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Abstract

In this thesis we study some nonlinear partial differential equations which appear

in several physical phenomena of the real world. Exact solutions and conserva-

tion laws are obtained for such equations using various methods. The equations

which are studied in this work are a generalized coupled (2+1)-dimensional hyper-

bolic system, a modified Kortweg-de Vries type equation, the higher-order mod-

ified Boussinesq equation with damping term, coupled Korteweg-de Vries equa-

tions, coupled Boussinesq equations, a generalized Zakharov-Kuznetsov equation,

a generalized Ablowitz-Kaup-Newell-Segur equation and a potential Kadomtsev-

Petviashvili equation with p−power nonlinearity.

We perform a complete Lie symmetry classification of a generalized coupled (2+1)-

dimensional hyperbolic system, which models many physical phenomena in non-

linear sciences. The Lie group classification of the system provides us with eleven-

dimensional equivalence Lie algebra and has several possible extensions. It is fur-

ther shown that several cases arise in classifying the arbitrary parameters, the

forms of which include amongst others the power and exponential functions.

We obtain exact solutions of two nonlinear evolution equations, namely, modified

Kortweg-de Vries equation and higher-order modified Boussinesq equation with

damping term. The (G′/G)−expansion method is employed to obtain the exact

solutions. Travelling wave solutions of three types are obtained and these are the

solitary waves, periodic and rational. In addition, the conservation laws for higher-

order modified Boussinesq equation with a damping term are constructed using the

multiplier approach.

The (G′/G)−expansion method is employed to derive the exact travelling wave

solutions of coupled Korteweg-de Vries equations. The solutions obtained include

the soliton solutions. Furthermore, the conservation laws for these equations are

x



obtained.

Travelling wave solutions of coupled Boussinesq equations are determined and con-

servation laws are obtained for the system using the new conservation theorem and

multiplier approach.

We study a generalized Zakharov–Kuznetsov equation in three variables, which has

applications in the nonlinear development of ion-acoustic waves in a magnetized

plasma. Conservation laws for this equation are constructed using the new conser-

vation theorem. Furthermore, new exact solutions are obtained by employing the

Lie symmetry method along with the simplest equation method.

Conservation laws of a generalized Ablowitz-Kaup-Newell-Segur equation are con-

structed by using Noether theorem. The exact solutions are obtained using the Lie

symmetry method together with the simplest equation method and direct integra-

tion.

Finally, a potential Kadomtsev-Petviashvili equation with p−power nonlinearity,

which arises in a number of significant nonlinear problems of physics and applied

mathematics is studied. We carry out Noether symmetry classification on this

equation. Four cases arise depending on the values of p and consequently we

construct conservation laws for these cases with respect to the second-order La-

grangian. In addition, exact solutions for this equation are obtained using the Lie

group analysis together with the Kudryashov method and direct integration.

List of Acronyms

KdV: Kortweg-de Vries

mKdV: modified Kortweg-de Vries
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gZK: generalized Zakharov-Kuznetsov

KP: Kadomtsev-Petviashvili

PKPp: potential Kadomtsev-Petviashvili with power law nonlinearity

AKNS: Ablowitz-Kaup-Newell-Segur

gAKNS: generalized Ablowitz-Kaup-Newell-Segur

VCPKP variable coefficients potential Kadomtsev-Petviashvili
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Introduction

A large variety of real-world physical systems are governed by nonlinear partial

differential equations. Such equations are very important because they are able

to describe the real features in various fields of applications, for example, fluid

mechanics, gas dynamics, combustion theory, relativity, thermodynamics, biology,

and many others. Nonlinear partial differential equations of real life problems

are difficult to solve analytically. Finding exact solutions of the nonlinear partial

differential equations is a very important task and plays an important role in

nonlinear science. There has recently been much attention devoted to the search for

better and more efficient solution methods for determining solutions to nonlinear

partial differential equations [1–34].

In the last few decades, a variety of effective methods for finding exact solu-

tions were discovered. These include the homogeneous balance method [3], the

ansatz method [4, 5], the variable separation approach [6], the inverse scattering

transform method [7], the Bäcklund transformation [8], the Darboux transforma-

tion [9], the Hirota bilinear method [10], the (G′/G)−expansion method [11–13],

the Kudryashov method [14–24] and Lie group analysis [25–31]. Such methods

were successfully applied to nonlinear partial differential equations in obtaining

their exact solutions.

Lie group analysis is one of the most powerful and systematic methods to determine

1



solutions of nonlinear differential equations. It was originally developed by Marius

Sophus Lie (1842-1899). His study gave rise to the modern theory of what is

now universally known as Lie groups. Ever since, a large amount of work has

been published in the literature on the subject of Lie groups applied to differential

equations in terms of the Lie point symmetries admitted by the equation under

study. Lie point symmetry of a differential equation is a one parameter point

transformation which leaves the differential equation invariant. Lie theory enables

one to reduce the order of ordinary differential equations. The reduction of a

partial differential equation with respect to r−dimensional (solvable) subalgebra

of its Lie symmetry algebra leads to reducing the number of independent variables

by r.

It is well-known that conservation laws play an important role in the study of

differential equations. Conservation laws describe physical conserved quantities

such as mass, energy, momentum and angular momentum, as well as charge and

other constants of motion [28, 35, 36]. They have been used in investigating the

existence, uniqueness, and stability of solutions of nonlinear partial differential

equations [37, 38]. Also, they have been used in the development and use of nu-

merical methods [39, 40]. Recently, conservation laws were used to obtain exact

solutions of some partial differential equations [41–45]. Thus, it is essential to

study conservation laws of differential equations.

Sophus Lie’s work had influence on many mathematicians including Emmy Noether

(1882-1935). A connection between symmetries and conservation laws for differ-

ential equations is established via Noether theorem [46, 47]. In addition to Lie

point symmetries, Noether symmetries are also widely studied and are associated,

in particular, with those differential equations which possess Lagrangians. The

Noether symmetries, which are symmetries of the Euler-Lagrange systems, have

interesting applications in the study of properties of particles moving under the

2



influence of gravitational fields.

Noether theorem [46, 47] allows construction of conservation laws systematically.

However, it can only be applied to differential equations with a Lagrangian. In

order to overcome this limitation, several works have been done. See for example,

[48–53]. Further developments have been made in this direction and the concepts of

quasi self-adjoint, weak self adjointness and nonlinear self-adjoint were introduced

in [54–59].

This thesis is structured as follows:

In Chapter one, we introduce the preliminaries that are needed in our study.

In Chapter two, a complete Lie group classification is performed on a generalized

coupled (2+1)-dimensional hyperbolic system. As a result, the arbitrary functions

which appear in the system are specified.

Chapter three presents the travelling wave solutions of a modified Kortweg-de Vries

type equation and higher-order modified Boussinesq equation with damping term

using the (G′/G)−expansion method. Conservation laws for the latter equation

are constructed using the multiplier approach.

In Chapter four, exact solution and conservation laws for the coupled Korteweg-de

Vries equation are found using (G′/G)−expansion method and the new conserva-

tion theorem due to Ibragimov, respectively.

Chapter five studies the exact solutions and conservation laws of the coupled

Boussinesq equation.

In Chapter six, the exact solutions and conservation laws of a generalized Zakharov-

Kuznetsov equation are obtained using the Lie symmetry method along with the

simplest equation method and the new conservation theorem due to Ibragimov,

respectively.
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Chapter seven deals with the exact solutions and conservation laws of a generalized

Ablowitz-Kaup-Newell-Segur equation. The simplest equation method is used to

obtain exact solutions and the Noether approach is employed for the construction

of conservation laws.

In Chapter eight, conservation laws for a potential Kadomtsev-Petviashvili equa-

tion with power law nonlinearity equation are constructed by applying the Noether

theorem. In addition, the exact solutions for this equation are obtained using

Kudryashov method.

Finally, in Chapter nine, a summary of the results of the thesis is presented and

future work is suggested.

Bibliography is given at the end.
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Chapter 1

Preliminaries

In this chapter, we present some preliminaries on Lie symmetry analysis and con-

servation laws of differential equations, which are used throughout this work and

are based on references [25–31,35,46].

1.1 One-parameter group of continuous transfor-

mations

Let x = (x1, ..., xn) be the independent variables with coordinates xi and u =

(u1, ..., um) be the dependent variables with coordinates uα (n and m finite). Con-

sider a change of the variables x and u involving a real parameter a:

Ta : x̄i = f i(x, u, a), ūα = φα(x, u, a), (1.1)

where a continuously ranges in values from a neighborhood D′ ⊂ D ⊂ R of a = 0,

and f i and φα are differentiable functions.

Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin-

uous one-parameter (local) Lie group of transformations in the space of variables

5



x and u if

(i) For Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb Ta = Tc ∈ G, c = φ(a, b) ∈ D

(Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)

(iii) For Ta ∈ G, a ∈ D′ ⊂ D, T−1a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

We note that the associativity property follows from (i). The group property (i)

can be written as

¯̄
xi ≡ f i(x̄, ū, b) = f i(x, u, φ(a, b)),

¯̄uα ≡ φα(x̄, ū, b) = φα(x, u, φ(a, b)) (1.2)

and the function φ is called the group composition law. A group parameter a is

called canonical if φ(a, b) = a+ b.

Theorem 1.1 For any φ(a, b), there exists the canonical parameter ã defined by

ã =

∫ a

0

ds

w(s)
, where w(s) =

∂ φ(s, b)

∂b

∣∣∣∣
b=0

.

1.2 Prolongations

The derivatives of u with respect to x are defined as

uαi = Di(u
α), uαij = DjDi(ui), · · · , (1.3)

where

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, ..., n (1.4)

6



is the operator of total differentiation. The collection of all first derivatives uαi is

denoted by u(1), i.e.,

u(1) = {uαi } α = 1, ...,m, i = 1, ..., n.

Similarly

u(2) = {uαij} α = 1, ...,m, i, j = 1, ..., n

and u(3) = {uαijk} and likewise u(4) etc. Since uαij = uαji, u(2) contains only uαij for

i ≤ j. In the same manner u(3) has only terms for i ≤ j ≤ k. There is natural

ordering in u(4), u(5) · · · .

In group analysis, all variables x, u, u(1) · · · are considered functionally independent

variables connected only by the differential relations (1.3). Thus the uαs are called

differential variables [29].

We now consider a pth-order partial differential equations, namely

Eα(x, u, u(1), ..., u(p)) = 0. (1.5)

Prolonged or extended groups

If z = (x, u), one-parameter group of transformations G is

x̄i = f i(x, u, a), f i|a=0 = xi,

ūα = φα(x, u, a), φα|a=0 = uα. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equiv-

alent to the determination of the corresponding infinitesimal transformations :

x̄i ≈ xi + a ξi(x, u), ūα ≈ uα + a ηα(x, u) (1.7)

7



obtained from (1.1) by expanding the functions f i and φα into Taylor series in a,

about a = 0 and also taking into account the initial conditions

f i
∣∣
a=0

= xi, φα|a=0 = uα.

Thus, we have

ξi(x, u) =
∂f i

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂φα

∂a

∣∣∣∣
a=0

. (1.8)

One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

x̄i ≈ (1 + aX)x, ūα ≈ (1 + aX)u,

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.9)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).

We now see how the derivatives are transformed.

The Di transforms as

Di = Di(f
j)D̄j, (1.10)

where D̄j is the total differentiations in transformed variables x̄i. So

ūαi = D̄j(u
α), ūαij = D̄j(ū

α
i ) = D̄i(ū

α
j ), · · · .

Applying (1.6) and (1.10), we obtain

Di(φ
α) = Di(f

j)D̄j(ū
α)

= Di(f
j)ūαj , (1.11)

8



and so (
∂f j

∂xi
+ uβi

∂f j

∂uβ

)
ūαj =

∂φα

∂xi
+ uβi

∂φα

∂uβ
. (1.12)

The quantities ūαj can be represented as functions of x, u, u(i), i.e., (1.12) is locally

invertible:

ūαi = ψαi (x, u, u(1), a), ψα|a=0 = uαi . (1.13)

The transformations in x, u, u(1) space given by (1.6) and (1.13) form a one-

parameter group (one can prove this but we do not consider the proof) called

the first prolongation or just extension of the group G and denoted by G[1].

Letting

ūαi ≈ uαi + aζαi (1.14)

to be the infinitesimal transformation of the first derivatives so that the infinitesi-

mal transformation of the group G[1] is (1.7) and (1.14).

Higher-order prolongations of G, viz. G[2], G[3] can be obtained by derivatives of

(1.11).

Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f
j)(ūαj ) = Di(φ

α)

Di(x
j + aξj)(uαj + aζαj ) = Di(u

α + aηα)

(δji + aDiξ
j)(uαj + aζαj ) = uαi + aDiη

α

uαi + aζαi + auαjDiξ
j = uαi + aDiη

α

ζαi = Di(η
α)− uαjDi(ξ

j), (sum on j). (1.15)

9



This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

ζαij = Dj(η
α
i )− uαikDj(ξ

k), (sum on k). (1.16)

By induction (recursively)

ζαi1,i2,...,ip = Dip(ζ
α
i1,i2,...,ip−1

)− uαi1,i2,...,ip−1 j
Dip(ξ

j), (sum on j). (1.17)

The first and higher prolongations of the group G form a group denoted by

G[1], · · · , G[p]. The corresponding prolonged generators are

X [1] = X + ζαi
∂

∂uαi
(sum on i, α),

...

X [p] = X [p−1] + ζαi1,...,ip
∂

∂uαi1,...,ip
p ≥ 1,

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
.

1.3 Group admitted by a partial differential equa-

tion

Definition 1.2 (Point symmetry) The vector field

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
, (1.18)

is a point symmetry of the pth-order partial differential equation (1.5), if

X [p](Eα) = 0 (1.19)

whenever Eα = 0. This can also be written as

X [p]Eα
∣∣
Eα=0

= 0, (1.20)
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where the symbol |Eα=0 means evaluated on the equation Eα = 0.

Definition 1.3 (Determining equation) Equation (1.19) is called the deter-

mining equation of (1.5) because it determines all the infinitesimal symmetries

of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transforma-

tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant

(has the same form) in the new variables x̄ and ū, i.e.,

Eα(x̄, ū, ¯u(1), · · · , ¯u(p)) = 0, (1.21)

where the function Eα is the same as in equation (1.5).

1.4 Infinitesimal criterion of invariance

Definition 1.5 (Invariant) A function F (x, u) is called an invariant of the

group of transformation (1.1) if

F (x̄, ū) ≡ F (f i(x, u, a), φα(x, u, a)) = F (x, u), (1.22)

identically in x, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi-

cient condition for a function F (x, u) to be an invariant is that

X F ≡ ξi(x, u)
∂F

∂xi
+ ηα(x, u)

∂F

∂uα
= 0 . (1.23)

It follows from the above theorem that every one-parameter group of point trans-

formations (1.1) has n−1 functionally independent invariants, which can be taken

11



to be the left-hand side of any first integrals

J1(x, u) = c1, · · · , Jn−1(x, u) = cn

of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dun

ηn(x, u)
.

Theorem 1.3 (Lie equations) If the infinitesimal transformation (1.7) or its

symbol X is given, then the corresponding one-parameter group G is obtained

by solving the Lie equations

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū) (1.24)

subject to the initial conditions

x̄i
∣∣
a=0

= x, ūα|a=0 = u .

1.5 Conservation laws

1.5.1 Fundamental operators and their relationship

Consider a pth-order system of partial differential equations of n independent vari-

ables x = (x1, x2, . . . , xn) and m dependent variables u = (u1, u2, . . . , um), given

by equation (1.5).

Definition 1.6 (Euler-Lagrange operator) The Euler-Lagrange operator, for

each α, is defined by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 . . . Dis

∂

∂uαi1i2...is
, α = 1, . . . ,m. (1.25)
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Definition 1.7 (Lagrangian) If there exists a function

L = L(x, u, u(1), u(2), · · · , u(s)) , s ≤ p, p being the order of equation (1.5), such

that
δL
δuα

= 0 α = 1, · · · ,m (1.26)

then L is called a Lagrangian of equation (1.5). Equation (1.26) is known as the

Euler-Lagrange equation.

Definition 1.8 (Lie-Bäcklund operator) The Lie-Bäcklund operator is given

by

X = ξi
∂

∂xi
+ ηα

∂

∂uα
, ξi, ηα ∈ A, (1.27)

where A is the space of differential functions [29]. The operator (1.27) is an ab-

breviated form of infinite formal sum

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+
∑
s≥1

ζαi1i2...is
∂

∂uαi1i2...is
, (1.28)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

ζαi = Di(W
α) + ξjuαij

ζαi1...is = Di1 . . . Dis(W
α) + ξjuαji1...is , s > 1, (1.29)

in which Wα is the Lie characteristic function given by

Wα = ηα − ξiuαj . (1.30)

One can write the Lie-Bäcklund operator (1.28) in characteristic form as

X = ξiDi +Wα ∂

∂uα
+
∑
s≥1

Di1 . . . Dis(W
α)

∂

∂uαi1i2...is
. (1.31)
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Definition 1.9 (Conservation law) The n-tuple vector T = (T 1, T 2, . . . , T n), T j ∈

A, j = 1, . . . , n, is a conserved vector of (1.5) if T i satisfies

DiT
i|(1.5) = 0. (1.32)

The equation (1.32) defines a local conservation law of system (1.5).

1.5.2 Multiplier method

The multiplier approach is an effective algorithmic for finding the conservation laws

for partial differential equations with any number of independent and dependent

variables. Authors in [50] gave this algorithm by using the multipliers presented

in [30]. A local conservation law of a given differential system arises from a lin-

ear combination formed by local multipliers (characteristics) with each differential

equation in the system, where the multipliers depend on the independent and de-

pendent variables as well as at most a finite number of derivatives of the dependent

variables of the given differential equation system.

The advantage of this approach is that it does not require the use or existence of

a variational principle and reduces the calculation of conservation laws to solving

a system of linear determining equations similar to that for finding symmetries.

A multiplier Λα(x, u, u(1), . . .) has the property that

ΛαEα = DiT
i (1.33)

hold identically, where Eα, Di are defined by equations (1.5), (1.4) and T i is defined

in definition (1.9). The right hand side of (1.33) is a divergence expression. The

determining equation for the multiplier Λα is

δ(ΛαEα)

δuα
= 0, (1.34)

Once the multipliers are obtained the conserved vectors are constructed by invoking

the homotopy operator [50].
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1.5.3 Ibragimov method for conservation laws

A new conservation theorem by Ibragimov [53] provides the procedure for comput-

ing the conserved vector associated with every symmetry of the system of pth-order

differential equation (1.5).

Definition 1.10 (Adjoint equations) Consider a system of pth-order partial

differential equations given by (1.5). We introduce the differential functions

E∗α(x, u, v, · · · , u(p), v(p)) =
δ(vβEβ)

δuα
, α = 1, · · · ,m, (1.35)

where v = (v1, · · · , vm) are new dependent variables, v = v(x), and define the

system of adjoint equations to equation (1.5) by

E∗α(x, u, v, · · · , u(p), v(p)) = 0, α = 1 · · · ,m. (1.36)

Theorem 1.4 Any system of pth-order differential equations (1.5) considered to-

gether with its adjoint equation (1.36) has a Lagrangian. Namely, the Euler-

Lagrange equations (1.26) with the Lagrangian

L = vβE∗β(x, u, v, · · · , u(p)) (1.37)

provide the simultaneous system of equations (1.5) and (1.35)−(1.36) with 2m

dependent variables u = u(u1, · · · , um) and v = (v1, · · · , vm).

Theorem 1.5 Consider a system of m equations (1.5). The adjoint system given

by (1.36), inherits the symmetries of the system (1.5). Namely, if the system (1.5)

admits a point transformation group with a generator (1.27), then the adjoint sys-

tem (1.36) admits the operator (1.27) extended to the variables vα by the formula

Y = ξi
∂

∂xi
+ ηα

∂

∂uα
+ ηα∗

∂

∂vα
(1.38)

with appropriately chosen coefficients ηα∗ = ηα∗ (x, u, v, · · · ).
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Definition 1.11 (Nonlinearly self-adjoint) A system (1.5) is said to be non-

linearly self-adjoint if the adjoint system (1.36) is satisfied for all the solutions of

(1.5) after some substitution of vα given by

vα = φα(x, u, u(1), · · · ), α = 1, · · · ,m, (1.39)

under the condition that not all φα vanish identically [56].

Theorem 1.6 (Ibragimov theorem) Any infinitesimal symmetry (Lie point,Lie-

Bäcklund , nonlocal) given by (1.27) of a nonlinearly self-adjoint system (1.5) leads

to a conservation law Di(C
i) = 0 for the system (1.32). The components of the

conserved vector are given by the formula

Ci = ξiL+Wα

[
∂L
∂uαi
−Dj

(
∂L
∂uαij

)
+DjDk

(
∂L
∂uαijk

)
− · · ·

]
+Dj(W

α)

[
∂L
∂uαij

−Dk

(
∂L
∂uαijk

)
+ · · ·

]
+DjDk(W

α)

[
∂L
∂uαijk

− · · ·
]
,

(1.40)

where Wα is is the Lie characteristic function given by (1.30 )and L is the formal

Lagrangian (1.37) [53].

1.5.4 Noether theorem

Definition 1.12 (Noether operator) The Noether operators associated with a

Lie-Bäcklund symmetry operator X are given by

N i = ξi +Wα δ

δuαi
+
∑
s≥1

Di1 . . . Dis(W
α)

δ

δuαii1i2...is
, i = 1, . . . , n, (1.41)

where the Euler-Lagrange operators with respect to derivatives of uα are obtained

from (1.25) by replacing uα by the corresponding derivatives. For example,

δ

δuαi
=

∂

∂uαi
+
∑
s≥1

(−1)sDj1 . . . Djs

∂

∂uαij1j2...js
, i = 1, . . . , n, α = 1, . . . ,m, (1.42)
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and the Euler-Lagrange, Lie-Bäcklund and Noether operators are connected by the

operator identity [53]

X +Di(ξ
i) = Wα δ

δuα
+DiN

i. (1.43)

Definition 1.13 (Noether symmetry) A Lie-Bäcklund operator X of the form

(1.27) is called a Noether symmetry corresponding to a Lagrangian L ∈ A, if there

exists a vector Bi = (B1, · · · , Bn), B1 ∈ A such that

X(L) + LDi(ξ
i) = Di(B

i) (1.44)

if Bi = 0 (i = 1, · · · , n), then X is called a strict Noether symmetry corresponding

to a Lagrangian L ∈ A.

Theorem 1.7 (Noether’s Theorem) For any Noether symmetry generator X

associated with a given Lagrangian L ∈ A, there corresponds a vector T =

(T 1, . . . , T n), T i ∈ A, given by

T i = N i(L)−Bi, i = 1, ..., n, (1.45)

which is a conserved vector of the Euler-Lagrange differential equations (1.26).

In the Noether approach, we find the Lagrangian L and then equation (1.44) is

used to determine the Noether symmetries. Then, equation (1.45) will yield the

corresponding Noether conserved vectors.

1.6 Exact solutions

In this section we recall some methods which can be used to determine exact

solutions of differential equations.
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1.6.1 Description of (G′/G)−expansion method

The (G′/G)−expansion method for finding exact solutions of nonlinear differen-

tial equations was introduced in [11]. Several researchers have recently applied

this method to various nonlinear differential equations. They have shown that this

method provides a very effective and powerful mathematical tool for solving nonlin-

ear equations in various fields of applied sciences (see, for example, papers [11–13].

Consider a nonlinear partial differential equation, say, in two independent variables

x and t, given by

P (u, ux, ut, utt, uxt, uxx · · · ) = 0, (1.46)

where u(x, t) is an unknown function, P is a polynomial in u and its various partial

derivatives, in which the highest order derivatives and nonlinear terms are involved.

The essence of the (G′/G)−expansion method is given in the following steps.

• Step 1. The transformation u(x, t) = U(z), z = x − νt reduces equation

(1.46) to the ordinary differential equation

P (U,−νU ′, U ′, ν2U ′′,−νU ′′, U ′′ · · · ) = 0. (1.47)

• Step 2. According to the (G′/G)−expansion method, it is assumed that the

travelling wave solution of equation (1.47) can be expressed by a polynomial

in (G′/G) as follows:

U(z) =
m∑
i=0

αi

(
G′

G

)i
, (1.48)

where G = G(z) satisfies the second-order linear ordinary differential equa-

tion in the form

G′′ + λG′ + µG = 0, (1.49)

with αi, i = 0, 1, 2, · · · ,m, λ and µ being constants to be determined. The

positive integer m is determined by considering the homogenous balance be-
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tween the highest order derivatives and nonlinear terms appearing in ordinary

differential equation (1.47).

• Step 3. By substituting (1.48) into (1.47) and using the second-order or-

dinary differential equation (1.49), collecting all terms with same order of

(G′/G) together, the left-hand side of (1.47) is converted into another poly-

nomial in (G′/G). Equating each coefficient of this polynomial to zero, yields

a set of algebraic equations for α0, · · · , αm ν, λ, µ.

• Step 4. Lastly, assuming that the constants can be obtained by solving the

algebraic equations in Step 3, since the general solution of (1.49) is known,

then substituting the constants and the general solutions of (1.49) into (1.48)

we obtain travelling wave solutions of the nonlinear partial differential equa-

tion (1.46).

1.6.2 The simplest equation method

In this subsection we recall the simplest equation method developed by Kudryashov

[14,15] for finding exact solutions of nonlinear partial differential equations. Several

researchers have recently applied this method to various nonlinear partial differen-

tial equations and it has been shown that this method provides a very effective and

powerful mathematical tool for solving nonlinear differential equations in various

fields of applied sciences (see, for example, papers [16–20]). The basic steps of the

method are as follows:

Consider the nonlinear partial differential equation of the form

E1(u, ut, ux, uy, utt, uxt, uxx, uyy · · · ) = 0. (1.50)

Using the following transformation

u(t, x, y) = F (z), z = k1t+ k2x+ k3y + k4 (1.51)
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reduces equation (1.50) to an ordinary differential equation

E2[F (z), k1F
′(z), k2F

′(z), k3F
′(z), k21F

′′(z), k22F
′′(z), k23F

′′(z), · · · ] = 0. (1.52)

The simplest equations that we use here are the Bernoulli equation:

H ′(z) = aH(z) + bH2(z), (1.53)

and the Riccati equation:

G′(z) = aG2(z) + bG(z) + c, (1.54)

where a, b and c are constants [14, 19, 20]. We look for solutions of the nonlinear

ordinary differential equation (1.52) that are of the form

F (z) =
M∑
i=0

Ai(G(z))i, (1.55)

where G(z) satisfies the Bernoulli or Riccatiequation, M is a positive integer that

can be determined by balancing procedure and A0, · · · , AM are parameters to be

determined.

The solution of Bernoulli Equation (1.53) we use here is given by:

H(z) = a

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}
where C is a constant of integration. For the Riccati Equation (1.54), the solutions

to be used are:

G(z) = − b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]
(1.56)

and

G(z) = − b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

) (1.57)

with θ =
√
b2 − 4ac and C is a constant of integration.
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1.6.3 Kudryashov method

In this section we present a method, due to Kudryashov, for finding exact solutions

of nonlinear differential equations, which has recently appeared in [18]. It should

be noted that several researchers have recently applied this method to various

nonlinear differential equations and it has been shown that this method provides

a very effective and powerful mathematical tool for solving nonlinear differential

equations in various fields of applied sciences (see, for example, papers [21–24]).

We now recall this method and give its description. Consider a nonlinear partial

differential equation, say, in two independent variables t and x, given by

E1(t, x, u, ut, ux, utt, uxx, · · · ) = 0, (1.58)

where u(x, t) is an unknown function, E is a polynomial in u and its various partial

derivatives in which the highest order derivatives and nonlinear terms are involved.

The algorithm of Kudryashov method consists of the following six steps:

• Step 1. The transformation u(x, t) = U(z), z = kx + ωt, where k and ω

are constants, reduces equation (1.58) to the ordinary differential equation

E2(U, ωUz, kUz, ω
2Uzz, k

2Uzz, · · · ) = 0. (1.59)

• Step 2. It is assumed that the exact solution of equation (1.59) can be

expressed by a polynomial in Q as follows:

U(z) =
N∑
n=0

an

(
Q(z)

)n
, (1.60)

where the coefficients an (n = 0, 1, 2, · · · , N) are constants to be determined,

such that aN 6= 0, and Q(z) is the solution of the first-order nonlinear ordi-

nary differential equation

Qz(z) = Q2(z)−Q(z). (1.61)
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We note that the equation (1.61) has the solution given by

Q(z) =
1

1 + ez
, (1.62)

The positive integer N is determined by taking the pole order of general

solution for equation (1.59). Substituting U(z) = z−p, p > 0 into monomials

of equation (1.59) and comparing the two or more terms with smallest powers

in equation we find the value for N.

• Step 3. We substitute the derivatives of U(z) with respect to z and the

expression for U(z) into equation (1.59) and as a result we obtain the equation

that has the function Q, coefficients an (n = 0, 1, · · · , N) and parameters k, ω

of equation (1.59).

• Step 4. The method now transforms the problem of finding the exact solu-

tion of ordinary differential equation (1.59) into the problem of looking for

solution of the system of algebraic equations. Equating expressions at the

different powers of Q to zero, we obtain the system of algebraic equations in

the form

Pn(aN , aN−1, · · · , a0, k, ω, · · · ) = 0, (n = 0, · · · , N). (1.63)

• Step 5. Solving the system of algebraic equations, we obtain values of

coefficients aN , aN−1, · · · , a0 and relations for parameters of equation (1.59).

As a result, we obtain exact solutions of equation (1.59) in the form (1.60).

• Step 6. The presentation of solution U(z) of equation (1.59) in more con-

venient form and checking up of solutions.
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1.7 Conclusion

In this chapter we presented a brief introduction to the Lie group analysis and

conservation laws of partial differential equations and gave some results which will

be used throughout this thesis. We also presented algorithms of certain methods

that are used to determine the exact solutions of differential equations studied in

this work.
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Chapter 2

Group classification of a

generalized coupled

(2+1)-dimensional hyperbolic

system

In this chapter we perform a complete Lie group classification of the generalized

coupled (2+1)-dimensional hyperbolic system
utt − uxx − uyy + f(v) = 0,

vtt − vxx − vyy + g(u) = 0,

(2.1)

which models many physical phenomena in nonlinear sciences. Here f(v) and g(u)

are nonzero arbitrary functions of their respective arguments. The blow up problem

for positive solutions of parabolic and hyperbolic problems with reaction terms of

local and nonlocal type involving a variable exponent was studied in [60]. Parabolic

problems appear in many branches of applied mathematics and can be used to
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model, for example, chemical reactions, heat transfer and population dynamics

(see [60] and references therein). Escobedo and Herrero [61] extended the work

of [60] and studied the system of equations
ut −∆u = vq,

vt −∆v = up,

(2.2)

where p, q are arbitrary constants and investigated the boundedness and blow-up

of its solutions. The uniqueness and global existence of solutions of the system (2.2)

were studied in [62]. Recently, the authors of [63] considered nonlinear parabolic

and hyperbolic systems with variable exponents and obtained results concerning

the existence and blow-up property of solutions.

Inspired by the works done in [61–63], more recently the authors of [64] studied

the coupled (2+1)-dimensional hyperbolic system
utt − uxx − uyy + αvq = 0,

vtt − vxx − vyy + βup = 0,

(2.3)

where q, p, α and β are non-zero constants. A complete Noether symmetry classi-

fication was carried out in [64] and it was shown that four main cases arose in the

Noether classification with respect to the standard Lagrangian. The conservation

laws were also constructed for the cases which admitted Noether point symmetries.

The work in this chapter has been submitted for publication. See [65].

2.1 Equivalence transformations

An equivalence transformation (see for example [29]) of (2.1) is an invertible trans-

formation involving the independent variables t, x, y and the dependant variables
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u and v that map (2.1) into itself. The vector field

Y = ξ1(t, x, y, u, v)
∂

∂t
+ ξ2(t, x, y, u, v)

∂

∂x
+ ξ3(t, x, y, u, v)

∂

∂y

+η1(t, x, y, u, v)
∂

∂u
+ η2(t, x, y, u, v)

∂

∂v
+ µ1(t, x, y, u, v, f, g)

∂

∂f

+µ2(t, x, y, u, v, f, g)
∂

∂g
(2.4)

is the generator of the equivalence group for (2.1) provided it is admitted by the

extended system [25,66]

utt − uxx − uyy + f(v) = 0, vtt − vxx − vyy + g(u) = 0, (2.5)

ft = fx = fy = fu = 0, gt = gx = gy = gv = 0. (2.6)

The prolonged operator of (2.4) for the extended system (2.5)-(2.6) is given by

Ỹ = Y [2] + ω1
t

∂

∂ft
+ ω1

x

∂

∂fx
+ ω1

y

∂

∂fy
+ ω1

u

∂

∂fu
+ ω2

t

∂

∂gt
+ ω2

x

∂

∂gx
+ ω2

y

∂

∂gy
+ ω2

v

∂

∂gv
,

(2.7)

where Y [2] is the second-prolongation of (2.4) given by

Y [2] = Y + ζ1t
∂

∂ut
+ ζ1x

∂

∂ux
+ ζ1y

∂

∂uy
+ ζ2t

∂

∂vt
+ ζ2x

∂

∂vx
+ ζ2y

∂

∂vy

+ζ1tt
∂

∂utt
+ ζ1xx

∂

∂uxx
+ ζ1yy

∂

∂uyy
+ ζ2tt

∂

∂vtt
+ ζ2xx

∂

∂vxx
+ ζ2yy

∂

∂vyy
+ · · · .

Here the variables ζ’s and ω’s are defined by

ζ1t = Dt(η
1)− utDt(ξ

1)− uxDt(ξ
2)− uyDt(ξ

3),

ζ1x = Dx(η
1)− utDx(ξ

1)− uxDx(ξ
2)− uyDx(ξ

3),

ζ1y = Dy(η
1)− utDy(ξ

1)− uxDy(ξ
2)− uyDy(ξ

3),

ζ2t = Dt(η
2)− vtDt(ξ

1)− vxDt(ξ
2)− vyDt(ξ

3),

ζ2x = Dx(η
2)− vtDx(ξ

1)− vxDx(ξ
2)− vyDx(ξ

3),

ζ2y = Dy(η
2)− vtDy(ξ

1)− vxDy(ξ
2)− vyDy(ξ

3),
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ζ1tt = Dt(ζ
1
t )− uttDt(ξ

1)− utxDt(ξ
2)− utyDt(ξ

3),

ζ1xx = Dx(ζ
1
x)− utxDx(ξ

1)− uxxDx(ξ
2)− uxyDx(ξ

3),

ζ1yy = Dy(ζ
1
y )− utyDy(ξ

1)− uxyDy(ξ
2)− uyyDy(ξ

3),

ζ2tt = Dt(ζ
2
t )− vttDt(ξ

1)− vtxDt(ξ
2)− vtyDt(ξ

3),

ζ2xx = Dx(ζ
2
x)− vtxDx(ξ

1)− vxxDx(ξ
2)− vxyDx(ξ

3),

ζ2yy = Dy(ζ
2
y )− vtyDy(ξ

1)− vxyDy(ξ
2)− vyyDy(ξ

3)

and

ω1
t = D̃t(µ

1)− ftD̃t(ξ
1)− fxD̃t(ξ

2)− fyD̃t(ξ
3)− fuD̃t(η

1),

ω1
x = D̃x(µ

1)− ftD̃x(ξ
1)− fxD̃x(ξ

2)− fyD̃x(ξ
3)− fuD̃x(η

1),

ω1
y = D̃y(µ

1)− ftD̃y(ξ
1)− fxD̃y(ξ

2)− fyD̃y(ξ
3)− fuD̃y(η

1),

ω1
u = D̃u(µ

1)− ftD̃u(ξ
1)− fxD̃u(ξ

2)− fyD̃u(ξ
3)− fuD̃u(η

1),

ω2
t = D̃t(µ

2)− gtD̃t(ξ
1)− gxD̃t(ξ

2)− gyD̃t(ξ
3)− gvD̃t(η

2),

ω2
x = D̃x(µ

2)− gtD̃x(ξ
1)− gxD̃x(ξ

2)− gyD̃x(ξ
3)− gvD̃x(η

2),

ω2
y = D̃y(µ

2)− gtD̃y(ξ
1)− gxD̃y(ξ

2)− gyD̃y(ξ
3)− gvD̃y(η

2),

ω2
v = D̃v(µ

2)− gtD̃v(ξ
1)− gxD̃v(ξ

2)− gyD̃v(ξ
3)− gvD̃v(η

2),

respectively, where

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ vy

∂

∂v
+ · · ·

are the usual total differentiation operators and

D̃t =
∂

∂t
+ ft

∂

∂f
+ gt

∂

∂g
+ · · · ,
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D̃x =
∂

∂x
+ fx

∂

∂f
+ gx

∂

∂g
+ · · · ,

D̃y =
∂

∂y
+ fy

∂

∂f
+ gy

∂

∂g
+ · · · ,

D̃u =
∂

∂u
+ fu

∂

∂f
+ gu

∂

∂g
+ · · · ,

D̃v =
∂

∂v
+ fv

∂

∂f
+ gv

∂

∂g
+ · · ·

are the new total differentiation operators for the extended system. The application

of the operator (2.7) and the invariance conditions of system (2.5)-(2.6) leads to

the following overdetermined system of linear partial differential equations:

ξ1u = 0, ξ1v = 0, ξ2u = 0, ξ2v = 0, ξ3u = 0, ξ3v = 0, η1uu = 0, η1uv = 0,

η1vv = 0, η1vt = 0, η1vx = 0, η1vy = 0, ξ2x − ξ1t = 0, ξ3y − ξ1t = 0, ξ1x − ξ2t = 0,

ξ1y − ξ3t = 0, ξ3x + ξ2y = 0, ξ1yy + ξ1xx − ξ1tt + 2η1ut = 0, ξ2yy + ξ2xx − ξ2tt − 2η1ux = 0,

ξ3yy + ξ3xx − ξ3tt − 2η1uy = 0, η1tt − η1xx − η1yy − fη1u − gη1v + 2fξ1t + µ1 = 0,

η2uu = 0, η2uv = 0, η2vv = 0, η2ut = 0, η2ux = 0, η2uy = 0, ξ1yy + ξ1xx − ξ1tt + 2η2vt = 0,

ξ2yy + ξ2xx − ξ2tt − 2η2vx = 0, ξ3yy + ξ3xx − ξ3tt − 2η2vy = 0,

η2tt − η2xx − η2yy − fη2u − gη2v + 2gξ1t + µ2 = 0.

Solving the above system, we obtain the following equivalence generators:

Y1 =
∂

∂t
, Y2 =

∂

∂x
, Y3 =

∂

∂y
, Y4 = x

∂

∂t
+ t

∂

∂x
, Y5 = y

∂

∂t
+ t

∂

∂y
,

Y6 = x
∂

∂y
− y ∂

∂x
, Y7 = u

∂

∂u
+ f

∂

∂f
, Y8 = v

∂

∂v
+ g

∂

∂g
,

Y9 = t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y
− 2f

∂

∂f
− 2g

∂

∂g
, Y10 =

∂

∂u
, Y11 =

∂

∂v
.

Thus, the eleven-parameter equivalence group is given by

Y1 : t̄ = a1 + t, x̄ = x, ȳ = y, ū = u, v̄ = v, f̄ = f, ḡ = g,

Y2 : t̄ = t, x̄ = a2 + x, ȳ = y, ū = u, v̄ = v, f̄ = f, ḡ = g,

Y3 : t̄ = t, x̄ = x, ȳ = a3 + y, ū = u, v̄ = v, f̄ = f, ḡ = g,
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Y4 : t̄ = a4x+ t, x̄ = a4t+ x, ȳ = y, ū = u, v̄ = v, f̄ = f, ḡ = g,

Y5 : t̄ = a5y + t, x̄ = x, ȳ = a5t+ y, ū = u, v̄ = v, f̄ = f, ḡ = g,

Y6 : t̄ = t, x̄ = x− a6y, ȳ = a6x+ y, ū = u, v̄ = v, f̄ = f, ḡ = g,

Y7 : t̄ = t, x̄ = x, ȳ = y, ū = uea7 , v̄ = v, f̄ = fea7 , ḡ = g,

Y8 : t̄ = t, x̄ = x, ȳ = y, ū = u, v̄ = vea8 , f̄ = f, ḡ = gea8 ,

Y9 : t̄ = tea9 , x̄ = xea9 , ȳ = yea9 , ū = u, v̄ = v, f̄ = fe−2a9 , ḡ = ge−2a9 ,

Y10 : t̄ = t, x̄ = x, ȳ = y, ū = a10 + u, v̄ = v, f̄ = f, ḡ = g,

Y11 : t̄ = t, x̄ = x, ȳ = y, ū = u, v̄ = a11 + v, f̄ = f, ḡ = g

and their composition gives

t̄ = a1 + a4x+ a5y + tea9 ,

x̄ = a2 + a4t− a6y + xea9 ,

ȳ = a3 + a5t+ a6x+ yea9 ,

ū = ea7(u+ a10),

v̄ = ea8(v + a11),

f̄ = ea7−2a9f,

ḡ = ea8−2a9g. (2.8)

2.2 Principal Lie algebra

According to Lie’s theory the system of differential equations (2.1) is invariant

under the group with generator

Γ = ξ1(t, x, y, u, v)
∂

∂t
+ ξ2(t, x, y, u, v)

∂

∂x
+ ξ3(t, x, y, u, v)

∂

∂y

+η1(t, x, y, u, v)
∂

∂u
+ η2(t, x, y, u, v)

∂

∂v
(2.9)
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if and only if

Γ[2]

(
utt − uxx − uyy + f(v)

)∣∣∣∣
(2.1)

= 0, Γ[2]

(
vtt − vxx − vyy + g(u)

)∣∣∣∣
(2.1)

= 0,

(2.10)

where Γ[2] denotes the second prolongation of the generator (2.9) and the symbol

|(2.1) means it is evaluated on system (2.1). As the ξ’s and η’s do not depend on any

derivatives of u and v, the determining equations (2.10) split with respect to the

derivatives of u and v, yielding the following overdetermined system of thirty-one

linear partial differential equations:

ξ1u = 0, ξ1v = 0, ξ2u = 0, ξ2v = 0, ξ3u = 0, ξ3v = 0, η1uu = 0, η1uv = 0,

η1vv = 0, η1vt = 0, η1vx = 0, η1vy = 0, ξ2x − ξ1t = 0, ξ3y − ξ1t = 0, ξ1x − ξ2t = 0,

ξ1y − ξ3t = 0, ξ3x + ξ2y = 0, ξ1yy + ξ1xx − ξ1tt + 2η1ut = 0, ξ2yy + ξ2xx − ξ2tt − 2η1ux = 0,

ξ3yy + ξ3xx − ξ3tt − 2η1uy = 0, η1tt − η1xx − η1yy − fη1u − gη1v + 2fξ1t + f ′(v)η2 = 0,

η2uu = 0, η2uv = 0, η2vv = 0, η2ut = 0, η2ux = 0, η2uy = 0, ξ1yy + ξ1xx − ξ1tt + 2η2vt = 0,

ξ2yy + ξ2xx − ξ2tt − 2η2vx = 0, ξ3yy + ξ3xx − ξ3tt − 2η2vy = 0,

η2tt − η2xx − η2yy − fη2u − gη2v + 2gξ1t + g′(u)η1 = 0. (2.11)

Solving the above system for arbitrary f(v) and g(u), we find that the system (2.1)

admits the six-dimensional Lie algebra spanned by

time translation Γ1 =
∂

∂t
,

space translation Γ2 =
∂

∂x
,

space translation Γ3 =
∂

∂y
,

Lorentz boost Γ4 = x
∂

∂t
+ t

∂

∂x
,

Lorentz boost Γ5 = y
∂

∂t
+ t

∂

∂y
,

Rotation Γ6 = y
∂

∂x
− x ∂

∂y
,
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which is the principal Lie algebra of the system (2.1).

2.3 Lie group classification

Solving the system (2.11), we obtain the following classifying relations:

(αv + β)f ′(v) + γf(v) + δ = 0,

(θu+ λ)g′(u) + ϕg(u) + ω = 0,

where α, β, γ, δ, θ, λ, ϕ and ω are constants. Using the equivalence transformations

obtained in Section 2.1, this classifying relation is invariant under the equivalence

transformations (2.8) if

ᾱ = α, γ̄ = γ, β̄ = ea8(β − a11α), δ̄ = δea7−2a9 , θ̄ = θ, ϕ̄ = ϕ,

λ̄ = ea7(λ− a10θ), ω̄ = ωea8−2a9 .

These classifying relations lead to the following twelve cases for the functions f

and g and for each case we also provide the associated extended symmetries.

Case 1: f(v) and g(u) arbitrary but not of the form in Cases 2-12 given below

In this case, we obtain the principal Lie algebra

Γ1 =
∂

∂t
, Γ2 =

∂

∂x
, Γ3 =

∂

∂y
, Γ4 = x

∂

∂t
+ t

∂

∂x
,

Γ5 = y
∂

∂t
+ t

∂

∂y
, Γ6 = y

∂

∂x
− x ∂

∂y
.

Case 2: f(v) = nv + σ and g(u) = mu+ θ, where n, σ, m and θ are constants

This case extends the principal Lie algebra by four symmetries, namely

Γ7 =
∂

∂u
,

Γ8 = nv
∂

∂u
+ (mu+ θ)

∂

∂v
,
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Γ9 = nu
∂

∂u
+ (nv + σ)

∂

∂v
,

Γ10 = nH
∂

∂u
+ (Hyy +Hxx −Htt)

∂

∂v
,

where H(t, x, y) is any solution of the partial differential equation

2Httyy + 2Httxx − 2Hxxyy −Hyyyy −Htt −Hxx +mnH −mC1 −mσC2 − nθC3 = 0

and C1, C2, C3 are arbitrary constants.

Case 3: f(v) = αvn and g(u) = θum, where α, n, θ and m are constants

We have four subcases.

Case 3.1: n 6= −1,m 6= −1

The principal Lie algebra is extended by one symmetry

Γ11 = (mn− 1)

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 2(n+ 1)u

∂

∂u
− 2(m+ 1)v

∂

∂v
.

Case 3.2: n = m = −1

This subcase extends the principal Lie algebra by two symmetries, viz.,

Γ12 = u
∂

∂u
− v ∂

∂v
,

Γ13 = t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y
+ 2v

∂

∂v
.

Case 3.3: n =
1

m
and m is arbitrary

Here the principal Lie algebra extends by one symmetry

Γ14 = u
∂

∂u
+mv

∂

∂v
.

Case 3.4: n = 5 and m = 5
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In this subcase the principal Lie algebra extends by the following four symmetries:

Scaling Γ15 = 2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u ∂

∂u
− v ∂

∂v
,

Inversion Γ16 = 2ty
∂

∂t
+ 2xy

∂

∂x
+ (t2 − x2 + y2)

∂

∂y
− uy ∂

∂u
− vy ∂

∂v
,

Inversion Γ17 = 2xt
∂

∂t
+ (t2 + x2 − y2) ∂

∂x
+ 2xy

∂

∂y
− ux ∂

∂u
− vx ∂

∂v
,

Inversion Γ18 = (t2 + x2 + y2)
∂

∂t
+ 2tx

∂

∂x
+ 2ty

∂

∂y
− ut ∂

∂u
− vt ∂

∂v
.

Case 4: n = −1 and g(u) is arbitrary

This subcase extends the principal Lie algebra by one symmetry

Γ19 = t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y
+ 2v

∂

∂v
.

Case 5: f(v) is arbitrary and m = −1

Here the principal Lie algebra extends by one symmetry

Γ20 = t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y
+ 2u

∂

∂u
.

Case 6: f(v) = αenv and g(u) = θemu, where α, n, θ and m are constants

This case extends the principal Lie algebra by one symmetry

Γ21 = mn

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 2n

∂

∂u
− 2m

∂

∂v
.

Case 7: f(v) = αvn and g(u) = θemu, where α, n, θ and m are constants

This case extends the principal Lie algebra by one symmetry

Γ22 = mn

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 2(n+ 1)

∂

∂u
− 2mv

∂

∂v
.

Case 8: f(v) = αenv and g(u) = θum, where α, n, θ and m are constants
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This case extends the principal Lie algebra by one symmetry

Γ23 = mn

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 2nu

∂

∂u
− 2(m+ 1)

∂

∂v
.

Case 9: f(v) = nv + σ and g(u) = θum, where n, σ, θ and m are constants with

m 6= n 6= 1

In this case the principal Lie algebra extends by one symmetry

Γ24 = n(m− 1)

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 4nu

∂

∂u

−2(mnv +mσ + nv + σ)
∂

∂v
.

Case 10: f(v) = αvn and g(u) = mu+ θ, where α, n, m and θ are constants with

m 6= n 6= 1

This case extends the principal Lie algebra by one symmetry

Γ25 = m(n− 1)

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 2(mnu+ nσ +mu+ σ)

∂

∂u

−4mv
∂

∂v
.

Case 11: f(v) = nv + σ and g(u) = θemu, where n, σ, θ and m are constants

This case extends the principal Lie algebra by one symmetry

Γ26 = mn

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 4n

∂

∂u
− 2m(nv + σ)

∂

∂v
.

Case 12: f(v) = αenv and g(u) = mu+ θ, where α, n, m and θ are constants

This case extends the principal Lie algebra by one symmetry

Γ27 = mn

(
t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
− 2n(mu+ θ)

∂

∂u
− 4m

∂

∂v
.
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2.4 Conclusion

In this chapter we have used the Lie group analysis to perform a complete Lie group

classification of the generalized coupled (2+1)-dimensional hyperbolic system (2.1).

We showed that the system admitted eleven-dimensional equivalence Lie algebra.

The functional forms of the arbitrary parameters were specified via the classical

method of group classification and these included the power, exponential and linear

functions. The six-dimensional principal Lie algebra was also obtained and several

possible extensions of it were presented.
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Chapter 3

Exact solutions of a KdV type

equation and higher-order

Boussinesq equation with

damping term

In this chapter we study two nonlinear evolution equations, namely, the modified

Kortweg-de Vries (mKdV) type equation [1]

uuxxt − uxuxt − 4u3ut + 4uuxxx − 4uxuxx − 16u3ux = 0 (3.1)

and the higher-order modified Boussinesq equation with damping term [2]

utt + αutxx + βuxxxx + γ[6u(ux)
2 + 3u2uxx] = 0. (3.2)

It is well known that nonlinear evolution equations, such as (3.1) and (3.2), are

widely used as models to describe physical phenomena in different fields of applied

sciences, such as plasma waves, solid state physics, plasma physics and fluid me-

chanics. One of the basic physical problems for these models is to obtain their
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exact solutions for the better understanding of nonlinear models.

The modified Boussinesq equation

utt + uxxxx + (u3)xx = 0, (3.3)

arises in various physical applications and is also used to investigate the behavior of

systems which are primarily linear but nonlinearity is introduced as a perturbation

[2, 67–69].

Yan et al. [2] obtained three types of symmetry reductions for the higher-order

modified Boussinesq equation with damping term based on the direct method due

to Clarkson and Kruskal and the improved direct method due to Lou. Authors

in [2] also found kink-shape solitary wave solutions for equation (3.2) using direct

transformation, which are of important physical significance.

Although a great deal of research work has been devoted to finding different meth-

ods to solve nonlinear evolution equations, there is no unique method. In 2007

Wang et al. [11] proposed a new method referred to as the (G′/G)−expansion

method for finding travelling wave solutions of nonlinear evolution equations.

This work has been published. See [70].

3.1 Exact solutions of (3.1)

In this section we construct travelling wave solutions of mKdV type equation by

employing the (G′/G)−expansion method.

As a first step we transform the mKdV type equation (3.1) to a nonlinear ordinary

differential equation using the travelling wave variable

u(t, x) = F (z), z = x− νt. (3.4)
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Applying the above transformation, equation (3.1) transforms to the nonlinear

ordinary differential equation

−νFF ′′′ + νF ′F ′′′ + 4νF 3F ′ + 4FF ′′′ − 4F ′F ′′ − 16F 3F ′ = 0, (3.5)

which reduces to

(4− ν)[FF ′′′ − F ′F ′′ − 4F 3F ′] = 0. (3.6)

Hence if ν 6= 4, we obtain

FF ′′′ − F ′F ′′ − 4F 3F ′ = 0, (3.7)

where the prime denotes the derivative with respect to z.

The (G′/G)−expansion method assumes the solution of equation (3.7) to be of

the form given by equation (1.48). The balancing procedure yields M = 1, so the

solution of equation (3.7) is of the form

F (z) = A0 +A1(G
′/G). (3.8)

Substituting (3.8) into (3.7), making use of the equation(1.49), collecting all terms

with same powers of (G′/G) and equating each coefficient to zero, yields the fol-

lowing system of algebraic equations:

(G′/G)0 : −A0A1λ
2µ− 2A0A1µ

2 +A2
1λµ

2 + 4αA3
0α1µ = 0 (3.9)

(G′/G) : 4A3
0A1λ+ 12A2

0A2
1µ+A2

1λ
2µ−A0A1λ

3 − 8A0A1λµ = 0 (3.10)

(G′/G)2 : −7A2
1λ

2 − 8A2
1µ− 7A0A1λ

2 − 8A0A1µ− 2A2
1λµ

+12A0A3
1µ+ 12A2

0A2
1λ+ 4A3

0A1 = 0 (3.11)

(G′/G)3 : 4A4
1µ+ 12A0A3

1λ+ 12A2
0A2

1 + 4A2
1λ

2 + 4A2
1µ

−12A0A1λ = 0 (3.12)

(G′/G)4 : 4A4
1λ+ 12A0A3

1 − 7A2
1λ− 6A0A1 = 0 (3.13)
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(G′/G)5 : 4A4
1 − 4A2

1 = 0. (3.14)

Solving this system of algebraic equations, with the aid of Mathematica, we obtain

A0 =
λ

2
, A1 = 1. (3.15)

Substituting these values of A0, A1 and the corresponding solution of equation

(1.49) into (3.8), we obtain three types of travelling wave solutions of equation

(3.1). These are

Case 1: When λ2 − 4µ > 0, we obtain the hyperbolic function solutions

u1(t, x) = A0 +A1

(
− λ

2
+ δ1

C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)
, (3.16)

where z = x− νt, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary constants.

Case 2: When λ2 − 4µ < 0, we obtain the trigonometric function solutions

u2(t, x) = A0 +A1

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
, (3.17)

where z = x− νt, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary constants.

Case 3: When λ2 − 4µ = 0, we obtain the rational function solutions

u3(t, x) = A0 +A1

(
− λ

2
+

C2

C1 + C2z

)
, (3.18)

where z = x− νt, C1 and C2 are arbitrary constants.

The solution profile for Case 1 is given below in Figure 3.1, with parameters

C1 = 1, C2 = 0 λ = 2I ν = −1.
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Figure 3.1: Profile of solution (3.1)

3.2 Exact solutions and conservation laws for higher-

order modified Boussinesq equation with damp-

ing term

This section considers the higher-order modified Boussinesq equation (3.2) with

damping term [2]. Exact solutions using (G′/G−)expansion method are obtained.

Furthermore, conservation laws for this equation are constructed by employing the

multiplier approach.
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3.2.1 Exact solutions of (3.2)

Following the same procedure of the (G′/G)−expansion method presented in Chap-

ter one, equation (3.2) is transformed to the ordinary differential equation

ν2U ′′ − ανU ′′′ + βU ′′′′ + γ[6U(U ′)2 + 3U2U ′′] = 0, (3.19)

where the prime denotes the derivative with respect to z. Balancing the order of

U ′′′′ and U2U ′′ in (3.19) yields M = 1. Hence, the solution to equation (3.19) is

assumed to be of the form

U(z) = a0 + a1(G
′/G). (3.20)

Substituting (3.20) into (3.19) and making use of (1.49), we obtain the following

algebraic system of equations in terms of a0, a1, by equating all coefficients of the

functions (G′/G)i to zero.

(G′/G)0 : a1µλν
2 + 2a1µ

2αν + a1µλ
2αν + 8a1µ

2λβ + a1µλ
3β

+6a0a
2
1µ

2γ + 3a20a1µλγ = 0 (3.21)

(G′/G) : a1λ
2ν2 + 2a1µν

2 + 8a1µλαν + a1λ
3αν + 16a1µ

2β

+22a1µλ
2β + a1λ

4β + 18a0a
2
1µλγ + 3a20a1λ

2γ + 6a20a1µγ

+6a31µ
2γ = 0 (3.22)

(G′/G)2 : 3a1λν
2 + 8a1µαν + 7a1λ

2αν + 60a1µλβ + 15a1λ
3β

+15a31µλγ + 24a0a
2
1µγ + 12a0a

2
1λ

2γ + 9a20a1λγ = 0 (3.23)

(G′/G)3 : 2a1ν
2 + 12a1λαν + 40a1µβ + 50a1λ

2β + 9a31λ
2γ

+18a31µγ + 30a0a
2
1λγ + 6a20a1γ = 0 (3.24)

(G′/G)4 : 6a1αν + 60a1λβ + 21a31λγ + 18a0a
2
1γ = 0 (3.25)

(G′/G)5 : 24a1β + 12a31γ = 0. (3.26)

41



Solving this system of algebraic equations, with the aid of Mathematica, one pos-

sible set of solution is

α =
3λ
√
β√

2(λ2 − µ)
, ν = −3βλ

α
, a0 = 0, a1 =

√
−2β

γ
. (3.27)

Substituting these values from (3.27) and the corresponding solution of equation

(1.49) into (3.20), yields three types of travelling wave solutions of equation (3.19)

and consequently of (3.2) as follows:

Case 1: When λ2 − 4µ > 0, we obtain hyperbolic function solution:

u1(x, t) =

√
−2β

γ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
, (3.28)

where z = x− νt, δ1 = 1
2

√
λ2 − 4µ and C1 and C2 are arbitrary constants.

Case 2: When λ2 − 4µ < 0, we obtain trigonometric function solution:

u2(x, t) =

√
−2β

γ

[
− λ

2
+ δ2

(
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)]
, (3.29)

where z = x− νt, δ2 = 1
2

√
4µ− λ2 and C1 and C2 are arbitrary constants.

Case 3: When λ2 − 4µ = 0, we obtain the rational function solution

u3(x, t) =

√
−2β

γ

(
− λ

2
+

C2

C1 + C2z

)
, (3.30)

where z = x− νt, and C1 and C2 are arbitrary constants.

3.2.2 Conservation laws of (3.2)

In this section we construct conservation laws for equation (3.2) by using the

multiplier method.

We compute all multipliers of the form

Λ = Λ(t, x, u). (3.31)
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We consider the multiplier approach for equation (3.2),

δ

δu

[
Λ
(
utt + αutxx + βuxxxx + 6γuu2x + 3γu2uxx

)]
= 0. (3.32)

Then

Λ
(
utt + αutxx + βuxxxx + 6γuu2x + 3γu2uxx

)
= DtT

t +DxT
x, (3.33)

where T t and T x are conserved vectors. From equation (3.32), it follows that

(Λtt − αΛtxx + βΛxxxx + 3γu2Λxx) + 2uttΛu = 0. (3.34)

Equation (3.34) is a polynomial identity in the variable utt. Hence equation (3.34)

splits into two equations

Λu = 0, Λtt − αΛtxx + βΛxxxx + 3γu2Λxx = 0, (3.35)

whose solution yields the four local conservation law multipliers

Λ1 = 1, Λ2 = t, Λ3 = x, Λ4 = xt. (3.36)

Consequently, we obtain the local conservation laws of equation (3.2), given by

T t1 = αxuxx + xut,

T x1 = βxuxxx − βuxx + 3γxu2ux − γu3; (3.37)

T t2 = αuxx + ut

T x2 = βuxxx + 3γu2ux; (3.38)

T t3 = αxtuxx + xtut − xu,

T x3 = βxtuxxx − βtuxx − αuxx + 3γxtu2ux − γtu3 + αu; (3.39)
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T t4 = αtuxx + tut − u,

T x4 = βtuxxx + 3γtu2ux − αux. (3.40)

It is observed that the conserved vector (3.39) does not satisfy the divergence

condition, viz., DiT
i|(3.2) = 0, as some excessive terms emerge that require some

further analysis. By making a slight adjustment to these terms, it can be shown

that this can be absorbed into the divergence condition.

For,

Dt(T
t
3) +Dx(T

x
3 ) = αuxxx − αxuxx − αux

= Dx(αuxx − αxux) (3.41)

hence,

Dt(T
t
3) + Dx(T

x
3 + αuxx − αxux)|(3.2) = 0. (3.42)

We now redefine the conserved vectors in the parenthesis as

T̃ t3 = x(αtuxx + tut − u),

T̃ x3 = βxtuxxx − βtuxx + 3γxtu2ux − γtu3 + αu− αxuxx. (3.43)

Thus, the modified conserved vectors T̃ t3 and T̃ x3 satisfy the divergence condition.

3.3 Conclusion

In this chapter we studied two nonlinear partial differential equations that appear in

a variety of scientific fields. These are the modified Kortweg de Vries equation and

the higher-order modified Boussinesq equation with damping term. This chapter

showed that (G′/G)−expansion method is an effective method for finding exact

solutions of nonlinear evolution equations. The key ideas of the method are that
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the travelling wave solutions of a complicated nonlinear evolution equation can

be constructed by means of various solutions of a second-order linear ordinary

differential equation as presented in Chapter one. By using this method we have

successfully obtained travelling wave solutions expressed in the form of hyperbolic

function, trigonometric function and rational function. We have also determined

the conservation laws using the multiplier approach for the higher-order modified

Boussinesq equation with damping term.
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Chapter 4

Solutions and conservation laws of

coupled Korteweg-de Vries

equations

The well-known celebrated Korteweg-de Vries (KdV) equation [71]

ut + 6uux + uxxx = 0 (4.1)

describes the dynamics of solitary waves. Initially, it was derived to describe shal-

low water waves of long wavelength and small amplitude. It is an important

equation in the field of theory of integrable systems. It has infinite number of

conservation laws, gives multiple-soliton solutions, and has many other physical

properties. See for example [72,73] and references therein.

The coupled Korteweg-de Vries equations, have recently been the focus of attrac-

tion for scientists, because of their many applications in scientific fields and many

studies have been reported in the literature. See for example [74–77].
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In this chapter we study the coupled Korteweg-de Vries equations [77],
ut + 6uux − 6vvx + uxxx = 0,

vt + 3uvx + vxxx = 0.

(4.2)

We determine the exact solutions for equation (4.2) using the (G′/G)−expansion

method. Furthermore, conservation laws for (4.2) will be constructed by employing

the new conservation theorem due to Ibragimov [53] and multiplier approach [50].

The work on the exact solutions of equation (4.2) has been published. See [78].

4.1 Solutions of (4.2)

In this section we employ the (G′/G)−expansion method and construct the travel-

ling wave solutions of the coupled KdV equation (4.2) where u and v are real-valued

scalar functions, t is time and x is a spatial variable.

As a first step we transform the coupled KdV equations (4.2) to a system of non-

linear ordinary differential equations using the travelling wave variable

u(t, x) = U(z), v(t, x) = V (z), where z = x− ct. (4.3)

Using the above transformations, equation (4.2) transform to the nonlinear ordi-

nary differential equations
−cU ′ + 6UU ′ − 6V V ′ + U ′′′ = 0,

−cV ′ + 3UV ′ + V ′′′ = 0,

(4.4)

where the primes denotes the derivative with respect to z.

The (G′/G)−expansion method assumes the solutions of equation (4.4) to be of

the form given by equation (1.48).

47



The balancing procedure yields M = 2, so the solutions of the ordinary differential

equation (4.4) are of the form

U(z) = α0 + α1(G
′/G) + α2(G

′/G)2, V (z) = β0 + β1(G
′/G) + β2(G

′/G)2. (4.5)

Substituting (4.5) into (4.4) and making use of (1.49), and then collecting all

terms with same powers of (G′/G) and equating each coefficient to zero, yields a

system of algebraic equations. Solving this system of algebraic equations, using

Mathematica, we obtain the following two sets of values for the constants α’s and

β’s:

Case A

α0 =
1

3
(c− λ2 − 2µ), α1 = −2λ, α2 = −2,

β0 = ± λ√
6

√
λ2 − 4µ− c, β1 =

2β0
λ
, β2 = 0.

Case B

α0 =
1

3
(c− λ2 − 8µ), α1 = −4λ, α2 = −4

β0 = ± 1

3
√

2

√
c2 − 2cλ2 + λ4 − 16cµ+ 64µ2, β1 =

12λβ0
8µ− cλ2

, β2 =
β1
λ
.

Substituting the values of α’s and β’s from Case A and the corresponding solutions

of ordinary differential equations (1.49) into (4.5), we obtain the following three

types of travelling wave solutions of equation (4.2):

Case 1: When λ2 − 4µ > 0, we obtain the hyperbolic function solutions

u1(t, x) =
1

3
(c− λ2 − 2µ)− 2λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
−2

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]2
,

v1(t, x) = ± λ√
6

√
λ2 − 4µ− c+

2β0
λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
,
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where z = x− ct, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary constants.

Case 2: When λ2 − 4µ < 0, we obtain the trigonometric function solutions

u2(t, x) =
1

3
(c− λ2 − 2µ)− 2λ

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
−2

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)2

,

v2(t, x) = ± λ√
6

√
λ2 − 4µ− c+

2β0
λ

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
,

where z = x− ct, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary constants.

Case 3: When λ2 − 4µ = 0, we obtain the rational solutions

u3(t, x) =
1

3
(c− λ2 − 2µ)− 2λ

(
− λ

2
+

C2

C1 + C2z

)
− 2

(
− λ

2
+

C2

C1 + C2z

)2

,

v3(t, x) = ± λ√
6

√
λ2 − 4µ− c+

2β0
λ

(
− λ

2
+

C2

C1 + C2z

)
,

where z = x− ct, C1 and C2 are arbitrary constants.

In a similar fashion, using the values of Case B we obtain three types of travelling

wave solutions of equations (4.2) as follows:

Case 1: When λ2 − 4µ > 0, we obtain the hyperbolic function solutions

u4(t, x) =
1

3
(c− λ2 − 8µ)− 4λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
−4

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]2
,

v4(t, x) = ± 1

3
√

2

√
c2 − 2cλ2 + λ4 − 16cµ+ 64µ2

+
12λβ0

8µ− cλ2

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
+
β1
λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]2
,

where z = x− ct, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary constants.
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Case 2: When λ2 − 4µ < 0, we obtain the trigonometric function solutions

u5(t, x) =
1

3
(c− λ2 − 8µ)− 4λ

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
−4

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)2

,

v5(t, x) = ± 1

3
√

2

√
c2 − 2cλ2 + λ4 − 16cµ+ 64µ2

+
12λβ0

8µ− cλ2

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
+
β1
λ

(
− λ

2
+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)2

,

where z = x− ct, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary constants.

Case 3: When λ2 − 4µ = 0, we obtain the rational solutions

u6(t, x) =
1

3
(c− λ2 − 8µ)− 4λ

(
− λ

2
+

C2

C1 + C2z

)
− 4

(
− λ

2
+

C2

C1 + C2z

)2

,

v6(t, x) = ± 1

3
√

2

√
c2 − 2cλ2 + λ4 − 16cµ+ 64µ2 +

12λβ0
8µ− cλ2

(
− λ

2
+

C2

C1 + C2z

)
+
β1
λ

(
− λ

2
+

C2

C1 + C2z

)2

,

where z = x− ct, C1 and C2 are arbitrary constants.

It should be noted that the solutions obtained in this paper by (G′/G)−expansion

method are more general than the solutions obtained in [77].

4.2 Conservation laws of (4.2)

In this section the new conservation theorem due to Ibragimov [53] and multiplier

approach [50] will be used to construct conservation laws for (4.2). To use the new

conservation theorem we need to know the Lie point symmetries for equation (4.2).

Thus, we first compute the symmetries for (4.2).
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4.2.1 Lie point symmetries of (4.2)

The vector field

X = ξ1(t, x, u, v)
∂

∂t
+ ξ2(t, x, u, v)

∂

∂x
+ η1(t, x, u, v)

∂

∂u
+ +η2(t, x, u, v)

∂

∂v

is a Lie point symmetry of (4.2) if

X [3] (ut + 6uux − 6vvx + uxxx)|(4.2) = 0, X [3] (vt + 3uvx + vxxx)|(4.2) = 0. (4.6)

Expanding (4.6) and then splitting on the derivatives of u and v, we obtain the

following overdetermined system of linear partial differential equations:

ξ1x = 0, ξ1u = 0, ξ1v = 0, ξ2u, ξ2v = 0, η2u = 0, η2vv = 0,

η1uu = 0, η1uv = 0, η1vv = 0, η1xv = 0, η1xu − ξ2xx = 0, η2xv − ξ2xx = 0,

3ξ2x − ξ1t = 0, ξ1t − 3ξ2x = 0, η2t + η2xxx + 3uη2x = 0, η1xxx + 6uη1x + η1t − 6vη1x = 0,

3η1 − ξ2t − ξ2xxx + 3η2xxv + 6uξ2x = 0, , 2vξ2x − 2vη2v − 2vξ1t + 2vη1u − 2η2 + uη1v = 0,

6uξ1t + 6η1 − ξ1t − ξ2xxx + 3η1xxu − 6uξ2x = 0.

Solving the above system of partial differential equations, one obtains the following

three Lie point symmetries:

time translation X1 =
∂

∂t
,

space translation X2 =
∂

∂x
,

scaling X3 = 3t
∂

∂t
+ x

∂

∂x
− 2u

∂

∂u
− 2v

∂

∂v
.

In the next section we will construct conservation laws corresponding to each of

these symmetries.

4.2.2 Application of the new conservation theorem

This section constructs conservation laws corresponding to each of the above two

translational symmetries X1, X2 and scaling symmetry X3 for the system (4.2).
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Using equation (1.37), a third-order Lagrangian for the system (4.2)
F1 ≡ ut + 6uux − 6vvx + uxxx = 0,

F2 ≡ vt + 3uvx + vxxx = 0.

is given by

L ≡ p(ut + 6uux − 6vvx + uxxx) + q(vt + 3uvx + vxxx), (4.7)

where p and q are two new dependent variables. Taking into account equation (4.7),

the adjoint system for the coupled KdV equations (4.2) obtained from equation

(1.36) is 
F ∗1 ≡ 3qvx − pxxx − 6upx − pt = 0,

F ∗2 ≡ 6vpx − qxxx − 3uqx − 3uxq − qt = 0.

(4.8)

According to [53], system (4.2) is said to be nonlinearly self-adjoint if the adjoint

system (4.8) obeys the condition
F ∗1 |p=φ(t,x,u,v),q=ψ(t,x,u,v) = λ11F1 + λ12F2,

F ∗2 |p=φ(t,x,u,v),q=ψ(t,x,u,v) = λ21F1 + λ22F2

(4.9)

with regular undetermined coefficients λij (i, j = 1, 2). Following the substitution

p = φ(t, x, u, v), q = ψ(t, x, u, v) (4.10)

with φ(t, x, u, v) 6= 0 or ψ(t, x, u, v) 6= 0 and since φ and ψ do not depend on the

derivatives ut, vt, uxx, · · · , equation (4.9) split into the following equations:

λ11 = −φu, λ12 = −φv, λ21 = −ψu, λ22 = −ψv,

φuu = 0, φvv = 0, φuv = 0, φxu = 0, φxv = 0,

ψuu = 0, ψvv = 0, ψuv = 0, ψxu = 0, ψxv = 0,
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6vφu + 3uφv − 3ψ = 0, φxxx + 6uφx + φt = 0,

6vφu + 3uψu − 3ψ = 0, 6vφv − 6vψu = 0,

ψxxx − 6vφx + 3uψx + ψt = 0.

Solving the above system, we get

p = φ(t, x, u, v) = −c1u+ c2,

q = ψ(t, x, u, v) = −2c1v, (4.11)

where c1, c2 are arbitrary constants. The adjoint equation (4.8) becomes equivalent

to the original system (4.2) after substituting the values of p and q. This shows

that the system (4.2) is nonlinearly self-adjoint when p and q take the values given

by (4.11).

We now apply Theorem 1.6 to the nonlinearly self-adjoint equations (4.2) to find

conservation laws for the following three cases:

(i) We first consider the Lie point symmetry X1 = ∂/∂t of (4.2). Corresponding to

this symmetry the Lie characteristic functions are W 1 = −ut and W 2 = −vt. Thus,

by using the new conservation theorem due to Ibragimov [53], the components of

the conserved vector associated with the symmetry X1 are given by

Ct
1 = c3uxxx + 6c3uux − 6c3vvx − c2uuxxx − 2c2vvxxx − 6c2u

2ux,

Cx
1 = 6c2u

2ut − 6c3uut + c2utuxx + c22uutx − c2c3utx − c22uutxx + c2c3utxx

+6c3vvt + 2c2vtvxx + 4c22vxvtx + 2c2vvtxx.

It is observed that the above conserved vectors do not satisfy the divergence condi-

tion, viz., DiC
i|(4.2) = 0, as some excessive terms emerge that require some further

analysis. By making a slight adjustment to these terms, it can be shown that these

can be absorbed into the divergence condition.

For,

Dt(C
t
1) +Dx(C

x
1 ) = c3utxxx − c2uutxxx + c2utxuxxc

2
2uxutx + c22uutxx
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−c2c3utxx − c22uxutxx − c22uutxxx + c2c3utxxx + 2c2vtxvxx

+4c22vtxvxx + c22vxvtxx + 2c2vxvtxx

= Dt(c3uxxx) +Dx(c2c3utxx) +Dx(c2utuxx)−Dt(c2uuxxx)

+Dx(c
2
2uutx)−Dx(c

2
2uutxx)−Dx(c2c3utx) +Dx(2c2vxvtx)

+Dx(4c
2
2vxvtx) (4.12)

hence,

Dt(6c3uux − 6c3vvx − 2c2vvxxx − 6c2u
2ux) +Dx(6c2u

2ut − 6c3uut + c2utuxx

+6c3vvt + 2c2vtvxx + 2c2vvtxx − c2utuxx − 2c2vxvtx) |(4.2) = 0 (4.13)

We now redefine the conserved vectors in the parenthesis as:

C̃t
1 = 6c3uux − 6c3vvx − 2c2vvxxx − 6c2u

2ux

C̃x
1 = 6c2u

2ut − 6c3uut + c2utuxx + 6c3vvt + 2c2vtvxx + 2c2vvtxx

−c2utuxx − 2c2vxvtx. (4.14)

Thus, the modified conserved vectors C̃t
1, and C̃x

1 , satisfy the divergence condition

and they represent the energy conservation law.

(ii) Likewise, the Lie point symmetry X2 = ∂/∂x has the Lie characteristic func-

tions W 1 = −ux and W 2 = −vx. Invoking Ibragimov theorem we obtain the

conserved vector whose components are:

Ct
2 = c2uux − c3ux + 2c2vvx,

Cx
2 = c3ut − c2uut − 2c2vvt,

which represents the linear momentum conservation law.

(iii) Finally, the Lie point symmetry X3 = 3t∂/∂t + x∂/∂x − 2u∂/∂u − 2v∂/∂v

gives W 1 = −(3tut +xux + 2u) and W 2 = −(3tvt +xvx + 2v) and so the associated

conserved vector has components

Ct
3 = 18c3tuux − 18c2tu

2ux − 18c3tvvx − 3c2tuuxxx + 3c3tuxxx − 6c2tvvxxx
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+2c2u
2 − 2c3u+ c2xuux − c3xux + 4c2v

2 + 2c2xvvx,

Cx
3 = c3xut − c2xuut − 2c2xvvt + 12c2u

3 − 12c3u
2 + 18c2tu

2ut − 18c3tuut

+6c2uuxx + 3c2tutuxx − 3c2u
2
x − 3c2tuxutx − 4c3uxx + 3c2tuutxx

−3c3tutxx − 12c2uv
2 + 12c3v

2 + 18c3tvvt + 12c2uv
2 + 12c2vvxx

+6c2tvtvxx − 4c2v
2
x − 6c2tvxvtx − 2c2v

2
x + 6c2tvvtxx,

which represents the boost momentum conservation law.

4.2.3 Conservation laws for (4.2) using multiplier approach

We now use the multiplier method to find conservation laws of (4.2). The second-

order multipliers Λ(t, x, u, v, ux, vx, uxx, vxx) for (4.2) are given by

Λ1 =
1

2
C1v

2 +
1

2
C2u+ C3v + C4, (4.15)

Λ2 = C1(uv + vxx) + C2v + C3u, (4.16)

where C1, C2, C3 and C4 are constants [79]. Corresponding to the above multipliers

we have the following four conserved vectors:

Ct
1 =

1

2
(uv2 + vvxx),

Cx
1 =

1

2
(uxxv

2 + v2xx + vtvx − vvtx + 3u2v2) + uvvxx + uv2x − uxvvx −
3

4
v4; (4.17)

Ct
2 =

1

4
u2 +

1

2
v2,

Cx
2 = u3 + vvxx +

1

2
(uuxx − v2x)−

1

4
u2x; (4.18)

Ct
3 = uv,

Cx
3 = uvxx + uxxv − uxvx + 3u2v − 2v3; (4.19)
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Ct
4 = u,

Cx
4 = uxx + 3u2 − 3v2. (4.20)

4.3 Conclusion

In this chapter we studied coupled Korteweg-de Vries equation (4.2) that appear

in many scientific fields. The (G′/G)−expansion method was used to derive exact

travelling wave solutions of the coupled KdV equations. The solutions obtained

were expressed in the form of hyperbolic function, trigonometric function and ra-

tional solutions. Furthermore, conservation laws were derived by using the new

conservation theorem and the multiplier approach.
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Chapter 5

Exact solutions and conservation

laws of coupled Boussinesq

equations

In this chapter we study the coupled Boussinesq equations [80]
ut + uux + vx + auxxt = 0,

vt + (uv)x + buxxx = 0,

(5.1)

where u and v are real-valued scalar functions, t is time and x is a spatial variable.

We determine the travelling wave solutions of (5.1) by using the (G′/G)−expansion

method. In addition, the conservation laws for system (5.1) are constructed using

both the new conservation theorem [53] and the multiplier approach [50].

Exact solutions presented in this chapter have been published. See [81].
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5.1 Exact solutions of coupled Boussinesq equa-

tions

In this section we employ the (G′/G)−expansion method and construct the trav-

elling wave solutions of the coupled Boussinesq equations (5.1).

We first transform the coupled Boussinesq equations (5.1) to nonlinear ordinary

differential equations using the traveling wave variable

u(t, x) = U(ξ), v(t, x) = V (ξ), where ξ = x− ct. (5.2)

Using the above transformations, equation (5.1) transform to the nonlinear ordi-

nary differential equations
acU ′′′ + cU ′ − UU ′ − V ′ = 0,

bU ′′′ − cV ′ + V U ′ + UV ′ = 0,

(5.3)

where the primes denotes the derivative with respect to ξ.

We assume that the solutions of (5.3) are of the form given by (1.48). The balancing

procedure yields M = 2, so the solutions of equation (5.3) are of the form

U(ξ) = α0 + α1(G
′/G) + α2(G

′/G)2, V (ξ) = β0 + β1(G
′/G) + β2(G

′/G)2. (5.4)

Substituting (5.4) into (5.3), making use of the equation (1.49), collecting all terms

with same powers of (G′/G) and equating each coefficient to zero, yields the fol-

lowing system of algebraic equations:

(G′/G)0 : α0α1µ− aα1cλ
2µ− 6aα2cλµ

2 − 2aα1cµ
2 + β1µ− α1cµ = 0,

(G′/G) : α0α1λ− aα1cλ
3 − 14aα2cλ

2µ− 8aα1cλµ− 16aα2cµ
2 + α2

1µ

+2α0α2µ+ β1λ+ 2β2µ− α1cλ− 2α2cµ = 0,

(G′/G)2 : 3α1α2µ− 8aα2cλ
3 − 7aα1cλ

2 − 52aα2cλµ− 8aα1cµ+ α2
1λ
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+2α0α2λ+ α0α1 + 2β2λ+ β1 − 2α2cλ− α1c = 0,

(G′/G)3 : 3α1α2λ− 38aα2cλ
2 − 12aα1cλ− 40aα2cµ+ 2α2

2µ+ α2
1

+2α0α2 + 2β2 − 2α2c = 0,

(G′/G)4 : 3α1α2 − 54aα2cλ− 6aα1c+ 2α2
2λ = 0,

(G′/G)5 : 24aα2c+ 2α2
2 = 0,

(G′/G)6 : β1cµ− α1β0µ− α0β1µ+ α1(−b)λ2µ− 6α2bλµ
2 − 2α1bµ

2 = 0,

(G′/G)7 : β1cλ− α1β0λ− α0β1λ− 2α2β0µ− 2α1β1µ− 2α0β2µ+ α1(−b)λ3

−14α2bλ
2µ− 8α1bλµ− 16α2bµ

2 + 2β2cµ = 0,

(G′/G)8 : 2β2cλ− 2α2β0λ− 2α1β1λ− 2α0β2λ− 3α2β1µ− 3α1β2µ− α1β0 − α0β1

−8α2bλ
3 − 7α1bλ

2 − 52α2bλµ− 8α1bµ+ β1c = 0,

(G′/G)9 : 2β2c− 3α2β1λ− 3α1β2λ− 4α2β2µ− 2α2β0 − 2α1β1 − 2α0β2 − 38α2bλ
2

−12α1bλ− 40α2bµ = 0,

(G′/G)10 : −4α2β2λ− 3α1β2 − 3α2β1 − 54α2bλ− 6α1b = 0,

(G′/G)11 : −4α2β2 − 24α2b = 0.

With the aid of Mathematica, we obtain the following set of values for the constants

α’s and β’s:

α0 =
2ac2(aλ2 + 8aµ+ 1) + b

2ac
, α1 = 12acλ, α2 = 12ac,

β0 =
b2 − 2a2bc2λ2 − 16a2bc2µ

4a2c2
, β1 = −6bλ, β2 = −6b.

Substituting the values of α’s and β’s and the corresponding solutions of second-

order ordinary differential equation (1.49) into (5.4), we obtain the following three

types of travelling wave solutions of equations (5.1):
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Case 1: When λ2 − 4µ > 0, we obtain the hyperbolic function solutions

u1(t, x) =
2ac2(aλ2 + 8aµ+ 1) + b

2ac

+12acλ

[
− λ

2
+ δ1

(
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)

)]
+12ac

[
− λ

2
+ δ1

(
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)

)]2
,

v1(t, x) =
b2 − 2a2bc2λ2 − 16a2bc2µ

4a2c2

−6bλ

[
− λ

2
+ δ1

(
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)

)]
,

−6b

[
− λ

2
+ δ1

(
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)

)]2
,

where ξ = x− ct, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary constants.

Case 2: When λ2 − 4µ < 0, we obtain the trigonometric function solutions

u2(t, x) =
2ac2(aλ2 + 8aµ+ 1) + b

2ac

+12acλ

[
− λ

2
+ δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)

]
+12ac

[
− λ

2
+ δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)

]2
,

v2(t, x) =
b2 − 2a2bc2λ2 − 16a2bc2µ

4a2c2

−6bλ

[
− λ

2
+ δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)

]
−6b

[
− λ

2
+ δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)

]2
,

where ξ = x− ct, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary constants.
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Case 3: When λ2 − 4µ = 0, we obtain the rational solutions

u3(t, x) =
2ac2(aλ2 + 8aµ+ 1) + b

2ac
+ 12acλ

[
− λ

2
+

C2

C1 + C2ξ

]
+12ac

[
− λ

2
+

C2

C1 + C2ξ

]2
,

v3(t, x) =
b2 − 2a2bc2λ2 − 16a2bc2µ

4a2c2
− 6bλ

[
− λ

2
+

C2

C1 + C2ξ

]
−6b

[
− λ

2
+

C2

C1 + C2ξ

]2
,

where ξ = x− ct, C1 and C2 are arbitrary constants.

It should be noted that the solutions obtained in this paper by (G′/G)−expansion

method are more general than the solutions obtained in [80].

5.2 Conservation laws of (5.1)

In this section we construct conservation laws for (5.1) by using both the new

conservation theorem and multiplier approach.

5.2.1 Lie point symmetries of (5.1)

The vector field

X = ξ1(t, x, u, v)
∂

∂t
+ ξ2(t, x, u, v)

∂

∂x
+ η1(t, x, u, v)

∂

∂u
+ +η2(t, x, u, v)

∂

∂v

is a Lie point symmetry of (5.1) if

X [3]

(
ut + uux + vx + auxxt

)∣∣∣∣
(5.1)

= 0, X [3]

(
vt + (uv)x + buxxx

)∣∣∣∣
(5.1)

= 0.

(5.5)
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Expanding (5.5) and then splitting on the derivatives of u and v, we obtain the

following overdetermined system of linear partial differential equations:

ξ1x = 0, ξ1u = 0, ξ1v = 0, ξ2t = 0, ξ2u = 0, ξ2v = 0, η2u = 0, η1v = 0, η1ut = 0,

η1uu = 0, aη1xxu + 2ξ2x = 0, η1xu − ξ2xx = 0, 2η1xu − ξ2xx = 0,

aη1txx + uη1x + η2x + η1t = 0, η1 + 2uξ2x − uη1u + uη2v = 0,

bη1xxx + vη1x + η2t + uη2x = 0, 2vξ2x − bξ2xxx + 3bη1xxu + η2 = 0,

uξ1t − auη1xxu − uξ2x + η1 = 0, 3ξ2x − ξ1t − η1u + η2v = 0,

ξ1t − aη1xxu − η1u + η2v − ξ2x = 0.

The solution of the above system of partial differential equations yields the follow-

ing two translational Lie point symmetries:

time translation X1 =
∂

∂t
,

space translation X2 =
∂

∂x
.

5.2.2 Application of the new conservation theorem

We consider the coupled Boussinesq equation (5.1)
F1 ≡ ut + uux + vx + auxxt = 0,

F1 ≡ ut + uux + vx + auxxt = 0,

and use equation (1.37) to obtain the third-order Lagrangian. This is given by

L ≡ v1(ut + uux + vx + auxxt) + v2(vt + (uv)x + buxxx), (5.6)
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where v1 and v2 are two new dependent variables. The relation (1.36) yields the

following adjoint equations for the coupled Boussinesq equations:
F ∗1 ≡ −(v1t + uv1x + vv2x + bv2xxx + av1txx) = 0,

F ∗2 ≡ −(v2t + v1x + uv2x) = 0.

(5.7)

We now carry out a nonlinear self-adjoint classification of system (5.1). The system

(5.1) is said to be nonlinearly self-adjoint if the adjoint system (5.7) satisfies the

following equations:
F ∗1 |v1=φ(t,x,u,v),v2=ψ(t,x,u,v) = λ11F1 + λ12F2,

F ∗2 |v1=φ(t,x,u,v),v2=ψ(t,x,u,v) = λ21F1 + λ22F2

(5.8)

with regular undetermined coefficients λij (i, j = 1, 2) and following the substitu-

tion

v1 = φ(t, x, u, v), v2 = ψ(t, x, u, v) (5.9)

with φ(t, x, u, v) 6= 0 or ψ(t, x, u, v) 6= 0. Since φ and ψ do not depend on the

derivatives ut, vt, uxx, · · · , equations (5.8) split into the following system of equa-

tions:

λ11 = −φu, λ12 = λ21 = −ψu, λ22 = −ψv,

φu = φv = ψu = ψv = 0,

bψxxx + aφtxx + uφu + vψx + ψt = 0,

uψx + ψt + φx = 0.

Solving the above system, we get

v1 = φ(t, x, u, v) = c1,

v2 = ψ(t, x, u, v) = c2, (5.10)
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where c1 and c2 are arbitrary constants. The equations (5.7) become identical to

the coupled Boussinesq equation (5.1)) after the substitution of equations (5.10).

Hence the system (5.1) is a nonlinearly self-adjoint system.

We now employ Theorem 1.6 to construct conservation laws for system (5.1).

Case 1: Translation of time X1 =
∂

∂t

The Lie characteristic functions for X1 are W 1 = −ut, W 2 = −vt. Invoking equa-

tion (1.40) the components of the conserved vector associated with the symmetry

X1 are given by

C1
t = c1uux + c1vx + c2uxv + c2uvx + bc2uxxx,

C1
x = −(c1uut + c2utv + bc2utxx + ac1uttx + c1vt + c2uvt),

which represents the energy conservation law.

Case 2: Translation in x direction X2 =
∂

∂x

Likewise, the Lie point symmetry X2 has the Lie characteristic functionsW 1 = −ux
and W 2 = −vx, and we obtain the conserved vector whose components are

Ct
2 = −(c1ux + ac1utxx − c2vx),

Cx
2 = c1ut + c2vt.

The above conserved vectors do not satisfy the divergence condition. Following

the technique presented in the previous chapter it can be shown that these vectors

can be absorbed into the divergence condition.

For X1 we have

Dt(C
t
1) +Dx(C

x
1 ) = ac1uttxx

= Dt(ac1utxx) (5.11)

hence,

Dt(C
t
1 − ac1utxx) +Dx(C

x
1 ) |(5.1) = 0. (5.12)
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We now redefine the conserved vectors as

C̃t
1 = c1uux + c1vx + c2uxv + c2uvx + bc2uxxx − ac1utxx

C̃x
1 = −(c1uut + c2utv + bc2utxx + ac1uttx + c1vt + c2uvt). (5.13)

For X2 we have

Dt(C
t
2) +Dx(C

x
2 ) = ac1uttxx

= Dt(ac1utxx) (5.14)

hence,

Dt(C
t
2 − ac1utxx) +Dx(C

x
2 ) |(5.1) = 0. (5.15)

We now redefine the conserved vectors as

C̃t
2 = −(c1ux + c2vx),

C̃x
2 = c1ut + c2vt. (5.16)

Thus, the modified conserved vectors (5.13) and (5.16) satisfy the divergence con-

dition and they represent the linear momentum conservation law.

5.2.3 Conservation laws for (5.1) using multiplier approach

We now construct the conservation laws for equation (5.1) by employing the mul-

tiplier method. The zero-order multipliers Λ(t, x, u, v) for (5.1) are given by [79]

Λ1 = C2, Λ2 = C1,

where C1 and C2 are constants. Corresponding to the above multipliers, we have

the following two conserved vectors:

C1
t = v,
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C1
x = uv + buxx;

and

C2
t = u+ auxx,

C2
x =

1

2
u2 + v.

5.3 Conclusion

In this chapter we computed exact travelling wave solutions of coupled Boussinesq

equations using (G′/G)−expansion method. The solutions obtained were expressed

in the form of hyperbolic functions, trigonometric functions and rational solutions.

We further constructed conservation laws by employing the new conservation the-

orem and multiplier approach.
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Chapter 6

Conservation laws and exact

solutions of a generalized

Zakharov-Kuznetsov equation

This chapter aims to study the generalized Zakharov-Kuznetsov (gZK) equation

[82,83]

ut + αunux + β(uxx + uyy)x = 0, (6.1)

where α, β and n are nonzero arbitrary constants and u = u(t, x, y).

Many important phenomena and dynamic processes in physics, applied mathe-

matics and engineering can be described by higher-dimensional extensions of the

Kortweg-de Vries (KdV) equation. Zakharov and Kuznetsov successfully proposed

one such model [84]. The Zakharov-Kuznetsov (ZK) equation given by

ut + αuux + β(uxx + uyy)x = 0 (6.2)

is one of the known two dimensional generalizations of the KdV equation studied

in the literature. The ZK equation governs the behaviour of weakly nonlinear ion-
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acoustic waves in a plasma comprising cold ions and hot isothermal electrons in the

presence of a uniform magnetic field [84–86]. In [82,87], Wazwaz used the extended

tanh method and the sine-cosine ansatz to find solitons and periodic solutions for

(6.2). Moussa [88] also obtained some similarity solutions by using symmetry group

method. Equation (6.2) was also studied amongst others by Peng [89] and by using

extended mapping method abundant periodic wave solutions were obtained.

In [82] the extended tanh method was employed and solitons and periodic solutions

were derived for (6.1), which may be helpful to describe waves features in plasma

physics. The Cole-Hopf transformation and the first integral technique were used

in [83] to obtain complex solutions for equation (6.1).

The work presented in this chapter has been published in [90].

6.1 Conservation laws

In this section the new conservation theorem due to Ibragimov [53] will be used

to construct conservation laws for (6.1). For this purpose we need to first find Lie

symmetries of (6.1).

6.1.1 Lie point symmetries of (6.1)

The vector field

X = ξ1(x, y, t, u)
∂

∂x
+ ξ2(x, y, t, u)

∂

∂y
+ ξ3(x, y, t, u)

∂

∂t
+ η(x, y, t, u)

∂

∂u
(6.3)

is a Lie point symmetry of (6.1) if

X [3] [ut + αuux + β(uxx + uyy)x]|(6.1) = 0. (6.4)
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Expanding (6.4) and then splitting on the derivatives of u(t, x, y), we obtain the

following overdetermined system of linear partial differential equations:

ξ3t = 0, ξ2y = 0, ξ3x = 0, ξ3u = 0, ξ2u = 0, ξ1x = 0,

ξ1y = 0, ξ1u = 0, ξ2xx = 0, ηxu = 0, ηuu = 0, ξ3yy − 2ηyu = 0,

βuηyyu − uξ2t + 2αun+1ξ2x + nαunη = 0,

βuηyyu − uξ2t + 2αun+1ξ3y + nαunη = 0,

βηxxx + βηxyy + αunηx + ηt = 0,

βuηyyu − uξ2t + nαunη + αun+1ξ1t − αun+1ξ2x = 0.

Solving the above system of partial differential equations one obtains the following

four Lie point symmetries:

translation in time X1 =
∂

∂t
,

spatial translational X2 =
∂

∂x
,

spatial translational X3 =
∂

∂y
,

Scaling X4 = 3nt
∂

∂t
+ nx

∂

∂x
+ ny

∂

∂y
− 2u

∂

∂u
.

6.1.2 Application of the new conservation theorem

The gZK equation together with its adjoint equation are given by
E ≡ ut + αunux + βuxxx + βuxyy = 0,

E∗ ≡ vt + αvxu
n + βvxxx + βvxyy = 0.

(6.5)

The third-order Lagrangian for equation (6.5) is given by

L = v(ut + αunux + βuxxx + βuxyy), (6.6)

69



which can be reduced to the second-order Lagrangian

L = v(ut + αunux)− βvxuxx − βvxuyy. (6.7)

We have the following four cases:

Case 1: X1 =
∂

∂t

Corresponding to this symmetry the Lie characteristic functions are W 1 = −ut
and W 2 = −vt. Thus, by using Theorem 1.6, the components of the conserved

vector associated with the symmetry X1 are given by

Ct
1 = αvunux − βvx(uxx + uyy),

Cx
1 = βvxutx + βvt(uxx + uyy)− αvunut − βutvxx,

Cy
1 = βvxuty − βutvxy

and this represents the energy conservation law.

Case 2: X2 =
∂

∂x

The Lie point symmetry X2 has the Lie characteristic functions W 1 = −ux and

W 2 = −vx. Invoking Theorem 1.6 we obtain the conserved vector whose compo-

nents are:

Ct
2 = −vux,

Cx
2 = βvxuxx − βuxvxx + vut,

Cy
2 = βvxuxy − βuxvxy,

which represents the linear momentum conservation law.

Case 3: X3 =
∂

∂y

The Lie characteristic functions for X3 are W 1 = −uy and W 2 = −vy. Application

of Theorem 1.6 yields the following conserved vectors:

Ct
3 = −vuy,
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Cx
3 = βvxuxy + βvy(uxx + uyy)− βuyvxx − αvunuy,

Cy
3 = v(ut + αunux)− βvxuxx − βuyvxy,

which represents the linear momentum conservation law.

Case 4: X4 = 3nt
∂

∂t
+ nx

∂

∂x
+ ny

∂

∂y
− 2u

∂

∂u

Finally, the Lie point symmetry X4 gives W 1 = −(2u+ 3ntut + nxux + nyuy) and

W 2 = (2− 2n)v− 3ntvt − nxvx − nyvy and so the associated conserved vector has

components:

Ct
4 = v(3αntunux − 2u− nxux − nyuy)− 3βntvx(uxx + uyy),

Cx
4 = v(nxut − 2αun+1 − 3αntunut − αnyunuy) + βnyvy(uxx + uyy)

+3βntvt(uxx + uyy) + βvx(2ux + 3ntutx + nux + nxuxx + nyuxy)

−βvxx(2u+ 3ntut + nxux + nyuy)− 2βv(uxx + uyy) + 2βnv(uxx + uyy),

Cy
4 = βvx(2uy + 3ntuty + nxuxy + nuy − nyuxx)− βvxy(2u+ 3ntut + nxux + nyuy)

+nyv(ut + αunux),

which represents the boost momentum conservation law.

6.2 Exact solutions of (6.1)

In this section we obtain exact solutions of (6.1) using firstly its Lie point symme-

tries and secondly by employing the simplest equation method.

6.2.1 Exact solutions of (6.1) using its Lie point symme-

tries

First of all we utilize the linear combination of the three translation symmetries,

namely X = X1 + νX2 + X3 and reduce the gZK equation (6.1) to a partial
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differential equation in two independent variables. The associated Lagrange system

is
dt

1
=
dx

ν
=
dy

1
=
du

0
,

which yields the following three invariants:

f = t− y, g = x− νy, θ = u. (6.8)

By considering θ as the new dependent variable and f and g as new independent

variables, the gZK equation (6.1) transforms to

θf + αθnθg + β(ν2 + 1)θggg + 2βνθfgg + βθffg = 0, (6.9)

which is a nonlinear partial differential equation in two independent variables.

Further symmetry reduction of (6.9) can be done by using its symmetries. The

equation (6.9) has the two translational symmetries, viz.,

Γ1 =
∂

∂f
, Γ2 =

∂

∂g
.

The combination Γ1 + kΓ2, of the two symmetries Γ1 and Γ2, for an arbitrary

constant k, yields the two invariants

z = g − kf and W = θ,

which gives rise to a group invariant solution W = W (z). Consequently using these

invariants, (6.9) is transformed into the third-order nonlinear ordinary differential

equation

β(1 + (ν − k)2)W ′′′ + αW nW ′ − kW ′ = 0. (6.10)

The integration of (6.10) yields

β(1 + (ν − k)2)W ′′ +
α

n+ 1
W n+1 − kW = 0, (6.11)
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where the constant of integration has been taken to be zero, because we are looking

for soliton solutions. Equation (6.11) can be integrated easily by first multiplying

it by W ′. We then obtain the first-order variables separable equation

β(1 + (ν − k)2)

2
W ′2 +

α

(n+ 1)(n+ 2)
W n+2 − k

2
W 2 = 0, (6.12)

which can be integrated easily. After integrating and reverting back to the original

variables, we obtain the following group-invariant solution of the gZK equation

(6.1) for arbitrary values of n in the form

u(t, x, y) =

(
k(n+ 1)(n+ 2)

2α

) 1
n

sech
2
n (R), (6.13)

where

R =
n
√
k(C1 + z)

2
√
β(1 + (ν − k)2)

,

z = x− kt− (ν − k)y.

Note that (6.13) represents a non-topological soliton solution. A sketch of the

solution (6.13) with n = 2, α = 2, k = 5, ν = 1, β = 1, t = 0 and C1 = 1 is given

in Figure 6.1.

6.2.2 Exact solutions of (6.1) using simplest equation method

In this subsection we use the simplest equation method described in Section 1.6.2,

to solve the nonlinear third-order ordinary differential equation (6.10) for n = 1, 2.

Solutions of (6.1) using the Bernoulli equation as the simplest equation

n=1

73



Figure 6.1: Profile of solution (6.13)

In this case the balancing procedure yields M = 2 and solutions of (6.10) are of

the form

W (z) = A0 + A1G+ A2G
2. (6.14)

We insert this value of W (z) in (6.10). Then using the Bernoulli equation (1.53)

and, thereafter, equating the coefficients of powers of Gi to zero, we obtain an

algebraic system of five equations in terms of A0, A1, A2, namely

24 b3β k2A2 − 48 b3β kν A2 + 24 b3β ν2A2 + 24 b3β A2 + 2α bA2
2 = 0,

a3β k2A1 − 2 a3β kν A1 + a3β ν2A1 + a3β A1 + aαA0A1 − akA1 = 0,

54 ab2β k2A2 − 108 ab2β kν A2 + 54 ab2β ν2A2 + 6 b3β k2A1 − 12 b3β kν A1

+6 b3β ν2A1 + 54 ab2β A2 + 6 b3β A1 + 2 aαA2
2 + 3α bA1A2 = 0,

38 a2bβ k2A2 − 76 a2bβ kν A2 + 38 a2bβ ν2A2 + 12 ab2β k2A1 − 24 ab2β kν A1

+12 ab2β ν2A1 + 38 a2bβ A2 + 12 ab2β A1 + 3 aαA1A2 + 2α bA0A2

+α bA1
2 − 2 bkA2 = 0,

8 a3β k2A2 − 16 a3β kν A2 + 8 a3β ν2A2 + 7 a2bβ k2A1 − 14 a2bβ kν A1

74



+7 a2bβ ν2A1 + 8 a3β A2 + 7 a2bβ A1 + 2 aαA0A2 + aαA1
2

+α bA0A1 − 2 akA2 − bkA1 = 0.

With the aid of Maple, we solve the above system and obtain

A0 =
1

α
{2a2βkν − a2βν2 − a2β − a2βk2 + k},

A1 =
1

α
{12abβ

(
2kν − ν2 − k2 − 1

)
},

A2 =
1

α
{12b2β

(
2kν − ν2 − k2 − 1

)
}.

Therefore the solution of (6.1), for n = 1 is given by

u(t, x, y) =A0 + aA1

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}
+ A2a

2

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}2

, (6.15)

where z = x− kt− (ν − k)y and C is an arbitrary constant of integration.

n = 2

The balancing procedure yields M = 1 so the solutions of (6.10) take the form

W (z) = A0 + A1G. (6.16)

As before, substituting (6.16) into (6.10), we obtain the algebraic system of equa-

tions

6 b3β k2A1 − 12 b3β kν A1 + 6 b3β ν2A1 + α bA1
3 + 6 b3β A1 = 0,

a3β k2A1 − 2 a3β kν A1 + a3β ν2A1 + a3β A1 + aαA0
2A1 − akA1 = 0,

12 ab2β k2A1 − 24 ab2β kν A1 + 12 ab2β ν2A1 + aαA1
3 + 12 ab2β A1

+2α bA0A1
2 = 0,

7 a2bβ k2A1 − 14 a2bβ kν A1 + 7 a2bβ ν2A1 + 7 a2bβ A1 + 2 aαA0A1
2
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+α bA0
2A1 − bkA1 = 0

whose solution is

A0 = ±
√

3k

α
, A1 = ±2b

a

√
3k

α
, β =

2k

a2 (2kν − ν2 − k2 − 1)
.

Therefore, the solution of (6.1), for n = 2 is given by

u(t, x, y) =A0 + aA1

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}
, (6.17)

where z = x−kt− (ν−k)y and C is an arbitrary constant of integration. A sketch

of the solution (6.17) is given in Figure 6.2.

Solutions of (6.1) using the Riccati equation as the simplest equation

n=1

For this case the balancing procedure gives M = 2 and so (1.56) becomes

W (z) = A0 + A1G+ A2G
2. (6.18)

The insertion of this value of W (z) into (6.10) and making use of the Riccati equa-

tion (1.54) yields the following algebraic system of equations in terms of A0, A1, A2:

24 a3β k2A2 − 48 a3β kν A2 + 24 a3β ν2A2 + 24 a3β A2 + 2 aαA2
2 = 0,

6 a3β k2A1 − 12 a3β kν A1 + 6 a3β ν2A1 + 54 a2bβ k2A2 − 108 a2bβ kν A2

+54 a2bβ ν2A2 + 6 a3β A1 + 54 a2bβ A2 + 3 aαA1A2 + 2α bA2
2 = 0,

2 aβ c2k2A1 − 4 aβ c2kν A1 + 2 aβ c2ν2A1 + b2β ck2A1 − 2 b2β ckν A1

+b2β cν2A1 + 6 bβ c2k2A2 − 12 bβ c2kν A2 + 6 bβ c2ν2A2 + 2 aβ c2A1

+b2β cA1 + 6 bβ c2A2 + α cA0A1 − ckA1 = 0,

12 a2bβ k2A1 − 24 a2bβ kν A1 + 12 a2bβ ν2A1 + 40 a2β ck2A2 − 80 a2β ckν A2

+40 a2β cν2A2 + 38 ab2β k2A2 − 76 ab2β kν A2 + 38 ab2β ν2A2 + 12 a2bβ A1
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Figure 6.2: Profile of solution (6.17)

+40 a2β cA2 + 38 ab2β A2 + 2 aαA0A2 + aαA1
2 + 3α bA1A2

+2α cA2
2 − 2 akA2 = 0,

8 abβ ck2A1 − 16 abβ ckν A1 + 8 abβ cν2A1 + 16 aβ c2k2A2 − 32 aβ c2kν A2

+16 aβ c2ν2A2 + b3β k2A1 − 2 b3β kν A1 + b3β ν2A1 + 14 b2β ck2A2

−28 b2β ckν A2 + 14 b2β cν2A2 + 8 abβ cA1 + 16 aβ c2A2 + b3β A1

+14 b2β cA2 + α bA0A1 + 2α cA0A2 + α cA1
2 − bkA1 − 2 ckA2 = 0,

8 a2β ck2A1 − 16 a2β ckν A1 + 8 a2β cν2A1 + 7 ab2β k2A1 − 14 ab2β kν A1

+7 ab2β ν2A1 + 52 abβ ck2A2 − 104 abβ ckν A2 + 52 abβ cν2A2 + 8 b3β k2A2
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−16 b3β kν A2 + 8 b3β ν2A2 + 8 a2β cA1 + 7 ab2β A1 + 52 abβ cA2 + 8 b3β A2

+aαA0A1 + 2α bA0A2 + α bA1
2 + 3α cA1A2 − akA1 − 2 bkA2 = 0.

The solution of the above system using Maple gives

A0 =
1

α
{16aβckν − 8aβcν2 − 8aβc− 8aβck2 − βb2ν2 − βb2 − βb2k2 + 2βb2kν + k},

A1 =
1

α
{12abβ

(
2kν − ν2 − k2 − 1

)
}, A2 =

1

α
{12a2β

(
2kν − ν2 − k2 − 1

)
}.

Consequently, the solutions of (6.1) are

u(t, x, y) =A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + C)

)}
+ A2

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + C)

)}2

(6.19)

and

u(t, x, y) =A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)}
+ A2

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)}2

,

(6.20)

where z = x− kt− (ν − k)y and C is an arbitrary constant of integration.

n = 2

The balancing procedure yields M = 1, so the solutions of (6.10) are of the form:

W (z) = A0 + A1G (6.21)

Substituting (6.21) into (6.10) and using the Riccati equation, we obtain the fol-

lowing algebraic system of equations:

−6bA1c
3ν + 3aA3

1c = 0,
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6aA2
1A0c+ 3aA3

1d− 12bA1c
2dν = 0,

3aA1A
2
0e− 2bA1ce

2ν − A1eν − bA1d
2eν = 0,

−8bA1cdeν − A1dν + 6aA2
1A0e− bA1d

3ν + 3aA1A
2
0d = 0,

−A1cν + 3aA3
1e− 7bA1cd

2ν + 3aA1A
2
0c+ 6aA2

1A0d− 8bA1c
2eν = 0.

Solving the above algebraic equations, one obtains

A0 = ± b

2
√
α

√
6β(2kν − ν2 − k2 − 1), A1 = ± a√

α

√
6β(2kν − ν2 − k2 − 1),

a =
b2β k2 − 2 b2β kν + b2β ν2 + b2β + 2 k

4 β c (k2 − 2 ν k + ν2 + 1)
.

Hence, we have the following solutions of (6.1) for n = 2

u(x, y, t) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + C)

)}
(6.22)

and

u(t, x, y) =A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)},
(6.23)

where z = x−kt− (ν−k)y and C is an arbitrary constant of integration. A sketch

of the solution (6.23) is given in Figure 6.3.
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Figure 6.3: Profile of the solution of (6.23).

6.3 Concluding remarks

In this chapter we studied the generalized Zakharov–Kuznetsov equation (6.1). We

derived the conservation laws of this equation using the new conservation theorem

by Ibragimov. In addition, the Lie point symmetries of the gZK equation were

obtained and used in conjunction with the simplest equation method to obtain

exact solutions of the gZK equation. The solutions obtained here are new and

more general than the ones obtained before in [82] and [83].
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Chapter 7

Conservation laws and exact

solutions for a generalized

Ablowitz-Kaup-Newell-Segur

equation

In this chapter we study the generalized Ablowitz-Kaup-Newell-Segur (gAKNS)

equation, which has many applications in several physical phenomena. The gAKNS

equation is given by

uxxxy + 2βuxuxy + βuyuxx + γuxt + αuxx = 0 (7.1)

with constant coefficients α, γ and β. We perform the Noether symmetry analysis

for (7.1). Thereafter, we construct the conservation laws for those cases which

admit the Noether operators. Furthermore, we compute exact solutions for gAKNS

equation using the simplest equation method.

We note that when β = γ = 4, equation (7.1) becomes the Ablowitz-Kaup-Newell-
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Segur (AKNS) equation

uxxxy + 8uxuxy + 4uyuxx + 4uxt + αuxx = 0, (7.2)

which describes the wave phenomena observed in fluid dynamics, plasma and elas-

tic media. Cheng and Hao in [91] obtained the periodic wave solutions of (7.2)

using bilinear Backlund transformation whereas Wazwaz [92] obtained the soliton

solutions for equation (7.2) using the simplified form of the bilinear method.

Part of this chapter has been accepted for publication. See [93].

7.1 Conservation laws of equation (7.1)

The vector field

X = ξ1(t, x, y, u)
∂

∂t
+ ξ2(t, x, y, u)

∂

∂x
+ ξ3(t, x, y, u)

∂

∂y
+ η(t, x, y, u)

∂

∂u
(7.3)

is called a Noether point symmetry corresponding to a second-order Lagrangian L

of (7.1) if

X [2](L) + {Dt(ξ
1) +Dx(ξ

2) +Dy(ξ
3)}L = Dt(B

1) +Dx(B
2) +Dy(B

3) (7.4)

for some gauge functions B1(t, x, y, u), B2(t, x, y, u) and B3(t, x, y, u). Here X [2]

is the second-order prolongation defined in Chapter one. For any Noether point

symmetry X corresponding to a given Lagrangian L, there corresponds a conserved

vector T = (T i, . . . , T n), i = 1 . . . , n, if T i satisfies

DiT
i|(7.1) = 0. (7.5)

The equation (7.5) defines a local conservation law of the equation (7.1). It can be

verified that the second-order Lagrangian of the gAKNS equation (7.1) is

L =
1

2
uxxuxy −

1

2
βu2xuy −

1

2
γutux −

1

2
αu2x. (7.6)
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The insertion of L from (7.6) into equation (7.4) and splitting with respect to

derivatives of u(t, x, y) yields linear overdetermined system of partial differential

equations:

ξ1x = 0, ξ1y = 0, ξ1u = 0, ξ2xx = 0, ξ2y = 0, ξ2u = 0, ξ3x = 0, ξ3u = 0,

ηuu = 0, ηxx = 0, ηxu = 0, ηuy = 0, ηxy = 0, 2βηx − γξ3t = 0,

2γηu + γξ3y = 0, 2ηu + ξ1t − 2ξ2x = 0, 2ηu + ξ1t − 2ξ2x = 0,

3βηu − βξ2x + βξ1t = 0, 2αηu + βηy − αξ2x + αξ1t − γξ2t + αξ3y = 0,

B1
u +

1

2
γηx = 0, B2

u + αηx +
1

2
γηt = 0, B3

u = 0, B1
t +B2

x +B3
y = 0. (7.7)

After some tedious and lengthy calculations, the above equations yield the following

six Noether point symmetries together with their corresponding gauge functions:

X1 =
∂

∂t
, B1 = B2 = B3 = 0,

X2 =
∂

∂y
, B1 = B2 = B3 = 0,

X3 =
2β

γ
t
∂

∂y
+ x

∂

∂u
, B1 = −1

2
γu, B2 = −αu, B3 = 0,

X4 = −4t
∂

∂t
− x ∂

∂x
− 2y

∂

∂y
+

(
3α

βy
+ u

)
∂

∂u
, B1 = B2 = B3 = 0,

X5 = e(t)
∂

∂x
+
γ

β
ye′(t)

∂

∂u
, B1 = B3 = 0, B2 = − γ

2

2β
uye′′(t),

X6 = r(t)
∂

∂u
, B1 = B3 = 0, B2 = −1

2
γur′(t).

Invoking Noether theorem 1.7, the six conserved vectors associated with these six

Noether point symmetries are, respectively,

T 1
1 =

1

2
uxxuxy −

1

2
βu2xuy −

1

2
αu2x,

T 2
1 = βutuxuy +

1

2
γu2t + αutux + utuxxy −

1

2
utxuxy −

1

2
utyuxx,

T 3
1 =

1

2
βutu

2
x +

1

2
utuxxx −

1

2
utxuxx; (7.8)
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T 1
2 =

1

2
γuxuy,

T 2
2 = βuxu

2
y +

1

2
γutuy + αuxuy + uyuxxy −

1

2
u2xy −

1

2
uxxuyy,

T 3
2 =

1

2
uyuxxx −

1

2
γutux −

1

2
αu2x; (7.9)

T 1
3 = βtuxuy −

1

2
γxux +

1

2
γu,

T 2
3 = βtutuy − βxuxuy −

1

2
γxut − αxux − xuxxy +

2β2

γ
tuxu

2
y +

2αβ

γ
tuxuy

+
2β

γ
tuyuxxy +

1

2
uxy −

β

γ
tu2xy −

β

γ
tuxxuyy + αu,

T 3
3 =

β

γ
tuyuxxx −

1

2
xuxxx − βtutux −

αβ

γ
tu2x −

1

2
βxu2x +

1

2
uxx; (7.10)

T 1
4 = 2βtu2xuy − 2tuxxuxy + 2αtu2x −

3αγ

2β
yux −

1

2
γuux −

1

2
γxu2x − γyuxuy,

T 2
4 = uxuxy −

1

2
αxu2x −

1

2
βxu2xuy − 5αyuxuy − βuuxuy − 4βtutuxuy − 2βyuxu

2
y

− 3αγ

2β
yut −

1

2
γuut − 2γtu2t − γyutuy −

3α2

β
yux − αuux − 4αtutux −

3α

β
yuxxy

− uuxxy − 4tutuxxy − xuxuxxy − 2yuyuxxy + 2tutxuxy +
1

2
xuxxuxy + yu2xy +

3α

2β
uxx

+
3

2
uyuxx + 2tutyuxx + yuxxuyy;

T 3
4 = γyutux −

1

2
αyu2x −

3α

2β
yuxxx −

1

2
βuu2x −

1

2
uuxxx − 2βtutu

2
x − 2tutuxxx

− 1

2
βxu3x −

1

2
xuxuxxx − yuyuxxx + uxuxx +

1

2
xu2xx + 2tutxuxx; (7.11)

T 1
5 =

1

2
γe(t)u2x −

γ2

2β
ye′(t)ux,

T 2
5 =

1

2
βe(t)u2xuy +

1

2
αe(t)u2x − γye(t)uxuy −

γ2

2β
ye′(t)ut −

αγ

β
ye′(t)ux

− γ

β
ye′(t)uxxy + e(t)uxuxxy +

γ

2β
e′(t)uxx +

γ2

2β
uye′′(t),
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T 3
5 =

1

2
βe(t)u3x −

1

2
γye′(t)u2x −

γ

2β
e′(t)uxxx −

1

2
e(t)u2xx; (7.12)

T 1
6 = −1

2
γr(t)ux,

T 2
6 =

1

2
γur′(t)− βr(t)uxuy −

1

2
γr(t)ut − αr(t)ux − r(t)uxxy,

T 3
6 = −1

2
βr(t)u2x −

1

2
r(t)uxxx. (7.13)

The above conserved vectors do not satisfy the divergence condition (7.5), as some

excessive terms emerge that require some further analysis. By making a slight

adjustment to these terms, it can be shown that these can be absorbed into the

divergence condition. Further analysis of the conserved vector (7.8) yields

Dt(T
1
1 ) +Dx(T

2
1 ) +Dy(T

3
1 ) = −1

2
uxxutxy +

1

2
utuxxxy

= Dx

(
− 1

2
uxxuty

)
+Dy

(
1

2
utuxxx

)
(7.14)

and hence

Dt(T
1
1 ) +Dx

(
T 2
1 +

1

2
uxxuty

)
+Dy

(
T 3
1 −

1

2
utuxxx

)
= 0. (7.15)

We now redefine the conserved vectors in the parenthesis as

T̃ 1
1 =

1

2
uxxuxy −

1

2
βu2xuy −

1

2
αu2x,

T̃ 2
1 = βutuxuy +

1

2
γu2t + αutux + utuxxy −

1

2
utxuxy,

T̃ 3
1 =

1

2
βutu

2
x −

1

2
utxuxx. (7.16)

Thus, the modified conserved vectors T̃ 1
1 , T̃

2
1 , and T̃ 3

1 satisfy the divergence con-

dition. Likewise, we can then construct the conserved quantities associated with

equations (7.9) to (7.13) as

T̃ 1
2 =

1

2
γuxuy,
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T̃ 2
2 = βuxu

2
y +

1

2
γutuy + αuxuy +

1

2
uyuxxy −

1

2
u2xy −

1

2
uxxuyy,

T̃ 3
2 =

1

2
uyuxxx −

1

2
γutux −

1

2
αu2x; (7.17)

T̃ 1
3 = βtuxuy −

1

2
γxux +

1

2
γu

T̃ 2
3 = βtutuy − βxuxuy −

1

2
γxut − αxux − xuxxy +

2β2

γ
tuxu

2
y +

2αβ

γ
tuxuy

+
β

γ
tuyuxxy +

1

2
uxy −

β

γ
tu2xy −

β

γ
tuxxuyy + αu,

T̃ 3
3 =

β

γ
tuyuxxx − βtutux −

αβ

γ
tu2x −

1

2
βxu2x +

1

2
uxx +

β

γ
tuxxuxy; (7.18)

T̃ 1
4 = 2βtu2xuy − 2tuxxuxy + 2αtu2x −

3αγ

2β
yux −

1

2
γuux −

1

2
γxu2x − γyuxuy,

T̃ 2
4 = uyuxx −

1

2
αxu2x −

1

2
βxu2xuy − 5αyuxuy − βuuxuy − 4βtutuxuy − 2βyuxu

2
y

− 3αγ

2β
yut −

1

2
γuut − 2γtu2t − γyutuy −

3α2

β
yux − αuux − 4αtutux

− 3α

2β
yuxxy − uuxxy − 2tutuxxy − xuxuxxy − yuyuxxy + uxuxy

+ 2tutxuxy + yu2xy +
3α

2β
uxx + 2tutyuxx + yuxxuyy,

T̃ 3
4 = γyutux −

1

2
αyu2x −

3α

2β
yuxxx −

1

2
βuu2x − 2βtutu

2
x − 2tutuxxx

− 1

2
βxu3x − yuyuxxx + uxuxx +

1

2
xu2xx − yuxxuxy; (7.19)

T̃ 1
5 =

1

2
γe(t)u2x −

γ2

2β
ye′(t)ux,

T̃ 2
5 =

1

2
βe(t)u2xuy +

1

2
αe(t)u2x − γye(t)uxuy −

γ2

2β
ye′(t)ut −

αγ

β
ye′(t)ux

− γ

2β
ye′(t)uxxy + e(t)uxuxxy +

γ

2β
e′(t)uxx +

γ2

2β
uye′′(t),

T̃ 3
5 =

1

2
βe(t)u3x −

1

2
γye′(t)u2x −

γ

2β
e′(t)uxxx −

1

2
e(t)u2xx; (7.20)
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T̃ 1
6 = −1

2
γr(t)ux,

T̃ 2
6 =

1

2
γur′(t)− βr(t)uxuy −

1

2
γr(t)ut − αr(t)ux − r(t)uxxy,

T̃ 3
6 = −1

2
βr(t)u2x. (7.21)

Therefore the gAKNS equation possess the conserved vectors (7.16) to (7.21) which

satisfy the divergence condition (7.5).

7.2 Exact solutions of equation (7.1)

In this section we obtain exact solutions of (7.1) using the direct integration and

the simplest equation method.

7.2.1 Exact solutions of (7.1) using direct integration

As a first step we transform the gAKNS equation (7.1) to a nonlinear ordinary

differential equation using the travelling wave variable

u(t, x, y) = F (z), z = x+ y − ct. (7.22)

Applying the above transformation, equation (7.1) transforms to the nonlinear

ordinary differential equation

F ′′′′(z) + 3βF ′(z)F ′′(z) + (α− cγ)F ′′(z) = 0. (7.23)

Integrating equation (7.23) once with respect to z and letting the constant of

integration to be zero, we obtain

F ′′′(z) +
3

2
βF ′(z)2 + (α− cγ)F ′(z) = 0. (7.24)
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Multiplying equation (7.24) by F ′′(z) yields

F ′′′(z)F ′′(z) +
3

2
βF ′(z)2F ′′(z) + (α− cγ)F ′(z)F ′′(z) = 0. (7.25)

Integrating equation (7.25) and taking the constant of integration to be zero, we

obtain the second-order ordinary differential equation

F ′′(z)2 + βF ′(z)3 + (α− cγ)F ′(z)2 = 0.

Solving the above equation, we obtain

F (z) =
−2
√
α− cγ
β

tan

{
1

2

√
α− cγ (z + C1)

}
+ C2,

where z = x+ y− ct and C1 and C2 are constants of integration. Hence a solution

of (7.1) is given by

u(t, x, y) =
−2
√
α− cγ
β

tan

{
1

2

√
α− cγ (x+ y − ct+ C1)

}
+ C2.

7.2.2 Solution of (7.1) using the Riccati equation as the

simplest equation

We now use the simplest equation method, described is Section 1.6.2, to determine

more exact solutions of the gAKNS equation (7.1).

The simplest equation that we use here is Riccati equation (1.54). We look for

solutions of the nonlinear ordinary differential equation (7.23) that are of the form

given by (1.55).

The balancing procedure yields M = 1, so the solutions of (7.23) are of the form

W (z) = A0 + A1G. (7.26)

Substituting (7.26) into (7.23) and using the Riccati equation (1.54) and then

equating all coefficients of the powers of function G(z) to zero, we obtain the
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following algebraic system of equations in terms of A0 and A1:

6a3βA2
1 + 24a4A1 = 0,

15a2bβA2
1 + 60a3bA1 = 0,

3bβc2A2
1 + 8abc2A1 + b3cA1 − bc2γA1 + αbcA1 = 0,

18abcβA2
1 + 3b3βA2

1 + 60a2bcA1 + 15ab3A1 − 3abcγA1 + 3abαA1 = 0,

12a2cβA2
1 + 12ab2βA2

1 + 40a3cA1 + 50a2b2A1 − 2a2cγA1 + 2a2αA1 = 0,

6ac2βA2
1 + 6b2cβA2

1 + 16a2c2A1 + 22ab2cA1 − 2ac2γA1 + b4A1 − b2cγA1

+2acαA1 + αb2A1 = 0.

The solution of the above system using Maple gives

a = − 1

4c

(
cγ − b2 − α

)
, A1 =

cγ − b2 − α
cβ

.

Consequently, the solutions of (7.1) are

u(x, y, t) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + C)

)}
(7.27)

and

u(t, x, y) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)},
(7.28)

where z = x+ y − ct, A0 and C are arbitrary constants.

7.3 Conclusion

In this chapter we studied the gAKNS equation (7.1). We obtained six Noether

symmetries for the gAKNS equation. Thereafter, Noether theorem was employed

to construct six non-trivial conserved vectors associated with the Noether symme-

tries. Furthermore, we obtained exact solutions for (7.1) using direct integration

and the simplest equation method.
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Chapter 8

Conservation laws and exact

solutions for a potential

Kadomtsev-Petviashvili equation

with p−power nonlinearity

This chapter aims to study a potential Kadomtsev-Petviashvili equation with

p−power nonlinearity (PKPp), which arises in a number of significant nonlinear

problems of physics and applied mathematics.

Recall that the celebrated Korteweg-de Vries (KdV) equation, which was first intro-

duced by Boussinesq [96], governs the dynamics of solitary waves. Originally it was

derived to describe shallow water waves of long wavelength and small amplitude.

Kadomtsev and Petviashvili generalized the KdV equation to two spatial dimen-

sions and produced an equation, which is named after their names Kadomtsev-

Petviashvili (KP) equation [97]

(ut + 6uux + uxxx)x + 3σ2uyy = 0, (8.1)
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where u = u(t, x, y) is a scalar function, x and y are respectively the longitudinal

and transverse spatial coordinates and σ2 = ±1. The KP equation is a nonlinear

partial differential equation which describes long waves of small amplitude with

slow dependence on the transverse coordinate [97–99].

The (2+1)-dimensional potential Kadomtsev-Petviashvili (PKP) equation

utx +
3

2
uxuxx +

1

4
uxxxx +

3

4
uyy = 0 (8.2)

has been studied by various scientists [100–104] and a substantial amount of re-

search has been done on finding exact solutions using various methods and tech-

niques. In [100] new travelling wave solutions for the PKP equation using the ho-

mogeneous balance method were obtained. Kaya and El-Sayed [101] investigated

the PKP equation and obtained the numerical soliton-like solutions by employ-

ing Adomian decomposition method. Li and Zhang [102] improved the key steps

of homogeneous balance method to obtain soliton, multisoliton and rational-type

solutions of the PKP equation.

The generalization of equation (8.2) is the so called potential Kadomtsev-Petviashvili

equation with p−power nonlinearity (PKPp) and is given by

utx + αupxuxx + βuxxxx − γuyy = 0, (8.3)

where α, β, γ and p are non-zero constants. The authors of [105], studied equation

(8.3) only for two special cases of p, namely for p = 1 and p = 2 and obtained

non-travelling wave solutions. In fact, the PKPp equation was reduced to a (1+1)-

dimensional partial differential equation via classical Lie group method and the

reduced equations were further studied to obtain certain exact solutions of PKPp

equation.

Gupta and Bansal [106] studied the (2+1)-dimensional variable coefficients poten-

tial Kadomtsev-Petviashvili (VCPKP) equation

utx + α(t)uxuxx + β(t)uxxxx + δ(t)uyy = 0, (8.4)
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where α(t), β(t) and δ(t) are arbitrary functions, for its integrability and for exact

solutions. The methods and techniques used in [105] were employed and certain

general solutions of VCPKP equation were obtained.

In this chapter we construct conservation laws for equation (8.3) using Noether

theorem and thereafter we obtain its exact solutions using the Kudryashov method.

The work presented in this chapter has been submitted for publication. See [107].

8.1 Conservation laws of equation (8.3)

The vector field

X = ξ1(t, x, y, u)
∂

∂t
+ ξ2(t, x, y, u)

∂

∂x
+ ξ3(t, x, y, u)

∂

∂y
+ η(t, x, y, u)

∂

∂u
(8.5)

is called a Noether point symmetry corresponding to a second-order Lagrangian L

of (8.3) if

X [2](L) + {Dt(ξ
1) +Dx(ξ

2) +Dy(ξ
3)}L = Dt(B

1) +Dx(B
2) +Dy(B

3) (8.6)

for some gauge functions B1(t, x, y, u), B2(t, x, y, u) and B3(t, x, y, u).

Here X [2] is the second-order prolongation given by

X [2] = ξ1
∂

∂t
+ ξ2

∂

∂x
+ ξ3

∂

∂y
+ η

∂

∂u
+ ζt

∂

∂ut
+

ζx
∂

∂ux
+ ζtt

∂

∂utt
+ ζxx

∂

∂uxx
+ ζtx

∂

∂utx
+ · · · ,

where the expressions for ζt, ζx, ζtx, ζtt and ζxx are given in [44].

The total differential operators are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ uxt

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · ,
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Dy =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · .

We notice that to determine the Noether operators for the PKPp equation (8.3),

we need to consider four cases separately.

Case 1: p is arbitrary but p 6= 1,−1,−2

In this case a Lagrangian of the PKPp equation (8.3) is given by

L = −1

2
utux −

α

(p+ 1)(p+ 2)
up+2
x +

β

2
u2xx +

γ

2
u2y. (8.7)

The substitution of this value of L into (8.6) yields an overdetermined system of

nineteen linear partial differential equations. These are:

ξ1x = 0, ξ1y = 0, ξ1u = 0, ξ2t = 0, ξ2xx = 0, ξ2u = 0, ξ3x = 0, ξ3u = 0,

ηx = 0, ηuu = 0, ηu +
1

2
ξ3y = 0,

1

2
ξ3t − γξ2y = 0, γηy −B3

u = 0,

1

2
ηt +B2

u = 0, γηu −
1

2
γξ3y +

1

2
γξ2x +

1

2
γξ1t = 0,

βηu +
1

2
βξ3y +

1

2
βξ1t −

3

2
βξ2x = 0, B1

u = 0, B1
t +B2

x +B3
y = 0,

α

p+ 1
ηu +

α

(p+ 1)(p+ 2)
ξ1t −

α

p+ 2
ξ2x +

α

(p+ 1)(p+ 2)
ξ3y = 0.

Solving the above system of partial differential equations, we obtain

ξ1 = C1,

ξ2 = C2y + C3,

ξ3 = 2γtC2 + C4,

η = yR(t) +H(t),

B1 = Q(t, x, y),

B2 = M(t, x, y)− 1

2
u(yR′(t) +H ′(t)),

B3 = N(t, x, y) + γuR(t), (8.8)

where C1, C2, C3, C4 are constants andR(t), H(t), Q(t, x, y), M(t, x, y) andN(t, x, y)

are arbitrary functions of their arguments. The corresponding generic vectors of
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the infinitesimal transformations which leave equation (8.3) invariant together with

their gauge functions are:

X1 =
∂

∂t
, B1 = B2 = B3 = 0, (8.9)

X2 =
∂

∂x
, B1 = B2 = B3 = 0, (8.10)

X3 =
∂

∂y
, B1 = B2 = B3 = 0, (8.11)

X4 = y
∂

∂x
+ 2γt

∂

∂y
, B1 = B2 = B3 = 0, (8.12)

X5 = yR(t)
∂

∂u
, B1 = 0, B2 = −1

2
uyR′(t), B3 = γuR(t), (8.13)

X6 = H(t)
∂

∂u
, B1 = B3 = 0, B2 = −1

2
uH ′(t). (8.14)

Applying Theorem 1.7, we obtain the six nontrivial conserved vectors associated

with the above Noether point symmetries, given by

T 1
1 =

1

2
βu2xx −

α

(p+ 1)(p+ 2)
up+2
x +

1

2
γu2y,

T 2
1 = βutuxxx +

α

p+ 1
utu

p+1
x +

1

2
u2t − βutxuxx,

T 3
1 = −γutuy; (8.15)

T 1
2 =

1

2
u2x,

T 2
2 = βuxuxxx −

1

2
βu2xx +

1

2
γu2y +

α

p+ 2
up+2
x ,

T 3
2 = −γuxuy; (8.16)

T 1
3 =

1

2
uxuy,

T 2
3 =

1

2
utuy +

α

p+ 1
up+1
x uy + βuyuxxx − βuxyuxx,

T 3
3 = −1

2
utux −

α

(p+ 1)(p+ 2)
up+2
x +

1

2
βu2xx −

1

2
γu2y; (8.17)
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T 1
4 =

1

2
yu2x + γtuxuy,

T 2
4 = βyuxuxxx + 2γβtuyuxxx +

1

2
γyu2y + γtutuy −

1

2
βyu2xx

+
α

p+ 1
yup+2

x +
2αγ

p+ 1
tuyu

p+1
x − 2βγtuxyuxx,

T 3
4 = βγtu2xx − γ2tu2y − γyuxuy − γtutux −

2αγ

(p+ 1)(p+ 2)
tup+2
x ; (8.18)

T 1
5 = −1

2
yR(t)ux,

T 2
5 = −1

2
yR(t)ut −

α

p+ 1
yR(t)up+1

x − βyR(t)uxxx +
1

2
uyR′(t),

T 3
5 = γyR(t)uy − λuR(t); (8.19)

T 1
6 = −1

2
uxH(t),

T 2
6 = −1

2
utH(t)− α

p+ 1
up+1
x H(t)− βuxxxH(t) +

1

2
uH ′(t),

T 3
6 = γuyH(t). (8.20)

Case 2: p = 1

When p = 1, the PKPp equation (8.3) becomes

utx + αuxuxx + βuxxxx − γuyy = 0. (8.21)

We observe that equation (8.21) has a Lagrangian formulation with the Lagrangian

L = −1

2
utux −

1

6
αu3x +

1

2
βu2xx +

1

2
γu2y. (8.22)

Following the same procedure as in Case 1, we obtain ten Noether symmetries;

X1, X2, X3 and X4 are given, by (8.9)-(8.12) and the other six are given below:

X5 = y
∂

∂u
, B1 = B2 = 0, B3 = γu, (8.23)

X6 = αt
∂

∂x
+ x

∂

∂u
, B1 = −1

2
u, B2 = B3 = 0, (8.24)
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X7 =
1

2
αt2

∂

∂x
+ (xt+

1

2γ
y2)

∂

∂u
, B1 = −1

2
ut;

B2 = −1

2
ux; B3 = yu, (8.25)

X8 = αyt
∂

∂x
+ αγt2

∂

∂y
+ xy

∂

∂u
, B1 = −1

2
uy;

B2 = 0; B3 = γux, (8.26)

X9 =
1

2
αyt2

∂

∂x
+

1

3
αγt3

∂

∂y
+ (xty +

1

6γ
y3)

∂

∂u
,

B1 = −1

2
uty; B2 = −1

2
uxy; B3 = γuxt+

1

2
uy2, (8.27)

X10 = 3t
∂

∂t
+ x

∂

∂x
+ 2y

∂

∂y
− u ∂

∂u
, B1 = B2 = B3 = 0. (8.28)

The application of Noether theorem [46] yields ten conserved quantities. The first

four are obtained from the operators (8.9)-(8.12), given by equations (8.15)-(8.18)

with p = 1, respectively, while the other six conserved vectors associated with the

operators (8.23)-(8.28) are, respectively, given by

T 1
5 =

1

2
yux,

T 2
5 =

1

2
yut +

1

2
αyu2x + βyuxxx,

T 3
5 = γu− γyuy; (8.29)

T 1
6 =

1

2
αtu2x −

1

2
xux +

1

2
u,

T 2
6 = αβtuxuxxx − βxuxxx + βuxx +

1

3
α2tu3x −

1

2
αβtu2xx

+
1

2
αγyu2y −

1

2
xut −

1

2
αxu2x,

T 3
6 = γxuy − αγtuxuy; (8.30)

T 1
7 =

1

4
αt2u2x −

1

2
xtux −

1

4γ
y2ux +

1

2
ut,

T 2
7 =

1

6
α2t2u3x −

1

4
αβt2u2xx +

1

4
αγt2u2y −

1

2
xtut −

1

2
αxtu2x
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− βxtuxxx −
1

4γ
y2ut −

1

4γ
αy2u2x −

1

2γ
βy2uxxx +

1

2
αβt2uxxx

+ βtuxx +
1

2
ux,

T 3
7 = γxtuy +

1

2
y2uy −

1

2
αγt2uxuy − yu; (8.31)

T 1
8 =

1

2
αγt2uxuy +

1

2
αytu2x −

1

2
xyux +

1

2
yu,

T 2
8 =

1

3
α2ytu3x −

1

2
αβytu2xx +

1

2
αγytu2y −

1

2
xyut −

1

2
αxyu2x

− βxyuxxx + αβyyuxuxxx +
1

2αγ
t2utuy +

1

2
α2γt2u2xuy

+ αβγt2uyuxxx + βyuxx − αβγt2uxxuxy,

T 3
8 =

1

2
αβγt2u2xx −

1

2
αγt2utux −

1

6
α2γt2u3x −

1

2
αγ2t2u2y

+ γxyuy − αγytuxuy − γxu; (8.32)

T 1
9 =

1

6
αγt3uxuy +

1

4
αyt2u2x −

1

12γ
y3ux −

1

2
xyt+

1

2
ytu,

T 2
9 =

1

6
α2yt2u3x −

1

4
αβyt2u2xx +

1

4
αγyt2u2y −

1

2
xyut −

1

2
αxytu2x

− βxytuxxx −
1

12γ
y3ut −

1

12γ
αy3u2x −

1

6γ
βy3uxxx +

1

2
αβyt2uxuxxx

+
1

6
αγt3utuy +

1

6
α2γt3u2xuy +

1

3
αβγt3uyuxxx + βtyuxx

− 1

3
αβγt3uxxuxy +

1

2
xyu,

T 3
9 =

1

6
αβγt3u2xx −

1

6
αγt3utux −

1

18
α2γt3u3x −

1

6
αγ2t3u2y

+ γtxyuy +
1

6
y3uy −

1

2
αγyt2uxuy − γtxu−

1

2
y2u; (8.33)

T 1
10 =

3

2
βtuxx −

1

2
αtu3x +

3

2
γtu2y +

1

2
uux +

1

2
xu2x + yuxuy,

T 2
10 =

1

3
αxu3x −

1

2
βxu2xx +

1

2
γxu2y +

1

2
uut +

1

2
αuu2x + βuuxxx

+
3

2
tu2t +

3

2
αtutu

2
x + 3βtutuxxx + βxuxuxxx + yutuy + αyu2xuy
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+ 2βyuyuxxx − βuxuxx − 3βtutxuxx − βuxuxx − 2βyuxxuxy,

T 3
10 = βyu2xx − yutux −

1

3
αyu3x − γyu2y − γuuy − 3γtutuy − γxuxuy. (8.34)

Case 3. p = −1

We now study the case when p = −1. Here equation (8.3) becomes

utx + αu−1x uxx + βuxxxx − γuyy = 0. (8.35)

It can easily be seen that equation (8.35) has a Lagrangian

L = −1

2
utux − αux ln(ux) +

1

2
βu2xx +

γ

2
u2y. (8.36)

Following the above procedure, one obtains six Noether point symmetries which

are the same as in Case 1. Thus, the associated conserved vectors are:

T 1
1 =

1

2
γu2y +

1

2
βu2xx,

T 2
1 =

1

2
u2t + αut ln(ux) + αut + βutuxxx − βutxuxx,

T 3
1 = −γutuy; (8.37)

T 1
2 =

1

2
u2x,

T 2
2 = βuxuxxx −

1

2
βu2xx +

1

2
γu2y + αux,

T 3
2 = −γuxuy; (8.38)

T 1
3 =

1

2
uxuy,

T 2
3 =

1

2
utuy + αuy ln(ux) + αuy + βuyuxxx − βuxyuxx,

T 3
3 =

1

2
βu2xx −

1

2
utux − αux ln(ux)−

1

2
γu2y; (8.39)
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T 1
4 =

1

2
yu2x + γtuxuy,

T 2
4 = βyuxuxxx + 2γβtuyuxxx +

1

2
γyu2y + γtutuy −

1

2
βyu2xx

αyux + 2αγtuy ln(ux) + 2αγtuy − 2βγtuxyuxx,

T 3
4 = βγtu2xx − γ2tu2y − γyuxuy − γtutux − 2αγtux ln(ux); (8.40)

T 1
5 = −1

2
R(t)yux,

T 2
5 =

1

2
R′(t)yu−R(t)y

(
1

2
ut − α ln(ux)− α− βuxxx

)
,

T 3
5 = γR(t)y (uy − u) ; (8.41)

T 1
6 = −1

2
H(t)ux,

T 2
6 =

1

2
H ′(t)u−H(t)

(
1

2
ut − α ln(ux)− α− βuxxx

)
,

T 3
6 = γH(t)yuy. (8.42)

Case 4: p = −2

In this case the PKPp equation (8.3) becomes

utx + αu−2x uxx + βuxxxx − γuyy = 0 (8.43)

and it admits the Lagrangian

L = −1

2
utux + α ln(ux) +

1

2
βu2xx +

1

2
γu2y. (8.44)

Following the above procedure, in this case we obtain the same six Noether point

symmetries as in Case 1. Thus, the corresponding conserved vectors are:

T 1
1 = α ln(ux) +

1

2
βu2xx +

1

2
γu2y,

T 2
1 =

1

2
u2t − αutu−1x + βutuxxx − βutxuxx,
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T 3
1 = −γutuy; (8.45)

T 1
2 =

1

2
u2x,

T 2
2 = βuxuxxx −

1

2
βu2xx +

1

2
γu2y − α + α ln(ux),

T 3
2 = −γuxuy; (8.46)

T 1
3 =

1

2
uxuy,

T 2
3 =

1

2
utuy − αuyu−1x + βuyuxxx − βuxyuxx,

T 3
3 =

1

2
βu2xx −

1

2
utux + α ln(ux)−

1

2
γu2y; (8.47)

T 1
4 =

1

2
yu2x + γtuxuy,

T 2
4 = βyuxuxxx + 2γβtuyuxxx +

1

2
γyu2y + γtutuy −

1

2
βyu2xx

+ αy ln(ux)− 2αγtuyu
−1
x − αy − 2βγtuxyuxx,

T 3
4 = βγtu2xx + 2αγt ln(ux)− γ2tu2y − γyuxuy − γtutux; (8.48)

T 1
5 = −1

2
yuxR(t),

T 2
5 = yR(t)

(
αu−1x −

1

2
ut − βuxxx

)
+

1

2
uR′(t),

T 3
5 = γR(t) (yuy − u) ; (8.49)

T 1
6 = −1

2
uxH(t),

T 2
6 =

1

2
uH ′(t)−H(t)

(
1

2
ut − αu−1x + βuxxx

)
,

T 3
6 = γuyH(t). (8.50)
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8.2 Exact solutions of (8.3)

In this section we firstly construct exact solutions of PKPp equation (8.3) with

p = 1 by employing the Lie symmetry method together with the Kudryashov

method. Secondly, we use direct integration to find solutions of PKPp equation

(8.3) for p = 2.

8.2.1 Solutions of (8.3) with p = 1 using Kudryashov method

When p = 1, equation (8.3) takes the form

utx + αuxuxx + βuxxxx − γuyy = 0. (8.51)

The Lie point symmetries of equation (8.51) are [108]

X1 = 72αγ2F1(t)
∂

∂t
+

(
12αγy2F ′′1 (t) + 24αγ2xF ′1(t)

)
∂

∂x
+ 48αγ2yF ′1(t)

∂

∂y

+

(
12γ2x2F ′′1 (t)− 24αγ2uF ′1(t) + 12γxy2F ′′′1 (t) + y4F

(4)
1 (t)

)
∂

∂u
,

X2 = 2αγF2(t)
∂

∂x
+

(
2γxF ′2(t) + y2F ′′2 (t)

)
∂

∂u
,

X3 = 12αγ2F3(t)
∂

∂y
+ 6αγyF ′3(t)

∂

∂x
+

(
6γxyF ′′3 (t) + y3F ′′′3 (t)

)
∂

∂u
,

X4 = yF4(t)
∂

∂u
,

X5 = F5(t)
∂

∂u
.

When F1(t) = F2(t) = F3(t) = 1, we get three translational symmetries

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂y
. (8.52)

We now make use of the linear combination of these three translation symmetries,

namely X = X1 + νX2 +X3 and transform equation (8.51) to a partial differential
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equation in two variables. The symmetry X has three invariants

f = t− y, g = x− νy, θ = u.

Considering θ as the new dependent variable and f and g, as new independent

variables, equation (8.51) transforms to

βθgggg + αθgθgg + (1− 2γν)θfg − γθff − γν2θgg = 0, (8.53)

which is a nonlinear partial differential equation in two independent variables f

and g.

We now further reduce equation (8.53) to an ordinary differential equation by first

finding Lie point symmetries of this equation. The symmetry group of equation

(8.53) is spanned by the following vector fields [108]:

Γ1 =
∂

∂f
, Γ2 =

∂

∂g
, Γ3 = −αf ∂

∂g
,

Γ4 = 6νγf
∂

∂f
+ (2ν2γf + 2νγg − g)

∂

∂g
.

The linear combination Γ = Γ1+cΓ2, where c is a constant, yields the two invariants

z = g − cf, W = θ.

By considering W as a dependent variable and z as an independent variable, equa-

tion (8.53) transforms to a nonlinear fourth-order ordinary differential equation

βW ′′′′(z) + αW ′(z)W ′′(z) + (2cνγ − c2γ − ν2γ − c)W ′′(z) = 0. (8.54)

Integrating equation (8.54) with respect to z and letting the constant of integration

to be zero, we obtain

βW ′′′ +
α

2
W ′2 + (2cνγ − c2γ − ν2γ − c)W ′ = 0. (8.55)
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The Kudryashov method assumes the solution of equation (8.55) to be of the form

given by equation (1.60). Using Step 2 of the Kudryashov method, we obtain

N = 1. Therefore, the solution of (8.55) is given in the form

W (z) = A0 +A1Q. (8.56)

Substituting the derivatives of W (z) into equation (8.55) we obtain the equation

that has the function Q and coefficients An (n = 0, 1). Collecting all terms with

same powers of Q and equating each coefficient to zero, yields the following system

of algebraic equations:

Q : c2γA1 − 2cγνA1 + γν2A1 − βA1 + cA1 = 0

Q2 : 7βA1 − cA1 − γν2A1 + 2γνA1 +
1

2
αA2

1 − c2γA1 = 0

Q3 : αA2
1 + 12βA1 = 0

Q4 :
1

2
αA2

1 + 6βA1 = 0.

Solving this system of algebraic equations, with the aid of Mathematica, we obtain

A1 =
12

α

(
2cγν − c2γ − γν2 − c

)
, β = c2γ − 2cγ + γν2 + c (8.57)

and so we obtain exact solution of equation (8.55) in the form

U(z) = A0 +
12

α

(
2cγν − c2γ − γν2 − c

)
Q(z), Q(z) =

1

1 + ez
. (8.58)

Reverting back to the original variables, we obtain the solution of (8.51) as

u(t, x, y) = C +
12

α

(
2cγν − c2γ − γν2 − c

)
(1 + ex+(c−ν)y−ct)−1, (8.59)

where C is an arbitrary constant.

The profile of the solution (8.59) is given in Figure 8.1, with parameters β = 2, α =

2, γ = 1, c = 2, ν = 1, A1 = −18, t = 0, C = 0.
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Figure 8.1: Profile of solution (8.59)

8.2.2 Solutions of (8.3) with p = 2 using direct integration

When p = 2, equation (8.3) becomes

utx + αu2xuxx + βuxxxx − γuyy = 0 (8.60)

and its Lie point symmetries are [108]

Γ1 =
∂

∂t
, Γ2 =

∂

∂x
, Γ3 =

∂

∂y
, Γ4 = y

∂

∂x
+ 2γt

∂

∂y
,

Γ5 = 3t
∂

∂t
+ x

∂

∂x
+ 2y

∂

∂y
, Γ6 = yF1(t)

∂

∂u
, Γ7 = F2(t)

∂

∂u
.

As before we now make use of Γ = Γ1+νΓ2+Γ3 and transform equation (8.60) to a

partial differential equation in two variables. The symmetry Γ has three invariants

f = t− y, g = x− νy, φ = u

and considering φ as the new dependent variable and f and g as new independent

variables, equation (8.60) transforms to

βφgggg + αφ2
gφgg + (1− 2γν)φfg − γφff − γν2φgg = 0. (8.61)
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The symmetry group of (8.61) is spanned by [108]

X1 =
∂

∂f
, X2 =

∂

∂g
, X3 = f

∂

∂φ
, X4 =

∂

∂φ
.

The linear combination X = cX1 + X2, where c is a constant, yields the two

invariants

z = f − cg, W = φ.

By considering W as a dependent variable and z as an independent variable, equa-

tion (8.61) transforms to a nonlinear fourth-order ordinary differential equation

βc4W ′′′′(z) + αc4W ′(z)2W ′′(z) + (2cνγ − c2ν2γ − c− γ)W ′′(z) = 0. (8.62)

Integrating the above equation two times and taking the constants of integration

to be zero, we obtain

βc4W ′′(z)2 +
1

6
αc4W ′(z)4 + (2cνγ − c2ν2γ − c− γ)W ′(z)2 = 0. (8.63)

This equation can be integrated twice and gives us two solutions of (8.60) in the

original variables as

u1(x, y, t) =
2√
A

tan−1
[√
AB exp{

√
B (t− cx− (1− cν)y + C1)}

]
+ C2

and

u2(x, y, t) =
2√
A

tan−1
[

1√
AB

exp{
√
B (t− cx− (1− cν)y − C3)}

]
+ C4,

where C1, C2, C3, C4 are arbitrary constants of integration and

A =
α

6β
, B =

c2γν2 − 2cγν + c+ γ

βc4
.

8.3 Concluding remarks

We constructed several conservation laws with respect to the parameter p for the

PKPp equation using Noether theroem. Furthermore, the symmetry reduction
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method was employed to reduce the PKPp equation to a third-order ordinary

differential equation. Thereafter, the Kudryashov method was successfully applied

to obtain the new exact solutions for the PKPp equation when p = 1. Solutions

when p = 2 were obtained by employing direct integration. With the aid of Maple,

we have assured the correctness of the obtained solutions by putting them back

into the original equations (8.21) and (8.60).
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Chapter 9

Conclusions

The exact solutions for nonlinear partial differential equations are of important

significance for the explanation of some practical physical problems. The aim of

this work was to obtain exact solutions and conservation laws of some nonlinear

partial differential equations by using various methods.

Chapter one provided relevant background, definitions and theorems of the impor-

tant concepts that were used to carry out the calculations in this work.

In Chapter two a complete Lie group classification was performed on a generalized

coupled (2+1)-dimensional hyperbolic system. Lie group classification dealt with

the use of the equivalence transformation to simplify the forms of the symmetry

operators. The functional forms of the arbitrary parameters were specified via

the classical method of group classification, and these included the combination

of power law, exponential, logarithm and linear forms. This system admitted 11-

dimensional equivalence Lie algebra. The principal Lie algebra was also obtained

and several possible extensions of the principal Lie algebra were presented.

In Chapter three we computed exact solutions for the modified Kortweg-de Vries

equation and higher-order modified Boussinesq equation with damping term by
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employing the (G′/G)−expansion method. We obtained three types of solutions,

namely, hyperbolic function solutions, trigonometric function solutions and rational

function solutions. The conservation laws for the higher-order modified Boussinesq

equation with damping term were derived using the multiplier method.

Chapter four dealt with coupled Korteweg-de Vries equations. New exact solutions

using (G′/G)−expansion method were obtained. In addition, conservation laws

were constructed using the new conservation theorem and multiplier method.

In Chapter five we analysed coupled Boussinesq equations that appeared in many

scientific fields. The (G′/G)−expansion method was effectively used to derive

exact travelling wave solutions. Furthermore, conservation laws were constructed

using two different approaches; the new conservation theorem and the multiplier

approach.

In Chapter six we studied the generalized Zakharov–Kuznetsov equation. We de-

rived the conservation laws of this equation using the new conservation theorem.

Furthermore, the Lie point symmetries of the underlying equation were obtained

and used in conjunction with the simplest equation method to obtain exact solu-

tions.

The generalized Ablowitz-Kaup-Newell-Segur equation was studied in Chapter

seven. We obtained six Noether symmetries and used them to construct six non-

trivial conserved vectors associated with these symmetries. The exact solutions

were obtained using the Lie point symmetries together with the simplest equation

method and direct integration.

In Chapter eight we derived the conservation laws for PKPp equation using Noether

approach. We considered four cases that arose from different values of p. For each

case different Lagrangian was obtained and conserved vectors were constructed.

Moreover, the Lie symmetry method together with Kudryashov method was used
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to obtain solutions for PKPp equation with p = 1. Lastly, Lie symmetry method

was used to transform the PKPp equation with p = 2 to an ordinary differential

equation, which was solved by direct integration.

In future, conservation laws obtained in this study could be used to find exact

solutions for the nonlinear partial differential equations.
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[41] A. Sjöberg, Double reduction of PDEs from the association of symmetries

with conservation laws with applications, Appl. Math. Comput. 184 (2007)

608–616.

[42] A.H. Bokhari, A.J. Al-Dweik, A.H. Kara, F.M. Mahomed, F.D. Zaman, Dou-

ble reduction of a nonlinear (2 + 1) wave equation via conservation laws,

Commun. Nonlinear Sci. Numer. Simulat. 16 (2011) 1244–1253.

[43] G.L. Caraffini, M. Galvani, Symmetries and exact solutions via conservation

laws for some partial differential equations of Mathematical Physics, Appl.

Math. Comput. 219 (2012) 1474–1484.

[44] R. Naz, Z. Ali, I. Naeem, Reductions and new exact solutions of ZK, Gardner

KP, and modified KP equations via generalized double reduction theorem,

Abstr. Appl. Anal. (2013) 1–11.

[45] R. Tracina, M.S. Bruzon, M.L. Grandarias, M. Torrisi, Nonlinear self-

adjointness, conservation laws, exact solutions of a system of dispersive evolu-

tion equations, Commun. Nonlinear Sci. Numer. Simul. 19 (2014) 3036–3043.

114



[46] E. Noether, Invariante variationsprobleme, Nachr. König. Gesell. Wissen.,

Göttingen, Math. Phys. Kl. Heft, 2 (1918) 235-257. English translation in

Transport Theory Statist. Phys. 1 (3) (1971) 186–207.

[47] E. Bessel-Hagen, Uber die Erhaltungssatze der Elektrodynamik, Math. Ann.

84 (1921) 258–276.

[48] H. Steudel, Uber die Zuordnung zwischen Invarianzeigenschaften und Erhal-

tungssatzen, Zeit Naturforsch, 17A (1962) 129-132.

[49] S.C. Anco, G. Bluman, Direct construction of conservation laws from field

equations, Phys. Rev. Lett. 78 (1997) 2869–2873.

[50] S. Anco, G. Bluman, Direct construction method for conservation laws of par-

tial differential equations Part I: Examples of conservation law classifications,

European J. Appl. Math. 13 (2002) 545–566.

[51] S. Anco, G. Bluman, Direct construction method for conservation laws of

partial differential equations Part II: General treatment, European J. Appl.

Math. 13 (2002) 567–585.

[52] A.H. Kara, F.M. Mahomed, Noether-type symmetries and conservation laws

via partial Lagrangians, Nonlinear Dynam. 45 (2006) 367–383.

[53] N.H. Ibragimov, A new conservation theorem, J. Math. Anal. Appl. 333 (2007)

311–328.

[54] N.H. Ibragimov, Quasi-self-adjoint differential equations, Arch ALGA 4 (2007)

55–60.

[55] M.L. Gandarias, Weak self-adjoint differential equations, J. Phys. A: Math.

Theor. 44 (2011) 1–6.

115



[56] N.H. Ibragimov, Nonlinear self-adjointness and conservation laws, J. Phys. A:

Math. Theor. 44 (2011) 1–8.

[57] N.H. Ibragimov, E.D. Avdonina, Nonlinear self-adjointness, conservation laws

and the construction of solutions of partial differential equations using con-

servation laws, Russian Math. Surveys, 68 (2013) 889–921.

[58] M.L. Gandarias, C.M. Khalique, Symmetries, solutions and conservation laws

of a class of nonlinear dispersive wave equations, Commun. Nonlinear Sci.

Numer. Simulat. 32 (2016) 114–121.
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