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Abstract 

The goal of this dissertation is to evaluate the effectiveness of model predictive control (MPC) 

for a magnetically suspended flywheel energy storage uninterruptible power supply (FlyUPS). 

The reason this research topic was selected was to determine if an advanced control technique 

such as MPC could perform better than a classical control approach such as decentralised 

Proportional-plus-Differential (PD) control. 

 

Based on a literature study of the FlyUPS system and the MPC strategies available, two MPC 

strategies were used to design two possible MPC controllers were designed for the FlyUPS, 

namely a classical MPC algorithm that incorporates optimisation techniques and the MPC 

algorithm used in the MATLAB® MPC toolbox™. In order to take the restrictions of the system 

into consideration, the model used to derive the controllers was reduced to an order of ten 

according to the Hankel singular value decomposition of the model.  

 

Simulation results indicated that the first controller based on a classical MPC algorithm and 

optimisation techniques was not verified as a viable control strategy to be implemented on the 

physical FlyUPS system due to difficulties obtaining the desired response. The second 

controller derived using the MATLAB® MPC toolbox™ was verified to be a viable control 

strategy for the FlyUPS by delivering good performance in simulation. 

 

The verified MPC controller was then implemented on the FlyUPS. This implementation was 

then analysed in order to validate that the controller operates as expected through a 

comparison of the simulation and implementation results. Further analysis was then done by 

comparing the performance of MPC with decentralised PD control in order to determine the 

advantages and limitations of using MPC on the FlyUPS. 

 

The advantages indicated by the evaluation include the simplicity of the design of the controller 

that follows directly from the specifications of the system and the dynamics of the system, and 

the good performance of the controller within the parameters of the controller design. The 

limitations identified during this evaluation include the high computational load that requires a 

relatively long execution time, and the inability of the MPC controller to adapt to unmodelled 

system dynamics.  

 

Based on this evaluation MPC can be seen as a viable control strategy for the FlyUPS, however 

more research is needed to optimise the MPC approach to yield significant advantages over 

other control techniques such as decentralised PD control. 
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Chapter 

 

1. Introduction 

This chapter gives a brief introduction to the dissertation as well as a motivation for the study. 

Firstly, the main elements of the project are introduced and discussed. Then the problem 

statement is given, followed by the issues that must be addressed as well as the method used 

to resolve these issues. Finally, the layout of the dissertation is discussed. 

1.1 Background 

This study is based on the control of the flywheel energy storage system (FESS) developed by 

the McTronX research group in the Faculty of Engineering at the North-West University. This 

system was dubbed the flywheel uninterruptible power supply, or FlyUPS for short, and uses 

active magnetic bearings (AMBs) to suspend the flywheel in five degrees of freedom.  

 

The major reason for the development of the FlyUPS was to improve the knowledge base of 

AMBs within the McTronX research group. By developing the FlyUPS completely in-house 

many valuable research opportunities were created that enabled research on the development 

and optimisation of AMB systems, as well as the evaluation and optimisation of various control 

strategies. The development of the FlyUPS is thoroughly documented in [1] and [2]. 

 

A detail representation of the FlyUPS is given in Figure 1-1. This figure shows the flywheel, 

permanent magnet synchronous machine (PMSM), Eddy probe sensors and the radial and axial 

AMBs. The wire diagram around the rotor indicates the vacuum enclosure which consists of 

several modules to allow the system to be taken apart easily in order to inspect critical parts 

such as the rotor and the AMBs. 

 

The FlyUPS operates on the basic principle that the FlyUPS is connected between an electrical 

source and a load. When the source is active, electrical energy is supplied to both the load and 

the FlyUPS. The FlyUPS stores this electrical energy as kinetic energy in the flywheel. If at any 

point in time there are dips or sags in the electrical energy supplied by the source, the energy 

necessary for the operation of the load is then extracted from the FlyUPS. In order to ensure the 
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efficiency of the FlyUPS the losses of kinetic energy must be restricted to a minimum. For this 

reason AMBs and a vacuum enclosure are used in the design [3]. 

 

Figure 1-1 Detail representation of the FlyUPS [2] 

AMBs offer many advantages over conventional roller element bearings due to the fact that 

there is no contact between the rotor and stator. The most important advantage for the FlyUPS 

project is that there is no friction which means that there are far fewer losses. However, AMBs 

are inherently non-linear which means that complex control strategies are often necessary to 

control the AMB system optimally [4]. Also, as the FlyUPS has various AMBs a multiple-input-

multiple-output (MIMO) control strategy is necessary to ensure the optimal operation of the 

system. 

 

Figure 1-1 also illustrates the layout of the axial and radial AMBs. This figure shows the axial 

AMBs controlling the position of the rotor in the z-axis, and the upper and lower radial AMBs 

controlling the position of the rotor in the x- and y-axes. The PMSM is used to rotate the 

flywheel rotor about the z-axis, which may cause a complex rotordynamic problem in the x- and 

y-axes as a disturbance, e.g. a rotor unbalance, may lead to limit cycles, the amplification of 

external excitations, or even the instability of the system [4]. Also, as the FlyUPS is designed to 

only operate within the first two rigid modes, a strong cross-coupling exists between the lower 

and upper radial AMBs [1].  

 

Model predictive control (MPC) is evaluated in this dissertation to determine if MPC is a viable 

control strategy for such a complex system. MPC is an advanced control technique that uses a 

dynamic model of the system to make predictions of what the control trajectory of a system 
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must be in order to reach a set-point value [5,6]. The performance of the controller is also 

improved by using a cost function to reduce the error of the system, and updating the states of 

the system during operation by using an estimator in the design of the controller [5]. 

 

Some key features of MPC that make it a potential control strategy for the FlyUPS, are that the 

design of the controller can easily be extended from a single-input-single-output (SISO) 

controller to a MIMO controller, and that constraints can be incorporated into the design of the 

controller.  

 

However, in order for MPC to operate optimally various operations such the estimation of 

states, the prediction of future control signals and the optimisation of the control signals result in 

a large computational load. Also, as MPC was developed in the process industry where slower 

processes with larger time constants are usually encountered, another challenge will be to 

implement real-time control with MPC on the FlyUPS where fast time constants are required for 

optimal control [5,6]. 

1.2 Problem statement 

The aim of this dissertation is to evaluate the effectiveness of MPC when it is implemented on 

the FlyUPS where the flywheel is magnetically suspended by AMBs. The results of this project 

will indicate whether MPC is able to control a complex system such as a high speed FESS. 

 

MPC will be seen as a successful control strategy if real-time control can be implemented while 

ensuring the stability of the system. The stability of the system must also be kept within zones A 

and B of the ISO CD 14839-3 standard on magnetic bearings which states that the performance 

is not expected to deteriorate drastically due to changes in nominal parameters during the 

machine operation [7]. 

 

The non-linearity present in the AMBs and the complexity of implementing MIMO real-time 

control are some of the complications present in this project. Unmodelled disturbances can also 

create complications due to the dependency of the MPC controller on an accurate model of the 

system. 

1.3 Issues to be addressed 

The following issues are addressed in the dissertation: 

• System model: A suitable model of the FlyUPS is obtained to develop the MPC 

controller. 
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• MPC theory and design: Control strategies present in MPC are investigated in order to 

design the most effective controller. 

• Controller simulation: Simulations of the designed controller are done in order to 

theoretically verify that the MPC controller is able to control the FlyUPS. 

• Controller implementation: After obtaining a controller that works well in simulation, 

the controller is implemented on the FlyUPS in order to perform an experimental 

analysis. 

• Controller evaluation: From the experimental analysis the MPC controller is evaluated 

in order to validate whether the MPC controller addresses the problem statement. 

1.4 Research methodology 

This section briefly describes the methodology that is followed in order to resolve the issues 

discussed in the previous section. 

1.4.1 System model 

An existing model of the system as derived by the author of [8] is used. This is a linear, 

continuous-time state-space model of the system and includes the power amplifiers, a 

rotor/actuator model, the sensors and the anti-aliasing filters. This model has already been 

verified, and used in the development of an H-infinity (H∞) controller. This H∞-controller was 

successfully implemented on the FlyUPS [8].  

1.4.2 MPC theory and design 

A literature study is done to obtain a detailed overview of all of the theory applicable to 

understand every part in the design of the MPC controller. This study focuses on MPC, but 

sufficient information is also presented regarding other aspects of the dissertation such as 

AMBs and the FlyUPS. 

1.4.3 Controller simulation 

From the literature study, system model and controller specification the MPC controller for the 

FlyUPS is designed. The controller is then implemented in a software simulation package such 

as MATLAB® or Simulink™ in order to perform a theoretical analysis. The results of this analysis 

verify that the MPC controller is theoretically able to control the FlyUPS.  

1.4.4 Implementation of MPC Algorithm 

Following the theoretical analysis, the MPC controller is implemented on the FlyUPS. This 

implementation is done in MATLAB® and Simulink™, from which it is linked to the ControlDesk® 
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graphical user interface (GUI). These software instructions are then executed on the FlyUPS 

using a dSPACE® controller. An experimental analysis of this implementation is then done. 

1.4.5 Evaluation 

The MPC controller is evaluated according to the results of the experimental analysis. This 

analysis includes the transient response, disturbance response and sensitivity function of the 

FlyUPS. The first step is to validate that the MPC controller functions as expected by comparing 

the simulated and measured responses of the FlyUPS. Then the response of the MPC is 

compared to decentralised Proportional-plus-Differential (PD) control to investigate any 

advantages or disadvantages of using MPC on the FlyUPS. The MPC controller is also 

validated according to the problem statement of this dissertation. Based on these evaluations, a 

conclusion is then made on the effectiveness of MPC for a complex system such as the 

FlyUPS. 

1.5 Verification and validation 

For the purpose of this research topic the verification and validation of MPC is done on the 

FlyUPS. Simulations are used to verify that the MPC controller is able to control the FlyUPS 

effectively and efficiently. The MPC controller is only implemented on the FlyUPS when it is 

verified. This implementation of the MPC controller is then validated by comparing the 

evaluation results of the implementation and the simulation in order to ensure that the MPC 

controller operates as expected. A further part of the validation is to evaluate if the MPC 

controller addresses the problem statement for this dissertation. 

1.6 Dissertation layout 

This section describes the layout of this dissertation by giving the title of each chapter and a 

brief discussion of the contents of that chapter. 

 

Chapter 2: Literature study 

This chapter gives a detailed study of all of the necessary theory to successfully complete this 

research project. The literature study contains the theory, trends and techniques that are 

currently available for MPC, AMBs and the FlyUPS. This chapter also gives a description of the 

model of the FlyUPS that is used to derive the MPC controller. 

 

Chapter 3: Controller design 

This chapter discusses the design of the MPC controller. Two control algorithms used for MPC 

are considered, namely the use of a classical MPC algorithm using Laguerre functions and 
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optimisation techniques [6], and the control strategy used in the MATLAB® Model Predictive 

Control toolbox™ [9].  

 

Chapter 4: Controller simulation 

In this chapter the two controllers designed in the previous chapter are implemented in 

simulations. This chapter presents the method that is followed in order to simulate both 

controllers in MATLAB® and Simulink™, as well as the results of the simulations. These results 

verify whether the controllers are effective. Only verified controllers are then implemented on 

the FlyUPS. 

 

Chapter 5: Controller implementation 

This chapter gives the necessary steps in the process of implementing the controller on the 

FlyUPS. This includes a brief background of how the controller is implemented on the system as 

well as the setup of the MPC controller in Simulink™. The setups of the decentralised PD 

controllers which are used for comparison are also discussed. Finally, some considerations are 

discussed based on typical limitations of MPC. 

 

Chapter 6: Controller evaluation 

In this chapter the tests used for the evaluation of the MPC and PD controllers are discussed. 

These tests include the step and disturbance responses of the FlyUPS and the sensitivity 

function of the FlyUPS according to the ISO CD 14839-3 standard for AMBs according to [4]. 

The results for each test are then given and used to evaluate the effectiveness of the MPC 

controller in comparison with the PD controllers. The MPC controller is then validated according 

to the problem statement of this dissertation.  

 

Chapter 7: Conclusions and recommendations 

This chapter draws a conclusion on the effectiveness of MPC on the FlyUPS. Then 

recommendations are made on how to improve the performance of the system by possible 

changes in the controller and the system. Finally, a brief paragraph brings closure to this 

dissertation. 

1.7 Conclusion  

This chapter gave a brief overview of the elements of this project. This overview serves as an 

introduction to the implementation of MPC as a control strategy for the FlyUPS. The next 

chapter discusses the literature elements of the project in more detail.  
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2 
Chapter 

 

2. Literature study 

This chapter discusses the topics introduced in section 1.1 in more detail. This discussion 

focuses on the literature that pertains to the model predictive control of a magnetically 

suspended flywheel energy storage system. This literature is divided into the sections of active 

magnetic bearings, the flywheel uninterruptable power supply, and model predictive control. The 

model of the FlyUPS from which the MPC controller will be derived, is also discussed. Finally, a 

critical overview places the relevant literature in context with the topic of this dissertation. 

2.1 System overview 

An overview of the current system is given in Figure 2-1. This figure indicates the different 

sections that form part of the system. These parts consist of the user, host personal computer 

(PC) and the physical FlyUPS. The host PC forms the interface between the user and the 

physical system and is used by the user to implement the control strategy in MATLAB®/ 

Simulink™, as well as to monitor the condition of the system through ControlDesk™. As 

discussed in the previous chapter, the control strategy investigated in this dissertation is MPC. 

 

 

Figure 2-1 Basic overview of the system 

The host PC is connected to the physical FlyUPS through a fibre optic bus network. In the 

physical FlyUPS the most important parts are the control hardware that implements the control 

strategy on the FlyUPS, the axial and radial AMBs that control the position of the rotor, and the 

flywheel rotor. 
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The control hardware contains the dSPACE® controller which determines the control signal for 

each of the five degrees of freedom based on the position measurement of the rotor. The 

control hardware also contains the power amplifiers which convert the control signals to control 

currents and Eddy current sensors that measure the position of the rotor. 

 

Chapter 5 gives a more detailed discussion of the implementation of MPC on the FlyUPS. The 

concepts that form the basis of this study are MPC, AMBs, the FlyUPS and the model of the 

FlyUPS. These concepts are discussed in the next sections. 

2.2 Control strategy: model predictive control 

Model predictive control (MPC) is a control strategy that has been used widely in the process 

industry since it first appeared in the late 1970’s with algorithms such as Model Predictive 

Heuristic Control [10] which aimed to control systems that were too difficult for conventional 

proportional-integral-differential (PID) control, and Adaptive Predictive Control [11] which aimed 

to exploit the adaptive internal model to determine the optimal control signal.  

 

From these beginnings many variations of MPC algorithms were developed, most of which only 

differ in the model used to represent the process, the cost function to be minimised and the 

method used to minimise the cost function. This leads to the concept that MPC is not a specific 

control strategy but rather a wide range of control algorithms with a common nature [12]. 

 

This development of MPC was already widely established in the process industry before 

attracting the attention of academia to truly develop MPC as an advanced control technique [5]. 

The application of analysis and new ideas by the academia has allowed MPC to be expanded to 

control engineering problems beyond current industrial practice. The rate of this expansion is 

further increased by the increase in computing speed and power, as well as the research done 

on new MPC techniques [5]. 

 

The focus for this dissertation is on the general formulation of linear MPC. Some techniques are 

also discussed that aid in reducing the computational load during optimisation, as well as 

reducing the time necessary to determine the optimal control. 

2.2.1 Model predictive control as an advanced control strategy 

As technology progresses and processes become more complex, more advanced control 

techniques become necessary. Advanced control techniques build on normal PID control but 

offer much more complex functions. These advanced control techniques include adaptive 
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control, multivariable control, robust control, neural network or fuzzy-based control, optimal 

control and model-based control [13].  

 

Advanced control techniques usually have the following features: [13] 

• Process modelling and parameter identification. 

• Prediction of process behaviour based on a process model. 

• Evaluation of process criterion based on process constraints. 

• Optimization of process criterion. 

• Multivariable control. 

• Feedback control. 

 

However, the borders between these control techniques have become blurred as a modern 

control method, e.g. model predictive control, can contain elements of the other advanced 

control methods such as adaptive, multivariable, robust and optimal control. 

2.2.2 Basics of model predictive control 

MPC makes use of a model of the physical system to make predictions of what the output 

trajectory (or process variable) should be in order to reach a reference at some future time as 

shown in Figure 2-2. From this information the control trajectory is calculated which will ensure 

that the system reaches the desired output trajectory. The desired output trajectory is 

determined by various factors such as error margins, response time required by the process, 

output accuracy required by the process, or constraints on the physical system  [6].  

 

These factors are incorporated in the design of the MPC controller by defining an objective 

function. The objective function is based on the cost function for the system and the constraints 

on the system. The cost function is a weighted error function where weights are used to 

determine the importance of certain factors in the cost function [5]. These factors include the 

error between the measured output and the set-point, the input, and the rate of change of the 

input. The optimal control action is determined by minimising this objective function within the 

moving horizon window [6].  

 

The moving horizon window is a time-dependent window of fixed length that is used to plan the 

control moves from the current time to a future time for each step in the control process [6]. The 

moving horizon window has the same length as the prediction horizon (Np). The prediction 

horizon is the number of future samples that are predicted from the current time.  
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Figure 2-2 MPC principle [5] 

Although the moving horizon window contains the optimal trajectory of the future control moves 

based on the measurements of the output at the current time, only the first sample of the 

optimal trajectory is given as an input to the plant, while the rest of the trajectory is disregarded. 

This is known as receding horizon control [5]. The control horizon (Nc) dictates the number of 

parameters used to represent the future control trajectory [6]. The control horizon has a length 

shorter than or equal to the prediction horizon. 

 

The MPC control strategy can be represented as in Figure 2-3. This figure indicates the two 

main parts of the MPC strategy, namely the model and the optimisation algorithm. The process 

shown in Figure 2-3 is repeated at each control interval to find the optimal control variable. 

 

Model

Optimisation 

algorithm

Σ

Reference 

trajectory

Future 

errors

Future 

inputs

Cost 

function

Constraints

Past inputs

and outputs

Predicted 

outputs

 

Figure 2-3 Basic representation of MPC strategy [5,6,9,12] 
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Model: 

As the model is used to make predictions of what the future response of the system may be, it 

forms a critical part of the MPC design framework. The model can be either static or dynamic. A 

static model remains the same throughout the control process. A dynamic model is updated at 

each control interval by taking current and past measurements of system responses into 

account. A dynamic model may be necessary for applications where the dynamics of the 

system change during operation such as nonlinear applications or applications where 

disturbances may have a detrimental effect on the system performance [5]. Nonlinear plants 

can be represented by a linear model, however this model will only be viable for a certain 

operating range [14].  

 

As mentioned previously, there exist many MPC algorithms that differ in minor ways, e.g. the 

model that is used in the design of the controller. Some of the models that are used are Finite-

Impulse-Response (FIR) models or step response models, transfer function models, state-

space models, and Directional Auto-Regressive Moving Average with Exogenous input 

(DARMAX) models [15].  

 

From these models, state-space models are most commonly used due to the simplicity of the 

design and the ability to represent multivariable plants [6]. However in order to incorporate the 

state-space model into the design of the MPC controller, an estimator is needed to determine 

unknown or immeasurable states from process measurements in order to update the model and 

increase the accuracy of predictions [5,6].  

 

These models may either be obtained by deriving the model from first principles or by 

developing an empirical or black-box model [15]. First principle models are derived from axioms 

or postulates that describe the system. In engineering applications these axioms or postulates 

are usually physical attributes of the system, which can be described by physical laws, such as 

Newton’s laws. Empirical or black-box models on the other hand are obtained through 

techniques such as parameter fitting or system identification where the model parameters can 

be estimated from the measured data of the physical system [16]. “Smart” black-box models 

can also be obtained by training fuzzy-logic or neural network models from measured data [5].  

 

Even though first principle models are more accurate to capture the dynamics of a system, it 

can be computationally intensive to derive a first principle model. This also leads to first 

principle models being more expensive to obtain. For this reason empirical or black-box models 

are more popular in the industry, even though they are less accurate [15]. 
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Optimisation algorithm: 

The optimisation algorithm is used to determine the optimal control trajectory by minimising the 

objective function. This is primarily done through the concept of predictive control.  

 

Predictive control is used to predict the future process state or output over a finite time horizon 

[5]. From this information the future input is determined at each time step by minimizing the 

objective function which represents the cost function and constraints on manipulated or process 

variables. Of this future control trajectory only the first input to the plant is applied to the physical 

system. This process is then repeated at each step in the finite time horizon with the new 

measured input, state and output variables. 

 

For MPC this predictive process is done by using a dynamic model of the system. The 

prediction errors are reduced by updating the system model after each control move is 

implemented during plant operation. By minimizing this prediction error the system can be 

optimized to obtain more stability or a faster closed loop response. However, increased stability 

and a faster response are often obtained inversely as the one is usually obtained at the cost of 

the other [5]. The control algorithm is used to control and optimize the system according to an 

optimal cost function and/or constraints.  

 

In nonlinear systems or systems with multivariable constraints, optimisation usually involves a 

large computational load. This is due to the fact the objective function represents a quadratic 

cost function used to obtain the minimum square error, and inequality constraints for the 

feasible or optimal range of operation. Solving this objective function over a prediction horizon 

then leads to a quadratic programming problem that must be solved at each step in the 

prediction horizon [5,6].  

 

For this reason academic and practical research has been done to obtain algorithms that can 

reduce this computational load. Some of the possible solutions are: 

• The linearization of the system model to simplify the model, however this method may 

exclude some of the dynamics of the system [14]. 

• Reducing the order of the system model through reduction techniques such as singular 

value decomposition, Krylov-based approximation methods, or a combination of the two 

[17]. 

• Using Laguerre functions to represent the model and constraints of a system in order to 

reduce the computational load needed to compute the optimal control actions [6]. 

• Using neural networks or fuzzy networks to obtain “smart” models that can adapt to 

changes in the system [16]. 
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• The use of convex optimisation algorithms that reduce computation time by making use 

of special patterns in the formulation of the objective function [5]. 

• Computing some of the variables that need to be computed only once off-line, and calling 

these variables during the on-line optimisation of the predictive control [6]. 

 

These solutions are merely a small number of possibilities. A wide variety of solutions are 

available in the literature on this topic. 

2.2.3 Advantages of MPC 

The advantage of MPC is that the design formulation has a completely multivariable framework 

where the performance parameters of the control system can be stated as engineering aspects. 

This means that for a system model where the parameter are known and can be inspected by 

the user, the operations done by the MPC controller can be monitored and evaluated during 

operation. The controller is also extended from a SISO controller to a MIMO controller with little 

increase in the complexity of the controller [5]. 

 

MPC also has the ability to implement hard and soft constraints on a multivariable system, 

which means that a system can operate close to its profit margins by placing constraints on the 

operation of a system [6]. Hard constraints are constraints that must be adhered to, whereas 

soft constraints are simply constraints that would optimize the system but are not implemented 

at the cost of hard constraints.  

 

Another advantage of MPC is that a system can be optimised on-line. The simplicity of the 

design framework compared to other techniques that are able to control such complex MIMO 

systems is also a major advantage. This simplicity allows MPC to be implemented on simple 

systems such as microcontrollers [6]. 

2.2.4 MPC for flywheel energy storage systems 

The concept of using MPC for the control of systems with fast dynamics such a flywheel energy 

storage system that is suspended by magnetic bearings is not new. Some research has been 

done to evaluate the use of MPC for such systems. One such study was conducted by [18], 

where a FESS was proposed with the radial motion was controlled by permanent magnetic 

bearings, and the axial motion was controlled by AMBs that utilised MPC. This study was only 

implemented in simulation, and reached a conclusion that MPC yielded superior stability, 

sensitivity and robustness to PID control for the same system. 
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Another study conducted by [19] focused on the cross-coupling between the top and bottom 

AMBs for a FESS with a vertical rotor. This study yielded simulation results that lead to the 

conclusion that the proposed MPC algorithm was very effective in reducing the effort needed to 

ensure robustness against external disturbances and model uncertainties.  

 

A study conducted by Nguyen et. al. used a MPC algorithm that pre-computed the system 

behaviour in order to choose the optimal value of control variables [20]. This study implemented 

the MPC controller on a FESS and found that MPC was able to control the FESS effectively for 

fast acceleration and deceleration, that is, fast storing and releasing of energy.  

 

Bleuler et. al. also discuss the effectiveness of different control techniques for AMBs. According 

to Bleuler et. al., the most effective and simplest control for a coupled system such as the 

FlyUPS is decentralised or decoupled parallel and conical mode control, such as decentralised 

PID control and centre-of-gravity (COG) coordinate control [4]. Modern control techniques that 

give promising results for controlling AMB systems are H∞ and μ-synthesis, in particular for 

flexible rotor systems.  

 

Observer or state estimator based control such as linear-quadratic-Gaussian (LQG) control, a 

technique on which MPC is based, offers no appreciable advantage over decentralised or 

decoupled control [4]. In fact, according to Bleuler et. al. observer based techniques can have 

destabilising effects due to uncertain dynamics in AMBs during rotation [4]. In the case where 

the observer based control is designed for a rotating system the controller may be very effective 

at the design speed, but may become unstable at other speeds due to non-conservative forces 

introduced by the controller [4]. This is particularly the case for model based control techniques 

such as MPC, where the dynamics of the system, and the model, change as the rotational 

speed changes. 

2.3 Active magnetic bearings 

Many methods exist for magnetic suspension in order to incorporate contact free support in 

systems where this feature may be necessary. One of these methods is active magnetic 

bearings (AMBs) [4]. AMBs were developed primarily due to the limitations of conventional 

journal or ball bearings such as load, size, stiffness, temperature, precision, speed, losses, 

dynamics, reliability and re-configurability [21].  

 

The basic principle of operation of AMBs (see Figure 2-4) is that the position of the rotor is 

measured, and the error between this measured position and the reference position of the rotor 

is determined. According to this error the control unit determines the necessary control action 
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that will reduce this error in order to track the reference. The control action is then converted to 

a magnetic force by the power amplifier by applying a current in the coil of the electromagnet. It 

is due to this ability to alter the magnetic force that the term “active” is used. “Passive” magnetic 

bearings use permanent magnets to control the position of the rotor; however this gives a fixed 

control force which cannot be altered according to the application. [4] 

 

Figure 2-4 Basic operation of an AMB  

The main advantage of AMBs over conventional bearings is that AMBs can support moving 

machinery without any physical contact [4,22]. This means that there is no friction, which in turn 

requires no lubrication and very little maintenance. Because friction is eliminated, the speed to 

which the rotor can be accelerated is limited only by the strength of the materials used in the 

design of the rotor and the capabilities of the power amplifiers to keep the rotor in position. 

AMBs are also ideal for applications such as vacuum systems, clean and sterile systems, 

systems used in the transport of aggressive or very pure media, or systems that operate at high 

temperatures [22].  

 

Another advantage of AMBs is that they can be used in dynamic or “smart” systems where the 

control law can be used to determine the characteristics of the system such as the stiffness and 

damping, and the specific load capacity of the system [4].  Unbalance compensation and force-

free rotation can also be managed by the control law. As the state of the rotor must be 

measured continually, online diagnostics can also be done to verify operating conditions and 

performance.  

 

The main disadvantage of AMBs is that they are often difficult to control, depending on the 

application. This is because AMB systems are inherently non-linear and usually require 

multiple-input-multiple-output (MIMO) control methods to be implemented efficiently [22]. The 

inherent non-linearity is due to the force-distance and force-current relationships which can be 

explained by the following equation: 
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where Fmag is the magnetic force, ke is an equivalency constant, icontrol is the control current, and 

s is the distance between the rotor and the electromagnet. This means that the control force is 

proportional to the square of the control current and inversely proportional to the square of the 

air gap [21]. 

 

The design of AMB systems for a specific application can be very demanding as this requires 

knowledge of mechanical and electrical engineering and information processing, as well as 

knowledge about the specific application. The cost of developing an AMB system for a specific 

application can also be very expensive and time consuming [4].  

 

In many applications the advantages of AMBs far outweigh the disadvantages and AMBs have 

become a necessity in these fields. These fields include: [4] 

• Vacuum and cleanroom systems where contamination due to mechanical wear or 

lubrication must be avoided. 

• High speed machinery such as turbo-machinery and high speed machining tools where 

very high speeds are necessary without the problems of heat and wear. 

2.4 Flywheel uninterruptible power supply 

As stated in Chapter 1, the major reason for the development of the flywheel uninterruptible 

power supply (FlyUPS) by the McTronX group of the Faculty of Engineering at the North-West 

University (NWU) was to improve the knowledge base of AMBs within the group. This project 

also aimed to develop the energy storage system completely in-house and to develop a product 

that could be supplied to industries that make use of the technology. Such a project could also 

be used as a valuable research tool as it would enable research on the development and 

optimization of AMB systems, the optimization of control algorithms and the implementation of 

redundancy within AMB systems. [1,2] 

 

The FlyUPS is designed to deliver 2 kW of electrical energy for 3 minutes during power sags or 

power outages. The FlyUPS is a fully magnetically suspended AMB system meaning it has five 

degrees of freedom controlled by two radial AMBs and one axial AMB. The motor/generator 

mechanism of the FlyUPS contains a high speed permanent magnet synchronous motor 

(PMSM) that was also developed by the McTronX research group. This PMSM can rotate the 

flywheel to speeds of up to 30 000 r/min which enables the FlyUPS to mechanically store 

527_kJ of energy. [1,2] 
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The principle of operation of the FlyUPS is that electrical energy is stored as kinetic energy in 

the flywheel rotor. As the energy is stored the speed of the flywheel is increased, and alternately 

it slows down as the energy is discharged [3]. In a typical application the FlyUPS is connected 

between an alternating current (AC) line and a load. A motor/generator configuration is used to 

convert the electrical energy to kinetic energy, and vice versa. A control unit, which in this 

application is a dSPACE® controller, is used to regulate the flow of electricity to and from the 

flywheel, implement the control and communicate status information between the control unit 

and user [1]. 

 

According to [1] the sensitivity of the AMBs used in the FlyUPS system was characterised as 

being in zone A for newly commissioned machines in accordance to the ISO CD 14839–3 

standard on magnetic bearings. This indicates that the stiffness and damping characteristics of 

the AMBs have been verified and that the electrical system is fully functional. The control 

strategy implemented in [1] was decentralised PD control. It should be noted that this 

performance was measured in 2007. Various factors such as component aging, damage to 

components and the replacement of components can have an effect on the performance of the 

system [4]. 

 

Another important aspect of the FlyUPS is the rotor dynamics. The dynamics of the rotor pertain 

to the natural frequencies experienced during operation, and the effects of disturbances on the 

operation of the rotor. During a rotor dynamic analysis of the FlyUPS by [1,2] the natural 

frequencies of the flywheel rotor were determined to be at 48 Hz, 174 Hz and 732 Hz for the 

radial AMBs, and at 42 Hz for the axial AMB based on the design stiffness and damping. 

However, these natural frequencies can move up or down depending on the stiffness and 

damping which can be actively managed in AMB systems by the control strategy.  

 

From this analysis the FlyUPS is expected to transverse only the first two rigid modes during 

operation up to 30 000 r/min. 

2.5 System model 

Dynamic models of a system are important in two aspects of controller design: simulation and 

control. As MPC uses of a model of the physical system to derive a controller for the physical 

system the model of the FlyUPS must also be investigated.  

 

This development of a model of the FlyUPS system is documented in [8]. The model was 

developed by firstly deriving a model of the rotor and stator. Then the effects of the sensors, 
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filters and power amplifiers were included to give an accurate model of the FlyUPS. The goal 

was to obtain a linear state-space model of the FlyUPS. This model was verified and used to 

implement H∞-control on the FlyUPS [8]. 

 

As illustrated in Figure 2-5 the model includes five degrees of freedom: the translations in the x-, 

y- and z-directions, as well as the rotations about the x- and y-axes. The rotation about the z-

axis is controlled by the PMSM. 

 

 

Figure 2-5 Sketch of FlyUPS indicating six degrees of freedom 

The model is derived with the assumption that the rotor that is used is rigid. This means that the 

effects of bending modes are not modelled. Some other effects such as rotor touchdown and 

rotor whirl are also excluded from the model. However, these rotor dynamics can be 

represented as LTI differential equations by making the following assumptions [4]: 

• Small rotor displacements. 

• Rotationally symmetric rotor. 

• Constant rotational speed. 

• Decoupled radial and axial displacements. 

• External forces and measurements are taken from discrete locations. 
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2.5.1 Linearization of AMB model 

The difficulty of incorporating AMBs into applications is that AMBs are nonlinear. This is due to 

the force-current and force-distance relationships inherent in AMBs [4]. However, this system 

can be linearised within a linear interval around a working point by: 

• Placing two electro-magnets opposite each other. 

• Adding a pre-magnetization current (i0) to the control current (i). 

• Assigning an operating point ( 0x ). 

 

This means that the force F applied by the AMBs to the rotor can be expressed as a linear 

function of current (i) and displacement (x), assuming small deviations from the operating point, 

i0 and x0: 

 ( , ) i sF i x k i k x= +  (2-2) 

In (2-2), ki is a constant representing the force-current relationship, and ks is a constant 

representing the force-distance relationship of the AMB. 

 

Figure 2-6 shows a flow diagram of a linearised open-loop AMB. In Figure 2-6 the input and 

output of the AMB are indicated as u(s) the control current, and y(s) the position of the rotor, 

respectively. The two opposing electromagnets are represented by the top and bottom 

combinations of the variables ki and ks. For each of the opposing electromagnets the control 

current is used to obtain a control force. The resulting force on the rotor is the difference 

between the forces generated by the opposing electromagnets. This resulting force is divided by 

the mass (m) of the rotor and then integrated twice to yield the resulting position of the rotor. 
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Figure 2-6 Flow diagram of linearised open-loop AMB [4] 
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From the flow diagram in Figure 2-6 a SISO, linearised, open-loop model for an AMB can be 

derived. In the case of the FlyUPS an AMB model will be used for each of the five degrees of 

freedom. 

2.5.2 Radial AMB model 

From the arrangement of the AMBs illustrated in Figure 2-5, the radial and axial motions can be 

controlled independently, or decoupled. Because of the translations and rotations about the x- 

and y-axes, there exists a cross coupling between the control of the radial bearings, a and b. 

However, this coupling is low for slow rotation because of small gyroscopic coupling [4]. 

 

The model is firstly represented by Newton-Euler equations of motion. Then by taking the 

moment of inertia, the mass and the gyroscopic coupling at each radial AMB into account and 

connecting this representation to the force-current and force-displacement constants of the 

system, a linear state-space model of the radial AMBs is obtained in the form: 

 
s s s s

s s

x A x B u

y Cx

= +

=

&

 

(2-3) 

with states 

 x [ ]Ts c d c d c d c dx x y y x x y y= & & & &
 

(2-4) 

The subscript s indicates that the state-space model is derived with regard to a sensor 

coordinate system. This leads to a fully coupled radial state-space model with four inputs 

(current to radial AMBs, a and b) and eight outputs (four displacement variables and their 

derivatives).  

 

2.5.3 Axial AMB model 

As the radial and axial displacements are decoupled and the PMSM controls the rotation about 

the z-axis, the thrust bearing will only need to control the translation in the z-direction. This 

means that the axial state-space model can be seen as a simple one degree of freedom point 

mass system. This also means that there is no need for coordinate transformations. 

 

The state-space formulation for the axial AMB model is in the following form: 
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(2-5) 

with states  
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 [ ]Tz zz=x &  (2-6) 

This representation of the axial AMB model has one input (current) and two outputs (the 

displacement variable and its derivative).  

2.5.4 Complete FlyUPS model 

In order to obtain a complete model of the FlyUPS the effects of the sensors, power amplifiers 

and anti-aliasing filters must also be taken into consideration. This is done for each of the five 

degrees of freedom. 

 

The FlyUPS uses eddy-current sensors. This means that the sensors can be modelled by 

second order low-pass filters. From this transfer function (Tsensor), for experimentally measured 

displacements about the five possible axes (Ksensor), critical damping (ζ = 0.707) and a 

bandwidth of ωs = 10 000 x 2π
 
rad/s, the state-space sensor model is obtained by using a 

modified version of the controllable canonical form with numerically rescaled state vectors. This 

sensor model is then appended in series to the displacements of the AMB model. The sensor 

model for each degree of freedom can be written as: 

 

2

2 2
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s s

T K
s s

ω
ζω ω
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 (2-7) 

 

The power amplifiers (PAs) used by the FlyUPS are bi-state, PWM switching amplifiers. For this 

application these amplifiers are assumed to be identical and each PA is modelled as a closed-

loop Partial-plus-Integral (PI) controller system with a bandwidth of 2.5 kHz. The transfer 

function of each PA is calculated as: 
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(2-8) 

where Vbus is the bus voltage, R is the coil resistance, L is the coil inductance, KP is the 

proportional constant, and KI 
is the integral constant. The model of each PA is then converted to 

state-space form in a similar fashion to the sensors. The PA models are then cascaded to each 

current input of the system model. 

 

The final component which must be added to the FlyUPS model is the anti-aliasing filter. This 

filter is modelled as a first order low-pass filter with a cut off frequency of 4.82 kHz. This filter 

model is then cascaded after the displacement sensors to complete the system model. 

 

The final model of the system in the x- and y-directions is a continuous-time, linear state-space 

model of the form: 
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(2-9) 

with the dimensions: Axy(28x28), Bxy(28x4) and Cxy(8x28). This relates to four inputs, twenty 

eight states and eight outputs. 

 

The final model of the system in the z-direction is a continuous-time linear state-space model of 

the form: 

 
z z z z z

z z z

x A x B u

y C x

= +

=

&

 

(2-10) 

with the dimensions: Az(7x7), Bz(7x1) and Cz(2x7). This relates to one input, seven states and 

two outputs. 

 

By appending the axial model (z-direction) to the radial model (x- and y-directions) a MIMO 

model of the FlyUPS is formed to represent the five degree of freedom AMB system. Figure 2-7 

indicates the model as derived by [8] and where the control strategy will be connected during 

simulations. 

 

Figure 2-7 FlyUPS model including controller 

2.5.5 Model order reduction 

From the model of the FlyUPS discussed in the previous section, it is seen that the model for 

the full five degree of freedom FlyUPS results in a thirty fifth order model. As the MPC controller 

will be designed based on the model of the system, the size and complexity of the controller 

may cause complications. For this reason model reduction is investigated. 

 

Within the MATLAB® framework there exists three basic approximation categories: singular 

value decomposition (SVD) based methods, Krylov-based methods, and iterative methods that 

combine the strengths of both SVD and Krylov based methods [23]. Each category contains 

some techniques to deal with dynamic linear and non-linear systems. However, this discussion 
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will focus on SVD as this technique is simple yet effective in greatly reducing the order of a 

model while considering the most important dynamics. 

 

SVD is a model reduction method used to approximate matrices with matrices of lower rank 

where the optimal solution is found in unitarily invariant norms [23]. The singular values (SVs) of 

a system are the square roots of the eigenvalues of the product of the system model and its 

adjoint. These SVs indicate by how many states a finite-dimensional system model can be 

reduced. The model order reduction is done according to a predetermined error bound which 

determines how much of the system dynamics are included in the reduced model.  

 

An important set of SVs are the Hankel singular values that are determined from the square 

roots of the eigenvalues of the product of the controllability Gramian and the observability 

Gramian [23]. In order to obtain the controllability and observability Gramians, two Lyupanov 

equations need to be solved. This requires dense computations, but does not involve large 

computations, even for large systems [23]. 

 

The Hankel SVs of a system model give an indication of the amount of energy contained in 

each state. From the Hankel SVs a system model can be reduces through various methods, 

such as balanced model reduction where the states that contain large amounts of energy are 

maintained while states with less energy are discarded. In many applications the Hankel SVs 

decay very rapidly, which indicates that low order approximations are possible.  

2.6 Critical literature overview 

This section aims to bring the literature discussed in this chapter in context with the topic of this 

dissertation, namely the model predictive control of a magnetically suspended flywheel energy 

storage system. From the problem statement this topic can be understood as the performance 

assessment of MPC for the FlyUPS.  

 

A major aspect of this study is that the rotor is magnetically suspended by AMBs. This holds 

various advantages such as contact-free and thus frictionless support, the ability to control the 

characteristics of the bearings, and the online monitoring of the condition of the system. 

However, AMBs often require complex control strategies to manage the inherent nonlinearity of 

the AMBs and to implement MIMO control to handle the coupling between multiple AMBs in a 

system. [4] 

 

The AMB system that is used to assess the performance of MPC for a high-speed flywheel 

application is the FlyUPS. The development of the FlyUPS is fully documented in [1,2]. These 
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sources discuss the hardware and software of which the FlyUPS system consists. [1] also 

discusses the implementation and evaluation of PD control on the FlyUPS. In [2] a rotor 

dynamic analyses of the flywheel rotor is performed to find the critical frequencies of the FlyUPS 

at the design stiffness and damping.  

 

The model of the FlyUPS that is used to derive the MPC controller and to perform simulations 

was discussed in section 2.5. This is a linearised, continuous-time model of the FlyUPS 

containing the rotor dynamics that are expected within the rated operating speed of 30 000 

r/min. These rotordynamic effects include the gyroscopic effects, the effects of inertia and the 

critical frequencies corresponding to the first two rigid modes of the FlyUPS. The model is 

analytically derived to include the AMBs, sensors, filters and power amplifiers for the five 

degrees of freedom at a fixed operating speed [8]. Model order reduction techniques that can be 

used to reduce the computational load of model-based control techniques are also discussed in 

section 2.5.5. From these techniques Hankel SVD was chosen as this technique is simple yet 

effective in reducing the model order. 

 

Based on this background of the system MPC was determined as a possible control strategy. 

MPC uses the previously discussed model of the system to implement optimal MIMO control. 

The optimal control actions are calculated based on a cost function that minimises the error 

between the predicted optimal outputs and the measured outputs of the system, and constraints 

that specify the optimal operating conditions. This means that modelled dynamics such as 

cross-coupling can be anticipated in the control action. [5,6,9] 

 

Some common disadvantages of MPC that can determine the success of this control technique 

on the FlyUPS are the large computational load resulting in long execution times that may make 

real-time control impossible, and uncertain dynamics of the FlyUPS that can have destabilising 

effects outside of the parameters of the controller design [5,6,9]. The use of estimators can also 

cause the system to become unstable during operation due to non-conservative forces 

introduced by the controller [4].  

2.7 Conclusion 

This chapter has presented a literature study of the most important topics present in this 

dissertation. As AMBs are inherently open-loop unstable, an accurate model is required to 

ensure the effective operation of MPC for the FlyUPS. For a linear MPC control strategy to be 

implemented on the FlyUPS a linear model of the system is used, which means that a certain 

degree of robustness is required from the MPC control algorithm. The next chapter discusses 

the design of the MPC controller for the FlyUPS.  
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3 
Chapter 

 

3. Controller design 

This chapter discusses the design of an MPC controller for the FlyUPS. Based on the model of 

the FlyUPS discussed in the previous chapter an MPC controller is now derived. A background 

of the terminology is given, followed by a discussion of a classical algorithm for MPC. Then two 

MPC algorithms for the FlyUPS are discussed, namely an extension of the classical algorithm to 

incorporate optimisation strategies, and the algorithm used in the MATLAB® Model Predictive 

Control toolbox™. 

 

This discussion focuses on the design of a discrete time MPC controller. Also, as the complete 

state-space model of the FlyUPS is a multi-input-multi-output (MIMO) model with five inputs and 

ten outputs (four radial position outputs, one axial position output, and the speed derivative of 

each of these outputs), the controller is also designed to be MIMO.  

3.1 MPC concept and terminology 

Before the theory behind the derivation of a discrete-time MPC controller is discussed, some 

concepts and terminology must first be introduced. Figure 3-1 indicates the signals that are 

present in the control and operation of a plant.  

Σur

v

y

y

z

d

 

Figure 3-1 Typical MPC scheme configuration [9] 

As illustrated in Figure 3-1 the MPC controller calculates the control signal (u) from the set-point 

(r), measured output (y) and measured disturbance signals (v). As the MPC controller makes 

use of a model of the system to make predictions, provision can also be made for unmeasured 
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disturbances (d). The measurement noise (z) on the actual output signal (ȳ) can also be 

incorporated into the design. 

 

Figure 3-2 indicates the operating principle of an MPC controller for a SISO example. It is 

assumed that the plant has been operating for some time. The objective is to hold the output at 

a set-point or reference value. Figure 3-2 shows the plant state at the current sampling instant, 

k. At this sampling time the set-point changes and controller starts to compensate for the error 

between the set-point and the output of the system. 

 

 

Figure 3-2 MPC operating principle [5,6,9] 

In Figure 3-2 the measured outputs and the past control moves of the system are indicated as 

filled diamonds. The empty diamonds indicate the predicted outputs and future control moves, 

respectively. The step-wise variations in the control signals can be seen as the control actions 

implemented by the controller, and held at this value by the zero order hold function until the 

next sampling instant. The output of the plant is only known at the sampling instants, however 

the plant is assumed to be continuous. As the controller is discrete the sampling periods are 

assumed to have a fixed duration (∆t) from the current sample to the next. 

 

Before the MPC controller can calculate the optimal control signal the current state of the 

system must be known. This includes any states that affect the actual output signal (ȳ) as well 

as the prediction of the future output signal (ȳk+1, ȳk+1,C, ȳk+Np). If the state of the system cannot 

be measured directly, it can be estimated from the past and current measurements of the 

system and the models of the plant, disturbance and noise. 
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When the current state of the system is known the optimal control signal is calculated over the 

control horizon (Nc ≥ 1) based on the set-points, constraints, and disturbances as defined over 

the prediction horizon (Np ≥ 1; Np ≥ Nc). From the optimal control signal the control action for the 

current sampling instant (uk) is then applied to the system. At the next sampling instant, k+1, 

this process is repeated based on the new measurements. 

 

The length of the prediction and control horizons play an important role in the design of the 

MPC controller. Firstly, for a large prediction horizon, constraints that will become active can be 

anticipated and avoided [9]. Secondly, in systems with delays, the prediction horizon must be 

long enough to take the effect of the delay into consideration, and the control horizon must be 

short enough to carefully consider the effect of the control move [9]. Lastly, for a non-minimum 

phase system with a short term response in one direction and a long term response in the other 

direction, the prediction horizon must be long enough to take the long term response into 

consideration [9]. 

3.2 Classic MPC controller design 

As various methods for the design of an MPC controller exist, this section focuses on the design 

of a classic MPC algorithm as discussed in [5,6]. This discussion is divided into the formulation 

of the model for MPC design followed by the formulation of the predictive control strategy. Then 

use of observers in the design of the predictive controller is discussed. Finally the 

implementation of constraints in the design of the MPC controller is discussed. 

3.2.1 Formulation of the model 

For a plant with nu inputs, ny outputs and nx states, the general formulation of the MIMO model 

can be represented by  

 
( 1) ( ) ( ) ( )

( ) ( )

m m m m d

m m

x k A x k B u k B k

y k C x k

ω+ = + +

= .
 (3-1) 

This formulation incorporates plant noise and disturbance (ω(k)) which is assumed to be a 

sequence of integrated white noise. It should be noted that for plants where the number of 

outputs is larger than the number of inputs, each measured output cannot be controlled 

independently with zero steady-state error [5].  

 

This model in (3-1) is augmented in order to embed the model with integrators [6]. This will 

ensure that the steady-state error will be minimized for each output. This results in the 

augmented state-space model [6]: 
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where ε(k) represents the zero mean, white noise sequence. Ιnyxny is a ny×ny identity matrix, and 

om is a ny×nx null matrix. The matrices Am, Bm 
and Cm have dimensions nx×nx, nx×nu and ny×nx, 

respectively. Thus the dimension of the augmented state transition matrix will be n = nx+ny. 

 

The eigenvalues of the system can be determined from the characteristic equation of the 

augmented model [6]: 

 

( ) det
( 1)

( 1) det( )
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y y
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m m
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A o

C A

A

λ
ρ λ

λ

λ λ

×

 Ι −
=  

− − Ι  

= − Ι −

= .

 

(3-3)

 

This indicates that the eigenvalues of the augmented model contain the eigenvalues of the 

plant, as well as ny eigenvalues having the values λ=1. These ny eigenvalues indicate that there 

are ny integrators embedded into the augmented model. 

 

When designing the controller based on the augmented state-space model, one must ensure 

that the augmented model is not uncontrollable or unobservable. Controllability is necessary to 

achieve a desired closed-loop control performance. Observability is necessary to implement an 

observer in the controller design. However, if the system only requires closed-loop stability, it 

may only be necessary to ensure stabilisability and detectability. [24] 

3.2.2 Formulation of predictive control 

From the model discussed in the previous section, the predicted output of the system is now 

calculated. The future control signal will be used to optimize the system within an optimization 

window of length Np. For MIMO systems it is important to note the dimensions of the state, 

control and output vectors.  

 

The first step is to define the vectors ∆U and Y as [6]: 

 ( ) ( 1) ( 1)
TT T T

cU u k u k u k N ∆ = ∆ ∆ + ∆ + − L
 

(3-4) 

 ( 1| ) ( 2 | ) ( | )
TT T T

pY y k k y k k y k N k = + + + L
 

(3-5) 
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where ∆U contains the future control trajectories (∆u(k+n)T) for all inputs over the control 

horizon (Nc) and Y contains the predicted output variables (y(k+i|k)T) over the prediction horizon 

(Np). The notation (k+i|k) indicates the predicted output at time k+i based on the measured 

output at the current time k.  

 

The future state variables can now be calculated from the state-space formulation (A, B, C) and 

the future control moves as [6]: 
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K ( 1| )d pB k N kε + −

 (3-6) 

under the assumptions that ε(k) is a zero mean white noise sequence. This means that the 

predicted noise effects on state variables and output variables will be negligible, thus ε(k) can 

be eliminated from the calculations of the state variables in the equations above. 

 

Commonly, the predictive control of MIMO systems can is then written in terms of (3-4) – (3-6) 

as [6]: 

 ( )Y F x k U= +Φ ∆ ,
 

(3-7) 

where F is related to the observability and Φ is related to the controllability. These variables are 

calculated as: 

2
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In order to minimize the difference between the predicted output and a set-point signal, a cost 

function must be defined. This cost function or objective function is defined as [6]: 

 ( ) ( )T T
s sJ R Y R Y U R U= − − + ∆ ∆

&
 (3-8) 

where Rs is a vector of all of the set-points, and Ṝ is a diagonal matrix of the form: 
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c cw N NR r ×= Ι

&
. (3-9) 

In (3-9), rw can be seen as a tuning parameter for the weight on the future control trajectory. As 

rw is increased more caution is exercised when reducing the prediction error with respect to the 

magnitude of the control signal. 

 

In order to minimize the cost function, the derivative of the cost function is firstly determined 

after which it is set equal to zero. As a result, the optimal incremental control after one 

optimization window can be calculated by [6]: 

 
1( ) ( ( ) ( ))T T T

sU R R r k F x k−∆ = Φ Φ + Φ −Φ
& &

. (3-10) 

Equation (3-10) holds true if and only if the Hessian matrix (ΦT
Φ+ Ṝ)-1 exists. In this equation Ṝ 

is known as a weight matrix containing the tuning parameters for the closed-loop response. Ṝ 

has the form of a block matrix with q blocks and has the same dimension as ΦT
Φ. Ṝs 

is a data 

matrix filled with ones and has the same dimension as ΦT. r(k) contains the ny set-point signals 

for the multi-output system. 

 

To implement receding horizon control only the first m elements of ∆U are considered when 

calculating the incremental optimal control. This leads to the following equation [6]: 

 
[ ] 1( ) ( ) ( ( ) ( ))

( ) ( )

T T T
m m m s

y mpc

u k I o o R R r k F x k

K r k K x k

−∆ = Φ Φ + Φ −Φ

= −

L
&

.
 (3-11) 

Equation (3-11) is a standard form for linear time-invariant state feedback control. Kmpc 

represents the state feedback control gain vector and Ky represents the feedback gain vector. 

By applying (3-11) to the augmented model of (3-2), the following equation is obtained for the 

closed-loop system [6]: 

 ( 1) ( ) ( ) ( )mpc yx k A BK x k BK r k+ = − + . (3-12) 

From (3-12) the closed-loop eigenvalues of the system can be calculated from the closed-loop 

characteristic equation as: 

 det[ ( )] 0mpcA BKλΙ − − = .
 

(3-13) 

The structure of this formulation causes Ky to be identical to the last element of Kmpc. This 

means that Kmpc can be written as  

 [ ]mpc x yK K K= ,
 

(3-14) 

where Ky represents the feedback gain vector for ∆xm(k), and Ky represents the feedback gain 

vector for y(k). 
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3.2.3 Observers in predictive control design 

In most applications, not all of the state variables of a system are measurable. For this purpose 

an observer is implemented to estimate the unknown state variables from available process 

measurements. The observer can also be used to reduce the effect of noise on measured state 

variables [5]. 

 

Firstly, in order for the state variables of any system to be estimated, the system must be 

observable. A dynamic system is observable if for any future time there exists sufficient 

knowledge about the input and output to the system at the present time to determine the initial 

state of the system and consequently any future states based on the initial state. The 

observability of a linear discrete-time system can be verified by ensuring that the observability 

matrix given by (3-15) has rank n, when the state variable model is n dimensional [24]. 

 2
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 =
 
 
  

M

. (3-15) 

In order to obtain an accurate estimate of the state variable of a system, the estimation error           

(x̃m(k) = xm(k) - x̂m(k)) must be kept to a minimum. The error will decrease as the estimated state 

x̂m(k) converges to the actual state xm(k). This is only possible if Am is stable and has poles 

inside the unit circle. The location of the system poles will determine the convergence rate. The 

closer the poles are to the origin of the complex plane, the faster the estimation error will 

converge to zero [24]. 

 

For the augmented system model the next state can be estimated with an observer by [6]: 

 ˆ ˆ ˆ( 1) ( ) ( ) ( ( ) ( ))obx k A x k B u k K y k C x k+ = + ∆ + − . (3-16) 

In (3-16) the term Kob is the observer gain matrix and is used together with a correction term 

based on the error between the measured output y(k) and the predicted output Cx̂(k), to reduce 

the error in the predicted model. When considering the receding horizon control of the system, 

the optimal control move ∆u(k) at time k can be written as a standard feedback control law as in 

(3-11), with estimated states x̂(k). This results in the following equation: 

 ˆ( ) ( ) ( )y mpcu k K r k K x k∆ = − .
 

(3-17) 

The closed-loop observer error can be calculated as [6]: 

 ( 1) ( ) ( )obx k A K C x k+ = −% % .
 

(3-18)
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From (3-17) and (3-18) it can easily be shown that the closed-loop MPC system containing an 

observer has two independent characteristic equations: [6] 

 
[ ]det ( ) 0

det ( ) 0

ob

mpc

A K C

A BK

λ

λ

Ι − − =

 Ι − − =  . 

(3-19) 

This indicates that the closed-loop system eigenvalues consists of the observer eigenvalues 

and the predictive control eigenvalues. As there are two independent characteristic equations, 

the design of the observer and the predictive control law can be carried out separately and then 

combined without affecting the stability of the system [6]. 

3.2.4 Constraints in the MPC controller design 

By incorporating constraints into the design of the MPC controller, potential control saturation 

during plant operation can be anticipated and avoided. This control saturation can be due to a 

variety of causes such as physical constraints on the position of the rotor, or the amount of 

current that a power amplifier can supply. Constraints can also be set for the operation of the 

system in order to ensure optimal operation.  

 

These constraints can be either hard or soft. Hard constraints are constraints that have to be 

adhered to whereas soft constraints will only be adhered to if they do not cause conflict with any 

other constraints. In the case of soft constraints, a slack variable can be used to determine to 

what extent the soft constraint may be violated, and how constraint violations are penalised [5]. 

 

The constraints that are placed on a plant can be classified as constraints on the input of the 

system, on the rate of change of the input of the system, and on the output of the system. In 

order to use these constraints to find the optimal control signal, it is necessary to parameterize 

each constraint to use the same parameters as used in the design of predictive control. The 

parameter that will be used is the decision variable ∆U as described in (3-4).  

 

With ∆U defined as the incremental control for each input, the constraints on the incremental 

change in the control signal for each input can be defined as:  

 
min maxU U U∆ ≤ ∆ ≤ ∆ , (3-20) 

where ∆Umin is the vector containing the lower limits, and ∆Umax is the vector containing the 

upper limits for each input. In matrix form these inequalities can be written as 

 

min

max

U
U

U

−Ι  −∆ 
∆ ≤   Ι ∆   

. (3-21) 
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By following the same approach as with the incremental change in the control, the constraints 

on the amplitude of the control signal can be written in terms of ∆U as [6]: 

 
( )
( )

min

1 2

max

1 2

( 1)

( 1)

C u k C U U

C u k C U U

− − + ∆ ≤ −

− + ∆ ≤
 (3-22) 

with C1 and C2 relating the constraints to the past control actions and the decision variable ∆U, 

respectively. 

 

The output constraints can be written in terms of the decision variable ∆U as 

 
min max( )Y Fx k U Y≤ + Φ∆ ≤ , (3-23) 

which corresponds to (3-7). 

 

The control problem now becomes finding the decision variable ∆U that minimises the cost 

function [6]:  

 ( ) ( ) ( ) ( )( ) ( ) 2 ( )
T T T T T

s s sJ R F x k R Fx k U R F x k U R U= − − − ∆ Φ − + ∆ Φ Φ + ∆
&

, (3-24) 

subject to the inequality constraints: 

 

u u

u u

y y

M N

M U N

M N
∆ ∆

   
   ∆ ≤   
      

 (3-25) 

with 
1

2

u

C
M

C

− 
=  
 

; 

min

1

max

1

( 1)

( 1)
u

U C u k
N

U C u k

 − + −
=  

− − 
; uM∆

−Ι 
=  Ι 

; 

min

maxu

U
N

U
∆

 −∆
=  ∆ 

; yM
−Φ 

=  Φ 
; 

min

min

( )

( )
y

Y Fx k
N

Y Fx k

 − +
=  − 

. 

 

For simplicity these inequality constraints can be written as [5]: 

 cM U γ∆ ≤  (3-26) 

where M indicates which parameters have constraints, and γc indicates the value of each 

constraint. This formulation of inequality constraints together with the quadratic cost function 

leads to a quadratic programming problem [5]. 

3.3 Optimisation techniques in MPC design 

As discussed in the previous chapter some techniques can be used to reduce the computational 

load needed to implement effective MPC. One such technique, as discussed by the author of 

[6], incorporates Laguerre functions in the design of a classical MPC algorithm. Other 
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optimisation functions such as a prescribed degree of stability and exponential data weighting 

are also added to the design. 

3.3.1 Laguerre functions in MPC design 

Laguerre functions are orthonormal basis functions used to approximate the model and the 

constraints in the design of the MPC controller [6]. The use of Laguerre functions helps to 

reduce the number of parameters needed for long control horizons. This means that the number 

of computations needed to obtain accurate responses is reduced. The use of Laguerre 

functions also allows tuning parameters to be incorporated into the design of the MPC controller 

[6]. These tuning parameters can be used to determine the performance of the controller. 

 

Any function can be approximated by a discrete polynomial function [6]. Under this premise any 

element within the control vector can be represented as a function of the Dirac δ-operator and 

the decision variable as: 

 [ ]( ) ( ) ( 1) ( 1)cu k i i i i N Uδ δ δ∆ + = − − − ∆L , (3-27) 

where 
1, 0

0, 0

if i

if i
δ

= =
= 

= ≠
 is the pulse operator and the centre of the pulse moves forward as the 

index increases. In this way the control vector can also be approximated as a set of discrete 

Laguerre functions. 

 

The set of discrete-time Laguerre networks can be written as [6]: 
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 (3-28) 

The scaling factor (0≤a<1) is used to select the position of the poles in a Laguerre network 

describing the system. From the representation in (3-28) it can be seen that the Laguerre 

function at the current time can be written as a function of previous Laguerre functions as: 

 

1

1 1
( ) ( )

1
k k

z a
z z

az

−

− −

−
Γ = Γ

−
. (3-29) 

 

By taking the inverse �-transform of (3-29) the set of discrete Laguerre functions can be written 

as [6]: 
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 [ ]1 2( ) ( ) ( ) ( )
T

NL k l k l k l k= L . (3-30) 

Following the same method as in (3-29) these discrete Laguerre functions can be written as the 

following difference equation: 

 ( 1) ( )lL k AL k+ =  (3-31) 

where Al is an N×N matrix relating to the previous Laguerre functions, and is a function of a and 

β = 1 - a2. The initial condition for this definition of discrete Laguerre functions is: 

 
2 1 1(0) 1 ( 1)N NL a a aβ − − = − − L . (3-32) 

As the Laguerre functions are orthonormal basis functions, the orthonormality for this definition 

of discrete Laguerre functions also holds in the time domain and can be written as [6]: 

 
0

0

( ) ( ) 0

( ) ( ) 1

i jk

i jk

l k l k for i j

l k l k for i j

∞

=

∞

=

= ≠

= =

∑
∑ .

 (3-33) 

 

For a stable system (H(k)) the impulse response can be given as [6]:  

 
1 1 2 2

( ) ( ) ( ) ( )N NH k c l k c l k c l k= + + +L  (3-34) 

for a given number of terms N used to approximate the system, and the coefficients c1,C,cN 

determined from system data. Based on the orthonormality of the Laguerre functions, the 

coefficients of the equivalent Laguerre networks, for i = 1,2,T,N, can be written as [6]: 

 
0

( ) ( )i ik
c H k l k

∞

=
=∑ . (3-35) 

Due to the orthonormality of these Laguerre networks, these coefficients minimize the sum of 

squared errors between the actual system and the Laguerre networks [6]: 

 ( )21 1
( ) ( )

N

SE i ik i
J H k c l k

∞

= =
= −∑ ∑ . (3-36) 

This approximation becomes more accurate as N increases. 

 

Now, in order to approximate the model of the FlyUPS, each input must be assigned its own 

pole location a. By doing this the decay rate of the incremental control of each input can be 

controlled. For the system, define the incremental control signal for each input as: 

 1 2
( ) ( ) ( ) ( )

u

T

nu k u k u k u k ∆ = ∆ ∆ ∆ L  (3-37) 

and define the input matrix for each input as: 

 
1 2 unB B B B =  L . (3-38) 

Each input of the system can then be represented in terms of Laguerre functions, with a specific 

ai and Ni for each input, as: 
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 ( ) ( )T
i i iu k L k η∆ =  (3-39) 

where Li(k) and ηi describe the Laguerre network for the i-th input. 

 

Based on (3-39) and assuming that the current state of the system is known, the future state at 

sample p can then be calculated as [6]: 

 ( | ) ( ) ( )p Tx k p k A x k pφ η+ = +  (3-40) 

with the data matrix ϕ(p)T and the parameter vector η defined as: 

 

1 1

1 1 2 20

1 2

( ) ( ) ( ) ( )
u u

u

pT p j T T T
n nj

T T T T
n

p A B L j B L j B L jφ

η η η η

− − −

=
 =  

 =  

∑ L

L .
 (3-41) 

 

The cost function of the system is defined in a similar way to the cost used in the design of 

linear quadratic Gaussian (LQG) control [5]: 

 ( )
0

( 1) ( 1) ( 1) ( )T T

j
J x k j Q x k j u k R u k j

∞

=
= + − + − + ∆ + ∆ +∑ . (3-42) 

This formulation presents the cost function as the sum of squared errors, with the performance 

parameters Q and R. Q is a positive semi-definite matrix representing the weight on the outputs 

and R is a positive definite matrix representing the weights on the incremental control. Larger 

values of Q indicate that faster responses are required from the corresponding outputs, and 

larger values of R indicate that greater consideration is necessary when calculating control 

signals. 

 

The cost function for the design using Laguerre functions can be defined as the sum of squared 

errors, similar to (3-42), as [6]: 

 ( )
1

2 ( ) ( ) ( )
p

pNT T T T p

m
J x k x k A QA x kη η η

=
= Ω + Ψ +∑ , (3-43) 

where Ω and Ψ are matrices corresponding to the past and present information available for the 

system, respectively. These parameters are defined as: 

 
1

( ) ( )
pN T

Lm
p Q p Rφ φ

=
Ω = +∑  ;    

1
( )

pN p

m
p QAφ

=
Ψ =∑ .

 

Without constraints, the optimal solution of the parameter vector is then calculated as: 

 
1 ( )x kη −= −Ω Ψ . (3-44) 
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In the case of receding horizon control, the optimal incremental control is calculated as: 

 

1 2

1 2

1 2

(0)

(0)
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(0)

T T T
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T T T
p

T T T
p

L o o

o L o
u k
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 ∆ =  
 
  

L

L

M M O M

L

 (3-45) 

where ok
T is a zero-valued row vector with the same dimension as Lk(0)T.  

 

From this discussion it is important to note that the use of a control horizon no longer forms a 

part of the design [6]. This means that the optimal control signal at each sampling instance is 

calculated over the prediction horizon, and not for a control horizon. This greatly reduces the 

computational load of implementing the MPC controller. 

 

In the case where constraints need to be incorporated into the design of the MPC controller, the 

same method can be followed to obtain the constraints in the same form as in (3-25). The 

constraints are approximated with the Laguerre functions and used in conjunction with the cost 

function to solve the optimal control problem. As discussed previously this formulation of the 

problem will result in a quadratic programming problem. 

 

In the case of constraints on the incremental control, the Laguerre networks can be used to 

approximate the constraints as [6]: 
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1 2min max
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L

M M O M

L

, (3-46) 

which is directly related to (3-45). 

 

In the case of constraints on the magnitude of the control signal, the Laguerre networks can be 

used to approximate the constraints as [6]: 
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, (3-47) 

where the constraints are expressed as the results of the current control action and the control 

action at the previous sampling instant. 
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3.3.2 Prescribed degree of stability and exponential data weighting 

Two more functions that can be added to the design of the MPC controller to optimize the 

effectiveness of the controller are: adding a prescribed degree of stability, and exponential data 

weighting.  

 

The principle of adding a prescribed degree of stability to the design is that a circle with radius 

0<λ<1 is defined within the unit circle. If all closed-loop system poles are located within the 

radius of λ then the system will have a prescribed degree of stability [6]. The principle of adding 

exponential data weighting works by multiplying the cost function with an exponential function 

that decreases exponentially as the horizon increases. This leads to better numerical 

conditioning in systems with large prediction horizons [6]. 

 

These functions are added to the design of MPC using Laguerre functions by altering the 

performance parameters Q and R in the cost function of (3-42) before the Laguerre functions 

are incorporated into the cost function. This is done by defining the ratio γ between the 

prescribed degree of stability λ and the exponential data weight α as: 

 
λ

γ
α

= . (3-48) 

The performance parameters Q and R are then altered as [6]: 

 

2 2

2

(1 )Q Q P

R R

α

α

γ γ

γ
∞= + −

=
 (3-49) 

where P∞ is the solution of the Riccati equation. The new performance parameters Qα and Rα 

are now used in the cost function to determine the optimal control. 

 

In the case where constraints are used in the design of the MPC controller the exponential data 

weights are also implemented in the constraints as [6]:  

 
min max( )m T mu L m uα η α− −∆ ≤ ≤ ∆  (3-50) 

 
min max

1
( 1) ( )

m j T

j
u u k L j uα η

=
≤ − + ≤∑ . (3-51) 

 

From this design of MPC using Laguerre functions with a prescribed degree of stability and 

exponential data weighting, it is clear that many tuning parameters have been incorporated into 

the controller. For the control of the FlyUPS these tuning parameters can be used to obtain a 

desired system response. 
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3.4 MATLAB® Model Predictive Control toolbox™ 

This section covers the theory of MPC controllers for MIMO systems, as used in the MATLAB® 

Model Predictive Control toolbox™ (MPC toolbox™). It should be noted that this section will not 

discuss all of the functions of the MPC toolbox™; only the functions applicable to the design of 

the MPC controller for the FlyUPS will be discussed. 

 

An advantage of using the MPC toolbox™ is that MPC controllers can be designed and 

implemented with relative ease. Also, with insight into the working of MPC, the parameters of 

the controller can be tuned to obtain a desirable response from the system [9]. The 

development of the MPC controller using the MPC toolbox™ is discussed according to the 

model, observers, objective function and predictive control used in the design of the MPC 

controller for the FlyUPS. 

3.4.1 Models used to develop the MPC controller 

The model of the FlyUPS discussed in section 2.5 is used to design the MPC controller. 

However, in order to improve the accuracy of the predictions, the effects of disturbances must 

also be included. This is done by including a model of the unmeasured disturbances and 

measurement noise in the design.  

 

The model of the FlyUPS can be expressed as a linear time-invariant model in state-space form 

as [9]: 

 
( 1) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

u v d

m v d

x k Ax k B u k B v k B d k

y k C x k D v k D d k

+ = + +

= + +
 (3-52) 

where x(k) is an nx-dimensional vector of states, u(k) is an nu-dimensional vector of control 

variables, v(k) is an nv-dimensional vector of measured disturbances, d(k) is an nd-dimensional 

vector of unmeasured disturbances. y(k) represents an ny-dimensional vector of measured 

outputs. 

 

In (3-52) the unmeasured disturbance d(k) includes the state and output disturbances. These 

disturbances can be modeled as [9]: 

 
( 1) ( ) ( )

( ) ( ) ( )

d d

d d

x k Ax k Bn k

d k Cx k Dn k

+ = +

= +
 (3-53) 

where nd(k) is assumed to be random zero-mean unit-variance white Gaussian noise. The plant 

model is augmented with a model of the output disturbances in order to reject constant 

disturbances on measured outputs. This adds the integration effect to the design of the MPC 

controller. 
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The final disturbance that can be included in the design is the effect of measurement noise 

nm(k). The measurement noise can be modeled as the linear time-invariant (LTI) system driven 

by random zero-mean unit-variance white Gaussian noise as: 

 
( 1) ( ) ( )

( ) ( ) ( )

m m m

m m

x k Ax k Bn k

m k Cx k Dn k

+ = +

= +

% %

% % .
 (3-54) 

By appending the models of the disturbances and noise to the plant model an extended model 

of the system is obtained. The immeasurable states x(k), xd(k) and xm(k) are obtained from the 

state estimator at each sampling instant.  

3.4.2 Observers in the design of the MPC controller 

In order to reduce the prediction error the states x(k), xd(k) and xm(k) are updated at each 

sampling instant by using a state observer. A condition for the use of state estimation is that the 

models used in the design of the MPC controller are observable. In order to check the 

observability the models are firstly converted to discrete-time models without delays. These 

models are then combined and numerically checked for observability [9].  

 

Before the states of the system can be estimated, the output of the system must first be 

estimated from the known parameters as [9]: 

 ˆ ˆ ˆ ˆ( ) ( | 1) ( ) ( | 1) ( | 1)v d d my k Cx k k D v k D Cx k k Cx k k= − + + − + −% . (3-55) 

As can be seen from (3-55) the estimated output ŷ(k) is calculated from the models discussed in 

the previous section, as well as the states estimated at the previous sampling instant (x̂(k|k-1)).  

 

From ŷ(k) the states at the current sampling instant can then be calculated as [9]: 

 ( )
ˆ ˆ( | ) ( | 1)

ˆ ˆ ˆ( | ) ( | 1) ( ) ( )

ˆ ˆ( | ) ( | 1)

d d ob

m m

x k k x k k

x k k x k k K y k y k

x k k x k k

−   
   = − + −   
   −   

, (3-56) 

where Kob is the observer gain obtained from Kalman filtering techniques. This indicates that the 

current states are estimated from the states estimated at the previous sampling instant and a 

correction term. The correction term updates the estimated states based on the error between 

the measured output y(k) and the estimated output ŷ(k). The estimated states from (3-56) are 

used in the calculation of the optimal control. 

 

 The estimated states are also used to estimate the state at the next sampling instant as [9]: 
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%
. (3-57) 

The estimates obtained from (3-57) are used at the next sampling period as the estimates of the 

previous states (x̂(k|k-1)) as indicated in (3-56). 

3.4.3 The objective function of the MPC controller 

Based on the estimates x(k), xd(k) and xm(k) as calculated in (3-56), the optimal control action 

uoptimal can be calculated. This is done by solving the optimisation problem [9]: 
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(3-58) 

subject to the constraints  

 

min max

min max
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(3-59)

 

with i = 0,1,2,T,(Np-1) and assuming that the increment in the control from the end of the control 

horizon to the end of the prediction horizon is Δu(k+Nc|k),T,Δu(k+Np|k) = 0. This assumption is 

made in order to reduce the computational load. 

  

As mentioned previously the use of linear inequality constraints with the quadratic cost function 

leads to a quadratic programming problem. The solution of the quadratic programming problem 

is the optimal control move uoptimal. In the unconstrained MPC case uoptimal is calculated 

analytically. 

3.4.4 Predictive control design 

The cost function given in (3-58) can be written as [9]: 

2 2
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              ∆ ∆
              = − − +              
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M M M M M M

  (3-60) 

with the weights Wy and W∆u representing the weights on the output and the incremental control, 

respectively. These weights are used to determine the speed and the robustness of the 

response. For larger values of Wy any deviations between the output and the set-point are 

penalized to a greater extent. This means that set-points are tracked more stringently. For 
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larger values of W∆u greater care is taken when calculating the incremental control signal. This 

increases the robustness, but also has the effect that the response is slower. 

 

By substituting u(k), ∆u(k) and y(k) in (3-60) the cost function can be written in terms of the 

extended system model as [9]: 

 

(1) (0)

2 ( 1) (0) .
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     = ∆ ∆ + + + − + ∆ +    
         

M M          (3-61) 

In (3-61) K∆u represents the Hessian matrix. Kr, Kv, Ku and Kx are parameters relating the cost to 

the set-point over the prediction horizon, the measured disturbance over the prediction horizon, 

previous control actions and the initial states of the system, respectively. 

 

In the case of unconstrained MPC the optimal incremental control action is calculated 

analytically using the following equation [9]: 
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M M . (3-62) 

From (3-62) the optimal control action uoptimal can then be calculated as: 

 ( ) ( 1) ( )optimal optimalu k u k u k= − + ∆ . (3-63) 

 

In the case of constrained MPC the constraints are written in a similar form as (3-25). By 

relating the constraints on u(k), ∆u(k) and y(k) to the optimal control signal, the following 

inequality is obtained [9]: 
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(0)

( 1) (0)
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u v u x
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M u M M M u M x

v N
∆

 
 ∆ ≤ + + − + 
  

M . (3-64) 

The parameters of the inequality presented in (3-64) are then used in the quadratic 

programming problem to solve the optimal control action. The gains used to relate the 

constraints to the optimal control are M∆u that relates to the incremental control, Mlim that relates 

to the values of the constraints, Mv that relates to the modeled noise, Mu that relates to the past 

control actions, and Mx that relates to the past responses of the plant.  
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3.5 Conclusion 

This chapter has discussed the design of MPC controllers for the FlyUPS. Two algorithms were 

discussed, namely the use of a classical MPC algorithm that incorporates optimisation 

techniques, and the MPC algorithm that is used by the MATLAB® Model Predictive Control 

toolbox™. 

 

In the next chapter the above mentioned MPC controllers are implemented in simulation. These 

simulations give a better understanding of the parameters used in the design of the MPC 

controller such as the lengths of horizons, the selection of weights, and the effects of adding 

constraints to the design of the controller. 
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4 
Chapter 

 

4. Controller simulation 

From the discussion on the design of the MPC controllers in the previous chapter MPC is now 

implemented in simulation in order to verify the effectiveness of the controller. The MPC 

controllers that are simulated are the MPC algorithm using optimization techniques, and the 

MPC controller derived using the MATLAB® Model Predictive Control toolbox™. Each MPC 

controller is discussed according to the setup of the simulation, the results of the simulations 

and a discussion of the results. 

4.1 Classical MPC using optimization techniques 

In section 3.3 the use of some optimization techniques in the design of an MPC controller were 

discussed. These techniques involve incorporating Laguerre functions, a prescribed degree of 

stability, and exponential data weighting into the design of a classical MPC algorithm. In this 

section the design of a classical MPC controller using these optimization techniques is 

implemented in simulation in order to verify this design for use on the FlyUPS. 

4.1.1 Simulation setup 

In order to simulate a classical MPC controller using optimization techniques the MPC 

algorithm, as discussed in section 3.3, is implemented in the MATLAB® simulation package. For 

this discussion the implementation of the MPC controller is done according to the program 

flowchart presented in Figure 4-1. 

 

As illustrated in Figure 4-1, at the start of the program the plant model and constraints are 

approximated using the Laguerre functions. Then, based on these Laguerre functions and the 

desired set-point signal, the cost function parameters are calculated. At this step the 

exponential data weighting and the prescribed degree of stability are also used to calculate the 

cost function parameters. The parameters calculated at this step remain the same for the 

duration of the simulation as the model is assumed to be static for a predetermined operating 

speed. 
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Figure 4-1 Program flowchart for MPC using optimization techniques 

The cost function parameters are then used to determine the optimal control signal. For the first 

iteration of the control process the optimal control signal is determined over the prediction 

horizon using the cost function parameters and initial values for the states of this system. From 

this optimal control signal the first value is then applied to the plant. The response of the plant to 

the control value (the measured output) is then used to update the states of the system. These 

estimated states along with the cost function parameters are then used to determine the optimal 

control signal at the next sampling instance. This process is repeated at each sampling instance 

for the duration of the simulation. 

 

The code according to the program flowchart in Figure 4-1 is implemented in MATLAB® and is 

available in Appendix A. This program is based on the implementation of MPC as discussed by 

Wang [6]. The model of the FlyUPS used for this simulation is discussed in section 2.5. As this 

model can be decoupled into the axial and radial models of the FlyUPS, this simulation focuses 

on the axial model. If the simulation is successful for the axial AMB the simulation will be 

expanded to include the radial AMBs.  



Chapter 4: Controller simulation  46 

 
In order to reduce the computational load and the execution time this model is reduced using 

the MATLAB® hankelmr™ command. This command determines the Hankel singular values of 

the system as given in Figure 4-2. This figure shows the seven states of the axial AMB model, 

as well as the corresponding state energy. From Figure 4-2 the model of the axial AMB of the 

FlyUPS is reduced to three states as most of the state energy and thus the dynamics of the 

system are described by these three states. 

 

Figure 4-2 Hankel singular values of axial AMB model 

The values of the parameters used for this simulation are given in Table 4-1. These values are 

chosen according to guidelines proposed by Wang [6], as well as trial-and-error during 

simulations. The reason for this is that the above mentioned guidelines only provide a means to 

reach an approximate desired response. Also, the response of the system changes depending 

on combinations of parameter values. This means that trial-and-error methods may be 

necessary to tune the controller parameters to obtain the optimal system response.  

 

The process of selecting the parameter values as given in Table 4-1 can be summarised as 

follows. The prediction horizon is initially chosen as a large value, e.g. Np = 50, however as this 

value has a large effect on the execution time of the control, Np is decreased until the response 

of the system starts to deteriorate.  

 

As mentioned previously, the values of the Laguerre parameters are chosen according to the 

guidelines given by Wang [6]. These guidelines state that for a smaller value of the pole position 

(with 0<a<1) the response of the system is slower, but more accurate. For a larger value of a 
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the response of the system is faster, but results in a larger overshoot. This effect is similar to 

that of the integral term in conventional PID control.  

Table 4-1 Parameter values used in the simulation of MPC using optimization techniques 

Parameter Value 

Sampling frequency (fs) 10 kHz 

Prediction horizon (Np) 2 samples 

Laguerre parameters 

Position of pole (a) 0.9 

Number of approximation terms (N) 3 

Performance parameters 

Q 0.85(CTC)
  

R 0.15 

Optimization parameters 

Prescribed degree of stability (λ) 0.999 

Exponential weighting (α) 1.3 

 

The number of terms used to approximate the model determines the accuracy of the response. 

This means that a larger number of terms will yield more accurate results. However, as the 

Laguerre approximation of the model can be written as an expansion series of Laguerre 

functions and coefficients, with the coefficients becoming exponentially smaller as the series 

progresses, the approximation becomes fairly accurate after four to five terms, depending on 

the complexity of the model [6]. 

 

According to Wang [6] and Maciejowski [5] the choice of the performance parameters also takes 

some consideration. This is due to the fact that any choice of Q or R as well as the combination 

of the performance parameters can change the response of the system. For the purpose of set-

point tracking the value of Q is usually chosen to be CTC and the value of R is chosen to be 0.1 

[6,5]. During simulation the values of Q and R are seen to be most effective when chosen as 

given in Table 4-1. However, these parameters are also seen to affect the settling time and 

stead-state error. For this simulation the values of Q and R are chosen to ensure a fast 

response. 

 

For the choice of optimization parameters given in Table 4-1 careful consideration is also 

necessary. According to Wang [6] the choice of the prescribed degree of stability (where λ < 1) 

is chosen to ensure the stability of the response. However, it is seen that the value of λ cannot 

be chosen smaller than 0.9 as this causes the control problem to become unstable.  
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Exponential weighting (α ≥1) determines how fast the response converges toward the set-point, 

i.e. the larger α is, the faster the set-point can be reached. However, in simulation it is seen that 

for 1≤ α ≤1.1 the response of the system is unstable to marginally stable, while for α >1.3 no 

appreciable gain in performance can be seen.   

 

For this simulation only hard constraints are incorporated into the design of the MPC controller. 

This is done by setting limits for the control (u) and incremental control (∆u) as can be seen in 

appendix A.4. If the calculated u or ∆u is greater or less than these limits, then the value is 

taken to be equal to the limit. By setting these hard constraints and excluding the soft 

constraints on the output the need to implement a quadratic programming strategy is avoided. 

Also shown in appendix A.4 is the use of a state feedback variable which is updated from the 

current calculation of the optimal control signal at each sampling instance.  

4.1.2 Results for simulation of MPC using optimization techniques 

The results for this simulation of the classic MPC controller using optimization techniques are 

presented in Figure 4-3.  

 

Figure 4-3 shows the position output of the axial AMB, as well as the control and incremental 

control signals as determined by the simulation program discussed in the previous section. 

These results are obtained for a step reference change of 10 µm. The set-point change is 

applied at the first sampling instance. The simulation is then run for 2,000 samples. 

 

From the output signal displayed in Figure 4-3 it is seen that the position of the rotor settles at a 

value of 6 µm after 819 samples. This relates to a steady state error of 40 percent. From the 

output it is also seen that the response has no overshoot, which means that the response is 

over damped. The rise time is determined as approximately 656 samples (or 0.0656 s at a 

sampling frequency of 10 kHz). A delay in the response is seen where the output changes by no 

more than 0.5 µm for the first 40 samples. 

 

From the control and incremental control signals in Figure 4-3 it is seen that there are no 

constraints that become active at any point in the simulation. At the beginning of the simulation 

the control signal reacts rapidly to the change in the set-point signal, after which this control 

action is regulated to achieve a steady state value in the output with no overshoot. This result 

corresponds to the choice of the performance parameters that are chosen specifically to 

facilitate set-point tracking. 
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Figure 4-3 Results for simulation of MPC using optimization techniques 

4.1.3 Discussion of results for MPC using optimization techniques 

From the results presented in the previous section it is seen that a classical MPC algorithm 

using optimization techniques may be effective in controlling a single degree of freedom AMB. 

However, these results also raise some concerns when considering the implementation of this 

MPC algorithm on the physical FlyUPS system. 

 

The first concern is the steady-state error of the system. In this simulation this error is 

determined as 40 percent. During simulations this error alters greatly as the performance 

parameters are changed. This means that choosing the values of parameters becomes more 

difficult than following some guidelines and using trial-and-error to tune the response. Careful 

consideration must be given to the effect of each parameter as well as the effect of the 

parameters when altering more than one parameter. 

 

The second concern is the rise time and settling time of this MPC algorithm. For this simulation 

a sampling time of 10 kHz was chosen which would be sufficient for implementation in the 

physical FlyUPS system. From this simulation the rise time and settling time of this MPC 

algorithm are 0.0656 s and 0.0819 s, respectively. Considering the application of this algorithm 
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on the FlyUPS system this rise time and settling time may be too slow to implement real-time 

control. 

 

Based on these issues the classical MPC algorithm using optimization techniques is not 

considered as a viable control strategy for implementation on the FlyUPS.  

4.2 MPC using the MATLAB® Model Predictive Control toolbox™ 

This section determines the effectiveness of MPC for the FlyUPS system when the MPC 

algorithm used in the MATLAB® Model Predictive Control toolbox™ is implemented in simulation. 

This discussion follows the same method as the previous section in order to reach a conclusion 

on the validity of this MPC algorithm. 

4.2.1 Simulation setup 

From the discussion of the MPC algorithm in section 3.4 an MPC controller for the FlyUPS is 

developed and implemented in simulation. The parameters that are necessary for the design of 

an MPC controller using the MATLAB® MPC toolbox™ are presented in Table 4-2. 

Table 4-2 MATLAB
®
 MPC toolbox

™
 parameters 

Parameter class Parameter 

Model and horizons Plant model 

Control interval (T) 

Prediction horizon (Np) 

Control horizon (Nc) 

Constraints Constraints on control (umin, umax) 

Constraints on incremental control  

(∆umin, ∆umax) 

Constraints on output (ymin, ymax) 

Weight tuning Gain (Kw) 

Control weight (Wu) 

Incremental control weight (W∆u) 

Output weight (Wy) 

Estimation Overall estimator gain (Kob) 

Output disturbance gain (Kout.dist) 

Measurement noise gain (Kmeas.noise) 

 

In order to design the MPC controller, the model of the system is specified first. For this 

simulation the model of the FlyUPS discussed in section 2.5 is used.  As this model is a thirty-

fifth order model, order reduction of the model is done before it is used in the design of the MPC 
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controller in order to reduce the computational load and the execution time. The model order 

reduction is done based on the Hankel singular value decomposition given in Figure 4-4. From 

Figure 4-4 it is evident that the model of the FlyUPS can be reduced to a tenth order model. 

 

Figure 4-4 Hankel singular value decomposition of FlyUPS model 

As the goal of this project is to implement discrete-time model predictive control on the FlyUPS, 

a sample time or control interval must be specified. For this application Ts is chosen to be 

200_µs. This relates to a sampling frequency of 5 kHz which is sufficient for implementation on 

the FlyUPS. 

 

The choices of the other parameters needed in the design of an MPC controller are chosen 

according to the guidelines presented in [5,6,9]. As noted previously these guidelines are only a 

starting point for the design of an MPC controller. The desired system response is obtained by 

tuning these parameters and investigating the effects of each parameter. The guidelines for 

choosing the parameter values are discussed in the following paragraphs. 

 

For a non-minimum phase system such as the FlyUPS that uses AMBs, the prediction horizon 

must be chosen large enough to focus on the long-term response of the system [9]. If the 

prediction horizon is chosen too small, the control action is determined according to the short-

term response of the system which, for a non-minimum phase system, may be in the wrong 

direction. The control horizon is then chosen as approximately an order lower than the 

prediction horizon. 
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Constraints related to the physical system can be identified and applied to the simulation. 

Control and incremental control constraints are usually hard constraints [5], e.g. the maximum 

current that can be applied by the power amplifiers and the slew rate of the power amplifiers. 

Output constraints are usually soft constraints such as the maximum desired position error of 

the backup bearings [5].  

 

The use of constraints in the design of the MPC controller is one of the major advantages of 

using MPC. However, by incorporating constraints in the design of the controller the 

computational load is increased as the optimal control action is determined by solving a 

quadratic programming problem at each sampling instance. This will be investigated further 

during the implementation of the MPC controller. 

 

The weight tuning is done in order to achieve either more robustness or a faster response. The 

gain weight (0≤ Kw ≤1) primarily determines the robustness and speed of the response, where a 

smaller Kw results in a more robust response and a larger Kw results in a faster response [9]. 

The control weight is used to determine the importance of input set-point tracking. However for 

this application this function will not be used. 

 

The incremental control weight is used to determine how much consideration is used to 

determine the incremental control signal [9], e.g. a larger value of W∆u results in a longer 

execution time but reduces the control effort needed. The output weight is used to determine 

how important it is for a certain output of the system to accurately track a set-point [9], e.g. for a 

larger Wy the rise time and overshoot may be reduced at the cost of a large control effort. 

 

An observer based on Kalman filtering techniques is used to determine the states of the plant 

model and disturbance models [9]. The estimator gain is used to determine the gain of the 

observer. The output disturbance gain is used to determine the affect of the integrator mode on 

the output of the system. As the measurement noise model is not used in the prediction model 

needed for optimization it will not be included in the design of this MPC controller.  

 

From this discussion on the parameters of the MPC controller developed using the MATLAB® 

MPC toolbox™, a controller for the FlyUPS is derived and implemented in a Simulink™ 

simulation. This simulation model is presented in Figure 4-5 and shows the closed-loop 

simulation of the FlyUPS with the full thirty-fifth order state-space model as discussed in section 

2.5.  
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Figure 4-5 Simulink model for simulation of MPC developed using MATLAB
®
 MPC toolbox

™ 

For simulation purposes the simulation model in Figure 4-5 contains subsystems which are 

used contain important parts of the simulation. Subsystem1 contains references for each input. 

Subsystem2 is used to log data and to select the position outputs for feedback purposes. 

Similarly, Subsystem3 is used to log the control signal data.  

 

The effects of disturbances and measurement noise are included in the simulation with 

Subsystem4 and Subsystem5, respectively. The disturbances represent external disturbance 

forces on the rotor. The measurement noise is assumed to be random white Gaussian noise 

with unit-variance. In the feedback path a delay can also be included in order to simulate the 

effects of delays on the response of the system. 

 

As each AMB, i.e. input-output pair, of the system can be approximated as a second order 

transfer function some performance characteristics of each AMB can be determined from the 

step response of each AMB. These performance characteristics are the percentage overshoot 

(P.O.), settling time (Ts) and rise time (Tr) [25]. From these measurable characteristics the 

damping ratio (ζ), natural frequency (ωn) and time constant (τ) are calculated as [25]: 
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From these variables the equivalent stiffness (keq) and damping (beq) are then calculated as [1]: 

 
2

eq nk mω=  (4-4) 

 ( )2eq eqb k mζ=  (4-5) 

with m the equivalent mass at the position of the AMB. 
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4.2.2 Results for simulation using the MATLAB® MPC toolbox™ 

In order to determine the values for the parameters, the behaviour of the system must first be 

determined for different values and combinations of the parameters. This is done by varying the 

parameters under investigation and keeping all other values constant. In order to avoid 

redundancy, only the results of this investigation for the axial AMB will be given. However, these 

results can easily be extended to the radial AMBs. 

 

Table 4-3 shows the simulation results when a step reference change is applied to the axial 

AMB of the FlyUPS. The results given in Table 4-3 focus on the changes in Nc and Np, with the 

values of the weights and estimation parameters held constant.  

Table 4-3 Simulation results for step response on axial AMB 

Nc (samples) Np (samples) P.O. (%) Ts (s) Tr (s) keq (N/m) beq (N.s/m) ����    (s) 

2 20 Unstable step response 

30 4.4 0.0148 0.0096 2593958.524 9540.541 0.0037 

40 3.2 0.0164 0.0112 1933045.251 8609.756 0.0041 

50 3.1 0.016 0.011 2014472.243 8825 0.0040 

60 2.5 0.014 0.0104 2501065.521 10085.714 0.0035 

70 0.8 0.0095 0.0102 4361648.477 14863.158 0.0024 

80 Over damped 0.0101 0.0057 

3 20 Unstable step response 

30 8.9 0.0201 0.0075 1878507.388 7024.876 0.0050 

40 8.6 0.0199 0.0076 1879304.334 7095.477 0.0050 

50 6.1 0.0177 0.007 2038331.749 7977.401 0.0044 

60 1.6 0.0154 0.0072 1884035.117 9168.831 0.0039 

70 Over damped 0.0144 0.0042 

4 20 Unstable step response 

30 13.2 0.0185 0.0064 2808811.939 7632.432 0.0046 

40 11.5 0.0171 0.006 3004044.445 8257.310 0.0043 

50 5.7 0.0149 0.0058 2800092.398 9476.510 0.0037 

60 Over damped 0.0135 0.0036 

5 20 Unstable step response 

30 16.7 0.0171 0.0056 3941504.927 8257.309942 0.0043 

40 12.7 0.015 0.0054 4164256.625 9413.333333 0.0038 

50 4.7 0.0146 0.0054 2727052.034 9671.232877 0.0037 

60 Over damped 0.0129 0.0034 
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From the results in Table 4-3 it is seen that as Nc increases the equivalent stiffness of the 

system also increases. It is also clear that as Np increases the equivalent damping also 

increases, along with a decrease in τ. For larger values of both Nc and Np the overall 

performance of the system is improved with lower P.O. and faster Tr and Ts. As damping 

increases the effect of noise on the response of the system the case where the response 

becomes overdamped will be taken as the maximum allowable values [1]. For larger values of 

Nc and Np than presented in Table 4-3 no appreciable gains in performance are seen. 

 

However, as given in Table 4-4 the increase in the performance when using larger parameters 

results in a larger control effort during the natural response of the system. From the results in 

Table 4-4 it is clear how the MPC controller responds to the non-minimum phase characteristics 

of the FlyUPS with a large control effort in the one direction at the beginning of the response 

and a control effort in the opposite direction for the rest of the natural and transient response. 

Table 4-4 Simulation results for control effort of MPC for varying Nc
 
and Np 

Nc (samples) Np (samples) 

Control effort 

 {max; min; transient} (A) 

2 30 {0.0375; -0.03474; -0.02367} 

40 {0.0291; -0.03106; -0.02367} 

50 {0.03029; -0.03142; -0.02367} 

60 {0.03612; -0.0329; -0.02367} 

70 {0.04443; -0.03439; -0.02367} 

3 30 {0.04548; -0.04339; -0.02367} 

40 {0.0439; -0.04363; -0.02367} 

50 {0.05674; -0.04638; -0.02367} 

60 {0.06978; -.0.4919; -0.02367} 

4 30 {0.05444; -0.05387; -0.02367} 

40 {0.06258; -0.05779; -0.02367} 

50 {0.07821; -0.06136; -0.02367} 

5 30 {0.06133; -0.06417; -0.02367} 

40 {0.07554; -0.06981; -0.02367} 

50 {0.0914; -0.07078; -0.02367} 

 

By using the same method as described above, the effects of the weighting parameters are also 

investigated. This is done by keeping Nc = 5, Np = 40 and Wy = 8, and altering W∆u in order to 

determine the effect of W∆u on the response of the system. The result for the step response of 

the system with a varying W∆u is given in Table 4-5. As the fastest response is required only 

Kw_=_1 is considered during simulations. 
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Table 4-5 Results of step response for varying W∆u 

W∆u P.O. (%) Ts (s) Tr (s) keq (N/m) beq (N.s/m) ����    (s) 

Control effort 

{max; min; transient} (A) 

0.1 2.1 0.0138 0.0148 2475281.513 10231.884 0.0035 {0.01416; -0.02852; -0.02367} 

0.05 5 0.0109 0.0043 4992447.597 12954.128 0.0027 {0.1549; -0.104; -0.02367} 

0.01 12.7 0.015 0.0054 4164256.625 9413.333 0.0038 {0.07554; -0.06981; -0.02367} 

0.005 5 0.0109 0.0043 4992447.597 12954.128 0.0027 {0.1476; -0.104; -0.02367} 

0.001 0.8 0.0084 0.004 5578780.826 16809.524 0.0021 {0.3264; -0.1425; -0.02367} 

0.0005 9.3 0.0073 0.0026 14574187.34 19342.466 0.0018 {0.4715; -0.236; -0.02367} 

0.0001 43.2 0.0068 0.0013 88294849.37 20764.706 0.0017 {2.422; -1.207; -0.02367} 

 

From the results in Table 4-5 it can be seen that as W∆u decreases, the equivalent stiffness and 

damping of the system show an increase. However, the damping does not increase as rapidly 

as the stiffness. Also, for a decrease in W∆u a decrease in Ts, Tr and τ can be seen at the 

expense of larger P.O. and control effort during the natural response.  

 

The effects of varying Wy are investigated by choosing a constant value for W∆u, with Nc
 
and Np

 

as chosen above. The results for this scenario can be seen in Table 4-6. These results indicate 

that as Wy increases the damping of the system also increases, however no fixed pattern can 

be deduced for the stiffness. The overall performance the system is better with an increase in 

Wy, with lower P.O., faster Ts and Tr, and a decrease in τ. However, this increase in 

performance can once again only be gained at the expense of an increase in the control effort 

during the natural response.  

Table 4-6 Results for step response with varying Wy 

Wy P.O. (%) Ts (s) Tr (s) keq (N/m) beq (N.s/m) τ τ τ τ (s) 

Control effort 

{max; min; transient} (A) 

1 1.7 0.0138 0.0149 2370028.413 10231.884 0.0035 {0.01488; -0.0283; -0.02367} 

2 3.9 0.018 0.0122 1690716.51 7844.444 0.0045 {0.01922; -0.0308; -0.02367} 

4 10.2 0.0222 0.0082 1657311.299 6360.36 0.0056 {0.03384; -0.0418; -0.02367} 

8 12.7 0.015 0.0054 4164256.625 9413.333 0.0038 {0.07554; -0.06981; -0.02367} 

10 11 0.0135 0.0049 4686638.609 10459.259 0.0034 {0.09806; -0.08179; -0.02367} 

12 8.8 0.0123 0.0046 4983696.944 11479.675 0.0031 {0.1183; -0.09146; -0.02367} 

14 6.8 0.0115 0.0044 505408216.9 12278.261 0.0029 {0.1369; -0.09871; -0.02367} 

18 3.6 0.0105 0.0043 4859737.964 13447.6191 0.0026 {0.17; -0.1078; -0.02367} 

20 2.5 0.0102 0.0043 4711734.354 13843.1371 0.0026 {0.1824; -0.1106; -0.02367} 
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In the case of the estimator gains the effects of the parameters are not clear for implementation 

of a step response. As a fast response is required the value of Kob is chosen as one. As 

discussed previously, Kout.dist adds an integration mode to the controller. However, the effect of 

Kout.dist cannot be indicated clearly when simulating the step response of the FlyUPS as the 

simulation does not have a steady-state error when Kob = 1. 

 

Thus far this discussion has been focused on the effect of the MPC toolbox™ parameters on the 

response of a SISO AMB, or the axial AMB of the FlyUPS. An advantage of using MPC is that 

this discussion can also be extended to the MIMO FlyUPS system including the radial AMBs. 

The effects discussed previously are also applicable to the radial AMBs of the FlyUPS. 

However, an adjustment must be made. 

 

This adjustment is due to the equivalent weight at each AMB. Figure 4-6 shows the physical 

characteristics of the FlyUPS as determined in [2]. From these characteristics it is clear that the 

top radial AMB is closer to the centre of mass than the bottom radial AMB. Thus, the equivalent 

mass at the top radial AMB is much larger than at the bottom radial AMB during rotation. For 

this reason the top radial AMB will require much larger control effort to maintain stability during 

rotation [1]. This is achieved by changing the weights of the cost function.  

 

 

Figure 4-6 Physical characteristics of the FlyUPS [2] 

From this investigation into the effects of the parameters, an MPC controller is developed for the 

FlyUPS. The values for the parameters used in the simulation are given in Table 4-7. These 

values are chosen to give the best possible performance while keeping the control effort low. 

The above mentioned adjustment due to the equivalent mass at each AMB can be seen in the 
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values of Wy where the weight at the axial AMB is eight, the weights at the top radial AMBs are 

both five, and the weights at the bottom radial AMBs are both three. 

Table 4-7 Parameter values for MPC controller developed with the MPC toolbox
™ 

Parameter Value 

Np 50 

Nc 5 

W∆u {0.001; 0.01; 0.01; 0.01; 0.01} 

Wy {8; 5; 5; 3; 3} 

Kout.dist {1; 1; 1; 1; 1} 

  

The results for the simulation of a step response in the axial AMB are given in Figure 4-7. The 

characteristics of this response for the axial AMB of the FlyUPS are already indicated in Table 

4-3 and Table 4-4. As seen in Figure 4-7 a large control effort is required to overcome the non-

minimum phase effects of the AMB, which corresponds to a short delay in the output. 

 

 

Figure 4-7 Simulation results of axial AMB of FlyUPS 

In the case of the radial AMBs, the results for a step response on the top radial AMB and the 

corresponding control effort are given in Figure 4-8. Figure 4-8 also shows the corresponding 

response at the bottom radial AMB. As the response in the x- and y-axes are very similar, only 

the results for the x-axis are presented. From Figure 4-8 it is seen that the MPC controller 

expects a certain amount of cross-coupling between the top and bottom radial AMBs and then 

acts in order to eliminate the effects of the disturbance. 

 

In order to investigate the effects of the cross-coupling between the top and bottom radial 

AMBs, a step reference is placed on one AMB, with a zero reference on the other AMB. Table 

4-8 shows the response characteristics of the radial AMBs when a step reference is placed on 

X1 (the top radial AMB) and the reference for X2 (the bottom radial AMB) is kept at zero.  
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Figure 4-8 Simulated response of radial AMBs of FlyUPS 

 

Table 4-8 Response characteristics of coupling between radial AMBs 

Response: X1 

P.O. (%) Ts (s) Tr (s) keq (N/m) beq (N.s/m) Control effort  

{max; min; transient} (A) 

7 0.024 0.0098 1.225x106 6.009x103 {0.047; -0.055; -0.034} 

Response: X2 

Disturbance 

magnitude(m) 

Ts (s) Tr (s) Control effort 

{max; min; transient} (A) 

1.309x10-6 0.024 0.017 {0.012; -0.010; -0.004} 

 

The set-point change of the previous scenario can be seen as an expected disturbance which 

the MPC controller can predict in order to take action. However for an unexpected disturbance 

on the rotor this is not the case. Figure 4-9 shows the response of the radial AMBs when an 

unexpected step disturbance with a magnitude of 0.25 A is applied to X1. From this figure a 

position disturbance of 60 µm in X1 is seen, with the cross-coupling causing a corresponding 

disturbance of 15 µm on X2. 
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Figure 4-9 Simulated disturbance response of radial AMBs 

Another phenomenon that is important in many modern systems is the effect of delays on the 

response of the system. Figure 4-10 shows the response of the axial AMB when a delay is 

added to the feedback path. From this figure it is clear that there is a significant influence on the 

percentage overshoot, settling time and rise time for minor differences between the actual 

system model and the model used to derive the controller. 

 

Figure 4-10 Influence of delays on the system response 

4.2.3 Discussion of simulation using the MATLAB® MPC toolbox™ 

From these results it is seen that the MPC controller derived using the MATLAB® MPC toolbox™ 

is effective in controlling the FlyUPS. The results also indicate that the response can be tuned to 

obtain a desirable performance. The results pertaining to the effects of the MPC controller 

parameters are particularly useful for giving insight into the working of the MPC controller on the 

physical system.  
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The control strategy implemented by the MPC toolbox™ gives fast and accurate results. In every 

simulation the rise time is less than 20 ms, with a settling time that is comparably fast. Also, in 

each simulation the steady-state error is reduced to zero after a short period of time.  

 

In the case of cross-coupling between the radial AMBs, the control strategy is also effective in 

following a set-point on one AMB, while keeping the other AMB at a fixed set-point. Also, a 

larger control effort is required manipulate the position of the rotor at the top radial AMB than at 

the bottom radial AMB. These results correspond to what is expected in the physical FlyUPS 

system. For an unexpected disturbance the system experiences large disturbances on the 

radial AMBs. These disturbances are eliminated with no steady-state error within a short period 

of time by the MPC algorithm.  

 

When a delay is added to the system a large difference is seen in the response of the system. 

However, the simulation results indicate that the MPC algorithm is robust enough to handle 

such unexpected changes in the parameters of the physical FlyUPS system. The deterioration 

in the performance of MPC when a delay is added to the system also indicates that the 

performance of the MPC controller depends on an accurate model of the system. 

 

From these points of view the MPC controller derived using the MPC toolbox™ is verified as a 

viable controller to be implemented on the physical FlyUPS system. In chapter 6 the simulation 

results for this controller are compared to the measured results of the FlyUPS in order to 

validate that the controller operates as expected. The validation consists of a transient response 

and disturbance response, as well as the sensitivity function as prescribed by the ISO CD 

14839-3 standard for AMBs. 

4.3 Conclusion 

This chapter investigated the viability of two MPC control strategies for implementation on the 

FlyUPS. Firstly, a classic MPC algorithm using optimization techniques was simulated. This 

strategy proved too slow in determining the optimal control signal for a single-degree-of-

freedom AMB and did not yield accurate set-point tracking for any choice of the tuning 

parameters. For this reason the classical MPC algorithm using optimization techniques was not 

verified as a viable control strategy for the FlyUPS. 

 

Then the MPC strategy used by the MATLAB® MPC toolbox™ was investigated. This strategy 

yielded fast and accurate results. The MPC controller was also able to counteract the effect of 

cross-coupling for set-point changes on the radial AMBs, as well as unexpected disturbances. 
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From these results the MPC controller derived using the MATLAB® MPC toolbox™ was verified 

as a viable control strategy for the FlyUPS. 

 

Some considerations that are made before the implementation of the verified MPC controller on 

the FlyUPS are discussed in the following chapter. 
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5. Controller implementation 

This chapter discusses the implementation of the MPC controller derived using the MATLAB® 

MPC toolbox™ which was verified in the previous chapter. This discussion gives a brief 

background on the implementation method followed by the setup of the MPC controller for the 

implementation. Then the benchmark for the implementation of an effective controller for the 

FlyUPS, namely PD control, is discussed. Finally some considerations regarding the memory 

usage and controller complexity are discussed.  

5.1 Implementation method 

As described in [6] and [9], an MPC controller can be implemented on a wide range of hardware 

platforms. For this project this implementation is represented as in Figure 5-1. Firstly the model 

containing the MPC controller is set up in Simulink™. With the use of Real-Time Workshop™, 

this model is then converted to C code and compiled as an executable file. The executable file 

is then linked and embedded to the dSPACE® target.  

 

When this executable file is embedded in the dSPACE® target, the FlyUPS is controlled using 

the MPC strategy. The user can monitor and control the FlyUPS with the host computer through 

dSPACE® ControlDesk™ software. ControlDesk™ is used for condition monitoring such as 

observing the response of the rotor in real-time, and for changing experimental parameters such 

as activating the PMSM drive and changing the reference signals.  

 

The dSPACE® hardware used in this application features an expansion box with a DS1005 

power PC (PPC) connected to various input-output (I/O) modules. The memory of the DS1005 

PPC is limited to 16 MB, with the maximum sampling frequency determined by the amount of 

operations needed to implement the application during each control cycle [26].  

 

With the hardware configuration already in place, applying and tuning the control strategy is 

done at the top level of the system. This means that the controller is set up in the Simulink™ 

model and connected to specific I/O modules by using dSPACE® libraries in the model. These 

tasks are done in software and changes to the control strategy are easily applied to the system. 
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Figure 5-1 Implementation method of MPC on FlyUPS 

5.2 Implementation setup 

Based on the implementation method discussed in the previous section, the MPC control 

algorithm is implemented in a Simulink™ model as presented in Figure 5-2. This figure shows 

the Simulink™ model with the MIMO MPC controller connected to the axial and radial AMBs of 

the FlyUPS using the dSPACE® libraries for the I/O modules. In order to perform a comparison 

of the characteristics of MPC with one of the previous control strategies implemented on the 

FlyUPS, the aim is to keep the basic model of the control the same, and replacing the MPC 

controller with the alternate controller. 

 

Starting on the left side of Figure 5-2 the position measurements from the analogue-to-digital 

converter (ADC) modules are read and then calibrated according to the characteristics of the 

Eddy-probe sensors and the architecture of the FlyUPS. These values together with the 

reference signals are then taken as the input to the MIMO MPC controller. For this MPC 

controller block in the Simulink™ model the switch variable is used to switch between different 

MPC controller setups to be implemented at various operating conditions of the FlyUPS. 

 

The outputs of the MPC controller are the optimal control signals for the FlyUPS. Before the 

optimal control signals are passed to the power amplifiers, a disturbance is added for analysis 

purposes. The final blocks are used to set up the control of the differentially driven power 

amplifiers. The bias blocks specify the base control of the two AMBs used for the linearised 

control of each degree of freedom with a bias current added to ensure acceptable system 



Chapter 5: Controller implementation  65 

 
dynamics. The switching blocks are used to switch individual or combinations of AMBs on or off. 

Finally the control signals are routed to the specific ports of the digital-to-analogue converter 

(DAC) module according to the design of the FlyUPS. 

 

 

Figure 5-2 Simulink™ model for 5-DOF control of FlyUPS 

As the control of the PMSM is beyond the scope of this dissertation, the code for an open-loop 

three phase PWM control strategy is re-used from previous applications on the FlyUPS. This 

strategy only marginally increases the execution time of the control. However, as there is no 

feedback on the actual operating speed of the system, the rate at which the operating speed is 

increased must be kept low in order to ensure that the control PWM does not lose synchronism 

with the actual position in the PMSM. In case of a loss of synchronism the rotation must be 

stopped and restarted. 

5.3 Benchmark: Decentralised PD control 

For this discussion MPC is compared to decentralised PD control as designed and implemented 

on the FlyUPS in [1]. However, the setup for the experiment is updated to incorporate some of 

the recommendations made by the author of [1]. The parameters for the PD control experiment 

are as given in Table 5-1. The values of the parameters in Table 5-1 are chosen to operate the 

system at the designed stiffness and damping [1].  

 

The premise for comparing MPC to PD comes from [4], which states that advanced control 

techniques do not offer appreciable advantages of decentralised control strategies such as PID 

control. For this application various factors are investigated in order to determine the 

advantages and disadvantages of using MPC control instead of PD control. 
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Table 5-1 PD control experiment parameters 

Parameter Value 

Proportional gain (KP) of top radial AMBs 14213 

Derivative gain (KD) of top radial AMBs 10 

KP of bottom radial AMBs 13000 

KD of bottom radial AMBs 13 

KP of axial AMBs 8000 

KD of axial AMBs 25 

Bias current (ibias) of radial AMBs 2.5 A 

ibias of axial AMBs 2.5 A (top); 1.5 A (bottom) 

 

5.4 Considerations 

Before the MPC controller is implemented on the FlyUPS, some consideration regarding the 

memory usage and execution time is given. These considerations depend on the specifications 

of the dSPACE® hardware. These considerations determine the performance of the MPC 

controller e.g. a more complex controller results in more accurate control, but also requires 

more memory and a longer execution time. 

5.4.1 Memory usage 

For this discussion the memory usage of the controller is described as the size of the 

executable file that is embedded in the dSPACE® hardware. The memory of the controller is 

determined using a function that is available in the command prompt of the host PC from which 

the FlyUPS is controlled and monitored. This function returns the size of the executable file, 

including the size of the program code, the size of initialised constant variables and the size of 

uninitialized variables. However, only the total size of the controller is of interest for this 

discussion. 

 

As given in Table 5-2 the decentralised PD controller uses the least amount of memory. As 

more elements of the MPC controller are added, i.e. single-degree-of-freedom MPC controller 

for the axial AMB, four-degree-of-freedom MPC controller for the radial AMBs, and the full five-

degree-of-freedom MPC controller for the FlyUPS, the size of the controller increases. However, 

at no point does the size of the controller exceed the maximum storage limit of the dSPACE 

controller, which is 16 MB [26].  

 

Another observation is that the lengths of the control and prediction horizons have no effect on 

the memory usage of the controller. These measurements are taken for unconstrained MPC. In 
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the case where constraints are added to the design the memory usage only increases 

marginally. 

Table 5-2 Controller size for different combinations of PD and MPC 

Controller setup Controller size [bits] 

Decentralised PD control 1071999 

Axial MPC with radial PD control 1088775 

Radial MPC with axial PD control 1230771 

Full MIMO MPC  1270743 

 

5.4.2 Execution time 

The execution time of the controller indicates the period of time it takes to implement the control 

strategy during one control cycle. This includes reading the measured output of the system, 

calculating the optimal control signal, and implementing the optimal control action. In order to 

determine the execution time of the MPC controller the dSPACE® Profiler™ is used. The profiler 

logs the period of time that passes from the start of the control cycle until the control action is 

implemented [27]. 

 

The baseline for this test is decentralised PD control where each of the five degrees of freedom 

has an independent PD controller. This PD control along with the PMSM control result in an 

execution time of 11.25 µs. 

 

For this application various factors influence the execution time of the FlyUPS when the MPC 

controller is implemented. These factors include the order of the model from which the controller 

is derived, the use of constraints in the design, and the lengths of Np and Nc. This is expected 

as these factors increase the complexity and number of operations that are performed during 

each control cycle. 

 

By systematically incorporating elements of the MPC controller into the control of the system, 

e.g. adding a SISO MPC controller for the axial AMB, then including the MIMO MPC controller 

for the radial AMBs, etc. the effects of the model order and constraints are investigated.  

 

Incorporating a SISO MPC controller for the axial AMB with the radial AMBs controlled by the 

decentralised PD controllers is investigated first. When an unconstrained MPC controller is 

derived from the full seventh order model of the axial AMB of the FlyUPS the execution time is 

determined as 127 µs. By including constraints into this design the execution time increases to 

152 µs. By incorporating more elements of the MPC controller, such as the control of the radial 
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AMBs where the MPC controller is derived from the full twenty-eighth order model of the radial 

AMBs of the FlyUPS, into the design the execution time become far greater than 200 µs. The 

sampling period of 200 µs corresponds to a sampling frequency of 5 kHz which is determined 

experimentally as the lowest possible sampling rate for the FlyUPS to implement stable control. 

 

When adding an unconstrained single-degree-of-freedom MPC controller to replace the axial 

PD control, the execution time is increased to 31 µs. This unconstrained MPC control is derived 

based on the reduced second order model of the axial AMB of the FlyUPS. In the case where 

simple hard constraints such as the minimum and maximum control actions are added to the 

design of the MPC controller the execution time increases to 44 µs.  

 

For an unconstrained four-degree-of-freedom MIMO MPC controller is used to replace the four 

radial PD controllers the execution time increases to 125 µs. This unconstrained MIMO MPC 

controller is derived based on a reduced eighth order model of the FlyUPS. In the case where 

simple constraints are added to the design of the MPC controller, the controller becomes unable 

to control the system as the amount of time it would take to complete all of the calculations 

becomes too large to be completed within a sampling period of 200 µs.  

 

For the unconstrained five-degree-of-freedom MIMO MPC implemented as the control strategy 

for the FlyUPS, the execution time is 174 µs. This unconstrained controller is derived from a 

reduced tenth order model of the FlyUPS. As with the previous case, the addition of simple 

constraints to the design of the MPC controller also causes the control problem to become 

unstable. 

 

Based on the full 5-DOF MIMO MPC controller for the FlyUPS the effects of Np and Nc are then 

determined. Firstly, the effect of Np on the execution time is investigated by setting Nc = 5 and 

varying Np. From the results in Table 5-3 it is seen that the execution time decreases as Np 

decreases. 

 

Following the same method the effect of Nc on the execution time is determined. By keeping 

Np_=_60 the results for varying Nc are determined as in Table 5-4. From these results it is clear 

that the execution time decreases as Nc is decreased. 

 

In addition to the execution time discussed in this section some overhead operations result in a 

slight increase in the total time used to implement the control during each control cycle. These 

overhead operations include initialising and clearing variables at the start and end of the 

sampling period, reading and writing variables to and from memory, and communication 
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between the dSPACE hardware and the host PC [28]. As the design of an MPC controller uses 

more and often larger variables than PD control this overhead will be larger for MPC.  

Table 5-3 Execution time for varying Np 

Np (samples) Cycle time (µs) 

80 174 

70 160 

60 140 

50 120 

45 110 

 

Table 5-4 Execution time for varying Nc 

Nc (samples) Cycle time (µs) 

5 140 

4 117 

3 92 

2 69 

 

Based on the considerations with regard to the execution time the maximum sampling rate for 

each control strategy is determined. For the PD control with an execution time of 11.25 µs and 

considering the overhead discussed previously, the maximum sampling rate is determined as 

20 kHz. For MPC (assuming Nc = 5 and Np = 50) with an execution time of 120 µs including the 

necessary overhead results in a maximum viable sampling rate of 5 kHz. 

5.4.3 Operational limitations 

In Figure 5-2 the MPC controller block allows multiple MPC controllers to be used in the control 

of the FlyUPS. These controllers correspond to different operating conditions, i.e. the changes 

in the dynamics of the FlyUPS corresponding to changes in the operating speed. For the 

FlyUPS these controllers are derived based on the models discussed in section 2.5, derived at 

various operating speeds.  

 

The first controller is derived for operation at standstill and the following controllers are derived 

at predetermined intervals of the operating speed. These intervals become shorter as the 

operating speed increases due to the fact that the dynamics of the system change more rapidly 

with increasing speed.  This indicates that the controller is able to update itself only to a point 

where the model differs too much from the actual system model. Each controller is derived not 
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only with a different model, but also with different parameters depending on the dynamics of the 

system. 

 

The MPC toolbox™ implements these multiple by implementing the selected controller and 

updating this controller at the end of the control cycle. The other controllers that are not selected 

are also updated at the end of the control cycle. This ensures smooth switching between the 

controllers. 

 

However when the application of multiple controllers is investigated it is seen that implementing 

any more than a single MPC controller results in an increase in the execution time of the 

controller beyond the maximum sampling period of 200 µs. At most two MPC controllers can be 

implemented when reducing Nc and Np, however this deteriorates the performance of the 

controllers which decreases the effectiveness of MPC. It is also noted that taking the necessary 

overhead into account causes the maximum sampling period to be exceeded occasionally 

during operation. While not resulting in system instability at standstill, this does raise some 

concern regarding the application of multiple controllers at other operating speeds where 

instability can cause damage to the system. 

 

Based on this consideration, only one MPC controller is implemented on the FlyUPS during 

operation. This controller is derived at standstill and the effects of changing the operating speed 

are determined. 

5.5 Conclusion 

This chapter discussed the setup for implementing MPC on the FlyUPS. The aim of this 

implementation is to evaluate MPC for the FlyUPS by firstly validating the MPC controller and 

then forming a comparison between MPC and decentralised PD control. Some considerations 

that were previously identified as possible limitations regarding the memory usage and 

execution time were also investigated.  

 

In the next chapter the validation and evaluation of the MPC controller implemented on the 

FlyUPS is discussed. 
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6. Controller evaluation 

This chapter discusses the evaluation of the MPC controller on the FlyUPS. Firstly the tests 

used in the analysis of the MPC controller, namely the transient response, disturbance 

response and sensitivity function, are discussed. Then the MPC controller is validated by 

comparing the implementation results with the simulation results in order to determine if the 

controller functions as expected. Then the MPC controller is compared to decentralised PD 

control in order to determine the advantages and disadvantages of using MPC. 

6.1 Performance assessment 

In this discussion three tests are performed to assess the performance of the MPC controller. 

These tests are the transient response evaluation, the disturbance response evaluation, and the 

sensitivity function. As the dynamics of the system depend on the operating speed of the 

FlyUPS, the tests are performed at standstill and 500 r/min. The operating speed of 500 r/min is 

chosen to show the performance deterioration of the MPC controller derived from a model of the 

system at standstill, without allowing the system to become unstable. 

 

The transient response, disturbance response and sensitivity function tests are discussed 

according to the common representation of a closed-loop system as given in Figure 6-1.  

Controller PlantR V1

V2

D

U1 U2ΣΣ
++

+

-

 

Figure 6-1 Signals and excitation nodes of a common closed-loop system [7] 

6.1.1 Transient response evaluation 

In order to perform a transient response evaluation a step reference is applied at R and the 

response of the closed-loop system is measured at V2. The transient response gives an 

indication of the percentage overshoot, settling time and rise time of the system. The results of 
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this evaluation are compared to the results of the simulation, to determine the correlation 

between the physical and simulated systems. 

 

The magnitude of the step is chosen as 15 µm in order to ensure a good signal to noise ratio, 

while not operating the FlyUPS in a non-linear area. As the rotor is assumed to only operate 

within the first two rigid modes, the transient response also gives an indication of how a 

controller handles the cross-coupling between the radial AMBs. 

6.1.2 Disturbance response evaluation 

The disturbance response of the closed-loop system is obtained by applying a disturbance to 

the system at D and measuring the response at V2. The disturbance represents a disturbance 

force acting on the rotor. The result of this test indicates the ability of a controller to handle 

unexpected disturbances. For a system such as the FlyUPS that uses linearised AMBs where 

the control currents are applied in a differential driving mode as presented in Figure 6-2 the 

disturbance is added to icontrol.  

 

Figure 6-2 Differential driving mode for linearised AMB 

The disturbance is chosen as a step with a magnitude of 0.2 A. This corresponds to a force of 

approximately 3.5 N and 4.7 N applied to the radial and axial AMBs of the FlyUPS, respectively. 

This disturbance is large enough to ensure a good signal-to-noise ratio while ensuring that the 

FlyUPS is not forced into a non-linear or unstable condition.  

6.1.3 Sensitivity function 

For AMB systems the performance robustness of the system is analysed using the sensitivity 

function. The sensitivity function is evaluated according to the ISO CD 14839-3 standard for 

AMBs [7]. This function forms the standard due to the fact that it shows the sensitivity of an 

AMB to disturbances of different frequencies, and it is simple to measure [4]. 

  

The sensitivity function is evaluated by injecting a harmonic or sinusoidal excitation signal at R 

and measuring the response at V1 for each input channel. The sensitivity function is then 

calculated as [7]: 
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According to the ISO CD 14839-3 standard this sensitivity function must be characterised up to 

a frequency of three times the rated speed of the AMB system or 2 kHz, depending on which is 

the larger value. As the FlyUPS was designed for a maximum operating speed of 25 000 r/min, 

the sensitivity function is performed up to 2 kHz.  

 

The peak or worst-case sensitivity among the axes determines the sensitivity of the system. The 

peak sensitivity of the system is classified according to the ISO CD 14839-3 standard as being 

in one of the four zones described in Table 6-1 [7]: 

Table 6-1 Sensitivity ratings according to the ISO CD 14839-3 standard [7] 

Zone Rating 

A/B 8 dB 

B/C 12 dB 

C/D 14 dB 

 Zone A:  Common sensitivity for newly commissioned machines. 

 Zone B: Machines are cleared for unrestricted long-term operation. 

Zone C: Machines are not cleared for unrestricted long-term operation; machines 

in this zone may require maintenance. 

Zone D: Machine sensitivity is severe; machines in this zone may be damaged. 

 

The excitation signal chosen for this test is a chirp, i.e. sinusoidal signal with increasing 

frequency, with a magnitude of 15 µm. This excitation signal is chosen as it offers a good 

method of exciting all of the necessary frequencies. The magnitude also ensures a good signal-

to-noise ratio without operating the FlyUPS in a non-linear area. The frequency of the chirp is 

increased by 1 Hz every second to ensure the integrity of the test by allowing the system to 

reach a steady-state response before the frequency is increased further. 

6.2 Validation 

In order to determine whether the MPC controller functions as expected the simulated results of 

the performance assessment discussed previously are compared to the implementation results. 

6.2.1 Transient response 

The transient response of the FlyUPS is investigated by firstly applying a step reference change 

to the axial AMB (Z) at standstill. Figure 6-3 shows the results of the simulated and measured 

response, and reference signal for this step change on Z at standstill. It is clear from this figure 
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that the measured response has a much larger P.O. and settling time, as well as a longer rise 

time than in the simulated case. A slight oscillation is also noted in the measured response. This 

80 Hz oscillation corresponds to the inertia of the rotor when a force is applied to correct the 

position of the rotor using the relatively low sampling frequency of 5 kHz. 

 

Figure 6-3 Step response of the axial AMB at standstill 

Figure 6-4 and Figure 6-5 show the response of the radial AMBs when the step reference 

change is applied to the top radial AMB (X1) and the bottom radial AMB (X2), respectively. This 

indicates that the measured response is slower than predicted. However the measured 

response follows the simulated response closely in both cases. The cross-coupling between the 

top and bottom radial AMBs also correlate closely to the simulated values at standstill. 

 

Figure 6-4 step response of the radial AMBs at 0 r/min for a step on X1 
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Figure 6-5 Step response of the radial AMBs at 0 r/min for a step on X2 

At 500 r/min the simulated response of the axial AMB does not change. However as seen in 

Figure 6-6 the measured response shows some difference as the second harmonic of the 

operating speed (at 16.7 Hz) influences the response of the axial AMB. This component at 

16.7_Hz is apparent in the frequency response of the axial AMB in Figure 6-18. 

 

Figure 6-6 Step response of the axial AMB at 500 r/min 

The transient responses of the radial AMBs at 500 r/min when a step reference change is 

applied to X1 and X2 are given in Figure 6-7 and Figure 6-8, respectively. In Figure 6-7 a 

change in the mean of X1 corresponding to the step reference change is clear, despite the 

presence of an oscillation with a magnitude of 25 µm. This oscillation corresponds to an 

unbalance force acting on the rotor which can be identified as the integer multiples-of-two 

harmonics and is clear from the frequency response of the top and bottom radial AMBs in 

Figure 6-19 and Figure 6-20, respectively. The reason that only half of the resonance peaks are 

seen in the frequency response is due to a characteristic of unbalance excitations that only 
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excite vibrations that whirl in the same direction as the rotor is spinning [4]. In this case this 

case these vibrations correspond to the integer multiples-of-two harmonics of the operating 

speed. This unbalance disturbance makes it difficult to see the effects of cross-coupling on the 

top radial AMB. However, Figure 6-7 and Figure 6-8 indicate that MPC is able to implement the 

step reference change in the presence of the unbalance. 

 

Figure 6-7 Step response of the radial AMBs at 500 r/min for a step on X1 

 

Figure 6-8 Step response of the radial AMBs at 500 r/min for a step on X2 

6.2.2 Disturbance response 

The disturbance response determines the response of the system to unexpected forces acting 

on the rotor. One such unexpected force is the unbalance disturbance measured on the top 

radial AMB at an operating speed of 500 r/min. This disturbance causes an oscillation 

corresponding to the integer multiples-of-two harmonics of the operating speed. The MPC 

controller is able to keep this disturbance from becoming unstable, but is not able to eliminate 

this unbalance disturbance. 
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Further investigations of the effects of disturbances on the system are conducted by firstly 

applying a disturbance to the axial AMB of the FlyUPS at standstill. Figure 6-9 shows that the 

rotor experiences a larger displacement than expected, but eliminates the disturbance without a 

steady-state error within approximately the same amount of time as expected from simulation.  

 

Figure 6-9 Disturbance response of the axial AMB at standstill 

Figure 6-10 and Figure 6-11 show the measured and simulated responses of the system at 

standstill to a disturbance on X1 and X2, respectively. These results indicate that the measured 

results have a large correlation. As expected the disturbance causes a larger displacement in 

X1 than X2. However X1 also eliminates this error faster than X2. The amount of cross- 

coupling between X1 and X2 due to the disturbance force in the simulated and measured 

results also coincide closely. 

 

Figure 6-10 Disturbance response of the radial AMBs at 0 r/min for a disturbance on X1 
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Figure 6-11 Disturbance response of the radial AMBs at 0 r/min for a disturbance on X2 

The disturbance response of the axial AMB at 500 r/min differs marginally from the response at 

standstill in both simulation and implementation. Figure 6-12 shows the disturbance response of 

the axial AMB at an operating speed of 500 r/min. As previously, the measured response shows 

a larger overshoot than expected, but this error eliminated in accordance with the simulated 

results. 

 

Figure 6-12 Disturbance response of the axial AMB at 500 r/min 
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in the response of X1. In Figure 6-13 the response of X1 shows a larger displacement in the 

position of the rotor than simulated, however the MPC controller is able to keep the system 

stable. In Figure 6-14 the effect of the cross-coupling on X1 is also unclear amidst the 

unbalance disturbance. 
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Figure 6-13 Disturbance response of the radial AMBs at 500 r/min for a disturbance on X1 

 

 

Figure 6-14 Disturbance response of the radial AMBs at 500 r/min for a disturbance on X2 
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result indicates that the axial AMB of the FlyUPS is very sensitive to parameter changes from 

82 Hz to 96.5 Hz where Z operates in class C and D of the ISO CD 14839-3 standard. The 

simulated sensitivity function clearly does not predict these dynamics. The simulation result 

indicates a single peak sensitivity of 4 dB at 160 Hz placing the axial AMB in zone A of the ISO 

CD 14839-3 standard. This difference indicates that the model of the axial AMB may not be 

accurate enough to meet the requirements of MPC. 

 

Figure 6-15 Sensitivity function of the axial AMB at standstill 

Figure 6-16 and Figure 6-17 give the results for the sensitivity functions of X1 and X2, 

respectively, at standstill. These results indicate a larger correlation between the simulated and 

measured results. However, it is also clear from these results that the actual system has some 

inherent dynamics that are not contained in the model and thus do not appear on the simulation 

results.  

 

Figure 6-16 shows three peak sensitivities of - 4.82 dB, 4.728 dB and 4.14 dB at 15.38 Hz, 

42.16 Hz and 57.63 Hz, respectively, in the measured sensitivity of X1 at standstill. This places 

the top radial AMBs within zone A of the ISO CD 14839-3 standard for AMBs. The simulated 

sensitivity expects a single peak of 5 dB at 58 Hz corresponding to zone A of the ISO CD 

14839-3 standard. 

 

At standstill, the measured sensitivity function of X2 given in Figure 6-17 shows peaks in the 

sensitivity of 3.18 dB and 4.13 dB, at 15.13 Hz and 34.93 HZ, respectively. This places the 

bottom radial AMBs within class A of the ISO CD 14839-3 standard on AMBs. The simulated 

sensitivity of X2 indicates a single peak of 4.1 dB at 35 Hz corresponding to zone A of the ISO 

CD 14839-3 standard as well. 
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Figure 6-16 Sensitivity function of the top radial AMB at standstill 

 

 

Figure 6-17 Sensitivity function of the bottom radial AMB at standstill 
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axial AMB. However, in the case of the radial AMBs the sensitivity at these harmonic 

frequencies is driven into zone D of the ISO CD 14839-3 standard for AMBs. 

 

Figure 6-18 Sensitivity function of the axial AMB at 500 r/min 

 

Figure 6-19 Sensitivity function of the top radial AMBs at 500 r/min 

 

Figure 6-20 Sensitivity function of the bottom radial AMBs at 500 r/min 
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6.2.4 MPC operating range 

For this paragraph the operating range is defined as the amount by which the operating speed 

can be adjusted about the design speed of the MPC controller before the system response 

becomes unstable. This is done by implementing an MPC controller derived for the model of the 

FlyUPS at 0 r/min and increasing the operating speed until the maximum operating speed is 

attained where the radius of the orbital pattern about the origin reaches 120 µm. 

 

An increase in the operating speed introduces a visible change in the performance of the MPC 

controller in simulation and implementation where the radius of the orbital pattern increases 

nearly exponentially as the operating speed is increased. In the case of simulations the 

maximum operating speed reached is 2440 r/min for an orbital radius of 120 µm in X1. In the 

case of implementation this orbital radius in X1 is already reached at 1500 r/min. Any further 

increase in the operating speed of the implementation causes the open-loop PMSM control to 

lose synchronism with the rotor, and ends the test. 

 

This difference between the measured and expected behaviour can be ascribed to two factors. 

Firstly the unmodelled dynamics have a larger influence on the system as the operating speed 

is increased. These unmodelled dynamics include unbalances on the rotor and delays 

commonly experienced in systems with ADCs and DACs. Secondly the model of the noise that 

is used in the design of the MPC controller assumes that the noise is wide-sense-stationary 

white Gaussian noise with unit-variance. As this part of the MPC controller incorporates the 

integration effect into the design of the controller to eliminate steady-state errors, a more 

accurate model of the noise may increase the operating range of the MPC controller. 

6.2.5 Discussion 

Based on the results discussed in this section it is clear that the performance of the MPC 

controller implemented on the FlyUPS has a large correlation to what is expected in simulation. 

This means that MPC is validated as a viable control strategy for the FlyUPS within the design 

parameters of the MPC controller. However, some limitations of MPC such as the effects of 

unmodelled dynamics and the long execution time raise the question of whether MPC can 

perform better than a more classical approach such as decentralised PD control.  

6.3 Comparison of MPC and PD 

In order to further evaluate the effectiveness of MPC as a control strategy for the FlyUPS it is 

compared to PD control using the same methods as in the previous section.  
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6.3.1 Transient response 

Firstly the step response for the MPC and PD controllers are compared by implementing a step 

reference change on the axial AMB of the FlyUPS at standstill. From the response shown in 

Figure 6-21 the PD has a much larger P.O., Ts and Tr than the MPC controller. The MPC 

controller is also able to follow the reference without any steady-state error due to the integrator 

effect embedded in the design of the controller. For PD control this steady-state error indicates 

the high negative stiffness (ks) encountered in the FlyUPS [4]. This error can be reduced by 

redesigning the control strategy to accommodate smaller values of ks or implementing 

integrating feedback in the control scheme (PID control). The 80 Hz oscillation is not present in 

the measured response of the PD controller. This is indicative of the fast execution time of the 

decentralised PD control strategy. 

 

Figure 6-21 Step response of the axial AMB at standstill 

The transient responses of the radial AMBs at standstill are given in Figure 6-22 and Figure 

6-23 for a step reference change in X1 and X2, respectively. From these figures it is clear that 

the PD controller manages a faster Tr, however this results in a larger P.O. and Ts than the MPC 

controller. The transient responses of the decentralised PD control also settle with a steady-

state error due to high values of ks for X1 and X2, whereas the MPC follows the reference 

accurately due to the embedded integrators in the controller design.  

 

The magnitude of the disturbance on the secondary AMB when the step is applied to the 

primary AMB is also larger for the decentralised PD control. This is expected as the cross-

coupling is included in the design of the MPC controller.  

 

When comparing Figure 6-22 and Figure 6-23 it is noted that the bottom radial AMB has a 

longer Tr and Ts than the top radial AMB for both MPC and PD. In the case of the PD control the 

setup of the decentralised controllers are the same for the top and bottom radial AMBs 
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indicating that the equivalent stiffness at the bottom radial AMB is slightly less than the top 

radial AMB at standstill. 

 

Figure 6-22 Step response of the radial AMBs at 0 r/min for a step on X1 

 

 

Figure 6-23 Step response of the radial AMBs at 0 r/min for a step on X2 

When this transient response evaluation is repeated at an operating speed of 500 r/min the 

performance of the axial AMB only shows marginal changes such as the addition of the 80 Hz 

oscillation in the response of the MPC controller. This oscillation is not present in the response 

of the PD controller which is indicative of the faster execution time of the decentralised PD 

control strategy. 
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As shown in Figure 6-24 a large oscillation caused by an unbalance is seen in the responses of 

the radial AMBs for both MPC and PD at 500 r/min. The magnitude of this oscillation for 

decentralised PD control is less than half that of MPC in the upper radial AMB. The step 

responses of the radial AMBs at 500 r/min indicate that the performance of both control 

strategies degrade with an increase in the operating speed, however decentralised PD control is 

more robust in terms of unbalance rejection than MPC. 

 

Figure 6-24 Step response of the radial AMBs at 500 r/min for a step on X2 

6.3.2 Disturbance response 

The first disturbance response noted in the FlyUPS is the disturbance force on the rotor due to 

an unbalance force acting on the rotor at an operating speed of 500 r/min. In Figure 6-25 a 

comparison of the rotor orbital patterns are given for the top and bottom radial AMBs of the 

FlyUPS when MPC and PD control are implemented. From these results it is clear that 

decentralised PD control manages this unexpected unbalance much better than MPC.  

 

The reason for this is that the weights on u, ∆u and y used in the design of the MPC controller 

were chosen to achieve a desirable system response at standstill, i.e. the required stiffness and 

damping necessary for stable operation. This means that the MPC controller implements a 

limited amount of stiffness and damping which at 500 r/min is enough to keep the system stable 

but is not sufficient to eliminate the unbalance. Also, the design of the MPC only incorporates a 

certain degree of adaptability in the estimation of the system states. At 500 r/min the 

parameters of the FlyUPS differ too much from the parameters of the reduced order FlyUPS 

model used to derive the MPC controller. The MPC controller is then unable to adapt enough to 

take the unbalance into consideration. 
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Figure 6-25 Radial AMB orbital patterns at 500 r/min 

When determining the disturbance response of the axial AMB of the FlyUPS at standstill using 

the methods described in section 6.1.2, the results in Figure 6-26 are obtained for the axial AMB 

at standstill. The PD control seems to implement a step response rather than disturbance 

rejection. The MPC on the other hand identifies the disturbance and works to eliminate the 

disturbance with no steady-state error.  

 

Figure 6-26 Disturbance response of the axial AMB at standstill 

The implementation of the disturbance as discussed in section 6.1.2 for the evaluation of the PD 
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and damping characteristics of the AMBs are changed causing the transient position of the rotor 

to change. This effect can further deteriorate the performance of the PD controller with any 
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disturbance on the position of the rotor. Alternatively, an integrator can be incorporated into the 

control scheme (PID control). 

 

In the case of MPC a model specifying the operation of the FlyUPS is used to determine the 

performance of the system. This means that the disturbance applied as discussed in section 

6.1.2 is recognised as a disturbance and the MPC controller works to eliminate the error. An 

integration effect is also embedded in the MPC controller design to eliminate steady-state 

errors. 

 

From this discussion it is clear that using PD control requires a lot of insight to successfully 

implement disturbance rejection. For MPC an accurate model of the system ensures that 

disturbances are identified and eliminated within the operating limits of the controller. 

6.3.3 Sensitivity function 

As stated previously the sensitivity function of an AMB system represents the robustness of the 

system to parameter changes. The sensitivity function of the axial AMB of the FlyUPS at 

standstill is given in Figure 6-27. The peak sensitivity for PD control on Z is 19.67 dB at 

13.46_Hz, which falls within zone D of the ISO CD 14839-3 standard. This is a worse sensitivity 

than MPC, however both MPC and PD are categorised as being in zone D. From these it is also 

noted that MPC has a lower sensitivity to parameter changes for frequencies up to 30 Hz. After 

this mark the PD control shows better robustness. 

 

Figure 6-27 Sensitivity function of Z at standstill 

In the case of the radial AMBs at 0 r/min shown in Figure 6-28 and Figure 6-29 for X1 and X2, 

respectively, the overall robustness of the MPC controller is better than the decentralised PD 

controllers with peak sensitivities placing X1 and X2 within zone A of the ISO CD 14839-3 

standard for AMBs. For the decentralised PD controllers peaks in the sensitivity of X1 and X2 
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place both the top and bottom radial AMBs in zone D of the ISO CD 14839-3 standard for 

AMBs. These peaks are 16.02 dB at 79.14 Hz for X1 and 17.2 dB at 39.84 Hz for X2. 

 

Figure 6-28 Sensitivity function of X1 at standstill 

 

 

Figure 6-29 Sensitivity function of X2 at standstill 

At an operating speed of 500 r/min the frequency response shows the integer multiples-of-two 

harmonic components introduced by an unbalance on the rotor and the influence of these 

harmonics on the sensitivity functions of the FlyUPS for MPC and PD control. Figure 6-30 

shows the sensitivity function for X1 which indicates that the integer multiples-of-two harmonics 

have a much larger effect on the sensitivities of the radial AMBs at lower frequencies. For the 

radial AMBs the peak sensitivities of both controllers at 500 r/min fall within zone D of the ISO 

CD 14839-3 standard. 

 

The sensitivity of the system is classified by the worst-case sensitivity of any of the components 

according to the ISO CD 14839-3 standard for AMBs. This means that the FlyUPS falls within 

zone D for MPC and decentralised PD control. However, it can be noted that MPC offers 

superior performance to PD control at the design frequency of the controller. 
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Figure 6-30 Sensitivity function of X1 at 500 r/min 

6.3.4 Discussion 

From the comparison of MPC and PD several observations are made regarding the advantages 

and disadvantages of implementing MPC on the FlyUPS. By using a modern control technique 

such as MPC the optimal operation of the system can be guaranteed. However, this optimal 

control is limited to the design parameters of the MPC controller. The most important parameter 

in the design of the MPC controller is an accurate model of the system dynamics. A certain 

degree of adaptability is also incorporated in the design of the MPC controller to obtain a fair 

operating range for the MPC controller about the design parameters.  

 

As discussed previously the operating range of the MPC controller derived at standstill can 

operate with a relative degree of stability to an operating speed of 1500 r/min. In the case of the 

decentralised PD control the FlyUPS can operate safely up to an operating speed of 6600 r/min 

without any changes to the controllers [1]. This indicates that the decentralised PD control is 

more robust to changes in the dynamics of the FlyUPS due to the relatively short execution time 

and high stiffness that are achieved. 

 

The derivation of the MPC controller is simple yet effective when using a tool such as the MPC 

toolbox™. Some insight of the system is needed to determine the parameters of the controller 

for a desired system response. Tuning these parameters also requires some time. On the other 

hand, the design and implementation of successful PD controllers require a high level of skill 

and insight into classical control theory and the system [4].   
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6.4 Conclusion 

In this chapter the performance of MPC on the FlyUPS was investigated. This analysis included 

the validation of the MPC controller and a comparison between MPC and decentralised PD 

control. The validation results indicate that the MPC controller performs as expected in 

simulation at standstill with good responses in set-point tracking, disturbance rejection and 

robustness in the output sensitivity. However, as the operating speed is increased to 500 r/min 

an unbalance is observed on the radial AMBs.  

 

This unbalance is identified by the sinusoidal disturbance in the position output of X1 and 

introduces integer multiples-of-two harmonics that are clearly visible in the frequency response 

of the FlyUPS for MPC and PD control [4]. For decentralised PD control the unbalance has a 

smaller effect than for MPC due to the faster sampling frequency and higher effective stiffness 

of the PD controllers. 

 

When considering the performance of the controllers with regard to the effort required to design 

the controllers, it is clear that decentralised PD control requires more insight and skill to obtain 

desirable results such as accurate set-point tracking, disturbance rejection and output sensitivity 

[4]. The good performance of the MPC controller is inherent in the design, even when 

implementing MIMO control. This design of the MPC controller is simplified by using a tool such 

the MPC toolbox™ where some insight into the system and the effects of the controller 

parameters is required. However, this generic design of the MPC controller increases the 

computational load, leading to a long execution time.  

 

The good performance of the MPC controller is limited to a certain operating range, which is 

seen to be much shorter than the operating range of the decentralised PD control. This 

indicates that the MPC controller is limited in adapting to unmodelled dynamics in the system. 

Another limitation in the MPC design is that fixed parameters restrict the stiffness and damping 

applied in the AMBs. 

 

In the next chapter conclusions and recommendations are made based on this analysis of MPC 

implemented on the FlyUPS. 
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7. Conclusions and recommendations 

This chapter reports the conclusions and recommendations for this dissertation. Firstly, a 

conclusion is drawn on the use of MPC as a viable control strategy for the FlyUPS. Then 

recommendations for the future improvement of MPC for the FlyUPS are made. Finally, a 

closing statement is made regarding the success of this study. 

7.1 Conclusions 

Based on the evaluation of MPC for the FlyUPS in this dissertation, it is clear that there are 

some advantages and limitations in the design and implementation of MPC.  

 

From the verification of the MPC controller in chapter 4 it is clear that various control algorithms 

exist in the class of MPC. However, not all algorithms provide the same level of performance. 

As seen in chapter 4 the derivation of a MIMO MPC controller using a classical approach and 

incorporating some optimisation techniques offers good insight into the theory of MPC, but was 

not verified as an effective control scheme for the FlyUPS. When using a software tool such as 

the MATLAB® MPC toolbox™ a generalised approach to deriving the MIMO MPC controller was 

used along with some guidelines on parameter selection, and parameter tuning to obtain the 

desired response. This approach yielded good results and required much less effort to derive 

than the MPC controller derived based on the classical approach. Thus the MPC controller 

derived using the MPC toolbox™ was verified as an effective control scheme for the FlyUPS. 

 

The implementation on the FlyUPS provided a further advantage of AMBs. This advantage is 

that the existing system can be used for the excitation and measurement of the MIMO dynamics 

of the FlyUPS. This approach reduces the equipment and cost of the physical implementation 

as no extra equipment such as signal generators or oscilloscopes are needed. The condition of 

the system can also be monitored without removing the rotor from the enclosure to perform a 

rotordynamic analysis. 

 

From the implementation of the MPC controller on the FlyUPS further observations can be 

made regarding common limitations of MPC. The model order used for MPC and control 
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constraints implemented heavily impact computational intensity and the resulting controller 

execution time. This implied limiting the order of the model to ten and omitting constraints from 

the controller design in order to achieve a minimum 5 kHz sampling frequency required for high 

speed AMB control The relatively long execution time of a single MPC controller also meant that 

only one controller could be implemented during operation so that no gain-scheduling could be 

done to switch between controllers derived for certain operating conditions. 

 

In order to evaluate the implementation of MPC on the FlyUPS the MPC controller was firstly 

validated by comparing the performance of the implementation to the simulated performance. 

From this validation it was seen that the performance of the implementation correlated closely to 

the performance expected in simulation with regard to the transient response, disturbance 

rejection and the robustness to parameter changes. The design of the MPC controller based on 

the model of the FlyUPS shows good performance about the working point of the controller 

design with the elimination of steady-state errors in the transient response due to the integrator 

effect incorporated in the design. This controller also effectively eliminates disturbances 

resulting from the cross-coupling between the radial AMBs. 

 

However, at an operating speed of 500 r/min an unbalance disturbance is noted in the response 

of the radial AMBs. This unbalance is seen as the sinusoidal disturbance in the position output 

of the radial AMBs and can be identified by the integer multiples-of-two harmonic components in 

the frequency response that are introduced by the unbalance at the operating speed. From 

these results it is clear that the MPC controller is limited to the design parameters derived at 

standstill which cannot implement enough stiffness in the AMBs to eliminate the unbalance 

disturbance. The MPC algorithm updates the states at each control cycle to update the 

controller for optimal control. However this adaptability is limited as the dynamics of the system 

change. 

 

A further analysis was performed by comparing the performance of a MIMO MPC controller with 

the five SISO controllers used in decentralised PD control. This analysis was performed to 

investigate whether MPC would have any advantages over this classical control strategy. The 

results indicated that MPC offers better performance than PD control within the design 

parameters of the MPC controller for the step response, disturbance rejection and sensitivity 

function. Further advantages of MPC were that the disturbances as a result of the cross-

coupling had a smaller effect on the performance of the system, and that the MPC controller 

was able to eliminate steady-state errors due to the integrator effect embedded in the design of 

the controller. In order to achieve the same performance with PD control various approaches 

based on deep insight and past experience would be required. 
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As the operating speed was increased the advantage in the performance of MPC deteriorated. 

At 500 r/min an unbalance was noted in the responses of both MPC and PD control. The 

decentralised PD control was able to reject this disturbance more effectively than the MPC 

controller. This was due to the limitations in the adaptability of the MPC controller to unmodelled 

dynamics. The PD controller on the other hand is designed to achieve a predetermined stiffness 

and damping that should be sufficient for the entire operating range of the FlyUPS making 

decentralised PD control more robust to parameter changes at higher frequencies.  

 

As stated previously the design of the MPC controller is based on specifications from which the 

controller design directly follows, with some insight required for choosing and tuning the design 

parameters. The design of a sufficient PD controller for the FlyUPS is motivated by a physical 

approach and gives good insight into the control problem. However this requires a deeper 

knowledge of classical control theory and skill rooted in experience to achieve good 

performance. A major advantage of the PD control is that the design of the decentralised PD 

controllers ensures a relatively short execution time of 11.25 µs compared to the execution time 

of 140 µs needed by the MPC controller. 

 

A final consideration in the validation of MPC for the FlyUPS is to ensure that the problem 

statement as described in section 1.2 has been resolved. From the discussion of this research 

topic in this dissertation it is clear that MPC is able to implement real-time control of a complex 

AMB system. However some limitations regarding the operating range due to unmodelled 

dynamics, as well as a long execution time due the computational load, have been noted. With 

regard to the sensitivity of the FlyUPS to parameter changes, MPC was able to operate the 

radial AMBs of the FlyUPS within zone A of the ISO CD 14839-3 standard for AMBs; however 

even at standstill the total system sensitivity was rated as being in zone D. This indicates that 

while MPC is able to control the FlyUPS, some improvements to the MPC strategy must first be 

made to ensure the optimal performance of the FlyUPS. 

7.2 Recommendations for future work 

Through this investigation it was seen that MPC is a viable control strategy for the FlyUPS. 

However, some limitations of MPC must be addressed to improve the performance. These 

limitations include the execution time and operating range of the MPC controller. 

7.2.1 System assessment 

Prior to further implementations on the FlyUPS, an assessment of the system should be 

performed to determine the status of the FlyUPS. Of primary interest is the rotor dynamics such 

as the unbalance that is clearly visible in the frequency response of the FlyUPS. Other factors to 
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investigate are the effects of aging on the system since its commissioning in 2007. This includes 

the aging of the flywheel rotor, stator, sensors and other electrical components. Any changes in 

the system e.g. the replacement of electrical components and sensors are also of interest as 

this can have minor effects on the performance of the system. 

 

Other assessments of the system can be done with the focus of improving the performance of 

the system by expanding the hardware capabilities of the FlyUPS. Currently, the dSPACE® 

controller uses a single Power PC (PPC) as the central processing unit to implement the control 

strategy on the FlyUPS. This limits the abilities of the system as discussed previously. By 

incorporating a second PPC into the dSPACE® controller, the computational load can be 

distributed yielding faster execution times for complex control strategies such as MPC [26]. This 

will also allow more features of MPC such as constraints and a gain-scheduling strategy to be 

included in the controller design. 

7.2.2 MPC algorithm 

As discussed in section 2.2 the class of MPC is derived from various control strategies that are 

model-based and employ predictive elements. In chapter 3 and 4 of this dissertation two such 

techniques were investigated for implementation on the FlyUPS. However, there exist various 

other MPC strategies involving different models or optimisation techniques in the design of the 

MPC controller. 

 

With regard to alternative models used in the design of the MPC controller “smart” models such 

as neural- or fuzzy network models can be incorporated that can be updated on-line to adapt to 

changes in the system [5]. System identification can also be used to create an accurate model 

of the system that includes the dynamics [5]. Alternatively system identification can be done to 

create a model of the uncertainty in the system which, along with the existing model described 

in section 2.5, can be taken into account when determining the optimal control action [4]. This 

may also give a better representation of the noise used in the design of the MPC controller, as 

opposed to the assumption of wide-sense-stationary unit-variance white Gaussian noise that is 

generally used. Another alternative is to use numerical structuring methods to reduce the large 

amount of numerical redundancy often inherent to state-space models [4]. These redundancies 

occur as a result of the number of control parameters and multiply-accumulate (MAC) 

operations, and lead to an increase in the computational load and longer execution times.  

 

For the optimisation algorithm various techniques have been proposed for the reduction of the 

computational load when calculating the optimal control action for a MIMO system. The most 

prominent technique involves convex optimisation algorithms that reduce the computational 
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load by exploiting special patterns in the formulation of the objective function [5]. This technique 

is common in applications involving quadratic programming problems such the formulation of 

the MPC cost function when constraints are implemented on the output and increment of the 

control signals. Alternatively the parameters that do not change during the plant operation can 

be identified and calculated offline to reduce the computational load [5]. These parameters can 

then be implemented in a gain-scheduling algorithm during operation. 

7.2.3 Control specification 

From the results of the evaluation it is clear that MPC does not respond well to unmodelled 

disturbances; in this case an unbalance. Unbalance disturbances are technically the most 

important source of exciting natural vibrations in rotating machinery [4].  

 

Apart from balancing the rotor, incorporating a model representing the effects of unbalances in 

the MPC design, or incorporating feed-forward control for unbalance compensation, this 

limitation in the MPC design can be minimised or overcome by changing the control 

specification to let the rotor spin about its principle axis of inertia rather than forcing the rotor to 

spin about its axis of geometry [4]. This specification will allow the rotor to spin within the air gap 

and without touching the backup bearings with the advantage that no disturbance forces act on 

the rotor. 

 

A further advantage of using this specification is that a smaller control current is required to 

maintain the position of the rotor during operation without touching the backup bearings. This 

control current increases until the rotor operates about the inertial axis. As no disturbance 

forces act on the rotor the control current does not increase significantly when the operating 

speed is increased, which is the case for rotation about the axis of geometry [4].  

7.3 Closure  

The goal of this dissertation was to evaluate the effectiveness of MPC for the FlyUPS. Various 

advantages and disadvantages of MPC were investigated during the design and implementation 

of the MPC controller according to the problem statement in section 1.2. Based on this 

evaluation MPC can be seen as a viable control strategy for the FlyUPS, however more 

research is needed to optimise the MPC approach to yield significant advantages over other 

control techniques such as decentralised PD control.  

 

The findings of this dissertation have yielded good insight and experience in the development of 

a model predictive control strategy for the FlyUPS. With the methods and results discussed, this 
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dissertation can serve as a basis for future research of advanced control strategies on AMB 

systems. 
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Appendix A: Program code for MPC using 

optimisation techniques 

A.1. MPC main program 

% MPC algorithm for SDOF AMB 
% adapted from "Model Predictive Control System Design and Implementation 
% using MATLAB(R)" by L. Wang 
  
%% Model  
clear all; 
clc; 
  
load('AMBSFPAZ_0rpm.mat')       %load axial model  
modelc = AMBSFPAZ;   
h = 1e-6;                       %sample time 
modeld = c2d(modelc,h,'zoh');   %discretize model 
modeld = ss(modeld,'minimal');  %ensure minimal realization 
[Ap,Bp,Cp,Dp] = ssdata(modeld);  
[m1,n1] = size(Cp); 
[n1,n_in] = size(Bp); 
  
%% Augment model 
A = eye(n1+m1); 
A(1:n1,1:n1) = Ap; 
A(n1+1:n1+m1,1:n1) = Cp*Ap; 
B = zeros(n1+m1,n_in); 
B(1:n1,:) = Bp; 
b(n1+1:n1+m1,:) = Cp*Bp; 
C = zeros(m1,n1+m1); 
C(:,n1+1:n1+m1) = eye(m1,m1); 
D = zeros(m1,n_in); 
  
%% Laguerre parameters 
a = 0.85;               %pole positions 
N = 3;                          %number of approximation terms 
  
Hp = 1;                         %prediction horizon 
  
%% Weights for cost 
Q = 0.9*(C'*C);                 %performance parameters 
R = 0.1 * eye(n_in,n_in); 
lambda = 0.999;                 %prescribed degree of stability 
alpha = 1.3;                    %exponential weighting 
[Klqr,P,E] = dlqr(A/lambda,B/lambda,Q,R); 
gamma = lambda/alpha; 
Q_alpha = gamma^2*Q + (1-gamma^2)*P; 
R_alpha = gamma^2*R; 
Ahat = A/alpha; 
Bhat = B/alpha; 
  
%% Cost function 
% J = eta'*Q*eta + 2*eta'*Psi*eta 
[Omega,Psi] = dmpc(Ahat,Bhat,C,a,N,Hp,Q_alpha,R_alpha); 
L_m = zeros(n_in, sum(N)); 
[Al,L0] = lagd(a(1),N(1)); 
L_m(1,1:N(1)) = L0'; 
In_s = 1; 
for jj = 2:n_in 
    [Al,L0] = lagd(a(jj),N(jj)); 
    In_s = N(jj-1) + In_s; 
    In_e = In_s + N(jj) - 1; 
    L_m(jj,In_s:In_e) = L0'; 
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end 
K = L_m*(Omega\Psi);            %MPC controller gain 
Acl = A - B*K;                  %closed-loop eigenvalues 
  
%% Initialise simulation data 
y = zeros(m1,1);                %output 
u = zeros(n_in,1);              %control signal 
xm = zeros(n1,1);               %states 
N_sim = 10000;                  %number of samples in simulation 
sp = ones(1,N_sim+10)*10e-6;    %set-point signal for simulation 
  
%% Simulation 
[M,Lzerot] = Mdu(a,N,n_in,1); 
[u1,y1,deltau1,k] = simucon(xm,u,y,sp,Ap,Bp,Cp,N_sim,Omega,Psi,Lzerot,alpha,lambda); 
  
%% Results 
yfin = y1'; 
ufin = u1'; 
deltaufin = deltau1'; 
  
figure  
subplot(3,1,1) 
plot(y1(1,:)) 
title('Output') 
%xlabel('samples') 
subplot(3,1,2) 
plot(u1(1,:)) 
title('Control') 
%xlabel('time (ns)') 
subplot(3,1,3) 
plot(deltau1(1,:)) 
title('Delta U') 
xlabel('samples') 

 

A.2. Function: dmpc 

function [Omega,Psi,Setwei] = dmpc(A,B,C,a,N,Np,Q,R) 
% discrete time MPC cost function parameter calculation 
% adapted from "Model Predictive Control System Design and Implementation 
% using MATLAB(R)" by L. Wang 
  
[n,n_in] = size(B); 
N_pa = sum(N); 
Omega = zeros(N_pa,N_pa); 
Psi = zeros(N_pa,n); 
R_para = zeros(N_pa,N_pa); 
n0 = 1; 
ne = N(1);      %parameterize R matrix for number of inputs 
for i = 1:(n_in-1) 
    R_para(n0:ne,n0:ne) = R(i,i)*eye(N(i),N(i)); 
    n0 = n0 + N(i); 
    ne = ne + N(i+1); 
end 
R_para(n0:N_pa,n0:N_pa) = R(n_in,n_in)*eye(N(n_in),N(n_in)); 
  
S_in = zeros(n,N_pa); 
[Al,L0] = lagd(a(1),N(1)); 
S_in(:,1:N(1)) = B(:,1)*L0'; 
In_s = 1;     %calculate first cost function parameter for each input 
for jj = 2:n_in 
    [Al,L0] = lagd(a(jj),N(jj)); 
    In_s = N(jj-1) + In_s; 
    In_e = In_s + N(jj) - 1; 
    S_in(:,In_s:In_e) = B(:,jj)*L0'; 
end 
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S_sum = S_in; 
phi = S_in; 
Omega = (phi)'*Q*(phi); 
Psi = phi'*Q*A; 
Setwei = (C*phi)'; 
              %calculate rest of cost function parameters over prediction 
              %horizon 
for i = 2:Np 
    Eae = A^i; 
    [Al,L0] = lagd(a(1),N(1)); 
    S_sum(:,1:N(1)) = A*S_sum(:,1:N(1)) + S_in(:,1:N(1))*(Al^(i-1))'; 
    In_s = 1; 
    for kk = 2:n_in 
        [Al,L0] = lagd(a(kk),N(kk)); 
        In_s = N(kk-1) + In_s; 
        In_e = In_s + N(kk) - 1; 
        S_sum(:,In_s:In_e) = A*S_sum(:,In_s:In_e) + S_in(:,In_s:In_e)*(Al^(i-1))'; 
    end 
    phi = S_sum; 
    Omega = Omega + phi'*Q*phi; 
    Psi = Psi + phi'*Q*Eae; 
    Setwei = Setwei + (C*phi)'; 
end 
Omega = Omega + R_para; 

 

A.3. Function: lagd 

function [A,L0] = lagd(a,N) 
%Laguerre parameter calculation 
% adapted from "Model Predictive Control System Design and Implementation 
% using MATLAB(R)" by L. Wang 
  
v(1,1) = a; 
L0(1,1) = 1; 
for k = 2:N 
    v(k,1) = (-a).^(k-2)*(1-a*a); 
    L0(k,1) = (-a).^(k-1); 
end 
L0 = sqrt(1-a*a)*L0; 
A(:,1) = v; 
for i = 2:N 
    A(:,i) = [zeros(i-1,1);v(1:N-i+1,1)]; 
end 

 

A.4. Function: simucon 

function [u1,y1,deltau1,k] = 
simucon(xm,u_old,y,sp,Ap,Bp,Cp,N_sim,Omega,Psi,Lzerot,alpha,lambda) 
% closed-loop simulation of constrained MPC 
% adapted from "Model Predictive Control System Design and Implementation 
% using MATLAB(R)" by L. Wang 
  
[m1,n1] = size(Cp); 
[~,n_in] = size(Bp); 
Xf = [xm; (y-sp(:,1))];  %state feedback variable 
  
u_max = 5;               %limits for control and incremental control 
u_min = -5; 
deltau_max = 1; 
deltau_min = -1; 
  
%% simulation 
for kk = 1:N_sim 
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    eta = -(Omega\Psi)*Xf; 
    deltau = Lzerot*eta;        %incremental control: check for constraints 
    if (deltau>deltau_max) 
        deltau = alpha*deltau_max; 
    end 
    if (deltau<deltau_min) 
        deltau = alpha*deltau_min; 
    end 
    u = u_old + alpha*deltau;   %control: check for constraints 
    if (u>u_max) 
        u = u_max; 
    end 
    if (u<u_min) 
        u = u_min; 
    end 
    deltau1(:,kk) = deltau; 
    u1(1:n_in,kk) = u; 
    y1(1:m1,kk) = y; 
     
    xm_old = xm; 
    xm = Ap*xm + Bp*u;          %update states 
    y = Cp*xm;                   
     
    Xf = [(xm - xm_old); (y - sp(:,kk))]; %update state feedback 
    u_old = u; 
end 
k = 0:(N_sim-1); 
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Appendix B: Data CD 

The following materials are contained in the accompanying data CD: 

• Copy of the dissertation 

• Simulation files: MATLAB® scripts and Simulink™ models 

• MPC controller objects 

• Measurement results  
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