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Abstract 

High temperature gas cooled reactors have a special importance in the future of nudear 

technology. Due to their high thermal capacity, high burn-up and thermodynamic efficiency, a 

decrease in the electricity generation cost is expected. New getieration h h  temperature reactors 

are designed to be inherently safe. The most efficient way of hydrogen production, IS process, 

requires very high temperatures. Very High Temperature Gas Cooled Reactors (VHTR) of the 

future are considered as the heat source for hydrogen production. 

Two fuel types are used in high temperature reactors, namely pebble and prismatic block fuels. 

The South African Pebble Bed Modular Reactor (PBMR) is a promising design to be built in the 

near future. A very important aspect of the design of a High Temperature Gas Cooled Reactor' 

(HTR) is to predict the neutronics of the reactor, as this determines the fission heat reiease. This 

thesis deals with the development of a model for the prediction of neutronics behaviour of the 

PBMR core which will be used in conjunction with a thermal hydraulic code for the design of 

the PBMR. 
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Chapter 1. Introduction 

1.1. Introduction 

Approximately 93.5 percent of South Africa's electricity is produced by coal-bed power plants. 

An additional 4.5 percent is provided by a krge nuclear power plant with two reactors at 

Koeberg near Cape Town. The percentage of hydroelectric power generation is only 1.5% and 

there are no more economic hydro sites in South Africa that could be developed to deliver 

significant amounts of power. In addition, because the natural gas resources of South Africa are 

limited, natural gas is not a viable option for power generation on a large scale (PBMR, 2003). 

South Africa can produce cheap electricity from coal due to abundant resources. Coal rich areas 

are located far from the densely populated and industrial areas where the electricity load is high; 

therefore long power lines are needed to transport power. This results in high capital and 

transportation cost as well as high transmission losses. 

The electricity demand in the mornings and evenings significantly increases due to cooking and 

hot water requirements. In addition to daily electricity demand fluctuations, short, sharp 

electricity demand peaks occur during winter, which are difficult to accommodate with the 

existing large thermal power stations since there is no headng source other tinan electricity. 

Although the demand for power in South Africa is currently lower than the capacity, the 

predictions for the growth in the electricity demand show that it will be necessary to add new 

power plants to the current capacity in the near future. In addition to electricity demand growth, 

ESKOM's older power stations will reach the end of their design lives after 2025 (PBMR, 2003). 

South Africa will need to access and use a l l  its natural resources to produce the additional 

demand for electricity that it will need by 2025. Therefore ESKOM has to look at new power 

generation options to provide the future electricity demand. These options include nuclear and 

renewable energy sources. 

Renewable energy systems use resources that are constantly replaced and are usually less 

polluting. Examples of renewable energy systems indude solar, wind, and g e o t h e d  energy 

(getting energy from the heat in the earth). Renewable energy systems can be considered as non- 

continuous electricity production systems, since they need wind or sun light to produce 

electridty. Therefore they can not be the only source to cover the electricity demand for future 
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Chapter 1. Introduction 2 

but they can be used in conjunction with other sources. 

Nuclear power plants convert fission energy to elecuidty. The conventional nudear power 

plants are relatively large in terms of energy capacity which brings a large increment to the overall 

capacity. Furthermore, due to their high capital cost and long construction period, these power 

plants do not meet the requirements of South Africa. 

A new concept that has received increasing attention in the past 30 years and which is currently 

being investigated by ESKOM, is the High Temperature Gas Cooled Reactor (HTR). Due to 

their relatively small size of about 300MW,, HTRs are characterised as inherently safe, modular 

reactors. Higher power can be realised by several, parallel working modular reactors on site. 

HTRs have relatively low capital cost of $1000/kW $stalled capacity and a short construction 

period of 24 months. This reduces financing costs, thus improving the overall generation cost of 

approximately 25 $/kwh (FBMR, 2003). 

The modular concept and inherently safe character has many advantages when compared to 

large thermal or nuclear power plants. They can be placed near to the areas of demand since 

their emergency planning zone is small. They have fast load following capability and they can be 

added to current capacity with small increments which means addition or subtraction of one 

power station will not affect the grid to the same extent as in the case of large power stations. 

For these reasons ESKOM decided to develop a prototype HTR known as a Pebble Bed 

Modular Reactor (FBMR). The PBMR concept has short construction period, low operating cost 

and fast load following capabilities. The fundamental concept of the design of the PBMR is 

aimed at achieving a plant that has no physical process that could cause radiation-induced 

hazards outside the site boundary. The reactor core is elongated and the volume-to-surface ratio 

is much lower than the minimum leakage rate cores. Increasing the surface of the core is not 

good for neutron economy but it must be done to make the reactor inherently safe. The 

inherently safe feature is achieved in the PBMR by demonstrating that the integrated heat loss 

from the reactor vessel exceeds the decay heat production in the accident condition, and that the 

peak temperature reached in the core during the transient is below the demonsuated fuel 

degradation point and far below the temperature at which the physical structure is affected. This 

is intended to prevent any prospect of a core meltdown accident. Heat removal from the vessel 

is to be achieved by passive means. 

School of Mechanical and Materials Engineering 
North-West University (PUK Campus) 
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A very important aspect with the design of HTRs is to predict the neutsonics of the reactor, as 

this determines the fission heat release. The neutronics behaviour of an HTR is different than 

that of water cooled reactors. In HTFb, the fuel design brings a double heterogeneity that has to 

be taken into account and the coolant does not act as a moderator in the same way as in the case 

of water cooled reactors. 

This thesis deals with the development of a mathematical model for the prediction of neutronics 

in the PBMR, which will be used in conjunction with a thermal hydraulic code for the design of 

the PBMR. 

1.2. History of High Temperature Gas Cooled Reactors 

Natural uranium, graphite moderated reactors were developed in the US during World War I1 
111 for the conversion of "'U to PU for military purposes. These reactors became the starting 

point of the nudear industry in several nations, especially in Great Britain and France, which at 

the time lacked the facilities for producing the enriched uranium necessary to fuel reactors of the 

light water type production reactors. 

HTRs are very different from the light and heavy water type reactors. The use of helium as 

coolant and graphite as structural material allows much higher coolant temperawe compared to 

the other types of reactors. The coolant temperature in HTRs varies between 800 and 950 "C 

and the hot helium can be used directly in a gas wbine  to drive an electrical generator, thus 

eliminating the need for an intermediate steam cycle. There are many advantages to such a 

system. Gas turbines and their associated cycle components are more compact than comparable 

steam cycle equipment. The most important advantage of HTRs is theit very high thermal 

efficiencies in the order of 40 to 45 percent, compared to 33 to 38 percent for steam producing 

nuclear power plants. 

Furthermore, the temperature of the rejected heat is so high that this energy can be used itself in 

a number of practical applications, such as the desalination of seawater (Sen et al., 2003), leading 

to an overall efficiency of the HTR system as h~gh  as 50 percent. Besides producing electricity, 

the HTR can provide high temperature heat required in many applications, such as gasification 

of the coal and hydrogen production (Kugeler et al., 2003). 

The development of helium cooled high temperamre reactors started in Great Britain with the 
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Chapter 1. Introduction 4 

DRAGON project as a common project of several European countries (Kugeler et d, 2003). At 

the same time in the United States the development of the HTR-with tubular type fuel elements 

had been initiated with the Peach Bottom Reactor. In Germany HTR technology started with 

pebble shaped fuel elements and the AVR (Arbeitgemeinschaft Versuchsreaktor) research 

reactor in 1965. It was operated successfully for 20 years. The THTR (Thorium High 

Temperature Reactor) were put into operation in 1985. This plant was connected to the grid for 

only three years before it was shutdown in 1988. Despite all difficulties during construction and 

start-up of this plant, the design data of the power plant was fully achieved; operation was 

finished because of financial and political reasons after the accident in Chernobyl (Kugeler et al., 

2003). Table 1-1 gives an overview on some data of the HTR plants that have been built and 

operated until now. 

Table 1-1: Overview of HTR Plants which have been built and operated until now 

(Kugeler et al, 2003: 1-9). 

The fuel used in a pebble bed reactor (Figure 1-1 and Figure 1-2) is veq different from the well- 

known fuel pellets in Light UjHter Reactors (LW'R). Three layers of pyrolytic carbon, silicon 

carbon and again pyrolytic carbon protect the fuel itself. The coated partide was one of the main 

inventions in the development of HTR technology. These very small particles are embedded in 

graphite and this system allows high operating temperatures. Under normal operating conditions 

the fuel temperature is about 1300°C and under accident conditions up to 1600°C well below the 

temperature for release of significant quantities of fission products. 

There are two types of fuel elements used in HTR technology: (a) prismatic (block type) fuel 

elements and (b) spherical fuel elements, which are used in pebble bed type reactors. The design 

of the fuel elements of the HTRs, regardless of the fuel type, is more complex than the design of 

fuel elements of the other reactors since the fuel contains coated particles which are embedded 
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in a graphite matrix.

lal

I ro4 I

Figure 1-1: Prismatic Fuel Elements Oapanese Design) (Kugeler et al., 2003: 1-2).

In the prismatic or block-type HTR the coated particles are loaded in cylindrical fuel compacts

that are inserted in prismatic graphite fuel elements, as shown in Figure 1-1. These elements

contain other holes for control rods, flow of coolant gas, and rods with burnable poison. This

reactor type has been initiated by the United States, United Kingdom, and more recently by

Japan, France and Russia. Predecessors (with tubular fuel) of the prismatic type are the Peach

Bottom and Dragon reactors built in the sixties, and decommissioned in the seventies. The next

power reactor, Fort St. Vrain, has operated from 1976 to 1989. Recently, in 1998, the Japanese

test reactor HTTR reached first criticality. The United States, Russia, Japan and France have

joined in a project for weapon-grade plutonium burning in the GT-MHR, based on the

conceptual design of the MHTGR.

Figure 1-2: Spherical Fuel Elements (Kugeler et al., 2003: 4-1).
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In the pebble bed type HTR the coated particles are embedded in spherical graphite elements the 

size of a tennis ball, as shown in F i e  1-2. Such a pebble typically contains around 15000 

coated particles embedded in a graphite ma& of 5 cm diameter. This fuel zone is protected by a 

layer of graphite, which gives the pebble a total diameter of 6 cm. A randomly packed bed of 

these spheres in the core cavity of the reactor forms the core. The coolant flows through the 

bed, normally from top to bottom. Depending on the size of the core, control rods are inserted 

directly into the bed, or into the reflector encircling the bed. This reactor type has been 

developed and tested in Germany, first with the AVR test reactor and later with the THTR 

power reactor. China has a test reactor; South Africa is aiming to build of a series of power 

reactors, the PBMR, in the near future. 

In the last few years HTR technology received significant attention from many scientific and 

technical'organisations around the world. This is due to intrinsic safety characteristics of these 

reactors. The safety characteristics of HTR, independent from the fuel type (prismatic or 

spherics), related with the design aspects are as follows: 

no melting of the Fuel elements (use of ceramic fuel materials), 

fission product retention in accident conditions (use of coated pamcles), 

very strong negative temperature coefficient, 

effective and inert coolant medium (use of helium), 

high temperatures of coolant (use of ceramic structural materials in the core), 

low power density, 

self-acting decay heat removal. 

Some new concepts of HTR have been developed during the last few years, and some are in the 

stage of detailed engineering. The modular HTR and HTR-100 have been designed on the basis 

of AVR technology. China constructed a 10 MW-HTR in 1995 and the reactor has begun 

operation in 2002. The technology of this reactor is based on the AVR experience. Japan has put 

into operation a 30 MW HTTR plant achieving first criticality in 1998. This reactor uses a block 

type tubular fuel element. Together with Russia, France, USA and Japan develop the GAC-600 

(GT-MHR), a 600 MW', gas turbine plant, which will be used to bum plutonium. 

In 1996 the South African electricity utility, ESKOM, bought the pebble bed reactor technology 

licence from HTR (a joint of venture of Siemens and ABB) in order to develop HTR technology 
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into a viable and safe source of power. In PBMR a steel pressure vessel replaced the concrete 

pressure vessel, and control rods are inserted in the side reflectors instead of the core to prevent 

the damage to fuel. The annular core design has implemented in the PBMR concept, the fuel 

elements are inside an annular core which contains a central graphite column as central reflector. 

1.3. Prediction of Neutronics Behaviour of a Nuclear Reactor 

The design of a reactor core depends on nudear considerations as much as thermal-fluid 

considerations. The reason For this is that the design of the core must be done in such a way that 

it should produce the desired thermal power without exceeding the temperature limitations on 

core components that might lead to fuel failure. 

Such thermal limitations constitute the primary factor in determining core size (Katz and Melese, 

1984). A critical mass of fissile material can theoretically operate at any power level if sufficient 

cooling is provided. The efficient cooling also plays a very important role in the detailed fuel 

element design. Furthermore, the heat transfer and fluid dynamics behaviour of the coolant as it 

flows through the core will play a role in determining the core lattice design. 

After determining the basic Fuel element geometry and core volume from thermal-fluid 

considerations, nuclear analysis of the core should be performed to determine the fissile 

concentration or loading necessary to allow the core to operate at rated power over the desired 

life time. 

The nuclear analysis of the core is rather dosely related to its thermal analysis in other ways as 

well. The nuclear cross-sections that determine core multiplication are sensitive to temperature 

(eg. Doppler Effect). Furthermore the material composition of the core changes depending on 

the thermal considerations such as the density changes accompanping the addition of heat energy 

to the coolant (e.g. expansion or vapour Formation in LWRs (Kazimi and Todreas, 1993)). On  

the other hand, since this heat energy is generated by the fission reactions induced by neutron 

flux in the reactor, the temperature distribution in the core also depends on its neutronics 

behaviour. 

In order to design or analyse a nudear reactor properly, it is necessary to be able to predict how 

the neutrons will be distributed throughout the core. This, in general, is a difficult problem for 

the neutrons move about in a nuclear reactor in a random way as a result of repeated nudear 
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collisions. 

Since the neutron plays the central role in the chain reaction in the analysis of fission reactors, 

the key problem of the reactor theory is to determine the distribution of neutrons in a reactor 

core. The neutron density is proportional to the rate at which the fission reactions occur and 

hence proportional to the core power density. The neutron density is also the key to the 

subsequent thermal and mechanical analysis of the reactor. 

The power produced during the course of a reactor accident is one of the most important factors 

determining the degree of damage that may result to the plant. The rate at which power is 

produced is closely linked to the critical state of the reactor and therefore the multiplication 

factor, k. One of the most important factors affecting criticality is the reactor temperature. 

Several parameters entering into the value of k are temperature dependent, and changes in 

temperature necessarily lead to changes in k. 

Modelling and simulation of a reactor core including thermal hydraulic and neuuonic behaviour 

under different operating conditions have become an important part of the research and 

development phase of the design process. The neuuonic behaviour of a reactor core can be very 

accurately predicted by means of current software codes. The most common codes can be used 

either in the neuronic analysis or in the thermal hydraulic analysis of a reactor core and few of 

them can be used in both types of analyses. 

FLOWXEX is a general purpose thermal-fluid network analysis code. It solves the flow, 

pressure and temperature distribution in large unstructured thermal-fluid networks and provides 

essential information on the interaction between network components and the behaviour of the 

complex systems. FLOWNEX is now capable to perform a transient thermal simulation of 

PBMR core induding the power conversion cycle. The effects of power changes during a 

transient are performed by a basic point kinetics modeL 

The point kinetics and internal heat generation simulation model in FLOWNEX consists of 

twelve coupled differential equations. The first seven of these are known as the point kinetics 

equations (Rousseau, 1999). In the point kinetics approach the global reactor behaviour is 

simulated dynamically as a single point having certain weighted average properties that may be 

assumed to be constant over time. This approximation is valid when: (a) the reactor is 

sufficiently small so that it is well coupled and @) the space and time variables are separable. The 

School of Mechanical and Materials Engineedng 
North-West University (PUK Campus) 



Chapter 1. Introduction 9 

latter assumption means the neutron flux shape changes during a transient is negligible. If the 

flux shape is not altered during the transient the results of the point model are sufficiently 

accurate as far as neutron kinetics is concerned. This is not valid for the postulated ejection of 

the control rod with highest reactivity wotth. Such a strongly localised perturbation in the core 

composition would certainly cause a considerable deviation from the spatial shape factor y ( r )  

and invalidate the point kinetics model. 

One of the most important safety questions concerning reactor analysis involves the reactor 

kinetic behaviour following the postulated ejection of the control rod with highest reactivity 

worth (Lewis, 1977). Such a strongly localised perturbation in the core composition would 

certainly cause a considerable deviation from the spatial shape factor and would imdidate the 

point kinetics model. 

Furthermore, HTR cores are quite large from a neutronic point of view, being as much as 200 

diffusion lengths in diameter (Duderstadt, 1976: 367). The neutronic behariour in such cores 

tends to be loosely coupled from point to point. This means that a change in the flux or power 

density at one point in the core will not be felt at other points until an appreciable time delay. 

Therefore, the point kinetics equations are incapable of predicting the detailed behaviour of 

reactor transients initiated by rapid local changes in reactivity; more precisel!, the neutron f l u  

changes rapidly on a time scale of the order of the effective neutron lifetime. 

One possible approach to predict the spatial dependence of neutron flux in such a transient is 

solving the time-dependent multigroup neutron diffusion equation and precursor equations. The 

aim of this study is to develop a basic neutronic model of PBMR core which dl form the basis 

to a more sophisticated space-time kinetic model. 

1.4. Objective of Study 

The objective of this study is to develop a computer routine for the prediction of neutron flux 

and ultimately the f ~ s i o n  heat release in the pebble reactor that will take both axial and radial 

variations in the reactor into account. The study will therefore comprise of setting an accurate 

and reliable model to predict and simulate the neutronic behaviour of PBMR core under 

different operating conditions and nudear design specifications. 
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1.5. Layout of Thesis 

The next chapter gives a basic description of the reactor physics with the current status of the 

codes and a review of the previous work in this field. The physical meanings of the 

approximations and assumptions that are used in this study will be discussed in some detail in 

this chapter. 

In Chapter 3, cross-sections and cross-section libraries are discussed to make sure that the 

importance of the cross-sections in reactor analysis is well understood. The generation of 

macrogroup constants and the methodology and approximations used in the fast and thermal 

spectrum calculations are given at the end of this chapter. 

The results of the neutron energy spectrum calculations and the procedure followed to generate 

the macroscopic group constants are presented in Chapter 4. 

Chapter 5 gives a brief discussion on the finite difference method followed by the application of 

this method to multigroup diffusion equations. The results of the muldgroup calculations and 

the verification of these results with other Monte Carlo and diffusion codes for the neutronic 

analysis of the PBMR core with different nuclear specifications are also given in this chapter. 

The results of the model and the comparison and verification of the results with using other 

diffusion codes is given in Chapter 6. Different conditions and nudear specifications of a pebble 

bed reactor are used in the calculations. The results of PBMR system simulation under different 

operating conditions is tabulated in this chapter. 

In the last chapter the most important results and findings from the prex-ious chapters will be 

discussed. Conclusions on the applicability of the model will be made and some of the 

shortcomings will be identified. Recommendations will be made for future work and the 

improvement of results. 

School of Mechanical and Materials Engineering 
North-West University (PUK Campus) 



Chapter 2. Literature Survey 11 

Chapter 2. Literature Survey 

2.1. Introduction 

The high temperature reactor (HTR) has a tradition that extends back to the 1940s, when the 

first ideas about this reactor type took shape. Since then, nudear reactors using gas (helium or 

carbon dioxide) as a core coolant have been built and operated successfully, as mentioned in the 

previous chapter. Although these types of reactors have achieved only limited use to date, there 

is a recent renewal of interest in many countries for this reactor type. In South Africa the PBMR 

project (Nicholls, 1997) is approaching the consuuction phase of the plant. China (Xu and Zuo, 

2002; Zhang and Yu, 2002) and Japan (Yamashita et al., 1996) each recently commissioned a 

small HTR test reactor, the HTR-10 and H'ITR respectively. The United States, Russia, France 

and Japan have joined in a project for weapon-grade plutonium burning in the GTMHR 

(Kiryushin et al., 1997). 

Abore all other possible advantages of the HTR stands its potential to operate as an inherently 

safe reactor. The concept of "inherently safe" can be interpreted as the impossibility of the 

reactor to reach a state where radioactive fission products are set free above predefined levels. 

This implies the usage of passive safety measures, i.e. measures that rely on natural processes to 

limit core temperatures in situations where all other active control fails, and that do not require 

human action. Characteristic features in this sense are the fuel configuration, the low power 

density (some ten to 20 times lower than in light water reactors) and the high specific heat 

capacity of the graphite that serves as moderator and construction material. 

The fuel is dispersed in biions of particles (-0.5 mm diameter), each having several high- 

density coatings on them. One of the layers, made of tough silicon carbide, serves as a miniature 

pressure vessel that can retain fission products up to temperatures of 1600 "C. This characteristic 

affords a considerable margin of operating safety. The coated partides are embedded into 

graphite fuel elements, where the graphite functions as moderator. The elements are placed into 

a metal pressure vessel in which they are surrounded by a shield of graphite blocks that functions 

as a reflector and moderator. Unlike light water reactors, the working fluid in a HTR does not 

combine the functions of coolant and moderator. The helium coolant is both chemically and 

nudear inert and does not interfere in the neutron moderation process. Furthermore, the heat 

transfer and transport are uniform and well defined because helium does not experience a phase 
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change. 

The reactor type discussed in this thesis will be the pebble bed HTR. The fuel elements of a 

pebble bed HTR are tennis ball size graphite spheres which are called as pebbles, each containing 

about 15 000 coated particles. They are packed into the core as a bed of 100 000s of pebbles. In  

addition, unfuelled graphite pebbles may be loaded into the core to shape its power and 

temperature distribution by spacing out the hot fuel pebbles. In order to maintain criticality, 

pebbles are added to the top of the bed and discharged at the bottom during operation. If the 

burn-up o f a  discharged pebble has not reached the desired level, it can be returned to the top of 

the pebble bed. This way of on-line fuelling ensures that the excess reachvi~ is minimal. T ~ ~ i c a l  

operation temperatures are 900 "C for the helium working fluid exiting the core, while entering it 

at around 500 "C 

2.2. Pebble Bed Modular Reactor Project 

The fundamental design concept is aimed at achieving a plant lacking any physical process that 

could cause an internally induced and/or externally induced radiation hazard outside the site 

boundary. This is principally achieved in the PBMR by demonstrating that the system stabilises 

itself neutronically and thermal-hydraulically by appropriate inherent feedback mechanisms. 

Neutronic self-stabisation is enhanced by the small excess reactivity margin and by strong 

negative temperature coefficient of reactivity (Doppler and moderator). The thermal hydraulic 

stabisation is provided by relatively low power density (-3.2 MM/m3), such that the integrated 

heat loss from the reactor exceeds the decay heat production in a total control rod withdrawal 

followed by a de-pressurized loss of forced cooling. 

The use of helium as coolant and the high temperature integrity of the fuel and structural 

graphite allow the use of high primary coolant temperatures (900 "C) that yield high thermal 

efficiencies. The use of a closed cycle gas turbine is supported with these high temperatures. It 

enables the increase of the efficiency over a steam plant, thus reducing the ourput specific capital 

cost. Furthermore, the user requirement spedfymg unrestricted load-following operation within 

the power range 100-40-100 percent directly implies the use of a gas turbine. In an indirect steam 

cycle this requirement cannot be met due to the inherent thermal-dynamic characteristics of a 

two-loop steam cycle layout. 
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2.2.1. Safety aspects of the PBMR 

The PBMR is characterised by a series of inherent safety propemes, differentiating it from other 

reactor types. Due to these characteristics PBMR does not require the typical nuclear safety 

systems which actively guard the plant. These safety characteristics are summarised below. 

The use of graphite as a fuel element dadding/moderator and core structural 

material/reflector means that a core melt situation can be ruled out, because of the 

large difference between the normal, average operating temperature (1 100 "C) and 

the maximum tolerable temperature (2800 'C). 

0 The large thermal inertia enhanced by the big volume of graphite used in the core 

and reflector ensure slow temperature transients. 

0 The low power density (-3.2 MW/m3, coupled to small particles of fuel, and the 

good thermal conductivity of graphite ensures that the fuel element temperature 

does not exceed 1600 OC even in the event of dkect cooling failure. Fission product 

release due to the failure of fuel partides occurs at much higher temperatures. 

Decay heat can be removed solely by means of conduction and radiation. 

Use of the single phase medium helium as a coolant in a graphitic environment is 

another safety feature. Helium is chemically inert and does not react with graphite 

or the metallic core components. Furthermore the neutron absorption cross- 

section is very small, thus in a depressurised loss of forced cooling (DLOFC) event 

there is no reactivity increase. 

The use of coated particles in the fuel elements results in low levels of 

contamination in the primary circuit, thus ensuring low radiation doses to the 

operating personnel. 

Regarding the neutron physics, a strong negative temperature coefficient prevails 

over the entire temperature range of the reactor due to presence of the krge 

amount of fertile material, U-238. Large power excursions can be ruled out due to 

the self stabising effect. 

0 The continuous fuelling concept has the advantage of keeping the level of excess 

reactivity as low as possible. Adding single fuel spheres has a small effect on 

reactivity and could be compensated for by simply not adding anymore fuel should 

higher temperatures be experienced on the PCU side than expected. 
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2.2.2. Plant Overview 

The future of new nudear power plant construction will depend in large part on the ability of 

designers to reduce capital and maintenance costs. One of the methods proposed is to improve 

the modularity of designs in which the basic plant modules are built in a factory in modules and 

shipped to the site for assembly. This approach improves overall quality, reduces site field work 

and rework, and speeds the construction of the plant further reducing the h e  to operation. The 

advantage of moduladty is also that it takes advantage of the economies of production, not 

necessarily relying on the economies of scale to reduce costs. Another advantage of modularity is 

that it can reduce maintenance costs and downtime since modules, if properly designed, allow 

for a replacement rather than online repair strategy. 

PBMRs are designed to produce approximately llOMW each which means that 30 000 average 

homes could be sustained by one such reactor. More than one PBMR can he located in a facility 

with a common control centre due to its modular design to build energy parks. Modularity in 

design allows sequential construction of modules, so more modules can be added to meet the 

industrial and domestic needs for electricity in an area. 

The 250 MW, conceptual design presented in Table 2-1 offers a very high degree of inherent 

and passive safety that precludes severe core damage and core disarray accidents, without 

reliance on operator action or powered equipment. 
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Table 2-1: PBMR overall plant performance data (Mulder, 1999). 

, l',i 
re at core mlcr (bar) 1 70 
ver core (bar) 1 1.05 

A.m.! 1 1 7d 

Description . 
Rcacror core rhemd ourpur (?.[\Y',,J (muumum nonund) 
Nct dccrnul powcr outpur (3IWJ (maumum normnd) 
Thcmal hydnuhc cvclc cffiuenq (%) 
Kcr planr cfficncncy (%) 
Corc inlcr rcmpcnrurc (Q 
rnrr nurlcr rcmpcnmc (C) 

Pressure drop OWL, ,,, , I.,7 

A v e q e  core p o w  denslty (hlW/rn3 1 3.2 1 

Racing 
230 
110 
4-.3 
44' 
560 
900 
4 ,., 

I Load rejection (%) 1 100 I 

2.3. Neutron Reactions 

Brayron qcle pressure ratio 
Compressor emciency (%) 
Turbine for compressor cfGcienq (%) 
Power turbine eftidency (%) 
Alrernator efficiency (%) 
Aamping capabkq "up-down" between 0 3 100 %power load (?/o/min) 
Step function, % ~f curre& power between 0 + 100 % power level r/o/mk) 

The neutron-nuclei reactions of present interest fall mainly into three general categories; 

scattering, capture and fission. 

2.7 
87 
89 
90 
97 
10 
10 

The net result is the exchange of energy between a neutron and a nudeus in scattering reactions. 

In elastic scattering, the energy exchanged between the neutron and the nucleus is entirely kinetic 

in nature. In inelastic scattering, part of the kinetic energy of the neutron is transferred to the 

nucleus as internal (potentid) energy. Elastic scattering is possible in all energies, but inelastic 

scattering can occur only when the neutron energy is large enough to produce an exited state of 

the nucleus. 

Except in most instances of elastic scattering, the first stage in a neutron-nucleus interaction is 

usually the absorption of the neutron by the nucleus to form a compound nucleus in an excited 

(hlgh energy) state. In inelastic scattering, the compound nucleus almost immediately expels a 

neutron of lower energy, leaving an excited state of the original nudeus. Instead of expelling a 

neutron, a compound nucleus formed by the absorption of a neutron can change by emitting its 

excess energy as y-radiation; this process is referred to as rodatiw cqtun. 

The third important interaction between neutron and nuclei is fission, or more precisely nudear 

fission. When fission takes place, the excited compound nudeus formed after absorption of a 
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neutron breaks up into two lighter nuclei, called fission fragments. ='U, "'U, ?u, which will 

undergo fission with neutrons are called fissile nuclides. "3 and *'U can be converted into the 

fissile species; they are called fertile nuclides. 

The description of the interaction of neutrons with atomic nuclei can be made quantitative by 

means of the concept of "cross-sections". If a given material is exposed to the action of 

neutrons, the rate at which any particular nuclear reaction occurs depends upon the number and 

nature of the nuclei in the specified m a t e d .  The cross-section of a target nucleus for any given 

reaction is a measure of the probability of a particular neutron-nucleus interaction and is a 

property of the  nucleus and of the energy of the incident neutron. 

2.4. Neutron Cross-Section Libraries 

W reactor physics and shielding calculations need data for neutron-induced reactions. This data 

must cover the whole range of incident neutron energies used in the calculation. In addition, 

these nuclear data libraries must contain all materials present in the system. The experimental 

data usually comes from different sources and have to be fust compiled in a suitable form 

acceptable by computer codes (Massimo, 197512-17). Various sets of nuclear data have been in 

use at different laboratories (CINDA, 2002). By the early 1970s there was a great tendency 

towards standardisation, based on the utilisation of the evaluated nuclear data tile (ENDF), 

which allows an easy exchange of information between various laboratories. 

2.4.1. ENDF/B Format 

The Evaluated Nuclear Data File (ENDF) system was developed for the storage and retrieval of 

evaluated nuclear data to be used for applications of nuclear technology. These applications 

control many features of the system including the choice of materials to be included, the data 

used, the formats used, and the testing required before a library is released. 

The ENDF system is logically divided into formats and procedures. Formats describe how the 

data are arranged in the libraries and give the formulas needed to reconstruct physical quantities 

such as cross-sections and angular disuibutions from the parameters in the library. Procedures 

are the more restrictive rules that specih what data types must be included, which format can be 

used in particular circumstances, and so on (ENDF-102,2001). 
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The ENDF/B library maintained at the National Nudear Data Center (NNDC) contains the 

recommended evaluation for each niaterial. Each m a t e d  is as complete as possible; however, 

completeness depends on the intended application. For example, when a user is interested in 

performing a reactor physics calculation or in doing a shielding analysis, evaluated data are 

needed for all neutron-induced reactions, covering the Full range of incident neutron energies, 

for each material in the system that it is being analysed. The user also expects that the file will 

contain information such as the angular and energy distributions for secondary neutrons. For 

another calculation, the user may only need a minor isotope for determining activation, and 

would then be satisfied by an evaluation that contains only reaction cross-sections. 

ENDF/B data sets are revised or replaced only after extensive review and testing. This allows 

them to be used as standard reference data during the lifetime of the particular ENDF/B 

version. 

Once the evaluated data sets have been prepared in ENDF format, they can be converted to 

forms appropriate for testing and actual applications using processing codes. Processing codes 

that generate group-averaged cross-sections for use in neutronics calculations from the ENDF 

library have been written. These codes include such functions as resonance reconstruction, 

Doppler broadening, multigroup averaging, and/or rearrangement into specified interface 

formats (MacFarlane and Muir, 1994). 

The existing codes for neutron calculations require libraries which are different from one 

another and from ENDF/B. Therefore processing codes are needed in order to generate suitable 

libraries from ENDF/B for neutronics calculation. The fine group libraries and the enerm 

structures of most common libraries listed in Table 2-2 must be produced and regularly updated 

starting from cross-section sets of the type of ENDF/B. 
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Table 2-2: Nuclear Data Libraries Energy Structures (Massimo, 197591). 

Library I Energy Range (eV) I No. of Gmup 
h1UPO 1E7 - 0.0025 43 

tC..\M-T I 1 ~ 7  -nd14 I hR 

The nuclear data centres in USA, Europe, Japan, Russia and China ha\-e been evolving 

computerised nudear data files in ENDF/B format (ENDF-102, 2001) in the last 40 years to 

satisFy the nuclear data needs of nuclear energy development. These data fdes cannot be directly 

used in neutronic codes that are used to perform reactor physics calculations. To use the best 

nuclear data in application calculations, it is imperative to correctly pro;ess the basic evaluated 

nuclear data files into usable format compatible with neutronic codes. 

- 
G I T H E R  - I 

GAM - I1 
GATHER - I1 
THERMOS 
MICROX 

WI hIS 
APOLLO 

The recently released basic evaluated nuclear data files, such as ENDF/B-\'I, JENDL3.1, 

BROND-2, and CENDL-2, are not direct$ used as input to neutronics but are converted to pre- 

processed files which are post-processed into multigroup fdes which are then cast into specially 

formatted working libraries that are compatible with neutronic codes. This procedure will not be 

applied in this thesis but it will be left for future work. 

2.4.2. GAM-I Library 

.- -. . . 
2.1 -0  

1.49E7 - 0.414 
2.38 - 0.001 

0.683 - 0 

GAM-I library is available in 68 energy groups ranging from lo7 eV to 0.414 eV with a constant 

group lethargy difference of 0.25. GAM-I Library has been extracted from the basic nuclear data 

sets ENDF/B-V and JEF-I and it contains 181 materials. For the complete list of those 

materials, please refer to Appendix A. . The GAM-I library contains the data of different sources 

which are given in Table 2-3. The library contains cross-sections of 116 fission products (see 

Appendix A. ). 

-- 
96 
99 
101 
5 30 

GAM-I library contains the hndamental cross-section data for each isotope such as absorption, 

fission, etc. as well as the group-to-group scattering, inelastic scattering and (n, 2n) cross-sections 

Lke G.%M-I1 - GATHER-I1 plus dm t h e  gnd resonance range 
1E7 - 0 I 69 
1E7-0 186 or 99 

t Nuclear data libraq that is used in fast energy range. 
t Nudear data library that is used in thermal energy range 
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and the resonance data for the resonance matedals which are required in the calculation of 

resonance htegrals. 

Table 2-3: Sources in GAM-I Librarg. 

2.4.3. GATHER-I Library 

GATHER-I thermal source library is available in 96 energy groups ranging from 2.1 eV to 0 eV. 

The library is subdivided into two parts: (a) the absorbers with identification numbers being the 

same as the GAM-I library. (b) The scatterers with identification numbers consisting of four 

digits. A complete table of the materials are presented in Appendix A. 

The library contains the fundamental cross-sections such as absorption, scattering, etc. for all 

materials and for the scattering nuclides scattering kernels have formerly been prepared with 

application of different scattering laws and for different temperatures. 

2.5. Diffusion Theory and Its Solutions 

As neutrons move within a medium, which may be gaseous, liquid or solid, they collide with the 

nudei of the atoms in the medium. In a collision, a neutron may be absorbed by the nucleus or it 

may be scattered, elastically or inelastically. Absorption may result in a loss of the neutron or in 

an increase in the number of neutrons by fission. The fission neutrons will usually have different 

energies and move in different directions than the incident neutrons. Furthermore, as a 

consequence of scattering, there will generally be a change in the position, energy and direction 

of motion of the neutron. The interaction of neutrons with nudei in a medium thus results in the 

transfer (transport) of the neutrons from one location to another. 
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m e  distribution of neutron in space, energy and time can be expressed in a straightforward 

manner by means of the transport equation (Duderstadt, 1976:103-149). It is somedmes called 

"the Boltzman equation" because of its similarity to an expression derived by L. Boltzmann 

(about 1870) in connection with the kinetic theory of gases. 

2.5.1. Transport Equation 

The general time, position and angle dependent form of the transport equation is 

+ SC, (E' + E, R' + R)N(r, E', R', t)vrdE'd0 + S . 

where 

v = neutron velocity corresponding to energy E, 

N = neutron angular density, 

x, = total neutron cross-sections (generally Function of r and E), 

S = neutron source, 

r = space coordinate, 

R = unit vector in the direction of the neutron motion, 

t = time, 

C, (E' + E,R1 + R) = scattering cross-section from E1,0 '  into E , 0  

This equation represents a neutron balance in a volume dV for the neutrons having energy 

between E and E + dE and flight direction in the solid angle d 0  around0 . For more detailed 

information on transport equation, please refer to Appendix B, 

Since neutrons of a given energy and moving in a specified direction may result from scattering 

collisions, by neutrons with energies and directions over a wide range, integration of the 

scattering terms must be carried out over all initial energies and directions of motion. 
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Consequently, the transport equation is an integrodifferential equation which has been solved 

exac* in only a few very simple cases. 

One of the simple approximations to transport theory that has been widely used is the diffusion 

theory approximation. It is given this name because it involves a relationship similar to the 

familiar Fick's law that applies to diffusion in gases and solutions. 

2.5.2. Diffusion Equation 

Diffusion theory is a simple model of neutron transport in the study of nudear reactor theory. 

This model is certainly sufficient to introduce most of the important concepts of reactor analysis. 

It can even be used on occasion to provide useful qualitative information such as in preliminary 

survey design studies (Duderstadt, 1976). 

While deriving the diffusion model from transport equation the angular flux is assumed to be 

weakly dependent on angle (in fact, linearly anisotropic) so that the diffusion approximation is 

valid. Usually this assumption is reasonably well satisfied in large power reactors provided one 

take care to modify the analysis a bit in the vicinity of strong absorbers, interfaces, and 

boundaries to account for transport effects (Massimo, 1973). 

The diffusion approximation is actually a consequence of different approximations: (a) the 

angular flux can be adequately represented by linear anisotropic angular dependence, @) 

isotropic sources, and (c) the neutron current density changes slowly on a time-scale compared 

to the mean coUision time. The derivation of mulagroup diffusion equation from transport 

equation is given in Appendix C. 

The neutrons produced by fission have a range of high energies, up to about 10 MeV. In a 

nuclear reactor, these neutrons are slowed down by scattering collisions with atomic nuclei until 

they are thermalised. In the thermal region, below about 1 eV, the neutrons exchanged energy 

with the moderator atoms, so that upscattering, in which the neutrons gain energy, as well as the 

common down-scattedng, can occur. As a result of the various interactions, the neutron energies 

in a reactor core range from about 10 MeV to 0.001 eV or less. 
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2.5.3. Multigroup Diffusion Equation 

The energy dependence of the neutron flux in a reactor core can be discretised over the energy 

range of neutrons. Thus the neutron energy variable E is discretised into energy intervals or 

groups. The division of the neutron energy range into G groups is illustrated in Figure 2-1 below. 

E; Er. Er. E, Es.l E El E. 

Figure 2-1: Division of neutron energies into G groups. 

The maximum energy in the range of interest is represented by E, and the minimum is E,. The 

group with the highest energy designated the first group, i.e. g = I .  and the value of g increases 

with decreasing neutron energy. If a neutron introduced into a group g'by fission or by 

scattering, it will pass during moderation into a group g , where g > g' , i.e. at lower energ)-. In 

the thermal energy region, a certain amount of upscattering may also occur, i.e. g < g' . 

The steady-state neutron balance equation for the group g is 

where "del operatorn(V) in Cartesian coordinates is given by 

and the "Laplacian operator" (v2) in Cartesian coordinates is given by 

The source term in equation (2.2) is given by 
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The complete set of multigroup equations consist of G equations of this form 

withg = l,2,3, ..., G .  These equations are coupled since the flux bKin group g is dependent on 

the values of qjZ. in other groups. 

The other strategies for solving the multigroup diffusion equations and the numerical methods 

behind them are presented in chapter five and Appendix C. and Appendix D. 

2.5.4. Methodology Used in the  Thesis 

For the purpose of reactor analysis, the steady-state distribution of the neutron flux in energy 

and space is required. This energy distribution can be obtained to a good approximation, by 

considering a fairly large number of energy groups. 

In actual calculations the complexity is reduced in two steps: (1) the reactor system is dixlded 

into regions in which the composition can be assumed to be constant. The group constants are 

then essentially independent of the space coordinates in each region. With these simplifications 

the group fluxes can be determined by solving the multigroup equations. This is called the 'fine 

group' calculations. (2) Several energy groups are combined into a single 'macrogroup'. 

Macrogroup of few-group cross-sections and difhsion coefficients, evaluated from the 

microgroup cross-sections, when combined with the appropriate neutron fluxes, give good 

approximation to the rates of neutron interactions. 

The few-group constants can now be used in the determination of the spatial distribution of the 

neutron flux. The few-group constants will only be constants if the neutron flux in the 

multigroup diffusion equations is of the separable form in which case they reduce to group 

averages over the neutron flux energy spectrum P ( E ) ,  

The physics which are important in various energy ranges in the multigroup diffusion 

calculations are given in Table 2-4. In this study inelastic downscattering and certain types of 
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resonance absorption are not treated in the slowing down calculations. 

Table 2-4: Physics important in various energy ranges. 

Energy Range 1 Description 
10' - 10' eV (fast) No upscatrering - 

I Downscattedng (elastic and inelastic) 
Resonance absorption 1 

Fission sources 

For the treatment of the spatial distribution of the neutron flux the fmite difference method is 

used to solve the multigroup diffusion equations ili two-dimensions. The geometry that is used 

in thermal hydraulic analysis using.a thermal hydraulic code forms the basis of the space 

dependent calculations. Diffusion calculations are done with a suitable boundary condition in 

each node that has already been generated by the thermal hydraulic code for the thermal 

hydraulic calculations. 

1 - 1Oj elr (Fast) 

Resonance absorption 

l%e output of the module contains the neutron flux in the core as well as the heat generation 

due to the fission reaction induced by neutrons and therefore the power profile in two 

dimensions while it requires the temperature profde throughout the core and the nuclear design 

specifications as input. 

N o  upscattcdng 
Downscartering (elastic) 

0 - 1 eV (thermal) 

2.6. Current Status of "Codes" 

Upscattering 

The procedure of HTR core design calculations can be subdivided into three parts: (a) generation 

of working data libraries by processing the evaluated nuclear data files like ENDFIB, @) 

establishing a reactor model using the methods of homogenisation and condensation, and (c) 

performing steady-state neutronics, burn-up, thermodynamics and thermalhydraulics reactor 

calculations in 1D or 2D geometric approximations. 

2.6.1. Cross-section D a t a  Processing Codes 

These codes not only select the cross-section data of interest and prepare them in a form suitable 

for input to reactor design codes, but also interpolate existing data to fill in any gaps which may 

exist, as well as apply various theoretical models (such as optical model of nudear structure) to 
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generate cross-section data in those regimes in which no data exist. These library codes also 

generate differential scattering cross-sections, resonance integrals, and thermal energy scattering 

kernels. 

The differential scattering cross-sections For elastic scattering are usually generated as a sequence 

of terms in a Legendre polynomial expansion. By way of contrast, inelastic scattering and (n, 2n) 

processes are usually assumed to be isotropic in the laboratory system and calculated using 

available data on the appropriate nuclear states or a theoretical model of the nudeus. 

In the regime in which the resonances are isolated and measured, this can be accomplished using 

the standard techniques (such as NR, NRIM approximations). Various nuclear models can be 

used to generate resonance parameters for the energy range in which the resonances are still 

isolated but not measured. The most difficult area to treat is the energy range in which the 

resonances are not only unresolved but overlap so appreciably that they cannot be considered 

independently. It is also necessary to account for heterogeneous effects, temperature effects, and 

overlap of resonances of different materials (Duderstadt, 1976:315-375). 

The most widely used system for nudear data libraries generation is the KJOY package. The 

prinupal advantage of NJOY is its most general purpose applicabili~ and comprehensive 

capability to process data in the recent ENDF/B-VI format. In particular, it is able to produce 

thermal scattering laws and cross-sections for the most common moderating materials at the 

some selected temperatures. NJOY calculates the cross-sections for moderators in two ways 

(Gillette et Al., 1999): (a) free gas theory, and @) calculation of the scattering matrix from the 

S ( a , P )  matrixes supplied in the ENDF/B-VI library. 

At the Oak Ridge National Laboratory (ORNL), a new version of the AMPX cross-section 

processing system (AMPX - 2000) has been developed to process the Full range of ENDF 

formats used to describe the physics associated neutron, gamma and neutron-gamma 

interactions up to 20 MeV (Dunn and Greene, 2002). 

The NJOY code system and AMPX-2000 are the only complete software packages and that are 

used to process data for all versions of ENDF/B data through Version IV. AMPX-2000 can be 

used to generate a variety of multigroup or continuous energy (point) cross-section libraries that 

can be used to perform nuclear analysis. 
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2.6.2. Static Design Codes 

Static design codes are used to obtain the global spatial dependence of the neutron flux 

throughout the reactor core. This information is required for accurate predictions of the fuel 

loading, power distributions, temperature dependence of reactivity, excess reactivity, shutdown 

margins, shielding requirements, and other quantities. 

These codes are usually few-group diffusion or transport codes, which are usually used to 

determine multiplication factor (eigenvalue) and flux distribution in the system of interest. 

Before such a calculation can be performed the heterogeneities in the core must be 

homogenised. Multigroup diffusion codes are usually adequate for a wide class of problems, 

including the determination of the overall flux and power distribution, the effects of fuel zoning, 

reactivity predictions, and so on. Such codes can also be used to calculate temperature and power 

coefficients of reactirity. This is usually performed by merely calculating the core multiplication 

for several different core temperatures or power levels. 

Another powerful approach for predicting the neutron density in the reactor core is given by the 

Monte Carlo method, which replaces a deterministic problem by an analogous one consisting of 

a game to be played many times. These numerical calculations, which make use of statistical 

variables, can be used to simulate the physical phenomena actually happening in a reactor where 

the neutrons have stochastic behaviour. A high number of neutron histories are simulated on the 

computer, every interesting event is recorded and statistical averages are calculated. Random 

numbers are used to decide at which place collisions occur and of which type they are 

(absorption, scattering, etc.). 

The result of a Monte Carlo method is a statistical variable and its accuracy roughly inversely 

proportional to the square root of number of events. This means that number of variables which 

can be calculated by this method should be relatively small in order not to increase the 

computational effort (Massirno, 1975: 18-42). 

2.6.2.1. T h e  HTR-2000 Code System 

The aim of the generation of this code system is the generation of a tool for detailed monitoring 

of the AVR reactor (Wolf et al., 1990). In HTR-2000 code system a 3D diffusion approximation 

is used for the calculation of global neutron flux distribution and it is coupled with a 3D finite- 
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difference thermodynamics and thermalhydraulics module. Bum-up calculations can be 

performed for 50 isotopes. Heavy metal, fission products, structural and absorber isotopes are 

treated separately. The partial load and startup transient simulations are allowed with the use of 

explicit calculations of short-lived species like Pa-233, Np-239,I-135 and Xe-135. 

The HTR-2000 code system can now be used for all pebble bed HTR designs and allows a 

comprehensive analysis of all questions in quasi-stationary reactor core design (Wolf et al., 1990). 

2.6.2.2. The V.S.O.P. System 

Very Superior Old Programs (V.S.O.P.) was developed at KFA. It is a modular code package for 

simulation of nuclear reactors and fuel cycles. The basic modules are the G.Lt-I, ZC'T, 

THERMOS, CITATION and FEVER codes. These codes were updated and adapted according 

to special requirements of high temperature, heavy water and light water reactors (Teuchert et al., 

1994). 

Different fuel element types are taken into account and for all of them burn-up and s p e c t m s  

calculations can be performed. The global neutron flux distribution calculation is performed by 

using the diffusion code CITATION in 2D geometry. Temperature distribution and pressure 

drop are calculated in 2D geometry using the THERMIX code. For burn-up calculation a 

modified version of FEWZR code is used in which the reactor is treated in 2D pattern and up to 

42 fission products are managed explicitly. The combination of neutronics, thermalhydraulics, 

thermodynamics and burn-up simulates the mutual coupling between fuel flow and nuclear burn- 

up. Thus monitoring the reactor life from the initial core loading up to equilibrium conditions is 

possible. 

Besides the simulation of these in-core events, VSOP follows the fuel outside the reactor 

through decay storage, reprocessing plant and refabrication. The life history of all fuel is 

accompanied by a cost routine that finally gives information on fuel cyde costs. 

2.6.2.3. The ZIRKUS Code System 

The INTERATOM programme system ZIRKUS is used for nuclear and thermalhydraulic 

design calculations of pebble bed cores. Once through (OTTO) and multiple recycling 

(MEDUL) loading schemes may be applied. The system is able to follow the reactor life from 
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initial loading up to equilibrium core. The ZIwS system has been validated by comparison 

with experiments and other accepted code systems. It was successFully used in the frame of the 

HTF-Modul power plant conceptual licensing procedure (Wolf et al., 1990). 

2.6.2.4. The MOCCA System 

The modular code system MOCCA (Modular Core Calculation) was developed as an efficient 

tool for commercial HTR core design. The cross-section data libraries based on JEF-I data sets 

in 86 energy group structure which allows improved modelling of the low-energy resonances of 

Pu and Hf isotopes (Wolf et al., 1980). The MOCCA system was extensiveIy used in the design 

calculations for the HTF-100. HTR-500 and G H R  

2.6.2.5. T h e  SCALE Code Systema 

The history of the Standardized Computer Analyses for Licensing Eraluation (SCALE) code 

system dates back to 1969 when the current Computational Physics and Engineering Division at 

Oak Ridge National Laboratory (ORNL) began providing the transportation package 

certification staff at the U.S. Atomic Energy Commission with computational support in the use 

of the new KENO code for performing criticality safety assessments with the statistical Monte 

Carlo method. 

The SCALE code system contains different modules that allow a complete licensing analysis of a 

nuclear reactor. The control modules were designed to provide the system analysis capabhq-. 

The CSAS and CSAS6 modules are the criticality control modules designed for the calculation of 

the neutron multiplication factor of a system. Eight sequences in CSAS enable general analysis of 

a I D  system model using XSDRNPM or a 3D system model using KENO V.a. The CSXS6 

control module provides two sequences for analysing 3D models using KENO-VI f ~ r  more 

complex geometries or fuel systems with hexagonal arrays. The SASl and S.%3 modules provide 

general I D  deterministic and 3D Monte Carlo analysis capabilities. The HTASI module is the 

only heat transfer control module and uses the various capabilities of the HEATING code to 

perform different sequences of steady-state and transient analysis that enable the normal and 

accident conditions of a transportation package to be evaluated (NL!REG/CR-0200,1998). 

. The detailed information and tustocy of the code system can be found at the web site: hnu: :/~~~-u-u.ornl.~ov/scalc. 
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The SCALE system has a wide range of capabilities. The SCALE modules used for preparing 

problem-dependent cross-section libraries and performing criticality safety analyses are well 

established. Applications extend well beyond cask analysis to the areas of fuel reprocessing and 

handling facilities, storage facilities, and critical experiment design and analysis as well as selected 

reactor applications. 

2.6.2.6. The MCNP Code System 

A general Monte Carlo N-Particle Transport Code (MCNP) is a general purpose, continuous- 

energy, generalised geometry, time-dependent, coupled neutron/photon/electron Monte Cado 

transport code. It can be used in several transport modes; neutron only, photon only, electron 

only, combined neutron/photon transport where the photons are produced by neutron 

mteractions, neutron/photon/electron, photon/electron, or electron/.photon. The neutron 

energy regime is from 10" MeV to 20 MeV, and the photon and electron regimes are from 1 

keV to 1000 MeV. The capability to calculate kg eigenvalues for fissile srstems is also a standard 

feature of MCNP &A-12625-M, 1997). 

MCNP uses continuous energy nuclear and atomic data libraries. The priman- sources of nuclear 

data are evaluations from the ENDF system and the Evaluated Nuclear Data Library (ENDL). 

Evaluated data are processed into a format appropriate for MCNP by codes such as NJOY. 

Nuclear data tables exist for neutron interactions, neutron induced photons, photon interactions, 

neutron dosimetry or activation, and thermal particle scattering. Photon and electron data is 

atomic rather than nuclear in nature. Each data table available to MCNP is listed on a directory 

file, XSDIR. 

Over 500 neutron interaction tables are available for approximately 100 different isotopes and 

elements. Multiple tables for a single isotope are provided primarily because data has been 

derived from different evaluations, but also because of different temperature regimes and 

different processing tolerances. More neutron interaction tables are constantly being added as 

new and revised evaluations become available. Neutron-induced photon production data are 

given as part of the neutron interaction tables when such data are included in the evaluations 

&4-12625-M, 1997). 

Cross-sections for nearly 2000 dosimetry or activation reactions involving over 400 target nuclei 
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in ground and excited states are part of the MCNP data package (LA-12625-M, 1997). These 

cross-sections can be used as energy-dependent response functions in MCNP to determine 

reaction rates but can not be used as transport cross-sections. 

The geometry of MCNP treats an arbitrary three-dimensional configuration of user-defined 

materials in geomeuic cells bounded by first- and second-degree surfaces and fourth-degree 

elliptical tori (LA-12625-M, 1997). The cells are defined by the intersections, unions, and 

complements of the regions bounded by the surfaces. Surfaces are defined by supplying 

coefficients to the analytic surface equations or, for certain types of surfaces, known points on 

the surfaces. MCNP has a more general geometry than is available in most combinatorial 

geometry codes. In addition, the geometry-plotdng capability in MCNP helps the user check for 

geometry errors. MCNP treats geomeuic cells in a Cartesian coordinate system. The particular 

Cartesian coordinate system used is arbitrary and user defined, but the right-handed system is 

oken chosen. 

2.7. Summary and Conclusion 

In t h s  chapter an overview of the PBMR project was presented, in view of its current status. An 

introduction to reactor physics was given without going into detail, along with the current status 

of the codes. The methodology that is used in this study was presented briefly. 

The neutron cross-section libraries play an important role in the nuclear reactor calculations. 

The ENDFIB data hles contain the basic nuclear data, which are either directly accessed by 

current codes or the required data for each material of interest is gathered with an appropriate 

spectrum from these files to construct a new cross-section l i b r a ~ .  The GA%M and GATHER 

libraries are constructed for the HTRs from ENDFIB and JEF data formats. These cross- 

section libraries are used and verified many times for HTR analysis. 

The current nuclear reactor analysis codes are actually well established for nuclear reactor 

analysis. The multigroup difhsion codes are accurate enough even for licensing calculations of a 

nuclear reactor. Furthermore, the diffusion approximation requires less computation time then 

more accurate Monte Carlo calculations and direct solution of transport equation. 
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Chapter 3. Neutron Spectrum Calculations 

3.1. Introduction 

The primary objective in the design and operation of a nudear reactor is the udlisation of the 

energy or radation released by a controlled chain reaction of nudear fission events maintained 

within the reactor core. However, there are other possible nudear reactions a neutron can 

undergo that do  not lead to fission. One such reaction involves the capture of the neutron by a 

nucleus which then emits a gamma ray rather than fission. Another possible reaction involres the 

neutron simply bouncing or scattering off of a nucleus. Such processes remove neutrons from 

the reactor and tend to inhibit the chain reaction. 

In order to understand and design a fission chain reaction system, development of the 

fundamental concepts involved in predicting the distribution of neutrons in a nuclear reactor 

should he considered. Essentially, two different subjects should be considered: (a) the 

determination of the probabilities of occurrence of various neutron-nuclear reactions and @) the 

derivation and solution of an equation that uses these probabilities to determine neutron densiq 

and fission reaction rate in a nudear reactor. 

This chapter presents the nuclear reactions that are of interest in a nuclear reactor analysis. The 

cross-sections of these reactions and the calculation procedure of these cross-sections are 

reviewed in this chapter. The methodology is established to determine the neutron density in a 

nudear reactor. Although the mathematical models and the approximations used in the analysis 

are presented in this chapter, the procedure and the results of the analysis will be given in the 

next chapter. 

3.2. Nuclear Reactions 

There are essentially two types of nuclear reactions of importance in the study of nuclear 

reactors: (a) spontaneous disintegrations of nudei and @) reactions resulting from the collision 

between nudei and/or nuclear particles. 

3.2.1. Radioactive Decay 

Certain nuclei are unstable in the sense that they may spontaneously undergo a transformation 
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into a different nudide, usually accompanied by the emission of energetic particles. Such a 

spontaneous nuclear transformation is referred to as rodoactiz decg. The three most common 

types of radioactive decay found in naturally occurring nuclides indude alpha decay, in which the 

nudeus emits helium nucleus;He; beta decay, which corresponds to the conversion of a 

neutron in the nudeus into a proton, generally accompanied by the emission of an electron and a 

neutrino; and gamma decay, the transition of a nucleus from one excited state to a lower excited 

state with the accompanying emission of a photon (Knoll, 1979). 

3.2.2. Absorption Reactions 

The most important absorption reactions from the nuclear reactor standpoint are radiative 

capture and fission. There are, however, a few neutron absorption reactions of different types 

which are of interest. In considering neutron absorption reaction it is con\-enient to distinguish 

between reactions of slow neutrons and of fast neutrons. 

Slow Neutrons: Capture of the neutron by target nucleus followed by 

. The emission of gamma radiation (n ,  Y )  

The ejection of an alpha particle ( n , a )  

The ejection of a photon ( n , p )  

Fission ( n ,  f )  . 

Fast Neutrons: Relatively few reactions of neutrons with atomic nuclei, other than scattering 

and fission, are important for the study of nuclear reactors. Although man? such fast neutron 

reactions are known, their probabilities are usually so small that they have little effect on reactor 

operation. ( n , a )  and (n ,  p )  reactions of nuclei with fast neutrons haling energies of 1 MeV or 

more, frequently occur more readily than the ( n , y )  reaction. If neutrons of suficiently high 

energies are used, two or more neutrons or protons may be expelled from the compound 

nucleus. For incident neutrons of about 10 MeV, such reactions as (n,2n) and (n,np) have 

been observed, and for still higher energies (n ,  3n),  (n ,  2 q ) ,  etc. processes are possible (Kugeler 

et al, 2003: Chapter 2). 
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3.2.2.1. Radiative Capture 

Radiative capture reactions are quite significant for reactor analysis since they remove neutrons 

from the chain reactions (Duderstadt, 1976). The neutron is retained by the nucleus and new 

parddes are formed in an excited state. Then this compound nucleus subsequently decays by 

emitting a cascade of high energy gammas. 

3.2.2.2. Fission 

A target nucleus absorbs a neutron and forms an excited compound nudeus. The excitation 

energy of the latter is than equal to the binding energy of the neutron plus any kinetic energy that 

neutron may have had before its capture. As a result of this excess enerE, compound nudeus 

may be considered to undergo a series of oscillations. The excess energy which the compound 

nucleus must have in order to permit it to deform is called the rritical cnemforfirrion (orfission 

banier). If this energy is available then fission will usually occur. If this amount of energy is not 

available fission is not possible, at least not at any appreciable rate (Krane, 1998). 

The binding energy per nucleon increases with decreasing atomic mass numbers greater then 50 

(Duderstadt, 1976: 55) .  It is possible to produce more stable nucleus and thereby release energy 

by inducing a hea\y nucleus fissioning into two nuclei of intermediate mass number. 

To induce nuclear fission one must add a sufficient amount of energy to the heavy nucleus to 

overcome the fission barrier. One way to overcome this fission barrier is to let the heavy nucleus 

capture a neutron. Then the binding energy of the added neutron itself would be sufficient to 

induce fission. This process can occur in certain heavy nudei such as ='C, "'U, "'Pu, '"PU with 

neutrons having very small kinetic energies (thermal neutrons). Such nudides are called asjssile 

nudides. With most heavy nucleus additional binding energy provided by a captured neutron is 

not sufficient to push the nudeus undergo fission. However with adding a dash of kinetic energy 

to-the neutron it would be sufficient to lift the nudeus over the fission barrier to cause fission. 

Such nudides referred to asf;ssionab/c, examples are "'Th, "%, '9~. 

A typical nuclear fission reaction spews out a variety of products, including the fissioned nudei 

or fission products and several (2 - 3) neutrons as well as numerous gammas, betas, and 

neutrinos and a very considerable amount of energy (on the order of 200 MeI]. 
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3.2.3. Scattering Reactions 

The neutron simply scatters off the nudeus(n,n), although in some cases it may k t  combine 

with the nucleus to form a compound nudeus for a short time before being reemitted and wil l  

frequently leave the nucleus in an excited form which later decays by gamma emission. 

Inelastic Scattering: the incident neutron is fust absorbed by the nucleus to form a 

compound nucleus. This nucleus then subsequently decays by reemimng a neutron 

while leaving the fmal nucleus in an excited state. Such reactions usually occur only 

for relatively high neutron energies since the neutron kinetic energy must exceed 

certain threshold energy in order to excite the first excited state of the compound 

nucleus (Massimo, 1975). 

Elastic Resonance Scattering: a similar compound nucleus reaction involves f ~ s t  

the absorption of the incident neutron, followed by the reemission of the neutron 

with the target nucleus returning to its ground state. In contrast to inelastic 

scattering, kinetic energy is conserved in elastic events (Massirno, 1975). 

Potential Scattering: the simplest type of nuclear interaction, in which the incident 

neutron scatters elastically off of the nuclear potential without penetrating the 

nuclear surface (Massirno, 1975). 

3.3. Cross-sections for Neutron Reactions 

The nuclear cross-section o for a specified reaction (at a given energy) is defined as the average 

number of individual interactions occurring per target nucleus per incident neutron in the beam 

where Cis  the number of individual processes per m' per second, 6xis  thickness of the target 

in m, N is the number of atoms (or nuclei) per m', and I is the monoenergetic beam intensity 

(m-'s-') (Lamarsh, 1983). 

The significance of the cross-section may be seen by rearranging the equation into the form 
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If every neutron falling on the target reacted, I would be equal to the number of nuclei taking 

part in the reaction, hence the right hand side of the equation represents the fraction of the 

incident neutrons which succeed in reacting with the target nuclei. Thus ( N S x ) u  may be 

regarded as the fraction of the surface capable of undergoing the given reaction, in other words, 

of 1 m2 of target surface, ( N 6 x ) u  m' is effective. 

The cross-section o for a particular process which applies to a single nucleus is frequently called 

the "microscopic" cross-section. Since the target nuclei contain N nuclei per m3, the quantity 

N u  is equivalent to the total cross-section of the nuclei per m3; this is called "macroscopic" 

cross-section of the material for the process. 

If a target material is an element of atomic weight A on the conventional scale, 1 mole has a 

mass of lo3 A kg and contains the Avogadro number N, (i.e. 6.022x10" of atoms. If the 

ordinary (or mass) density of the element is p kg/m3, the number density N is given by 

Hence, the macroscopic cross-section is 

For a compound of molecular weight M and density p kg/m3, the number N, atoms of the i- 

th kind per m3 is given by 

where V, is the number of atoms of kind i in a molecule of compound. 

The macroscopic cross-section for the compound is expressed by 
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For a homogeneous mixture either of elements or compounds or both, which contains several 

different nudear species, the macroscopic cross-section is given by 

The values of N, ,  N2,etc. are dependent upon the composition of the mixture as well as on the 

atomic (or molecular) weights and densities of the constituents. 

3.3.1. Effective Homogeneous Cross-section 

A typical PBMR is fuelled with fuel spheres consisting of a fuel free graphite shell or zone of 

-0.5 cm thickness and outer diameter of -6 cm that contains -5 cm diameter matrix of 

moderating graphite material with the TRISO coated fuel particles embedded in this fuel matris. 

A pile of pebbles can be considered as a double-heterogeneous system. The first heterogenei~ is 

the fuel kernel that is surrounded by coating layers and graphite matrix. The second one is the 

heterogeneity of the fuel zone and the pebble shell. 

The coated particles which are embedded in a graphite matrix can be considered as highly 

absorbing centres in a graphite medium. Drozdowicz et al. (2001) suggested a theoretical 

approach to the calculation of the effective cross-section of a heterogeneous system where highly 

absorbing centres (grains) are embedded in a weakly absorbing material (e.g. a moderator) 

characterised with the absorption cross-sections Z:andZb, respectively. The effective 

absorption cross-section of the heterogeneous system is given by 

The effective absorption cross-section in the p in ,%:  is defined as 
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v, where q~ is detined as p = - and is the total volume of absorber grains in the sample v 

4VK volume V . The average chord length is defined as d = - , where V, and S, are volume and 
SK 

surface of the grain, respectively. Thermal diffusion cross-section is given by Z: = Z: + ~2 

The agreement between theoretical and experimental results is better or worse depending on the 

grain size. It is better approximated when the small grains are embedded in a matrix since the 

theoretical assumption is valid only if the size of grains is smaller than one mean free path 

(Drozdowicz et al., 2001). 

An accurate double heterogeneous cell calculation with enhanced heterogeneity describing the 

effects on spectrum averaged cross-section is of great importance in certain energy ranges. This 

is a result of the absorption and scattering collisions within the kernel, coating and matrix 

material, which is largely different to that o f a  homogenised material. The self-shielding of coated 

particles should be accounted for, since it will influence the reaction rates in the kernels, the 

coatings, and the matrix material. 

3.3.2. Coated Particle Grain Structure 

At energy ranges with 1 / E, (E) smaller than the mean chord length T of a coated particle, the 

grain structure is of importance in spectrum evaluation. This is due in the resonances and at the 

lower end of the thermal spectrum. The capability of grain structure effect has been induded in 

the ZUT code (Teuchert, et al., 1994). 

The resonance calculation of ZUT code is made for a homogeneous distribution of the 

resonance absorber in the finite volume of a lump. The transport equation is solved in very fine 

energy groups over the energy range of each resonance. The calculation also indudes the 

neutrons that are born in the lump, leave it, and are absorbed or scattered down in any other 

lump of the same configuration. Neutrons which leave the lump and undergo scattering 

reactions are excluded. Nordheim (Duderstadt, 1976) excludes these neutrons by geometric 

escape probability 
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in which C is the Dancoff factor and P,(E) is the probability for a neutron to escape from the 

lump of its birth. The fuel kernel is the lump for coated partide situation and because of 

smallness of partides the escape probability P,(E)is very dose to 1. This is also valid for the 

neutron with energy close to strong resonances. A neutron can pass through the fuel matrix 

without any collision, reach the boundary of the fuel element, travel to another fuel element 

make interactions with any coated particles and can be absorbed somewhere between them. 

Figure 3-1 shows possibilities of escaping from a coated particle. This is a double heterogeneous 

geometry and it is hard to define a Dancoff factor for this geometry. The ZUT code Pvaluates 

escape probability by a numerical method. The details of the method are in A p p e n h  E. and the 

geometric escape probability is calculated as: 

Figure 3-1: Partial escape probabilities 

The definition of the partial escape probabies  W are as follows: 
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W, : The probability that a neutron born within the absorber zone of a coated particle will have 

its next intekction in the graphite region of the same coated particle. Apart from the graphite 

shell a portion of the matrix in between coated particles are included for consideration. 

W,: The probability that a neutron will leave a coated particle and adjoining graphite region 

without any collision. 

W, : The probability that a neutron, which has left a coated particle, has its next interaction in the 

graphite region of another coated partide within the same fuel sphere. An average value of a l l  

possible positions as to the originadng coated particle is possible with this consideration. 

W, : The probability that a neutron as mentioned in W, has its next interaction within the fuel 

free zone of the fuel sphere. 

Wj : The probability that a neutron leaves the fuel sphere without any collision 

W,: The probability that a neutron coming from a neighbouring Fuel sphere with random 

angular distribution of entry has an interaction in the graphite region of a coated particle of that 

fuel sphere. 

W, : The probability that a neutron as mentioned in W, has its interaction in the Fuel free zone 

of the fuel sphere. 

W8 : Probability that a neutron leaves the fuel sphere without any collision. 

3.4. Generation of Macroscopic Group Constants (MGC) 

The basic structure of a reactor calculation model consists of a module to generate the 

macroscopic group constants, followed by a module to udlise these group constants in a 

determination of the core multiplication, flux, and power distribution. The power distribution 

can then be used as the input to a thermal-hydraulics module which solves the equations of heat 

transfer and fluid flow to determine temperature and coolant density distribution in the core. 

This latter information is required for the generation of macroscopic group constants; hence 

feedback to the earlier MGC module (and possible iteration) will be necessaq. 
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Various different types of input data are needed for this sequence of calculations, including the 

geometry of the core, lattice, and control system, the initial core loadmg (composition, etc.), inlet 

coolant conditions, as well as fundamental cross-section data. 

Numerous approximations are usually required in order to develop the mathematical models that 

serve as the basis of reactor design codes (Duderstadt, 1976). Typically, these codes suppress 

certain independent variables in order to allow a detailed analysis of the process of interest. For 

example, MGC generation codes usually suppress spatial dependence, either by assuming an 

infinite medium or an effective buckling mode, in order to facilitate a detailed treatment of the 

neutron energy. In a similar sense, static design codes employ a rather coarse multigroup 

structure in order to allow a detailed study of the spatial dependence of the neutron flux. In 

time-dependent codes one frequently ignores both spatial and energy dependence (Duderstadt, 

1976; Massimo, 1975). 

There are three basic types of spectral approximations in common use. These are: 

Zero-th order approximation: the equations for 4(E)strictly apply only in infinite 

homogenous media and contain no spatial dependence at all. 

First order approximation: "buckling" terms are included in the equations 

for+(E). 

Second order approximation: cross-sections are averaged over a spatially 

heterogeneous unit cell (e.g. fuel cell). 

It is necessary to provide rather careful treatment of the energy dependence of the intragroup 

flux, because of the extremely complicated energy dependence of microscopic cross-section. For 

energies above 1 MeV one might approximate4(E) by the fission s p e c u u m X ( ~ ) ;  for 

intermediate energies, 1 eV 2 E 5 1 MeV, 4(E) behaves v e q  roughly as 1/E; while for energies 

below 1 eV, 4(E) might be modelled by a Maxwell-Boltzmann distribution characterising 

neutrons in thermal equilibrium with the reactor core material at a temperature T (Kugeler et al., 

2003: Chapter 2). 

The methods used to generate neutron energy spectrum vary depending on the range of the 

neutron energies of interest. At high energies the main process is neutron slowing down via both 
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elastic and inelastic scattering. At intermediate energies resonance absorption becomes 

reasonably important At low energies up scattering becomes significant as the neutrons have a 

tendency to approach thermal equilibrium with the reactor core m a t e d .  

3.4.1. Fast Spectrum Calculations 

Most schemes for generating fast group constants first perform a fine multigroup solution of the 

neutron slowing down equations (usually with P, or B, approldmation) to obtain the fast neutron 

spectrum and then average microscopic cross-section data over this spectrum to obtain the few- 

group constants. 

In most fast spectrum codes there is an option of spedfplng the group structure of the few- 

group constants. In general it is desirable to use the smallest number of coarse groups consistent 

with the desired accuracy in the corresponding multigroup diffusion equation. Essentially, the 

necessary group structure depends on the type of calculation of interest such as the core 

multiplication factor can usually be accomplished with fewer groups than the calculation of 

power peaking factor in a fuel assembly (Duderstadt, 1976). 

The lower cut-off of the fast spectrum is usually chosen high enough, thus the up-scattering out 

of the thermal groups is negligible. In an HTR, it must be chosen somewhat higher than in an 

LW'R because the higher moderator temperatures in such reactors cause larger up-scattering 

(Massimo, 1975). 

The energy range spanned by the neutron slowing down is extremely large, ranging from 10' eV 

down to 1 eV. In elastic scattering neutron tends to loose a fraction of its initial energy rather 

than a fixed amount. In neutron slowing down calculations, it is more convenient to use the 

logarithm of the neutron energy (lethargy) as an independent variable (Duderstadt, 1976). The 

Eo neutron lethargy is defined as u = In-where Eois chosen to be the ma.&um energy that a 
E 

neutron can achieve in the problem 

As neutrons slow down from fission energies, they experience a significant probability of being 

absorbed in the numerous sharp capture resonances which characterise heay  nuclei such as 

and/or zTh .  Resonance absorption is a very important phenomenon in a nudear reactor, since 

it affects reactor multiplication factor, fuel bum-up and breeding performance and reactor 
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control characteristics 

3.4.1.1. Resonance Absorption 

An accurate treatment of resonance absorption is essential to reactor criticality calculations, since 

it is one of the primary neutron loss mechanisms. In general there will be a depression in the 

neutron flux at those energies in the vicinity of a strong resonance. The analysis of such flux 

depressions is of considerable importance in determining multigroup constants. 

The most significant resonance absorption in thermal reactors occurs in the lower lying 

resonances of fertile materials such as 6.67 eV resonance in %. This is due to the fact that the 

asymptotic collision density behaviour is as 1 /E  (Duderstadt, 1976). Therefore, lower energy 

neutrons will experience more collisiong with absorber nuclei and therefore have higher 

probability of being absorbed. 

The resonance escape probabilities in the neutron slowing down can be calculated by various 

approximations. The major approximation involves the treatment of absorber scattering integral. 

This approximation is based on the relative width of the resonance. Both the Narrow Resonance 

(NR) and the Narrow Resonance Intinite Mass (NRIM) are discussed in some detail in Appendi.. 

G. 

The NR and NRIM approximations only differ in the way in which scattering from the absorber 

nuclei is treated. The NR approximation is commonly used for all but the low-lying resonances 

where the NRIM approximation is more effective. In literature, results of these approximations 

are compared with the direct numerical calculations of the resonance integrals (Duderstadt, 

1976). Although neither approximation seems to yield satisfactory results for the resonances at 

intermediate energy, when large numbers of resonances are accounted for, the errors tend to 

average out. 

3.4.1.2. Neutron Slowing Down 

For the case of fast neutron spectrum calculation in a finite media the spatial dependence of the 

neutron flux must be considered. Since the effects of anisotropic scattering are usually 

significant, PI or B, equations are most commonly used rather than the energy-dependent 

difhsion equations. The derivation of the lethargy dependent PI equations from the transport 

School of Mechanical and Materials Engineering 
North-West University (PUK Campus) 



Chapter 3. Neutron Spectrum Calculations 43 

equation is presented in Appendix F. 

The lethargy dependent P, equations are given as (Duderstadt, 1976) 

The effects of inelastic scattering and fission are included in the source term as 

N u N m 

So (x ,  u )  = x j d u ' ~ : ,  (u' -+ u )  4 (u')  + x X, (u )  jdu 'v ,~ ;  (u')  4 (u')  + s,, (u )  . (3.13) 
,=I 0 ,=I 0 

The slowing down densities are given by 

a d  -+q:(x.u)=g'4(x.u), au 
-- 4 

aq: + q: (x, u) = -=;J(X,U) (exact treatment of Hydrogeneous medium), 
3 au 9 (3.14) 

approximate treatment of 
aqy + qy (x, u) = p,, J(x, u) a~ non-Hydrogeneous medium 

In most schemes used to generate the fast neutron spectra, elastic scattering is treated using 

approltLnate methods which are usually called as continuous slowing down theory. The various 

approximations are discussed in Appendix F. 

The spatial dependence in the P, slowing down equations can be treated by assuming the spatial 

and lethargy dependence of the flux are separable and furthermore the spatial dependence of 

each of the variables is characterised by a simple buckling mode. The flux can be written in a 

separable form as 

with similar expressions for current, source and slowing down densities. The spatial dependence 
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is approximated by a single Fouder mode - exp(iBx). Here the parameter B characterises the 

leakage in each region of the core. The mathematics behind the treatment of spatial dependence 

of P, slowing down equations and an alternative method - the B, method are presented in 

Appendix F. 

Besides providing the fast few-group constants and the fast neutron spectrum, a fast spectrum 

calculation will provide the rate at which the neutrons slow down to thermal energy range. This 

rate is needed to complete the determination of few-group constants by generating a thermal 

spectrum and thermal group constants. 

3.4.2. The rma l  Spec t rum Calculations 

The study of thermal neutron behaviour is customarily referred to as neutron thermalisation. 

Actually, the subject of neutron thermalisation can be classified into two separate problems: (a) 

the calculation of cross-secnons characterising thermal neutron scattering in various materials 

and @) the use of these cross-sections in the determination of the energy spectrum characterising 

low-energy neutrons (e.g. for use in determining thermal group constants for few-group 

diffusion calculations). 

A detailed investigation of neutron energy spectrum below several eV becomes quite complex 

due to the complicated nature of the neutron scattering process. The energy of thermal neutrons 

is comparable to the binding energy of the atoms in molecular or crystalline material, and 

therefore the neutron will lean to interact with a collection of atoms rather than with a single 

nudeus (Massirno, 1975). 

The fact that the kinetic energy of a neutron is comparable to thermal energy of atomic motion 

means that microscopic cross-sections must be regarded as averages over the thermal 

distribution of nuclear speeds and hence are temperature dependent. Furthermore, it will be 

possible for the neutron to gain energy (up-scattering) in a collision with a moring nucleus. This 

will complicate the numerical solution of the fine structure multigroup equations used to 

detennine thermal spectra. 

The energy of a neutron is comparable to the chemical binding energy of the scattering nuclei 

which means the nucleus will no longer recoil freely and therefore binding becomes significant in 

determining the energy and angle change in a collision. 
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Most of the complicated details of thermal neutron cross-section behaviour are of secondary 

importance in nuclear reactor analysis. Indeed in most large thermal power reactors the neutron 

energy is well thermalised that rather crude models of the neutron scattering process are 

sufficient for the generation of thermal group constants (Duderstadt, 1976). 

3.4.2.1. Thermal Equilibrium 

In thermalisation problems a l l  source neutrons appear as fission neutrons slowing down into the 

thermal energy range and the absence of up-scattering above the thermal cut-off energy 

Ec implies that total rate of absorption in the thermal range is equal to the rate at which neutrons 

slow down into the thermal range. 

The principle of detailed balance which is given by the above equation must be satisfied by any 

neutron cross-section characterising scattering from a system of nuclei in thermal equilibrium at 

temperature T, where M ( E )  is the Maxwell-Boltzmann distribution function characterising the 

eneFges of particles of an ideal gas at temperamre T (Duderstadt, 1976). 

By setting the absorption and source terms to zero in the neutron continuity equation in an 

infinite medium gives the equation 

The solution to the equation(3.16), regardless of the detailed form of the scattering cross-section, 

must be the neutron flux characterising neutrons in thermal equilibrium at the same temperature 

T as the scattering medium. 

@(E)  + #M ( E )  = vnoM(E) = 2nno ('r~~~~(-+), (3.17) 
( n k ~ y ' ~  

where no is the neutron number density in the medium and k  is the Boltzman constant 

The neutrons will be in thermal equilibrium if there are no mechanisms that tend to introduce 
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non-equilibrium behaviour. The effects of non-equilibrium perturbations are given in Figure 3-2. 

In a nuclear reactor core, even for a-very thermal reactor the neutron distribution will never be 

precisely in thermal equilibrium. This is because of one of the following effects: 

presence of absorption, 

presence of sources, 

leakage of neutrons, 

time dependence. 

Addition of an absorption term to equation (3.16) will shift the spectrum to higher energies, 

almost as if its temperature is effectively increased by the addition of absorption. This is known . . 
as "absorption heating" of the spectrum 

The opposite effect occurs for the presence of neutron leakage. Since the higher energy neutrons 

tend to leak more rapidly, the equilibrium spectrum will shift to lower energies, which is called 

the "diffusion cooling" effect. 

The presence of a source term will also perturb the spectrum. With a source corresponding to 

neutrons slowing down from hlgher energies, the spectrum will behave as 1/E for energies 

above several eV. 
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Figure 3-2: Effects of non-equilibrium perturbations on thermal spectrum. 

A detailed discussion on the approximate models of the neutron thermalisation process is 

presented in Appendix H. 

3.4.3. Coupl ing Between Fas t  and Thermal  spectrum Calculations 

Down-scattering from the higher energies provides the source term in the thermal range, while 

thermal neutron induced fissions will raise the fission source in the fast neutron region. The 

coupling between fast and thermal spectrum regions is sufficiently weak that the calculations of 

fast and thermal spectra are usually performed separately. 

Although the fast and thermal spectrum calculations can be performed separately, fast spectrum 

calculation generates the I?,, and P, slowing down densities to be inserted into the thermal 

spectrum calculations. All down-scattered neutrons from the fast region are assumed to go into 

the highest energy thermal group. 

3.5. Summary and Conclusion 

In this chapter the theory for performing the neutron spectrum calculations and the generation 

of multigroup constants were discussed. The determination of the intragroup fluxes, i.e. neutron 

energy spectrum, is the key to the generation of group constants that will yield an accurate few- 
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group description of nuclear reactor behaviour. 

It should be noted that a variety of data is required in ordt :r to determine the group con: itants. 

For example, basic cross-section data characterking the isotopes occumng in the reactor is 

required. This is usually provided in the form of fast and thermal libraries which gives these data 

as fine-group constants. 

Next, the information concerning the composition and geometry of the core should be pro~ided. 

Since the core composition varies throughout the core, it is usually required to generate different 

group constants for each region of the core in which the composition is significantly different. 

On a finer scale, the dimensions of the lattice cell for which the group constants are to be 

generated are necessary. The temperatures of the major components of the cell must be provided 

as well. The next chapter presents the calculation procedure of the above-mentioned data, and 

also the results of the spectrum calculations. 
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Chapter 4. Results of Neutron Spectrum Calculations 

4.1. Introduction 

This chapter presents the procedure followed in the macroscopic p u p  constants generation based on 

the theory established in the previous chapter. The results of  the spectrum calculations are also 

presented in this chapter. 

4.2. Cross-section Library Processing 

For thermal reactor calculations it is necessary to perform detailed spectrum calculations.in a high 

number of energy groups with only a rough approximation of the spatial dependence and then to 

perform few-group space-dependent calculations with constants calculated by areraging the fme group 

cross-sections on this spectrum. 

Various types of methods and codes are used to perform these multigroup spectrum calculations. W 

of these codes contain a library in a fme energy structure including cross-secnons for all interesting 

reactions, transfer matrices (the Ei,,,,,E;,,, or higher order components of the scattering cross- 

section), resonance parameters, fission spectra, etc. (Massirno, 1973: Chapter 8). 

A working moss-section data library which is generated by processing the evaluated nuclear data files 

like ENDF/B or JEF is required for neutron calculations. There are various multigroup cross-section 

data sets available in the literature, as pointed out in the previous chapter, but to process the data 

available in those libraries one must know the format of data written on those libraries. Since the 

generation of a new multigroup cross-section set is outside the scope of this thesis and the informanon 

required for the other multigroup cross-section libraries is not available in the bterahlre, spectrum 

calculations are based on the GAM-I and GATHER-I cross-section libraries, which are the most 

suitable cross-section libraries for the HTR calculations amongst the cross-section libraries available to 

use in this work. 

GAhl-I library contains data for 181 different materials and 18 different fission sources. Fast cross- 

section library reformatting function requires the identification number (see .\ppendix A. ) of each 
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materialof interest as input. Because the library is too large and cross-section data needs to be updated 

several times when necessary, the data of the materials which are of interest are written to a temporary 

file to be accessed by the other functions. 

Since GATHER-I library is subdivided into two parts as absorbers and scatterers, thermal cross- 

section library reformatting function requires the id number of the absorbers and the four digit 

identification number of the scatterer which has been prepared with the lowest temperature (see 

Appendix A. ) as input. The procedure followed in the thermal library reformatting is the same as the 

one followed in the fast library reformatting. 

Absorption cross-sections of some materials of interest gathered from GA\M-I and GATHER-I 

libraries are shown in Figure 4-1 below. The fission cross-sections for ')'U and "'U are presented in 

Figure -1-2. As expected the absorption cross-section is larger in the thermal neutron energy range and 

the resonances in the epithermal energy range are observed in the "'8U data. Fission cross-sections can 

be separated into three regions; at low energies it is l / o  or nearly so; this is followed by a region of 

resonances; and, above the resonance region o,is smooth. In Figure 4-2, since the cross-sections are 

not continuous, the three distinct regions to the fission cross-section are not clearly seen. 

Figure 4-1: Absorption cross-sections of selected materials in complete neutron energy range. 
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Figure 4-2: Fission cross-sections for U-238 and U-235. 

Cross-sections and flux vary greatly as a function of neutron energy. Figure 1 3  shows an illustrative 

comparison of the variation of neutron flux and absorption cross-section with neutron energy. The 

fission source neutrons are born with an energy range of 1 to 10 MeV and they slowed down to the 

thermal energy range with scattering cohsions. The absorption cross-section is larger in the thermal 

neutron energy range, which causes more neutrons to disappear with the capture reactions and lowen 

the neutron flux in the thermal energy range. The neutron flux is typically depressed at the energies 

where large resonances are present. 
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Figure 4-3: Variation of neutron spectrum and absorption cross-section u-ith neutron energy. 

4.3. Fuel Homogenisation 

The effective cross-section calculation involves double homogenisation of the fuel spheres, which is 

illustrated in Figure 4-4. First, a homogenisation on grain level is performed and thereafter another one 

on pebble level. The grain ceU has a spherical annular geometry. It consists of the fuel kernel, 

surrounded by spherical shells of the Four coadng layers. The volume ratios between the various 

spherical shells in this grain ace the same as in the real pebble bed. The homogenised mixture is treated 

as the highly absorbing centres embedded in a graphite matrix for the calculation of effective cross- 

sections for the fuel zone. The pebble ceU consists of a fuel zone of 2.5 cm in radius, a pebble shell 

with an outer radius of 3.0 cm and an outer sheU with an outer radius of 31 @aclting fraction) 'I' cm. 

The last sheU contains the inter-pebble void and hence its volume depends on the packing fraction of 

the pebbles. 
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Figure 4-4: Two-step approach of homogenisation.

The homogenisation function calculates the atomic densities of the pebble geometry given in the

input. It requires the geometric data of the pebble including the radii and the densities of the coating

layers. A typical input data of the fuel pebble is given in Table 4-1, for which the calculated atom

densities are given in Table 4-2.
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Table 4-1: Fuel design input data 

Description 
Pebble rarirut (cm) 

( Fuel zone cadus (cm) 

1 Location of Sic layer 
Fuel radius (cm) 
C o a ~ ~  lager hckness (cm) 

Value 
3 0 
2.5 
U 0 2  
10.69 
0 

Table 4-2: Homogenised atom densities. 

93E-04 
63E-04 
42E-04 

Two-Region Data 
Zone 1 -Fuel Zone radius of 2 5 crn 
T I i tom denslrv (atomdcmtbml 

58E-02 
21E-05 
74F.Od 

One-Repion Data 

13E-04 
>I I i.XJZZ71E-04 
Zone 1 - Granhite Shell thichess of 0.5 c m  
T ~ ~ r n n r  I .h-- 4ensrrv (atorns/cm*barn) 

27 

C 
U-33 
U-38 
0 
Si 

The output of the homogenisation Function contains the one-region homogenised atom densities For 

the fast and thermal spectrum calculations and the two-region (ie. fuel zone and graphite shell) 

h 
5.5365 
9.833854E- 
1.1308 
2.45841 
2.6801. 
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homogenised atom densities for the caldation of self shielding factors. 

4.4. Neutron Spectrum Calculations 

The dimensions and the temperature of the spectrum zones are required as input to the fast and 

thermal spectrum calculation functions. Both functions are allowed for an unlunited number of 

spectrum zones. Prior to fast and thermal spectrum calculations, temporary files including the cross- 

section data of the materials of interest, fission spectrum and the resonance integrals data must be 

generated. Except the resonance data all other required tiles are created within the calculation 

procedure. 

4.4.1. Fast Spectrum Calculations 

The fast spectrum calculation function performs neutron flux evaluation in 68 energy groups ranging 

from 10' eV to 0.414 eV. It assumes the materials are homogeneously distributed and applies the P,- 

approximation. Heterogeneous effects can be included with the self shielding factors. Cross-sections 

of the resolved and unresolved resonances can be included for "'Th and Resonance cross-section 

data is obtained from the pre-prepared resonance file for different temperatures of appropriate fuel 

designs. 

4.4.2. Resonance Absorption 

For the treatment of resonance integrals the ZUT code of the VSOP calculation system has been used. 

Resonance integrals for different fuel designs at vaious temperatures are written to an ASCII file for 

each fuel design to be accessed by the module. Although this limits the fuel design options, resonance 

data fdes for new Fuel designs can easily be added to the module by running the ZUT code for the new 

fuel designs when necessary. The resonance integrals calculated for the 8 percent enriched, 9 gram 

heavy metal loaded fuels are shown in Table 4-3. 
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Table 4-3: Resonance integrals calculated with ZUT 
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4.4.3. Thermal Spectrum Calculations 

The thermal spectrum €unction perfoms direct solution of the infinite medium spectrum equation for 

96 energy group ranging from 2.1 eV to 0 eV. It adds a crude spatial treatment in a similar manner to 

that used in fast spectrum calculation. Thermal leakage is determined by specifying an equivalent 

geometric bucklingBi. Again the additional heterogeneity effects can be included with the self 

shielding factors. The effect of coated particle grain structure can be included by evaluation of the 

collision probability for a neutron which travels through a coated partide. 

The thermal cross-section library GATHER-I contains data of scattering kernels for different 

scattering nuclides at different temperatures. The four digit thermal library identiticahon number of 

the scattering kernel (see Appendx A. ) for each scatterer at the lowest temperature must be given in 

the input. The module uses the scattering kernel at the appropriate temperature for each spectrum 

zone. 

The evaluated neutron fluxes for thermal and fast energy ranges are given in Figure 4-5 to Figure 4-7. 

- 9 gr HM 8 % enriched 

Figure 4-5: Fast neutron spectrum for 8 % enriched fuel. 
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Figure 4-6: Thermal neutron spectrum for 8% enriched fuel at different temperatures. 

1-96 Group mermal flux - - - . -69  Group Fast FIUX I 
1 

F i w e  47: Neutron Spectrum for 8% enriched fuel. - 
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In Figure 4-5 the fast spectrum is represented by 69 energy groups. The resonances affect the 1/E 

shape of the spectrum in the epithermal energy range. The thermal spectrum in Figure 4-6 shows the 

effects of the non-equilibrium perturbation in the thermal energy range. Due to the increase in the 

temperature, the spectrum shifts to the higher energies. The spectrum tends to behave like 1/E above 

several eV due to the presence of the slowing down source. 

As seen in Figure 4-7 there is an overlapping in the fast and thermal energy groups. To solve this 

problem, in the macrogroup constant generation process the overlapped groups can be weighted with 

the suitable values. A group reduction is performed to show the 1/E behaviour of the neutron 

spectrum in the epithermal energy range. The energy range where the resonances occur is reduced to 

three energy group and the 8 group Fast flux curve represents the depression of the flux near the 

resonances. 

4.5. Macrogroup Constant Generation 

The resulting neutron fluxes of fast and thermal spectrum calculations are applied to form broad 

group cross-sections for the subsequent diffusion calculation. The number of broad groups should be 

selected equal or greater than two. In the thermal energy range only one broad group is possible since 

up-scattering is not included in the energy group collapsing (macrogroup constants preparation). 

The fast flux is the source term of the thermal neutrons (by scattering down in energy), while the 

thermal flux is the source for the fast neutrons by the fission event. So it follows that one would 

expect to see an abundance or peak of fast neutrons in the fuel region (because that is where fission 

takes place). They diffuse to the moderator where there is a high probability of slowing down (because 

of the materials used there for just this reason). Hence one would expect to see peak of thermal 

neutrons in the moderator. This is illustrated by Figure 4-8 below. The fluxes are generated with Fuel 

balls in an infinite medium of graphite (moderator). 
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Figure 4-8: Spatial distribution of neutron flux. 

1 1 1  
Modentor Fuel Modentor 

I/hl 
Fast Neutron Diffusion 

The broad group structure (i.e. number of groups and the energy boundaries) must be specified in the 

input. A four group broad group structure with two epithermal groups is presented in Table 4-4 below. 

/ 

/' f l  
,Thermal Neutron 

Table 4-4: Broad group energy structure (four groups) 

b\-, 
Diffusion , 

The macroscopic group constants generation function first checks the group structure with respect to 

the group structure of the fine-group cross-section Libraries, and then it calculates the appropriate 

broad group energy boundaries if necessary. After specifying the broad group structure, the ratio of 

the fission source distribution is calculated for the broad groups to be used in the diffusion calculation. 

The calculated four-group fission source distribution of U-235 fission spectrum is given m Table 4-5. 

\ 

'. 
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Table 4-5: U-235 fission spectrum in four-group. 

Description 1 Fission Source Ratio 
9 q4~?76~-n l  . . . - - - - - . 

Fmr cplrhcmul group I 5 184445E43 
Second epuhemul moup 6 769019E-08 

[ Thermal group I 0.00000E+00 

With the knowledge of few-group structures, the calculated neutron flux is then used to generate the 

few-group constants. For broad groupi, with corresponding tine-groups from group g to 

groupg- I ,  the absorption cross-section for broad group i is given by 

After generating the energy averaged few-group constants, a one-dimensional multigroup diffusion 

calculation in spherical coordinates with white boundaq conditions is performed in two regions, i.e. 

fuel and moderator, for each spectrum zone. This one-dimensional diffusion calculation is based on 

finite difference solution method which is described in more detail in later chapters (Chapter 5.  ). The 

calculated ID 4-group fluxes are given in Figure 4-9. The fast flux within the fuel region is higher due 

to the fission source neutrons. Because of the energy loss in the scattering collisions with the 

moderator nucleus the fast flux decreases in the moderator region, where the slowing down takes 

place, while the epithermal and thermal fluxes increases. The thermal flux in the fuel regon is lower 

due to higher absorption cross-section of the fuel material. 
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Figure 4-9: One-dimensional 4-group fluxes for 8% enriched fuel. 

The spatial averaging is applied to obtain the self-shieldmg factors which are supplied to the spectrum 

calculations. The self-shielding factor f, is defmed as 

- 
where, & is the average flux in the fuel and &, is the average flux in the cell and given by 

Here, in equation(4.3), V is the volume and subscripts F and M refer to the fuel and moderator 

respectively. 

The self-shielded cross-sections are then used to adjust the fine-group cross-section data used in the 

spectrum calculation. The broad group values of the self shielding factors are applied to all of the h e  
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groups in its energy range. The spectrum obtained from these shielded or cell averaged fine group 

constants is usually much closer to the spectrum in the cell, and averaging the shielded fme group 

constants over this spectrum provides adequate cell-averaged cross-sections (Duderstadt, 1976: 

Chapter 10). 

Figure 4-10 represents the change in the values of the calculated neutron fluxes due to the self- 

shielding. Here, the chart (B) is the normalised neutron flux calculated with the self shielded 

macroscopic cross-secdons. Due to the shielding of the homogenized Fuel material in the graphite 

matrix the thermal flux increases in the Fuel zone, which means the efficiency of the graphite in 

coatings and matrix is increased. 

Figure 4-10: Broad group neutron fluxes before and after self shielding calculations. 

4.6. Summary and Conclusions 

The multigroup difFusion equations are capable of yielding the neutron flux in a nuclear reactor core to 

a sufficient degree of accuracy for most of the reactor core design problems, provided adequate care is 
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taken with the determination of the multigroup constants in- these equations. The solution of the 

multigroup d i fh ion  equations is rather straightforward. Most of the effort was expended in the 

generation of the group constants, for these group constants have to account for the rather 

complicated energy dependence of the intragroup fluxes used in the averaging basic cross-sections 

data, as well as for the spatial neutron transport effects arising in core lattices. 

Multigroup analysis of a reactor core consists of two principal tasks: (a) generation of the multigroup 

constants and @) solution of the multigroup difhsion equations. Generation of the multigroup 

constants is analysed in the previous chapter and the results are given in this chapter. The next chapter 

starts with the second task of reactor analysis: solution of the multigroup difhsion equation. 
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Chapter 5. Criticality and the Flux and Power Distribution 

Calculations 

5.1. Introduction 

In the previous chapters it was mentioned that the neutrons produced by fission have a range of 

high energies, up to about 10 MeV. Neutrons have energies in a reactor core ranging from 10 

MeV to 0.001 eV as a result of various interactions. Furthermore, the neutron-nuclear cross- 

sections depend sensitively on the incident neutron energy. Hence, practical reactor calculations 

require a more realistic but rather more complicated treatment of the energy dependence than 

the one-speed difhsion equations. 

The previous two chapters presented the generation of few-group constants, which are 

introduced to the multigroup diffusion equations. Recalling the rather detailed dependence of 

neutron cross-sections on neutron energyE, it can be expected that so many energy groups 

would be necessary to adequately describe a nudear reactor. However, most nuclear reactor 

calculations achieve sufficient accuracy using only few-group diffusion descriptions. 

Whereas a basic introduction to multigroup diffusion equations was given in chapter two, this 

chapter explains the theory in more detail and explains the solution methodology for these 

equations. In this chapter a heuristic derivation of the multigroup equations based on the 

concept of neutron balance is presented, and a more rigorous derivation methodology is 

presented in Appendix C. Then the common calculation strategies which are useM to solve 

these sets of coupled partial differential equations will be discussed. 

5.2. Multigroup Diffusion Equation 

The most straightforward manner in which to arrive at the form of the multigroup diffusion 

equations is to apply the concept of neutron balance to a given energy group, thereby balancing 

the ways in which neutrons can enter or leave this group. Consider a typical energy groupg as 

shown in Figure 5-1. Neutron balance for such a group typically reads as follows: 
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Time rate of 
change due 

neutrons in 
leakage 

source 
absorption 

neutrons 

group g group g 

Figure 5-1: Typical energy group g. 

A scattering collision can change the neutron energy and hence either remove it from the 

groupg, or if it is initially in another groupg', scatter it into energy in the groupg. The 

probability for scattering a neutron from a group g' to the group g is characterised by group- 

transfer cross-section,Zxk, which is similar to the differential scattering cross-section 

C, (E' + E) (Duderstadt, 1976). The cross-section characterising the probability that a neutron 

will scatter out of the group g is then given by 

An absorption cross-section,Cq characterising the group g and a source term $ giving the rate 

at which source neutrons appear in group g can be defined similarly. Finally, the diffusion 

coefficient D,is defined so that the leakage from group g can be written uithin the diffusion 

approximation as V.D6VbL. The mathematical presentation of the balance relation, Eq.(j.l),  

can be obtained with combining all these terms, as 
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The source term can be written as 

where ,yb is the probability that a fission neutron will he born with an energy in group g ,  while 

Xa. is the fission cross-section characterising a group g' and u6. is the average number of 

neutrons released in a fission reaction induced by a neutron in group g' . 

5.3. Strategies for Solving Multigroup ~ ~ u a t i o n s  

The distribution of the neutron flux in energy and space is required for the purpose of reactor 

analysis. In actual calculations the complexity is reduced in two steps: (1) the reactor system is 

divided into regions in which the composition can be assumed to be constant. The group 

constants are then essentially independent of the space coordinates in each region. With these 

simplifications the group fluxes can be determined by solving the rnultigroup equations. This is 

called the " f i e  group" calculations. (2) Several energy groups are combined into a single 

"macrogroup". Macrogroup of few-group cross-sections and diffusion coefficients, evaluated 

from the microgroup cross-sections, when combined with the appropriate neutron fluxes, give 

good approximation to the rates of neutron interactions. The few-group constants are now used 

in the determination of the spatial distribution of the neutron flux. 

5.3.1. Separation of Energy and Space Dependence 

Few-group constants as defined above are stiU depend on space and energy. They will be 

constant only in the case in which the neutron flux is of the separable form 

In which case they reduce to group averages over the neutron flux energy s p e c t n u n p ( ~ ) .  The 

separation of the treatment of energy and space dependence in multigroup diffusion theory 
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leads, first to a crude description of the flux spatial dependence to generate a detailed 

representation of the energy spectrum q ( E )  suitable for the generation of multigroup constants. 

These group constants may then be used in a few-group diffusion analysis of the reactor in 

which the energy dependence of the flux is treated rather coarsely, while more detailed spatial 

dependence is considered. 

These equations are solved by using finite difference methods to discretise the spatial variable 

and then, following the usual inner-outer iteration strategy, solving for the criticality eigenvalue 

kg and the corresponding multigroup f l u ~ $ ~ ( r )  . T o  be more precise, the reactor core is broken 

up into a spatial grid or mesh, for example, with M mesh cells. Then the multigroup diffusion 

equation is integrated over a typical cell, and standard sum and difference formulas are used to 

: represent the terms in the equation. Hence the rnultigroup diffusion equations are replaced by 

a M x G set of algebraic equations, that is, a ( M  x G) dimension matrix eigenralue problem, 

The elements of the matrices _M and F are the few-group constants supplied by a macroscopic - - - 

cross-section module and k is the eigenvalue of the problem. The matrix eigenvalue problem can 

then be solved by standard power iteration methods (usually accelerated by source extrapolation) 

(Clark, 1964). 

An accurate description of the flux and power distribution in the reactor core using the finite 

differenced multigroup diffusion equations requires that the mesh spacing be at least comparable 

to (or less than) the minimum neutron difhsion length in the core (-0.5 cm in a L E R  -4-5 cm 

in a HTR). Table 5-1 and Table 5-2 show the mesh point requirements for various reactor types. 

It has been Found that accurate multigroup diffusion calculations of the global power 

distribution typically require between two and nine energy groups for thermal reactor analysis 

(hfassimo, 1975). 
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Table 5-1; Mesh point requirements for MGD analysis of various reactor types (continued) 
(Based on a 3000 MWth core) (Duderstadt, 1976). 

Core -Avcragcd Characteristic 
Reactor Core Volume 

Diffusion 
Diameter of Rcactor in 

Power Density 
T w  (m3 

P / c m 3  h g t h  ( 4  
Difhsion Lengths 

PWR 40 75.0 1.8 190 
BWR 60 50.0 2.2 178 
HTR 430 7.0 12.0 63 

LMFBR 5.7 530.0 5.0 36 
GCFR 10.7 280.0 6.6 33 

Table 5-2: Mesh point requirements for MGD analysis of various reactor types (concluded) 
(Based on a 3000 MWth core) (Dudentadt, 1976). 

Necessaq Number of Necessaq Number of Group - 
Number of 

Reactor hlesh Points (one per Space hlesh Points (One per 
Diffusion Lmgth) 

Groups mermal 
Type Diffusion Length) 

2D 3D ID 2D 3D 
Groups) 

PWR 36 100 6 859 OM) 4 ( I )  144 27 436 OM) 
L760 400 

BWR 31 666 5 635 000 4 (1) 22 540 000 
'I2 664 

HTR 3 947 247 969 ' (4) 441 27 629 1735 783 
LUFBR 1270 45 270 l o  (0) 360 12 700 452 700 
GCFR 1115 37 253 10 (0) 330 11 I50 372 530 

An alternative approach is to use so-called finite element techniques to calculate the neutron flux 

at each of a number of ultra coarse-mesh points (Naito et al, 1981). Such finite element methods 

have been used for some time in performing calculations in mechanical stress analysis, and 

appear to have considerable potential for multidimensional neutron diffusion calculations. 

Other coarse-mesh techniques have been developed that utilise a mesh structure of the order of 

one mesh point per fuel assembly. However in order to ensure the stability of such techniques, it 

is usually necessary to alternate between coarse and fine mesh calculation. This latter scheme, 

known as coarse-mesh rebalancing, also appears to have considerable potential for improved 

accuracy and accelerating multigroup difhsion calculations (Gregory and Honeck, 1976;Dodds 

et al, 1975). 

There is yet another alternative to a direct multidimensional diffusion calculation that has proven 

remarkably successful in reactor analysis, namely the so-called flux synthesis method, in which a 

multidimensional flux is "synthesised" from a combination of one or two dimensional 

calculations. Most multigroup diffusion codes usually have the capability of computing not only 

the neutron fluxes #J(r) but also their adjoints #i(r)  (Cardoso et al, 1996). These quantities are 

extremely useful in making the perturbation theory estimates of reactivity changes due to the 
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changes in core composition or configuration. 

Although perturbation theory is capable of only limited accuracy, it can provide useful initial 

guesses for more detailed difhsion calculations. And since one can frequently calculate the 

adjoint fluxes with only slightly more effort than that involved in simply calculating the fluxes by 

themselves, many design codes have been developed with perttubation theory options. 

5.3.2. Energy Discretisation 

An additional simplification of the multigroup equations is achieved by selecting the group 

spacing such that the neutrons will only scatter to the next lowest group, 

In this case the multigroup equations are directly coupled. Alternative q e s  of multigroup 

coupling are given in Figure 5-2. 

- 
ES.? --- E,.? 

No hrrct ly Noo D m n l y  
Upvrlcr~ng CaPw Oupkd 

Figure 5-2: Different types of group coupling. 

In this case, multigroup equations can be written with ignoring spatial dependence and the 

presence of an external source as 
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or in matrix form 

and in closed form 

The neglect of upscattering led to a lower triangular form for the "diffusion" matrix M . The = 

fission matrix f i s  full, since fission neutrons induced by a neutron absorption in a lower group - 
will appear distributed among the higher energy groups. 

In the case of directly coupled groups, M becomes a simple bidiagonal matrix of the form: - 

By way of contrast, if several groups assigned to thermal energy range in which upscattering 

occurs, there wiu be a Full submatrix within M - corresponding to 2:,,, z:.,, for g' or g in the 

thermal range. 
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5.3.3. Spatial Discretisation 

The geometry of interest discretised into a mesh of cells such as the rectangular grids illustrated 

in Figure 5-3. 

Figure 5-3: Two-dimensional spatial mesh 

The most general way to derive difference equations for the mesh is to integrate the diffusion 

equation over the spatial volume of a given mesh cell. The spatially averaged cell properties are 

defined as: 
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Here the sum is taken over theadjacent mesh point neighbours, j = I... J where J = 2, 4, or 6 

inl-, 2-, or 3-dimensional Cartesian geometries, while 

where the mesh coupling coefficients i,, are determined by the particular mesh geometry and 

finite-difference scheme. 

The multigroup equations in two-dimensional coordinates can be written as: 

In Cartesian coordinates, using the simplest approximation schemes for the integrals by 

expressing them as the value of the i n t epnd  evaluated at the mesh point x,,yJ times the 

integration interval. To  handle the derivative terms, simply using the cenual difference formula, 

we have: 
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Using the above scheme in two-dimensional grid we tind 

1, = D ~ / A ; ?  

1 
where D, = -(D, +Dl)  and A, are defined as the distance between mesh points i ,  j . Then the 

2 

general structure of finite-differenced multigroup equations takes the form 

In addition to the coupling to different energy group fluxes at a given mesh point due to the 

f ~ s i o n  source and scattering, the finite difference equation is coupled to the flux at adjacent 

spatial mesh points because of the effect of spatial distribution. If the number of groups is G 

and the number of spatial mesh points is N , we have Gx N simultaneous linear algebraic 

equations. We have Gx N equations available to determine Gx N -1 fluxes and the 

multiplication factor k e f .  This set of equations can be written as a matrix eigenvalue problem as 

The general iterative strategy for solving this eigenvalue problem one Eust makes an initial guess 

of the source vector  and the multiplication eigenvalue klO). At this point one proceeds to 

solve the inhomogeneous matrix equation for the flux4'""', - 

This solution involves a number of substeps: 
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(I) Solving the inhomogeneous diffusion equation charactensing each of thc energy groups g by 

'"1 - solving first for the highest energy group, g=l (with&, = 0,$, = O), and then using _I #'"+I' to 

solve for #'*')and so on, solving successively down the groups. Noting that the fission source 
-2 

term is a very small value for all but the highest energy group. Depending on the energy group 

structure selected it can be zero for all other energy groups than the highest energy group, i.e. 

,Y, = 0 for g > 1 . Furthermore, the highest energy group obviously has no slowing down source. 

For a four-group, five-by-four spatial mesh problem, each matrix in the group inhomogeneous 

equation has (5x  4)2 = 400 elements, while the flux and source vectors have 20 elements. 

(2) Having obtained the flux estimate#'"‘" - , the next multiplication eigenvalue estimate can now 

be determined. A variety of schemes can be used to determine the ratio of fission source 

estimates. One such scheme can be derived by taking the scalar product of the fission source 

vector --  with the equation defining the iterative scheme 

and tt 

to find 

noting that presumably 

(3) At this point the convergence of source iteration can be checked as by compadng 
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or both. If the changes in k("'or the elements $"'or +'")are - sufficiently small, it can be 

assumed that the convergence is achieved, and the iteration procedure is ended. If not, a new 

fission source is calculated and the iteration continues. 

5.4. Core Criticality Calculation 

For the 2-D multigroup diffusion calculations the pebble bed core is divided into a number of 

spectrum zones providing a homogenised temperature distribution in each zone. The spectrum 

calculations are based on the averaged atom densities in these zones. Spectrum calculations are 

performed (as described in Chapter 4. ) in each zone to obtain the broad group cross-sections 

for the multigroup diffusion calculations. 

X schematic representation is given in Figure 5-4. This figure does not represent the exact 

number and the dimensions of the spectrum zones. The central and side reflector regions are not 

modeled in the test-case but reflector-core boundaries are treated as reflected boundaries with a 

given efficiency as input (i.e. albedo boundaq conditions). The number of zones can dffer 

vertically and horizontally, which is required in burn-up calculations. The flow velocity of the 

pebbles in the core differs in the radial direction due to the cone at the bottom of the reactor. 

This causes different irradiation rimes for pebbles so that different burn-up for each pass 

through the core. 
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Figure 5-4: Schematic representation of spectrum zones. 

The dimensions and the temperature of the each spectrum zone are required as input. For each 

spectrum zone the material composition should also be supplied in the input. 

Fis t  core design of PBMR contains graphite pebbles as central reflector. The radius of the 

central zone with graphite pebbles is approximately 77 cm and there is also a mixing zone that 

contains both fuel and graphite pebbles, which has a thickness of approximately 33 cm 

(I'ECDOC-1198, 2001). The number of fuel pebbles in the mixing zone is approximately equal 

to the number of graphite pebbles in this zone. Thus, there is a pure fuel pebble zone with 65 cm 

thickness. 

The new design contains a solid graphite column as central reflector. Pre~lously, using graphite 

spheres as central reflector was considered because of mechanical difficulties, maintenance and 

replacement of a solid graphite column in the middle of the core. In addition there is not much 

reliable information about graphite behaviour under irradiation for longer than 20 years. In the 

new design, central graphite reflector will be replaced with a new one after 20 years of reactor 
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operation (Koster et al., 2003). 

In this work the geomeuy of the previous design with a central reflector region containing 

graphite pebbles is chosen due to lack of real data of the new design from the vendor. The cone 

region at the bottom of the core is treated as fdled with graphite balls. 

To  verify the results of the calculations, the reference design spedfications are chosen to be the 

same as those quoted by Sikik (2003). The reference design for the calculations is the 268 MY'* 

PBMR design with a dynamic central column containing only graphite spheres. The core radius 

is 175 cm and a total height of 844 cm. The 6 cm diameter fuel spheres with low enriched (8%) 

uranium-oxide triso-coated particles and with a loading of 9 grams per fuel sphere is used. The 

reactor core is assumed to be at 300K with fresh fuel. Although the 'calculations are performed 

for many different fuel types, core geometry and temperatures, only the results for the reference 

design is presented in this work. 

The thermal flux distributions for the design nith central graphite pebbles are represented in 

Figure 5-5. The radial and axial flux distributions at different locations are also presented in 

Figure 5-6 and Figure 5-7 respectively. For all these figures, z = 0 cm represents the top of the 

reactor core. The effective criticality eigenvalue, kCff, for the Ml core is 1.3278. 
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Figure 5-5: Thermal flux distribution in the core with graphite pebbles as central reflector.
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Figure 5-6: Radial thermal flux distribution.
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Figure 5-7: Axial then& flux distribution. 

In Figure 5-5 the regions in which flux values peak are the central and the side reflector zones. In 

the core with centcal graphite pebbles, there is a mixing zone of fuel and graphite pebbles 

between the graphite zone and the fuel zone. Mixing zone starts at 77 cm from the centre of 

core and finishes at 110 cm from the centre of the core. Fuel pebbles in the mixing zone are 

exposed to higher thermal flux than the pebbles in the fuel zone. Therefore, power generation in 

fuel pebbles in the mixing zone is higher than the power generation of pebbles in fuel zone 

which has a negative effect on the maximum fuel temperatures in a depressurization event. 

5.4.1. Calculation of Group  Neut ron  Fluxes 

The calculation of the broad group neutron fluxes is performed with a four energy group 

structure. The energy boundaries calculated as described in prwious chapters. The desired 

energy group boundaries are supplied as input and the actual group boundaries are calculated 

and used appropriate to the cross-section library group structure. The desired and actual used 

group structure is given in Table 4-4. 

The 41h broad energy group flux distributions are presented above in figures Figure 5-5 to Figure 

5-7, which range between 0 and 1.86 eV. For other 2 epithermal and fast groups, flux 

distributions are presented below, Figure 5-8 to Figure 5-13. 
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Figure 5-8: 1" group radial flux distribution. 
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Figure 5-9: 2"d group radial flux distribution 
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Figure 5-10: 3'* group radial flux distribution. 
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Figure 5-1 1: 1" group axial flux distribution. 
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Figure 5-12: 2 "  group axial flux distribution. 

j 0 200 400 600 800 1000 

Height (cm) 

Figure 5-13: 3d group axial flux distribution. 

When the fast and thermal fluxes are compared, it is dear that fast flux reaches its highest value 

in the fuel region where the fission reaction takes place and neutrons are born. In reflector 

regions Fast flux diminishes due to the fact that neutrons slow down to thermal energies in these 

regions. Therefore, thermal flux has its maximum value around the middle of the central 

reflector. 
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5.5. Calculation of the Power Distribution throughout the Core 

The static calculations are usually based on a solution of the multigroup diffusion equations for 

the multiplication eigenvalue kg and multigroup fluxes qjg(r) charactensing a given core 

configuration. One can consuuct the corresponding core power distribution by calculating the 

local fission rate as 

'Vi'here the volumetric fission heat source is calculated by multiplying the fission reaction rate 

density for each isotope by w, the recoverable energy released per fission event. The emitted 

and the recoverable energies for a fission event of U-235 are given below in Table 5-3. Of 

course, since the flux and number density of the he1 vary across the reactor core, there will be a 

corresponding variation in the fission heat source. The volumetric heat generation rate 

throughout the core is shown in Figure 5-14. 

Table 3-3: Emitted and recoverable energies for fission of U-235 (Lamarsh, 1983). 

Form I Emitted Energy, MeV 1 Recoverable Energy, MeV 
Fiss~on Fragments I 168 1 168 
F~ssion Product Decav I 

School of Mechanical and Materials Engineering 
North-West University (PUK Campus) 

- 3-decay 
- y-rays 
- neutrinos 

Prompt y-rays 
Fission neurrons b e t i c  cner~y) 
Caprure y-ray 
Total 

8 
7 

12 
7 
5 

207 

8 
7 

7 
3 

3-12 
198-207 
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Figure 5-14: Power density distribution.

The static reactor flux and power distributions are also considerably important in reactor design.

In particular, the power distribution is essential for the subsequent thermal hydraulic analysis of

the core (Katz and Melese, 1984). For example, axial power profIle determine how closely the

core performance approaches thermal design limitations.

5.6. Verification of Results

Sikik (2003) gives the following fIgures as results obtained by V.S.O.P.'94 in his study. The

thermal flux distribution throughout the reactor is illustrated in Figure 5-15, while the radial and

axial thermal flux distributions are presented in Figure 5-16 and Figure 5-17 respectively.

VSOP'94 code is developed using the FORTRAN programming language. Although it uses the

same cross-section libraries as used in our model, the leakage feedback to the spectrum

calculations and the use of neutron streaming effects, which are not implemented in the model,

are input options in VSOP code system. The treatment of the reflector regions is also different

in two codes. The neutron flux throughout the reflector regions are not calculated in the model

but the reflector-core boundaries are treated as reflected boundaries with a given effIciency as
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input, i.e. albedo boundary condition.

Flux/10t4
(neutronslcm2s)

Figure 5-15: Thermal flux distribution in the reactor with graphite pebbles (Sikik, 2003: 29).
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Figure 5-16: Radial thermal flux distribution (Sikik, 2003: 30).
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Figure 5-17: Axial thermal flux distribution (Sikik, 2003: 31). 

The spectrum calculations in the central dynamic reflector are performed with assuming a small 

amount of U-235 is present, since the source term is essential in the P,-approximations. 

Noting the above mentioned differences between the two codes, the flux profile and the values 

are in fairly good agreement. Implementing the leakage and the neutron streaming effects to the 

model will improve the results. The treatment of the reflector regions will also improve the 

results. 

5.7. Dodd's Benchmark Problem 

The previous sections (5.4. and 5.5. ) presents the results obtained with the test case calculations. 

Since there is no 'quantitative information quoted by Sikik (2003), a well defined benchmark 

problem in the literature is also calculated with the module. 

The Dodd's benchmark is a standard neutronics benchmark in cylindrical geometry with iixed 

cross-sections. Dodd's benchmark is a cylindrical geometry (hea.vy water moderated) core model 

with top and bottom reflector and blanket region in the outer radial zones. Cross sections and 

the further specification of the problem can be found in literature (ANL-7416, 1977). Figure 

5-18 illustrates the geometry specification used in the benchmark problem. Each number 
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Figure 5-19: Thermal Flux Distribution (Dodd's benchmark)
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represents a region with different cross section value. Only the steady-state core eigenvalue

calc"ulations that form part of the benchmark were considered.

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
2 2 2 2 2 2 2 2 2 2 2 2
3 3 3 . . . 5 5 5 9 9 9
3 3 3 . . . 5 5 5 9 9 9
3 3 3 . . . 5 5 5 9 9 9

. . . 5 5 5 9 9 9'

. . . 5 5 5 9 9 9

. . . 5 5 5 9 9 9
7 7 7 .......,..8'-. . 8 9 9 9
7 7 7 8 8 8 9 9 9
7 7 7 8 8 8 9 9 9
7 7 7 9 8 B 9 9 9
7 7 7 8 8 5 9 9 9
7 7 1 9 B B 9 9 8
7 7 1 B B B 9 9 9
7 1 7_ 8 - B B 9 9 9

3 3 '3 3 3 3 3 3 . . . 5 5 5 9 9 9
3 3 3 3 3 3 3 3 . . . 5 5 5 9 9 9
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3 3 3 3 3 3 3 3 . . . 5 5 5 9 9 9
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2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
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Figure 5-18: Dodd's Benchmark Geometry Description
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Figure 5-20: Axially averaged point power density for Dodd's benchmark 

The eigenvalue of the problem is calculated as kc, = 0.867001 and the Dodd's benchmark 

references as kc, = 0.867053. 

The results that were obtained for the eigenvalue comparison are agreed very well with the 

Dodd's results. Power comparisons are also agreed very well except the interfaces of the 

different regions. 

5.8. Conclusion 

This chapter introduces the strategies and techniques that are used to solve the multigroup 

diffusion equation. The solution strategy of multigroup diffusion equation is defmed in two steps 

first the separation of energy and space dependence and then the discretisation of energy and 

space. 

The results of a reference design of PBMR which is given in the references are presented. This 

design has been chosen since the data required is well established in the literature. The results are 

compared with the results of a previous study. It is seen that the results are compare relatively 

well. 

The Dodd's benchmark has shown that the finite difference diffusion solution method in the 
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code produces correct results for a cylindrical geometry problem 
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Chapter 6. Summary, Conclusion, Future Work 

6.1. Summary 

In this study, neutronics calculations are done for the Pebble Bed Modular Reactor. A new 

computer programme is developed for these calculations. One reference core is modelled which 

contains graphite pebbles as the central reflector. 

The fust core design of PBMR is modelled in this study due to the lack of the new design data 

from the provider. The new design contains a solid graphite column instead of the graphite 

pebbles as central reflector. 

The reference design core has 77 cm of graphite pebbles at the centre and a 33 cm of mixing 

region of fuel and graphite pebbles and a 65 cm of pure fuel region. The core height is 844 cm. 

For this core type, fuel to moderator ratio is higher than the core with solid central reflector, 

thus the thermal flux for the reference core model is higher. In the mixing region of reactor with 

central graphite pebbles, fuel pebbles exposed to higher thermal flux than the pebbles in the pure 

fuel zone. This causes higher power generation in these pebbles. 

It is possible to use different fuel compositions and different fuel loading strategies in the 

operation of PBMR. However, it is important to make sure that inherent safety features of the 

reactor are not jeopardised. 

6.2. Conclusion 

The development of the 2D static neutronics model of the PBMR core is presented. With the 

geometry and the m a t e d  data pro>ided, the programme which is presented can calculate the 

flux profde throughout the core and so the power distribution. With the code it is possible to 

study the effects of various fuel designs, geometry and temperature. 

After implementing with FLOW'NEX, more sophisticated analyses can be performed. The 

transients can be done in a quasi-static manner. The static analysis of the PBMR core can be 

made at one h e - s t e p  with a known temperature field. Providing the power protile to 

FLOWNEX, FLOWNEX can calculate the resultant temperature field for the next time-step. 

With an additional module to the code it might be used to calculate the point kinetic parameters 
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at the beginning of a transient. 

6.3. Recommendations for future work 

As the 2D static neunonic model For PBMR core is developed and will be integrated to 

FLOWNEX, the most important future work is developing a dynamic model for PBMR core. 

The dynamic treatment of a nuclear reactor comprises a description of the changing nudear 

characteristics due to the changed core composition, and the resultant temperature fields. The 

dynamic model consists of the modelling oE 

The progressing burn-up; 

The influence of strong absorber m a t e d  close to the core, such as reactivity 

control systems and/or its movement; 

The change in concentration of short-lived strong absorbers, such as '"Xe; 

The decay heat generation; 

The change in composition of the coolant could be considered together with the 

corrosion of the structural materials (such as, water Ingress and the temperature- 

dependent graphite corrosion). 
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No. Id.-no. 

59 59 Ru-l0l Mar4441 IEF-l 

M u  1310 
Mat 4464 
Mar 4465 
Mar 4466 
Mar 4467 
Mac 9386 
hlat 4460 
f i r  1373 
Mar 4495 
Mat 4480 
Mat 4483 
Mar 4484 
Mar 4485 
Mar 4486 
Mar 4487 
hlar 4525 
Mar 4527 

4529 
hlar 9606 
hlar 96118 
hlrr 4542 
Mac 4544 
,Mar 4545 
Mar 4546 
Mar 4548 
Mar 4549 
Mar 4551 
blnt 6 5 3  
Mat 4555 

- 

,-~ ~ 

JEF-I 
IEF-I 

- 

ENDFEY 
JEF-I 
JEF-I 
JEF-I 
J E W  
ENDFaY 
JEF-I 
ENDFD-V 
JEF-I 
J E N  
JEF-I 
JEF-I 
JEF-I 
JKF-I 
J E W  
Jl3:-1 
JEF-I 
JEF-I 
ENDI'R-V 
BNDFR-V 
JEL-I 
Jl:r;l 
JEF-I 
Jl+l 
JE1'-I 
JEF-l 
JBF-I 
lor-I 
JEF-I 

No. Id-oo 

149 4 ZI-95 Mar 4405 JEF-1 
I50 150 PolronylCDummy 
151 151 Ru-103 hlkt 4443 

Xe-133 Mat 4547 
CE-I41 Mac 9725 
PC-143 hbt 4593 
Pm-149 Mar4614 
1-131 f i t  4536 
FkrPmd. U-235 Lhrin 44 

Firs..Pmd. U-235 C h i n  39 
Fis..Pmd. U-235 Chvn 34 
Fiss..Pmd. U-2)s Chain 29 
B-11 Mat 4051 
Hf-174 Mat 4724 
IIf-176 hlat 4726 
11f-I77 hlar 4727 
llf-178 hlar 4728 
HI-179 hlrl 4721 
III-180 hlar 4720 
W-I82 hlxr 4742 
W-183 Mrt 4743 
W-la4 Mac 4744 
W-I86 Mat 4746 
Pm-151 Mar 4615 
U-232 ><at 8232 
Pu-238 War 1338 
h - 2 4 1  Mar 1361 
h - 2 4 2  Mat 8542 
ih-242" hlrr 1369 
Am-243 M u  1363 
Cm-242 %fat 8642 
Cm-241 Mar 1343 

JEF-I 
JEF-I 
ENDFEV 
JEF-I 
JEF-I 
JEF-I 

JEF-I 
JEF-I 
J1'.1'-1 
JEF-I 
JEF-I 
JRF-I 
JW-I 
JlIF.1 
JEF-I 
JKF-I 
J1'.1'-1 
JIiF-I 
1:NDFB-Y 
ENDFB-V 
ICNDFR-\' 
IiNDFR-V 
ENDFR-V 
CNDI'B-V 
IINDFR-V 
1:NDFB-V 

Cm-244 Mat 1344 I?ND12B-V 
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Id.-no. Absorber Id.-no. Absorber 
74 C d m n u n l l 2  JEF-I Mar 4485 164 Romn-ll JEF-I Mat 4051 
75 Cdmium-113 JEF-I f i t  44% 165 -Hdiniumum-174 J m - I  hht 4724 
76 Cdmium-114 JEF-I f i c  4467 166 Iidinium-I76 JEF-I Mat 4726 
77 Tellurium-I26 IEF-I Mar 4525 167 Hnlhium-177 IFP.1 hrrt A777 

~ ~ ~ - -  ~ ~ ~ ~ . . . 2 -  . . . -. . . - . 
78 TeUurUurrl28 ~EF- I  Mar 4527 168 IWfiu-178 JEF-I hht 4728 
79 T c U ~ u m l 3 0  JEF-I Mar 4529 169 Hdinium-179 JEF-I &Cat 4729 
80 I&-127 ENDFB-\' hhc 9606 170 IIllhiwn-180 IEF-I hhr 4720 

Carbon 

~ ~~~ ,-- - ~ ... . . . . 
81 lodic-129 ENDFB-V hlar 9608 171 Tungsrcn-182 JEF-I f i r  4742 
82 Xmon-128 J E F l  Mar 4542 172 Tungsaen-183 JEF-l hht 4743 
83 Xenon-I30 JEF-I Mar 4544 173 Tungsten-I84 JEF-I hLzr 4744 
84 Xenon-131 JEF-I him 4545 174 Tun@rrl% JEF-I h k  4746 
85 Xenon-I32 JEF-I k t  4546 175 Pmmduum-l51 JEF-l hlat 4615 
86 Xenon-134 JEF-I Mar 4418 176 Uranium-232 JEF-I hht 8232 
87 xenon-t35 JEF-I MZI 4549 177 ~ l ~ r o r u ~ a s  JEF-I M% 1338 
88 Xaon-136 JEF-1 M a t  453 1 I78 .imericium241 ENDFB-V M3rI361 
89 Cerium-133 ENDFR-V Mar 1355 179 ik lu lum-242  ENDFB-V hLzr 8542 
M Cerium-135 JEF-I Mat 4555 180 i\meticium-242rn ENDFB-V Mar 1369 
91 Cerium137 ENDPR-V Mar 9669 181 .kticium-243 ENDFB-\' Mu 1363 
92 Bm-i-I34 JEF-I Md 4564 I82 Curium-242 ENDFB-V hlat 8642 
93 Hulum-136 JEF-I hhr 4566 183 C u m - 2 4 3  END!%-\' hiu 1343 
94 13m-ium-137 JEF-I M a  4567 184 Curium-244 ENDFB-V hlat 1344 

Id.-on. Sc=ttcmr 
1W1 Carban MOK IYI & 1'1 Summit to IcV& Gass 739.32K I/V 338mb 
IW2 6WK 1'0 & PI Summit to lev & Gars 8%) 98K I/V 3.38rnb 
1W3 9WK' 1'0 & P I  Summit ro 1rV & Oars 1 1  10.51K l/V 338mb 
1MJ4 1200K IYl& PI Sumrmr to lev & Gars 136314K I/V 33Rmb 
IW5 1350K 1'0 & 1'1 G P ~  kancl I/V AbsorpUon S i p 0  = 338mb 
tm IjmK IV& PI (;as knnel I/V Absorption SipxO = 338mb 
I W7 3WK I'll & 1.1 Gar kcmcl I/V Absorption S l p O  = 332b 
IN18 3WK 1'0 & 1'1 G a l r r  to IcV & (;aw 115326K I/V 332b 
IN19 589K 1'0 & PI Gaj kcmcl 6WL' I/V 332b 
1010 589K 1'0 & 1'1 6Wl~Galcr  ro leV &<;ass 1269.37K I/Y 332b 
1011 l2WK PO & PI Gar kmcl  I/V Slgma0=332b 

98UK PO& 1'1 Gar kernel I/V S i U = I O m b  

" 
589K I'll & PI Gar kcmcl GWF 

Gas-Kcm T = b 3 4 K  Teuchen 18.5.1967 
Gas-Kcm T = 493.4K Tewhert 18.51967 
Gas-Kwn '1' = 5934K Teuchert IR.5.1967 
Gas-Kcm '1' = 6934K Tcuchcn 18.5.1967 
593K Gakm - Kim for GL 1.55,Z-75 & Gav kernel Tcu/J 12.67 

Gas-Kcm m r  H:\SKbei T = 9WK 
9WK Summit-BcO-him minus 0 - h D u  llcrt von 101.2 

Ncllun~Kcm i(;akcr-Kimj 3 2 3 . 6 ~  IX 68 r1an.2~ 
NcUun-Kcm (Grkcc-fin) 373.61: 1x68 Dvrar 
NdkkKcm (Gakcr-Kim) 4736K 1x68 Dm.as 
N e h - K c m  (Gaker-Kim) 5736K 1x68 D3n.r~ 
Nekn-Kcm [(;akcr-Kim) 2936K 1x68 Dan-ar 
Nekn-Kcm (Gakcr-Kim) 323.6K 1x68 D w a c  
Nelhn~Kem [Gaker-Kim) 3736K 1x68 Dm'as 
Nclkin~Kcm (Gaker-Kim) 4736K IX.68 L>an-ar 
Nckn-Kcm (Gakcr-Kim) 5736K 1x68 Dvras 
Brown-Sr-John-l~N@~ 2936K IX68Tcuchcn 
Brown-St-John-l'rcigg 3 Z 6 K  IX68Tewhcrt 
Brown-St-John-Fr+s 3736K IX68'I'wchert 
Brown-St-John-Fieigas 473.6K IX68'1'wckn 
Brown-St-John-Fmigas 573.6K IX68'Teuchen 
Bmwn~Stjohn-l:&p W O K  X11.70Teuchut 
Bmwn-St-John-Frcigas I2W.OK X1170Tcuchert 
Bmwn.St-John-l'm@ 1350.0K X1170Tcuchw 
IOOOK At-wvichr IOOmO 22.X11.70 
3WK Young Phon.-Speka. ColG I'unknucrte 2eV Schroedcr 4.7.70 
4mK Y w q  Phon-Spcktr CoUi I'unkrwcm 2eV Schroedcr 4.7.70 
s00K Young Phon.-Speku ColG I'unkrwute 2eV Schroeder 4.7.70 
6€QK Young Phon-Speku. COIL Punknwrte 2eV Schmeder 4.7.70 
7WK Young Phon.-Spekrr. ColG Punknvem %V Sch-dcr 4.710 
BWK Young Phon.-Spekrr COIL Pvnknvem 2cV Schroedrr 4.7.70 

... MOK Young Phon-Speku CoUi Punknvcm 2eV Schmeder 4.7.70 
607 Carbon l W K  Young Phon-Spckrr. Colli Punkrwerre 2eV Schmeda 47.70 
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1608 Cvbon llWK Young Ph.-Spektl. Cob PvnLtrv- 2eV S c k d c r  4.7.70 
1609 C~bon IMOK Young Phon.-Spektl. Colli P u n k m e  &V Schmek 4.7.70 
I610 Cvbon IMOK Young Phm-Spektl. CoU Punkmvclfc &V Schmedn 4.7.70 
1611 Cvbon 1350K Young Phm-Spek. Colli Punkmarc 2eV Schroedcr 4.7.70 
1612 Carbon 
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Table A-3: Fission Product Chains (Teuchert et al., 1994). 

Chain 44 GAM-Id. Chain 39' GAhl-Id. Chain 34 GAM-Id. 

"'Xc 87 
FP-34 I62 

"Kr 35 
"2 149 
*hb 52 
T c  57 
10'Ru 59 
'Ru 151 
8 m ~ h  62 

'"Rh 143 
t m ~  I56 

"'Xe 84 
"Xc 152 

"Cs 89 
~YCJ 144 
"pr I54 
"Nd 101 

"Nd 102 
"Nd 103 
'bNd IW 
+'Pm 107 
'Pm/m 148 
T m / g  147 
"Sm I 08 
=Sm 109 
" P m  I55 
*Srn I I0 
asm 1 1 1  
"Pm 175 
"Sm 112 

"Sm 113 
3F.u 116 
W u  117 
"E" 118 
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Appendix B. Neutron Transport Equation 

B. 1. Introduction 

This appendix gives the derivation of the Neutron Transport Equation and the definition of the 

terms that are used in this equation. This equation is used to solve the central problem of nuclear 

reactor theoy, the determination of the distribution of neutrons in the reactor. T o  determine the 

distribution of neutrons in the reactor, it is necessary to investigate the process of neutron 

transport, that is, the motion of the neutrons as they stream about the reactor core, frequently 

scattering off of atomic nuclei and eventually either being absorbed or leaking out of the reactor. 

B. 2. Introductory Concepts 

B.2.1. Neutron Density and Flux 

The neutron density N(r , t )  at any point ~ i n  the reactor core is defined by 

expected number of neutrons 

N(:, E ,  t)d'rdE = m d'r about I, energies in dE about E 

at a time t 

The neutron density is of importance because it allows calculating the rate at which nuclear 

reactions are occurring at any point in the reactor. 

The reaction rate density F(r , t )a t  any point in the system by multiplying the neutron 

density N ( r ,  t) by the interaction frequency vC 

~ ( ~ , E , t ) d ' r d E  = ~ C ( E ) N ( ~ , E , t ) d ' r f i  

expected rate at which interactions are 

occudng in d3r about r ,  energies dE about E , 1 03.2) 

at h e  t 

where vis the neutron speed and C(E)is the macroscopic cross-section of the reacaon 
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The product v N  ( r ,  E, t) in equation (B.2) is given a special name: 

4 ( r , ~ ,  t) = VN (L, E, t) - neutron flux [~m~~s . ' ] .  (B.3) 

The tradition in nudear engineering is to refer this quantity as the neutron flux is very misleading 

since +(r ,E, t ) is  not all like the fluxes encountered in other engineering professions. The latter 

fluxes are vector quantities, whereas 4 ( ~ ,  E, t)is a scalar quantity. 

B.2.2. Angular Neutron Density and Current 

The characteristics that determine the state of an individual neutron as illustrated in Figure B-1 

are: 

The neutron position, I ,  

energy E (or speed v = ( 2 ~ / m ) " ) ,  

the direction of motion, Q = V/1411. 
the time,t . 

The above variables provide a sufficient description of the state of the neutron for reactor 

calculations. The angular neutron density function that depends on all of these variables, 

n(L, E ,  Q t )  is defined as 

I 
the probable number of neutrons in dr about r, 
having energy within dE about E, 

n ( L , ~ , n ,  t)d3rdEdR = 
travelling with direction in the solid angle dR about 0 ,  

at time t.. 

The angular neutron flux is defined in a similar manner as scalar neutron flux, simply by 

multiplying the angular neutron density by the neutron speed v : 

A related concept is the angular current density, defined by 
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J ( ~ , E , Q ~ ) = W ( L , E , Q , ~ ) = R Y ( ~ , E , R , ~ ) .  

Since Q is a unit vector, the angular flux is the map tude  of the angular current densitg 

J I  =IQ~Y = Y. I- 

Figure B-1: The position, energy and direction variables characterising a neutron. 

If  D is some domain physical space, we have 

the probable number of neutrons in L, 

having energies within dE about E 

and directions d R  about R, at time t .  

and 

4 the total number of neutrons in D, 1 In(., E, Q, t )d?rd~dR = 
4~ E, D with energies between E, and E, at time t. 

Consider a surface as shown in Figure B-2 with an area increment a 2  and a unit normal rector 

n at the pointc: - 
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Figure B-2: Arbitrary surface with an area increment dA . 

To compute the rate at which neutrons at (L,E,Q,t) pass throughdA , consider neutrons as 

shown in Figure B-3, atL, travelling in the directionQ, with energy E (or speedv = (2~1m)~') .  

In  time dl the neutrons travel a distanceds = vdt . 

Figure B-3: Neutrons incident on a differential element of area. 

Since neutrons travel a distanceds, the every neutron in the volume dV at time thaving 

direction Q and speed v , will exit through d4 between f and f + dt . Therefore, 
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number of neutrons that number of neutrons initially in the volume 

pass thmugh dA in time dr] =[(and in dE about E, d R  about R )  

= (ndEdQ)dV 
I 

= (ndEdR) dA IQ. vdt 

and . 
the rate at which neutrons at r, within dE about E, 

~ l Q . ~ l n ( ~ , ~ , Q , t ) d ~ d R d A  = 
within d R  about R pass through d4 1 - 

Now, consider an arbitrary volume D with surfaceaD as shown in Figure B-4. At each point, 

r E aD . Let g = n(r) be the unit outer normal vector. - 

aDi : that part of aD for 

whichfi<OorQ-->O 

Figure B-4: An arbitrary volume D with surfaceaD 

Then for tixed Q, E andt , 

The rate at which neutrons within dE about E, 
[ f v Q . p z ( r , E , Q , t ) d A  au dR about R flow out of D I 

The rate at which neutrons within dE about E, 
d R  about R flow into D 1 
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the net rate at which neutrons within dE about E,  
[ ~ a . ~ + , ~ , ~ , t ) d l  a~ and d R  about R leak out of D I 

=the net leakage rate. 

This integral can be positive or negative. If it is positive, the rate of flow out of D is greater than 

the rate of flow in. if it is negative; then the rate of flow into D is greater tan the rate of flow 

out. 

Similarly, if Sis  a surface with a continuously varying normal vector n ( r )  as shown as in Figure 

B-5, then 

the net rate at which neutrons within dE about E and 
[/vQgn(t- ,E,Q,t)dA s 

d R  about R flow through S 

Figure B-5: An arbitrary surfaces 

This integral can again be positive or negative. If it is positive, then the net neutron flow is in the 

direction of the normal vectors; otherwise it is in the opposite direction. 

B. 3. Neutron Transport Equation 

Using definitions defined in the previous section, it is possible to derire an equation for 

n(t-, E ,  Q, t )  . For any volume D and for fxed E and Q the general rate equation is given by 
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I 
Rate of change of 

rate of gain gf neutrons in r E D, 
the neutron population for r E D, 

energies within dE about E 
energies within dE about E 

and directions d R  about R 
and directions d R  about 1 Y.9 

rate of loss of neutrons in r E D, 

energies within dE about E and . 
directions d R  about R 1 

If the arbitrary volume Dis chosen not to depend on time, the time differentiation can be 

brought inside the spatial integration 

I 
Rate of change of 

the neutron population for r E D, 
~ , Q t ) d ~ r  dEdR 

energies within dE about E and 

directions d R  about R 
I 

P.6) 

The loss mechanisms in volume D can be written as 

rate at which neutrons in 
rate of loss of neutrons in 

r E D, energies within dE about E 
r E D, energies within dE about E 

and directions d R  about Q 
and directions d R  about Q [- undergo collisions 

I leakage rate of neutrons in 11 E D, 

+ energies within dE about E and 

directions d R  about Q out of D 

{vxr (E) n(t-, E, Q, t )  d3r dEdR 
= [. I 

where d2r  = dA, d3r = dV. 

The divergence theorem (or Green's theorem) For a general vector function E ( r )  is 
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where the gradient operator is 

Therefore 

Thus, equation(B.7) can be written as 

rate of loss of neutrons in 

r E D, energies within dE about ( E ) n ( ~ , ~ , Q , l ) ] d ' r  
E and directions dR about Q [- 

Next, the gain terms in the general rate equation are given as 

rate of gain into 

r ED, energies within dE about - 
E and directions d R  about Q 

rate of gain into 

r ED, energies within dE about - 

E and directions d R  about Q due to 

scottered neutrons 

rate of gain into 

r E D, energies within dE about 

E and directions d R  about Q due to 

prompt fission neutrons +I- 
rate of gain into 

r E D, energies within dE about 

E and directions d R  about Q due to 

1 
delayed fission neutrons +I- 
rate of gain into 

r E D, energies within dE about 

E and directions d R  about Q due to 

1 
interiror sources 
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The rate of gain due to the scattered and prompt iission neutrons is given as 

rate of gain due to - 
j v ' ~ ,  (E' -t E,R' + Q) n(L, E',Q',t)dE'dn' 

[scattered neutrons ] = {[,= 
rate of gain due to 

prompt fission neutrons 
1- ~~(E) ]v (&)v ' z ,  (~ ' )n (~ ,E ' ,~ ' , r )dE 'd fY d3EdC2. (8.l I 

The terms of the above equations are defined as: 

the fission rate in dE' about E', 
v'~, (E') n(r, ~',Q',t)dE'dR'd'r = 

dR' about a '  and d'r about 1 

the total number of neutrons (promp & delayed) produced 

In a fission event that is caused by a neutron with energy E' 1 
the function of neutrons in a fission event, caused by 

a neutron with energy E', that are delayed 

,yp > (E)  = prompt fission spectrum 

[1-fl(Er)]v(E')v~, (E')n(1, E',~',t)dE'dR'd'r = 

X p  (E) dEd* = 
probability that a prompt fission neutron is . - 

41r emitted in dE  about E and d n  about R 

The rate of gain due to delayed fission neutrons and interior sources is given as 

- - 
the rate at which 
prompt fission neutrons 

are created by neutrons 

in dE' about E'dR' about 

R' and d3r  about 1 - - 

Rate of gain due to 

] = { d ,  E d 3  delayed fission neutrons 

. 

and 
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Rate of gain due to ] = {& !P(r,E,t)d3r 

interior sources 

Interior sources are usually isotropic. The factor 477 is included as a normalisation factor so that 

The total rate at which source 

neutrons are introduced in D 

Combining equations (B.9) to(B.13), we have 

into L E D, 
energies within dE IIv'~,nd~'dn'+"-- r ( E )  f j ( l - / ? ) ~ , v ' n d ~ d n ' +  (B.14) 
about E  and 471 

I directions 

d n  about Q 

Finally, combining equations(B.5), (B.6), (B.8) and (B.14), we obtain 

Because D is arbitrary, the above integrand equals zero. Thus, introducing the angular neutron 

flux, we obtain 

To derive an expression fo red ,  d e f ~ n g  
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! the rate at which delayed neutrons are 

Q, (., ~,t)d'rdEdQ = outlined in r E D, energies within . 
dE about E and directions dR about Q 1 

Recalling that neutrons arise from fissional nuclei that undergo spontaneous radioactive decay, 

the followings can be defined: 

the probable number of fission nuclei in 

preurser group j, in d3r about 1: at time t. , 
(the decay constant for this nuclei is A,) ! 

[the spectrum of neutrons emitted from precursarl 

the function of all fission neutrons, 

caused by a neutron with energy E, 

that are emitted from the j -  th precursor group 

expected total number of neutrons 

emitted per fission at c caused by , 

a neutron at energy E I 
the expected number of neutrons that are emitted 

PI (c, E )  v(c, E )  = by the j-th precursor group due to a fission event 

at 1 caused by a neutron of energy E 

the total function of delayed neutons in 
a fission event caused by a neutron energy E 1 ' 

propability that a group j delayed fission 

m d E d Q  = I neutron is emitted in dE about E and dQ 1, 

Then, nuclei are introduced into the j-the precursor group in d3r about r at the rate 
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The rate at which precursor group j nuclei spontaneously decay is LICl , and hence this is the 

rate at which group j neutrons are produced. Since the spectrum for these neurons is Ll ( E ) ,  

then 

the rate at which delayed neutrons are emitted from 

m L I C l  ( , t ) d ' r d E d R  = the j-th precursor gmup in t iL  E D, energies within . 
47? 

dE about E and directions d R  about Q at time t 1 
Hence 

Equation (B.15) becomes 

This is the fd-be-dependent neutron transport equation with delayed neutrons; it is coupled 

with equation (B.16) which governs the precursor densities. 

In some formulations of this equations, the 4n factors are absent, but the X ,  ( E )  , X,  ( E )  and 
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Q(c, E,t) have different n o d s a t i o n s  

Physics which are emitted from these equations: 

certain quantum mechanics effects, 

motion of the host material, 

statistical fluctuations in the neutron density n, 

neutron-neutron and other rare interactions, 

forces (for example gravity) an neutrons, 

temperature feedback (C, depends a temperawe which depends on Y ). 

B.3.1. Initial and boundary  conditions: 

Equations (B.16) and (B.17) do not, by themselves, describey , initial and boundary conditions 

are also needed. Physically, it is expected that given a l l  (interior and b o u n d a ~ )  sources of 

neutrons, and the initial values of the angular flux and precursor densities, one should be able to 

determine Y and C, uniquely. This expectation is correct and it gves the appropriate initial and 

boundary conditions. 

Interior source of neutrons: 

Initial source of neutrons: 

Y(L.E,R,O) =Y' ( r ,  E , n )  

r € D ,  - 

O < E < m ,  

01 = 1 I- 
where Y' is known. 

School of hlechanicd and Materials Engineering 
Noah-West University (PUK Campus) 



Appendix B. Neutron Transport Equation 115 

Boundary source of neutrons: 

Y ( r , E , R , f ) = Y b ( r ,  E,R,t) 
r E zD, - 

O < E < m ,  

m < o ,  

f > 0, 

where Yb is known. 

Note that since g is the unit outer normal, < 0 corresponds to all directions Q pointing in 

to the spatial domainD. Therefore, one can prescribe the incoming or incident flux, 

corresponding torn- < 0, but the outgoing or existing flux, corresponding torn- > 0, cannot 

be prescribed. 

Initial values of the precursor densities 

C, (r. 0) = C; ( r )  
r E D, - 

I <  j 2 6  

where C: are all known. 

Equations(B.16) , (B.17) and the initial and boundary conditions given above uniquely determine 

Y and C, in a given physical system D .  An assumption implicit in this formulation is that 

neutrons entering D through its outer boundary can be arbitrarily chosen and are independent 

of the existing fluxes. This is true if the boundary of D is convex, so that neutron transport 

problems are always solved in physical systems that are convex. Different properties of boundary 

of different surfaces ate illustrated in Figure B-6. 

In Figure B-6 the problem in (B) can be cured by enlarging the definition o fD  to indude some 

exterior points as in(Bf) , so that the new boundary is convex. 
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- c~nx-es - non-conves - conrex 
- non-mentr.~nr boundnt?. - recntr.tnt bound:iry - non-rt.enrr.mr  bound;^ 
- incident flus docs not - incident flus depends - incident tlus drm not 
depend an the c~iting tlus. on tl~r esinng tlus. depcnd on rhc csiring flus. 

Figure B-6: Examples of re-entrant and non-re-entrant surfaces. 

B. 4. Special forms of neutron t r a n s p o r t  equations 

B.4.1.Transport Equa t i on  without  Delayed Neutrons:  

With settingp, = P = C, = 0 ,  the Neutron transport equation becomes 

The initial condition is given by equation (B.19) and boundary condition is given by 

equation(B.20). 

B.4.2. Steady-state Transpor t  Equa t ion  (Without Delayed Neut rons)  

The corresponding boundary condition is given by equation(B.20) 
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B.4.3 Steady-state Transport Equation in a Purely Absorbing Medium 

In a purely absorbing medium, rneaningz, = E, = 0 ,  the neutron transport equation becomes 

The corresponding boundary condition is given by equation(B.20). 

B.4.4. Steady-state Transport Equation in a Vacuum 

In a vacuum, the neutron transport equation is given by 

WY' = 0. 

The corresponding boundaly condition is given by equation(B.20) 

Equations (8.24) and (B.23) can be explicitly solved because these equations do not couple angle 

or energy. Equation (B.23) couples angle and energy, and can be expliddr solved only in very 

special idealised cases. 
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Appendix C. Multigroup Diffusion Equations 

The energy-dependent transport equation is given by 

This equation may be operated by I(.)dRand IQ(.)~R to obtain exactly 

and 

i a 
--I+Y. v a t -  JQ .QY~R+x , (E )  - J =  ~c, , (E '+E)  - J ( ~ , E ' , ~ ) ~ E * ,  (C.3) 

by using approximations 

1 
y ( r , E , Q , t )  = - [@(L ,E ,~ )+~R.  4n - J(c,E,~)],  

yielding the energy-dependent P, equations as 
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, , 
= Iz,~ (E' + E )  - ] ( r ,  ~ ' , t ) d ~ ' .  

1 a 
To proceed, approximations are introduced to terms - - l ( ~ , E , t )  

o at - 

and JZ,, (E' + E )  ] ( r ,E f , t )  dE' . For the fust term as in the one-group case, it is customary to - 

i a 
set --I = 0 and for the second term to take 

o a t -  

Z,, (E' -, E )  = Z,, ( E ' ) 6 ( E 1  -+ E ) ,  

where 

Z,, ( E ' )  = IZ,, (E' -t E)& 

Then the second term becomes 

Although this indudes approhat ion the integral term of above equation is exact because of the 

equation(C.9). Equation (C.7) now becomes 

Obtaining Fick's law 

and equation (C.6) becomes the standard time and energy dependent diffusion equation 
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To  derive the multigroup diffusion equations characterising the average behaviour of neutrons in 

each energy group, the equation for the energy dependent neutron flux,Q(r,E,t), should be 

integrated (i.e. averaged) over a given group, E, < E < Ex-, . It is assumed that this flux can 

adequately described by the energy dependent diffusion equation. If diffusion coefficient 

D ( ~ , E )  and cross-sections E, ( r , E )  and X,, ( r ,  E' -+ E )  are assumed to be constant over 

space, i.e. only depend on the neutron energy, equation (C.14) can be written as 

where the source term is defined as 

To eliminate the energy variable in the energy dependent diffusion equation, it should be 

integrated over the g-th energy group characterised by energies E, < E < E,.,: 

The neutron flux in group g is defined as 

Next, the total cross-section for group g is defined as 

School of Mechanical and Materials Engineedng 
North-West University (PUK Campus) 



Appendix C. Multigroup Diffusion Equations 121 

the diffusion coefficient for group g as 

and the neutron speed charactensing group g as 

To define the scattering term, the integral over E' is fust broken up to write 

1 ,  .. Eg., 

1 dE[dE'Z,  (El+ E ) @ ( ~ ,  E,t) = I dE dE'Z, (E' + E)(D(r,E',t), (C.21) 
E 0 6'=1 & Fi 

then the group transfer scattering matrix is defined as 

?he fission cross-section for group is defined with a very similar manner by writing the fission 

term as 

and the fission cross-section for p u p  g is 
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while defining 

These purely formal definitions may now be used to write the multigroup diffusion equations as 

The multigroup equations are still quite exact (within the diffusion approsirnation) but they are 

also quite formal in the sense that group constants are yet as undetermined. It is apparent that in 

order to calculate these group constants the flux E, t )  should be known. 
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Appendix D. Solution Schemes of Multigroup Diffusion Equations 

The multigroup diffusion equations are derived in Appendix C. , and are given by 

The procedure must be followed to solve this set of coupled differential equations can be 

summarised as: 

Determine the spectral function q ( E )  with fast and thermal neutron spectrum 

calculations. 

Determine the group structure. 

Determine the multigroup constants, with averaging the appropriate values over 

previously determined spectral function. 

Solve equation(D.1). 

The above procedure can also used to perform a group collapse. The starting is not the enerm- 

dependent diffusion equation, but rather a system of multigroup diffusion equations of the form 

equation (D.l) with a large number of groups, and the result is similar srstem of mulngroup 

diffusion equations with fewer groups. There is a trade off in this group collapse: there is a loss 

in accuracy due to the reduction in the number of groups, but on the other hand the calculations 

required to solve the problem become less expensive. 

Assuming that the discretisation in space and time is done, even for steady-state problems, 

multigroup diffusion equations are much more complicated than that is in one-speed 

approximation. Therefore it is not feasible to solve these equations by a direct method such as 

Gaussian elimination, and an iteration scheme must be used. 

D. 1. Power Iteration Scheme for Fixed Source Problem 

For steady-state problems mulngroup diffusion equations can be written as 
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where fission source F is given by 

This suggests the iteration scheme 

The boundary condition for each of these equations is 

@ x ( r ) + 2 ~ x ( r ) n ( r ) . V @ b ( r ) = 0  r ~ a D  

The iteration stops when the fission source is sufficiently converged, i.e. when 

where E is pre-assigned convergence criteria, typically, E = lo-' 

At each step in this scheme, one is only required to solve a one-group diffusion equation. In one- 

dimensional problems, each one-group diffusion problem can be solved directly by Gaussian 

elimination. However, in two- or three-dimensional problems, one must iterate to solve the 
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equations that hold within each group. These iterations are called inner iterations. A single sweep 

through equations (D.4) and (D.5)constitutes an outer iteration. Thus, a single outer iteration 

consists of possibly much inner iteration in each group. 

D. 2. Inverse Power Iteration Scheme for Eigenvalue Problems 

Multigroup k-eigenvalue problems typically have the form 

with boundary condition 

@, ( r )  + 20, ( 7 )  a('). v@, ( r )  = 0 r E aD. 

If the function @$ ( r )  satisfies this problem, then A@, ( r )  also satisfies it for any constant A.  

Therefore, the solution functions Q6 ( r )  can be made unique by specifying normalisation such as 

Physically this states that the average value of fission source F ( r )  across the ystem is unity. 

The inverse power iteration method is detined as follows. It begins with the (n+l)-st outer 

iteration with an eigenvalue estimate k(")and a fission source estimate F'"' ( r )  satisbng 

1 - Q F(") ( r )  d3r = l 
V 

("+t) 
The first step is to determine@, by solving the following fixed source problem 
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Next, the fission source term is defined as 

and then, equations (D.4) is summed up over g and X X 6  = 1 is used 

Now, he above equation is integrated over spatial domain D and solved for k(") 

kt^) = 
jn F'") ( r )  d'r 

Using the most recent estimate for the scalar fluxes in this formula, define 

Dividing these last two equations, the simpler result is obtained 

("+i) g(*+l) QF ( r ) d 3 r  
-= = v, 
k'") 1, F'") ( r )  d3r 
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Finally, normatising F(") (r) , the following is obtained: 

The inverse power iteration method is specified by equations (D.lO)-(D.17). Iteration stops when 

and 

maxl~'"") (r) - F'"' (r)lrE,, < 6, 

where E and 6 are pre-assigned convergence criteria, typically E = 10-' and 6 = 104 . 
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Appendix E. Calculation of Geometric Escape Probability of 

Neutron in Double Heterogeneous Pebble Bed Mediai 

Suppose a neutron moderated in an absorber zone to the energy level E . The geometdc escape 

probability for that neutron is the probability to escape axid have its next interaction in the same 

or another absorber zone. Different possibilities for a neutron to experience its next interaction 

in a moderation zone are shown in Figure E-1. All these possibilities are embedded in the 

calculation of geometric escape probability. Neutron escape probability is evaluated by 

calculating partial escape probabilities W, for each interaction that depends on the direction of 

flight of the neutron. 

Figure E-1: Partial escape probabilities. 

The partial escape probabilities have the following meanings: 

4 : The probability that a neutron born within the absorber zone of a coated particle will have 

its next interaction in the graphite region of the same coated particle. Apart from the graphite 

shell a portion of the matria in between coated particles are included for consideration. 

t Mulder, E.J., Power Perfoanance of Inherently Safe High Temperature Reacton under 1-anous Fuchng Schemes, 
Univeniry of Achen. 
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W, : The probability that a neutron will leave a coated partide and adjoining graphite region 

without any collision. 

W,: The probability that a neutron, which has left a coated partide, has its next interaction in the 

graphite region of another coated particle within the same Fuel sphere. An average value of all 

possible positions as to the originating coated particle is possible with this consideration. 

W, : The probability that a neutron as mentioned in W, has its next interaction within the Fuel 

free zone of the fuel sphere. 

W, : The probability that a neutron leaves the fuel sphere without any collision. 

W6:  The probability that a neutron coming from a neighbouring Fuei sphere with random 

angular distribution of entry has an interaction in the graphte region o f a  coated pamcle of that 

Fuel sphere. 

W7 : The probability that a neutron as mentioned in W6 has its interaction in the fuel free zone 

of the fuel sphere. 

W,: Probability that a neutron leaves the fuel sphere without any collision 

In &el pin situations the escape probability is calculated due to Dancoff factors. If the pebble 

bed fded with a partial loading h of graphite spheres (blind spheres), then IV, constitutes of the 

probabilities, W,',, , the portion of absorber spheres and, Wag.  the portion of graphite spheres. 

This is also valid for W7 and W, . Then 

The probability to have an interaction within a coated partide bed is determined by the 

geometric layout of the coated particles in a sphere as long as the average free path 

length 1 l X , ( E ) ,  within the coated particle kernel not considerably exceeds its inner radiusr, . 
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Homogenising over the sphere leads to incorrect interaction rates. It is necessary to drire 

substitute cross-sections in support of the calculated geometric escape probability P ( E )  

Considering the following model for any particle bed: 

A neutron path of flight is considered to enter the bed of coated particles with random angle of 

entry. The distance between any two pamcles touched by this line is set equal to the average 

distance L between the particle-cross-sectional areas perpendicular to the flight path within a 

particle bed of density N .  These assumptions are equivalent to that of a neutron traversing any 

homogeneous medium for determining the probability of singular kernels being hit by that 

neutron. This consideration ignores any correlation to the location of neighbouring kernels. 

The average length L is derived by considering the probability that the cross-section of a coated 

pamcle co-insides with a part dxof the line of flight of a neutron. 

where r, is the outer radius of a coated pamcle. The numberN of coated particles per cm3 refers 

to the filling factor f gix-en by 

45 thus L = - 
3f 

The probability that a neutron will travel the distance of its free path 1engthLwithout anr 

interaction is equal to the probability that a coated particle is crossed as \r-ell as a part in the 

graphite area in-between the coated particles. This probability is denoted as IF',< and given as 

where Ciis an updated cross-section. The total probability of n pieces with lengthL flying 

through the bed without interactions subsequently defined by 
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From this, E is suitable for characterising the C O ~ M U O U ~  medium in replacement of the 

heterogeneous bed. Within the range of the absorption resonances and for various reactor 

layouts, also in the thermal energy range, the total cross-sections of the core zone, El and the 

coatingZ, , are considerably different from one another. In these cases 2; deviates considerably 

from an average cross-sectionE,, this will result in treating the partide bed as a homogenised 

medium. 

The probability WSc can be strictly calculated. Similarly, the probability W,,,, which is denoting 

an interaction within the core zone of a particle due to a randomly penetrating neutron, and W,2c 

denoting an interaction in the graphite region, can be calculated. For these interactions the 

following is valid: 

Then 1 - WaCis the probability that an interaction will occur during flight of a neutron 

'772, ,, W71c , while - This interaction is taking place within the core zone with probability of- 
1 - ' 

be the probability of interaction within the graphite zone. Based on these probabilities adapted 

cross-sections for the interactions within the core zone and graphite material are defined as 

The calculation of interactions is explained by the lengths which depict the neutron path of flight 

through the individual material zones with angle of entry$, as represented in Figure E-2. 

1fsin2 9 = u ,  then the following relationships hold: 
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Figure E-2: W; Calculation Model. 

Now the interactions W, can be written as: 
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cos 9 
Wac = J -- d o .  e - 2 G ( W )  , e-2Ed,  , e - x ~ ( W t )  + I"" d o  . e-2'%("io) , e-2%11 

3 -0 .8 ,  7r z 7r 
3= 8,...- 

2 

cos 9 
(E.9) 

w7,. = - do. e - a W - l o ) - w  [I - e - w - l , ) ] ,  

e=o ...& 3r 

cos 9 
Here, - d R  is the probability that any neutron entering the sphere with d9 the angle of 

I? 

entry. The other factors represent the penetrating probabilities through the single zones. 

Then the W; model becomes 

- 
w6a - + w,, + w8# = 1, 

Wm 

According to above relations, the geometric escape probability is formulated as follows: 

Here the fust sum refers to interaction in the originating kernel, while second refers to the 

originating sphere, the third is the probability that the neutron leaves the sphere(W,W,), the 

[ > &) md K n 4  in a none or more spheres are penetrated without an interaction 1 w - 

sphere an interaction occurs in the graphite region (W6 + W7) 
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Appendix F. P, (Spherical Harmonics) Approximation to 

Transport Theory 

The direct numerical solution of transport equation starts with converdng the transport equation 

into a system of algebraic equations. This is accomplished by "discretising" each of the variables 

in the transport equations, that is, by replacing functions of continuous variables by a discrete set 

of points. The derivatives and integrals appearing in the transport equation must also be replaced 

by a corresponding discrete representation. 

The discretisation of transport equation can be accomplished by using either the method of 

discrete ordinates or function expansions. Suppose an equation for a function, f (x), which 

contains derivatives and integrals 

In the discrete ordinate approach, one begins with representing the unknown f (x) only by its 

values at a discrete set of points X, of the independent variablex. That is the domain is fust 

discretised of variation of x into a mesh of discrete points, each of which is labelled by a 

subscript i . Then f (x) is replaced by its value at each of these mesh points 

What has actually done, was to replace a function f (x) by a column vector f - 

In this sense, the system of algebraic equations for the unknown components of f can be - 
written as a matrix equation. 

Next the various operations in the original equation must be replaced by their discretised 

counterparts. For example, for derivatives finite-difference formulas such as, 
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Integrals would he presented as sums or numerical quadramre formulas such as 

where the w, is known as the quadrature weights. 

An alternative way to arrive at a discrete representation of an equation is to write the unknown 

functions as an expansion in a finite number of known functions (frequently polynomials). If 

these expansion Functions are presented by p, (x) , then 

Hence, once again the Function f (x)is represented by a vector f ;  the components of the - 

vector are just the unknown expansion coefficients J ; .  When the dependent variable ranges 

between -1 and +I,  a very convenient choice of expansion functions are the Legendre 

polynomials (Clark and Hansen, 1964): 

This choice of expansion is frequently used to represent the angular dependence of the neutron 

flux in one-dimensional problems in which p=cos6' is the natural independent 

variable(Duderstadt, 1976): 

F. 1. The P, Approximation 

The basic equation of neutron conservation is the linear Boltzmann equation. For 
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monoenergetic neutrons this equation is 

where 4 (L,Q) is the number of neutrons crossing a unit surface at per unit time going in a 

unit solid angle centred in the direction Q ,  a,(i-) is the total neutron cross-section at L ,  

V, (L, R' -t Q) is the probability per unit length that a neutron at r and going in the direction 

Q' will undergo a collision and emerge going in a unit solid angle centred at Q , and S (L, Q)  is 

the number of neutrons created per unit volume at going in unit solid angle centred a t Q  . 

A particularly useful approximation to the Boltzmann equation is so-called P, or spherical 

harmonics approximation. The basis of the approximation is the expansion of all functions of 

the angular variable in terms of the spherical harmonics. 

The Legendre polynomials suffice for one-dimensional problems. The Legendre polynomials 

given by equation (F.7) are an orthogonal set of functions and the flux in the equation (F.9) may 

be expanded with these Legendre polynomials. Resulting set of equations separates into an 

infinite set of coupled differential equations. The spherical harmonic approximation is 

introduced by truncating the infinite set of differential equations at some order and treating them 

either analytic or numerical methods. 

The derivation for one-dimensional plane geometry starts with expanding h e  scattering cross- 

section, directional flux and the source in equation(F.9). For an isotropic medium the scattering 

cross-section is a b c t i o n  of only the angle between the vectors Q andQ',  say@, . It is 

convenient to consider the variablecos6, = po , rather than 8, itself. The scattering function can 

then be expanded in terms of the Legendre polynomials P. (p,) . Thus 

2m+l . . 
the factor - 1s mserted for later convenience. From the orthogonality of Legendre 

4n 

polynomials, 

School of Mechanical and Materials Engineedng 
North-West University (FUK Campus) 



Appendix F. P, (Spherical Harmonics) Approximation to Transport Theory 137 

in slab geometry the tlux #(x ,Q)  is a function of position x and, since the medium is assumed 

isotropic, the angle between the x-axis and Q ,  say 6.  The directional flux is expanded in the 

form 

with 

In a similar manner, for the source 

with 

(F. 13) 

the expansions for the flux and source are functions o f p ,  whereas the scattering function is a 

function ofpo  . It is evident geometrically that ,u and po are related as shown by Figure F-1. The 

angles 0, prefer to the coordinates of Q whereas B', 9' refers to the vec torg  . 
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I rDirection of incident neutron 

'rection ol scattered neutron 

Figure F-1: Geometry o f a  scattering event (Clark and Hansen, 1964). 

The unit vectors Q andQ' may be written in terms of the unit coordinate vectors as 

Q = cos 01 +sin 0 cos p j +sin 0 sin pk, - 

and 

Q' = cos B' i+ sin e'cos p'j  + sine'sin p'k. - 

The cosine of the angle 0, is then 

cos 0, = p,, = cos 0 cos 0' +sin Bsine'(cos p cos p' + sinp sinp'), 

The Legendre polynomial satisfies the following so-called addition theorem (Clark and Hansen, 

1964) 
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where p0,p,p1,q, andp' are related to each other by equation(F.17), and (p) is the associated 

Legendre polynomial of order P and degree n. The associated Legendre polynomials are defined 

by 

The scattering integral in the Boltzmann equation may be reduced to a Function of x , p  only. 

The expansions defmed by equations (F.lO) and(F.12), and the addition theorem may he used in 

the integrand of the integral in equation(F.9). Only the term P = O i n  the sum overp ,  which 

arises from the use of addition theorem, contributed to the integral overp' . Furthermore, in the 

integration overp', only the combination m =  nprovides a non-vanishing conuibution. By use 

of the expansion defined by equations (F.lZ)and(F.14) in the remaining three terms of the 

Boltzmann equation 

To derive the equation for each harmonic, equation (F.20) should be multiplied by $ (p) and 

integrated overp . The term in pc (p)is eliminated by use of the recurrence relation for the 

Legendre polynomials 

After some algebra one gets an infinite set of coupled differential equations for the harmonics of 

the flux as 

Various order approximations are obtained by truncating the series at some fixedN. The 
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truncation to orderN consists of assuming all quantities within index N + l  are zero. The &st 

N +l equations are then used. The resulting set of equations is known as P, equations. The PI 

equations are 

F. 2. Some Useful Definitions 

Slowing-down Density 

Slowing-down density, q (r, E) , is defined as ' 

the rate at which source neutrons are 

.=[produced at energies > E 

the rate at which neutrons having 
I 

energies > E are absorbed 

This is a balance or conservation law, which must hold in a steady-state situadon. 

Neutron Lethargy 

Lethargy is a variable that is often used in slowing down calculations in place of the neutron 

energy variable since the slowing down equations become somewhat simpler. To define letharg-, 

let Eo be the maximurn neutron energy in a system, then lethargy of neutron with energy E i s  

given by 

Lethargy is always greater than zero, and as energy approaches zero, lethargy becomes in f in i~ .  

Also note that, as a neutron loses energy in a collision, it means it gains lethargy and the changes 

School of Mechanical and Materials Engineering 
North-West University (PUK Campus) 



Appendix F. P, (Spherical Harmonics) Approximation to Transport Theoty 141 

in lethargy are due to a collision is independent of the maximum neutron energy, E, . In many 

applications, u is a more convenient vadable than E , because the mathematical form of the 

slowing-down equation becomes simpler. 

Elastic Scattering Probability Function 

The probability that a neutron, undergoing a scattering reaction at energy E', has final energy 

within dE about E is deiined by, 

lo, otherwise. 

Equation (F.26) is defined in terms of the lethargy variable as 

Thus, For aE'  < E < E' 

After rewriting the domain boundary conditions, aE' < E < E' ,in terms of the lethargy variable 

lo, otherwise. 

Mean Lethargy Gain per Collision 
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Let a neutron with initial energy E' scatter off an atom with mass numberA , and let the neutron 

have fmal energy E. Then the change in the lethargy of the neutron is 

= Au. 

Now, define mean lethargy gain as 

= j (u  - u') P ( ~ '  + U) du, 
i 

1 
= -- / d d t ,  t = u - u', 

I - a  , 

Number of Collisions to Thermalise 

If a neutron has initial energy E, and (after one or more collisions), a final energy E, , then by 

equation (F.30) 

Hence 
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where 5 is a Function of A, the mass number of the nucleus. 

Moderadng Power and Moderating Ratio 

The number of scattering collisions necessary to slow a neutron to thermal energies is inversely 

proportional to 5 .  The probability of a scattering collision is small if scattering cross-section Xs 

is small. So, a good moderator is characterised by a large value of C,. Hence, a more appropriate 

measure of the moderating or slowing down power is the product of 5 and Zs. Then 

Moderating Power - @,. (F.34) 

A good moderator has to be a weak absorber as well. Then the moderating power itself will not 

be sufficient to describe the effectiveness of a material for neutron moderation. Then 

6 3  Moderating Ratio = 2. 
=, 

Therefore, a good moderator has large X r ,  larger and small X, . The moderating power and ratio 

are given for several materials of interest in Table F-1. 

Table F-1: Slowing down parameters of typical moderators (Duderstadt, 1976:324). 

School of Mechanical and Materials Engineering 
North-West University (PUK Campus) 



Appendix F. P, (Spherical Harmonics) Approximation to Transport Theory 1 44 

F. 3. Lethargy Dependent P, Equations 

To derive lethargy dependent PI equations, it necessary to write the lethargy dependent transport 

equation 

results with 

Now, setting 

+I +I 

and operating by j(.)dp and jp(.)dp, the following is obtained: 
-1 -1 
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These are the lethargy dependant PI equations with 

Equation (F.40) is approximated only because of the angular approximation made in the 

application of PI method. Because the scattering integrals in these equations are somewhat 

complicated, a rewriting of these integrals (for A=l) or an approximation to these integrals (for 

A >> 1) is usually performed. To do this, defining the slowing down densihes 

q0 ( x ,  u )  = I I X," (u' -f u") + ( x ,  up )  du"dur, 
"'4 i=. 
" - (F .42) 

4, ( x ,  u )  = I I ,EuZ,l (u' + u") J ( x ,  u' )  du"okf. 
j = 0  ;=. 

Differentiating the above equations and using the appropriate definition of equation (F.41) yields 

Introducing above equations into equation(F.40) gives 

o; defining the non-elastic cross-section, Z_ ( u )  and transport cross-section, X, ( u )  
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This gives two equations with four unknowns. Equation (F.42) yields two other equations. 

However, the integral terms in these equations are too complicated, so some special cases (for 

A=l) or approximations (for A >> 1) are usually applied to these equations. Details of such 

approximation can be found in many textbooks (Duderstadt, 1976; Massimo, 1975). A summary 

can be given of these various approximate treatments of neutron slowing down by wriring P, 

equations as 

where slowing-down densities superscripted with H represent the hydrogenous while hU 

represents non-hydrogenous medium. 

The effects of inelastic scattering and fission are including in the source term as 

The slowing down densities are given by 

2 aqH 4 exact treatment of 
- ~ + q ~ ( x , u )  = - z ~ J ( x , u ) ,  
3 au 9 Hydrogenous medium 

aqtH, approximate treatment of 
4 , - + q y  (x,u)=P,,J(x,u) ,  au non-Hydrogenous medium 

School of Mechanical and Materials Engineedng 
Noah-West University (PUK Campus) 



Appendix F. P, (Spherical Harmonics) Approximation to Tmspor t  Theory 147 

The various approximations can then be characterised by the appropriate choice of the 

coefficients &,,,?,,,Po, andp,,, which are summarised in Table F-2, and for Greuling-Goertzel 

(s-wave scattering) approximation these coeffidents are given as 

I A,, 5 -  Y ,  (F.50) 

where 

Table F-2: Parameters for continuous slowing down models (Duderrradt, 1976). 

Age approximation 
Selenpt-Goertzel 0 0 0 

Consistent ~ g e  approximation o o I f,Z I :,r 
Gredng-Goemel (s-vave scattering! I Eqn. (F.49) 1 Ecp (F.50) 1 {,x: 1 crxi 

F. 4. Treatment of Spatial Dependence in the P, Slowing Down Equations 

To conclude the discussion of this chapter, three ways of including the effects of spatial 

dependence in fast spectrum calculations will be described. All these three methods assume a 

homogeneous spatial medium. These methods are: 

Age-diffusion theory, which combines diffusion theory in space with age theoq in 
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lethargy u . 

Muft-Garn calculations, which use a buckling approximation in space applied to 

lethargy dependant P, equations. 

The B, method, which uses a buckling approximation in space applied to the 

lethargy dependant transport equation. 

F.4.1. Age-Diffusion Theory 

Age diffusion theory is also known as age, Femi age, inconsistent age or mntinxous slotving down rhea9. 

The starting point for this method is the lethargy dependant diffusion equation with a delta 

Function (in u  ) source 

Eliminating @(x,u )  from equation (F.52) results in 

Now, giving the definitions forq, ( x , u )  and Fermi ager as 

and also defining 
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and substituting 4(x,u)into equation(F.53), give 

Using the new independent variable r 

However, for r g 0 and u g 0 ,  equation (F.55) gives 

Therefore, equations (F.58) and (F.59) yield 

By equations (F.55) and (F.56), w < 0 implies r < 0 ,  and since q, ( u )  = 0 for w < 0 ,  ?(u )  = 0 for 

+s 

r < 0 . Operating equation (F.60) by !(.) du results in 
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and lemng E + 0 

q (x ,0+ )=so  ( X ) .  

Therefore equation (F.60) can be replaced by 

which is valid for r > 0 and subject to initial condition, q(x,O) = S,, (x) . Equation (F.63) is the 

Fermi Age Equation. It has the form of the standard time-dependent diffusion equation with 

r playing the role of time. 

F.4.2. Muft-Gam Method 

In this method one consistently solves equation (F.46) but with an assumed separable form for 

the spatial dependence 

where B is the geometric buckling. The idea is that f (x) = ciB' satisfies the equation 

which approximately describes the spatial dependence of the angular flux 

The resulting P, equations is 
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augmented by the set 

and 

the inelastic scattering and fission have been included in the source term by 

F.4.3. BI Method 

The same separable spatial approximation as in the Muft-Gam method is used but here the 

starting point is the lethargy dependent transport equation as below, rather than the lethars 

dependent PI equations. 
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where 

Using equation(F.43), equation (F.69) becomes 

Also, q,,andq, are approximated same as in equation (F.48). Introducing the same assumed 

separable form shown below for the spatial variation into equation (F.70) gives the basis 

equations of the B, method. 

After some rearranging these equations can be written as 
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where 
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Appendix G. Narrow Resonance Approximations 

The effective resonance integral for capture for a single resonance at energy E,is detined as 

where cfis the Doppler broadened microscopic capture cross-section of the absorber and 

4,; (E) is the energy dependent flux in the fuel. In order to calculate effective resonance integral, 

first, n; and after that the flux, 4, (E) should be evaluated. 

G. 1. The Doppler Broadened Resonance 

Bethe-Plazcek formula is widely used for the Doppler broadened resonance cross-section. It is a 

convolution of the Maxwellian energy distribution of the resonance absorbers and the resonance 

cross-section that is a function of the neutron energy in the centre of mass system of the neutron 

and target nucleus described by the Breit-Wigner formula. 

The Bethe-Plazcek resonance cross-section for capture (Duderstadt, 1976) is given as 

where Tris the natural line width and ~ , i s  the total cross-section at the resonance ene rg  for 

the unbroadened cross-section defined as 

where Ais  the mass number of the absorber, T, is the natural line width for resonance 

scattering and gis the statistical spin factor, which is equal to unity for the I = 0 resonances 

which are of primary interest in nuclear reactor calculations. 

The Bethe-Plazcek function ~ ( 5 , x ) i s  given by (Duderstadt, 1976) as follows: 
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where TDis the Doppler width of the resonance and %T is the temperature in eV. The exact 

value of the function v a t  the resonance energy is 

G. 2. The Energy Dependent Flux 

The energy dependent flux 4,: (E) can be obtained by solving the slowing down equations for a 

two region unit-cell. Two approximate solutions exist namely narrow resonance (NR) and 

narrow resonance infinite mass (NRIM). In the NR the practical width of the resonance is small 

compared to the energy loss of a neutron suffered in a collision with an absorber nucleus. NRIM 

is valid for the opposite situation (Duderstadt, 1976). This means that for NRIM 

where u i i s  the potential scattering cross-section of the absorber and a, = - (3 
In the NRIM the absorber nucleus mass is taken to be infinite, which implies that absorber does 

not contribute to the slowing down process of the neutron. 
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G. 3. The Effective Resonance Integral 

Inserting both the flux and the broadened cross-section in equation (G.l) results in 

where 

gy~~)  : potential scattering cross-section per absorber nuclide in the fuel, 

g~ : potential scattering cross-section of the absorber nuclide, 

Nk; : the nuclide density of the moderator admixed in the fuel, 

F 
ns,~ : the microscopic scattering cross-section of the moderator admixed in the fuel 

G. 4. Application of the Wigner's Rational Approximation 

A considerable simplification is achieved when Wiper's rational approsirnation for P,is 

inserted into the effective resonance integral expression (equation(G.6)). 

For the NR case: 
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For the NRIM case: 

Inserting these equations for the first flight escape probability in equation(G.6), a simple 

expression for the individual effective resonance integral is achieved. 

whee g is defined as the escape cross-section, 

Table G-l gives the resonance parameters characterising several of the lower l!ing resonances of 
2 3 8 ~ .  
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Table G-1: Low-lying resonance data for U-238 (Duderstadt, 1976:335). 
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Appendix H. Approximate Models of Neutron Thermalisation 

Neutrons having energies less than several eV are considered as thermal neutrons. Such neutrons 

are approximately in thermal equilibrium with the reactor, and on the average they neither gain 

nor lose energy in colliding with reactor nudei. Thermal neutron scattering is more complicated 

than the fast neutron scattering because: 

Kinetic energy of a neutron is approximately equal to the thermal energy of atomic 

motion. Hence, 

upscattering is as important as down scattering, and 

the microscopic cross-section must be averaged over the thermal disuibution of 

nuclear speeds (nuclei must be regarded as at rest). ' 

0 Kinetic energy of a neutron is approximately equal to the binding energy in 

molecular or crystalline materials. Therefore, neutrons can interact with aggregates 

of nuclei. 

Inelastic scattering can be important. 

Diffraction effects can he important. 

H. 1. The Proton Gas (Wigner-Wilkins) Model 

This model is exact under the following conditions: 

The proton gas is in thermal equilibrium at temperature T. 

The microscopic scattering cross-section g" is independent of the relatire 

velocityv, between a neutron and a hydrogen atom. 

n Y The absorption cross-section behaves as g = - 
v, 

0 There is no direct contribution from fission neutrons in the thermal energy range. 

Thus x ( E )  = 0 For thermal energies. 

The Wiper-Wilkins equation is defined as (Duderstadt, 1976) 
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where Z;is the free atom scattering cross-section for hydrogen atom, kT is the temperature in 

eV. The boundary conditions are that the flux variable vanishes as x -+ 0 [ E  -t 01 and be 

normalised to the slowing down source forx 0 1 [ ~  O kT]  . 

H. 2. The Heavy Gas Model 

Obviously the proton gas model is of limited value in analysing neutron thermalisation in non- 

hydrogenous moderators such as graphite. The simplest thermalisation model is based on 

expanding the cross-section for a free gas of arbitrary mass number A in powers of 1/A, hence 

arriving at an approximation which should be valid for large mass numbers. 

The differential cross-section for a free gas can be derived in a straightforward consideration of 

two-body kinematics (Duderstadt, 1976). This cross-section can be written as 

Ck@ +s-s., etf(e.P-p&)irtj(e.P+~&)] 
Z , ( E ' - + E ) = - ~  (H .2) 

2E' +e$ (B@ - 7 etf (04'2 + p&) 1; 
where 

Expanding in inverse mass number A-'and retain only lowest order term results with the heavy 

gas model of the scattering kernel 
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Here G'and6""refen to the &st and second derivatives of the Dirac 8-Function. The 

corresponding total scattedng cross-section for this model is 

( E ) , ,  I+- ( 2%). 

After substituting this rather singular scattering kernel into differential scattering cross-section 

equation, one finds 

This simple differential equation is known as the heavy gas equation. The heavy gas model is far 

less effective at predicting thermal spectra in graphite moderated reactors than is the proton gas 

model for the LWR because of the significance of chemical binding effects. 

H. 3. Synthetic Scattering Kernel Models 

The scattering kernel C ,  (El-+ E )  is of such a form that the integral form of the infinite 

medium spectrum equa?ion could easily be transformed into a differential equation by some 

models. One such a model is generalised heavy gas or primary model in which the scattering 

terms in infinite medium spectrum equation are modelled by a differential equation similar to the 

h e a ~  gas model (Duderstadt, 1976): 

Here f (E) is  an arbitrary hnction that must be determined either by fitting to experimental 

spectrum measurements or by a fit to an integral of the scattering kernel itselfx, (E' += E) . 

The primary model satisfies the detailed balance condition and includes some accounting for the 

chemical binding effects. Unfortunately, it fails to yields satisfactory results when a strong 
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absorption is present. For this reason a slightly more elaborate approximation, known as the 

stcon@ model, containing two free functions is developed. 

The scattering kernel can be written as a product of two free functions o(E)  andv(E) such that 

o(E)v(E'), E > E '  
M(E)Z, (E + E') ; 

o(Ef)v(E), E < E' 

Then the infinite medium spectrum equation can be written as the coupled set of differential 

equations 

where j ( ~ )  and k ( ~ )  are given in terms of free functions, u(E) andv(E) , as 

With proper choices of o(E) and v(E) this model will reduce to several other models, including 

the proton gas model, the heavy gas model, the Fermi age model, and the Greuling-Goertzel 

model. Hence the secondary model is evidently capable of bracketing the thermalisadon 

properties of the true scattering kernel. 
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