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ABSTRACT 

The study evaluated the performance of the noble missing data handling methods which are multiple 

imputation (MI) and maximum likelihood (ML). These methods are seldom compared to each other in 

literature but are instead compared to other traditional methods like list-wise deletion and mean 

substitution to mention a few. The intent of the study was to use model selection criteria of multiple 

regression analysis (MLR) to determine if there is bias between the actual selection criteria (from 

complete dataset) and the estimated selection criteria (obtained after applying MI and ML) . In 

addition the study was meant to assess if the severity of bias will vary under MT and ML and to 

determine if the degree of missingness has an impact in the performance of these missing data 

handling methods. The data used in the study were collected by Statistics South Africa (Stats SA) 

through the Income and Expenditure Survey (JES). A total of 25328 observations were used. The 

missingness mechanism of interest was that of data that are missing at random (MAR). About l 0 

datasets were obtained from the original datasets through a simulation of 2 MAR scenarios with each 

scenario comprising 5 datasets . The datasets under each MAR scenario differed in the degree of 

missingness which ranged from l 0% to 50%. The simulated missing data were addressed using MI 

and ML; and stepwise regression was used to estimate the model parameters and selection criteria 

after the missing data were addressed. 

The algorithms used for handling missing data were Full Information Maximum Likelihood (FIML) 

and Expectation Maximisation (EM) for ML; and Fully Conditional Specification (FCS) and Markov 

Chain Monte Carlo (MCMC) for MI. The Akaike Information Criterion (ATC) and the Bayesian 

Information Criterion (BIC) were chosen to represent the sufficient and consistent selection criteria 

respectively. Selection criteria from the complete dataset were only used for comparison purposes. A 

low absolute error value of AIC or BIC indicated that the algorithm performs better than the others. 

The results of the study revealed that for both MAR scenarios, FIML performed better when l 0% data 

were missing but the error rate increased as the missingness degree increased. EM algorithm generally 

performed the poorly for both MAR scenarios with the highest error rate across all the missingness 

degrees. The MI algorithms generally performed well and their error rate did not differ remarkably 

from each other. The error rate for both FIML and MCMC decreased gradually as the rate of 

missingness degree increased. 
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CHAPTER I 

ORIENTATION OF THE STUDY 

1.1 Background 

Missing values may occur for many reasons. This may be as a result of the data missing due 

to lack of subject participation during data collection. A good example may be, if the 

respondent chooses not to respond to certain questions in a survey or a test-tube accidentally 

breaks during an experiment. Missing data may be induced in some instances. This instance 

may arise as a result of the analyst choosing to delete outliers which may impact badly on the 

outcomes of the analysis. Huang, Yang, Pei, Gama, Meng and Li (2009) caution that missing 

values impacts on decision making systems and statistical methods fall short when data is 

unknown. More specifically, in multiple regression analysis, a missing value from one 

variable means that all values for other variables in that case will be excluded from the 

analysis. As such, the existing information from other variables cannot be utilised (Svolba, 

2012). 

In order to parsimoniously utilise the available values in an observation which has missing 

values, analysts often resort to estimating the missing data by assigning arbitrary values to 

them. Huang et al. (2009) caution that previous studies have shown that the results are 

degraded by simply assigning arbitrary values to the missing data elements. These arbitrary 

values are imputed using numerous traditional methods such as mean substitution and 

regression imputation. However, several studies established that the use of single imputation 

methods for estimating missing values may bias the parameter estimates, standard errors 

(SE), confidence intervals (CI), odds ratios (OR) and the regression coefficient (R). Such 

studies advocate the use of modem imputation methods viz. multiple imputation (MI) and 

maximum likelihood (ML). These methods were found to provide unbiased estimates of the 

regression parameters, standard errors, confidence intervals, odds ratios and the regression 

coefficient (Donders , van der Heijden, Stijnen and Moons, 2006; Ghosh and Pahwa, 2008 

and Enders, 2012). 



For these reasons, the modern imputation methods are becoming the typical modus operandi 

for handling missing data. These modern imputation methods assume that the data are 

missing at random (MAR). Hence, this study focuses only on the data whose missing values 

are MAR. It can be deduced from Danders et.al (2006), Enders (2012) and Ghosh and Pahwa 

(2008) that the various missing data handing methods have diverse impacts on the estimates 

of the regression parameters, SE, CI, OR and R. On the other hand, it is seldom mentioned 

whether the use of imputation methods affects the values of model selection criteria as it does 

the estimates of the regression parameters, SE, CI, OR and R. Invalid values of model 

selection criteria may lead to an erroneous selection of a misspecified model as the best 

model. Model misspecification (underfitting or overfitting) is a common problem in least 

square based multiple linear regression analysis (MLR). For instance, over-fitting inflates the 

variance (Yan, 2009). To avoid model misspecification in multiple regression analysis, the 

model selection criteria are used to select the best model. 

The remammg sections are to discuss the following: Section 1.2 defines the problem 

statement followed by the aim of the study in section 1.3. Research objectives are listed in 

section 1.4 Section 1.5 gives the research methodology then section 1.6 explains the study's 

contribution. The significance of this study is discussed in Section 1. 7. The limitations and 

delimitations are then outlined in Section 1.8 followed by the ethical considerations are 

highlighted in section 1. 9. 

1.2 Problem Statement 

In order to parsimoniously utilise all the variables in MLR in the presence of missing values 

in the data, relevant modern imputation methods must be used to replace these missing data. 

Moreover, to avoid model misspecification for least square MLR analysis, model selection 

criteria need to be accurate and unbiased when used to select the best model. Research 

concerning the utilisation of modern methods for handling missing data has not been 

exhausted, more specifically around their usage pertaining to model selection criteria. If this 

remains unknown, researchers would not know whether or not the use of modern missing 

data imputation methods is likely to bias the model selection criteria. If there is indeed a 

possibility of bias on the selection criteria, MLR analysis studies may be at risk of selecting 



the wrong models and in tum give wrong predictions from such models. Such predictions 

could in tum put the decision makers at risk of making wrong interventions. Application of 

the highly recommended modem imputation methods on the values of the model selection 

criteria will help clarify whether or not these methods are safe to use in MLR analysis. 

1.3. The aim of the study 

The aim of this study is to find out whether or not does the use of highly recommended 

modem imputation methods to handle missing data bias the values of model selection criteria 

such as AIC and Bayesian Information Criterion BIC among others. 

1.4. Objectives of the study 

The objectives of the study are: 

1. To explore the robustness of novel missing data imputation methods on model 

selection criteria. 

2. To compare the results of the MI and ML relative to the values of such criteria. 

3. To use the findings of the study to make recommendations for future studies about the 

impact of modem missing data imputation methods on model selection criteria. 

1.5. Research Methodology 

This section briefly discusses the data, instrument and statistical methods that are used in this 

study. 

1.5.1 Data 

The data that has been used in this study is sourced from "www.datafirst.uct.ac.za ". This data 
was collected in 2010/11 by Statistics South Africa (Stats SA) through the Income and 
Expenditure Survey (IES). 



1.5.2 Methodology 

The analysis comprise of three phases. The first phase is the imputation of missing values 

using the MI and ML methods. In the second phase a set of MLR models are estimated 

through stepwise regression. These steps are performed on the complete dataset and the data 

whose missing values have been imputed by MI and ML. The model selection criteria 

obtained from the stepwise regression are reported and used for comparison of MI and ML. 

There are two categories of model selection criteria viz. efficient criteria and consistent 

criteria (Rao, Miller and Rao, 2007). To avoid a cumbersome output, this study selects one 

criterion from each of the two categories. The most popular model selection criteria are AIC 

(sufficient) and BIC (consistent) (Bisgaard and Kulahci, 2011). Based on their popularity, 

this study investigates how the arbitrary values estimated from the modern imputation 

methods impact on the values of AIC and BIC and in turn on the choice of the best MLR 

model. 

After calculating AIC and BIC, their values are compared under MI and ML situations. A full 

description of how this is done will be discussed in chapter 3 of the methodology review. 

Figure 1 summarises the steps of the methodology to be used in this study. 
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Figure 1 Summary of the methodology steps 

1.6 Contribution of the study 

BIC 

Dataset 2 

BIC 

Dataset 3 

This study delivers into the robustness of m1ssmg data imputation methods and the 

effectiveness of model selection criteria use in MLR analysis. Since the superior methods 

have not been widely adopted by practicing researchers, this study serves as a basis to 

encourage their application. The study also focuses on model selection criteria in addition to 

the previously researched areas such as parameter estimates, standard errors and confidence 

intervals. 

1. 7 The significance of the study 

The findings of this study assess if the use of MI and/or ML in overcoming the problem of 

missing values has an effect on the values of model selection criteria in MLR analysis. This 

will assist researchers in deciding on selecting the most appropriate method from these 



innovative and classical methods of missing data imputation. This may help avoid the risk of 

bias relative to the results of model selection criteria. The use of superior methods in future 

studies would ensure that the choice of the best regression model is sound, thus minimising 

the chances of making wrongful predictions. 

1.8 Scope limitations and delimitations of the study 

This section states the scope limitations and delimitations of the study. 

1.8.1 Limitations 

• The scope of this study is limited to MI and ML methods which are only applicable to 

the MAR mechanism; hence other mechanisms are not explored. 

• The imputation methods used in this study are only applicable to continuous 

variables. 

• The study is limited to only two selection criteria (AIC and BIC). 

• The analysis mainly focused on MLR analysis. 

• The study is limited to continuous variables only due to its focus on MLR analysis. As 

such, the findings of the study may not be generalised to other variable types. 

• The original dataset used in the study is complete therefore the missing data needed to 

be simulated hence the generalisation of the findings to all forms of naturally 

occurring missing values is not guaranteed. 

1.8.2 Delimitations 

There are no delimitations in this study. 

1.9 The ethical considerations of the study 

This study does not in any way put the subjects of the data in jeopardy. It only focuses on 

statistical matter. It does not require any interviews on any sensitive issues and it uses 

secondary data. 



CHAPTER2 

LITERATURE REVIEW 

2.1 Introduction 

This chapter discusses the work on previous studies on the subject. It reviews the missing 

value handling methods that were used and the statistics that were used to compare their 

performance and the degree of missingness to mention a few. This review is meant to assist 

the present study in identifying gaps in literature and also identifying the methods that are 

worth adapting from the previous studies. Moreover, the chapter outlines how and why the 

present study is set to differ from the previous studies from literature. 

2.2 Review of previous research on missing data handling methods 

Shrive, Stuart, Quan and Ghali (2006) compared six various missing data handling methods 

for the treatment of missing values in the Zung Self-reported Depression scale (SDS). They 

assessed the performance of missing data handling methods on data that are missing at item 

level. On the other hand, the present study does not use data from a multi-item instrument 

measuring the same construct. A full description of the data is to follow in the methodology 

section. 

The random selection, preceding response, question mean, individual mean, single regression 

and multiple imputation (MI) method were compared in Shrive et al. (2006). To achieve this, 

the mean scores from SDS standard deviations, the Spearman correlation coefficient, 

percentage misclassified and the Kappa statistics were calculated. The present study therefore 

extends the comparison by looking into model selection criteria and maximum likelihood 

(ML) imputation method. The study by Shrive et al. (abid) is similar to the present study in 

that the data analysed was initially complete and simulation of missing values was essential. 

As such, the missing completely at random mechanism (MCAR) was simulated by first 

randomly assigning each observation a number between O and 1 with each of the numbers in 

this interval having an equal probability of being selected. Next, the observations assigned a 

value less than 0.1 were deleted to simulate MCAR with 10% values missing. 

The 20% and 30% rate of missingness were simulated by deleting observations which were 

assigned values less than 0.2 and 0.3 respectively. Subjects with no deleted values were then 

dropped from the dataset because they had no missing data to be handled. It is worth noting 



that this practice reduces the sample size and it is not always the case that one may have to 

handle missing data with all cases having missing values. To preserve generality, the present 

study does not exclude subjects with no missing data. An additional unbalanced MCAR 

mechanism was simulated to mimic the SDS theoretically known tendency of question 6 (Q6) 

missing about twice as other questions. This was done by letting the probability of missing 

Q6 to be 20% and 10% for the remaining questions. The missing at random (MAR) 

mechanism was simulated by letting the missingness probability of an observation to be 

related to the age and gender of the respondent. Based on intuition from literature about the 

SDS, the observations for females over 65 were assigned 20% missingness probability and 

10% for other respondents. To simulate missing not at random (MNAR) values, the 

probability of missing for Q6 was made to be linked to the despondence of Q6 itself. This 

was performed such that the probability of missing was 5% if the responses to this question 

were 1 or 2 and 10% missingness probability was assigned to the responses of 3 or 4. All 

other questions were assigned a 10% missingness probability. 

lLJBRAR:tJ 
Unlike Shrive et al. ' s (2006) study, the present study narrows the focus to modem imputation 

methods only. As such, it introduces maximum likelihood (ML) which was excluded from 

Shrive et al. (2006). The modem imputation methods, MI and ML are also known to assume 

the MAR mechanism (Rothstein, Sutton and Borenstein, 2006; Enders, 2013). For this 

reason, the present study is divergent from the study under review in that it only focuses on 

the MAR mechanism. On the other hand, the varying degrees of missingness (5%, 10%, 20% 

and 30%) are worth considering in the present study. This will enable it to determine if the 

model selection criteria computed from the data with MI and ML estimates would vary 

significantly as the degree of missingnes increases. However it is premature to declare the 

exact percentages of the degree of missingness to be used in the present study because little 

literature has been reviewed hereto. 

In addition to assessing the values of standard deviation, mean, Kappa and Spearman's 

correlation, Shrive et al. (2006) also compared the observed values (from the initially 

complete data) with the imputed ones. This was done by plotting the actual values against the 

imputed values and assessing the correlation between the two. The closer the points were to 

the line, the lesser the error in the imputed missing values relative to the original data points. 

On the other hand, the comparison of observed values with the imputed ones cannot be used 

to compare MI with ML because the latter does not impute missing values but rather 



estimates the population parameters (Little, 2013). The results of Shrive et al. (2006) revealed 

that MI was usually the most accurate. However, they recommended individual mean 

imputation as the best method for replacing missing data in SDS because it ensures accuracy 

but it is simple to perform. Generally, the accuracy of all imputation methods was found to 

depreciate with the increase in the degree of missingness. 

Zaidman-Zait and Zumbo (2013) did not seemingly compare the performance of the different 

missing data handling methods but rather investigated the effect of missing values that are 

MCAR, MAR and MNAR on model parameter estimates and statistical results. That is, they 

compared missing value mechanisms relative to parameter estimates and other statistical 

results. Although its main intent is divergent from the one of the present study, the way 

missingness mechanisms were simulated and the varying degrees of missingness in Zaidman

Zait and Zumbo's (ibid) study are of interest in this present study. The parameter estimates 

and statistical results were estimated for both the actual and Monte Carlo simulated datasets. 

The estimation was achieved using two multilevel techniques viz. Unconditional Linear 

Growth Model (ULGM) and Linear Growth Model (LGM) with a Personal-Level-Covariate. 

The study also investigated the performance of these LGM models when they are correctly 

specified and when misspecified. The use of actual data by Zaidman-Zait and Zumbo (2013) 

was to achieve as much generalizability to commonly found data as possible. It can be 

inferred that the use of initially complete data in the present study gives it an advantage of 

yielding more generalizable findings as well. The Monte Carlo simulation study was 

conducted to attain the level-I model misspecification in order to investigate if model 

misspecification wiII have a significant impact on the results. The present study however does 

not adapt this simulation method since the same does not assist in achieving its objectives. As 

in Shrive et al. (2006), the degree of missingness was made to vary in Zaidman-Zait and 

Zumbo (2013) for a similar purpose of investigating if the results will vary significantly 

relative to the percentage of missingness. As previously mentioned, the present study also 

adapts this practice. The reason for specifically setting the degree of missingness at 7% and 

14% in Zaidman-Zait and Zumbo (ibid) was not given. This might be because the theoretical 

knowledge about the behavior of missing values in the change of cognitive ability over time 

was not made available as it was in Shrive et al (2006) about the SDS data. 

Another aspect of interest from Zaidman-Zait and Zumbo (2013) is how they simulated the 

missingness mechanisms. Only the simulation of MAR is reviewed because as previously 



mentioned, the modern methods (MI and ML) which are of interest to the present study 

assume this mechanism. Two scenarios of MAR were investigated. For MAR scenario-A, the 

missingness was unrelated to the cognitive ability but related to gender. Approximately half 

of the participants were randomly coded as girls and the rest as boys. The data were then 

sorted according to gender and the missing values were randomly selected only from the 

girls. Zaidman-Zait and Zumbo (ibid) explain that in this instance, the missingness was 

dependent on gender, but gender was unrelated to the cognitive task. In MAR scenario-B, the 

missingness was related to gender, in addition gender was related to the cognitive task itself. 

Under this scenario, the missingness was set to be higher among girls who had low scores on 

the cognitive variable. 

To achieve this, the distribution of the girls ' cognitive scores was divided into quartiles. The 

data were then sorted according to gender and according to the cognitive variable. The 

missing values were randomly selected from girls in the lowest 25% of the cognitive task 

distribution. As the authors explain, the missingness is explainable by gender. This 

simulation is adapted in the present study in order to enable the findings to be generalizable 

to both MAR scenarios. A detailed explanation of how this will be achieved in this present 

study follows in the methodology chapter. The findings of Zaidman-Zait and Zumbo 's (2013) 

study revealed that when the model is correctly specified, HLM analyses perform well under 

all missing data mechanisms. This was observed from the parameter estimates of the data 

with missing values which did not vary significantly from the complete data case. On the 

other hand, when level- I was misspecified in the Monte-Carlo simulation study, HLM 

analyses did not perform well under the various missingness mechanisms as compared to the 

complete data case. The authors concluded that, HLM analysis is able to handle missing data 

well provided the models are correctly specified. On the other hand, the present study 

approaches model specification from a different angle because it focuses on model selection 

criteria which form the basis for choosing the correctly specified MLR model. 

Another simulation study was conducted by Karahalios, Baglietto, Lee, English, Carlin and 

Simpson (2013) to compare complete-case analysis with ML The comparison was relative to 

these methods' capability to handle missing data in an analysis of the association of waist 

circumference waves and the risk of colorectal cancer. This association of waist 

circumference was measured at two waves. In wave 1, participants were recruited between 

1990 and 1994 and wave 2 was conducted between 2003 and 2007 in order to update the 



wave 1 information and to reassess the anthropometric measures. The study was centered on 

the 41,476 Melbourne Collaborative Cohort Study participants who had their waist 

circumference measured at wave 1. The authors explain that waist circumference data was 

simulated at waves 1 and 2 to preserve the correlation between the waist circumference 

measurements at the two waves of data collection conditional on the fixed demographic 

covariates at baseline. The software used for simulation was not specified in the paper under 

review. 

Karahalios et al. (2013) generated independent random samples using different starting seeds 

that were separated by 41 500 units. By so doing, 1 000 complete simulated datasets of 41 

476 individuals were produced for each of the two hazard ratios (HR) representing a weak 

and strong association between change in waist circumference and colorectal cancer. The 

dataset were made to differ only in terms of waist circumference (at waves 1 and 2), death 

and the outcome of colorectal cancer. A detailed methodological process of the simulation is 

deliberated in Karahalios et al. (2013) and was based on epidemiological methods which are 

beyond the scope of the present study. As in Shrive et al. (2006) and Zaidman-Zait and 

Zumbo (2013), the data were set to miss at varying degrees of missingness. The waist 

circumference data at wave 2 assigned missing values at 15, 30 and 50%. The authors explain 

that these values were chosen to be inclusive of the actual proportion of Melbourne 

Collaborative Cohort Study participants who did not have their waist circumference 

measured at wave 2, which was 30%. As in Zaidman-Zait and Zumbo (2013), Karahalios et 

al. (2013) did not explain how this deletion of data was achieved as opposed to Shrive et al 

(2006). 

The data were set to miss according to 3 different scenarios namely, MCAR and two MAR 

scenarios. In both scenarios of MAR, missingness was dependent on the covariates. The 

authors explain that this is referred to by Little's terminology as ' covariate-dependent MAR' 

and refers to the distribution of the missingness indicator that can be explained by observed 

variables in the dataset, independently of the missing values themselves. MCAR values were 

simulated by selecting a random sample of the preferred proportion (not specified) and 

setting their waist circumference at wave 2 to missing. To generate data according to a 

covariate-dependent MAR scenario, Karahalios et al. (2013) assumed that the probability of a 

value being missing followed a logistic regression model with fifteen covariates. The logistic 

regression model was data specific. That is, as the authors explain, the predictors of 



m1ssmgness selected both scenarios were those observed in the Melbourne Collaborative 

Cohort Study to be predictors of non-attendance at wave 2. Moreover, the intercept for the 

logistic regression model was determined by iteration so that the number of observations with 

missing data was approximately 15, 30 or 50%. 

In the first covariate-dependent MAR scenario termed Standard covariate-dependent MAR, 

the missingness pattern was simulated using the Odds Ratios (ORs). For the second 

covariate-dependent MAR scenario named Enhanced covariate-dependent MAR scenario, 

Karahalios et al. (2013) created a more extreme but still realistic scenario by doubling the log 

of the ORs used in the first covariate-dependent MAR scenario. These MAR scenarios are 

not adapted in the present study because they do not seem to be of assistance in achieving its 

objectives. To compare the performance of the complete-case analysis with MI, the authors 

examined the absolute bias of the log (HR) which is the difference between the complete 

value and the average of the estimated log (HR). They also assessed the standard errors, the 

average standard deviation and the 95% confidence intervals. The present study therefore 

extends the scope of Karahalios et al. (2013) by focusing on model selection criteria. On the 

other hand, the present study focuses on modem missing data handling methods as they are 

gradually becoming popular in missing data analysis. 

The results of Karahalios et al. (20 13) revealed that with increasing degree of missingness 

data in waist circumference at wave 2 there was no bias using complete case analysis for all 

three missing data scenarios. On the other hand, there was minute bias observed using MI but 

even with up to 50% missing data the absolute change in log(HR) or bias was minimal and 

did not exceed 0.01 in model (a). The bias observed under analysis model (b) was found to be 

negligible using both complete-case analysis and MI to handle the missing data and did not 

exceed 0.005. The empirical standard errors were greater than the true standard error for all 

proportions of missing data and increased as the degree of missingness increased for both 

complete-case analysis and MI. Moreover, the empirical confidence intervals did not vary 

that much from the complete/actual 95% confidence interval for both data handling methods 

and for various missingness degrees even up to 50%. 

Based on the results of Karahalios et al. (2013), the authors concluded that there is no benefit 

in using MI over complete-case analysis when the missing data are only associated with other 

measured covariates and not the outcome. On the other hand, the study concluded that MI has 

no advantage in precision for an analysis that ignored a strongly predictive baseline measure, 



which became a strong auxiliary variable when included in the imputation model. However, 

the authors urged that the latter example was somewhat artificial and it seems unlikely that in 

many real data studies there will be auxiliary variables that show such strong associations 

with the variable subject to missing data. This study by Karahalios et al. (2013) was based on 

2 wave data which makes it different from the present study which uses a single dataset. 

Moreover, unlike in Karahalios et al. (2013), the present study does not intend to generate 

any dataset. However, the present study mimics the missingness mechanisms at varying 

degrees of missingness as in Karahalios et al. (2013) but only MAR values are simulated. 

This is because as previously explained, this mechanism is necessary for the implementation 

of modem imputation methods. The present study intends to promote innovation in the 

literature of missing data and does not focus on traditional methods as in Karahalios et al. 

(2013). 

Schlomer, Bauman and Card (2010) conducted a study to illustrate the importance of 

recognizing and reporting how missing data are handled so as to enable the consumers of 

counselling psychology research to accurately interpret findings. They pointed out that these 

consumers need to understand the amount and pattern of missing data and the methods that 

were employed to handle those data. Unlike the present study which is investigative, the 

study by Schlomer et al.(2010) was affirmative. This is because the significance of their 

statistical analysis was to illustrate that as the literature reported, the imputation methods 

differ in the way they handle missing data. On the other hand, the present study is 

investigative in that it focuses on a seldom explored area of comparing imputation methods 

relative to model selection criteria. l NWU I 
LJBRARr_ 

In their study, Schlomer et al. (2010) simulated a dataset of 60 participants using SPSS. They 

explained that the sample was set to be this small for it to be at par with the modest sample 

sizes of most of the counselling psychology research. It can be deduced from this setting that 

it is important that the sample sizes used in similar studies should be reflective of the typical 

real life datasets. This is to ensure that the findings of such studies are reflective of the real 

life situations. The dataset used in the present study is not simulated but rather a real life 

dataset. Based on Schlomer et al. (2010) justification of their sample size choice, it can be 

inferred that the generalizability of the findings of the present study is assured because the 

data size is typical in South African GHS data. The data used in Schlomer et al. (2010) were 

assumed to have come from 60 clients of ages under 21 years at a university counselling 



centre who were referred for counselling by the dean of students due to underage drinking 

violations. It was assumed that the counselling centre had randomly assigned the students to 

one of two treatment programs, one of which uses the harm reduction approach, and the other 

was based on a 12-step model. The description of these treatment programs are related to 

counselling psychology and are beyond the scope of the present study. 

The outcome ( dependent variable) was set to represent the scores on a measure of self

efficacy for sobriety. The simulated measure of participants' attitude toward authority, on 

which higher scores represent greater respect for authority were also part of this data. The 

data were randomly deleted to mimic a MCAR mechanism. The data were also deleted 

probabilistically to be dependent on the value of the covariate named attitude towards 

authority in order to simulate the MAR mechanism. There was no detailed explanation of 

how these mechanisms were achieved. As in the previously reviewed studies, the degree of 

missingness was made to vary and was such that 10%, 20% and 50% of the data were 

missing for under both mechanisms. The MAR situation was known to be representing a 

plausible scenario in real life data. This is because the authors expected that students with less 

respect for authority and who are mandated to attend counselling are less likely to complete a 

measure for a study of these programs than are those who have more respect for authority. 

This highlights the importance of understanding the history of missing data for each dataset 

on which the missingness mechanisms are simulated. 

Mean substitution, MI, and Full Information Maximum Likelihood (FIML) were used to 

handle missing data. For MI, 10 imputations were used but the reason for this value of m was 

not given. More literature on the number of iterations needed for these methods is yet to 

follow in this chapter. Schlomer et al. (2010) then regressed the variable Self-efficacy for 

sobriety onto the variable group. This was performed to evaluate the magnitude of difference 

between participants who received the 12-step treatment (coded as 0) and those who received 

the harm reduction treatment (coded as 1). Each group comprised half of the whole dataset. 

To quantify the performance of the three missing data handling methods, the authors used 

bias in parameters and for standard errors. The present study is different from Schlomer et al. 

(2010) because it uses the model selection criteria to compare the two modern imputation 

methods of interest. The results of this illustrative study showed that mean substitution 

created considerable bias in both regression coefficients and standard errors; even at low 



degrees of missingness. Mean substitution was found to perform worse under MCAR than 

under the MAR mechanism. 

On the other hand, MI was found to perform well at lower degrees of missing data and 

rationally well when 50% of the data were missing. The results showed that MI performed 

well under MCAR than MAR. Moreover, the performance of FIML was found not to be very 

different from the one for MI and as in MI the bias for standard errors and parameters was 

relatively small under MCAR than under MAR. On the other hand, although MCAR was 

found to minimise the bias in standard errors and parameter estimates, the present study only 

focuses on MAR because MCAR situations are said to be seldom occurring in real life data 

and the modem methods assume that the missingness is at least MAR (Rothstein et al. 2006; 

Enders, 2013). 

The literature reviewed hereto points out 5 main aspects that one should consider when 

conducting a study on missing data handling methods. The aspects identified here are: 

• the methods used to mimic the missing data mechanisms; 

• the varying degrees of missingness; 

• the computation of the statistics that are used as criteria for comparing missing data 

handling methods, for example standard errors; 

• the missing data handling methods; and 

• the method used to compare the missing data handling methods, for instance, usmg 

correlation to determine how close the estimated values are to the actual values. 

The remainder of this chapter focuses on these five niches in an attempt to identify the 

methods that are relevant to this present study. In other words, the following review intends 

to identify guidelines for the subsequent methodology chapter. 

2.3 Simulation of missingness mechanisms 

As previously described, two MAR scenarios are simulated for the present study in order to 

assure generalizability of the study findings to all MAR situations as in Zaidman-Zait and 

Zumbo (2013). This simulation is adapted mainly because Zaidman-Zait and Zumbo (2013) 

is the only study in reviewed literature which considered the two forms of MAR. In the 



present study, the missingness under study is multivariate as opposed to the studies reviewed 

hereto which focused on univariate missingness. 

Fox-Wasylyshyn and El-Masri (2005) point out that various authors have suggested different 

missingness degrees as non-problematic viz. 10%, 15% and 40%. That is, these authors 

suggest that if the percentage of cases having missing data exceeds these suggested values 

then the variable should be deleted otherwise missing data should be treated. On the other 

hand, Fox-Wasylyshyn and El-Masri (2005) explain that Kline (1998) and Tabachnick and 

Fidell (2001) suggested that the pattern of missing data is more important than the extent of 

missingness because it has a larger impact on the generalizability of results. More specifically 

Tabachnick and Fidell (2007) suggests that for large datasets, with at most 5% of data points 

missing at random (MAR), the missingness is unlikely to be problematic and any missing 

data handling method should perform well. Schlomer et al. (2010) concur with Fox

Wasylyshyn and El-Masri (2005) that experts have not reached an agreement regarding the 

percentage of missing data that becomes problematic. 

Schlomer et al. (2010) discussed that various authors have suggested the following cut-off 

points: 5%, 10% and 20%. Dstun, Chatterji, Mechbal and Murray (2005) deliberates that 

problematic items with a high level of missing responses are those whose missing values are 

over 5%. The present study takes the aspects discussed above into consideration by assessing 

the performance of MI and ML for the following degrees of missingness: 10%, 20%, 30%, 

40% and 50%. The choice of these degrees of missingness is set to include most of the 

suggested cut-off points for problematic missingness by literature. 

The remaining section of this chapter reviews literature on algorithms for MI and ML, 

assumptions and other aspects that need to be considered when assessing the performance of 

these imputation methods. 

2.4 Multiple Imputation algorithms 

One important factor to consider when using MI or ML is the type of algorithm used for the 

imputation. The choice of an algorithm is important in the present study because its aim is to 

compare MI and ML not to necessarily compare all the algorithms within a single imputation 

method. This is also to avoid cumbersome results because there are numerous algorithms 

under each imputation method under study. This section reviews literature on the algorithms 

used for MI and EM. Lin (2008) conducted a study to compare 2 MI algorithms viz. 



Expectation-Maximization (EM) algorithm and Monte Carlo Markov chain (MCMC). The 

accuracy of these algorithms was compared based on some real data with 2 extreme scenarios 

under both the empirical and simulation scenarios. The intent was also to examine the effects 

of missing data rates and number of items used for imputation. In the empirical study, the 

scenario was made to represent item of highest missing rate from a domain with fewest items. 

In the simulation study, the domain with most items was selected and the item imputed had 

lowest missing data rate. More precisely, in order to study the effects of the number of items 

within a domain and missing data rates simultaneously, the authors chose 2 extreme domains 

from the World Health Organization Quality of Life Survey Abbreviated Version 

(WHOQOL-BREF). The selected domains were the social relationship and the environmental 

domain. 

Lin (2008) first analyzed the social relationship domain that had fewest items out of the four 

domains in WHOQOL-BREF, and chose item 21 (How satisfied are you with your sex life?). 

This item was chosen because it had the highest degree of missingness among the 4. Missing 

values were imputed by including different amount of data such that on the item levels, 3 

items of the social relationship domain and all other 27 items of the entire WHOQOL-BREF 

scale were used. For the domain level, summation scores of all 3 other subscales were used to 

impute the missing summation scores of the social relationship. The imputation was 

performed by both EM algorithm and MCMC method. In the second analysis, a Monte Carlo 

simulation study was conducted to assess the performance of EM algorithm and MCMC 

method. As in the present study, Lin (2008) used real data instead of simulated data in order 

to best reserve what he termed the properties and nature of quality of life data. The 

environmental domain with most items was selected and the item chosen for imputation was 

item 14 (To what extent do you have the opportunity for leisure activities?). This item was 

chosen because it had the least missing data degree among all the items in the environmental 

domain. 

As in the studies already discussed in this chapter, the degree of missingness was set to 

varying degrees by drawing 2%, 5%, and 10 % of data by simple random sampling method 

from the initial datasets. The reason for these specific percentages was not provided but the 

aim of this practice was similar to those of the previously discussed studies, that is; to 

examine the effect of degree of missingness in the performance of the imputation methods of 

interest. 9 items in environmental domain were included for imputation and then imputation 



was repeated again by using all other 27 items of the WHOQOL-BREF. This was done to 

assess the effect of the number of variables included in the imputation process on the 

performance of each algorithm. The imputations were performed by both EM algorithm and 

MCMC. The results of this study by Lin (2008) revealed that the imputing behavior of EM 

algorithm and MCMC method are quite similar. Furthermore it was noticed that there is no 

significant difference between EM algorithm and MCMC method in terms of accuracy for 

imputation. However the author cautioned that these findings may have been software-based. 

That is, as Lin (2008) explains; in LISREL, the estimates of µ and I: obtained from the EM 

algorithm are used as initial parameters of the distributions in the first step of the MCMC 

procedure, so there was no substantial difference between these two methods. 

Allison (2012) explains that an alternative algorithm in SAS, the Fully Conditional 

Specification (FCS) is such that imputed values at one step are used as predictors in the 

imputation equations at subsequent steps which never happen in MCMC algorithms. This 

somewhat explains the reason for MCMC to use the EM estimates as its initial parameters in 

LISREL. Literature on how SAS performs MI and ML is reviewed after this study by Lin 

(2008). Lin (2008) also found out that the number of items has some contribution to the 

missing value imputation, but not as much as the author expected. He explained that the lack 

of a considerable difference may have resulted from the incompleteness of item 14 and 21 

having a little relationship with items from other domains. Based on this explanation for lack 

of a substantial difference in the performance of MI algorithms relative to the number of 

items included in the imputation model, Lin (2008) urged that it is not particularly helpful to 

include other items of different domains into imputation. Furthermore, it was found that the 

missing data degrees have little impact on the accuracy of the imputation algorithm of MI. On 

the contrary, the author cautioned that the highest degree of missingness in this study was 

25% and higher missing data rates should be tested in future studies. As such, the present 

study takes this recommendation into consideration by setting the rate of missingness to be , . 

more than that of Lin (2008). 1 LJ: RA'-hJ J 
On the study under review, a multi item instrument with categorical variables was used. 

However the present study analyses continuous variables therefore the review of other studies 

is essential to compare the algorithms and guide the choice of the best algorithm for the 

present study. Following Lin's (2008) claim that the results of their study may be software 

dependent, the next discussion entails a review of the paper by Allison (2012) on the 



algorithms that SAS executes to achieve MI and ML imputed values because the present 

study analyses the data using SAS. Allison (2012) provides a conceptual framework on these 

algorithms. He explains the 2 major iterative methods for executing MI for general missing 

data patterns viz. the MCMC and FCS method. As in LISREL, the explanation by Allison 

(2012) shows that SAS also needs to estimate the starting values for the means, variances, 

and covariances among a given set of variables using other methods. In Lin (2008), it is 

explained that the initial values used in MCMC were derived from EM and Allison (2012) 

gives listwise or pairwise deletion as examples of other methods whose values may be used 

as the initial values for MCMC. For the present study, EM imputed parameters will not be 

used as initial values for MCMC. This is to take Lin' s (2008) caution that using EM imputed 

parameters as the initial values for MCMC which is an MI algorithm may trivially render MI 

and EM as having no substantial difference. 

Allison (2012) explains that the main drawback of the MCMC algorithm, as implemented in 

PROC MI, is the assumption of a multivariate normal distribution which may not always be 

plausible. He adds that the violation of this assumption can certainly lead to implausible 

imputed values that will not work at all for certain kinds of analysis. In addition, the present 

study uses MLR analysis model selection criteria therefore the normality assumption needs to 

be ensured. That is, this drawback of MCMC does not rule out the possibility of its usage in 

the present study because the multivariate normality assumption applies to both the MCMC 

and MLR analysis. For comparison purposes, Allison (2012) explains an alternative 

algorithm which is diversely known as the FCS, sequential generalized regression or MI by 

chained equations (MICE). This method is said to be advantageous because of its ability to 

impute both quantitative and categorical variables appropriately. It is worth noting that this 

advantage of FCS is not important to the present study because it uses continuous data whose 

missing values may be imputed using either MCMC or FCS. Allison (2012) explains that 

FCS itself has no theoretical justification and that if all assumptions are met; MCMC is 

guaranteed to converge to the correct distribution of the missing values. He adds that, FCS 

carries no such guarantee. As such MCMC stands to be the best algorithm to use in the 

present study than FCS. However, the present study is investigative therefore it cannot favour 

Allison' s (2012) suggestions. As such, the performance of both MCMC and FCS is 

investigated in the present study because they are the most commonly used MI algorithms as 

Allison (2012) explained. 



2.4.1 The number of replications sufficient for MI 

Another important aspect to consider when dealing with missing data is the number of 

replications (m) necessary to attain good statistical inference when using MI. Graham, 

Olchowski and Gilreath (2007) discuss that MI theory suggests that small values of m, even 

on the order of 3-5 imputations can yield exceptional results. Fox-Wasylyshyn and El-Masri 

(2005) and Schafer and Graham (2002) are some of the studies in the MI theory whose 

decisions on the number of replications are based on Rubin's (1987) guidelines. They explain 

that the number of replications, m, depends largely on the degree of missing data. In addition 

to the 3-5 imputations explained in Graham et al. (2007), Fox-Wasylyshyn and El-Masri 

(2005) and Schafer and Graham (2002) explain that Rubin (1987) suggested that this number 

of replications is sufficient when missingness is at most 20%. They add that, the variability of 

solutions across MI provides the basis for estimating standard errors therefore iterations 

should continue as long as they continue to produce significantly different estimates. 

Further discussions in Schafer and Graham (2002) and Fox-Wasylyshyn and El-Masri (2005) 

and explain that Rubin (1987) showed that the efficiency of an estimate based on m 

imputations, comparative to one based on an infinite number, is ( 1 + ~ r , where A is the 

degree of missingness. They recommend that using the formula for efficiency, if 50% of the 

data are missing 10 imputations are 95% efficient and that any additional imputations will 

have a minute impact on noise reduction in the estimates. In addition, the authors explain 

that, researchers also like to remove noise from other statistical summaries such as 

significance levels or probability values. Schafer and Graham (2002) elaborate that in many 

practical applications, 20 imputations can effectively remove noise from other statistics. 

The study by Graham et al. (2007) used a Monte Carlo simulation to test MI models across 

several scenarios in which y and m were varied. They began by generating 100,000 cases for 

two normally distributed variables, X and Y using GENRA W. Next, the values of Y for all 

but 800 of those observations were made to miss completely at random (MCAR). The values 

of A were 0.1, 0.3 , 0.5, 0.7 and 0.9. Graham et al. (2007) then used SAS (PROC Ml) to 

impute the missing values using m=3, 5, 10, 20, 40 and 100 under each of the respective 

values of A . Subsequent to the imputation of missing data, a simple regression analysis was 

executed on each dataset. The results of Graham et al. (2007) showed that the standard errors 

and p-values for the regression coefficient varied as a function of m, but not at the same rate 



as relative efficiency. It was also noticed that the statistical power for small effect sizes 

weakened as m became smaller and that the rate of this power fall off was much greater than 

predicted by changes in relative efficiency. 

Based on their findings, the authors recommended that researchers using MI should perform 

many more imputations than previously considered sufficient. The authors based their 

recommendation on y, and took into consideration one ' s tolerance for a preventable power 

falloff ( compared to FIML) due to using too few imputations. This study by Graham et al. 

(2007) used datasets whose missing values followed a MCAR mechanism and had only 2 

variables X and Y. On the other hand the present study focuses on the less restrict MAR 

mechanism and multivariate missing data hence it is different from that of Graham et al. 

(2007). Graham et al. (2007) found that other significant statistics such as standard errors of 

the estimate, p-values and power all vary noticeably with different values of m. As much as 

these findings contribute a new idea to the literature of MI, they may not be generalizable to 

the present study due to the differences between the type of mechanism and the number of 

variables used in it. 

The present study uses Rubin' s (1987) formula to determine the number of imputations 

necessary to achieve efficiency when using MI. Although the study by Rubin (1987) may 

seem to be too old, it is adapted in the study particularly because as Graham, Olchowski and 

Gilreath (2007) discuss, the method has gained popularity over the years even in recent 

studies. Graham, Olchowski and Gilreath (2007) mentioned Collins et al. 2001; King et al. 

2001; Schafer and Graham 2002 and Graham et al. 2003, as some of the numerous authors 

who adapted the method. A detailed explanation of how the efficiency formula is used in the 

present study to determine the appropriate m for MI for the respective values of A is yet to 

follow in the methodology chapter. 

2.5 Maximum Likelihood algorithms 

For ML, Allison (2012) discusses the various algorithms relative to the scenarios of missing 

data with respect to the variables. He suggests different algorithms for estimating some kind 

of regression model for scenarios such as when data are missing on the dependent variable 

only or conducting a repeated measures regression (using data that was collected at multiple 

waves) with data missing on the dependent variable only. However, these scenarios are 

concerned with data missing for a single variable which diverges from the goal of assessing 



the performance of MI and ML for data missing at multivariate level in the present study. On 

the other hand, Allison (2012) suggested 2 algorithms to use when data are missing for more 

than 1 independent variable viz. the EM algorithm in PROC MI and the full information 

maximum likelihood (FIML) in PROC CALIS. Allison (2012) used the data set NLSYMISS 

which has records for 581 children who were surveyed in 1990 as part of the National 

Longitudinal Survey of Youth to illustrate the performance of EM algorithm and FIML. The 

aim was to estimate the linear regression of antisocial behavior (ANTI) on the other 9 

variables of which 4 had missing data. 

A comparison ofresults (coefficients) from both algorithms showed that the coefficients were 

identical (at least up to 4 decimal places). Allison (2012) argues that the results of ML are 

always the same regardless of which algorithm is used to compute them. Moreover, he 

pointed out that these algorithms are bound by the same assumptions of MAR mechanism 

and multivariate normality. However, the author pointed out that PROC CALIS (FIML) is 

more efficient than PROC MI (EM Algorithm) in that it required only 3 lines of SAS code 

while the latter required 16 to compute both the coefficients and the standard errors. On the 

other hand, Dong and Peng (2013) advise that EM is model specific in that each proposed 

data model requires unique likelihood functions. Kose (2014) conducted a study to examine 

the impact of missing data on goodness of fit statistics in confirmatory factor analysis (CF A). 

The R-studio program was used to simulate datasets whose missing values were MCAR 

under various sample sizes (100, 200, 500 and 1000) with each subsample having diverse 

missingness degrees (1 %, 5%, 10% and 20%). The results of the study suggested that when 

sample size is 500, FIML and EM are the best missing data handling methods because they 

produced more acceptable missing data indices. However this was in comparison with other 

missing data handling methods (MI and list-wise deletion) . 

A comparison between EM and FIML algorithms revealed that as sample size and 

proportions of missing data increases the latter works best in all degrees of missingness and 

sample sizes. The author recommended that other missingness mechanisms should also be 

investigated in future research. As such, the present study honors this recommendation by 

assessing the perfromance of MI algorithms under the MAR mechanism. Despite Allison's 

(2012) assertion that ML results are the same regardless of the algorithm used, the present 

study assesses the performance of both FIML and EM. This is mainly because in his 

illustrative analysis, Allison (2012) used a dataset with a specific sample size and the degree 



of missingness was also not varied. As such it is important that the present study assesses the 

performance of these algorithms under MAR for various sample sizes and missingness 

degrees. 

2.6 The importance of the assumption of multivariate normality in MI and ML 

As previously discussed, Allison (2012) explained that the violation of the assumption of 

multivariate normality when using MI or ML can lead to doubtful imputed values that will 

not work at all for certain kinds of analysis. In addition, Stamatis (2002) advices that testing 

of multivariate assumptions is important because of the complexity of relationships which 

make the potential distortions and biases more powerful. He further explained that the 

complexity of the analysis and of the results on a multivariate level may shelter the signs of 

assumption violations apparent in the simpler univariate tests. The author further discussed 

that multivariate normality implies univariate normality for each variable. However, Alison 

(ibid) cautions that the converse is not always true but departures from univariate normality 

have a negative effect on multivariate normality. Salkind (2006), Raykov and Marcoulides 

(2012) and Santos-Fernandez (2012) are some of the many authors who concur with the 

proposition by Stamatis (2002). I NW U. vJ 
lLIBRAR._ 

Being in the know of the drawbacks of violating the multivariate normality also referred to as 

multi-normality (Kline, 2011; Wang and Wang, 2012) assumption in MI and ML, the present 

study tests this assumption. There are many tests suggested for testing multivariate normality. 

Balakrishnan (2004) explains that these tests can be classified into 4 groups viz. tests founded 

on Mahalanobis distance, tests grounded on multivariate skewness and kurtosis, tests based 

on generalising the univariate statistics for a multivariate scenario and tests based on 

transformations and goodness of fit. As cited in Salkind (2006), Meklin and Mundfrom 

(2005) identified the Henze Zirkler statistic as the one that has both strong theoretical 

attributes and performance in Monte Carlo studies. As the author explains, the Monte Carlo 

study by Meklin and Mundfrom (2005) compared Type I and Type II error rates of 13 tests 

for multivariate normality against 25 distributions. However, Salkind (2006) explain that due 

to its inability to diagnose the reason for deviation from normality, it is advisable to 

supplement the Henze Zirkler statistic with the chi square plot and Mardia's test for 

multivariate skewness and kurtosis. 



Thode (2002) declares the Mardia' s test as the most referenced multi-normal test and Salkind 

(2006) added that it remains the most commonly used test in many structural modelling 

studies. In addition to its popularity, Kim and Timm (2006) explain that Mardia' s tests have 

been found to be more stable and reliable and that for samples with n > SO, this test may be 

more appropriate. Based on its popularity, stability and reliability and that the sample size is 

large relative to Kim and Timm's (2006) benchmark, the present study uses Mardia' s tests for 

skewness and Kurtosis to detect departures from multi-normality. If the Mardia' s tests show 

some deviations from multivariate normality, the variables are transformed in attempt to 

rectify such deviations. As Stamatis (2002) explains, univariate transformation often 

improves but does not guarantee multi-normality; therefore there is a need for a multivariate 

transformation in an attempt to achieve multi-normality. 

Rencher and Christensen (2012) explain that the Box-Cox multivariate transformation is a 

useful method to achieving multi-normality. Several texts also advocate the use of this 

method (El-Shaarawi and Piegorsch, 2001 ; Ravishanker and Dey, 2001; Sheather, 2009; Fox 

and Weisberg, 2011). If the Mardia's test shows some deviations from multi-normality, the 

present study will use the Box-Cox multivariate transformation in an attempt to satisfy the 

multi-normality assumption. The method is chosen mainly because it is recommended by 

many in literature. 

2. 7 Criteria for comparing missing data handling methods 

With literature on the simulation of missing data and the various algorithms of MI and ML 

having been reviewed, the present study turns its focus on the criteria used to compare the 

imputation methods. Literature shows that various studies used diverse statistics to compare 

the missing value handling methods. Shrive et al. (2006) assessed the values of standard 

deviation, mean, Kappa and Spearman' s correlation and compared the observed values (from 

the initially complete data) with the imputed ones using correlation analysis. The findings of 

Zaidman-Zait and Zumbo's (2013) study were based on a comparison of parameter estimates 

of the data with missing values with that of the complete data case. Karahalios et al. (2013) 

used standard errors and 95% confidence intervals as the medium fo'r comparing the missing 

data handling methods. Standard errors and parameters were used in Schlomer, Bauman and 

Card's (2010) to compare the methods. Engels and Diehr (2002) compared the methods using 

the root mean square error (RMSE), bias (mean deviation), mean absolute deviation (MAD) 

and the relative variance of the estimates. 



It is evident from literature that standard deviation, parameter estimates and standard errors 

are used by many studies as criteria for comparing the missing data handling methods. 

However, the present study introduces a new idea in literature of missing data analysis by 

using MLR's model selection criteria to compare the performance of FCS, MCMC, EM 

algorithm and the FIML. The present study adapts Karahalios et al. ' s (2013) approach of 

comparing the methods by computing the absolute difference between the actual and 

estimated values of model selection criteria. The absolute value is used to ease the 

comparison because some of the estimated model criteria may be negative or greater than the 

actual model selection criteria. 

2.7 Chapter Summary 

In summary, literature assisted the present study in identifying the main aspects that one 

needs to consider when assessing the performance of various missing data handling methods. 

The most commonly used criterion for comparing the various missing data handling methods 

in previous studies is standard errors. Literature revealed that it is common practice to 

examine the performance of missing data handling methods at different degrees of 

missingness starting from 5% to up to 50%. The previous studies also compared traditional 

and modem methods and in most cases the latter were found to generally outperform the 

former. MI was found to perform well even when the missingness degrees were high. 

Literature also showed that the majority of the methods performed well under MCAR 

mechanism and generally the performance deteriorated with increase in the degree of 

m1ssmgness. 

Moreover, the review provided guidelines and identified some of the statistical methods that 

can best assist the present study in achieving its objectives. As such, the present study needs 

to draw up a blueprint of how to put the methods identified in this chapter in practice in an 

attempt to achieve its objectives. The succeeding chapter provides such a blueprint by 

discussing the statistical methodology in detail. 



CHAPTER3 

METHODOLODY 

3.1 Introduction 

This chapter presents the methods to assist in achieving the objectives of the study. Section 

3.2 describes the data used and Section 3.3 explains how the different MAR scenarios are 

simulated from the complete dataset. The procedure for testing the assumptions for the 

method used in the present study is explained in Section 3.3. Sections 3.4 and 3.5 describe 

how ML and MI algorithms are used to handle missing data and explain the various formulas 

used by each method. The approaches used to compare the results are deliberated in Section 

3.6. 

3.2 The data 

This data was collected in 2010/11 by Statistics South Africa (Stats SA) through the Income 

and Expenditure Survey (IES) and can be accessed through following the link 

"www.datafirst.uct.ac.za ". This study only used seven variables from this data namely, 

bedrooms (X1), living rooms (XJ , dining rooms (X3 ) , multipurpose rooms (X4 ) , 

bathrooms (X5 ) , other rooms (X6 ) and value of dwelling (X7 ). The data comprised of 

25328 observations. This large dataset allows the study to simulate up to 50% missing values 

without losing too much data. The variables are selected for use in the present study because 

they were measured on a continuous scale and are suitable for the application of MLR. 

3.3 Simulation of missing data 

The study simulates 2 MAR mechanisms which are adapted from Zaidman-Zait and Zumbo 

(2013). To aid in simulating these mechanisms, the variable "response _rate_ category" is 

added to the dataset, by dividing the provinces into 2 categories namely: low _response _rate = 

1 and high_response_rate = 2 as follows in Table 3.1: 



Table 3.1 Percentage response rate by province 

Response_rate_category SPSS CODE Province Percent 

I 7 Gauteng 80.8 

I 1 Western Cape 91.3 

I 3 Northern Cape 94.1 

1 6 Northeren Cape 97.0 

I 4 Free State 97,3 

I 8 Mpumalanga 97,6 

2 2 Eastern Cape 98,9 

2 9 Limpopo 99,1 

2 5 KwaZulu-Natal 99,2 

Source: Statistical Release; POJ 18 (2012) L 
The low _response _rate category comprises 6 provinces. This category makes up 59% of the 

whole dataset hence it is large enough to include the highest missingness degree of 50%. For 

the first MAR scenario thereafter referred to as MAR-1 , the missingness is set to be related to 

the variable "response _rate_ category" but this variable is unrelated to value of dwelling (Y). 

MAR-1 is simulated by randomly deleting values in the low_response_rate category. The 

missingness degrees are set to vary from 10% to 50% hence yielding the datasets named 

MAR-1-10 to MAR-1-50. For MAR-2, the missingness is set to be related to 

response_rate_category which is related to the value of dwelling. To achieve this, the value of 

dwelling is arranged in descending order and the values are randomly deleted for the lowest 

84% of the value of dwelling in the low_response_rate category. 84% of the 

low_response_rate category is sufficient for missingness degree of up to 50% of the whole 

dataset. MAR-2-10 to MAR-2-20 are obtained by varying the degrees of missingness as in 

MAR-1 That is, from 10% to 50%. 

The random selection is done using a Microsoft Excel add-in termed Kutools (7.81) then the 

selected values are deleted to simulate the different MAR mechanisms. 



3.3 Preliminary Analysis 

3.3.1 Test for the multi-normality of data 

Mardia's tests for multivariate skewness and kurtosis are used for testing for the presence of 

any deviations from multi-normality in each of the datasets with missing values. The method 

is chosen for this study because its usage is encouraged by many studies in literature. In 

addition the sample size of each dataset is greater than 50 which make the Mardia' s tests 

appropriate to use for the present study as recommended by Kim and Timm (2006). Mardia' s 

multivariate skewness and kurtosis are computed using the NORMAL option in the FIT 

statement of the SAS package (SAS Institute, 2012). SAS Institute (2012) describes the null 

and alternative hypothesises for Mardia' s tests as follows: 

H0 : The residuals are multinormally distributed 

H1 : The residuals are not multinormally distributed 

To detect deviations from multi-normality, the present study uses the following formulas 

which are adopted from SAS Institute (2012): 

For a random sample: 

where n is the dimension of Xi and n is the number of cases in each dataset the statistic of 

skewness is compute as: 

(3.3.1) 

Since the entire sample sizes for the datasets in the present study are large ( n > 50, ~ b1,d) ~ 

x2 (d(d+l)(d+Z)). The null hypothesis is rejected if the p-value for Mardia's skewness is less 
6 

than the significance level (0.05 in the present study) (McNeil, Frey and Embrechts, 2010). 

The statistics for multivariate kurtosis is computed using the following formula also adapted 

from SAS Institute (2012) : 



(3.3.2) 

( 
8d(d+z)) 

where b2,d ~ N d(d + 2), n . 

The null hypothesis is rejected if the p-value is less than the significance (in this case 0.05). 

It is important to test multi-normality for each of the datasets because missing values can 

influence departures from normality (McKnight, McKnight, Sidani and and Figueredo(2007) 

and the MAR datasets differ in the degrees of missingness. As it has been explained in the 

previous chapter, Mardia' s test is used in the present study due to its high recommendation by 

previous studies and also due to the large data used. On the other hand, this multi-normality 

test has its own constraints. The correlation matrix must be symmetrical and positive definite 

or at least positive semi-definite (Desai, 2013). The most common cause for a non-positive 

definite matrix is high collinearity between the variables which can be addressed by removal 

or combining the highly collinear variables (Brown, 2006). The present study uses a complete 

dataset as the starting point to check for highly collinear variables such that any variables 

from this dataset are also excluded in all MAR datasets. Stepwise regression, a method 

recommended by Feigelson and Babu (2012) is used to remove the highly collinear variables 

if there are any, before applying the Mardia' s test. A detailed description of the stepwise 

regression is discussed later in the chapter. 

In situations where the Mardia' s tests show departures from multi-normality, the Box-Cox 

multivariate transformation is used in an attempt to achieve multi-normality.This 

transformation is used in the present study based on its popularity and recommendations from 

many texts (Rencher and Christensen, 2012 ; El-Shaarawi and Piegorsch, 2001; Ravishanker 

and Dey, 2001 ; Sheather, 2009; Fox and Weisberg, 2011). The multivariate Box-Cox 

transformation is achieved using the BOXCOZAR macro in SAS (SAS Institute, 2012). To 

perform the Box-Cox transformation, the present study adapts the following steps from 

Rencher and Christensen (2012): 

The aim is to find the cluster of transformations A = (A. 1 ••• AP) which maximises the following 

function: 



1(1)=-~lnjs j+ t [(1.-1)£ 1n(x .. )], 
2 n J=l J i=l 1J 

(3 .3.3) 

where X iJ is the /h observation on the /h variable and S,, denotes the maximum likelihood 

estimate of the covariance of the transformed data and is calculated as follows: 

(3 .3.3.1) 

where xf~-k) denotes the sample mean of n transformed observation on the kth variable. 

Just like the Mardia's test, the Box-Cox method has constraints. Box-Cox transformations are 

only applicable to positive values and as cited in Wilks (2011 ); Box and Cox (1964) suggest 

adding a positive constant to non-positive values prior to the application of this 

transformation. The present study adds a constant of 1 to each value prior to the execution of 

Box Cox transformation. The integer 1 is sufficient to change the lowest values in the 

datasets (O's) to positive values. If any of the datasets needs to be transformed using Box -

Cox then the constant is added to all other datasets in the experiment. This is done to preserve 

homogeneity of the characteristics of the various datasets under study. That is, the difference 

within the MAR-1 and MAR-2 should only be the degree of missingness whereas the 

difference between these MAR scenarios should be the manner in which the missing values 

are simulated. 

3.4.1 Maximum likelihood imputation of missing values using the EM Algorithm 

For each dataset with MAR values, the present study performs the ML estimation using the 

EM Algorithm for multivariate missing data by following the steps adapted from Little 

(2013). However, the general multivariate formulas explained in Little (ibid) are quite 

complex. As such the present study presents a less complicated scenario of handling 

multivariate missing data using the EM algorithm prior to the more general scenario 

presented in the said study. The less complex scenario of the application of the EM algorithm 

is adapted from Enders (2010). The EM algorithm is performed using PROC MI in SAS as 

also suggested by Allison (2012). The following flow chart summarises the steps in the EM 

Algorithm as explained in Enders (ibid): 



Estimation of the initial values for the mean vector ( µ ) and 

covariance matrix ( r: ) for example a Ii t wi e estimation of the e 

parameters 

Prediction of the incomplete variables from the observed ones using 
regression models built from the entries of i1 and r: in the E step 

Imputation of the updated µ and r: in the M step using the •'filled

in ' data from the E-step 

Algorithm 
Terminates 

Figure 3.1 Summary of the EM Algorithm steps for handling missing data 

For multivariate data missing in 2 variables only for example Y and Z having missing values 

but Xis complete, Enders (2010) explains the EM Algorithm and recommends that the logic 

is generalizable to datasets with any number of variables. Enders (2010) explains that the 

statistics sufficient for the estimation of mean µ and standard deviation I:. are estimated 

using regression models as follows: 

l:Y, l:XY, l:YZ are estimated using Y, 1x = /30 + /31X , 

I Y2 
is estimated with i\, +cr~IX 

where a)
1 

x is error variance from the regression of Y on X 

l:Z, l:XY,l:YZ are estimated from z,
1
x = /J2 + /33X , 

Iz2 is estimated with z2, X + a-:1x 

where a ~lx is error variance from the regression of Z on X and 

I YZ is estimated with (~Ix )( Z2
,1x )+ a-Y,!1x ' 



where a-r.~ix = a-r,zix - /JJ33o-1x denotes the error covariance from the regression of Z and 

YonX. 

By utilising the values of µ and I:. estimated from the above expressions (3.4.1 to 3.4.5), the 

M-step re-estimates the values of µ and I:.. The process goes on until convergence is 

achieved as explained in Figure 3 .1 above. 

In the present study, there are 6 independent variables with missing data, therefore even 

though the explanation of the application of the EM Algorithm by Enders (2010) is simple to 

follow; the present study needs to use formulas that are applicable to all numbers of variables. 

The present study therefore utilises the following general approach for handling data with 

missing values in a multivariate level. All the steps are adapted from Little (2013) unless 

otherwise specified. 

Let X; contain observed values for the ith case and z; to have missing values, i= l, 2, ... ,n then it 

is explained that if Z ; did not have missing values then the log likelihood function is given 

by: 

!0 (0)= I logf(x;, z1;0} 
i;I (3 .4.1) 

However, it is explained that because only X; are fully observed, the log likelihood function 

is defined by: 

11 

10 (0)= IlogJ;(x;; 0) , 
i;I (3.4.2) 

where 

(3.4.3) 

The aim is to find0 = (µ,I:.)that maximises/0 (0). Using the initial values µ 0 and I:.0
, the E

step uses !(0)to obtain Q(e)as follows: 



The M-step maximises Q(e)to yield 9 (J+t) which is further used in the next E-step. By letting 

y i = (x';, z';) to denote the complete data for the ith case the M step for maximising Q(e) is 

given by: 

(3 .4.4) 

(3 .4.5) 

~ 

It is explained that alternating between the E and M steps to the value of 0 which maximises 

10 ( 0) at convergence. 

3.4.2 Maximum likelihood imputation of missing values using the FIML Algorithm 

Bollen and Curran (2006) explain that FIML aims to compute the likelihood function for each 

observation using only the variables with observed values for that case. From the examples in 

Bollen and Curran (2006), it can be inferred that if v variables have observed values for case 

i then the dimensions of I:. i(e) is v x v and for µi(B) and z i are v x 1. 

The likelihood function for each variable in the present study is adapted from Bollen and 

Curran (2006) and is computed as follows: 

In Li (0) = Ki _ __!_ InlI:. i (0 ~ _ __!_ [zi - µ i (0 )]' 1:.-1 (0 Xzi - µ i (0 )], 
2 2 

(3.4.6) 

where z i denotes a vector for observed variables for the ith observation and Ki is a constant 

unrelated to 0 . 

The total likelihood is therefore given by the following formula (Bollen and Curran, 2006): 

N 

lnL(0)= LlnL;(e). (3 .4. 7) 
i=I 



FIML chooses the value of 0 that maximises lnL(0)(Bollen and Curran, 2006). The present 

study uses the CALIS procedure to conduct FIML (SAS institute, 2013). 

3.5 Multiple Imputations 

3.5.1 Determination of the number sufficient MI replications 

In the preceding chapter, the significance of determining a sufficient number of imputations 

necessary for the achievement of efficiency under MI was established. The present study 

explains how the adapted Rubin ' s (1987) efficiency formula which is presented in Graham, 

Olchowski and Gilreath (2007) is implemented to determine this number of imputations. 

Rubin's (1987) method is adapted for the purpose of this section mainly due to its 

recommended use by number of studies. To achieve at least 95% efficient MI results, the 

present study modifies the Rubin ' s (1987) formula in the following manner to find a 

sufficient number of imputations under each missingness degree: 

Rubin's (1987) formula is therefore defined as: 

(3 .5.1) 

where A and m denote the degree of m1ssmgness and the number of imputations 

respectively. 0.95 is as a result of the 95% efficiency criterion. 

For the present study, each dataset has its unique value of m due to various values of A . That 

is the present study seeks to find m; for A;= 0.1, 0.2, 0.4 and 0.5 for when 10%, 20%, 40% 

and 50% of the data are missing respectively. These respective numbers of imputations are 

computed using the succeeding formula which was founded by making m the subject of the 

formula in (3.5.1) and generalising it to the multiple datasets (i): 

m . = x(-1 -1)-1

, 
I I 0.95 

(3 .5.2) 

(3 .5.2) simplifies to: 

m . =201 
I I 

(3.5 .3) 



Following the determination of the number of imputions necessary to achieve at least 95% 

efficient MI estimates, the methodologies for the 2 MI algorithms of interest are described 

below. 

3.5.2 Multiple imputations by the MCMC algorithm 

Using the MCMC option under PROC MI of the SAS package (Allison, 2012); the present 

study conducts MI using the MCMC algorithm via the succeeding steps and equations which 

are adapted from Song (2007) unless otherwise specified. 

Let 0 , Yobs and Y,,,;s denote the distributional parameters, the observed values and the 

missing values respectively. Heeringa, West and Berglund (2010) explain that the posterior 

predictive distribution J(Y,,,;s !Yobs, 0) is predicted in the posterior step (P-step ). In the 

imputation step (I-step), MCMC draws the respective missing values and model parameters 

at the l 11 iteration as follows: 

First y(i )mis from J(Y,,,;s,yobs ,0(1-l)) (3. 5.4) 

Then given the value in (3.5.4) the algorithm estimates 

(3.5 .5) 

After burn-in (the early part of the chain that is removed before the estimation of function to 

minimise bias (Webb and Copsey, 2011)), MCMC generates m samples from the posterior 

function J(0, Y,,, ;s IY
0
bJ then imputed datasets are formed from the simulated copies of Y,,, ;s . 

For the present study, the imputation for each variable is executed through linear regression 

because the variables are continuous as per Heeringa, West and Berglund (2010) 

recommendation. For each imputed sample, complete case analysis is then used to estimate 

the model parameters 01 for/ = 1 ... m. 

To account for variations the corresponding sample covariances are also computed. These 

covariances are calculated as follows : 

• the within-imputation variance denoted: 

WI = Var(e) for /=1. .. m. (3.5.6) 



Its average reflects the sampling variation and is calculated using: 

• The between-imputation variance which explains the variation due to imputation 

computed using: 

- 1 /II A 

where 0 =- :z:e. 
m l=l 

The total variance of 0 is then computed using: 

(3.5 .7) 

(3 .5.8) 

where [wL and [BL denotes the i-th diagonal element of matrices Wand B 

respectively. 

It 1s explained that r-112 (0. - 0 ) follows 
I I I as M ➔ oowhere 

-( l [wt ]2 vi,M - M -1 1 + - I [ ] · 
(l+M ) B ii 

3.5.3 Multiple imputations by the FCS algorithm 

To perform MI using FCS the present study adapts Heeringa, West and Berglund (ibid) 

example in which they used 3 variables of which 1 had missing values. The example is 

modified to suit the 7 variables used in the present study. Let Y1 denote the variable whose 

missing values are to be imputed and since there are 7 variables,} can take any integer in the 

interval (1 ,7]. For the P-step in FCS when data are continuous as in the present study, 

Heeringa, West and Berglund (ibid) suggests two methods viz., FCS regression and FCS 

predictive mean matching. However, as cited in the SAS/STAT(R) 9.3 User's Guide of SAS 

Institute (2014); Horton and Lipsitz (2001) explain that predictive mean matching might be 

more appropriate when the multi-normality assumption is violated because it ensures that the 

imputed values are plausible. 



As previously discussed, the present study strives to ensure multi-normality as it is necessary 

for both MLR and the imputation methods under study, therefore there is no reason for not 

using the FCS regression which is default in SAS. FCS begins by regressesing the observed 

values of Y1 over the observed values of the other 6 variables using the following general 

linear regression model; 

(3.5.9) 

where i represents all the remaining 5 variables after j is chosen. For instance if FCS starts 

with r; then the regression model is: , 

(3.5 .10) 

The general model will therefore yield the parameter estimates /J; , the error variance a-~ and 

V
1 

which is the inverse of sum of squares and cross products (SSCP) matrix from the 

regress10n. 

In the I-step, r; is imputed by first drawing random parameter estimates from their joint 

posterior estimates. First the error variance is drawn from its posterior as follows: 

2_o}(n;-k-%) 
er •. - ' 

I g (3.5 .11) 

where: 

n; = the number of observed values from the variable being imputed 

k =5 which is the number of parameters (the intercept excluded) in the regression model 

g = a random draw from the central chi-square distribution, x:-k-t . 

Next the regression parameters are drawn from their conditional posterior distribution as 

follows: 

/3. =fi+a.1✓V(Z), (3.5. 12) 



where 

✓V is defined as the upper triangle in the square root of V = (x·x )~1 

Z is defined to mean k+ 1 dimensional vector of independent normal, N (0, 1) variates. 

The final step in the I-step is to impute the missing values of ½ using the succeeding 

regression equation: 

(3.5.13) 

where x is defined as a random draw of a N (0, 1 ), deviate. 

FCS then goes to the P-step for the next Y1 using linear regression to define 

p(Yj,mis IY, ,obsYJ,obs , 04) 

The algorithm alternates between the P-step and the I-step until all the missing values are 

imputed. 

3.6 Comparing the results of MI and ML l NWU J 
LJBRARY 

The present study contributes a new comparison idea in literature of missing data analysis by 

using MLR's model selection criteria to compare the performance of the 4 algorithms under 

study. The study selects one criterion from sufficient criterion and consistent criterion groups. 

These criteria are AIC (sufficient) and BIC ( consistent). The selection of 2 types of selection 

criteria is to preserve generalisability of the results. The Akaike Information Criterion (AIC) 

and the Bayesian Information Criterion (BIC) are chosen over other model selection criteria 

(Bisgaard and Kulahci, 2011). 

Stepwise regression is used in the present study to achieve 2 goals. First, the method is used 

to check for and remove any highly collinear variables from the equation in order to achieve a 

positive definite or at least positive semi-definite correlation matrix used in the Mardia's test. 

This is performed on the initially complete data prior to simulating missing values. The 

values of AIC and BIC from this stepwise regression are used as the true values of selection 

criteria. Secondly, stepwise regression is used to compute AIC and BIC for comparison of the 

missing data handling methods under study. The stepwise regression is computed using the 



parameter estimates from the EM algorithm, FIML, FCS and MCMC. The study uses the 

GLMSELECT procedure of SAS to perform stepwise regression (Malthouse, 2013). At each 

step of the stepwise method, the statistical significance of each variable in the model is 

reassessed (Rey, Kordon and Wells, 2012). As Elliott and Morrell (2009) explain, the 

significance of each variable is measured using the p-value from the hypothesisH0 :/J; = 0. 

The p-values in the present study are compared to the SAS default values of 0.15 to 

determine which variable should enter the model and which variable(s) should remain in the 

model after another variable was added. This significance level of 0.15 is explained as the 

SAS default in Elliott and Morrell (2009). 

The computation of parameter estimates for the EM Algorithm is different from that of other 

algorithms. Allison (2012) explains that the estimates ofµ and L can be used directly to get 

parameter estimates which are the true maximum likelihood estimates of the regression 

coefficients. However, the author cautions that the p-values are not interpretable because the 

data set does not indicate how many observations are used to compute the covariance matrix. 

As such the present study adapts a method recommended by Allison (2012) of using 

bootstrap to utilise the estimated µ and L in getting the regression standard errors and p-

values. Moreover, the bootstrap estimates are used in the computation of AIC and BIC. 

The AIC and BIC statistics are computed within the stepwise regression method using the 

following formulas which were adapted from Frees, Derrig and Meyers (2014): 

(3 .5.14) 

where l(Y : 0 t denotes the maximum likelihood of model M and r is the number of the 

predictor variables included in the model. 

BIC = 2[-t(Y: 9u )+ r ln(n )], (3 .5.15) 

where l(Y : 0 t denotes the maximum likelihood of model M, r is the number of the predictor 

variables included in the model and n is the sample size. 

As discussed in Chapter 2, the present study adapts Karahalios et al. ' s (2013) approach of 

comparing the methods by computing the absolute difference between the actual and 

estimated values of model selection criteria. These absolute errors are used to compare the 4 



algorithms across all 10 datasets under study. Lower values of the absolute error indicate 

good performance of a particular algorithm. A needle graph is plotted for each MAR scenario 

in order to summarise the absolute errors and to better understand the relationships between 

the missingness degrees and the performance of MI and ML. 

3.7 Chapter summary 

The methodology chapter gave detailed explanations of the methods that are used to achieve 

the objectives of the present study. The key approaches to achieving the objectives are 

simulation of MAR datasets, Mardia's test for multi-normality, Box-Cox transformation 

where necessary, computation of MI and ML estimates, stepwise regression for obtaining 

selection criteria and comparison of MI and ML based of selection criteria. 

The succeeding chapter presents and interprets the output that was obtained by implementing 

the above steps. 



CHAPTER4 

STATISTICAL ANALYSIS AND INTERPRETATION OF RESULTS 

4.1 Introduction 

The statistical analysis results are presented in this chapter. The tests for multi-normality, 

Box-Cox transformations, and the model selection criteria corresponding to each missing 

value imputation are interpreted in detail. The chapter compares the various missing data 

handling algorithms using the error rate of model selection criteria. The performance of each 

algorithm is also compared relative to the various degrees of missingness. 

4.2 Detection and removal of redundant and highly collinear variables from the 
complete dataset 

In this subsection, the stepwise regression is used to determine and remove redundant or 

highly collinear variables from the analysis. The SAS default significance level of 0.15 is 

used to determine the variables which are retainable in the final regression model. This is 

achieved by testing the hypothesis H0 :/J; = 0 where a p-value less than 0.15 rejects the null 

hypothesis and retains the variable in the model. The variables are represented in the output 

as follows : Bedrooms (X1), living rooms (X2 ), dining rooms (X3 ), multipurpose rooms (X4 ) , 

bathrooms (xs) , other rooms (X6 ) and value of dwelling (X7 ). Stepwise regression yielded 

the following output after some variables were removed from the regression model: 

Table 4.la Independent variables retained after stepwise regression 

Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 115912 4488 .866142 25 .82 

X1 I -34975 2272.846602 -15 .39 

X2 1 116198 6768 .236105 17.17 

Xs I 346588 4837.646896 71.64 

X1 1 68782 6581.615795 10.45 



Table 4.1 a shows that stepwise regression has excluded dining rooms, multipurpose rooms 

and other rooms from the final regression model. This is because multipurpose rooms is 

found to be a linear combination of dining rooms and so are other rooms and bathrooms 

such that multipurpose rooms = dining rooms and other rooms = bathrooms respectively. 

Table 4.lb Summary of the stepwise selection method 

Stepwise Selection Summary 

Step Effect Effect Number PRESS F Value Pr> F 
Entered Removed Effects In 

0 Intercept I 7.15864El5 0.00 1.0000 

1 Xs 2 5.39877El5 8270.83 <.0001 

2 X2 3 5.36628E l5 157.34 <.0001 

3 X1 4 5.32452El5 200.57 <.0001 

4 X1 5 5.30252E l5* 109.22 <.0001 

* Optimal Value Of Criterion 

Table 4.1 b above shows that bathrooms, dining rooms, bedrooms and value of dwelling are 

retained at steps 1 to 4 respectively. It can be noticed from significant p-values corresponding 

to each variable that the model is found to be significant even after the variables in Table 

4.1 b. Since dining rooms, multipurpose rooms and other rooms are removed from the 

complete dataset as it can be seen in Table 4.1 a, all the datasets with simulated MAR values 

also exclude these variables. 

4.3 Multivariate normality test for complete data l WU l 
LJB~RY_ 

Multivariate normality is an important assumption for both MI and ML. As such, this 

subsection presents the multivariate skewness and kurtosis tests to determine if there are any 

serious deviations from multi-normality. 



Table 4.2 Mardia's multivariate skewness and kurtosis test for the complete dataset 

Variable N Test Skewness Kurtosis Test Statistic Value p-value 

X1 25328 Kolmogorov 0.47008 -0.0525 0.18079 0.01 

X2 25328 Kolmogorov 1.1 2631 1.2454 0.39665 0.01 

Xs 25328 Kolmogorov 2.12085 6.7543 0.4090 I 0.01 

X1 25328 Kolmogorov 4.86275 33.6375 0.51374 0.01 

y 25328 Kolmogorov 6.24143 53.6042 0.31897 0.01 

ALL 25328 Mardia -
Skewness 

ALL 25328 Mardia 
Kurtosis 

Table 4.2 shows that only univariate statistics are displayed in the output. The following error 

message from the log window of SAS 9.3 explains the absence of Mardia's Skewness and 

Kurtosis from Table 4.2: 

"Unable to allocate sufficient memory. At least 2115881408 more bytes required." 

The present study acknowledges that as Stamatis (2002) explains departures from univariate 

normality have a negative effect on multivariate normality. As such, by improving univariate 

normality, the study is narrowing the depurtures from multi-normality. Fitzmaurice, Laird 

and Ware's (201 1) also advocate the relaxation of the assumptions of multi-normality unless 

they are extreme. Moreover the sample size is large. As such, it can be deduced from both 

Stamatis' (2002) and Fitzmaurice, Laird and Ware's (ibid) arguments that by testing for and 

reducing departures from univariate normality the present study ensures that it is safe to relax 

the multi-normality assumption. 

The p-values for the Kolmogorov test for all the variables in Table 4.2 are significant at 5% 

significance level therefore the null hypothesis that the data are normal is rejected. The 

normal probability plots in Appendix A show that Xl is slightly skewed to the right while the 

remaining variables are extremely skewed to the right. In Table 4.2 above, the value of 

skewness for bedrooms is closer to 0 and skewness values for other variables are more than 1. 

Using Heiberger and Holland ' s (2004) interpretation of skewness and kurtosis, it can be 



observed that both the graphical test and the results in Table 4.2 show some noticeable 

departures from normality. Based on these results, Box-Cox transformation is executed to 

reduce departures from normality. As per Wilks' (2011) suggestion, a constant of 1 is added 

to all the values in the data prior to these transformations because some transformations are 

valid for positive numbers only. It is worth noting that after adding a constant, the normality 

test results did not differ from the ones in Table 4.2. Since this is an experimental study with 

multiple replications, the constant 1 is added to all other datasets to preserve homogeneity of 

the various datasets being studied. 

4.4 Determination of Box-Cox transformations for the complete dataset 

Since the results in Table 4.2 show some departures from normality, this subsection 

determines the appropriate Box-Cox transformations that need to be used in attempt to 

achieve normality. The lambda values shown in this subsection are chosen as the best based 

on their small root mean squared values as compared to other lambda values. 

Table 4.3 Suggested lambda values for Box-Cox transformation for the complete data 

Variable Box-Cox Power Log Likelihood Root mean squared .95 Confidence 

(lambda) Error Interval 

x, 0.50 -9831 .52 1.47428 <+ 

X2 -2.25 22852.26 0.40565 < 

Xs -2.50 23946.42 0.38850 <+ 

X1 -2.50 50588.23 0.13570 <+ 

y 0.00 -297519.52 126331.48 <+ 

The lambda values in Table 4.3 are used to transform each variable m order to ease 

departures from normality. 



4.5 The univariate normality tests of the transformed variables for the complete dataset 

This subsection presents the normality tests after a Box-Cox transformation using the values 

suggested in Table 4.3 above. The aim is to determine if the data are closer to normality after 

transformation. 

Table 4.4 Normality test on Box-Cox transformed variables for the complete dataset 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

x, 25328 Kolmogorov -0.01828 -1.02734 0.20157 0.01 

X2 25328 Kolmogorov -0.55583 -1 .67699 0.40897 0.01 

Xs 25328 Kolmogorov -0.84067 -1.2636 I 0.43802 0.01 

X1 25328 Kolmogorov -2.67283 5.19545 0.53007 0.01 

y 25328 Kolmogorov -0.2 1404 0.15733 0.11366 0.01 

All the Kolmogorov tests shown in Table 4.4 are significant hence the null hypothesis of 

normality is rejected for all the variables. This suggests that all the variables are not normally 

distributed. However, the values of skewness for all the variables are closer to O as compared 

to the ones in Table 4.2. This together with the normal probability graphs in Appendix A 

indicates that even though they are not perfectly normal, the variables are now closer to 

normality after Box-Cox transformations have been used. Based on Fitzmaurice, Laird and 

Ware's (2011) advice that the normality assumption needs not to be strict, the present study 

continues with the analysis. This is because even though the variables are not perfectly 

normal, the departures from normality have been eased through transformation as noticed by 

skewness values being closer to O in Table 4.4. 

4.6 The univariate normality tests for each MAR-1 dataset 

Following the simulation of missing data, it is important to reassess the normality as a 

prerequisite for the implementation of MI and ML. Tables 4.5a to 4.5e present the results of 

univariate normality tests using the Kolmogorov statistics. Univariate skewness values are 



also shown. The sample sizes vary by the degree of missingness due to list-wise deletion 

during computation of the normality test statistics. 

Table 4.Sa Univariate normality tests for MAR-1-10 

Va riab le N Test Skewness Kurtos is Test p-value 
Statistic 
Va lue 

X1 16263 Kolmogorov 0.47050 0.0745 0.15842 0.01 

X2 16263 Kolmogorov 1.20014 1.5674 0.40042 0.01 

Xs 16263 Kolmogorov 2.14973 6.5469 0.41995 0.01 

X1 16263 Ko lmogorov 4.65348 3 1.3677 0.50763 0.01 

y 16263 Ko lmogorov 6.36685 57.2605 0.3 1874 0.01 

Table 4.Sb Univariate normality tests for MAR-1-20 

Va riable N Test Skewness Kurtos is Test p-va lue 

X1 1223 1 Kolmogorov 0.49038 

X2 12231 Kolmogorov 1.21930 

Xs 1223 1 Kolmogorov 2.358 17 

X1 12231 Kolmogorov 4.51502 

y 12231 Kolmogorov 6.55507 

0.1999 

1.5322 

8. 1960 

29.9 177 

61.4764 

Statistic 
Va lue 

0.14203 

0.40713 

0.43 183 

0.5052 1 

0.32048 

0.01 

0.01 

0.01 

0.01 

0.0 1 
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Table 4.Sc Normality tests for MAR-1-30 

Variable N Test Skewness Kurtosis Test p-va lue 
Statistic 
Value 

X1 10722 Kolmogorov 0.4847 0.242 0.13 0.01 

X2 10722 Kolmogorov 1.2810 1.881 0.41 0.01 

Xs 10722 Kolmogorov 2.4483 8.867 0.44 0.01 

X1 10722 Kolmogorov 4.4506 28 .937 0.50 0.01 

y 10722 Kolmogorov 6.6533 64.390 0.32 0.01 

ALL 10722 Mardia Skewness 81.4 153 145543.47 0.00 

ALL 10722 Mardia Kurtosis I 73.865 859.31 0.00 -

Table 4.Sd Normality tests for MAR-1-40 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

X1 10318 Kolmogorov 0.4876 0.256 0.13 0.01 

X2 103 18 Kolmogorov 1.2589 1.687 0.41 0.01 

Xs 103 18 Kolmogorov 2.4738 9.052 0.44 0.01 

X1 10318 Kolmogorov 4.4337 28 .953 0.50 0.01 

y 10318 Kolmogorov 6.6535 64.972 0.32 0.01 

ALL 103 18 Mardia Skewness 80.5930 138646.90 0.00 -

ALL 10318 Mardia Kurtosis 172.628 835.46 0.00 



Table 4.Se Normality tests for MAR-1-50 

Variable N Test Skewness Kurtosis Test p-va lue 
Statistic 
Value 

x, 10265 Kolmogorov 0.4868 0.260 0.1 3 0.01 

X2 10265 Kolmogorov 1.2590 1.694 0.4 1 0.01 

Xs 10265 Kolmogorov 2.4807 9.126 0.44 0.01 

X1 10265 Kolmogorov 4.4350 28.998 0.50 0.01 

y 10265 Kolmogorov 6.6860 65.437 0.32 0.01 

ALL 10265 Mardia Skewness 81.0 185 138663 .24 0.00 -

ALL 10265 Mardia Kurtosis 173 .036 835 .78 0.00 - -

All the p-values in Tables 4.5a to 4.5e are significant at 0.05 therefore the null hypothesis of a 

normal distribution is rejected. Moreover, the values of skewness and kurtosis are larger than 

0, indicating serious departures from normality. It is worth noting that, although the 

evaluation of the performance of the Mardia's test is not an objective of the present study, 

SAS tends to perform this test faster in smaller samples. This is observed from Tables 4.5 .3 

to 4.5 .5 in which the datasets have at most 70% of the original dataset after simulation of 

missing data. 

4.7 Box-Cox transformations for MAR-1 

Due to serious departures from normality that is noticed from Tables 4.5a to 4.5e above, this 

subsection determines the Box-Cox transformations necessary for the data to be normally 

distributed. 



Table 4.6 Suggested lambda values for Box-Cox transformation for MAR-1 

Variable Box-Cox Power Log Likelihood Root mean squared .95 Confidence 

(lambda) Error Interval 

X1 0.50 -8925 .62 1.48169 <+ 

X2 -2.25 20581.92 0.40547 < 

Xs -2.50 21860.24 0.38478 <+ 

X1 -2.50 45078.79 0.13824 <+ 

y 0.00 -267568.50 124538.87 <+ 

The lambda values in Table 4.6 are chosen because they have the lowest values of root mean 

squared. 

4.8 The univariate normality tests of transformed variables for the each MAR-1 dataset 

This subsection tests the normality for the variables that have been transformed using the 

values in Table 4.6 above. The p-values for the Kolmogorov tests are used to determine if the 

variables are from a normal distribution. The values of skewness and kurtosis are also 

observed. 

Table 4.7a Normality test on Box-Cox transformed variables for MAR-1-10 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

X1 16263 Kolmogorov -0.06092 -0.91108 0.18604 0.01 

X2 16263 Kolmogorov -0.59425 -1.63217 0.41328 0.01 

X s 16263 Kolmogorov -0.93339 -1 .09888 0.44698 0.01 

X1 16263 Kolmogorov -2.44623 4.03083 0.52576 0.01 

y 16263 Kolmogorov -0.15580 0.19263 0.12765 0.01 



Table 4.7b Normality test on Box-Cox transformed variables for MAR-1-20 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

X1 12231 Ko lmogorov -0.07817 -0.80235 0.18411 0.0 1 

X2 12231 Ko lmogorov -0.64547 -1 .56934 0.41905 0.0 1 

X5 12231 Kolmogorov -1.05553 -0.85578 0.45797 0.01 

X1 12231 Kolmogorov -2.35330 3.58277 0.52364 0.0 1 

y 12231 Kolmogorov -0.17170 0.65450 0.137 14 0.0 1 

Table 4.7c Normality test on Box-Cox transformed variables for MAR-1-30 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

X1 10721 Ko lmogorov -0.101 40 -0.737 1 0.18 0.01 

X2 10721 Ko lmogorov -0.66283 -1.5459 0.42 0.0 1 

X5 10721 Ko lmogorov -1. 11 387 -0.7289 0.46 0.0 1 

X1 10721 Ko lmogorov -2.25957 3.1494 0.52 0.01 

y 1072 1 Ko lmogorov -0.13740 0.5030 0.14 0.0 1 

ALL 10721 Mardia Skewness 8.14270 14555.08 0.00 -

ALL 10721 Mardia Kurtosis 36.5198 9.40 0.00 - -



Table 4.7d Normality test on Box-Cox transformed variables for MAR-1-40 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

x, 103 18 Kolmogorov -0.10343 -0.7203 0.18 0.0 1 

X2 103 18 Kolmogorov -0.67623 -1 .5284 0.42 0.0 1 

Xs 10318 Kolmogorov -1.1 4523 -0.6580 0.47 0.01 

X1 10318 Kolmogorov -2 .23430 3.0349 0.52 0.01 

y 10318 Kolmogorov -0.13605 0.5416 0.15 0.01 

ALL 10318 Mardia Skewness 8.07731 13895.66 0.00 -

ALL 10318 Mardia Kurtosis 36.4489 8.80 0.00 - -

Table 4.7e Normality test on Box-Cox transformed variables for MAR-1-50 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

x, 10265 Kolmogorov 0.03155 -0.6016 0.17 0.01 

X2 10265 Kolmogorov -0.70568 -1.4271 0.42 0.01 

Xs 10265 Kolmogorov - 1.21245 -0.3804 0.46 0.0 1 

X1 10265 Kolmogorov -2.30850 3.5620 0.52 0.01 

y 10265 Kolmogorov -0.1311 2 0.4910 0.15 0.01 

ALL 10265 Mardia Skewness 8.64989 14804.29 0.00 -

ALL 10265 Mardia Kurtosis 37.7295 16.53 0.00 -
- . 

' NVVl.1 
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Even though all the p-values are significant and reject the null hypothesis of a normal 

distribution, the values of skewness and kurtosis are closer to 0 compared to the ones in 

Tables 4.5a to 4.5e. This is an indication that the severity of the departures from normality 

has been reduced hence the next step is to handle missing data in MAR-1-10 to MAR-1-50 

using the 4 algorithms of interest. 



4.9 Comparison of the missing value handling methods 

The following subsections report the values of selection criteria and compare the various MI 

and ML algorithms based on their absolute en-ors. Also included is a graphical comparison in 

which the absolute error values of selection criteria for each algorithm are assessed relative to 

missingness degree is also included. MI and ML algorithms are iterative methods therefore 

they tend to produce a lot of output showing each step of the estimation process therefore 

only part of the output is shown in Appendix B for each algorithm. The output includes the 

estimates of µ and 1: which are further used to obtain the accompanying parameter estimates 

of the stepwise regression model. The main interest is to compare the various algorithms 

using the values of AIC and BIC in the following discussion. 

4.9.1 Model Selection criteria for the complete dataset 

The following true values of AIC and BIC are computed from the complete datasets and are 

used to calculate the absolute en-ors which are presented in Table 4.10. 

Table 4.8 Model selection criteria for complete data 

Complete data 

AIC 685523 

BIC 660196 

The values of selection criteria in Table 4.8 are obtained through stepwise regression and are 

for the chosen model. These values are used in this subsection for comparison of the actual 

(Table 4.8) and the estimated values in Table 4.9. 

4.9.2 Model selection criteria estimates for MAR-1-10 to MAR-1-50 

The estimated selection criteria are displayed in this subsection. The main use of these 

estimates is to compare the performance of the various algorithms under study. The selection 

criteria estimates are obtained from stepwise regression after applying the various missing 

data handling algorithms in column 2 of Table 4.9a. 



Table 4.9a Estimates of AIC and BIC for MAR-1 by algorithm 

CR.ITER.IA ALGORITHM MARI 10 MARI 20 MARI 30 MARI 40 MARI 50 

AIC EM 238.47 82.51 38.83 -6020.08 -I 9185 

AIC FlML 142940.75 128818.4 115111.09 98766.13 -66576.3 

AIC MCMC 86242 170807 250 185 305650 305652 

ATC FCS 86344 170520 249682 305606 304861 

BIC EM -5761.52 -5917.48 -5961.16 -6020.08 -25185 

BIC FIML 143103.54 128981.1 115273 .5 98927 .24 -66419.2 

BIC MCMC 35586 69759 33396 119410 114792 

BIC FCS 35688 69472 100576 119366 11 4001 

The true AIC and BIC values in Table 4.8 and the estimated selection criteria in Table 4.9a 

above are used in the computation of the absolute residual. It can be noticed from Table 4.9a 

that the values of selection criteria vary for each algorithm and for each missingness degree. 

On the other hand, some values are positive whereas others are negative which makes it 

difficult to assess the differences in selection criteria. The absolute error is used to harmonise 

these polarity differences in order to ease the comparison of selection criteria. The absolute 

errors for each algorithm by the degree of missingness are displayed in Table 4.9b in the next 

sub-section. 

4.9.3 Absolute errors for model selection criteria estimates for each algorithm by MAR-
1-10 to MAR-1-50 

The purpose of this subsection is to compare the various missing data handling algorithms by 

assessing the absolute errors of AIC and BIC per each MARl dataset. 



Table 4.10 Absolute errors for AIC and BIC for MAR-1 by algorithm per dataset 

CRITERI ALGORITH ABS MARJ ABS MARJ ABS MARJ ABS MARI ABS MARI - - - - -
A M 10 20 30 40 50 

AIC EM 685284.53 685440.49 685484.17 691543.08 704708 

AIC FIML 542582.25 556704.62 570411.92 586756.87 752099.28 

AIC MCMC 599281 514716 435338 379873 379871 

AIC FCS 599179 515003 435841 379917 380662 

BIC EM 665958 666113 666157 666216 685381 

BIC FIML 517092 531215 544923 561269 726615 

BIC MCMC 624610 590437 626800 540786 545404 

BIC FCS 624508 590724 559620 540830 546195 

The results in Table 4.10 above show that for MARl-10 to MARl-40, EM algorithm has the 

highest error rate for both AIC and BIC. FIML has the highest error rate for both selection 

criteria in MARl-50. The lowest error rates for both selection criteria are obtained under 

FIML in MARl-10. In MARl-20 and MARl-30, MCMC and FIML have the lowest values 

of absolute error for AIC and BIC respectively. MCMC has the lowest error rates for both 

AIC and BIC under MARl-40 and MARl-50. It can be remarked that the lowest absolute 

error indicates that the algorithm performed better than others for that particular missingness 

degree. The absolute error values in Table 4.10 are used to generate the following needle 

plots in order to better explain the differences in the error rate of selection criteria according 

to the respective algorithms and degrees of missingness. 
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Figure 4.1 Absolute errors for AIC under MARl 
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Figure 4.1 shows that the EM algorithm has the highest error rate for AIC across all but 1 

missingness degrees. The algorithm with second highest error rate is FIML. It can be 

observed from the above figure that the error rates for both EM algorithm and FIML increase 

gradually as the missingness degrees increases. There is no significant difference between the 

error rates for the MI algorithms. MCMC and FCS generally have lower error margins as 

compared to the ML algorithms except for when 10% of the data are missing where FIML 

has a lower error rate than the MI algorithms. It can be noticed from Figure 4.1 that the error 

rates for both MCMC and FCS decrease steeply as the missingness rate increases. 



Figure 4.2 Absolute errors for BIC under MARl 

ABSOLUTE ERROR FOR EACH ALGORITHM BY MISSINGNESS DEGREE (BIC) 

800000 

726615.2 

700000 

665957.52 666113.48 666157.16 666216.08 

600000 

624610 ,.L 
545404 

531 14.9 
517092.46 

500000 .,__------~-------
10'/, 20'1, 30'/, 40'/, so•;, 

PERCENTAGE_MISSING 

...... ABSOLUTE ERROR EM ........., ABSOLUTE ERROR FM. 
- ABSOLUTE:ERROR)KMC + + + ABSOLUTE:ERROR:Fcs 

Figure 4.2 shows that the error rate for BIC is highest for the EM algorithm with the 

exception of when 50% of data are missing where the error rate for FIML is the highest. 

Under the EM algorithm, the error increases as the missingness degree increases. FIML has 

the lowest error rate for BIC when at most 30% of data are missing. The error under FIML 

exceeds that of MI algorithms when 40% of data are missing and it is the highest compared to 

all algorithms when 50% of data are missing. The error rate for FIML increases gradually as 

the missingness degree increases. There is not much significance difference noticed between 

FCS and MCMC except for when 30% of data are missing where MCMC error increases as 

compared to that of FCS. With exception to MCMC when 30% of data are missing, the error 

rate for both MI algorithms generally decreases as the missingness degree increases. 

4.10 The univariate normality tests for each MAR-2 dataset 
\ 
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Following the simulation of missing data for MAR scenario 2, it is important to reassess the 

normality assumption. The normality test findings for MARI cannot be generalised to MAR2 

due to differences in the missing data pattern. Tables 4.11 a to 4.11 e present the results of 



univariate normality tests using the Kolmogorov statistics. Univariate skewness values are 

also shown. The sample sizes vary by the degree of missingness due to list-wise deletion 

during computation of the normality test statistics. 

Table 4.lla Univariate normality tests for MAR-2-10 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 
Value 

X1 16858 Kolmogorov 0.35007 -0.3589 0.18226 0.01 
X2 16858 Kolmogorov 1.09331 1.2677 0.38054 0.01 
Xs 16858 Kolmogorov 1.87941 4.9363 0.38651 0.01 
X1 16858 Kolmogorov 4.5 1355 28.2306 0.50949 0.01 
y 16858 Kolmogorov 5.18623 36.5 179 0.30338 0.01 

Table 4.llb Univariate normality tests for MAR-2-20 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
X1 13639 Kolmogorov 0.26997 -0.4431 0.17755 0.01 
X2 13639 Kolmogorov 0.5 7662 1.1298 0.3355 1 0.01 
Xs 13639 Kolmogorov 1.36839 3.1812 0.34645 0.01 
X1 13639 Kolmogorov 2.5 7925 15.5156 0.44493 0.01 
y 13639 Kolmogorov 4.70543 29.8817 0.29134 0.01 

Table 4.llc Univariate normality tests for MAR-2-30 

Variable N Test Skewness Kurtosis Test p-value 
Stati stic 

Value 
X1 13248 Kolmogorov 0.27893 -0.4617 0.18200 0.01 
X2 13248 Kolmogorov 1.08396 1.3 120 0.36951 0.01 
Xs 13248 Kolmogorov 1.71898 3.97 12 0.36961 0.01 
X1 13248 Kolmogorov 4.24077 24 .7387 0.50496 0.01 
y 13248 Kolmo_gorov 4.64413 29.08 19 0.28938 0.01 

Table 4.lld Univariate normality tests for MAR-2-40 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
X1 12669 Kolmogorov 0.27316 -0.4686 0.18277 0.01 
X2 12669 Kolmogorov 1.08553 1.3291 0.36804 0.01 
Xs 12669 Kolmogorov 1.68822 3.8192 0.36594 0.01 
X1 12669 Kolmogorov 4.2 1854 24 .5901 0.50428 0.01 
y 12669 Kolmogorov 4.54950 27.8740 0.28659 0.01 



Table 4.lle Univariate normality tests for MAR-2-50 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
x. 12664 Kolmogorov 0.27283 -0.4686 0.18270 0.01 
X2 12664 Kolmogorov 1.08530 1.3287 0.36800 0.01 
Xs 12664 Kolmogorov 1.68766 3.8170 0.36585 0.01 

X1 12664 Kolmogorov 4.21760 24.5794 0.50426 0.01 
y 12664 Kolmogorov 4.54863 27.8631 0.28657 0.01 

All the p-values in Tables 4.1 la to 4.1 le are significant at 0.05 therefore the null hypothesis 

of multi-normality is rejected. Moreover, the values of Skewness and Kurtosis are larger than 

0 and indicate serious departures from normality. 

4.10 Box-Cox transformations for MAR-2 

This subsection tests the normality for the variables that have been transformed using the 

values in Table 4.6 above. The p-values for the Kolmogorov tests are used to determine if the 

variables are from a normal distribution. The values of skewness and kurtosis are also 

observed. 



Table 4.12 Suggested lambda values for Box-Cox transformation for MAR-2 

MAR-2-20 

Variable 
Box-Cox Power Log Likelihood Root mean squared .95 Confidence 

(lambda) error Interva l 

X1 0.50 -9941 .66 1.63216 <+ 

X2 0.50 5615.06 0.75772 <+ 

Xs 0.00 3007.18 0.86252 <+ 

x, 0.00 9244.44 0.63254 <+ 

y 0.00 -240900.74 145611.96 <+ 

MAR-2-30 
Box-Cox Power Log Likelihood Root mean squared .95 Confidence 

Variable (lambda) error Interva l 

X2 -2.00 16730. 15 0.42369 <+ 

MAR-2-40 

Box-Cox Power Log Likelihood Root mean squared .95 Confidence 
Variable (lambda) error Interva l 

X2 -1.75 12249 .93 0.44571 < 

MAR-2-50 

Box-Cox Power Log Likelihood Root mean squared .95 Confidence 
Variable (lambda) error Interva l 

X2 -1 .50 9696.96 0.46500 <+ 

Xs -1.75 7759.78 0.54186 < 

*All other lambda values which are not in Table 4.12 are the same as for MAR-10 

The lambda values in Table 4.12 are chosen because they have the lowest values of root 

mean squared value as compared to other competing lambda values which are excluded from 

this presentation of results. 

4.11 The univariate normality tests of the transformed variables for the each MAR-2 
dataset 

This subsection tests the normality for the variables that have been transformed using the 

values in Table 4.12 above. The p-values for the Kolmogorov tests are used to determine if 

the variables are from a normal distribution. The values of skewness and kurtosis are also 

presented. 



Table 4.13a Normality test on Box-Cox transformed variables for MAR-2-10 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
x. 16858 Kolmogorov -0.09513 -1.11095 0.20148 0.01 
X2 16858 Ko lmogorov -0.44470 -1.78542 0.39563 0.01 
Xs 16858 Ko lmogorov -0.66251 -1.52958 0.41902 0.01 
X1 16858 Kolmogorov -2.49305 4.26453 0.52672 0.01 
y 16858 Kolmogorov -0.27433 -0.0 1730 0.10822 0.01 

Table 4.13b Normality test on Box-Cox transformed variables for MAR-2-20 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
x. 13639 Ko lmogorov -0.1191 8 -0.87156 0.18682 0.0 1 
X2 13639 Ko lmogorov -0 .52432 1.35527 0.30043 0.01 
Xs 13639 Ko lmogorov 0.04606 0.81563 0.3 1834 0.01 
X1 13639 Kolmogorov -0.27419 4.74226 0.4 I 672 0.01 
y 13639 Kolmogorov -0 .32241 -0.23652 0.10601 0.01 

Table 4.13c Normality test on Box-Cox transformed variables for MAR-2-30 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
x. 13248 Kolmogorov -0.1 5265 -1.1 2991 0.20036 0.01 
X2 13248 Kolmogorov -0.3 7879 -1.82950 0.38668 0.01 

Xs 13248 Kolmogorov -0.53547 -1 .68090 0.40440 0.01 

X1 13248 Kolmogorov -2.32734 3.46245 0.52297 0.01 
y 13248 Kolmogorov -0.34468 -0.1 9584 0. 10454 0.01 

Table 4.13d Normality test on Box-Cox transformed variables for MAR-2-40 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 

x. 12669 Kolmogorov -0.15688 -1.13460 0.20101 0.01 

X2 12669 Kolmogorov -0.37665 -1.81906 0.38536 0.01 

Xs 12669 Kolmogorov -0 .50855 -1.70887 0.40121 0.01 

X1 12669 Kolmogorov -2.30516 3.359 15 0.52242 0.01 
y 12669 Kolmogorov -0.36600 -0.19625 0.10485 0.01 



Table 4.13e Normality test on Box-Cox transformed variables for MAR-2-50 

Variable N Test Skewness Kurtosis Test p-value 
Statistic 

Value 
x, 12664 Kolmogorov -0 .15726 -1.13431 0.20093 0.01 
X2 12664 Kolmogorov -0.38509 -1.79619 0.38503 0.01 
Xs 12664 Kolmogorov -0.54173 -1.62564 0.39990 0.01 
X1 12664 Kolmogorov -2.30448 3.35597 0.52240 0.01 
y 12664 Kolmogorov -0 .36611 -0.19632 0.10488 0.01 

Even though all the p-values in Tables 4.13a to 4.13e are significant and reject the null 

hypothesis of multi-normality, the values of skewness and kurtosis are closer to 0 compared 

to the ones in Tables 4.1 la to 4.1 le. This is an indication that the severity of the departures 

from normality has been reduced hence the next step is to handle missing data in MAR-2-10 

to MAR-2-50 using the 4 algorithms of interest. 

4.12 Comparison of the missing value handling methods 

Part of the output is shown in Appendix C for each MI and ML algorithm under MAR-2. The 

output includes the estimates of µ and ~ which are further used to obtain the accompanying 

parameter estimates of the stepwise regression model. The main interest is to compare the 

various algorithms using the values of AIC and BIC in the following discussion. 

4.12.1 Model selection criteria estimates for MAR-2-10 to MAR-2-50 

The estimated selection criteria are displayed in this subsection. The main use of these 

estimates is to compare the performance of the various algorithms under study. The selection 

criteria estimates are obtained from stepwise regression after applying the various missing 

data handling algorithms on MAR2-10 to MAR2-50. 



Table 4.14a Estimates of AIC and BIC for MAR-2 by algorithm 

CRITERIA ALGORITHM MAR2 10 MARI 20 MAR2 30 MAR2 40 MAR2 50 

AIC EM 519.09 -7845 .24 602.72 673 .98 

AIC FIML 141998.3 3444.4 121612.44 93686.88 72402.8 

AIC MCMC 87378 173921 260371 296798 

AIC FCS 87249 174058 260334 297848 

BIC EM -5480.9 -13845 -5397.27 -5326.01 

BIC FIML 142161.09 3607.09 121774.99 93846.1 72253 .87 

BIC MCMC 36728 73133 110179 127366 

BIC FCS 36599 73270 110142 128416 

It can be observed from Table 4.14a above that the selection criteria statistics when 50% of 

the data are missing (extreme missingness) are only available for FIML. Moreover, no 

parameter estimates were obtained. An error message is displayed stressing that each 

observation has analysis variables either all missing or all observed in the data set. This is due 

to a high percentage of missing values. The true AIC and BIC values in Table 4.8 and the 

estimated selection criteria in Table 4.14a above are used in the computation of the absolute 

residual. It can be noticed from Table 4.14a that the values of selection criteria vary for each 

algorithm and for each missingness degree and some values are positive whereas others are 

negative. The absolute error is used to harmonise these polarity differences in order to ease 

the comparison of selection criteria. The absolute errors for each algorithm by the degree of 

missingness are displayed in Table 4.14b. 

4.12.2 Absolute errors for model selection criteria estimates for each algorithm by 
MAR-2-10 to MAR-2-50 

The purpose of this subsection is to compare the various missing data handling algorithms by 

assessing the absolute errors of AIC and BIC per each MARI dataset. 



Table 4.14b Absolute errors for AIC and BIC for MAR-2 by algorithm per dataset 

CRJTERI ALGORJTH ABS MAR2 ABS MAR2 ABS MAR2 ABS MAR2 ABS MAR2 - - - - -
A M 10 20 30 40 50 

ATC EM 685003.91 693368 .24 684920 .28 684849.02 

AfC FIML 543524.7 682078.6 563910.56 591836.12 613120.2 

AIC MCMC 598145 511602 425152 388725 

AIC FCS 598274 511465 425189 387675 

BIC EM 665677 674041 665593 665522 

BIC FIML 518035 656589 538421 566350 587942 

BIC MCMC 623468 587063 5500 17 532830 

BJC FCS 623597 586926 550054 531780 

As in MARl, Table 4.14b shows that the highest error rate for both AIC and BIC is observed 

under the EM algorithm for MAR2-10 to MAR2-50. FIML and FCS have the lowest error 

rate for both criteria under MAR2-10 and MAR2-20 respectively. Under MAR2-30, MCMC 

has the lowest error rates for both AIC and FIML showed the least error rate for BIC. FCS 

has the lowest error rate for both criteria under MAR2-40. It is worth noting that a low error 

value indicates that the algorithm performed better than the other 3 for that particular MAR2 

dataset. The results in Table 4.14b are used to generate the following needle plots in order to 

get a visual explanation of the differences in the error rate of selection criteria according to 

the respective algorithms and degrees of rnissingness. 
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Figure 4.3 Absolute errors for AIC under MAR2 
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In Figure 4.3 , the error rates for EM algorithm are the highest when compared to other 

algorithms under study. With the exception of when 20% of the data are missing, the error 

rate for the EM algorithm decreases slightly as the degree of missingness increases. The 

residual rates for FIML are the second highest as compared to other algorithms and increase 

as the missingness degree increases. A sharp increase in the error rate is noticed for both ML 

algorithms. For when 20% to 40% data are missing, both MI algorithms have the least error 

rate as compared to the ML algortims. When 10% data are missing, the AIC value obtained 

from FIML parameters yields the least error rate. 
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Figure 4.4 Absolute errors for BIC under MAR2 
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In Figure 4.4, it can be seen that the BIC values from the EM estimated parameters have the 

highest error rate than all the other 3 algorithms under study. With the exception of when 

20% of data are missing, the BIC error rates from the EM algorithm estimates show some 

minute decrease as the missingness degrees decreases. The error rate corresponding to FIML 

is the lowest when 10% and 30% of the data are missing. Generally, the FIML related error 

rate increases noticeably as the missingness degree increases. MI algorithms do not differ 

significantly in the error rates. The error rates for MI algorithms decreases as the missingness 

degree increases. 



4.13 Chapter summary 

The present chapter gave a presentation of statistical results. The results for tests for 

normality, Box-Cox transformations; the computation of the model selection criteria 

succeeding the handling of missing data were presented and interpreted. The chapter also 

compared the missing data handling algorithms using the absolute error values of AIC and 

BIC under the various missingness degrees. 



CHAPTERS 

CONCLUSION AND RECOMMENDATIONS 

5.1 Introduction 

This chapter deliberates on the findings of the present study and their implications. The 

objectives are revisited to check if they are met. The findings of the present study are 

compared to literature and the similarities and differences are noted. The chapter also gives 

recommendations to the users of MI and ML prior to conducting a regression analysis that 

may need to use selection criteria to choose the best model. Furthermore, the 

recommendations are also made for future research. 

5.2 Findings of the study 

The first objective was to explore the robustness of novel missing data imputation methods 

on the model selection criteria. The robustness of novel missing data handling methods has 

been examined using error rates of AIC and BIC obtained from a stepwise regression whose 

parameter estimates were obtained from MI and ML. The error rates show that the EM 

algorithm is the least robust missing data handling method on the model selection criteria. 

FIML is most robust when the percentage of missing values is small but the robustness 

decreases as the missingness degree increases. The MI algorithms are equally robust on the 

model selection criteria and the robustness increases as the missingness degrees increase. 

The second objective was to compare the results of the MI and ML relative to the values of 

model selection criteria. The study found that the EM algorithm of ML is the worst 

performing amongst all the 4 algorithms under study for all missingness degrees and MAR 

scenarios. The performance of FIML of ML deteriorates as the missingness degree increases. 

The performance of MI (MCMC and FCS) improves as the missingness degree increases. It 

can be deduced from these findings that FIML is appropriate when the missingness degree is 

low and either MCMC or FCS is appropriate for when the missingness degree is high. 

Generally MI performs better than ML especially when the missingness degree is high. 



The final objective of the study was to use the findings of the study to make 

recommendations for future studies about the impact of modern missing data imputation 

methods on the values of model selection criteria. This objective is discussed after the 

following discussion on the findings of the present study and the literature. 

The results of the present study show that generally MI performs well when compared to ML. 

The results of Shrive et al. (2006) revealed that MI was usually the most accurate which 

concurs with the findings of the study. The results of Karahalios et al. (2013) revealed that 

empirical standard errors were greater than the true standard error for all proportions of 

missing data and increased as the degree of missingness increased for both complete-case 

analysis and MI. Some of the estimated AIC and BIC values corresponding to MI in the 

present study are greater than the true values of selection criteria which in contrast to 

Karahalios et al.' s (2013) findings. As such the 2 studies are better compared using the 

absolute error of the selection criteria. The error rate of the selection criteria increased 

noticeably for FIML as the missingness degree increased. 

In Schlomer, Bauman and Card (2010) MI was found to perform well at lower degrees of 

missing data and rationally well when 50% of the data were missing. The findings of the 

present study deviate slightly from that of Schlomer, Bauman and Card (2010) because the 

performance of MI is found to improve as the missingness increases. Schlomer, Bauman and 

Card (2010) found that the performance of FIML was found not to be very different from the 

one for MI. On the other hand, the present study found that the performance of MI improves 

whereas that of FIML detorariates as the missingness degree increases. 

5.3 Conclusions l NWU J 
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The results revealed that the missing data handling methods perform differently under the 2 

MAR scenarios under study and also vary as the missingness degrees are varied. For MAR-2, 

only FIML produced estimates of AIC and BIC when 50% of data are missing. For both 

MAR scenarios, the AIC and BIC computed from EM estimated parameters tend to have the 

highest departures from the true values of selection criteria when compared to other 

algorithms. The AIC and BIC error for the EM algorithm case showed an insignificantly 

small difference as the missingness degrees increased. For both MAR scenarios, FIML has 

the lowest error for AIC and BIC when 10% of the data are missing but the error rate 

increases as the missingness degrees increases. For both MAR scenarios, the MI algorithms 



(MCMC and FCS) show some similar error rates for both AIC and BIC. The error rate for 

MCMC and FCS decreased as the missingness degrees increases and this relationship is 

noticed for both MAR scenarios. It is worth noting that this relationship holds when missing 

data is less than 50% because there are no AIC and BIC values corresponding to the MI 

algorithms when 50% data are missing. 

5.4 Limitations 

Mardia's multi-normality test was excluded from the analysis because some MAR datasets 

did not have Mardia' s skewness but univariate normality test results were obtained for all 

MAR datasets. The absence of Mardia' s multi-normality test statistics was found to be 

associated with SAS version 9.3 being computationally slow for large datasets. The present 

study only focused on the MAR mechanism and other missing data mechanisms were not 

evaluated. In addition, only 2 algorithms per each missing data handling method were used. 

The study used simulated missing data because a dataset with naturally occurring MAR 

values was not found during data sourcing. Only 2 selection criteria are used to determine the 

performance of the missing data hadnling methods in the present study namely AIC and BIC. 

5.5 Recommendations 

This section presents the recommendations based on the study findings. The 

recommendations target the users of ML or MI prior to a regression analysis. The 

recommendations are also directed to future research on missing data handling methods. 

5.5.1 Recommendations for users of MI and ML prior to the use of regression selection 
criteria 

Based on the findings of the study, it is recommended that when missingness degree is small 

(at most 10%), FIML should be used to handle missing data. MI (both FCS and MCMC) is 

the best method to use when the missingness degree is more than 10%. Depending on the 

type of MAR, only FIML may produce results when the missing degree is extremely high (at 

least 50%) but other algorithms may fail completely. However, the error rate for the FIML 

estimates is very high when at least 50% of data are missing. Based on the findings of the 

study, it is advisable to refrain from using the EM algorithm because it may aggravate bias in 

the succeeding analysis. 



5.5.2 Recommendations for further research 

The present study used selection criteria to explore the robustness of the m1ssmg data 

handling methods whereas most studies in literature used standard errors. As such, the 

present study recommends future studies to explore the performance of missing data handling 

methods using other statistics. The present study focused on the modem methods of handling 

missing data and recommends that further studies should focus on these methods in order to 

improve innovation around the topic. The results of the study are based on MAR scenarios 

therefore further research may explore MNAR and MCAR situations. Multi-normality is the 

key assumption for both MI and ML therefore it is important that future studies should use 

tests other than the Mardia's because it has shown to have computation restrictions. The use 

of an improved version of SAS or any other software is recommended. Further research may 

be conducted within the method itself by comparing the performance of its algorithms in 

detail for example, comparing the performance of all MI algorithms. 
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Appendix A 

Normal probability plots for complete dataset (before and after transformation) 
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Normal Probability Plot (XS) 
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Appendix B 

Bl. Stepwise regression estimates for the complete data case 

Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 115908 4488 .965438 25 .82 

X I I -3497 1 2272 .933666 -1 5.39 

X2 1 1162 11 6768.487784 17. 17 

XS I 346572 4838 .028933 71.63 

X7 1 68805 6582.164538 10.45 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 l .860437E 15 4.65 1092E l 4 2223. 18 

Error 25322 5.29758 1 E 15 2.092086E 11 

Corrected Total 25326 7.1580l8E l5 

B2. Bootstrap estimated parameters and stepwise regression estimates for the EM algorithm 
MAR-1-10 

EM (MLE) Parameter Estimates 

TYPE NAME XI X2 XS X7 y 
- -

MEAN 1.638130 0.705740 0.735283 0.91486 1 11.255672 

COY X I 0.222894 -0.099334 -0.082349 -0.026490 0.16 1617 

COY X2 -0 .099334 0.149459 0.07592 1 0.0 14974 -0.2 12690 

COY XS -0.082349 0.075921 0. 158246 0.013905 -0.296982 

COY X7 -0.026490 0.014974 0.013905 0.065547 -0.05 1694 

COY y 0.161617 -0.212690 -0.296982 -0.051694 2.608372 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept 1 0.1356 14 0.009062 14.97 

XI I 3.42 1230 0.073263 46.70 

X2 I 4.007463 0.206168 19.44 

XS 1 -8.769 12 1 0.150970 -58.09 

X7 1 9.970970 0.218128 45 .71 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 IOI 160 25290 66176. 1 

Error 5995 2291.05314 0.382 16 

Corrected Total 5999 10345 1 

MAR-1-20: 

EM (MLE) Parameter Estimates 

TYPE NAME X I X2 XS X7 y 
- - -

MEAN 1.641438 0.7 11 830 0.74 1825 0.917570 11.245 152 

COY Xl 0.227447 -0.0976 I 6 -0.078789 -0.026709 0.156 120 

COY X2 -0.0976 16 0. 148826 0.074705 0.0 1215 1 -0.2 13194 

COY XS -0.078789 0.074705 0.156885 0.009623 -0 .292513 

COY X7 -0.026709 0.0 12 15 1 0.009623 0.064045 -0.040347 

COY y 0.156 120 -0.213194 -0.2925 13 -0.040347 2.594677 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept 1 0.1314 11 0.008942 14.70 

XI I 3.370621 0.070778 47 .62 

X2 I 3.367287 0.199865 16.85 

XS I -8.19092 1 0.147759 -5 5.43 

X7 1 10.083844 0.2078 12 48 .52 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 10 1060 25265 67818.4 

Error 5995 2233 .36959 0.37254 

Corrected Total 5999 103293 

MAR-1 -30: 

EM (MLE) Parameter Estimates 

TYPE NAME X I X2 XS X7 y 
- -

MEAN 1.6534 11 0.714 108 0.746938 0.91075 1 11 .228656 

COY X I 0.23 0495 -0.09583 1 -0.075974 -0.027695 0.166 160 

COY X2 -0.095831 0.149269 0.072517 0.0 12984 -0.2 12588 

COY XS -0.075974 0.072517 0.155203 0.009871 -0.290720 

COY X7 -0.027695 0.012984 0.00987 1 0.069180 -0.045743 

COY y 0.166160 -0.212588 -0.290720 -0.045743 2.6 12574 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 0. l 15972 0.00893 1 12.99 

XI I 3.526450 0.067166 52.50 

X2 I 3.303433 0.194 186 17.01 

XS I -8.092402 0.146213 -55 .35 

X7 I 9.820920 0.198886 49.38 

Analys is of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 1008 15 25204 68148.6 

Error 5995 22 17.1 6808 0.36984 

Corrected Total 5999 103032 

MAR-1-40 l l't vv u I 
LJBRARV_ 

EM (MLE) Parameter Estimates 

TYPE NAME X I X2 XS X7 y 
- -

MEAN 1.66980 1 0.718777 0.754220 0.907828 11.220325 

COY X I 0.226238 -0.08937 1 -0.070707 -0.026078 0.14417 l 

COY X2 -0.089371 0.148 155 0.068843 0.012288 -0.21 1097 

COY XS -0.070707 0.068843 0.152789 0.00975 1 -0.287062 

COY X7 -0.026078 0.012288 0.009751 0.070912 -0.04658 1 

COY y 0. 144171 -0.21 1097 -0.287062 -0.04658 1 2.471215 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 0.106360 0.008881 11.98 

XI 1 3.586748 0.065 179 55.03 

X2 1 2.793 134 0.188040 14.85 

XS I -7.600745 0.144850 -52.47 

X7 1 9.731509 0. 190698 51 .03 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 100343 25086 68498.8 

Error 5995 2195 .50508 0.36622 

Corrected Total 5999 102539 

MAR-1-50 

EM (MLE) Parameter Estimates 

TYPE NAME X I X2 XS X7 y 
- -

MEAN 1.980504 0.164407 0. 144269 0.162839 11.198 139 

COY XI 0. 162502 -0.01 1783 -0.007887 -0.002778 0.134465 

COY X2 -0.0 I 1783 0.00387 1 0.00 1556 0.000247 -0.034639 

COY XS -0.007887 0.001556 0.003039 0.000167 -0 .040334 

COY X7 -0.002778 0.000247 0.000 167 0.001529 -0 .005655 

COY y 0.1 34465 -0.034639 -0 .040334 -0.005655 2.396 196 



Parameter Estimates 

Parameter 

Intercept 

XI 

X2 

X S 

X7 

Analysis of Variance 

Source 

Model 

Error 

Corrected Total 

DF Estimate Standard Error 

1 -0.00259 1 0.002097 

1 0.576276 0.041703 

I 28.803834 1.349708 

I -98.5 10708 0.91 3472 

I 119.656694 1.081533 

DF Sum of Mean 
Squares Square 

4 9993 1 24983 

5995 90.02306 0.0 1502 

5999 10002 1 

B3. FIML estimated parameters and stepw ise regression estimates 
MAR-1-1 0 

Standardi zed Resul ts for Variance Parameters 

Variance Variable Parameter Estimate Standard 
Type Error 

Exogenous xl Add0I 1.00000 -

x2 Add02 1.00000 -

x5 Add03 1.00000 -

x7 Add04 1.00000 -

Error y Add05 0.76326 0.00505 -

t Va lue 

-1.24 

13.82 

21 .34 

-I 07.84 

110.64 

F Value 

1663696 

t Value 

151.02 124 



Standardized Results for Covariances Among Exogenous Variables 

Var! Var2 Parameter Estimate Standard t Value 
Error 

x2 xl Add06 -0.54764 0.00478 -114.68299 -

x5 xi Add07 -0.44103 0.00547 -80 .65175 -

x5 x2 Add08 0.50123 0.00508 98.69475 -

x7 xl Add09 -0.22938 0.00650 -35 .31576 -

x7 x2 Addl0 0.15277 0.00667 22.90833 -

x7 x5 Addi I 0.13215 0.00670 19.71488 -

Standardized Results for PATH List 

Path Parameter Estimate Standard t Value 
Error 

y <--- xl Parm! -0.07413 0.00769 -9.63718 -

y <--- x2 Parm2 -0.17776 0.00780 -22.77809 -

y <--- x5 Parm3 -0.39691 0.00683 -58 .08062 -

y <--- x7 Parm4 -0.06265 0.00629 -9.96324 

MAR-1-20 

Standardized Results for Variance Parameters 

Variance Variable Parameter Estimate Standard t Value 
Type Error 

Exogenous xl - Add0I 1.00000 

x2 Add02 1.00000 

x5 Add03 1.00000 -

x7 Add04 1.00000 -

Error y Add05 0.76410 0.00552 138.51263 



Standardized Results for Covariances Among Exogenous Variables 

Vari Var2 Parameter Estimate 

x2 xi Add06 -0.53 116 -

x5 xi Add07 -0.41985 -

x5 x2 Add08 0.48863 -

x7 x l Add09 -0.223 79 -

x7 x2 Add IO 0.13820 -

x7 x5 Addi I 0.1 1081 -

Standardized Results for PA TH List 

Path Parameter Estimate 

y <--- x i Parm I -0.06279 -

y <--- x2 Parm2 -0.18382 -

y <--- x5 Parm3 -0.38922 -

y <--- x7 Parm4 -0.05738 -

MAR-1-30 

Standard 

Error 

0.00533 

0.00609 

0.00565 

0.0071 3 

0.00732 

0.00738 

Standard 
Error 

0.00848 

0.00860 

0.00752 

0.00701 

t Value 

-99.58733 

-68.95548 

86.47147 

-3 1.37824 

18.86754 

15 .00695 

t Value 

-7.40815 

-21.37175 

-51 .76429 

-8.19081 
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Standardized Results for Variance Parameters 

Variance Variable Parameter Estimate Standard t Value 
Type Error 

Exogenous xl Add0l 1.00000 -

x2 Add02 1.00000 -

x5 Add03 1.00000 -

x7 Add04 1.00000 

Error y - Add05 0.76053 0.00604 125.886 18 

Standardized Results for Covariances Among Exogenous Variables 

Vari Var2 Parameter Esti mate Standard t Value 
Error 

x2 xl Add06 -0.50783 0.00604 -84.13295 -

x5 xi Add07 -0.40001 0.00681 -58 .71728 

x5 x2 Add08 0.47848 0.00625 76.52230 

x7 xl Add09 -0 .22133 0.00785 -28.19193 -

x7 x2 Add!0 0.13309 0.00805 16.53235 -

x7 x5 Addi I 0.10964 0.00812 13.50716 -

Standardized Results for PA TH List 

Path Parameter Estimate Standard t Value 
Error 

y <--- x i Parm! -0.04970 0.00912 -5.45045 -

y <--- x2 Parm2 -0.18053 0.00928 -19.45751 -

y <--- x5 Parm3 -0.38998 0.00816 -47 .78918 -

y <--- x7 Parm4 -0 .05682 0.00767 -7.40644 -



MAR-1-40 

Standardized Results for Variance Parameters 

Variance Variable Parameter Estimate Standard t Value 
Type Error 

Exogenous xi - Add0I 1.00000 

x2 Add02 1.00000 -

x5 Add03 1.00000 -

x7 Add04 1.00000 -

Error y Add05 0.76130 0.00658 11 5.64340 -

Standardized Results for Covariances Among Exogenous Variables 

Vari Var2 Parameter Estimate Standard t Value 
Error 

x2 xi Add06 -0.48771 0.00678 -71.96585 -

x5 xi Add07 -0 .37179 0.00764 -48 .63376 -

x5 x2 Add08 0.45637 0.00702 65.00136 -

x7 xi Add09 -0.21047 0.00860 -24.45963 -

x7 x2 Addl0 0.11772 0.00887 13 .27440 -

x7 x5 Addi I 0.08703 0.00889 9.79156 -

Standardized Results for PA TH List 

Path Parameter Estimate Standard t Value 
Error 

y <--- xi Parm! -0.05034 0.00966 -5 .21207 

y <--- x2 Parm2 -0.19050 0.00981 -19.4147 1 -

y <--- x5 Parm3 -0.38526 0.00866 -44.46771 -

y <--- x7 Parm4 -0.05614 0.00827 -6.78883 -

MAR-1-50 



Standardized Results for Variance Parameters 

Variance Variable Parameter Estimate Standard t Value 
Type Error 

Exogenous x l Add0I 1.00000 -

x2 Add02 1.00000 -

x5 Add03 1.00000 -

x7 Add04 1.00000 -

Error y - Add05 0.75167 0.00709 105.99250 

Standardized Results for Covariances Among Exogenous Variables 

Varl Var2 Parameter Estimate Standard t Value 
Error 

x2 xi Add06 -0.47041 0.00739 -63.64548 -

x5 xl Add07 -0.36 161 0.00827 -43.72202 -

x5 x2 Add08 0.45302 0.00753 60.14818 

x7 xi Add09 -0.19564 0.00925 -21. 15292 -

x7 x2 Addl0 0.10498 0.00952 I 1.03 I 63 

x7 x5 Addi I 0.07782 0.00956 8.14184 

Standardized Results for PA TH List 

Path Parameter Estimate Standard t Value 
Error 

y <--- x i Parm I -0.03 824 0.00988 -3 .86884 -

y <--- x2 Parm2 -0. 18718 0.01008 -18.56474 -

y <--- x5 Parm3 -0.39470 0.00899 -43.90553 -

y <--- x7 Parm4 -0.04978 0.00859 -5 .79315 -



B4. FCS estimated param eters and stepwise regress ion estimates 
MAR-1-1 0 

Variance Informat ion 

Variable Variance OF Relative Fraction Re lative 
Increase Missing Efficiency 

Between Within Total in Information 
Variance 

XI 0.000000204 0.000008965 0.00000927 1 886.0 1 0.034 107 0.035079 0.982763 

X2 0.00000 11 45 0.000005871 0.000007588 19.5 15 0.292414 0.294925 0.87 1488 

XS 0.000000338 0.000006190 0.000006697 172.95 0.08 1968 0.086 188 0.958686 

X7 0.000000283 0.000002650 0.000003075 52 .266 0.160302 0. 169274 0.92 1968 

y 8.960 1483E-8 0.000 I 05 0.000105 24283 0.00 1284 0.00 1286 0.999358 

Parameter Estimates 

Variab Mean Std 95% Confidence OF Min imu Maximu Mu t for HO : Pr > 
le Error Limits m m 0 Mean=M ltl 

u0 

XI 1.6321 1 0.00304 1.62614 1.63809 886.0 1.63179 1.63243 0 536 .03 <.000 
2 5 I 3 2 1 

X2 0.70775 0.00275 0.70200 0.7 135 I 19.5 1 0.70699 0.70851 0 256.93 <.000 
,., 

5 5 7 0 I .) 

XS 0.73677 0.00258 0.73167 0.74 189 172.9 0.73636 0.737 I 8 0 284.71 <.000 
8 8 5 7 9 I 

X7 0.91246 0.00175 0.90895 0.9 1599 52 .26 0.9 1209 0.9 1284 0 520.35 <.000 
7 4 6 I 4 1 

y 11.2537 0.01023 11.2336 11.2737 2428 11.2534 11.2539 0 1099.24 <.000 
07 8 4 7 3 96 19 1 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 13 .745947 0.047241 290.97 

XI I -0.249294 0.016515 -1 5.09 

X2 I -0.743705 0.020882 -35.61 

X5 I -1.638209 0.018958 -86.4 1 

X7 I -0.385777 0.025081 -15 .3 8 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 31850 7962.56898 3936.81 

Error 50651 102446 2.02259 

Corrected Total 50655 134297 

MAR-1-20 

Variance Information 

Variable Variance DF Relative Fraction Re lative 
Increase Missing Efficiency 

Between Within Total in Information 
Variance 

XI 0.000001856 0.000009008 0.000011329 71.25 0.257594 0.226176 0.946482 

X2 0.000001281 0.000005893 0.000007495 65.473 0.271786 0.236598 0.944154 

X5 5 .2667185 E-8 0.000006215 0.000006281 13050 0.010593 0.010554 0.997368 

X7 0.000000263 0.000002668 0.000002997 246.31 0.123287 0.116820 0.971624 

y 0.000057735 0.000103 0.000175 17.702 0.699007 0.468224 0.8952 10 



Parameter Estimates 

Variab Mean Std 95% Confidence OF Minimu Maximu Mu t for HO : Pr > 
le Error Limits m m 0 Mean=M [ti 

uO 

Xl 1.64043 0.00336 1.63373 1.64715 71.25 1.63902 1.64202 0 487 .38 <.000 
6 6 8 4 I 

X2 0.71340 0.00273 0.70794 0.71887 65.47 0.7 1245 0.71502 0 260.59 <.000 
3 8 3 9 3 1 

X5 0.74169 0.00250 0.73678 0.74660 1305 0.74146 0.74190 0 295 .95 <.000 
0 6 0 2 0 I 

X7 0.91277 0.00173 0.90937 0.9 1619 246.3 0.9 1210 0.91331 0 527.26 <.000 
8 I I 6 3 l 

y l l.2478 0.01324 11.2199 11.2756 17.70 11.24 10 11.256 1 0 849.25 <.000 
21 4 6 8 2 00 50 1 

Parameter Estimates 

Parameter OF Estimate Standard Error t Value 

Intercept l 13 .710973 0.033033 415 .07 

Xl l -0.223330 0.011437 -19.53 

X2 I -0 .784199 0.014460 -54.23 

X5 1 -1.584963 0.013132 -1 20.69 

X7 I -0.396364 0.017532 -22.61 

Analysis of Variance 

Source OF Sum of Mean F Value 
Squares Square 

Model 4 62608 15652 7870.73 

Error 101043 200936 1.98862 

Corrected Total 101047 263544 



MAR-1-30 

Variance Information 

Variable Variance OF Relative Fraction Re lative 
Increase Missing Efficiency 

Between Within Total In Information 
Variance 

Xl 0.000000640 0.000009243 0.000009990 860.56 0.080829 0.076847 0.987354 

X2 0.000000738 0.000006027 0.000006888 315.52 0.142814 0.130382 0.978732 

XS 0.000000861 0.000006242 0.000007246 257.2 0.160883 0.145129 0.976383 

X7 0.000001788 0.000002813 0.000004899 27.525 0.741532 0.463349 0.928311 

y 0.000032335 0.000104 0.000142 70.493 0.362046 0.285716 0.954545 

Parameter Estimates 

Variab Mean Std 95% Confidence OF Minimu Maximu Mu t for HO: Pr > 
le Error Limits m m 0 Mean=M ltl 

uO 

XI 1.65331 0.00316 1.64711 1.65952 860.5 1.65189 1.65419 0 523.09 <.000 
7 I 6 9 0 1 

X2 0.71392 0.00262 0.70876 0.71909 315.5 0.71312 0.71486 0 272.03 <.000 
6 4 2 0 8 I 

XS 0.75021 0.00269 0.74492 0.75552 257.2 0.74848 0.75126 0 278 .71 <.000 
8 2 9 5 1 

X7 0.90998 0.00221 0.90544 0.91452 27 .52 0.90833 0.91138 0 411.14 <.000 
2 3 5 7 7 I 

y 11 .2368 0.01191 11.2 130 11.2605 70.49 11.2283 11 .2445 0 943.23 <.000 
33 3 8 9 3 78 13 I 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept 1 13.601777 0.026343 516.33 

XI I -0.180781 0.009114 -1 9.84 

X2 1 -0.764742 0.011593 -65 .97 

XS I -1.601285 0.010722 -149.35 

X7 I -0.350307 0.014077 -24.89 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 93402 23351 11895.3 

Error 149101 292686 1.96301 

Corrected Total 149105 386089 

MAR-1-40 

Variance Information 

Variable Variance DF Relative Fraction Re lative 

Increase Missing Efficiency 
Between Within Total in Information 

Variance 

Xl 0.000010813 0.000009813 0.000021978 22.797 1.239748 0.588069 0.931525 

X2 0.000004015 0.000006350 0.000010868 40.392 0.711382 0.442535 0.947583 

XS 0.000001604 0.000006488 0.000008292 146.6 0.278175 0.22801 1 0.972288 

X7 0.000000686 0.000003104 0.000003875 174.81 0.248699 0.208091 0.974648 

y 0.000064307 0.000107 0.000179 42.86 0.676467 0.429446 0.949054 



Parameter Estimates 

Variab Mean Std 95% Confidence OF Minimu Maximu Mu t for HO: Pr > 
le Error Limits m m 0 Mean=M ltl 

uO 

XI 1.66795 0.00468 1.65825 1.67766 22.79 1.66392 1.67360 0 355 .79 <.000 
4 8 7 0 7 I 

X2 0.72065 0.00329 0.7 1400 0.72732 40.39 0.71796 0.72420 0 2 18.61 <.000 
9 7 2 8 

,., 
1 ., 

X5 0.75950 0.00288 0.75381 0.76519 146.6 0.75793 0.76130 0 263.75 <.000 
I 0 8 9 1 

X7 0.90529 0.00196 0.90141 0.90918 174.8 0.90409 0.90628 0 459.87 <.000 
8 9 I 2 3 1 

y 11.2126 0.01339 11.1856 11 .2396 42. 86 11.1978 11.2212 0 837.39 <.000 
33 0 3 4 85 12 I 

Parameter Estimates 

Parameter OF Estimate Standard Error t Value 

Intercept I 13.529365 0.022989 588 .5 1 

XI I -0.165982 0.007926 -20.94 

X2 I -0.794024 0.010157 -78.18 

X5 I -1 .549065 0.009415 -164.53 

X7 I -0.32 1601 0.012144 -26.48 

Analys is of Variance 

Source OF Sum of Mean F Value 
Squares Square 

Model 4 110166 2754 1 14509.5 

Error 186235 353505 1.89817 

Corrected Total 186239 463670 



MAR-1-50 

Variance Information 

Variable Variance DF Relative Fraction Relative 
Increase Missing Efficiency 

Between Within Total in Information 
Variance 

XI 0.000003452 0.000008489 0.000012287 93.538 0.447361 0.323303 0.968682 

X2 6.8787586E-8 0.000000202 0.000000278 120.09 0.374701 0.284289 0.972357 

X5 4. 780 l 567E-8 0.000000160 0.000000213 146.09 0.327917 0.256943 0.974949 

X7 2.1043784E-8 8.2139441 E-8 0.000000 I 05 183.89 0.281815 0.228104 0.977698 

y 0.000072234 0.000126 0.000205 59.76 0.631542 0.406520 0.960936 

Parameter Estimates 

Variab Mean Std 95% Confidence DF Minimu Maximu Mu t for HO: Pr > 
le Error Limits m m 0 Mean=M ltl 

uO 

XI 1.98094 0.00350 1.97398 1.98790 93.53 1.97795 1.98338 0 565.14 <.000 
4 5 8 6 " I .) 

X2 0.16552 0.00052 0.16448 0.16656 120.0 0.16492 0.16580 0 314.15 <.000 
0 7 9 0 5 I 

X5 0.14368 0.00046 0.14278 0.14460 146.0 0.14337 0.14406 0 311.39 <.000 
8 I 9 9 7 I 

X7 0.16249 0.00032 0.16186 0.16314 183 .8 0.16232 0.16269 0 500.79 <.000 
8 4 9 7 6 1 

y 11.1918 0.01432 11.1632 11 .2205 59.76 11.1793 11.2065 0 781.16 <.000 
68 7 I " 85 01 1 .) 



Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept 1 14.047632 0.029483 476.47 

XI 1 -0.120718 0.008969 -1 3.46 

X2 I -4.613721 0.060014 -76.88 

XS 1 -I 0.887027 0.063765 - 170.74 

X7 I -1.776197 0.079462 -22.35 

Analys is of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 11 1490 27873 15338.7 

Error 190855 346811 1.81714 

Corrected Total 190859 458301 

BS. MCMC estimated parameters and stepwise regression estimates 

B5.1 The number of imputations for Ml for the various degrees of missingness 

The number of imputations for MI are calculated using 20 A; where A; denotes 0.1 , 0.2 ... 0.5 for i= I, 2 ... 5. 

MISSINGNESS_DEGREE NUMBER OF MI'S 

10% 2 

20% 4 

30% 6 

40% 8 

50% 10 



MAR-10-1 

EM (Posterior Mode) Estimates 

TYPE NAME XI X2 XS X7 y 
- - -

MEAN 1.632276 0.708348 0.737345 0.912875 11.253723 

COY XI 0.226698 -0.100598 -0.083322 -0.028270 0.164729 

COY X2 -0. 100598 0.148843 0.076729 0.015257 -0.2 16989 

COY XS -0.083322 0.076729 0.157438 0.013573 -0.298003 

COY X7 -0.028270 0.015257 0.013573 0.067003 -0.052753 

COY y 0.164729 -0.2 I 6989 -0.298003 -0.052753 2.647288 

Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 13.744639 0.047282 290 .70 

XI I -0.244 166 0.016554 -1 4.75 

X2 1 -0.742 155 0.020848 -35.60 

XS 1 -1.639064 0.018875 -86 .84 

X7 I -0.393974 0.025036 -15.74 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 32130 8032.61779 3979.44 

Error 50651 102240 2.01853 

Corrected Total 50655 13437 1 



MAR-1-20 

EM (Posterior Mode) Estimates 

TYPE NAME XI X2 X5 X7 y 
- -

MEAN 1.641 387 0.712330 0.741482 0.9 12677 11 .248789 

COY XI 0.227551 -0.097643 -0.079333 -0.027720 0.162550 

COY X2 -0.097643 0.148502 0.074587 0.013829 -0.216830 

COY X5 -0.079333 0.074587 0.156896 0.011398 -0 .293491 

COY X7 -0.027720 0.013829 0.011398 0.067421 -0.046886 

COY y 0.162550 -0.216830 -0.293491 -0 .046886 2.605401 

Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept I 13 .68 1764 0.033031 414.22 

XI I -0.226446 0.011439 -1 9.80 

X2 I -0.779638 0.014539 -53 .62 

X5 I -1.596384 0.013189 -1 2 1.04 

X7 I -0.35 1516 0.017591 -19.98 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 62966 15742 7893.32 

Error 101043 20 1509 1.99429 

Corrected Total 101047 264475 



EM (Posterior Mode) Estimates 

TYPE NAME X I - -

MEAN 1.653383 

COY X I 0.229849 

COY X2 -0.093968 

COY XS -0.075428 

COY X7 -0.028081 

COY y 0.162394 

Parameter Estimates 

Parameter DF Estimate 

Intercept I 13 .535776 

XI I -0.155235 

X2 I -0.745376 

XS 1 -1.601662 

X7 I -0.344 194 

Analysis of Variance 

Source DF 

Model 4 

Error 14910 1 

Corrected Total 149105 

MAR-1 -30 

X2 XS 

0.7 1453 1 0.749077 

-0.093968 -0.075428 

0.148953 0.072633 

0.072633 0. 154687 

0.013594 0.0 11 4 12 

-0.2 16968 -0.292761 

Standard Error 

0.026484 

0.009159 

0.01 1664 

0.010750 

0.0 14072 

Sum of 
Squares 

93 123 

293675 

386798 

X7 

0.909468 

-0.02808 1 

0.013594 

0.011412 

0.070029 

-0.047938 

Mean 
Square 

23281 

1.96964 

y 

11 .234790 

0.162394 

-0.2 16968 

-0.292761 

-0.047938 

2.587805 

t Value 

511.09 

-16.95 

-63.90 

-148 .98 

-24.46 

F Value 

11819.8 

' WU I 
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MAR-1-40 

EM (Posterior Mode) Estimates 

TYPE NAME XI X2 XS X7 y 
- -

MEAN 1.668574 0.719907 0.759 160 0.906522 11.213940 

COY XI 0.228004 -0.089528 -0.068843 -0.026890 0.149361 

COY X2 -0.089528 0.147790 0.068069 0.012111 -0.211189 

COY XS -0.068843 0.068069 0.150677 0.009109 -0.279330 

COY X7 -0.026890 0.0121 11 0.009109 0.071926 -0 .042006 

COY y 0.149361 -0.211189 -0 .279330 -0.042006 2.492 137 

Parameter Estimates 

Parameter DF Estimate Standard Error t Value 

Intercept 1 13.528778 0.023027 587.51 

XI 1 -0.164087 0.007926 -20.70 

X2 I -0.798665 0.010 127 -78 .86 

XS 1 -1.554708 0.009400 -165.40 

X7 I -0.311 126 0.012 140 -25 .63 

Analysis of Variance 

Source DF Sum of Mean F Value 
Squares Square 

Model 4 110666 27667 14572.0 

Error 186235 353588 1.89861 

Corrected Total 186239 464254 



MAR-1-50 

EM (Posterior Mode) Estimates 

TYPE NAME XI X2 XS X7 y - - -

MEAN 1.981315 0.165527 0. 143731 0.162454 11.191278 

COY XI 0.162092 -0.011700 -0.0080 12 -0.003095 0.126355 

COY X2 -0.011700 0.003837 0.001550 0.000259 -0.033549 

COY XS -0.008012 0.001550 0.003051 0.000171 -0.039849 

COY X7 -0.003095 0.000259 0.000171 0.001564 -0.005471 

COY y 0.126355 -0.033549 -0.039849 -0.00547 1 2.404229 

Parameter Estimates 

Parameter OF Estimate Standard Error t Value 

Intercept I 14.013647 0.029585 473.68 

XI I -0.1087 10 0.008987 -12.10 

X2 1 -4.58 11 88 0.060291 -75 .98 

XS 1 - 10.926933 0.063999 -170.74 

X7 I -1.740475 0.079592 -21 .87 

Analysis of Variance 

Source OF Sum of Mean F Value 
Squares Square 

Model 4 111 871 27968 15327.5 

Error 190855 348250 1.82469 

Corrected Total 190859 460 122 



Appendix C 

Cl. Bootstrap estimated parameters and stepwise regression estimates for the EM algorithm 

MAR-2-10 

EM (MLE) Parameter Estimates 
TYPE NAME X I X2 XS X7 y 

MEAN 1.627435 0.703694 0.730621 0.912924 11.297211 
COY XI 0.2277 15 -0 .105076 -0.0900 15 -0.030249 0. 167633 
COY X2 -0 .105076 0.149 187 0.08 1178 0.016984 -0.222750 
COY XS -0.090015 0.081178 0. 160322 0.016100 -0.3 10035 
COY X7 -0.030249 0.016984 0.016100 0.067328 -0.055519 
COY y 0.167633 -0.222750 -0.3 10035 -0.055519 2.730621 

Parameter Estimates 
Parameter DF Estimate Standard Error 
Intercept 1 0.141900 0.009281 
Xl 1 3.261325 0.076754 
X2 I 4.406299 0.216121 
XS I -9 .381314 0.155385 
X7 1 10.463947 0.229445 

Anal vs is of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 101 956 25489 636 18.1 
Error 5995 240 1.93629 0.40066 
Corrected Total 5999 104358 

MAR-2-20 

EM (MLE) Parameter Estimates 
TYPE NAME Xl X2 XS X7 y 

MEAN 1.765814 1.029091 0.556477 0.441664 11 .240464 
COY XI 0.224654 0.006610 0.132438 0.082992 0.229185 
COY X2 0.006610 0.000469 0.008288 0.006208 0.015466 
COY XS 0.132438 0.008288 0.222004 0. 133772 0.407269 
COY X7 0.082992 0.006208 0.133772 0.1540 14 0.194179 
COY y 0.229 185 0.015466 0.407269 0.194179 2.853107 

Parameter Estimates 
Parameter DF Estimate Standard Error t Value 
Intercept 1 -0.1712 17 0.010222 -16.75 

X I I -2 .347879 0.080091 -29.32 
X2 1 12.408737 0. 12 161 8 102.03 
XS 1 11.561823 0.078421 147.43 
X7 1 -8.293624 0.137845 -60.17 

t Value 
15 .29 
42.49 
20 .39 

-60.37 
45 .61 



Analysis of Variance 
Source OF Sum of Mean F Value 

Squares Square 
Model 4 96811 24203 243514 
Error 5995 595.84153 0.09939 
Corrected Total 5999 97407 

MAR-2-30 

EM (MLE) Parameter Estimates 
TYPE NAME XI X2 X5 X7 y 

MEAN 1.630247 0.720828 0.720997 0.911301 11.394716 
COY Xl 0.226061 -0.101273 -0.095688 -0.029670 0.155164 
COY X2 -0.101273 0.135264 0.080925 0.018370 -0.226068 
COY XS -0.095688 0.080925 0.164725 0.017118 -0.3204 15 
COY X7 -0.029670 0.0 I 8370 0.017118 0.069288 -0.058499 
COY y 0.155164 -0.226068 -0.320415 -0.058499 2.8 I 2928 

Parameter Estimates 
Parameter OF Estimate Standard Error t Value 
Intercept I 0.130170 0.009378 13 .88 
XI 1 3.222315 0.074015 43.54 
X2 1 5.182496 0.238129 2 1.76 
XS I -9.813813 0.161476 -60 .78 
X7 1 10.266801 0.230958 44.45 

Anal sis of Variance 
Source OF Sum of Mean F Value 

Squares Square 
Model 4 103383 25846 63615 .9 
Error 5995 2435.64670 0.40628 
Corrected Total 5999 105819 

MAR-2-40 

EM (MLE) Parameter Estimates 
TYPE NAME XI X2 X5 X7 y 

MEAN 1.627233 0.730851 0.708549 0.907447 11.510983 
COY XI 0.235458 -0.103995 -0.105817 -0 .032755 0.195759 
COY X2 -0 .103995 0.12 1569 0.082765 0.020758 -0.241 24 1 
COY X5 -0 .105817 0.082765 0.171263 0.021905 -0.358238 
COY X7 -0.032755 0.020758 0.021905 0.073343 -0 .0711 35 
COY y 0.195759 -0.24124 I -0.358238 -0.071135 3.023 309 

Parameter Estimates 
Parameter OF Estimate Standard Error t Value 
Intercept I 0. 127709 0.009499 13.44 
XI I 3.146458 0.070969 44.34 
X2 1 6.755561 0.272483 24.79 
XS I -10.638880 0.173704 -61 .25 
X7 I 9.709704 0.236289 41 .09 



Anal, sis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 106603 26651 64822.6 
Error 5995 2464.74890 0.41113 
Corrected Total 5999 109068 

MAR-2-50 

No parameter estimates were obtained. An error message was displayed stressing that each observation has 

analysis variables either all missing or all observed in the data set. This is due to a high percentage of missing 

values. 

C2. FIML estimated parameters and stepwise regression estimates 

MAR-2-10 

Standardized Resu lts for PATH List 
Path Parameter Estimate Standard t Value 

Error 
y <--- xl Parm I -0.10825 0.00778 -13.91408 
y <--- x2 Parm2 -0.18663 0.00786 -23 .73993 
y <--- x5 Parm3 -0.41085 0.00688 -59.71472 
y <--- x7 Parm4 -0.06515 0.00627 -10.39357 

Standardized Results for Variance Parameters 
Variance Variable Parameter Estimate Standard t Value 
Type Error 
Exogenous xi Add0l 1.00000 

x2 Add02 1.00000 
x5 Add03 1.00000 
x7 Add04 1.00000 

Error y Add05 0.75726 0.00508 148.93966 

Standardized Results for Covariances Among Exogenous Variables 
Varl Var2 Parameter Estimate Standard t Value 

Error 
x2 xi Add06 -0.56901 0.00459 -123 .95586 
x5 xl Add07 -0.46693 0.00530 -88 .08284 
x5 x2 Add08 0.51447 0.00498 103.28264 
x7 xi Add09 -0 .23503 0.00645 -36.4 I 597 
x7 x2 Add l 0 0.16615 0.00662 25 .09418 
x7 x5 Addi I 0.15036 0.00666 22.56729 



MAR-2-20 

Standardized Resu lts for PA TH List 
Path Parameter Estimate Standard t Value 

Error 
y <--- xl Parm ! -0.04399 0.00876 -5.02010 
y <--- x2 Parm2 0. 12635 0.01308 9.65836 
y <--- x5 Parm3 0.58493 0.01152 50.76585 
y <--- x7 Parm4 -0.2 11 22 0.01028 -20 .54078 

Standardized Results for Variance Parameters 
Variance Variable Parameter Estimate Standard t Value 
Type Error 
Exogenous xi Add0I 1.00000 

x2 Add02 1.00000 
x5 Add03 1.00000 
x7 Add04 1.00000 

Error y Add05 0.72307 0.00556 129.97690 

Standardized Results for Covariances Among Exogenous Variables 
Vari Var2 Parameter Est imate Standard t Value 

ElTor 
x2 x i Add06 0.64228 0.00423 15 1.99229 
x5 x i Add07 0.59026 0.00467 126.52442 
x5 x2 Add08 0.80968 0.00247 328.45693 
x7 xl Add09 0.44627 0.00575 77.60059 
x7 x2 Add l 0 0.73214 0.00333 219 .79145 
x7 x5 Addl 1 0.72485 0.00340 2 13.10017 

MAR-2-30 

Standardized Results for PATH List 
Path Parameter Estimate Standard t Value 

Error 
y <--- xi Parm! -0. 13542 0.00882 - 15.34546 
y <--- x2 Parm2 -0.20373 0.00895 -22.75570 
y <--- x5 Parm3 -0.42715 0.00777 -54.94556 
y <--- x7 Parm4 -0.05434 0.00703 -7.72642 

Standardized Results for Variance Parameters 
Variance Variable Parameter Estimate Standard t Value 
Type Error 
Exogenous xi Add0l 1.00000 

x2 Add02 1.00000 
x5 Add03 1.00000 
x7 Add04 1.00000 

Error y Add05 0.74205 0.00572 129.81845 



Standardized Results for Covariances Among Exogenous Variables 
Vari Var2 Parameter Estimate Standard t Value 

Error 
x2 xi Add06 -0.58114 0.00500 -116.20100 
x5 xi Add07 -0.48412 0.00576 -84.04587 
x5 x2 Add08 0.53246 0.00539 98.83662 
x7 xi Add09 -0.23549 0.00720 -32.68547 
x7 x2 AddlO 0.18079 0.00734 24.64225 
x7 x5 Addi l 0.16265 0.00739 22.02100 

MAR-2-40 

Standardized Results for PA TH List 
Path Parameter Estimate Standard t Value 

Error 
y <--- xi Parm! -0.16432 0.00968 -16.96797 
y <--- x2 Parm2 -0.22556 0.00997 -22.62085 
y <--- x5 Parm3 -0.44637 0.00875 -51 .02072 
y <--- x7 Parm4 -0.05163 0.00766 -6.73780 

Standardized Results for Variance Parameters 
Variance Variable Parameter Estimate Standard t Value 
Type Error 
Exogenous xi AddOl 1.00000 

x2 Add02 1.00000 
x5 Add03 1.00000 
x7 Add04 1.00000 

Error y Add05 0.71603 0.00650 110.20113 

Standardized Results for Covariances Among Exogenous Variables 
Vari Var2 Parameter Estimate Standard t Value 

Error 
x2 xi Add06 -0.60377 0.00538 -112.23758 
x5 x i Add07 -0.51663 0.00620 -83.27586 
x5 x2 Add08 0.57325 0.00567 101.04526 
x7 xi Add09 -0.24628 0.00808 -30.49005 
x7 x2 Add IO 0.20552 0.00821 25.01934 
x7 x5 Addi I 0.18824 0.00829 22.7099 1 

MAR-2-50 

Standardized Resu lts for PATH List 
Path Parameter Estimate Standard t Value 

Error 
y <--- xi Parm! -0.17550 0.00978 -17.95274 
y <--- x2 Parrn2 -0 .22697 0.01015 -22.35926 
y <--- x5 Parm3 -0.47367 0.00896 -52.86381 
y <--- x7 Parm4 -0.04862 0.00768 -6.332 17 
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Standardized Results for Variance Parameters 
Variance Variable Parameter Estimate Standard t Value 
Type Error 
Exogenous x l AddOl 1.00000 

x2 Add02 l.00000 
x5 Add03 1.00000 
x7 Add04 1.00000 

Error y Add05 0.69054 0.00683 101.14727 

Standardized Results for Covariances Among Exogenous Variables 
Varl Var2 Parameter Estimate Standard t Value 

Error 
x2 xl Add06 -0.61671 0.00551 -111.99846 
x5 x l Add07 -0.53775 0.00632 -85 .13535 
x5 x2 Add08 0.59903 0.00570 105.13926 
x7 x l Add09 -0.25866 0.00829 -3 1.19570 
x7 x2 Add l O 0.2 1962 0.00846 25 .96708 
x7 x5 Addi I 0.2 1107 0.00849 24.85988 

C3. FCS estimated parameters and stepwise regression estimates 

MAR-2-10 

Variance Information 
Vari able Variance DF Relative Fraction Relative 

Between Within Total Increase Missing Efficiency 
in Variance Information 

XI 4.4804 15E- 12 0.000008967 0.000008967 25322 0.000000749 0.000000749 1.000000 
X2 0.000000260 0.000005880 0.00000627 1 255.25 0.066388 0.069440 0.966445 
XS 0.000000310 0.000006296 0.000006761 209.31 0.073898 0.077508 0.962692 
X7 0.000000178 0.000002634 0.00000290 I 117.28 0.101445 0.107123 0.949162 
y 0.000008501 0.000 108 0.000 120 88 .75 1 0.118494 0.125355 0.941019 

Parameter Estimates 
Variab Mean Std 95% Confidence DF Minimu Maximu Mu t for HO: Pr > 
le Error Limits m m 0 Mean=M ltl 

uO 

Xl 1.62409 0.00299 l.61822 1.62996 2532 l.62409 1.62409 0 542 .36 <.000 
4 5 2 2 5 1 

X2 0.70613 0.00250 0.70120 0.71107 255.2 0.70577 0.70649 0 281.99 <.000 
5 4 5 4 5 1 

XS 0.73355 0.00260 0.72843 0.73868 209.3 0.733 16 0.73 394 0 282.1 1 <.000 
4 0 1 0 7 1 

X7 0.91373 0.00170 0.91036 0.91711 117.2 0.9 1343 0.91403 0 536.47 <.000 
7 3 8 9 6 1 

y 11.2942 0.01097 11.2724 11.31 60 88.75 11.2922 11.2963 0 1029.47 <.000 
80 1 8 8 1 19 42 I 



C 

Parameter DF Estimate Standard Error t Value 
Intercept I 14.111454 0.048359 291.81 
XI I -0.383038 0.017055 -22.46 
X2 I -0.798645 0.021424 -37.28 
X5 1 -1.711777 0.019229 -89.02 
X7 I -0.410896 0.025442 -16.15 

Analysis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 33726 8431.56019 4094.07 
Error 50645 104301 2.05945 
Corrected Total 50649 138027 

MAR-2-20 

Variance Information 
Variable Variance OF Relative Fraction Relative 

Between Within Tota l Increase Missing Efficiency 
in Variance Information 

XI 0.000000634 0.000008869 0.000009662 436.84 0.089424 0.086179 0.978910 
X2 l .6285748E-9 I .8409934E-8 2.0445653E-8 298 .63 0.110577 0.105460 0.974312 
X5 0.000000560 0.000008808 0.000009508 539.93 0.079532 0.077007 0.981112 
X7 0.000002051 0.000006167 0.000008731 34.718 0.415768 0.331055 0.923562 
y 0.000008418 0.000114 0.000124 409.71 0.092666 0.089164 0.978195 

Parameter Estimates 
Variab Mean Std 95% Confidence DF Minimu Maximu Mu t for HO: Pr > 
le Error Limits m m 0 Mean=M !ti 

uO 
Xl 1.76337 0.00310 1.75726 1.76948 436.8 1.76218 1.76387 0 567.30 <.000 

0 8 4 5 8 1 
X2 1.02896 0.00014 1.02868 1.02924 298.6 1.02891 1.02901 0 7196.13 <.000 

2 3 3 8 4 I 
X5 0.55585 0.00308 0.54979 0.56191 539.9 0.55516 0.55688 0 180.26 <.000 

2 4 3 9 2 I 
X7 0.44008 0.00295 0.43409 0.44609 34.71 0.43819 0.44129 0 148.94 <.000 

8 5 8 2 3 I 
y 11.2314 0.01113 11.2095 11.2533 409.7 11.2274 11.2342 0 1008.29 <.000 

46 9 5 4 I 43 61 I 

Parameter Estimates 
Parameter DF Estimate Standard Error t Value 
Intercept 1 0.309690 0.408632 0.76 
XI I -0.159617 0.012728 -12.54 
X2 I 10.143005 0.411991 24.62 
X5 I 2.090580 0.017666 118.34 
X7 I -0.898904 0.017997 -49.95 



Analysis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 79886 19972 9654.32 
Error 100783 208486 2.06866 
Corrected Total 100787 288372 

MAR-2-30 

Variance Information 
Variable Variance DF Relative Fraction Relative 

Between Within Total Increase Missing Efficiency 
in Variance Information 

XI 0.000000496 0.000009078 0.000009657 1314.1 0.063757 0.061284 0.989889 
X2 0.000000994 0.000005388 0.00000654 7 158.25 0.2 15167 0.187198 0.969744 
XS 0.000001943 0.000006513 0.000008779 74.725 0.347987 0.277168 0.955845 
X7 0.000001387 0.0000028 I 4 0.000004432 37.407 0.575228 0.396525 0.938009 
y 0.000016256 0.000112 0.000131 237 . 17 0.168758 0.151438 0.975382 

Parameter Estimates 
Variab Mean Std 95% Confidence DF Minimu Maximu Mu t for HO: Pr > 
le Error Limits m m 0 Mean=M ltl 

uO 
Xl 1.62470 0.00310 1.61861 1.63080 1314. 1.62373 1.62577 0 522.83 <.000 

6 8 I 5 7 I 
X2 0.72215 0.00255 0.71710 0.72721 158.2 0.72095 0.72328 0 282.23 <.000 

5 9 5 2 4 I 
XS 0.72905 0.00296 0.72315 0.73496 74.72 0.72706 0.73 127 0 246.06 <.000 

5 3 5 6 2 I 
X7 0.90979 0.00210 0.90553 0.91406 37.40 0.90812 0.91102 0 432. 15 <.000 

I 5 7 1 5 I 
y 11 .3648 0.01146 11 .3422 11 .3874 237. 1 11.3595 11.3709 0 991.64 <.000 

68 1 9 5 7 53 21 1 

Parameter Estimates 
Parameter DF Estimate Standard Error t Value 
Intercept I 14.451381 0.028310 510.48 
XI 1 -0.488325 0.0 I 0036 -48 .66 
X2 1 -0.957024 0.013334 -71.77 
XS 1 -1.770709 0.011279 -156.99 
X7 I -0.341908 0.014463 -23 .64 

Analysis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 109814 27454 13 I 86.6 
Error 150187 312679 2.08193 
Corrected Total 150191 422493 



MAR-2-40 

Variance Information 
Variable Variance DF Relative Fraction Relative 

Between Within Total Increase Missing Efficiency 
in Variance Information 

Xl 0.000000959 0.0000 I 0954 0.00001 2033 832.49 0.098534 0.091781 0.988657 
X2 0.000002035 0.000005716 0.000008006 85 .097 0.400562 0.302122 0.963609 
XS 0.000004352 0.000008096 0.000012992 49.105 0.604763 0.400690 0.952303 
X7 0.000001303 0.000003498 0.000004964 79.858 0.418991 0.312196 0.962441 
y 0.000023831 0.000140 0.000167 266.16 0.191831 0.167097 0.979540 

Parameter Estimates 
Variable Mean Std 95% Confidence DF Minimu Maximum M_u0 t for HO: 

Error Limits m Mean=Mu 
0 

XI 1.6322 0.00346 1.62546 1.63907 832.4 1.6306 1.633298 0 470 .55 
64 9 9 50 

X2 0.7309 0.00282 0.72531 0.73656 85 .09 0.729 1 0.733337 0 258.33 
33 9 7 52 

XS 0.7080 0.00360 0.70083 0.71 532 49.10 0.7059 0.711733 0 196.45 
74 4 5 63 

X7 0.9054 0.00222 0.90099 0.90985 79.85 0.9037 0.906808 0 406 .39 
20 8 8 68 

y 11 .526 0.01290 11.5013 11 .5522 266. 1 11.520 11.535569 0 893 .13 
799 6 9 I 6 971 

Parameter Estimates 
Parameter DF Estimate Standard Error t Value 
Intercept l 14.862949 0.027268 545 .06 
Xl 1 -0.575460 0.009664 -59.55 
X2 I -1.105094 0.013861 -79.73 
XS I -1.836431 0.010860 -169.10 
X7 1 -0.318933 0.013504 -23.62 

Analysis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 139965 34991 16399.1 
Error 169427 361513 2.13374 
Corrected Total 169431 501479 

C4. MCMC estimated parameters and stepwise regression estimates 
MAR-2-10 

EM (Posterior Mode) Estimates 
TYPE NAME XI X2 XS X7 y 

MEAN 1.624221 0.705977 0.733350 0.9 13808 11.294744 
COY XI 0.226476 -0 . I 04328 -0.088721 -0.028891 0.161180 
COY X2 -0.104328 0.148431 0.079138 0.016535 -0.220918 
COY XS -0.088721 0.079138 0.159410 0.015506 -0.307327 
COY X7 -0.028891 0.016535 0.015506 0.066718 -0.056515 
COY y 0.16 1180 -0.220918 -0.307327 -0.056515 2.727072 

Pr > 
ltl 

<.000 
l 

<.000 
l 

<.000 
I 

<.000 
I 

<.000 
I 



Parameter Estimates 
Parameter OF Estimate Standard Error t Value 
Intercept I 14.120633 0.048273 292.52 
X I 1 -0.383644 0.017033 -22.52 
X2 I -0.801325 0.021423 -37.40 
XS 1 -1 .693490 0.019223 -88 .1 0 
X7 I -0.432937 0.025506 -16.97 

Analysis of Variance 
Source OF Sum of Mean F Value 

Squares Square 
Model 4 33266 8316.61951 4027.96 
Error 50645 104568 2.06472 
Corrected Total 50649 137834 

MAR-2-20 

EM (Posterior Mode) Estimates 
TYPE NAME X I X2 XS X7 y 

MEAN 1.763640 1.028945 0.556105 0.440716 11.230725 
cov Xl 0.223092 0.006536 0.131218 0.082960 0.230282 
cov X2 0.006536 0.000464 0.008210 0.006208 0.015202 
cov XS 0.1312 18 0.008210 0.221509 0.134263 0.404642 
cov X7 0.082960 0.006208 0.134263 0.154887 0.190198 
cov y 0.230282 0.0 15202 0.404642 0.190198 2.862335 

Parameter Estimates 
Parameter OF Estimate Standard Error t Value 
Intercept 1 0.010202 0.407307 0.03 
X I 1 -0.154173 0.01 2721 -1 2.12 
X2 1 10.430704 0.410701 25.40 
XS I 2.087364 0.017631 118.39 
X7 1 -0.91532 1 0.017973 -50.93 

Analys is of Variance 
Source OF Sum of Mean F Value 

Squares Square 
Model 4 80095 20024 9692.78 
Error 100783 208202 2.06585 
Corrected Tota l 100787 288298 

MAR-2-30 

EM (Posterior Mode) Estimates 
TYPE NAME XI X2 XS X7 y 

MEAN 1.625862 0.722136 0.728732 0.909834 11.365145 
cov X I 0.226645 -0.101563 -0 .093002 -0.029771 0.161 689 
cov X2 -0.101563 0.134754 0.078871 0.017624 -0.222973 
cov XS -0.093002 0.078871 0.162820 0.017428 -0.323982 
cov X7 -0.029771 0.017624 0.017428 0.070515 -0.057325 
cov y 0.161689 -0.222973 -0.323982 -0.057325 2.810577 



Parameter Estimates 
Parameter DF Estimate Standard Error t Value 
Intercept 1 14.4276 13 0.028373 508.50 
Xl 1 -0.4788 14 0.010056 -47.62 
X2 1 -0.944257 0.013339 -70.79 
X5 1 -1.770464 0.011301 -156.66 
X7 1 -0.34 1533 0.014479 -23.59 

Analysis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 109147 27287 13103.3 
Error 150187 312755 2.08244 
Corrected Total 1501 91 42 1902 

MAR-2-40 

EM (Posterior Mode) Estimates 
TYPE NAME Xl X2 X5 X7 y 

MEAN 1.632068 0.731288 0.708894 0.906039 11.522241 
COY Xl 0.23 1881 -0 .1 01 2 11 -0.102891 -0.032280 0.178497 
COY X2 -0.101211 0.121329 0.082644 0.019476 -0.234234 
COY X5 -0.102891 0.082644 0.171225 0.02 1193 -0.354869 
COY X7 -0.032280 0.019476 0.021193 0.074081 -0.066218 
COY y 0.178497 -0.234234 -0.354869 -0.0662 18 2.956776 

Parameter Estimates 
Parameter DF Estimate Standard Error t Value 
Intercept 1 14.871356 0.027212 546.5 1 
XI I -0.573847 0.009648 -59.48 
X2 1 -1 .097041 0.013820 -79.38 
X5 1 -1 .844533 0.010822 -170.44 
X7 1 -0.329 166 0.013491 -24.40 

Analysis of Variance 
Source DF Sum of Mean F Value 

Squares Square 
Model 4 140346 35086 16545.8 
Error 169427 359280 2. 12056 
Corrected Total 169431 499626 


