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Abstract 

In this dissertation we perform a Noether point symmetry classification of the gen

eralized Lane-Emden equation which models several phenomena in mathematical 

physics and astrophysics. We then obtain first integrals of the various cases which 

admit Noether point symmetries. Moreover, we obtain reduction to quadratures for 

the cases that admit Noether symmetries. Three new cases are found and these 

correspond to cases 4.2 , 5. 1 and 5.2 of chapter 3. We also obtain a two-parameter 

family of solutions for case 5.1 (when r = 5 and n = 2), whereas in the literature 

only one-parameter family of solut ions is usually given. 
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Introduction 

The Lane-Emden-type equations 

d2y 2 dy 
-d 2 + --d + J(y) = 0, 

X X X 
(1) 

for various forms of f (y) have been used to model several phenomena in mathematical 

physics and astrophysics. The most widely studied form off is when J(y) = yr , 

where r is a constant. In this case eqn (1) takes the form 

d2y 2 dy r - +-- +y = 0. 
dx2 x dx 

(2) 

This equation was first proposed by Lane (see Thompson [l]) and studied in more 

detail by Emden [2] . It was used to model the t hermal behaviour of a spherical cloud 

of gas acting under the mutual attraction of its molecules and subject to the classical 

laws of thermodynamics. Because of the many applications of eqn (2) researchers 

have used numerical and perturbation approaches to solve eqn (2) . See, for example, 

the works of Horedt [3, 4], Bender [5] and Lima [6] . Other methods have also been 

used to solve eqn (2) (see Roxbough and Stocken [7], Adomian et al [8], Shawagfeh 

[9], Burt [10], Wazwaz [ll] and Liao [12]). It is known that for r = 0, 1 and 5, eqn (2) 

has exact solutions (Chandrasekhar [13], Davis [14], Datta [15] and Wrubel [16]). In 

fact for r = 5, a one-parameter family of solutions of eqn (2) is normally given . The 

Lane-Emden equation (2) appears not only in the study of stellar structure but in 

other applications as well. The interested reader is refereed to the works of Meerson 

et al [17], Gnutzmann and Ritschel [18] and Bahcall [19, 20]. 

A more general form of (2), in which the coefficient of y' is considered an arbitrary 
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function of x, is investigated for first integrals by Leach [21]. 

Another form of f (y) is given by 

J(y) = (y2 _ C)3;2_ (3) 

Inserting this value of f into eqn (1) gives us the "white-dwarf' equation which was 

introduced by Chandrasekhar [13] in his study of the gravitational potential of the 

degenerate white-dwarf stars. It is interesting to note that when C = 0 this equation 

reduces to Lane-Emden equation with index r = 3. 

Another nonlinear form of J(y) is the exponential function 

j(y) = eY. (4) 

Substituting J(y) = eY into eqn (1) results in a model that describes isothermal gas 

spheres where the temperature remains constant. 

Eqn (1) with 

gives a model that appears in the theory of thermionic currents when one seeks to 

determine the density and electric force of an electron gas in the neighbourhood of 

a hot body in thermal equilibrium, t horoughly investigated by Richardson [22] . 

Furthermore, the function f (y) appears in eight additional cases. The interested 

reader is refereed to Davis [14] for more details. 

The so-called generalized Lane-Emden equation of the first kind 

d2y dy /3 v n 
x dx2 + a dx + x y = 0, (5) 

where a, /3, v and n are real, have been recently studied in Goenner and Havas [23] 

and Goenner [24]. In Goenner [24], the author uncovers symmetries of eqn (5) to 

explain integrability of (5) for certain values of the parameters considered in Goenner 

and Havas [23]. 

In this research project we investigate the Noether point symmetries of the general

ized Lane-Emden equation 

d2y n dy 

d 
2 + - -d + J(y) = 0, 

X X X 
(6) 

8 



where n is a real constant. For n = 2, Wazwaz [ll] considered eqn (6) for some 

particular functions J(y) using an algorithm based on the Adomian decomposition 

method. Our approach is completely different and provides a Noether point sym

metry classification of eqn ( 6) for different forms of f (y). Moreover , we also give 

reductions of eqn (6) in terms of quadratures. 

In more detail, the outline of the research project is as follows: 

In chapter one, we recall the basic definitions and theorems on the one-parameter 

groups of transformations and present the notation that we will use in this project. 

Chapter two deals with the preliminaries of the Noether point symmetry approach. 

In chapter three we provide the Noether point symmetry classification of eqn (6) for 

various functions f(y) . Then in the same chapter, we determine the double reductions 

of eqn (6) for the functions for which eqn (6) has Noether point symmetries. The 

results of this chapter are new and have been submitted for publication. See Khalique 

et al [25] . 

Lastly, in chapter four , we summarize the results of our dissertation. 

Bibliography is given at the end. 
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Chapter 1 

One-parameter transformation 

groups 

In this chapter we present some basic results from the theory of Lie group analysis of 

the second-order ordinary differential equations that will be needed for this project. 

1.1 Introduction 

Lie group analysis was developed in the 1870s by an outstanding mathematician 

of the nineteenth century Sophus Lie (1842-1899). He showed that the majority of 

known methods of integration of ordinary differential equations, which until then had 

seemed artificial, could be derived in a unified manner using his theory of continuous 

transformation groups. In particular, Lie reduced the classical four hundred types of 

ordinary differential equations to four types only. One can safely say that Lie group 

analysis is the only universal and effective method for solving nonlinear differential 

equations analytically. 

There exists a vast literature on Lie's symmetry theory. See for example, Lie [26], 

Ovsiannikov [27], Olver [28], Bluman and Kumei [29], Stephani [30], Ibragimov [31 , 

32, 33, 34, 35], Hydon [36], Cantwell [37] and the paper by Mahomed [38]. Most of 

the calculations involved in the Lie's theory can also be performed using symbolic 
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computer packages. See, for example, _Baumann [39], Head [40, 41], Sherring and 

Head [42], Diaz [43]. 

1.2 One-parameter groups on the plane 

Let x be the independent variable and y be the dependent variable. Consider a 

change of the variables x and y: 

Ta : x = f (x, y, a), fj = g(x, y, a), (1.1) 

where a is a real parameter which continuously ranges in values from a neighbourhood 

V' C V C JR of a = 0 and f and g are differentiable functions. 

Definition 1.1 A set G of transformations ( 1.1) is called a continuous one-parameter 

(local) Lie group of transformations in the space of variables x and y if 

(i) For n,Ta E G where a,b EV' CV then Tb Ta= Tc E G, c = ¢(a,b) E 1J 

(Closure) 

(ii) To E G if and only if a= 0 such t'.-at To Ta = Ta To= Ta (Identity) 

(iii) For Ta E G, a E 1)' CV, Ta-l = Ta-I E G, a-1 E 1J such that 

Ta Ta-I = Ta-I Ta= To (Inverse) 

The associativity property follows from (i). Also, if the identity transformation 

occurs at a = a0 =I- 0, i.e., Tao is the identity, then a shift of the parameter a = a+ a0 

will give T0 as above. The group property (i) can be written as 

x = f(x , fi, b) = f(x, y, ¢(a, b)), 

y = g(x, fj, b) = g(x, y, ¢(a, b)). (1.2) 

The function ¢ is termed as the group composition law. A group parameter a is 

called canonical if ¢{ a, b) = a + b. 
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Theorem 1. 1 For any ¢( a, b), there exists the canonical parameter a defined by 

_ 1a ds 8¢(s, b) I 
a= -(-) , where w(s) = a . 

ows b b=O 

We now give the definition of a symmetry group for ODE by considering the second

order ordinary differential equation, namely 

y" = F( x, y, y' ). (1.3) 

D efinition 1.2 (Symmetry group) A one-parameter group G of transformations 

(1.1) is called a symmetry group of equation (1.3) if (1.3) is fo rm-invariant (has the 

same form) in the new variables x and y, i.e., 

_,, - F( - - -') y - x, y,y (1.4) 

where the function F is the same as in equation (1.3). 

1.3 Infinitesimal transformations 

According to the Lie's theory, the construction of the symmetry group G is equivalent 

to the determination of the corresponding infinitesimal transformations : 

(1.5) 

obtained from (1.1) by expanding the functions f and g into Taylor series in a about 

a = 0 and also taking into account the initial conditions 

fl a=O = X, 9l a=0 = Y· 

Thus, we have 

a1I 8gl e(x,y) = a ' ri (x,y) = a . 
a a=O a a=O 

(1.6) 

The vector (e, ri) with components (1.6) is the tangent vector at the point (x , y) to 

the curve described by the transformed point (x, y) and is termed tangent vector field 

of the group G. 
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One can now introduce the symbol of the infinitesimal transformations by writing 

(1.5) as 

x ~ (1 + a X)x, '[j ~ (1 + a X)y, 

where 

(1.7) 

This first-order differential operator X behaves as a scalar under an arbitrary change 

of variables, unlike the vector ( e, T/). It is known as the symbol ( or infinitesimal 

generator) of the infinitesimal transformation (1.5) or the corresponding group G. 

If the group G is admitted by (1.3), we say that X is an admitted operator of (1.3) 

or X is an infinitesimal symmetry of the equation (1.3) . 

1.4 Group invariants 

Definition 1.3 A function F(x, y) is called an invariant of the group of transfo r

mations ( 1. 1) if 

F(x, y) = F(J (x , y, a), g(x, y, a))= F(x, y) (1.8) 

identically in x, y and for all values of the group parameter a. 

Theorem 1.2 (Infinitesimal criterion of invariance) A function F(x , y) is an 

invariant if and only if it satisfies the PDE 

(1.9) 

It follows from the above theorem that every one-parameter group of point transfor

mations (1.1) in the plane has one independent invariant, which can be taken to be 

t he left-hand side of any first integral 

J(x,y) = C 
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of the characteristic equation 

dx dy 
= ~(x , y) 17(x, y) · 

Theorem 1.3 (Lie equations) Given an infinitesimal transformation (1.5) or its 

symbol X, the transformations (1.1) of the corresponding one-parameter group G 

are obtained by solving the Lie equations 

(1.10) 

subject to the initial conditions 

1.5 Construction of a symmetry group 

In this section we briefly describe the algorithm to determine a symmetry group for 

a given ODE. First we need to recall some basic definitions. 

1.5.1 Prolongation of point transformations 

Consider a second-order ODE 

E(x , y, y', y" ) = 0 (1. ll) 

where x is an independent variable and y is the dependent variable. Let 

(1. 12) 

be the infinitesimal generator of the one-parameter group G of transformations (1.1). 

The first prolongation of the group G is denoted by G[1l and the symbol of G[1l is 

given by 

X [1J _ x ( ( ') a - + 1 x,y,y oy' ' (1. 13) 
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where 

(1 = D(ry) - y' D(e) 

and the total differential operator D is given by 

D 
a , a ,, a 

=- + y-+y -+ · .. . ax oy oy' 

Likewise, the symbol of the second prolongation of the group G is given by 

x121 _ x ( ( ') a ( ( , ") a - + l X , Y, Y oy' + 2 X, y , y , y oy" , 

where 

Using the definition of the total different ial operator D, one arrives at 

( ) 
I 12 'T/x + 'T/y - ex y - eyy , 

1.5. 2 Group admitted by an ODE 

The operator 

is said to be a (generator) point symmetry of the second-order ODE 

E(x , y, y', y") = O 

if 

whenever E = 0. This can also be written as (symmetry condition) 

x 121 El = o 
E=O 

where the symbol IE=O means evaluated on the equation E = 0. 
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Definition 1.4 Equation (1.21) is called the determining equation of (1.19) , because 

it determines all the infinitesimal symmetries of equation (1.19). 

The theorem below enables us to construct some solutions of (1.19) from known ones. 

Theorem 1.4 A symmetry of equation (1.19) transforms any solution of (1.19) into 

another solution of the same equation. 

Proof : It follows from the fact that a symmetry of an equation leaves invariant 

that equation. 

1.6 Lie Algebra 

Let X 1 and X 2 be any two operators defined by 

and 

Definition 1.5 (Commutator) The commutator of X1 and X2, written as [X1 , X2], 

is defined by the formula [X1, X2] = X1(X2) - X2(X1)-

Definition 1.6 (Lie algebra) A Lie algebra is a vector space L of operators with 

the following property : For all X 1,X2 EL, the commutator [X1,X2] EL. 

Theorem 1.5 The set of all solutions of any determining equation forms a Lie 

algebra. 

Theorem 1.6 For a second-order ODE y" = F(x, y , y') , the symmetry Lie algebra 

L has the dimension r ~ 8. The maximal dimension r = 8 is attained if and only if 

the ODE is either linear or can be linearized by a change of variables. 
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1. 7 Canel us ion 

In this chapter we provided a brief introduction to the Lie group analysis of second

order ODEs and included the necessary results which will be used throughout this 

project. 
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Chapter 2 

N aether point symmetries and 

first integrals 

In this chapter we first give some basic definitions and theorems concerning Noether 

point symmetries and first integrals which we utilise in the remaining part of the dis

sertation. Thereafter, we perform some calculations for finding the Noether symme

tries and first integral for a second-order ordinary differential equation. We then also 

illust rate the importance of a Noether symmetry by showing how a single Noether 

symmetry can be used for double reduction. 

2.1 First integrals, Noether theorem and double 

reductions 

Consider a vector field 

(2.1) 

which has first prolongation 

(2.2) 
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Now consider an arbitrary second-order ODE 

y" = F(x, y, y' ) (2.3) 

which has a Lagrangian L(x, y, y'), i. e., equation (2.3) is equivalent to the Euler

Lagrange equation 

(2.4) 

Let us now consider the variational principle 

1
X2 

o L(x, y(x), y'(x))dx = 0, 
x i 

(2.5) 

which gives rise to Euler-Lagrange equation (2 .4) and the infinitesimal transforma

tions (1.5) in (x, y)-space, viz ., 

X ~ X + a~(x, y) , y ~ X + a'f/ (X, y). (2.6) 

Using equations (2.6), each curve x - y(x), defined on an interval [a, ,8] is t rans

formed for, sufficiently small a into a parameter-dependent curve x - y(x) in the 

new variables (see [44], [45]). 

The infinitesimal transformations (2.6) defines a Noether point symmetry generator 

of (2.4) if there exists a gauge function B (x, y), such that for each differentiable curve 

x - y(x), we obtain 

1x-2 dy 1 x2 1 x2 dB 
_ L(x, y(x), d_(x))dx = L(x,y(x ),y' (x))dx + a -d (x,y (x))dx + O(a2

) , 

xi X x i x i X 
(2.7) 

where [x1, x2] is any subinterval of [a, ,8] on which y(x ) is defined. 

Using equation (2 . 7) together with the formula for the change of variables in integrals, 

we obtain 

d- dB 
L (x, y(x), d~ (x)) = L(x, y(x), y'( x)) + a dx (x, y(x)) + O(a2

) . (2.8) 

Expanding the left-hand side of equation (2 .8) about a= 0 and equating the coeffi

cients of like powers of a yields 
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where x llJ and D are defined by equations (1.13) and (1.14). 

Thus we have the following: 

Definition 2.1 X is a Noether point symmetry corresponding to a Lagrangian 

L(x , y, y') of equation (2.3) if there exists a gauge function B(x , y) such that 

(2.9) 

Remark. Equation (2.9) in fact plays the role of the determining equation for 

Noether point symmetries. It is in general an overdetermined system of linear PDEs 

which is solved fort ry and B to find Noether point symmetries. 

We now state three theorems which demonstrate the power of the Noether point 

symmetries. 

Theorem 2.1 (Noether [46]) If Xis a Noether point symmetry corresponding to 

a Lagrangian L(x , y , y') of the equation (2.3), then 

( 
I ) BL I = eL + T} - ye - - B oy' (2.10) 

is a first integral of equation (2 .3) associated with the operator X. 

Proof. See, for instance, [27, 47]. 

Theorem 2.2 The first integral I associated with the Noether point symmetry X 

satisfies 

(2.11) 

that is, X is a point symmetry generator of the first integral I of the equation (2 .3) . 

Proof. See, for example, [45, 48]. References [47, 48] contain more general proofs 

in more general settings. 

Theorem 2.3 If for a Lagrangian L(x, y, y') of equation (2 .3) there corresponds 

a Noether point symmetry generator, then equation (2.3) is solvable by means of 

quadratures. 

Proof. See, e.g., [48] (or use theorems 2.1 and 2.2). 
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2.2 An illustrative example of double reduction 

using a Noether symmetry 

Let L(x , y , y') be a Lagrangian of the second-order ODE 

y" = E(x, y , y') . (2.12) 

Suppose X is a Noether symmetry of the equation (2.12). According to the Noether 

theorem this equation has a first integral I( x , y , y') and so it is reducible to 

I( x, y, y') = C, C a constant. (2 .13) 

By theorem 2.2 it follows that X is a point symmetry of the first-order equation 

(2 .13) and so it is integrable by means of a single quadrature. Thus we infer that 

by the use of a single Noether point symmetry one is able to reduce the order of a 

second-order ODE twice . 

Example 2.1 Consider the equation 

1 
y" + -y' + eY = 0. 

X 

It can be easily verified that its standard Lagrangian is 

1 ,2 
L = -xy - xeY. 

2 

(2.14) 

(2. 15) 

To obtain the Noether point symmetries of equation (2.14) with respect to the stan

dard Lagrangian L , we substitute L into the equation (2.9). This gives 

ley'2 
- eeY - XTJeY + XTJxY

1 + XT/yY
12 

- xexY
12 

- xeyY
13 + lxexY

12 + lxeyY
13 

-

(2.16) 

Since the left-hand side of this equation is a cubic polynomial in y', we equate the 

coefficients of y'3 , y'2 , y'1 , y10 to zero and obtain the following four equations: 

y'3 1 
2xey = 0. (2 .17) 

y'2 
1 1 

2e + XT/y -
2

xex = 0. (2. 18) 

y'l XTJx - xeyeY = By. (2 .19) 

y'o -eeY - XTJeY - xexeY = Bx· (2.20) 
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Equation (2.17) yields 

~ = a(x), (2.21) 

where a(x) is an arbitrary function of x. Using this value of~ in equation (2 .18) and 

integrating with respect to y, we obtain 

where b(x) is an arbitrary function of x. Substituting the value of r, in equation 

(2 .19) and integrating with respect toy, we obtain 

B (x, y) = l(xa" - a'+ x- 1a)y2 + xyb' + c(x) 

where c(x) is an arbitrary function of x. Differentiating the above equation with 

respect to x and comparing it with equation (2.20), we obtain 

Performing the usual splitting of the above equation and solving for a, b and c, we 

obtain 

where C1 and C2 are arbitrary constants. Thus 

and so we obtain one Noether point symmetry 

a a 
X = x- -2-. 

ax 8y 

Applying theorem 2.1, we deduce that 

(2.23) 

(2.24) 

is a first integral of equation (2.14) associated with the operator (2.23). Hence the 

reduced equation can be written as 

(2.25) 
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where C is an arbitrary constant. Now according to theorem 2.2, Xis also a Lie point 

symmetry of the reduced first-order equation (2.25) and so we solve the characteristic 

equation associated with X, viz. , 

dx dy 
= 

X -2 

in order to obtain the invariant u = x2eY, and use this invariant as the new dependent 

variable. Thus y = ln ( ; ) and substituting this in equation (2 .25), we obtain 

x2u,2 
--+u -2= C. 
2u2 

(2.26) 

This equation is variables separable and its solution follows by means of quadrature. 

Thus, we see that a single Noether point symmetry leads to quadrature. 

2. 3 Con cl us ion 

In this chapter we gave some basic definitions and theorems concerning N aether 

point symmetries and first integrals which we will use later in the project. We then 

worked out Noether point symmetries of a second-order ODE with respect to its 

standard Lagrangian and obtained a first integral of the ODE. By applying theorem 

2.2 the reduced first-order equation was solved by means of quadrature. This example 

illustrated the fact that a single Noether point symmetry gives double reduction. In 

the usual approach, a single point symmetry of a second-order ODE, in general, does 

not result in a quadrature. 
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Chapter 3 

Integration of the generalized 

Lane-Emden equation 

3. 1 Introduction 

In this chapter we perform a Noether point symmetry classification of the generalized 

Lane-Emden equation (GLEE) which models several phenomena in mathematical 

physics and astrophysics. We then obtain first integrals of the various cases which 

admit Noether point symmetries. Moreover, we obtain reduction to a quadrature for 

the cases that admit Noether symmetries. This work is new and has been submitted 

for publication. See [25]. 

3.2 Classification of the generalised Lane-Em den 

equation for functions f(y) 

Consider the generalized Lane-Emden equation 

d2y n dy 
-d 2 + - -d + f (y) = 0, 

X X X . 

where n is a constant and J(y) is an arbitrary function of y . 

24 
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It can be easily verified that the standard Lagrangian of ( 3 .1) is given by 

(3.2) 

The substitution of the Lagrangian (3.2) into the determining equation (2.9) , namely 

Xl1l(L) + D(E) L = D(B ), 

gives us 

( E :x + rJ :y + (rJx + (rJy - Ex)y' - EyY
12

) 0~,) ( ~ xny'2 - xn j J(y)dy ) + 

( 8 , 8 "8 ) () ( 8 , 8 118 ) ( 
ax+ Y oy + Y oy' e L = ax+ Y oy + Y oy' + · · ·, B ). 

Expanding (3.3), we obtain 

( ~ nxn-lyl2 - nxn- 1 J J(y) dy )e - f/Xnf (y) + xny' f/x + XnY,2 f/y 

- xny'2Ex - xny'3Ey + ~xny'2Ex - xnEx j J(y)dy + ~ xny'3Ey 

(3.3) 

- xny'Ey J J(y) dy - Bx - y' By = o. (3.4) 

Separation with respect to the powers of y' yields the linear overdetermined system 

of four partial different ial equations: 

ey = o 
1 1 -nXn-lc+Xn'Tl - -Xnc =0 2 ', 'IY 2 ', x 

y' Xn f/x = By 

nxn-lE J f(y )dy + xnryf(y) + xnEx J f (y)dy + Bx= 0 

Integrating (3.5) with respect toy, we obtain 

e = a(x) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

where a(x) is an arbi trary function of x. Substitut ing the values of E and Ex in 

equation (3.6) and integrating with respect to y gives 

(3. 10) 
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where b( x) is an arbitrary function of x. Substituting the value of T/x in equation 

(3.7) and integrating with respect to y, we obtain 

B = ~ xn [a" - n (~)']y2 + xnb'y + c(x) (3 .11) 

where c(x) is an arbitrary function of x. Differentiating equation (3.11) with respect 

to x gives 

(3. 12) 

Substituting the values of~, ~x and ry in equation (3.8), we obtain 

Bx= -[naxn-I j J(y)dy + (i [a' - nax-1]y + b)xnf(y) + a'xn j J(y)dy] . (3 .13) 

Equating equations (3 .12) and (3.13) gives us the classifying relation 

(-nxn-Ia - a'xn) j f(y)dy + ( - i xna'y + i nxn- 1ay - xnb) f(y ) 

1 1 1 1 , 1 = _ Xnallly2 + _ nXn-2aty2 __ nXn-3ay2 __ n2Xn-2a y2 + _ n2Xn-3ay2 
4 2 2 4 4 

(3 .14) 

The use of this classifying relation enables us to classify all cases for which Noether · 

point symmetries for equation (3.1) may exist. 

We obtain the fo llowing eight cases for f (y): 

Case 1. n f= 0, f(y) arbitrary. 

Case 2. n = 0, f(y) arbitrary. 

Case 3. f (y) is linear in y. 

Case 4. f(y) = ay2 + {3y + 1 , where a, /3 and I are constants with a f= 0. 

Case 5. f(y) = ayr, where a and rare constants with a f= 0 and r f= 0, 1. 

Case 6. f(y) = aexp(/3y) + ,y + 8, where a , /3 , 1 and 8 are constants with a f= 0 

and /3 f= 0. 

Case 7. f(y) = a ln y + ,Y + 8, where a, 1 and 8 are ·constants with a i= 0. 

Case 8. f (y) = ay ln y + ,Y + 8, where a, 1 and o are constants with a f= 0. 
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3.3 Integration of GLEE for different f(y )'s 

In this section we first investigate the Noether point symmetries of the generalized 

Lane-Emden equation for eight different forms of f(y) obtained in the previous sec

tion. After obtaining the Noether point symmetries for each case, we then utilize 

the three theorems of chapter 2 to calculate the first integrals and obtain reduction 

to quadrature of the corresponding generalized Lane-Emden equation. 

Case 1. n -=I= 0, J(y) is arbitrary. 

In this case we find that e = 0, T/ = 0, and B = k, k a constant. Hence, there is no 

Noether point symmetry for this case. 

Noether point symmetries exist in the following cases. 

Case 2. n = 0, f (y) is arbitrary. 

We obtain ~ = 1, T/ = 0 and B = k , k a constant. 
. a 

Therefore we have a smgle Noether symmetry generator X = ax . 

The integration for this case is trivial even without a Noether symmetry. The use of 

the Noether integral (2.10) results in 

I = ~y
12 + J f(y)dy 

from which, setting I = C , one easily gets quadrature. Note that this case includes 

the autonomous Ermakov equation [49] (f( y) = ay-3 + f3y) which has sl (2 , ~) sym

metry algebra. It turns out that sl(2, ~) is also the Noether symmetry algebra. 

Case 3. f (y) is linear in y 

This case is well-known and the corresponding eqn (3.1) has sl(3 , ~) symmetry alge

bra and five Noether point symmetries associated with the standard Lagrangian of 

the differential equation (3.1) for this case (see [50, 51]) . 

Case 4. f (y) = ay2 + f3y + 1 , where a , f3 and I are constants, with a -=I= 0. 

The following three subcases arise: 

Case 4 .1 n = 5, f3 = 0 and 1 = 0. We obtain 

~ = x, T/ = -2y and B = k, k a constant. This is contained in Case 5.1 below. 
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Case 4.2 n = 5, {32 = 4a1 . We get 

( = x, T/ = -(2y + f!..) and B = /3, x 6 

a 6a 

and so we have that 

X = x!_ - (2y + (!_) !__ ax Q ay 
The application of Theorem 2.1, due to Noether, results in 

J 
1 6 ,2 1 6 3 1 {J 6 2 6 2 5 / {J 5 / 1 {J, 6 = --x y - -ax y - - X y - ,x y - X yy - - X y - --x . 
2 3 2 a 6a 

Thus, the reduced equation is 

(3.15) 

where C is an arbitrary constant. By Theorem 2.2 , X is also a symmetry generator 

of I as well as the reduced eqn (3.15). Invoking Theorem 2.3 , we can solve eqn 

(3.15). In order to solve the first-order ODE (3.15) , we use an invariant of X as the 

dependent variable. This invariant is obtained by solving the characteristic equation 

associated with X, viz., 
dx dy 

X -(2y + {Jja). 

The solution of this ODE gives the invariant 

Eqn (3.15) in terms of u , after some calculations, is 

This last first-order ODE is variables separable as 

du dx 

±J4u2 - (2/3)au3 - 2C x 

Hence we have quadrature or double reduction of our equation for the J given. 

Case 4.3 n = 5/3, {3 = 0 and,= 0. We find 

( = x 113, T/ = -~ x-213y and B = ~ y2 + k, k a constant. This is subsumed in Case 
3 9 

5.2 below. 

28 



Case 5. J(y) = ayr , a and r are constants with a =I= 0 and r =I= 0, 1. 

Here we have two subcases. 

r+3 
Case 5.1 n = --. We obtain 

r-1 
2 

~ = x, T/ = -
1
-y and B = k , k a constant. 
-r 

By the use of Theorems 2.1, 2,2 and 2.3 , we find that the solution of eqn (3.1) for 

the above n and f (y) is 
2 2 

y=u;:=-rxt=r, (3.16) 

where u is given by 

(3. 17) 

in which C1 and C2 are arbitrary constants of integration. Note that for r = 5, 

one gets n = 2 and we have the general solution given in eqn (3.17). Only a one

parameter family of solutions is known in the literature (see, e.g., [52]). Here we 

have determined the two-parameter family of solutions. 

r+3 
Case 5.2 n = --,with r =I= -1. We have 

r+l 
r-1 2 2 2 2 

~ = xr+ 1 , T/ = - r + 
1 

x-r+ 1 y and B = (r+1}2 y + k, k a constant. 

Again we invoke Theorems 2.1 , 2.2 and 2.3. In this subcase we d~::luce that the 

solution of eqn (3.1) is 

where u is defined by 

2 
y= UX-r+l 

in which C1 and C2 are arbitrary constants. 

(3.18) 

(3. 19) 

Case 6. J(y) = a exp(/3y) + 1 y+8, cr.,/3 , 1 and 8 are constants with cr. ,/3 =I= 0. 

For n = 1, 'Y = 0 and 8 = 0, we deduce ~ = x, T/ = -2//3 and B = k, k a constant. 

The invokation of Theorems 2.1, 2.2 and 2.3 gives rise to the solution of eqn (3.1) 

for this case to be 

(3.20) 
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where u is given by 

J du = ln xC2, 
± u J1 - (1/2)o:f3u2 + C1 

(3.21) 

in which C1 and C2 are integration constants. 

Case 7. J (y) = a ln y + ,Y + 8, where a: , 'Y and 8 are constants with a f. 0. 

If n = 0 and 8 = 0, we obtain ~ = 1, TJ = 0 and B = k, k a constant. This reduces 

to Case 2. 

Case 8. J(y ) = o:y ln y + ,Y + 8, where a: , 'Y and 8 are constants with a f. 0. 

If n = 0, we obtain ~ = 1, TJ = 0 and B = k, k a constant. This reduces to Case 2. 

3.4 Conclusion 

We have completely classified the Noether point symmetries of the generalized Lane

Emden equation (3.1) with respect to the standard Lagrangian (3.2). Eight cases 

arose, out of which seven cases resulted in Noether point symmetries. For each of 

these we obtained t he first integral and also reduction to quadrature of the corre

sponding Lane-Emden equation (3. 1). Three new cases were found. These corre

spond to Cases 4.2, 5.1 and 5.2. It is interesting to mention that we obtained a 

two-parameter family of solutions in Case 5.1 (when n = 2 and r = 5) for which only 

a one-parameter family of solutions is known in the literature. 
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Chapter 4 

Concluding remarks 

In this research project we first reviewed some useful definitions and results of Lie 

group analysis which were later used in our work. In Chapter 2 we gave the prelim

inaries of the Noether point symmetry approach and stated three theorems which 

demonstrated the power of a Noether point symmetry. In the main chapter of our 

report, that is, Chapter 3, we provided the complete Noether point symmetry clas

sification of the generalized Lane-Emden eqn (3.1) for various functions f (y). Then 

in Chapter 3 we also determined the double reductions of eqn (3.1) for the func

tions f(y) for which eqn (3. 1) has Noether point symmetries. It is worth mentioning 

here that three new cases were found and these corresponded to Cases 4.2, 5.1 and 

5.2. Also, we obtained a two-parameter family of solutions in the Case 5.1 (when 

n = 2 and r = 5) for which only a one-parameter family of solutions is known in the 

literature. 
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