab®B kv Ay
+12ab?B 12 A + 38a%bB Ay + 12ab*B Ay + 3aa A1 Ay +2abAyA,
+abA? —2bkA;, = 0,
8a’Bk*Ay —16a°B kv Ay +8aB 12 Ay + Ta?bB k2 A, — 14a*bB kv A,
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+7a%bB 12 A +8a3B Ay + Ta’bB Ay + 2 ac AgAs + aa Ay
+o bAoAl - ZGkAQ - b/{ZAl = 0.

With the aid of Maple, we solve the above system and obtain

1
Ay = —{2d*Bkv — d*Bv* — a*B — a*Bk* + K},
o

1
A = —{12abB (2kv — v — k* — 1)},
«

Ay = l{12525 (2kv =1 — k> — 1)},
(07

Therefore the solution of (6.1), for n = 1 is given by

ult,z,y) =Ag +a Al{ coshla(z + O)] + sinh[a(z + O)] }

1 —bceoshla(z + C)] — bsinh[a(z + C)]
coshla(z + C)] + sinh[a(z 4+ C)] }2
DA

1 — bceoshla(z + C)] — bsinh[a(z + C (6.15)

+ A2a2 {

where z = x — kt — (v — k)y and C' is an arbitrary constant of integration.

n =2
The balancing procedure yields M = 1 so the solutions of (6.10) take the form

As before, substituting (6.16) into (6.10), we obtain the algebraic system of equa-

tions

6030Kk*A; — 12038 kv A1 + 63812 A; + abA® + 6034, = 0,
aPBk*AL —2a3B kv AL + PBrPAL + a8 AL + ac Ag* Ay — akA; = 0,

12ab*B KAy — 24 ab®*B kv Ay + 12ab*B V2 A + aa A + 12ab?B A,
+2abAgA? = 0,

7Ta*bBk*A; —146°bB kv Ay + Ta*bB v Ay + Ta*bB Ay + 2 aa ApA>
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+a bA[)2A1 - bk’Al = 0

whose solution is

|3k 2b |3k 2k
Ao =E1/—, Al =F+—4/— = .
0 o a oz’ﬂ a? (2kv —v? — k%2 —1)

Therefore, the solution of (6.1), for n = 2 is given by

(6.17)

B ; coshla(z 4+ C)] + sinh[a(z + C')]
u(t,x,y) =Ap + Al{ 7 },

1 —bcosha(z + C)] — bsinh[a(z + C
where z = 2 —kt — (v — k)y and C is an arbitrary constant of integration. A sketch

of the solution (6.17) is given in Figure 6.2.

Solutions of (6.1) using the Riccati equation as the simplest equation

n=1

For this case the balancing procedure gives M = 2 and so (1.56) becomes
W(z) = Ao+ A1G + AG*. (6.18)

The insertion of this value of W (z) into (6.10) and making use of the Riccati equa-
tion (1.54) yields the following algebraic system of equations in terms of Ay, Aq, As:

24a®Bk* Ay — 48> B kv Ay + 240> B 1Ay + 246 B Ay + 2acc A2 = 0,
6a*Bk*A; —12a*B kv A +6a>Br*A; + 54 a*bB k* Ay — 108 abS kv A,
+54a*bB1* Ay + 6638 A + 54a*bB Ay + 3aa Aj Ay +2abAy? = 0,
2af Ak A; —4aB kv Ay + 208 VAL + V2B ck? Ay — 2626 ckv Ay
+02B e Ay + 608 Pk* Ay — 1205 Pk Ay + 6 b5 P2 Ay + 2a8 A,
+026 cA; +6b8 Ay + acAgA — ckA; = 0,
126?08 k* Ay — 24 a*bB kv Ay + 12a*bB V° Ay + 40 6B ck? Ay — 80 a3 ckv A,
+40 a26 e’ Ay 4 38 ab? S k2 Ay — 76 ab?f kv Ay + 38 ab? B 12 Ay + 12a%05 A,
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Figure 6.2: Profile of solution (6.17)

+40a?B cAy + 38ab*B Ay + 2aa AgAy + ac A2 + 3 bA; A,

+2acAy” —2akA; = 0,
8abB ck® Ay — 16 abf ckv Ay + 8abB cv* Ay + 16 aB k* Ay — 32 aB kv Ay
+16 aB P Ay + B30 kXA, — 203 B kv Ay + 3B 12 A, + 14626 ck? A,
—2802B ckv Ay 4+ 14028 cv® Ay 4+ 8 abf cAy + 16 aB 2 Ay + B35 Ay

+14 %6 cAy + abAgA; +2acAgAs + acAy? —bkA, —2ckAs = 0,
8a?Bck*Ay — 16 a*B ckv Ay + 8a’Bcv* Ay + Tab* B k* Ay — 14 ab*B kv Ay
+7ab*B A, + 52abB ck? Ay — 104 abB ckv Ay + 52 abf cv* Ay + 8 b3 B k2 A,
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—1603B kv Ay + 8b2B 12 Ay + 8a?BcAy + Tab’B Ay + 52 abB cAy + 8123 A,
+aa A()Al + 2« bAoAQ + o bA12 +3a CA1A2 - CL/CAl -2 bk?Ag = 0.

The solution of the above system using Maple gives

1
Ay = —{16aBckv — 8afcr* — 8afc — S8afBck? — pb*1* — Bb* — BV7E* 4 280% kv + kY,
a

1 1

Ap = —{12abf (2kv —1* — k* = 1)}, Ay = —{12a°3 (2kv — 1> — k> — 1) }.
a a

Consequently, the solutions of (6.1) are

u(t,z,y) =Ag + Al{ LA tanh (%9(,2 + C)) }

26 2a
b0 1 2
+ AQ{ ~ %0 %tanh (59(2' + C’))} (6.19)
and
b 4 1 sech (@)

u(t,z,y) =Ao + Al{ — — — —tanh (—9,2) + - 2a : . }

2a  2a 2 C cosh (%) — 27 sinh (%)

1 h (% ?

+A2{_£_itanh (-QZ) + :SC (22a>' 02 } ’

2a  2a 2 C cosh (7) — =t sinh (7)

(6.20)

where z = x — kt — (v — k)y and C' is an arbitrary constant of integration.
n=2
The balancing procedure yields M = 1, so the solutions of (6.10) are of the form:

Substituting (6.21) into (6.10) and using the Riccati equation, we obtain the fol-

lowing algebraic system of equations:

—6bA,c*v + 3aAjc = 0,
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6aATAgc + 3aA3d — 120A,*dv = 0,

3aA1A36 — 20A;ce®v — Ajev — bA d*ev = 0,

—8bA cderv — Adv + 6aA%AOe — bA v + 3aA1Agd =0,

—Ajcv + 3aA3e — ThA cd*v + 3aA1A(2)c + 6aA?Agd — 8bA c*er = 0.

Solving the above algebraic equations, one obtains

b a
Ay = im\/Gﬁ(%u— V2 —k2—1), A = iﬁ\/GB(ZkV— V2 — k2 — 1),
VR =208k + B+ VPB4 2k
B 4Bc(k?>=2vk+v?+1) '

Hence, we have the following solutions of (6.1) for n = 2

b 0 1
u(z,y,t) = Ao+ Ay {—% o tanh <§9(2 + C)) } (6.22)
and
b 0 1 sech (92—'3)
u(t, z,y) =Ag —i—Al{ ~ 52~ %tanh (592) + S ool (%Z) — %‘lsinh (%Z) },

(6.23)

where z = v — kt — (v — k)y and C is an arbitrary constant of integration. A sketch

of the solution (6.23) is given in Figure 6.3.
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Figure 6.3: Profile of the solution of (6.23).

6.3 Concluding remarks

In this chapter we studied the generalized Zakharov—Kuznetsov equation (6.1). We
derived the conservation laws of this equation using the new conservation theorem
by Ibragimov. In addition, the Lie point symmetries of the gZK equation were
obtained and used in conjunction with the simplest equation method to obtain
exact solutions of the gZK equation. The solutions obtained here are new and

more general than the ones obtained before in [82] and [83].
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Chapter 7

Conservation laws and exact
solutions for a generalized
Ablowitz-Kaup-Newell-Segur

equation

In this chapter we study the generalized Ablowitz-Kaup-Newell-Segur (gAKNS)
equation, which has many applications in several physical phenomena. The gAKNS

equation is given by
Ugzay + 2ﬁuxuxy + 6uyuaca: + YUgt + QUzy = 0 (71)

with constant coefficients o,y and 5. We perform the Noether symmetry analysis
for (7.1). Thereafter, we construct the conservation laws for those cases which
admit the Noether operators. Furthermore, we compute exact solutions for gAKNS

equation using the simplest equation method.

We note that when = v = 4, equation (7.1) becomes the Ablowitz-Kaup-Newell-
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Segur (AKNS) equation
Uggzy + 8uxuxy + 4uyux:v + dug + QU =0, (72)

which describes the wave phenomena observed in fluid dynamics, plasma and elas-
tic media. Cheng and Hao in [91] obtained the periodic wave solutions of (7.2)
using bilinear Backlund transformation whereas Wazwaz [92] obtained the soliton

solutions for equation (7.2) using the simplified form of the bilinear method.

Part of this chapter has been accepted for publication. See [93].

7.1 Conservation laws of equation (7.1)

The vector field

0 0 0 0
X — 1 2 3 .
5 (t,l’, yau) ot 5 (t,ﬂ?, yvu) or 6 (ta z,Y, U) ay 77(75, z,Y, ’LL) ou (73)

is called a Noether point symmetry corresponding to a second-order Lagrangian £

of (7.1) if
XPUL) + {Dy(€") + Do(€) + Dy (§%)}L = Dy(B") + Do(B*) + D,(B?)  (7.4)

for some gauge functions B'(t,z,y,u), B*(t,x,y,u) and B3(t,z,y,u). Here X[
is the second-order prolongation defined in Chapter one. For any Noether point

symmetry X corresponding to a given Lagrangian £, there corresponds a conserved

vector T = (T, ..., T"), i =1...,n, if T" satisfies
D;T"|(z1) = 0. (7.5)

The equation (7.5) defines a local conservation law of the equation (7.1). It can be

verified that the second-order Lagrangian of the gAKNS equation (7.1) is

1 1 1 1
L= éumuxy — Eﬁuiuy — §fyutux — §au§. (7.6)
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The insertion of £ from (7.6) into equation (7.4) and splitting with respect to
derivatives of u(t,x,y) yields linear overdetermined system of partial differential

equations:

&=0,6=06=06,=0 =0 =0,&=0, =0,
Nuw =0, Moz =0, Mo =0, Nuy =0, Ny =0, 28n, — ¥& =0,
29y + 7€) =0, 20y + & — 262 =0, 2, + & — 262 =0,

30, — BEZ + B =0, 2amy + B, — a&l + aff =& +af; =0,

1 1

After some tedious and lengthy calculations, the above equations yield the following

six Noether point symmetries together with their corresponding gauge functions:

0
X, =—. B'=pB*>=pB%=
oo 0,
XQZQ, B'=B*=DB*=0,
dy
26 0 0 1
Xy = —t— —, B'=—_ B? = — B*=0
3 ~y 8y+x8u’ 27“7 au, )
0 0 0 3 0
Xy=—4dt— —ax— —2y=—+ ( — —, B'=B’=B*=0
! ot "oz y(’?y * (ﬁy —I—u> ou’ ’
X :e(t)£+1w:’(t)2 B'=B*=0 BQZ—lQuye”(t)
> or B ou’ : 283 ’
0 1
Xe¢=r(t)=, B'=DB= B? = ——~yur'(t).
6 T( )auv 07 2’71”( )

Invoking Noether theorem 1.7, the six conserved vectors associated with these six

Noether point symmetries are, respectively,

1 1 1
T! = §umuxy — Eﬁuiuy — Eaui,
) 1, 1 1
Tl = 5utuxuy + E’Yut + auiu, + UtUgay — §utxu:cy - §utyua:xa
1 1 1
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1

7_121 = 5’7“30“3/’
9 5 1 1, 1
T = Bumuy + ifyutuy + QUG Uy + Uylgzy — §uxy — §umuyy,
1 1 1
T3 = 5 Uyazs = 57Uy = 50“3;5 (7.9)
1 1
Ty = Btuyu, — 5 VLU + S,
1 232 2
T32 = Btusu, — fruzu, — §’yxut — QTUy — TUggy + ituxuz + i6tumuy
Y Y
2 1
+ TBtuyumy + éuxy — gtuiy — gtumuyy + awu,
6] 1 af 1
T;’ = ;tuyumm — §mumx — Btusu, — Ttui — iﬁxui + §um; (7.10)
3 1 1
T41 = 2Btuiuy — 20Uy Uy + 2atui — %yuz — §7U% — §'yxu§ — YYUg Uy,
1
T42 = Uglgy — éaacui — éﬁxuiuy — dayugu, — Buugu, — 4Btuuyu, — Qﬁ’yuxuz
3oy 1 vt 3a? ot o
— —— YU — = YUl — 2Ytu; — VYU, — —— YUy — QUU, — Lot Uy — — YUyy
2ﬁyt 277: YUy — YYUiUy By t Byy
1 3
— Ulggy — HUUgry — TULUgry — 2YUyUpry + 200U U5y + §xumuw + yuiy + %um
3
+ §uyuzx + Qtutyuxas + yuxxuyy;
1 3 1
Tf’ = YYUsUy — §ayu:2c — %yumx - §Buui - §uum - 25tutui — 2tUUgry
1 53 1 1
— §ﬁxuz = 5 Ualazs — YUyUase + Uy Uy + 5¥Uzg + 2tUpp Uy (7.11)
1 2
T = Sre(t; = 5ave (us,
s 1 2 1 2 72 ' ay -,
Ts = 5 Be(t)uguy, + sae(t)u, — yye(t)uzuy, — —ye'()uy — —ye'(t)u,
2 2 23 I6]
2
~
— Bye'(t)umy + e(t)UgUsay + %e’(t}um + ;—Buye"(t),
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1 1 1
Tg’ = 556(25)“?; - 5796/@)“3 - %el(t)umm - 56(75)%251; (7.12)
1 1

Tg = —=yr(t)ug,

2

1 1

T62 = éyur/(t) — ﬁr(t)uxuy — éyr(t)ut - Oﬂ’(t)ux - T(t)umrlﬂ

1 1
TG3 - _§5T(t)ui a 57"(75)%”. (7.13)

The above conserved vectors do not satisfy the divergence condition (7.5), as some
excessive terms emerge that require some further analysis. By making a slight
adjustment to these terms, it can be shown that these can be absorbed into the

divergence condition. Further analysis of the conserved vector (7.8) yields

1 1
Dt(Tll) + DI<T12) + Dy(T13> = _éuxxutxy + Eutua::pxy

1 1

and hence

1 1
D,(T}) + D, (T12 + §umuty) + D, (T13 — éutumz) =0. (7.15)
We now redefine the conserved vectors in the parenthesis as

~ 1 1 1

Tll = §ux:puxy - §Buiuy - Eaufn

) Lo, 1

7 = Puuguy, + §7ut + QUUy + Uplgzy — §umuxy,

~ 1 1

o= 55%“2 — Ut (7.16)

Thus, the modified conserved vectors T}, T2, and T? satisfy the divergence con-
dition. Likewise, we can then construct the conserved quantities associated with

equations (7.9) to (7.13) as

T21 = §7uwuy,
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1, 1

T; = ﬁuwuz + iyutuy + auguy + iuyumy — iumy — §szuyy,
T~23 = %uyumx — %fyutux — %aui; (7.17)
T31 = [tuzu, — %vxux + %vu
T32 = [tugu, — Bruyiy, — %yxut — QT Uy — TUggy + 275215%15; + @tuxuy
+ gtuyumy + %umy — gtuiy — gtumuyy + au,
T3 = ;tuyumx — [tuu, — %ﬁtui - %Bmui + %um + %tumum; (7.18)

2
SYTU, — Vyuwuy ;

STuUUy — 9

. 3ary
T41 = 2Btuiuy — 2UgpUgy + 2atu — —yux — 3

28
1 1

52 2 2 2
Ty = Uylgy — —QTU, — §5$U:p“y — dayuyty — Buuzu, — 4Btusugu, — 2ﬁyumuy

2
3 1 302
— %yut — éyuut — 2ytu? — VYULUy — %yum — auu, — datuu,
3a
- %yu:mzy — UlUggy — 2tutux1’y — PUg Uy — YUyUgary + UgUgy
3o
+ 2tutxua:y + ?JU + 25 3o Uz + 2tutyumc + yuxxuyya
T3 = yyuuy, — 104yu2 — S—Qyu — —Buu? — 2ptuu’ — 2tuu
4 t Wy 2 T ZB rrT 2 x t Wy t Wrxx
— §6xui — YUyUgzy + UpUyy + §xuim — YUz Ugy; (7.19)
- 1 2
T = gre(t); = 5pve (Ous,
~ 1 1
T3 = G Be(t)diuy + joe(t)ud = yye(t)usts, = gzue' (e — Lye'(Hue
2
275 ' (1) Ugzy + €(O)Ugllyey + %e’(t)um + ;—Buye”(t),
- -56( Vi — e (2 — e (Dt — ety (7.20)
2 20 2 re
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b= —577’(15)%,
1, 1
Tg = 5yur'(t) = Br(tyusuy — Syr(t)us — ar ()i, — r(t) ey,
~ 1
T63 = —557"(75)“2' (r21)

Therefore the gAKNS equation possess the conserved vectors (7.16) to (7.21) which

satisfy the divergence condition (7.5).

7.2 Exact solutions of equation (7.1)

In this section we obtain exact solutions of (7.1) using the direct integration and

the simplest equation method.

7.2.1 Exact solutions of (7.1) using direct integration

As a first step we transform the gAKNS equation (7.1) to a nonlinear ordinary

differential equation using the travelling wave variable
u(t,z,y) = F(2), z=x+y — ct. (7.22)

Applying the above transformation, equation (7.1) transforms to the nonlinear

ordinary differential equation
F"™(2) +3BF'(2)F"(2) + (o« — ¢y)F"(2) = 0. (7.23)

Integrating equation (7.23) once with respect to z and letting the constant of

integration to be zero, we obtain

F"(2) + ;ﬁF’(z)2 + (a—ey)F'(2) = 0. (7.24)
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Multiplying equation (7.24) by F"(z) yields
F"(2)F"(2) + ;BF/(Z)ZFN(Z) + (a—ey)F'(2)F"(z) = 0. (7.25)

Integrating equation (7.25) and taking the constant of integration to be zero, we

obtain the second-order ordinary differential equation
F'(2)* + BF'(2)* + (a — ey) F'(2)* = 0.
Solving the above equation, we obtain

F(z) = Ve oy Vg_w tan{%M(z+Ol)} + Oy,

where z = z +y — ¢t and C] and Cy are constants of integration. Hence a solution

of (7.1) is given by

—2. /a0 — 1
ult, z,y) = % tan{gva—w(w+y—ct+01)} +Cs.

7.2.2 Solution of (7.1) using the Riccati equation as the
simplest equation

We now use the simplest equation method, described is Section 1.6.2, to determine

more exact solutions of the gAKNS equation (7.1).

The simplest equation that we use here is Riccati equation (1.54). We look for
solutions of the nonlinear ordinary differential equation (7.23) that are of the form

given by (1.55).

The balancing procedure yields M = 1, so the solutions of (7.23) are of the form
W(z) = Ao+ A1G. (7.26)

Substituting (7.26) into (7.23) and using the Riccati equation (1.54) and then

equating all coefficients of the powers of function G(z) to zero, we obtain the
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following algebraic system of equations in terms of Ay and A;:
6a°BA? + 24a*A; = 0,
15a*bB A3 + 60abA; = 0,
3082 A3 4 8abc* A1 + b cA; — bc*y A, + abeA;, =0,
18@60@4? + 3b3ﬁAf + 60a’bcA; + 15ab® Ay — 3abcyA; + 3abaA; =0,
12(1206%13 + 12ab25A% +40a3cA; + 50a°b* Ay — 2(120’}/141 + 20’0 A; =0,
6ac2ﬁA§ + 6b2cBAf + 16a%2A; + 22ab*c Ay — 2ac?vA; + V1A — VPey A,

+2aca A, + ab*A, = 0.

The solution of the above system using Maple gives

1 cy— b —a
a:—4—c(0’y—b2—oz), AlzT.
Consequently, the solutions of (7.1) are
b 0 1
and
b 0 1 sech (9—3)
t,x,y) = Ao+ A1 — — — —tanh | =0z | + 2 ,
u(t,z,y) 0 1{ %a %4 an <2 z) Cooh (%) — %‘lsinh (%Z)}

(7.28)

where z = +y — ct, Ayg and C are arbitrary constants.

7.3 Conclusion

In this chapter we studied the gAKNS equation (7.1). We obtained six Noether
symmetries for the gAKNS equation. Thereafter, Noether theorem was employed
to construct six non-trivial conserved vectors associated with the Noether symme-
tries. Furthermore, we obtained exact solutions for (7.1) using direct integration

and the simplest equation method.
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Chapter 8

Conservation laws and exact
solutions for a potential
Kadomtsev-Petviashvili equation

with p—power nonlinearity

This chapter aims to study a potential Kadomtsev-Petviashvili equation with
p—power nonlinearity (PKPp), which arises in a number of significant nonlinear

problems of physics and applied mathematics.

Recall that the celebrated Korteweg-de Vries (KdV) equation, which was first intro-
duced by Boussinesq [96], governs the dynamics of solitary waves. Originally it was
derived to describe shallow water waves of long wavelength and small amplitude.
Kadomtsev and Petviashvili generalized the KdV equation to two spatial dimen-
sions and produced an equation, which is named after their names Kadomtsev-

Petviashvili (KP) equation [97]

(s + 6ULy + Uppr )z + 3071y, = 0, (8.1)
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where u = u(t, z,y) is a scalar function,  and y are respectively the longitudinal
and transverse spatial coordinates and o2 = 41. The KP equation is a nonlinear
partial differential equation which describes long waves of small amplitude with

slow dependence on the transverse coordinate [97-99].

The (241)-dimensional potential Kadomtsev-Petviashvili (PKP) equation

3 1 3
Uy + éuxum + Zumm + Zuyy =0 (8.2)

has been studied by various scientists [100-104] and a substantial amount of re-
search has been done on finding exact solutions using various methods and tech-
niques. In [100] new travelling wave solutions for the PKP equation using the ho-
mogeneous balance method were obtained. Kaya and El-Sayed [101] investigated
the PKP equation and obtained the numerical soliton-like solutions by employ-
ing Adomian decomposition method. Li and Zhang [102] improved the key steps
of homogeneous balance method to obtain soliton, multisoliton and rational-type

solutions of the PKP equation.

The generalization of equation (8.2) is the so called potential Kadomtsev-Petviashvili

equation with p—power nonlinearity (PKPp) and is given by
Uty + QP Uy + Bllyyry — YUy = 0, (8.3)

where «a, 3,7 and p are non-zero constants. The authors of [105], studied equation
(8.3) only for two special cases of p, namely for p = 1 and p = 2 and obtained
non-travelling wave solutions. In fact, the PKPp equation was reduced to a (141)-
dimensional partial differential equation via classical Lie group method and the
reduced equations were further studied to obtain certain exact solutions of PKPp

equation.

Gupta and Bansal [106] studied the (241)-dimensional variable coefficients poten-
tial Kadomtsev-Petviashvili (VCPKP) equation

Uty + () U Uy + B(E)Ugaa + () Uy, = 0, (8.4)
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where a(t), f(t) and §(t) are arbitrary functions, for its integrability and for exact
solutions. The methods and techniques used in [105] were employed and certain

general solutions of VCPKP equation were obtained.

In this chapter we construct conservation laws for equation (8.3) using Noether

theorem and thereafter we obtain its exact solutions using the Kudryashov method.

The work presented in this chapter has been submitted for publication. See [107].

8.1 Conservation laws of equation (8.3)

The vector field

0

19) 0 0
X =&tz y,u w5 + &tz y,u) = + E(t vy, u)— 5

ox oy

is called a Noether point symmetry corresponding to a second-order Lagrangian L

of (8.3) if
XPUL) + {Dy(&") + Do(&%) + Dy (%)} L = Dy(B") + D,(B*) + D, (B*)  (8.6)

for some gauge functions B (¢, z,y,u), B*(t,z,y,u) and B*(t,z,y,u).

Here X is the second-order prolongation given by

0 0 0 0 0
2] _ 1Y 2 ¥ 3 7 . I
X 13 —i—&ax—i-fay-i-ﬁau‘i‘@aut—i-
0 0 0
Cx +Ctta tt+€xxau +Ctxa tx+ Ty

where the expressions for (;, (;, (ia, (i and (., are given in [44].

The total differential operators are given by

Dt = g—i—ut +Utta + Uy — a + -
ot ou Ouy O, ’

D, = vl vund pun g
* ox ” Ou m@u “ Oouy ’
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We notice that to determine the Noether operators for the PKPp equation (8.3),
we need to consider four cases separately.
Case 1: pis arbitrary but p # 1, —1, -2

In this case a Lagrangian of the PKPp equation (8.3) is given by

1
c >up+2 + §u2 422 (8.7)

L=—uwuy, — ———7—— .
27 (p+Dlp+2) " 22

The substitution of this value of L into (8.6) yields an overdetermined system of

nineteen linear partial differential equations. These are:
=0, §&=0, &=0, &=0, &,=0, &=0, £=0, &=0,
1 1
Ne =0, Nuu=0, n+ 552 =0, 55? - 7&; =0, YTy — Bz =0,

1 1 1 1
g Br=0, = 59E+ 59+ 596 =0,

2

1 1 3
« - (0% (0%

u §——=0+ ———F——=E=0
P11 )+ pr2 ! p+L)(p+2)

Solving the above system of partial differential equations, we obtain
&= O
& = Cuy+Cs,
§3 = 27tCsy + CYy,
n o= yR(t)+ H(t),
B' = Q(t,z,y),
B = M(tz,y) — sulyR(1) + H'(1),
B® = N(t,z,y) +yuR(t), (8.8)

where C1, Cy, C3, Cy are constants and R(t), H(t), Q(t,z,y), M(t,x,y) and N(t,z,y)

are arbitrary functions of their arguments. The corresponding generic vectors of
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the infinitesimal transformations which leave equation (8.3) invariant together with

their gauge functions are:

o
X, = 5 B'=B*=B3=0,
8 1 2 3
X, = —, B'=B*=B3=0,
ox
X, = 2 B'=B*=B’=0,
0y
0 5,
X, = y— +29yt—., B'=B?=
5,
X: = yR(t)—, B'=0, B?
5 Y ()au, :
5,
Xe = H(t)a—, B'=B*=0, B?
u

B3 =0,

(8.9)
(8.10)
(8.11)
(8.12)
(8.13)

(8.14)

Applying Theorem 1.7, we obtain the six nontrivial conserved vectors associated

with the above Noether point symmetries, given by

1 o 1
Tl —— 2 - - p+2
o 1
? i 1 up+1 + 2ut ﬁutacua:x7
Tl3 = TV ULUy;
1
Tl —— 2
2 2“%7
1
Ty = —yuguy;
1
T31 = Euxuy,
2 1 @ ptl
13 §Utuy + + 1“1 Uy + Blyligee — Pllaylies,
1 Q 1
T3 = ——uy — ——————ul™? + —pu, — —yu?
U ke
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(8.16)

(8.17)



1
TLL1 = §yui + /ytuxuya

1 1
T42 = ﬂyuxu:mm + ZVﬁtuyux:px + _’)/yuz + f)/tutuy - éﬁyuix

2
o 5 2oy 1
myulf + mtuyu§+ — 207t ugytyy,

2ary

—(]H— 19 tub ™2 (8.18)

T; = BytuZ, — ’yQtuz — YYUgUy — ViU U, —

1
Ty = —§yR(t)uI,
T2 = —CyR()uy — — Oy RUWE? — ByR( s + Suy R (1)
5 2 t » ‘I’ 1 T TTT 2 )
TP = yyR(t)u, — MuR(t); (8.19)
1 1
T2 = — L H(t) — —“ P H () — Bunn H () + —uH' (1)
6 2 t p + 1 T TTT 2 )
Te = yu,H(t). (8.20)
Case 2: p=1
When p = 1, the PKPp equation (8.3) becomes
Uty + QUZUgy + PlUggzy — YUyy = 0. (8.21)

We observe that equation (8.21) has a Lagrangian formulation with the Lagrangian

1 1 1 1

Following the same procedure as in Case 1, we obtain ten Noether symmetries;

X1, Xa, X3 and X, are given, by (8.9)-(8.12) and the other six are given below:

X5 = Yoa B'=DB*=0, B?=nu, (8.23)
U
0 0 1
X¢ = at— 42—, Bl=-—= B?=DB3=0 8.24
6 o 31: + xaua 2u7 ) ( )
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0 0
X; = —at*=— t+ —3%)=— V= ——ut;
7 2CY ax+('x+2 y)au7 ut;
1
B* = — U B? = yu, (8.25)
0 0 0 1
Xs = ayt— t*—+ay—, B'=—cuy;
8 ayls +ay oy +xyau, 5 UY;
B*=0; B®=~ux, (8.26)
1 0 1 0 1 0
Xg = —ayt’— + —ayt’— + (aty + —y*) =
9 SOt 5o+ gy ay+(:vy+6,yy)au,
1 1 1
B' = —§uty; B? = —§uxy; B? = yuxt + §uy2, (8.27)
0 0 0 0
X = 3t—4r-—+2y— —u-—, B'=B*=DB>=0. 8.28
10 ot " Tor Ty T ow (8:28)

The application of Noether theorem [46] yields ten conserved quantities. The first
four are obtained from the operators (8.9)-(8.12), given by equations (8.15)-(8.18)
with p = 1, respectively, while the other six conserved vectors associated with the

operators (8.23)-(8.28) are, respectively, given by

1

Tl = FYUg,
5 2y'Ll/
o 1 1 2
T5 - Eyut + §ayux + ﬁyumcxa
T = yu — yyuy; (8.29)
1 1
Ty = §atui — 5%Us + PR
1 1
TG2 = aftuzlpre — BrUzze + Plgy + §a2tui — éaﬂtuiz
+ 1oryyu2 — 1xut - 1041’112
2 vo2 2 v
Te = yru, — aytuguy; (8.30)
1 1 1
T71 = Zodb2 926 — éxtux — ngux + Qut,
1 1 1 1 1
T72 = 6a2t2ui Zaﬁt%iw + Za7t2u?2/ — §:ptut — iozxtui
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1 1 1 1
_ /thuxa:m — EyQUt — anlui - %/ByQUacxm + §a6t2ummx
1
3 1, 1 9

T = yatu, + QY Uy — 504775 Ug Uy — YU;

1 1 1 1
T81 = Ea’yt%xuy + §aytui — ixyux + 5?4“»

1 1 1 1 1
T2 = §a2ytui — §aﬁytuim + §avytuz — pTYu — §oznyi

1 1
- 5xyuxmm + O‘Byyuxuwmz + Elgutuy + ECEZ’Ytzuin

+ aﬁ’thUyuxxcc + ﬁyuazx - aﬁ’thUxa:uxya

1 1 1 1
T3 = iaﬁfyﬂufm — éa’thutu:p — 6a2’yt2u§’3 — éanytQuZ

+ yryu, — ayytuzu, — yru;

1 1 1 1 1
Ty = ga'ytguxuy - Zathui - my?’ul, - 5eyt + gytu,

1 1 1 1 1
T2 = 6@2yt2 - Zaﬂthuix + Z—la'ythuf/ — Ty — 50433975“5
| 1,

- t TTT T o
Brytu 12,

12~

1 1 1
+ ga’yt‘gutuy + Eazvt?’uiuy + gaﬁvtg’uyumx + Bty

1 1
- §0457t meumy + §$yu7

1 1 1 1
T3 = g&ﬁ’ﬂf%ix - 6a7t3utug; - EanytSui — 6@72t3u§

L3 1 2 1,
+ ytryu, + éy Uy — 507975 Uy Uy — Ytru — §y Uu;

3 1 3 1 1
Th = B Bty — Eatui + §'ytu§ + 5 Utz + §xui + Yyuguy,
1 1 1 1
T120 = gamui — §Bmuix + §7xuz + iuut + §ozuui + BUlyyy

3 3
+ étuf + 50415%5%3; + 3Bt Uty + BTU e + YU, + QYU
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1 1
ygut - ay Ui - 593%”; + _aﬁthU:vumacx
6y 2

(8.31)

(8.32)

(8.33)



+ Qﬁyuyux:cac - Bua:uxm - 3ﬁtut1‘umﬁ - ﬂuxux:(: - 25yua:xumy7
1

Tio = Byuz, — yusu, — gayui - yyui — YUy — 3YEUUy — YT UL Uy

Case 3. p=-1

We now study the case when p = —1. Here equation (8.3) becomes
Uty + aux_lumc + /Buxx:m: = YUyy = 0.

It can easily be seen that equation (8.35) has a Lagrangian

1 1
L= — s — QU In(u,) + §Bufm + %uz

(8.34)

(8.35)

(8.36)

Following the above procedure, one obtains six Noether point symmetries which

are the same as in Case 1. Thus, the associated conserved vectors are:

1 1
1 2 2
Tl - nyuy + 56“x27
1
T? = §Uf + auy In(ug) + ouy + Buylipes — Btplag,
T3 = :
1 = T ULUy;
1
T} = —u?
2 2 x?
1 1
T23 = T Y UgUy;
1
T31 = 5%%’

1
T32 - iutuy + auy, hl(ux) + auy + Buyuﬂﬂﬂw - Buxyu“w’
1,5 1 L o

T3 = §5um — Ul — QU In(u,) — 5 Vs
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(8.38)

(8.39)



1
T41 = iyui + 7tumuya

1 1
ayu, + 2aytu, In(u,) + 200ytuy, — 267Uy Uy,

T} = Bytu?, — ’yztuz — VYU Uy — ViU, — 2007tu, In(uy);

Case 4: p= -2
In this case the PKPp equation (8.3) becomes

2

Uz + CYU; Ugz + Bua:mcx — YUyy = 0

and it admits the Lagrangian

1 1 1
L= — 5 Ul + aln(u,) + éﬁuix + §'yu§

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

Following the above procedure, in this case we obtain the same six Noether point

symmetries as in Case 1. Thus, the corresponding conserved vectors are:

1 1
T! = aln(u,) + §@u§m + 571@,

1
2 2 —1
T{ = U — Qg + Buityry — Blliplya,
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i

T}

= T ULUy;
1 2
ey 2“17
s L2, + 2yt — o+ aln(u,)
= zUzzr — 5 o - n{Uz ),
UpU 5PUae + 570y — a+ aln(u
= — YUy Uy;
1
= 2uzuy,
1
= 2utuy OéUy + /Buyuzajx 6u$yul‘$7
B2, — Sugus +aln(u,) — e
= - — —wpuy + aln(uy) — =yus;
2 2 t 27 Y

1 2
- iyuz + ’Ytumuya

1 1

2
+ ayIn(uy) — 2avtu,u, ' — ay — 287ty sy,

= Bytu?, + 2ayt In(uy) — ’yztuz — YYUgly — YEULU;
1
= _§yuxR(t)a
—1 1 1 /
=yR(t) | au, — JUt = Blgee | + QuR (1),
= vR(t) (yuy — u)
1 1
2 1 ! 1
T: §H@%im)§m—w + Buszzs |
T3 = yu, H(t)
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(8.46)

(8.47)

(8.48)

(8.49)

(8.50)



8.2 Exact solutions of (8.3)

In this section we firstly construct exact solutions of PKPp equation (8.3) with
p = 1 by employing the Lie symmetry method together with the Kudryashov
method. Secondly, we use direct integration to find solutions of PKPp equation

(8.3) for p = 2.
8.2.1 Solutions of (8.3) with p = 1 using Kudryashov method
When p = 1, equation (8.3) takes the form

Uty + QU Uzy + PlUygze — Yy = 0. (8.51)

The Lie point symmetries of equation (8.51) are [108]

o) ) o)
X, = T209*Fy (t)a + (12a'yy2F1”(t) + 24ay?xF] (t)) o T 48ay*y F) (t)a—y

i (127%2&”@) — 2407 uF(t) + 129ay* F'(t) + y' F{" <t>) a%
X, = 2 F(t)3+ 2y Fy(t) + y*Fy () 9
2 = a9l I YTL9 Yy ry ou
X3 = 12a9*F (t)£+6a F’(t)3+ 6yzyFy () + > Fy' (1) 9
3 — v L3 ay YYLg ax VXY L3 Yy rs 8’&7
o)
Xy = yF(t)=
4 ) 4(t)aua
3
X; = F5(t)=.
> "’(t)au

When Fi(t) = Fy(t) = F5(t) = 1, we get three translational symmetries

0 0 0
50 X, = Xy = —. (8.52)

X, = e
! ox’ oy

We now make use of the linear combination of these three translation symmetries,

namely X = X; +vX,+ X3 and transform equation (8.51) to a partial differential
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equation in two variables. The symmetry X has three invariants

f=t—y, g=x—vy, 0=u.

Considering 6 as the new dependent variable and f and ¢, as new independent

variables, equation (8.51) transforms to

BOgg99 + A0y0gg + (1 = 271)05g — 105 ; — 712045 = 0, (8.53)
which is a nonlinear partial differential equation in two independent variables f
and g.

We now further reduce equation (8.53) to an ordinary differential equation by first
finding Lie point symmetries of this equation. The symmetry group of equation

(8.53) is spanned by the following vector fields [108]:

0 0 0
FI_W7 Fz—a—g, FS__afa_gu
I'y=6v f2+(2u2 [+ 2vyg — )2

The linear combination I' = I'1+cI's, where ¢ is a constant, yields the two invariants
z=g—cf, W=40.

By considering W as a dependent variable and z as an independent variable, equa-

tion (8.53) transforms to a nonlinear fourth-order ordinary differential equation
BW"™ (2) + aW' ()W (2) + (2cvy — Py — vy — )W (2) = 0. (8.54)

Integrating equation (8.54) with respect to z and letting the constant of integration

to be zero, we obtain

BWW + %W/Q + (QCV’y i 02,}/ . 1/27 _ C)W/ = 0. (8.55)
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The Kudryashov method assumes the solution of equation (8.55) to be of the form
given by equation (1.60). Using Step 2 of the Kudryashov method, we obtain
N = 1. Therefore, the solution of (8.55) is given in the form

W(z) = Ay + AQ. (8.56)

Substituting the derivatives of W (z) into equation (8.55) we obtain the equation
that has the function @ and coefficients A, (n = 0,1). Collecting all terms with
same powers of () and equating each coefficient to zero, yields the following system

of algebraic equations:

Q : AyA — 2cyw AL+ P A — BAL + cAL =0

Q* : TBA; —cAL —yPA + 29 A + %&Af — A =0
Q@ aA?+ 1284, =0

Qt %aAf +66A;, =0.

Solving this system of algebraic equations, with the aid of Mathematica, we obtain

12
Ay = —(2071/—027—7’/2 _C)a B=cy =27+ +c (8.57)
«

and so we obtain exact solution of equation (8.55) in the form

B 1
C 14er

U(z) = Ao + % (207y — Py — P — C)Q(Z’), Q(2) (8.58)

Reverting back to the original variables, we obtain the solution of (8.51) as
12 2 2 z+(c—v)y—ct\—1
u(t,z,y) =C+ —(2cyw—c"y—yw" —c|(l+e =T (8.59)
a

where C' is an arbitrary constant.

The profile of the solution (8.59) is given in Figure 8.1, with parameters § = 2, o =
2,v=1c=2,v=1,A, =-18,t=0,C = 0.
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Figure 8.1: Profile of solution (8.59)

8.2.2 Solutions of (8.3) with p = 2 using direct integration
When p = 2, equation (8.3) becomes
Uty + au?gu:m: + Bumcmx — YUyy = 0 (860)

and its Lie point symmetries are [108]

0 0 0 0 0
S — ==, Ty=y— + 29—
0 0 0 0 0

As before we now make use of I' = I'; + v’y +I'5 and transform equation (8.60) to a

partial differential equation in two variables. The symmetry I" has three invariants

f=t—y, g=v—vy, ¢=u

and considering ¢ as the new dependent variable and f and ¢ as new independent

variables, equation (8.60) transforms to

Bbggeq + agbz%;; + (1 =29w)sg — 155 — 7V2¢gg =0. (8.61)
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The symmetry group of (8.61) is spanned by [108]

0 0 0 0
Xi=—, Xo=—., Xg=f—, Xi=—.

The linear combination X = cX; + X5, where ¢ is a constant, yields the two
invariants

z2=f—cg, W=0¢.
By considering W as a dependent variable and z as an independent variable, equa-

tion (8.61) transforms to a nonlinear fourth-order ordinary differential equation
BAW"'(2) + ac' W (2)*W"(2) + (2cvy — PPy —c— )W (2) = 0. (8.62)

Integrating the above equation two times and taking the constants of integration

to be zero, we obtain

1
BtW” (2)? + 60404W’(z)4 + (2cvy — PPy —c— )W (2)? = 0. (8.63)

This equation can be integrated twice and gives us two solutions of (8.60) in the

original variables as

ui(x,y,t) = % tan ™! [\/E exp{VB (t —cx — (1 —cv)y + Cl)}} + Cy

and

tan ™! [ exp{VB (t — cx — (1 — cv)y — 03)}] + Cy,

ug(z 15)—i !
2\, Y, —\/Z m

where C, Cy, (5, Cy are arbitrary constants of integration and

A:g’ B c2fyu2—20’yu+c+’y'
60 Bt

8.3 Concluding remarks

We constructed several conservation laws with respect to the parameter p for the

PKPp equation using Noether theroem. Furthermore, the symmetry reduction
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method was employed to reduce the PKPp equation to a third-order ordinary
differential equation. Thereafter, the Kudryashov method was successfully applied
to obtain the new exact solutions for the PKPp equation when p = 1. Solutions
when p = 2 were obtained by employing direct integration. With the aid of Maple,
we have assured the correctness of the obtained solutions by putting them back

into the original equations (8.21) and (8.60).
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Chapter 9

Conclusions

The exact solutions for nonlinear partial differential equations are of important
significance for the explanation of some practical physical problems. The aim of
this work was to obtain exact solutions and conservation laws of some nonlinear

partial differential equations by using various methods.

Chapter one provided relevant background, definitions and theorems of the impor-

tant concepts that were used to carry out the calculations in this work.

In Chapter two a complete Lie group classification was performed on a generalized
coupled (2+1)-dimensional hyperbolic system. Lie group classification dealt with
the use of the equivalence transformation to simplify the forms of the symmetry
operators. The functional forms of the arbitrary parameters were specified via
the classical method of group classification, and these included the combination
of power law, exponential, logarithm and linear forms. This system admitted 11-
dimensional equivalence Lie algebra. The principal Lie algebra was also obtained

and several possible extensions of the principal Lie algebra were presented.

In Chapter three we computed exact solutions for the modified Kortweg-de Vries

equation and higher-order modified Boussinesq equation with damping term by
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employing the (G’/G)—expansion method. We obtained three types of solutions,
namely, hyperbolic function solutions, trigonometric function solutions and rational
function solutions. The conservation laws for the higher-order modified Boussinesq

equation with damping term were derived using the multiplier method.

Chapter four dealt with coupled Korteweg-de Vries equations. New exact solutions
using (G'/G)—expansion method were obtained. In addition, conservation laws

were constructed using the new conservation theorem and multiplier method.

In Chapter five we analysed coupled Boussinesq equations that appeared in many
scientific fields. The (G’/G)—expansion method was effectively used to derive
exact travelling wave solutions. Furthermore, conservation laws were constructed
using two different approaches; the new conservation theorem and the multiplier

approach.

In Chapter six we studied the generalized Zakharov-Kuznetsov equation. We de-
rived the conservation laws of this equation using the new conservation theorem.
Furthermore, the Lie point symmetries of the underlying equation were obtained
and used in conjunction with the simplest equation method to obtain exact solu-

tions.

The generalized Ablowitz-Kaup-Newell-Segur equation was studied in Chapter
seven. We obtained six Noether symmetries and used them to construct six non-
trivial conserved vectors associated with these symmetries. The exact solutions
were obtained using the Lie point symmetries together with the simplest equation

method and direct integration.

In Chapter eight we derived the conservation laws for PKPp equation using Noether
approach. We considered four cases that arose from different values of p. For each
case different Lagrangian was obtained and conserved vectors were constructed.

Moreover, the Lie symmetry method together with Kudryashov method was used
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to obtain solutions for PKPp equation with p = 1. Lastly, Lie symmetry method
was used to transform the PKPp equation with p = 2 to an ordinary differential

equation, which was solved by direct integration.

In future, conservation laws obtained in this study could be used to find exact

solutions for the nonlinear partial differential equations.
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